Minimal Hubbard models of maximal Hilbert space fragmentation
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We show that Hubbard models with nearest-neighbor hopping and a nearest-neighbor hardcore
constraint exhibit ‘maximal’ Hilbert space fragmentation in many lattices of arbitrary dimension
d. Focusing on the d = 1 rhombus chain and the d = 2 Lieb lattice, we demonstrate that the
fragmentation is strong for all fillings in the thermodynamic limit, and explicitly construct all
emergent integrals of motion, which include an extensive set of higher-form symmetries. Blockades
consisting of frozen particles partition the system in real space, leading to anomalous dynamics.

Our results are potentially relevant to optical lattices of dipolar and Rydberg-dressed atoms.

Introduction—Thermalization in closed quantum
many-body systems has recently garnered increasing at-
tention, partly spurred by advances in experimental plat-
forms and quantum simulators [1-11]. While many-
body localized [12, 13] and integrable [14] systems have
been long known as exceptions that break ergodicity,
Hilbert space fragmentation [15] has emerged as a new
route to violating the eigenstate thermalization hypoth-
esis (ETH) [16-18]. Here, additional symmetries or con-
straints cause the Hamiltonian or time evolution opera-
tor to fracture into exponentially many dynamically dis-
connected blocks. As a result, even within a symmetry
sector, such systems exhibit anomalous thermalization.
The earliest examples involved mobility restrictions due
to the combination of charge and dipole conservation [19-
22|, but fragmentation has been subsequently uncovered
in a wide variety of settings [23-57].

Kinematic constraints often arise naturally from strong
correlations. For example, the ¢-J model that forbids
doublon occupancy is the strong-coupling limit of the
Hubbard model, while the PXP model emerges within
the blockaded subspace in Rydberg arrays. The low-
energy properties of these and related Hamiltonians have
been studied as settings for correlated and topological
phenomena, and various one-dimensional versions have
been shown to exhibit fragmentation and quantum many-
body scars [21, 24, 25, 27, 30, 31, 49, 58].

In this paper, we study Hilbert space fragmentation in
spinless extended Hubbard models of strongly-interacting
fermions or bosons with short-range hopping on general
lattices. In the limit of infinite nearest-neighbor inter-
actions Vi, their effects are encoded in kinematic con-
straints that forbid nearest-neighbor occupancy of parti-
cles. Focusing on two representative lattices, the rhom-
bus chain and the Lieb lattice, we explicitly construct all
emergent integrals of motion and demonstrate the exis-
tence of strong fragmentation for all fillings through ana-
lytical and numerical arguments. The non-trivial physics
arises from an intuitive real-space picture of blockades
which partition the system into disconnected subregions.
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FIG. 1. Fragmention in extended hardcore Hubbard
models. a) Blockades in the rhombus chain are formed by
two particles (red) on opposite corners, and demarcate frozen
‘snakes’ (blue) and bubbles of mobile particles (green). b)
Blockades on the Lieb lattice are due to closed frozen loops
(red) of occupied particles on Lieb sites, which create bubbles
with emergent subsystem charges N1, N2, N3. For both lat-
tices, commutant algebra generators are schematically shown.

In contrast to many previous studies of fragmentation,
our model has a single global U.(1) symmetry corre-
sponding to particle conservation, and is relevant for lat-
tices in arbitrary dimensions d > 1. We discuss con-
sequences for anomalous dynamics and thermalization,
generalizations to other lattices and settings, and assess
the suitability of existing platforms involving dipolar or
Rydberg-dressed atoms as settings for such phenomena.

Model—We consider a model of IV, interacting spin-
less fermions or bosons on the N sites of a graph in
arbitrary dimensions. The filling factor is defined as
v = N,/Ns. Two key requirements are the restriction to
nearest-neighbor (n.n.) hopping, and an extended hard-



core constraint that prevents two particles from occupy-
ing the same or adjacent sites. The Hamiltonian is then
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creation operator which acts within the hardcore sub-
space. The interaction V;; can be of arbitrary range, and
the general site-dependence of the parameters means that
the only conventional symmetry is the U.(1) correspond-
ing to the global conserved charge N = Np.

For many lattices and fillings, Eq. 1 is fragmented in
the Fock basis, meaning that the Hamiltonian retains a
non-trivial block-diagonal structure even when restricted
to a symmetry sector labelled by INV,,. In other words, the
symmetry-resolved Hilbert subspace of dimension Dgymm
decomposes into smaller Krylov fragments K, of size
dim(K,,), each of which are closed under Hamiltonian
time evolution. The origin of this phenomenon lies in
frozen subsets of particles which are completely immobile
due to the hardcore constraint (e.g. red pairs in Fig. 1a).
In many cases, these frozen regions are blockades that do
not allow transmission of particles, and hence partition
the system into disconnected bubbles each of which has a
conserved subsystem charge (see Fig. 1b). Each bubble
can contain mobile particles and further nested block-
ades. Fragments with distinct blockade networks and
bubble charges cannot be connected by H. As shown
later, the fragmentation structure is characterized by a
hierarchy of emergent higher-form symmetries.

Rhombus chain.—Our first example lattice is the d = 1
rhombus chain (RC) with L unit cells (see also the ‘spin
lace’ model in Ref. [59]), each of which contains two cor-
ner sites ‘A, V’ and one junction site ‘x’ (Fig. 1a). The
maximum allowed filling is ¥ = 2/3. Two particles on
opposite corner sites comprise a blockade. Between two
consecutive blockades, there is either a bubble region of
mobile particles, or a string of frozen particles dubbed
a snake. Within a global charge sector, a Krylov frag-
ment can be uniquely identified by specifying the block-
ade positions, and the intervening snake configurations
and bubble charges.

This physics is succinctly captured by the commutant
algebra C, which Ref. [23] used to characterize the frag-
mented structure shared by families of models. C con-
sists of all operators which commute with every term of
H. Besides the trivial identity operator 1, the global
U.(1) provides the usual symmetry algebra consisting of
functionally independent powers of N: there are o(L)
such combinations, consistent with a continuous global
symmetry. We now turn to the novel integrals of mo-
tion (IOMs) (Fig. la, bottom). For simplicity, we ignore
boundary effects below. Individual blockades can be di-
agnosed by a set of projectors B; = fiyafzy onto pairs of
occupied rhombus corners. Snakes are detected by op-
erators S'ijﬂg = EZBJ Hi<k<j g5, (1 — Aig 5, ), where s is

where 7 = él¢;, and df = ¢ [1;: (1 —7y) is the dressed

a string of A,V of length j —i — 1 and §; indicates the
opposite corner. Similarly, charges within bubbles are
denoted Mij = BiB]‘ Zi<k<j ’flk. Note that Sij,::;Mij
are non-locally conditioned operators which are only ac-
tive if the blockades are present. A generating set for the
commutant algebra for the RC is

gen(C) = {1aNaP><a{Bi}v{gij,s}a{Mij}} (2)

where we have also included the projector P, onto the
frozen v = 1/3 state with all junction sites filled. Since
C is Abelian, the fragmentation is ‘classical’ and hence
manifest in a product basis (the Fock states) [23]. dim(C)
gives the total number of Krylov subspaces across all IV,
sectors. The algebra generated by Eq. 2 provides the
entire structure of emergent IOMs. Evidently, this grows
exponentially with system size as there are at least 2%
individual snake operators alone.

Lieb lattice.—We now turn to the square Lieb lattice
(SLL) of N unit cells, which provides the simplest exam-
ple of extensive fragmentation [60] in d = 2. Each unit
cell contains one square lattice site and two ‘Lieb’ sites
on the links, and the maximum filling consistent with
the hardcore constraint is v = 2/3. Blockades can be in-
troduced by drawing arbitrary closed loops on the links
of the square lattice, and placing particles on all of the
Lieb sites that are traversed (Fig. 1b). Primitive block-
ades, which cannot be decomposed into smaller ones, are
equivalent to self-avoiding polygons on the square lattice
(a similar blockade-loop-structure also occurs in height-
conserving dimer models [42]). The smallest blockade is
a single plaquette with four Lieb particles. Note that un-
like in O(n) loop models, loops are allowed to share edges
and intersect. The configuration of loops divides the sys-
tem into bubbles with conserved subsystem charges.

As in the RC, we can construct extended operators
which diagnose the Krylov fragments. Neglecting bound-
ary effects for simplicity, we define loop blockade pro-
jectors By = [l ic; s where the product is over
Lieb sites on loop I. For each loop, we also define the
membrane operator Ml = Bl Zieb(l) n; which counts the
charge inside a bubble b(l) conditioned on the existence
of a surrounding blockade. These operators have support
on a line contour and are examples of one-form symme-
tries (Fig. 1b), though they are only non-vanishing on
Krylov subspaces that contain the corresponding block-
ade. The commutant algebra for the SLL is generated
by

gen(C) = {1, N, Piq, {B1}, {Mi}} 3)

where Psq, is the projector onto the frozen v = 1/3 state
with all square lattice sites filled. The number of frag-
ments is exponential (since, e.g. counting products of
single-plaquette loop operators alone gives 2V possibil-
ities). With periodic boundary conditions (PBCs), there
are also non-contractible loop operators. The associated
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FIG. 2. Exact enumeration (EE) and Monte Carlo (MC) sampling of fragments. Top (bottom) row indicates results
on L (N; x Ny) unit cells of the rhombus chain (Lieb lattice) with periodic boundary conditions. a) Number of fragments in
EE for each filling factor v. b) Dimension of largest Krylov fragment Dmax in EE. ¢) Ratio of Dmax to the dimension of the
total symmetry sector Dsym. There is a finite-size drift Dmax/Dsym — 0, suggesting that the system is strongly-fragmented for
all fillings in the thermodynamic limit. Solid (dotted) lines refer to EE (MC) data. All MC data points include at least 3000

samples. d) Scaling collapse of MC data for Dmax/Dsym as a function of (v — Vc)Ll/y with fixed v. = 0, and fitted exponents

y =2.4(1) (y = 2.5(1)) for the rhombus chain (Lieb lattice).

membrane operators count the charge between two such
loops with identical winding numbers.

Strong fragmentation.—While we have demonstrated
an exponential number of fragments for the RC and SLL,
their dimensions and distribution across different NV, sec-
tors is not yet clear. To understand the extent of ergod-
icity breaking, it is useful to contrast strong and weak
fragmentation [19, 20]. Within a conventional symmetry
sector (i.e. filling factor v in the thermodynamic limit),
a system is strongly fragmented if the size of the largest
fragment Dy,.x = max,{dim(K,)} is a vanishing frac-
tion of Dgym as the number of unit cells N — oco. On
the other hand, Dyax/Dsym — 1 for weak fragmentation,
where typical states are expected to look thermal [15]. It
is natural that strong fragmentation, if it exists, occurs
at larger fillings where there are likely more blockades
and smaller bubbles. In fact, we demonstrate via cluster
expansion techniques [61-63] that there is strong frag-
mentation Dpax/Dsym ~ exp(—cNv®) as v — 0 in the
thermodynamic limit, with s set by the number of parti-
cles in the smallest blockade. The exponential is reminis-
cent of the finite-size scaling form for an incipient phase
transition at ¥ = 0%, with a correlation volume growing
as ~v=°.

To understand more quantitatively the distribution
of fragments and the strong/weak phase diagram, we
perform an exact depth-first enumeration (EE) of frag-
ments [63, 64]. As shown in Fig. 2 for PBCs, the
number of fragments is exponential in system volume
for most fillings. Dmax/Dsym for the RC shows clear
size-dependence, suggesting a drift of the weak-to-strong
crossover v, towards lower fillings, but the data for SLL
are more difficult to interpret due to finite-size effects.

While EE provides full information on the fragments

for finite systems, it is quickly limited by the exponential
growth of the Hilbert space. Therefore, we use Monte
Carlo (MC) sampling to follow the v-dependence of the
weak-strong crossover to larger systems (see Ref. [63] for
details of the algorithm). As shown in Fig. 2¢, the data
show a clear drift of the weak-strong crossover to lower
fillings. A scaling collapse strongly suggests that the crit-
ical filling v. = 0 in the thermodynamic limit (Fig. 2d),
implying strong fragmentation for all fillings, though the
best fit exponents indicate the presence of significant
finite-size effects.

Thermalization and localization.—Strong fragmenta-
tion leads to violation of the weak form of ETH within
each global particle number sector [15]. Local observables
such as the density can differ dramatically for nearby
states in the middle of the spectrum. For instance, the
site ¢ may be part of a blockade in one eigenstate so that
(7;) = 1, but part of a dilute thermal bubble for another
eigenstate at the same energy density. The bipartite en-
tanglement entropy vanishes in fragments where the en-
tanglement cut traverses a blockade whose width is suffi-
ciently larger than the interaction range, and is generally
much lower than the Page value, while level spacings are
expected to follow a Poisson distribution.

Despite the ergodicity-breaking outlined above, one
may ask whether individual Krylov subspaces are them-
selves thermal [21]. The answer depends on the fragment
and the range of interactions. Consider the fragment on
the Lieb lattice that is represented in Fig. 1b which has
bubbles b; with corresponding conserved charges INV;. For
Vi; = 0 (i.e. the only interactions are the hardcore con-
straints), the bubbles do not interact with each other.
We therefore have isolated subsystems that can realize
various physics depending on their disorder, dimension-
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FIG. 3. Thermalization and dynamics in the rhombus
chain. a) Left: Distribution P(r) of level spacing ratios r for
symmetry sector L = 12, N, = 13, showing Poisson statistics.
Right: P(r) for the two-bubble fragment shown at bottom
with emergent charges N1 = 4, No = 3, showing the change
from Poisson to GOE statistics on including horizontal-range-
4 (V4) interactions. b) Mazur bounds for the dynamical au-
tocorrelator of dn; = 7; — (n);. Left: Red (blue) indicates
bounds in the grand canonical ensemble, taking into account
fragmentation (only N, conservation). Circles (crosses) in-
dicate the A (x) sublattice. Right: Bounds obtained using
fragmentation in the canonical ensemble.

ality, and charge. Sufficiently disordered 1d bubbles may
be Anderson or many-body localized, while large 2d bub-
bles are expected to locally satisfy ETH, but the fragment
overall fails to equilibrate. As interactions Vj; of pro-
gressively longer range are introduced, the bubbles begin
to interact and thermalize each other, and only bubbles
with sufficiently thick ‘shielding’ boundaries remain iso-
lated. For infinite-range interactions, we expect Krylov-
restricted thermalization to occur for all fragments. We
demonstrate this in the RC by using exact diagonal-
ization (ED) to compute the distribution of level spac-

ings r = % (65, 66], where s, = Ey,y1 — E,.
Fig. 3a shows that a typical fixed- N, sector exhibits Pois-
son statistics. However, an individual fragment in that
sector can cross over from Poisson to Gaussian orthgonal

ensemble (GOE) statistics as Vj is increased.

The presence of blockades influences the nature of
transport and dynamics in these models. While long-
range interactions permit bubbles to transmit informa-
tion, particle exchange remains forbidden. The propa-
gator (éjéj) vanishes in fragments where 4, belong to
different bubbles. Even if there is a percolating mobile re-
gion, other bubbles act as scatterers, possibly with inter-
nal degrees of freedom, that may hinder charge transport.
The fragmentation also contributes to a lower (Mazur)
bound Mjsj; on the infinite-temperature dynamical charge

autocorrelation function [23, 63]
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where 0n; = 7i; — (7;) is traceless. This can be extracted
using EE, as detailed in Ref. [63]. As shown for the RC
in Fig. 3b (and for the SLL in [63]), in the grand canoni-
cal ensemble, the global U,(1) symmetry only constrains
Msz ~ 1/L, but the bound saturates to a finite value
when accounting for the fragmented structure. Similar
behavior occurs within a fixed-N, sector, where the only
contributions to Ms; arise from the emergent symme-
tries. The bound is stronger for sublattices that partici-
pate in blockades, since such charges cannot relax at all.

Eztensions.—We can relax the extended hardcore con-
straint while taking the n.n. interaction V; — o0,
such that the number of occupied n.n. bonds is a con-
served [24, 49]. A pair of n.n. particles remains frozen
unless a third particle approaches and enables a reso-
nant hop (if V; is uniform), but blockades remain frozen
and impenetrable. Similarly, we can relax the onsite con-
straint and reintroduce spins, while preserving the block-
ade physics. For finite n.n. interactions, strictly speak-
ing the fragmentation disappears completely as now it
is possible for particles to pass through a blockade, or
for the blockade to melt. However for large V7, the frag-
mentation is still expected to leave an imprint on dy-
namics since the effective n.n.n. hopping that is gener-
ated is suppressed as ~ t2/V;. Thicker blockades will
take longer to break down. Similar comments apply to
longer-range hoppings: while typically exponentially sup-
pressed, they make the emergent conservation laws only
approximate. In these cases, the dynamics may show
features of fragmentation at short times, but these are
eventually washed out as ¢t — oo.

In 2d, strong fragmentation is possible in other graphs
which allow for finite blockades [63]. In fact, any 2d
graph can be converted into one that hosts blockade
loops by inserting ‘Lieb’ sites in the middle of every
edge. Other lattices, such as the square and honey-
comb lattices, have blockades which must span the sys-
tem size [63], and hence are expected to be weakly frag-
mented for all v (though they may exhibit a finite-size
strong-weak crossover [44]). Higher-dimensional general-
izations are possible, where the formation of bubbles with
subregion charge conservation requires closed (d — 1)-
dimensional blockade hypersurfaces. In Ref. [63], we also
discuss the possibility of further fragmentation in a non-
diagonal basis for appropriately tuned couplings.

We propose that the physics here can be probed in ex-
isting experimental platforms that realize extended vari-
ants of the (Bose)-Hubbard model [67-69]. The non-
trivial requirement is the generation of desired lattices
and sufficiently strong onsite and n.n. interactions. Ide-
ally, the interaction falls off rapidly beyond n.n. range so



that dynamical processes within the bubbles are not ener-
getically suppressed. Various potentials like the Lieb lat-
tice have been experimentally realized in optical lattices
of ultracold gases [70-74]. Dipolar atoms or molecules
with power-law decaying V;; can provide the required hi-
erarchy of couplings when combined with tuning of the
hopping strengths [75-82]. Similarly, Rydberg-dressed
atoms inherit a strong repulsion within a tunable block-
ade radius and long-range r~° falloff [83-89]. The tem-
perature can be comparable to the couplings, as long
as it is much less than V;. While existing experiments
have investigated fragmentation in tilted Hubbard mod-
els [90, 91], we emphasize that the systems introduced
in this work are qualitatively distinct in several aspects.
Our hardcore models, which exhibit strong fragmentation
for all fillings, do not rely on tilting to induce resonant
hopping processes or an emergent dipole conservation.
In addition, the non-ergodic dynamics can be isotropic,
and is robust to disordered couplings and arbitrary-range
density-density interactions.

Conclusions and outlook—The combination of
nearest-neighbor hoppings and extended hardcore
constraint in Hubbard models induces Hilbert space
fragmentation in many lattices of different dimensions.
Frozen blockade regions inhibit charge transfer between
emergent bubbles, and lead to an exponential hierarchy
of integrals of motion. The necessary ingredients for
realizing such ergodicity-breaking are already present in
current experimental platforms such as ultracold atomic
gases in optical lattices. While we have focused on
two examples that exhibit strong fragmentation for all
fillings, it would be interesting to study the extent of
fragmentation and the scaling behavior of Dpax/Dsym in
other physically relevant lattices. For rational couplings,
investigating quantum fragmentation [23] via integer
polynomial factorization [92] is another interesting
direction. We leave to future work the question of how
the anomalous dynamics in these models survives the
inclusion of perturbations that lift the fragmentation
structure.
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