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Abstract

In this thesis exotic phases of models preserving the symmetries of the one-
dimensional quantum Ising and three-state Potts chains are considered, the natural
habitats of Majorana fermions and parafermions, respectively. Along with numerical
techniques, conformal field theory (CFT) is used to study the resulting physics.

Chapter 1 gives an introduction to the field and explains the basics of the
numerical techniques to be used throughout the thesis. CFT is briefly introduced
in Chapter 2 before the key results necessary for the thesis are given.

In Chapter 3, self-dual interactions are added to the critical Ising model, giving
a range of different phases. A tricritical Ising point separates the Ising phase
from an order-disorder coexistence phase on the chirally symmetric line, while
a supersymmetric line provides the transition to an incommensurate phase in
the general model. The model is solved exactly on a free-fermionic line giving
insight into the points where only numerical analysis can be performed. This is
supplemented by Appendix A, where the qualitative difference between similar
perturbations is considered.

Chapters 4 and 5 consider models with the symmetries of the three-state Potts
model. Various phases are found including an order-disorder coexistence phase,
a second critical Potts phase, a “not-A” phase, and a representation symmetry
protected topological phase. The effect of lattice momentum on the stability of
phases and the connection with conformal field theory operators is studied. Lattice
realizations of several CFTs are found, such as the tricritical Potts CFT and a
CFT expressible in two different forms, either in terms of a boson and fermion,
or Potts and tricritical Ising CFTs.
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1.1 Introduction

Since the advent of statistical mechanics, symmetries have been critical to

the solution of problems in the field. When working out an effective model for a

physical system, the first step is often to determine the underlying symmetries (both

exact and approximate) to give a list of the possible interactions to be considered.

Early developments in the field then considered only the shortest-range interactions

consistent with the symmetries of the system to get a rough qualitative understanding

of the physics of the system, such as the Ising and Heisenberg models [1–3].

These models are then typically split into phases, in which they behave qualita-

tively similarly, regardless of small changes in the coupling strengths or temperature.

Most of even the simplest models have very different phases of matter depending

1
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on the coupling strengths and temperature. To distinguish between phases, an

order parameter is typically introduced, with qualitatively different values in the

different phases. As an example, consider the classical Ising model in two spatial

dimensions, taken to be the (x, y) plane. In this model there is a spin degree of

freedom at each lattice site which can point in either the +z or −z direction, with

a ferromagnetic interaction favouring spins on neighbouring sites aligning. The

Ising model has an ordered phase at low temperature where energy considerations

dominate and spins tend to align, even over long-distance scales, and a disordered

phase at high temperature where entropy dominates and spins far away from each

other are uncorrelated. The order parameter in this case is the magnetisation (the

average value of the spin in the z-direction), with non-zero magnetisation in the

ordered phase and vanishing magnetisation in the disordered phase.

An interesting question is then how and at what values of the couplings and

temperature we transition from one phase to another. Most transitions can be

split into two classes: first-order and second-order. First-order transitions have a

latent heat and lead to phase coexistence as heat is added to a system at constant

temperature, such as when ice melts to water. In these transitions correlation lengths

remain finite, meaning that particles far apart in the system remain uncorrelated.

Second-order transitions are continuous phase transitions in which the correlation

length diverges to infinity, meaning that correlators between particles obey a power-

law, rather than exponential, decay with separation distance. An example of

this occurs in the two-dimensional Ising model as it is tuned through its critical

temperature. On one side of the second-order transition a symmetry is spontaneously

broken, while on the other it is preserved.1

While the exact nature and location in parameter space of phase transitions

are very important pieces of information in the study of physical systems, their

determination is by no means trivial. In finding the location of the transition,

duality has proved a key concept [7]. Duality corresponds to reparameterising
1Some transitions are also infinite-order, which are continuous but break no symmetries.

The Berezinskii–Kosterlitz–Thouless transition in the two-dimensional XY and one-dimensional
quantum XXZ models is the classic example of this [4–6].
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variables to allow couplings to be exchanged in models. For example, in classical

systems it often allows a mapping between the high- and low-temperature phases

[7]. If such a duality exists, we know the transition must occur exactly at the

point invariant under the duality transformation, known as the self-dual point,

or we would necessarily have two transitions.

Duality may often help in determining the position of the transition, but it

does not tell us what type of transition we have. One might naïvely imagine

that the exact phase transitions would be completely different in different systems.

Fortunately, nature is kinder than this and second-order transitions can be split

into universality classes which have the same long-distance properties. The Landau

theory of phase transitions [8] goes some of the way to explaining universality by

writing the free energy of the system as a Taylor expansion of the order parameter

involving only terms consistent with the symmetries of the model. Thus models

with different order parameters can still have qualitatively similar expressions for

their free energies if their underlying symmetries are the same.

Universality really became a key concept with the introduction of the Renor-

malization Group (RG) by Wilson in the 1970s [9–11]. In the RG formulation,

perturbations away from a critical point are classified as relevant, marginal or

irrelevant, and the long-distance behaviour of the model depends only on the

relevant (and, possibly, the marginal) operators. Shorter-range interactions tend to

be more relevant, and so many models can reduce to the same long-distance field

theory. As we are typically concerned with physical systems with large numbers

of particles and want to understand the mesoscopic and macroscopic phenomena,

considering this long-distance behaviour is justified.

In the 1980s a further crucial development was made: the discovery of conformal

field theory (CFT) [12]. Along with the normal Lorentz invariance of translations,

boosts and rotations, CFTs also have scale invariance. This is a key feature

of second-order transitions as, when the correlation length diverges, the system

loses its sense of scale. Many second-order phase transitions are then described

by CFTs. CFT is particularly powerful in two-dimensional classical systems (or
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1+1-dimensional quantum systems) and this allows many continuum properties of

models undergoing second-order transitions to be understood.

While CFT tells us a lot about the long-distance behaviour of lattice models,

identifying the field theory in the first place is by no means a trivial task. Simple

models such as the critical Ising and three-state Potts model may have been classified

[12–16], but the behaviour as we perturb away is not necessarily fully understood. If

there is a relevant operator obeying the symmetries of the model and perturbation,

we know we will instantly transition to a different phase, but the CFT description

will be stable for at least an infinitesimal perturbation if there are only irrelevant

operators, giving extended critical phases. What these phases eventually transition

to is then not a simple question and will be the focus of much of this thesis.

Landau theory has proved to be very useful in the classification of phases of

matter, but it is by no means the end of the story. Topological order is also possible,

where systems with the same symmetries can behave qualitatively differently [6].

There are two types of topological order with slightly different properties: intrinsic

topological order and symmetry protected topological order. In systems with intrinsic

topological order the ground-state degeneracy depends on the topology of the

manifold on which it lives and this degeneracy is robust to any local perturbations

[17], with one of the first examples of this being the fractional quantum Hall

effect, discovered in 1982 [18, 19].

Intrinsic topological order is known not to exist in one dimension [20] and so,

we will not consider it further in this thesis, but symmetry protected topological

(SPT) order can. Here the topological phase is stable to any local perturbations

obeying the symmetry protecting the phase and extra quantum numbers, such as

the ground-state degeneracies with open boundary conditions or long-range “string”

order parameters, are added to distinguish between the phases [17, 21]. The classic

example of an SPT phase is the Haldane phase of the spin-1 antiferromagnetic

Heisenberg model [22, 23], which is stable as long as a D2, time-reversal, or spatial

inversion symmetry is preserved.
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A very important potential use of topological phases has emerged in the

past 20 years in the field of quantum computation [24–27]. The potentially

revolutionary importance of quantum computers was realised on the discovery

of Shor’s factoring algorithm (with serious implications for cyber security) and

Grover’s search algorithm [28–31]. A major issue with quantum computation is

building stable memories and performing fault-tolerant computation. Unlike in

classical systems where bits can be copied at will to help protect against errors, the

no-cloning theorem prevents this for quantum bits (qubits) [32, 33]. This means

that qubits have to be stable to perturbations to ensure accurate computation. As

topological degrees of freedom cannot be changed by local perturbations, they

offer the desired stability.

This then leads us full circle back to our example of the Ising model. As well

as a description in terms of spin variables, the Ising model can be expressed as a

model of Majorana fermions [34], in which language the ordered phase is topological

[35]. Majorana modes appear in topological superconductors [35, 36] and Kitaev

materials [37, 38] and there is hope that these may provide a means of building a

quantum computer. In particular, the Kitaev material α-RuCl3 [39, 40] has been

touted as a promising candidate, with recent theoretical developments shedding

further light on how it could be used [41].

Majorana fermions may be well known to most theoretical physicists, but their

cousins, parafermions [42], are far less studied. As the Potts model is a generalisation

of the Ising model to a case with more than two states per site [13, 43], so are

parafermions a generalisation of Majoranas. This increased complexity makes them

more difficult to construct in real materials, but also leads to increased versatility

in what they could theoretically be used for [44–47].

The duality mentioned earlier in the Ising model becomes far more natural

in terms of Majoranas, as is the Potts duality in terms of parafermions. Instead

of corresponding to a mapping between couplings in the spin language, it be-

comes translation invariance in Majoranas/parafermions [48]. As Majoranas and
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parafermions are currently a hot topic, this makes the self-dual Ising and Potts

models natural objects to study, as well as their duality preserving perturbations.

Throughout most of this thesis we will be considering such self-dual interactions

and discovering the various exotic phases. We start from the self-dual Ising or

three-state Potts models and add in the shortest-range interactions consistent with

their symmetries. By varying the relative strengths of the couplings, we find the

different phases encountered by the spins (or, equivalently, the Majoranas and

parafermions), discovering a wide-range of different physics, from order-disorder

coexistence and “not-A” phases, to supersymmetry and incommensurability.

The rest of this chapter is split into two sections. Section 1.2 gives an introduction

to the Ising Model. This will provide quantitative detail on the model, its phases, and

the connection with Majorana fermions, setting up the rest of the thesis. Section 1.3

provides a brief rundown of the numerical techniques we will use in the subsequent

chapters. As most models we discuss will not be analytically solvable except at very

special points, these techniques will prove vital in our understanding of the physics.

Chapter 2 briefly introduces CFT and quickly moves on to explaining the main

results we will need for our analysis. In Chapter 3 we consider the self-dual Ising

model in the presence of other duality-preserving interactions. Appendix A explains

a baffling result from Chapter 3, recently solved in Ref. [41].

Chapters 4 and 5 consider the self-dual three-state Potts model, and the shortest-

range interactions with the same symmetries. In Chapter 4 we stick to the self-dual

line, finding a host of phases with completely different physics. We then go off

the self-dual line in Chapter 5, finding novel gapped phases in the first half, and

explaining some of the mysteries of Chapter 4 in the second.

This thesis is based primarily on the publications [49, 50] (Chapters 3 and 5),

along with the preprint [51] (Chapter 4). Refs. [52, 53] were also completed during

this degree but will only be mentioned fleetingly.
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1.2 The Ising Model

One of the oldest and most studied models in condensed matter physics is the

Ising model [1, 2]. Its classical version involves a spin-1
2 at each site of a lattice

with a nearest-neighbour interaction either favouring or disfavouring alignment:

E{σj} = −J
∑
〈j,k〉

δσj ,σk , (1.1)

where j and k label sites on the lattice, 〈j, k〉 indicates the sum is over nearest-

neighbours only, and σj = ±1 gives the spin at site j.

The model is the simplest in which there are two possible states per site with

an overall Z2 symmetry between the spin-up (σj = 1) and spin-down (σj = −1)

directions. Even so, while the one-dimensional model is trivial using the transfer

matrix method (see, for example, Ref. [54]), the two-dimensional version on the

square lattice was not solved until 1944 in a groundbreaking paper by Onsager [55].

A full solution in three dimensions continues to elude all those who attempt to find

it and remains one of the outstanding problems in statistical mechanics, although

nearly exact results have been obtained using conformal bootstrap techniques [56].

In this thesis we will be concerned with the quantum Ising chain and pertur-

bations around it. As the one-dimensional quantum Ising model is a limit of the

two-dimensional classical model, it can be solved exactly, most easily using free

fermions [55, 57, 58]. The model itself is given by

HIsing = −
∑
j

(
Jσzjσ

z
j+1 + fσxj

)
, (1.2)

where σxj and σzj are the Pauli spin matrices acting on site j with identity operators

acting everywhere else. Adding in the third Pauli matrix, σy, they satisfy the algebra

[
σi, σj

]
= 2iεijkσk,

{
σi, σj

}
= 2δi,j. (1.3)

The first term in HIsing (1.2) favours aligning spins in the z-direction for J > 0

and anti-aligning them for J < 0, while the second term flips spins in the z-basis.
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This model has a global Z2 symmetry given by the operator

F =
∏
j

σxj , (1.4)

which flips all spins in the z-basis. This Z2 is the crucial symmetry of the Ising model

and physically corresponds to the absence of an external longitudinal field – spins are

equally happy to point up or down as long as they are aligned with their neighbours.

When we later perturb this model, we will ensure that this symmetry is preserved.

As we have said, the Ising model can be solved exactly for any couplings J

and f , but the solution becomes particularly simple for f = 0 or J = 0. If f = 0,

Equation 1.2 reduces to the completely ordered Ising Hamiltonian

Horder = −J
∑
j

σzjσ
z
j+1 (1.5)

and the eigenstates are the states with all spins having well defined spin in the

z-direction. For J > 0 there are then two degenerate ground states consisting of

all spins up and all spins down in the z-direction:

|Ψ↑〉 = |↑↑ · · · ↑ · · ·〉 , |Ψ↓〉 = |↓↓ · · · ↓ · · ·〉 , (1.6)

where σzj |↑〉j = |↑〉j and σzj |↓〉j = − |↓〉j. These are the completely ordered states

in the z-basis. For periodic boundary conditions, where j takes the values 1 to

L and we identify spins 1 and L + 1, there is a finite gap of size 4J to the first

excited states with two domain walls between up and down spins.

Taking J = 0 (and f > 0) instead, Equation 1.2 becomes the completely

disordered Ising Hamiltonian

Hdisorder = −f
∑
j

σxj . (1.7)

This time there is a unique ground state given by

∣∣Ψl〉 = |ll · · · l · · ·〉 , (1.8)

where |l〉 = (|↑〉 + |↓〉)/
√

2 is the eigenstate of σx with eigenvalue 1. This state

is completely disordered in the z-basis as all basis states have equal amplitude.



1. Introduction 9

Just as for the completely ordered case, there is a finite gap to the first excited

states, this time of size 2f .

There are clear differences between the ground states of the completely ordered

and disordered Ising Hamiltonians (1.5) and (1.7). Firstly, Horder (1.5) has two

degenerate ground states, while Hdisorder (1.7) has a single ground state. Secondly,

if we know the spin in the z-direction at one site j, we immediately know the spin

at any other site k in Horder, but in Hdisorder we have no idea! This difference in

long-range ordering between spins indicates that these two points are in distinct

phases and that there must be a transition between the two at some point. The

difference between these phases is expressed by the order parameter

C∞ = lim
|k−j|→∞

Cj,k, (1.9)

where

Cj,k =
〈
σzjσ

z
k

〉
. (1.10)

In both the ordered and disordered Ising phases (surrounding the Hamiltonians 1.5

and 1.7, respectively), Cj,k decays to a constant exponentially in |k − j|:

Cj,k ∼ C∞ + Ae−
|k−j|
ξ (1.11)

for |k− j| � ξ, where ξ is the correlation length and A is a constant. The difference

is that in the ordered Ising phase C∞ > 0, whereas in the disordered Ising phase

C∞ = 0. ξ determines how quickly the correlator decays to its infinite limit and

diverges as the transition point between the phases is approached.2 To find this

transition, we first introduce a concept which will prove essential throughout this

thesis: duality [7]. Duality is generally a mapping between operators and is very

useful in showing connections between different phases and the transitions between

them. In the Ising case we define the following duality mapping:

σxj → σzjσ
z
j+1, σzjσ

z
j+1 → σxj+1. (1.12)

2Alternatively, we could consider the magnetisation order parameter Mj =
〈
σz

j

〉
. This vanishes

in the disordered phase, while in the ordered phase it is non-zero for a Z2 symmetry-breaking
ground state. To ensure we have such a ground state, we can add an infinitesimal Z2 breaking
field, −εσz

k, at a site k with |k − j| � 1 to select a preferred direction.
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Substituting these into Equation 1.2, we find

HIsing = −
∑
j

(
Jσzjσ

z
j+1 + fσxj

)
→ −

∑
j

(
fσzjσ

z
j+1 + Jσxj+1

)
. (1.13)

With periodic boundary conditions, the two models are the same except with J ↔ f .

As the algebra is unchanged on switching σzjσzj+1 ↔ σxj , we have a mapping between

the ordered and disordered phases! This immediately tells us that, if there is a

single transition point between the ordered and disordered phases, it must occur

at J = f where duality maps the model onto itself: the self-dual point.

Duality is, in fact, made clearer by introducing Majorana fermions. Defining

γ2j−1 =
(∏
k<j

σxk

)
σzj , γ2j = i

(∏
k<j

σxk

)
σzjσ

x
j , (1.14)

we see that

σxj = −iγ2j−1γ2j, σzjσ
z
j+1 = −iγ2jγ2j+1, (1.15)

where we have ignored subtleties with boundary conditions. The Majorana fermions

then obey the anticommutation relations

{γa, γb} = 2δa,b (1.16)

and Equation 1.2 can be rewritten as

HIsing = i
∑
j

(fγ2j−1γ2j + Jγ2jγ2j+1) . (1.17)

It is then clear that self-duality at J = f just corresponds to translation invariance

in Majoranas (again, up to subtleties [48]). This connection between the Ising

model and Majorana fermions will prove key both in helping our understanding

of the physics and explaining its application to real world situations.

As the self-dual point is approached from either the side, the correlation length,

ξ, diverges. Exactly at the self-dual point the correlation length becomes infinite

and correlators decay algebraically rather than exponentially to 0. For example,

CJ=f
j,k ∼ |k − j|

− 1
4 (1.18)
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for |k−j| � 1. The divergence of ξ removes a length scale from the model and allows

the continuum limit of the model to be described by a Conformal Field Theory

(CFT). The continuum CFT description explains the −1/4 power in Equation

1.18 and will be explained in Chapter 2.

1.3 Numerical Methods

Throughout this thesis we will depend heavily on numerical analysis. Numerics

allow us not only to test our analytical predictions but also to find novel physics

we would not even dream of being present. We will use two main techniques:

Exact Diagonalization (ED) and the Density Matrix Renormalization Group

(DMRG) [59–61].

1.3.1 Exact Diagonalization

Exact Diagonalization (ED) is one of the simplest and most brute force numerical

methods. As the name suggests, it attempts to diagonalize the Hamiltonian directly

and return the lowest n eigenvalues (and eigenvectors if required). The biggest issue

with ED is the absolutely appalling scaling of the algorithms with the lattice size L.

For a q-state per site system of length L, the Hamiltonian is of size qL × qL. Even

the most efficient algorithms for finding only the largest eigenvalue still scale with

the size of the Hamiltonian and hence as qL, giving them exponential complexity.

We can slightly cut down on the size of our matrix by imposing symmetries, but

this only buys us a few more sites at best. For example, using translation invariance

for a periodic lattice cuts down the size of the matrix by a factor of roughly L,

while if there is a Zq symmetry this reduces it by a factor of q. Overall, the size

of the matrix then scales as qL−1/L, which is still exponential in L. On top of

this, the matrix is now denser as we have removed a lot of zeros, so the speed

up is not as significant as expected.

Despite the problems with scaling, ED does have some definite advantages.

Symmetries are fairly simple to implement, whereas this is not always the case

for DMRG, especially for momentum eigenstates. There is also not much cost
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in calculating the lowest n eigenvalues rather than just the ground state – this

will typically increase the computation time by a factor of n but not decrease the

accuracy noticeably. These two factors make it particularly useful for calculating

multiple excited states in different symmetry sectors. All ED used in this thesis

was performed using MATLAB with either the eig or eigs functionality.

1.3.2 The Density Matrix Renormalization Group

In contrast to ED, the Density Matrix Renormalization Group (DMRG) is

designed for use at large lattice lengths, L. Over the last 30 years, DMRG has

emerged as the standout method for finding ground-state energies in one-dimensional

quantum lattice systems. For a full introduction to the modern method, we refer

the reader to Schollwöck’s excellent review [61], while in the following we briefly

explain the idea of the algorithm and its limitations.

DMRG is particularly strong at finding ground states for gapped systems with

non-degenerate ground states. In these cases there is a finite correlation length,

ξ, in the ground-state wavefunction and the entanglement entropy can be shown

to obey an area law [62]. This essentially means that a site j does not really talk

to sites k with |k − j| � ξ and so the entanglement between these states is very

low. DMRG abuses this by allowing each site only a finite amount of entanglement

with the rest of the chain through the use of Matrix Product States.

A Matrix Product State (MPS) is a product of tensors designed to give an efficient

but approximate estimate of a low-entanglement state. The state can be written as

|ΨMPS〉 =
∑
{σ}

∑
{α}

Bα1
1,σ1A

α1,α2
2,σ2 ...Aαn−1,αn

n,σn ...A
αL−2,αL−1
L−1,σL−1

B
αL−1
L,σL
|σ1σ2...σL〉 , (1.19)

where the σi represent the “physical” indices and correspond to the states at each

site and the αj give the auxiliary indices to be summed over. The number of values

αj can take gives the bond dimension χj, where Aj,σj is a χj−1 × χj matrix, and

B1,σ1 and BL,σL are row and column vectors, respectively. For a q-state system per

site, any state can be represented exactly by taking χ1 = χL−1 = q, χ2 = χL−2 = q2,

..., χL/2−1 = χL/2+1 = qL/2−1, χL/2 = qL/2 (taking L even), but then the largest
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tensors (at sites L/2 and L/2 + 1) have q × qL/2−1 × qL/2 = qL entries and we have

to store just as much (and in fact slightly more) information than the actual state

we are representing contains! The strength of the MPS formulation is that it allows

us to get a good approximation of gapped states by fixing the maximum bond

dimension to some χ, meaning that our largest tensor has qχ2 entries, regardless

of L. To do this we use a singular value decomposition (SVD) to keep only the

terms with the largest coefficients [61].

The DMRG algorithm then proceeds as follows. We consider one tensor at a

time, treating the rest of the MPS as the environment, and minimise the energy

by varying this tensor. We then multiply this by the adjacent tensor and perform

an SVD to reduce the bond dimension back to a maximum of χ, before moving

on to the next tensor in the chain and repeating the process. Sweeping up and

down the chain we reduce the energy until it eventually converges. While it could

converge to a local minimum in the Hilbert space rather than the global minimum,

if χ is large enough, this is unlikely to happen and the agreement between DMRG

and exact methods, such as ED, and other approximate methods, such as Monte

Carlo, is typically very good.

Due to the finite entanglement for gapped systems, DMRG is very well suited

to finding approximations to the ground-state energy and wavefunction. The

computational complexity scales only with L and not exponentially in L as it did

for ED, meaning that very large systems can be probed. Issues start to occur when

the gap becomes very small and for gapless systems. For a CFT, for example,

the entropy scales as logL and so the required bond dimension becomes linear

in L, increasing the complexity. Despite this issue, it is still found that DMRG

often provides the best estimates, even for gapless systems, although methods such

as the Multiscale Entanglement Renormalization Ansatz (MERA) [63] have been

developed specifically to address this problem.

A further issue with DMRG is its inability to split the Hamiltonian into

momentum sectors. While it can deal with local symmetries such as Zq or U(1)

invariance, it cannot make the most of translation invariance. Again, other methods
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such as those based on periodic uniform Matrix Product States [64] are being

developed to address this issue, but the publicly available codes are not yet

sophisticated enough to compete with DMRG.

Throughout this thesis all DMRG calculations will be done using the ITensor

C++ library [65]. We impose Zq and U(1) symmetries wherever possible and

consider both open and periodic boundary conditions. While it is often stated

that DMRG should be done with open rather than periodic boundary conditions

wherever possible due to the lower entanglement entropy, when studying CFTs

this cost is often offset by the increased speed of convergence of energy levels

to their continuum predictions.
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2.1 Introduction

Throughout this thesis we will find that a number of points and extended

phases we encounter have a Conformal Field Theory [12, 15, 16] (CFT) as their

thermodynamic limit. Two-dimensional CFTs have many beautiful properties but

we will content ourselves with a brief outline of the results which will prove useful

for our cause. We start by describing the most basic features of CFTs which

will be essential before moving on to the more advanced and specific results to

be used later in the thesis.

15
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2.2 CFT in a few pages

A CFT has the normal rotational and translation invariance of a quantum field

theory along with additional dilatation (scale) and “special conformal” invariance.

The scale invariance explains the connection to many second-order phase transitions,

as here the correlation length of the system diverges, removing scale from the

problem. The special conformal transformation is required to ensure that the

symmetry group is closed.

While the conformal group is a useful symmetry in any number of dimensions, it

becomes particularly powerful in two dimensions. Here the conditions for conformal

invariance of the coordinates xµ under the infinitesimal transformation

xµ → xµ + εµ (2.1)

become equivalent to the Cauchy–Riemann equations [15]:

∂1ε1 = ∂2ε2, ∂1ε2 = −∂2ε1. (2.2)

This equivalence allows us to use the powerful techniques of complex analy-

sis and, defining

z = x1 + ix2, z̄ = x1 − ix2, (2.3)

the algebra splits into two separate parts – a holomorphic part depending on z

and an antiholomorphic part depending on z̄. In a two-dimensional classical theory

x1 and x2 are the two spatial coordinates, while for a one-dimensional quantum

system x1 is the spatial and x2 the time coordinate.

Defining the generators

ln = −zn+1∂z, l̄n = −z̄n+1∂z̄, (2.4)

the following algebras are obeyed:

[lm, ln] = (m− n)lm+n,
[
l̄m, l̄n

]
= (m− n)l̄m+n. (2.5)
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In the quantum case, these commutation relations are complicated slightly by the

presence of the conformal anomaly. The underlying algebra of two-dimensional

CFT, the Virasoro algebra, can be then expressed as

[Lm, Ln] = (m− n)Lm+n + c

12
(
m3 −m

)
δm+n,0, (2.6)[

L̄m, L̄n
]

= (m− n)L̄m+n + c

12
(
m3 −m

)
δm+n,0,

where Ln and L̄n are the generators of the holomorphic and antiholomorphic

algebras respectively and c is the central charge of the CFT.

As can be seen from Equation 2.6, the Virasoro algebra only depends on c. For

the theory to be unitary and non-trivial, we require c > 0 and, while for c ≥ 1

any value is allowed, for 0 < c < 1 we can only have

c = 1− 6
m(m+ 1) (2.7)

for m = 3, 4, ... [66, 67]. The CFTs with 0 < c < 1 are known as the minimal

models. Minimal models corresponding to m = 3, 4, 5, and 6 will all be important

in the remainder of the thesis, as well as CFTs with c = 1 and c = 3/2.

Although the Virasoro algebra only depends on c, fixing c is not necessarily

enough to determine the CFT. The fields present also need to be specified to give a

full description of all energy levels and correlators. For the minimal models on the

torus, there are either one, two or three consistent CFTs for each allowed c. The

number of minimal model CFTs and their form is given by the A-D-E classification

[68], with A, D and E each corresponding to a series of CFTs. If c ≥ 1, there is

generally an infinite number of consistent CFTs.

We typically label a field by its conformal weights, defined by its eigenvalues

under L0 and L̄0. The field Φh,h̄ then obeys

L0Φh,h̄ = hΦh,h̄, L̄0Φh,h̄ = h̄Φh,h̄. (2.8)

The dimension, ∆, and spin, s, of the operator are given by

∆ = h+ h̄ and s = h− h̄, (2.9)
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respectively. As we will see, the dimension is related to the energy of eigenstates on

the lattice. The spin gives the difference in weight between the holomorphic and

antiholomorphic parts, corresponding to the right- and left-moving parts on the

lattice. A spin s then corresponds to momentum 2πs/L on the lattice.1

The dimension of an operator describes how relevant it is in the sense of the

Renormalization Group (RG) [9–11]. If ∆ > 2, the operator is irrelevant under an

RG flow and so perturbing the CFT by this operator will not affect the long-distance

behaviour of the system. If ∆ < 2, the operator is relevant and perturbing the

CFT with it will change the long-range behaviour, leading to a phase transition.

If ∆ = 2, the operator is marginal and further calculation is required to find the

effect of perturbing by it. Determining which operators are relevant in a CFT is

therefore essential in working out its stability to perturbations. We next discuss

how fields can be rearranged into towers of increasing dimension, cutting down

the number of operators we must consider.

By considering Equation 2.6, we see that

L0LnΦh,h̄ = (LnL0 + [L0, Ln]) Φh,h̄

= (Lnh− nLn) Φh,h̄ (2.10)

= (h− n)LnΦh,h̄

and so LnΦh,h̄ has holomorphic weight h − n and dimension ∆ = h + h̄ − n. As

an analogous relation holds for the antiholomorphic part, Ln and L̄n each reduce

the dimension by n. For the CFT to be unitary, we require ∆ ≥ 0 for all fields

and so there must exist a set of fields annihilated by all Ln and L̄m for n,m > 0.

These fields are known as the primary fields. Every other field can be obtained from

these by applying some succession of raising operators Ln and L̄m for n,m < 0.

These other fields are then called secondary fields. The primary and set of all

secondaries descended from it form the conformal tower of the primary. As the
1This is at least naïvely true. In fact, as we will see in Chapter 4, a spin s = 0 state does not

always have lattice momentum 0, but a spin s′ state in the same tower will still have momentum
∆k = 2πs′/L relative to this.
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primary has the lowest dimension in its conformal tower, to look for the presence

of relevant operators we can simply check the primaries.

2.2.1 The weights of the minimal models

A simple formula gives the weights for the minimal models. For a given m,

the allowed weights are

hp,q(m) = [(m+ 1)p−mq]2 − 1
4m(m+ 1) , (2.11)

where 1 ≤ p ≤ m − 1, 1 ≤ q ≤ p. This, in fact, overcounts the primaries by a

factor of 2 and all can be obtained by enforcing p+ q be even. Which combinations

of the holomorphic and antiholomorphic parts are allowed and their degeneracies

are determined by which series the minimal model is in (A, D or E). For example,

in the A-series, hp,q is always combined with hp̄,q̄ and is non-degenerate. Every

other field is then a descendant of one of these primaries.

To show how this works, we consider the simplest minimal model where m = 3.

This theory in fact corresponds to the self-dual Ising model, given by J = f in

Equation 1.2. Here we have central charge

cIsing = 1− 6
3× 4 = 1

2 (2.12)

and weights

h1,1 = 0, h2,2 = 1
16 , h1,3 = 1

2 . (2.13)

The primary fields are then 1, σ and ε with weights (h, h̄) of (0, 0), (1/16, 1/16)

and (1/2, 1/2). These correspond to the identity operator, the spin field and

the energy field, respectively.

2.3 Useful results

Having given a very quick summary of some of the most important elements of

CFT, we now move on to the key results which will be used in this thesis. These

are by no means the only useful signatures of CFTs, but they are the ones most

easily tested in the lattice models studied here.
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2.3.1 Correlators

For a gapped system, the connected two-point correlator of a local operator

decays exponentially with the distance between the locations of the operators. For

example, the spin-spin correlator in the off-critical Ising model decays as:

〈σzjσzk〉C ∼ e−|j−k|/ξ (2.14)

for large separation |j − k| � ξ, where ξ is the correlation length of the system.

As models approach criticality, their correlation lengths diverge and correlators

decay more slowly.

Gapless systems have infinite correlation lengths and two-point correlators

decay algebraically rather than exponentially with separation, e.g. the critical

Ising model has the correlator

〈σzjσzk〉 ∼ |j − k|−
1
4 (2.15)

for |j − k| � 1. In CFTs the decay with distance of a two-point correlator is

given simply by the dimension of the operator:

〈ΦjΦk〉 ∼ |j − k|−2∆Φ , (2.16)

where ∆Φ is the dimension of the operator Φ.

Generally, the continuum limit of lattice operators is given by a sum over all

CFT operators with the same charges under the lattice symmetries as the lattice

operator. The long-distance behaviour of the correlator is then determined by the

most relevant operator in this sum. For the critical Ising model, the most relevant

operator in the CFT with the same charges as σz is the σ operator of dimension

∆σ = 1/16 + 1/16 = 1/8, showing the agreement between Equations 2.15 and 2.16.

By finding where correlation lengths diverge, we can investigate transitions

between gapped and gapless regions or between gapped regions separated by a gapless

point. The scaling of the algebraic decay of the correlators within these gapless

regions then gives hints of the CFT operators present and hence the CFT itself.
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2.3.2 Lattice energy levels

One of the techniques we will use to investigate the phases of our models is

based on ratios of low-lying energy levels. In a CFT the energies of low-lying

levels on a finite lattice of length L with periodic boundary conditions are given

by the following beautiful formula:

Eh,h̄ = ε0L+ 2πv
L

(
h+ h̄− c

12

)
+O(1/L2), (2.17)

where h and h̄ are the holomorphic and anti-holomorphic weights of the operator

acting on the ground-state to get the energy level, Φh,h̄, ε0 is the ground-state energy

density in the thermodynamic limit, v is the Fermi velocity, and c is the central

charge of the CFT [69, 70]. For a given lattice model, v and ε0 are both proportional

to the global constant multiplying the Hamiltonian, while ε0 is also affected by the

addition of the identity operator at each site. As neither of these changes affects the

eigenstates of the Hamiltonian, they do not alter the CFT description of the model.

To remove the effects of ε0 and v, we consider ratios of energy levels, giv-

ing the formula

Eα − Eβ
Eγ − Eδ

= ∆α −∆β

∆γ −∆δ

(2.18)

to leading order in 1/L, where ∆α = hα + h̄α is the dimension of the operator

Φhα,h̄α . Which states on the lattice correspond to which operators in the CFT can

be deduced by considering the symmetries of both as will be explained later.

Returning to our example of the critical Ising model, we first need to identify the

levels in our lattice model. Taking periodic boundary conditions, we can split our

states into momentum eigenstates. As the Ising Hamiltonian (1.2) commutes with

the spin flip operator (1.4), we can split the model into Z2 sectors too. Considering

the primary fields of the Ising CFT, all have spin s = h− h̄ = 0 and so are in the

momentum k = 0 sector. While the identity and energy operators, 1 and ε, are

even under the Z2, the spin operator, σ is odd. Considering just the k = 0 sector,

the lowest lying states in the Z2 even sector are then those corresponding to 1 and
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ε, whereas in the Z2 odd sector it is σ. Defining Ej
k,r to be the jth excited state in

the sector with momentum k and Z2 charge r, we find the CFT prediction

E0
0,1 − E0

0,0

E1
0,0 − E0

0,0
= ∆σ −∆1

∆ε −∆1

=
1
8 − 0
1− 0 = 1

8 . (2.19)

We can then find this ratio numerically for a range of lattice lengths, L. If it

converges to the CFT prediction with increasing L, this is strong evidence that the

continuum limit of the lattice model is indeed described by this CFT. Repeating

this for different ratios then provides further evidence.

2.3.3 Probing the central charge

As mentioned earlier, the value of the central charge, c, is the only thing affecting

the Virasoro algebra (2.6). We also noted that, for c < 1, identifying the value of c

cuts down the number of possible CFTs to a maximum of three. Even for c ≥ 1,

the value is still essential information in identifying the underlying theory.

The easiest way of finding c numerically in a 1 + 1-dimensional lattice model

is to consider the von Neumann entanglement entropy as shown by Calabrese

and Cardy [71]. The von Neumann entanglement entropy between a subsystem

A and its environment is defined as

SA = −Tr ρA log ρA, (2.20)

where ρA is the reduced density matrix of subsystem A. Calabrese and Cardy

demonstrated that, for a chain of length L with periodic boundary conditions,

the von Neumann entanglement entropy between a subchain of length l and the

rest of the chain is given by

S = c

3 log ((L/π) sin(πl/L)) + c1, (2.21)

where the lattice spacing has been set to 1 and c1 is a constant. Typically we will

consider the bipartite entanglement with l = L/2, simplifying Equation 2.21 to

SL/2 = c

3 logL+ c2. (2.22)
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This entanglement entropy is extracted easily when using DMRG [59–61].

Although the entanglement entropy can be used to distinguish between different

CFTs, the distinction between the behaviours of the entanglement entropy of gapped

and gapless systems is even clearer. As shown by Hastings [62], the ground states

of all gapped systems in one-dimensional quantum systems obey an “area-law” and

so have entanglement entropy tending to a constant in the thermodynamic limit:

lim
L→∞

Sgapped = const. (2.23)

This is consistent with the entanglement entropy of a CFT diverging as S ∼ logL

due to the 1/L splitting of energy levels giving a gapless system, as described in

Subsection 2.3.2. Investigating the scaling of the entanglement entropy thus gives

us a strong distinguishing characteristic between gapped systems and CFTs as

there is a clear qualitative difference between tending to a constant and diverging

as a logarithm with system size.

Returning to our faithful example of the Ising CFT, we have a central charge

of c = 1/2. Working out the half-chain entanglement entropy for a model with

periodic boundary conditions and described by the Ising CFT in the continuum

limit should give entropy scaling of

SIsing,L/2 = 1
6 logL+ c2 (2.24)

for large L.

2.4 Superconformal Field Theory

Supersymmetry, to be explained in Section 3.4, can be incorporated into

CFTs, giving superconformal field theories (SCFTs) [72]. In SCFTs, there are

further conserved currents of dimension (3/2, 0) and (0, 3/2), corresponding to the

supercharges. For N = 1 supersymmetry (with one supercharge), the Virasoro
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algebra gets extended to the super Virasoro algebra [73, 74]:

[Lm, Ln] = (m− n)Lm+n + ĉ

8
(
m3 −m

)
δm+n,0, (2.25)

{Gm, Gn} = 2Lm+n + ĉ

2

(
m2 − 1

4

)
δm+n, (2.26)

[Lm, Gn] =
(m

2 − n
)
Gm+n, (2.27)

with analogous relations holding for the antiholomorphic algebra.

The Lm operators are the same as those of Equation 2.6, while the Gm are

the new fermionic operators extending the algebra. As SCFTs still have the same

symmetry group as CFTs, along with supersymmetry, they must still be CFTs and

hence Equations 2.6 and 2.25 should be equivalent. The only difference between

the two is the change of c/12 to ĉ/8, showing that ĉ = 3c/2.

There are, in fact, two different SCFT algebras: Ramond and Neveu–Schwarz

(NS) [73, 74]. The distinction corresponds to the allowed values ofm in Gm: Ramond

has m ∈ Z, while NS has m ∈ Z+ 1/2. As with the normal Virasoro algebra, Lm
and Gn with m,n > 0 are lowering operators, while those with m,n < 0 are raising

operators. Our superconformal primary fields are thus those fields annihilated by all

Lm and Gn with m,n > 0. Note that there are states that are conformal primaries

but not superconformal primaries as they are annihilated by all Lm with m > 0,

but not by all Gn with n > 0. We will see an example of this when we consider

the Tricritical Ising CFT shortly in Subsection 2.4.1.

The super Virasoro algebra, once the Ramond or NS sector is chosen, is

determined just from ĉ, just as the Virasoro algebra was from c. Analogously,

for ĉ < 1, only certain values are allowed [72]. These lead to the superconformal

minimal models with

ĉ = 1− 8
m̂(m̂+ 2) , (2.28)

where m̂ = 3, 4, .... The allowed weights of superconformal primaries are then given

by

hp,q = [(m̂+ 2)p− m̂q]2 − 4
8m̂(m̂+ 2) + 1

32
(
1− (−1)p−q

)
, (2.29)
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where 1 ≤ p < m̂, 1 ≤ q < m̂ + 2 and for the NS sector p − q is even, while

for the Ramond sector it is odd.

2.4.1 The Tricritical Ising CFT

The first SCFT minimal model is the tricritical Ising (TCI) CFT, corresponding

to m̂ = 3. This has ĉ = 7/15 and so c = 7/10, meaning that it is also a CFT

minimal model. In fact, this is the only model which is both a CFT and SCFT

minimal model, as the next SCFT minimal model has ĉ = 2/3 and hence c = 1.

Using Equation 2.29, we see that the distinct primary weights are 0 and 1/10

in the NS sector and 3/80 and 7/16 in the Ramond sector, where we have ignored

double counting. Every state in the SCFT can then be found by applying the

super Virasoro raising operators to these primaries.

As we noted above, the TCI CFT is also a CFT minimal model and so we can

use Equation 2.11 to find the CFT primaries, giving chiral dimensions 0, 1/10,

3/5, 3/2, 3/80 and 7/16. There then appear to be two extra primary fields in the

CFT minimal model! This is resolved by noting that

G1/2 |1/10〉 = |3/5〉 , G3/2 |0〉 = |3/2〉 , (2.30)

where |h〉 represents the holomorphic part of the field with weight h, showing that

|3/5〉 and |3/2〉 are descendants of |1/10〉 and |0〉, respectively, under the super

Virasoro algebra, but not under the Virasoro algebra.

2.5 Free boson CFTs

In Section 2.2 we mentioned that, for central charges c < 1, only specific values

of c are allowed and each of these has a finite (1, 2 or 3) number of possible CFTs.

For c > 1, any value of c is allowed and there are, generically, an infinite number

of possible CFTs for each c. c = 1 is the boundary case in which there are an

infinite number of CFTs, but they can all be written down [75]. The simplest

c = 1 CFTs are free boson CFTs, with the infinite number of theories given by

different compactification radii, i.e. changing the radius of the circle on which the
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boson lives. All other CFTs at c = 1 can be found by “modding out” subgroups

of the U(1) symmetry of the boson, giving orbifold theories [75–77], although for

now we will focus on the circle (free boson) theories. Throughout this thesis we

will follow the conventions of Ginsparg [15, 75].

To write down the free boson partition function on the torus, we begin by

introducing the modular parameter of a torus, τ . Taking z as our complex coordinate

on the plane from Equation 2.3, we first go to the cylinder by defining z ≡

exp(iw), where the period of the cylinder is w ≡ w + 2π. Here Im(w) corresponds

to the imaginary time coordinate, while Re(w) corresponds to the spatial part.

To turn the cylinder into a torus, we then identify w ≡ w + 2πτ , where τ =

τ1 + iτ2 and τ1 and τ2 are real.

The free boson partition function on the torus at a compactification radius

R can be written as [15, 75]

Z(R) = 1
ηη̄

∑
m,n∈Z

q
1

8R2 (m+2R2n)2

q̄
1

8R2 (m−2R2n)2

, (2.31)

where q ≡ exp(2πiτ) and

η = q
1
24

∞∏
n=1

(1− qn) (2.32)

is the Dedekind eta function and accounts for the descendant fields. Each term

qh−1/24q̄h̄−1/24 corresponds to a field in the CFT with weights (h, h̄).

m and n are the eigenvalues of two U(1) charges dual to each other, and are often

referred to as the electric and magnetic charges. As the sums over m and n are over

all integers, we see that there are an infinite number of primary fields. For special

radii, this infinite sum can be rewritten as a finite sum of primary fields of some

extended algebra. These radii obey R =
√
p′/(2p), where p′ and p are integers [16].

We will see that lattice symmetries often allow us to cut down this infinite

number of theories to a single consistent one. Specifically, Section 4.7 will show how

a combination of S3 symmetry and self-duality fixes the boson radius to R =
√

3/2.
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3.1 Introduction

The 1 + 1-dimensional critical Ising model has long been studied in condensed

matter physics. In terms of theory, it has the distinct advantage of being exactly

solvable [55], most easily in terms of free fermions as mentioned in Chapter 1 [57, 58].

Perturbing by a duality-breaking interaction gaps the system, taking it to either

the ordered or disordered Ising phase, depending on the sign of the interaction. In

27
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2010 Coldea et al. exhibited the transition between the ordered and disordered

phases experimentally using cobalt niobate in a transverse magnetic field [78]. Their

experiment considered weakly coupled chains of cobalt niobate, each of which gives a

good approximation to an Ising chain, with an externally applied field providing the

transverse “spin-flipping” term. In the ordered phase, the Z2 symmetry in a given

chain is spontaneously broken, giving a non-zero expectation to the magnetisation

of that chain which then, using a mean field theory approach, provides a weak

longitudinal magnetic field for the nearby chains. This longitudinal field vanishes

at the transition to the paramagnetic phase (where the Z2 symmetry is no longer

spontaneously broken), at which point the ratios of the energies of low-lying states

are known from theory [79]. The energies in the ordered and disordered phases,

along with those at the transition, were found to agree with predictions for the

Ising model, using neutron scattering measurements.

In fact, recently Majoranas (1.14) have sparked far more interest in the condensed

matter community than the spin version of the Ising model due to their connection to

non-Abelian topological quantum computation [26, 27]. Topological superconductors

have been proposed as one way in which Majorana modes could appear [35, 36] and

be used in quantum computation (for a review of experimental efforts in this area

see, e.g., Ref. [80]). “Kitaev materials” [37, 38], such as α-RuCl3, have been the

focus of other experimental groups [39, 40], providing another possible avenue. As

self-duality (more or less) corresponds to translation invariance of Majoranas [48]

and these are often the particles of interest, rather than spins, imposing self-duality

seems a natural constraint on our physical system.

While CFT gives us a clear prediction of the behaviour expected when the

critical Ising model is perturbed by a duality-breaking perturbation, it is less clear

what happens when a self-dual (and Z2 invariant) interaction is added. In this

case there are no relevant interactions, as stated in Chapter 2, and so the system

remains in the critical Ising phase, at least for infinitesimally small perturbations.

One way in which this phase can end is through a transition to a gapped region

via a point in the universality class of the tricritical Ising (TCI) CFT [66, 81]. The
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TCI CFT is the minimal model with m = 4, corresponding to a central charge of

c = 7/10, as given by Equation 2.7. While it is the second minimal model in the

series after the Ising model, it has by no means as natural a lattice realisation.

It is known to correspond to the termination of the Ising critical line in the

Blume–Capel model [81–84], given by the spin-1 Hamiltonian

HBC = −
∑
j

(
SzjS

z
j+1 − γSxj − δSzj

2) , (3.1)

where we follow the notation of Ref. [85]. For δ = −∞, this reduces to the

quantum Ising model and hence there is a critical Ising transition between ordered

and disordered phases, while at γ = 0 the model is fully classical and there is a

first-order transition between the ferromagnetic “Ising” ordered states and the state

with all Szj = 0. These lines of second- and first-order transitions terminate as

they hit each other via a point in universality class of the TCI CFT, occurring

at λ ≈ 0.42, δ ≈ 0.91 [84].

While this model does indeed display a TCI point, there are several drawbacks.

Firstly, and arguably most importantly, this model requires fine tuning to get to

its TCI point, as the values of both γ and λ must be set just right. Thus this

transition is just a single point in the phase diagram which can easily be avoided

(or missed). Secondly, it occurs in a spin-1 chain – effectively an Ising model with

vacancies allowed – making numerics more challenging. Finally, there is no obvious

link to supersymmetry in the lattice model which, as we have seen in Section 2.4.1,

is one of the fascinating features of the TCI CFT [72].

More recently, other models have been proposed in which TCI points occur

[85–87]. The Rahmani model [85, 86] is built out of explicitly self-dual operators

and hence does not require fine tuning – there is only one free parameter in the

Hamiltonian and so varying this necessarily takes the system through its TCI point.

Secondly, like the Ising model, it is based on a spin-1
2 Hamiltonian and so has two

states per site, rather than the three of the Blume–Capel model.

There are some potential issues with the Rahmani model though. Firstly,

the term added to perturb the Ising model must be tuned at a strength of ∼
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250 times the Ising interaction before the TCI point is reached. This intriguing

feature was not understood until a recent work by Aasen et al. provided an

explanation based on renormalization of the kinetic energy with interaction strength

[41]. As well as this, the Rahmani model still has no obvious connection with

the supersymmetry of the continuum CFT.

Turning to the second model mentioned above, introduced by Grover et al. [87],

a TCI point was again found without fine tuning. They considered topological

superconductors in both two and three dimensions, but we mention only the two

dimensional case here as it aligns more closely with our work. The topological

superconductor is protected by time-reversal symmetry, which naturally has a pair

of counterpropagating Majorana edge modes. Introducing an Ising field that changes

sign under time-reversal to describe the magnetic instability of the edge, the action

then acquires a bosonic degree of freedom as well.

The presence of both bosons and fermions indicates the possibility of emergent

supersymmetry, which is indeed found to occur in the low energy limit of the

model, when the boson is described by an Ising degree of freedom. The coupling

between the boson and fermion leads to an effective mass term for the Majorana,

with the mass given by the expectation of the the Ising order parameter, 〈σzj 〉. At

large transverse magnetic fields, this expectation value vanishes, giving a massless

Majorana model and hence a c = 1/2 CFT, while at small fields, the Z2 symmetry

of the Ising model is spontaneously broken and the order parameter becomes non-

zero, gapping out the Majorana degree of freedom. The natural transition point

between these two is given by a point in the universality class of the Tricritical

Ising CFT, which is confirmed numerically.

Supersymmetry thus emerges at the symmetry breaking phase transition between

the ordered and disordered Ising phases, where the Majorana chain acquires an

effective mass. While this presence of emergent supersymmetry was natural in

the boson plus Majorana language, in terms of the Ising and Majorana chains

it seems less clear why it should occur. Numercially, the introduction of a Ising

chain in addition to the Majorana chain also makes the analysis more difficult, as
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did the presence of a three-state per site rather than two-state per site system

in the Blume–Capel model.

It could be thought that, perhaps, the lack of explicit supersymmetry in any of

the models mentioned so far indicates that it is always simply an emergent property

in the field theory limit. This is not necessarily the case though, as can be seen

from a number of models with explicit lattice supersymmetry that correspond to

supersymmetric field theories in their continuum limits [88–91].

In our model we will see that all of the above desired features align. It is

once again a model requiring no fine tuning (other than self-duality, which is

just translation invariance in terms of Majoranas) for a system with two states

per site. The ratio of couplings for which the TCI point occurs is O(1) and

throughout the phase diagram the Hamiltonian can be expressed as the sum of

two supersymmetric theories. While this is not quite supersymmetric on its own,

it at least makes the connection far clearer. Moreover, we discuss an explicitly

supersymmetric line, also studied in Ref. [92], which will prove to be a line of

phase transitions to an incommensurate region.

The remainder of this chapter is set out as follows. Section 3.2 recaps the

basics of the Ising model and shows its stability to self-dual perturbations, as well

as explaining the Rahmani perturbation [85, 86]. Section 3.3 introduces our non-

chiral model and details its phase diagram, including the order-disorder coexistence

phase and TCI point. In Section 3.4 lattice supersymmetry is introduced, while in

Section 3.5 we generalise our model to allow chirality and show how supersymmetry

fits into the picture. In Section 3.6 we summarise the results and explain some

of the extensions to the model other groups have investigated. This chapter is

largely based on Ref. [49].
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3.2 The stability of the critical Ising phase

As mentioned in Chapter 1, the Ising model has Hamiltonian

HIsing(J, f) = −
L∑
j=1

(
Jσzjσ

z
j+1 + fσxj

)
(3.2)

= i
L∑
j=1

(Jγ2jγ2j+1 + fγ2j−1γ2j) ,

where γa operators represent Majoranas as given in Equation 1.14, L is the lattice

length, and we have ignored subtleties with boundary conditions. This has a Z2

symmetry characterised by the spin-flip operator

F =
L∏
j=1

σxj , (3.3)

which flips all spins in the z-direction. As [HIsing,F ] = 0, we can pick a basis

of eigenstates of HIsing with well-defined eigenvalue under F . Because σx has

eigenvalues ±1, so does F , with these two eigenvalues giving the Z2 symmetry.

As well as this Z2 symmetry, we have imposed spatial parity symmetry (the

Hamiltonian is invariant under relabelling j → L + 1 − j) and we additionally

have translation invariance, at least in the bulk.

In this chapter we will focus on perturbing from the self-dual Ising model:

HI = −
L∑
j=1

(
σzjσ

z
j+1 + σxj

)
. (3.4)

As stated previously, the continuum limit of this model is described by the Ising

CFT with central charge c = 1/2 and primary fields

1 =
(

0, 0
)
, σ =

(
1
16 ,

1
16

)
, ε =

(
1
2 ,

1
2

)
, (3.5)

named the identity, spin and energy fields, respectively, [12]. The identity and

energy fields are even under the spin-flip operator F =
∏

j σ
x
j , while the spin field

is odd. If we perturb our lattice model by a coupling invariant under F , this

remains a symmetry and hence the spin field cannot be part of this operator. If



3. The Z2 invariant model 33

we also maintain translation invariance and spatial parity, the simplest perturbing

operator we can construct is

Hε =
L∑
j=1

(
σzjσ

z
j+1 − σxj

)
. (3.6)

Adding λεHε to HI (3.4) and rescaling gives any Ising Hamiltonian (3.2). This

perturbation contains, among other fields, the energy field ε = (1/2, 1/2). As

∆ε = 1/2 + 1/2 = 1 < 2, this operator is relevant and so it gaps the system,

explaining the phase transition to either the ordered or disordered Ising phase,

depending on the sign of λε.

As lattice operators generally consist of a superposition of all operators in the

CFT obeying the same symmetries, it may appear that, whatever lattice term we

add, we will always have at least one of the spin and energy fields and so will gap

the system. In fact, we can use self-duality to escape this problem. The energy

operator is anti-self-dual [93, 94] and so, if we perturb by a self-dual Z2 invariant

perturbation, this will have to be in the identity tower and so will be irrelevant,

having dimension ∆ = 4 [93]. Hence perturbing with this operator should preserve

the critical Ising line, at least for some range of couplings!

There are no single-site or nearest-neighbour interactions which preserve every

symmetry of Ising as well as self-duality, other than HI itself, so we have to go

to next-nearest-neighbour interactions. At this stage, several possibilities occur.

Considering Majoranas, the simplest option is

Hff = i

2L∑
a=1

γaγa+3, (3.7)

corresponding to

Hff =
L∑
j=1

σyjσ
y
j+1 − σzjσxj+1σ

z
j+2. (3.8)

Ignoring Ising for the moment, Hff can be written as

Hff =
3∑

n=1

i 2L/3−1∑
m=0

γ3m+nγ3(m+1)+n

 (3.9)
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and hence it decomposes into three copies of the critical Ising model, albeit with

non-trivial selection rules on the allowed combinations of states due to the boundary

conditions. As this model is free-fermionic, it can be solved exactly, as can any

combination of it and the Ising Hamiltonian. Thus we will not consider this further

but instead investigate interacting models.

The shortest range interaction beyond simple free fermions was investigated by

Rahmani, Zhu, Franz and Affleck in 2015 [85, 86] and consists of Majoranas on

four consecutive sites. Combining this with the Ising model we get

HR = it
2L∑
a=1

γaγa+1 + g
2L∑
a=1

γaγa+1γa+2γa+3, (3.10)

where the ferromagnetic Ising model corresponds to t > 0, g = 0. Rahmani et al.

found that the critical Ising phase is extremely stable to increasing g from 0, with

the phase surviving until g/t ≈ 250. At this point there is a phase transition via a

point in the universality class of the TCI CFT [66, 72] to a gapped phase.

This transition is very interesting for a number of reasons. Firstly, why is the

ratio of couplings at which the transition occurs so astronomically large? This

question remained unanswered in the literature until recently, when Aasen et al.

presented a beautiful explanation to be described later [41]. Secondly, as mentioned

in Chapter 2, the TCI CFT is not just a CFT, it is a superconformal field theory

(SCFT), meaning that it has supersymmetry in addition to conformal invariance

[72, 95]. There is, however, no obvious supersymmetry on the lattice [96]. We will see

that in our model to be studied next the connection to supersymmetry is far clearer.

3.3 Our non-chiral model

We now come to the model we studied and the focus for this chapter of the

thesis. The next simplest interacting model that can be studied has Hamiltonian

H(λI , λ3) = 2λIHI + λ3H3 + E0, (3.11)
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where

HI = −
L∑
j=1

(
σxj + σzjσ

z
j+1
)

= i

2L∑
a=1

γaγa+1, (3.12)

H3 =
L∑
j=1

(
σxj σ

z
j+1σ

z
j+2 + σzjσ

z
j+1σ

x
j+2
)

= −
2L∑
a=1

γa−2γa−1γa+1γa+2, (3.13)

and E0 = L(λ2
I + λ2

3)/λ3 is an energy shift to make the link with supersymmetry

clearer, as will be explained later. We will assume λ3 > 0, λI > 0 as this is the region

of interest – indeed, Ref. [41] recently showed the model remains in the critical Ising

phase up to large negative values of λ3/λI and the unitary U = σy1σ
z
2σ

y
3σ

z
4 · · ·σ

y
L−1σ

z
L

maps λI → −λI , λ3 → λ3 (at least for even L), meaning that the full phase diagram

can be understood by setting λI ≥ 0.

3.3.1 The frustration-free point

We will start our analysis by looking at the specific point H(1, 1). At this point

the Hamiltonian can be rewritten in the illuminating form

H(1, 1) =
L∑
j=1

[(
1j − σxj

) (
1j+1,j+2 − σzj+1σ

z
j+2
)

+
(
1j,j+1 − σzjσzj+1

) (
1j+2 − σxj+2

)]
(3.14)

≡
L∑
j=1

Hj,j+1,j+2.

Both terms have been factorized into two parts, each of which acts on different

sites. Taking the single-site basis {|↑〉 , |↓〉}, where

σzj |↑〉j = |↑〉j , σzj |↓〉j = − |↓〉j , (3.15)

we see that 1j − σxj projects onto the state (|↑〉j − |↓〉j)/
√

2 and so annihilates

the state |l〉j ≡ (|↑〉j + |↓〉j)/
√

2, while 1j,j+1 − σzjσzj+1 projects onto |↑↓〉j,j+1 and

|↓↑〉j,j+1, and so annihilates |↑↑〉j,j+1 and |↓↓〉j,j+1. As each term in the Hamiltonian

is a product of commuting projectors, the terms themselves are projectors. This
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means that the smallest possible eigenvalue of the Hamiltonian itself is 0 and so

any state annihilated by the Hamiltonian must be a ground state. The three states

|G↑〉 = |↑↑ · · · ↑ · · ·〉 , |G↓〉 = |↓↓ · · · ↓ · · ·〉 ,
∣∣Gl〉 = |ll · · · l · · ·〉 , (3.16)

are hence ground states. These are, in fact, the only linearly independent ground

states as we will now show.

We start by considering Hj,j+1,j+2 from Equation 3.14. Of the eight basis states

of sites j, j + 1, j + 2, four are annihilated by Hj,j+1,j+2:∣∣∣G(3)
j,↑

〉
= |↑↑↑〉 ,

∣∣∣G(3)
j,↓

〉
= |↓↓↓〉 ,

∣∣∣G(3)
j,l

〉
= |lll〉 , (3.17)∣∣∣G(3)

j,s

〉
= |↑↑↓〉+ |↓↑↑〉+ |↓↑↓〉 − |↑↓↑〉 − |↑↓↓〉 − |↓↓↑〉 . (3.18)∣∣∣G(3)

j,l

〉
is not orthogonal to

∣∣∣G(3)
j,↑

〉
or
∣∣∣G(3)

j,↓

〉
, but they are linearly independent and

are all orthogonal to
∣∣∣G(3)

j,s

〉
. It is then immediately clear that |G↑〉, |G↓〉 and

∣∣Gl〉
from Equations 3.16 are indeed ground states.

To work out if there are any other ground states, we consider the four sites

j− 1, j, j+ 1, j+ 2. Any state annihilated by Hj−1,j,j+1 +Hj,j+1,j+2 must be a linear

combination of the eight states
∣∣∣↑ G(3)

j,r

〉
,
∣∣∣↓ G(3)

j,r

〉
, where r is one of ↑, ↓, l, or s. It

must also be expressible as a linear combination of
∣∣∣G(3)

j−1,r′ ↑
〉
,
∣∣∣G(3)

j−1,r′ ↓
〉
, and so

we need to find non-zero coefficients α↑,r, α↓,r, βr′,↑, βr′,↓ obeying∑
r

(
α↑,r

∣∣∣↑ G(3)
j,r

〉
+ α↓,r

∣∣∣↓ G(3)
j,r

〉)
=
∑
r′

(
βr′,↑

∣∣∣G(3)
j−1,r′ ↑

〉
+ βr′,↓

∣∣∣G(3)
j−1,r′ ↓

〉)
. (3.19)

Considering the 16 basis states, we see that all must have the same coefficient other

than |↑↑↑↑〉 and |↓↓↓↓〉, the coefficients for which are unconstrained. Thus

|↑↑↑↑〉 , |↓↓↓↓〉 , |llll〉 , (3.20)

are the only linearly independent solutions. Repeating this along the chain, we

see that the states in Equations 3.16 are the only ground states.

We find numerically that there is a finite gap from these ground states to the

first excited state, meaning that H(1, 1) is gapped. As H(1, 0) is gapless and is
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in the universality class of the Ising CFT, we must have a phase transition for

some H(1, λPT), where 0 < λPT ≤ 1.

Before finding the location and nature of this phase transition, we first discuss the

ground states given in Equations 3.16 in more detail. |G↑〉 and |G↓〉 are completely

ordered in the σz-diagonal basis and are the ground states of the completely ordered

Ising model: Horder ≡ HIsing(1, 0) from Equation 3.2, whereas
∣∣Gl〉 is completely

disordered in the σz-diagonal basis and is the ground state of the completely

disordered Ising model: Hdisorder ≡ HIsing(0, 1). As the dual of Horder is Hdisorder

and our Hamiltonian H(1, 1) is self-dual, if |G↑〉 and |G↓〉 are ground states, this

automatically forces
∣∣Gl〉 to be a ground state too.

In fact, by combining Horder and H(1, 1) as

Ho = λoHorder + λ1H(1, 1) (3.21)

we have, for λo, λ1 ≥ 0, a line of Hamiltonians where |G↑〉 and |G↓〉 are ground states.

H(1, 1) is just where this line hits the self-dual line and so we require
∣∣Gl〉 to be a

ground state too. Keeping λ1 > 0 and now taking λo negative, we now see that |G↑〉

and |G↓〉 remain exact eigenstates, but they are no longer necessarily ground states.

3.3.2 The TCI transition

We know that, for λI > 0, a transition from the critical Ising phase to a

gapped phase with three degenerate ground states occurs for some 0 < λ3 ≤ 1

in H(1, λ3) (3.11). To find the location and nature of the transition, we use the

methods described in Section 1.3. To get a rough idea of the type of transition

and its location, we fix λI = 1 and find the half-chain entanglement entropy for

the model at different λ3 and lattice lengths L with periodic boundary conditions,

as approximated by DMRG. Using Equation 2.22, along with the Ising and TCI

CFTs having m = 3 and m = 4 in Equation 2.7, respectively, giving central charges
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Figure 3.1: The effective central charge versus L. L1 and L2 are the two lattice
lengths used to calculate ceff. The black, green, red and mauve dots correspond to
λ3/λI = 0, 0.8, 0.856, 0.87 respectively, while the green and purple lines give the Ising
and TCI predictions.

c = 1/2 and c = 7/10, we have that the entropy tends to

SI = 1
6 logL+ CI, (3.22)

STCI = 7
20 logL+ CTCI, (3.23)

Sgapped = Cg, (3.24)

for large L, where CI, CTCI and Cg are constants that depend on the exact lattice

couplings. By considering two different lattice lengths L1 and L2, we find

ceff = 3 S(L2)− S(L1)
log L1

L2

, (3.25)

where ceff is the effective central charge.

In Figure 3.1 we plot ceff versus L for λ3/λI = 0, 0.8, 0.856, 0.87 in black, green,

red and mauve respectively. The Ising and TCI predictions of 0.5 and 0.7 are

given by the green and purple lines. ceff seems to converge to the Ising line for

λ3/λI = 0, 0.8 as L→∞, while it approaches the TCI line for λ3/λI = 0.856. As

L increases, ceff plummets for λ3/λI = 0.87. This suggests that there may be a

transition from an Ising phase to a gapped phase via a point in the universality

class of the TCI model at λ3/λI ≈ 0.856.
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CFT c R1 = A−0 −P
+
0

P+
1 −P

+
0

R2 = P−0 −P
+
0

P+
1 −P

+
0

R3 = P−1 −P
+
0

P+
1 −P

+
0

Ising 1/2 1/2 1/8 9/8
TCI 7/10 7/2 3/8 35/8

Table 3.1: The central charge and three ratios for energy levels as predicted by the Ising
and TCI CFTs.

The second test we do concerns the energy levels. Reproducing Equation 2.18, we

have

Eα − Eβ
Eγ − Eδ

= ∆α −∆β

∆γ −∆δ

, (3.26)

where ∆α is the conformal dimension of the state in the CFT corresponding to the

energy level Eα on the lattice. We consider both the positive and negative spin-flip

sectors (denoted by + and −), defined as the eigenvalue of the eigenstate under

F (3.3), as well as both periodic and antiperiodic boundary conditions (P and A),

where in antiperiodic boundary conditions any term in the Hamiltonian involving

σzLσ
z
1 picks up an extra minus sign. Finally, we consider the jth excited state in

each sector (j). For example, the first excited state with an eigenvalue of −1 under

the spin-flip operator and with periodic boundary conditions is denoted by P−1 .

The conformal dimensions of each of these have been worked out previously,

(see e.g. [72, 85]) and from these we find the three ratios given in Table 3.1. These

ratios were found using DMRG and are plotted against L for λ3 = 0, 0.8, 0.856

and 0.87 in Figure 3.2. The green and purple lines give the theoretical values for

the Ising and TCI CFTs respectively, while the ratio should diverge for the gapped

region as P+
0 and P+

1 are degenerate in the continuum limit here. Subfigure (d)

shows the ratio R1 plotted against L for λ3 = 0.855, λ3 = 0.856, and λ3 = 0.857.

Figure 3.2 shows the convergence to the predicted Ising ratios with increasing

L for λ3/λI / 0.856 and diverging for λ3/λI ' 0.856, in agreement with a gapped

region with degenerate ground states. At λ3/λI ≈ 0.856, the ratios approach

the prediction of the TCI CFT, giving strong evidence that the transition is

indeed in this universality class.

Continuing to increase the strength of λ3 beyond the frustration-free point at

λI = λ3, the system remains in a phase of order-disorder coexistence, as confirmed by
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Figure 3.2: The three ratios R1, R2 and R3 as defined in Table 3.1 are plotted against
L in (a), (b) and (c) respectively. λI = 1 and λ3 takes the values 0 (black), 0.8 (green),
0.856 (red) and 0.87 (mauve). In (d), R1 is plotted against L for λI = 1 and λ3 taking
the values 0.855 (blue), 0.856 (red) and 0.857 (yellow).

Aasen et al. [41]. This phase survives until the extreme point λI = 0, λ3 > 0, where

the model in fact becomes free-fermionic [97]. This fascinating point has a ground

state degeneracy exponentially large in the system size and is supersymmetric.

We have now shown several nice features of our model. We have a TCI point at

a relative coupling strength of O(1) and the gapped region has a frustration-free

prototypical point within it. There is one aspect that was mentioned earlier which

has not yet been addressed though: supersymmetry. In the rest of this chapter

we will explain the connection of our model to supersymmetry and extend it so

that we find a line of exact supersymmetry.

3.4 Lattice supersymmetry

Before moving onto our lattice model, we first explain precisely what we mean

by lattice supersymmetry [96]. Supersymmetry [98–100] is often considered in the

context of high-energy physics as a means of extending beyond the standard model

and solving the hierarchy problem [101–103]. It is normally thought of as associating

a fundamental fermionic particle to each fundamental boson and vice versa. For

example, each fermionic quark has a corresponding bosonic “squark”.
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We will define lattice supersymmetry with a similar link between bosonic

and fermionic excitations. We call a Hamiltonian supersymmetric if it can be

written in the form

HS = Q2 (3.27)

for some fermionic and Hermitian operator Q [96]. This form has some immediate

consequences. Firstly, the Hamiltonian is positive semi-definite. This can be seen

by taking the expectation of the Hamiltonian in any state:

〈ψ|H|ψ〉 = 〈ψ|QQ|ψ〉 = |Q |ψ〉|2 ≥ 0. (3.28)

Secondly, [H,Q] = 0 and so applying Q to any eigenstate of the Hamilto-

nian |E〉 with energy E necessarily either gives another state of energy E or

annihilates the state:

H (Q |E〉) = QH |E〉 = QE |E〉 = E (Q |E〉) . (3.29)

Acting with Q again then brings the state back to its original form other than a

factor of E (Q(Q |E〉) = Q2 |E〉 = E |E〉) and so we see that all states appear in

doublets (|E〉 and Q |E〉), other than zero energy states. As applying a fermionic

operator, Q, turns a state from bosonic to fermionic and vice versa, we can view

these doublets as boson-fermion pairs.

3.4.1 A fermionic example

As an example of a supersymmetric lattice model, we turn to the model studied

recently by Sannomiya, Katsura and Nakayama [104], an extension of a system first

investigated by Nicolai [105]. In this model the Hamiltonian is taken to be

H =
{
Q,Q†

}
, (3.30)

where

Q =
N/2∑
k=1

gc2k−1 + c2k−1c
†
2kc2k+1 (3.31)
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and the ck are fermionic operators obeying

{ci, c†j} = δi,j, {ci, cj} = {c†i , c
†
j} = 0. (3.32)

(In Nicolai’s original model there was no single fermion term in Q and so g = 0.)

As Q2 = 0, we see that the Hamiltonian can be rewritten as

H =
(
Q+Q†

)2 (3.33)

and so, the Hamiltonian is supersymmetric.

Sannomiya et al. found that, for g > 0, there is a non-degenerate ground state

and the long-range behaviour of the model is described by a CFT with central

charge c = 1, to be contrasted with the case g = 0 where there is an exponentially

large number of ground states. This is similar to the free-fermion point in our

model mentioned above [97] and the connection between the Hamiltonians will

soon become clear!

Before moving on to the supersymmetric version of our model, we briefly mention

a second model based on fermions studied by Sannomiya et al. In this case the

Hamiltonian takes the same form as Equation 3.30, but with Q replaced by

Q =
N∑
j=1

gcj + cj−1cjcj+1. (3.34)

In this model, again, there is an exponentially large number of ground states for

g = 0, but the behaviour is subtly different for g 6= 0. While there is a finite

number of ground states, the dispersion relation is not linear in momentum as

it was for the previous case, but is instead cubic – i.e. E(k) ∝ k3 for low-lying

states [106]. This dispersion relation breaks Lorentz invariance and means that

the system cannot be described by a CFT. Interestingly, we will find that our

supersymmetric line also has a cubic dispersion relation [92].
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3.5 Our chiral model

The Sannomiya Hamiltonians (3.30 and 3.31 or 3.34) were built from fermionic

operators with canonical anticommutation relations, but we have seen that our

Hamiltonian (3.11) is more naturally expressed in terms of Majorana fermions.

Majoranas in fact have an advantage over conventional fermions in constructing

supercharges, Q: γ†a = γa and so to get an hermitian supercharge we can just

consider a single sum over γa, rather than sums over both ck and c†k. The Q

analogous to Equation 3.34 in terms of Majoranas is

Q+(λI , λ3) = 1
2
√
λ3

2L∑
a=1

(λIγa + iλ3γa−1γaγa+1) , (3.35)

where the i in the second term is required for Q+ to be hermitian.

A supersymmetric Hamiltonian can then be constructed as

H+
S (λI , λ3) =

(
Q+(λI , λ3)

)2
, (3.36)

which we will now discuss and was the subject of Ref. [92]. Calculating H+
S (λI , λ3)

explicitly, we find

H+
S (λI , λ3) = L

λ2
I + λ2

3
2λ3

+
2L∑
b=1

[
iλI

(
γbγb+1 −

1
2γb−1γb+1

)
− 1

2λ3γb−2γb−1γb+1γb+2

]
,

(3.37)

where the constant in front assumes periodic boundary conditions in Majoranas.

Going to the spin basis, and again sweeping the boundary conditions under the

carpet, we find that, up to a constant,

H+
S (λI , λ3) = λIHI + 1

2λ3H3 + 1
2λcHc, (3.38)

where

Hc =
L∑
j=1

(
σyjσ

z
j+1 − σzjσ

y
j+1
)
. (3.39)

Up to this Hc term, Equations 3.38 and 3.11 are the same! The extra term given

by Hc is clearly chiral due to the minus sign – supersymmetry has come at the

price of breaking spatial parity.
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3.5.1 Supersymmetry operators in the non-chiral model

Before studying this supersymmetric model in detail, we first consider a similar

Hamiltonian, built from the supercharge

Q−(λI , λ3) = 1
2
√
λ3

2L∑
a=1

(−1)a (λIγa − iλ3γa−1γaγa+1) , (3.40)

giving

H−S (λI , λ3) =
(
Q−(λI , λ3)

)2
, (3.41)

= L
λ2
I + λ2

3
2λ3

+
2L∑
b=1

[
iλI

(
γbγb+1 + 1

2γb−1γb+1

)
− 1

2λ3γb−2γb−1γb+1γb+2

]
.

We then see that Equation 3.11 can be written as

H(λI , λ3) =
(
Q+(λI , λ3)

)2 +
(
Q−(λI , λ3)

)2 (3.42)

and so our original non-chiral line can be written as the sum of two chiral

supersymmetric Hamiltonians. Note that, as the anticommutator {Q+,Q−} is

non-trivial, the Hamiltonian itself is not supersymmetric.

As mentioned in Chapter 2, an SCFT has supercurrents G and Ḡ corresponding

to operators of weights (3/2, 0) and (0, 3/2) respectively [72]. The Hamiltonian

of the field theory can then be written as

Hfield theory =
(∫

dxG

)2

+
(∫

dx Ḡ

)2

. (3.43)

As this form is very similar to H(λI , λ3) (3.42), it is tempting to make the identifica-

tion

Q+ →
∫
G, Q− →

∫
Ḡ, (3.44)

as we take the continuum limit. We would then hope that we could find Q+ =
∑

j Gj ,

where Gj are local operators and have the same correlation functions as the CFT

operators in the long-distance limit. The most obvious identification is

Gj ≡ λIγ2j + iλ3γ2j−1γ2jγ2j+1, (3.45)
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but this turns out to be slightly wrong. The issue is that, in the TCI CFT, there

are other fermionic fields more relevant than G and Ḡ: ψ and ψ̄ with weights

(3/5, 1/10) and (1/10, 3/5) respectively. Generically, a lattice operator will contain

every field obeying its symmetries, as happens, for example, in the identification of

the parafermion field in the three-state Potts model [107]. Thus, the correlator at

long distances is dominated by the most relevant allowed operator and so,

〈GjGk〉 ∼ |j − k|−7/5 (3.46)

in the limit |j − k| � 1.

Following the method of Ref. [107], the correct way to remove the unwanted ψ

and ψ̄ fields from the lattice operators is to consider duality. G, Q+ and ψ̄ are even

under duality, while Ḡ, Q− and ψ are odd [93, 94]. This leads to the identifications

Gj = λI (γ2j−1 + γ2j) + iλ3 (γ2j−2γ2j−1γ2j + γ2j−1γ2jγ2j+1) , (3.47)

Ḡj = λI (γ2j−1 − γ2j)− iλ3 (γ2j−2γ2j−1γ2j − γ2j−1γ2jγ2j+1) , (3.48)

ψj = λI (γ2j−1 − γ2j) + iλ3 (γ2j−2γ2j−1γ2j − γ2j−1γ2jγ2j+1) , (3.49)

ψ̄j = λI (γ2j−1 + γ2j)− iλ3 (γ2j−2γ2j−1γ2j + γ2j−1γ2jγ2j+1) . (3.50)

These were checked by finding the two-point functions at the TCI point, with

the results shown in Figure 3.3. These were calculated using DMRG on a lattice

with open boundary conditions and length L = 400. As can be seen, the correlators

converge nicely to the values expected from Equation 2.16 of

〈GjGk〉 ∼ |j − k|−2∆G ∼ |j − k|−3, 〈ψjψk〉 ∼ |j − k|−2∆ψ ∼ |j − k|−1.4. (3.51)

Now that we have seen the supersymmetry generators on the non-chiral line,

we define the more general Hamiltonian

H̃(λI , λ3, λc) =
(

1 + λc
λI

)
Q+2(λI , λ3) +

(
1− λc

λI

)
Q−2(λI , λ3)

= 2λIHI + λ3H3 + λcHc + E0. (3.52)

The non-chiral line given by Equation 3.11 corresponds to H̃(λI , λ3, 0), while the

supersymmetric line given by Equation 3.38 is H̃(λI , λ3, λI).
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Figure 3.3: The two point correlators Cjk = 〈GjGk〉 (blue crosses) and 〈ψjψk〉 (yellow
crosses), from Equations 3.47 and 3.49, are plotted against |j − k| at the tricritical point
λ3/λI = 0.856. The red and purple lines correspond to A|j − k|−3 and B|j − k|−1.4,
respectively, where A and B are fitting parameters.

3.5.2 The free-fermionic line

Before looking at this model generally, we will focus on the special case λ3 = 0.

Here the Hamiltonian reduces to

H̃(λI , 0, λc) = i
2L∑
a=1

(2λIγaγa+1 − λcγaγa+2) (3.53)

and is free-fermionic, meaning that we can solve it exactly. In this case we will

have to be careful about boundary conditions to get the exact spectra and so

we define a new Hamiltonian

HI,c = i
2L∑
a=1

(2λaγaγa+1 − κaγa−1γa+1) , (3.54)

where we have made the coupling site dependent to make boundary conditions

easier to deal with. L is the length of the lattice of spins and hence the Majorana

lattice extends to 2L.

To solve this, we first construct raising and lowering operators, designed to obey

[HI,c,Ψ] = 2εΨ, (3.55)

as then, if |E〉 is an eigenstate of H obeying H |E〉 = E |E〉, Ψ |E〉 will either be an

eigenstate obeying H(Ψ |E〉) = (E + 2ε)Ψ |E〉 or will be a null vector. Defining

Ψ =
2L∑
a=1

µaγa, (3.56)
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where µj is arbitrary, and using

[γaγb, γc] = γaδbc − γbδac, (3.57)

we arrive at

[H,Ψ] =
2L∑
a=1

µ′aγa, (3.58)

where

µ′a = i (2λaµa+1 − 2λa−1µa−1 − κa+1µa+2 + κa−1µa−2) . (3.59)

For a given set of λa and κa we can now find every creation and annihilation

operator. The ground state must be the state annihilated by all operators which

lower the energy but not annihilated by any of those which raise it.

For the self-dual and translation invariant model with periodic boundary

conditions (in terms of Majoranas), we set λa = λI and κa = λc ∀a. We can

then solve Equations 3.56, 3.58 and 3.59 using the Ansatz

µa = µeika, (3.60)

where k = nπ/L, n = −L+1,−L+2, ...,−1, 0, 1, ..., L−1, L. These give the energies

2εk = −4 sin(k) (λI − λc cos(k)) . (3.61)

From this it is clear that ε−k = −εk and from Equations 3.56 and 3.60 we see that

Ψ−k = Ψ†k, {Ψk,Ψ′k} = 2δk′,−k, (3.62)

where we have taken µ = 1/
√

2L, allowing us to identify Ψk with an annihilation op-

erator for 0 < k < π and Ψ−k the corresponding creation operator, assuming λc ≤ λI .

The above construction is clear unless k = 0 or k = π, where εk = 0 and the

creation and annihilation operators coincide. We see that, if Ψ0 is an allowed

operator in terms of boundary conditions and number of states, then Ψπ must be

too and vice versa. We therefore take the combinations

Ψ+ = 1√
2

(Ψ0 + iΨπ) , Ψ− = 1√
2

(Ψ0 − iΨπ) , (3.63)
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which then satisfy {Ψ+,Ψ+} = {Ψ−,Ψ−} = 0 and {Ψ+,Ψ−} = 2, along with

[H,Ψ+] = [H,Ψ−] = 0. We make the arbitrary choice that Ψ+ is a creation

operator, while Ψ− is an annihilation operator. We now have L independent

creation operators, each with a corresponding annihilation operator, and so have

spanned the whole space.

Before declaring victory, we pause to consider the above result. With periodic

boundary conditions we have a creation operator that does not change the energy.

Applying this to the ground state should then give a second state of zero energy,

but we know that there is a single identity operator in a CFT and so, for periodic

boundary conditions in terms of spins, there should be a unique ground state, at

least at the point λc = 0 where we know the model to be described by the Ising

CFT. This is resolved by considering the various boundary conditions for spins and

Majoranas – periodic in one does not necessarily correspond to periodic in the other!

To see how the boundary conditions should transform, we consider the explicit

Hamiltonian in terms of spins with periodic boundary conditions:

Hspins = −
L∑
j=1

[
λI
(
σxj + σzjσ

z
j+1
)

+ λ3
(
σzjσ

y
j+1 − σ

y
jσ

z
j+1
)]
, (3.64)

where σx,y,zL+1 ≡ σx,y,z1 , so the Hamiltonian is periodic. To rewrite this Hamiltonian

in terms of Majoranas, we reproduce Equations 1.15:

σxj = −iγ2j−1γ2j, σzjσ
z
j+1 = −iγ2jγ2j+1, (3.65)

which allows us to write

σzjσ
y
j+1 = −iσzjσzj+1σ

x
j+1 = iγ2jγ2j+2, (3.66)

and, similarly, σyjσzj+1 = −iγ2j−1γ2j+1. These expressions, along with those for σxj
and σzjσ

z
j+1 (3.65), are perfectly sensible unless j = L, in which case γ2j+1 and

γ2j+2 are not yet defined. To work out what these should be, we consider the

specific offending terms in Equation 3.64:

Hoffending = −λIσz1σzL + λ3 (σz1σ
y
L − σ

y
1σ

z
L) . (3.67)
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We will deal with the first of these terms explicitly, with the treatments of the

others following analogously. We can write −λIσz1σzL as

−λIσz1σzL = −λIσz1

(
L−1∏
j=2

σzjσ
z
j

)
σzL

= −λI
L−1∏
j=1

(
σzjσ

z
j+1
)

(3.68)

= −λI
L−1∏
j=1

(−iγ2jγ2j+1)

= −(−i)L−1λI

2L−1∏
a=2

γa.

All we seem to have done is expressed our operator in terms of a long chain

of Majoranas! Fortunately, the symmetry of the model comes to our aid. We

know that the spin-flip operator, F (3.3), is a symmetry. Rewriting this in

terms of Majoranas we get

F =
L∏
j=1

σxj

=
L∏
j=1

(−iγ2j−1γ2j) (3.69)

= (−i)L
2L∏
a=1

γa.

We can then rewrite Equation 3.68 as

−λIσz1σzL = −iλIγ1FγL

= −iλIγLγ1F , (3.70)

and so we see that the sign of this term depends on the eigenvalue of the state

under F . The same holds for the other two offending terms and we find that

we have periodic boundary conditions (γ2L+1 = γ1, γ2L+2 = γ2) for states with

an eigenvalue of −1 under F , while we have antiperiodic boundary conditions

(γ2L+1 = −γ1, γ2L+2 = −γ2) for states with an eigenvalue of +1 under F .

We now see how to proceed: split the Hamiltonian into sectors odd and even

under F , then solve the model with the appropriate boundary conditions in terms
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of Majoranas. The only difference for antiperiodic boundary conditions is the

values k can take in Equation 3.60 – now k = (n − 1/2)π/L for n = −L +

1,−L + 2, ...,−1, 0, 1, ..., L − 1, L.

Starting in the F = 1 sector, we need antiperiodic boundary conditions. Our

ground state (for λc ≤ λI) is then annihilated by all Ψk with k < 0 and by none

of those with k > 0, giving an energy of

E
(0)
F=1 = −4

L−1∑
n=0

sin
(

(2n+ 1)π
2L

)(
λI − λc cos

(
(2n+ 1)π

2L

))

= −4λI
L−1∑
n=0

sin
(

(2n+ 1)π
2L

)
(3.71)

= −4λIcosec
( π

2L

)
,

where the second term in the first line vanishes as it reduces to summing sine

functions symmetrically over a whole period. This shows that, for |λc| ≤ λI , the

ground-state energy is independent of λI !

As all states must have the same value of F within a sector, we can only get

between them by applying an even number of Ψk operators. The first excited state

must then be the state obtained by acting with the two lowest energy creation

operators: Ψ−π/L and Ψ−π+π/L, giving

E
(1)
F=1 = E

(0)
F=1 + 8 sin

( π
2L

)(
λI − λc cos

( π
2L

))
. (3.72)

Further excited states are found by applying further creation operators, but

always in pairs.

Going next to the case with F = −1, we require periodic boundary conditions.

As we had L Ψk operators annihilating the ground state in the F = 1 sector, here

L − 1 must annihilate it so that F = −1. This gives an energy of

E
(0)
F=−1 = −4

L−1∑
n=1

sin
(nπ
L

)(
λI − λc cos

(nπ
L

))

= −4λI
L−1∑
n=1

sin
(nπ
L

)
(3.73)

= −4λIcot
(π
L

)
.
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Again, to get the first excited state we must now act with two creation operators.

One of these will be Ψ+ as it has zero energy, but there are two choices for the second:

Ψ−π/L and Ψ−π+π/L. We then have two degenerate first excited states of energy

E
(1)
F=−1 = E

(0)
F=−1 + 4 sin

(π
L

)(
λI − λc cos

(π
L

))
. (3.74)

To do a sanity check on our results before moving on, we consider the pure

Ising model (λc = 0). Taking the limit L → ∞ we find

E
(0)
F=1 = −2v

π
L+ 2πv

L

(
−1/2

12 + 0 + 0
)

+O
(

1
L3

)
, (3.75)

E
(1)
F=1 = −2v

π
L+ 2πv

L

(
−1/2

12 + 1
2 + 1

2

)
+O

(
1
L3

)
, (3.76)

E
(0)
F=−1 = −2v

π
L+ 2πv

L

(
−1/2

12 + 1
16 + 1

16

)
+O

(
1
L3

)
, (3.77)

E
(1)
F=−1 = −2v

π
L+ 2πv

L

(
−1/2

12 + 17
16 + 1

16

)
+O

(
1
L3

)
, (3.78)

where v = 4λI is the Fermi velocity. We see that the gaps are in agreement with

the CFT predictions of the dimensions from Equation 2.17: for F = 1 the ground

state is the identity operator with (h, h̄) = (0, 0), while the first excited state is the

energy operator with weights (1/2, 1/2). In the F = −1 sector, the lowest energy

state is the spin operator with weights (1/16, 1/16), while the two degenerate first

excited states have weights (17/16, 1/16) and (1/16, 17/16).

3.5.3 The chiral free-fermionic model

Now that we have checked that the results of the Ising CFT are correctly

reproduced at λc = 0, we move on to consider general λc (for λI ≥ 0). Reproducing

the energy of the operator Ψk from Equation 3.61,

2εk = −4 sin(k) (λI − λc cos(k)) , (3.79)

we see that for |λc| < λI , Ψk with −π < k < 0 continue to have positive energy

and those with 0 < k < π continue to have negative energy, meaning that our

creation and annihilation operators remain the same. This means that, although

the energies in the spectrum change, the ground state remains the same throughout
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this region. There is an important change though: εk is no longer equal to επ−k

due to the effect of the cos(k) factor. This makes the model chiral and leads to

different Fermi velocities for the left- and right-moving eigenstates.

At λc = λI , something more significant happens though. At this point the

energies become

2εSk = −4λI sin k (1− cos k)

= −4 sin k + 2 sin (2k) . (3.80)

Expanding this for small k we find

2εSk = −2k3 +O
(
k5) , (3.81)

showing that the model now has cubic dispersion within each sector. Note that

around k = π, the dispersion is still linear though and, as we have seen that the

gap between the F sectors is independent of λc for |λc| ≤ λI , the gap between

the sectors remains ∼ 1/L.

Taking λc > λI , we see that which Ψk are creation operators and which are

annihilation operators now begins to change. The critical values of k where the

energies are 0 are k = 0, π, acos(λI/λc), −acos(λI/λc). In Figure 3.4, 2εk is plotted

against k for 5 different pairs of λI and λc. The blue, red, yellow and purple lines

correspond to λI = 1 and λc = 0, 0.8, 1, and 1.2 respectively, while the green line

is λI = 0, λc = 1. As can be seen, for λc < λI , there are zeros at k = 0, π, while

for λc > λI a further pair of zeros occur at k = ± acos (λI/λc). The yellow line,

corresponding to λc = λI is flat at the k = 0, indicating the k3 dispersion here.

For λc < λI , the model is still in an Ising phase, just with different Fermi

velocities for the left- and right-moving parts. For λc > λI the phase is completely

different and is in fact incommensurate. Changing either λc or L changes the Ψk

operators with negative energy, meaning that the ground state jumps between

momentum sectors. As we will see later, this behaviour continues as λ3 is added

and the model is no longer exactly solvable.
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Figure 3.4: 2εk is plotted against k using Equation 3.61 for λI = 1, λc = 0 (blue), 0.8
(red), 1 (yellow), and 1.2 (purple) and for λI = 0, λc = 1 (green).

Before investigating this general case, we first consider the extreme point given

by λI = λ3 = 0, λc = 1, corresponding to the green line in Figure 3.4. Here

the Hamiltonian is simply

Hc=1 = −i
2L∑
a=1

γaγa+2

= −i
L∑
j=1

γ2j−1γ2j+1 + γ2jγ2j+2, (3.82)

and so it turns into two copies of the Ising model, albeit with non-trivial boundary

conditions. This point is thus a CFT of central charge c = 1.

3.5.4 The general chiral model

We now turn to the general case with λ3 6= 0. This model is interacting and

so cannot be solved exactly, but we will see that many of the qualitative features

remain the same. Returning to H̃(λI , λ3, λc) (3.52), we see that, for |λc| < λI , the
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Figure 3.5: The incommensurate transition for λ3/λI = 0.856 and L = 19. The crosses
give the lowest energy levels in each momentum sector, with k = 0 in blue.

coefficients of both (Q+)2 and (Q−)2 are positive, while for λc > λI , the coefficient of

(Q−)2 is negative. This has a profound effect on the physics as we will now explain.

As (Q+)2 is the square of an hermitian operator, its eigenvalues are positive

semi-definite and so the eigenvalues of H̃(λI , λ3, λc) are bounded from below by 0 for

|λc| < λI . There is no bound on the maximum eigenvalue of (Q+)2 though (at least

in the thermodynamic limit), so for λc > λI the ground state can change rapidly

with both L and the coupling strengths, leading to incommensurate behaviour.

This incommensurability is demonstrated in Figure 3.5, where the lowest energy

levels in each momentum sector are plotted against λc/λI for λ3/λI = 0.856 and

L = 19. The blue crosses are the k = 0 states and remain the ground states

until λc/λI ≈ 1 when the levels start crossing frequently, indicating the beginning

of the incommensurate phase.

The Ising and gapped phases are found to survive up to the supersymmetric line

as has been confirmed both by us and recently in Ref. [41]. The TCI point in the

non-chiral model becomes a line when Hc is added and is found to remain at the

same λ3/λI to within about 5% up to λc = λI . Moreover, as the three exact ground
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Figure 3.6: The full phase diagram of the perturbed Ising model in our region of interest,
setting λI + λ3 + λc = 1 and λI , λc, λ3 ≥ 0. Changing λc → −λc leaves the diagram
invariant.

states at λI = λ3, λc = 0 have zero energy, they must be annihilated by both (Q+)2

and (Q−)2 and so remain exact ground states along the line λI = λ3, −λI ≤ λc ≤ λI .

We now present the full phase diagram in Fig 3.6. The red, blue and green

areas indicate the three phases: Ising, gapped and incommensurate. The chirally

symmetric line is the dashed horizontal line linking the Ising and Four-Fermi point,

while the black line on the left-hand side is λ3 = 0, corresponding to the exactly

solvable free-fermionic models. The TCI, exact ground-state and supersymmetric

lines are indicated in yellow, orange and white respectively.

The only area of the diagram requiring more description is the supersymmetric

line. This was studied by Sannomiya et al. in Ref. [92]. They showed that

supersymmetry is spontaneously broken for small λ3 and the dispersion relation

remains E ∝ k3 away from the exactly solvable point λI = λc, λ3 = 0. This line

has proved to be extremely difficult to study numerically due to the multitude

of very low-lying states and so we have been unable to determine how far this

k3 dispersion survives and what happens at the multicritical point when the TCI

and supersymmetric lines meet.

The final point in the phase diagram worthy of discussion is the Four-Fermi

point [97]. This is the point with λI = λc = 0 and is the only place at which the
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model is both supersymmetric and non-chiral. Here the model is exactly solved

thanks to a hidden free-fermion structure and is found to have a dispersion relation

E ∝ k3/2 for open boundary conditions.

3.6 Conclusions and outlook

We have shown that the critical Ising model perturbed by a self-dual, non-chiral

interaction can lead to a TCI transition at a ratio of couplings of O(1). After this, we

encounter an order-disorder coexistence phase with three degenerate ground states,

including a frustration-free point, where the ground states are exactly degenerate

for any lattice length and correspond to the completely ordered and disordered

Ising states. Continuing to the extreme point where the Ising coupling vanishes, we

encounter a point with a hidden free-fermion structure [97]. Breaking chirality, we

see that the Ising and gapped phases survive until they hit a supersymmetric line,

after which the model becomes incommensurate. The TCI transition also survives

all the way to this line, as does the line of frustration free ground states.

Since the completion of our paper a number of other groups have explored

different areas related to the content. Li, Lantagne-Hurtubise and Franz have

constructed a similar model on the kagome lattice which also exhibits lattice

supersymmetry [108, 109]. Other interacting Majorana models have also recently

been considered on the honeycomb lattice [110] and on two- and four-leg chains

[109]. In addition, our model been used as a check for benchmarking numerical

tests, such as periodic uniform matrix product states [64, 111] and for testing the

extraction of conformal data from lattice models.

Recently, Aasen et al. posted a paper investigating the non-Abelian spin liquid

phase in α-RuCl3, a Kitaev material [37, 39–41]. This compound, and Kitaev

materials more generally, are of great interest in the field of quantum computing,

where the production of fault-tolerant qubits remains a key problem [26, 27, 38].

Aasen et al. investigated ways of detecting emergent Majorana fermions and anyons

along with their statistics. In their paper they make use of our self-dual perturbed

Ising model (3.11) to gain insights into their emergent Majoranas, showing its
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potential significance to the highly important field of quantum computing. As well

as this, they solved the mystery mentioned earlier of why our model has its TCI point

at a ratio of couplings of O(1) while the Rahmani model (3.10) needs an interaction

strength almost three orders of magnitude larger. They argue that the four-fermion

interactions can be split into two parts, one which effectively boosts the Ising term

for low-energy excitations, and a second which remains a four-Majorana term [41].

In the Rahmani case, this boost is large and occurs linearly in the momentum, k,

of quasiparticles, while in our case the linear term vanishes and the lowest order

term is cubic. For the low energy excitations, which have small k, the effective Ising

interaction gets renormalised strongly in the Rahmani case but only weakly in ours,

explaining why a far stronger Rahmani perturbation is needed. The details of the

underlying calculation are given in Appendix A, or can be found in Ref. [41].
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4.1 Introduction

In Chapter 3 we considered the critical Ising model perturbed by a self-dual

interaction. The q-state Potts model is a generalisation of the Ising model to a

system with q states per site [13, 43]. The Z2 symmetry between the two possible

spin directions becomes an Sq symmetry (the permutation group of q elements).

Just as in the Ising model, for q = 3 there is a second-order transition between an

ordered region and a disordered region, which has a continuum limit again described
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by a CFT, this time with central charge c = 4/5 [14].

As with the Ising model, the Potts model has attracted renewed interest in

recent times due to its connection with parafermions [42]. Just as the Potts

model is a generalisation of the Ising model, so is the parafermion a generalisation

of the Majorana fermion, albeit with a more complicated algebra. In fact, this

very complication allows for new possibilities in terms of topological phases of

matter and quantum computation [47]. Similarly to Ising, a self-dual model in

spins corresponds to translation invariance in parafermions, hence motivating

the study of such spin models.

Due to the increased complexity of parafermions compared to Majoranas and the

larger Hilbert space, the number of available interactions is also greater. Whereas

in the Ising case there were no self-dual nearest-neighbour interactions with the

symmetries of Ising other than the critical Ising Hamiltonian itself, this is no longer

the case for Potts. Specialising to three states, just imposing the S3 symmetry is

still not enough to limit us to a unique perturbation, but adding in spatial parity

and time-reversal (to be explained in Section 4.2) is, giving the Hamiltonian H1, as

will be defined in Equation 4.34. It is worth noting that this is parity in terms of

spins, which is a different condition from parity in parafermions – Li et al. studied

a model with parafermion parity but not spin parity and found completely different,

but still very interesting, phases of matter [112].

In Chapter 3 we found an order-disorder coexistence phase separated from the

critical Ising phase by a TCI CFT. One might hope that perturbing the Potts model

in a similar way would give another order-disorder coexistence phase separated

from the Potts phase by the analogous CFT, the tricritical Potts (TCP) CFT

[113]. This order-disorder coexistence phase proved to be of practical importance

in terms of quantum computation in the Ising case [41] and so, we might also

hope a parafermionic equivalent could be of use.

One of the key features of the perturbed Ising model was its link with super-

symmetry [96], especially when perturbing from the TCI point. In the 3-state case

supersymmetry has a generalisation to “fractional supersymmetry” based on the
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presence of spin 4/3 rather than spin 3/2 operators [113, 114]. Again, the effect of

this in the CFT is known, but its presence in lattice models is more unclear [114, 115].

Unlike the Ising model, taking the negative of the critical 3-state Potts Hamil-

tonian does not lead to the same field theory and is given by a c = 1 CFT

[116, 117]. While the corresponding classical model is unstable to perturbations

[117], the quantum version stays in the same phase. This surprising behaviour

will be explained in Chapter 5.

While the critical ferromagnetic Potts and, to a lesser extent, the antiferromag-

netic Potts models have been well-studied, the same is not true for the second

symmetry preserving Hamiltonian, H1. This Hamiltonian is fascinating in its own

right though and has many intriguing features, such as integrability and a connection

with the Onsager algebra and quantum groups [52]. Once again, the continuum

field theory depends on the sign of this Hamiltonian. One sign gives the same

CFT as the critical antiferromagnetic Potts model, and has a flow to the critical

ferromagnetic Potts model [52, 118, 119], while the other is supersymmetric and

has been studied less in the literature [52, 120].

In this chapter we will investigate in detail the whole phase diagram, as given in

Figure 4.1. We start by summarising the Potts model, its connection to parafermions,

and the critical ferromagnetic and antiferromagnetic points in Section 4.2, before

introducing the second symmetry-preserving Hamiltonian in Section 4.3. The

remainder of the chapter then plots out the phase diagram, with Sections 4.4 and

4.5 going through the order-disorder coexistence and TCP phases, while Section 4.6

looks at the connection to fractional supersymmetry. Section 4.7 explains the region

around −H1, while Sections 4.8 and 4.9 do the same around the antiferromagnetic

point and H1, respectively. The phase diagram in this chapter focuses entirely on

the self-dual line, with duality-breaking behaviour deferred to Chapter 5. This

chapter is based predominantly on Ref. [51].
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4.2 The Potts model

The one-dimensional 3-state quantum Potts model on L sites has Hamiltonian

HP(J, f) = −
L∑
j=1

[
J
(
σ†jσj+1 + σjσ

†
j+1

)
+ f

(
τj + τ †j

)]
, (4.1)

where the operators σj and τj act non-trivially only on site j and σ and τ

obey the algebra

σ2 = σ†, τ 2 = τ † = 1, σ3 = τ 3 = 1, στ = ωτσ, (4.2)

where ω ≡ exp(2πi/3).

We will consider two main bases: the σ- and τ -diagonal bases. In the σ-diagonal

basis

σ =

1 0 0
0 ω 0
0 0 ω2

 , τ =

0 0 1
1 0 0
0 1 0

 , (4.3)

while in the τ -diagonal basis

σ =

0 1 0
0 0 1
1 0 0

 , τ =

1 0 0
0 ω 0
0 0 ω2

 . (4.4)

For periodic boundary conditions, as we will generally consider unless stated

otherwise, we define σL+1 ≡ σ1, τL+1 ≡ τ1.

The Potts model has a number of symmetries. Firstly, there is an S3 symmetry

of relabelling the spin directions in the σ-diagonal basis. This comprises a non-

commuting Z3 and Z2 pair of symmetries. The Z3 consists of cyclic permutations

of the spins generated by

S =
L∏
j=1

τj, (4.5)

such that S†σjS = ωσj and S†τjS = τj. In the τ -diagonal basis (4.4) this

permutation acts diagonally, while in the σ-diagonal basis (4.3) the spins are

shifted. As S3 = 1, S has eigenvalues ωr for r = 0,±1. The Z2 in the S3 is charge

conjugation, C, and conjugates both σj and τj: CσjC = σ†j , CτjC = τ †j .
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We can express the Z3 generator as S = ωQ, where

Q =
L∑
j=1

Szj , Szj = i√
3

(
τ †j − τj

)
. (4.6)

For the Potts model itself, the U(1) generated by Q is not a symmetry, but we will

see that it is at special points in our phases diagram to be discussed later.

Along with translation invariance, the Potts model has two further symmetries.

Parity symmetry requires invariance under exchange of operators at sites j and

L+1−j, meaning that the chain looks the same “in whichever direction you look at it”.

The second is time-reversal symmetry, which changes σj ↔ σ†j but leaves τj invariant.

As it is anti-unitary, it also complex conjugates any constants (e.g. ω ↔ ω2).

Now that we have described the symmetries of the Potts model, we move onto

its phase diagram. We focus on the ferromagnetic Potts model with J, f ≥ 0. From

Equation 4.1, HP(J, 0) is an exactly solvable point. We consider the σ-diagonal

basis, where it is clear that all terms in the Hamiltonian commute. The three

ground states can then be read off immediately as the three states in which all

spins align in the σ-direction:

|Ψo〉 = |AA · · ·A〉 , (4.7)

for A = 0, 1, 2 and σj |A〉j = ωA |A〉j. These are the completely ordered states

in the σ basis. For periodic boundary conditions, there is then a gap of 6J to

the first-excited states, where there are two points with adjacent spins not in

the same direction.

Taking HP(0, f) instead, we find another exactly solvable point, this time with

all operators diagonal in the τ basis. Here there is a unique ground state

|Ψd〉 =
∣∣0̂0̂ · · · 0̂

〉
, (4.8)

where τj
∣∣0̂〉

j
=
∣∣0̂〉

j
. In the τ basis this is completely ordered, while in the σ basis

there is an equal amplitude for every basis state and so it is called the completely

disordered state:
∣∣0̂〉 = (|0〉 + |1〉 + |2〉)/

√
3. There is then a finite gap of 3f to

the first excited states with one site not in the
∣∣0̂〉 state.
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The Ising model also had completely ordered ground states and a completely

disordered ground state at its solvable points (1.6 and 1.8). In the Ising case we saw

that the ordered and disordered points were surrounded by ordered and disordered

phases which were related to each other by duality [7]. Perhaps unsurprisingly, an

analogous duality can be found in the Potts case [121]. Taking

τj → σ†jσj+1, σ†jσj+1 → τj+1, (4.9)

we see that, with periodic boundary conditions, HP(J, f) maps to itself, just with

J ↔ f . We see that there is a self-dual point at J = f , as there was in the Ising

case. This point is described by a CFT with c = 4/5 and is the transition between

ordered and disordered phases, just as in the Ising case [14, 121].

4.2.1 Parafermions

The similarities between the Ising model and the 3-state Potts model may lead

to some hope that it can be solved exactly for all couplings, but unfortunately this

is not the case. The Ising model was solved by transforming to Majorana fermions

(1.14) obeying the algebra {γa, γb} = 2δa,b and this simple anticommutation relation

allowed the model to be solved. In the Potts case the analog of the Majorana

fermion is the parafermion [42], where

ψ2j−1 = σj

j−1∏
k=1

τk, ψ2j = ωσj

j∏
k=1

τk. (4.10)

Here the algebra ψ3
a = 1, ψaψb = ωψbψa for a < b is obeyed. This more complicated

commutation relation means the model can no longer be solved generally.

We can still get some useful insights by looking at the model in terms of

parafermions though. From Equations 4.10, we see that

τj = ω2ψ†2j−1ψ2j, σ†jσj+1 = ω2ψ†2jψ2j+1, (4.11)

and so, up to boundary conditions, Equation 4.1 can be rewritten as

HP(J, f) = −ω2
L∑
j=1

(
Jψ†2jψ2j+1 + fψ†2j−1ψ2j + h.c.

)
. (4.12)



4. The S3 invariant model 65

As in the Ising case, the self-dual point J = f is translation invariant in terms of

parafermions. When we consider perturbing the Potts model later, we will see that

the shortest-range couplings are also clearer in the parafermion language than in

terms of spins due to the simpler behaviour under duality.

Before moving on, we should note that parafermions can be defined for a

q-state system. In this case Equation 4.10 is unchanged, but ω is replaced by

ωq = exp(2πi/q) and σ and τ obey the relations

σq = τ q = 1, σqτq = ωqτqσq (4.13)

leading to ψqa = 1, ψaψb = ωqψbψa for a < b. We see that Majorana fermions and

3-state parafermions are special cases with q = 2, 3 respectively.

Parafermionic operators also appear in CFTs [113, 122]. The property of

needing q parafermions to return to the identity can be seen from an operator with

fractional spin. In fact, similarly to the CFT minimal models, there is a family

of parafermionic CFTs, each of which has a field ψ with weights

(
h, h̄
)

=
(
q − 1
q

, 0
)
. (4.14)

This series has central charge

c = 2 q − 1
q + 2 (4.15)

and will prove to be useful in our analysis later. For now, we note that the Ising

and Potts CFTs correspond to the q = 2, 3 models in this series.

4.2.2 The ferromagnetic and antiferromagnetic Potts CFTs

As mentioned above, the second-order transition between the ordered and

disordered Potts models occurs at the self-dual point J = f > 0 and is in the

universality class of a CFT with central charge c = 4/5 [14, 66]. While the Ising

model is part of the A-series of minimal models, the Potts model is in the D-series,

meaning it has a non-diagonal partition function [14, 68, 123, 124]:

ZP = (χ0 + χ3)(χ̄0 + χ̄3) + (χ 2
5

+ χ 7
5
)(χ̄ 2

5
+ χ̄ 7

5
) + 2χ 1

15
χ̄ 1

15
+ 2χ 2

3
χ̄ 2

3
. (4.16)
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Here χh is the holomorphic character of the primary field with holomorphic weight

h, consisting of the contributions of the primary and all its descendent fields, i.e.

the entire conformal tower, to the partition function, while χ̄h̄ is the equivalent for

the antiholomorphic part [16]. The 1/15 and 2/3 operators are charged under the

Z3 and so cannot be present in any perturbation neutral under it. Thus the most

relevant operator is the (2/5, 2/5) energy operator and this drives the transition to

the ordered or disordered Potts model, depending on the sign of the perturbation.

In the Ising case, the energy operator was odd under duality and so could be

neglected from self-dual perturbations. The same happens in the Potts model,

meaning that the (2/5, 2/5) operator is not present in self-dual perturbations [107].

The least irrelevant operator obeying every symmetry of the self-dual Potts model

is then the (7/5, 7/5) operator [125], with dimension 7/5 + 7/5 = 14/5 > 2, showing

that the critical Potts model is stable to self-dual perturbations.

For Ising, the antiferromagnetic model was equivalent to the ferromagnetic

model up to a unitary transformation, but this no longer holds in the three-state

Potts model. To understand this difference, we consider the purely disordered

points. In the Ising model this is

HIsing,d = −f
L∑
j=1

σxj , (4.17)

where f > 0 for the “ferromagnetic” point and f < 0 for the “antiferromagnetic”

point. At the ferromagnetic point, the spins want to align in the state with eigenvalue

1 under σx, while for the antiferromagnetic case they want eigenvalue −1. Both

of these just give a single choice of the preferred state.

For the Potts model we get instead

HPotts,d = −f
L∑
j=1

(
τj + τ †j

)
. (4.18)

In the τ -diagonal basis,

T ≡ τ + τ † =

2 0 0
0 −1 0
0 0 −1

 , (4.19)
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and so, we see that the spins want to be in the state with eigenvalue 2 under T

for the ferromagnetic case. For the antiferromagnetic case though, there is no

longer a single preferred direction – there are two states with eigenvalue −1. This

difference has a profound effect and means there are 2L degenerate ground states

for f < 0, rather than the unique ground state for f > 0.

The inequivalence between a single favoured direction and a single disfavoured

direction will reappear and play an important role as we perturb our model. For now,

we use it as justification that the antiferromagnetic Potts model is not necessarily

the same as the ferromagnetic Potts model. In fact, the antiferromagnetic self-

dual point is a CFT with central charge c = 1 [116, 117]. The CFT for the

antiferromagnetic Potts model is on the circle line of bosonic theories and has

radius R =
√

3/2 in the conventions of Ginsparg [15, 75] and as given in Section

2.5, resulting in a partition function of

ZAFP = 1
ηη̄

∑
m,n∈Z

q
1
12 (m+3n)2

q̄
1
12 (m−3n)2

. (4.20)

We will leave a discussion of this partition function to later in our analysis.

4.3 The second symmetry-preserving interaction

We now introduce the unique nearest-neighbour Hamiltonian which preserves

all the symmetries of the Potts model, other than the Potts Hamiltonian itself. The

next shortest range terms obeying the Z3 symmetry take the form of a nearest

neighbour σ†jσj+1 (or its conjugate) operator combined with a τ or τ † operator at site

j or j + 1, giving eight possible terms. To find the allowed interactions made from

these terms, we consider the action of each of the symmetries of the Potts model.

Taking the first term to be eiατjσ†jσj+1 for some real α, we see the action of charge

conjugation (C), time-reversal (T ), parity (P ), and hermiticity (h) on this term:
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eiατjσ
†
jσj+1

C−→ eiατ †j σjσ
†
j+1; (4.21)

eiατjσ
†
jσj+1

T−→ e−iατjσjσ
†
j+1; (4.22)

eiατjσ
†
jσj+1

P−→ eiαωσjσ
†
j+1τj+1; (4.23)

eiατjσ
†
jσj+1

h−→ e−iαω2τ †j σjσ
†
j+1. (4.24)

As can be seen, C, T , and P each transform eiατjσ
†
jσj+1 to a different term. By

applying these three all eight terms can be generated. The constant eiα is then

set to ω ≡ exp(2πi/3) for consistency between charge conjugation and hermiticity.

Requiring the symmetries above has fully specified the Hamiltonian (up to a real

multiplying constant), giving

H2 =−
L∑
j=1

[
ω
(
τjσ
†
jσj+1 + σ†jσj+1τj+1 + τ †j σjσ

†
j+1 + σjσ

†
j+1τ

†
j+1

)
(4.25)

+ ω2
(
τ †j σ

†
jσj+1 + σ†jσj+1τ

†
j+1 + τjσjσ

†
j+1 + σjσ

†
j+1τj+1

)]
.

Note that we did not impose self-duality, but in fact get it for free!

The only other nearest-neighbour terms we could hope to add would involve

terms containing both τj and τj+1 operators. We disallow these as they can be

thought of as longer range, as can be seen in two ways. Firstly, the dual of

τjτj+1 is σ†jσj+2, which is a next-nearest-neighbour term. The second way is to

reexpress the terms using parafermions, as described in Subsection 4.2.1. In terms

of parafermions, the original Potts model has only nearest-neighbour terms, whereas

our perturbation has parafermion terms ranging three sites and any terms involving

τj and τj+1 have parafermions ranging four sites.

This interaction has, in fact, been studied in terms of the Temperley–Lieb

algebra [126, 127]. The Temperley–Lieb algebra is generated by the operators

ea obeying the relations

e2
a = nea,

eaea±1ea = ea, (4.26)

eaea′ = ea′ea, |a− a′| > 1,
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for a = 1, 2, ..., 2L, where n is a parameter determining the algebra. Ikhlef et

al. then defined the Hamiltonian

HIkhlef = −n cos(θ)
2L∑
a=1

P
(0)
a,a+1 −

(
n2 − 1

)
sin(θ)

2L∑
a=1

(
P

( 3
2 )

a,a+1,a+2 − 1
)
, (4.27)

where

P
(0)
a,a+1 ≡

ea
n
, (4.28)

P
( 3

2 )
a,a+1,a+2 ≡ 1 + (eaea+1 + ea+1ea)− n (ea + ea+1)

n2 − 1 , (4.29)

are projection operators, and θ is the parameter determining the couplings [127].

The physics described by this model depends on which representation of the

Temperley–Lieb algebra is used. Ikhlef et al. mainly study the XXZ representation,

but for n = √q, the q-state Potts model is also a representation [128]. For n =
√

3

in the Potts representation,

e2j−1 = 1√
3

(
1 + τj + τ †j

)
, (4.30)

e2j = 1√
3

(
1 + σ†jσj+1 + σjσ

†
j+1

)
, (4.31)

and HIkhlef (4.27) is equivalent to the self-dual Potts model perturbed by our

interaction, H2 (4.25).

Equivalent Hamiltonians can be found for any q-state Potts model with q ≥ 3.

For q = 2, the Ising model, the representation of the Temperley–Lieb alge-

bra is given by

e2j−1 = 1√
2
(
1 + σxj

)
, (4.32)

e2j = 1√
2
(
1 + σzjσ

z
j+1
)
, (4.33)

and P ( 3
2 )

j,j+1,j+2 vanishes. This is consistent with there being no nearest-neighbour

interaction obeying every symmetry of the Ising model, other than Ising itself.

Rather than adding H2 (4.25) to HP (4.1), we will instead consider

H1 =
L∑
j=1

(
3S+

j S
−
j+1 − 3S+

j
2
S−j+1

2 + τj + h.c.
)
, (4.34)
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where S+
j = (2 − ωτj − ω2τ †j )σj/3 and S−j = S+

j . Although not immediately

obvious, H1 = −HP (1, 1) + H2.

In factH1 has even more symmetry than the Potts model. In the τ -diagonal basis

S+ =

0 0 1
1 0 0
0 0 0

 , S− =

0 1 0
0 0 0
1 0 0

 , (4.35)

and so the Z3 symmetry S =
∏

j τj is promoted to a full U(1) symmetry generated by

Q =
L∑
j=1

Szj , Szj ≡
i√
3

(
τ †j − τj

)
=

0 0 0
0 1 0
0 0 −1

 . (4.36)

As H1 is self-dual, it has a second U(1) symmetry, dual to the first:

Q̂ =
L∑
j=1

i√
3

(
σjσ

†
j+1 − σ

†
jσj+1

)
. (4.37)

While [H1, Q] = [H1, Q̂] = 0, [Q, Q̂] 6= 0 and so large degeneracies are generated in

the spectrum [52]. In fact, the degeneracies arise from Q and Q̂ obeying the Dolan–

Grady relations [129] and hence generate the full Onsager algebra [55, 130, 131].

Both H1 and −H1 have been studied before and are known to correspond to

special cases of the integrable spin-1 XXZ chain [52, 132, 133]. Along with the

Onsager algebra, both of these models have a connection with quantum groups [52],

although this is beyond the scope of this thesis. H1 has the additional fascinating

property of supersymmetry [96, 120], the significance of which will be explained later.

Throughout the rest of this chapter we will focus on the Hamiltonian

H(θ) = cos(θ)HP(1, 1) + sin(θ)H1, (4.38)

where we will sometimes label λP ≡ cos(θ), λ1 ≡ sin(θ). This reduces to the

ferromagnetic Potts model for θ = 0 and to H1 for θ = π/2. The phase diagram

explored in this chapter is given in Figure 4.1.
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Potts

(c=3/2)

Integrable AFP

(c=1)

Order-disorder

Tricritical Potts
(c=6/7)

Exact GS

Potts 1

Potts 2

Antiferro Potts

“c”≈3/2

λp

λ1

(c=4/5)

(c=4/5) U(1)

(c=1)

U(1)

IC?

IC?

IC?IC?

θ

Figure 4.1: The phase diagram associated with H(θ) (4.38). The angle around the
diagram corresponds to θ, with the ferromagnetic Potts point (HP) at θ = 0 on the
right-hand side and H1 at θ = π/2 on the top. The solid lines correspond to gapless
regions, while the blue “IC?” sections are believed to be incommensurate phases. The
special points discussed in this chapter are marked with black dots.

4.4 The order-disorder coexistence phase

As we saw in Subsection 4.2.2, there are no relevant self-dual operators obeying

every symmetry of the Potts model in the Potts CFT, meaning that the critical

Potts point extends to a finite phase when perturbed by H1. We also found that

the ferromagnetic and antiferromagnetic self-dual Potts models were described by

two different CFTs in their continuum limits, meaning that there must be at least
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one phase transition in each of the ranges 0 < θ ≤ π and −π ≤ θ < 0.

To locate our first phase transition, we begin by considering the point H(θff),

where sin(θ) = 1/
√

10, cos(θ) = 3/
√

10, giving λ1/λP = 1/3. This point has

four exact frustration-free ground states, given by the three ground states of

the completely ordered Potts model |AA...A〉 (4.7) and the ground state of the

completely disordered Potts model |00...0〉 (4.8), analogously to the frustration-free

point in the perturbed Ising model (3.14).

To see this, we first rewrite H(θff) as a sum of projectors:

H(θff) = −
∑
j

(Bj + Cj) , (4.39)

where

Bj = σ†jσj+1 + σjσ
†
j+1 + τj + τ †j + ω2τjσjσ

†
j+1

+ ωτjσ
†
jσj+1 + ωτ †j σjσ

†
j+1 + ω2τ †j σ

†
jσj+1,

Cj = σ†jσj+1 + σjσ
†
j+1 + τj+1 + τ †j+1 + ωσ†jσj+1τj+1

+ ω2σ†jσj+1τ
†
j+1 + ω2σjσ

†
j+1τj+1 + ωσjσ

†
j+1τ

†
j+1.

While it may appear that we have just rewritten the Hamiltonian in a more

complicated and opaque form, Bj and Cj can each be expressed as a rescaled

projector offset by a constant: Bj = 2− 6PB(j) and Cj = 2− 6PC(j). PB(j) and

PC(j) are two-site projectors acting on site j and j + 1 given by

PB(j) = 1
2

[(∣∣1̂0̂
〉
−
∣∣2̂2̂
〉) (〈

1̂0̂
∣∣− 〈2̂2̂

∣∣)+
(∣∣2̂0̂

〉
−
∣∣1̂1̂
〉) (〈

2̂0̂
∣∣− 〈1̂1̂

∣∣)
+
(∣∣1̂2̂

〉
−
∣∣2̂1̂
〉) (〈

1̂2̂
∣∣− 〈2̂1̂

∣∣)],
PC(j) = 1

2

[(∣∣0̂1̂
〉
−
∣∣2̂2̂
〉) (〈

0̂1̂
∣∣− 〈2̂2̂

∣∣)+
(∣∣0̂2̂

〉
−
∣∣1̂1̂
〉) (〈

0̂2̂
∣∣− 〈1̂1̂

∣∣)
+
(∣∣1̂2̂

〉
−
∣∣2̂1̂
〉) (〈

1̂2̂
∣∣− 〈2̂1̂

∣∣)],
where |n̂〉 obeys τ |n̂〉 = ωn̂ |n̂〉. As

∣∣0̂0̂
〉
is annihilated by both projectors,

∣∣0̂0̂...0̂
〉

must be a ground state of the whole Hamiltonian. Using

|A〉 = 1√
3
(∣∣0̂〉+ ωA

∣∣1̂〉+ ω2A ∣∣2̂〉) ,
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where, as before, σ |A〉 = ωA |A〉, we see that |AA〉 is also annihilated by both

PB and PC . Analogously to our method in Subsection 3.3.1, by considering three

consecutive sites we can show that the only states annihilated by every two-site

projector are
∣∣0̂0̂...0̂

〉
and |AA...A〉.

Before moving on, we note that there are analogous points for the general q-state

Potts model with q ≥ 3, as found by the Temperley–Lieb formulation [127, 134].

Each of these has q + 1 degenerate ground states – the q ordered ground states of

the completely ordered Potts model and the one disordered ground state.

4.5 The tricritical Potts transition

Now that we have found a point with four exact ground states at θ = atan (1/3) ≈

0.102π, we know there must be a phase transition in the range 0 < θ / 0.102π,

as the Potts point at θ = 0 has a unique ground state and is gapless. In the

Ising case, the analogous transition occured via a point in the universality class

of the tricritical Ising model, as shown in Subsection 3.3.2. In the 3-state Potts

case, the expected analogue is then the tricritical Potts (TCP) model [135], a

CFT with central charge c = 6/7 [113].

To find the location and check the nature of the transition, we consider ratios of

energy levels, as described in Subsection 2.3.2. Defining Ej
r as the jth excited state in

the Z3 = r sector, we plot the ratios (E2
0 −E0

0)/(E1
0 −E0

0) and (E1
1 −E0

0)/(E1
0 −E0

0)

against lattice length L for different λ1/λP (as given in the caption) in Figure

4.2. The dashed red and solid blue lines give the predictions of the Potts and

TCP models, respectively. To find these values, we first consider the partition

functions of the Potts and TCP CFTs:

ZP = (χ0 + χ3) (χ̄0 + χ̄3) + (χ 2
5

+ χ 7
5
)(χ̄ 2

5
+ χ̄ 7

5
) + 2χ 1

15
χ̄ 1

15
+ 2χ 2

3
χ̄ 2

3
, (4.40)

ZTCP = (χ0 + χ5) (χ̄0 + χ̄5) + (χ 1
7

+ χ 22
7

)(χ̄ 1
7

+ χ̄ 22
7

) + (χ 5
7

+ χ 12
7

)(χ̄ 5
7

+ χ̄ 12
7

)

+ 2χ 1
21
χ̄ 1

21
+ 2χ 10

21
χ̄ 10

21
+ 2χ 4

3
χ̄ 4

3
. (4.41)



74 4.5. The tricritical Potts transition
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Figure 4.2: The ratios (E2
0 − E0

0)/(E1
0 − E0

0) and (E1
1 − E0

0)/(E1
0 − E0

0) are plotted
against L for different values of λ1/λP in subfigures (a) and (b), respectively. Values for
λP = 1, λ1 = 0.25 (blue stars), 0.295 (red circles), 0.296 (yellow triangles), 0.297 (purple
squares), 0.298 (green diamonds) and 0.3 (teal crosses) are shown. The Potts and TCP
lines are plotted in dashed red and solid blue at 9/4 and 9/2 in (a), and at 17/12 and
10/3 in (b), respectively.

The terms premultiplied by 2 all have Z3 charge of r = 1, 2, while the others have

charge 0. In the Potts and TCP cases, we then get the following correspondences:

Potts : E
2
0 − E0

0
E1

0 − E0
0
→

7
5 + 2

5
2
5 + 2

5
= 9

4 ,
E1

1 − E0
0

E1
0 − E0

0
→

16
15 + 1

15
2
5 + 2

5
= 17

12; (4.42)

TCP : E
2
0 − E0

0
E1

0 − E0
0
→

8
7 + 1

7
1
7 + 1

7
= 9

2 ,
E1

1 − E0
0

E1
0 − E0

0
→

10
21 + 10

21
1
7 + 1

7
= 10

3 . (4.43)

For the order-disorder coexistence phase, the two-lowest energy levels in the r = 0

sector are degenerate up to exponentially small splitting in L (for the frustration-free

point these correspond to
∣∣0̂0̂...0̂

〉
and (|00..0〉+ |11...1〉+ |22...2〉)/

√
3, respectively).

The ratios thus diverge with lattice length in this phase, as shown in Figure 4.2.

We see that for λ1/λP ≈ 0.297 (θ ≈ 0.092π), we get good convergence to the TCP

predictions, while for smaller θ the ratios head to the Potts predictions and for

larger θ they diverge, as expected for the order-disorder coexistence phase.

In the TCP partition function, the (1/7, 1/7) primary field is the most relevant

neutral under the Z3. As for the (2/5, 2/5) field in the Potts model, this field is odd

under duality and so is a forbidden perturbation along our self-dual line, leaving
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(5/7, 5/7) as the most relevant field. As 5/7 + 5/7 = 10/7 < 2, this operator is

relevant and so the TCP point is unstable [114, 136], as found by our numerics.

4.6 The Q3 connection

Before continuing with the phase diagram, we investigate an intriguing connection

to supersymmetry. In Section 3.5, we saw that our non-chiral perturbed Ising model

could be written as the sum of two supersymmetric Hamiltonians. This made

sense as we were perturbing from the TCI CFT, which is itself supersymmetric,

with (3/2, 0) and (0, 3/2) supersymmetry operators. In the 3-state case we instead

perturb from the TCP CFT, where the supersymmetry operators are replaced by

(4/3, 0) and (0, 4/3) operators, which remain symmetry generators away from the

TCP point [113], giving an emergent “fractional supersymmetry” [114]. We can

then write the effective field theory in the order-disorder coexistence phase as the

sum of two cubes of parafermionic operators [114, 115]. On the lattice, we find

H(θff) = Q3
ff +Q†ff

3 + longer range terms, (4.44)

where Qff is the parafermionic operator defined as

Qff ≡ −
2L∑
a=1

(
2ω2ψa + ψ†aψ

†
a+1

)
(4.45)

and the ψa operators are defined as in Equation 4.10.

Taking the more general form

Q =
2L∑
a=1

(
αψa + βψ†aψ

†
a+1

)
, (4.46)

to make Q3 +Q†3 hermitian and invariant under charge conjugation, parity and

time-reversal symmetry, we require β3 ∈ R and α = 2ω2β. This then leads to

Q3 +Q†3 = 3β3
L∑
j=1

[
4
(
τj + τ †j + σ†jσj+1 + σjσ

†
j+1

)
+ 2ω

(
τjσ
†
jσj+1 + σ†jσj+1τj+1 + τ †j σjσ

†
j+1 + σjσ

†
j+1τ

†
j+1

)
+ 2ω2

(
τ †j σ

†
jσj+1 + σ†jσj+1τ

†
j+1 + τjσjσ

†
j+1 + σjσ

†
j+1τj+1

)
−
(
τjτ
†
j+1 + τ †j τj+1 + σ†jσ

†
j+1σ

†
j+2 + σjσj+1σj+2

)]
,
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where we have ignored a constant term. We see that, when β = −1, the first three

lines do indeed correspond to H(θff), while the final line gives longer-range correc-

tions.

To remove this final line and make the Hamiltonian nearest neighbour we consider

H =
3∑

m=1

Hm, Hm = Q3
m +Q†m

3
, (4.47)

analogously to the sum over two supersymmetric Hamiltonians in the Ising case

(3.52). We define

Qm =
2L∑
a=1

(
αm,aψa + βma,ψ

†
aψ
†
a+1

)
, (4.48)

where

αm,a = αeiθme
2πmai

3 , βm,a = βeiφme
2πmai

3 , µm = θm + 2φm. (4.49)

Getting the self-dual Hamiltonian (4.38) then requires solving 8 equations

for 8 unknowns:

2 cosµ1 + cosµ2 −
√

3 sinµ2 = 0,

cosµ0 +
√

3 sinµ0 + 2 cosµ1 = λP − λ1

3αβ2 ,

sinµ0 −
√

3 cosµ0 − 2 sinµ1 + sinµ2 +
√

3 cosµ2 = 0,

cosµ0 +
√

3 sinµ0 − 2 cosµ1 + cosµ2 −
√

3 sinµ2 = 2λ1

3αβ2 ,

cos 3θ0 + cos 3θ1 + cos 3θ2 = 0,

sin 3θ0 + sin 3θ1 + sin 3θ2 = 0,

cos 3θ1 − cos 3θ2 = 0,

cos 3θ1 − cos 3θ0 = λ1

6β3 .

The last four equations can be solved easily and, for λP 6= 0, there are several

solutions, all leading to equivalent Qm, with a few phases moved around. Picking

one of these, we have λ1 = −9β3, θ0 = 2π/3, θ1 = −2π/9, θ2 = 2π/9.
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The first four equations have different solutions depending on ν = 2λ1/(λP−λ1).

All of these solutions are again equivalent, just with phases attached to different

terms. One set of solutions, continuous except at ν =∞, is as follows. If ν < 1/2,

α = β

(
2
ν
− 1
)
,

µ0 = −2π
3 ,

µ1 = atan
[

1 + ν

ν − 2 ,
√

3(1− 2ν)
2(2− ν)

]
,

µ2 = atan
[

1 + ν − 3
√

1− 2ν
2(2− ν) ,

√
3 1 + ν +

√
1− 2ν

2(2− ν)

]
,

where atan[x, y] specifies the x and y coordinates and thus gives the angle un-

ambiguously. For ν > 1/2,

α = −β
√

4 + ν

ν
,

µ0 = π

3 + atan
[

ν − 2√
ν(4 + ν)

,− 2
√

2ν − 1√
ν(4 + ν)

]
,

µ1 = atan
[
− 1 + ν√

ν(4 + ν)
,

√
2ν − 1√
ν(4 + ν)

]
,

µ2 = −π3 + atan
[

1 + ν√
ν(4 + ν)

,
√

3
√

2ν − 1√
ν(4 + ν)

]
.

We can keep the Hamiltonian well-defined as ν → 0 by taking β → 0, α → ∞,

but αβ2 → const. The only disagreement is then at ν → −∞ and ν → ∞,

where all µ pick up a minus sign.

In this language, we appear to have three special points in our phase diagram:

ν = 0, 1/2,∞. ν = 0 corresponds to the ferromagnetic and antiferromagnetic Potts

points, depending of the sign of α, both of which are integrable. From Equation

4.48, we see that this is the limit where the two-parafermion term in Qm vanishes,

analogously to the Ising case. ν = ∞ is the point λP = λ1 and is where the τj +

σ†jσj+1 + h.c. term completely vanishes from the Hamiltonian. ν = 1/2 corresponds

to λP = 5λ1 and appears just to be a point in the ferromagnetic Potts phase.
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4.7 The U(1) point

We now continue around the phase diagram. Having seen how the Potts phase

terminates when we increase θ from 0, we turn instead to decreasing θ from 0. To

do this, we first revisit the point with θ = −π/2, corresponding to H(θ) = −H1.

In Chapter 5, when we deal with off-critical behaviour, we will study this point

and the surrounding off-critical regions in more detail. For now, we will content

ourselves with discussing the CFT of this point and how it leads to the phases

on either side of it along the self-dual line.

As this point has a U(1) charge (4.36) (and a dual U(1) (4.37)), if its continuum

limit is described by a CFT, it must have central charge c ≥ 1. In fact, this point

is given by a CFT with c = 1 and radius R =
√

3/2 in the conventions of Ginsparg

[15, 52, 132, 133, 137], with the meaning of the radius as described in Section 2.5.

While this central charge seems natural as it is the smallest allowed value, at first

glance the radius appears somewhat arbitrary. In fact, the combination of the S3

symmetry with self-duality constrains the boson to take exactly this radius.

As given in Equation 2.31, the free boson partition function is given by

Z(R) = 1
ηη̄

∑
m,n∈Z

q
1

8R2 (m+2R2n)2

q̄
1

8R2 (m−2R2n)2

, (4.50)

where m denotes the “electric charge” and n the “magnetic charge”. For −H1, our

Z3 symmetry is promoted to a U(1) (4.36), while our dual Z3 is promoted to the

dual U(1) (4.37). We thus have two U(1) symmetries on the lattice and two in

the CFT, allowing us to identify the U(1) on the lattice with the electric charge

in the continuum and the dual U(1) with the magnetic charge.1

Naïvely, we may now think that the lattice model is invariant under a duality

mapping and so the partition function should be under exchange of electric and

magnetic charges: m ↔ n. This is not true due to the non-trivial effect duality

has on boundary conditions. For periodic boundary conditions, only the Z3 = 0

sector maps to itself under duality, with the Z3 = 1, 2 sectors mapping to twisted
1We could, of course, identify these the other way round, but this is just a redefinition of our

boson radius from R→ 1/(2R), as described by Ginsparg [15, 75].
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boundary conditions [121, 138, 139]. To understand this, we consider what the U(1)

and dual U(1) charges measure. The U(1) (4.36) counts N1̂ −N2̂, where N1̂ is the

number of spins in the
∣∣1̂〉 state, while N2̂ is the number in the

∣∣2̂〉 state. The dual

U(1) (4.37) gives instead N↑ −N↓, where N↑ gives the number of “kinks”, where

a kink is |01〉, |12〉 or |20〉, and N↓ is the number of antikinks (|02〉, |10〉 or |21〉).

While N1̂ −N2̂ can take any integer value between −L and L, N↑ −N↓ must be a

multiple of 3 for periodic boundary conditions, or we would not return the same

spin after going around the chain once, showing that the sectors with Z3 = 1, 2

must transform to sectors with different boundary conditions.

Using the results above, we see that we only require the Z3 = 0 part of our

partition function to be invariant under duality. Thus

ZZ3=0(R) = 1
ηη̄

∑
m′,n∈Z

q
1

8R2 (3m′+2R2n)2

q̄
1

8R2 (3m′−2R2n)2

(4.51)

should be invariant under m′ ↔ n. This gives 3 = 2R2 and hence R =
√

3/2. If

we had instead related the lattice Z3 charge to the magnetic field, we would have

found 1 = 6R̃2 and hence R̃ =
√

1/6 = 1/(2R), as expected.

As will be discussed in more detail in Chapter 5, this CFT has a single relevant

operator, of conformal weights (h, h̄) = (3/4, 3/4), invariant under the Potts

symmetry as well as duality. The flow caused by this operator was studied previously

and is known to give a flow to the Potts CFT for either sign of the perturbation

[118, 119]. This indicates that the Potts phase stretches all the way down to

θ = −π/2 and, more strangely, that perturbing from −H1 by −HP gives a model

described by the Potts CFT!

This second Potts phase will, again, be discussed in more detail in the next

chapter. For now, we just state that it terminates at λP/λ1 ≈ 0.67 (θ ≈ −0.69π) via

another point in the universality class of the TCP model, as illustrated in Figure 4.3.

4.8 The antiferromagnetic Potts phase

Beyond the second Potts region, we believe there is a second very small order-

disorder coexistence region, followed by an incommensurate region. The size of
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Figure 4.3: The ratios (E2
0 − E0

0)/(E1
0 − E0

0) and (E1
1 − E0

0)/(E1
0 − E0

0) are plotted
against L for different values of λ1/λP in (a) and (b), respectively. Values for λ1 = −1,
λP = −0.6 (blue stars), −0.65 (red circles), −0.67 (yellow triangles), −0.672 (purple
squares), −0.674 (green diamonds) and −0.676 (teal crosses) are shown. The Potts and
TCP lines are plotted in dashed red and solid blue at 9/4 and 9/2 in (a), and at 17/12
and 10/3 in (b), respectively.

this second order-disorder region has been difficult to determine numerically but

should exist due to the symmetry with the first TCP point and order-disorder

coexistence phase. The need for an incommensurate region will be explained at

the end of this section. For now, we move past this region and instead focus on

the next large, gapless region: the antiferromagnetic Potts phase.

At θ = −π, Equation 4.38 reduces to −HP. This is simply the antiferromagnetic

Potts (AFP) model discussed in Subsection 4.2.2, where we saw the continuum limit

was a CFT with c = 1 and radius R =
√

3/2 which, as explained in Section 4.7, is

the only possible radius consistent with the Potts symmetry and self-duality. We find

that this point extends to a whole phase, stretching from θ ≈ −0.73π to θ ≈ −1.07π.

The existence of a phase rather than just a point seems surprising – in Subsection

4.7 we claimed there was a relevant operator with weights (h, h̄) = (3/4, 3/4)

that obeyed every symmetry of the Potts model and duality, so why does this

operator not cause a transition?

The answer to this apparent conundrum can be found by looking at the low-lying
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Figure 4.4: The gaps from the ground state to the 30 lowest energy levels are plotted in
each Z3 r and momentum k sector for H(−π/2) (left) and H(π) (right) for L = 14. Red
crosses denote r = 0 and blue circles r = 1, respectively. H(−π/2) has large degeneracies
and so several levels often lie on top of each other in the left-hand figure.

energy levels for −H1 and −HP. In Figure 4.4 we plot the gaps from the ground

state to the 30 lowest lying energy levels in each Z3 and momentum sector for

−H1 (left) and −HP (right), respectively, for lattice length L = 14, as found using

ED. We use the notation Ej
r,k to represent the jth excited state in the sector with

Z3 charge r and momentum k. The gaps are normalised by dividing by the gap

from the ground state energy to the lowest energy level in the r = 0 sector with

momentum ∆k = 2π/L relative to the identity. For θ = −π/2, the ground state

is E0
0,0, but for θ = π it is E0

0,π. In fact, in the next chapter we will see that the

momentum sector of the ground state in the AFP model depends on lattice length.

As E1
0,kGS+2π/L, where kGS is the momentum of the ground state, corresponds to

weights (h, h̄) = (1, 0) and hence dimension ∆ = 1 in the CFT, the values plotted

are thus the approximate dimensions of the energy levels. We plot only 0 ≤ k ≤ π as,

by parity, Ej
r,2π−k = Ej

r,k, and only r = 0, 1 as Ej
r,k = Ej

3−r,k by charge conjugation.

From the left half of Figure 4.4, we see that all of the lowest lying states for

−H1 are close to k = 0, indicating that all conformal towers with primary operator

of spin s are centred on k = 2πs/L. Looking instead at the right half, we see that

there are low-lying states around both k = 0 and k = π, indicating that some

conformal towers of spin s centre at k = π + 2πs/L instead. In Chapter 5 we will

see precisely which towers are close to k = 0 and which to k = π. For now, we
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claim that our (3/4, 3/4) perturbation has momentum π relative to the identity

(in fact, for L = 14, (3/4, 3/4) has momentum 0 and the identity has momentum

π) and hence it cannot be present in a translation invariant lattice perturbation,

disallowing it from our perturbing Hamiltonian. As this was the only relevant

self-dual operator obeying the symmetries of the Potts model, the antiferromagnetic

Potts point is thus stable to perturbations and so extends to a phase.

The need for an incommensurate phase between the order-disorder phase and

the AFP phase can now be explained by considering the energy levels. In the

second Potts phase, all low-lying energy levels had momentum k close to 0, while

for the AFP phase, there are many low-lying levels close to k = π. The most

natural way of getting such a huge rearrangement of states without a point with

enormous degeneracy (which does not seem to exist), is to have an intermediate

incommensurate phase where many levels can cross each other.

4.9 The “c=3/2” phase

At θ ≈ 0.93π, the AFP phase terminates and a second incommensurate phase

begins. At θ ≈ 0.9π this phase ends and we transition to the final large phase

marked in Figure 4.1. As with the other phases, we begin our analysis by studying

a specific point, in this case H(π/2) = H1. As this is just the negative of H(−π/2),

we would think that it must have exactly the same symmetries, including the non-

commuting pair of U(1) symmetries, Q (4.36) and Q̂ (4.37). Indeed these are both

symmetries and mean that the model again has large degeneracies and is integrable

[52], but there is, in fact, one additional symmetry on top of these. At this point,

the Hamiltonian can be written as H1 = Q2 and thus it has lattice supersymmetry

[96, 120, 140, 141]. Naïvely, we may think of supersymmetry as associating a

fermion with the boson we know to be present due to the U(1) symmetry, giving

a central charge of c = 1 + 1/2 = 3/2 [140, 141].

Just as the c = 1 CFTs have been fully classified [75], the c = 3/2 SCFTs

have also been [142]. Using duality and perturbing from an exactly solvable point
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to be discussed in Chapter 5, we can again fix the SCFT exactly. The partition

function is found to be Zs-a(
√

3) [120, 142], where

Zs-a(R) = 1
2

(∣∣∣∣θ3

η

∣∣∣∣+
∣∣∣∣θ4

η

∣∣∣∣)Γ+ + 1
2

(∣∣∣∣θ3

η

∣∣∣∣− ∣∣∣∣θ4

η

∣∣∣∣)Γ−δ + 1
2

∣∣∣∣θ2

η

∣∣∣∣ (Γ− + Γ+
δ

)
(4.52)

and, as in Equation 2.31,

Γ(R) = 1
ηη̄

∑
m,n

q
1

8R2 (m+2R2n)2

q̄
1

8R2 (m−2R2n)2

, (4.53)

but this time m and n may only take the values

Γ+ : m ∈ 2Z, n ∈ Z; Γ− : m ∈ 2Z+ 1, n ∈ Z;

Γ+
δ : m ∈ 2Z, n ∈ Z+ 1

2; Γ−δ : m ∈ 2Z+ 1, n ∈ Z+ 1
2 .

While the Γ factors give the bosonic parts as before for −H1, they are now non-

trivially combined with the fermionic θ/η parts, where√
θ2

2η = q
1
24

∞∏
r=1

(1 + qr) ,

√
θ3

η
= q−

1
48

∞∏
r=1

(
1 + qr−

1
2

)
,

√
θ4

η
= q−

1
48

∞∏
r=1

(
1− qr− 1

2

)
.

Now that we know the continuum description at θ = π/2, the next question is

what happens when we perturb away from this point. For θ = −π/2, perturbing

infinitesimally in either direction led to a transition to the Potts CFT, as shown in

Section 4.7. This time, however, it appears that we remain in a phase consistent

with a central charge of c = 3/2. Looking at the scaling of the entanglement

entropy with lattice length, as described in Subsection 2.3.3, we find the effective

central charge as given in Figure 4.5.

These data are consistent with an effective central charge of c ≈ 3/2 for a wide

range of θ around θ = π/2. The high amount of entanglement causes numerical

problems and so reliable values for the entropy cannot be found for L ' 20,

meaning that the effective central charges are not as close to 3/2 as we would

like. Nonetheless, we are confident in this result as we will present a field theory

argument in the next chapter to back it up.

While it appears that the model is consistent with a phase described by a

CFT with c = 3/2, the ratios of gaps between energy levels do not agree with
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Figure 4.5: The effective central charge against θ. The blue dashed line marks θ = π/2,
where H(θ) = H1.

the partition function Zs-a(
√

3) (4.52). Other logical options would be that it is

described by Zs-a(R(θ)), where R depends on θ, or that the relative Fermi velocity

between the boson and fermion changes from 1 (so the boson or fermion contributes

more to the energy values), or a combination of these.

In fact, none of these is consistent with the energy ratios, meaning we have

to dig a little deeper. Remarkably, it turns out that Zs-a(
√

3) can be rewritten in

terms of a Potts model and a TCI model non-trivially coupled [142]:

Zs−a(
√

3) =
(
χ0χ̄0 + χ 7

16
χ̄ 7

16
+ χ 3

2
χ̄ 3

2

)(
(λ0 + λ3)(λ̄0 + λ̄3) + 2λ 2

3
λ̄ 2

3

)
+
(
χ 3

5
χ̄0 + χ 1

10
χ̄ 3

2
+ χ 3

80
χ̄ 7

16

)(
(λ 2

5
+ λ 7

5
)(λ̄0 + λ̄3) + 2λ 1

15
λ̄ 2

3

)
+
(
χ0χ̄ 3

5
+ χ 3

2
χ̄ 1

10
+ χ 7

16
χ̄ 3

80

)(
(λ0 + λ3)(λ̄ 2

5
+ λ̄ 7

5
) + 2λ 2

3
λ̄ 1

15

)
+
(
χ 1

10
χ̄ 1

10
+ χ 3

5
χ̄ 3

5
+ χ 3

80
χ̄ 3

80

)(
(λ 2

5
+ λ 7

5
)(λ̄ 2

5
+ λ̄ 7

5
) + 2λ 1

15
λ̄ 1

15

)
,

where χ and λ give the TCI and Potts characters [16], respectively. Being able

to rewrite the partition function in a second form is highly unusual and does not

happen for generic c = 3/2 SCFTs. It turns out that models with θ close to π/2 are

consistent with this form of the partition function modified by changing the relative

Fermi velocities, as shown in Figure 4.6. Here vjr,k is the Fermi velocity of the TCI

model found by comparing the energy gap of the jth excited state in the Z3 = r
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energy levels are plotted against θ with the Potts Fermi velocity set to 1.

and momentum k sector above the ground state energy (Ej
a,k − E0

0,0), to the gap

of the first excited state in the Z3 = 0 and momentum 0 sector above the ground

state (E1
0,0 − E0

0,0). We see that there is very good agreement close to θ = π/2,

indicating that this is the correct description, at least to leading order. The final

set of points in the figure, v(0−3av)
0,π , are found using the average of the gaps to the

lowest four energy levels in the Z3 = 0, k = π sector. The average must be used as

these points are degenerate at the integrable point and mix under the action of the

marginal operator (hTCI + hP, h̄TCI + h̄P) = (3/5 + 7/5, 0 + 0) + (0 + 0, 3/5 + 7/5),

where hTCI (h̄TCI) is the (anti)holomorphic weight of the TCI part and hP (h̄P) is

the (anti)holomorphic weight of the Potts part, and this marginal operator obeys

the symmetries of the lattice model, as shown in Section 5.10.

Before moving on, we give an example of how to extract one of the Fermi

velocities. Considering v2
0,0, we are concerned with the gaps g2

0,0 = E2
0,0 − E0

0,0 and

g1
0,0 = E1

0,0 − E0
0,0. The appropriate CFT fields to consider are

E0
0,0 : (0 + 0, 0 + 0) ; E1

0,0 :
(

1
10 + 2

5 ,
1
10 + 2

5

)
; E2

0,0 :
(

3
5 + 2

5 ,
3
5 + 2

5

)
,

where the weights are expressed in the form (hTCI + hP, h̄TCI + h̄P), giving energies

g1
0,0 = α

vTCI + 4
5 , g2

0,0 = α
6vTCI + 4

5 (4.54)
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Figure 4.7: The gaps above the ground state to the low-lying energy levels for −HP
(left) and H1 (right) at lattice length L = 14. Again, the energies are normalised such
that the state corresponding to (h, h̄) = (1, 0) has energy 1.

for some constant of proportionality α. Rearranging, this gives

vTCI = 4
g2

0,0 − g1
0,0

6g1
0,0 − g2

0,0
. (4.55)

We then help to correct for finite-size effects by dividing this by the value at

θ = π/2 (as we know here the true value is 1), and fit for lattice lengths L up

to 16 to get the estimated value of v2
0,0.

At the moment, the choice of fields corresponding to E1
0,0 and E2

0,0 may appear

somewhat arbitrary. In Chapter 5 we will explain why these are correct by

considering which fields in the boson + fermion partition function have to have

which Z3 charges and momenta, and by requiring consistency between the two

forms of the partition function.

This “c = 3/2” phase is believed to stretch from θ ≈ 0.9π to θ ≈ 0.19π, where a

third and final incommensurate region begins. The second and third incommensurate

regions are again needed to shift the location of the low-lying states, as shown in

Figures 4.7 and 4.8. Once more, the locations of the low-lying energy levels do not

agree, requiring the presence of incommensurate regions. Which conformal towers

are centred at k near 0 and which at k near π will be explained in Chapter 5.
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Figure 4.8: The gaps above the ground state to the low-lying energy levels for −H1
(left) and H1 (right) at lattice length L = 14. Again, the energies are normalised such
that the state corresponding to (h, h̄) = (1, 0) has energy 1.

4.10 Conclusions and outlook

We have investigated the phase diagram of the two competing nearest-neighbour

self-dual interactions obeying the symmetries of the 3-state Potts model. As well as

the expected ferromagnetic and antiferromagnetic sections, we have found several

more exotic phases. Firstly, we have an order-disorder coexistence phase, similar to

that found in the perturbed Ising model of Chapter 3, separated from the Potts

phase by a point in the universality class of the TCP CFT. We found a second Potts

phase separating different ordered and disordered phases, to be discussed in Chapter

5, separated from the first by a point with U(1) and dual U(1) symmetries, resulting

in an Onsager symmetry. There was also an extended AFP region, protected by the

lattice momentum of certain CFT fields, as will be explained more fully in Chapter 5.

Perhaps most intriguingly of all, the second point with U(1) and Onsager

symmetry is supersymmetric and was found to be part of a broader phase with

entanglement scaling consistent with at c = 3/2 CFT. Off this integrable point, to

leading order, the theory appeared to split into two connected pieces with different

Fermi velocities, one corresponding to a Potts CFT and the other to a TCI CFT.

While we have made significant progress in understanding this phase diagram,

there are still several interesting questions to answer. Exactly how large are the

incommensurate regions and how does the system transition into them? Due to



88 4.10. Conclusions and outlook

numerical roadblocks we have so far been unable to answer this, but we hope that

improved numerical techniques in the future could lead to progress.

Another mystery is how the Onsager symmetry fits into the CFT at ±H1. The

problem here is that the symmetries of the CFT are too big! The states degenerate

due to the Onsager algebra, as given in Ref. [52], are degenerate in the CFT, but

so are others which have different energies on the lattice. Some progress has been

made in this area, but we have still not worked out the full story.

A third area to look at is the generalisation to higher q in the Potts model.

We know that there are frustration-free points akin to those for q = 3 (4.39) for

all q ≥ 3 [127]. Likewise, we know that H1 and −H1 generalise to all q ≥ 2,

where the H1 CFT can be written as a boson with radius R =
√
q(q − 1)/2

combined with the Zq−1 parafermion model [52, 122, 143] (or alternatively the

Zq parafermion model combined with the m = q minimal model), while −H1 is

described by a c = 1 bosonic CFT with radius R =
√
q/2. By adding different

interactions to higher q Potts models (or, perhaps, parafermion models), what

further exotic phases can we discover?

We also hope to make progress in understanding how the different expressions

for the CFTs fit together at the c = 3/2 point, and how this generalises to the

general q case [143]. As we mentioned in Section 4.9, being able to write this CFT

in two different ways is highly non-trivial and could potentially lead to some new

relations between CFT fields, or at least simpler ways to calculate them.

Finally, on the more practical side, we hope that the exotic phases explored

here may prove of interest to experimentalists and especially those working on

the interface between theory and experiment. As new materials with wonderful

properties are being discovered all the time, it is useful to have underlying theory to

explain the new phenomena encountered and to help in the design of new devices,

whether they be quantum computers or something not yet even dreamt up!
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5.1 Introduction

Throughout this thesis so far, we have focused on self-dual couplings. In

this chapter we extend this to duality-breaking models around two points in the

S3-invariant model of Chapter 4.

89
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The first half will focus on the region surrounding H(−π/2) = −H1 from

Equation 4.38. We have already seen in Section 4.7 that a self-dual perturbation

preserving the Potts symmetries gives a transition to the Potts CFT, but we now

extend this to duality-breaking perturbations. We will see that there are four

gapped phases surrounding the c = 1 point, separated from each other by c = 4/5

lines. Each of these gapped phases has a frustration-free point with exact ground

states, which is archetypal of the phase as a whole.

The first two phases are the mundane ordered and disordered Potts phases, as

discussed in Section 4.2, while the two remaining phases are more novel. We have

a “not-A” phase in which one spin direction is disfavoured and the other two are

favoured. This is in sharp contrast to the ordered Potts model, where one direction

is favoured and the other two are disfavoured. The final phase is the dual of this

and corresponds to a “representation symmetry protected topological” (RSPT)

phase. This is similar to a symmetry protected topological (SPT) phase [144–147],

but with the phase protected by a doublet representation of a non-Abelian group

(in this case S3), rather than a projective representation. As we will see, this is

a weaker condition than that of a normal SPT.

The archetypal point in the RSPT phase proves to be of even more interest.

The ground state is given by a matrix product state (MPS) of a form very similar

to that of the Affleck–Kennedy–Lieb–Tasaki (AKLT) model [148–150]. In fact, the

Hamiltonians of both the AKLT model and at our special (MPS) point are part

of a larger family of Hamiltonians with MPS ground states, first studied in Ref.

[151]. This point is also found to have exact excited states, similar to the AKLT

model [53, 152–154], showing its connection with quantum scars and violation of

the strong Eigenstate Thermalization Hypothesis [155–157], currently very much

in vogue due to their apparent appearance in a system of Rydberg atoms and its

connection with the PXP model [158–161].

The second half of this chapter explains the momentum sectors of the different

conformal towers in the AFP and “c = 3/2” phases. We do this by perturbing

from an exactly solvable off-critical point and finding an effective XXZ model
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there [3]. This model has a continuum limit given by a boson CFT with c = 1

[162]. By solving a limit of this model exactly, we can extract the momenta of the

different states on the lattice. In the CFT, all relevant operators have momenta

close to 0, but, on the lattice, the corresponding states for some of these pick up

factors of π, disallowing them from translation-invariant perturbations, stabilising

the AFP and “c = 3/2” phases. This analysis also allows us to determine the

exact form of the supersymmetric CFT.

In Section 5.2 we introduce the off-critical Hamiltonian and give the phase

diagram around −H1. Sections 5.3 and 5.4 give the exact ground states at four

special points and describe the phases surrounding them, while Section 5.5 is a brief

aside on exact excited states at one of these points. The first half of this chapter then

concludes in Section 5.6, where transitions between these phases are considered using

a field theory argument. This half of the chapter is based predominantly on Ref. [50].

The second half of the chapter is a thesis exclusive. In section 5.7 we perform

perturbation theory about an exactly solvable point and find the qualitative

difference between momenta at the AFP and H1 points. Section 5.8 solves the

XX model and explains how lattice momenta and states correspond to fields in

the CFT. Section 5.9 explains why we have the particular c = 3/2 CFT given

by Equation 4.52 at H1, while Section 5.10 looks at the operators in this CFT to

determine the stability of the point. We wrap up the chapter as a whole with some

conclusions and ideas for further study in Section 5.11.

5.2 The Hamiltonian

We begin by introducing the duality-broken Hamiltonian,

HDB(J, f, λ1) = λ1H1 −
L∑
j=1

[
J
(
σ†jσj+1 + σjσ

†
j+1

)
+ f

(
τj + τ †j

)]
, (5.1)

which corresponds to H(θ) from Equation 4.38 when J = f = cos θ and λ1 = sin θ.

The first half of this chapter is concerned with the phase diagram around the

integrable point with Onsager symmetry and described by a CFT with c = 1:
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c=1 critical Potts

PS

PS

MPS

PS

self-dual/
2nd order

2nd order

U(1)

dual U(1)

Potts
Order

not-A
Order

Disorder

RSPT

Duality

α

β

−1 0 1

−1

0

1

Figure 5.1: The phase diagram of the off critical model around the multicritical point
−H1, marked by c = 1. The axes are given by J = α+ β, f = α− β and λ1 = α− 1. The
solid red horizontal line gives the self-dual line and marks Potts CFT transitions, as does
the duality breaking solid blue line. The black dotted lines denote the U(1) and dual
U(1) symmetric lines, with conserved charges Q (4.36) and Q̂ (4.37), respectively. The
four points with exact ground states are marked with black circles at α = ±1, β = ±1, as
is the critical Potts point at α = 1, β = 0. A duality mapping (J ↔ f) corresponds to a
reflection in β = 0.

HDB(0, 0,−1) = −H1 = H(−π/2) in the language of Equation 4.38. This phase

diagram is given in Figure 5.1. In this chapter we will often use the alternative

parameterization

J = α + β, f = α− β, λ1 = α− 1, (5.2)

giving a more natural correspondence with the figure.
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5.3 Exact ground states

5.3.1 The ordered and disordered Potts points

Around −H1 there are four points with exact frustration-free ground states.

The first two of these, at HDB(1, 0, 0) and HDB(0, 1, 0), are the completely ordered

and disordered Potts model, with ground states |AA...A〉, where A = 0, 1, 2, and∣∣0̂0̂...0̂
〉
, respectively, with σ |A〉 = ωA |A〉 and τ |n̂〉 = ωn̂ |n̂〉, as given in Equations

4.7 and 4.8. For later convenience we give these ground states again as∣∣ΨOP
A

〉
= |AA...A〉 , (5.3)∣∣ΨDP

0̂

〉
=
∣∣0̂0̂...0̂

〉
. (5.4)

These points are part of larger ordered and disordered Potts phases, with the

magnetisation order parameter

Mg = 〈g|σj |g〉 (5.5)

distinguishing between them, where |g〉 represents a ground state. This order

parameter is non-vanishing in the ordered phase in an S3-breaking ground state,

while in the disordered phase it is 0. At the completely ordered Potts point, the

three ground states have M0 = 1, M1 = ω, M2 = ω2, implying they all have the

same value of M3 = 1, where we define

M3 ≡ lim
|j−k|,|k−l|,|j−l|→∞

Gjkl; (5.6)

Gjkl ≡ 〈g|σjσkσl |g〉 . (5.7)

This order parameter will prove key in distinguishing between the ordered Potts

phase and the “not-A” phase to be discussed later.

Before moving on, we note that, under the action of the S3 symmetry, the

ordered Potts ground states (5.3) transform between each other as

S
∣∣ΨOP

0
〉

=
∣∣ΨOP

1
〉
, S

∣∣ΨOP
1
〉

=
∣∣ΨOP

2
〉
, S

∣∣ΨOP
2
〉

=
∣∣ΨOP

0
〉
, (5.8)

C
∣∣ΨOP

0
〉

=
∣∣ΨOP

0
〉
, C

∣∣ΨOP
1
〉

=
∣∣ΨOP

2
〉
, (5.9)

where S and C are the Z3 and charge conjugation respectively. This will again

prove important in distinguishing between the phases.
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5.3.2 The “not-A” point

The ordered and disordered Potts points are completely trivial, and the full

spectra can be written down there. The next two points we consider also have

exact ground states, but generic states in the spectrum cannot be found exactly.

We note though that certain exact excited states can be found, as will be explained

in Section 5.5.

The Hamiltonian at J = −2, f = 0, λ1 = −2 (α = β = −1) can be written as

HDB(−2, 0,−2) = −6L+ 9
L∑
j=1

P
(l)
j,j+1 + P

(r)
j,j+1, (5.10)

where P (l)
j,j+1 projects onto the three states

|AA〉 − |BA〉 − |CA〉 (5.11)

and P
(r)
j,j+1 projects onto

|AA〉 − |AB〉 − |AC〉 , (5.12)

where the kets are on sites j and j + 1, A 6= B 6= C 6= A and A = 0, 1, 2.

The three states

∣∣Ψnot-A
Ā

〉
≡
∣∣ĀĀ...Ā〉 (5.13)

are then exact ground states, where

∣∣Ā〉 = 1√
2

(|B〉+ |C〉) (5.14)

and, again, A 6= B 6= C 6= A. Analogously to the ordered Potts case, the Z3

symmetry cycles through
∣∣Ψnot-A

0̄

〉
,
∣∣Ψnot-A

1̄

〉
and

∣∣Ψnot-A
2̄

〉
and charge conjugation

leaves
∣∣Ψnot-A

0̄

〉
invariant but exchanges

∣∣Ψnot-A
1̄

〉
and

∣∣Ψnot-A
2̄

〉
, and so we see that

the S3 symmetry is again spontaneously broken. In this case, the magnetisations are

MĀ = −1
2ω

A (5.15)

and M3
Ā

= −1/8.
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5.3.3 The MPS ground state

The completely ordered Potts point is the dual of the completely disordered

Potts point. We may then expect a special point at the dual of the “not-A”

point as well: HDB(0,−2,−2) (α = −1, β = 1), which we do indeed find. The

Hamiltonian at this point becomes

HMPS = 2
L∑
j=1

(
S+
j

2
S−j+1

2 − S+
j S
−
j+1 + h.c.

)
, (5.16)

which has a unique ground state given by the MPS

|ΨMPS〉 = Tr (R1R2...RL) , (5.17)

where

Rj =
(∣∣0̂〉 ∣∣1̂〉∣∣2̂〉 ∣∣0̂〉

)
(5.18)

and all kets are on site j.

This state is again invariant under the S3 symmetry, meaning the magnetisation

M vanishes. For periodic boundary conditions (PBC) the ground state (5.17) is

unique, while for open boundary conditions (OBC), where we take the sum to L− 1

rather than L in HMPS (5.16), there are four ground states, implying that it could be

part of a symmetry protected topological (SPT) phase. In fact, we will see that the

phase is not quite an SPT, but a related RSPT, which we describe in Subsection 5.4.2.

5.3.4 Conformal boundary conditions

As well as giving an archetypal point in each of the four phases, the exact ground

states have an intriguing connection to conformal boundary conditions. In the

critical two-dimensional classical Potts model there are eight different boundary

conditions allowed by conformal invariance [163, 164]. The boundaries of two-

dimensional surfaces are given by one-dimensional lines and it turns out that the

allowed conformal boundary conditions of the two-dimensional Potts model are

very strongly connected to the exact ground states at the four points α = ±1,
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Phase M3 Degeneracy
Ordered Potts >0 3

Disordered Potts 0 1
RSPT 0 4
not-A <0 3

Table 5.1: The order parameter M3 (5.7) and the ground-state degeneracy with OBC
for each phase surrounding the c = 1 point, as given in Figure 5.1.

β = ±1 in Figure 5.1 described in the previous subsections, which, of course,

live on one-dimensional chains!

The states |AA...A〉 for A = 0, 1, 2 correspond to the three fixed boundary

conditions in the two-dimensional classical model, while
∣∣0̂0̂...0̂

〉
is analogous to free

boundary conditions, where all spin directions are allowed.
∣∣ĀĀ...Ā〉 correspond to

the mixed boundary conditions in which two of the two-dimensional Potts states are

allowed. The eighth and final conformal boundary condition is the strangest and

was the last to be found [164], hence its name: the “new” boundary condition. This

boundary condition is the dual of mixed though, and so we see that it corresponds

to our MPS ground state as this is the dual of the “not-A” states.

5.4 The phases

Having found four points with exact ground states, we now expand our analysis

to the phases surrounding them. The phases are distinguished by two criteria:

their values of the M3 order parameter (5.7) and their ground-state degeneracy

for the model with OBC, as shown in Table 5.1. The rest of this section will

be spent describing these phases.

Before getting on to a discussion of these phases, we demonstrate the numerical

evidence supporting the values of M3 and the degeneracy of the ground state with

OBC in the different phases. In Figure 5.2 (a) we plot the value ofM3 from Equation

5.7 for the circle in Figure 5.1 with α2 + β2 = 1 by setting α = cosφ and β = sinφ.

The data were found using DMRG on a chain with OBC of length L = 200 and

a bond dimension χ = 300. We found that neither increasing L nor χ changed
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Figure 5.2: The order parameter M3 is plotted against φ in (a), where α = cosφ and
β = sinφ. In (b) the gaps from the ground state in the Z3 = 0 sector to the lowest energy
level in the Z3 = 1 sector (purple crosses) and first excited level in the Z3 = 0 sector
(green circles) are again plotted against φ.

the results, implying good convergence. The red and blue dashed lines represent

the positions of the red and blue second order transitions in Figure 5.1. We see

that M3 > 0 between the first red and blue lines (the ordered Potts phase), before

going to 0 in the RSPT phase. It then becomes negative in the not-A phase, before

returning to 0 in the disordered Potts phase, as given in column 2 of Table 5.1.

In Figure 5.2 (b), we do the same but this time plot the gaps in the model with

OBC from the ground state in the Z3 = 0 sector to the lowest energy level in the

Z3 = 1 sector (purple crosses) and the first excited level in the Z3 = 0 sector (green

circles). Again, we see that these data agree with column 3 of Table 5.1. To get

these data we again performed DMRG for L = 200, but this time with χ = 800.

5.4.1 The ordered phases

As we saw in Section 5.3, both the ordered Potts and not-A points had ordered

ground states which transformed non-trivially under the S3 symmetry and had

M3 6= 0. As the Hamiltonian is S3 invariant everywhere, this symmetry is expected

to be spontaneously broken even as we perturb away from these points, giving

extended ordered Potts and not-A phases.

As we deform the model away from these points, the ground states change and

hence so does the value of M3 but, as S3 is a discrete group and the S3 symmetry is
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spontaneously broken in this phase, the three different ground states must transform

into each other in the same way under its action unless there is a phase transition.1

Taking |ΨA〉 to correspond to the continuation of
∣∣ΨOP

A

〉
as we perturb from the

ordered Potts, we see that Equations 5.8 and 5.9 become

S |Ψ0〉 = |Ψ1〉 , S |Ψ1〉 = |Ψ2〉 , S |Ψ2〉 = |Ψ0〉 , (5.19)

C |Ψ0〉 = |Ψ0〉 , C |Ψ1〉 = |Ψ2〉 , (5.20)

with analogous relations holding for the ground states when we perturb from the

not-A point. We then see that M3 is the same for each |ΨA〉, although its value

changes from that for
∣∣ΨOP

A

〉
, and it remains real, with the same true for |ΨĀ〉.

As M3 remains real and is positive for the ordered Potts point and negative

for the not-A point, the only way to get from one to the other is to go through

a point where M3 = 0, but here the magnetisation vanishes and so the S3 is not

spontaneously broken, indicating a phase transition. In fact, for the couplings

allowed in our phase diagram, this happens precisely at the c = 1 point, −H1,

at the centre of Figure 5.1! As both the disordered Potts and RSPT phase have

unique ground states with the S3 not spontaneously broken, M3 must be zero in

both of these, leading to the second column in Table 5.1.

5.4.2 The disordered Potts and RSPT phases

The simplest of the four phases in our diagram is the disordered Potts phase.

This phase is the dual of the ordered Potts phase and has M3 = 0, along with

a unique ground state with OBC.

The final phase surrounds the MPS point. As stated above, M3 vanishes here,

just as it does in the disordered Potts phase. The two are not in the same phase

though, as a further analysis shows – the MPS point is part of a representation

symmetry protected topological (RSPT) phase.

1Of course, were we to add an S3-breaking interaction, this argument would no longer hold.
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We begin by noting the similarity between our MPS ground state and the AKLT

ground state of a spin-1 SO(3) invariant chain [148, 149]. The difference between

the two is the matrix building the MPS:

Rours =
(∣∣0̂〉 ∣∣1̂〉∣∣2̂〉 ∣∣0̂〉

)
, RAKLT =

( ∣∣0̂〉 −
√

2
∣∣1̂〉√

2
∣∣2̂〉 −

∣∣0̂〉
)
, (5.21)

where the first is our matrix and the second is that for AKLT. Both our model at

the MPS point and AKLT are part of a larger family of Hamiltonians [151, 165],

HMPS =
L∑
j=1

[
h2
j + β (hjgj + gjhj) + β′gj (1 + gj) + α2g

2
j (5.22)

α3hj + α4
(
Szj

2 + Szj+1
2)+ α0

]
,

where hj = S+
j S
−
j+1 + S−j S

+
j+1, gj = SzjS

z
j+1, α0 = a2 − 2, α2 = a2 − 2|β + a|,

α3 = a+ β, and α4 = |a+ β|+ 1− a2. For all choices of a, β and β′, this family of

Hamiltonians has an exact zero-energy MPS ground state built from the matrix

R(a, β, β′) =
( ∣∣0̂〉 −

√
a
∣∣1̂〉√

a
∣∣2̂〉 −sign(β + a)

∣∣0̂〉
)
. (5.23)

Our Hamiltonian corresponds to (a, β, β′) = (−1, 0, 1/2), with the extra factors

of i in the MPS cancelling in the product, while AKLT has (a, β, β′) = (2, 1, 3).

The biggest difference between our ground state and AKLT is the presence of

minus signs in the AKLT MPS, but the unitary transformation U =
∏

j e
ijπSzj

sends (a, β, β′) → (−a,−β, β′) and removes these.

Given the similarity between our ground state and AKLT, we consider the

physics of AKLT to give us an insight into our model. One fascinating feature

of AKLT is its status as the archetypal point of the classic symmetry protected

topological (SPT) phase: the Haldane phase [144, 145]. This phase is stable as

long as time-reversal, parity or a D2 symmetry about all three orthogonal axes is

preserved [145]. If time-reversal or the D2 symmetry is preserved, there are four

degenerate ground states for OBC. Unfortunately, the time-reversal symmetry in

AKLT is not the same time-reversal as ours and is broken by the σ†jσj+1 + σjσ
†
j+1

perturbation. Neither is the D2 symmetry corresponding to charge conjugation and

the Z2 =
∏

j e
iπSzj preserved, and so we have to work a little harder.
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The simplest way to demonstrate the existence of an SPT is to look at the ground

states of the model with OBC. To get OBC, we simply change the upper limit of

the sum in HMPS (5.22) from L to L − 1. At the MPS point, this Hamiltonian

then has 4 ground states, given by the four entries of(
|uu〉 |ud〉
|du〉 |dd〉

)
= R1R2...RL, (5.24)

as in Equation 5.17, but where we now take the elements of the matrix individually,

rather than the trace. As the system is gapped, the correlation length is finite

and so the edges are uncorrelated in the infinite limit. Hence in the ground state

each edge is in one of two states u and d, giving a degeneracy of 2 × 2 = 4. We

now show how the S3 symmetry protects this degeneracy.

Taking the Z3 and charge conjugation generators of the S3 as S and C once

more, these obey

S3 = 1, C2 = 1, CS2 = SC, S2C = CS. (5.25)

Looking at the ground state of our model, we find the action of the generators as

S
(∣∣0̂〉 ∣∣1̂〉∣∣2̂〉 ∣∣0̂〉

)
=
( ∣∣0̂〉 ω

∣∣1̂〉
ω2
∣∣2̂〉 ∣∣0̂〉

)
, C

(∣∣0̂〉 ∣∣1̂〉∣∣2̂〉 ∣∣0̂〉
)

=
(∣∣0̂〉 ∣∣2̂〉∣∣1̂〉 ∣∣0̂〉

)
. (5.26)

These are equivalent to the following unitaries acting on the auxiliary space of the

MPS:

US =
(
ω2 0
0 ω

)
, UC =

(
0 1
1 0

)
, (5.27)

where Rj → US/CRjU
†
S/C on every site gives the appropriate transformation.

Applying these unitaries to every site, they cancel everywhere other than sites

1 and L, thus transforming the edges:(
|uu〉 |ud〉
|du〉 |dd〉

)
→ US

(
|uu〉 |ud〉
|du〉 |dd〉

)
U †S =

(
|uu〉 ω |ud〉
ω2 |du〉 |dd〉

)
, (5.28)(

|uu〉 |ud〉
|du〉 |dd〉

)
→ UC

(
|uu〉 |ud〉
|du〉 |dd〉

)
U †C =

(
|uu〉 |du〉
|ud〉 |dd〉

)
. (5.29)

As US and UC obey the same relations as Equations 5.25, they from a representation

of S3. Clearly, they are not simultaneously diagonalisable and hence this is an
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irreducible two-dimensional representation. Thus, each edge must transform as

this representation.

As we perturb from our point with an exact bond dimension 2 MPS, the edges

remain uncorrelated as long as the gap does not close. The S3 symmetry remains

preserved and is discrete, ensuring that both edges stay in their doublets and hence

our four-fold degeneracy is maintained. This degeneracy will, in fact, be broken by

a factor exponentially small in L due to the non-zero but finite correlation length,

but this vanishes in the thermodynamic limit. This phase with four degenerate

ground states for OBC will then survive as long as the gap does not close.

In fact, there is a small caveat to our statement above which should be addressed.

The degeneracy can be broken without closing the gap or breaking the S3 by adding

a two-state system to one end of the chain. This can then transform as the

doublet of the S3 and so coupling it to the doublet of our original chain breaks

the degeneracy on that edge. Defining

σ+ =
(

0 1
0 0

)
, σ− =

(
0 0
1 0

)
, (5.30)

as the operators on the two-state system, adding the perturbation

Hbreak = λbreak
(
S+
L σ
− + S−L σ

+) (5.31)

preserves the S3 but breaks the ground-state degeneracy down to 2. Coupling a

second two-state system to the other end of the system then removes the ground

state degeneracy completely.

Other than the doublet given above, all other irreducible representations of

S3 are one-dimensional. The three-state spin transforming under S3 consists of

a doublet and a one-dimensional representation, meaning that coupling an extra

three-state spin to the end of the chain does not necessarily split the degeneracy,

as the tensor product of a doublet with a one-dimensional representation is still

a doublet. Thus, the phase is stable to S3 invariant interactions preserving the

Hilbert space and to those adding in one-dimensional representations.
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From this we have seen that our phase is stable, but only when certain

representations of S3 are added. This is in contrast to an SPT phase, which

is stable under all symmetry preserving perturbations. The difference comes from

SPTs being protected by projective representations2 [144, 145], which cannot be

changed by local perturbations, whereas in our case a local perturbation can break

the degeneracy, assuming it is in the correct representation. Because of this, we

name this phase a representation symmetry protected topological (RSPT) phase.

5.5 Aside: exact excited states at the MPS point

The AKLT model has a number of exact excited states [152–154]. Of these,

probably the most interesting correspond to a family of exact excited states obtained

from the ground state by applying the operator

O+
AKLT =

L∑
j=1

(−1)jS+
j

2 (5.32)

repeatedly to the AKLT ground state for even L (5.17), with matrix

RAKLT =
( ∣∣0̂〉 −

√
2
∣∣1̂〉√

2
∣∣2̂〉 −

∣∣0̂〉
)
, (5.33)

as given in Equation 5.21. O+
AKLT shifts the U(1) charge by 2 and can be applied

up to L/2 times before annihilating the ground state. Similarly, O−AKLT, found by

replacing S+ by S− in Equation 5.32, can be applied to lower the U(1) charge.

These states are exact eigenstates of the AKLT Hamiltonian [153, 154] and hence we

have a tower of exact excited states. It should be noted though that O+
AKLT applied

to a generic eigenstate of the Hamiltonian does not give another eigenstate. Thus,

the operator does not have a nice commutation relation with the Hamiltonian, i.e.

[
HAKLT, O

+
AKLT

]
6= αO+

AKLT (5.34)
2The matrices U(gj) form a linear representation of the group G if U(gi)U(gj) = U(gigj)

∀gi, gj ∈ G. In a projective representation, the relation is changed to U(gi)U(gj) = ω(gi, gj)U(gigj),
where ω(gi, gj) is a phase factor. Projective representations related by Ũ(gi) = α(gi)U(gi),
ω̃(gi, gj) = α(gigj)ω(gi, gj)/(α(gi)α(gj)), for a phase factor αi are said to be in the same class. In
different matrix product states, symmetry groups may have projective representations in different
classes, leading to distinct phases as long as the symmetry is preserved and the gap does not close.
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for a constant of proportionality α [53]. Instead it just acts as a ladder operator

for this particular tower of eigenstates.

Due to the similarity of our MPS point and the AKLT model, it is perhaps

unsurprising that there is an equivalent tower in our case. This time though

the raising operator (again, only a raising operator within this tower) has U(1)

charge 3 and is given by

O+
ours =

L∑
j=1

(−1)j
(
S+
j

2
S+
j+1 + S+

j S
+
j+1

2
)
. (5.35)

Again, applying this operator repeatedly leads to a tower of exact eigenstates [53].

Once more, there is an equivalent U(1) lowering operator O−ours.

Our model in fact has a family of exact excited states not present in AKLT.

Taking the MPS

|Ψα〉 = Tr (A1B2A3B4...AL−1BL) , (5.36)

where L is even and

A =
( ∣∣0̂〉 α

∣∣1̂〉
1
α

∣∣2̂〉 |0〉

)
, B =

( ∣∣0̂〉 − 1
α

∣∣2̂〉
α
∣∣1̂〉 − |0〉

)
, (5.37)

we have exact eigenstates for any choice of α, which are equivalent to those studied

in Ref. [166], although they were discovered independently. While α can have any

value, there are only L + 1 independent eigenstates.

5.6 The phase transitions

After that brief interlude, we now return to the phase diagram. We have found

the four duality breaking phases surrounding the c = 1 point, each with different

values for M3 and the OBC degeneracy, as in Table 5.1. To understand why we get

these phases and to investigate the transitions between them, we turn to a field theory

analysis. We have seen in Section 4.7 that the c = 1 point is described by a bosonic

CFT with c = 1 and compactification radius R =
√

3/2, with partition function

Z
(√

3/2
)

= 1
ηη̄

∑
m,n∈Z

q
1
12 (m+3n)2

q̄
1
12 (m−3n)2

. (5.38)
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In terms of a bosonic field theory, the action is simply

S0 = K

2

∫
d2x (∇Φ)2 , (5.39)

where the boson field, Φ, is compactified so that Φ ∼ Φ + 2π and the stiffness

K = 3/(2π) is forced by duality [119].3 Perturbing by an S3 invariant interaction

then corresponds to amending the action to

S = K

2

∫
d2x

[
(∇Φ)2 + v cos 3Φ + v̂ cos 3Θ

]
, (5.40)

where Θ is the field dual to Φ. In our original language the cos 3Φ term corresponds

to perturbing by the (3/4, 3/4) operator [3, 0]+[−3, 0], while cos 3Θ is [0, 1]+[0,−1],

where [m,n] denotes the field with electric charge m and magnetic charge n. Terms

of the form sin 3Φ and sin 3Θ are forbidden by charge conjugation, while cosnΦ

and cosnΘ for n not a multiple of 3 are disallowed by the Z3. Of course, cos 6Φ,

cos 15Θ, etc. would be allowed, but these perturbations are irrelevant.

In our phase diagram (Figure 5.1), setting v to 0 preserves the U(1) symmetry

and hence corresponds to perturbing along the line α = −β, while setting v̂ to 0

preserves the dual U(1) and corresponds to perturbing along α = β. Both of these

lead to the well-known sine-Gordon model, which is integrable and gapped [54].

Focusing on v̂ = 0, we now pay attention to the two signs of v. For v > 0,

the minima in the potential occur at Φ = 0, 2π/3, 4π/3 and these correspond to

the three directions of the Potts spin, giving the ordered Potts phase. Taking

instead v < 0, Φ = 0, 2π/3, 4π/3 are now maxima of the potential and hence

are avoided, showing that now we have one direction not favoured and enter the

not-A phase. Thus, we have recovered these two phases, at least along the v̂ = 0

line. The disordered Potts and RSPT phases are simply the duals of these two

phases and so must occur along the v = 0 line.

Keeping |v| 6= |v̂|, we remain in the gapped phase determined by whichever of

v and v̂ has the larger magnitude [119], but v = v̂ is a more interesting scenario.

Here Refs. [118, 119] showed that we instead get a flow to the 3-state Potts CFT,
3In fact, generally, R2 = Kπ.
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U(1)

dual U(1)

self-dual
c = 4/5c = 4/5

Figure 5.3: The Renormalization Group flow around −H1. The red critical line is
constrained to lie along the self-dual line, but the blue line cannot be determined without
numerics.

regardless of the sign of v. That the flow in the field theory is independent of

direction can be seen from the redefinition Φ → Φ + π, Θ → Θ + π, which flips

v and v̂ but leaves the kinetic term invariant.

Even more surprisingly, taking Φ→ Φ + π but leaving Θ invariant flips the sign

of v, but not v̂. This is again just a redefinition and should not affect the field

theory, implying that we should get flows to Potts CFTs for v = −v̂ as well. On

the lattice there is a fundamental difference between the cases v = v̂ and v = −v̂

though, due to their behaviours under duality. As the point we are perturbing from,

−H1, is self-dual, adding a self-dual interaction still leaves the model invariant

under duality, and so the Potts CFT line is constrained to stay on the self-dual line.

As −H1 is not anti-self-dual, “anti-self-duality” is not preserved and so the flow

does not have to remain perpendicular to the self-dual flow, as shown in Figure 5.3.

While we know the blue second-order transition lines in Figures 5.1 and 5.3

must be vertical infinitesimally close to α = β = 0, we have to rely on numerics

to locate the transition away from this point due to it not being protected by a

lattice symmetry, as explained above. To do this, we work out the effective central

charge ceff for different α, β by using DMRG and the entanglement entropy at

different lattice lengths, as explained in Subsection 2.3.3. In the gapped region,
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Figure 5.4: The effective central charge is plotted for β = 0.75 and different α.
Convergence to ceff = 0.8 appears to occur at α ≈ −0.36, implying that the transition
line passes close to the point α = −0.36, β = 0.75. L1 and L2 are the two values of L the
entanglement entropy S is found for from which ceff is extracted.

we should find ceff = 0, while exactly on the transition lines ceff = 4/5. Close to

the transitions, the correlation length will increase and the ceff calculated for small

lattice lengths L will appear close to 4/5, before falling to 0 as L is increased,

thus allowing us to locate the second-order line. In Figure 5.4, we see that, for

β = 0.75, the transition occurs at α ≈ −0.36.

Finding the approximate values of α for which transitions occur at different

β allows us to locate the off-critical second order line, as indicated in Figure 5.1.

The green crosses give the locations determined numerically, with the blue line

interpolating between them. Finally, we note that the line for β < 0 is just the

reflection of that for β > 0 in the β = 0 line by duality.

5.7 The ADP point and XXZ

In Chapter 4 we discovered that different regions of the phase diagram of Figure

4.1 had conformal towers centred at different momenta. In the rest of this chapter

we will explain this, along with showing why the particular partition function of

Equation 4.52 has to describe the continuum limit of H1.



5. Duality-breaking regions 107

To find the answers to both of these questions, we consider perturbing from a

trivially solvable point. Considering Equation 5.1, this corresponds to HDB(0,−1, 0),

which has the simple Hamiltonian

HADP =
L∑
j=1

(
τj + τ †j

)
, (5.41)

where we name this point the “anti-disordered Potts” (ADP) point. In the τ -

diagonal basis,

τ + τ † =

2 0 0
0 −1 0
0 0 −1

 (5.42)

and hence we have 2L exactly degenerate ground states, corresponding to either∣∣1̂〉 or
∣∣2̂〉 at each site, where τ |n̂〉 = ωn̂ |n̂〉. There is then a gap of size 3 to

the first excited states.

While this point is exactly solvable, this is no longer true when we perturb away

from it by HDB(J, 0, λ1). Instead, we use perturbation theory to approximate the

model. As there are 2L degenerate ground states at the unperturbed point, we find

an effective Hamiltonian with two states per site. To see how this works, we first

perturb HDB(0, f, 0) by HDB(J, 0, 0), where f < 0 and |J/f | � 1:

H =
L∑
j=1

−f
(
τj + τ †j

)
− J

(
σ†jσj+1 + σjσ

†
j+1

)
. (5.43)

We now consider the action of the perturbation on each set of ground states of

HADP. The two-site perturbation to the Hamiltonian obeys(
σ†jσj+1 + σjσ

†
j+1

) ∣∣1̂1̂
〉

=
∣∣0̂2̂
〉

+
∣∣2̂0̂
〉
, (5.44)(

σ†jσj+1 + σjσ
†
j+1

) ∣∣1̂2̂
〉

=
∣∣0̂0̂
〉

+
∣∣2̂1̂
〉
, (5.45)

and the analogous relations with
∣∣1̂〉↔ ∣∣2̂〉. We see that only the second term on

the second line remains in the Hilbert space of ground states at the unperturbed

point. We can thus convert this to the first-order two-state per site Hamiltonian

Heff = fL− J
L∑
j=1

(
σ+
j σ
−
j+1 + σ−j σ

+
j+1
)
, (5.46)



108 5.7. The ADP point and XXZ

where

σ+ =
(

0 1
0 0

)
, σ− =

(
0 0
1 0

)
, (5.47)

act on the two-state Hilbert space given by

|↑〉 =
(

1
0

)
, |↓〉 =

(
0
1

)
. (5.48)

We choose |↑〉 in the two-state model to correspond to
∣∣2̂〉 in the three-state model

and |↓〉 to
∣∣1̂〉 for later convenience. Equation 5.46 is simply the XX model, which

can be solved exactly in terms of free fermions and corresponds to a CFT of central

charge c = 1 with boson radius R = 1 [162].

Going to second order and considering the general Hamiltonian HDB(J, f, λ1),

where f < 0 and |J/f |, |λ1/f | � 1, we find

H(2)

−f̃
=− L

(
1 + 5J̃2 + 4J̃λ1 + 8λ2

1

12f̃ 2

)
(5.49)

−
L∑
j=1

[(
J̃ + 4λ1

−f̃
+ (J̃ − 2λ1)2

6f̃ 2

)(
σ+
j σ
−
j+1 + σ−j σ

+
j+1
)

+ J̃2 + 4J̃λ1

4f̃ 2
σzjσ

z
j+1

+
(
J̃ + λ1

)2

3f̃ 2

(
σ+
j σ
−
j+2 + σ−j σ

+
j+2 + 2σ+

j σ
+
j+1σ

+
j+2 + 2σ−j σ−j+1σ

−
j+2
)]
,

where J̃ = J − λ1, f̃ = f − λ1 and

σz =
(

1 0
0 −1

)
.

The first line is just a constant, while the second is the XXZ model [3], and the

third contains longer-range corrections. The XXZ model has Hamiltonian

HXXZ = −
L∑
j=1

(
σ+
j σ
−
j+1 + σ−j σ

+
j+1 + ∆

2 σ
z
jσ

z
j+1

)
(5.50)

and has a U(1) symmetry corresponding to

QXXZ = −
L∑
j=1

σzj , (5.51)

where the minus sign is chosen for later convenience. By considering the relation

between the three-state and two-state models, we see that this is precisely the
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negative of the U(1) charge of ±H1, as given in Equation 4.36. The only difference

is that flipping a spin in the XXZ language changes the charge by 2. To understand

this, we consider the allowed states in both the 2- and 3-state models. In the 2-state

model, the smallest increase in QXXZ corresponds to flipping a single |↑〉 → |↓〉,

which in the 3-state model is
∣∣2̂〉→ ∣∣1̂〉, giving a change in Q of 2. To get a change

in Q of 1, we would need
∣∣2̂〉→ ∣∣0̂〉 or ∣∣0̂〉→ ∣∣1̂〉, both of which involve

∣∣0̂〉, and
so are not present in the two state model. This shows that, around HADP, all

low-lying states must have even charge Q in the 3-state model (for even lattice

length L), with all odd Q states gapped. This fact will prove to be key to our

analysis of the c = 3/2 point later.

Returning to the XXZ model, for −1 ≤ ∆ < 1, the continuum limit is described

by a CFT with c = 1 and radius given by

∆ = cos
( π

2R2

)
, (5.52)

where we take R ≥ 1/
√

2 [162]. We see that, for the XX model, corresponding

to ∆ = 0, we recover R = 1.

To see if the terms in the final line of Equation 5.49 destabilise the XXZ phase,

we consider the boson partition function again (2.31):

Z(R) = 1
ηη̄

∑
m,n∈Z

q
1

8R2 (m+2R2n)2

q̄
1

8R2 (m−2R2n)2

.

The first two terms of the third line of Equation 5.49 are symmetric under the U(1)

of the XXZ model (5.51). These terms were not found to cause a phase transition

for small perturbations in Ref. [167]. The final two terms in the third line are

more problematic. They have U(1) charge ±3 and so the most relevant operators

consistent with this have m = ±3, n = 0, leading to weights

(
h, h̄
)

=
(

9
8R2 ,

9
8R2

)
. (5.53)

Hence these are irrelevant for R2 < 9/8, meaning the XXZ phase survives for

a finite region.
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J̃
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Figure 5.5: The heuristic phase diagram around the ADP point (5.41). The system is
in the XXZ phase above the red line and in the −XXZ phase below the blue line. In
between we believe there are incommensurate (IC) regions. The black dotted line denotes
the line where the U(1) charge is preserved.

We now claim that the XXZ region extends all the way down to the antiferro-

magnetic Potts phase on the self-dual line. There appears to be a problem with

this argument though – the AFP phase has R2 = 3/2 > 9/8! To resolve this, we

take a closer look at Equations 5.49 and 5.50. We see that the XXZ Hamiltonian

has a negative coefficient for its σ†jσj+1 + σjσ
†
j+1 term, but our Hamiltonian can

have either a positive or a negative coefficient, depending on the values of J̃ and

λ1. Indeed, the AFP model has J̃ < 0 and λ1 = 0, meaning that the coefficient

of the σ†jσj+1 + σjσ
†
j+1 part is negative.

The heuristic phase diagram surrounding the ADP point is presented in Figure

5.5. The “XXZ” phase has a negative coefficient for σ†jσj+1 + σjσ
†
j+1 and is found

to extend all the way to the “c = 3/2” phase on the self-dual line, while the

“−XXZ” phase has a positive coefficient for σ†jσj+1 + σjσ
†
j+1 and is found to extend

to the antiferromagnetic Potts phase on the self-dual line.4 As the low-lying

states of the XXZ phase try to maximise the eigenvalue of the hopping term

(σ†jσj+1 + σjσ
†
j+1) and the low-lying states of the −XXZ phase try to minimise

4Note that the phases extend to the self-dual line, but the second-order XXZ Hamiltonian
(5.49) is not a good approximation here as J̃ and λ1 are the same order of magnitude as f̃ .
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it, their forms change abruptly as we move from one to the other, causing the

transition. The incommensurate phases in between, in which the hopping term

becomes small, account for this transition and allow the eigenstates to reshuffle.

To analyse the “−XXZ” phase and understand how it survives to the self-dual

line, we consider the unitary transformation

U1 =
L/2∏
j=1

σz2j−1, (5.54)

which takes HXXZ(∆)→ −HXXZ(−∆), and so we can map it onto an XXZ model

with which we are familiar. This unitary takes Equation 5.49 to

H̃(2)

−f̃
=− L

(
1 + 5J̃2 + 4J̃λ1 + 8λ2

1

12f̃ 2

)
(5.55)

−
L∑
j=1

[
−
(
J̃ + 4λ1

−f̃
+ (J̃ − 2λ1)2

6f̃ 2

)(
σ+
j σ
−
j+1 + σ−j σ

+
j+1
)

+ J̃2 + 4J̃λ1

4f̃ 2
σzjσ

z
j+1

+
(
J̃ + λ1

)2

3f̃ 2
(σ+

j σ
−
j+2 + σ−j σ

+
j+2)

+
(
J̃ + λ1

)2

3f̃ 2
(−1)j(2σ+

j σ
+
j+1σ

+
j+2 + 2σ−j σ−j+1σ

−
j+2)

]
.

The terms in the last line of this Hamiltonian now have momentum π. These are

the only terms which break the U(1) (at least to this order in perturbation theory),

indicating that states differing by U(1) charge 3 may also differ in momentum

by π, as we will see next.

As we just hinted, the second interesting effect of this unitary transformation

is on the states. Considering the line J = 0 (J̃ = −λ1), we know that we have a

U(1) symmetry. All states should then be eigenstates of the U(1) operator. They

are thus eigenfunctions of the operator

U =
L∏
j=1

σzj , (5.56)

with eigenvalue equation

U |ψ〉 = (−1)L/2+m |ψ〉 , (5.57)
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where m is the U(1) charge and we are still assuming L is even. But note that

U = U1U2, (5.58)

where

U2 =
L/2∏
j=1

σz2j (5.59)

is just U1 translated by one site and an equally valid transformation from HXXZ(∆)

to −HXXZ(−∆). It is then simple to see that doing this transformation changes

the momentum by an amount

∆k =
(
L

2 +m

)
π (5.60)

to

k̃ = [k + ∆k] modulo (2π), (5.61)

where k is the momentum on the XXZ side, k̃ is the momentum on the −XXZ

side, and momentum is only defined modulo 2π. Even when we break the U(1),

we expect the states to be continuous and so they should remain in the same

momentum sectors, meaning that, when we change the sign of the σ+
j σ
−
j+1 + σ−j σ

+
j+1

term, the states should change momentum by the same amount. This explains why

the identity (and all other states) shift momentum sectors at the AFP point for

different L. We have now found the change in momentum when we go from XXZ

to −XXZ, but we still do not know the momentum of each tower, as we have not

worked out their values in the XXZ model. We will do this in the next section

by taking a closer look at the exactly solvable XX model.

Before moving to the XX model, we consider the case J̃+4λ1 ∼ O(J̃2/f̃ 2, λ2
1/f

2).

Here the model becomes second order and the analysis is complicated by the other

perturbations being the same order as the σ+
j σ
−
j+1 +σ−j σ

+
j+1 term. A simple analysis

shows that, for a constant λ1 ≈ −J̃/4, the size of this region grows as

δJ̃ ∼ J̃2

−f
(5.62)
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and vanishes to a point at J̃ = 0, as expected. This is the region of transition

between the XXZ and −XXZ models and involves many states of different momenta

crossing. We thus expect it to be incommensurate. As a sanity check, we have

verified numerically that for small couplings along the line J̃ = −4λ1, the gaps do

indeed grow as J̃2, consistent with the second-order Hamiltonian. We suggest that

this region survives all the way to the two incommensurate phases on the left-hand

side of Figure 4.1, explaining both their existence and the transition between phases

with conformal towers centred on different momenta.

5.8 The XX model

To understand the momentum sectors at the AFP and supersymmetric points,

we first study the XX model in detail. Taking the XX Hamiltonian (5.46),

HXX = −J
L∑
j=1

(
σ+
j σ
−
j+1 + σ−j σ

+
j+1
)
, (5.63)

we can rewrite this as

HXX = −J2

L∑
j=1

(
σxj σ

x
j+1 + σyjσ

y
j+1
)
, (5.64)

where

σx =
(

0 1
1 0

)
, σy =

(
0 −i
i 0

)
. (5.65)

Defining the Majorana operators

γ2j−1 =
(∏
k<j

σzj

)
σyj , γ2j = i

(∏
k<j

σzk

)
σyjσ

z
j , (5.66)

obeying {γa, γb} = 2 δa,b, the Hamiltonian becomes

HXX = −iJ2

L∑
j=1

(γ2j−1γ2j+2 − γ2jγ2j+1) . (5.67)

We now define complex fermions as these will make the momenta clearer:

cj = 1
2 (γ2j−1 + iγ2j) , c†j = 1

2 (γ2j−1 − iγ2j) , (5.68)



114 5.8. The XX model

which obey {cj, cj′} = {c†j, cj′†} = 0,
{
cj
†, cj′

}
= δj,j′ . This turns the Hamiltonian

into

HXX = −J
L∑
j=1

(
c†jcj+1 − cjc†j+1

)
. (5.69)

We Fourier transform to the momentum basis by defining

cj ≡
1√
L

∑
k

eikjck, (5.70)

where k takes the values allowed by the boundary conditions in the fermion model.

With a little algebraic manipulation, the Hamiltonian is rewritten as

HXX = −2J
∑
k

cos(k)nk, (5.71)

where nk ≡ c†kck is the fermion number operator at momentum k. The ground state

of a sector will then have all fermions with |k| < π/2 present and all with |k| > π/2

absent for J > 0, and the reverse for J < 0. Low-lying states have excitations

corresponding to extra particles or holes around k = ±π/2.

In this language, the U(1) is simply

QXX = −
∑
j

σzj = −L+ 2
∑
k

nk, (5.72)

where nk = c†kck expresses whether there is a fermion of momentum k (nk = 1) or

not (nk = 0). The state with no fermions, i.e. annihilated by ck ∀ k, has QXX = −L,

while the state with fermions everywhere, i.e. annihilated by c†k ∀ k, has QXX = L.

To obtain the spectrum of the model, we first need to find the appropriate

momentum sectors now we have transformed to the fermion basis. As we saw in

Section 3.5, to match periodic boundary conditions (PBC) in the spin language,

for even fermion number we need antiperiodic boundary conditions (APBC) in the

fermion language, while for odd fermion number we need PBC. We will see that

the solution in fact depends on the number of sites modulo 4. We will only analyse

L even here as this is sufficient for our explanation of the different phases of the

3-state model on the self-dual line, but odd L can be considered analogously.
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j E Eg Degeneracy (QXX, k) Z2
0 −2 cosec

(
π
L

)
0 1 (0, 0) 0

1 −2 cot
(
π
L

) 1
4 2 (±1

2 , 0) 1
2 −2 cosec

(
π
L

)
+ 8 sin

(
π
L

)
1 6 (±1, 0), 2× (0, π), (0,±2π/L) 0

3 −2 cot
(
π
L

)
+ 4 sin

(2π
L

) 5
4 8 (±1

2 ,±
2π
L

), (±1
2 , π ±

2π
L

) 1

Table 5.2: The lowest energy states in the XX model for lattice length L = 4l and J = 1.
j specifies the jth excited level, E the exact energy, and Eg the gap from the ground-state
energy, normalised by dividing by 8 πL and ignoring corrections at O(1/L). The degeneracy
of each level is given, along with the U(1) charge and momentum (QXX, k) and the fermion
parity Z2. For J = −1 and L = 4l the results are identical. For L = 4l + 2 and J = 1,
Z2 is reversed, while for L = 4l + 2 and J = −1, Z2 is reversed and the resulting Z2 = 1
states pick up a change in momentum ∆k = π.

Focusing on even L, we start with the case of an even number of fermions

and hence k = ±π/L,±3π/L, ...,±(π − π/L). For L = 4l, ±π/2 are not allowed

values and hence there is a unique ground state. For both J > 0 and J < 0, this

ground state has momentum 0 and energy

E0
L=4l,Z2=0 = −2J

L
4−

1
2∑

n=−L4 + 1
2

cos
(

2nπ
L

)
(5.73)

= −2|J |cosec (π/L), (5.74)

where Z2 measures the fermion number parity modulo 2. Taking J > 0, the

lowest single-particle energy excitations are fermions at k = ±(π/2 + π/L) or

holes at k = ±(π/2 − π/L). As we must retain an even number of fermions,

there are 6 first-excited states, corresponding to choosing 2 of the 4 possible

excitations. Each of these has energy

E1
L=4l,Z2=0 = −2|J | cosec (π/L) + 8 sin(π/L). (5.75)

We see that there are states with QXX = ±1 and k = 0, along with a pair with

QXX = 0 and k = π, and states with QXX = 0 and k = ±2π/L. Repeating

this for J < 0, we find exactly the same results due to the symmetry of the

spectrum under k → π − k.

Considering instead L = 4l + 2, the same no longer holds. We now have two

ground states in the Z2 = 0 sector as we have a pair of fermions with k = ±π/2.
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In the ground state, we either have both of these or neither of these, and so have

degenerate ground states of energy

E0
L=4l+2,Z2=0 = −2|J | cot (π/L) (5.76)

and k = 0. We can find excited states in the same way as for L = 4l, by considering

adding/removing pairs of particles.

So far we have only looked at even fermion number. Switching to odd fermion

number, we have PBC in fermions, giving momenta k = 0,±2π/L, ...,±(π−2π/L), π.

Doing the analogous calculation to the one for even fermion number, we find that

the momenta and energies of the low-lying excitations just swap from L = 4l ↔

L = 4l+ 2. There is one key difference though: the presence of the k = 0 and k = π

fermions. Unlike every other fermion, these are unpaired with a corresponding

fermion with the opposite momentum, giving a shift of ∆k = 0 and ∆k = π to

the total momentum of every state, respectively. This is no problem for J > 0

as here this just gives a shift of ∆k = 0, but for J < 0 it results in a shift of

∆k = π. These results are summarised in Table 5.2.

The final task is to find how these fields fit into the CFT. At the XX point

the boson radius is 1 and the partition function is

ZXX = 1
ηη̄

∑
m,n∈Z

q
1
8 (m+2n)2

q̄
1
8 (m−2n)2

. (5.77)

We know that m corresponds to QXX and so, to make the partition function

consistent with the momenta of the states on the lattice, we see that states pick up

momentum ∆k ≈ nπ, with momentum again defined modulo 2π. To understand

where this fits in, we consider Figure 5.6, which shows the energies of the different

fermions for L = 4l with an even number of fermions. The ground state is shown in

(a) and has all levels filled up to the Fermi surface, with none filled above it. The

lowest energy state with electric charge m and magnetic charge n in the CFT can

then be thought of as the state with the m + n lowest levels with k > π/2 filled

above the Fermi sea and m−n for k < −π/2. If m+n is negative, this corresponds

to making holes at the −(m + n) levels closest to k = π/2 with k < π/2, and
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Figure 5.6: The fermion energy levels of the XX model with J = 1 and L = 4l are
plotted against the momentum, k. A full yellow circle denotes a fermion, while an empty
green circle is an absent fermion. The red dashed line denotes the Fermi energy of 0. In
(a), the ground state is shown, where all levels below the Fermi surface are filled and
none above it. In (b) a further two fermions have been added in the lowest energy states,
corresponding to m = 2, n = 0 and giving momentum k = 0. In (c) one fermion has been
taken from the left-hand side to the right, corresponding to m = 0, n = 1 and k = π. In
(d) one fermion has moved to a higher energy state on its own side, corresponding to L−1
acting on the identity in the CFT and k = 2π/L.

analogously for m − n around k = −π/2. This can be interpreted as increasing

m by 2 adds two fermions, while increasing n by 1 moves one fermion from k < 0

to k > 0. Thus, we see where the factor of ∆k ≈ nπ appears from – moving n

fermions from k ≈ −π/2 to k ≈ π/2 increases the momentum by ∆k ≈ nπ.

The locations of the conformal towers are summarised in Table 5.3, explaining

the momenta of the towers at the AFP point. We also see where the factor of

k = (L/2 + m)π in doing the transformation from J > 0 to J < 0 appears from.

This is necessary to ensure the sector with an odd number of fermions (m even for

L = 4l and m odd for L = 4l + 2) picks up the appropriate factor of π.

We see that, for J < 0, as is the case for the AFP point, there is a factor of

(m + n)π. As the (3/4, 3/4) operators have m = ±3, n = 0 or m = 0, n = ±1,

they always have momentum π relative to the identity, showing that they are

disallowed from the perturbation, thus stabilising the phase along the self-dual

line around the AFP point in Figure 4.1.
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L modulo 4 J > 0 J < 0
0 nπ (m+ n)π
2 nπ (m+ n+ 1)π

Table 5.3: The “centre” of momentum for each of the towers for L even, with all
momenta defined modulo 2π. The highest weight state does not have the momentum
given as it has spin mn, but the towers will be close to these values.

The final task we have is to address the CFT at the supersymmetric point

H1 and its stability, which we do next.

5.9 Why this particular c = 3/2 theory?

In Section 4.9 we claimed that the integrable point H1 was described by a CFT

of central charge c = 3/2 with radius R =
√

3 on the self-affine line in Ginsparg’s

conventions [75]. While the value of c is natural given the underlying supersymmetry

and the U(1) symmetry (U(1) implies a boson and coupled with supersymmetry

this suggests a fermion too, giving c = 1 + 1/2), this radius and orbifold seem more

arbitrary. We will see though, using an argument similar to that at the c = 1 point

presented in Section 4.7, that this is in fact the only possible theory.

Under duality, the boson partition function exchanges m↔ n, as at the c = 1

point. The duality of the fermion manifests itself as the Ising duality to be explained

now. The Ising CFT is normally described as having three primary fields with

weights 0, 1/16 and 1/2, respectively, giving a partition function of

ZIsing = |χ0|2 + |χ1/16|2 + |χ1/2|2. (5.78)

The (0, 0) and (1/2, 1/2) operators transform into themselves under duality (up to

a relative sign), but the (1/16, 1/16) operator transforms to another (1/16, 1/16)

operator which is non-local and hence not in the partition function [16]. For the

partition function of the combined boson and fermion to be well behaved under

duality, a second (1/16, 1/16) field will thus have to be introduced.

The situation is further complicated by the off-dual behaviour of the model. As

we have seen, the model around HADP =
∑

j(τj + τ †j ) is described by a bosonic CFT
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of central charge c = 1, but along the U(1) line those states with U(1) charge Q

(4.36) odd are gapped (at least for L even).5 This continues until the c = 3/2 point.

On the other side of the c = 3/2 point we have another c = 1 CFT, but this time

all U(1) sectors are gapless. We must somehow explain this behaviour.

We start by considering the boson partition function

Γ(R) = 1
ηη̄

∑
m,n

q
1

8R2 (m+2R2n)2

q̄
1

8R2 (m−2R2n)2

, (5.79)

where m and n are integers. As Dixon, Ginsparg and Harvey showed [142], when we

consider supersymmetric CFTs with c = 3/2, the possible bosonic parts generalise

to Γ±, Γ±δ , where + indicates m ∈ 2Z, − indicates m ∈ 2Z + 1 and δ means

n ∈ Z + 1/2, rather than Z, as is the case for Γ±. The different Γ pair with

different parts of the fermion partition function, hence why n ∈ Z + 1/2 is now

allowed, as non-integer bosonic spin can be cancelled by non-integer fermionic

spin. Expanding them explicitly, we find

Γ(R) = Γ+(R) + Γ−(R), (5.80)

Γ(R/2) = Γ+(R) + Γ+
δ (R). (5.81)

This is a particularly useful pair of relations as we require a lattice charge of 2

to correspond to m = 1 on one side of the self-dual line (the side connected to

H =
∑

j(τj+τ
†
j )) and tom = 2 on the other (the side connected toH =

∑
j(σ
†
jσj+1+

σjσ
†
j+1)). This works for Γ(R/2) on the H =

∑
j(τj +τ †j ) side and Γ(R) on the other.

We can set the value of R as we did on the c = 1 side by requiring invariance

of the Z3 = 0 sector. From

ΓZ3=0(R/2) = 1
ηη̄

∑
m′,n

q
1

8R2 (6m′+R2n)2

q̄
1

8R2 (6m′−R2n)2

, (5.82)

Γ̃Z3=0(R) = 1
ηη̄

∑
m′,n

q
1

8R2 (3n+2R2m′)2

q̄
1

8R2 (3n−2R2m′)2

, (5.83)

where Γ̃ is the dual of Γ, we see that ΓZ3=0(R/2) = Γ̃Z3=0(R) sets R =
√

3.
5This can be understood as an odd Q (for L even) requires an odd number of states in the

∣∣0̂〉
state, but these are gapped for HADP. By continuity, these states remain gapped until a phase
transition occurs.
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We now need to work out how to use the fermion to stitch the two boson

partition functions (5.80 and 5.81) together. In particular, we need Γ−(R) present

on one side and Γ+
δ (R) on the other. The answer comes by coupling one to the

(1/16, 1/16) field and the other to its dual. Taking one of the (1/16, 1/16) fields to

be the physical field on one side of the self-dual line, this removes the other from

the CFT. As they are duals of each other, the role of the physical field switches

under the action of duality, i.e. going from one side of the self-dual line to the other.

Requiring all of the above and comparing with the complete classification of

Dixon, Ginsparg and Harvey [142], leaves us with a single superconformal field

theory with c = 3/2, Zs-a
(√

3
)
, as given in Equation 4.52 and repeated here:

Zs-a(R) = 1
2

(∣∣∣∣θ3

η

∣∣∣∣+
∣∣∣∣θ4

η

∣∣∣∣)Γ+ + 1
2

(∣∣∣∣θ3

η

∣∣∣∣− ∣∣∣∣θ4

η

∣∣∣∣)Γ−δ + 1
2

∣∣∣∣θ2

η

∣∣∣∣ (Γ− + Γ+
δ

)
.

In terms of the fermion fields, the theta functions correspond to

1
2

(∣∣∣∣θ3

η

∣∣∣∣+
∣∣∣∣θ4

η

∣∣∣∣) :
(

0, 0
)

+
(

1
2 ,

1
2

)
and descendents, (5.84)

1
2

(∣∣∣∣θ3

η

∣∣∣∣− ∣∣∣∣θ4

η

∣∣∣∣) :
(

1
2 , 0
)

+
(

0, 1
2

)
and descendents, (5.85)

1
2

∣∣∣∣θ2

η

∣∣∣∣ :
(

1
16 ,

1
16

)
and descendents. (5.86)

All fields in the free-fermion CFT can be found by considering fermion modes acting

on either (0, 0) or (1/16, 1/16), the ground states of the model with antiperiodic and

periodic boundary conditions in the fermion model, respectively [15, 16]. For (0, 0),

half-odd-integer modes ψ−(n−1/2) can be applied, for n = 1, 2, ..., increasing the

holomorphic weight by n+1/2, while ψ̄−(n−1/2) does the same for the antiholomorphic

part. Applying an even number of modes to the ground state gives a state in

Equation 5.84, while an odd number gives a state in Equation 5.85.

For (1/16, 1/16), the modes have integer values instead: ψ−n, for n = 1, 2, ...

(and the same for ψ̄−n). The tower generated by these modes then corresponds

to Equation 5.86. There is an additional zero mode ψ0 which maps between

the two (1/16, 1/16) towers.

We then have the interpretation that, off the self-dual line, the fermion gaps

out and applying any fermion mode to the ground state in either of the fermion
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sectors gaps the system. This completely removes Γ−δ from the partition function

and takes us down to a single copy of Γ+, along with either Γ− or Γ+
δ . If we

perturb towards HADP =
∑

j(τj + τ †j ), we take the (1/16, 1/16) ground state to be

the one coupled to Γ+
δ and the fermion zero mode gaps out Γ−, while perturbing

towards H =
∑

j(σ
†
jσj+1 + σjσ

†
j+1) takes the other (1/16, 1/16) field to be the

ground state by duality and gaps out Γ+
δ instead.

5.10 Perturbing from the c = 3/2 point

Now that we have found the partition function of the CFT at the supersymmetric

point H1, we can find the momenta of the states on the lattice corresponding to the

different fields. As mentioned in the previous section and indicated in Figure 5.5, this

point is connected to the XXZ model found by perturbing from HADP =
∑

j(τj + τ †j )

and so we might expect the momentum dependence to be as in the second column

of Table 5.3. This is not quite the case and is explained by noting that the boson in

the supersymmetric theory has radius R =
√

3, while the one in the infinitesimally

off-critical theory has radius R =
√

3/2, from Equation 5.81. This has the effect of

taking n → n/2 and m → 2m, meaning that we now have a factor of 2nπ in the

momentum, where again the momentum is only defined modulo 2π. On top of this,

duality requires us to get a factor of mπ from the electric charge as can be seen from

approaching the supersymmetric point from the other direction. Combining these,

we see that conformal towers will be based at momentum k ≈ ([m+2n] modulo 2)π.

Now that we know the momenta of the states, our next task is to find which

relevant operators can contribute to perturbations of the supersymmetric Hamil-

tonian. Before addressing the fields themselves, we first list the symmetries and

how each exhibits itself in the CFT. The Z3 charge, r, is the value of m modulo

3 in the boson + fermion (B + F) picture, and is the Z3 charge of the Potts

field in the TCI + Potts (TCI + P) language. The only fields with non-zero r

in the Potts picture are (1/15, 1/15) and (2/3, 2/3), along with their descendants,

each of which can have r = 1 or 2.
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Next, we have the momentum, k, as we discussed above. For a field of spin s = 0,

this is k = 0 or π. In the B + F picture, k = (m+ 2n)π, while, for consistency, it

is specified by the Z2 charge of the TCI field in the TCI + Potts language. If the

TCI field is (3/80, 3/80) or (7/16, 7/16), or a descendant of either of them, k = π,

otherwise k = 0. Fields of spin s then have momentum differing by 2πs/L from

k = 0 or k = π, depending on where the tower they are part of is centred.

Finally, we have duality. Throughout this thesis we have talked about a duality

between operators. In fact, as well as the duality we have mentioned before,

D : τj → σ†jσj+1, σ†jσj+1 → τj+1, (5.87)

there is a second duality, related by parity symmetry to the first [125]. This is

D′ : τj+1 → σ†jσj+1, σ†jσj+1 → τj. (5.88)

As duality takes the r = 1, 2 sectors to twisted sectors [139], we only consider

duality for r = 0.

To determine the action of duality, we rely on numerical data. Taking the

boson and fermion picture first, we see that it must act on both parts. From the

duality breaking model, we know it must act on the boson, and if it did not act

on the fermion then the fermion bilinear (1/2, 1/2) would be relevant and cause a

transition as we vary θ from π/2. In fact, this is the very perturbation that gaps

out the fermion when we break duality, as it adds an Mψψ̄ fermion mass term to

the action, and causes a transition to the c = 1 model.6

There is, of course, ambiguity as to which way round we label D and D′, so we

choose

D : m↔ −n,
(

0, 1
2

)
→
(

0, 1
2

)
,

(
1
2 , 0
)
→ −

(
1
2 , 0
)

; (5.89)

D′ : m↔ n,

(
0, 1

2

)
→ −

(
0, 1

2

)
,

(
1
2 , 0
)
→
(

1
2 , 0
)

; (5.90)

where the final two expressions on each line ignore the bosonic parts of the weights.

Both dualities exchange the electric and magnetic fields, with the extra minus sign
6If perturbed in the direction of the ADP model (5.41), this c = 1 model is the continuation of

the XXZ phase, as indicated in Figure 5.5.
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in D present due to the ambiguity of the sign of the charge, while D gives the

fermion ψ = (1/2, 0) a minus sign but leaves ψ̄ = (0, 1/2) invariant, and D′ does

the reverse. Both dualities then give the fermion energy field ψψ̄ = (1/2, 1/2) a

minus sign, agreeing with it being a forbidden perturbation along the self-dual line.

For consistency between the B + F and TCI + P pictures, we see that duality

affects only the Potts part in the TCI + P language. Neither duality changes

0 or 7/5, but (2/5, 0) and (3, 0) are odd under D, while (0, 2/5) and (0, 3) are

even, with the reverse true for D′.

We now use these symmetries to find which of these operators are allowed

relevant perturbations. Each relevant and marginal field that appears in the

partition function (4.52) (or, equivalently, 4.54) is listed in Table 5.4, along with

its eigenvalues for different symmetries. The spin, s, and Z3 charge, r, are not

listed as they can be determined from the momentum k and duality behaviour

(D,D′) respectively: s = (L/2π) × (k modulo π), and r = 0 if duality is well-

defined, while it is r = 1, 2 for duality unspecified. For each duality, “+” means

the field is even, while “−” denotes it is odd, and “·” it is unspecified under both

dualities and hence has r = 1, 2. In the table, h′ corresponds to the Virasoro

generator L−1 acting on h (h′ ≡ L−1h), while h′′ ≡ L−2h, with analogous definitions

for the antiholomorphic parts.

As stated earlier, ignoring the identity, the most relevant field obeying every

symmetry, but not duality, is the field (0 + 1/2, 0 + 1/2) in the B + F picture,

corresponding to adding a mass to the fermion and breaking the c = 3/2 CFT

down to a c = 1 CFT. This field is odd under both dualities and so the allowed

fields with the lowest dimension all have ∆ = 2. Imposing parity symmetry,

there are then 3 marginal operators with weights (2, 0) + (0, 2). In the B + F

picture, these are the boson stress-energy tensor combined with the fermion identity,

(0′′+0, 0+0)+(0+0, 0′′+0), the fermion stress-energy tensor combined with the boson

identity, (0+0′′, 0+0)+(0+0, 0+0′′), and (3/2+1/2, 0+0)+(0+0, 3/2+1/2). In the

TCI + P language, these are the TCI stress-energy tensor combined with the Potts

identity (0′′+0, 0+0)+(0+0, 0′′+0), the Potts stress-energy tensor combined with the
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∆ k TCI+P B+F [m,n] (D,D′)
0 0 (0+0,0+0) (0+0,0+0) [0,0] (+,+)
5
24 π ( 3
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3
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24 + 1

16 ,
1
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1
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2 +0, 1
10 + 2

5) (3
2 +0,0+ 1

2) [3,12 ]+[−3,−1
2 ] (+,−)

2 2π
L

( 1
10 + 7

5 ,
1
10 + 2

5) (1+ 1
2 ,0+ 1

2) [0,0] (+,−)

( 1
10 + 2

5
′
, 1
10 + 2

5) (3
2 +0,0+ 1

2) [3,12 ]−[−3,−1
2 ] (−,−)

( 1
10
′+ 2

5 ,
1
10 + 2

5) (0+ 1
2
′
,0+ 1

2) [0,0] (−,−)
(0′′+0,0+0) (0′′+0,0+0) [0,0] (+,+)
(0+0′′,0+0) (0+0′′,0+0) [0,0] (+,+)

2 4π
L

(3
5 + 7

5 ,0+0) (3
2 + 1

2 ,0+0) [3,12 ]−[−3,−1
2 ] (+,+)

(3
5
′+ 2

5 ,0+0) (3
2 + 1

2 ,0+0) [3,12 ]+[−3,−1
2 ] (−,+)

(3
5 + 2

5
′
,0+0) (1′+0,0+0) [0,0] (−,+)

Table 5.4: The relevant and marginal fields for H1 with spin s ≥ 0. The dimension, ∆,
and momentum, k, are given along with the behaviour under the dualities of Equations
5.87 and 5.88. Each field is given in terms of its TCI + Potts (TCI + P) fields, along
with its Boson + Fermion (B + F) fields and the bosonic electric and magnetic charges
[m,n]. If duality is well-defined, the Z3 charge is r = 0, otherwise there are fields with
both r = 1, 2. The spin, s, is given by k modulo π.
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TCI identity, (0+0′′, 0+0)+(0+0, 0+0′′), and (3/5+7/5, 0+0)+(0+0, 3/5+7/5).

The representation of these TCI + P fields in terms of the B + F fields is an

interesting question and will be studied in a future work [143].

Perturbing along the self-dual line, we can add in the three marginal operators

described above. The Potts and TCI stress-energy tensors will just change the

relative Fermi velocities of the two parts. The third operator is presumably the

reason why the lattice model is not fully described by a change in Fermi velocity

between the Potts and TCI parts. The precise behaviour of this operator will

be investigated in a future work [143].

As we perturb along the self-dual line, we could expect the dimensions of fields

to change. Indeed, for generic fields this will be the case, but as the spin s is fixed

to take integer values, it must stay constant along the flow. As all the allowed

marginal operators have s = 2, they can never become relevant. The least irrelevant

allowed operators with spin s < 2 are a pair of s = 0 fields with dimension ∆ = 3:

(3/2 + 0, 3/2 + 0) and (1/10 + 7/5, 1/10 + 7/5) in the TCI + P language. When

these (or any other allowed irrelevant operators) flow to have dimension ∆ < 2,

we would expect a transition and the phase to end, but this will not happen in

a finite region around the supersymmetric point.

5.11 Conclusions and outlook

In this chapter we have investigated some off-critical properties of the 3-state

model. In the first half, we perturbed around the multicritical point −H1 and found

four gapped phases, each with a frustration-free point. Along with the well-known

ordered and disordered Potts phases, there were not-A and RSPT phases. We then

used a field theory analysis to determine the transitions between these phases to

be second order and in the universality class of the Potts CFT.

The not-A phase is particularly interesting. It has the same degeneracy as the

ordered Potts phase, suggesting it could be useful in the description of topological

parafermion phases [47]. Whether this not-A behaviour is present in any physical

materials is an interesting question going into the future.
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The connection between the frustration-free points and the conformal bound-

ary conditions of the critical two-dimensional classical Potts model is another

fascinating question [163, 164]. Clearly this is no coincidence, but precisely what

the significance of this result is escapes us for the moment. Hopefully, future

work will enlighten us on this.

The second half focused on perturbing from the exactly solvable point HADP =∑
j(τj + τ †j ). We found an XXZ description around this point, allowing us to

explain the momenta of different states in the AFP and “c = 3/2” phases of

Chapter 4. This description also explained the CFT description at H1 and the

behaviour as we perturb from this point.

The XXZ picture breaks down in the incommensurate regions separating the

XXZ models with positive and negative XX parts, but we hope that improved

numerical techniques in the future may lead to a better understanding of these phases

and, hopefully, their extensions to the self-dual line. There are other regions of the

off-critical diagram not yet fully explained either – for example, how does the RSPT

phase transition to the XXZ phase (or is there some intermediate phase)? Once again,

this has proved to be too numerically challenging a problem to solve at the moment.
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6.1 Conclusions

In this thesis we have considered short-range interactions obeying the symmetries

of the Ising and three-state Potts models, the natural playgrounds for Majorana

fermions and parafermions, respectively. In these very simple models, we have found

many exotic phases displaying a huge range of properties, from the standard Ising

and Potts critical phases, to order-disorder coexistence, RSPT order, and many more.

CFT has played a vital role throughout in explaining our numerical results,

but a key point of this thesis has also been finding lattice models which have

particular CFTs as their continuum limits, allowing us to understand the field

theories themselves better. The pointH1 (4.34) in particular has proved enlightening

for this, giving us a lattice realisation of the highly unusual CFT with two different

representations, Zs-a(
√

3) [142].

Perhaps the biggest take-away from this work is the importance of duality.

Not only does it allow us to locate the positions of transitions between duality-

127
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breaking phases as mentioned in the introduction, but it also allows us to constrain

the very transitions these can be, as shown in Chapters 4 and 5. In terms

of Majoranas and parafermions this mapping becomes even more significant,

demonstrating the complex behaviour expected from these emergent degrees of

freedom in physical systems.

Throughout this thesis we have mentioned the open questions still left by this

work and the potential future directions others could take. There are certainly prac-

tical applications of these results, potentially in the field of quantum computation

[41], but there are also many theoretical problems unsolved. Firstly, what else can

we learn about CFTs from these results? We have solved some mysteries, but many

still remain, such as how the Onsager symmetry fits into the conformal group and

how the fields for Zs-a(
√

3) match up between the different representations.

We could also ask what happens for q-state Potts models with q > 3. Having

seen such rich structure for q = 2 and 3, it seems difficult to believe that even

more exotic phases do not exist as we take more states per site. We do not know

exactly what happens for arbitrary off-critical points of HDB(J, f, λ1) (5.1) either,

or in the incommensurate regions of Figure 4.1.

Some of these problems have not been solved due to a lack of time, while for

others the available computational power is not yet up to the task. We hope that in

the future all of these mysteries will be solved, and yet more weird and wonderful

physics will be discovered in these models.
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A
TCI transitions for different perturbations

We now return to the mystery mentioned earlier: why does the Rahmani model

(3.10) have its TCI transition at a ratio of couplings three orders of magnitude

larger than our model (3.11)? To gain some intuition as to which of these is

the “odd one out” we consider the other four-Majorana interaction which is just

next-nearest-neighbour in terms of spins. Recalling that the Rahmani and our

perturbations were, respectively,

HR =
∑
a

γa−1γaγa+1γa+2, (A.1)

H3 = −
∑
a

γa−2γa−1γa+1γa+2, (A.2)

we consider the perturbation

Hy =
∑
a

(γa−2γaγa+1γa+2 − γa−2γa−1γaγa+2) (A.3)

=
∑
j

(
σzj−1σ

y
jσ

x
j+1 + σxj−1σ

y
jσ

z
j+1 − σ

y
j−1σ

z
j+1 − σzj−1σ

y
j+1
)
.

Recalling our Ising Hamiltonian,

HI =
∑
a

iγaγa+1, (A.4)
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Figure A.1: Locations of the TCI transition for λ3 as a function of λR (blue dots) or
λy (orange crosses), with the other coupling set to 0.

we write down the full Hamiltonian of the Ising model perturbed by its next-nearest-

neighbour (in spins), Z2 and chirally symmetric Hamiltonian as

H(λI , λ3, λR, λy) = 2λIHI + λ3H3 + λRHR + λyHy. (A.5)

To demonstrate the effect of adding HR and Hy, we plot the location of the TCI

transition for different couplings in Figure A.1. The position of the TCI transition is

given as a function of λ3 versus λR (blue dots) or λy (orange crosses), with the other

of λR or λy set to 0. As can be seen, increasing λR in fact increases the value of λ3

needed for the transition (at least for λ3 of O(1)), while increasing λy decreases the

necessary λ3. The transition with λ3 = 0 is again at λy of O(1), showing that H3

and Hy behave qualitatively similarly, while HR appears to be the anomalous one.

Why HR should behave differently was an unsolved question until recently when

Aasen et al. came up with a beautiful explanation [41], which we now summarise

briefly. They first went to momentum space, writing

γa =
√

2√
N

∑
k

eikaγk, (A.6)
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where {γk, γ′k} = δk,−k′ , γk = γ†−k and N is the number of Majoranas. This

transforms HI into

HI =
∑
−π<k<0

ε0(k)γ†kγk, (A.7)

where ε0(k) = 4| sin(k)| is the energy cost of a single particle excitation at momentum

k (γ†kγk = 1, rather than 0 for −π < k < 0).

To take account of the interactions HR, H3 and Hy, Aasen et al. studied the

kinetic energy renormalisation through a rewriting of the interactions, similar to

normal ordering. To do this, they rewrote the four-fermion interaction terms such

that all terms other than constants and Majorana number operators (γ†kγk) have

vanishing matrix elements on the subspace of zero- and one-particle excitations.

For a general translation invariant interaction with four fermions, the calculation is

δH = U
∑
a

γa+µγa+νγa+σγa+ρ

= 4U
N2

∑
a

∑
k1,...,k4

ei(k1(a+µ)+k2(a+ν)+k3(a+σ)+k4(a+ρ))γk1γk2γk3γk4

= 4U
N2

∑
a

∑
−π<k1,...,k4<0

(
eik1(a+µ)γk1 + e−ik1(a+µ)γ†k1

)(
eik2(a+ν)γk2 + e−ik2(a+ν)γ†k2

)
×
(
eik3(a+σ)γk3 + e−ik3(a+σ)γ†k3

)(
eik4(a+ρ)γk4 + e−ik4(a+ρ)γ†k4

)
= 4U
N2

∑
a

∑
−π<k1,...,k4<0

[
ei(k1+k2−k3−k4)aei(µk1+νk2−σk3−ρk4)γk1γk2γ

†
k3
γ†k4

+ ei(k1−k2+k3−k4)aei(µk1−νk2+σk3−ρk4)γk1γ
†
k2
γk3γ

†
k4

+ ei(k1−k2−k3+k4)aei(µk1−νk2−σk3+ρk4)γk1γ
†
k2
γ†k3
γk4

+ ei(−k1+k2+k3−k4)aei(−µk1+νk2+σk3−ρk4)γ†k1
γk2γk3γ

†
k4

+ ei(−k1+k2−k3+k4)aei(−µk1+νk2−σk3+ρk4)γ†k1
γk2γ

†
k3
γk4

+ ei(−k1−k2+k3+k4)aei(−µk1−νk2+σk3+ρk4)γ†k1
γ†k2
γk3γk4 + ...

]
= 4U
N2

∑
a

∑
−π<p,q,r<0

[
−e−i(p−r)aei(µp+νq−σq−ρr)γ†rγp + ei(q−r)aei(µp+νq−σp−ρr)γ†rγq

+ ei(p−r)aei(µp+νq−σr−ρq)γ†rγp − ei(q−r)aei(µp+νq−σr−ρp)γ†rγq

− ei(q−r)aei(µp−νp+σq−ρr)γ†rγq − ei(p−q)aei(µp−νq+σr−ρr)γ†qγp
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+ ei(r−q)aei(µp−νq+σr−ρp)γ†qγr + ei(r−q)aei(µp−νp−σq+ρr)γ†qγr

− ei(r−q)aei(µp−νq−σp+ρr)γ†qγr + ei(q−p)aei(−µp+νq+σr−ρr)γ†pγq

− ei(r−p)aei(−µp+νq+σr−ρq)γ†pγr + ei(r−p)aei(−µp+νq−σq+ρr)γ†pγr

]
+ ...

= 4U
N

∑
−π<s,t<0

[
ei((µ−ρ)s+(ν−σ)t) + ei((ν−ρ)s+(µ−σ)t) + ei((µ−σ)s+(ν−ρ)t)

− ei((ν−σ)s+(µ−ρ)t) − ei((σ−ρ)s+(µ−ν)t) − ei((µ−ν)s+(σ−ρ)t)

+ ei((σ−ν)s+(µ−ρ)t) + ei((ρ−σ)s+(µ−ν)t) − ei((ρ−ν)s+(µ−σ)t)

+ ei((ν−µ)s+(σ−ρ)t) − ei((σ−µ)s+(ν−ρ)t) + ei((ρ−µ)s+(ν−σ)t)
]
γ†sγs + ...

≡
∑
−π<s<0

δε(s)γ†sγs + ...,

The first line is just the expression for the interaction. The second line rewrites

this in terms of momentum space fermions, as defined in Equation A.6. The third

line moves everything into Majoranas and conjugates with negative momenta. The

fourth line expands this out, keeping only the terms with two Majoranas and two

conjugates as all other terms will vanish on the subspace of zero- and one-particle

excitations. The fifth line moves all conjugates to the left and drops constant terms

and those that vanish in the subspace of zero- and one-particle excitations. The

sixth line performs the sum over a. The seventh line gives the definition of δε(k).

To make further progress we note that, if our k values, and hence our s and t,

can be k = −π + π/N, π + 3π/N, ...,−3π/N,−π/N , as expected for antiperiodic

boundary conditions in fermions,

∑
k

eink = i (1− (−1)n)
2 sin

(
nπ
N

) . (A.8)

We can then perform the sums over t and arrive at our final answers.

Starting with the easiest case of the Ising interaction, we have µ = 0, ν =

1, σ = ρ = 2. With U = i, this gives

δεI(k) = −4 sin k = −4k +O
(
k3) , (A.9)
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where in the final equality we have taken k close to 0. If k is near π instead,

replacing k by π − k produces the correct result.1

Turning now to the Rahmani interaction, we have µ = −1, ν = 0, σ = 1,

ρ = 2, giving

δεR(k) = −4UR
N

[(
4

sin(π/N) + 2
sin(3π/N))

)
sin k + 2

sin(π/N) sin(3k)
]

(A.10)

= −128
3π UR

[
k +O

(
k3,

k

N2

)]
, (A.11)

We see that there is a strong correction to the velocity from the Rahmani interaction.

Considering instead our interaction, we have µ = −2, ν = −1, σ = 1,

ρ = 2, resulting in

δε3(k) = −16U3

N

[
1

sin(π/N) sin k − 1
sin(3π/N) sin(3s)

]
(A.12)

= −64U3

3π k

[(
π2

N2 − k
2
)

+O(N−4, N−2k2, k−4)
]
, (A.13)

showing that the linear term is suppressed by a factor of 1/N2 and the largest

terms are of size k3.

Due to the minus sign in the final interaction, Hy, δεy(k) vanishes at all orders

in this approximation.

We now see the difference between the Rahmani interaction and the other two -

it boosts the low energy Ising terms as well as providing other effective couplings.

This explains why the transition needs such a strong λR relative to λ3 and λy.

1Of course, in the Ising case this is exact and the lengthy calculation was not needed, but we
include it to show consistency!
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