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ABSTRACT

The classical Melnikov method for heteroclinic orbits is extended theoretically to a class of hybrid piecewise-smooth systems with impulsive
effect and noise excitation. We assume that the unperturbed system is a piecewise Hamiltonian system with a pair of heteroclinic orbits. The
heteroclinic orbit transversally jumps across the first switching manifold by an impulsive effect and crosses the second switching manifold
continuously. In effect, the trajectory of the corresponding perturbed system crosses the second switching manifold by applying the reset
map describing the impact rule instantaneously. The random Melnikov process of such systems is then derived by measuring the distance
of perturbed stable and unstable manifolds, and the criteria for the onset of chaos with or without noise excitation is established. In this
derivation process, we overcome the difficulty that the derivation method of the corresponding homoclinic case cannot be directly used
due to the difference between the symmetry of the homoclinic orbit and the asymmetry of the heteroclinic orbit. Finally, we investigate the
complicated dynamics of a particular piecewise-smooth system with and without noise excitation under the reset maps, impulsive effect, and
non-autonomous periodic and damping perturbations by this new extended method and numerical simulations. The numerical results verify
the correctness of the theoretical results and demonstrate that this extended method is simple and effective for studying the dynamics of such
systems.
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systems, we now extend the work of Li ef al. [Chaos 32, 073119
(2022)] to the homoclinic case to the heteroclinic case.

Many systems in various fields such as mechanical engineer-
ing, control science and electronics, inevitably contain non-
smoothness and randomness. Thus, the classical Melnikov
method, which is a powerful tool for analyzing chaos but
only about the smooth vector field, needs to be developed
urgently. At present, many some phased progress has been made

. INTRODUCTION

on either deterministic discontinuous systems without random
influences or the random systems without discontinuous influ-
ences. Few works combine two influencing factors. Recently, we
[Li et al., Chaos 32, 073119 (2022)] have extended the classi-
cal Melnikov method for homoclinic orbits to a class of hybrid
piecewise-smooth systems with impulsive effect and noise exci-
tation. Since the derivation process and form of homoclinic and
heteroclinic Melnikov functions are different in non-smooth

Many nonlinear systems both involve randomness or piecewise-
smooth effects in multi-disciplinary fields, such as mechanics,"”
engineering application,’ physiology,’ an so on,” research methods
and theories are constantly improving and developing with com-
plexity of the derived structure. Additionally, scholars in the field
of nonlinear dynamical systems have always shown great interest in
the study of bifurcations” and chaotic dynamics.”'’ For example,
Faghani et al.'' proposed some three-dimensional chaotic systems
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with identical eigenvalues based on the general form of quadratic
jerk systems and investigated their dynamics. Wei et al.'> analyzed
the bifurcation dynamics of a two-disk dynamo model with viscous
friction and time delays. Exploring and studying bifurcations and
chaotic behaviour in naturally occuring piecewise-smooth systems is
also a key and important topic. Because of the limitation of relevant
analytical methods, it is more difficult to identify clearly physi-
cal mechanisms of chaos arising in piecewise-smooth systems. In
order to study such problems, it is, therefore, imperative to develop
the classical Melnikov method'*~"® for predicing chaos in smooth
systems to piecewise-smooth systems. The classical approach nor-
mally requires the vector field of the systems under investigation to
be smooth, which limits its direct application to piecewise-smooth
systems.

Recently, many scholars have developed the Melnikov method.
Shi et al.'® derived and validated the procedure for deriving the
Melnikov function for plane discontinuous systems introduced by
Kunze'” for the first time in detail. Castro et al.'® developed and
considered a system with the pseudo-equilibrium point and dis-
continuity via the Melnikov method. Du et al.”” discussed rele-
vant homoclinic bifurcations for a type of inverted pendulum with
external excitation and impact through the non-smooth Melnikov
method. Battelli and Fec¢kan extended the previous results about
the Melnikov method to high-dimensional systems by utilizing
exponential dichotomy and variational technique in Refs. 20 and
21 and considered the sliding homoclinic case of this method in
Ref. 22. These relevant results are summarized in Ref. 23. Li et
al.”* analyzed a planar Hamiltonian system which has a piecewise
homoclinic orbit, investigated the homoclinic orbit under pertur-
bations, and obtained a Melnikov function in a complete integral
form. This optimized the previous results of Battelli and Fe¢kan
to a certain extent, making those results more readily applicable.
Following Granados et al.,” Li et al. obtained the Melnikov func-
tions for homoclinic and heteroclinic bifurcations in two hybrid
piecewise-smooth systems by describing the relevant impacting rule
on a switching manifold by the reset map in Refs. 26 and 27. Fur-
thermore, Li et al.”**’ developed a non-smooth Melnikov theory for
both theoretical and experimental applications. Tian et al. inves-
tigated chaos in non-smooth systems under the influence of two
classes of jump discontinuities in Ref. 30 and multiple impulsive
effects in Ref. 31 by extending the Melnikov method of homo-
clinic orbits, and extended the results about the homoclinic case
to the heteroclinic case in Ref. 32. According to the results about
global dynamics for a new bistable nonlinear oscillator in Ref. 33,
Zheng et al.** derived a Melnikov function to analyze chaos in
the homoclinic case of a hybrid piecewise-smooth system with
impulse.

Since randomness exists everywhere in nature, it is neces-
sary to consider the effects of random excitation on dynamical
behaviours. At present, there are no simple zeros for Melnikov
functions in sense of the mean. So the statistical properties of rel-
evant random Melnikov functions are studied, and the random
Melnikov method is derived to deal with this kind of problem.
Bulsara et al.”> derived a generalized Melnikov function for studying
chaotic response under noise. Frey et al.’® conducted a investigation
about the influence of additive noise on near-integrable dynamic
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systems by extending the Melnikov method. Lin ef al.”” used the
mean-square criterion for random Melnikov functions to analyze
a Duffing oscillator with additive noise and harmonic excitation.
Recently, this criterion has been further developed and utilized in
dichotomous noise excitation®® for bounded noise,” for random
disordered periodic input,"’ and so on. Significantly, Liu et al."
extended the random Melnikov method to discontinuous systems
and studied chaos in such systems, induced by random disordered
periodic input. These results, obtained in Ref. 41, combined dis-
continuous and random effects to determine the new Melnikov
function.

Many previous studies have focused on either deterministic,
discontinuous systems without random effects or on random sys-
tems without discontinuities. There are few relevant studies that
combine the two factors. Therefore, in view of the complexity
and requirements of applications, it is important to develop the
Melnikov theory that combines the two factors of noise and dis-
continuities. In addition, there are many differences between the
heteroclinic and homoclinic cases, which may lead to different types
of results. Thus, in view of Refs. 27, 34, and 41, our motivation in
this work is to extend the classical Melnikov method for hetero-
clinic orbits to a class of hybrid piecewise-smooth systems with both
impulsive effects and noise excitation. We here emphasize how our
present work differs from that of Refs. 27, 34, and 41. (i) Our system
considers noise excitation, while the systems studied in Refs. 34 and
27 have no randomness. (ii) Our system considers both impulsive
effects and the reset map describing the impact rule, while both Refs.
27 and 34 consider only one of these factors, respectively. (iif) Our
piecewise-smooth system considers three factors: the heteroclinic
case, impulsive effects, and the reset map, describing the impact
rule, while the system studied in Ref. 41 considers only two factors:
randomness and the homoclinic case; other factors are not consid-
ered. (iv) The form of the Melnikov function we derive is different
from that in Refs. 27, 34, and 41. However, when some conditions
of our system are simplified our results can be reduced or trans-
formed into theirs. Therefore, this work extends that of Refs. 27, 34,
and 41.

The structure of this paper is as follows: In Sec. II, the
relevant system under investigation is introduced. The random
Melnikov process for the heteroclinic orbits about a class of
hybrid piecewise-smooth systems with impulsive effect and noise
excitation is derived, and the criteria for the onset of chaos
with or without noise excitation are established. In Sec. III, the
dynamics of a corresponding concrete example with and without
noise excitation are investigated by both Melnikov-type function
and numerical simulations. Finally, we draw our conclusions in
Sec. IV.

Il. MELNIKOV ANALYSIS
A. The hybrid piecewise-smooth system

In this section, we extend the procedure of Li et al.' for the
homoclinic case to the heteroclinic case and divide R? into three
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zones: R? = $, U X, US, U X, US;, where

T ={axy eR x=8},% ={(xy eR | x=a},
Slz{(x,y)eR2|/3<x},SZ:{(x,y)eR2|oz<x<ﬂ}, (1)
S3:{(x,y)e]R2|x<ot},

and « and B are two constants. We define X, = X U X U
{0}, (k=1,2), which corresponds to y >0, y <0, y=0. We
take the piecewise-smooth system with impulsive effect and noise
excitation in R? to be

(;C) = JDH(x,y) + ¢G(x, , 1),

JDH, (x,y) 4+ €Gi(x, 3, 1), (x,) € S1,
= {JDH,(x,y) + £G,(x, 3, D), (%)) € Sy, (2)
JDH;(x,y) 4+ €Gs(x, 3, 1), (x,y) € S,
Ax |x=a,}3: 0,
AY |x—ap# 0.

Here, Gi(x, 5, 1) = fi(x, 3, 1) + gi(x, ))E() for (x,)) € R50 < ¢ K€ 15
the Hamiltonian function is H; : R* — R; f; : R* x R — R?* and T-
periodicin t; g; : R? — R are all sufficiently differentiable in the cor-

9 3\
responding region for i = 1,2, and 3. We let D denote (—, —) ,

ax dy
0 1 0
]= (_1 0)) ]DH1(x)y) = (h,J(/.x)) > fi(x,)’, t) = ((/;'l(x)y) t)) >
0
dgi(xy) = .

and gi(x,) gn(x%y)

The unit normal vector for X, &, isn = (1, 0), (V(a,y) € X,
V(ﬂ;)’) € E2) .

We take x* | x=a,p to be right and left limits for x at x = o, B,
ie.,

Ax |x:ut,ﬁ: X |x:a,/3 _x+ |x:oc,ﬂ .

Similarly, we have yi |x=a,s- Then, on the switching manifold X;, we
have

¥ lep= A —enDay’ |p, (3)

where (1 — e71)a and a denote instantaneous changes of perturbed
and unperturbed systems due to the impulsive effect on the switch-
ing manifold X, respectively.

We next define the reset map, describing the impact rule on %,,

No: 2y X R— 3, @
(Oh)/, 8) = (Ol, 770,2()’)))

which satisfies y-no.(y) > 0 for y # 0, noo(») = 15" (@ y,8)
= (a, 1y, (), and ny " is the inverse map of 7,. We provide some
useful notation to be used later: I, is defined through IT.(x, y)
=xand I, (x, y) = y.

scitation.org/journal/cha

For the noise excitation, & (¢) is taken to be Gaussian white noise
with

oo (t=0)

EE() =0,EEME(t+ 1) = {O ( £0).
Its corresponding spectral density Sg (w) is constant for all frequen-
cies . By Refs. 36, 42, and 43, we approximate &(t) by the sum
of some harmonic functions with random phases and frequencies;
this is required in the subsequent analysis for a random Melnikov
process.

According to the above description of systems (2)-(4), x
= « and x = B are two switching manifolds for this system, which
divides R =S, U X, US, U %, US; into three different regimes,
with the dynamics of each S; corresponding to a subsystem. We
assume that a trajectory crosses X, at (x, y) before it enters another
zone. The reset map describing the impact rule on %, is used
and the trajectory jumps from (x, y) to (x, 1.(y)) instantaneously.
For the other switching manifold X;, the trajectory receives the
impulsive effect stimulation on X, thereby causing an instan-
taneous sudden change. Then, this trajectory jumps across the
switching manifold %;.

In the theoretical derivation part of this paper, we only consider
a heteroclinic orbit in the upper half-plane and assume that the tra-
jectory is counterclockwise without loss of generality. It should be
noted that the results and derivation process for the case of consid-
ering the heteroclinic orbit in the lower half-plane and assuming the
orbit is clockwise are similar to those in this paper, except for the
representation symbols of corresponding positions, which is due to
the symmetry between the two cases. Why the results corresponding
to these two cases are the same will be given in detail in the remarks
below. And other assumptions are as follows:

L, : For V(B8,y) € X, and VY(a,y) € X,, [n-]DH;(8,y)]
: [l’l . ]DHz(ﬁ))’)] >0, [l‘l ]DHZ(O())})] : [l‘l . ]DHS(O[))})] > 0.

N

FIG. 1. The heteroclinic connection of systems (2)—(4) with ¢ = 0.
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L,: As shown in Fig. 1, when & =0, systems (2)-(4) have
two hyperbolic equilibria z§ = (xf,y{) € S, and z5 = (x;,¥;)
€ Ss. The upper heteroclinic orbit y *(¢) is
n®eS, t<t,

B eS tf st=t, ()
v eS, <t

Y=

where £ and & mean the times when y*(t) reaches or leaves
the first and second switching manifolds ¥; and %,, respectively,
tf < tf. For the corresponding case where the lower half-plane
heteroclinic orbit is considered and the orbit is assumed to be clock-
wise, the lower half-plane heteroclinic orbit should be expressed
as y~(f) accordingly, and the corresponding time also needs to
be transformed into the corresponding representation. Then, for
Fig. 1, we have

qu (t) tO) & ) =
and the perturbed stable manifold is

q'(ttg,€) =

scitation.org/journal/cha

Y (0) = I ),y ) = (BT € =
v (D) = D)y O] = Boy)" € Tf,
v (6) =[x )yt )] = (@) € =F,

v () = [ ),y (D)) = (@, 0" € =F.

]T

B. The Melnikov-type function for system (2)-(4)

The Melnikov-type function for system (2)-(4) will be derived
in this section. This analysis follows that for the homoclinic orbit in
Ref. 1. In the light of construction of classical Melnikov functions,*
without losing generality, we will study the following case, namely,
the perturbed unstable and stable manifolds will be broken and will
intersect transversely in the upper half-plane of S,.

For 0 < ¢ < 1, the perturbed unstable manifold is

g (4 te, ) = 1 (t—to) + eq) (L 1) + O(e?), t < 1,
gt ty, ) =y (t—ty) + eqi* (L o) + O(e?), tf, <t <t,

Tt te,8) =y, (t—to) + eqy (1) + O(e?), ty <t < t5,,
g3 (1o, 8) = y5 (t—ty) + 47 (L 1) + O(e2), t > £,

(8)

where tffs and tzi)s mean the times when q“® (%, 1, ¢) either reach or leave the first and second switching manifolds ¥, and %, tee

=t (k=12),ie,

t,=f +t+etf, +0E), &, = + 1t + ety + O(e?), (9)
TVt 1, 8) = [Vt 1o, 0), YVt 10, 0)], (= 1,2,3), (10)
g (t, 0, 8) # 4 (t],5 10, €), 47 (65, 10, €) # 47 (11,5 10, €). (11)

Then, ¢'“" (t,ty) (i = 1,2,3) are governed by
" (1, 10) = ID*Hi(y (¢ — o)) - 4 (8 10) + Gily (¢ = o), 1. (12)

Following the classical approach of Ref. 14, we let

ALt 10) = e]DH(y (t = t0)) A 4 (8 1o). (13)

Differentiating (13) and using (12), we obtain
ALt to) = e]DHi(y (t — 1)) A Gily (t = o), 1), (14)

where i = 1,2,3, A (=00, t,) = A% (400, 1) = 0 since JDH, (x;, y§) = JDH5(xy, ¥y ) = 0, and g1 (t, t,) are bounded. Then, the distance

between g“(ty, t, €) and g*(ty, to, &) is

AE(tO) = AZ'Z(tO, tO) - A?Z(tO) tO) + 0(82))

= [A?’Z(to, ty) — A?‘Z(to + 10+ [Ag,z(to +t5t) — Ag'l(to + 1, t)]

+ [AZ’I(to +t,t) — A:’l(—OO, to)] + [AZ’I(—OO, t) — A;’S(‘FOO, to)]
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+ [AF (400, tg) — AP (ty + £, )] + [AP (ty + £, 1) — AP (ty + 15, 1o)]

+ [AS(t + £, 1) — AP (to, to)] + O(e?),

+o0
—e / JDH( (t — t0)) A Gy (£ — o), Dt + [A 2ty + £5, 80) — A (ty + £, £0)]

o0
+ AP (b + 1], 1) — AP (t + £, 10)] + O(e?), (15)
where
+o00
— AP (tg+ 11, 1) = e/ JDH;(y (t — t9)) A Gs(y (t — to), t)dt. (16)
5+
First, we calculate A>*(fy + 5, fy). Then, the following theorem will be proved:
Theorem IL.1.
_ e 0y (r(5),0)  n(y(5) - DUig (v (5), 0075 (1)
APty + £, 1) = ey, (£5) A — 2 2 2 2 22270 5 AP + £, 1), 17
S+ 1, t) = ey, () 9% w0 - 72 () st + 1), k) (17)
where
Yy (8),0) ° )
Dny " (y (;),0) = ang ,
e 0 Sy (5))
and D*ny ' (y (£), 0) is the adjoint of Dy ' (v (&), 0).
Proof. For t € (ty,t,,), we have
be
770_1(11;'3(tzg: t0>8)>8) = qs,z(t) t0>8) + / ]DHZ(qS)Z(& tO)S)) +8G2(qs,2(5> t0>8))d5, (18)
t
so that
t
g7 (5t 8) = 0y ' (g7 (1,5 10, €), €) + / JDH, (4% (s, to, €)) + £G,(q%* (s, o, £))ds. (19)
fe
Differentiating (19) with respect to ¢, substituting , + t, for t and 0 into &, we get
5,2 - anal(y(t;r))o) —1 + 5,3 +
q7 (o + 15, t) = B ve— + Dny (v (£5),0)q," (to + 85, to)
-1 + REpges g G
+ [D770 (¥ (), 005" (t5) — v, (; )] d_ (20)
€ e=0
Since q5’3(tzs, ty,€) € T, we obtain
Hx(qS)S(tzg) tO) 8)) =0 (21)
Differentiating (21) about &, with f;, = t],, evaluating at ¢ = 0, we obtain
dty., n(y () - a7’ + 15, 1)
. == Y . (e (22)
de £=0 n(y(tz ) - V3 (tz)
O
Chaos 32, 103127 (2022); doi: 10.1063/5.0106073 32, 103127-5
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Substituting (22) and (20) into (13), we derive (17) as follows:
APty + 5, 10) = e]DHy (v (£)) A 47 (to + 15, o)

g (v (1), 0) 4
&

5 Dn, ' (y(£5),0)

= s)'/2+(t2‘) A {
N [y, (£5) — Dy ' (y (), 0)y5 () In(y (£))
n(y () -5 (&)

any ' (v (5),0) N DO (E)) - D (v (5, 00757 (1)
de n(y () -5 (6)

X J};r(t;r) A qi’a(to + t;, to)

] qv (b + 1], to)}

= 53./2+(t2_) A

g (y(£),0)  n(y () - D*ng (v (5,009, ()

= ey () A oe n(y (£)) - y5 (1)
x A¥ (ty + £, to). @
Second, we calculate A2 (ty + £, 1)) — A () + £, ).
By Ref. 32, we have
APt + 1], 10) — AP (fg + 1, 1)) = e(A — B), &
where
A=yl EDHY (] + to, o) — ha(d ()R (1 + to, 1), 9
B =y ()9 (6] + to, to) — hi ([ ()XY (1 + fos to). 0

From Refs. 31 and 32, we know that the perturbed solution q“’z(tfr)s, ty, €) takes the following form
4 (t] . to €) = q2 (] + to, 1o, &) + 1] JDH, (@ (t] + to, 1o, €)). (27)

From (7), (8), and (27), we obtain
o X tosty)

e R (28)
YRt 0, 8) = yi () + et hy (o () + ey (] + to, to) + O(e?), (29)
and substituting (28) into (29) gives
YRt 0, 8) = yi (8 — g’%hz(@(ﬁ)) + ey + to, ) + O(e?). (30)
Similarly,
Yt tor€) = 1 () — swhl(ﬁ(ﬁ)) + ey (5 + to, o) + O(e?). (31)

)
From (3), we obtain
3 (6)) = ayy (1),

u,2 ¢+ _ u,l f— (32)
Yt st 8) = (L —enDay™ (t .t €).
Thus,
X2 (5 + to, to) B K+ to, to) - -
PR + tor to) — ——2 Pl (o () = @yt (1 + tor to) — a——— =y (6 (1)) — may} (1) + O(e), (33)
Y2 (tl ) N (tl )
namely,
Chaos 32, 103127 (2022); doi: 10.1063/5.0106073 32, 103127-6
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A = yFENYRUT + to to) — X8 + to, to)ha (57 (D))
= @y ()P (] + tor to) — a2 (1 + to, ) (xf (1)) — ma*[yf (£)])° + O(e)
= a’B— na’ [y (t)]" + O(e) (34)
and
y;’(—oo) =0, hl(xf(—oo)) =0.
Therefore,
B = [y () (1) + to, to) — by (T ()% (8] + o, 10)]

— [y (—oo)yt! (=00, 1) — hy (x] (—00))x}! (—00, 1)]

t +to
=/ JDH, (y;" (t — to)) A Gi(y;T (t — to), t)dt. (35)
According to Ref. 31, we have
B
OF () =2 / | G 36)
X0
Therefore,
7+t P
oo g

Substituting (16), (17), (24), and (37) into (15) and performing the appropriate variable substitutions, we obtain the following non-
smooth Melnikov-type function for a random process: it contains both a deterministic and a random component,

M(ty) = Mu(to) + M, (to)- (38)
The deterministic term is

Iy (v (£),0)

M) = =y, (5) A oe

+a f " IDHL () Afi (i (B, + to)dt

£ B
+ /j JDH, (y," () A (v, (1), t + to)dt — 2ma / | mGdx
LY Xo
n(y () - D*n, ' (y (), 009, (1)
n(y () - y5 (&)

+00
x /+ JDH; (v, (D) A f3 (v (9), £+ to)dt, (39)
15}
while the random term is
7 7
M,(t,) = a* / JDH; (y;F () A g1 (v ()&t + to)dt + /+ JDH, (y,F (1) A g2(y," ()&t + to)dt
—00 f

n(y(8))) - D'ny (v (£), 009, (&7
n(y (&) -y (&)

The random part of M(%p) is treated statistically,”" and so M,(f,) can be rewritten as in the convolution form,

+00
D [ DHG ) A0 )60+t (40)

2

M,(to) = 1) % (1), (41)
where
@ [JDH, (" (1)) A g1 ()], t < 17,
I = VPH: 0) Age(rsf (), tf <t <1y, "
O @) D D0 ) L “
Il(]/(t;—)) . y3+(t;—) X 3 y3 g3 y3 > - t2-
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When &(#) is the noise input of system, we regard I(f) as the
impulse response for the system, with relevant frequency response
function,

+00
Hy(w) = / I(t)e 7™ dt. (43)
Then,
E[M(t)] = My, (44)

where E [-] is the expectation and the variance of M, (t,) is
0} = E[(M(t:))*] — [E [M,(to)]]*

+o00
= / |Hy () *Ss (w)do. (45)
—00

The corresponding standard deviation is o,, which implies that
M(ty) varies between M; — o, and My + o,.

According to the above analysis, and based on Refs. 15, 37,
and 41, we obtain the following theorem:

Theorem II.2.

(i) If My(ty) > 0, M(ty) has no simple zeros for ty in both the mean
and the mean-square senses.

(i) IfMa(to) = 0, M(ty) has no simple zeros for t, in the mean-square
sense, but it has simple zeros for t, under the mean sense if

Ma(ty) = 0. (46)

(iii) If Ma(ty) < 0, M(ty) has no simple zeros for ty in the mean sense,
but it has simple zeros for t, in the mean-square sense if

M3(ty) = o?. (47)

Remark 1. When generalized Melnikov funcion (38) has sim-
ple zeros in the statistical sense, the stable manifold of systems
(2)-(4) intersects with the unstable manifold transversally, which
means existence of chaos in such systems. Moreover, condition (46)
is also the condition for chaos in the deterministic system without
noise in systems (2)-(4).

Remark 2. The formula obtained by changing y*(#) in (38)
to the corresponding y ~(f) and transforming the corresponding
time into corresponding representation is the corresponding Mel-
nikov function obtained by considering the case where the lower
half-plane heteroclinic orbit is studied and the trajectory is assumed
to be clockwise. This is why, as mentioned above, the Melnikov
functions obtained in these two cases are similar due to the exis-
tence of symmetry. Namely, the problem studied by considering
the counterclockwise heteroclinic orbit in the upper half-plane is
symmetrically the same as the problem studied by considering the
clockwise heteroclinic orbit in the lower half-plane. Specifically, for
the case of counterclockwise heteroclinic orbit in the upper half-
plane with counterclockwise orbits, the heteroclinic orbit connect-
ing the hyperbolic equilibrium z; to another hyperbolic equilibrium
z, in counterclockwise direction transversally jumps across the first
switching manifold X, by impulsive effect and crosses the second
switching manifold ¥, continuously, then the perturbed unstable
and stable manifolds will be broken and will intersect transversely

ARTICLE scitation.org/journal/cha
T L 1
e
> 0
r=-1 z 1
=0 Y
e
< 1
-1 -1 0 3 1
i

FIG. 2. The piecewise heteroclinic solution of the system (48)-(50) for ¢ = 0.

in the upper half-plane of S,. For the case of the heteroclinic orbit
in the lower half-plane and assuming the orbit is clockwise, the het-
eroclinic orbit connecting the hyperbolic equilibrium z; to another
hyperbolic equilibrium z; in the clockwise direction transversally
jumps across the first switching manifold ¥; by an impulsive effect
and crosses the second switching manifold X, continuously, then
considering the perturbed unstable and stable manifolds will be bro-
ken and will intersect transversely in the lower half-plane of S,. For
these two cases, the starting and ending equilibrium points of the
heteroclinic orbit, the sequence of the heteroclinic orbit crossing the
switching manifolds, the external effects received by the heteroclinic
orbit on each switching manifold, and the zone S, where the hete-
roclinic orbit is broken and intersected transversely are all the same.
These similarities make the analysis and derivation process of the
two cases similar and the results obtained are the same.

Remark 3. Ifa=1, =0, n(a,y,8) = (o, y), tf =15,
systems (2)-(4) reduce to a piecewise-smooth system with noise
under the assumption that the unperturbed system has heteroclinic
orbits, crossing only one switching manifold. Then, M(%y) in (38)
can be reduced to the heteroclinic case corresponding to M(%) in
Ref. 41. A further difference is that £(f) has different meanings
for Gaussian white noise excitation and for a random disordered
periodical input.

Remark 4. Ifno(a,y.¢) = (@, ), & =0 (i = 1,2,3), systems
(2)-(4) reduce to a piecewise-smooth system with a pair of het-
eroclinic orbits jumping across only one switching manifold by
impulse and crossing the other one continuously. Then, M(t,) in
(38) reduces to the heteroclinic case corresponding to M(t) in
Ref. 34.

Remark 5. Ifa=1, 1, =0, g =0 (i=1,2,3), then the
inclusion of an additional impact rule on X; where 1} : (8,y,¢)
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FIG. 3. The chaotic thresholds of systems (48)-(50) without noise excitation (§ = 0) for different (a): w, i.e, © =0.05, 0.2, 0.4, and 0.8 and (b): po, i.e., oo

=0.1, 0.4, 0.7, and 1 in the (2, fy) plane.

= (B,n5.(y)) reduces systems (2)-(4) to the system studied in
Ref. 27.

This work is, therefore, an extension of Refs. 27, 34, and 41. The
above results are now applied to a specific piecewise-smooth system
with impulsive effect and noise excitation.

I1l. APPLICATION AND NUMERICAL SIMULATIONS

We investigate the following system:

x=y, 1
i X< -—-,
y=x+1+¢[—puy+focosQt+ (1], 4
x=y, 1
: ——<x< -,
y=x+8[—uy+focos9t+65(t)], 4 3
x=y, 1
. X > =
y=x—1+¢[—puy+focosQt+ ()], 3
Ax| | 1=0,

373
Ayl 1 1#0

T34

(48)
where 0 < ¢ < 1, u is a damping coefficient, f; is periodic excitation
coefficient, 2 is frequency, & () means a Gaussian white noise, and

1
8 means noise intensity. On the switching manifold x = 3

_ V22
Vo ley= W= em)yt |y (49)
1
The reset map on the switching manifold x = — 1 is

1 1 y
(== - ) 50
Mo+ ( 4y£)'—>< 1 l_gpoy) (50)
where py is a positive parameter and
1 1 y
o (=sme) e (=, . 51
s (4y8) (41+8p0y> (51)
And
1 1 1 1
Hl(x,y)=5y2—5x2—x+z,x<—z,
1 1 1 1 1
Hxy) = {Hy(x%,9) = =y — —xX* + =, —— -, 52
(%) (%) 2)12 2x +2 4<x<3 (52)
1 1 1 1
Hs(x,y) = E)/Z - Ex2+x+ T x> 3

The equilibria of the unperturbed system (48)-(50), i.e., ¢ = 0, are
a center (0,0) and two saddles (£1,0). As shown in Fig. 2, the
piecewise heteroclinic solution connecting (1,0) to (—1,0) in the
clockwise direction is as follows. The following relevant analysis on
example systems (48)-(50) corresponds to another case of consider-
ing the heteroclinic orbit in the lower half-plane and assuming the
orbit is clockwise as described in Remark 2. The lower half-plane
heteroclinic orbit is expressed as y ~ (t), and the corresponding time
should be transformed into corresponding representation. Here,
for convenience, in this case, the times of reaching and leaving at
1 1

first and second switching manifolds x = 3 and —; in the lower

half-plane are still represented by £ and £,
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25 T 15 T T T T T
1=0.05 po=0.1
p=02 p=04
n=04 o0 =07
p=08 ) po=1

1L ]
w
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p 0
1 1.5 0.8
)
(a) (b)

FIG. 4. The chaotic thresholds of systems (48)—(50) for different (a): 1, i.e., u = 0.05, 0.2, 0.4, and 0.8 in the (8, fy) plane and (b): py, i.e., pp = 0.1, 0.4, 0.7, and 1 in
the (€2, 8) plane.

1 1
(_E exp(t—t,) +1, ) exp(t — tu)> , <1,

2 2
y ()= (%(exP(—twL ty) — exp(t — 1)), —\/T—(eXp(t — 1) +exp(—t+ tb))> S <t<t, (53)

1 1 N
zexp(tc —t) - 1,—5 exp(t. —t) |, t>1t;,

I 05 05 0
(a) (b)

FIG. 5. The critical surface of systems (48)-(50) (a): without noise excitation (5 = 0, po = 0.5) in (2, u, fy) space and (b): with pp = 0.1, © = 0.9, fy = 1in (2, m, 3)
space.
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(d) (e) ®)

FIG. 6. The phase portraits of systems (48)-(50) without noise excitation (§ = 0, ¢ = 0.01, . = 0.08, @ = 1.6, n; = 0.1, and py = 0.9) for different fy, (a) fy = 1.2,
(b)fo=3,(c)fo =3.5,(d)fp =64, (e) fo =8,and (f) f = 16.

_ 3 _ _ following non-smooth Melnikov-type function corresponding to
where fa=2In 2’ ty =In(v2 + V11), f.=In systems (48)-(50) through calculation,
Wi+ VD]
{ 5 =13, andf; = In[v2(v2 + VID)]. M(ty) = —poy} = A +foy/ B} + B} sin(Qto + ) — o
From (51)-(53), and according to the corresponding case +00
of the formula (38) as described in Remark 2, we obtain the + / IOt + to)dt, (54)

=0
-1 B *
1 -1 0 L 1 0 1000 2000 3000 4000 0 1000 2000 3000 4000
T t t
(a) (b) (®

FIG. 7. The phase portraits and time series of systems (48)—(50) without noise excitation (§ = 0, ¢ = 0.01, © = 0.08, 2 = 1.6, ny = 0.1, and py = 0.9) for fy = 18.5.
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FIG. 8. The phase portraits of systems (48)—(50) with e = 0.01, © = 0.08, 2 = 1.6, n1 = 0.1, and p, = 0.9 for fy = 8 and different : (a) § = 0.000 005, (b) § = 0.1,
()3 =2,and (d) s = 5.

where 1 . .
B, = XTI {3a® + 1) sin(Qf)) + 3sin(Q8)
J22 ) B, + Q[(3a* + 3) cos(QUT) + (3 — 2v/2) cos(sztf)]] . (55)
a = —— n f—Jp—
and the impulse response function I(¢) is
VIT(VZ4VIT) 2 [26500] 4 3 sa? .
A= + i L) = ——exp(t —to), t <1,
36 8 2
1 I = l(t)——@(ex (t—ty) +exp(—t+14)), tf <t<t,
B = ————{(3a> + 1) cos(Qf}) + 3 cos(Q8) 2Ty P b P bh =t ="
42 +1) 8
L(t) = —=exp(t.— 1), t > t.
+ QIGa - 3)sin(QE) — (3 — 2v/2) sin(sztgc)]] , ’ 2 2 56
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FIG. 9. The phase portraits of systems (48)—(50) without noise excitation (§ = 0, ¢ = 0.01, u = 0.08, 2 = 1.6, n; = 0.1, and py = 0.9) in the new coordinates (p, q)
0 .

for different fp: (a) fo = 1.2, (b) o =3, () f =

According to Theorem 2.1, we have the following two cases:
Case A: no noise excitation
In the absence of noise, M(ty) has simple zeros for ¢, if

11
looys + A + Tl < fo/ B + B2 (57)
Case B: In the presence of noise, by (45), we have
1 +o0 +00 2
ol =— |:./ I(t) cos(a)t)dt:| dw. (58)
2r —00 —o0

When there is noise, we see that M(#,) has simple zeros for t; in the
mean-square sense if

11 2
(poys + 1A + B <£(B+ B + 02 (59)

For the numerical verification part, on the basis of intro-
ducing noise by Monte Carlo method, we use the Runge-Kutta
method to carry out the following numerical simulations to ver-
ify the above results and show the complicated dynamics of system
(48)-(50). We take ¢ = 0.01 and n; = 0.1. Using (57), the chaotic
thresholds of systems (48)-(50) with § =0 and py = 0.5 for u
= 0.05, 0.2, 0.4, and 0.8 are shown in Fig. 3(a), while the chaotic

5,(d) f, = 6.4, (¢) f, = 8, and (f) f, = 16.

thresholds of (48)-(50) with § = 0 and = 0.5 obtained by (57) for
po = 0.1, 0.4, 0.7, and 1 are shown in Fig. 3(b). The thresholds for
chaos increase as both py and damping coefficient  increase (see
Fig. 3). Namely, in a certain range, for the system under the same
periodic excitation amplitude f, and frequency €2, the smaller the
value of py and damping coefficient u, the more easily the possi-
ble chaos of the system will be induced, making the corresponding
system in a chaotic state. The chaotic thresholds of (48)-(50) with
po =09 and Q = 1.8 from (59) for u© = 0.05, 0.2, 0.4, and 0.8
are shown in Fig. 4(a). The chaotic thresholds of (48)-(50) with p
= 0.9 and fy = 1 from (59) for py = 0.1, 0.4, 0.7, and 1 are shown
in Fig. 4(b). Within a certain parameter range, the thresholds for
chaos increase as both p, and damping coefficient u increase in
(8, /o) and (L2, 8) planes, respectively. And for the noise intensity &
within a certain range, the greater the noise intensity, the more easily
the possible chaos can be induced. The critical surface of (48)-(50)
with § = 0and py = 0.51in (£2, i, fo) space is shown in Fig. 5(a), and
that for pp = 0.1, © = 0.9, and f = 1 in (€2, 1, 8) space is shown
in Fig. 5(b). For Figs. 3-5, the area above the boundary will generate
complicated dynamics near the unperturbed heteroclinic orbits.
Taking ¢ =0.01, ©=0.08, =16, n =0.1, py =09,
§ =0, and fy = 1.2, periodic motion in systems (48)-(50) is
shown in Fig. 6(a). To further show the complicated dynamics of
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2 . . . .

FIG. 10. The phase portraits of systems (48)—(50) with ¢ = 0.01, © = 0.08, 2 = 1.6, ny = 0.1, and po = 0.9 in the new coordinates (p, q) for fy = 8 and different &:

(a) 8 = 0.000005, (b) 8 = 0.1, (c) § = 2, and (d) 5 = 5.

systems (48)-(50), the following choice of parameters correspond-
ing to numerical simulations ensure the existence of the transverse
heteroclinic orbit. In the absence of noise, so that § = 0, the transient
chaotic motion of systems (48)-(50) with fy = 3 isin Fig. 6(b). After
a period of transient chaotic motion near the unperturbed hetero-
clinic orbits, its solution diverges rapidly. Chaotic motions with §
=0 and fy = 3.5, 6.4, 8, and 16 are shown in Figs. 6(c)-6(f).
In range, with the increase in periodic excitation amplitude f;,
the chaotic degree of the motion shown by this system in the
phase portraits will generally deepen. Among them, Fig. 6(d) shows

divergence of trajectories after a chaotic transient. This is related
to the structure of the heteroclinic orbits. In the interests of clar-
ity, we also give the phase portraits and time series without noise
excitation for fy = 18.5 in Fig. 7. It can be seen from this figure
that the system shows strong complexity at this time, i.e., the
degree of chaotic motion at this time is further deepened compared
with that when periodic excitation amplitude f; takes other values.
With noise chaotic motions of system (48)-(50) with f, = 8 and
8 =0.000005, 0.1, 2, and 5 are shown in Figs. 8(a)-8(d). With
the increase in §, the chaotic motion in Fig. 8(a) shows further
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dissipation, which deepens the degree for chaos. However, as noise
intensity continues to increase, the dissipation phenomenon weak-
ens, and the degree of chaotic motion in this system is also weak-
ened, as shown in Figs. 8(c) and 8(d). These reveal that changing
noise intensity can enhance or suppress chaos of this system. For
Figs. 6(b) and 8(a), we know in the case of the same periodic exci-
tation intensity f, = 8, even if the intensity of the noise introduced
to the system is very small § = 0.000 005, it also has a certain influ-
ence on phase portraits, chaotic state, and degree and performances
in other aspects of the system.

The method of the 0-1 test"~" is utilized to further identify
the presence of chaos. In this method, regular behavior corresponds
to the test result giving a value that is close to 0, the trajectories
in the new coordinates being bounded. Chaotic behavior corre-
sponds to a test result of 1, with unbounded trajectories that are
Brownian-like. The regular and chaotic behavior of dynamical sys-
tems (48)-(50) will be judged through the correlation coefficient
K.: the system’s dynamical behavior is regular when K, =~ 0, and
chaotic when K, = 1. Then, applying the 0-1 test to (48)-(50) in
the absence of noise, (§ = 0), the phase portraits in other coordi-
nates p(n) and gq(n) for fy = 1.2, 3, 3.5, 6.4, 8, and 16 are shown
in Figs. 9(a)-9(f), with corresponding values of K. = 0.0023 (K.
— 0) and K, = 0.9713, 0.9882, 0.9912, 0.9930, and 0.9991 (K.
— 1), respectively. The phase portraits in p(n) and q(n) variables for
8 = 0.000005, 0.1, 2, and 5 are in Figs. 10(a)-10(d), corresponding
to K. = 0.9947, 0.9976, 0.9989, and 0.9965 (K, — 1), respectively.
Thus, Figs. 9 and 10 and the value of the associated K. provide
further tests and verify periodic and chaotic motion.

IV. CONCLUSIONS

In this study, we have theoretically developed the classical Mel-
nikov method for heteroclinic orbits in deterministic, continuous
systems to a class of hybrid piecewise-smooth systems with impul-
sive effect and noise excitation. We have assumed the unperturbed
system to be piecewise Hamiltonian with a pair of piecewise het-
eroclinic orbits. The two switching manifolds of the system are x
=aandx = B,sothat R? = 5, U X, US, U X, U S3, and three sub-
systems correspond to each of the three zones S, i = 1,2, and 3. The
trajectory of the perturbed system transversally jumps across X, by
impulsive effect and crosses X, by applying the reset map describing
the impact rule instantaneously. The corresponding random Mel-
nikov function about the heteroclinic orbits is then obtained by
measuring the distance of the perturbed stable and unstable mani-
folds, the methods used in this derivation is different from that in the
corresponding homoclinic case, which is caused by the difference
between the symmetry of homoclinic orbits and the asymmetry of
heteroclinic orbits. Therefore, the derivation method of the homo-
clinic case cannot be directly used in our this paper, and the relevant
methods need to be improved and extended. We overcome this diffi-
culty caused by asymmetry through using the recursive method and
the perturbation principle. And criteria for the onset of chaos with
and without noise excitation are established. Significantly, the spe-
cific form of the non-smooth random Melnikov process we derive is
different from previous results. These extend existing results about
the classical Melnikov method.

ARTICLE scitation.org/journal/cha

Then the complicated dynamics of a specific piecewise-smooth
system with and without noise excitation under the reset maps,
impulsive effect, and non-autonomous periodic and damping per-
turbations are investigated by this extended Melnikov-type method.
Analytical results and the effects of parameter excitation and noise
on chaos are verified and analyzed through numerical simulations
including time series, phase portraits, and the 0-1 test for chaos.
The results verify the theoretical part and demonstrate that changing
the periodic excitation coefficient or noise intensity can induce or
suppress chaos in such hybrid piecewise-smooth systems. Although
we have dealt with the heteroclinic case and the existence of chaos
in this paper, some global bifurcations for piecewise linear systems
should be further analyzed in future.”
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