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Abstract—Evaluating a boolean conjunctive query q over a
guarded first-order theory T is equivalent to checking whether
(T & not q) is unsatisfiable. This problem is relevant to the
areas of database theory and description logic. Since q may
not be guarded, well known results about the decidability,
complexity, and finite-model property of the guarded fragment
do not obviously carry over to conjunctive query answering
over guarded theories, and had been left open in general. By
investigating finite guarded bisimilar covers of hypergraphs
and relational structures, and by substantially generalising
Rosati’s finite chase, we prove for guarded theories T and
(unions of) conjunctive queries q that (i) T implies q iff T
implies q over finite models, that is, iff q is true in each
finite model of T and (ii) determining whether T implies
q is 2EXPTIME-complete. We further show the following
results: (iii) the existence of polynomial-size conformal covers
of arbitrary hypergraphs; (iv) a new proof of the finite model
property of the clique-guarded fragment; (v) the small model
property of the guarded fragment with optimal bounds; (vi) a
polynomial-time solution to the canonisation problem modulo
guarded bisimulation, which yields (vii) a capturing result for
guarded-bisimulation-invariant PTIME.
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I. INTRODUCTION

The guarded fragment of first-order logic (GF), defined
through the relativisation of quantifiers by atomic formulas,
was originally introduced by Andréka, van Benthem, and
Németi [1], who proved that the satisfiability problem for
GF is decidable. Gridel [2] proved that every satisfiable
guarded first-order sentence has a finite model, i.e., that GF
has the finite model property (FMP). In the same paper,
Gridel also proved that satisfiability of GF-sentences is
complete for 2EXPTIME, and is EXPTIME-complete for
sentences involving relations of bounded arity. GF has since
been intensively studied and extended in various ways. For
example, the clique guarded fragment (CGF) [3] properly
extends GF but still enjoys the finite model property as
shown by Hodkinson [4], see also [5] for a simpler proof.
Guardedness has emerged as a main new paradigm for
decidability and other benign properties such as the FMP,
and has applications in various areas of computer science.
While GF was originally introduced to embed and natu-
rally extend propositional modal logics within first-order

Martin Otto
Technische Universitit Darmstadt
Darmstadt, Germany
otto @mathematik.tu-darmstadt.de

logic [1], it has various applications and was more recently
shown to be relevant to description logics [6] and to database
theory [7], [8]. Fragments of GF were recently studied for
query-answering in such contexts, see e.g. [8], [9], [10], [7],
[11], [12], [13]. The main problems studied in the present
paper were motivated by such applications.

Main problems studied

In the present paper we study the problem of querying
guarded theories using conjunctive queries or unions of
conjunctive queries. A boolean conjunctive query (BCQ) ¢
consists of an existentially closed conjunction of atoms. A
union of (boolean) conjunctive queries (UCQ) is a disjunc-
tion of BCQs. If ¢ is a guarded sentence (or, equivalently, a
guarded theory), we say that a query ¢ evaluates to true over
o, iff ¢ = ¢. In this context, we considered the following
non-trivial main questions:

Finite controllability: Is it true that for each GF-
sentence ¢ and each UCQ ¢, ¢ Fq¢ < ¢ =g q?
Since the query ¢ may not be guarded, the finite model
property of the guarded fragment is not sufficient to answer
this question positively. Rather, this question amounts to
whether for each ¢ and g as above, whenever ¢ A —q is
consistent, it also has a finite model. This is equivalent to
the finite model property of the extended fragment GF™ of
GF, where universally quantified boolean combinations of
negative atoms can be conjoined to guarded sentences. See
[14] for another strengthening of the finite model property
of GF. The concept of finite controllability was introduced
by Rosati [7].

Size of finite models: How can we bound the sizes
of finite models? In particular, in case ¢ [~ ¢, how can
we bound the size of the smallest finite models 2 of ¢
for which 90t %= ¢? Note that any recursive bound on the
size of such models 9t immediately yields the decidability
of query-answering. On the other hand, if ¢ is consistent
and ¢ = ¢, then the existence of a finite model 90t such
that 91 |= ¢ follows trivially from the FMP of GF, because
every model 201 of ¢ is also a model of q. However, little was

Rosati’s definition is slightly stronger (see Proposition 1); the definition
given here is, however, better suited for the full guarded fragment.



known about the size of the smallest finite models of a satis-
fiable guarded sentence . Grédel’s finite-model construction
in [2], in case of unbounded arities, first transforms ¢ into
a doubly exponentially sized structure, which is then input
to a transformation according to Herwig’s theorem [15],
requiring a further exponential blow-up in the worst case.
This suggests a triple-exponential upper bound. Can we do
better?

Size of hypergraph covers: It turns out (and will
be made clear further below) that the above problems are
closely related to bounds on the size of the smallest guarded
bisimilar conformal hypergraph 21" that covers a given hy-
pergraph 2, a problem of independent interest. Existence of
such covers was established in [5]; their doubly exponential
construction being the only known bound. Is it possible to
find a better, possibly polynomial bound?

Decidability and complexity: Is UCQ-answering over
guarded theories decidable, and if so, what is the complexity
of deciding whether ¢ |= ¢ for a BCQ or a UCQ ¢ over a
guarded theory ?

Canonisation and capturing: As a further problem of
independent interest, which is closely related to the above
questions, we study PTIME canonisation — the problem of
providing a unique representative for each guarded bisim-
ulation equivalence class of structures, to be computed in
PTIME from any given member of that class. This has
implications for capturing the guarded bisimulation invariant
fragment of PTIME in the sense of descriptive complexity.

We provide answers to all these questions. Before sum-
marising our results, let us briefly explain how the above
questions relate to database theory and description logic. (A
more detailed treatment will be contained in the full paper.)

Applications to databases and description logic

In the database area, query answering under integrity
constraints plays an important role. In this context a rela-
tional database D, consisting of a finite set (conjunction) of
ground atoms is given, and a set X of integrity constraints
is specified on D. The database D does not necessarily
satisfy 3, and may thus be “incomplete”. The problem of
answering a BCQ ¢ on D under X consists of determining
whether D U ¥ = ¢, also written as (D,3) = ¢. An
important class of integrity constraints in this context are
so-called tuple-generating dependencies (TGDs) [16]. Given
a relational schema (i.e., signature) R, a tuple-generating
dependency (TGD) o over R is a first-order formula of the
form Vzvy (®(Z,7) — 3z ¥(, z)), where ®(z,7) and ¥(z,
Z) are conjunctions of atoms over R, called the body and
the head of o, respectively. It is well-known that database
query-answering under TGDs is undecidable, see [17], even
for very restricted cases [8]. For the relevant class of
guarded TGDs [8], however, query-answering is decidable

and actually 2EXPTIME-complete [8]. A guarded TGD is a
TGD o with an atom in its body that contains all universally
quantified variables of o. For example, the sentence

VM,N,D Emp(M,N,D) A Manages(M, D) —
3E, N Emp(E,N’, D) A Reportsto(E, M)

is a GTGD stating that if M is a manager named N
belonging to and managing department D, then there must
be at least one employee F having some name N’ in
department D reporting to M. In general, GTGDs are,
strictly speaking, not guarded sentences, because their heads
may be unguarded. However, by using “harmless” auxiliary
predicates and splitting up GTD-heads into several rules,
each set of GTGDs can be rewritten into a guarded sentence
that is (for all relevant purposes) equivalent to the original
set.

The class of inclusion dependencies (IDs) is a simple
subclass of the class of GTGDs. An ID has the logical form
VI,7 (a(Z,y) — 32 B(T,Z)), where o and ( are single
atoms. In [18] it was shown that query-answering under
IDs is decidable and, more precisely, PSPACE-complete
in the general case and NP-complete for bounded arities.
One very important problem was left open in [18]: the
finite controllability of IDs. Given that in the database world
attention is limited to finite databases, a boolean query that
would be false in infinite models of D U ¥ only, would
still be finitely satisfied by D U ¥ and should be answered
positively. Do such queries exist? This problem was solved
by Rosati [7], who, by using a finite model generation
procedure called Finite Chase, showed that IDs are finitely
controllable. Rosati’s result is actually formulated as follows:

Proposition 1 (Rosati [7]). For every finite set of facts
D and set T of IDs and for every N there exists a finite
structure € extending D and satisfying I and such that for
every boolean conjunctive query q comprised of at most N

atoms € = q iff D, T = q.

Description logics are used for ontological reasoning in
the Semantic Web and in other contexts. Useful description
logics such as DL-Lite ... and DL-Liteg [12] are essentially
based on IDs, and are thus finitely controllable. The class of
GTDS and the yet more expressive class of weakly guarded
TGDS (WGTGDs) have been introduced and studied in [8],
[9] as powerful tools for data integration, data exchange [19],
and ontological reasoning. Their finite controllability, how-
ever, was left as an open problem. Unfortunately, Rosati’s
Finite Chase cannot be directly applied to GTGDs and
WTGTDs. However, it is easy to see (and will be detailed
in the full paper) that the finite controllability of GTGDs
and WGTGDs follows from the finite controllability of GF,
which is the main result of the present paper.



Summary of results

Finite Controllability: That answering UCQs against
guarded theories is finitely controllable was already implicit
in the report [20], although not formulated in this termi-
nology. The finite models constructed in [20] are of non-
elementary size and do not yield meaningful complexity
results. The following central result of our paper, derived by
a completely new proof, yields a much better size bound.

Theorem 2. For every GF sentence ¢ and every UCQ g,
v Eq <= ¢ Efn q More speciﬁcall%uif‘)w A —q is
satisfiable then it has a model of size 2191117 when the
signature is taken to be fixed.

To obtain the above result, we first establish new results
on hypergraph covers, which are of independent interest.

Hypergraph Covers: We relate finite controllability
to the concept of hypergraph covers. A hypergraph cover
for a given hypergraph 2 consists of a hypergraph B
together with a homomorphism 7: B = 2 that induces
a hypergraph bisimulation between 6 and 2. This notion
naturally extends to relational structures 2(,‘B on the basis
of homomorphism induced guarded bisimulations. The fol-
lowing main technical result is used to derive most other
results (for definitions of notions mentioned see Section 2).

Theorem 3 (Main Technical Result). Given N > 2 and a
hypergraph (relational structure) 2 one can construct an N -
conformal hypergraph (structure) Ry constituting a weakly
N-acyclic hypergraph cover (guarded bisimilar cover) of .
In particular, Ry is conformal whenever N > w, where w
is the width of U; moreover, |RN| = |91|wO(N) and, for fixed
w and N, Ry can be computed in polynomial time. We call
R the Rosati cover of .

Let us explain very informally the role of the Rosati
covers in establishing Theorem 2. In Lemma 10 we observe
that deciding ¢ = ¢ for guarded ¢ and arbitrary queries
g can be reduced to the equivalent question of ¢ = Xq.
where X, is a disjunction of acyclic queries stemming
from the original query. It is more difficult to show that
this reduction is equally valid over finite models, i.e. that
¢ Ffn ¢ < ¢ F6n Xq- In particular, that given a finite
A = ¢ A—x, a finite model of ¢ A —g can too be found. The
“unraveling” 2* of 2 constitutes a tree-like model of pA—X,
and an acyclic cover of 2. Thus, by virtue of acyclicity,
A* = —q. However, 2* is typically infinite. The challenge
is to find a finite cover of 2 retaining a “sufficient degree
of acyclicity” so as not to render it a model of g. This is
captured by the notion of weakly N-acyclic covers ensuring
“faithful answers to queries of size at most N”. Theorem 3
shows that such finite covers can be constructed.

Conformal covers: Hodkinson and Otto showed in [5]
that all hypergraphs admit guarded bisimilar covers by con-
formal hypergraphs (for definitions, see Section 2). While

the construction in [5] involves a doubly exponential blow-
up in size, we here obtain a polynomial construction of
conformal covers as a corollary to Theorem 3.

Corollary 4. Every hypergraph 2 of width w admits a
O(w

conformal hypergraph cover of size |2A|" ™ For bounded

width, we thus obtain polynomial size conformal covers.

Translated into logic, Theorem 3 actually proves Rosati’s
Theorem in a more compact and more general form. It
will emerge from our technical discussion that the finite
controllability of GF can therefore be reduced to Theorem 3.

Finite model property of the clique-guarded frag-
ment: As it happens, our construction used for Theorem 2
can also be applied to obtain finite models of any satisfiable
clique-guarded formula. In fact, our construction yields more
compact finite models. We thus obtain a new proof of the
FMP for the clique-guarded fragment.

Small model property: Through our new method of
finite-model construction, we are able to improve the bounds
implicit in [2] for GF and the overhead for CGF implicit
in [4], [5] on the size of the smallest finite model of a
satisfiable (clique-)guarded sentence.

Theorem 5. Every satisfiable formula of CGF (and thus of
GF) has a finite model of size exponential in the length and
doubly exponential in the width of the formula. Moreover,
for every k > 2, the k-variable fragment of CGF (GF) has
finite models of exponential size in the length of the formula.

Complexity of query answering: In [2] Gridel proved
that satisfiability of GF-sentences is complete for 2EXP-
TIME, and EXPTIME-complete in case of bounded arity.
We prove that exactly the same bounds actually hold for
answering BCQs and UCQs over guarded theories, which
solves the initially posed complexity question about query-
answering over guarded theories. The first step consists in
reducing ¢ = ¢ to ¢ = x4, as mentioned above. The
formula x, may, however, be of exponential size. Our results
then follow by analysing the complexity of checking the
(un)satisfiability of the guarded theory ¢ A —x,. We also
investigate the problem of query answering over models of
a fixed guarded sentence, and provide a number of useful
bounds. Our bounds for fixed sentences ¢ are not all tight
and leave space for future research.

Canonisation and capturing: As a further conse-
quence of Theorem 3, we find a polynomial solution to the
canonisation problem for guarded bisimulation equivalence
~g. This allows us to capture the ~g-invariant fragment
of PTIME in the sense of descriptive complexity, i.e., to
provide effective syntax with PTIME model checking for
the PTIME queries closed under guarded bisimulation equiv-
alence. Canonisation is achieved through inversion of the
natural game invariant 7(2() that uniquely characterises the
guarded bisimulation class, or the complete GF-theory, of



a given structure 2. A PTIME reconstruction of a model
from the abstract specification of its equivalence class yields
PTIME canonisation.

Theorem 6. For every relational signature T there exists
a PTIME algorithm computing from a given invariant I(2)
of an unspecified T-structure 2 a finite T-structure can(2l)
such that I(can(2)) = I(A); hence can(A) ~, A and
can(A') = can(A) whenever A ~g A'.

Corollary 7. The class of all those PTIME boolean queries
that are invariant under guarded bisimulation, PTIME/ ~e
can be captured in the sense of descriptive complexity.

Organisation

Section 2 defines the main concepts and introduces
guarded bisimilar hypergraph covers as a main tool. It
also states the above-mentioned Lemma 10. Section 3
presents the construction of the Rosati cover. From this
and Lemma 10, the finite controllability of GF is proven in
Section 4. Section 5 establishes our new complexity results.
Section 6 deals with canonisation and capturing.

II. HYPERGRAPHS AND GUARDED FRAGMENTS

We work with finite relational signatures possibly also
admitting constants. Let us fix such a signature 7 and
let width(7) denote the the maximal arity of any of the
predicate symbols in 7.

The guarded fragment of first order logic (GF), introduced
by Andréka et al. [1], is the collection of first-order formulas
with some syntactic restrictions in the quantification pattern,
which is analogous to the relativised nature of modal logic.
The set of GF(7) formulas is the smallest set

(i) containing all atomic 7-formulas and equalities;
(i1) closed under boolean connectives: =, A, V, —, «;
(iii) and such that whenever ¢(Z,7) € GF(7) with all free
variables indicated and «(ZT,7y) is a T-atom, or equality
x = y, involving all free variables of 1) then the
following are in GF(7) as well:

(VZ. )y =V (a — ) and (3Z. )¢ =TT (a AY).

In a 7-structure 2 a set X of elements is said to be
guarded if there is an atom R*®(@) such that every member
of X occurs in a. A maximal guarded set is one not properly
included in any other guarded set. A tuple b of elements is
guarded if the set of its components is guarded.

An atomic T-type t(x1,...,%,) is a maximal consistent
set of 7-literals (atoms or negated atoms) whose constituent
terms are among the variables z1, ..., z, and the constants
from 7. An atomic type t(x1,...,x,) determines, for every
choice of indices 1 = (i1,...,1x), its restriction to compo-
nents 1, which is an atomic type in k variables (z;,, ..., x;,)
denoted t|;; conversely we say that ¢ is an extension of t|s.
In a 7-structure 2 the atomic type atpy (@) of a tuple @

is the unique atomic type t(Z) such that A = ¢(a). One
says that ¢ is realised by @ in 2. Over a signature of r
many relational symbols of maximal arity w and k constants
there are 2°("("+5)") many atomic types in n variables. We
identify each atomic type with the conjunction of its literals.

Guarded bisimulation ~g can be defined either in terms of
the guarded bisimulation game, a variant of the Ehrenfeucht-
Fraissé game in which the set of pebbles must at any given
time be guarded, or as a back-and-forth system of partial
isomorphisms whose domain and image are both guarded.
GF is preserved under guarded bisimulation:

A~e B = forallpeGF: AE=p & BE=o.

Given a relational structure 2, its guarded-bisimulation
game graph, denoted G(21), has as its vertices the maximal
guarded tuples of 2, each labelled by its atomic type. Two
such tuples @ and b are linked by an edge labelled by a
partial bijection p C {1..k} x {1..k} whenever a; = b; for
all (¢,7) € p. Note that structures 2 and B are guarded
bisimilar iff G(2) and G(8) are bisimilar (in the modal
sense).

The guarded bisimulation invariant I(2l) of 2 is defined
as the bisimulation quotient of G(2). Vertices of I(2)
correspond to ~g classes of maximal guarded tuples of
2, labelled by their atomic types. A p-labelled edge links
vertices v and w if there are guarded tuples @ and b in
2 realising the ~g-classes represented by v and by w,
respectively, and such that a; = b; for all (¢, 5) € p.

While GF provides an important extension of the modal
fragment, guarded quantification is too restrictive to express
some basic temporal operators. To remedy this shortcoming
various relaxations of the notion of guardedness and corre-
sponding fragments have been introduced, chief among them
the clique-guarded fragment.

The Clique Guarded Fragment (CGF) relaxes the con-
straints on guards « in GF to allow existentially quantified
conjunctions of atoms as guards that guarantee that the tuple
of free variables is clique-guarded. A set X of elements of
a structure A is clique-guarded if every pair of elements
of X is guarded, equivalently, if X induces a clique in the
Gaifman graph of 2. A tuple @ is clique-guarded whenever
the set of its components is. Observe that while guarded
sets are bounded in size by the width of the signature, there
can be arbitrarily large clique-guarded sets whenever the
width is at least 2. Recall that the width of a formula ¢,
width(e) is the maximal number of free variables in any of
its subformulas. In a clique-guarded formula ¢ the maximal
size of a clique-guarded set quantified over is bounded by
width(y).

Scott normal form and satisfiability criterion. Gridel’s
analysis of decidability for GF [2] uses the following Scott
normal form corresponding to a relational Skolemisation.



Lemma 8. To every (clique-)guarded T-sentence ¢ one can
associate a companion (clique-)guarded T U o-sentence

Y =N\;(VZ.05) 9;(Z) N N\, (VZ.0:) (37.7%) ¥i(T. )

such that v |= ¢ and every = ¢ has a T U o-expansion
B |= 1. Here |o| < |p|, width(¢)) = width(p) and the 9;,
1; are quantifier-free.

A guarded bisimulation game graph G or invariant [ is
said to satisfy the formula 1/ in normal form if
(i) its vertices are labelled by guarded atomic types in the
signature of 1 and that satisfy its universal conjuncts;
(ii) for each vertex v with label ¢(ZZ) and each conjunct
(VZ.0;) (37.v:) ¥:(Z,Y) such that t(Z) |= 5;(T) there
exists a vertex w labelled with some type s(T'Y) E
¥;(T',7) such that s|z = t|z and v and w are linked
by an edge labelled with the mapping p: T — T'.

Proposition 9 (cf. [2, Lemma 3.4]). Let @) be the normal
form of . Then ¢ is satisfiable iff there exists a guarded
bisimulation invariant J satisfying 1 and such that vertices
of J are labelled by distinct guarded atomic types.

Hypergraphs, acyclicity and covers

A hypergraph is a pair H = (V,S) with V its set of
elements and S C P(V) a set of subsets of V, called
hyperedges. For a set of hyperedges S, let S| stand for
the closure of S under subsets. A set X of elements of
H is guarded if X € S|. The Gaifman graph I'(H) of H
is the undirected graph having vertex set V' and, as edges,
all guarded pairs of H. The maximal size of any hyperedge
is referred to as the width of H. To every 7-structure 2
one associates in a natural way a hypergraph H[2(] with
V' the universe of 2 and S the collection of maximal
guarded subsets of 2. The width of H[2] is then bounded
by width(7). The Gaifman graph of 2 is I'[2] := T'(H[2]).

A homomorphism h: H — H' between hypergraphs
H = (V,S) and H = (V',8") is a map from V to
V' such that h(s) € S’| for all s € S. Obviously any
homomorphism h: % — 2’ between relational structures
induces a hypergraph homomorphism from H[2(] to H[2l'].

G(H) and I(H) are defined similarly for hypergraphs H,
where instead of guarded bisimulation we use the natural
notion of hypergraph bisimulation — it is safe to think of
hypergraph bisimulation as of guarded bisimulation stripped
of all atomic relational information. Vertices in the game
graph are hyperedges and edges are labelled by partial
bijections compatible with the actual overlaps.

A hypergraph H is (N-)conformal if every clique in I'(H)
(of size at most V) is covered by a hyperedge of H. A struc-
ture 2L is (V-)conformal whenever H 2] is, i.e., if every k-
clique (k < N) in its Gaifman graph is covered by a ground
atom. Over conformal structures guarded quantification is as
powerful as clique-guarded quantification.

A hypergraph H is (N-)chordal if all cycles in T'(H) of
length greater than 3 (and at most ) have a chord in I'(H).
An analogous notion for relational structures 2 is similarly
defined in terms of the Gaifman graph I'( H (2()).

A hypergraph is (N-)acyclic if it is both (/V-)chordal and
(N-)conformal. For finite hypergraphs acyclicity is equiva-
lent to tree decomposability. A finite hypergraph is tree de-
composable if it can be reduced to the empty hypergraph by
iteratively deleting some non-maximal hyperedge or some
vertex contained in at most one hyperedge (cf. Graham’s
algorithm) [22]. We say that a relational structure 2l is
guarded tree decomposable if 2 allows a tree decomposition
in the sense of Robertson—Seymour with guarded bags. This
is equivalent to H[2] being tree decomposable, i.e. acyclic.

A guarded bisimilar cover w: B = 2 is an onto
homomorphism 7: ‘B — 2l inducing a guarded bisimulation
{(b,7(b)) | b guarded in B}. It is weakly N-conformal
if the image under 7 of any clique of size up to N in
the Gaifman graph of B is guarded in 2; similarly it is
weakly N-chordal if the image under 7 of every cycle
of length at most N in the Gaifman graph of ‘B has a
chordal decomposition (triangulation) in the Gaifman graph
of 2; and it is weakly N-acyclic if it is both weakly N-
conformal and weakly N-chordal. Analogous notions of
hypergraph covers are defined mutatis mutandis. Note that
the restrictions of a cover homomorphism to hyperedges are
necessarily bijections onto hyperedges.

A homomorphism h: H — H’ into the hypergraph
H' = (V') 5') is called (guarded) tree decomposable if there
is some S” C S’ s.t. h: H — H" is a homomorphism into
H" = (V',58"”) and H" is tree decomposable. This extends
to relational structures in the usual manner. Every homo-
morphism into a (guarded) tree decomposable hypergraph
(structure) is trivially (guarded) tree decomposable. Note that
a hypergraph cover (guarded bisimilar cover) 7: B = 2 is
weakly N-acyclic iff for every homomorphism h: Q — B
from a hypergraph (structure) Q on at most IV elements woh
is (guarded) tree decomposable.

Conjunctive queries (CQ) are formulas of the form
dz /\Z «;, where the «; are positive literals. A boolean con-
junctive query (BCQ) is one with no free variables. A union
of (boolean) conjunctive queries (UCQ) is a disjunction of
BCQs. The size |q| of a UCQ is the length of ¢ as a formula.

To every BCQ Q = 3T A\, a; of signature 7 one can
associate the 7-structure Q having as universe the set of
variables in T and atoms as prescribed by the «;’s of Q.
Then 2l = Q iff there exists a homomorphism h : Q — 2.
We say that @ is acyclic if the associated structure Q is
acyclic.

For each BCQ ) we define x¢ as the disjunction of all
acyclic BCQs T' comprised of at most three times as many
atoms as @ and such that 7' |= Q. For ¢ = \/, Q; a UCQ
we set xq = \/,; X@,- It is obvious that x, = ¢ for every q.



Lemma 10. Consider a UCQ q = \/, Q; in signature T.
(i) A = xq forall A such that there is some guarded
tree decomposable homomorphism h : Q; — U;
(ii) o l=q < ¢l=xq forall ¢eGF;
(i) |xg| = 7717 (g width (7)) Oahvidth ()

III. THE ROSATI COVER

Rosati proved Proposition 1 using a “finite chase” [7]
procedure that safely reuses variables and results in very
compact finite models. However, his proof of correctness of
the finite chase with respect to conjunctive query answering
is very intricate. We adapt the core idea of his model
construction to give a more general guarded bisimilar cover
construction for finite models, and a conceptually cleaner
and simpler proof of faithfulness with respect to conjunctive
queries of bounded size.

Theorem 3. Given N > 2 and a (guarded) bisimulation
invariant 3 = I(1) of an unspecified hypergraph (structure)
A one can construct hypergraphs (finite structures) SRy and
R such that I(Rn) = I(R) =T, and Ry is N-conformal
and is a weakly N-acyclic (guarded) bisimilar cover of R.
We have |Ry| = |3\wO<N) where w is the width of U
(also apparent from J) and, for fixed w and N, Ry can
be computed in polynomial time.

It is not hard to see how this formulation entails the
statement of Theorem 3 as given in the introduction. Observe
that () = G(2A) can be enforced by introducing new
predicates to distinguish each individual guarded tuple of .
Then Ry is a weakly N-acyclic (guarded) bisimilar cover,
the Rosati cover of A itself. Then, for N > width(2l), Ry is
a conformal cover of 2, hence Corollary 4.

We first define the Rosati cover of a given finite hyper-
graph (or relational structure), for fixed N. After preliminary
observations much resembling some of Rosati’s key lemmas
we prove its two crucial properties: weak N-chordality and
weak N-conformality of 2Ry over 2. Our Ry turns out to
be N-conformal but only weakly N-chordal over 2. In fact,
R will be the top layer of a chain of covers of increasing
degrees of weak chordality, similar to [20]; for weak N-
chordality we then collect chords of cycles in wx(H) as
images of hyperedges that are found in intermediate covering
layers.

Definition of Ry

Let w be the width of 2 (apparent from J = I(2)), i.e.
the maximal size of any of its hyperedges (guarded sets).
We assume throughout that w > 1, since width 1 is trivial.
For the rest of this section we also fix m > N > 2.

Let e be a vertex of J labelled by some atomic type
Te(x1,...,x). We associate to e and every 1 < i < k,
and every edge p:d — e of J, and every 0 < j < w™T!

J
e,

« a constant symbol ¢ ., and

« a function symbol fg’i(zl, ...y21) with [ = |domp|,
provided that x; is not in the image of p.

Elements of the Rosati cover will be well-formed terms
built with these constant and function symbols. As shorthand
we write £](f) for (f; ;(£))ice\me(p)» and € for (c] ) )1<i<r
and for any a tuple ¢ = (t1,...,t;) we let {¢} stand
for {t1,...,t;}. The truncation of a term t at depth &,
denoted ¢/, is defined by the following recursive rules and

is extended to sets and tuples of terms in the obvious way.

Cje-,i/ﬁ = C{;’i
,ii@/o = CéZ ) (e the target of p)
01 = £/x)

~

We define for each e € J a set of hyperedges Hy(e)
above e at height r, by mutual recursion:

Hy(e) = {{el} | j<wm™t}
H7;V+1(e) = HJTV(e) U {p'j(h|dom(p)) ‘ h e erv(d)7
p:d—e j<wmtli}
Hn(e) = U, Hyl(e)
HN = Ueej HN((i)

where p/ ({t}) = {f](t;y_1)} U {t} if j does not occur in
t/n—1 and is undefined otherwise.

Observe that all terms appearing in any hyperedge in H n
have depth at most N and that the function symbol at the
root of any subterm does not occur anywhere else within
that subterm. By definition every h € Hy is either of the
form {cl} € HQ(e) or {£i(T,ny_1)} U {t} € H} ' (e) for
some 7 and e the target of p. Crucially, N > 2 ensures that
the latter partitioning of £ is unique and we say that h is
obtained by p-extension of some (not necessarily unique)
hyperedge in H,(d) for d the source of p. In particular
the sets H(e) partition . Henceforth we often omit the
subscript N writing H, H(e), etc.

A hyperedge h is a primary guard of X if it is a guard of
X, i.e. X C h, and is not the p-extension of some i’ also
guarding X.

Lemma 11. For every guarded set X of terms there is an
ex € J such that all primary guards of X belong to H(ex).

Proof: If X is guarded by some {c!}, in which case
{cl} is the only primary guard of X, then set ex = e.

If X is guarded by some {fJ(,n_1)} U {t} € H"t'(e)
then either X C {¢}, in which case X is already guarded
by some hyperedge in H"(d), with p: d — e in J so h is
not a primary guard of X, or there is some fgyi(f/zvq) in
X, and we set ex = e to be the target of p.

Suppose a hyperedge {fJ (5/x_1)} U {3} € H"+!(¢)
Wi/th e’ # e was also a primary guard of X. Then some
fg’i,(E/ ~_1) would have to be in X. This, however, would



imply that fii(f/ ~—1) had to be among 5 and vice versa

f2(5/n—1) among ¢ contradicting the requirement that j
and j’ do not repeat in these terms, given that N > 2. H

It follows that we can lift all hyperedges of 2 to R,
not just the maximal ones. Let H, be comprised of the
hyperedges in Hy together with sub-hyperedges h' C h
for each h € H(e) precisely as specified by the type 7.
associated to e € J. By Lemma 11, we may assume that
h is a primary guard of A’ since for every p : d — e the
types Tqldomp and Te|mg, are identical. This definition is
therefore sound in the sense that it does not depend on the
choice of h.

Definition 1 (Rosati cover). We define R as having
universe | JHyn and hyperedges Hy, and set Ry = 9‘{%

Using similar reasoning as in Lemma 11 one can verify
that J is indeed the guarded bisimulation invariant of Ry,
i.e., that Ry ~g 2 for (any) A (with T = I(2)).

Lemma 12. I(RY) = J. In particular, for each e € J all
hyperedges in Hy (e) realise the same guarded bisimulation
type represented by e.

Proof: Consider hy € H(eg) and go € H(dp) such that
X =hoNgo # 0. As in Lemma 11 we can find primary
guards h,.,gs € H(ex) of X by tracing backward from hg
and from g, respectively, through a sequence of extension

p P
h0<—1h1<—2h2~~

g1 g2
go——4g1 <—3gz2 -

&£ h, € H(ex) and
<0—Sgs EH(ex)

ignoring the particular j-values. Let h; € H(e;) for all 0 <
it <rand g € H(d;) for all 0 <[ < s. Then in J we have
paths €0<p—1€1 vee er,1<p—T6X1>dS,1 <o dy &do.

Given the nature of edges in (guarded) bisimulation game
graphs G(2() as representing partial isomorphisms they are
invertible and compositional in the sense that for each v-2w

there is wp—lw and then for every w->u there is also v 28y
as long as o o p # (). These properties are inherited by all
(guarded) bisimulation invariants.

In this instance, this means that for any partial isomor-
phism ) # 7 C gy 0---0050p. ! 0---0p1_1 we have
eo—dy in J and there is such a 7 for which X = holdoma -

It follows that all moves made from any h € Hy(e) to
any g € Hy(d) in the guarded bisimulation game on R
have corresponding edges from e to d in J. The converse
of this being enforced by the very definition of JR%} we can
establish that the (guarded) bisimulation invariant of JR%} is
no other than J. u

Lemma 13. H’(e)/n_1 = Hiy_,(€) for all m > N > 2
and r. Truncation of terms at depth k thus acts, for all
m > N > k > 2, as a homomorphic projection from R}

onto R} inducing a guarded bisimulation. In other words,
we have the following chain of covers:

9%]1:/[_’%%71_’"'%3 Hmé\[

The size of SRy can be bounded as follows. Let w be the
width of J, assume that w > 2 and let J = w™*L. Then
there are ||©(“).J many constants c, ; and function symbols
fgﬂ- altogether and each term of depth at most NV is built
up from at most w™+! many such symbols. For m = N,
therefore, the total number of terms in Ry is, as stated in
Theorem 3, at most (I[N +1)w™ ™ — 5w

Auxiliary notions

Consider a hyperedge h = {f](,n_1)}U{t} € H (e).
The elements of {f](,y_1)} will be referred to as siblings,
and denoted as fg)i(f/N_l) = fil(i/N—l)- We will also say
that these terms are introduced in the hyperedge h and that
h is a p-extension. Furthermore, elements of {t} are said
to be predecessors of those in {f)(Z,y_1)}, and denoted
as t; — gvi(f/N_l), for | and i as appropriate. Constants
covered by a hyperedge {cZ} € HY(e) will also be regarded
as siblings introduced in that hyperedge. Compare Lemmas 6
and 7 in the long version of [7] for the following.

Lemma 14. (i) The relations =, —, and its inverse <«
form a partition of guarded pairs of R.
(ii) = is an equivalence relation having guarded classes.
(iii) Whenever t° — t!' = t? then also t° — 2.
(iv) In RT3} there are no directed —-cycles of length < N.

Remark 15. (i) Lemma 14 implies that the predecessor
relation is transitive on any guarded set of terms.

(ii) If h is a primary guard of t then the —-maximal
element of h must be among 1.

(iii) Assume m > N > 3. If h € R}y is a (primary)
guard of X C MY then h/n_1 is a (primary) guard
of X/n—1 € RY_,. In particular: ex = ex,,_, for
any guarded set X C R}

N-conformality of Ry

Consider 3 < I < N and an I-clique {t°,... ,#71}
in Ry, i.e., such that all pairs {t’,#/} are guarded. By

Lemma 14 there are no predecessor-cycles in {t°,... #=1}
but there is a term, w.lo.g. t°, such that every one of
tt, ..., 171 is either a predecessor or a sibling of ¢°.

Observe that the projection of any primary guard of ¢°
to MY, guards {t(/)pr ...t ). This would already
be sufficient to establish a weaker form of Theorem 3 still
yielding Theorem 2 for GF. However, we wish to show that
the entire [-clique is guarded already in SRy.



Proposition 16. Assume that for some 2 <1 < N there are
0, ..., t'=Y in My such that all pairs {t', 1’} are guarded.
Then the entire set {t°,... t'='} is guarded in Ry.

Proof: The case | = 2 being trivial we proceed by
induction on (. By the preceding observation we may assume
w.lo.g. that each of t',... t~1 is either a predecessor
or a sibling of . By the induction hypothesis X =
{t',...,t71} is guarded. Let gy € H(ex) be a primary
guard of X.

Consider first the case when t° = ¢ for some i # 0. Then
t' is a —-maximal element of X and as such is necessarily
introduced in gq. Then t°, being a sibling of ¢/, is also
introduced in gy, which therefore guards the entire clique.

Assume now that t* — t° for all 0 < i < [ and let h(%)
be some hyperedge in which t0 is introduced. In this case
t9 takes the form f7° . (@/n—1) for some py : d — e and
appropriate i and h(®0) = pl° (7)) = {fro(u/n-1)}U{u} €
H(e) where 7@ = h(Y)|gom), for some A1) € H(d).

Note that each #*/x_1 is a subterm of ¢° at depth one,
i.e., is among those in @/y_1. For each i, let u' denote
the component of % such that u'/y_1 = t'/y_1 and let
Y = {u',...,u!"'}. Repeating this kind of analysis in a
backward tracing manner, we can find a chain of expansions

RO 27 ) AL )
with h) = pix (hO+D] 40,0 ) a guard of Y, for all X < r,
until we reach some h("+1) € H(ey ) a primary guard of Y.

Let {v} = hU*Y) and consider some {w} = ¢ ¢
H(ex) a primary guard of X. Given that N > 3 and
X/N-1 = Y/n_1, according to Remark 15 (iii), we
have ex = ex/y_, = ey/y_, = ey. By Lemma 12,
g(o) ~g R+ Moreover, by Remark 15 (ii), every w; €
g'% is either a sibling or a predecessor of some t’ and,
similarly, every v; € h("+1) is a sibling or a predecessor,
respectively, of the same wu’. In other words the exact
relationships within ¢(°) are mirrored in A("*1) and therefore
h(”H)/N,l = g((‘))/N‘,l. It follows that the extension
sequence pir;...; pi'; pl° is applicable — with the very same
4 values — to ¢(®) producing an analogous derivation:

P (9 [aompn) = 97D g hO = 12 (hD aompo)
pjll (g(rfl)‘domm) = g(r) ~g A1) = ij (h(2)|domp1)

P (9@ domp,) = g ~g h” = plr (KD qomp, )
g ~g AFD

ending in some g("*!) € H(e). Note that because each
R(r+1=2) is a guard of Y also each ¢ is a guard of X.
Moreover, a simple induction shows that h(”“_A)/ N_1=
g()‘)/N_l for all A < r + 1. Therefore, g(rH) introduces

£2 100 aompo /v 1) = £20 i (W] dompy /n—1) = 1°

and thus guards the entire clique. [ |

Weak N-chordality of Ry over 2U:

Proposition 17. For every 3 < I < N < m and l-cycle
C = {{t" '}, {t1, 2}, ..., {t', e}, .. (#1750} Y inthe
Gaifiman graph of Ry the projection C/n_i4+3 of C into
RN _ 143 admits a guarded triangulation in Ry _;, 5.

Proof: By Proposition 16 all 3-cycles are guarded in
R, proving the case of N = 3. We proceed by induction
on N.

Given an [-cycle in R}} as above, by Lemma 14 (i) we
know that for every i either t = ¢t'*1 or t! — t+! or t'+1 —
t'. According to Lemma 14 (iv) there are no predecessor
cycles of length < N in 2RY;, hence it cannot be the case
that t* — ¢*t1 for all 4, nor that t**! — ¢¢ for all s.

Then for some ¢ one of the following cases must hold:

o ti71 = ' = ¢+l then, by Lemma 14 (ii),

{ti=1, ¢ #"+1} is guarded and t'71 = ¢it1;

o ti7h — ¢t = ¢! (or ¢t — ! = t'71): then, by
Lemma 14 (iii), the triple {¢~1, ¢ ¢*1} is guarded,
and ¢! — ¢! (or ¢ — i1y,

o t"71 — ¥ «— 1 then both tjj_vl_l and tj;rvl_l are
maximal proper subterms of ¢*, therefore, the projection
h/Nn—-1 of any hyperedge h of R% in which ¢* was
introduced guards {t'=1 ¢! ¢"1} /1 in R _,.

In either case we have found some i, such that in R%;_,

{60, ... e 1) vy constitutes a cycle of
length [ — 1 and {t'~! ¢! ¢t} /Ny 1 a guarded triangle.
By the induction hypothesis the claim follows. [ ]

IV. FINITE CONTROLLABILITY AND SMALL MODELS

Next we show that answering UCQs under GF is finitely
controllable. Theorems 2 & 5 provide optimal upper bounds
on the minimal size of finite models for various guarded
fragments. Matching lower bounds are implicit in [2].

Theorem 2. For every GF-sentence ¢ and every UCQ q,
v Eq < ¢ Efn ¢ More speczﬁcallyé)(‘lf”@ A —q is
satisfiable then it has a model of size 2!°1117""" \yhen the
signature is taken to be fixed.

Proof: Recall the properties of x, from Lemma 10. We
establish the claim by proving the following equivalences.

o FEq iff oExg i 0 Fanxg iff ©Fang

The first equivalence was proved in Lemma 10 (ii) and the
second equivalence follows from the finite model property
of the guarded fragment. Also ¢ =an Xq = ¢ Ffn ¢ is
a trivial consequence of x, = ¢. It remains to be seen that
© fin Xg» OF What is the same ¢ [~ x,, implies ¢ Fqy g.

So assume that ¢ A =, is satisfiable. Then, by Propo-
sition 9, there is a certain invariant J satisfying its Scott
normal form v from Lemma 8. Applying Theorem 3 on

~

input J and with N = |g| we obtain RY and RY a



guarded bisimilar cover of RY with both structures satis-
fying ¢ A —x,. Furthermore, RY is a weakly N-acyclic
cover of i)‘iév , and hence from Lemma 10 (i) it follows
that RY = ¢ A —¢. This concludes the proof of finite
controllability.

According to Theorem 3, [Ry| = |3|“’@(N>, where w is
the width of the signature. From Proposition 9 it follows
that |J| is bounded by the number of atomic types in the
signature of 1, which is of the order 2°((r+lel+Ixa)w™),
Lemma 10 (iii) gives |x,| = 7@l (|g|w)®Ua)  which
simplifies to (7|q|)©(9D) for w bounded.

Combining these ﬁ%’ures yields the following bounds on
RN (@) 2 lella) 2Tl 5 general; (ii) 2Uella) ! when
w is bounded; (iii) 2lellal "™ for 3 fixed signature. [ |
Corollary 18. For a finite set F' of T-structures let Cr denote
the class of those T-structures not allowing a homomorphic
image of any member of F. If a guarded sentence ¢ has a
model in C then it also has one of size 2°#D.

Theorem 5. Every satisfiable formula of CGF (and thus of
GF) has a finite model of size exponential in the length and
doubly exponential in the width of the formula. Moreover,
for every k > 2, the k-variable fragment of CGF (GF) has
finite models of exponential size in the length of the formula.

Proof: If ¢ € GF with Scott normal form 1) is satisfiable
then, by Proposition 9, there is an invariant J satisfying .
The size of J can be bounded by the number of atomic
types in the signature of 1, which is 20" +1¢Dv™ - Applying
Theorem 3 with input J and parameter N = 2 yields a
model of ¢ of size |37 = 2lelw®™

For CGF we appeal to [5, Section 3.3] for a simple
polynomial reduction from (finite) satisfiability of CGF to
(finite) satisfiability of GF. This reduction maps a sentence
¢ € CGF[7] to ¢* € GF[r U {R¢}], Rc a new relation of
arity w := width(p), such that (i) every model of ¢ can
be expanded to a model of ¢* and (ii) ¢* implies ¢ over
conformal structures. Hence, given a finite model 2 = ¢*,
its Rosati cover Ry with parameter N = w + 1, being

3 O(w)
conformal, is a model of . We have |Ry| = || . By
* 0@ (W) o), O(w)
the above we can assume || = 9le™ |w — 9le|THw
o(1),, O(w)
therefore also [Ry| = 2117w, -

V. COMPLEXITY OF QUERY ANSWERING

Query answering is the problem of deciding ¢ E ¢
for a given ¢ € GF and ¢ a UCQ. By Lemma 10 (ii)
this amounts to testing unsatisfiability of the guarded sen-
tence ¢ A =4, known to be 2EXPTIME-complete and in
DTIME(2C((rFlel+IxaDw™)y  where r is the size and w
the width of 7 [2]. Query answering is thus 2EXPTIME-
complete and in DTIME(2!?lw” +(lalrw)?1™) " Note  that
2EXPTIME-completeness holds even for a fixed query gq.

Also note that for ¢ an ACQ (union of acyclic BCQs) the
exponential blow-up in passing from q to x, can be avoided.
Regarding query answering against a fixed ¢ € GF we thus
find that for ACQs the complexity reduces to EXPTIME. In
fact, it can also be show to be EXPTIME-complete.

For a fixed ¥ € GF[r U o] target query answering is the
problem of deciding D A %) = ¢ on input ¢ a UCQ and D
a T-structure (given as a conjunction of ground atoms with
elements of D as individual constants). The next theorem
summarises our observations on query answering and some
results on subproblems of target query answering.

Theorem 19.

1) Deciding ¢ = g, on input ¢ € GF and q a UCQ, is
2EXPTIME-complete (even if the query is fixed).

2) For each ¢ € GF, deciding ¢ |= q on input q¢ an ACQ,
is in EXPTIME,; and EXPTIME-complete for certain .
(Hence for certain signatures T satisfiability for GF[r]
is EXPTIME-complete, strengthening a result of [2].)

3) There is a GF-sentence 1 such that deciding D N =
Q, on input Q a BCQ and D a conjunction of atoms
of bounded width, is PSPACE-hard.

4) For all universal ¢ € GF, deciding D AN = g, on
input ¢ a UCQ and D a conjunction of atoms, is in
1Y for certain universal v it is TI5 -complete already
for conjunctive queries q.

5) For all 1) € GF and q a UCQ, deciding D N |= q on
input D, is in co-NP and co-NP-complete already for
q = 1 and certain universal 1.
Hence, satisfiability of D A on input D is in NP and
NP-complete for certain universal ¢ € GF.

VI. CANONISATION AND CAPTURING

As explained above, the guarded bisimulation invariant
I(A) of 2, defined as the bisimulation quotient of the
guarded bisimulation game graph G(2l), is an abstraction
of the complete GF-theory of 2 or, equivalently, of its
~g-equivalence class. () can, in polynomial time, be
computed via an inductive refinement procedure, which
successively classifies maximal guarded tuples up to ~é for
increasing levels of i until a fixed point (~,=~}"'=~g in
restriction to ) is reached. Furthermore, fixing an arbitrary
linear ordering on the finite set of atomic 7-types, i.e. the
equivalence classes w.r.t. Ng, and extending this inductively
to higher ~;-classes by lexicographic refinement, one can
even generate, along with I(2l), a linear ordering of I(2).

The problem of inverting the invariant concerns the
reconstruction of an actual model 2 from a given invariant.
The construction of the Rosati cover $Rs on the basis of
a given invariant I(2() as an input solves this problem in
PTIME for every fixed signature 7.



Theorem 6. For every relational signature T there exists
a PTIME algorithm computing from a given invariant I(2)
of an unspecified T-structure 2 a finite T-structure can(%)
such that I(can(1)) = I(A); hence can(A) ~, 2A and
can(A') = can(A) whenever A ~z A’

Proof: Starting with the ~g-invariant J = I(2(), the
Rosati cover with parameter N = 2 yields a canonical
structure MRz (J) such that, by Lemma 12, I(R2(J)) = 7. In
other words Ry (T) ~g A’ for any A’ with I(A') = 7T, i.e.,
for any 2’ ~, 2. It follows from the bounds given there that,
for fixed 7, [Ra(3)| = [3|°W). Set can(A) := Ro(I(A)).
Note that the concrete polynomial complexity and size
bounds will depend on 7. [ |

As pointed out above, the invariant I(2() can, even as
a linearly ordered structure, be obtained in an inductive
fixpoint process of lexicographic refinement. A closer anal-
ysis shows that this translates into uniform interpretability
in inductive fixpoint logic IFP of I(2) over 2 itself (as a
linearly ordered set of equivalence classes of tuples over ).
Since I (%) is linearly ordered and IFP-interpretable over 2,
the Immerman—Vardi theorem tells us that can(2) is itself
uniformly IFP-interpretable over 2.

The class of all PTIME (or IFP) queries against these |FP-
interpreted canonical representatives thus captures precisely
the class of all PTIME queries that are invariant under
guarded bisimulation equivalence. Intuitively, we may think
of the evaluation of the canonisation, 2 +— can(2l), as a
pre-processing step that acts as a filter to enforce invariance
under ~,. This entails Corollary 7 on capturing.
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APPENDIX A.
PROOF OF LEMMA 10

Proof: (i): Let h : Q; — 2 be a guarded tree decom-
posable homomorphism. This means that i : Q; — B C A
for some guarded tree decomposable B, a (not-necessarily
induced) substructure of 2.

Consider a fixed guarded tree decomposition of B repre-
sented as (V, <, v) with (V, <) a forest with transitive edges
and v assigning to each node an atom of ‘B, the guard of
the corresponding bag of the tree decomposition.

As h maps Q; homomorphically into B, for each atom «
of Q; we can pick a node v, € V with y(v,) guarding the
image of o under h. Let W be the set of all v,’s closed under
greatest lower bounds w.r.t. <. Then (W, <, |y ) represents
a guarded tree decomposition of the structure 7 comprised
of those atoms in the image of h together with atoms of the
form ~y(w) for w € W. Note that at least half of the nodes
in W are of the form v, therefore 7 has at most three times
as many atoms as Q;. And we have h: Q; — 7 C B.

To 7 corresponds an acyclic BCQ 7', whose models are
precisely those structures containing a homomorphic image
of 7. Then T |= Q; and hence T is one of the disjuncts in
Xq- Therefore 2 |= xq.

(ii): Since x4 [= ¢, trivially ¢ = x4 implies ¢ = ¢. To
prove the inverse implication assume indirectly that ¢ = ¢
but ¢ A x4 is satisfiable. Then, by the tree model property
of GF [2], there is a guarded tree decomposable model
% = ¢ A x4 By our assumption ¥ = ¢, ie. T = Q; for
some BCQ @Q; a disjunct of g, which means that there is
a homomorphism h : Q; — . Given that ¥ is guarded
tree decomposable so is h. By (ii) therefore T = x4,
contradicting our assumption.

(iii): Consider a signature 7 having r many predicate
symbols and width w. Recall that for Q a BCQ xq is a
disjunction of (acyclic) BCQs 7' comprised of at most 3|Q)|
many atoms, and as such involves not more than 3|Q|w
many variables. The number of BCQs 7" of these dimensions
is at most (r(3|QJw)®)??l and each such T has length

O(|Q[w).

All in all |yo| = (@B|Qw)*)*CO(Qw) =
rOURD (1Qw)CURI™) and for ¢ a UCQ we have similarly
Ixq| = 70D (|g|w)Oalw), [ |

Note that for a fixed signature this last figure simplifies to
IXq| = |g|®U9D). On the other hand in the signature {E, T}
with E binary and T ternary it is easy to see that for the
BCQs @, for which Q,, is a simple F-cycle of length n
the number of triangulations of Q,, and hence the number
of disjuncts in xq,, is 282(n)

APPENDIX B.
PROOF HINTS FOR LEMMA 13

For 0 € Sym([w™*1]) a permutation of j-values and ¢
a term let t° denote the term obtained by translating all
superscripts j in t according to o. Le.,

(&

)0’ — CJ(_j)

(@) = 577
It is easy to verify by induction that Hl(e)/n—1 C
~_1(e) and that H’y(e) is closed under translations -7,
whence also Hy(e)/n—1 = H}y_;(e), for all r and e.
Truncation of terms at depth N — 1 is therefore a homo-
morphism from K7} to Ry _; that is onto. By Lemma 12 it
also induces a (guarded) bisimulation, i.e. Rt = RY_,.

Observe that each translation -7 too induces a guarded
bisimulation on R7}.

APPENDIX C.
PROOF OF LEMMA 14

Proof: As to item i. observe that the sibling and pre-
decessor relationships are reflected in the terms themselves.
Siblings are identical terms for all but the indices in the
subscript of their respective root symbol, and the N — 1-
truncation each predecessor of a term occurs in it as an
immediate subterm of the root symbol. Given that N > 2
and the j superscripts are by definition unique within each
term it is impossible for some ¢ € RY to have t/y_2 as a
subterm at depth 2, and hence to have some ¢ — t' — t.
Item ii. can be equivalently stated in a form similar to
that of iii., asserting that whenever t° = t!' = t2 then
also t9 = t2. Then to prove both ii. and iii., indeed to
infer them from the above, it suffices to show that the
pair {t°,#?} is guarded. In fact, in both cases it holds that
{t°,¢1,#?} is guarded. For item ii. this is obviously the
case if t°, ¢, 2 are sibling constants belonging to some c?.
Otherwise let h = {fJ(u/;ny_1)} U {u} € H ™ (egoy)
be any primary guard of the pair {t°,#'} obtained as a p-
extension of some hyperedge guarding w. Then, whether
t9 = ¢! (item ii.) or t° — ¢! (item iii.) the term t' must
have been introduced in the hyperedge h and must therefore
take the form ¢! = f) (@/y-_1). Being a sibling of ¢',
t* = f) (@/n—1) and as such is contained in h.

Item iv. is a trivial consequence of the requirement that
superscripts j must not occur twice in any term in RY.
Indeed, if t*~1 — ... — 2 — t! — 0 is a predecessor
chain of length k£ < N then ¢"/x_, is, for each r < k, a
subterm of t° at depth r. This implies that 0, ¢!, ... t*~!
are pairwise distinct. [ ]

APPENDIX D.
PROOF OF THEOREM 19

We prove each item separately in the propositions to
follow.



Proposition 20. There is a GF-sentence ¢ such that ¢ = Q
is EXPTIME-hard for UCQs Q.

Proof: We show how to encode the behaviour of alter-
nating Turing machines into the query answering problem
over a fixed formula. The formula ¢ in question will merely
provide the means of alternation, blindly generating trees
potentially suitable for encoding alternating runs of any
particular ATM. For any given ATM an appropriate UCQ
will contain as disjuncts conjunctive queries each matching
a different source of fallacy in the encoding of the behaviour
of the ATM.

By standard arguments we may restrict attention to “nor-
malised ATM’s” in which universal and existential states
alternate in any run; which have a single universal initial
state; and every configuration of which has precisely two
successor configurations.

Let ¢ be the conjunction of the following guarded formu-
las.

( Jaztf. R(x,t, f) ) Blx,t, f)NA(z)
(Vatf. B(z,t, f) ) E(z)® A(x)
(Vatf. B(z,t, f)) V(z,t)®V(z,f)

(Vatf. B(z,t, f) ) T(z,t, f) & Jy.S(z,y,t, f)
(Vaytf.S(z,y,t, f)) E(x) < E(y) A By, t, f)
(Vatf.T(x,t, f)) E(z)— Jy.F(x,y,t, f)

(Vatf.T(z,t, f)) Az) — 3y Az, y1, L, f)
( VLL'tf T((E 3 f) ) A((E) - EIyQ AQ(xvy%ta f)
(Vaytf. F(z,y,t, f)) Byt f)NA(y)

( Vl’ytf.Ag(Jf,y,t,f) ) B(y’tvf) /\E(y)
Intuitively speaking, every model of ¢ represents a tree
whose vertices are represented by instances of the variables
z and y in the above formulation. There are three kinds of
vertices: plain B vertices, the root R-vertex and 7-vertices.
Each vertex represents a bit, hence the letter B, whose
value is either ¢ or f as witnessed by the relation V. There
are four kinds of successor edges in every tree which is a
model of ¢: S,F,A; and A,. Every vertex is either a T-
vertex or has a S-successor. The intention is that maximal
S-successor chains connecting T'-vertices encode individual
configurations. (The precise manner in which configurations
are encoded is of little importance here.) In this sense a 7-
vertex is a terminal vertex of the configuration it belongs
to and encodes its last bit. The predicates £ and A mark
whether the state of a given configuration is existential
or universal, respectively. Vertices belonging to the same
configuration all carry the same marking, which is passed
down along S-edges. A T-vertex terminating a configuration
with existential state has an F'-successor vertex beginning a
new configuration. A T-vertex belonging to a configuration
with universal state has both an A;- and an As-successor
vertex starting two successor configurations.

Note that for query answering one can always restrict
attention to minimal models of ¢, which have only one

R-vertex and at any vertex have at most one successor
of whatever kind required and no other kind of successor
vertices. Minimal models are thus suitable for encoding runs
of any normalised ATM.

Using the framework provided by (minimal) models of
@ the power of unions of conjunctive queries suffices to
filter out those models that do not represent a valid and
accepting run of a given ATM on a given input. We do
not need to be too pedantic about the actual encoding of
configurations as bitstrings as long as non-successive pairs
of configurations can be identified based on a polynomial
number of bit comparisons. The query @ will then consist of
a disjunction of conjunctive queries exhausting the reasons
a model would not encode an accepting run:

« CQs asserting that the configuration beginning with the
root vertex is not the initial configuration with the given
input word (e.g. one CQ for each bit in the encoding
of a configuration looking for a wrong bit value);

« asserting the existence of a maximal S-successor chain
connecting T-vertices too short to represent a configu-
ration, or the existence of a too long S-successor chain;

« checking that consecutive S-successor chains do not
represent successor configurations on their bits encoded
by values V(x,t) or V(z, f) (e.g. by asserting that in a
given tape position not under the head of the ATM the
bit values in the two configurations are not identical,
etc.);

o CQs asserting that the A;-successor configuration of a
universal configuration was not derived by the ¢-th of
the two applicable transitions;

« a CQ asserting the existence of a configuration in reject
state.

Using any more-or-less standard encoding of configurations
the above can be achieved with only polynomially many
conjunctive queries of polynomial size (roughly equal to
twice the space requirement plus the space needed to encode
a single state) in terms of the length of the input word. M

Proposition 21. There is a GF-sentence 1 such that decid-
ing DAy |E Q on input Q a conjunctive query and D a
conjunction of atoms (of bounded width) is PSPACE-hard.

Proof: The proof is by reduction from QBF. W.l.o.g.
we may assume that the QBF instances are sentences in
prenex normal form

FXoVX13Xs .. . VX913 Xon? (1
with 99 a 3CNF-formula with free variables among
{Xo0,X1,..., Xoms1}. To represent “valuation strategies”
for the existentially quantified variables we use a dumbed-
down version of the formula ¢ from the proof of Propo-
sition 20 to accommodate single bit “configurations” rep-
resenting boolean values. Let 1) be the conjunction of the



following.
R(r,1,0)
(Vatf. Ra,t, f) ) Bla.t, f) A Ax)
(Vatf. B(z,t, f) ) E(x) @ A(x)
(Vatf. B(z,t, ) ) V(z,t) ®V(z, f)
(Vatf. B(x,t, f) ) E(x) — Jy.S(x,y,t, f)
( VQ?tf.B(I,t, f) ) A(I) - (Elyl'S(x’yl?tvf) )V(ylvt)
( VthB(IZ’,t, f) ) A(IL’) - (3y2-s(x7y27taf) )V(y27f)
(Vaytf. S(z,y.t, f) ) Byt f) NE(x) ® E(y)

Models of v thus represent infinite valuation trees with all
possible assignments at odd levels and a choice of a boolean
value at each node at an even distance from the root.

For each Q3CNF formula as above with matrix ¥ consist-
ing of k clauses we assign an input data structure D defined
as the conjunction

X(UQ,’Ul) A X(Ul,’UQ) VANPRAN X(’Ugnl_l, ’UQm)

together with all C(c;,v;,b) such that 1 <4 < k and 0 <
j <2mand b€ {0,1} and setting X to b does not satisfy
the ¢-th clause.

As in Proposition 20 we design queries () to hold true in a
model precisely when it contains a branch corresponding to
an assignment of the variables falsifying (one of the clauses
in) 9. In fact we use () merely as a general clause checking
pattern. Hence our reduction will use the same query Q,,
for every Q3CNF formula with 2m alternately quantified
variables.

32,9,2,t, f,c [ R(yo,t, f) A
Nicom X (@i, Tig1) A
/\i<2m (S(yiayi+lata f) A V(yza Zz)) A
/\i<2m C(e, x4, 2i) |

In other words, the query @), matches the variables T to
the corresponding constants ¥ of D and the variables ¥ to
a single branch in any given model of D A ¢ and Z to
the sequence of boolean values assigned to the variables
Xo, ..., Xom on that branch. Then @, is satisfied in a given
model iff there is a clause c that is falsified by an assignment
consistent with that model and is true in all models of D A1)
iff the sentence (1) is false. [ |

Proposition 22. The problem of deciding D AN |= Q for a
fixed universal GF sentence v on input D a conjunction of
atoms and UCQ Q is in TI¥ for each 1 and for some 1 is
1L -complete already for conjunctive queries Q.

Proof: All models of D A1) have the same universe as
D due to the universality of 1. Hence to check DAY = Q
one merely has to universally choose a model of i) on the
universe of D and existentially guess elements realising @
in the model chosen. This involves first universally choosing
then existentially guessing a polynomial number of bits in
terms of |D|, whence membership in I1%.

We show II}-hardness by reduction from the validity
problem for quantified propositional formulas of the form

VX1 X3 X1 . Xngmd

with ¥ a 3CNF formula with free variables X.
In the input structure D = D,, the universally quantified
variables X1, ..., X,, are encoded as a successor chain:

X(v1,1,0) Ao A X (v, 1,0) A
S(v1,v2) A S(va,v3) Ao AS(Vn—1,0n)

along with the entire table of satisfying assignments of each
of the three-literal clauses:

/\ /\ R(I7y7z) (Z7Jak)

(2.y,2)€{0,1}3 (i,4,k)€{0,1}3\{(2,y,2)}

The formula ) is devised so that (minimal) models of D A
will correspond to all possible assignments of the variables
X1, X,

v = (Yo.X(v,t,f)) V(v,t) ® V(v f)

Finally, we use the query @ = QQy to guess boolean values
for the existentially quantified variables X, y1,..., X4,
and to test satisfaction of ¢} by checking all triples of boolean
values of variables occurring together in a clause against the
truth table of the type of that clause:

ElZl?"')Z?HJ:ly"' y n+m *
/\1§i<n S(ZZ, Zi+1) A\ V(ZZ, 1’1) A V(Zn, zn) AN
/\(—I)PX,;\/(—1)‘1Xj\/(—1)"'Xk. a clause in ¥ R(P-,‘I»T) (iri’ Ly xk)

It is now easy to verify that D, A ¥ |E Qu iff
VXy . X3 X041 X ¥ is valid. |

Proposition 23. For any fixed v € GF and input D a
conjunction of atoms satisfiability of D N\ is in NP and
NP-complete for certain universal 1. Deciding D AN = Q
for input D and fixed ) as before and (Q a UCQ is in co-
NP and is co-NP-complete already for () = | and certain
universal 1.

Proof: To any undirected graph G = (V,E) we
associate input D = /\(u,v)eE E(u,v,a,b,c) with distinct
constants v € V and a, b, c. Then G is 3-colourable iff D Ay
is satisfiable, where

¥ = (Yuvzy2023.E(u, v, 21, 22, 23) ) @ C(u, z)NC(v, z;) .
i#£]

To test satisfiability of D A1) one can pre-compute the normal

form W of ¢ and the set of admissible guarded atomic types

in its signature, i.e. those that can be realised in some model

of .

Then, on a given input D it remains to be verified that its
maximally guarded tuples can be assigned atomic types in
the signature of W that are admissible and are consistent with
D and also with one another over overlapping subtuples.
Such an assignment can be guessed and verified in NP.



Recall that D A = Q iff D A A —xq is unsatisfiable,
where X is an existential guarded sentence comprised of
all conceivable “treeifications” of all conjunctive queries
constituting @). The latter is in co-NP for all ¢ and @ and
co-NP-complete for ¢ as above and @) = L. ]



