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Radical revolutions lie at the intersection of both cutting-edge
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in which each discipline learns something from the other

which neither could have learnt by dancing alone.
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Abstract

A paradigm shift has been occurring, according to which physical observables
and their fundamental properties, symmetries and dualities emerge from un-
derlying geometry and combinatorics. This has led to major new insights in
both Physics and Mathematics. In the first part of this work, we discover
a duality between two seemingly unrelated objects. On one side, the hyper-
simplex ∆k+1,n – a polytope which has been studied in connection with the
moment map, torus orbits in the Grassmannian, tropical geometry and clus-
ter algebras. On the other side, the amplituhedron An,k,2 – a subset of the
Grassmannian (not a polytope!) which was introduced in the context of the
physics of scattering amplitudes in planar N = 4 super Yang-Mills (SYM). We
show these two objects are closely related by a combinatorial-geometric incar-
nation of T-duality from String Theory. Exploiting T-duality, we both draw
striking connections between ∆k+1,n and An,k,2 and discover new properties of
them. One of the main results is proving that positroid triangulations of the
hypersimplex and of the amplituhedron are T-dual. Moreover, some of these
triangulations can be obtained from BCFW recursions and the positive tropical
Grassmannian Trop+Grk+1,n – both central in computations of scattering am-
plitudes. We then define the sought-after positive geometry of tree-level N = 4
SYM amplitudes in momentum space – the momentum amplituhedron. We
conjecture that its positroid triangulations are T-dual to the ones of the m = 4
amplituhedron An,k,4, reflecting the physical Amplitudes/Wilson loops duality.
In the last part, we pave the way for both connecting amplituhedra theory to
cluster algebras and tropical geometry, and finding a geometric origin of cluster
phenomena – increasingly emerging in scattering amplitudes. In particular, we
show how cluster adjacency for Yangian invariants emerge purely from ampli-
tuhedra. We prove this for An,k,2 in full generality and provide some results
for the m = 4 amplituhedron. Finally, using the geometry of loop amplituhe-
dra, we conjecture a new phenomenon for planar N = 4 SYM at loop level –
LL-cluster adjacency – relating Leading Singularities and Landau Singularities,
with checks and general proves at one loop.
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Chapter 1

Introduction

1.1 Prelude

Quantum Field Theory (QFT) is unarguably one of the most important theoretical frame-
work in fundamental physics one has at hand to describe Nature. Among the physical
observables in a QFT, Scattering Amplitudes are central in fundamental physics: they en-
code the probabilities of any interaction among elementary particles. On the experimental
side, these processes are probed at colliders such as the Large Hadron Collider at CERN.
On the theoretical level, Scattering Amplitudes showcase fundamental mathematical and
physical properties of QFTs and they are claimed to be the only known observable of
quantum gravity in asymptotically flat space-time.

Scattering Amplitudes are computed perturbatively and the standard method to per-
form such calculations are ‘Feynman Diagrams’. On the computational side, even at leading
order and for simple processes, the number of diagrams is incredibly large, challenging even
the capability of modern computers. On the theoretical level, Feynman diagrams contain
huge non physical redundancies and lead to much more complicated expressions than the
actual final amplitude they are meant to compute1.

An alternative route, circumventing the standard diagrammatic, was already attempted
in the sixties with the program called ‘The Analytic S-matrix’ [2]. Originally, the latter
hasn’t been successful; however, thanks to the development of the so-called ‘On-Shell
Methods’, an S-Matrix Program Reloaded initiated at the beginning of the new millen-
nium. Among these, Recursion Relations [3] and Generalized Unitarity [4] are nowadays

1A very instructive example is the extremely compact form that the so-called maximally-helicity-
violating (MHV) amplitudes of QCD take: Parke and Taylor discovered a formula for the scattering
of any number of gluons which could fit in less than half a line [1]; while standard methods, already for
the scattering of five gluons, lead to 24 pages!
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cornerstones of modern amplitude computations. Moreover, a fundamental paradigm shift
has been attempted: instead of deriving the properties of the S-Matrix from the principles
of unitarity and locality, one looks for novel principles and laws, very likely associated with
new mathematical structures, that produce the S-Matrix as the answer to entirely different
questions. Space-time and quantum mechanics, embodied in unitarity and locality, emerge
only later as derived consequences rather than foundational principles.

One of the most studied QFT, where all these methods have been applied with great
success and main subject of our research, is the maximally supersymmetric Yang-Mills the-
ory (N = 4 SYM) in four dimensions. One firstly notes that, despite being a toy-model,
it is considered to be the ‘supersymmetric cousin’ of QCD2. Secondly, one of the most im-
portant features of the theory is that, in the planar limit, it enjoys the infinite-dimensional
symmetry called Yangian [6], which is the hallmark of integrability, i.e. solvability of the
theory. As such, it is said to be the ‘Hydrogen atom’ of the twenty-first century. Thirdly,
it has been the protagonist of the ground-breaking works of Maldacena, discovering the
AdS/CFT correspondence [7] and Witten, formulating Twistor String Theory [8].

Importantly, in more recent years, N = 4 SYM has also been the fertile ground to
pursue the geometrization of Scattering Amplitudes where, according to the paradigm,
physical properties emerge purely from geometry. The seminal idea came from Hodges in
2009 with his attempt to give intricate algebraic identities a geometric meaning, explaining
the cancellation of non-physical spurious poles [9]. This introduced the concept of ‘scatter-
ing amplitudes as volumes of a geometric object’, in that case a polytope, where different
representations of the former are just different triangulations of the latter.

In parallel, a complete dual formulation of the S-Matrix of N = 4 SYM had been de-
veloping [10], where the computations for n particles in the sector with k negative helicity
gluons are associated with the geometric space of k-planes in n dimensions, called ‘Grass-
mannian’. In particular, these studies led in 2012 to the remarkable connection between
scattering amplitudes and the positive part of it, the positive Grassmannian [11]. The
latter is tight to a novel diagrammatic, the on-shell diagrams or plabic graphs [12], which
fully upholds the spirit of on-shell methods initiated years earlier: for planar N = 4 SYM,
to all loop orders, off-shell entities, like virtual particles familiar from Feynman diagrams,
are completely replaced by internal, on-shell particles.

In 2013, these formulations and Hodges’ ideas came together in Arkani-Hamed and
Trnka’s work [13]. They introduced a novel mathematical object, called Amplituhedron,
which certainly represented the acme, in terms of elegance and simplicity of definition, of
the geometrization of Scattering Amplitudes in planar N = 4 SYM. This space, which

2See [5] for the computation of all tree-level amplitudes in massless QCD from N = 4 SYM.
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will be the main subject of our research, is a Grassmannian generalization of polytopes; it
indeed contains certain types of polytopes, called ‘cyclic’ and positive Grassmannians as
special cases. Scattering amplitudes are computed from a differential form which emerges
from a purely geometric definition. Neither space-time nor Hilbert space indeed make any
appearance in this formulation: the associated physics of locality and unitarity arise as
consequences of the geometry and combinatorics.

These developments inspired a much more general framework, formalized only recently
in 2017, which goes under the name of positive geometries [14]. These are spaces which
have boundaries of all dimensions and posses a differential form – called canonical – whose
analytic properties are tightly interwoven with the geometry. The canonical form is in-
deed defined to have logarithmic singularities on (and only on) all the boundaries of the
geometry. See Appendix B for more details. Physical observables, such as Scattering Am-
plitudes, can then be simply extracted from canonical forms of the corresponding positive
geometries. The study of positive geometries has been increasingly acquiring relevance in
physics as they appear to be the underlying mathematical structure for quantum mechan-
ical observables in a quite large class of theories in particle physics and cosmology. They
also emerged in the context of scalar scattering in the form of the ABHY associahedron [15]
for the bi-adjoint cubic interactions, Stokes polytopes [16] for planar quartic interactions,
and accordiohedra for multi scalar field amplitudes [17]. Even more surprisingly, they
appeared in cosmology, where the canonical form of the so-called cosmological polytopes
encodes the wavefunction of the universe [18], which is the relevant quantum mechanical
observable, for a large class of toy models. Finally, it was recently introduced an extension
of canonical forms for general polytopes, named stringy canonical form, which depends on
a certain deformation parameter (which resembles the α′ parameter in string theory) and,
when applied to the ABHY associahedron return the Koba-Nielsen integral known in String
Theory [19]. The authors of [20] paved a way towards enhancing positive geometries which
involve non-logarithmic singularities. Generalizing these ideas to Grassmannian geometries
would be the next step to describe from less supersymmetric gauge theories [21–23] and
the non-linear sigma model [15], to gravity [24,25] and many theories in cosmology.

One parallel important trend in physics is the connection between analytic properties
of scattering amplitudes and cluster algebras [26] and tropical geometry [27].

In 2013 singularities of scattering amplitudes of planar N = 4 SYM at loop level were
discovered to be describable by employing cluster algebras [28]. This enabled a powerful
program of cluster bootstrap which pushed both the computation and the understanding
of the mathematical structure of scattering amplitudes beyond the frontiers, see [29] for a
recent review. In 2017 the connection with cluster algebras was deeply enhanced by the

3



discovery of phenomena called cluster adjacencies [30], at loop-level, and later at tree-level
[31]. Since then, cluster algebras have been taking more space on the mathematical canvas
of physicists. This further prompted exploring the connection between cluster algebras
and tropical geometry. In particular, the positive tropical Grassmannian [27] has been
increasingly playing a role in different areas of scattering amplitudes: from bootstrapping
loop amplitudes inN = 4 SYM [32–35] to computing scattering amplitudes in certain scalar
theories [36]. The latter led to connections with generalized Feynman diagrams, and, in
the light of our work, with subdivisions of the hypersimplex [37–42]. From physics, we can
also find recent works on cluster structures and plabic graphs [43–46], wall crossing [47],
and tensor diagrams [48]. We note that tropical geometry found applications in String
theory since [49] – where the α′ → 0 limit of closed string theory scattering amplitudes is
interpreted as a ‘tropical’ limit. Moreover, tropical versions of Feynman integrals have been
considered and showed that they capture many essential properties [50] and can be used
for explicit numerical evaluation [51]. More cluster and tropical structures in Feynman
integrals have been explored recently in [52,53].

In this work we will focus on positive geometries relevant for N = 4 SYM, i.e. on am-
plituhedra. In the framework of positive geometries, different representations of a physical
observable correspond to different ways of subdividing the associated geometry. By follow-
ing this philosophy, we discover a novel geometric-combinatorial incarnation of T-duality
from String Theory connecting two seemingly unrelated objects. They have been at the
center of attention of both physicists and mathematicians - the hypersimplex and the m = 2
amplituhedron. What do these two objects have in common? The former is a polytope,
whereas the latter is a subset of the Grassmannian. They are both images of some positive
Grassmannians, but under very different maps, and have different dimensions. Neverthe-
less, we discover that the number of ways we can subdivide the hypersimplex and the
amplituhedron using images of cells of the positive Grassmannian is the same! Moreover,
certain classes of ‘nice’ ways of subdividing them is governed by BCFW recursions and the
positive tropical Grassmannian – both central in computations of scattering amplitudes.
We show there is a deep duality – we call T-duality – which allows us to both prove novel
connections between the two objects and discover new properties of them.

If we generalize the story for the physical m = 4 amplituhedron, T-duality connects
this object to a new positive geometry we introduce – the sought-after momentum am-
plituhedron – which encodes scattering amplitudes of N = 4 SYM in momentum (spinor
helicty) space. Being this space more universal, this opens the path for investigating posi-
tive geometries beyond N = 4 SYM.

4



Both positive geometries and cluster algebras have been playing an increasingly crucial
role to understand and compute scattering amplitudes. However, little is known about
their intersection: what can we discover of the geometry of scattering amplitudes under
the guidance of cluster algebras? Can we understand cluster phenomena purely from
geometry? What is the connection between amplituhedra and cluster algebras? Also
leveraging our understanding of amplituhedra gained by T-duality, we will tackle these
questions and pave the way for more general explorations.

1.2 Summary of the Plan

We start by providing a brief introduction to the field of scattering amplitudes in Chapter 1.
In particular, in Section 1.4 we focus on the maximally-supersymmetric Yang-Mills gauge
theory (N = 4 SYM). We use this theory to explain in Section 1.5 the tremendous success
of on-shell methods both in computing and in understanding the analytic structures of
scattering amplitudes, and QFTs.

We then move into the worlds of geometry and combinatorics by studying amplituhedra.
Introduced in physics, they encode all tree-level scattering amplitudes and planar loop
integrands of N = 4 SYM. In Chapter 2 we focus on the tree-level m = 4 amplituhedron
An,k,4 and its m = 2 version An,k,2. After reviewing the definitions and known results
on the positive Grassmannian and the amplituhedron in Section 2.2, we introduce the
amplituhedron-analogue of the matroid stratification of the Grassmannian by considering
the sign stratification of An,k,m. We then focus on generalized triangles – full-dimensional
images of positroid cells of Gr≥0

k,n on which the amplituhedron map is injective. These are
the building blocks of triangulations and, in the physical m = 4 case, are associated to
Yangian invariants – building blocks of scattering ampltitudes. In Section 2.4 we classify
all generalized triangles of the m = 2 amplituhedron An,k,2 and give them a new intrinsic
sign-description inside the Grassmannian. In Section 2.5 we use this to prove the sign-flip
characterization of An,k,2 conjectured in [54]. Finally, in Section 2.6 we review how to
extract n-point scattering amplitudes of N = 4 SYM in the k helicity sector from the
m = 4 amplituhedron An,k,4.

In Chapter 3 we then move to a seemingly unrelated object, the hypersimplex ∆k+1,n –
the image of the positive Grassmannian Gr≥0

k+1,n under the moment map µ. In Section 3.1
we introduce and present new results about the hypersimplex and positroid polytopes -
images of positroid cells of Gr≥0

k+1,n under the moment map. In particular, we show that
generalized triangles of ∆k+1,n – full-dimensional positroid polytopes on which µ is injective
– are in bijection with plabic trees. We then define positroid triangulations as collections
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of generalized triangles whose union covers ∆k+1,n and whose interiors are disjoint. In Sec-
tion 3.2 we show that the fan structure of the positive tropical Grassmannain Trop+ Grk+1,n

is the secondary fan of ∆k+1,n, i.e. it exactly regulates its regular positroid subdivisions.
In Chapter 4 we explore a striking duality – T-Duality – between the hypersimplex

∆k+1,n (cf. Chapter 3) and the amplituhedron An,k,2 (cf. Chapter 2). In Section 4.1 we
define T-duality on the main combinatorial objects associated to the positive Grassmannian
– decorated permutations and plabic graphs. In Section 4.2 we show that T-duality provides
a bijection between generalized triangles of ∆k+1,n and An,k,2. Moreover, we show that
inequalities cutting out positroid polytopes translate into sign conditions characterizing
the T-dual Grasstopes. Both can be simply read from the statistics of an associated plabic
tiling. Moreover, from the latter we can also read off their facets. Finally, generalized
triangles are also in biejction with separable permutations – counted by (a refinement of)
the Schröder numbers. In Section 4.3 we show that we can subdivide the amplituhedron
An,k,2 into w-chambers as the hypersimplex ∆k+1,n can be subdivided into w-simplices –
both labelled by Eulerian numbers, and related by T-duality. In Section 4.4 we define the
G-amplituhedron – an avatar of the amplituhedron in Gr2,n. Using this we prove that w-
chambers are exactly the only realizable strata in the sign stratification of An,k,2. Finally,
we show that the total amplituhedron – the union of G-amplituhedra varying k – gives the
amplituhedron-analogue of the hypercube – which is the union of hypersimplices varying
k.

In Chapter 5 we introduce and discuss positroid triangulations and dissections – sub-
divisions of the the hypersimplex or the amplituhedron into full-dimensional positroid
polytopes or Grasstopes respectively. Using results from Chapter 4, in Section 5.1 we show
that a collection of positroid polytopes is a positroid triangulation of ∆k+1,n if and only
if the collection of T-dual Grasstopes is a positroid triangulation of An,k,2(Z) for all Z.
We also conjecture the same holds true if we replace “triangulations” with “dissections”.
In Section 5.2 we show how to obtain different types of positroid triangulations (and dis-
sections) of ∆k+1,n and An,k,2(Z) from: BCFW recursion relations, the positive tropical
Grassmannian Trop+ Grk+1,n, and positions of descents/sign flips. Finally, in Section 5.3
we discuss the relation of T-duality with cyclic symmetry and parity duality.

In Chapter 6 we introduce the momentum amplituhedron Mn,k′,m. The m = 4 momen-
tum amplituhedronMn,k+2,4 is a new positive geometry which encodes NkMHVn scattering
amplitudes of N = 4 SYM in momentum space. In Section 6.1 we give the definition of
Mn,k′,m as the image of the non-negative Grassmannian Gr≥0

k′,n under the momentum ampli-
tuhedron map ΦΛ,Λ̃. Then, as we did for An,k,m in Chapter 2, we define a sign stratification
and give a sign-flip description of Mn,k′,m. For the m = 4 momentum amplituhedron, we
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also discuss its facet structure in relation to the factorization channels of scattering am-
plitudes in N = 4 SYM. In Section 6.1.4 we conjecture T-duality relates triangulations
(and dissections) of the momentum amplituhedronMn,k′,m and the amplituhedron An,k,m,
when k′ = k +m/2. This is (a generalization of) the combinatorial-geometric incarnation
of the physical Amplitudes/Wilson loops duality. Finally, in Section 6.2 we explain how to
extract NkMHVn scattering amplitudes in momentum space from Mn,k+2,4.

In Chapter 7 we explore the intersection between amplituhedra and cluster algebras.
In Section 7.1 we discuss phenomena of cluster adjacencies in connection with the am-
plituhedron, Yangian invariants, and scattering amplitudes. We formulate and generalize
the cluster adjacency conjecture in terms of the amplituhedron Am,k,m. We prove this
conjecture for the m = 2 amplituhedron An,k,2 and provide a conjectural formula for all
m = 2 Yangian invariants which manifest cluster adjacency. We then explore the m = 4
cluster adjacency conjecture – relevant for scattering amplitudes in N = 4 SYM. Using the
geometry of the amplituhedron An,k,4, we write the poles of all Yangian Invariants in the
N2MHV sector in terms of compatible cluster variables of Gr4,n. In Section 7.2 we discover
cluster varieties directly inside the amplituhedron An,k,2, using results from Section 2.4. In
Section 7.3 we review how the singularity structure of scattering amplitudes – in particular,
Leading and Landau Singularities – can be understood in terms of amplituhedra. Then in
Section 7.4 we phrase a conjecture on novel cluster structures relating Leading and Landau
singularities – LL-cluster adjacency. At one loop, we prove LL-cluster adjacency for all
NMHV amplitudes and check it for N2MHV amplitudes up to 9 points. We also discuss
possible implication of LL-cluster adjacency for bootstrapping loop amplitudes. We end
in Chapter 8 with conclusions and outlook.

1.3 Works by the Author

This thesis is based on the following works by the author:

• The m = 2 amplituhedron and the hypersimplex: signs, clusters, triangulations, Eule-
rian numbers [55], (with Melissa Sherman-Bennett, Lauren K. Williams), submitted
to a Mathematical Journal, [arXiv: 2002.06164].

• The positive tropical Grassmannian, the hypersimplex, and the m = 2 amplituhedron
[56], (with Tomasz Lukowski, Lauren K. Williams), submitted to a Mathematical
Journal, [arXiv: 2002.06164].
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• Cluster patterns in Landau and Leading Singularities via the Amplituhedron [57],
(with Ömer Gürdoğan), Annales de l’Institut Henri Poincaré D - Combinatorics,
Physics and their Interactions, Accepted for publication, [arXiv:2005.07154].

• The momentum amplituhedron [58], (with David Damgaard, Livia Ferro, Tomasz
Lukowski), Journal of High Energy Physics, 2019 (2019) 042, [arXiv:1905.04216].

• Cluster Adjacency for m = 2 Yangian Invariants [59], (with Tomasz Lukowski, Mar-
cus Spradlin, Anastasia Volovich), Journal of High Energy Physics, 2019 (2019) 158,
[arXiv 1908.07618].

Other works by the Author. During the author’s DPhil, the other following works
have been produced:

• Triangulations and Canonical Forms of Amplituhedra: A Fiber-Based Approach Be-
yond Polytopes [60], (with Fatemeh Mohammadi and Leonid Monin), Communica-
tions in Mathematical Physics (2021), [arXiv:2010.07254].

• Positive Geometries and Differential Forms with Non-Logarithmic Singularities. Part
I [20], (with Paolo Benincasa), Journal of High Energy Physics, 2008 (2020) 023,
[arXiv: 2005.03612].

• Amplituhedron meets Jeffrey-Kirwan residue [61], (with Livia Ferro, Tomasz Lukowski),
Journal of Physics A: Mathematical and Theoretical, A52 (2018) no.4, 045201, [arXiv:1805.01301].

Some of these works are part of the author’s current research. There will be references
throughout, but they are beyond the scope of this thesis.

1.4 Introduction to Scattering Amplitudes

In this section we will start with an introduction to scattering amplitudes (Section 1.4), in
particular of N = 4 SYM theory (Section 1.4.1), which is the main theory relevant for our
work. We will briefly review colour decomposition techniques (Section 1.4.2) for gauge the-
ories and the super-space formalism (Section 1.4.3) for super-symmetric ones. Right after,
space is given to modern on-shell methods (Section 1.5): on-shell variables (Section 1.5.1) –
such as spinor helicity and twistors – and recursion relations (Section 1.5.2). These allowed
the computation of all tree-level amplitudes and loop-level integrands in N = 4 SYM, and
the discovery of their analytical properties and hidden symmetries.
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1.4.1 N = 4 Super Yang-Mills Theory

Let us give a brief introduction to the theory that will be the main subject of our work:
N = 4 super Yang-Mills theory, a supersymmetric four-dimensional interacting gauge
theory with SU(N) gauge group (N = 4 SYM for short). In four dimensions one can
construct N = 1, 2, 4 supersymmetric theories with spins not higher than 1: we will hence
be focusing on the maximally supersymmetric one3, and refer to [62, 63] for additional
details.

As every traditional quantum field theorist, we start our discussion with an action.
Using the standard QFT approach, which we will soon abandon from next section on, we
define it for N = 4 SYM and briefly illustrate its field content, its classical symmetries and
which of them survive in the quantum regime. The action of N = 4 SYM reads:

SN=4 := 1
g2

∫
d4xTr

(
−1

4FµνF
µν − (DµφAB)

(
DµφAB

)
− 1

2
[
φAB, φCD

][
φAB, φCD

]
+

+iψ̄Aα̇σ
α̇α
µ DµψA

α −
i

2 ψ̄
A
α̇

[
φAB, ψ̄

Bα̇
]
− i

2ψ
α
A

[
φAB, ψBα

])
. (1.4.1)

All fields are massless and transform in the adjoint representation of the gauge group
SU(N), with generic N . In the above expression one has: adjoint indices (the trace
Tr is implicitly summing over them), Lorentz indices (µ, ν = 0, 1, 2, 3), spinor indices
(α, α̇ = 1, 2) and the SU(4)R indices (A,B,C,D = 1, ...,N = 4). In the spectrum of the
theory one has: a gauge field Aµ, corresponding to the pure Yang-Mills gluons; its N =
4 superpartners ψA, which are complex massless Weyl fermions called gluinos, satisying
ψ̄A
α̇ =

(
ψAα

)∗
; finally, the closure of supersymmetry algebra demands the presence of

N (N − 1)/2 = 6 real scalar fields φAB = −φBA, such that φAB = 1
2εABCDφ

CD. N = 4 SYM
has therefore 8 bosonic (2 from gluons and 6 from scalars) and 8 fermionic (2 for each
gluinos) degrees of freedom, recalling that gluons and gluinos comes with two helicities
(±1,±1/2 respectively). We will now list the classical symmetries of the action (1.4.1):

Conformal Symmetry. Conformal transformations are a special class of space-time
transformations. They can be defined in an arbitrary space-time, but I will focus on
four-dimensional Minkowski. Conformal transformations form a group named Conformal
Group. A representation of generators {Ga} of the group acting on fields X ∈ {Aµ, φ, ψ, ψ̄}
in Minkowski space-time, i.e.

X(x′) = X(x) + iεa(GaX)(x) + o(ε) (1.4.2)
3If one wants to include spin 2, i.e. gravity, the maximally supersymmetric theory isN = 8 Supergravity.
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where εa are the parameters of the group, is given by:

Pµ = −i∂µ (Translations) (1.4.3)
Mµν = −i(xµ∂ν − xν∂µ) (Lorentz Boosts) (1.4.4)
D = ix · ∂ (Dilatations) (1.4.5)
Kµ = −i(x2∂ − 2xµx · ∂) (Special Conformal Transformations) (1.4.6)

From this representation it easy to understand the associated algebra named Conformal
Algebra. The subalgebra generated by {Pµ,Mµν} is exactly the Poincaré algebra. Further-
more, dilatations can be generated from Poincaré and special conformal transformations.
The conformal group is isomorphic to O(2, 4) which in turn is isomorphic to SU(2, 2).

R-symmetry. The action in (1.4.1) is built from invariants in the indices A = 1, ...,N =
4, thus it has a global SU(4) symmetry called R-symmetry and denoted as SU(4)R. ψ

and ψ̄ are in the fundamental (4) and anti-fundamental (4̄) representation of this group
respectively, while φ is in the anti-symmetric self-dual (6) representation.

Poincaré Supersymmetry. The action in (1.4.1) has a symmetry whose infinitesimal
transformations can be expressed as:

δξ,ξ̄X = iξA
αQ

α
A(X) + iξ̄Aα̇Q̄

Aα̇(X), X ∈ {Aµ, φ, ψ, ψ̄}

with the generators of supersymmetry satisfying4

{Qα
A, Q̄

Aα̇} = 2δA
Bσ

µ
αα̇Pµ, {Qα

A, Q
β
B} = {Q̄Aα̇, Q̄Bβ̇} = 0 (1.4.7)

The Poincaré algebra can be extended by promoting it to a graded Lie algebra or superal-
gebra including QA

α and Q̄Aα̇. This closes into the Poincaré superalgebra.

Superconformal Symmetry. The generators of supersymmetry do not commute with
the full conformal group. In particular, commuting them with the generators of the special
conformal transformations, one obtains the generators SA

α and S̄Aα̇ – called conformal
supercharges – necessary for the closure of the algebra.

Thus {Pµ,Mmuν , D,Kµ, Q
α
A, Q̄

Aα̇, SA
α , S̄Aα̇} form a group which, together withR-symmetry,

is called the superconformal group PSU(2, 2|4). The notation SU(2, 2|4) is referred to the
4We are considering massless supersymmetric theory.
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bosonic part of the symmetry group (Poincaré and R-symmetry) SU(2, 2)× SU(4)R, and
the “P” refers to the fact one considers the irreducible part of SU(2, 2|4) only (see [64]).

Symmetries at Quantum Level. Classical symmetries of the action might not survive
in the quantum realm. This is due to the fact that a quantum symmetry should be a sym-
metry of the whole path integral. If one starts from a classical symmetry, this simply means
that the path integral measure should also transform invariantly under such a symmetry.
If that is not the case, one says that the symmetry is anomalous. In particular, conformal
symmetry is usually anomalous. Indeed, when quantising a field theory, it is necessary to
regularise it first in order to remove divergences and this inevitably requires the introduc-
tion of a mass scale µ. In the regularized theory, µ breaks conformal symmetry because
one loses scale invariance. Of course, a physically meaningful result must not depend on
the arbitrary scale. This is achieved by assuming that the parameters of the quantum
theory also depend on µ in such a way that the explicit and implicit dependence cancel
out. For N = 4 SYM, the only parameter is the coupling constant g and its dependence
on the scale is described by the beta function:

β(µ) := µ
∂g

∂µ
. (1.4.8)

In general, a non-vanishing beta function is related to the breakdown of scale invariance
and conformal symmetry in a massless gauge theory. For N = 4 SYM, however, the beta
function is believed to vanish to all orders in perturbation theory as well as non perturba-
tively. This means that the superconformal symmetry PSU(2, 2, |4) is preserved even at
the quantum level. Despite this nice property, it is not true that there are no divergences
in N = 4 SYM: infrared (IR) divergences still affect radiative corrections nonetheless.
Moreover, perturbative calculations with composite operators exhibit ultraviolet (UV) di-
vergences as well which lead to anomalous dimensions. For example, the cusp anomalous
dimension is an important quantity in four-dimensional Yang-Mills theories (from QCD to
N = 4 SYM). It controls the leading UV divergences of Wilson loops evaluated along a
closed contour in Minkowski space-time containing cusps formed by two light-like tangent
vectors [65,66].

1.4.2 Colour Decomposition and Planar Limit

Starting from the action of N = 4 SYM in (1.4.1), one can derive the Feynman rules of the
theory and in principle construct every desired scattering amplitude. However, the elegance
and feasibility of this method breaks down very soon as the complexity in computations
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increases very fast with the number of particles and loops. For gauge theories, Feynman
rules contain two kinds of information that can be disentangled: one is the kinematic,
depending on momenta and polarization vectors, and the other is the colour, carried by
the structure constants of the gauge algebra.

Let SU(N) be the gauge group and {T a} its N2 − 1 generators. The colour decompo-
sition can be applied to write a generic amplitude An, encoding also the colour of particles
{ai}, in terms of gauge-invariant colour-ordered (or partial) amplitudes An which depends
only on the kinematics (momenta and helicity) {pi, hi} as:

An({ai, pi, hi}) =
∑

σ∈Sn/Zn

Tr
(
T aσ(1) ...T aσ(n)

)
An({pσ(i), hσ(i)}) +O(1/N). (1.4.9)

The sum runs over non-cyclic permutations of the external legs and the extra terms con-
taining multiple traces are suppressed when N →∞. This limit5 is called planar limit and
was first considered by ’t Hooft in [67]. The name stems its origin in the fact that in this
limit, at every loop order, non-planar diagrams are suppressed with respect to planar ones.
Therefore An receives contributions only from planar Feynmann diagrams; moreover, they
must have a specific colour-ordering, with the only poles that can occur for each order σ
when a sum of momenta with indices in an interval [σ(i), σ(j)] goes on shell.

Colour-ordered amplitudes are thus gauge invariant quantities encoding the full kine-
matics of the process which are much simpler than the complete amplitude. They satisfy
even more remarkable relations, which reduce the number of independent partial ampli-
tudes. We list the known relations for tree-level amplitudes6:

Cyclicity
Atree
n (1, ..., n) = Atree

n (σ(1, ..., n)), σ cyclic (1.4.10)

which reduce the number by a factor of n.

Kleis-Kuijf Relations

An(1, α, n, β) = (−1)|β|
∑

σ∈OP(α|β⊥)
An(1, σ, n) (1.4.11)

where α, β are two ordered set of labels such that α ∪ β = {2, ..., n − 1}, β⊥ is β with
reversed order, OP(α|β⊥) is the set of ordered permutations, i.e. those which preserve the
relative order of the elements of each set α, β⊥ respectively. E.g. for n = 4 they read:

5with the addition of keeping the ’t Hooft coupling λ := g2N constant.
6We will shortened the notation of labels by writing i instead of {pi, hi}.
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A4(1423) = −A4(1234) − A4(1342). These relations bring the number of independent
colour-order amplitudes to (n− 2)!, see [68].

BCJ Relations

An(1, 2, α, 3, β) = (−1)|β|
∑

σ∈POP(α|β)

n∏
k=4

Fk(3, σ, 1)
s2,4,...,k

An(1, 2, 3, σ) (1.4.12)

where the sum is over partial ordered permutations, i.e. preserving the order only in β

and Fk is a function of the Mandelstam invariants sγ := (∑i∈γ pi)2, see [69] for complete
details. E.g. for n = 4 they read: A4(1342) = s13/s12A4(1234). These relations bring the
number of independent colour-order amplitudes to (n− 3)!.

1.4.3 The Super-Space Formalism

While supersymmetric theories enjoy a large number of symmetries, which is in general a
great property in physics, their particle content is quite wide and one could think that this
would make actual computations very difficult to handle. However, theories with maximal
supersymmetry have the feature that all particles, of any helicity, can be packaged into a
single super-multiplet, see [70], and [71] for a review. In particular, N = 4 SYM has a
single CPT-self-dual supermultiplet, involving sixteen massless states that can be grouped
all in a superfield Φ. This is achieved by employing the auxiliary Grassmann-odd variables
ηA,A = 1, ...,N = 4, which transform in the fundamental representation7 of SU(4)R:

Φ(η) := g+ + ηA ψ+
A + 1

2η
AηB φAB + 1

3!η
AηBηCεABCD ψ̄

−D + 1
4!η

AηBηCηDεABCD g
−, (1.4.13)

where g+ is the gluon with helicity h = +1, ψ+ the gluinos (h = +1/2), φAB the scalars
(h = 0), ψ̄− the anti-gluinos (h = −1/2), and finally g− the gluon with h = −1. Observe
that if one assigns to η’s helicity +1/2, then the superfield carries uniform helicity +1.

One can now define scattering amplitudes of superfields An
(
Φ1...Φn

)
, called superam-

plitudes. They are polynomials in the η’s, which allow to keep track of the contribution
of each state of the supermultiplet within the scattering process. The component ampli-
tude of a specific set of states can be then extracted by integrating over suitable set of η
variables. For example, one can compute the amplitude of 2 negative-helicity and n − 2

7An equivalent choice would have been to consider the parity-conjugate fermionic variables η̄A, trans-
forming in the anti-fundamental representation of SU(4)R. The two choices are related to each other by
(Grassmann) Fourier Transform.
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positive-helicity gluons as

An(g+
1 , ..., g

−
i , ..., g

−
j , ..., g

+
n ) =

∫
d4ηi d4ηjAn

(
Φ1...Φn

)
, (1.4.14)

which evaluates to the famous Parke-Taylor formula.
In order for the superamplitude to be SU(4)R-symmetric, An has to be a sum of

monomials of degree multiple of 4 in the η’s. It can be shown, see e.g. [63], that the first
non-vanishing amplitude has degree 8: this is called MHV (Maximally Helicity Violating8);
the one with degree 12 is referred to as NMHV (Next to Maximally Helicity Violating) and
in general amplitudes with degree 4(k + 2) are said to belong to the NkMHV helicity
sector. By parity conjugation, one can see that the maximal degree is k = n − 4, since
MHV = Nn−4MHV, and, more generally, NkMHV = Nn−k−4MHV.

1.5 Modern On-Shell Methods

In this section we will introduce the main frameworks and tools that allow both to compute
scattering amplitudes in planar N = 4 SYM more efficiently and to understand their
geometrization in next sections.

1.5.1 On-Shell Variables

Spinor-Helicity Variables. In this work, we will be focusing on scattering amplitudes
for n massless (mi = 0) particles with momenta pi and helicities hi, with i = 1, ..., n. Let
us define the 2× 2 matrix:

pαα̇i := pµi σ
αα̇
µ =

(
p1
i + p3

i p0
i − ip2

i

p0
i + ip2

i p1
i − p3

i

)
, α, α̇ = 1, 2. (1.5.1)

where σαα̇µ := (12, σ1, σ2, σ3)αα̇, with σa’s being the Pauli matrices. Since the momenta
are null, pαα̇i has vanishing determinant, indeed: det (pαα̇i ) = p2

i = m2
i = 0. Therefore the

matrix has rank less then 2 and can be written as

pαα̇i = λαi λ̃
α̇
i , (1.5.2)

where {λi, λ̃i} are called spinor-helicity variables [72–74]. If the momentum is real, one has
λ̃i = ±λ∗i ; but, in general, one allows the momenta to be complex and consider them as

8The amplitude An(g−1 , g−2 , g+
3 , ..., g

+
n ) belongs to this sector and since An(g+

1 , ..., g
+
n ) =

An(g−1 , g+
2 , ..., g

+
n ) = 0, this is the one which maximizes the violation of helicity.
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independent complex variables. Basic Lorentz invariants can be easily built via contraction
of spinor helicity variables with the ε-symbol:

〈i j〉 := λαi λjα = εαβλ
α
i λ

β
j , [i j] := λ̃iα̇λ̃

α̇
j = εα̇β̇λ̃

β̇
i λ̃

α̇
j . (1.5.3)

Standard Lorentz invariants, like Mandelstam variables sij, are easily expressed in terms
of the latter anti-symmetric brackets:

sij = (pi + pj)2 = 2pi · pj = 〈i j〉 [j i] . (1.5.4)

The rescaling λi 7→ tiλi, λ̃i 7→ t−1
i λ̃i leaves the momentum pi invariant and thus repre-

sents the action of the little group. All the information about the helicities hi of particles
involved in a scattering amplitude An is encoded by its weights under such rescaling:

An(tiλi, t−1
i λ̃i;hi) = t−2hi

i An(λi, λ̃i;hi). (1.5.5)

Spinor-helicity variables hence naturally encode both the null-ness of momenta and
the information about helicity of the scattering particles.

Twistor Variables. Amplitudes are supported on momenta that, other than null-ness,
satisfy momentum conservation. Clearly, it would be convenient to find variables where
this constraint is trivial. In planar theories, where color ordering is available, there is a
natural way to achieve this, by choosing to express the external momenta in terms of what
are known [75] as dual variables {xi}, writing pi = xi−xi−1,, with p1 = x1−xn. It is clear
that momenta obtained in this way automatically satisfy ∑n

i=1 pi = 0.
Now one has the variables {λi, λ̃i} which make the null condition trivial while ignoring

momentum conservation, whereas the dual variables {xi} do the opposite. It is perfectly
natural to wonder if there exists any way to combine these two constructions which makes
both the null-condition and momentum conservation trivial. It turns out that such a
set of variables does exist: they are known as momentum-twistors and were introduced
by Hodges in [9]. The latter hinge on the construction called Twistors developed in the
’60s [76], see [77] for a review. This starts by making a connection between null rays in
space-time and points in an auxiliary projective space, called twistor-space. Likewise, a
complex line in twistor space is related to a point in space-time. This correspondence is
realized by defining the so-called incidence relation, according to which points x in space-
time and points z = (λ, µ) ∈ CP3 in twistor-space are related via

µα̇ = xα̇αλ
α, α, α̇ = 1, 2. (1.5.6)
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Given a point xα̇α, (1.5.6) clearly determines the line whose points are of the form (λ, x·λ) ∈
CP3. Likewise, given a line in twistor-space passing through the points zA and zB, (1.5.6)
consists in 4 relations which determine the point uniquely as

xα̇α = λA,αµB,α̇
〈λAλB〉

+ λB,αµA,α̇
〈λBλA〉

. (1.5.7)

There is now a crucial statement which is useful for constructing the desired variables: two
points in space-time are null separated if and only if the corresponding lines in twistor-
space intersect. Let x, y be points in space-time and {(λ, x · λ)} and {(λ, y · λ)} the
corresponding lines in twistor-space and assume they intersect in z∗. Then one must have
x · λ∗ = y · λ∗, i.e. the 2 × 2 matrix (x − y)α̇α has non-zero kernel (λ∗ 6= 0); therefore
0 = det((x− y)α̇α) = (x− y)2. It is straightforward to revert the previous reasoning.

If one denotes by zA, zB and zC , zD the points through which the lines corresponding
to x and y pass respectively, one can define the following SL4 invariant:

〈zAzBzCzD〉 := εabcdz
a
Az

b
Bz

c
Cz

d
D. (1.5.8)

When this determinant vanishes, the four points are co-planar, i.e. the two respective lines
are co-planar and in projective space this implies they intersect. The previous statement
can then be compactly rephrased as:

(x− y)2 = 0⇐⇒ 〈zAzBzCzD〉 = 0. (1.5.9)

When pairwise intersecting twistors {zi} are used to produce a configuration of pairwise
null separated points in space-time {xi ↔ (zi, zi+1)} which are then used to build momenta
{pi = xi − xi−1}, they are called momentum-twistor variables, see Fig.1.1. As desired,
these encodes both momentum conservation ∑n

i pi = ∑n
i (xi − xi−1) = 0 and null-ness

p2
i = (xi−xi−1)2 = 0, since the lines associated to xi and xi−1 intersect in zi by construction.

Figure 1.1: Configuration of momentum twistors z’s, dual variables x’s and
momenta p’s.
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As momentum-twistors zi ∈ CP3 encode momenta, one can define a supersymmetric
part related to super-momentum qαA := ∑n

i=1 λ
α
i η

A
i , which is conserved by super-symmetry.

As for the former case, one first defines variables {θi} in the dual super-space by writing
qαA
i = θαA

i −θαA
i−1, with q1 = θ1−θn [75], such that clearly∑n

i qi = 0 is satisfied. Furthermore,
one can defined the variables {χi} via the incidence relation: χA

i = θαA
i λα,i, which is the

analogue of (1.5.6). Packing the latter with momentum twistors, one can define Super-
Momentum Twistors ZAi = (zai , χA

i ), which live9 in CP3|4.

1.5.2 Recursion Relations

Recursion relations are based on a remarkably simple idea of combining the analytical
properties of functions and contour integration together with the physical concepts of
locality and unitarity.

Using Feynman rules, amplitudes are constructed by connecting interaction vertices
through propagators. Because of locality, such expressions are always meromorphic func-
tions of momenta and polarization vectors, which have pole structures when propagators
go on-shell. The singularity structure of tree-level amplitudes is very simple: there are
only poles. Branch cuts and other singularities appear only when these expressions are
integrated over. In the following we will review tree level amplitudes. For details about re-
cursion relations for integrands of loop amplitudes see [78]. Furthermore, at the loop level
another technique called generalized unitarity is used to probe the analytic properties of
the amplitude and to extract the information one needs to construct them (see [79], [80]).

In order to exploit the analytic properties of the n-points color-ordered amplitude
An, one performs a complex deformation10 into a meromorphic function Ân(z). Using the
residue theorem, it is easy to show that

An = −
N∑
i=1

Resz=zi
Â(z)
z
− Resz=∞

Ân(z)
z

, (1.5.10)

where {z1, ..., zN} is the set of isolated poles of Ân(z). The key ingredients now to turn
this into a recursive formula are unitarity of scattering amplitudes and a suited choice of
deformation.

Unitarity, indeed, dictates how amplitudes factorise in lower-point amplitudes when
9The slash “|” divides the Grassmann even from the Grassmann odd part. The variables {χ} are

protectively defined due to the little group rescaling ηi 7→ t · ηi, t ∈ R.
10Such that Ân(0) = An.
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one sends one propagator on-shell:

lim
P 2
I→0

(
P 2
I An

)
=
∑
s

AL(−P s
I )AR(P s̄

I ), (1.5.11)

where AL, AR are lower-point amplitudes obtained from the two diagrams (the left and the
right ones) the propagator is separating, the sum is performed over all possible internal
states of helicities s and PI := ∑

i∈I pi, I ⊂ [n] := {1, ..., n}.
Since one wants this to hold true for deformed amplitudes as well, one chooses deforma-

tions which preserve both the on-shell conditions p̂2
i (z) = 0 and the momentum conserva-

tion ∑n
i p̂i(z) = 0. If one demands a linear deformation of momenta pµi 7→ p̂µi (z) = pµi +zkµi

to be compatible with the previous conditions, then the auxiliary vectors kµi , i = 1, ..., n
must satisfy

n∑
i=1

kµi = 0, ki · kj = 0, pi · ki = 0, ∀i, j = 1, ..., n (1.5.12)

This specific choice of deformations makes Ân(z) have only simple poles zI , when P̂ 2
I = 0.

Furthermore, the connection between (1.5.11) and (1.5.10) stems in the fact that:

Res Ân(z)
z

∣∣∣∣∣
z=zI

= − 1
P 2
I

lim
z→zI

(
P̂ 2
I (z)Ân(z)

)
. (1.5.13)

With all these ingredients, one can finally state Recursion Relations for scattering
amplitudes: if11 Ân(z)→ 0 when z →∞, then

An =
∑
I

∑
s

AL(−P̂ s
I ; zI)

1
P 2
I

AR(P̂ s̄
I ; zI), (1.5.14)

where the sum runs over all possible I ∈ [n] such that P̂ 2
I (z) = 0 is a pole, see Fig.1.2. This

formula is very powerful and has a wide range of applicability, in many different quantum
field theories: for a particular (local) QFT one just has to find a deformation such that
the deformed amplitude vanish at infinity12.

BCFW shift. One of the most popular deformation is the BCFW recursion (after Britto,
Cachazo, Feng, Witten [3]). Introducing complex shifts of the momenta using spinor-
helicity variables, a [b, a〉-BCFW shift is defined by:

λ̂a = λa − zλb, ˆ̃λb = λ̃b + zλ̃a, (1.5.15)
11One must ensure that the residue at infinity of the function Ân(z)/z is zero.
12Even if this is not possible for every QFT, there are ways to study the behaviour of the amplitude in

this case and take the residue at infinity as well into account, see [81].
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Figure 1.2: Recursion Relation for Scattering Amplitudes

and the rest remains unshifted. It is easy to see that this shift corresponds to the following
choice of auxiliary vectors: kαα̇b := λ̃α̇aλ

α
b , k

αα̇
a := −kαα̇b and kαα̇i = 0 for the rest. One

observes that, in this shift, if I 3 a, b then P̂ 2
I (z) = P 2

I does not determine a pole of Ân(z).
The minimum number of poles is n−3 and it is obtained when one chooses a, b (cyclically)
adjacent.

These recursion relations13 were crucial to completely solve all tree-level amplitudes in
N = 4 SYM and most of the relevant scattering amplitudes in QCD too [5]. The power
and elegance of these methods is that all the information needed to construct all scattering
amplitudes at tree level are just elementary building blocks, i.e. three-point amplitudes
which can be determined by fundamental properties (such as Lorentz invariance, helicities
of the particles involved, etc.).

Super-BCFW shift. One can incorporate the super-space formalism within the frame-
work of recursion relations, in order to get recursion relations for the superamplitude An
directly. If one wants a linear deformation of η̂i(z) = ηi + zη∗i which preserves the super-
momentum conservation ∑n

i=1 λ̂i(z)η̂i(z) = 0, there is only one choice. Namely, for a
[b, a〉-BCFW shift one has the following super-shift:

η̂b = ηb + zηa, η̂i = ηi, ∀i 6= b (1.5.16)

In this formalism, the sum over internal states in (1.5.14) is elegantly realized as the
Grassmann integral over the variables ηP̂I associated to the internal particles with momenta
±P̂I :

An =
∑
I

∫
d4ηP̂IAL(−P̂I ; zI)

1
P 2
I

AR(P̂I ; zI) (1.5.17)

By expanding each superamplitudes as polyonmials in η’s [62], one can decompose
the recursion relation (1.5.17) in helicity sectors in order to obtain a recursion formula for
ANkMHV
n in terms of14 ANk

′
MHV

n′ , with n′ < n and k′ ≤ k.
13There is also another broadly employed shift called MHV vertex expansion or CSW recursion (after

Cachazo, Svrcek, Witten [82]).
14One also needs MHV3 amplitudes.
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N = 4 SYM Amplitudes from BCFW. The power of recursion relations is that one
can obtain all tree level amplitudes starting from the building blocks of the recursion. An
advantage of having analytically continued momenta into complex variables is that the
three-point amplitudes are not anymore vanishing. They are indeed the desired building
blocks and, remarkably, are completely determined by symmetries. Using the super-space
formalism and spinor helicity variables:

AMHV
3 = δ8(q)

〈12〉〈23〉〈31〉 , AMHV
3 = −

δ4
(
[12]η3 + [23]η1 + [31]η2

)
[12][23][31] . (1.5.18)

The delta functions are fermionic ones and one recalls that qαA := ∑n
i=1 λ

α
i η

A
i is the super-

momenutum, which is conserved by super-symmetry.
For an explicit formula of all ANkMHV

n , see [5]. We report here the first non-trivial
cases:

AMHV
n = δ8(q)

〈12〉〈23〉...〈n1〉 , ANMHV
n = AMHV

n

∑
3<i+1<j

R1,i,i+1,j,j+1. (1.5.19)

RI are called R-invariants and in super momentum twistors Z = {z, χ} are given as:

RI(Z) :=
δ0|4

(∑
i∈I εi,I\{i}〈zI\{i}〉χi

)
∏
i∈I〈zI\{i}〉

, I ∈
(

[n]
5

)
. (1.5.20)

They play a pivotal role in the geometrization of the amplitude as well. For example:

R12345(Z) = δ0|4(〈1234〉χ5 + cyclic)
〈1234〉〈2345〉〈1345〉〈1245〉〈1235〉 . (1.5.21)

Hidden Symmetries of Amplitudes. Recall from Sec.1.4.1 that N = 4 SYM enjoys
the superconformal symmetry PSU(2, 2|4), which has a nice realization in terms of on-
shell variables {λ, λ̃, η}, see [62]. Remarkably, in the dual variables {x, χ} planar N = 4
SYM exhibit a novel, hidden PSU(2, 2|4) symmetry called dual superconformal symmetry,
see [75] for details. This symmetry is linearly realized using super-momentum twistors
and R-invariants (1.5.20) defined in these variables are the dual superconformal invariant
building blocks of amplitudes. This is a new symmetry, and combining both one generates
an infinite-dimensional symmetry called Yangian [83–85]. Yangian symmetry is considered
to be the hallmark of integrability, i.e. solvability of the theory and allows to employ
methods and techniques proper to (or inspired by) integrable theories, e.g. spin chains
[86–88]. Yangian symmetry has been discovered at the level of scattering amplitudes
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thanks to the novel powerful on-shell methods [6] and a satisfying realization at the level
of the action (1.4.1) has been under recent investigation, see [89, 90].
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Chapter 2

The Amplituhedron

2.1 Introduction

In 2009, Grassmannian formulations were introduced to describe scattering amplitudes in
planar N = 4 super Yang-Mills [10,91]. Remarkably, this led to the discovery that in fact
the positive Grassmannian Gr≥k,n encodes most of the physical properties of amplitudes [11].
Building on these developments and on Hodges’ ideas [9], Arkani-Hamed and Trnka arrived
at the definition of the amplituhedron An,k,m(Z) [13] in 2013.

The m = 4 amplituhedron An,k,m=4(Z) is the object most relevant to physics: it
encodes the geometry of tree-level scattering amplitudes in planar N = 4 SYM. The
m = 2 amplituhedron An,k,m=2(Z), often considered as a toy-model for the m = 4 case,
is also relevant for physics. For example, it governs the geometry of planar N = 4 SYM
amplitudes at the subleading order in perturbation theory (‘one-loop’) of some sectors the
theory, specifically the ‘MHV’ and ‘NMHV’ sector [92]. In general, we remark its geometry
also enters any loops, see Remark 7.3.9.

In this chapter we introduce and study the amplituhedron, in particular the m = 2
amplituhedron An,k,2. We focus on generalized triangles, which are fundamental build-
ing blocks of triangulations, on the geometric side, and of representation of scattering
amplitudes, on the physics side. Moreover, we adopt twistor coordinates to understand
the geometry of generalized triangles and of An,k,m=2. Beautiful combinatorial structures
emerge by looking at twistor coordinates with a definite sign pattern. Understanding
them is the key to prove major old and recent conjectures about the amplituhedron (e.g.
Theorem 2.5.1, Theorem 5.1.9). Moreover, twistor coordinates are crucial to explore the
emergence of ‘cluster phenomena’ [30, 31] from the geometry of the amplituhedron (see
Chapter 7). Twistor coordinates and their sign-flips recently played a major role in pro-
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viding a geometric origin of the expansion of the one-loop MHV scattering amplitudes in
N = 4 SYM in terms of ‘chiral pentagons’ and in probing new geometries, as in the search
of the dual amplituhedron [92, 93].

Scattering amplitudes in planar N = 4 SYM enjoy a remarkable duality called ‘Ampli-
tude/Wilson loop duality’ [94], which was shown to arise from a more fundamental duality
in String Theory called ‘T-duality’ [95]. The geometric counterpart of this fact is a duality
between collections of 4k-dimensional ‘BCFW’ cells of Gr≥0

k,n and corresponding collections
of (2n − 4)-dimensional cells of Gr≥0

k+2,n. The former conjecturally give triangulations of
the m = 4 amplituhedron An,k,4, whereas the former give triangulations of the momentum
amplituhedron Mn,k+2,4 – a new object we introduce in Chapter 6. We refer to this duality
as T-duality and we conjecture to generalize for any (even) m. In particular, for m = 2,
the hypersimplex ∆k+1,n (a polytope) and the m = 2 amplituhedron An,k,2(Z) (not a poly-
tope!) are T-dual. As for all dualities in mathematics and physics, the aim is to learn
something new of one side from the other, trading complexity of the former with simplicity
of the latter. Interestingly, T-duality has recently appeared also in the context of critical
varieties [96], relating electric networks and Ising models.

Summary of the Chapter. This chapter is based on the following work by the
author: [55, Sections 3-5]; Section 2.6 contains material from [60, Section 4].

In this chapter we introduce and prove new properties of the amplituhedron An,k,m –
the image of the totally non-negative Grassmannian Gr≥0

k,n under the amplituhedron map Z̃.
In Section 2.2 we introduce the positive Grassmannian (Section 2.2.1), the amplituhedron
(Section 2.2.2), and briefly report on previous works on the latter (Section 2.2.3). In
Section 2.3 we introduce the amplituhedron-analogue of the matroid stratification of the
Grassmannian, which we call sign stratification ofAn,k,m. In Section 2.3.1 we define suitable
coordinates on the amplituhedron – the twistor coordinates. In Section 2.3.2 we consider
regions in the Grassmannian where all these coordinates have constant signs – the sign
strata. Finally, in Section 2.3.3 we review the notions of sign variation and sign flips. In
Section 2.4 we consider generalized triangles of An,k,m – full-dimensional images of positroid
cells of Gr≥0

k,n on which the amplituhedron map is injective. In particular, we classify all
the generalized triangles of the m = 2 amplituhedron An,k,2 in terms of unpunctured plabic
tilings. Then we give them an intrinsic sign-characterization in the Grassmannian as the
regions where certain twistor coordinates have a fixed sign – which can be read directly
from the associated plabic tilings. In Section 2.5, we use this result to prove the sign-flip
characterization of An,k,2, i.e. the Arkani-Hamed–Thomas–Trnka’s conjecure [54]. Finally,
in Section 2.6 we show how to extract NkMHVn scattering amplitudes of N = 4 SYM in
momentum twistors from the m = 4 amplituhedron An,k,4.
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2.2 The positive Grassmannian and the amplituhe-
dron

2.2.1 The Grassmannian and positive Grassmannian

The (real) Grassmannian Grk,n is the space of all k-dimensional subspaces of Rn, for 0 ≤
k ≤ n. An element of Grk,n can be viewed as a k × n matrix of rank k, modulo left
multiplication by invertible k×k matrices. That is, two k×n matrices of rank k represent
the same point in Grk,n if and only if they can be obtained from each other by invertible
row operations. For C a full-rank k × n matrix, we will often abuse notation and write
C ∈ Grk,n, identifying C with its rowspan.

Let [n] denote {1, . . . , n}, and
(

[n]
k

)
the set of all k-element subsets of [n]. We embed

Grk,n into projective space P(∧kRn) in the usual way. That is, choose V ∈ Grk,n and
any representative matrix C with rows C1, . . . , Ck. We map V to the equivalence class of
C1 ∧ · · · ∧ Ck in P(∧kRn). This equivalence class depends only on V , not on the choice of
C.

The embedding V 7→ C1 ∧ · · · ∧Ck gives a natural choice of coordinates for the Grass-
mannian. Let {e1, . . . , en} be the standard basis of Rn, and for I = {i1 < i2 < · · · < ik} ⊂(

[n]
k

)
, let EI := ei1 ∧ · · · ∧ eik . Writing C1 ∧ · · · ∧ Ck in terms of the EI , we obtain

C1 ∧ · · · ∧ Ck =
∑

I∈([n]
k )
pI(V )EI ∈ ∧k(Rn), (2.2.1)

where pI(V ) is the maximal minor of C located in column set I. The pI(V ) are the Plücker
coordinates of V , and are independent of C (up to simultaneous rescaling by a constant).

We will also use the notation 〈C1, . . . , Ck〉 for C1 ∧ · · · ∧ Ck.

Definition 2.2.2 ( [97, Section 3]). We say that C ∈ Grk,n is totally nonnegative if
pI(C) ≥ 0 for all I ∈

(
[n]
k

)
, and totally positive if pI(C) > 0 for all I ∈

(
[n]
k

)
. The set of

all totally nonnegative C ∈ Grk,n is the totally nonnegative Grassmannian Gr≥0
k,n, and the

set of all totally positive C is the totally positive Grassmannian Gr>0
k,n. ForM⊆

(
[n]
k

)
, the

positroid cell SM is the set of C ∈ Gr≥0
k,n such that pI(C) > 0 for all I ∈M, and pJ(C) = 0

for all J ∈
(

[n]
k

)
\M. We call M a positroid if SM is nonempty. We let Qk,n denote the

poset on the cells of Gr≥0
k,n defined by SM ≤ SM′ if and only if SM ⊆ SM′ .

Remark 2.2.3. The positive and nonnegative part of a flag variety G/P was first in-
troduced by Lusztig [98] (who gave a Lie-theoretic definition of (G/P )>0 and defined
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(G/P )≥0 := (G/P )>0), and proved to have a cell decomposition by Rietsch [99]. Post-
nikov [97] subsequently defined the nonnegative part of the Grassmannian as in Defini-
tion 2.2.2, and independently gave the above decomposition into cells. From the beginning
it was believed by experts that Postnikov’s definition of Gr≥0

k,n should agree with Lusztig’s
(in the case G/P is the Grassmannian); this was first proved by Rietsch [100], and reproved
in [101, Corollary 1.2], where the authors additionally proved that the two cell decomposi-
tions coincide. Two subsequent proofs that the two definitions of Gr≥0

k,n coincide were given
in [102,103].

There are many ways to index the positroid cells of Gr≥0
k,n [97], including decorated per-

mutations π, affine permutations f , and plabic graphs G. We will refer to the corresponding
positroid cells using the notation Sπ, Sf , SG. For background, see Appendix A.

2.2.2 The Amplituhedron

Building on [104], Arkani-Hamed and Trnka [13] introduced a new mathematical object
called the (tree) amplituhedron, which is the image of the totally nonnegative Grassmannian
under a particular map. In what follows, we let Mat>0

n,p denote the set of n × p matrices
whose maximal minors are positive. Throughout this section we will let n, k,m be positive
integers such that k +m ≤ n.

Definition 2.2.4. Let Z ∈ Mat>0
n,k+m. The amplituhedron map Z̃ : Gr≥0

k,n → Grk,k+m is
defined by Z̃(C) := CZ, where C is a k × n matrix representing an element of Gr≥0

k,n,
and CZ is a k × (k + m) matrix representing an element of Grk,k+m. The amplituhedron
An,k,m ⊆ Grk,k+m is the image Z̃(Gr≥0

k,n).

The fact that Z has positive maximal minors ensures that Z̃ is well defined [13], i.e.
CZ has maximal rank. See [105, Theorem 4.2] for a necessary and sufficient condition
(in terms of sign-variation) for a matrix Z to give rise to a well-defined map Z̃. The
amplituhedron An,k,m(Z) has full dimension km inside Grk,k+m.

In special cases the amplituhedron recovers familiar objects. If Z is a square matrix,
i.e. k + m = n, then An,k,m(Z) is isomorphic to the totally nonnegative Grassmannian
Gr≥k,k+m. If k = 1, An,1,m(Z) is a cyclic polytope C(n,m) in projective space Pm [106]. The
cyclic polytope C(n, d) is the convex hull of any n distinct points on the moment curve
{(t, t2, . . . , td) : t ∈ R} in Rd. In particular, when k = 1 and m = 2 An,1,2(Z) is an n-gon
in projective space P2. If m = 1, then An,k,1(Z) can be identified with the complex of
bounded faces of a cyclic hyperplane arrangement [107].
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Example 2.2.5 (The Amplituhedron A4,1,2). The amplituhedron A4,1,2(Z) ⊂ Gr1,3 ∼=
P2 is a (projective) 4-gon. It is the projectivization of the convex hull of the vertices
Z1, Z2, Z3, Z4 ∈ R3, which are the rows of the matrix Z ∈ Mat+

4,3.

Figure 2.1: The amplituhedron A4,1,2(Z) - a (projective) 4-gon in P2.

3

We will consider the restriction of the Z̃-map to positroid cells in Gr≥0
k,n.

Definition 2.2.6. Fix k, n,m with k+m ≤ n and choose Z ∈ Mat>0
n,k+m. Given a positroid

cell Sπ of Gr≥0
k,n, we let Z◦π = Z̃(Sπ) and Zπ = Z̃(Sπ) = Z̃(Sπ), and we refer to Z◦π and Zπ

as open Grasstopes and Grasstopes, respectively. We call Zπ and Z◦π a generalized triangle
and an open generalized triangle for An,k,m(Z) if dim(Sπ) = km and Z̃ is injective on Sπ.

Example 2.2.7 (Generalized triangles of A4,1,2(Z)). A generalized triangle Zν ⊂ A4,1,2(Z)
is a (projective) triangle in P2. Let us consider the positroid cell Sν ⊂ Gr≥0

1,4, with ν = 3241.
Its elements can be represented by row vectors C = (c1, c2, c3, c4), with p2(C) = c2 = 0 and
c1, c3, c4 > 0. Then Zν = Z̃(S̄ν) is the projectivization of the convex hull of the vertices
Z1, Z3, Z4, see Figure 2.2. 3

Figure 2.2: A generalized triangle of A4,1,2(Z) - a (projective) triangle in P2.

Definition 2.2.8 (Faces of Grasstopes). Let Zπ be a Grasstope of An,k,m(Z). We say
that Zπ′ is a face of Zπ if it is maximal by inclusion among the Grasstopes satisfying the
following properties:

1. the cell Sπ′ is contained in Sπ
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2. Zπ′ is contained in the boundary ∂Zπ

If Zπ′ has codimension 1 in Zπ, we say Zπ′ is a facet of Zπ.

Remark 2.2.9. By [102, Proposition 15.2], Z̃(Sπ) = Z̃(Sπ).

If k = 1 and m = 2, the amplituhedron An,1,2(Z) is a convex n-gon in P2. The
generalized triangles are exactly the triangles on vertices of the polygon.

Images of positroid cells under the map Z̃ have been studied since the introduction
of the amplituhedron. In particular, Arkani-Hamed and Trnka [13] conjectured that the
images of certain BCFW collections of 4k-dimensional cells in Gr≥0

k,n give a positroid tri-
angulation of the amplituhedron An,k,4(Z). The terminology generalized triangles first
appeared in [59]. The terminology of Grassmann polytopes to describe images of positroid
cells in the amplituhedron was used in [102]. For brevity, we prefer the term Grasstopes.

Remark 2.2.10. While the definition of the amplituhedron An,k,m(Z) depends on a choice
of Z ∈ Mat>0

n,k+m, it is believed that many of its combinatorial properties do not depend
on this choice. For example, whether or not Z̃(Sπ) is a generalized triangle should be
independent of the choice of Z; we will see that this is true in Theorem 2.4.25 in the case
that m = 2. It is also believed that whether or not a collection of cells in Gr≥0

k,n gives a
positroid triangulation of An,k,m(Z) should be independent of Z.

Remark 2.2.11. We note that matrices whose maximal minors are positive (or nonneg-
ative) have a twisted cyclic symmetry. If Z ∈ Mat>0

n,p with n ≥ p has rows Z1, Z2, . . . , Zn,
and if we let Ẑi denote (−1)p−1Zi, then the matrix with rows Z2, . . . , Zn, Ẑ1 also lies in
Mat>0

n,p. Similarly for the matrix with rows Z3, . . . , Zn, Ẑ1, Ẑ2, etc1.

2.2.3 Previous work on the amplituhedron

The amplituhedron has very interesting and complicated geometric and combinatorial
structure. Despite the extensive research on this topic, the geometry of An,k,m and its
‘subdivisions’ is only known for special cases, e.g. the ones mentioned in Section 2.2.2
– when it is isomorphic to the positive Grassmannian, or cyclic polytopes [108], or the
complex of bounded regions of a cyclic hyperplane arrangement [109, 110]. Conjectural

1We will use the ‘hat’ notationˆalso in the context of T-duality with a different meaning. It will be
always clear from context which one we mean.
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descriptions in terms of sign-flips were given in [111]. Examples of conjectural triangula-
tions (e.g. of BCFW type) can be found in the seminal papers [13, 112] and some results
about triangulations in [113,114]. It is also known that in special cases the amplituhedron
is homeomorphic to a ball [115,116].

Understanding how to ‘subdivide’ the amplituhedron is very important. Since An,k,m
is the image of Gr≥0

k,n which has a decomposition into positroid cells, the images of positroid
cells are good candidates for decomposing An,k,m. Hence, the main question in this context
is to find collections of positroid cells whose full-dimensional images give a positroid dissec-
tion of the amplituhedron, i.e. they are pairwise disjoint, and together they cover a dense
subset of the amplituhedron. In case the map Z̃ is injective on such cells, the dissection is
called positroid triangulation and its elements generalized triangles. Importantly, any such
collection of generalized triangles comprising a triangulation gives rise to an expression for
the canonical form of the amplituhedron.

In this work we provide new general results for generalized triangles, triangulations
(dissections) and the geometry of the m = 2 amplituhedron An,k,2(Z). The original paper
[13] gave a conjectural positroid triangulation {Zπ} ofAn,k,2(Z). [113] proved that the above
collection consists of generalized triangles, that is, Z̃ is injective on the corresponding
positroid cells. A BCFW-style recursion for producing triangulations of An,k,2(Z) was
also conjectured in [113]; the fact that this recursion indeed produces triangulations was
proved in [117]. Meanwhile, [54] gave a conjectural alternative description of An,k,2(Z)
in terms of sign flips of twistor coordinates; they gave a proof sketch of one direction of
the conjecture, and an independent proof of the same direction was given in [107]. In a
different direction, [118] gave a conjectural description of the boundaries of the m = 2
amplituhedron.

2.3 The Sign Stratification of the Amplituhedron

In this section we introduce twistor coordinates for the amplituhedron An,k,m(Z), and
we use them to define the sign stratification of the amplituhedron. We also introduce
terminology for sign variation and sign flips. We will subsequently use twistor coordinates
to prove a sign flip description of An,k,2 in Theorem 2.5.1, to characterize generalized
triangles, and to describe Grasstopes.

The definitions and results in this section hold for any positive m. The subsequent
sections of the chapter are mostly concerned with m = 2. However, many of our techniques
can be applied to other m, in particular m = 4; we plan to investigate this in a separate
work.
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Twistor coordinates were first considered in [13], and subsequently used in [54] to give a
conjectural “sign flip” description of the amplituhedron. In the case m = 1, [107, Corollary
3.19] studied the sign stratification and proved a sign flip description of An,k,1(Z).

2.3.1 Twistor coordinates for An,k,m
Definition 2.3.1. Fix positive k < n and m such that k +m ≤ n. Choose Z ∈ Mat>0

n,k+m

and denote its rows by Z1, . . . , Zn ∈ Rk+m. Given a matrix Y with rows y1, . . . , yk repre-
senting an element of Grk,k+m, and i1, . . . , im a sequence of elements of [n], we let

〈Y Zi1Zi2 . . . Zim〉 = 〈y1, . . . , yk, Zi1 , . . . , Zim〉

denote the determinant of the (k+m)×(k+m) matrix whose rows are y1, . . . , yk, Zi1 , . . . , Zim .
We call 〈Y Zi1Zi2 . . . Zim〉 a twistor coordinate. We abbreviate 〈Y Zi1Zi2 . . . Zim〉 by writing
〈Y i1i2 . . . im〉, when Z is understood.

Note that the twistor coordinates are a subset of the Plücker coordinates of the (k+m)×
(k+ n) matrix whose columns are y1, . . . , yk, Z1, . . . , Zn. There is also an interpretation of
the twistor coordinates as Plücker coordinates in Grm,n, as we explain in Proposition 2.3.3.
In the context of scattering amplitudes of n particles in SYM theory, Grm,n is the space of
momentum twistors2 for m = 4, which is why we call the coordinates from Definition 2.3.1
twistor coordinates. Remarkable connections between scattering amplitudes and the cluster
algebra associated to the Grassmannian Gr4,n were discovered in these coordinates [28].

The fact that the twistor coordinates uniquely determine points of the amplituhedron
can be deduced from some results of [107].

Definition 2.3.2. [107, Definition 3.8]. GivenW ∈ Gr>0
k+m,n, we define the B-amplituhedron

Bn,k,m(W ) := {V ⊥ ∩W | V ∈ Gr≥0
k,n} ⊆ Grm(W ),

where Grm(W ) ⊆ Grm,n denotes the subset of Grm,n of elements X ∈ Grm,n with X ⊆ W .

Proposition 2.3.3. [107, Lemma 3.10, Proposition 3.12] Fix k, n,m and Z as in Defi-
nition 2.3.1, and let W ∈ Gr>0

k+m,n be the column span of Z. Then the map

fZ : Grm(W )→ Grk,k+m

2Due to dual conformal symmetry of scattering amplitudes in SYM theory, momentum twistors (cf.
Section 1.5) are defined up to a PGL4 transformation on P3. Therefore, they can be embedded in
Gr4,n/(C∗)n−1 and scattering amplitudes are functions of Plücker coordinates in Gr4,n. See [28].
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X 7→ Z(X⊥) = {Z(x) | x ∈ X⊥} = rowspan(X⊥Z) =: Y

is an isomorphism. Here X⊥ ∈ Grn−m,n denotes the orthogonal complement of X in Rn.
Moreover, for X ∈ Grm(W ), Y := fZ(X), and I = {i1 < · · · < im} ⊆ [n], we have

pI(X) = 〈Y Zi1 . . . Zim〉 (2.3.4)

(where we view Plücker and twistor coordinates as coordinates on points in projective
space).

Finally, fZ : Bn,k,m(W )→ An,k,m(Z) is a homeomorphism sending V ⊥ ∩W 7→ Z̃(V ).

From (2.3.4) we see that Y ∈ Grk,k+m is uniquely determined by its twistor coordinates.

Remark 2.3.5. As an alternative to Proposition 2.3.3 we can consider the injective map
ψZ

ψZ : Grk,k+m → Grm,n
Y 7→ Y ⊥ZT =: z

where Y ⊥ is any matrix representing the orthogonal complement of Y . Then it’s not hard
to see that for I = {i1 < · · · < im} ⊆ [n], pI(z) = 〈Y Zi1 . . . Zim〉 (viewing both Plücker
and twistor coordinates as coordinates on points in projective space).

The following expansion formula (2.3.7) will be useful in our proofs on generalized
triangles.

Lemma 2.3.6. Use the notation of Definition 2.3.1. If we write Y ∈ Grk,k+m as Y = CZ

with C ∈ Grk,k+n, we can write the twistor coordinates in the form

〈CZ,Zi1 , . . . , Zim〉 =
∑

{j1<···<jk}∈([n]
k )
pJ(C)〈Zj1 , . . . , Zjk , Zi1 , . . . , Zim〉. (2.3.7)

Proof. Identifying the k × (k + m) matrix CZ with the corresponding element 〈CZ〉 of
∧k(Ck+m), we have

〈CZ〉 =
∑

{j1<···<jk}∈([n]
k )
pJ(C)〈Zj1 , . . . , Zjk〉.

This implies the result.

We will give a description of generalized triangles in An,k,2 using signs of twistor coor-
dinates. One ingredient in our proofs is the following easy sufficient condition for a twistor
coordinate to have constant sign on a Grasstope, which follows directly from (2.3.7).
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Lemma 2.3.8. Fix positive k < n and m such that k+m ≤ n. Let SM be a cell of Gr≥0
k,n.

Fix Z ∈ Mat>0
n,k+m and as usual let Z1, . . . , Zn denote the row vectors of Z. Choose an

m-element subset 1 ≤ i1 < i2 < · · · < im ≤ n.

• If 〈Zj1 , . . . , Zjk , Zi1 , . . . , Zim〉 ≥ 0 for each J = {j1 < · · · < jk} ∈ M, then
〈CZ,Zi1 , . . . , Zim〉 ≥ 0 for each C ∈ SM.

• If in addition 〈Zj1 , . . . , Zjk , Zi1 , . . . , Zim〉 > 0 for some J = {j1 < · · · < jk} ∈ M
then 〈CZ,Zi1 , . . . , Zim〉 > 0 for each C ∈ SM.

2.3.2 The sign stratification of An,k,m
Since Y ∈ Grk,k+m is uniquely determined by its twistor coordinates, it makes sense to
stratify An,k,m(Z) ⊂ Grk,k+m by the signs of the twistor coordinates. This was done in [107]
in the case that m = 1. Moreover, this sign stratification is closely related to the oriented
matroid stratification on the Grassmannian, which partitions elements of the real Grass-
mannian into strata based on the signs of the Plücker coordinates. By Proposition 2.3.3,
the twistor coordinates of Y ∈ An,k,m(Z) are Plücker coordinates on the corresponding
element of the B-amplituhedron [107] or amplituhedron in momentum twistor space [54], so
this sign stratification reduces to the oriented matroid stratification in momentum twistor
space.

Definition 2.3.9 (Amplituhedron chambers). Fix positive k < n and m such that k +
m ≤ n. Let σ = (σi1,...,im) ∈ {0,+,−}(

n
m) be a nonzero sign vector, considered3 modulo

multiplication by −1. Set

Aσn,k,m(Z) := {Y ∈ An,k,m(Z) | sign〈Y Zi1 . . . Zim〉 = σi1,...,im}.

We call Aσn,k,m(Z) an (amplituhedron) sign stratum. Clearly

An,k,m(Z) = tσAσn,k,m(Z).

If σ ∈ {+,−}(
n
m), we call Aσn,k,m(Z) an open (amplituhedron) chamber.4

For m = 1, all strata are nonempty [107, Definition 5.2], but this is not true for m > 1.
Moreover, whether or not Aσn,k,m(Z) is empty depends on Z.

Definition 2.3.10 (Realisable sign strata). We say that a sign vector σ (or sign stratum
Aσn,k,m) is realizable for An,k,m if Aσn,k,m(Z) is nonempty for some Z.

3Plücker and twistor coordinates are defined only up to multiplication by a common scalar.
4We borrow the word “chamber” from the theory of hyperplane arrangements.
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2.3.3 Sign variation and sign flips

Signs and sign flips will be important to our description of the amplituhedron, so we
introduce some useful terminology here.

Definition 2.3.11. Given v ∈ Rn, let var(v) be the number of times v changes sign when
we read the components from left to right and ignore any zeros. We also define

var(v) := max{var(w) | w ∈ Rn such that wi = vi for all i ∈ [n] with vi 6= 0}.

If v ∈ {0,+,−}n, we define var(v) and var(v) in the obvious way.

For example, if v := (4,−1, 0,−2) ∈ R4 then var(v) = 1 and var(v) = 3.

Definition 2.3.12. If v ∈ Rn, or v ∈ {+,−, 0}n, we say that v has a sign flip in position
i if vi, vi+1 6= 0 and they have different signs, where indices are considered modulo n. We
define

Flip(v) = Flip(v1, . . . , vn) := {i | v has a sign flip in position i} ⊆ [n].

Remark 2.3.13. We caution the reader that |Flip(v)| may not equal var(v). For exam-
ple, the sequence (+, 0,−, 0,+,+,−) ∈ {+,−, 0}7 has sign flips in positions {6, 7} , but
var(+, 0,−, 0,+,+,−) is 3.

2.4 Generalized triangles in the Amplituhedron An,k,2
Recall that a generalized triangle of An,k,m(Z) is the full-dimensional image of a positroid
cell on which Z̃ is injective. In this section, we will obtain a detailed description of the
generalized triangles of An,k,2(Z). The main results of this section are the following:

• In Theorem 2.4.25 we classify the generalized triangles of An,k,2(Z), describing them
as the Grasstopes ZĜ(T ) obtained from the 2k-dimensional positroid cells SĜ(T ) as-
sociated to unpunctured plabic tilings, proving a conjecture of [59]. This implies that
whether or not Z̃(Sπ) is a generalized triangle is independent of the choice of Z.

• In Theorem 2.4.28 we characterize each (open) generalized triangle Z◦
Ĝ(T ) as the

subset of Grk,k+2 where certain twistor coordinates have a fixed sign; this shows that
each generalized triangle is a union of (closures of) amplituhedron chambers.
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• In Theorem 2.4.19 we solve a kind of “inverse problem” for generalized triangles:
given an element Y ∈ Grk,k+2 which lies in an open generalized triangle Z◦

Ĝ(T ), we
explicitly construct an element C ∈ Grk,n whose image inAn,k,2(Z) is Y , i.e. CZ = Y ;
the entries of C are in fact twistor coordinates.

We note that the techniques that we use in this section can be extended to give a cell
decomposition of An,k,2(Z). This will be explored in a separate paper.

1 2
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6

7

8

9

Figure 2.3: Two equivalent triangulated (5, 9)-unpunctured plabic tilings T1
and T2, and the corresponding unpunctured plabic tiling T 1 = T 2.

Definition 2.4.1 (Unpunctured plabic tilings). Let Pn be a convex n-gon with vertices
labeled from 1 to n in clockwise order. A triangulated (k, n)-unpunctured plabic tiling5 is
a collection of k nonoverlapping black triangles T inside Pn whose vertices are all vertices
of Pn. We say that two unpunctured triangulated plabic tilings T and T ′ are equivalent if
the union of the black triangles is the same for both of them. We represent the equivalence
class of an unpunctured triangulated tiling T by erasing the diagonals that separate pairs
of triangles that share an edge. The resulting object T is a decomposition of the n-gon
into white and black polygons, and is called an unpunctured plabic tiling. See Figure 2.3.

The objects defined in Definition 2.4.1 were called k nonintersecting triangles in a
convex n-gon in [59]. However, since they are special cases of the plabic tilings of [119], we
refer to these objects as unpunctured plabic tilings. See Definition 4.1.14 and Remark 4.1.16.

Given a triangulated (k, n)-unpunctured plabic tiling T , we build a corresponding
bipartite graph Ĝ(T )6 as in Figure 2.4, then use the recipe from Theorem A.0.7 and
Remark A.0.8 to construct all points of the 2k-dimensional cell SĜ(T ) of Gr≥0

k,n.

Definition 2.4.2. Given a triangulated (k, n)-unpunctured plabic tiling T , we build a
labeled bipartite graph Ĝ(T ) by placing black boundary vertices labeled B1, B2, . . . , Bn in

5Not to be confused with plabic tilings of type (k, n), which are dual to plabic graphs of type (k, n).
6We denote this graph Ĝ(T ) to distinguish it from the dual plabic graph G(T ) defined in Defini-

tion 4.1.14.
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clockwise order at the n vertices of the n-gon, and placing a trivalent white vertex in the
middle of each black triangle, connecting it to the three vertices of the triangle. We label
the k white vertices by W1, . . . ,Wk; we will usually label them in the order specified by
Remark 2.4.5.

B1

B2

B3

B4

B5

B6

B7

B8

B9

W1

W2

W3W4

W5

α4

β4γ4

α1

β1

γ1

α2

β2

γ2

α3

β3
γ3

α5β5

γ5

Figure 2.4: The planar bipartite graph Ĝ(T1) together with its edge-weighting.

Remark 2.4.3. We can think of Ĝ(T ) as a plabic graph (see Definition A.0.2) if we enclose
it in a slightly larger disk and add n edges connecting each Bi to the boundary of the disk.
We will often abuse terminology and refer to Ĝ(T ) as a plabic graph.

Lemma 2.4.4. If two triangulated unpunctured plabic tilings T1 and T2 are equivalent,
then the plabic graphs Ĝ(T1) and Ĝ(T2) are move-equivalent (see Definition A.0.3). In
other words, these two plabic graphs represent the same cell of Gr≥0

k,n.

Proof. The fact that T1 and T2 are equivalent means that we can get from T1 to T2 by per-
forming some sequence of flips on the black triangles comprising the black polygons in T1.
Every flip of black triangles corresponds to performing a square move on the corresponding
plabic graph, so Ĝ(T1) and Ĝ(T2) are move-equivalent.

In light of Lemma 2.4.4, we let SĜ(T ) denote the cell specified by any triangulation of
T .

Remark 2.4.5. We identify each black triangle T in an unpunctured triangulated plabic
tiling T with its three vertices a < b < c listed in increasing order. We list the k black
triangles

(T1, . . . , Tk) = ({a1 < b1 < c1}, . . . , {ak < bk < ck})
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in lexicographically increasing order, and label the white vertex inside of Ti by Wi.

For example, we list the five triangles of the plabic tiling T1 from Figure 2.3 in the
order

({1 < 7 < 8}, {1 < 8 < 9}, {2 < 3 < 4}, {2 < 4 < 7}, {4 < 6 < 7}).

We label the white vertices of Ĝ(T1) in Figure 2.4 so as to reflect this ordering on triangles.

Definition 2.4.6 (Statistics of unpunctured plabic tilings). Given a triangulated unpunc-
tured plabic tiling T in a convex n-gon Pn and a pair of vertices h, j of Pn, we say that:

• the arc h→ j is compatible with T if the arc does not cross any arcs of the underlying
unpunctured plabic tiling T , i.e. it either bounds a polygon of T or it lies entirely
inside a black or white polygon;

• the arc h→ j is a black arc of T if it bounds a triangle of T ;

• the arc h→ j is facet-defining if it bounds a black polygon of T on its left.

In particular, each black arc of T is compatible with T .
When h → j is compatible with T , we let area(h → j) = areaT (h → j) denote the

number of black triangles to the left of h→ j in any triangulation of T .

For example, the arcs 1→ 8, 1→ 7 and 2→ 6 are compatible with the tiling T from
Figure 2.4, and we have area(1 → 8) = 4, area(1 → 7) = 3, area(2 → 6) = 2. However,
the arcs 2→ 8 and 3→ 8 are not compatible with T .

We can easily write down representative matrices for points in SĜ(T ) using the theory
of Kasteleyn matrices. Note that matrices with the same pattern of zero/nonzero entries
appeared in [59] (though the authors did not prove Proposition 2.4.7 there).

Proposition 2.4.7. Let T be a triangulated (k, n)-unpunctured plabic tiling. We let

({a1 < b1 < c1}, . . . , {ak < bk < ck})

denote the list of k triangles of T , written in lexicographically increasing order, as in
Remark 2.4.5. Choose a set of edge-weights for the graph Ĝ(T ), which we write as

(α,β,γ) = ((α1, β1, γ1), (α2, β2, γ2), . . . , (αk, βk, γk)) ∈ (R>0)3k,

with αi, βi, γi denoting the weights on the edges from Wi to Bai , Bbi and Bci, respectively.
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Let MT (α,β,γ) = (Mi,j) be the k × n with precisely 3 nonzero entries in each row:

Mi,ai = αi, Mi,bi = (−1)area(ai→bi)βi, Mi,ci = (−1)area(ai→bi)+area(bi→ci)γi. (2.4.8)

Then the cell SĜ(T ) is the image of the map (R>0)3k → Gr≥0
k,n sending (α,β,γ) 7→MT (α,β,γ).

Note that MT (α,β,γ) has rows and columns indexed by the white and black vertices
of Ĝ(T ). The ij-entry is nonzero if and only if there is an edge e in Ĝ(T ) between Wi and
Bj, and in that case is (up to a sign) equal to the weight of e.

Remark 2.4.9. Clearly the image of the map (α,β,γ) 7→MT (α,β,γ) is unchanged if we
rescale each row of the matrix so that the leftmost nonzero entry is 1, i.e. set each αi = 1.
This map is then a homeomorphism from (R>0)2k to the positroid cell SĜ(T ).

Proof of Proposition 2.4.7. This follows from Theorem A.0.7 and Remark A.0.8. For com-
pleteness, we sketch why the choice of signs of entries is correct. For a triangle Ti = {a <
b < c} of T , define

εi,a := (−1)#{j<i:ai=aj}, εi,b := εi,a · (−1)area(ai→bi), εi,c := εi,a · (−1)area(ai→ci)+1.

Let (d1, . . . , dk) be a tuple of distinct vertices of triangles of T such that di ∈ Ti. The sign
of the permutation σ such that dσ(1) < . . . < dσ(k) is the product ε1,d1 · · · εk,dk . Then:

pI(M)EI =
∑

(d1,...,dk)
M1,d1 · · ·Mk,dk〈ed1 , . . . , edk〉 =

∑
(d1,...,dk)

(ε1,d1M1,d1) · · · (εk,dkMk,dk)EI

where the sum is over the collections defined above satisfying {d1, . . . , dk} = I. A sufficient
condition for pI(M) ≥ 0 is that sgnMi,di = εi,di . Up to rescaling the row i of M by εai,i,
this is true, as area(ai → ci) = area(ai → bi) + area(bi → ci) + 1.

Example 2.4.10. For example, the matrix MT1 corresponding to the unpunctured trian-
gulated plabic tiling T1 from Figure 2.4 is

α1 0 0 0 0 0 −β1 −γ1 0
α2 0 0 0 0 0 0 β2 γ2

0 α3 β3 γ3 0 0 0 0 0
0 α4 0 −β4 0 0 γ4 0 0
0 0 0 α5 0 β5 γ5 0 0

 . (2.4.11)

Proposition 2.4.7 says that if we let the parameters ((α1, β1, γ1), . . . , (α5, β5, γ5)) range over
all elements of (R>0)15, the matrices (2.4.11) will sweep out all points of the cell SĜ(T1). 3
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Remark 2.4.12. The matrices constructed in Proposition 2.4.7 may have non-positive
maximal minors rather than non-negative maximal minors. To obtain a matrix which has
non-negative maximal minors, multiply row j by (−1)#{i<j:ai=aj}.

Lemma 2.4.13. Let T = {T1, . . . , Tk} be a triangulated (k, n)-unpunctured plabic tiling.
Then PI 6= 0 on the positroid cell SĜ(T ) if and only if there is a bijection φ : I =
{i1, . . . , ik} → {T1, . . . , Tk} with i a vertex of φ(i) for all i.

Proof. It suffices to show that the Plücker coordinate PI is nonzero on SĜ(T ) if and only if
there is a bijection φ : I = {i1, . . . , ik} → {T1, . . . , Tk} with i a vertex of φ(I) for all i.

By Theorem A.0.7, pI 6= 0 on SĜ(T ) if and only if there is a matching M of Ĝ(T )
such that ∂M = I. Note that any matching M of Ĝ(T ) consists of k edges, obtained by
pairing each white vertex Wj with one of its three incident black vertices {Baj , Bbj , Bcj}.
The k black vertices {Bi1 , . . . , Bik} obtained in this way must be distinct (since M is a
matching), so we get a bijection between I := {i1, . . . , ik} and the triangles T1, . . . , Tk.
Moreover ∂M = I.

Now, we turn to the open Grasstopes Z◦
Ĝ(T ) and their properties.

Theorem 2.4.14 (Definite signs of twistor coordinates). Let T be a (k, n)-unpunctured
plabic tiling, and let Y := CZ ∈ Grk,k+2, where C is a matrix representing a point of the
cell SĜ(T ). Choose h < j such that the chord h→ j is compatible with T . Then

sgn〈Y ZhZj〉 = (−1)area(h→j), or equivalently, (−1)area(h→j)〈Y ZhZj〉 > 0. (2.4.15)

In other words, we have that

Z◦
Ĝ(T ) ⊆ {Y ∈ Grk,k+2 | (2.4.15) holds for all arcs h→ j compatible with T .} (2.4.16)

Proof. We start by choosing a triangulated plabic tiling T1 such that T1 = T , and such
that the chord h→ j is one of the diagonals of T1. By Lemma 2.4.4, the choice of T1 does
not affect the corresponding positroid cell. By Lemma 2.3.8, it suffices to verify (2.4.15)
for each Y := 〈Zi1 , . . . , Zik〉 indexed by {i1 < · · · < ik} = I such that pI 6= 0 on the
cell SĜ(T ). And by Lemma 2.4.13, pI 6= 0 on SĜ(T ) if and only if there is a bijection
φ : I = {i1, . . . , ik} → {T1, . . . , Tk} with i a vertex of φ(i) for all i.

Towards this end, choose I = {i1 < · · · < ik} such that pI 6= 0 on the cell SĜ(T ). We
need to calculate sgn〈Zi1 , . . . , Zik , Zh, Zj〉.
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If h ∈ I or j ∈ I, 〈Zi1 , . . . , Zik , Zh, Zj〉 = 0. So without loss of generality, we can
assume that h and j are not elements of I. Recall that maximal minors of Z are positive:
this means that for any ordered sequence `1 < · · · < `k+2, we have sgn〈Z`1 , . . . , Z`k+2〉 = 1.
To determine sgn〈Zi1 , . . . , Zik , Zh, Zj〉, we need to know how many swaps are required to
put the sequence (i1, . . . , ik, h, j) in order. Any i` which is greater than both h and j needs
to get swapped past both of them, which has no effect on the sign of the determinant. Any
i` which is less than both h and j does not need to get swapped past either. Each i` such
that h < i` < j needs to get swapped past h (but not j). Therefore the parity of the number
of swaps required to put the sequence (i1, . . . , ik, h, j) in order is the same as the parity
of #{i` ∈ I : h < i` < j}. It follows that sgn〈Zi1 , . . . , Zik , Zh, Zj〉 = (−1)#{i`∈I:h<i`<j}.
Finally, the existence of the bijection φ means that #{i` ∈ I : h < i` < j} is the number
of triangles of T1 which are to the left of h→ j.

To complete the proof, we must show that there is some I ∈
(

[n]
k

)
containing neither h

nor j such that pI is nonzero. Equivalently, we must find a matching of Ĝ(T1) which does
not have h or j in its boundary. We do so by induction on the number of black triangles
of T1. Clearly there is such a matching if Ĝ(T1) has a single black triangle. If h → j is
contained in a white polygon of T1, we cut along h→ j to obtain two smaller triangulated
unpunctured plabic tilings T2 and T3. By induction, we can find matchings of Ĝ(T2) and
Ĝ(T3) avoiding h and j; their union gives the desired matching of Ĝ(T1). Otherwise, h→ j

is the boundary of a black triangle Tr of T1. Let c be the third vertex of this triangle. Cut T1

along h → j, j → c and c → h to obtain smaller triangulated unpunctured plabic tilings.
The Ĝ plabic graphs of these tilings have matchings avoiding h, j, c by induction, since
each smaller tiling contains exactly two of these vertices. The union of these matchings,
together with the edge from Bc to Wr, gives the desired matching of T1.

The following result solves a kind of “inverse problem:” given Y ∈ Z◦
Ĝ(T ), we can

construct a particular matrix representative Ctw
T (Y ) of Grk,n whose image in An,k,2(Z) is

Y .

Definition 2.4.17 (Twistor coordinate matrix). Let Y ∈ Grk,k+2 and let T be a triangu-
lated (k, n)-unpunctured plabic tiling with triangles T1, . . . , Tk labeled as in Remark 2.4.5.
The twistor coordinate matrix of Y is the k × n matrix Ctw

T (Y ) = (Ci,j) with precisely 3
nonzero entries in each row:

Ci,ai = 〈Y bici〉, Ci,bi = −〈Y aici〉, Ci,ci = 〈Y aibi〉. (2.4.18)

(Recall that e.g. 〈Y bici〉 is short-hand for 〈Y ZbiZci〉.)
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Theorem 2.4.19 (Inverse problem). Let T be a triangulated (k, n)-unpunctured plabic
tiling with triangles T1, . . . , Tk labeled as in Remark 2.4.5. Let Y ∈ Z◦

Ĝ(T ), i.e. Y := Z̃(V )
for some V ∈ SĜ(T ). Then V is the row span of the twistor coordinate matrix C ′ := Ctw

T (Y ).
In other words, if we let Y ′ = C ′Z, then there is a global scalar λ (a polynomial in

〈Y ab〉’s) such that
〈Y ′ij〉 = λ〈Y ij〉 for all i, j.

Example 2.4.20. Let T1 be the plabic tiling from Figure 2.4. Theorem 2.4.19 says that
if V ∈ SĜ(T1) and Y := Z̃(V ) is the image of V in An,k,2(Z), then V is the row span of the
following matrix:

〈Y Z7Z8〉 0 0 0 0 0 −〈Y Z1Z8〉 〈Y Z1Z7〉 0
〈Y Z8Z9〉 0 0 0 0 0 0 −〈Y Z1Z9〉 〈Y Z1Z8〉

0 〈Y Z3Z4〉 −〈Y Z2Z4〉 〈Y Z2Z3〉 0 0 0 0 0
0 〈Y Z4Z7〉 0 −〈Y Z2Z7〉 0 0 〈Y Z2Z4〉 0 0
0 0 0 〈Y Z6Z7〉 0 −〈Y Z4Z7〉 〈Y Z4Z6〉 0 0


3

Proof. Choose a weight vector (α,β,γ) so that the matrix C := MT (α,β,γ) from Propo-
sition 2.4.7 represents V .

Consider a triangle {a < b < c} of T . Let W be the white vertex of Ĝ(T ) in the middle
of this triangle and let the edges from W to Ba, Bb, and Bc, respectively, be denoted ea,
eb, and ec. Say the weights of these edges are α, β, and γ, respectively.

Choose J ∈
(

[n]
k−1

)
which does not contain a, b, or c. Then

1
α
pJ∪{a}(C) = 1

β
pJ∪{b}(C) = 1

γ
pJ∪{c}(C). (2.4.21)

Indeed, each Plücker coordinate is a sum of weights of matchings. Any matching Ma

contributing to pJ∪{a}(C) must include an edge covering the white vertex W . Since b, c /∈
J ∪{a}, this edge must be ea. Now, Mb := Ma \{ea}∪{eb} is a valid matching because Ma

does not include any edges covering Bb. Moreover, the boundary of Mb is J ∪ {b}. This is
easily seen to be a bijection between matchings with boundary J ∪{a} and matchings with
boundary J ∪ {b}. It is also easy to see that wt(Ma)/α = wt(Mb)/β, so the first equality
above holds. The second equality is similar.

Now, we consider the twistor coordinate

〈Y bc〉 =
∑

I∈([n]
k )
pI(C)〈Zi1 , Zi2 , . . . , Zik , Zb, Zc〉
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which is nonzero by Theorem 2.4.14.
Notice that the terms in this sum indexed by I containing b or c are zero. Further, for

I ∩ {b, c} = ∅, pI(C) is zero if I does not contain a. So we can rewrite 〈Y bc〉 as

〈Y bc〉 = α ·
∑

J∈( [n]
k−1):

{a,b,c}∩J=∅

1
α
pJ∪a(C)〈Zj1 , Zj2 , . . . , Za, . . . Zjk−1 , Zb, Zc〉 (2.4.22)

where Zj1 , . . . , Za, . . . , Zjk−1 are ordered so the indices are increasing.
Similarly, we can write

〈Y ac〉 = β ·
∑

J∈( [n]
k−1):

{a,b,c}∩J=∅

1
β
pJ∪b(C)〈Zj1 , Zj2 , . . . , Zb, . . . Zjk−1 , Za, Zc〉 (2.4.23)

〈Y ab〉 = γ ·
∑

J∈( [n]
k−1):

{a,b,c}∩J=∅

1
γ
pJ∪c(C)〈Zj1 , Zj2 , . . . , Zc, . . . Zjk−1 , Za, Zb〉. (2.4.24)

Consider a nonzero term in (2.4.22), which is indexed by J such that pJ∪a(C) is nonzero.
The corresponding term in (2.4.23) is also nonzero. Because of the first equality in (2.4.21),
these two terms differ only by the sign (−1)s, where

〈Zj1 , Zj2 , . . . , Za, . . . Zjk−1 , Zb, Zc〉 = (−1)s〈Zj1 , Zj2 , . . . , Zb, . . . Zjk−1 , Za, Zc〉.

In other words, s = |J ∩ [a+ 1, b− 1]|+ 1 = |(J ∪ a) ∩ [a+ 1, b− 1]|+ 1. Because J ∪ a is
the boundary of some matching, the size of (J ∪ a) ∩ [a+ 1, b− 1] is exactly area(a→ b),
and in particular does not depend on J .

Similarly, consider the term of (2.4.24) indexed by J . The sign difference between this
term and the corresponding one in (2.4.23) is (−1)s, where

〈Zj1 , Zj2 , . . . , Zb, . . . Zjk−1 , Za, Zc〉 = (−1)s〈Zj1 , Zj2 , . . . , Zc, . . . Zjk−1 , Za, Zb〉.

It is not hard to see that s = area(b→ c) + 1.
Altogether, we have

〈Y bc〉 = α ·Q
〈Y ac〉 = (−1)area(a→b)+1β ·Q
〈Y ab〉 = (−1)area(a→b)+area(b→c)γ ·Q

where Q is a nonzero scalar. Notice that up to the factor of Q, these three twistor coordi-
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nates recover the entries of C corresponding to the edges ea, eb, and ec. This means that
the matrix C ′ with non-zero entries

C ′j,aj = 〈Y bjcj〉, C ′j,bj = −〈Y ajcj〉, C ′j,cj = 〈Y ajbj〉

is related to MĜ(T )(α,β,γ) by rescaling rows, and so also represents the subspace V .

Using Theorem 2.4.19, we can show that Z̃ is injective on SĜ(T ), and moreover prove
that Z̃ is not injective on any other 2k-dimensional positroid cells. This will prove the
conjectural characterization of generalized triangles from [59] (who used the terminology
of k non-intersecting triangles in a convex n-gon). We note that the injectivity of Z̃ on
SĜ(T ) was also proved rather indirectly in [56, Proposition 6.4] using results of [117].

Theorem 2.4.25 (Characterization of generalized triangles). Fix k < n and Z ∈ Mat>0
n,k+2.

Then Z̃ is injective on the 2k-dimensional cell SM if and only if SM = SĜ(T ) for some
(k, n)-unpunctured plabic tiling T . That is, the generalized triangles for An,k,2 are exactly
the Grasstopes ZĜ(T ), where T is a (k, n)-unpunctured plabic tiling.

Corollary 2.4.26. Whether or not Z̃(Sπ) is a generalized triangle is independent of Z.

Proof of Theorem 2.4.25. This proof uses some facts from Section 4.2. We first show that
all cells SĜ(T ) are generalized triangles. The cell SĜ(T ) ⊂ Gr≥0

k,n is 2k-dimensional because
it is T-dual to an (n − 1)-dimensional cell in Gr≥0

k+1,n (see Remark 4.1.16) and T-duality
preserves codimension (see Proposition 4.1.6). Say V, V ′ ∈ SĜ(T ) are represented by ma-
trices C,C ′, and suppose Y := CZ, Y ′ := C ′Z represent the same subspace. Then by
Theorem 2.4.19 V and V ′ are represented by the twistor coordinate matrices N and N ′

of Y and Y ′, respectively. But the twistor coordinates of Y and Y ′ are the same up to a
global scalar, so V = V ′.

Now, suppose a 2k-dimensional cell SM is not equal to SĜ(T ) for any T . We will show
Z̃ is not injective on SM.

First, suppose M has a coloop c; that is, pI is identically 0 on SM for all I ∈
(

[n]
k

)
that

do not contain c. Then the twistor coordinate 〈Y ij〉 is identically zero on Z◦M for all j.
Indeed, in the sum

〈Y cj〉 =
∑

I∈([n]
k )
pI(C)〈Zi1 . . . ZikZcZj〉,

pI(C) is zero for c /∈ I and 〈Zi1 . . . ZikZcZj〉 is zero for c ∈ I. In particular, Z◦M is contained
in the hypersurface {Y ∈ Grk,k+2 : 〈Y c(c+ 1)〉 = 0}, and so has dimension at most 2k− 1.
So Z̃ is not injective on SM.
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Now, if M does not have a coloop, then SM is T -dual to an (n − 1)-dimensional cell
Sπ of Gr≥0

k+1,n by Proposition 4.1.6. Because SM is not of the form SĜ(T ), a plabic graph
G with trip permutation π is not a tree and so has at least one internal face. Since G has
n faces total, G is not connected.

Let G be a plabic graph with trip permutation π, and say [i, j − 1], [j, l] are the
boundary vertex sets of two connected components of G. There is a single boundary face
f which is adjacent to i− 1, i, j − 1 and j. In the plabic graph Ĝ for SM (constructed in
Proposition 4.1.12), notice that i and j are adjacent to the same black vertex, b̂(f). After
adding bivalent white vertices to Ĝ so that every boundary vertex is adjacent to a white
vertex, it is clear that all matchings of Ĝ have either i or j in the boundary. This means
that if I contains neither i nor j, then pI is identically zero on SM. Just as in the coloop
case, 〈Y ij〉 is identically zero on Z◦M, because all terms of

∑
I∈([n]

k )
pI(C)〈Zi1 . . . ZikZiZj〉

vanish for C ∈ SM. So Z◦M is contained in a hypersurface and hence dimZ◦M ≤ 2k−1.

Remark 2.4.27. As conjectured in [59], the number of generalized triangles for An,k,2 is
sequence [120, A175124], a refinement of the large Schröder numbers (see Section 4.2.3).

Refining (2.4.16), we will now give an explicit description of each (open) generalized
triangle as a subset of Grk,k+2 where certain twistor coordinates have a definite sign. In fact,
since there are generally multiple triangulated plabic tilings in the equivalence class of one
unpunctured plabic tiling T , Theorem 2.4.28 gives multiple descriptions of each generalized
triangle – one for each triangulated unpunctured plabic tiling in the equivalence class of
T .

Theorem 2.4.28 (Sign characterization of generalized triangles). Fix k < n, m = 2, and
Z ∈ Mat>0

n,k+2. Let T be a triangulated (k, n)-unpunctured plabic tiling. Then we have

Z◦
Ĝ(T ) = {Y ∈ Grk,k+2 | sgn〈Y ij〉 = (−1)area(i→j) for all black arcs i→ j of T with i < j}

Moreover, if Y ∈ Z◦
Ĝ(T ), then C ′ := Ctw

T (Y ) (cf. Definition 2.4.17) lies in the positroid cell
SĜ(T ), and Y and C ′Z represent the same element of Grk,k+2.

In the proof of Theorem 2.4.28, we use the notation Ni(A) := #{a ∈ A : a < i} and
Ni,j(A) := #{a ∈ A : i < a < j}. We will need the following lemmas.

42



Lemma 2.4.29. Let S ∈
(

[n]
k+3

)
, and define ωS ∈ Rn as

ωSi =
(−1)Ni(S)〈ZS\{i}〉 if i ∈ S

0 else .

Then ωS is in the left kernel of Z.

Proof. We have that

(ωS)T · Z =
n∑
i=1

Ziω
S
i =

∑
i∈S

(−1)Ni(S)Zi 〈ZS\{i}〉 =
∑
i∈S

ε{i},S\{i}Zi 〈ZS\{i}〉.

From the rightmost expression, one can see that the jth coordinate of ωS · Z is the
determinant of the submatrix of Z using rows S and columns 1, . . . , j, j, . . . , k+ 2, written
using Laplace expansion along column j. Therefore it is zero.

Proposition 2.4.30. Let Y ∈ Grk,k+2 and let T be a (k, n)-unpunctured plabic tiling. Let
Ctw
T = Ctw

T (Y ) be the twistor coordinate matrix of Y and let Y ′ := Ctw
T Z. Then

rowspan(Y ′) ⊆ rowspan(Y ).

Proof. We start by writing Y = CZ, where C is a full-rank k × n matrix (we can always
do this because the linear map Z : Rn → Rk+2 is surjective).

Let C1, . . . , Ck be the rows of the matrix C. We will replace each row Ci with a linear
combination of the rows of C and a linear combination of elements of ker(Z) to obtain a
new matrix C ′; by construction, the rowspan of C ′Z is contained in the rowspan of CZ.
We will show that this new matrix C ′ is equal to Ctw

T .
Specifically, let Ti = {a < b < c} be a triangle in T . The ith row C ′i of C ′ is

C ′i :=
k∑
j=1

λjCj +
∑

S∈( [n]
k+3)

ρSω
S, where (2.4.31)

λj =
∑

J∈([n]
k )

(−1)j+1+Na(J)+Nb,c(J)pJ\{a}(Cĵ)〈ZJ∪{b,c}〉 and ρS = (−1)Na(S)+Nb,c(S)pS\{a,b,c}(C),

where Cĵ denotes the matrix obtained from C by removing row j, and we make the con-
vention that pA\B(C) = 0 if B is not contained in A, and 〈ZA∪B〉 = 0 if A intersects
B.
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Step 1. We first show that 〈Y bc〉 = C ′ia. By (2.4.31), we have

C ′ia :=
k∑
j=1

λjCja +
∑

S∈( [n]
k+3)

ρSω
S
a . (2.4.32)

Let us expand 〈Y bc〉 as:

〈Y bc〉 =
∑

J∈([n]
k )

(−1)Nb,c(J)pJ(C)〈ZJ∪{b,c}〉. (2.4.33)

Call the terms in this sum with a ∈ J “type A” and the other terms “type B.”
When a ∈ J , we can compute pJ(C) by Laplace expansion around column a:

pJ(C) =
k∑
j=1

(−1)j+1+Na(J)pJ\{a}(Cĵ)Cja.

Inserting this into the type A terms and summing over J , we obtain the first term in the
right hand side of (2.4.32).

For the type B terms, we can change the summation index in (2.4.33) from J to
S = J ∪ {a, b, c}, obtaining:

∑
S∈( [n]

k+3)
(−1)Nb,c(S\{a,b,c})pS\{a,b,c}(C)〈ZS\{a}〉

Since a < b < c, we have Nb,c(S \ {a, b, c}) = Nb,c(S). This gives the second term in the
right hand side of (2.4.32). Hence, summing the terms of type A and type B we get exactly
C ′ia.

Step 2. We will show that 〈Y ac〉 = −C ′ib.
Let us consider the first term (‘type A’) in the right hand side of (2.4.31). We observe

that:
k∑
j=1

(−1)j+1+Na(J)pJ\{a}(Cĵ)Cjb = pJ(Ca→b) = (−1)Na,b(J)pJ\{a}∪{b}(C),

where Ca→b is the matrix C with column a substituted with column b. Noting thatNa,b(J)+
Nb,c(J) = Na,c(J) as terms with b ∈ J do not contribute, type A reads:

∑
J∈([n]

k )
(−1)Na,c(J)pJ\{a}∪{b}(C)〈ZJ∪{b,c}〉

Finally, we change summation index into J ′ = J \ {a} ∪ {b} and use Na,c(J ′) = Na,c(J ′ \
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{b} ∪ {a}) + 1, as b ∈ J ′ and a < b < c, to obtain:

−
∑

J ′∈([n]
k ):b∈J ′

(−1)Na,c(J ′)pJ ′(C)ZJ ′∪{a,c}. (2.4.34)

Let us consider the first term (‘type B’) in the right hand side of (2.4.31). Using
Nb(S) − Na(S) = Na,b(S) − 1 and Na,b(S) + Nb,c(S) = Na,c(S) − 1, as a, b ∈ S, type B
reads: ∑

S∈( [n]
k+3)

(−1)Na,c(S)pS\{a,b,c}(C)〈ZS\{b}〉

Finally, we perform the change of summation index into J = S \ {a, b, c} and note that
Na,c(S) = Na,c(J ∪ {a, b, c}) = Na,c(J) + 1, as b 6∈ J and a < b < c. We obtain:

−
∑

J∈([n]
k ):b6∈J

(−1)Na,c(J)pJ(C)〈ZJ∪{a,c}〉. (2.4.35)

Hence adding together (2.4.34) and (2.4.35) we immediately get −〈Y ac〉 = C ′ib.
Step 3. Showing that 〈Y ab〉 = C ′ic is similar to the previous case.
Step 4. We will show that C ′i` = 0 for ` 6∈ {a, b, c}.
Let us consider the first term (‘type A’) in the right hand side of (2.4.31). We observe

that:
k∑
j=1

(−1)j+1+Na(J)pJ\{a}(Cĵ)Cj` = pJ(Ca→`) = (−1)Ña,`(J)pJ\{a}∪{`}(C),

where Ña,`(J) is defined as Na,`(J) if a < ` and N`,a(J) if ` < a. Then type A reads:
∑

J∈([n]
k )

(−1)Nb,c(J)+Ña,`(J)pJ\{a}∪{`}(C)ZJ∪{b,c}.

By changing the summation index into J ′ = J \ {a} ∪ {`} and noting that Nb,c(J ′ \ {`} ∪
{a}) = Nb,c(J ′ \ {`}) and Ña,`(J ′ \ {`} ∪ {a}) = Ña,`(J ′), we obtain:

∑
J ′∈([n]

k )
(−1)Nb,c(J ′\{`})+Ña,`(J ′)pJ ′(C)〈ZJ ′\{`}∪{a,b,c}〉. (2.4.36)

The Type B term can be rewritten as:

−
∑

S∈( [n]
k+3)

(−1)Nb,c(S)+Ña,`(S)pS\{a,b,c}(C)〈ZS\{`}〉

using (−1)Na(S)+N`(S) = (−1)Ña,`(S)+1. Indeed, Na(S) − N`(S) = N`,a(S) + 1 if ` < a

45



and N`(S) − Na(S) = Na,`(S) + 1 if ` > a, since `, a ∈ S. Finally, we perform the
change of variables J ′ = S \ {a, b, c} and note that Nb,c(J ′ ∪ {a, b, c}) = Nb,c(J ′) and
Ña,`(J ′ ∪ {a, b, c}) = Ña,`(J ′ ∪ {b, c}), as a < b < c, obtaining:

−
∑

J ′∈([n]
k )

(−1)Nb,c(J ′)+Ña,`(J ′∪{b,c})pJ ′(C)〈ZJ ′\{`}∪{a,b,c}〉. (2.4.37)

In order to complete the proof, we need to show that the sum of type A in (2.4.36) with
type B in (2.4.37) is zero. Therefore it is enough to show that:

(−1)Nb,c(J ′)+Ña,`(J ′∪{b,c}) = (−1)Nb,c(J ′\{`})+Ña,`(J ′), (2.4.38)

recalling that the only terms contributing have ` ∈ J ′ and a, b, c 6∈ J ′. If ` < b, then
Ña,`(J ′∪{b, c}) = Ña,`(J ′) and Nb,c(J ′\{`}) = Nb,c(J ′). If b < ` < c, then Ña,`(J ′∪{b, c}) =
Ña,`(J ′) + 1 and Nb,c(J ′ \ {`}) = Nb,c(J ′) − 1. Finally, if ` > c then Ña,`(J ′ ∪ {b, c}) =
Ña,`(J ′) + 2 and Nb,c(J ′ \ {`}) = Nb,c(J ′). Therefore (2.4.38) holds for all three cases and
the proof that C ′i` = 0 when ` 6∈ {a, b, c} is complete.

Proof of Theorem 2.4.28. By (2.4.16), we just need to show the inclusion

Z◦
Ĝ(T ) ⊇ {Y ∈ Grk,k+2 | (2.4.15) holds for all black chords h→ j of T .}

We will do this using the twistor coordinate matrix C ′ := Ctw
T (Y ) for Y in the right-hand

set. First, we show that C ′ ∈ SĜ(T ). The nonzero entries of C ′ correspond to the edges of
Ĝ(T ). By Theorem A.0.7 and Remark A.0.8, whether or not C ′ represents an element of
SĜ(T ) is just a question of whether or not the nonzero entries have the correct signs. By
assumption, the nonzero entries of C ′ have the same signs as the nonzero entries of the
matrix C ′′ from Theorem 2.4.19. Since the matrix C ′′ represents an element of SĜ(T ), so
does C ′.

Now, let Y ′ := C ′Z. By Proposition 2.4.30, rowspan Y ′ ⊆ rowspan Y . Because C ′ is
an element of Gr≥0

k,n, in fact Y ′ has rank k, so the two rowspans are equal. Thus, Y = C ′Z,
which shows Y ∈ Z◦

Ĝ(T ).

Remark 2.4.39. In the previous proof, the only place that we used the fact that the twistor
coordinates 〈Y hj〉 associated to black arcs had particular signs was in showing that the
matrix C ′ that we constructed has maximal minors all nonnegative (or all nonpositive).
We will use this observation in Section 7.2, when we show that each generalized triangle
is the totally positive part of a cluster variety.
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Corollary 2.4.40. Let T be a triangulated (k, n)-unpunctured plabic tiling as in Proposi-
tion 2.4.7. The map sending the k×n matrix M := MT (α,β,γ) from (2.4.8) representing
a point of SĜ(T )

∼= (R>0)2k to Y := MZ ∈ Z◦
Ĝ(T ) is a bijection from SĜ(T )

∼= (R>0)2k to
Z◦
Ĝ(T ), and we have

Mi,bi

Mi,ai

= −〈Y aici〉
〈Y bici〉

and Mi,ci

Mi,ai

= 〈Y aibi〉
〈Y bici〉

(2.4.41)

for all triangles {ai, bi, ci} of T . In particular, the 2k ratios of twistor coordinates { 〈Y aici〉〈Y bici〉 ,
〈Y aibi〉
〈Y bici〉}

are algebraically independent.

Proof. Injectivity follows from Theorem 2.4.25. Surjectivity follows from Theorem 2.4.28.
Finally, (2.4.41) follows from Proposition 2.4.7 and Theorem 2.4.19.

2.5 The equivalence of the two definitions of the Am-
plituhedron An,k,2

In this section we will give an alternative description of the amplituhedron An,k,2(Z) in
terms of sign flips of twistor coordinates; this description was conjectured by Arkani-
Hamed–Thomas–Trnka [54, (5.6)]. In [54, Section 5.4], they sketched an argument that
all elements of An,k,m(Z) satisfy the sign flip description; a proof using a different argu-
ment was independently given in [107, Corollary 3.21]. However, the opposite inclusion
remained open. We will complete the proof for m = 2 using the results of the previous
section. Finally, we will translate the sign-flip characterization of An,k,2(Z) into a sign-flip
characterization of the B-amplituhedron Bn,k,2(W ).

Recall the definition of Ẑi from Remark 2.2.11.

Theorem 2.5.1 (Sign-flip characterization of An,k,2). Fix k < n and Z ∈ Mat>0
n,k+2. Let

F◦n,k,2(Z) := {Y ∈ Grk,k+2 | 〈Y ZiZi+1〉 > 0 for 1 ≤ i ≤ n− 1, and 〈Y ZnẐ1〉 > 0,
and var(〈Y Z1Z2〉, 〈Y Z1Z3〉, . . . 〈Y Z1Zn〉) = k.}

Then An,k,2(Z) = F◦n,k,2(Z).

Proof. Let A◦n,k,m(Z) := Z̃(Gr>0
k,n). By Remark 2.2.3 and Remark 2.2.9, An,k,2(Z) =

A◦n,k,m(Z).
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We first show that A◦n,k,2 ⊆ F◦n,k,2(Z). Suppose that C ∈ Gr>0
k,n and let Y := CZ.

Choose 1 ≤ i ≤ n− 1, and consider any J = {j1 < · · · < jk} ∈
(

[n]
k

)
. Since Z has maximal

minors positive, the sign of 〈Zj1 , . . . , Zjk , Zi, Zi+1〉 is determined by the parity of the number
of swaps needed to put the sequence {j1, . . . , jk, i, i + 1} into increasing order. Clearly
this number is even, so 〈Zj1 , . . . , Zjk , Zi, Zi+1〉 ≥ 0 (with equality if J ∩ {i, i + 1} 6= ∅).
Therefore by Lemma 2.3.8, 〈Y ZiZi+1〉 > 0. The argument that 〈Y ZnẐ1〉 > 0 is similar,
using the fact that the matrix with rows Z2, . . . , Zn, Ẑ1 has maximal minors positive. To
see that Y satisfies the sign variation condition, see the proof sketch in [54, Section 5.4]
or [107, Corollary 3.21]. This implies that A◦n,k,2 ⊆ F◦n,k,2(Z) and hence An,k,2 ⊆ F◦n,k,2(Z).

For the other direction, we will show that F◦n,k,2(Z) ⊆ An,k,2(Z). Suppose Y ∈
F◦n,k,2(Z). We want to show that we can write rowspan Y = rowspanCZ for some C ∈
Gr≥0

k,n.
Since 〈Y Z1Z2〉 > 0, and var(〈Y Z1Z2〉, 〈Y Z1Z3〉, . . . 〈Y Z1Zn〉) = k, we can find a se-

quence 1 = i0 < i1 < · · · < ik ≤ n−1 such that sgn〈Y Z1Zi`+1〉 = (−1)` for all `; choose the
lexicographically minimal such sequence. Let T be the unpunctured triangulated plabic
tiling in an n-gon consisting of the k triangles with vertices {1, i`, i` + 1} for 1 ≤ ` ≤ k.
By Proposition 2.4.30, if we let Ctw

T = Ctw
T (Y ) be the twistor coordinate matrix of Y , and

Y ′ := Ctw
T Z, then rowspan(Y ′) ⊆ rowspan(Y ). To complete the proof, we need to show

that Ctw
T ∈ Gr≥0

k,n, and Y ′ has full rank.
Using Theorem A.0.7 (as in the proof of Theorem 2.4.28), Ctw

T (Y ) is a Kasteleyn
matrix associated to the bipartite graph obtained from Ĝ(T ), as in Figure 2.4. (Some of
the twistor coordinates 〈Y Z1Zi〉 of Y may vanish, in which case we just erase some of the
edges of the bipartite graph.) If none of the twistor coordinates vanish, Theorem 2.4.28
implies that all nonzero minors of Ctw

T (Y ) have the same sign. Erasing some of the edges
of the bipartite graph preserves this property. We now claim that Ctw

T has full-rank. To
see this, note that if we let I := {i1, . . . , ik}, then pI(Ctw

T ) 6= 0. This is because when we
restrict to columns i1, . . . , ik, the only nonzero entry in column i` (for 1 ≤ ` ≤ k) is the
entry 〈Y Z1Zi`+1〉 in row `, which has sign (−1)`. Therefore Ctw

T ∈ Gr≥0
k,n, so Y ′ = Ctw

T Z

has full rank.

Corollary 2.5.2. Fix k < n, m = 2, and Z ∈ Mat>0
n,k+2. For any a with 1 ≤ a ≤ n, we

define

F◦,an,k,2(Z) = {Y ∈ Grk,k+2 | 〈Y ZiZi+1〉 > 0 for 1 ≤ i ≤ n− 1, and 〈Y ZnẐ1〉 > 0, and
var(〈Y ZaZa+1〉, . . . 〈Y ZaZn〉, 〈Y ZaẐ1〉, . . . , 〈Y ZaẐa−1〉) = k.}

We have An,k,2(Z) = F◦,an,k,2(Z) = F◦n,k,2(Z).

48



Proof. The proof is nearly the same as the one for Theorem 2.5.1. To adapt it, in the second
paragraph of that proof, we choose the sequence i0 < i1 < · · · < ik ≤ n − 1 based on
examining the signs of the sequence (〈Y ZaZa+1〉, . . . 〈Y ZaZn〉, 〈Y ZaẐ1〉, . . . , 〈Y ZaẐa−1〉).
We then use the triangulated unpunctured plabic tiling consisting of the k triangles with
vertices {a, i`, i` + 1} for 1 ≤ ` ≤ k.

By combining Proposition 2.3.3 with Theorem 2.5.1 (or Corollary 2.5.2), we can obtain
a sign-flip characterization of the B-amplituhedron Bn,k,2(W ) (see Definition 2.3.2).

Corollary 2.5.3. Fix k < n and W ∈ Gr>0
k+2,n. Let

G◦n,k,2(W ) := {X ∈ Gr2(W ) | pi,i+1(X) > 0 for 1 ≤ i ≤ n− 1, and pn,1̂(X) > 0,
and var((p12(X), p13(X), . . . p1n(X)) = k}

where for i < j, pjî(X) := (−1)kpij(X). Then Bn,k,2(W ) = G◦n,k,2(W ).

The set G◦n,k,2(W ) should agree with the set G from [107, Prop 3.20] when m = 2.
For general m, the sign-characterization of the amplituhedron An,k,m remains still a

conjecture.

Lemma 2.5.4. Let Z ∈ Mat>0
n,k+m and Y = CZ for C ∈ Gr>0

k,n. Let r =
⌊
m
2

⌋
. Then if m

is even:

〈Y ZI〉 > 0, I = {i1 < i1 + 1 < i2 < i2 + 1 < . . . < ir < ir + 1} ∈
(

[n]
m

)
;

if m is odd:

(−1)k〈Y Z{1}∪I〉 > 0, 〈Y ZI∪{n}〉 > 0, I = {i1 < i1+1 < i2 < i2+1 < . . . < ir < ir+1} ∈
(

[n]
m− 1

)
.

Conjecture 2.5.5 (Sign-flip characterization ofAn,k,m, [54]). Let Z ∈ Mat>0
n,k+m and define

F◦n,k,m(Z) := {Y ∈Grk,k+m | the conclusions of Lemma 2.5.4 hold, and
var(〈Y Z1 . . . Zm−1Zm〉, 〈Y Z1 . . . Zm−1Zm+1〉, . . . , 〈Y Z1 . . . Zm−1Zn〉) = k.}

Then An,k,m(Z) = F◦n,k,m(Z).

The fact that An,k,m(Z) ⊆ F◦n,k,m(Z) was sketched in [54] and independently proved in [107,
Corollary 3.21].
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2.6 Scattering Amplitudes from An,k,4
The m = 4 amplituhedron An,k,4 encodes the NkMHV n-particle tree-level amplitudes in
N = 4 SYM. The starting point is the space of momentum twistors (see Section 1.5.1),
zi = (λi, µ̃i) ∈ CP3, together with the Grassmann odd parameters {χRi }, where R ∈ [4] is
the R-symmetry index. Then the amplitude is a function on n copies of the momentum
twistor superspace with coordinates Zi = {zi, χi}. Let us remark that in this space both
momentum and supermomentum conservation are satisfied by construction and the am-
plitude is a function of degree 4k in the χ’s. We now introduce a bosonized momentum
twistor space by introducing auxiliary Grassmann-odd parameters.

Let us introduce 4k auxiliary Grassmann-odd parameters φαR, α ∈ [k],R ∈ [4]. We
define bosonized momentum twistor variables Z ∈ Matn,k+4 as

(Z)iA =
(

zai
φα · χi

)
, A = (a|α) ∈ [4 + k], i ∈ [n]. (2.6.1)

In order to make connection with scattering amplitudes we identify the matrices Z ∈
Mat>0

n,k+4 in Definition 2.2.4 with the above matrix. For this reason, we refer to Z as the
kinematic data.

We refer to Appendix B for more background about this section. The next step is
to find the canonical form Ω(An,k,4) of An,k,4, i.e. the differential form with logarithmic
singularities on all its boundaries. One way to do this is by finding a positroid triangulation
of An,k,4 (see Conjecture B.0.4). Conjectural positroid triangulations of An,k,4 are provided
by the so-called BCFW triangulations7. The canonical form on An,k,4 is then the sum
of push-forwards of canonical form of cells in such triangulations. The result is a sum of
rational forms where the denominators can contain spurious singularities, corresponding to
spurious boundaries in a given triangulation. These singularities disappear in the complete
sum and the only divergences of Ω(An,k,4) correspond to the facets of An,k,4.

Let us now describe how to obtain the amplitudeANkMHVn in super momentum twistors
from the canonical form Ω(An,k,4). Let us recall that the amplituhedron An,k,4 is 4k-
dimensional and therefore the degree of Ω(An,k,4) is 4k, which is top-dimensional in Grk,k+4.
Therefore we can write:

Ω(An,k,4) = µGrk,k+4(Y ) Ω(An,k,4), (2.6.2)
7The package positroid Mathematica™ package [121] can provide the collection of BCFW cells in a

triangulation via the function treeContour[n,k].
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where we refer to Ω(An,k,4) as the canonical function of An,k,4. Then, in order to extract the
amplitude from the canonical form Ω(An,k,4) one has to localize Y on a reference subspace

Y ∗ =
(

04×k

1k×k

)
, (2.6.3)

and integrate out the auxiliary Grassmann-odd variables φ’s:

ANkMHVn(Z) =
∫
dφ1

a . . . dφ
k
a Ωn,k(An,k,4)|Y=Y ∗ , (2.6.4)

In the following section we will show how extracting the amplitude works in practice in a
few examples.

Example 2.6.5 (NMHVn Amplitudes from cyclic polytopes An,1,4 ⊂ P4). It is known that
any cyclic polytope An,1,4(Z) ⊂ P4 with n vertices Zi, i ∈ [n] can be triangulated by the
following collection of simplices:

{∆1,i,i+1,j,j+1(Z)}2≤i<i+1<j≤n−1, ∆I(Z) := convex{Zi}i∈I , I ∈
(

[n]
5

)
. (2.6.6)

Moreover, the canonical form of each simplex is:

Ω(∆I(Z)) = 〈ZI〉4∏
i∈I〈Y, ZI\{i}〉

µP4(Y ). (2.6.7)

Indeed, the facets of ∆I are convex{Zj}j∈I\{i} and they lie on the hyperplanes 〈Y, ZI\{i}〉 =
0, with i ∈ I. One can also compute Ω(∆I)(Z) by observing that ∆I(Z) = Zπ, where
Sπ ⊂ Gr1,n is a positroid cell whose elements can be represented as C = (c1, . . . , cn), with
ci 6= 0 if i ∈ I and ci = 0 otherwise. Therefore:

Ω(An,1,4(Z)) =
∑

2≤i<i+1<j≤n−1
Ω(∆I(Z)). (2.6.8)

If we identify the matrix Z with the kinematic data in Equation (2.6.1), then:

∫
d4φ Ω(∆I(Z))|Y=Y ∗ =

δ0|4
(∑

i∈I εi,I\{i}〈zI\{i}〉χi
)

∏
i∈I〈zI\{i}〉

= RI(Z), (2.6.9)

where RI(Z) are the R-invariants – the building blocks of NMHV amplitudes – in super
momentum twistors Z. Applying formula Equation (2.6.4), we then have:

ANMHVn(Z) =
∫
d4φ Ωn,k(An,1,4(Z))|Y=Y ∗ =

∑
2≤i<i+1<j≤n−1

R1,i,i+1,j,j+1(Z), (2.6.10)
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which is known to be a representation of the NMHVn amplitude (cf. Equation (1.5.19)). 3

Yangian Invariants from the Amplituhedron. Tree-level scattering amplitudes in
N = 4 SYM can be written as sums of rational terms called Yangian invariants (see
for example [104, 122–128]). They can be obtained using BCFW recursion relations (see
Section 1.5.2) or from Grassmannian formulations [10, 91]. According to the latter, a
given Yangian invariant Ya relevant for amplitudes ANkMHVn can be obtained from a Grass-
mannian integral8 over a cycle which corresponds to a positroid cell Sa in Gr≥0

k,n. In the
framework of positive geometries – see also Figure 2.5 – such Yangian invariant Ya can be
extracted directly from the canonical form of the corresponding generalized triangle Z̃(S̄a)
in the amplituhedron An,k,4 (similarly for the amplitude using Equation (2.6.4)). Yangian
invariants Ya have poles where certain polynomials in momentum twistors P (〈ijls〉) vanish.
They correspond to facets of generalized triangle Z̃(S̄a), which lie on the vanishing locus
of the same polynomials in twistor coordinates P (〈Y ijls〉).

Figure 2.5: Dictionary between scattering amplitudes and the geometry of the
amplituhedron.

We note that positroid cells corresponding to generalised triangles are conjectured
to have intersection number one, see [104, 129] for more details. Their corresponding
Yangian invariants were called rational in [130] and are the building blocks for tree-level
scattering amplitudes. Whereas, positroid cells with intersection number higher than one,
are conjectured not to be mapped injectively in the amplituhedron: points in the image
have a finite number (bigger than one) of pre-images in Gr≥0

k,n. Yangian invariants associated
8In [127], it was indeed shown that the integral enjoys an infinite dimensional symmetry, which is

the Yangian of psu(2, 2|2), and is simply called the Yangian in literature on scattering amplitudes (see
Section 2.2.2). This symmetry is the hallmark of integrability of N = 4 SYM.
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with this type of cells do not enter representations of scattering amplitudes at tree-level, but
are relevant for their Leading Singularities (cf. Section 7.3.2). These Yangian invariants
can be written as a sum of terms which in general are algebraic (e.g. contain square-roots),
but the sum is still rational. See Section 7.1.3 for a relevant example.

Integral Representation. We can introduce an integral representation of the canonical
function Ω(An,k,4) as a contour integral (cf. Property B.0.13). Let us fix a point Y in
An,k,4 and let ω(An,k,4) and α be differential forms on Gr≥0

k,n such that:

Ω(Gr≥0
k,n) = ω(An,k,4) ∧ µ∗Grk,k+4

+ α (2.6.11)

and the restriction of α vanishes on the amplituhedron fiber Z̃−1(Y ). Here µ∗Grk,k+4
is the

pull-back of µGrk,k+4(Y ) under Z̃. Then the fiber volume form of An,k,4 of degree k(n−k−4)
is the restriction of ω(An,k,4) on the fiber Z̃−1(Y ). By choosing an appropriate contour
γ, one obtains the canonical form as a contour integral of the fiber volume form (see
Property B.0.11):

Ω(An,k,4)(Y ) =
∫
γ
ω(An,k,4)|Z̃−1(Y ). (2.6.12)

Remark 2.6.13. As explained in [60], this procedure is equivalent to the formulas in [61],
where Ω(An,k,4) is obtained from the following contour integral:∫

γ
Ω(Mat≥0

k,n) δk(k+4)(Y − CZ) , (2.6.14)

where
Ω(Mat≥0

k,n) := dk·nC

p[1,k](C) p[2,k+1](C) . . . p[n,k−1](C) . (2.6.15)
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Chapter 3

The Hypersimplex

In 1987, the foundational work of Gelfand-Goresky-MacPherson-Serganova [131] initiated
the study of the Grassmannian and torus orbits in the Grassmannian via the moment map
and matroid polytopes, which arise as moment map images of (closures of) torus orbits.
Classifying points of the Grassmannian based on the moment map images of the corre-
sponding torus orbits leads naturally to the matroid stratification of the Grassmannian.
The moment map image of the entire Grassmannian Grk+1,n is the (n−1)-dimensional hy-
persimplex ∆k+1,n ⊆ Rn, the convex hull of the indicator vectors eI ∈ Rn where I ∈

(
[n]
k+1

)
.

Over the last decades there has been a great deal of work on matroid subdivisions of the hy-
persimplex [132–134]; these are closely connected to the tropical Grassmannian [134–136]
and the Dressian [136], which parametrizes regular matroidal subdivisions of the hyper-
simplex.

The matroid stratification of the real Grassmannian is notoriously complicated: Mnev’s
universality theorem says that the topology of the matroid strata can be as bad as that
of any algebraic variety. However, as we saw in Section 2.2, there is a subset of the
Grassmannian called the totally nonnegative Grassmannian or (informally) the positive
Grassmannian [97, 98], where these difficulties disappear: the restriction of the matroid
stratification to the positive Grassmannian gives a cell complex [97, 99, 137], whose cells
Sπ are called positroid cells and labelled by (among other things) decorated permutations.
Since the work of Postnikov [97], there has been an extensive study of positroids [138–140]
– the matroids associated to the positroid cells. The moment map images of positroid
cells are precisely the positroid polytopes [141], and as we will discuss in this chapter, the
positive tropical Grassmannian [27] (which equals the positive Dressian [142]) parametrizes
the regular positroid subdivisions of the hypersimplex.

Besides the moment map, in Section 2.2 we discussed another interesting map on the
positive Grassmannian – the amplituhedron map. It was introduced by Arkani-Hamed and
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Trnka [13] in the context of scattering amplitudes in N = 4 SYM (cf. Chapter 2). In
particular, we recall that any n× (k+m) matrix Z with maximal minors positive induces
a map Z̃ from Gr≥0

k,n to the Grassmannian Grk,k+m, whose image has full dimension mk and
is the amplituhedron An,k,m. The case m = 4 is most relevant to physics: in this case, the
BCFW recursions give rise to collections of 4k-dimensional cells in Gr≥0

k,n, whose images
conjecturally “triangulate” the amplituhedron.

Given that the hypersimplex and the amplituhedron are images of the positive Grass-
mannian, which has a nice decomposition into positroid cells, one can ask the following
questions: when does a collection of positroid cells give – via the moment map – a positroid
dissection of the hypersimplex? By dissection, we mean that the images of these cells are
disjoint and cover a dense subset of the hypersimplex1. And when does a collection of
positroid cells give – via the amplituhedron map – a dissection of the amplituhedron?
We can also ask about positroid triangulations, which are dissections in which the mo-
ment map (respectively, the amplituhedron map) are injections on the various cells. See
Definition 3.2.1 and Definition 5.1.1.

The combinatorics of positroid triangulations for both the hypersimplex and the am-
plituhedron is very interesting: Speyer’s f -vector theorem [134,143] gives an upper bound
on the number of matroid polytopes of each dimension in a matroidal subdivision coming
from the tropical Grassmannian. In particular, it says that the number of top-dimensional
matroid polytopes in such a subdivision of ∆k+1,n is at most

(
n−2
k

)
. This number is in par-

ticular achieved by finest positroid subdivisions [142]. Meanwhile, it is conjectured [113]
that the number of cells in a triangulation of the amplituhedron An,k,m for even m is
precisely M(k, n− k −m, m2 ), where

M(a, b, c) :=
a∏
i=1

b∏
j=1

c∏
k=1

i+ j + k − 1
i+ j + k − 2

is the number of plane partitions contained in an a × b × c box. Note that when m = 2,
this conjecture says that the number of cells in a triangulation of An,k,2 equals

(
n−2
k

)
.

In Chapter 5 we will show that the appearance of the number
(
n−2
k

)
in the context of

both the hypersimplex ∆k+1,n and the amplituhedron An,k,2 is not a coincidence!
Summary of the Chapter. This chapter is based on the following works by the

author: [56, Sections 3,9] and [55, Section 7].
In this chapter we discuss the hypersimplex ∆k+1,n – the image under the moment map

of the totally non-negative Grassmannian Gr≥0
k+1,n. In Section 3.1 we introduce and present

1we do not put any constraints on how their boundaries match up
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new results about the hypersimplex and positroid polytopes -images of positroid cells of
Gr≥0

k+1,n under the moment map. In Section 3.1.1 we define ∆k+1,n and in Section 3.1.2 we
introduce matroid and positroid polytopes and present a new characterization of the lat-
ter. In Section 3.1.3 we give a full characterization of positroid polytopes which are images
of positroid cells where the moment map is injective. In particular, the full-dimensional
ones are referred to as generalized triangles – which we show to be in bijection with plabic
trees. In Section 3.2 we show that the positive tropical Grassmannain Trop+ Grk+1,n ex-
actly regulates the regular positroid subdivisions of ∆k+1,n. In particular, in Section 3.2.1
we introduce the tropical Grassmannian, the Dressian, and their positive analogues. In
Section 3.2.2 and Section 3.2.3 we show that the fan structure of Trop+ Grk+1,n coincides
with the secondary fan for (regular) positroid subdivisions of ∆k+1,n. In particular, maxi-
mal cones of Trop+ Grk+1,n are in bijection with regular positroid triangulations of ∆k+1,n.
Finally, we provide some data on f -vectors of the secondary fans.

3.1 The Hypersimplex and Positroid Polytopes

In this section we study positroid polytopes, which are images of positroid cells of Grk+1,n

under the moment map µ : Grk+1,n → Rn. We recall some of the known properties of
matroid and positroid polytopes, we give a new characterization of positroid polytopes
(Theorem 3.1.13), and we describe when the moment map is an injection on a positroid
cell, or equivalently, when the moment map restricts to a homeomorphism from the clo-
sure of a positroid cell to the corresponding positroid polytope (see Lemma 3.1.23 and
Theorem 3.1.22).

3.1.1 The Hypersimplex

Throughout, for x ∈ Rn and I ⊂ [n], we use the notation xI := ∑
i∈I xi.

Definition 3.1.1 (The Hypersimplex). Let eI := ∑
i∈I ei ∈ Rn, where {e1, . . . , en} is the

standard basis of Rn. The (k + 1, n)-hypersimplex ∆k+1,n is the convex hull of the points
eI where I runs over

(
[n]
k+1

)
.

Remark 3.1.2. Under the projection p : (x1, . . . , xn) 7→ (x1, . . . , xn−1), we see that the
hypersimplex is linearly equivalent to the polytope in Rn−1 defined by

{(x1, . . . , xn−1) | 0 ≤ xi ≤ 1; k ≤ x[n−1] ≤ k + 1}.
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This shows that the projected hypersimplex ∆k+1,n can be thought of as the slice of the
unit hypercube �n−1 contained between the two hyperplanes x[n−1] = k and x[n−1] = k+1.

Example 3.1.3 (The hypersimplex ∆2,4). The vertices of ∆2,4 ⊂ R4 in are: e12 =
(1, 1, 0, 0), e13 = (1, 0, 1, 0), e14 = (1, 0, 0, 1), e23 = (0, 1, 1, 0), e24 = (0, 1, 0, 0), e34 = (0, 0, 1, 1).
By Remark 3.1.2, it can be thought of as the slice of the unit cube �3 ⊂ R3 contained
between the two hyperplanes x1 + x2 + x3 = 1 and x1 + x2 + x3 = 2 (see Figure 3.1).

Figure 3.1: The hypersimplex ∆2,4 projected in R3.

3

The torus T = Rn acts on Grk+1,n by scaling the columns of a matrix representative
A. This is an (n−1)-dimensional torus since the Grassmannian is a projective variety. We
let TA denote the orbit of A under the action of T , and TA its closure.

The moment map from the Grassmannian Grk+1,n to Rn is defined as follows.

Definition 3.1.4 (The Moment Map). Let A be a (k+ 1)×n matrix representing a point
of Grk+1,n. The moment map µ : Grk+1,n → Rn is defined by

µ(A) =
∑
I∈( [n]

k+1) |pI(A)|2eI∑
I∈( [n]

k+1) |pI(A)|2 .

It is well-known that the image of the Grassmannian Grk+1,n under the moment map is
the hypersimplex ∆k+1,n. If one restricts the moment map to Gr≥0

k+1,n then the image is
again the hypersimplex ∆k+1,n [141, Proposition 7.10].

3.1.2 Matroid and Positroid Polytopes

In general, it follows from classical work of Atiyah [144] and Guillemin-Sternberg [145] that
the image µ(TA) is a convex polytope, whose vertices are the images of the torus-fixed
points, i.e. the vertices are the points eI such that pI(A) 6= 0. This motivates the notion
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of matroid polytope. Recall that any full rank (k+ 1)× n matrix A gives rise to a matroid
M(A) = ([n],B), where B = {I ∈

(
[n]
k+1

)
| pI(A) 6= 0}.

Definition 3.1.5. Given a matroid M = ([n],B), the (basis) matroid polytope ΓM of M
is the convex hull of the indicator vectors of the bases of M:

ΓM := convex{eB : B ∈ B} ⊂ Rn.

The following elegant characterization of matroid polytopes is due to Gelfand, Goresky,
MacPherson, and Serganova.

Theorem 3.1.6 ( [131]). Let B be a collection of subsets of [n] and let ΓB := convex{eB |
B ∈ B} ⊂ Rn. Then B is the collection of bases of a matroid if and only if every edge of
ΓB is a parallel translate of ei − ej for some i, j ∈ [n].

The dimension of a matroid polytope is determined by the number of connected com-
ponents of the matroid. Recall that a matroid which cannot be written as the direct sum
of two nonempty matroids is called connected.

Proposition 3.1.7 ( [146]). Let M be a matroid on E. For two elements a, b ∈ E, we
set a ∼ b whenever there are bases B1,B2 of M such that B2 = (B1 − {a}) ∪ {b}. The
relation ∼ is an equivalence relation, and the equivalence classes are precisely the connected
components of M.

Proposition 3.1.8 ( [147]). For any matroid, the dimension of its matroid polytope is
dim ΓM = n− c, where c is the number of connected components of M.

Matroid polytopes also have a straightforward description in terms of inequalities.

Proposition 3.1.9 ( [148]). Let M = ([n],B) be any matroid of rank k, and let rM :
2[n] → Z≥0 be its rank function. Then the matroid polytope ΓM can be described as

ΓM = {x ∈ Rn : x[n] = k, xA ≤ rM(A) for all A ⊂ [n]}
ΓM = {x ∈ Rn : x[n] = k, xA ≥ k − rM([n] \ A) for all A ⊂ [n]}.

In this work, we are interested in positroid polytopes, that is, matroid polytopes ΓM
whereM is a positroid. They arise as µ(TA) where A is a totally nonnegative matrix. Of
more interest to us, they can also be obtained as moment map images of positroid cells.
That is, for a positroid cell SM associated to a positroid M, one can consider the closure
of µ(SM). This coincides exactly with the corresponding positroid polytope:
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Proposition 3.1.10 ( [141, Proposition 7.10]). Let M be the positroid associated to the
positroid cell Sπ. Then ΓM = µ(Sπ) = µ(Sπ).

The first statement in Theorem 3.1.11 below was proved in [139, Corollary 5.4] (and
generalized to the setting of Coxeter matroids in [141, Theorem 7.13].) The second state-
ment follows from the proof of [141, Theorem 7.13].

Theorem 3.1.11. Every face of a positroid polytope is a positroid polytope. Moreover,
every face Γπ′ of a positroid polytope Γπ has the property that Sπ′ ⊂ Sπ.

There is a simple inequality characterization of positroid polytopes, which specialises
the one of matroid polytopes in Proposition 3.1.9.

Proposition 3.1.12 ( [139, Proposition 5.7]). A matroidM of rank k on [n] is a positroid
if and only if its matroid polytope ΓM can be described by the equality x[n] = k and inequal-
ities of the form

x[i,j] ≤ rM([i, j]), with i, j ∈ [n].

Here [i, j] is the cyclic interval given by [i, j] = {i, i + 1, . . . , j} if i < j and [i, j] =
{i, i+ 1, . . . , n, 1, . . . , j} if i > j.

We now give a new characterization of positroid polytopes. In what follows, we use
Sab as shorthand for S ∪ {a, b}, etc.

Theorem 3.1.13. Let M be a matroid of rank k on the ground set [n], and consider the
matroid polytope ΓM. It is a positroid polytope (i.e. M is a positroid) if and only if all of
its two-dimensional faces are positroid polytopes.

Moreover, if M fails to be a positroid polytope, then ΓM has a two-dimensional face
F with vertices eSab, eSad, eSbc, eScd, for some 1 ≤ a < b < c < d ≤ n and S of size k − 2
disjoint from {a, b, c, d}.

Remark 3.1.14. We note that a different characterization of positroids in terms of faces
of their matroid polytopes was given in [149, Proposition 6.4], see also [149, Lemma 6.2
and Lemma 6.3]. There are also some related ideas in the proof of [150, Lemma 30].

By Theorem 3.1.11, every two-dimensional face of ΓM is a positroid polytope. To
prove the other half of Theorem 3.1.13, we use the following lemma.

59



Lemma 3.1.15. LetM be a matroid of rank k on [n] which has two connected components,
i.e. M = M1 ⊕M2 such that the ground sets of M1 and M2 are S and T = [n] \ S.
Suppose that {S, T} fails to be a noncrossing partition of [n], in other words, there exists
a < b < c < d (in cyclic order) such that a, c ∈ S and b, d ∈ T . Then ΓM has a two-
dimensional face which is not a positroid polytope; in particular, that face is a square with
vertices eSab, eSad, eSbc, eScd, for some 1 ≤ a < b < c < d ≤ n and S of size k − 2 disjoint
from {a, b, c, d}.

Proof. By Proposition 3.1.7, we have bases Aa and Ac of M1 and also bases Bb and Bd

ofM2. We can find a linear functional on ΓM1 given by a vector in RS whose dot product
is maximized on the convex hull of eAa and eAc (choose the vector w such that wh = 1 for
h ∈ A, wh = 1

2 for h = a or h = c, and wh = 0 otherwise); therefore there is an edge in ΓM1

between eAa and eAc. Similarly, there is an edge in ΓM2 between eBb and eBd. Therefore
ΓM = ΓM1 × ΓM2 has a two-dimensional face whose vertices are eABab, eABad, eABbc, eABcd.
This is not a positroid polytope because {ab, ad, bc, cd} are not the bases of a rank 2
positroid.

Proposition 3.1.16. Let M be a connected matroid. If all of the two-dimensional faces
of ΓM are positroid polytopes, then ΓM is a positroid polytope (i.e. M is a positroid).

Proof. Suppose for the sake of contradiction that ΓM is not a positroid polytope.
Since ΓM is not a positroid polytope, then by Proposition 3.1.12, it has a facet F

of the form ∑
i∈S xi = rM(S), where S is not a cyclic interval. In other words, S and

T = [n] \ S fail to form a noncrossing partition. Each facet of ΓM is the matroid polytope
of a matroid with two connected components, so by the greedy algorithm for matroids (see
e.g. [139, Proposition 2.12]), F must be the matroid polytope of M|S ⊕M/S. But now
by Lemma 3.1.15, F has a two-dimensional face which is not a positroid polytope.

We now complete the proof of Theorem 3.1.13.

Proof. We start by writingM as a direct sum of connected matroidsM =M1⊕· · ·⊕Ml.
Let S1, . . . , Sl be the ground sets of M1, . . . ,Ml. By [139, Lemma 7.3], either one of the
Mi’s fails to be a positroid, or {S1, . . . , Sl} fails to be a non-crossing partition of [n]. If one
of theMi’s fails to be a positroid, then by Proposition 3.1.16, ΓMi

has a two-dimensional
face which fails to be a positroid. But then so does ΓM = ΓM1 × · · · × ΓMl

. On the other
hand, if {S1, . . . , Sl} fails to be a non-crossing partition of [n], then by Lemma 3.1.15, ΓM
has a two-dimensional face which fails to be a positroid. This completes the proof.
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3.1.3 Generalized Triangles of the Hypersimplex

As for the amplituhedron (see Section 2.4), we will be particularly interested in the cells
on which the moment map is injective. For this purpose, we fix some notation for positroid
polytopes and we introduce generalized triangles for the hypersimplex:

Definition 3.1.17 (Positroid Polytopes and Generalized Triangles). Given a positroid
cell Sπ of Gr≥0

k+1,n, we let Γ◦π = µ(Sπ) and Γπ = µ(Sπ), and we refer to Γ◦π and Γπ as open
positroid polytopes and positroid polytopes, respectively. We call Γπ a generalized triangle
for ∆k+1,n if dim(Sπ) = n− 1, and µ is injective on Sπ.

Example 3.1.18 (Generalized triangles of ∆2,4). Let us consider the positroid cell Sπ ⊂
Gr≥0

2,4, with π = 2413. Its elements can be represented by matrices C ∈ Mat2,4, with
p34(C) = 0 and pI(C) > 0, I ∈

(
[4]
2

)
\{3, 4}. Then the positroid polytope Γπ = µ(S̄π) ⊂ ∆2,4

is the convex hull of the vertices e12, e13, e14, e23, e24, see Figure 3.2. Γπ is a generalized
triangle of ∆2,4. 3

Figure 3.2: A generalized triangle of ∆2,4 - a 3-dimensional positroid polytope.

Example 3.1.19 (Non positroid polytope in ∆2,4). Let us consider the polytope P which
is the convex hull of the vectors {eI}, with I ∈

(
[4]
2

)
\ {2, 4}, see Figure 3.3. By Proposi-

tion 3.1.10, if P is a positroid polytope ΓM, then the basis B of the associated positroid
M = (B, [4]) should be B =

(
[4]
2

)
\ {2, 4}. Elements C of the associated positroid cell

SM ⊂ Gr≥0
2,4 would have p24(C) = 0 and the other Plücker coordinates positive. By the

Plücker relation p12p34 − p24p13 + p14p23 = 0 this is not possible. Therefore P = ΓM is not
a positroid polytope. 3

The following result comes from [139, Theorem 10.7] and its proof.
We say that a permutation π of [n] is stabilized-interval-free (SIF) if it does not stabilize

any proper interval of [n]; that is, π(I) 6= I for all intervals I ( [n].
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Figure 3.3: Example of a pyramid in ∆2,4 which is not a positroid polytope.

Proposition 3.1.20. Let Sπ be a positroid cell of Gr≥0
k+1,n and letMπ be the corresponding

positroid. Then Mπ is connected if and only if π is a SIF permutation of [n]. More
generally, the number of connected components of Mπ equals the number of connected
components of any reduced plabic graph associated to π.

Example 3.1.21. Consider the permutation π = (5, 3, 4, 2, 6, 7, 1) (which in cycle notation
is (234)(1567). Then there are two minimal-by-inclusion cyclic intervals such that π(I) =
I, namely [2, 4] and [5, 1], and hence the matroid Mπ has two connected components.
(Note that [1, 7] is also a cyclic interval with π([1, 7]) = [1, 7] but it is not minimal-by-
inclusion.) 3

Theorem 3.1.22 (Injectivity of Moment Map). Consider a positroid cell SG ⊂ Gr≥0
k+1,n,

with G any reduced plabic graph associated to the positroid cell. Then the moment map
is injective on SG if and only if G is a forest. When G is a forest, µ is moreover a
stratification-preserving homeomorphism from SG to the polytope ΓG ⊂ Rn. We have that
dimSG = dim ΓG = n− c, where c is the number of trees comprising the forest G.

In particular, given an (n − 1)-dimensional cell SG ⊂ Gr≥0
k+1,n, ΓG is a generalised

triangle for ∆k+1,n if and only if G is a tree.

For the proof, we need the following.

Lemma 3.1.23. Consider a positroid cell Sπ ⊂ Gr≥0
k+1,n and let Mπ be the corresponding

positroid. Then the following statements are equivalent:

1. the moment map restricts to an injection on Sπ

2. the moment map is a homeomorphism from Sπ to Γπ

3. dimSπ = dim Γπ = n − c, where c is the number of connected components of the
matroid Mπ.
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Proof. Suppose that (1) holds, i.e. that the moment map is an injection when restricted to
a cell Sπ. Then dim Γπ = dimSπ. By [141, Proposition 7.12], the positroid variety Xπ is a
toric variety if and only if dim Γπ = dimSπ, so this implies that Xπ is a toric variety, and
Sπ is its nonnegative part. It is well-known that the moment map is a homeomorphism
when restricted to the nonnegative part of a toric variety [151, Section 4.2], so it follows
that µ is a homeomorphism on Sπ. Therefore (1) implies (2). But obviously (2) implies
(1).

Now suppose that (2) holds. Since Γπ is the moment map image of Sπ, it follows that
dim Γπ = dimSπ, and by Proposition 3.1.8, we have that dim Γπ = n − c, where c is the
number of connected components of the matroid Mπ. Therefore (2) implies (3).

Now suppose (3) holds. Then by [141, Proposition 7.12], Xπ must be a toric variety,
and so the moment map restricts to a homeomorphism from Sπ to Γπ. So (3) implies
(2).

Proof of Theorem 3.1.22. This follows from Lemma 3.1.23 and Proposition 3.1.20, together
with the fact that we can read off the dimension of a positroid cell from any reduced plabic
graph G for it as the number of regions of G minus 1.

3.2 The Hypersimplex and the Positive Tropical Grass-
mannian

The goal of this section is to use the positive tropical Grassmannian to understand the
regular positroid subdivisions of the hypersimplex.

The tropical Grassmannian – or rather, an outer approximation of it called the Dressian
– controls the regular matroidal subdivisions of the hypersimplex [132], [134, Proposition
2.2]. There is a positive subset of the tropical Grassmannian, called the positive tropical
Grassmannian, which was introduced by Speyer and Williams in [27]. The positive tropical
Grassmannian equals the positive Dressian [152], and as we will show in Theorem 3.2.14,
it controls the regular positroid subdivisions of the hypersimplex.

Definition 3.2.1 (Positroid Triangulations/Dissections of ∆k+1,n). Let C = {Γπ} be a
collection of positroid polytopes, with {Sπ} positroid cells of Gr≥0

k+1,n. We say that C is a
positroidal triangulation of ∆k+1,n if we have that:

1. each Γπ is a generalized triangle (µ is injective on Sπ, and dimSπ = n− 1)

2. pairs of distinct open positroid polytopes Γ◦π and Γ◦π′ in the collection are disjoint
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3. ⋃π Γπ = ∆k+1,n.

We say that C is a positroid dissection of ∆k+1,n if each positroid polytope Γπ is full-
dimensional (i.e. dim Γπ = n− 1) and (2) and (3) are satisfied.

Example 3.2.2 (Positroid triangulation of ∆2,4). Figure 3.4 shows a positroid triangula-
tion {Γπ1 ,Γπ2} of ∆2,4, where Γπ1 is the generalized triangle considered in Example 3.1.18,
and Γν2 is the generalized triangle obtained from the positroid cell Sπ2 . Elements of the
cell can be represented by a matrix C ∈ Mat2,4, with p12(C) = 0 and pI > 0, I ∈

(
[4]
2

)
.

Therefore Γπ2 is the positroid polytope with vertices e13, e14, e23, e24, e34. 3

Figure 3.4: A positroid triangulation of ∆2,4.

Remark 3.2.3. We have learned since circulating the first draft of our paper [56] from
which this section is based, that some of our results in this section regarding positroid
subdivisions of the hypersimplex and the positive tropical Grassmannian, though not pre-
viously in the literature, were known or anticipated by various other experts including
David Speyer, Nima Arkani-Hamed, Thomas Lam, Marcus Spradlin, Nick Early, Felipe
Rincon, Jorge Olarte. There was some related work in [150], and [153] then in preparation.

3.2.1 The Tropical Grassmannian, the Dressian, and their posi-
tive analogues

Definition 3.2.4. Given e = (e1, . . . , eN) ∈ ZN
≥0, we let xe denote xe11 . . . xeNN . Let E ⊂ ZN

≥0.
For f = ∑

e∈E fexe a nonzero polynomial, we denote by Trop(f) ⊂ RN the set of all points
(X1, . . . , XN) such that, if we form the collection of numbers ∑N

i=1 eiXi for e ranging over
E, then the minimum of this collection is not unique. We say that Trop(f) is the tropical
hypersurface associated to f .
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In our examples, we always consider polynomials f with real coefficients. We also have
a positive version of Definition 3.2.4.

Definition 3.2.5. Let E = E+ tE− ⊂ ZN
≥0, and let f be a nonzero polynomial with real

coefficients which we write as f = ∑
e∈E+ fexe −

∑
e∈E− fexe, where all of the coefficients

fe are nonnegative real numbers. We denote by Trop+(f) ⊂ RN the set of all points
(X1, . . . , XN) such that, if we form the collection of numbers ∑N

i=1 eiXi for e ranging over
E, then the minimum of this collection is not unique and furthermore is achieved for some
e ∈ E+ and some e ∈ E−. We say that Trop+(f) is the positive part of Trop(f).

The Grassmannian Grk+1,n is a projective variety which can be embedded in projective
space P( [n]

k+1)−1, and is cut out by the Plücker ideal, that is, the ideal of relations satisfied
by the Plücker coordinates of a generic (k + 1) × n matrix. These relations include the
three-term Plücker relations defined below.

Definition 3.2.6. Let 1 < a < b < c < d ≤ n and choose a subset S ∈
(

[n]
k−1

)
which

is disjoint from {a, b, c, d}. Then pSacpSbd = pSabpScd + pSadpSbc is a three-term Plücker
relations for the Grassmannian Grk,n. Here Sac denotes S ∪ {a, c}, etc.

Definition 3.2.7. Given S, a, b, c, d as in Definition 3.2.6, we say that the tropical three-
term Plücker relation holds if

• PSac + PSbd = PSab + PScd ≤ PSad + PSbc or

• PSac + PSbd = PSad + PSbc ≤ PSab + PScd or

• PSab + PScd = PSad + PSbc ≤ PSac + PSbd.

And we say that the positive tropical three-term Plücker relation holds if either of the first
two conditions above holds.

Definition 3.2.8 ((Positive) Tropical Grassmannian). The tropical Grassmannian
Trop Grk+1,n ⊂ R( [n]

k+1) is the intersection of the tropical hypersurfaces Trop(f), where f
ranges over all elements of the Plücker ideal. The Dressian Drk+1,n ⊂ R( [n]

k+1) is the inter-
section of the tropical hypersurfaces Trop(f), where f ranges over all three-term Plücker
relations.

Similarly, the positive tropical Grassmannian Trop+ Grk+1,n ⊂ R( [n]
k+1) is the intersection

of the positive tropical hypersurfaces Trop+(f), where f ranges over all elements of the
Plücker ideal. The positive Dressian Dr+

k+1,n ⊂ R( [n]
k+1) is the intersection of the positive

tropical hypersurfaces Trop+(f), where f ranges over all three-term Plücker relations.
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Note that the Dressian Drk+1,n (respectively, the positive Dressian Dr+
k+1,n) is the sub-

set of R( [n]
k+1) where the tropical (respectively, positive tropical) three-term Plücker relations

hold.
In general, the Dressian Drk+1,n is much larger than the tropical Grassmannian Trop Grk+1,n

– for example, the dimension of the Dressian Dr3,n grows quadratically is n, while the di-
mension of the tropical Grassmannian Trop Gr3,n is linear in n [154]. However, the situation
for their positive parts is different.

Theorem 3.2.9 ( [152]). The positive tropical Grassmannian Trop+ Grk+1,n equals the
positive Dressian Dr+

k+1,n.

Definition 3.2.10 ((Positive) Plücker Vectors). We say that a point {PI}I∈( [n]
k+1) ∈ R( [n]

k+1)

is a (finite) tropical Plücker vector if it lies in the Dressian Drk+1,n, i.e. for every three-
term Plücker relation, it lies in the associated tropical hypersurface. And we say that
{PI}I∈( [n]

k+1) is a positive tropical Plücker vector, if it lies in the positive Dressian Dr+
k+1,n

(equivalently, the positive tropical Grassmannian Trop+ Grk+1,n), i.e. for every three-term
Plücker relation, it lies in the positive part of the associated tropical hypersurface.

Example 3.2.11. For Gr2,4, there is only one Plücker relation, p13p24 = p12p34 + p14p23.
The Dressian Dr2,4 ⊂ R([4]

2 ) is defined to be the set of points (P12, P13, P14, P23, P24, P34) ∈ R6

such that

• P13 + P24 = P12 + P34 ≤ P14 + P23 or

• P13 + P24 = P14 + P23 ≤ P12 + P34 or

• P12 + P34 = P14 + P23 ≤ P13 + P24.

And Dr+
2,4 = Trop+ Gr2,4 ⊂ R([4]

2 ) is defined to be the set of points (P12, P13, P14, P23, P24, P34) ∈
R6 such that

• P13 + P24 = P12 + P34 ≤ P14 + P23 or

• P13 + P24 = P14 + P23 ≤ P12 + P34

3
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3.2.2 The positive tropical Grassmannian and positroid subdivi-
sions

Recall that ∆k+1,n denotes the (k + 1, n)-hypersimplex, defined as the convex hull of the
points eI where I runs over

(
[n]
k+1

)
. Consider a real-valued function {I} 7→ PI on the

vertices of ∆k+1,n. We define a polyhedral subdivision DP of ∆k+1,n as follows: consider
the points (eI , PI) ∈ ∆k+1,n × R and take their convex hull. Take the lower faces (those
whose outwards normal vector have last component negative) and project them back down
to ∆k+1,n; this gives us the subdivision DP . We will omit the subscript P when it is clear
from context. A subdivision obtained in this manner is called regular.

Remark 3.2.12. A lower face F of the regular subdivision defined above is determined by
some vector λ = (λ1, . . . , λn,−1) whose dot product with the vertices of the F is maximized.
So if F is the matroid polytope of a matroid M with bases B, this is equivalent to saying
that λi1 + · · · + λik+1 − PI = λj1 + · · · + λjk+1 − PJ > λh1 + · · · + λhk+1 − PH for any two
bases I, J ∈ B and H /∈ B.

Given a subpolytope Γ of ∆k+1,n, we say that Γ is matroidal if the vertices of Γ,
considered as elements of

(
[n]
k+1

)
, are the bases of a matroid M , i.e. Γ = ΓM .

The following result is originally due to Kapranov [132]; it was also proved in [134,
Proposition 2.2].

Theorem 3.2.13 (Regular matroid subdivisions). The following are equivalent.

• The collection {PI}I∈( [n]
k+1) is a tropical Plücker vector.

• The one-skeleta of DP and ∆k+1,n are the same.

• Every face of DP is matroidal.

Given a subpolytope Γ of ∆k+1,n, we say that Γ is positroid if the vertices of Γ, con-
sidered as elements of

(
[n]
k+1

)
, are the bases of a positroid M , i.e. Γ = ΓM . We now give a

positroid version of Theorem 3.2.13.

Theorem 3.2.14 (Regular positroid subdivisions). The following are equivalent.

• The collection {PI}I∈( [n]
k+1) is a positive tropical Plücker vector.

• Every face of DP is positroid.
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Proof. Suppose that the collection {PI}I∈( [n]
k+1) are positive tropical Plücker coordinates.

Then in particular they are tropical Plücker coordinates, and so by Theorem 3.2.13, every
face of DP is matroidal.

Suppose that one of those faces ΓM fails to be positroid. Then by Theorem 3.1.13,
ΓM (and hence DP ) has a two-dimensional face with vertices eSab, eSad, eSbc, eScd, for some
1 ≤ a < b < c < d ≤ n and S of size k− 1 disjoint from {a, b, c, d}. By Remark 3.2.12, this
means that there is a vector λ = (λ1, . . . , λn,−1) whose dot product is maximized at the
face F . In particular, if we compare the value of the dot product at vertices of F versus
eSac and eSbd, we get λa + λb − PSab = λc + λd − PScd = λa + λd − PSad = λb + λc − PSbc is
greater than either λa + λc − PSac or λb + λd − PSbd. But then

λa+λb−PSab+λc+λd−PScd = λa+λd−PSad+λb+λc−PSbc > λa+λc−PSac+λb+λd−PSbd,

which implies that
PSab + PScd = PSad + PSbc < PSac + PSbd,

which contradicts the fact that {PI} is a collection of positive tropical Plücker coordinates.
Suppose that every face of DP is positroid. Then every face is in particular matroidal,

and so by Theorem 3.2.13, the collection {PI}I∈( [n]
k+1) are tropical Plücker coordinates.

Suppose that they fail to be positive tropical Plücker coordinates. Then there is some S ∈(
[n]
k−1

)
and a < b < c < d disjoint from S such that PSab+PScd = PSad+PSbc < PSac+PSbd.

We will obtain a contradiction by showing that DP has a two-dimensional (non-positroid)
face with vertices eSab, eSad, eSbc, eScd, for some 1 ≤ a < b < c < d ≤ n and S of size k − 1
disjoint from {a, b, c, d}.

To show that these vertices form a face, choose some large number N which is greater
than the absolute value of any of the tropical Plücker coordinates, i.e. N > max{|PI |}I∈( [n]

k+1).
We define a vector λ ∈ Rn by setting

λi =



PSab + PSac + PSad for i=a
PSab + PSbc + PSbd for i=b
PSac + PSbc + PScd for i=c
PSad + PSbd + PScd for i=d
3N for i ∈ S
−3N for i /∈ S ∪ {a, b, c, d}

Then the vertices of ∆k+1,n maximizing the dot product with λ will certainly be some
subset of eSab, eSac, eSad, eSbc, eSbd, eScd. And in fact the relation PSab + PScd = PSad +
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PSbc < PSac + PSbd implies that the vertices maximizing the dot product will be exactly
eSab, eSad, eSbc, eScd.

It follows from Theorem 3.2.14 that the regular subdivisions of ∆k+1,n consisting of
positroid polytopes are precisely those of the form DP , where P = {PI} is a positive
tropical Plücker vector. This motivates the following definition.

Definition 3.2.15 (Regular Positroid Subdivision). We say that a positroid dissection of
∆k+1,n is a regular positroid subdivision if it has the form DP , where P = {PI} ∈ R( [n]

k+1) is
a positive tropical Plücker vector.

Remark 3.2.16. Every regular subdivision of a polytope is a polytopal subdivision, and
so in particular it is a good dissection (see Definition 5.2.14).

3.2.3 Fan structures on the Dressian and positive Dressian

As described in [154], there are two natural fan structures on the (positive) Dressian: the
Plücker fan, and the secondary fan.

We say that two elements of the Dressian, i.e. two tropical Plücker vectors {PI}I∈( [n]
k+1)

and {P ′I}I∈( [n]
k+1) ∈ R( [n]

k+1), lie in the same cone of the Plucker fan if for each S, a, b, c, d

as in Definition 3.2.7, the same inequality holds for both {PSac, PSbd, PSab, PScd, PSad, PSbc}
and {P ′Sac, P ′Sbd, P ′Sab, P ′Scd, P ′Sad, P ′Sbc}. In particular, the maximal cones in the Plücker fan
structure are the cones where the inequalities from Definition 3.2.7 are all strict.

On the other hand, using Theorem 3.2.13 and Theorem 3.2.14, we say that two elements
of the Dressian, i.e. two tropical Plücker vectors {PI}I∈( [n]

k+1) and {P ′I}I∈( [n]
k+1) ∈ R( [n]

k+1), lie
in the same cone of the secondary fan if the matroidal subdivisions DP and DP ′ coincide. In
particular, the maximal cones in the secondary fan structure are the cones corresponding
to the unrefinable positroid subdivisions.

In [154] it was shown that for the Dressian Dr3,n, the Plücker fan structure and the
secondary fan structure coincide. And in [155, Theorem 14] it was shown that the fan
structures coincide for general Dressians Drk+1,n. We can now just refer to the fan structure
on Dr+

k+1,n = Trop+ Grk+1,n without specifying either “Plücker fan” or “secondary fan.”
We have the following result.

Corollary 3.2.17. A collection C = {Sπ} of positroid cells of Gr≥0
k+1,n gives a regular

positroid triangulation of ∆k+1,n (see Definition 3.2.1) if and only if this triangulation has
the form DP , for P = {PI}I∈( [n]

k+1) a positive tropical Plücker vector from a maximal cone
of Trop+ Grk+1,n.
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Proof. Suppose that a collection {Sπ} of positroid cells of Gr≥0
k+1,n is a regular positroid

triangulation; in other words, the images of the cells {Sπ} under the moment map are the
top-dimensional positroid polytopes in the subdivision DP of ∆k+1,n, and the moment map
is an injection on each Sπ. Therefore by Lemma 3.1.23 and Theorem 3.1.22, dimSπ = n−1,
each positroid Mπ is connected, and the reduced plabic graph associated to π is a (planar)
tree.

We claim that the collection {Sπ} gives an unrefineable possible positroid subdivision
of the hypersimplex. That is, there is no nontrival way to subdivide one of the positroid
polytopes Γπ into two full dimensional positroid polytopes. If we can subdivide Γπ as
above, and there is another full-dimensional positroid polytope Γπ′ strictly contained in
Γπ, then the bases of Mπ′ are a subset of the bases of Γπ, and hence the cell Sπ′ lies in
the closure of Sπ. But then a reduced plabic graph G′ for Sπ′ can be obtained by deleting
some edges from a reduced plabic graph G for Sπ; this means that G′ has fewer faces than
G and hence has the corresponding cell has smaller dimension, which is a contradiction,
so the claim is true.

But now the fact that {Sπ} gives an unrefineable positroid subdivision means that it
came from a maximal cone of Trop+ Grk+1,n.

Conversely, consider a regular positroid subdivision DP coming from a maximal cone
of Trop+ Grk+1,n. Then the subdivision DP (which we identify with its top-dimensional
pieces {Sπ}) is an unrefineable positroid subdivision. In other words, none of the positroid
polytopes Γπ can be subdivided into two full-dimensional positroid polytopes, which in
turn means that the reduced plabic graph corresponding to π must be a tree. This implies
that the moment map is an injection on each Sπ and hence {Sπ} gives a regular positroid
triangulation of ∆k+1,n.

Corollary 3.2.18. The number of regular positroid triangulations of the hypersimplex
∆k+1,n equals the number of maximal cones in the positive tropical Grassmannian Trop+ Grk+1,n.

The fact that the Plücker fan structure and the secondary fan structure on Trop+ Grk+1,n

coincide also implies that the f -vector of Trop+ Grk+1,n reflects the number of positroid
subdivisions of ∆k+1,n (with maximal cones corresponding to unrefineable subdivisions and
rays corresponding to coarsest subdivisions).

The f-vector of Trop+ Grk+1,n. We report here what is known about the f -vector of
the positive tropical Grassmannian. This is the vector (f0, f1, . . . , fd) whose components
compute the number of cones of fixed dimension.
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As shown in [27], the positive tropical Grassmannian has an n-dimensional lineality
space coming from the torus action. However, one may mod out by this torus action
and study the resulting fan. The method used in [27] was to show that Trop+ Grk+1,n

(a polyhedral subcomplex of R( [n]
k+1)) is combinatorially equivalent to an k(n − k − 2)-

dimensional fan Fk+1,n, obtained by using an “X-cluster” or “web” parametrization of the
positive Grassmannian, and modding out by the torus action. As explained in [27, Section
6], Fk+1,n is the dual fan to the Minkowski sum of the

(
n
k+1

)
Newton polytopes obtained

by writing down each Plücker coordinate in the X-cluster parametrization.
Using this technique, [27] computed the f -vector of Trop+ Gr2,n (which is the f -vector

of the associahedron, with maximal cones corresponding to triangulations of a polygon)
Trop+ Gr3,6, and Trop+ Gr3,7. The above f -vector computations were recently extended
in [156] using the notion of “stringy canonical forms” and in [157,158] using planar arrays
and matrices of Feynman diagrams. See also [32, 34, 41] for recent, physics-inspired devel-
opments in this direction. We list all known results about maximal cones in the positive
tropical Grassmannian Trop+ Grk+1,n and their relation to triangulations of hypersimplex
∆k+1,n in Table 5.2.

Apart from the f -vector of Trop+ Gr2,n, the known f -vectors of positive tropical Grass-
mannians Trop+ Grk,n (with k ≤ n

2 ) are the following:

Trop+ Gr3,6 :(1, 48, 98, 66, 16, 1)
Trop+ Gr3,7 :(1, 693, 2163, 2583, 1463, 392, 42, 1)
Trop+ Gr3,8 :(1, 13612, 57768, 100852, 93104, 48544, 14088, 2072, 120, 1)
Trop+ Gr4,8 :(1, 90608, 444930, 922314, 1047200, 706042, 285948, 66740, 7984, 360, 1)

For Trop+ Gr4,9 it is also known that the second component of the f -vector is 30659424
[158].
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Chapter 4

T-duality: the Hypersimplex VS the
Amplituhedron

There are some interesting maps which one can apply to the positive Grassmannian Gr≥0
r,n

and its cells – as we saw in Chapter 2 and Chapter 3. The first map is the amplituhedron
map – a map Z̃ from Gr≥0

k,n to the Grassmannian Grk,k+m, whose image of full dimension
mk is the amplituhedron An,k,m(Z). The second map is the moment map – a map from
Gr≥0

k+1,n to Rn, whose image of dimension n− 1 is the hypersimplex ∆k+1,n.
At first glance, the (n − 1)-dimensional hypersimplex ∆k+1,n ⊂ Rn doesn’t seem to

have any relation to the 2k-dimensional amplituhedron An,k,2(Z) ⊂ Grk,k+2. Nevertheless,
in this chapter we draw striking parallels between ∆k+1,n and An,k,2(Z), some of which
are illustrated in Table 4.1. They key to connect the two worlds is T-duality. One of its
combinatorial realization is a simple map on decorated permutations labelling positroid
cells (Definition 4.1.1). Surprisingly, T-duality provides very deep insights also at the level
of the geometry itself (e.g. Section 4.2). It can shed light on the sign stratification of the
amplituhedron (Section 4.3), and open connections to tropical geometry (Section 5.2.2) and
cluster algebras (Section 7.1.2). Our discussion will culminate in Chapter 5, where – using
results from this chapter – we show that T-duality also relates the secondary geometry of
the hypersimplex and the amplituhedron – i.e. their triangulations (dissections).

T-duality is part of a broader picture: in Chapter 6 we see how T-duality can be
thought of as a generalization of the homonymous duality in physics coming from String
Theory. In particular, the momentum amplituhedron is conjectured to be T-dual to the
amplituhedron for m = 4 (Conjecture 6.1.68). Our work serves therefore also as a model
for what still has to be explored in that context.

Summary of the Chapter. This chapter is based on the following works by the
author: [55, Sections 8-10,12] and [56, Sections 5].
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In this chapter we explore a duality between two seemingly unrelated objects: the
hypersimplex ∆k+1,n (cf. Chapter 3) and the amplituhedron An,k,2(Z) (cf. Chapter 2). We
refer to it as T-Duality and it is one of the main topics of this work. In Section 4.1 we
define T-duality on the main combinatorial objects associated to the totally non-negative
Grassmannian: decorated permutations (Section 4.1.1), plabic graphs (Section 4.1.2), and
positroid cells (Section 4.1.3). In Section 4.2 we explore how positroid polytopes in ∆k+1,n

and Grasstopes in An,k,2(Z) are related via T-Duality. In Section 4.2.1 we show that T-
duality provides a bijection between generalized triangles of ∆k+1,n and An,k,2. Moreover,
we show that inequalities cutting out a positroid polytope translates into sign conditions on
twistor coordinates characterizing the T-dual Grasstope. Both can be simply read from the
statistics of the associated plabic tiling. Moreover, we show in Section 4.2.2 that we can also
read off their facets. Finally, in Section 4.2.3 we provide a bijection between generalized
triangles of ∆k+1,n and An,k,2(Z) with separable permutations on [n−1] refined by numbers
of descents k – counted by (a refinement of) the Schröder numbers. In Section 4.3 we show
that we can subdivide the amplituhedron An,k,2(Z) into w-chambers as the hypersimplex
∆k+1,n can be subdivided into w-simplices – both labelled by permutations w on [n − 1]
with k descents, and therefore enumerated by Eulerian numbers En−1,k. Moreover, we
show that w-simplices and w-chambers can be really thought as T-dual of each other. In
Section 4.4 we define the G-amplituhedron - a Z-independent, full-dimensional analogue
of the amplituhedron inside Gr2,n. Using this, we show that all w-chambers of An,k,2(Z)
are realizable (i.e. are non-empty for some Z). We then define the total amplituhedron in
Gr2,n as the union of G-amplituhedra with different k. This is the amplituhedron-analogue
of the hypercube – which is the union of different hypersimplices by varying k.
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The Hypersimplex ∆k+1,n VS The Amplituhedron An,k,2
∆k+1,n = µ(Gr≥0

k+1,n) (moment map) (Amplituhedron map) An,k,2 = Z̃(Gr≥0
k,n)

dim(∆k+1,n) = n− 1 in Rn dim(An,k,2) = 2k in Grk,k+2

GENERALIZED TRIANGLES (GTs)
ΓG(T ) (Positroid Polytope) unpunctured plabic tiling T in an n-gon (Grasstope) ZĜ(T )

x[h,j−1] ≥ areaT (h→ j) compatible arc h→ j sgn〈Y hj〉 = (−1)areaT (h→j)

x[h,j−1] = areaT (h→ j) facet defining arc h→ j 〈Y hj〉 = 0
w-SIMPLICES and w-CHAMBERS

w-simplex ∆w ⊂ ∆k+1,n such that: w ∈ Sn: wn = n,# DesL(w) = k w-chamber ∆̂w(Z) ⊂ An,k,2 such that:
∆w = conv{eI1 , . . . , eIn} Ia = Ia(w) := cDesL(w(a−1)) Flip(〈Y a1̂〉, 〈Y a2̂〉, . . . , 〈Y an〉) = Ia \ {a}

Hypersimplex ∆k+1,n = ⋃
w ∆w Amplituhedron An,k,2(Z) = ⋃

w ∆̂w(Z)

GT Γπ = ⋃
∆w∩Γ◦π 6=∅∆w GT Zπ̂ = ⋃

∆̂w(Z)∩Z◦π̂ 6=∅
∆̂w(Z)

∆w ⊂ Γπ ⇔ ∆̂w(Z) ⊂ Zπ̂

Hypercube �n−1 = ⋃
k ∆k+1,n = ⋃

w ∆w w ∈ Sn : wn = n Total Amplituhedron G(2)
n = ⋃

k Gn,k,2 = ⋃
w ∆̂w(G)

TRIANGULATIONS
{Γπ} triangulates ∆k+1,n ⇔ {Zπ̂} triangulates An,k,2(Z), for all Z

BCFW triangulation {Γπ} BCFW recurrences BCFW triangulation {Zπ̂}
Regular triangulation {Γπ} max cones of Trop+ Grk+1,n Regular triangulation {Zπ̂}
Catalan triangulation {Γπ} Colouring vertices of a fixed tree Catalan triangulation {Zπ̂}
Descent triangulation {Γπ} positions of descents/sign flips Sign-flip triangulation {Zπ̂}

Table 4.1: Table of Correspondences via T-duality: the Hypersimplex VS the Amplituhedron.



4.1 Combinatorial T-Duality

4.1.1 T-Duality on Decorated Permutations

Definition 4.1.1 (T-duality on decorated permutations). Let π = a1a2 . . . an be a loopless
decorated permutation (written in one- line notation). The T-dual decorated permutation
π̂ is defined as the map i 7→ π(i − 1), so that π̂ = ana1a2 . . . an−1. Any fixed points in π̂

are declared to be loops.

Remark 4.1.2. This map was previously defined in [113, Definition 4.5]) and can be re-
garded as an ‘m = 2’ version of the map that appeared in [11] for the m = 4 amplituhedron.
The T-duality map was also recently studied in [159] and [96].

Recall that an anti-excedance of a decorated permutation is a position i such that
π(i) < i, or π(i) = i and i is a coloop. Our first result shows that T-duality is a bijection
between loopless cells of Gr≥0

k+1,n and coloopless cells of Gr≥0
k,n.

Lemma 4.1.3. The T-duality map π 7→ π̂ is a bijection between the loopless permutations
on [n] with k + 1 anti-excedances, and the coloopless permutations on [n] with k anti-
excedances. Equivalently, the T-duality map is bijection between loopless positroid cells of
Gr≥0

k+1,n and coloopless positroid cells of Gr≥0
k,n.

Proof. The second statement follows from the first by Appendix A, so it suffices to prove
the first statement. Let π = (a1, . . . , an) be a loopless permutation on [n] with k + 1 anti-
excedances; then π̂ = (an, a1, . . . , an−1). Consider any i such that 1 ≤ i ≤ n−1. Suppose i
is a position of a anti-excedance, i.e. either ai < i or ai = i. Then the letter ai appears in
the (i+ 1)st position in π̂, and since ai < i+ 1, we again have an anti-excedance. On the
other hand, if i is not a position of an anti-excedance, i.e. ai > i (recall that π is loopless),
then in the (i+ 1)st position of π̂ we have ai ≥ i+ 1. By Definition 4.1.1 if we have a fixed
point in position i+ 1 (i.e. ai = i+ 1) this is a loop, and so position i+ 1 of π̂ will not be
a anti-excedance. Therefore if I ⊂ [n − 1] is the positions of the anti-excedances located
in the first n− 1 positions of π, then I + 1 is the positions of the anti-excedances located
in positions {2, 3, . . . , n} in π̂.

Now consider position n of π. Because π is loopless, n will be the position of a anti-
excedance in π. And because π̂ is defined to be coloopless, 1 will never be the position of
a anti-excedance in π̂. Therefore the number of anti-excedances of π̂ will be precisely one
less than the number of anti-excedances of π.

It is easy to reverse this map so it is a bijection.
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Remark 4.1.4. Since by Lemma 4.1.3 the map π 7→ π̂ is a bijection, we can also talk
about the inverse map from coloopless permutations on [n] with k anti-excedances to
loopless permutations on [n] with k + 1 anti-excedances. We denote this inverse map by
π 7→ π̌.

Remark 4.1.5. Our map π 7→ π̂ is in fact a special case of the map ρA introduced by
Benedetti-Chavez-Tamayo in [159, Definition 23] (in the case where A = ∅).

In Lemma 4.1.3 we showed that T-duality gives a bijection between loopless cells Sπ of
Gr≥0

k+1,n and coloopless cells Sπ̂ of Gr≥0
k,n. We now show that this map is a poset isomorphism.

Abusing notation, in this subsection we use π, ν to denote bounded affine permutations
rather than decorated permutations.

Proposition 4.1.6 (T-duality as a poset isomorphism). T-duality gives a codimension-
preserving poset isomorphism between loopless cells of Gr≥0

k+1,n and coloopless cells of Gr≥0
k,n.

That is, for π, ν loopless decorated permutations of type (k + 1, n), Sν ⊂ Sπ if and only if
Sν̂ ⊂ Sπ̂, and, further the codimensions are the same.

Proof. Recall that the poset Q(k, n) is dual to the poset Bound(k, n) of bounded affine
permutations with respect to the Bruhat order [160], so we will work with Bound(k, n)
instead. In Bound(k, n), πmν if π = τ ◦ν for some transposition τ and inv(π) = inv(ν)+1.

Let δ : Z→ Z be the map i 7→ i− 1. Translating Definition 4.1.1 into the language of
bounded affine permutations, we see that for loopless π ∈ Bound(k+ 1, n), the T-dual of π
is π̂ = π ◦ δ. Fix loopless π, ν ∈ Bound(k+ 1, n). We show that π ≥ ν if and only if π̂ ≥ ν̂.

First, note that π and π ◦ δ have the same length. Further, ν̂ ◦ π = ν ◦ π ◦ δ = ν ◦ π̂.
So π m ν if and only if π̂ m ν̂.

To extend this beyond cover relations, notice that if ν ∈ Bound(k + 1, n) has ν(i) = i

or ν(i) = i+ n, then for all π ∈ Bound(k + 1, n) with π > ν, we have π(i) = ν(i). Indeed,
in matroidal terms, this is saying that if the positroid Mν has a loop (resp. coloop), then
so does Mπ for all Mπ ⊂Mν .

Now, π ≥ ν if and only if there exists a maximal chain πmπ1 m · · ·mπrm ν. Since ν is
loopless, the observation in the previous paragraph shows that πi is loopless for i = 1, . . . , r.
Since T-duality and its inverse preserve cover relations, we have such a chain if and only
if we have the chain π̂ m π̂1 m · · ·m π̂r m ν̂ in Bound(k, n), which is equivalent to π̂ ≥ ν̂.

The codimension statement follows from the fact that the codimension of Sν in Sπ is
the length of any maximal chain from ν to π in Bound(k, n).
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T-duality can also be defined for arbitrary even m, as in [56, Equation 5.13], and is
also of interest for understanding the m = 4 amplituhedron. As is clear from [56, Equation
5.13], the T-duality map for even m is simply composing the “m = 2” T-duality map m/2
times. Proposition 4.1.6 also gives us information about this composition.

Definition 4.1.7. Let Lr Gr≥0
k′,n be the set of cells Sπ ⊂ Gr≥0

k′,n such that π(i) ≥ i + r for
all i. Analogously, let us define CL−r Gr≥0

k,n to be the set of cells Sν ⊂ Gr≥0
k,n such that

ν(i) ≤ i+ n− r for all i. Each is ordered by inclusion on the closures of cells.

Remark 4.1.8. The composition of T-duality r times is a well-defined map from Lr Gr≥0
k+r,n

to CL−r Gr≥0
k,n. Indeed, if π(i) ≥ i + r, then applying T -duality s times gives a loopless

bounded affine permutation for s = 1, . . . , r − 1. Moreover, it is easy to see that applying
T -duality r times to such a π gives a bounded affine permutation ν with ν(i) ≤ i+ n− r.

From Proposition 4.1.6 we immediately have the following:

Proposition 4.1.9. The composition of T-duality r times gives a poset isomorphism be-
tween Lr Gr≥0

k+r,n and CL−r Gr≥0
k,n.

4.1.2 T-Duality on Plabic Graphs

T-duality extends to an operation on plabic graphs.

Definition 4.1.10. A reduced plabic graph is called black-trivalent (resp. white-trivalent)
if all of its interior black (resp. white) vertices are trivalent.

Note that in particular, black-trivalent (white-trivalent) graphs have no black (white)
lollipops, so their trip permutations are loopless (coloopless).

Starting from a black-trivalent graph G with trip permutation π, we now give an ex-
plicit construction of a white-trivalent graph Ĝ with trip permutation π̂. This construction
streamlines the bijection of [161, Proposition 7.15] and [96, Proposition 8.3], and phrases
the bijection entirely in terms of plabic graphs, rather than plabic and zonotopal tilings.

Definition 4.1.11 (T-dual plabic graph). Let G be a reduced black-trivalent plabic graph.
The T-dual of G, denoted Ĝ, is the graph obtained as follows:

1. In each face f of G, place a black vertex b̂(f).

2. “On top of” each black vertex b of G, place a white vertex ŵ(b);
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3. For each black vertex b of G in face f , put an edge ê connecting ŵ(b) and b̂(f);

4. Put î on the boundary of G between vertices i− 1 and i and draw an edge from î to
b̂(f), where f is the adjacent boundary face.

1

2 3

4

5

6

7

8

1̂

2̂

3̂

4̂

5̂

6̂
7̂

8̂

Figure 4.1: In black: a plabic graph G of type (4, 8) with trip permutation
(2, 4, 7, 1, 8, 5, 3, 6). In blue: the T-dual plabic graph Ĝ of type (3, 8) with trip

permutation (6, 2, 4, 7, 1, 8, 5, 3), which is built using Definition 4.1.11.

Proposition 4.1.12. Let G be a reduced black-trivalent plabic graph with trip permutation
π. Then Ĝ is a reduced white-trivalent plabic graph with trip permutation π̂.

Proof. We first show that if G has the trip γ : i→ π(i), then Ĝ has the trip γ̂ : î+ 1→ π̂(i).
Say γ starts at i. Let v be the first black vertex γ meets. By the rules of the road,

there is one edge e attached to v at the left of γ (as G is black-trivalent). Note that vertex
B is in the boundary face f containing boundary vertices i and i+1. This is because before
meeting v, γ meets only white vertices, and by the rules of the road there are no edges
involving these vertices lying to the left of γ. So ŵ(v) is also connected to b̂(f). And by
definition, î+ 1 is connected to b̂(f). Note that at the vertex b̂(f), if we start at the edge
to î+ 1 and go counterclockwise, we see the edge to ŵ(v). This means γ̂ starts at î+ 1,
goes to b̂(f), then to ŵ(v) (see Figure 4.2). Now, let g be the face of G which contains e
and the edge of γ following v. Clearly b̂(g) is connected to ŵ(v). At the vertex ŵ(v), if
we start at the edge to b̂(f) and go clockwise, we see the edge to b̂(g). This means that γ
goes from ŵ(v) to b̂(g).

Now, let v′ be the next black vertex γ meets. Again, the edges involving any white
vertices on γ between v, v′ must lie to the right of γ, and there is exactly one edge e′ at
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i

̂i+ 1 f g

v v′
π(i)

π̂(i)

γ

h

Figure 4.2: Black edges and vertices are in G; blue are Ĝ. In orange, the trip
γ : i→ π(i) in G. The trip γ̂ follows the solid blue edges.

v′ to the left of γ. So the face g also contains v′. Let h be the face of G which contains
e′ and the edge of γ following v′. Then γ̂ goes from b̂(g) to ŵ(v′) to b̂(h) (see Figure 4.2).
Continuing in this way, we see that if γ passes through a black vertex v, then γ̂ passes
through ŵ(v) and then goes to b̂(f), where f is the face to the left of γ containing v and
the edge of γ following v. If v is the last black vertex on γ, then f is the boundary face
touching π(i) − 1 and π(i). Note that at the vertex b̂(f), if we start at the edge to ŵ(v)
and go counterclockwise, we see the edge to π̂(i). So γ will turn maximally right at b̂(f)
to go to π̂(i).

If γ meets no black vertices, there are no edges of G at the left of γ. This means
π(i) = i+1. The boundary face f between i and π(i) contains only white vertices, so there
will be a loop in Ĝ at boundary vertex î+ 1. Clearly π̂(i+ 1) = i+ 1 = π(i) as desired.

v

ŵ(v)

Figure 4.3: Black trivalent vertices of G correspond to white trivalent vertices
of Ĝ.

Now, that Ĝ is white-trivalent follows immediately from the fact that G is black-
trivalent (see Figure 4.3).

To show that Ĝ is reduced, it suffices to show that it has dim(Sπ̂) + 1 many faces.
Note that Definition 4.1.11 does not depend at all on the white vertices of G. So we may
assume without loss of generality that G is bipartite and has a white vertex adjacent to
every boundary vertex. With this assumption, it is not hard to see that the faces of Ĝ are
in bijection with white vertices of G.

Let B,W,F,E denote the number of white vertices, black vertices, faces (excluding
the infinite face), and edges (excluding edges between two boundary vertices) of G. Say
that G is type (k + 1, n). By [56, Proposition 5.17] (or the fact that T -duality preserves
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codimension), we have
dim(Sπ̂) = dim(Sπ)− n+ 2k + 1.

As G is reduced, F = dim(Sπ) + 1. So to show W = dim(Sπ̂) + 1, it suffices to show that
W = F − n+ 2k + 1. This follows immediately from

E = 3B + n, F = 1− (W +B) + E, W −B = k + 1.

The first equation holds because every edge between two internal vertices contains a unique
black vertex, and all black vertices are trivalent. The second equation follows from Euler’s
formula for planar graphs. The third holds because G is type (k + 1, n).

Remark 4.1.13. It is straightforward to check that exchanging the roles of black and
white vertices in Definition 4.1.11 gives a map from white-trivalent plabic graphs to black-
trivalent graphs. This shows that T-duality is a bijection between black-trivalent graphs
of type (k+ 1, n) and white trivalent graphs of type (k, n) (where we consider both sets of
graphs up to edge contraction and bivalent vertex addition/removal).

The map G → Ĝ can also be phrased in terms of plabic tilings [119], which are dual
to plabic graphs. Note that our notion of plabic tiling is slightly looser than that in [119],
where plabic tilings are defined with a particular planar embedding and are dual to bipartite
plabic graphs with no bivalent vertices.

Definition 4.1.14 (Plabic Tilings). Let G be any connected reduced plabic graph with
n boundary vertices, and let Pn be a convex n-gon, whose vertices are labelled from 1
to n in clockwise order. The plabic tiling T (G) dual to G is a tiling of Pn by coloured
polygons (bigons allowed) such that: i) it is the planar dual of G; ii) each black (white)
vertex of G is dual to a black (white) polygon in T (G); iii) vertex i of Pn is dual to the
face of G touching boundary vertices i− 1 and i. We consider two plabic tilings T (G) and
T ′(G′) equivalent if G and G′ are move-equivalent. We call the internal vertices of T (G)
punctures.

Conversely, if T is a plabic tiling, then we denote the dual plabic graph by G(T ).
Note that this is obtained from T by placing a black vertex in each black polygon, a white
vertex in each white polygon, and connecting two vertices whenever they correspond to
two polygons which share an edge.

Figure 4.4 shows three move-equivalent plabic graphs and the corresponding plabic
tilings.
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Figure 4.4: Three equivalent plabic tilings T (in orange), and the
corresponding dual plabic graphs G(T ) (in black). The center plabic tiling iis

dual to a black-trivalent plabic graph.

The construction of Ĝ from G of Proposition 4.1.12 can also easily be phrased in terms
of plabic tilings as follows. This should be equivalent to the construction given in the
proof of [96, Proposition 8.3], though the description there uses horizontal sections of fine
zonotopal tilings.

Proposition 4.1.15 (T-duality via Plabic Tilings). Let G be a connected reduced black-
trivalent plabic graph and let T be the dual plabic tiling. Then the plabic graph Ĝ = Ĝ(T )
which is T-dual to G is obtained as follows:

1. Place a black vertex at each vertex of each black triangle in T .

2. Place a white vertex in the middle of each black triangle of T and connect it to the
vertices of the triangle.

3. Add an edge of Ĝ from boundary vertex i on the disc to the black vertex on boundary
vertex i of T .

4

5

6
7

8

1

2 3

4

5

6
7

8

1

2 3

Figure 4.5: Left: In orange, the plabic tiling T dual to the black-trivalent
graph in the center of Figure 4.4. In blue, the result of operations (1), (2) of

Proposition 4.1.15. At the right Ĝ(T ).
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Remark 4.1.16. The construction Ĝ(T ) given in Proposition 4.1.15 is a simple generaliza-
tion of the definition given for triangulated unpunctured plabic tilings in Definition 2.4.2.
So Proposition 4.1.15 shows that the plabic graph Ĝ(T ) from Definition 2.4.2 is T-dual to
the plabic tree G(T ).

4.1.3 T-Duality on Positroid Cells

We defined T-duality as a map π 7→ π̂ on the permutations labelling positroid cells. In
this section we show that T-duality also induces a map directly on (subsets of) the corre-
sponding cells. We will follow here the derivation in [11] and define a Q-map which maps
elements of the positroid cell Sπ of Gr+

k+1,n to the positroid cell Sπ̂ of Gr≥0
k,n. Note that in

much of this section we allow m to be any positive even integer.

Definition 4.1.17. Let λ ∈ Grm
2 ,n

. We say that λ is generic if pI(λ) 6= 0 for all I ∈
(

[n]
m
2

)
.

For m = 2, λ = (λ1, λ2, . . . , λn) ∈ Rn is generic in Rn if λi 6= 0 for all i = 1, . . . , n.

Lemma 4.1.18. Let C ∈ Grk+m
2 ,n

be the row-span of the matrix with columns c1, c2, . . . , cn.
Then C contains a generic m

2 -plane if and only if rank ({ci}i∈I) = m
2 for all I ∈

(
[n]
m
2

)
.

Proof. If a generic m
2 -plane λ ∈ Matm

2 ,n
is contained in C, then there is a matrix h ∈

Matm
2 ,k+m

2
such that λ = h · C. Then pI(λ) = ∑

J∈([k+m
2 ]

m
2

) pJ(h)CI
J , with I ∈

(
[n]
m
2

)
. If

rank ({ci}i∈I) = m
2 then there exist JI ∈

(
[k+m

2 ]
m
2

)
such that CI

JI
6= 0, therefore it is enough

to choose h such that pJI (h) 6= 0 in order to guarantee λ = h · C is generic. Vice-versa
if we assume rank ({ci}i∈I) < m

2 then CI
J = 0 for all J ∈

(
[k+m

2 ]
m
2

)
and this would imply

pI(λ) = 0.

In the m = 2 case we have the following statement.

Lemma 4.1.19. Let Sπ be a positroid cell in Gr≥0
k+1,n. Then Sπ is loopless if and only if

every vector space V ∈ Sπ contains a generic vector.

Lemma 4.1.20. Given a positroid cell Sπ, if every vector space V ∈ Sπ contains a generic
m
2 -plane, then Sπ ∈ L

m
2 Gr≥0

k+m
2 ,n

, i.e. π(i) ≥ i+ m
2 .

Proof. Let us assume it exists a such that π(a) = a+m
2 −1, than ca ∈ span{ca+1, . . . , ca+m

2 −1}
and, in particular, r[a; a+ m

2 −1] < m
2 . The proof follows immediately from Lemma 4.1.20.
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Definition 4.1.21. For a positroid cell Sπ ⊂ Gr≥0
k+m

2 ,n
and λ ∈ Grm

2 ,n
a generic vector of

an element V ∈ Sπ, we define

S(λ)
π := {W ∈ Sπ : λ ⊂ W}.

Let C(λ)
π be matrix representatives for elements in S(λ)

π . It is always possible to find an
invertible row transformation which bring C(λ)

π into the form

C(λ)
π =



λ1 1 λ1 2 . . . λ1n
... ... . . . ...

λm
2 1 λm

2 2 . . . λm
2 n

cm
2 +1 1 cm

2 +1 2 . . . cm
2 +1n

... ... . . . ...
cm

2 +k 1 cm
2 +k 2 . . . cm

2 +k n


(4.1.22)

Let us define a linear transformation Q(λ) : Rn 7→ Rn represented by the n × n matrix
Q(λ) = Q

(λ)
ab as1

Q
(λ)
ab =

m
2∑
i=0

(−1)i δa,b−m2 +i pb−m2 ,..., ̂b−m2 +i,...,b (λ) (4.1.23)

The matrix Q(λ) has rank n− m
2 . Let us define Ĉ(λ)

π = C(λ)
π ·Q(λ), then

Ĉ(λ)
π =



0 0 . . . 0
... ... . . . ...
0 0 . . . 0

ĉm
2 +1 1 ĉm

2 +1 2 . . . ĉm
2 +1n

... ... . . . ...
ĉm

2 +k 1 ĉm
2 +k 2 . . . ĉm

2 +k n


(4.1.24)

It is easy to check that span{ĉa, . . . , ĉb} ⊂ span{ca−m2 , . . . , cb} and moreover that for con-
secutive maximal minors we have: p[a−m2 ,a+k−1](C) is proportional to p[a,a+k−1](Ĉ). Then,
the matrix Q(λ) projects elements of S(λ)

π into Sπ̂, with

π̂(i) = π
(
i− m

2

)
(4.1.25)

The proof of this fact closely follows the one found in [11, page 75].
1Notice that our definition differs from the one found in [11] for m = 4. They are however related to

each other by a cyclic shift and rescaling each column of Q(λ).
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For m = 2 we get the explicit form of Q(λ)

Q
(λ)
ab = δa,b−1λb − δa,bλb−1 , (4.1.26)

and the following relation between consecutive minors

p[a,...,a+k−1](Ĉ) = (−1)kλa . . . λa+k−2 p[a−1,a+k−1](C) (4.1.27)

Remark 4.1.28. As observed in Remark 4.1.8, in order for the T-duality map to be a well-
defined (on affine permutations), we require that both π(i) ≥ i+ m

2 and π̂(i) ≤ i+ n− m
2 .

Then T-duality is well-defined for the cells Sλπ , by Lemma 4.1.20.

4.2 Positroid Polytopes VS Grasstopes

In this section, we show T-duality gives a bijection between generalized triangles of ∆k+1,n

and generalized triangles for An,k,2(Z) (Corollary 4.2.1). We then investigate parallels
between the inequalities cutting out positroid polytopes Γπ and the T-dual Grasstopes
Zπ̂; for generalized triangles, both pieces of data are encoded by the same plabic tiling
(Theorem 4.2.2). We establish a similar parallel for facets of generalized triangles (The-
orem 4.2.10), which we use later in Section 7.1.2 to prove the m = 2 cluster adjacency
(Theorem 7.1.6).

4.2.1 T-Duality: Inequalities VS Signs

In this subsection, we will see how unpunctured plabic tilings encode generalized triangles
of both ∆k+1,n and An,k,2(Z).

Theorem 2.4.25 and Theorem 3.1.22 characterize generalized triangles of An,k,2(Z) and
∆k+1,n in terms of unpunctured plabic tilings and tree plabic graphs, respectively. These
results with Remark 4.1.16 imply that generalized triangles of An,k,2(Z) and ∆k+1,n are in
bijection, and that both can be read off easily from (k, n)-unpunctured plabic tilings (see
Figure 4.6).

Corollary 4.2.1 (Generalized triangles in bijection via T-duality). A positroid polytope
ΓG is a generalized triangle of ∆k+1,n if and only if the T-dual Grasstope ZĜ is a generalized
triangle of An,k,2(Z). We read ΓG and ZĜ off of the same unpunctured plabic tiling T as
follows:

• Choose any triangulation of the black polygons in T .
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• We let G := G(T ) be the dual plabic tree, as in Definition 4.1.14.

• We let Ĝ := Ĝ(T ) be the graph from Definition 2.4.2 (equivalently, in Proposi-
tion 4.1.15).
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Figure 4.6: In the top row: a (5, 9)-unpunctured plabic tiling T . In the
bottom row: a triangulated plabic tiling T ′ obtained by triangulating T , with

the dual graph G(T ′) to its left, and the T-dual graph Ĝ(T ′) to its right.

From an unpunctured plabic tiling T , we can obtain inequality descriptions of the
generalized triangle ΓG(T ) ⊂ ∆k+1,n and the T-dual generalized triangle Z◦

Ĝ(T ) ⊂ An,k,2(Z).
Given two positive numbers a, b ∈ [n], the cyclic interval [a, b] is defined to be

[a, b] :=
{a, a+ 1, . . . , b− 1, b} if a ≤ b

{a, a+ 1, . . . , n, 1, . . . , b} otherwise.

Theorem 4.2.2 (Inequalities and signs via T-duality). Let T be an unpunctured plabic
tiling and let h→ j be a compatible arc, with h < j. Let G(T ) denote the tree plabic graph
dual to T , and Ĝ(T ) the T-dual. Then:

(1) area(h→ j) + 1 > x[h,j−1] > area(h→ j) for x ∈ Γ◦G(T )

(2) sgn〈Y hj〉 = (−1)area(h→j) for Y ∈ Z◦
Ĝ(T ).

The inequalities given by the arcs of any triangulation T ′ of T cut out Γ◦G(T ) and Z◦
Ĝ(T ).

85



Example 4.2.3. Consider the unpunctured plabic tiling T in Figure 4.6. We have

5 > x[1,7] > 4, 4 > x[1,6] > 3, 3 > x[2,5] > 2, for x ∈ Γ◦G(T )

〈Y 18〉 > 0, 〈Y 17〉 < 0, 〈Y 26〉 > 0, for Y ∈ Z◦
Ĝ(T ).

3

To prove Theorem 4.2.2, we need a few results on positroid polytopes ΓG.

Lemma 4.2.4. Let G be a bipartite plabic graph and let T be the dual plabic tiling. Let
W (G) and B(G) denote the set of white and black vertices of G, respectively. Then

|W (G)| − |B(G)|+ |{bdry vt of G adjacent to a black vt}| = area(T )− punc(T ) + 1

where area(T ) is the number of black triangles in any triangulation of T and punc(T ) is
the number of internal vertices of T .

Proof. Let E denote the edges of G involving at least one internal vertex. Each black
vertex of G is dual to a black polygon of T with deg(v) many sides, so we have

area(T ) =
∑

v∈B(G)
deg(v)− 2 =

∑
v∈B(G)

deg(v)− 2|B(G)|

= |E(G)| − |{bdry vt adjacent to a white vt}| − 2|B(G)|

where the last equality follows from the fact that every edge of G contains a unique black
vertex, except edges between a boundary vertex and a white vertex. The claim follows
from this formula together with Euler’s formula for planar graphs.

Proposition 4.2.5. Let T be a unpunctured plabic tiling and G(T ) the dual bipartite tree
plabic graph. For all arcs h→ j compatible with T , points of ΓG(T ) satisfy

area(h→ j) + 1 ≥ x[h,j−1] ≥ area(h→ j).

Proof. Let G be the graph obtained from G(T ) by adding bivalent white vertices so that
every boundary vertex is adjacent to a white vertex. Note that G is bipartite and represents
the same positroid M as G(T ). In particular, the boundaries of matchings of G give the
bases of M. Let W (G) and B(G) denote the sets of white and black vertices of G,
respectively.
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Note that if j = h+ 1, the inequality is clear.
We first deal with the case where h → j is an internal arc of T . Let e be the edge of

G which is dual to h→ j, and say the vertices of e are a white vertex w and black vertex
b. If we remove the edge e, G \ e has two connected components, Gw containing w and Gb

containing b. Notice that both connected components are again bipartite plabic trees. Let
Iw and Ib denote the boundary vertices of Gw and Gb, respectively. Because vertex i of T
lies between boundary vertices i− 1, i of G, {Iw, Ib} = {[h, j − 1], [j, h− 1]}.

Now, we would like to compute the ranks of Iw, Ib. That is, for a matching M of G,
we need to compute the maximum size of ∂M ∩ Iw and ∂M ∩ Ib.

Let M be a matching of G. If M does not contain e, then M restricts to a matching
of Gw and Gb. It is easy to see that

|∂M ∩ Iw| =|W (Gw)| − |B(Gw)|
|∂M ∩ Ib| =|W (Gb)| − |B(Gb)|.

If M does contain e, then choose a path P from boundary to boundary which uses e
and alternates between edges in M and edges not in M . Such a path can be constructed
greedily because G is a tree. Orient P so it sees first w and then b. The edges of P in M

are exactly the ones oriented from a white vertex to a black vertex. The first edge of P
touches a boundary vertex in Iw and is oriented to a white vertex, so is not in M . The last
edge of P touches a boundary vertex in Ib and is in M . Define a new matching N of G by
N := (M \ P ) ∪ (P \M). The boundary ∂N contains one more element of Iw than ∂M ,
and one fewer element of Ib. The matching N does not contain e, so using the previous
computation, we see that

|∂M ∩ Iw| =|W (Gw)| − |B(Gw)| − 1
|∂M ∩ Ib| =|W (Gb)| − |B(Gb)|+ 1.

We conclude that rank(Iw) = |W (Gw)| − |B(Gw)| and rank(Ib) = |W (Gb)| − |B(Gb)|+ 1.
From Proposition 3.1.9 and the fact that the rank of M is |W (G)| − |B(G)| =

|W (Gw)| − |B(Gw)|+ |W (Gb)| − |B(Gb)|, we see that the points of ΓG(T ) satisfy

|W (Gw)| − |B(Gw)| − 1 ≤xIw ≤ |W (Gw)| − |B(Gw)|
|W (Gb)| − |B(Gb)| ≤xIb ≤ |W (Gb)| − |B(Gb)|+ 1.

All that remains is to rewrite the right hand sides of these inequalities in terms of area.
Cut T along the arc h → j, to get two smaller plabic tilings T w and T b containing the
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polygons dual to w and b, respectively. Notice that the graph G(T w) dual to T w can be
obtained from Gw by adding a boundary vertex adjacent to w. Similarly, G(T b) is obtained
from Gb by adding a boundary vertex adjacent to b. So, using Lemma 4.2.4,

|W (Gw)| − |B(Gw)| = area(T w) + 1
|W (Gb)| − |B(Gb)|+ 1 = area(T b) + 1.

Now, choose v ∈ {b, w} so that Iv = [h, j − 1]. Since T v is exactly the part of T to
the left of h→ j, the proposition now follows.

We now consider the case where h→ j is not an arc of T . In this case, let T ′ be the
plabic tiling obtained from T by adding the arc h → j. Let G be the tree plabic graph
dual to T ′, which we make bipartite by adding an appropriately colored bivalent vertex v
to the edge dual to h→ j. We also add bivalent white vertices to G to make all boundary
vertices adjacent to a white vertex. Let e and f denote the edges containing v, and say e
is to the left of h → j. Similar to the first case, removing edges e, f and vertex v from G

gives a graph with two connected components Ge, Gf which contain vertices adjacent to e
and f , respectively. Notice that the boundary vertices Ie of Ge are exactly [h, j − 1]. The
rest of the argument is very similar to the first case.

Recall that an arc h→ j of an unpunctured plabic tiling is facet-defining if it bounds
a black polygon on its left.

Proposition 4.2.6. Let T be an unpunctured plabic tiling, and let G be the dual plabic tree
of type (k + 1, n). Then ΓG is cut out of Rn by the equality x[n] = k + 1 and the following
inequalities, each of which defines a facet:

1. xi ≥ 0 for i a boundary vertex adjacent to a white vertex

2. x[h,j−1] ≥ area(h→ j) for h→ j a facet-defining arc of T .

Proof. Recall from Theorem 3.1.22 that the moment map µ is a stratification-preserving
homemorphism on the closure of SG. So the facets of ΓG are exactly the positroid polytopes
ΓG′ where SG′ is a positroid cell contained in SG with codimension 1. From [97, Corollary
18.10], each such cell is indexed by a reduced plabic graph G′ obtained from G by removing
a single edge (if the edge removed is between a boundary vertex and an internal vertex v,
we also add a lollipop which is the opposite color of v).
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Because G is a tree, G′ = G \ e is reduced for all edges e. If e is between a boundary
vertex i and a white vertex, then G′ has a black lollipop at i. Thus SG′ has a loop at i,
and ΓG′ is contained in the hyperplane xi = 0. Clearly ΓG lies on the positive side of this
hyperplane, which explains the facet inequalities of type 1.

If e is an edge between a boundary vertex i and a black vertex, then e is dual to the
arc (i + 1) → i of T , which is a facet-defining arc. Then G′ has a white lollipop at i, so
ΓG′ is contained in the hyperplane xi = 1. Since we also have x[n] = k + 1, ΓG′ is also
contained in the hyperplane x[i+1,i−1] = k = area(i+ 1→ i).

Now, consider the case when e is an edge between two internal vertices of G. The edge
e is dual to the arc h → j of T , which bounds a black polygon on the left. The proof of
Proposition 4.2.5 shows that ΓG′ is contained in the hyperplane x[h,j−1] = area(h → j).
This covers all edges of G, so we have described all facets. The directions of the facet
inequalities follow immediately from Proposition 4.2.5.

We can now prove Theorem 4.2.2.

Proof of Theorem 4.2.2. (1) follows from Proposition 4.2.5 and (2) follows from Theo-
rem 2.4.14. The statement about inequalities cutting out Z◦

Ĝ(T ) and Γ◦G(T ) follow from The-
orem 2.4.28, Proposition 4.2.6 and the fact that x[n] = area(h→ j) + area(j → h) + 1.

We next generalize Theorem 4.2.2 by providing inequalities for full-dimensional positroid
polytopes and Grasstopes from statistics of plabic tilings. We first generalize the definition
of compatible arcs from Definition 2.4.6.

Definition 4.2.7 (Statistics of plabic tilings). Let T be a plabic tiling in a convex n-gon
Pn and h, j a pair of vertices of Pn. We say that the arc h→ j is compatible with T if the
arc either bounds or lies entirely inside a single polygon of T . When h→ j is compatible
with T , we let area(h → j) = areaT (h → j) denote the number of black triangles to the
left of h → j in any triangulation of T . We call the internal vertices of T punctures. We
also let punc(h→ j) = puncT (h→ j) denote the number of punctures of T to the left of
the arc h→ j. Note that black bigons do not contribute to the area.

For example, the tiling T in Figure 4.4 has two punctures, and 1 → 3, 1 → 5, 5 → 7
are compatible arcs. We have area(1 → 3) = 0, area(1 → 5) = 2, area(5 → 7) = 1,
punc(1→ 3) = punc(5→ 7) = 0, punc(1→ 5) = 1.

Theorem 4.2.8. Let T be a plabic tiling and let h → j be a compatible arc, with h < j.
Let G(T ) denote the plabic graph dual to T , and Ĝ(T ) the T-dual. Then:

(1) area(h→ j)− punc(h→ j) + 1 > x[h,j−1] > area(h→ j)− punc(h→ j) for x ∈ Γ◦G(T )
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(2) sgn〈Y hj〉 = (−1)area(h→j)−punc(h→j) for Y ∈ Z◦
Ĝ(T ).

Note that compatible arcs depend on the tiling T , while Γ◦G(T ) and Z◦
Ĝ(T ) depend only

on T . Any arc compatible with any tiling equivalent to T gives inequalities for Γ◦G(T ) and
Z◦
Ĝ(T ) via Theorem 4.2.8 .

Proof. The proof of (1) proceeds similarly as in Proposition 4.2.5, where we compute the
rank of [h, j − 1]. The arc h → j is dual to an edge e of G(T ) (or a graph which differs
from G(T ) only by uncontracting an edge and adding a bivalent vertex). Removing e gives
two connected components, the boundary vertices of which are [h, j − 1] and [j, h − 1].
Again, any matching of G(T ) will either use e or differs from a matching using e by a
“swivel” (see [162, Appendix B]) along one of the two boundary faces containing e (which
changes the boundary’s intersection with [h, j − 1] by precisely 1) followed by swivels at
faces contained in one of the connected components (which do not change the boundary’s
intersection with [h, j − 1]). In this way we compute the rank of [h, j − 1] and [j, h − 1].
One must apply Lemma 4.2.4 to obtain the ranks in terms of area and punc.

The proof of (2) proceeds similarly as in Theorem 2.4.14. Any almost-perfect matching
M of Ĝ(T ) which does not have h or j in ∂M will have |∂M ∩ [h+ 1, j − 1]| = area(h→
j)− punc(h→ j). Indeed, there are exactly area(h→ j) internal white vertices to the left
of h→ j, which must be covered by an edge of M , and exactly punc(h→ j) many internal
black vertices, which also must be covered. This leaves area(h→ j)− punc(h→ j) edges
of M which cover a boundary vertex.

Example 4.2.9. For the plabic tiling T in Figure 4.4, Theorem 4.2.8 tells us that

1 > x[1,2] > 0, 2 > x[1,4] > 1, 2 > x[5,6] > 1, for x ∈ ΓG(T );
〈Y 13〉 > 0, 〈Y 15〉 < 0, 〈Y 57〉 < 0, for Y ∈ Z◦

Ĝ(T ).

3

4.2.2 T-Duality and Facets

From an unpunctured plabic tiling T , we can also read off the facets of both ΓG(T ) and
ZĜ(T ) (see Definition 2.2.8).

Theorem 4.2.10 (Facets via T-duality). Let T be a triangulated unpunctured plabic tiling
and let h→ j be a facet-defining arc of T . Let G := G(T ) be the plabic tree dual to T and
let G′ be the plabic forest obtained from G by deleting the edge dual to h → j. Let Ĝ and
Ĝ′ denote their T-duals.
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1. The positroid polytope ΓG′ is a facet of ΓG, and lies on the hyperplane

x[h,j−1] = area(h→ j).

2. The Grasstope ZĜ′ is a facet of ZĜ, and lies on the hypersurface

〈Y hj〉 = 0.

Moreover, if we let h → j range over the facet-defining arcs of T which are not on the
boundary of Pn, we obtain all facets of ΓG and ZĜ in the interior of ∆k+1,n and An,k,2(Z).

Proof. (1) follows immediately from Proposition 4.2.6 and its proof.
For (2), we first show that ZĜ′ is contained in the hypersurface {〈Y hj〉 = 0}. The arc

h→ j is in a unique triangle Tr of T ; say its third vertex is i. Using Proposition 4.1.12, it
is not hard to see that Ĝ′ is obtained from Ĝ by deleting the edge e from Bi to Wr. This
means that every almost perfect matching of Ĝ′ must use either the edge from Bh to Wr or
the edge from Bj to Wr, so h or j is in the boundary. From Lemma 2.3.6, we immediately
conclude that 〈Y hj〉 is identically zero on Z◦

Ĝ′
and thus on ZĜ′ .

Now, we show that Z̃ is injective on ZĜ′ , by showing Theorem 2.4.19 holds for ZĜ′ and
then applying the first paragraph in the proof of Theorem 2.4.25. Consider Y ∈ ZĜ′ , let
C := Ctw

T (Y ) be the twistor coordinate matrix of Y and let Y ′ := CZ. We would like to
show that C ∈ SĜ′ and that rowspan Y ′ = rowspan Y ; by Proposition 2.4.30, it suffices to
show the former. Note that the Kasteleyn matrix K ′ for Ĝ′ is obtained from the Kasteleyn
matrix K for Ĝ by setting the parameter in row r and column i to 0. So we only need to
show that for all arcs a→ b of T with {a, b} 6= {h, j}, 〈Y ′ab〉 is nonzero.

Pick such an arc a → b of T . It suffices to show that there is a matching of Ĝ which
does not use e and does not have a or b in its boundary. We will argue by induction on
the number of black triangles of T . The base case, with 1 triangle, is clear by inspection.
The arc a → b bounds some black triangle Ts of T , with third vertex c. Cut T along the
arcs a→ b, b→ c and c→ a to obtain smaller triangulated unpunctured tilings T1, T2, T3

(one of which may be empty), which each contain a single edge of Ts. One will have h→ j

as a facet-defining arc. By induction, Ĝ(Ti) has an almost-perfect matching Mi whose
boundary avoids the appropriate vertices of Ts and does not use the edge e. Take the
union of these matchings, together with the edge f from Ws to Bc. This gives a matching
of Ĝ whose boundary avoids a, b. Note that since {a, b} 6= {h, j}, the edge f is different
from e, so this matching does not use e.
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Now we check that ZĜ′ is a facet of ZĜ. We first show that the hypersurface H :=
{〈Y hj〉 = 0} intersects ZĜ only on the boundary of ZĜ, which shows ZĜ′ is contained
in the boundary as well. Recall that the open generalized triangle Z◦

Ĝ
is dense in ZĜ

and moreover, (−1)area(h→j)〈Y hj〉 is positive on Z◦
Ĝ

(Theorem 2.4.14). This implies that
(−1)area(h→j)〈Y hj〉 is positive on the interior of ZĜ. Indeed, if the hypersurface H inter-
sected the interior of ZĜ, one could find an open set in the interior where (−1)area(h→j)〈Y hj〉
is negative. (This is because 〈Y hj〉 is linear in the Plücker coordinates, so 〈Y hj〉 takes
both positive and negative values on any open set in Grk,k+2 containing a point of H). But
such a set cannot be in Z◦

Ĝ
.

Now we verify that ZĜ′ has the correct codimension. From the proof of Proposi-
tion 4.2.6, SG′ is codimension 1 in SG. Since T-duality is a rank-preserving poset isomor-
phism, we also have that SĜ′ is contained in SĜ′ and has codimension 1; that is, SĜ′ has
dimension 2k − 1. Because Z̃ is injective on SĜ′ , Z◦Ĝ′ and ZĜ′ also have dimension 2k − 1.

To see the last statement of the proposition, note that any codimension 1 cell SH ⊂ SĜ
with a coloop q will have ZH contained in the hypersurface {〈Y q(q + 1)〉 = 0}. So the
facets ZH avoiding the amplituhedron boundaries must come from coloopless cells SH .
These coloopless cells are T-dual to loopless codimension 1 cells contained in SG. As
h → j varies over all facet-defining arcs of T , SG′ varies over all such loopless cells, by
Proposition 4.2.6. So the facets ZH avoiding the amplituhedron boundary are of the form
ZĜ′ for some arc h → j. From the proof above, we see that ZĜ′ is not contained in an
amplituhedron boundary precisely when h→ j is not a boundary arc of T .

Example 4.2.11. Consider the unpunctured plabic tiling T in Figure 2.3. The facet-
defining arcs not on the boundary of P9 are 1→ 7, 2→ 7 and 4→ 6, with area(1→ 7) =
area(2 → 7) = 3, area(4 → 6) = 0. The corresponding internal facets lie on the following
hyperplanes:

〈Y 17〉 = 0, 〈Y 27〉 = 0, 〈Y 46〉 = 0, for ZĜ(T );
x[1,6] = 3, x[2,6] = 3, x[4,5] = 0, for ΓG(T ).

One facet-defining arc at the boundary of P9 is 2 → 3, with area(2 → 3) = 0. This gives
an external facet lying on 〈Y 23〉 = 0 for ZĜ(T ) and x2 = 0 for ΓG(T ). 3
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4.2.3 Generalized triangles: separable permutations and Schröder
numbers

Recall from Corollary 4.2.1 that generalized triangles for both An,k,2(Z) and ∆k+1,n are
in bijection with (k, n)-unpunctured plabic tilings and stree positroids in Gr≥0

k+1,n. In this
section we prove that the number Rk,n−2 of generalized triangles for An,k,2 is given by
[120, A175124] – a refinement of the large Schröder numbers (see Table 4.2). We will do
this by giving a bijection between tree positroids in Gr≥0

k+1,n and separable permutations on
[n− 1] with k descents (enumerated by Rk,n−2).

Definition 4.2.12. A permutation w = w1 . . . wn (in one-line notation) is separable if it
is 3142- and 2413-avoiding, i.e. there are not four indices i1 < i2 < i3 < i4 such that
wi3 < wi1 < wi4 < wi2 or wi2 < wi4 < wi1 < wi3 .

n
k 0 1 2 3 4 5 Rn−2

2 1 1
3 1 1 2
4 1 4 1 6
5 1 10 10 1 22
6 1 20 48 20 1 90
7 1 35 161 161 35 1 394

Table 4.2: Large Schröder numbers Rn−2 and their refinement Rk,n−2 which
count the number of (k, n)-unpunctured plabic tilings.

Definition 4.2.13. Let π and ν be permutations on [k] and [l], respectively. The direct
sum π ⊕ ν and the skew sum π 	 ν of π and ν are permutations on [k + l] defined by:

(π ⊕ ν)i =
πi, i ∈ [1, k]
νi−k + k, i ∈ [k + 1, k + l]

, (π 	 ν)i =
πi + l, i ∈ [1, k]
νi−k, i ∈ [k + 1, k + l]

.

For example, 123⊕ 21 = 12354 and 123	 21 = 34521.

Proposition 4.2.14 ( [163]). A permutation is separable if and only if w can be built from
the permutation 1 by repeatedly applying ⊕ and 	 repeatedly.

For example, the permutation w = 231654 can be written as

((1⊕ 1)	 1)⊕ ((1	 1)	 1) = (12	 1)⊕ (21	 1) = 231⊕ 321 = 231654.
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Proposition 4.2.15. Let β be the map sending a permutation w = w1 . . . wn−1 in one-
line notation to the permutation β(w) = (w1, . . . , wn−1, n) in cycle notation. Then β is a
bijection between separable permutations on [n− 1] with k descents and trip permutations
of tree positroids in Gr≥0

k+1,n.

Proof. We use strong induction on n; the base case n = 2 is trivial. It is enough to show
that β is well-defined and surjective. Suppose that w ∈ Sn−1 is separable. Then either
w = u⊕v or w = u	v, for some u ∈ S`−1, v ∈ Sr−1 separable, with `−1+r−1 = n−1. By
the induction hypothesis, β(u) ∈ S` and β(v) ∈ Sr are the trip permutations of tree plabic
graphs S and T . We now “glue” together S and T in order to obtain a tree plabic graph
with boundary vertices {1, 2, . . . , n} with trip permutation β(w) ∈ Sn (see Figure 4.7).

S
T

S
T

1

2

r − 1

r

r + 1

r − 1 + `− 1

1

2

r − 1

r 1

2

`− 1
`

1

2

r − 1

r 1

2

`− 1
`

1

2

`− 1l

`+ 1

r − 1 + `− 1
r + `− 1

r + `− 1

Figure 4.7: How to glue S, T together when w = u⊕ v (on the left) and when
w = u	 v (on the right).

It is straighforward to check that the trip permutation of the resulting tree is β(w).
This shows that β is well-defined.

For surjectivity, consider a trivalent tree plabic graph G on [n]. Let v be the internal
vertex adjacent to the boundary vertex n. Then deleting v gives two trees: S on [`] and T
on [`+ 1, n− 1]. Let π be the trip permutation of S. Subtract ` from the boundary labels
of T to get a tree T ′ on [1, n− `− 1] and let ν be its trip permutation. Then define w to
be either β−1(π) ⊕ β−1(ν) or β−1(π) 	 β−1(ν), based on whether v is white or black. By
the argument used above to show well-definedness, β(w) is the trip permutation of G.

Remark 4.2.16. If S and T are tree plabic graphs, the positroids associated to S⊕T and
S	T are the parallel-connection and series-connection of the matroids associated to S, T .
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The large Schröder number Rn−2 counts separable permutations on [n − 1] [164] and
Rk,n−2counts separable permutations on [n− 1] with k descents [165, Theorem 1.1].

Corollary 4.2.17. Generalized triangles of ∆k+1 and An,k,2(Z) are in bijection with sep-
arable permutations on [n− 1] with k descents. They are enumerated by Rk,n−2 from [120,
A175124].

4.3 w-Simplices VS w-Chambers: Eulerian numbers

In this section we study the amplituhedron chambers of An,k,2(Z). Separately, the hyper-
simplex ∆k+1,n has a well-known decomposition into simplices which refines every positroid
triangulation. Both decompositions have chambers/maximal simplices which are naturally
indexed by permutations of n−1 with k descents. We use this correspondence in Section 5.1
to establish results on positroid triangulations.

We begin by reviewing the decomposition of the hypersimplex ∆k+1,n. It is well-known
that the volume of the hypersimplex ∆k+1,n is the Eulerian number Ek+1,n−1 [166], which
counts the permutations on n − 1 letters with k descents. A triangulation2 of ∆k+1,n

into unit simplices indexed by such permutations was first discovered by Stanley [167].
Sturmfels [168] later gave an a priori different triangulation of ∆k+1,n. Lam and Postnikov
[169] then gave two other triangulations, and showed that all four triangulations coincide.
After defining some permutation statistics, we will define this triangulation.

Definition 4.3.1. Let w ∈ Sn. We call a letter i ≥ 2 in w a left descent (or a left descent
top) if i occurs to the left of i− 1 in w. In other words, w−1(i) < w−1(i− 1). And we say
that i ∈ [n] in w is a cyclic left descent if either i ≥ 2 is a left descent of w or if i = 1 and
1 occurs to the left of n in w, that is, w−1(1) < w−1(n). We let cDesL(w) denote the set of
cyclic left descents of w, and DesL(w) the set of left descents. We frequently refer to cyclic
left descents as simply cyclic descents.

Remark 4.3.2. Left and right descents and descent sets are discussed extensively in [170,
Chapter 1]. Left descents are sometimes called recoils in the literature.

Let Dk+1,n be the set of permutations w ∈ Sn with k + 1 cyclic descents and wn = n.
Note that |Dk+1,n| equals the Eulerian number Ek,n−1 := ∑k+1

`=0 (−1)`
(
n
`

)
(k + 1− `)n−1.

2where we mean here a polytopal subdivision into simplices.
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Example 4.3.3. D2,4 contains the following E2,3 = 4 permutations: w1 = 1324, w2 =
3124, w3 = 2134, w4 = 2314. Moreover, we have: cDesL(w1) = {1, 3}, cDesL(w2) = {1, 3},
cDesL(w3) = {1, 2} and cDesL(w4) = {1, 2}. 3

Definition 4.3.4 (w-simplices). For w ∈ Dk+1,n, let w(a) denote the cyclic rotation of w
ending at a. We define

Ir = Ir(w) := cDesL(w(r−1)).

The w-simplex ∆w ⊆ ∆k+1,n is the simplex with vertices eI1 , . . . , eIn .

Example 4.3.5. From Example 4.3.3, we have 4 w-simplices for ∆2,4, see Figure 4.8.
For example, in order to determine the vertices of ∆w1 , we consider the cyclic descents
of rotations of w1: cDesL(w1) = {1, 3} = I1, cDesL(w(1)

1 ) = cDesL(3241) = {2, 3} =
I2, cDesL(w(2)

1 ) = cDesL(4132) = {3, 4} = I3, cDesL(w(3)
1 ) = cDesL(2413) = {2, 4} = I4.

Therefore, ∆w1 is the convex hull of e13, e23, e34, e24, i.e. it is the green simplex in Fig-
ure 4.8. 3

Figure 4.8: w-simplices for ∆2,4.

Notice that r is always in Ir and r − 1 is never in Ir.
The following triangulation of the hypersimplex first appeared in [167], though the

description there was slightly different.

Proposition 4.3.6 (∆k+1,n is the union of w-simplices [167]). The w-simplices {∆w : w ∈
Dk+1,n} are the maximal simplices of a triangulation of the hypersimplex ∆k+1,n. Moreover,
projecting {∆w : w ∈ Sn} into Rn−1 (see Remark 3.1.2), we obtain the maximal simplices
in a triangulation of the hypercube �n−1 which refines the subdivision of the hypercube into
hypersimplices.
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Remark 4.3.7. The w-simplex ∆w as defined above agrees with the simplex denoted ∆(w)

in [169, Section 2.4]. In particular, the directed circuit the authors use to define ∆(w) is
given by eI1 → eIw1+1 → eIw2+1 → · · · → eIwn−1+1 → eI1 . Another way to say this is Iwi+1

is equal to (Iwi−1+1 \ {wi}) ∪ {wi + 1}.

It follows from the results of [169] that every full-dimensional positroid polytope also
has a triangulation into w-simplices. Indeed, the triangulation of ∆k+1,n given by w-
simplices is the simultaneous refinement of all positroid subdivisions of ∆k+1,n.

We now turn to the amplituhedron side. We define some special chambers in An,k,2(Z)
whose sign vectors are obtained from cyclic descents of permutations. We later will show
that these are precisely the realizable sign chambers (Theorem 4.3.13, Theorem 4.4.12).

Recall that for v ∈ Rn, Flip(v) records where coordinates of v change sign (Defini-
tion 2.3.12).

Definition 4.3.8 (w-chambers). Let w ∈ Dk+1,n and I1, . . . , In as in Definition 4.3.4. We
define ∆̂◦w(Z) to be the open amplituhedron chamber consisting of Y ∈ An,k,2(Z) such that
for a = 1, . . . , n,

Flip(〈Y a1̂〉, 〈Y a2̂〉, . . . , 〈Y aâ− 1〉, 〈Y aa〉, 〈Y aa+ 1〉, . . . , 〈Y an〉) = Ia \ {a}. (4.3.9)

Equivalently, ∆̂◦w(Z) consists of Y ∈ An,k,2(Z) such that

sgn〈Y aj〉 = (−1)|Ia∩[a,j−1]|−1 for j > a

sgn〈Y aĵ〉 = (−1)|Ia∩[a,j−1]|−1 for j < a.

We refer to ∆̂◦w(Z) and ∆̂w(Z) := ∆̂◦w(Z) as open and closed amplituhedron w-chambers.
We will often refer to closed amplituhedron w-chambers as simply w-chambers.

Example 4.3.10. From Example 4.3.3, we have 4 w-chambers for A4,1,2, see Figure 4.8.
For example, in order to determine ∆̂w1(Z), we need to consider the sign of twistor coor-
dinates. From Equation (4.3.9) and I1(w1) = {1, 3}:

Flip(0, 〈Y 12〉 > 0, 〈Y 13〉, 〈Y 14〉 < 0) = {3} ⇒ 〈Y 13〉 > 0.

From I2(w1) = {2, 3}:

Flip(〈Y 21̂〉 < 0, 0, 〈Y 23〉 > 0, 〈Y 24〉) = {3} ⇒ 〈Y 24〉 < 0.

Therefore, ∆̂w1 is the (closure of the) region in Gr1,3 ∼= P2 where 〈Y 14〉, 〈Y 24〉 are negative
and all the remaining twistor coordinates are positive. This corresponds to the green
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triangle in Figure 4.9 with vertices Z3, Z4 and the point where the two diagonals intersect.
3

Figure 4.9: w-chambers for A4,1,2.

Remark 4.3.11. One might hope that the structure of ∆̂w(Z) does not depend on the
choice of Z ∈ Mat>0

n,k+2. Each ∆̂w(Z) is nonempty for some choice of Z (Theorem 4.4.12),
but may be empty for other choices of Z (see Section 5.1.2).

Because the generalized triangles of An,k,2(Z) can be described entirely in terms of
signs of twistor coordinates and the signs of twistor coordinates in ∆̂w(Z) are constant, we
have the following lemma. It is the analogue of the fact that for a tree positroid polytope
Γπ, either ∆w ∩ Γ◦π = ∅ or ∆w ⊆ Γπ.

Lemma 4.3.12. Let Z◦π be a generalized triangle for An,k,2(Z) and let ∆̂w(Z) be a non-
empty w-chamber. Then either ∆̂w(Z) ∩ Z◦π = ∅ or ∆̂w(Z) ⊂ Zπ.

Despite the subtleties regarding the nonemptiness of ∆̂w(Z), the closed w-chambers
always cover An,k,2(Z), in direct analogy to w-simplices in ∆k+1,n.

Theorem 4.3.13 (An,k,2 is the union of w-chambers). Fix k < n and Z ∈ Mat>0
n,k+2. Then

An,k,2(Z) =
⋃

w∈Dk+1,n

∆̂w(Z).

To prove Theorem 4.3.13, we use a characterization of the simplices ∆w given by Sturmfels
[168], involving sorted collections. We follow the presentation of [169, Section 2.2].

Definition 4.3.14. Let (J1, . . . , Jt) be a tuple of distinct elements of
(

[n]
k+1

)
, where we write

Js = {js1 < js2 < · · · < js(k+1)}. We call (J1, . . . , Jt) a sorted collection if j11 ≤ j21 ≤ · · · ≤
jt1 ≤ j12 ≤ j22 ≤ · · · ≤ jt(k+1). If (J1, J2) is a sorted collection, we call them a sorted pair.
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The w-simplices of ∆k+1,n are exactly the simplices with vertices eJ1 , . . . , eJn for (J1, . . . , Jn)
a sorted collection. To see if a collection is sorted, one need only check pairs of elements.

Lemma 4.3.15. Given {J1, . . . , Jt} ⊂
(

[n]
k+1

)
, suppose that for all a 6= b, either (Ja, Jb) or

(Jb, Ja) is a sorted pair. Then J1, . . . , Jt can be ordered to give a sorted collection.

Proof. First, notice that if (Ja, Jb) is a sorted pair and (Jb, Jc) is a sorted pair, then (Ja, Jc)
is a sorted pair. Indeed, if a 6= b, then there exists i such that jai < jbi ≤ jci. It follows that
(Jc, Ja) is not a sorted pair, so (Ja, Jc) must be. So on {J1, . . . , Jt}, the property of being
a sorted pair is reflexive, antisymmetric, and transitive, which means it is a partial order.
We’ve assumed every pair is comparable, so we have a total order. The result follows.

Proof of Theorem 4.3.13. Let Y ∈ An,k,2 be a point whose twistor coordinates are all
nonzero. We will show that Y lies in ∆̂w(Z) for some w. The points with nonzero twistor
coordinates form a dense subset of An,k,2 (their complement, a union of hypersurfaces, has
codimension 1), so this will show the desired equality.

Set La := Flip(〈Y a1̂〉, 〈Y a2̂〉, . . . , 〈Y a â− 1〉, 〈Y a a〉, 〈Y a a+ 1〉, . . . , 〈Y a n〉).

By Corollary 2.5.2, we have |La| = k. Choose a < b. We will show that Ia := La ∪ {a}
and Ib := Lb ∪ {b} are distinct and, for some ordering, form a sorted pair. We temporarily
abuse notation by omitting the Y ’s and hats from our notation; if a > i, we write 〈ai〉 for
〈Y âi〉.

Certain 3-term Plücker relations constrain sign flips, as noted in [54, Section 5]. For
j ∈ [a− 2] ∪ [b+ 1, n], we have the relation

〈j j + 1〉〈a b〉 = 〈a j〉〈b j + 1〉 − 〈b j〉〈a j + 1〉 (4.3.16)

and for j ∈ [a+ 1, b− 2] we have

〈j j + 1〉〈b a〉 = 〈b j〉〈a j + 1〉 − 〈a j〉〈b j + 1〉. (4.3.17)

Because sgn〈j j+ 1〉 = + for all j, the sign of the left hand sides of Equations (4.3.16)
and (4.3.17) does not depend on j. This means that if sgn〈a b〉 = +, then for j ∈
[a− 2] ∪ [b+ 1, n] (

sgn〈a j〉 sgn〈a j + 1〉
sgn〈b j〉 sgn〈b j + 1〉

)
6=
(
δ ε

ε −δ

)
(4.3.18)
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for any δ, ε ∈ {+,−}. Similarly, if sgn〈a b〉 = −, then for j ∈ [a− 2] ∪ [b+ 1, n](
sgn〈a j〉 sgn〈a j + 1〉
sgn〈b j〉 sgn〈b j + 1〉

)
6=
(
δ −ε
ε δ

)
. (4.3.19)

If sgn〈b a〉 = + (respectively, −), then for j ∈ [a + 1, b − 1], the sign pattern in Equa-
tion (4.3.19) (respectively, Equation (4.3.18)) never occurs.

Suppose j is a value where the sign pattern in Equation (4.3.18) is forbidden. If there
is a sign flip after 〈a j〉 and not after 〈b j〉, then sgn〈a j〉 = sgn〈b j〉; if there is a sign
flip after 〈b j〉 and not after 〈a j〉, then sgn〈a j〉 6= sgn〈b j〉. When the sign pattern in
Equation (4.3.19) is forbidden, there are analogous statements with conclustions swapped.
This means that for any interval I ⊂ [n] where one of the patterns is forbidden, |La ∩ I|
and |Lb ∩ I| differ by at most one and either (La ∩ I, Lb ∩ I) or (Lb ∩ I, La ∩ I) is sorted3.

Which one of (La∩I, Lb∩I) and (Lb∩I, La∩I) is sorted gives us additional information.
Let P := La ∩ [a − 2], Q := Lb ∩ [a − 2]. Suppose P 6= Q, and consider the smallest

j so that there is a sign flip after exactly one of 〈a j〉 and 〈b j〉. Clearly, (P,Q) is sorted
if and only if there is a sign flip after 〈a j〉 and not after 〈b j〉. If the latter occurs, then
sgn〈ab〉 = + and sgn〈a 1〉 = sgn〈b 1〉, or sgn〈ab〉 = − and sgn〈a 1〉 6= sgn〈b 1〉; in short,
sgn〈a b〉 · sgn〈a 1〉 = sgn〈b 1〉. Analogously, if (Q,P ) is sorted, then sgn〈a b〉 · sgn〈a 1〉 6=
sgn〈b 1〉.

Let T := La∩[a+1, b−2] and U = Lb∩[a+1, b−2], and suppose T 6= U . By essentially
identical reasoning as in the previous paragraph, if (T, U) is sorted, then sgn〈b a〉·sgn〈a a+
1〉 6= sgn〈b a+ 1〉. Since 〈a a+ 1〉 > 0 by assumption, the latter condition implies we have
a sign flip between 〈b a〉 and 〈b a+ 1〉, so a ∈ Lb. Similar reasoning gives that if (U, T ) is
sorted, then a /∈ Lb.

Let V := La ∩ [b+ 1, n] and W := Lb ∩ [b+ 1, n] and suppose that V 6= W . Repeating
the arguments of the previous paragraphs gives that if (V,W ) is sorted, then b /∈ La, and
if (W,V ) is sorted, then b ∈ La.

Now, there are two cases: |La ∩ [b, n]| and |Lb ∩ [b, n]| have the same parity or they
have opposite parity. They are similar, so we will assume we are in the first case, and leave
the second to the reader.

Suppose |La ∩ [b, n]| and |Lb ∩ [b, n]| have the same parity. Note that (−1)|Li∩[i+1,j−1]|

is sgn〈i j〉, and, since b /∈ Lb, Lb ∩ [b, n] and Lb ∩ [b+ 1, n] are equal. So

sgn〈b n〉 = (−1)|La∩[b,n]|

= (−1)|La∩[a+1,b−1]|(−1)|La∩[a+1,n]|

3extending the definition of sorted in the obvious way to sets whose sizes differ by at most one

100



= sgn〈a b〉 · sgn〈a 1〉

and thus (P,Q) is sorted. We will show that (Ia, Ib) is sorted and Ia 6= Ib.
If b ∈ La, then |V | and |W | have different parity. In particular, V and W are not

equal, so (W,V ) is sorted and |W | = |V |+ 1. The two sets interweave like

w1 ≤ v1 ≤ w2 ≤ v2 ≤ · · · ≤ wr ≤ vr ≤ wr+1.

Since V = Ia ∩ [b + 1, n] and W = Ib ∩ [b + 1, n], we also have that Ia and Ib are distinct.
Note that Ib ∩ [b, n] = W ∪ {b} and Ia ∩ [b, n] = V ∪ {b} and we have

b ≤ b < w1 ≤ v1 ≤ w2 ≤ v2 ≤ · · · ≤ wr ≤ vr ≤ wr+1,

so (Ib ∩ [b, n], Ia ∩ [b, n]) form a sorted pair. If b /∈ La, then |V | and |W | have the same
parity. The pair (V,W ) is sorted, and Ia ∩ [b, n] = V , while Ib ∩ [b, n] = W ∪ {b}. So
(Ib ∩ [b, n], Ia ∩ [b, n]) are a sorted pair in this case as well, since we have

b < v1 ≤ w1 ≤ v2 ≤ w2 ≤ · · · ≤ vr ≤ wr.

Note that b is in Ib but not in Ia, so we also have that Ia and Ib are distinct in this case.
Now we turn to the sets T and U . Because sgn〈a b〉 = (−1)k sgn〈b a〉, we have

(−1)|La∩[a,b−1]| = (−1)k(−1)|Lb∩[b,a−1]|

= (−1)|Lb∩[1,n]|+|Lb∩[b,a−1]|

= (−1)|Lb∩[a,b−1]|.

Note that |T | ≤ |La∩ [a, b− 1]| ≤ 1 + |T |, since a /∈ La. If a ∈ Lb, then (T, U) is sorted
and |Lb ∩ [a, b− 1]| = 1 + |U |, since b− 1 /∈ Lb. If T and U have the same cardinality, then
|La ∩ [a, b− 1]| must be equal to 1 + |T | in order to have the same parity as 1 + |U |. Thus
b− 1 ∈ La. This means that (Ia ∩ [a, n], Ib ∩ [a, n]) is a sorted pair, as we have

a ≤ a < t1 ≤ u1 ≤ · · · ≤ tj ≤ uj < b− 1 < b ≤ · · · ≤ vr ≤ wr.

If |T | = |U |+1, we conclude by similar reasoning that b−1 /∈ La, and again (Ia∩ [a, n], Ib∩
[a, n]) is a sorted pair, as we have

a ≤ a < t1 ≤ u1 ≤ · · · ≤ tj ≤ uj ≤ tq+1 < b ≤ · · · ≤ vr ≤ wr.

If a /∈ Lb, then (U, T ) is sorted and Lb ∩ [a, b − 1] = U , since a and b − 1 are not in
Lb. A parity argument as in the last paragraph shows that if |U | = |T |, then b− 1 /∈ La; if
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|U | = |T |+ 1, then b− 1 ∈ La. Either way, (Ia ∩ [a, n], Ib ∩ [a, n]) is a sorted pair; we see

a ≤ u1 ≤ t1 ≤ · · · ≤ uj ≤ tj < b ≤ · · · ≤ vr ≤ wr

in the first case and

a ≤ u1 ≤ t1 ≤ · · · ≤ uj ≤ tj ≤ uq+1 < b− 1 < b ≤ · · · ≤ vr ≤ wr

in the second.
Finally, we deal with P and Q. Recall that (P,Q) are sorted. Since |La ∩ [b, n]| and

|Lb∩ [b, n]| have the same parity and |La∩ [a, b−1]| and |Lb∩ [a, b−1]| have the same parity,
|La ∩ [1, a− 1]| and |Lb ∩ [1, a− 1]| have the same parity. Since a− 1 /∈ La, we have that
P = La ∩ [1, a− 1]. On the other hand |Q| ≤ |Lb ∩ [1, a− 1]| ≤ |Q|+ 1. If |P | = |Q|, then
for parity reasons Q = Lb ∩ [1, a− 1] and thus a− 1 /∈ Lb. So (Ia ∩ [1, a− 1], Ib ∩ [1, a− 1])
are a sorted pair, as we have

r1 ≤ s1 ≤ · · · ≤ ri ≤ si.

Similarly, if |P | = |Q| + 1, then a − 1 ∈ Lb and (Ia ∩ [1, a − 1], Ib ∩ [1, a − 1]) again are a
sorted pair, since we have

r1 ≤ s1 ≤ · · · ≤ ri ≤ si ≤ ri+1 ≤ a− 1.

Since (Ia ∩ [1, a − 1], Ib ∩ [1, a − 1]) is a sorted pair ending in an element of Ib and
(Ia ∩ [a, n], Ib ∩ [a, n]) is a sorted pair, it follows that (Ia, Ib) is a sorted pair.

Using Theorem 4.3.13, we can conclude that generalized triangles are unions of am-
plituhedron w-chambers, just as tree positroid polytopes are unions of hypersimplex w-
simplices. More precisely, we have the following corollary, which we sharpen further in
Proposition 5.1.4.

Corollary 4.3.20 (Generalized triangles are unions of w-chambers). Let Zπ be a general-
ized triangle for An,k,2(Z). Then

Zπ =
⋃

∆̂w(Z):
∆̂◦w(Z)∩Z◦π 6=∅

∆̂w(Z).
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4.4 The Hypercube VS the Total Amplituhedron

In this subsection, we embed An,k,2(Z) into a full-dimensional subset of Gr2,n – the ‘G-
amplituhedron’ Gn,k,2– which does not depend on Z. We use sign chambers in the G-
amplituhedron to prove that all w-chambers of An,k,2 are realizable (Theorem 4.4.12).
We also draw another parallel between the hypersimplex and the ampliltuhedron. In Re-
mark 3.1.2 we saw that the union of the (projected) hypersimplices ∆̃k+1,n is the hypercube
�n−1. Analogously, we take the union of G-amplituhedra varying over all k to obtain the
total amplituhedron G(2)

n , which is the amplituhedron-analogue of �n−1.
The following definition is inspired by Corollary 2.5.3. The only difference is that we

drop the dependence on Z ∈ Mat>0
n,k+2 (or equivalently, its column span W ∈ Gr>0

k+2,n).

Definition 4.4.1 (The G-Amplituhedron). Fix k < n and let

G◦n,k,2 := {z ∈ Gr2,n | pi,i+1(z) > 0 for 1 ≤ i ≤ n− 1, and pn,1̂(z) > 0,
and var((p12(z), p13(z), . . . p1n(z)) = k},

The closure Gn,k,2 := G◦n,k,2 in Gr2,n is the G-amplituhedron.

Remark 4.4.2. Following the sign-flip descriptions from [54,107], one can generalise most
of the definitions in this section for any m. We leave this to future work.

Comparing with Corollary 2.5.3 we have:

Proposition 4.4.3. Fix k < n, and W ∈ Gr>0
k+2,n. Then

G◦n,k,2(W ) = {z ∈ G◦n,k,2 | z ⊂ W} = G◦n,k,2∩Gr2(W ) and Bn,k,2(W ) = G◦n,k,2 ∩Gr2(W ).

Remark 4.4.4. Note that Gn,k,2 is full-dimensional in Gr2,n, i.e. it has dimension 2(n−2),
whereas G◦n,k,2(W ) and Bn,k,2(W ) are full-dimensional in Gr2(W ), i.e. have dimension 2k.

Motivated by the decomposition of An,k,2(Z) into w-chambers, we analogously define
w-chambers for Gn,k,2.

Definition 4.4.5. Let w ∈ Dk+1,n and let Ia := cDesL(w(a−1)). Then the (open) G-
amplituhedron w-chamber ∆̂◦w(G) consists of z ∈ Gn,k,2 such that for a = 1, . . . , n,

Flip(pa1̂(z), pa2̂(z), . . . , paâ−1(z), paa(z), paa+1(z), . . . , pan(z)) = Ia \ {a}.
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Equivalently, ∆◦w(G) consists of z ∈ Gr2,n such that

sgn paj(z) = (−1)|Ia∩[a,j−1]|−1 for j > a and sgn paĵ(z) = (−1)|Ia∩[a,j−1]|−1 for j < a.

(4.4.6)
The closed G-amplituhedron w-chamber is the closure ∆̂w(G) := ∆̂◦w(G). Abusing notation,
we will often omit ‘closed’ when referring to closed G-amplituhedron w-chambers.

The situation for G-amplituhedron w-chambers is quite straightforward. We will see
that the second part of (4.4.6) follows from the first part, so each ∆̂◦w(G) is an oriented
matroid stratum, whose underlying matroid is the rank 2 uniform matroid on [n].

Proposition 4.4.7. Let w ∈ Dk+1,n. Then ∆̂◦w(G) is nonempty and is contractible.

Proof. Consider n vectors v1, v2, . . . , vn in R2 so that the matrix[
v1 vw1+1 vw2+1 . . . vwn−1+1

]
has all maximal minors positive. In particular, drawing the vectors in the plane and going
counterclockwise, we see v1, vw1+1, vw2+1, . . . , vwn−1+1 in that order.

Now, set z1 := v1 and zb := (−1)|I1∩[1,b−1]|−1vb for b > 2. We claim that

z =
[
z1 z2 z3 . . . zn

]
represents a point in ∆̂◦w(G).

Clearly p1b(z) has the correct sign. Consider 1 6= a < j. We will assume det[vavj] > 0;
the other case is similar. Note that paj(z) has sign (−1)|I1∩[a,j−1]|; we would like to show
that this is equal to (−1)|Ia∩[a,j−1]|−1. Because det[vavj] > 0, a−1 occurs before j−1 in w,
written in one-line notation. Recall from Remark 4.3.7 that Iwi+1 = Iwi−1+1\{wi}∪{wi+1}.
That is, Ia can be obtained from I1 by removing w1 and adding w1 + 1, then removing w2

and adding w2 + 1, and so on until one removes wq = a − 1 and adds a. Note that for
c = w1, . . . , wq−1, the numbers c and c+1 are either both in [a, j−1] or both not in [a, j−1],
so |I1 ∩ [a, j − 1]| = |Ic+1 ∩ [a, j − 1]|. Removing a− 1 from Iwq−1+1 and adding a increases
the size of the intersection with [a, j − 1] by one, so |I1 ∩ [a, j − 1]| = |Ia ∩ [a, j − 1]| − 1.
This shows paj(z) has the correct sign for a < j; a similar argument shows that for a > j,
paĵ(z) has the desired sign so long as pja(z) does.

So ∆̂◦w(G) is an oriented matroid stratum for a rank 2 oriented matroid. By [171,
Corollary 8.2.3], all rank 2 oriented matroid strata are contractible.
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Example 4.4.8. Let w = (2, 6, 1, 4, 5, 3, 7) ∈ Dk+1,n with k = 3 and n = 7. We have
I1 = {1, 2, 4, 6}. Following the proof of Proposition 4.4.7, we can choose

(v1, vw1+1, vw2+1, vw3+1, vw4+1, vw5+1, vw6+1) = (v1, v3, v7, v2, v5, v6, v4)

=
(

1 1 1 1 1 1 1
1 2 3 4 5 6 7

)
.

We then get

z =
(

1 1 −1 −1 1 1 −1
1 4 −2 −7 5 6 −3

)
.

One can check that z lies in ∆̂◦w(G). Also note that both row vectors z(1) and z(2) of z have
var(z(1)) = var(z(2)) = k by construction. 3

Remark 4.4.9. The w-chambers of the G-amplituhedron do not depend on Z. Roughly
speaking, the amplituhedron w-chambers are linear slices of G-amplituhedron w-chambers.
More precisely, for Z ∈ Mat>0

n,k+2 with column span W ∈ Gr>0
k+2,n, we have

fZ(∆̂◦w(G) ∩Gr2(W )) = ∆̂◦w(Z),

where fZ is the homeomorphism from Proposition 2.3.3.

Our next goal is to use Proposition 4.4.7 and the connection with the B-amplituhedron
from Proposition 4.4.3 to deduce Theorem 4.4.12 on realizability of w-chambers. We start
by proving the following lemma.

Lemma 4.4.10. Given a 2× n matrix z as constructed in the proof of Proposition 4.4.7,
we can construct a (k+ 2)× n matrix A′ representing a point W ∈ Gr≥0

k+2,n which contains
rowspan(z) as a subspace.

Proof. Let z(1) = (z(1)
1 , . . . , z(1)

n ) and z(2) = (z(2)
1 , . . . , z(2)

n ) denote the rows of z. By con-
struction, var(z(1)) = var(z(2)) = k and moreover we can partition [n] into disjoint con-
secutive intervals H1 t · · · tHk+1 such that the entries of z(1) and z(2) in positions Hi are
positive if i is odd and negative if i is even.

By [105, Lemma 4.1], since var(z(2)) = k, we can construct a (k + 1) × n matrix A

with maximal minors nonnegative whose row sum is z(2). More explicitly, we define the
ith row of A to be the vector (ai1, . . . , ai2) such that aij = z

(2)
j for j ∈ Hi and aij = 0 for

j /∈ Hi. Therefore the nonvanishing Plücker coordinates of A are precisely the pB(A) such
that B = {b1 < b2 < · · · < bk+1} with bi ∈ Hi.
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Let A′ be the matrix obtained from A by adding z(1) as a new top (0th) row. We
will label the rows of A′ from 0 to k + 1. The nonvanishing Plücker coordinates of A′ are
precisely the pB′(A′) where B′ = {b1 < b2 < · · · < bk+1}∪ {b′j} with bi ∈ Hi and both bj, b′j
lie in Hj.

Now we can compute the Plücker coordinates of A′ in terms of Plücker coordinates of
z and minors of A. Let B′ = {b1 < b2 < · · · < bk+1} ∪ {b′j} as above. Then we have

pB′(A′) = (−1)j−1∆0j,bjb′j(A
′) ·∆[k+1]\j,B′\{bj ,b′j}(A

′)

= (−1)j−1pbjb′j(z)
∏
i 6=j

z
(2)
bi

where ∆R,C(A′) denotes the minor of A′ on rows R and columns C. Now it follows from
the construction of z that since both bj, b′j lie in Hj, we have pbjb′j(z) > 0. Additionally, we
have that the sign of ∏i 6=j z

(2)
bi

is (−1)j+1. Therefore pB′(A′) is positive, as desired.

Example 4.4.11. We illustrate the proof of Lemma 4.4.10 using our running example
from Example 4.4.8. We have

z =
(

1 1 −1 −1 1 1 −1
1 4 −2 −7 5 6 −3

)

so

A =


1 4 0 0 0 0 0
0 0 −2 −7 0 0 0
0 0 0 0 5 6 0
0 0 0 0 0 0 −3

 and A′ =



1 1 −1 −1 1 1 1
1 4 0 0 0 0 0
0 0 −2 −7 0 0 0
0 0 0 0 5 6 0
0 0 0 0 0 0 −3

 .

Both matrices have maximal minors nonnegative. If B′ = {2, 3, 5, 6, 7} then 2 ∈ H1, 3 ∈
H2, 5, 6 ∈ H3, 7 ∈ H4 and we have

pB′(A′) = ∆03,56(A′)∆124,237(A′) = p56(z) · (4 · (−2) · (−3)).

3

Theorem 4.4.12 (All w-chambers are realisable). For each w ∈ Dk+1,n, there exists some
Z ∈ Mat>0

n,k+2 such that the amplituhedron w-chamber ∆̂w(Z) in An,k,2(Z) is nonempty.

Proof. By Proposition 2.3.3, we know that Bn,k,2(W ) is homeomorphic to An,k,2(Z), where
W ∈ Gr>0

k+2,n is the column span of Z. Moreover the Plücker coordinates of the former agree
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with the twistor coordinates of the latter. Proposition 4.4.7 gives an explicit construction
of a 2 × n matrix z representing a point in ∆̂◦w(G), and by Proposition 4.4.3 we have
Bn,k,2(W ) = G◦n,k,2 ∩Gr2(W ), so to prove the theorem, we just need to realize z as a
two-dimensional subspace contained in some (k + 2)-plane W ∈ Gr>0

k+2,n.
By Lemma 4.4.10, we can realize z as a two-dimensional subspace contained in a

(k + 2)-plane W ∈ Gr≥0
k+2,n. (Here W = rowspan(A′).) We want to now slightly deform A′

to make it totally positive.
We claim that A′ ∈ Gr≥0

k+2,n is the limit of a sequence of points {Ãt} ∈ Gr>0
k+2,n where

rowspan(Ãt) contains a 2-plane z(t) which lies in the same sign-chamber as z. To see this,
we use the fact that Gr≥0

k+2,n = Gr>0
k+2,n (see Remark 2.2.3). We can therefore write A′ as

the limit of a sequence of matrices of the form A′ + (εij(t)) ∈ Gr>0
k+2,n, where (εij(t)) is a

(k+2)×n matrix, and each εij(t) is a function of t with small absolute value and εij(t)→ 0
as t→ 0.

We denote the rows of A′ + (εij(t)) by ri(t) for 0 ≤ i ≤ k + 1. Let z(1)(t) := r0(t),
let z(2)(t) := r1(t) + r2(t) + · · · + rk+1(t), and let z(t) be the matrix with rows z(1)(t) and
z(2)(t).

Then when t = 0, we have z = z(t). Moreover for small t, the Plücker coordinates of
z(t) have the same signs as the Plücker coordinates of z, so z(t) lies in the same w-simplex
∆̂◦w(G) as z. But now by construction, rowspan(z(t)) lies in the positive (k + 2)-plane
W = rowspan(A′ + (εij(t))). This completes the proof of the theorem.

Corollary 4.4.13 (Amplituhedron chambers and Eulerian numbers). The realizable am-
plituhedron chambers Aσn,k,2(Z) are exactly the w-chambers ∆̂◦w(Z) where w ∈ Dk+1,n.

Proof. Theorem 4.4.12 shows that each w-chamber is realizable. Theorem 4.3.13 shows
that no other sign chambers are realizable.

We now turn to the structure of the G-amplituhedron. The proof of Theorem 4.3.13
implies the following.

Theorem 4.4.14 (Gn,k,2 is the union of w-chambers). Fix k < n, then

Gn,k,2 =
⋃

w∈Dk+1,n

∆̂w(G).

Definition 4.4.15 (Total Amplituhedron). The total amplituhedron G(2)
n is

G(2)
n :=

n−2⋃
k=0
Gn,k,2.
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Note that G(2)
n has top dimension 2(n− 2) in Gr2,n, and it does not depend on Z.

Recall that the hypercube �n−1 ⊂ Rn−1 can be decomposed into (n−1)! w-simplices in
a way which is compatible with its slicing into (projected) hypersimplices ∆̃1,n, ∆̃2,n, . . . , ∆̃n−1,n.
Each ∆̃k+1,n is a union of exactly Ek,n−1 simplices, where Ek,n−1 is the Eulerian number.

Analogously, by Theorem 4.4.14, the total amplituhedron G(2)
n ⊂ Gr2,n can be de-

composed into (n − 1)! w-chambers in a way which is compatible with its decomposition
into the G-amplituhedra Gn,0,2, Gn,1,2, . . . ,Gn,n−2,2. Each Gn,k,2 is a union of exactly Ek,n−1

w-chambers. This is the ‘m = 2’ equivalent of encoding all helicity sectors at once for
tree-level scattering amplitudes of N = 4 SYM for m = 4. A related space was discussed
in the context of the B-amplituhedron [107, Section 3.4].
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Chapter 5

Positroid Triangulations

The combinatorics of T-duality is realised via a bijection between loopless positroid cells
Sπ of Gr≥0

k+1,n and coloopless positroid cells Sπ̂ of Gr≥0
k,n, see Section 4.1. This is a simple

operation on decorated permutations – which induces a poset isomorphism too (Proposi-
tion 4.1.6). Remarkably, T-duality sends generalized triangles of the hypersimplex (images
of cells where the moment map is injective) to generalized triangles of the amplituhedron
(images of cells where Z̃ is injective), see Corollary 4.2.1. Properties of positroid poly-
topes are in general related to the ones of their T-dual Grasstopes (Theorem 4.2.8 and
Theorem 4.2.10). Moreover, the decomposition of ∆k+1,n into w-simplicies is T-dual to
the decomposition of the amplituhedron An,k,2 into w-chambers – an Eulerian number of
regions where all twistor coordinates have fixed signs. These results allow us to prove
another crucial feature of T-duality about positroid triangulations of ∆k+1,n and An,k,2.

Given any surjective map φ : Gr≥0
r,n → X where dimX = d, it is natural to try to

decompose X using images of positroid cells under φ. This leads to the following definition.

Definition 5.0.1 (Positroid triangulations/dissections). Let φ : Gr≥0
r,n → X be a continu-

ous surjective map where dimX = d. A positroid triangulation of X (with respect to φ) is
a collection {φ(Sπ)} of images of d-dimensional positroid cells such that

• φ is injective on each Sπ from the collection

• pairs of distinct images φ(Sπ) and φ(Sπ′) are disjoint

• ∪φ(Sπ) = X.

If we relax the injectivity assumption (e.g. we exclude the first property), then we call
{φ(Sπ)} a positroid dissection. When φ is the moment map, the (closures of) the images
of the positroid cells Sπ are the positroid polytopes Γπ [141], so a positroid triangulation
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of the hypersimplex is a decomposition into positroid polytopes (cf. Chapter 3). When
φ is the amplituhedron map Z̃, the (closures of) the images of the positroid cells Sπ

are Grasstopes Zπ. These were first studied in [13] as the building blocks of conjectural
positroid triangulations of the amplituhedron – hence providing expressions for N = 4
SYM scattering amplitudes.

Remark 5.0.2. Note that positroid triangulations in general are not the same as poly-
hedral triangulations. In this work, we kept the word ‘triangulation’ for continuity with
physics terminology. However, in some other works, we decided to adopt the terminology
positroid tilings in order to be more consistent with definitions in the broader mathematical
literature.

Remark 5.0.3. In the following, if the collection {φ(Sπ)} is a positroid triangulation
(dissection), we may say for brevity that the collection of positroid cells {Sπ} gives a
positroid triangulation (dissection).

Note that neither the amplituhedron nor the Grasstopes are polytopes. Nevertheless,
the main result of this chapter is showing that positroid triangulations of the hypersimplex
∆k+1,n and of the ampliuthedron An,k,2(Z) are in bijection via T-duality (Theorem 5.1.9).
Considering the various relations via T-duality, should there be a map from ∆k+1,n to An,k,2
or vice-versa? We have dim ∆k+1,n = n− 1 and dimAn,k,2 = 2k, with no relation between
n− 1 and 2k (apart from k ≤ n) so it is not obvious that such map should exist.

T-duality reveals to be an important tool for studying the amplituhedron An,k,2: we
can try to understand properties of the amplituhedron by studying the hypersimplex and
applying T-duality. For example, we can obtain a whole class of ‘regular’ triangulations of
the amplituhedron from correspondingly regular positroid triangulations of the hypersim-
plex. By Theorem 3.2.14, the regular positroid triangulations (dissections) of ∆k+1,n come
precisely from the positive tropical Grassmannian Trop+ Grk+1,n. Hence using T-duality
we can get positroid triangulations (dissections) of the amplituhedron An,k,2, see Corol-
lary 5.2.22. We speculate that Trop+ Grk+1,n plays the role of secondary fan for the regular
positroid dissections of An,k,2.

Summary of the Chapter. This chapter is based on the following works from the
author: [56] and [55, Section 11].

In this chapter we introduce and discuss about positroid triangulations and dissections
– which arise from subdividing a space using images of positroid cells of a totally non-
negative Grassmannian. In Section 5.1 we show how T-duality relates triangulations and
dissections of the hypersimplex ∆k+1,n and the amplituhedron An,k,2(Z). In Section 5.1.1
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we state one of the main results of our work: a collection of positroid polytopes is a positroid
triangulation of ∆k+1,n if and only if the collection of T-dual Grasstopes is a positroid tri-
angulation of An,k,2(Z) for all Z. We also conjecture the same holds true if we replace
“triangulations” with “dissections”. In Section 5.1.2 we discuss algorithms to find positroid
triangulations using w-simplices of ∆k+1,n and (possibly empty) w-chambers of An,k,2(Z).
In Section 5.2 we show how to obtain different types of positroid triangulations (and dissec-
tions) of ∆k+1,n and An,k,2(Z) from: BCFW recursion relations (Section 5.2.1), the positive
tropical Grassmannian Trop+ Grk+1,n (Section 5.2.2), and positions of descents/sign flips
(Section 5.2.3). Finally, in Section 5.3 we discuss the relation of T-duality with cyclic
symmetry and parity duality – which relates the ampliuthedron An,k,m with An,n−m−k,m.

5.1 Positroid triangulations of ∆k+1,n and An,k,2
In this section we prove that T-duality is a bijection between positroid triangulations of
∆k+1,n and positroid triangulations of An,k,2(Z). For this, we use that realisable amplituhe-
dron chambers are exactly labelled by Eulerian numbers Corollary 4.4.13. Furthermore,
we explore the phenomena that some w-chambers can be empty and describe algorithms
to obtain positroid triangulations exploiting w-simplices and w-chambers.

Recall the definition of positroid triangulation from Definition 5.0.1. Specializing to
An,k,2(Z), we get the following.

Definition 5.1.1 (Positroid Triangulations/Dissections of An,k,2). Let C = {Zπ} be a
collection of Grasstopes, with {Sπ} positroid cells of Gr≥0

k,n. We say that C is a positroid
triangulation of An,k,2(Z) if we have that:

1. each Grasstope Zπ is a generalized triangle (i.e. Z̃ is injective on Sπ and dimZπ = 2k);

2. pairs of distinct open Grasstopes Z◦π and Z◦π′ in the collection are disjoint;

3. ⋃π Zπ = An,k,2(Z).

We say that C is a positroid dissection of An,k,2(Z) if each Grasstope Zπ is full-dimensional
(i.e. dimZπ = 2k) and (2) and (3) are satisfied.

Remark 5.1.2. Alternatively, one could define a positroid triangulation/dissections as
coming from a collection {Sπ} of cells such that {Zπ} is a triangulation/dissection (as
above) for all choices of Z in Mat>0

n,k+2. We use Definition 5.1.1 here since some objects we
define will be sensitive to the choice of Z.
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Because generalized triangles in An,k,2(Z) are defined by sign conditions, the decom-
position of An,k,2(Z) into chambers refines every positroid triangulation.

Example 5.1.3 (Positroid triangulation of A4,1,2). By Example 2.2.7 generalized triangles
of A4,1,2 are just (projective) triangles. Then positroid triangulations of A4,1,2 are just stan-
dard (polyhedral) triangulations of an 4-gon. Figure 5.1 shows a triangulation {Zν1 , Zν2},
where Zν1 is the triangle with vertices Z1, Z3, Z4 considered in Example 2.2.7, and Zν2 is
the triangle obtained from the positroid cell Sν2 . Elements of the cell can be represented
by a row vector C = (c1, c2, c3, c4), with p4(C) = c4 = 0 and c1, c2, c3 > 0. Therefore Zν2 is
the triangle with vertices Z1, Z2, Z3. 3

Figure 5.1: A positroid triangulation of A4,1,2.

5.1.1 Triangulations in bijection via T-Duality

Recall that w-simplices in ∆k+1,n are indexed by Dk+1,n. One main tool is the following.

Proposition 5.1.4. Fix k < n and Z ∈ Mat>0
n,k+2. Suppose w ∈ Dk+1,n and ∆̂w(Z) 6= ∅.

For any tree positroid polytope Γπ we have

∆w ⊂ Γπ ⇔ ∆̂w(Z) ⊂ Zπ̂. (5.1.5)

Proof. Fix a triangulated unpunctured plabic tiling T so that G(T ) is a plabic tree with
trip permutation π and Ĝ(T ) has trip permutation π̂. From Theorem 4.2.2, Z◦π̂ consists of
Y ∈ Grk,k+2 such that for all arcs a→ b of Tsgn〈Y ab〉 = (−1)area(a→b) if a < b

sgn〈Y ab̂〉 = (−1)area(a→b) if a > b

and Γπ consists of the points x ∈ Rn satisfying

area(a→ b) ≤ x[a,b−1] ≤ area(a→ b) + 1
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for all arcs a→ b of T . (In fact, to cut out Z◦π̂, it suffices to consider arcs with a < b.)
Suppose ∆w ⊂ Γπ. Then the vertices eI1 , . . . , eIn of ∆w satisfy the defining inequalities

of Γπ. In particular, for each arc a→ b of T ,

area(a→ b) ≤ |Ia ∩ [a, b− 1]| ≤ area(a→ b) + 1.

By Remark 4.3.7, there is another vertex eIr of ∆w satisfying Ir = Ia \ {a} ∪ {a− 1}.
This vertex also satisfies the defining inequalities of Γπ. Moreover, |Ir ∩ [a, b − 1]| is 1
smaller than |Ia ∩ [a, b− 1]|, so we must have

|Ia ∩ [a, b− 1]| = area(a→ b) + 1.

Consider Y ∈ ∆̂◦w(Z). By definition, fora < b, sgn〈Y ab〉 = (−1)|Ia∩[a,b−1]|−1. By
the above computation, sgn〈Y ab〉 = (−1)area(a→b) for every arc a → b, so we have shown
∆̂◦w(Z) ⊂ Z◦π̂. Taking closures gives the desired containment.

Now, suppose ∆̂w(Z) ⊂ Zπ̂. This means that for all arcs a→ b of T , area(a→ b) + 1
is the same parity as |Ia ∩ [a, b− 1]|. We will show that for all q,

area(a→ b) ≤ |Iq ∩ [a, b− 1]| ≤ area(a→ b) + 1.

From the alcove description of w-simplices in [169, Section 2.3], there is some d so that
∆w lies between the hyperplanes {x[a,b−1] = d−1} and {x[a,b−1] = d}. As noted above, there
is a vertex eIr of ∆w satisfying Ir = Ia\{a}∪{a−1}. Since |Ir∩[a, b−1]| = |Ia∩[a, b−1]|−1,
we conclude that d is |Ia ∩ [a, b− 1]|. Thus, it suffices to show that

area(a→ b) + 1 = |Ia ∩ [a, b− 1]|. (5.1.6)

This is proved in the following lemma.

Lemma 5.1.7. Let T be a triangulated (k, n)-unpunctured plabic tiling and let ∆w ∈ ∆k+1,n

be a w-simplex with vertices eI1 , . . . , eIn. Suppose for all arcs a→ b of T ,

area(a→ b) + 1 ≡ |Ia ∩ [a, b− 1]| (mod 2).

Then area(a→ b) + 1 = |Ia ∩ [a, b− 1]| for all arcs a→ b of T .

Proof. We use induction on n. The base cases are n = 3 and k = 0, 1, which are clear.
Without loss of generality, we may assume that T contains the arc 1→ (n−1). Indeed,

T contains some arc (r+1)→ (r−1). We can rotate T by r to obtain a new triangulation
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with an arc 1→ (n− 1). We can also apply the corresponding cyclic shift ei 7→ ei−r to ∆w

to obtain a new simplex ∆u. The vertex eIp of ∆w is mapped to vertex eJp−r of ∆u, where
Jp−r = {i − r : i ∈ Ip}. If the proposition is true for the new triangulation and ∆u, it is
easy to see (by shifting back) that it is true for T and ∆w.

Let T ′ be the (k′, n− 1)-unpunctured triangulated plabic tiling obtained by chopping
the triangle with vertices 1, n − 1, n off of T . Note that k′ = k if this triangle is white,
and k′ = k − 1 otherwise. Let v ∈ Sn−1 be the permutation obtained from w by deleting
wn = n and moving n− 1 to the end.

Case I: Suppose the triangle deleted from T is white, so k′ = k. Then areaT (1 →
(n− 1)) is equal to areaT (1→ n), so the assumption on parities means that I1 ∩ [1, n− 1]
has the same size as I1 ∩ [1, n− 2]. That is, n− 1 /∈ I1, which means that n− 1 appears to
the right of n− 2 in w. Deleting wn and moving n− 1 to the end results in a permutation
with the same number of cyclic descents as w, meaning that ∆v ⊂ ∆k′,n−1.

The vertices of ∆v are eJ1 , . . . , eJn−1 , where

Ja =
Ia if n /∈ Ia
Ia \ {n} ∪ {n− 1} if n ∈ Ia.

For the moment, we will denote cyclic intervals in [n− 1] by [a, b]′.
Let a→ b be an arc of T ′. Because b 6= n, [a, b−1] either contains both n−1 and n, or

neither. So Ja ∩ [a, b− 1]′ and Ia ∩ [a, b− 1] have the same cardinality. Also, areaT ′(a→ b)
is equal to areaT (a → b), so T ′ and ∆̂v(Z) satisfy the assumptions of the proposition.
By induction, we can conclude that |Ja ∩ [a, b − 1]′| = areaT ′(a → b) + 1. In light of the
equalities in this paragraph, this means that for all arcs a → b of T where a, b are not n,
we have |Ia ∩ [a, b− 1]| = areaT (a→ b) + 1. It remains to check that a similar equality for
the arcs 1→ n, (n− 1)→ n and their reverses, which are trivial.

Case II: Suppose the triangle deleted from T is black, so k′ = k−1. Then areaT (1→
(n−1)) is equal to areaT (1→ n)−1. The assumption on parities implies that I1∩ [1, n−1]
and I1 ∩ [1, n− 2] are different sizes, so n− 1 ∈ I1. This means that n− 1 appears to the
left of n− 2 in w, and v has one fewer left descent than w. So ∆v ⊂ ∆k′,n−1 as desired.

The vertices of ∆v are eJ1 , . . . , eJn−1 , where

Ja =
Ia \ {n} if n ∈ Ia
Ia \ {n− 1} if n− 1 ∈ Ia, n /∈ Ia.

Let a → b be an arc of T ′. Again, the cyclic interval [a, b − 1] either contains both
n−1 and n, or contains neither. If [a, b−1] contains neither, then clearly |Ja∩ [a, b−1]′| =
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|Ia ∩ [a, b − 1]|; in this case, areaT ′(a → b) = areaT (a → b) as well. If [a, b − 1] contains
both, then |Ja ∩ [a, b− 1]′| = |Ia ∩ [a, b− 1]| − 1 and areaT ′(a→ b) = areaT (a→ b)− 1. So
again, T ′ and ∆v satisfy the assumptions of the proposition. As in Case I, we can conclude
that for all arcs a→ b of T where a, b are not n, we have |Ia∩ [a, b−1]| = areaT (a→ b)+1.
The equalities for the arcs 1→ n, (n− 1)→ n, and their reverses are clear.

Remark 5.1.8. Proposition 5.1.4 motivates the intuition that the w-simplex ∆w ⊂ ∆k+1,n

and the w-chamber ∆̂w(Z) ⊂ An,k,2(Z) are ‘T-dual’ to each other. In Proposition 5.2.40
we will show that any w-simplex is the intersection of n distinguished positroid polytopes
{Γπ}, and the corresponding w-chamber is the intersection of the n T-dual Grasstopes
{Zπ̂}.

To prove the correspondence between triangulations, we also need the following crucial
result, whose proof we delay to the following subsection.

We can now show the main result of this section.

Theorem 5.1.9 (Triangulations of ∆k+1,n and An,k,2 are T-dual). The collection C = {Γπ}
is a positroid triangulation of ∆k+1,n if and only if for all Z ∈ Mat>0

n,k+2, the collection of
T-dual Grasstopes Ĉ = {Zπ̂} is a positroid triangulation of An,k,2(Z).

Proof. ( =⇒ ) : Suppose C is a positroid triangulation of ∆k+1,n and choose Z ∈ Mat>0
n,k+2.

We already know that Zπ̂ is a generalized triangle from Corollary 4.2.1.
We first show that the Grasstopes in Ĉ are dense in the amplituhedron. Consider a

nonempty amplituhedron w-chamber ∆̂w(Z). Since C is a positroid triangulation, there
exists a tree positroid polytope Γπ ∈ C which contains ∆w. By Proposition 5.1.4, ∆̂◦w(Z) ⊂
Z◦π̂, where the latter is by definition in Ĉ. So we have

⋃
w

∆̂◦w(Z) ⊆
⋃
Ĉ

Z◦π̂ ⊆ An,k,2(Z).

By Theorem 4.3.13, the closure of the left-most set is equal to the right, so the closure of
the middle set is An,k,2(Z), as desired.

Now, suppose for the sake of contradiction that two distinct Z◦π̂, Z◦µ̂ ∈ Ĉ are not disjoint.
They are open, so their intersection is open, and thus their intersection contains a point
in ∆̂◦w(Z) for some w. Lemma 4.3.12 implies that in fact the entire w-simplex ∆̂◦w(Z) is
contained in their intersection. But then by Proposition 5.1.4, ∆w is contained in Γπ ∩Γµ,
a contradiction.
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(⇐=): Suppose that for all Z ∈ Mat>0
n,k+2, Ĉ is a positroid triangulation ofAn,k,2(Z). By

Theorem 4.4.12, for all w ∈ Dk+1,n, we can choose Z so that ∆̂w(Z) is nonempty. In partic-
ular, ∆̂◦w(Z) must intersect one of the generalized triangles Z◦π̂ and thus by Lemma 4.3.12,
∆̂w(Z) ⊂ Zπ̂. Because Ĉ is a positroid triangulation, ∆̂w(Z) is not contained in any other
generalized triangle in Ĉ. Using Proposition 5.1.4, we see that every w-simplex is con-
tained in precisely one positroid polytope in C, and thus C is a positroid triangulation of
∆k+1,n.

Example 5.1.10 (Positroid triangulations of ∆2,4 andA4,1,2 are T-dual). By Example 2.2.7
A4,1,2 is a 4-gon whose positroid triangulations are just standard (polyhedral) triangula-
tions. There are just 2 of them given by the pairs of (generalized) triangles in the right side
of Figure 5.3. In turn, the hypersimplex ∆2,4 also has only 2 positroid triangulations given
by the pairs of generalized triangles in the left side of Figure 5.3. The bijection in Corol-
lary 4.2.1 between generalized triangles of ∆2,4 and A4,1,2 via the T-duality map on per-
mutation induces a bijection between positroid triangulations. For example, the positroid
triangulation {Γπ1 ,Γπ2} of ∆2,4 corresponds to the positroid triangulation {Zπ̂1 , Zπ̂2} of
A4,1,2. 3

Figure 5.2: Positroid triangulations of ∆2,4 and A4,1,2 in bijection via
T-duality.
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Example 5.1.11 (w-simplices and w-chambers are T-dual). We observe that the decom-
position ∆2,4 = ∆w1 ∪∆w2 ∪∆w3 ∪∆w4 refines both positroid triangulations of ∆2,4 in Fig-
ure 5.3. Analogously, the decomposition A4,1,2(Z) = ∆̂w1(Z)∪ ∆̂w2(Z)∪ ∆̂w3(Z)∪ ∆̂w4(Z)
refines both positroid triangulations of A4,1,2(Z). Moreover, one can see that T-duality
preserves the property of inclusion of a w-simplex in a generalized triangle. For example,
∆w1 ⊂ Γν1 ,Γπ2 (and even more: ∆w1 = Γν1 ∩ Γπ2) and ∆̂w1 ⊂ Zν̂1 , Zπ̂2 (and even more:
∆̂w1 = Zν̂1 ∩ Zπ̂2). 3

Figure 5.3: w-simplices of ∆2,4 and w-chambers of A4,1,2 are T-dual.

Using the sign characterization of a generalized triangle ZT ofAn,k,2(Z) (Theorem 2.4.28),
one can define a generalized triangle GT in Gn,k,2 as (the closure of) the region in Gr2,n whose
Plücker coordinates satisfy the same sign conditions as the twistor coordinates of ZT :

Definition 5.1.12 (Generalized triangles of Gn,k,2). Let T be a triangulated (k, n)-unpunctured
plabic tiling. Then we define

G◦T := {z ∈ Gr2,n | sgn pij(z) = (−1)area(i→j) for all black arcs i→ j of T with i < j}.

We denote the closure of G◦T as GT and refer to it as a generalized triangle of Gn,k,2.

Analogously to Corollary 4.3.20, GT is a union of G-amplituhedron w-chambers. More-
over, ZT is a linear slice of GT (analogously to Remark 4.4.9). We say a positroid triangu-
lation of Gn,k,2 is a collection of generalized triangles which cover Gn,k,2 and have disjoint
interiors. Since all G-amplituhedron w-chambers are non-empty, the G-amplituhedron ana-
logue of Theorem 5.1.9 holds:

Theorem 5.1.13 (Triangulations of ∆k+1,n and Gn,k,2 are T-dual). The collection C =
{ΓT } is a positroid triangulation of ∆k+1,n if and only if the collection of T-dual generalized
triangles Ĉ = {GT } is a positroid triangulation of Gn,k,2.

117



We end this section by stating a conjecture about dissections. This is motivated by
Section 5.2.1 about BCFW-type dissections, discussions in Section 5.2.2 about the tropical
positive Grassmannian Trop+ Grk+1,n, and experimental data in Section 5.2.2.

Conjecture 5.1.14 (Dissections of ∆k+1,n and An,k,2 are T-dual). The collection C = {Γπ}
is a positroid dissection of ∆k+1,n if and only if for all Z ∈ Mat>0

n,k+2, the collection of T-dual
Grasstopes Ĉ = {Zπ̂} is a positroid dissection of An,k,2(Z).

5.1.2 Triangulations from w-simplices and w-chambers

In this section we provide algorithms to find all positroid triangulations of the hypersimplex
and the amplituhedron using w-simplices and w-chambers. As mentioned in Remark 4.3.11,
∆̂w(Z) may be empty for some choice of Z. We take a closer look at this phenomenon and
give some examples.

Remark 5.1.15. It is a priori possible for an amplituhedron An,k,2(Z) to have a triangu-
lation Ĉ which is not T-dual to a hypersimplex triangulation. However, Theorem 5.1.9 tells
us that the collection of Grasstopes Ĉ will fail to be a triangulation for some other ampli-
tuhedron An,k,2(Z ′). We have not found any instances of such “sporadic” triangulations in
the examples we considered.

Proposition 5.1.16 (Algorithm for triangulations of ∆k+1,n). In order to find all triangu-
lations of ∆k+1,n proceed as follows. Call two generalized triangles Γπ1 and Γπ2 compatible
if they do not contain any common w-simplex.

Step 1. Define a graph G whose vertices are generalized triangles of ∆k+1,n and edges connect
compatible generalized triangles.

Step 2. Compute the set Cl(G) of all maximal cliques of G;

Step 3. For each clique C ∈ Cl(G), compute the list LC of all w-simplices contained in any
generalized triangle Γπ ∈ C;

Step 4. If LC consists of all w-simplices of ∆k+1,n, then C is a triangulation of ∆k+1,n, oth-
erwise it is not.

Proposition 5.1.17 (Algorithm for triangulations of An,k,2). In order to find all triangu-
lations of An,k,2(Z) proceed as follows. Let EZ be the list of all w-simplices ∆w in ∆k+1,n

such that ∆̂w(Z) = ∅. Call two generalized triangles Zπ̂1 , Zπ̂2 compatible if and only if
Γπ1 ∩ Γπ2 is empty or contains w-simplices which are in EZ.
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Step 1. Make a graph Ĝ whose vertices are generalized triangles of An,k,2(Z) and edges connect
compatible generalized triangles;

Step 2. Compute the set Cl(Ĝ) of all maximal cliques of Ĝ;

Step 3. For each clique Ĉ ∈ Cl(Ĝ), consider the collection C of T-dual generalized triangles in
∆k+1,n. Compute the list LC of all w-simplices in ∆k+1,n contained in any generalized
triangle Γπ ∈ C;

Step 4. If the (possibly empty) complement of LC is contained in EZ, then Ĉ is a triangulation
of An,k,2(Z), otherwise it is not.

Remark 5.1.18. If we would like to find a positroid triangulation Ĉ of the amplituhedron
An,k,2(Z) which is not a positroid triangulation of ∆k+1,n, then after Step 3 we need check
that either: i) the complement of LC is nonempty and contained in EZ ; or ii) LC is the set
of all w-simplices of ∆k+1,n and there is a pair of generalized triangles Γπ1 ,Γπ2 in C which
both contain a w-simplex in EZ .

Below, we report some results on empty w-chambers in the cases k = 1, 2.
k = 1 Case. The amplituhedron An,1,2(Z) is just an n-gon Pn(Z) in P2 with vertices

Z1, . . . , Zn going clockwise. Let i → j be a side or a diagonal of Pn(Z), with i < j. The
twistor coordinate 〈Y ij〉 is positive, negative or zero if Y lies to the right, left, or on the
diagonal i → j respectively. Then the nonempty w-chambers ∆̂w(Z) are the connected
components of the complement of all diagonals of Pn(Z) (see Fig. 5.4). If no three
diagonals of Pn(Z) intersect at a point in the interior, it is well known the number of
connected components is given by:

Nn =
4∑
r=2

(
n− 1
r

)
=
(
n

4

)
+
(
n− 1

2

)
.

The number of empty w-chambers in this case is show in Table 5.1.
If three diagonals of Pn(Z) intersect at a point in its interior, then the number of

empty w-chambers is larger (as the number of regions realised is smaller).

Example 5.1.19. The easiest example with an empty w-chamber is for A6,1,2(Z), which
is an hexagon. Let us consider the permutations w(+) = 145236 and w(−) = 341256.
Using Definition 4.3.8, it is easy to see that points in ∆̂w(+)(Z) and ∆̂w(−)(Z) have all
twistor coordinates with the same sign, except for {〈Y 14〉, 〈Y 25〉, 〈Y 36〉}, whose signs are
{+ − +} and {− + −}, respectively. Let Z∗ be the intersection of the diagonals (1, 4)
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n 3 4 5 6 7 8 9
Nn 1 4 11 25 50 91 154

E1,n−1 1 4 11 26 57 120 247
# Empty ∆̂w 0 0 0 1 7 29 93

Table 5.1: Empty w-chambers vs. Eulerian numbers for k = 1.

and (2, 5). Then ∆̂w(+)(Z) (respectively, ∆̂w(−)(Z)) is non-empty if and only if Z∗ is to the
right (respectively, left) of the diagonal 3→ 6. This happens when

〈Z1, Z2, Z5〉〈Z4, Z3, Z6〉 − 〈Z1, Z3, Z6〉〈Z4, Z2, Z5〉 (5.1.20)

is positive (respectively, negative), see Figure 5.4. Therefore we conclude that for any
choice of Z either ∆̂w(+)(Z) = ∅ or ∆̂w(−)(Z) = ∅. Moreover, both are empty if (5.1.20)
vanishes. Similar phenomena occur for higher n as well. 3

1

2 3

4

56

1

2 3

4

56

1

2 3

4

56

Z∗
Z∗

Z∗

Figure 5.4: From left to right: For 〈Z∗, Z3, Z6〉 > 0, ∆̂w(+) is nonempty (in
black) but ∆̂w(−) is empty; if 〈Z∗, Z3, Z6〉 = 0 then ∆̂w(+) and ∆̂w(−) are both
empty; for 〈Z∗, Z3, Z6〉 < 0 then ∆̂w(+) is empty but ∆̂w(−) is not (shown in

black).

In the following, we show an example of overlapping positroid polytopes {Γπ} which do
not cover ∆2,n, but whose T-dual Grasstopes {Zπ̂} cover An,1,n(Z), for some Z.

Example 5.1.21. Consider A6,1,2(Z0), with Z0 vertices of the regular hexagon in P2 (i.e.
Z0 is the point inGr>0

3,6 invariant under cyclic symmetry). Consider the generalized triangles
(actual triangles) Zπ̂1 , . . . , Zπ̂6 below.
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Clearly, they do cover A6,1,2(Z0) (and overlap). However, ∆w(+) is not included in any
of the generalized triangles Γπ1 , . . . ,Γπ6 of ∆2,6. Therefore they do not cover ∆2,6. 3

Despite the presence of empty w-chambers, for any Z in Mat>0
k+2,n, triangulations of

∆2,n and An,1,2(Z) are still in bijection:

Proposition 5.1.22. A collection of tree positroid polytopes {Γπ} is a triangulation of
∆2,n if and only if {Zπ̂} is a triangulation of An,1,2(Z). All such triangulations are regular.

Proof. The forward direction comes from Theorem 5.1.9. The other direction comes from
the fact that An,1,2(Z) is just an n-gon. Its triangulations are in bijection with the regular
triangulations of ∆2,n described in [56, Proposition 10.7] (of ‘Catalan’ type).

k = 2 Case. We used Mathematica and the package ‘positroid’ [121].
For n = 6, there are choices of Z such that all w-chambers of A6,2,2(Z) are nonempty.
For n = 7 and some choices of Z, there are empty w-chambers ∆̂w for which ∆w

is the intersection of just 2 generalized triangles of ∆3,7. This implies that in general
the compatibility graph G of generalized triangles of ∆k+1,n differs from the one Ĝ of
generalized triangles of An,k,2(Z) (cf. Proposition 5.1.17). For example, let w = 1645237,
then ∆w = Γπ1 ∩ Γπ2 , with π1 = (2, 3, 7, 8, 6, 11, 12), π2 = (6, 7, 4, 5, 9, 10, 8). The positroid
polytopes {Γπ1 ,Γπ2} are not compatible in ∆3,7, but the T-dual Grasstopes {Zπ1 , Zπ2} are
compatible in A7,2,2(Z), as Zπ1 ∩ Zπ2 = ∆̂w = ∅. Nevertheless, the 3073 triangulations of
A7,2,2(Z) are still in bijection with the 3073 triangulations of ∆3,7.

For n = 8, we checked only a few choices of Z, but found that there are more than 100
w-chambers which can be empty depending on Z. As for n = 7, the compatibility graph of
∆3,8 differs from that of A8,2,2(Z): e.g. we found multiple collections {Zπ} of 13 Grasstopes
in A8,2,2(Z) which are mutually compatible (but don’t form a triangulation), whose T -duals
are not mutually compatible positroid polytopes. Nevertheless, the 6443460 triangulations
of A8,2,2(Z) (each of which has size 15) are in bijection with the triangulations of ∆3,8.

5.2 Different types of Triangulations and Dissections

Is it possible to classify all positroid triangulations (dissections) of ∆k+1,n and An,k,2? In
particular, it would be desirable to have a combinatorial characterization of when a given
collection of generalized triangles gives a positroid triangulation. While this still remains
an open question, in this section we present broad classes of positroid triangulations. Those
are built from BCFW recursions (Section 5.2.1) – involving triangulations with lower n
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and k, and the positive tropical Grassmannian Trop+ Grk+1,n (Section 5.2.2)– governing
the regular triangulations. We will also explore particular positroid triangulations (both
regular and of BCFW type) obtained from the combinatorics of certain descent/sign-flip
configurations (Section 5.2.3).

5.2.1 Triangulations and Dissections from BCFW Recursions

In scattering amplitudes, BCFW recursion relations allowed to compute amplitudes very
effectively. In this section we show that an analogous relation holds for the hypersimplex
too. Moreover, we show that these recursions are T-dual with recursions for the m = 2
amplituhedron proved by Bao and He [117]. They have two types of terms1: one involving
triangulations with lower n, and one involving triangulations with lower n and k. We note
that, thanks to Theorem 5.1.9, Bao and He’s results are now an immediate corollary.

BCFW recursion for the Hypersimplex ∆k+1.

Definition 5.2.1. Consider the set of reduced plabic graphs with n−1 boundary vertices,
associated to cells of Gr≥0

k+1,n−1 (respectively, Gr≥0
k,n−1), which do not have a loop at vertex

n− 1. Let ipre (respectively, iinc) be the map on these graphs, which takes a reduced plabic
graph G and replaces the (n− 1)st boundary vertex with a trivalent internal white (resp.
black) vertex attached to boundary vertices n−1 and n, as in the middle (resp. rightmost)
graph of Figure 5.5. Using Appendix A, it is straightforward to verify that both ipre(G)
and iinc(G) are reduced plabic graphs for cells of Gr≥0

k+1,n.2

Abusing notation slightly, we also use ipre and iinc to denote the corresponding maps
on positroid cells and decorated permutations associated with the plabic graph (see Defi-
nition A.0.4).

Lemma 5.2.2. Let π = (a1, a2, . . . , an−1) be a decorated permutation on n− 1 letters; as-
sume that (n−1) 7→ an−1 is not a black fixed point. Then ipre(π) = (a1, a2, . . . , an−2, n, an−1).

Let us now assume that (n− 1) 7→ an−1 is not a white fixed point. Let j = π−1(n− 1).
Then iinc(π) = (a1, a2, . . . , aj−1, n, aj+1, . . . , an−1, n− 1).

1In physics, the first would be equivalent to a ‘soft limit’; the second would be a ‘collinear limit’.
2We can in fact define ipre(G) (resp. iinc(G)) on any reduced plabic graph for Gr≥0

k+1,n−1 (resp. Gr≥0
k,n−1)

which does not have a black (resp. white) lollipop at vertex n − 1, and will again have that ipre(G) and
iinc(G) represent cells of Gr≥0

k+1,n.
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Theorem 5.2.3 (BCFW recursions for ∆k+1,n). Let Ck+1,n−1 (respectively Ck,n−1) be a
collection of cells in Gr≥0

k+1,n−1 (resp. Gr≥0
k,n−1) which gives a dissection of the hypersimplex

∆k+1,n−1 (resp. ∆k,n−1). Then

Ck+1,n = ipre(Ck+1,n−1) ∪ iinc(Ck,n−1)

dissects ∆k+1,n.

Diagrammatically, the main theorem reads as follows:

Figure 5.5: A recursion for dissecting the hypersimplex. There is a parallel
recursion obtained from this one by cyclically shifting all boundary vertices of

the plabic graphs by i (modulo n).

Remark 5.2.4. Because of the cyclic symmetry of the positive Grassmannian and the
hypersimplex (see e.g. Theorem 5.3.4) there are n−1 other versions of Theorem 5.2.3 (and
Figure 5.5) in which all plabic graph labels get shifted by i modulo n (for 1 ≤ i ≤ n− 1).

Proof. The hypersimplex ∆k+1,n is cut out by the inequalities 0 ≤ xi ≤ 1, as well as the
equality ∑

i xi = k + 1. We will show that Figure 5.5 represents the partition of ∆k+1,n

into two pieces, with the middle graph representing the piece cut out by xn−1 + xn ≤ 1,
and the rightmost graph representing the piece cut out by xn−1 + xn ≥ 1.

Towards this end, it follows from Proposition A.0.6 that if G is a reduced plabic graph
representing a cell of Gr≥0

k+1,n−1, such that the positroid MG has bases B, then the bases of
Mipre(G) are precisely B t {(B \ {n − 1}) ∪ {n} | B ∈ B, n − 1 ∈ B}. In particular, each
basis of Mipre(G) may contain at most one element of {n− 1, n}.

Meanwhile, it follows from Proposition A.0.6 that if G is a reduced plabic graph repre-
senting a cell of Gr≥0

k,n−1, such that the positroid MG has bases B, then the bases of Miinc(G)

are precisely {B ∪ {n} | B ∈ B} t {B ∪ {n− 1} | B ∈ B, n− 1 /∈ B}. In particular, each
basis of Miinc(G) must contain at least one element of {n− 1, n}.
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It is now a straightforward exercise (using e.g. [139, Proposition 5.6]) to determine that
if Ck+1,n−1 is a collection of cells in Gr≥0

k+1,n−1 which dissects ∆k+1,n−1 then ipre(Ck+1,n−1)
dissects the subset of ∆k+1,n cut out by the inequality xn−1 + xn ≤ 1. Similarly for
iinc(Ck,n−1) and the subset of ∆k+1,n cut out by xn−1 + xn ≥ 1.

Example 5.2.5. Let n = 5 and k = 2. We will use Theorem 5.2.3 to obtain a dissec-
tion of ∆k+1,n = ∆3,5. We start with a dissection of ∆3,4 coming from the plabic graph
shown below (corresponding to the decorated permutation (4, 1, 2, 3)), and a dissection of
∆2,4 (corresponding to the permutations (2, 4, 1, 3) and (3, 1, 4, 2)). Applying the theorem
leads to the three plabic graphs in the bottom line, which correspond to the permutations
(4, 1, 2, 5, 3), (2, 5, 1, 3, 4), (3, 1, 5, 2, 4).

∆3,4: ∆2,4:

∆3,5:

3

Remark 5.2.6. It is worth pointing out that the recursion does not provide all possible
dissections of the hypersimplex. This comes from the fact that in each step of the recursion
we divide the hypersimplex into two pieces, while there are some dissections coming from
3-splits. The simplest example of a dissection which cannot be obtained from the recursion
can be found already for ∆3,6 and is depicted in Figure 5.6.

BCFW recursion for the Amplituhedron An,k,2. We now introduce some maps on
plabic graphs, and recall a result of Bao and He [117].
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Figure 5.6: An example of dissection of ∆3,6 that cannot be obtained from the
recursion in Theorem 5.2.3.

Definition 5.2.7. Consider the set of reduced plabic graphs with n−1 boundary vertices,
associated to cells of Gr≥0

k,n−1. Let ιpre be the map which takes such a graph G and adds
a black lollipop at a new boundary vertex n, as shown in the middle graph of Figure 5.7.
Clearly the resulting graph ιpre(G) is a reduced plabic graph for a cell of Gr≥0

k,n.
Similarly, let ιinc be the map on plabic graphs for Gr≥0

k−1,n−1 which modifies such a
graph G, changing the graph locally around vertices 1, n, n − 1, as shown at the right of
of Figure 5.7 (in physics lore it corresponds to attaching an inverse soft factor). It is not
hard to show that (as long as G does not have white fixed points at vertices 1 or n − 1)
then ιinc(G) is a reduced plabic graph for a cell of Gr≥0

k,n.

Abusing notation slightly, we also use ιpre and ιinc to denote the corresponding maps
on positroid cells and decorated permutations (see Definition A.0.4).

Lemma 5.2.8. Let π = (a1, a2, . . . , an−1) be a decorated permutation on n − 1 letters.
Then ιpre(π) = (a1, a2, . . . , an−2, an−1, n), where n is a black fixed point.

Let us now assume that neither positions 1 nor n− 1 are white fixed points of π. Let
h = π−1(n− 1). Then ιinc(π) is the permutation such that 1 7→ n− 1, h 7→ n, n 7→ a1, and
j 7→ aj for all j 6= 1, h, n.

The construction below is closely related to the recursion from [113, Definition 4.4],
which is a sort of m = 2 version of the BCFW recurrence.

Theorem 5.2.9 (BCFW recursions for An,k,2). [117, Theorem A] Let Cn−1,k,2 (respectively
Cn−1,k−1,2) be a collection of cells in Gr≥0

k,n−1 (resp. Gr≥0
k−1,n−1) which gives a dissection of

the amplituhedron An−1,k,2 (resp. An−1,k−1,2). Then

Cn,k,2 = ιpre(Cn−1,k,2) ∪ ιinc(Cn−1,k−1,2)

dissects An,k,2.

Diagrammatically, the main theorem reads as follows:
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Figure 5.7: A recursion for dissecting the amplituhedron. There is a parallel
recursion obtained from this one by cyclically shifting all boundary vertices of

the plabic graphs by i (modulo n).

Remark 5.2.10. Because of the cyclic symmetry of the positive Grassmannian and the
amplituhedron (see e.g. Theorem 5.3.5) there are n−1 other versions of Theorem 5.2.3 (and
Figure 5.5) in which all plabic graph labels get shifted by i modulo n (for 1 ≤ i ≤ n− 1).

Note that [117] worked in the setting of triangulations – i.e. they were only con-
sidering collections of cells that map injectively from the positive Grassmannian to the
amplituhedron – but Theorem 5.2.9 holds in the more general setting of dissections.

Example 5.2.11. Let n = 5 and k = 2. We will use Theorem 5.2.9 to obtain a dissection
of An,k,2 = A5,2,2. We start with a dissection of A4,2,2 coming from the plabic graph
shown below (corresponding to the decorated permutation (3, 4, 1, 2)), and a dissection of
A4,1,2 (corresponding to the permutations (3, 2, 4, 1) and (2, 3, 1, 4)). Applying the theorem
leads to the three plabic graphs in the bottom line, which correspond to the permutations
(3, 4, 1, 2, 5), (4, 2, 5, 1, 3), (4, 3, 1, 5, 2).

A4,2,2: A4,1,2:

A5,2,2:
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3

T-duality for BCFW recursions. We now show that the BCFW recursions for the
hypersimplex ∆k+1,n Theorem 5.2.3 and for the amplituhedron An,k,2 Theorem 5.2.9 are
T-dual to each other.

Theorem 5.2.12 (BCFW recursions for ∆k+1,n and An,k,2 are T-dual). The T-duality
map provides a bijection between the triangulations of the hypersimplex ∆k+1,n constructed
in Theorem 5.2.3, and the triangulations of the amplituhedron An,k,2 constructed in The-
orem 5.2.9. More specifically, let {Sπ} be a collection of cells of Gr≥0

k+1,n constructed from
Theorem 5.2.3. Then this collection gives a triangulation of ∆k+1,n if and only if the
collection {Sπ̂} of cells of Gr≥0

k,n gives a triangulation of An,k,2.
The same statement holds if we replace the word “triangulation” everywhere with “dis-

section.”

Proof. We prove this by induction on k + n, using Theorem 5.2.3 and Theorem 5.2.9. It
suffices to show:

• if {Sπ}π∈C dissects ∆k+1,n−1 and {Sπ̂}π∈Ĉ dissects An−1,k,2 then for any π ∈ C,
îpre(π) = ιpre(π̂).

• if {Sπ}π∈C dissects ∆k,n−1 and {Sπ̂}π∈Ĉ dissects An−1,k−1,2 then for any π ∈ C,
îinc(π) = ιinc(π̂).

Let π = (a1, . . . , an−1) be a decorated permutation. We first verify the first state-
ment. Then ipre(π) = (a1, a2, . . . , an−2, n, an−1), so îpre(π) = (an−1, a1, a2, . . . , an−2, n),
where n is a black fixed point. Meanwhile, π̂ = (an−1, a1, a2, . . . , an−2), so ιpre(π̂) =
(an−1, a1, a2, . . . , an−2, n), where n is a black fixed point.

We now verify the second statement. Let j = π−1(n− 1). Then we have that iinc(π) =
(a1, a2, . . . , aj−1, n, aj+1, . . . , an−1, n−1), and îinc(π) = (n−1, a1, a2, . . . , aj−1, n, aj+1, . . . , an−1).
Meanwhile π̂ = (an−1, a1, a2, . . . , an−2). Then it is straightforward to verify that ιinc(π̂) is
exactly the permutation îinc(π) = (n− 1, a1, a2, . . . , aj−1, n, aj+1, . . . , an−1), as desired.

Remark 5.2.13. Theorem 5.2.12 can also be easily proved by observing how T-duality
maps plabic graphs in Proposition 4.1.15. Moreover, Bao and He’s Theorem 5.2.9 for trian-
gulations of An,k,2 is an immediate consequence of our Theorem 5.2.3 and Theorem 5.1.9.
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5.2.2 Regular Triangulations and Dissections from Trop+Grk+1,n

Good Triangulations and Dissections. Among all possible positroid dissections, there
are some with particularly nice features, which we will call good, as well as others with
rather unpleasant properties. In particular, one can consider dissections where the bound-
aries of the strata interact nicely.

Definition 5.2.14 (Good Dissections of ∆k+1,n). Let {Γπ} be a dissection of ∆k+1,n. {Γπ}
is a good dissection if positrod polytopes either intersect in common facets or in higher
codimension, i.e. if Γπ ∩ Γν has codimension one, then Γπ ∩ Γν equals Γπ′ , where Γπ′ is a
facet of both Γπ and Γν .

Analogously, we define good dissections of amplituhedron.

Definition 5.2.15 (Good Dissections of An,k,m). Let {Zπ} be a dissection of An,k,m. {Zπ}
is a good dissection if Grasstopes either intersect in common facets or in higher codimension,
i.e. if Zπ ∩ Zν has codimension one, then Zπ ∩ Zν equals Zπ′ , where Zπ′ is a facet of both
Zπ and Zν .

Example 5.2.16. Let us study the following triangulation of A6,2,2:

C1 = {Zπ(1) , Zπ(2) , Zπ(3) , Zπ(4) , Zπ(5) , Zπ(6) , }

with

π(1) = (1, 2, 5, 6, 3, 4), π(2) = (1, 3, 6, 5, 2, 4), π(3) = (1, 4, 6, 2, 5, 3) ,
π(4) = (2, 6, 3, 5, 1, 4), π(5) = (2, 6, 4, 1, 5, 3), π(6) = (3, 6, 1, 4, 5, 2) .

All elements of C1 are generalized triangles and their images through Z̃-map are 4-dimensional.
The triangulation C1 is a refinement of the following dissection

C2 = {Zπ(1) , Zπ(7) , Zπ(8) , Zπ(6)}

with
π(7) = (1, 4, 6, 5, 2, 3) , π(8) = (2, 6, 4, 5, 1, 3) .

The dissection C2 has the property that if a pair of cell images under Z̃-map intersect along
a 3-dimensional surface then this surface is an image of another positroid cell in Gr≥0

2,6:

Zπ(1) ∩ Zπ(7) = Z(1,2,6,5,3,4)

Zπ(7) ∩ Zπ(8) = Z(1,6,4,5,2,3)
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Zπ(8) ∩ Zπ(6) = Z(2,6,1,4,5,3)

and all remaining pairs of images intersect along lower dimensional surfaces. We con-
sider the dissection C2 “good” because all its elements have compatible codimension one
boundaries. However, the dissection C1 does not have this property. Let us observe that

Zπ(2) ∪ Zπ(3) = Zπ(7)

Zπ(4) ∪ Zπ(5) = Zπ(8)

We expect that, after we subdivide Zπ(7) and Zπ(8) , the boundary Z(1,6,4,5,2,3) which they
share will also get subdivided. This however happens in two different ways and we do
not get compatible facets for the dissection C1. It is a similar picture to the one we get
when we consider polyhedral subdivisions of a double square pyramid: it is possible to
subdivide it into two pieces along its equator, and then further subdivide each pyramid
into two simplices. However, in order to get a polyhedral triangulation of the double square
pyramid, we need to do it in a compatible way, along the same diagonal of the equatorial
square. 3

In the following, we will conjecture that good dissections of the hypersimplex are in
bijection via T-duality with good dissections of the amplituhedron. Towards this goal, we
start by providing a characterization of good intersections of positroid polytopes.

Proposition 5.2.17. Let Γπ(1) and Γπ(2) be two (n − 1)-dimensional positroid polytopes
whose intersection Γπ(1) ∩ Γπ(2) is a polytope of dimension n − 2. Then Γπ(1) ∩ Γπ(2) is a
positroid polytope of the form Γπ(3), where π(3) is a loopless permutation.

Proof. By Theorem 3.1.11, Γπ(1)∩Γπ(2) is a positroid polytope and hence has the form Γπ(3) ,
for some decorated permutation π(3). (Using Proposition 3.1.8, the fact that dim(Γπ(3)) =
n−2 implies that the positroid associated to π(3) has precisely two connected components.)

Now we claim that the positroid associated to π(3) is loopless. In general there is an
easy geometric way of recognizing when a matroid M is loopless from the polytope ΓM :
M is loopless if and only if ΓM is not contained in any of the n facets of the hypersimplex
of the type xi = 0 for 1 ≤ i ≤ n. Since Γπ(3) arises as the codimension 1 intersection of two
full-dimensional matroid polytopes contained in ∆k+1,n it necessarily meets the interior of
the hypersimplex and hence the matroid must be loopless.

Remark 5.2.18. Recall that the T-duality map is well-defined on positroid cells whose
matroid is connected, and more generally, loopless. Proposition 5.2.17 implies that if we
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consider two cells Sπ(1) and Sπ(2) of Gr≥0
k+1,n whose matroid is connected and whose moment

map images (necessarily top-dimensional) intersect in a common facet, then that facet is
the moment map image of a loopless cell Sπ(3) . Therefore we can apply the T-duality map
to all three cells Sπ(1) , Sπ(2) , and Sπ(3) .

Conjecture 5.2.19. Let Sπ(1) and Sπ(2) be two positroid cells in Gr≥0
k,n corresponding to

coloopless permutations π(1) and π(2). Let dimZ◦
π(1) = dimZ◦

π(2) = 2k with Zπ(1) ∩ Zπ(2) =
Zπ(3), where Sπ(3) ⊂ G+

k,n is such that dimZ◦
π(3) = 2k − 1. Then π(3) is a coloopless

permutation.

Remark 5.2.20. Conjecture 5.2.19 guarantees that if we consider two positroid cells with
top-dimensional images in the amplituhedron An,k,2, which have a facet in common, then
the positroid cell corresponding to this facet is coloopless and therefore we can apply the
T-duality map to it.

Finally we arrive at a conjecture connecting good dissections of hypersimplex and
amplituhedron.

Conjecture 5.2.21 (Good Dissections of ∆k+1,n and An,k,2 are T-dual). Let {Sπ} be a
collection of cells of Gr≥0

k+1,n. Then this collection gives a good triangulation (respectively,
good dissection) of ∆k+1,n if and only if the collection {Sπ̂} of cells of Gr≥0

k,n gives a good
triangulation (respectively, good dissection) of An,k,2.

In Section 5.2.2, we discussed the fact that arbitrary dissections of the hypersimplex
and the amplituhedron can have rather unpleasant properties, with their maximal cells
intersecting badly at their boundaries. We introduced the notion of good dissections for
the hypersimplex and amplituhedron in Definition 5.2.14 and Definition 5.2.15. Our goal
in this section is to introduce a large class of good dissections for the amplituhedron –
these are the regular positroid subdivisions.

Regular positroid subdivisions of An,k,2. Recall from Definition 3.2.15 that the reg-
ular positroid subdivisions of ∆k+1,n are precisely the dissections of the form DP (see Sec-
tion 3.2.2) where P = {PI} ∈ R( [n]

k+1). We know from Theorem 5.1.9 that T-duality is a
bijection between positroid triangulations of ∆k+1,n and the amplituhedron An,k,2. There-
fore, each maximal cone of the positive tropical Grassmannian Trop+ Grk+1,n induces a
positroid triangulation of the amplituhedron An,k,2(Z):
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Corollary 5.2.22 (Triangulations of An,k,2 from Trop+ Grk+1,n). For P = {PI}I∈( [n]
k+1)

a positive tropical Plücker vector from a maximal cone of Trop+ Grk+1,n, let DP = {Γπ}
be the regular positroid triangulation of ∆k+1,n, then {Zπ̂} is a positroid triangulation of
An,k,2(Z).

Using Conjecture 5.1.14, we conjecture Corollary 5.2.22 extends to dissections:

Conjecture 5.2.23 (Dissections of An,k,2 from Trop+ Grk+1,n). For P = {PI}I∈( [n]
k+1) a

positive tropical Plücker vector from Trop+ Grk+1,n, let DP = {Γπ} be the regular positroid
subdivision of ∆k+1,n, then {Zπ̂} is a positroid dissection of An,k,2(Z).

Then we define:

Definition 5.2.24. We say that a positroid dissection {Zπ̂} of An,k,2 is a regular positroid
subdivision if {Γπ} is a regular positroid subdivision of ∆k+1,n.

In [113], the authors conjectured there are
(
n−2
k

)
Grasstopes in a positroid triangulation

of An,k,2. As noted in [56], this is also the number of positroid polytopes in a regular
positroid triangulation of ∆k+1,n [142]. By Corollary 5.2.22, we have:

Corollary 5.2.25. There are
(
n−2
k

)
Grasstopes in any regular positroid triangulation of

An,k,2(Z).

Remark 5.2.26. [56] showed that all BCFW triangulations of An,k,2(Z) contain
(
n−2
k

)
Grasstopes; there are BCFW triangulations which are not regular and regular triangula-
tions which are not BCFW.

As every regular positroid subdivision of ∆k+1,n is a polyhedral subdivision (and hence
is good), Conjecture 5.2.21 implies the following.

Conjecture 5.2.27. Every regular positroid subdivision of An,k,2 is a good dissection.

At the end of this section, we provide some computational evidence for Conjecture 5.2.27.
For example, for A6,2,2 and A7,2,2, every regular positroid subdivision is good, and more-
over, all good dissections are regular positroid subdivisions. (This appears to also be the
case for A8,2,2; but we were only able to compute the number of triangulations in this case.)
One might hope to strengthen Conjecture 5.2.27 and conjecture that the regular positroid
subdivisions are precisely the good dissections. However, the notion of regularity is rather
subtle (as usual in polyhedral geometry), and starting from A9,2,2, there are some good
dissections which are not regular.
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The fan structure for regular positroid subdivisions. We now discuss the fan
structure for regular positroid subdivisions of the hypersimplex and amplituhedron.

Definition 5.2.28. Given two subdivisions {Γπ} and {Γπ′} of ∆k+1,n, we say that {Γπ}
refines {Γπ′} and write {Γπ} � {Γπ′} if every Γπ is contained in some Γπ′ .

Similarly, given two subdivisions {Zπ} and {Zπ′} of An,k,2, we say that {Zπ} refines
{Zπ′} and write {Zπ} � {Zπ′} if every Zπ is contained in some Zπ′ .

Recall from Section 3.2.3 that we have a fan structure on Trop+ Grk+1,n (the secondary
fan, which coincides with the Plücker fan) which describes the regular positroid subdivi-
sions of ∆k+1,n, ordered by refinement. We expect that this fan structure on Trop+ Grk+1,n

also describes the regular positroid subdivisions of An,k,2.

Conjecture 5.2.29 (Secondary Geometry of An,k,2 from Trop+Grk+1,n). The regular
positroid subdivisions of An,k,2 are parametrized by the cones of Trop+ Grk+1,n, with the
natural partial order on the cones reflecting the refinement order on positroid subdivisions.

Conjecture 5.2.29 is consistent with the following conjecture.

Conjecture 5.2.30. Consider two regular positroid subdivisions {Γπ} and {Γπ′} of ∆k+1,n,
and two corresponding positroid subdivisions {Zπ̂} and {Zπ̂′} of An,k,2. Then we have that
{Γπ} � {Γπ′} if and only if {Zπ̂} � {Zπ̂′}

Catalan Triangulations. We here consider particular types of regular triangulations in
bijection with Catalan numbers Cn−2.

Definition 5.2.31 (Colouring a fixed tree). Let T be any planar trivalent tree with n

leaves (which will necessarily have n − 2 internal vertices), embedded in a disk with the
leaves labelled from 1 to n in clockwise order. Let Tn,k(T ) be the set of

(
n−2
k

)
plabic graphs

obtained from T by colouring precisely k of the internal vertices black, as in Section 5.2.2.

Proposition 5.2.32 (Catalan Triangulations of ∆k+1,n and An,k,2). Let fix a tree T as in
Definition 5.2.31. The positroid polytopes {ΓG} corresponding to the collection of plabic
graphs {G} = Tn,k(T ) is a regular triangulation of ∆k+1,n. Therefore the collection of their
T-dual Grasstopes {ZĜ} is a regular triangulation of An,k,2(Z).
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Figure 5.8: A collection T5,2 of plabic graphs giving a regular subdivision of
∆3,5

Proof. We can use Theorem 5.2.3 (see Figure 5.5) to inductively prove that the cells cor-
responding to Tn,k give a triangulation of ∆k+1,n. The fact that the cells corresponding to
the plabic graphs in Tn,k give a regular triangulation of ∆k+1,n follows from [134, Theorem
8.4]. Now using Theorem 5.1.9, it follows that the images of these cells under the T-duality
give a triangulation of An,k,2. The fact that this triangulation is regular now follows from
Definition 5.2.24.

Remark 5.2.33. The above construction gives us Cn−2 regular triangulations of An,k,2(Z),
where Cn = 1

n+1

(
2n
n

)
is the Catalan number. We call these Catalan triangulations

At the end of this section, we will describe our computational data concerning the
numbers of good dissections of the amplituhedron An,k,2. We will notice the remarkable
similarity with the data from the list of f -vectors in Section 3.2.3, giving evidence for
Conjecture 5.2.29.

Remark 5.2.34. The coordinate ring of the Grassmannian has the structure of a cluster
algebra [172]. In particular, Gr2,n, Gr3,6, Gr3,7, Gr3,8 have cluster structures of finite types
An, D4, E6, and E8, respectively. As discussed in [27], there is an intriguing connection
between Trop+ Grk,n and the cluster structure. In particular, F2,n is the fan to the type
An associahedron, while F3,6 and F3,7 are refinements of the fans associated to the D4 and
E6 associahedra. Via our correspondence between Trop+ Grk+1,n and the amplituhedron
An,k,2, the Grassmannian cluster structure on Grk+1,n should be reflected in good subdi-
visions of An,k,2. In particular the type An cluster structure should control An,1,2 (this
is apparent, since An,1,2 is a projective polygon), while the type D4, E6, and E8 cluster
structures should be closely related to A6,2,2, A7,2,2, and A8,2,2.
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Experimental Data. Checks for this section have been performed by using Mathemat-
ica. In particular, we used the packages ‘positroid’ [121] and ‘amplituhedronBoundaries’
[173]. This allowed us to find the complete poset of good dissections of A6,2,2 and A7,2,2,
whose f -vectors read:

A6,2,2 : (1, 48, 98, 66, 16, 1)
A7,2,2 : (1, 693, 2163, 2583, 1463, 392, 42, 1)

which are exactly the f -vectors of the positive tropical Grassmannian Trop+ Gr3,6 and
Trop+ Gr3,7, respectively. We summarize all our finding3 about positroid triangulations in
Table 5.2. We observe that for A8,2,2 the number of good triangulations agrees with the

(k, n) Triangulations Good triangs Trop+ Grk+1,n Non-regular good triangs
(1, n) Cn−2 Cn−2 Cn−2 0
(2, 5) 5 5 5 0
(2, 6) 120 48 48 0
(2, 7) 3073 693 693 0
(2, 8) 6 443 460 13 612 13 612 0
(2, 9) ? 346 806 346 710 96
(3, 6) 14 14 14 0
(3, 7) 3073 693 693 0
(3, 8) ? 91 496 90 608 888
(3, 9) ? 33 182 763 30 659 424 2 523 339

Table 5.2: New results about the triangulations of the amplituhedron An,k,2 in
relation to known results about the number of maximal cones of the positive

tropical Grassmannian Trop+ Grk+1,n.

number of maximal cones in Trop+ Gr3,8. Starting from n = 9, the number of good trian-
gulations is larger than the number of maximal cones in positive tropical Grassmannian.
It is indeed the first example where one can find good triangulations which are not regular.
In particular, out of 346806 good triangulations, 96 are not regular. Similarly, for k = 3
and n = 8, 888 good triangulations of A8,3,2 are not regular. We note that these correspond
exactly to degenerate matrices found in [158].

3We also included there the results for Gr≥0
3,9 which, by using our conjectures, can be derived from [158].
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5.2.3 Triangulations from Descents and Sign-Flips

In Section 4.3 we used permutations and their cyclic descents to define both the w-simplices
in ∆k+1,n and the w-chambers in An,k,2(Z). In the same spirit, by refining the set of
permutations based on the positions of the descents, we will obtain a distinguished positroid
triangulation of ∆k+1,n and a distinguished positroid triangulation of An,k,2(Z). These
triangulations are T-dual to each other.

Recall that
∆k+1,n =

⋃
w∈Dk+1,n

∆w.

Since 1 is always a cyclic descent of w ∈ Dk+1,n, we have that Dk+1,n is the set of per-
mutations w ∈ Sn with k left descents and w(n) = n. The Eulerian numbers have a very
natural refinement by descent set DesL(w). If w ∈ Sn has w(n) = n, then neither 1 nor n
is a left descent of w, so we have

Ek,n−1 =
∑

I∈([2,n−1]
k )

#{w ∈ Sn : w(n) = n,DesL(w) = I}.

This inspires the following decomposition of ∆k+1,n. For I ∈
(

[2,n−1]
k

)
, let

ΓI :=
⋃

w∈Dk+1,n
DesL(w)=I

∆w.

Clearly, the collection of ΓI cover the hypersimplex and their interiors are pairwise disjoint.
There are also

(
n−2
k

)
of them, which is exactly the number of full-dimensional positroid

polytopes in a regular positroid triangulation of ∆k+1,n [142]. We will show that each ΓI is
in fact a positroid polytope, and that {ΓI} is a (regular) positroid triangulation of ∆k+1,n.
We will refer to it as the descent triangulation.

On the other hand, given the sign-flip characterization of the amplituhedron from
Theorem 2.5.1, it is natural to subdivideAn,k,2(Z) into regions based on where the sequence
(〈Y 1a〉)na=1 has sign flips. That is, for each I ∈

(
[2,n−1]

k

)
, we define4

Z◦I := {Y ∈ An,k,2(Z) | Flip(〈Y 11〉, 〈Y 12〉, 〈Y 13〉, . . . , 〈Y 1n〉) = I}

and define ZI to be the closure of Z◦I .
[54, Section 7] conjectured that {ZI} is a positroid triangulation of An,k,2(Z). The

authors referred to {ZI} as a sign-flip (or kermit5) triangulation. In this section we prove
4Because of our conventions regarding sign flips, ZI would be empty if 1, n ∈ I.
5For k = 2, An,2,2(Z) provides the integrand for the 1-loop n-point scattering amplitude in N = 4
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this conjecture. Moreover we show that sign-flip triangulations of An,k,2(Z) and descent
triangulations of the hypersimplex ∆k+1,n are T-dual to each other and also regular.

Definition 5.2.35 (Plabic tilings of kermit type). Let I = {i1, . . . , ik} ∈
(

[2,n−1]
k

)
and

let TI be the triangulated (k, n)-unpunctured plabic tiling whose triangles have vertices
{1, i`, i` + 1} for ` = 1, . . . k. We say TI is kermit type and denote the plabic graph Ĝ(T )
by KI . We also denote the plabic graph G(T ) by CI , and call it a caterpillar tree.

1

2
3 4

5

6

7
8

1

2

3

4

5

6

7
8

9

9

Figure 5.9: In orange, the plabic tiling TI of kermit-type for I = {2, 3, 5, 6, 8}.
In black, the dual caterpillar tree CI .

Proposition 5.2.36 (Descent and sign-flips triangulations are T-dual). Let I run over(
[2,n−1]

k

)
. The collections {ΓI} and {ZI} are T-dual regular positroid triangulations of

∆k+1,n and An,k,2(Z). Furthermore, ΓI = ΓCI and ZI = ZKI where CI and KI are as in
Definition 5.2.35.

Proof. By the sign description of Z◦KI in Theorem 2.4.28, it is straightforward that ZI =
ZKI . Moreover, using Definition 4.3.8 and Corollary 4.3.20, we have

ZKI =
⋃

w:DesL(w)=I
∆̂w(Z). (5.2.37)

Using Proposition 4.2.6, it is not hard to check that the positroid polytope ΓCI satisfies

ΓCI =
⋃

w:DesL(w)=I
∆w. (5.2.38)

But this is exactly ΓI .

SYM. The name ‘kermit’ comes from the resemblance of the pictorial expansion of such amplitude (e.g.
see [78, pg. 18]) with the Muppet character ‘Kermit the Frog’.
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Finally, it is easy to check that {ΓCI}I∈([2,n−1]
k ) is a triangulation of ∆k+1,n of the sort

appearing in [56, Proposition 10.7] (‘Catalan type’), hence is a regular positroid triangu-
lation. It follows that {ZKI}I∈([2,n−1]

k ) is the T-dual regular positroid triangulation.

Remark 5.2.39. Sign-flip triangulations of An,k,2(Z) and descent triangulations of ∆k+1,n

are of BFCW type (in particular, of ‘Catalan type’, see [56, Proposition 10.7]).

We end this section by describing each w-simplex (resp. w-chamber) as an intersection
of cyclically shifted caterpillar positroid polytopes (resp. kermit Grasstopes).

Proposition 5.2.40. Let ∆w, ∆̂w(Z) be a w-simplex and a w-chamber in ∆k+1,n and
An,k,2(Z) respectively. Let I1, . . . , In give the vertices of ∆w, and let Ja := (Ia\{a})−(a−1).
Then:

∆w =
⋂
a∈[n]

Γ
C

(a)
Ja

and ∆̂w(Z) =
⋂
a∈[n]

Z
K

(a)
Ja

,

where C(a)
J (resp. K(a)

J ) denotes the cyclic shift of CJ (resp. KJ), such that 1 7→ a.

Proof. To see the statement about ∆w, note that another way to phrase (5.2.38) is that
ΓCI is the union of all w-simplices with 1st vertex given by I ∪ {1}. Using the cyclic shift
on the hypersimplex, it is not hard to see that Γ

C
(a)
Ja

is the union of all w-simplices with
ath vertex given by Ia. So taking the intersection gives exactly the w-simplex with vertices
eI1 , . . . , eIa .

The statement about ∆̂w(Z) follows from a similar argument, using (5.2.37) and the
cyclic shift on Grk,n.

Example 5.2.41. Let us consider w = 324156. We have:

I1 = {1, 2, 3}, I2 = {2, 3, 5}, I3 = {1, 3, 4}, I4 = {1, 2, 4}, I5 = {1, 3, 5}, I6 = {2, 3, 6};
J1 = {2, 3}, J2 = {2, 4}, J3 = {2, 5}, J4 = {4, 5}, J5 = {3, 5}, J6 = {3, 4}.

Then ∆w is the intersection of Γ
C

(1)
J1
, . . . ,Γ

C
(6)
J6

and ∆̂w is the intersection of Z
K

(1)
J1
, . . . , Z

K
(6)
J6

.

The cyclically rotated kermit-type plabic tilings T (1)
J1 , . . . , T

(6)
J6 are displayed below.

1

2 3

56

4 1

2 3

56

4 1

2 3

56

4 1

2 3
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4 1
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4 1

2 3

56

4

Notice that T (1)
J1 is equivalent to T (4)

J4 . 3
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5.3 T-duality, cyclic symmetry and parity duality

We end this chapter about T-duality by discussing its relation with parity duality – a
duality between the amplituhedra An,k,m and An,n−m−k,m. The definition of parity duality
was originally inspired by the physical operation of parity conjugation in quantum field
theory – more specifically, in the context of scattering amplitudes in N = 4 Super-Yang-
Mills, where amplitudes can be computed from the geometry of An,k,4 [13]. Furthermore,
the conjectural formula of Karp, Williams, and Zhang [113] for the number of cells in
each triangulation of the amplituhedron is invariant under the operation of swapping the
parameters k and n −m − k and hence is consistent with parity duality: this motivated
further works [61,174].

In Theorem 5.3.3, we will explain how parity duality for m = 2 amplituhedra is natu-
rally induced by a composition of the usual duality for Grassmannians (Grk,n ' Grn−k,n)
and the T-duality map (between loopless cells of Gr≥0

k+1,n and coloopless cells of Gr≥0
k,n). The

usual Grassmannian duality gives rise to a bijection between dissections of the hypersimplex
∆k+1,n and dissections of the hypersimplex ∆n−k−1,n. By composing this Grassmannian
duality with the T-duality map (on both sides), we obtain the parity duality between dis-
sections of An,k,2 and An,n−k−2,2, respectively. This makes the notion of parity duality at
m = 2 quite transparent!

Recall that our convention on dissections is that the images of all positroid cells are of
full dimension n− 1. Therefore all positroids involved in a dissection must be connected,
and the corresponding decorated permutations will be fixed-point-free.

Theorem 5.3.1 (Grassmannian duality for dissections of the hypersimplex). Let {Γπ} be a
collection of positroid polytopes which dissects the hypersimplex ∆k+1,n. Then the collection
of positroid polytopes {Γπ−1} dissects the hypersimplex ∆n−k−1,n.

Proof. If G is a plabic graph representing the positroid cell Sπ, and if we swap the colors
of the black and white vertices of G, we obtain a graph G′ representing the positroid Sπ−1 .

It is not hard to see from [139] that G′ and π−1 represent the dual positroid to G and π.
But now the matroid polytopes Γπ and Γπ−1 are isomorphic via the map dual : Rn → Rn

sending (x1, . . . , xn) 7→ (1 − x1, . . . , 1 − xn). This maps relates the two dissections in the
statement of the theorem.

By composing the inverse map on decorated permutations π 7→ π−1 (which represents
the Grassmannian duality of Theorem 5.3.1) with T-duality, we obtain the following map.
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Definition 5.3.2. We define Ũk,n to be the map between coloopless permutations on [n]
with k anti-excedances and coloopless permutations on [n] with n− k− 2 anti-excedances
such that Ũk,nπ̂ = π̂−1. Equivalently, we have (Ũk,nπ)(i) = π−1(i − 1) − 1, where values
of the permutation are considered modulo n, and any fixed points which are created are
designated to be loops.

Theorem 5.3.3 (Parity duality from T-duality and Grassmannian duality). Let {Zπ} be
a collection of Grasstopes which dissects the amplituhedron An,k,2. Then the collection of
Grasstopes {Z

Ũk,nπ
} dissects the amplituhedron An,n−k−2,2.

We will prove Theorem 5.3.3 by using the cyclic symmetry of the positive Grassmannian
and the amplituhedron, and showing (see Lemma 5.3.8) that up to a cyclic shift, our map
Ũk,n agrees with the parity duality map of [174].

The totally nonnegative Grassmannian exhibits a beautiful cyclic symmetry [97]. Let
us represent an element of Gr≥0

k,n by a k× n matrix, encoded by the sequence of n columns
〈v1, . . . , vn〉. We define the (left) cyclic shift map σ to be the map which sends 〈v1, . . . , vn〉
to the point 〈v2, . . . , vn, (−1)k−1v1〉, which one can easily verify lies in Gr≥0

k,n . Since the
cyclic shift maps positroid cells to positroid cells, for π a decorated permutation, we define
σπ to be the decorated permutation such that Sσπ = σ(Sπ). It is easy to see that σπ(i) =
π(i + 1) − 1. (Note that under the cyclic shift, a fixed point of π at position i + 1 gets
sent to a fixed point of σπ at position i; we color fixed points accordingly.) Meanwhile
the inverse operation, the right cyclic shift σ−1 satisfies (σ−1π)(i) = π(i− 1) + 1. We use
σt (respectively, σ−t) to denote the repeated application of σ (resp. σ−1) t times, so that
(σtπ)(i) := π(i+ t)− t and (σ−tπ)(i) := π(i− t) + t.

The next result follows easily from the definitions.

Theorem 5.3.4 (Cyclic symmetry for dissections of the hypersimplex). Let {Γπ} be a
collection of positroid polytopes which dissects the hypersimplex ∆k+1,n. Then the collection
of positroid polytopes {Γσπ} dissects ∆k+1,n.

Proof. Let σR : Rn → Rn be defined by (x1, . . . , xn) 7→ (x2, . . . , xn, x1). Clearly σR is
an isomorphism mapping the hypersimplex ∆k+1,n back to itself. Moreover, applying the
cyclic shift σ to a positroid has the effect of simply shifting all its bases, so the matroid
polytope of σπ satisfies Γσπ = σR(Γπ). The result now follows.

The above cyclic symmetry for dissections of the hypersimplex also has an analogue
for the amplituhedron.
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Theorem 5.3.5 (Cyclic symmetry for dissections of the amplituhedron). [117, Corollary
3.2] Let {Zπ} be a collection of Grasstopes which dissects the amplituhedron An,k,m, with
m even. Then the collection of Grasstopes {Zσπ} also dissects An,k,m.

In order to make contact with [174], we introduce a map Uk,n on (coloopless) decorated
permutations as follows.

Definition 5.3.6. We define Uk,n to be the map from coloopless permutations on [n] with
k anti-excedances to coloopless permutations on [n] with n − k − 2 anti-excedances such
that (Uk,nπ)(i) = π−1(i+ k) + (n− k− 2), where values of the permutation are considered
modulo n, and any fixed points which are created are designated to be loops.

It is not hard to see that this map is equivalent to the parity duality from [174] for m = 2.
In particular we have the following theorem:

Theorem 5.3.7. [174, Theorem 7.2] Let {Zπ} be a collection of Grasstopes which dis-
sects the amplituhedron An,k,2. Then the collection of Grasstopes {ZUk,nπ} dissects the
amplituhedron An,n−k−2,2.

Lemma 5.3.8. For fixed n and k, the maps Ũk,n and Uk,n are related by the cyclic shift
map

Ũk,n = σ−(k+1) ◦ Uk,n. (5.3.9)

Proof. Since (Uk,nπ)(i) = π−1(i + k) + (n − k − 2), we have that (σ−(k+1) ◦ Uk,nπ)(i) =
π−1((i+ k)− (k + 1)) + (n− k − 2) + (k + 1) = π−1(i− 1) + n− 1, which is exactly Ũk,n
(mod n).

We now prove Theorem 5.3.3.

Proof. This result follows immediately from Theorem 5.3.5, Theorem 5.3.7, and Lemma 5.3.8.

Remark 5.3.10. From Theorem 5.3.4 and Theorem 5.3.5 it is clear that if we redefine
the T-duality map in Definition 4.1.1 by composing it with any cyclic shift σa (for a an
integer), the main properties of the map will be preserved. In particular, any statement
about dissections of the hypersimplex versus the corresponding ones of the amplituhedron
will continue to hold, along with the parity duality.
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Remark 5.3.11. Parity duality has a nice graphical interpretation when we represent a
generalized triangle ZT of An,k,2 in terms of a (k, n)-unpunctured plabic tiling T . The
Grassmannian duality of Gr≥0

k+1,n amounts to swapping black and white vertices in the
plabic graphs. Therefore, when we compose it with the T-duality map, the parity dual
generalized triangle of ZT is ZT , where T is the (n − k − 2, n)-unpunctured plabic tiling
obtained from T by swapping black and white polygons.

It is also natural to think parity duality between An,k,m and An,n−k−m,m as a com-
position of the Grassmannian duality and T-duality (plus cyclic shifts). Imitating Defini-
tion 5.3.2, let us define Ũk,n,m(π̂) := π̂−1. Then we have the following theorem:

Theorem 5.3.12 (Parity duality from T-duality and Grassmannian duality). Let {Sπ} be
a collection of cells in Gr≥0

k,n which dissects the amplituhedron An,k,m. Then the collection
of cells {S

Ũk,n,mπ
} in Gr≥0

n−k−m,n dissects the amplituhedron An,n−k−m,m.

Proof. The parity duality Uk,n,m in [174] was defined for any (even) m as: Uk,n,m(π) :=
(π − k)−1 + (n − k − m). Then it easy to show that Uk,n,m = σk+m

2 ◦ Ũk,n,m. Using
Theorem 5.3.5, the prove follows immediately.
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Chapter 6

The Momentum Amplituhedron

In previous chapters we have explored the remarkable connection between the hypersimplex
and the m = 2 amplituhedron. This was established via the T-duality map which allowed
to relate generalized triangles, triangulations (dissections), and finer decompositions of
both objects. It is natural to wonder whether the story generalizes for any (even) m. In
particular, for m = 4, this is a deep question ultimately rooted in T-duality from String
Theory.

Scattering Amplitudes in planar N = 4 SYM have a dual formulation: on one side we
can express them in momentum space (e.g. via spinor-helicity variables and twistors). On
the other side, we can use the dual space (e.g. via dual variables and momentum twistors).
These were reviewed in Section 1.5.1. Surprisingly, scattering amplitudes in planar N = 4
SYM enjoy a version of superconformal symmetry in both formulations, which combined
together they form an infinite dimensional symmetry – the Yangian (see Section 1.4.1).
At the core of this there is the fact that a certain T-duality takes planar N = 4 to
itself, interchanging the dual coordinates and space-time coordinates1. In particular, this
is responsible for the Amplitude/Wilson Loop duality [94, 175] which converts a scattering
process with momenta {pi} to the expectation value of a polygonal Wilson loop with
vertices at the points {xi = pi−pi−1}. The ‘hidden’ symmetries of the scattering amplitudes
have now become ordinary superconformal transformations of this Wilson loop.

In this work we show that this duality emerges within the paradigm of positive geome-
tries, see Figure 6.1. On one side, tree-level scattering amplitudes in momentum twistor
space were shown to be encoded in the geometry of the m = 4 amplituhedron An,k,m=4 [13].
On the other side, we introduce a new object – the momentum amplituhedron Mn,k′,m –
whose geometry and combinatorics encode scattering amplitudes in momentum space for

1For more details, see [95]. The authors showed that certain combination of bosonic and fermionic
T-dualities maps the full superstring theory on AdS5 × S5 back to itself.
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k′ = k+2 and m = 4. As the amplituhedron An,k,4 is the image of a positive Grassmannian
Gr≥0

k,n under the Z̃ map, alsoMn,k′,m is the image of a positive Grassmannian Gr≥0
k′,n under

a related map ΦΛ,Λ̃. Both Z̃ and Φ maps are induced by some totally positive matrices.
Before the discovery of amplituhedra, the duality was observed in connection with

(positive) Grassmannians [10, 11, 91]: scattering amplitudes at tree level are computed by
performing a contour integral around specific cycles inside the Grassmannian – referred to
as a ‘BCFW contour’. In momentum space, one has to integrate over cycles corresponding
to collections of (2n − 4)-dimensional positroid cells of Gr≥0

k+2,n. Whereas, if we are in
momentum twistor space, the integral is over collections of 4k-dimensional positroid cells
of Gr≥0

k,n. In particular, this implied the existence of a map between certain (2n − 4)-
dimensional positroid cells of Gr≥0

k+2,n and certain 4k-dimensional positroid cells of Gr≥0
k,n,

which was defined in [11, Formula (8.25)]. This map is, up to a cyclic shift, the T-duality
map for the m = 4 case we defined in (4.1.25). Equivalently, it is also the double iteration
of the T-duality map for the m = 2 case (Definition 4.1.1).

On one hand, collections of 4k-dimensional ‘BCFW’ positroid cells of Gr≥0
k,n defined

from physics were conjectured to provide a positroid triangulation of An,k,4 [13]. [113] pro-
vides the main results in the mathematical literature towards proving this conjecture. On
the other hand, there was no known mathematical object which could be triangulated by
the collection of T-dual (2n − 4)-dimensional ‘BCFW’ positroid cells of Gr≥0

k+2,n. In this
chapter we introduce such an object – the momentum amplituhedron Mn,k′,m – which we
conjecture to be related by T-duality to the amplituhedron An,k,m for k′ = k + m/2 and
even m. In particular, for m = 4 we conjecture that their positroid triangulations are
T-dual. Note that triangulations of BCFW type are only a subset of the total triangu-
lations. Moreover, T-duality goes beyond being purely a combinatorial bijection between
triangulations. It can shed light on how to relate geometric properties of the two objects
– such as their generalized triangles, facets, chamber decompositions, and their connection
to cluster algebras.

Summary of the Chapter. This chapter is based on the following works by the
author: [56, Sections 12] and [58]. Note that: Section 6.1.2 is a new addition, in the light
of the author’s work [55]; Section 6.1.3 has been rephrased in a more mathematical setting
compared to [58].

In Section 6.1 we introduce and discuss the main properties of the momentum ampli-
tuhedron Mn,k′,m. In Section 6.1.1 we give the definition of Mn,k′,m as the image of the
non-negative Grassmannian Gr≥0

k′,n under the momentum amplituhedron map ΦΛ,Λ̃. Then,
as for the amplituhedron, in Section 6.1.2 we consider twistor coordinates and their signs
to define a sign stratification of Mn,k′,m and give a sign-flip description. In Section 6.1.3,
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Figure 6.1: Physical and Combinatorial T-duality for m = 4.

we define the momentum amplituhedron-analogue of Mandelstam variables and, for the
m = 4 momentum amplituhedron Mn,k+2,4, we discuss its facet structure in relation to
the factorization channels of NkMHVn scattering amplitudes in N = 4 SYM. In Sec-
tion 6.1.4 we explain how T-duality conjecturally relates the momentum amplituhedron
Mn,k+m/2,m and the amplituhedron An,k,m – which geometrize and generalize the phys-
ical Amplitudes/Wilson loops duality. Finally, in Section 6.2 we explain how to extract
NkMHVn scattering amplitudes in spinor helicity space from Mn,k+2,4.

6.1 The Momentum Amplituhedron

6.1.1 The definition of Mn,k′,m

In the following we fix2 positive integers n, k′, n such that even m and k′ + m
2 ≤ n.

Definition 6.1.1. For a, b such that a ≤ b, define the twisted totally non-negative part of
Gra,b as:

Gr≥,τa,b := {X ∈ Gra,b : ε[b]\I,I pI(X) ≥ 0}. (6.1.2)
2In this chapter, we will use k′ in order not confuse the notation with ‘k’ used in the previous chapters.
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The lemma below can be found in [105, Lemma 1.11], which sketched a proof and attributed
it to Hochster and Hilbert.

Lemma 6.1.3. An element V is in Gr≥0
a,b if and only if the kernel V ⊥ ∈ Grb−a,b of V lies

in Gr≥0,τ
b−a,b.

Definition 6.1.4. For a, b such that a ≤ b, define Mat>0
a,b the set of real a × b matrices

whose a× a minors are all positive and its twisted positive part as

Mat>0,τ
a,b := {A ∈ Mata,b : ε[b]\I,IpI(A) > 0} (6.1.5)

Definition 6.1.6 (The momentum amplituhedron). Let Λ̃ ∈ Mat>0
n,k′+m

2
,Λ ∈ Mat>0,τ

n,n−k′+m
2

.
The momentum amplituhedron map ΦΛ̃,Λ : Gr≥0

k′,n → Grk′,k′+m
2
×Grn−k′,n−k′+m

2
is defined

by ΦΛ̃,Λ(C) := (CΛ̃, C⊥Λ), where C and C⊥ are matrices representing an element of
Gr≥0

k′,n and its orthogonal in Gr≥0,τ
k′,n respectively, and CΛ̃ and C⊥Λ matrices representing

an element of Grk′,k′+m
2

and Grn−k′,n−k′+m
2

respectively. The momentum amplituhedron
Mn,k′,m(Λ, Λ̃) ⊆ Grk′,k′+m

2
×Grn−k′,n−k′+m

2
is the image ΦΛ̃,Λ(Gr≥0

k′,n).

Remark 6.1.7. As for the amplituhedron An,k,m(Z), some combinatorial properties of
Mn,k′,m(Λ, Λ̃) are expected to be independent from the choice of the matrices Λ and Λ̃.
We will write Mn,k′,m in such cases, and Mn,k′,m(Λ, Λ̃) otherwise.

Definition 6.1.8 (Momentum conservation). Let (Ỹ , Y ) be a point in Grk′,k′+m
2
×Grn−k′,n−k′+m

2

and let Ỹ ⊥ and Y ⊥ be matrices representing the orthogonal complements of Y and Ỹ , re-
spectively. We define the hypersurface P (Y, Ỹ ) = 0 of momentum conservation as

P (Y, Ỹ ) := (Y ⊥ΛT ) · (Ỹ ⊥Λ̃T )T = 0 (6.1.9)

Proposition 6.1.10. The momentum amplituhedron Mn,k′,m lies on the hypersurface of
momentum conservation P (Y, Ỹ ) = 0.

Proof. From the identity
0 = Y ⊥Y T = Y ⊥ΛT (C⊥)T (6.1.11)

we deduce that the row-span of Y ⊥ΛT is included in the row-span of the orthogonal of C⊥,
i.e. C. Analogously, from

0 = Ỹ ⊥Ỹ T = Ỹ ⊥Λ̃TC (6.1.12)
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we deduce that the row-span of Ỹ ⊥Λ̃T is included in the row-span of the C⊥. Therefore
Y ⊥ΛT and Ỹ ⊥Λ̃T belong to orthogonal subspaces and satisfy

(Y ⊥ΛT ) · (Ỹ ⊥Λ̃T )T = 0. (6.1.13)

Remark 6.1.14. We observe that:

dim
(
Grk′,k′+m

2
×Grn−k′,n−k′+m

2

)
= m

2 k
′ + m

2 (n− k′) = m

2 n. (6.1.15)

Therefore, Proposition 6.1.10 implies that the momentum amplituhedron Mn,k′,m is in-
cluded in a codimension (m2 )2 sub-variety of Grk′,k′+m

2
×Grn−k′,n−k′+m

2
. The dimension of

Mn,k,m is conjectured to be:

m

2 n−
(
m

2

)2
= m

2

(
n− m

2

)
. (6.1.16)

We observe that, for m = 2, this dimension is exactly n − 1, which is the dimension of
the hypersimplex ∆k+1,n; whereas, for m = 4, the dimension is 2n− 4, which is the one of
BCFW cells in momentum space.

Remark 6.1.17 (m = 2 case). For m = 2, Definition 6.1.6 reads:

ΦΛ̃,Λ : Gr+
k+1,n → Grk+1,k+2×Grn−k−1,n−k ∼= Pk+1 × Pn−k−1. (6.1.18)

Moreover, the conditions in Proposition 6.1.10 are equivalent to:

λ · λ̃ = 0 (6.1.19)

where we used the dot product in Rn of the vectors λ := Λ(Y ⊥)T and λ̃ := Λ̃(Ỹ ⊥)T .
Note that the m = 2 momentum amplituhedron is not equal to the hypersimplex, but

these objects seem to be closely related.

Remark 6.1.20 (m = 4 case). For m = 4 and k′ = k + 2, we conjecture Mn,k′,4 encodes
tree-level NkMHVn amplitudes of N = 4 SYM in spinor helicity space, see Section 6.2.

6.1.2 Twistor coordinates and sign variation

In analogy with the amplituhedron, we can define twistor coordinates for the momentum
amplituhedron Mn,k,m(Λ, Λ̃). In the following, we will denote the rows of Λ as Λ1, . . . ,Λn

and the rows of Λ̃ as Λ̃1, . . . , Λ̃n.
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Definition 6.1.21 (Twistor Coordinates). Let the matrix Y with rows y1, . . . , yn−k′ repre-
senting an element of Grn−k′,n−k′+m/2, and i1, . . . , im/2 a sequence of elements of [n]. Then
we define 〈Y i1i2 . . . im/2〉 to be the determinant of the (n− k′+m/2)× (n− k′+m/2) ma-
trix whose rows are y1, . . . , yn−k′ ,Λi1 , . . . ,Λim/2 . Analogously, let the matrix Ỹ with rows
ỹ1, . . . , ỹk′ representing an element of Grk′,k′+m/2. Then we define [Ỹ i1i2 . . . im/2] to be the
determinant of the (k′+m/2)×(k′+m/2) matrix whose rows are ỹ1, . . . , ỹk′ , Λ̃i1 , . . . , Λ̃im/2 .

Using Theorem 2.5.1 for the m = 2 amplituhedron, we can give the following descrip-
tion of Mn,k′,4 in terms of sign variations.

Theorem 6.1.22 (Sign Variation for Mn,k′,4). Fix positive k′, n such that k′ + 2 ≤ n

and let Λ̃ ∈ Mat>0
n,k′+2,Λ ∈ Mat>0,τ

n,n−k′+2. Let H◦n,k′,4(Λ, Λ̃) be the set of points of (Y, Ỹ ) in
Grk′,k′+2×Grn−k′,n−k′+2 such that

(1) 〈Y i, i+ 1〉 > 0 for 1 ≤ i ≤ n− 1, and 〈Y n1̂〉 > 0, (6.1.23)
and var(〈Y 12〉, 〈Y 13〉, . . . 〈Y 1n〉) = k′ − 2. (6.1.24)

(2) [Ỹ i, i+ 1] > 0 for 1 ≤ i ≤ n− 1, and [Ỹ n1̂] > 0, (6.1.25)
and var([Ỹ 12], [Ỹ 13], . . . [Ỹ 1n]) = k′. (6.1.26)

Then Mn,k′,4(Λ, Λ̃) ⊂ H◦n,k′,4(Λ, Λ̃).

Proof. By definition, if (Ỹ , Y ) represents a point in M◦
n,k′,2(Λ̃,Λ) := ΦΛ,Λ̃(Gr>0

k′,n), then Ỹ

lies in A◦n,k′,2(Λ̃). We recall that A◦n,k,m(Z) := Z̃(Gr>0
k,n). By Theorem 2.5.1 (2) immediately

follows.
Let Λ⊥ be a matrix representing the orthogonal complement of the column-span of

Λ in Gr≥0
k′−2,n and let Y = C⊥Λ, with C a matrix representing an element of Gr>0

k′,n. We
consider the matrix Λ⊥CT representing an element of Grk′−2,k′ and we denote it as X.
Then we note that X represents an element of the amplituhedron A◦n,k′−2,2(CT ), therefore
by Theorem 2.5.1 it lies in the region where

〈Xci, ci+1〉 > 0 for 1 ≤ i ≤ n− 1, and 〈Xcnĉ1〉 > 0,
and var(〈Xc1c2〉, 〈Xc1c3〉 . . . , 〈Xc1cn〉) = k′ − 2.

We now show that 〈Y ij〉 = 〈Xcicj〉.

〈Xcicj〉 =
∑

{j1<···<jk′−2}∈( [n]
k′−2)

pJ(Λ⊥)〈cj1 , . . . , cjk′−2 , ci, cj〉. (6.1.27)
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Let us denote I = {i1, . . . , in−k′} := [n] \ (J ∪ {i, j}). Then

pJ(Λ⊥) = εJ,[n]\J p[n]\J(Λ) = εJ,{i1,...,in−k′ ,i,j} 〈Λi1 , · · · ,Λin−k′
,Λi,Λj〉

and
〈cj1 , . . . , cjk , ci, cj〉 = ε{j1,...,jk′−2,i,j},{i1,...,in−k′} p{i1,...,in−k′}(C

⊥).

Therefore, we obtain:

〈Xcicj〉 =
∑

{i1<···<in−k′}∈( [n]
n−k′)

pI(C⊥)〈Λi1 , · · · ,Λin−k′
,Λi,Λj〉 = 〈Y ij〉, (6.1.28)

where we used Y = C⊥Λ and ε{j1,...,jk′−2,i,j},{i1,...,in−k′} · εJ,{i1,...,in−k′ ,i,j} = 1. As

〈Xcnĉ1〉 = (−1)k′−2−1〈Xcnc1〉 = (−1)k′−1〈Y n1〉 = 〈Y n1̂〉,

this completes the proof for (1). Finally, as ΦΛ,Λ̃ is continuous, Mn,k,4 ⊆M◦
n,k,4 ⊆ H◦n,k′,4.

Theorem 6.1.22 suggests the following conjecture for general m:

Conjecture 6.1.29 (Sign Variation for Mn,k′,m). Fix positive k′, n and even m such that
k′ + m

2 ≤ n and let Λ̃ ∈ Mat>0
n,k′+m

2
,Λ ∈ Mat>0,τ

n,n−k′+m
2

. Let H◦n,k′,m(Λ, Λ̃) be the set of points
of (Y, Ỹ ) in Grk′,k′+m

2
×Grn−k′,n−k′+m

2
such that

(1) 〈Y i1, i1 + 1, . . . im
2
, im

2
+ 1〉 > 0 (6.1.30)

and var(〈Y 1, . . .m− 1,m〉, 〈Y 1 . . .m− 1,m+ 1〉, . . . 〈Y 1 . . .m− 1, n〉) = k′ − m

2 .
(6.1.31)

(2) [Ỹ i1, i1 + 1, . . . im
2
, im

2
+ 1] > 0 (6.1.32)

and var([Ỹ 1 . . .m− 1,m], [Ỹ 1 . . .m− 1,m+ 1], . . . [Ỹ 1 . . .m− 1, n]) = k′.

(6.1.33)

Then Mn,k′,m(Λ, Λ̃) ⊂ H◦n,k′,m(Λ, Λ̃).

It would be interesting to know whether there is a sign-flip characterization of Mm,k′,m.
For example, what extra conditions on twistor coordinates, if any, we need to impose on
the closure of H◦n,k′,m(Λ, Λ̃) ∩ {P (Y, Ỹ ) = 0} in order to obtain Mn,k′,m(Λ, Λ̃).

We end this section by defining the sign stratification of Mn,k,m(Λ, Λ̃). This is in
analogy with the sign stratification of the amplituhedron An,k,m(Z) in Section 2.3.2. Sign
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strata are regions where all twistor coordinates have a fixed sign prescribed by certain sign
vectors:

Definition 6.1.34 (Sign stratification of Mn,k′,m). Fix positive k′ < n and m such that
k′+ m

2 ≤ n. Let σ = (σi1,...,im2 ) and σ̃ = (σ̃i1,...,im2 ) in {0,+,−}(
n
m/2) be nonzero sign vectors,

considered3 modulo multiplication by ±1. Let Mσ,σ̃
n,k′,m(Λ, Λ̃) be the set

{(Y, Ỹ ) ∈Mn,k′,m(Λ, Λ̃) | sign〈Y i1 . . . im/2〉 = σi1,...,im/2 , sign[Ỹ i1 . . . im/2] = σ̃i1,...,im/2}.

We call Mσ,σ̃
n,k′,m(Λ, Λ̃) a (momentum amplituhedron) sign stratum. Clearly

Mn,k′,m(Λ, Λ̃) =
⊔
σ,σ̃

Mσ,σ̃
n,k′,m(Λ, Λ̃).

If σ, σ̃ ∈ {+,−}(
n
m/2), we callMσ,σ̃

n,k′,m(Λ, Λ̃) an open (momentum amplituhedron) chamber.

It is an interesting open question to know which sign chamber is realizable:

Definition 6.1.35 (Realizable sign strata of Mn,k′,m ). We say that a sign vector (σ, σ̃)
(or sign stratum Mσ,σ̃

n,k′,m) is realizable for Mn,k′,m if Mσ,σ̃
n,k′,m(Λ, Λ̃) is nonempty for some

Λ, Λ̃.

This is in analogy with Definition 2.3.10 for An,k,m(Z). In Corollary 4.4.13 we showed that
for the m = 2 amplituhedron An,k,m=2(Z) the realizable sign chambers are exactly the
w-chambers labelled by the Eulerian numbers. Moreover, those are in bijection with w-
simplices in which the hypersimplex ∆k+1,n decomposes. Can we use these w-chambers
to understand the realizable sign chambers of the m = 4 momentum amplituhedron
Mσ,σ̃

n,k+2,m=4(Λ, Λ̃)? Are these in bijection with the realizable sign chambers of the m = 4
amplituhedron An,k,m=4(Z)?

6.1.3 Mandelstam variables and Facets

Definition 6.1.36 (Mandelstam variables). Let (Y, Ỹ ) be a point in Grk′,k′+m
2
×Grn−k′,n−k′+m

2
,

and let I ⊆ [n]. Then we define the Mandelstam variable SI(Y, Ỹ ) as the following quadratic
polynomial in twistor coordinates:

SI(Y, Ỹ ) :=
∑

J∈( I
m
2
)
〈Y J〉[Ỹ J ] (6.1.37)

3This is because Plücker and twistor coordinates are only defined up to multiplication by a common
scalar.
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Remark 6.1.38. Mandelstam variables SI(Y, Ỹ ) can be expressed in terms of Plückers of
C,Λ, Λ̃ using 6.1.27 as:

SI(Y, Ỹ ) =
∑

L∈( [n]
k′−m/2)

∑
R∈([n]

k′ )

∑
J∈( I

m
2
)
εL,J εR,JpL∪J(C) pR(C) pL(Λ⊥) pR∪J(Λ̃). (6.1.39)

Let us denote [i, j] as the cyclic interval {i, i+ 1, . . . , j}, with i, j ∈ [n].

Proposition 6.1.40. Let (Y, Ỹ ) represent a point in Mn,k′,4(Λ, Λ̃) and i, j ∈ [n]. Then:

(1) 〈Y i, i+ 1〉 ≥ 0, [Ỹ i, i+ 1] ≥ 0. (6.1.41)
(2) S[i,j](Y, Ỹ ) ≥ 0, for k′ = 2 (MHV case). (6.1.42)
(3) For k′ 6= 2, the sign definiteness of S[i,j] depends on the choice of Λ, Λ̃. (6.1.43)

Proof. Part (1). [Ỹ i, i+ 1] ≥ 0 is straightforward.

〈Y i, i+ 1〉 =
∑

I∈( [n]
n−k′)

pI(C⊥)〈I, i, i+ 1〉 =
∑

I∈( [n]
n−k′)

εI,[n]\Ip[n]\I(C)〈I, i, i+ 1〉, (6.1.44)

changing summation indices, we have
∑

J∈([n]
k′ )
ε[n]\J,JpJ(C)〈[n] \ J, i, i+ 1〉 =

∑
J∈([n]

k′ )
pJ(C)pJ\{i,i+1}(Λ⊥) ≥ 0. (6.1.45)

Part (2). For k′ = 2, we have:

〈Y ij〉 = pI(C⊥)〈Λi1 , · · · ,Λin−2 ,Λi,Λj〉. (6.1.46)

where we denoted I = {i1, . . . , in−k′} := [n] \ {i, j}. Using pI(C⊥) = εI,{i,j} pij(C) and
εI,{i,j}〈Λi1 , · · · ,Λin−2 ,Λi,Λj〉 = p[n](Λ) > 0, we obtain:

〈Y ij〉 = p[n](Λ) pij(C). (6.1.47)

Then we can rewrite:

S[i,j](Y, Ỹ ) = p[n](Λ)
∑

j1<j2∈[i,j],a<b∈[n]
pj1j2(C)pab(C)〈Λa,Λb,Λj1 ,Λj2〉 . (6.1.48)

There are only two cases for which the bracket 〈Λa,Λb,Λj1 ,Λj2〉 is negative: a < j1 < b < j2

or j1 < a < j2 < b. In particular, we observe that if a, b 6∈ I then 〈Λa,Λb,Λj1 ,Λj2〉 > 0.
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For b ∈ I and a < j1 < b < j2, the terms proportional to 〈Λa,Λj1 ,Λb,Λj2〉 are:

(paj1(C) pbj2(C)− pj1j2(C) pab(C) + paj2(C) pj1b(C)) 〈Λa,Λj1 ,Λb,Λj2〉, (6.1.49)

which is zero by the three-term Plücker relation of the C matrix. Analogously, for the
case j1 < a < j2 < b. We therefore conclude that all non-positive terms are cancelled and
S[i,j](Y, Ỹ ) is non-negative.

Part (3). Let us consider M6,3,4, i.e. n = 6 and k′ = 3 (NMHV case). If we
expand S123 using (6.1.38), we obtain many non-negative terms plus the following term
proportional to p123(C) p456(C):

6∑
i=1

(−1)i+1pi(Λ⊥) p[6]\{i}(Λ̃). (6.1.50)

Therefore, positivity of this expression is a sufficient condition for S123 to be non-negative.
Moreover, it is possible to choose Λ and Λ̃ such that this expression is negative and such
that spanning over all C in Gr≥0

k′,n the resulting S123 is negative.

Despite Part (3) of Proposition 6.1.40, we still make the following conjecture.

Conjecture 6.1.51. Let k′ + 2 ≤ n. Then there is a choice of Λ̃ ∈ Mat>0
n,k′+2 and Λ ∈

Mat>0,τ
n,n−k′+2 such that all points (Y, Ỹ ) in Mn,k′,4(Λ, Λ̃) satisfy S[i,j](Y, Ỹ ) ≥ 0, for all

i, j ∈ [n].

Remark 6.1.52. We have checked using Mathematica that the following choice of Λ and
Λ̃ satifies the condition of Conjecture 6.1.51 for all Mn,k′,4(Λ, Λ̃) with n ≤ 10:

(Λ⊥)i,a = ia−1, (Λ̃)i,ã = iã−1, i ∈ [n], a ∈ [k′ − 2], ã ∈ [k + 2]. (6.1.53)

Note that the rows of Λ and Λ̃ are vectors lying on moment curves.

Remark 6.1.54. We also conjecture a set of sufficient conditions on Λ and Λ̃ such that
Conjecture 6.1.51 is satified for k′ = 3 (NHMV case). Let I = {i1 < i2 < i3}, J = {j1 <

j2 < j3} be subsets of [n] and disjoint. Let us define:

QI,J(Λ, Λ̃) :=
3∑
s=1

(−1)s+1
(
pis(Λ⊥)pI∪J\{is}(Λ̃) + pjs(Λ⊥)pI∪J\{js}(Λ̃)

)
. (6.1.55)

Let i, j ∈ [n], we conjecture that if for all I ⊆ [i, j] and J ∈ [n] \ [i, j]

QI,J(Λ, Λ̃) > 0, (6.1.56)
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then S[i,j](Y, Ỹ ) ≥ 0 inside the momentum amplituhedron Mn,3,4(Λ, Λ̃). For example, for
n = 6 and S[1,3] the above condition reads exactly as in Equation (6.1.50).

Remark 6.1.57. The properties in Equation (6.1.42) and in Conjecture 6.1.51 are the
momentum amplituhedron analogue of the conjecture in [23, Section 5]. Let us consider
the space of spinor-helicity variables (cf. Section 1.5.1) {λ, λ̃}, and consider the brackets
〈ij〉λ := 〈λij〉 and [ij]λ̃ := 〈λ̃ij〉. Let us also define Mandelstam variables

sI :=
∑
J∈(I2)
〈J〉λ[J ]λ̃ . (6.1.58)

Then the conjecture of [23] states that the positive region would be defined by the following
conditions:

(1) 〈i, i+ 1〉λ > 0 for 1 ≤ i ≤ n− 1, and 〈n1̂〉λ > 0,
and var(〈12〉λ, 〈13〉λ, . . . 〈1n〉λ) = k′ − 2.

(2) [i, i+ 1]λ̃ > 0 for 1 ≤ i ≤ n− 1, and [n1̂]λ̃ > 0,
and var([12]λ̃, [13]λ̃, . . . [1n]λ̃) = k′.

(3) s[i,j] > 0, i, j ∈ [n].

A conjectural description of all faces of the momentum amplituhedron Mn,k′,4 is pre-
sented in [176].

Definition 6.1.59. Let fix a partition of [n] into the intervals I` = [1, n`] and Ir = [n`+1, n]
of size n` and nr, respectively, with n` + nr = n. Let G` and Gr be reduced plabic
graphs of the top cells of Gr≥0

k`,n`+1 and Gr≥0
kr,nr+1, respectively. We define the plabic graph

G = G`(I`)⊗Gr(Ir) by:

1. relabel the boundary vertices {1, . . . , nr + 1} of Gr as {n` + 1, n` + 2, . . . , n};

2. connect the boundary vertex n` + 1 of G` with the boundary vertex n` + 1 of Gr.

See Figure 6.2. By cyclic rotation, we analogously define G`(I`) ⊗ Gr(Ir) for arbitrary
partition of [n] into two intervals I` and Ir.

Remark 6.1.60. It is immediate to see that G as in Definition 6.1.59 labels a cell in Gr≥0
k′,n,

with k′ = k` + kr − 1, n = n` + nr, and has dimension k`(n` + 1− k`) + kr(nr + 1− kr)− 1.
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Figure 6.2: Plabic graph G`(1, . . . , n`)⊗Gr(n` + 1, . . . , n).

Remark 6.1.61. The construction in Definition 6.1.59 was referred to as amalgamation
of on-shell diagrams inside the positive Grassmannian in [104].

Conjecture 6.1.62 (Facets of Mn,k,4). Let fix k < n and let {I`, Ir} a partition of [n]
into two intervals of sizes n`, nr > 1. Let k` < n`, kr < nr such that k` + kr − 1 = k.
Then Mn,k′,4 has a facet which is the image under the momentum amplituhedron map of
the positroid cell labelled by G`(I`)⊗Gr(Ir). Moreover, the facet lies on the hypersurface:

1. 〈Y I`〉 = 0, if k` = 1 and n` = 2 (or 〈Y Ir〉 = 0, if kr = 1 and nr = 2);

2. [Ỹ I`] = 0, if k` = 2 and n` = 2 (or [Ỹ Ir] = 0, if kr = 2 and nr = 2);

3. SI`(Y, Ỹ ) = 0, otherwise (or, by momentum conservation, SIr(Y, Ỹ ) = 0).

Finally, all facets of Mn,k′,4 arise in this way.

Facets of Mn,k′,4 are in bijection with factorization channels of scattering amplitudes
of N = 4 SYM in spinor helicity space. Given a facet of Mn,k′,4, by Conjecture 6.1.62
it is the image of the positroid cell labelled by G`(I`) ⊗ Gr(Ir). This corresponds to the
factorization An,k = An`,k`(I`) ⊗ Anr,k`(Ir). In particular, case (1) in Conjecture 6.1.62
is associated to An,k = AMHV 3

(I`) ⊗ An−2,k(Ir), and can be regarded as the helicity-
preserving collinear limit of the two particles in I`. Whereas, case (2) in Conjecture 6.1.62
is associated to An,k = AMHV3(I`) ⊗ An−2,k−1(Ir) is the helicity-decreasing collinear limit
of the two particles in I`.

Remark 6.1.63. In [177], the author show that all facets of the momentum amplituhedron
in Conjecture 6.1.62 arise from the factorizations of twistor strings amplitudes on the
worldsheet via the polarized scattering equations.
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Example 6.1.64 (NMHV Amplitudes). Let us consider n = 6 and k = 3. There are 3
types of facets.

Type 1. We consider kr = 1 and Ir = {5, 6}. Then by Part (1) of Conjecture 6.1.62,
we get a facet on 〈Y 56〉 = 0. The corresponding positroid cell is swiped by matrices of the
type:

C1(α) =


1 α5 + α7 α5α6 0 0 0
0 1 α3 + α6 α3α4 0 0
0 0 1 α4 α2 α1

 , (6.1.65)

where we see that the submatrix obtained from C1 by takining its rows {1, 2, 3} and
columns {1, 2, 3, 4, 5} represents a point in Gr≥0

3,5 and, by varing over α, it spans its top cell.
Analogously, the submatrix obtained from row {3} and columns {4, 5, 6} represents a point
in Gr≥0

1,3. This facet corresponds to the factorization channel A6,3 = ANMHV5(1, 2, 3, 4, ∗)⊗
AMHV 3

(∗, 5, 6).
Type 2. We now consider kr = 2 and Ir = {5, 6}. Then by Part (2) of Conjec-

ture 6.1.62, we get a facet on [Ỹ 56] = 0. The corresponding positroid cell is swiped by
matrices of the type:

C2(α) =


1 α3 + α5 + α7 (α3 + α5)α6 α3α4 0 0
0 1 α6 α4 α2 0
0 0 0 0 1 α1

 , (6.1.66)

where we see that the submatrix obtained from C2 by takining its rows {1, 2} and columns
{1, 2, 3, 4, 5} represents a point in Gr≥0

2,5 and, by varing over α, it spans its top cell. Anal-
ogously, the submatrix obtained from row {2, 3} and columns {4, 5, 6} represents a point
in Gr≥0

2,3. This facet corresponds to the factorization channel A6,3 = AMHV5(1, 2, 3, 4, ∗) ⊗
AMHV3(∗, 5, 6).

Type 3. Finally, we consider I` = {1, 2, 3} and k` = 2. Then by Part (2) of Conjec-
ture 6.1.62, we get a facet on S123(Y, Ỹ ) = 0. The associated plabic graph G`(I`)⊗Gr(Ir)
is depicted in Figure 6.3. The corresponding positroid cell has vanishing plückers p123, p456.
Points in this cell can be represented in terms of the following matrix

C3(α) =


1 α5 + α7 α5α6 0 0 0
0 1 α6 α2 + α4 α2α3 0
0 0 0 1 α3 α1

 , (6.1.67)

where we see that the submatrix obtained from C3 by takining its rows {1, 2} and columns
{1, 2, 3, 4} represents a point in Gr≥0

2,4 and, by varing over α, it spans its top cell. Anal-
ogously, for the submatrix obtained from rows {2, 3} and columns {3, 4, 5, 6}. This facet
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corresponds to the factorization channel A6,3 = AMHV4(1, 2, 3, ∗)⊗ AMHV4(∗, 4, 5, 6). 3

Figure 6.3: Plabic graph G`(1, 2, 3)⊗Gr(4, 5, 6).

6.1.4 The Momentum Amplituhedron and T-duality

The momentum amplituhedron Mn,k′,m is the image of the positive Grassmannian Gr≥0
k′,n

under the momentum amplituhedron map Φ. As for the amplituhedron or the hypersim-
plex, it is then natural to subdivide Mn,k′,m using (the closure of) images of positroid
cells under the Φ map. Following the definitions in Chapter 5, we can call a positroid
dissection of the momentum ampltituhedron Mn,k′,m a collection {Φπ} of (the closure of)
full-dimensional images Φπ := Φ(Sπ) of positroid cells Sπ ⊆ Gr≥0

k′,n under the Φ map with
disjoint interiors which cover the whole space. If furthermore the Φ map is injective on
each cell Sπ of the collection, then {Φπ} is called positroid triangulation, and each Φπ is
referred to as a generalized triangle of Mn,k′,m.

Then the following conjecture is the combinatorial and geometric counterpart of the
Amplitude/Wilson Loop duality of N = 4 SYM:

Conjecture 6.1.68 (Triangulations of Mn,k+2,4 and An,k,4 are T-dual). The collection
C = {Φπ} is a positroid triangulation of Mn,k+2,4 if and only if the collection of T-dual
Grasstopes Ĉ = {Zπ̂} is a positroid triangulation of An,k,4.

We expect the same conjecture to hold true if we replace the word ‘triangulation’
with ‘dissection’. Moreover, we speculate that a similar conjecture holds for general even
m ≥ 4, i.e. the T-duality map in Equation (4.1.25) provides a bijection between positroid
triangulations (dissections) of Mn,k′,m and An,k,m, when k′ = k +m/2.

Remark 6.1.69. For m = 2 we showed thatAn,k,m=2 is T-dual to the hypersimplex ∆k+1,n,
which is not Mn,k+1,m=2 – even if they are somehow related. See [178] for more details.
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6.2 Scattering Amplitudes from Mn,k+2,4

The m = 4 momentum amplituhedron Mn,k′,4 encodes the Nk′−2MHV n-particle tree-
level amplitudes in N = 4 SYM. The starting point is the non-chiral superspace which is
parametrized by spinor helicity variables, {λa, λ̃ȧ}, a, ȧ = 1, 2, together with the Grassmann
odd parameters4 {ηr, η̃ṙ}, r, ṙ = 1, 2. Then the amplitude ANkMHVn is a function on n

copies of this superspace with coordinates {λi, ηi|λ̃i, η̃i}. Let us remark that in this space
the supercharges take the form:

q̃ȧr =
n∑
i=1

λ̃ȧi η
r
i , qar =

n∑
i=1

λai η̃
ṙ
i . (6.2.1)

and the amplitude is a function of degree (2(n − k′), 2k′) in (η, η̃). This is a similar
situation to the one which we have encountered for the momentum twistors, where the
amplitude is a function of degree 4k = 4(k′ − 2) in the fermionic part the momentum
twistor superspace. Equivalently, it was possible to introduce a bosonized momentum
twistor space by introducing auxiliary Grassmann-odd parameters. We will now repeat
this construction for the spinor helicity variables.

Let us introduce 2(n − k′) auxiliary Grassmann-odd parameters φαa , α = 1, . . . , n −
k′, a ∈ [2] and 2k′ auxiliary Grassmann-odd parameters φ̃α̇ȧ , α̇ = 1, . . . , k′, α̇ ∈ [2]. We
define bosonized spinor helicity variables Λ ∈ Matn,n−k′+2, Λ̃ ∈ Matn,k′+2 as

(Λ)iA =
(

λai
φα · ηi

)
, A = (a|α) ∈ [n− k′ + 2] , (6.2.2)

(Λ̃)iȦ =
(

λ̃ȧi
φ̃α̇ · η̃i

)
, Ȧ = (ȧ|α̇) ∈ [k′ + 2], i ∈ [n]. (6.2.3)

In order to make connection with scattering amplitudes we identify the matrices Λ̃ ∈
Mat>0

n,k′+2,Λ ∈ Mat>0,τ
n,n−k′+2 in Definition 6.1.6 with the above matrices. For this reason, we

refer to the pair (Λ, Λ̃) as the kinematic data.
The next step is to find the canonical form Ω(Mn,k′,4) of Mn,k′,4, i.e. the differential

form with logarithmic singularities on all its boundaries. One way to do this is to find
a positroid triangulation of Mn,k′,4 with each generalized triangle being the image of a
(2n − 4)-dimensional cell of Gr≥0

k′,n on which the momentum amplituhedron map Φ(Λ,Λ̃)
is injective. Conjectural positroid triangulations of Mn,k′,4 are provided by the so-called

4{η̃ṙ}ṙ=1,2 is obtained from {ηA}A=3,4 of the chiral super-space (cf. Section 1.4.3) by a (Grassmann)
Fourier tranform. See also [23,179].
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BCFW triangulations5. The canonical form of Mn,k′,4 is the sum of push-forwards of the
canonical forms of cells in such triangulations. As for the amplituhedron An,k,4, the explicit
answer is a sum of rational forms where the denominators can contain spurious singular-
ities, corresponding to spurious boundaries in a given triangulation. These singularities
disappear in the complete sum and the only divergences of Ω(Mn,k′,4) correspond to the
facets of Mn,k′,4 (cf. Conjecture 6.1.62).

Let us now describe how to obtain the amplitudeANkMHVn(λi, ηi, λ̃i, η̃i) from the canon-
ical form Ω(Mn,k′,4). Let us recall that the momentum amplituhedronMn,k′,4 is (2n− 4)-
dimensional and therefore the degree of Ω(Mn,k′,4) is (2n − 4). Let µMn,k′,4 and ω forms
such that:

µGrn−k′,n−k′+2(Y ) ∧ µGrk′,k′+2(Ỹ ) = µMn,k′,4(Y, Ỹ ) ∧ d4P + ω (6.2.4)

and ω vanishes when restricted to P (Y, Ỹ ) = 0. Then we can write

Ω(Mn,k′,4) = µMn,k′,4|P=0(Y, Ỹ ) Ω(Mn,k′,4), (6.2.5)

where we refer to Ω(Mn,k′,4) as the canonical function ofMn,k′,4. This is well-defined only
on the hypersurface P = 0. We can also think it as a distribution on Grk′,k′+2×Grn−k′,n−k′+2

supported on P = 0, i.e. as δ4(P ) Ω(Mn,k′,4). Then, the procedure to extract the ampli-
tude from the canonical form Ω(Mn,k′,4) is similar to the ordinary amplituhedron, i.e. we
localize the Y and Ỹ on reference subspaces6

Y ∗ =
(

02×(n−k)

1(n−k)×(n−k)

)
, Ỹ ∗ =

(
02×k

1k×k

)
, (6.2.6)

obtaining

ANkMHVn(λi, ηi, λ̃i, η̃i) = δ4(p)
∫
dφ1

a . . . dφ
n−k
a

∫
dφ̃1

ȧ . . . dφ̃
k
ȧ Ωn,k(Mn,k′,4)|(Y,Ỹ )=(Y ∗,Ỹ ∗) ,

(6.2.7)
where δ4(p) comes from the localization of δ4(P ) on Y ∗, Ỹ ∗. In the following section we
will show how extracting the amplitude works in practice in a few examples.

Finally, in analogy with the ordinary amplituhedron (see Equation (2.6.12)), we can
introduce an integral representation of the canonical function δ4(P ) Ω(Mn,k′,4) as a contour
integral. Let us fix a point (Y, Ỹ ) inMn,k′,4 and let ω(Mn,k′,4) and α be differential forms

5The package positroid Mathematica™ package [121] can provide the collection of BCFW cells in a
triangulation via the function treeContour[n,k].

6This choice of Y ∗, Ỹ ∗ is compatible with the embedding of λ, λ̃ in Λ, Λ̃ as in (6.2.2), (6.2.3).
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on Gr≥0
k′,n such that:

Ω(Gr≥0
k′,n) = ω(Mn,k′,4) ∧ µ∗Mn,k′,4

|P=0 + α (6.2.8)

and the restriction of α vanishes on the momentum amplituhedron fiber Φ−1
Λ,Λ̃(Y, Ỹ ). Here

µ∗Mn,k′,4
|P=0 is the pull-back of µMn,k′,4|P=0(Y, Ỹ ) under ΦΛ,Λ̃. We then consider the fiber

volume form ofMn,k′,4 of degree (k′−2)(n−k′−2) = k(n−k−4), by restricting ω(Mn,k′,4)
on the fiber Φ−1

Λ,Λ̃(Y, Ỹ ) (see Definition B.0.12). Then one obtain the canonical form as a
contour integral of the fiber volume form:

Ω(Mn,k′,4)(Y, Ỹ ) =
∫
γ
ω(Mn,k′,4)|Φ−1

Λ,Λ̃
(Y,Ỹ ). (6.2.9)

Remark 6.2.10. This procedure is equivalent to the formulas in [58], where δ4(P ) Ω(Mn,k′,4)
is obtained from the following contour integral:

∫
γ

d(n−k′)·(n−k′)g

(detg)n−k′ ∧ Ω(Mat≥0
k,n) δ(n−k′)(n−k′+2)(Y − g C⊥Λ) δk′(k′+2)(Y − C Λ̃) , (6.2.11)

where
Ω(Mat≥0

k′,n) := dk
′·nC

p[1,k′](C) p[2,k′+1](C) . . . p[n,k′−1](C) . (6.2.12)

Example 6.2.13 (MHV and MHV Amplitudes). We now move to study examples of
momentum amplituhedra, starting with MHV and MHV amplitudes. Already in this case
the canonical function takes a new and interesting form. The dimension of the momentum
amplituhedron Mn,2,4 is the same as the dimension of the positive Grassmannian Gr2,n

and therefore there is no need to triangulate the momentum amplituhedron, it is enough
to take the image of the top-dimensional positroid cell of Gr≥2,n, i.e. Gr>0

2,n.
It is conjectured that all boundaries of the momentum amplituhedron Mn,2,4 are all

on the hypersurfaces 〈Y ii + 1〉 = 0 for i = 1, . . . , n. The canonical form we find in this
section will make this manifest. We also recall from Proposition 6.1.40 that, for all points
inside the momentum amplituhedron Mn,2,4, [Ỹ ii + 1] > 0 for all i = 1, . . . , n, as well as
S[i,j] > 0 for all i, j ∈ [n].

Let us start by considering the simplest case, i.e. the four-point MHV amplitude. We
parametrize the top cell of Gr>0

2,4 using the positive parameters αj:

C(α) =
(

1 α2 0 −α3

0 α1 1 α4

)
. (6.2.14)
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There are various ways to find α’s, and a particular choice results in α’s depending only
on Y and Λ:

α1 = 〈Y 12〉
〈Y 13〉 , α2 = 〈Y 23〉

〈Y 13〉 , α3 = 〈Y 34〉
〈Y 13〉 , α4 = 〈Y 14〉

〈Y 13〉 . (6.2.15)

The push-forward of the Grassmannian top form through the momentum amplituhedron
map is therefore:

Ω(M4,2,4) =
4∧
j=1

dlogαj = dlog〈Y 12〉
〈Y 13〉 ∧ dlog〈Y 23〉

〈Y 13〉 ∧ dlog〈Y 34〉
〈Y 13〉 ∧ dlog〈Y 14〉

〈Y 13〉 (6.2.16)

= 〈1234〉2
〈Y 12〉〈Y 23〉〈Y 34〉〈Y 41〉〈Y d

2Y1〉〈Y d2Y2〉 . (6.2.17)

If instead we found the α’s in terms of Ỹ , we would find the following representation
for the canonical form:

Ω(M4,2,4) = [1234]2

[Ỹ 12][Ỹ 23][Ỹ 34][Ỹ 41]
[Ỹ d2Ỹ1][Ỹ d2Ỹ2] . (6.2.18)

Where, here and in the following, [ijls] and 〈ijls〉 denote 〈Λ̃i, Λ̃j, Λ̃l, Λ̃s〉 and 〈Λi,Λj,Λl,Λs〉
respectively. It is easy to check that (6.2.16) and (6.2.18) are related to each other by
momentum conservation Definition 6.1.8. Independently of the chosen representation for
the canonical form, the canonical function can be evaluated using Equation (6.2.5) and
gives the following manifestly parity symmetric answer:

Ω(M4,2,4) = 〈1234〉2[1234]2

〈Y 12〉〈Y 23〉[Ỹ 12][Ỹ 23]
, (6.2.19)

unique up to momentum conservation. Finally, we can extract the amplitude Atree
4,2 using

(6.2.7) to get

AMHV4 = δ4(p) δ4(q)δ4(q̃)
〈12〉λ〈23〉λ[12]λ̃[23]λ̃

, (6.2.20)

where q, q̃ are defined in (6.2.1). This formula agrees with the result found in [23].
This calculation can be easily generalized to any MHV amplitude. A particular repre-

sentation for the volume form reads

Ω(Mn,2,4) =
n−1∧
i=2

(
dlog

(
〈Y i, i+ 1〉
〈Y 1, i+ 1〉

)
∧ dlog

(
〈Y 1, i+ 1〉
〈Y 12〉

))
(6.2.21)

= 〈1 . . . n〉2
〈Y 12〉〈Y 23〉 . . . 〈Y 1n〉〈Y d2Y1〉〈Y d2Y2〉 . . . 〈Y d2Yn−2〉 . (6.2.22)

This result agrees with the one we get for the m = 2 amplituhedron A(2)
n,n−2(Λ) ' Gr≥0

n−2,n.
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Finally, the canonical function for MHVn amplitudes is

Ω(Mn,2,4) =
∑
i<j

[12ij]〈Y ij〉
[Ỹ 12]

2
〈1 . . . n〉2

〈Y 12〉〈Y 23〉 . . . 〈Y 1n〉 . (6.2.23)

The results for MHV amplitudes are the parity conjugate of the previous formulæ.
In particular, as for the MHV case, we do not need to triangulate the momentum ampli-
tuhedron Mn,n−2 since its dimension is already 2n − 4. The boundaries of Mn,n−2 are
conjectured to lie on the hypersurfaces [Ỹ ii + 1] = 0 for i = 1, . . . , n. Moreover, one can
show that the analogous of Proposition 6.1.40 holds for for the MHV case: for all points
inside Mn,n−2,4 we find 〈Y ii+ 1〉 > 0 for i = 1, . . . , n and S[i,j] > 0 for i, j ∈ [n]. 3

Example 6.2.24 (NMHV6 Amplitude). As a next step, we consider the first example
where we need to triangulate the momentum amplituhedron in order to find the volume
form. The positive Grassmannian Gr≥0

3,6 is nine-dimensional, while the momentum ampli-
tuhedronM6,3,4 is eight-dimensional and therefore the image of the positive Grassmannian
through the map Φ(Λ,Λ̃) cannot be injective. In order to find the canonical form Ω(M6,3,4)
we need to therefore find collections of codimension-one cells of Gr≥0

3,6. There are two pos-
sible positroid triangulations obtained as images of the following collections of positroid
cells:

C1 = {S1, S3, S5} , C2 = {S2, S4, S6} , (6.2.25)

where we denoted as Si ⊂ Gr≥0
3,6 the positroid cell where the only vanishing plücker is

p[i,i+2](C) = 0, with i ∈ [6]. The canonical form can then be written as follows

Ω(M6,3,4) = Ω(2)
6,3 + Ω(4)

6,3 + Ω(6)
6,3 = Ω(1)

6,3 + Ω(3)
6,3 + Ω(5)

6,3 , (6.2.26)

where Ω(i)
6,3 is the pushforward of the logarithmic differential form on the cell Si.

In the following we focus on Ω(1)
6,3, the other terms can be found by cyclic shifts. We

parametrize S1 using canonical BCFW-bridge coordinates and solve the relations Y =
C(α)⊥Λ and Ỹ = C(α)Λ̃ to find:

α1 = 〈Y 12〉
〈Y 13〉 , α2 = 〈Y 23〉

〈Y 13〉 , α3 = [Ỹ 3̂4]
[Ỹ 1̂3̂]

, α4 = [Ỹ 64]
[Ỹ 1̂3̂]

(6.2.27)

α5 = [Ỹ 61̂]
[Ỹ 1̂3̂]

, α6 = [Ỹ 41̂]
[Ỹ 1̂3̂]

, α7 = [Ỹ 45]
[Ỹ 64]

, α8 = [Ỹ 56]
[Ỹ 64]

, (6.2.28)
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where we have denoted the following shifted variables

ˆ̃Λ1 = Λ̃1 + 〈Y 23〉
〈Y 13〉Λ̃2 ,

ˆ̃Λ3 = Λ̃3 + 〈Y 12〉
〈Y 13〉Λ̃2 . (6.2.29)

One can notice that the BCFW-bridge variables are just an uplift of the formula found
in [23]7. The push-forward is computed as

Ω(1)
6,3 =

8∧
i=1

dlogαi , (6.2.30)

which, using (6.2.27), leads to the following explicit form for the canonical function

Ω(1)
6,3 =

(∑
I∈([1,3]

2 )〈Y I〉[I 456]
)2 (∑

I∈([4,6]
2 )〈Y I〉[I 123]

)2

S123〈Y 12〉〈Y 23〉[Ỹ 45][Ỹ 56]〈Y 1|5 + 6|4Ỹ ]〈Y 3|4 + 5|6Ỹ ]
.

(6.2.31)

After using our procedure (6.2.7) for extracting the amplitude, we find that the expression
(6.2.31) reduces to the formula found in [23]. While for the denominator it can be easily
seen, the numerator requires a more careful analysis.

(〈Y 12〉[12456] + 〈Y 13〉[13456] + 〈Y 23〉[23456])2 → δ4(q)(η̃4[56]λ̃ + η̃5[64]λ̃ + η̃6[45]λ̃)2 ,

(6.2.32)
while the second bracket gives:(

[Ỹ 45]〈12345〉+ [Ỹ 46]〈12346〉+ [Ỹ 56]〈12356〉
)2
→ δ4(q̃) (η1〈23〉λ + η2〈31〉λ + η3〈12〉λ)2 .

(6.2.33)
Finally, we can write the complete volume form Ω6,3 by using (6.2.30) and shifting labels:

Ω6,3 = Ω(1)
6,3 + Ω(1)

6,3

∣∣∣
i→i+2

+ Ω(1)
6,3

∣∣∣
i→i+4

, (6.2.34)

and similarly for the canonical function. The spurious poles of the type 〈Y i|j + k|lỸ ] in
Ω(1)

6,3 cancel in the sum. The form Ω(M6,3,4) diverges logarithmically on the 15 boundaries
of the momentum amplituhedron M6,3,4:

〈Y i i+ 1〉 = 0 , i = 1, . . . , 6 , [Ỹ i i+ 1] = 0 , i = 1, . . . , 6 , S[i,i+2] = 0 , i = 1, 2, 3 .
(6.2.35)

7The attentive reader will notice that we have a discrepancy of signs w.r.t. [23]. In our formulæ they
are such that the canonical coordinates are all positive for positive data.
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Remark 6.2.36. We can see how the T-duality Conjecture 6.1.68 is reflected in the com-
putation of scattering amplitudes. In the NMHV6 case – i.e. k = 1 and n = 6 – on one
side, the amplitude in momentum space has 3 terms obtained from Equation (6.2.34). On
the other side, the ampliutude in momentum twistor space also has 3 terms, which are
R-invariants, e.g. R12345 + R12356 + R13456 (cf. Equation (1.5.19)). Moreover, there are
only 2 ways to express these amplitudes using these types of terms, i.e. there are only 2
positroid triangulations of M6,3,4 in bijection with the ones of A6,1,4.

3

6.3 Summary and Outlook

Despite the name, the amplituhedron is more naturally suited to describe the dual Wilson
loop – in momentum twistor space – rather than the amplitude itself. In particular, since
the latter relies on the Amplitude/Wilson loop duality special to planar N = 4 SYM, a
generalization of this geometry to describe scattering amplitudes in other models may be
difficult. For example, it would be desirable to find positive geometries encoding scattering
amplitudes in less supersymmetric models and beyond the planar sector. On the other
hand, a geometric description directly in momentum space – in twistor or spinor helicity
space {λ, λ̃} – would overcome this major obstruction.

In this chapter we have introduced a novel geometric object – the momentum am-
plituhedron Mn,k′,m – which for k′ = k + 2 and m = 4 encodes the tree-level NkMHVn

scattering amplitudes in N = 4 SYM directly in momentum space. It is the image of the
momentum amplituhedron map Φ, which is a map from the positive Grassmannian G≥0

k′,n

induced by two totally positive matrices Λ⊥ and Λ̃. The canonical form of the momentum
amplituhedron Mn,k+2,4 encodes the tree-level amplitude ANkMHVn if we regard Λ⊥ and
Λ̃ as the ‘bosonization’8 of the on-shell variables {λ, η} and {λ̃, η̃}, respectively, from the
non-chiral superpace. This is in the same spirit as when computing scattering amplitudes
from the amplituhedron An,k,m=4: the totally positive matrix Z defining the amplituhe-
dron map Z̃ is regarded as the bosonization of the (super) momentum twistors {z, χ}. Our
construction is compatible with a conjecture made in [23]. The authors suggested that
an ‘amplituhedron in momentum space’ should have certain sign flips for λ and λ̃, and
positivity conditions on planar Mandelstam variables. This was motivated by considering

8Not to be confused with the procedure used in the context of quantum (field) theories with fermionic
degrees of freedom. See Equations (6.2.2) and (6.2.3) for the precise definitions.

162



the image of the twistor-string worldsheet [8] through the Roiban-Spradlin-Volovich (RSV)
equations [180].

Our work opens various interesting avenues of investigation. On the physics side, the
first question is whether a generalization of our construction to loop amplitudes is possi-
ble. There exists a natural extension of tree-level differential forms to loop integrands, as
suggested in [23]. Bosonizing those formulæ in a similar fashion as for tree level would
therefore be a step worth pursuing. Then the underlying positive geometry should bear
similarities with the ordinary loop-level amplituhedron. Perhaps the most fascinating ques-
tion is whether we can extend our construction to other theories. For instance, our work
could shed light on positive geometries in twistor theories in higher dimensions [181–187].
By dimensional reduction, this could also lead to geometries for scattering amplitudes
with massive particles. Moreover, the momentum amplituhedron is formulated directly
in spinor helicity variables, which are variables widely used for massless theories in four
dimensions (and beyond). This opens the pathway for investigating positive geometries
for non-planar, less- or non-supersymmetric theories. For instance, in [15] the scattering
forms for Yang-Mills and non-linear sigma model were found. These forms do not have
logarithmic singularities, which would indicate that there is no underlying positive geom-
etry. However, already for N = 4 SYM one needs to factorize δ4(q) to get a logarithmic
form on the spinor helicity space, see [23]. Nevertheless, this problem disappears when we
consider the forms on the momentum amplituhedron, as we showed in this chapter. We
anticipate that similar, but more complicated, behaviour might be possible for less- or non-
supersymmetric theories. In this regard, a Grassmannian generalization of the work [20]
could lead to the desired ‘amplituhedra’ for general theories with non-logarithmic forms –
enhancing the paradigm of positive geometries.

On the mathematical side, the momentum amplituhedronMn,k′,m in combination with
T-duality, opens a path to understand amplituhedra An,k,m. For example,Mn,k′,m=4 can be
seen as a pair of m = 2 amplituhedra intertwined by momentum conservation. Therefore,
it should be promising to use our results on m = 2 amplituhedra to understandMn,k+2,m=4

and, via T-duality, also An,k,m=4 – which has physical relevance for N = 4 SYM. This, for
example, in order to understand the sign stratification, the characterization of generalized
triangles, their facets, and connection to cluster algebras (see Chapter 7) for both objects.
We recall indeed that, despite the numerous conjectures and broad intuitive understanding
emerging from physics, little has been proved about An,k,m=4 (and for general m > 2), not
even that it admits a positroid triangulation – e.g. the one from BCFW recursions. We
leave these exciting directions for future work.
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Chapter 7

Cluster Algebras and Amplituhedra

Introduced by Fomin and Zelevinsky in 2000 [188], cluster algebras are incredibly rich
structures which connects many areas in mathematics, such as algebraic geometry and
combinatorics. We refer to [189–191] for the basics of cluster algebras and cluster vari-
eties. Moreover, in a seminal paper [172], Scott showed that (the coordinate rings of) the
Grassmannian Grk,n has a remarkable cluster structure.

In physics, cluster algebras have been recently playing a remarkable role in both un-
derstanding the singularities of scattering amplitudes and advancing cutting-edge com-
putations. In 2013 Golden-Goncharov-Spradlin-Vergu-Volovich [28] first established that
singularities of scattering amplitudes of planar N = 4 SYM at loop level can be described
using cluster algebras. In particular, a large class of loop amplitudes can be expressed in
terms of multiple polylogarithms whose branch points are encoded in the so-called symbol
alphabet. Remarkably, elements of this alphabet were observed to be cluster variables of
the cluster algebra associated to the Grassmannian Gr4,n. This enabled the powerful pro-
gram of cluster bootstrap which pushed both the computation and the understanding of
the mathematical structure of scattering amplitudes beyond the frontiers, see [29] for a
recent review.

In 2017 Drummond–Foster–Gurdogan [30] enhanced the connection with cluster alge-
bras by observing phenomena they called cluster adjacencies, related to compatibility of
cluster variables. Shortly thereafter, they considered ‘BCFW terms’ in tree-level N = 4
SYM amplitudes – rational functions coming from the BCFW recursions – and conjectured
that their poles correspond to collections of compatible cluster variables of the Gr4,n cluster
algebra [31]. In [130], this conjecture was extended to all (rational) Yangian invariants
– the ‘building blocks’ of tree-level amplitudes and leading singularities of planar N = 4
SYM. Since then, cluster algebras have been taking more space on the mathematical can-
vas of physicists. In particular, its connection with tropical geometry has revealed to be
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fruitful for bootstrapping loop amplitudes in N = 4 SYM [32–35]. We can also find re-
cent works on cluster structures and plabic graphs [43–46], wall crossing [47], and tensor
diagrams [48]. More cluster and tropical structures have also been explore in Feynman
integrals [52,53].

Despite the unveiling of so many cluster structures in scattering amplitudes of N = 4
SYM, their relation to the paradigm of positive geometries – in particular to amplituhedra
– is still unknown. Do cluster phenomena in scattering amplitudes have a purely geometric
origin? If so, where are the cluster structures hiding inside the geometry? In turn, can the
geometry suggest new ones? In this chapter we start tackling these questions by exploring
the connection between amplituhedra and cluster algebras.

Summary of the Chapter. This chapter is based on the following works by the
author: [55, Sections 6,8], [59], and [57].

In Section 7.1 we discuss phenomena of cluster adjacency in connection with the am-
plituhedron, Yangian invariants, and scattering amplitudes. We formulate and generalize
the cluster adjacency conjecture in terms of the amplituhedron Am,k,m (Section 7.1.1). In
Section 7.1.2 we prove this conjecture for the m = 2 amplituhedron An,k,2, using results of
Section 4.2.2. Via T-duality, we also prove its hypersimplex-analogue for ∆k+1,n. Finally,
we provide a conjectural formula for all m = 2 Yangian invariants which manifest cluster
adjacency. In Section 7.1.3 we explore the m = 4 cluster adjacency conjecture – relavant
for scattering amplitudes in N = 4 SYM – from the amplituhedron An,k,4. In particular,
we obtain the list of poles of all Yangian Invariants in the N2MHV sector from facets of
respective Grasstopes. These are in terms of cluster variables of Gr4,n, which we check to
be compatible.

In Section 7.2, we will prove a more geometric statement, which illustrates a new
phenomenon in the setting of amplituhedra. Using twistor coordinates and results from
Section 2.4, we will associate a cluster variety to each generalized triangle in An,k,2(Z) ⊂
Grk,k+2, and we will show that the generalized triangle is the totally positive part of that
cluster variety. We then have the interesting phenomenon that the 2k-dimensional am-
plituhedron An,k,2(Z) can be triangulated into

(
n−2
k

)
2k-dimensional generalized triangles,

each of which is the totally positive part of a cluster variety. Moreover, there are many
ways to triangulate each amplituhedron (cf. Section 5.1).

In Section 7.3 we review how the singularity structure of scattering amplitudes can be
understood in terms of amplituhedra. We start with Section 7.3.1 by introducing the loop
amplituhedron – the positive geometry for loop integrands. We then review what Leading
Singularities (Section 7.3.2) and Landau Singularities (Section 7.3.3) are and how they can
be obtained from amplituhedra.
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In Section 7.4 we explore new connections between cluster algebras and singularities of
scattering amplitudes. In Section 7.4.1 we phrase a new conjecture about cluster structures
relating Leading and Landau singularities – LL-cluster adjacency. In Section 7.4.2 we
explore this conjecture for one-loop amplitudes. We prove LL-cluster adjacency for NMHV
amplitudes and test it for N2MHV up to 9-points amplitudes. Finally, in Section 7.4.3 we
discuss possible implication of LL-cluster adjacency for bootstrapping loop amplitudes. We
conclude with a summary and future directions opened by our work Section 7.4.4.

7.1 Cluster Adjacency and the Amplituhedron

There are various different but related cluster-adjacency statements for scattering ampli-
tudes in N = 4 super Yang-Mills:

Symbol letters. Two words appear next to each other in the symbol of a BDS-like
normalised amplitude only if they are compatible cluster variables1 of the Gr4,n cluster
algebra [30] – i.e. there exists a cluster of Gr4,n which contains both cluster variables.
For all known integrable words with physical initial entries, this requirement appears to be
equivalent to the extended Steinmann conditions of [192,193].

BCFW terms. In [31] it is conjectured that BCFW representations of tree amplitudes in
N = 4 SYM are linear combinations of terms whose poles are compatible cluster variables.
The simplest case of this statement is for NMHV tree amplitudes, that are sums of R-
invariants:

ANMHV =
∑

1<i<j<n
R1 i i+1 j+1 , (7.1.1)

and the adjacency for the latter has been proven in [31] through a procedure in which
one starts from the initial cluster of Gr4,6 and arrives at a cluster containing the poles of
R1 i i+1 j+1 through a sequence of (partial) cyclic rotations.

This observation, in particular the simple proof of the cluster-adjacency ofR-invariants,
motivates the question of how far this property extends. In [130] it was conjectured that
all (rational) Yangian invariants satisfy such cluster adjacent properties. It is also natural
to ask whether this is a mathematical property of Yangian invariants or whether it is an
extra physical constraint that BCFW terms are expected to satisfy.

1they are referred to as ‘A-coordinates’ in the physics literature.
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(Rational) Yangian invariants. The natural question of whether the manifestation of
cluster adjacency in BCFW terms extends to more general Yangian Invariants was asked
in [31] and affirmative evidence was given for rational Yangian invariants in [130] through
an argument via the Sklyanin bracket, along with a conjecture that this should hold for all
such Yangian invariants.

R-invariants and NMHV final entries. Finally, the fourth statement of cluster ad-
jacency concerns NMHV loop amplitudes, which are sums of iterated integrals whose co-
efficients are R-invariants. Schematically they have the form

A(L)
NMHV =

∑
α,i1,...,i2L

Rα c1,...,2L φi1 ⊗ · · · ⊗ φi2L , (7.1.2)

where the index α enumerates all relevant R-invariants, L is the loop order, and the indices
ik enumerate letters, the rational ones of which are cluster variables of the Gr4,n cluster
algebra. The observation which holds for all known such amplitudes is that the final entries
of the symbols of the polylogarithms multiplying the R-invariants are cluster-adjacent to
all of the poles of the R-invariant that multiplies them. Note that in general one needs
to write out the amplitude with a redundant set of R-invariants that satisfy linear 6-term
identities in order to make manifest this cluster-adjacency property.

7.1.1 Cluster Adjacency for Amplituhedra An,k,m
Scattering amplitudes at tree level can be expressed as a sum of certain building blocks
{Ya} which are rational functions in the kinematics called Yangian invariants, e.g. via
the BCFW recursions. From a geometric perspective, this corresponds to considering a
positroid triangulation {Za} of the amplituhedron in generalized triangles Za — (the closure
of the) image Z̃(Sa) of the positroid cell Sa ⊆ Gr≥0

k,n where the Z̃ map is injective (see
Section 2.2.2). In particular, a Yangian invariant Ya can be computed from the canonical
function Ω(Za) of the associated generalized triangle Za (see Appendix B). Claims about
singularities of Ya correspond to claims about facets (or faces) of generalized triangles Za.
Therefore, tree-level cluster adjacency – i.e. poles of Ya are cluster variables which can be
found in a common cluster of Gr4,n – says something deep about the geometry of Za! In
the following we will reformulate cluster adjacency conjectures in terms of the geometry of
the amplituhedron An,k,m(Z) and the facets of its generalised triangles.

Let us start from the m = 2 amplituhedron. To each generalised triangle ZĜ(T ) of
An,k,m=2, one can associate a rational function in the twistor coordinates which is called
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a Yangian invariant.2 A defining property of this function is that it has a simple pole at
〈Y ij〉 = 0 if and only if there is a facet of ZĜ(T ) lying on the hypersurface {〈Y ij〉 = 0}.
Let us consider the collection {〈Y ij〉}Ĝ(T ) of twistor coordinates corresponding to such
poles, and identify it via Proposition 2.3.3, with the corresponding collection of Plücker
coordinates {pij(z)}Ĝ(T ) in the Grassmannian Gr2,n(C) (with z = Y ⊥ZT ). These Plücker
coordinates are cluster variables of the type An−3 cluster algebra associated to Gr2,n(C)
[194]. In this cluster algebra, pab and pcd are compatible cluster variables if the arcs a→ b

and c → d in the polygon Pn do not cross. The m = 2 cluster adjacency conjecture
of Lukowski–Parisi–Spradlin–Volovich [59] says that the cluster variables associated to
the facets of each generalized triangle of An,k,2 represent compatible cluster variables for
Gr2,n(C). We generalize this conjecture as follows.

Conjecture 7.1.3. Let ZĜ(T ) be a generalized triangle of An,k,2(Z). Each facet lies on a
hypersurface 〈Y ij〉 = 0, and the corresponding collection of Plücker coordinates {pij}Ĝ(T )
labeling facets is a collection of compatible cluster variables for the Grassmannian Gr2,n(C).

Moreover, if phl is compatible with {pij}Ĝ(T ), then the twistor coordinate 〈Y hl〉 has a
fixed sign on the open generalized triangle Z◦

Ĝ(T ).

We will prove Conjecture 7.1.3 in Theorem 7.1.6.
We now explain how to generalize this conjecture for other m. The relevant cluster

algebra is the homogeneous coordinate ring of Grm,n(C) [172]. Each cluster variable can
be written as a polynomial Q(pI) in the

(
n
m

)
Plücker coordinates. Meanwhile, each facet of

a generalised triangle Zπ of An,k,m lies on a hypersurface defined by the vanishing of some
(often non-linear) polynomial Q(〈Y ZI〉) in the

(
n
m

)
twistor coordinates, where 〈Y ZI〉 is

shorthand for 〈Y Zi1 . . . Zim〉 with I = {i1, . . . , im}. Then the cluster adjacency conjecture
for An,k,m is the following.

Conjecture 7.1.4 (Cluster adjacency for An,k,m(Z)). Let Zπ be a generalized triangle of
the amplituhedron An,k,m(Z) and let

Facet(Zπ) := {Q(pI) | a facet of Zπ lies on the hypersurface Q(〈Y ZI〉) = 0},

where Q is a polynomial in the
(
n
m

)
Plücker coordinates. Then

1. Each Q ∈ Facet(Zπ) is a cluster variable for Grm,n(C).

2. Facet(Zπ) consists of compatible cluster variables.
2Within the framework of positive geometries, this is the canonical function of ZĜ(T ) [14].
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3. If Q̃ is a cluster variable compatible with Facet(Zπ), the polynomial Q̃(〈Y ZI〉) in
twistor coordinates has a fixed sign on the open generalized triangle Z◦π.

Remark 7.1.5. We note that generalized triangles for m = 4 are not yet characterized.3

In general, the polynomials appearing in the sets Facet(Zπ) are unknown. Moreover, for
n ≥ 8, there is no classification of the cluster variables of Gr4,n.

7.1.2 m = 2 Cluster Adjacency and Yangian Invariants

Aspects of the Gr4,n Grassmannian cluster algebras have been found to play several still
rather mysterious roles in the mathematical structure of scattering amplitudes in planar
N = 4 Yang-Mills theory. A simple toy model which serves as a nice playground for
studying features of this cluster structure is the m = 2 version of the theory, where the
momentum twistors describing the kinematic scattering data are restricted to lie in a P1

subspace4 of the usual P3 (cf. Section 1.5). The associated Gr2,n ∼= An−3 cluster algebra5

is completely understood. The positive geometry associated to these ‘m = 2 amplitudes’
is the m = 2 amplituhedron An,k,m=2, which has been central in this work. In this section
we explore the cluster adjacency conjecture for (rational) Yangian invariants [31, 130] –
poles of every rational Yangian invariant are given by cluster coordinates in a common
cluster. The full N = 4 Yang-Mills theory has a whole zoo of n-particle NkMHV Yangian
invariants (see e.g. Chapter 12 of [104]), and evidence supporting this conjecture is so far
restricted to relatively small n and k. In contrast, in the m = 2 toy model, by using the
amplituhedron formulation of scattering amplitudes, we are able to conjecture an explicit
formula for all Yangian invariants for any n and k. Following the results from Chapter 2,
each NkMHV invariant is labelled by a (k, n)-unpunctured plabic tiling – i.e. a collection
of k non-crossing triangles in an n-gon, with poles corresponding to some edges of the
triangles. The result manifestly satisfies cluster adjacency with respect to the Gr2,n cluster
algebra.

We now prove Conjecture 7.1.3, which extends the m = 2 cluster adjacency conjecture
of Lukowski–Parisi–Spradlin–Volovich [59].

3conjecturally they are images of positroid cells with intersection number one [57], which correspond
to ‘rational’ Yangian invariants [130].

4Note that this is quite different from restricting to two space-time dimensions.
5This algebra has also been found to govern the structure of N = 4 Yang-Mills amplitudes in the

multi-Regge limit [195].
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Theorem 7.1.6 (Cluster adjacency for An,k,2). Let ZĜ(T ) be a generalized triangle of
An,k,2(Z).

Set Facet(ZĜ(T )) := {pij | there is a facet of ZĜ(T ) on the hypersurface 〈Y ij〉 = 0.}. Then:

1. Facet(ZĜ(T )) consists of compatible cluster variables for Gr2,n.

2. If ph` is compatible with Facet(ZĜ(T )), then 〈Y h`〉 has a fixed sign on Z◦
Ĝ(T ).

Proof. The first part follows directly from Theorem 4.2.10 as ZĜ(T ) has a facet on {〈Y ij〉 =
0} if and only if i→ j is a facet defining arc in T , and the facet-defining arcs do not cross.
The second part follows from Theorem 4.2.2

Using Theorems 4.2.2 and 4.2.10, we can translate the cluster adjacency theorem for
the m = 2 amplituhedron into a cluster adjacency theorem for the hypersimplex.

Theorem 7.1.7 (Cluster adjacency for ∆k+1,n). Let ΓG(T ) be a generalized triangle of
∆k+1,n.

Set Facet(ΓG(T )) := {pij | there is a facet of ΓG(T ) on the hyperplane x[i,j−1] = ai,j},

where ai,j are some non-negative integers. Then:

1. Facet(ΓG(T )) consists of compatible cluster variables for Gr2,n.

2. If ph` is compatible with Facet(ΓG(T )), then x[h,`−1] > area(h→ `) in Γ◦G(T ).

Yangian Invariants for An,k,2. Yangian invariants are basic building blocks for many
amplitude-related quantities of interest (cf. Section 2.2.2). In this section we conjecture
a formula for all Yangian invariants for m = 2. They can be directly extracted from
the canonical functions Ω(Zπ) of the corresponding generalised triangles Zπ of the m = 2
amplituhedron6. These are the building blocks for positroid triangulations and have been
completely classified in Theorem 2.4.25.

Given a (k, n)-unpunctured plabic tiling T , we denote its black polygons as P1, . . . , Pr

and write T = {P1, . . . , Pr}. For each Pi, we denote V(Pi) = {a1 < . . . < as} ⊆ [n] the
labels of its vertices and E(Pi) = {{a1 < a2}} ⊆

(
[n]
2

)
the collection of edges of Pi labelled

via the pairs of adjacent vertices.
6With a slight abuse of terminology, we will also refer to Ω(Zπ) as ‘Yangian invariants’ – following the

original paper [59].
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Let J ⊆ [k] and let Y = Y1 ∧ . . . ∧ Yk be an element of Grk,k+2, we denote Y ⊥J ⊆ Y as
the (k − |J |)-plane Y ⊥J = εJ,[k]\JY[k]\J . For I ⊆ [k] such that |J | = |I| − 2, we then have:

〈Y ⊥J ZI〉 = εJ,[k]\J〈Y[k]\JZI〉. (7.1.8)

Definition 7.1.9. Let T = {P1, . . . , Pr} be a (k, n)-unpunctured plabic tiling. For each
black polygon Pi, let Ii = V(Pi). Then we define

〈Y I1 ∩ . . . ∩ Ir〉 :=
∑

J1,...,Jr

εJ1,...,Jr〈Y ⊥J1ZI1〉 . . . 〈Y
⊥
JrZIr〉 , (7.1.10)

where the sum is over partitions of [k] into {J1, . . . , Jr}, with |Ji| = |Ii| − 2.

Remark 7.1.11. The partitions above are well defined as T is a (k, n)-unpunctured plabic
tiling. Therefore, we need k triangles to triangulate all the black polygons P1, . . . , Pr, i.e.
k = ∑r

i=1(V(Pi)− 2) = ∑r
i=1 |Ji|. Moreover, even if 7.1.8 depends on the choice of vectors

Y1, . . . , Yk we used to express Y , the set of expressions in 7.1.10 depends only on Y (if we
consider them in projective space).

Conjecture 7.1.12 (All m = 2 Yangian invariants). Let T = {P1, . . . , Pr} be a (k, n)-
unpunctured plabic tiling. Then the Yangian invariant Ω(ZT ) associated to the generalized
triangle ZT of An,k,2(Z) is:

Ω(ZT ) = 〈Y,V(P1) ∩ . . . ∩ V(Pr)〉2∏r
i=1

∏
J∈E(Pi)〈Y ZJ〉

. (7.1.13)

Moreover, all poles of Ω(Ω(ZT )) are simple and are exactly in 〈Y ZJ〉 = 0, where J ∈ E(Pi),
with i ∈ [r]. In other words, the numerator of 7.1.13 does not have zeros in correspondence
of those hypersurfaces.

Remark 7.1.14. In the case of Pi be triangles for all i ∈ [r], this formula agrees with [14]7.
Moreover, let us now consider a (k, n)-unpunctured plabic tilings T = {P1, . . . , Pr} and
subdivide the polygon Ps further into two polygons {Pa, Pb} which share an edge {i, j}.
It can be proved by induction, that the right hand side of 7.1.13 with the set of polygons
{P1, . . . , Pr} \ {Ps} ∪ {Pa, Pb} still gives ΩT (Y ;Z). In particular, the pole arising from
the factor 〈Y Zij〉2 in the denominator is cancelled by the fact the numerator develops
a double zero in 〈Y Zij〉 = 0. In other words, the formula 7.1.13 works with any set of
polygons {P̃1, . . . , P̃`} such that appropriate subsets subdivide the polygons {P1, . . . , Pr}
respectively.

7Notice a typo in the numerator of formula (7.52) in [14]: the power should be 2 instead of k.
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Example 7.1.15 (k = 1). An,1,2(Z) is an n-gon and its generalized triangles ZT are
triangles with vertices Za, Zb, Zc, with T = {a < b < c}. Then the Yangian invariants are:

Ω(ZT ) = 〈Zabc〉2

〈Y Zab〉〈Y Zbc〉〈Y Zca〉
. (7.1.16)

3

Example 7.1.17 (k = 2). An,2,2(Z) has generalized triangles ZT of two types: when the
unpunctured plabic tiling is made of two triangles T 1 = {{a1 < b1 < c1}, {a2 < b2 < c2}},
or when it is made of just a quadrilateral T 2 = {{a < b < c < d}}. Then the Yangian
invariants are:

Ω(ZT 1
) = 〈Y (a1b1c1) ∩ (a2b2c2)〉2
〈Y a1b1〉〈Y b1c1〉〈Y c1a1〉〈Y a2b2〉〈Y b2c2〉〈Y c2a2〉

, (7.1.18)

Ω(ZT 2
) = 〈Za1b1c1d1〉2

〈Y a1b1〉〈Y b1c1〉〈Y c1d1〉〈Y d1a1〉
. (7.1.19)

3

In this section we showed that the connection between cluster adjacency and Yangian
invariants can be made manifest for m = 2 and originates from the geometry of each gener-
alized triangle inside the m = 2 amplituhedron. In Section 7.2 we go at the roots and find
a cluster structure inside the geometry itself. In particular, we discover that a generalized
triangle is the positive part of a cluster variety (of type An1 × · · · × Anr). Moreover, this
cluster structure seems different from the ones we would naively derive from Grk,n or Gr2,n.
The associated cluster variables are indeed positive ratios of twistor coordinates which have
definite sign (non necessarily positive) inside the generalized triangle.

7.1.3 m = 4 Cluster Adjacency and Yangian Invariants

We recall that in [130] the cluster adjacency conjecture of [31] was generalised for all ra-
tional8 Yangian invariants of N = 4 SYM. In particular, in [31] cluster adjacency between
Yangian invariants was checked up to 8-points N2MHV by looking at Yangian invariants
appearing into a specific representation of the amplitude. This is not an exhaustive check
since, starting from 8-points N2MHV, one in general finds Yangian invariants which are not
related by cyclic symmetry to any of the Yangian invariants appearing in a fixed represen-
tation. Whereas in [130], pair-wise cluster adjacency between poles of Yangian invariants
was checked for all k ≤ 2 and many k = 3 Yangian invariants, by employing Sklyanin

8i.e. with intersection number equals to one, in the terminology of [104,121].

172



Poisson brackets. In this section we prove that all (rational) N2MHV Yangian invariants
are cluster adjacent by finding explicit examples of corresponding clusters. Moreover, we
provide the list of their poles in terms of cluster variables of the Gr4,n cluster algebra –
polynomials in Plückers of momentum twistors (see the files yik2n .m attached to [57], for
which we used the Mathematica package positroids.m [121]).

In the following, we will present9 the list of N2MHVn Yangian invariants. We will only
focus on a representative Yangian invariant for each cyclic class, i.e. all the others can be
obtained by cyclically shifting labels. Moreover, we consider those Yangian invariants Yπ
that can not be reduced to other Yangian invariants with a lower number of particles. More
precisely, Yπ is associated to a positroid cell Sπ whose elements are represented by matrices
which don’t have any zero column (i.e. π is a loopless permutation). As observed in [11],
there are only 14 such types of Yangian invariants for N2MHVn scattering amplitudes in
N = 4 SYM. Equivalently, conjecturally there are 14 types of generalized triangles for
An,k=2,m=4 amplituhedra. Following the physics notation, we will use 〈ijls〉 to denote
plücker coordinates pijls(z) in Gr4,n, with i, j, l, s ∈ [n]. Moreover, we will use the following
conventions:

〈i〉 := 〈i, i+ 1, i+ 2, i+ 3〉
〈ij̄〉 := 〈i, j − 1, j, j + 1〉

〈a(bc)(de)(fg)〉 := 〈abcd〉〈aefg〉 − 〈abce〉〈adfg〉
〈I(ab) ∩ (cde)〉 := 〈Ia〉〈bcde〉 − 〈Ib〉〈acde〉
〈I(abc) ∩ (def)〉 := 〈Iab〉〈cdef〉 − 〈Iac〉〈bdef〉+ 〈Ibc〉〈adef〉,

where a, b, c, d, e, f, g ∈ [n] and I ∈
(

[n]
2

)
. Below we will also denote ∂RJ as the set of

cluster variables associated to poles of an R-invariant RJ with labels J = {j1, . . . , j5}, i.e.
the collection {〈J \ {j1}〉, . . . , 〈J \ {j5}〉}.

N2MHV6 Yangian Invariants. For n = 6, there is only one Yangian invariant Y1 whose
poles are the frozen variables {〈i〉}i∈[6]. Therefore, it trivially satisfies cluster adjacency:

Facet(Y1) = {〈1〉, 〈2〉, 〈3〉, 〈4〉, 〈5〉, 〈6〉}

N2MHV7 Yangian Invariants. For n = 7, there are 3 cyclic classes, but only 2 of them
are of a new type, i.e. the other is just a relabelling of Y1.

9The labelling of Yangian invariants differs from [57]
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Facet(Y2) = {〈14̄〉, 〈5(67)(12)(34)〉, 〈3(45)(67)(12)〉, 〈1〉, 〈4̄7〉, 〈2〉, 〈3〉, 〈4〉}
Facet(Y3) = {〈3471〉, 〈7(12)(34)(56)〉, 〈2̄7〉, 〈3467〉, 〈1〉, 〈4̄7〉, 〈3〉, 〈3̄7〉, 〈4〉}

N2MHV8 Yangian Invariants. For n = 8, there are 24 cyclic classes. 4 of them are of
n = 6 type, 14 are of n = 7 type, and 6 are of a new types:

Facet(Y4) = ∂R123,(45)∩7̄,8 ∪ ∂R45678

Facet(Y5) = ∂R81234 ∪ ∂R45678

Facet(Y6) = ∂R1234,5̄∩(78) ∪ ∂R45678

Facet(Y7) = {〈14̄〉, 〈1245〉, 〈123(45) ∩ 7̄〉, 〈1〉, 〈4578〉, 〈2〉, 〈5̄8〉, 〈4〉, 〈5〉}
Facet(Y8) = 〈6(13)(45)(78)〉, 〈6(12)(45)(78)〉, 〈123, 5̄ ∩ (78)〉, 〈47̄〉, 〈123(45) ∩ 7̄〉,

〈5̄8〉, 〈6(23)(45)(78), 〈4〉, 〈5〉}
Facet(Y9) = {〈1(34)(56)(78)〉, 〈7〉, 〈6(12)(34)(78)〉, 〈3(12)(56)(78)〉, 〈1〉,

〈8(12)(34)(56)〉, 〈5(12)(34)(78)〉, 〈3〉, 〈2(34)(56)(78)〉, 〈7(12)(34)(56)〉,
〈5〉, 〈4(12)(56)(78)〉}

Remark 7.1.20. In the physics literature, it is common to write Yangian invariants as
products of R-invariants. For example, the Yangian invarian associated to Y7 can be
written as a product of R12345 and R678,(123)∩(45),5. however, this might obscure its actual
poles. Observing that

〈(123) ∩ (45)567〉 = 〈1235〉〈4567〉, (7.1.21)

and that 〈1235〉 is also a pole of R12345, it seems this pole will be double in the product.
As we appeal purely to the geometry of the amplituhedron, we will be able to detect only
the actual poles of Yangian invariants, e.g. in this case 〈1235〉 is spurious due to zeros of
the numerator.

All of these Yangian invariants have poles that are polynomial in momentum twistor
brackets. These polynomials are all cluster variables of Gr4,8. We verified that cluster
variables corresponding to all the poles of these Yangian invariants are cluster compatible,
with a single exception. Namely the Yangian invariant: Y9, which corresponds to the
four-mass box, contains non compatible poles, i.e. it violates cluster adjacency. We will
comment on this in section 7.1.3.
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The Gr4,n cluster algebras are infinite for n ≥ 8 but recent understanding [32, 34,
156] suggest natural truncations of these in terms of positive tropical Grassmannians or
their generalisations. For n = 8 there have been three such constructions, by considering
all tropicalised Plücker coordinates, only a parity-invariant subset thereof, or the parity
completion of the set of Plücker coordinates. These, as polytopes, have 274, 260 and 548
vertices, respectively.

One may also wonder if and which of the proposed truncations of the infinite cluster
algebras via tropical fans do accommodate the adjacencies we found for 8 points N2MHV
yangian invariants. We find that all Yangian invariants, except Y9, are also cluster-adjacent
in the more restrictive sense of tropical fans. In particular, the corresponding g-vectors of
their unfrozen poles always form a cone of the tropical fan with 274 vertices, obtained by
tropicalising the maximal parity-invariant subset of the Plücker coordinates.

N2MHV9 Yangian Invariants. There are 108 cyclic classes. 10 of them are of n = 6
type, 56 are of n = 7 type, 38 are of n = 8 type, and 4 new types:

Facet(Y10) = ∂R12349 ∪ ∂R56789 (7.1.22a)
Facet(Y11) = ∂R1234,(567)∩(89) ∪ ∂R56789 (7.1.22b)
Facet(Y12) = ∂R1234,(56)∩(789) ∪ ∂R56789 (7.1.22c)
Facet(Y13) = {〈5 6 2̄ ∩ 8̄〉, 〈4 6 2̄ ∩ 8̄〉, 〈4 5 2̄ ∩ 8̄〉,

〈2 3 5̄ ∩ 8̄〉, 〈1 3 5̄ ∩ 8̄〉, 〈1 2 5̄ ∩ 8̄〉,
〈8 9 2̄ ∩ 5̄〉, 〈7 9 2̄ ∩ 5̄〉, 〈7 8 2̄ ∩ 5̄〉 }

, (7.1.22d)

All 108 of these objects are cluster adjacent in Gr4,9, except the two, which are of the
n = 8 four-mass box type.

Example 7.1.23 (The “Spurion”). We also present the cluster that contains the poles of
a Yangian invariant which is particularly interesting, namely Y14 in (7.1.22d). Informally,
it is called the spurion10, since it does not contain any physical pole. Therefore, it can
not appear in any of the BCFW representations of the amplitude A9,2. Nevertheless, from
the perspective of the amplituhedron, it is a generalised triangle and can be part of a
triangulation, giving a representation of A9,2 not obtainable with standard BCFW.

This cluster has the quiver diagram displayed in figure 7.1, where we abbreviated the
relevant cluster variables as

a1 = 〈5 6 2̄ ∩ 8̄〉 a2 = 〈4 6 2̄ ∩ 8̄〉 a3 = 〈4 5 2̄ ∩ 8̄〉
10We would like to thank Jacob Bourjaily for suggesting this nickname.
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Figure 7.1: Quiver diagram for a Gr4,9 showing cluster adjacency of the ples of
Y101 for n = 9.

a4 = 〈2 3 5̄ ∩ 8̄〉 a5 = 〈1 3 5̄ ∩ 8̄〉 a6 = 〈1 2 5̄ ∩ 8̄〉
a7 = 〈8 9 2̄ ∩ 5̄〉 a8 = 〈7 9 2̄ ∩ 5̄〉 a9 = 〈7 8 2̄ ∩ 5̄〉 , (7.1.24)

while the remaning irrelevant ones are

s1 = 〈1456〉 s2 = 〈1237〉 s3 = 〈4789〉 . (7.1.25)

These three irrelevant cluster variables can be freely mutated and therefore one may say
that this Yangian invariant corresponds to a cube in the cluster polytope. Note also the
Z3 symmetry of the spurion is reflected in this cluster. 3

N2MHV10 Yangian Invariants. For n = 10, there are 395 cyclic classes of Yangian
invariants. 22 of them are of n = 6 type, 168 are of n = 7 type, 174 are of n = 8 type, 30
are of n = 9 type and only 1 is of n = 10:

Facet(Y14) = ∂R12345 ∪ ∂R6789,10. (7.1.26)

As observed in [104], there are no new types of Yangian invariants beyond n = 10. In
Fig. 7.2, we represent a cluster in Gr4,10 cluster algebra which contains all poles of Y14.
We observe that all poles of R12345 are in the left-most position, whereas all the poles of
R6789,10 are in the right-most position.
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〈1 2 3 5〉

〈1 2 4 5〉

〈1 3 4 5〉

〈1 2 3 6〉

〈1 2 5 6〉

〈1 4 5 6〉

〈1 2 6 10〉

〈1 2 6 7〉

〈1 5 6 7〉

〈1 6 9 10〉

〈1 6 7 10〉

〈1 6 7 8〉

〈6 8 9 10〉

〈6 7 9 10〉

〈6 7 8 10〉

〈1 2 3 4〉

〈2 3 4 5〉 〈3 4 5 6〉 〈4 5 6 7〉 〈5 6 7 8〉 〈6 7 8 9〉

〈7 8 9 10〉〈1 8 9 10〉〈1 2 9 10〉〈1 2 3 10〉

.
Figure 7.2: The cluster in Gr4,10 demonstrating the adjacency of the Yangian

invariant Y1 for n = 10.

With this, we proved cluster adjacency for all N2MHV Yangian Invariants (conjec-
turally) corresponding to generalized triangles of An,k=2,4. Moreover, we observe that
Yangian invariants of the four-mass box type, which are not generalised triangles, do not
satisfy cluster adjacency. The corresponding cluster algebras are infinite, and one may
wonder how one can check this conclusively. We comment on this in the next section.

Yangian invariants of “Four-mass Box” type. The n = 8 Yangian invariant Y9

corresponds to a four-mass box cut. These types of Yangian invariants fall in the category
of Yangian invariants with intersection number higher than one, and they have always been
excluded in cluster-adjacency analysis, e.g. in [130].

In particular, for the case of Y9, points in the amplituhedron have 2 pre-images in the
associated cell S9 in Gr≥k,n. From an algebraic perspective, this corresponds to the fact that
Y9 can be expressed as the sum of two contributions:

Y9 = Y(1)
9 + Y(2)

9 , (7.1.27)

each of which contains square-roots, however the sum is of course rational. Moreover,
the boundaries of Y9 will only correspond to the actual poles of the sum in equation
(7.1.27). We reported these poles in equation (7.1.20) and checked that they are not
cluster adjacent11. The infinite nature of the Gr4,8 cluster algebra might make it difficult
to perform exhaustive checks. Nevertheless, we explain below how one proves that this
Yangian invariant is not cluster adjacent.

11Y9, as other Yangian invariants with intersection number higher than one, can be rewritten as a sum
of other rational Yangian invariants, each of which we showed to satisfy cluster adjacency.
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We can easily find a cluster containing only two of the poles of this Yangian invariant,
e.g.

〈6(12)(34)(78)〉, 〈8(12)(34)(56)〉 . (7.1.28)

Then, by freezing these two nodes and mutating in all other directions, we can start
exploring the ‘face’ corresponding to these and ask whether we are able to generate any
of the other poles of this Yangian invariant. This turns out to be infinite. However,
after a relatively small number of mutations, one finds that all mutations are exhausted
apart from those corresponding to the 1-dimensional infinite sub affine-A2 sequences. Each
mutation in these sequences produces Plücker polynomials of increasing degree, exhausting
the possibility of generating any of the poles of equation (7.1.20). One might wonder12

whether these mutations cover all possible clusters containing the two letters (7.1.28) we
began with. The answer is positive thanks to [196, Theorem 6.2]. This indeed guarantees
that for any skew-symmetrisable cluster algebra, the seeds whose clusters contain a given
collection of cluster variables form a connected subgraph of the exchange graph of the
cluster algebra.

7.2 Cluster Varieties in the Amplituhedron

In this section we advance our understanding on why cluster structures emerge from geom-
etry. We focus on the m = 2 amplituhedron, but we expect similar structures to be present
for general amplituhedra. In particular, we associate a cluster variety VT in Grk,k+2(C)
to each generalized triangle ZĜ(T ) of the m = 2 amplituhedron An,k,m=2. The seed tori
of VT are in bijection with triangulated unpunctured plabic tilings T represented by the
unpunctured tiling T . Moroever, we show that the generalized triangle Z◦

Ĝ(T ) is exactly
the totally positive part of VT .

Fix a (k, n)-unpunctured plabic tiling T , with black polygons P1, . . . , Pr. For each
black polygon Pi, fix an arc hi → ji with hi < ji in the boundary of Pi. We call this the
distinguished boundary arc of Pi. We will build VT by defining seeds in the field of rational
functions on Grk,k+2(C).

Definition 7.2.1 (Cluster variables). Let a→ b with a < b be an arc which is contained
in a black polygon Pi and is not the distinguished boundary arc hi → ji. We define

xab := (−1)area(a→b)〈Y ab〉
(−1)area(hi→ji)〈Y hiji〉

.

12We are grateful to Andrew McLeod for raising this question.
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Figure 7.3: In orange, a triangulated unpunctured plabic tiling T . In black,
the seed ΣT . The distinguished boundary arcs are 2→ 3 and 8→ 9.

This is a rational function on Grk,k+2(C) and is regular away from the hypersurface
{〈Y hiji〉 = 0}.

Definition 7.2.2 (Seeds). Let T be a triangulated unpunctured plabic tiling represented
by T . The quiver QT is obtained as follows:

• Place a frozen vertex on each non-distinguished boundary arc of P1, . . . , Pr and a
mutable vertex on every other black arc of T .

• If arcs a → b, b → c, c → a form a triangle, we put arrows in Q between the
corresponding vertices, going clockwise around the triangle.

We label the vertex of QT on arc a→ b of T with the function xab. The collection of
vertex labels is the (extended) cluster xT . The pair (QT ,xT ) is the seed ΣT .

Note that there are no frozen variables corresponding to the distinguished boundary
arcs. Also note the cluster xT has size 2k. See Figure 7.3 for an example.

Now we show that each seed gives a seed torus in Grk,k+2(C).

Proposition 7.2.3. Let T be a triangulated unpunctured plabic tiling represented by T .
Consider the Zariski-open subset

VT :=
Y ∈ Grk,k+2(C) :

∏
a→b black arc of T

〈Y ab〉 6= 0
 .

This is birational to an algebraic torus of dimension 2k, with field of rational functions
C(xT ), the field of rational functions in the cluster xT .
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Proof. The main idea is that Corollary 2.4.40—which gave a bijection between

Z◦
Ĝ(T ) = {Y ∈ Grk,k+2(R) : for all arcs i→ j of T with i < j, (−1)area(i→j)〈Y ij〉 > 0}

and (R>0)2k—extends directly to give a birational morphism from VT to (C∗)2k. When we
let the edge weights αi, βi, γi (used to define matrix M in (2.4.8)) range over all nonzero
complex numbers, the set of k×n matrices we get sweeps out the open Deodhar stratum13

DT as opposed to the positroid cell SĜ(T ). That is, the stratum DT ⊂ Grk,n(C) consists
of subspaces represented by the matrices MT (α,β,γ) of (2.4.8), where (α,β,γ) vary over
(C∗)3k rather than (R>0)3k.

Let us define the map

VT → (C∗)2k

Y 7→ xT (Y ).

To show that the map is injective, pick Y, Y ′ ∈ VT which map to the same point. By
applying the proof of Theorem 2.4.28 to Y and Y ′, we obtain matrices C and C ′ whose
entries are twistor coordinates of Y, Y ′. These matrices are full rank since they represent
points in the open Deodhar stratum DT . So by the proof of Theorem 2.4.28, CZ and C ′Z
represent Y and Y ′, respectively. But we can rescale the rows of C so that the entry 〈Y ab〉
becomes xab(Y ) (or 1 if a → b is a distinguished boundary arc). Similarly with C ′. Since
xT (Y ) = xT (Y ′), we have that C,C ′ represent the same subspace and thus Y = Y ′.

In the other direction, consider some 2k-tuple of nonzero complex numbers qT . Define
a weight vector (α,β,γ) for Ĝ(T ), where for a triangle {ai, bi, ci}, the weights are

αi = qbici , βi = qaici , γi = qaibi .

(As usual, if a → b is a distinguished boundary arc, we take xab = 1.) Let C :=
MT (α,β,γ).

The matrix C lies in the Deodhar stratum DT and so has full rank. Let Y := CZ. Con-
sider an arc a→ b of T which is in a black polygon P . From the proof of Theorem 2.4.19,
we have

〈Y ab〉 = (−1)area(a→b)qab · QP

where QP is a polynomial with positive coefficients in the qij’s and the minors of Z de-
pending only on the polygon P . QP is generically nonzero, in which case it is easy to check

13parameterizations of Deodhar strata in flag varieties are given in [197]; in the Grassmannian, these
can be equivalently parameterized using weighted networks, as shown in [101].
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that xab(Y ) = qab. Moreover, in this case, Y is a full-rank matrix, since it has at least one
non-zero twistor coordinate.

Now, suppose qT lies in the open subset of (C∗)2k where the polynomials QP are
nonzero for all polygons P . Then Y , as defined above, lies in VT and maps to qT .

Next, we verify that the seeds given by different triangulated unpunctured tilings are
related by mutation.

Proposition 7.2.4. Let T be a triangulated unpunctured tiling represented by T and let
a → b correspond to a mutable vertex of ΣT . Let T ′ be related to T by flipping the arc
a→ b. Then ΣT and ΣT ′ are related by mutation at xab.

The seeds which can be obtained from ΣT by an arbitrary sequence of mutations are
exactly the seeds ΣT ′ where T ′ is represented by T .

In light of Proposition 7.2.4, we can make the following definition.

Definition 7.2.5. Let T be a triangulated unpunctured plabic tiling and T the plabic
tiling obtained by forgetting the triangulation. We let A(T ) denote the cluster algebra
A(QT ,xT ).

Proof of Proposition 7.2.4. On the level of quivers, the first statement follows immediately
from the well-known combinatorics of type A cluster algebras.

Say the arc a→ b is in triangles {a < u < b} and {a < b < v} in T , so a→ b is flipped
to u→ v (the argument is analogous if instead v < a). We need to check that, in the field
of rational functions on Grk,k+2(C), we have

xabxuv = xauxbv + xavxub

(where xhiji is defined to be 1). This follows easily from the 3-term Plücker relations for
the corresponding twistor coordinates.

The second statement follows immediately from the combinatorics of flipping diagonals
in triangulations.

Together, Proposition 7.2.3 and Proposition 7.2.4 tell us that the union of the seed
tori is a cluster variety in Grk,k+2(C).

Theorem 7.2.6. Let T be a (k, n)-unpunctured plabic tiling. Then

VT :=
⋃
T
VT
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is a cluster variety in Grk,k+2(C), where the union is over triangulated unpunctured plabic
tilings represented by T . We call VT the amplituhedron (cluster) variety14 of ZĜ(T ).

Moreover, the positive part

V>0
T := {Y ∈ VT : xab(Y ) > 0 for all cluster variables xab}

is equal to the generalized triangle Z◦
Ĝ(T ).

Proof. The first statement follows directly from the definition of cluster variety and Propo-
sitions 7.2.3 and 7.2.4.

For the second statement, note that by Theorem 2.4.28, points of Z◦
Ĝ(T ) are in the

positive part V>0
T . To see the opposite inclusion, take a point Y in the positive part

and choose a triangulated unpunctured tiling T represented by T . Run the proof of
Theorem 2.4.28 to obtain a matrix C as in Theorem 2.4.19, whose entries are 〈Y ab〉 for
arcs a → b of T . This matrix is full rank, and CZ represents Y . We just need to show
that C represents an element of SĜ(T ).

If row i of C corresponds to a triangle in T lying in polygon Pi, rescale row i by
(−1)area(hi→ji)/〈Y hiji〉. Call the resulting matrix C ′. Because xab > 0 for all arcs a → b

of T , the entry 〈Y ab〉 of C has been rescaled to a real number with sign (−1)area(a→b). By
the same argument as the last paragraph of Theorem 2.4.28, C ′ (and thus C) represents
an element of SĜ(T ).

Theorem 7.2.7. The cluster algebra A(T ) equals the upper cluster algebra A(T ). If the
unpunctured plabic tiling T consists of polygons P1, . . . , Pr, where Pi has ni vertices, then
A(T ) is a finite type cluster algebra of Cartan-Killing type An1−2 × · · · × Anr−2.

Proof. The quiver we are associating to each unpunctured plabic tiling is a disjoint union
of the quivers associated to triangulated polygons, or equivalently to C[Gr2,n]. It is well
known that the quiver associated to a triangulated n-gon has Cartan-Killing type An−2 [26].
This implies that A(T ) = A(QT ,xT ) has type An1−2 × · · · × Anr−2.

Because our quivers are just a disjoint union of type A quivers, in particular our cluster
algebra has an acyclic seed. Moreover each cluster algebra associated to the n-gon has an
exchange matrix with full Z-rank, see [199, Proof of Theorem 5.3.2], so the same is true of
A(T ).

Using [200, Proposition 1.8 and Remark 1.22], the fact that A(T ) has an acyclic seed
and also has a full rank exchange matrix implies that the upper cluster algebra A(T ) equals
the cluster algebra A(T ).

14This is closely related to the amplituhedron variety defined in [198].
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Remark 7.2.8. Given what we’ve proved, one can make an argument as in the proof
of [200, Theorem 2.10] that A(T ) is the coordinate ring of the amplituhedron variety VT
and also the closely related variety

VT := {Y ∈ Grk,k+2(C) | 〈Y ij〉 6= 0 for h→ j a boundary arc of a black polygon of T .}.

In this section we showed that each generalized triangle of the m = 2 amplituhedron
is the positive part of a cluster variety. The cluster variables associated to the respective
cluster algebras are positive ratios of twistor coordinates with definite sign inside the gener-
alized triangle. Interestingly, as the twistor coordinates for An,k,m=2 can be seen as plücker
coordinates of Gr2,n (e.g. via the B-amplituhedron picture, see Proposition 2.3.3), such
cluster structure is not the one emerging simply from the standard positive Grassmannian
Gr>0

2,n. We expect generalized triangles of general amplituhedra An,k,m can be regarded
as (the positive part of) some cluster varieties, and connected with cluster structures of
Grm,n. We leave this as a future research direction.

7.3 Leading and Landau Singularities from Ampli-
tuhedra

Constructing scattering amplitudes from the knowledge of their their singularities, i.e. their
poles and branch-cut structure, is an approach with a long history [2], which has proven
to be particularly effective for scattering amplitudes in N = 4 super Yang-Mills (SYM)
theory.

Singularities of scattering amplitudes at tree-level are given by multi-particle factori-
sation channels, which correspond to Mandelstam , and are constructed from subsets of
the momenta of the particles in the scattering process. Whereas, loop amplitudes exhibit
more complicated singularities, leading to logarithmic divergences. In cases where loop
amplitudes are expressed as (multiple) polylogarithms, the collection of these logarith-
mic singularities is called the symbol alphabet. When expressed in terms of momentum
twistors, many (all for n ≤ 7, where n is the number of particles) of these are simply
polynomials in the Plücker coordinates in Gr4,n. Moreover, their vanishing loci correspond
to special configurations of momentum twistors in CP3.

On one side, we have seen the emergence of positive geometries [14] as an overarching
framework to geometrise scattering amplitudes and their analytic structure, at tree-level
and for loop integrands in several theories, among whichN = 4 SYM (cf. the amplituhedron
in Chapter 2 and the momentum amplituhedron in Chapter 6).
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On the other, we have witnessed an increasing appearance of cluster algebra structures
in scattering amplitudes, especially in capturing singularities of (integrated) loop ampli-
tudes in N = 4 SYM. This started in 2013 with the conjecture made by Golden et al in [28]
that the symbol letters of six and- seven-particle loop amplitudes are cluster variables of
the Gr4,n cluster algebra. Few years later in [30] it was conjectured that these letters sat-
isfy remarkable cluster properties, called cluster adjacency (see Section 7.1). In terms of
the symbol, they dictate which letters can appear consecutively. Moreover, shortly after
these adjacencies were observed at tree-level as well by themselves, and in connection with
symbol entries [31], (see also [201] for a recent work on the cluster-adjacency of one-loop
amplitudes). The guidance of cluster algebras has unlocked the possibility of developing
a powerful bootstrap programme which allowed to perform computations that otherwise
would have been beyond reach [202–211]. At the same time, they shed more light on the
mathematical structures describing singularities of scattering amplitudes and motivate the
existence of a possible geometric origin.

One manifestattion of the cluster-algebraic phenomena is an observation that building
blocks of a BCFW representation of the tree-level amplitude, which are Yangian invari-
ants, are cluster adjacent [31]. In other words, all poles of each of them are expressed
by a collection of cluster variables of the Gr4,n cluster algebra that can be found together
in common cluster. Moreover, this conjecture was generalised in [130], for all (rational)
Yangian invariants of N = 4 SYM. In geometric terms, poles of (rational) Yangian in-
variants correspond to facets of generalized triangles of the amplituhedron. Furthermore,
different representations of scattering amplitudes, obtained from identities among Yangian
invariants, correspond to different positroid triangulations of the same geometric space.

One of the first steps towards an amplituhedronic understanding of cluster phenomena
was taken in section Section 7.1.2, where a toy model for tree-level cluster adjacency ofN =
4 SYM was considered. We showed that Yangian invariants of the m = 2 amplituhedron are
cluster adjacent with respect to the well known Gr2,n ' An−3 cluster algebra. The m = 2
amplituhedron is often considered as a toy-model for the physical m = 4 case, moreover
it also governs the geometry of one-loop MHV integrands [212] and it has some relevance
for the NMHV ones as well [92]. By exploiting the geometry of the m = 2 amplituhedron,
we provided an explicit expression of all Yangian invariants was, where cluster adjacency
of their poles is manifest (Conjecture 7.1.12).

The interest in understanding how cluster algebras encode the analytic properties of
scattering amplitudes led physicists to explore the connection between cluster algebras
and the positive tropical Grassmannian, originally introduced in [213]. See for examples
[32, 34, 156], for applications in N = 4 SYM. Remarkably, the very same positive tropical
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Grassmannian has been found to regulate the combinatorics of (regular) triangulations
(and, more generally, subdivisions) of the m = 2 amplituhedron (see Section 5.2.2). This
raises the question on whether there is a deeper connection between the latter object and
cluster algebras themselves.

A remarkable instance of how geometry encodes singularities of scattering amplitudes
in N = 4 SYM is the fact that all Leading Singularities of the theory, at any loop order,
can be computed by a contour integral over the space of k-planes in n dimensions, called
Grassmannian [10, 122]. Leading Singularities are the singularities of the integrand of
a loop amplitude with maximal codimension in loop momenta. The geometrisation has
been pushed even further via [104] and, a year after, the authors of [214] defined the loop
amplituhedron, whose boundaries encode singularities of the integrand, among which are
the Leading Singularities corresponding to maximal cuts.

The application of this geometric approach to Landau Singularities [215–217] is another
example of its utility to obtain a better understanding of the structure of singularities of
scattering amplitudes. The Landau analysis allows to connect singularities of the integrand,
described geometrically from boundaries of loop ampliuthedra, to the ones of the integrated
amplitudes. Among all Landau singularities, there are in general many spurious ones
coming from summing over Feynmann diagrams. On the other hand, the amplituhedron
can tell which are the true singularities of the integrand, and therefore select the true
Landau singularities of the loop amplitude.

In Section 7.4, using an amplituhedron-based approach, we will discover new cluster
structures involving both Landau Singularities and Leading Singularities of N = 4 SYM.
In this section we review the main ingredients needed for this purpose. In Section 7.3.1
we recall the definition of the loop amplituhedron and in Section 7.3.2 we introduce the
concepts of Leading Singularities and how one can obtain them from special boundaries
of the loop amplituhedron. In Section Section 7.3.3 we present the definition of Landau
singularities and how the loop amplituhedron can select the non spurious ones. For both
Leading and Landau singularities we present in the respective sections examples at one-loop
which will be relevant for our work.

7.3.1 Loop Amplituhedra

In this section, we introduce the loop amplituhedron An,k,m;`L [214,218] which – for m = 4
and ` = 2 – is the geometry encoding the integrands of loop amplitudes of planar N = 4
SYM [78]. In analogy with the tree-level amplituhedron An,k,m (cf. Chapter 2), An,k,m;`L is
the image under a map induced by a totally positive matrix Z. The domain of the map is
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a generalization of the positive Grassmannian Gr≥0
k,n called L-loop15 positive Grassmannian

Gr≥0
k,n;`L .

Definition 7.3.1 (L-Loop Grassmannian). Fix k ≤ n, L positive integers, and let k =
(k1, . . . , kL) be a vector of positive integers with k1 + . . .+ kL ≤ n− k. Then we define the
L-loop Grassmannian Grk,n;k to be the set of points V = {VS}S⊆[L] which are collections
of linear subspaces VS of dimension k + ∑

s∈S ks, and such that VS ⊂ VS′ if S ⊂ S ′, with
S, S ′ ⊆ [L].

Definition 7.3.2 (The positive L-loop Grassmannian). Fix k, n, L, k as in Definition 7.3.1.
Let us consider a matrix C in Matk,n with the matricesD(1), . . . , D(L), whereD(`) in Matk`,n,
` ∈ [L]. Given S ⊆ [L], let us denote as PS the matrix obtained by staking C with the
matrices (D(s))s∈S, i.e. PS is in Matk+kS ,n, with kS = ∑

s∈S ks. We say that P = P[L]

is positive if for each S ⊆ [L], PS is a totally positive matrix, i.e. PS is in Mat>0
k+kS ,n.

Then we define the (totally) positive L-loop Grassmannian Gr>0
k,n;k to be the set of points

V = {VS}S⊆[L] in Grk,n;k for which there exists a matrix P as above such that for each
S ⊆ [L], VS is the row-span of PS. We say that the matrix P represents the element V
in Gr>0

k,n;k. Finally, we define the (totally) non-negative L-loop Grassmannian Gr≥0
k,n;k to be

the closure of Gr>0
k,n;k in Grk,n;k(R).

Definition 7.3.3 (The L-loop Amplituhedron). Choose positive integers k < n, andm, `, L
such that ` ≤ k + m ≤ n and `L ≤ n − k, and let Z ∈ Mat>0

n,k+m thought as a linear map
Z : Rn → Rm+k. Then Z induces a map Z̃ : Gr≥0

k,n;`L → Grk,k+m;`L defined by

Z̃({VS}S⊆[L]) := {Z(VS)}S⊆[L].

If P is a matrix representing an element of Gr≥0
k,n;`L , then Z̃(P ) is defined to be the element

of Grk,k+m;`L represented by the matrix PZ. The L-loop amplituhedron An,k,m;`L(Z) is
defined to be the image Z̃(Gr≥0

k,n;`L) inside Grk,k+m;`L .

If P is obtained by stacking the matrices (C,D(1), . . . , D(L)) as in Definition 7.3.2, then
PZ is (CZ,D(1)Z, . . . , D(L)Z), which we denote as (Y,L(1), . . . ,L(L)) or (Y,L), with L =
(L(1), . . . ,L(L)) referred to as the loop momenta. Moreover, when m = 4 and ` = 2, we
denote An,k,4;2L(Z) as A(L)

n,k – whose canonical form encodes the integrand of the L-loop
NkMHVn scattering amplitudes of planar N = 4 SYM. We note that when L = 0 the loop
amplituhedron An,k,4;20(Z) equals the tree amplituhedron An,k,4(Z).

15This is not the standard loop Grassmannian in the math literature [219].

186



As for the tree-level amplituhedron An,k,m, there is a conjectural characterization of
the loop amplituhedron A(L)

n,k in terms signs of its twistor coordinates [54]. Given a point
(Y,L(1), . . . ,L(L)) in A(L)

n,k, we will consider twistor coordinates as the (k + 4) × (k + 4)
determinants of the type 〈Y, i, j, `, s〉, 〈Y L(`)i, j〉, 〈Y L(`1)L(`2)〉, obtained by stacking Y with
some L(`), ` ∈ [L] and rows Zi, i ∈ [n] of the matrix Z.

Conjecture 7.3.4 (Sign Characterization forA(L)
n,k). Let k, n, L and Z as in Definition 7.3.3.

Let J ◦ (L)
n,k (Z) be the set of points (Y,L) in Grk,n;2L such that

(1) 〈Y, i, i+ 1, j, j + 1〉 > 0 (7.3.5)
and var(〈Y 1234〉, 〈Y 1235〉, . . . 〈Y 123n〉) = k. (7.3.6)

(2) 〈Y L(`), i, i+ 1〉 > 0, 〈Y L(`) L(s)〉 > 0, (7.3.7)
and var(〈Y L(`)12〉, 〈Y L(`)13〉, . . . 〈Y L(`)1n〉) = k + 2. (7.3.8)

Then A(L)
n,k(Z) = J ◦ (L)

n,k (Z).

Remark 7.3.9. Understanding the m = 2 amplituhedron is also relevant for planar N = 4
SYM amplitudes for the following reasons. We observe that if (Y,L) ∈ A(L)

n,k(Z), then

Y ∈ An,k,4(Z), (Y,L(`)) ∈ An,k+2,2(Z), ` ∈ [L]. (7.3.10)

In particular, the one-loop MHV integrand (i.e. L = 1 and k = 0) of N = 4 SYM is
encoded in the tree amplituhedron for m = 2 and k = 2:

A(1)
n,0(Z) = An,2,2(Z). (7.3.11)

As explained in [54], one can go from the space of bosonised momentum twistors where
L(l) and Zi live to the space of physical momentum twistors16 in P3 by projecting them
through Y . Therefore one can identify the following brackets:

〈a b c d〉 ≡ 〈Y a b c d〉 (7.3.12)

where the left hand side are brackets in momentum twistors and the right hand side are
twistor coordinates in Definition 2.3.1. In the following, with abuse of notation, we will
sometime denote both cases as 〈a b c d〉 and it will be clear from the context.

16For conventions on momentum twistors, which we will denote as zi, in a similar context see e.g. [130].
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7.3.2 Leading Singularities from A(L)
n,k

We review here the concept of Leading Singularities. In particular, we show how Leading
Singularities for N = 4 SYM can be computed more geometrically via a Grassmannian
approach, and via the loop amplituhedron.

Leading Singularities. The concept of leading singularities was originally introduced
within the Analytic Bootstrap Programme in the 1960’s [2]. At the beginning of this
century, with the advent of novel on-shell techniques such as generalised unitarity, the
concept of Leading Singularities has been broadly employed and exploited in computation
of scattering amplitudes, in particular in Yang-Mills [220].

Loop amplitudes in planar N = 4 SYM are computed from integrands, which are
rational functions of external kinematics and loop momenta, by integration over particu-
lar real-contours in the 4L-dimensional loop momentum space. However, in general this
contour is known not to preserve the symmetries of the theory, and leads for example
to IR-divergences. In this regards, it might seems natural to choose complex contours
corresponding to computing residues of the integrand. Leading singularities are then the
residues of the integrand computed around tori encircling the loci where a maximal set of
internal propagators (e.g. four for one-loop) go on-shell.

Given a 1-loop n-points scattering amplitude A(1, . . . , n) and a partition of {1, . . . , n}
into 4 disjoint subsets I1, . . . , I4, then the Leading Singularity of the amplitude is defined
as: ∫ 4∏

a=1
d4ηa d

4`a δ(`2
a)

4∏
a=1
Aa ({`a, ηa}, Ia, {−`a+1, ηa+1}) (7.3.13)

where the index a is mod 4, the integral over ` is localised over the solutions of the delta
function and the integral over the Grassmann coordinates ηa (cf. See Section 1.4.3) amounts
to sum over all possible internal states flowing between the different sub-amplitudes {A1, . . . ,A4}.
Since the four internal propagators are forced to vanish by the delta function, the internal
particles can be taken on-shell. Therefore leading singularities are in general simply the
products of tree-amplitudes, summed over all the internal particles which can be exchanged,
and integrated over the on-shell phase space of each.

Leading Singularities from the Grassmannian. In [10], leading singularities were
proposed as the complete set of IR-finite quantities that contains all the information needed
to compute the S-Matrix of N = 4 SYM. Beautifully, both in momentum space and in mo-
mentum twistor space [122], all the n-points leading singularities of the theory, at any loop
order, can be computed by a contour integral over the Grassmannian Grk,n. Here k ≤ n
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is the helicity sector of the amplitude in the tree-level case. Remarkably, in [104], it was
shown that only the positive Grassmannian Gr≥0

k,n is relevant for scattering amplitudes. In
particular, the integration contour providing Leading Singularities is performed on some of
its positroid cells (cf. Section 2.2.1). Positroid cells are in bijection with many nice combi-
natorial objects, including equivalence classes of reduced plabic graphs (cf. Appendix A),
also known as on-shell diagrams in the context of scattering amplitudes. A comprehensive
summary about on-shell diagrams in the physical context can be found in [104]. Formu-
lae for 1-loop Leading Singularities for N = 4 SYM in momentum twistor variables are
reported in [221] using on-shell diagrams, and will be used in an example in Section 7.3.2.

Leading Singularities from A(L)
n,k. Let us now consider the boundaries of the loop

amplituhedron and understand how these are related to Leading Singularities. It is conjec-
tured that the boundaries17 of the tree amplituhedron lie on the following hypersurfaces:

〈Y i1 i1 + 1 j1 j1 + 1〉 = 0, . . . , 〈Y id id + 1 jd jd + 1〉 = 0 (7.3.14)

for some d > 0 and all indices (considered cyclically) in {1, . . . , n}. In order to make con-
nection with Leading Singularities, we will not focus on this tree-level type of boundaries.
Instead, we will consider boundaries where L(l) satisfies any of the following conditions,
called on-shell conditions:

〈Y L(l1)i1j1〉 = 0, . . . , 〈Y L(ld)idjd〉 = 0, 〈Y L(s1)L(s2)〉 = 0 (7.3.15)

for some la, s1, s2 ∈ {1, . . . , L} and ia ∈ {1, . . . , n}, and Y does not lie on any of the tree-
level type boundaries in equation (7.3.14). Each set C of on-shell conditions has a certain
number of boundaries lying on the respective hypersurfaces. Following the terminology
of [217], boundaries of the type (7.3.15) are called L-boundaries. Boundaries associated to
the same on-shell conditions C are called branches. Loop momenta in a specific branch will
be denoted as {L∗a}C, with a ∈ [L]. If it exists, we denote as B[C,L∗] the boundaries of the
loop amplituhedron, which are L-boundaries determined by the set of on-shell conditions C
and are in the branch corresponding to the solution L∗. In [217], it has been showed that,
once we fix C and L∗, there exists a minimum18 kmin such that the loop amplituhedron
A(L)
n,k has the boundaries B[C,L∗] for all k ≥ kmin.
17Abusing notation, in this section we will use ‘boundaries’ to refer to faces defined in Definition 2.2.8.
18Using parity, which is a symmetry of scattering amplitudes and of the amplituhedron, one can also

establish an upper bound as: k ≤ n − k̄min − 4, where k̄min is the minimal value of k for which the
parity-conjugated branch appears.
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Finally, we will focus on the L-boundaries which are relevant for Leading Singularities,
which corresponds to maximal cuts. If C is a set of on-shell conditions, then C is a maximal-
cut if it is maximal by inclusion, i.e. we can not add more on-shell conditions to C with Y
not being on tree-level type boundaries of equation (7.3.14). In particular, an L-boundary
associated to a maximal-cut has codimension 4L and the solutions in each branch have
loop momenta localised in points {L∗}.

For a maximal cut C, boundaries B[C,L∗] of the loop amplituhedron correspond to
Leading Singularities of the L-loop amplitude A(L)

NkMHVn
. In particular, as one can extract

tree-level amplitudes ANkMHVn from the canonical form of the tree amplituhedron, one can
extract the Leading Singularities LeS[C,L∗] from the canonical form of the codimension-4L
boundaries B[C,L∗] of the loop amplituhedron .

It is known that all Leading Singularities of an amplitude A(L)
NkMHVn

can be expressed
as a sum of n-particles NkMHV Yangian invariants, i.e. for a certain Leading Singularity
LeS there is a collection of 4k-dimensional cells {Sa} in Gr≥0

k,n, such that:

LeS =
∑
a

YSa . (7.3.16)

This is just a rephrasing of the conjecture that the Grassmannian integral representation
of scattering amplitudes provides Leading Singularities if integrated over proper contours,
such as the one19 provided by the above collection of cells {Sa}. The sum in (7.3.16)
is the geometrical equivalent of ‘triangulating’ the boundary of the loop amplituhedron,
corresponding to the Leading Singularity. As different representations of a scattering am-
plitude (tree-level or loop integrand) are just different ways to triangulate the amplituedron
(tree or loop), different representations of a Leading Singularity LeS as sum of Yangian
invariants correspond to different triangulations of corresponding boundary of the loop
amplituhedron.

We will now exploit the geometric definition of the loop amplituhedron to compute all
Yangian invariants which can be part of a triangulation of a given boundary of the loop
amplituhedron, i.e. all Yangian invariants which can be used to express a given Leading
Singularity. Moreover, we will see how this connects to the Landau analysis in the next
section.

Yangian Invariants from the loop amplituhedron. For an L-loop, n-point NkMHV
amplitude, let C be a maximal-cut and L∗ one branch of its solutions. Then we can
directly use the definition of the loop amplituhedron to determine whether a given Yangian

19With suited orientation of each cell.
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invariant Y can be used to express the corresponding Leading Singularity LeS[C,L∗]. In
geometric terms this means, that the image of corresponding positroid cell S is inside the
codimension-4L boundary B[C,L∗] of the loop amplituhedron A(L)

n,k.
As mentioned in equation (7.3.39), on the maximal-cut C and on the branch of solutions

L∗, the loop momentum twistors are localised in terms of twistors of external kinematic:

L(l)∗ = D(l)∗(〈zi1zi2zi3zi4〉) · z, l = 1, . . . , L, (7.3.17)

where D(l)∗ are 2×n matrices depending on Pluckers of the twistors of external kinematics
and z is the n× 4 matrix whose rows are zi.

On the amplituhedron side, on the boundary B[C,L∗], the loop momentum twistors
are localised as:

L(l)∗ = D(l)∗(〈Y Zi1Zi2Zi3Zi4〉) · Z, l = 1, . . . , L, (7.3.18)

where D(l)∗ are the same as in equation (7.3.17), however their dependence on 〈zi1zi2zi3zi4〉
has been uplifted in the ampliutedron into a dependence on 〈Y Zi1Zi2Zi3Zi4〉.

Let S be a 4k-dimensional cell in Gr≥0
k,n with kinematic support. Then its image belongs

to the boundary B[C,L∗] if the positivity conditions in Definition 7.3.2 are satisfied, i.e.
C

D(i1)∗|Y=C·Z
...

D(is)|Y=C·Z
∗

 (7.3.19)

are totally positive matrices, with 0 ≤ s ≤ L, for all representative matrices C in the cell
S. In (7.3.19), we denoted D(ia)∗|Y=C·Z as the matrix which depends on 〈Y Zi1Zi2Zi3Zi4〉,
with Y in the image of the cell S, i.e. Y = C · Z. As in previous sections, in order
to handle positroid cells in the positive Grassmannian, we use the Mathematica package
positroids.m.

Using this procedure, by scanning over all 4k-dimensional cells (with kinematic sup-
port) in Gr≥0

k,n, we get a list {Si}i such that their images under the loop amplituhedron
map are all in the boundary B[C,L∗]. Finally, this means that we obtain the list of Yan-
gian invariants {YSi}i which can appear as summands to represent the Leading Singularity
LeS[C,L∗].

Leading Singularities at 1 loop. In this section, we will provide an illustrative example
on how to compute Leading Singularities from the Grassmannian for one-loop NMHV,
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following [221] (in particular, see Table 3). We will consider only some maximal-cuts
which will be relevant for our analysis. We will briefly comment on the N2MHV case.

Given a cut C = {I1, . . . , I4} for the loop amplitude A(L=1)
NkMHVn

, on-shell diagrams with
tree sub-amplitudes An1,k1(I1)⊗ . . .⊗An4,k4(I4) (see Figure 7.4), such that:

4∑
a=1

ka = k − 2,
4∑

a=1
na = n+ 8, (7.3.20)

correspond to Leading Singularities of A(1)
NkMHVn

. Here we denoted sub-amplitudes as
An′,k′(I ′), where k′, with 0 ≤ k′ ≤ n − 4, is its Nk′MHV helicity sector20, n′ the num-
ber of legs, and I ′ denotes the indices the external particles contained.

Figure 7.4: General form of a plabic graph G1(I1)⊗G2(I2)⊗G3(I3)⊗G4(I4)
corresponding to a Leading Singularity at one loop.

Example 7.3.21 (Leading Singularities: NMHV @ 1 loop). Let us now list the types of
Leading Singularities which can appear at NMHV at one-loop. By equation (7.3.20) we
must have:

k1 + k2 + k3 + k4 = 1− 2 = −1 (7.3.22)

Since we can have ka = −1 only when one of the sub-amplitude is a 3 point ampli-
tude, otherwise ka are positive, then we must have at least a 3-point subamplitude to
satisfy equation (7.3.20). Given a subamplitude An′,k′(I ′), in the following we will omit
the dependence of the sub-amplitudes on n′ and we will use . . . for some or all indices in
I ′. They can be easily inferred from the context. All indices will be cyclically ordered
i < i+ 1 < j < j + 1 < k < k + 1. We refer to Figure 7.5.

20For n = 3, we also admit k′ = −1, which corresponds to MHV, i.e. a white vertex. Moreover, note
that A0(. . .) = 1, since we are in the momentum twistor space.
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1. The Two-mass easy box CEij is a maximal cut with the following on-shell conditions:

〈Li− 1, i〉 = 〈Li, i+ 1〉 = 〈Lj − 1, j〉 = 〈Lj, j + 1〉 = 0. (7.3.23)

There are two possible on-shell diagrams contributing to this cut, whose Leading
Singularities are:

LeS [A−1(i)⊗A0(. . .)⊗A−1(j)⊗A1(. . .)] = ANMHV (j, . . . , i), (7.3.24)
LeS [A−1(i)⊗A1(. . .)⊗A−1(j)⊗A0(. . .)] = ANMHV (i, . . . , j). (7.3.25)

2. The two-mass hard box CHij is a maximal cut with the following on-shell conditions:

〈Li− 1, i〉 = 〈Li, i+ 1〉 = 〈Li+ 1, i+ 2〉 = 〈Lj, j + 1〉 = 0. (7.3.26)

There are two possible on-shell diagrams contributing to this cut, whose Leading
Singularities are:

LeS [A−1(i)⊗A0(i+ 1)⊗A0(. . . , j)⊗A0(. . .)] = Ri,i+1,i+2,j,j+1, (7.3.27)
LeS [A0(i)⊗A−1(i+ 1)⊗A0(. . . , j)⊗A0(. . .)] = Ri−1,i,i+1,j,j+1. (7.3.28)

3. The three-mass box Cijk is a maximal cut with the following on-shell conditions:

〈Li− 1, i〉 = 〈Li, i+ 1〉 = 〈Lj, j + 1〉 = 〈Lk, k + 1〉 = 0. (7.3.29)

There is only one on-shell diagrams contributing to this cut, whose Leading Singu-
larity is:

LeS [A−1(i)⊗A0(. . . , j)⊗A0(. . . , k)⊗A0(. . .)] = Ri,j,j+1,k,k+1. (7.3.30)

3

Example 7.3.31 (Leading Singularities: N2MHV @ 1 loop). For N2MHV at one-loop,
we have all cuts of the type appearing at NMHV, and in addition the four-mass box cut
appears from 8 points. This is associated to Leading Singularities which contains non-
rational Yangian invariants, and, by Landau analysis, to algebraic singularities of the loop
amplitude. We leave these cases for explorations in future works.

N2MHV Leading Singularities are in general expressed as:

RI ·RJ , RI · ANMHV (J), ϕRI ·RJ (7.3.32)
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Figure 7.5: Plabic graph corresponding to Leading Singularities of the
following maximal cuts: 2-mass easy box CEij (first row); 2-mass hard box CHij

(second row); 3-mass box Cijk (third row).

where I, J are lists of twistors (in general, expressed as intersection of lines or planes
defined from zi), RI are R-invariants with twistors in the list I, and ϕ is an extra function,
not relevant for our purposes. Nevertheless, as discussed in (7.3.16) all of them are just
combinations of N2MHV Yangian invariants. For our purposes, we are not interested in
representations of Leading Singularities like (7.3.32). We would like the full list {Ya} of
Yangian invariants which can be used to express a given Leading singularity. We saw that
such a list can be obtained directly from the geometry of the loop amplituhedron. 3

7.3.3 Landau Singularities from A(L)
n,k

We will briefly review how the Landau analysis can be used to infer singularities of the
integral, from the poles of the integrand. First, we will review the original definition in
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terms of Feynman diagrams and then following [217] we will review the role ampltiuhedron
plays in this analysis.

Landau Singularities. The concept of Landau singularities was originally introduced
in 1959, when Landau stated a set of equations, called Landau Equations, whose solutions
parametrises the locus in the space of kinematic data where a given Feynman integral has
branch points [222].

Given a Feynman integral I contributing to an L loop scattering amplitude in D

spacetime dimensions, we can always bring it to the following form by using Feynman
parametrisation:

I = c
∫ L∏

a=1
dD`a

∫
∆ν−1

N ({`a}, {pr})
Dν(α; {qi})

, D =
ν∑
i=1

αi(q2
i −m2

i ), (7.3.33)

where c is just constant which does not enter our analysis, the integration is performed
over the simplex ∆ν−1, i.e. α1 + . . .+αν = 1 and αi ≥ 0, qi is the momentum flowing along
the corresponding propagator i, {pr} are the momenta of external particles, and N is a
function of the kinematic data. It is known that the physical amplitude from (7.3.33) is
obtained by performing the integral over a particular contour defined by the iε prescription
in the propagators. However, in order to understand the analytic continuation outside the
physical sheet in the space of kinematic, one has to study arbitrary contours.

The Landau analysis establishes that the integral I in (7.3.33) can develop singularities
if the following conditions are satisfied:

∑
i∈loop

αiqi = 0, for all loops and αi(q2
i −m2

i ) = 0, ∀i. (7.3.34)

In order to capture the analytic structure of I away from the physical sheet, one allows
solutions of the following equations with αi and `a away from the physical contour as
well. When some of the αi are different than zero, the second second case in Eq. (7.3.34)
corresponds to putting some internal propagators on-shell, and these will be related to
‘cuts’. In the following we will be interested only when solutions exist on codimension-one
subspaces of the external kinematic space, i.e. when they are parametrised by the vanishing
locus of a certain function of external kinematic.

We notice that the power of this method seems to be affected by two major inconve-
niences. Firstly, this analysis does not know about the numerator N in Eq.(7.3.33), which
can change the structure of singularities of the denominator, or even cancel some of them.
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Secondly, even when the numerator does not affect the singularities, singularities of indi-
vidual Feynman integrals might not survive the summation to remain singularities of the
full amplitude. In summary, the Landau analysis, even if predicts all potential singularities
of the amplitude, in general it predicts many ‘spurious’ singularities as well, which are not
actual singularities of the amplitude. In [215], it was suggested that one can circumvent
these issues by directly appealing to the geometry of the amplituhedron.

There are branches in mathematics – such as the ones studying parametric integrals
and singularity theory – with more homological approaches to understand singularities of
(Feynman) integrals. Relevant references21 are [223–226].

Landau Singularities from the loop amplituhedron. Given a Landau singularity
corresponding to setting to zero a certain number of internal propagators, i.e. a cut, this
is an actual singularity of the amplitude if the cut corresponds to a boundary of the loop
amplituhedron.

In order to make the connection with the amplituhedron more explicitly, as shown
in [217], one can re-write the Landau equation in momentum twistors. If a cut C is a
collection of constraints of the type:

fj(L, z) = 0, (7.3.35)

where L collectively denotes the momentum twistors associated to loops L(1), . . . ,L(L), and
{z} are momentum twistors encoding the kinematic data of external particles. Then the
Landau equations for this set of on-shell constraints include the above equations together
with a set of equations of the type:

d∑
j=1

αj
∂fj(L(β), z)

∂βs
= 0, s = 1, . . . , 4L, (7.3.36)

where the β’s are 4L coordinates used to parametrise L(1), . . . ,L(L). This latter equations
are often referred to as Kirchhoff conditions. We observe that the Landau equations are
d + 4L equations in d + 4L − 1 variables (since we can always rescale all the α’s in the
Kirchhoff equations). Therefore, one might expect that they do not admit solutions for
general kinematics. For the purpose of this analysis, one is then interested in knowing
what the codimension-one loci in kinematic space of z’s are, for which Landau equations
admit solutions (with α’s not all zero). If we parametrise such loci as the vanishing set of

21We thank Erik Panzer and Marko Berghoff for pointing us at some of the literature.
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the following function

LaS[C,L∗](z) =
N∏
t=1

at(z) = 0, (7.3.37)

where C is the cut associated to the Landau Equations (7.3.35), L∗ is one branch of solutions
of the on-shell conditions we are considering, and at(z) are certain irreducible polynomials
of Plücker coordinates of z. In the following, we will refer to LaS[C,L∗] as the Landau
singularity associated to the cut C in the branch L∗. With a slight abuse of terminology,
we will also refer to a1, . . . , aN as corresponding Landau singularities.

Finally, a given Landau singularity LaS[C,L∗] is a true singularity of the amplitude
A(L)
n,k if the loop amplituhedron has a boundary of the type B[C,L∗] [215].

In summary, on one hand, the Landau analysis can connect the geometry of boundaries
of the amplituhedron to the location of singularities of integrated amplitudes. On the other,
the amplituhedron can tell which are the true singularities of the integrand, and therefore
select the true Landau singularities, among the spurious ones coming from summing over
Feynman diagrams.

Example 7.3.38 (Landau Singularities at 1 loop). We report below the Landau singular-
ities corresponding to some maximal cuts that will be relevant for our analysis. These can
be found in [217], Table 1. We also report the points where the loop momenta localises
on different cuts. In particular, for a maximal-cut C, there are 2 solutions (one is parity
conjugate to each other) L∗1,L∗2 each of which can be expressed in term of momentum
twistors of external kinematic as:

L∗a = D[C,L∗a] · z, (7.3.39)

where D[C,L∗a] is a 2× n matrix depending on Plückers of twistors of external kinematics
and z is the n×4 matrix whose rows are zi. In the following, only the non-zero columns of
D will be displayed explicitly. Moreover, we consider cyclically ordered indices i < i+ 1 <
j < j + 1 < k < k + 1.

1. The two-mass hard box cut CEij in equation (7.3.23) has in general 2 solutions:

L∗1 = (ij), L∗2 = ī ∩ j̄, (7.3.40)

the first is valid for 0 ≤ k ≤ n−6 and the second for 2 ≤ k ≤ n−4. The corresponding
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matrices are22

D[CEij ,L∗1] =

i j( )
1 0
0 1

, D[CEij ,L∗2] =

i−1 i i+1( )
〈ij̄〉 −〈i− 1, j̄〉 0
0 −〈i+ 1, j̄〉 〈ij̄〉

. (7.3.41)

For this cut and both of the branches23 we have the following Landau singularities:

LaS[CEij ,L∗1](z) = LaS[CEij ,L∗2](z) = 〈ij̄〉〈̄ij〉. (7.3.42)

2. The two-mass easy box cut CHij in equation (7.3.26) has in general 2 solutions:

L∗1 = i+ 1 ∩ (ijj + 1), L∗2 = i ∩ (i+ 1, jj + 1) (7.3.43)

They are both valid for 1 ≤ k ≤ n− 5. The corresponding matrices are:

D[CHij ,L∗1] =

i i+1 i+2( )
1 0 0
0 −〈i, i+ 2, j, j + 1〉 〈i, i+ 1, j, j + 1〉

(7.3.44)

D[CHij ,L∗2] =

i−1 i i+1( )
0 0 1

−〈i, i+ 1, j, j + 1〉 〈i− 1, i+ 1, j, j + 1〉 0 (7.3.45)

For this cut we have the following Landau singularities:

LaS[CHij ,L∗1](z) = LaS[CHij ,L∗2](z) = 〈i, i+ 1, j, j + 1〉. (7.3.46)

3. The three-mass easy box Cijk in equation (7.3.29) has in general 2 solutions:

L∗1 = (ijj + 1) ∩ (ikk + 1), L∗2 = (̄i ∩ (jj + 1), ī ∩ (kk + 1)). (7.3.47)

The first is valid for 1 ≤ k ≤ n − 6 and the second for 2 ≤ k ≤ n − 5. The
22They are of course determined up to GL(2) (and up to adding rows of C, see Def. 7.3.3).
23In general, we can have different Landau singularities for different branches of the same cut. However,

this does not happen at one loop [217].
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corresponding matrices are:

D[Cijk,L∗1] =

i i+1 j( )
1 0 0
0 〈i, j, k, k + 1〉 −〈i, j + 1, k, k + 1〉

(7.3.48)

D[Cijk,L∗2] =

j j+1 k k+1( )
−〈̄i, j + 1〉 〈̄i, j〉 0 0

0 0 −〈̄i, k + 1〉 〈̄i, k〉
. (7.3.49)

For this cut we have the following Landau singularities:

LaS[Cijk,L∗1](z) = LaS[Cijk,L∗2](z) = 〈i(i− 1, i+ 1)(j, j + 1)(k, k + 1)〉 , (7.3.50)

Our notation for twistor brackets throughout the paper follows closely the literature,
eg [217].

3

7.4 Clusters, Leading and Landau Singularities

In this section we present a conjecture about a new cluster structure which connects Lead-
ing Singularities (see Section 7.3.2) and Landau Singularities (see Section 7.3.3): cluster
adjacency between Leading and Landau singularities, which we abbreviate as ‘LL-cluster
adjacency’. In Section 7.4.1 we formulate this conjecture and then in Section 7.4.2, for one
loop, we present the proof for NMHV amplitudes any points and checks for N2MHV am-
plitudes up to 9 points. In Section 7.4.3 we show the one-loop NMHV 7-point amplitude in
a representation which is uniquely fixed by LL-cluster adjacency. Finally, in Section 7.4.4
we end with summary and directions for future works.

7.4.1 LL-Cluster Adjacency Conjecture

In this section we enhance the tree-level cluster adjacency of Yangian invariants explored in
Section 7.1.3, to include information of loop-level singularities, i.e. Landau singularities. In
particular, we provide evidence that cluster variables corresponding to poles of a Yangian
invariant in a given cut, and cluster variables of the corresponding Landau singularity can
be found together in a cluster.
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Cluster adjacency seems to know about compatibility between different singularities,
or equivalently, between boundaries. We have seen at tree level how the collection of poles
of a Yangian invariant (or equivalently, of their boundaries) corresponds to cluster variables
in a common cluster. One can naturally extend this compatibility thinking of a Yangian
invariant as being located ‘inside’ a given Leading Singularity. Algebraically, this means
it can be used as an addend to express the Leading Singularity. Geometrically, this means
that the Yangian is inside the codimension-4L boundary of the loop amplituhedron which
corresponds to the maximal cut giving the Leading Singularity, as explained in Section
7.3.2. By Landau analysis, we have seen how this boundary of the loop amplituhedron
(equivalently, the Leading Singularity) is accessed by the integrated amplitude having a
branch points in the corresponding Landau singularity. Vice-versa, given a Landau singu-
larity which corresponds to branch points of the integrated amplitude, by ‘reverse’ Landau
analysis we can list the maximal cuts of the integrand which are responsible for these sin-
gularities. The Leading Singularities of these maximal cuts will be then expressed in terms
of Yangian invariants, which themselves have certain poles. Cluster algebras seem to tell
us that we can find the Landau singularity and all the poles of a given Yangian as above
in a common cluster.

Let us state our conjecture more explicitly.

Conjecture 7.4.1 (LL-Cluster Adjacency). Let C be a maximal cut of an L-loop n-point
NkMHV amplitude and L∗ a branch of its solutions. Moreover, let LaS[C,L∗] and LeS[C,L∗]
be the corresponding Landau singularity and Leading Singularity, as defined in Section 7.3.3
and Section 7.3.2, respectively, expressed as:

LaS[C,L∗](z) =
N∏
t=1

at(z), LeS[C,L∗] =
∑
i

Yi, (7.4.2)

where {a1(z), . . . , aN(z)} and the poles of the n-points NkMHV Yangian invariants Yi are
cluster variables of the Gr4,n cluster algebra. Then the set of poles of Yi together with
a1, . . . , aN is a collection of compatible cluster variables for Gr4,n.

Remark 7.4.3. This refers to any Yangian Y invariant that can be used to represent the
given Leading Singularity LeS. Geometrically, this is a statement about the facets of the
generalized triangles which can be used to triangulate the 4L-codimenisional face of A(L)

n,k

corresponding to LeS.

We will refer to the cluster adjacency predicted by these conjectures as the LL-Cluster
Adjacency (i.e. Leading and Landau singularities Cluster Adjacency).
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7.4.2 LL-Cluster Adjacency for one-loop Amplitudes

In this section we prove LL-cluster adjacency conjecture (7.4.1) for one-loop amplitudes –
at NMHV for any number n of scattering particles, and for N2MHV up to n = 9. We leave
the proof for higher loops or n to future work.

LL-Cluster Adjacency for one-loop NMHV Amplitudes. Let us consider the case
of one-loop n-points NMHV amplitudes and state the expected LL-cluster adjacencies by
matching Yangian invariants in representations of a Leading Singularity with the corre-
sponding Landau singularities associated to the same maximal-cut. We note that our
studies focus on the non-trivial cases when Landau singularities are not only product of
frozen variables, which are the ones presented in Example 7.3.38. We will refer to Exam-
ple 7.3.21 for the corresponding Leading Singularities.

The Landau singularity for the two easy-mass box cut CEij is given by the product of
the cluster variables 〈ij̄〉 and 〈̄ij〉. Whereas the Leading Singularities for the cut CEij are
ANMHV(i, . . . , j) and ANMHV(j, . . . , i). It is straightforward to see that the R-invariants
which can appear in a representation of these Leading Singularities are just the ones of the
type RI , with I a 5-element subset of the set {j, . . . , i} or of {i, . . . , j}. The two hard-mass
box cut CHij has a Landau singularity which is just the cluster variable 〈i, i + 1, j, j + 1〉,
whereas its Leading Singularities are Ri−1,i,i+1,j,j+1 and Ri,i+1,i+2,j,j+1. Since 〈i, i+1, j, j+1〉
is already a pole of both the latter two R-invariants, LL-cluster adjacency is trivially
satisfied in this case. Finally, the three-mass box Cijk has an associated Landau singularity
which is 〈i(i− 1 i+ 1)(jj + 1)(kk + 1)〉 and the Leading Singularity is Ri,j,j+1,k,k+1.

In summary, LL-cluster adjacency for all points one-loop NMHV reads as follows:

Proposition 7.4.4 (LL-Adjacency for one-loop NMHVn Amplitudes). The following are
collections of compatible cluster variables for Gr4,n:

(1) {∂RI , 〈ij̄〉, 〈̄ij〉}, I ∈
(

[j, i]
5

)
,

(
[i, j]

5

)
(7.4.5)

(2) {∂Ri,j,j+1,k,k+1, 〈i(i− 1 i+ 1)(jj + 1)(kk + 1)〉}, (7.4.6)

where by ∂RJ we denoted the list of all poles of the R-invariant RJ , and i < i + 1 < j <

j + 1 < k < k + 1 are cyclically ordered indices in {1, . . . , n}.

Proof. Proof of (1). When I is a five-element subset of [i, j] or [j, i], it is straightforward
to check that the poles of RI and 〈ij̄〉, 〈̄ij〉 form a collection of weakly separated Plücker
coordinates of Gr4,n, which are therefore compatible cluster variables for Gr4,n.
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Proof of (2). Without loss of generality, we can fix j = 1 and assume k + 1 < i− 1.
All other cases are related to this by cyclic symmetry.

We will show this by explicitly constructing such a cluster, closely following [31] where
the cluster-adjacency of any R-invariant was proved based on partial rotations.

We first find a cluster that contains the poles of R12467 and 〈4(23)(12)(67)〉 in the Gr4,7

cluster algebra. This cluster can be obtained after a sequence of mutations, which we shall
denote by Σ0. The resulting cluster has the quiver diagram displayed in figure 7.7.

The cluster we aim to find is just a relabelling of the cluster above, and this can
be achieved through partial cyclic rotations. In particular we need to find a sequence of
rotations that maps the labels of (1, 2, 3, 4, 5, 6) to (k, k + 1, i − 1, i, i + 1, 1, 2). These
rotations are

(1, 2, 3, 4, 5, 6, 7)
−2
∣∣∣
k+4−−−−→ (k + 3, k + 4, 1, 2, 3, 4, 5)

−3
∣∣∣
i+1−−−−→ (k, k + 1, i− 1, i, i+ 1, 1, 2) , (7.4.7)

where r
∣∣∣
m

denote r rotations in the Gr4,m algebra. In [31] it was explained how to find a
mutation sequence that realises such a transformation, and we denote this sequence with
Σr
m. For negative r, it is understood that the mutation sequence is applied in reverse

If we then apply the mutation sequence Σ0 to the appropriately relabelled cluster, in
other words, if we mutate the Gr4,n initial cluster in the sequence

Σ−3
i+1 Σ−2

k+4 Σ0, (7.4.8)

we obtain a cluster which contains all the poles of the R-invariant R1 2 k k+1 i as well as the
letter 〈i(i− 1 i+ 1)(12)(k k + 1)〉.

In the following we report examples of LL-cluster adjacencies up to 9-points. In order
to shorten the notation, let us denote as (i1, . . . , in−5) the R-invariant R[n]/{i1,...,in−5}. In
order to check the cluster adjacency properties, we look for clusters containing these poles
by performing a sequence of mutations from the initial cluster in Gr4,n. We enumerate the
active nodes of the initial cluster, starting from 〈1235〉 going downwards and continuing
in the second column starting with 〈1236〉, numbered 4 (see Figure 7.6). We note that the
mutation sequence that relates two clusters is not unique.

Example 7.4.9 (LL-Cluster Adjacency: NMHV7 @ 1 loop). Up to cyclic shift, for n = 7
there only 3 types of R-invariants: (12), (13), (14). The adjacencies between Landau and
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1

2

3

4

5

6

〈1 2 3 5〉

〈1 2 4 5〉

〈1 3 4 5〉

〈1 2 3 6〉

〈1 2 5 6〉

〈1 4 5 6〉

· · ·

· · ·

· · ·

· · ·

AAA

AAA

AAA

〈1 2 3n〉

〈1 2n− 1n〉

〈1n− 2n− 1n〉

〈1 2 3 4〉

〈2 3 4 5〉 〈3 4 5 6〉 AAA AAA〈n− 3n− 2n− 1n〉
.

Figure 7.6: Initial cluster for Gr4,n and a numbering of its nodes to encode
mutation sequences

Leading Singularities reads:

(12) is CA with 〈37̄〉, 〈3̄7〉
(13) is CA with 〈2(13)(45)(67)〉 .

Both adjacencies are manifested in the cluster polytope by the presence of a subpolytope
made out of clusters that contain all active poles of the Yangian invariants and the Landau
singularities. The R-invariant (12) has three active poles, and together with the Lan-
dau singularity, these correspond to four cluster variables. The remaining two degrees of
freedom correspond to a pentagonal face of the cluster polytope, i.e. an A2 subalgebra.

The pentagons that correspond to
{

(12), 〈1367〉
}

and
{

(12), 〈2347〉
}

share an edge,
i.e. the subpolytope of two cluster that contain the poles of (12) as well as both parity
conjugate Landau singularities. This will be a recurring feature for higher n: When the
Landau analysis predicts the product of two parity conjugate Plücker coordinates, there
is a cluster that contains both of them as well as the Yangian invariant. We will omit the
parity conjugate singularity to keep notation short.

The R-invariant (13) has 4 active poles, and together with the Landau singularity
〈2(13)(45)(67)〉, this adjacency corresponds to a line segment. 3

Example 7.4.10 (LL-Cluster Adjacency: NMHV8 @ 1 loop). There are 7 cyclically in-
equivalent R-invariants in this and we find that all associated Landau singularities are
cluster adjacent. In Table 7.1 we provide the checks for the cases that are not implied
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R-Inv. Landau sing. Mutation sequence Subalgebra
(123) 〈38̄〉〈3̄8〉 (1,5,9,1,2,8,1,2,5,7,1,2,4,2,3,1,5,6) D5

〈41̄〉〈14̄〉 (1,4,7,5,9,1,5,8,1,4,5) D4

(124) 〈38̄〉〈83̄〉 (2,6,5,8,9,4,5,4,7,3,1,2,4) A3

(125) 〈38̄〉〈83̄〉 (2,5,8,6,9,1,2,4,5,4,7,3,1,4) A1 × A1

(126) 〈38̄〉〈3̄8〉 (2,5,8,2,4,6,2,4,5,9,1,2,1,7,1,3) A1 × A1

(127) 〈38̄〉〈3̄8〉 (2,5,8,5,7,9,6,1,2,5,1,2,4,1,2,3) A3
〈8(71)(34)(56)〉 (7,8,9,2,6,1,2,5,4,7,1,2) D4

(147) 〈8(71)(23)(56)〉 (2,3,6,7,8,9,2,5,4,7) A1 × A1 × A1

Table 7.1: Checks of LL-cluster adjacency for NMHV8. The mutation
sequences describe the mutations needed to get the given cluster starting from
the initial cluster (see Figure 7.6 for labelling conventions). The sub-algebras

are obtained from Gr4,n by freezing the set of poles in the R-invariant and
respective Landau singularity.

by the n = 7 case. We also omit the cases where the Landau singularity is a pole of the
NMHV invariant.

For example the cluster-adjacency statements

(123) is CA with 〈48̄〉, 〈4̄8〉 (7.4.11)
(124) is CA with 〈3(24)(56)(78)〉 (7.4.12)

are implied by the adjacency of (12) to 〈37̄〉 and the ajacency of (13) to 〈2(13)(45)(67)〉.
We also omit everywhere Landau singularities that are pole sof the Yangian invariants,
trivially satisfying cluster adjacency based on that of Yangian invariants. 3

Example 7.4.13 (LL-Cluster Adjacency: NMHV9 @ 1 loop). There are 14 R-invariants
up to cyclic symmetry. The adjacencies we need to check along with the verifications are
listed in Table 7.2. We note that cluster adjacencies between Landau singularities and
Leading Singularities at n = 7 and n = 8 are embedded in n = 9, as we should expect.

3

LL-Cluster Adjacency for one-loop N2MHV Amplitudes. We now use results
from Section Section 7.1.3, in particular the lists of poles of (rational) N2MHV Yangian
invariants expressed as cluster coordinates, to test LL-Cluster Adjacency at one-loop for

204



R-Inv. Landau sing. Mutation sequence Subalgebra
(1234) 〈14̄〉〈41̄〉 (4,7,10) E7

(1235) 〈1̄4〉〈14̄〉 (2,1,4,4,10) E6
〈39̄〉〈93̄〉 (2,1,4,4,10,11,12) E7

(1236) 〈41̄〉〈14̄〉 (3,6,9,10,11,12,1,2,1,3) E7
〈39̄〉〈93̄〉 (3,6,9,10,11,12,1,6,1) E6

(1237) 〈41̄〉〈14̄〉 (7,1,2,1,3,6) E6
〈39̄〉〈93̄〉 (7,1,3,1) E6

(1238) 〈41̄〉〈14̄〉 (1,2,3,5,10) D̃5
〈39̄〉〈93̄〉 (1,2,3,5,11,7,10,12) E6
〈49̄〉〈94̄〉 (1,2,3,5,7,10) D6
〈9(81)(45)(67)〉 (1,2,3,5,6,5) Ẽ6

(1278) 〈96̄〉〈69̄〉 (5,1,2,4,7,8,5,10,2,5,2,7,8,10) E6
〈39̄〉〈93̄〉 (5,1,2,4,7,8,5,10,2,8) E6
〈9(81)(34)(56)〉 (5,1,2,4,7,8,5,10,2,5) E7

(1246) 〈39̄〉〈93̄〉 (2,5,7,8,1,3,6) A2 × A2

(1247) 〈39̄〉〈93̄〉 (3,4,6,8,9,1,5,1) A3 × A2 × A1
〈3(24)(56)(89)〉 (3,4,6,8,9,1,6) D6 × A1

(1248) 〈39̄〉〈93̄〉 (2,6,7,4,5,8,9,12,2,5,2,6,7,9) D6 × A1

(1267) 〈85̄〉〈58̄〉 (2,5,6,1,3,1,2) A4 × A1

(1257) 〈39̄〉〈93̄〉 (3,6,7,8,9,1,6,1) A3 × A2 × A2
〈6(57)(89)(34)〉 (1,4,5,3,6,3) A5 × A1

(1258) 〈39̄〉〈93̄〉 (3,4,5,6,1) A3 × A1 × A1

(1268) 〈39̄〉〈93̄〉 (2,5,8,7,10,1,3) A5

Table 7.2: Checks of LL-cluster adjacency for NMHV9.
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〈1234〉

〈2345〉 〈3456〉

〈4567〉

〈1567〉

〈1267〉

〈1237〉

〈2467〉

〈4(35)(12)(67)〉

〈1246〉

〈1467〉 〈1247〉

〈3457〉

.
Figure 7.7: The quiver diagram of a Gr4,7 cluster containing the poles of the
R-invariant R12467 and the cluster variable 〈4(23)(12)(67)〉. This cluster is

enough to prove the LL-cluster adjacency for all one-loop NMHV amplitudes.

N2MHV amplitudes. Moreover, for a given cut, we use positivity as in equation (7.3.19)
to get the full list of N2MHV Yangian invariants which appear in a representation of the
corresponding Leading Singularity. For example, if we consider the two-mass hard box cut
CH15 and the branch as in equation (7.3.45), then for 8 points we find a list of six N2MHV
Yangian invariants, whereas for n = 9 and the same cut and branch we find there are 21.
Each of these N2MHV Yangian invariants has poles which can be found in the same cluster
together with the Landau singularity of the corresponding cut in equation (7.3.46), i.e.
〈1256〉.

Example 7.4.14 (LL-Cluster Adjacency: N2MHV7 @ 1 loop). This case is related to n = 7
NMHV case discussed above through parity conjugation. Up to cyclic shift, for n = 7
there only 3 types of Yangian invariants, which are parity conjugates of (12), (13), (14)
respectively. Their poles have been explicitly presented in Section 7.1.3.

For these Yangian invariants, we only have the following associated Landau singularitiy
that is not implied by a case worked out earlier:

Y-Inv. Landau sing. Mutation sequence Subalgebra

Ya 〈36̄〉, 〈63̄〉 (3) A1

Yb 〈4(12)(35)(67)〉 (6,5,4,1,2) A1
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Where the poles of Ya are:

Facet(Ya) = {〈26̄〉, 〈2367〉, 〈3̄7〉, 〈2〉, 〈3〉, 〈4〉}

and Yb = Y2 of Section 7.1.3. 3

Example 7.4.15 (LL-Cluster Adjacency: N2MHV8 @ 1 loop). There are 24 Yangian
invariants up to cyclic symmetry. We see that for some of the Landau singularity - Yangian
invariant pairs, cluster adjacency is implied either by checks for n = 6 and n = 7, or the
by the cluster adjacency of the Yangian invariant itself, when the Landau singularity is a
pole of the former. The remaining cases are listed in the table below together with the
clusters that contain of all said singularities:

Y-Inv. Landau sing. Mutation sequence Subalgebra

Yc 〈1378〉 (2,5,8,6,9,1,2,4,5,1,4,7) A3 × A2

Yd 〈8(71)(23)(56)〉 (7,8,9,3,6,2,5,7,1,4) A3 × A1

Ye 〈7(68)(23)(45)〉 (1,5,9,3,5,6,1,2,3,4,5,4,8,7) A1 × A1

Yf 〈8(71)(23)(45)〉 (7,8,9,4,5,6,3,1,2,7,8,1,4,7) A1 × A1

Where we have:

Facet(Yc) = {〈37̄〉, 〈3478〉, 〈7̄8〉, 〈3〉, 〈4〉, 〈5〉}
Facet(Yd) = {〈26̄〉, 〈2368〉, 〈2348〉, 〈2〉, 〈3〉, 〈4〉}
Facet(Ye) = {〈47̄〉, 〈8(23)(45)(67)〉, 〈6(78)(23)(45)〉, 〈4〉, 〈37̄〉, 〈5〉, 〈〈27̄〉, 〈2378}
Facet(Yf ) = {〈2458〉, 〈8(23)(45)(67)〉, 〈3̄8〉, 〈4578〉, 〈2〉, 〈4〉, 〈5̄8〉, 〈4̄8〉, 〈5〉}.

3

We have also checked the the cluster-adjacency properties for Landau singularities and
Yangian invariants with relevant for N2MHV n = 9 one-loop amplitudes. These are too
lengthy to present here and we refer to the ancillary file LLCAk2n9.m attached to [57].

7.4.3 Bootstrap via LL-Cluster Adjacency

In [31], it was argued that to make the adjacency of the final entries of symbols with the R-
invariants of NMHV loop amplitudes, one has to expand the symbol of the amplitude over
the full set of R-invariants, which satisfy linear, six-term relations among them. This way of
writing the amplitude is certainly not unique due to these identities, and cluster-adjacency
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between the R-invariants and the final entries can be made manifest in a number of ways.
We suggest that LL-cluster adjacency between Landau singularities and R-invariants can
put a further constraint on the final entry condition. More precisely, we can rule out any
pair of final entry and R-invariant that are not related to each other through LL-cluster
adjacency. We note that standard cluster adjacency relies on compatibility of cluster
variables in Gr4,n, and therefore does not contain information on the helicity sector k. On
the other hand, LL-cluster adjacency gives sets of compatible cluster variables depending
on Landau and Leading singularities, which depends by the helicities of the scattering
particles.

We chekced that the 1-loop NMHV amplitude can be uniquely fixed fixed in a form in
which it obeys the adjacency discussed above:

ABDS−like,(1)
NMHV7 =− (13)

[
a11 ⊗ a62 + a13 ⊗ a62

]
+ (14)

[
−a11 ⊗ a11 + a11 ⊗ a14 + a14 ⊗ a11 − a14 ⊗ a14

]
+ (12)

[
a11 ⊗ a15 − a11 ⊗ a22 − a11 ⊗ a31 + a12 ⊗ a15 − a12 ⊗ a22

− a12 ⊗ a31 − 2a15 ⊗ a15 + a15 ⊗ a22 + a15 ⊗ a31
]

+ cyclic,

(7.4.16)

where the notation aij for the symbol letters follows the literature on seven-point ampli-
tudes. It would be interesting to show that any NMHV 1-loop amplitude can be written
in such a way. Then one may speculate whether this leads to a final entry condition for a
given MHV degree and loop order. This exciting directions are left for future work.

7.4.4 Summary and Outlook

Cluster phenomena have become increasingly relevant in understanding singularities of
scattering amplitudes. The remarkable observation that building blocks of scattering am-
plitudes in planar N = 4 SYM satisfy a property called cluster adjacency, provided both
paths to understand their deep mathematical structures and tools to perform computations
which otherwise would be beyond reach. At tree level, scattering amplitudes are rational
functions whose singularity structure is encoded in the location of its poles. They can
be expressed as sums of Yangian invariants, which have their own singularities, some of
which are ‘spurious’ as they do not appear in the final amplitude. Nevertheless, collections
of all poles of each Yangian invariant which can appear in a representation of tree-level
scattering amplitudes seem themselves to be part of a beautiful mathematical story.
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In this chapter, we argued for an enhancement of the phenomenon of cluster adjacency
of Yangian invariants to include singularities of loop amplitudes in N = 4 SYM. In par-
ticular, via an amplituhedron-based approach we observed a new manifestation of cluster
adjacency for Leading and Landau singularities, that we called ‘LL-cluster adjacency’ for
brevity. Given a maximal-cut of a loop amplitude, the corresponding Landau singularities
are found in the same cluster as the poles of each Yangian invariant which can appear
in a representation of the Leading Singularity related to the cut. Moreover, we proved
LL-cluster adjacencies for all one-loop NMHV amplitudes, and N2MHV up to 9 points.
Interestingly, one-loop NMHV 7-points amplitude are uniquely fixed by LL-cluster adja-
cencies, once these are interpreted as a final-entry conditions. On the way, we proved that
all N2MHV Yangian invariants corresponding to generalised triangles are cluster adjacent,
confirming the conjectures of [31, 130]. We also show that, for Yangian invariants of the
four-mass box type, the poles of the rational sum of their algebraic terms violate cluster
adjacency.

Studies of cluster adjacency of Yangian invariants [59, 130] motivate the question of
whether this phenomenon should be regarded as a built-in mathematical feauture of Yan-
gian invariants that is by their definition, or whether it is a physical constraint. While
cluster-adjacency may be a mathematical fact for rational Yangian invariants, the inclu-
sion of Landau singularities is certainly a new, ‘physical’ information, just like extended-
Steinmann conditions on symbol letters. Our conjecture calls for a geometric understanding
that unifies all the related incarnations of cluster-adjacency and makes manifest how the
more physical ones are implied by the mathematical ones and vice versa.

At each loop L and helicity sector k, LL-cluster adjacencies provide a natural set
of pairings between Yangian invariants and symbol letters of the corresponding Landau
Singularities. This set is in general much smaller than the full set of adjacencies obtained
from Gr4,n cluster algebras, which is loop- and helicity- agnostic. It would be interesting
to see if LL-cluster adjacencies could be interpreted as refined set one can use to contain
amplitudes at fixed loop order and MHV degree, instead of relying on the full cluster
algebra. We provided an example of how this principle can be interpreted as a final-entry
condition and fix the n = 7 one-loop amplitude. Such a principle would be even more
restrictive than the recently proposed truncations of infinite cluster algebras [32, 34, 156],
but without further examples with higher multiplicity and loop order, it is merely a wishful
speculation.

On this regard, extending our analysis to non-rational Yangian invariants and Landau
singularities corresponding to algebraic letters could be natural direction to pursue. There
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have been many promising results on how to understand algebraic letters in a cluster alge-
bra fashion with the help of tropical positive Grassmannians [32, 34, 156]. However, a full
understanding of Gr4,n infinite cluster algebras is still missing, e.g. notions of ‘adjacencies’
involving algebraic letters have still to be defined.

Our work is in the direction of making steps towards answering the long-standing
question of how the cluster structure of integrands in N = 4 SYM theory is related to the
cluster structure of the integrated amplitudes. The manifestation of the physical infor-
mation carried by LL-cluster adjacencies which relates Leading Singularities with Landau
Singularities shows further evidence that cluster phenomena know about the mathematical
structure encoding (the singularities of) loop amplitudes.
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Chapter 8

Conclusions

Around a decade ago, physicists discovered that the positive Grassmannian, was exactly
what was needed to describe the interaction of particles in the ‘planar limit’ ofN = 4 super-
Yang Mills theory. In 2009, the works of Arkani-Hamed–Cachazo–Cheung–Kaplan [10] and
Bullimore–Mason–Skinner [91] introduced beautiful Grassmannian formulations for scat-
tering amplitudes in this theory. Remarkably, this led to the discovery that the positive
Grassmannian encodes most of the physical properties of amplitudes [11]. In turn, physi-
cists generated new cutting-edge ideas for combinatorists themselves. Building on these
developments and on Hodges’ idea that scattering amplitudes might be ‘volumes’ of some
geometric object [9], Arkani-Hamed and Trnka arrived at the definition of the amplituhe-
dron [13] in 2013. The above geometrisation programme hinges on the idea that quan-
tum mechanical observables in particle physics and cosmology come from underlying novel
mathematical objects. Physical properties, such as locality and unitarity, purely emerge
from geometry and combinatorics. Understanding this process advances our grasp of the
basic principles of Quantum Field Theories and allows us to perform calculations which
were previously beyond reach. Crucially, it also cross-fertilises ideas in pure mathematics,
such as in Combinatorics.

The major thread of this process of geometrization is captured by the framework of
positive geometries. Associated to a physical observable we have a space, or better have pair
(X,X+), where X is a complex projective variety and X+ is a semi-algebraic set included
in the real part of X (i.e. determined by a finite set of real polynomial equations and
inequalities). Moreover, we have a meromorphic top form called canonical form Ω(X+).
The combinatorial and geometric properties of the positive geometry are encoded in the
analytic structure of such canonical form. The latter reflects physical properties of the
physical observable coming from basic physics principles. For example, locality is encoded
in where the poles of Ω(X+) are, which reflects where the faces of X+ are; unitarity is
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encoded in what the residues of Ω(X+) are, which reflects what the geometries of the faces
of X+ are. A way to compute scattering amplitudes or other physical observables is by
summing over terms obtained via certain expansions, e.g. BCFW recursions, Feynman
diagrams, etc. This corresponds to subdividing the associated positive geometry into
elementary pieces – i.e. finding triangulations. By studying triangulations, one can: i) get
different representations of the physical observable, some of which not derivable from any
standard physical expansions; ii) manifest new properties and symmetries of the physical
observable; iii) shed light on dualities – e.g. if we find geometries which are different,
but have the same combinatorics of triangulations. This would correspond to physical
observables related by some duality, such as T-duality – one of the main topic of this work.

The m = 4 amplituhedron An,k,4 is the positive geometry of tree-level scattering ampli-
tudes in planar N = 4 SYM. However, the amplituhedron is a well-defined and interesting
mathematical object for any m. For example, the m = 1 amplituhedron An,k,1 can be
identified with the complex of bounded faces of a cyclic hyperplane arrangement [107].
The m = 2 amplituhedron An,k,2, which is one of the main subjects of this work, also
has a beautiful combinatorial structure. From the point of view of physics, An,k,2 is often
considered as a toy-model for the m = 4 case. However it has applications to physics as
well: An,2,2 governs the geometry of scattering amplitudes in planar N = 4 SYM at the
loop level, e.g. for the ‘MHV’ and ‘NMHV’ sector at one loop [92], and in general it enters
the geometry of loop amplituhedra A(L)

n,k (cf. Section 7.3.1), which encodes integrands of
loop amplitudes.

Physicists have observed a duality between the formulations of scattering amplitudes
N = 4 SYM in momentum space1 and in momentum twistor space. This is possible be-
cause of the so-called ‘Amplitude/Wilson loop duality’ [94, 227–232], which was shown to
arise from a more fundamental duality in String Theory called ‘T-duality’ [95]. There
is beautiful way this duality emerges from the framework of positive geometries, in par-
ticular, in connection with triangulations. In this work we conjecture that collections of
4k-dimensional cells of Gr≥0

k,n give a triangulation of the the amplituhedron An,k,4 if and
only if the corresponding T-dual collections of (2n − 4)-dimensional cells of Gr≥0

k+2,n give
a triangulation of the momentum amplituhedron Mn,k+2,4. The latter object is newly in-
troduced in this work, and it is the sought-after positive geometry of tree-level scattering
amplitudes of N = 4 SYM in momentum (spinor-helicity) space.

We show that this duality – we have evocatively called T-duality – extends beyond
m = 4. In particular, for m = 2, T-duality connects two seemingly unrelated objects
which have been at the center of attention of both mathematicians and physicists: the

1in ‘spinor helicity’ space, or – related by half-Fourier transform – in twistor space. See [11, Section 8].
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hypersimplex ∆k+1,n – a (n − 1)-dimensional polytope and the m = 2 amplituhedron
An,k,2 – a 2k-dimensional subset of the Grassmannian. While the latter has been recently
defined by physicists and then studied by mathematicians, the study of the hypersimplex
dates back to the foundational work of Gelfand-Goresky-MacPherson-Serganov [131], which
related the geometry of torus orbits in the Grassmannian to matroid polytopes. Employing
T-duality for m = 2, we draw striking parallels between the two objects, some of which
are illustrated in Table 4.1.

We use twistor coordinates and the geometry of the hypersimplex and positroid poly-
topes to obtain a deeper understanding of the amplituhedron. We classify generalized
triangles, full-dimensional images of positroid cells which map injectively into the ampli-
tuhedron An,k,2. We then give a new characterization of them in terms of the signs of their
twistor coordinates. We use this result to prove a conjecture of Arkani-Hamed–Thomas–
Trnka that An,k,2 can be characterized using sign flips of twistor coordinates.

Moreover, we find that the inequalities describing positroid polytopes are T-dual to sign
conditions on twistor coordinates characterizing the corresponding Grasstopes. And we
show that the sign patterns on twistor coordinates naturally subdivide the amplituhedron
into chambers. We prove that the ones which are realizable are exactly enumerated by
the Eulerian numbers Ek,n−1, just as the hypersimplex can be subdivided into simplices
enumerated by Ek,n−1. We use these properties to prove one of the main results: that a
collection of positroid polytopes is a triangulation of ∆k+1,n if and only if the collection
of T-dual Grasstopes is a triangulation of An,k,2 for all Z. Along the way, we also prove
new properties of the hypersimplex ∆k+1,n, such that its regular positroid subdivisions are
governed by the positive tropical Grassmannian Trop+ Grk+1,n. By T-duality, this implies
Trop+ Grk+1,n induces positroid triangulations for An,k,2! In general, we conjecture that
Trop+ Grk+1,n serves as the secondary fan for An,k,2 with respect to these ‘nice’ positroid
subdivisions. This means that the face poset of Trop+ Grk+1,n should match the poset of
the ‘nice’ positroid subdivisions of An,k,2. For example, maximal cones of Trop+ Grk+1,n

would give positroid triangulations and faces correspond to coarser subdivisions of An,k,2.
The connection between Trop+ Grk+1,n and An,k,2 was rather surprising: it was exactly
where our explorations started. Remarkably, we saw that T-duality goes beyond this
correspondence: it relates any positroid triangulation and, conjecturally, any dissection of
∆k+1,n and An,k,2; it relates the geometry of generalized triangles, and also of the ‘finest’
pieces – the w-simplices and w-chambers.

In our work, we also introduce a generalization Mn,k′,m of the momentum amplituhe-
dron Mn,k′,4, which we expect to play a role in generalizing T-duality story for higher m.
It is fascinating that T-duality relates objects which seem very different, but have the same
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secondary geometry, i.e. the same combinatorics of triangulations. By reverting the per-
spective, it seems that thinking about triangulations can shed light on deep and surprising
dualities – both in mathematics and physics.

Our discovery that Eulerian numbers count sign chambers of the m = 2 amplituhe-
dron is intriguing because Eulerian numbers have also come up in the context of scattering
equations [233]. Scattering equations connect the singularity structure of scattering am-
plitudes of n-particles to that of the boundaries of the moduli space of Riemann spheres
with n punctures. For N = 4 SYM, the number of solutions of the ‘NkMHV’ sector of
the theory is exactly the Eulerian number Ek,n−3 [233, 234]. Moreover, [235] provided an
explicit bijection between such solutions and permutations on [n− 3] with k descents. Fi-
nally, in the case of certain scalar quantum field theories, the authors of [36] formulated
a generalization of scattering equations. By studying ‘arrays of Feynman diagrams’, they
made connections to the positive tropical Grassmannian, and, by results of [56], to the
hypersimplex. It would be fascinating to explore possible relations between (generalized)
scattering equations, simplices of the hypersimplex, and chambers of the amplituhedron.

Meanwhile, in recent years physicists have been increasingly interested in understand-
ing how cluster algebras encode the analytic properties of scattering amplitudes, both at
tree- and loop- level. In this work we provide many results relating the amplituhedra to
cluster algebras.

First, we prove cluster adjacency for An,k,2, which says that the Plücker coordinates
labeling facets of a given generalized triangle consist of compatible cluster variables. We
also state and prove a generalization of this by showing that twistor coordinates of a
generalized triangle associated to Plücker coordinates compatible with the ones labelling its
facets have constant sign. This hints at further cluster structures inside the amplituhedron.
Moreover, we give a conjectural formula for all Yangian invariants of the m = 2 toy theory
whose positive geometry is An,k,2 – i.e. the canonical forms of generalized triangles – which
manifest their pole structures and their cluster adjacency properties.

Second, we associate a cluster variety to each generalized triangle in An,k,2 ⊂ Grk,k+2,
and show that the generalized triangle is the totally positive part of that cluster variety.
We then have the strange phenomenon that the amplituhedron An,k,2 can be triangulated
into generalized triangles, each of which is the totally positive part of a cluster variety.
Moreover, there are of course many such triangulations. It would be fascinating to explore
this phenomenon for general m, in particular for m = 4 which is physically relevant for tree-
level amplitudes in N = 4 SYM. The cluster adjacency conjecture and its generalization
(Conjecture 7.1.4) strongly hint at hidden cluster structures inside amplituhedraAn,k,m – as
we found for m = 2. The cluster algebras involved are of Grassmannian type Grm,n, which
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are in general not well understood (for m ≥ 4 and n ≥ 8). Leveraging the connections
provided by T-duality, one could employ the momentum amplituhedron to understand such
cluster structures. These could reduce to ones inside products of simpler Grassmannians,
e.g. Gr2,n×Gr2,n for the physical m = 4.

Finally, we discover LL-cluster adjacency of scattering amplitudes in planar N = 4
SYM, which relates Leading Singularities – the ‘deepest’ singularities of integrands – and
Landau Singularities – singularities of the integrated amplitudes. Our work is therefore
in the direction of making steps towards answering the long-standing question of how the
cluster structure of integrands inN = 4 SYM theory is related to the cluster structure of the
integrated amplitudes. LL-cluster adjacency enhances the cluster adjacency conjectured
at tree-level by including cluster variables arising from Landau singularities – which are
singularities of loop amplitudes. This opens the question whether also cluster phenomena
at loop level could be understood in terms of the underlying geometry. Loop amplitudes
have a very complicated analytic structure – such as branch cuts – and the Landau analysis,
performed either on individual Feynman integrals or on the whole integrand encoded in
the loop amplituhedron A(L)

n,k, connects to the correspondingly rich underlying geometric
structures of Landau varieties (see [223] for a review). The interplay between the framework
of positive geometries, Landau analysis and cluster algebras could lead to new ways of
understanding singularities of scattering amplitudes. It would be fascinating to see all
cluster phenomena at loop-level emerge from a unified, more fundamental geometric canvas,
and the impact of this on bootstrap programs, and beyond.
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Appendix A

Combinatorics of the Positive
Grassmannian

In [97], Postnikov defined several families of combinatorial objects which are in bijection
with cells of the positive Grassmannian, including decorated permutations, and equivalence
classes of reduced plabic graphs. He also used these objects to give concrete descriptions of
the cells. Here we review some of this technology.

Definition A.0.1. A decorated permutation on [n] is a bijection π : [n]→ [n] whose fixed
points are each coloured either black (loop) or white (coloop). We denote a black fixed
point i by π(i) = i, and a white fixed point i by π(i) = i. An anti-excedance of the
decorated permutation π is an element i ∈ [n] such that either π−1(i) > i or π(i) = i. We
say that a decorated permutation on [n] is of type (k, n) if it has k anti-excedances.

For example, π = (3, 2, 5, 1, 6, 8, 7, 4) has a loop in position 2, and a coloop in position
7. It has three anti-excedances, in positions 4, 7, 8.

Decorated permutations can be equivalently thought of as affine permutations [160].
An affine permutation on [n] is a bijection π : Z → Z such that π(i + n) = π(i) + n and
i ≤ π(i) ≤ i+ n, for all i ∈ Z. It is additionally (k, n)-bounded if ∑n

i=1(π(i)− i) = kn.
There is a bijection between decorated permutations of type (k, n) and (k, n)-bounded

affine permutations. Given a decorated permutation πd we can define an affine permutation
πa by the following procedure: if πd(i) > i, then define πa(i) := πd(i); if πd(i) < i, then
define πa(i) := πd(i) + n; if πd(i) is a loop then define πa(i) := i; if πd(i) is a coloop
then define πa(i) := i + n. For example, under this map, the decorated permutation
πd = (3, 2, 5, 1, 6, 8, 7, 4) in the previous example gives rise to πa = (3, 2, 5, 9, 6, 8, 15, 12).

Given a k × n matrix C = (c1, . . . , cn) written as a list of its columns, we associate
a decorated (equivalently, affine) permutation π as follows. Given i, j ∈ [n], let r[i, j]
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denote the rank of 〈ci, ci+1, . . . , cj〉, where we list the columns in cyclic order, going from
cn to c1 if i > j. We set π(i) := j to be the label of the first column j such that
ci ∈ span{ci+1, ci+2, . . . , cj}. If ci is the all-zero vector, we call i a loop or black fixed
point (and set π(i) = i in the affine permutation), and if ci is not in the span of the other
column vectors, we call i a coloop or white fixed point (and set π(i) = i + n in the affine
permutation).

The map C 7→ π extends to a map on positroid cells. Moreover, Postnikov showed that
the positroids for Gr≥0

k,n are in bijection with decorated permutations of [n] with exactly
k anti-excedances (equivalently, by (k, n)-bounded affine permutations) [97, Section 16].
One may read off the dimension of the cell Sπ from the affine permutation π as follows.
Let inv(π) be the number of pairs (i, j) such that i ∈ [n], j ∈ Z, i < j, and π(i) > π(j).
Then the dimension of Sπ equals k(n− k)− inv(π).

Definition A.0.2. A planar bicolored graph (or “plabic graph”) is a planar graph G prop-
erly embedded into a closed disk, such that each internal vertex is colored black or white;
each internal vertex is connected by a path to some boundary vertex; there are (uncolored)
vertices lying on the boundary of the disk labeled 1, . . . , n for some positive n; and each of
the boundary vertices is incident to a single edge. See Figure A.1 for an example.

1

2

34

5

Figure A.1: A plabic graph

If the connected component of G attached to a boundary vertex i is a path ending at
a black (resp., white) leaf, we call this component a black (resp., white) lollipop. We will
require that our plabic graphs have no internal leaves except for lollipops.

There is a natural set of local transformations (moves) of plabic graphs:
(M1) Square move (or urban renewal). If a plabic graph has a square formed by four

trivalent vertices whose colors alternate, then we can switch the colors of these four vertices.
(M2) Contracting/expanding a vertex. Two adjacent internal vertices of the same color

can be merged. This operation can also be reversed.
(M3) Middle vertex insertion/removal. We can remove/add degree 2 vertices.
See Figure A.2 for depictions of these three moves.
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Figure A.2: Local moves (M1), (M2), (M3) on plabic graphs.

Definition A.0.3. Two plabic graphs are called move-equivalent if they can be obtained
from each other by moves (M1)-(M3). The move-equivalence class of a given plabic graph
G is the set of all plabic graphs which are move-equivalent to G. A plabic graph is called
reduced if there is no graph in its move-equivalence in which two adjacent vertices u and v
are connected by more than one edge

Note that given a plabic graph G, we can always apply moves to G to obtain a new
graph G′ which is bipartite.

Definition A.0.4. Let G be a reduced plabic graph as above with boundary vertices
1, . . . , n. For each boundary vertex i ∈ [n], we follow a path along the edges of G starting
at i, turning (maximally) right at every internal black vertex, and (maximally) left at every
internal white vertex. This path ends at some boundary vertex π(i). By [97, Section 13],
the fact that G is reduced implies that each fixed point of π is attached to a lollipop; we
color each fixed point by the color of its lollipop. In this way we obtain the decorated
permutation πG = π of G. We say that G is of type (k, n), where k is the number of
anti-excedances of πG.

The decorated permutation of the plabic graph G of Figure A.1 is πG = (3, 4, 5, 1, 2), which
has k = 2 anti-excedances.

Definition A.0.5. Let G be a bipartite plabic graph. Use move (M3) to ensure that each
boundary vertex is incident to a white vertex. An almost perfect matching M of a plabic
graph G is a subset M of edges such that each internal vertex is incident to exactly one
edge in M (and each boundary vertex i is incident to either one or no edges in M). We let
∂M = {i | i is incident to an edge of M}.

We associate to each graph G as above a collection of subsets M(G) ⊂ [n] as follows.

Proposition A.0.6. [97, Propostion 11.7, Lemma 11.10] Let G be a plabic graph as
in Definition A.0.5, and let M(G) = {∂M | M an almost perfect matching of G}. Then
M(G) is the set of bases of a positroid on [n]. Its rank is #{white vertices of G} −
#{black vertices of G}, which is the size of ∂M for any almost perfect matching M of
G.
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Postnikov used plabic graphs to give parameterizations of cells of Gr≥0
k,n. These pa-

rameterizations of cells can be recast as a variant of a theorem of Kasteleyn, as was made
explicit in [134]. We follow the exposition there.

Theorem A.0.7. [134] Let G be a bipartite graph with boundary embedded in a disk,
such that all of the boundary vertices are black. Suppose there are N + k white vertices
W1, . . . ,WN+k, N internal black vertices B1, . . . , BN , and n boundary vertices BN+1, . . . , BN+n,
labeled in clockwise order. Let w : Edges(G) → R>0 be any weighting function; if there
is an edge between vertices i and j, we denote the weight on this edge by wij. For a
perfect matching M , define w(M) = ∏

e∈M w(e) and define ∂M to be the indices of the
boundary vertices covered by an edge in M . For a subset I of {BN+1, . . . , BN+n}, define
D(G, I, w) = ∑

∂M=I w(M).
Then there is a real k × n Kasteleyn matrix L such that for each k-element subset I

of ∂G, the determinant detLI of the k × k submatrix of L using the columns indexed by I
is detLI = D(G, I, w). In particular, all Plücker coordinates of L are non-negative.

The positroid cell SG ⊂ Grk,n associated to the plabic graph G is the set of all k-planes
in Rn spanned by matrices L as in Theorem A.0.7. If G is a tree, we call SG a tree positroid.

Remark A.0.8. The Kasteleyn matrix L is constructed as follows. First construct an
(N + k) × (N + n) matrix K, with rows indexed by white vertices and columns indexed
by black vertices, with Kij = ±we if there is an edge e between vertices i and j (otherwise
Kij = 0). Then, assuming G has at least one perfect matching, we can apply row operations

to transform K into a matrix of block form
(

IdN ?

0 L

)
.
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Appendix B

Positive Geometries and
Triangulations

In recent years, positive geometries are frequently arising as the underlying mathematical
structures for quantum mechanical observables of many theories in particle physics and
cosmology. Even though positive geometries have a priori no reference to any physics no-
tions, the physical principles and properties of physical observables can be seen as emergent
from the mathematical properties of these objects. Therefore, they play a fundamental role
in understanding the physics they encode.

We refer to [14, 60, 129] as references for this appendix. A positive geometry is a
pair (XC, X+) of a complex algebraic variety XC defined over R and a semialgebraic subset
X+ ⊂ XR such that there exists a unique1 meromorphic form Ω(X) on XC, called canonical
form, which has simple poles or logarithmic singularities along the (complexified) bound-
aries of X+ and it is regular everywhere else. A canonical form of a positive geometry
explicitly encodes its associated physical observables. Given a positive geometry (XC, X+)
endowed with a canonical form Ω(X), a natural way to compute Ω(X) is by triangulating
the geometry and summing over the canonical forms Ω(Xa) of the cells Xa in a triangu-
lation {Xa} of X+. Since the forms Ω(Xa) are usually straightforward to compute, the
problem is reduced to finding the triangulations of positive geometries. Moreover, differ-
ent triangulations correspond to different representations of Ω(X) and lead to different
expressions of the associated physical observable. Hence, it is desirable to develop a theory
of secondary positive geometry to encode the interrelations of different representations of
physical observables.

1It is unique up to multiplication by a scalar. This can be fixed e.g. by prescribing a residue at one of
the highest-codimension boundaries.
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The combinatorics of subdivisions of polytopes is very rich and has been extensively
studied in polyhedral geometry (see, e.g., [236] and references therein). More importantly,
by the seminal works of Gelfand, Kapranov and Zelevinsky [237,238], given any polytope P
there exists a so-called secondary polytope whose face lattice is isomorphic to the poset of
regular subdivisions of P . In a subsequent work [239], Billera and Sturmfels introduced the
notion of fiber polytopes which contain secondary polytopes as examples. This approach
provides a representation of the secondary polytope of P as Minkowski sum over the fibers
of a certain projection on P at some points in the polytope. An interesting family of
polytopes whose subdivisions are well-understood is cyclic polytopes (see, e.g. [240–243]).

The study of subdivisions of objects beyond polytopes is quite underdeveloped. One
particular family of interest is amplituhedra, which is one of the main topics of this work.
We recall they are geometric objects defined by Arkani-Hamed and Trnka [13] whose sub-
divisions have profound uses in physics, especially in computing scattering amplitudes of
particles. Cyclic polytopes are examples of amplituhedra. However, a general amplituhe-
dron is not necessarily a polytope.

B.0.1 Canonical forms

The geometry of the positive Grassmannian and amplituhedron can be supplemented with
certain differential forms called canonical forms. These forms are uniquely2 defined by their
property of having simple (logarithmic) poles along the boundary of the space they are
associated to. They were first introduced for the positive Grassmannians, and then were
expanded for amplituhedra (see, e.g. [11] and references therein). In particular, Arkani-
Hamed and Trnka in [13] showed how such forms algebraically encode scattering amplitudes
in N = 4 super Yang-Mills theory.

We now briefly recall the definition of residue. We refer to [245] as a standard literature
as well as [246], [247, §2.2] for more introductory texts.

Definition B.0.1 (Residue). Let Y ⊂ X be an irreducible subvariety of codimension k,
and Ω a rational form on X. Let α1, α2, . . . , αd be local coordinates of X and let Y be
locally determined by the vanishing locus α1 = · · · = αk = 0. Further, suppose that
Ω = dα1

α1
∧ · · · ∧ dαk

αk
∧ Ω′ with Ω′ of the form f(α1, α2, . . . , αd) dαk+1 ∧ dαk+2 ∧ · · · ∧ dαd

for some rational function f which is locally analytic on Y . Then the residue of Ω along
Y is defined as ResY Ω := Ω′|Y . Note that the ResY Ω is only defined up to sign, which
depends on the order of the functions α1, . . . , αk.

2The existence of such form on a variety with boundary divisors with these properties is non-trivial.
See [244, §4].
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We now introduce the standard volume form on the Grassmannian as follows.

Definition B.0.2. Let C = (Cαi) be a generic matrix of indeterminates in Grk,n. The
standard volume form of Grk,n is defined as 3

µGrk,n(C) :=
k∧

α=1
〈Cdn−kCα〉, where 〈C dn−k Cα〉 :=

∑
I∈([n]

k )
εI,[n]\I pI(C)

∧
ī∈[n]\I

dCαī.

Proposition B.0.3 ( [11, 129]). Let C be a generic matrix of indeterminates in Gr≥0
k,n.

Then the differential form

Ω
(
Gr≥0

k,n

)
=

µGrk,n(C)
p[1,k](C)p[2,k+1](C) . . . p[n,k−1](C)

is the canonical form of Gr≥0
k,n.

Note that the formula above is invariant under GLk-action, hence the form is well-
defined on Grk,n.

The amplituhedron An,k,m is conjectured to be a positive geometry [13,129]. In partic-
ular, one can obtain its canonical form Ω (An,k,m) by knowing its positroid triangulations.

Conjecture B.0.4 ( [13, 129]). Let {Zπ} be a positroid triangulation of An,k,m. Then

Ω (An,k,m) =
∑
{Zπ}

Ω (Zπ) . (B.0.5)

In particular, the sum does not depend on the positroid triangulation.

Remark B.0.6. As explained in [114, §8], the signs of Ω (Zπ) in the right hand side of
(B.0.5) are chosen according to a fixed orientation of Grk,k+m. More concretely, let us fix a
top-degree form on Grk,k+m which is non-vanishing on An,k,m. As an example of such form
we can take µGrk,k+m from Definition B.0.2. Then the sign of Ω (Zπ) is chosen such that

Ω (Zπ) (Y )
µGrk,k+m(Y ) > 0, for any Y ∈ Zπ.

Remark B.0.7. We can compute Ω (An,k,m) from Ω
(
Gr≥0

k,n

)
by knowing a positroid tri-

angulation of An,k,m. More precisely, the form Ω (Zπ) in (B.0.5) can be obtained from
3See e.g. [112, Appendix C].
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Ω (Sπ) using the diffeomorphism Z̃ between the positroid cell Sπ and its image in An,k,m
(see [114, Conjecture 8.4]). In turn, as described before, the canonical form of a positroid
cell Sπ can be obtained as: Ω (Sπ) = ResSπ

(
Ω
(
Gr≥0

k,n

) )
.

Definition B.0.8 ( [13]). Let Ω(An,k,m) be the canonical form of the amplituhedronAn,k,m
and let Ω(An,k,m) be a function of weight −(m+ k) on Grk,k+m such that

Ω(An,k,m) = Ω(An,k,m)µGrk,k+m . (B.0.9)

Then we call Ω(An,k,m) the canonical function of the amplituhedron An,k,m.

B.0.2 Positive Geometries, Fibers and Triangulations

Finally, we report a framework which puts together the philosophy of positive geometries
and secondary geometries. This was explored in [60, Sections 7].

Let (X,X+) and (Y, Y+) be two positive geometries such that dim(X) ≥ dim(Y ) and
let π : X → Y and π+ : X+ → Y+ be projections such that the fibers (π−1(y), π−1

+ (y)) are
also positive geometries for all y ∈ Y+. Analogous to Definition 5.1.1 and Definition 3.2.1,
we define triangulations of Y+ induced by the map π+ as follows:

Definition B.0.10 (Triangulations/Dissections). Given a finite collection {S} of strata of
X+, let us denote πS = π+(S) and π◦S = π+(S). The collection {πS} is a π+-dissection of
Y+ if we have that:

1. πS is full-dimensional, i.e. dim πS = dim(Y ), for each S;

2. the interiors π◦S and π◦S′ are pair-wise disjoint, for each S 6= S ′;

3. ⋃ πS = Y+, i.e. the union equals the whole space Y+.

A π+-dissection {πS} of Y+ is a π+-triangulation of Y+ if for each πS, π+ is injective on S.
In this case, πS is called a π+-generalized triangle of Y+.

Then, as in Conjecture B.0.4, we would like to have a compatibility between triangulations
and canonical forms of positive geometries, as follows:

Property B.0.11 (Canonical Forms and Triangulations). Let {πS} be a π+-triangulation
of Y+. Then its canonical form can be computed as:

Ω (Y+) =
∑
{πS}

Ω (πS) .

In particular, the sum does not depend on the π+-triangulation.
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Let µY be a standard (covariant) volume form on Y. The canonical form of Y+ can be
written as:

Ω (Y+) = Ω(Y+)µY ,

where we call Ω(Y+) the canonical function of Y+. Moreover, we define:

Definition B.0.12 (Fiber Volume Form). Let us fix y ∈ Y . Let ω and α be differential
forms on X such that:

Ω(X+) = ω ∧ π∗(µY ) + α,

and the restriction of α on π−1(y) vanishes. Then we define ωπ(y) to be differential form
of degree dim(X)− dim(Y ) obtained by restricting ω to the fiber π−1(y) of Y :

ωπ(y) = ω|π−1(y).

We call ωπ(y) the volume form on the fiber π−1(y) of Y .

As in [60, Theorem 4.8], we would like to relate ω to the triangulations of the positive
geometry, as follows:

Property B.0.13. Let y ∈ Y+ and let ωπ(y) be the volume form on the fiber π−1(y).
Then:

(i) Every π+-generalized triangle πS of Y+ corresponds to a pole qS of ωπ(y), where
qS = π−1(y) ∩ S.

(ii) The residue4 of ωπ(y) at the pole qS computes the canonical function of the general-
ized triangle:

Ω(πS)(y) = ResqSωπ(y).

(iii) In particular, given a π+-triangulation {πS} of Y+, its canonical form is given by:

Ω(Y+)(y) = µY ·
∑
{S}

ResqSωπ(y).

Remark B.0.14. In the physics literature, this procedure of computing the canonical
function via fiber volume forms, would be summarised in the following formula:

Ω(Y+)(y) =
∫
γ
Ω(X+)(x) δ(dim(Y ))

X (π(x); y), (B.0.15)

4the residues have to be performed with suitable signs, as explained in Remark B.0.6.
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where δ(dim(Y ))
X (π(x); y)) is a delta function restricting x on the subspace of X where π(x) =

y, i.e. on the fiber π−1(y). Finally γ is a suitable integration contour in X – e.g. a BCFW
contour in case of the amplituhedron. The integrand would give ωπ(y) and the integration
over γ would be the residue procedure in iii) of Property B.0.13.

The above properties could provide useful tools to study the notion of fiber positive
geometry – a positive geometry encoding the combinatorics of π+-triangulations of Y+.
Moreover, the algebraic-analytical counterpart of this problem would be finding a suited
residue procedure on the fiber volume form ωπ which computes the canonical form Ω(Y+)
and reflects the combinatorics of π+-triangulations (dissections) of Y+. Note that in the
case of polytopes, the fiber positive geometry is the construction of fiber polytopes [239]
and the residue procedure is the Jeffrey-Kirwan residue [60, 61].
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[57] O. Gürdoğan and M. Parisi, “Cluster patterns in Landau and Leading Singularities
via the Amplituhedron,” 5 2020.

[58] D. Damgaard, L. Ferro, T. Lukowski, and M. Parisi, “The momentum amplituhe-
dron,” 2019.

[59] T.  Lukowski, M. Parisi, M. Spradlin, and A. Volovich, “Cluster Adjacency for m = 2
Yangian Invariants,” JHEP, vol. 10, p. 158, 2019.

[60] F. Mohammadi, L. Monin, and M. Parisi, “Triangulations and canonical forms of
amplituhedra: A fiber-based approach beyond polytopes,” Communications in Math-
ematical Physics, 8 2021.

[61] L. Ferro, T. Lukowski, and M. Parisi, “Amplituhedron meets Jeffrey-Kirwan
Residue,” J. Phys., vol. A52, no. 4, p. 045201, 2018.

[62] J. M. Henn and J. C. Plefka, “Scattering Amplitudes in Gauge Theories,” Lect. Notes
Phys., vol. 883, pp. pp.1–195, 2014.

[63] H. Elvang and Y.-t. Huang, Scattering Amplitudes in Gauge Theory and Gravity.
Cambridge University Press, 2015.

[64] N. Beisert, “The dilatation operator of N = 4 super yang-mills theory and integra-
bility,” Phys. Rept., vol. 405, pp. 1–202, 2004.

[65] A. M. Polyakov, “Gauge Fields as Rings of Glue,” Nucl. Phys., vol. B164, pp. 171–
188, 1980.

[66] G. P. Korchemsky and A. V. Radyushkin, “Renormalization of the Wilson Loops
Beyond the Leading Order,” Nucl. Phys., vol. B283, pp. 342–364, 1987.

230

http://arxiv.org/abs/1704.05069


[67] G. ’t Hooft, “A Planar Diagram Theory for Strong Interactions,” Nucl. Phys.,
vol. B72, p. 461, 1974. [,337(1973)].

[68] R. Kleiss and H. Kuijf, “Multigluon cross sections and 5-jet production at hadron
colliders,” Nuclear Physics B, vol. 312, no. 3, pp. 616–644, 1989.

[69] Z. Bern, J. J. M. Carrasco, and H. Johansson, “New relations for gauge-theory am-
plitudes,” Phys. Rev. D, vol. 78, p. 085011, Oct 2008.

[70] V. Nair, “A current algebra for some gauge theory amplitudes,” Physics Letters B,
vol. 214, no. 2, pp. 215–218, 1988.

[71] N. Arkani-Hamed, F. Cachazo, and J. Kaplan, “What is the Simplest Quantum Field
Theory?,” JHEP, vol. 09, p. 016, 2010.

[72] P. D. Causmaecker, R. Gastmans, W. Troost, and T. T. Wu, “Multiple
bremsstrahlung in gauge theories at high energies (i). general formalism for quantum
electrodynamics,” Nuclear Physics B, vol. 206, no. 1, pp. 53–60, 1982.

[73] F. Berends, R. Kleiss, P. D. Causmaecker, R. Gastmans, W. Troost, and T. T.
Wu, “Multiple bremsstrahlung in gauge theories at high energies (ii). single
bremsstrahlung,” Nuclear Physics B, vol. 206, no. 1, pp. 61–89, 1982.

[74] R. Kleiss and W. Stirling, “Spinor techniques for calculating pp → w±/z0 + jets,”
Nuclear Physics B, vol. 262, no. 2, pp. 235–262, 1985.

[75] J. M. Drummond, J. Henn, G. P. Korchemsky, and E. Sokatchev, “Dual supercon-
formal symmetry of scattering amplitudes in N = 4 super-Yang–Mills theory,” Nucl.
Phys., vol. B828, pp. 317–374, 2010.

[76] R. Penrose, “Twistor algebra,” Journal of Mathematical Physics, vol. 8, no. 2,
pp. 345–366, 1967.

[77] S. A. Huggett and K. P. Tod, An Introduction to Twistor Theory. London Mathe-
matical Society Student Texts, Cambridge University Press, 2 ed., 1994.

[78] N. Arkani-Hamed, J. L. Bourjaily, F. Cachazo, S. Caron-Huot, and J. Trnka,
“The All-Loop Integrand For Scattering Amplitudes in Planar N=4 SYM,” JHEP,
vol. 1101, p. 041, 2011.

[79] Z. Bern and Y.-t. Huang, “Basics of Generalized Unitarity,” J. Phys., vol. A44,
p. 454003, 2011.

231



[80] J. J. M. Carrasco and H. Johansson, “Generic multiloop methods and application to
N=4 super-Yang-Mills,” J. Phys., vol. A44, p. 454004, 2011.

[81] Q. Jin and B. Feng, “Recursion relation for boundary contribution,” Journal of High
Energy Physics, vol. 2015, p. 18, Jun 2015.

[82] F. Cachazo, P. Svrcek, and E. Witten, “MHV vertices and tree amplitudes in gauge
theory,” JHEP, vol. 09, p. 006, 2004.

[83] V. G. Drinfel’d, “Hopf algebras and the quantum yang-baxter equation,” Sov. Math.
Dokl., vol. 32, pp. 254–258, 1985.

[84] V. G. Drinfel’d, “Quantum groups,” J. Math. Sci., vol. 41, p. 898, 1988.

[85] L. Dolan, C. R. Nappi, and E. Witten, “Yangian symmetry in d =4 superconformal
yang-mills theory,” 2004.

[86] J. A. Minahan and K. Zarembo, “The bethe-ansatz for N = 4 super yang-mills,”
JHEP, vol. 0303, p. 013, 2003.

[87] B. Basso, A. Sever, and P. Vieira, “Space-time S-matrix and Flux-tube S-matrix at
Finite Coupling,” 2013.

[88] N. Beisert, C. Ahn, L. F. Alday, Z. Bajnok, J. M. Drummond, et al., “Review of
AdS/CFT Integrability: An Overview,” Lett.Math.Phys., vol. 99, pp. 3–32, 2012.

[89] N. Beisert, A. Garus, and M. Rosso, “Yangian Symmetry and Integrability of Pla-
nar N=4 Supersymmetric Yang-Mills Theory,” Phys. Rev. Lett., vol. 118, no. 14,
p. 141603, 2017.

[90] N. Beisert and A. Garus, “Yangian Algebra and Correlation Functions in Planar
Gauge Theories,” SciPost Phys., vol. 5, no. 2, p. 018, 2018.

[91] M. Bullimore, L. J. Mason, and D. Skinner, “Twistor-Strings, Grassmannians and
Leading Singularities,” JHEP, vol. 03, p. 070, 2010.

[92] R. Kojima and C. Langer, “Sign Flip Triangulations of ,” 1 2020.

[93] E. Herrmann, C. Langer, J. Trnka, and M. Zheng, “Positive geometry, local triangu-
lations, and the dual of the Amplituhedron,” JHEP, vol. 01, p. 035, 2021.

[94] L. F. Alday and R. Roiban, “Scattering Amplitudes, Wilson Loops and the
String/Gauge Theory Correspondence,” Phys. Rept., vol. 468, pp. 153–211, 2008.

232



[95] N. Berkovits and J. Maldacena, “Fermionic T-Duality, Dual Superconformal Sym-
metry, and the Amplitude/Wilson Loop Connection,” JHEP, vol. 09, p. 062, 2008.

[96] P. Galashin, “Critical varieties in the grassmannian,” 2021.

[97] A. Postnikov, “Total positivity, Grassmannians, and networks.” Preprint,
http://math.mit.edu/˜apost/papers/tpgrass.pdf.

[98] G. Lusztig, “Total positivity in reductive groups,” in Lie theory and geometry,
vol. 123 of Progr. Math., pp. 531–568, Birkhäuser Boston, Boston, MA, 1994.
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Pure mathematics and physics are becoming ever more closely connected,
though their methods remain different.

Mathematicians play a game in which they themselves invent the rules,
while physicists play a game in which the rules are provided by Nature.
However, as time goes on, it becomes increasingly evident that the rules

mathematicians find interesting are the ones Nature has chosen.

Paul A.M. Dirac, 1939
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