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Abstract

Quantum computing has enormous potential, but this can only be realised if quan-

tum errors can be controlled sufficiently to allow quantum algorithms to be completed

reliably. However, quantum-error-corrected logical quantum bits (qubits) which can

be said to have achieved meaningful error suppression have not yet been demon-

strated. This thesis reports research on several topics related to the challenge of

designing fault-tolerant quantum computers. The first topic is a proposal for achiev-

ing large-scale error correction with the surface code in a silicon donor based quantum

computing architecture. This proposal relaxes some of the stringent requirements in

donor placement precision set by previous ideas from the single atom level to the

order of 10 nm in some regimes. This is shown by means of numerical simulation of

the surface code threshold. The second topic then follows, it is the development of

a method for benchmarking and assessing the performance of small error correcting

codes in few-qubit systems, introducing a metric called ‘integrity’ – closely linked to

the trace distance – and a proposal for experiments to demonstrate various stepping

stones on the way to ‘strictly superior’ quantum error correction.

Most quantum error correcting codes, including the surface code, do not allow

for fault-tolerant universal computation without the addition of extra gadgets. One

method of achieving universality is through a process of distilling and then consum-

ing high quality ‘magic states’. This process adds additional overhead to quantum

computation over and above that incurred by the use of the base level quantum er-

ror correction. The latter parts of this thesis report an investigation into how many

physical qubits are needed in a ‘magic state factory’ within a surface code quantum

computer and introduce a number of techniques to reduce the overhead of leading

magic state techniques. It is found that universal quantum computing is achievable

with ∼ 16 million qubits if error rates across a device are kept below 10−4. In addition,

the thesis introduces improved methods of achieving magic state distillation for un-

conventional magic states that allow for logical small angle rotations, and show that

this can be more efficient than synthesising these operations from the gates provided

by traditional magic states.
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General Introduction

Introduction

The idea of a quantum computer was discussed in 1982 by Feynman [1] who identi-

fied the difficulty of simulating quantum systems on classical computers and suggested

that computers made from quantum systems might be able to outperform their clas-

sical counterparts in this area. The field of quantum computation was put on firm

footing in a landmark paper formalising the idea [2] by Deutsch, and later Deutsch

and Jozsa who proposed an algorithm which could solve a certain class of problems

exponentially faster than a classical algorithm [3]. The discovery of a polynomial-time

factoring algorithm by Peter Shor in 1994 [4] led to an explosion of interest in quan-

tum computing. Classically, factoring is a computationally hard problem, meaning

that for any known classical algorithm the computational resources required to factor

a number scale exponentially according to how many digits the number has. By con-

trast, multiplication is a computationally easy problem, the resources required scale

polynomially with the size of the inputs to the computation. It is this difference in

computational complexity between multiplication and factoring that forms the basis

of RSA encryption, the world’s most widely used cryptosystem. Shor showed that

for a quantum computer both multiplication and factoring are computationally easy,

the implication being that a quantum computer could break RSA. Shor’s algorithm

is one example, of which there are now a number [5], of a quantum algorithm which

allows a computational speed up over the best known classical algorithms run on

a classical computer. Not all of these provide the exponential speed up of Shor’s

algorithm, for example Grover’s algorithm for searching an unstructured database

provides a quadratic speed up over classical search algorithms [6]. Perhaps the most

exciting potential application of the quantum computer is the one originally envisaged

by Feynman: the ability to simulate the behaviour of quantum systems. Currently

in many areas of quantum chemistry or materials science the inability to efficiently

simulate many-body quantum systems is something of a bottleneck.

Quantum algorithms are able to achieve this speed up for certain problems by

exploiting the fact that quantum bits, called “qubits”, are more complex objects

than classical ones. A classical bit can be in one of two stable states, 0 and 1, and a

probabilistic mixture of the two. Probabilities of course are simply positive numbers

between 0 and 1. A quantum object can not only live in either of the stable states, now

called |0〉 and |1〉 and a probabilistic mixture of the two, but also in a superposition

state. This is a combination of the two states where each is given a complex amplitude

α and β such that |α|2 + |β|2 = 1. The modulus squared of the amplitude associated
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with a state is the probability of finding the system in that state when it is measured.

In higher dimension systems, i.e. those with multiple qubits, the vast Hilbert space

in which these quantum states live allows access to a great many superposition states

and entangled states, which are not available in classical computation (or in classical

physics at all). A quantum algorithm may make use of this larger available set of

states or amplitudes in the following way: an algorithm constructed in the correct

manner will cause a state representing a ‘wrong’ answer to have complex amplitudes

such that these amplitudes cancel out with those from other ‘wrong’ answers. For

example, a negative amplitude can completely cancel a positive amplitude of the same

size. Classical probability theory, of course, does not allow for negative amplitudes.

An algorithm can be designed such that wrong answers interfere destructively while

the correct answer(s) interfere constructively. At the end of a computation when the

final measurement of the qubits is made, a suitably constructed quantum algorithm

will return only a right answer (with very high probability) and return one of the

many wrong answers with a vanishing probability. It is this ability to make use of

negative and complex amplitudes that can allow a quantum algorithm to function

as an interferometer which allows the determination of right answers while using

interference to remove the possibility of observing incorrect ones.

One of the reasons that such devices have been hard to realise in practice is that

quantum effects do not survive at the macroscopic level. The ability to create large

quantum states, where superpositions and entanglement persists across a large array

of qubits, is necessary. Once the complex amplitudes decay the quantum computa-

tion resembles a classical one and any extra power one might extract from quantum

physics is lost. This process of decoherence, where the complex parts of the ampli-

tude associated with quantum states are killed off, is due to unwanted interactions

with an environment outside the knowledge or control of the experimentalist. There

is obviously a tension between the need to isolate quantum systems to a degree that

allows them to act in the manner described by quantum physics and the need to

gain access to the qubits, to read and manipulate their state, and to control their

interaction with other qubits. Currently physicists are able to leave isolated qubits

for extremely long periods of time without them suffering a loss of quantumness. For

example ion traps have demonstrated coherence times of ∼1-10 minutes [7, 8], su-

perconducting qubits have managed 10-100 µs [9, 10], nitrogen vacancy (NV) centres

in diamond 600 ms [11] and phosphorus donors in silicon have achieved 2 s [12]. In

each of these cases the coherence time is orders of magnitude greater than the single

qubit operations that can be performed on the qubits. What currently appears to

3
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Figure 1: Progress of trapped ion and superconducting qubit technology over time.
y-axis: 2-qubit gate-fidelity, in logarithmic scale. Above the threshold of 99% it is
possible to reduce errors using the surface code error-correcting scheme. [Taken from
NQIT’s Technical Roadmap for Fault-Tolerant Quantum Computing, Amir Frucht-
man and Iris Choi, October 2017 [26]. Used with permission.]

be the hardest thing to do is to interact two qubits together in a controlled man-

ner. Progress is being made in a range of systems. The fidelity of two-qubit gates

in leading ion trap and superconducting systems, whose development is summarised

in Figure 1, now exceeds the surface code threshold. This means that error rates in

a quantum memory or computation could be suppressed arbitrarily given sufficient

qubits interacting with each other with that level of precision.

The design of a quantum computing architecture must take into account the var-

ious questions that must be answered in bridging the gap between these low level

implementations of qubits and qubit gates, and the final goal of a performing a quan-

tum algorithm which offers a speedup over the best classical one for the task. The

questions that lie in between these two ends of the quantum computing spectrum

will concern us in this thesis. How do we protect the computation from the errors on

qubits? How do we link up qubits to provide the right set of high-level operations?

How can we design a scalable device: one suitable not just for demonstrations of a

few qubits but large numbers of cheap, easily reproducible qubits? How many qubits

are in fact required, and how fast can the computer run? And knowing this, where

are we now on the road to universal fault-tolerant quantum computation?

4



Chapter 1

Quantum Error Correction

This chapter introduces the ideas behind quantum error correction and universal quan-

tum computation that will underpin the work in this thesis. Section 1 provides a

general introduction to quantum error correcting codes. In Section 2 the key idea of

fault-tolerance is described. Section 3 presents some issues surrounding the univer-

sality of quantum computation. Section 4 is a more detailed introduction to perhaps

the most promising method of realistically performing large scale error correction: the

surface code.

The greatest challenge that separates quantum computation from classical com-

putation is that of error correction. The presence of noise within a quantum system

under experimental control is unavoidable. In a classical device this problem is far

less prevalent. In a classical device there are many physical states which represent

the ‘0’ in the computer and many which represent ‘1’. For example, a common way

of storing classical bits is in a region of a magnetic disk. Magnetisation in one di-

rection indicates ‘0’ and magnetisation in the opposite direction represents ‘1’. One

can almost always say with confidence whether a system handed to you was initially

encoded in a 0 or 1. One might say on reading the memory that if at least 90% mag-

netisation in one direction is present then that almost surely represents an attempt to

encode in that direction. The two states representing 0 and 1 are separated by such a

large energy gap that any flip from one state to another due to, for example, thermal

fluctuations causing individual spins to flip, is exceedingly rare and in practice the

probability of this occurring is negligible. Perhaps most importantly, we can always

measure a classical bit. If the state of bit is degrading, in this example for instance

the magnetisation has reduced to 80%, then we can check this and rewrite it with

100% magnetisation. Clearly the option of constantly measuring single qubits does

5
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not exist if we wish to exploit superpositions and entanglement to process information

quantum mechanically.

A quantum computer, on the other hand, is inherently more vulnerable to error.

Where a classical bit could only suffer the bit-flip error, a qubit can undergo a similar

bit flip, or Pauli X error but also the phaseflip, or Pauli Z error. Perhaps even

more troubling one might imagine that a number of small continuous errors could

afflict a quantum computation, building up over time and causing it to fail. The

mechanisms by which such errors can occur are hard to prevent, if a qubit is encoded

in the spin state of an electron for example a small thermal fluctuation or an incident

photon could corrupt the desired state. Although recent advance in a number of

system such as superconducting qubit, ion traps, donors in silicon and NV centres

have reduced the error in operations on single qubits to 0.0001% [7] and on two qubits

to 0.09% [27], and prototype devices have demonstrated un-error-corrected versions

of certain algorithms, such fidelities these numbers are not good enough to allow an

‘useful’ unencoded computation to occur. For example a ‘post-classical’ factoring

task might require many thousands of logical qubits and potentially over 1011 gates

as we shall revisit in Chapter 5

Any serious scheme for quantum computing needs to include some method for

quantum error correction such that errors can be identified and fixed as they arise,

allowing the computation to proceed without accumulation of errors. To this end

quantum error correcting codes have been developed [28–30]. These are methods of

encoding ‘logical’ qubits in the state of multiple physical qubits in an error correcting

code, on which operations can be performed to detect and correct errors, thereby

protecting the logical information. Shor introduced the first quantum error correcting

code in 1995 which stored one logical qubit in the state of nine physical qubits [28].

This code is capable of correcting one phase-flip error and one bit-flip error. As

long as the rate of error occurring on the physical qubits is low enough, then it is

possible to arbitrarily suppress the rate of logical error by increasing the redundancy

of the code, for example by concatenation, and moreover this is efficient. That is

the number of physical qubits required to encode a logical qubit with error ε scales

as polylog(1/ε), so the need to encode our quantum information does not have an

exponential overhead that would destroy the fundamental speed-up that we expect

from our quantum algorithm.
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1.1 Error correcting codes

Quantum error correcting codes use many physical qubits and to describe them using

a full quantum state picture can be impractical. A more practical method to describe

quantum codes is provided by the stabiliser formalism [31], which can be used to

describe certain codes by operators rather than the states of the qubits. In this

section we introduce this formalism and demonstrate how it is used to describe error

correction with a stabiliser code.

1.1.1 Pauli group

To begin we define the Pauli group on a single qubit, P1 which comprises, up to

phases, the four Pauli operators

1 = σ0 =

[
1 0
0 1

]
, X = σ1 =

[
0 1
1 0

]
, Y = σ2 =

[
0 −i
i 0

]
, Z = σ3 =

[
1 0
0 −1

]
.

(1.1)

The index of an operator indicates the qubit on which that operator acts. For instance

Zi indicates a Z operation on qubit i, with identity, 1, acting on all other qubits.

The Pauli group on n-qubits, Pn = P⊗n1 , is simply a tensor product of single-qubit

Pauli operators on n qubits, such that P ∈ Pn can be written

P = O1 ⊗O2 ⊗ · · · ⊗On, where Oi ∈ P1 ∀i ∈ 1, · · · , n.

We will use the term weight-x operator to describe a Pauli operator containing x

non-identity terms. Please note that the term ‘weight’ will also be used to describe

the number of 1s in a bit string or row of a matrix.

1.1.2 Stabiliser formalism

Quantum error correcting codes consist of a number of physical qubits n which encode

a smaller number k of logical qubits. A subspace of the total Hilbert space of the

n physical qubits has some protection against errors. We call this subspace the

codespace. Stabiliser codes are subspaces described by an abelian group called the

stabiliser S, which is a subgroup of the Pauli group. The projector on to the codespace

is Π ∝ ∑s∈S s, so that sΠ = Π for all s ∈ S. There always exists a minimal set of

operators {S1, S2, ...Sm} that generate the group.
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To process information using the protected subspace of the code it is necessary to

define logical operators for the encoded qubits. If
∣∣ψ̄〉

i
is the logical state on the ith

logical qubit then the logical operators are defined,

X̄i|0̄〉i = |1̄〉i (1.2)

X̄i|1̄〉i = |0̄〉i, (1.3)

Z̄i|0̄〉i = |0̄〉i (1.4)

Z̄i|1̄〉i = −|1̄〉i. (1.5)

These are valid logical operators so long as they commute with the entire stabiliser

group and are not contained within it. Xi and Zi must also anti-commute with each

other.

Quantum error correcting codes are often described in short-hand by three num-

bers: [[n, k, d]], where n is the number of physical qubits required to encode k logical

qubits. The parameter d is called the distance of the code and is the weight of the

smallest logical operator in the code or, to put it another way, it is the weight of the

lowest weight error which can cause an uncorrectable logical error to occur.

1.1.3 Correcting errors

To identify and correct an error one can measure all the generators of the stabiliser

group. Consider a code prepared in an error free state in the codespace
∣∣ψ̄〉 that

suffers from some error in the Pauli group E ∈ Pn. Before the error has occurred

then each measurement of a stabiliser will return a ‘+1’ result. However if a ‘-1’ is

recorded then this indicates the presence of an error. Since both the error E and the

stabilisers S are elements of the Pauli group then E either commutes or anticommutes

with the stabilisers.

In the case of the E commuting with the stabiliser Si ∈ S the state is still a ‘+1’

eigenstate of Si. However if E and Si anticommute then

SiE
∣∣ψ̄〉 = −ESi

∣∣ψ̄〉 = −E
∣∣ψ̄〉

so the error has transformed the state to a ‘-1’ eigenstate of Si indicating the presence

of an error. Measuring all the stabiliser generators returns a set of +1 and -1 outcomes

that together make up a syndrome. This syndrome contains the information which

allows the determination of a correction operator C which can return the state to the

codespace, such that

CE
∣∣ψ̄〉 = S

∣∣ψ̄〉
8
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where S ∈ S. Finding a correct or ‘good’ choice of a correction operator for a given

syndrome in some code is not necessarily an easy task.

We can see from the above that should E commute with the stabiliser group then

we have one of two situations: the error is itself a member of the stabiliser group and

is therefore does not affect the encoded information; or the error E is not correctable

by the code as it cannot be identified as having occurred.

1.1.4 The five-qubit code

The smallest posssible code that is capable of protecting against all single qubit errors

is the five qubit code. This is a [[5,1,3]] code, meaning that it encodes one logical qubit

in the state of five physical qubits. A distance of 3 means that the smallest possible

logical operators are weight-3 Pauli operations, two qubit errors can be detected, and

any one qubit error can be corrected. The stabiliser group of the code is generated

by the operators:

S1 = 1XZZX

S2 = X1XZZ

S3 = ZX1XZ

S4 = ZZX1X.

The logical operators of the code can be chosen as

X̄ = XXXXX

Z̄ = ZZZZZ.

It should be easy to identify that these satisfy the necessary (anti)commutation rela-

tions. Note that here we have chosen the logical operators to be weight-5 as they have

nice ‘transversal’ form, but we know that the distance of the code tells us it is possible

to choose logical operators of weight-3. Any logical operator can be transformed to

another possible logical operator simply by multiplication by one (or more) of the

stabilisers without changing their action on the logical information. For example an

weight-3 logical operator X̄ ′ can be formed by X̄ ′ = S1X̄ = X1Y 1Y and similarly

Z̄ ′ = S1Z̄ = ZY 11Y .

Any single qubit error on the five qubits can be identified by the syndrome ob-

tained by measuring the stabiliser generators. Let us consider E = Z3, a Pauli Z

error on the 3rd qubit. The operator commutes with S1, S3 and anticommutes with

S2, S4 giving us the syndrome {S1, S2, S3, S4} = {1,−1, 1,−1}. For this code there

9



Quantum Error Correction

are 24 = 16 possible syndromes, one of which, namely {1,1,1,1}, corresponds to the

case of no error and the other uniquely identify each of the 15 possible single qubit

errors. It is in this sense that the five qubit code is ‘perfect’. Thus any single qubit

error produces a unique syndrome and can be fixed by applying the appropriate cor-

rection operation. In our example the syndrome {1,−1, 1,−1} indicates: ‘apply Z3

to fix’.

In addition to this example we note that if we simply wish to detect the errors

and discard a faulty logical qubit, rather than correcting it, then each two-qubit Pauli

error on the five qubit code will also lead to non-trivial syndrome. Clearly there is

no way to distinguish the two qubit errors from single qubit errors, with only 16

unique syndromes available. Given that errors on qubits occur independently with

probability p for small p it is always more likely that a single qubit error has resulted

in a given syndrome than a higher weight error. To return to the example of the

syndrome {1,−1, 1,−1}: this could be caused by an error E = Z3 with probability

p but also could be due to an error E ′ = X4Z5 with probability p2. Clearly if one

is to apply a correction it is always preferable to apply the correction C = Z3, but,

if the two-qubit error is the one which has occurred then the overall result of the

error followed by the most likely correction operator is CE ′ = Z3X4Z5 which does

not commute with all the stabilisers so the correction. Thus the correction has not

returned us to the codespace. Had we chosen to merely detect rather than correct

the error, we would have discarded the run with probability O(p) and been left with

a logical state with error O(p3) given that the trivial syndrome was returned. If

we chose to correct the error the logical state after correction (now with no runs

discarded) would have been left with a logical error O(p2).

1.2 Fault-tolerance

The paradigm of error correction we have explored thus far is somewhat removed from

the realities of dealing with real errors in physical systems. In particular, we assume

that errors have occurred on qubits by some unknown process and the method by

which we have extracted error syndrome information and applied correction operators

is perfectly reliable. This issue must be dealt with immediately. Is it still possible to

correct errors in a quantum system, given not only that errors occur on the physical

qubits of the code, but also: in the ancillary systems we couple to these qubits to

extract syndrome information, in each and every attempt at an operation on those

qubits, every operation between the qubits, and in the measurement and preparation
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of the qubits? The answer is perhaps surprisingly (and thankfully!): yes. This is the

theory not just of error correction, but fault-tolerance. If error correction suggests

the ability to put out a fire, then fault-tolerant error correction suggests that this can

still be done if the fire extinguisher is also on fire.

1.2.1 Circuit level errors

First let us explore how quantum errors are modelled in practice. In Chapters 2 & 3

we will delve into the performance of the surface code and small quantum codes in the

presence of errors on all the operations on the qubits, endeavouring to model them in a

way that accurately reflects the capabilities of the systems in question and therefore

to assess the merits of the codes and physical implementations employed in near-

and further-future experiments and quantum computers. Here the generic model

of noise used is introduced. Where appropriate later in the thesis other sources or

distributions of errors that might be unique to the specific system under investigation

will be added.

Environmental decoherence

Environmental decoherence is modelled as a depolarising process that occurs inde-

pendently for each physical qubit. Specifically, when our physical qubits are exposed

to the environment for some time t then the probabilities of an error is given by

p =
3

4
(1− exp(−t/T )) .

Given that an error occurs, it is assigned as one of the three Pauli operators X, Y ,

Z selected uniformly at random. This occurs independently and in parallel for each

physical qubit. In this model the probability of an error occurring in any interval

t+ dt is constant and Markovian and as t→∞ a quantum state in this environment

approaches the maximally mixed state.

Single qubit gate errors

A noisy single-qubit gate is modelled by the ideal gate followed, with probability pe,

by one of the three Pauli operators X, Y , Z selected uniformly at random.

State preparation error

Noisy state preparation is modelled by ideal preparation followed by a possible error

in the same fashion as above.
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Measurement error

Noisy measurement is modelled by inverting the state to be measured in the relevant

measurement basis, with probability pe. So for example, prior to a measurement in

the z-basis a X operation will be applied to the qubit with probability pe.

We select a measurement error rate pm and then a particular outcome of the

measurement, q ∈ {0, 1} corresponds to the intended projection Pq applied to the

state with probability (1−pm) and the opposite projection Pq̄ applied with probability

pm. This noisy projector can be written:

Pq (pm) = (1− pm) |q〉〈q|+ pm|q̄〉〈q̄| (1.6)

In a refinement of this model, can designate two different values of pm, one for the

case that q = 0 and one for q = 1. This reflects the reality of many experimental

realisations of measurement where, e.g., |1〉 is associated with an active detection

event and |0〉 is associated with that event not occurring (in optical measurement,

the event is seeing a photon that is characteristic of |1〉). Because of the asymmetry

of the process, once imperfections such as photon loss are allowed for then the fidelity

of measurement becomes dependent on the state that is measured, |0〉 or |1〉.

Two qubit gate errors

A noisy two-qubit gate, such as the entangling gates: controlled-Z (CPHASE) and

controlled-X (CNOT), is modelled by the ideal gate followed, with probability pG,

with one of the fifteen non-trivial Pauli operators products 1 ⊗X, 1 ⊗ Y ,..., Z ⊗ Z
selected uniformly at random.

Discretisation of errors

If two errors E1 and E2 are correctable with a certain code then every linear com-

bination of these αE1 + βE2 with α, β ∈ C is also correctable. The act of making

a syndrome measurement will project into the state where either E1 or E2 occurred,

and these errors are by definition correctable. As the Pauli operators form the basis of

operators for an n-qubit Hilbert space, the ability to correct Pauli errors of a certain

weight allows us to correct all errors up to that weight.

12



Quantum Error Correction

a)

•
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|+〉 • • • • X

b)

•
•

|+〉 • • X • • X

c)

•
• Z

X

|+〉 • • • • X X

Figure 1.1: (a) The circuit for implementing S1 of the five qubit code. (b) An X error
occurs on the ancilla qubit in the middle of the stabiliser measurement, before the
final two entangling gates. (c) The X propagates an uncorrectable two-qubit error
onto the code block.

1.2.2 Stabiliser measurements

So how can we ensure that our syndrome extraction process is ‘fault-tolerant’ and

what precisely do we mean by this? A quick example from the five qubit code is in-

structive. As discussed the correction of a single error on a physical qubit is possible

given perfect stabiliser measurements. How is such a measurement made in prac-

tice? The quantum circuit realising the measurement of S1 is shown in Figure 1.1(a).

To provide a realistic appraisal of how this circuit works, we need to consider the

possibility that every operation we observe (including the identity) can inject some

noise onto the circuit, recognising that a two-qubit gate can result in two-qubit errors.

Before this though, consider the situation in Figure 1.1(b), here all gate operations

are perfect and the ‘environment’ causes an X error to occur on the ancillary qubit

after the second CNOT gate. This single X error will propagate through the re-

maining gates onto leave a 111ZX error on the data qubits. Thus a single physical

error has lead to an uncorrectable two qubit error on the code qubits! Clearly our

attempt at error correction can fail even at O(p), many single error events will be

detected and corrected as before, but the circuit will no longer take an error rate of

p to O(p2) but from p to cp where we cannot even necessarily guarantee that cp < p.

We will thus define fault-tolerance in the following intuitive way: a circuit will be

deemed non-fault-tolerant if any single error event leads to an uncorrectable error on

the codespace. A fault-tolerant circuit will thus be one that does not allow this to

happen. Syndrome extraction for topological codes, such as the surface code, can rely

on alternative methods to achieve fault-tolerance. By ordering operations carefully

and repeating measurements to account for measurement error is possible to prevent

correctable errors spreading and forming chains of error that lead to uncorrectable

corruption of the topological code [32, 33].
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• X

• X



b) |+〉 • •
|0〉 •
|0〉
|0〉

c) |+〉 • X •
|0〉 •
|0〉
|0〉

d) |+〉 • • X

|0〉 •
|0〉
|0〉 X

e) |+〉 • •
|0〉 •
|0〉 •

|GHZ〉

|0〉 •
|0〉 Z


Figure 1.2: (a) A fault-tolerant construction of stabiliser measurement S1 of the five-
qubit code. With all operations perfect this has the same effect on the code block
as the circuit in Fig. 1.1(a). (b) The circuit that constructs a |GHZ〉 assuming no
errors. (c) An error occurs on the uppermost qubit after the first CNOT gate. (d)
This error propagates to the lowermost wire. It can be seen that this would create
an uncorrectable two qubit Z error on the code block in (a). (e) With an additional
ancilla and two more CNOT the ancilla construction of (b) can be verified. Any -1
outcomes on the extra qubit indicate a faulty GHZ that could corrupt the data, this
run must then be discarded.

It is possible to adapt the simple circuit in Figure 1.1 to prevent this problem. We

can stop errors from spreading in the manner described by encoding the ancilla. For

example, consider what happens if the ancilla is encoded as a cat state by replacing

|0〉 + |1〉 with |0000〉 + |1111〉. Now each qubit of the ancilla interacts with just one

physical qubit of the code block. If there are no faults then the circuit then this

implements the desired stabiliser measurement, now however a single error event will

not spread to an uncorrectable error on the code block. Note that we need a cat

state of w qubits to measure a weight-w stabiliser. There is one outstanding problem,

namely that if we want a cat state we have to prepare it and if we prepare it it will

be potentially faulty. A Z error in the cat state ancilla will not propagate down to

the code block but will lead to the equivalent of a ‘measurement error’. An X error

such as the one shown in Figure 1.2(c), however, will propagate onto the code block

in a damaging way, see Figure 1.2(c). To prevent this we ‘verify’ the ancilla before

we use it by introducing one more single qubit ancilla, see Figure 1.2(e), and discard

the ancilla if the measurement returns a ‘-1’.

We have not yet discussed one particular class of error, namely measurement error.

This occurs when a qubit measurement should return an answer of ‘+1’, for example

a Z measurement on |0〉, but instead returns an answer of ‘-1’ while still projecting
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the state onto |0〉. One of these errors would cause one to make an incorrect inference

of the correction operator and could potentially lead to an uncorrectable error on the

codeblock. However it should be clear that this fault can be tolerated by making

repeated measurements of the stabiliser. If a stabiliser measurement is repeated

2n − 1 times then n measurement errors would have to occur for a ‘majority vote’

of the measurement outcomes to lead an incorrect syndrome measurement. For a

distance-3 code, with fault-tolerant syndrome extraction, taking a majority vote of 3

repeated measurements of each stabiliser will allow syndrome information extracted

to be robust against any one error that occurs during the whole process.

This particular fault-tolerant construction of a stabiliser measurement is known

as ‘Shor-style extraction’ [34], summarised as a five step procedure:

1. Prepare ‘cat state’ ancilla

2. Verify ancilla

3. Measure syndrome

4. Repeat as necessary

5. Infer correction operation.

There are alternative constructions such as that due to Steane [35], where the

ancilla is encoded in the same code at the logical qubit(s), or a recent suggestion

by Chao and Reichardt [36] which uses just two ancilla qubits. Some codes, such as

the surface code can achieve fault-tolerance though other interesting tricks such as

ordering operations in particular ways to force errors to propagate in a controllable

manner even with single ancillas used for an individual stabiliser measurement.

1.2.3 Logical operations

If we wish to manipulate and process quantum information with our noisy qubits we

also need a method of performing logical operations on the logical state of the encoded

qubits. We of course also desire that these operations are fault-tolerant as well. We

want a fault-tolerant operation on a code block to not increase the number of errors

within that code block, so that a correctable number of errors does not increase to an

uncorrectable number. If the circuit implementing the logical operation is faulty at

r locations then the number of errors at the output of that circuit should not exceed
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r + s where s was the number of errors already present in the block at the input to

the circuit.

One way to guarantee that a logical operation has this property is to perform

it transversally. Transversal gates are gates that act bitwise, such that they may

be represented by tensor product operators in which the jth term acts only on the

jth qubit from each block. This is true for both single and multi-qubit gates. For

example a two-qubit gate on two logical qubits, whose physical qubits are labelled

by i and j respectively, is performed by applying a two qubit gate Ui,j where i = j

so each physical qubit of a code block interacts only with its opposite number in the

other block. It is of course crucial to perform such gates within a quantum computer,

and as we have seen in the previous section we cannot expect a CNOT, for example,

not to increase the weight of an error. What we can expect though, again, is that

the number of errors in a code block does not increase by a number greater than

the number of faulty operations. If CNOT (or any two qubit gate) can be applied

transversally and effect a logical version of the gate then although an error can be

propagated from one block to another, crucially it does not spread the errors within

the block. Thus the error now introduced into a previously pristine block should

be correctable, provided the error which propagated from the other block was itself

correctable.

For all codes in an important class of codes called the Calderbank-Shor-Steane

(CSS) codes the transversal CNOT performs a logical CNOT. The five-qubit code is

not a CSS code, but still possesses certain transversal gates, such as the logical X and

Z operations as we have already seen. One might wonder whether all the gates one

needs for quantum computation can be performed transversally or fault-tolerantly in

a given code, or indeed in any code? The short answer is no.

1.3 Universality, magic states and gate synthesis

Given that we want a universal quantum computer to be capable of simulating any

quantum evolution, it is interesting to note that this is possible using a finite set of

gates. For a fixed number of qubits n a finite set of gates will generate a finite group.

However the unitary group on n qubits U(2n) is uncountable, not finite, so we know

that we cannot exactly implement all the unitaries. As a result of the Solovay-Kitaev

theorem [37] we know to get within a distance ε of the desired unitary we only need to

use polylog(1/ε) gates from a finite ‘universal set’. We call the process of decomposing

an arbitrary unitary into a series of gates from our chosen universal set gate synthesis.
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|ψ〉 Z

|A〉 • SX T |ψ〉

Figure 1.3: Using only Clifford operations and a pure non-stabiliser state |A〉 the
non-Clifford gate T can be effected on the state |ψ〉.

There are a number of possible choices for the set of universal gates one might

opt to use. For example, a CNOT gate and an arbitrary single qubit rotation (which

does generate an infinite set) is a valid choice, as is the set of H, CNOT and the

π/8 phase rotation T =

(
1 0
0 eiπ/4

)
. Another (overcomplete) group that we will

return to frequently is the set of Clifford operations (those that transform Pauli group

operators to Pauli group operators under conjugation) and the T gate. In fact it is

this group that inspires the model of quantum computation that we will explore in

this thesis. Namely one based on magic state distillation.

Based on the discussion of the previous section, ideally it would seem that we

would want to be able to perform a universal set of gates transversally within a single

code. However it has been shown that this is not possible [38, 39]. While different

codes have different sets of transversal gates, none will have a set that can efficiently

approximate an arbitrary unitary. For many codes, such as the five qubit code that

we have met, and the surface codes which we are about to consider, the possible

operations are in the Clifford group. The Steane code [40], for example, has the

ability to perform transversally a set of operations that generates the Clifford group.

Given the ability to generate the Clifford group, one just needs any rotation from

outside the Clifford group to achieve a universal gate set. Consider the circuit shown

in Figure 1.3, which shows one way of performing a non-Clifford rotation in a slightly

roundabout way using an ancilla qubit to ‘teleport’ the gate in. Note that in this

circuit each of the operations are Clifford group operations. The only additional

ingredient is the pure state ancilla in a non-stabiliser state |A〉. Now, we know that

it will not be possible to prepare this state in a fault-tolerant fashion within a code

that does not allow a non-Clifford operation, however Bravyi and Kitaev in Ref. [41]

showed that given a supply of noisy copies of some such ancillas it was possible to

distill them into a smaller number of higher fidelity copies and, crucially, to do so

using only Clifford operations! These ancillas became known as magic states and it

was shown that they could be distilled to within a distance ε of the desired pure magic

state with polylog(1/ε) overhead.
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Layer 0: Physical qubits
error rate 

Layer 3: Gate synthesis

make the gate you want from the gates you have
-allows implementation of arbitrary algorithm

Layer 2: Magic states

make ancillas for non-Cli�ord gate
-gives you universality

Layer 1: Error correction

protects a logical qubit
-gives you a memory and a non-universal gate set

Figure 1.4: The layers of quantum computation. To achieve universal fault-tolerant
quantum computation several different ingredients are required, each of which has
its own associated overhead. All of these overheads are proven to scale efficiently,
but it must be demonstrated that in practical terms these overheads can be feasibly
achieved. This means investigation of the prefactors, not just the scaling, is impor-
tant.

In Figure 1.4 we represent the three layers of universal fault-tolerant quantum

computing, which shows that despite each of these layers having their own overhead

universal quantum computation remains theoretically efficient. The practicality of

quantum computation then rests on finding suitable error correction, magic state

and gate synthesis techniques whose total resources and complexity are practically

feasible. In Chapter 2 of this thesis we investigate a novel proposal for a quantum

computer based on the surface code approach to error correction and we look at how

one can quantify and assess progress towards useful error correction in small systems

in Chapter 3. In the latter half of the thesis we return to magic state distillation, with

a more formal introduction, showing particular interest in analysing and quantifying

the resources requirements of quantum computer based on a surface code + magic

state approach to fault-tolerant, universal quantum computation.
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1.4 Surface code

A particularly important class of stabiliser codes are the topological codes, of which

the Kitaev surface code [42, 43] is a particularly important example. The surface

code has a number of properties which make it one of the leading candidates for use

in practical fault-tolerant quantum computation. It has the highest error tolerance of

the stabiliser codes and requires only local stabiliser operations. There are two main

versions of the surface code, named for their particular topologies: the toric code

and planar code, which differ only in their boundary conditions. The toric code has

periodic boundary conditions, allowing the qubits to be arranged on the surface of a

torus while maintaining the geometrically local stabiliser generators. The planar code

dispenses with these boundary conditions allowing the physical qubits of the code to

live on a flat 2D surface. In this thesis, where we consider a particular physical system

of qubits (as in Chapter 2) we will be restricted to working within a flat architecture so

from here out when we refer to the ‘surface code’, unless specifically stated otherwise,

we will be referrring to the planar variant.

The surface code is most often described by arranging the qubits on the edges of

a square lattice as in Figure 1.5, although we will meet a more efficient qubit layout

later.

The stabiliser group of the planar surface code is generated by four types of

operators. In fact it is easiest to think of them as two types, each of which is modified

slightly when appearing at the edge of the lattice. The two main types of operator

are plaquette operators and star operators. A plaquette operator exists for each face

of the lattice, f and is composed of Pauli Z operators acting on each qubit touching

that face,

Pf =
⊗
i∈f

Zi.

A star operator exists on each vertex of the lattice v and is composed of a Pauli X

acting on each qubit touching that vertex,

Pv =
⊗
i∈v

Xi.

Since the eigenvalues of X and Z are ±1, then so are those of Pf and Pv.

In the bulk (meaning far from the boundaries) of the surface code the plaquette

and star operators are weight-4 operators, but those at the boundary are weight-3.

As shown in Figure 1.5 the boundaries are defined by these three body stabilisers,

where in this case we have a so-called ‘smooth’ boundary of weight-3 star operators
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Figure 1.5: The surface code. Qubits (white circles) are arranged on the edges of a
square lattice. The stabilisers of the code are divided into two types, (a) plaquette
operators that live on the faces of the lattice and (b) star operators that live on the
vertices. The edges of the lattice are defined by weight-3 operators (c) of each type.
The logical operators (d) are formed by chains of X or Z operators that span the
surface between ‘like’ boundaries.

at the east and west edges of lattice and the weight-3 plaquette operations defining

the ‘rough’ edges to the north and south. The X logical operator is any string of

Pauli-X operators which span the code from one rough edge to another and the Z

logical operator is any string connecting one smooth edge to the other. The distance

of the code is given by the lattice dimension L, the length of the shortest string that

can connect two like boundaries, again as indicated in Figure 1.5.

A (planar) surface code of dimension L, as defined in Figure 1.5 has L2+(L−1)2 =

2L2 − 2L+ 1 physical qubits and 2L(L− 1) independent stabilisers. This leaves one

degree of freedom spare, so the surface code encodes one logical qubit.
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Figure 1.6: Syndrome given a single X error or Z error in the bulk of lattice. X
errors are detected by the plaquettes, and Z errors by the stars.

1.4.1 Error correction in the surface code

In the bulk a single qubit Pauli error will anticommute with two stabilisers and flip

their measurement outcomes as shown in Figure 1.6. An X error will flip the value

of the two plaquette operators that it touches and a Z error will flip the two star

operators that include it. A Pauli Y is of course a product of X and Z errors and so

a Y error on a single qubit will cause all four neighbouring stabiliser operators to flip.

It is however sufficient to consider only correcting X and Z errors separately since

all errors can be written in terms of these two. At the boundaries of the surface code

one must consider also that errors can occur that will flip only one stabiliser, we will

return to this presently.

Implementing error correction will require repeated measurements of all the sta-

bilisers. We will refer to the measurement of all the plaquette and all the star op-

erators once as a stabiliser cycle. To make these measurements in a non-destructive

fashion it is usual to introduce an ‘ancilla’ qubit whose job it is to interact with four

neighbouring data qubits before being measured out and thus effecting the desired

parity projection. The circuits which achieve this are shown in Figure 1.7. This

approach in effect increases the number of physical qubits required to implement the

code by up to a factor of two. Each stabiliser operator could have a unique ancilla
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Figure 1.7: Measuring the stabilisers of the surface code. (a) The plaquette (ZZZZ)
operator. (b) The star operator(XXXX). For the weight-3 boundary stabiliser only
three entangling operations are required.

assigned to it, which would live on the vertices of the lattice (for the stars) and the

faces of the lattice (for the plaquettes). However, if one wanted to be very frugal

with one’s qubit resources (and had a lot of spare time) one could use a single mobile

ancilla that measured the stabilisers in sequence! Regardless of these details, it is

repeated measurement of stabiliser cycles that reveals errors in the changes of the

syndrome from round to round.

1.4.2 Decoding

Clearly the task that remains is determining our correction operator C from the given

syndrome that arises from a stabiliser cycle. Application of this correction operator

to the data qubits of the surface code should return us to the codespace without

logical error. We call this task decoding.

Syndrome information in the surface code does not map to a unique error pattern,

since all error configurations that are equivalent up to a product of stabilisers must

produce the same syndrome information. However the task of the decoder is not to

perfectly determine the pattern of errors that has occurred, but to determine the

correction operator that is most likely to return the code to the codespace without

logical error. For a given physical error rate p we wish to find a decoder that will

minimise the corresponding rate of logical error PL.

The surface code exhibits threshold behaviour [44, 45]. That is, when p is below

some threshold error rate pth, the probability of logical error decreases exponentially

with the size of the lattice. In other words we can arbitrarily suppress error by making

the surface code larger, and because of the exponential nature of this suppression this

can be achieved ‘efficiently’ i.e. without the number of qubits scaling exponentially

with the desired logical error rate.
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Figure 1.8: Chains of errors in the surface code. (a) Syndrome generated by a chain
of errors on the surface code. The chain results in two stabiliser violations at the
ends of the chain. In the rest of the chain each star is acted on by two errors, so
they commute and the stabilisers’ values remain the same. (b) The resulting state
after applying a correction operator, which in this case is not equal to the error chain.
The residual loop of errors is left on the code, but there are no longer any stabiliser
violations, nor chains that are logical operators. The residual loop acts trivially on
the encoded information.

1.4.3 Diagnosing error chains

While we have seen in Figure 1.6 the effect of a one qubit error on a surface code,

the decoder will of course have to deal with the more complex task of determining a

correction operator on a surface which has suffered multiple errors and generated a

more complex syndrome.

Let us consider the example shown in Figure 1.8 which shows a chain of five

Z errors occurring somewhere in the bulk of our surface code. We note that it is

only at the ends of the error chain that the stabilisers report a ‘-1’ outcome, in the

middle of the chain the star operators intersect with the chain in two locations so

commute with the error. As one can see, if only the end points of an error chain can

be identified then there are any number of possible error chains that could have lead

to this syndrome. If the decoder determines the correction operator which matches

the error chain in Figure 1.8(a), so its application should directly fix the error that

occurred, leaving no residual operations on the codespace. However in Figure 1.8(b)

an equally likely correction operator is identified, which has a different path to the

original error chain. After application of this correction operator there would seem

to be an even larger number of physical errors left on the code! However, if we look
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Figure 1.9: Error chains that terminate on the boundary violate only one stabiliser,
where the chain terminates in the bulk.

closer we can see that this final error configuration is equivalent to the product of

six plaquette stabilisers enclosed by the loop. Our leftover operation is a member

of the stabiliser group and therefore has no effect on the logical state of the code!

We find that this is true in general, we do not need to identify the ‘correct’ error

configuration but merely identify a pairing of the stabiliser violations that combined

with the physical error chain, forms a closed or ‘trivial’ loop. We refer to pairing up

of the stabiliser violations as ‘matching’.

When an error chain terminates at a boundary, we see something different, as in

Figure 1.9. In this case only one stabiliser violation is recorded, at the point in the

bulk where the chain terminates. We can see that this may lead to confusion down

the line. What if we have multiple error chains, some terminating at the boundary?

This complicates our matching problem slightly, as we are no longer guaranteed to

have an even number of stabiliser violations to pair up. Notice that with the periodic

boundaries of the toric code this issue does not arise. We will return to this problem

in a subsequent section, but for now will describe a procedure for decoding the toric

code.
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Figure 1.10: a) Cartoon of a possible error configuration (red lines) and syndrome.
Stabiliser violations are indicated by the red circles. (b) A successful matching. The
stabilisers are matched in such a way that the correction operators and error chains
form trivial loops on the code. These are products of stabilisers and so the logical
information is preserved. (c) An unsuccessful matching. One pairing has resulted in
a chain of errors that spans the lattice. This is a logical operation on the qubits that
we are unaware of and, as such, is a logical error.

1.4.4 Pairing syndrome violations

We have seen that loops of errors in the bulk lattice are equivalent to products of

stabilisers and therefore act trivially on the logical state. For now ignoring error

chains terminating at the boundary, the challenge is to ‘match’ or pair up the ‘-1’

syndrome measurements such that we form trivial loops in the code and choose these

pairings in a way that minimises the chance of logical error.

Figure 1.10(a) shows an example toric code (remember the periodic boundary

conditions) which has suffered from chains of errors (red lines) leading to the stabiliser

violations at their endpoints (red circles). The correction operators (green lines)

return the state of the qubits to the codespace. Figure 1.10(b) shows a successful

decoding: all the loops formed by the combination of errors and correction operators

are trivial, they can be closed to a point and do not span the code. The logical

information has not been corrupted. In Figure 1.10(c) we see an example of a failed

correction, where the -1 stabiliser outcomes have been paired in a way that leads to a

chain that spans the lattice, a non-trivial loop that does not reduce to a point. The

state has now been returned to the codespace, and commutes with all the stabilisers so

no errors will now be identified, but the encoded qubit has undergone an unintended

and unknown logical operation: so a logical error has occured.

1.4.5 Minimum weight perfect matching

Simply by pairing the syndrome violations we can return the toric code to the

codespace. What is now needed is a method of choosing a set of pairings that will
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minimise the risk of logical error. The method we use is a minimum weight perfect

matching (MWPM) decoder.

The MWPM algorithm aims to identify the the lowest weight error configuration

that can produce the observed syndrome information. If an error occurs on a qubit

with probability p then an error configuration E with weight NE on NQ qubits has a

probability P (E) = pNE(1− p)NQ−NE , and therefore,

P (E) ∝
(

p

1− p

)NE

which is maximised when NE is minimised, so the error confirguration with the small-

est possible weight NE is the most probable one. Remember that the task of our

decoder is not necessarily to find the most likely, or even the ‘correct’, error configu-

ration, but to find the operation most likely to fix the code. Here we are simplifying

the task somewhat to consider the most likely way a syndrome could be produced

rather than the more complex (in fact computationally hard) calculation that would

consider all possible error configurations that could have led to the syndrome and

weighting them accordingly.

For a particular pair of syndrome violations the smallest number of errors that

are needed to produce it is given by the shortest possible path between them. On

the surface code lattice the shortest distance between two stabilisers is given by

sum of their vertical and horizontal separations, also called the Manhattan distance.

The weight of a matching of all the pairs of syndrome violations is the sum of the

Manhattan distances between each of the pairs of matched stabiliser violations.

Finding the set of pairings which has the overall lowest weight is a problem with

a computationally efficient solution. First we map our syndrome information to a

completely connected graph, with stabiliser violations as the nodes and the edges

joining them assigned a weight equal to their Manhattan distance. A toric code

example is shown in Figure 1.10. Finding the MWPM of this graph is then equivalent

to the finding the lowest total weight error configuration that could have led to the

observed syndrome. This graph matching can be solved in polynomial time using

Edmonds’ Blossom V algorithm [46]

1.4.6 Boundary matching

The complication introduced by the planar surface code’s open boundary conditions

requires a slight work-around to enable us to map our problem to an appropriate

graph for which a matching can be found. In the toric code we were guaranteed an
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Figure 1.11: Translating the task of diagnosing the syndrome to a minimum weight
perfect matching graph problem. (a) Measured syndrome violations (red) represents
the nodes of a graph, which is then completely connected. Each measured syndrome
violation is given a ‘virtual’ node to pair with at the boundary, and an edge is made
between them. The ‘virtual’ nodes are completely connected to each other with edge
weight 0. Each edge (black line) is given a weight corresponding to the Manhattan
distance between them. (b) The result of finding the minimum weight configuration
of edges that pairs all the nodes.

even number of syndrome violations, but this is not the case in the planar variant

where an error chain can terminate on the boundary and result in only one stabiliser

violation. Thus we must include a way for the node of our graph to ‘pair’ to the code

boundary.

To do this we give every node of graph formed from the syndrome information a

‘virtual node’ at its nearest boundary that we will allow it to possibly pair to, assigning

an edge from each node to its virtual node. This is illustrated in Figure 1.11. As such

we now have an even number of nodes for our graph matching problem. This method

was originally described by Wang et el. in [47]. We then proceed to find a matching

as in the case of the toric code, however now if a pairing between a node and its

virtual node is selected then this represents the case of an error chain terminating at

the boundary. We must ensure that we assign an edge between every pair of virtual

nodes with weight 0, which will force them to be matched if they are not required. On

this graph we are the able to generate a pairing of syndrome violations and boundaries

as shown in Figure 1.11(b).

27



Quantum Error Correction

1.4.7 Faulty Measurements

So far we have only considered a situation where physical errors occur on the data

qubits and measurements are perfect. We have made no reference to what the source

of these errors might be nor whether error correction is still possible if we cannot

necessarily trust the information given by the stabiliser measurement. In a real ex-

periment both of these are relevant. The specifics of how the errors occur in the

system are best left to later when we consider specific implementations of the surface

code. But the need to deal with faulty measurements: when a stabiliser that should

say ‘+1’ says ‘-1” or vice versa, is generic.

It turns out that to deal with measurement errors we must add some redundancy

in time, that is making multiple rounds of stabiliser measurements in order to deal

with these measurement errors. We adapt our decoder in the following way. The

syndrome information now comes in the form of a three dimensional array. Rather

than assign a node in our graph to each stabiliser violation we make multiple rounds of

stabiliser cycles and assign a node to each location where the stabiliser value changes

from round to round, see Figure 1.12. A physical error causes a pair of nodes in the

spatial dimension, whereas a measurement error creates a pair of nodes in the time

direction.

Having built up this 3D array of syndrome information we can then apply the

matching algorithm as before 1.13. The pairs can now be both spatially and tempo-

rary separated so represent chains of error of both physical Pauli errors and measure-

ment errors. Again a correction operator can then be applied to return the qubits to

the codespace.

1.4.8 Determining thresholds

Calculating a threshold then consists of performing Monte Carlo simulations of the

noisy stabiliser measurements. At each time step errors are randomly injected into

the lattice according to the superoperator derived for the stabiliser measurement,

When the error rate is below threshold increasing the lattice size will increase the

number of steps over which the logical information is protected in the code. The

opposite is true above threshold where the noisy stabilisers are injecting errors in at a

faster rate than the code can remove them. Thus to determine the threshold under a

certain error model, the point at which curves of logical error rate (per fault-tolerant

block of stabiliser cycles) against physical error rate for different lattice sizes cross
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Figure 1.12: Syndrome produced by a physical X error, a physical Z error and a
measurement error. The physical errors remain in the subesquent rounds of measure-
ment so after changing value the stabilisers then remain unchanged. The nodes of
the graph to be matched (red spheres) are identified as the places where stabiliser
measurements have changed from one round to the next. For physical errors they oc-
cur next to each other in the spatial dimensions. When a measurement error occurs
a single stabiliser changes value and returns to its previous value when the correct
measurement is made in the next round. This produces the characteristic signal of a
measurement error, two nodes next to each other in the time direction.

must be determined. Wang et al. [47] examined the behaviour of the surface code

close to threshold and determined that the probability of logical failure is given by

Pfail = (p− pth)L1/v0 (1.7)

for sufficiently large lattice parameter L. The three-qubit ‘edge’ stabiliser of the

planar code variant introduce some finite size effects which can be accounted for by

fitting to a quadratic function

Pfail = a+ b(p− pth)L1/v0 + c(p− pth)L2/v0 (1.8)
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Figure 1.13: Example of a 3D syndrome cube after L rounds of measurement in an
L × L surface code. Error chains (red lines) are made up of physical errors, which
cause space-like separation of the nodes (red spheres) and measurement errors result
in the time-like separation.

1.4.9 Stabilisers as superoperators

We may want to investigate a number of protocols to implement stabiliser operations

on the surface code, with different kinds of error occurring and at different rates. We

wish to know what actual error prone operation of the stabiliser looks like on the state

of the surface code. These operations may work better on some states than others

but calculating a state fidelity would require that we introduce a specific input state.

We would prefer to understand the fidelity of the stabiliser (or indeed a generic gate

or operation) as an operation without reference to a particular instance of an input

state. We want to describe the action of a noisy stabiliser as a superoperator.

If we have a desired unitary interaction on a set of a qubits Q in a state ρQ, in

the ideal case the transformation is simply described by a single unitary operator U

which transforms the state to ρQ → UρQU
†. However we want to model the non-

ideal scenario when such a gate is implemented in reality and is inevitably afflicted by

noise, e.g. a depolarising channel. Because the noise is probabilistically implemented,

the true map that describes the operation E , where ρQ → E(ρQ), cannot be written

as a single unitary operator.

In addition to noise making the operation non-unitary, the process of making a

stabiliser measurement, or some other operation, may require the use of an ancilla

space A, as well as the qubits Q on which we wish to perform our gate. This ancilla

space is measured out and discarded in the process of implementing the gate. In

general such an operation can clearly not be described by a single unitary operation
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on the subspace Q. In the reduced space the operation must be described in a

superoperator of the form

E(ρ) =
∑
i

piKiρK
†
i (1.9)

which corresponds to a series of operators {Ki} being performed on the state ρ with

probability pi. This superoperator fully describes the operation of the gate.

Such a decomposition is a natural way to describe the fidelity of the gate’s oper-

ation. If we aim to perform some operation P , but do so with some noisy process,

then the true superoperator E would be expected to have a dominant Kraus operator

K0 = P and a corresponding probability p0 hopefully somewhere close to 1, with

a series of other Kraus operators Ki 6= 0 which each represent a faulty/undesired

operation. The value of p0 then gives the gate’s fidelity.

Consider our realistic protocol P that we would like to implement on a Hilbert

space HQ. This Hilbert space is made up of the data qubits Q on which we want

to perform the gate. An ancillary Hilbert space HA which is measured out over the

computation is also introduced. Operation of P takes a state in the larger space to

one in the reduced space P(ρQ ⊗ ρA) = ρ′Q.

The Choi-Jamiolkowski isomorphism

In order to describe the map we use the Choi-Jamiolkowski isomorphism [48, 49]

which allows us to study the effect of linear maps of operators. To find the elements

of the map E we can consider how the same protocol would act on the state where

each data qubit in Q is replaced by one half of a maximally entangled bell pair,

|φ+〉 = 1√
2
(|00〉+ |11〉) to create an operational state

|Φ〉 =
∣∣φ+
〉
⊗
∣∣φ+
〉
⊗ ...⊗

∣∣φ+
〉

=
1√
2d

2d−1∑
x=0

|x, x〉 (1.10)

Intuitively we are ‘tagging’ each qubit in Q with a reference QR. The maps E alters

the state of the qubits in Q, leaving the ‘references’ unchanged. When the proto-

col is completed, the reference qubits are used to determine how each component

was transformed during the process. The introduction of these reference qubits is

a purely theoretical tool. We follow the same same procedure used in deriving the

superoperator for noisy stabilisers in Ref [50].

Applied to a state Φ the total map is described by
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(E ⊗ I)Φ =
∑
i

pi(Ki ⊗ I)Φ(Ki ⊗ I)† (1.11)

=
∑
i

piΦ
(i)
E = ΦE (1.12)

Each Kraus operator can be decomposed in the computational basis as,

Ki =
∑

a,b∈{0,1}d
= Kab|a〉〈b| (1.13)

The states Φ
(i)
E are found by operation with a single Kraus operator on the initial

state. Applying operators of the form of (1.13) to the state Φ each element can be

written:

∣∣∣Φ(i)
E

〉
= Ki|Φ〉 =

1√
2d

∑
a,b

Kab|a〉〈b|
∑
x=0

|x, x〉 (1.14)

=
1√
2d

∑
a,b

∑
x=0

Kab|a〉δbx|x〉 (1.15)

=
1√
2d

∑
a,b

Kab|a〉|b〉 (1.16)

We can then see a direct correspondence between the form of the Kraus operation

Ki and the state
∣∣∣Φ(i)
E

〉
. The output state of our noisy map applied to the Bell pairs,

ΦE , can be diagonalised to find its eigenvectors 1√
2d

∑
a,bKab|a〉|b〉, which by simple

rearrangement can be used to form the Kraus operators Kab|a〉〈b|. The corresponding

eigenvalues represent the relevant probabilities pi in the Kraus decomposition.

The Kraus operators and their probabilities are all that are required to fully

describe the map in the reduced subspace Q. We have been able to determine this in

a single ‘run’ by the action of P on Φ, rather than simulation of a range of different

input states. The Kraus decomposition, however, is not unique and often there will

exist a particular set of operators, {K̄i}, which make physical sense to represent the

noise that has occurred. For example, we would often expect that that resulting

operations can be decomposed in to products of the intended operation (say a four-

qubit even parity projection) and a combination of Pauli errors acting on one or more

of the qubits, K̄i = K0 · (σj ⊗ σk ⊗ ...⊗ σn) where j, k, ...n = 0, 1, 2, 3.

The utility of this method of determining the superoperator is clear. The protocols

used to implement a gate or a series of gates to effect a stabiliser measurement may
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be lengthy and require a large ancilla space, which can make the computation slow

to perform numerically. With this method the full simulation (1.11) need only be

performed once to determine the elements of the superoperator, after which it can be

applied directly to the state.

1.4.10 Computing with the surface code

With the ability to perform the stabiliser measurements, combined with a technique

such as magic state distillation (of which more in Chapters 4-6), all the operations

required of a universal quantum computer can be performed simply by selecting

when and where to enforce stabiliser measurements. Originally the proposed method

of performing the multi-qubit gates between the encoded qubits of the surface code

was to do so transversally. In this picture a CNOT gate between logical qubits,

each stored in its own surface code, would be performed by performing CNOT gates

between each individual physical qubit in the lattice and its opposite number in the

second lattice. This method presents something of a challenge in most experimental

qubit systems, which are often restricted to a two dimensional architecture with only

nearest neighbour interactions. Happily two methods exist which provide the ability

to perform two-qubits gates while still needing only nearest-neighbour interactions.

The first of these proposed in Ref. [51] by Kitaev in 2003 used defect-based codes

and the second, known as lattice surgery was introduced by Horsman et al. in Ref.

[52] in 2012.

Braiding defects

Defect-based use of the surface code defines logical qubits as defects on a single piece

of surface code. Previously, the ability to encode a logical qubit in a planar code was

described as resulting from the degree of freedom remaining after the evaluation of all

the stabilisers. In the defect-based picture more degrees of freedom are introduced by

choosing not to enforce certain stabilisers - creating defects in the code. Deforming

and braiding of these defects then allows the implementation of two-qubit gates, all

the while still only requiring nearest-neighbour interactions between physical qubits

in a two dimensional surface. The cost of maintaining these desirable properties,

which would have to be sacrificed to perform the gates transversally, is that each

logical qubit you wish to encode requires over three times as many physical qubits

[52] as a transversal implementation. The cost is greater at lower distances of code:

for example the smallest planar surface code which can correct an error (a distance 3
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code) has lattice dimension L = 3 which requires 13 physical qubit. A canonical defect

based surface code for a single qubit of the same distance requires 72 physical qubits.

An excellent and comprehensive review of implementing a full universal quantum

computer using a defect-based surface code is outlined in [32] by Fowler et al..

Lattice surgery

Lattice surgery is another method of implementing the multi-qubit gates within the

surface code without resorting to transversal implementations. As opposed to the

defect-based paradigm, lattice surgery cuts and stitches together planar surface codes

of the form described in Section 1.5 to produce other planar surfaces in states corre-

sponding to a parity projection of the initial surfaces, without any transversal interac-

tions. These operations essentially boil down to enforcing or not enforcing stabilisers

across the boundaries of neighbouring pieces of surface code. Ref [52] outlines the

method of performing CNOT gates, Hadamards and magic state injection; all the

components necessary for universal quantum computation. The resource use of the

lattice surgery technique is shown to be less than that of defect-based codes. Al-

though this saving is modest, for the first likely demonstrations of two-qubit gates

in the surface these would be significant. The smallest (distance 3) lattice surgery

CNOT requires 53 physical qubits, whereas the smallest known CNOT operation be-

tween two defect qubits in a surface code requires 104 qubits. Another advantage of

the lattice surgery approach is that it makes it easy to see the impact of defective

qubits. When using the lattice survey approach, since logical qubits can live a specific

blocks, if a high number of defective qubits occur within a small region this block can

be declared ‘dead’ and not used. Provided these are not too frequent information can

be routed around the ‘dead pixels’ of the device. Improvements to the lattice surgery

picture have been made in work extending the methods to the colour codes [53]. The

methods outlined in this paper allow modest overhead savings in the merging and

splitting of different blocks of surface code.

34



Chapter 2

A silicon-based surface code
quantum computer

In this chapter a novel method for implementing the surface code using donor qubits

in silicon is presented. In Section 1 the physics of the proposed ‘orbital probe’ scheme

is described. In Section 2 an assessment of the surface code threshold is made with

reference to an error model tailored to the proposal. In Section 3 a brief comment

is made on how a surface code machine can perform universal quantum computation

In Section 4 we comment on the feasibility of the scheme in light of those results -

this section is informed heavily by the expertise of John Morton and Phillip Ross who

are coauthors of the published paper on which the chapter is based [54]. In Section

5 a preliminary analysis of an alternative realisation of the scheme is presented. All

calculations and threshold simulations described in this chapter were performed by the

author. Note that the text of this chapter is adapted from the text the author wrote for

Ref. [54] and the code written for the numerical simulations is openly available online

(please see ‘/naominickerson/fault tolerance simulations/releases’ on GitHub).

Classical computers were once built from vacuum tubes and weighed tonnes. Their

use as personal machines, that would fit in a person’s home or pocket was once

unimaginable. However, the invention of the silicon transistor and the subsequent

semiconductor revolution enabled vast scaling and miniaturisation. It is reasonable

to hope that some of this vast expertise could be brought to bear on quantum sys-

tems. An influential early paper exploring this possibility was written by Kane [55]

in 1998. According to this proposal, impurity atoms implanted in a purified silicon

substrate constitute the means of storing qubits. Operations between qubits would

occur through direct contact interactions between such spins, which necessitated an

inter-qubit spacing of at most nanometers (and therefore a precision considerably
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beyond than this) to allow the wavefunctions of the bound electrons to overlap and

mediate the interaction. This also required exquisitely small and precisely aligned

electrode gates above and between donors. This proposal proved highly influential

and progress toward realising it has been made at both the theoretical [56] and exper-

imental level, including impurity positioning via STM techniques that have achieved

nanometer precision [57, 58]. However it remains extremely challenging as a path to

practical quantum computing.

In later chapters we will explore the overhead of magic state distillation which

will underline the importance of qubit technologies which can support control and

addressability of many millions of qubits in order to achieve useful fault-tolerant

quantum information processing. With this point in mind it is important not only to

focus on technologies which can demonstrate high quality operations on very small

quantum systems in the short-term, but also to explore technologies for which the

route from ‘proof-of-principle’ experiments to full-scale commercial devices might be

(relatively speaking) more straightforward.

This chapter introduces a novel concept for universal quantum computation based

in a silicon-donor based architecture. In view of the power and elegance of the surface

code, ideas of the Kane proposal are revisited and an engine designed ‘from the bottom

up’ to efficiently perform stabilizer measurements is proposed. We find that one can

abandon the need for direct gating between physical qubits, and thus the need for

extreme precision in the location of impurities and the equally challenging gating

of qubit-qubit interactions. Instead we exploit long-range dipole fields rather than

contact interactions, and we are thus able to set the scale of the device according to

our technological abilities.

The scheme - which we often refer to as the ‘orbital probe scheme’ - comprises

two physically separated silicon wafers each of which contains a two-dimensional array

of donor qubits which interact with each other via dipolar spin-spin coupling. The

repeating motion of one of these platforms controls the interaction strength between

the qubits of the two wafers. This motion allows the four-qubit stabiliser generators of

the surface code to be measured and from this repeated process a universal quantum

computer can be constructed.

The work in this chapter was the result of a collaboration with Philipp Ross and

Prof. John Morton of UCL and the London Centre for Nanotechnology. They con-

tributed toward the original conception of the scheme and analysis of the fabricational

and mechanical feasibility detailed in Sec. 2.4. All simulations and calculations pre-
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sented were performed by the author. The results of the work have been published

in Nature Partner Journal: Quantum Information [54].

2.1 Principles of device operation

2.1.1 The ‘orbital probe’ parity measurement.

The basic principle underlying the scheme is shown in Fig. 2.1(a). In the figure,

four spin-1
2

particles referred to as ‘data qubits’ are embedded in a static lattice.

In practice these are likely to be electrons bound to isolated donor impurities in

silicon, which we describe in more detail later. Meanwhile another spin-1
2

particle

is associated with a mechanically separate element which can move with respect to

the static lattice. We assume this ‘probe spin’ [59, 60] is also electronic, for example,

either a different species of donor in silicon or an NV defect centre in diamond. It will

be necessary to prepare and measure the state of the probe; this might be achieved

via spin-to-charge conversion for donors in silicon or, alternatively, by optical means

for the NV centre. There are two key dimensions: the vertical distance between a

probe qubit and a data qubit at closest approach, d, and the separation between

qubits in the horizontal plane, D. It is important that d � D, in order that any

interactions between the in-plane spins are relatively weak. As we will discuss, the

optimal choice of dimensions varies with several factors including the nature of the

mechanical movement; but as an example, for one realisation of the system d = 40 nm

and D = 400 nm will prove to be appropriate. For comparison, note that commercial

disk drives can achieve a 3 nm ‘flying height’ between read/write head and platter.

Given this setup, our goal is to measure the parity of the four data qubits i.e. to

make a measurement which reports ‘even’ and leaves the data qubits in the subspace

{|0000〉, |1100〉, |0011〉, |0110〉, |1001〉, |0101〉, |1010〉, |1111〉}, or which reports ‘odd’

and leaves the four data qubits in the complementary subspace.

In section 1.2.2 we saw that a stabiliser measurements could be simply constructed

from a set of commonly used abstract quantum gates and preparation and measure-

ment of single qubits. However we do not necessarily have to use, for example, a

CNOT or CPHASE gate as our two-qubit entangling operation. The physics of a

given system may give rise more naturally to a different type of gate which can be

used directly to achieve the same overall operation or circuit. In the system we inves-

tigate here we can perform an operation that is essentially identical to a CPHASE by

exploiting the dipole-dipole interaction between the probe and the nearby data qubit.

In our scheme the separation between data qubits is at least 10 times greater than
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Figure 2.1: (a) The principle of the orbital probe parity measurement: a probe spin
comes into proximity with 4 data qubits in turn during one cycle. (b) Simplified
schematic of a scalable device showing that the probe layer and the data qubit layer
both contain extended spin arrays (details of the their relative positions are shown in
Fig. 2.3). We depict the probe stage as mobile while the data qubit stage is static;
but in fact either may move, it is their relative motion that is key. [Figure credit:
Simon Benjamin].

the probe-data separation, thus the interaction of the probe and the three data qubits

to which it is not immediately proximal is three orders of magnitude weaker and can

be treated as negligible, to an excellent approximation. Therefore the Hamiltonian

of interest that of two S = 1
2

spins, each in a static B field in the Z direction and

experiencing a dipole-dipole interaction with one another, which is

H2S = µBB(g1σ
z
1 + g2σ

z
2) +

J

r3

(
σ1 · σ2 − 3(r̂ · σ1)(r̂ · σ2)

)
.

Here r is the vector between the two spins, and r̂ is the unit vector in this

direction and J =
µ0g2eµ

2
B

4π
. In the present analysis we assume that the Zeeman energy

of the probe spin differs from the Zeeman energy of the data qubit by an amount

∆ = µBB(g1 − g2) and this detuning is orders of magnitude greater than the dipolar

interaction strength J/r3, a condition that prevents the spins from ‘flip-flopping’, as

shown in [61]. They thus can only mutually acquire phase through their interaction.

Then in a reference frame that subsumes the continuous Zeeman evolution of the

spins their interaction is simply of the form

S(θ) =


1 0 0 0
0 exp(iθ) 0 0
0 0 exp(iθ) 0
0 0 0 1

 =

(
cos

θ

2

)
1− i

(
sin

θ

2

)
Z1Z2. (2.1)

where the expressions discard irrelevant global phases, 1 is the identity and Z1, Z2

are Pauli matrices acting on the two spins respectively.
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Figure 2.2: The physical process of parity measurement. (a) The probe and a data
qubit move past one another and in doing so a state dependent phase shift occurs.
(b) We consider two ways in which the probe may move: abruptly, site to site, or in
a continuous circular motion. (c) The net phase acquired by a probe as it transits
the cycle of four data qubits reveals their parity, but nothing else. (i) Two equivalent
circuits for measuring the Z-parity of four data qubits. Using U = S(π/2), as we pro-
pose and fixing the unconditional phases V on the data qubits is equivalent to (ii) the
canonical circuit composed of controlled-phase gates. Note that only global (boxed)
operations are required on the data qubits and the X- and Z-parity measurements
differ only by global Hadamard operations. A full description of the noisy circuit is
deferred to Appendix 2.2.2.
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The condition that ∆ � J/r3 will certainly be met if, as we suggest, the probe

and data qubits are of different species. Suppose that the data qubits are phosphorus

donors in silicon, while the probes are NV centres in diamond. The zero-field split-

ting of an NV centre is of order 3 GHz, while there is no equivalent splitting for the

phosphorus donor qubit; this discrepancy implies ∆ is more than six orders of mag-

nitude greater than J/r3 (the latter being of order 0.8 kHz at r = 40 nm). A similar

conclusion can be reached even if the probe and data qubits are both silicon-based,

for example if each probe is a bismuth donor and each data qubit is a phosphorus

donor. Given the hyperfine interactions strengths for phosphorus and bismuth donors

of 118 MHz and 1475 MHz respectively, the typical minimum detuning between the

two species is nearly six orders of magnitude greater than J/r3. We performed exact

numerical simulation of the spin-spin dynamics with Mathematica using these values,

finding as expected that deviations from the form of S(θ) given above are extremely

small, of order 10−4 or lower.

For our purposes U = S(π/2) is an ideal interaction: it is equivalent to the

canonical two-qubit phase gate CPHASE (up to an irrelevant global phase) if one

additionally applies local single-qubit gates V † = diag{1,−i} to each qubit. Thus

the desired four-qubit parity measurement is achieved when the probe experiences an

S(π/2) with each qubit in turn, followed by measurement of the probe and application

of V † to all four data qubits (see Fig 2.2(d)).

Our goal is therefore to acquire this maximum entangling value of θ = π/2 during

the time that the two spins interact. Consider two basic possibilities for the way in

which the mobile probe spin moves past each static data qubit, shown in Fig. 2.2(b).

The first possibility is that the probe moves abruptly from site to site, remaining

stationary in close proximity to each data qubit in turn. In this case, we simply have

θ = αt where α =
µ0g2eµ

2
B

4πd3
i.e. the phase acquired increases linearly until the probe

jumps away. The motion of the probe between sites is assumed to be on a timescale

that is very short compared to the dwell time at each site; in practice this motion

might be in-plane or it might involve lifting and dropping the probe.

An alternative which might be easier to realise is that the probe moves continu-

ously with a circular motion. Because the data qubits are widely spaced, from the

point of view of a data qubit the probe will come in from a great distance, pass close

by and then retreat to a great distance. The interaction strength then varies with

time; but by choosing the speed of the probe we can select the desired total phase

shift, i.e. we again achieve S(π/2). The nature of the circular orbit has positive

consequences in terms of tolerating implantation errors, as we presently discuss (see
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Fig. 2.5 upper panels versus lower panels). However, our simulations indicate the

continuous circular motion does slow the operation of the device by approximately a

factor of ten as compared to abrupt motion; therefore there is more time for unwanted

in-plane spin-spin interactions to occur (see Sec. 2.2.4). To compensate we may ad-

just the dimensions of the device, for example choosing d = 33 nm with D = 700 nm

will negate the increase.

2.1.2 Performing rounds of parity measurements

In the interest of preserving our quantum information and simplifying the task of

manipulating it, it might be desirable to perform the fewest possible operations on

the qubits. Even better would be restrict a large amount of the control operations

to a subset of the qubits, perhaps particularly if these are shorter-lived qubits, such

as the probes. To this end, we establish that it suffices for our device to have local

control only of the probe qubits, in order to prepare and to measure in the X, Y

or Z basis. To achieve a probe state initialisation in the X or Y basis, we rely on

initialisation in the Z eigenstate basis and subsequent spin rotations using the local

probe control. Global control pulses suffice to manipulate the probe qubits during

their cycles, and moreover the data qubits can be controlled entirely through global

pulses. The surface code approach to fault tolerance requires one to measure parity

in both the Z and the X basis. Crucially, both types of measurement can be achieved

with the same probe cycle. The X-basis measurements differ from the Z-basis simply

through the application of global Hadamard rotations to the data qubits before, and

after, the probe cycle (see Fig. 2.2 rightmost). Note that the additional phases V †

required in our protocol are easily accounted for in the scheme e.g. by adjusting the

next series of Hadamard rotations to absorb the phase.

However the surface code protocol does require that the data qubits involved in

X- and Z-basis stabilizers are grouped differently. This can be achieved in a number

of ways; generally there is a tradeoff between the number of probe qubits required,

the time taken to complete one full round of stabilizer measurements, and the com-

plexity of the motion of the moving stage. Three possible approaches are detailed

in Fig. 2.3. The fastest protocol involves manufacturing identical probe and data

grids, and corresponds to the simplest mechanical motion of the moving stage: it

can be performed with continuous circular movement. In this approach there must

be a method of ‘deactivating’ probes which are not presently involved in the parity

measurements. One can achieve this by preparing probes in the |0〉 states so that

they do not entangle with the data qubits, instead only imparting an unconditional
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phase shift (the correction of which can be subsumed into the next global Hadamard

cycle). Our simulations assume solution (b) from Fig. 2.3; this solution divides a

full cycle into four stages, but has the considerable merit that it requires the fewest

probes and therefore the lowest density for the measurement/initialisation systems.

The same ‘deactivation’ of probes also allows us the flexibility to perform either

three- or two-qubit stabilizers should we wish to, or indeed one-qubit stabilisers i.e.

measurement of a specific data qubit. This can be achieved without altering the

regular mechanical motion by appropriately timing the preparation and measurement

of a given probe during its cycle: it should be in the deactivated state while passing

any qubits that are not to be part of the stabiliser, but prepared in the |+〉 state prior

to interacting with the first data qubit of interest. Probe measurement to determine

the required stabiliser value should be performed in the Y -basis after interacting with

one or with three data qubits, or in the X-basis after interacting with two data qubits.

Note that the simple phase shifts induced by the ‘deactivated’ probe can either be

tracked in the classical control software, or negated at the hardware level by repeating

a cycle twice: once using |0〉 for the deactivated probe and once using state |1〉.

2.2 Errors, thresholds and results

2.2.1 Random error

The description above is in terms of ideal behaviour. To demonstrate the feasibility

of the scheme we must analyse the behaviour of the scheme in the presence of error.

Simulation of the surface code allow us to determine the threshold behaviour under the

action of an error model appropriate to the system. In our simulations we combined

the outlined ‘perfect’ procedure with a comprehensive set of error sources as specified

in Fig. 2.4. Our error model is the standard one in which, with some probability

p, an ideal operation is followed by an error event: a randomly selected Pauli error,

or simple inversion of the recorded outcome in the case of measurement. Further

details of this ‘discretisation’ process and how the numbers enter the simulations are

given in Chapter 1.2.1. Figure 2.4 shows that the numbers used in our simulation are

compatible with the values found in the literature for phosphorus in 28Si, as discussed

presently. The relative importance of the different errors is explored in additional

simulations presented in Section 2.2.5.

In the spirit of tailoring an error model specific to the system, we modify the form

of two-qubit gate error that we met in Chapter 1. Let us introduce ‘jitter’ – random

variations in the interaction between the probe and a data qubit. We assume that the
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Figure 2.3: Three approaches to implementing the full surface code. (a) The probe
stage is manufactured with an identical lattice to the data qubits. In this approach
all the X-stabilizer operations are performed in parallel, with the probes for the Z-
stabilizers made “inactive” by preparation in the |0〉 state. A global Hadamard is
then performed on the data qubits. Finally, the Z-stabilizers are all measured with
the X-probes made inactive. The correction of the extra phase acquired by interaction
with inactive probes can be subsumed into the global Hadamard operations. If the
time for a probe to complete one orbit is τ then this approach takes 2τ to complete a
full round of stabilizer measurements. (b) The probe stage has 1/4 the qubit density
of the data lattice. All probes are “active” (prepared in |+〉) throughout. A more
complex probe orbit is required to achieve this approach: here a “four leaf clover”
motion. This protocol has time cost ∼ 4τ per round. This is the approach simulated
to produce our threshold results. (c) The probe stage is manufactured with 1/2
the qubit density of the data stage. An abrupt shift of the probe stage is required
between the rounds of X- and Z-stabilizers. All probes are “active” throughout and
this method requires time ∼ 2τ per round.
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actual phase acquired in the two-qubit operation S varies randomly and uniformly

between limits π
2
±φe, and in our simulations we found we could set φe = (0.044)π

2
, i.e.

4.4% of the ideal phase, before there was any appreciable impact on the threshold.

We therefore selected this level of jitter, as reported in the table within Fig. 2.4.

The reason for this remarkable level of tolerance is a quadratic relation between the

unwanted phase shift (which is proportional to physical imperfections such as, e.g.,

a timing error) and the actual probability of a discretised error entering the model.

The following text summaries the argument.

Consider first the simple bimodal case where phase π
2

+φb occurs with probability

one half, and π
2
− φb occurs with probability one half. The evolution of the quantum

state can therefore be written as the ideal phase gate S(π
2
) followed by an error

mapping ρ of the form

ρ → 1

2
S(φb) ρ S

†(φb) +
1

2
S(−φb) ρ S†(−φb)

=

(
cos2 φb

2

)
ρ+

(
sin2 φb

2

)
Z1Z2 ρZ1Z2 (2.2)

where Z1 and Z2 are Pauli operators on the probe and data qubit and S(φ) was defined

in Eqn. 2.1. This is therefore equivalent to discrete error event Z1Z2 occurring with

probability sin2(φb/2) or approximately φ2
b/4 for small φb.

If we now consider any symmetric distribution of possible phase errors, i.e. a

probability density p(φ) of an unwanted phase shift between φ and φ + dφ where

p(−φ) = p(φ), then can can simply match positive and negative shifts as above and

integrate, so that our mapping is ρ→ (1− ε)ρ+ εZ1Z2 ρZ1Z2 with

ε = 2

∫ ∞
0

p(x) sin2(
x

2
) dx.

Taking our uniform distribution of phase error from +φe to −φe one finds that

ε ' φ2
e/12 for small φe. With our choice of a 4.4% jitter, i.e. φe = (0.044)π

2
, this

corresponds to ε = 4 × 10−4 i.e. a very small 0.04% probability of the Z1Z2 error

event.

Errors associated with our active manipulations (initialisation, periods of inter-

action, control pulses, measurements) are modelled as occurring at the time of that

manipulation. Meanwhile it is convenient to model ‘environmental decoherence’ on

our data qubits, i.e. errors that are not associated with our active manipulations, by

applying Pauli errors at the end of each round of stabilizer measurements. In reality

such effects can occur at any time; however the consequences of any change to the

state of a data qubit arise only once that qubit interacts with a probe. Introducing
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errors discretely at a fixed time effectively accounts for the accumulation of error

probability over the time the data qubit is isolated (and this is the majority of the

time: ∼ 98% for the circular orbit model). There will be a some small decoherence

effect during the probe-data qubit interaction, but even this is approximately cap-

tured by our model. To see this we need only consider X-type errors since Z errors

have no immediate effect – they commute with the interaction S, see Eqn. 2.1. Then

note that such an error gives rise to a superposition of two states equivalent to “flip

suffered immediately before the interaction” and “flip suffered immediately after the

interaction”; subsequent measurement of the probe collapses this superposition since

the terms lead to different parity measurements.

2.2.2 Donor placement and systematic error

In addition to the ‘usual’ sources of random error, including our phase only two-qubit

error ‘jitter’, it is a critically important point that we must suppress the systematic

errors that arise from fixed imperfections in the locations of the spins. Each data

qubit is permanently displaced from its ideal location by a certain distance in some

specific direction, and these details may be unknown to us. Our analytic treatment

(see Appendix 2.2.2) reveals that the general result is to weight certain elements of

the parity projection irregularly. Specifically, whereas the ideal even parity projector

is

P̂even = |0000〉〈0000|+ |1100〉〈1100|+ ...+ |1111〉〈1111|

when the spins involved are misaligned then one finds that different terms in the

projector acquire different weights, so that the projector has the form,

P̂ ′even = A
(
|0000〉〈0000| + |1111〉〈1111|

)
+

B
(
|0011〉〈0011| + |1100〉〈1100|

)
+

C
(
|0110〉〈0110| + |1001〉〈1001|

)
+

D
(
|0101〉〈0101| + |1010〉〈1010|

)
+ Ŵ

where Ŵ is a set of lower weighted projectors on odd states. Meanwhile, the odd

parity projector, P̂odd becomes P̂ ′odd which is similarly formed of a sum of pairs; each

pair such as (|0001〉〈0001| + |1110〉〈1110|) has its own weighting, differing from that

of the other permutations. Where a qubit is too strongly coupled to the probe, by

being positioned nearer the surface for example, a probe passing the data qubit will

accumulate too much phase in the clockwise direction when passing over |0〉 or too

much in the anticlockwise direction when passing |1〉, with an under accumulation
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occurring if the qubits are implanted so their separation is greater than expected.

Using these projectors to measure the stabilizers of the surface code presents the

problem that the error is systematic: for a particular set of four spins, the constants A,

B, C andD will be the same each time we measure an ‘even’ outcome. Each successive

parity projection would enhance the asymmetry. In order to combat this effect,

and effectively ‘smooth out’ the irregularities in the superoperator, we introduce a

simple protocol that is analogous to the ‘twirling’ technique used in the literature

on entanglement purification. Essentially we deliberately introduce some classical

uncertainty into the process, as we now explain.

Suppose that one were to apply the imperfect P̂ ′even projector to four data qubits,

but immediately prior to the projection and immediately after it we flip two of the

qubits. For example, we apply XX11 before and after, where X is the Pauli x

operator and 1 is the identity. Notice there would be no net effect if P̂ ′even were

the ideal parity projector. In practice the net effect would still be to introduce

(unwanted) weightings corresponding to A, B, C and D, however these weights would

be associated with different terms than for P̂ ′even alone; for example the A weight will

be associated with |1100〉 and |0011〉. Therefore, consider the following generalisation:

we randomly select a set of unitary single qubit flips to apply both before and after

the P̂ ′even projector, from a list of four choices such as U1 = 1111, U2 = 11XX, U3 =

1X1X, U4 = 1XX1. That is, we choose to perform our parity projection as UiP̂
′
evenUi

where i is chosen at random. We then note the parity outcome, ‘odd’ or ‘even’, and

forget the i. The operators representing the net effect of this protocol, P̂ smooth
even and

P̂ smooth
odd are specified in Appendix 2.2.2. Essentially we replace the weightings A, B,

C and D with a common weight that is their average, but at the cost of introducing

Pauli errors as well as retaining the problem that P̂ smooth
even has a finite probability

of projecting onto the odd subspace. Analogously P̂ smooth
odd involves smoothed out

odd projectors, newly introduced Pauli error terms, and a retained risk of projection

onto the even subspace. However these imperfections are tolerable – indeed they will

occur in any case once we allow for the possibility of imperfect preparation, rotation,

and measurement. Crucially, the ‘twirling’ protocol allows us to describe the process

in terms of a superoperator that we can classically simulate. It is formed from a

probabilistically weighted sum of simple operators, each of which is either P̂even or

P̂odd, together with some set of single qubit Pauli operations, i.e. S1S2S3S4 where Si

belongs to the set {1, X, Y, Z}. In our simulation we can keep track of the state of the

many-qubit system by describing it as the initial state together with the accumulated

Pauli errors.

46



A silicon-based surface code quantum computer

R

R

d

(a) Systematic donor implantation error (b) Random “jitter” in probe-
      data qubit interaction

Best reported 
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result in 28Si

Probe preparation 1% 1%  
Probe measures 0 9% 4.6% b

Probe measures 1 1% 1.2% b

Probe rotations 0.1% 0.05%  
Probe ‘’jitter‘’ −
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Figure 2.4: Our error model. (a) The imprecision in donor implantation within the
silicon substrate is a systematic error; it is the same on each pass of the probe. We
model this as each data qubit being randomly misplaced according to some distribu-
tion which will depend on the method used to manufacture the qubit arrays. Pictured
here, a data qubit at a random fixed position with uniform probability inside the blue
pillbox. (b) We also include a random fluctuation in the field strength of the dipole-
dipole coupling, which we call “jitter”. This would correspond to random spatial
vibration of the probe qubit, or a random error in the timing of the orbit. This error
occurs at each probe-data interaction independently. (c) Full table of the additional
sources of error that are considered in our simulations and the experimental state-
of-the-art for each in doped 28Si. In each case note that we select fidelities for our
simulations which are comparable with those which have been experimentally demon-
strated. See Chapter 1.2.1 for more details of the error model. Note the experimental
numbers for data qubit error are computed from reported rates applied over 1.2 ms,
the cycle time given an abruptly moving probe and a 40 nm separation; achieving the
same rates for the circular orbit would require improved materials and/or a smaller
separation. References: a[62], bPrivate communication with authors of[63], c[64],
d[12], e[65].
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An equivalent effect to the Ui twirling operators can be achieved without actually

applying operations to the data qubits. This is possible since flipping the probe spin

before-and-after it passes over a given data qubit is equivalent to flipping that data

qubit, i.e. it is only the question of whether there is a net flip between the probe and

the data qubit which affects the acquired phase. Therefore we can replace the protocol

above with one in which the probe is subjected to a series of flips as it circumnavigates

its four data qubits, while those data qubits themselves are not subjected to any flips.

Since we are free to choose the same i = 1 . . . 4 for all parity measurements occurring

at a given time, these probe-flipping operations can be global over the device. In this

approach the only operations that target the data qubits are the Hadamard rotations

at the end of each complete parity measurement. This is an appealing picture given

that we wish to minimise noise on data qubits, and it is this variant of the protocol

which we use in our numerical threshold-finding simulations, the results of which are

shown in Fig. 2.5.

An extension relevant to many real systems would be to use a spin echo technique

to prevent the probe and data qubits from interacting with environmental spins. In

this case we would apply at least one flip to the spins (both the data and probe

families simultaneously) during a parity measurement cycle; fortunately it is very

natural to combine such echo flips with the flips required for twirling. The time for

the parity measurement is thus not limited by the dephasing time T ∗2 , but by the

more generous coherence time T2
1.

2.2.3 Threshold results

In addition to these sources of error we investigate three particular models of the

systematic misalignment of the data qubits versus the two different forms of probe

orbit (circular versus abrupt, as discussed earlier). The resulting six variants are

shown in Fig. 2.5. Our threshold-finding simulation generates a virtual device com-

plete with a specific set of misalignments in the spin locations (according to one of the

distributions), a specific probe orbit and the additional sources of error detailed in

Fig. 2.4(c). Using this protocol, the simulation tests the virtual device to see whether

it successfully protects a logical qubit for a given period, and then repeats this pro-

cess over a large number of virtual devices generated with the same average severity

1Using similar techniques, it is also possible to decouple certain parts of the dipole-dipole inter-
action between the probe and the data qubits, which would reduce phase gate errors from probe
qubits that are too strongly coupled to their data qubits. We note that the results detailed here do
not make use of this performance improving technique.
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Figure 2.5: Results of threshold-finding numerical simulations. A system has sur-
passed the threshold for fault tolerant representation of a logical qubit if, when the
system size is increased, we increase the probability of storing that logical qubit with-
out corruption. Thus the crossing point of the lines reveals the threshold point. Lines
from blue to red correspond to increasing array sizes of 221, 313, 421 and 545 physical
qubits (corresponding to codes of distance 11, 13, 15 and 17). Figure 2.4(c) speci-
fies the assumed error levels in preparation, control and measurement of the probe
qubits. The data in (a) & (d) are for the disk-shaped distribution shown in the inset
– data qubits are located with a circle of radius R in the x-y plane, and with a z
displacement ±R/10. The data in (b) & (e) are for a pillbox distribution, with a
ratio of 2 : 1 between lateral and vertical displacement. In (c) & (f) the same 2 : 1
ratio is used, but with a normal distribution where R is now the standard deviation.
Each data point in the figures corresponds to at least 50, 000 numerical experiments.
Decoding is performed using the Blossom V implementation of Edmond’s minimum
weight perfect matching algorithm [66, 67].
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of misalignments. Thus the simulation determines the probability that the logical

qubit is indeed protected in these circumstances. By performing such an analysis for

devices of different size (i.e. different numbers of data qubits) we determine whether

this particular set of noise parameters is within the threshold for fault tolerance – if

so, then larger devices will provide superior protection to logical qubits. Repeating

this entire analysis for different noise parameters allows us to determine the threshold

precisely. The results are shown in Fig. 2.5, and are derived from over six million

individual numerical experiments.

The threshold results are shown in terms of qubit misplacement error as a per-

centage of the ideal probe-data separation d. The use of the long range dipole-dipole

interaction means one can choose the scale of the device. On each plot we indicate

the error tolerated for the specific case of d = 40 nm. These show an extremely

generous threshold in the deviation in the positioning of the implanted qubits, with

displacements of up to 11.7 nm being tolerable in the best case scenario Fig. 2.5(d).

Thus if donor qubits can be implanted with better accuracy than these values over

a whole device, which otherwise operates with the errors detailed in Figure 2.4(c),

we can arbitrarily suppress the logical qubit error by increasing the size of the qubit

grid. We note that the continuous motion mode leads to a higher tolerance than the

abrupt motion mode, as the smooth trajectory means a lower sensitivity to positional

deviations in the x-y plane.

Concerning the three models of distributing the donors we note that the uniform

disk-shaped distribution, where error in the z-position of the donor is five times smaller

than the lateral positional error (Fig. 2.5 leftmost panels), may be the distribution

expected of a more sophisticated fabrication technique involving precise placement of

donor in a surface via an STM tip with layers of silicon then grown over. Meanwhile

the pillbox and normal distributions (centre and right panels) might be more repre-

sentative of the results of using an ion implantation technique with very low or very

high levels of straggle respectively. These possibilities are discussed in more detail

below.

2.2.4 Considering the ‘dipolar background’

The simple of model of decoherence that we employ in our simulations can be im-

proved to take in to account correlated errors arising from the magnetic dipole-dipole

interactions of the data qubits with each other. These will lead to correlated pairs

of errors occurring between the qubits, the probability of which decreases with the

distance between them.
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Figure 2.6: A portion of a larger surface code, with nearest and next-nearest interac-
tions labelled as used in our simulated model of the ‘dipolar background’. To a good
approximation the evolution of the data qubits due to their mutual dipolar interac-
tions is modelled by the interaction of nearest and next-nearest neighbour pairs. The
distance between nearest neighbours is D, and the axes are chosen such that nearest
neighbours lie either on the X- or Y-axis.

In this section we investigate the more nuanced model of decoherence that in-

corporates errors of this kind. It has already been shown in [68] that, despite the

provable lack of threshold for these kind of errors in the surface code, practically

speaking they are tolerable in that they can be suppressed to a desired degree. In

fact that paper demonstrates that correlated pairs of errors whose probability decays

with the square of the distance separating the two qubits are well-handled, this is an

even longer range interaction than the one considered here.

In Fig. 2.7. we show threshold plots which demonstrate that the position of the

threshold in terms of the qubit displacement varies slowly as we turn on correlated

errors on nearest- and next-nearest-neighbours in the data qubit array. Here we set

data qubit decoherence as modelled previously, that is single qubit Pauli errors, to

occur with a small but non-zero level p = 0.001, so that the new correlated errors are

the dominant effect for the data qubits. We leave other sources of error at the same

level as in the other reported simulations. We then apply correlated errors according

to the following procedure.

The Hamiltonians of the dipole-dipole interactions between the data qubits is:

Hij =
J

r3

(
σi · σj − 3(r̂ · σi)(r̂ · σj)

)
.
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We take an approximation that considers only one- and two-nearest neighbours,

which comprise a data qubit and its nearest eight counterparts. Depending on the

orientation of the pairs and distance separating them their evolution is governed by

slightly different Hamiltonians. For example, the Hamiltonians describing a qubit

1 and its eight pairwise interactions with its nearest and next nearest neighbour

neighbours are:

H12 = H14 =
J

D3

(
− 2XX + Y Y + ZZ

)
,

H13 = H15 =
J

D3

(
XX − 2Y Y + ZZ

)
,

and

H16 = H17 = H18 = H19 =
J

2
√

2D3

(
− 1

2
XX − 1

2
Y Y + ZZ − 3

2
(XY + Y X)

)
,

where D is the distance between two nearest neighbour data qubits and the axes and

qubit numberings are defined in Fig. 2.6.

The period of time for which this coupling runs can be estimated as the time to

complete a round of stabilizers

tstabilizer = κ 2π
d3

J

where κ ∈ [2,∼ 80] is a parameter which reflects that in a slow orbit – such as the

smooth circular motion, or a protocol which requires a larger number of orbits per

round of stabilizers – there is a longer time between the completion of full stabilizer

rounds. For example, an abrupt motion with 2 orbits required for a full round (i.e.

one for X parity measurements and one for Z parity measurtments) corresponds to

κ = 2 and slow circular motion with the same number of rounds corresponds to

κ = 20.

The evolution of the data qubits and its neighbours in a short period of time

according to such a Hamiltonian will have the form

U = exp(−i
( ∑

1NN,2NN

Hij

)
t)|ψ〉 ≈

( ∏
1NN,2NN

exp(−iHijt)

)
|ψ〉.

Taylor expanding and retaining the leading order terms, i.e. the errors on pairs

of qubits, one obtains

|ψ(tstabilizer)〉 ≈
(
|ψ〉+ κ 2π

(
d

D

)3

(aXiXj|ψ〉+ bYiYj|ψ〉+ cZiZj|ψ〉+ ...)

)
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Figure 2.7: Variation in the qubit displacement threshold as the dipolar coupling
of the data qubits is turned on. All data in this figure are for the case of ‘pillbox’
distributed qubit positional errors, as in Fig. 2.5(b) and (e). The upper three panels
are for an abrupt probe orbit, the lower three for a smooth circular orbit. The other
sources of error are fixed to the same values as in Fig. 2.4, with the exception of data
qubit decoherence which we now set to 0.1 % to reflect than in earlier simulations we
had modelled this being due in part to these dipolar couplings.

where a, b, c... are determined by the relative positions of the data qubits with relation

to one another.

At each stabilizer measurement the state of the qubit pairs will be projected into

one of the states corresponding to either “no error” or one of the possible two-qubit

errors with probability given by the square of its amplitude. We thus model the

dipolar background in a similar way to our other sources of error: we now inject

correlated two-qubit errors at the end of each round with the relative probabilities

determined by the forms of Hij above. The new parameter in our model is therefore

pdip = (κ 2π)2 ( d
D

)6
.

We find that our threshold plots show the familiar behaviour, i.e a well defined

crossing point, for the range of pdip considered. To relate the values of of pdip investi-

gated in Fig. 2.7 to our proposed device dimensions, consider an abrupt orbit at the

dimensions d = 40 nm and D = 400 nm. Then pdip ∼ 0.016 % which is comparable to

the rates investigated in the central plots for which we see only small variation in the

qubit displacement threshold. In the main text we suggest that for the slower circular

orbits (i.e. increasing κ by a factor of 10) using the dimensions d = 33 nm and D =

700 nm which will achieve the same pdip at the cost of a clock cycle approximately
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10 times slower. We note that in both the circular and abrupt cases our simulations

show that when setting pdip = 0.04 %, larger than the values relevant to our proposed

dimensions, the threshold in terms of qubit misplacement reduces by approximately

one tenth, still allowing generous tolerance of the scheme to fabrication error.

The probability of a two-qubit error decreases with 1
r6

in this approximation, the

results of [68] would suggest that practical surface code quantum computation is

certainly possible with such a class of error. Although the dipole background can

lead to correlated pairs errors occurring in distant parts of a logical qubit, as far as

the code is concerned these just appear as two single qubit errors which it tries to

correct. The free-running dipolar coupling of the data qubits does not cause the very

damaging classes of error such as long chains or large areas suffering error, which

could corrupt the logical qubit more easily [68].

2.2.5 Effect of other parameters on the threshold

The main result was to demonstrate a reasonable threshold value for the required

donor implantation accuracy, as this is the crucial parameter for fabricating a large

scale device. In doing so we fixed the errors associated with manipulations and

measurement of the qubits to values currently achievable in the experimental state-

of-the-art. The threshold is in fact a ‘team effort’: if we are able to reduce the

measurement error, for example, then greater error in the other parameters can be

tolerated. The ‘thresholds’ we determined are thus single points in a vast parameter

space. Here we investigate further the effect that changing some of these parameters

will have on the ‘donor implantation error’ threshold values determined in Fig. 2.5.

Having made our code openly available we hope that interested researchers will find

it easy to make further investigations based on their own favoured parameter regimes.

Fig. 2.8 shows how the threshold value for qubit misplacement depends on other

key error parameters. In each graph one error parameter is varied while the others

remain fixed to the values stated in Fig. 2.4(c). The simulations and the resulting fits

show that data qubit decoherence is a key source of error to minimise in comparison

with measurement and ‘jitter’ errors, at least in this region of the parameter space.

Doubling the data qubit decoherence in this regime will have a more deleterious

effect on the tolerance of implantation errors than a similar doubling of jitter or

measurement error. However, the low rate of decoherence in donor qubits in silicon

is one of the great strengths of the system.
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Figure 2.8: Variation in the qubit displacement threshold depending on a) data qubit
decoherence; b) measurement fidelity and c) jitter error. Each data point corresponds
to a a full threshold simulation as shown in the insert to a). All data in this figure
are for the case of a “circular probe” orbit with “pillbox” distributed qubit positional
errors. As such the red data points correspond to the threshold result shown in
Fig. 2.5(e).

Interestingly, jitter errors (which corresponds to random fluctuations in the strength

of the dipole interaction, which one might envisage being due to random timing error)

seem to be even more well tolerated than measurement errors, which are generally

seen as one of the less crucial sources of error for surface code thresholds. One might

imagine that - in a future where donor placement is very far below threshold - char-

acterisation of the device and individual control of probe orbits might mean that the

fixed misplacement errors can become random errors in how well we calibrate our

device to the misalignments. This would make ‘jitter’ the main source of error, as

such it is encouraging to see it is well tolerated.

2.3 Generalisation to quantum computation.

The only fundamentally new element required to create a machine that performs

universal computing in addition to the surface code parity measurements the cre-

ation of magic states [41]. In later chapters we will explore this issue in some detail.

For our purposes there are two issues to confirm: Can we make such states within

our architecture, and, does the need to do so revise our threshold(s)? Magic state

generation involves injection (mapping a single physical qubit to an encoded qubit)

and distillation (improving the fidelity of such encoded states by sacrificially mea-

suring some out). The latter involves only Clifford operations (which may include a

previously distilled S gate), and therefore falls under the discussion in our previous

paragraph. Injection requires operations on individual data qubits rather than the

groups of four, but this is possible within our constraint of sending only global pulses
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Figure 2.9: Example of how one could encode and process multiple logical qubits
into a flawed array. Each white circle is a data qubit; each green patch is a subarray
representing a single logical qubit. When we wish to perform a gate operation be-
tween two logical qubits then we begin making parity measurements at their mutual
boundary, according to the lattice surgery approach [69]. If a region of the overall
array contains multiple damaged or missing data qubits, we simply opt not to use it
(red patches). Note that in a real device each patch would be several times larger in
order to achieve high levels of error suppression. [Figure credit: Simon Benjamin].
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to our data qubits: control of individual probe spins implies the ability to control

individual data qubits and indeed to inject a magic state. For example, suppose we

set probes to |1〉 where we wish to have a net effect on the adjacent data qubits, and

|0〉 elsewhere. Consider the sequence Y (−π/2)Z(−π/8)S(π/8)Y (π/2), where Y and

Z are Pauli rotations both performed on all data qubits and S is the probe-data qubit

interaction, Eqn. 2.1. The net effect on a data qubit is the identity when the probe

is in |0〉, but when the probe is |1〉 it constitutes a rotation of X(π/4) on the data

qubit, where is X is the Pauli rotation. This operation would take a data qubit from

|0〉 to a magic state cos(π/8)|0〉 − i sin(π/8)|1〉 if-and-only-if the proximal probe is in

state |1〉. Crucially, the purification threshold for a noisy magic state is much larger

than that for a surface code memory. Ultimately, therefore, the overall threshold for

quantum computation is indeed set by the memory threshold, as discussed by the

relatively early literature [70]. More on this later.

More generally, one can ask about how multiple qubits should be encoded into

a large array of data qubits, and what the impact of flaws such as missing data

qubits would be on a computation. While we do not undertake a detailed analysis,

approaches such as lattice surgery [69] can offer one simple solution that is manifestly

tolerant of a finite density of flaws. The approach is illustrated in Fig. 2.9. Square

patches of the overall array are assigned to hold specific logical qubits; stabilizers are

not enforced (i.e. parity measurements are not made) along the boundaries except

when we wish to perform an operation between adjacent logical qubits. Importantly,

if a given patch is seriously flawed (because of multiple missing data qubits during

device synthesis, or for other reasons) then we can simply opt not to use it – it

becomes analogous to a ‘dead pixel’ in a screen or CCD. As long as such dead pixels

are sufficiently sparse, then we will always be able to route information flow around

them.

2.4 Feasibility

We now discuss the practicality of the proposed device, in light of the simulation

results. A more detailed version of this section can be found in Ref. [54].

2.4.1 Timescales and decoherence.

For a probe - data qubit separation of d = 40 nm, the total interaction time for the

four S(π/2) phase gates with the four data qubits is tint = 2πd3/J ≈ 1.2 ms. This

stabilizer cycle time is short enough to comply with the coherence times of donors in
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silicon or the NV centre and long enough to avoid a significant operational lag due to

the finite operation speed of the stage. In the abrupt motion scenario Fig. 2.2(b)(i)

with negligible transfer times, this would allow an operation of the device at about

1 kHz. In the continuous circular motion picture, a significant time is required for the

probe’s transfer between data qubits which slows down the device by roughly a factor

of D/d = 10. As noted earlier the consequent increased accumulation of unwanted

in-plane spin-spin interactions can be negated by varying the dimensions, for example

to d = 33 nm, D = 700 nm. We further note that – due to the 1/d3 dependence of the

dipolar interaction – every reduction of d by a factor of two allows eight times faster

operation frequencies. So, if manufacturing precision improves, this device should be

readily scalable to faster operations. In practice selecting dimensions d and D will be

a trade off between the fabrication capabilities, the achievable translation velocities

and the decoherence time of the qubits.

2.4.2 Mechanics and device design.

The tip of an atomic force microscope cantilever can achieve mechanical motion with

sub-nanometer positional accuracy and thus could serve as a prototype device for

implementing a single parity measurement. In principle, an array of tips on a single

cantilever could incorporate the probe qubits and a cyclic motion of the cantilever

would allow the four qubit phase gates.

A more viable mechanical system could instead be x-y translation stages realised

by micro electromechanical systems (MEMS). Various designs for MEMS x-y trans-

lation stages have been put forward with travel ranges in the 10µm range or higher

[71–73] and positional accuracies in the nm regime [74, 75], both meeting essential

requirements of our proposal. Designs with frequencies > 10 kHz [76] would permit

stabilizer cycle translation times on the order of ∼ 100 µs.

Since the probe qubits (but not the data qubits) need to be individually controlled

and measured, local electric gates are required. There are two basic strategies de-

pending on whether it is the probe array or the data qubit array that is in motion. If

the probe stage is mobile, then it is necessary to deliver the electrical contacts over the

suspension beams at the side of the probe stage. Wide beams would result in a large

in-plane spring constant for the stage motion, so we suggest using many thin beams.

The spring constant of the beams for the in-plane motion of the stage scales with the

width cubed. N thin beams of width w thus only increase the spring constant by a

factor of Nw3 compared to (Nw)3 in the single wide beam case. If however the data

qubit grid forms the movable stage, then there is no need for such bridging since the
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data qubits are controlled purely through global pulses. The control for the probe

qubits in the static silicon stage below could then be written in the same process

as the probe spins themselves, relying on atomic-precise fabrication of phosphorous

impurity SETs and gates (see below, [58, 77]).

2.4.3 Material systems.

Finally we direct our discussion to the properties of the proposed solid state qubit

systems for this orbital probe architecture, namely donor impurities in silicon and

the NV centres in diamond.

To achieve the aforementioned individual addressability of the probe qubits, either

probe spins could be individually Stark shifted into resonance with a globally applied

microwave source [78, 79], or, alternatively, magnetic field gradients could be applied

to detune the individual resonance frequencies within the probe qubit grid. Most of

these systems also exhibit hyperfine structure, meaning that the transition energy

between the |0〉 and |1〉 state of the electron spin depends on the nuclear spin state.

This effectively results in two or more possible ‘species’ of qubits, each of which must

be manipulated by a microwave pulse of a different frequency. To perform the required

qubit operations regardless of the nuclear spin state, we propose to use multi-tone

microwave pulses composed of all resonance frequencies of the different species. With

this we can ensure that nuclear spin flips - so long as they occur less frequently than

the time for a stabilizer cycle - do not affect our ability to implement the proposed

protocol.

Donors in silicon Silicon can be isotopically purified to a high degree, which

reduces the concentration of 29Si nuclear spins and creates an almost ideal, spin-free

host system. Consequently, electron spins of donor impurities, such as phosphorus,

show extraordinarily long coherence times of up to 2 s [12], thus enabling a very low

data qubit memory error probability (sub 0.1%) over the timescale of a single parity

measurement of 1.2 ms. If donors in silicon are employed as the probe qubits, then

initialisation and read-out of the electron spin of single dopants can be achieved using

SETs [62, 63, 80] with average measurement fidelity of 97 % with read-out timescales

on the order of milliseconds. Read-out fidelity can be further increased if the electron

spin state is transferred to the nuclear spin [81] from which it can then be measured

with higher fidelity up to values of 99.99 % [63]. However this is a much slower process

with measurement times of order 100 ms which are two orders of magnitude slower

than other timescales described in this proposal. The single qubit control fidelity
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for an electron spin of a single P donor in 28Si in these devices has been reported as

99.95 % [64]. Furthermore, it was shown in [63] that the decoherence time of the qubit

is not significantly affected by its proximity to the interface and can reach values up

to 0.56 s with dynamical decoupling sequences.

The footprint of the required electronic components to measure a single donor

spin in silicon is typically on the order of 200× 200 nm2 and is thus small enough to

achieve qubit grid separations of D = 400 nm.

As shown by our threshold calculations, a key figure for this scheme is the im-

plantation accuracy required for the probe and data qubit arrays. Ion implantation

methods with resolutions approaching 10 nm can be achieved using either e-beam

lithography directly on the substrate [82, 83] or nanostencil masks drilled into AFM

cantilevers [84]. For donors deterministic single qubit implantation is also possi-

ble [85]. Another technique for silicon is the STM tip patterning of a hydrogen

mask and the subsequent exposure to phosphene gas, which enables atomically-precise

(±3.8 Å) phosphorus donor incorporation in all three dimensions [57, 58]. This accu-

racy is more than an order of magnitude below our calculated thresholds of Fig. 2.5

and the challenge remaining is to maintain this precision over larger qubit arrays.

Diamond nitrogen-vacancy centres The electron spin qubit associated with the

nitrogen-vacancy (NV) defect centre of diamond features optically addressable spin

states, which could be manipulated even at room temperature. By using resonant

laser excitation and detection of luminescence photons, fast (∼40 µs [86]) and reliable

(measurement fidelity of 96.3 % [87]) read-out of single NV centre spins could be

employed for the probe spin measurement and initialisation. The nuclear spin of 14N

or of adjacent 13C may again be exploited to enhance the measurement fidelity (99.6 %

[88]). The coherence times in isotopically purified diamond samples (T2 = 600 ms at

77 K using strong dynamical decoupling [89]) are long enough to allow millisecond

long stabilizer cycles and individual probe control using a global microwave field is

possible using electric gates and the Stark effect [90], similarly to donors in silicon.

While the qubit operations possible in NV centres are advanced, so far very

few micro-electromechanical devices have been realised using diamond. In princi-

ple though, diamond possesses promising material properties for MEMS applications

[91].

The implantation accuracy for the NV centre is determined by ion beam tech-

niques. The most accurate method known to the author achieves lateral accuracies

of ∼ 25 nm at implantation depths of 8 ± 3 nm [92]. This precision is slightly below
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threshold of our scheme and it is reasonable to hope that new implantation meth-

ods could meet the requirements in the near future. Furthermore, we note that the

proposed grid spacing of D = 400 nm is greater than the diffraction limit for optical

read-out (250 nm [93]). Recent advances in ‘laser writing’ NV centres [94] promise a

method that will lead to less damage the lattice and potentially writing of large scale

2D arrays in diamond. At this early stage however, implantation accuracy and yield

do not yet meet the requirement of our threshold simulations.

In fact the low yield of active NV centres per implanted nitrogen atom, which is

typically well below 30 % [95] is a barrier to scalability. Such a low yield would result

in too great a number of ‘dead pixels’ within the layout specified in Fig. 2.9 to allow

for the construction of a useful device at this time.

While there are still significant challenges remaining to an integrated diamond

MEMs probe array, it is encouraging that the basic requirement of our proposed

scheme, i.e. the control of the dipolar interaction of two electron spins by means of

changing their separation mechanically, has already been achieved. Grinolds et al.

were able to sense the position and the dipolar field of a single NV centre by scanning

a second NV centre in a diamond pillar attached to an AFM cantilever across it —

at a NV centre separation of 50 nm [96].

2.5 Proposed all electronic architecture

This section contains a preliminary investigation into a variant of the ‘orbital probe

architecture’ to one which does not require the use of micro-mechanical devices to

move the probe qubits in and out of proximity with the data qubits. Instead we

propose a system of probe electron spins defined in an array of lateral electrode-

defined quantum dots, which are shuttled from site to site by control of electrode

voltages, allowing them to interact with the donor-based data qubits.

Two regular arrays of qubits are fashioned as shown in Figure 2.10. The data

qubits are a regular array of phosphorus donors in silicon. The spin state of electron

encodes the qubit. These do not have to be individually addressed. The probe qubits

are a regular array of quantum dots positioned vertically above each donor. Single

electrons, or single-triplet qubits, are thus defined and moved ballistically within a

structured 2DEG at the interface of, for example Si/SiGe. The parity measurements

of the surface code proceed as follows: A probe qubit is prepared in the |+〉 state in

the 2DEG. It is then moved around a square, stopping at four dots to interact with
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Figure 2.10: The architecture. (a) The unit cell of the device. A 2DEG is formed
at the interface of SiGe/Si or some other materials. The probe qubit is an electron
controlled in this 2DEG by the electrodes above. Donors in silicon are positioned
below. A buffer layer prevents the donor wavefunction leaking into 2DEG. A single
electron visits a site above each donor qubit in turn and acquires phase via dipole-
dipole interactions. The probe qubit is then measured. (b) The layout of a large scale
device. Blue shaded regions indicate areas in which electrons can exist in 2DEG layer.
In red, the path of a single probe performing a parity measurement is shown. This
occurs in parallel in each cell across the device. Measurement of each probe electron
must occur after every cycle of four interactions (not pictured).

the donor qubits below. After the four interactions, the spin state of the probe qubit

will need to be measured. The process is continuously repeated.

2.5.1 Thresholds

As before we simulate virtual devices of the kind described in Figure 2.10 including

the various potential sources of error previously described for the mechanical orbital

probe scheme. Here however, due to the differing dimensions of the device we focus

on two different parameters and their effect on the threshold: those being (a) probe

dephasing is the dominant error or (b) timing errors in the orbit dominate. More

details of our simulation can be found in Figure 2.11. Our previous work demonstrated

the robustness of the mechanical orbital probe scheme. The differences between these

results and those in 2.2.3 are as follows. It is assumed that all the operations, such as

single-qubit Paulis, are performed far better than threshold values that we previously

determined: we set them to be an order of magnitude better than the values used

in the previous analysis. The exceptions are then the parameters of interest here,

namely the dephasing of the probe and ‘jitter’ errors.

Another difference is that the simulations shown here take into account the non-

point-like nature of the qubits, which becomes more relevant as we decrease the
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Figure 2.11: Errors and length scales in simulation (a) The wavefunction profiles (Gaus-
sians) used for simulation with probe-data separation d set to unity w.l.o.g.. 2D wave
function with circular symmetry for the probe (red). 3D wave function with spherical sym-
metry for the donor qubit (blue). (b) The donor position error profile used. Each donor in
the simulated lattices is randomly positioned within a pillbox of radius and height R. (c)
One interpretation of jitter error. Each probe-data interaction is scheduled to last for time
T to allow π/2 phase to be acquired by the probe, at each interaction this time T can err.
In our simulations the transit time is taken to 0, so the probe instantaneously jumps from
dot to dot.

distance between probe and data qubits. Figure 2.11 contains more information

about our simulations. We have investigated two ‘limiting’ cases, very bad probe

dephasing and very bad jitter error.

Probe dephasing

The surface codes tend to be very tolerant to ‘measurement error’, i.e. with some

probability our probe measurement outcome indicates |0〉 when the state is in fact

|1〉. Essentially to combat measurement error, repeated measurement is required to

obtain confidence in the result of those measurements. In the limit then one only

needs to be (50 + ε)% confident of a making a measurement correctly to infer a true

result, albeit after many repeated measurements [32]. It can be shown that dephasing

of the probe maps to a final measurement error. This perhaps indicates that the T2

of the probe qubits need not be very long to realise the architecture. We performed

simulations to investigate this.

Following the standard definition of the T2 time, the mapping to measurement

error pmeas is (assuming that the source of measurement error is dephasing of the

probe qubit),
T2

τ
=

−1

2 ln(1− 2pmeas)
, (2.3)

63



A silicon-based surface code quantum computer

15 16 17 18 19
86

88

90

92

94

96

98

100

Measurement error(%)

D
ec
od
in
g
su
cc
es
s
ra
te

(%
)

8
12
16

Key Simulated
operations infidelity

Donor position error R/d 5%
Probe preparation 0.1%
Probe measurement −
Jitter 0.4%
Probe rotations 0.01%
Data qubit error 0.02%

Figure 2.12: Measurement error threshold. Each line represents a virtual device of
a different size. Below threshold larger devices protect information better, above
threshold smaller devices are superior. Thus the threshold is the crossing point of
these lines. The threshold for measurement error is 16.9%, when other errors are fixed
to the levels indicated in the adjacent table. This would correspond to a minimum
T2 of 1.2τ , which for a probe-data separation of 10 nm corresponds to ∼ 86µs. Here
we fix donor position error to 5% of probe-donor separation.

where τ is the time taken for the process of one stabilizer measurement, i.e. 4ttransit+

4tinteraction + tmeas. We can therefore determine a minimum phase coherence required

of our probe qubit that would allow this scheme to operate below threshold.

We determine the threshold of the device in terms of the T2 by numerical simula-

tion of virtual devices. We find that the threshold in measurement error is 16.9%, see

Figure 2.12. This corresponds to a minimum T2 time for the probe qubit of 1.2τ ; which

at a probe-data separation D of 10 nm corresponds to roughly 1.2(4∗(18 µs)) ≈ 86 µs.

Reducing the probe-data separation D to 5 nm would reduce the required T2 by

roughly a factor of 8.

These numbers assume ttransit, tmeas → 0. Finite values for these will will increase

τ . Evidently the faster a stabilizer cycle can be completed then the less the required T2

of the probe. This would seem promising in light of this result [97] which demonstrated

a T2 on the order hundreds of milliseconds. For a device to be practical it would have

to operate at 3-5 times below threshold, i.e with T2 ∼ 5τ . A good T2 will relax the

requirements on the other sources of error.

“Jitter”/Timing errors

The parameter “jitter” is essentially a random variation in the interaction strength

at each of the four probe-data qubit interactions. This could be from various sources,

for example random vibration in the position of the qubits. An error source that
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Figure 2.13: Jitter threshold. The threshold value for jitter, here given explicitly by
the crossing, is 16.4%. The values for the other forms of error are indicated in the
adjacent table. Note here we take measurement error/probe T2 to be very small. As
such this plot corresponds to a variation on the above device in which the probe is
likely not the ‘active’ or ‘mobile’ element.

closely corresponds to our simulation is random error in the interaction time between

the qubits, i.e. the time the probe spin is held at each dot. We find that the tolerable

threshold of this error is high for our chosen values of other error parameters, see

Figure 2.13, a percentage timing error of ∼ 16.4%. This may be a significant error in

some possible implementations of the scheme which rely on more complex motion of

the probes or donor qubits.

2.6 Conclusion

This chapter has sought to demonstrate that if the current capabilities of donor-based

qubits could be replicated at large scale, then a surface code quantum computer could

be constructed that would be tolerant to fabrication error and achieve very high

qubit densities. Silicon is a highly promising substrate, not just for the ‘spin vacuum’

properties of isotopically purified silicon which allow such impressive coherence times,

but also given the large numbers of qubits required to fault-tolerantly implement a

post-classical computation (as we investigate in Chapter 5) working within a system

that could make use of an industry and range of techniques that have demonstrated

huge scalability in classical computing should prove hugely beneficial. Particularly

given that we demonstrate the incredibly challenging exchange gates which have been

the goal of much research into donor-based qubits are not necessarily a prerequisite

for universal quantum computation with those qubits.
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Having thought about a blueprint for long-term quantum information processing,

we now consider a framework to help give direction and motivation to present-day

device experiments containing on the order of 10 qubits.
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Chapter 3

Small Codes

Chapter 3 presents a method for assessing the performance of error correcting codes

in small quantum systems. In Section 1 the concept of ‘integrity’ is introduced. In

Section 2 four milestones for experimentalists are described. In Section 3 we present

simulations of three small codes, the five qubit, seven qubit (Steane) and nine qubit

(surface) codes, providing a comparison of their characteristics as well as demonstrat-

ing some properties of integrity as a metric. Section 4 compares the performance of

our simulated ‘Bob’ to the trace distance. Section 5 explores the case where a more

complex but fault-tolerant circuit is superior to a simpler, non-fault-tolerant, method

of syndrome extraction. The work in this chapter is based on the paper [98]. The

author contributed to the conception and simulations of the protocols, writing code

to confirm and verify results generated for the published paper by Xiaosi Xu (XX).

Where indicated the results were generated by XX, otherwise simulation results were

generated with the author’s independent code. Note that the text of this chapter is

adapted from the text the author co-wrote for Ref. [98]

The previous chapter presented the results of a theoretical analysis of a large

scale computer architecture that may take years or perhaps a decade to realise ex-

perimentally. In this chapter the topic instead concerns theory aimed at supporting

efforts occurring now, and in the immediate future, to demonstrate the first real en-

coded logical qubits. The scale of the devices is therefore more modest – fewer than

twenty physical qubits, and often fewer than ten – and the concept of a fault tol-

erance threshold does not necessarily translate directly to such systems. There is a

need for a measure of success that is relevant to systems of only one, or at most two,

logical qubits and such a measure should be experimentally attainable while having

a suitable degree of rigour.
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Recently there has been rapid progress in the implementation of quantum codes,

across platforms as diverse as ion traps [99–101], superconducting qubits [102–105],

and crystal defect systems [106]. There is a need to benchmark the achievements in

these diverse systems, and to compare the inherent power of the codes they rely upon.

To this end, this chapter will introduce a performance measure called integrity, which

relates to the probability that an ideal agent will successfully ‘guess’ the state of a

logical qubit after a period of storage in the memory. Integrity is straightforward to

evaluate experimentally without state tomography and it can be related to various

established metrics such as the logical fidelity and the pseudo-threshold.

This chapter will introduce the notion of integrity through its intuitive meaning as

“the probability that Bob, receiving a logical qubit from the memory system, can infer

its state”. In simple cases integrity also corresponds to “the fidelity of a logical qubit

after storage in the memory”, but that the former meaning based on state inference

remains meaningful even when the latter notion of a memory’s fidelity becomes ill

defined. This chapter will set out four milestones based on comparing the integrity of

an encoded and actively corrected quantum memory versus either un-corrected variant

or with a single physical qubit. The milestones are increasingly challenging with the

fourth being a demonstration of ‘Strictly superior encoded memory’ . Memories based

on the five-qubit code, the seven-qubit Steane code, and the nine-qubit small surface

code are assessed through intensive numerical simulations. Estimates are derived for

the performance levels required in the error correcting process (performed by an agent

we label ‘Igor’) so that our milestones can be met.

A comprehensively successful quantum code will have been achieved when one

can demonstrate a full set of quantum operations on encoded qubits with a fidelity

that exceeds that of the best possible unencoded physical qubits [107]. However

this criterion is very challenging to achieve; it means ‘beating’ the superb fidelities

exceeding 99.9% that can now be achieved with single physical qubits [16, 27] –

in fact 99.9999% can be achieved in a system dedicated specifically to single qubit

gates [108]. Even the task of achieving a superior coherence time with a memory

based on an encoded qubit, versus a single physical qubit, is not trivial. Individually

controlled physical qubits can persist for the order of a minute when not actively

manipulated [108], or 10 minutes using dynamical decoupling [8].
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3.1 Introducting integrity

A memory is a channel for communicating information from the present (t = 0) to

a specified future time (t = τ). The simplest notion of an ideal memory would be

one where no change whatsoever happens to the stored information. It is useful to

begin by asking how we would benchmark performance against this basic standard:

we could compare the state at t = 0 with the state at t = τ , using either the fidelity

or the trace distance. Let us briefly review these two quantities.

In this work we will take the definition of fidelity to be

F(ρ0, ρ1) =
∥∥∥√ρ0

√
ρ1

∥∥∥2

tr
. (3.1)

This definition uses the trace norm, itself defined as

‖σ‖tr = Tr
(√

σ†σ
)
. (3.2)

In the case that ρ0 is a pure state |ψ0〉〈ψ0|, the fidelity then has a simple physical

interpretation: if we measure state ρ1 in a basis where one of the possible outcomes

is |ψ0〉, the fidelity is precisely the probability of this outcome. When both states are

pure, we have simply

F(ψ0, ψ1) = |〈ψ0|ψ1〉|2.

While the fidelity measures the similarity of two states, the trace distance measures

the degree to which two states differ. It is defined as

D(ρ0, ρ1) = 1
2

∥∥ρ1 − ρ0

∥∥
tr
. (3.3)

Ranging from 0 to 1, the trace distance has a clear intuitive meaning: it tells us the

probability that two states ρ0 and ρ1 could be told apart by an ideal experimentalist.

Suppose that we present to an experimentalist, Bob, a theoretical description of both

ρ0 and ρ1, and we also prepare a physical system in one of these two states (with

a 50/50 prior probability) and present this to the Bob. He must guess whether the

physical state is ρ0 or ρ1. Using his optimal strategy, his probability pg of guessing

correctly is simply

pg = 1
2

+ 1
2
D(ρ0, ρ1). (3.4)

We will make extensive use of this idea presently.

The functions D(ρ0, ρ1) and 1 − F(ρ0, ρ1) can both be regarded as measures of

how distinct two states are. However it is important to note that these quantities

are fundamentally different, and can give very different ‘scores’ in experimentally
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relevant cases. We opt to employ the trace distance, for various reasons described

later but most particularly because Eqn. (3.4) leads to straightforward experimental

realisations.

The idea of a perfect memory being one that simply allows no change to occur

does not take into account some key facts. Certain changes are in fact harmless and

do not practically reduce the quality of a memory. Any deterministic, known and

anticipated change to the stored information is harmless if we can easily compensate:

an example is the continuous phase evolution which occurs within any physical qubit

if the states |0〉 and |1〉 are non-degenerate eigenstates. In fact for a memory that

employs a quantum code to protect logical qubit(s) we can go further: Any correctable

error is also relatively harmless in the sense that a ideal agent can recover the logical

qubit with certainty. We would like our measure of the quality of a memory to

incorporate these principles; additionally, we have a notion of a ‘useless’ memory, one

that should score zero, as a memory that fails to preserve any recoverable information

whatsoever.

Suppose that some qubit with density matrix ρ is to be stored in a code-based

memory channel for a specified period of time. We will use the symbol Φ to denote

the memory channel itself. The initial state ρ maps to the final state ρ̃ through this

process:

1 At t = 0 Alice (taken to be perfect) encodes the single qubit ρ into an n-qubit

logical code: ρn = E(ρ) where E is the encoding map.

2 Evolution and degradation of the logical qubit occurs while it is stored. This

may include the effects of actively applied error correction (if so, we label the

non-ideal agent responsible ‘Igor’). We have ρ′n = N(ρn) where N is the noise

map.

3 At t = τ , Bob (like Alice, taken to be perfect) performs an error correction

cycle, and then reverses Alice’s encoding process to obtain a single physical

qubit: ρ̃ = D(ρ′n) where D is the decoding map.

It is the second step that we are interested in; steps one and three (Alice and Bob)

merely frame the process. We can write the entire channel as Φ = D ◦ N ◦ E, thus

incorporating Alice’s encoding E, the noise N, and Bob’s decoding D. This overall

map Φ takes as input a single qubit state (Alice’s initial choice ρ) and ultimately

returns another single qubit state ρ̃ = Φ(ρ), i.e. Bob’s single qubit after decoding.
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For our naive concept of an ideal memory as one causing no change at all, we

would desire Φ(ρ) = ρ, and so (for example) 1 − D(ρ,Φ(ρ)) could suffice as a good

metric for the performance of our memory. However we have noted that a much

broader notion of ‘ideal’ is needed. Fortunately, there is a natural way to proceed:

instead of focusing on the changes suffered by a single logical qubit between t = 0

and t = τ , we can instead focus on the idea that a memory should preserve the

distinguishability of different states. This notion can incorporate both fixed, known

evolutions and random-but-correctable errors. Conversely it will properly recognise

that all forms of memory which leave us with no recoverable information, are equally

and entirely useless.

Consider two pure states ψ = |ψ〉〈ψ| and ψ⊥ = |ψ⊥〉〈ψ⊥| which are orthogonal to

one another. Orthogonal states have trace distance of unity, since they can certainly

be told apart. Let Alice choose ψ at random, uniformly from all possible single-qubit

states, and then opt to encode either ψ or instead the antipodal state ψ⊥. Then Φ(ψ)

or Φ(ψ⊥) will describe the state after it has passed through the memory channel and

been decoded by Bob. If the channel has caused the same fixed evolution to occur

to each (logical) state, or indeed if it has introduced errors but they are correctable,

then these states will still be completely distinguishable – they will still have trace

distance equal to unity. Therefore we define the integrity of the memory as

R(Φ) = min
ψ
D
(
Φ(ψ),Φ(ψ⊥)

)
. (3.5)

Note that we take the minimum over all possible choices of ψ made by Alice. We do

this to account for the fact that certain memory channels may have no detrimental

effort on special choices of the state, as for example a dephasing channel leaves |0〉
and |1〉 unchanged. To avoid falsely overrating the quality of such a channel we

impose the minimum by finding the worst case. Note that for many environmental

noise models, including pure depolarising noise, Bob’s performance does not vary

with Alice’s choice.

In the case that Φ is a channel which is well-approximated by a Pauli channel (so

that in effect it is subject to only decoherent Pauli noise), we may make a stronger

statement [109]. For such a channel, we have Φ(σ(i)) = αiσ
(i) for some scalar αi. (If

the noise process is weak enough that the error-free mode dominates, we have αi ≥ 0

for each i.) Depending on the relative importance of the Pauli errors in the channel,

there is one Pauli spin operator σ(m) which is most suppressed by the memory channel

Φ, in that αm = mini αi. Then it is easy to show that R(Φ) = α2
m. This implies

that the integrity of Φ may be experimentally determined by a procedure in which
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we prepare eigenstates |ϕ(i)
± 〉 of the Pauli operators σ(i) as input, store them in the

memory, and then determine the probability with which we obtain the ±1 outcome

when we perform a σ(i) measurement on the retrieved state. In the simulations

performed in this chapter the simulations are all of a depolarising error model, as

such no minimisation is required as there is no preferred basis for error.

It is worth emphasising that R(Φ) is a function on the memory channel Φ itself,

thus one should speak of the integrity of the memory. It is understood that the

memory channel is used for some defined time τ , and that if the same memory system

were used for a longer time then its integrity would be lower; typical channels will

have zero integrity as τ →∞.

The integrity of the memory has a highly intuitive and natural meaning through

the following scenario: We suppose that Bob initially knows nothing about Alice’s

choice of qubit to encode, but after Bob has completed his decode process to obtain

the single qubit we then describe to him two choices: either Alice’s initial qubit was

ψ or it was ψ⊥. Bob then makes a measurement of his choice to try to determine

whether it is Φ(ψ) or Φ(ψ⊥) that he has received. The integrity R(Φ) tells us Bob’s

probability pg of guessing successfully according to

pg,worst = 1
2

+ 1
2
R(Φ) and so R(Φ) = 2pg,worst − 1. (3.6)

Here the label ‘worst’ reminds us that this is the lowest success probability, i.e. when

the options ψ, ψ⊥ are the ones least well preserved by the memory (if indeed there

is any variation). The integrity is therefore a natural measure of how well a memory

preserves the distinctiveness of different states.

Notice that we constrain Bob to use a specific method to identify the received

state. He must map the logical qubit back to a single physical qubit by first applying

a standard round of error correction for the code in question, then applying the inverse

of Alice’s encoding circuit. Bob’s sole freedom is that he can choose how to measure

that final physical qubit. As we explain in Section 3.5, by constraining Bob this way

we ensure that his performance is associated with the code structure and its capacity

to protect information. In that section we discuss the performance of a more powerful

agent who is given full information about the error channel and complete license to

perform any operations on all n received qubits; this agent generally has very similar

(sometimes identical) performance to our constrained Bob.

For a typical memory Φ (although not for all conceivable memories) Bob’s correct

strategy for his final step is the obvious one: just measure in the basis {|ψ〉, |ψ⊥〉}
and make the guess correspondingly. Then Bob’s success probability is simply the
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fidelity of the state Φ(ψ) with respect to Alice’s initial state ψ, since the fidelity of

any state with respect to a pure state is the probability of obtaining that outcome in a

measurement (as was remarked following Eqn. (3.1)). So in this case Bob’s probability

of guessing correctly is simply pg = F(ψ,Φ(ψ)). Moreover his worst performance is

pg,worst = min
ψ
F(ψ,Φ(ψ)).

But given Eqn. (3.6) we can now offer a precise meaning to the idea of “the (worst

case) fidelity of a logical qubit stored in the memory” for any channel where Bob

would opt to measure in the basis {|ψ〉, |ψ⊥〉}. For such a channel,

Flogic = 1
2

+ 1
2
R(Φ).

Loosely, Flogic is the fidelity after we project into the logical subspace of the code with

a perfect round of error correction. For memory channels with sufficiently complex

noise maps N that Bob’s choice of measurement basis would not be {|ψ〉, |ψ⊥〉}, the

very idea of the “fidelity of a logical qubit stored in the memory” becomes ill defined.

Thus, integrity is a general measure which relates to the notion of logical fidelity when

the latter notion makes sense. However integrity remains well-defined and meaningful

even when the logical fidelity does not: it is the more general and robust concept.

Integrity is useful as it lends itself naturally to an experimental setting. The is no

need for state tomography or methods of building up density matrices to calculate

fidelities. Notice that although the definition Eqn. (3.5) refers to two different states,

we would evaluate the integrity R through a series of single uses of the memory – we

simply follow our scenario described above involving Bob guessing between options

and employ Eqn. (3.6). Consequently the costly process of performing full state

tomography is not required.

Importantly, while the definition describes the encoding and decoding as occurring

perfectly (conceptualised by saying that Alice and Bob are perfect), one can show

that in practice they can be made imperfect and yet the experiment can gauge the

integrity with good accuracy – this feature is discussed in more detail in the published

paper [98]. Also, under certain circumstances (discussed further in Appendix C.3),

Alice and Bob would obtain enough information to accurately assess integrity by only

testing Pauli eigenstates. Theses states can often be prepared fault-tolerantly, which

proves particularly important when considering noisy Alice and Bob.
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Theoretical protocol for measuring integrity

1a Alice (perfect) prepares a single qubit state |ψ〉 or |ψ⊥〉.
1b Alice perfectly encodes it into the n physical qubits.
2 From t = 0 to τ the n qubits are in the memory; noise

occurs from environment and possibly error correction.
3a Bob (perfect) performs error correction on the n qubits,

then decodes (inverse of 1b) the state to a single qubit.
3b Bob is told Alice’s qubit was either |ψ〉 or |ψ⊥〉. He

measures his qubit and guesses, success probability pg.

Table 3.1: Evaluating the integrity of a memory system. See also Fig. (3.1).

3.2 Relation and comparison to existing measures

We choose to use the integrity as a measure of how well the channel Φ preserves the

distinguishability of pairs of states. Ideally when modelling the effect of storing a

state in a memory for some period of time and retrieving it, we would want Φ to be

a good approximation of the identity map.

Given a memory system uncoupled to any ancillary system, we could then have

choosen to use the induced trace distance between Φ and the ideal memory,

D1(Φ, 1l) = max
ρ
D(Φ(ρ), ρ), (3.7)

to measure the quality of the memory. The smaller the induced trace distance the

higher quality the memory. More generally we would like to take into account that the

state ρ most sensitive to the error channel might be one entangled with an error-free

ancillary system. This means making reference to the diamond norm [110],∥∥Φ− 1l
∥∥
♦

=
∥∥(Φ− 1l)⊗ 1l

∥∥
tr
. (3.8)

which would quantify the probability of distinguishing Φ from 1l in a single use of

the channel [111]. The induced trace distance measures this but without access to

an ancillary system not acted on by Φ. For our purposes however these metrics

do have weaknesses. We might think that for a high quality channel which will be

used repeatedly, the single use distinguishability is not the most important metric by

which to judge it. After all if Φ can be distinguished from 1l in one use, the memory is

pretty useless. A more precise objection to use of the induced trace distance and/or

the diamond norm is that they would both make a quantitative distinction between

between a channel producing a constant pure state Φ0(ρ) = |α〉〈α| and the completely

74



Small quantum codes

dephasing channel Φ1(ρ) = 1
d
1l, however we would want to quantify these as equally

useless memories as neither preserves any information.

The integrity R and the induced trace distance D1 are both defined in terms of

the trace distance on states. There is thus a simple relationship between them. For

any pair of pure orthogonal state we have

1
2

∥∥∥Φ(ψ0)− Φ(ψ1)
∥∥∥

tr

≥ 1
2

∣∣∣∣ ∥∥∥ψ0−ψ1

∥∥∥
tr
−
∥∥∥Φ(ψ0)−ψ0

∥∥∥
tr
−
∥∥∥Φ(ψ1)−ψ1

∥∥∥
tr

∣∣∣∣
=

∣∣∣∣1−D(Φ(ψ0), ψ0

)
−D

(
Φ(ψ1), ψ1

)∣∣∣∣. (3.9)

In the case that D1(Φ, 1l) ≤ 1
2
, we may remove the absolute value bars, so that

when ψ0 and ψ1 minimise the first line of Eqn. (3.9) we obtain

R(Φ) ≥ 1− 2D1(Φ, 1l). (3.10)

It is easy to see that this holds with equality when the minimising pure states ψ0 ⊥ ψ1

are both mapped to mixtures of ψ0 and ψ1, as for example occurs with dephasing and

depolarising channels Φ.

To take a specific example of two memories we would consider equally useless: In

the case ψ0 = |0〉〈0| and ψ1 = |1〉〈1| if we have two equally memories we would like

to find equally ‘useless’ such as Φ0(ρ) = ψ0 and Φ1(ρ) = 1
2
1 for all qubit states ρ, we

would have

1−D1(Φ0) = 1−D(ψ0, ψ1) = 0, (3.11a)

1−D1(Φ1) = 1−D(1
2
1, ψ1) = 1

2
, (3.11b)

so use of the induced trace distance would erroneously imply Φ1 is superior. Whereas

the fact that neither of these channels Φi preserve any information about their input

implies that we should score them equally, which we would using the integrity:

R(Φ0) = D(ψ0, ψ0) = 0 = D(1
2
1, 1

2
1) = R(Φ1). (3.11c)

Similar arguments would apply to the use of the diamond norm as ultimate mea-

sure of the memory’s utility, or to be more precise the quantities D1(Φ ⊗ 1l, 1l ⊗ 1l)

and the integrity of the channel R(Φ⊗ 1l)
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3.3 Milestones toward successfully protected

memories

Described simply, the integrity is the worst-case probability that the state of a stored

qubit can be inferred by Bob, and this gives us a simple experimental procedure to

assess it. This section identifies some milestones towards the goal of superior code-

based quantum memories based on this metric.

For convenience of exposition we may imagine that a third party, besides Alice and

Bob, is responsible for the cycle(s) of error correction performed during the memory

period: since this individual is effectively a flawed assistant for Bob, we use the name

Igor after the famous fictional lab assistant.

In a similar spirit [33] has described ‘phases’ of development for surface code real-

isations. The authors emphasise the crucial task of scaling so that phases beyond the

first correspond to ‘at least tens of qubits’. In this chapter we take the complimentary

approach of stressing tipping points in performance, while remaining agnostic as to

the code type and the number of physical qubits.

It is worth noting that it is already a non-trivial accomplishment to achieve logical

encoding with good fidelity, and this can be established by verifying the logical qubit

immediately after its creation – this is the scenario explored in [33]. In our approach

the first milestone is the one that would naturally follow such an accomplishment,

i.e. introducing Igor to perform an additional round of error correction mid-way. The

logical encoding and decoding of the information in our protocol merely frame the

process. In the published work upon which this chapter is based (Ref. [98]) the effect

of having a noisy encoding and decoding process is explored further.

In similar work Gottesman [107] describes a minimal family of fault-tolerant cir-

cuits based on the four-qubit error detecting code for which ‘fault-tolerance’ can be

demonstrated with only 5 qubits. This would demonstrate rigorous fault-tolerance,

although only in post-selection, for at least ancilla preparation. This provides a simple

milestone of “fault-tolerance demonstrated in a small quantum system” rather than

a set of increasingly challenging benchmarks that we will outline. More generally

rather than referring to measures on the quantum channel only complete quantum

circuits are considered and the statistical distance of the classical output of the noisy

circuit from that output by the ‘ideal circuit’.

In Ref [107] Gottesman states that “It seems plausible that the best way to predict

how well fault tolerance will work on a large system is to see how well it works on a

small system”, however there are other ways to address the power and performance of
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small quantum systems, rather than simply assessing their performance in performing

error correcting codes. For example, in Ref [112] researchers at IBM introduced a

‘hard to game’ measure of a small system’s utility as a quantum information processor

which they called quantum volume. In essence this takes the square of the either the

number of qubits or the achievable circuit depth, whichever is the smaller number,

as the ultimate measure of how ‘powerful’ a small controlled quantum system is.

This makes no reference whatsoever to the ability of the system to correct its own

errors, the problem on which we are focussing and to which Gottesman refers, but

is a more general, if slightly arbitrary, measure of the ability of a small quantum

information processor to implement algorithms. We choose to investigate specifically

milestones towards performance of a strictly superior quantum memory that uses

quantum error correction, with the view that long-term quantum computation will

need fault-tolerance to achieve circuit depths needed for interesting problems.

3.3.1 M1: Beneficial error correction

We initially focus on the case where at most one error correction cycle is used during

the entire period τ where memory operates, i.e. in between Alice (t = 0) and Bob

(t = τ). We therefore now specify Step 2 of Table 3.1 in more detail, setting it

out in Table 3.2. The key idea will be to compare the integrity of the memory

channel without error correction (no Igor) to the case with EC (Igor participates)

and determine whether the latter is superior.

Let us use the symbol Φm to label the memory channel when Igor performs m

rounds of error correction, so that Φ0 labels the channel when no QEC is performed

(i.e. noise sources are purely environmental). Then we say that a round of error

correction is beneficial if Bob’s probability of subsequently discriminating the state

correctly is higher when Igor indeed performs that round, i.e. when

R(Φ1) > R(Φ0). (3.12)

This criterion for successful error correction can be summarised as, “Is Igor a help or

a hinderance to Bob?”.

This seems entirely straightforward but there is a subtlety: the question of whether

Eqn. (3.12) is satisfied will depend on the duration τ of the memory channels (here

we would naturally set the same τ for both Φ1 and Φ0 for a fair comparison). Since

we are interested in defining a first milestone for experimental efforts, we say that

error correction can be beneficial if

R(Φ1) > R(Φ0) for some value of τ. (3.13)
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t = 0   encode t = τ   decodememory: noise occurs

Figure 3.1: Adapted from [113]: Cartoon of the protocol for assessing the
integrity of an error-corrected memory. Alice and Bob perfectly perform the
encoding and measurement, respectively, of a logical qubit. Meanwhile Igor is an
imperfect agent attempting error correction to fight noise. [Figure credit: Simon
Benjamin].

We will refer to the challenge of satisfying Eqn. (3.13) as milestone M1: Beneficial

error correction.

One might wonder if we should consider a stronger condition: R(Φ1) > R(Φ0)

for all values of the common duration τ . It is interesting and important to note that

this condition will be impossible to satisfy in physical devices where the process of

error correction is very fast compared to the rate of environmental decoherence. This

applies, for example, to ion trap devices with clock-transition qubits where the envi-

ronmental decoherence time can be on the order of minutes but gate operations are

sub-millisecond. We need only assume that environmental decoherence is a continu-

ous process to see that R(Φ0)→ 1 as τ → 0, i.e. the integrity of the simple memory

channel is arbitrarily close to unity for a sufficiently short value of the memory dura-

tion τ . In other words, finite environmental noise needs finite time to occur. We can

inspect the equivalent limit for Φ1 if we assume that Igor’s error correction cycle is

instantaneous (whereas if it takes finite time δ then we cannot employ memory chan-

nel Φ1 for time durations less than τ < δ). But given instantaneous error correction,

we find R(Φ1) → ε as τ → 0, where ε is non-zero and is related to the inevitable

imperfections in the cycle of error correction, i.e. the circuit elements such as state

initialisations, one- and two-qubit gates, and measurements will all have finite infi-

delity. What we are noticing is that it is not desirable to perform error correction
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Without Error Correction: Memory Φ0

2a The n physical qubits are subjected to
environmental noise for a time τ .

With Error Correction: Memory Φ1

2a The n physical qubits are subjected to
environmental noise for a time (τ − δ)/2.

2b Optionally, Igor is asked to apply a full round of
imperfect error correction, taking time δ.

2c The n physical qubits are subjected to
environmental noise for a further time (τ − δ)/2.

Table 3.2: Expanding on Step 2 of Table 3.1 when we wish to assess the benefits of
error correction.

‘as frequently as possible’ – we should wait for a finite time before applying an error

correction cycle, so that its negative impact on the memory is justified by the positive

gain. This is made very apparent by Fig. 3.5 in the next section. Of course, if the

time required for error correction is comparable to the environmental decoherence

rate, as may be the case for superconducting qubits, then one never has the luxury

of waiting until the optimum time to perform error correction; cycles should indeed

be performed ‘back to back’.

3.3.2 M2: Beneficial multi-round error correction

While Eqn. (3.13) is an important first milestone for an error-correcting quantum

memory, further milestones can also be identified. For a sufficiently high performing

Igor, and a long memory duration τ , it will be beneficial to have multiple rounds of

correction. This will be a signature of further progress toward a practical quantum

memory. We would then find that

R(Φm) > R(Φm−1) for some value of τ. (3.14)

Here we understand this need only be satisfied for some particular m > 1 (it seems

likely that it would be achieved first for m = 2 but we do not insist on this). We

will refer to the challenge of meeting the condition in Eqn. (3.14) as milestone M2:

Beneficial multi-round error correction.

3.3.3 M3: Beneficial encoded memory

Equations (3.13) and (3.14) involve comparisons between memories which both em-

ploy encoded qubits. There is of course another type of comparison we can make, one
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which directly addresses the question of whether it is ‘worth’ using encoded memories

at all: we should contrast such a memory channel to a simple, single qubit memory.

Let us use the symbol Θ for that memory channel. We can consider its integrity R(Θ)

easily enough. Alice prepares a single qubit, again choosing between ψ and ψ⊥, but

does not encode it into multiple qubits. It exists as a memory from t = 0 to t = τ , and

finally Bob receives it but of course he has no decoding to do. The qubit he receives,

Θ(ψ) or Θ(ψ⊥), differs from Alice’s qubit only because of environmental noise. But

as before Bob must measure it to guess between the two possible states, and as before

his probability of success is simply 1
2

+ 1
2
R(Θ). For our actively-corrected encoded

memory to ‘beat’ the simple single-qubit memory, we require

R(Φm) > R(Θ) for some τΘ, while using τΦ = ατΘ. (3.15)

Here we require only that this is true for some specific value of m > 0 (it seems likely

that m = 1 would be the first demonstration). Note the more complex condition on

the channel durations. In Eqn. (3.13) and Eqn. (3.14) it was clear that the duration

τ of the two memory channels should be the same for a fair comparison. This is

not necessarily true of the Eqn. (3.15) since one can argue that the meaningful time

scale for a quantum memory is not ‘wall clock’ time but rather the time required

to perform an active gate operation (perhaps the average time, given that circuit

operations will differ in their time requirements, or perhaps the slowest time to be

strict). Depending on the hardware platform and architecture, the time required

to perform a gate operation on an encoded qubit may be longer than the time to

perform the equivalent operation on an unencoded qubit. This would then suggest

that τΦ should be longer than τΘ, and the factor α ≥ 1 is included in Eqn. (3.15) to

reflect this. We will refer to the challenge of satisfying Eqn. (3.15) as milestone M3:

Beneficial encoded memory.

Here we can make contact with the concept of a ‘pseudo-threshold’ (see e.g.

Ref. [114]). This concept is typically used in the context of concatenated codes,

where there may be several levels of concatenation required before error rates fall

sufficiently. In the present context, we restrict our interest to the first level of con-

catenation where a process involving unencoded qubit(s) is compared to a process

with a single level of encoding. The pseudo-threshold has been surpassed if a circuit

performs to a higher standard with the encoded qubits, i.e. logical qubits, versus

using the physical qubits directly. One might demand that for a complete univer-

sal set of operations, each operation at the encoded level outperforms the analogous
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operation using unencoded qubits.In essence Eqn. (3.15) represents the (lowest tier)

pseudo-threshold for memory, i.e. for the identity operation in a circuit.

3.3.4 M4: Strictly superior encoded memory

Assuming that Eqn. (3.15) can be satisfied, there is a higher goal which might be

achieved namely

max
m
R(Φm

QEC) > R(Θ) for all τΘ, and using τΦ = ατΘ. (3.16)

Here the maximum is over a family of memory channels having the same duration τΦ

but with differing numbers of error correction cycles m. Importantly, we permit m =

0. If this condition is satisfied, it means that for any desired duration we can sustain

our encoded quantum memory at a higher integrity than a single physical qubit

memory. We do so by applying a suitable number of error correction cycles. Moreover

this is true even allowing for the factor α discussed above. This is therefore the ‘gold

standard’ for demonstrating a quantum memory and it is the most challenging of

the criteria we have presented in this section. We will refer to the task of satisfying

Eqn. (3.16) as milestone M4: Strictly superior encoded memory.

This section has presented four milestones in an order which may represent an

increasing degree of challenge. It is not necessarily the case that each is more difficult

than the last – for example, conceivably M3 may be achieved before M2 in a given

physical device. However the fourth milestone is clearly the most demanding and

we should expect that the inequalities in Eqns. (3.13), (3.14) and (3.15) must all be

satisfied before Eqn. (3.16) can be achievable.

3.4 Numerical studies

This section presents simulation results under the Alice-Igor-Bob framework described

in Tables 3.1 and 3.2. The simulation technique is based on the Monte Carlo method,

pure states are simulated many times with noise randomly applied in each run. It

is worth emphasising that the integrity benchmark is appropriate for any and all

error models, including coherent noise, non-Markovian noise and so on. The simple

canonical Pauli depolarising noise model (on all elements including state preparations,

gates, measurements, and environmental noise) is employed in this section since it

is a standard model to use in a first investigation. We aggregate a large number

of individual runs, in each of which a pure state undergoes a specific trajectory:

after every circuit element is applied, a classical random number is generated and
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compared with the error rate for that circuit element in order to decide whether an

error is applied and if so its type.

Environmental decoherence is modelled as a depolarising process that occurs in-

dependently for each physical qubit as defined in Chapter 1.2.1. Noise also occurs

when gate operations are applied by ‘Igor’ while performing error correction cycle(s)

during the memory channel in order to actively protect the stored information. Recall

that Alice and Bob, whose actions at t = 0 and t = τ frame the memory channel,

are considered ideal for the purpose of the definition of integrity. In all these cases

our error model for circuit operations are as described in Chapter 1. The same er-

ror probability pe is used for all types of circuit element; this is the number that is

specified as ‘Igor’s error rate’ and typically expressed as e.g. 0.3%.

All the simulations presented use the Alice-Igor-Bob scenario that has been dis-

cussed in Tables 3.1 and 3.2. The circuit level description is shown in Figure C.5,

where the five-qubit code is used as an example. Igor performs his error correction

cycle halfway through the duration of the memory channel (or for a channel with n

correction cycles, at points t = m/(n + 1) with m = 1, 2, · · · , n ). Igor measures a

complete set of stabiliser measurements and applies error correction based on the error

syndrome. Igor’s action is taken to be instantaneous although it is trivial to assign it

a finite time δ as indicated in Table 3.2. If Igor’s analysis indicates that a correction

is necessary, then the appropriate correction is applied perfectly – in reality one can

simply note the need for correction and update the Pauli frame, thus never needing

to apply an imperfect physical operation the qubits. Note that altering this principle

to apply a noisy fix would make negligible difference to the observed integrity, since it

is merely one additional operation for Igor’s circuit which at minimum involves over

a dozen gates.

Three well-known codes are evaluated: the five-qubit code which is the smallest

possible error correcting code [115], the seven-qubit Steane code [30] and the nine-

qubit surface code [116]. Each of which we have met in Chapter 1, the nine-qubit

surface code being the ‘rotated’ variant of a distance 3 planar code [52]. We will

compare the inherent properties of these codes, both in their simple and fault-tolerant

variants, and we will show examples where the various milestones described in the

previous section are (or are not) met.

3.4.1 Investigating integrity with the five qubit code

To start we explore some examples with the five qubit code. Typically the graphs

in this section are of the general form exemplified by Fig. 3.2(a). On the vertical
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Physical qubit

5-qubit no EC

5-qubit with EC (0.2%)

5-qubit with EC (0.7%)
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Figure 3.2: The integrity of different types of memory channel. Memory
integrity assessed over many different durations τ ranging from zero to T , the single-
qubit decoherence time. Blue line: A single physical qubit, i.e. no encoding. Orange:
a memory using the five-qubit code for the stored qubit, but without active correction
during the channel. Green: the same five-qubit code, but now with a round of error
correction performed mid-way through the memory duration, i.e. at time t = τ/2.
Error rate in operations during the correction cycle is 0.2%. Red: As for green, but
error rate 0.7%.

axis we show the integrity, as defined earlier, which of course is equal to unity for an

ideal memory. The horizontal axis shows the duration τ of the memory channel(s) in

question; the duration is shown as a ratio with respect to the environmental decoher-

ence rate T which is the decoherence time of an isolated single physical qubit. Each

point along a curve in the figure is thus the integrity of a specific memory channel of

duration indicated by the horizontal axis.

There are four types of memory channels shown in Fig. 3.2(a): The simple one-

qubit memories Θ (shown in blue), encoded channels without Igor’s error correction,

Φ0 (orange), and two sets of channels where Igor does perform one round of correction

Φ1 (green, red). The last two differ only in that Igor’s error correction circuits have

error rates 0.2% and 0.7%, respectively. In all cases the encoded channels are using

the five-qubit code. Encoding and decoding tasks, performed by Alice and Bob, are

perfect as per the definition of integrity.
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5-qubit with 1 round of EC
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Figure 3.3: Multiple rounds of quantum error correction (EC). The integrity
of a family of memory channels all employing the five-qubit code but differing in
the number n of rounds of error-correction performed during the memory, where
n = 0, 1, 2, 3, 4 or 6. Our imperfect agent Igor performs error correction cycles at
times t = mτ/(n+ 1) for m = 1..n. In the upper panel (a) Igor’s gate-level error rate
is 0.3%. As explained in the main text, the system meets milestones M1, M2 and M3
but fails to meet M4. In the lower panel (b) Igor’s error rate is now 0.1% and we see
that by choosing a suitable n we can select a five-qubit encoded memory that will
beat the single-qubit memory for any desired duration τ , so meeting milestone M4:
Strictly superior encoded memory.
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Igor’s error rate of 0.2% is low enough for him to perform well and consequently

we observe two desirable line crossings in the figure. For all durations τ > 0.11T

we see that the error corrected memory Φ1 (green) is superior to the un-corrected

memory Φ0 (orange). Thus for any τ > 0.11T we meet the M1: beneficial error

correction milestone specified earlier in Eqn. (3.13). Furthermore, for all durations τ

between τ ' 0.025T and τ ' 0.34T the corrected memory Φ1 (green) has superior

integrity to the single-qubit memory Θ (blue). Note however that in comparing the

single-qubit channel Θ to the encoded channels, we have not introduced any scaling

factor to adjust their relative durations (i.e. we have set α = 1 in Eqn. (3.15)).

This might be considered unreasonable unless the physical platform embodying the

memory system is capable, in principle, of performing transversal gates in one step so

that operations on logical qubits are on the same timescale as operations on physical

qubits. With this important caveat, we can say that for any duration in the range

0.025T < τ < 0.34T we can meet the M3: beneficial encoded memory milestone,

Eqn. (3.15).

The red line, corresponding to the higher per-gate error rate of 0.7% during Igor’s

error correction, never surpasses the integrity of the single physical qubit memory;

therefore this channel does not meet milestone M3: beneficial encoded memory . How-

ever when the duration τ > 0.29T it does slightly surpass the integrity of the Φ0

channel. Therefore milestone M1: beneficial error correction is met.

3.4.2 All milestones with five qubit code

In preceding figures we have focused on cases where a single round of error correction is

applied during a memory channel, and we have identified points where our milestones

M1 and M3, would be satisfied. In Figure 3.3 we show an example of when the use

of multiple rounds of error correction (equispaced within the duration of the memory

channel) with the five qubit code may allow us to meet milestone M2: Beneficial multi-

round error correction associated with Eqn. (3.14), or even milestone M4: Strictly

superior encoded memory associated with Eqn. (3.16). In the upper panel, Igor’s

error rate suffices for the former but not the latter; in the lower panel Igor’s error

rate is set to 0.1% which proves to be sufficient to achieve the fourth milestone.

3.4.3 Integrity at interruption

Integrity is defined as a property of an entire channel; but we can ask what would

happen if Bob were to ‘step in early’ at any time between t = 0 and t = τ . We
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Figure 3.4: Integrity change during a given memory channel (lower). We plot
the ‘integrity at interruption’ in order to look inside three specific memory channels
during their operation. The three channels all have duration τ = 0.25T. and are
taken from the points labelled A, B, and C in Fig. 3.2(a). The key feature is the
step-like decline occurring at t = τ/2 = 0.125T when Igor performs imperfect error
correction.

suppose that Bob would perform his usual decoding, measurement and guess using

the state of the memory system at that premature point. From his performance we

can infer an ‘integrity so far’, which we call the ‘integrity at interruption’. This is

an interesting number, as it will reveal more precisely what the effect of introducing

Igor has been.

Three points labelled A, B, and C have been highlighted in Fig. 3.2. They lie

at a value of the duration, τ = 0.25T for which the high-fidelity corrected channel

is superior to the single physical qubit memory Θ, which in turn is superior to the

encoded-but-uncorrected channel Φ0. One might wish to understand how the integrity

varies over the course of the duration of those memory channels. Fig. 3.4 shows this

quantity. The blue and orange lines, which correspond to the single-qubit memory Θ

and the encoded memory without correction Φ0, do not reveal anything interesting.

Indeed they precisely correspond to the same lines in the region 0 < τ < 0.25T in
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the Fig. 3.2 (in effect, we have just ‘zoomed in’). For these two cases the noise on

the memory is simply a continuous process; when Bob interrupts our channel that

should have had duration τ = 0.25T , it is exactly equivalent to having a memory of

the shorter duration.

The green line in Fig. 3.4 corresponding to the error-corrected channel Φ1 is far

more interesting. It is exactly coincident with the Φ0 line until t = 0.125T because in

these cases Bob interrupts before Igor performs his error correction cycle. But then

the ‘integrity at interruption’ falls sharply, i.e. there is a significant difference between

Bob interrupting immediately before Igor’s effort, versus doing so immediately after-

wards. The reason is that Bob’s process of decoding the memory begins with a round

of error correction and his error correction is perfect; thus it can only be worse to

have Igor apply his own flawed effort at correction immediately beforehand. However

despite the sharp step down, the eventual integrity after full duration time 0.25T is

higher. This is because Igor’s efforts reset the accumulation of errors, lowering the

overall chance of an uncorrectable set of errors (i.e. 2 or more errors, for the five-qubit

code) over the course of the complete memory channel. We see this evidenced by the

inverted parabolic curve immediately after Igor’s action: in effect the environment

must ‘start again’ to build up significant probability of weight-2 errors.

We have observed that error correction cannot increase the quantity ‘integrity at

interruption’, assuming we have no knowledge of the initial encoded qubit (given such

knowledge we can trivially increase integrity by erasing the memory and reinitialising

it). Any form of error correction, with whatever code and however well performed,

is a process that merely ‘delays the inevitable’ in the sense that integrity must fall;

we can only alter the rate at which it falls. For the ultimate goal of fault tolerant

quantum computing, we must slow the decay of integrity to such an extent that the

entire calculation can take place before an error becomes likely. As will be shown

in later chapters on magic state distillation the code size (or resource cost) must be

chosen such that there probably will not be a logical error in a whole computation.

The ‘losing battle’ that is being fought against quantum errors just has to ensure we

do not lose during the implementation of the algorithm. The fact that integrity is

a non-increasing function of time is a merit versus over other measures (such as the

simple fidelity with respect to an ideal state) which can both fall and rise, and could

thus create the impression that quantum information is being regenerated.

A related observation is the following: The rate at which we should apply er-

ror correction cycles has some optimum which depends on the relative severity of

87



Small quantum codes

Physical qubit

5-qubit E3

5-qubit E19

0.0 0.1 0.2 0.3 0.4 0.5

0.6

0.7

0.8

0.9

1.0

Memory duration (τ/T)

In
te
gr
ity

Figure 3.5: Integrity change during three different memories, each of dura-
tion τ = 0.5T . This figure is equivalent to Fig. 3.2(b), but with three rounds (orange)
or nineteen rounds (green) of error correction (gates error rate 0.2%) applied during
the period of memory storage. Clearly three rounds of error correction sustains the
logical qubit while too many rounds corrupt the logical qubit.
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environmental decoherence per unit time versus the error rate within our error cor-

rection process (the noise in Igor’s circuits). We should not apply error correction

more frequently than this rate, or else the loss of the integrity will be dominated by

the noise we introduce in our error correction cycles. This is made apparent by the

simulation results shown in Fig. 3.5 which again shows the ‘integrity at interruption’

as in Fig. 3.4, but now for three different channels of common duration τ = 0.5T ,

the channels being the single qubit memory Θ, and memories using three or nineteen

error correction cycles (Φ3 and Φ19). From the right hand side of the graph we find

the integrities of the three memory channels: they are approximately 0.61, 0.63 and

0.56 respectively, i.e. the memory channel featuring nineteen correction cycles is by

far the worst, while three cycles provide a superior integrity versus the single qubit

memory. The reason is clear from inspecting the curves: the ‘integrity at interrup-

tion’ reveals that the decay of the over-corrected channel is indeed dominated by the

step-like drops associated with noise from Igor.

3.4.4 Code comparison

This section now presents a series of simulations which compare different codes, and

also compare fault-tolerant versus non-fault-tolerant implementations of error correc-

tion circuits. We use the standard error model of homogeneous Pauli noise occurring

without correlation, and for Igor’s circuits the noise occurs on all circuit operations

with equal probability. It is worth stressing that the relative performance of the codes

may differ greatly when this error model is substantially varied.

As a first step toward comparing the efficacy of different codes, it is useful to

begin by reporting a special case which is achieved by setting the memory duration

to zero, and simply investigating the impact of the error correction process itself.

Thus, we take a perfectly encoded qubit prepared by Alice and present it directly to

Igor who performs an (unnecessary) error correction cycle before passing the encoded

qubit directly to Bob for his analysis. The reduction in integrity is thus purely due to

Igor’s action. The results are shown in Fig. 3.6. Notice that in contrast to all other

figures in this section, the horizontal axis here is not time (since the duration is zero)

but rather Igor’s error rate.

Figure 3.6 includes eight different options for the encoding and correction of a

logical qubit. Three different codes are considered: the five-qubit code, the seven-

qubit Steane code, and the nine-qubit surface code. For each of these, the performance

of a non-fault-tolerant (non-FT) Igor is plotted. For the nine-qubit code, a second

curve shows the performance when Igor employs a specific FT error correction circuit
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Figure 3.6: Integrity change with increasing gate error rate. Here the
duration of our memory is set to zero, in order to directly inspect the negative impact
of an imperfect error correction performed by Igor. The horizontal axis shows the level
of noise associated with each circuit element of Igor’s circuits. We analyse memories
based on the five-qubit, the Steane, and the nine-qubit codes. Igor’s error correction
is performed either in a simple, non-fault tolerant fashion or with full fault tolerance.
As explained in the text, the various line shapes and the relative levels of performance
are straightforward to understand qualitatively. [Figure credit: Xiao-si Xu.]

(see Fig. C.6(e)). For each of the other two codes, the figure shows the performance

of two different FT circuits: The standard ‘Shor’ approach using four ancilla qubits,

and an alternative method proposed by Chao and Reichardt [36] which requires only

two ancillas, see Fig. C.6 panels (c) and (d).

There are several interesting general observations to be made from Fig. 3.6.

Firstly, two logically-necessary features are indeed present: One observes that all

the cases which employ non-fault-tolerant (non-FT) error correction for Igor have

the expected linear decay as Igor’s error probability p increases from zero: integrity

goes as 1 − c p for some constant c because non-FT circuits are vulnerable to single

errors. Meanwhile the scenarios featuring FT error correction all have the expected

inverted-parabolic shape: the integrity goes approximately as 1 − k p2 when Igor’s

error probability p is small. The fault-tolerant circuits for these codes are indeed

‘immune’ to single errors and vulnerable only to weight two (or higher) errors. Note

that for higher (but still sub-1%) error rates for Igor, the fault tolerant circuits be-
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come inferior to the simpler non-FT circuits. The reason is essentially combinatorial

scaling: the FT-circuits are generally considerably more complex with far more gates,

thus as gate failure probability p increases the risk of a double error in these complex

circuits eventually outweighs the risk of a single error in the simple non-FT circuits.

Thus one should not suppose that ‘fault tolerant circuits are always better’ – for small

codes and appreciable rates of gate error, they may not be.

The different gradients in the various linear and parabolic curves can be qualita-

tively understood by considering two aspects of the codes and their implementation.

The first is the proportion of all possible weight-2 errors that actually prove to be

correctable. For example, the five-qubit code is corrupted by all weight-2 errors, but

the seven-qubit Steane code can correct any pair of errors if (and only if) one is of

type X and one of type Z. The nine-qubit surface code has the highest portion of

‘harmless’ weight-2 errors in this sense. The relative ordering of the non-FT codes

can be explained by this feature alone. However for the FT codes, there is second

and competing feature: as noted above the complexity of the FT error correction

circuits is what ‘kills’ their performance, so simpler circuits are superior. Consistent

with this principle, we see wherever an appreciable performance gap exists between

the ‘two-ancilla’ variant of a FT code versus the ‘Shor’ variant of the same code, the

former is always superior. Moreover the total size of the FT circuits for the five-qubit

code (which has fewer stabilisers) is smaller than that of the seven-qubit Steane, thus

among the FT curves the five-qubit outperforms the Steane. Remarkably FT circuits

for the nine-qubit code exist which are actually very simple (as previous authors have

noted [33, 117]), and thus the FT surface code benefits from both desirable features

described here, and is unconditionally superior to all other codes in the plotted er-

ror range. However, it does require the largest number of qubits: the 9 data-qubits

themselves, and Igor also requires 6 ancillas in order to perform stabiliser evaluation

without error propagation.

It is important to remember that the comparison made in Fig. 3.6 is for zero

environmental error. The relative performance of different codes will change once we

deploy them properly into a memory channel where environmental noise is degrading

the encoded qubit. Figure 3.7 shows the integrity change of the memory under our

standard memory channel scenario Φ1 i.e. ‘one use of Igor’s error correction midway’

where the code employed is either the five-qubit, Steane, or nine-qubit code (all

with non-FT correction). See Fig. C.5 for the explicit circuit used in the five-qubit

code case; circuits for the other cases differ simply by substituting the appropriate

stabiliser checks. All curves in this figure correspond to an internal error rate for
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Figure 3.7: Comparison between the 5/7/9 qubit codes. The data shown are for
our canonical Alice-Igor-Bob scenario where total memory duration τ during which
pure environmental decoherence occurs continuously and a single (imperfect) round
of error correction occurs midway at t = τ/2. See e.g. Fig. C.5. The error rates used
for all the gate operations during the error correction procedure are 0.5%.
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Igor’s operations of 0.5%. Thus the far left of the figure, with τ = 0, gives us the

same set of three data points as can be read from Fig. 3.6 when the x−axis, the error

rate, is 0.5%. We see that the Steane code is marginally superior to the five-qubit

code, but both are markedly inferior to the nine-qubit code. However, as we move

away from the hard left of Fig. 3.7 to consider increasing duration of the memory, we

find that the five-qubit code surpasses first the Steane and then even the nine-qubit

code. The reason is that as more environmental error accrues, a code with a larger

number of physical qubits will reach the point where two-or-more errors are present,

i.e. the situation where the logical qubit may be corrupted, at an earlier time.

The code ‘performance’ here is of course only an investigation of one aspect of

quantum codes. There are other merits beyond the question of how well a code

preserves channel integrity – for example, the Steane code has the significant merit

versus the smaller five-qubit that all Clifford operations can be applied transversally.

The Steane code and small surface code are also instances of small topological codes

whose size can be scaled while maintaining local interactions between the qubits,

something not available when concatenating a five qubit code with itself.

3.5 Comparison with a more powerful Bob

The integrity measure contains within its definition the notion that the agent Bob,

who receives the memory state at the end of its duration, will perform a round of

(perfect) error correction as the first step of his analysis.

However it is an interesting exercise to to make a comparison between Bob’s

ability to correctly guess the received state, as captured by the integrity, versus Bob’s

performance if he were given carte blanche to make his guess by performing any

physically allowed process on all of the encoded physical qubits. The performance of

such a Bob would correspond to the trace distance

pB = 1
2

+ 1
2
D
(
ρ′n,0, ρ

′
n,1

)
,

where ρ′n,0 and ρ′n,1 are the two possible n-qubit post-channel states received by Bob,

which were sent in the two orthogonal states (here labelled 0 and 1). In Figure 3.8

we show a comparison between the performance of this more powerful Bob, and the

Bob as we have defined for the integrity measure. For both the five-qubit code and

the Steane code there is a negligible difference when Bob is given this extra freedom.

For the nine-qubit code there is a small difference. This indicates that the error

correction process itself is not quite optimal: some measurements differing from the
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Figure 3.8: Effect of a ‘more powerful’ Bob. The solid lines here correspond to
the performance of Bob as we have specified him within our definition of integrity.
The vertical axis here is Bob’s probability of making a successful guess, and the solid
lines correspond to memory channels with a single round of Igor’s error correction
with error rate 0.5%. The dotted lines are the performance of a more powerful Bob
as described in the text; the dotted and solid lines are essential identical except for
the nine-qubit code. [Figure credit: Xiao-si Xu]

canonical nine-qubit code stabiliser measurements would permit a superior guess, and

indeed the simple decoder we used could be replaced by a perfect ‘look-up’ decoder

to improve performance of the nine-qubit code itself.

In order to achieve the higher level of performance that doesn’t rely on the nine-

qubit stabiliser measurements, Bob would require not only the freedom to make any

measurements he sees fit on the received n encoded qubits, but also a complete

understanding of the noise processes in the memory channel. In short, he would

require an accurate theoretical description of the memory channel itself, so that he

can derive both Φ(ψ) and Φ(ψ⊥) once the two options for the original qubit, ψ and

ψ⊥, are revealed to him. Only then can he determine what measurements to make in

order to achieve maximum probability of a distinguishing between them.

For these reasons it is preferable to constrain Bob as described in the Sec. 3.1.

Doing so gives us a more ‘operational’ meaning to integrity, and allows us to make

direct links to other related concepts in the field.
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Figure 3.9: Comparing memories employing FT verus a non-FT error cor-
rection. In this figure we plot the ‘integrity at interruption’ to look inside a memory
process, as discussed earlier for Figs. 3.2 and 3.5. We compare three memory channels
all of the same duration τ = 0.2T . The blue line is our standard reference, the single-
qubit memory. The other two are based on the five-qubit code, with the error rate of
all the gates involved in the error correction process to be 0.1%. The data shown in
orange are for the memory channel protected by Igor using a non-FT error correction,
and the optimal number of such cycles is 2. The data shown in green is for a more
sophisticated Igor using a Shor-style fault tolerant circuit shown in Fig. C.6(a). It
is interesting to note that the optimal number of error correction cycles is now 3.
However the overall performance is near-identical (i.e. lines are very close on the far
right).

3.6 Case where fault tolerance is beneficial

Fig. 3.3(b) shows the performance of a high quality memory channel using the five-

qubit code and performing n cycles of error correction, equispaced over the duration,

with a gate error rate of 0.1%. With this level of fidelity we find that the memory

channel meets the most demanding of our milestones, M4: Strictly superior encoded

memory. In this case analysed previously Igor used a non-fault tolerant error correc-

tion cycle; however from the earlier Fig. 3.6 one would expect that a fault tolerant Igor

using a Shor-style syndrome extraction might lead to an even more highly performing

memory channel.

In fact one finds that the memory using fault-tolerant correction is indeed supe-
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rior, albeit just slightly. An interesting point is that the optimal number of error

correction cycles is higher, for a given channel duration, when one employs fault tol-

erant correction versus the naive circuit. This makes intuitive sense: when gate errors

are as low as 0.1% the fault tolerant error correction circuits work well and introduce

less noise than the naive circuits (c.f. Fig. 3.6), so that we will see smaller step-like

deteriorations in the quantity we call ‘integrity at interruption’ implying that they can

be used more frequently. This is shown in Fig. 3.9 where we contrast a fault-tolerant

and non-fault-tolerant channels of duration τ = 0.2T . In the published paper [98], a

similar figure demonstrates that using the 2-qubit fault-tolerant syndrome extraction

of Chao and Reichardt [36] has a higher number of optimal error correction cycles

(4 as opposed to 3) and outperforms non-fault-tolerant error correction by a greater

degree (albeit still a very small amount). Again this is to be expected as the circuit

is even simpler than the Shor-style fault-tolerant circuit so the step-like deterioration

can be smaller.

3.7 Conclusion

This chapter (and the previous discussion of the orbital probe computer) have focussed

on the storage of qubits in a fault-tolerant quantum memory and the steps and mile-

stones towards achieving this at both large and then small scale. But as discussed

earlier, in order to actually compute in a fashion that is beyond the reach of classical

computer then we will need to face the problem that our most well-understood and

high-threshold codes cannot directly support a universal set of operations. To that

end, the following chapters investigate the use of magic states to supplement error

correction to achieve universal quantum computation. Particular emphasis is placed

on the overhead required to convert a Clifford quantum computer, or simple quantum

memory such as the silicon based surface code described in Chapter 2, into a universal

machine capable of approximating any quantum algorithm.
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Magic state distillation protocols

Sections 1-2 of this Chapter review and introduce some of the key concepts in magic

state distillation and set out the protocols that will be further investigated in a com-

mon formalism. In Sections 3-4 we set out the construction of a magic state factory

explicitly and introduce some jargon and notation. Sections 5-7 set out original an-

alytic and numerical work on a more accurate assessment of the global error rate in

the output of magic state factories, extending previous results. The author performed

all numerical simulations presented. The original research in this chapter was pub-

lished in Physical Review A [118]. Note that the text of Sections 3-7 of this chapter

is adapted from the text the author wrote for Ref. [118]

As we have seen fault-tolerant quantum computing involves a host of resource

overheads, entering at different stages of the process. The most widely known cost is

that of encoding a logical qubit into many physical qubits, which provides safe storage

of quantum information. We have already explored in some detail a specific example

of how this might work in practice. However, once encoded, a logical qubit only

natively supports a limited set of fault-tolerant operations [38]. For high-threshold

codes, such as the surface code, the native operations belong within the Clifford group

(and may not even generate the full Clifford group) and a method of achieving non-

Clifford operations is required. In the following chapters we investigate the methods

and associated overheads involved in one particular method of achieving non-Clifford

operations efficiently: magic state distillation.

To briefly recap the idea that we first met in Sec. 1.3: We can know as a re-

sult of the Solovay-Kitaev theorem [37] that if the Clifford group is augmented by

a non-Clifford ‘T ’ gate then this set of operations can efficiently approximate any

required quantum algorithm. Thus a machine which can perform both the operations

in the Clifford group and the T gate can be said to be universal. These T gates can
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in turn be fault-tolerantly performed by using state injection of high-fidelity magic

states, prepared by distillation [41]. However, the Solovay-Kitaev theorem requires

a huge number of T gates to approximate an arbitrary gate, and early magic state

distillation protocols put a high price on each one. The last decade has seen substan-

tial advances in both these areas. Magic state distillation is now possible at better

rates [41, 119–122], reducing the expected number of noisy magic states per high qual-

ity T -gate. The number of T -gates needed to approximate some unitary, the so-called

T -count, has also been significantly reduced after the discovery of new gate synthe-

sis techniques [123–127]. Nevertheless, fault-tolerant quantum computing remains a

monumental challenge, so resource savings, wherever they can be found, are essential.

One suggested route is to circumvent magic states altogether, for instance by using

gauge-fixing [128, 129] of subsystem codes like the 3D colour code [130, 131]. All

current indications are that colour codes have a much lower error correction thresh-

old [132] than the toric code [133–136]. For now, such low-noise levels appear beyond

technological reach, ruling out gauge-fixing in the near-term.

In this chapter we explore some of the abstract characteristics of magic state dis-

tillation techniques, showing in particular one way in which the error rates associated

with a certain class of protocols have been systematically overstated. This chapter

treats the process of magic state distillation largely as a black box, in particular we

do not discuss the underlying mechanism used for error correction, instead focussing

on the magic state distillation in isolation. In the following chapter we take a more

practical look at the implementation of these magic state distillation procedures,

quantifying and improving the resources associated with the realisation of some of

the most promising protocols. We end with an estimate of the size and operation

speed one could expect of a ‘useful’ universal quantum computer given our current

best guess at how these could be constructed: that is as a combination of surface

code and MSD.

4.1 Universal quantum computation with magic

states

For now we explore a little further the need for magic states and some of the key results

upon which the construction of magic state factories will rely. A brief introduction

was already given in Chapter 1.3 and here we will discuss the original conception of

magic state distillation, motivated with particular reference to three key theorems.
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4.1.1 The Clifford hierarchy and the magic state model

Let us introduce the Clifford hierarchy and the magic state model. The well known

Pauli group P (which we met in Chapter 1) is the group composed of tensor products

of the single qubit Pauli operators. Unitaries mapping the Pauli group to itself

are called Clifford unitaries, which again form a group C := {U |UPU † ∈ P ,∀P ∈
P}. Clifford operations are the physical operations composed of Clifford unitaries,

measurement of Pauli operators and preparation of their eigenstates (the stabiliser

states), and classical feedforward. On a single qubit, the Clifford operations allow

one to reach any state within the octahedron bounded by the Pauli eigenstates, see

Figure 4.1(a). The magic state model of quantum computation [41] assumes Clifford

operations are free resources that can be implemented perfectly, and proceeds to

evaluate the cost of non-Clifford operations. Such a model is suitable for logical

qubits where the Clifford operations are fault-tolerantly protected, as is common.

Unitaries outside the Clifford group can fall into other levels of the Clifford hier-

archy, defined recursively as

C` := {U |UPU † ∈ P ,∀P ∈ C`−1}, (4.1)

where C1 := P . It follows that the Clifford group is the second level, and all higher

levels include non-Clifford gates. We will soon see the Clifford hierarchy plays an

important operational role in a teleportation process known as state injection [137].

The Gottesman-Knill theorem proves that one can efficiently simulate any

quantum circuit which only uses operations from the Clifford group. This is possible

by tracking the generators of the stabiliser group. Every operation in the Clifford

group maps the stabiliser generators to other stabiliser generators, which are Pauli

operators, and this means such a quantum circuit has an efficient representation using

stabilisers. This is even the case in the presence of Pauli errors which can be similarly

accounted for by updating the stabiliser generators in the classical tracking software.

Clearly if a family of quantum circuits can be efficiently classical simulated they

are not providing the ability to perform universal quantum computation – unless,

of course, it proves to be the case that all quantum computing can be classically

simulated!

To enable universal quantum computation the addition of some non-Clifford gate

must therefore be necessary, in fact any non-Clifford unitary will be sufficient. One

common gate to consider is the T gate, which when combined with the Clifford group
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Figure 4.1: (a) The Bloch sphere and Clifford octahedron. The ability to utilise the
Clifford operations allows the preparation of any state with the octahedron bounded
by the eigenstates of the Pauli operators. Any operations which only map states
within this octahedron to other states within the octahedron can be simulated clas-
sically. The addition of any prepared pure state outside this octahedron can allow
universal quantum computation. Magic state distillation allows for some mixed states
outside this octahedron to be distilled to higher fidelity using only the Clifford oper-
ations. (b) The A magic states. This x-y plane of the Bloch sphere is labelled with
some key states for our description of magic state distillation.

provides an overcomplete universal set of gates. The T gate

T =

(
1 0
0 eiπ/4

)
(4.2)

is a member of the third level of the Clifford hierarchy, C(3). It is often also called

the π/8 rotation because T ∼ diag{exp(−iπ/8), exp(iπ/8)} up to a global phase.

It was been shown by Eastin and Knill [38] that that if a quantum code can

detect at least any error on a single qubit then it will not have a transversal universal

set of gates. A similar result from Zeng et al [39] is that a qubit stabiliser code does

not allow for a universal set of transversal unitary gates. One often finds that for

interesting codes, notably including the surface code, the protected set of gates fall

within the Clifford group. The fact that the protected set of gates for the surface code

fall within the Clifford group is a manifestation of a third result that will motivate

the need for magic states distillation: that of Bravyi and Koenig[138]. They found

that for any 2D stabiliser code the logical gates that can be performed using only

local gates are members of the Clifford group. More generally for an n-dimensional

code, the possible local gates fall in the (n− 1)th level of the Clifford hierarchy. This

statement does not refer solely to transversal gates but any constant depth circuit –

which is a natural extension of the notion of a transversal gate.
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Figure 4.2: The distillation subroutine (a) for a magic state |A〉 based on a distillation
code [[nD, dD, kD]]. The encoder prepares kD copies of the state |+B〉. Implementation
of each T gate consumes one |A〉 as in (b). If the ancilla has error rate p, each T gate
is followed by a Z error with probability p. The Clifford correction is particular to
the choice of code. A non-destructive measurement of the X checks is made and if
the trivial syndrome reported the decoder is applied.
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Given then that we need a non-Clifford gate to supplement our protected opera-

tions the question remains how we can do this is in a fault-tolerant manner. We know

that the circuit given in Figure 4.2(b) (or Fig. 1.3) would allow us to teleport a T

gate into the computation using Clifford operations, if only we were given a supply

of pure states such as |A〉 = T |+〉 ∝ |0〉 + exp (iπ/4)|1〉. As Figure 4.1(b) shows,

this state lies outside the Clifford octahedron. Given a Clifford computer we need to

add only the supply of a non-Clifford pure states to complete a universal machine.

However we know we cannot prepare such states in many stabiliser codes directly

in a fault-tolerant manner given that we have only the Clifford operations. It turns

out the |A〉 state is magic state: a pure non-stabiliser states which can be distilled

from certain (but not all [139]) mixed non-stabiliser states using only Clifford opera-

tions. Therefore it is possible to achieve universal quantum computation with perfect

Clifford operations and noisy (mixed) magic states!

4.1.2 Magic state distillation

Magic state distillation is the technique that allows us to turn a supply of noisy

magic states into a smaller number of high quality of magic states, thus allowing us

to teleport gates from higher in the Clifford hierarchy into our Clifford computer. In

this and the following chapter we will further investigate the resources and practical

implementation of ‘magic states’ from C(3), that is in particular |A〉 and |Tof〉, the

state which allow the injection of T and Toffoli gates respectively. Gates from higher

levels of the Clifford hierarchy will be discussed further in Chapter 6.

A number of protocols for magic state distillation have been proposed, but all

follow the same basic format [140]. They entail projecting several copies of the initial

state onto a stabilizer codespace, that of a code which has the desired gate as a

transversal operation, and then decoding from the codespace onto a smaller number

of qubits.

We will describe, in broad strokes, a distillation subroutine for a single qubit |A〉
magic state. The protocol takes n copies of a mixed state ρ such that 〈A|ρ|A〉 = 1−p
where p is the input error rate. We note that we can always prepare the noisy initial

magic state such that it is diagonal in the A basis by applying the operators I and

A ≡ TXT † with probability 1/2 to each copy of the the input state (which we are free

to do as these are both Clifford operations). This leaves a state with only a Z error on

it, an error which will anti-commute with at least one of the all X stabilisers, allowing

detection. This is form of twirling, a concept which we met earlier in Chapter 2.
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We assume the code [[nB, kB, dB]] or base code is used for the low level error cor-

rection and fault-tolerance (i.e. the perfect Clifford operations) and that a distillation

code [[nD, kD, dD]] is used to provide the magic state distillation. In the following |ψB〉
is used to specify a logical state in the base code, and |ψD〉 the logical states of the

distillation code (remembering that the ‘physical qubits’ of the code are logical qubits

in the base code, i.e. this is a concatenation of the code). The circuit describing this

process is shown in Fig.4.2.

1a Prepare kD copies of |+B〉. This process is fault-tolerant.

1b Encode them into |+B〉⊗kD of the distillation code, this is also assumed to be

fault-tolerant due to the error suppression provided by the base code.

2 Prepare nD copies of the |AB〉 state. These will be noisy at a rate comparable

to the noise on the worst physical gate operation.

3 Use the |AB〉 states to inject the TB gate onto every qubit of the distillation

code to yield |AD〉⊗k. This is achieved because the distillation code supports

transversal T gates and so T⊗nD
B |+D〉⊗kD = T⊗kDD |+D〉⊗kD = |AD〉⊗k.

4 Measure the stabilisers of the distillation code to check for errors caused by an

injection of a noisy TB gate. Discard if error detected.

5 Decode distillation code back onto base code. To leave |AB〉⊗kD

Thus we have taken nD noisy magic states (encoded in the base code), used these to

perform a transversal T gate in the distillation code, detected errors and postselected

on success and decoded back onto the base code. Thus we are left with kD magic

states in the base code, with reduced error.

For the remainder of the chapter we will investigate the black box workings of

a distillation procedure, deferring questions of their resource requirements to the

following chapter. This level of abstraction suffices to allow us to determine the

output error of magic states from a factory and to investigate the effect of different

levels of post-selection on the global error rate of the final states. As such we will not

yet delve into the circuits and other details needed to fully implement the process.
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4.2 Formal tools

The notion of a G-matrix to describe a quantum code was introduced by Bravyi

and Haah in [120]. They showed that if this matrix had certain properties then

one could construct codes with a transversal T gate. The T and Toffoli gates are

in the third level of the Clifford hierachy, which we call C(3). The structure of

the Clifford hierarchy will be described in Chaper 6 when we investigates magic

states for smaller angle rotations than the T gates. While previously distillation

procedures were described in a variety of ways, throughout the remainder of this

thesis we will present all the C(3) distillation codes that we investigate in this G-

matrix formalism. Apart from allowing greater clarity this allows us to more easily

determine the relationships between rounds of distillation that use different codes and

to construct the circuit-level descriptions of each protocol.

4.2.1 G-matrices

The G matrix is a binary matrix composed of two submatrices G1 and G0.

G =

(
G1

G0

)
=



gm
...

gb+1

gb
...
g1


(4.3)

We label the rows of G as {g1, . . . , gb, gb+1, . . . gm} where the rows {gb+1, . . . , gm}
belong to G1 and the rows {g1, . . . , gb} belong to G0. We will also introduce some

further notation here. If g is a binary vector of length n, we will use Z[g] = ⊗nj:[g]j=1Zj

and similarly X[g] = ⊗nj:[g]j=1Xj. For example, Z[{0, 1, 0, 0, 1}] = 1l⊗ Z ⊗ 1l⊗ 1l⊗ Z.

The G-matrices can define a CSS code as follows. The rows of G0 are some set

{g1, . . . , gb} that specify the X-type stabiliser generators {X[g1], . . . , X[gb]}. The Z-

type generators can then be chosen in the following way. Denote G⊥ to be the binary

vector space orthogonal to both G0 and G1, that is G⊥ := {g : (f, g) = 0; ∀f ∈ G0, G1}
where we use the inner product (f, g) := f · g (mod 2). Note that Bravyi-Haah

required that G0 ⊂ G⊥. Any operator Z[f ] will then be guaranteed to commute with

the previously defined X-type stabilisers. We define G⊥ to be some (minimal) matrix

with rows {f1, . . . fa} that generate the group G⊥ under row-wise modular addition.

Thus this defines the Z-type generators {Z[f1], . . . , Z[fb]}. Note that there exist
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many different choices for G⊥, which all result in the same CSS code with Z-type

generators {Z[f1], . . . , Z[fa]}.
That completes the description of the stabiliser codespace, though we also need

to know how information is stored within the subspace. We have that the X operator

for the kth logical qubit is X[gk] where gk is a row of G1, and so b+1 ≤ k ≤ m. These

are representatives of the logical operators, with equivalent logical operators differing

by only a stabiliser. For Bravyi-Haah protocols all rows in G1 have odd weight and

all the G0 rows have even weight. This allows us to take that the Z operator for the

kth logical qubit as Z[gk] where gk is the kth row of G1. This achieves the correct

commutation relations between logical X and Z operators and these logical operators

all commute with stabilisers of the code given that G0 ⊂ G⊥.

So a G matrix represents a CSS code.

G =

(
G1

G0

)
}logical X operators
}X-stabilisers

(4.4)

with G⊥ representing the Z-stabilisers generators.

For example, the seven qubit Steane code expressed in this manner would be:

GSteane =


1 1 1 1 1 1 1
1 1 1 1 0 0 0
0 1 0 1 1 1 0
0 0 1 1 0 1 1

 . (4.5)

4.2.2 Triorthogonality and transversal T

Now let us introduce the idea of biorthogonal and triorthogonal matrices, again as

outlined by Bravyi and Haah. We will make extensive use of the the symbol u ◦ v to

denote the element-wise products of vectors u and v such that it has the elements

[u ◦ v]j = ujvj (4.6)

which generalises to an arbitrary number of vectors, e.g.

[u ◦ v ◦ w]j = ujvjwj.

Furthermore we use | . . . | to denote the weight of a vector so that

|u| =
∑
j

uj

Now let us define bi- and tri-orthogonality.

105



Implementing magic state distillation protocols

Definition 1 A binary matrix G is biorthogonal if and only if the set of row vectors

v ∈ G are linearly independent and for all distinct pairs u 6= v

|u ◦ v| = 0 (mod 2).

Furthermore,

Definition 2 A binary matrix G is triorthogonal if and only if it is both biorthogonal

and for all u 6= v 6= w 6= u we have

|u ◦ v ◦ w| = 0 (mod 2)

Let us take G to represent a CSS code, as described before. The submatrix G0

defines the code’s X stabilisers and G1 identifies the k logical X operators. The whole

codespace is spanned by vectors |v〉 where v ∈ span{G}. The row span of G generates

a vector space G and similarly we use G0 for the vector space spanned by G0. The

elementary “all-zero” logical state is

|{0, . . . , 0}L〉 =
1√
|G0|

∑
f∈G0

|f〉 (4.7)

If the rows of G0 are linearly independent we can also write this as

|{0, . . . , 0}L〉 =
1√
|G0|

∑
y∈Zk

2

∣∣GT
0 y
〉

(4.8)

For a logical state |xL〉 where x = {x1, x2, . . . , xk} ∈ Zk2 (the set of binary vectors of

length k) we have

|xL〉 =
1√
|G0|

∑
y∈Zs

2

∣∣GT
0 y +GT

1 x
〉

=
1√
|G0|

∑
y∈Zs

2

∣∣GT (x, y)
〉 (4.9)

where (x, y) is the composite vector {x1, . . . , xk, y1, . . . , ys}. Observe that GT (x, y) ∈
G and that all logical states are orthogonal if the rows of G are linearly independent.

A biorthogonal code will possess a transversal gate

S =

(
1 0
0 i

)
(4.10)

though we will not give the details here, rather we will comment on the triorthog-

onality and transversality of the non-Clifford gate
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T =

(
1 0
0 eiπ/4

)
. (4.11)

Consider T⊗n applied to a term in the codespace. It is useful to define z = (x, y)

so

T⊗n
∣∣GT z

〉
= exp

(
i
π

4
|GT z|

)∣∣GT z
〉
. (4.12)

To simplify the exponent we note that GT z is computed in mod 2 arithmetic and has

the form

|GT z| =
∑
a

gjzj (mod 2) (4.13)

where ga denotes the row vectors of G. Whilst GT z is computed modulo 2, the

exponent is only modulo 8. We can now make use of a nice trick. Notice that

a1 ⊕ a2 = a1 + a2 − 2a1a2, where we use ⊕ to show modular arithmetic in the left

hand side. For a trio of bits a1⊕a2⊕a3 = a1+a2+a3−2a1a2−2a1a3−2a2a3+4a1a2a3.

In general we have

⊕
aj =

∑
j

aj − 2
∑
j,k<j

ajak + 4
∑

j,k<j,m<m,k

ajakam . . . , (4.14)

where dots show there are further terms with higher order products of bits. For

the products of r bits the term is always multiplied by (−2)r−1 and so for r > 3 they

are a multiple of 8. Thus, when we apply this relation to the exponent of Eq. 4.12,

which can be evaluated modulo 8 the higher products disappear. If we extend this

insight to vectors we find we can rewrite

|GT z| =
∑
j

|gj| − 2
∑
j,k<j

|gj ◦ gk|+ 4
∑

j,k<j,m<k

|gj ◦ gk ◦ gm| (4.15)

Now the significance of triorthogonality becomes apparent. For a triorthogonal

code the triple terms are always even weight and so when multiplied by the prefactor

of 4 will always vanish in modulo 8 arithmetic leaving

|GT z| =
∑
j

|gj| − 2
∑
j,k<j

|gj ◦ gk| (4.16)

Even though in a triorthogonal code the |gj ◦ gk| are even weight the factor of 2

means they will not necessarily vanish in modulo 8 arithmetic. However, Bravyi and

Haah [120] show that a Clifford unitary can counteract these terms, leaving only
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|GT z| =
∑
j

|gj|. (4.17)

For the first k rows of G these weights are odd and the rest are even and so we can

write |gj| = xj + 2Γj for j < k and |gj| = 2Γj otherwise, and where Γj are integers.

Hence

|GT z| =
∑

1≤j≤k

xj +
∑
j

2Γj = |x|+ 2
∑
j

Γj. (4.18)

Again the second term can be cancelled by an appropriate Clifford unitary. There-

fore there exists a Clifford unitary such that

CT⊗n
∣∣GT z

〉
= exp

(
i
π

4
|x|
)∣∣GT z

〉
(4.19)

4.2.3 The Bravyi-Haah codes

Triorthogonality and the concepts introduced above give us sufficient criteria for gen-

erating codes with transversal T gates which can then be used in magic state distil-

lation. In the paper introducing triorthogonality and G-matrices Bravyi and Haah

introduced a family of codes, which we will now refer to as the Bravyi-Haah codes or

block codes to achieve magic state distillation. We choose to investigate these codes

as they are among the most efficient [120], that is the average number of noisy magic

states required to produce a distilled one is low according to a ‘cost’ metric that we

will revisit in 4.6. We now outline the construction of the G-matrices representing

these codes, for which it can be verified that the triorthogonality condition is satisfied.

The k qubit Bravyi-Haah codes are given by the matrices GBH(k). For each even

number k ≥ 2 define the matrix as

GBH(k) =



0 1 1 0 0 0 · · · 0 0
0 1 0 1 0 0 · · · 0 0
0 1 0 0 1 0 · · · 0 0
0 1 0 0 0 1 · · · 0 0
...

...
...

...
...

. . .
...

...
0 1 0 0 0 0 · · · 1 0
0 1 0 0 0 0 · · · 0 1
L L R R R R · · · R R


(4.20)

where here 0 and 1 are constant vectors 0 = (0, 0, 0, · · · , 0) of the necessary width

and
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L =

 1 0 0 1
1 1 0 1
1 0 1 1

 , R =

 1 1 0
0 1 1
1 0 1

 . (4.21)

R appears k times in the matrix GBH(k) which has 3k+ 8 columns and k+ 3 rows. It

can be verified that this matrix describes a distance 2 code. Thus the Bravyi-Haah

codes take 3k+ 8 noisy |A〉 states with errors ε and output k states with error O(ε2).

4.2.4 The 15 qubit Reed-Muller code

The original magic state distillation code was based on a 15 qubit punctured Reed-

Muller code and is described in [41]. The G matrix describing this code is

GRM =


1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 1 1 1 1 0 0 0
1 1 0 0 1 1 0 0 1 1 0 0 1 1 0
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

 (4.22)

where it is easy to verify that this satisfies the triothogonality condition. This code

is distance 3 so take 15 noisy |A〉 state to 1 distilled state with error O(ε3). We will

refer to this simply as the Reed-Muller code from now.

4.2.5 ‘T to Toffoli’ code

We also consider distillation of 3-qubit Toffoli states, which act as resources for imple-

menting Toffoli gates. One suitable definition of Toffoli states is 1√
8

∑
a,b,c(−1)abc|a, b, c〉,

though for technical reasons it more elegant to use the Clifford equivalent state

|Tof〉 =
1√
8

∑
a,b,c

(−1)(a+1)(b+1)(c+1)|a, b, c〉. (4.23)

A basis of orthogonal Toffoli states is again formed using Z noise, so that

|Tofx,x′,x′′〉 = (Zx ⊗ Zx′ ⊗ Zx′′)|Tof〉 (4.24)

which we again simply represent by x = {x, x′, x′′}. We use subscripts to label dif-

ferent Toffoli states with the ordering x = {x1, x2, . . . xn, x
′
1, x
′
2, . . . x

′
n, x

′′
1, x

′′
2, . . . x

′′
n}.

There are two types of distillation protocol available to Toffoli states.

First, one can distill a Toffoli state from more noisy Toffoli states. Paetznick and

Reichardt [141] showed that by taking a Bravyi-Haah protocol for |A〉 distillation,

one can use 3 parallel copies so that GPR
0 = (G0⊗ 1l3) and GPR

1 = (G1⊗ 1l3), where 1l3
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is a 3-by-3 identity matrix. We have used the superscript PR to denote that these are

the relevant matrices for the PR (Paetznick and Reichardt) protocol, and using the

PR matrices in equations (4.32) and (4.31) again describes the performance of the

block. Since the protocol is essentially Brayvi-Haah applied to Toffoli states, which

will often refer to this protocol as Brayvi-Haah.

There also exist protocols that convert between species of magic states, providing

some error suppression in the process. Specifically, one can take 8 |A〉 magic states

and outputs 1 |Tof〉 state, detecting all single qubit Z errors [142, 143]. We call this

the Toff protocol and observe that these protocols can also be described in the same

formalism by using

GToff =


1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
1 1 1 1 1 1 1 1

 . (4.25)

The GToff matrices do not satisfy the usual triorthogonality conditions, since they

do not distill T states into T states. Rather they satisfy a very different set of

conditions reflecting the fact that the protocols convert species of magic states as we

now discuss. Also notice that the rows of G1 are even weight so only describe the X

logical operators, whereas for Bravyi-Haah and Reed-Muller the rows g ∈ G0 were

odd weight so could be used to describe logical X and Z operators X[g] and Z[g].

To provide a deeper understanding of why this matrix describes a code that con-

verts between magic states, we deduce the weights of the codewords from properties

of the G matrix. Labelling the rows of G1 as g1, g2, g3 and the row of G0 as g0, we

have that each term is of the form

|(a, b, c)L〉 ∝ |ag1 ⊕ bg2 ⊕ cg3〉+ |ag1 ⊕ bg2 ⊕ cg3 ⊕ g0〉 (4.26)

Looking at the first term and converting ⊕ to + we have

ag1 ⊕ bg2 ⊕ cg3 = ag1 + bg2 + cg3

− 2[ab(g1 ◦ g2) + bc(g2 ◦ g3) + ac(g1 ◦ g3)]

+ 4abc(g1 ◦ g2 ◦ g3)

where ◦ denotes elementwise multiplication. Taking the weight and using that

|gj| = 4, j 6= 0 (4.27)

|gj ◦ gk| = 2, j 6= 0, k 6= 0, k 6= j (4.28)

|gj ◦ gk ◦ gq| = 2, j 6= 0, k 6= 0, q 6= 0, k 6= j 6= q. (4.29)

110



Implementing magic state distillation protocols

we have

|ag1 ⊕ bg2 ⊕ cg3| = 4(a+ b+ c)

− 4(ab+ bc+ ac) + 4abc

Clearly this weight is always a multiple of 4. However, one can also see that it only

vanishes modulo 8 whenever a = b = c = 0. Therefore the code has a transversal

UTof gate for the following reason. Applying T⊗8 to a codeword means it will pick

up a phase eiW2π/8 where W is the weight of the codeword. For the |(0, 0, 0)L〉 this

phase is +1, but for all other codewords the phase is -1 up to a global phase. This is

exactly the action we want of a Toffoli gate!

To complete the description explicitly, the Z logical operators are represented by

Z[f ] where f ∈ F

F =

 0 0 0 1 1 0 0 0
0 1 0 1 0 0 0 0
0 0 0 0 0 0 1 1

 . (4.30)

4.3 Overview of magic state factories

Building on the literature outlined in the previous sections, we now turn to the original

research of the author into the output error rates of the MSD protocols. Here we focus

on the the global output error rate εg of the protocols: that is the probability that

there is any error on the qubits output by a round of magic state distillation. In other

words the completely error-free output is achieved with probability 1− εg. As we will

see, by taking an estimate of εg from the average error rate on single qubits of the

multi-qubit output state, εg has been previously overestimated.

We will often refer to ‘magic state factories’ in our conception of the likely design

of a quantum computer. By this we are acknowledging that it is likely that our

computer will be separated into distinct layers with different functions, much like

the design of classical machines. As we will see a large proportion of a quantum

computer’s resources will be given over to a section of the machine whose sole job is

produce high fidelity magic states to be used by the information processing unit of the

quantum computer. Under a magic state model of quantum computation, the need

for such a factory is independent of the problem which is to be solved. So the design

and optimisation of this portion of the computer is crucial to any future device.
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We show that magic state factories can make more use of the block protocols than

previously thought by using new techniques to reduce and calculate the global output

error. Consider a protocol outputting K qubits with multi-qubit global error rate εg.

All previous studies have used the union bound, also called Boole’s inequality, to

assert εg ≤ Kε where K is the number of magic states and ε is the average error rate

of single-qubit outputs, obtained by tracing the qubit from the multi-qubit state. For

an uncorrelated product state, ρg = ρ⊗K , we have εg = 1− (1− ε)K and so to leading

order εg = Kε− O(ε2), so the union bound is a good estimate for small ε. However,

the output of block protocols can be highly correlated. Boole’s inequality holds for

correlated states, but εg can be much smaller than Kε. In distillation protocols

such as Bravyi-Haah, correlations are produced because block protocols reduce the

probability of single errors, but pairs or clusters of errors can go undetected and

lead to a correlated error pair. If one error is present, it almost certainly has a

partner. As such, use of the union bound has lead to systematic over estimation of

noise in Bravyi-Haah and other distillation protocols. Here we track these correlations

through multiple rounds of a magic state factory. Once we begin tracking correlations,

it becomes apparent that quality control of the factory can be improved. Detecting an

error in one part of the factory can, due to correlations, indicate a likely undetected

partner error elsewhere in the factory. We introduce the notion of module checking

whereby we discard magic states brought into disrepute by their correlated partners.

The enhanced fidelity of module checking is both analytically estimated and found by

numerical Monte Carlo simulations, with excellent agreement between these methods.

4.3.1 Blocks, branches and modules

We begin by introducing some helpful vocabulary for describing magic states factories.

Efficient distillation uses n → k block protocols, that take n noisy |A〉 ∝ |0〉 +

exp(iπ/4)|1〉 and with some probability output k states of a higher fidelity. Such a

process we call a block, and the previous section described the details of the inner

working of such a block. Now we treat each block as a black box with known relations

between input and output, and consider how these blocks are composed together.

Distillation protocols have many levels forming a tree-like structure with many

branches that merge at points we call modules, shown in Fig. 4.3. Branches contain

many qubits, which are potentially correlated. However, the inputs to block proto-

cols must not be correlated, so each qubit in a branch must be fed into a different

block. Therefore, as we enter a module, a branch of Bl qubits is split up so that each

qubit enters a different block. If each block implements a nl → kl protocol, then the
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Protocol Input Output
Block Failure
Probability

Output error on
single magic state

BH (3k+8) |A〉 states k |A〉 states (3k + 8)ε+O(ε2) (3k + 1)ε2 +O(ε3)
RM 15 |A〉 states 1 |A〉 state 15ε+O(ε2) 35ε3 +O(ε4)
Toff 8 |A〉 states 1 |Toff〉 state 8ε+O(ε2) 28ε2 +O(ε3)

Table 4.1: Summary of the performance of our distillation protocols. The prefac-
tor which determines the leading order block failure rate is simply the number of
detectable single qubit errors, which is the number of qubits used by the distilla-
tion code. The leading order output error rate is given by counting the number of
undetectable of errors of a weight equal to the code distance.

whole module can be thought of taking Blnl inputs to Blkl outputs. This entails that

Bl+1 = Blkl and that each module has nl branches feeding into it. Thus a module is

a collection of blocks for which the input to the module may have correlations, but

the blocks which themselves compose the module have uncorrelated inputs. Initially,

branches are single qubits, B1 = 1, and so Bl =
∏

1≤j<l kj. This module-branch struc-

ture is common to all proposals to date. Such explicit terminology has not previously

been introduced but rather been left as an implicit consequence of statements about

correlation avoidance. In fact such considerations are required even when building

classical computers from unreliable components whose outputs are correlated, as was

noted in early work by von Neumann [144].

Establishing clear vocabulary about this structure is important as we delve into

the effect of postselecting at different levels on this structure. Previous protocols

have considered whether individual blocks succeed or fail, we call this block checking.

Below, we outline why it can be advantageous to postselect on the level of the modules,

which are collections of blocks. We propose an additional quality check, so that

the whole module is discarded whenever any of its blocks fail. We call this module

checking.

A block will always detect a single incoming error, but might fail to detect a pair of

errors. When a block detects an error, it indicates the presence of damaged branches,

and since errors cluster together within branches, this increases the likelihood of errors

in other blocks throughout the module. Consider when two branches fail each with

a correlated error pair, the first branch sends damaged qubits to blocks 1 and 2, and

the second branch sends damaged qubits to blocks 2 and 3. Since blocks 1 and 3

each received a single erroneous qubit, they will detect them. But block 2 receives a

pair of errors, so they may go undetected. A simplified illustration of this process is

shown in Fig. 4.3. Module checks improve fidelity by preventing these processes from
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round 3

round 1

round 2

m
od

ul
e

successful
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Figure 4.3: The a tree structure of many rounds of distillation, with branches (directed
black lines) that merge at branching points that we call modules. The thickness of the
branch increases with each round. The figure shows a fictitious scheme where nl = 3
and kl = 2 for all rounds. (inset) The structure within a module. Incoming branches
contain many qubits, here this is shown to be 4. These qubits undergo a permutation
σ and are feed into an instance of a block of a distillation protocol shown as a square.
Here the 3 incoming branches carry 4 qubits and so we need 4 instances of a 3 → 2
protocol. A fictitious protocol has been used to keep the numbers low enough to
illustrate clearly. Each of the 4 blocks output 2 qubits and these are merged into
a branch of 8 qubits which feeds into a later module. A pernicious error pattern is
shown in red, which is detected in 2 of distillation blocks, marked with crosses, but
goes undetected in a third block.

degrading the output fidelity. Even with module checks, it is possible for a pair of

corrupted branches to go undetected, but both branches must carry exactly the same

pattern of errors, which is a very rare occurrence.

4.4 A black box description of block code

performance

To give a pragmatic account of the performance of block codes we can focus on the

properties of G0 and G1. As G⊥ is only necessary to determine the Z stabilisers, in the

abstract setting where we are only interested in the error out and success probability

of the blocks, we can get by without explicit knowledge of the form of G⊥. Due to

the twirling of the input magic states there are only Z errors to correct which will

commute with the Z-stabilisers. Of course to implement magic state distillation in

reality, as outlined already, we will need to know G⊥, but we defer explicit calculation

of these matrices until Chapter 5 where we look at realistic implementation of magic

state distillation.

We use |A0〉 ∝ |0〉+eiπ/4|1〉 for a magic state and |A1〉 = Z|A0〉 for the orthogonal
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state with a Z error. A pure multi-qubit state |Ax1〉|Ax2〉 . . . |Axn〉, we concisely rep-

resent with the vector x = {x1, x2, . . . xn}. If we apply a block protocol to state x, the

block succeeds (detecting no errors) if G0x = 0 (mod 2) where the arithmetic is per-

formed modulo 2. When successful, the block outputs a state y = G1x. Noisy magic

states will be some probabilistic ensemble over x, with probability Pr(x). The pro-

tocol will detect no errors and output state |Ay1〉|Ay2〉 . . . |Ayk〉 with (unnormalised)

probability

Prunnorm(y) =
∑

{x:G0x=0,G1x=y}

Pr(x). (4.31)

The total success probability is captured by the sum over all possible output states,

so

Psuc =
∑
y

Prunnorm(y)

=
∑
y

∑
{x:G0x=0,G1x=y}

Pr(x)

=
∑

{x:G0x=0}

Pr(x). (4.32)

Conditioned on success, the normalised distribution on output states is Prout(y) =

Prunnorm(y)/Psuc. Given an explicit form for G0 and G1, this completes the black box

picture of block protocol performance. These formulae form the basis upon which we

build both our analytic and numerical analysis in following sections.

TheG-matrix formalism of Bravyi and Haah has been significantly generalised [145,

146]. This extension provides protocols that convert noisy T magic states into another

species capable of injecting complex multi-qubit circuits. Included in this framework

are protocols, based on G-matrices, which provide resources for implementing Tof-

foli gates. Protocols independently proposed by Jones [143] and Eastin [142] realised

error suppressed Toffoli gates, and here we consider a variant based on G-matrices

that we discuss further in Sec. 5.3. All three variants perform identically when we

use block checking. However, with the G-matrix formalism we can again use module

checking to track correlations and achieve superior error suppression. This is just

one additional application of module checking, the technique can also be deployed in

conjunction with the general class of protocols introduced in Ref. [145, 146]

4.5 Module checking

We present a method of tracking the leading order errors, accounting for correlations,

through many rounds of module checked protocols. At each level of distillation the

115



Implementing magic state distillation protocols

level 1 level 2 Cl limk→∞Cl limk→∞ k1k2εBH/ε
4

BHk1 BHk2

(
16 + 9

2
k1(k1 − 1)

) (
4 + 3

2
k2(k2 − 1)

)
27
4
k2

1k
2
2 27k3

1k
2
2

Tof BHk 112
(
4 + 3

2
k(k − 1)

)
168 · k2 2352 · k2

BHk Tof
(
16 + 9

2
k(k − 1)

)
28 126 · k2 252 · k3

level 1 level 2 level 3 Cl limk→∞Cl limk→∞ k1k2k3εBH/ε
8

BHk1 BHk2 BHk3

(
256 + 81

2
k1(k1 − 1)

) (
16 + 9

2
k2(k2 − 1)

) (
4 + 3

2
k3(k3 − 1)

)
273.375 · k2

1k
2
2k

2
3 2187 · k5

1k
3
2k

2
3

Tof BHk1 BHk2 1792
(
16 + 9

2
k1(k1 − 1)

) (
4 + 3

2
k2(k2 − 1)

)
12096 · k2

1k
2
2 284 · 33 · k3

1k
2
2

BHk1 BHk2 Tof
(
256 + 81

2
k1(k1 − 1)

) (
16 + 9

2
k2(k2 − 1)

)
28 5013 · k2

1k
2
2 20412 · k5

1k
3
2

Table 4.2: The leading coefficient Cl for a variety of protocols with 2 and 3 levels of
distillation. For clarity we also show Cl in the large block limit (k →∞). When we
write BHk, we implicitly assume k > 2, as the results differ slightly for the k = 2
case. The final column shows the ratio between the union bound estimate made by
utilising the reduced error rate on a single qubit εBH made by Bravyi and Haah and
the corresponding estimate of the global error rate given by Clε

2l . It can be seen that
the benefit (in error rate) of module checking scales with both k and the number of
rounds of distillation.

protocol is characterised by a function η that summarises how well it tolerates leading

order errors

Definition 3 For every distance-2 G-matrix code that distills n→ k qubits, we define

a function η : Zk2 → Z taking values

η(y) := #{y : |x| = 2, G0x = 0, y = G1x}, (4.33)

where | . . . | is the weight |y| = ∑j yj, and # counts the number of elements in a set

{. . .}. In other words, the value η(y) counts the number of inputs x such that:

1. they are weight 2 (formally (|x| = 2)) ; and

2. they are undetected by the protocol (formally G0x = 0); and

3. give y as output (formally G1x = y).

Since η(y) counts the number of lowest-weight errors leading output y, the total

error rate for a single round of distillation can be simply estimated as

εg =

(∑
y

η(y)

)
ε2 +O(ε4), (4.34)

Counting errors over many rounds is a more subtle problem, but we find that η still

provides sufficient information to perform this calculation. If each round can even

use a different protocol, we label the corresponding function with a subscript. We

now state our key result
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Theorem 1 Consider L rounds of distillation with module checking, with associated

functions η1, η2, . . . ηL. Such a protocol outputs a multi-qubit magic state where the

lth level modules succeed with probability

Psuc,l '
Al +Bl

(Al−1 +Bl−1)nl
(4.35)

and output states have global infidelity

ε(l)g '
Bl

Al +Bl

. (4.36)

where we have made use of the following

Al = (1− ε)(n1n2...nl), (4.37)

Bl = Clε
2l(1− ε)(n1n2...nl−2l), (4.38)

Cl =
l∏

j=1

(∑
v

ηj(v)2l−j

)
. (4.39)

The most important quantity in the theorem is Cl. After two rounds C2 is simply

(
∑

y η1(y)2) · (∑y η2(y)). After l rounds, Cl is a product of l terms. One may ap-

proximate the theorem to leading order ε
(l)
g ∼ Clε

2l . However, our later numerical

investigations found that such an approximation was too coarse, and we really need

the slightly more complex form given in the theorem. We postpone proof of this result

to Sec. 4.5.1.

For the Bravyi-Haah protocols it is easy to verify the following

ηBHk
(y) =


3 , |y| = 2;

4 , |y| = k;

0 , otherwise.

(4.40)

so that for k > 2 we have∑
y

ηBHk
(y)m = 4m + 3m

(
k

2

)
= 4m + 3m

k(k − 1)

2
. (4.41)

where the binomial factor arises in counting the number of y where |y| = 2. When

k = 2, we have a special case as then the |y| = 2 terms and |y| = k terms are all the

same, and so ∑
y

ηBH2(y)m = 7m. (4.42)

For the Toffoli protocol we have

ηTof(y) = 4, y 6= 0. (4.43)
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and so ∑
y

ηTof(y)m = 7 · 4m. (4.44)

Given expressions for η(y)m we can compose these protocols anyway we wish and

obtain an estimate of the global error rate as given in Thm. 1.

4.5.1 Proof of error tracking

When iterating distillation protocols we have a collection of inputs, which may have

been outputs of an earlier round. We illustrated the structure in Fig. 4.3, where

we introduced the terminology of branches and modules. Our proof proceeds by

considering how an individual module maps probability distributions over its inputs

to a probability distribution over outputs. If a level-l module uses many nl → kl

blocks, then it requires nl branches of inputs from earlier rounds. If each branch

carries Nl qubits, then we need Nl instances of the nl → kl protocol so that the whole

module maps Nlnl → Nlkl qubits. The size of Nl equals the product of the kl values

for all earlier rounds, which can be verified by simply counting back through the tree.

We use x(j) ∈ ZN2 to denote the error distribution of the input contribution from

the jth branch, and use probability Pr(x(j)) for the probability of this event. For now

we take this probability as given and note only that for a block that quadratically

suppresses noise, we have that Pr(x(j) 6= 0) is to first order proportional to ε2
l

after l

rounds of distillation. If a single block of a nl → kl protocol is described by a matrix

G, then N copies within a module are described by G = G ⊗ 1lN where ⊗ is the

tensor product and 1lN is the identity matrix of dimension N . On the first round,

N = 1 and so we simply have G = G. Before proceeding we must clarify how this

tensor product structure relates to the input strings x. We define δ(j) as a length nl

binary vector with entries: 1 in the jth location, and 0 everywhere else. It follows that

x =
∑

j(δ
(j)⊗x(j)), so that Gx =

∑
j(Gδ

(j)⊗x(j)). This ordering ensures that no two

qubits from the same branch collide into the same block, which must be prevented

because of correlations within branches. We call this the canonical ordering and it is

assumed throughout. Other orderings exist that prevent such collisions, such as an

arbitrary permutation of qubits within any branch. Potentially such permutations

could perform better or worse than the canonical choice, leaving room for further

optimisation. We continue with the canonical choice as it is particularly natural and

amenable to analysis.
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After a module passes module checking, the output branch has errors distributed

as

Prl(y) =
1

Psuc,l

∑
{x:G0x=0,G1x=y}

Pr(x), (4.45)

where the denominator is a normalisation constant accounting for the success prob-

ability

Psuc,l =
∑
y

∑
{x:G0x=0,G1x=y}

Pr(x). (4.46)

For our proof, it is useful to work with unnormalised probabilities that we write as

Pl(y) =
∑

{x:G0x=0,G1x=y}

Pl−1(x), (4.47)

where we will renormalise later. Herein, we focus on the smallest weight errors that

can lead to a particular y. The no error case (y = 0) occurs when there the initial

states had no errors, so

Pl(0) ' (1− ε)ml , (4.48)

where ml counts the total number of raw qubits needed for l rounds of distillation,

namely ml =
∏

j=1,...l nj. For protocols quadratically suppressing noise, 2l is the

smallest number of errors that can evade detection. Therefore, we take the approxi-

mation

Pl(y) ' Cl(y)ε2
l

(1− ε)ml−2l , (4.49)

where Cl(y) counts the number of different weight 2l errors that lead to output y.

For one round of distillation this is simply

C1(y) = η(y). (4.50)

Recall from Definition. 3 that that η(y) is the function that counts precisely the

number of weight-2 errors that lead to a particular output.

Finding Cl(y) for higher levels (l > 1) is more involved. The relation between

input and output error strings is y = G1x (assuming G0x = 0), so x vectors of weight

2 can result into a variety of weights y vectors, potentially increasing the weight, and

so some care is needed.

Consider a module (on some l > 1 level) where some of the incoming branches

contain errors. The probability of two branches a and b containing errors is

Pl−1(x(a))Pl−1(x(b))Pl−1(0)nl−2 (4.51)

' Cl−1(x(a))Cl−1(x(b))ε2
l

(1− ε)ml−2l .
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These errors may contribute to undetected errors leaving the module. Fewer or more

branch failures do not provide leading order contributions. Consider when only 1

branch contains any errors. After this branch is split up and fed into different blocks,

each nl → kl block can contain at most 1 error, and so it will be detected. If t > 2

branches contain an error, the probability will be weighted by εt∗2
(l−1)

, which for small

ε is a rare process compared to two failed branches.

Furthermore, with two erroneous branches a and b, we can further deduce that

either x(a) = x(b) or the error will be detected. To see this, we begin by noting that

errors will only be undetected if (G0 ⊗ 1lN)x = 0 (mod 2), and we have

(G0 ⊗ 1lN)x = (G0δ
(a))⊗ x(a) + (G0δ

(b))⊗ x(b). (4.52)

Both G0δ
(a) and G0δ

(b) are columns of the G0 and so are nonzero. Since no terms

are zero, it can only vanish mod 2 if both G0δ
(a) = G0δ

(b) and x(a) = x(b). This is a

central pivot of the proof, so we will give a second explanation of what is happening

here. Note that if x(a) 6= x(b), then without loss of generality, x(a) had an error in

at least 1 location that is absent from x(b). If the error’s location is t, then the tth

distillation block will receive an input with only 1 error and must detect it. We

conclude that the dominant source of errors is from the identical failure of pairs of

branches.

To simplify notation, let u = δ(a) + δ(b) and f = x(a) = x(b), so we have the more

concise expression x = u ⊗ f for relevant errors, with u being weight 2. Above we

noted that an undetected error must satisfy G0δ
(a) = G0δ

(b), which is equivalent to

G0u = 0 (mod 2). The output from such an error is y = (G1⊗1lN)(u⊗f) = (G1u)⊗f .

Therefore, we can now deduce that

Pl(v ⊗ f) =
∑

{u:G0u=0,G1u=v}

Pl−1(f)2Pl−1(0)nl−2.

by counting over all u that lead to the same v. Therefore,

Cl(v ⊗ f) =
∑

{u:G0u=0,G1u=v,|u|=2}

Cl−1(f)2.

The summation is over weight 2 vectors u, but the terms are independent of u, and

so we find that

Cl(y) = Cl(v ⊗ f) = ηl(v)Cl−1(f)2,
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where we have again used the η notation introduced in Def. 3. For two rounds of

distillation, l = 2, and so Cl−1 = C1 and we can end the recursion by using Eq. 4.50,

so that

C2(y) = C2(v ⊗ f) = η2(v)η1(f)2, (4.53)

However, if we have more than 2 rounds, notice that the relevant f will again have

the form f = v′ ⊗ f ′ so that

Cl(y) = ηl(v) · [Cl−1(v′ ⊗ f ′)]2, (4.54)

= ηl(v) · [ηl−1(v′)Cl−2(f ′)2]2,

= ηl(v) · [ηl−1(v′)]2 · [Cl−2(f ′)]4,

and so on, until we reach C1 and can use Eq. 4.50 to end the recursion.

From Cl(y) we have a good leading order approximation of the probability of an

error Pl(y). The total (unnormalised) probability of an error is

Bl =
∑
y 6=0

Pl(y) (4.55)

= ε2
l

(1− ε)ml−2l
∑
y 6=0

Cl(y)

= ε2
l

(1− ε)ml−2lCl

where we have used the shorthand

Cl =
∑
y 6=0

Cl(y), (4.56)

=
l∏

j=1

(∑
v

ηj(v)2l−j

)
.

Equating also Al = Pl(0) = (1 − ε)ml , we find we have reached the expressions

of Eqs 4.37. To renormalise the error probability Bl, we simply divide through by

the total probability Al + Bl, yielding one equation of Thm. 1. The denominator

Al + Bl represents that success probability not just that a single module succeeds,

but that all events feeding into that module also succeed. We are actually interested

in the success probability conditioned on previous modules being successful, which is

(Al +Bl) divided by (Al−1 +Bl−1)nl . This divider here comes from the unconditional

success probability of an (l− 1)-level module, (Al−1 +Bl−1) and that nl of these feed

into an l-level module. This completes the proof of Thm. 1.
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4.6 Analysis of module checking

4.6.1 Numerical analysis

We perform numerical Monte Carlo simulations by sampling from the probability

distribution of the raw magic states, where Pr(x) = ε|x|(1 − ε)N−|x|, and track its

evolution through the magic state factory. To the author’s knowledge, this is the first

such numerical investigation of correlations inside a magic state factory.

The simulations track the progress of potentially damaging input error configura-

tions of the initial raw magic states though the factory. Direct Monte Carlo simulation

is possible for 1-2 rounds of distillation, but with 3 or more rounds the failure events

become so rare that brute force simulation fails to provide statistically meaningful

data. Rather we use a novel “rare events” technique that preselects cases with two or

more corrupt branches. A full description of the method employed can be found in

Sec. 4.7. We thus investigate the performance of a factory which makes use of module

checking for a range of raw magic state error rates between 0.1% and 1%. We find

that the leading order analytic estimates match well with the numeric results, with

the difference between the two being of the order of a few percent in the investigated

parameter regime. In fact wherever the block protocols are involved, if k ≤ 14 we find

the percentage difference in between the numerical simulation and analytic estimate

is < 10%. This discrepancy between the analytic estimate and numerical simulations

is not visible on a log-log plots presented in Sec. 4.7.

The cost of a protocol is the average number of raw magic states consumed to

produce one higher fidelity magic state. For an n→ k protocol, which takes in states

with error p, this is

C(p) =
n

kPs(p)
(4.57)

For l rounds of distillation we have Cl(p) =
∏l−1

i=1 Ci(pi).
Fig. 4.4 compares the cost of a Bravyi-Haah magic state factory, with block check-

ing and module checking, showing the minimum cost achievable for given output er-

ror. For output error rate and success probability we use known expressions for block

checking, and for module checking the success probability and global error given by

Thm. 1 with an estimate on the reduced error rate on a single qubit given by the

global error rate estimate divided by the total number of qubits in this factory’s

output.

We find that module checking is superior to block checking for a large proportion

of target error rates, and can use up to four times fewer raw magic states in some
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Figure 4.4: (a) & (b) The cost C of the Bravyi-Haah protocols utilising both block
checking and module checking. It can be seen that only around the transitions to an
additional level of distillation is block checking very slightly preferable.

regimes. However, near a transition from j to j + 1 rounds of distillation, module

checking loses it advantage and may even be slightly outperformed. The best error

rates that can be achieved for a given number of rounds use low k block codes,

for these the benefit in global error rate of module checking over block checking is

smaller (see Table II) while the success probability is of course much inferior. Above

the transition higher k values are being used, for which the success probability is

much lower, and this washes out the benefit of the superior error suppression over

block-checking, which has a higher success probability. In these regimes, as one might

expect, module checking is not the optimal approach. In those regions between the

transitions, module checking allows use of higher k protocols, which are more efficient,

to achieve the error rates of lower k block checked protocols.

4.7 Numerical Simulations

4.7.1 Brute Force method

In simulating a magic state factory it quickly becomes apparent that a brute force

method of simulation is inadequate. The “brute force” method simply involves ran-

domly generating a boolean string of length
∏

l nl to describe the input to the magic

state factory and performing calculations of the stabilisers and logical output of each

module of the factory. The explicit procedure for a three round factory is given in

Appendix D, Algorithm. D.1. For each module in round one, a random input is gen-

erated and tested until the stabiliser checks for the module are passed. The logical

output of each of these successful modules is saved until enough have been generated
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Figure 4.5: Numeric vs analytic. (a) Bravyi-Haah block protocols with two and
three rounds of distillation. (b) Toffoli protocol followed by one or two rounds of
Bravyi-Haah. (c) One or two rounds of Bravyi-Haah followed by the Toffoli protocol.
The close correspondence of our analytic treatment of the factory and numerical
simulations is demonstrated for two and three rounds of the magic state distillation
with module checking. Points represent simulation data, while the lines are the
corresponding analytic estimates as determined by Thm. 1. The protocols are labelled
by the k value of each round, which is set to be equal for each round of distillation.
The global error, the probability of a logical error anywhere in the output of the
factory is shown. For a “2-2-2” factory this is the probability of an error anywhere in
the 8 output magic states, for a “26-26-26” this corresponds to an error anywhere in
the 17,576 magic states that this factory produces.
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to feed into round two. These outputs are shuffled according to Equation 4.52 before

entering round two. Here the module checking is performed again. If all the module

checks are passed, then we again proceed by feeding the logical output of round 2 to

round 3, after shuffling. Having reached round 3 we then determine the characteristics

of this module by recording where the module check fails, and if it succeeds whether

the output of the module contains a logical (undetected error).

Clearly a large number of iterations of this protocol are required to obtain reliable

statistics for the performance of the factory. For example, our analytic treatment

estimates that with a raw magic state error rate ε = 0.001 that the rate of undetected

logical error of a round 3 module is ∼ 10−21. As such, successfully simulating this

by brute force would require � 1021 attempts at the algorithm to be made, not just

to build statistics but to ensure that enough instances of the third round module are

generated in the first place. We find that the simulation of two round factories by

brute force is achievable for 2 < k < 50, but to simulate three rounds a different

method is required.

4.7.2 Rare Events method

An undetected error in the factory’s output after three rounds of distillation is a rare

event. To simulate these and gain adequate statistics we must use a method in which

we as far as possible eliminate the simulations of input error configurations that we

know cannot lead to a logical error. Our chosen method of doing this proceeds as

follows. We know that a module only has a chance of failing if at least two of the

branches entering that module contain an error. For a module in the third round, we

focus on cases where at least 2 of its input branches contain errors. We do this by a

process that can be called preselection in contrast to postselection. In postselection,

we sample from a distribution and reject instances that do not meet a certain criteria.

This is not feasible when the criteria (here having at least 2 corrupt branches) is rare,

and so we instead construct a new probability distribution conditioned on the criteria

being meet. The first step of the algorithm therefore is to first decide how many error

containing branches will enter this module, given that this number is ≥ 2, based on

the statistics already gathered for the rate of errors in the output of round 2 modules.

Later we analytically adjust for this process of preselection.

For each of the ‘corrupt’ branches entering round three, we know that these must

originate from a round 2 module which itself had 2 or more corrupt branches entering

it. These branches again would have originated in a round 1 module (equivalently a

block) which had at least two errors fed to it. We can thus greatly reduce the size of the
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Figure 4.6: Rare events method. When simulating the fictional factory of Fig. 4.3
with our ‘Rare Events’ method, only the red highlighted parts of the factory are
actively simulated, i.e. require computation of the stabiliser outcomes and the logical
state of the outputs.

simulation and the number of iterations required by simulating only on a subsection

of the factory where these errors have occurred, see Fig. 4.6. The probability of an

undetected error after the first round was determined analytically for Bravyi-Haah

by explicitly calculating the weight enumerator

W (k, ε) = 2
k∑

m is odd

(1− 2ε)3m+4 +

k/2∑
m=0

(1− 2ε)3(2m)

+ 6
k∑

m=0

(1− 2ε)2k−m+4 +

k/2∑
m=0

(1− 2ε)3(2m)+8

(4.58)

which allows analytic calculation of the global fidelity of the output of a single round

of distillation. The corresponding result for the Toffoli protocol is given in Ref [142].

Having chosen the number of failed branches that need to enter round three we

attempt to generate these failed branches. We thus simulate the reduced factory,

as described above, discarding and repeating each module not only if the stabiliser

module check has failed, but also when the check is passed and the output does not

contain a logical error. Using this method we eliminate the simulation of a vast

number of the possible input error strings, while holding smaller boolean vectors in

memory at all but the last step, the full simulation of the module in round 3. Some

pseudo-code is presented in App. D, Algorithm D.2.

This method of simulation allows us to calculate the correlated error rate as fol-

lows.
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A key number is the probability pnum that two or more branches leaving round 2

of the factory contain an error.

pnum = 1− (1− ε(2)
glo)n3 − n3ε

(2)
glo(1− ε(2)

glo)n3−1 (4.59)

where ε
(2)
glo is the probability that a branch exiting round 2 contains an undetected

error, as determined by numerical simulations of a two round factory.

Using this allows us to determine the success probability and the global error in

the output of the round 3 module.

p(3)
suc = (1− ε(2)

glo)n3 + pnum(a3 + b3) (4.60)

and

ε
(3)
glo =

b3 pnum

psuc

(4.61)

where

b3 =
#{ERROR}

#{SUCCESS}+ #{FAIL}+ #{ERROR}
is the estimate of the probability of a logical error in the output branch of round 3

from output of the simulation; and

a3 =
#{SUCCESS}

#{SUCCESS}+ #{FAIL}+ #{ERROR} ,

and in these equations #{q} is the total number of outputs q from the programmes

described in Appendix D.

4.8 Conclusion

In this chapter magic state distillation and some protocols achieving it were described

in more depth. G-matrices were used to express some of the key protocols in the

same formalism which allowed us to make better estimates of the output error rate

of the magic state factory that is composed when using multiple rounds of different

protocols. We introduced one metric, the ‘cost’ of a magic state protocol, which gives

some asymptotic properties of the distillation process – namely the average number

of noisy magic states needed to produce a distilled magic state of some desired error

rate. We found that for an important class of protocols, the Bravyi-Haah protocols,

the probability that a factory’s output contains no error has been underestimated.

However, as a performance metric the cost falls some way short of describing what
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is really useful for planning and designing a quantum computer. What we really

want to know is how many physical qubits are required to implement a post-classical

algorithm and how long it will take to do so. Such an algorithm has a finite number

of steps, a finite number of gates and logical qubits, and as such asymptotic limits

are not necessarily the most useful way to go about determining the feasibility of a

proposal. It is well understood that error correction and magic state distillation are

theoretically efficient and we can come up with techniques that reduce the exponent

in the respective polylog(ε−1) scalings, but how far are we today from a real device?

And what other techniques can we apply to reduce the real qubit and time overhead

of a quantum computer? We will now focus on these questions.
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Chapter 5

The overhead of magic state
distillation

This chapter sets out to analyse the total resources required of a surface code magic

state factory, and thus the likely size and speed of a quantum computer, that would

allow evaluation of Shor’s algorithm for a post-classical factoring task. Sections 1-3

present explicit circuit level realisations of important distillation protocols, introducing

the concept of ‘gauge’ magic state distillation to improve efficiency. Section 4 outlines

intensive numerical simulations of the spacetime overhead of magic state factories for

both |A〉 and |Tof〉 states. All simulations were performed by the author using C and

Mathematica. The original research in this chapter was published in Physical Review

A [118]. Note that the text of this chapter is adapted from the text the author wrote

for Ref. [118]

The specification of the distillation protocol is just one aspect of designing magic

state factories. The size of magic state factories depends both on the distillation

protocols and also the underlying error correction codes, and significant saving can

be made by judiciously reducing the error correction code at earlier rounds of magic

state distillation. The descriptions of distillation protocols we have met so far are

high-level, leaving open many aspects of how to implement these protocols. To assess

the full resource cost, we require a low-level description of distillation protocols in

terms of elementary operations, such as one and two qubit gates, preparations and

measurements. We call such a description a realisation of a protocol, and a given

protocol can have different realisations with varying time and qubit overhead.

Therefore, while the ‘cost’ metric that we met in the previous chapter is a useful

guide to the performance of a distillation protocol, it fails to capture several important

features of real magic state factories. The very purpose of magic state distillation is
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to supplement the shortcomings of a particular error correcting code, which is to

say that a magic state factory is implemented at the level of logical qubits, with the

quantum information already encoded. As such, the more relevant question is not

how many noisy input magic states are required per output state, but rather the

number of the physical qubits that will build up such a factory and the rate at which

the distilled magic states are produced. Both of these numbers are of key importance

to determining the size of a quantum computer and the run time of an algorithm.

A single number, the ‘spacetime overhead’ of the magic state factory captures these

both as a single figure of merit, one which was also studied in Ref [122].

In this Chapter, we present a blueprint for a factory capable of delivering enough

magic states to solve large Shor’s algorithm tasks, beyond the reach of classical com-

putation, within a surface code quantum computer. We take the surface code as

our substrate for quantum computation, providing our error tolerance and non-magic

gates, and then investigate the spacetime overhead of our various implementations

of magic state distillation. Our results are summarised in Table 5.1, where we look

at both the spacetime overhead required to produce a Toffoli magic state and the

physical footprint of the factory required to produce magic states at an average rate

that can just keep up with the ‘time optimal’ surface code implementation of the

algorithm [147], which we further discuss in Sec. 5.4.

5.1 Realising the Bravyi-Haah protocols

There are many routes to realising magic state distillation. Assuming perfect Clifford

operations, different realisations suppress errors equally, but differ in terms of tempo-

ral depth and required ancillas. Many of these potential realisations have only been

sketched, without a complete assessment of resources involved. Here we introduce

a new method particularly suitable for architectures implementing logical gates via

transversal operations or lattice surgery [52]. Conceptually, inspiration comes from

notions of subsystem codes and gauge fixing techniques, and so the approach may be

called approach gauge-MSD. We will apply this to a subset of the Bravyi-Haah proto-

cols. We consider only even k with k ∈ {2, 6, . . . , 4m+2, . . .} as then the Bravyi-Haah

codes have transversal T gates. For k ∈ {4, 8, . . . , 4m, . . .}, the Bravyi-Haah codes

have also transversal T gates, but only up to a non-local Clifford correction.

As we have seen the Bravyi-Haah protocols have three X stabilisers which have

weight 4, 2k + 4 and 2k + 4, see G0 in Sec. 4.2.3. The 2 X-type observables of

weight 2k + 4 imply a potentially expensive time cost, assuming that a qubit cannot
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be involved in multiple entangling gates simultaneously. However, the concept of

gauge subsystem codes provides a method whereby such complex measurements can

be broken down into a larger number of simpler measurements [148–151]. We remark

that constant time realisation was also found Fowler et. al. [122], but was tied to a

monolithic braiding architecture.

Here we present a rigorous demonstration that the Bravyi-Haah code can be

viewed as a subsystem code, and using a combination of gauge fixing and a cat state

ancilla we create a circuit of depth 4 for both X and Z measurement sets. We call

this general approach gauge-MSD, where MSD is short for magic state distillation.

5.1.1 Subsystem Bravyi-Haah codes

Given a G-matrix (see Sec. 4.2) we define a subsystem code with stabilisers given by

S̃ := 〈Z[g1], . . . , Z[gb], X[g1], . . . , X[gb]〉

where {g1, . . . , gb} are the rows of G0. Notice that now there are equal numbers

of X and Z stabilisers and they both correspond to the rows of G0. Bravyi and

Haah considered a class of matrices obeying triorthgonality conditions, which require

that G0 ⊂ G⊥. Therefore, we have that S̃ ⊂ S, with the subsystem code having

strictly fewer stabilisers than the original Bravyi-Haah code. We denote the subsystem

projector as Π̃ ∝∑s∈S̃ s. We further take the logical operator for the subsystem code

to be identical to those of the original Bravyi-Haah code. This leaves some degrees

of freedom as neither stabilisers nor logical operators. We define the gauge group

Sg := 〈Z[f1], . . . , Z[fa], X[f1], . . . , X[fa]〉 where {f1, . . . fa} are rows of G⊥. Notice

that Sg contains S, by virtue of G0 ⊂ G⊥.

Let us recap. Our subsystem code is defined by its stabiliser S̃ and gauge group

Sg, whereas the original Bravyi-Haah code has stabiliser S, and these groups satisfy

S̃ ⊂ S ⊂ Sg. However, Sg is inflated in size compared to S and is no longer abelian.

Furthermore, one can verify that Sg does not contain any logical operators as follows.

First, note that Bravyi-Haah use triorthogonal (also called triply even) matrices where

for any f, g ∈ G we have that (f, g) = 1 if and only if f = g and f ∈ G1.

As logical operators we take X[l] and Z[l] for each l in G1. From the triorthog-

onality of G we see that X[l] and Z[l] anticommute, but X[l] and Z[l′] commute

when l 6= l′. To properly describe a subsystem code, where measuring the gauge

operators does not damage the logical qubits, we require that the logical operators

are not elements of the gauge group Sg. Recall the gauge group is defined by vectors

that reside in the dual code G⊥. Therefore, every gauge operator must have vanishing
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inner product with every row in G. However, l ∈ G, and (l, l) = 1, so l is not in the

dual space and the logical operators are not gauge operators. This completes our

proof that the logical operators indeed lie outside the gauge group.

5.1.2 Outline of gauge-MSD

Here we present an outline of gauge-MSD, with details of how to realise multi-qubit

Pauli measurements postponed until the next section. First we specify some notation.

Refer back to Sec. 4.2 for definitions of the G-matrix and G⊥-matrix. Let K be a

binary matrix such that G⊥ · R = 1l (mod 2), which is ensured to exist by virtue

that G⊥ is full rank. Furthermore, let M be a binary matrix such that M ·G⊥ = G0

(mod 2), which must exist since G0 is in the span of G⊥. Explicit examples of G⊥, K

and M will be given in the next section. Measurement outcomes will be recorded in

binary: 0 for “ + 1” eigenvalues and 1 for “− 1” eigenvalues. Let O, X , Z be disjoint

sets

O = {6 + 3j|j = 1, 2, . . . k}, (5.1)

X = {1, 2, 3},
Z = {4, 5, 6, 7, 8, 7 + 3j, 8 + 3j|j = 1, 2, . . . , k}.

Associated with these sets are binary matrices that allow us to compute Pauli cor-

rections, HZ is a k-by-|X | matrix and HX is a k-by-|Z| matrix as follows

HZ =

4 5 6 7 8 10 11 13 14 16 17 . . .


0 1 1 1 1 1 1 0 0 0 0
0 1 1 1 1 0 0 1 1 0 0 . . .
0 1 1 1 1 0 0 0 0 1 1

...
...

(5.2)

HX =

1 2 3


1 1 0
1 1 0
1 1 0

...

(5.3)

where the numbers above the columns correspond to the elements in sets Z and

X . Lastly, we will also make use of a k-by-dim(G⊥) matrix denoted Q that satisfies

G1 = W +QG⊥ where W has Wj,6j+3 = 1, Wj,1 = Wj,2 = 1 and zero everywhere else.

An example Q is given in the next section.

We now state the protocol.
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1. Measure all Z[fk] where fk is the kth row of G⊥, recording outcomes as µ =

(µ1, µ2, . . . , µk);

2. Apply A[w] where w = Kµ (mod 2);

3. Measure all X[fk] where fk is the kth row of G⊥, recording outcome as γ =

(γ1, γ2, . . . , γk);

4. Declare SUCCESS if Mγ = (0, . . . , 0) (mod 2), and FAILURE otherwise;

5. Measure qubits in set X in the X basis, recording outcomes as mX ; Simultane-

ously, measure qubits in set Z in the Z basis, recording outcomes as mZ .

6. Qubits in X and Z are discarded, while qubits in set O are retained as output

as qubits (1, 2, . . . , k);

7. Apply Pauli corrections X[HZmZ ]Z[HXmX + Qγ], or update Pauli frame ac-

cordingly.

After steps 1-2, the state is deterministically projected by ΠZ ∝
∑

s∈SZ s where

SZ := 〈Z[f1], . . . , Z[fa]〉, exactly as in the original Bravyi-Haah protocol. After step

3, the system is an eigenstate of (−1)γkX[fk] and we can associate some projector

with ΠX,γ with this process. The postselection in step 4 ensures the system is an

eigenstate of +X[gk] where gk is the kth row of M ·G⊥. Since we defined M such that

M · G⊥ = G0, we have that gk are the rows of G0. It follows that ΠX,γ = ΠXΠX,γ

where ΠX is the projector for the X stabiliser of the Bravyi-Haah stabiliser code.

Combining, steps 1-4 we have the projections

ΠX,γΠZ = ΠX,γΠXΠZ = ΠX,γΠ, (5.4)

where Π = ΠXΠZ is the full projector onto the Bravyi-Haah stabiliser codespace.

We have obtained the desired Π projection required by the Bravyi-Haah protocol.

But we have picked up an additional ΠX,γ. This additional projection results from

measuring some the gauge operators of the subsystem variant of Bravyi-Haah. Thus

the logically encoded qubits are unharmed but there has been a change to the gauge

degrees of freedom.

In step 5, we perform single qubit measurements to isolate the k logical qubits

from the n qubits in the subsystem code. Recall that in the original presentation of

Bravyi Haah we have logical operators Z[lj] and X[lj] for the jth logical qubit, where

lj is the jth row of G1. The measurements localise these logical operators onto single
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qubits, up to a Pauli correction depending on the measurement outcomes. That is,

the measurements cause the state to become stabilised by some new ±Z[w] operators,

and every logical Z[lj] can be multiplied by these operators to obtain a single qubit

±Z operator acting on the (6 + 3j)th qubit. It is straightforward to verify that the

± sign is corrected to + by the Pauli correction X[HZmZ ]. To show that X logical

operators are also localised on a single output qubit, we first multiply X[lj] by X-type

gauge operators until it is acts on qubits 2,3 and (6 + 3j). Measuring qubits 1,2 and

3 completes the localisation of X[lj] onto the (6 + 3j)th qubit. The required Pauli

operator is now X[HZmZ + Qγ], where now there is also some dependence on the

eigenvalues of gauge operators obtained in step 3.

5.1.3 Implementing Pauli measurements in minimum depth

Implementing the protocol requires a set of Z measurements, followed by a set of

X measurements. In the original standard implementation the X measurements

involved many qubits and so were difficult to implement. However, the previous

subsection shows that the difficult X measurements can be replaced with lower weight

measurements mirroring the Z measurements performed. The complexity of these

measurements depends on the row weights of G⊥. The matrix G⊥ must generate

the space G⊥, but there is some freedom in how we choose the generating rows.

In the work of Bravyi-Haah and the previous chapter of this thesis, G⊥ was only

implicitly defined (as the dual of G), leaving it unclear how much time it would take

to implement the required measurements. It is desirable that G⊥ is as sparse as

possible to minimise the resource overheads. Therefore, we wish to find a very sparse

G⊥. We found a family of G⊥ matrices where all rows, except one, are weight 4 and

the single exception has weight k + 2. The construction is as follows:

G⊥(k) =



W W E E E E E · · · E
L L∗ 0 0 0 0 0 · · · 0
0 L R 0 0 0 0 · · · 0
0 0 R∗ R∗ 0 0 0 · · · 0
0 0 0 R∗ R∗ 0 0 · · · 0
0 0 0 0 R∗ R∗ 0 0

0 0 0 0 0 R∗ R∗
. . . 0

...
...

...
...

. . . . . . . . . 0
0 0 0 0 0 0 0 R∗ R∗


(5.5)

where L and R are defined as before; W = (0, 0, 1, 0), E = (1, 0, 0) and
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L∗ =

 0 1 1 0
1 0 1 0
1 1 0 0

 R∗ =

(
1 1 0
0 1 1

)
(5.6)

We present the exact form of this G⊥ for k = 2, along with associated K, M and

Q matrices used in the previous section.

G⊥ =



0 0 1 0 0 0 1 0 1 0 0 1 0 0
1 0 0 1 0 1 1 0 0 0 0 0 0 0
0 1 0 1 1 0 1 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 1 1 1 0 0 0 0
0 0 0 0 0 1 0 1 1 0 1 0 0 0
0 0 0 0 0 0 1 1 0 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 0 1 1 0
0 0 0 0 0 0 0 0 0 1 1 0 1 1


, (5.7)

K =



1 0 0 0 1 1 0 0 0
0 1 0 1 0 1 0 0 0
0 0 1 1 1 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 1
0 0 1 1 1 1 1 0 1
0 0 1 1 1 1 1 1 1



,

Q =

(
1 1 0 0 0 1 0 0 0
1 1 0 0 0 1 0 1 0

)
,

M =

 0 1 0 1 1 1 1 1 0
0 0 1 1 1 1 0 1 0
1 1 1 1 1 1 0 0 0


Notice that all but the top row have weight 4. The measurements corresponding

to weight four rows can be implemented with each measurement using a single ancilla

in the |+〉 state and four entangling gates (control-Z or control-X depending on the

measurements). Therefore, for these measurements it is possible that all these gates

can be realised in four time steps, while respecting that a qubit can only be involved

in a single entangling gate at a time. Unfortunately, the top row of G⊥ has weight

k + 2, and so using a single ancilla to perform this measurement would result a
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growing time cost with k. Therefore, for this single measurement we make use of a

cat state |0〉⊗k+2 + |1〉⊗k+2 so that the entangling gates can be performed in parallel.

The cat state itself is constructed by merge operators on |+〉⊗k+2 qubits. The merge

operations, as described in Refs [52] and [152], perform a joint ZZ measurement on

the two logical qubits and thus project onto |00〉〈00|+ |11〉〈11| or |01〉〈01|+ |10〉〈10|
subspaces. They thus commute with the control gates and so the cat state can be

built concurrently with the control gates. This opens the possibility of realising each

round of measurements in 4 times steps, but depends on whether the entangling gates

can be scheduled in an economical manner. The scheduling problem is equivalent to a

graph colouring problem and we find that it can be solved in 4 time steps (e.g. using

4 colours) as in Fig. 5.1.

5.1.4 Circuit-level description of the Bravyi-Haah protocols

Drawing on all the tools we have introduced in the previous sections it is possible

to construct an explicit low-resource realisation of the Bravyi-Haah protocols, which

is presented in Fig. 5.1. To recap: The first step uses ancillas to measure operators

composed of Pauli-Z operators, and the second step applies a correction dependent

on the measurement outcomes. The third step uses ancillas to measure operators

composed of Pauli-X operators, with only certain measurement outcomes kept. After

a successful third step, the k output magic states are within an encoded state and

delocalised across 3k + 8 sites. The fourth step uses measurements to localise the

output qubits to specific sites. All these steps are detailed in the figure, and show

how the multi-qubit measurements are broken down into ancilla preparation, two-

qubit gates, and single qubit measurements. Observe in Fig. 5.1 that each multi-qubit

measurement involves only four entangling gates, with each such gate designated a

distinct coloured link. When using a single ancilla to measure a stabiliser of weight

m, we need m time steps to perform the required controlled-gate operations. The

low, and constant, weight of our measurements gives the realisation a constant time

cost.

The time complexity of our realisation is simply

tblock = 8tcnot + tA + 2tprep + 3tmeasure ∼ 8dtsc, (5.8)

where tcnot is the 2-qubit gate (e.g. CNOT) time, tA is the gate time for single qubit

A = (X + Y )/
√

2 rotation, tprep is the single qubit preparation time, tmeasure is the

single qubit measurement time and d is the code distance. Here, all operations are

applied fault-tolerantly to logical qubits within an error correcting code. Therefore,
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with “+1” outcome is
linked to an even number of
correction qubits;
2.2) Apply local

gate to every correction
qubit. 
 

Step 4
Extract output

3.1) Measure all        qubits 
in Pauli-Z basis, and all
all        qubits in Pauli-X
basis.   
3.2) Remaining         are 
the k  output qubits, up to
a Pauli correction.

Z

X

Step 3
Measure X-type stabilisers

3.1) Prepare       ancilla in 
        state
3.2) Perform:
solid = control-X gates with 
control       and target 
dashed = merge; 
in following order
3.2.1)  at all             /           links.
3.2.2) at all             /           links.
3.2.3) at all             links.
3.2.4) at all             links.
3.4) Measure all       ancilla in
Pauli-X basis.
3.5) Declare FAILURE if any 
errors detected.  

1 2 k6543

Figure 5.1: Explicit circuit for realising Bravyi-Haah (3k + 8) → k block protocols
for k = 2, 6, 10, 14, . . .. Squares indicate the (3k + 8) noisy |A〉 magic states to be
distilled, and circles represent ancilla qubits used to effect measurements on the magic
states. Increasing k does not increase the number of time steps in the protocol, but
increases the number of qubits involved in a block. As we increase k we add qubits to
the tail end, with the protocol translationally invariant along the tail. Independent
confirmation of the validity of the protocol for k = 2 by full wavefunction simulation
was performed, which further confirmed that all single errors are detected and all two
errors processes lead to outputs with correlated errors.
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the time scales are for fault-tolerant gates. We will assume throughout that logical

CNOT gates are applied transversally and thus take time tcnot = tg +d×tsc where tg is

the time for the physical gate and tsc is the time for a round of stabiliser measurements.

Therefore, for large distances the time is dominated by 8dtsc. We will also take this

as the time cost of a merge operation [52, 152] which we use to project two ancillary

qubits into the even or odd parity subspace. We assume entangling gates can be

performed in parallel, but a qubit can only participate in one gate at a time. We allow

entangling gates to be long-range as is feasible within distributed architectures for

quantum computing [153–160], though this may be relaxed at only a modest increase

in resources. Note here that this is in fact a rather different to the architecture

explored in Chapter 2, where one might imagine that any long range interactions

may be very hard to implement. The problem of interacting a large number of logical

qubits given only local interactions in the surface code is an interesting one, and will

rely on braiding or lattice surgery in all likelihood, but is not explored here.

Our realisation uses a number of ancilla qubits, so that in addition to the n = 8+3k

qubits being distilled we also use nanc = 3k + 6 ancilla qubits, giving ntot = 6k + 14

logical qubits in total. These ancillas appear as circles in Fig. 5.1. With these logical

qubits encoded in a distance d toric code, the total qubit cost is Ntot = (6k + 14)d2.

Therefore, the total space-time cost amounts to Ntottblock ∼ (48k + 112)d3.

Comparison with braiding

It has been shown that Bravyi-Haah can be realised in constant time [122] assuming

the architecture supports constant time implementations of multi-target CNOT gates

(in time tMT−cnot). This has time cost

t
(2)
block = 12tMT−cnot + tA + tprep + tinject + tmeasure, (5.9)

where tinject is the time to inject a magic state into the circuit, and we can infer

tinject = tcnot + tmeasure.

In the standard circuit model, multi-target CNOT gates do not take constant

time to implement. In the braiding picture, using ancillary defects, this is possible.

The “time” cost of braiding 12 such gates is 12 × 1.25 × d × tsc. The total space-

time cost was reported as (96k + 216) so-called plumbing pieces, which converts into

(5
4
)3(96k + 216) qubit-rounds. It has been recently shown that lattice surgery also

supports multi-target CNOT gates in constant time [161]. Though the Bravyi-Haah

protocol was not considered in this setting, one can infer a lattice surgery time cost

also scaling with ∼ 12d, but with the qubit cost is not currently known.
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The above discussion implies a modest space-time saving of using gauge-MSD in

a distributed architecture rather than braiding in a nearest neighbour picture. We

remark that gate times and qubit expense will vary on a much greater scale be-

tween different hardware platforms. In particular, the long-range gates of distributed

schemes are often much slower, with photonics protocols impeded by photon loss and

the potential need for entanglement purification [153–160].

When using the toric code A gates are also not naturally fault-tolerant and thus

require their own process of state distillation and injection. The time tA to implement

such a gate is therefore the time taken by the logical CNOT which teleports the gate

into the computation plus any Clifford correction that is required, although this can

be rolled into a later Clifford operation. The resources required of the state distillation

of the A are far less than that of the T -gate, and as the ancilla resource is reusable for

many A gates [162, 163]. As such we neglect the overhead of these gates as a small

additional overhead to the main process of |A〉 distillation.

5.2 Reed-Muller circuit

The usual form of the 15-qubit punctured Reed-Muller code can be described with

the G matrix

GRM =


1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
1 1 1 1 1 1 1 1 0 0 0 0 0 0 0
1 1 1 1 0 0 0 0 1 1 1 1 0 0 0
1 1 0 0 1 1 0 0 1 1 0 0 1 1 0
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1

 (5.10)

For our purposes an efficient choice of dual is

G⊥RM =



0 0 0 0 1 1 1 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1 0 0 0
0 0 0 0 0 0 0 0 1 1 0 0 1 1 0
0 0 0 0 0 0 0 0 1 0 1 0 1 0 1
1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
1 1 0 0 1 1 0 0 0 0 0 0 0 0 0
1 0 1 0 1 0 1 0 0 0 0 0 0 0 0
0 1 1 0 0 0 0 0 0 1 1 0 0 0 0
0 0 1 0 1 0 0 0 0 0 1 0 1 0 0
1 0 0 0 1 0 0 0 1 0 0 0 1 0 0


(5.11)

which has a maximum row weight of 4 and a max column weight 5. There is a 5

colourable graph associated with this matrix shown in Fig. 5.2, similar to what we
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Step 4
Extract output

3.1) Measure all         qubit in 
Pauli-Z basis, and all         qubits in 
Pauli-X basis.   
3.2) Remaining         are the k 
output qubits, up to a Pauli 
correction given.
   

Z
X

Step 1
Measure Z-type stabilisers

1.1) Prepare        ancilla in        state
1.2) Perform control-Z gates:
1.2.1) at all                links
1.2.2) at all                links.
1.2.3) at all                links.
1.2.4) at all                links.
1.2.5) at all                links.
1.3) Measure all        ancilla in
Pauli-X basis.   

Step 2
Apply correction

2.1) Identify        qubits to be 
corrected from outcomes of 
step (1.3) as follows:  
All ancilla with “-1” outcome are
linked to an odd number of
correction qubits;  All ancilla with
“+1” outcome are linked to an even 
number of correction qubits;
2.2) Apply local

gate to every correction qubit.
 

Step 3
Measure X-type stabilisers

3.1) Prepare        ancilla in        state
3.2) Perform control-X gates
with control       and target 
3.2.1) at all                links
3.2.2) at all                links.
3.2.3) at all                links.
3.2.4) at all                links.
3.2.5) at all                links.
3.3) Measure all        ancilla in
Pauli-X basis. 
3.4) Declare FAILURE if any 
errors detected.   

ZZZZZZX ZX X X X X X

Figure 5.2: Squares represent magic states to be distilled, and circles are ancillas
used to implement measurements in Reed-Muller. Edges show required hardware
connections and associated required control-phase gates. Edges show time ordering
of control phase gates, e.g. red, purple, green, blue and gold, demonstrating the
required entanglement can be established in 5 time steps. Sometimes we call this the
graph representing GRM

z .
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found for the Bravyi-Haah protocol. It is well known that the Reed-Muller code can

also be viewed as a subsystem code [164], and so the Pauli-X measurements can clone

the pattern of the Pauli-Z measurements. This approach yields the realisation shown

in Fig. 5.2.

5.3 Toffoli protocol circuit

The Toff protocol converts 8 T -states into one Toffoli state

|Tof〉 =
1√
8

∑
a,b,c

(−1)(a+1)(b+1)(c+1)|a, b, c〉. (5.12)

It has previously been described in the circuit picture with its performance found by

brute force counting of errors [142, 143]. Here we consider an equivalent protocol (with

the same performance when using block checking) but with the G matrix formalism

as the Bravyi-Haah protocols. The G matrix achieving this is simply

GTof =


1 1 1 1 0 0 0 0
1 1 0 0 1 1 0 0
1 0 1 0 1 0 1 0
1 1 1 1 1 1 1 1

 , (5.13)

where proof that this distills was given in Ref. [145, 146]. Here we show in Fig. 5.3

how to convert this abstract protocol to a realisation with low spacetime overhead

using the fact the GTof is self-dual, i.e. GTof = G⊥Tof .

5.4 Factory overhead analysis

In this section we present a comparison based on the spacetime overhead of imple-

menting a magic state factory in a surface code quantum computer, utilising mod-

ule checking, where appropriate, and our novel implementations of the Reed-Muller,

Bravyi-Haah and Toffoli protocols.

We consider a number of issues in this estimate of the footprint of a magic state

factory, including

1. balanced investment : the use of smaller surface codes during early rounds of

magic state distillation;

2. clock rate zoning : cycling through distillation attempts faster during early

rounds of magic state distillation;
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Step 4
Extract output

3.1) Measure          qubit in 
Pauli-Z basis, and all         qubits in 
Pauli-X basis.   
3.2) Remaining         are the three 
output qubits, up to a Pauli 
correction.
   

Z
 X

Step 1
Measure Z-type stabilisers

1.1) Prepare        /        ancilla
 in       state
1.2) Perform control-Z gates:
1.2.1) at all                 links
1.2.2) at all                links.
1.2.3) at all                links.
1.2.4) at all                links.
1.3) Measure all       /        ancilla in
Pauli-X basis.   

Step 2
Apply correction

2.1) Identify         qubits to be 
corrected from outcomes of 
step (1.3) as follows:  
All ancilla with “-1” outcome are
linked to an odd number of
correction qubits;  All ancilla with
“+1” outcome are linked to an even 
number of correction qubits;
2.2) Apply local

gate to every correction qubit.
 

Step 3
Measure X-type stabilisers

3.1) Prepare        ancilla in        state
3.2) Perform control-X gates
with control        and target 
3.2.1) at all                links.
3.2.2) at all                links.
3.2.3) at all                links.
3.2.4) at all                links.
3.3) Perform merge at             link.
3.4) Measure        ancilla in
Pauli-X basis. 
3.5) Declare FAILURE if
error detected.   

ZXXXX

Figure 5.3: Squares represent magic states to be distilled, and circles are ancillas used
to implement the stabiliser measurements which project the T-states into the Toffoli
state. As before edges show required hardware connections and associated control-
phase gates. Edges show time ordering of control phase gates, e.g. red, purple, green,
blue and gold, demonstrating the required entanglement can be established in 4 time
steps for the Z stabilisers and 5 time steps for the single X stabiliser, which utilises
just two ancillas. We call this the graph representing GToff

z .
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We will assume throughout that we use the method outlined by Li in Ref [165]

to inject the initial raw magic state into a logical surface code. We will therefore

assume throughout that the initial error rate on a magic state before distillation is

εin = 0.4pg. We also use the ‘rotated lattice’ surface codes [52], such that a distance

d surface requires d2 physical data qubits. Of course a practical surface code requires

the use of physical ancilla qubits to make the stabiliser measurements of the code, we

leave this as an extra multiplicative factor to be applied to our overhead calculated

here, as different physical realisations have different requirements. We estimate the

surface code distance required to protect a logical qubit up to error rate Pl using the

relation Pl(d, pg) = d(100pg)
d+1
2 [122].

Given an algorithm, and some implementation of it, the number of magic states

required is determined in advance. For a given distillation protocol we must then

determine whether its magic state factory is capable of producing magic states of

fidelity great enough that there is a high probability that none of the magic states

required for the algorithm fails. Thus we set a target global error rate that our factory

must achieve.

εtarget = 1− (Psuc,alg)1/N (5.14)

where Psuc,alg is the desired success probability of our algorithm (i.e. the probability

that every non-Clifford gate works) and N is the number of successful iterations of

the factory needed to produce the desired number of magic states. For example, a

magic state factory which utilises 3 rounds of Bravyi-Haah distillation with a k value

of 10 in each round will produce 1015 |A〉 states after 1012 successful iterations. A 90%

success probability for the algorithm as a whole then implies εtarget = 1.05 × 10−13.

We must then check that the factory is capable of producing an output of this quality.

If the factory is module checked then this ‘10-10-10’ factory has a global error rate

εglo = 2.3 × 10−16, making this a valid protocol. However the estimate of the global

error rate of a block checked factory gives 103 × εBC ∼ 10−11 so this would not be a

valid factory for this task.

5.4.1 Balanced investment

Once we have established that a factory is valid we can calculate the spacetime

overhead per magic state that it produces. This is done by: calculating the distance

of surface code required at each level of distillation di; the length of time in surface
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Figure 5.4: The concept of balanced investment. During the initial rounds of distilla-
tion smaller surface codes can be used to encode the logical information. The factory
requires only logical surfaces of the distance corresponding to the target error rate of
the round in which that qubit is involved. This target in each round will depend on
the final error target, the protocol being used to achieve it and the error rate of the
raw state.

code cycles that each round of distillation will take Ti and the number of logical qubits

Qi, including logical ancillas, required at each level of the factory.

Determining the distance required at each level requires slightly different methods

depending on whether module or block checking is used. To obtain the benefits of

module checking we cannot make full use of balanced investment at the lower levels, as

to do so would inject noise at a rate comparable or greater than the rate of correlated

error. We can estimate the total global error output in the output of a n → k

protocol as εtot ∼ εglo + kεenc, where εenc is the random error rate resulting from size

of the logical encoding chosen. As such we determine the distance of the code at

the intermediate levels based on a desired error rate εenc to be 0.1 · εglo/k to ensure

that the error due to each qubit’s finite encoding is much less than the reduced error

∼ εglo/k on that qubit. The final output of the factory can then encoded according

to the εtarget.

For a block checked factory (or the original 15-to-1 Reed-Muller protocol) we do

not have to worry about ‘protecting’ correlated errors. This means we can work

backwards from our error target to determine an efficient balanced investment of

qubits. For a local target error of ptop = 10−14 the top level of distillation needs

vPL(d, εenc) < 0.1 × 10−14 where v is the spacetime volume of a single block of dis-

tillation; which is the number of surface code qubits in the block multiplied by the

number of times they undergo d rounds of surface code stabiliser measurements.

Again we use a distance corresponding to a lower error rate by a factor of 10 to
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suppress any error injected by the logical circuitry above that which is left over after

distillation. The distance required of the next level down can then be determined by,

in this example pi−1 = 3
√
ptop/35 for the 15-to-1 protocol, which gives distance di−1.

And so on until pi > pin.

The length of time Ti for each round of distillation can be simply determined by

the protocol used and how many times we attempt it before abandoning the round.

We assume that measurements can be completed in one time step, and the time scale

of the CNOTs, preparation and A gates is dominated by the requirement for d rounds

of stabilisation afterwards. Therefore we let the time for each of these be d× tsc. The

time taken to implement the distillation protocol in round i is then,

τi =


11tsc × d, round i uses Bravyi-Haah;

12tsc × d, round i uses Toffoli.

13tsc × d, round i uses Reed-Muller.

(5.15)

5.4.2 Clock-rate zoning

Balanced investment also allows another advantage. In the context of surface code

computing, the distance of the code is not only relevant for the spatial dimensions

of the computer, but also the execution time. A surface code of distance d must

undergo d rounds of parallel stabiliser measurements to protect from measurement

errors. As such, the time taken for a logical operation is proportional to d (except

those which can be handled in software) and therefore using balanced investment

the initial rounds of distillation will take less time. In the hypothetical case that a

round of distillation leads to a squaring of the input error rate, this would correspond

to a doubling of the code distance required by the next round (by the exponential

suppression of error with distance of a sub-threshold surface code). Therefore one can

repeat the first round of distillation twice in the time taken for the second round of

distillation to be completed. This increases the chance that all the necessary magic

states for the second round will have been produced in time for the next round of

distillation, without the need to decrease the rate of the factory. As such the time

taken for a round to complete in the distillation factory is Ti = τiti where ti is the

number of attempts that you allow at each round. In all our simulations, any ‘idle

time’ that the qubits experience is counted towards the spacetime cost.
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5.4.3 Numerical simulations

We have therefore arrived at the expression for the full spacetime volume V in qubits-

rounds occupied by a factory

V(εin, pg,N , {ki}, {ti}, Psuc,alg) =

∑r
i=1QiTid

2
i∏r

i kiPsuc,i

=

∑r
i=1Qiτitid

3
i∏r

i kiPsuc,i

,

(5.16)

where ki labels the magic states protocol used at each round and Psuc,i is the prob-

ability that round i of distillation will succeed in producing enough magic states to

feed the next round. All rounds must succeed for the factory to successfully output∏r
i ki magic states. As discussed V is a function of several variables, the raw magic

state error rate εin, the error of gate operations pg, the total states required N , the

protocol chosen {ki}, the repetitions allowed in each round {ti} and the probability

with which one wishes the algorithm to succeed Psuc,alg.

In practice we calculate V for one, two and three rounds of distillation using com-

binations of the Bravyi-Haah, Reed Muller and Toffoli protocols with our proposed

implementations, with both block and module checking, and a variety of combinations

of ti. We then search for the most spacetime efficient method of producing either T

or Toffoli magic states, given a pg, assuming εin = 0.4pg, the number of magic states

desired and an arbitrary choice of 90% for Psuc,alg.

The results of these simulations suggest that module checking can provide an

improvement of a factor of 3 in the spacetime overhead in certain parameter regimes.

We also see that in some regions which, as for the cost analysis, correspond to areas in

which there is a transition from i to i+ 1 rounds of Bravyi-Haah and it can be in fact

detrimental by a small amount. Note that this conclusion is similar to that drawn in

the analysis of the cost of a protocol in Section 4.6.1, where the underlying surface

code cost was not considered. In fact the benefit of module checking appears to be

less when one accounts for the underlying surface code. It should be clear from the

discussion of the methods employed that making use of the correlations in the output

of the block protocols means employing a less efficient form of balanced investment

to ensure that the rate of random error is much less than that of the correlated errors

in the intermediate levels of distillation. This serves to wash out some of the benefit

of module checking when taking into account the full overhead analysis of a surface

code magic state factory.
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Figure 5.5: Spacetime overheads of producing both (a) & (b) |A〉 states and (c) & (d)
|Toff〉 states. Note that module checking is more beneficial when one of the rounds
of distillation is Toffoli.

We use the numbers we have generated to estimate the size of a magic state

factory required to perform some post-classical factoring tasks using Shor’s algorithm.

Our results are summarised in Table 5.1, in which we approximate Shor’s algorithm

as modular exponentiation - as this is by far its most expensive part - and choose

the minimum Toffoli gate-count implementation, which has Toffoli-count and -depth

equal to 40N3 for an N bit number [166]. We then determine the minimum possible

spacetime overhead per magic state for this task and also the smallest possible factory

— in terms of physical qubits — that can produce all the magic states necessary while

keeping up with a time optimal quantum computation [147].

The smallest possible factory is not necessarily the most spacetime efficient factory

possible: these factories tend to use larger k blocks which can make the factory

formidably vast (cf. Fig. 4.3), but able to produce more qubits in the same time as

lower k protocols. However, these may well produce magic states much faster than

required by the fastest possible implementation of the algorithm. Fig. 5.6 shows that

it is possible to use fewer qubits than required by the time optimal implementation

and perform the computation at a reduced speed. Equally it is of course possible

to increase the size of the factory to produce magic states at a faster rate. In this

case though the extra qubit overhead is effectively wasted, unless the computer is

performing many calculations in parallel. We find that all the magic states required
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Problem
Magic states required

Spacetime overhead
per magic state in
qubit-rounds

Physical qubits in factory (and evaluation time)
required for time-optimal computation

pg = 10−3, tmeas/ff = 0.1tsc pg = 10−4, tmeas/ff = 0.1tsc
Type Count pg = 10−3 pg = 10−4 tsc = 10−3 s tsc = 10−5 s tsc = 10−3 s tsc = 10−5 s

1000 bit Shor Toffoli 1010.60 1.41× 107 5.35× 105 1.73 × 108

(6.6 weeks)
1.73 × 108

(11 hours)
6.30 × 106

(6.6 weeks)
6.30 × 106

(11 hours)

2000 bit Shor Toffoli 1011.51 1.66× 107 5.71× 105 2.18 × 108

(53 weeks)
2.18 × 108

(3.7 days)
6.97 × 106

(53 weeks)
6.97 × 106

(3.7 days)

4000 bit Shor Toffoli 1012.41 1.94× 107 6.12× 105 2.50 × 108

(8 years)
2.50 × 108

(4.2 weeks)
7.69 × 106

(8 years)
7.69 × 106

(4.2 weeks)

Table 5.1: The size and time requirements of some examples of magic state factories.
We consider an implementation of Shor’s algorithm requiring 40N3 Toffoli gates,
which dominates the overhead. We realise each of these gates using single Toffoli
magic state or seven T states in parallel [167], whichever proves optimal. In this
algorithm, the Toffoli gates are all sequential, and so using time-optimal methods [147]
the fastest possible runtime is 40N3tmeas/ff where tmeas/ff is the time taken to make
a physical measurement and feed-forward the result to selectively perform a single
qubit gate elsewhere in the quantum computer. The number of ‘physical qubits in
factory’ neglects qubit cost associated with measuring surface code stabilisers, and so
for many architecture this number will be doubled. The variable tsc is the time taken
to perform a single round of the parallel stabiliser measurements of the surface code
- a process involving four CNOT gates, two single qubit gates and a measurement.
We assume throughout that tmeas/ff = 0.1 · tsc, which is reasonable for a distributed
architecture such as ion traps[15].
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Figure 5.6: To produce |A〉 magic states at a ‘time-optimal’ rate the factory must,
on average, produce states at a rate equal to the fastest rate at which they can be
used in sequence by an algorithm. For these calculations, where we have assumed
that tsc = 10tmeas/ff , this means 10 magic states must be produced on average every
tsc to keep up with the time optimal implementation of the algorithm. As this figure
makes clear, it is indeed possible to produce a given number of magic states faster
(slower) than this using more (fewer) qubits. Each data point represents one possible
magic state factory given the input error and target number of 1016 |A〉 magic states,
only the factories near the boundary between possible and impossible factories are
shown. Not shown in the lower-right of each graph are myriad other possible factories
of lower rate and higher overhead. As seen clearly in panel (a) doubling the size of the
factory can allow one to more than double the rate of magic state production when
the larger factory allows the use of the higher k (and therefore higher rate) block
codes. This point is less evident in panel (b) where only two rounds of distillation
can be sufficient and the higher k block codes are not necessarily optimal.

for a time-optimal factorisation of a 1000 bit number can be produced with a surface

code magic state factory of 6.3 million ‘data qubits’, if the infidelity of operations on

physical qubits is 10−4. This is based on the cost of d2 physical qubits to store the

information in the rotated lattice surface code [52]. Although, for many architectures

this number must be doubled to provide ancillas responsible for syndrome extraction.

In this case the physical qubit overhead would be ∼ 13 million.

A summary of the time and space overheads for some example Shor tasks can be

found in Table 5.1. We selected Shor’s algorithm as a benchmark as the number of

non-Clifford gates required has been well studied and these results have been used

in previous analyses. We note that due to the large resource overhead that we have

demonstrated, early quantum computers may focus on other problems, particularly

in quantum chemistry. A recent analysis of some such problems [168] demonstrates

that they are solvable with lower overheads than we find here, albeit that work makes

more optimistic assumptions of gate times and fidelities.
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Figure 5.7: The scaling of resource cost in qubit-rounds per magic state is not worse
than that of the surface code. This corroborates the predictions of Raussendorf [70]
et al. and suggests that the asymptotic overhead scaling ∼ O(log(N)3) of the surface
code is applicable to universal fault-tolerant computing with gate counts in the regime
of practical interest. Lines are fitted functions of the form V(pg, N) = a log(N)b + c

Of significant interest is how the cost of magic state distillation compares to the

surface code overhead. Raussendorf et al. (see Sec. 6.2 of Ref. [70]) were the first to

note that using balanced investment in a magic state distillation leads to a constant

factor overhead compared to the CNOT gate. Our numerical results in Fig. 5.7

show a ratio between T -gate cost and CNOT cost in the range ∼ 150 − 310 when

1010 < N < 1030. This ratio is much smaller than estimated by Raussendorf et al.

who did not make use of Bravyi-Haah distillation routines. A similar ratio can be

extracted from the data tables provided in Ref. [122], though the numbers are not

directly comparable. For instance, we also count the spacetime volume due to idle

qubits, while they wait for distillation circuits to succeed.

The work of Bravyi and Haah predicted a much greater improvement because

they quantifed cost by the expected conversion efficiency of raw to high-fidelity magic

states. In a fully costed analysis, as we perform here, error correction costs overwhelm

and dominate the cost of magic state factories. We saw that an efficiently designed

factory using balanced investment is entirely limited by the surface code cost, and so

refinement in distillation protocols can only offer constant factor improvements.
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It is likely that this analysis represents an overestimate of the spacetime overhead

of the implementations of the distillation circuits we describe. We have assumed the

need for d rounds of surface code measurements after every two-qubit gate. However,

it is not clear that this is necessary when performing transversal gates. In the imple-

mentation of Bravyi-Haah (see Fig.5.1) it may prove feasible to perform d rounds of

error correction only after, say, the completion of each of the 4 steps described - re-

ducing the time overhead from 11tscd to 4tscd [169]. The overhead analysis here could

thus be further developed by considering the effect on the performance of the under-

lying surface code if multiple transversal operations are performed between rounds of

error correction.

Recent ideas including 3D gauge colour codes [129, 131] do not require magic

states. But they have their own costs. For 3D gauge colour codes, spatial overheads

scale as ∼ O(log(N)3) and time overhead as O(1). Using balanced investment and

surface codes we see similar asymptotic scaling of resources. However, current evi-

dence indicates an order of magnitude worse phenomenological threshold for colour

codes [170, 171] compared to the phenomenological threshold for the surface code.

Although a full circuit-based threshold has not yet been determined, it is unlikely to

challenge that of the surface code due to the higher weight stabilisers required. This

points towards 3D colour codes requiring physical error rates of below 0.1%. Resource

costs are heavily influenced by proximity to threshold, and so 3D colour codes seem

to require significantly lower physical error rates before they start can compete with

surface codes augmented by magic states. Therefore, with current technology and

fidelities, known schemes for avoiding magic states might be a false economy. An ad-

ditional benefit of the magic state paradigm is that it can also eliminate the additional

burden of gate-synthesis costs by preparing exotic magic states [145, 146, 172–175],

which we will be exploring in the next chapter.

5.5 Conclusion

We have seen that the surface code supplemented by magic states could achieve a

magic state factory for fault-tolerant quantum computation with on the order of 10-

100 million physical qubits, with some reasonable assumptions made about the error

rates achievable in these systems. If we revisit the orbital probe scheme described

in Chapter 2 then a 7 million data qubit device required to achieve a 2000 bit Shor

algorithm with physical errors at the ∼ 10−4 level and an interqubit spacing of 400

nm would have a size of roughly 1 mm2. Of course this neglects the extra qubit cost
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associated with the lack of long range interaction and only counts the physical qubits

in the magic state factory – so this is very much a lower bound on both physical size

and qubit cost, but it is instructive. To address the non-magic state factory qubits,

we consider a total of 2N computational logical qubits (i.e. the qubits on which the

computation is taking place, not those producing magic states) that are required for

the implementation of Shor’s algorithm that uses 40N3 non-Clifford Toffoli gates. In

this case, as the distance of the surface code being used at the top level is d = 16, this

part of the computer requires ∼ 1 million more data qubits, so roughly an extra 0.4

mm2 of device. Assuming one measurement or probe qubit for each data qubit, that

is a total of ∼ 16 million physical qubits. The majority of the quantum computer in

this case, and many others, is the magic state factory.

The next chapter examines how magic state techniques can be used to provide

gates from higher levels of the Clifford hierarchy.
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Chapter 6

Magic state methods for
small-angle rotations

In this chapter an improved method of generating magic states for higher levels of the

Clifford hierarchy is summarised. The author contributed to the original compression

of the distillation protocol and the analysis of noise propagation in the circuits used

which are presented here, while the numerical simulations summarised and the in-

vention of ‘magic state dilution’ are credited to Earl Campbell with whom the author

collaborated for this research. For completeness, this thesis includes further numerical

simulations performed by Earl Campbell as Appendix A as well as a full description of

magic state dilution adapted directly from Ref. [176] upon which the chapter is based.

In the previous chapter we took an in-depth look at the resources required to

implement operations from the third level of the Clifford hierarchy (cf. Section 4.1.1).

We know that given the ability to do one of these operations in addition to the Clifford

operations we can efficiently simulate any quantum algorithm. However we need not

restrict ourselves necessarily to such a gate set. Rather than synthesising gates from

higher levels of the Clifford hierarchy from our Clifford+T set, we can directly distill

magic states that fault-tolerantly perform the gates [173]. The question of which

approach is better is simply to a matter of determining which of these processes is

the less resource intensive.

6.1 Distilling small angle magic states

Logical small angle rotations are important in many quantum algorithms and can be

fault-tolerantly implemented given a supply of an unconventional species of magic

state [173]. In this chapter we investigate the unitaries R` := exp(iθ`Y ) with θ` =
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|ψ〉 Y Y

|M`〉 • R` R`−1|ψ〉

Figure 6.1: State-injection using a magic state |M`〉 to perform a non-Clifford gate
R`. If the Y -basis measurement outcome is “+1”, then a correction R`−1 is needed.

π/2`. For ` ≥ 3, the gates are non-Clifford and belong to the `th level of the Clifford

hierarchy. The R3 gate is non-Clifford and equivalent to the T gate. Thus to be

performed in a quantum code offering protection only to Clifford operations they

require extra overhead to implement. Let us define some Hermitian operators in the

Clifford hierarchy, H` := R`XR
†
` = R2

`X = R`−1X. Note that H` ∈ C`−1 and H3 is

equivalent to the Hadamard. We define the magic states that are eigenstates of the

H` operators, so that

|M`〉 = H`|M`〉 = R`|+〉, (6.1)∣∣M̄`

〉
= (−H`)

∣∣M̄`

〉
= R`|−〉, (6.2)

which we refer to as `th level magic states. Such resources can be used to inject R`

rotations into circuits as shown in Fig. (6.1). Therefore, one can accomplish small

angle rotations with a ‘cost’ (cf. Chapter 4) that depends on the cost of distilling

high-fidelity |M`〉 magic states.

In contrast to the earlier protocols we have investigated, the distillation protocols

in this chapter take as input three different kinds of noisy input state: |M3〉, |M`〉
and the |M`−1〉 and produce distilled |M`〉 states. In contrast, gate synthesis methods

prescribe distilling just |M3〉 (equivalently |A〉) states, as in Chapter 4 & 5 and finding

a gate sequence R` ≈ C1TC2 . . . TCn in terms of T gates and Cliffords Cj. The cost

being then total cost of distilling the number of |A〉 (equivalent to |M3〉) magic states

equal to the T -count of that gate sequence. There are many gate synthesis algorithms

for finding gate sequences and here we consider the Selinger and Ross [177] algorithm

(SR) and probabilistic quantum circuits with fallback (PQF) [178]. SR is provably

optimal or unitary synthesis. PQF uses ancilla and measurements to achieved the

best known performance, about a factor 3 more efficient than SR.

Duclos-Cianci and Poulin [174] modified a protocol proposed by Meier, Eastin and

Knill [119] to prepare magic states that provide small angle rotations. This protocol

takes on average 2 |M`〉 states, 16 |M3〉 states, and one ‘pivotol’ |M`−1〉 state and

output 2 |M`〉 of higher fidelity, quadratically suppressing the error rate on the input
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|M`〉 states and |M3〉 magic states. This protocol (referred to as the DP` protocol)

was shown to be superior to gate synthesis in many instances.

Here we report comparison of the cost of distilling |M`〉 states directly using a

protocol based on the compression of the DP` distillation procedure in Ref. [174],

versus distilling |M3〉 states and then synthesising the gate |R`〉. It was observed

that certain syndrome information gathered in the original Duclos-Cianci and Poulin

protocol was not necessary to achieve quadratic error suppression. Removing the

measurements that extracted this information from the circuit allows the circuit to

be compressed in such a way that multiple R3 and R†3 gates, each of which requires

an input resource magic state |M3〉, can be brought together to either cancel out to

1l or create an R2 gate, which is Clifford and therefore also a free resource. This

circuit reduction halves the number of |M3〉 states needed to distill one |M`〉 state.

Crucially, this compression maintains the error protection of the original circuit. We

call the improved protocol the MEK` protocol, as it proves an apt generalisation of

the protocol of Meier, Eastin and Knill [119] which distilled |M3〉 from other |M3〉
magic states and corresponds to MEK3 in our protocol.

6.2 Quantifying resource cost

In this section, the work of Meier, Eastin, and Knill (MEK) [119] is summarised, upon

which Duclos-Cianci and Poulin built their construction. The MEK protocol takes

10 input magic states and with some probability outputs 2 magic states. Therefore,

we will call MEK a 10 → 2 protocol. We will also label the species of magic states,

involved so MEK is a 103 → 23 protocol where the subscripts indicate that MEK both

inputs and outputs 3rd level magic states. We use DP` to label the Duclos-Cianci

and Poulin protocol for distilling `th level magic states. Each round of DP` consumes

a cocktail of different input magic states, and we describe it as a{
163, 2`, 1`−1,

(
1

2

)
`−2

,

(
1

4

)
`−3

, . . .

(
1

2`−3

)
3

}
→ 2` (6.3)

protocol. Again, subscripts show what level magic state is used. We show the ex-

pected number of inputs required per attempt, which is sometimes a fraction, taking

into account the probabilistic nature of injection and the fact this operation itself

requires a magic state if ` > 3. The fractional sequence terminates at the third level,

because lower levels correspond to Clifford resources and are considered free. The

DP` protocol was originally presented as a direct generalisation of MEK, but in the

case of ` = 3 the DP3 protocol is a 183 → 23 protocol and so actually needs almost
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twice as many input states as MEK. Our compression of the circuit presented in 6.4

is a truer generalisation, so it is called MEK` and is a{
83, 2`, 1`−1,

(
1

2 `−2

)
,

(
1

4

)
`−3

, . . .

(
1

2`−3

)
3

}
→ 2` (6.4)

protocol.

Both MEK and DP` make use of a simple 4 qubit code. We use E, short for

encoder, to denote the Clifford circuit that brings qubits into the codespace and acts

on pairs of Pauli operators as

(Z1, X1)→ (Z1Z2Z3Z4, X1X3X4), (6.5)

(Z2, X2)→ (X1X2X3X4, Z2), (6.6)

(Z3, X3)→ (Z1Z4, X1X3), (6.7)

(Z4, X4)→ (X1X4, Z1Z3). (6.8)

Preparing the first two qubits in the state |0〉 and running the encoder will yield the

code stabilised by Z1Z2Z3Z4 and X1X2X3X4. The logical state in the codespace is

determined by the initial states of the last two qubits.

6.3 Uncompressed DP` protocol

The protocol DP` is illustrated in Fig. (6.2d). Throughout, we label the top wire as

the control qubit c, and the subsequent qubits are labelled 1 to 4. The protocol can

be summarised

1. Prepare qubits c, 1 and 2, in stabiliser states |+〉, |0〉 and |0〉, respectively;

2. Prepare qubits 3 and 4 in noisy |M`〉 states with ε` error;

3. Perform the circuit gates shown in Fig. (6.2d): the R3 gates are achieved by

state injection using eight |M3〉 states, and R`−1 is achieved with state injection

resulting in overall η`−1 error;

4. Qubit c is measured in X basis, and we continue if the outcome is “ + 1” and

otherwise declare FAILURE;

5. Qubits 1 and 2 are measured in Z basis, and we declare SUCCESS if the outcome

is “ + 1” and otherwise declare FAILURE;

6. If successful, qubits 3 and 4 are output as |M`〉 states of higher fidelity.
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Figure 6.2: (a,b,c) Circuit identities used to construct distillation protocols. (d) a
non-compressed distillation circuit. Adding |0〉〈0| measurements and preparations
within the grey box gives the DP` protocol. (e) the compressed distillation circuit
describing MEK`. In both (d) and (e) noisy |M`〉 states are input on the bottom two
circuits lines (labelled qubits 3 and 4 in the main text) and all R` gates with ` ≥ 3
are approximately implemented by injection of a noisy |M`〉 states. [Figure credit:
Earl Campbell].

Note that step 3 can include some additional postselected measurements highlighted

in Fig. (6.2d). These measurements were included by Duclos-Cianci and Poulin and

detect some additional errors, but even without these measurements the protocol

quadratically suppresses noise. It was by removing these measurements that the

compression of the circuit is achieved.

The codespace provides a SWAP gate between the two logical qubits that can

be implemented by a transversal Hadamard gate H ⊗H ⊗H ⊗H. More generally,

one can verify that E(H ⊗ H ⊗ H ⊗ H)E† acts as shown in Fig. (6.2a). We see

that this circuit implements a swap and a swap combined with a controlled-phase

gate. Furthermore, implementing controlled Hadamards within the encoding will

realise controlled versions of the swap and phase-swap. Next, we note that for any

Hermitian unitary, such as H`, we have that conjugation by controlled-swaps will

produce a controlled H` ⊗H` as shown in Fig. (6.2b). We combine these properties

to get the identity of Fig. (6.2c). An ancilla on the control of the controlled H` ⊗H`

is used to measure the H`⊗H` observable. If the desired magic state is an eigenstate

of H`, then measuring H` ⊗H` allows us to detect a single error between two noisy

|M`〉 states input on the bottom two circuit lines.

Although the controlled-Hadamard rotations and H` rotation may be non-Clifford,

noisy magic states can be used to implement these operations. To see this recall that
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H = R3XR
†
3, and so a control-Hadamard can be implemented by a control-X gate

sandwiched between R3 and R†3. In turn, R3 and R†3 can each be implemented at

the cost of a single |M3〉 magic state. Given noisy |M3〉 magic states, we implement

noisy R3 gates. The R3 gates are performed on qubits within the code, so we will

detect a single error in any |M3〉 magic states. When using state injection, if a magic

state carries an error, then it will result in Y · R3 instead of R3, and so there is an

additional Y acting on one of the four qubits of the code. Inside the encoding, the

state is an eigenstate of X⊗X⊗X⊗X, but a Y error will cause the state to become

an eigenstate of −X⊗X⊗X⊗X. At the end of the circuit, we decode and measure,

which is equivalent to measuring the X⊗X⊗X⊗X observable. Since we postselect

on all +1 outcomes, any error on a single |M3〉 will be detected. In contrast, the

central R`−1 rotation occurs outside the protection of the codespace therefore, the

protocol cannot detect a single qubit error on this gate. This demands that this

rotation must be high fidelity and so we call it the pivotal rotation. Nevertheless, we

can construct good distillation protocols provided magic states used in the pivotal

rotation have already been distilled to a much higher fidelity than all other elements

of the circuit. These high fidelity resources will be costly, but the protocol remains

efficient because resources for performing R`−1 are less valuable than the |M`〉 states

we are distilling.

6.4 Compressed MEK` protocol

The circuit used by Duclos-Ciani and Poulin can be compressed into Fig. (6.2e) when

the internal measurements of qubit 1 and 2 are removed. This allows us to cancel

several R3 rotations to reduce the number of magic states consumed. The steps of the

protocol roughly follows those listed in the previous section, except step 3 now uses

the circuit of Fig. (6.2e), and we use only 8 magic states to inject the R3 gates, not

16. Even when compressed the noisy R3 gates still occur within the four-qubit error

correction code, and so we still expect to detect the failure of any single R3 gate.

To compress the circuit we start with the protocol in Fig. (6.2d). Taking Fig. (6.2d),

we identify a subcircuit V shown in Fig. (6.3a) inside a shaded box. Next we es-

tablish two properties of V , which are illustrated in Figs. (6.3b) and (6.3c). The

V circuit is simply V = E exp(iθ`−1Y4)X4E
†, and using Eqs. (6.5) we see that

V = exp(−iθ`−1Y1Z3X4)Z1Z3. This acts trivially on the second qubit and control

qubit, giving the circuit identity of Fig. (6.3b). We also notice that V Y1 = −Y1V

and so exp(iθ3Y1)V exp(−iθ3Y1) = exp(i2θ3Y1)V . Using 2θ3 = θ2, we conclude
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Figure 6.3: Circuit identities and reductions used to obtain MEK`. (a) circuit before
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circuit after applying identity (c). In (f) we identify subcircuit Q, with (g) showing
a property of Q. Applying (g) to (f) yields the final compressed circuit, shown in
Fig. (6.2e). [Figure credit: Earl Campbell].

exp(iθ3Y1)V exp(−iθ3Y1) = exp(iθ2Y1)V . Recall that exp(iθ2Y1) is the R2 gate acting

on qubit 1, and so we have the identity shown in Fig. (6.3c). Applying the iden-

tity Fig. (6.3b), shows that Fig. (6.3d) is equivalent to the original circuit. So far 4

non-Clifford gates have been removed by bring them together to make larger angle

rotations in the Clifford group. Next, we apply the identity of Fig. (6.3c), to obtain

Fig. (6.3e). Since R2 is Clifford, we have removed 2 further non-Cliffords from the

circuit.

Next, we group together a new collection of circuit elements Q shown in dashed

box of Fig. (6.3f). Algebraically, Q is

Q = CX
c,1 exp(iθ2Y1)V CX

c,1 (6.9)

= CX
c,1 exp(iθ2Y1) exp(−iθ`−1Y1Z3X4)Z1Z3C

X
c,1

= exp(iθ2ZcY1) exp(−iθ`−1ZcY1Z3X4)ZcZ1Z3

where we have used CX for CNOT gates. From this expression for Q we can again see

that QY1 = −Y1Q, which entails that exp(−iθ3Y1)Q exp(iθ3Y1) = Q exp(i2θ3Y1) =

159



Small Angles

Q exp(iθ2Y1). This demonstrates the identity of Fig. (6.3g). Applying this identity

to Fig. (6.3f), yields the final representation of MEK` as shown in Fig. (6.2e).

6.5 Measuring performance

This section introduces several definitions and notations used to describe the perfor-

mance of protocols, and quantify their cost.

6.5.1 Quantifying noise

If ρ is a noisy |ψ〉 state then we say it has error rate ε where ε := 1
2
||ρ − |ψ〉〈ψ|||tr

and ||X||tr = tr[
√
XX†] is the trace norm as used in Chapter 3. In this appendix we

assume diagonal noise so that ρ is diagonal in the same basis as |ψ〉, and for such

states one can show ε = 1 − 〈ψ|ρ|ψ〉. This is valid if we allow ourselves to twirl, as

in the distillation procedures for T magic states, but for ` level magic states we twirl

through an operation from the (` − 1)th level of the hierarchy. The protocols use a

cocktail of input resources. We use ε` and ε3 to denote the input error rates of the

noisy |M`〉 and |M3〉 states used.

When a R` gate fails due to noise, it is followed by an additional Y rotation.

There are 8 locations that errors can occur on R3 gates and we define a binary vector

x = (x1, x2, x3, x4, x5, x6, x7, x8) that records whether a Y error occurs at a particular

R3 gate. We use the binary variable y = 0, 1 to track an error in the pivotal rotation

R`−1. When the R`−1 gate fails, we have a rotation H`(iY ) rather than H`. Notice

the complex phase i, which makes no physical difference to the unitary. However,

aspects of the proof rely on H` being Hermitian, and the additional phase keeps it

Hermitian. The resulting random circuit is shown in Fig. (6.4a). [t] We pull some

Y noise operators through the control phase gates, which can cause Z noise on the

control as shown in Fig. (6.4b). The central portion of the circuit now contains no

noise terms (except y) and so we can replace it with a logical control (H`⊗H`) or its

equivalent when y = 1. This yields Fig. (6.4c).

Next, we pull the Y noise backwards through the encoder E. We already know

how E acts on Pauli operators from which we conclude that the inverse action satisfies

E† :Y3 → Y1X2Z3Z4, (6.10)

E† :Y4 → Y1X2X3X4. (6.11)
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Figure 6.4: Propagation of noise terms around distillation circuit.

Similarly random unitaries Y α
3 Y

β
4 map as

E† :Y α
3 Y

β
4 → Y α+β

1 Xα+β
2 (Zα

3 X
β
3 )(Zα

4 X
β
4 ) (6.12)

Applying this rule to our circuit yields Fig. (6.4d).

From Fig. (6.4d), we see that to obtain the correct measurement outcome on qubit

1 or 2 requires that

|x| := x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8 = 0 (mod 2), (6.13)

which detects any single error on the R3 gates. This shows that the error correction

properties of our original circuit have survived the compression.

From this circuit we can deduce the leading terms presented in Eqs. 6.14 for the

success probability of the distillation protocol and the output error on the distilled

magic states. This calculation is detailed in Appendix A, with justifications for the

expressions found in Eqs. 6.14 which are then confirmed by symbolic simulation of

the circuit in Mathematica.

161



Small Angles

6.5.2 Distillation cost

The output error from MEK` is always measured as the error on a single output qubit

(ignoring correlations) and we found (see Appendix A)

δ`(ε3, ε`, η`−1) ∼ 8ε23 + ε2` +
1

4
η`−1 + . . . , (6.14)

Psuc(ε3, ε`, η`−1) ∼ 1− 8ε3 − 2ε` −
1

2
η`−1 + . . . . (6.15)

Within the context of a single distillation round the performance is independent of

the level `, and is solely a function of the noise of the input states ε`, ε3 and η. When

we ask how much the input states cost, we find this can increase with `. Next, we

consider many distillation rounds and combine all performance metrics into a single

quantity, the expected resource cost C(M`, δ) to distill a |M`〉 state of δ error. Lower

δ can require more rounds of distillation, which drives up costs. For our protocol we

use that the cost is

C(M`, δ`) =
2C(M`, ε`) + 8C(M3, ε3) + C(R`−1, η`−1)

2Psuc(ε3, ε`, η`−1)
, (6.16)

where δ` obeys Eq. (6.14). In our analysis, we optimise the cost over many thousands

of possible combinations of input resources by brute force search. Notice that we

capture the cost of the pivotal rotation as C(R`, η`), which will in turn depend on the

cost of magic states used to implement the rotation as

C(R`, η`) = C(M`, ε`) +
1

2
C(R`−1, η`−1), (6.17)

where

η` =
1

2
ε` +

1

2
(ε`(1− η`−1) + (1− ε`)η`−1). (6.18)

For the lowest non-Clifford levels, C(M3, δ3) are found by minimising over different

combinations of protocols including Bravyi-Haah [120], MEK3 [119] and using the

15 qubit Reed-Muller code [41]. Recall Clifford operations are considered free and

perfect so that C(M2, 0) = 0 and C(R2, 0) = 0. Throughout we assume that raw

initial non-Clifford states can be prepared with a fidelity that is independent of `,

and these have unit cost, so that C(M`, εraw) = 1. This last assumption is warranted

in light of the results of Li [165].
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6.5.3 Gate-synthesis cost

In general, gate synthesis techniques have an inherent cost that we denote as T(U, εGS),

where εGS is the precision of the synthesis. This T -count assumes perfect |M3〉 magic

states are available. Also accounting for the cost of distilled |M3〉 states, the full cost

is

CGS(R`, η`) = T(R`, εGS) · C(M3, ε3) (6.19)

where

η` ' εGS + T(R`, εGS) · ε3. (6.20)

Notice that gate synthesis has an inherent error εGS and will also fail if one of the T

noisy states fail. In our analysis, we present data points for combinations of actual

instances of gate synthesis using the SR protocol. The SR data is obtained using the

Gridsynth package 1. While SR is optimal for unitary synthesis, lower overheads can

be using PQF, which uses ancilla, measurements and feed forward. For PQF, we use

the approximation

TPQF (U, εGS) ' log2(
√

2ε−1
GS) (6.21)

+ 4 log2(log2(
√

2ε−1
GS) + 1.187,

which is the lowest currently known overhead for gate synthesis.

6.6 Results of resource comparison

It was found that the novel protocol we introduce is ∼ 20 times less costly than

leading gate synthesis techniques for modest ` = 2, . . . , 7, this is shown in Figure 6.5.

Approximately 1/2 of this improvement is due to the circuit compression, while the

original uncompressed protocol DP` is responsible for roughly a factor 10 improve-

ment. It can also be seen that as ` increases, so MEK` becomes more costly, so for

larger ` the benefits over gate synthesis is lost. This dependence of cost on ` is due to

the increasing cost of producing pre-distilled ‘pivotal’ magic states in the protocol for

increasing `. However, for large ` the magic state |M`〉 can be very close to a stabiliser

state and this fact can be used to reduce resources substantially, as we will now see.

We fix ε` = ε3 = ε and η`−1 = ε2. We remark that η`−1 must be set significantly lower

than other errors as the protocol can not detect noise in the pivotal rotation. We con-

sider the cases of raw error rates of εraw = 0.01 and εraw = 0.001. The case of higher

1the Gridsynth package is available at http://www.mathstat.dal.ca/ selinger/newsynth/
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Figure 6.5: The resource cost of MEK` . (a) Shows cost C(|M`〉, δ) of preparing a
magic state |M`〉 at error rate δ. (b) Shows cost C(R`, η) of performing a non-Clifford
R` at error rate η. For comparison, (b) also shows the cost of gate-synthesis using
the protocol of Ref. [126]. Both (a) and (b) use initial error rates of ε = 0.01 and
ε = 0.001 for axial rotations of angle θ` = π/2` with ` = 3, 4, . . . 7. [Figure credit:
Earl Campbell]

raw noise is an important benchmark as it has been widely studied [119, 120, 174],

and here we see improvements over gate synthesis. For instance, at δ = 10−15 we

find PQF is ∼ 22.5 times more costly than MEK6. However, the lower raw noise

regime εraw = 0.001 is in many ways more interesting. For instance, at target error

rate δ = 10−15 we find PQF is ∼ 24 times more costly than MEK6, which is a larger

factor than in the high noise regime. This widening gap between gate synthesis and

MEK` is seen for all ` and δ. This increase in gap is intuitive because the distillation

cost drops with εraw, but the T -count of gate synthesis is independent of εraw.

While the high noise regime is widely studied, it can be argued that the lower

noise regime is also more realistic, and throughout the latter half of this thesis it is

noise rates ≤ 10−3 that have been focussed on, as to prevent very large overheads

physical gates must be comfortably below the threshold (the effect of reducing the low

level error on the overhead can be seen in Chapter 5), and so we assume all physical

gates have infidelities well below 1%. Because preparing raw magic states will involve

several physical gates, it had often been assumed that εraw will be higher than the

physical gate error rate. However as previously discussed, Li [165] has shown that we
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can probabilistically prepare raw magic states at infidelities of about half the physical

CNOT gate error, assuming CNOT failure is the dominant noise mechanism. This

indicates that εraw = 0.001 is a feasible regime, more plausible than εraw = 0.01. As

such, following subsections focus on the low-noise regime.

An additional technique called ‘magic state dilution’ can achieve far greater ad-

vantage over gate synthesis for large `. It achieves this by probabilistically mixing

|M`〉 with a stabiliser state to produce a noisy |M`+1〉 state. In some regimes when `

is sufficiently large, the resulting noisy |M`+1〉 magic state can have less noise than

the resource |M`〉 state used. Figure 6.6 now compares the cost of using the optimal

combination of distillation and dilution (found by brute force search) versus gate

synthesis. For modest ` distillation is superior to gate synthesis, but this advantage

decreases with increasing `, in a middle regime of large but not very large ` dilution is

used in combination with distillation and the rate at which the advantage decreases

with ` slows. Above some critical value `c cost is decreased exponentially, it is here
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that dilution is used exclusively as it achieves the aforementioned reduction in error

rate when used. Here the advantages over gate synthesis are substantial.

6.7 Conclusion

As was performed in Chapter 5 a true assessment of the benefits of small angle

magic states versus gate synthesis needs a full spacetime overhead calculation. While

improving the ‘cost’ usually indicates an improvement in spacetime overhead, consid-

eration of concepts such as balanced invested is important, as we have seen, and in

the case of small angle rotations where the pivotal rotation must be pre-distilled to a

high level of fidelity this is yet to be investigated.

The simple question ‘which is better?’ of MSD and gate synthesis can be a far more

subtle one. Campbell and Howard have recently shown how both can be combined

in a process of ‘synthillation’ [145, 146], where a class of circuits can be implemented

with the same number of T gates as conventional synthesis but with quadratic error

suppression which can lead to significant resource savings, combining both synthesis

and magic state distillation (where |A〉 states are used to distill a multi-qubit higher

level magic state) in one step.
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Chapter 7

Conclusion

In the course of thesis I have attempted to cover aspects of quantum computation

from the first demonstrations of successful quantum error correction all the way to

the overhead of achieving universality.

In Chapter 2, a novel method of implementing the surface code in a silicon donor

based architecture was introduced. It was demonstrated that the challenging exchange

coupling required by many previous proposed architectures in this system could be

replaced by the use of long range dipole-dipole interactions. Given local control of the

‘probe’ spins and a repeated mechanical motion we showed that the surface code could

be implemented, which can form the substrate of universal quantum computation, and

threshold simulations demonstrated levels of tolerance to qubit misplacement greater

than that provided by exchange gates. There are a number of areas of further work

that could and are being explored for further work by myself and others. In particular

further development of the orbital probe quantum computer is continuing apace and

a deeper investigation into the feasibility of the ‘all electronic’ version is required.

In Chapter 3 a method to benchmark the performance of small error correcting

codes in near-future experiments based on ‘integrity’ was introduced. The relationship

between ‘integrity’ and trace distance was described and a number of ‘milestones’ were

introduced. The Alice-Igor-Bob model of an experiment was introduced as a means to

provide a simple method for experimentalists to assess the performance of qubits with

respect to these benchmarks. An obvious extension to the current work is the examine

to Alice-Igor-Bob scenario and the integrity metric when trying to compute a series of

Clifford gates on the logical qubit, including two-qubit gates performed transversally

or, if the number of qubits is great enough, using a technique such lattice surgery

for the Steane and surface codes. This, and the further work to develop models of

systems that wish to demonstrate large-scale computation (as in Chapter 2), require
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close collaboration between experimentalist and theoreticians to develop the most

realistic possible models of errors within the individual system under investigation.

As we confirmed in Chapter 5 only constant factor improvements, rather than

superior scaling, are likely to come about by further improving magic state distillation

and using it with surface code computation. There remains a need to understand

whether more radical codes like the 3D gauge colour codes are competitive with

surface code + magic states. Of course, the qubit overhead is not the only question

here. The ability of the 3D gauge colour code to perform single shot quantum error

correction, as well as a full set of universal operations, might prove to be an important

advantage given that a surface code computer’s runtime will be limited by both T -

depth and measurement time. In the same way that we have for Shor’s algorithm, a

similar analysis of the overhead of hybrid algorithms [179] which use many shallow

circuit compilations might be interesting to evaluate. This could potentially have

less intimidating overheads as these typically require ‘shallow’ low T -depth circuits,

which are repeated by the quantum computer potentially as part of a feedback loop

to a classical circuit. With a shallow circuit, logical error rates need not be so low

and thus lower distance surface codes for example could be used, reducing the overall

overhead. A circuit of T -depth 106 on a surface code quantum computer, for example,

could be several times (but less than an order of magnitude) less resource intensive

(cf.Fig. 5.7) than the examples considered in this thesis. Of course, a full surface code

might not be the optimal ways to achieve such error rates, which could be possible

with a single level of another low distance quantum code. If the idea of quantum error

mitigation [180, 181] continues to emerge, increasing the error tolerance of shallow

circuits, then it is reasonable to ask whether such ideas could combine with small

codes to achieve speedups with smaller quantum computers.

Chapter 6 demonstrated that by compressing the circuit of the existing protocol

of Duclos-Cianci and Poulin [174] a more efficient means of distilling magic states for

small angles rotations could be demonstrated. Given the metric of the distillation

‘cost’, that is the number of noisy magic states required to output a distilled state,

we found that this protocol was an improvement of a factor of 2 over the original

protocol, but more interestingly was around 20 times less costly than leading gate

synthesis techniques for levels ` = 4, 5, 6, 7 of the Clifford hierarchy. Magic state

dilution leads to even larger savings over gate synthesis for large ` (higher levels of

the hierarchy). A full overhead analysis (such as the one in Chapter 5) for small angle

magic states would be an important step in gaining a realistic comparison between
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this approach and gate synthesis but was beyond the scope of the work presented

here.

Throughout I have attempted to make contact with the current experimental

state-of-the-art, hopefully demonstrating that prototype devices in certain systems

are currently operating at a level that, if replicated in a large-scale device, would allow

for universal fault-tolerant quantum computation with a ‘reasonable’ overhead. Of

course, the question of whether a device whose components operate with one 1 error

in 10,000 operations and comprises over 10 million components is feasible is an open

one, and it certainly can seem an intimidating task when looking at the current and

near future devices which have much fewer than 100 qubits. However, these numbers

are not obviously beyond the realms of physical possibility: one does not estimate

that a quantum computer will be the size of a planet or the solar system. We have

seen that one proposal (if we are being ambitious) could fit onto a chip! We should

remember that the world’s current largest supercomputer Tianhe-2 has 1,375 TiB of

memory, 12.4 PB of storage and runs at a speed of 33.86-petaflop. This machine has

over 3 million cores, each of which contains hundreds of millions of transistors. We

estimate that with our current best technology and techniques that ‘just’ 10 million

quantum bits (or that order) could perform a calculation that could never be done

on by this or any other classical computer. This doesn’t even take into account the

improvements made in error correction and fault-tolerance theory that are yet to be

discovered, and there is still time for improvements to be made while experiments are

scaled up.
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Appendix A

Appendices for small angle
rotations

In this Appendix a full description of some aspects of the improved methods of distilling

small angle magic states, due entirely to Earl Campbell, are described. This is adapted

directly from Ref. [176]. First the noise analysis of the compressed distillation circuit

is described in greater detail. The direct comparison between the uncompressed and

compressed protocols demonstrates that the compressed protocol is superior. Then a

new method of mixing stabiliser states and very small angle magic states to obtain

significant resource savings in very small angle rotations. Numerical simulations and

the invention of ‘magic state dilution’ are credited to Earl Campbell.

A.1 Noise analysis

From the circuit 6.4 we can deduce the leading terms presented in Eqs. 6.14 for the

success probability of the distillation protocol and the output error on the distilled

magic states. First consider the failure probability, Pfail = 1−Psuc. If |x| := x1 +x2 +

x3+x4+x5+x6+x7+x8 = 1 (mod 2), then we detect an error by measuring the control

qubit and have a failure. The leading order contribution is single error processes, and

there are 8 such errors, so this contributes 8ε3 to Pfail. Otherwise, if x = (0, 0, . . . 0)

and the pivotal rotation also works, then we perform a perfect projection onto the

+H`⊗H` subspace. This projection then detects an error if one of the two noisy |M`〉
states is faulty, which occurs with probability 2ε`. If everything works correctly except

the pivotal rotation, which fails with probability η`−1 it results in the operation shown
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in Fig. (6.2c), but with the replacement H` → iH`Y . Algebraically, this operation is

V =
1

2
[1l + (iH`Y )⊗ (iH`Y )] [(iH`Y )⊗ 1l)] (A.1)

=
−i
2

[(Y H`)⊗ 1l + 1l⊗ (Y H`)]

Applying this channel to the input magic states |M`〉|M`〉, and noting that Y |M`〉 =∣∣M̄`

〉
, we have

|ψ〉 = V |M`〉|M`〉 =
−i
2

(
∣∣M̄`

〉
|M`〉+ |M`〉

∣∣M̄`

〉
) (A.2)

Therefore, the probability of an even parity measurement, combined with pivotal ro-

tation failure, is η`−1〈ψ|ψ〉. Recalling, 〈M`|M̄`〉 = 0, we find 〈ψ|ψ〉 = 1/2. Therefore,

the failure probability gains a contribution of 1
2
η`−1. Thus the total probability of the

leading order processes that lead to a detected failure is 8ε3 − 2ε` − 1
2
η`−1.

Next we consider the leading errors that go undetected and output the wrong

magic state
∣∣M̄`

〉
. The protocol outputs a two qubit state, and we trace out the

second qubit and evaluate the error rate on the first qubit. Switching the first and

second output qubit will yield the same result. First we consider pairs of errors in the

R3 gates. There are 28 such pairs, all satisfying |x| = 0 (mod 2). However, due to the

measurement of the ancilla if x3 +x4 +x5 +x6 = 1 (mod 2) an error is detected. This

cuts the number of undetected error pairs down to 14. Not all undetected error pairs

lead to a logical error on the first qubit. For 2 of the undetected errors x1 = x2 = 1

and x7 = x8 = 1 we see that there is a logical Y ⊗Y error, and so both these processes

contribute to errors on the output. Now consider the remaining 12 undetected errors,

the parity projection becomes deformed so that it projects onto a state that on average

has 1/2 overlap with |M`〉. This totals the error contribution from failed R3 gates

to (2 + 12
2

)ε23 = 8ε23. If the R3 gates do not fail, but instead we have a perfect

parity projection, then a logical error occurs if the projection is applied to
∣∣M̄`

〉∣∣M̄`

〉
,

which occurs with probability ε2` . The full symbolic simulation of the circuit that

determined this, and higher order terms, can be found in Appendix A. Finally if the

pivotal rotation carries an error we see from Eqn. (A.2) that |〈M̄`,M`|ψ〉| = 1/4 and

so the this leads to a logical error with probability 1
4
δ`−1. To reiterate: the leading

order contribute here is linear, and not quadratically suppressed, and so the pivotal

rotation must be high fidelity to enable distillation.

A.2 Results for small `

The analysis summarised in the following sections is the result of numerical simula-

tions performed by Earl Campbell, based on the circuits and noise analysis derived in
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Figure A.1: Comparison of the resource cost of distillation using MEK` and DP`. (a)
shows performance when ε3 = ε, ε` = ε and δ = ε2. These are benchmarked against
the standard MEK3 protocol (pink), where the curves for MEK` (purple and dotted)
are barely distinguishable from MEK3, whereas DP` (blue) performs much worse.
The curves for DP` are based on leading order approximations [182]. (b) shows the
full resource cost of MEK` protocol (purple) and DP` (blue) of distilling a |M`〉 state
of final error of δ using resources with an initial error of 1%. Data for DP` taken from
Table 1 of Ref. [174]. Lines are fitted functions of the form C = a log(δ)b + c. [Figure
credit: Earl Campbell]

previous sections.

A.2.1 Comparison with DP protocol

There are three aspects to the comparison: the number of resources required per at-

tempt, the success probability and how the protocols suppress errors. Recall each

round of MEK` uses 8 fewer |M3〉 states than a round of DP`. In Figs. (A.1a)

and (A.1b) we fix ε` = ε3 = ε and η`−1 = ε2 and compare the performance of

MEK` and DP`, both benchmarked against MEK3. We remark that η`−1 must be

set significantly lower than other errors as the protocol can not detect noise in the

pivotal rotation. In this context, MEK` is barely indistinguishable from MEK3. This

is expected as the protocols perform identically when η`−1 = 0, and since η`−1 = ε2

is very small we only observe a very slight difference between MEK` and MEK3. In

contrast, DP` performs worse and consumes more resources.

We also consider the full cost of performing many rounds of MEK` and DP`.

Because the cost of the pivotal rotation increases with `, we now see a variation in
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Figure A.2: A geometric representation of the dilution protocol in a cross-section of
the Bloch sphere. Note that two points separated by a geometric distance of d in
the Bloch sphere, correspond to operators with d/2 distance in trace norm. The grey
diamond shows the set of stabiliser states. Given a ρ`,ε state and a pure |+〉 state we
can prepare mixtures on the line between these points. This line intersects the line
for states of the form ρ`,ε′ . We see that for sufficiently large ε, the resulting ε′ can
be reduced ε′ ≤ ε. Furthermore, we show a 2ε′ radius ball about the point |M`+1〉 to
highlight that both ρ`,ε state and |+〉 are further than 2ε′ away, and so these states
would provide a worse approximation of |M`+1〉 than their mixture. [Figure credit:
Earl Campbell]

performance with `. The results are shown for ` = 4, 5, 6, 7 in Fig. (A.1b) and show a

factor 1/2 reduction in cost compared to those reported by Duclos-Cianci and Poulin.

Roughly, we observe , providing a clear cut case for using our compressed MEK`

protocol rather than the original DP` proposal. Given that all component metrics

(resources per round, failure probability and error out) are very favourable towards

MEK`, one may have expected a more dramatic reduction in cost over DP`. One

explanation is that both MEK` and DP` require 1 very high fidelity pivotal rota-

tion, which is very costly, and this shared cost limits the extent to which MEK` can

outperform DP`.

A.3 Magic state dilution

The invention and investigation of magic state dilution described here is credited

to Earl Campbell. This and the following section are a summary reproduced from

Ref [175] and are included for the sake of completeness.

As we ascend the Clifford hierarchy, we expect the cost of our protocol to increase.

However, for sufficiently small angles the associated magic states become very close

to stabiliser states, and we should be able to exploit this to reduce resource costs.

In the analysis of Duclos-Cianci and Poulin, they replaced noisy |M`〉 states with a

stabiliser state whenever ` exceeded 8. This enabled resource costs to eventually drop
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with `. The |+〉 state can be considered a noisy |M`〉 state, though with coherent

(non-diagonal) noise. We calculate the noise of this stabiliser state with respect to

|M`〉 and find

1

2
||(|+〉〈+| − |M`〉〈M`|)||tr = | sin(θ`)| (A.3)

∼ θ` =
π

2`
,

where the last line gives the small angle approximation. Therefore, the resource

becomes free whenever π/(2`) is smaller than the target error rate.

Magic state solution is an alternative solution that keeps us within the framework

of diagonal noise and ensures rapid decrease of costs whenever θ2
`/
√

2 is smaller than

the required error rate. If we choose to generate ρ with probability λ and ρ′ with

probability 1 − λ, then we have the random mixture λρ + (1 − λ)ρ′. Furthermore,

the expected cost is λC + (1 − λ)C′. We consider mixing a noisy |M`〉 state with a

|+〉 to obtain a good approximation of a noisy |M`+1〉 state. We say the state |M`〉
has been diluted, since this allows a source of |M`〉 states to provide, on average, a

greater number of noisy |M`+1〉 states. We will see that while dilution may increase

noise, there are practically relevant regimes where dilution reduces noise.

We use ρ`,ε for a |M`〉 state with ε diagonal noise, so that

ρ`,ε = (1− ε)|M`〉〈M`|+ ε|M̄`〉〈M̄`|. (A.4)

Preparing ρ`,ε costs C(M`, ε) resources. The principle result of magic state dilution is

the relation

ρ`+1,ε′ = λρ`,ε + (1− λ)|+〉〈+|, (A.5)

where

λ =
1

2(1− ε) , (A.6)

ε′ =
1

2

(
1− (1− 2ε)

[
cos(θ`)

(1− ε)

])
. (A.7)

The dilution provides the noisy |M`+1〉 magic state ρ`+1,ε′ at a cost λC(M`, ε), which

is half the cost of the ρ`,ε′ state when ε is small. Dilution can even decrease the

error rate, provided ` is large enough that the fraction in square bracket exceeds 1,

then we have ε′ ≤ ε. Iterating this process decreases costs exponentially with `. The

underlying geometric intuition behind Eq. (A.5) is presented in Fig. (A.2) and the

proof can be found in the appendix of Ref. [175].

174



Appendices for small angle rotations

A.4 Results for higher `

Here we discuss the performance of MEK` combined with dilution at performing

small angle rotations, beyond ` = 7. Our results are generated iteratively. After

having compiled a list of achievable costs C(M`, ε) and C(R`, η) for different values of

ε, we next built lists for ` + 1. The first step is to build a list of C(M`+1, ε
′) derived

from C(M`, ε) using the dilution protocol in the previous section. Next, we considered

different combinations of input states into the MEK`, allowing for using diluted states

without any further distillation or inputting diluted states into MEK`. The results

are presented in Fig. (6.6) as a function of `, showing how resource costs scale with

decreasing angle.

For the target error rates 10−10, 10−15, 10−20 we can see three clear regions, with

the middle region absent for the 10−5 plot. First, the resource cost increases roughly

linearly with `. Next, there is a transition where the gradient becomes gentler. Lastly,

at some cutoff the cost starts to fall exponentially with `. In this last regime, we rely

solely on diluting magic states. This exponential cliff was predicted by the analysis

in the previous section, and is labeled in the plots by `c. The behaviour of the middle

region is also due to dilution. Here we typically find that one round of MEK` is

used, with the input noisy |M`〉 states produced by dilution, as opposed to using two

or more rounds of MEK` on a raw resource of error rate εraw. Since dilution is less

effective at low `, in this regime we are completely reliant on MEK` and here observe

the most rapid increase in costs.

Our results are also presented against the cost of two gate-synthesis methods SR

and PQF. We see that for small `, and large ` > `c there is a significant gain over

both gate-synthesis methods by over an order of magnitude. In the intermediate

regime, our protocol still outperforms gate-synthesis but approaches a similar order

of magnitude.

A.5 Supplementary materials

A.5.1 Explicit calculation of δ` and Psuc for MEK`

This section is taken directly from the Supplementary Material of Ref. [175]. It

is a Mathematica notebook that calculates the error probability δ`(ε3, ε`, η`−1) and

Psuc(ε3, ε`, η`−1) whose leading order contributions were described in Eq. 6.14, the

intuition behind which was detailed in Section A.1.
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We will apply a noisy channel to ρ[ϵ] which is a sum over Kraus operators labelled by 
[x1_,x2_,x3_,x4_,x5_,x6_,x7_,x8_], where 

xj=1 indicates an error on the j^th of te 8 pumping magic states.  



Appendix B

Smoothing systematic error

To characterise the entire process of the stabilizer measurement we carry out a full

analysis of the measurement procedure including all sources of noise noted in the

section above, and generate a superoperator from the result to completely describe

the action of the stabilizing measurement procedure.

S (ρ) =
∑
i=0

piKiρK
†
i (B.1)

This probabilistic decomposition describes the operation as a series of Kraus op-

erators, Ki, applied to the initial state with probabilities pi, which depend on the

chosen protocol, noise model and the error rates. The leading term i = 0 will have

corresponding K0 representing the reported parity projection, and large p0. For the

protocols considered here, the other Kraus operations can be decomposed and ex-

pressed as a parity projection with additional erroneous operations applied.

Consider a known deterministic set of phase errors over a 4-qubit stabilizer-by-

probe. The probe and data qubits mutually acquire phase through their dipole-

dipole interaction. This interaction between probe and single data qubit leads to the

following gate

S(θ) =


1 0 0 0
0 exp(iθ) 0 0
0 0 exp(iθ) 0
0 0 0 1

 (B.2)

where θ = π/2 + δ(x, y, z) is a function of the position of the data qubit.

This means that after the probe has passed over one of the four qubits the state

of the system is

|system〉 ∝
(
|0〉V aSa1 + |1〉 (iV aZa)S

′a
1

)
|data〉 , (B.3)
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where V = diag{1, i}, Sk = diag{1, eiδk}, S ′k = diag{eiδk , 1}, Z = diag{1,−1} and

the superscripts {a, b, c, d} label the data qubit on which the operator acts.

After the probe has passed four data qubits, each of which injects some erroneous

phase δi onto the probe qubit, the state of the system is proportional to(
|0〉Sd4Sc3Sb2Sa1 + |1〉ZdZcZbZaS

′d
4 S

′c
3 S

′b
2 S

′a
1

)
V dV cV bV a |data〉 . (B.4)

We want to measure the probe in the |±〉 basis, the result of which will determine

our estimate of the parity of the data qubits. Rewriting Equation B.4,

|±〉
(
Sd4S

c
3S

b
2S

a
1 ± ZdZcZbZaS

′d
4 S

′c
3 S

′b
2 S

′a
1

)
V dV cV bV a |data〉 . (B.5)

If measurement of the probe finds it in the |+〉 then we interpret this as an

attempted even parity projection. We neglect for now the unconditional phases

V dV cV bV a. The actual projection we have performed on the data qubits is

P̂ ′even = Sd4S
c
3S

b
2S

a
1 + ZdZcZbZaS

′d
4 S

′c
3 S

′b
2 S

′a
1

∝ c1 (|0000〉 〈0000|+ |1111〉 〈1111|) +

c2 (|0011〉 〈0011|+ |1100〉 〈1100|) +

c3 (|0101〉 〈0101|+ |1010〉 〈1010|) +

c4 (|0110〉 〈0110|+ |1001〉 〈1001|) +

is1 (|1110〉 〈1110| − |0001〉 〈0001|) +

is2 (|1101〉 〈1101| − |0010〉 〈0010|) +

is3 (|1011〉 〈1011| − |0100〉 〈0100|) +

is4 (|1000〉 〈1000| − |0111〉 〈0111|) .

(B.6)

This is clearly not a true parity projection, as different even parity subspaces P
(i)
even

have different weightings ci, e.g. c1 = cos
(
δ1+δ2+δ3+δ4

2

)
for P

(1)
even = |0000〉 + |1111〉

and there is some weight on projection onto odd parity subspaces P
(i)
odd, e.g. s1 =

sin
(
δ1+δ2+δ3−δ4

2

)
for P

(1)
odd = |1110〉+ |0001〉.

Consider the following protocol to smooth out this systematic error in our parity

measurement: we randomly select one of four patterns of X operators on the data

qubits and apply it before and after the P̂ ′even projector. We choose from the set

U1 = 1111, U2 = 11XX,U3 = 1X1X,U4 = 1XX1 to smooth the weightings ci and

si of Equation B.6.
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The action of this protocol on the state ρ of the data qubits is thus,

P smooth
even (ρ) =

1

4

[
(U1P̂

′
evenU1)ρ(U1P̂

′†
evenU1)+

(U2P̂
′
evenU2)ρ(U2P̂

′†
evenU2)+

(U3P̂
′
evenU3)ρ(U3P̂

′†
evenU3)+

(U4P̂
′
evenU4)ρ(U4P̂

′†
evenU4)

]
. (B.7)

The operations Ui have the effect of permuting the weightings of projecting into the

different subspaces in P̂ ′even. For example U2P̂
′
evenU2 has the same form as P̂ ′even with

the weightings redistributed according to the relabelling: 1 ↔ 2, 3 ↔ 4. Expanding

out Equation B.7 we find 16 ‘even’ terms P
(i)
evenρP

(j)
even, 16 ‘odd’ terms P

(i)
oddρP

(j)
odd and

32 ‘cross’ terms P
(i)
evenρP

(j)
odd. We add another level to our protocol, applying (1111)

or (ZZZZ) with probability 1/2 to kill off the cross terms.

We then find that it is possible to re-express P smooth
even (ρ) as the probabilistic sum

of perfect odd and even parity projections, followed by Z errors on either one or two

data qubits,

P smooth
even (ρ) = ωevenPevenρPeven+

Γ1ZZ1P
1ZZ1
even ρP 1ZZ1

even +

Γ1Z1ZP
1Z1Z
even ρP 1Z1Z

even +

Γ11ZZP
11ZZ
even ρP 11ZZ

even +

∆Z111P
Z111
odd ρPZ111

odd +

∆1Z11P
1Z11
odd ρP 1Z11

odd +

∆11Z1P
11Z1
odd ρP 11Z1

odd +

∆111ZP
111Z
odd ρP 111Z

odd ,

(B.8)

where the Kraus operators

PUaUbUcUd

even/odd = (UaUbUcUd)Peven/odd, (B.9)

are each applied with a certain probability. Writing Equation B.8 in terms of P
(i)
evenρP

(j)
even

and P
(i)
oddρP

(j)
odd and equating with Equation B.7, we see that the probabilities can be
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expressed as in terms of the weightings ci, si as follows,
ωeven

Γ1ZZ1

Γ1Z1Z

Γ11ZZ

 =
1

4


1 1 1 1
1 −1 −1 1
1 −1 1 −1
1 1 −1 −1




C1

C2

C3

C4




∆Z111

∆1Z11

∆11Z1

∆111Z

 =
1

4


1 1 1 1
1 1 −1 −1
1 −1 1 −1
1 −1 −1 1




S1

S2

S3

S4


, (B.10)

where C1 = 1
4

(c2
1 + c2

2 + c2
3 + c2

4), C2 = 1
2

(c1c2 + c3c4), C3 = 1
2

(c1c3 + c3c4), C4 =
1
2

(c1c4 + c2c3), S1 = 1
4

(s2
1 + s2

2 + s2
3 + s2

4), S2 = 1
2

(s1s2 + s3s4), S3 = 1
2

(s1s3 + s3s4)

and S4 = 1
2

(s1s4 + s2s3).

Defining Ci = cos( δi
2

) and Si = sin( δi
2

), the explicit forms of the resulting proba-

bilities expressed as functions of the phase errors δi are

ωeven = [C1C2C3C4 + S1S2S3S4]2

Γ1ZZ1 = [C1S2S3C4 + S1C2C3S4]2

Γ1Z1Z = [C1S2C3S4 + S1C2S3C4]2

Γ11ZZ = [C1C2S3S4 + S1S2C3C4]2

∆Z111 = [S1C2C3C4 + C1S2S3S4]2

∆1Z11 = [C1S2C3C4 + S1C2S3S4]2

∆11Z1 = [C1C2S3C4 + S1S2C3S4]2

∆111Z = [C1C2C3S4 + S1S2S3C4]2

We have thus shown that random application of one of a set of four unitaries before

and after an ‘imperfect’ parity projection P̂ ′even can be expressed as a superoperator

on the data qubits. This has the form of the probabilistic application of ‘perfect’

parity projectors followed by Pauli-Z errors on subsets of the data qubits. When

the phase errors δi are small the most probable operation is the desired perfect even

parity projection Peven with no errors. This information on stabilizer performance

then enables classical simulation of a full planar code array, and its fault tolerance

threshold can be assessed.

The above considers the superoperator for a noisy parity projection in our proba-

bilistic protocol predicated on obtaining the ‘even’ result when measuring the probe.
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A similar result can be derived in the case that the probe is measured and found in

the |−〉 state and for the three-qubit stabilizers which define the boundaries of the

planar code. The superoperators for these edge stabilizers are also expressed as per-

fect Peven and Podd projections followed with some probability by one- and two-qubit

Z errors.
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Appendices for small codes chapter

C.1 Simulating the small codes

We make use of the following stabiliser generators and low weight logical operators

for our simulations of the small codes in Chapter 3. This appendix also presents the

circuits used for the encoding and decoding of each code, with fault-tolerant options

presented where appropriate.

The majority of this appendix appeared in Ref. [98].

Five qubit code

The stabilisers and logical operators used for the simulation of the five qubit code.

S1 = 1XZZX

S2 = X1XZZ

S3 = ZX1XZ

S4 = ZZX1X.

XL = Z11ZX

ZL = ZY 11Y

Seven qubit Steane code

The Steane code can be represented on a three-colourable graph (note that it is the

smallest possible instance of a 2D colour code). The logical operators are chain of X

or Z operators that span the code e.g. from corner to corner.
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Figure C.1:
Seven qubit Steane code.
S1 = XXXX111,
S2 = 1X1XXX1,
S3 = 11XX1XX,
S4 = ZZZZ111,
S5 = 1Z1ZZZ1,
S6 = 11ZZ1ZZ,
XL = X1X111X,
ZL = Z1Z111Z.

A transversal measurement of every qubit in the X (Z) basis allows fault-tolerant

measurement of the logical state in ‘one shot’. From the 8 bits of information from

measurements results the X (Z) logical state and the X (Z) stabiliser information

can be inferred, providing protection against measurement error.

Nine qubit (rotated) surface code

S1 = XX1111111

S2 = 1XX1XX111

S3 = 111XX1XX1

S4 = 1111111XX

S5 = 1111ZZ1ZZ

S6 = 111Z11Z11

S7 = ZZ1ZZ1111

S8 = 11Z11Z111

XL = 1X11X11X1

ZL = 111ZZZ111

The planar surface code can be modified from the variant we met in Chapter 1,

by rotating the lattice by 45 degrees. Then as shown in the example in Figure C.2 we

have a much more efficient version. Now boundaries involve weight-2 operators and

all the measured stabilisers are independent. We can encode one logical qubit with

nine data qubits, as opposed to the 13 qubits required in the canonical variant. This

9 qubit code is the smallest example of a surface code. Like the seven qubit Steane

code, we can measure a logical X or Z state transversally and have fault-tolerance to

one measurement error.
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1

987

654

32

Figure C.2: The smallest surface code. On a 45 rotated lattice, 9 data qubits and 8
stabilisers (4 weight-4 and 4 weight-2) encode one logical qubit.

C.1.1 Circuits diagrams

Alice and Bob’s circuits

In Figure C.3 we show the encoding circuits which we employ when Alice (taken to be

ideal) encodes the physical qubit |ψ〉 which she has chosen to place into the memory.

The encoding circuits come from Refs. [183], [184] and [165], respectively. Because

Alice is perfect, there is no need for fault tolerance in these encoders. Bob employs

the inverse of these encoders as a step in his analysis, see Table 3.1.

In order to experimentally investigate the integrity of a memory channel, we must

use circuits for Alice and Bob that are as compact as possible and, as a strong

preference, fault tolerant. Fortunately we need not consider general encode/decode

circuits since (for a broad class of noise models) we know that the worst-case choice

of state for Alice to transmit will be a Pauli basis state. Thus it is such states that we

need to Alice to prepare and Bob to differentiate. A suitable compact, fault tolerant

encoding circuit for the Steane code is shown in Fig. C.4(b) which is adopted from

Ref. [185]. An equally compact, but non fault tolerant encoding circuit for the five-

qubit code is shown in Fig. C.4(b). For both the seven-qubit and the five-qubit cases,

our Bob now simply measures all the qubits; however importantly for the seven-qubit

case he can perform classical error correction on the measurement results making his

inference process fault tolerant.
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(5-qubit code)

(7-qubit code)

(9-qubit code)

Figure C.3: General encoding circuits suitable for the five-qubit, Steane,
and nine-qubit codes. In all cases the physical state of ψ is encoded into the
logical state |ψ〉L
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(5-qubit code)

(7-qubit code)

encoding
memory
channel decoding

with post 
selection 
process

1

7

6

5

4

3

2

Figure C.4: Encoding circuits for imperfect encoding procedures with the
five- and seven-qubit codes. For the five-qubit code shown in the upper panel, the
encoded state |−〉L is prepared in a non-fault-tolerant fashion, and Bob subsequently
identifies the received state by measuring three of the received qubits and computing
their parity (again, a non-fault-tolerant process). For the seven-qubit code shown
in the lower panel, physical qubits are encoded into |0〉L using additional qubit for
detection of errors: if returns 1, Alice restarts the encoding until it returns 0. Such
method reduces propagation of some errors in a noisy encoding process. Bob is also
fault tolerant: he measures all 7 qubits, and may opt to flip one of the outcomes if it
is necessary to do so in order to produce a legitimate outcome; the parity of subsets
4,5,6,7; 1,3,5,7; 2,3,6,7 should all be the same as to allow him to guess between |0〉L
and |1〉L.
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E
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D
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=One noisy 
stabiliser 

Stabiliser measurements
with the 5-qubit code

Apply correctionEnvironment 
(T/2)

Figure C.5: Diagram of one whole cycle of Alice-Igor-Bob scenario with the
five-qubit code. Firstly five physical qubits are encoded into the logical state, then
the logical qubit is subjected to environmental noise for a time period of T/2, followed
by a cycle of stabilizer measurements and error correction, and then the logical qubit
is again subjected to environmental noise for T/2. Lastly the logical qubit is decoded
and measured.

Igor’s circuits

Figure C.5 shows the entire Alice-Igor-Bob process. In this figure, the memory channel

employs the five-qubit code and Igor’s error correction is not fault tolerant. Conse-

quently the overall circuit is one of the more simple examples; but cases where we

employ the Steane code or the nine-qubit code are analogous, as are cases where we

opt to make Igor’s process fault tolerant. The specific sub-circuits for these cases are

shown in Figure C.6.

In our simulations (e.g. Fig. 3.6) we considered more than one type of fault

tolerance. The most common method to avoid weight-2 errors is to encode four

ancilla qubits into a cat state, verified with additional qubit, and apply transversal

CNOT gates within each stabiliser check, which may be known as Shor’s method.

Circuits in Figure C.6 (a) and (b) demonstrate this approach. A slight difference

between these two diagrams exists, regarding measurement of the ancilla: for the

five-qubit code, the encoded ancilla qubit needs to be decoded by applying the gates

used in encoding in reverse before measuring the decoded physical qubit, while for

the Steane code, since each stabiliser check detects only one type of error, we can

simply measure all the four physical qubits in the corresponding basis and check the
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A fault-tolerant stabiliser measurement with 
the 5-qubit code and 2 ancillas

One noisy 
stabiliser 

=

A Shor-type fault-tolerant stabiliser measurement with the 5-qubit codea

=

A Shor-type fault-tolerant stabiliser measurement with the 7-qubit codeb
A fault-tolerant stabiliser measurement with 
the 7-qubit code and 2 ancillas

c

Flag qubit: 
notify 
whether 
weight 2 
error occurs

d

e Particular order to achieve fault tolrance 
for the 9-qubit surface code

1
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Order:
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Schematic view of  fault-tolerant error correction with the 5-qubit code

Full set of stabiliser measurements
with the 5-qubit code

One fault-tolerant 
Igor

Apply correctionEnvironment

f

Figure C.6: Circuits and diagrams for fault tolerant error correction. (a)
a round of fault tolerant stabilizer measurement with the five-qubit code. Here we
use the Shor’s method. After the stabilizer measurement, the ancillas are decoded,
followed by measurement in x-basis. (b) a round of fault tolerant stabilizer checks
with the seven-qubit Steane code, again using Shor’s method. Since each stabilizer
check detects either phase or bit flips, results can be obtained by checking the parity
of measurement results of all four ancillas without decoding. (c) the circuit to achieve
fault tolerant correction of the five-qubit code with only two ancillas. The first ancilla
is used for stabilizer measurement, while the other one acts as the flag qubit: it
returns -1 once any weight 2 errors occurs, and all such errors render a unique error
syndrome thus can be corrected. (d) the same approach as in (c), but for for the
seven-qubit Steane code. (e) stabilizer measurements of ancillas following a particular
order to achieve fault tolerance with the rotated nine-qubit surface code. The large
circles stand for the data qubits and the small circles are ancillas. The stabilizer
measurement should follow the order denoted by the colour orange, blue, green and
finally purple. Since the ancilla labelled 3 can physically act as the ancilla labelled 2
after finishing the measurement in the blue half-circle and that also works for ancilla
4, which can act as ancilla 1 after the measurement in the yellow half-circle, in total
six ancillas are required to demonstrate fault tolerance. (f) schematic view of the
whole cycle of Shor-type fault-tolerant Alice-Igor-Bob scenario with the five-qubit
code ((a) in this figure). The same procedure also works for all the others described
above. Three rounds of a full set of stabilizer measurements are required to obtain
fault-tolerance to measurement error.
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parity of the measurement results.

The alternative fault-tolerant circuits with only two ancilla qubits are shown in

Figure C.6 (c) and (d) for the five-qubit and seven-qubit codes, respectively. Here we

are employing the ideas recently introduced in Ref. [36]. The first ancilla qubit acts

the same as that in the non-fault-tolerant circuit, and the second ancilla qubit acts as

the flag qubit: once any weight-2 error occurs, the measurement of it will turn from 0

to 1. For both the five-qubit and seven-qubit codes, each weight-2 error corresponds

to a unique error syndrome if applying a set of normal stabiliser checks, thus we can

detect any weight-2 error by measurement of the flag qubit and correct by mapping

the stabiliser measurement results with the unique error syndrome.

The nine-qubit code has the unusual and desirable property that the techniques

described above, involving multiple ancillas, are not needed for fault tolerance. As

shown in Fig. C.6(e), weight-2 errors can be avoided simply by taking care to measure

the stabilisers in a certain order (as has been discussed in Ref. [117] and Ref. [33]).

Since only one round of stabiliser checks is to be preformed, fewer gates compensate

the cost of six ancilla qubits required.

The full diagram for evaluating the memory with fault-tolerant error correction

is shown in Figure C.6 (f), where we take the Shor-type five-qubit code (Figure C.6

(a)) as an example – analogous circuits apply for the other cases. Compared with the

non-fault-tolerant error correction as shown in Figure C.5, three rounds of stabiliser

measurements are required in order to avoid additional errors introduced by error

correction based on wrong error syndromes.

C.2 Significance of imposing a minimum

The observation reported here is in large part due to Niel de Beaudrap, and is included

here for completeness.

In all simulations previously described in this report the environmental decoher-

ence was purely depolarising. Consequently the environment has no preferred basis,

and one finds that Bob’s probability of successfully guessing the nature of the state

selected by Alice does not vary according to her choice. Thus the minimum appearing

in the definition of integrity, Eqn. 3.5, is redundant in the sense that the minimum

and maximum are the same. In order to show that this will not generally be true,

and that therefore it is indeed necessary to specify the minimum, we need only switch

from a pure depolarising environment to a pure dephasing environment.
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Figure C.7: Integrity in a pure dephasing environment. Plot shows the integrity
for a memory channel using a the seven-qubit Steane code, and and single round of
Igor’s error correction procedure with a gate error rate of 0.5%. Whereas all other
plots in this paper correspond to a pure depolarising environment, here we have a
pure dephasing environment. Consequently Bob’s ability to guess the nature of the
received state depends strongly on Alice’s choice of which qubit to send: If she sends
a z-basis eigenstate then Bob’s success is certain. [Figure credit: Xiao-si Xu].
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The results of such simulations are shown in Fig. C.7 which shows a Steane-code

protected memory but now with all environmental noise being pure dephasing. The

interesting point is that now Bob’s ability to guess the original encoded state varies

dramatically with Alice’s choice of initial state. If she chooses either |0〉 or |1〉 then the

logical qubits are in fact immune to phase noise, so that Bob’s performance impaired

only by the noise introduced by Igor – the corresponding line (red) is therefore flat i.e.

not a function of the memory duration. In contrast Bob’s ‘worst case’ performance

is obtained when Alice’s choice for the encoded state is |+〉 or |−〉 as shown by the

yellow line, and it is this that would define the integrity of memory channel.

In the following section we explain for many common environmental noise models

the ‘worst case’ will be found among the Pauli eigenstates.

C.3 When does it suffice to prepare Pauli

eigenstates?

The observation reported here is in large part due to Niel de Beaudrap, and is included

here for completeness.

In the main text and in the preceding appendix we noted that Alice’s choice of

state to encode can influence Bob’s performance when he guesses the nature of the

received state. Therefore integrity is defined from the worst case performance. In the

main text we noted that when indeed this occurs, we will often find that the worst

case corresponds to Alice choosing a Paul eigenstate. Here we explain that this is

typical for a broad range of error models. In the following, when we refer to ‘weak’

noise this is in the sense that the error probability is ≤ 0.5, which is in general the

region of interest where the milestones M1-M4 can be met.

Recall that we are assessing single-qubit memories, represented by a channel of

the form Φ : Herm(H1) → Herm(H1), in the presence of realistic noise using experi-

mentally viable methods.

We write P = {σ(0), σ(1), σ(2), σ(3)} for the set of single-qubit Pauli operators (we

sometimes write 1 = σ(0), X = σ(1), Y = σ(2), and Z = σ(3)). Let PM denote the set

of M -fold tensor products of Pauli operators σ(a1)⊗ · · · ⊗ σ(aM ). A Pauli channel is a

channel on M ≥ 1 qubits whose Kraus operators are each proportional to an element

of PM , representing random Pauli operators acting on those qubits according to some

distribution. We may denote such a channel by

Φ(ρ) =
∑
τ∈PM

pτ τρτ
†. (C.1)

191



Appendices for small codes chapter

(All such channels are unital, i.e. Φ(1
d
1) = 1

d
1.) A weak Pauli channel is such a

channel in which p1⊗···⊗1 ≥ 1
2
; and a weak i.i.d. Pauli channel is such a channel which

consists of a tensor product Φ1 ⊗ Φ1 ⊗ · · · ⊗ Φ1 of identical channels.

We can experimentally estimate the integrity of a weak Pauli channel Φ : Herm(H1)→
Herm(H1) on a single qubit, as follows. First note that we may simplify the formula

of memory integrity from Eqn. (3.5) by noting that

R(Φ) = min
ψ0⊥ψ1

1
2

∥∥Φ(ψ1)− Φ(ψ0)
∥∥

tr

= min
ψ

∥∥Φ(ψ)− Φ(1
2
1)
∥∥

tr
. (C.2)

For such channels we have Φ(σ(j)) = αjσ
(j) for some αj ≥ 0: in particular, as these

channels are unital, α0 = 1. Then for any single-qubit state ρ = 1
2

[
1+r1σ

(1) +r2σ
(2) +

r3σ
(3)
]
, we have

∥∥∥Φ(ρ)− Φ(1
2
1)
∥∥∥

tr
=

∥∥∥∥∥
3∑
j=1

1
2
rjαjσ

(j)

∥∥∥∥∥
tr

=
3∑
j=1

r2
jα

2
j . (C.3)

This is a convex combination of the scalars α2
j , which is minimised by setting r2

j = 1

for the smallest coefficient αj and rj = 0 otherwise. Thus

R(Φ) = min
j
α2
j = min

j
D
(
Φ(ϕ

(j)
+ ),Φ(ϕ

(j)
− )
)
, (C.4)

where ϕ
(j)
± are the ±1-eigenstates of the respective Pauli operator σ(j).

This motivates the following procedure to experimentally assess the quality of an

isolated quantum memory on a weak Pauli channel: prepare a state ϕ
(j)
± = |φ〉〈φ|,

apply Φ to it, and test the probability with which we obtain the outcome |φ〉〈φ|
when a σ(j) measurement is performed on it. Performing the above many times for

each Pauli operator σ(j), we may determine with some level of confidence for which

operator σ(j) this fails most often. This determines the pair of orthogonal states

which Φ does the poorest job at keeping distinguishable; using Eqn. (3.6), we may

then compute R(Φ).
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Appendix D

Analytics and Numerics of
multi-round error tracking

In this appendix pseudocode describing the ‘Brute Force’ and ‘Rare Events’ simulation

that produced Fig. 4.5 are described. Taken verbatim from Ref [118].

We limit our simulations to a limited set of k values, with ki = k for each simula-

tion. This is an arbitrary choice and simplifies the comparison made in Fig. 4.5. For

three rounds the simulations are limited to low k values, as these can be simulated

in a reasonable timeframe and adequate statistics gathered to infer the output error

rate.
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Tracking errors through multiple rounds

1: select protocol: {k1, k2, kToff}
2: generate number of modules in each round: {M1,M2,MToff} {Round One}
3: for i < M1 do
4: randomly generate binary string v length n1

5: measure stabilisers G0(k1).v
6: if stabilisers failed then return to line 3
7: end if
8: calculate logical output of module v = G1(k1).v
9: Append v to list of logical outputs V

10: end for
11: shuffle output of round 1 to firewall correlations V → V ′ {Round Two}
12: for j < M2 do
13: for each block ii in a round 2 module (there are k1) do
14: take (ii× j)th string of length n2 from V ′: v′

15: measure stabilisers G0(k2).v′

16: if stabilisers failed then return to line 1
17: end if
18: calculate logical output of module w = G1(k2).v′

19: Append w to list of logical outputs W
20: end for
21: end for
22: shuffle output of round 2 to firewall correlations W → W ′ {Round Three}
23: for l < k1k2 do
24: measure stabilisers G0(k3).w′

25: if stabilisers failed then return FAIL
26: end if stabilisers passed
27: calculate logical output of module G1(k3).w′

28: Search for logical error in output
29: if logical error found then return ERROR
30: elselogical error not found return SUCCESS
31: end if
32: end for

ALGORITHM D.1: Brute force simulation algorithm
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Tracking errors through multiple rounds

1: select protocol: {k1, k2, kToff}
2: generate number of modules in each round: {M1,M2,MToff}
3: generate number of corrupt modules in round 2: N2 {Round One}
4: for i < N2 do
5: generate number of corrupt round 1 modules N1

6: for j < N1 do
7: randomly generate binary string v length n1

8: measure stabilisers G0(k1).v
9: if stabilisers failed then return to line 6

10: end if
11: calculate logical output of module G1.v
12: if there is a logical error then Append v to list of logical outputs V
13: else return to line 6
14: end if
15: end for
16: Pad V with 0s so it is length k1n2

17: shuffle output of corrupt module to firewall correlations ... V → V ′

{Round Two}
18: for each block ii in a round 2 module (there are k1) do
19: take (ii)th string of length n2 from V ′: v′

20: measure stabilisers G0(k2).v′

21: if stabilisers failed then return to line 6
22: end if
23: calculate logical output of module w = G1(k2).v′

24: if there is a logical error then Append w to list W
25: else return to line 6
26: end if
27: end for
28: end for{ Round Three }
29: Pad W with 0s so it is length k1k2n3

30: shuffle output of round 2 to firewall correlations W → W ′

31: for l < k1k2 do
32: measure stabilisers G0(k3).w′

33: if stabilisers failed then return FAIL
34: end if stabilisers passed
35: calculate logical output of module G1(k3).w′

36: Search for logical error in output
37: if logical error found then return ERROR
38: elselogical error not found return SUCCESS
39: end if
40: end for

ALGORITHM D.2: Rare events simulation algorithm
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