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Abstract

In this thesis exotic phases of models preserving the symmetries of the one-
dimensional quantum Ising and three-state Potts chains are considered, the natural
habitats of Majorana fermions and parafermions, respectively. Along with numerical
techniques, conformal field theory (CFT) is used to study the resulting physics.

Chapter 1 gives an introduction to the field and explains the basics of the
numerical techniques to be used throughout the thesis. CFT is briefly introduced
in Chapter 2 before the key results necessary for the thesis are given.

In Chapter 3, self-dual interactions are added to the critical Ising model, giving
a range of different phases. A tricritical Ising point separates the Ising phase
from an order-disorder coexistence phase on the chirally symmetric line, while
a supersymmetric line provides the transition to an incommensurate phase in
the general model. The model is solved exactly on a free-fermionic line giving
insight into the points where only numerical analysis can be performed. This is
supplemented by Appendix A, where the qualitative difference between similar
perturbations is considered.

Chapters 4 and 5 consider models with the symmetries of the three-state Potts
model. Various phases are found including an order-disorder coexistence phase,
a second critical Potts phase, a “not-A” phase, and a representation symmetry
protected topological phase. The effect of lattice momentum on the stability of
phases and the connection with conformal field theory operators is studied. Lattice
realizations of several CFTs are found, such as the tricritical Potts CFT and a
CFT expressible in two different forms, either in terms of a boson and fermion,
or Potts and tricritical Ising CF'Ts.
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1.1 Introduction

Since the advent of statistical mechanics, symmetries have been critical to
the solution of problems in the field. When working out an effective model for a
physical system, the first step is often to determine the underlying symmetries (both
exact and approximate) to give a list of the possible interactions to be considered.
Early developments in the field then considered only the shortest-range interactions
consistent with the symmetries of the system to get a rough qualitative understanding
of the physics of the system, such as the Ising and Heisenberg models [1-3].

These models are then typically split into phases, in which they behave qualita-
tively similarly, regardless of small changes in the coupling strengths or temperature.

Most of even the simplest models have very different phases of matter depending
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on the coupling strengths and temperature. To distinguish between phases, an
order parameter is typically introduced, with qualitatively different values in the
different phases. As an example, consider the classical Ising model in two spatial
dimensions, taken to be the (z,y) plane. In this model there is a spin degree of
freedom at each lattice site which can point in either the 42z or —z direction, with
a ferromagnetic interaction favouring spins on neighbouring sites aligning. The
Ising model has an ordered phase at low temperature where energy considerations
dominate and spins tend to align, even over long-distance scales, and a disordered
phase at high temperature where entropy dominates and spins far away from each
other are uncorrelated. The order parameter in this case is the magnetisation (the
average value of the spin in the z-direction), with non-zero magnetisation in the
ordered phase and vanishing magnetisation in the disordered phase.

An interesting question is then how and at what values of the couplings and
temperature we transition from one phase to another. Most transitions can be
split into two classes: first-order and second-order. First-order transitions have a
latent heat and lead to phase coexistence as heat is added to a system at constant
temperature, such as when ice melts to water. In these transitions correlation lengths
remain finite, meaning that particles far apart in the system remain uncorrelated.

Second-order transitions are continuous phase transitions in which the correlation
length diverges to infinity, meaning that correlators between particles obey a power-
law, rather than exponential, decay with separation distance. An example of
this occurs in the two-dimensional Ising model as it is tuned through its critical
temperature. On one side of the second-order transition a symmetry is spontaneously
broken, while on the other it is preserved.!

While the exact nature and location in parameter space of phase transitions
are very important pieces of information in the study of physical systems, their
determination is by no means trivial. In finding the location of the transition,

duality has proved a key concept [7]. Duality corresponds to reparameterising

!Some transitions are also infinite-order, which are continuous but break no symmetries.
The Berezinskii-Kosterlitz—Thouless transition in the two-dimensional XY and one-dimensional
quantum XXZ models is the classic example of this [4-6].
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variables to allow couplings to be exchanged in models. For example, in classical
systems it often allows a mapping between the high- and low-temperature phases
[7]. If such a duality exists, we know the transition must occur exactly at the
point invariant under the duality transformation, known as the self-dual point,
or we would necessarily have two transitions.

Duality may often help in determining the position of the transition, but it
does not tell us what type of transition we have. One might naively imagine
that the exact phase transitions would be completely different in different systems.
Fortunately, nature is kinder than this and second-order transitions can be split
into universality classes which have the same long-distance properties. The Landau
theory of phase transitions [8] goes some of the way to explaining universality by
writing the free energy of the system as a Taylor expansion of the order parameter
involving only terms consistent with the symmetries of the model. Thus models
with different order parameters can still have qualitatively similar expressions for
their free energies if their underlying symmetries are the same.

Universality really became a key concept with the introduction of the Renor-
malization Group (RG) by Wilson in the 1970s [9-11]. In the RG formulation,
perturbations away from a critical point are classified as relevant, marginal or
irrelevant, and the long-distance behaviour of the model depends only on the
relevant (and, possibly, the marginal) operators. Shorter-range interactions tend to
be more relevant, and so many models can reduce to the same long-distance field
theory. As we are typically concerned with physical systems with large numbers
of particles and want to understand the mesoscopic and macroscopic phenomena,
considering this long-distance behaviour is justified.

In the 1980s a further crucial development was made: the discovery of conformal
field theory (CFT) [12]. Along with the normal Lorentz invariance of translations,
boosts and rotations, CFTs also have scale invariance. This is a key feature
of second-order transitions as, when the correlation length diverges, the system
loses its sense of scale. Many second-order phase transitions are then described

by CFTs. CFT is particularly powerful in two-dimensional classical systems (or
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1+1-dimensional quantum systems) and this allows many continuum properties of
models undergoing second-order transitions to be understood.

While CFT tells us a lot about the long-distance behaviour of lattice models,
identifying the field theory in the first place is by no means a trivial task. Simple
models such as the critical Ising and three-state Potts model may have been classified
[12-16], but the behaviour as we perturb away is not necessarily fully understood. If
there is a relevant operator obeying the symmetries of the model and perturbation,
we know we will instantly transition to a different phase, but the CFT description
will be stable for at least an infinitesimal perturbation if there are only irrelevant
operators, giving extended critical phases. What these phases eventually transition
to is then not a simple question and will be the focus of much of this thesis.

Landau theory has proved to be very useful in the classification of phases of
matter, but it is by no means the end of the story. Topological order is also possible,
where systems with the same symmetries can behave qualitatively differently [6].
There are two types of topological order with slightly different properties: intrinsic
topological order and symmetry protected topological order. In systems with intrinsic
topological order the ground-state degeneracy depends on the topology of the
manifold on which it lives and this degeneracy is robust to any local perturbations
[17], with one of the first examples of this being the fractional quantum Hall
effect, discovered in 1982 [18, 19].

Intrinsic topological order is known not to exist in one dimension [20] and so,
we will not consider it further in this thesis, but symmetry protected topological
(SPT) order can. Here the topological phase is stable to any local perturbations
obeying the symmetry protecting the phase and extra quantum numbers, such as
the ground-state degeneracies with open boundary conditions or long-range “string”
order parameters, are added to distinguish between the phases [17, 21]. The classic
example of an SPT phase is the Haldane phase of the spin-1 antiferromagnetic
Heisenberg model [22, 23], which is stable as long as a Dy, time-reversal, or spatial

inversion symmetry is preserved.
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A very important potential use of topological phases has emerged in the
past 20 years in the field of quantum computation [24-27]. The potentially
revolutionary importance of quantum computers was realised on the discovery
of Shor’s factoring algorithm (with serious implications for cyber security) and
Grover’s search algorithm [28-31]. A major issue with quantum computation is
building stable memories and performing fault-tolerant computation. Unlike in
classical systems where bits can be copied at will to help protect against errors, the
no-cloning theorem prevents this for quantum bits (qubits) [32, 33]. This means
that qubits have to be stable to perturbations to ensure accurate computation. As
topological degrees of freedom cannot be changed by local perturbations, they
offer the desired stability.

This then leads us full circle back to our example of the Ising model. As well
as a description in terms of spin variables, the Ising model can be expressed as a
model of Majorana fermions [34], in which language the ordered phase is topological
[35]. Majorana modes appear in topological superconductors [35, 36] and Kitaev
materials [37, 38] and there is hope that these may provide a means of building a
quantum computer. In particular, the Kitaev material a-RuCls [39, 40] has been
touted as a promising candidate, with recent theoretical developments shedding
further light on how it could be used [41].

Majorana fermions may be well known to most theoretical physicists, but their
cousins, parafermions [42], are far less studied. As the Potts model is a generalisation
of the Ising model to a case with more than two states per site [13, 43], so are
parafermions a generalisation of Majoranas. This increased complexity makes them
more difficult to construct in real materials, but also leads to increased versatility
in what they could theoretically be used for [44-47].

The duality mentioned earlier in the Ising model becomes far more natural
in terms of Majoranas, as is the Potts duality in terms of parafermions. Instead
of corresponding to a mapping between couplings in the spin language, it be-

comes translation invariance in Majoranas/parafermions [48]. As Majoranas and
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parafermions are currently a hot topic, this makes the self-dual Ising and Potts
models natural objects to study, as well as their duality preserving perturbations.

Throughout most of this thesis we will be considering such self-dual interactions
and discovering the various exotic phases. We start from the self-dual Ising or
three-state Potts models and add in the shortest-range interactions consistent with
their symmetries. By varying the relative strengths of the couplings, we find the
different phases encountered by the spins (or, equivalently, the Majoranas and
parafermions), discovering a wide-range of different physics, from order-disorder
coexistence and “not-A” phases, to supersymmetry and incommensurability.

The rest of this chapter is split into two sections. Section 1.2 gives an introduction
to the Ising Model. This will provide quantitative detail on the model, its phases, and
the connection with Majorana fermions, setting up the rest of the thesis. Section 1.3
provides a brief rundown of the numerical techniques we will use in the subsequent
chapters. As most models we discuss will not be analytically solvable except at very
special points, these techniques will prove vital in our understanding of the physics.

Chapter 2 briefly introduces CFT and quickly moves on to explaining the main
results we will need for our analysis. In Chapter 3 we consider the self-dual Ising
model in the presence of other duality-preserving interactions. Appendix A explains
a baffling result from Chapter 3, recently solved in Ref. [41].

Chapters 4 and 5 consider the self-dual three-state Potts model, and the shortest-
range interactions with the same symmetries. In Chapter 4 we stick to the self-dual
line, finding a host of phases with completely different physics. We then go off
the self-dual line in Chapter 5, finding novel gapped phases in the first half, and
explaining some of the mysteries of Chapter 4 in the second.

This thesis is based primarily on the publications [49, 50] (Chapters 3 and 5),
along with the preprint [51] (Chapter 4). Refs. [52, 53] were also completed during

this degree but will only be mentioned fleetingly.
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1.2 The Ising Model

One of the oldest and most studied models in condensed matter physics is the
Ising model [1, 2]. Its classical version involves a spin—% at each site of a lattice

with a nearest-neighbour interaction either favouring or disfavouring alignment:
By ==Y 6000 (1.1)
(4,5

where j and k label sites on the lattice, (j, k) indicates the sum is over nearest-
neighbours only, and o; = %1 gives the spin at site j.

The model is the simplest in which there are two possible states per site with
an overall Z, symmetry between the spin-up (¢; = 1) and spin-down (o; = —1)
directions. Even so, while the one-dimensional model is trivial using the transfer
matrix method (see, for example, Ref. [54]), the two-dimensional version on the
square lattice was not solved until 1944 in a groundbreaking paper by Onsager [55].
A full solution in three dimensions continues to elude all those who attempt to find
it and remains one of the outstanding problems in statistical mechanics, although
nearly exact results have been obtained using conformal bootstrap techniques [56].

In this thesis we will be concerned with the quantum Ising chain and pertur-
bations around it. As the one-dimensional quantum Ising model is a limit of the
two-dimensional classical model, it can be solved exactly, most easily using free

fermions [55, 57, 58]. The model itself is given by
HIsing = - Z (‘]sz'o—;—f—l + fajc) ) (12)
J

where o} and o} are the Pauli spin matrices acting on site j with identity operators

acting everywhere else. Adding in the third Pauli matrix, 0¥, they satisfy the algebra
[O'i,O'j] = 2ie;jpo", {O’i,O'j} = 20; ;. (1.3)

The first term in Higng (1.2) favours aligning spins in the z-direction for J > 0

and anti-aligning them for J < 0, while the second term flips spins in the z-basis.
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This model has a global Z, symmetry given by the operator
F=]1]-7. (1.4)
J

which flips all spins in the z-basis. This Zs is the crucial symmetry of the Ising model
and physically corresponds to the absence of an external longitudinal field — spins are
equally happy to point up or down as long as they are aligned with their neighbours.
When we later perturb this model, we will ensure that this symmetry is preserved.

As we have said, the Ising model can be solved exactly for any couplings J
and f, but the solution becomes particularly simple for f =0 or J =0. If f =0,

Equation 1.2 reduces to the completely ordered Ising Hamiltonian
Horder = _JZU‘]Z'U;:—‘,—I (15)
J

and the eigenstates are the states with all spins having well defined spin in the
z-direction. For J > 0 there are then two degenerate ground states consisting of

all spins up and all spins down in the z-direction:

= (e, ) =), (16)

where o7 [1); = [1); and 07 [); = — [});. These are the completely ordered states
in the z-basis. For periodic boundary conditions, where j takes the values 1 to
L and we identify spins 1 and L + 1, there is a finite gap of size 4J to the first
excited states with two domain walls between up and down spins.

Taking J = 0 (and f > 0) instead, Equation 1.2 becomes the completely

disordered Ising Hamiltonian
Hisorder = _fZU;C (17)
J
This time there is a unique ground state given by

W) = [T ), (1)

where |]) = (|1) + [}))/V/2 is the eigenstate of 0® with eigenvalue 1. This state

is completely disordered in the z-basis as all basis states have equal amplitude.
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Just as for the completely ordered case, there is a finite gap to the first excited
states, this time of size 2f.

There are clear differences between the ground states of the completely ordered
and disordered Ising Hamiltonians (1.5) and (1.7). Firstly, Hopder (1.5) has two
degenerate ground states, while Hgisorqer (1.7) has a single ground state. Secondly,
if we know the spin in the z-direction at one site j, we immediately know the spin
at any other site k in Hy qer, but in Hgisorger we have no idea! This difference in
long-range ordering between spins indicates that these two points are in distinct
phases and that there must be a transition between the two at some point. The

difference between these phases is expressed by the order parameter

O = lim Cjy, (1.9)
|k—j|—o0
where
Cir = <aja,”;> : (1.10)

In both the ordered and disordered Ising phases (surrounding the Hamiltonians 1.5
and 1.7, respectively), C;; decays to a constant exponentially in |k — j|:

[k—jl

Cip~ Coo + Ae™

(1.11)

for |k — 7| > &£, where ¢ is the correlation length and A is a constant. The difference
is that in the ordered Ising phase C, > 0, whereas in the disordered Ising phase
Cs = 0. & determines how quickly the correlator decays to its infinite limit and
diverges as the transition point between the phases is approached.? To find this
transition, we first introduce a concept which will prove essential throughout this
thesis: duality [7]. Duality is generally a mapping between operators and is very
useful in showing connections between different phases and the transitions between

them. In the Ising case we define the following duality mapping:

x z __z z __Z x
0 = 0507, 4, 0505, = 0jyq (1.12)

2 Alternatively, we could consider the magnetisation order parameter M; = <a§f’>. This vanishes
in the disordered phase, while in the ordered phase it is non-zero for a Zs, symmetry-breaking
ground state. To ensure we have such a ground state, we can add an infinitesimal Z, breaking
field, —eo, at a site k with |k — j| > 1 to select a preferred direction.



10 1.2. The Ising Model

Substituting these into Equation 1.2, we find

Hising = — Z (Joj051 + foj) = = Z (fo5o5+Joj) . (1.13)

J J

With periodic boundary conditions, the two models are the same except with J <> f.
As the algebra is unchanged on switching o307, <> 0, we have a mapping between
the ordered and disordered phases! This immediately tells us that, if there is a
single transition point between the ordered and disordered phases, it must occur

at J = f where duality maps the model onto itself: the self-dual point.

Duality is, in fact, made clearer by introducing Majorana fermions. Defining

Yoj-1 = (H 01?) 07, Yo =1 (H Uif) 0505, (1.14)

k<j k<j

we see that

0] = —iY2j-172)5 050541 = —172j72j+15 (1.15)

where we have ignored subtleties with boundary conditions. The Majorana fermions

then obey the anticommutation relations

{/Vaa/}/b} = 25&,1) (]-]-6)

and Equation 1.2 can be rewritten as

Higing = lz (fr2j—1725 + JV2572j41) - (1.17)

J
It is then clear that self-duality at J = f just corresponds to translation invariance
in Majoranas (again, up to subtleties [48]). This connection between the Ising
model and Majorana fermions will prove key both in helping our understanding
of the physics and explaining its application to real world situations.
As the self-dual point is approached from either the side, the correlation length,
&, diverges. Exactly at the self-dual point the correlation length becomes infinite

and correlators decay algebraically rather than exponentially to 0. For example,

Clel~ |k — 4|7 (1.18)
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for [k— 7| > 1. The divergence of £ removes a length scale from the model and allows
the continuum limit of the model to be described by a Conformal Field Theory
(CFT). The continuum CFT description explains the —1/4 power in Equation
1.18 and will be explained in Chapter 2.

1.3 Numerical Methods

Throughout this thesis we will depend heavily on numerical analysis. Numerics
allow us not only to test our analytical predictions but also to find novel physics
we would not even dream of being present. We will use two main techniques:
Exact Diagonalization (ED) and the Density Matrix Renormalization Group
(DMRG) [59-61].

1.3.1 Exact Diagonalization

Exact Diagonalization (ED) is one of the simplest and most brute force numerical
methods. As the name suggests, it attempts to diagonalize the Hamiltonian directly
and return the lowest n eigenvalues (and eigenvectors if required). The biggest issue
with ED is the absolutely appalling scaling of the algorithms with the lattice size L.
For a ¢-state per site system of length L, the Hamiltonian is of size ¢* x ¢. Even
the most efficient algorithms for finding only the largest eigenvalue still scale with
the size of the Hamiltonian and hence as ¢, giving them exponential complexity.
We can slightly cut down on the size of our matrix by imposing symmetries, but
this only buys us a few more sites at best. For example, using translation invariance
for a periodic lattice cuts down the size of the matrix by a factor of roughly L,
while if there is a Z, symmetry this reduces it by a factor of g. Overall, the size
of the matrix then scales as ¢“~!/L, which is still exponential in L. On top of
this, the matrix is now denser as we have removed a lot of zeros, so the speed
up is not as significant as expected.

Despite the problems with scaling, ED does have some definite advantages.
Symmetries are fairly simple to implement, whereas this is not always the case

for DMRG, especially for momentum eigenstates. There is also not much cost
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in calculating the lowest n eigenvalues rather than just the ground state — this
will typically increase the computation time by a factor of n but not decrease the
accuracy noticeably. These two factors make it particularly useful for calculating
multiple excited states in different symmetry sectors. All ED used in this thesis

was performed using MATLAB with either the eig or eigs functionality.

1.3.2 The Density Matrix Renormalization Group

In contrast to ED, the Density Matrix Renormalization Group (DMRG) is
designed for use at large lattice lengths, L. Over the last 30 years, DMRG has
emerged as the standout method for finding ground-state energies in one-dimensional
quantum lattice systems. For a full introduction to the modern method, we refer
the reader to Schollwock’s excellent review [61], while in the following we briefly
explain the idea of the algorithm and its limitations.

DMRG is particularly strong at finding ground states for gapped systems with
non-degenerate ground states. In these cases there is a finite correlation length,
&, in the ground-state wavefunction and the entanglement entropy can be shown
to obey an area law [62]. This essentially means that a site j does not really talk
to sites k with |k — j| > ¢ and so the entanglement between these states is very
low. DMRG abuses this by allowing each site only a finite amount of entanglement
with the rest of the chain through the use of Matrix Product States.

A Matrix Product State (MPS) is a product of tensors designed to give an efficient

but approximate estimate of a low-entanglement state. The state can be written as

(Taps) = > > BiL AGLee Ao APSRO B iy o), (1.19)

l,01% 72,02 i L—l,011 Loy,
{o} {o}

where the o; represent the “physical” indices and correspond to the states at each
site and the o give the auxiliary indices to be summed over. The number of values
a; can take gives the bond dimension x;, where Aj;,. is a x;_1 X x; matrix, and
B, 4, and By ,, are row and column vectors, respectively. For a g-state system per
site, any state can be represented exactly by taking x1 = xr-1 = ¢, X2 = X1—2 = ¢°,
s XLj2—1 = Xp241 = q%*7Y, xpj2 = ¢*/* (taking L even), but then the largest
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tensors (at sites L/2 and L/2 + 1) have ¢ x ¢%/>7' x ¢*/? = ¢" entries and we have
to store just as much (and in fact slightly more) information than the actual state
we are representing contains! The strength of the MPS formulation is that it allows
us to get a good approximation of gapped states by fixing the maximum bond
dimension to some 7y, meaning that our largest tensor has gx? entries, regardless
of L. To do this we use a singular value decomposition (SVD) to keep only the
terms with the largest coefficients [61].

The DMRG algorithm then proceeds as follows. We consider one tensor at a
time, treating the rest of the MPS as the environment, and minimise the energy
by varying this tensor. We then multiply this by the adjacent tensor and perform
an SVD to reduce the bond dimension back to a maximum of y, before moving
on to the next tensor in the chain and repeating the process. Sweeping up and
down the chain we reduce the energy until it eventually converges. While it could
converge to a local minimum in the Hilbert space rather than the global minimum,
if x is large enough, this is unlikely to happen and the agreement between DMRG
and exact methods, such as ED, and other approximate methods, such as Monte
Carlo, is typically very good.

Due to the finite entanglement for gapped systems, DMRG is very well suited
to finding approximations to the ground-state energy and wavefunction. The
computational complexity scales only with L and not exponentially in L as it did
for ED, meaning that very large systems can be probed. Issues start to occur when
the gap becomes very small and for gapless systems. For a CFT, for example,
the entropy scales as log L and so the required bond dimension becomes linear
in L, increasing the complexity. Despite this issue, it is still found that DMRG
often provides the best estimates, even for gapless systems, although methods such
as the Multiscale Entanglement Renormalization Ansatz (MERA) [63] have been
developed specifically to address this problem.

A further issue with DMRG is its inability to split the Hamiltonian into
momentum sectors. While it can deal with local symmetries such as Z, or U(1)

invariance, it cannot make the most of translation invariance. Again, other methods
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such as those based on periodic uniform Matrix Product States [64] are being
developed to address this issue, but the publicly available codes are not yet
sophisticated enough to compete with DMRG.

Throughout this thesis all DMRG calculations will be done using the I'Tensor
C++ library [65]. We impose Z, and U(1) symmetries wherever possible and
consider both open and periodic boundary conditions. While it is often stated
that DMRG should be done with open rather than periodic boundary conditions
wherever possible due to the lower entanglement entropy, when studying CF'Ts
this cost is often offset by the increased speed of convergence of energy levels

to their continuum predictions.
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2.1 Introduction

Throughout this thesis we will find that a number of points and extended
phases we encounter have a Conformal Field Theory [12, 15, 16] (CFT) as their
thermodynamic limit. Two-dimensional CFTs have many beautiful properties but
we will content ourselves with a brief outline of the results which will prove useful
for our cause. We start by describing the most basic features of CFTs which
will be essential before moving on to the more advanced and specific results to

be used later in the thesis.
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2.2 CFT in a few pages

A CFT has the normal rotational and translation invariance of a quantum field
theory along with additional dilatation (scale) and “special conformal” invariance.
The scale invariance explains the connection to many second-order phase transitions,
as here the correlation length of the system diverges, removing scale from the
problem. The special conformal transformation is required to ensure that the
symmetry group is closed.

While the conformal group is a useful symmetry in any number of dimensions, it
becomes particularly powerful in two dimensions. Here the conditions for conformal

invariance of the coordinates z* under the infinitesimal transformation
at — ot 4 e (2.1)
become equivalent to the Cauchy—Riemann equations [15]:
0161 = Osé€q, 0169 = —0hey. (2.2)

This equivalence allows us to use the powerful techniques of complex analy-

sis and, defining
2 =X+ 1Ty, Z=1x1— 1T, (2.3)

the algebra splits into two separate parts — a holomorphic part depending on z
and an anttholomorphic part depending on z. In a two-dimensional classical theory
r1 and x5 are the two spatial coordinates, while for a one-dimensional quantum
system x; is the spatial and x5 the time coordinate.

Defining the generators
l, =—2z""0,,  1,=-2""0;, (2.4)

the following algebras are obeyed:

Ly ln]) = (M — )i, Ly 1n] = (m = 1)l (2.5)
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In the quantum case, these commutation relations are complicated slightly by the
presence of the conformal anomaly. The underlying algebra of two-dimensional
CFT, the Virasoro algebra, can be then expressed as

¢ 3

Tz (m — M) Gpmtn0, (2.6)
[Em, En} = (m —n)Lypin + % (m3 — m) Omtn,04

where L, and L, are the generators of the holomorphic and antiholomorphic
algebras respectively and c is the central charge of the CFT.

As can be seen from Equation 2.6, the Virasoro algebra only depends on c¢. For
the theory to be unitary and non-trivial, we require ¢ > 0 and, while for ¢ > 1

any value is allowed, for 0 < ¢ < 1 we can only have

c:l—;ESIE (2.7)

for m = 3,4, ... [66, 67]. The CFTs with 0 < ¢ < 1 are known as the minimal
models. Minimal models corresponding to m = 3, 4, 5, and 6 will all be important
in the remainder of the thesis, as well as CFTs with ¢ = 1 and ¢ = 3/2.

Although the Virasoro algebra only depends on ¢, fixing ¢ is not necessarily
enough to determine the CFT. The fields present also need to be specified to give a
full description of all energy levels and correlators. For the minimal models on the
torus, there are either one, two or three consistent CF'Ts for each allowed c¢. The
number of minimal model CFTs and their form is given by the A-D-E classification
[68], with A, D and E each corresponding to a series of CFTs. If ¢ > 1, there is
generally an infinite number of consistent CFTs.

We typically label a field by its conformal weights, defined by its eigenvalues
under Ly and Lg. The field ®,,;, then obeys

Lo®yj = h®,;,  Lo®,; = hd, ;. (2.8)
The dimension, A, and spin, s, of the operator are given by

A=h+h and s=h—h, (2.9)
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respectively. As we will see, the dimension is related to the energy of eigenstates on
the lattice. The spin gives the difference in weight between the holomorphic and
antiholomorphic parts, corresponding to the right- and left-moving parts on the
lattice. A spin s then corresponds to momentum 27s/L on the lattice.!

The dimension of an operator describes how relevant it is in the sense of the
Renormalization Group (RG) [9-11]. If A > 2, the operator is irrelevant under an
RG flow and so perturbing the CFT by this operator will not affect the long-distance
behaviour of the system. If A < 2, the operator is relevant and perturbing the
CFT with it will change the long-range behaviour, leading to a phase transition.
If A = 2, the operator is marginal and further calculation is required to find the
effect of perturbing by it. Determining which operators are relevant in a CFT is
therefore essential in working out its stability to perturbations. We next discuss
how fields can be rearranged into towers of increasing dimension, cutting down
the number of operators we must consider.

By considering Equation 2.6, we see that

LoLn®,, = (LnLo + [Lo, L)) @4
= (Lnh —nL,) @, (2.10)

= (h - n)an)h,l_z

and so L,®,; has holomorphic weight h — n and dimension A = h + h—n. As
an analogous relation holds for the antiholomorphic part, L, and L, each reduce
the dimension by n. For the CFT to be unitary, we require A > 0 for all fields
and so there must exist a set of fields annihilated by all L, and L,, for n,m > 0.
These fields are known as the primary fields. Every other field can be obtained from
these by applying some succession of raising operators L, and L,, for n,m < 0.
These other fields are then called secondary fields. The primary and set of all

secondaries descended from it form the conformal tower of the primary. As the

!This is at least naively true. In fact, as we will see in Chapter 4, a spin s = 0 state does not
always have lattice momentum 0, but a spin s’ state in the same tower will still have momentum
Ak = 27’ /L relative to this.
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primary has the lowest dimension in its conformal tower, to look for the presence

of relevant operators we can simply check the primaries.

2.2.1 The weights of the minimal models

A simple formula gives the weights for the minimal models. For a given m,
the allowed weights are

[(m+1)p—mgq]* — 1

dm(m+1) (211)

hpq(m) =

where 1 < p <m —1,1 < g < p. This, in fact, overcounts the primaries by a
factor of 2 and all can be obtained by enforcing p + ¢ be even. Which combinations
of the holomorphic and antiholomorphic parts are allowed and their degeneracies
are determined by which series the minimal model is in (A, D or E). For example,
in the A-series, hy,, is always combined with h;; and is non-degenerate. Every
other field is then a descendant of one of these primaries.

To show how this works, we consider the simplest minimal model where m = 3.
This theory in fact corresponds to the self-dual Ising model, given by J = f in

Equation 1.2. Here we have central charge

6 1
sine = 1 — == 2.12
Cling 3xd 2 (212)
and weights
1 1
hl,l = 07 h2,2 = E7 h1,3 = 5 (213)

The primary fields are then 1, ¢ and e with weights (h, h) of (0,0), (1/16,1/16)
and (1/2,1/2). These correspond to the identity operator, the spin field and

the energy field, respectively.

2.3 Useful results

Having given a very quick summary of some of the most important elements of
CF'T, we now move on to the key results which will be used in this thesis. These
are by no means the only useful signatures of CF'Ts, but they are the ones most

easily tested in the lattice models studied here.
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2.3.1 Correlators

For a gapped system, the connected two-point correlator of a local operator
decays exponentially with the distance between the locations of the operators. For

example, the spin-spin correlator in the off-critical Ising model decays as:
(0F07)c ~ e RIS (2.14)

for large separation |j — k| > £, where & is the correlation length of the system.
As models approach criticality, their correlation lengths diverge and correlators
decay more slowly.

Gapless systems have infinite correlation lengths and two-point correlators
decay algebraically rather than exponentially with separation, e.g. the critical

Ising model has the correlator
. _1
(ojo%) ~ 15 —k[7% (2.15)

for |j — k| > 1. In CFTs the decay with distance of a two-point correlator is

given simply by the dimension of the operator:
(®;1) ~ [ — k722, (2.16)

where Ag is the dimension of the operator ®.

Generally, the continuum limit of lattice operators is given by a sum over all
CF'T operators with the same charges under the lattice symmetries as the lattice
operator. The long-distance behaviour of the correlator is then determined by the
most relevant operator in this sum. For the critical Ising model, the most relevant
operator in the CFT with the same charges as ¢* is the ¢ operator of dimension
A, =1/16 +1/16 = 1/8, showing the agreement between Equations 2.15 and 2.16.

By finding where correlation lengths diverge, we can investigate transitions
between gapped and gapless regions or between gapped regions separated by a gapless
point. The scaling of the algebraic decay of the correlators within these gapless

regions then gives hints of the CF'T operators present and hence the CFT itself.
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2.3.2 Lattice energy levels

One of the techniques we will use to investigate the phases of our models is
based on ratios of low-lying energy levels. In a CFT the energies of low-lying
levels on a finite lattice of length L with periodic boundary conditions are given

by the following beautiful formula:
2 _
By = oL+ 1 (n+h- 1—62) L O(1/12), (2.17)

where h and h are the holomorphic and anti-holomorphic weights of the operator
acting on the ground-state to get the energy level, @, ;, € is the ground-state energy
density in the thermodynamic limit, v is the Fermi velocity, and c is the central
charge of the CFT [69, 70]. For a given lattice model, v and €y are both proportional
to the global constant multiplying the Hamiltonian, while ¢, is also affected by the
addition of the identity operator at each site. As neither of these changes affects the
eigenstates of the Hamiltonian, they do not alter the CF'T description of the model.

To remove the effects of ¢y and v, we consider ratios of energy levels, giv-
ing the formula

E,—Es  A,—1Ag
E,—Es A, —A;

(2.18)

to leading order in 1/L, where A, = h, + h,, is the dimension of the operator
®),. 1. Which states on the lattice correspond to which operators in the CFT can
be deduced by considering the symmetries of both as will be explained later.
Returning to our example of the critical Ising model, we first need to identify the
levels in our lattice model. Taking periodic boundary conditions, we can split our
states into momentum eigenstates. As the Ising Hamiltonian (1.2) commutes with
the spin flip operator (1.4), we can split the model into Zs sectors too. Considering
the primary fields of the Ising CFT, all have spin s = h — h = 0 and so are in the
momentum k£ = 0 sector. While the identity and energy operators, 1 and e, are
even under the Z,, the spin operator, ¢ is odd. Considering just the k& = 0 sector,

the lowest lying states in the Zsy even sector are then those corresponding to 1 and
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€, whereas in the Zs odd sector it is . Defining E,]€ . to be the j™ excited state in

the sector with momentum k and Z, charge r, we find the CFT prediction

ES,—Eyy A, —Ap -0 1
ot = n_s=0_ 1 (2.19)

We can then find this ratio numerically for a range of lattice lengths, L. If it
converges to the CF'T prediction with increasing L, this is strong evidence that the
continuum limit of the lattice model is indeed described by this CFT. Repeating

this for different ratios then provides further evidence.

2.3.3 Probing the central charge

As mentioned earlier, the value of the central charge, ¢, is the only thing affecting
the Virasoro algebra (2.6). We also noted that, for ¢ < 1, identifying the value of ¢
cuts down the number of possible CFTs to a maximum of three. Even for ¢ > 1,
the value is still essential information in identifying the underlying theory.

The easiest way of finding ¢ numerically in a 1 4+ 1-dimensional lattice model
is to consider the von Neumann entanglement entropy as shown by Calabrese
and Cardy [71]. The von Neumann entanglement entropy between a subsystem

A and its environment is defined as
Sa=—Trpalogpa, (2.20)

where py4 is the reduced density matrix of subsystem A. Calabrese and Cardy
demonstrated that, for a chain of length L with periodic boundary conditions,
the von Neumann entanglement entropy between a subchain of length [ and the

rest of the chain is given by
S = glog ((L/7)sin(xl/L)) + e, (2.21)

where the lattice spacing has been set to 1 and ¢; is a constant. Typically we will

consider the bipartite entanglement with [ = L/2, simplifying Equation 2.21 to

Spj = glogL + o (2.22)
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This entanglement entropy is extracted easily when using DMRG [59-61].
Although the entanglement entropy can be used to distinguish between different
CFTs, the distinction between the behaviours of the entanglement entropy of gapped
and gapless systems is even clearer. As shown by Hastings [62], the ground states
of all gapped systems in one-dimensional quantum systems obey an “area-law” and
so have entanglement entropy tending to a constant in the thermodynamic limit:

I}I_I)EO Sgapped = const. (2.23)

This is consistent with the entanglement entropy of a CFT diverging as S ~ log L
due to the 1/L splitting of energy levels giving a gapless system, as described in
Subsection 2.3.2. Investigating the scaling of the entanglement entropy thus gives
us a strong distinguishing characteristic between gapped systems and CFTs as
there is a clear qualitative difference between tending to a constant and diverging
as a logarithm with system size.

Returning to our faithful example of the Ising CF'T, we have a central charge
of ¢ = 1/2. Working out the half-chain entanglement entropy for a model with
periodic boundary conditions and described by the Ising CFT in the continuum
limit should give entropy scaling of

1
Slsing’L/Q = 6 log L+ Co (224)

for large L.

2.4 Superconformal Field Theory

Supersymmetry, to be explained in Section 3.4, can be incorporated into
CFTs, giving superconformal field theories (SCFTs) [72]. In SCFTs, there are
further conserved currents of dimension (3/2,0) and (0, 3/2), corresponding to the

supercharges. For N = 1 supersymmetry (with one supercharge), the Virasoro
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algebra gets extended to the super Virasoro algebra [73, 74]:

A

[Loms L] = (m — 1) Lo + g (m® = 1) Gprsmo, (2.25)
. 1
{(Gony G} = 2L + g (m2 _ Z) S (2.26)
m

with analogous relations holding for the antiholomorphic algebra.

The L,, operators are the same as those of Equation 2.6, while the G,, are
the new fermionic operators extending the algebra. As SCFTs still have the same
symmetry group as CFTs, along with supersymmetry, they must still be CFTs and
hence Equations 2.6 and 2.25 should be equivalent. The only difference between
the two is the change of ¢/12 to ¢/8, showing that ¢ = 3¢/2.

There are, in fact, two different SCFT algebras: Ramond and Neveu—Schwarz
(NS) [73, 74]. The distinction corresponds to the allowed values of m in G,,,: Ramond
has m € Z, while NS has m € Z + 1/2. As with the normal Virasoro algebra, L,,
and G, with m,n > 0 are lowering operators, while those with m,n < 0 are raising
operators. Our superconformal primary fields are thus those fields annihilated by all
L,, and G,, with m,n > 0. Note that there are states that are conformal primaries
but not superconformal primaries as they are annihilated by all L,, with m > 0,
but not by all G,, with n > 0. We will see an example of this when we consider
the Tricritical Ising CFT shortly in Subsection 2.4.1.

The super Virasoro algebra, once the Ramond or NS sector is chosen, is
determined just from ¢, just as the Virasoro algebra was from c. Analogously,
for ¢ < 1, only certain values are allowed [72]. These lead to the superconformal

minimal models with

8
t=1— ——— 2.28
‘ (i +2)’ (2.28)
where m = 3,4, .... The allowed weights of superconformal primaries are then given

by

A~ A 12
p 1 _
hpq = + 3 (1—(=1)P9), (2.29)
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where 1 < p <m, 1 < g < m+ 2 and for the NS sector p — ¢ is even, while

for the Ramond sector it is odd.

2.4.1 The Tricritical Ising CFT

The first SCEFT minimal model is the tricritical Ising (TCI) CFT, corresponding
to m = 3. This has ¢ = 7/15 and so ¢ = 7/10, meaning that it is also a CFT
minimal model. In fact, this is the only model which is both a CFT and SCFT
minimal model, as the next SCFT minimal model has é = 2/3 and hence ¢ = 1.

Using Equation 2.29, we see that the distinct primary weights are 0 and 1/10
in the NS sector and 3/80 and 7/16 in the Ramond sector, where we have ignored
double counting. Every state in the SCFT can then be found by applying the
super Virasoro raising operators to these primaries.

As we noted above, the TCI CFT is also a CFT minimal model and so we can
use Equation 2.11 to find the CFT primaries, giving chiral dimensions 0, 1/10,
3/5, 3/2, 3/80 and 7/16. There then appear to be two extra primary fields in the

CFT minimal model! This is resolved by noting that
Gy [1/10) = [3/5),  Giya0) = [3/2). (2:30)

where |h) represents the holomorphic part of the field with weight h, showing that
|3/5) and |3/2) are descendants of |1/10) and |0), respectively, under the super

Virasoro algebra, but not under the Virasoro algebra.

2.5 Free boson CFTs

In Section 2.2 we mentioned that, for central charges ¢ < 1, only specific values
of ¢ are allowed and each of these has a finite (1, 2 or 3) number of possible CFTs.
For ¢ > 1, any value of ¢ is allowed and there are, generically, an infinite number
of possible CF'Ts for each ¢. ¢ = 1 is the boundary case in which there are an
infinite number of CFTs, but they can all be written down [75]. The simplest
c = 1 CFTs are free boson CFTs, with the infinite number of theories given by

different compactification radii, i.e. changing the radius of the circle on which the
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boson lives. All other CFTs at ¢ = 1 can be found by “modding out” subgroups
of the U(1) symmetry of the boson, giving orbifold theories [75-77], although for
now we will focus on the circle (free boson) theories. Throughout this thesis we
will follow the conventions of Ginsparg [15, 75].

To write down the free boson partition function on the torus, we begin by
introducing the modular parameter of a torus, 7. Taking z as our complex coordinate
on the plane from Equation 2.3, we first go to the cylinder by defining z =
exp(iw), where the period of the cylinder is w = w + 27. Here Im(w) corresponds
to the imaginary time coordinate, while Re(w) corresponds to the spatial part.
To turn the cylinder into a torus, we then identify w = w + 277, where 7 =
71 + 15 and 71 and 7 are real.

The free boson partition function on the torus at a compactification radius

R can be written as [15, 75]

Z(R) == 3 quin(me2rin)’ g (moamtn)” (2.31)
m m,n€Z
where ¢ = exp(2miT) and
FR= n
n=q¢ [J(1—q¢") (2.32)
n=1

is the Dedekind eta function and accounts for the descendant fields. Each term
¢" /24124 corresponds to a field in the CFT with weights (h,h).

m and n are the eigenvalues of two U(1) charges dual to each other, and are often
referred to as the electric and magnetic charges. As the sums over m and n are over
all integers, we see that there are an infinite number of primary fields. For special
radii, this infinite sum can be rewritten as a finite sum of primary fields of some
extended algebra. These radii obey R = \/m , where p’ and p are integers [16].

We will see that lattice symmetries often allow us to cut down this infinite
number of theories to a single consistent one. Specifically, Section 4.7 will show how

a combination of S5 symmetry and self-duality fixes the boson radius to R = /3/2.
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3.1 Introduction

The 1 + 1-dimensional critical Ising model has long been studied in condensed

matter physics. In terms of theory, it has the distinct advantage of being exactly

solvable [55],

most easily in terms of free fermions as mentioned in Chapter 1 [57, 58].

Perturbing by a duality-breaking interaction gaps the system, taking it to either

the ordered or disordered Ising phase, depending on the sign of the interaction. In

27
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2010 Coldea et al. exhibited the transition between the ordered and disordered
phases experimentally using cobalt niobate in a transverse magnetic field [78]. Their
experiment considered weakly coupled chains of cobalt niobate, each of which gives a
good approximation to an Ising chain, with an externally applied field providing the
transverse “spin-flipping” term. In the ordered phase, the Z, symmetry in a given
chain is spontaneously broken, giving a non-zero expectation to the magnetisation
of that chain which then, using a mean field theory approach, provides a weak
longitudinal magnetic field for the nearby chains. This longitudinal field vanishes
at the transition to the paramagnetic phase (where the Z, symmetry is no longer
spontaneously broken), at which point the ratios of the energies of low-lying states
are known from theory [79]. The energies in the ordered and disordered phases,
along with those at the transition, were found to agree with predictions for the
Ising model, using neutron scattering measurements.

In fact, recently Majoranas (1.14) have sparked far more interest in the condensed
matter community than the spin version of the Ising model due to their connection to
non-Abelian topological quantum computation [26, 27]. Topological superconductors
have been proposed as one way in which Majorana modes could appear [35, 36] and
be used in quantum computation (for a review of experimental efforts in this area
see, e.g., Ref. [80]). “Kitaev materials” [37, 38], such as a-RuCls, have been the
focus of other experimental groups [39, 40], providing another possible avenue. As
self-duality (more or less) corresponds to translation invariance of Majoranas [48]
and these are often the particles of interest, rather than spins, imposing self-duality
seems a natural constraint on our physical system.

While CFT gives us a clear prediction of the behaviour expected when the
critical Ising model is perturbed by a duality-breaking perturbation, it is less clear
what happens when a self-dual (and Z, invariant) interaction is added. In this
case there are no relevant interactions, as stated in Chapter 2, and so the system
remains in the critical Ising phase, at least for infinitesimally small perturbations.

One way in which this phase can end is through a transition to a gapped region

via a point in the universality class of the tricritical Ising (TCI) CFT [66, 81]. The
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TCI CFT is the minimal model with m = 4, corresponding to a central charge of

¢ =T7/10, as given by Equation 2.7. While it is the second minimal model in the

series after the Ising model, it has by no means as natural a lattice realisation.
It is known to correspond to the termination of the Ising critical line in the

Blume—Capel model [81-84], given by the spin-1 Hamiltonian

Hyo == 3 (8585, — 757 = 657%). (3.1)

J

where we follow the notation of Ref. [85]. For § = —oo, this reduces to the
quantum Ising model and hence there is a critical Ising transition between ordered
and disordered phases, while at v = 0 the model is fully classical and there is a
first-order transition between the ferromagnetic “Ising” ordered states and the state
with all 5 = 0. These lines of second- and first-order transitions terminate as
they hit each other via a point in universality class of the TCI CFT, occurring
at A ~ 0.42, § ~ 0.91 [84].

While this model does indeed display a TCI point, there are several drawbacks.
Firstly, and arguably most importantly, this model requires fine tuning to get to
its TCI point, as the values of both v and A must be set just right. Thus this
transition is just a single point in the phase diagram which can easily be avoided
(or missed). Secondly, it occurs in a spin-1 chain — effectively an Ising model with
vacancies allowed — making numerics more challenging. Finally, there is no obvious
link to supersymmetry in the lattice model which, as we have seen in Section 2.4.1,
is one of the fascinating features of the TCI CFT [72].

More recently, other models have been proposed in which TCI points occur
[85-87]. The Rahmani model [85, 86] is built out of explicitly self-dual operators
and hence does not require fine tuning — there is only one free parameter in the
Hamiltonian and so varying this necessarily takes the system through its TCI point.
Secondly, like the Ising model, it is based on a spin-% Hamiltonian and so has two
states per site, rather than the three of the Blume-Capel model.

There are some potential issues with the Rahmani model though. Firstly,

the term added to perturb the Ising model must be tuned at a strength of ~
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250 times the Ising interaction before the TCI point is reached. This intriguing
feature was not understood until a recent work by Aasen et al. provided an
explanation based on renormalization of the kinetic energy with interaction strength
[41]. As well as this, the Rahmani model still has no obvious connection with
the supersymmetry of the continuum CFT.

Turning to the second model mentioned above, introduced by Grover et al. [87],
a TCI point was again found without fine tuning. They considered topological
superconductors in both two and three dimensions, but we mention only the two
dimensional case here as it aligns more closely with our work. The topological
superconductor is protected by time-reversal symmetry, which naturally has a pair
of counterpropagating Majorana edge modes. Introducing an Ising field that changes
sign under time-reversal to describe the magnetic instability of the edge, the action
then acquires a bosonic degree of freedom as well.

The presence of both bosons and fermions indicates the possibility of emergent
supersymmetry, which is indeed found to occur in the low energy limit of the
model, when the boson is described by an Ising degree of freedom. The coupling
between the boson and fermion leads to an effective mass term for the Majorana,
with the mass given by the expectation of the the Ising order parameter, (7). At
large transverse magnetic fields, this expectation value vanishes, giving a massless
Majorana model and hence a ¢ = 1/2 CFT, while at small fields, the Z, symmetry
of the Ising model is spontaneously broken and the order parameter becomes non-
zero, gapping out the Majorana degree of freedom. The natural transition point
between these two is given by a point in the universality class of the Tricritical
Ising CFT, which is confirmed numerically.

Supersymmetry thus emerges at the symmetry breaking phase transition between
the ordered and disordered Ising phases, where the Majorana chain acquires an
effective mass. While this presence of emergent supersymmetry was natural in
the boson plus Majorana language, in terms of the Ising and Majorana chains
it seems less clear why it should occur. Numercially, the introduction of a Ising

chain in addition to the Majorana chain also makes the analysis more difficult, as
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did the presence of a three-state per site rather than two-state per site system

in the Blume—Capel model.

It could be thought that, perhaps, the lack of explicit supersymmetry in any of
the models mentioned so far indicates that it is always simply an emergent property
in the field theory limit. This is not necessarily the case though, as can be seen
from a number of models with explicit lattice supersymmetry that correspond to

supersymmetric field theories in their continuum limits [88-91].

In our model we will see that all of the above desired features align. It is
once again a model requiring no fine tuning (other than self-duality, which is
just translation invariance in terms of Majoranas) for a system with two states
per site. The ratio of couplings for which the TCI point occurs is O(1) and
throughout the phase diagram the Hamiltonian can be expressed as the sum of
two supersymmetric theories. While this is not quite supersymmetric on its own,
it at least makes the connection far clearer. Moreover, we discuss an explicitly
supersymmetric line, also studied in Ref. [92], which will prove to be a line of

phase transitions to an incommensurate region.

The remainder of this chapter is set out as follows. Section 3.2 recaps the
basics of the Ising model and shows its stability to self-dual perturbations, as well
as explaining the Rahmani perturbation [85, 86]. Section 3.3 introduces our non-
chiral model and details its phase diagram, including the order-disorder coexistence
phase and TCI point. In Section 3.4 lattice supersymmetry is introduced, while in
Section 3.5 we generalise our model to allow chirality and show how supersymmetry
fits into the picture. In Section 3.6 we summarise the results and explain some
of the extensions to the model other groups have investigated. This chapter is

largely based on Ref. [49].
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3.2 The stability of the critical Ising phase

As mentioned in Chapter 1, the Ising model has Hamiltonian

M) =

Hysing(J, ) = = ) (Joi05, + fo) (3.2)

1

=1 (Jy2v2541 + [r2-1725) 5

M=

1

j
where 7y, operators represent Majoranas as given in Equation 1.14, L is the lattice
length, and we have ignored subtleties with boundary conditions. This has a Z,

symmetry characterised by the spin-flip operator

L
F=1] (3.3)

j=1
which flips all spins in the z-direction. As [Higng, F| = 0, we can pick a basis

of eigenstates of Hign, with well-defined eigenvalue under F. Because o has
eigenvalues 1, so does F, with these two eigenvalues giving the Zs symmetry.
As well as this Z, symmetry, we have imposed spatial parity symmetry (the
Hamiltonian is invariant under relabelling 7 — L + 1 — j) and we additionally
have translation invariance, at least in the bulk.

In this chapter we will focus on perturbing from the self-dual Ising model:

L
Hy=- Z (0i0%, + 7). (3.4)

j=1
As stated previously, the continuum limit of this model is described by the Ising

CFT with central charge ¢ = 1/2 and primary fields

c(o0) o (ML) (B e

named the identity, spin and energy fields, respectively, [12]. The identity and
energy fields are even under the spin-flip operator F = [] ; 05, while the spin field
is odd. If we perturb our lattice model by a coupling invariant under F, this

remains a symmetry and hence the spin field cannot be part of this operator. If
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we also maintain translation invariance and spatial parity, the simplest perturbing

operator we can construct is

L
H. = Z (0707, —0F). (3.6)

j=1
Adding \.H, to H; (3.4) and rescaling gives any Ising Hamiltonian (3.2). This
perturbation contains, among other fields, the energy field € = (1/2,1/2). As
A, = 1/2+4+1/2 = 1 < 2, this operator is relevant and so it gaps the system,
explaining the phase transition to either the ordered or disordered Ising phase,
depending on the sign of A..

As lattice operators generally consist of a superposition of all operators in the
CFT obeying the same symmetries, it may appear that, whatever lattice term we
add, we will always have at least one of the spin and energy fields and so will gap
the system. In fact, we can use self-duality to escape this problem. The energy
operator is anti-self-dual [93, 94| and so, if we perturb by a self-dual Z, invariant
perturbation, this will have to be in the identity tower and so will be irrelevant,
having dimension A = 4 [93]. Hence perturbing with this operator should preserve
the critical Ising line, at least for some range of couplings!

There are no single-site or nearest-neighbour interactions which preserve every
symmetry of Ising as well as self-duality, other than H; itself, so we have to go
to next-nearest-neighbour interactions. At this stage, several possibilities occur.

Considering Majoranas, the simplest option is

2L
Hff = i27a7a+37 (37)
a=1
corresponding to
L
Hg = Z 0j0l, ) — 0507107, (3.8)
7=1

Ignoring Ising for the moment, Hg can be written as

3 2L/3-1

H, :Z { Z V3mA4nY3(m+1)+n (39)

n=1 m=0
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and hence it decomposes into three copies of the critical Ising model, albeit with
non-trivial selection rules on the allowed combinations of states due to the boundary
conditions. As this model is free-fermionic, it can be solved exactly, as can any
combination of it and the Ising Hamiltonian. Thus we will not consider this further
but instead investigate interacting models.

The shortest range interaction beyond simple free fermions was investigated by
Rahmani, Zhu, Franz and Affleck in 2015 [85, 86] and consists of Majoranas on

four consecutive sites. Combining this with the Ising model we get

2L 2L
Hg =ity YaVas1 +9 D YaVat1Yar2Vats, (3.10)
a=1 a=1

where the ferromagnetic Ising model corresponds to ¢ > 0, g = 0. Rahmani et al.
found that the critical Ising phase is extremely stable to increasing g from 0, with
the phase surviving until g/t ~ 250. At this point there is a phase transition via a
point in the universality class of the TCI CFT [66, 72] to a gapped phase.

This transition is very interesting for a number of reasons. Firstly, why is the
ratio of couplings at which the transition occurs so astronomically large? This
question remained unanswered in the literature until recently, when Aasen et al.
presented a beautiful explanation to be described later [41]. Secondly, as mentioned
in Chapter 2, the TCI CFT is not just a CFT, it is a superconformal field theory
(SCFT), meaning that it has supersymmetry in addition to conformal invariance
[72, 95]. There is, however, no obvious supersymmetry on the lattice [96]. We will see

that in our model to be studied next the connection to supersymmetry is far clearer.

3.3 Our non-chiral model

We now come to the model we studied and the focus for this chapter of the

thesis. The next simplest interacting model that can be studied has Hamiltonian

H()\[,)\g) == 2)\[H]+)\3H3+E0, (311)
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where
L 2L
HI - Z (O-;c + U§U;+1) = i27a7a+17 (312)
Jj=1 a=1
L 2L
Hy = Z (0507410500 + 0505,10715) = = Z Ya—2Ya—1Ya+1Va+2 (3.13)
J=1 a=1

and Ey = L(A\? + \2)/)3 is an energy shift to make the link with supersymmetry
clearer, as will be explained later. We will assume A3 > 0, A; > 0 as this is the region
of interest — indeed, Ref. [41] recently showed the model remains in the critical Ising
phase up to large negative values of A3/A; and the unitary U = o¥o5005 -+ 0¥ 0%

maps A\; — —Az, A3 — A3 (at least for even L), meaning that the full phase diagram

can be understood by setting A; > 0.

3.3.1 The frustration-free point

We will start our analysis by looking at the specific point H(1,1). At this point

the Hamiltonian can be rewritten in the illuminating form

A1) = Y| (1= 03) (engen = 0500510)

=1

<

+ (L1 — ioiy) (Lja — 0fy) (3.14)

Hjji1 42

Il
-M“

1

J

Both terms have been factorized into two parts, each of which acts on different

sites. Taking the single-site basis {|1), |{)}, where

UJZ' |T>J = |T>J ) 0; H>] = - H>]’> (3.15)

we see that 1; — of projects onto the state (|1); — |¢>j)/\/§ and so annihilates

the state [J), = (I1), + |¢)j)/\/§, while 1 ;.1 — 00%,, projects onto [1]). .., and

J.g+
[41);.;11, and so annihilates [11); .., and [{]); ; ;. As each term in the Hamiltonian

is a product of commuting projectors, the terms themselves are projectors. This
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means that the smallest possible eigenvalue of the Hamiltonian itself is 0 and so

any state annihilated by the Hamiltonian must be a ground state. The three states

Gy =Pttty G =), Gy =11 1), (3.16)

are hence ground states. These are, in fact, the only linearly independent ground
states as we will now show.

We start by considering H; ;11 j4+2 from Equation 3.14. Of the eight basis states
of sites j,j + 1,7 + 2, four are annihilated by Hj; ;i1 jo:

Gy =Itt), o) =1, [69) =11, (3.17)
G) = [ + A1) + (1) — [ = [H) — (D). (318)

’QJ(‘?> is not orthogonal to ’gﬁ)> or ‘gf’f>, but they are linearly independent and
are all orthogonal to ’Q](?’S)> It is then immediately clear that |G;), |G,) and \g@
from Equations 3.16 are indeed ground states.

To work out if there are any other ground states, we consider the four sites
Jj—1,7,7+1,j+2. Any state annihilated by H;_1 ; j+1 + Hj j+1,j+2 must be a linear
combination of the eight states ‘T (-3)> ’L g(.3)> where r is one of 1, ], ], or s. It
QJ )1 o T>, g(-:i)ul ¢>, and so

j
we need to find non-zero coefficients oy, oy ,, B4, B obeying

3o

T

must also be expressible as a linear combination of

T Qﬁ)>+ apr 4 gﬁ)» = (@ 1 ‘g 3)” >+ Briy ‘Q(»?L)M/ ¢>) - (3.19)

Considering the 16 basis states, we see that all must have the same coefficient other

than [t111) and |[JJJ), the coefficients for which are unconstrained. Thus

[T, WD [T, (3.20)

are the only linearly independent solutions. Repeating this along the chain, we
see that the states in Equations 3.16 are the only ground states.
We find numerically that there is a finite gap from these ground states to the

first excited state, meaning that H(1,1) is gapped. As H(1,0) is gapless and is
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in the universality class of the Ising CFT, we must have a phase transition for
some H(1,Apr), where 0 < App < 1.

Before finding the location and nature of this phase transition, we first discuss the
ground states given in Equations 3.16 in more detail. |G;) and |G;) are completely
ordered in the o*-diagonal basis and are the ground states of the completely ordered
Ising model: Hopder = Hising(1,0) from Equation 3.2, whereas \g¢> is completely
disordered in the o*-diagonal basis and is the ground state of the completely
disordered Ising model: Hagisorder = Hising(0,1). As the dual of Horder 1S Haisorder
and our Hamiltonian H (1, 1) is self-dual, if |G+) and |G,) are ground states, this
automatically forces }Q¢> to be a ground state too.

In fact, by combining Hoger and H(1,1) as
Hy = AoHorer + M H(1,1) (3.21)

we have, for A\,, \; > 0, a line of Hamiltonians where |G;) and |G|) are ground states.
H(1,1) is just where this line hits the self-dual line and so we require ’Q¢> to be a
ground state too. Keeping A; > 0 and now taking A, negative, we now see that |G;)

and |G,) remain exact eigenstates, but they are no longer necessarily ground states.

3.3.2 The TCI transition

We know that, for \; > 0, a transition from the critical Ising phase to a
gapped phase with three degenerate ground states occurs for some 0 < A3 < 1
in H(1,)3) (3.11). To find the location and nature of the transition, we use the
methods described in Section 1.3. To get a rough idea of the type of transition
and its location, we fix A\; = 1 and find the half-chain entanglement entropy for
the model at different A3 and lattice lengths L with periodic boundary conditions,
as approximated by DMRG. Using Equation 2.22, along with the Ising and TCI

CFTs having m = 3 and m = 4 in Equation 2.7, respectively, giving central charges
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Figure 3.1: The effective central charge versus L. L; and Lo are the two lattice
lengths used to calculate cog. The black, green, red and mauve dots correspond to
A3/Ar =0, 0.8, 0.856, 0.87 respectively, while the green and purple lines give the Ising
and TCI predictions.

¢ = 1/2 and ¢ = 7/10, we have that the entropy tends to

1
St = 6 log L + C1, (322)
7
STCI = 2—0 log L+ CTCD (323)
Sgapped = Cg; (3.24)

for large L, where C1, Cpcr and C, are constants that depend on the exact lattice
couplings. By considering two different lattice lengths L; and Lo, we find

S(Ly) — S(Ly)
log f—;

(3.25)

Cot = 3

where cq¢ is the effective central charge.

In Figure 3.1 we plot ceg versus L for A3/A; = 0, 0.8, 0.856, 0.87 in black, green,
red and mauve respectively. The Ising and TCI predictions of 0.5 and 0.7 are
given by the green and purple lines. cq.¢ seems to converge to the Ising line for
A3/Ar =0, 0.8 as L — oo, while it approaches the TCI line for A3/A\; = 0.856. As
L increases, cog plummets for A3/A; = 0.87. This suggests that there may be a
transition from an Ising phase to a gapped phase via a point in the universality

class of the TCI model at A\3/\; ~ 0.856.



3. The Zo invariant model 39

Ay —Py Py —P P —PF
CFT c Ry=20"0 R,=-0_—0 R3:4

_ Py P —py P By
Ising 1/2 1/2 1/8 9/8
TCL 7/10 72 3/8 35/8

Table 3.1: The central charge and three ratios for energy levels as predicted by the Ising
and TCI CFTs.

The second test we do concerns the energy levels. Reproducing Equation 2.18, we
have

E,—E;  A,— A
E,—E; A, —A;’

(3.26)

where A, is the conformal dimension of the state in the CFT corresponding to the
energy level E, on the lattice. We consider both the positive and negative spin-flip
sectors (denoted by + and —), defined as the eigenvalue of the eigenstate under
F (3.3), as well as both periodic and antiperiodic boundary conditions (P and A),
where in antiperiodic boundary conditions any term in the Hamiltonian involving
0% 0% picks up an extra minus sign. Finally, we consider the j™ excited state in
each sector (j). For example, the first excited state with an eigenvalue of —1 under
the spin-flip operator and with periodic boundary conditions is denoted by P; .

The conformal dimensions of each of these have been worked out previously,
(see e.g. [72, 85]) and from these we find the three ratios given in Table 3.1. These
ratios were found using DMRG and are plotted against L for A3 = 0, 0.8, 0.856
and 0.87 in Figure 3.2. The green and purple lines give the theoretical values for
the Ising and TCI CFTs respectively, while the ratio should diverge for the gapped
region as P;" and P; are degenerate in the continuum limit here. Subfigure (d)
shows the ratio Ry plotted against L for A3 = 0.855, A3 = 0.856, and A3 = 0.857.

Figure 3.2 shows the convergence to the predicted Ising ratios with increasing
L for A\3/A; £ 0.856 and diverging for A3/\; £ 0.856, in agreement with a gapped
region with degenerate ground states. At A\3/A; ~ 0.856, the ratios approach
the prediction of the TCI CFT, giving strong evidence that the transition is
indeed in this universality class.

Continuing to increase the strength of A3 beyond the frustration-free point at

Ar = A3, the system remains in a phase of order-disorder coexistence, as confirmed by
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Figure 3.2: The three ratios R;, R2 and R3 as defined in Table 3.1 are plotted against
L in (a), (b) and (c) respectively. A\ = 1 and A3 takes the values 0 (black), 0.8 (green),
0.856 (red) and 0.87 (mauve). In (d), R; is plotted against L for A\; = 1 and A3 taking
the values 0.855 (blue), 0.856 (red) and 0.857 (yellow).

Aasen et al. [41]. This phase survives until the extreme point A\; = 0, A3 > 0, where
the model in fact becomes free-fermionic [97]. This fascinating point has a ground
state degeneracy exponentially large in the system size and is supersymmetric.
We have now shown several nice features of our model. We have a TCI point at
a relative coupling strength of O(1) and the gapped region has a frustration-free
prototypical point within it. There is one aspect that was mentioned earlier which
has not yet been addressed though: supersymmetry. In the rest of this chapter
we will explain the connection of our model to supersymmetry and extend it so

that we find a line of exact supersymmetry.

3.4 Lattice supersymmetry

Before moving onto our lattice model, we first explain precisely what we mean
by lattice supersymmetry [96]. Supersymmetry [98-100] is often considered in the
context of high-energy physics as a means of extending beyond the standard model
and solving the hierarchy problem [101-103]. It is normally thought of as associating
a fundamental fermionic particle to each fundamental boson and vice versa. For

example, each fermionic quark has a corresponding bosonic “squark”.
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We will define lattice supersymmetry with a similar link between bosonic
and fermionic excitations. We call a Hamiltonian supersymmetric if it can be

written in the form
Hg = Q? (3.27)

for some fermionic and Hermitian operator Q@ [96]. This form has some immediate
consequences. Firstly, the Hamiltonian is positive semi-definite. This can be seen

by taking the expectation of the Hamiltonian in any state:

(WIHY) = ($1QQIY) = [Q[)[* > 0. (3.28)

Secondly, [H,Q] = 0 and so applying Q to any eigenstate of the Hamilto-
nian |F) with energy E necessarily either gives another state of energy FE or

annihilates the state:
H(Q|E)) = QH|E) = QE|E) = E(Q|E)). (3.29)

Acting with Q again then brings the state back to its original form other than a
factor of £ (Q(Q|E)) = Q*|E) = E|E)) and so we see that all states appear in
doublets (|E) and Q|FE)), other than zero energy states. As applying a fermionic
operator, Q, turns a state from bosonic to fermionic and vice versa, we can view

these doublets as boson-fermion pairs.

3.4.1 A fermionic example

As an example of a supersymmetric lattice model, we turn to the model studied
recently by Sannomiya, Katsura and Nakayama [104], an extension of a system first

investigated by Nicolai [105]. In this model the Hamiltonian is taken to be

H=1{0,0'}, (3.30)
where
N/2
Q= 296%—1 + Cok—1ChyCor1 (3.31)

k=1
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and the ¢, are fermionic operators obeying
{ci, c;r} =4, {ci,cj} = {cj, c;} =0. (3.32)

(In Nicolai’s original model there was no single fermion term in Q and so g = 0.)

As Q? = 0, we see that the Hamiltonian can be rewritten as
H=(2+ 9 (3.33)

and so, the Hamiltonian is supersymmetric.

Sannomiya et al. found that, for g > 0, there is a non-degenerate ground state
and the long-range behaviour of the model is described by a CFT with central
charge ¢ = 1, to be contrasted with the case g = 0 where there is an exponentially
large number of ground states. This is similar to the free-fermion point in our
model mentioned above [97] and the connection between the Hamiltonians will
soon become clear!

Before moving on to the supersymmetric version of our model, we briefly mention
a second model based on fermions studied by Sannomiya et al. In this case the

Hamiltonian takes the same form as Equation 3.30, but with Q replaced by

N
Q = Zng + Cj—lcjcj—H- (334)

j=1
In this model, again, there is an exponentially large number of ground states for
g = 0, but the behaviour is subtly different for g # 0. While there is a finite
number of ground states, the dispersion relation is not linear in momentum as
it was for the previous case, but is instead cubic —i.e. E(k) o< k* for low-lying
states [106]. This dispersion relation breaks Lorentz invariance and means that
the system cannot be described by a CFT. Interestingly, we will find that our

supersymmetric line also has a cubic dispersion relation [92].



3. The Zo invariant model 43

3.5 Our chiral model

The Sannomiya Hamiltonians (3.30 and 3.31 or 3.34) were built from fermionic
operators with canonical anticommutation relations, but we have seen that our
Hamiltonian (3.11) is more naturally expressed in terms of Majorana fermions.
Majoranas in fact have an advantage over conventional fermions in constructing
supercharges, Q: 7! = v, and so to get an hermitian supercharge we can just
consider a single sum over 7,, rather than sums over both ¢; and cL. The Q

analogous to Equation 3.34 in terms of Majoranas is

2L

1 .
Q+<)\I, )\3) = 2\/)\_3 ; ()\[")/a + Z)\B")/aflfYaﬂyaJrl) ) (335)

where the ¢ in the second term is required for Q@ to be hermitian.

A supersymmetric Hamiltonian can then be constructed as
Hg (A, A3) = (@7 (s, )\3))2, (3.36)

which we will now discuss and was the subject of Ref. [92]. Calculating Hd (A7, A3)
explicitly, we find

A2+ a2 1 1
ng(/\l, )\3) =L 12>\3 2+ Z [i)\l (’Yb%ﬂ - §’Yb—17b+1) - §>\3’Yb—2%—17b+1’7b+2 )
b=1

(3.37)
where the constant in front assumes periodic boundary conditions in Majoranas.
Going to the spin basis, and again sweeping the boundary conditions under the

carpet, we find that, up to a constant,
n 1 1
HS(Ar,As) = A\rHp + 5/\3H3 + 5)\01-!0, (3.38)

where
L
H. = Z (o¥0%,, —0iol,y). (3.39)
j=1
Up to this H. term, Equations 3.38 and 3.11 are the same! The extra term given
by H. is clearly chiral due to the minus sign — supersymmetry has come at the

price of breaking spatial parity.
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3.5.1 Supersymmetry operators in the non-chiral model

Before studying this supersymmetric model in detail, we first consider a similar

Hamiltonian, built from the supercharge

oL
1
“(ArAg) = 1) (A — AsYe1VaYar) 3.40
Q(I 3) 2\/)\—3;( )(17 LA3Y 177+1) ( )
giving
H3 (A ds) = (Q(Ar, 2s))”, (3.41)
A2 a2 AT 1 1
= LI2T33 + bzl [ZAI <’Yb%+1 + 5%1%+1> — 5)\3%72%71%“%% -

We then see that Equation 3.11 can be written as
HOup, ) = (7)) + (27 (A, Ag))” (3.42)

and so our original non-chiral line can be written as the sum of two chiral
supersymmetric Hamiltonians. Note that, as the anticommutator {Q", Q~} is
non-trivial, the Hamiltonian itself is not supersymmetric.

As mentioned in Chapter 2, an SCFT has supercurrents G and G corresponding
to operators of weights (3/2,0) and (0, 3/2) respectively [72]. The Hamiltonian

of the field theory can then be written as

Hfeld theory = (/ dx G)2 + (/ dx G)Q. (3.43)

As this form is very similar to H (A7, A3) (3.42), it is tempting to make the identifica-

tion

Q" — /G, Q9 — /é, (3.44)

as we take the continuum limit. We would then hope that we could find Q* = > ; Gy
where G are local operators and have the same correlation functions as the CFT

operators in the long-distance limit. The most obvious identification is

Gj = Aryej 4 iA3y2i-172j72j41, (3.45)
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but this turns out to be slightly wrong. The issue is that, in the TCI CFT, there
are other fermionic fields more relevant than G and G: @ and ¢ with weights
(3/5,1/10) and (1/10,3/5) respectively. Generically, a lattice operator will contain
every field obeying its symmetries, as happens, for example, in the identification of
the parafermion field in the three-state Potts model [107]. Thus, the correlator at

long distances is dominated by the most relevant allowed operator and so,
(GiGr) ~ 1 — k[T (3.46)

in the limit |7 — k| > 1.
Following the method of Ref. [107], the correct way to remove the unwanted 1
and ¢ fields from the lattice operators is to consider duality. G, QT and ¢ are even

under duality, while G, @~ and 1 are odd [93, 94]. This leads to the identifications

G = A1 (21 + v25) + A3 (Y2j—2725—1725 T V2j—1725V25+1) » (3.47)
G = A (v2j1 — 725) — ids (V2j-272j-1Y25 — V2j—1Y25 V25 1) (3.48)
Y = Ar (v2j-1 — Y25) + A3 (V2j—2V2j-172) — V2j—1V25V25+1) » (3.49)
bj = A1 (Vi1 +725) — iAs (Yaj 27251725 + V25172725 41) (3.50)

These were checked by finding the two-point functions at the TCI point, with
the results shown in Figure 3.3. These were calculated using DMRG on a lattice
with open boundary conditions and length L = 400. As can be seen, the correlators

converge nicely to the values expected from Equation 2.16 of
(GiGr) ~ 17 = k7220 ~ | = k72, (ghe) ~ |7 = k722 ~ |j — k[H (3.51)
Now that we have seen the supersymmetry generators on the non-chiral line,
we define the more general Hamiltonian

A0 = (1+55) @0+ (1 32) @7 0n )

= 2\ H; + A\sHs + A\ H, + Ej. (3.52)

The non-chiral line given by Equation 3.11 corresponds to H(Ar, As, 0), while the
supersymmetric line given by Equation 3.38 is H(A;, As, Ap).
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Figure 3.3: The two point correlators Cj, = (G;Gj) (blue crosses) and (1j1y) (yellow
crosses), from Equations 3.47 and 3.49, are plotted against |j — k| at the tricritical point
A3/A; = 0.856. The red and purple lines correspond to A|j — k|3 and Blj — k|~14,
respectively, where A and B are fitting parameters.

3.5.2 The free-fermionic line

Before looking at this model generally, we will focus on the special case A3 = 0.

Here the Hamiltonian reduces to
oL

F[(Ala 07 )\c) = ZZ (2)\1%%+1 - )\c’}/a’ya+2> (353)

a=1

and is free-fermionic, meaning that we can solve it exactly. In this case we will
have to be careful about boundary conditions to get the exact spectra and so

we define a new Hamiltonian
2L

Hr.= ZZ (2AaYaYat1 = KaYa—1Ya+1) 5 (3.54)

a=1

where we have made the coupling site dependent to make boundary conditions
easier to deal with. L is the length of the lattice of spins and hence the Majorana
lattice extends to 2L.

To solve this, we first construct raising and lowering operators, designed to obey
[Hc, V] =260, (3.55)
as then, if |E) is an eigenstate of H obeying H |E) = E|E), ¥ |E) will either be an

eigenstate obeying H(V |E)) = (E + 2¢)V |E) or will be a null vector. Defining

2L
U=>" iV, (3.56)
a=1
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where p; is arbitrary, and using

[’7a’7b> ’yc} - ’Ya(sbc - ’Ybéac, (357)
we arrive at
2L
[H, V] = pteYa, (3.58)
a=1
where
,u:z =1 (2)\a[1'a+1 - 2)\a—lﬂa—1 — Rat1Ma+2 + Kfa—l,ua—Q) . (359)

For a given set of A\, and k, we can now find every creation and annihilation
operator. The ground state must be the state annihilated by all operators which
lower the energy but not annihilated by any of those which raise it.

For the self-dual and translation invariant model with periodic boundary
conditions (in terms of Majoranas), we set A\, = A; and k, = A. Ya. We can

then solve Equations 3.56, 3.58 and 3.59 using the Ansatz
fa = pe’™, (3.60)

where k =nn/L,n=—-L+1,—-L+2,...,—1,0,1,..., L—1, L. These give the energies

2¢, = —4sin(k) (A — A\.cos(k)) . (3.61)
From this it is clear that e_; = —¢; and from Equations 3.56 and 3.60 we see that
U, =0l {0, U} =200 4, (3.62)

where we have taken p = 1/v/2L, allowing us to identify ¥, with an annihilation op-
erator for 0 < k < 7w and W_j the corresponding creation operator, assuming A, < ;.

The above construction is clear unless k = 0 or £ = 7, where ¢, = 0 and the
creation and annihilation operators coincide. We see that, if ¥ is an allowed
operator in terms of boundary conditions and number of states, then W, must be

too and vice versa. We therefore take the combinations

1 , 1 _
=5 (Ug +i0,),  U_= 7 (W — iW,), (3.63)
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which then satisfy {¥,, ¥, } = {¥_,¥V_} = 0 and {¥,,¥_} = 2, along with
[H,W,] = [H,¥_] = 0. We make the arbitrary choice that ¥, is a creation
operator, while W_ is an annihilation operator. We now have L independent
creation operators, each with a corresponding annihilation operator, and so have
spanned the whole space.

Before declaring victory, we pause to consider the above result. With periodic
boundary conditions we have a creation operator that does not change the energy.
Applying this to the ground state should then give a second state of zero energy,
but we know that there is a single identity operator in a CF'T and so, for periodic
boundary conditions in terms of spins, there should be a unique ground state, at
least at the point A\, = 0 where we know the model to be described by the Ising
CFT. This is resolved by considering the various boundary conditions for spins and
Majoranas — periodic in one does not necessarily correspond to periodic in the other!

To see how the boundary conditions should transform, we consider the explicit
Hamiltonian in terms of spins with periodic boundary conditions:

L
Hepins = — Z [)\1 (Uj? + UJZ-U;H) + A3 (ajaé-ﬂrl — oé’ajﬂ) , (3.64)

Jj=1

x?y7z x?y7z

where o7/1" = 07", so the Hamiltonian is periodic. To rewrite this Hamiltonian

in terms of Majoranas, we reproduce Equations 1.15:

o7 = —iY2j-172j 050741 = —172j72j+1, (3.65)

which allows us to write
z Y _ N z z T A
0j0j41 = —10;0410541 = V925725+2, (3.66)

and, similarly, a;-’aj. +1 = —1Y2j-172j+1- These expressions, along with those for o7
and o%0%,, (3.65), are perfectly sensible unless j = L, in which case 72;,; and
V2j+2 are not yet defined. To work out what these should be, we consider the

specific offending terms in Equation 3.64:

Hoftending = —A10507 + A3 (0509 — oi07) . (3.67)
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We will deal with the first of these terms explicitly, with the treatments of the

others following analogously. We can write —\;ojo} as

L-1
z _z z Z _z z
—Ajojo] = —Aj0] H o;o; | o]

:_AIH 0507 41)

= _)\I H 272]’72]-&-1

2L-1

= _(_i)L_l)\I H Ya-
a=2

(3.68)

All we seem to have done is expressed our operator in terms of a long chain

of Majoranas! Fortunately, the symmetry of the model comes to our aid. We

know that the spin-flip operator, F (3.3), is a symmetry. Rewriting this in

terms of Majoranas we get

g'.]

I
=
3,

<.
Il
-

I
=

(_W2j—172j>

= <_i)L H Ya-

We can then rewrite Equation 3.68 as

.
Il
=

—/\IU1UL = =i\ FL

= —iA\;venF,

(3.69)

(3.70)

and so we see that the sign of this term depends on the eigenvalue of the state

under F. The same holds for the other two offending terms and we find that

we have periodic boundary conditions (vYar+1 = 1, Y212 = 72) for states with

an eigenvalue of —1 under F, while we have antiperiodic boundary conditions

(Yor+1 = —71, Y2r42 = —72) for states with an eigenvalue of +1 under F.

We now see how to proceed: split the Hamiltonian into sectors odd and even

under F, then solve the model with the appropriate boundary conditions in terms
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of Majoranas. The only difference for antiperiodic boundary conditions is the
values k can take in Equation 3.60 — now & = (n — 1/2)n/L for n = —L +
1,-L+2,..,-1,0,1,....L — 1, L.

Starting in the F = 1 sector, we need antiperiodic boundary conditions. Our
ground state (for A. < Ar) is then annihilated by all Wy with & < 0 and by none

of those with k£ > 0, giving an energy of

L—1
2 1 2 1
E;Qil = —4Zsin (%) ()\1 — A, COS (%))

— 4\, Lz_:lsin (W) (3.71)

where the second term in the first line vanishes as it reduces to summing sine
functions symmetrically over a whole period. This shows that, for |A\.| < A, the
ground-state energy is independent of A;!

As all states must have the same value of F within a sector, we can only get
between them by applying an even number of W, operators. The first excited state
must then be the state obtained by acting with the two lowest energy creation

operators: W_r,; and W_, ./, giving

Eg)zl = ](é)il + 8sin (%) ()\1 — A COS (%)) (3.72)

Further excited states are found by applying further creation operators, but
always in pairs.

Going next to the case with F = —1, we require periodic boundary conditions.
As we had L W, operators annihilating the ground state in the F = 1 sector, here

L — 1 must annihilate it so that / = —1. This gives an energy of
., nmw nmw
E](Sifl = —4; sin <T> ()\1 — A, COS <T>)
L—1 n
— 4 nzl sin (7) (3.73)

s
= —4\;cot (E) )



3. The Zo invariant model 51

Again, to get the first excited state we must now act with two creation operators.
One of these will be ¥ as it has zero energy, but there are two choices for the second:

V_./r and U_ /. We then have two degenerate first excited states of energy

E_(Fll L= E( ) _, +4sin <L> (/\1 A¢ COS (%)) (3.74)

To do a sanity check on our results before moving on, we consider the pure

Ising model (A, = 0). Taking the limit L — oo we find

20 2mv [ 1/2 1

EV = —?L+ — (—% +0+ 0) +0 (E) , (3.75)
1/2 1

(—L+— )+(9<L3) (3.76)

2mv 1/2 1 1

EY = —?L ( 16) +0 (E) , (3.77)

1/2 116) +0 (%) , (3.78)

where v = 4); is the Fermi velocity. We see that the gaps are in agreement with

27rv

7T

the CF'T predictions of the dimensions from Equation 2.17: for F = 1 the ground
state is the identity operator with (h, k) = (0,0), while the first excited state is the
energy operator with weights (1/2,1/2). In the F = —1 sector, the lowest energy
state is the spin operator with weights (1/16,1/16), while the two degenerate first
excited states have weights (17/16,1/16) and (1/16,17/16).

3.5.3 The chiral free-fermionic model

Now that we have checked that the results of the Ising CFT are correctly
reproduced at A. = 0, we move on to consider general A. (for A; > 0). Reproducing

the energy of the operator ¥, from Equation 3.61,
2¢;, = —4sin(k) (A\; — Ac.cos(k)) , (3.79)

we see that for [A.| < A;, ¥y with —7 < k& < 0 continue to have positive energy
and those with 0 < & < 7 continue to have negative energy, meaning that our
creation and annihilation operators remain the same. This means that, although

the energies in the spectrum change, the ground state remains the same throughout
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this region. There is an important change though: ¢, is no longer equal to €, _x
due to the effect of the cos(k) factor. This makes the model chiral and leads to
different Fermi velocities for the left- and right-moving eigenstates.

At A, = A;, something more significant happens though. At this point the

energies become

2¢¥ = —4\rsink (1 — cos k)

= —4sink 4 2sin (2k) . (3.80)
Expanding this for small £ we find
2e; = —2k*+ O (K°), (3.81)

showing that the model now has cubic dispersion within each sector. Note that
around k = 7, the dispersion is still linear though and, as we have seen that the
gap between the F sectors is independent of A, for |\.| < A7, the gap between
the sectors remains ~ 1/L.

Taking \. > A\;, we see that which W, are creation operators and which are
annihilation operators now begins to change. The critical values of k where the
energies are 0 are k = 0, 7, acos(A;/\.), —acos(A;/A.). In Figure 3.4, 2¢ is plotted
against k for 5 different pairs of A\; and A.. The blue, red, yellow and purple lines
correspond to A\; = 1 and A\, = 0, 0.8, 1, and 1.2 respectively, while the green line
is \f =0, A\, = 1. As can be seen, for \. < A;, there are zeros at k = 0,7, while
for A, > A; a further pair of zeros occur at k& = +acos (A\;/A.). The yellow line,
corresponding to A\, = ) is flat at the k = 0, indicating the k3 dispersion here.

For A, < A7, the model is still in an Ising phase, just with different Fermi
velocities for the left- and right-moving parts. For A. > A; the phase is completely
different and is in fact incommensurate. Changing either \. or L changes the W,
operators with negative energy, meaning that the ground state jumps between
momentum sectors. As we will see later, this behaviour continues as Az is added

and the model is no longer exactly solvable.
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Figure 3.4: 2¢; is plotted against k using Equation 3.61 for A\ = 1, A = 0 (blue), 0.8
(red), 1 (yellow), and 1.2 (purple) and for A\ = 0, A\, = 1 (green).

Before investigating this general case, we first consider the extreme point given
by A\f = A3 = 0, A\, = 1, corresponding to the green line in Figure 3.4. Here

the Hamiltonian is simply

2L
Heey = —1 Z YaYa+2
a=1

L
= —1 Z V2j-1725+1 T V2572542, (3.82)

j=1
and so it turns into two copies of the Ising model, albeit with non-trivial boundary

conditions. This point is thus a CF'T of central charge ¢ = 1.

3.5.4 The general chiral model

We now turn to the general case with A3 # 0. This model is interacting and
so cannot be solved exactly, but we will see that many of the qualitative features

remain the same. Returning to H(A;, As, A.) (3.52), we see that, for |A.| < A;, the
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Figure 3.5: The incommensurate transition for A3/A\; = 0.856 and L = 19. The crosses
give the lowest energy levels in each momentum sector, with £ = 0 in blue.

coefficients of both (Q1)? and (Q™)? are positive, while for A. > A7, the coefficient of
(Q7)?% is negative. This has a profound effect on the physics as we will now explain.

As (Q+)2 is the square of an hermitian operator, its eigenvalues are positive
semi-definite and so the eigenvalues of H (A7, A3, A.) are bounded from below by 0 for
|Ac| < Ar. There is no bound on the maximum eigenvalue of (Q*)? though (at least
in the thermodynamic limit), so for A. > A; the ground state can change rapidly
with both L and the coupling strengths, leading to incommensurate behaviour.
This incommensurability is demonstrated in Figure 3.5, where the lowest energy
levels in each momentum sector are plotted against A./A; for A3/A; = 0.856 and
L = 19. The blue crosses are the £k = 0 states and remain the ground states
until A./\; =~ 1 when the levels start crossing frequently, indicating the beginning
of the incommensurate phase.

The Ising and gapped phases are found to survive up to the supersymmetric line
as has been confirmed both by us and recently in Ref. [41]. The TCI point in the
non-chiral model becomes a line when H, is added and is found to remain at the

same A3/A; to within about 5% up to A\, = A\;. Moreover, as the three exact ground
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Figure 3.6: The full phase diagram of the perturbed Ising model in our region of interest,
setting A\; + A3 + A = 1 and A, A, A3 > 0. Changing A\, — —A\. leaves the diagram
invariant.

states at A\; = A3, A. = 0 have zero energy, they must be annihilated by both (QT)?
and (Q7)? and so remain exact ground states along the line A\; = A3, —A\; < Ao < A

We now present the full phase diagram in Fig 3.6. The red, blue and green
areas indicate the three phases: Ising, gapped and incommensurate. The chirally
symmetric line is the dashed horizontal line linking the Ising and Four-Fermi point,
while the black line on the left-hand side is A3 = 0, corresponding to the exactly
solvable free-fermionic models. The TCI, exact ground-state and supersymmetric
lines are indicated in yellow, orange and white respectively.

The only area of the diagram requiring more description is the supersymmetric
line. This was studied by Sannomiya et al. in Ref. [92]. They showed that
supersymmetry is spontaneously broken for small A3 and the dispersion relation
remains £ oc k* away from the exactly solvable point A\; = A, A3 = 0. This line
has proved to be extremely difficult to study numerically due to the multitude
of very low-lying states and so we have been unable to determine how far this
k3 dispersion survives and what happens at the multicritical point when the TCI
and supersymmetric lines meet.

The final point in the phase diagram worthy of discussion is the Four-Fermi

point [97]. This is the point with \; = A\, = 0 and is the only place at which the
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model is both supersymmetric and non-chiral. Here the model is exactly solved
thanks to a hidden free-fermion structure and is found to have a dispersion relation

E o k*? for open boundary conditions.

3.6 Conclusions and outlook

We have shown that the critical Ising model perturbed by a self-dual, non-chiral
interaction can lead to a TCI transition at a ratio of couplings of O(1). After this, we
encounter an order-disorder coexistence phase with three degenerate ground states,
including a frustration-free point, where the ground states are exactly degenerate
for any lattice length and correspond to the completely ordered and disordered
Ising states. Continuing to the extreme point where the Ising coupling vanishes, we
encounter a point with a hidden free-fermion structure [97]. Breaking chirality, we
see that the Ising and gapped phases survive until they hit a supersymmetric line,
after which the model becomes incommensurate. The TCI transition also survives
all the way to this line, as does the line of frustration free ground states.

Since the completion of our paper a number of other groups have explored
different areas related to the content. Li, Lantagne-Hurtubise and Franz have
constructed a similar model on the kagome lattice which also exhibits lattice
supersymmetry [108, 109]. Other interacting Majorana models have also recently
been considered on the honeycomb lattice [110] and on two- and four-leg chains
[109]. In addition, our model been used as a check for benchmarking numerical
tests, such as periodic uniform matrix product states [64, 111] and for testing the
extraction of conformal data from lattice models.

Recently, Aasen et al. posted a paper investigating the non-Abelian spin liquid
phase in a-RuCl;, a Kitaev material [37, 39-41]. This compound, and Kitaev
materials more generally, are of great interest in the field of quantum computing,
where the production of fault-tolerant qubits remains a key problem [26, 27, 38].
Aasen et al. investigated ways of detecting emergent Majorana fermions and anyons
along with their statistics. In their paper they make use of our self-dual perturbed

Ising model (3.11) to gain insights into their emergent Majoranas, showing its
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potential significance to the highly important field of quantum computing. As well
as this, they solved the mystery mentioned earlier of why our model has its TCI point
at a ratio of couplings of O(1) while the Rahmani model (3.10) needs an interaction
strength almost three orders of magnitude larger. They argue that the four-fermion
interactions can be split into two parts, one which effectively boosts the Ising term
for low-energy excitations, and a second which remains a four-Majorana term [41].
In the Rahmani case, this boost is large and occurs linearly in the momentum, k,
of quasiparticles, while in our case the linear term vanishes and the lowest order
term is cubic. For the low energy excitations, which have small &, the effective Ising
interaction gets renormalised strongly in the Rahmani case but only weakly in ours,
explaining why a far stronger Rahmani perturbation is needed. The details of the

underlying calculation are given in Appendix A, or can be found in Ref. [41].
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4.1 Introduction

In Chapter 3 we considered the critical Ising model perturbed by a self-dual
interaction. The g¢-state Potts model is a generalisation of the Ising model to a
system with ¢ states per site [13, 43]. The Zy symmetry between the two possible
spin directions becomes an S, symmetry (the permutation group of ¢ elements).
Just as in the Ising model, for ¢ = 3 there is a second-order transition between an

ordered region and a disordered region, which has a continuum limit again described

59
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by a CFT, this time with central charge ¢ = 4/5 [14].

As with the Ising model, the Potts model has attracted renewed interest in
recent times due to its connection with parafermions [42]. Just as the Potts
model is a generalisation of the Ising model, so is the parafermion a generalisation
of the Majorana fermion, albeit with a more complicated algebra. In fact, this
very complication allows for new possibilities in terms of topological phases of
matter and quantum computation [47]. Similarly to Ising, a self-dual model in
spins corresponds to translation invariance in parafermions, hence motivating
the study of such spin models.

Due to the increased complexity of parafermions compared to Majoranas and the
larger Hilbert space, the number of available interactions is also greater. Whereas
in the Ising case there were no self-dual nearest-neighbour interactions with the
symmetries of Ising other than the critical Ising Hamiltonian itself, this is no longer
the case for Potts. Specialising to three states, just imposing the S3 symmetry is
still not enough to limit us to a unique perturbation, but adding in spatial parity
and time-reversal (to be explained in Section 4.2) is, giving the Hamiltonian H;, as
will be defined in Equation 4.34. It is worth noting that this is parity in terms of
spins, which is a different condition from parity in parafermions — Li et al. studied
a model with parafermion parity but not spin parity and found completely different,
but still very interesting, phases of matter [112].

In Chapter 3 we found an order-disorder coexistence phase separated from the
critical Ising phase by a TCI CFT. One might hope that perturbing the Potts model
in a similar way would give another order-disorder coexistence phase separated
from the Potts phase by the analogous CFT, the tricritical Potts (TCP) CFT
[113]. This order-disorder coexistence phase proved to be of practical importance
in terms of quantum computation in the Ising case [41] and so, we might also
hope a parafermionic equivalent could be of use.

One of the key features of the perturbed Ising model was its link with super-
symmetry [96], especially when perturbing from the TCI point. In the 3-state case

supersymmetry has a generalisation to “fractional supersymmetry” based on the
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presence of spin 4/3 rather than spin 3/2 operators [113, 114]. Again, the effect of
this in the CFT is known, but its presence in lattice models is more unclear [114, 115].

Unlike the Ising model, taking the negative of the critical 3-state Potts Hamil-
tonian does not lead to the same field theory and is given by a ¢ = 1 CFT
[116, 117]. While the corresponding classical model is unstable to perturbations
[117], the quantum version stays in the same phase. This surprising behaviour
will be explained in Chapter 5.

While the critical ferromagnetic Potts and, to a lesser extent, the antiferromag-
netic Potts models have been well-studied, the same is not true for the second
symmetry preserving Hamiltonian, H;. This Hamiltonian is fascinating in its own
right though and has many intriguing features, such as integrability and a connection
with the Onsager algebra and quantum groups [52]. Once again, the continuum
field theory depends on the sign of this Hamiltonian. One sign gives the same
CFT as the critical antiferromagnetic Potts model, and has a flow to the critical
ferromagnetic Potts model [52, 118, 119], while the other is supersymmetric and
has been studied less in the literature [52, 120].

In this chapter we will investigate in detail the whole phase diagram, as given in
Figure 4.1. We start by summarising the Potts model, its connection to parafermions,
and the critical ferromagnetic and antiferromagnetic points in Section 4.2, before
introducing the second symmetry-preserving Hamiltonian in Section 4.3. The
remainder of the chapter then plots out the phase diagram, with Sections 4.4 and
4.5 going through the order-disorder coexistence and TCP phases, while Section 4.6
looks at the connection to fractional supersymmetry. Section 4.7 explains the region
around —Hy, while Sections 4.8 and 4.9 do the same around the antiferromagnetic
point and H;, respectively. The phase diagram in this chapter focuses entirely on
the self-dual line, with duality-breaking behaviour deferred to Chapter 5. This

chapter is based predominantly on Ref. [51].
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4.2 The Potts model

The one-dimensional 3-state quantum Potts model on L sites has Hamiltonian

Hp(J, f) = — XL: {J <0‘;0'j+1 + aja;-H) +f <7'j + T;ﬂ , (4.1)

j=1
where the operators o; and 7; act non-trivially only on site j and ¢ and 7

obey the algebra
o’=ol, P=11=1 A =7r=1 or=uwro, (4.2)

where w = exp(27i/3).

We will consider two main bases: the o- and 7-diagonal bases. In the o-diagonal

basis
1 0 0 001
c=10 w 0|, =110 0], (4.3)
0 0 w? 010
while in the 7-diagonal basis
010 1 0 0
c=10 0 1], T=10 w 0 (4.4)
100 0 0 w?

For periodic boundary conditions, as we will generally consider unless stated
otherwise, we define o1 = 01, 7011 = 71.

The Potts model has a number of symmetries. Firstly, there is an S3 symmetry
of relabelling the spin directions in the o-diagonal basis. This comprises a non-
commuting Zs and Z, pair of symmetries. The Z3 consists of cyclic permutations

of the spins generated by

L
j=1

such that §T0;S = wo; and S'1;§ = 7;. In the 7-diagonal basis (4.4) this
permutation acts diagonally, while in the o-diagonal basis (4.3) the spins are

shifted. As 83 =1, S has eigenvalues w” for r = 0, £1. The Z, in the Ss is charge

conjugation, C, and conjugates both o; and 7;: Co;C = U;f», CriC = T]T.
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We can express the Zs generator as S = w?, where

L .
Q=Y 5, Si=—(r-7). (4.6)
JZI j 1T /3 (T TJ)

For the Potts model itself, the U(1) generated by () is not a symmetry, but we will
see that it is at special points in our phases diagram to be discussed later.
Along with translation invariance, the Potts model has two further symmetries.
Parity symmetry requires invariance under exchange of operators at sites j and
L+1—j, meaning that the chain looks the same “in whichever direction you look at it”.
The second is time-reversal symmetry, which changes o; <+ 0} but leaves 7; invariant.
As it is anti-unitary, it also complex conjugates any constants (e.g. w <> w?).
Now that we have described the symmetries of the Potts model, we move onto
its phase diagram. We focus on the ferromagnetic Potts model with J, f > 0. From
Equation 4.1, Hp(J,0) is an exactly solvable point. We consider the o-diagonal
basis, where it is clear that all terms in the Hamiltonian commute. The three
ground states can then be read off immediately as the three states in which all

spins align in the o-direction:
Vo) = [AA--- A), (4.7)

for A =0, 1,2 and 0, |A); = w*[A),. These are the completely ordered states
in the o basis. For periodic boundary conditions, there is then a gap of 6J to
the first-excited states, where there are two points with adjacent spins not in
the same direction.

Taking Hp (0, f) instead, we find another exactly solvable point, this time with

all operators diagonal in the 7 basis. Here there is a unique ground state

[Wq) =]00---0), (4.8)
where 7; |0>3 = |0>j In the 7 basis this is completely ordered, while in the ¢ basis
there is an equal amplitude for every basis state and so it is called the completely
disordered state: |0) = (|0) + |1) + |2))/v/3. There is then a finite gap of 3f to

the first excited states with one site not in the |0> state.
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The Ising model also had completely ordered ground states and a completely
disordered ground state at its solvable points (1.6 and 1.8). In the Ising case we saw
that the ordered and disordered points were surrounded by ordered and disordered
phases which were related to each other by duality [7]. Perhaps unsurprisingly, an
analogous duality can be found in the Potts case [121]. Taking

T — O';Uj+1, 0';0']'_;,_1 — Tj+1, (49)

we see that, with periodic boundary conditions, Hp(./J, f) maps to itself, just with
J <> f. We see that there is a self-dual point at J = f, as there was in the Ising
case. This point is described by a CFT with ¢ = 4/5 and is the transition between

ordered and disordered phases, just as in the Ising case [14, 121].

4.2.1 Parafermions

The similarities between the Ising model and the 3-state Potts model may lead
to some hope that it can be solved exactly for all couplings, but unfortunately this
is not the case. The Ising model was solved by transforming to Majorana fermions
(1.14) obeying the algebra {7,, 7} = 20, and this simple anticommutation relation
allowed the model to be solved. In the Potts case the analog of the Majorana

fermion is the parafermion [42], where

Jj—1 J
Yoj_1 = 0; H Tk, Po; = woj H Tk (4.10)
k=1 k=1

Here the algebra 3 = 1, 1,1, = wibyth, for a < b is obeyed. This more complicated
commutation relation means the model can no longer be solved generally.
We can still get some useful insights by looking at the model in terms of

parafermions though. From Equations 4.10, we see that

Tj = w2¢§j71@/}2j, U;[Gjﬂ = w2¢$jw2j+la (4-11)

and so, up to boundary conditions, Equation 4.1 can be rewritten as

L
Hp(J, f) = = > (Jodytnjr + fuly_yibn; +c) (4.12)
j=1



4. The S5 invariant model 65

As in the Ising case, the self-dual point J = f is translation invariant in terms of
parafermions. When we consider perturbing the Potts model later, we will see that
the shortest-range couplings are also clearer in the parafermion language than in
terms of spins due to the simpler behaviour under duality.

Before moving on, we should note that parafermions can be defined for a
g-state system. In this case Equation 4.10 is unchanged, but w is replaced by

w, = exp(2mi/q) and o and 7 obey the relations
ol=71=1, 04Ty = WyTq0yg (4.13)

leading to ¥4 = 1, Y1y, = wehpt, for a < b. We see that Majorana fermions and
3-state parafermions are special cases with ¢ = 2, 3 respectively.

Parafermionic operators also appear in CFTs [113, 122]. The property of
needing ¢ parafermions to return to the identity can be seen from an operator with
fractional spin. In fact, similarly to the CF'T minimal models, there is a family
of parafermionic CFTs, each of which has a field ¢ with weights

(h,h) = (QO) : (4.14)
q
This series has central charge

-1

c=21"" (4.15)
q+2

and will prove to be useful in our analysis later. For now, we note that the Ising

and Potts CFTs correspond to the ¢ = 2,3 models in this series.

4.2.2 The ferromagnetic and antiferromagnetic Potts CFTs

As mentioned above, the second-order transition between the ordered and
disordered Potts models occurs at the self-dual point J = f > 0 and is in the
universality class of a CFT with central charge ¢ = 4/5 [14, 66]. While the Ising
model is part of the A-series of minimal models, the Potts model is in the D-series,

meaning it has a non-diagonal partition function [14, 68, 123, 124]:

Zp = (X0 + x3)(Xo + X3) + (X% + Xg)(f(g +>Zg) +2X XL+ 2xz2Xz (4.16)

(V1N
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Here x4, is the holomorphic character of the primary field with holomorphic weight
h, consisting of the contributions of the primary and all its descendent fields, i.e.
the entire conformal tower, to the partition function, while y; is the equivalent for
the antiholomorphic part [16]. The 1/15 and 2/3 operators are charged under the
Z.3 and so cannot be present in any perturbation neutral under it. Thus the most
relevant operator is the (2/5,2/5) energy operator and this drives the transition to
the ordered or disordered Potts model, depending on the sign of the perturbation.

In the Ising case, the energy operator was odd under duality and so could be
neglected from self-dual perturbations. The same happens in the Potts model,
meaning that the (2/5,2/5) operator is not present in self-dual perturbations [107].
The least irrelevant operator obeying every symmetry of the self-dual Potts model
is then the (7/5,7/5) operator [125], with dimension 7/5+7/5 = 14/5 > 2, showing
that the critical Potts model is stable to self-dual perturbations.

For Ising, the antiferromagnetic model was equivalent to the ferromagnetic
model up to a unitary transformation, but this no longer holds in the three-state
Potts model. To understand this difference, we consider the purely disordered
points. In the Ising model this is

L

Hygnga = —f Y _ o7, (4.17)

j=1
where f > 0 for the “ferromagnetic” point and f < 0 for the “antiferromagnetic”
point. At the ferromagnetic point, the spins want to align in the state with eigenvalue
1 under ¢®, while for the antiferromagnetic case they want eigenvalue —1. Both
of these just give a single choice of the preferred state.

For the Potts model we get instead

Hﬁmmpz—f22(5~+ﬁ>. (4.18)

=1

B

In the 7-diagonal basis,

T=r4+7=(0 -1 0 |, (4.19)
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and so, we see that the spins want to be in the state with eigenvalue 2 under T’
for the ferromagnetic case. For the antiferromagnetic case though, there is no
longer a single preferred direction — there are two states with eigenvalue —1. This
difference has a profound effect and means there are 2 degenerate ground states
for f < 0, rather than the unique ground state for f > 0.

The inequivalence between a single favoured direction and a single disfavoured
direction will reappear and play an important role as we perturb our model. For now,
we use it as justification that the antiferromagnetic Potts model is not necessarily
the same as the ferromagnetic Potts model. In fact, the antiferromagnetic self-
dual point is a CFT with central charge ¢ = 1 [116, 117]. The CFT for the
antiferromagnetic Potts model is on the circle line of bosonic theories and has
radius R = \/ﬁ in the conventions of Ginsparg [15, 75] and as given in Section

2.5, resulting in a partition function of

Zarp = i_ Z qll—z(m—i-?)n)?q,é(m—fin)z' (420)

m,neZ

We will leave a discussion of this partition function to later in our analysis.

4.3 The second symmetry-preserving interaction

We now introduce the unique nearest-neighbour Hamiltonian which preserves
all the symmetries of the Potts model, other than the Potts Hamiltonian itself. The
next shortest range terms obeying the Zs3 symmetry take the form of a nearest
neighbour 0;0341 (or its conjugate) operator combined with a 7 or 71 operator at site
jor 7+ 1, giving eight possible terms. To find the allowed interactions made from
these terms, we consider the action of each of the symmetries of the Potts model.
Taking the first term to be emTjO';L»Uj_;,_l for some real «, we see the action of charge

conjugation (C), time-reversal (7'), parity (P), and hermiticity (k) on this term:
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€ia7'j0';0'j+1 < eiaTjTajajT-H; (4.21)
emTja]T-ajH KN e_mTijJ]T-H; (4.22)
eiaTja;ajH L emwajajT-HTjH; (4.23)
emTjUJTUjH L e_iaszjTajajT-H. (4.24)

As can be seen, C, T, and P each transform eiaTjO-jTO-jJ,_l to a different term. By
applying these three all eight terms can be generated. The constant e is then
set to w = exp(27i/3) for consistency between charge conjugation and hermiticity.
Requiring the symmetries above has fully specified the Hamiltonian (up to a real
multiplying constant), giving

L

Hy =— Z lw (Tja]T-UjH + ajajﬂrjﬂ + T]T0j0;+1 + Uj0;+1T;+1> (4.25)
j=1

2 (1
+w (Tj UJT‘UJ'H + O-;[O-jJrlTJT-l—l + TJ'UJ'UJT‘H + UJUJT'+1Tj+1>] .

Note that we did not impose self-duality, but in fact get it for free!

The only other nearest-neighbour terms we could hope to add would involve
terms containing both 7; and 7,4, operators. We disallow these as they can be
thought of as longer range, as can be seen in two ways. Firstly, the dual of
TiTj41 18 a;aj+2, which is a next-nearest-neighbour term. The second way is to
reexpress the terms using parafermions, as described in Subsection 4.2.1. In terms
of parafermions, the original Potts model has only nearest-neighbour terms, whereas
our perturbation has parafermion terms ranging three sites and any terms involving
7; and 7,4, have parafermions ranging four sites.

This interaction has, in fact, been studied in terms of the Temperley—Lieb
algebra [126, 127]. The Temperley—Lieb algebra is generated by the operators

e, obeying the relations

2 _
€, = Neq,

€aCat1€q = €q, (4.26)

€aCal = €q'Cq, la —d'| > 1,
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for a = 1,2,...,2L, where n is a parameter determining the algebra. Ikhlef et

al. then defined the Hamiltonian

Hyier = —n cos(6 Z Pa((l)ﬂ (n® — 1) sin() i (Pa(%)JrLaJr2 - 1) , (4.27)
a=1
where
Pa((2+1 = %a, (4.28)
P;%)JFLGH — 14 (€aCat1 + ea+;‘92a)__1 n (e, + €a+1)’ (4.29)

are projection operators, and 6 is the parameter determining the couplings [127].

The physics described by this model depends on which representation of the
Temperley-Lieb algebra is used. Ikhlef et al. mainly study the XXZ representation,
but for n = /g, the g-state Potts model is also a representation [128]. For n = V3

in the Potts representation,

1

€251 = ﬁ (1 + 7+ T;) ) (4'30)
1

€25 = ﬁ (1 + 0;[0'j+1 + O'jo';+1) ) (431)

and Hpgqer (4.27) is equivalent to the self-dual Potts model perturbed by our
interaction, Hy (4.25).

Equivalent Hamiltonians can be found for any ¢-state Potts model with ¢ > 3.
For ¢ = 2, the Ising model, the representation of the Temperley—Lieb alge-
bra is given by

1
1
egj = 7 (14 0i07,,), (4.33)

and P i +1 j+2 vanishes. This is consistent with there being no nearest-neighbour
interaction obeying every symmetry of the Ising model, other than Ising itself.
Rather than adding Hy (4.25) to Hp (4.1), we will instead consider

L
H=3 ( SHS-, =355 7 + h.c.) , (4.34)

j=1
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where S = (2 — wr; — W7 No;/3 and S7 = S). Although not immediately

obvious, H; = —Hp(1,1) + Hs.

In fact H; has even more symmetry than the Potts model. In the 7-diagonal basis

St = (4.35)

o = O
o O O

1 0 1
ol, s =100
0 10

o O O

and so the Z3 symmetry S = []; 7; is promoted to a full U(1) symmetry generated by

0
0 (4.36)

o O O
S = O

L
- 2 s () =
Q—;S], S \/_(T %)

—1

As H; is self-dual, it has a second U(1) symmetry, dual to the first:

Q= i%( y+1 0;0j+1>- (4.37)

J=1

While [Hy, Q] = [Hy, Q] =0, [@, Q] # 0 and so large degeneracies are generated in
the spectrum [52]. In fact, the degeneracies arise from ) and Q obeying the Dolan—
Grady relations [129] and hence generate the full Onsager algebra [55, 130, 131].

Both H; and —H; have been studied before and are known to correspond to
special cases of the integrable spin-1 XXZ chain [52, 132, 133]. Along with the
Onsager algebra, both of these models have a connection with quantum groups [52],
although this is beyond the scope of this thesis. H; has the additional fascinating
property of supersymmetry [96, 120], the significance of which will be explained later.

Throughout the rest of this chapter we will focus on the Hamiltonian
H(6) = cos(0)Hp(1,1) + sin(6)Hy, (4.38)

where we will sometimes label Ap = cos(f), A; = sin(f). This reduces to the
ferromagnetic Potts model for # = 0 and to H; for § = w/2. The phase diagram

explored in this chapter is given in Figure 4.1.
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Order-disorder -I¢?
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3 Tricritical Potts
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Potts 2
(c=4/5) UQ)
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IC? "~

Figure 4.1: The phase diagram associated with H () (4.38). The angle around the
diagram corresponds to 6, with the ferromagnetic Potts point (Hp) at § = 0 on the
right-hand side and H; at § = 7/2 on the top. The solid lines correspond to gapless
regions, while the blue “IC?” sections are believed to be incommensurate phases. The
special points discussed in this chapter are marked with black dots.

4.4 The order-disorder coexistence phase

As we saw in Subsection 4.2.2, there are no relevant self-dual operators obeying
every symmetry of the Potts model in the Potts CFT, meaning that the critical
Potts point extends to a finite phase when perturbed by H;. We also found that
the ferromagnetic and antiferromagnetic self-dual Potts models were described by

two different CFTs in their continuum limits, meaning that there must be at least
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one phase transition in each of the ranges 0 < § < 7 and —7 < 60 < 0.

To locate our first phase transition, we begin by considering the point H (6g),
where sin(f) = 1/4/10, cos(d) = 3/4/10, giving \;/A\p = 1/3. This point has
four exact frustration-free ground states, given by the three ground states of
the completely ordered Potts model |AA...A) (4.7) and the ground state of the
completely disordered Potts model |00...0) (4.8), analogously to the frustration-free
point in the perturbed Ising model (3.14).

To see this, we first rewrite H(fg) as a sum of projectors:

H(0g) =—> (B;+C}), (4.39)

J

where

= glo. ot AT SR S |
By =001+ 0505, + 7+ 7] + w004
T T T 2 1
—|—Cd7'j0'j0'j+1 +W7—j0-j0—j+l + w Tjo—jaj+17

R, ) T T
Cj = 0041+ 05051+ Tjp1 + Tjy +wW0;0411Tj41

2,05 T 25 1 L -
T W 0054171 + W00, Tj41 +WO;0,,4Tj4 .

While it may appear that we have just rewritten the Hamiltonian in a more
complicated and opaque form, B; and C; can each be expressed as a rescaled
projector offset by a constant: B; =2 — 6Pg(j) and C; =2 — 6Px(j). Pg(j) and

Pc(j) are two-site projectors acting on site j and j + 1 given by

Pai) = 3| (110) = [22)) (18] - (23] + (120) - 1)) ((20] - (31
T (|12) — [21)) ((12] - (31 )],

Po(j) %[( 01) — [22)) ((01] = (23]) + (02) — [11)) ((02] — (i)
T (|12) — [21)) ((12] — (31 )},

where |) obeys 7 |) = w" [7). As |00) is annihilated by both projectors,

00...0)

must be a ground state of the whole Hamiltonian. Using

2))

1

1) = o ([8) + 1) + e

Sl

3
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where, as before, o|A) = w?|A), we see that |AA) is also annihilated by both
Pp and Pg. Analogously to our method in Subsection 3.3.1, by considering three
consecutive sites we can show that the only states annihilated by every two-site
projector are |06@> and |AA...A).

Before moving on, we note that there are analogous points for the general g-state
Potts model with ¢ > 3, as found by the Temperley—Lieb formulation [127, 134].
Each of these has ¢ + 1 degenerate ground states — the ¢ ordered ground states of

the completely ordered Potts model and the one disordered ground state.

4.5 The tricritical Potts transition

Now that we have found a point with four exact ground states at § = atan (1/3) ~
0.1027, we know there must be a phase transition in the range 0 < ¢ < 0.102m,
as the Potts point at § = 0 has a unique ground state and is gapless. In the
Ising case, the analogous transition occured via a point in the universality class
of the tricritical Ising model, as shown in Subsection 3.3.2. In the 3-state Potts
case, the expected analogue is then the tricritical Potts (TCP) model [135], a
CFT with central charge ¢ = 6/7 [113].

To find the location and check the nature of the transition, we consider ratios of
energy levels, as described in Subsection 2.3.2. Defining EJ as the j™ excited state in
the Zs = r sector, we plot the ratios (E2 — EQ)/(E} — EJ) and (E{ — E)/(E} — EJ)
against lattice length L for different \;/Ap (as given in the caption) in Figure
4.2. The dashed red and solid blue lines give the predictions of the Potts and
TCP models, respectively. To find these values, we first consider the partition

functions of the Potts and TCP CFTs:

Zp = (xo+ x3) (Xo + X3) + (Xg + Xg)(f(g
Zrce = (X0 + x5) (Xo + X5) + (X% + X%)(i

+2X%X%+2X1

Iz

X 10 +2X%X%. (4.41)

1

[

1

[V
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Figure 4.2: The ratios (E3 — EJ)/(EL — EJ) and (E} — EJ)/(E} — E§) are plotted
against L for different values of A;/Ap in subfigures (a) and (b), respectively. Values for
Ap = 1, A = 0.25 (blue stars), 0.295 (red circles), 0.296 (yellow triangles), 0.297 (purple
squares), 0.298 (green diamonds) and 0.3 (teal crosses) are shown. The Potts and TCP
lines are plotted in dashed red and solid blue at 9/4 and 9/2 in (a), and at 17/12 and
10/3 in (b), respectively.

The terms premultiplied by 2 all have Z3 charge of r = 1, 2, while the others have

charge 0. In the Potts and TCP cases, we then get the following correspondences:

Potts:EOQ_Eg §+§—9 E%_ES%%—F%:H' (4.42)
El-E 2+2 1 E-E It 12
TCP:Eg_Eg it: 9 E%_E8—>%+£:E. (4.43)

Ey—Ey "i+1 2 E-E} 141 3

For the order-disorder coexistence phase, the two-lowest energy levels in the r = 0
sector are degenerate up to exponentially small splitting in L (for the frustration-free
point these correspond to ‘(A)f)...f)> and (]00..0) +[11...1) +22...2)) /V/3, respectively).
The ratios thus diverge with lattice length in this phase, as shown in Figure 4.2.
We see that for A;/Ap ~ 0.297 (0 ~ 0.0927), we get good convergence to the TCP
predictions, while for smaller 6 the ratios head to the Potts predictions and for
larger 0 they diverge, as expected for the order-disorder coexistence phase.

In the TCP partition function, the (1/7,1/7) primary field is the most relevant
neutral under the Zs. As for the (2/5,2/5) field in the Potts model, this field is odd

under duality and so is a forbidden perturbation along our self-dual line, leaving
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(5/7,5/7) as the most relevant field. As 5/7 +5/7 = 10/7 < 2, this operator is

relevant and so the TCP point is unstable [114, 136], as found by our numerics.

4.6 The Q% connection

Before continuing with the phase diagram, we investigate an intriguing connection
to supersymmetry. In Section 3.5, we saw that our non-chiral perturbed Ising model
could be written as the sum of two supersymmetric Hamiltonians. This made
sense as we were perturbing from the TCI CFT, which is itself supersymmetric,
with (3/2,0) and (0, 3/2) supersymmetry operators. In the 3-state case we instead
perturb from the TCP CFT, where the supersymmetry operators are replaced by
(4/3,0) and (0,4/3) operators, which remain symmetry generators away from the
TCP point [113], giving an emergent “fractional supersymmetry” [114]. We can
then write the effective field theory in the order-disorder coexistence phase as the

sum of two cubes of parafermionic operators [114, 115]. On the lattice, we find
H(0g) = Qi + Qifg + longer range terms, (4.44)

where Qg is the parafermionic operator defined as
2L

Or= - (220 + il (4.45)

a=1

and the 1, operators are defined as in Equation 4.10.

Taking the more general form
2L

Q=" (avu+AYivln). (4:46)
a=1

to make Q3 + O hermitian and invariant under charge conjugation, parity and

time-reversal symmetry, we require 3% € R and o = 2w?3. This then leads to
L
Q¥+’ = 34° Z [4 (Tj + T]T + 0';0—]'4-1 + aja;fﬂ)
j=1

+ 2w (Tjaj-ajﬂ + 0;0j+17j+1 + TJTO]'O;JA + ajajT-HTjJrl)

+ 2uw? (T;U;Uj—&-l + U;O-j+1T]T+1 + TjUjUJT'H + UjUJT'+1Tj+1>

f T [P |
— (TjTjH + T T +0;05105,0+ 00410542 ) |,
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where we have ignored a constant term. We see that, when § = —1, the first three
lines do indeed correspond to H (0g), while the final line gives longer-range correc-
tions.
To remove this final line and make the Hamiltonian nearest neighbour we consider
3
H=Y H,  H,=0}+a’ (4.47)
m=1
analogously to the sum over two supersymmetric Hamiltonians in the Ising case
(3.52).  We define

2L

Qm = Z (amvaﬂ)a + 5ma,¢l¢l+1> ) (4.48)
a=1
where
Om.a = aeieme%’;‘”7 Bm,a = ﬁeique%’;“i, Hm = Qm + 2¢m (449)

Getting the self-dual Hamiltonian (4.38) then requires solving 8 equations

for 8 unknowns:

2cos ft1 + cos g — \/§SiH/L2 =0,
Ap — A1
3ap?2
sin pg — \/gcos,uo — 2sin pq + sin pg + \/§COSM2 =0,
2\
303

cosu0+\/§sin,uo+2c:osu1 =

cos Ly + \/gsin,uo — 2.¢0s i1 + Ccos Ly — \/§SiHM2 =
cos 36y + cos 301 + cos 30, = 0,
sin 390 + sin 3&1 + sin 392 = O7

cos 30, — cos 360y = 0,
A

cos 30, — cos 30y = 6_513

The last four equations can be solved easily and, for Ap # 0, there are several

solutions, all leading to equivalent Q,,, with a few phases moved around. Picking

one of these, we have \; = =933, 0y = 27/3, 0, = —27/9, 0, = 27/9.
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The first four equations have different solutions depending on v = 2A; /(Ap — A1).
All of these solutions are again equivalent, just with phases attached to different

terms. One set of solutions, continuous except at v = oo, is as follows. If v < 1/2,

azﬁ(%—l),

2T

Ho= =

1 3(1—-2
lulzata‘n +l/a ( V) )

v—2" 2(2-v)

1+v—-3v1—-2v 1+v+v1—-2v
Lo = atan \/_ )

2(2—-v) 2(2—v)

where atan|z,y] specifies the z and y coordinates and thus gives the angle un-

ambiguously. For v > 1/2

4
Oé:_ﬁ +V7
v
7r+ ; v—2 2v/2v —1
o = - T atan )
3 Vid+r) vt +)
1+v V2r —1
Q1 = atan [ — ,
VA +v) Vu(d+r)
1+v 2v—1

s
Uy = —— + atan

3
Ved+r) v +)

We can keep the Hamiltonian well-defined as v — 0 by taking f — 0, a — o0,
but af? — const. The only disagreement is then at v — —oo and v — oo,
where all p pick up a minus sign.

In this language, we appear to have three special points in our phase diagram:
v =0,1/2,00. v =0 corresponds to the ferromagnetic and antiferromagnetic Potts
points, depending of the sign of a;, both of which are integrable. From Equation
4.48, we see that this is the limit where the two-parafermion term in Q,, vanishes,
analogously to the Ising case. v = oo is the point Ap = A; and is where the 7; +
0;0']'_,_1 + h.c. term completely vanishes from the Hamiltonian. v = 1/2 corresponds

to Ap = 51 and appears just to be a point in the ferromagnetic Potts phase.
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4.7 The U(1) point

We now continue around the phase diagram. Having seen how the Potts phase
terminates when we increase 6 from 0, we turn instead to decreasing 6 from 0. To
do this, we first revisit the point with § = —7/2, corresponding to H(f) = —H,.
In Chapter 5, when we deal with off-critical behaviour, we will study this point
and the surrounding off-critical regions in more detail. For now, we will content
ourselves with discussing the CFT of this point and how it leads to the phases
on either side of it along the self-dual line.

As this point has a U(1) charge (4.36) (and a dual U(1) (4.37)), if its continuum
limit is described by a CFT, it must have central charge ¢ > 1. In fact, this point
is given by a CFT with ¢ = 1 and radius R = \/3/_2 in the conventions of Ginsparg
[15, 52, 132, 133, 137], with the meaning of the radius as described in Section 2.5.
While this central charge seems natural as it is the smallest allowed value, at first
glance the radius appears somewhat arbitrary. In fact, the combination of the S5
symmetry with self-duality constrains the boson to take exactly this radius.

As given in Equation 2.31, the free boson partition function is given by

2 3

1 2
2(R) = = 3 g () g (o2t (4.50)

m,neZ

where m denotes the “electric charge” and n the “magnetic charge”. For —H;, our
Z3 symmetry is promoted to a U(1) (4.36), while our dual Zj3 is promoted to the
dual U(1) (4.37). We thus have two U(1) symmetries on the lattice and two in
the CF'T, allowing us to identify the U(1) on the lattice with the electric charge
in the continuum and the dual U(1) with the magnetic charge.’

Naively, we may now think that the lattice model is invariant under a duality
mapping and so the partition function should be under exchange of electric and
magnetic charges: m <> n. This is not true due to the non-trivial effect duality
has on boundary conditions. For periodic boundary conditions, only the Z3 = 0

sector maps to itself under duality, with the Z3 = 1,2 sectors mapping to twisted

'We could, of course, identify these the other way round, but this is just a redefinition of our
boson radius from R — 1/(2R), as described by Ginsparg [15, 75].
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boundary conditions [121, 138, 139]. To understand this, we consider what the U(1)
and dual U(1) charges measure. The U(1) (4.36) counts N; — N5, where Nj is the
number of spins in the ‘i> state, while N is the number in the ‘§> state. The dual
U(1) (4.37) gives instead Ny — N}, where N; gives the number of “kinks”, where
a kink is |01), |12) or |20), and N, is the number of antikinks (|02), |10) or |21)).
While N; — N5 can take any integer value between —L and L, Ny — N; must be a
multiple of 3 for periodic boundary conditions, or we would not return the same
spin after going around the chain once, showing that the sectors with Z3 = 1,2
must transform to sectors with different boundary conditions.

Using the results above, we see that we only require the Zs = 0 part of our
partition function to be invariant under duality. Thus

Zayo(R) = — 3 quin (2] g (s —2ra)’ (4.51)
m ez
should be invariant under m’ <+ n. This gives 3 = 2R? and hence R = \/ﬁ If
we had instead related the lattice Z3 charge to the magnetic field, we would have
found 1 = 6R? and hence R = 1/1/6 = 1/(2R), as expected.

As will be discussed in more detail in Chapter 5, this CF'T has a single relevant
operator, of conformal weights (h,h) = (3/4,3/4), invariant under the Potts
symmetry as well as duality. The flow caused by this operator was studied previously
and is known to give a flow to the Potts CFT for either sign of the perturbation
[118, 119]. This indicates that the Potts phase stretches all the way down to
0 = —m/2 and, more strangely, that perturbing from —H; by —Hp gives a model
described by the Potts CFT!

This second Potts phase will, again, be discussed in more detail in the next
chapter. For now, we just state that it terminates at Ap/A\; =~ 0.67 (§ ~ —0.697) via

another point in the universality class of the TCP model, as illustrated in Figure 4.3.

4.8 The antiferromagnetic Potts phase

Beyond the second Potts region, we believe there is a second very small order-

disorder coexistence region, followed by an incommensurate region. The size of
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Figure 4.3: The ratios (E3 — E)/(E} — Ef) and (E{ — E§)/(E} — Ef) are plotted
against L for different values of A;/Ap in (a) and (b), respectively. Values for \; = —1,
Ap = —0.6 (blue stars), —0.65 (red circles), —0.67 (yellow triangles), —0.672 (purple
squares), —0.674 (green diamonds) and —0.676 (teal crosses) are shown. The Potts and
TCP lines are plotted in dashed red and solid blue at 9/4 and 9/2 in (a), and at 17/12
and 10/3 in (b), respectively.

this second order-disorder region has been difficult to determine numerically but
should exist due to the symmetry with the first TCP point and order-disorder
coexistence phase. The need for an incommensurate region will be explained at
the end of this section. For now, we move past this region and instead focus on
the next large, gapless region: the antiferromagnetic Potts phase.

At 0 = —m, Equation 4.38 reduces to —Hp. This is simply the antiferromagnetic
Potts (AFP) model discussed in Subsection 4.2.2, where we saw the continuum limit
was a CF'T with ¢ = 1 and radius R = \/ﬁ which, as explained in Section 4.7, is
the only possible radius consistent with the Potts symmetry and self-duality. We find
that this point extends to a whole phase, stretching from 6 ~ —0.737 to 0 ~ —1.077.
The existence of a phase rather than just a point seems surprising — in Subsection
4.7 we claimed there was a relevant operator with weights (h,h) = (3/4,3/4)
that obeyed every symmetry of the Potts model and duality, so why does this
operator not cause a transition?

The answer to this apparent conundrum can be found by looking at the low-lying
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Figure 4.4: The gaps from the ground state to the 30 lowest energy levels are plotted in
each Z3 r and momentum k sector for H(—mn/2) (left) and H(w) (right) for L = 14. Red
crosses denote 7 = 0 and blue circles r = 1, respectively. H(—m/2) has large degeneracies
and so several levels often lie on top of each other in the left-hand figure.

energy levels for —H; and —Hp. In Figure 4.4 we plot the gaps from the ground
state to the 30 lowest lying energy levels in each Zj3 and momentum sector for
—H, (left) and —Hp (right), respectively, for lattice length L = 14, as found using
ED. We use the notation Eﬁk to represent the j™ excited state in the sector with
Z.3 charge r and momentum k. The gaps are normalised by dividing by the gap
from the ground state energy to the lowest energy level in the » = 0 sector with
momentum Ak = 27/L relative to the identity. For § = —m/2, the ground state
is EQ,, but for = 7 it is £j . In fact, in the next chapter we will see that the
momentum sector of the ground state in the AFP model depends on lattice length.
As Eé,kc;s +on/L0 where kqgg is the momentum of the ground state, corresponds to
weights (h, h) = (1,0) and hence dimension A = 1 in the CFT, the values plotted
are thus the approximate dimensions of the energy levels. We plot only 0 < k < 7 as,
by parity, EiQFk = Eﬁyk, and only r = 0,1 as Eﬂk = Eij’».fr,k by charge conjugation.
From the left half of Figure 4.4, we see that all of the lowest lying states for
—H, are close to k = 0, indicating that all conformal towers with primary operator
of spin s are centred on k = 27s/L. Looking instead at the right half, we see that
there are low-lying states around both k¥ = 0 and £ = =, indicating that some

conformal towers of spin s centre at k = 7 + 27s/L instead. In Chapter 5 we will

see precisely which towers are close to £ = 0 and which to k£ = w. For now, we
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claim that our (3/4,3/4) perturbation has momentum 7 relative to the identity
(in fact, for L = 14, (3/4, 3/4) has momentum 0 and the identity has momentum
m) and hence it cannot be present in a translation invariant lattice perturbation,
disallowing it from our perturbing Hamiltonian. As this was the only relevant
self-dual operator obeying the symmetries of the Potts model, the antiferromagnetic
Potts point is thus stable to perturbations and so extends to a phase.

The need for an incommensurate phase between the order-disorder phase and
the AFP phase can now be explained by considering the energy levels. In the
second Potts phase, all low-lying energy levels had momentum k close to 0, while
for the AFP phase, there are many low-lying levels close to & = m. The most
natural way of getting such a huge rearrangement of states without a point with
enormous degeneracy (which does not seem to exist), is to have an intermediate

incommensurate phase where many levels can cross each other.

4.9 The “c=3/2” phase

At 0 =~ 0.937, the AFP phase terminates and a second incommensurate phase
begins. At # ~ 0.97 this phase ends and we transition to the final large phase
marked in Figure 4.1. As with the other phases, we begin our analysis by studying
a specific point, in this case H(7w/2) = H;y. As this is just the negative of H(—m/2),
we would think that it must have exactly the same symmetries, including the non-
commuting pair of U(1) symmetries, Q (4.36) and Q (4.37). Indeed these are both
symmetries and mean that the model again has large degeneracies and is integrable
[52], but there is, in fact, one additional symmetry on top of these. At this point,
the Hamiltonian can be written as H; = Q% and thus it has lattice supersymmetry
[96, 120, 140, 141]. Naively, we may think of supersymmetry as associating a
fermion with the boson we know to be present due to the U(1) symmetry, giving
a central charge of ¢ = 1+ 1/2 = 3/2 [140, 141].

Just as the ¢ = 1 CFTs have been fully classified [75], the ¢ = 3/2 SCFTs

have also been [142]. Using duality and perturbing from an exactly solvable point
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to be discussed in Chapter 5, we can again fix the SCFT exactly. The partition
function is found to be Z,,(v/3) [120, 142], where

1/16s 04 1/16s 04 _ 16, _
Zs-a(R):—(—+—)F++—<——— Ly +=|—|(T”+TY) (4.52
and, as in Equation 2.31,
1 1 2.\2__1 2,2
P(R) - — qm<m+2R n) QW(m_QR n) ’ (453)
>
but this time m and n may only take the values
I'":mec2Z,neZ; I':me2Z+1,ne;

1 1
F;r:mGZZ,nerti; Fg:mEZZ—i—l,nerLa

While the I' factors give the bosonic parts as before for —Hy, they are now non-

trivially combined with the fermionic /1 parts, where

0 T 0 .= . 0 LT \
i:qﬂH(1+qT)7 _3:q7EH<1—|—qT7§>7 _4:q7@H(1—QT7§>_
27] r=1 n r=1 n r=1

Now that we know the continuum description at § = 7/2, the next question is
what happens when we perturb away from this point. For § = —7/2, perturbing
infinitesimally in either direction led to a transition to the Potts CFT, as shown in
Section 4.7. This time, however, it appears that we remain in a phase consistent
with a central charge of ¢ = 3/2. Looking at the scaling of the entanglement
entropy with lattice length, as described in Subsection 2.3.3, we find the effective
central charge as given in Figure 4.5.

These data are consistent with an effective central charge of ¢ ~ 3/2 for a wide
range of 6 around 6 = 7/2. The high amount of entanglement causes numerical
problems and so reliable values for the entropy cannot be found for L Z 20,
meaning that the effective central charges are not as close to 3/2 as we would
like. Nonetheless, we are confident in this result as we will present a field theory
argument in the next chapter to back it up.

While it appears that the model is consistent with a phase described by a
CFT with ¢ = 3/2, the ratios of gaps between energy levels do not agree with
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Figure 4.5: The effective central charge against 6. The blue dashed line marks 6 = 7/2,
where H(0) = H;.

the partition function Z,(v/3) (4.52). Other logical options would be that it is
described by Zs.(R(0)), where R depends on 6, or that the relative Fermi velocity
between the boson and fermion changes from 1 (so the boson or fermion contributes
more to the energy values), or a combination of these.

In fact, none of these is consistent with the energy ratios, meaning we have
to dig a little deeper. Remarkably, it turns out that Zs_a(\/g) can be rewritten in

terms of a Potts model and a TCI model non-trivially coupled [142]:

Zy_o(V3) = <X0X0+XT76>ZT76 +X3X ) ((/\0+>\3)()\0+>\3) 2>\§;\§>
+ (ngo + XX + X3 X %) <()\2 +Az)(Ao + A )+2A%X§>
+ <Xo)_<g T XX T XX 83) <()\0 + )\3)(5% 5\%) + 2/\%5\%>
vty Hxats Fxaxg) (O3 2008 +20) + 2200, ),

where y and A give the TCI and Potts characters [16], respectively. Being able
to rewrite the partition function in a second form is highly unusual and does not
happen for generic ¢ = 3/2 SCFTs. It turns out that models with € close to /2 are
consistent with this form of the partition function modified by changing the relative
Fermi velocities, as shown in Figure 4.6. Here vf}k is the Fermi velocity of the TCI

model found by comparing the energy gap of the j' excited state in the Zs = r
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Figure 4.6: The effective Fermi velocities of the TCI model as calculated from different
energy levels are plotted against 6 with the Potts Fermi velocity set to 1.

and momentum k sector above the ground state energy (E;k — Eg,), to the gap
of the first excited state in the Z3 = 0 and momentum 0 sector above the ground
state (Ego — EQ,). We see that there is very good agreement close to § = /2,
indicating that this is the correct description, at least to leading order. The final
set of points in the figure, vé?; 3av), are found using the average of the gaps to the
lowest four energy levels in the Zs = 0, k = 7 sector. The average must be used as
these points are degenerate at the integrable point and mix under the action of the
marginal operator (hrcr + hp, hrer + hp) = (3/5+7/5,0 +0) 4+ (0 +0,3/5 4 7/5),
where hrcr (BTCI) is the (anti)holomorphic weight of the TCI part and hp (ﬁp) is
the (anti)holomorphic weight of the Potts part, and this marginal operator obeys
the symmetries of the lattice model, as shown in Section 5.10.

Before moving on, we give an example of how to extract one of the Fermi
velocities. Considering vj,, we are concerned with the gaps g5, = £, — Eg, and
900 = Ego — E§y. The appropriate CFT fields to consider are

Ego: (040,04+0); Egg: (1—10+§,1—10+§) By <§+§§+§) :
where the weights are expressed in the form (hpcr + hp, hrcr + hp), giving energies

1 vrer + 4 9 6vrcr + 4
= — =

90,0

e (454)
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Figure 4.7: The gaps above the ground state to the low-lying energy levels for —Hp
(left) and Hy (right) at lattice length L = 14. Again, the energies are normalised such
that the state corresponding to (h,h) = (1,0) has energy 1.

for some constant of proportionality «. Rearranging, this gives

2 1
4 90,0 — Y0,0
UTCl = &1 o5

) (4.55)
690,0 - 93,0

We then help to correct for finite-size effects by dividing this by the value at
0 = 7/2 (as we know here the true value is 1), and fit for lattice lengths L up
to 16 to get the estimated value of vg.

At the moment, the choice of fields corresponding to Ej, and Ej, may appear
somewhat arbitrary. In Chapter 5 we will explain why these are correct by
considering which fields in the boson + fermion partition function have to have
which Z3 charges and momenta, and by requiring consistency between the two
forms of the partition function.

This “c = 3/2” phase is believed to stretch from 6 =~ 0.97 to 6§ ~ 0.197, where a
third and final incommensurate region begins. The second and third incommensurate
regions are again needed to shift the location of the low-lying states, as shown in
Figures 4.7 and 4.8. Once more, the locations of the low-lying energy levels do not
agree, requiring the presence of incommensurate regions. Which conformal towers

are centred at k near 0 and which at k near = will be explained in Chapter 5.
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(left) and H; (right) at lattice length L = 14. Again, the energies are normalised such
that the state corresponding to (h,h) = (1,0) has energy 1.

4.10 Conclusions and outlook

We have investigated the phase diagram of the two competing nearest-neighbour
self-dual interactions obeying the symmetries of the 3-state Potts model. As well as
the expected ferromagnetic and antiferromagnetic sections, we have found several
more exotic phases. Firstly, we have an order-disorder coexistence phase, similar to
that found in the perturbed Ising model of Chapter 3, separated from the Potts
phase by a point in the universality class of the TCP CFT. We found a second Potts
phase separating different ordered and disordered phases, to be discussed in Chapter
5, separated from the first by a point with U(1) and dual U(1) symmetries, resulting
in an Onsager symmetry. There was also an extended AFP region, protected by the
lattice momentum of certain CF'T fields, as will be explained more fully in Chapter 5.

Perhaps most intriguingly of all, the second point with U(1) and Onsager
symmetry is supersymmetric and was found to be part of a broader phase with
entanglement scaling consistent with at ¢ = 3/2 CFT. Off this integrable point, to
leading order, the theory appeared to split into two connected pieces with different
Fermi velocities, one corresponding to a Potts CF'T and the other to a TCI CFT.

While we have made significant progress in understanding this phase diagram,
there are still several interesting questions to answer. Exactly how large are the

incommensurate regions and how does the system transition into them? Due to
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numerical roadblocks we have so far been unable to answer this, but we hope that
improved numerical techniques in the future could lead to progress.

Another mystery is how the Onsager symmetry fits into the CFT at +=H;. The
problem here is that the symmetries of the CFT are too big! The states degenerate
due to the Onsager algebra, as given in Ref. [52], are degenerate in the CFT, but
so are others which have different energies on the lattice. Some progress has been
made in this area, but we have still not worked out the full story.

A third area to look at is the generalisation to higher ¢ in the Potts model.
We know that there are frustration-free points akin to those for ¢ = 3 (4.39) for
all ¢ > 3 [127]. Likewise, we know that H; and —H; generalise to all ¢ > 2,
where the H; CFT can be written as a boson with radius R = +/q(¢ —1)/2
combined with the Z, ; parafermion model [52, 122, 143] (or alternatively the
Z, parafermion model combined with the m = ¢ minimal model), while —H; is
described by a ¢ = 1 bosonic CFT with radius R = \/q/_Q By adding different
interactions to higher ¢ Potts models (or, perhaps, parafermion models), what
further exotic phases can we discover?

We also hope to make progress in understanding how the different expressions
for the CFTs fit together at the ¢ = 3/2 point, and how this generalises to the
general ¢ case [143]. As we mentioned in Section 4.9, being able to write this CFT
in two different ways is highly non-trivial and could potentially lead to some new
relations between CFT fields, or at least simpler ways to calculate them.

Finally, on the more practical side, we hope that the exotic phases explored
here may prove of interest to experimentalists and especially those working on
the interface between theory and experiment. As new materials with wonderful
properties are being discovered all the time, it is useful to have underlying theory to
explain the new phenomena encountered and to help in the design of new devices,

whether they be quantum computers or something not yet even dreamt up!
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5.1 Introduction

Throughout this thesis so far

, we have focused on self-dual couplings. In

this chapter we extend this to duality-breaking models around two points in the

Ss-invariant model of Chapter 4.

89
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The first half will focus on the region surrounding H(—n/2) = —H; from
Equation 4.38. We have already seen in Section 4.7 that a self-dual perturbation
preserving the Potts symmetries gives a transition to the Potts CFT, but we now
extend this to duality-breaking perturbations. We will see that there are four
gapped phases surrounding the ¢ = 1 point, separated from each other by ¢ = 4/5
lines. Each of these gapped phases has a frustration-free point with exact ground
states, which is archetypal of the phase as a whole.

The first two phases are the mundane ordered and disordered Potts phases, as
discussed in Section 4.2, while the two remaining phases are more novel. We have
a “not-A” phase in which one spin direction is disfavoured and the other two are
favoured. This is in sharp contrast to the ordered Potts model, where one direction
is favoured and the other two are disfavoured. The final phase is the dual of this
and corresponds to a “representation symmetry protected topological” (RSPT)
phase. This is similar to a symmetry protected topological (SPT) phase [144-147],
but with the phase protected by a doublet representation of a non-Abelian group
(in this case S3), rather than a projective representation. As we will see, this is
a weaker condition than that of a normal SPT.

The archetypal point in the RSPT phase proves to be of even more interest.
The ground state is given by a matrix product state (MPS) of a form very similar
to that of the Affleck—Kennedy-Lieb—Tasaki (AKLT) model [148-150]. In fact, the
Hamiltonians of both the AKLT model and at our special (MPS) point are part
of a larger family of Hamiltonians with MPS ground states, first studied in Ref.
[151]. This point is also found to have exact excited states, similar to the AKLT
model [53, 152—154], showing its connection with quantum scars and violation of
the strong Eigenstate Thermalization Hypothesis [155-157], currently very much
in vogue due to their apparent appearance in a system of Rydberg atoms and its
connection with the PXP model [158-161].

The second half of this chapter explains the momentum sectors of the different
conformal towers in the AFP and “c = 3/2” phases. We do this by perturbing

from an exactly solvable off-critical point and finding an effective XXZ model
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there [3]. This model has a continuum limit given by a boson CFT with ¢ = 1
[162]. By solving a limit of this model exactly, we can extract the momenta of the
different states on the lattice. In the CF'T, all relevant operators have momenta
close to 0, but, on the lattice, the corresponding states for some of these pick up
factors of 7, disallowing them from translation-invariant perturbations, stabilising
the AFP and “c = 3/2” phases. This analysis also allows us to determine the
exact form of the supersymmetric CFT.

In Section 5.2 we introduce the off-critical Hamiltonian and give the phase
diagram around —H;. Sections 5.3 and 5.4 give the exact ground states at four
special points and describe the phases surrounding them, while Section 5.5 is a brief
aside on exact excited states at one of these points. The first half of this chapter then
concludes in Section 5.6, where transitions between these phases are considered using
a field theory argument. This half of the chapter is based predominantly on Ref. [50].

The second half of the chapter is a thesis exclusive. In section 5.7 we perform
perturbation theory about an exactly solvable point and find the qualitative
difference between momenta at the AFP and H; points. Section 5.8 solves the
XX model and explains how lattice momenta and states correspond to fields in
the CFT. Section 5.9 explains why we have the particular ¢ = 3/2 CFT given
by Equation 4.52 at H;, while Section 5.10 looks at the operators in this CFT to
determine the stability of the point. We wrap up the chapter as a whole with some

conclusions and ideas for further study in Section 5.11.

5.2 The Hamiltonian

We begin by introducing the duality-broken Hamiltonian,

L

HDB(J, f, )\1) = /\1H1 — Z |:J <0';0'j+1 + O'jO';[_H) + f (Tj + Tj):| i (51)
7=1

which corresponds to H(f) from Equation 4.38 when J = f = cosf and A\; = sin#.

The first half of this chapter is concerned with the phase diagram around the

integrable point with Onsager symmetry and described by a CFT with ¢ = 1:
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Figure 5.1: The phase diagram of the off critical model around the multicritical point
—Hy, marked by ¢ = 1. The axes are given by J = a+ 3, f =a—F and \y = o — 1. The
solid red horizontal line gives the self-dual line and marks Potts CFT transitions, as does
the duality breaking solid blue line. The black dotted lines denote the U(1) and dual
U(1) symmetric lines, with conserved charges @ (4.36) and Q (4.37), respectively. The
four points with exact ground states are marked with black circles at a = +1, = +£1, as
is the critical Potts point at a = 1, 5 = 0. A duality mapping (J <> f) corresponds to a
reflection in g = 0.

Hpg(0,0,—1) = —H; = H(—7/2) in the language of Equation 4.38. This phase
diagram is given in Figure 5.1. In this chapter we will often use the alternative

parameterization
J=a+p, f=a-—-p8 M=a-—1, (5.2)

giving a more natural correspondence with the figure.
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5.3 Exact ground states

5.3.1 The ordered and disordered Potts points

Around —H; there are four points with exact frustration-free ground states.
The first two of these, at Hpg(1,0,0) and Hpg(0,1,0), are the completely ordered
and disordered Potts model, with ground states |AA...A), where A =0,1,2, and

00...0), respectively, with o |4) = w? |A) and 7 |A) = w" |A), as given in Equations
4.7 and 4.8. For later convenience we give these ground states again as
|TQ") = |AA..A), (5.3)

98") -

00...0) . (5.4)

These points are part of larger ordered and disordered Potts phases, with the

magnetisation order parameter

My = {glo;lg) (5.5)

distinguishing between them, where |g) represents a ground state. This order
parameter is non-vanishing in the ordered phase in an Ss;-breaking ground state,
while in the disordered phase it is 0. At the completely ordered Potts point, the
three ground states have My, = 1, M; = w, My, = w?, implying they all have the

same value of M? = 1, where we define
M3 = li Gl 5.6
|j—k\,|k—llr\,r|lj—l\—>oo Jhls (56)
Gin = (9] oj0101]9) - (5.7)

This order parameter will prove key in distinguishing between the ordered Potts
phase and the “not-A” phase to be discussed later.
Before moving on, we note that, under the action of the S3 symmetry, the

ordered Potts ground states (5.3) transform between each other as
S|UpT) = [w7), S[UPT) = |wh). S[eT) = [¥5"),  (58)
ClEg™) = |¥"), C|uPP) = |wd"), (5.9)

where § and C are the Z3 and charge conjugation respectively. This will again

prove important in distinguishing between the phases.
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5.3.2 The “not-A” point

The ordered and disordered Potts points are completely trivial, and the full
spectra can be written down there. The next two points we consider also have
exact ground states, but generic states in the spectrum cannot be found exactly.
We note though that certain exact excited states can be found, as will be explained
in Section 5.5.

The Hamiltonian at J = =2, f =0, Ay = —2 (o = = —1) can be written as

Hpg(—2,0,—2) = —6L + 92 )+ PO (5.10)

@

741 brojects onto the three states

where P:
|AA) — |BA) — |C'A) (5.11)

and PH+1 projects onto

|AA) — |AB) — |AC), (5.12)

where the kets are on sites j and j+1, A # B # C # A and A = 0,1,2.
The three states

o) = |AALA) (5.13)
are then exact ground states, where

|[4) = —= (1B) +1C)) (5.14)

1
V2
and, again, A # B # C # A. Analogously to the ordered Potts case, the Zj3
symmetry cycles through ’\Ifg‘)t‘A>, ‘\Iﬂf"t‘A> and ‘\Ilg"t‘A> and charge conjugation
leaves }\Ifg(’t'A> invariant but exchanges {\I/If"t‘A> and ‘\IIEOt'A>, and so we see that

the S3 symmetry is again spontaneously broken. In this case, the magnetisations are
L4

and M3 = —1/8.
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5.3.3 The MPS ground state

The completely ordered Potts point is the dual of the completely disordered
Potts point. We may then expect a special point at the dual of the “not-A”
point as well: Hpg(0,—-2,—-2) (o« = —1, = 1), which we do indeed find. The

Hamiltonian at this point becomes
L
Hyps =23 (Sﬁsﬁ_ SESL+ h.c.) , (5.16)
j=1
which has a unique ground state given by the MPS

|\I/Mps> =Tr (RlRQRL) s (517)

where

D> O
~~—
> =

5
I
N

i) (5.18)

and all kets are on site j.

This state is again invariant under the S3 symmetry, meaning the magnetisation
M vanishes. For periodic boundary conditions (PBC) the ground state (5.17) is
unique, while for open boundary conditions (OBC), where we take the sum to L — 1
rather than L in Hyps (5.16), there are four ground states, implying that it could be
part of a symmetry protected topological (SPT) phase. In fact, we will see that the
phase is not quite an SPT, but a related RSPT, which we describe in Subsection 5.4.2.

5.3.4 Conformal boundary conditions

As well as giving an archetypal point in each of the four phases, the exact ground
states have an intriguing connection to conformal boundary conditions. In the
critical two-dimensional classical Potts model there are eight different boundary
conditions allowed by conformal invariance [163, 164]. The boundaries of two-
dimensional surfaces are given by one-dimensional lines and it turns out that the
allowed conformal boundary conditions of the two-dimensional Potts model are

very strongly connected to the exact ground states at the four points o = +1,
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Phase M3 Degeneracy
Ordered Potts >0 3
Disordered Potts 0 1
RSPT 0 4
not-A <0 3

Table 5.1: The order parameter M3 (5.7) and the ground-state degeneracy with OBC
for each phase surrounding the ¢ = 1 point, as given in Figure 5.1.

B = =41 in Figure 5.1 described in the previous subsections, which, of course,
live on one-dimensional chains!

The states |AA...A) for A = 0,1,2 correspond to the three fixed boundary
conditions in the two-dimensional classical model, while ’C)O...0> is analogous to free
boundary conditions, where all spin directions are allowed. ’flfl...fl> correspond to
the mixed boundary conditions in which two of the two-dimensional Potts states are
allowed. The eighth and final conformal boundary condition is the strangest and
was the last to be found [164], hence its name: the “new” boundary condition. This
boundary condition is the dual of mixed though, and so we see that it corresponds

to our MPS ground state as this is the dual of the “not-A” states.

5.4 The phases

Having found four points with exact ground states, we now expand our analysis
to the phases surrounding them. The phases are distinguished by two criteria:
their values of the M3 order parameter (5.7) and their ground-state degeneracy
for the model with OBC, as shown in Table 5.1. The rest of this section will
be spent describing these phases.

Before getting on to a discussion of these phases, we demonstrate the numerical
evidence supporting the values of M? and the degeneracy of the ground state with
OBC in the different phases. In Figure 5.2 (a) we plot the value of M3 from Equation
5.7 for the circle in Figure 5.1 with a? 4+ 32 = 1 by setting o = cos ¢ and 3 = sin ¢.
The data were found using DMRG on a chain with OBC of length L = 200 and

a bond dimension y = 300. We found that neither increasing L nor y changed
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Figure 5.2: The order parameter M3 is plotted against ¢ in (a), where o = cos ¢ and
B =sin¢. In (b) the gaps from the ground state in the Zs = 0 sector to the lowest energy
level in the Zs = 1 sector (purple crosses) and first excited level in the Zs = 0 sector
(green circles) are again plotted against ¢.

the results, implying good convergence. The red and blue dashed lines represent
the positions of the red and blue second order transitions in Figure 5.1. We see
that M3 > 0 between the first red and blue lines (the ordered Potts phase), before
going to 0 in the RSPT phase. It then becomes negative in the not-A phase, before
returning to 0 in the disordered Potts phase, as given in column 2 of Table 5.1.
In Figure 5.2 (b), we do the same but this time plot the gaps in the model with
OBC from the ground state in the Z3 = 0 sector to the lowest energy level in the
Z3 = 1 sector (purple crosses) and the first excited level in the Z3 = 0 sector (green
circles). Again, we see that these data agree with column 3 of Table 5.1. To get

these data we again performed DMRG for L = 200, but this time with xy = 800.

5.4.1 The ordered phases

As we saw in Section 5.3, both the ordered Potts and not-A points had ordered
ground states which transformed non-trivially under the S3 symmetry and had
M?3 # 0. As the Hamiltonian is S3 invariant everywhere, this symmetry is expected
to be spontaneously broken even as we perturb away from these points, giving
extended ordered Potts and not-A phases.

As we deform the model away from these points, the ground states change and

hence so does the value of M3 but, as Ss is a discrete group and the S5 symmetry is
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spontaneously broken in this phase, the three different ground states must transform
into each other in the same way under its action unless there is a phase transition.!
Taking |¥4) to correspond to the continuation of [UQF) as we perturb from the

ordered Potts, we see that Equations 5.8 and 5.9 become

S[Wo) = [T1), S|W) =[Vg), S[¥y)=|Ty), (5.19)

C|Wo) = [To), C[¥1) = [Vy), (5.20)

with analogous relations holding for the ground states when we perturb from the
not-A point. We then see that M? is the same for each |¥4), although its value
changes from that for ‘\I/2P>, and it remains real, with the same true for |V ;).
As M? remains real and is positive for the ordered Potts point and negative
for the not-A point, the only way to get from one to the other is to go through
a point where M3 = 0, but here the magnetisation vanishes and so the S; is not
spontaneously broken, indicating a phase transition. In fact, for the couplings
allowed in our phase diagram, this happens precisely at the ¢ = 1 point, —Hj,
at the centre of Figure 5.1! As both the disordered Potts and RSPT phase have
unique ground states with the S3 not spontaneously broken, M? must be zero in

both of these, leading to the second column in Table 5.1.

5.4.2 The disordered Potts and RSPT phases

The simplest of the four phases in our diagram is the disordered Potts phase.
This phase is the dual of the ordered Potts phase and has M? = 0, along with
a unique ground state with OBC.

The final phase surrounds the MPS point. As stated above, M? vanishes here,
just as it does in the disordered Potts phase. The two are not in the same phase
though, as a further analysis shows — the MPS point is part of a representation

symmetry protected topological (RSPT) phase.

LOf course, were we to add an Ss-breaking interaction, this argument would no longer hold.
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We begin by noting the similarity between our MPS ground state and the AKLT
ground state of a spin-1 SO(3) invariant chain [148, 149]. The difference between
the two is the matrix building the MPS:

0) |1>> 0)  =v2]i)
Rours = < A A ’ RAKLT = A A ) (521)
2) 10) v2[2) —10)

where the first is our matrix and the second is that for AKLT. Both our model at

the MPS point and AKLT are part of a larger family of Hamiltonians [151, 165],

L
HMPS = Z [h? + 5 (hjgj -+ gjhj) + B’gj (1 + gj) —+ Oégg? (522)

J=1

Oéghj + gy (sz2 + Sj+12) + Oé():| 5

where h; = SFS; + 57501, 95 = S;S7,, ap = a® =2, ay = a® — 2|f + al,
az =a+ 3, and ay = |a + 3] + 1 — a®. For all choices of a, 3 and /3, this family of
Hamiltonians has an exact zero-energy MPS ground state built from the matrix
—yal|l

R(a,B,8') = (J‘F?|>2> _Sign(\g—l 3) \6>)‘ (5.23)
Our Hamiltonian corresponds to (a, 3, ') = (—1,0,1/2), with the extra factors
of i in the MPS cancelling in the product, while AKLT has (a,3,5") = (2,1, 3).
The biggest difference between our ground state and AKLT is the presence of
minus signs in the AKLT MPS, but the unitary transformation U = [] ; emS;
sends (a,3,0') = (—a,—p, ) and removes these.

Given the similarity between our ground state and AKLT, we consider the
physics of AKLT to give us an insight into our model. One fascinating feature
of AKLT is its status as the archetypal point of the classic symmetry protected
topological (SPT) phase: the Haldane phase [144, 145]. This phase is stable as
long as time-reversal, parity or a Dy symmetry about all three orthogonal axes is
preserved [145]. If time-reversal or the Dy symmetry is preserved, there are four
degenerate ground states for OBC. Unfortunately, the time-reversal symmetry in
AKLT is not the same time-reversal as ours and is broken by the 0;0j+1 + chr; 41
perturbation. Neither is the Dy symmetry corresponding to charge conjugation and

the Zs =[] i ¢'™55 preserved, and so we have to work a little harder.
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The simplest way to demonstrate the existence of an SPT is to look at the ground
states of the model with OBC. To get OBC, we simply change the upper limit of
the sum in Hypg (5.22) from L to L — 1. At the MPS point, this Hamiltonian

then has 4 ground states, given by the four entries of

uu) ud) _
(!du> ’dd>)—R1Rg...RL, (5.24)

as in Equation 5.17, but where we now take the elements of the matrix individually,
rather than the trace. As the system is gapped, the correlation length is finite
and so the edges are uncorrelated in the infinite limit. Hence in the ground state
each edge is in one of two states u and d, giving a degeneracy of 2 x 2 = 4. We
now show how the S3 symmetry protects this degeneracy.

Taking the Zs3 and charge conjugation generators of the S3 as S and C once

more, these obey
S*=1, C*=1, CS8*=S8C, S*C=CS. (5.25)
Looking at the ground state of our model, we find the action of the generators as

s(B ) - () e @ 1) - (8 ) o

These are equivalent to the following unitaries acting on the auxiliary space of the

MPS:
w? 0 0 1
(8 0). w0 ). o

where R; — Us;cR;U ; Jc On every site gives the appropriate transformation.

Applying these unitaries to every site, they cancel everywhere other than sites

1 and L, thus transforming the edges:
(o L) s () o= (Ll ). o
(I@Z |ud§) L (m; fud > Ul = (m; %) | (5.20)

|dd |du) |dd
As Us and Ug obey the same relations as Equations 5.25, they from a representation

~

)
)
)
)

~

of S3. Clearly, they are not simultaneously diagonalisable and hence this is an
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irreducible two-dimensional representation. Thus, each edge must transform as
this representation.

As we perturb from our point with an exact bond dimension 2 MPS, the edges
remain uncorrelated as long as the gap does not close. The S3 symmetry remains
preserved and is discrete, ensuring that both edges stay in their doublets and hence
our four-fold degeneracy is maintained. This degeneracy will, in fact, be broken by
a factor exponentially small in L due to the non-zero but finite correlation length,
but this vanishes in the thermodynamic limit. This phase with four degenerate
ground states for OBC will then survive as long as the gap does not close.

In fact, there is a small caveat to our statement above which should be addressed.
The degeneracy can be broken without closing the gap or breaking the S5 by adding
a two-state system to one end of the chain. This can then transform as the
doublet of the S3 and so coupling it to the doublet of our original chain breaks

the degeneracy on that edge. Defining

ot = <8 é) o= ((1) 8) , (5.30)

as the operators on the two-state system, adding the perturbation
Hireake = Abreak (Sfo~ + Spo™) (5.31)

preserves the S; but breaks the ground-state degeneracy down to 2. Coupling a
second two-state system to the other end of the system then removes the ground
state degeneracy completely.

Other than the doublet given above, all other irreducible representations of
S5 are one-dimensional. The three-state spin transforming under S3 consists of
a doublet and a one-dimensional representation, meaning that coupling an extra
three-state spin to the end of the chain does not necessarily split the degeneracy,
as the tensor product of a doublet with a one-dimensional representation is still
a doublet. Thus, the phase is stable to S3 invariant interactions preserving the

Hilbert space and to those adding in one-dimensional representations.
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From this we have seen that our phase is stable, but only when certain
representations of S3 are added. This is in contrast to an SPT phase, which
is stable under all symmetry preserving perturbations. The difference comes from
SPTs being protected by projective representations? [144, 145], which cannot be
changed by local perturbations, whereas in our case a local perturbation can break
the degeneracy, assuming it is in the correct representation. Because of this, we

name this phase a representation symmetry protected topological (RSPT) phase.

5.5 Aside: exact excited states at the MPS point

The AKLT model has a number of exact excited states [152-154]. Of these,
probably the most interesting correspond to a family of exact excited states obtained
from the ground state by applying the operator

L

Ok = »_(—1)78;” (5.32)

j=1
repeatedly to the AKLT ground state for even L (5.17), with matrix

Raxrr = <\/’§0‘>§> :/‘i@’>1>) ; (5.33)
as given in Equation 5.21. O y;r shifts the U(1) charge by 2 and can be applied
up to L/2 times before annihilating the ground state. Similarly, O, 1, found by
replacing ST by S~ in Equation 5.32, can be applied to lower the U(1) charge.
These states are exact eigenstates of the AKLT Hamiltonian [153, 154] and hence we
have a tower of exact excited states. It should be noted though that O applied
to a generic eigenstate of the Hamiltonian does not give another eigenstate. Thus,

the operator does not have a nice commutation relation with the Hamiltonian, i.e.

[HAKLTv OXKLT] # « OXKLT (5.34)

2The matrices U(g;) form a linear representation of the group G if U(g;)U(g;) = U(gig;)
Vgi,g; € G. In a projective representation, the relation is changed to U(g;)U(g;) = w(gi, 9;)U(9:9;),
where w(gi,g;) is a phase factor. Projective representations related by U(g;) = a(g:)U(gi),
&(9s, 95) = a(gigj)w(gi, 95)/ (a(gi)a(g;)), for a phase factor a; are said to be in the same class. In
different matrix product states, symmetry groups may have projective representations in different
classes, leading to distinct phases as long as the symmetry is preserved and the gap does not close.
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for a constant of proportionality a [53]. Instead it just acts as a ladder operator
for this particular tower of eigenstates.

Due to the similarity of our MPS point and the AKLT model, it is perhaps
unsurprising that there is an equivalent tower in our case. This time though
the raising operator (again, only a raising operator within this tower) has U(1)

charge 3 and is given by

L
; 2 2
Ours = D (1) (817811 + 57517 (5.35)
j=1
Again, applying this operator repeatedly leads to a tower of exact eigenstates [53].
Once more, there is an equivalent U(1) lowering operator O ...

Our model in fact has a family of exact excited states not present in AKLT.

Taking the MPS
|\I/a> ="Tr (AlBQAgB4...AL_1BL> > (536)
where L is even and

(i% a|£>>’ (‘% __%?)7 (5.37)

we have exact eigenstates for any choice of o, which are equivalent to those studied

in Ref. [166], although they were discovered independently. While o can have any

value, there are only L 4 1 independent eigenstates.

5.6 The phase transitions

After that brief interlude, we now return to the phase diagram. We have found
the four duality breaking phases surrounding the ¢ = 1 point, each with different
values for M? and the OBC degeneracy, as in Table 5.1. To understand why we get
these phases and to investigate the transitions between them, we turn to a field theory
analysis. We have seen in Section 4.7 that the ¢ = 1 point is described by a bosonic
CFT with ¢ =1 and compactification radius R = m, with partition function

Z ( 3/2) - % Y s’ gismesn?, (5.38)

m,ne”Z
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In terms of a bosonic field theory, the action is simply
K
So=5 / iz (VD) (5.39)

where the boson field, ®, is compactified so that & ~ & + 27 and the stiffness
K = 3/(2m) is forced by duality [119].> Perturbing by an S3 invariant interaction

then corresponds to amending the action to
K o 9 .
S = ) &z [(VP)? + v cos 3P + D cos 30, (5.40)

where O is the field dual to ®. In our original language the cos 3® term corresponds
to perturbing by the (3/4,3/4) operator [3,0]4[—3, 0], while cos 30 is [0, 1]+ [0, —1],
where [m, n] denotes the field with electric charge m and magnetic charge n. Terms
of the form sin 3® and sin 30 are forbidden by charge conjugation, while cos n®
and cosn® for n not a multiple of 3 are disallowed by the Zs. Of course, cos 6P,
cos 150, etc. would be allowed, but these perturbations are irrelevant.

In our phase diagram (Figure 5.1), setting v to 0 preserves the U(1) symmetry
and hence corresponds to perturbing along the line o = —/, while setting ¢ to 0
preserves the dual U(1) and corresponds to perturbing along o = 3. Both of these
lead to the well-known sine-Gordon model, which is integrable and gapped [54].

Focusing on © = 0, we now pay attention to the two signs of v. For v > 0,
the minima in the potential occur at ® = 0, 27/3, 47 /3 and these correspond to
the three directions of the Potts spin, giving the ordered Potts phase. Taking
instead v < 0, & = 0, 27/3, 47/3 are now mazima of the potential and hence
are avoided, showing that now we have one direction not favoured and enter the
not-A phase. Thus, we have recovered these two phases, at least along the 0 = 0
line. The disordered Potts and RSPT phases are simply the duals of these two
phases and so must occur along the v = 0 line.

Keeping |v| # |0], we remain in the gapped phase determined by whichever of
v and ¥ has the larger magnitude [119], but v = ¢ is a more interesting scenario.

Here Refs. [118, 119] showed that we instead get a flow to the 3-state Potts CFT,

3In fact, generally, R? = K.
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Figure 5.3: The Renormalization Group flow around —H;. The red critical line is
constrained to lie along the self-dual line, but the blue line cannot be determined without
numerics.

regardless of the sign of v. That the flow in the field theory is independent of
direction can be seen from the redefinition ® — ® + 7, ® — O + 7, which flips
v and ¥ but leaves the kinetic term invariant.

Even more surprisingly, taking & — ® + 7 but leaving © invariant flips the sign
of v, but not ©. This is again just a redefinition and should not affect the field
theory, implying that we should get flows to Potts CFTs for v = —0 as well. On
the lattice there is a fundamental difference between the cases v = 0 and v = —0
though, due to their behaviours under duality. As the point we are perturbing from,
—H,y, is self-dual, adding a self-dual interaction still leaves the model invariant
under duality, and so the Potts CFT line is constrained to stay on the self-dual line.
As —H; is not anti-self-dual, “anti-self-duality” is not preserved and so the flow
does not have to remain perpendicular to the self-dual flow, as shown in Figure 5.3.

While we know the blue second-order transition lines in Figures 5.1 and 5.3
must be vertical infinitesimally close to a = 3 = 0, we have to rely on numerics
to locate the transition away from this point due to it not being protected by a
lattice symmetry, as explained above. To do this, we work out the effective central

charge c.q for different «, 8 by using DMRG and the entanglement entropy at

different lattice lengths, as explained in Subsection 2.3.3. In the gapped region,
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Figure 5.4: The effective central charge is plotted for 8 = 0.75 and different .
Convergence to cog = 0.8 appears to occur at o =~ —0.36, implying that the transition
line passes close to the point a = —0.36, 5 = 0.75. L; and Lo are the two values of L the
entanglement entropy S is found for from which ceg is extracted.

we should find cog = 0, while exactly on the transition lines c.g = 4/5. Close to
the transitions, the correlation length will increase and the c.g calculated for small
lattice lengths L will appear close to 4/5, before falling to 0 as L is increased,
thus allowing us to locate the second-order line. In Figure 5.4, we see that, for
B = 0.75, the transition occurs at a ~ —0.36.

Finding the approximate values of o for which transitions occur at different
B allows us to locate the off-critical second order line, as indicated in Figure 5.1.
The green crosses give the locations determined numerically, with the blue line
interpolating between them. Finally, we note that the line for § < 0 is just the

reflection of that for f > 0 in the § = 0 line by duality.

5.7 The ADP point and XXZ

In Chapter 4 we discovered that different regions of the phase diagram of Figure
4.1 had conformal towers centred at different momenta. In the rest of this chapter
we will explain this, along with showing why the particular partition function of

Equation 4.52 has to describe the continuum limit of H;.



5. Duality-breaking regions 107

To find the answers to both of these questions, we consider perturbing from a
trivially solvable point. Considering Equation 5.1, this corresponds to Hpg (0, —1,0),

which has the simple Hamiltonian

L
HADP = Z (Tj + 7';) > (541)

j=1
where we name this point the “anti-disordered Potts” (ADP) point. In the 7-

diagonal basis,

DO
(@)
[a)

T+ri=10 -1 0 (5.42)
0 -1

e}

and hence we have 2% exactly degenerate ground states, corresponding to either

ny. There is then a gap of size 3 to

|i> or }§> at each site, where 7|0) = w"
the first excited states.

While this point is exactly solvable, this is no longer true when we perturb away
from it by Hpg(J,0,A1). Instead, we use perturbation theory to approximate the
model. As there are 2¥ degenerate ground states at the unperturbed point, we find
an effective Hamiltonian with two states per site. To see how this works, we first
perturb Hpg(0, f,0) by Hpg(J,0,0), where f < 0 and |J/f| < 1:

L
H= Z —f <Tj + T]J-f) —J (J;Ujﬂ + ajaJT»H) : (5.43)
j=1
We now consider the action of the perturbation on each set of ground states of

Happ. The two-site perturbation to the Hamiltonian obeys

)+
0) + [21), (5.45)

I
D>
D>
[@»)

(@)

(aTa]H + 00 ]H) ), (5.44)

(UTUJH + o0 J+1>

i1)
2)

,_.>
O>

|

and the analogous relations with |i> ~ |§> We see that only the second term on
the second line remains in the Hilbert space of ground states at the unperturbed

point. We can thus convert this to the first-order two-state per site Hamiltonian

L
Hyg= fL— JZ (Jjajjrl + O';O'jt_l) , (5.46)
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where

o (O), oo (00, )

act on the two-state Hilbert space given by

1) = (é) W= (?) . (5.48)

We choose |1) in the two-state model to correspond to ‘§> in the three-state model
and ||) to |i> for later convenience. Equation 5.46 is simply the XX model, which
can be solved exactly in terms of free fermions and corresponds to a CF'T of central
charge ¢ = 1 with boson radius R = 1 [162].

Going to second order and considering the general Hamiltonian Hpg(J, f, A1),

where f < 0 and |[J/f],|\/f] < 1, we find

H(Q) 72 4 T 2
P (1 _— 15}21 - 8A1> (5.49)
L ] 7 ~, ~
S Ol Vi - - J2+4dN
- Z [( ~f - 6f2 (0o +oj0f) + 4—f~2crjajJrl
j=1
(J+N)°

+ - -+ + o+ - -
(07 0510+ 05045 + 20 0 10710 + 207 07410705) |

. (1 0
=1y _1)
The first line is just a constant, while the second is the XXZ model [3], and the

third contains longer-range corrections. The XXZ model has Hamiltonian

L
A
Hyxg = — Z <aj+aj+1 + O-;O-‘;:_l + §U§Uj+1> (5.50)

j=1
and has a U(1) symmetry corresponding to

L

Qxxz = —ZU;, (5.51)

Jj=1
where the minus sign is chosen for later convenience. By considering the relation

between the three-state and two-state models, we see that this is precisely the
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negative of the U(1) charge of +H, as given in Equation 4.36. The only difference
is that flipping a spin in the XXZ language changes the charge by 2. To understand
this, we consider the allowed states in both the 2- and 3-state models. In the 2-state
model, the smallest increase in Qxxz corresponds to flipping a single 1) — |{),
which in the 3-state model is |Q> — |i>, giving a change in ) of 2. To get a change
in @ of 1, we would need }Q> — }6> or ’@> — ’i>, both of which involve ‘(A)>, and
so are not present in the two state model. This shows that, around Happ, all
low-lying states must have even charge @ in the 3-state model (for even lattice
length L), with all odd @ states gapped. This fact will prove to be key to our
analysis of the ¢ = 3/2 point later.

Returning to the XXZ model, for —1 < A < 1, the continuum limit is described

by a CFT with ¢ = 1 and radius given by

A = cos <2LRz> , (5.52)

where we take R > 1/v/2 [162]. We see that, for the XX model, corresponding
to A = 0, we recover R = 1.
To see if the terms in the final line of Equation 5.49 destabilise the XXZ phase,

we consider the boson partition function again (2.31):

Z(R) :% S gt (m2n)’ g (n-akn)’”

m,neZ

The first two terms of the third line of Equation 5.49 are symmetric under the U(1)
of the XXZ model (5.51). These terms were not found to cause a phase transition
for small perturbations in Ref. [167]. The final two terms in the third line are
more problematic. They have U(1) charge £3 and so the most relevant operators

consistent with this have m = £3, n = 0, leading to weights

(h,h) = <%, %) : (5.53)

Hence these are irrelevant for R? < 9/8, meaning the XXZ phase survives for

a finite region.
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IC? e pa) XXZ

ADP point

.

Figure 5.5: The heuristic phase diagram around the ADP point (5.41). The system is
in the XXZ phase above the red line and in the —XXZ phase below the blue line. In
between we believe there are incommensurate (IC) regions. The black dotted line denotes
the line where the U(1) charge is preserved.

We now claim that the XXZ region extends all the way down to the antiferro-
magnetic Potts phase on the self-dual line. There appears to be a problem with
this argument though — the AFP phase has R? = 3/2 > 9/8! To resolve this, we
take a closer look at Equations 5.49 and 5.50. We see that the XXZ Hamiltonian
has a negative coefficient for its UJT-U]-H + O—jo-; 41 term, but our Hamiltonian can
have either a positive or a negative coefficient, depending on the values of J and
A1. Indeed, the AFP model has J < 0 and A\, = 0, meaning that the coefficient
of the O_;Uj+1 + ajaj-“ part is negative.

The heuristic phase diagram surrounding the ADP point is presented in Figure
5.5. The “XXZ” phase has a negative coefficient for a;[ajﬂ + O'jO';- 41 and is found
to extend all the way to the “c = 3/2” phase on the self-dual line, while the
“—XXZ” phase has a positive coefficient for 0-;0']‘4_1 + aja;- +1 and is found to extend

4 As the low-lying

to the antiferromagnetic Potts phase on the self-dual line.
states of the XXZ phase try to maximise the eigenvalue of the hopping term

(a;ajﬂ + aja; +1) and the low-lying states of the —XXZ phase try to minimise

4Note that the phases extend to the self-dual line, but the second-order XXZ Hamiltonian
(5.49) is not a good approximation here as J and Ay are the same order of magnitude as f.
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it, their forms change abruptly as we move from one to the other, causing the
transition. The incommensurate phases in between, in which the hopping term
becomes small, account for this transition and allow the eigenstates to reshuffle.

To analyse the “—XXZ” phase and understand how it survives to the self-dual
line, we consider the unitary transformation

L/2

Uy =[] o34, (5.54)
j=1

which takes Hxxz(A) — —Hxxz(—A), and so we can map it onto an XXZ model

with which we are familiar. This unitary takes Equation 5.49 to

H® 5J2 + 4T\ + 8)\2
_ :—L(1+ Akl 1) (5.55)
_ 122
L ~ ~ ~ ~
J+4N  (J—2))? _ _ JE+4TN
- Z {_ < 7 + 672 (0f 051 + 07 0f) + 4—J?2‘7JUJ‘+1
j=1
~ 2
J+ M - _
+ %(%+ Ojat 05 005)
(J+ M)

(_1)j(20;r0;r+10;r+2 +20505,105,)|-

3f2

The terms in the last line of this Hamiltonian now have momentum 7. These are

the only terms which break the U(1) (at least to this order in perturbation theory),

indicating that states differing by U(1) charge 3 may also differ in momentum
by m, as we will see next.

As we just hinted, the second interesting effect of this unitary transformation

is on the states. Considering the line J = 0 (J = —\;), we know that we have a

U(1) symmetry. All states should then be eigenstates of the U(1) operator. They

are thus eigenfunctions of the operator

with eigenvalue equation

Ul = (=1)"2Fm |y (5.57)
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where m is the U(1) charge and we are still assuming L is even. But note that

U =U,U,, (5.58)
where
L/2
j=1

is just U; translated by one site and an equally valid transformation from Hxxz(A)
to —Hxxz(—A). It is then simple to see that doing this transformation changes

the momentum by an amount
L
Ak = (— + m) T (5.60)
to
k = [k + Ak] modulo (2r), (5.61)

where k is the momentum on the XXZ side, k is the momentum on the —XXZ
side, and momentum is only defined modulo 27. Even when we break the U(1),
we expect the states to be continuous and so they should remain in the same
momentum sectors, meaning that, when we change the sign of the J;-rajjrl +o; O';-r_’_l
term, the states should change momentum by the same amount. This explains why
the identity (and all other states) shift momentum sectors at the AFP point for
different L. We have now found the change in momentum when we go from XXZ
to —XXZ, but we still do not know the momentum of each tower, as we have not
worked out their values in the XXZ7 model. We will do this in the next section
by taking a closer look at the exactly solvable XX model.

Before moving to the XX model, we consider the case J+4X ~ O(J?/f2, X2/ f?).
Here the model becomes second order and the analysis is complicated by the other
perturbations being the same order as the 0]»*0; at U;U;-FH term. A simple analysis

shows that, for a constant \; ~ —.J /4, the size of this region grows as

6J ~ — .
— (5.62)
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and vanishes to a point at J = 0, as expected. This is the region of transition
between the XXZ and —XXZ models and involves many states of different momenta
crossing. We thus expect it to be incommensurate. As a sanity check, we have
verified numerically that for small couplings along the line J = —4\;, the gaps do
indeed grow as J?2, consistent with the second-order Hamiltonian. We suggest that
this region survives all the way to the two incommensurate phases on the left-hand
side of Figure 4.1, explaining both their existence and the transition between phases

with conformal towers centred on different momenta.

5.8 The XX model

To understand the momentum sectors at the AFP and supersymmetric points,

we first study the XX model in detail. Taking the XX Hamiltonian (5.46),

L
Hxx = —J ) (0f0;1+0;004), (5.63)
j=1
we can rewrite this as
J L
Hxx = -3 Z (oF0f, +ololy), (5.64)
j=1

where

Oy = (? é) , oy = (S _OZ> : (5.65)

Defining the Majorana operators

= (119) 5 o {117)

k<j k<j

~—~

5.66)

obeying {V., %} = 2044, the Hamiltonian becomes

v
Hxx = ——

5 (Y2j—172j+2 — V2 V2+1) - (5.67)

L
=1

J

We now define complex fermions as these will make the momenta clearer:

1 _ 1 ,
¢j = 5 (v2-1+172) ct = 5 (V21 = 1725) (5.68)
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which obey {c¢;,¢;/} = {c;r-, ¢} =0, {¢;T, ¢y} = 0. This turns the Hamiltonian
into
L
Hxx = —JZ (c;cjﬂ — cjc}H) . (5.69)
j=1

We Fourier transform to the momentum basis by defining

1 o
C;i = — e ey, 5.70

where k takes the values allowed by the boundary conditions in the fermion model.

With a little algebraic manipulation, the Hamiltonian is rewritten as
Hxx = —QJZcos(k)nk, (5.71)
k

where n;, = c};ck is the fermion number operator at momentum k. The ground state

of a sector will then have all fermions with |k| < 7/2 present and all with |k| > 7/2
absent for J > 0, and the reverse for J < 0. Low-lying states have excitations
corresponding to extra particles or holes around k = +m/2.

In this language, the U(1) is simply

Qxx =—» 0i=—L+2> ny, (5.72)
J k

where ny, = chk expresses whether there is a fermion of momentum & (n, = 1) or

not (ny = 0). The state with no fermions, i.e. annihilated by ¢, V k, has Qxx = —L,
while the state with fermions everywhere, i.e. annihilated by CL VEk, has Qxx = L.

To obtain the spectrum of the model, we first need to find the appropriate
momentum sectors now we have transformed to the fermion basis. As we saw in
Section 3.5, to match periodic boundary conditions (PBC) in the spin language,
for even fermion number we need antiperiodic boundary conditions (APBC) in the
fermion language, while for odd fermion number we need PBC. We will see that
the solution in fact depends on the number of sites modulo 4. We will only analyse
L even here as this is sufficient for our explanation of the different phases of the

3-state model on the self-dual line, but odd L can be considered analogously.



5. Duality-breaking regions 115

j E E, Degeneracy (Qxx, k) 2
0 —2cosec (7) 0 1 (0,0) 0
1 —2cot (§) : 2 (£3,0) 1
2 —2cosec (7) +8sin (7) 1 6 (£1,0), 2 x (0,7), (0,£27/L) 0
3 —2cot (7) +4sin (3F) 2 8 (£1,£20), (F3,n£2) 1

Table 5.2: The lowest energy states in the XX model for lattice length L = 4l and J = 1.
j specifies the ;' excited level, E the exact energy, and E, the gap from the ground-state
energy, normalised by dividing by 87 and ignoring corrections at O(1/L). The degeneracy
of each level is given, along with the U(1) charge and momentum (Qxx, k) and the fermion
parity Zso. For J = —1 and L = 4l the results are identical. For L =4l + 2 and J =1,
Z. is reversed, while for L = 4] + 2 and J = —1, Zs is reversed and the resulting Zs = 1
states pick up a change in momentum Ak = 7.

Focusing on even L, we start with the case of an even number of fermions
and hence k = £n /L, £3n/L,...,£(m — w/L). For L = 41, £7/2 are not allowed
values and hence there is a unique ground state. For both J > 0 and J < 0, this

ground state has momentum 0 and energy

— 2nm
EY yigy—o=-2J Y cos (T) (5.73)
= —2|J|cosec (7/L), (5.74)

where Zs measures the fermion number parity modulo 2. Taking J > 0, the
lowest single-particle energy excitations are fermions at k = +(7/2 + w/L) or
holes at k = +(w/2 — n/L). As we must retain an even number of fermions,
there are 6 first-excited states, corresponding to choosing 2 of the 4 possible

excitations. Each of these has energy
El_y7,—0 = —2|J| cosec (r/L) + 8sin(w/L). (5.75)

We see that there are states with Qxx = £1 and k = 0, along with a pair with
Qxx = 0 and k = 7, and states with Qxx = 0 and k¥ = +27/L. Repeating
this for J < 0, we find exactly the same results due to the symmetry of the
spectrum under k£ — 7 — k.

Considering instead L = 4l 4 2, the same no longer holds. We now have two

ground states in the Zs = 0 sector as we have a pair of fermions with k = +m/2.
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In the ground state, we either have both of these or neither of these, and so have

degenerate ground states of energy
B} —sis22,—0 = —2|J] cot (/L) (5.76)

and £ = 0. We can find excited states in the same way as for L = 4[, by considering
adding/removing pairs of particles.

So far we have only looked at even fermion number. Switching to odd fermion
number, we have PBC in fermions, giving momenta k = 0, +2x /L, ..., £(n7—2x /L), 7.
Doing the analogous calculation to the one for even fermion number, we find that
the momenta and energies of the low-lying excitations just swap from L = 4l +
L = 41+ 2. There is one key difference though: the presence of the k =0 and k ==«
fermions. Unlike every other fermion, these are unpaired with a corresponding
fermion with the opposite momentum, giving a shift of Ak = 0 and Ak = 7 to
the total momentum of every state, respectively. This is no problem for J > 0
as here this just gives a shift of Ak = 0, but for J < 0 it results in a shift of
Ak = m. These results are summarised in Table 5.2.

The final task is to find how these fields fit into the CFT. At the XX point
the boson radius is 1 and the partition function is

Txx = i_ Z qé(m+2n)2§§(m—2n)2_ (5.77)

M ez

We know that m corresponds to Qxx and so, to make the partition function
consistent with the momenta of the states on the lattice, we see that states pick up
momentum Ak =~ nm, with momentum again defined modulo 27. To understand
where this fits in, we consider Figure 5.6, which shows the energies of the different
fermions for L = 4] with an even number of fermions. The ground state is shown in
(a) and has all levels filled up to the Fermi surface, with none filled above it. The
lowest energy state with electric charge m and magnetic charge n in the CF'T can
then be thought of as the state with the m + n lowest levels with & > /2 filled
above the Fermi sea and m —n for k < —x /2. If m + n is negative, this corresponds

to making holes at the —(m + n) levels closest to k = 7/2 with k¥ < 7/2, and
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Figure 5.6: The fermion energy levels of the XX model with J = 1 and L = 4] are
plotted against the momentum, k. A full yellow circle denotes a fermion, while an empty
green circle is an absent fermion. The red dashed line denotes the Fermi energy of 0. In
(a), the ground state is shown, where all levels below the Fermi surface are filled and
none above it. In (b) a further two fermions have been added in the lowest energy states,
corresponding to m = 2, n = 0 and giving momentum k£ = 0. In (c) one fermion has been
taken from the left-hand side to the right, corresponding to m =0, n =1 and k =x. In
(d) one fermion has moved to a higher energy state on its own side, corresponding to L_;
acting on the identity in the CFT and k = 27 /L.

analogously for m — n around k = —m/2. This can be interpreted as increasing
m by 2 adds two fermions, while increasing n by 1 moves one fermion from k& < 0
to k > 0. Thus, we see where the factor of Ak ~ nm appears from — moving n
fermions from k ~ —7/2 to k ~ 7/2 increases the momentum by Ak ~ nr.

The locations of the conformal towers are summarised in Table 5.3, explaining
the momenta of the towers at the AFP point. We also see where the factor of
k = (L/2+ m)m in doing the transformation from J > 0 to J < 0 appears from.
This is necessary to ensure the sector with an odd number of fermions (m even for
L = 4l and m odd for L = 4l + 2) picks up the appropriate factor of .

We see that, for J < 0, as is the case for the AFP point, there is a factor of
(m +n)m. As the (3/4,3/4) operators have m = £3, n =0 or m = 0, n = %1,
they always have momentum 7 relative to the identity, showing that they are
disallowed from the perturbation, thus stabilising the phase along the self-dual
line around the AFP point in Figure 4.1.
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L modulo4 J >0 J <0
0 nm (m+n)w
2 nt (m4+n+1)7

Table 5.3: The “centre” of momentum for each of the towers for L even, with all
momenta defined modulo 27. The highest weight state does not have the momentum
given as it has spin mn, but the towers will be close to these values.

The final task we have is to address the CFT at the supersymmetric point

H, and its stability, which we do next.

5.9 Why this particular ¢ = 3/2 theory?

In Section 4.9 we claimed that the integrable point H; was described by a CFT
of central charge ¢ = 3/2 with radius R = v/3 on the self-affine line in Ginsparg’s
conventions [75]. While the value of ¢ is natural given the underlying supersymmetry
and the U(1) symmetry (U(1) implies a boson and coupled with supersymmetry
this suggests a fermion too, giving ¢ = 1+ 1/2), this radius and orbifold seem more
arbitrary. We will see though, using an argument similar to that at the ¢ = 1 point
presented in Section 4.7, that this is in fact the only possible theory.

Under duality, the boson partition function exchanges m <> n, as at the ¢ =1
point. The duality of the fermion manifests itself as the Ising duality to be explained
now. The Ising CFT is normally described as having three primary fields with

weights 0, 1/16 and 1/2, respectively, giving a partition function of

ZLlsing = Ixo|® + |Xl/16|2 + |X1/2|2- (5.78)

The (0,0) and (1/2,1/2) operators transform into themselves under duality (up to
a relative sign), but the (1/16,1/16) operator transforms to another (1/16,1/16)
operator which is non-local and hence not in the partition function [16]. For the
partition function of the combined boson and fermion to be well behaved under
duality, a second (1/16,1/16) field will thus have to be introduced.

The situation is further complicated by the off-dual behaviour of the model. As

we have seen, the model around Happ = >_;(7; + TJT) is described by a bosonic CFT
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of central charge ¢ = 1, but along the U(1) line those states with U(1) charge @
(4.36) odd are gapped (at least for L even).” This continues until the ¢ = 3/2 point.
On the other side of the ¢ = 3/2 point we have another ¢ = 1 CFT, but this time
all U(1) sectors are gapless. We must somehow explain this behaviour.

We start by considering the boson partition function

1 1 2,.\2__1 2,2
L(R) = 3 g (mr2Rn)” g (m=2Ron)” (5.79)

where m and n are integers. As Dixon, Ginsparg and Harvey showed [142], when we
consider supersymmetric CFTs with ¢ = 3/2, the possible bosonic parts generalise
to I'*, Ff;t, where + indicates m € 27, — indicates m € 27 + 1 and 6 means
n € 7Z + 1/2, rather than Z, as is the case for I'*. The different ' pair with
different parts of the fermion partition function, hence why n € Z + 1/2 is now
allowed, as non-integer bosonic spin can be cancelled by non-integer fermionic

spin. Expanding them explicitly, we find

['(R) =T*(R)+ T (R), (5.80)
I(R/2) = T*(R) + T} (R). (5.81)

This is a particularly useful pair of relations as we require a lattice charge of 2
to correspond to m = 1 on one side of the self-dual line (the side connected to
H = Ej(Tj—I-T]T)) and to m = 2 on the other (the side connected to H = Zj(a;ajﬂ—i—
ajaj.ﬂ)). This works for I'(R/2) on the H = 3 (7; —I—Tj) side and I'(R) on the other.

We can set the value of R as we did on the ¢ = 1 side by requiring invariance

of the Zs = 0 sector. From
Daya(R[2) = — 37 gaie (0 +10) g (on'-en)” (552
m m’,n
FaolR) = — 3 qainltm2rn ) g (n-amem)’ (5. 53)
m m’'n

where I is the dual of ', we see that I'z,_o(R/2) = I'z,—o(R) sets R = /3.

°This can be understood as an odd @ (for L even) requires an odd number of states in the |@>
state, but these are gapped for Happ. By continuity, these states remain gapped until a phase
transition occurs.
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We now need to work out how to use the fermion to stitch the two boson
partition functions (5.80 and 5.81) together. In particular, we need I'" (R) present
on one side and I'f (R) on the other. The answer comes by coupling one to the
(1/16,1/16) field and the other to its dual. Taking one of the (1/16,1/16) fields to
be the physical field on one side of the self-dual line, this removes the other from
the CFT. As they are duals of each other, the role of the physical field switches
under the action of duality, i.e. going from one side of the self-dual line to the other.

Requiring all of the above and comparing with the complete classification of
Dixon, Ginsparg and Harvey [142], leaves us with a single superconformal field

theory with ¢ = 3/2, Z,, (\/5), as given in Equation 4.52 and repeated here:

03 04 1/16s 04 _ 116

= il I I e () T i
) T3 ( s T3

n n n n
In terms of the fermion fields, the theta functions correspond to

Zun(R) = %(

(T~ +1y).

n

1 11
5( % + % ) . (0,0) + (5, 5) and descendents, (5.84)
1/]03 041\ 1 1
5( W — F ) . (5,0) + (0, 5) and descendents, (5.85)
116, 1 1
3 E (1_6’ 1_6) and descendents. (5.86)

All fields in the free-fermion CFT can be found by considering fermion modes acting
on either (0,0) or (1/16,1/16), the ground states of the model with antiperiodic and
periodic boundary conditions in the fermion model, respectively [15, 16]. For (0, 0),
half-odd-integer modes v¥_,_1/2) can be applied, for n = 1,2, ..., increasing the
holomorphic weight by n+1/2, while ﬂ_(n_l /2y does the same for the antiholomorphic
part. Applying an even number of modes to the ground state gives a state in
Equation 5.84, while an odd number gives a state in Equation 5.85.

For (1/16,1/16), the modes have integer values instead: ¢_,, for n = 1,2, ...
(and the same for zz_n) The tower generated by these modes then corresponds
to Equation 5.86. There is an additional zero mode 1y which maps between
the two (1/16,1/16) towers.

We then have the interpretation that, off the self-dual line, the fermion gaps

out and applying any fermion mode to the ground state in either of the fermion
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sectors gaps the system. This completely removes I'y from the partition function
and takes us down to a single copy of I't, along with either I'" or I'y. If we
perturb towards Happ = >_,(7; + T;), we take the (1/16,1/16) ground state to be
the one coupled to I'} and the fermion zero mode gaps out I'", while perturbing
towards H = Zj(a;ajﬂ + ajaj»ﬂ) takes the other (1/16,1/16) field to be the

ground state by duality and gaps out I'j instead.

5.10 Perturbing from the ¢ = 3/2 point

Now that we have found the partition function of the CF'T at the supersymmetric
point H;, we can find the momenta of the states on the lattice corresponding to the
different fields. As mentioned in the previous section and indicated in Figure 5.5, this
point is connected to the XXZ model found by perturbing from Happ = >_;(7; + TjT )
and so we might expect the momentum dependence to be as in the second column
of Table 5.3. This is not quite the case and is explained by noting that the boson in
the supersymmetric theory has radius R = v/3, while the one in the infinitesimally
off-critical theory has radius R = v/3/2, from Equation 5.81. This has the effect of
taking n — n/2 and m — 2m, meaning that we now have a factor of 2n7 in the
momentum, where again the momentum is only defined modulo 27. On top of this,
duality requires us to get a factor of mz from the electric charge as can be seen from
approaching the supersymmetric point from the other direction. Combining these,
we see that conformal towers will be based at momentum k ~ ([m+ 2n] modulo 2)r.

Now that we know the momenta of the states, our next task is to find which
relevant operators can contribute to perturbations of the supersymmetric Hamil-
tonian. Before addressing the fields themselves, we first list the symmetries and
how each exhibits itself in the CFT. The Zs3 charge, r, is the value of m modulo
3 in the boson + fermion (B + F) picture, and is the Zj charge of the Potts
field in the TCI 4 Potts (TCI + P) language. The only fields with non-zero r
in the Potts picture are (1/15,1/15) and (2/3,2/3), along with their descendants,

each of which can have r = 1 or 2.
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Next, we have the momentum, £, as we discussed above. For a field of spin s = 0,
this is k = 0 or . In the B + F picture, k = (m + 2n)m, while, for consistency, it
is specified by the Zs charge of the TCI field in the TCI + Potts language. If the
TCI field is (3/80,3/80) or (7/16,7/16), or a descendant of either of them, k =,
otherwise k = 0. Fields of spin s then have momentum differing by 27s/L from
k =0 or k = 7, depending on where the tower they are part of is centred.

Finally, we have duality. Throughout this thesis we have talked about a duality

between operators. In fact, as well as the duality we have mentioned before,
D:1; — 0-:]':0-‘7‘_}'_1, a]T.aj+1 — Tjt1, (5.87)

there is a second duality, related by parity symmetry to the first [125]. This is
D :Tj — a}ajﬂ, 0;0j+1 — ;. (5.88)

As duality takes the r = 1,2 sectors to twisted sectors [139], we only consider
duality for r = 0.

To determine the action of duality, we rely on numerical data. Taking the
boson and fermion picture first, we see that it must act on both parts. From the
duality breaking model, we know it must act on the boson, and if it did not act
on the fermion then the fermion bilinear (1/2,1/2) would be relevant and cause a
transition as we vary 6 from 7/2. In fact, this is the very perturbation that gaps
out the fermion when we break duality, as it adds an M1} fermion mass term to
the action, and causes a transition to the ¢ = 1 model.°

There is, of course, ambiguity as to which way round we label D and D', so we

pomern (02) (o). (5o)o-(be)
oomon (00)o-(00). (h0)-(be):

where the final two expressions on each line ignore the bosonic parts of the weights.

choose

Both dualities exchange the electric and magnetic fields, with the extra minus sign

SIf perturbed in the direction of the ADP model (5.41), this ¢ = 1 model is the continuation of
the XXZ phase, as indicated in Figure 5.5.
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in D present due to the ambiguity of the sign of the charge, while D gives the
fermion 1 = (1/2,0) a minus sign but leaves ¢ = (0,1/2) invariant, and D’ does
the reverse. Both dualities then give the fermion energy field ¥ = (1/2,1/2) a
minus sign, agreeing with it being a forbidden perturbation along the self-dual line.
For consistency between the B + F and TCI + P pictures, we see that duality
affects only the Potts part in the TCI + P language. Neither duality changes
0 or 7/5, but (2/5,0) and (3,0) are odd under D, while (0,2/5) and (0, 3) are
even, with the reverse true for D’.

We now use these symmetries to find which of these operators are allowed
relevant perturbations. FEach relevant and marginal field that appears in the
partition function (4.52) (or, equivalently, 4.54) is listed in Table 5.4, along with
its eigenvalues for different symmetries. The spin, s, and Z3 charge, r, are not
listed as they can be determined from the momentum £ and duality behaviour
(D, D') respectively: s = (L/2m) x (k modulo 7), and r = 0 if duality is well-
defined, while it is » = 1,2 for duality unspecified. For each duality, “+” means
the field is even, while “—” denotes it is odd, and “-” it is unspecified under both
dualities and hence has » = 1,2. In the table, h' corresponds to the Virasoro
generator L_; acting on h (W' = L_1h), while h” = L_sh, with analogous definitions
for the antiholomorphic parts.

As stated earlier, ignoring the identity, the most relevant field obeying every
symmetry, but not duality, is the field (0 + 1/2,0 + 1/2) in the B + F picture,
corresponding to adding a mass to the fermion and breaking the ¢ = 3/2 CFT
down to a ¢ = 1 CF'T. This field is odd under both dualities and so the allowed
fields with the lowest dimension all have A = 2. Imposing parity symmetry,
there are then 3 marginal operators with weights (2,0) + (0,2). In the B + F
picture, these are the boson stress-energy tensor combined with the fermion identity,
(0”+0,040)4 (040, 0”4-0), the fermion stress-energy tensor combined with the boson
identity, (04+0”,04-0)+(0+0,0+0"), and (3/2+1/2,0+0)+(04+0,3/2+1/2). In the
TCI + P language, these are the TCI stress-energy tensor combined with the Potts
identity (0”+0,040)+(040,0”+0), the Potts stress-energy tensor combined with the



(D,D)
(++)

[0,0]
[1,0]
[_270]

5.10. Perturbing from the ¢ = 3/2 point
[m.n]

B+F
(040,0+40)

TCI+P
(04+0,0+0)

k
0

124

—~ | | || —~ |~~~ ~ ] —~ |~~~ —~
L] L]+ e T T e e e A T O U e e e ol e s
+ ] + +|+ 4+ 0 A+ A
SN— N~— S— | | — N— —r S— — S— — S— e | S N N N SN—" —r
TR RETEN | RETE TP RPN [RSTEX DAY JRATEN RATEXY IR BT
RERE o
L2 =2 .ol Ll 22 2.2
+ | | _ + 4+ |+ +] I I PN ATE ) [REPN
== — so| == [I | L AN
e SN N~ ol B N N PN =Sy SR Eole S~ 0 e B SR T B B N (- SN (- BN (NN - B - S
_ _ N= EER=) _a ~ | el | | [ el @ | @9 | | =
e P P I g | e S S S s S — S
L= 2= A L L+ == ===+ =
Q| Sl =1y — QA | QAR | AN Q| Qe PN MTPN] RPN
S22 L.l e 22 |2 &, facl oy
]+ + + I + + [
SEESNESY SESNESESEESNCHECNE)
oA FacR ack S0, 80,1 2,00, D,M0,| DN,
—2 -2 RS LT T T RRS LR IR HEE EHE R R R ie Sare o e o
LT T T o B Tt B st ot o B e e e e i
mloo| oo | PIg S (O 1_21_21_%1_62_31_62_33_83_8 enloom|oo | mloemloo| mlcomid [ o o O e o o o
1_w l_w 1_w1nﬂazmu| 1_Mw1_w1_m1|“|21|“|210T MUT l_w/l_muA l_wﬂ_m l_wll_w l_wll_wMUT Mlnﬁ; MUT./L_QM > 11“12 11“1210T
T+ +|S |~ L e o IO N W e B P ol P ) 3.2% > MUT3_2 ol T
@lo0| ol @((1_M1_%%_%((((3_83_8 00|00 | ][00 | mjom|od >~ — | ~~ T | T — | — ~—
SN— — SN— — S— —r SN— —
~— — —
—~~
—
e B i i e o i i i S S Dol i s
ol =8| »|Z2-1Z o 3_%3_%3_%MM 0a3|__|53_57_m7_w 3_%3_% |- |8 3_%3_%3_51_w1_w 1_w1_w07 S oo o
S ans 2_752_m32_52_mol_w_11_52_n701_m2_wo1_m100 e O s | Jpeho /2_52_52:70077:70 e S Nﬂu r=ho| NhOY o
F [ 1+ S S T e e o A o e S T
=8 |B 3_%1_w@7|“|6/+ + f0\3|w|5n|U_| 3|m|5wl_w3_% M(_mné_% 3_%Mo_% 3|“|0Mo_09/u_r\o3|“|21_w 1|“|0U_0NU muT oho Mhomhg
S— —r
W_L W_L
N N
S okl o 4 ol &= Sl=
S S
=100 — [ = oo o] B o\ @\ o\

[mn]. If duality is well-defined, the Zs charge is r = 0, otherwise there are fields with

and momentum, k, are given along with the behaviour under the dualities of Equations
both » = 1,2. The spin, s, is given by k£ modulo 7.

5.87 and 5.88. Each field is given in terms of its TCI 4 Potts (TCI + P) fields, along

Table 5.4: The relevant and marginal fields for H; with spin s > 0. The dimension, A,
with its Boson + Fermion (B + F) fields and the bosonic electric and magnetic charges
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TCI identity, (0+0”,040)+(0+0,0+0"), and (3/5+7/5,0+0)+(0+0,3/54+7/5).
The representation of these TCI + P fields in terms of the B + F fields is an
interesting question and will be studied in a future work [143].

Perturbing along the self-dual line, we can add in the three marginal operators
described above. The Potts and TCI stress-energy tensors will just change the
relative Fermi velocities of the two parts. The third operator is presumably the
reason why the lattice model is not fully described by a change in Fermi velocity
between the Potts and TCI parts. The precise behaviour of this operator will
be investigated in a future work [143].

As we perturb along the self-dual line, we could expect the dimensions of fields
to change. Indeed, for generic fields this will be the case, but as the spin s is fixed
to take integer values, it must stay constant along the flow. As all the allowed
marginal operators have s = 2, they can never become relevant. The least irrelevant
allowed operators with spin s < 2 are a pair of s = 0 fields with dimension A = 3:
(3/240,3/2+0) and (1/10+7/5,1/10 4+ 7/5) in the TCI + P language. When
these (or any other allowed irrelevant operators) flow to have dimension A < 2,
we would expect a transition and the phase to end, but this will not happen in

a finite region around the supersymmetric point.

5.11 Conclusions and outlook

In this chapter we have investigated some off-critical properties of the 3-state
model. In the first half, we perturbed around the multicritical point —H; and found
four gapped phases, each with a frustration-free point. Along with the well-known
ordered and disordered Potts phases, there were not-A and RSPT phases. We then
used a field theory analysis to determine the transitions between these phases to
be second order and in the universality class of the Potts CFT.

The not-A phase is particularly interesting. It has the same degeneracy as the
ordered Potts phase, suggesting it could be useful in the description of topological
parafermion phases [47]. Whether this not-A behaviour is present in any physical

materials is an interesting question going into the future.
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The connection between the frustration-free points and the conformal bound-
ary conditions of the critical two-dimensional classical Potts model is another
fascinating question [163, 164]. Clearly this is no coincidence, but precisely what
the significance of this result is escapes us for the moment. Hopefully, future
work will enlighten us on this.

The second half focused on perturbing from the exactly solvable point Happ =
Zj(rj + 7']-T ). We found an XXZ description around this point, allowing us to
explain the momenta of different states in the AFP and “c = 3/2” phases of
Chapter 4. This description also explained the CFT description at H; and the
behaviour as we perturb from this point.

The XXZ picture breaks down in the incommensurate regions separating the
XX7Z models with positive and negative XX parts, but we hope that improved
numerical techniques in the future may lead to a better understanding of these phases
and, hopefully, their extensions to the self-dual line. There are other regions of the
off-critical diagram not yet fully explained either — for example, how does the RSPT
phase transition to the XXZ phase (or is there some intermediate phase)? Once again,

this has proved to be too numerically challenging a problem to solve at the moment.
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6.1 Conclusions

In this thesis we have considered short-range interactions obeying the symmetries
of the Ising and three-state Potts models, the natural playgrounds for Majorana
fermions and parafermions, respectively. In these very simple models, we have found
many exotic phases displaying a huge range of properties, from the standard Ising
and Potts critical phases, to order-disorder coexistence, RSPT order, and many more.

CFT has played a vital role throughout in explaining our numerical results,
but a key point of this thesis has also been finding lattice models which have
particular CFTs as their continuum limits, allowing us to understand the field
theories themselves better. The point H; (4.34) in particular has proved enlightening
for this, giving us a lattice realisation of the highly unusual CFT with two different
representations, Zs,(v/3) [142].

Perhaps the biggest take-away from this work is the importance of duality.

Not only does it allow us to locate the positions of transitions between duality-

127
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breaking phases as mentioned in the introduction, but it also allows us to constrain
the very transitions these can be, as shown in Chapters 4 and 5. In terms
of Majoranas and parafermions this mapping becomes even more significant,
demonstrating the complex behaviour expected from these emergent degrees of
freedom in physical systems.

Throughout this thesis we have mentioned the open questions still left by this
work and the potential future directions others could take. There are certainly prac-
tical applications of these results, potentially in the field of quantum computation
[41], but there are also many theoretical problems unsolved. Firstly, what else can
we learn about CFTs from these results? We have solved some mysteries, but many
still remain, such as how the Onsager symmetry fits into the conformal group and
how the fields for Z,.,(v/3) match up between the different representations.

We could also ask what happens for g-state Potts models with ¢ > 3. Having
seen such rich structure for ¢ = 2 and 3, it seems difficult to believe that even
more exotic phases do not exist as we take more states per site. We do not know
exactly what happens for arbitrary off-critical points of Hpg(J, f, A1) (5.1) either,
or in the incommensurate regions of Figure 4.1.

Some of these problems have not been solved due to a lack of time, while for
others the available computational power is not yet up to the task. We hope that in
the future all of these mysteries will be solved, and yet more weird and wonderful

physics will be discovered in these models.
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TCI transitions for different perturbations

We now return to the mystery mentioned earlier: why does the Rahmani model

(3.10) have its TCI transition at a ratio of couplings three orders of magnitude

larger than our model (3.11)7 To gain some intuition as to which of these is

the “odd one out” we consider the other four-Majorana interaction which is just

next-nearest-neighbour in terms of spins. Recalling that the Rahmani and our

perturbations were, respectively,

HR = Z’ya—l’Ya’ya—i-l')/a—&-%

H3 = - Z Ya—27a—1Ya+1"Va+2,

we consider the perturbation

Hy = Z (7a727a/7a+1’7a+2 - 7a727a717a7a+2)

(A.1)

(A.2)

(A.3)

a

_ z Y T x Y _z Y z _z Y

= E :(Ujfl‘fjajﬂ + oy 000 — 0l 05 — 0 07,) -
J

Recalling our Ising Hamiltonian,

HI = Z i7a7a+1a

131

(A.4)



1532 A. TCI transitions for different perturbations

1.2 + )

0.8 F ><><

0.2 F X

)‘R/y

Figure A.1: Locations of the TCI transition for A3 as a function of Ag (blue dots) or
Ay (orange crosses), with the other coupling set to 0.

we write down the full Hamiltonian of the Ising model perturbed by its next-nearest-

neighbour (in spins), Zs and chirally symmetric Hamiltonian as
H()\[,)\g,)\R,)\y) :2)\]H[+)\3H3+/\RHR+)\yHy. (A5)

To demonstrate the effect of adding Hr and H,,, we plot the location of the TCI
transition for different couplings in Figure A.1. The position of the TCI transition is
given as a function of A3 versus Ag (blue dots) or A\, (orange crosses), with the other
of Ag or A\, set to 0. As can be seen, increasing Ag in fact increases the value of A3
needed for the transition (at least for A3 of O(1)), while increasing A\, decreases the
necessary As. The transition with A3 = 0 is again at A\, of O(1), showing that Hj
and H, behave qualitatively similarly, while Hr appears to be the anomalous one.

Why Hp should behave differently was an unsolved question until recently when
Aasen et al. came up with a beautiful explanation [41], which we now summarise

briefly. They first went to momentum space, writing

\/§ ika
Ya = \/_N g e Yk, (A.6)
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where {ve, 7.} = Ok—ws Ve = vik and N is the number of Majoranas. This

transforms H; into

H; = Z eo(k)v,ivk, (A.7)

—m<k<0

where €y(k) = 4] sin(k)| is the energy cost of a single particle excitation at momentum
k (vl = 1, rather than 0 for —7 < k < 0).

To take account of the interactions Hg, Hs and H,, Aasen et al. studied the
kinetic energy renormalisation through a rewriting of the interactions, similar to
normal ordering. To do this, they rewrote the four-fermion interaction terms such
that all terms other than constants and Majorana number operators (7,1%) have
vanishing matrix elements on the subspace of zero- and one-particle excitations.

For a general translation invariant interaction with four fermions, the calculation is

0H=U Z Ya+pYatvVato Vatp

Z Z i(k1(a+up)+ke(atv)+ks(ato)+ka(atp)) Vs Viea Viea Vi

a ki,...

_ m Z Z ( g tn) g =ik (atn) ”Yzil) <€ik2(a+u) Yy + €~ h2(@H) %12>

a —m<ki,...,ka<0
v ( TG zks(a+a'),y’1'3> (ez’k4(a+p)%4 +e*ik4(a+p),y;£4)

4U , e ; ok
— m Z Z |:€7,(k1 +ko—ks k4)a€z(,uk1 +vko ks pk4)fyk1 /_ka 7]13,}/114
ka<0

a —7 <k] geeey
i(k —k’2+k’3—]€4 a i /Lk’ —Vk2+0'k’3—/)k?4

i(k1—ko—k3+kq)a i(uk1—vke—okz+pky Tt
+ell ol )7k1/7k2"7k3’7k4

i(—k1+ka+ks—ka)a i(—pk1+vke+oks—pka) o T T
te ( ) € ( )7k17k27k37k4

k1+ko— k3+k4a i(—pk1+vke—oks+pka) o T T
+e'C Jagi= TS

k1—ko+ks+ka)a ji(—pki—vkat+oks+pks) o T A1
+e'- Jeei= I A VeV F

4U , . , .
_ e Z Z [_e—z(p—r)aez(up+vq—crq—m)%Hp + eZ(q—T)aez(up+vq—0p—pr)%Hq

a —7T<P,q77’<0

+ eip=r)agiluptra—or—pq) i(g—r)a i(up+vg—or—pp)

Y, — € Mg

_ ei(qfr)aei(upwpﬂrqu)%T% _ ei(pfq)aei(upquerfpr)7;%
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+ ei(T—Q)aei(up—Vq+ar—pp)7;% + ei(r—q)aei(up—vz)—aq+pr)72%
_ ei(r—q)aei(up—vq—ompr)7;% + ei(q—p)aei(—up+vq+or—p7')%hq

— el’(?“fp)aei(fup+vq+arqu)7;% + ei(rfp)aei(fuervqfanrpT),Y;% + ..

_ 44U 3 [ez‘«up)sﬂuo)t) L =) a-0)t) 4 il(n-o)s+(v—p)1)
—m<5,t<0
=)t u—p)t) _ il(o=p)stum)t) _ gil(n=r)s+a—p))

4 il@=)sH(u=p)t) | pillp—0)s+(u=)t) _ Lil(p=v)s+(u=0))

+ ilv=mst(o=p)t) _ illo—pm)st+@=p)t) |  illp—p)st(v—o)t) e + .

S el + e

—m<s<0

The first line is just the expression for the interaction. The second line rewrites
this in terms of momentum space fermions, as defined in Equation A.6. The third
line moves everything into Majoranas and conjugates with negative momenta. The
fourth line expands this out, keeping only the terms with two Majoranas and two
conjugates as all other terms will vanish on the subspace of zero- and one-particle
excitations. The fifth line moves all conjugates to the left and drops constant terms
and those that vanish in the subspace of zero- and one-particle excitations. The
sixth line performs the sum over a. The seventh line gives the definition of de(k).

To make further progress we note that, if our k& values, and hence our s and t,
can be k = —7 + n/N, 7 + 3n/N, ..., =37 /N, —7 /N, as expected for antiperiodic

boundary conditions in fermions,
, (1 —(=1)”
3k = d= (=0 (A.8)

We can then perform the sums over ¢t and arrive at our final answers.
Starting with the easiest case of the Ising interaction, we have y = 0, v =

1,0 = p = 2. With U = i, this gives

Ser(k) = —4sink = —4k + O (k%) (A.9)
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where in the final equality we have taken k close to 0. If k is near 7 instead,
replacing k by m — k produces the correct result.
Turning now to the Rahmani interaction, we have y = —1, v = 0, ¢ = 1,

p = 2, giving

4Ug 4 2 2
der(k) = — ink + —————sin(3k Al
erlk) = - Ksm(w/N) * sin(37r/N))) sink + Gy SRkl | (A10)
128 s k
= —— — A1l
25, vo (5] a1
We see that there is a strong correction to the velocity from the Rahmani interaction.
Considering instead our interaction, we have p = =2, v = —1, ¢ = 1,
p = 2, resulting in
16U3 1 1
= — ink — —————si A12
oes(k) N Lin(ﬂ/N) stk sin(37/N) Sm(gs)} ( )
64Us m 2 —4 N7—27.2 1.—4
=— — — N N Al
3 k{(]\p k=) +O( , kK k™), (A.13)

showing that the linear term is suppressed by a factor of 1/N? and the largest
terms are of size k3.

Due to the minus sign in the final interaction, H,, de,(k) vanishes at all orders
in this approximation.

We now see the difference between the Rahmani interaction and the other two -
it boosts the low energy Ising terms as well as providing other effective couplings.

This explains why the transition needs such a strong Ag relative to A3 and A,.

LOf course, in the Ising case this is exact and the lengthy calculation was not needed, but we
include it to show consistency!
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