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Abstract:

Four-dimensional chaotic systems are currently a very interesting topic for researchers, given
their special features. This paper presents a novel fractional-order four-dimensional chaotic
system with self-excited and hidden attractors, which includes only one constant term. The
proposed system presents the phenomenon of multi-stability, which means that two or more
different dynamics are generated from different initial conditions. It is one of few published
works in the last five years belonging to the aforementioned category. Using Lyapunov
exponents, the chaotic behaviour of the dynamical system is characterized, and the sensitivity
of the system to initial conditions is determined. Also, systematic studies of the hidden
chaotic behaviour in the proposed system are performed using phase portraits and bifurcation
transition diagrams. Moreover, a design technique of a new fuzzy adaptive sliding mode
control (FASMC) for synchronization of the fractional-order systems has been offered. This
control technique combines an adaptive regulation scheme and a fuzzy logic controller with
conventional sliding mode control for the synchronization of fractional-order systems.

Applying the Lyapunov stability theorem, the proposed control technique ensures that the



master and slave chaotic systems are synchronized in the presence of dynamic uncertainties
and external disturbances. The proposed control technique not only provides high
performance in the presence of the dynamic uncertainties and external disturbances, but also
avoids the phenomenon of chattering. Simulation results have been presented to illustrate the

effectiveness of the presented control scheme.

Keywords: fractional-order four-dimensional chaotic system; self-excited and hidden
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1. Introduction

After the introduction of the first chaotic systems, different chaotic systems with various
features including multistability [1-3], extreme multistability [4, 5], and multi-scroll attractors
[6, 7] were introduced. Dynamical systems can be categorized into two general categories of
dynamic systems as self-excited and hidden attractors [8, 9]. From 1994, when the first non-
equilibrium chaotic flow was reported in the literature [10], almost 20 years passed before
some other chaotic systems with non-equilibrium have been introduced [11-16]. It can be
easily concluded that the chaotic attractor in such systems is hidden. Given that systems
without equilibria have unexpected responses to perturbations, these systems have become
attractive systems for researchers.

However, all the aforementioned systems with no-equilibria are described by 3D differential
equations. Therefore, the research goal could be now focused on 4D dynamical systems with
no-equilibria. The first 4D chaotic system was found by Rdssler in 1979 [17]. In the last few
years, only a few works regarding 4D chaotic dynamical systems with no-equilibria have

been reported. In 2014, Wei et al. presented a new four-dimensional hyperchaotic system



with no-equilibria developed by extending the generalized diffusionless Lorenz equations
[18]. In 2015, a no-equilibrium chaotic system with multi-wing butterfly attractors that is
constructed using a state feedback controller was proposed by Tahir et al. [19]. Motivated by
complex dynamical behaviours of chaotic systems and unusual features of hidden attractors, a
novel no-equilibrium chaotic system with an exponential nonlinearity was also proposed by
Pham et al. in 2015 [20]. Furthermore, Pham et al. (2016) introduced a novel four-
dimensional continuous-time autonomous system with a cubic nonlinear term, which does not
have equilibria [21]. In 2017, Bao et al. presented a memristive system, which does not
display any equilibrium, but can exhibit hyperchaotic, chaotic, and periodic dynamics as well
as transient hyperchaos [22]. Furthermore, in 2018, Zhang et al. introduced a 4D chaotic
system, which was composed of nine terms including only one constant term, having also a
line of equilibrium points or no equilibrium points [23].

In recent years, fractional calculus has received much attention due to fractional derivatives
providing more accurate models than their integer-order counterparts and are an excellent
approach to describing the memory and hereditary properties of real physical phenomena.
Multiple examples can be found in different interdisciplinary fields [24], ranging from living
systems (biological systems, macroeconomic models, anomalous viscoelastic diffusion in
complex liquids, etc.) to non-living systems (control problems, secure communications, and
so forth) [24-29]. Regarding fractional-order four-dimensional dynamical systems without
equilibrium points generating hidden attractors, few works have been published. Cafagna and
Grassi [30] introduced the first fractional-order 4D system without equilibrium points. That
system can generate hyperchaos for proper system parameters. VVolos et al. [31] proposed a 4-
D hyperchaotic fractional-order memristive system with hidden attractors, where the type of
hidden attractor belongs to a class of systems with a line of equilibria. Rajagopal et al. [32]

reported a hyperchaotic chameleon system with fractional-order. The main characteristic of



that system was that can change between a hidden attractor without equilibrium points and
self-excited attractor depending on the values of parameters. Hoang et al. [33] showed that a
four-dimensional dynamical system with no-equilibrium could generate hyperchaos and
coexisting chaotic attractors. Li et al. [34] proposed a new 4D fractional-order chaotic system
with no equilibrium. The system can exhibit complex dynamic behaviors when its parameter
and fractional derivative order are varied. Wang et al. [35] introduced a new 4D fractional-
order chaotic system with hidden attractors. The abundant and complex hidden dynamical
behaviors were studied by nonlinear theory, numerical simulation, and circuit realization.
Also, the main mode of electrical behavior in many neuroendocrine cells, bursting
oscillations (BOs) was found in that system. Zhang et al. [36] developed a novel four-
dimensional fractional-order chaotic system by adding a further variable in a three-
dimensional chaotic system. Also, the offset boosting of a variable was achieved by adjusting
a constant term. In this manner, the research effort oriented to four-dimensional fractional-
order dynamical systems with no-equilibria is vital to understand this exciting and still less-
explored subject of importance.

During the past several years, various control techniques, such as: feedback control [37],
adaptive control [38], fuzzy logic control [39, 40], active control [41], and sliding mode
control (SMC) [42] have been proposed for synchronization of the fractional-order systems.
The sliding mode approach is one of the effective robust controllers for handling complex
high-order nonlinear systems [43, 44]. Hence, SMC has been repeatedly proposed for the
synchronization of fractional-order chaotic systems. On the other hand, fuzzy control is one
of the practical and effective methods for control of various practical uncertain systems due
to its intelligent control theory [45, 46]. Therefore, many research studies have been carried

out to employ fuzzy controller for nonlinear uncertain systems [47-49].



Wang et al. [50] have proposed an adaptive Takagi-Sugeno-Kang fuzzy sliding mode
controller; they have used this controller for a switched reluctance motor. Mufioz-Vazquez et
al. [51] have designated a model-free implementation based on the robust output feedback
control for tracking of robotic manipulators. An adaptive interval type-2 fuzzy SMC has been
designed by Akbarzadeh et al. [39] for synchronization of two different chaotic nonlinear
systems in the presence of external disturbances and process noises. The synchronization of
integer financial system with coexisting attractors has been studied using a novel fuzzy
integral terminal sliding mode control by Jahanshahi et al. [52]. The control of uncertain
robotic manipulators has been studied by Ravandi et al. [53]. They have integrated the fuzzy
engine with SMC for an integer system in order to approximate the unknown part of the
model. Polék et al. [54] have designed a fuzzy controller to combine movement detection,

face detection, and the fractal dimension signals for robotic motion. Vascak et al. [55] have
designated self-organizing fuzzy controller for control of aircraft. They have investigated the
performance of the self-organizing fuzzy controller with some experimental results.
Rajagopal et al. [56] have designed a linear quadratic regulator and a fuzzy-based PID
controller for synchronization of a hyperchaotic memristor oscillator.

In the synchronization of chaotic systems, it is usually the case that some system parameters
are not accurately known [57]. Besides, due to environmental conditions, the features of the
system may change over time. Nevertheless, in most studies, the effects of uncertainties and
disturbances have been ignored, which cannot be avoided in real systems [58]. Hence further
study of the synchronization of fractional-order systems is required to achieve higher
performance for these systems. Therefore, in the present study, the novel fuzzy adaptive
sliding mode control (FASMC) has been proposed for synchronization of fractional-order
systems. It is assumed that the plant function is not known completely. By using the

Lyapunov approach, the adaptation laws are derived. The proposed control scheme is robust


https://www.sciencedirect.com/science/article/pii/S1568494618300826#!
https://www.sciencedirect.com/science/article/pii/S1568494619304260#!
https://www.sciencedirect.com/science/article/pii/S1568494617300674#!
https://www.sciencedirect.com/science/article/pii/S1568494618303247#!
https://ieeexplore.ieee.org/author/38148423200

against uncertainties and disturbances. Moreover, to address the chattering problem which
exists in SMC, the fuzzy logic inference engine has been used. This way, chattering
phenomena and convergence time of the system reduce in comparison with the conventional
SMC.

This article is motivated by investigating a new multi-stable fractional-order four-
dimensional system with self-excited and hidden chaotic attractors. Firstly the system’s
behaviour has been studied with dynamical systems analysis. Afterward, the FASMC has
been proposed for synchronization of fractional-order chaotic systems. The stability and
convergence of the proposed control scheme have been proved via the Lyapunov stability
theorem. The conventional sliding mode control (SMC) generates chattering for uncertain
systems due to the existence of discontinuous sign (s) function in the control input. The
chattering causes vibration in the system. The problem of the vibration in the system has been
solved by the proposed FASMC. The reasons are expressed in the following. 1) One of the
significant issues in the control and synchronization of complex systems is the existence of
uncertainties. In the proposed controller, we have implemented the adaption mechanism with
the control scheme. The adaption mechanism estimates the parameters of the system and
helps the controller to deal better with uncertainties. Hence, the vibrations in the system are
decreased. 2) The fuzzy logic system has been combined with control scheme. The
chattering problem is reduced by employing a fuzzy logic system; also, speed of convergence
is increased. Finally, the performance of the proposed control scheme has been investigated

by presenting simulation results.

2. Equilibrium points for the integer order system

The general form of the integer-order four-dimensional system is:

x=y=Fxy,2zw) (1a)



yv=z=G(xy,2,WwW) (1b)
z=w=H(x,y,2z,w) (1c)
Ww=aw+bx?+cy’+exy+ fxz+g=K(xvy,zw) (1d)
The equilibrium states are found by setting the LHS of (1) to zero. (1a)-(1c) give y =z =

w = 0, while (1d) gives bx% + g = 0.

If b and g are both nonzero with the same signs, then there are no equilibria. If g = 0, then

(1d) gives x = 0, so we have the trivial equilibrium (0,0,0,0).

If b and g have opposite signs, then x = +,/—g/b and the system have two equilibrium

points.

The linear stability of the equilibrium states is found by computing the fourth

order Jacobian matrix:

0 1 0 0

5 0 0 1 0 @)
0 0 0 1
2bx+ey+ fz 2cy+ex fx a

and then computing the determinant of J—Al, for each equilibrium

state. Here A give the eigenvalues, and I, is the identity matrix.

Q) If g = 0, we obtain a degenerate quartic characteristic equation:

A*—ai® =0, 3)

so that we have a triple zero eigenvalue 1 = 0, together with a fourth eigenvalue 1 = a.

(i) If g # 0, we obtain the quartic characteristic equation:

A —air® — fx,A? —ex,A — 2bx, = 0, 4)



where x, =./—g/b. We now consider the possible codimension one, two and three
bifurcations.

2.1. Bifurcations from the nontrivial equilibrium

When 1 = 0, we have a saddle-node or a pitchfork bifurcation if » = 0 or x, = /—g/b = 0.
The former condition is not possible for finite equilibria, and so we

require x, = 0.
For a Hopf bifurcation, 1 = +w satisfies

w* + fx,w? — 2bx, = 0,

(®)

aw? +ex, =0
The second equation gives w? = —ex,/a >0 (so that a and e must take opposite
signs), while for real roots to the first equation we require f2x2 + 8bx, > 0. Substituting

w? = —ex,/a into the first equation gives

2ba? — e?x,

f=— (6)

aex,

A Takens-Bogdanov double-zero bifurcation occurs when A =0 (twice). From
(4) we see that this implies that bx, =0 and ex, = 0, which is satisfied by x, = 0,
and we recover the trivial equilibrium state. Therefore, there is no nontrivial double-zero

bifurcation. The same conclusion applies to a triple-zero bifurcation.

For a Hopf-zero bifurcation, we require x, =0 for the steady bifurcation, while

the Hopf bifurcation conditions yield

w? =ex,/a, w? = fx,, (7)



but x, = 0 means that w = 0, so no Hopf-zero bifurcation is possible.

2.2. Bifurcations from the nontrivial equilibrium

When the coefficient of y? in (1d) is negative, we find a series of period doubling
cascades, as shown in Figs. 1 and 2 below. In Fig. 1, we increase g through
negative values from g = —4 to g = 0.75, while in Fig. 2, we decrease g from 0.75.
Hysteresis is clearly evident, especially in the range —2 < g <0 and only periodic
states exist when g decreases, while chaotic, periodic and period-doubled states exist
when g increases. Therefore, there is evidence of multiple attractor states. Note that,
since b is positive, there are no equilibria when g > 0, and two saddle points when g < 0.
Figure 3 shows phase portraits in the (x, y)-plane and x(t) time series for g = —1.0 for the
scenarios shown in Figs. 2 and 3, when the coefficient of y2? in the
equation for w is +0.19. Here Fig. 3(a) and (c) show a period-4 cycle when g is
increasing, while in Fig. 3(b) and (d) we obtain a period-3 cycle when g is decreasing.
Fig. 4 shows the corresponding plots for g = —0.25. Now, instead of two co-existing
periodic states, we find that a chaotic attractor when g is increased coexists with a
period-4 cycle when g is deceased. Fig. 5 shows a chaotic attractor for g=0.2, in

2

the region where there are no real equilibria, again when the coefficient of y° in the equation

for @ is +0.19.
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Fig. 1. A bifurcation transition diagram of x,,,, as g increases, when ¢ = —0.19,
so the term in @ is +0.19y2.
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Fig. 2. A bifurcation transition diagram of X, as g decreases, when ¢=-0.19,

so the termin @& is +0.19y?.
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Fig. 3. Phase plots of (x,y) and time series of x(t) for the given system, for g =-1.0 when

the term in @ is +0.19y”. Here (a) and (c) are for g increasing, while (b) and
(c) are for g decreasing.

4
5
2
0 0
> >
2
-5
-4
-6 -10
8 6 -4 -2 0 -10 -5 0
x (a) x (b)
‘ 0 ‘ ‘
0 P \|
-2 J J -4
><_4 ’ J x -6 [/ r} {“'
-8
6 -10 M J b\[
-8 -12
0 50 100 150 200 0 10 20 30 40
t (c) t (d)

Fig. 4. Phase plots of (x,y) and time series of x(t) for the given system, for g =-0.25 when

the term in @ is +0.19y?. Here (a) and (c) are for g increasing, while
(b) and (c) are for g decreasing.
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Fig. 5. Phase plot of (x, y) for the given system, when g =0.2, so that there is no

equilibrium state.

3. Analysis of the new fractional system
In this section, the fractional-order form of the proposed system is derived. Fractional

calculus is a generalization of the differentiation and integration to non-integer order, which

is expressed by the continuous integro-differential operator ,Df, where a and t are the limits

of the operation and q € R. The operator is defined as

DI={ 1 =0 ®)

The three most frequently used definitions for the general fractional-order operator are
Riemann-Liouville (RL), Griinwald-Letnikov (GL) and Caputo (C) [59]. Focusing on the
fractional derivative, the remaining question is which definition is the suitable one? Which

fractional derivatives are consistent with the classic integer-order laws? Or, which fractional

12



derivatives are suitable for dealing with practical systems in a compatibility with integer-
order definitions? [60] From a purely mathematical point of view, we could choose to use one
or all the derivatives above mentioned. However, we must be suspicious since they assume
underlying hypothesis that may not be verified, e.g., the RL derivative of a constant does not
exist and the C derivative of the Heaviside unit step function is zero, preventing the definition
of impulse response of a linear system [61]. Let us explain this. The causal Riemann-

Liouville and Caputo derivatives that are currently used in most papers and books are defined

by [62, 63].
t
q n 1 e—1
D f(©) = D" [ roe-oar (©)
0
and
1 t
D) = s | FO@(E =D (10)
0

The orders are given by g = n — €, n being the last integer greater than g and 0 < e < 1.
These definitions show that the RL and C derivatives are null for ¢ < 0. The analysis given
by Ortigueira [61] demonstrated that both RL derivative (9) and C derivative (10) are unable
to define correctly the linear systems defined by Y ¥_, a DIy (t) =YX, b D *x(t), where
ay =1, N and M are any given positive integers, and the sequences ay, and b, are strictly
increasing. The main reasons are i) the derivative of an exponential using (9) or (10) is not an
exponential, ii) the derivative of the §(t) is identically null when the lower limit in (9) or (10)
equals 0%, iii) the derivative property of the Laplace transform LT[D9f(t)] = s?F(s) is not
valid. As a result, RL and C derivatives are less useful in signals and systems theory due to

the complication about s [64].
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3.1. Wide Sense Criterion (WSC) for fractional derivatives

In this framework, Ortigueira and Tenreiro-Machado [60, 65] proposed recently a novel
criterion to determine if an operator can be classified as a Fractional Derivative or not, which
is based on the criterion formulated by Ross [66]. The criterion is as follows. An operator is

considered as a fractional derivative in WSC if it has the properties 2P defined as:

a) 2P1 Linearity. The operator is linear

b) 2P2 Identity. The zero-order derivative of a function returns the function itself.

c) 2P3 Backward compatibility. When the order is an integer, the fractional derivative
gives the same result as the ordinary derivative.

d) 2P4 The index law holds, i.e., D*DEf(t) = D¥*Bf(t) fora < 0and 8 < 0.

e) P5 Generalized Leibniz rule D*[f()g(8)] = 52, (T) D)D" g (o).

Additionally, the index law property can be modified to include positive orders. This leads to

the strict sense criterion (SSC).
f) 3P4 The index law D¥DEf(t) = DB f£(t) for any a and B.

Under this criterion some proposed operators such as the conformable fractional derivative
[67], fail some of the previous points and therefore, it cannot be considered as a fractional

derivative [65].
3.2. The Griinwald—Letnikov derivative

The name “Griinwald-Letnikov derivatives” is currently adopted in derivatives based on the
incremental ratio [68]. From the applied sciences point of view, the Griinwald-Letnikov
fractional derivatives seem to be a natural way for generalizing the notion of derivative. They

have a solid meaning for any real or complex order, and we recover the classic results for

14



integer-orders. The generalization of the GL fractional derivative is defined by the limit of

the fractional incremental ratio [69],

Zf_o(—l)k[ﬂj (¢ —kh)
“Djt(¢)=e™ lim i

(11)

where h = |h|e/? is a complex number, and 8 € (—m,7]. If t € R, then we could define the
forward and backward derivatives. We consider the forward derivative only. When h = |h|

the forward GL derivative is given by

> (1 {Ej f (t—kh)
T (O =lim i

(12)

The selection of GL derivative in this work relies on the basis that it satisfies the WSC and
SSC criteria [65]. The following are the demonstrations of the criteria (see [60, 65] for

details).

The linearity is a direct characteristic of this operator.
e The additivity and commutativity can be verified by applying (12) twice for any two

orders [69].

“'DI[C"DLf (t)] = *"DL[*-D? f (t)] = DI f (t) (13)

e Neutral element. When r = —q in (13) and g — 0 the binomial coefficients (Z) are

all null excepting the first, then f(t) can be recovered.
DA D T ()] =D f (1) = f (1) (14)

e Backward compatibility. By considering g = n € N then,

15



" o[
3D (kjf(t—kh) 5
hn

GLmn N H
Df f(t)= Ihlirg
which is the resulting expression by the repeated application of the first-order derivative.

e Derivative of a product. The generalized Leibniz rule can be obtained by considering
the product of two functions: f(t) = @(t)-y(t) defined for t € R, under the

assumption that one function is analytic in a given region.

“Df [co(t)w(mzi[ﬂ}a‘"’ O° DLy ) (16)

As a conclusion, the Griinwald-Letnikov derivative is a suitable derivative for this study.

3.3. Proposed fractional-order four-dimensional system and its numerical solution

In this manner, the integer order four-dimensional system in (1) is generalized to the
fractional-order domain by applying the fractional-order operator of the forward Griinwald-

Letnikov derivative in (12). Then, we obtain

“DUix=y (17a)
“Dty=7z (17b)
D%z =w (17¢c)
CD%w =aw+bx® +cy® +exy + fxz+g (17d)

where, (q,,0,,0,,9,) are the fractional-orders with 1<q<0, and (a,b,c,e, f,g) are the
system parameters. For numerical calculation of the system (19), we use the relation (12)

. . . - t— . .
assuming the summation is limited to T“ where « is a real constant, then we can write

16



t—a
STyt @ f (t—kh)
SLDI £ (1) = lim
10 =lim |h|q

(18)

where symbol [ ] means the integer part of t_T“ and g, and h are the bounds of operation for

CLDEf (t) [59, 70]. In this manner, with some abuse of notation, the relation to the explicit

numerical approximation of g-th derivative at the points (h, (I = 1,2, ...) has the following

form

I-Ly, Dt? f(t)= hiqz:(zo (_1)k [Ej f (t|7k) ' (19

being L,, the memory length, t;, = lh, h the time step, and (—1)* (Z) the binomial

coefficients c(”. These can be calculated with ¢{¥ =1, ¢{? =1 —Hch,E‘i)l. Then, the

numerical solution of proposed fractional-order system (17) can be expressed as

x(tis1) = [y(t) R — Yo, cp x(ti—k),

Y(trs1) = [2(t)]h%2 — Yoy, cp y(ti—k),

Z(ter) = W(EDIAS — Bhe, cf 206, (20)
w(tksr) = [aw(ty) + bx(t)? + cy(t)? + ex(t)y(ti) + fx(ti)z(ty) + glhs —
Z;c=v CZ W(tl—k)v
where v follows the rule
1, forl < L—m,
v= n (21)

Lm Lm |’
l ot forl>h.

L,,, is the memory length which is set according to a proper accuracy.

17



3.4. Self-excited chaotic attractor

By considering D°f (x,y,z,w;t)=0 in system (17), if b and g have opposite signs, the

equilibrium points of the system are E = (J_r, /%,0,0,0j.

Theorem 1: Consider the following n— dimensional fractional-order system

iy _
D Xi_a11X1+a12X2+"'+a1nxn
D¥X, = @, X, +8y,X, +...+ 3, X

2n"n (22)
an —
DX, =a, X +a,X, +..+a,,X,
where all g,'s are rational numbers between 0 and 1. Assume m be the lowest common

multiple of the denominators u,'s of g 's, where qiz\%, (u,v;)=1, u,v, ez for

1=12,---,n. Define

A ey -a, e Ay,
-a, A™ —a,, - -a
s(2)=| = T (23)
—a, —a,, e AT — a,,

Then the zero solution of system (11) is globally asymptotically stable in the Lyapunov sense

if all roots A's of the equation det(a(4))=0 satisfy |arg(/1)|>%m . a(s) is called the

characteristic matrix and det(A(ﬂ,)) is called the characteristic polynomial of system (17),

[59, 71, 72].

18



Since the fractional-order system D% = f () and the integer-order system v = f (), with
w =[x, y,z,w]T, have the same set of equilibria in Q, suppose Q is the set of equilibrium

points surrounded by scrolls; a necessary condition for system D% = f (y)to exhibit a

chaotic attractor is the instability of its equilibrium points in Q [71, 72].

Case 1: Two equilibrium points E =[J_r, /%,0,0,0J

According to Theorem 1, the instability measure of the fractional-order system (17) at the

equilibrium point E is mathematically defined by

(%)—min{‘arg(&)‘} >0, (24)

for all roots A, of det(diag([/lmq%qu~-~/1mq"])—J E*):O,VE*eQ. By satisfying the

instability measure (24), the necessary condition to observe a chaotic behavior in system (17)

is obtained.

Lemma 1 When g, =0.99, g,=0.99, g,=0.99, g,=0.99, and b=0.7, if -0.55<9<0,

then system (17) exhibits a double-scroll chaotic attractor.

Proof. This proof is divided into two parts to analyze the limits of the interval for system

parameter g .

0] The fractional-order system (17) must have the instability measure (22) with a

positive sign to generate chaotic behavior. By selecting g, =0.99, q,=0.99,

9,=0.99, q,=0.99, b=0.7, and g=-0.55, equilibria are E, =(0.88,0,0,0),

19



E, =(—0.88,0,0,0). According to Theorem 1, the eigenvalues for equilibrium E,

are given by:

AR 41,0507 +15866654164 +1.214375207 1 +1.240967365 =0 (25)

with m=100. It means that there are 100-sheets over Riemann surface, which contain all 396
roots [71, 72]. However, only roots in the first Riemann’s sheet satisfy —% <p< % with
¢ =[arg(1)| and therefore have a physical meaning. Roots with |arg(4)|>z/m are not
physical [71, 72]. In this case, 4, , =1.000555231+0.01381118804 ), ¢ =0.01380264730 are

the only roots satisfying —0.0314<¢<0.0314. By considering just the roots on the first
Riemann’s sheet, the instability measure is 0.0019. This implies that the equilibrium points

E, are saddle points.

(i) Similarly, when g=-0.01 the equilibrium points are
E, =(0.1195228609,0,0,0), E, =(-0.1195228609,0,0,0). Then, the eigenvalues for E, are

given by:

A0 11,0527 +0.2139459210" +0.16374631942°% +0.1673320083=0 )

Only the roots 4 ,=0.9935992101+0.01147724509j, ¢=0.01155066806  fulfill
—0.0314<<0.0314 . Hence, the instability measure is ;r/2m—min(|arg (ﬂ)|):0.0041.
This proof implies fractional-order (11) can exhibit a chaotic attractor when g, =0.99,

q, =099, g,=099, q,=0.99, and b=0.7, if -0.55<9g<0. Figure 6 shows the self-

excited chaotic attractor of the proposed fractional-order four-dimensional system by

considering a commensurate fractional-order.
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Fig. 6. 2D phase plots of the fractional-order system (17) with q=0.99, g =-0.4, and
IC=[-4, 0.1, 0.1, 0.1].

To verify whether system (17) is chaotic in the classical sense, its Lyapunov exponents are
calculated using the Wolf algorithm [73]. As is well known, a four-dimensional system is
considered chaotic if LE >0 LE,=0, LE,, <0 as shown in Fig. 7 (a). Similar to the
integer-order case, the parameters b, g define the stability conditions of the fractional-order
four-dimensional system. When b=0.7, g =-0.4, the system (17) generates a self-excited
chaotic attractor. Figure 7(b) shows the bifurcation diagram for fractional-order q. It is

observed that system (17) is driven to the mechanism of period doubling to a chaotic state.
Chaos behaviour is valid from 0.98 < q <1, and therefore, the minimum effective dimension

which is the sum of the fractional-orders is as low as 3.92.

1.5 ) ' ' —LE,=0.08 20
,g 1 —LE,=0
@ _LE3=-0.18
§ 0.5 —LE,=097 15]
g 0 e .
3-05 107
C
peo }
o -1
(]
28 5
-2 .
0 100 200 300 400 500 095 096 097 098 0.99 1
a) t(s) b) q

Fig. 7. @) Lyapunov exponents for the fractional-order system (17) showing a self-excited
chaotic attractor. b) Bifurcation diagram for fractional-order q with b=0.7,g =-0.4.

3.5. Hidden chaotic attractor without equilibrium points
Most familiar examples of chaotic flows occur in systems having one or more saddle points.

However, further studies showed that there is another type of oscillations, i.e., “hidden
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oscillations”. So, this class of attractors should be introduced according to the following
definition:

Definition 1. An attractor is called a self-excited attractor if its basin of attraction intersects
with any open neighborhood of an equilibrium, otherwise it is called a hidden attractor [9].
Definition 1 also includes fractional-order dynamical systems with no-equilibria, line, and

surfaces of equilibria, and stable equilibria. By considering D*f (x,y,z,w;t)=0 of system
(17), and b and g being both nonzero with the same signs, then there are no equilibria. As a

result, the attractor generated from the system (17) is hidden and satisfies Definition 1. Figure

8 presents the hidden chaotic attractor of the fractional-order four-dimensional system (17).

5 == 20 50 50

-10 - -50 -50

-10 -5 0 -15 -10 -5 0 5 10 -10 0 10 20 30 -10 -5 0
z

Fig. 8. 2D phase plots of the fractional-order system (17) with q=0.99, g=0.1, and
IC=[-10, 0.1, 0.1, 0.1].

Similar to the aforementioned scenario, the chaos generation is demonstrated by the
Lyapunov exponents spectrum given in Fig. 9(a). The largest Lyapunov exponent LE, is

positive indicating a chaotic behaviour. Additionally, fractional-order system (17) leads to
chaotic behaviour by means of a reverse period doubling, as can be seen in the bifurcation
diagram of Fig. 9(b). The hidden chaos is observed from 0.985<q <0.997. Contrary to self-
excited attractor case, the hidden chaos generation is only valid for fractional-orders since
system (17) evolves to periodic orbits when q=1.

Because the system parameter g can be defined as a control parameter for the type of chaotic
attractor (hidden or self-excited), we computed a bifurcation diagram for g. Figure 10 shows

the bifurcation diagram when q=0.99, and b=0.7 . A typical mechanism of period doubling
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is detected. As a conclusion, the self-excited chaotic attractor is observed for —0.51< g <0,

whereas the hidden chaotic attractor is generated when 0< g <0.23.

1.5 . . . 35
—LE,=0.13

8 1 —LE,= 30
S —LE,=-0.21
CC) 0.5 —LE,=-1 25
$ 0 2
i N 0
3-05 15
5
3 -1 i 10
215 5

_2 0 . .

0 100 200 300 400 0.97 0.98 0.99 1
a) t(s) b) q

Fig. 9. a) Lyapunov exponents for the fractional-order system (17) showing a hidden chaotic
attractor. b) Bifurcation diagram for fractional-order q with b=0.7,g =0.1.
Finally, it worth to noting that fractional-order four-dimensional system (17) also presents the

phenomenon of multi-stability which means that two or more different dynamics are
generated from different initial conditions. To analyze that behaviour, we obtain bifurcations

diagrams for the initial conditions as bifurcation parameters. Figure 11a, 11b, 11c, 11d, gives

the bifurcation diagrams for the initial conditions x(0),y(0),z(0),w(0), respectively. It is

observed that system (17) evolve either unbounded orbits or hidden chaotic dynamics for

distinct initial conditions x(0),y(0),z(0), however, it always remains chaotic for any value

of w(0).

Fig. 10. Bifurcation diagram for system parameter g with b=0.7,q=0.99.
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Fig. 11. Bifurcation diagrams for different initial conditions with b=0.7, =0.1,g=0.99,
for: a) x(0), b) y(0),z(0), w(0), respectively.

The rest of this paper is devoted to the design of novel FASMC subject to the synchronization

of fractional-order systems.

4. Controller design
The asymptotic stability of nonlinear fractional-order systems by using the Lyapunov
method will be represented in the following:

Theorem 2 [74, 75]. Consider the fractional-order nonlinear system as

°Dfx = f(t,x) (27)
where x=0 is an equilibrium point for the system. Assume a positive definite function

V(t, x(t)) as a Lyapunov function candidate such that

DAV (t, x(1)) <0 (28)
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where £ €(0,1), then the system (27) asymptotically converges to the equilibrium point.
Lemma 2. [76] Assume that X(t) € R is a continuously differentiable function. Then, for all

t>t, we have

1

> tf DX (t) < X(t)tf Dx(t), Veae(0,1) (29)

Lemma 2 can be developed for x(t) e R". Therefore, for Vt >t, [76]

%tf DY x" ()x(1) < X" (1) DIx(t),  Vae(0) (30)

Also, Barbalat’s Lemma could be developed for fractional-order systems as [77]:

Theorem 3 [77]. Consider ¢:R — R as a uniformly continuous function on the interval

[t,, ) . which,D;*|¢|" <M forall t>t,>0 where P and M are positive constants, Then

Lot =0 (31)

4.1. Adaptive sliding mode synchronization

Let define the following fractional-order system with effective dimension 4« and inner

dimension 4 as a slave system.

tha Yi=1Y,
CDa —
g tayz Y (32)
oD Ys=Y,
Dy, = f(t,Y)+Af (t,Y)+d(t) +u(t)
where Y =[y; - yn]T demonstrates the system state vector. f(t,Y) is the dynamic

function. u(t) and d(t) denote the control input and external disturbance, respectively. In

addition Af (t,Y)=F'® stands for uncertain terms representing the un-modeled dynamic of

the system where F=[F, F, --- F,]' is a known vector, and ® =[¢, ¢, - ¢.]

25



denotes the uncertain parameter vector. Now, consider the following chaotic system with

fractional-order derivatives as a master system

thaxl =%,
thaxz =X
o (33)
oD% =X,
“Dfx, = h(t, X)
where X=[x - X, ]T denotes the measurable state vector of the master system and

h(t, X) is the nonlinear function of the master system.

In the following, the robust ASMC in fractional-order formation is employed to achieve the
global synchronization between master and slave systems in the presence of uncertainties
and disturbances. Difference between the states of the master and slave system is defined as

the synchronization error and given by

e=x-Yy , 1l<i<4 (34)

considering Egs. (32)-(34) the error dynamic can be obtained as

thael =€,
thaez =&
“De, =¢ (39)
0~ 3 7 4
“Dfe, =h(t,X)-f(t,Y)-F ®—d(t)-u(t)
where ® and d(-) indicate the dynamic uncertainties and disturbances as follow
lp| <4’ 1<i<4 (36)
()| <d" (37)

where 4" and d" are constant but unknown parameters. Also, we assume that the sliding

surface and all of the system state variables are continuously differentiable.
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This assumption is prevalent, especially if the objective is to control a fractional-order system

[78, 79]. Now, we define the sliding surface for the fractional-order system as follow
4
S=e,+> kD¢ (38)
i=1

where ki,...,K, are positive parameters. The control input is designed as

u=h(t, X)— f(t,Y)—Zm: Fé —dsgn(S)+ 4S +ikiei (39)

where sgn(-) is the standard sign function, ¢fi and d are adjustable parameters of the control

law, which will be updated using the appropriate adaptation mechanism and £ is a positive
coefficient.
Theorem 4. By considering Eq. (39), the tracking error of the nonlinear fractional-order
system (35) converges to zero based on the proposed ASMC.
Proof. Choose Lyapunov function as
1 o1 21 ~\2
V(t)==S*+» —(¢ -4 ) +—(d" -d 40
2 ; 2y, ( ) 27, ( ) “0)
the time derivative of the Lyapunov function as well as using Lemma 2 yield
C 1 Chaee? 1 Che 2 1 cne(qu AV
DV (t) = = DS +.le[27 D (¢ - ¢)} > —°D; (d —d)
a n a N 1 u 1 a u q
<S°D; S+Z( (4-4)5Dr (4 - ¢)J+Z(d —d)th (d —d) (41)
—S(CD“e +Zk (Zi 4-4)5Dr ¢j——( —d)gD;'oT
e Vd

Substituting Eq. (35) into Eq. (41) gives
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DV (t) < S(h(t,X)— f(t,Y)—FT(I)—d(t)—u(t)+Z4:kieij

i=1

m ] 1 ] ; (42)
== (#-4) D4 -—(d"~d)5Drd
i=1 7i 7d
Considering Egs. (39) and (42), results in:
DAV (t) < S(h(t,X)— f(t,Y)—FT(I)—d(t)+Z4:kiei]
-S (h(t, X)—f(t,Y) —Zm: F.é —dsgn(S)+ uS + ikiei]
i=1 i=1 (43)

m
A

_Zi(ﬁ _é)thaéi _i(du _a)thad

i=1 /i V4

-ahs{ i)

3

M=

|
—_—
SN

|
RS
N —
[=Ne]
O

Q
S

|

|H

(d°~d)5Drd - ps”.

According to Eq. (43), to prove the stability of the closed-loop system, the adaptation laws

should be considered as follows:
SDfd = SF (44)
°Drd =y,19]. (45)
Substituting adaptation laws (44) and (45) into Eq. (43), we obtain

“DV(t) < —uS>. (46)

Integrating both sides of Eq. (46) yields

ODtia thaV :V(t) -V (O) < _ODtia (IUSZ) :_'UOD;a (|S|2)j
2 (47)
V(O +u,0: (|sf) v ).

Since the function V (t) is positive definite, one obtains

28



vV (0)

e (SRRTOES R SRE Y (48)

According to Theorem 2, Theorem 3, Egs. (46) and (48), it is clear that the sliding surface
asymptotically converges to zero, and due to asymptotic stability of the origin in
the sliding surface, the synchronization error converges to zero. Therefore, the proposed
control law guarantees the synchronization between master and slave systems in the presence
of dynamic uncertainty and extremal disturbances. Consequently, this finishes the proof.
Remark 1. Based on theorem 4, the stability of the closed-loop system has been guaranteed
via the Lyapunov stability theorem in the presence of uncertainties and disturbances which
proves that the proposed control is robust against uncertainties and disturbances.

Remark 2. In the proposed controller, the adaption mechanism will estimate the parameters
of the system and help the controller to better deal with the uncertain condition. Hence, the

vibrations in the response of the system will be decreased [80].

4.2. Fuzzy logic
The main problems of the SMC are the existence of chattering due to the discontinuous

function sgn(.). To address this problem, a fuzzy logic controller is proposed here.
Moreover, using fuzzy logic, the gain £¢; is tuned according to the distance of the system to

the sliding surface and its derivative. This way, the control effort, and tracking error are

reduced. By employing the fuzzy controller the overall control law is given by
mo 4
u=h(t, X)-f(t,Y)-> Fg—dF +x,S+> ke, (49)
i=1 i=1

The fuzzy rules have been employed to obtain variables F, and gz, based on the variables S

andS, , where S is th”‘S . The fuzzy rules of the proposed controller are selected somehow
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satisfy the stability of the closed-loop system. Therefore, due to stability conditions of the

proposed ASMC, positiveness or negativeness of F; is taken from variable S .

Mamdani's minimum operator with the centroid defuzzification method has been used for
fuzzy implication. Max operator is used for the aggregation of the rules. Also, Min operator is
used for the conjunction operator and the t-norm from the compositional rule. Figs. 12 and 13

show the Gaussian membership function of input and output linguistic variables, respectively.

NB N Z P PB

Degree of membership

mput linguistic variables

Fig. 12. Membership functions of input linguistic variables S and S.

NB N z P PB Vs s " B VB

Degree of membership

Degree of membership

output linguistic variables 5 5 o 5
nukang = output linguistic variables

(@) (b)

Fig. 13. Membership functions of (a) output linguistic variable
F; (b) output linguistic variable g, .

The membership functions for variables S, S; and F, have been considered as five fuzzy

partitions where the following symbols have been used: PB (Positive Big), P (Positive), Z

(Zero), N (Negative) and NB (Negative Big) and the fuzzy set is normalized in the interval (-
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1,1). Also, for positive variable z,, the membership functions have been introduced as VB

(very big), B (big), M (medium), S (small) and VS (very small), and the normalized interval
is (0,1). Tables 1 and 2 introduce the fuzzy rules which have been implemented in the present
study. The fuzzy rules which have been implemented in the present study have been
introduced in Tables 1 and 2.

Table 1. Fuzzy rule of the learning rate variable F; .

Sd
NB N Z P PB
NB NB NB N NB NB
N NB N N N NB
S Z N N z P P
P PB P P P PB
PB PB PB P PB PB

Table 2. Fuzzy rule of the learning rate variable ;.

Sd
NB N Z P PB
NB VB VB B VB VB
N B B M B B
S Z M M M M M
P B B M B B
PB VB VB B VB PB

The procedure of FASMC for the fractional-order system is illustrated in Fig. 14. The fuzzy
logic inference engine and adaptation mechanism have been combined with conventional
SMC to improve the performance of the controller in the presence of dynamic uncertainties

and external disturbances.
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Fig. 14. Scheme of FASMC for fractional-order systems.

In the proposed FASMC, instead of the discontinuous function sgn(.), the fuzzy engine is
employed to reduce the chattering phenomena and achieve the continuously smooth control

input. In order to annihilate the chattering from the system, some research studies propose to

use a saturation function sat(%) instead of sgn (.) [81]. The saturation function is defined as

sgn(s) if |s| >®

sat(s,®) = if Is| < ®

Z (50)

o
where the parameter @ is the boundary layer thickness which is defined around the sliding
surface s = 0. However, this solution may add a steady-state error into the sliding manifold
[82]. Although the boundary layer method is used to avoid the chattering phenomena, there
exists a tradeoff between the control smoothness and tracking error. To overcome this issue,
in this study, the fuzzy logic system has been proposed to reduce\eliminate the chattering
without sacrificing the tracking accuracy.

Moreover, in the proposed FASMC, the gain uf is tuned according to the distance of the

system to the sliding surface and its derivative. In the uncertain condition when this gain is
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tuned by the fuzzy engine as a result, tracking error will be reduced, and the speed of
convergence to the desired path will be increased in comparison with conventional SMC.
Therefore, the sliding surface converges to zero faster. It should be mentioned that in
comparison with conventional SMC, the proposed method is more complicated and needs to

implement a fuzzy engine for practical application.

4.3. Simulation results

In this section, synchronization results of uncertain fractional-order four-dimensional system
in the presence of external disturbance have been presented. The governing equation of the

master system is considered as follow:

Ca

oDIX =X

C

oD%, =X

CDa _ (51)
0™t X3 - X4

C 2 2

oDIX, = ax, +bx; +cx; +exX, + XX, + p

where the parameters of the system are « =097, a=-1.05, b=0.7, ¢=-0.19, e=1.37,

f=179, and p=-02. The initial conditions for the master system are
Xo=[0 -1 0 —1.5]T.The PECE algorithm [83] is used to solve the fractional differential

equation of the system. The governing equation of the slave system can be described by the

following equation:

oDy =Y,
oDy, =,
oDy, =,
oD, =AY+ BYE +BYs B Y1Y, + Y,y + P+ () +u(t)

(52)
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In this case, d(t) is considered as 0.2sin(t)+0.1cos(t). Also, we consider
f (t,Y)=p=-0.2 and according to the proposed control technique F and ® are described
as:

F=[y, ¥ ¥ %% W) (53)

q)=[¢1 ¢2 ¢3 ¢4 ¢5]T (54)

For this case study, the adaptation coefficients are chosen as y4=1 and

y=[05 05 05 O.5]T. Also, in the FASMC, the parameter u has been obtained by the
fuzzy engine, and in ASMC we have considered u = 2.5. The initial conditions are
YO =[1 1 11 1,&0)=1 111 1],k(0)=0..

The simulation results of the adaptive synchronization are illustrated in Figs. 15-18.
Tracking states of the master system via the slave system by applying ASMC and FASMC
are illustrated in Figure 15. After less than 15 time units, synchronization is completely
achieved, and the slave system is following the master system. Fig. 16, shows the time
history of the synchronization errors. From fig 16 it can be concluded that the
synchronization errors have been suppressed after a short period of time. Also, as illustrated
in this figure, the system with FASMC has a smooth and chattering-free response, due to the

proposed fuzzy inference engine.
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Fig. 15. Synchronization results for the fractional-order four-dimensional system with the
FASMC and ASMC.
5 . T . 5 . ) , ,
- - -fuzzy adaptive sliding mode control - = =fuzzy adaptive sliding mode control
adaptive sliding mode control adaptive sliding mode control
m‘; ot //»-‘__, ————— e a;?i ol N SR -
|
5 . . . . . 5 . . . . .
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Normalized Time Normalized Time
5 T T T T T 5 2.496 — T T —— T
- - -fuzzy adaptive sliding mode control - - -fuzzy adaptive sliding mode control
—adaptive sliding mode control 2.498 ——adaptive sliding mode control
AN | 2.5
« 3 R
o 0] N e K0 y"‘u- T R e I
005f
N S
<0.05
5 . . X X . 5 . . . 26.8 ?7 2?’.2I 274
0 10 20 30 40 50 60 0 10 20 30 40 50 60
Normalized Time Normalized Time

Fig. 16. Synchronization error of the fractional-order four-dimensional system with the
FASMC and ASMC.

The time history of the control input and sliding surface by applying both controllers are
illustrated in and Fig. 17 and 18 respectively. As observed, the sliding surface converges to
zero using both FASMC and ASMC. Also, by comparing the results of FASMC and ASMC,

we found that the fuzzy inference engine improves the performance of the control scheme
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significantly. It is worthy to note that, maybe we could design parameter u for ASMC in the
ideal condition (without the existence of unknown disturbances and uncertainties) to achieve
response similar to FASMC. But if we set the control parameter for one situation maybe these
parameters don’t work appropriately for another uncertain situation. Actually, this
dependence is a defect for complex dynamic systems. To solve this problem a fuzzy
controller is designed. It is obvious, when the system is in the presence of unknown

disturbances and uncertainties the fuzzy engine by tuning the parameter u, will significantly

improve the performance of the system.

40 T T
——fuzzy adaptive sliding mod control
—— adaptive sliding mod control
20 1
O "4 E
0.5
>
20 - N
0
-40 - 4
-0.5
21.8 22 22.2
60 F 4
0 10 20 30 40 50 60

Normalized Time

Fig. 17. The control input for synchronization of the fractional-order four-dimensional system
with the FASMC and ASMC.
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Fig. 18. Time history of sliding surface for synchronization of the fractional-order four-
dimensional system with the FASMC and ASMC.

Table 1: The norms of synchronization errors and control input

ol leal,  leel,  leal, el
FASMC 1618006 413710 202023  16.8297  21.2035
ASMC 1836062 ~ 46.0478 271329  17.2352  26.0717

The values of the control input and synchronization errors based on both designed controllers

are presented in tables 1. Symbol | ||, indicates Euclidian norm. The value of synchronization

errors and control input using FASMC are smaller than ASMC. the major problem in ASMC
is chattering. Actually, chattering and vibration in the control input cause larger control input

as well as larger synchronization errors.

Conclusion

This paper presented a novel 4D fractional-order chaotic system with specific features.
Dynamic behaviours of the system were discovered by bifurcation, phase portraits, and
Lyapunov exponents diagrams. Moreover, using the Lyapunov approach, the novel FASMC
was designed for synchronization of the fractional-order system in the presence of

uncertainties and external disturbances. From simulation results, it can be concluded that the
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using designed controller, the synchronization errors have been suppressed after a short
period of time. Also, the chattering problem in ASMC has been resolved by applying a fuzzy
logic inference engine. In the next works, we will investigate the practical applications of the
proposed system. For example, because of system’s chaotic dynamics, this system is useful
for developing chaos-based applications. Also, as a future suggestion, in order to mitigate the
unnecessary waste of computation and communication resources the proposed control
scheme could be extended by event trigger approach. In this way, the control input as a
discrete-time signal could operate in an aperiodic time-triggered manner based on the event

trigger strategy.
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