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Abstract

In this thesis, we develop scalable frameworks to (re)design a class of large-scale
network systems with built-in control mechanisms, including electric power systems
and the Internet, in order to improve their economic efficiency and performance while
guaranteeing their stability and robustness.

After a detailed introduction relating to power system control and optimization,
as well as network congestion control, we turn our attention to merging primary and
secondary frequency control for the power grid. We present modifications in the
conventional generation control using a consensus design approach while considering
the participation of controllable loads. The optimality, stability and delay robustness
of the redesigned system are studied. Moreover, we extend the proposed control
scheme to (i) networks with more complexity and (ii) the case where controllable
loads are involved in the optimization. As a result, our controllers can balance power
flow and drive the system to an economically optimal operating point in the steady
state.

We then study a real-time control framework that merges primary, secondary and
tertiary frequency control in power systems. In particular, we consider a transmis-
sion level network with tree topology. A distributed dynamic feedback controller is
designed via a primal-dual decomposition approach and the stability of the overall
system is studied. In addition, we introduce extra dynamics to improve system per-
formance and emphasize the trade-off when choosing the gains of the extra dynamics.
As a result, the proposed controller can balance supply and demand in the presence of
disturbances, and achieve optimal power flow in the steady state. Furthermore, after
introducing the extra dynamics, the transient performance of the system significantly
improves.

A redesign framework for network congestion control is developed next. Moti-
vated by the augmented Lagrangian method, we introduce extra terms to the La-
grangian, which is used to redesign the primal-dual, primal and dual algorithms. We

investigate how the gains resulting from the extra dynamics influence the stability

vi



and robustness of the system. Moreover, we show that the overall system can achieve
added robustness to communication delays by appropriately tuning these gains. Also,
the meaning of these extra dynamics is investigated and a distributed proportional-
integral-derivative controller for solving network congestion control problems is fur-
ther developed.

Finally, we concentrate on a reverse- and forward-engineering framework for dis-
tributed control of a class of linear network systems to achieve optimal steady-state
performance. As a typical illustration, we use the proposed framework to solve the
real-time economic dispatch problem in the power grid. On the other hand, we pro-
vide a general procedure to modify control schemes for a special class of dynamic
systems. In order to investigate how general the reverse- and forward-engineering
framework is, we develop necessary and sufficient conditions under which an linear
time-invariant system can be reverse-engineered as a gradient algorithm to solve an
optimization problem. These conditions are characterized using properties of system
matrices and relevant linear matrix inequalities.

We conclude this thesis with an account for future research.

vil
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Chapter 1

Introduction

The 21st century society depends on a number of technological networks, such as
the power grid, the Internet, transportation systems, etc. The efficient and robust
operation of these network systems plays a key role in economic development and
environmental sustainability.

Because these network systems are usually operated in an uncertain environment
and with incomplete information, to ensure their economic efficiency, stability and ro-
bustness, the conventional operation is usually divided into two or more different time-
scales. At a slow time-scale, efficient nominal operating points are determined using
optimization methods with predictions of future uncertainties, e.g., disturbances. At
a faster time-scale or in real time, the optimal points are tracked and stability of the
system is ensured using control techniques. However, as the uncertainties fluctuate
faster and by a larger amount, this time-scale separation framework could induce
economic inefficiency, poor robustness, and even instability.

On the other hand, one key problem in the control and optimization of these
network systems is scale. Given that the topology is many times changing or unknown,
as the network becomes large, or of arbitrary size, the complexity of traditional tools
and algorithms increases while the system (with existing control mechanisms) could
be facing deteriorated performance, poor robustness, and even instability.

In this thesis, concentrating on a class of large-scale network systems including
electric power systems and the Internet, we develop scalable frameworks for modify-
ing/redesigning existing system dynamics and built-in control mechanisms to improve
their economic efficiency and performance while guaranteeing their stability and ro-
bustness. As a result, in the presence of uncertainties, the redesigned systems can
track the efficient operating points automatically in a distributed (i.e., communication
with neighbours is allowed) or decentralized (i.e., no communication with neighbours

allowed), and closed-loop (i.e., no information of uncertainty is needed) manner.



1.1 Electric Power Systems

1.1.1 Overview and Problem Descriptions

The electric power system is the largest, most advanced and most expensive en-
gineered system in the twentieth century [3]. It consists of three main constituents:
generation (i.e., energy supply), transmission and distribution, and consumption (i.e.,
energy demand) [4]. Each constituent has different components. Conventional genera-
tion contains synchronous generators, exciting systems, automatic voltage regulators,
turbine-governor systems, etc., and produces electricity by converting mechanical en-
ergy into electrical energy. The electricity is transmitted over long distances to end-
users via transmission level networks (which operate at high voltages) and distribution
level networks (which operate at low voltages). These networks consist of overhead
power lines, underground cables, transformers and substations. The demand side
contains a variety of energy consumers, e.g., lighting, heating, electric motors, etc.
An individual consumer may change its demand fast and frequently, however, after
aggregating individual demands appropriately, the power consumption can become
smooth and more or less predicable over hours, days, months and seasons [4]. All
these components are interconnected and coupled to each other, forming a large-scale
network system.

To date, various controls and actions are implemented in the current power grid in

a layered /hierarchical way, as shown in Figure 1.1 based on [5] (detailed introduction

Power system (dynamics) Market (dynamics)

Economic dispatch
(real-time market)

Ancillaryi services ]

Automatic
generation
control

Turbine-

governor

control

Excitation
control
System
protection
sec min 5 min 60 min day year

Figure 1.1: Time-scale decomposition of controls and actions in the power grid.



of each control and action can be found in [5, 6, 7]). Each layer is characterized by its
operational /control objectives, corresponding to one time-scale. Generally speaking,
there are mainly two types of controls and actions: the fast time-scale controls and
actions for the power grid (i.e., a physical network system), and the slow time-scale
controls and actions for the electricity market (i.e., a system that enables electricity
to be bought, sold and traded as a commodity). The time-scale decomposition in
system dynamics and market dynamics provides a premise to simplify problems when
studying power systems, especially in control and optimization. For example, if con-
sidering long term contracts (slow time-scale) between a generation company and a
factory, the detailed controls and actions in the transmission network (fast time-scale)
are neglected. Such separation works well when the time-scales of the two layers are
significantly different. Even if the difference is less obvious, e.g., between seconds and
minutes, it is still acceptable because of high predictability (in future states) and low
uncertainty (in disturbance injection) in the system [5].

However, the power grid is currently undergoing several fundamental changes
such as increasing penetration of renewable and distributed energy resources, the
proliferation of electric vehicles, the active participation of end-users, and the rapid
deployment of sensing, communication and computing infrastructures [8]. The power
network is in transition from a centralized structure to one that is more distributed,
open, and autonomous. These trends provide tremendous opportunities for improve-
ments in sustainability, efficiency, power quality and reliability. But they also present
daunting technical challenges, particularly those imposed by non-dispatchable and
volatile renewable generation, and the large number of active end-points in the future
system. For instance, driven by the goal of sustainability, the penetration of renew-
able and distributed energy resources including solar power, wind power, tidal power
and so on, is significantly increasing. Different from conventional generation, the
availability of renewable energy is difficult to predict, and can fluctuate fast and by
a large amount, as illustrated in Figures 1.2-1.3. Another big change is the growing
use of electric vehicles. Electric vehicles are becoming more and more popular (see
Table 1.1 [9]) due to their potential societal benefits, i.e., reducing petroleum con-
sumption and greenhouse gas emissions, and improving air quality [10, 9]. They can
be connected to the power grid for charging anytime and anywhere, however, these can
cause unexpected disturbances to the system if not properly controlled [11, 12]. Be-
cause of the volatilities and uncertainties resulting from these new constituents, parts
of the time-scale separation in the electricity market and power system dynamics are

fading away, especially in the real-time market level (time-scale of usually 5 minutes
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Figure 1.2: A typical solar power plant output profile from [1] (© 2011 John Wiley
and Sons): Irradiance G' (W/m?) and output power Py (normalized and scaled by
a factor of 1000) recorded at Milagro site during a 15-min period on August 12th,
2008. The power curve is smoother than the irradiance due to the big size of the PV
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2008 (data from wind farms in the Bonneville Power Administration region around
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and up). As a result, it would be more and more difficult for the current hierarchical

control architecture to provide effectiveness and robustness to the real-time market,



Table 1.1: Number of cars in the UK stock by type under a stretch scenario: Elec-
tric Vehicles (EVs) and Internal Combustion Engine Vehicles (ICEVs). The stretch
scenario is driven by a milestone for cars in line with the UK meeting a 42% CO,
emission cut by 2020 [9] (© 2010 Element Energy Limited).

2010 2015 2020 2030
Number of cars in UK | EVs 11370 297400 4227300 | 26261200
car parc ICEVs | 28980800 | 30173600 | 27798000 | 9114700
Percentage of UK car EVs 0.04% 1.0% 13.2% 74.2%
stock ICEVs | 99.96% 99.0% 86.8% 25.8%

which separates power system dynamics from the real-time market mechanism, i.e.,
solving a static Optimal Power Flow (OPF)/Economic Dispatch (ED) problem only
once within a certain period of time in a centralized way.

A main topic of this thesis is to redesign the conventional frequency control /active
power control for power systems to adapt for those changes (this takes advantage of
the weak physical coupling between active power flows and bus voltage magnitudes
in transmission level networks to separate frequency control/active power control
and voltage control/reactive power control [3, 7]). Conventional frequency control
is designed and implemented in a hierarchical way, consisting of primary, secondary
and tertiary control [6, 4]. When disturbances occur, primary frequency control
operates at a time-scale of seconds to adjust the mechanical power input of gener-
ators based on local frequency deviations, which is implemented through turbine-
governor systems equipped within the generation (there is a proportional controller
in a turbine-governor system for frequency regulation). Meanwhile, there are also
power demand deviations due to frequency deviations in the frequency-dependent
loads. Then secondary frequency control, also known as Automatic Generation Con-
trol (AGC)/tie-line bias control, takes place at a time-scale of 10 seconds to minutes
to restore nominal frequency and scheduled interchanges of tie-lines (there is an inte-
gral controller in AGC for frequency regulation): in an interconnected power system
consisting of a number of control areas, AGC is implemented in each area in a central-
ized way, i.e., the active power regulation is allocated to the generators in each area
via participation factors [13]. Lastly, tertiary control, also known as ED, operates
at a time-scale of minutes to determine the economically-efficient nominal operating

point of the mechanical power generation and power interchanges of tie-lines. ED is

usually performed in the real-time market by solving an OPF problem, which aims



to minimize the operating cost subject to practical constraints. To conclude, the

structure of the conventional frequency control is shown in Figure 1.4.

a
=]
I
N

Time
>
&)
g Frequency
=1 Economic dispatch ]
2
w

(real-time market)

Automatic generation control

| Governor control! |

sec’, min 5 min

Automatic Generation Turbine-governor | Synchronous
Control (AGC) system generator F &
% E requency

Command input obtained Load power
by solving an Economic ¥ COnSAPHON
Dispatch (ED) problem

Power from transmission
lines/tie-lines

Figure 1.4: The structure of the conventional frequency control in power systems.

To redesign the conventional frequency control, two factors are important. The
first one is the design of demand response schemes for (controllable) loads/(responsive)
users, e.g., air conditioners, washers, electric vehicles, batteries, heaters, lights, etc.
Demand response is viewed as a “price-based” mechanism that will encourage con-
sumers to modify their power consumption when it is most difficult for the network
to achieve a balance between supply and demand [14]. It can not only reduce peaks
and shift loads for economic benefits, but also improve stability and reduce operating
reserves by adapting elastic loads to intermittent and fluctuating renewable genera-
tion [15]. By introducing demand response, frequency control can be implemented
in both the supply and demand side rather than only depend on generation control
as in the traditional system. The second factor is to break the time-scale separation
between the power system dynamics and the real-time market mechanism, i.e., to
realize real-time (a time-scale of seconds to minutes) economic optimization under
exogenous disturbances, e.g., renewable energy penetration. This scenario was first
studied in [16]. Tt was shown that the stability region of the coupled system was
very different from that of the market-only system, and therefore, the feedback sig-

nal (marginal prices derived in the real-time market) must be properly designed to



maintain the stability of the interconnected system. What needs to be emphasized
is that after merging the different time-scales, demand response is not restricted to
single price-based control but can include all intentional modifications in the power
consumption of end-users. In the following subsection, we will review recent research

relating to demand response and the redesign of conventional frequency control.

1.1.2 Literature Review

The idea of demand response was first suggested by Fred Schweppe and his co-
workers in the 1980s [17, 18]. This concept was then extended and developed by
researchers such as Hogan [19, 20] by introducing market and economic analysis, and
Alvarado [21, 22, 16] by considering market stability. Nowadays, it is recognized as a
key mechanism for ensuring reliability in the face of uncertainty in the future power
network. However, demand response has not been widely deployed in practice. Once
the reason was the lack of supporting information infrastructures in the power grid,
while the situation is being gradually improved due to the increasing deployment of
advanced sensing, communication and computing equipments. The current desiderata
is to develop suitable control paradigms which can realize the full potential of demand
response. On the other hand, power systems are large-scale and complicated. Because
of the increase in uncertainty and variability, conventional centralized control for the
power network becomes more costly and less efficient. As a consequence, distributed
and decentralized control frameworks are necessary to achieve system-wide efficiency,
reliability and robustness under those fundamental changes in the power network.
Driven by the goals of scalability and economic efficiency, recent work has fo-
cused on the redesign of the conventional frequency control that combines different
layers/time-scales together in either distributed, decentralized or centralized manner,
and some of them have included the design of demand response schemes. For ex-
ample, a novel control scheme for achieving optimal power balancing and congestion
management in electrical power systems via nodal prices was presented in [5], ex-
tending [16] to a more practical scenario. In [23, 24] a fast-acting decentralized load
control scheme was presented for primary frequency regulation in power networks, and
its implementation was studied in [25, 26, 27]. This load control scheme was then
modified by considering more completed power flow constraints that preserved grid
frequency [28] and interchanges of tie-lines [29], and was extended by adding decentral-

ized generator-side primary frequency control [30]. Through combining primary and



secondary frequency control, two different distributed control schemes for both gener-
ators and controllable loads were explored in [31, 32] to achieve real-time economic effi-
ciency. Another active research area is to redesign conventional AGC by incorporating
ED. For instance, [33, 34, 35] considered distributed integral control and distributed
Proportional-Integral (PI) control for generators to balance power systems after step
disturbances of power loads and minimize generation cost. Moreover, sufficient con-
ditions to guarantee the stability of the closed-loop system were proposed. In [13] the
connections between AGC and ED were studied from an optimization viewpoint and
a distributed control approach was presented which modified AGC by incorporating
ED automatically and dynamically. In addition, the concept of “breaking” the hi-
erarchical control architecture is applied to microgrids (i.e., low-voltage distribution
level networks). Representative work includes [36, 37] in which a distributed-averaging
proportional-integral controller was presented to ensure stability and power sharing in
droop-controlled microgrids (where primary control and secondary control were com-
bined), and [38] in which a centralized-averaging proportional-integral controller [39]
was compared with the distributed-averaging proportional-integral controller in lossy
and partially-controlled networks. Furthermore, [40, 41] explored different strate-
gies for primary droop control, secondary frequency control and tertiary control (i.e.,
solving an OPF problem), and showed that the adoption of droop control was nec-
essary and sufficient to achieve economic optimization, i.e., the time-scale separation

of conventional hierarchical control strategies in microgrids could be broken.

1.1.3 Our Approach and Contributions

In the first two chapters of this thesis, we redesign the conventional frequency con-
trol by breaking the time-scale separation and considering the participation of loads.
Based on [42, 43], Chapter 2 combines primary and secondary frequency control. We
first present modifications in AGC where each bus in the power network represents
a control area/an aggregated bus. The redesign methodology is via a consensus ap-
proach, and loads are used to improve the performance of the overall system under
proportional control. We then extend the redesign to (i) arbitrary transmission level
networks, i.e., each bus is not a control area anymore, and (ii) the case where loads
are involved in ED. In all three scenarios, optimality, stability and delay robustness
of the redesigned dynamics are studied. The performance of the proposed controllers
is illustrated by several numerical examples. To summarize, this chapter shares some
similarities with [34, 13] in that the economic efficiency of generator-side control is

taken into account in the redesign and the resulting controllers have distributed PI



structures, while the difference is that both the load-side participation and the delay
effect (we will show the delay-independent stability of the system) are considered.

Based on [44, 45, 46], Chapter 3 merges primary, secondary and tertiary frequency
control through a primal-dual decomposition approach. We first present a distributed
control architecture that can achieve real-time OPF in power networks under exoge-
nous disturbances. Different from conventional market-based control, the feedback
signals in our control architecture are not prices from a centralized market but infor-
mation and feedback signals flowing between neighbouring components. To show how
the design methodology and stability analysis can be performed, we consider a trans-
mission level network with tree topology. Moreover, we introduce extra dynamics in
the redesign to improve the transient behaviour of the closed-loop system. Numerical
experiments illustrate that the proposed controller balances the power flow in the
network quickly, and results in OPF in the steady state. Furthermore, after adding
the extra dynamics, the transient performance of the system improves significantly.
Similar to [31, 32|, this chapter considers nonlinear active power flow equations which
are more practical than linear equations used in conventional DC OPF problems.
Also, the design framework can be immediately applied to droop-controlled micro-
grids [40, 41] for achieving ED with both equality and inequality constraints.

The contributions of the first two chapters are summarized as follows. Firstly,
we present two systematic methods to redesign conventional generation control and
design load behaviours for power networks to achieve real-time ED in the presence
of uncertainties. Secondly, the resulting control schemes are implemented in either
a distributed or decentralized and closed-loop manner, guaranteeing system stability
and robustness, and leading to improved performance. Lastly, the proposed design

frameworks can be scaled to networks of large size and more complexity.

1.2 Network Congestion Control

1.2.1 Literature Review and Problem Descriptions

As the second topic in this thesis, we propose a redesign framework for typical network
congestion control algorithms to achieve improved performance and added robustness.
The problem of network congestion control focuses in the design of the Transmission
Control Protocol (TCP) and Active Queue Management (AQM) schemes for the In-
ternet, whose aim is to make sure that users can get a share of the available bandwidth
in a fair manner while ensuring that available bandwidth constraints are not violated.

Violating capacity constraints was a problem in the mid-1980s in the early days of



the Internet: users were increasing their bandwidth until the capacity constraints
were violated, congestion occurred and all packets on the network were dropped;
this resulted in retransmissions of lost packets which led to more lost packets again.
In [47], the first congestion control algorithm to alleviate this problem was proposed
driven mainly by intuition, however, the efficiency of the protocols was not addressed.
Ten years later, [48] presented two classes of congestion control algorithms that in-
terpreted the resulting protocols as the solutions of distributed convex optimization
problems which described the scenario of resource allocation in networks. This work
allowed researchers to explain the profound scalability and robustness of congestion
control protocols, and moreover enabled the design of algorithms in a rational fashion
for better efficiency and fairness. As a result, network congestion control became an
extremely active research topic in the past two decades [49, 50, 51].

Although many control schemes have been designed and applied to solve the net-
work congestion control problem, there are still many open research issues [51, 52],
e.g., global stability of more accurate models, trade-offs among system performance,
robustness and complexity of controllers, etc. Recently, some work focused on re-
designing dynamics to solve the network congestion control problem. In [53], the
authors proposed a unified passivity framework as a tool to analyze existing conges-
tion control algorithms and develop new control schemes. Also, [54] linked available
congestion control algorithms with optimal control theory by introducing proper util-
ity functionals so that the transient performance of the overall system could be taken
into account when designing controllers. In [55], delay robustness of the available
congestion control algorithms using Lyapunov-Krasovskii functionals was investigated
and stability conditions for networks of arbitrary size with heterogeneous delays and
nonlinear dynamics were derived. In [56], the primal-dual gradient dynamics were re-
visited with Krasovskii’s method and LaSalle’s invariance principle, and applications
to cross-layer network optimization were presented. In [57], the authors proposed a
framework from the control system viewpoint to analyze and design control dynam-
ics for both centralized and distributed optimization problems. Recently in [58, 59],
a distributed Newton-type second order algorithm for network utility maximization
problems was proposed, with a superlinear convergence rate in terms of primal iter-
ations. Other techniques such as event-triggered optimization [60] and Alternating
Direction Method of Multipliers (ADMM) [61] were also applied to solve network

congestion control problems.
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1.2.2 QOwur Approach and Contributions

Based on [62, 63], Chapter 4 of this thesis proposes a method for redesigning existing
congestion control algorithms at the level of fluid-flow models [64], in order to improve
the transient behaviour, and provide robustness to uncertainties in the network struc-
ture and communication constraints. Our redesign process involves the introduction
of simple terms in the Lagrangian (different from ADMM, these terms are irrelevant
to the constraints of the optimization problem), leading to simple extra dynamics that
however maintain the distributed structure for the overall system. We investigate the
influence of the gains resulting from the extra dynamics on system stability and ro-
bustness to time delays. In addition, we study the meaning of the extra dynamics and
further introduce distributed Proportional-Integral-Derivative (PID) control actions
for solving network congestion control problems. Finally, we provide three illustrative
examples to show the effectiveness of the proposed redesign framework.

This chapter highlights the idea of re-engineering existing systems and protocols
based on optimization methods. Motivated by the case of modifying network con-
gestion control algorithms, we propose a reverse- and forward-engineering framework
for control redesign for a class of network systems to achieve optimal steady-state

performance in Chapter 5 based on [65].

1.3 Reverse- and Forward-engineering for Control
Redesign

The concept of reverse- and forward-engineering for system re-engineering was ad-
dressed in [51]: in general, “starting from a given protocol originally designed based
on engineering heuristics, reverse-engineering discovers the underlying mathematical
problems being solved by the protocols; forward-engineering based on the insights
obtained from reverse-engineering then systematically improves the protocols”. Fol-
lowing this concept, the objective of Chapter 5 is to modify/redesign the existing
system dynamics and built-in control mechanisms in a network system so that the
closed-loop system can track the efficient operating points automatically. We refer to
this control as optimal steady-state control. The idea of using a dynamic system to
track an implicitly defined optimal point originated in [66]. Also, this problem was
recently studied in [67, 68, 69], in which the controllers were designed based on a
dynamic extension of the Karush-Kuhn-Tucker (KKT) condition, a method of saddle

point flows with backstepping, and a dual e-subgradient method respectively.
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Different from the recent work, we propose a reverse- and forward-engineering
framework which consists of two steps: firstly, we reverse-engineer a dynamic sys-
tem as a gradient algorithm to solve an optimization problem. Secondly, we use a
forward-engineering approach to systematically design controllers or modify the exist-
ing control mechanisms. As a result, the redesigned system can automatically track
the optimal solution of a predefined optimization problem. Under this framework,
the resulting controller (i) has a distributed/decentralized structure and can be im-
plemented in a closed-loop manner; (ii) respects the system operating constraints;
(iii) ensures an efficient and reliable network operation. Recent research in frequency
control of power grids and Internet congestion control has successfully demonstrated
that these systems can be re-engineered using a reverse- and forward-engineering
framework [13, 24, 70, 71, 51]. However, there is not much work investigating the
general network systems — how general the reverse- and forward-engineering approach
is. Specifically, (i) what kind of systems can be reverse-engineered; (ii) if a system
can be reverse-engineered, how to use forward-engineering to do control (re)design.
Chapter 5 will answer both of these questions, concentrating on Linear Time-Invariant
(LTT) systems.

In the first half of Chapter 5, we provide a detailed example of using reverse- and
forward-engineering to solve the real-time economic dispatch problem in power sys-
tems, which considers more realistic operating constraints than the scenario discussed
in Chapter 2. The problem studied here actually shares some similarities with [29]
while the design approaches are completely different. In the second half of this chap-
ter, we generalize this approach to a class of large-scale network systems. In order to
investigate how general this framework is, we establish necessary and sufficient con-
ditions under which a linear dynamic system can be reverse-engineered as a gradient
algorithm to solve an optimization problem. These conditions are characterized using
properties of system matrices and relevant linear matrix inequalities. Lastly, we use

the IEEE 14-bus network to demonstrate the effectiveness of our framework.

1.4 Connections between the Chapters

On the topic relating to power systems, according to the ideology of breaking the
time-scale separation, Chapter 2 focuses on merging and redesigning primary and
secondary frequency control in the power grid via a consensus approach. Chapter 3
goes one step further and considers merging and redesigning primary, secondary and

tertiary frequency control via a primal-dual decomposition approach. In the first half
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of Chapter 5, the problem considered in Chapter 2 is revisited (where more detailed
operating constraints are considered) via reverse- and forward-engineering.

On the topic relating to network congestion control, Chapter 4 proposes a method
to modify existing congestion control algorithms to improve their performance. This
method can also be applied to improve the behaviour of the designed controllers in
Chapters 2 and 3, as illustrated in Section 3.3. On the other hand, the second half
of Chapter 5 generalizes this redesign method and links with the concept of reverse-
and forward-engineering. The topic of optimal steady-state control using reverse- and
forward-engineering is then studied in detail.

Lastly, the thesis is complemented with appendices on Lyapunov stability, syn-
chronization in oscillator networks with non-homogeneous delays, saddle point dy-
namics and primal-dual gradient dynamics, classical loop shaping in Multiple-Input-
Multiple-Output (MIMO) systems, and the proof of Vinnicombe’s Lemma [72] which

is frequently used in this thesis.

1.5 Notation

The notation throughout this thesis is as follows.

|X| is the cardinality of a set X.

r € R™ is a column vector in an m-dimensional Euclidean space R™, and [z];
denotes its i*® entry. a7 (2f) is the transpose (conjugate transpose) of z. x = 0
(x > 0) denotes that all components of a vector = are non-negative (positive). V., f(z)
or % is the gradient (as a column vector) of a scalar function f € C' with respect
to z, where C" is the class of functions that are n times continuously differentiable.
V2 f(z) is the Hessian matrix of a scalar function f € C* with respect to .

& denotes the derivative of a state variable/vector x with respect to time ¢, i.e.,
@ = 2Lz(t). 2° denotes the nominal value of a state variable/vector z. z* denotes the
equilibrium of a state variable/vector x.

X € R™™ is an m x n real matrix. diag{x} denotes a diagonal matrix with
corresponding entries x on the main diagonal, and diag(z) is a diagonal matrix whose
entries are the elements of a vector z. 1 (0) denotes a matrix of ones (zeros) with an
appropriate dimension determined by the context. I, denotes an identity matrix of
size m x m. tr(X) is the trace of a square matrix X. X > 0 (X > 0) denotes that
a symmetric matrix X is positive semi-definite (positive definite). 7(X) and o(X)

denote the maximum and minimum nonzero singular values of a matrix X respectively
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(the singular values are the square roots of the eigenvalues of X X). eig(X) and p(X)
denote the spectrum and spectral radius of a square matrix X respectively.

C([a,b], R™) denotes the Banach space of continuous functions mapping the inter-
val [a, b] into R™ with the topology of uniform convergence. The norm on C(]a, b], R™)
is defined as ||@|| = sup,<g<; |¢(#)| where |-|is a norm in R™. For o € R, 7 € [0, +00)
anda >0,z € C([c—7,0+a],R™), and t € [0,0+al, define z; € C([c — 7,0 +a],R™)
as x(0) = z(t +0), 6 € [-7,0].

The positive projection of a continuous variable x is ¢(z) = max{0,z}. (h(y));

denotes the positive projection of a function h(y) on a variable x where

+ [ hy) ifx>0
(h(y))z = { mayx((],h(y)) ifxz=0 "

Finally, in Chapter 4, j stands for the imaginary unit.
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Chapter 2

Merging Primary and Secondary
Frequency Control in Power
Systems via a Consensus Approach

Due to increasing uncertainties resulting from renewable energy penetration and vari-
ability in both supply and demand, control and economic optimization for power
networks will need to run on faster time-scales. Moreover, distributed (i.e., communi-
cation with neighbours allowed) and decentralized (i.e., no neighbour communication
allowed) control architectures are necessary as power systems are large-scale networks
with a lot of complexity, which makes centralized control costly, inefficient and hard
to implement.

In this chapter, we merge conventional primary and secondary frequency control
for power systems with (frequency-independent) controllable loads [73], i.e., redesign
the generation control/tie-line bias control [6] and consider controllable loads partic-
ipating in active power regulation, in order to improve the economic efficiency in the
presence of uncertainties. We first obtain the state-space model of a transmission level
network under exogenous disturbances, where each bus represents a control area/an
aggregated bus. We then formulate an optimization problem relating to generator ac-
tive power regulation. The redesign methodology is based on a consensus approach,
and controllable loads are used to improve the performance of the overall system. The
optimality, stability and delay robustness of the redesigned dynamics are studied. We
next extend the redesign to cases where: (i) each bus in the network denotes either a
generator bus (such a bus contains only one synchronous generator/generation unit)
or a load bus (such a bus contains only one load which is an aggregation of a certain
amount of loads/users at the bus it is connected to; alternatively speaking, each load

corresponds to a distribution level network); (ii) controllable loads are involved in the
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optimization problem related to active power regulation. Finally, the performance of

the redesigned control schemes is illustrated by numerical examples.

2.1 Problem Setup
2.1.1 Network Model

Consider a transmission level network with arbitrary topology, described by a con-
nected directed graph (N, &). Here N is the set of buses/areas and &€ C N x N is
the set of transmission lines connecting the buses/areas. Each bus locally contains
both a synchronous generator/generation unit and a load which is an aggregation
of a certain amount of loads/users at the bus it is connected to. We number the
buses 1,---,n (N ={1,---,n}) and the transmission lines 1, --,p corresponding to
a lexicographic ordering where p = |£|. Define an orientation from bus ¢ to bus j
if (¢,7) € €,1 < j. View all buses as voltage sources and let v;£8;,i € N be the
voltage of each bus, where v; is the voltage magnitude and J; is the voltage phase
angle with respect to the rotating framework of nominal frequency w?, e.g., 2m x 50
rad/s in Europe. Assume that the network is working around a nominal operating
point which is determined by an Economic Dispatch (ED) problem at a more slower

time-scale. We then make a related assumption.

Assumption 2.1 All bus voltage magnitudes are fized, i.e., v;,i € N are constant.
The resistance of transmission lines is negligible. Reactive power injections and flows

are omitted.

This assumption is reasonable since: (i) we consider the network working around
a nominal operating point, which is determined by an ED problem at a more slower
time-scale; (ii) realistic transmission networks are very close to being lossless [6, 7].
Similar assumptions are also used in [24, 13].

Let w; = d;,i € N. Load power consumption may depend on either frequency or
voltage magnitude, or both [3]. Since bus voltage magnitudes are fixed under Assump-
tion 2.1, we can distinguish active power loads into three types: frequency-dependent
(1) (1)

loads whose power consumption is dgl)—i—Di w; where D;”’ > 0, frequency-independent
controllable loads (heaters, dryers, lights, etc.) whose power consumption is P,
and frequency-independent uncontrollable loads whose power consumption is d£2),
i € N [3, 24]. The dynamics at the buses/areas are given by the swing equations [74]
Mzwz + DEO)wi = f)]wZ — dz(l) — Dgl)wi — PLi — dSZ) - dio) - Z ?JZ'U]‘BZ‘]‘ sin(éi - (5])
(i,9)€€

ieN (2.1)
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where M; > 0 is the generator inertia, DZ(O)

> ( is the generator damping coefficient,
Py, is the mechanical power input, d§°) is the disturbance injection, e.g., renewable
energy injections and variations on both supply and demand, and B;; = Bj; > 0 is the
susceptance of the transmission line connecting buses ¢ and j. Moreover, in realistic

power systems, each generator contains a turbine-governor system given by [6, 13]

“) ieN (2.2)

. 1

Y Tre,

(PCZ. — Py, —

where Pg, is the command/control input to the generator and Trg,, R; > 0 are
constant parameters. Note that we have simplified the dynamics of the turbine-
governor system using a first-order model as in [13].

To simplify the notation, in the rest of the chapter, all the variables denote de-
viations from their nominal operating values. Let §;; = d; — d;, (i,j) € €. Linearize

system (2.1)-(2.2) around the nominal operating point to obtain

Mo + (D + D) wi = Py, = P, = (4 4 d" + dP) = 3 Ty,
%,—/

~ ~~ “ (i,5)€€
Di di
2.3a)
Sij = W; — Wy, (Z,j) €& (23b)
. 1 W ,
Py, = Po, — Py, — — 2.3

where T}; = v, ’UOB > 0,(i,7) € €, and each d; still denotes the disturbance injection.
Conventionally, each area/bus in the network is equipped with a tie-line bias

controller (i.e., an integral controller to drive the ACE to zero) given by [6]

P, = K ( Biw; — ZTZ]&J),@‘EN (2.4)
(

1,j)€EE

N

Area Control Error (ACE)

where K;, B; > 0 are constant (design) parameters. Under the tie-line bias control,
when P, +d; deviates from its nominal value, system (2.3) moves to a new state such
that Py, = Po, = P, +d;, w; = 0 and ¢;; = 0 hold, i.e., each bus absorbs its own
disturbances and scheduled interchanges of tie-line power are maintained. However,
this could be economically inefficient as pointed out in [13]. On the other hand, the
use of controllable loads can provide significant added stability and robustness to
power systems, especially under real-time disturbances, contingency and renewable
energy penetration [75, 73]. Due to these reasons, we will redesign the tie-line bias

control and consider the participation of controllable loads in active power regulation.
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We first present the state-space description of system (2.3), which is used to prove
relevant results in this chapter. Let o; = &; — 0., € N\ {n}, w = [wy, -, wy]7,
a = [ag, -, a,1]|", and 0 = [o1,---,0,]" where o, = &;; = & — d;,1 < j if the
transmission line (i,7) € & is indexed by k. Let T' = diag{T;} € RP*P, where
Ty, = T;; if the transmission line (4, j) € £ is indexed by k. Moreover, we define three

matrices to describe the interconnection structure of the network:

1 if bus ¢ is connected to a bus 7 > 1
through transmission line indexed by &,
Ag e RVP = [ay] = ¢ —1 if bus i is connected to a bus j < i (2.5)
through transmission line indexed by k,
0 otherwise.
AeRO-DP =TT, ., 0] x4 (2.6)
= Rnx(nfl) — |i Ii_ll ‘| ) (27)

Lemma 2.1 The following equalities hold:

o=ATa (2.8b)
o=Alw. (2.8¢)

Proof: Note that Ay is the incidence matrix of the directed graph (N, ). So 14y = 0
holds, which means that (2.8a) is true (actually A is the reduced incidence matrix
resulting from Ap). Equations (2.8b) and (2.8¢) can be verified from the definition
above. A 3-bus (3-area) network in Figure 2.1 illustrates these relations. [

The state-space version of the model is then given by

M + Dw = Py — Pp —d — ATATa (2.9a)
a=T"w (2.9b)
PM = TfGl(PC - PM - Rilw) (29C)

where M = dlag{MZ} e R D = dlag{DZ} € R™" Py = [PMN . ',PMH]T, P =
[PLla o '7PLn]T7 d — [dh o '7dn]7 TTG - dla‘g{TTGz} S Ranj PC - [PCN Y PCn]T
and R = diag{R;} € R™*".

Remark 2.1 Multiplying AT on both sides of (2.9b) results in (2.8c) which is equiv-
alent to (2.8b). Since the rank of Ay is n — 1 [76], system (2.8¢) has a state-space
of dimension n — 1, although o contains p state variables. So system (2.3) has a

state-space of dimension 3n — 1 which is the same as system (2.9).
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Figure 2.1: A 3-bus (3-area) network (the orientation is indicated by red dashed
ArTOWS ).

Remark 2.2 Given Pg, Py, d, the equilibrium point of system (2.9) is uniquely deter-
mined as: w* = 1v wherev € R = 1(Pc—Pr,—d)/(tr(D)+tr(R™")), P = Po—R™'w*
and

In—l

o = (ATAT)™ [ .

T
] (Pc— P,—d—(D+ R Y1)
where AT AT is invertible [76]. On the other hand, given Pc, Pr,d, the equilibria of
system (2.3) are determined as: wi = v, Pj;, = Po, — R;'w},i € N and

[nfl

ATJ*:[ 0

r (Po — P, —d— (D+ R Y1),

Note that the above equation results in multiple solutions for o* when the graph (N, E)
has mesh topology. However, all practical trajectories of system (2.3) converge to the
unique equilibrium point (w*, ATa*, Py;) [24] (Remark 5).

2.1.2 The Optimization Problem

Suppose that a constant disturbance d occurs in the network. As a result, the fre-
quency deviates from its nominal value. It is expected that the generators can adjust
the mechanical power P,; to not only balance the supply and demand at each bus
but also to minimize the aggregate power generation cost. These two goals lead to a

steady-state optimization problem given by

min Ci(Pu,) (2.10a)
Pyra 4
ieN
subject to Py —d — AgTATa =0 (2.10b)

where C;(Pyy,) is the cost function for the generator at bus ¢, and d is a given constant.
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Remark 2.3 The reason why Py, is not included in (2.10b) is the following: (i) the
disturbance is expected to be cleared through only generation control, as in the standard
tie-line bias control [6]; (ii) according to [24], controllable loads can participate in
primary frequency control under proportional actions, which could result in better
transient performance; (iii) the use of proportional control for controllable loads leads
to a completely decentralized scheme; (iv) if using proportional control for controllable
loads, Pr, = 0 holds after the disturbance is cleared by generators. So we have excluded

Py, in (2.10b), and moreover, we will use proportional actions for controllable loads.
For problem (2.10), we have a related assumption.

Assumption 2.2 Each Ci(Py,) is of quadratic form, i.e., Ci(Py,) = 3¢ Py +
bPy,b > 0,¢; > 0,i € N. Problem (2.10) is feasible.

This assumption is supported as follows. First, cost functions with quadratic form
%cmPﬁL + b,,P,,, where b,, > 0,¢,, > 0 and P,, is the mechanical power input, are
widely used for generators [6, 16]. Let Ci(Py;,) = 3¢ Py + biPy, where b; > 0,¢; >
0,7 € N. Note that we consider the network operating around a nominal state, i.e.,
for each generator, Py, denotes a deviation from its nominal operating value PJ(\JL-' If
there is no disturbance, i.e., d = 0, the system should stay at the nominal state so
that [P;f, a*T]T = 0 is the optimal solution of problem (2.10). Since problem (2.10)
is a convex problem with linear equality constraints, we can then obtain from its
Karush-Kuhn-Tucker (KKT) conditions [77] that b; = b;,(i,5) € €. Finally, the

feasibility of the problem is a necessary assumption.

Remark 2.4 Adding (2.10b) results in 1(Py — d) = 0, which indicates that w = 0
and Poc = Py hold in steady state for system (2.9). Based on Remark 2.2 (a can be
uniquely derived given Po, P, = 0,d), problem (2.10) can be reformulated as

min Ci(Pe,) (2.11a)
Pc
ieN
subject to 1(Po—d) =0 (2.11b)

regardless of Py, a. Under Assumption 2.2, the objective function becomes
1 1
ieN ieN
which indicates that the choice of b does not affect the optimal solution. Moreover, c;

is chosen to be equal to ¢ in the global cost function of the generator at bus i, i.e.,

CY(PYy, + Par,) = 50(Pyy, + Pag,)? + 02(Pyy + Puy,), where b) > 0,¢) > 0,i e N.
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The goal is to redesign the tie-line bias control (i.e., redesign PC) so that it asymp-
totically stabilizes system (2.9) under disturbance injection d and the equilibria are
the optimal solutions of the optimization problem (2.10)/(2.11). Note that solv-
ing (2.10)/(2.11) only leads to economic efficiency for secondary frequency control,

which is different from solving an ED problem in tertiary control.

2.2 Redesign Methodology, Stability and Delay Ro-
bustness

2.2.1 Redesign Methodology

We first focus on the optimization problem (2.11). Since it is a strictly convex problem
with a linear equality constraint under Assumption 2.2, strong duality holds and the

KKT conditions are necessary and sufficient conditions for optimality [77], given by

ciPo, = cjPg;, (i,5) €& (2.12a)
(P —d) =0 (2.12b)

where (2.12a) indicates that the marginal costs of generators should be same at the
optimal point. Recall the conventional tie-line bias control (2.4). It is actually an
integral controller which aims to drive —B;w; — Z(i, J)ee T;;0;; to zero. To keep the
modification small, we replace this term by terms from the KKT conditions so that

optimality is achieved at the equilibria:

Po, = Bi(Py, = Po,) = Ki Y (ciPe, = ¢jPc,), i € N (2.13)
(i,)€€

where we have changed the positions of B;, K; since they are design parameters.
Compared to the conventional tie-line bias control which is decentralized (among all
control areas), the redesigned control scheme requires information exchange between
neighbouring buses as illustrated in Figure 2.2, which is distributed. The communi-

cation can be carried out via the Wide-Area Network (WAN) [78].
In addition to redesigning Pci, we consider the participation of controllable loads

and use proportional control to regulate them as discussed in Remark 2.3:
PLZ' :PLz(kplagzawaLl?FLz)a i GN (214>

where k,, > 0 is the proportional gain and Py, (-) is now a nonlinear function with

dead zone (parameterized by w;,w;,w; < 0 < @;) and saturation (parameterized by
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Figure 2.3: Pp,(+),i € N with nonlinear characteristics.

P Li,?Li, P, <0< Pp.) characteristics, shown in Figure 2.3. These loads actually
add damping to the system. Finally, the closed-loop system dynamics in state-space

form are given by

M + Dw = Py — Py —d — ATATa (2.15a)
a=T"Tw (2.15b)

Py = Trd(Pe — Py — R™'w) (2.15¢)

Po = B(Py — Pp) — KAJAYC Py (2.15d)

where B = diag{B;} € R™" K = diag{ K;} € R™", C = diag{¢;} € R**", and Pp,,
i.e., the entry of Py, is given by (2.14).

2.2.2 Main Results

We now present results relating to the optimality, stability and delay robustness of
system (2.15).

Theorem 2.1 Given a constant d, under Assumption 2.2, the equilibrium point of the

overall system (2.15) is unique and (Py;, o) is the optimal solution of problem (2.10).
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Proof: At the equilibrium, we have

1(Dw* — Py +P;+d)=0
wi =wj, (i,j) €E

P, — Py —R'w'=0
1K 'B(Py; — P =0

which result in w* = 0, P} = 0,1(P;; —d) = 0, P5, = P;; and AgAJCP} = 0. Using
Lemma 2.1, the last equation leads to PATCTAATTTC P} = 0. Since AAT is positive
definite [76], we then have TTCP;, = TTCP}, = 0. Therefore, (P;;, a*) is the unique
optimal solution of problem (2.10). According to Remark 2.2, the equilibrium point
of the overall system (2.15) is unique. [

Theorem 2.1 shows that the redesigned control scheme can ensure optimality for
the network in the steady state. We then prove convergence, i.e. the stability of the

overall system.

Theorem 2.2 Given a constant d, under Assumption 2.2, starting from any feasible

initial point, the trajectories generated by (2.15) converge to its unique equilibrium

point if K = kCR™'B where k > 0.

Proof: Define a candidate Lyapunov function for the overall system as

1 1 1
Vig.15) zinMw + 5((1 — o) TATA" (a — o) + §(PM — Py ' TraR(Py — Pyy)
1
+ §(PC — PL)Y'B™'R(Pc — P). (2.16)

If K = kCR'B, we have

V(2.15) =—w'Dw — Plw — (Pyy — Po)"R(Py — Pe) — k(TTCPo)" AAT(TTCPy)
<0 (2.17)

where Pgw > 0 always holds. On the other hand, \'/(2.15) = 0 only when w = P;, =
0, Py = Po,I'"C Py = 0, which only happens at the equilibrium point. Since V.15
is radially unbounded, using Krasovskii-LaSalle principle [79], the equilibrium point
is globally asymptotically stable. |

We next study delay robustness of the redesigned dynamics (2.15). As described
previously, the implementation of the proposed generation control requires commu-
nication between neighbouring buses carried out via the WAN. So delays could occur

in the network.
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Consider the case in which the system is operating under finite communication

delays, given by 7;; > 0 if a signal is passed from bus j to bus i. System (2.15) now

becomes
Ma(t) = —Dw(t) + Py (t) — Pr(t) —d — AgT AT a(t) (2.18a)
a(t) = TTw(t) (2.18b)
PM(t) = TT‘é(Pc( ) — Pu(t) = R™w(t)) (2.18c)
Pe,(t) = Bi(Pag, (1) — — K Y (ePe,(t) — ¢ Py (t — 7)), i €N (2.184)
()€€

where P, () = ¢;(6),0 € [—h,0],¢; € C([—h,0],R),i € N and h = max(; j e {max{7;;,
7;i}+. Note that we do not require 7;; = 7. For the optimality and stability of sys-

tem (2.18), we have the following theorem.

Theorem 2.3 Given a constant d, under Assumption 2.2, the equilibrium point of
system (2.18) is unique and globally asymptotically stable if K = kCR™'B where
k> 0. Moreover, (P}, a*) is the optimal solution of problem (2.10).

Proof: It is sufficient to show the global asymptotic stability of the equilibrium.

Define a candidate Lyapunov-Krasovskii functional as

Vio.1s)(t) =—w(t)' Mw(t) + %(&(t) —a)TAT A" (a(t) — o)

' %(PM(t) ~ Pia) TroB(Pult) = Fi) + %(P c(t) — P&)" B 'R(Po(t) — Pp)
+ g (z‘%& (/tTji(CjPCj (B) - ijéj)%lﬂ + /tTij (CiPCi<6) — Cini)2d6>

(2.19)

where k£ > 0. We move the equilibrium point to the origin and continue to use the
same variable names, however, these are now deviations from the equilibrium point.

Let K = kCR!'B. Differentiating V(2.18) with respect to time, we get
Vias)(t) = — w(t)" Dw(t) — Pr(t)Tw(t) = (Pu(t) = Po(t))"R(Pu(t) — Po(t))
K
-3 > ((Cz‘Pci (t) = ¢ Pe,(t = 753))° + (¢ Pe, (t) — ciPo,(t — Tz‘j))2)
(i,5)e€
<0. (2.20)

Moreover, "/(2.18) (t) = 0 yields w(t) = P(t) = 0, Py (t) = Po(t), ciPe,(t) = ¢;Po,(t —
75) and ¢;Po,(t — 735) = ¢;Pe,(t),(4,7) € €. Substituting them into (2.18), we ob-
tain that Py (t), Po(t) are constant, which only happens at the equilibrium point.
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Since V(a.1g) is radially unbounded, using LaSalle’s invariance principle for time-delay
systems [80], the equilibrium point is globally asymptotically stable. [ |

Theorem 2.3 indicates that the global asymptotic stability of the overall system
is independent of (finite) delays by choosing K = kCR™' B where x > 0. This is also

the nominal stability condition given in Theorem 2.2.

2.2.3 Discussion

It is worth noting that the designed controller (2.13) (Equation (2.18d) for the delayed

case) can be interpreted as a modified version of the Kuramoto Model [81]:
N
ZI.JZ' =Y; — Z Az’j Sil’l((L’i — l’j)
i=1

Ti(t) = yi(t) — Z Ajjsin(;(t) — x;(t — 750))

where there are N coupled oscillators with phases z; € [0, 27| and natural frequencies
i, A;; is the coupling strength between neighbouring oscillators (3, j), and 75 > 0 is
the delay in the coupling from j to . When system (2.15) (system (2.18) for the de-
layed case) achieves optimality, i.e., the optimization problem (2.10)/(2.11) is solved,
the dynamics (2.13) (Equation (2.18d) for the delayed case) achieve consensus [82]
given by (2.12a). Moreover, the proofs relating to stability are similar to those for
the Kuramoto Model shown in [81] (see the Appendix).

2.3 Extensions

In this section, we show two direct extensions of the proposed redesign framework.

2.3.1 Topology

Firstly, consider a transmission level network with arbitrary topology, described by a
connected directed graph (G|J £, E). Here G is the set of generator buses, £ is the set
of load buses, and € C (G|J £) x (G J £) is the set of transmission lines connecting the
buses. Fach generator bus contains only one synchronous generator/generation unit,
and each load bus contains only one load which is an aggregation of a certain amount
of loads/users at the bus it is connected to. This can be realized through introducing
fictitious buses which in fact represent the internal generation voltages [74]. An

example is shown in Figure 2.4. The advantage of using the transformation is that
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generators and loads can be partitioned into different groups (i.e., generator buses and
load buses) so that the control design for them can be distinguished. Note that the
proposed design frameworks in this thesis can be naturally applied to the case where

there exist buses containing both a synchronous generator and a load.

2

Figure 2.4: An example of topology transformation. Left: before. Right: after.

We number the generator buses 1,---,m (G = {1,---,m}), the load buses m +
L. m+n (L = {m+1,---,m+n}), and the transmission lines 1, - - - | p corresponding
to a lexicographic ordering where p = |€|. Define an orientation from bus i to bus j
if (i,7) € £,i < j. View all buses as voltage sources and let v;£d;,i € G|J L be the
voltage of each bus, where v; is the voltage magnitude and 9; is the voltage phase angle
with respect to the rotating framework of nominal frequency w?, e.g., 27 x 50 rad/s
in Europe. Assume that the network is working around a nominal operating point
which is determined by an ED problem at a more slower time-scale. Assumption 2.1

is modified as follow.

Assumption 2.3 All bus voltage magnitudes are fized, i.e., v;,i € G|JL are con-
stant. The resistance of transmission lines is negligible. Reactlive power injections

and flows are omitted.

Similar to Equations (2.1)-(2.3), we use the linearized Structure Preserving Model
(SPM) with frequency-dependent active power loads as the dynamics of the network,
given by [74, 13]
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(i,5)€E
Diwi = _PLi — dz - Z Ejé’ijv 1€ L (221b)
(i,9)e€
Sij = W; — Wy, (Z,j) €& (221C)
: 1 Wi ,
Py=—(Po—Py ——),ic 2.21d
wi= g (P Pu - ) e (2.210)

where all states and coefficients retain the same meaning as in Equation (2.3) (now
D; > 0,7 € G is the generator damping coefficient and D; > 0,7 € L is the frequency-
dependent load damping coefficient). To obtain the state-space description of sys-
tem (2.21), let a; = & — Opman,t € GUL\ {m + n}, w, = w1, -, 0]’ w =
[Wintts s Winan) Ty and « = [ay, - -+, Qpyn_1]”. Moreover, o, T, Ay € R™")>xP A ¢

RM+7=DxP are defined similarly as before. Define I'y, I's to be
= Rmx(mt+n—1) _ [ I, O } (2'22)

[y, € R (man=1) — { 0 _Iil—l ] . (2.23)
Then the results in Lemma 2.1 still hold in this case with Equation (2.8a) changing
I
[y
Finally, we obtain the state-space version of the model:

to Ay = A. An example is shown in Figure 2.5.

My, + Dywy = Py —dy, — T1ATA o (2.24a)
& =TTw, + 5w (2.24D)
wy = Dy (=P — dy — T2 AT AT a) (2.24c)
Py = TpA(Po — Py — R7'w,) (2.24d)
where M = diag{M;} € R™™, D, = diag{D1, -, Dy}, Pu = [Py, Pu,]",
dg = [dla T ';dm]; Dl = diag{Dm+1> o '7D’m+n}a PL - [PLm_»,_la T 'aPLm+n]T7 dl ==
[dm+17 Ty dm+n]7 TTG - dlag{TTG} S Rme) PC - [PCN Ty PCm]T7 R - dlag{R’L} S
Rmxm.

Remark 2.5 Multiplying AT on both sides of (2.24b) results in 6 = Alw (w =
(Wi, oy Wiman]t ) which is equivalent to (2.21c). Since the rank of Ag is m+n—1 [76],
system ¢ = Alw has a state-space of dimension m + n — 1, although o contains p
state variables. So system (2.21) has a state-space of dimension 3m+n—1 (note that
this system is described by differential algebraic equations which can be rearranged as

only differential equations) which is the same as system (2.24).
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Figure 2.5: A 6-bus network (the orientation is indicated by red dashed arrows, and

W= [wlv Tty wm—i—n]T)

Remark 2.6 Given Pg, Pr,d,, d;, the equilibrium point of system (2.24) is uniquely
determined as: w = 1v where v € R = (1(Po —dy) — 1(Pp+d;))/(tr(Dg) + tr(R™') +
tr(Dy)), Py = Po — R™'w} and
T
1 D Po—d,— (D, + R M1v
* T\—1 m+n—1 c g g
@ _(ATA ) |: 0 :| |: —PL—dl—Dl].V :|
where AT AT is invertible [76]. On the other hand, given Pc, Py, d,, d;, the equilibria
of system (2.21) are determined as: w} = v, Py, = Po, — R;'w},i € G and
ATo* = Tingn1 ! Po—dy — (Dy + R )1y
0 _PL - dl - Dl]_l/ '

Note that the above equation results in multiple solutions for o* when the graph

(GUL,E) has mesh topology. However, all practical trajectories of system (2.21)
converge to the unique equilibrium point (w}, ATa*, Py) [24] (Remark 5).

Similar to (2.10), we consider the steady-state optimization problem given by

min Ci(Pu,) (2.25a)
P]\{,Oé N
i€g
subject to Py —d, — TWATATa =0 (2.25b)
—d; — T, ATATa =0 (2.25¢)

where C;(P)y,) is the cost function for each generator, and d,, d; are given constants.

As before, we design the following controller for generators and controllable loads:
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Pe, = Bi(Py, — Po,) = K Y (e;Pe, — ¢;jPc,), i€G (2.26a)

(i,7)€E
Po,=-K; Y (ciPe,—c;jPc,), i€ L (2.26h)
(4,9)€E
Pr, = Pp,(kp,,w;,w;, P, Pr,), i€ L (2.26¢)

where B; > 0,i € G, K; > 0,i € GUUL, Pe,,i € L are auxiliary variables, ¢; =
1,7 € L, and Pp,(-) is given by (2.14). The above control scheme requires information
exchange between neighbouring buses as illustrated in Figure 2.6, which is distributed
(while the control for loads is decentralized). It is clear to see that the benefit of

introducing ¢;Pe,, 1 € L is to keep communication only between neighbouring buses.

C3:C4:C5:C6:1 Bus 1 CIPC
1
E |
)
4
F
i
Bus 3
= e3P,
= ——n
- Y
CZPCZ N SR i
- 58 - \
A =
C4PC‘1 6 A Cépcﬁ
G % :
N !
Bus 2 Bus 4 A ¢
\\ ]
~ I
o) ! Bus 6
5
-
. f
~ I
- 1
Bus 5 csPe.

Figure 2.6: Information exchange illustration for a 6-bus network.

The closed-loop system in state-space form is then given by

M, + Dyw, = Py —d, — T1AT AT« (2.27a)
& =TTw, + 3D (=P — dy — T2,AT AT Q) (2.27b)
PM = chlf(PC — PM — Rilwg) (227C)
T

: I CP,
Py = B(Py — Pp) — { 0 ] KAgAL { P,C ] (2.27d)

C

T
Pl =— 0 K AgAY CITC (2.27¢)
I, P,
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where B = diag{B,} € R™™, K = diag{K,, K}, K, = diag{K,, -, K}, Ki =
diag{Km-i-la o '7Km+n}a C = dlag{cl} € Rmxm’ Pé’ - [PCm+17 te '>PCm+n]T7 and PLi’

i.e., the entry of Pp, is given by (2.14). Based on Theorems 2.1-2.2; the following

proposition is immediate.

Proposition 2.1 Given constant dg, d;, under Assumption 2.2 (problem (2.25) is
feasible), the equilibrium point of system (2.27) is unique and globally asymptotically
stable if K, = kCR™'B and K, = kI, hold where k > 0. Moreover, (Pj;,a*) is the
optimal solution of problem (2.25).

Proof: The proof of uniqueness and optimality of the equilibrium point is similar to
that of Theorem 2.1. The proof of stability of the equilibrium point is similar to that
of Theorem 2.2, by replacing the candidate Lyapunov function V(15 with

Viaam) =i Mu + 5 (0 — 0*) ATAT (o~ a) 4 3 (Pog — Pig) TraR(Py ~ Piy)
4 5(Po— Po)Y BTR(Pe — P2) + 5(Ple— PE) (Pl — PE) (2.28)
for which
Vipar) = — wi Dywy — wi' Dywy — PLwy — (Py — Po)"R(Py — Pe)
—K{CPJZC}TH;}AATH;}T{CPIZC}50 (2.29)
when K, = kCR™'B and K, = kI,, hold where x > 0. |

Now consider the case in which the system is operating under finite communication

delays, given by 7;; > 0 if a signal is passed from bus j to bus i. System (2.27) then

becomes
M, (t) = —Dyw,(t) + Puy(t) — dg — T AT AT aft) (2.30a)
a(t) =TT wy(t) + T3 DY (=Pp(t) — d; — To AT AT alt)) (2.30b)
PM( ) = TTG(Pc( ) — Pu(t) — R‘lwg(t)) (2.30c)
Pe,(t) = Bi(Pu(t) — —K; Y (eiPe,(t) — ¢jPo,(t— 7)), i€G  (2.30d)
(i,5)€€
Poi (t) = _Kz (CiPC,-( ) — CjPCj (t - Tji))a 1€ L (2306)
(3,9)€€

where Pc,(0) = ¢:(0),0 € [=h,0],¢; € C([~h,0],R),i € GJL and h = max j)ee
{max{;;,7;i}}. Note that we do not require 7;; = 7;;. The next proposition follows

from Theorem 2.3.
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Proposition 2.2 Given constant dg, d;, under Assumption 2.2 (problem (2.25) is
feasible), the equilibrium point of system (2.30) is unique and globally asymptotically
stable if K, = kCR™'B and K, = kI, hold where k > 0. Moreover, (Pj;,a*) is the
optimal solution of problem (2.25).

Proof: The proof of this proposition is similar to that of Theorem 2.3 by replacing

the candidate Lyapunov-Krasovskii functional V(s 15)(t) with

Vo (1) =g55(1) Muwy(t) + 5 (at) — 0*) ATA (a(r) — o)
X (Pult) = P TraR(Pu(t) - Py

+

l\DIP—‘[\.’)IH

(Po(t) = P2)" BT R(Po(t) — P5) + %(Pé(t) — PE)N(PL(t) — P2

t
+ = Z (/tT (CjPCj(ﬁ)_chéj)Qdﬁ—'—/tT,v(CiPCi(B)_ciPa‘)Qdﬁ>

(z] e

(2.31)
where k > 0, for which
Viaan (1) = =y (0" Doty (8) = n(®)” Dicat) = Po(t) (1
—

Pas(t) = Pe(®)" R(Pu(t) = Pe(t)
~ ((@Pelt) = oo, (t = 730)? + (ePe, (1) = Pt = 7:,))?)

<0 (2.32)

when K, = kxCR™'B and K, = kI, hold. [
Proposition 2.2 indicates that the global asymptotic stability of the overall system
is independent of (finite) delays by choosing K, = kCR'B and K, = kI, where

x > 0. This is also the nominal stability condition given in Proposition 2.1.

2.3.2 Controllable Load Participation

Secondly, we include controllable loads in the optimization problem related to active

power regulation. Problem (2.25) is reformulated as

i (P, (P, 2.
R ZC ;) ZU L) (2.33a)
1€G €L
subject to Py —d, — T4 ATATa =0 (2.33b)
— Py —d; —T,ATATa =0 (2.33¢)
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where U;(Pr,) is the utility function for each controllable load, and other variables
retain the same meaning as in problem (2.25). We do not add capacity constraints for
controllable loads since it is convenient to extend the proposed redesign framework
in this case. In Chapter 5, we will revisit the scenario in which capacity constraints
are considered for generators, controllable loads and transmission lines.

As before, we have a related assumption for problem (2.33) (the following assump-

tion will be relaxed in Chapter 5).

Assumption 2.4 Each C;(Py,) is of quadratic form, i.e., Ci(Py,) = 3¢ Py +
bPy,b > 0,¢; > 0,4 € G. Also, each U;(PL,) is of quadratic form, i.e., U;(Pp,) =
—3¢ P2+ bPp,,¢; > 0,1 € L. Problem (2.33) is feasible.

This assumption is reasonable as: (i) cost and utility functions with quadratic
form are widely used for generators and loads [16, 83]; (ii) if there is no distur-
bance, i.e., d; = 0,d; = 0, the system should stay at the nominal state so that
(PiT PiT o) = 0 is the optimal solution of problem (2.33), which leads to the
same first-order coefficient in the cost and utility functions; (iii) the feasibility of the
problem is necessary. As before, we design the following controller for generators and

controllable loads:

Pe, = Bi(Py, — Po,) = K Y (eiPe, — ¢;jPc,), i €G (2.34a)
(3,5)€€
PLi = Bw; + K; Z (CiPCi — chCj)7 1e Ll (234b)
(i,9)€€

where B; > 0, K; > 0,i € GUUL, Pc,,i € L are auxiliary variables satisfying Pp, =
—Pp.. In this control scheme, controllable loads measure bus frequency deviations
and use information from neighbouring buses (as illustrated in Figure 2.6) to adjust

active power consumption. The control scheme is completely distributed.

Remark 2.7 Similar to Remark 2.4, problem (2.33) can be reformulated as

Join Y CilPe) = ) UiPL)
i€g icL
subject to 1(Po —dy) —1(Pp+d;) =0
regardless of Py, . The corresponding KKT conditions are given by
CiPC'i:CjPCJW Za]€g7(27j)eg
CiPCZ':_CjPLJw ZEQ,]Eﬁ,(Z,])Eg
C’L'PLZ':CjPLj7 Z?je‘C?(Z’])eg

1(Pe —dy) — 1(Py +dy) = 0.
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It is clear to see that introducing Pe,,i € L simplifies Equation (2.34).

The closed-loop system in state-space form is then given by

My, + Dywy = Py —d, — T1AT A" (2.35a)
& =TTw, + 5D (=P — dy — T, AT AT ) (2.35b)
PM = T;GI(PC - PM - R_lwg) (235C)
T

: I C, P,

Py = By(Py — Po) — { 0 ] KAGAY { _a]g“L ] (2.35d)
T

Py = ByD7 (—Py — dy — Ty AT AT ) + { b ] K Ao AT { %ZSL ] . (2.350)

In the above system, By = {By, -+, B}, By = {Bm11, -+, B}, K = diag{ K, K},
K, = diag{Ky, -, K}, K; = diag{Kyp 41, -, Kinin}, Cy = diag{cy,---, ¢}, C1 =
diag{¢m+1, ", Cmin}, and other variables remain the same as in (2.27). Based on

Theorems 2.1-2.2, the following proposition is immediate.

Proposition 2.3 Given constant dg, d;, under Assumption 2.4, the equilibrium point
of system (2.85) is unique and globally asymptotically stable if K, = kCyR™*B, and
K, = kCB; hold where k > 0. Moreover, (Pg;, P},a*) is the optimal solution of
problem (2.33).

Proof: The proof of uniqueness and optimality of the equilibrium point is similar to
that of Theorem 2.1. The proof of stability of the equilibrium point is similar to that
of Theorem 2.2, by replacing the candidate Lyapunov function V(s 15 with

1 1 1
Via.35) =§w5]\/[wg + E(a — o) TATAT (o — o*) + §(PM — Py ' TraR(Py — Pjy)
1 1
+ §(PC — P)'By'R(Po — Pp) + 5P = Py B (Pp — Prp) (2.36)
for which

Viess) = — w) Dyw, — wf Dywy — (Pyy — Po)" R(Py — Pe)

T T
CyFPc Iy | I'1 CyFPc
— <
H{_CIPL} [FQ}AA [le [_ClPL <0 (2.37)
when K, = kCy,R™'B, and K, = C;B; hold where x > 0. [

We now consider the case in which the system is operating under finite communi-
cation delays, given by 7;; > 0 if a signal is passed from bus j to bus i. System (2.35)

then becomes
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My (t) = —Dywy(t) + Py(t) — d, — T1AT AT aft) (2.38a)
a(t) =T w,(t) + T3 D, (= Pr(t) — dy — Do AT AT a(t)) (2.38b)
Par(t) = Trg(Po(t) = Par(t) = R™wy(t)) (2.38¢)
Pe,(t) = Bi(Par,(t) = Po (1) = K; ) (eiPo,(t) — ¢ Po,(t—753), i €G (2.38)
(3,7)€€
Py (t) = Biwi(t) + K; Y (e;Pe,(t) — ¢;Pe,(t —731)), i € L (2.38¢)
(3,5)€E

where P, (0) = ¢;(0),0 € [—h,0],¢; € C([~h,0,R),i € GUL and h = max jjee
{max{7;;,7;;}}. Note that we do not require 7,; = 7;;,. The following proposition

follows from Theorem 2.3 immediately.

Proposition 2.4 Given constant dg, d;, under Assumption 2.4, the equilibrium point
of system (2.38) is unique and globally asymptotically stable if K, = kCyR™*B, and
K, = kCB; hold where k > 0. Moreover, (Py;, P},a*) is the optimal solution of
problem (2.33).

Proof: The proof of this proposition is similar to that of Theorem 2.3 by replacing
the candidate Lyapunov-Krasovskii functional Vi, 15)(t) with

1

Vio.ss) (£) =5 (£)" M (£) + e a(t) —a")"ATA (a(t) — )

5

+ X (Pult) - P TreR(Pu(t) - P

>
+ 5 (Pelt) — P B R(Po(t) — &) + 3 (Po(t) — PO B (Pole) - )

—+ 2 Z (/t_Tji(CjPCj<ﬂ) - Cngj)2d6 + /t_n_j(cipci(ﬁ> _ CzPa)Qdﬁ>

(4,7)€E
(2.39)

where x > 0, for which

Vizag)(t) = — wg( )" Dywy(t) — (t)TDsz(t) — (Par(t) = Po(t))" R(Pu(t) — Pe(t))
=5 O ((@Po(t) = esPey(t = 730)* + (¢sPe, () — eiPey(t = 737))?)

(z J)EE
<0 (2.40)
when K, = KCgR_lBg and K; = x(C;B; hold. [ |
Proposition 2.4 indicates that the global asymptotic stability of the overall system
is independent of (finite) delays by choosing K, = kC,R™'B, and K; = xC)B; where

x > 0. This is also the nominal stability condition given in Proposition 2.3.
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2.4 Numerical Investigations

2.4.1 Example 1

We first present a numerical example using the 3-bus (3-area) network illustrated in
Figure 2.1. Table 2.1 shows the parameter values of the overall system and K =

xCR™'B. We consider a scenario consisting of two disturbances, which is realized as

Table 2.1: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter | Value(p.u.)
M; 10, 8,6 D; 1.5,3,2
T 100, 120, 110 Tre, 5.4,6
R, 0.05,0.05,0.05 B, 2.2,2

Function Expression Parameter | Value(p.u.)
Ci(Py,) | 0.05P} +5Py, | P, Pr, —20, 20
Coy(Py,) | 0.1PY, + 5Py, | P, P, —10, 10
Cs5(Py,) | 0.15P, +5Py, | P, P, —15,15
Al w,, @ 0
Gain Value(p.u.) Parameter | Value(s)
K 0.5 All 7, 10

follows: the system is stabilized at the nominal operating point at ¢t = Os; at ¢ = 10s,
there is a 10 per unit (p.u.) step change of load consumption at bus 1; after 50s, we
make a —20p.u. step change of load consumption at bus 3. Both of these changes in
practice represent variations on the demand side. The simulation results are shown
in Figure 2.7.

From Figure 2.7 we see that under disturbances, the redesigned controller drives
the network to a more economically efficient operating point compared with the con-

ventional tie-line bias control. Here we have used the dynamics

Pe, = —Bw; — K; Y Tyoy, i€ N
(i,9)€€
in the tie-line bias control. Moreover, the introduction of controllable loads can im-
prove the transient behaviour of the overall system. As the proportional gain k,, (we
have used a common proportional gain in this example) increases, the oscillations
decrease and then vanish. Note that large k,, slows down the response speed of the
overall system. When the effect of delays is considered, the redesigned dynamics still

converge to the economically optimal operating point, as illustrated in Figure 2.8.
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Figure 2.7: Responses of system (2.15) (dashdot lines for k,, = 0, solid lines for
k,, = 10, and dashed lines for k,, = 50) and system (2.9) with the Tie-line Bias
Control (dotted lines for TBC). Top left: mechanical power (deviations) at each bus.
Top right: frequency (deviations) at each bus. Bottom: generation cost (deviations).

Furthermore, the participation of controllable loads can improve the transient perfor-
mance of the overall network. We still see that there is a trade-off for the choice of

k,,, relating to oscillations and response speed.

2.4.2 Example 2

In the second example, we consider the 6-bus network illustrated in Figure 2.5 and
compare systems (2.27) and (2.35) (systems (2.30) and (2.38) in the delayed case)
under a same scenario. Table 2.2 shows the parameter values of the overall system.
The scenario consists of two disturbances, which is realized as follows: the system is
stabilized at the nominal operating point at t = Os; at ¢ = 10s, there is a —3p.u. step
change at bus 1; after 50s, we make a 1p.u. step change at bus 3. The simulation
results of systems (2.27), (2.30), (2.35), and (2.38) are shown in Figures 2.9-2.12

respectively.
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Figure 2.8: Responses of system (2.18) (dashdot lines for k,, = 0, solid lines for
k,, = 10, and dashed lines for k,, = 50) under a 10s single delay, and system (2.9)
with the Tie-line Bias Control (dotted lines for TBC). Top left: mechanical power
(deviations) at each bus. Top right: frequency (deviations) at each bus. Bottom:
generation cost (deviations).

From Figures 2.9 and 2.10, we can see that the introduction of controllable loads
can improve the transient behaviour of the overall system in both undelayed and
delayed cases. As the proportional gain k,, (we have used a common proportional
gain in this example) increases, the oscillations decrease. As before, large k,, slows
down the response speed of the overall system. On the other hand, when controllable
loads are involved in the optimization problem, the operation cost decreases as shown
in Figures 2.13 and 2.14. Note than in order to compare the operation cost under
the same condition, it is necessary to set P, = —00, Py, = 00,w; =w; = 0,i € L in
systems (2.27) and (2.30).
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Table 2.2: Parameters of the four systems.

Parameter Value(p.u.) Parameter Value(p.u.)
M; 10,8 D; 2,1.5,1,0.8,0.3,0.5
7 24,25,23,26,27,22 | Trc, 5,6
R; 0.05,0.05 B; 5,5,3,3,3,3
Function Expression Function Expression
Ci(Pa,) | 0.05P% +05Py, | Ui(Pn) | —0.02PZ +0.5P,
Co(Pus,) 0.1P5;, + 0.5Pyy, Us(P,) | —0.025P; +0.5P,
Us(P,) | —0.01PZ +05P;, | Us(Pn,) | —0.015P2 +05P,,
Parameter Value(p.u.) Parameter Value(p.u.)
Al P, —00 All Py, 00
Al w,, w; 0
Gain Value(p.u.) Parameter Value(s)
K D All 7, 10

2.5 Conclusion

In this chapter, we have proposed modifications in the generation control in power
systems to improve the economic efficiency, stability and robustness of generator
regulation in real time. Moreover, the participation of controllable loads has been
considered in the control redesign. We first obtained the state-space description of a
conventional power network model which described system dynamics around a nomi-
nal operating state. We then formulated an optimization problem relating to system
regulation under exogenous disturbances. The main results were presented in Section
2.2 where we proposed a new control scheme based on a consensus approach and
studied its optimality, stability and delay robustness. In Section 2.3, we extended
the designed control scheme to (i) networks with more complexity and (ii) the case
where controllable loads were involved in the optimization problem. Finally, numer-
ical examples showed that the proposed controllers could balance the power flow in
the network quickly, and drive the system to an economically optimal operating point

in the steady state.
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Figure 2.9: Response of system (2.27). Left: power generation and consumption
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Chapter 3

Merging Primary, Secondary and
Tertiary Frequency Control in
Power Systems via a Primal-dual
Decomposition Approach

In the previous chapter, we have proposed a redesign framework based on a con-
sensus approach to merge conventional primary and secondary frequency control for
power systems with (frequency-independent) controllable loads. This chapter goes
one step further and considers the problem of merging primary, secondary and ter-
tiary frequency control. As described in the introduction, in the traditional tertiary
control, an Economic Dispatch (ED)/Optimal Power Flow (OPF) problem is solved
in a centralized manner at a time-scale of usually 5 to 15 minutes, to determine the
nominal operating values of the system states, e.g., generator command input, load
power consumption and interchanges of tie-lines. However, due to fluctuations result-
ing from increasing distributed energy resources and variability in both supply and
demand, the power grid is losing inertia and the economic optimization, i.e., solving
the ED problem, will need to be run more and more faster to provide effectiveness
and robustness. Thus, breaking the time-scale separation/hierarchical structure in
frequency control becomes more and more necessary.

In this chapter, we propose a distributed control architecture to realize real-time
economic optimization for the power network under exogenous disturbances. Unlike
the traditional market-based control, the feedback signals in our control architecture
are not prices from a centralized market but information and feedback signals flowing
between neighbouring components in the system. Moreover, we consider nonlinear
active power flow equations which are more practical than linear equations used in

conventional DC OPF problems [7]. In particular, we focus on a network with tree

41



topology to demonstrate how the design methodology and stability analysis can be
performed. In order to achieve better transient performance and added robustness
for the closed-loop system, we also introduce extra dynamics and study the influence
of the gains resulting from the extra dynamics on the system robustness. Finally, the

performance of the proposed control schemes is illustrated by numerical examples.

3.1 Problem Setup

3.1.1 Control Architecture

The current power network consists of a number of regions, divided by areas, energy
source types, etc. Each region corresponds to a transmission level network which
contains generators, loads, transmission lines and buses. Each load corresponds to
a distribution level network which is an aggregation of a certain amount of users at
the bus it is connected to. A user could be an industrial company, a street with a
certain amount of buildings, or a combination of several users (industrial companies,
houses, etc). As demonstrated in Chapter 2 (Figure 2.4), by introducing fictitious
buses, we can change the topology of a given transmission level network so that each

bus is connected to either a generator or a load [74].

A Transmission

Level Network
COST UTILITY \
FUNCTIONS FUNCTIONS
GENERATORS USERS

TRANSMISSION LINES /
¢y Physical connection

ﬁ h Ij C———> Feedback signal
) Feedback signal exchange

A Distribution
Level Network

Figure 3.1: The architecture of the power network and the control scheme.

In order to deal with the problems of low predictability and high uncertainty that

the current power network is faced with, we consider a real-time control architecture
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with demand response, i.e., a mechanism that will encourage consumers to modify
their demand when it is most difficult for the network to achieve a balance between
supply and demand [14]. This means that loads are allowed to adjust their demand
based on feedback signals (not prices from a centralized market), i.e., each user can
respond to feedback from the power network. In this approach, every transmission
level network can run in a distributed way: each generator receives a feedback signal
from the generator bus it is connected to, and adjusts its power generated based on
that signal and local information. So does each load to the load bus it is connected
to. Each bus calculates feedback signals based on local information and signals from
transmission lines and buses it is connected to. The local information contains cost
functions, utility functions, capacity constraints, local frequency and power imbal-
ance. All feedback signals can be transmitted via the Wide-Area Network (WAN),
Local-Area Network (LAN) and Home-Area Network [78]. There is also information
exchange between different regions. Figure 3.1 shows the architecture.

In the rest of the chapter, we study a transmission network with tree topology
containing an arbitrary number of synchronous generators and loads (a 3-generator-
3-load network with tree topology is illustrated in Figure 3.2). Tree structures are
important as: (i) they are sufficiently complicated to offer promising approaches to
handle more complicated cases; (ii) the (AC) OPF problem in a tree can be convex-
ified [84], which is the technical reason for giving priority to tree networks in this
chapter; (iii) if the use of phase shifters is allowed, the OPF problem for a mesh

network can be simplified to one for a tree [85].

Figure 3.2: A 3-generator-3-load network with tree topology (the orientation is indi-
cated by red dashed arrows).
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3.1.2 System Model

Consider an m-generator-n-load transmission level network with tree topology (the
number of transmission lines is m +n — 1). We number the generator buses 1,---,m,
the load buses m+1, - - -, m+n, and the transmission lines 1, - - -, m+n—1 (correspond-
ing to a lexicographic ordering, as illustrated in Figure 3.2). Let the sets of generator
buses, load buses and transmission lines be G = {1,--- . m}, L={m+1,---,m+n},
and £ C (GJL) x (G L) respectively. View each bus as a voltage source and let
v;Z0;,1 € GlJ L be its voltage, where v; is the bus voltage magnitude, and J; is the
bus voltage phase angle with respect to the rotating framework of nominal frequency;,
e.g., 2m x 50 rad/s in Europe. The main part of the model we use for the network is
the Structure Preserving Model (SPM) with frequency-dependent active power loads,

for which the following assumption is necessary [74, 6, 7).

Assumption 3.1 All bus voltage magnitudes are fized, i.e., v;,i € G|JL are con-

stant. The resistance of transmission lines is negligible.

The dynamics of the network is then given by [74, 13]

Mii; + Diw; = Py, —d; — > Tysindy;, i€G (3.1a)
(¢,9)€€
Diw; = =P, —di— Y Tysindy, i € L (3.1b)
(4,9)€E
O = wi —wj, (i,§) €E (3.1¢)
[ (PC, — P, — ﬂ) Lieg (3.1d)
" TIrg, L R

where M; > 0 is the generator inertia, w; = 52 is the bus frequency deviation from the
nominal frequency, D; > 0,7 € G is the generator damping coefficient, D; > 0,7 € L
is the load bus damping coefficient, P, is the mechanical power input, d; is the
disturbance injection, e.g., renewable energy injections and variations on both supply
and demand, T;; = vv;B;; > 0,(i,5) € €, B;j = Bj; > 0 is the susceptance of
the transmission line connecting buses ¢ and j, 6;; = &; — 9, (i,7) € &, Py, is the
load power consumption, Pp, is the command/control input to the generator and
Trg,;, Ri > 0 are constant parameters. Note that we have simplified the dynamics of

the turbine-governor system using a first-order model as in [13].

To obtain the state-space description of system (3.1), define w, = [wy, -, w7,

T T
W = [Wimtt, s Winan)', and o = [aq, g, -+, Qpan_1]", where a; = §; — dpp . Define
transmission line angle differences to be o = [01,09,*+, 0min_1]|T, where o = §; —
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§j,i < j for the k™ line (numbered using a lexicographic ordering) joining buses i
and j. Let T = diag{T,} € Rmtn=Ux(min=1) where T}, = T}, if the transmission
line (7,7j) € & is indexed by k. Moreover, we define four matrices to describe the

interconnection structure of the network:

1 if bus ¢ is connected to a bus 7 > 1
through transmission line indexed by k,
Ay € RUmtn)xmen=1) _ 151 — ¢ 1 if bus 7 is connected to a bus j < i
through transmission line indexed by k,
0 otherwise.
(3.2)
A e RmEn=Ux(mtn=h) — [ [ .1 0] x A (3.3)
T, € Rmx(mt+n—1) _ [ I, O } (3 4)
F2 c Rnx(m—i—n—l) _ |: 0 _Iil_l :| ] (3 5)
Define f(a) = [fi(a), f2(@), -, fisn—1(@)]" where
m—+n—1
Z T;;sin(oy — o) + Ti(m+n) SIN @
i=Lj#i
is the power injection at the i*" bus. Define g(o) = [g1(a1), 92(02), * *, Gmin-1(Tmin_1)]

where

gr(ok) = Ty sin oy,

is the power flow in the &*" transmission line. We then have the following lemma.

Lemma 3.1 The following equalities hold:

Ay = { E ] A (3.6a)

o=Aa (3.6b)

f(a) = Ag(o) Ag(AT ) (3.60)

[ 66~ gty = [ (56) - s as (3.64)

where w = Wi, +,WninL, fla*) = Ag(c*) and ATa* = o*.

Proof: Note that Ay is the incidence matrix of the tree network (viewed as a directed
graph with an orientation from ¢ to j if buses ¢ and j are connected where i < j). So
1Ay = 0 holds, which means that (3.6a) is true (actually A is the reduced incidence
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matrix obtained by eliminating the last row of Ap). Equations (3.6b)-(3.6¢) can be
verified from the definition above, while (3.6d) can be derived from (3.6¢). |

Finally, we obtain the state-space version of the model:

Mwy+ Dywy = Py —dy — Ty f(a) (3.7a)
& =T w, + 5w (3.7b)

w = DY (=P —d; — Tof () (3.7¢)
Py =Ty A(Po — Py — R7'w,) (3.7d)

where M = diag{M;} € R™™, D, = diag{D1, -, Dy}, Pu = [Py, Pu,]",
dg = [dla"'adm]a Dl = diag{Dm+l7'“7Dm+n}a PL - [PLm+1a"'7PLm+n]T7 dl =
[dm+1; o '7dm+n}7 TTG’ = dlag{TTGl} S Rmej PC - [PC17 o 'aPCm]Tv R = dlag{Rz} S

R™*™_We have an additional assumption for the model.

Assumption 3.2 The deviations between neighbouring bus voltage phase angles sat-

isfy op € [P, P,k =1,2,---,m+n—1, where ® € (0,F) is a constant.

This assumption usually holds for normal operating conditions [74]. It ensures

synchronization and guarantees uniqueness of the equilibrium o*/o* [86].

3.1.3 The OPF Problem

The objective for the overall network in steady state is to achieve OPF:

min Y Ci(Pa) = > Ui(PL) (3.8a)

P, Pry .o

i€G €L

subject to Py —dy —T'1f(a) =0 (3.8b)
— P —d—Taf(a) =0 (3.8¢)
e S v (3.8d)
P < P < PP (3.8¢)
PEin < g(ATa) < PRax, (3.8f)

Here C;(Py) is the cost function of generator i. U;(FPp,) is the utility function

of load i. d, and d; are given constant vectors, representing fluctuations result-

ing from distributed energy resources and variability in both supply and demand.

ppex pmin ¢ R™ are the vectors of upper and lower bounds of generator capacity
max

whose entries are P and ng“ respectively. PPax Prin ¢ R™ are the vectors of

upper and lower bounds of load power consumption whose entries are P7** and PEin
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respectively. PR, Prir € R™™~1 are the vectors of upper and lower bounds of
transmission line capacity whose entries are Prgx and Phgh respectively. The objec-
tive of the OPF problem is to minimize generation cost and maximize load utility.
Equations (3.8b)-(3.8¢) ensure power balance at each bus. Equations (3.8d)-(3.8f)
are capacity constraints for generators, loads, and transmission lines respectively. We

then have the following assumption for the OPF problem.

Assumption 3.3 The OPF problem is feasible. Moreover, the utility functions for
loads, U;(PL,), Vi € L, are continuously differentiable, strictly concave, increasing
functions satisfying U!'(Pr,) < ¢; < 0. The generator cost functions take quadratic
forms Ci(Par,) = b Pag, + $ Py, where by and ¢; are positive, Vi € G. |P&Y|, | Pre| <
Tisin®,i=1,2,---.-m+n—1.

This assumption is supported as follows. First, the feasibility of the problem is a
necessary assumption. Second, the more power the load is allocated, the larger the
utility to the load. But the utility saturates as the power consumed increases. In
practice, Equation (3.8¢) decides the saturation point ensuring an upper bound for
each U/. In addition, quadratic cost functions for generators are widely used as a good

max| | pmin

approximation in OPF problems [6, 16]. Finally, the constraints on |PpEX|, | Prd:| are

in accord with Assumption 3.2.

Remark 3.1 Similar to Remark 2.4, problem (3.8) can be reformulated as

min Y Ci(Pe,) - Y _Ui(PL) (3.9a)
i€g

FepPryo ieC
subject to Po —d, —T'1f(a) =0 (3.9b)
— P, —d—Tof(a) =0 (3.9¢)
PE™ < Po X PG (3.9)
P < P < PP (3.9¢)
Ppn < g(ATa) < P (3.90)

regardless of Py since Po = Py holds in steady state for system (3.7).

Remark 3.2 The choice of PL””" decides to what extent loads can respond to feed-
back signals. For example, for some 1, if 0 = PL”Z_”" < P holds, this load is fully

responsive; if P}jm = P holds, this load has fized consumption and is unresponsive.

To conclude, the goal is to design a distributed control scheme (design Po and Py)
to asymptotically stabilize the system (3.7); the equilibrium should be the optimal
solution of the OPF problem (3.8)/(3.9).
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3.2 Control Scheme Design

3.2.1 Design Methodology

Before designing the controller, we present a theorem relating to the OPF problem,

according to Theorem 3 in [84].

Theorem 3.1 Under Assumptions 3.2-3.3, the OPF problem (3.8)/(3.9) can be con-

vezified and has a unique optimal solution. Moreover, strong duality holds.

Proof: Based on Assumptions 3.2-3.3 and Theorem 3 in [84], since the network is
a tree, the OPF problem can be convexified. In fact, because f(a) = Ag(ATa) is
always true, Equations (3.8b)-(3.8f) can be rewritten as linear constraints regarding
Po, Pr,g(ATa). Under Assumption 3.2, as A is the reduced incidence matrix of a
tree, thus invertible, o can be uniquely determined given g(ATa). So problem (3.8)
can be convexified. Note that as A is invertible, g(ATa) can be uniquely derived
from (3.8b)-(3.8¢) given Py, Pr,dg, dy, i.e.,

T
o= [ 574
Under Assumption 3.3 (utility functions are strictly concave and cost functions are
strictly convex), the optimal solution of the convexified problem is unique, indicating
the uniqueness of the optimal solution of problem (3.8). Moreover, the convexified
problem satisfies Slater’s condition (it is feasible under linear constraints), therefore,
strong duality holds [77]. This leads to strong duality for problem (3.8) under As-
sumption 3.2 since there is a bijection between g(ATa) and a. [ |
The Lagrangian of the OPF problem (3.9) is then given by

L(3.9)<PC: PL,a,Q, )‘7[’['—’—’”_7 V+> v, l+’ l_) =
> Ci(Pe,) = Ui(PL) + ¢ (Pe — dg = Ti f (@) + A (=P — dy — Ta f ()

i€g €L
+ M+T(PC _ énax) + MfT(Pénin _ PC) 4 V+T<PL _ Pznax) 4 VfT(PIr/nin . PL)
+17(g(A ) = Pp&) +171(Pre’ — g(AT ) (3.10)

where ¢, ut, u~ € R™ with entries ¢, ), p; respectively, A\, v*, v~ € R™ with en-
tries \;, v;", v; respectively, and 7,1~ € R™™~! with entries [\, [, respectively are
Lagrange multipliers (dual variables) for the constraints (3.8b)-(3.8f). According to
Theorem 3.1, the Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient

conditions for optimality [77], and are given by
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a](% —C'(Pe)+C+pt—p= =0 (3.11a)

%L];‘Z” = —U'(Py)— A+v ~0 (3.11b)

8%(29) Po—dy, — T1f() (3.11¢)

algig) =P, —d —Tyf(a) =0 (3.11d)

diag(u™)(Po — P&™) = uﬂ PE™ — P = 0 (3.11e)

diag(p™)(PE™ — Po) =0, u~, Po — PE™ =0 (3.11f)

diag(v ") (P, — PP™) =0, v, PP — P, =0 (3.11g)

diag(v™)(P™ — P) =0, v, P, — P™ =0 (3.11h)

diag(I*)(g(A" @) — PpE¥) = 0, I, PPE* — g(ATa) = 0 (3.11i)

diag(I7)(Pre” — g(ATa)) = 0, 17, g(A"a) — Prg* = 0 (3.11j)
PR A ()AL AT 1 1) =

s AN -1+l =0 (3.11k)

where C(Pr) € R™ is the vector of cost functions of generators whose entries are
Ci(Pg,(t)), U(Pr) € R™ is the vector of utility functions of loads whose entries are
Ui(Pyp,(t)), and ¢'(o(t)) € RmFn=Dx(m+n=1) is the Jacobian matrix of g(o). The last
equation is derived based on the facts that 0 = AT« holds, A is invertible, and ¢/(o)
is positive diagonal (since cos o > 0 and oy, is bounded by Assumption 3.2).

The design methodology of the distributed controller is motivated by a primal-dual
gradient algorithm [56]/saddle point algorithm [70] (see Chapter 5 and the Appendix).
What should be underlined is that in the OPF problem, « is a decision vector. How-
ever, since we are designing real-time optimization, i.e., the inputs are only Po and
Pp, the dynamics of o can not be designed as in a standard primal-dual approach,
but are described by (3.7b). The key idea is to insert (3.11k) into the dynamics of
C, A\ 17,17 so that it could be automatically satisfied for the closed-loop system in
steady state, which is necessary to achieve OPF for the system (this idea was also

used in [5]). We then design the following controller
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Po = Kp(=C'(Po) = ¢ — " + u~ + R(Py — Fo)) (3.12a)
PL=Kp (U(P)+ A=+ +w) (3.12b)

(=K (Po—dy—T1f(a) = TWAK(AT[CT N =1 +17)) (3.12¢)
A= K\(=P, —d; — Dy f (a) — Do AK (AT[CT AT — 1t +17)) (3.12d)
it = K+ (Po — Pe™) 1, (3.12¢)

= = K,-(P&"™ — Po), (3.12f)

vt = K+ (P, — PP)Y, (3.12g)

V=K, (P —Pp)f (3.12h)

It = K (9(ATa) — Prex 4+ K(AT[CE N — 1 + 1), (3.12i)

I” = Ki- (PR — g(ATa) = K(AGICT AT =1 + 1)) (3.12j)

where Kp., K¢, K+, K,- € R™"™ Kp, Ky, K,+,K,- € R"" and K, K+, K- €
R(mtn=Dx(m4n=1) are positive diagonal matrices, all representing the controller gains.
Note that similar to the designed controllers in Chapter 2, the terms R(Py — P¢) and
w; have been added to PC and PL respectively (the idea of introducing these terms
follows from Equation (5.11) in Chapter 5). Also for simplicity, we have used vector
forms of positive projection in (3.12e)-(3.12j), e.g., (z)/; = [([m]l);gr, ([x]Q)lE, T

In Equations (3.12c)-(3.12d), the information of dg, d; is needed. Since the dis-
turbance injection is usually uncertain and/or hard to measure, we modify these two

equations so that the implementation of the above controller is regardless of dg, d;:

(= K((M&, + Dyw, + Po — Py — TYAK (AT[CT AT — 17 +17)) (3.13a)
A = K\(Diw; — ToAK (AT[CE T — 1F 4+17)) (3.13b)

where we have substituted system dynamics (3.7) into (3.12c)-(3.12d).

Remark 3.3 The operation of the controller is completely distributed: each gen-
erator uses (3.12a), (3.12¢) and (3.12f) to calculate the command input based on
local information, i.e., cost function, mechanical power input, capacity constraints,
and the feedback signal from the generator bus it is connected to, and so does each
load using (3.12b), (3.12g) and (3.12h) based on local information and the feedback
signal from the load bus it is connected to. Generator buses, load buses, and trans-
mission line substations calculate feedback signals respectively with local information,

i.e., power imbalance, frequency deviation, line capacity constraints and related signal
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aggregation, using (3.12¢)/(3.13a), (3.12d)/(53.13b), (5.12i) and (3.12j). The signals
exchanged between neighbours are C, N\, 17,17, as illustrated in Figure 3.3. These are

i accord with the architecture shown in Figure 3.1.

o

Figure 3.3: The operation of the control scheme.

3.2.2 Main Results
We now consider the overall system (3.7) and (3.12).

Theorem 3.2 Under Assumptions 3.2-3.3, the equilibria of system (3.7) and (3.12)
satisfy the KKT conditions (3.11).

Proof: Comparing (3.7) and (3.12) with (3.11), the equilibria of the overall system
satisfy (3.11) if and only if w; = 0,7 € GJ L and AL[¢T,NT]T — T + 1~ = 0 hold.
From (3.12¢) and (3.12d) (¢ = 0,\ = 0), we have 1(Pz — d,) — 1(P, + d;) = 0.
Substituting this equality into (3.7) (w, = 0,é = 0,Py = 0), we have w; = 0,i €
GUL,Py—d,—T1f(a) =0,—P,—d,—T'sf(a) =0, Pc = Py since Dy, Di, R > 0 is
true. Therefore, AgK (AL [¢T, A\T]T — 1T +17) = 0 holds which leads to AT [¢T, \T]T —
IT+1-=0. ]

Remark 3.4 System (3.7) and (3.12) may have multiple equilibria since there may be
dual degeneracy in the OPF problem. For example, if Pri*"— Pg, = Pré =Ty sinoy, =
0 holds and the i™* generator bus is only connected to the k™ transmission line, there
are degenerate solutions/multiple solutions for ', u*, IF* from (3.11). However, all

equilibria share the same quantity in Pp, Py, o, which is in accord with Theorem 5.1.
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Theorem 3.2 shows that the designed controller can ensure OPF for the network

in the steady state. We next prove convergence, i.e. the stability of the equilibria.

Lemma 3.2 Given Z = diag{z;} € R™™ where each z; is positive, the following

mequality holds:

(Pr =T f ()" Z(Z + L)' D (P — Tif (@) + (P, + Taf ()" DY (P 4 Do f(av))

+ P C, Py — PECPL > g(ATa)T ATZAgg(AT ) (3.14)
where
— [ 2Cy(Z+(Z+I,)D,C,)~" 0 (3.15)
- 0 —Ci(I, - DC)™" | '

In the above equation, Cy = dz’ag{%,i € G} € R™™ and C) = diag{c;,i € L} €

R™™ (¢;,i € GUUL are defined in Assumption 3.3).

Proof: Denote X = [P, PL, f(a)TTT, f(a)TTT]T. The left hand side of the inequal-
ity equals

XTQX:XT |: Q%ﬂl Q12 :| X

12 Q22
where
Out — Z(Z + 1,,)7'D;* + C, 0
1 = 0 Dl—l —

~Z2(Z+1,)'D' 0

Q12 - |: ( 0 ) g D;l :|
Z(Z+1,)'D1 0

Q22 — [ ( 0> g D;l :| .

Based on a Schur Complement [77], we have

T
XTox = | ) | (@u - Qhoiton | 140
= g(ATa)" A5EA9(A" @)
which completes the proof. [ |

Theorem 3.3 Under Assumptions 3.2-3.3, each equilibrium point of system (3.7)
and (3.12) is locally asymptotically stable if

4ATEA - K =0 (3.16)
where Z is defined in Lemma 3.2 and Z = diag{z;} € R™*™ = 0 satisfies

MZD;Y (0 ATATTT 4 2T AR D, ZM — 4ZM — 2M < 0. (3.17)
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Proof: Define a candidate Lyapunov function for the overall system as

Visn@az) =

s, — [ a@arznas s [ (169) - s ds

+5(Pu = P TraR(Pa — Py) + 5 (Po = P Kl (P — )

b5 (P PTG (P = Pi) 4 5(C— CYTRZH(C =) 5= ARG (A= X)
+ %(u* — YR (= ) + %(u‘ R e (TR T

+ %(VJr — I/J“"‘)TKU_J}(I/Jr — v+ %(V_ — V_*)TKV__I(V_ —v)

+ %(H — UK =) + %(z — UK =) (3.18)

where Z = diag{z;} € R™™ = 0. We first show that by choosing Z appropriately,
Vi3 7)3.12) = 0 holds around the given equilibrium point. At the equilibrium point, we
have V(37)3.12) = 0. Considering sufficiently small deviations around the equilibrium

point that the dynamics of the overall system are linear, we have

+
‘/(3.7)(3.12)

= . - * * 1 " §
= Wy Muwy =&y MPZD Y, + (0 = 0™) T (o — ") + 5(Pu = Pyy) T R(Pu — Pyy)
+ (%)
1
= 5y Musy = (~] MZy + (Pus = Pig) MZD; ", ~ (0 = 0" TATT MZD; )

+ (0 —o")T'T (0 — %) + %(PM — Py ' TraR(Py — Piy) + (%) (3.19)

where (x) represents non-negative quadratic items. \/(;7)(3.12) > 0 requires
(Z+ 3I,)M 3D, ZMT1AT —3MZD,?
%TATF{MZDQ_I T 0 > 0.
—1MzD;! 0 TraR

Based on a Schur Complement [77], solving the inequality (3.17) yields the feasible

Z making that V(37y3.12) = 0 holds around the equilibrium point and V{37)3.12) = 0
holds only at the equilibrium point, i.e., 0 < Z < Zax.

Next we show \'/(3,7)(3.12) < 0 (although \'/(3,7)(3,12) may be discontinuous, we only
need ‘7(3_7)(3.12) < 0 for asymptotic stability). Note that
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(u = ™)Kt =t — ™) K K (Po — PE™)E,

i

—~
=

IN

(,u-i- _ M+*)T(PC o P(I}lax)
(* = )" (Pe = P2) + (u* = p*)T (Pe = P2™)

(i

1

—

=

<" =) (Pe - F)
holds since: (i) when (*):Jr is inactive, the item in the bracket is non-positive (oth-
erwise, it is positive and then (*),J} would be active which indicates the equality

case), and each entry of (ut — p™*) is also non-positive so that (u* — ,u+*)T(*):+ <
(ut — ™)1 (%) is always true; (ii) when p™ = 0, P < P& is always true (other-
wise, P5 = PF®). Similarly, all positive projection can be removed in 17(3,7)(3.12). We
move the equilibrium point to the origin and continue to use the same variable names,

however, these are now deviations from the equilibrium point. It can be shown that

Visnsaz) <ws My — oI M?ZD, "oy + f() &+ Py TraRPy + PEKR Po

+ PIK P+ ("KM N+ " Pe — i "Pe + v Py — 0T Py
+ 1M (g(ATa) + K(AL[CE, T — 1T+ 1))
+17T(—g(ATa) = K(AG[¢h N = 1F +17))

= — wy Dywy — (Dywy — Py + Ty f ()" ZD; N (Dgwy — Pas + T f ()
— (PL+Tsf ()" D (P + o f (@) — (Py — Po)" R(Py — Fo)
— PLC'(Po) + PLU'(P) — (Ag[CT, AT =17 +17)Tg(A o)
— (AG[CH N = I + )R (AG[CT AT =17+ 1)

< — (Dy(Z + In)wyg — Z(Par = D1 f (@) (Z + 1) "' Dy (Dg(Z 4 L)
— Z(Py —T1f())) = (Par = D1 f ()" Z(Z + L)' DN (P = T f (@)

R; ?
_ (PL + FQf(CY))TDfl(PL -+ FQf(Oé)) — g(@ -+ Rz) (PCZ — o RZPMZ)

— PLC Py + PEC P — (AF[CE, AT =17 + 1) g(AT )
— (A [C N =1+ )R (AGICE N =1+ 00)
< — (Dg(Z + L)y — Z(Pu = T1f (@) (Z + Im)_ng_1<Dg(Z + In)wg

= Z(Py —T1f())) — Z(Cz +Ii) (Pci e fiRiPM)

)

1€G
— g(ATa)TAJEAg (AT o) — (AT[CT AT =1t +17)Tg(ATa)
— (AL N =1+ )T R AL N - ) (3.20)
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where Cy, C,E are defined in Lemma 3.2, and the last step above is based on
Lemma 3.2. Choosing K satisfying (3.16) makes "/(3.7)(3,12) <0. If ‘7(3_7)(3,12) =0,
it is obvious that AL [¢T M| -1t +1= =0, g(ATa) =0, P, — %PMI. =0,Vi € g,
then wy, = Py = Poc = 0 and P, = 0 hold, which only happens at the equilib-
rium point. Using LaSalle’s invariance principle [79], each equilibrium point is locally

asymptotically stable. [ |

Remark 3.5 Provided bounds of parameters of the system, i.e., bounds of the diag-
onal entries of M, D, T, Trq, R, Dy, Cy, Cy, the range of K can be precisely derived

using Theorem 3.3.

Remark 3.6 The condition (3.16) in Theorem 3.3 is sufficient but not necessary. It
indicates that by choosing a large gain matriz K, i.e., the diagonal entries of K are
large enough so that 4AT=Ay — K= = 0 holds, asymptotic stability of the equilibria
is quaranteed. Alternatively, we can regard AL[CT, N7 — It + 1= = 0 in the KKT
conditions (3.11) as a “consensus condition”, i.e., the k™ entry of AL [¢T, NT)T —1T+1~
corresponds to the k™ transmission line and needs to be zero in the steady state. By
choosing a large gain matriz K, the overall system is forced to achieve the consensus

and converges to an equilibrium point.

3.2.3 A Special Case: Star Topology

In this subsection, we consider a special case in which the network has a star topology
as illustrated in Figure 3.4. It will be shown that the result given by Theorem 3.3

can become much simpler for star networks.

Figure 3.4: A one-generator-n-load network with star topology (the orientation is
indicated by red dashed arrows).
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For convenience, we number the generator bus 0, the load buses 1, ---,n, and the
transmission lines 1,---,n (corresponding to a lexicographic ordering, as illustrated

in Figure 3.4). Define £ = {1,---,n}. The closed-loop system is then given by

My + Dgwy = Py — dg — > Tysinay (3.21a)
1eL
1
OéZ:wg—FF(PLZ—Fdl—T;SIHOQ), 1€ L (321b)
. 1 w
P :—(P _P ——9> 3.21
M Tre c M R ( C)
Po = Kp.(—C'(Po) — ¢ — pt +u~ + R(Py — Po)) (3.21d)
Pu,=Kp, (U(PL)+ X — v +v; +w), i€l (3.21e)
(= K¢ (Pc—dg—ZTisinai—ZKi((—)\i—ljJrl[)) (3.21f)
€L €L
it = K (Po — PE™)Y, (3.21h)
i = K, (PE™ — Po) - (3.21i)
v =K (P, — PE™) i€ L (3.21j)
v, =K, (PP —PL)" i€l (3.21k)
IF = Ky (Tysinay — PR+ Ki(C— N —IF +10)f i e L (3.211)
I; = K- (PR — Tisina; — Ki(C— N —If +17)F, ie L (3.21m)

where M > 0 is the generator inertia, w, = b0 and w; = 8;,1 € L are the bus frequency
deviations from the nominal frequency (as before, v9Z£dg, v1 2461, - + -, v, £0, are the bus
voltages, where v; is the bus voltage magnitude, and ¢; is the bus voltage phase angle
with respect to the rotating framework of nominal frequency), D, > 0 is the generator
damping coefficient, D; > 0 is the load bus damping coefficient, Py, is the mechanical
power input, d, and d; are the disturbance injections, e.g., renewable energy injections
and variations on both supply and demand, T; = vov; B; > 0,7 € L, B; > 0 is the
susceptance of the transmission line ¢, oy = 0y — d;,¢ € L, Py, is the load power
consumption, Pg is the command/control input to the generator and Trg, R > 0 are
constant parameters. For the controller (3.21d)-(3.21m), all states and coefficients
remain the same meaning as in (3.12) but now for the star network. The following

proposition shows the stability of (3.21).

o6



Proposition 3.1 Under Assumptions 3.2-3.3, each equilibrium point of system (3.21)
18 locally asymptotically stable if

D,c;, — 1
Ki>—"—"—icL. 3.22
4:07; L e ( )

Proof: Define a candidate Lyapunov function for the overall system as

V(3 21) =
TTGR * \2 %\ 2
—Mu} + Z T;(sin f —sina;)dS + (Py — Py)* + (Po — Ff)
€L 2KPC
1 1
Py, —P — (X — A et
+ZQKPL’(LZ 1)+ 5 << P+ 5 KA T
eL i €L
1 —%\2
+2KV( +22K+ +22K —u)
iel el Vi
—1)? o= )2 2
+2 5 K 5 K o) (3.23)
i€l i€l

Similar to the proof of Theorem 3.3, we remove all positive projection in "/(3'21), and
move the equilibrium point to the origin. We continue to use the same variable names,

however, these are now deviations from the equilibrium point. It can be shown that

Visan < = Dyw; — R(Py — Po)* = PoC'(Po) + Y _aiPl =Y Ki(C =N — I +1;7)

€L 1€eL
—Z — T;sinay)? ZTsmal(C A=+
€L €L
Dici —1 1 . ?
= — Dgw; — R(PM - PC>2 + ZEZE TZ (PLZ + W,TZ SlHOéZ'>
— PcC'(Po) — ZKC N — I +17) ZTsmaZ({ N — U+
el €L
+ ; %(Ti sin )2 (3.24)

Choosing K; > DifT’;l makes V(g,gl) <0. If "/(3.21) =0,wy =Py =P =Py, =
¢ — X\ —I;F +17 =sina; = 0, which only happens at the equilibrium point. Using
LaSalle’s invariance principle [79], each equilibrium point is locally asymptotically
stable. [ |

In Theorem 3.3, the stability condition regarding K is given in a centralized form,
while it becomes decentralized as shown in Proposition 3.1. This indicates topology

variations of a network system can influence its stability condition.
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3.3 Performance Improvement

Although the primal-dual approach provides a framework to design control schemes,
there are no guarantees on the transient behaviour of designed controller. In this
section, under the same framework, we introduce extra dynamics [87, 88| that can be

used to improve the performance of the previous controller.

3.3.1 Extra Dynamics

We rewrite the objective of the OPF problem (3.9) as

. KeP ) ~
mim - Zol(PCz) _ZUZ(PL1)+Z 201 (PCZ _PCi)2
PCi»PLiva7PC¢7PLZ~ e el icG
KePLz’ D \2
+) 5 (P Pu) (3.25)
€L

and keep the constraints unchanged. In the above objective, 1501., PLi are extra decision
variables and Kep, , Kep,, > 0. It is clear that the new problem (3.25) and (3.9b)-
(3.9f) is equivalent to the original one (3.9), with the optimal solution and 155 =
Pa,,pzi = P;.. Using the design methodology presented previously yields a new
controller that consists of (3.12¢)-(3.12j) and

Po= Kp,(—C'(Pg) = ¢ — pt + = 4 R(Py — Po) — Kep.(Po — Po))  (3.26a)
Po = Kopy(Po — Po) (3.26b)

Pp=Kp,(U'(P,) + A= v+ v +w — Kep, (P, — Pp)) (3.26¢)

Pr = Kop, (P — ) (3.26d)

where K.p, = diag{KepCi} € R K.p, = diag{KepLi} e R™" and Kepc S
Rmxm7f(epL € R™" are positive diagonal matrices, all representing the controller
gains. Compared with (3.12), extra dynamics P, P, are introduced. We then have

the following proposition.

Proposition 3.2 Under Assumptions 3.2-3.3, each equilibrium point of system (3.7),
(3.12¢)-(3.125), and (3.26) satisfies the KKT conditions (3.11) and is locally asymp-
totically stable if

4ATZA) -~ Kt =0
where = is defined in Lemma 3.2 and Z = diag{z;} € R™™ = 0 satisfies

MZD, N T ATATTT + 2T AR D, ZM — 4ZM — 2M <0,
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Proof: The proof is similar to that of Theorems 3.2 and 3.3, using the Lyapunov

function given by

V(3.7),(3.120)-(3.129),(3.26) = V(3.7)(3.12)

1, - A - A A 1, - A A A A
+ 5 (Pe = P)TRZ, Ker(Po = B) + 5 (Py = PR, Keny (P = Pf) - (3.27)

and the fact P5 = P4, P} = P;. [

Remark 3.7 Similar modifications can also be applied to the control schemes pro-

posed in Chapter 2, i.e., Equation (2.15d) can be redesigned as

P = B(Py — Po) — KAyATCPo — Ko, (Po — Po)
PC:KePC<PC_pC)7

Equations (2.27d)-(2.27e) can be redesigned as

: I, 1" CP, -
%ZM%—%F{S}Khﬁ[%ﬂ—&M%—%)
Po = Kep.(Po — Po)

T
: CP, .
PL=— KAAT{ F}—K,}y—P
o} |:In:| 020 PC Pc( C C)

Pl = Kop, (PL— PL)
and Equations (2.35d)-(2.35e) can be redesigned as

L, C, Pe
0 —C1 P,

Py = Kep,(Po — Po)

T
%:%@rﬂ»{ ]Kmﬂ[ 1-&%%—%)

C,Pe

T
. a 0 .
PL:BlDl1<—PL_dl_F2ATATCY)+ |: :| KAoAg[ —CZPL 1 _KePL(PL_PL)

I
pL:[A(ePL(PL_pL)

A~

where Pco, Pf, Pr, are auxiliary state vectors and Kep., Kep,, Kepxc, Kepxc, Kep, ,Kep,

are positive diagonal constant matrices with appropriate dimensions.

3.3.2 The Trade-off

We next investigate how the gains of the extra dynamics, i.e., K.p., Kepc, K.p,, KGPL,
affect system (linear) robustness. We linearize the overall system and rearrange it as

a unity negative feedback system, as illustrated in Figure 3.5.
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O—{ &) { CJ Gs) [=

Figure 3.5: The overall feedback loop configuration.

Denote the plant by G(s) whose dynamics are described by (3.7) and (3.12¢)-
(3.12j), and the controller by K(s) whose dynamics are described by (3.26) (now
K(s) stands for a transfer function matrix but not a gain matrix). The outputs
of K(s), i.e., the inputs of G(s), are Po and P;. Based on classical loop shaping
methods (see the Appendix), o(G(s)K (s)) needs to be large at low frequencies for
better performance and 7(G(s) K (s)) to be small at high frequencies for better robust

stability, noise attenuation and control energy reduction [89]. Due to
a(G(s))a(K(s)) < a(G(s)K(s))
a(G(s)K(s)) <a(G(s))a(K(s))
(

a sufficient condition is to make o(K(s)) large at low frequencies and 7(K (s)) small

at high frequencies. Note that K(s) can be written as
K(s) = diag (Ki(s), - Kon(8), Kita1(s), -+ Knyn(s)) B
where B is a matrix derived from (3.26) relating to the input of K(s) and is indepen-
dent of K.p., Kepc, K.p,, KEPL, and K;(s) is given by
Kp, (s + Kep,,
Ki(s) = o, (8 + Kerc) —ieG  (3.28)
52 + (KPci Ki + KPCZ. KePci + KePci)S + KPCZ. KfiKePci
Kp (s+ Ke ‘
Ki(s) = P, (5 + Ker,) —_ieLl  (3.28b)
s>+ (Kp, ki + Kp, Kep, + Kep,,)s + Kp, kiKep,,

where k; = ¢; + Ri,1 € G and k; = —U/'(Pf.) + D' i e L. Due to

o(diag (Ki(s), -, Kmin(s)))a(B) < a(K(s))
o(K(s)) < o(diag (Ki(s), -, Kimin(s)))a(B)
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we can obtain that ¢(K;(s)) should be large at low frequencies and &(/K;(s)) should
be small at high frequencies, Vi € G|J £. We then have the following remark.

Remark 3.8 Let j be the imaginary unit. Since
0| Ki(jw)l?
OKep.,
0| Ki(jw)l?
@KGPLi
8]Kl(jw)\2 2K13:’Cz KePciWQ(KePci <K€P0i + QKPCifii + KPC ePg, ) — W

<0,i€g

<0,ie Ll

2

€g

)

- - o
aKePCi ((W2 — Kp, K'iKePci)Q + (KPCZ. ki + Kp, Kepg, + KePc 2w2>
)

8|KZ(](U)|2 QK%’L.KePLiw2<K€PLi (RepLi + QKPLi K; + KPL ePy, ) w? -
_ i 1€

aKePLi ((uﬂ — KPL«L I{iKepL)Q + (KPL,L K; + KPLiKGPL + KePL )2(,()2)

where we have abused the notation w, small Kep., , Kep,, increase the lower bound of
o(K(s)) at low frequencies while also increasing the upper bound of 7(K(s)) at high
frequencies. Large [Afepci, [A(epLi increase the lower bound of 0(K (s)) at low frequencies

and decrease the upper bound of (K (s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,
there are trade-offs for Kepci,KePLi (not very large or very small) and Kepci, [A(epLi
need to be large (on the other hand, as will be shown in Chapter 4, increasing

Kep,, KepLi too much leads to less influence of the extra dynamics on the closed-

loop system).

3.4 Numerical Investigations

We now present a numerical example using the 6-bus network illustrated in Figure 3.2.
Table 3.1 shows the parameter values of the overall system. We consider a scenario
that consists of one of the generators suddenly losing power, two of the loads suddenly
changing utility functions, one of the loads suddenly changing power consumption and
the generator power recovering. This is realized as follows: at ¢ = 10s (the system is
stabilized at an equilibrium point at ¢ = 0s), there is a step of magnitude —8 per unit
(p.u.) (20 percent drop) in the capacity of generator 2; 20 seconds later, we make
a sudden change in the load utility function at load bus 4 (from —0.3P7, + 70Pp,
to —0.2P7, 4 70P;,); after 20 seconds, there is a sudden change in the load utility
function at load bus 5 (from —0.4P7, 4+ 90P;, to —0.35P7 4+ 90P;,); at t = 70s, we
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Table 3.1: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter | Value(p.u.)
M, 9.10, 11 P Pam | 60,0
D; 1.1,1,0.9,0.4,0.6,0.5 | pPaex, pgm 40,0
Tre, 5,4, 6 P PEn | 50,0
R 0.0515 P pmin [ 40,10
T 80, 100,90, 120,110 | Prax pmin | 500
Function Expression Parameter | Value(p.u.)
C1(Po,) 0.1P% +25P;, | P Ppm | 20,15
Co(Pe,) 0.3P2, + 80P, | PRex Pmin | 40, —40
Cs(Pe,) 0.5P2 +35P;, | P Ppin | 50,—50
Ui(P,,) | —03PZ +70P,, | Prax PR | 45 —45
Us(Py,) —0.4P2 +90P;, | Prax P 60,—60
Us(Pr,) —0.6P7 +100P;,, | PRex, Ppin | 55,-55
Gain Value(p.u.) Gain Value(p.u.)
Kre 315 Kp, 51
K 4l i), 615
Ko K- 35105 Ko K, 4510
K 407, Ky K, 551
K.p, 313 Kere I3
K.p, 313 K.p, I3

make a sudden change in the upper bound of load power consumption at load bus 4
(from 40p.u. to 10p.u.): all of these changes in practice represent variations on the
demand side; finally at ¢ = 90s there is a step increase of magnitude +4p.u. (12.5
percent increase) in the capacity of generator 2 and this indicates the generator power
recovery. We test the controller under this scenario without and with the exogenous
input d; at load buses (d, = 0), representing uncontrollable active power injections
from, e.g., uncontrollable loads/users and distributed energy resources. Note that
here the assumption of constant d; is relaxed, and instead, we consider time-varying
exogenous input. The simulation results are shown in Figures 3.6 to 3.7. It is clear
that the controller stabilizes the frequency and balances the supply and demand
quickly during the whole scenario (the nominal frequency is 50Hz).

In addition, we introduce extra dynamics and test the system under the same
scenario without and with the exogenous input as given on the bottom of Figure 3.7.
The simulation results are shown in Figures 3.8 to 3.9. It is clear that with the extra

dynamics, the controller behaves much better in that the transient time becomes
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Figure 3.6: System response without the exogenous input. Top left: power generation
and consumption. Top right: bus frequency. Bottom: power flow in transmission
lines.

shorter and there are much less oscillations, since the extra dynamics hinder the

power generated and consumed from changing too quickly.

3.5 Conclusion

In this chapter, we have studied a real-time control framework that merges con-
ventional primary, secondary and tertiary frequency control in power systems. We
considered a transmission level network with tree topology, and formulated an OPF
problem with constraints containing the dynamics of the power network. We then
used a primal-dual approach to design a distributed dynamic feedback controller for
the system. The design process and stability proof were presented in Section 3.2.
Moreover, we introduced the extra dynamics (3.26) to improve its behaviour, where
we emphasized the trade-off when choosing the gains of the extra dynamics. Numer-

ical experiments showed that the proposed controller could balance the power flow in
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Figure 3.7: System response with the exogenous input. Top left: power generation
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the network quickly, and achieve OPF in the steady state. Furthermore, after adding

the extra dynamics, the transient performance of the system improved significantly.
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Bottom: power flow in transmission lines.
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Chapter 4

Improving the Performance of
Network Congestion Control
Algorithms

In the previous chapter, we have proposed a real-time distributed control framework
to merge conventional primary, secondary and tertiary frequency control for power
systems, and focused on networks with tree topology to demonstrate how the design
methodology, stability analysis and robustness improvement can be performed. As
shown in the numerical examples, introducing extra dynamics improved the transient
performance of the feedback significantly. We now apply this redesign approach to
the network congestion control problem, which is a typical problem in the study of
networks. This problem has received increasing attention in the past three decades,
especially following the work in [48]. Many control schemes have been designed and
applied to solve it [49, 50, 51|, nevertheless, there are still many open research is-
sues [51, 52], e.g., global stability of more accurate models, trade-offs among system
performance, robustness and complexity of controllers, etc.

In this chapter, motivated by the augmented Lagrangian method, we propose a
method for redesigning existing congestion control algorithms at the level of fluid-flow
models [64], in order to improve the transient behaviour, and provide robustness to
uncertainties in the network structure and communication constraints. As pointed out
in [90, 53, 51, 52|, improving the performance and robustness of existing congestion
control schemes is of practical importance.

This chapter is organized as follows. Firstly, we revisit the network congestion
control problem and discuss the general redesign framework for the related control
algorithms. We then apply the redesign framework to modify the primal-dual, primal

and dual congestion control algorithms respectively by introducing quadratic penalty
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terms. We mainly focus on scalable analysis relating to stability, linear robustness
and delay robustness. In addition, we study the meaning of the extra dynamics and
further introduce distributed Proportional-Integral-Derivative (PID) control actions
to network congestion control algorithms. Finally, we present three illustrative exam-
ples, including an application to a jointly optimal congestion and contention control

problem.

4.1 The Redesign Framework

4.1.1 Preliminaries

The standard network congestion control problem with N users using L links takes
the form [55]

N
max 2 Ui(z;) (4.1a)
N
subject to ZRM% <qg,l=1,---,L. (4.1Db)

i=1
Here U;(x;) is the utility function of user i, which is assumed to be a continuously

differentiable, monotonically increasing, strictly concave function of the transmission

rate z;. R is a routing matrix describing the interconnection, given by

Ry = { 1 if user ¢ uses link [,

0 otherwise. (4.2)

The constraints indicate that the aggregate rate of all users using link [ is limited by

¢; where ¢; > 0. The Lagrangian is defined as

N

L(zi,p) = Z Ui(x;) + sz (Cz - Z Rh‘%’) (4.3)
=1 i=1

i=1

where p; > 0 is the Lagrange multiplier for the inequality constraint Zf\il Ryx; < q.

Thus, the dual optimization problem is given by

N L N
min sup Z Usi(x;) + Zpl (cl — Z Rﬁ%) (4.4a)
i=1 =1 i=1

bt 2,>0

subject to p; >0, Il=1,---, L. (4.4b)

Let z7 and p; denote the optimal solutions of the primal problem (4.1) and the dual

problem (4.4) respectively. Since the primal problem has affine constraints and is
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*

strictly convex, strong duality holds. z] is unique because the primal problem is

strictly convex and feasible. Moreover, x7 and p; satisfy the Karush-Kuhn-Tucker
(KKT) conditions given by

oL
g =0 =1 N (4.52)
oL oL
—— =0 >0, —>0,1=1,...,L. 4.5b
plapl ) b=V, apl_ ) ’ 9 ( )

Generally speaking, p; may not be unique because the capacity constraints may not
be independent [91]. To simplify the problem and obtain a unique optimal solution
to (4.4) (so that (z},p;) is the unique saddle point of (4.3)), we make the following
assumption [91, 50, 53, 51, 55]:

Assumption 4.1 The routing matriz R has full row rank.

For the case where Assumption 4.1 does not hold, the results in this chapter can
be generalized in terms of equilibrium set/saddle point set.

For solving the centralized, large-scale, yet convex problem (4.1), primal-dual,
primal and dual algorithms have been proposed in the literature [50], which are given

as follows:

The primal-dual algorithm:

i = ka, (U (2:) — @) (4.6a)
b= k(Y1 — 1), (4.6b)
The primal algorithm:
iy = ka, (Ui (2:) — @) (4.7a)
n = filu) (4.7b)
The dual algorithm:
b= k(Y1 — 1), (4.8a)

where ¢; = ZZL:I Rupi, yi = Zf\il Riiz;, kg, kp, > 0 (note that when implementing
these algorithms in a packet-level protocol, there are extra constraints for the gains
to ensure convergence/stability in terms of stepsizes, as shown in [92]), and each f;(3)
is a barrier/penalty function satisfying fi(8), f/(5) > 0 [50, 55]. The characteristics
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of these algorithms vary in efficiency, robustness, computational cost, communica-
tion, etc. Which algorithm should be chosen depends on the criteria set by users and
operators in the network [51]. Figure 4.1 illustrates the feedback structure of these al-
gorithms, where both users and links use the aggregate information available to them
to find the optimal transmission rate x; and price signal p; in a distributed manner,
which maximizes the total utility Zf\il Ui(z;). However, these algorithms only con-
sider convergence to the equilibrium (the optimal solution to (4.1)), without paying
attention to the transient behaviour of the overall system. This could result in, e.g.,
large overshoots, longer transient times and reduced robustness to communication
constraints [51, 52], for the closed-loop system. In order to achieve better transient

performance and added robustness, we next introduce our redesign framework.

A

X;, user i’s transmission rate N Aggregate transmission rate
_Juxi on Tink [
i=1

A

Primal Dual P
or X; orp;

E
: _ Z Rip [€ . .
Aggregate price for user i =1 p;, link I’s price signal

Figure 4.1: Feedback control structure of available congestion control problems.

4.1.2 The Redesign Framework

Motivated by the need for scalability, our redesign framework is based on an aug-
mented Lagrangian method in that we add extra terms h(z, 2, k) to (4.3). The La-

grangian then becomes

N L N
Le(xiapla h(z7 27 k)) = Z Uz(‘rz) + Zpl (Cl - Z Rl#m) + h(Z, 27 k) (49)
=1 =1 i=1

where z stands for a group of existing states (decision variables, i.e., x;, p;), Z stands
for a group of unconstrained extra states, and k stands for a group of parame-
ters/coefficients in the extra terms which can either be constant or time-varying.
The structure of h(z,Zz, k), however, needs to satisfy certain requirements. The
optimal solution should not change with h(z, Z, k), i.e., if the unique saddle point
of (4.9) is (z},p}, z*, 2%), then (zf, p) should be the saddle point of (4.3). Moreover,

to maintain the distributed structure, h(z, 2, k) needs to be separable so that each
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state can still be updated using local information. The idea behind this redesign
is to increase the dimension of the problem by adding extra states — the control
scheme, if designed properly, can result in improved performance: in fact the struc-
ture of h(z, 2, k) depends on the problem considered. One approach is to introduce
simple quadratic penalty terms, since there is little extra computational cost [93].
In this chapter, we consider h(z z2, k) = h(xy, Ty, ke,) = —Zi]\il k2 (v; — ;)* and
h(z, 2, k) = h(p, pi, ke,) = Zl L5 (pl p1)?, and choose constant parameters. With

the extra terms, we reformulate the Lagrangian as

N
Le(xi, pr, ) Z Usi(x;) + Zpl <cl Z Rlzxz> — Z k;Z (z; — 2;)? (4.10a)

=1
N L Ul N ]{,'
L (CUuph xz) - Z Uz(xz) - Z/ fl(ﬁ)d/B - Z 26I (xl - iZ)Q (4 1Ob)
i=1 1=1 70 i=1
N L N L ]{Z
xzaplapl Z Uz ‘|’ Zpl <Cl - Z Rlzxz> + Z %(pl — }31)2. (410C)
i=1 1=1 i=1 =1

Equation (4.10a) will be used to redesign the primal-dual algorithm where {1, -+, Znx}
is a set of extra decision variables and k., > 0. Equation (4.10b) will be used to
redesign the primal algorithm where we have used the modified version of prob-
lem (4.1) (i.e., change (4.1) to an unconstrained optimization problem by introducing
the penalty function — Y1, JER(B)dB) 50, 54], {d1,- -+, @n} s a set of extra de-
cision variables and k., > 0. Equation (4.10c) will be used to redesign the dual
algorithm where {py,---,pr} is a set of extra decision variables and k., > 0. After
introducing these extra states, the modified feedback control structure is shown in
Figure 4.2 (with dashed blocks).

J\c1 user i’s transmission rate

[ i >

| X; only depends on x; | : ZN 5 Aggregate transmission rate
i Xi
i=1

onlink [ |,
.72,: pl
oI X; Primal Dual orp;
E ;C\L : i ﬁl 1
1 . |
: ) Ty A o ———— e ¥
Aggregate price for user i =1 l pl only depends on p; ,

p;, link [’s price signal

Figure 4.2: Modified feedback control structure of available congestion control prob-
lems.
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Remark 4.1 Adding the terms — S kQ (x; — ;)% to (4.3) is equivalent to refor-

mulating (4.1) as:

N N k
max UZ(.CL'Z) — Z G (IEZ — .7?1)2

z;>0,%; 2
T = i=1

N
subject to ZRM% <¢, l=1,---,L.
i=1
The advantage of describing the redesign framework in terms of the augmented La-
grangian rather than reformulating the original problem is that both primal and dual

variables can be merged in one formulation, as shown in (4.10c).

4.2 Redesign for the Primal-dual Algorithm

We now use (4.10a) to redesign the primal-dual algorithm, investigating how the
gains resulting from the extra dynamics influence the stability and robustness of the
closed-loop system. Moreover, we consider communication constraints and show that
the modified system could achieve added delay robustness. In this section we will
redesign the control algorithms at the level of fluid-flow models, which allows the use
of continuous-time models for analysis and design. For implementing the redesigned
algorithm in a practical packet-level context, we refer to [94] (Section IV) and [64]

(Section V) for more details.

4.2.1 Modified Dynamics and Stability

Based on a primal-dual approach [50] (Section 3.4), we obtain the modified dynamics

(in continuous-time) given by

& = ko, (U (7)) — @5 + ke, (& — ;) (4.11a)
i’i = ]Afei (.I'Z — flAﬁl) (411b)
b= k(Y1 — 1), (4.11c)

where l%ei > 0. Although the extra dynamics #; are introduced, the feedback control

structure remains distributed.

Theorem 4.1 Under Assumption 4.1, the equilibrium point of (4.11) is unique, satis-
fies the KK'T conditions (4.5) and is globally asymptotically stable for all non-negative

initial conditions.
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Proof: Noting that at the equilibrium point x; and ; are the same, the proof of
uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).

Consider the following radially unbounded function as a candidate Lyapunov function

N Loy N
V ; ; o 2 - k)2 # Ai _ ax 2
(.11) (T35, T4, 1) - Ty +l2;2kpl(pl ) +;2kei(l’ ;)
(4.12)
where xj = 7 holds. Differentiating V{4.11) with respect to time, we get
N L
Viaan) = Z(U{(%) = Qi + ke, (%7 — ;) )+ Z - ;)
i=1 =1
+ Z ke, (v — &) (25 — 27)
=1
N L N
< Z(U;(%) — @) (z; — ) + Z(yl —a)(p— i) Z ke, (s — &)
i=1 =1 i=1
N L N
< (Ula) = Ul (@i—2) + > (i —e)pi—p)) =D ke, (23 — &)
i=1 =1 i=1
<0. (4.13)

Now \7(4_11) = 0 only when z; = 2; = 2}, and either y = ¢; or p; = p;, which can
only happen at the equilibrium of interest. Using Krasovskii-LaSalle principle [79],
the equilibrium point is globally asymptotically stable. [

Theorem 4.1 indicates that the extra dynamics do not affect the global asymptotic
stability of the overall system. Moreover, there is no restriction for the choice of k.,
and 72?@,., except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.2.2 Linear Robust Analysis

Linearizing (4.11) around the equilibrium point and expressing it in the Laplace

domain, we obtain

Si(s) = T (—mﬁxi(s) 3" Roibpn(s) - ;5 .(m(s)) (4.14a)

S — s + l%e
Fp o
opi(s) = =2 ; R0, (s). (4.14D)
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In these transfer functions, dz;(s) denotes the linearized state and dp;(s) denotes
the linearized reduced state by eliminating non-bottleneck links (whose prices at the
equilibrium point are zeros [64]). Also, R is obtained by eliminating non-bottleneck
rows from R, R,, and Ry, are the entries of R and L is the number of bottleneck
links. Let x; = —U/" (7). Following Assumption 4.1, we will assume that R is of full
row rank. We rearrange the transfer function as a standard unity negative feedback
system so that the loop transfer function matrix is given by
ko, (5 4 ke,)
(52 + (g, ki + K ke, + ke,)s + ki Riike,)

Based on classical loop shaping methods (see the Appendix), in order to achieve better

Ls14)(s) = diag { } R"diag{k, } R. (4.15)
S

performance, o(L(4.14)(s)) needs to be large at low frequencies and &(L(4.14)(s)) needs

to be small at high frequencies [89]. Since

o | diag ks kei) - o (R"diag{ky, } R)
$(8% + (kp ki + ko ke, + ke, )s + Ky, kike,)

<o (L1.14)(5))
ko, (s + ke, _ _
7 | diag (51 he) — ) & (B diag{k,, } R)
S(82 + (kg ki + ke, + ke;)s + ku,Kike,)
>0 (L1.14)(5))

a sufficient condition is to make the lower bound of o(L4.14)(5)) large at low frequen-
cies and the upper bound of &(L4.14)(s)) small at high frequencies. We then have the

following remark.

Remark 4.2 Let
Kz, (] w + l%ez)

Ki(jw) = - = —.
jw(kxiﬁ;ikei —w?+ (kleiz + kzikei + kei)]w)
Since
0| K;|?
—akm <0
8|I(Z|2 _ 2k§ik€i(]%ei(]%5i + Qkxi/{i + kl‘ikei) - WQ)

Oke, (W2 = kg, hiike,)? + (Ko, ki + ko ko, + ke, )?w?)?2
small ke, increases the lower bound of o(L.14)(s)) at low frequencies while also in-
creasing the upper bound of &(La)(s)) at high frequencies. Large ]Afel. increases
the lower bound of o(L14)(s)) at low frequencies and decreases the upper bound

of 0(L114)(5)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for k., (not very large or very small) and l%ei needs to be large.
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4.2.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.11) change to

#i(t) = Ky, (U, zilt Z Roipm (t — 700 + ke, (4(1) — :ci(t))) (4.16a)

l“‘( ) = ke, (2i(t) — (1)) (4.16D)
N +
(Z 1nTn(t — 7’ - Cl) (4.16¢)
=1 D
where Til is the forward time delay of the transmission rate z, at link [, and 77, is the

backward time delay of the price p,, for the user z. The forward and backward delays
can be combined to yield the Round Trip Time (RTT) 7; = 7' TP ' Vi=1,--- L,
for user 1.

We linearize (4.16) around the equilibrium and express it in the Laplace domain

dxzi(s) = kz’ (—/{iéxi(s) - Z Rb (8)0pm(s) — Slf:’]% .5:@(3)) (4.17a)
0p(s) = % > R (5)daa(s). (4.17b)

In these transfer functions, dx;(s), 0p;(s), L and k; are defined as stated previously:
R/(s) and R’(s) are obtained by eliminating non-bottleneck rows from R, and also
replacing the “1”7 elements by the delay terms e~ and e Tom® respectively. len(s)
and R? ,(s) are the entries of R/ (s) and R”(s) respectively. As before, we assume that
R7(0) and R®(0) have full row rank. The loop transfer function matrix is given by

o, (s + he,) b AT 1; P
L = dia, - = - RY(s)Tdiag{k, YR’ (s).
ns) = g{5(52+ (Ko bii + e, +kei)s+kzimkei)} (6)" diogifn ()

Noting that R’(s) = R/(—s)diag {e""*}, we have

kae™7% (s + ]%e)
(52 + (kg, ki + kg ke, + ke )s + ko, K

Liaan(s) = dlag{ i } RI (—s)" diag{ky } R/ (s).
Z (4.18)

Remark 4.3 When k., = 0, i.e., there is no extra dynamics added to the sys-
tem, (4.18) becomes
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—T;S

. ky.e _ , _
dzag{m} R (—s)" diag{k,, } R (s).
Comparing this transfer function matriz to (4.18), we can see that the redesigned

. . . +kz.m)(s+fge.) ke e
dynamics add a band rejection filter (stha, i) (s the, — to each ————
Y ] ﬁ 82+(k’zi'fiJrkzikeiJrkei)SJrkzi/iz‘k’ei s(s-i—kzini)

—T;8

m

the modified system.

Now we turn to developing stability conditions for (4.16). We first present a

related lemma.

Lemma 4.1 Given Q(jw) = R/ (jw)" diag{k,, } R’ (jw), where w # 0 and all param-
eters are defined in Liy17)(s), the following inequality holds:

L N
P(Q(jw)) < m?XZ > RyRink,,.

=1 n=1
Proof: The proof follows from the claim in the Appendix of [64]. Using the [-

induced norm, we have

p(Q(jw)) = p (R (jw)" diag{ky, } R/ (jw))
< || B! (jw)" diag{ky, } B! (jw)]|

- L N
max Z Z Rli}_%lnk:pl.

=1 n=1

—ind

[
Under Remark 4.3, Lemma 4.1 and following the proof of Theorem 1 in [64], we

can derive a local stability condition for the system without extra dynamics, given by

L N 12 2
_ Wny/W2 + k2 k2
> ) RuRuk, < min —Y—"——0 =1 ... N (4.19)
n k.
I=1 n=1 n

where w,, > 0 is the solution to 7,w, = arctan kfﬁ—”", n=1,---,N. With the extra
dynamics, this stability condition can be much less conservative, as demonstrated in

the following theorem.

Theorem 4.2 For fired full rank R (R'(0) = R*(0) = R), the equilibrium point
of (4.16) is unique, satisfies the KKT conditions (4.5) and is locally asymptotically
stable provided

L N 2 2 2 2
D D n n+kaz n k;p nke .
> S RuRlnkpl<mm<w Vo T e (1+#)>,z:1,~~,N

ke, w2 + k2 K2

Tn''n

=1 n=1
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ka, Kn
Wn

where w, > 0 s the solution to T,w, = arctan and l;;en satisfies kxn/in/;'en =

2 .
wy,nm=1--- N.

Proof: Noting that at the equilibria x; and z; are the same, the uniqueness and
optimality of the equilibrium point follow from Theorem 4.1. For asymptotic stability,

according to Proposition 2 in [64], it is sufficient to show that

—1 ¢ eig(pLuan(w)), p € (0,1, w #0 & —1 ¢ eig(Q(jw)A(jw))

where Q(jw) = Q(jw)¥ is positive semi-definite as defined in Lemma 4.1, and

—jTiw (5 2
R =SS

jw(kximl%ei —w? + (kg ki + ke, + l;:ei)jou)

Since the Nyquist plots of the entries of A(jw) first cross the negative real axis at the

. . ks, kg 7
frequency satisfying 7w = arctan —— when k, x;k.
w 1

in [72], it is sufficient to show that

= w? holds, based on Lemma 1

i

' ky, /w2 + /%§n
p(Q(jw)) max

= <1
" w%(k$n Kn + ke, ke, + ken)

Kz, kn
Wn

Lemma 4.1, this is satisfied when (4.20) holds, which completes the proof. [ |
The condition in Theorem 4.2 indicates that by increasing k., and choosing /Afe,.

Feifi \which is distributed,

w

where w,, > 0 is the solution to 7,w, = arctan ,n=1,---,N. According to

to satisfy kixi/fif{ei = w? where w > 0 solves T;w = arctan
the overall system can achieve added delay robustness. Combining Remark 4.2 and

Theorem 4.2, we can see that there is a trade-off between these gains, as expected.

Remark 4.4 Another way to redesign the primal-dual algorithm is to use the aug-

mented Lagrangian
Le(zi, pi, T, 1) =

N L N . Loy
Z Ui(x;) + Zpl (Cl — Z Rlﬂi) — Z ;x (2 — ) + Z ;pl (i —p1)°
i=1 =1 i=1 ' =1

= =1

which introduces both extra dynamics &; and p;, and can result in more benefits. The
analysis of linear robustness and delay robustness in this case is similar to that in this

section but more complicated.
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4.3 Redesign for the Primal Algorithm

We now use (4.10b) to redesign the primal algorithm, investigating how the gains
resulting from the extra dynamics influence the stability and robustness of the closed-
loop system. Since the redesign process is similar to that in the previous section, some

details are omitted for brevity.

4.3.1 Modified Dynamics and Stability

Based on a primal approach [50] (Section 3.1), we obtain the modified dynamics (in

continuous-time) given by

i‘i = k’%(UZ/(l‘l) —q; + k’ei(i‘i — [I)l)) (421&)
-%i = ]A’Cei (l’l — .i'z) (421b)
v = fily) (4.21c)

where l%ei > (0. Although the extra dynamics #; are introduced, the feedback control

structure remains distributed.

Theorem 4.3 Under Assumption 4.1, starting from any non-negative initial condi-

tion, system (4.21) will converge to the unique optimal solution of:

N
max ) 1U x;) Z/ fi(B (4.22)

Proof: Noting that at the equilibrium point x; and z; are the same, the uniqueness
and optimality of the equilibrium point can be found in [50] (Section 3). Consider

the following radially unbounded function as a candidate Lyapunov function
L

‘/(4'21)(‘%‘1‘, i’z) = — Z(Uz(ml) - UZ({E:)) + Z /fl fl(ﬁ)dﬂ + Z k2ez (I’z - jZ)Q (423)

=1

where 7 = 2} holds. This function is non-negative with a minimum at the equilib-

rium. Differentiating V{421) with respect to time, we get

N L N
Vigar) = — Z Ui ()i + Y piin+ Y ke, (i — &) (& — 24)
] =1 =1

N
=— Z — Qi+ b, (B3 — ) ) — Y ke, (w0 — &)
=1
N A
= Z kxz(Uz/(xz) —¢i + kei ('%Z - $1))2 - Z keikei<xi - il)Q
i=1 =1
<0. (4.24)
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Now "/(4,21) = 0 only when U/(z;) — q; + ke,(#; — x;) = 0,2; = &;, which can only
happen at the equilibrium of interest. [

Theorem 4.3 indicates that the extra dynamics do not affect the global asymptotic
stability of the overall system. Moreover, there is no restriction for the choice of k.,
and l%ei, except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.3.2 Linear Robust Analysis

Linearizing (4.21) around the equilibrium point and expressing it in the Laplace

domain, we obtain

ke,s
s+ l%ei

L N
ox;(s) = i <—/€i5xz‘(3) - Z Ruf(y;) Z Rindw,(s) —
=1 n=1

S

5%(3)) (4.25)

where dz;(s) denotes the linearized state, k; = —U/'(z}) and y/ = Zi\il Ryxf. We

(]

rearrange the transfer functions as a standard unity negative feedback system so that
the loop transfer function matrix is given by
ki (s + ]%61)

Ls.25)(s) = dia . — o R'diag{f/(y;)}R. (4.26
2(%) g{52+(k‘xi/€i+kxikei+kei)s+kzi/<ik‘ei} s (120)

Based on classical loop shaping methods, in order to achieve better performance,
0(Ls.95)(s)) needs to be large at low frequencies and (L 4.25)(s)) needs to be small

at high frequencies [89]. Since

. kx-(s + ]%e) T 1
o | dia, : & . o (R*diag{ f/(y/)}R

<0 (L.25)(5))

Y ke, (s + I%e) PR /
o | dia, : i _ 5 (RTdia VR
( ° { s* + (kfl’zl{/l + kzikei + kei)s + kxiﬁikei }) ( g{fl (yl )} )

>0 (L(4.25)(s))

a sufficient condition is to make the lower bound of o(L4.25)(s)) large at low frequen-
cies and the upper bound of 7(L4.25)(s)) small at high frequencies. We then have the

following remark.

Remark 4.5 Let

Ki(jw) = ko + )
' k‘xi/‘iilg‘e —w?+ (k’xl Ki + kxikei + I;Bi)jw

i

79



Since
oK
Ok,
K> 22 ke, w?(ke, (ke + 2k, i + ko Ke,) — w?)
Oke, (W2 — kg kiike,)? + (Kuy i + Ky o, + ke, )2w?)?2

small ke, increases the lower bound of o(L.25)(s)) at low frequencies while also in-

<0

~

creasing the upper bound of G(L.5)(s)) at high frequencies. Large k., increases
the lower bound of o(L.25(s)) at low frequencies and decreases the upper bound

of 7(La.25(5)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for k., (not very large or very small) and /%ei needs to be large.

4.3.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.21) change to

() = ky, (U’ it Z Rifi (Z Ryt — 77 fJ)) + ke, (2:(t) — :ci(t)))

(4.27a)
Fu(t) = b (40t — 24(1)) (4.27D)
where 7' and 77, are the same as previously defined, and 7; = 7; l+ oy Vi=1--- L.

We hnearlze (4.27) around the equilibrium and express it in the Laplace domain

61‘2(5) = kzz (_515371 ZR ZR 5:(3” kelf 51’1(5’))
S

5+ ke,
(4.28)

where all states and parameters are defined as stated previously. We rearrange the
transfer functions as a standard unity negative feedback system so that the loop

transfer function matrix is given by

i kz.(s—l—l%e.) I ,
L s) = dia, : 2 - R°(s)" dia IR ().
(4.28)(8) g{52 ke et kznk} (s)" diag{f;(y;)} R’ (s)

Noting that R’(s) = R/(—s)diag {e""*}, we have

) ky,e T%(s + l%ei
Lis2g)(s) = dlag{ ( ( )
s

. _ R (—s)Tdiag{ f/(y )Y RS (s).
— k+kk+k)+kk} ()" ding{f{ ()} B (5)

(4.29)
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Remark 4.6 When k., = 0, i.e., there is no extra dynamics added to the sys-
tem, (4.29) becomes

. kfie_ns . /(%
ding { Y diag )R )

Comparing this transfer function matriz to (4.29), we can see that the redesigned

. L (s+ko ki) (s+he;) k .
dynamics add a band rejection filter PN Y Sy Sy s to each oty

—T;8
e Ti
Tq

the modified system.

Under Remark 4.6, Lemma 4.1 and following the proof of Theorem 1 in [95], we

can derive a local stability condition for the system without extra dynamics, given by

L N

w2 + k2 K2
ZZRllenfl/(yl*) <mink—n7 1= 17"'7N (430>
I=1 n=1 " Tn
where w, > 0 is the solution to 7,w, — 5 = arctan k”“w"—:, n=1,---,N. With the extra

dynamics, this stability condition can be much less conservative, as demonstrated in

the following theorem.

Theorem 4.4 For fized full rank R, the equilibrium point of (4.27) is unique, optimal
with respect to problem (4.22), and is locally asymptotically stable provided

L N 2 2 2 2
Vw2 +k kz kpke
§ § RliRlnfl/(yl*) < min < Wy zn 0 <1 4 w>> ,’i = 17 .. .7N

2 2 2
=1 n=1 kmn Wn + kmn Ky,

(4.31)

T __

ke K 7 . 7
5 = arctan == and ke, satisfies kg, knke, =

where w,, > 0 is the solution to T,w, —

2 .
wr,n=1--- N.

Proof: Noting that at the equilibria x; and Z; are the same, the uniqueness and
optimality of the equilibrium point follow from Theorem 4.3. For asymptotic stability,
according to the proof of Theorem 1 in [95], it is sufficient to show that

—1 ¢ eig(Q(jw)A(jw))

where
Q(jw) = Q(jw)" = R/ (jw)" diag{f/ (y;)} R’ (jw)

ky. e 3% (jw + k.,
A(jw) = diag - © (oo + ke:) — .
ky Kike, — w2 4 (ky, ki + ky ke, + ke, ) jw
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Since the Nyquist plots of the entries of A(jw) first cross the negative real axis at

the frequency satisfying 7,w — § = arctan ]%TF" when kg, Kike, = w2 holds, based on

i

Lemma 1 in [72], it is sufficient to show that

1

<

W) ) max =
p(Q(jw)) ma oG b )

JL—

where w, > 0 is the solution to T,w, — 3
Lemma 4.1, this is satisfied when (4.31) holds, which completes the proof. [ |

The condition in Theorem 4.4 indicates that by increasing k., and choosing /%ei to
, which is distributed,

the overall system can achieve added delay robustness. Combining Remark 4.5 and

k .
arctan ’”w”—””, n=1,---,N. According to
n

. > k. Ki
satisfy kg, kike, = w? where w > 0 solves T;w — 5 = arctan ——

Theorem 4.4, we can see that there is a trade-off between these gains, as expected.

4.4 Redesign for the Dual Algorithm

We now use (4.10c) to redesign the dual algorithm, investigating how the gains result-
ing from the extra dynamics influence the stability and robustness of the closed-loop
system. Since the redesign process is similar to that in the previous section, some

details are omitted for brevity.

4.4.1 Modified Dynamics and Stability

Based on a dual approach [50] (Section 3.2), we obtain the modified dynamics (in

continuous-time) given by

b= ky, (yr — o+ ke, (p1 — pl)); (4.32a)
pr = ke, (o1 — 1) (4.32D)
r = U q) (4.32¢)

where ]%61 > (0. Although the extra dynamics pr are introduced, the feedback control

structure remains distributed.

Theorem 4.5 Under Assumption 4.1, the equilibrium point of (4.32) is unique, satis-
fies the KK'T conditions (4.5) and is globally asymptotically stable for all non-negative

watial conditions.
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Proof: Noting that at the equilibrium point p; and p; are the same, the proof of
uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).

Consider the following radially unbounded function as a candidate Lyapunov function

L N g Loy
Viasy (P i) = > _(a —y))p + Z/ (a7 = UN(B)dB+ ) %(pl —m)® (4.33)
=174 1=1

=1

where p; = p; holds. This function is non-negative for p; > 0 with a minimum at the

equilibrium. Differentiating V{4 32y with respect to time, we get

L N
Viasy = > _(a =y — ke, (b — p1) + ke, (= 1))+ (2 = U7 (a:))da
I=1 =1
L .
+ ) ke, (o0 — 1) (B — 1)
=1
L L
= Z(Cl —y — kel — )+ Z U/ 1 (¢i))di — Z ke, ke, (o — 13[)2
=1 =1
L L
== k(g — a1+ ke, (B — p) (1 — €1+ Fe, (P Z
=1 p—y
<0. (4.34)

Now Viaz2) = 0 only when y; — ¢; + ke, (P — p1) = 0,1 = pr ov yy — & + ke, (P — 1) <
0,p; = py = 0, which can only happen at the equilibrium of interest. [ |

Theorem 4.5 indicates that the extra dynamics do not affect the global asymptotic
stability of the overall system. Moreover, there is no restriction for the choice of k,
and l;:el, except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.4.2 Linear Robust Analysis

Linearizing (4.32) around the equilibrium point and expressing it in the Laplace

domain, we obtain

k NI k
pi(s) = % (- Z Rli; Z Ridpm(s) — : —:ll% 5pl(s)> ) (4.35)
i=1 " m=1 el

In this transfer function, dp;(s) denotes the linearized reduced state by eliminating
non-bottleneck links. R is obtained by eliminating non-bottleneck rows from R and
Ry; is the entries of R. L is the number of bottleneck links. Following Assumption 4.1,

we will assume that R is of full row rank. x; = —U/"(x}). We rearrange the transfer
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functions as a standard unity negative feedback system so that the loop transfer

function matrix is given by

. ) -
L1.35)(s) = diag i ES + k) Rdiag {—} R, (4.36)
S5+ o + k) "

Based on classical loop shaping methods, in order to achieve better performance,
0(L(4.35)(5)) needs to be large at low frequencies and (L 4.35)(s)) needs to be small

at high frequencies [89]. Since

a (diag { e l:ﬁl/éij:_l%;:;l)kq) }) o (Rdiag {%} RT) < o(Luss(s))

- (. Ky (5 4 key) —(" {1}_>
a(L s)) <7 | dia pi\ ! 7 | Rdiagq — ¢ R"
(Lass)(s) < ( g{s(s + ke, + kp ke,) }> ) "

a sufficient condition is to make the lower bound of o(L435)(s)) large at low frequen-

cies and the upper bound of 7(L4.35)(s)) small at high frequencies. We then have the

following remark.

Remark 4.7 Let

kp, (jw + ]Afez )

Ki(jw) = ———— :
Jw(jw + ke, + Ky ke,)
Since
0| Ky)?
—%el <0
8|Kl|2 _ 2k§lkel(kel(kel + kpzkez> - (")2)
ke, W2(w? 4 (ke, + kp ke, )?)?

small ke, increases the lower bound of o(L.s5)(s)) at low frequencies while also in-
creasing the upper bound of 7(L.ss)(s)) at high frequencies. Large l%el increases
the lower bound of o(Lss(s)) at low frequencies and decreases the upper bound

of (L35 (s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for k., (not very large or very small) and l%el needs to be large.
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4.4.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.32) change to

N L
pu(t) = ky, (Z RyU™ (Z Ropipm(t — 7/, — Tffm)) — ¢+ ke, (Di(t) — pl(t)))
=1 m=1

+

pi(t)

(4.37a)
pi(t) = ke, (pi(t) — pu(t)) (4.37b)
where 7' and T ', are the same as previously defined, and 7; = zl+ il Vi=1,---,L.

We hnearlze (4.37) around the equilibrium and express it in the Laplace domain

opi(s) = (ZR ZR $)0pn(s) — 12 6pl<s>) (4.38)

5+ ke,

where all states and parameters are defined as stated previously. We rearrange the
transfer functions as a standard unity negative feedback system so that the loop

transfer function matrix is given by

. ) -
Ly38)(s) = diag ki SS + ko) R’ (s)diag {—} R(s)T.
s(s + ke, + Ky ke,) ‘

Noting that R’(s) = R/(—s)diag {e""*}, we have

L138)(s) = diag { Fy SS + Ke,) ) } R’ (s)diag { ¢ } RI(—s)T. (4.39)

S(s + ke, + kp ke, K

Remark 4.8 When k., = 0, t.e., there is no extra dynamics added to the sys-

tem, (4.39) becomes
k, —TiS _
dmg{ } R (s)diag { c } RI(—s)T.
R

Comparing this transfer function matriz to (4.39), we can see that the redesigned
s—H;:el
sthe, +hip, ke,

dynamics add a filter to each k% in the modified system.

Under Remark 4.8, Lemma 4.1 and following the proof of Theorem 1 in [64], w

can derive a local stability condition for the system without extra dynamics, given by

N —

L Rlz mTz m
hp » Y <5 I=1-L (4.40)

i=1 n=1
With the extra dynamics, this stability condition can be much less conservative, as

demonstrated in the following theorem.
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Theorem 4.6 For fized full rank R (R/(0) = R*(0) = R), the equilibrium point
of (4.37) is unique, satisfies the KKT conditions (4.5) and is locally asymptotically
stable provided

N L 5 )
Rz ni Ti : 2kk + k2 _
K, E E iTi min 7w 1+w2—jl%2’l =1,---,L (4.41)

=1 n=1

=1,---,N, and

where w; > 0 is the solution to Tw; = 3

ke, =k >0, kpke =k>0,1=1,---L.

Awi
k+k’

Proof: Noting that at the equilibria p; and p; are the same, the uniqueness and
optimality of the equilibrium point follow from Theorem 4.5. Under the condition
ke, =k >0,kyke, =k >0,1=1,---, L, (4.39) becomes

e (s + k) _ T
L diag{k, YR’ (s)dia diag { ————— % R(—s)T.
(1.38)(s) = diag{ky, } 1 (s) g{/{l} {Tis(s+k+k) (—s)
For asymptotic stability, according to Proposition 2 in [64], it is sufficient to show

that

—1 ¢ eig(pLas)(jw)), p € (0,1], w # 0 & =1 ¢ cig(Q(jw)A(jw))

where

Qi) = QUis)" = ding {1 L /)il o {2}

eI (jw + k)
Jriw(jw + k+ k) .

A(jw) = diag {

Since the Nyquist plots of the entries of A(jw) first cross the negative real axis at the

frequency satisfying mw = 7 + arctan% — arctan fci_k’ based on Lemma 1 in [72], it is

\/%24—1%2

sufficient to show that

p(Q(jw)) max - <1
" rwin/ w2 + (k4 k)2
where w; > 0 is the solution to Tw; = § + arctan% - - N.
According to Lemma 4.1, this is satisfied when (4.41) holds, which completes the
proof. [ |
Since

T w; w; 2%kk+ k2 7w .
— 4 arctan — — arctan 1+ —————>—, V1
2 p itk FENTR

the stability condition can be much less conservative after adding the extra dynamics,

indicating improved robustness to time delays.
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Remark 4.9 The condition in Theorem 4.6 requires /%61 =k >0, kp ke, =k > 0,1 =
1,---, L, i.e., homogenous gains in the extra dynamics. In fact, there are alternative
stability conditions which can be derived following from Theorem 4.6. For example,

the equilibrium point of (4.87) is locally asymptotically stable provided

N L 5 5 7
R 2kky, ke, + k2 k2 _
kp, E g <m1n7’zw, 1+ w2+]%2p A=1,---L
i=1 n=1 %

where w; > 0 is the solution to Tw; = § + arctan % — arctan Hw—k,z =1,---,N,
l%el =k>01=1,---,L, and (kp,,, ke,,) are derived from the set of (ky,, ke,) such that

kpm k’em = minl {k’pl kel } .

4.5 A Distributed PID Controller

In the previous sections, we have redesigned the primal-dual, primal and dual algo-
rithms by introducing extra dynamics. We now turn to study the meaning of these
extra dynamics and further introduce a design framework of distributed PID control

for network congestion control problems.

4.5.1 Derivative Action with Filtering
We first focus on the standard primal-dual algorithm given by

i =k, (Ui (i) — q:)
p= kpz (yl - Cl);jl
where ¢; = Zle Rypi, yi = Zfil Ry;x;. From a control perspective, we can regard the

scheme as one in which each user adopts integral control action to adjust his source

rate in a distributed manner. This is because the above scheme can be written as

L
=qi =Y _ Rup (4.42D)
=1

‘ N + N
o= / ko, (ZRW(@—CZ) dB, > Rixi(0) — ¢ <0. (4.42¢)
0 i=1 » i=1

This is in accord with the paradigm proposed in [57]. On the other hand, consider

the redesign primal-dual algorithm given by
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iii'l' = k%(U;(l'Z) — (Ql + kei (l’l — HAZ'Z>Z) (443&)

B = ke, (2 — 2) (4.43D)
P = kp (g — i)y (4.43¢)
Express (4.43b) in the Laplace domain as
ke,
Ti(s) = —(s)
s + ke,
The controller, from (4.43a), is therefore
ke,
ui(s) =qi(s) + —sx;(S)
5+ ke,
ke, .
=qi(s) + l%—sxi(s) (4.44)

€i

which contains both integral action and derivative action with filtering.

We can compare (4.44) with another potential derivative action given by

ke,

where kg, > 0. This is equivalent to changing the gain k,, to ﬁ

in (4.42). On

the contrary, the term i “sd;(s) in (4.44) is actually the high frequency component of

x; which can hinder x; from changing too quickly. By tuning the gains appropriately,

it can improve the behaviour of the overall system at high frequencies while not
affecting the system greatly at low frequencies. Figure 4.3 shows the system responses
with (4.45) and (4.44) respectively (We use a 3-source-2-link network as illustrated in
Figure 4.4. All utility functions of the sources are U;(x;) = log(z;). R=1[110; 10 1]
and ¢; = (2,1). The controller gains are: all k,, = 3; all k,, = 1; all kg, = 1 in (4.45);
all ke, = 2 and all k., = 2 (i, % = 1) in (4.44). The scenario consists of one
of the sources suddenly changing its utility function, from log(x;) to 3log(x;)). It
can be seen that using derivative action with filtering results in less overshoot and
oscillations than using (4.45) under the same conditions.

Similarly, let us compare the standard primal algorithm given by

@i =k, (Ui (7:) — q)
b= fl(yz)
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Figure 4.3: Simulation results comparing (4.45) (ID) and (4.44) (ID with filtering):
responses of source rate.

| Source 1 |
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\J
| Source 2 | | Source 3 |

Figure 4.4: A 3-source-2-link network.

and redesign primal algorithm given by

i = k(Ui (1) — (g5 + ke, (i — 21)))

~\~
Uy

A

‘%i = ]%e,- (% - l‘z)
» = fily).

In the standard algorithm, the input actually corresponds to proportional action; in
the redesigned algorithm, derivative active with filtering is introduced. Therefore,
the redesigned primal algorithm contains a distributed Proportional-Derivative (PD)
controller.

Finally, we compare the standard dual algorithm given by

D= kpz (yl - Cl);:l

—uy

z; = U (q)
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and the redesigned dual algorithm given by

D= kp, (yl —c+ ke, (P — pll);
—u
P = ke, (p1 — 1)
Ty = Uz‘lil(%‘)-

Likewise, we can see that the redesigned dual algorithm contains a distributed PD

controller.

4.5.2 A Distributed PID Controller

In this subsection, we extend the redesign of the primal-dual algorithm and propose
a distributed PID controller for problem (4.1). Consider the following augmented

Lagrangian

N L N N
Le(zi,pi, ;) = Z Ui(x;) + Zpl <Cl - Z Rlixi) - Z 26 (z; — &:)°
Lop N 2
kY S (Z Ryw; — cl> (4.46)
=1 =1

where k > 0, k,, equals to the gain of the dynamics of p; and ¢ (z) = max{0,z}. This

modified Lagrangian then leads to the dynamics with a distributed PID controller

given by
L
i = b, | Ul - <qi 1S Ri(n) + b —@)) (1.472)
=1
&y = ke, (2 — &) (4.47b)
B = ki, (Y1 — 1) - (4.47c)

Since p; is proportional to z;, when p; > 0 (¥(p;) = p, > 0), there is proportional
action activated in each z;, and k is therefore the common proportional gain. We

then have the following theorem.

Theorem 4.7 Under Assumption 4.1, the equilibrium point of (4.47) is unique, satis-
fies the KKT conditions (4.5), and is globally asymptotically stable for all non-negative

initial conditions.
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Proof: Noting that at the equilibrium point x; and ; are the same, the proof of
uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).
For the global asymptotic stability, see the proof of Theorem 4.8 in the sequel. N

To achieve more flexibility for the choice of controller gains, we next consider
the case that each user can tune the proportional gain autonomously. Then (4.47a)

changes to

L
jfi = kmz U;(IZ) — (qi + k?z Z Rlzw(pl) + kei(xi — .i’z)> (448)

(& J/
-~

Uj

where k; > 0 stands for each proportional gain. Note that the dynamics (4.48)
and (4.47b)-(4.47¢) do not result from L.

Theorem 4.8 Under Assumption 4.1, the equilibrium point of (4.48) and (4.47b)-
(4.47¢c) is unique, satisfies the KKT conditions (4.5), and is globally asymptotically

stable for all non-negative initial conditions.

Proof: We only need to show that the equilibrium is globally asymptotically sta-
ble, where we use techniques from [56]. Consider the following radially unbounded

function as a candidate Lyapunov function

‘/(4.48),(4.47b)7(4.47c T, Pr, )

||Mz

Nk
LY =il 4.49
2kpl i=1 lei ( )

where p; denotes the reduced state from the set {p;} by eliminating non-bottleneck
links, kp, is the controller gain in the dynamics of p; and L is the number of bottleneck
links. V{4.48),(4.470)—(4.47c) may be discontinuous during the transient period since {p;}
may change.

For a time interval with fixed {p;}, differentiating V(4 s),(4.476)—(4.47¢) With respect

to time, we get

N N
V(4 48),(4.47b)—(4.47¢) < Z U” Uy — deiag{ki}RTdiag{kﬁl}ﬁii - Z kez<x1 - i’z)2
i1 i=1
<0

where x stands for the vector with entries x;, R is obtained by first eliminating

non-bottleneck rows from R and then eliminating rows whose corresponding p; is
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non-positive, and kj, is the controller gain in the dynamics of p; which is obtained
through the same way as R. Note that R may change during the transient period,
however, 17(4,48),(4,471,)_(4,476) is non-positive all the time. Now V(4,48)7(4,47b)_(4.47c) =0
only when &; = 2; =0, i.e., z; and &; are constant. Substituting them into (4.47b)-
(4.47¢c), we have z; = &; and each pj is constant. Noting that R has full row rank, i.e.,
RRT is nonsingular, using (4.48) we can obtain that each p; is constant, i.e., p; = 0.
So "/(4_48),(4_471;)_(4.476) = 0 only happens at the equilibrium point.

Consider the case when the cardinality of {p;} increases at time t. Then an addi-
tional term p,, is added to V(4.4s) (4.470)— (4.47¢) that must satisfy p,,(¢7) = 0, p,,(t7) <0,
Pm(tt) > 0and p,,(tT) > 0. Since py, has zero initial value at time ¢, Vi 48) (4.476)— (4.47¢)
is still continuous in this case. When the cardinality of {;} decreases at time ¢, there
must be a term p,, satisfying p,,(t7) > 0, p(t™) <0, P (¢7) = 0 and p,,,(t+) < 0. So
V/(4.48),(4.470)— (4.47¢) 10ses a non-negative term and is non-increasing at time ¢, although
now it can be discontinuous. Therefore, V(44g) 4.475)—(4.47¢) is either non-increasing
when there is discontinuity, or decreasing, until the system reaches the equilibrium
point. Thus, the global asymptotic stability is ensured. [

With the PID controllers (4.47) as well as (4.48) and (4.47b)-(4.47¢c), the block
diagram of the system is illustrated in Figure 4.5, where there is extra but limited
information relating to ¢ (p;) passed from links to sources, while its operation remains
distributed. Compared with the standard primal-dual algorithm, extra gains are
introduced, i.e., k;, ke, l;‘ei. The analysis of linear robustness and delay robustness is
similar to that in the previous sections but more complicated. In the next section,
we will present an example to illustrate how the extra gains affect the performance

and robustness of the closed-loop system.

X, Z \:1 Ryx,

Primal [dynamics

k 3 Dual [dynamies
ks 2
——|Derivative action -
B +kq = TA(}’S =y ):,
Integral action
with gain 1
L b
Z g Ri:p i
Proportional action
L 2
H k:25=1RF:W(p.") E\

Figure 4.5: The block diagram of the system with the distributed PID controller.
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4.6 Numerical Investigations

4.6.1 An Example that Illustrates the Trade-off

Firstly, we present an example to illustrate how the gains of the extra dynamics affect

the performance and robustness of the closed-loop system. Here we focus on the
redesigned prima-dual algorithm with PID control actions (4.48) and (4.47b)-(4.47c).

We continue to use the same network, scenario and parameters corresponding to

Figure 4.3. Since the PID controller is completely distributed, we only investigate

the gains of the controller for user 2 (in Figure 4.3, this corresponds to the curves on

top). As for users 1 and 3, the proportional gains are k; = k3 = 0.5.

The response of source rate X,

0.8

0.6

04
0

. . . . .
5 10 15 20 25 30
Time

The response of source rate X,

—— &, =01
—k, =10
— = 0.1<k, <10

Rate

05 . . . . .
0 5 10 15 20 25 30
Time

(b)

The response of source rate X,

Rate
5

0.8

0.6

ke, =01
— =10
— = 01 <h, <10

0.4 . -
0 5 10

. . .
15 20 25 30
Time

()

Figure 4.6: The response of 2, when tuning ky ((a)), ke, (b)) and ke, ((c)).

We first fix k., = 2 and 1%62 = 2 and tune the proportional gain ks (from 0.1 to

100). Figure 4.6(a) illustrates the change of the response of z5. As ks increases, the

response slows down and the system achieves better performance. However, for large
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ko, the system converges too slowly. We then consider the case when ko = 0.5, 1%62 =2
and k., changes (from 0.1 to 10). The results are exhibited in Figure 4.6(b). We can
see that the larger the derivative gain is, the slower the system behaves. When k.,
is not very large or very small, the performance is better balanced out. Finally, let
ks = 0.5, ke, = 2, and tune k., (from 0.1 to 10). As demonstrated in Figure 4.6(c),
small 72?@2 decreases the response speed of x5 since it results in small cutoff frequency
for the filtering part in the derivative control. Note that increasing 1%62 too much leads
to weaker filtering function. To conclude, in order to improve the performance of the

closed-loop system, there are trade-offs for these gains.

4.6.2 An Example of Jointly Optimal Congestion and Con-
tention Control

In the second example, we focus on the jointly optimal congestion and contention con-
trol problem, as a further application of the proposed redesign framework. Consider

the following problem [96]

N
e ;Ul(xl) (4.50a)
N
subject to ZRWE@' < ap H 1-— Z pl,l=1---,L (4.50b)
i=1 mENtIO(l) r€Lout(m)
Z prgla lel,"',N (4500)
T‘GLout(n)

where p; is the persistence probability of link [ controlled by contention-based Medium
Access Control (MAC) (note that p; is not the link price any more), ¢; is the phys-
ical layer transmission rate of link [ which is a constant, N/ (I) is the set of nodes
whose transmissions cause interference to the receiver node of link [, excluding the
transmitter node of link [ denoted by ¢;, L, (n) is the set of outgoing links of node
n, and the rest of notation remains the same as in (4.1). In addition, let L% (n)
denote the set of links whose transmissions get interfered from the transmission of
node n, excluding the outgoing link /. For simplicity, we have removed the constraints
of maximum and minimum source rate for each z;. Note that here R is a routing
matrix of a given logical topology, since this problem is mainly concerned with ad-
hoc networks. Compared with (4.1), each link capacity is now a nonlinear function

of relevant persistence probabilities.

94



Generally speaking, the above problem is non-convex and non-separable. Taking
the logarithm of each variables x; and every link congestion constraint we can convex-
ify it, provided that each utility function satisfies U/'(z;)x; + U/(z;) < 0 [96]. Define

= log ;, then the convexified version of the problem (4.50) is formulated as

N
max ;fﬂe) (4.51a)
N
subject to log (Z Rh-eyZ) <logc; + logp, + Z log | 1— Z Dr
i=1 mENtIo(l) r€Lout(m)
l=1,---,L (4.51Db)
> p<lLin=1--N (4.51c)
7€ Lout(n)

We can now apply the proposed redesign framework to solve the problem (4.51),
through which (4.50) can be solved. The modified dynamics are given by

N
) A+ ki /\z)
i =ky, | Uj(e¥)e¥ — Ry — key, ; 4.52a
g ( M s p o b= ) (4522)
Ji =hey, (i — ) (4.52b)
. I )\l + k‘ﬂ/)()\l) ZmEprmm tl)()‘m + km¢(Am)) 1 ( . )
D= - - — Rep\P1 — P
I DL n 1— ZreLm(tl) o M, p \Pl I
(4.52¢)
D1 =kep, (1 = P1) (4.52d)
+
. N
A =ky, | log (Z Rlieyi> —loge¢; — logp, — Z log | 1— Z Dy
=1 mGNtID(l) r€Lout(m) A
(4.52¢)
+
fin =k, | > pe—1 (4.52f)
7€ Lout(n) i

where £, , ki, key, , ffey” kp,, Eep, s l%epl, kx,s ku, > 0 are the controller gains, A; is the price
relating to congestion for link [, p, is the price relating to the sum of persistence
probability for node n. It is clear that the implementation of (4.52) is completely
distributed, and moreover, with PID control actions.

We next use a 1-source-2-link-3-node network give in Figure 4.7 to illustrate the
performance of the proposed controller. Here the transmission of node 2 will cause in-

terference to link 1. The parameters of the overall system are: Uy (z1) = log(z1), ky, =
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kpy = kpy = 3, k1 = ko = Lkey, = kepy = 1, kepy = 2, keys = bepy = 2,kep, = 1,kx, =
kx, = 4,k,, = k,, = 2. We consider a scenario involving a sudden drop of transmis-
sion rate in both links, from 11 Mbps to 8 Mbps. The simulation results are shown
in Figure 4.8, using only integral control, Integral and Derivative (ID) control with
filtering, and PID control respectively. It is clear that with the distributed PID con-
troller, the transient performance of the closed-loop system is much better than that

under only integral control and that under ID control with filtering.

| Source 1 |

@ LU Link 2 @

Figure 4.7: A 1-source-2-link-3-node network.

10 ; :
-— — Integral only
op — — — ID with filtering |
1l ——PID
A\‘/'
2 L
_/'A
1=~ .
0 L L L L L
0 5 10 15 20 25 30
Time

Figure 4.8: Simulation results of the 1-source-2-link-3-node network. The top curves
are the responses of the source rate. The curves in the middle are the responses of
the persistence probability of link 1. The curves in the bottom are the responses of
the persistence probability of link 2.

4.6.3 An Example that Illustrates the Improved Delay Ro-
bustness

Finally, to illustrate the improved delay robustness of the redesigned schemes, we

consider the redesigned primal-dual algorithm (4.11) and use a network with 3 links
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and 4 sources as given in Figure 4.9. The parameters of the overall system are:
Ui(z;) = log(z;), ks, = 0.1, k., = 100, /2:61. = 1.7,Vi, k,, = 100,VIl. The scenario here
consists of source 3 suddenly changing its utility function at t = 150s, from log(z3)
to 3log(xs), and there is a 0.25s-delay in the price feedback of link 3. The simulation
results are shown in Figure 4.10. In addition, the results of using the standard

primal-dual dynamics and the modified primal-dual dynamics with Strictly Positive
Real (SPR) filter [53], i.e.,

& = A& + Bi(U(z:) — 4;)
&; = Ci& + Di(Uj(2:) — q;)

= kpz (yl - Cl);l

are provided under the same condition (4; = —20,B; = 1,C; = —1.9,D; = 0.1,Vi, k,, =
100, V1). It is clear that the controller behaves much better after redesign in the pres-
ence of time delay. Moreover, the redesigned dynamics converge faster than the

modified primal-dual dynamics with SPR filter in this case.

Source 4 |

| Source 1 |

O Link 1 O Link 2 O Link 3 O

Source 2 |

I Source 3

Figure 4.9: A 4-source-3-link network.

4.7 Conclusion

In this chapter, we have presented a redesign framework for network congestion con-
trol problems at the level of fluid-flow models. Motivated by the augmented La-
grangian method, we introduced extra terms to the Lagrangian, which was then used
to redesign the primal-dual, primal and dual algorithms. We investigated how the
gains resulting from the extra dynamics influenced the stability and robustness of the
system. Moreover, we showed that the overall system could achieve added robust-
ness to communication delays by appropriately tuning these gains. In Section 4.5,

we studied the meaning of the extra dynamics in the redesign and further developed
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Figure 4.10: Simulation results of the 3-link-4-source network under 0.25s delay in
the price feedback of link 3, using the standard primal-dual dynamics, the modi-
fied primal-dual dynamics with SPR filter (marked with “+”), and the redesigned
dynamics (marked with “4++7).

a distributed PID controller for solving the network congestion control problem. Fi-
nally, we illustrated that compared to standard algorithms, the modified algorithms
resulted in better transient performance and improved robustness for the overall sys-

tem, without changing the distributed structure of the feedback.
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Chapter 5

Distributed Optimal Steady-state
Control Using Reverse- and
Forward-engineering

In the previous chapter, we have presented a redesign framework for network conges-
tion control problems at the level of fluid-flow models. The framework is based on an
augmented Lagrangian method in which we introduce extra dynamics to algorithms
resulting from traditional optimization decomposition methods. Such an approach
actually follows a “forward-engineering” procedure [51]. In this chapter, we go back
to the problem of merging primary and secondary frequency control in power sys-
tems. We will use a reverse- and forward-engineering approach to design distributed
control schemes for generators and controllable loads to track the optimal solution of
a predefined optimization problem automatically, i.e., to achieve real-time economic
dispatch, in the presence of disturbances. Unlike Chapter 2, the optimization problem
considered here is more general and includes capacity constraints for each component
in the network.

In addition to power systems, we propose a reverse- and forward-engineering de-
sign framework for linear network systems to achieve optimal steady-state perfor-
mance, which consists of two steps. Firstly, we reverse-engineer a dynamic system as
a gradient algorithm to solve an optimization problem. Secondly, we use a forward-
engineering approach to systematically design distributed control or modify the ex-
isting control. As a result, the system can automatically track the optimal solution
of a predefined optimization problem and the control scheme can be implemented in
a distributed (i.e., communicating with neighbours) and closed-loop (i.e., no infor-
mation of disturbance is needed) manner. In order to investigate how general this

framework is, we establish necessary and sufficient conditions under which a linear
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dynamic system can be reverse-engineered as a gradient algorithm to solve an op-
timization problem. These conditions are characterized using properties of system
matrices and relevant linear matrix inequalities. Finally, a practical example using

the IEEE 14-bus network is given to demonstrate the effectiveness of the framework.

5.1 Achieving Real-time Economic Dispatch in Power
Networks

In this section, we focus on the problem of designing distributed control schemes for

power networks to achieve real-time economic dispatch.

5.1.1 Problem Setup

The network configuration was previously described in Section 2.3. For conciseness,

we directly provide the system model (i.e., system (2.24)):

M, + Dyw, = Py —d, — T1AT AT« (5.1a)
& =TTw, + 5w (5.1b)

wy = Dy (=P — dy — T2 AT AT Q) (5.1c)
Py = TpA(Po — Py — R7'w,). (5.1d)

Suppose that the network is operating around a nominal state determined by an
Economic Dispatch (ED) problem at a more slower time-scale, and that constant
disturbances dg, d; occur. As a result, the frequency deviates from the nominal value.
It is expected that generators and controllable loads can adjust their power generation
Py and consumption Py, respectively in real time using local information, not only to
release the overall system from stress, i.e., to restore the grid frequency, but also to
effect a better supply-demand balance, e.g., minimizing generation cost, maximizing
load utility, and satisfying transmission line congestion constraints. These goals lead

to a steady-state optimization/DC Optimal Power Flow (OPF) problem:

min > Cy(Py,) — Y _Ui(Pr,) (5.2a)
i€g

Far oo €L
subject to Py —d, — T4 ATATa =0 (5.2b)
— Py —d; —T2ATATa =0 (5.2¢)
PE < Py = PR (5.2d)
PP < P < ppax (5.2¢)
P < TATa < PRax (5.2f)
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where C;(Pyy,) is the cost function for each generator, U;(Py,) is the utility function
for each controllable load, Equations (5.2b)-(5.2¢) represent power flow balance at
each bus, Equations (5.2d)-(5.2f) are capacity constraints for generators, loads, and
transmission lines respectively, and PZ", PRax ¢ R™, pmin pmax ¢ Rn - pmin - pmax

R? are corresponding capacity vectors. Note that by setting }nc"”"; = }“Ci?j, the
scheduled power flow in line (7, ) can be maintained. For problem (5.2), we have a

related assumption, which is extensively used in the literature [13, 24].

Assumption 5.1 Problem (5.2) is feasible. Moreover, each C; is a strictly convex

function in Py, and each U; is a strictly concave function in Py, .

Compared with similar Assumptions 2.2 and 2.4 in Chapter 2, and Assumption 3.3
in Chapter 3, this assumption is more general in which we do not require particular
forms of cost and utility functions. Since the dynamics of Py, and « are constrained
by (5.1) during the transient, they therefore cannot be instantaneously set to the
solution of problem (5.2). Note that Equations (5.2b)-(5.2¢c) require the frequency to
be restored when system (5.1) reaches steady state, i.e., wy = 0,7 € G|J L. According
to Remark 2.6, this results in P,y = Pg in steady state. So we can reformulate

problem (5.2) as one that can be used to design Pz and Pp, given by

min > CiPe) =Y Ui(PL) (5.3a)
i€g

Fe.Fr, ieL
subject to Po —d, — T1ATAJ0 =0 (5.3b)
— Py —d; —T,ATAY0 =0 (5.3¢)
PN < Po < Poex (5.3d)
PMr < pp < prex (5.3e)
PR X TAJO < Prex (5.3f)
where 6 = [0y, -+, 0,,1,]" is the vector of ancillary decision variables. In fact, we have

replaced Py, ain (5.2) by P, 6 to derive (5.3).

Proposition 5.1 Given the control input P}, and P} to system (5.1), where (Pg, Py, 0%)
is an optimal solution of (5.3), the equilibrium point of system (5.1) satisfies Py, = P

and o = [[T, TT10*. As a result, (P;;, Pi,a*) is an optimal solution of problem (5.2).

Proof: The proof follows Remark 2.6 immediately. |

According to the above proposition, the optimality of problem (5.2) is preserved
after the reformulation. Finally, the real-time economic dispatch problem is described
as: design Pr and Py, so that for given dg, d;, system (5.1) is driven to an equilibrium

point where the steady-state optimization problem (5.2)/(5.3) is solved.
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5.1.2 A Reverse- and Forward-engineering Design Frame-
work

As the first step, we reverse-engineer system (5.1) as one with primal-dual gradient
dynamics [56, 70] (see the Appendix) to solve a saddle point problem. The resulting
saddle point problem will allow us to embed the steady-state optimization problem
for control design. Two lemmas relating to properties of a saddle point of a function

and primal-dual gradient dynamics are now presented.

Lemma 5.1 Let f € C?: R® x R® — R satisfy: for all v, z, V;f = 0,V2f < 0.
Then (y,Z2) is a saddle point of f, i.e., f(7,2) < f(y,2) < f(y,Z2), if and only if
Vy:fly=gz=z = 0.

Proof: This Lemma is a corollary of the Karush-Kuhn-Tucker (KKT) conditions,
the proof of which can be found in the Appendix. [ |

Lemma 5.2 Let f € C*: R* x R” — R satisfy: for all y,z, V2f = 0,VZf <0,
and the set {(y,z)|Vy..f = 0} is nonempty. Then the trajectories of the primal-dual
gradient dynamics [56]/saddle point dynamics [70] given by

. of
Y= _Ky ay (54&)
. of

are bounded, where K, € R*™* K, ¢ RY*Y are positive definite constant matrices.
Furthermore, if f is either strictly convexr in y or strictly concave in z, then the

trajectories of (5.4) asymptotically converge to a saddle point of f.

Proof: The proof follows the content of Section 2 in [56] and Proposition 13 in [70],
which can be found in the Appendix. [ |

Now consider a candidate Lagrangian L s 1)(«, Py, wy| Pe, Pr, dg, di) € C* : R 1x
R™ x R™ — R given by

Lis1y = — %(Dgwg — Py +dyg+T1AT AT )" D (Dywy — Py + dy + T1AT A" )
+ %(PM —dy — T AT A )" D (Pyy — dy — T1AT A" )
+ %( Pp+dy +ToATAT Q) DY (P + dy + T AT AT Q)
+ %(PM — P)TR(Py — Pe) (5.5)
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where € R™*"1 Py, € R™ w, € R™ are decision variables, and Pp,d, € R™, Pp,d; €
R™ are constant. Note that for simplicity, we have used the same notation as in the
dynamics (5.1). Since V3 p Lz.1) = diag{ ATATTY D, 'Ty AT AT, R} = 0, Ve, Ly =

—Dy < 0 are true, L1 is convex in «, Py, and strictly concave in w,. We then for-

mulate a saddle point problem as

min max Ls 1. (5.6)
o, Py wy

Through straightforward derivation, we can show that system dynamics (5.1) is ac-

tually the saddle point dynamics (5.4) of L(s.1), due to the following equalities:

oL
&,(j:) = M, (w, is given in (5.1a))
oL
a(;l) = —AT A& ( & is given in (5.1b))
OL L
ZZGU TG RPy (P is given in (5.1d)).
0Py

We then have the following theorem.

Theorem 5.1 The trajectories of system (5.1) asymptotically converge to a saddle
point of problem (5.6).

Proof: The proof follows Lemmas 5.1-5.2 immediately. |
As for problem (5.3), under Assumption 5.1, strong duality holds. Formulate the
Lagrangian of (5.3) as

L(5.3)(PC'7PL707C7 >‘7M+7#_a V+7 V_>l+7l_) =

> CiPe) =Y Ui(PL) + (" (Po — dg = T1ATAJ0) + N (= Py, — dy — T2 AT AJ6)
i€G €L
+ N (Po — PE™) 4 p~H(PE™ — Po) + v (P — PP™) + v (PP — Pp)

+ IMT(TALO — PR + 17T (P — T ALO) (5.7)
where (,put,u” € R™ A\vt v~ € R® and [7,l- € RP are Lagrange multipliers

(dual vectors) for the constraints in (5.3). Then we obtain the following saddle point

problem:

min max L5.3). (5.8)
PC7PL79 ,u+ ,#7,V+,V7,l+,l7EO,C,A

As a result, solving problem (5.3) is equivalent to solving problem (5.8). Consider

the augmented saddle point problem given by

min max Loy = Ls1y +7L5.3) (5.9)

a,Py,Po,Pr,0 pt,u= vt 0= I+,1720,(,A\wy
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where v > 0 is constant. We have a related proposition regarding the saddle point
problems (5.6), (5.8) and (5.9).

Proposition 5.2 If (wy, a*, Py, P&, P, 0%, CON p™, p=* v v 17 17%) is a sad-
dle point of Lau, then (w;, a*, Py;) is a saddle point of Ls.1) and (PC, PO ¢ N
pE vt v I ) is o saddle point of Lis.s).

?

Proof: According to Lemma 5.1, any saddle point (w;, a*, Py, Pry Pr 60 ¢ N, wt™,
pE v T I 1) of Ly, satisfies (here C(Pe) € R™ is the vector of cost functions
of generators whose entries are C;(Pc, (t)), U(Pr) € R™ is the vector of utility functions

of loads whose entries are U;(Pr,(t)) in the following equations):

—Dgyw; + Py —dy —T1ATA"o* = 0 (5.10a)
Mw:+TyD (=P —d — T2 ATA"a*) =0 (5.10b)

P5— Py —R'wi =0 (5.10c)

R(Py — Po) —y(C'(Pe) +C+p™ =) =0 (5.10d)

Dy (=P; —dy — T ATA ") +y(U'(Pf) + X — v +v7) =0 (5.10e)
AgT(ATTTC + ATTIN — 1™ +17) =0 (5.10f)

Pl —d, —T1ATA[9* =0 (5.10g)

—P; —d; — T, ATAL0* = 0 (5.10h)

diag(p™) (P — Pe™) = 0, ™", Pg™ — Pt = 0 (5.101)
diag(p™)(Pg™ = P2) =0, p~", P& — PE™ = 0 (5.10)
diag(v™)(P; — PP"™) =0, v PP — Pf =0 (5.10k)
diag(v ™) (P™™ — P}) =0, v *, P; — P >0 (5.101)
diag(I™)(T AL 0" — Pa¥) =0, 1™, PR — TAL0* =0 (5.10m)
diag(I™*) (P& — TAZ0*) =0, 17, TALO* — Prar = 0. (5.10n)

Equations (5.10g)-(5.10h) result in 1(P5—d,) —1(P; +d;) = 0. Based on Remark 2.6,
we have wf = 0,7 € G|J L and P}, = Py;. Substituting these into Equations (5.10d)-
(5.10e) leads to

C(PE)++p™ —p =0

UPH+ N —v+v 7 =0.

According to Lemma 5.1, (wy, %, Py;) is a saddle point of L1y and (P, Pr, 0%, (%, A%,
p T v v I 17%) s a saddle point of Lis ). [ |
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Since Va Pas o Py oLau = 0 and Vxﬁ b T Lau = 0 hold, under Lemma
5.2, the trajectories of the primal-dual gradient dynamlcs given by Equation (5.11)
in the sequel are bounded. Note that the projection in (5.11i)-(5.11n) does not af-
fect the result in Lemma 5.2 [56]. In system (5.11), Kp,, K¢, K+, K,- € R™™,
Kp, , Ky, K+, K,- € R™" Ky € ROEx(min) - and K+, K;- € RP*P are positive
diagonal matrices, all representing the controller gains. Also for simplicity, we have

used vector forms of positive projection in (5.11i)-(5.11n).

Power network dynamics:

My, + Dywy = Py —d, — T1AT A" (5.11a)
& =TTw, + T3 D; (=P — dy — TL AT AT ) (5.11Db)
Py =Ty A(Po — Py — R7'w,) (5.11c)

Control input dynamics:
P = Kp.(R(Py — Po) = v(C'(Pe) + ¢+t — 7)) (5.11d)
P = Kp, (D7 (=Pp — d; — ToATATa) + (U (P) + A —vF +v7))  (5.11e)

Ancillary variable dynamics:

0 = KgAT(ATTT¢ + ATTIN — 1T 4-17) (5.11f)
(= K¢(Po —d, — T, AT AL9) (5.11g)

A= KA(—PL —d; — T, AT ALY) (5.11h)

= K, (Po — P™)t, (5.11i)

= K, (P2™ — Po)r (5.11j)

= K,+(Pp— PP™)}, (5.11k)

= K- (P"™ = P} (5.111)

= K+ (TAJ0 — Prex)f, (5.11m)

= K- (Ppr —TAJO). (5.11n)

In Equations (5.11g)-(5.11h), the information of dy, d; is needed. Since the dis-
turbance injection is usually uncertain and/or hard to measure, we modify these two

equations so that the implementation of the above controller is independent of dg, d;:

( = K¢(Mdy + Dywy + Po — Py + T ATATa — T, AT ALG) (5.12a)
A = K\(Djw, + T, AT AT — T, AT AL6) (5.12b)

where we have substituted system dynamics (5.1) into (5.11g)-(5.11h).
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It is important to note that controller (5.11d)-(5.11n) is completely distributed,

i.e., states are updated using only local information and signals from their neighbor-
hood.

Theorem 5.2 Under Assumption 5.1, the trajectories of system (5.11) asymptoti-
cally converge to a saddle point of Lg,, denoted by (w a*, Py, Pry Pr O CF N wt™,

p* vt v I 7). Moreover, (Pyy, Py, o) is an optimal solution of problem (5.2).

Proof: Define a candidate Lyapunov function for the overall system as

Vs =

59T Muy + 5(0— a)TATAT (0 — a*) + 3 (Par — Pi) TraR(Pa — Py

4 5 (Po— Po)T K3 (Pe — PO) + (P~ P KA (PL — ;)

+ 20— 0K (0= 67) + (¢ = VKT (C=¢) + 2= AT (= )

o (i = TR — i) S (07 = TR = )

2T =R =) + 27 )R e )

(U = UTRE (U = 1) 4 S (0 = TR = 17), (5.13)

According to the proof of Theorem 3.3, we can remove all positive projection in V(5,11)
to get

Visany < — (P — P; + ToAT AT (a — o) DY (P, — P + T9 AT AT (o — o))
— Wy Dgwy — (P — Po) " R(Py — Po) —v(Pe — P&)"(C'(Pe) — C'(P))
+7y(P, = P (U'(Py) - U'(Py))
<0. (5.14)
Moreover, V(s 11y = 0 leads to w; = 0,i € GUL, Py = Po = P& = Pjy, Pp = Py,
and p*, =, v, v~ are all constant. We then obtain w, = Pyy = Po = 0, & = 0

and PL = 0, which result in @ = a* based on Remark 2.6, and (, A are constant.

Therefore, we have

P:—d,— T ATAl9 =0
—P; —d; —T,ATAY9 = 0.

Since 1K, 10 = 0 is always true, 1K 0 9 is constant and is determined by the initial

condition. Together with the above two equations, # can be uniquely determined as
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6 = 0*. According to Remark 2.6, we obtain o* = [['7,T'7]0*, which leads to that

I™,1™ are constant. Thus, we have

{(wy, @, Pag, Py Pr, 0, A vt v 110 )|V(5.11) =0} C

{(wy, @, Pag, Poy P, 0,C, A vt v 010 )|wg:PM:PC:<‘:p+:u— =0,
G=0,P, = A=0v"=0"=0,0=0,"=]" =0} C

{(wg, ¢, Par, Poy Pr, 0, ¢\ wt vt v 15 17) (wy, @, Par, Poy Pr, 0, N wt o v,
v=,17,17) is a saddle point of L, }.

According to the proof of Proposition 13 in [70], we obtain that the trajectories of
the overall system asymptotically converge to a saddle point of L,,, at which the
steady-state optimization problem (5.2) is solved. [ |

Theorem 5.2 immediately leads to the optimality and stability of system (5.11).
The benefit of the saddle point design approach is summarized as follows. First, the
approach allows us to embed different kinds of steady-state convex optimization prob-
lems, where problem (5.3) is a typical example. Second, as long as the optimization
problem is distributed, e.g., with separable objective functions and local constraints,
the resulting controller is completely distributed. Third, the trajectories of the closed-
loop system are bounded, and can be further proven to converge to an equilibrium

point where the optimization problem is solved, as illustrated in Theorem 5.2.

5.2 Distributed Optimal Steady-state Control in
Linear Network Systems

In the previous section, we have presented a reverse- and forward-engineering design
framework to solve the real-time economic dispatch problem for power systems. We
now generalize this framework for a class of Linear Time-Invariant (LTI) network

systems to achieve optimal steady-state performance.

5.2.1 Problem Setup and Preliminaries

Consider a linear network system consisting of N subsystems:

JEN(D)

where z;(t) € R™ is the state vector of subsystem 4, A/(7) is the set of neighbouring
subsystems of subsystem i, A;; € R"*" B, € R"*™ w,(t) € R™ is the control
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input vector to subsystem i, C; € R"*Pi and w;(t) € RPi is the exogenous input
vector to subsystem ¢, e.g., disturbance injection.

To make our discussion practical and general, in addition to system dynam-
ics (5.15), we also consider the scenario in which some or all subsystems are equipped

with existing built-in controllers which can be described as

JEN(3) JEN(3)
where D;; € R™>*"%  E; € R™>*™Mi [, ¢ R™>*Pi. Here the dynamic feedback
controller is assumed to have a distributed structure. For convenience, let ©z =
{‘Tla"'ax]\/}v u = {ula"'7uN}7 w = {'wl,"‘,UJN}, n = Zij\iln“ m = Zzlilml
N

Remark 5.1 System (5.15)-(5.16) describes a general class of network systems with
built-in control mechanisms. Equation (5.16) represents any distributed dynamic feed-
back controller with order one or more. Moreover, D;; = 0,E;; = 0,F; = 0,Vj €
N (i) means that there is no such controller equipped with subsystem i. Note that
a zero-order distributed state feedback controller, i.e., u; = Zje./\/(i) Kijx; where
K;; € R™*™  can be included in the system dynamics (5.15) through A;;. Lastly,
F; = 0 indicates that the controller of subsystem i does not use any information of

disturbance w;.

Suppose that the exogenous disturbance w is constant, and that the closed-
loop system (5.15)-(5.16) is stabilized and each trajectory converges to one point
in the equilibrium set X = {z| Zje./\/'(i) Ajjz; + B, + Cyw; = 0, ZjeN(i) D;jx; +
Zje/\/(i) Eijuj + Fow; = 0,0 = 1,---,N}. Now consider the following optimization

problem associated with the system under a constant disturbance w:

min Z filzi) + Z gi(w;) (5.17a)

zeR™ ucR™
subject to Z Ajjz; + Biu, + Ciw; =0 (5.17b)
JEN(4)
> Dyzj+ Y Eyuj+ Fa; =0 (5.17¢)
JENTD) JENT)

where i = 1,---,N, f; € C® R% - R, ¢; € C>> R™ — R, h; € C* R" x
R™ — R. We assume that problem (5.17) is convex (i.e., V2 f; = 0, Vi g; = 0

108



and V2  h; = 0 hold), feasible and satisfies Slater’s constraint qualification [77].
This optimization problem usually defines a desired operating point for the network
system. For instance, in power systems, (5.17) may be an OPF problem in which
generation cost is minimized and consumption utility is maximized subject to power
flow balance constraints and network operating constraints [3]. Another example
is the space satellite formation control in which (5.17) is usually formulated as a

consensus problem with respect to the positions and velocities of space satellites [97].

Remark 5.2 In problem (5.17), there can be more inequality constraints for each
subsystem, i.e., Equation (5.17d) can be reformulated in a vector form. For conve-
nience, 1n this section, we consider the case in which there is only one inequality

constraint for each subsystem, while the result here can be immediately extended.

The problem we focus on is to modify the existing controller (5.16) in a distributed
and closed-loop manner so that the system can track the optimal solution of (5.17)
automatically. In the existing literature and practice, e.g., frequency control in power
systems, controller (5.16) is designed to drive the system to a predefined nominal
operating point which is derived by solving (5.17) using a prediction on the future w.
Moreover, the optimization problem is usually solved (i) at a much slower time-scale
compared with system dynamics (5.15)-(5.16) and (ii) by using centralized optimiza-
tion or distributed optimization methods, both of which require a certain amount
of communication and computation. If controller (5.16) can be modified to track
the optimal solution of (5.17) automatically and be implemented in a distributed
and closed-loop manner, then the system itself can adapt to fast change of uncertain
disturbance w. Furthermore measurement, communication and computation can be
saved.

Formally speaking, we focus on a network system (5.15)-(5.16) which belongs to

following class:

Class-S’: System (5.15)-(5.16) belongs to Class-S" means that there exists a func-
tion Lee(zM, 2@ u) : R™™ — R and positive definite matrices P,u), P2 and
P,,i = 1,---,N such that V2, Ly < 0, V2, Lgs > 0, the saddle point set
{(zM, 23 u)|V,0) 4 4 Lsys = 0} is nonempty, and (5.15)-(5.16) is a primal-dual

gradient algorithm to solve max, ) min,) , Lgys, 1.€.,

. . aLS S
= diag{P,0), —P,2} Gmy
a[/Sys .
‘i:_ w; 5 :1a"'aN'
U ou, i
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Remark 5.3 In the above definition, (i) state x is partitioned into 2 and x®; (ii)
u 18 required as a minimizer; (iii) the gain matriz for  is block diagonal consisting
of Py,,it=1,--- N, i.e., 4 has a distributed structure. The definition can be extended
to the case where u is required as a maximizer (by adding a minus sign before Ly ).

For ease of exposition, we only focus on the class in the above definition.

The motivation to consider this special class includes: (i) recent research has
demonstrated that there are many cyber-physical systems, such as power systems
and Internet congestion control protocols, belonging to this class [71, 51]; (ii) if a
system belongs to Class-S’, then we have a “forward-engineering” procedure to modify
the controller (5.16) for achieving the optimal steady-state performance described
in (5.17), which is demonstrated in Section 5.2.2.

Although some recent work has shown that power system frequency control and
Internet congestion control belong to Class-S’, fundamental questions remain. For
example, how general this class is? Do we have a rigorous and general characterization
of this class in terms of the property of system matrices? These questions lead to

Section 5.2.3 in which we study reverse-engineering for general LTI systems.

5.2.2 Forward-engineering for Control Modification

In this subsection we provide a procedure to modify the controller of system (5.15)-
(5.16) so that the closed-loop system can track the optimal solution of (5.17) auto-
matically, under the premise that system (5.15)-(5.16) belongs to Class-S'.

Step 1): Introduce auziliary decision variables
Modify problem (5.17) by replacing = (z;) with an auxiliary decision vector y € R”
(vi € R™):

min Z fily:) + Z gi(w;) (5.18a)

yeR™ yeR™
subject to Z Aijy; + Biu; + Ciw; =0 (5.18b)
JEN (i)
Z Dijy; + Z Eiju; + Fw; =0 (5.18c¢)
JEN(3) JEN(3)
hi(yi,u;) <0, where i =1,--- N. (5.18d)

Step 2): Merge objective functions
Since problem (5.18) is convex and strong duality holds, derive a saddle point problem

corresponding to (5.18), given by
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i L. — (s (s T (U s

N

N

— Z CZT Z Aijyj + BZUZ + OZUJZ - Z )\? Z Dijyj + Z Eiju]' + sz
i=1 JEN(4) =1 JEN(4) JEN(4)

(5.19)

where (; € R™ \; € R™ u; > 0 are Lagrangian multipliers (dual variables) for the

constraints in (5.18). By adding Lsys, we obtain an augmented saddle point problem:

max min Loy = Lgys + v Lop (5.20)
CieR”z‘,/\ieRmi,uizo,z(l)eRn(” yeRn,ueRm,a:<2>eR"<2>

where v > 0 is a constant. The next lemma shows the properties of L.

Lemma 5.3 V;u’z(g)Lau =0 and ng\i’m’w(l)Lw < 0 hold. Moreover, if A is invert-
ible in (5.15) (here we rewrite (5.15) as & = Ax + Bu + Cw, where A € R B €
R™m C € R™P) then (y,u,x,(, N\, i) s a saddle point of Lg, if and only if
(y,u, G, A, i) 1s a saddle point of L,, and (x,u) is a saddle point of L.

Proof: Due to V (Q)Lau = Vyum(Q)Lsys + vvym(z)Lop, V;u@@)Lsys > 0 and
V;u’z(z) Lo, = 0, we have Vw’m@) L., = 0. Similarly, VQ’M,M’W)L&U < 0 holds. Based

on the KKT conditions [77] (saddle points of a function satisfy the KKT conditions),
any saddle point of L,, satisfies

JEN(3)
9y
S oie 5 snerm o (oo 5 end) <
JEN (1) JEN (1) JEN ()
(5.21b)
DS %
: ALG = > DiN+ =0 (5.21c¢)
dYi JEN () JENG) Y
JEN()
JEN i) JEND)
pihi(yi,wi) =0, p; >0, hi(yi,u;) <0 (5.21f)
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where ¢ = 1,--- | N. If A is invertible in (5.15), from (5.21a), (5.21d)-(5.21e), y = =
and ZjeN(i) D;jx; + Zje./\/'(i) E;ju; + Fyw; = 0 hold. On the other hand, any saddle

point of Ly satisfies

JEN ()
Z Dijl'j + Z EijUj -+ szz =0
JEN(4) JEN(4)
where ¢ = 1,--- | N, and any saddle point of L, satisfies
d9; Oh;
BT i )\- i— =0
G " BGT D BN g
JEN(3)
afi 8h
L I (O S VL
Yi JEN(3) JEN(3) yz
JEN ()
Z Dijyj + Z Eijuj + sz =0
JEN(4) JEN(2)

pihi(ys, ui) = 0, p; >0, hi(ys,u) <0
where ¢ = 1,--- | N. Therefore, the following two sets are equivalent:

{(y7 U, , Ci7 )\ia Mz) (y7 u, T, Cia )‘iv Mz) is a saddle pOint of Lau} g

|
{(y,u, z, G, M\iy i) |(z, w) is a saddle point of Lgys,

(y, w, Giy Ai, pi) is a saddle point of Ly}

and furthermore, y = « holds. So (y, u, x, (;, Ai, i1;) is a saddle point of L,, if and only
if (y,w, G, A\, i1;) is a saddle point of Lo, and (z,u) is a saddle point of Lgys. [ |

Step 3): Forward-engineering
With the new saddle point function L,,, derive the following saddle point dynamics:

JEN(9)
= Z Dijfj + Z Eijuj +Flwl
JEN (i) JEN(3)
Jg; oh; X
_ ’yPul 8;3 — BTCZ Z ET)\ + ,uza ) + Keuz- (UZ — UZ) (522b)
’ JEN(4) i
ﬁi :Keui (Uz - IAI/Z) (522C)
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. f; Oh;
ji=—K f = D ANG = Y DiN gt Ky =9 | (5.224)

Vi jeni JEN (i) %
i =Key, (yi — 9:) (5.22¢)
éi = — KQ Z Az-jyj + Biu; + Ciw; + KeCi(Ci - 5@) (522f)
JEN(i)
G =Ke (G = G) (5.22g)
}\i = — K)\i Z Dijyj + Z El-juj =+ Flwl + Ke)\i (>\z — 5\1) (52211)
JEN(4) JEN(3)
A =R O = A) (5.221)
i =k, (hilyi, wi)),5, (5.22j)

where Keu, Keui’ Ky, Kex,, Ke)\i e R, K Key ) f(eyia KCM KeCm f(eCz’ S N
are positive definite constant diagonal matrices, ky, >0,andi=1,---,N.
The above saddle point algorithm is not exactly the primal-dual gradient algo-

rithm (5.4). It is a modified saddle point algorithm given by the following lemma.

Lemma 5.4 Let f € C*: R* x R — R satisfy: for ally,z, V2 f = 0,V2f <0, and
the set {(y, 2)|Vy..f = 0} is nonempty. Then each trajectory of the modified saddle

point dynamics given by

i K, (g—;j ) (5.232)
)= Key(y — 1) (5.23b)

i=K. (a—f — Ke.(2 — z)) (5.23c¢)
= Ke.(z — %) (5.23d)

asymptotically converges to an equilibrium point at which (y,z) is a saddle point
of f. Here §(t) € R* 2(t) € R® are auziliary decision variables, and K., K., €

Re** K., Kez € RY® are positive definite constant diagonal matrices.

Proof: Let (y*,2*) be a saddle point of f. Define a candidate Lyapunov function
for (5.23) as

1 * — * 1 * — * 1 ~ * - —1( ~ *
Vion =50 =) K,y =) + 52 =) KNz = 20) + 50 — ) Koy Ko (G —v7)
+ (2 —z*)TKezf(e_Zl(é—z*)
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which is radially unbounded and positive definite with respect to (y*, z*, y*, z2*) (note
that at any equilibrium of (5.23), y* = ¢*,2* = 2* hold). The derivative of Vs 13,
with respect to time along the trajectory of system (5.23) is given by

o= () w0+ (%) ==ty Kats -9

— (2= 3A)TK..(2 — %)

<—fly,2)+ F52) + fly,2) = [y, 2") = (y = 9) T Key(y — 9)
— (2= 3)TK..(2 = %)

=f(y*,2) = F" 2) + fy" ") = [y, 2") = (y = §) Key(y — 9)
— (2= 2)TK..(2 - 2)

<0

where the first inequality comes from the fact that f is convex in y and concave in z,
and the last inequality follows that (y*, z*) is a saddle point of f. When \./(5,23) =0,
we have y = §,z = 2, leading to y =y = 0,2 = 2 = 0. So %:Oandg—ﬁ:Ohold,
indicating that (y, z) is a saddle point of f. From LaSalle’s invariance principle [79],
we conclude that each trajectory of system (5.23) asymptotically converges to an

equilibrium point at which (y, z) is a saddle point of f. [ |
Step 4): Closed-loop implementation

Let ¢ = a; + Kgb_l(i and \; = u; + K ')\;. Rewrite Equations (5.22f)-(5.22i) as (also
substitute ¢; = KQ(@ — i), N = K,\i(j\i — u;) to Equations (5.22b) and (5.22d))

= > Aty — ) — Ko, (K (G = 2) = Q) (5.24a)
JEN(4)
G =K (Ko, (G — ) G) (5.24b)
N = D Dyl —yy) — Kox, (K, (\ — ) = Ay)
JEN(3)
agz Y ahz ~
— Py, ou, - BTKCZ(C —x;) — Z E};KA]' (/\j —uy) + :uia_ui + Kew, (wi — ;)
JEN(3)
(5.24c¢)
5\1‘ :[A(e)\i(K)\i(S\i — ul) — 5\1) (524(?1)

so that the extra states é, \; are independent of w.

For the optimality and stability of system (5.22), we have the following theorem.
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Theorem 5.3 If (5.15)-(5.16) belongs to Class-S’ and A is Hurwitz (recall Lemma 5.3
for the definition of A), each trajectory of (5.22) asymptotically converges to an equi-

librium point at which (x,u) is an optimal solution of (5.17).

Proof: Since A is Hurwitz in (5.15), under Lemma 5.3, at any equilibrium point
of (5.22), (z,u) is an optimal solution of problem (5.17). The proof of convergence
is similar to that in Lemma 5.4, by constructing a quadratic Lyapunov function and
showing that its derivative with respect to time is non-increasing along the trajectory
of system (5.22). When this derivative is 0, u; = 4;, y; = Us, (; = é, No= N hold,
which lead to u; = 0,1; = 0, Q =0, A\ = 0. Given constant u and w, system (5.15)
eventually converges to an equilibrium point at which x = y. Then g, = 0,7 =
1,---, N are true. From LaSalle’s invariance principle [79], each trajectory of (5.22)
asymptotically converges to an equilibrium point at which (x, u) is an optimal solution

of problem (5.17). |

Remark 5.4 The condition in the above theorem requires A to be Hurwitz. This
can be realized by introducing a static feedback controller u = Kx, K € R™"™ to pre-
stabilize (5.15) if A is not Hurwitz. A similar assumption is also used in [5], Chapter
5.2. Note that system (5.22) is slightly different from the formulation (5.23), in which
only w;, y;, G, A are equipped with auziliary decision variables ;, v;, éi, i respectively.

Similar examples have been shown in Chapter 4.

Going from the original closed-loop system (5.15)-(5.16) to the modified one (5.22),
we have introduced extra dynamics while the structure of the original dynamic feed-
back controller is preserved as shown in Equation (5.22b). The benefit of this forward-
engineering modification is summarized as follows. First, the modification allows us
to embed different types of steady-state convex optimization problems. Second, as
long as the steady-state optimization problem is distributed, e.g., with separable ob-
jective functions and local constraints as shown in problem (5.17), the resulting extra
dynamics are completely distributed as given in system (5.22). Third, the modifica-
tion can ensure that each trajectory of the redesigned closed-loop system converges

to an equilibrium point where the steady-state optimization problem is solved.

5.2.3 LTI Systems as Gradient Algorithms for Quadratic Op-
timization

In the previous subsection, a forward-engineering framework is presented to modify

an existing control scheme for solving optimal steady-state control problems. Class-
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S’ is considered as a prerequisite, which implies that the original closed-loop sys-
tem (5.15)-(5.16) can be reverse-engineered as a primal-dual gradient algorithm to
solve an unconstrained quadratic saddle point problem. In this subsection, we inves-
tigate Class-S’ by studying what kind of systems belongs to it. Generally speaking,
a system should be at least marginally stable [98] if it can be interpreted as a primal-
dual gradient algorithm for an unconstrained quadratic saddle point problem, since
system trajectories are bounded in this case (recall Lemma 5.2). Also, the equilibrium
set of the system should be equivalent to the saddle point set of the resulting problem.
To limit the scope of discussion, we only focus on reverse-engineering continuous-time
LTI systems that are in accord with (5.15)-(5.16).

1): LTI autonomous systems
We begin our investigation by studying a simple class of systems, i.e., LTT autonomous
systems. This allows us to understand the insight behind the mathematical derivation

better. Consider an LTI autonomous system:
T = Ax (5.25)

where z(t) € R™ is the state vector and A € R™*". First, let us study the following
class of autonomous systems which can be reverse-engineered as gradient algorithms

for solving an unconstrained convex quadratic programming problem.

Class-O: System (5.25) belongs to Class-O means that there exists a function L(z) :
R™ — R and a positive definite matrix P € R™" such that V2L < 0, {z|V,L = 0}
is nonempty, and (5.25) is a gradient algorithm to solve max, L, i.e.,

r = P—.
v ox

Since (5.25) is linear, if (5.25) belongs to Class-O, then the associated L must be a
convex quadratic function, i.e., L = %ZETQZU for some @) < 0. Therefore, system (5.25)
belongs to Class-O if and only if there exist matrices P >~ 0 and @) =< 0 such that

A = P(@ holds. This leads to our first result regarding reverse-engineering.

Lemma 5.5 Given A € R"*", the following statements are equivalent:
(i) There exists a matriz P = PT € R™" and P = 0, so that PA = AT P holds;
(ii) eig(A) € R and A is diagonalizable (here we use eig(A) € R to indicate that

all eigenvalues of A are real numbers, although eig(A) is a set).
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Proof: (i)=(ii). Write A in its Jordan canonical form A = JAJ™!, where A =
diag{Ay,---,A,} and each A; is a Jordan block. Without loss of generality, let

A1 0
A1 == 0 )\1
0 O

and the dimension of A; is at least 2 x 2. Then (i) leads to PJAJ ™' = (J-HHAH JH P

which is equivalent to
JIPJN = AT TP (5.26)

Note that JYPJ is a Hermitian matrix, and J?PJ = 0 since P = 0 and J is

invertible. So we obtain that all the diagonal entries of J” P.J are positive real. Let

S11 S12
JIPJ = | sh sy

where s11, S92 > 0. From (5.26), we have A\1s11 = M sy; and s1;+ 5120 = A sy which
result in A\ = )\{{ and s;; = 0, i.e., a contradiction. Therefore, each Jordan block
should have the dimension 1 x 1 and a real diagonal entry, i.e., A is diagonalizable
and eig(A) € R are true.

(ii)=(i). Based on (ii), write A as its diagonal canonical form A = JAJ ™!, where
A is a diagonal matrix with real entries on the diagonal and J € R"*". Define
a matrix V € R™" g0 that V = VT = 0 and VA = AV hold. Such a matrix
V' always exists and the simplest choice is V' = I,,. We can then find a matrix
P=P=(JHTVJt € R"™" so that P > 0 and PA = AT P hold, i.e., (i) is true.l

Theorem 5.4 System (5.25) belongs to Class-O if and only if (5.25) is marginally
or asymptotically stable, eig(A) € R and A is diagonalizable.

Proof: Necessity. Suppose that system (5.25) is a gradient algorithm to solve an

unconstrained convex quadratic programming problem given by

max L(z) = leQcc (5.27)

reR™ 2

where Q € R™" satisfies Q = QT < 0. Then the trajectories of (5.25) are bounded
under Lemma 5.2, and there exists a matrix P = PT € R™" and P > 0, so that & =
Pg—i = PQx = Ax is always true. i.e., A = PQ holds. This leads to P~'A = ATpP~!
which is equivalent to eig(A) € R and A is diagonalizable, based on Lemma 5.5. Also,
system (5.25) is marginally or asymptotically stable.
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Sufficiency. Because system (5.25) is marginally or asymptotically stable, eig(A) €
R and A is diagonalizable, A can be written as a diagonal canonical form A = JAJ !
where J € R and A < 0. Under Lemma 5.5, there exists a positive definite matrix
V € R™" so that VA = AV holds. Based on Lemma 1 in [72], we have VA < 0.
Define a matrix P = JV~'JT. Then P7'A = ATP~! < 0 holds. Considering the
unconstrained convex quadratic programming problem (5.27) where Q = P7'A, we
conclude that system (5.25) belongs to Class-O. [

Theorem 5.4 proposes a necessary and sufficient condition to reverse-engineer sys-
tem (5.25) as a gradient algorithm to solve a related unconstrained convex quadratic
programming problem. We now study the case where we can interpret system (5.25)
as a primal-dual gradient algorithm to solve an unconstrained quadratic saddle point

problem. Consider the following class of systems.

Class-S: System (5.25) belongs to Class-S means that there exists a function L(z™, z(?)) :
R" — R and positive definite matrices P,u), Py such that V2, L <0, V2, L = 0,
the saddle point set {z|V,L = 0} is nonempty, and (5.25) is a primal-dual gradient

algorithm to solve max, ) min e L, i.e.,
oL
T = diag {qu), —Px(z)} %
In the above definition, state x is partitioned into #(*) and ). Similarly, (5.25) is

rearranged in the following form (in this subsection, we abuse notation e.g., A;;, n;, A;,

B;, C;, whose meaning should be clear from the context)

x(l) All Al?
{x'(m 1 = [ Ay Agy 1 z (5.28)
—_—— ~—m
& A

where 2 (t) € R™, 2)(t) € R, and ny + ny = n.
Using similar arguments as before, we only need to focus on a function L in a

quadratic form, i.e.,

_ L] Qu Qo
L= 5% [ 0% O } x (5.29)
~—————

Q

where Q1; € R™*™ satisfies Q1 = QT; < 0 (i.e., L is concave in z(1), Qqy € R"2¥™2
satisfies Qo2 = Q% = 0 (i.e., L is convex in 2(?)), and Q1o € R™*"2, Based on the

definition of Class-S, we have the following theorem.
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Theorem 5.5 System (5.28) belongs to Class-S if and only if the following condi-
tions are satisfied: (1) (5.28) is marginally or asymptotically stable; (ii) the eigenval-
ues of both Ayy and Asy are non-positive real; (iii) both Ay and Asy are diagonaliz-
able with the diagonal canonical forms given by A;; = J1A1Jf1, J1 € Rm>m Ay, =
J2A2J2’1, Jo € R™*"2 " qnd there exist Vi and Va such that

(S VI A + AL (J; )TV dy =0 (5.30a)
Vidi = MVi, Vol = AWy (5.30Db)
Vi=0, Vo= 0. (5.30c)

Proof: Necessity. Suppose that system (5.28) is a primal-dual gradient algorithm to
solve max, 1) min,e) L where L is given by (5.29). Then the trajectories of (5.28) are
bounded under Lemma 5.2, and there exist matrices P,y € R"*™ and P, € R™*"
satisfying P,a) = Pme > 0and P, = PzT@) = 0, so that Q = diag{ P,a), — P, } 1A =
ATdiag{P,a), — P, } ! holds. This equation leads to

P An = A1T1P;(11> =Qu =20 (5.31a)
P9;<21)A22 = A52P,;<21> =—(n =0 (5.31b)
Pl A + AL PLg = 0. (5.31c)

Based on Lemma 5.5, (5.31a)-(5.31b) are equivalent to eig(A;1) € R, Ay is diago-
nalizable, eig(Ass) € R, Ay is diagonalizable, and moreover, the eigenvalues of both
Aj; and Ayy are non-positive (otherwise, for example, there would exist a positive
eigenvalue of A;; and a corresponding non-zero eigenvector, denoted by A\; and x),,
for which $§1PI_(11>A11$>\1 = AlelPx_(ll)x)\l > 0, i.e., a contradiction to (5.31a)). By
defining Vi = JL P }\J1, Vo = J] P, J2, condition (iii) holds, which completes the
proof of necessity.
Sufficiency. Let conditions (i)-(iii) be true. Consider the following unconstrained
quadratic saddle point problem:
. L
BE B T A 032
where P~' = diag{(J;))"ViJ; !, —(J;H)TVady 'Y, Due to ViAL < 0,V < 0,
L is concave in () and convex in #®. Define matrices P,y = J,V; 'J] = 0,
P.o = J2V2_1J2T > 0. Under Lemma 5.2, the trajectories of the primal-dual gradi-
ent algorithm given by i = diag {P,0), — P, } 2% are bounded, which is the same
as (5.28). So we conclude that (5.28) belongs to Class-S. |
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Theorem 5.5 establishes a necessary and sufficient condition to reverse-engineer
(5.28) as a primal-dual gradient algorithm to solve an unconstrained quadratic saddle
point problem. One of the conditions is to check the feasibility of (5.30). This problem
is actually a Semi-Definite Programming (SDP) problem which can be solved using
SDP solvers, e.g., SeDuMi [99]. Similar to Remark 5.3, adding a minus sign before
L leads to an alternative formulation of (5.32) in which z") appears a minimizer and

) appears a maximizer.

Remark 5.5 Table 5.1 provides examples on how to reverse-engineer LTI autonomous
systems using Theorems 5.4 and 5.5. Note that there can be multiple ways to reverse-

engineer a given system (compare line 1 and 3 in the table).

Table 5.1: Examples of reverse-engineering LTI autonomous systems.

A P~ or diag{ P,a), — P, } " Q=P'A Theorem
-1 0 10 -1 0
0 -1 01 0 -1 o4
-1 1 10 -1 1
1 -1 0 1 1 -1 o4
-1 0 1 0 -1 0
0 -1 0 -1 0 1 00
-2 -1 1 0 -2 -1
1 -2 0 —1 -1 2 55
-2 -1 1 0 -2 -1
1 0 0 -1 -1 0 0
-1 1 0 1 0 O -1 1 0
1 -1 0 01 0 1 -1 0 5.5
0 0 -1 00 -1 0 0 1
-2 -1 0 1 0 O -2 -1 0
1 0 O 0 -1 0 -1 0 0 2.5
0 0 0 0 0 -1 0 0 0
-1 -1 -1 1 0 0 -1 -1 -1
-1 -1 -1 01 0 -1 -1 -1 5.5
1 1 -1 00 -1 -1 -1 1

2): LTI systems with inputs
In this subsection, we extend the results in Theorems 5.4-5.5 to LTI systems with

inputs. Consider the following system
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&= Ax + Bu+ Cuw (5.33)

where z(t) € R" is the state vector, A € R™", B € R™™ «(t) € R™ is the control
input vector, C' € R™*? and w(t) € R? is the exogenous input vector, e.g., disturbance

injection.

Remark 5.6 A given LTI closed-loop system with either static feedback or dynamic
feedback can be rearranged to fit (5.33). More specifically, system (5.15)-(5.16) can

be rearranged as:
t| | A B - C
w|l | D E|"T|F|Y

—— — ——
& A c

where u is included in the augmented state vector .
The following result follows from Theorem 5.4.

Theorem 5.6 Let u,w be constant in system (5.33) and the set {x|Ax+ Bu+ Cw =
0} be nonempty. System (5.33) belongs to Class-O if and only if (5.33) is marginally
or asymptotically stable, eig(A) € R and A is diagonalizable.

Proof: The proof is similar to that of Theorem 5.4, by replacing problem (5.27) with
the following unconstrained convex quadratic programming problem:

1
max L(x) = §xTP_1Aa: + 2" P~ (Bu + Cw)

TER™

where P is positive definite satisfying P~1A = AT P!, [
In the above theorem, we have extended the definition of Class-O to include linear
systems with inputs, which is straightforward. Similar to (5.28), let us partition

system (5.33) in the form

) A A
{ £ } = [ Ay Ay } x + Bu+ Cw (5.34)

where 21 (t) € R™, 2@ (t) € R™ and n; + ny = n. We then obtain the following

theorem.
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Theorem 5.7 Let u,w be constant in system (5.34) and the set {x|Ax+ Bu+ Cw =
0} be nonempty. System (5.34) belongs to Class-S if and only if the following con-
ditions are satisfied: (1) (5.34) is marginally or asymptotically stable; (ii) the eigen-
values of both Ay1 and Agy are non-positive real; (iii) both A1y and Ay are diagonal-
1zable with the diagonal canonical forms given by A1 = J1A1Jf1, J1 € RM>m - Ayy =
JoNoJy b, Jy € R™%72  and there exist Vi and Vy such that (5.30) holds.

Proof: The proof is similar to that of Theorem 5.5, by replacing problem (5.32) with
the following unconstrained quadratic saddle point problem:
nax x(gleiﬂgw L(z) = %xTP_le + 2T P~ Bu + Cw)

where P~! = diag{(J; )TViJ;, —(Jy DT Va5 1} |

In the above theorem, we have extended the definition of Class-S to include linear
systems with inputs. Because Class-S’ is a subset of Class-S, we can apply the
results to system (5.15)-(5.16) and Class-S’. Partition (5.15) in the form (5.34) and
rearrange (5.15)-(5.16) as

ALy A A B Cy

ZL'(Z) = Ag] AQQ BQ T+ 02 w (535)
U D, Dy, FE F
i i ¢

where (V) () € R™, 23 (t) € R™, n; + ny = n. Then the following proposition is

immediate.

Proposition 5.3 Let w be constant in system (5.35) and the set {#|Az+Cw = 0} be
nonempty. System (5.35) belongs to Class-S' if and only if the following conditions are
satisfied: (i) (5.35) is marginally or asymptotically stable; (ii) the eigenvalues of Ay,

o Agy B
A227 E, En’,l = 1,"',N and |: D2 E

are diagonalizable; (iii) let the diagonal canonical forms of A1y, Ags, Eyyi=1,--+ N
be Ay = LI JTY Ty € R Agy = oAy Jyt Ty € R By = JEZ,AEZ,JE}, Jg, €
R™>*™i there exist Vi, Va, Vi, such that

are non-positive real, and these matrices

(YT A + AL (Y)Y Vet =0 (5.36a)

(Jy Y VAJy By + DY diag{(Jg, ) Vi, Jg'} = 0 (5.36b)

(Jy )'Vady ' By — DY diag{(J5") Vi, Jg'} = 0 (5.36¢)

(T2 ) Ve Jg Eij — Eji(J5 ) Ve, Jg =0, je N(i),i=1,---,N (5.36d)
Vihy = MVy, Vg = NoVa, Vg Ap, = Ag Ve, i=1,--- N (5.36e)
Vi=0, Vo0, Vg, =0, i=1,--- N. (5.36f)

122



Proof: Necessity. Suppose that system (5.35) belongs to Class-S" and is a primal-

dual gradient algorithm to solve max,q) min,e) ,, Lsys and

L — le |: Q%ﬂl QlZ :| ,’,’If‘—i—j‘TPilCN’w

R 2 12 Q22
—
Q

where Q1 € R™*™ satisfies Q1 = Q1) < 0 (ie., Ly is concave in V), Qyy €
R(2tm)x(n2tm) gatisfies Qo = Qy = 0 (i.e., Ly is convex in (P u)), Q2 €
Rmx(m24m) and P g Rmtnatm)x(ritnatm)  Then the trajectories of (5.35) are bounded
under Lemma 5.2, and there exist matrices P,n) € R"*™ P € R"™*™ and
P, € R™*™ satisfying P,oy = Pl,) = 0, P,y = P!, > 0 and P, = P| >
0,2 = 1,---, N, so that the equality @ = diag{P,q),—P. (z),—diag{Pui}}*lfl =

ATdiag{ Py, — Py, —diag{P,.}} " holds (let P = diag{P,), — Py, —diag{P,,}}).
This leads to

Pz_(ll)All = A1T1P$_(11) = Qll =<0
P 0 Ap By | _ [ AL, DY 1T P, 0 0 <0
0 diag{P;'} D, E | | B ET 0 diag{P'} | “¥-

PA[Ay B ]=—[AL D] D O
2 L M2 P 2 0 diag{P,'}

which can be further rearranged as

P Ay = AL P4 <0
P Ay =ALP 5 <0
P By = Dy diag{P, '}
Ell ElN Efl Ejj\ﬂfl

Eni -+ Enn Ely - Ely

Px_(11)A12 + Aglpl,_@l) - 0
P 1By + D] diag{P, '} = 0.
Based on Lemma 5.5, the above equations are equivalent to conditions (ii) and (iii)
by defining Vi = JI P\ 1, Vo = JT P 3 J2, Vg, = J, Pyt g, i=1,--- | N.
Sufficiency. Let conditions (i)-(iii) be true. Consider the following unconstrained

quadratic saddle point problem:

. L o5 cr 1A
max min Leys = — TP 1Az + TP 1Cw
(M eR1 z(2) eR"2 ueR™ 2
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where P71 = diag{(J; )"ViJ; ', —(Jy ) Vady !t —diag{(J5 ) Ve, J5'}}. Due to
ViAy <0 and

(J2 ) Vo dy 0 Ay B
0 diag{J )" Vi, J5'} | | D2 E
AL Dy ][ (J3)TVady? 0
= . _ _ =<0 5.37
{ B ET 0 diag{Jp) Ve S5} | (5:87)
Lyys is concave in 1) and convex in (z(?),u). Equation (5.37) is derived as follow.
i _ [A»n B 1 _ [ ()R 0 :

Let Ay = { D, E ] and Py~ = 0 diag{ JE})TVEi JE;} . Since

the eigenvalues of /122 are non-positive real and 12122 is diagonalizable, 12122 can be
written as Ay = JAJ ! where A < 0 is a diagonal matrix. Due to Py 'JAJ ! =
(J"HTAJT Pyt based on Lemma 1 in [72], J*P;YJA = AJTP;J < 0 holds. For
any given vector v € R™+™  (Ju)T Py JAJ 1 (Jv) = v JT Py LJAv < 0, which leads
to Py 'JAJ <0, i.e., Equation (5.37) holds.

Now define matrices P,y = JV; ' JL = 0, Py = LV, 'JE = 0 and P,, =
JEZ.VE_IJE_ = 0,2 =1,---,N. Under Lemma 1, the trajectories of the primal-dual

i

gradient algorithm given by & = diag{P,n), —P,2} 85;” and u; = —P,, ag;Ys,i =
1,---, N are bounded, which is the same as (5.35). So we conclude that system (5.35)
belongs to Class-S'. [ |

T (6) | ll (12) )
(2)

—7%"

Figure 5.1: IEEE 14-bus network, with 5 generator buses, 9 load buses and 20 trans-
mission lines. The buses are numbered with red blocks. The transmission lines are
numbered with brackets.
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5.3 Numerical Investigations

We now present numerical investigations using the IEEE 14-bus network illustrated

in Figure 5.1. The parameter of the overall system (5.11) are shown in Table 5.2.

Table 5.2: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter Value(p.u.)
1, 10,11,9, 8,12 D,i€G | 21215081
DiicL |08,0091,11,12070314,06| Tre, 5.6,3,4,7
R 0.051 ~ 2
Parameter Value(p.u.)
T 94,25, 23,26, 27,22, 24, 25, 23, 26, 27, 22, 24, 25. 23, 26, 27, 22, 20, 30
P _ P P = —pE £ 0.3,04,0.2,0.1,0.5
P, —ppn PP = — P :0.2,0.2,0.3,0.3,0.5,0.4,0.4,0.1,0.1
e _pon | A PR = P = 1 oxcopt P = —Pjs = 05,
TCo TITC | pmax —_pmin — 3 and PRsX — —PH2 = 0.8
Function Expression
Ci(Pe) Ci(Pe,) = P2, ¢ = 0.01,0.02,0.03,0.04, 0.05
Ui(Pr,) U(P,) = —$P;., ¢ =0.1,0.2,0.05,0.08,0.06,0.09,0.12,0.15,0.07
Gain Value(p.u.) Gain Value(p.u.)
Kr. 1515 Kp, 151,
Ky 101314 K 1015
Ky 107, K, K, 1075
K, K, 107, K K, 10150

We consider a scenario consisting of two disturbances which is realized as follows:
the system is stabilized at the nominal operating point at t = Os; at ¢ = 5s, there is
a step change d; = +2p.u. at bus 6; 40s later, there is a step change d; = —2.5p.u.
at bus 9. The simulation results are shown in Figures 5.2-5.6. Compared to the
uncontrolled case (i.e., without any control, shown in figures on the left), we can see
that the proposed control scheme restores the grid frequency quickly under distur-
bances. Moreover, it can be verified that the optimization problem is solved when
system reaches steady state, i.e., generation cost is minimized within capacity limit,
load utility is maximized within capacity limit, and transmission line congestion con-
straints are satisfied.

On the other hand, to fit the framework proposed in Section 5.2, we can regard a

decentralized frequency integral control scheme given by

125



Frequency Deviation(Hz)
-L II\> o n » o

|
o))

|
(0]

4@ 60
Time(sec)

o
N
o

80

100

Frequency Deviation(Hz
Moo

20

4‘9 60 80 100
Time(sec)

Figure 5.2: Bus frequency (deviations). Left: uncontrolled case. Right: controlled

case.
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Figure 5.4: Controllable load power consumption (deviations). Left: uncontrolled

case. Right: controlled case.
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Figure 5.5: Transmission line power flow (deviations). Left: uncontrolled case. Right:
controlled case.
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Figure 5.6: Power flow (deviations) through line 7 (blue), 13 (green), 14 (red). Left:
uncontrolled case. Right: controlled case.
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Figure 5.7: Bus frequency (deviations). Left: using integral control. Right: using
modified control.
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Figure 5.8: Controllable load power consumption (deviations) at selected buses. Left:

using integral control. Right: using modified control.
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Figure 5.9: Left: power flow (deviation) in line 7 (the black dashdot line is the capacity
upper bound of line 7 in the OPF problem). Right: operating cost comparison.

Py = Kp.(R(Py — Pc))
Pp = Kp, (D (=Pp — d; — T, AT AT )

as a built-in control mechanism, and apply the proposed procedure to redesign the
closed-loop system that belongs to Class-S’. Under the same scenario and condi-
tions, we compare the decentralized frequency integral controller with the redesigned
controller (i.e., Equations (5.11d)-(5.11n)). The simulation results are shown in Fig-
ures 5.7-5.9. Compared with the case of using only integral control, the modified
control scheme leads to less oscillations and less cost, and moreover, satisfies operat-
ing constraints (in the case of using integral control, load power consumption at bus

6, 7,9, 13, 14 does not meet the capacity constraints, and the power flow in line 7
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does not meet its capacity constraint).

5.4 Conclusion

In this chapter, we have studied a reverse- and forward-engineering framework for dis-
tributed control of a class of linear network systems to achieve optimal steady-state
performance. This framework consists of two steps: firstly, seek an appropriate op-
timization problem that the system dynamics implicitly solve (reverse-engineering);
secondly, modify the resulting optimization problem by incorporating a predefined
optimization problem and derive control mechanisms to solve the augmented op-
timization problem (forward-engineering). In the first half the chapter, we used
the proposed framework to solve the real-time economic dispatch problem in power
systems. Under exogenous disturbances, the distributed controller derived through
this framework asymptotically stabilized the power network at an equilibrium point
which solved the steady-state optimization problem (5.2)/(5.3). In the second half
of the chapter, we provided a general procedure to modify control schemes for a spe-
cial class of network systems. In order to investigate how general the reverse- and
forward-engineering framework was, we developed necessary and sufficient conditions
under which an LTI system could be reverse-engineered as a gradient algorithm to
solve either (i) an unconstrained convex quadratic programming problem or (ii) an
unconstrained quadratic saddle point problem. These conditions were characterized
using properties of system matrices and relevant linear matrix inequalities. Finally,
a numerical example using the IEEE 14-bus network was presented to demonstrate

the effectiveness of the proposed framework.
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Chapter 6

Conclusions

In this thesis, we have developed several scalable frameworks to modify/redesign a
class of large-scale network systems with built-in control mechanisms to improve their
economic efficiency and performance while guaranteeing their stability and robust-
ness. These frameworks were mainly applied to electric power systems and network
congestion control. As a result, in the presence of uncertainties, the redesigned sys-
tems can track the efficient operating points automatically in a distributed or decen-
tralized, and closed-loop manner. Before closing, we provide a summary of the main

results and briefly discuss future research directions.

6.1 Summary

In Chapter 2, we have proposed modifications in the generation control in the power
grid to improve its economic efficiency, stability and robustness. Moreover, the par-
ticipation of controllable loads has been considered. We first obtained the state-space
description of a conventional power network model which described system dynamics
around a nominal operating state, and formulated an optimization problem relating
to active power regulation under exogenous disturbances. We then proposed a new
control scheme via a consensus approach and studied its optimality, stability and de-
lay robustness. Moreover, we extended the designed control scheme to (i) networks
with more complexity and (ii) the case where controllable loads were involved in the
optimization problem. Finally, numerical examples showed that the proposed con-
trollers could balance the power flow in the network quickly, and drive the system to
an economically optimal operating point in the steady state.

In Chapter 3, a real-time control framework that merges conventional primary,
secondary and tertiary frequency control in power systems has been studied. In par-

ticular, we considered a transmission level network with tree topology, and formulated
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an Optimal Power Flow (OPF) problem with constraints containing the dynamics of
the power network. We then used a primal-dual decomposition approach to design a
distributed dynamic feedback controller and showed the stability of the overall sys-
tem. In addition, we introduced extra dynamics to improve system behaviour, where
we emphasized the trade-off when choosing the gains of the extra dynamics. Numer-
ical experiments showed that the proposed controller could balance the power flow in
the network quickly, and achieve OPF in the steady state. Furthermore, after adding
the extra dynamics, the transient performance of the system improved significantly.

In Chapter 4, we presented a redesign framework for network congestion control
problems. Motivated by the augmented Lagrangian method, we introduced extra
terms to the Lagrangian, which was then used to redesign the primal-dual, primal
and dual algorithms. We investigated how the gains resulting from the extra dynam-
ics influenced the stability and robustness of the system. Moreover, we showed that
the overall system could achieve added robustness to communication delays by appro-
priately tuning these gains. We next studied the meaning of the extra dynamics in
the redesign and developed a distributed proportional-integral-derivative controller
for solving network congestion control problems. Finally, we illustrated that com-
pared to standard algorithms, the modified algorithms resulted in better transient
performance and improved robustness, without changing the distributed structure of
the feedback.

In Chapter 5, a reverse- and forward-engineering framework for distributed control
of a class of linear network systems to achieve optimal steady-state performance was
developed. In the first half of this chapter, we used the proposed framework to solve
the real-time economic dispatch problem in power systems. In the second half, we
provided a general procedure to modify control schemes for a special class of network
systems. In order to investigate how general the reverse- and forward-engineering
framework was, we developed necessary and sufficient conditions under which an Lin-
ear Time-Invariant (LTI) system could be reverse-engineered as a gradient algorithm
to solve either (i) an unconstrained convex quadratic programming problem or (ii)
an unconstrained quadratic saddle point problem. Finally, a numerical example was

presented to demonstrate the effectiveness of the proposed framework.

6.2 Future Research Directions

We would like to mention a few future research directions based on the work presented

in this thesis.
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Firstly, an immediate research direction is to extend the redesign framework pre-
sented in Chapter 3 to power networks with mesh topology. Mesh networks are harder
since the corresponding OPF problem is non-convex and nonlinear. But recent work
by Low [100, 101] has suggested that tunable phase shifters can be introduced to
convexify the (AC) OPF problem, which will assist in extending our redesign frame-
work. Note that after introducing phase shifters, their dynamics should be considered.
Also, a further step is to include voltage dynamics and (re)design real-time voltage
control /reaction power regulation schemes.

Secondly, Chapters 2 and 5 have considered frequency control/active power reg-
ulation in the power grid through merging primary and secondary control. It would
be interesting to investigate the problem of voltage control under the same scenario.
Since the physical coupling between active power flows and bus voltage magnitudes,
and between reactive power flows and bus angle differences is weak in transmission
level networks, a standard decoupling approximation can be adopted [3, 7] when lin-
earizing system dynamics around a nominal operating state. This will simplify the
design of real-time voltage control schemes.

The effect of time delay in the redesigned frequency control schemes is only consid-
ered in Chapter 2. Future work will focus on the control schemes proposed in Chapters
3 and 5 with time delays. According to Chapter 4, introducing extra dynamics can
lead to added delay robustness. We are therefore interested in investigating the choice
of controller gains to achieve improved delay robustness for the overall system.

We are also interested in more accurate models of exogenous input in power system
control and optimization, i.e., fluctuations resulting from distributed energy resources
and variability in both supply and demand. The exogenous input considered in this
thesis is only constant or slow varying. In the future, we will consider the stochastic
effects.

Also, note that if gradient-based methods are applied on an optimization problem
to design control schemes, the proposed redesign framework in Chapter 4 can then be

used to improve their properties. Moreover, a different choice of the extra terms (e.g.,

h(z, 2, k) = h(zi, G, T, ke Koo ) = — SN (’“ (25 — )2 + "2 (g, — 3, — ;@-)2), where

i=1\ 2 2
Z;,Z; are extra states and ki, ke, > 0 are parameters) can lead to different types of

extra dynamics. In the future, we will investigate different types of extra terms and
the implementation of the resulting dynamics.
Last but not least, Chapter 5 serves as our initial step towards developing a

reverse- and forward-engineering framework for system control (re)design. In the
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future, we will focus on more general systems with more complexity. We will ex-
tend our result to discrete-time LTT systems, and then focus on linear time-varying
systems. We will consider developing necessary and sufficient conditions to reverse-
engineer nonlinear dynamic systems. We will also develop matrix partition methods
for related theorems in Section 5.2.3. Finally, besides power networks, we are inter-
ested in applying our result to do control (re)design for other practical systems, e.g.,

Hamiltonian systems.
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Appendix A

Lyapunov Stability

In this appendix, we review some results relating to Lyapunov stability theorems
based on [79, 80], which are frequently used in this thesis.

Let z(t) € R™ and f : D — R" be locally Lipschitz (i.e., || f(z)— f(y)|| < L|lz—y||
where || - || denotes any p-norm and L > 0 is constant) in a domain D C R™. Consider

the following autonomous system

#(t) = f(x(t)) (A1)

and suppose z* is an equilibrium point of (A.1), i.e., f(z*) = 0. For convenience, we
assume x* = 0 which can be achieved using a simple change of coordinates. Here, we
focus on the Lyapunov stability of the equilibrium x* = 0, which is summarized as

follows [79] (|| - || denotes a norm in R™).

Definition A.1 The equilibrium z* = 0 of system (A.1) is:
(i) Stable, if for any € > 0 there is a § = §(e) > 0 such that

[(O)} <0 = [lz@)] < eV =0;

(i1) Unstable, if it is not stable;
(#ii) Asymptotically stable, if it is stable and § can be chosen such that

() <3 = lim [l«(t)]| = 0.

In many cases, stability can be shown by constructing an energy-like function,

called a Lyapunov function. The Lyapunov stability theorem is provided below [79].

Theorem A.1 Let D C R"™ be a neighborhood of the origin. If there is a continuously
differentiable function V : D — R such that the following two conditions are satisfied:
(i) V(z) > 0,Vx € D\ {0} and V(0) =0, i.e., V(x) is positive definite in D,
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(i) V(z) = 9 f(z) <0,Vz € D, i.e., V(x) is negative semi-definite in D,
then the origin is a stable equilibrium of (A.1). If in condition (i), V(;E) <0,V €
D\ {0}, i.e., V() is negative definite in D, then the origin is asymptotically stable.
Furthermore, if D = R™ and V (z) is radially unbounded, i.e., V(x) — oo as ||z| —
00, then the origin is globally asymptotically stable.

To show the asymptotic stability of the equilibrium of (A.1), an alternative way

is to use the LaSalle’s invariance principle, given by the following theorem [79].

Theorem A.2 Let Q0 C D be a compact set that is positively invariant with respect
to system (A.1). Let V : D — R be a continuously differentiable function such that
V(z) < 0in Q. Let E be the set of all points in Q where V(z) = 0. Let M be
the largest invariant set in E. Then every solution starting in €1 approaches M as

t — o0.

Likewise, for the global asymptotic stability of the equilibrium of (A.1), an alter-

native way is to use the Krasovskii-LaSalle principle as follow [79].

Theorem A.3 Let z* = 0 be an equilibrium point of (A.1). Let V : R" — R be
a continuously differentiable, radially unbounded, positive definite function such that
V(z) <0,Vz(t) € R™. Let S = {z(t) € R"|V(z) = 0} and suppose that no solution
can stay identically in S, other than the trivial solution x* = 0. Then the origin is

globally asymptotically stable.

We next consider the case in which a system is modeled by an autonomous delayed

differential equation, i.e.,

2(t) = f(z(t),z(t = 7). 2t — 7)) (A.2)

where each 7; is a discrete delay in the system. Without loss of generality, we assume
that 0 is a steady state for the system. The following definition extends Definition A.1,
relating to the stability of the solution x = 0 of system (A.2) [80].

Definition A.2 The solution x = 0 of system (A.2) is:

(i) Stable, if for any € > 0 there is a § = 6(€) > 0 such that ||z(t)|,| < € for any
initial condition ¢ € Q°, where x(t)|s denotes the solution of (A.2) given the initial
condition ¢, Q° = {¢ € C([-7,0],R")|||¢|| < 6}, and 7 = max;{7;};

(ii) Unstable, if it is not stable;

(111) Asymptotically stable, if it is stable and there is a § such that limy o ()| =
0 for any initial condition ¢ € Q°.
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Just as in the case of systems described by (A.1), a Lyapunov argument can
be formulated to establish the stability of the steady state of (A.2) when many,
incommensurate delays appear in the system.

Consider a continuous functional V' : C([—7,00),R™) — R and define

V(r(t)le) = Tim 3 (Ve + B)le) — V(a(H)],))

h—0t

to be the derivative of V' along a solution of (A.2). We then have the following

Lyapunov-Krasovskii theorem [80].

Theorem A.4 Let f be completely continuous and f(0) = 0 in (A.2). Assume
that there exist a(s) and b(s) that are non-negative continuous, a(0) = b(0) = 0,

limg o a(s) = 400, and V : Q — R that is continuous and satisfies

V(z(@)ls) = allle(0)]]) in
V(a(t)]s) < =b(llo(0)]) in Q

where Q C C([—T,00),R™). Then the solution x = 0 of (A.2) is stable, and every
solution is bounded. Furthermore, if b(s) > 0 for s > 0, then x = 0 is asymptotically
stable.

Finally, we present a theorem which extends the LaSalle’s invariance principle to

the case of time-delay systems (A.2) [80].

Theorem A.5 LetV : Q — R be a Lyapunov functional with respect to system (A.2),
i.e., V is continuous on the closure of Q, and V < 0 on Q, where Q C C([—T,00),R"™).
Let E be the set of ¢ on the closure of Q where V(z(t)|y) = 0. Let M be the largest
invariant set in E with respect to system (A.2). Then for a bounded solution x(t)|s
of (A.2) that remains in Q, x(t)|s tends to M as t — oc.
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Appendix B

Synchronization in Oscillator
Networks with Non-homogeneous
Delays

In this appendix, we review some results relating to synchronization in oscillator
networks with non-homogeneous delays according to [81, 82].

Consider N coupled oscillators with natural frequencies w; and phases 6; € [0, 27,
i =1,---, N. The dynamics of each oscillator are described by the modified Kuramoto

Model with non-homogeneous delays:

:(t) = wilt) + nﬁ S Ay sin(0;(t — 735) — 0:(1)) (B.1)

where K is the coupling strength between the oscillators which is assumed to be the
same, n; is the number of neighbouring oscillators to oscillator 4, and 7 is the delay
in the coupling from oscillator j to oscillator i. Note that we require 7;; = 7;;. In
addition, A;; is the entry of the adjacency matrix A of the underlying undirected
graph consisting of these oscillators. Here the adjacency matrix is an N x N matrix
with elements A;; = 1 only if oscillators ¢ and j are neighbours to each other (i.e.,
they are connected by a link), otherwise, A;; = 0.

Formally speaking, we consider the case where all the oscillators synchronize, i.e.,
0;(t) = 0(t) = Qt + a,i=1---, N. Then the self-consistency equation for w; and K
needs to be satisfied given by

KN
i o 2 Ausinlr) (B.2)

Let 0;(t) = Qt + ¢;(t). Linearize (B.1) around the steady state ¢;(t) = « to get
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N

- — D Gisl05(t = m51) = u(t)) (B.3)

nl,
J=

where Gij = Gji = Aij COS(QT]‘Z‘> since Tij = Tji and Aij = A]z Note that the equilibria
of this system belong to the consensus set CS = {(¢1, -+, On)|[P1 = P2 = -+ = oy =

a} which is one-dimensional. The stability of (B.3) is shown below.

Theorem B.1 Ifcos(Q71j;) > 0 for alli, j for which A;j =1 and Q solves (B.2), then
the equilibrium set of system (B.3), i.e., CS = {(¢1, -+, on)|p1 = o = -+ = oy =

a}, is asymptotically attracting.

Proof: Consider the following candidate Lyapunov-Krasovskii functional

K N N ¢
Vipa)(t Z nz¢ 3 Z Z Gij ¢§(5)d5-

i=1 j=1 t=Tji

Differentiating V{p.3)(t) with respect to time, we get

N
‘/(B?) :_KZZGUQS +KZ

Mz

Gz] ¢z ( Tji)

i=1 j=1 i=1 j=1

K N N K N N
522 Gl = 5 3> Gudj(t— i)

i=1 j=1 i=1 j=1

NN
== DD Gileilt) — ¢t — i)™

i=1 j=1
If cos(Q7j;) > 0 for all 4, j for which A;; =1, “/(B.g)(t) < 0. Moreover, V(B,g)(t) =0
only happens when ¢;(t) — ¢,;(t — 7;;) = 0 holds for all 7, j for which A;; = 1. This
results in ¢;(t) = 0,i = 1,---, N. Using LaSalle’s invariance principle for time-delay
systems [80], the equilibrium set is asymptotically attracting. [ |
We can see that the proofs of Theorem 2.3 and Propositions 2.2 and 2.4 are similar

to the above proof, using the same type of Lyapunov-Krasovskii functionals.
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Appendix C

Saddle Point Dynamics and
Primal-dual Gradient Dynamics

In this appendix, we review some mathematical preliminaries about the saddle point
dynamics and the primal-dual gradient dynamics (for solving convex optimization
problems) based on [77, 56, 70].

Consider a convex-concave function f € C% R* x R® — R satisfying that for all
Y, 2, sz = 0,V2f <0 hold. We say (7, 2) is a saddle point of f if

f(@§,2) < f(5.2) < fy, 2) (C.1)

holds. A property of a saddle point of a function is shown in Lemma 5.1, the proof

of which is provided below.

Proof of Lemma 5.1: Necessity. Since the saddle point condition (C.1) holds, g
minimizes f(y, Z) over all y and Z maximizes f(7, z) over all z. Thus, V, f|,—j.—z =0
and V. f|,—j..—z = 0 hold, i.e., V. fly=5..—z = 0.

Sufficiency. Since V, f|,—j.—: = 0 and f(y, Z) is convex in y, we conclude that g
minimizes f(y, Z) over y, i.e., for all y, we have f(7,2) < f(y,Z2). This is one of the

inequalities in (C.1). We can argue in the same way about z. |

Denote the set of saddle points of f by § and assume that S is nonempty. Consider
the saddle point dynamics given by

o of
i= Ky, (C.2a)
._ . Of
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where K, € R K, € R"*" are positive definite constant matrices. A property of
the saddle point dynamics is shown in Lemma 5.2, the proof of which is provided

below.

Proof of Lemma 5.2: Let (y*,2*) be a saddle point of f. Define a candidate

Lyapunov function as
1 * — * 1 * — *
Vieo) = 50 =y Ky — o) + 5 (e = ) TR (= = 27)

which is radially unbounded and positive definite with respect to (y*, z*). The deriva-

tive of V{c.2) with respect to time along the trajectory of (C.2) is given by

Vien) = - (Z_;‘) (y—y")+ (g—i) (z—2")
S_f(yaz)+f(y*7z>+f(y7z)_f(y72*>

:f(y*a Z) - f(y*’ Z*) + f(y*v Z*) - f(y7 Z*)
<0

where the first inequality comes from the fact that f is convex in y and concave in z,
and the last inequality follows that (y*, z*) is a saddle point of f. When V(c.2) =0,
we have f(y*,z) = f(y*,2*) and f(y*, 2*) = f(y, 2*). Based on LaSalle’s invariance
principle [79], we conclude that the trajectories of (C.2) converge to a compact subset

of the invariant set given by

1= {(y72)|“/(0.2)(y727y*72*) = O}

which indicates that the trajectories of (C.2) are bounded.

We next show that if f is either strictly convex in y or strictly concave in z, then
the trajectories of (C.2) asymptotically converge to a saddle point of f. Firstly, if
(g,2) € Z, then f(y*,2) = f(y*, z*) and f(y*,2*) = f(y, z*). Since f is either strictly
convex in y or strictly concave in z, either y = y* or Z = 2* holds. Let us assume y =
y*, which means y|,—; = 0. Then g—£|y:g = 0, i.e., y satisfies the first order optimality
condition for f(y, z). On the other hand, since f(y,2*) = f(y*,2*) = f(y*, 2), Zis a
maximizer of f(y*, z), i.e., %\y:y*:w:g = 0. Thus, we have V,, . f|,—5.=: = 0, i.e.,
(g,2) € S. Similarly, if Z = 2*, we can still derive (g,2) € S. To conclude, under the
condition that f is either strictly convex in y or strictly concave in z, Z C § is true.

To show the pointwise convergence, since (y(t), z(t)) converges to a compact sub-

set of Z C S, there exists a subsequence {(yx, 2x)} where yx = y(ty), zr = 2(t) that

140



converges to a point (y>, 2>°). This means that vy = V(c.2)(yk, 2k, ¥, 2°°) asymptot-
ically converges to 0. On the other hand, we have

I Vieo) (y(t), 2(1), y™, 2%) = lim v(t) = v>

t—o00

where v> is constant. Since vy is a subsequence of v(t) and converges to 0, v>° = 0
holds. Therefore, we conclude that (y(t), z(t)) converges to (y*>, z*). [

Let us now consider a convex optimization problem given by

min C'(y) (C.3a)

Y

subject to g(y) <0 (C.3b)

where C' € C* : R* — R satisfying V2C' = 0, and g(y) : R* — R” is the vector
of g; € C* : R* — R satisfying Vig; = 0. Assume that this problem is feasible
and satisfies Slater’s constraint qualification [77], i.e., strong duality holds for this

optimization problem. The Lagrangian of the problem is given by

fly,z) =Cly) + z"g(y)

where z = 0 is the vector of Lagrangian multipliers (dual variables) z; for the con-

straint ¢g(y) = 0. Thus, the dual optimization problem is given by

max inf f(y, 2) (C.da)
z oy
subject to 2z > 0. (C.4b)
Let y* and z* > 0 denote the optimal solution of the primal problem (C.3) and the

dual problem (C.4) respectively. Due to strong duality, (y*, z*) is a saddle point of
f. Moreover, (y*, z*) satisfies the Karush-Kuhn-Tucker (KKT) conditions given by

af
of of
s =0 520, 52 <0 (C.5b)

The corresponding saddle point dynamics, i.e. the primal-dual gradient dynamics,

are given by

o of
T
;=K. (5)2 (C.6b)
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where K, € R K, € R"*" are positive definite constant matrices. Note that we
have used a vector form of positive projection in (C.6b).

Similar to Lemma 5.2, we have the following results relating the stability of (C.6).

Proposition C.1 The trajectories of the primal-dual gradient dynamics (C.6) are
bounded. Furthermore, if C' is strictly convez in y, the trajectories of (C.6) asymp-

totically converge to a saddle point of f.
Proof: Consider the following candidate Lyapunov function
1 T 7-—1 * 1 \T 7-—1 *
V(C.G):V(C.z):§(y—y ) Ky (y—vy )+§(2_Z ) K (2= 27).

According to the proof of Theorem 3.3, we can remove all positive projection in V(Cﬁ)

Vics) < — (g—i)T (y—y")+ (%)T (2 —2").

Following the proof of Lemma 5.2, we can obtain that the trajectories of (C.6) are

to get

bounded, and moreover, if C' is strictly convex in y, the trajectories of (C.6) asymp-
totically converge to a saddle point of f. [ |

We see that from the saddle point dynamics (C.2) to the primal-dual gradient
dynamics (C.6), although the positive projection is added, the results in Lemmas 5.1
and 5.2 still hold (with V, f|,—5.=: = 0 changing to the complementary slackness
condition (C.5b)).
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Appendix D

Classical Loop Shaping in
Multiple-Input-Multiple-Output
(MIMO) Systems

In this appendix, we review the classical loop shaping method for Multiple-Input-
Multiple-Output (MIMO) systems, according to [102, 89].

Consider the one degree-of-freedom configuration shown in Figure D.1 [89]. Define
the (output) sensitivity function to be S = (I+GK)~! and the (output) complemen-
tary sensitivity function to be T = GK(I + GK)™! =1 — S. Then we have

y(s) = T(s)(r(s) = n(s)) + S(s)d(s)
u(s) = K(s)S(s)(r(s) = n(s) = d(s))-

d G: plant
iU \L v K:controller
T K G + — =

r: reference input

u: plant input

d: external disturbance
7"‘+ y: plant output
Tﬁ 1: SENSOT NO1se

Figure D.1: One degree-of-freedom feedback configuration.

(i) For disturbance rejection, 7(S) needs to be small. When ¢(GK) > 1, S =
(I + GK)™' =~ (GK)™!. Then making &(S) small can be approximated by making
o(GK) large when ¢(GK) > 1. Here 5(X) and g(X) are the maximum and minimum
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nonzero singular values of a matrix X respectively (the singular values are the square
roots of the eigenvalues of X X where X* is the conjugate transpose of X).

(ii) For noise attenuation, @(7T") needs to be small. When 7(GK) < 1, T =
GK(I + GK)™' ~ GK. Then making o(T) small can be approximated by making
0(GK) small when o(GK) < 1.

(iii) For reference tracking, both @(7") and ¢(7T") need to be close to 1. When
o(GK) > 1, T = GK(I + GK) ! ~ I. So making ¢(GK) large leads to &(T) =
o(T) ~ 1 when o(GK) > 1.

(iv) For control energy reduction, (K S) needs to be small. When 7(GK) < 1,
KS = K(I + GK)™' ~ K. Then making o(KS) small can be approximated by
making 7(K) small when 7(GK) < 1.

(v) For robust stability to an additive perturbation in plant G, 7(K.S) needs to
be small [103]. Same as (iv) above, we can make 7(K) small when 7(GK) < 1.

(vi) For robust stability to a multiplicative perturbation in plant G, (7" needs
to be small [103]. When 7(GK) < 1, T = GK(I + GK)™' ~ GK. Then making
& (T') small can be approximated by making (G K) small when 7(GK) < 1.

Typically, (i) and (iii) are valid at low frequencies and (ii), (iv), (v), (vi) are
valid at high frequencies. Thus, in terms of the loop transfer function matrix GK,
o(GK) needs to be large at low frequencies for good performance of the closed-loop
system, and 7(GK) needs to be small at high frequencies for robust stability , noise

attenuation and control energy reduction of the closed-loop system.
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Appendix E

Vinnicombe’s Lemma

Lemma E.1 Let Q = Q = 0 be an n x n positive semi-definite Hermitian matriz,

and A = diag{\;} be an n x n diagonal matriz where \; € C,i = 1,---,n, i.e., each

Ai is a complex number. Then the eigenvalues of QA belong to the convex hull of

{0, A1, -+, A}, scaled by the spectral radius p(Q).

Proof: If 0 is an eigenvalue of QA, the result is obvious. Due to Q = Q% = 0, Q

. 11 1 1 . :
can be rewritten as Q = QzQ2 where Q2 = Q2 > 0. Since nonzero eigenvalues

are invariant under commutation, the nonzero eigenvalues of QA are identical to the

nonzero eigenvalues of Q%AQ%. Let v be a normalized eigenvector of QA, i.e., ||[v|| =1,

corresponding to a nonzero eigenvalue of (QA. Then this nonzero eigenvalue is
W"QIAQ7 v = p(Q) Z bl
— p(Q)

where w; is the entry of the vector Qzv. Since ||Q2v| < 1/p(Q), we have

|w;
2 p(Q) =1

=1

This demonstrates that the eigenvalues of QA belong to the convex hull of {0, A, - -

scaled by the spectral radius p(Q).
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