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1 Introduction

Scattering processes in the high-energy — or Regge — limit offer a rich laboratory to explore
properties of gauge theories, both at amplitude and cross-section level. In this regime,
the invariant mass of any pair of final-state particles grows with the scattering energy +/s
and it is much larger than their individual transverse momenta that are instead held fixed.
This can equivalently be expressed by requiring that the final-state particles are strongly
ordered in rapidity while having comparable transverse momenta. Such a configuration
for 2 — n scattering is referred to as multi-Regge kinematics (MRK). In this scenario,
scattering amplitudes feature interesting properties, the most remarkable one being the



phenomenon of reggeisation: they naturally organise in terms of ¢-channel exchanges of
effective degrees of freedom called reggeons, whose propagator is dressed with a power-law
behaviour s7. In perturbative QCD, or more generally in non-abelian gauge theories, the
dominant contribution is given by a reggeised gluon, whose power-law behaviour is controlled
by the gluon Regge trajectory 7.

Following the seminal work by Fadin, Kuraev and Lipatov on the reggeisation of gauge
bosons in non-abelian gauge theories with broken symmetries [1, 2], the investigation of QCD as
a massless theory came shortly after [3—5]. These studies led to the conception of the celebrated
Balitsky-Fadin-Kuraev-Lipatov (BFKL) formalism and its related evolution equation. The
latter allows for the resummation of large terms of type In(s/|¢|) arising in the Regge limit at
any order in perturbative QCD, both at leading-logarithmic (LL) [1-5], i.e. [asIn(s/[t])]",
and next-to-leading-logarithmic (NLL) accuracy [6-8], i.e. «y[asIn(s/[t])]". Apart from its
formal interest, the BFKL formalism has a broad spectrum of applications, ranging from the
physics of small-z parton distribution functions, see e.g. refs. [9-12], to the phenomenology
of processes with large rapidity gaps in hadronic collisions, see e.g. refs. [13-24]. Improving
the BFKL approach beyond the current frontier to reach next-to-next-to-leading-logarithmic
(NNLL) accuracy, i.e. o2 [asln(s/[t])]", would significantly enhance those studies and our
understanding of QCD in extreme regimes.

The BFKL formalism relies on fundamental properties of scattering amplitudes in the
high-energy regime. At LL accuracy, amplitudes are described to all-orders in perturbation
theory as a tree-level exchange of reggeised gluons in the ¢t-channel, whose power-law behaviour
is fully determined by the one-loop Regge trajectory. In MRK, the interaction between these
reggeons and the gluons emitted centrally in the large rapidity gap is described by an effective
vertex known as the Lipatov or central-emission vertex (CEV) [2]. Owing to single-reggeon
exchanges in the ¢-channels, scattering amplitudes have a simple pole in the complex-angular
momentum plane [25, 26]. Thus, at LL accuracy, the iterated structure of reggeon propagators
and CEVs goes under the name of Regge-pole factorisation. Starting at NLL, multi-reggeon
exchanges appear and they give rise to cuts in the complex-angular momentum plane. However,
these contribute solely to the absorptive (imaginary) part of the amplitude, whereas the
dispersive (real) part is still described as a single reggeon exchange, thus showing a Regge-pole
factorisation behaviour [6]. At this logarithmic order, the factorised structure also entails
the interaction between a single reggeon and the particles that sit at the edges of the large
rapidity gap, defining the so-called impact factors. The latter are flavour-dependent, and in
QCD, there are impact factors for both quarks and gluons. It is worth stressing that these are
the only process-dependent ingredients in Regge-pole factorisation. Once they are accounted
for, this factorisation reflects into a statement about Regge-pole universality in (M)RK.

Several ingredients required for predictions in the BFKL formalism beyond LL accuracy
are known. Two-loop corrections to the gluon Regge trajectory were computed long ago [27],
and more recently three-loop ones in both N' = 4 super Yang-Mills (sYM) [28] and full
QCD [29-31] became available. One-loop QCD corrections to the quark and gluon impact
factors were computed in refs. [32-37] and two-loop ones appeared in ref. [38]. Finally, the
CEV is known with one-loop accuracy in QCD [33, 39-41], and it was recently presented
in dimensional regularisation up to second order in the regulator [42]. The only missing
components required for computing the Regge-pole contribution to scattering amplitudes



at NNLL are the one-loop corrections to the central two-gluon emission vertex, and the
two-loop ones to the CEV. While the former has been recently presented in N' =4 sYM [43],
the latter is unknown.

Alongside the evaluation of these contributions, an outstanding issue in QCD that prevents
a robust generalisation of the BFKL framework beyond NLL is the appearance of cuts in
the complex angular momentum plane. These are understood as multi-reggeon exchanges.
Starting from NNLL, such cuts also appear in the dispersive part of the result, making the
identification of the Regge pole contribution problematic.! High-energy factorisation breaking
at NNLL in the real part of two-loop 2 — 2 QCD scattering amplitudes was first reported
in ref. [45]. The observation that factorisation-violating terms are infrared (IR) divergent
motivated investigations into their contributions to the IR poles of scattering amplitudes
at two- and three-loop orders in QCD [46, 47]. In the recent past, several approaches have
appeared to address this problem in a systematic way. Ref. [44] developed an effective
theory based on the Balitsky/JIMWLK formalism [44, 48-56] that paved the way for many
amplitude-level investigations, see e.g. [31, 38, 57-59]. Fadin and Lipatov studied instead
the complete contribution of three-reggeon cuts to the 2 — 2 scattering amplitude, using a
diagrammatic approach [60-63]. More recently, a SCET-based formalism based on Glauber
exchanges has also been developed [64-67].

Thanks to impressive progress on the calculation of multi-loop multi-leg scattering
amplitudes [30, 68-73], we now have analytic data that allow us to a) validate the approaches
described above, b) gain direct insight into the high-energy structure of perturbative QCD, c¢)
extract the universal building blocks required to extend the BFKL programme beyond NLL
accuracy. In this paper, we take an important step in this direction by considering the high-
energy limit of the 2 — 3 QCD scattering amplitudes in full colour and kinematics [71-73]
and comparing them against predictions that we obtained from the framework of ref. [44].
By matching against the EFT [44], we both validate this approach at NNLL in MRK at the
two-loop level, and extract for the first time the universal two-loop vertex that describes the
emission of a central-rapidity gluon. This can be seen as a crucial step towards a robust
definition of the Lipatov vertex at two loops and beyond.

The remainder of this paper is organised as follows: in section 2 we discuss the 2 — 3
MRK, list the contributing partonic channels, describe aspects related to signature and colour
and illustrate how we expanded the five-point QCD scattering amplitudes [71] in MRK.
Section 3 is devoted to a review of the Balitsky /JIMWLK formalism and to a discussion of
how it can be used to predict the form of our scattering amplitudes in MRK. We do this by
extending the results of ref. [44] and expressing the two-loop scattering amplitude in terms
of fully-predicted quantities and one unknown two-loop universal vertex that describes the
emission of the central-rapidity gluon. In section 4 we compare the results from sections 2
and 3. After finding full agreement between the two for all the terms that we predict
unambiguously at NNLL, we leverage the knowledge of the full 2 — 3 QCD amplitude to
extract for the first time the two-loop universal vertex, both in QCD and N = 4 sYM.
Moreover, we exploit the well-known IR structure of two-loop gauge-theory amplitudes to

!This scenario is very different in planar N' = 4 sYM, leading to a much better understanding, see e.g.
section 6 in ref. [44] and references therein.
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Figure 1. Schematic representation of the kinematics for the scattering process in eq. (2.1).

define finite remainders for their universal building blocks in the high-energy regime. We
also document the various checks that we have performed to validate our calculations. We
present our conclusions, final remarks and outlook in section 5.

2 Five-point scattering amplitudes in MRK

In this section we discuss the defining features of five-point scattering amplitudes in MRK. We
begin with a precise description of the kinematics, and then turn to the discussion of signature
eigenstates as well as the choice of appropriate colour bases for the various partonic channels.
In the second half we describe how we obtain the high-energy limit of 2 — 3 amplitudes
up to two loops starting from their known expressions in general kinematics [71], with an
emphasis on the expansion of the transcendental functions. We conclude by presenting our
results for the infrared-subtracted scattering amplitudes.

2.1 Kinematics

We consider the scattering process

AM (p1) B (p2) — B (p3) g™ (ps) A (ps) (2.1)

where A, A’ B, B' are flavour indices and can either be ¢(g) for quarks(anti-quarks) or g
for gluons, p; label the momenta of the scattering partons and A; refer to their helicities.
The MRK regime is defined as the configuration where the final-state partons are strongly
ordered in rapidity, while their transverse components are commensurate and much smaller
than the centre-of-mass energy sis = 2p1 - pa:

Py ~pE>pl>pl, py ~ps >pr>ps, pro~laal ~|pal ~lasl,  (2.2)

with pf = py = /512, where we have introduced the light-cone coordinates in the notation
pt=p £p* p= {p®,p¥}, and introduced the t-channel momenta

qa = ps — p1, gB =Dpa+ D5 — D1 =Dp2—Dp3, (2.3)



see figure 1. The helicity amplitudes for the process (2.1) can be described in terms of
the five Mandelstam invariants

S12 = 2p1 - p2,  S23 = —2P2 - P3, 534 = 2p3- P4, Sa5 = 2p4 - D5, S51= —2p1-D5, (2.4)
and the parity-odd quantity

trs = Tr[ysp, popsp,) = di€ s pe P P5PEDY (2.5)

where €,,,, is the totally anti-symmetric Levi-Civita symbol. In MRK, they parametri-
cally scale as

Sig ~trs ~ 1/2%, s34~ sg5 ~ 1)z,  s93 ~ s51 ~ 1, (2.6)
with the scaling parameter x < 1. Also, in this limit
tri = A =535 (1 - 20— 28 —2aB+a*>+ %)+ 0 (1/1:3) , (2.7)

where A = det(G;;) and G = 2p; - pj with i,j = 1...4 is the Gram matrix. This implies
o = —812523/(s34545) and B = —s12551/(534845)-

To make the scaling eq. (2.6) manifest and simplify the quadratic relation (2.7), we
follow ref. [69] and parametrise the kinematics in terms of O(1) invariants {s, s1, s2}, a small
dimensionless parameter x, and a complex variable z such that

5152 S1 52 5152

S _ _
S12= 5, ST T _T2F, S34= 5, S5 =5, S50 = —T(l —z)(1-2) (28)

with Z = z*. Thanks to eq. (2.8), the parity odd invariant trs is then simply given by?

5152

trs = ?(2 —-2)+0(1/x). (2.9)

As we explicitly show in appendix A, it follows that the complex variable z is related to
the transverse momenta ga,B Via

T _ g Y €T i )

L _9B~Yp 1_ 5 daT1n

, _ 2.10
P4 P4l (2.10)

Let us stress that the role of the scaling parameter z is effectively to ensure that the invariants
s, s1, and sg are of the same order, and that large-rapidity logarithms manifest themselves
through the large quantity In(x).

In the 2 — 3 physical scattering region, the five Mandelstam invariants fulfil the following
set of conditions [74]

S12 > 834,  S12 — S34 > S45, S5 — S12 < S23 <0, 55 < s5:1 < 53, (2.11)

with

+ 1

851 = — 5 {8%2323 + 834545(845 - 823) - 812(834845 + 523834 + 323345)
(512 — 845)

+ \/812823834845(812 + 523 — S45)(S34 + S45 — 812)} . (2.12)
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Figure 2. Representation of the z-complex plane in MRK in the strict  — 0 limit. The shaded
regions are forbidden whereas the lower and upper triangles are permitted.

Considering the x — 0 behaviour of eq. (2.8), the first three conditions in eq. (2.11) are
trivially satisfied. The last one, at fixed values of s, s; and so, defines an z-dependent
exclusion region in the z-complex plane. In the strict £ — 0 limit, for any value of s and
51,2, this reduces simply to

Tm(z)| > V/3|Re(z)], (2.13)

which is pictorially represented in figure 2.

Finally we consider the scenario where the two light-cones are exchanged, i.e. we
apply the p; <> ps and p3 < ps permutations. This allows one to investigate the BA
scattering channel starting from the AB one of eq. (2.1). As for the invariants, see egs. (2.5)
and (2.8), this leads to

51 4> 52 22 (1 —2)(1 - 2), trs — trs, (2.14)

where the last relation follows from the fact that we are considering an even permutation
of momenta. In particular, since trs in MRK is given by eq. (2.9), this implies that (z —
Z) <> (z — z). The latter, combined with the second relation in eq. (2.14) implies z <> 1 — Z.
Therefore, exchanging the two light-cones amounts simply to the transformations s; <> so
and z <> 1 — z. Amplitudes where particles A(B) and A’(B’) have the same flavour and
helicity are then symmetric under this transformation.

2.2 Partonic channels, colour bases, and signature symmetry

In MRK, the only partonic configurations that contribute to eq. (2.1) at leading power
in z are those where both flavour and helicity are conserved along the large light-cone
momenta lines, i.e.

AM (p1)B*5 (pa2) — B2 (p3)g™ (pa) AM (ps). (2.15)

2Although the quadratic relation eq. (2.9) allows for two solutions, we are free to pick one. Once such choice

is made, given a set of independent s;;, the kinematics of the process and the components of the individual
momenta are entirely determined.



To fix the notation, we define the scattering amplitude A in terms of the connected component
of the S-matrix as

Sconnected = (27T)d5d(2z pz)(ZA) (216>
We then write the ultra-violet (UV) renormalised scattering amplitude for the process (2.15) as
ALY = g2 272 @S CPIBI (s, i V), (2.17)

where the pair [AB] identifies the flavour configuration in the initial state, i.e. [AB] can be
[99], [qg] or [¢Q]. In eq. (2.17) g is the strong coupling, A = {Ap, A4, \a} are the final-state
helicities, ®A5] are helicity- and channel-dependent spinor factors, C,, are a set of colour

]

scalar functions that contain the non-trivial perturbative information about the scattering

tensors that span the colour space of the process, and BLAB are spinor- and colour-stripped

amplitude. We expand them in terms of the strong coupling constant oy as

BIABl — BIABLO) 4 <a> BIABLL) <O‘S>28,[;‘BW> +0(a?), (2.18)
4 4
where as = as(ugr) with pg the renormalisation scale. Since we are working with UV-
renormalised amplitudes, infrared (IR) divergences manifest themselves as poles in the
dimensional regulator € = (4 — d)/2. We keep the e-dependence in BIABLD implicit. Also,
note that throughout this paper we will use the superscript (1) to denote the coefficient of
(as/ 47)" in the perturbative expansion of the corresponding quantity (possibly ignoring an
overall g2 tree-level coupling factor, such that AlABLO) denotes the tree-level amplitude).
We now discuss the various terms in eq. (2.15), starting with the spinor factors CID[AAB].
We choose them to be the tree-level (MHV) spinor amplitudes for the process eq. (2.15).

Specifically, for the A = {+,+,+} configuration, we then have

gl _ (12)*

P = (12)(23) (34) (45) (B1) (2.19)
g _ (12)3(25)

) = 15)(52) (23) (34) (A1) (2.20)
e _ (12)*(13)(25)

P T 15y (520 (28) (34 (A1) (2.21)

Results for other helicites (as well as for anti-quark channels) can be obtained from these
via parity transformations, permutation of external momenta, and crossing symmetry. For a
detailed discussion regarding our spinor products conventions in MRK we refer the reader
to appendix A.
In order to discuss colour, we introduce the standard operators T; defined as

(Tw)g =if* ifk=g, (TW)5 =15 ifk=q, (Ty);;=-Tj ifk=q. (2.22)
Here, both quarks and anti-quarks are taken to be outgoing, and T} are generators of SU(N,)
in the fundamental representation satisfying Tr(7%T%) = 6%°/2. For future convenience, we
also introduce the combinations

Ti; = T1 + Ts, Ty = Ty + Ts. (2.23)



As it will become apparent later on, in MRK it is natural to work in a colour basis C; where
each element is an eigenstate of both (T75)? and (T33)2. We achieve this by choosing a basis
of irreducible SU(N,) representations in both the s5; and sg3 channels. Each basis element
can be labelled by a pair (r1,72), where 1 and ry correspond to the representations in the
g4 (s51) and ¢p (s23) channels respectively. Specifically, we define 7 2 through

R®R;=&r1  Ra®@R3=&r, (2.24)

with R; the representation of the ¢-th parton. The relevant decompositions we need are

symmetric anti—symmetric
e N f_%
8®8=001®8 D27 & 8, ®10® 10, (2.25)
for a gluon line, and
33=1®8, (2.26)

for a quark line. The subscripts a and s in eq. (2.25) refer to the anti-symmetric and symmetric
adjoint representations respectively, while “0” denotes an irreducible representation that is
present in SU(N,) for N, > 3, but not in SU(3). We report more details about the colour
decomposition in appendix B, including the explicit expressions for the C,, tensors (listed in
tables 1 and 2). Here we only mention that we choose orthogonal bases, i.e.

S (B B = MG, (2.27)

colour

Also, we note that in the gluon case this colour basis naturally splits into tensors which have
well-defined symmetry properties under exchange of the colour labels for the two external
gluons of the relevant channel, as shown by the braces in eq. (2.25).

Finally, in MRK it is also convenient to work with signature eigenstates, i.e. states
which have well-defined symmetry properties under the exchange of initial and final states.
Indeed, only one signature eigenstate captures the leading behaviour of the cross section
in the high-energy limit (see e.g. [38]). We then define the following operations on the
scalar functions B,3

BIABLO)(
BIABLO)(

_ BIABLO)(

512, 523, 534, 545, 851, 1153 A) || 5 852, 523, 834, S41, 851, —tT5; A),

. — plABLU .
$12, 523, 834, 545, 551, 1155 X) |5 g = BV (513, 503, 504, 545, 551, —trs; ), (2.28)

BIABLD) (519, 503, 534, 845, 551, tr5; A) |%:§ = BB (553, 503, 594, 541, 551, +1r5; ).
Crucially, these transformations exchange positive with negative Mandelstam invariants and
thus require a non-trivial analytic continuation of the amplitudes. To achieve the latter, we
exploit the explicit expressions of the ensuing transcendental functions in all 5! kinematic
regions of 2 — 3 scattering [75] and follow the procedure described in refs. [71, 76] to cross
those functions from a given region to another one.

3Note that the helicity of particle 1(2) and 5(3) are the same, cf. eq. (2.15).



We define the following eigenstates®

BABL().(71.2) _ E[BLABLU) — BB
' [AB],(1) H[A (0 (229)
B, BJ,
Jan ‘2<_>3+01028n ’;:g] .
In the same spirit, we introduce the definite-signature colour operators
Toi00 = T% ’ Tg§ ) (2'30)

and note that all our colour basis elements are by construction eigenstates of 7T 4 since
1 2 +)2 +2
Tir =5 (T4 = (T3)° - (T)°) - (2.31)

We point out that thanks to Bose statistics the (anti)symmetrisation over a gluon line
is equivalent to (anti)symmetrising its colour indices. Therefore, selecting a signature
eigenstate corresponds to selecting a symmetric or antisymmetric representation in the 8 ® 8
decomposition, see eq. (2.25). The same is not true in general for quarks.

We conclude this section by stressing that all the manipulations and definitions described
above do not require the MRK limit. However, they make the study of this kinematic
configuration particularly transparent. Indeed, as we will review later on, in the MRK regime
the amplitude naturally organises into contributions coming from ¢-channel exchanges of
effective degrees of freedom — reggeons — which have well-defined colour and signature
symmetry. Writing the amplitude in the way described in this section helps uncover such
a structure.

2.3 MRK expansion of the full scattering amplitudes

Having set our notation, we can now expand in MRK the full two-loop scattering amplitudes
that some of us computed [71]. To do so, we first note that the spinor factors defined in

2

eq. (2.19) capture the leading-power multi-Regge behaviour, <I>k43] ~ 1/x*. This implies

that at leading power
BIABl ~ const 4+ O(x). (2.32)
The scattering amplitudes are schematically written as [71]

BIAP =" [Rag({sij}ie5) + trs R ({si }i€5)] x fu{W}), (2.33)

where R are rational functions of the external kinematics, while f; are transcendental functions,
referred to as pentagon functions [68, 74, 75, 77]. The latter are pure functions of uniform
transcendentality, that depend on the 31 letters of the pentagon alphabet {W} [68, 75, 77].
Finally, we introduced a further dependence on €5, which is related to the Gram determinant

“Note the apparently different signs in front of o; with respect to the standard definition. This is because
we have factored out from our amplitudes an antisymmetric spinor factor ®.



via €5 = i4/|A|. Note that for e5 we adopt the same convention of ref. [75], i.e. we define it
with a positive imaginary part.® This implies e5 = +i|trs|, and therefore in MRK

5182 % (Z — Z) lf Im(z) > 0,

a? (z—2z) ifIm(z)<O0. (2.54)

€5 X~

The expansion of the rational functions is straightforward. However, due to their large
number and sheer size, this task can be computationally intensive. For this purpose we use
the computer algebra program FORM [79, 80]. Furthermore, when the amplitude is expanded
in terms of the pentagon functions, the rational coefficients R develop spurious higher poles in
x = 0. To obtain the leading MRK behaviour of the amplitude, the transcendental functions
then need to be expanded around x = 0 beyond leading power. In particular, we require the
expansion of f; up to second order in z. Fortunately, the pentagon functions are written
as iterated integrals, which makes such an expansion straightforward.

Before describing how we proceed with the expansion, we comment on eq. (2.34). As
discussed in detail in ref. [69], amplitudes in MRK are non real analytic when crossing the
€5 = 0 (Im(z) = 0) hyper-surface. This would require to analytically continue the ensuing
results from the upper to the lower half of the complex plane, or vice-versa. Similarly to
ref. [69], we prefer instead to expand the pentagon functions separately in both regions.
The approach is indeed identical, and care just needs to be taken when fixing an initial
boundary condition.

Leading-power expansion. We now discuss how to obtain the leading-power MRK be-
haviour of a generic weight-w pentagon function fl-(w)({W}) of ref. [75].5 By construction,
those obey a differential equation of the form

31
d fl.(w) = Z dIn(Wy) x [linear combinations of lower weight f;w) . (2.35)
k=1

Crucially, a) the bracket on the r.h.s. involve linear combinations of f;w,) whose coefficients
are rational numbers, and b) the total transcendental weight of each term in the bracket
is exactly w — 1. Assuming that the weight-(w — 1) functions in the MRK expansion are
known, one can then readily obtain the desired result at weight w by expanding the pentagon
alphabet {W} at leading power in x in the differential equation in eq. (2.35), and integrate
it back. Although all of this is quite standard, we now provide additional details on the
procedure for the sake of completeness.

First, we point out that the pentagon alphabet drastically simplifies in the MRK limit.
Indeed, the 31 dIn(W}) can all be expressed in terms of 12 d In v;, where the letters v; are [69]

{z}, {8152}, {s1,82,81 — $2,81 + s2}, {2,2,1—2,1—-21—2z—22—2}. (2.36)
s

5We have explicitly checked the correctness of this choice by evaluating one-loop and two-loop planar
pentagon integrals in a dozen of kinematic points using the numerical implementation of ref. [75] and the
AMFlow program [78] and found agreement.

5See also ref. [69] for an analogous discussion.

,10,



A few comments on the alphabet eq. (2.36) are in order. First, note the separation between
longitudinal (s;) and transverse (z, z) variables. Second, this alphabet implies that all our
results can be expressed in terms of In(z), and 2dHPLs [81-83] of {s, s1,s2} and of {z, z}.
Given this, obtaining the desired result is straightforward. We assume that the result at
weight w — 1 is both known and expressed in terms of a minimal basis of 2dHPLs {G(*~1}.
Then, all one has to do is

e write the most general weight—w ansatz starting from a minimal 2dHPLs basis {G(“’)}

(and products of lower-weight 2dHPLs and constants such that the total weight is w);”

o take the differential of the ansatz, and express it in terms of {G(*~1};
o match this result against eq. (2.35) to fix all the unknown coefficients;

e fix a missing overall constant by computing the result in a specific kinematic point
(which must be in the exact MRK limit).

We now provide some extra detail on the practical implementation of this procedure. First,
we note that in principle one could read off the differential of the pentagon functions directly
from their iterated form given in ref. [75]. However, this would require dealing with a very
large number of different weight-3 functions. We then decided to re-derive the differential
equations in eq. (2.35) starting from the canonical basis of one- and two-loop five-point master
integrals provided in ref. [75], exploiting their expressions in terms of pentagon functions.
To do so, we used the programs Reduze [84, 85] to obtain the derivatives w.r.t. the s;;, and
Kira [86, 87| to perform the necessary integration-by-parts reduction to master integrals. We
then reconstruct the differential equations for the canonical master integrals G; in the form

dG; =€ > AijpdIn(W;) G (2.37)
Jk
by numerically fitting the coefficients A;;;,. Finally, substituting the solutions for the master
integrals, expressed in terms of pentagon functions fi(w) [75], into eq. (2.37) and collecting the
different powers of € on the Lh.s. and r.h.s., we obtain the differential equations of eq. (2.35).
We also note that the alphabet (2.36) leads to the following spurious singularities:

e §1 = 159, corresponding to s34 = ts45,
e z =z, corresponding to €5 = 0,
e 1—2—2z=0<% Re(z) =1/2, corresponding to se3 = S51.

Although they cannot be present in the physical result, they appear in individual pentagon
functions and the fate of their cancellation is different. Indeed, the s; = +s5 singularity
explicitly drops out from the UV-renormalised amplitudes. Functions involving the z — z letter
are present in the UV-renormalised amplitudes, but drop out from four-dimensional finite
remainders (see section 2.4). Finally, Re(z) = 1/2 remains as a spurious singularity if the

"In practice, given the simplicity of the alphabet eq. (2.36) one does not need a full basis of 2dHPLs but
only a subset of it.
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amplitude is expressed in terms of 2dHPLs, or in terms of the single-valued polylogarithms
described in section 2.4.8

To conclude our discussion about the leading-power expansion of the pentagon functions,
we now illustrate how we obtained a boundary condition in MRK. By construction, in the
point Xo = {s12, s23, S34, 845, $51} = {3, —1,1,1, —1}, the pentagon functions either vanish or
can be expressed in terms of few simple transcendental constants [75]. We point out that in
principle both Im(z) > 0 and Im(z) < 0 are allowed when translating this point from the s;;
to the complex variables of eq. (2.8). We thus solve the system of differential equations in both
the upper and lower halves of the complex plane choosing Im(z) accordingly in the boundary
value. We then consider the family of kinematic points Y = {3/22, ~1,1/x,1/z,—1} and
use the differential equation in z to transport the Xy boundary (x = 1) to the x = 0 MRK
point. The differential equation in x contains square roots, but they are easily rationalisable,
allowing us to obtain an analytic result.

We express the result in terms of Goncharov polylogarithms, that we numerically evaluate
with very high precision using GiNaC [88] in the boundary points © = 1 and z = 0. We
then use the PSLQ algorithm [89] to express the final boundary points for the expanded
pentagon functions in terms of simple transcendental constants. A complete set of such
constants was already discussed in ref. [69] (see table 2 therein), so we do not repeat them here.
Throughout the whole procedure we made use of the program PolyLogTools [90] to deal with
the differential equations and for manipulations involving the Goncharov polylogarithms.

Sub-leading-power expansion. If the leading-power expansion of the pentagon functions
is known, obtaining higher powers is straightforward. Indeed, all one needs to do is to write
a generalised power series in z of the form

fz.(w) = Z zw: z* 1nm(:c)g§j§3n ({s, 51,82}, {2,2}) , (2.38)

£=0 m=0

insert it in the differential equation (2.35), expand the dIn (W}) forms accordingly up to
desired power in z, and solve the differential equation term by term in z and Inz. Since

the resulting differential equation has the schematic form

A
dff = | A AP+ A, (2:39)

)

it is easy to see that beyond leading power, at any transcendental weight w and power in x, the
(w)

ifm*
For this purpose, we make use of the program FiniteFlow [91], that allows us to efficiently

problem is turned into solving a linear system of equations for the coefficient functions g

reach high powers in x. In the supplementary material provided alongside this publication,
we present expansions of all the pentagon functions in MRK up to O(z*). Following the
discussion on the non-real analyticity property of the pentagon functions in crossing Im(z) = 0,
we provide results in both the lower and upper halves of the complex z plane.

8Upon expanding around zp with Re(zp) = 1/2, we have explicitly checked that the amplitude is regular at
this point.
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We checked the correctness of such expansions by comparing the results in a dozen
of kinematic points against a numerical evaluation of the complete pentagon functions in
quadruple precision [75] for small-x values. We found excellent agreement within the expected
accuracy of the expansion.

2.4 IR subtraction and finite remainders

The procedures described in the previous sections lead to UV-renormalised amplitudes in
MRK which still contain (universal) IR singularities. The factorisation of IR divergences
in scattering amplitudes allows us to define a finite remainder (or hard amplitude), which
encodes the non-trivial physical information. As we noted in the previous section, its structure
is simpler than the one of the IR-divergent amplitude.

The IR structure of two-loop QCD amplitudes is well known [92-95]. Here we follow

ref. [94] and define (MS) finite remainders HAP as

HAB = lim 77} BIAB) (2.40)

e—0

where we used the vector notation H!A5! = {”HLLAB] }, Z1p is a matrix in colour space and the
perturbative expansion of ’HLLAB] is defined in the same way as in eq. (2.18). From now on, we
will drop the [AB] superscript whenever this is not ambiguous to avoid cluttering the notation.

Up to two loops, the Z;r matrix can be written as

(e}

Zin(e, p}on) = x| [ (Zf,l“m({p},ﬂ’)] , (2.41)

where p is an arbitrary IR scale, and

5 2 5
Trr({p}, 1) = vic(as) 3 T - Tjln <“> +3 ilas). (2.42)
=1

ig—1 —Sij — 10

i>]
In the equation above, as = as(u), vx is the QCD cusp anomalous dimension [96, 97] and ~;
are the collinear anomalous dimensions [98-100]. They are given explicitly in appendix C
up to the relevant perturbative order. In MRK, the soft anomalous dimension eq. (2.42)
can be written as

Lir= W{ (Tf)z

In +In = —in

2.43
—S523 P?; ( )

2

S45 S45 . 23\ 2
In —i—ln—m]—i— T
—S851 PZ ( +)

$34 834 . }

:U’2 MQ ,U2
—2Cyln —2Cgln —Cgln2+Z'7T[T+_+T_++T__—T++]}
—S851 —523 P4

+274+27B+7g;
where we assume that the pairs of particles (1,5) and (2,3) have the same flavour within
each pair, and where Cy(p) is the quadratic Casimir of the colour representation of particle

A(B),ie. Cy=Cy and C; =C5 = Cp. Note that, in our colour basis, the soft anomalous
dimension is diagonal except for the signature-changing term

%K S} Am [Ty + T+ T, (2.44)
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As we will discuss in section 4.3, the soft anomalous dimension (2.43) can be organised
in a form that makes MRK factorisation manifest. For now, we limit ourselves to discussing
the properties of the finite remainders defined through eq. (2.40). For a given signature,
we write them as

!
l ;01,0 _ (l)v(o' 0 ) k
HI102) = N g 7Lk (2.45)
k=0
where for convenience we have expanded in L = —In(z) — iw/2. We will justify this form in

section 3. At LO, only the odd-odd signature featuring a double antisymmetric colour-octet
exchange is present in MRK. Specifically, within our choice of spinor factors @, we have

,(0),(—— ,(0),(—— Q1,(0),(——
Miny | = e =HES T = 1 0) (246

while all other contributions are power suppressed. The subscripts in the finite remainders
‘H label the colour-basis element, see tables 1 and 2 for details.

As we will summarise later on, this corresponds to single-reggeon exchanges in both
the s51 and so3 channels.

Basis of transcendental functions. Beyond leading order (LO), we find that the finite
remainders can be expressed entirely in terms of simple logarithms of longitudinal variables
and single-valued functions of z and z. The relevant basis has already been discussed in
ref. [69], thus we borrow it from there. The one-loop finite remainder can be written in terms of

2 2 2
In <'u2> ) In <,u> , In (,u ) , (2.47)
Pi S1 52

plus the following weight-one single-valued functions [69]

= 1In(z2), =1In((1—-2)(1-—2)),
g1a = In(22) ) 915 (1-2)(1-2) ) (2.48)
g1,6 = In(z) —In(2), g1,7=In(1 —z) —In(1 — 2),
and, at weight two,
92,1 = Da(z, 2), (2.49)
g2 = Lia(2) + Lia(2), (2.50)
. z . Z _
923 = Liz <1—z> + Lia (1_2) + (914 —g15) In(|]1 — 2z — Z2|)
. 1
+im (910 + 91.7)seulim(2)}0 (Re(z) 5 ). (251)

where © is the Heaviside step function, and Ds(z, 2) is the Bloch-Wigner dilogarithm defined as

In(zz)

Dy(z,2) = Lig(z) — Lia(2) + (In(1 —2) —In(1 — %)), (2.52)

which enjoys the property Da(z,z) = Da(1 — 2,1 — 2).

For the two-loop finite remainder, weight 3 and 4 functions are also required. In ref. [69]
it was observed that in A/ = 4 sYM the weight-four term can always be written in terms of
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product of functions of lower weight. We find that the same property also holds in QCD.
More explicitly, at weight four there are only products of simple logarithms and Ds(z, 2)
multiplied by (». To write the two-loop finite remainder, we then only need to supplement
eqs. (2.48) and (2.49) with the weight-three functions [69]

g31 = Ds(z, 2), (2.53)
932 = D3(1—2,1-2), (2.54)
933 = Liz(z) — L13( ), (2.55)
93,4 = Liz(1 — L13(1 —Z) (2.56)
935 = Lis ( > + %ln(l —z—2)In? ((1_;;'(21_2)> , (2.57)
936 = 211 <1 - z) -2 <1 K z> o ((1 —2)(1 - z)> b <1—z 1—z)

+ %T [(91,4 - 91,5)2 + (91,6 + g1,7)2} sgn[Im(z)] © (Re(z) - ;) 7 (2.58)

. l—2-2

g3,9 = Li3 ((1_2)(1_2)> , (2.59)

where we introduced
Ds(2 %) = Lig(2) + Lig(2) — %ln(zi) (Lis(2) + Lis(2)) — ian(zz) In((1—2)(1—2)). (2.60)

In passing, we note that our QCD results share the same set of single-valued functions of the
N =4 sYM results, except for g 3 and g3 ¢ which instead appear in A/ = 8 supergravity [69].

As discussed at the end of section 2.1, the s; <+ s9 and z <+ 1 — Zz transformations
corresponds to interchanging the two light cones. We thus find it convenient to introduce a
basis of functions with definite symmetry under these transformations, either even or odd.
At weight one and two we define,

hiit=g14a+915 hi2=g14a—915 h3z=0g16+091,7, hia=916—0917,
hoa = g2.1 (2.61)

h%,l - h%,Q ;;jh%,:a - h%,zx —Go hos = gas+ h3 Jgf h%,?,

hoo = goo +
and at weight three,

h31=g31+932, h32=931—932, h3z=933+934, h3a=933— 934,

hi 935 hiihis (3
his, hag = g35 _In1M2 83
12 12, h3e =939+ 9 3 5 (2.62)
his  hishis
: = 20 hys.
h37 24 3 Chig

Given that the hy,; functions are built in terms of the g,, ; ones, they also are single valued.
In particular, the functions hq 1, hia4, ho1, h31, h3a, hss and hg7 are symmetric under
z <+ 1 — z, while the other ones are odd. Furthermore, they are also either even or odd under
the transformation z — Zz, a property inherited from the g; ; functions above.
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Final results. The complete results for the finite remainders for all partonic channels can
be found in the supplementary material. Here we only report a few examples to illustrate
their simplicity.

We focus on gg scattering, and consider antisymmetric colour-octet exchanges in both the
s51 and s93 channels. As explained in section 2.2, for gluon scattering this automatically selects
the (——) signature component. This amplitude is symmetric under the exchange of the plus
and minus light-cones, thus any even(odd) function h,,; needs to be paired to an even(odd)
rational function of (z,z). Up to two loops we find only six independent rational functions,

_ A+ (1-z)P _ 2(1-2) 1 1 l+z-2%

N TR TZ_(l—z—z)2(1—2+z>7 (R (2:63)

I R IR CE [ CEr -
(1-2)z’ (1-2z—2)?2 Z1-2)(1-z-2)"

with r1, 73 and 7 odd, and ro, 4 and 75 even. For the centrally-emitted gluon with positive
helicity, at one loop we have

7_[[99}7(1)7(——) =N 1772 h2 In S1521) s hi1—1In h
(84,84) c 12 2 52 2 1,1 52 1,2
hi1—rihig2—r2] 3 ’Y}?)
+(Ne—ny) 3 +§Nc(h1,1—7“3h1,2)—77 (2.64)

(2)

where the explicit expression of the cusp anomalous dimension coefficient 7, is given in
eq. (C.5). The equivalent result for the negative helicity case can be obtained by the simple
replacement z <> z. For the same helicity configuration, at two loops we find

HE D = N2 [2L2h%1+L<—2lo (8152)h AHimhd  +h3 phy 1 —1TCohy

232\ iy 1
—|—210g( ) h12h11+3r3hi 2l 1—4C3+9) ;’2 —i—ilog2 (?) h3
2

9 518 1677 58h
h22h1 2+ log ( ;2>hf1—i— G 7 91’1 (r2+r1h172)

16

+log <S;) (2(37"34-}1172—3)}11 2_762}112 log( )hl 1h12
) 20
—i—Z;thlhl,Q) —% (6h%71+23h%72+39-1-397“3h1,2>

518 1, 17 3 1
+log <;22) (—217#&1%—2C2h1,1—2r3h1,2h1,1+2C3—18(9h1,1h%72+232)>

(1 17 3 29
+im <4h1,1hi2— %3 - ZC2h1,1+*7”3 (h1,1h12—h1 3h14—8h2 2+8ha 3) +9>

16

T3 (thg‘i‘(?)hl 1—16)h12+h 1(h1,3h14+8ho2—8hg3)+64hs ) ———

1717
54

16

+Nc(Nc_Nf)

+ 7L(9h1 1(T2+T1h12)+56)+ log( >h12(’l“2—|—(’l“1— )hl’g)

5152

271 (2) (—9}1171 (7"2—1—7”1}1172) —56) +EC2 (—637’2—397’1h1,2—55)
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1 1
+— (33h1 1—162h, th 29— 445) +aim ( (4 (T’4+7‘2 (h171 — 1))

162 24

14 1
+(127“3—|—7“1 <h1,1—12))h1 2—71 (hl 3h1 4+8h2 9—8hy 3)) + 27) ( 27“1]11 2

+4(7‘2—T5)h%72+ (4(7’6+7“3 (41—6}1171)) -7 (3<h171 —8)h171+152>)h1’2
—|—47“4h171 —4rg (h171+46) — (12T3—|—T‘1 (hl,l —12))h173h1’4

—8(12T3+T1 (h171 —12))}1272—{—8(127“34-7‘1 (h171 —12))h273—647“1h376)‘|

1 73¢ 518
L(hiz_hi1)+2l ( )h12+ 63+410g< ; 2)(h h%,Q)

1 .
+ZC2 (h1,1—8hi4)+im (@

+NBO %

1
2h
2 48(
—3h1,4h%71 —3(h%72—2h173h1’2+16h271)h1’1 —hi4+3h1 2h174+3h% 3h1’4

1
‘|’§ (_h%,l +2h%,2—8h2,1))

—9h1,2 (h173h1’4—8h2’3)—48(—2h3,4—|—2h3,5—|—h377)) N, Nf)

27(

1 (3)

—i—% {r2+h1,1+ (1 —27"3)h1,2] —6(2(3hi 1 +5hi 9+8ha1) _%- (2.65)

In both eq. (2.64) and eq. (2.65) we set p = |pa|. Results with full u dependence for all
partonic channels and all signatures can be found in the supplementary material. As for
the two-loop case, we provide separate expressions for both the lower and upper half of the
z-complex plane. Here, we just limit ourselves to point out that the two differ only for those
amplitudes with even-odd or odd-even signature, whereas they are the identical when the
signature is the same in the two t-channels.

3 Predictions from the Balitsky/JIMWLK formalism

In this section, we will briefly summarise how one can obtain predictions for scattering
amplitudes in MRK from the Balitsky/JIMWLK formalism [44, 48-56]. Although nothing
presented in this section is conceptually new, to the best of our knowledge many of the
required details have not been spelled out explicitly before, so we report them here. We start
from a brief summary of the formalism itself, but we refer the reader to the vast literature
on the subject, and in particular to ref. [44], for a more in-depth presentation.

Before moving on, we take the opportunity to introduce the graphical notation and some
nomenclature that we will use in this section. As already explained, the process involves two
highly boosted “projectiles” which retain their identities in the interaction. We will refer to
these as A and B lines, in accordance with the notation of eq. (2.15). We will also use the A/B
subscripts to denote quantities associated to the respective lines. As depicted in figure 3, we
will use blue double lines to draw projectile A and red double lines to draw projectile B. The
double lines can indicate either gluons or (anti-)quarks. In figure 3 the dashed blob represents
the full interaction among the projectiles A and B and with the central-rapidity gluon.
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line B

Figure 3. Graphical notation for MRK scattering. The upper double line denotes the projectile
boosted in the + lightcone direction, while the lower one denotes the projectile boosted along the
— lightcone direction. The shaded blob represents the interaction among the projectiles and the
emitted gluon.

3.1 The MRK amplitude from the Balitsky/JIMWLK formalism

The Balitsky/JIMWLK formalism is a convenient framework to analyse systems with large
rapidity gaps. In this formalism, in the strict high-energy limit (x = 0), the line A is
represented by a single infinite Wilson line U™}, which in position space is localised on the
x4+ = 0 lightcone and only depends non trivially on transverse coordinates z:

U{T’} (Z) — Peigs ffoo dlE—A(i(x+=O,x_,z)T7?" (31)

where A is the gluon field, P is the usual path-ordering in colour space, and r stands for
the colour representation.’ Such infinite Wilson lines are divergent, and can be regulated
by working at finite rapidity. Their evolution in rapidity — which generates the large Inx
logs — is also known, and at LO is given by the celebrated Balitsky/JIMWLK equation.
The latter is a non-linear equation and, in particular, the evolution in rapidity generates
additional Wilson lines.

At finite rapidity, line A can be represented as

a1,t

ay (p1)as? (ps) ~ 2m6(pf — py )daas X 2p1 X
_ 1 ) _ _ aras (3.2)
J(aa)Un,(qa) + 3 /{dq} T (aa,9)Un,(aa — @)Uy, (q) + ... ,

where af&’T (p1) and a}’ (ps) are creation and annihilation operators of external states. More-

over, in eq. (3.2), 2pj is the standard eikonal vertex (with our definition of the lightcone
coordinates), the subscript n4 indicates that we have regulated the Wilson line by tilting
it by a fixed rapidity n4a = 1/2Inps /p;, and we have defined

Un(P) =U,(p)—1 and U,(p)= /[dz] e_iq'ZU,,(z). (3.3)
We also introduced the notations
[dz] = d?~2%¢g, {dp} = d2_25p/(27r)2_2€. (3.4)

9In what follows, we will omit r whenever this does not create ambiguities.
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The coefficients J and J' in eq. (3.2) are radiatively-generated impact factors. We note that
J' is a colour operator so that the product J'U U is in the same representation of the A
projectile. In our normalisation, J ~ 14 O(as) and J' ~ O(as). An analogous construction
holds for line B, with the role of the 4+ and — lightcones exchanged.

In the absence of a central gluon, to compute the amplitude one would need to evolve
eq. (3.2) down to the rapidity ng = 1/21In pg,f /p5 — thus generating the large rapidity logs —
and then compute a same-rapidity correlator with the equivalent of eq. (3.2) for the B line,
see ref. [44]. In our case however, one first needs to evolve down to the rapidity of the central
gluon (ny = 1/2InpJ /p; ), and consider the interaction of the resulting Wilson lines with the
gluon 4. To the accuracy needed for this paper, it is sufficient to consider the interaction
of the gluon with a single Wilson line. At LO, one can compute such interaction using
the shockwave formalism, where gluon 4 interacts with the Wilson line in the background
generated by projectile B. In terms of the annihilation operator of the emitted gluon af,,
the result reads [44]

Up(p)a, (pa) ~ —2gs /[dzl][01Z2]e_ip'zl_ip‘“z2 (U5 4i(22) TV g — T 1| Up (1) %

3.5)
ik-(z2—2 en kK (
x / [dicpetetoaan S 2
where we used the standard notation
i U(z1) ... U(z) ... U(zn) = U(z1) ... TU(z;) ... U(zn), (3.6)

iR U(z1) ... U(zi) ... U(zn) = U(z1) ... U(z)T" ... U(zn).

In eq. (3.5), €} is the two-dimensional polarisation vector of the gluon 4, with the implicit
choice €y - p2 = 0.1° After eq. (3.5) has been used, one can evolve the resulting Wilson
lines down to rapidity ng.

In practice, the rapidity evolution of the Wilson lines is non trivial. Fortunately, for any
perturbative application, one can use the dilute-field approximation

1
Uy () = exp {ig T Wy(2) } = 1 + (igs) W T* + S (19 WyW)T T .. (3.7)

with g,W, <1, see ref. [44] for details. This allows us to perturbatively expand the shock-
wave expression eq. (3.2) for the A line, the equivalent formula for the B line, and the
gluon-Wilson line interaction eq. (3.5).

Introducing the Fourier conjugate of the W field

Wi(z) = [{da}e s (q), (33)

YBeyond LO, eq. (3.5) gets corrected in multiple ways. As it will become clear later however, for the
purposes of this paper one only needs to consider multiplicative corrections to it.
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Figure 4. Graphical representation of the expansion of the Wilson line A in terms of W fields,
represented by double wavy lines. The dashed blob stands for the background generated by the other
projectile. A similar expansion holds for line B.

we find that the projectile expansion eq. (3.2) becomes

a5 (p1)ass (ps) ~278(pf — pi)oaas X 297 % {(igs)j(QA)[[W(QA)]]AJr

+ (igs)g /{d , B
2l q} [1+ 7' (aa,@)] [W(aa - a)W(a@)]a+ (3.9)
i 3
+ ( %s!) /{dq1}{dq2} [W(ga — qi)W(ai — q2)W(q2)]a -+ - .. } ’

n=nA

where we have only kept terms that contribute up to NNLL accuracy and where we have
introduced the notation

[0105...0,]% = (T aay (T ayay - - - (T )a, 15 OO ... O,

= " (3.10)
[[OIOQOn]] = HOIOQ--'On]]adj )

to refer to fields contracted with products of SU(N.) generators. Graphically, eq. (3.9)
corresponds to the expansion in figure 4.

We now consider the interaction of a Wilson line with a gluon, and expand both sides
of eq. (3.5) using eq. (3.7). After some algebra, comparing left- and right-hand sides of the
equation we find that eq. (3.5) provides the interaction of a gluon with a single W in the form

W (p)" a(q) ~ 20s[W]™(a +p) [Eif#"i'q} +

q2
wig? [ {dki} W (a-+p k)W (ko)) [513;'29 + 651;(11(_1;)12))}

8 [k Hdka} W (a4 p—k) W (ko —ka) W ()]
BEEPA )

for which we provide a cartoon in figure 5. We also find the interactions with multiple
W fields to be

(3.11)

WP @WI(p)as ()~ 20, [ s} IW (a+p—k) "W 1)

ex-q &y (p—ki)
X +
[ q? (p—k1)?

+(b<c)+..., (3.12)
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Figure 5. Graphical representation of eq. (3.11). The shaded area represents the background
generated by line B, while the black dots correspond to interactions “vertices”. Similar diagrams can
be drawn for egs. (3.12) and (3.13) by simply replacing the upper W field with two and three W
fields respectively.

(WPeW@W)(p)as(q)~ 20 / {dko Hdko - [W (q-+p—kn)] "W (ki —ka) W (ko) x
{sj-q+€§-(p—k1)
a*  (p—ki)?
where [f ® g](q) = [{dk}f(k)g(q — k) is the standard Fourier convolution and where we
refrain from writing expressions for interactions with more than 3 W as well as higher order

+(be o)+ (bed)+..., (3.13)

terms since they will not play any role in our analysis. As we have mentioned, eqgs. (3.11)—
(3.13) receive perturbative corrections. However, in the next subsection we will see that
for the purposes of this paper the only relevant ones are those affecting the first term on
the right-hand side of eq. (3.11), which gets dressed with a radiative vertex correction
Wy = 1+ O(as) yielding

6*.p E*.q
2gs[[W}]ab(q+p)[ 2)2 + 22 }—>

vy e (3.14)
2gsﬂW]]“b<q+p>[ Py }m(p,q).

We conclude by reporting some of the main features of the W field, once again referring
the reader to ref. [44] for additional details. Up to two loops, W is an eigenstate of the
Balitsky /JIMWLK rapidity evolution, and its eigenvalue coincides with (minus) the gluon
Regge trajectory 7g4:
—d*an(P) = 79(P)Wy(p). (3.15)
Explicit results for 7, up to two loops are reported in section 4.3. We note that the rapidity
evolution also induces transitions between n and n + 2, n + 4 etc. states, but such transitions
are suppressed by at least one power of a; compared to the n — n ones, and do not enter
in our analysis.
At LO the W fields are free, so that their same-rapidity correlator is

<T[W(p1) . .W(pn)]n[W(CM) o W(Qm)]n> -

Onm Z G(pb qa(l)) s G(pn’ qa(n)) + O(O[S),
O'GSn

(3.16)

where T is the standard time ordering, W is associated with projectile B, and the 2-point
correlator reads

_ i ab
Glp. ) = (TW; ()W) = (20> *6* *(p— )"y +Ofar). (37
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Due to CPT invariance, the correlator between even and odd numbers of W fields is zero at
any order (W is a signature-odd field) [44]. Beyond LO, it is convenient to redefine the W field

W= (1+ag+.. )W+ (@2sy+.. )WWW +..., (3.18)

such that a) correlators with different numbers of W fields on the two lightcones vanish,

(TW(P)-WEa)], W(@) - Wiaa],) =0 for ntm  (319)
and b) the two-point correlator is equal to the free one
N ,L'5ab
G(p,a) = (TW; ()W) = (2m)* 6" *(p — a) 7 (3.20)
at any order in as. Note that after this redefinition eq. (3.7) would not hold anymore, but
egs. (3.9) and (3.15) still hold (with modified impact factors, but unchanged gluon Regge
trajectory) and our computation remains identical to the required order.

These are all the details that we need to predict the MRK behaviour of the 5-point
scattering amplitude up to two loops. We study this in the next subsections. We start
by discussing the (——) signature, which is the only one that contributes at LL and NLL
accuracy at the cross-section level, see e.g. ref. [101].

3.2 LL and NLL predictions for the MRK amplitudes
3.2.1 LL and NLL predictions for the (——) signature

To obtain a prediction for the LL amplitude in the formalism summarised in the previous
section, we recall that large logarithms are only generated by the rapidity evolution. Because
of this, and because multiple W contributions are suppressed by powers of gs, cf. eq. (3.9),
only the single-W term in eq. (3.9) contributes at LL. For the same reason, no perturbative
corrections to the impact factors enter in the LL approximation, i.e. Jx — 1. Up to an
overall — hence immaterial — phase ¢[AB] that depends on spinor conventions, the connected
S-matrix element eq. (2.16) that we need to consider is then

Sur, = ¢ [2m6(pf = pd)oxins x 207 | [276(py — p3)Onns X 23 |

— 3.21
(T (i W@l a3 o0 (10 (am ) ) Y

To evaluate this correlator, we first use eq. (3.15) to evolve the W, (qa) field to central rapidity

W’V? (QA) = 6A77A47—g(CIA)VV;;4 (QA), (322)

A

where at LL we only require the LO (i.e. O(as)) Regge trajectory. It reads

Qg Qg eVE — € 2 € 2\ €
<47r> Tg(l)(q) _ <47r) O, gl F;l(l _)261;(61 +¢€) (/;2> 7 (3.23)

with vg the Eulero-Mascheroni constant, vg ~ 0.577216. At small x, the rapidity difference

can be written as
|55
pil Py

Angj =n; —n; =In +O(z). (3.24)
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We remind the reader that n4 = 1/2InpZ /ps and np = 1/2Inp3 /p;. As a next step, we
apply eq. (3.11) to compute the LO interaction of W (q4) with the emitted gluon

e, P4 €, a4
Wi - 20V Ittan + o) | SP 4 S
4 A

.., (3.25)

and finally evolve the resulting W field from rapidity n4 to rapidity np, and compute the
equal-rapidity correlator eq. (3.20). Using eq. (2.16), we can then write a LL prediction
for the amplitude:!!

-ALL - A( ¢[AB] 49 512 {(T )lc)gcg (TTA)C501Zfaba4} X
. . 3.26
eTg(QA)AnAALLQ )\4 2p4 + E:)‘4 2CIA T9(aB)Anp ( )
ap Py *Y]

Using the explicit results for the polarisation vectors in appendix A, the term in the square
bracket can be written as

e}, P14 €, 44 1 1
+ —= x WV, (9q4,p4) X =, (3.27)
l Pi < | v a;
with
4A,1 4B,L 4A,1 4B, 1
V. (qA7 P4) - V_ (qAa p4) ) (328)
P41 D4, 1

where we used the complex notation p; = p* + ip¥, p; = p® — ip¥, see appendix A. The
function V) in eq. (3.28) is the LO Lipatov vertex, or central emission vertex, which is a critical
ingredient for computing amplitudes in the MRK, see e.g. ref. [102] and references therein.

In terms of the Lipatov vertex, the LL amplitude can be written in the suggestive form

(—— ¢[AB 2\[95812

1 1
X (TTA)Zs 7o(Qa)Anas q { faba,4 V)\4 (qA7 p4)} qieﬂrg (ap)Anp (TTB )2302)
A B

(3.29)

where the t-channel exchange structure is apparent. Repeating the same steps we performed
here for the 2 — n amplitude in MRK|, it is straightforward to see that such a structure
iterates at all multiplicities. We briefly discuss this in section 3.3, but first we give explicit
expressions for the phase factors ¢[48]. These depend on the spinor conventions adopted.
To fix them, we match eq. (3.29) against eq. (2.17), remembering that in MRK only the
signature-odd amplitude with colour-octet exchange in both the 1-5 and 2-3 channels is
non vanishing at LO, see eq. (2.46). Using the spinor conventions of appendix A, for the
helicity choices in eq. (2.19) we obtain

¢[gg1:§§i7 gl — _; Zzi gla@ = PaL (3.30)

The same procedure can be applied to all other helicites. Since the ¢[45! phase is immaterial,
we refrain from reporting here explicit formulas for all the other possible helicity configurations.

"We note that with our definitions for the lightcone dp*dp™ = 2dp°dp~.
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Figure 6. Schematic diagrams for multi-W contributions to the (—+), (+—), and (4++) one-
loop amplitudes.

We now discuss the NLL generalisation of eq. (3.29). As we have mentioned in section 3.1,
W is a signature-odd field. As a consequence, the (——) amplitudes only receives contributions
when an odd number of W is emitted from both the A and B lines. Simple power counting
then shows that only one-W exchanges arise at NLL, making the NLL generalisation of the
LL results above straightforward. Indeed, the factorised form of the amplitude eq. (3.29)
remains basically unchanged, except for the addition of (multiplicative) radiative corrections
for the impact factors J eq. (3.9) and the WWyg interaction vertex Wy eq. (3.14). The
NLL amplitude then reads

A1(\1_L£) = A8 2v/2 3519 x (Tm)gsclj(qA)eTg(qA)AnM

1 . raba 1 -
“& {Zf ’ 4V>\4(CIAaP4)W)\4(QA,p4)} z° o(AB)AME 7 (qp)(T) ), o, -
B

(3.31)

At this order, one only needs O(as) corrections to the impact factors J and vertex W,
but two-loop O(a?) corrections to the gluon Regge trajectory 74- Both J and the Regge
trajectory can be extracted from the 2 — 2 scattering amplitude, thus allowing one to obtain
the one-loop contribution to W) by matching eq. (3.31) to the one-loop 2 — 3 amplitude.
To compare NLL results with the literature, we find it convenient to perform a redefinition
of the evolution variable, impact factors J, and vertex WW. However, before elaborating on
this, we discuss NLL predictions for the other signatures at one loop.

3.2.2 One-loop NLL predictions for the other signatures

We consider one-loop amplitudes with signatures (—+), (+—) and (++) up to NLL, starting
from the former. The (—+) amplitude only receives contributions where an odd number
of W fields are emitted from the A line, and an even one from the B line. Since each
W is accompanied by a g, factor without any large logarithm, see eq. (3.9), at NLL we
need to consider the emission of one W from the A and two Ws from the B line. The
rapidity evolution is signature preserving (see the discussion around eq. (3.15)), hence the
only non-vanishing contribution at NLL comes from the W — WW transition, cf. the second
line of eq. (3.11) and figure 6(a). Crucially, this is O(gs) with respect to the LL result.
As a consequence, to NLL accuracy the W fields can be treated at LO. This makes NLL
predictions for the (—+) signature conceptually trivial. The only subtlety is that the two-W
state is not an eigenstate of the rapidity evolution Hamiltonian, hence a simple exponentiation
like in eq. (3.22) does not hold. However, the effect of the evolution starts appearing at the
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two-loop (a2L) order. Here we focus on the one-loop amplitude, the evolution then does
not play any role and we can immediately write down the NLL result.
By combining the appropriate terms in egs. (3.9) and (3.11), we find

—+
SISILL) =
AB] {Zwé —p5 )Oaxs X 2p1} [2 d(py — P3 )0agns X 2p2_}
. \2
csC a 19s 17 c3c
<T (’L s[Wia(aa)lis 1>a)\i(p4)<( 2!) Wyp ® Wns 7»]’BQ(CIB)>> =

P! [2m8(p] — pd)onns | 270 (05

[ZQS(T )6501} X ig? /{dkl} [

D3 5)\2/\3} X 4512 (3.32)
(

)
efar , € quA)l

a4 (k1 —qa)?
( ) . 0302 (CIB)>>
The equivalent result for the amplitude, see eq. (2.16), reads
Al(\I}_,L —4195 ¢[AB 512 [(TTA)C501 fa4ale fea2a(5a1b1 6a2b2 +5a1b25a2b1)(Tfé'Tfé)cch]
2 * *
9gs 1 1 |ey-qa , &y(ki—qa)
= [{dk — 1+0 .
< [0 e [Tt (1+0(a))

a’ (k1—qa)?
We now look at the colour structure of eq. (3.33). To do so, we introduce the graphic

X <T [Wis(aa +ps — ki)W, (kl)]]a4a< nB

(3.33)

notation

e = o TETE. T = 3 3 3 | (3.34)

Qn, az ai
b c

in terms of which we can write the Lie algebra identity

(T2, T} ] = if*"T¢, — ;&‘% = E E — ?{ : (3.35)

a b b a b a

In this notation, the colour structure of eq. (3.33) can be written as

TT(’IAZ’faaQeiJceala4 (5a1b15a2b2 + 5a1b25a2b1) Tbl Tb2 ig g ’g . (3'36)

After simple manipulations, using eq. (3.35) we obtain

T
i
}‘?‘*‘
==
*‘?‘ﬁ

(3.37)
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where we have coloured in purple the underlying tree-level colour structure and identified
the remaining black gluons in terms of the colour operators T;? in eq. (2.23). We then
combined these into T 4_, defined in eq. (2.30).

Using eq. (3.37), we can write the amplitude eq. (3.33) as

-'41(\1_1:11:) = —im l( A)2 ‘| {1, 2}T+ A©) (1+0(ay)) =
(3.38)
— in ( ) W, T4 AO (14 0(ay)),
or
AT = —ink )y, T A© (3.39)

In these equations, Se = (47)%e~“F is the standard MS renormalisation factor,

~1 Dk er-aqa  eh-(ki—qa)
KW [0 / ! Ada EA : 3.40
{1,2} [ {1,1}] k2(qp — ki)2 a4 (k1 —qa)? (3.40)
with ’Dp — (M25667E/7T1—e)d2—2ep7 and

1 €}, P4 €, 44
72 4 + 4

p? a’

(0)
Koy =

(3.41)

We note that all the functions IC?Z.)J} depend on the gluon polarisation \y. We have left
this dependence implicit. We discuss these functions in more detail in appendix D; here we
limit ourselves to say that they are pure (i.e. they have no rational prefactors), of uniform
transcendental weight, and that the Ay dependence starts at O(e). Up to finite terms, for
both positive and negative gluon helicities we obtain

1
Kilay = +In <EBZ4> +O(e). (3.42)
A

Generic expressions at higher orders in € can be found in appendix D.

We can repeat the same procedure to obtain the (+—) one-loop amplitude, with the
important difference that the rapidity evolution and W /gluon expansion have to be performed
from B to A, figure 6(b). We remind the reader that the formulas for 1 /gluon interactions in
section 3.1 have been obtained by making a reference choice for the emitted gluon such that
its polarisation vector does not have components on the large lightcone direction, &4 - po = 0
for the evolution from A to B. If we evolve instead from B to A, we can use the same
formulas but have now to impose €4-p1 = 0. To differentiate polarisation vectors with different
reference choices, we refer to the transverse components in the € - po = 0 case by € and to
those in the € - p; = 0 by €, see appendix A for more details and explicit representations.

Apart from this caveat the calculation proceeds exactly like in the (—+) case, and
we obtain

AR = —ink (), T A© (3.43)
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with now

Dk €y ap | € (ki +4as)
Jas IC(O) L _=A A , 3.44
21y [ {1, 1} k?(qa + k)2 a% (k1 +ap)? (344)
and
= 1 |&),'P1 €, -4B
£o MoPE €y 3.45
=gz [T p2 o3 (3.45)
Up to finite terms, eq. (3.44) reads
a 1 qu4

We note that the result eq. (3.43) can also be immediately obtained from eq. (3.39) by simply
exchanging the two lightcones. As discussed at the end of section 2.1, this amounts to the
kinematics exchange z <+ 1 — z (which in eqgs. (3.42) and (3.46) simply amounts to the
p3 <> p5 exchange), followed by an appropriate permutation in the colour operators.

The last signature we need to consider is (++), see figure 6(c). We write the connected
S-matrix for the emission of two W from each of the A and B lines as

S\t =

— plAB] [2ﬂ5(p;r — P8 )Oxas X207 } [2#5( —D3 )0xoxs XZPQ_}

(ig )

X<T<( gs) [[W’I]A®W77AHCSCI( )>a§i<p4) HWWB®WWBﬂcgc2( )>>:

_¢[AB [2%5(17 —Ps5 )5>\1>\5} |:27T5( —Dp3 )5>\2>\3} x 4519 (347)

X lw (ngl.ng))8501‘| ><2gs/{dk1} [6,\ £4+ '(qA_kl)}

2! Pi (qa—k1)?

(igs)”

X <T[[Wn4(OlA+p4—k1)]]‘“d1 Wiz (ki) ( [Wae @Waulis? (a )) >

where we used the notation 7,712 = T T2+ TP2.T%, This leads to the one-loop amplitude

ifa4b1d1 (Tr(gl ‘Trdé)) 0302}

X gi‘z {dkl} 1 i |:€§-p4 +5§\~(qA_k21)] (1+O(Oés))

(ap —ki1)?k? | pj (aa — k1)
The colour algebra now reads
3"'"“ + ;sa"“ — 3"’ + %:"“
(3.49)

AR = 4ig2¢l4Pls {(Tr(jl -T,flj))%q

(3.48)

(Tr(jl Tﬁlj)) ifa4b1d1 (Tﬁgl Trdé)) — _

c3C2

C5C1

.
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Figure 7. Schematic depiction of n-point MRK odd signature scattering amplitudes.

which allows us to write
Aty = —imK )y T A, (3.50)

with now

1) [0 171 Dk, ey ps | €y (qa—ki)]
K _[’C{Ll}} /k%(QB [ 5+ =

2} —ki)2| p qa —ki1)?
2 ! ( 2 (3.51)
S +In 949 + O(e)
€ pin?

We note that the result eq. (3.50) is symmetric under A and B exchange, as expected. Results
for KEIQ%Q} at higher orders in € are given in appendix D. This concludes our discussion of
NLO amplitudes. As we will discuss in section 4, these predictions can be directly compared
to the one-loop results obtained in section 2.3.

3.3 NLL generalisation to n-point scattering and evolution redefinition

Starting from NLL, we find it convenient to slightly redefine the evolution variable An;;, the
impact factors J, and the vertex correction W). Such a redefinition is immaterial for the
final result, but it allows us to make contact with the Regge formalism. To explain how this
comes about, we first note that also at NLL the ¢-channel structure of eq. (3.31) iterates,
for the same reasons discussed in the previous subsection. Schematically, the signature-odd
n-point NLL amplitude reads (see figure 7)

(=-) An_
Axy < (Trg)ere Taldn-1) x
eT™n—18%nn—1 e™—28%n—1n—2 eT4ANsa  oT3AN3 (3.52)

Vn—-1 V4 x Ip(as)(Trp)es.,,
a a s qaj a3 rpleses

where we have omitted irrelevant overall prefactors and used the shorthands

7 = T4(qi), Vi = ifY Y1V (qi, pi) W, (96, Pi)- (3.53)
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In order to improve readability, from this point onwards we will drop the dependence on the
two-dimensional momenta from the impact factors and the vertex correction. This implicit
dependence can be easily and unambiguously inferred from their indices.

We now write the rapidity differences as

2
Anij =1n 1535 =In |8123‘ +71 MU +71 ,ug =

(3.54)

1/ w2 ir 1/ uw ir
=L+ = (In22 4+ 22 (n2L 42
U+2<np%+2>+2<npg+2 ,

where p;; is a O(1) scale and where we have introduced the signature-even logarithm
1 lsij|  im
Li; = In % +In =In—=L — —. (3.55)
Y2 ( Hij ) ;

M5 2
Our goal is to redefine all quantities in eq. (3.52) so that the rapidity evolution is expressed
in terms of exponentials of the type e™%#+1:. The leftover terms in eq. (3.54) then need to be

M’LJ

reabsorbed in 7 and W). In practice we redefine the impact factors and vertex corrections as
2
Tn—1 In 'U‘n,n—l er)
2 2 2 T Th— -
Jae ( e cos” ( ; 1>EJA,
%3 <1n iég Zzﬂ) 1 [T _
Jpe i cos™ 2 <23> = JB, (3.56)

2 2
AT AN
1 (TT; 5<ln ’ 2 “rgr) Z2<1n ”2 +l§> _ TTi— —
7 P P i—1
cos2 | — e i Wh.e i cos =W,,
2 i 2 i)

which also prompts us to introduce V; = i f%i%i-19V, W, . The redefinition above introduces
a dependence on the arbitrary factorisation scales p;; in the new quantities J and W. In

[SIES

[N

particular they satisfy the RGE-like equations
I\ Ti !/ Ti—1 / Ti

F6) =3 () Wniham = () Wt (2) . @)
For simplicity, we set all scales p;; = p and keep p implicit. If needed, one can easily
reconstruct the full scale dependence using eq. (3.57). We also point out that the cosine
factors in eq. (3.56) are immaterial at NLL and can be replaced by 1 at this order. The
reason why we introduced them will become clear in the next section. The NLL result
eq. (3.52) then becomes

_ e™m-1lnn-1_ e™n—2Ln—1,n—2 eTalsa _ om3las _
a-
Anpr o< (T )Cncl JA 5 V-1 ) 5 Vi—— jB(TrB)C§C2. (3.58)
9dn—1 dn—2 qy q3

We conclude this section by presenting explicit results for the 2 — 2 and 2 — 3 amplitudes.
These can be used to extract the J impact factors and the W vertex, respectively. The

amplitudes read

AS D = Fae™ cos (”27) Ty x AD (3.59)
Aé_—:3)NLL = Jae™ AW, ™18 T x «4%(23, (3.60)
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where for the 2 — 2 case we have defined q = g3, 75 = 73, Ls = L34, and for the 2 — 3 case

Ly=1Lys, Lp=1Lss, qa=qu, Ap=0d3, TA=T4, TB=T3, (3.61)

in the notation of figure 7.

3.4 Bridging with Regge-pole factorisation

To motivate our choices in the previous section, we now compare egs. (3.59) and (3.60)
to predictions based on unitarity and Regge-pole factorisation. We refer the reader to
refs. [101, 103] for a detailed discussion of the latter. A Regge-pole contribution to the
2 — 2 scattering amplitudes reads

—— 1[[/s34\™ —s34\ "™ 0
A =225 5 |(2) (S5t) ] < e

= Z4e™ s cos (77275) Ip X ASEQ,

(3.62)

where we introduced impact factors Zx, which are in principle different from the ones in
the previous section. We see from this that eq. (3.59) has the correct form for an odd-
signature Regge-pole exchange at all logarithmic orders. This motivates our redefinition,
despite the single-W amplitude alone only corresponding to part of the full Regge-pole
exchange, see e.g. refs. [31, 60].

The Regge-pole structure for the 2 — 3 amplitude can be written as

AT pote = Ta T X (T ), i (T )y | X

2—3, pole c5C1 c3co

1 845>TATB (—845>TATB <$12)TB (—812)73
{4 l( p? T 2) T\

1| [s34\B7™ —834\ B4 51274 —s12\ 74
4l<p2) () H(p> +(57) ]L*‘*}'

The dependence on the helicity of the centrally-emitted gluon A4 is carried only by the left

R)\4—|—

(3.63)

and right vertices, Ly, and R), respectively, which are defined through R), = Ru5§4 (p4)
and Ly, = Luef\L4 (p4), with R* and L* real-valued functions. They are typically referred
to as the right and left reggeon-reggeon-gluon vertices, respectively. We rewrite eq. (3.63)
in the factorised form

2—3,pole — Ta eraka £A4 eln 1p X AgZSv (3-64)

where L, R, and L are related by

. Taln p—z
L)\ = - P2 ( ) (67747'A%£>\ _ 6’LTA%£* A) V)\
sin (7(74 — 7)) cos (52 - ’
2 (3.65)

P
TB ln—%
P

—ie

_ —itg % _ _iTBZ px
sin (w(7p — T4)) cos (%) (e 2Ly e 2£*)‘) Vx

We will use these expressions in section 4 when connecting our result with the one-loop
results for the Lipatov vertex in ref. [42].
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Figure 8. Schematic diagrams for multi-IW contributions to the (——) NNLL amplitude at two-loops.

3.5 Two-loop NNLL predictions for the (——) signature

In this section we investigate NNLL predictions for the two-loop (——) amplitude, which
involves two-loop corrections to the WW g vertex W. At this order however, there is a
significant differences with respect to the results discussed so far. Indeed, at NLL each
definite-signature amplitude receives contributions from a single configuration of W fields
emitted from the A and B lines. In the case that we consider now, this is no longer true.
Indeed, at NNLL the (——) amplitude can be written as

ASNEL = AN (1,1} + ANNIL 1.3} F ANNLL 3.1} T ANNLL (3.8} (3.66)

where Al(\i\i)h (ij} represents the contribution coming from a configuration with ¢ fields W

emitted from the A line and j fields W emitted from the B line. The single-W term is
formally identical to the one given in eq. (3.60), but with the impact factors Jx and vertex
W) expanded to two-loops and the Regge trajectory 7, expanded to three loops (though the
latter only enters starting from the three-loop level). Contributions involving the exchange of
multiple Ws are depicted in figure 8. Similarly to what we discussed in section 3.2, in order
to compute the full NNLL (——) amplitude one should account for the rapidity evolution of
the single- and triple-W intermediate states. However, in analogy with the NLL case at one
loop, the evolution starts at three loops so it does not affect our two-loops analysis. The
computation of the multi-W contributions then proceeds along lines which are very similar to
the one described in section 3.2 for one-loop multi-W contributions at NLL. Crucially, all the
W and gluon interactions can be computed at LO, thus making the calculation tedious but
straightforward. Before reporting our results, however, we stress that the mixing of single-
and multi-W contributions makes the extraction of a universal vertex function problematic
at this order. We postpone the discussion of this issue to section 4, and now focus on the
calculation of the multi-W terms in eq. (3.66).

We start by discussing the A&_N_L)L’ (1,3} See figure 8(a). We need to consider the connected
S-matrix contribution

S\t sy = 97 (208 (f = p)onn x 207 | 2700 — p3)0rana X 20|

igs)* e ==
y <T (igs[[WnA (QA)HTA)CLC)L\i (pa) <(g35!)[[WUB Q@ Wyp ® WnB]]rB (QB)>> =
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= ¢lABl [27r(5(10;r — p;)(5>\1>\5] {27?5(192_ —pg)émg] X 4512 X [igs(TgA)%cl}

X 93 /{dkl}{dk2}<THWn4 (P4 + qa — ki) Wy, (k1 — ko)W, (k2)]*"

x <(ng) [Wy @ Wy, @ Wiy ]632 (QB)>>

(B ) (s b)) s
6\ (ki—qa)? 2\ (ks —qa)? 3\ 4} ’
which leads to the two-loop amplitude
(—) —4 [AB] 2 4 TG - LA4TICL ; £CIT2CY 2 LCOTIA
NNLL,{1,3} gsd) 312)((”7) X g( rA)C561’Lf if if
Dk Dko
T(@1 o2 pes) ] /
X( "B TB T >0302 l ] k3 (k1 —ko)?(qp—ki)?
1(e}, (ki—qa)\ 1[e€},-(ka—qa)) 1[€},-qa
X|l=|FF+——F || | —= 1+0(ay)),
[6 ( (k1—qa)? 2\ (k2—qa)? 3\ di ( (6)
(3.68)

where Tr(gl T2 -ng’) = ress Tre @ . Te® . 17e@  Using the colour formalism of section 3.2,
the term in the first square bracket becomes

é(Tﬂ )0501 vaa4w101 ,L-fclszCQ vaCgacga (T(zl 'ng T:Eg)) _
3074 c3c2

5 (3.69)
— 272 + §T2++ 42 7'++

[( B )lc)gcg (TTA)C501 Zfabml]

where in the r.h.s. we have highlighted the tree-level colour structure. In doing this calculation,
we have found the following Lie-algebra graphic rule useful:

N, 3
P - ;P{ -3 (3.70)
Using eq. (3.69), we can write the two-loop result eq. (3.68) as
2),(—— (2 2 2N,
‘AI(\HZII(JL {)1 3} — 2K{1)3} 2T2 57-3+ + TT++ A©), (3.71)
with
K@ ) @klz)kg
3 = L, 1} 12(k; — ko)2(qp — ki)
(3.72)

y {1 e}, (ki—q ) _} e, (ka—qa)) 1€}, -qa
6\ (ki—qa)? 2\ (ko —qa)? 3 a3
Results for /Cg):;} are reported in appendix D. Here we stress that, as in the one-loop case,
these functions are pure, single-valued and of uniform transcendentality. The other multi-W
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(a) (b)

Figure 9. Examples of multi-W contributions involving rapidity evolution. Diagram (a) corresponds
to the all-orders NLL A&_ﬁ) amplitude, diagram (b) to the all-orders Al(\I_N_L)L (1,3} amplitude. Similar
diagrams would arise for all other transitions. The black dot stands for the leading-order vertices,
while the green blobs are associated with the leading-order rapidity evolution of the W states. While
the evolution of a single W is multiplicative and captured by the one-loop Regge trajectory (7';1)),
the evolution of two or more Ws requires the computation of new 2d Feynman integrals at each

perturbative order.

contributions in eq. (3.66) can be obtained by a completely analogous procedure to what
discussed in section 3.2 and above. For this reason, here we limit ourselves to presenting
the final results. They read

2),(—— 2N,
'AI(\TIZIT(_IL,{;),I} = {3 1} |:2’T,2 + ’T%--i- 3 T++ _A(O)
(3.73)
2),(—— 1 T2 2N,
Al(\HZII(JL,{é,?)} 2’C{3 3} [ T2+ 7'2 + 67'2_+ + %SJF + A0)

(2)

Once again, results for the K (i} functions are reported in appendix D.

We conclude this section by stressing that predicting the amplitude at NNLL beyond two
loops would require computing the rapidity evolution of multi-W states, see figure 9(b). As
we mentioned before, these are not eigenstates of the rapidity evolution, hence this step, while
not presenting conceptual challenges, would require the calculation of higher-loop 2d integrals.
This is not within the scope of this paper, and we defer it to the future. We also observe
that in eqs. (3.71) and (3.73) the diagonal operator T 4 generates a contribution only in the
octet-octet exchange and it is leading in N,. Indeed 7, A®) = —N, /2 A© irrespectively of
the particle types A and B. The non-diagonal ones, Ti,, T2 4 and T2 _ have a twofold effect.
First, they are responsible for a universal, representation-independent, leading- N, contribution
in the octet-octet exchange. Second, they are the only source of colour structures different
from the tree-level octet-octet one. Importantly these contributions are purely sub-leading
colour, and representation dependent, i.e. they differ in quark and gluon amplitudes.

4 Results

With the results obtained so far we are ready to extract the universal vertex W up to two-
loops. We start by collecting all shockwave amplitude predictions obtained in section 3 at the
different logarithmic and perturbative orders. Comparing these results with the explicit MRK
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amplitudes of section 2.3 will allow us to thoroughly check the validity of our predictions
in section 3 at NLL and determine for the first time the two-loop QCD contribution to
the WW g vertex. The 2 — 3 MRK amplitudes computed in ref. [69] will also allow us to
compute the same quantity in N/ = 4 super Yang-Mills theory, and explicitly verify the
maximal transcendentality principle in this context.

The main results of this publication are also distributed through the supplementary
material of this publication. All results in electronic format are also available at [104]. The
interested reader will find a README file with a detailed explanation of their content and
the notation adopted.

4.1 Summary and extraction of the gluon emission vertex

At tree level the only contribution which corresponds to LL accuracy comes from the single-W
amplitude in eq. (3.29), which yields

Ag]g — Toooos — A(0) (4.1)
At one-loop one has instead
AV = T Qm = [La7l) + Lprf] A©), (4.2)
=Q=
I U S e T e P
— =
AGHE) — g — inBU T, A, (4.4)
AQLED — g — inB T A, (4.5)
A = g = imBY T__AO, (4.6)
where we introduced the multi-W coefficients
(1 (1 1 1 1) (1)

In eq. (4.2) Tf(ﬂg is the one-loop Regge trajectory given by egs. (3.23) and (3.53), whereas

jjg% and W&? in eq. (4.3) are, respectively, the impact factors and the central-emission
vertex at one-loop accuracy.

We stress that the formulas given so far provide a complete prediction of the one-loop
MRK amplitude, i.e. for all possible signatures. Moreover, the expressions are universal
across all partonic channels, with the only representation-dependent components being the
impact factors Jx, and the effect of the non-diagonal colour operators. We report the explicit
result of the action of such colour operators on the tree-level amplitude for the various
partonic channels in appendix B.
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At two loops we restrict our attention to the odd-odd part of the amplitude where the
various logarithmic orders read

AR = SWJr §M‘+ %m (LA@(,HLBT NZAO (4.8)

« EETE
+ é’m‘Jr + \W‘Jr Qm (4.9)

=[(@ar? + L) + (Lar) + Lor)TE + T+ WA)] A,

-
AR = +  Fw ‘m+ +

FEFEE -

W&+ 78+ 5+ 707+ + 780)

N2
v (8073 50T BT B a0
The multi-W kinematic coefficients at the two-loop level are
K@ K@ K@
@ __ (2) {3,3} (2) _ _ o912 {3,3} (2) _ {33}
Bio=-Wig+—g—  Ba=-Wey+r—g  Bo=—r )

2y 2
B =2 (k

(2) [PEe)

{3,1} 18 {3,3}"

We point out that the contributions from the diagonal operators 7 1 and ﬁ | appearing
in egs. (3.71) and (3.73) have been absorbed in the coefficient Bc(l2). As in the one-loop case,
the superscript (2) refers to two-loop corrections to the MRK building blocks.

We now outline our approach for the extraction of the universal coefficients W(l) and
W(Q). While the former is already present in the literature, the latter is in fact unknown.
We begin by noting that by using the Balitsky-JIMWLK formalism, the Regge trajectory as
well as the quark and gluon impact factors can be extracted by studying the Regge limit of
2 — 2 scattering amplitudes. Because of this we will regard T;Z) and J )(f ) as known quantities.
Starting at LL accuracy, the only relevant contribution is the LO gluon Regge trajectory. It
is straightforward to check that eqs. (4.2) and (4.8), combined with eq. (3.23), indeed match
the amplitudes computed in section 2.3 at this logarithmic order.

At NLL, the prediction for the odd-odd component includes for the first time a pertur-
bative correction to the impact factors and to the WW g vertex W,. We can then extract
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W from eq. (4.3), by matching with the one-loop MRK amplitudes obtained in section 2.3.
This was indeed the procedure followed in ref. [41] to obtain the one-loop corrections to the
Lipatov vertex at O(e?). In addition, we can now fully predict the two-loop NLL odd-odd
component “41(\?])4’(__) via eq. (4.9), which serves as a strong check of the formalism up to this
logarithmic accuracy. As far as the components involving even signatures are concerned,
there are no unknown quantities involved, thus no matching to explicit amplitudes is required
and egs. (4.4), (4.5) and (4.6) directly reproduce the results obtained in section 2.3. Taking
into account the various ingredients described above, we find full agreement.

Finally, at NNLL we focus on the odd-odd amplitude, which receives contributions
from various effects: the two-loop impact factors J )((2), the two-loop correction to W and
the W — 3W, 3W — W and 3W — 3W transitions. Our direct calculation of the multi-

(2)

W coefficients B((721),02 then leaves only YW'“ undetermined and allows us to compute it by

matching the corresponding explicit UV-renormalised MRK amplitude.

4.2 Collecting the universal contributions

The results obtained in the previous section are consistent with the effective approach described
in section 3. However, we point out again that the multi-W contributions found at NNLL
contain universal leading- N, terms in the octet-octet colour channel. In particular, at large N,

T2, ~Ti_~T _ ~-F5 (4.12)

so we find that in leading-colour approximation the multi-W contributions are given by

N2
’%éﬁmwr gﬁ"wr gw\z(mﬁ4"’(B(f)+BE2Z+B(21—B;2))A(0>. (4.13)

Therefore, the only part which distinguishes between the representations of the projectiles

is given by the sub-leading N, coefficients in the multi-W exchanges.

As discussed in ref. [31], it is natural to isolate the universal components of the multi-IW
interactions and reabsorb it into a redefinition of the radiative corrections of the single-W
amplitude. For consistency, this has to be done both for the 2 — 2 and for 2 — 3 amplitudes.
In the 2 — 2 case this amounts to defining new impact factors and Regge-trajectory so
that up to NNLL

Ag;E?NNLL = Tae™Ls cos (W;—S) Ip X Ag% + [multi W exchanges|sr,c. (4.14)

While up to two-loops the Regge trajectory remains unchanged (hence the slight abuse of
notation in the equation above), the O(a?2) correction to the impact factors is modified with
respect to the one in section 3. It is straightforward to obtain the new impact factors Zx
from the results of ref. [31], after having taken into account the additional cosine factor in
the factorisation formula (4.14). The explicit formulae for these impact factors are given
in the supplementary material.

Coming to the 2 — 3 case, we define a modified WW g vertex coefficient Uy, which
up to two loops reads

— —@  N?
U =1, uld =W, uP =W+ 5 (B2 + B2 4 B - BY). @)

— 36 —



This allows us to rewrite the NNLL odd-odd amplitude prediction as follows:

’ANNLL =[; {U,(\i) + 74 +75@ + 7,W75M _|_z,{( )( M) 4 75

u (fﬂ _—]\D +B® (T%_—]\f> + B, (T%+—J\f> ] }A(°>,

(4.16)
where the first line contains all universal contributions while the second one is manifestly

+ (im)?

sub-leading-colour. In the following sections, we will present our results in terms of the
universal coeflicient U.

Before presenting any result, we point out that, since we are working with UV-renormalised
amplitudes, the vertex corrections L{S) and U§2) obtained from the procedure above still
contain IR poles and are regularisation scheme dependent. Furthermore they are affected
by spurious kinematic singularities which obscure their simplicity. For these reasons, we
find it convenient to express our results in terms of finite remainders, which we define in
the next section. We will see that, in addition to being free of IR poles, they are also free
of spurious singularities when expressed in terms of the single-valued functions defined in
section 2.4. This is to be expected since the same properties are seen in the finite amplitudes
defined in section 2.3.

4.3 Finite remainders

In order to define finite remainders for the various building blocks of MRK factorisation,
we look more closely at the IR anomalous dimension eq. (2.42). We highlight the different
contributions by rewriting it as follows

I'/r =vkCaln 851 7; 851 (T3°)* + 274
4+ vxCpIn 823 72K 523 (T23) + 2vp
+ykLa(TP)? + ’YKLB(T23)2 (4.17)

2
TK 15 p* 23 .
+ Cy ln + ln T +1In —(T%)" —in 7T + 4
2 ( pi p4 ( ) pi ( ) ++>

+ %K $ir (T + T +T ).

The first two lines contain the collinear and soft singularities of the projectiles; these are the
only terms that depend on the particle types A and B. The third line is the only source of
large logarithms and is therefore associated with the rapidity evolutions in the s5; and so3
channels. The fourth lines captures the dependence on the central gluon momentum, colour
charge and collinear anomalous dimension and can therefore be associated with the WWg
interaction, at least at one loop. Finally, the fifth line contains the only non-diagonal and
signature mixing operators and is purely imaginary, thus it is connected with the multi-W
exchange contributions.
We can then proceed by writing the IR renormalisation matrix as

Zir = exp (Ca+Cp+Crp + Crp + € ), (4.18)
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where the quantities in the exponent correspond to the different components of eq. (4.17)
after the scale integration of eq. (2.41) has been carried out. Explicitly they read

1 In 851

Ci=K (CA In _5251 - (T})? ) +2G 4 —2K'Cy,
il

2
B —S23 1. —sa3  og /
CB_K Cpln MQ —511’1 p (T ) +2Gp — 2K'Cp,
¢y = KLA(TPR, ¢, = KLp(TPY, (119)

= TR(T 4T 4T ),

K 2 p?
I ey TP +In (T2 —in T 44| + G4 — K'Cy,
+7 9 4 Pi p4( ) Pi ( ) ++ 4 4
with the additional definitions
< d\ d\ > d\
K=" S, K= [TTREe), 6= [T Tuew), @20
% %

whose perturbative expansions up to the required order are given in appendix C.

We now get to the definition of finite remainders for the various building blocks of MRK
factorisation. We start from the Regge trajectory and impact factors. Based on the results
of ref. [59], we know that, at least up to two loops, the quantities

A

79(q) = 7g(q) — KN, Ix(q) =e “*Ix(p) (4.21)

are finite. The finite corrections to the Regge trajectory read

2
#0) (g ) = 2N, In (g) , (122
2 (2) 2
404 56
22 (q: ) = N, [ B In2 [ 2 7K1 Ll N<—2 ) 2N, 4.2
T (quu’) 4 lﬁo n (qQ q2 + (& 27 C3 27 f ( 3)
The perturbative coefficients of the impact factors instead are
67 5Ny
= (4¢ — — | N. + =2, 4.24
( % 18) 2 (4.24)
A 13 7¢ 8—C 5N
(1) — (224 182 _ 2 4.25
q <1gJr 2) ° 2N, 9’ (4.25)
. 2 2 2 2
@ _ (88(3 3G 335¢ 6675) N2 (43 B 57g2+ 063) NN
9 9 2 18 648 9 9 216
25 N2 N
_ _ 29 7f
162 ( G 24) N, (4.26)
. 41¢;  35Cy  87( 22537> (23c3 650>
(2) — 32 N2 — (222 4 ac + — ) NN
a <9 16 T4 o502 ) Ve g TG+ g ) NNy
25N? 19¢ 505\ Ny 205(3 47¢4 19, 28787
7}” B 73 f 3 . 4 2
54 (9 +C2+81>N 18 s 2 T 6
15¢;  83¢y  21C 255> 1
— — ) = 4.2
+< 2 16 4 32 (4.27)
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where we set the renormalisation and factorisation scales to u? = p?> = q2. We provide
results for generic scales as well as their UV renormalised counterparts in the supplementary
material of this publication.

We now move to the determination of finite remainders for the cut coefficients and the
WW g vertex. Our strategy to do so consists in defining a finite scattering amplitude'?

— 1im 7L
F=lim Zi} A, (4.28)

inserting the formal expressions of egs. (4.1)—(4.6), (4.8)—(4.9) and (4.16) into A and writing
the Regge trajectory and the impact factors in terms of their finite remainders in eq. (4.21).
We then compare the various signature components on the two sides of the equation at different
logarithmic and perturbative orders. Since the components of F are finite we can simply
read off the finite remainders for B((,?m and U. We now describe in detail how we do this.

Starting from the one- and two-loop LL amplitudes, we simply find
_ __ 1 2
AP = [par) + 1o A0, FDCT = S [par) + 1pr)] A0, (a29)

which is consistent with the finiteness of 7, and does not provide any further information.
Moving to NLL, the odd-odd one-loop component reads

1),(—— ~(1) | 4 (1) 1
FOED = [0 420 + (0 - )] 40, (430)
so that the one-loop finite remainder for the vertex is given by
G~y o, (31)

where (; is defined (at all orders) as the eigenvalue ¢ +A(0) = (. A Moving to components
involving even signatures, we get

_ K®
FDCD (39 - ) T AO),

2
_ K@)
FOE) i <B<_z K )T_+A(0), (132

which prompts us to define the finite remainders for the one-loop multi-W coefficients as

. (1)
By —pm B (4.33)

0102 0102 9

2We note that F can be written in terms of the finite quantities of section 2.3 as

[AB] 3 [AB] [AB] AB]
b $2v2 Y Zc A7,

where we made the helicity and partonic channel indices explicit.
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Finally, at NNLL we organise the odd-odd two-loop amplitude according to its colour
structure and find:

FOU) {zj{/(\i)+jA(2)+jB(2)+jA(l)jB() FUDEO 1 2,0
2 2 2
) <T2_—Aic> +B% (7‘2__—]\; ) +BY <7‘2 —%) ] }A(O),

+ (im)?| B
(4.34)

where we have defined the finite remainders for two-loop vertex correction and the two-loop

multi-W coefficients as

1

2/ 7(1)
—(m)2NT <K2 (B()+B(1) (’)—2(K<1))2>, (4.35)
50 _pe KU o +Lxoy

0102 0102 2 0'10'2 8

In particular, the subtraction of the leading-colour terms from the operators T2 . arising from

0102
the definition eq. (4.16) causes the appearance of the second line in of the definition of U2,

We highlight the fact that, thanks to our definition of the finite remainders 7, Ix,
U and Bt(fl)@, the finite amplitude has exactly the same MRK-factorised form of the UV
renormalised one. In other words, the components of the finite amplitude can be obtained
by replacing each quantity in egs. (4.1)—(4.6), (4.8)—(4.9) and (4.16) by its corresponding
finite remainder, as defined above. In principle this allows us to perform the extraction
of the finite quantities directly from F, without ever working with the UV-renormalised
but still IR-divergent amplitude A.

4.4 Finite results in QCD and N =4 sYM

We now present our results for the WWg vertex coefficient in QCD and N = 4 sYM. In
particular we provide the one- and two-loop corrections, which enter at NNLL accuracy in
the MRK regime. While reminding the reader of the perturbative expansion

N _1+( )u“) (L) Uy + ... (4.36)

we note that one-loop correction is not new, however we report its finite remainder here
for completeness. The two-loop term instead appears here for the first time. We present
both written in terms of the single-valued functions h; ; and the rational functions r; defined
in section 2.3.
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The QCD results are
N.—Ny

. N, ,
Z/{J(rl,)QCD = (5@ —h12 (h2+3r3) —imhi,1) — (rih12+72), (4.37)

~(2 1.
2 op=N? [mm (—72C3+h171 (—36Co—+9h1 2 (3r3+4hy 2) —456)+464

1
—27rs (h173h174—|-8h272 — 8h273) ) + @ (2167"2 —1809¢4+2167 h172 —2872
+362 (—18h3 1 +3(9r5—Tha o) b1 3+209) —9(—6ht 5+98h3 5 +9r5(2h1

+3((h1,1—4)h1,1+24) h12+h1 1 (h1,3h14+8h2 2 —8h2,3)+64h3,6))>]

1
+ N, (NC—Nf) [216”( (36T4+36T2 (h171 — 1)+108T3h172+3h171 (3T1h172—40)

1
—9r (12h1,2+h173h1,4+8h272 —8h273) +112) + 613 <36C2 (9T1h1,2+55)

436 (3 (5r34-76) —11371) hy 2+ 3673 (3h%72— 15¢a+6h1 1 — 137) —9(9r1hy 2ht
— 3(47’4 — 127’3}11’2 —+r1 (36h1,2 - h1’3h1,4 —8h272 +8h2,3) —4) h171 +2 (37’1hi’72

+ (6’!"5 +2) hiQ —18 (?“1 —7“3) (h1,3h1,4+8h272 —8]7,2,3) +967“1h3,6)) — 260)]

1 1
+Ncﬁ(0) lSiT( (h%,l +2h%72 +4(o —8h271) + 13 (_h?A - 3h%71h1,4+3hi2h1’4
—9h1 2 (h1,3h1,4+8h22—8ho 3) —48(2(2h1 .4 —2h3 4+2h3 5+ N3 7)

+3hi3h1,4+232<3+3h1,1 (5h%’2+2h1,3h172—16h271) )]

Ny
2N,

N.—Ny)?
+( f)

5 (T2+T1h172) (6h1,1—20)+3h172h172

+

ro+(r1—2r3) h1,2‘| ,
(4.38)

where we have set u? = p? = p? and selected the Ay = +1 helicity of the emitted gluon. The
vertex coefficients for \y = —1 can be obtained by simply swapping z +> Z in the equations
above. The results with full dependence on the scales u and p, as well as the higher orders in
€ of the one-loop correction, are given in the supplementary material.

Two comments are now in order:

e the one-loop result is purely leading colour.'® The two-loop correction is also leading
colour, except for a sub-leading Ny/N. term. This is in exact analogy with the
corrections to the Regge trajectory. There, both the LL and NLL contributions are
leading colour, but the NNLL term, extracted in refs. [30, 31], has a single sub-leading
colour term proportional to Ny/N;

3Here by leading colour we refer to the QCD planar limit N, — oo with Ny /N, held fixed.
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« as anticipated above, the finite remainders of eqs. (4.37) and (4.38) are free of the
spurious kinematic singularities associated with the letters 1 — 2z — z and z — z discussed
in section 2.3;

In order to extract the same quantity in N' = 4, we take advantage of the five-point
amplitudes in the MRK limit provided in ref. [69]. These are given at the level of the finite
remainders, which the authors define identically to us (cf. egs. (3.26) and (3.28) in ref. [69]
with egs. (4.17) and (4.28) in this paper). We notice that the finite remainder of the MRK
N = 4 amplitude is equal to the leading-transcendental weight component of the QCD
one, both at one and two loops. Since the same holds for the Regge trajectory 7, and the
impact factors Zqu’g, and the multi-W coefficients 3(711)02 and 3(,21)02 are universal across gauge
theories, the maximal transcendentality principle must hold for U/ @) and U? as well. As
a consequence we simply find the N' = 4 results via

Z/{/(\P:4 = US%D\LT» /(\?)=4 = géD LT’ (4.39)
where LT stands for projection on the leading-transcendental component. Explicitly, we
find the remarkably simple result

A N, .

ull), = = (=3 s = imhi +5G) (4.40)
~(2) NZ (1o . N S ¢

UN:4 = _T h172 (7{2—Z7Th1,1)+C2h1,1 (6h171 —|—Z7T)— 5 —|—2ZTFC3—|—Z§4 . (4.41)

Note that we removed the helicity index since the AN/ = 4 corrections are identical for \y = £1.
Here we point out that the two-loop N = 4 correction only contains transcendental weight 1
functions hy ,. We emphasize that this is due to the definition of U, which incorporates the
universal component of the multi-W terms, thereby eliminating a function of transcendental
weight-2 (Da(z, z)) that would otherwise appear.

4.5 Checks and validation

We now report on a series of checks we performed to validate our results. The first non-trivial
one is at the amplitude-level, where we compared our QCD results of section 2 to those
in N' =4 sYM presented in ref. [69]. In particular we compare the leading-transcendental
component of the gluon-gluon QCD scattering amplitude to the A" = 4 one. Though this
comparison is limited to a single partonic channel, it provides a strong validation of the
MRK expansion procedure described in section 2.3 which is common to all partonic channels.
The main difference w.r.t. ref. [69] is in the conventions adopted. In the current paper,
particle ps(p;) travels along the positive light-cone direction and ps(p2) travels along the
negative one, whereas ref. [69] adopts the opposite convention. As discussed at the end of
section 2.1, this can be easily adjusted with the transformations s; <> s and z <» 1 —z. Once
this is taken into account, together with the appropriate normalisations of the colour-basis
elements, we find full agreement at one and two loops between the A/ = 4 sYM results and
the leading-transcendental part of the gg-scattering amplitude. Although not new, in the
supplementary material we provide the N/ = 4 sYM results in our kinematics and colour
conventions, which we described in section 2.
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The second important check is the comparison of our one-loop QCD corrected Lipatov
vertex to the results presented in ref. [41] and more recently in ref. [42] to O(e?) accuracy. The
comparison against ref. [41] is straightforward since the authors adopt a factorised expression
for the 2 — 3 scattering amplitude, which is identical to our eq. (3.60). We find agreement
with their results up to O(e”). In ref. [42], the bare Lipatov vertex was extracted through a
diagrammatic calculation and presented in an analytic and gauge-invariant form equivalent
to eq. (3.63). The result in ref. [42] is expressed in terms of dimensionally-regulated one-loop
triangle, box and pentagon integrals. Instead we obtained an equivalent result from the
one-loop helicity amplitudes computed to O(e?). As explained in section 3.4, we can make
contact with the Regge-pole analytic form and, thanks to eq. (3.65), relate the absorptive
(R) + L)) and dispersive (R) — L)) parts of the amplitude to Uy at O(«as) accuracy via
Uy +U* z
5

(4.42)

. . Uy +U* .
im(ta —7B) (Ry — L)) = im(1a + TB)TAVA —2(Uy—UT) V).

R)\—I-L)\:

We remind the reader that, at one-loop order, the Lipatov vertex £y of eq. (3.65) is identical
to the universal WW g vertex U, introduced in eq. (4.15). We provide the complete one-loop
result for Uy to O(e?) written in terms of Goncharov polylogarithms in the supplementary
material, including the Ny contributions which were omitted in the literature. Using this result,
we readily obtain the Ry & L, combinations which agree with the results of ref. [42] to O(€?).
We just mention that, in our conventions, Ry + Ly = V) + O(as) whereas Ry — Ly = O(as),
and we stress again that eq. (4.42) is strictly valid only up to next-to-leading order.

The last check regards the computation of the multi-W contributions described in section 3.
At one-loop, the results in section 3.2.2 provide a complete prediction of the even-signature
amplitudes. Starting from these equations, combining the action of the signature operators
given in section 2.2 for the various partonic channels with the expressions for the 2d one-loop
integrals presented in appendix D gives the complete result to O(e?). We checked that we
have full agreement with the corresponding expansion of the one-loop helicity amplitudes. At
the two-loop level, a strong check of the multi-W transitions in the odd-odd amplitude is
provided by their presence in sub-amplitudes that do not feature a double-octet exchange,
thus where single- and multi-W terms do not mix. This allows for a direct comparison against
the two-loop amplitudes presented in section 2.3. Also in this case we find perfect agreement.
In particular, we established that the sub-leading colour contributions coming from multi-W
exchanges fully capture the differences between the various partonic channels, after the effect
of the impact factors has been accounted for. Therefore, we have demonstrated that multi-W
exchanges correctly describe the violation of universality at NNLL.

Finally, we note that an independent calculation of similar quantities is ongoing, see
ref. [105]. We have corresponded with the authors and found agreement for all quantities
we have compared, namely the results for multi-W exchanges.

5 Conclusions

In this paper, we have presented an analysis of two-loop 2 — 3 QCD scattering amplitudes
in the high-energy limit. To do so, we extended the results of ref. [44] to deal with all the
contributions required for predicting the signature-odd two-loop 2 — 3 MRK amplitude, and
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compared against a direct expansion of full-colour QCD amplitudes. This was made possible
thanks to the recent publication of the latter [71-73]. Our calculation allowed us to test
MRK universality at the NNLL level for the first time. We did so by separating contributions
which are independent of the flavour of the partons participating in the scattering, from
others which are flavour dependent but that can still be described in terms of universal
functions. While doing so, we were also able to test predictions for quantities which are
closely related to Regge cuts. We found that, besides the well-understood flavour dependence
of the impact factors, the only source of non-universality arises from subleading-colour terms,
which are accurately captured by multiple exchanges of the W field of section 3. These can
in turn be expressed in terms of single-valued, pure, and uniform-transcendental quantities
describing the kinematics in the transverse plane. The form of these terms is also universal,
but it involves colour operators which act on the tree-level, and hence depend on the colour
representation of the scattering particles.

As an important product of our investigations, we were able to extract for the first time
the vertex describing the emission of a central-rapidity gluon, both in QCD and N = 4
sYM, at two-loop accuracy. We verified that the latter is given by the leading-transcendental
contribution of the former. This quantity, closely related to the Lipatov vertex, was the last
missing ingredient required to calculate NNLL signature-odd amplitudes in MRK, to any
multiplicity. Indeed, once higher-multiplicity two-loop amplitudes will become available in
the literature, our results could provide a strong check of them. We provide our main results
through the supplementary material published alongside this paper.

Our study opens several interesting avenues for further investigation. In this paper, we
have limited ourselves to the study of signature-even amplitudes at the one-loop level only. It
would be interesting to push this to higher orders. It would be equally interesting to relax the
strong rapidity ordering requirement and study the next-to-MRK limit, and to explore the
connections between our results and the ongoing analysis within the SCET framework [64—67].
More broadly, it would be interesting to frame our study in the broader context of Glauber
physics. For example, very recently it has been pointed out that Glauber modes are a
key element for restoring PDFs factorisation in gap-between-jets cross sections [106]. That
analysis showed tantalising similarities with some of the features of multi-W exchanges
contributions described in this paper, which would be interesting to investigate further.

Also, we observed intriguing connections between the Regge and IR structures of the the-
ory. In the past, studying these connections served as a guide towards a better understanding
of both. We anticipate that investigations in this direction may help elucidate the relation
between the quantities described in this paper and the ones arising in the standard BFKL
literature. This could potentially pave the way towards a better understanding of the structure
of Regge poles and Regge cuts in QCD, along the lines reviewed in ref. [63]. This would put on
a solid ground the precise relation between universal objects appearing in the framework [44]
that we used in this paper, and analogous ones in QCD Regge theory, like the Lipatov vertex.

Although it is natural to imagine a close connection between the two along the lines of
ref. [31], a rigorous proof of their precise relation is still lacking. Establishing this could require
studying the evolution and the structure of radiative corrections of the quantities described
in sections 3 and 4. This would in turn be crucial for a generalisation of BFKL theory in
QCD beyond NLL. We look forward to pursuing these research avenues in the future.
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A Spinor products and polarisation vectors

In order to explicitly define spinor-helicity variables, we work in the Weyl basis, where Dirac
spinors and gamma matrices take the form

A 0 o, 10
— Nq J7 - ) fe%eY — 5'
v (A"‘) ’ 7 (0“""“ 0 ) ’ 5 <O —1) ’ (A1)

with o# = (1,8), o# = (1, ) and o’ are the Pauli matrices. Requiring 1 to be a solution
of the massless Dirac equation pip = 0, we find that A\, and A% must be solutions of the
left- and right-handed Weyl equations respectively. We write them in term of lightcone and
complex transverse variables, defined as

pe=p"+p°,  pr=Ept+apY,  pL=p" —ip (A.2)
with
pyp- =pipL=DP". (A.3)
The A\, and A% solutions then read
/5T /5 PL
Aa = < p—;L ) ; A* = ( b= |p¢|> s (A'4)
VP=Tp] —VP+
where we have chosen the normalisation for positive-energy states |A|2 = |A|2 = 2p° = py +p_
and fixed the overall complex phase for each spinor. Any other phase choice is also valid.
With this we define the standard spinor products as

6

Pings, i) = €451°5°, (A.5)

(ij) = ¢
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with €2 = —¢;9 = —1. This immediately leads us to

‘@@f)ﬂ- Ol

_ (A.6)
/ / Di, L [+ [ Dj,L
PEVP fp, [ TRV T
which for real momenta implies (ij)* = —[ji]. We define the analytic continuation to

negative energy starting from eq. (A.6) and choose the standard branch of the square root:

Vz = y/ez| = €9/2/]z] with § = arg(z) € (—m,n]. As a result we find

((=pi)pj) = (Pi(=pj)) = i{pipj), ((=pi)(=pj)) = —(pipj),

, (A.7)
[(=pi)p;j] = [Pi(=p;)] = ilpip;]; [(=pi)(=pj)] = =[pipj];

with pgj > 0. From now on we then assume that all energies are positive. For positive
energies, when the associated momentum lies on the light cone p = p1, we need to specify
the azimuthal angle, i.e. the ratio p/|p|. If p = p4, we decide to set the azimuthal angle
to zero (p/|p| = 1), while if p = p_ we set the azimuthal angle to © (p/|p| = —1). This
completely fixes our notation.

At leading power in MRK, for the spinor products (ij) we then have

P pa
—\/p3 P37, iy| =rps,L,  (14) = Zps1, (15) = —ipy 5,
pg P4
\/ D3 pg ) pg p4 > \/ D3 p5 ) (A~8)

+
3p3L7 35 = +p3L7 45 +p4JJ

while for [ij] we get

I P p
- pgpg—7 [13] =1 Tﬁ&ln [14] =19 Tpll,l_? [15} - Z‘ﬁl,f)v
[23] =i p3p3, [24] —74/p3p4, [25] —2\/p3p5, (A.9)

+
pSLa 35 +p3 1y 45 +p4L
\ 3 \ \

Eqgs. (A.8) and (A.9) allow us to express all spinor products in terms of lightcone momenta.
However we can go further and replace the components p and p; | with their expressions in
terms of the variables s, s1 2 and z(2). The resulting spinor products can then be directly
plugged into the amplitudes.

We start by writing the momenta as

d ;12 (1,0,0,+£1) and pi = |pi| (cosh y;, cos ¢;, sin ¢;, sinh y;) . (A.10)

P12 =
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The parity odd invariant can the be written as

trs = 2is12|p3||pal sin(¢z — 1) = 2is12|ps||ps|sin(Ps — ¢3) = 2is12|pal|Ps|sin(ps — ¢5) ,
(A11)

with ¢; € [0,27). We then exploit the azimuthal invariance in the transverse plane to fix
¢4 = 7. Recalling then from section 2.1 that in MRK we have

5159 _ 51592 5159 5152
trs = ——(2 — =4/ —= =4/— =4/—1- A12
5= 52— 2), Ipsl = /=2l Ipal = /=2 fpsl =[R2, (A2)

we can easily solve the first and last identities in eq. (A.11) to get

sin(¢s) = fm(z) and sin(¢s) = M, (A.13)
|| 11— 2|
which immediately give
Re(z Re(1 — 2z
cos(p3) = A3 ]z(\ ) and cos(¢s) = )\5|1(—z\)’ (A.14)

where both A3 and A5 can either be +1 or —1. The second relation in eq. (A.11), when
combined with egs. (A.13) and (A.14), finally gives

A3 + ()\3 — )\5)Re(z) =1, (A15)

which in order to be valid for any value of z implies A3 = A5 = 1. These relations completely
determine the transverse components of p3, ps and ps which are thus given by

5182 S$1892 _ 51892 _
p4,L:_\/?7 p3,J_:\/?27 p5,J_:\/?(1_Z)a (A.16)

which in turn yield eq. (2.10).

Let us now discuss the polarisation of the centrally-emitted gluon. In the main text,
we have used £}, to denote the polarisation vector of the central gluon. As explained there,
eq. (3.5) (and its subsequent expansions) is derived under the assumption €3, - p» = 0. An
equivalent formula holds for the emission from the “—” lightcone, i.e. for emissions from the
B line. In this case though, the €}, - p1 must be imposed. To distinguish the two cases, we
use the symbol £} to denote a polarisation vector that satisfies the condition £} -ps =0 (i.e.
the one that should be used in eq. (3.5) and its expansion), and &3, for the one which satisfies
€}, " P1 = 0 (i.e. the one that should be used for the equivalent of eq. (3.5) for emissions
from the B line). In both cases, we denote the transverse components of these vectors by
the bold symbols € = {e*,e¥%} and € = {£7,&¥}.

To find explicit representations for the polarisation vectors, we use the standard spinor-

helicity representation'

wu 1 {q"p4] "

TR gpy

14 Compared to standard spinor-helicity literature, here we use €* (rather than the short-hand ¢) to make it

Sl

M&Zf (A17)

explicit the fact that the gluon is out-going.
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with ¢ = p for £}, and ¢ = p; for &5,. Explicitly

o = 1 [pa 1 —; D41 o 1 (pa 1 _PaL

+ \/E pi » ) pi 9 — \/§ pi y =y Oy pj{ ’

w1 (pf Psy Pl Py -1 (pf PiL Pl Py

£, =— & =—|=—,= . (A.18)
\/5 P4L P4L pzu y2un \@ P4, 1 p4,¢ p4¢ D4, L

B Colour tensors and operators

We introduce below a set of tensors useful for the definition of the colour bases employed
in the MRK limit. We have

7-1%170?0 _ 2facxdxbd + dacxfxbd (Bl)
1 fab:c f:vcd
abcd ac sbd ad sbc
= - (gocgbd _ gadgbe) LT B.2
Tt =5 ( )= (B.2)
N.—1 N, — 1
abed _ c abced [ abed abced abed abed
— — B.
Tor 5N, Pi 5N, 73 + 25 + WD+ WP, (B.3)
N 1 N.+2 1
76abcd 2]{’[_ zpizbcd 2;[_ rpélgcd + 7Sabcd o ngcd _ Wide , (B4)
Tabcd (Aabcd Pabcd) + (Wib‘:d _ ngcd) , (B5)
Tliobcd _ % ( Aabed _ Pg(l;cd) . (Wibcd . ngcd) 7 (B.6)
where we used the building blocks
rPabcd _ 1 5abé'cd rpabcd fabe fecd Pabcd Ne dabedecd
! N2 —1 ’ ’ N2 —4 ’
Sabcd _ 1 (5a05bd + 5ad5bc> Aabcd (5a05bd _ 5ad6bc> (B?)

Wabcd - Tr (TaTchTd) , ngcd zTaTdTbTC) ]

We then use the tensors in egs. (B.1)—(B.6) to fully specify the colour bases for the gg, qg and
qQ scattering channels which are given explicitly in tables 1 and 2. Within these colour bases,
the diagonal operators (T75)? and (T33)? for the different partonic channels are expressed as

(T1,)z, = diag(Ne, N, Ne, Ne, 0, Ney, Ne, 2 (N — 1), Ne, 2 (Ne + 1), Ne, 2Ne, N, 2N,
2(N.+1),2(N. —1),2N,,2(N. —1),2N,, 2 (N, + 1) ,2N,, 2N.),

(T33)7, = diag(Ne, N, Ne, Ney, Ne, 0,2 (Ne — 1), Ne, 2 (Ne + 1), Ne, 2Ne, Ne, 2N, Ne,

2(N.+1),2(N. —1),2(N, — 1),2N,2 (N, + 1), 2N, 2N, 2N..),

(T1,)z, = diag(Ne, Ne, Ne, Ne, 0,0, N, Ne, Ne, Ne, Ne), (B.8)

(T33);, = diag(Ne, Ne, Ne, Ne, Ne, Ne, 0,2N, 2Ne, 2 (Ne + 1) , 2 (Ne — 1)),

(T1+5)qQ diag (N, N, N¢,0),

(T33)7q = diag(Ne, Ne, 0, Ne).
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(r1,72) clod] (r1,7s) closl

(84,84) | ifasbarjfascaz j fbeas (10,8,) Tﬁ%ao j fasbaz
(84 8s) NQV—; i fasbar gascaz gbeas (85, 10) Nc da5ba17-1%4b¢11(2)a3
(85,84) NL dasbai j fascaz gbeas (10, 8,) N2 7-1%417%(15 Jasbaz
(85,8;) N2 L dasbar qascas  pheas (27,27) Theaaasphearas ; pease
(1,8,) N];f - §asa1 fasasaz (0,0) TbcagagTbea1a5 j feaae
(8a1) | ey ifosoan guaan (10,0) Thenashes j peasc
(84,0) j fasbar Jasbazas (0,10) 76176(11(157-1%0—7_21(83 j feaae
(0,8,) Jasbaras; fagbes (10, 27) ﬂ%@jigsTbcagag i feaae
(ga’ 27) i fa5ba1 7-2%4ba2a3 (27’ 10) Tbea1a5 71%?:21%3 j foaae
(27,8.) | Tabares; pastas (10,10); Toiis T s if e
(o10) | gt ]| (10.10) | TG (T a - T i /)

Table 1. Colour basis for gg scattering. In the right column we define the basis elements, while in
the left column their associated irreducible representations (r1,72) as defined in eq. (2.24).

(’I“l; 7“2) C[qg] (7”1, TQ) Cz[qg} (Tlg 7,.2) C[QQ]
(8 8a)a Z5”Zfbca4lfa?,ca2 (8, 1) Tl(;z;ldaga3 , bea
(8 8 )9 b dcbas Jascaz , ) (8,8)a TZ521 s 7 foeaa
511 asbasa,
(8,10), | TP, Tasbazas
becay Jcaza 511 1 10—10
<8 i )a 15“ f e b agbazas (8’8)8 TZZ“Tchudbcm
( )s dbca4lfca2a3 (87 10)2 25117-10_,’_10
1511 .
(1,84) Ojsiy 0 f340293 (8,27) 25117'a4ba2a3 (8:1) Tigiy disiz
i5i1
(1 8 ) 5i5ilda4a2a3 (8,0) ’_Z“;;le]—a4ba2a3 (1’8) 515“];‘;2
(a) (b)

Table 2. Definition of the colour bases for (a) the gg and (b) the ¢@ scattering channels.

With the aid of eq. (2.31) one can then easily derive the expressions for the diagonal operator
T ++. Additionally, the action of the signature-definite colour operators on the tree-level
amplitudes in the gg-channel is given by

T _cledl C[} +4cl99 4 yeled)

(8a,8a) (8s,85) T 2C(27,.27) (0,0)°
T-+ C[Z‘Z]ga) = C([&S}Ba) + QC([?%(I) + 26([3% y T 26([27}8@
T C[gg] _ _76[991 . 26[99] . 2C[gg] . QC[QQ]

(8a,8a) (8a,8s) (8a,1) (8a,0) (8a,27)’

— 49 —



T2 Cloal - _ &34_4 cld el eled g olod]
—— (8a,8a) 4 (8a,8a) €~ (8a,10) €*~(10,8a) €~(10,10)1°
2
2 olog [ DNe l9] [99]
72ty = (5 +6) et + 33l
2
lge) _ (Ne [99] [99]
T c(ggga) = <4 + 6) c(ggvga) — 3N, c(gng), (B.9)

whereas for the gg-channel reads

lag]  _ & ag]
T-—- C(S,Sa)a - 2 C(S,Ss)a’

lag)  _ Ne slag] l99]
T+ Clssa), = 76(2?8@3 +C 150
lag)  _ _ Neslag] lag] lag] lag]
T+~ Cisipay, =~ Csnn, ~ 25 ~ 2iszn) ~ Lisoy
2
2 plag NG lag] [ag]
2
R B A lag]
T, C(%?Sa)a - <4 + 1> C(ggsa)a>
NZ
and finally in the g@) channel
2
0 _ N&—4 Q]
T Cgy), = IN, (B8
4Q) _ NelqQ) [4Q)
7:+Cé@a—‘§cé&5+céﬁv
0Q _ _Neola@l _ HlaQ)
T+-Cisx). = ~5 Cis). ~Cs 1)y
@ _ (NZ—4)° q)
T2 _Cly. = v Ciaa): (B.11)
2
2 ol _ (N [4Q)
T,Jr C(878)a — < 4 + 1) C(8,8)a7
2
2 ol _ (DN [4Q)
T — C(878)a - < 4 + 1) C(8,8)a .
C Anomalous dimensions
The S-function coefficients used in this paper are defined via
dog g n+l
dln B(O‘s) — 2eas, 5(043) = —2as5 T;O/Bn <47‘r> (C 1)

so that up to two-loops we have

11 2
= C4-IN
50 3 A 3 )

C.2)
4 1 (
Blz%Ci—goCANf—QCpr,
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with the SU(V,) Casimir constants

N2 -1
Cs=N, Cp= N (C.3)

Here we also report the cusp anomalous dimension vx as well as the quark and gluon collinear

anomalous dimensions ;. They admit the series expansion in «

as\" (n as\" n
=3 (M) 7 Y= 2 (47r> 7. (C4)

To the order relevant for this paper, their perturbative coefficients read

7 =4
(2) @_ﬁ C—@N
K <9 3 |47 g Vb

2 4
() _C 490 5367 44m= 88 CAN _ 836 112
A<3 or T T3 )TN T T

110 16
(C.5)

’7(51) = _3CF7

3 1172 961 65
2) _ 2 _ _° _ et Do , 7~
Yq Cr (27‘( 24(3 >+CFCA (26(3 5 54>+CFN]0 (27+ 3),

692 1172 128 2
=3 (— e 2<3> +CuNy (27 - 7;) +20pN;.

Below we also provide the explicit perturbative expansion of the quantities defined in eq. (4.20):

o edr fy§<) a\2 [ Ble A 3
K= /M A () = (47r> 2¢ + (47r> 4e2 + 4e +0(e5),
(1) (2)

, d\ as\ 7 as\2 [ 36k | 7
W= [ S “”:(M)Zé*(m) (‘ 1665 +16K2)+0<a5’>7 (C6)
(2)

(1) 2 (1)
s\ Qs _/60’71' Vi 3
Gi= / A > ile (47r> 2¢ + (47r> ( 4e2 4e > +O(ay).

D Two-dimensional Feynman integrals

In this appendix, we collect the results for the two-dimensional integrals that we have used

in section 3 to describe multi-W interactions. We start from one loop. We require the
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following integrals

e [IC(O) -1 Ok ioaa i (ki —aa)
{12} L1} ki(ap —ki1)? | o (k1 —qa)?
~1 Dk [ & -ap & (kit+ap)
K = R0, 1 _& A (D.1)
oy = Kty Klaa+k)? | o (ki +ap)?
-1 Dk (e} Pa | €} (a4 — ki)
oy = [K0,)] ! A P4 €} } ,
{2.2} [ {1, 1} k2(qp —ki1)2 | p7 (g4 — k)2
where we recall that we have defined Dp = (2“7 /71 =)d%2~2¢p, and
1 |ey, P4 €}, -da =(0) 1 [&),'P1 €\ 9B
IC(O) A4 4 ’ K - 4 — A4 , D.2
Ly~ [ P} o g% | p} qz (D-2)

with the polarisation vectors defined in appendix A. When presenting the results we use
that q4 = ps and qp = —ps, see eq. (2.3). Their calculation is straightforward. We find
it convenient to express the result in terms of two-dimensional bubble integrals B; and a
function I3 which is related to the four-dimensional off-shell scalar triangle. Specifically,
they are defined as

R (D.3)

(Z — Z)I = 2D2(Z Z) +€ Goo(z)Gl(E) — Gl(Z)GOQ(E) — Gm(Z)G()(E)—i—

+ Go1(2)G1(2) — Go(2)Go1(2) — G1(2)Go1(2) + 2G01(2)Gz(2)+

Go(2) + G10(2)G1(2) + Go(2)G10(2) + G1(2)G1o(2)+

= 2G10(2)G2(2) — Gu1(2)Go(2) + Go(2)G11(2) — 2G1(2)Gzo(2)+ (D.4)
+2Go(2)Gz1(2) — 2G01(2) + 2Gz10(2) + Goo1(2) — Goio(2) + Gor1(2)+

— G1o0(2) + G101(2) — G110(2) + Goo1(2) — Goio(2) — Goi1(2)+

+ G100(2) — G101(2) + G1i0(Z )] +0(e%),

where G are the standard Goncharov polylogarithms defined as

Gorean@) = [ 15— Gusea, (0, Gy (5) = 2 "), (D.5)
In terms of these quantities, the IC‘({?j} functions read
ICF{II)Q} =N _W — M€z — i)fg_ ,
/cg>1} =N _W — ez — z)ig_ , (D.6)
16?2)2} =N Bs+ Bs — By B;5 ~ B + Age(z — z)fg_ :
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where )4 is the gluon helicity and N = e“7#T2(1 — €)T'(1 + €)/T(1 — 2¢).
We now move to the two-loop case. The integrals we need to consider are

-1 @k Dk
IC(2) ]C(O) / 1 2
{1,3} {1, 1} k2 k1 qB _ kl)
y |:1 E)\4-(k1— ) _1 E;4-(k2—q14) _1 Ej{4.qA
6 (k1 —qa)? 2\ (ka—qau)? 3\ 44
) ©k1©k2
{31} — {1 1} K3(k; — aa + k)2 (D.7)
« {1 5,\4‘(k1+q13) _1 &), (k2 +qp) 41 €\, " UB }
6 (k1 +ap)? 2 (ko + qp)? 3 a3 ’
_ IC(O) —1/ @k1@k2 €}, P4 N €3, (qa — ki)
P (a ~ke)2(as —ki)? | p] (aa — k)2

9

(2)
’C{3,3

Despite being two-loop integrals, these contain a one-loop bubble that can be integrated
out, thus rendering them effectively one-loop integrals with propagators raised to non-integer
powers. This makes their calculation simple. We expressed them in terms of the following
bubble-like functions

o 3 I'2(1 — 26)I'(1 + 2¢)
T2 |T(1—36)I(1—e)2(1 +e¢)

=

(p7) ™,

. o[ 2
AP = (py)~2 -+ (2914 +915) + € (—gi4 — 914915 — 9%:5) + 0(62)} ’ (D.8)

- o[ 2
Aff) = (ps)~? e + (914 +915) + ¢ (—9%,5 + 91,4915 — 9%74) + 0(62)} )

< (e o[ 2
Al = (py) % = (914 +2g15) +¢ (—9%,4 — 914915 — 9%,5) + 0(62)} ;

where the single-valued functions g; ; are defined in section 2.4, and triangle-like functions

(

6) Their proper definition for our purposes is irrelevant, since they are defined such that

( ) = I3+ O(¢). In terms of these functions the K%i)j} integrals read

ple) _ ple) . Ale)
() o[ 211 |Bs —Bs' + Ay 3 #(e)
IC{13}—N { J {6[ 5 —)\456(2—2’) 1
ple) _ Ale) (e)
1[BY —AY + B 3 (e
= [ 3 25 4 _ )\456(2 —2) é%} },
K3 = N? 2] [1[B - B+ AD bz - 2| + (D.9)
() (e) (e)
1|B A +B 3 _\ (e
o [ 5 5 4 _ )\456(2 —2) é%} },

pe) | ple) _ Ale)
IC{33} =N { } { ; 4

3 _\ (e
c +/\42e(z—z)1§7%}.
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