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Abstract

In this thesis, we develop scalable frameworks to (re)design a class of large-scale

network systems with built-in control mechanisms, including electric power systems

and the Internet, in order to improve their economic efficiency and performance while

guaranteeing their stability and robustness.

After a detailed introduction relating to power system control and optimization,

as well as network congestion control, we turn our attention to merging primary and

secondary frequency control for the power grid. We present modifications in the

conventional generation control using a consensus design approach while considering

the participation of controllable loads. The optimality, stability and delay robustness

of the redesigned system are studied. Moreover, we extend the proposed control

scheme to (i) networks with more complexity and (ii) the case where controllable

loads are involved in the optimization. As a result, our controllers can balance power

flow and drive the system to an economically optimal operating point in the steady

state.

We then study a real-time control framework that merges primary, secondary and

tertiary frequency control in power systems. In particular, we consider a transmis-

sion level network with tree topology. A distributed dynamic feedback controller is

designed via a primal-dual decomposition approach and the stability of the overall

system is studied. In addition, we introduce extra dynamics to improve system per-

formance and emphasize the trade-off when choosing the gains of the extra dynamics.

As a result, the proposed controller can balance supply and demand in the presence of

disturbances, and achieve optimal power flow in the steady state. Furthermore, after

introducing the extra dynamics, the transient performance of the system significantly

improves.

A redesign framework for network congestion control is developed next. Moti-

vated by the augmented Lagrangian method, we introduce extra terms to the La-

grangian, which is used to redesign the primal-dual, primal and dual algorithms. We

investigate how the gains resulting from the extra dynamics influence the stability
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and robustness of the system. Moreover, we show that the overall system can achieve

added robustness to communication delays by appropriately tuning these gains. Also,

the meaning of these extra dynamics is investigated and a distributed proportional-

integral-derivative controller for solving network congestion control problems is fur-

ther developed.

Finally, we concentrate on a reverse- and forward-engineering framework for dis-

tributed control of a class of linear network systems to achieve optimal steady-state

performance. As a typical illustration, we use the proposed framework to solve the

real-time economic dispatch problem in the power grid. On the other hand, we pro-

vide a general procedure to modify control schemes for a special class of dynamic

systems. In order to investigate how general the reverse- and forward-engineering

framework is, we develop necessary and sufficient conditions under which an linear

time-invariant system can be reverse-engineered as a gradient algorithm to solve an

optimization problem. These conditions are characterized using properties of system

matrices and relevant linear matrix inequalities.

We conclude this thesis with an account for future research.
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Chapter 1

Introduction

The 21st century society depends on a number of technological networks, such as

the power grid, the Internet, transportation systems, etc. The efficient and robust

operation of these network systems plays a key role in economic development and

environmental sustainability.

Because these network systems are usually operated in an uncertain environment

and with incomplete information, to ensure their economic efficiency, stability and ro-

bustness, the conventional operation is usually divided into two or more different time-

scales. At a slow time-scale, efficient nominal operating points are determined using

optimization methods with predictions of future uncertainties, e.g., disturbances. At

a faster time-scale or in real time, the optimal points are tracked and stability of the

system is ensured using control techniques. However, as the uncertainties fluctuate

faster and by a larger amount, this time-scale separation framework could induce

economic inefficiency, poor robustness, and even instability.

On the other hand, one key problem in the control and optimization of these

network systems is scale. Given that the topology is many times changing or unknown,

as the network becomes large, or of arbitrary size, the complexity of traditional tools

and algorithms increases while the system (with existing control mechanisms) could

be facing deteriorated performance, poor robustness, and even instability.

In this thesis, concentrating on a class of large-scale network systems including

electric power systems and the Internet, we develop scalable frameworks for modify-

ing/redesigning existing system dynamics and built-in control mechanisms to improve

their economic efficiency and performance while guaranteeing their stability and ro-

bustness. As a result, in the presence of uncertainties, the redesigned systems can

track the efficient operating points automatically in a distributed (i.e., communication

with neighbours is allowed) or decentralized (i.e., no communication with neighbours

allowed), and closed-loop (i.e., no information of uncertainty is needed) manner.
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1.1 Electric Power Systems

1.1.1 Overview and Problem Descriptions

The electric power system is the largest, most advanced and most expensive en-

gineered system in the twentieth century [3]. It consists of three main constituents:

generation (i.e., energy supply), transmission and distribution, and consumption (i.e.,

energy demand) [4]. Each constituent has different components. Conventional genera-

tion contains synchronous generators, exciting systems, automatic voltage regulators,

turbine-governor systems, etc., and produces electricity by converting mechanical en-

ergy into electrical energy. The electricity is transmitted over long distances to end-

users via transmission level networks (which operate at high voltages) and distribution

level networks (which operate at low voltages). These networks consist of overhead

power lines, underground cables, transformers and substations. The demand side

contains a variety of energy consumers, e.g., lighting, heating, electric motors, etc.

An individual consumer may change its demand fast and frequently, however, after

aggregating individual demands appropriately, the power consumption can become

smooth and more or less predicable over hours, days, months and seasons [4]. All

these components are interconnected and coupled to each other, forming a large-scale

network system.

To date, various controls and actions are implemented in the current power grid in

a layered/hierarchical way, as shown in Figure 1.1 based on [5] (detailed introduction

Figure 1.1: Time-scale decomposition of controls and actions in the power grid.

2



of each control and action can be found in [5, 6, 7]). Each layer is characterized by its

operational/control objectives, corresponding to one time-scale. Generally speaking,

there are mainly two types of controls and actions: the fast time-scale controls and

actions for the power grid (i.e., a physical network system), and the slow time-scale

controls and actions for the electricity market (i.e., a system that enables electricity

to be bought, sold and traded as a commodity). The time-scale decomposition in

system dynamics and market dynamics provides a premise to simplify problems when

studying power systems, especially in control and optimization. For example, if con-

sidering long term contracts (slow time-scale) between a generation company and a

factory, the detailed controls and actions in the transmission network (fast time-scale)

are neglected. Such separation works well when the time-scales of the two layers are

significantly different. Even if the difference is less obvious, e.g., between seconds and

minutes, it is still acceptable because of high predictability (in future states) and low

uncertainty (in disturbance injection) in the system [5].

However, the power grid is currently undergoing several fundamental changes

such as increasing penetration of renewable and distributed energy resources, the

proliferation of electric vehicles, the active participation of end-users, and the rapid

deployment of sensing, communication and computing infrastructures [8]. The power

network is in transition from a centralized structure to one that is more distributed,

open, and autonomous. These trends provide tremendous opportunities for improve-

ments in sustainability, efficiency, power quality and reliability. But they also present

daunting technical challenges, particularly those imposed by non-dispatchable and

volatile renewable generation, and the large number of active end-points in the future

system. For instance, driven by the goal of sustainability, the penetration of renew-

able and distributed energy resources including solar power, wind power, tidal power

and so on, is significantly increasing. Different from conventional generation, the

availability of renewable energy is difficult to predict, and can fluctuate fast and by

a large amount, as illustrated in Figures 1.2-1.3. Another big change is the growing

use of electric vehicles. Electric vehicles are becoming more and more popular (see

Table 1.1 [9]) due to their potential societal benefits, i.e., reducing petroleum con-

sumption and greenhouse gas emissions, and improving air quality [10, 9]. They can

be connected to the power grid for charging anytime and anywhere, however, these can

cause unexpected disturbances to the system if not properly controlled [11, 12]. Be-

cause of the volatilities and uncertainties resulting from these new constituents, parts

of the time-scale separation in the electricity market and power system dynamics are

fading away, especially in the real-time market level (time-scale of usually 5 minutes
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Figure 1.2: A typical solar power plant output profile from [1] ( c© 2011 John Wiley
and Sons): Irradiance G (W/m2) and output power PN (normalized and scaled by
a factor of 1000) recorded at Milagro site during a 15-min period on August 12th,
2008. The power curve is smoother than the irradiance due to the big size of the PV
plant and the short sampling time.

Figure 1.3: A typical wind farm output profile from [2] ( c© 2010 IEEE): The large
positive and negative ramps in the hour just before and after 3:45pm on June 21,
2008 (data from wind farms in the Bonneville Power Administration region around
the Columbia Basin).

and up). As a result, it would be more and more difficult for the current hierarchical

control architecture to provide effectiveness and robustness to the real-time market,
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Table 1.1: Number of cars in the UK stock by type under a stretch scenario: Elec-
tric Vehicles (EVs) and Internal Combustion Engine Vehicles (ICEVs). The stretch
scenario is driven by a milestone for cars in line with the UK meeting a 42% CO2

emission cut by 2020 [9] ( c© 2010 Element Energy Limited).

2010 2015 2020 2030
Number of cars in UK
car parc

EVs 11370 297400 4227300 26261200
ICEVs 28980800 30173600 27798000 9114700

Percentage of UK car
stock

EVs 0.04% 1.0% 13.2% 74.2%
ICEVs 99.96% 99.0% 86.8% 25.8%

which separates power system dynamics from the real-time market mechanism, i.e.,

solving a static Optimal Power Flow (OPF)/Economic Dispatch (ED) problem only

once within a certain period of time in a centralized way.

A main topic of this thesis is to redesign the conventional frequency control/active

power control for power systems to adapt for those changes (this takes advantage of

the weak physical coupling between active power flows and bus voltage magnitudes

in transmission level networks to separate frequency control/active power control

and voltage control/reactive power control [3, 7]). Conventional frequency control

is designed and implemented in a hierarchical way, consisting of primary, secondary

and tertiary control [6, 4]. When disturbances occur, primary frequency control

operates at a time-scale of seconds to adjust the mechanical power input of gener-

ators based on local frequency deviations, which is implemented through turbine-

governor systems equipped within the generation (there is a proportional controller

in a turbine-governor system for frequency regulation). Meanwhile, there are also

power demand deviations due to frequency deviations in the frequency-dependent

loads. Then secondary frequency control, also known as Automatic Generation Con-

trol (AGC)/tie-line bias control, takes place at a time-scale of 10 seconds to minutes

to restore nominal frequency and scheduled interchanges of tie-lines (there is an inte-

gral controller in AGC for frequency regulation): in an interconnected power system

consisting of a number of control areas, AGC is implemented in each area in a central-

ized way, i.e., the active power regulation is allocated to the generators in each area

via participation factors [13]. Lastly, tertiary control, also known as ED, operates

at a time-scale of minutes to determine the economically-efficient nominal operating

point of the mechanical power generation and power interchanges of tie-lines. ED is

usually performed in the real-time market by solving an OPF problem, which aims
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to minimize the operating cost subject to practical constraints. To conclude, the

structure of the conventional frequency control is shown in Figure 1.4.

Figure 1.4: The structure of the conventional frequency control in power systems.

To redesign the conventional frequency control, two factors are important. The

first one is the design of demand response schemes for (controllable) loads/(responsive)

users, e.g., air conditioners, washers, electric vehicles, batteries, heaters, lights, etc.

Demand response is viewed as a “price-based” mechanism that will encourage con-

sumers to modify their power consumption when it is most difficult for the network

to achieve a balance between supply and demand [14]. It can not only reduce peaks

and shift loads for economic benefits, but also improve stability and reduce operating

reserves by adapting elastic loads to intermittent and fluctuating renewable genera-

tion [15]. By introducing demand response, frequency control can be implemented

in both the supply and demand side rather than only depend on generation control

as in the traditional system. The second factor is to break the time-scale separation

between the power system dynamics and the real-time market mechanism, i.e., to

realize real-time (a time-scale of seconds to minutes) economic optimization under

exogenous disturbances, e.g., renewable energy penetration. This scenario was first

studied in [16]. It was shown that the stability region of the coupled system was

very different from that of the market-only system, and therefore, the feedback sig-

nal (marginal prices derived in the real-time market) must be properly designed to
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maintain the stability of the interconnected system. What needs to be emphasized

is that after merging the different time-scales, demand response is not restricted to

single price-based control but can include all intentional modifications in the power

consumption of end-users. In the following subsection, we will review recent research

relating to demand response and the redesign of conventional frequency control.

1.1.2 Literature Review

The idea of demand response was first suggested by Fred Schweppe and his co-

workers in the 1980s [17, 18]. This concept was then extended and developed by

researchers such as Hogan [19, 20] by introducing market and economic analysis, and

Alvarado [21, 22, 16] by considering market stability. Nowadays, it is recognized as a

key mechanism for ensuring reliability in the face of uncertainty in the future power

network. However, demand response has not been widely deployed in practice. Once

the reason was the lack of supporting information infrastructures in the power grid,

while the situation is being gradually improved due to the increasing deployment of

advanced sensing, communication and computing equipments. The current desiderata

is to develop suitable control paradigms which can realize the full potential of demand

response. On the other hand, power systems are large-scale and complicated. Because

of the increase in uncertainty and variability, conventional centralized control for the

power network becomes more costly and less efficient. As a consequence, distributed

and decentralized control frameworks are necessary to achieve system-wide efficiency,

reliability and robustness under those fundamental changes in the power network.

Driven by the goals of scalability and economic efficiency, recent work has fo-

cused on the redesign of the conventional frequency control that combines different

layers/time-scales together in either distributed, decentralized or centralized manner,

and some of them have included the design of demand response schemes. For ex-

ample, a novel control scheme for achieving optimal power balancing and congestion

management in electrical power systems via nodal prices was presented in [5], ex-

tending [16] to a more practical scenario. In [23, 24] a fast-acting decentralized load

control scheme was presented for primary frequency regulation in power networks, and

its implementation was studied in [25, 26, 27]. This load control scheme was then

modified by considering more completed power flow constraints that preserved grid

frequency [28] and interchanges of tie-lines [29], and was extended by adding decentral-

ized generator-side primary frequency control [30]. Through combining primary and
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secondary frequency control, two different distributed control schemes for both gener-

ators and controllable loads were explored in [31, 32] to achieve real-time economic effi-

ciency. Another active research area is to redesign conventional AGC by incorporating

ED. For instance, [33, 34, 35] considered distributed integral control and distributed

Proportional-Integral (PI) control for generators to balance power systems after step

disturbances of power loads and minimize generation cost. Moreover, sufficient con-

ditions to guarantee the stability of the closed-loop system were proposed. In [13] the

connections between AGC and ED were studied from an optimization viewpoint and

a distributed control approach was presented which modified AGC by incorporating

ED automatically and dynamically. In addition, the concept of “breaking” the hi-

erarchical control architecture is applied to microgrids (i.e., low-voltage distribution

level networks). Representative work includes [36, 37] in which a distributed-averaging

proportional-integral controller was presented to ensure stability and power sharing in

droop-controlled microgrids (where primary control and secondary control were com-

bined), and [38] in which a centralized-averaging proportional-integral controller [39]

was compared with the distributed-averaging proportional-integral controller in lossy

and partially-controlled networks. Furthermore, [40, 41] explored different strate-

gies for primary droop control, secondary frequency control and tertiary control (i.e.,

solving an OPF problem), and showed that the adoption of droop control was nec-

essary and sufficient to achieve economic optimization, i.e., the time-scale separation

of conventional hierarchical control strategies in microgrids could be broken.

1.1.3 Our Approach and Contributions

In the first two chapters of this thesis, we redesign the conventional frequency con-

trol by breaking the time-scale separation and considering the participation of loads.

Based on [42, 43], Chapter 2 combines primary and secondary frequency control. We

first present modifications in AGC where each bus in the power network represents

a control area/an aggregated bus. The redesign methodology is via a consensus ap-

proach, and loads are used to improve the performance of the overall system under

proportional control. We then extend the redesign to (i) arbitrary transmission level

networks, i.e., each bus is not a control area anymore, and (ii) the case where loads

are involved in ED. In all three scenarios, optimality, stability and delay robustness

of the redesigned dynamics are studied. The performance of the proposed controllers

is illustrated by several numerical examples. To summarize, this chapter shares some

similarities with [34, 13] in that the economic efficiency of generator-side control is

taken into account in the redesign and the resulting controllers have distributed PI
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structures, while the difference is that both the load-side participation and the delay

effect (we will show the delay-independent stability of the system) are considered.

Based on [44, 45, 46], Chapter 3 merges primary, secondary and tertiary frequency

control through a primal-dual decomposition approach. We first present a distributed

control architecture that can achieve real-time OPF in power networks under exoge-

nous disturbances. Different from conventional market-based control, the feedback

signals in our control architecture are not prices from a centralized market but infor-

mation and feedback signals flowing between neighbouring components. To show how

the design methodology and stability analysis can be performed, we consider a trans-

mission level network with tree topology. Moreover, we introduce extra dynamics in

the redesign to improve the transient behaviour of the closed-loop system. Numerical

experiments illustrate that the proposed controller balances the power flow in the

network quickly, and results in OPF in the steady state. Furthermore, after adding

the extra dynamics, the transient performance of the system improves significantly.

Similar to [31, 32], this chapter considers nonlinear active power flow equations which

are more practical than linear equations used in conventional DC OPF problems.

Also, the design framework can be immediately applied to droop-controlled micro-

grids [40, 41] for achieving ED with both equality and inequality constraints.

The contributions of the first two chapters are summarized as follows. Firstly,

we present two systematic methods to redesign conventional generation control and

design load behaviours for power networks to achieve real-time ED in the presence

of uncertainties. Secondly, the resulting control schemes are implemented in either

a distributed or decentralized and closed-loop manner, guaranteeing system stability

and robustness, and leading to improved performance. Lastly, the proposed design

frameworks can be scaled to networks of large size and more complexity.

1.2 Network Congestion Control

1.2.1 Literature Review and Problem Descriptions

As the second topic in this thesis, we propose a redesign framework for typical network

congestion control algorithms to achieve improved performance and added robustness.

The problem of network congestion control focuses in the design of the Transmission

Control Protocol (TCP) and Active Queue Management (AQM) schemes for the In-

ternet, whose aim is to make sure that users can get a share of the available bandwidth

in a fair manner while ensuring that available bandwidth constraints are not violated.

Violating capacity constraints was a problem in the mid-1980s in the early days of
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the Internet: users were increasing their bandwidth until the capacity constraints

were violated, congestion occurred and all packets on the network were dropped;

this resulted in retransmissions of lost packets which led to more lost packets again.

In [47], the first congestion control algorithm to alleviate this problem was proposed

driven mainly by intuition, however, the efficiency of the protocols was not addressed.

Ten years later, [48] presented two classes of congestion control algorithms that in-

terpreted the resulting protocols as the solutions of distributed convex optimization

problems which described the scenario of resource allocation in networks. This work

allowed researchers to explain the profound scalability and robustness of congestion

control protocols, and moreover enabled the design of algorithms in a rational fashion

for better efficiency and fairness. As a result, network congestion control became an

extremely active research topic in the past two decades [49, 50, 51].

Although many control schemes have been designed and applied to solve the net-

work congestion control problem, there are still many open research issues [51, 52],

e.g., global stability of more accurate models, trade-offs among system performance,

robustness and complexity of controllers, etc. Recently, some work focused on re-

designing dynamics to solve the network congestion control problem. In [53], the

authors proposed a unified passivity framework as a tool to analyze existing conges-

tion control algorithms and develop new control schemes. Also, [54] linked available

congestion control algorithms with optimal control theory by introducing proper util-

ity functionals so that the transient performance of the overall system could be taken

into account when designing controllers. In [55], delay robustness of the available

congestion control algorithms using Lyapunov-Krasovskii functionals was investigated

and stability conditions for networks of arbitrary size with heterogeneous delays and

nonlinear dynamics were derived. In [56], the primal-dual gradient dynamics were re-

visited with Krasovskii’s method and LaSalle’s invariance principle, and applications

to cross-layer network optimization were presented. In [57], the authors proposed a

framework from the control system viewpoint to analyze and design control dynam-

ics for both centralized and distributed optimization problems. Recently in [58, 59],

a distributed Newton-type second order algorithm for network utility maximization

problems was proposed, with a superlinear convergence rate in terms of primal iter-

ations. Other techniques such as event-triggered optimization [60] and Alternating

Direction Method of Multipliers (ADMM) [61] were also applied to solve network

congestion control problems.
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1.2.2 Our Approach and Contributions

Based on [62, 63], Chapter 4 of this thesis proposes a method for redesigning existing

congestion control algorithms at the level of fluid-flow models [64], in order to improve

the transient behaviour, and provide robustness to uncertainties in the network struc-

ture and communication constraints. Our redesign process involves the introduction

of simple terms in the Lagrangian (different from ADMM, these terms are irrelevant

to the constraints of the optimization problem), leading to simple extra dynamics that

however maintain the distributed structure for the overall system. We investigate the

influence of the gains resulting from the extra dynamics on system stability and ro-

bustness to time delays. In addition, we study the meaning of the extra dynamics and

further introduce distributed Proportional-Integral-Derivative (PID) control actions

for solving network congestion control problems. Finally, we provide three illustrative

examples to show the effectiveness of the proposed redesign framework.

This chapter highlights the idea of re-engineering existing systems and protocols

based on optimization methods. Motivated by the case of modifying network con-

gestion control algorithms, we propose a reverse- and forward-engineering framework

for control redesign for a class of network systems to achieve optimal steady-state

performance in Chapter 5 based on [65].

1.3 Reverse- and Forward-engineering for Control

Redesign

The concept of reverse- and forward-engineering for system re-engineering was ad-

dressed in [51]: in general, “starting from a given protocol originally designed based

on engineering heuristics, reverse-engineering discovers the underlying mathematical

problems being solved by the protocols; forward-engineering based on the insights

obtained from reverse-engineering then systematically improves the protocols”. Fol-

lowing this concept, the objective of Chapter 5 is to modify/redesign the existing

system dynamics and built-in control mechanisms in a network system so that the

closed-loop system can track the efficient operating points automatically. We refer to

this control as optimal steady-state control. The idea of using a dynamic system to

track an implicitly defined optimal point originated in [66]. Also, this problem was

recently studied in [67, 68, 69], in which the controllers were designed based on a

dynamic extension of the Karush-Kuhn-Tucker (KKT) condition, a method of saddle

point flows with backstepping, and a dual ε-subgradient method respectively.

11



Different from the recent work, we propose a reverse- and forward-engineering

framework which consists of two steps: firstly, we reverse-engineer a dynamic sys-

tem as a gradient algorithm to solve an optimization problem. Secondly, we use a

forward-engineering approach to systematically design controllers or modify the exist-

ing control mechanisms. As a result, the redesigned system can automatically track

the optimal solution of a predefined optimization problem. Under this framework,

the resulting controller (i) has a distributed/decentralized structure and can be im-

plemented in a closed-loop manner; (ii) respects the system operating constraints;

(iii) ensures an efficient and reliable network operation. Recent research in frequency

control of power grids and Internet congestion control has successfully demonstrated

that these systems can be re-engineered using a reverse- and forward-engineering

framework [13, 24, 70, 71, 51]. However, there is not much work investigating the

general network systems – how general the reverse- and forward-engineering approach

is. Specifically, (i) what kind of systems can be reverse-engineered; (ii) if a system

can be reverse-engineered, how to use forward-engineering to do control (re)design.

Chapter 5 will answer both of these questions, concentrating on Linear Time-Invariant

(LTI) systems.

In the first half of Chapter 5, we provide a detailed example of using reverse- and

forward-engineering to solve the real-time economic dispatch problem in power sys-

tems, which considers more realistic operating constraints than the scenario discussed

in Chapter 2. The problem studied here actually shares some similarities with [29]

while the design approaches are completely different. In the second half of this chap-

ter, we generalize this approach to a class of large-scale network systems. In order to

investigate how general this framework is, we establish necessary and sufficient con-

ditions under which a linear dynamic system can be reverse-engineered as a gradient

algorithm to solve an optimization problem. These conditions are characterized using

properties of system matrices and relevant linear matrix inequalities. Lastly, we use

the IEEE 14-bus network to demonstrate the effectiveness of our framework.

1.4 Connections between the Chapters

On the topic relating to power systems, according to the ideology of breaking the

time-scale separation, Chapter 2 focuses on merging and redesigning primary and

secondary frequency control in the power grid via a consensus approach. Chapter 3

goes one step further and considers merging and redesigning primary, secondary and

tertiary frequency control via a primal-dual decomposition approach. In the first half
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of Chapter 5, the problem considered in Chapter 2 is revisited (where more detailed

operating constraints are considered) via reverse- and forward-engineering.

On the topic relating to network congestion control, Chapter 4 proposes a method

to modify existing congestion control algorithms to improve their performance. This

method can also be applied to improve the behaviour of the designed controllers in

Chapters 2 and 3, as illustrated in Section 3.3. On the other hand, the second half

of Chapter 5 generalizes this redesign method and links with the concept of reverse-

and forward-engineering. The topic of optimal steady-state control using reverse- and

forward-engineering is then studied in detail.

Lastly, the thesis is complemented with appendices on Lyapunov stability, syn-

chronization in oscillator networks with non-homogeneous delays, saddle point dy-

namics and primal-dual gradient dynamics, classical loop shaping in Multiple-Input-

Multiple-Output (MIMO) systems, and the proof of Vinnicombe’s Lemma [72] which

is frequently used in this thesis.

1.5 Notation

The notation throughout this thesis is as follows.

|X | is the cardinality of a set X .

x ∈ Rm is a column vector in an m-dimensional Euclidean space Rm, and [x]i

denotes its ith entry. xT (xH) is the transpose (conjugate transpose) of x. x � 0

(x � 0) denotes that all components of a vector x are non-negative (positive). ∇xf(x)

or ∂f
∂x

is the gradient (as a column vector) of a scalar function f ∈ C1 with respect

to x, where Cn is the class of functions that are n times continuously differentiable.

∇2
xf(x) is the Hessian matrix of a scalar function f ∈ C2 with respect to x.

ẋ denotes the derivative of a state variable/vector x with respect to time t, i.e.,

ẋ = d
dt
x(t). x0 denotes the nominal value of a state variable/vector x. x∗ denotes the

equilibrium of a state variable/vector x.

X ∈ Rm×n is an m × n real matrix. diag{?} denotes a diagonal matrix with

corresponding entries ? on the main diagonal, and diag(x) is a diagonal matrix whose

entries are the elements of a vector x. 1 (0) denotes a matrix of ones (zeros) with an

appropriate dimension determined by the context. Im denotes an identity matrix of

size m ×m. tr(X) is the trace of a square matrix X. X � 0 (X � 0) denotes that

a symmetric matrix X is positive semi-definite (positive definite). σ(X) and σ(X)

denote the maximum and minimum nonzero singular values of a matrix X respectively
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(the singular values are the square roots of the eigenvalues of XHX). eig(X) and ρ(X)

denote the spectrum and spectral radius of a square matrix X respectively.

C([a, b],Rm) denotes the Banach space of continuous functions mapping the inter-

val [a, b] into Rm with the topology of uniform convergence. The norm on C([a, b],Rm)

is defined as ‖φ‖ = supa≤θ≤b |φ(θ)| where | · | is a norm in Rm. For σ ∈ R, τ ∈ [0,+∞)

and a ≥ 0, x ∈ C([σ−τ, σ+a],Rm), and t ∈ [σ, σ+a], define xt ∈ C([σ−τ, σ+a],Rm)

as xt(θ) = x(t+ θ), θ ∈ [−τ, 0].

The positive projection of a continuous variable x is ψ(x) = max{0, x}. (h(y))+
x

denotes the positive projection of a function h(y) on a variable x where

(h(y))+
x =

{
h(y) if x > 0
max(0, h(y)) if x = 0

.

Finally, in Chapter 4, j stands for the imaginary unit.

14



Chapter 2

Merging Primary and Secondary
Frequency Control in Power
Systems via a Consensus Approach

Due to increasing uncertainties resulting from renewable energy penetration and vari-

ability in both supply and demand, control and economic optimization for power

networks will need to run on faster time-scales. Moreover, distributed (i.e., communi-

cation with neighbours allowed) and decentralized (i.e., no neighbour communication

allowed) control architectures are necessary as power systems are large-scale networks

with a lot of complexity, which makes centralized control costly, inefficient and hard

to implement.

In this chapter, we merge conventional primary and secondary frequency control

for power systems with (frequency-independent) controllable loads [73], i.e., redesign

the generation control/tie-line bias control [6] and consider controllable loads partic-

ipating in active power regulation, in order to improve the economic efficiency in the

presence of uncertainties. We first obtain the state-space model of a transmission level

network under exogenous disturbances, where each bus represents a control area/an

aggregated bus. We then formulate an optimization problem relating to generator ac-

tive power regulation. The redesign methodology is based on a consensus approach,

and controllable loads are used to improve the performance of the overall system. The

optimality, stability and delay robustness of the redesigned dynamics are studied. We

next extend the redesign to cases where: (i) each bus in the network denotes either a

generator bus (such a bus contains only one synchronous generator/generation unit)

or a load bus (such a bus contains only one load which is an aggregation of a certain

amount of loads/users at the bus it is connected to; alternatively speaking, each load

corresponds to a distribution level network); (ii) controllable loads are involved in the
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optimization problem related to active power regulation. Finally, the performance of

the redesigned control schemes is illustrated by numerical examples.

2.1 Problem Setup

2.1.1 Network Model

Consider a transmission level network with arbitrary topology, described by a con-

nected directed graph (N , E). Here N is the set of buses/areas and E ⊆ N × N is

the set of transmission lines connecting the buses/areas. Each bus locally contains

both a synchronous generator/generation unit and a load which is an aggregation

of a certain amount of loads/users at the bus it is connected to. We number the

buses 1, · · · , n (N = {1, · · · , n}) and the transmission lines 1, · · · , p corresponding to

a lexicographic ordering where p = |E|. Define an orientation from bus i to bus j

if (i, j) ∈ E , i < j. View all buses as voltage sources and let vi∠δi, i ∈ N be the

voltage of each bus, where vi is the voltage magnitude and δi is the voltage phase

angle with respect to the rotating framework of nominal frequency ω0
i , e.g., 2π × 50

rad/s in Europe. Assume that the network is working around a nominal operating

point which is determined by an Economic Dispatch (ED) problem at a more slower

time-scale. We then make a related assumption.

Assumption 2.1 All bus voltage magnitudes are fixed, i.e., vi, i ∈ N are constant.

The resistance of transmission lines is negligible. Reactive power injections and flows

are omitted.

This assumption is reasonable since: (i) we consider the network working around

a nominal operating point, which is determined by an ED problem at a more slower

time-scale; (ii) realistic transmission networks are very close to being lossless [6, 7].

Similar assumptions are also used in [24, 13].

Let ωi = δ̇i, i ∈ N . Load power consumption may depend on either frequency or

voltage magnitude, or both [3]. Since bus voltage magnitudes are fixed under Assump-

tion 2.1, we can distinguish active power loads into three types: frequency-dependent

loads whose power consumption is d
(1)
i +D

(1)
i ωi whereD

(1)
i > 0, frequency-independent

controllable loads (heaters, dryers, lights, etc.) whose power consumption is PLi ,

and frequency-independent uncontrollable loads whose power consumption is d
(2)
i ,

i ∈ N [3, 24]. The dynamics at the buses/areas are given by the swing equations [74]

Miω̇i +D
(0)
i ωi = PMi

− d(1)
i −D

(1)
i ωi − PLi − d

(2)
i − d

(0)
i −

∑
(i,j)∈E

vivjBij sin(δi − δj)

i ∈ N (2.1)
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where Mi > 0 is the generator inertia, D
(0)
i > 0 is the generator damping coefficient,

PMi
is the mechanical power input, d

(0)
i is the disturbance injection, e.g., renewable

energy injections and variations on both supply and demand, and Bij = Bji > 0 is the

susceptance of the transmission line connecting buses i and j. Moreover, in realistic

power systems, each generator contains a turbine-governor system given by [6, 13]

ṖMi
=

1

TTGi

(
PCi − PMi

− ωi
Ri

)
, i ∈ N (2.2)

where PCi is the command/control input to the generator and TTGi , Ri > 0 are

constant parameters. Note that we have simplified the dynamics of the turbine-

governor system using a first-order model as in [13].

To simplify the notation, in the rest of the chapter, all the variables denote de-

viations from their nominal operating values. Let δij = δi − δj, (i, j) ∈ E . Linearize

system (2.1)-(2.2) around the nominal operating point to obtain

Miω̇i +
(
D

(0)
i +D

(1)
i

)
︸ ︷︷ ︸

Di

ωi = PMi
− PLi −

(
d

(0)
i + d

(1)
i + d

(2)
i

)
︸ ︷︷ ︸

di

−
∑

(i,j)∈E

Tijδij, i ∈ N

(2.3a)

δ̇ij = ωi − ωj, (i, j) ∈ E (2.3b)

ṖMi
=

1

TTGi

(
PCi − PMi

− ωi
Ri

)
, i ∈ N (2.3c)

where Tij = v0
i v

0
jBij > 0, (i, j) ∈ E , and each di still denotes the disturbance injection.

Conventionally, each area/bus in the network is equipped with a tie-line bias

controller (i.e., an integral controller to drive the ACE to zero) given by [6]

ṖCi = Ki

(
−Biωi −

∑
(i,j)∈E

Tijδij︸ ︷︷ ︸
Area Control Error (ACE)

)
, i ∈ N (2.4)

where Ki, Bi > 0 are constant (design) parameters. Under the tie-line bias control,

when PLi +di deviates from its nominal value, system (2.3) moves to a new state such

that PMi
= PCi = PLi + di, ωi = 0 and δij = 0 hold, i.e., each bus absorbs its own

disturbances and scheduled interchanges of tie-line power are maintained. However,

this could be economically inefficient as pointed out in [13]. On the other hand, the

use of controllable loads can provide significant added stability and robustness to

power systems, especially under real-time disturbances, contingency and renewable

energy penetration [75, 73]. Due to these reasons, we will redesign the tie-line bias

control and consider the participation of controllable loads in active power regulation.
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We first present the state-space description of system (2.3), which is used to prove

relevant results in this chapter. Let αi = δi − δn, i ∈ N \ {n}, ω = [ω1, · · · , ωn]T ,

α = [α1, · · · , αn−1]T , and σ = [σ1, · · · , σp]T where σk = δij = δi − δj, i < j if the

transmission line (i, j) ∈ E is indexed by k. Let T = diag{Tk} ∈ Rp×p, where

Tk = Tij if the transmission line (i, j) ∈ E is indexed by k. Moreover, we define three

matrices to describe the interconnection structure of the network:

A0 ∈ Rn×p = [aik] =


1 if bus i is connected to a bus j > i

through transmission line indexed by k,
−1 if bus i is connected to a bus j < i

through transmission line indexed by k,
0 otherwise.

(2.5)

A ∈ R(n−1)×p =
[
In−1 0

]
× A0 (2.6)

Γ ∈ Rn×(n−1) =

[
In−1

−1

]
. (2.7)

Lemma 2.1 The following equalities hold:

A0 = ΓA (2.8a)

σ = ATα (2.8b)

σ̇ = AT0 ω. (2.8c)

Proof : Note that A0 is the incidence matrix of the directed graph (N , E). So 1A0 = 0

holds, which means that (2.8a) is true (actually A is the reduced incidence matrix

resulting from A0). Equations (2.8b) and (2.8c) can be verified from the definition

above. A 3-bus (3-area) network in Figure 2.1 illustrates these relations. �

The state-space version of the model is then given by

Mω̇ +Dω = PM − PL − d− A0TA
Tα (2.9a)

α̇ = ΓTω (2.9b)

ṖM = T−1
TG(PC − PM −R−1ω) (2.9c)

where M = diag{Mi} ∈ Rn×n, D = diag{Di} ∈ Rn×n, PM = [PM1 , · · · , PMn ]T , PL =

[PL1 , · · · , PLn ]T , d = [d1, · · · , dn], TTG = diag{TTGi} ∈ Rn×n, PC = [PC1 , · · · , PCn ]T

and R = diag{Ri} ∈ Rn×n.

Remark 2.1 Multiplying AT on both sides of (2.9b) results in (2.8c) which is equiv-

alent to (2.3b). Since the rank of A0 is n − 1 [76], system (2.8c) has a state-space

of dimension n − 1, although σ contains p state variables. So system (2.3) has a

state-space of dimension 3n− 1 which is the same as system (2.9).
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Figure 2.1: A 3-bus (3-area) network (the orientation is indicated by red dashed
arrows).

Remark 2.2 Given PC , PL, d, the equilibrium point of system (2.9) is uniquely deter-

mined as: ω∗ = 1ν where ν ∈ R = 1(PC−PL−d)/(tr(D)+tr(R−1)), P ∗M = PC−R−1ω∗

and

α∗ = (ATAT )−1

[
In−1

0

]T
(PC − PL − d− (D +R−1)1ν)

where ATAT is invertible [76]. On the other hand, given PC , PL, d, the equilibria of

system (2.3) are determined as: ω∗i = ν, P ∗Mi
= PCi −R−1

i ω∗i , i ∈ N and

ATσ∗ =

[
In−1

0

]T
(PC − PL − d− (D +R−1)1ν).

Note that the above equation results in multiple solutions for σ∗ when the graph (N , E)

has mesh topology. However, all practical trajectories of system (2.3) converge to the

unique equilibrium point (ω∗, ATα∗, P ∗M) [24] (Remark 5).

2.1.2 The Optimization Problem

Suppose that a constant disturbance d occurs in the network. As a result, the fre-

quency deviates from its nominal value. It is expected that the generators can adjust

the mechanical power PM to not only balance the supply and demand at each bus

but also to minimize the aggregate power generation cost. These two goals lead to a

steady-state optimization problem given by

min
PM ,α

∑
i∈N

Ci(PMi
) (2.10a)

subject to PM − d− A0TA
Tα = 0 (2.10b)

where Ci(PMi
) is the cost function for the generator at bus i, and d is a given constant.
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Remark 2.3 The reason why PL is not included in (2.10b) is the following: (i) the

disturbance is expected to be cleared through only generation control, as in the standard

tie-line bias control [6]; (ii) according to [24], controllable loads can participate in

primary frequency control under proportional actions, which could result in better

transient performance; (iii) the use of proportional control for controllable loads leads

to a completely decentralized scheme; (iv) if using proportional control for controllable

loads, PL = 0 holds after the disturbance is cleared by generators. So we have excluded

PL in (2.10b), and moreover, we will use proportional actions for controllable loads.

For problem (2.10), we have a related assumption.

Assumption 2.2 Each Ci(PMi
) is of quadratic form, i.e., Ci(PMi

) = 1
2
ciP

2
Mi

+

bPMi
, b > 0, ci > 0, i ∈ N . Problem (2.10) is feasible.

This assumption is supported as follows. First, cost functions with quadratic form
1
2
cmP

2
m + bmPm, where bm > 0, cm > 0 and Pm is the mechanical power input, are

widely used for generators [6, 16]. Let Ci(PMi
) = 1

2
ciP

2
Mi

+ biPMi
where bi > 0, ci >

0, i ∈ N . Note that we consider the network operating around a nominal state, i.e.,

for each generator, PMi
denotes a deviation from its nominal operating value P 0

Mi
. If

there is no disturbance, i.e., d = 0, the system should stay at the nominal state so

that [P ∗TM , α∗T ]T = 0 is the optimal solution of problem (2.10). Since problem (2.10)

is a convex problem with linear equality constraints, we can then obtain from its

Karush-Kuhn-Tucker (KKT) conditions [77] that bi = bj, (i, j) ∈ E . Finally, the

feasibility of the problem is a necessary assumption.

Remark 2.4 Adding (2.10b) results in 1(PM − d) = 0, which indicates that ω = 0

and PC = PM hold in steady state for system (2.9). Based on Remark 2.2 (α can be

uniquely derived given PC , PL = 0, d), problem (2.10) can be reformulated as

min
PC

∑
i∈N

Ci(PCi) (2.11a)

subject to 1(PC − d) = 0 (2.11b)

regardless of PM , α. Under Assumption 2.2, the objective function becomes∑
i∈N

1

2
ciP

2
Ci

+ bPCi =
∑
i∈N

1

2
ciP

2
Ci

+ b1d

which indicates that the choice of b does not affect the optimal solution. Moreover, ci

is chosen to be equal to c0
i in the global cost function of the generator at bus i, i.e.,

C0
i (P 0

Mi
+ PMi

) = 1
2
c0
i (P

0
Mi

+ PMi
)2 + b0

i (P
0
Mi

+ PMi
), where b0

i > 0, c0
i > 0, i ∈ N .
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The goal is to redesign the tie-line bias control (i.e., redesign ṖC) so that it asymp-

totically stabilizes system (2.9) under disturbance injection d and the equilibria are

the optimal solutions of the optimization problem (2.10)/(2.11). Note that solv-

ing (2.10)/(2.11) only leads to economic efficiency for secondary frequency control,

which is different from solving an ED problem in tertiary control.

2.2 Redesign Methodology, Stability and Delay Ro-

bustness

2.2.1 Redesign Methodology

We first focus on the optimization problem (2.11). Since it is a strictly convex problem

with a linear equality constraint under Assumption 2.2, strong duality holds and the

KKT conditions are necessary and sufficient conditions for optimality [77], given by

ciPCi = cjPCj , (i, j) ∈ E (2.12a)

1(PC − d) = 0 (2.12b)

where (2.12a) indicates that the marginal costs of generators should be same at the

optimal point. Recall the conventional tie-line bias control (2.4). It is actually an

integral controller which aims to drive −Biωi −
∑

(i,j)∈E Tijδij to zero. To keep the

modification small, we replace this term by terms from the KKT conditions so that

optimality is achieved at the equilibria:

ṖCi = Bi(PMi
− PCi)−Ki

∑
(i,j)∈E

(ciPCi − cjPCj), i ∈ N (2.13)

where we have changed the positions of Bi, Ki since they are design parameters.

Compared to the conventional tie-line bias control which is decentralized (among all

control areas), the redesigned control scheme requires information exchange between

neighbouring buses as illustrated in Figure 2.2, which is distributed. The communi-

cation can be carried out via the Wide-Area Network (WAN) [78].

In addition to redesigning ṖCi , we consider the participation of controllable loads

and use proportional control to regulate them as discussed in Remark 2.3:

PLi = PLi(kpi , ωi, ωi, PLi
, PLi), i ∈ N (2.14)

where kpi ≥ 0 is the proportional gain and PLi(·) is now a nonlinear function with

dead zone (parameterized by ωi, ωi, ωi ≤ 0 ≤ ωi) and saturation (parameterized by
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Figure 2.2: Information exchange illustration for a 3-bus network.

Figure 2.3: PLi(·), i ∈ N with nonlinear characteristics.

PLi
, PLi , PLi

≤ 0 ≤ PLi) characteristics, shown in Figure 2.3. These loads actually

add damping to the system. Finally, the closed-loop system dynamics in state-space

form are given by

Mω̇ +Dω = PM − PL − d− A0TA
Tα (2.15a)

α̇ = ΓTω (2.15b)

ṖM = T−1
TG(PC − PM −R−1ω) (2.15c)

ṖC = B(PM − PC)−KA0A
T
0CPC (2.15d)

where B = diag{Bi} ∈ Rn×n, K = diag{Ki} ∈ Rn×n, C = diag{ci} ∈ Rn×n, and PLi ,

i.e., the entry of PL, is given by (2.14).

2.2.2 Main Results

We now present results relating to the optimality, stability and delay robustness of

system (2.15).

Theorem 2.1 Given a constant d, under Assumption 2.2, the equilibrium point of the

overall system (2.15) is unique and (P ∗M , α
∗) is the optimal solution of problem (2.10).
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Proof : At the equilibrium, we have

1(Dω∗ − P ∗M + P ∗L + d) = 0

ω∗i = ω∗j , (i, j) ∈ E

P ∗C − P ∗M −R−1ω∗ = 0

1K−1B(P ∗M − P ∗C) = 0

which result in ω∗ = 0, P ∗L = 0,1(P ∗M − d) = 0, P ∗C = P ∗M and A0A
T
0CP

∗
C = 0. Using

Lemma 2.1, the last equation leads to P ∗TC CΓAATΓTCP ∗C = 0. Since AAT is positive

definite [76], we then have ΓTCP ∗M = ΓTCP ∗C = 0. Therefore, (P ∗M , α
∗) is the unique

optimal solution of problem (2.10). According to Remark 2.2, the equilibrium point

of the overall system (2.15) is unique. �

Theorem 2.1 shows that the redesigned control scheme can ensure optimality for

the network in the steady state. We then prove convergence, i.e. the stability of the

overall system.

Theorem 2.2 Given a constant d, under Assumption 2.2, starting from any feasible

initial point, the trajectories generated by (2.15) converge to its unique equilibrium

point if K = κCR−1B where κ > 0.

Proof : Define a candidate Lyapunov function for the overall system as

V(2.15) =
1

2
ωTMω +

1

2
(α− α∗)TATAT (α− α∗) +

1

2
(PM − P ∗M)TTTGR(PM − P ∗M)

+
1

2
(PC − P ∗C)TB−1R(PC − P ∗C). (2.16)

If K = κCR−1B, we have

V̇(2.15) =− ωTDω − P T
L ω − (PM − PC)TR(PM − PC)− κ(ΓTCPC)TAAT (ΓTCPC)

≤0 (2.17)

where P T
L ω ≥ 0 always holds. On the other hand, V̇(2.15) = 0 only when ω = PL =

0, PM = PC ,Γ
TCPC = 0, which only happens at the equilibrium point. Since V(2.15)

is radially unbounded, using Krasovskii–LaSalle principle [79], the equilibrium point

is globally asymptotically stable. �

We next study delay robustness of the redesigned dynamics (2.15). As described

previously, the implementation of the proposed generation control requires commu-

nication between neighbouring buses carried out via the WAN. So delays could occur

in the network.
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Consider the case in which the system is operating under finite communication

delays, given by τji > 0 if a signal is passed from bus j to bus i. System (2.15) now

becomes

Mω̇(t) = −Dω(t) + PM(t)− PL(t)− d− A0TA
Tα(t) (2.18a)

α̇(t) = ΓTω(t) (2.18b)

ṖM(t) = T−1
TG(PC(t)− PM(t)−R−1ω(t)) (2.18c)

ṖCi(t) = Bi(PMi
(t)− PCi(t))−Ki

∑
(i,j)∈E

(ciPCi(t)− cjPCj(t− τji)), i ∈ N (2.18d)

where PCi(θ) = φi(θ), θ ∈ [−h, 0], φi ∈ C([−h, 0],R), i ∈ N and h = max(i,j)∈E{max{τij,
τji}}. Note that we do not require τij = τji. For the optimality and stability of sys-

tem (2.18), we have the following theorem.

Theorem 2.3 Given a constant d, under Assumption 2.2, the equilibrium point of

system (2.18) is unique and globally asymptotically stable if K = κCR−1B where

κ > 0. Moreover, (P ∗M , α
∗) is the optimal solution of problem (2.10).

Proof : It is sufficient to show the global asymptotic stability of the equilibrium.

Define a candidate Lyapunov-Krasovskii functional as

V(2.18)(t) =
1

2
ω(t)TMω(t) +

1

2
(α(t)− α∗)TATAT (α(t)− α∗)

+
1

2
(PM(t)− P ∗M)TTTGR(PM(t)− P ∗M) +

1

2
(PC(t)− P ∗C)TB−1R(PC(t)− P ∗C)

+
κ

2

∑
(i,j)∈E

(∫ t

t−τji
(cjPCj(β)− cjP ∗Cj)

2dβ +

∫ t

t−τij
(ciPCi(β)− ciP ∗Ci)

2dβ

)
(2.19)

where κ > 0. We move the equilibrium point to the origin and continue to use the

same variable names, however, these are now deviations from the equilibrium point.

Let K = κCR−1B. Differentiating V(2.18) with respect to time, we get

V̇(2.18)(t) =− ω(t)TDω(t)− PL(t)Tω(t)− (PM(t)− PC(t))TR(PM(t)− PC(t))

− κ

2

∑
(i,j)∈E

(
(ciPCi(t)− cjPCj(t− τji))2 + (cjPCj(t)− ciPCi(t− τij))2

)
≤0. (2.20)

Moreover, V̇(2.18)(t) = 0 yields ω(t) = PL(t) = 0, PM(t) = PC(t), ciPCi(t) = cjPCj(t−
τji) and ciPCi(t − τij) = cjPCj(t), (i, j) ∈ E . Substituting them into (2.18), we ob-

tain that PM(t), PC(t) are constant, which only happens at the equilibrium point.
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Since V(2.18) is radially unbounded, using LaSalle’s invariance principle for time-delay

systems [80], the equilibrium point is globally asymptotically stable. �

Theorem 2.3 indicates that the global asymptotic stability of the overall system

is independent of (finite) delays by choosing K = κCR−1B where κ > 0. This is also

the nominal stability condition given in Theorem 2.2.

2.2.3 Discussion

It is worth noting that the designed controller (2.13) (Equation (2.18d) for the delayed

case) can be interpreted as a modified version of the Kuramoto Model [81]:

ẋi = yi −
N∑
i=1

Aij sin(xi − xj)

ẋi(t) = yi(t)−
N∑
i=1

Aij sin(xi(t)− xj(t− τji))

where there are N coupled oscillators with phases xi ∈ [0, 2π] and natural frequencies

yi, Aij is the coupling strength between neighbouring oscillators (i, j), and τji > 0 is

the delay in the coupling from j to i. When system (2.15) (system (2.18) for the de-

layed case) achieves optimality, i.e., the optimization problem (2.10)/(2.11) is solved,

the dynamics (2.13) (Equation (2.18d) for the delayed case) achieve consensus [82]

given by (2.12a). Moreover, the proofs relating to stability are similar to those for

the Kuramoto Model shown in [81] (see the Appendix).

2.3 Extensions

In this section, we show two direct extensions of the proposed redesign framework.

2.3.1 Topology

Firstly, consider a transmission level network with arbitrary topology, described by a

connected directed graph (G
⋃
L, E). Here G is the set of generator buses, L is the set

of load buses, and E ⊆ (G
⋃
L)×(G

⋃
L) is the set of transmission lines connecting the

buses. Each generator bus contains only one synchronous generator/generation unit,

and each load bus contains only one load which is an aggregation of a certain amount

of loads/users at the bus it is connected to. This can be realized through introducing

fictitious buses which in fact represent the internal generation voltages [74]. An

example is shown in Figure 2.4. The advantage of using the transformation is that
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generators and loads can be partitioned into different groups (i.e., generator buses and

load buses) so that the control design for them can be distinguished. Note that the

proposed design frameworks in this thesis can be naturally applied to the case where

there exist buses containing both a synchronous generator and a load.

Figure 2.4: An example of topology transformation. Left: before. Right: after.

We number the generator buses 1, · · · ,m (G = {1, · · · ,m}), the load buses m +

1, · · · ,m+n (L = {m+1, · · · ,m+n}), and the transmission lines 1, · · · , p corresponding

to a lexicographic ordering where p = |E|. Define an orientation from bus i to bus j

if (i, j) ∈ E , i < j. View all buses as voltage sources and let vi∠δi, i ∈ G
⋃
L be the

voltage of each bus, where vi is the voltage magnitude and δi is the voltage phase angle

with respect to the rotating framework of nominal frequency ω0
i , e.g., 2π × 50 rad/s

in Europe. Assume that the network is working around a nominal operating point

which is determined by an ED problem at a more slower time-scale. Assumption 2.1

is modified as follow.

Assumption 2.3 All bus voltage magnitudes are fixed, i.e., vi, i ∈ G
⋃
L are con-

stant. The resistance of transmission lines is negligible. Reactive power injections

and flows are omitted.

Similar to Equations (2.1)-(2.3), we use the linearized Structure Preserving Model

(SPM) with frequency-dependent active power loads as the dynamics of the network,

given by [74, 13]
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Miω̇i +Diωi = PMi
− di −

∑
(i,j)∈E

Tijδij, i ∈ G (2.21a)

Diωi = −PLi − di −
∑

(i,j)∈E

Tijδij, i ∈ L (2.21b)

δ̇ij = ωi − ωj, (i, j) ∈ E (2.21c)

ṖMi
=

1

TTGi

(
PCi − PMi

− ωi
Ri

)
, i ∈ G (2.21d)

where all states and coefficients retain the same meaning as in Equation (2.3) (now

Di > 0, i ∈ G is the generator damping coefficient and Di > 0, i ∈ L is the frequency-

dependent load damping coefficient). To obtain the state-space description of sys-

tem (2.21), let αi = δi − δm+n, i ∈ G
⋃
L \ {m + n}, ωg = [ω1, · · · , ωm]T , ωl =

[ωm+1, · · · , ωm+n]T , and α = [α1, · · · , αm+n−1]T . Moreover, σ, T,A0 ∈ R(m+n)×p, A ∈
R(m+n−1)×p are defined similarly as before. Define Γ1,Γ2 to be

Γ1 ∈ Rm×(m+n−1) =
[
Im 0

]
(2.22)

Γ2 ∈ Rn×(m+n−1) =

[
0 In−1

−1

]
. (2.23)

Then the results in Lemma 2.1 still hold in this case with Equation (2.8a) changing

to A0 =

[
Γ1

Γ2

]
A. An example is shown in Figure 2.5.

Finally, we obtain the state-space version of the model:

Mω̇g +Dgωg = PM − dg − Γ1ATA
Tα (2.24a)

α̇ = ΓT1 ωg + ΓT2 ωl (2.24b)

ωl = D−1
l (−PL − dl − Γ2ATA

Tα) (2.24c)

ṖM = T−1
TG(PC − PM −R−1ωg) (2.24d)

where M = diag{Mi} ∈ Rm×m, Dg = diag{D1, · · · , Dm}, PM = [PM1 , · · · , PMm ]T ,

dg = [d1, · · · , dm], Dl = diag{Dm+1, · · · , Dm+n}, PL = [PLm+1 , · · · , PLm+n ]T , dl =

[dm+1, · · · , dm+n], TTG = diag{TTGi} ∈ Rm×m, PC = [PC1 , · · · , PCm ]T , R = diag{Ri} ∈
Rm×m.

Remark 2.5 Multiplying AT on both sides of (2.24b) results in σ̇ = AT0 ω (ω =

[ω1, · · · , ωm+n]T ) which is equivalent to (2.21c). Since the rank of A0 is m+n−1 [76],

system σ̇ = AT0 ω has a state-space of dimension m + n − 1, although σ contains p

state variables. So system (2.21) has a state-space of dimension 3m+n−1 (note that

this system is described by differential algebraic equations which can be rearranged as

only differential equations) which is the same as system (2.24).
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Figure 2.5: A 6-bus network (the orientation is indicated by red dashed arrows, and
ω = [ω1, · · · , ωm+n]T ).

Remark 2.6 Given PC , PL, dg, dl, the equilibrium point of system (2.24) is uniquely

determined as: ω∗g = 1ν where ν ∈ R = (1(PC−dg)−1(PL+dl))/(tr(Dg)+ tr(R−1)+

tr(Dl)), P ∗M = PC −R−1ω∗g and

α∗ = (ATAT )−1

[
Im+n−1

0

]T [
PC − dg − (Dg +R−1)1ν
−PL − dl −Dl1ν

]
where ATAT is invertible [76]. On the other hand, given PC , PL, dg, dl, the equilibria

of system (2.21) are determined as: ω∗i = ν, P ∗Mi
= PCi −R−1

i ω∗i , i ∈ G and

ATσ∗ =

[
Im+n−1

0

]T [
PC − dg − (Dg +R−1)1ν
−PL − dl −Dl1ν

]
.

Note that the above equation results in multiple solutions for σ∗ when the graph

(G
⋃
L, E) has mesh topology. However, all practical trajectories of system (2.21)

converge to the unique equilibrium point (ω∗g , A
Tα∗, P ∗M) [24] (Remark 5).

Similar to (2.10), we consider the steady-state optimization problem given by

min
PM ,α

∑
i∈G

Ci(PMi
) (2.25a)

subject to PM − dg − Γ1ATA
Tα = 0 (2.25b)

− dl − Γ2ATA
Tα = 0 (2.25c)

where Ci(PMi
) is the cost function for each generator, and dg, dl are given constants.

As before, we design the following controller for generators and controllable loads:
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ṖCi = Bi(PMi
− PCi)−Ki

∑
(i,j)∈E

(ciPCi − cjPCj), i ∈ G (2.26a)

ṖCi = −Ki

∑
(i,j)∈E

(ciPCi − cjPCj), i ∈ L (2.26b)

PLi = PLi(kpi , ωi, ωi, PLi
, PLi), i ∈ L (2.26c)

where Bi > 0, i ∈ G, Ki > 0, i ∈ G
⋃
L, PCi , i ∈ L are auxiliary variables, ci =

1, i ∈ L, and PLi(·) is given by (2.14). The above control scheme requires information

exchange between neighbouring buses as illustrated in Figure 2.6, which is distributed

(while the control for loads is decentralized). It is clear to see that the benefit of

introducing ciPCi , i ∈ L is to keep communication only between neighbouring buses.

Figure 2.6: Information exchange illustration for a 6-bus network.

The closed-loop system in state-space form is then given by

Mω̇g +Dgωg = PM − dg − Γ1ATA
Tα (2.27a)

α̇ = ΓT1 ωg + ΓT2D
−1
l (−PL − dl − Γ2ATA

Tα) (2.27b)

ṖM = T−1
TG(PC − PM −R−1ωg) (2.27c)

ṖC = B(PM − PC)−
[
Im
0

]T
KA0A

T
0

[
CPC
P ′C

]
(2.27d)

Ṗ ′C = −
[

0
In

]T
KA0A

T
0

[
CPC
P ′C

]
(2.27e)
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where B = diag{Bi} ∈ Rm×m, K = diag{Kg, Kl}, Kg = diag{K1, · · · , Km}, Kl =

diag{Km+1, · · · , Km+n}, C = diag{ci} ∈ Rm×m, P ′C = [PCm+1, · · · , PCm+n ]T , and PLi ,

i.e., the entry of PL, is given by (2.14). Based on Theorems 2.1-2.2, the following

proposition is immediate.

Proposition 2.1 Given constant dg, dl, under Assumption 2.2 (problem (2.25) is

feasible), the equilibrium point of system (2.27) is unique and globally asymptotically

stable if Kg = κCR−1B and Kl = κIn hold where κ > 0. Moreover, (P ∗M , α
∗) is the

optimal solution of problem (2.25).

Proof : The proof of uniqueness and optimality of the equilibrium point is similar to

that of Theorem 2.1. The proof of stability of the equilibrium point is similar to that

of Theorem 2.2, by replacing the candidate Lyapunov function V(2.15) with

V(2.27) =
1

2
ωTgMωg +

1

2
(α− α∗)TATAT (α− α∗) +

1

2
(PM − P ∗M)TTTGR(PM − P ∗M)

+
1

2
(PC − P ∗C)TB−1R(PC − P ∗C) +

1

2
(P ′C − P ′∗C )T (P ′C − P ′∗C ) (2.28)

for which

V̇(2.27) =− ωTg Dgωg − ωTl Dlωl − P T
L ωl − (PM − PC)TR(PM − PC)

− κ
[
CPC
P ′C

]T [
Γ1

Γ2

]
AAT

[
Γ1

Γ2

]T [
CPC
P ′C

]
≤ 0 (2.29)

when Kg = κCR−1B and Kl = κIn hold where κ > 0. �

Now consider the case in which the system is operating under finite communication

delays, given by τji > 0 if a signal is passed from bus j to bus i. System (2.27) then

becomes

Mω̇g(t) = −Dgωg(t) + PM(t)− dg − Γ1ATA
Tα(t) (2.30a)

α̇(t) = ΓT1 ωg(t) + ΓT2D
−1
l (−PL(t)− dl − Γ2ATA

Tα(t)) (2.30b)

ṖM(t) = T−1
TG(PC(t)− PM(t)−R−1ωg(t)) (2.30c)

ṖCi(t) = Bi(PMi
(t)− PCi(t))−Ki

∑
(i,j)∈E

(ciPCi(t)− cjPCj(t− τji)), i ∈ G (2.30d)

ṖCi(t) = −Ki

∑
(i,j)∈E

(ciPCi(t)− cjPCj(t− τji)), i ∈ L (2.30e)

where PCi(θ) = φi(θ), θ ∈ [−h, 0], φi ∈ C([−h, 0],R), i ∈ G
⋃
L and h = max(i,j)∈E

{max{τij, τji}}. Note that we do not require τij = τji. The next proposition follows

from Theorem 2.3.

30



Proposition 2.2 Given constant dg, dl, under Assumption 2.2 (problem (2.25) is

feasible), the equilibrium point of system (2.30) is unique and globally asymptotically

stable if Kg = κCR−1B and Kl = κIn hold where κ > 0. Moreover, (P ∗M , α
∗) is the

optimal solution of problem (2.25).

Proof : The proof of this proposition is similar to that of Theorem 2.3 by replacing

the candidate Lyapunov-Krasovskii functional V(2.18)(t) with

V(2.30)(t) =
1

2
ωg(t)

TMωg(t) +
1

2
(α(t)− α∗)TATAT (α(t)− α∗)

+
1

2
(PM(t)− P ∗M)TTTGR(PM(t)− P ∗M)

+
1

2
(PC(t)− P ∗C)TB−1R(PC(t)− P ∗C) +

1

2
(P ′C(t)− P ′∗C )T (P ′C(t)− P ′∗C )

+
κ

2

∑
(i,j)∈E

(∫ t

t−τji
(cjPCj(β)− cjP ∗Cj)

2dβ +

∫ t

t−τij
(ciPCi(β)− ciP ∗Ci)

2dβ

)
(2.31)

where κ > 0, for which

V̇(2.30)(t) =− ωg(t)TDgωg(t)− ωl(t)TDlωl(t)− PL(t)Tωl(t)

− (PM(t)− PC(t))TR(PM(t)− PC(t))

− κ

2

∑
(i,j)∈E

(
(ciPCi(t)− cjPCj(t− τji))2 + (cjPCj(t)− ciPCi(t− τij))2

)
≤0 (2.32)

when Kg = κCR−1B and Kl = κIn hold. �

Proposition 2.2 indicates that the global asymptotic stability of the overall system

is independent of (finite) delays by choosing Kg = κCR−1B and Kl = κIn where

κ > 0. This is also the nominal stability condition given in Proposition 2.1.

2.3.2 Controllable Load Participation

Secondly, we include controllable loads in the optimization problem related to active

power regulation. Problem (2.25) is reformulated as

min
PM ,PL,α

∑
i∈G

Ci(PMi
)−

∑
i∈L

Ui(PLi) (2.33a)

subject to PM − dg − Γ1ATA
Tα = 0 (2.33b)

− PL − dl − Γ2ATA
Tα = 0 (2.33c)
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where Ui(PLi) is the utility function for each controllable load, and other variables

retain the same meaning as in problem (2.25). We do not add capacity constraints for

controllable loads since it is convenient to extend the proposed redesign framework

in this case. In Chapter 5, we will revisit the scenario in which capacity constraints

are considered for generators, controllable loads and transmission lines.

As before, we have a related assumption for problem (2.33) (the following assump-

tion will be relaxed in Chapter 5).

Assumption 2.4 Each Ci(PMi
) is of quadratic form, i.e., Ci(PMi

) = 1
2
ciP

2
Mi

+

bPMi
, b > 0, ci > 0, i ∈ G. Also, each Ui(PLi) is of quadratic form, i.e., Ui(PLi) =

−1
2
ciP

2
Li

+ bPLi , ci > 0, i ∈ L. Problem (2.33) is feasible.

This assumption is reasonable as: (i) cost and utility functions with quadratic

form are widely used for generators and loads [16, 83]; (ii) if there is no distur-

bance, i.e., dg = 0, dl = 0, the system should stay at the nominal state so that

[P ∗TM , P ∗TL , α∗T ]T = 0 is the optimal solution of problem (2.33), which leads to the

same first-order coefficient in the cost and utility functions; (iii) the feasibility of the

problem is necessary. As before, we design the following controller for generators and

controllable loads:

ṖCi = Bi(PMi
− PCi)−Ki

∑
(i,j)∈E

(ciPCi − cjPCj), i ∈ G (2.34a)

ṖLi = Biωi +Ki

∑
(i,j)∈E

(ciPCi − cjPCj), i ∈ L (2.34b)

where Bi > 0, Ki > 0, i ∈ G
⋃
L, PCi , i ∈ L are auxiliary variables satisfying PCi =

−PLi . In this control scheme, controllable loads measure bus frequency deviations

and use information from neighbouring buses (as illustrated in Figure 2.6) to adjust

active power consumption. The control scheme is completely distributed.

Remark 2.7 Similar to Remark 2.4, problem (2.33) can be reformulated as

min
PC ,PL,α

∑
i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi)

subject to 1(PC − dg)− 1(PL + dl) = 0

regardless of PM , α. The corresponding KKT conditions are given by

ciPCi = cjPCj , i, j ∈ G, (i, j) ∈ E

ciPCi = −cjPLj , i ∈ G, j ∈ L, (i, j) ∈ E

ciPLi = cjPLj , i, j ∈ L, (i, j) ∈ E

1(PC − dg)− 1(PL + dl) = 0.
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It is clear to see that introducing PCi , i ∈ L simplifies Equation (2.34).

The closed-loop system in state-space form is then given by

Mω̇g +Dgωg = PM − dg − Γ1ATA
Tα (2.35a)

α̇ = ΓT1 ωg + ΓT2D
−1
l (−PL − dl − Γ2ATA

Tα) (2.35b)

ṖM = T−1
TG(PC − PM −R−1ωg) (2.35c)

ṖC = Bg(PM − PC)−
[
Im
0

]T
KA0A

T
0

[
CgPC
−ClPL

]
(2.35d)

ṖL = BlD
−1
l (−PL − dl − Γ2ATA

Tα) +

[
0
In

]T
KA0A

T
0

[
CgPC
−ClPL

]
. (2.35e)

In the above system, Bg = {B1, · · · , Bm}, Bl = {Bm+1, · · · , Bm+n}, K = diag{Kg, Kl},
Kg = diag{K1, · · · , Km}, Kl = diag{Km+1, · · · , Km+n}, Cg = diag{c1, · · · , cm}, Cl =

diag{cm+1, · · · , cm+n}, and other variables remain the same as in (2.27). Based on

Theorems 2.1-2.2, the following proposition is immediate.

Proposition 2.3 Given constant dg, dl, under Assumption 2.4, the equilibrium point

of system (2.35) is unique and globally asymptotically stable if Kg = κCgR
−1Bg and

Kl = κClBl hold where κ > 0. Moreover, (P ∗M , P
∗
L, α

∗) is the optimal solution of

problem (2.33).

Proof : The proof of uniqueness and optimality of the equilibrium point is similar to

that of Theorem 2.1. The proof of stability of the equilibrium point is similar to that

of Theorem 2.2, by replacing the candidate Lyapunov function V(2.15) with

V(2.35) =
1

2
ωTgMωg +

1

2
(α− α∗)TATAT (α− α∗) +

1

2
(PM − P ∗M)TTTGR(PM − P ∗M)

+
1

2
(PC − P ∗C)TB−1

g R(PC − P ∗C) +
1

2
(PL − P ∗L)TB−1

l (PL − P ∗L) (2.36)

for which

V̇(2.35) =− ωTg Dgωg − ωTl Dlωl − (PM − PC)TR(PM − PC)

− κ
[
CgPC
−ClPL

]T [
Γ1

Γ2

]
AAT

[
Γ1

Γ2

]T [
CgPC
−ClPL

]
≤ 0 (2.37)

when Kg = κCgR
−1Bg and Kl = κClBl hold where κ > 0. �

We now consider the case in which the system is operating under finite communi-

cation delays, given by τji > 0 if a signal is passed from bus j to bus i. System (2.35)

then becomes
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Mω̇g(t) = −Dgωg(t) + PM(t)− dg − Γ1ATA
Tα(t) (2.38a)

α̇(t) = ΓT1 ωg(t) + ΓT2D
−1
l (−PL(t)− dl − Γ2ATA

Tα(t)) (2.38b)

ṖM(t) = T−1
TG(PC(t)− PM(t)−R−1ωg(t)) (2.38c)

ṖCi(t) = Bi(PMi
(t)− PCi(t))−Ki

∑
(i,j)∈E

(ciPCi(t)− cjPCj(t− τji)), i ∈ G (2.38d)

ṖLi(t) = Biωi(t) +Ki

∑
(i,j)∈E

(ciPCi(t)− cjPCj(t− τji)), i ∈ L (2.38e)

where PCi(θ) = φi(θ), θ ∈ [−h, 0], φi ∈ C([−h, 0],R), i ∈ G
⋃
L and h = max(i,j)∈E

{max{τij, τji}}. Note that we do not require τij = τji. The following proposition

follows from Theorem 2.3 immediately.

Proposition 2.4 Given constant dg, dl, under Assumption 2.4, the equilibrium point

of system (2.38) is unique and globally asymptotically stable if Kg = κCgR
−1Bg and

Kl = κClBl hold where κ > 0. Moreover, (P ∗M , P
∗
L, α

∗) is the optimal solution of

problem (2.33).

Proof : The proof of this proposition is similar to that of Theorem 2.3 by replacing

the candidate Lyapunov-Krasovskii functional V(2.18)(t) with

V(2.38)(t) =
1

2
ωg(t)

TMωg(t) +
1

2
(α(t)− α∗)TATAT (α(t)− α∗)

+
1

2
(PM(t)− P ∗M)TTTGR(PM(t)− P ∗M)

+
1

2
(PC(t)− P ∗C)TB−1

g R(PC(t)− P ∗C) +
1

2
(PL(t)− P ∗L)TB−1

l (PL(t)− P ∗L)

+
κ

2

∑
(i,j)∈E

(∫ t

t−τji
(cjPCj(β)− cjP ∗Cj)

2dβ +

∫ t

t−τij
(ciPCi(β)− ciP ∗Ci)

2dβ

)
(2.39)

where κ > 0, for which

V̇(2.38)(t) =− ωg(t)TDgωg(t)− ωl(t)TDlωl(t)− (PM(t)− PC(t))TR(PM(t)− PC(t))

− κ

2

∑
(i,j)∈E

(
(ciPCi(t)− cjPCj(t− τji))2 + (cjPCj(t)− ciPCi(t− τij))2

)
≤0 (2.40)

when Kg = κCgR
−1Bg and Kl = κClBl hold. �

Proposition 2.4 indicates that the global asymptotic stability of the overall system

is independent of (finite) delays by choosing Kg = κCgR
−1Bg and Kl = κClBl where

κ > 0. This is also the nominal stability condition given in Proposition 2.3.
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2.4 Numerical Investigations

2.4.1 Example 1

We first present a numerical example using the 3-bus (3-area) network illustrated in

Figure 2.1. Table 2.1 shows the parameter values of the overall system and K =

κCR−1B. We consider a scenario consisting of two disturbances, which is realized as

Table 2.1: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter Value(p.u.)
Mi 10, 8, 6 Di 1.5, 3, 2
Tk 100, 120, 110 TTGi 5, 4, 6
Ri 0.05, 0.05, 0.05 Bi 2, 2, 2

Function Expression Parameter Value(p.u.)

C1(PM1) 0.05P 2
M1

+ 5PM1 PL1
, PL1 −20, 20

C2(PM2) 0.1P 2
M2

+ 5PM2 PL2
, PL2 −10, 10

C3(PM3) 0.15P 2
M3

+ 5PM3 PL3
, PL3 −15, 15

All ωi, ωi 0

Gain Value(p.u.) Parameter Value(s)
κ 0.5 All τij 10

follows: the system is stabilized at the nominal operating point at t = 0s; at t = 10s,

there is a 10 per unit (p.u.) step change of load consumption at bus 1; after 50s, we

make a −20p.u. step change of load consumption at bus 3. Both of these changes in

practice represent variations on the demand side. The simulation results are shown

in Figure 2.7.

From Figure 2.7 we see that under disturbances, the redesigned controller drives

the network to a more economically efficient operating point compared with the con-

ventional tie-line bias control. Here we have used the dynamics

ṖCi = −Biωi −Ki

∑
(i,j)∈E

Tijδij, i ∈ N

in the tie-line bias control. Moreover, the introduction of controllable loads can im-

prove the transient behaviour of the overall system. As the proportional gain kpi (we

have used a common proportional gain in this example) increases, the oscillations

decrease and then vanish. Note that large kpi slows down the response speed of the

overall system. When the effect of delays is considered, the redesigned dynamics still

converge to the economically optimal operating point, as illustrated in Figure 2.8.
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Figure 2.7: Responses of system (2.15) (dashdot lines for kpi = 0, solid lines for
kpi = 10, and dashed lines for kpi = 50) and system (2.9) with the Tie-line Bias
Control (dotted lines for TBC). Top left: mechanical power (deviations) at each bus.
Top right: frequency (deviations) at each bus. Bottom: generation cost (deviations).

Furthermore, the participation of controllable loads can improve the transient perfor-

mance of the overall network. We still see that there is a trade-off for the choice of

kpi , relating to oscillations and response speed.

2.4.2 Example 2

In the second example, we consider the 6-bus network illustrated in Figure 2.5 and

compare systems (2.27) and (2.35) (systems (2.30) and (2.38) in the delayed case)

under a same scenario. Table 2.2 shows the parameter values of the overall system.

The scenario consists of two disturbances, which is realized as follows: the system is

stabilized at the nominal operating point at t = 0s; at t = 10s, there is a −3p.u. step

change at bus 1; after 50s, we make a 1p.u. step change at bus 3. The simulation

results of systems (2.27), (2.30), (2.35), and (2.38) are shown in Figures 2.9-2.12

respectively.
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Figure 2.8: Responses of system (2.18) (dashdot lines for kpi = 0, solid lines for
kpi = 10, and dashed lines for kpi = 50) under a 10s single delay, and system (2.9)
with the Tie-line Bias Control (dotted lines for TBC). Top left: mechanical power
(deviations) at each bus. Top right: frequency (deviations) at each bus. Bottom:
generation cost (deviations).

From Figures 2.9 and 2.10, we can see that the introduction of controllable loads

can improve the transient behaviour of the overall system in both undelayed and

delayed cases. As the proportional gain kpi (we have used a common proportional

gain in this example) increases, the oscillations decrease. As before, large kpi slows

down the response speed of the overall system. On the other hand, when controllable

loads are involved in the optimization problem, the operation cost decreases as shown

in Figures 2.13 and 2.14. Note than in order to compare the operation cost under

the same condition, it is necessary to set PLi
= −∞, PLi =∞, ωi = ωi = 0, i ∈ L in

systems (2.27) and (2.30).
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Table 2.2: Parameters of the four systems.

Parameter Value(p.u.) Parameter Value(p.u.)
Mi 10, 8 Di 2, 1.5, 1, 0.8, 0.3, 0.5
Tk 24, 25, 23, 26, 27, 22 TTGi 5, 6
Ri 0.05, 0.05 Bi 5, 5, 3, 3, 3, 3

Function Expression Function Expression
C1(PM1) 0.05P 2

M1
+ 0.5PM1 U4(PL4) −0.02P 2

L4
+ 0.5PL4

C2(PM2) 0.1P 2
M2

+ 0.5PM2 U5(PL5) −0.025P 2
L5

+ 0.5PL5

U3(PL3) −0.01P 2
L3

+ 0.5PL3 U6(PL6) −0.015P 2
L6

+ 0.5PL6

Parameter Value(p.u.) Parameter Value(p.u.)

All PLi
−∞ All PLi ∞

All ωi, ωi 0

Gain Value(p.u.) Parameter Value(s)
κ 2 All τij 10

2.5 Conclusion

In this chapter, we have proposed modifications in the generation control in power

systems to improve the economic efficiency, stability and robustness of generator

regulation in real time. Moreover, the participation of controllable loads has been

considered in the control redesign. We first obtained the state-space description of a

conventional power network model which described system dynamics around a nomi-

nal operating state. We then formulated an optimization problem relating to system

regulation under exogenous disturbances. The main results were presented in Section

2.2 where we proposed a new control scheme based on a consensus approach and

studied its optimality, stability and delay robustness. In Section 2.3, we extended

the designed control scheme to (i) networks with more complexity and (ii) the case

where controllable loads were involved in the optimization problem. Finally, numer-

ical examples showed that the proposed controllers could balance the power flow in

the network quickly, and drive the system to an economically optimal operating point

in the steady state.
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Figure 2.9: Response of system (2.27). Left: power generation and consumption
(deviations). Right: bus frequency (deviations). (Top subfigure for kpi = 0; middle
subfigure for kpi = 1; bottom subfigure for kpi = 2.)
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Figure 2.10: Response of system (2.30) under a 10s single delay. Left: power genera-
tion and consumption (deviations). Right: bus frequency (deviations). (Top subfigure
for kpi = 0; middle subfigure for kpi = 1; bottom subfigure for kpi = 2.)
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Figure 2.11: Response of system (2.35). Left: power generation and consumption
(deviations). Right: bus frequency (deviations).
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Figure 2.12: Response of system (2.38) under a 10s single delay. Left: power genera-
tion and consumption (deviations). Right: bus frequency (deviations).
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Figure 2.13: Operation cost comparison between systems (2.27) and (2.35). Left:
cost (deviation) of system (2.27). Right: cost (deviation) of system (2.35).

0 50 100 150
−2.5

−2

−1.5

−1

−0.5

0

Time(sec)

C
o

s
t

 

 

k
p

i

=0

k
p

i

=1

k
p

i

=2

0 50 100 150
−2.5

−2

−1.5

−1

−0.5

0

Time(sec)

C
o

s
t

Figure 2.14: Operation cost comparison between systems (2.30) and (2.38) under a
10s single delay. Left: cost (deviation) of system (2.30). Right: cost (deviation) of
system (2.38).

40



Chapter 3

Merging Primary, Secondary and
Tertiary Frequency Control in
Power Systems via a Primal-dual
Decomposition Approach

In the previous chapter, we have proposed a redesign framework based on a con-

sensus approach to merge conventional primary and secondary frequency control for

power systems with (frequency-independent) controllable loads. This chapter goes

one step further and considers the problem of merging primary, secondary and ter-

tiary frequency control. As described in the introduction, in the traditional tertiary

control, an Economic Dispatch (ED)/Optimal Power Flow (OPF) problem is solved

in a centralized manner at a time-scale of usually 5 to 15 minutes, to determine the

nominal operating values of the system states, e.g., generator command input, load

power consumption and interchanges of tie-lines. However, due to fluctuations result-

ing from increasing distributed energy resources and variability in both supply and

demand, the power grid is losing inertia and the economic optimization, i.e., solving

the ED problem, will need to be run more and more faster to provide effectiveness

and robustness. Thus, breaking the time-scale separation/hierarchical structure in

frequency control becomes more and more necessary.

In this chapter, we propose a distributed control architecture to realize real-time

economic optimization for the power network under exogenous disturbances. Unlike

the traditional market-based control, the feedback signals in our control architecture

are not prices from a centralized market but information and feedback signals flowing

between neighbouring components in the system. Moreover, we consider nonlinear

active power flow equations which are more practical than linear equations used in

conventional DC OPF problems [7]. In particular, we focus on a network with tree
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topology to demonstrate how the design methodology and stability analysis can be

performed. In order to achieve better transient performance and added robustness

for the closed-loop system, we also introduce extra dynamics and study the influence

of the gains resulting from the extra dynamics on the system robustness. Finally, the

performance of the proposed control schemes is illustrated by numerical examples.

3.1 Problem Setup

3.1.1 Control Architecture

The current power network consists of a number of regions, divided by areas, energy

source types, etc. Each region corresponds to a transmission level network which

contains generators, loads, transmission lines and buses. Each load corresponds to

a distribution level network which is an aggregation of a certain amount of users at

the bus it is connected to. A user could be an industrial company, a street with a

certain amount of buildings, or a combination of several users (industrial companies,

houses, etc). As demonstrated in Chapter 2 (Figure 2.4), by introducing fictitious

buses, we can change the topology of a given transmission level network so that each

bus is connected to either a generator or a load [74].

Figure 3.1: The architecture of the power network and the control scheme.

In order to deal with the problems of low predictability and high uncertainty that

the current power network is faced with, we consider a real-time control architecture
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with demand response, i.e., a mechanism that will encourage consumers to modify

their demand when it is most difficult for the network to achieve a balance between

supply and demand [14]. This means that loads are allowed to adjust their demand

based on feedback signals (not prices from a centralized market), i.e., each user can

respond to feedback from the power network. In this approach, every transmission

level network can run in a distributed way: each generator receives a feedback signal

from the generator bus it is connected to, and adjusts its power generated based on

that signal and local information. So does each load to the load bus it is connected

to. Each bus calculates feedback signals based on local information and signals from

transmission lines and buses it is connected to. The local information contains cost

functions, utility functions, capacity constraints, local frequency and power imbal-

ance. All feedback signals can be transmitted via the Wide-Area Network (WAN),

Local-Area Network (LAN) and Home-Area Network [78]. There is also information

exchange between different regions. Figure 3.1 shows the architecture.

In the rest of the chapter, we study a transmission network with tree topology

containing an arbitrary number of synchronous generators and loads (a 3-generator-

3-load network with tree topology is illustrated in Figure 3.2). Tree structures are

important as: (i) they are sufficiently complicated to offer promising approaches to

handle more complicated cases; (ii) the (AC) OPF problem in a tree can be convex-

ified [84], which is the technical reason for giving priority to tree networks in this

chapter; (iii) if the use of phase shifters is allowed, the OPF problem for a mesh

network can be simplified to one for a tree [85].

Figure 3.2: A 3-generator-3-load network with tree topology (the orientation is indi-
cated by red dashed arrows).
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3.1.2 System Model

Consider an m-generator-n-load transmission level network with tree topology (the

number of transmission lines is m+n− 1). We number the generator buses 1, · · · ,m,

the load buses m+1, · · · ,m+n, and the transmission lines 1, · · · ,m+n−1 (correspond-

ing to a lexicographic ordering, as illustrated in Figure 3.2). Let the sets of generator

buses, load buses and transmission lines be G = {1, · · · ,m}, L = {m+ 1, · · · ,m+ n},
and E ⊆ (G

⋃
L) × (G

⋃
L) respectively. View each bus as a voltage source and let

vi∠δi, i ∈ G
⋃
L be its voltage, where vi is the bus voltage magnitude, and δi is the

bus voltage phase angle with respect to the rotating framework of nominal frequency,

e.g., 2π × 50 rad/s in Europe. The main part of the model we use for the network is

the Structure Preserving Model (SPM) with frequency-dependent active power loads,

for which the following assumption is necessary [74, 6, 7].

Assumption 3.1 All bus voltage magnitudes are fixed, i.e., vi, i ∈ G
⋃
L are con-

stant. The resistance of transmission lines is negligible.

The dynamics of the network is then given by [74, 13]

Miω̇i +Diωi = PMi
− di −

∑
(i,j)∈E

Tij sin δij, i ∈ G (3.1a)

Diωi = −PLi − di −
∑

(i,j)∈E

Tij sin δij, i ∈ L (3.1b)

δ̇ij = ωi − ωj, (i, j) ∈ E (3.1c)

ṖMi
=

1

TTGi

(
PCi − PMi

− ωi
Ri

)
, i ∈ G (3.1d)

where Mi > 0 is the generator inertia, ωi = δ̇i is the bus frequency deviation from the

nominal frequency, Di > 0, i ∈ G is the generator damping coefficient, Di > 0, i ∈ L
is the load bus damping coefficient, PMi

is the mechanical power input, di is the

disturbance injection, e.g., renewable energy injections and variations on both supply

and demand, Tij = vivjBij > 0, (i, j) ∈ E , Bij = Bji > 0 is the susceptance of

the transmission line connecting buses i and j, δij = δi − δj, (i, j) ∈ E , PLi is the

load power consumption, PCi is the command/control input to the generator and

TTGi , Ri > 0 are constant parameters. Note that we have simplified the dynamics of

the turbine-governor system using a first-order model as in [13].

To obtain the state-space description of system (3.1), define ωg = [ω1, · · · , ωm]T ,

ωl = [ωm+1, · · · , ωm+n]T , and α = [α1, α2, · · · , αm+n−1]T , where αi = δi− δm+n. Define

transmission line angle differences to be σ = [σ1, σ2, · · · , σm+n−1]T , where σk = δi −
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δj, i < j for the kth line (numbered using a lexicographic ordering) joining buses i

and j. Let T = diag{Tk} ∈ R(m+n−1)×(m+n−1), where Tk = Tij if the transmission

line (i, j) ∈ E is indexed by k. Moreover, we define four matrices to describe the

interconnection structure of the network:

A0 ∈ R(m+n)×(m+n−1) = [aik] =


1 if bus i is connected to a bus j > i

through transmission line indexed by k,
−1 if bus i is connected to a bus j < i

through transmission line indexed by k,
0 otherwise.

(3.2)

A ∈ R(m+n−1)×(m+n−1) =
[
Im+n−1 0

]
× A0 (3.3)

Γ1 ∈ Rm×(m+n−1) =
[
Im 0

]
(3.4)

Γ2 ∈ Rn×(m+n−1) =

[
0 In−1

−1

]
. (3.5)

Define f(α) = [f1(α), f2(α), · · · , fm+n−1(α)]T where

fi(α) =
m+n−1∑
j=1,j 6=i

Tij sin(αi − αj) + Ti(m+n) sinαi

is the power injection at the ith bus. Define g(σ) = [g1(σ1), g2(σ2), · · · , gm+n−1(σm+n−1)]T

where

gk(σk) = Tk sinσk

is the power flow in the kth transmission line. We then have the following lemma.

Lemma 3.1 The following equalities hold:

A0 =

[
Γ1

Γ2

]
A (3.6a)

σ = ATα (3.6b)

f(α) = Ag(σ) = Ag(ATα) (3.6c)∫ σ

σ∗
(g(β)− g(σ∗))Tdβ =

∫ α

α∗
(f(β)− f(α∗))Tdβ (3.6d)

where ω = [ω1, · · · , ωm+n]T , f(α∗) = Ag(σ∗) and ATα∗ = σ∗.

Proof : Note that A0 is the incidence matrix of the tree network (viewed as a directed

graph with an orientation from i to j if buses i and j are connected where i < j). So

1A0 = 0 holds, which means that (3.6a) is true (actually A is the reduced incidence
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matrix obtained by eliminating the last row of A0). Equations (3.6b)-(3.6c) can be

verified from the definition above, while (3.6d) can be derived from (3.6c). �

Finally, we obtain the state-space version of the model:

Mω̇g +Dgωg = PM − dg − Γ1f(α) (3.7a)

α̇ = ΓT1 ωg + ΓT2 ωl (3.7b)

ωl = D−1
l (−PL − dl − Γ2f(α)) (3.7c)

ṖM = T−1
TG(PC − PM −R−1ωg) (3.7d)

where M = diag{Mi} ∈ Rm×m, Dg = diag{D1, · · · , Dm}, PM = [PM1 , · · · , PMm ]T ,

dg = [d1, · · · , dm], Dl = diag{Dm+1, · · · , Dm+n}, PL = [PLm+1 , · · · , PLm+n ]T , dl =

[dm+1, · · · , dm+n], TTG = diag{TTGi} ∈ Rm×m, PC = [PC1 , · · · , PCm ]T , R = diag{Ri} ∈
Rm×m. We have an additional assumption for the model.

Assumption 3.2 The deviations between neighbouring bus voltage phase angles sat-

isfy σk ∈ [−Φ,Φ], k = 1, 2, · · · ,m+ n− 1, where Φ ∈ (0, π
2
) is a constant.

This assumption usually holds for normal operating conditions [74]. It ensures

synchronization and guarantees uniqueness of the equilibrium α∗/σ∗ [86].

3.1.3 The OPF Problem

The objective for the overall network in steady state is to achieve OPF:

min
PMi ,PLi ,α

∑
i∈G

Ci(PMi
)−

∑
i∈L

Ui(PLi) (3.8a)

subject to PM − dg − Γ1f(α) = 0 (3.8b)

− PL − dl − Γ2f(α) = 0 (3.8c)

Pmin
C � PM � Pmax

C (3.8d)

Pmin
L � PL � Pmax

L (3.8e)

Pmin
TC � g(ATα) � Pmax

TC . (3.8f)

Here Ci(PMi
) is the cost function of generator i. Ui(PLi) is the utility function

of load i. dg and dl are given constant vectors, representing fluctuations result-

ing from distributed energy resources and variability in both supply and demand.

Pmax
C , Pmin

C ∈ Rm are the vectors of upper and lower bounds of generator capacity

whose entries are Pmax
Ci

and Pmin
Ci

respectively. Pmax
L , Pmin

L ∈ Rn are the vectors of

upper and lower bounds of load power consumption whose entries are Pmax
Li

and Pmin
Li
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respectively. Pmax
TC , Pmin

TC ∈ Rm+n−1 are the vectors of upper and lower bounds of

transmission line capacity whose entries are Pmax
TCi and Pmin

TCi respectively. The objec-

tive of the OPF problem is to minimize generation cost and maximize load utility.

Equations (3.8b)-(3.8c) ensure power balance at each bus. Equations (3.8d)-(3.8f)

are capacity constraints for generators, loads, and transmission lines respectively. We

then have the following assumption for the OPF problem.

Assumption 3.3 The OPF problem is feasible. Moreover, the utility functions for

loads, Ui(PLi), ∀i ∈ L, are continuously differentiable, strictly concave, increasing

functions satisfying U ′′i (PLi) ≤ ci < 0. The generator cost functions take quadratic

forms Ci(PMi
) = biPMi

+ ci
2
P 2
Mi

where bi and ci are positive, ∀i ∈ G. |Pmax
TCi |, |Pmin

TCi| <
Ti sin Φ, i = 1, 2, · · · ,m+ n− 1.

This assumption is supported as follows. First, the feasibility of the problem is a

necessary assumption. Second, the more power the load is allocated, the larger the

utility to the load. But the utility saturates as the power consumed increases. In

practice, Equation (3.8e) decides the saturation point ensuring an upper bound for

each U ′′i . In addition, quadratic cost functions for generators are widely used as a good

approximation in OPF problems [6, 16]. Finally, the constraints on |Pmax
TCi |, |Pmin

TCi| are

in accord with Assumption 3.2.

Remark 3.1 Similar to Remark 2.4, problem (3.8) can be reformulated as

min
PCi ,PLi ,α

∑
i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) (3.9a)

subject to PC − dg − Γ1f(α) = 0 (3.9b)

− PL − dl − Γ2f(α) = 0 (3.9c)

Pmin
C � PC � Pmax

C (3.9d)

Pmin
L � PL � Pmax

L (3.9e)

Pmin
TC � g(ATα) � Pmax

TC (3.9f)

regardless of PM since PC = PM holds in steady state for system (3.7).

Remark 3.2 The choice of Pmin
Li

decides to what extent loads can respond to feed-

back signals. For example, for some i, if 0 = Pmin
Li

< Pmax
Li

holds, this load is fully

responsive; if Pmin
Li

= Pmax
Li

holds, this load has fixed consumption and is unresponsive.

To conclude, the goal is to design a distributed control scheme (design PC and PL)

to asymptotically stabilize the system (3.7); the equilibrium should be the optimal

solution of the OPF problem (3.8)/(3.9).
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3.2 Control Scheme Design

3.2.1 Design Methodology

Before designing the controller, we present a theorem relating to the OPF problem,

according to Theorem 3 in [84].

Theorem 3.1 Under Assumptions 3.2-3.3, the OPF problem (3.8)/(3.9) can be con-

vexified and has a unique optimal solution. Moreover, strong duality holds.

Proof : Based on Assumptions 3.2-3.3 and Theorem 3 in [84], since the network is

a tree, the OPF problem can be convexified. In fact, because f(α) = Ag(ATα) is

always true, Equations (3.8b)-(3.8f) can be rewritten as linear constraints regarding

PC , PL, g(ATα). Under Assumption 3.2, as A is the reduced incidence matrix of a

tree, thus invertible, α can be uniquely determined given g(ATα). So problem (3.8)

can be convexified. Note that as A is invertible, g(ATα) can be uniquely derived

from (3.8b)-(3.8c) given PM , PL, dg, dl, i.e.,

g(ATα) = A−1

[
Im+n−1

0

]T [
PM − dg
−PL − dl

]
.

Under Assumption 3.3 (utility functions are strictly concave and cost functions are

strictly convex), the optimal solution of the convexified problem is unique, indicating

the uniqueness of the optimal solution of problem (3.8). Moreover, the convexified

problem satisfies Slater’s condition (it is feasible under linear constraints), therefore,

strong duality holds [77]. This leads to strong duality for problem (3.8) under As-

sumption 3.2 since there is a bijection between g(ATα) and α. �

The Lagrangian of the OPF problem (3.9) is then given by

L(3.9)(PC , PL, α, ζ, λ, µ
+, µ−, ν+, ν−, l+, l−) =∑

i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) + ζT (PC − dg − Γ1f(α)) + λT (−PL − dl − Γ2f(α))

+ µ+T (PC − Pmax
C ) + µ−T (Pmin

C − PC) + ν+T (PL − Pmax
L ) + ν−T (Pmin

L − PL)

+ l+T (g(ATα)− Pmax
TC ) + l−T (Pmin

TC − g(ATα)) (3.10)

where ζ, µ+, µ− ∈ Rm with entries ζi, µ
+
i , µ

−
i respectively, λ, ν+, ν− ∈ Rn with en-

tries λi, ν
+
i , ν

−
i respectively, and l+, l− ∈ Rm+n−1 with entries l+i , l

−
i respectively are

Lagrange multipliers (dual variables) for the constraints (3.8b)-(3.8f). According to

Theorem 3.1, the Karush-Kuhn-Tucker (KKT) conditions are necessary and sufficient

conditions for optimality [77], and are given by
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∂L(3.9)

∂PC
= C ′(PC) + ζ + µ+ − µ− = 0 (3.11a)

∂L(3.9)

∂PL
= −U ′(PL)− λ+ ν+ − ν− = 0 (3.11b)

∂L(3.9)

∂ζ
= PC − dg − Γ1f(α) = 0 (3.11c)

∂L(3.9)

∂λ
= −PL − dl − Γ2f(α) = 0 (3.11d)

diag(µ+)(PC − Pmax
C ) = 0, µ+, Pmax

C − PC � 0 (3.11e)

diag(µ−)(Pmin
C − PC) = 0, µ−, PC − Pmin

C � 0 (3.11f)

diag(ν+)(PL − Pmax
L ) = 0, ν+, Pmax

L − PL � 0 (3.11g)

diag(ν−)(Pmin
L − PL) = 0, ν−, PL − Pmin

L � 0 (3.11h)

diag(l+)(g(ATα)− Pmax
TC ) = 0, l+, Pmax

TC − g(ATα) � 0 (3.11i)

diag(l−)(Pmin
TC − g(ATα)) = 0, l−, g(ATα)− Pmin

TC � 0 (3.11j)

∂L(3.9)

∂α
= −Ag′(σ)(AT0 [ζT , λT ]T − l+ + l−) = 0

⇔ AT0 [ζT , λT ]T − l+ + l− = 0 (3.11k)

where C(PC) ∈ Rm is the vector of cost functions of generators whose entries are

Ci(PCi(t)), U(PL) ∈ Rn is the vector of utility functions of loads whose entries are

Ui(PLi(t)), and g′(σ(t)) ∈ R(m+n−1)×(m+n−1) is the Jacobian matrix of g(σ). The last

equation is derived based on the facts that σ = ATα holds, A is invertible, and g′(σ)

is positive diagonal (since cosσk > 0 and σk is bounded by Assumption 3.2).

The design methodology of the distributed controller is motivated by a primal-dual

gradient algorithm [56]/saddle point algorithm [70] (see Chapter 5 and the Appendix).

What should be underlined is that in the OPF problem, α is a decision vector. How-

ever, since we are designing real-time optimization, i.e., the inputs are only PC and

PL, the dynamics of α can not be designed as in a standard primal-dual approach,

but are described by (3.7b). The key idea is to insert (3.11k) into the dynamics of

ζ, λ, l+, l− so that it could be automatically satisfied for the closed-loop system in

steady state, which is necessary to achieve OPF for the system (this idea was also

used in [5]). We then design the following controller

49



ṖC = KPC (−C ′(PC)− ζ − µ+ + µ− +R(PM − PC)) (3.12a)

ṖL = KPL(U ′(PL) + λ− ν+ + ν− + ωl) (3.12b)

ζ̇ = Kζ(PC − dg − Γ1f(α)− Γ1AK(AT0 [ζT , λT ]T − l+ + l−)) (3.12c)

λ̇ = Kλ(−PL − dl − Γ2f(α)− Γ2AK(AT0 [ζT , λT ]T − l+ + l−)) (3.12d)

µ̇+ = Kµ+(PC − Pmax
C )+

µ+ (3.12e)

µ̇− = Kµ−(Pmin
C − PC)+

µ− (3.12f)

ν̇+ = Kν+(PL − Pmax
L )+

ν+ (3.12g)

ν̇− = Kν−(Pmin
L − PL)+

ν− (3.12h)

l̇+ = Kl+(g(ATα)− Pmax
TC +K(AT0 [ζT , λT ]T − l+ + l−))+

l+ (3.12i)

l̇− = Kl−(Pmin
TC − g(ATα)−K(AT0 [ζT , λT ]T − l+ + l−))+

l− (3.12j)

where KPC , Kζ , Kµ+ , Kµ− ∈ Rm×m, KPL , Kλ, Kν+ , Kν− ∈ Rn×n and K,Kl+ , Kl− ∈
R(m+n−1)×(m+n−1) are positive diagonal matrices, all representing the controller gains.

Note that similar to the designed controllers in Chapter 2, the terms R(PM−PC) and

ωl have been added to ṖC and ṖL respectively (the idea of introducing these terms

follows from Equation (5.11) in Chapter 5). Also for simplicity, we have used vector

forms of positive projection in (3.12e)-(3.12j), e.g., (x)+
l+ = [([x]1)+

l+1
, ([x]2)+

l+2
, · · ·]T .

In Equations (3.12c)-(3.12d), the information of dg, dl is needed. Since the dis-

turbance injection is usually uncertain and/or hard to measure, we modify these two

equations so that the implementation of the above controller is regardless of dg, dl:

ζ̇ = Kζ(Mω̇g +Dgωg + PC − PM − Γ1AK(AT0 [ζT , λT ]T − l+ + l−)) (3.13a)

λ̇ = Kλ(Dlωl − Γ2AK(AT0 [ζT , λT ]T − l+ + l−)) (3.13b)

where we have substituted system dynamics (3.7) into (3.12c)-(3.12d).

Remark 3.3 The operation of the controller is completely distributed: each gen-

erator uses (3.12a), (3.12e) and (3.12f) to calculate the command input based on

local information, i.e., cost function, mechanical power input, capacity constraints,

and the feedback signal from the generator bus it is connected to, and so does each

load using (3.12b), (3.12g) and (3.12h) based on local information and the feedback

signal from the load bus it is connected to. Generator buses, load buses, and trans-

mission line substations calculate feedback signals respectively with local information,

i.e., power imbalance, frequency deviation, line capacity constraints and related signal
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aggregation, using (3.12c)/(3.13a), (3.12d)/(3.13b), (3.12i) and (3.12j). The signals

exchanged between neighbours are ζ, λ, l+, l−, as illustrated in Figure 3.3. These are

in accord with the architecture shown in Figure 3.1.

Figure 3.3: The operation of the control scheme.

3.2.2 Main Results

We now consider the overall system (3.7) and (3.12).

Theorem 3.2 Under Assumptions 3.2-3.3, the equilibria of system (3.7) and (3.12)

satisfy the KKT conditions (3.11).

Proof : Comparing (3.7) and (3.12) with (3.11), the equilibria of the overall system

satisfy (3.11) if and only if ωi = 0, i ∈ G
⋃
L and AT0 [ζT , λT ]T − l+ + l− = 0 hold.

From (3.12c) and (3.12d) (ζ̇ = 0, λ̇ = 0), we have 1(PC − dg) − 1(PL + dl) = 0.

Substituting this equality into (3.7) (ω̇g = 0, α̇ = 0, ṖM = 0), we have ωi = 0, i ∈
G
⋃
L, PM −dg−Γ1f(α) = 0,−PL−dl−Γ2f(α) = 0, PC = PM since Dg, Dl, R � 0 is

true. Therefore, A0K(AT0 [ζT , λT ]T − l+ + l−) = 0 holds which leads to AT0 [ζT , λT ]T −
l+ + l− = 0. �

Remark 3.4 System (3.7) and (3.12) may have multiple equilibria since there may be

dual degeneracy in the OPF problem. For example, if Pmax
Ci
−P ∗Ci = Pmax

TCk
−Tk sinσ∗k =

0 holds and the ith generator bus is only connected to the kth transmission line, there

are degenerate solutions/multiple solutions for ζ∗i , µ
+∗
i , l+∗k from (3.11). However, all

equilibria share the same quantity in P ∗C , P
∗
L, α

∗, which is in accord with Theorem 3.1.
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Theorem 3.2 shows that the designed controller can ensure OPF for the network

in the steady state. We next prove convergence, i.e. the stability of the equilibria.

Lemma 3.2 Given Z = diag{zi} ∈ Rm×m where each zi is positive, the following

inequality holds:

(PM − Γ1f(α))TZ(Z + Im)−1D−1
g (PM − Γ1f(α)) + (PL + Γ2f(α))TD−1

l (PL + Γ2f(α))

+ P T
MCgPM − P T

LClPL ≥ g(ATα)TAT0 ΞA0g(ATα) (3.14)

where

Ξ =

[
ZCg(Z + (Z + Im)DgCg)

−1 0

0 −Cl(In −DlCl)
−1

]
. (3.15)

In the above equation, Cg = diag{ ciRi
ci+Ri

, i ∈ G} ∈ Rm×m and Cl = diag{ci, i ∈ L} ∈
Rn×n (ci, i ∈ G

⋃
L are defined in Assumption 3.3).

Proof : Denote X = [P T
M , P

T
L , f(α)TΓT1 , f(α)TΓT2 ]T . The left hand side of the inequal-

ity equals

XTQX = XT

[
Q11 Q12

QT
12 Q22

]
X

where

Q11 =

[
Z(Z + Im)−1D−1

g + Cg 0
0 D−1

l − Cl

]
Q12 =

[
−Z(Z + Im)−1D−1

g 0
0 D−1

l

]
Q22 =

[
Z(Z + Im)−1D−1

g 0
0 D−1

l

]
.

Based on a Schur Complement [77], we have

XTQX ≥
[

Γ1f(α)
Γ2f(α)

]T
(Q22 −QT

12Q
−1
11 Q12)

[
Γ1f(α)
Γ2f(α)

]
= g(ATα)TAT0 ΞA0g(ATα)

which completes the proof. �

Theorem 3.3 Under Assumptions 3.2-3.3, each equilibrium point of system (3.7)

and (3.12) is locally asymptotically stable if

4AT0 ΞA0 −K−1 � 0 (3.16)

where Ξ is defined in Lemma 3.2 and Z = diag{zi} ∈ Rm×m � 0 satisfies

MZD−1
g (Γ1ATA

TΓT1 + 2T−1
TGR

−1)D−1
g ZM − 4ZM − 2M ≺ 0. (3.17)
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Proof : Define a candidate Lyapunov function for the overall system as

V(3.7)(3.12) =

1

2
ωTgMωg −

∫ ωg

0

ω̇g(β)TM2ZD−1
g dβ +

∫ α

α∗
(f(β)− f(α∗))T dβ

+
1

2
(PM − P ∗M)TTTGR(PM − P ∗M) +

1

2
(PC − P ∗C)TK−1

PC
(PC − P ∗C)

+
1

2
(PL − P ∗L)TK−1

PL
(PL − P ∗L) +

1

2
(ζ − ζ∗)TK−1

ζ (ζ − ζ∗) +
1

2
(λ− λ∗)TK−1

λ (λ− λ∗)

+
1

2
(µ+ − µ+∗)TK−1

µ+ (µ+ − µ+∗) +
1

2
(µ− − µ−∗)TK−1

µ−(µ− − µ−∗)

+
1

2
(ν+ − ν+∗)TK−1

ν+ (ν+ − ν+∗) +
1

2
(ν− − ν−∗)TK−1

ν− (ν− − ν−∗)

+
1

2
(l+ − l+∗)TK−1

l+ (l+ − l+∗) +
1

2
(l− − l−∗)TK−1

l− (l− − l−∗) (3.18)

where Z = diag{zi} ∈ Rm×m � 0. We first show that by choosing Z appropriately,

V(3.7)(3.12) ≥ 0 holds around the given equilibrium point. At the equilibrium point, we

have V(3.7)(3.12) = 0. Considering sufficiently small deviations around the equilibrium

point that the dynamics of the overall system are linear, we have

V +
(3.7)(3.12)

=
1

2
ωTgMωg − ω̇TgM2ZD−1

g ωg + (σ − σ∗)TT (σ − σ∗) +
1

2
(PM − P ∗M)TTTGR(PM − P ∗M)

+ (?)

=
1

2
ωTgMωg − (−ωTgMZωg + (PM − P ∗M)TMZD−1

g ωg − (σ − σ∗)TTATΓT1MZD−1
g ωg)

+ (σ − σ∗)TT (σ − σ∗) +
1

2
(PM − P ∗M)TTTGR(PM − P ∗M) + (?) (3.19)

where (?) represents non-negative quadratic items. V +
(3.7)(3.12) ≥ 0 requires (Z + 1

2
Im)M 1

2
D−1
g ZMΓ1AT −1

2
MZD−1

g
1
2
TATΓT1MZD−1

g T 0
−1

2
MZD−1

g 0 1
2
TTGR

 � 0.

Based on a Schur Complement [77], solving the inequality (3.17) yields the feasible

Z making that V(3.7)(3.12) ≥ 0 holds around the equilibrium point and V(3.7)(3.12) = 0

holds only at the equilibrium point, i.e., 0 ≺ Z ≺ Zmax.

Next we show V̇(3.7)(3.12) ≤ 0 (although V̇(3.7)(3.12) may be discontinuous, we only

need V̇(3.7)(3.12) ≤ 0 for asymptotic stability). Note that
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(µ+ − µ+∗)TK−1
µ+ µ̇

+ =(µ+ − µ+∗)TK−1
µ+Kµ+(PC − Pmax

C )+
µ+

(i)

≤(µ+ − µ+∗)T (PC − Pmax
C )

=(µ+ − µ+∗)T (PC − P ∗C) + (µ+ − µ+∗)T (P ∗C − Pmax
C )

(ii)

≤(µ+ − µ+∗)T (PC − P ∗C)

holds since: (i) when (?)+
µ+ is inactive, the item in the bracket is non-positive (oth-

erwise, it is positive and then (?)+
µ+ would be active which indicates the equality

case), and each entry of (µ+ − µ+∗) is also non-positive so that (µ+ − µ+∗)T (?)+
µ+ ≤

(µ+ − µ+∗)T (?) is always true; (ii) when µ+∗ = 0, P ∗C � Pmax
C is always true (other-

wise, P ∗C = Pmax
C ). Similarly, all positive projection can be removed in V̇(3.7)(3.12). We

move the equilibrium point to the origin and continue to use the same variable names,

however, these are now deviations from the equilibrium point. It can be shown that

V̇(3.7)(3.12) ≤ωTgMω̇g − ω̇TgM2ZD−1
g ω̇g + f(α)T α̇ + P T

MTTGRṖM + P T
CK

−1
PC
ṖC

+ P T
LK

−1
PL
ṖL + ζTK−1

ζ ζ̇ + λTK−1
λ λ̇+ µ+TPC − µ−TPC + ν+TPL − ν+TPL

+ l+T (g(ATα) +K(AT0 [ζT , λT ]T − l+ + l−))

+ l−T (−g(ATα)−K(AT0 [ζT , λT ]T − l+ + l−))

=− ωTg Dgωg − (Dgωg − PM + Γ1f(α))TZD−1
g (Dgωg − PM + Γ1f(α))

− (PL + Γ2f(α))TD−1
l (PL + Γ2f(α))− (PM − PC)TR(PM − PC)

− P T
CC

′(PC) + P T
L U

′(PL)− (AT0 [ζT , λT ]T − l+ + l−)Tg(ATα)

− (AT0 [ζT , λT ]T − l+ + l−)TK(AT0 [ζT , λT ]T − l+ + l−)

≤− (Dg(Z + Im)ωg − Z(PM − Γ1f(α)))T (Z + Im)−1D−1
g (Dg(Z + Im)ωg

− Z(PM − Γ1f(α)))− (PM − Γ1f(α))TZ(Z + Im)−1D−1
g (PM − Γ1f(α))

− (PL + Γ2f(α))TD−1
l (PL + Γ2f(α))−

∑
i∈G

(ci +Ri)

(
PCi −

Ri

ci +Ri

PMi

)2

− P T
MCgPM + P T

LClPL − (AT0 [ζT , λT ]T − l+ + l−)Tg(ATα)

− (AT0 [ζT , λT ]T − l+ + l−)TK(AT0 [ζT , λT ]T − l+ + l−)

≤− (Dg(Z + Im)ωg − Z(PM − Γ1f(α)))T (Z + Im)−1D−1
g (Dg(Z + Im)ωg

− Z(PM − Γ1f(α)))−
∑
i∈G

(ci +Ri)

(
PCi −

Ri

ci +Ri

PMi

)2

− g(ATα)TAT0 ΞA0g(ATα)− (AT0 [ζT , λT ]T − l+ + l−)Tg(ATα)

− (AT0 [ζT , λT ]T − l+ + l−)TK(AT0 [ζT , λT ]T − l+ + l−) (3.20)
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where Cg, Cl,Ξ are defined in Lemma 3.2, and the last step above is based on

Lemma 3.2. Choosing K satisfying (3.16) makes V̇(3.7)(3.12) ≤ 0. If V̇(3.7)(3.12) = 0,

it is obvious that AT0 [ζT , λT ]T − l+ + l− = 0, g(ATα) = 0, PCi − Ri
ci+Ri

PMi
= 0,∀i ∈ G,

then ωg = PM = PC = 0 and PL = 0 hold, which only happens at the equilib-

rium point. Using LaSalle’s invariance principle [79], each equilibrium point is locally

asymptotically stable. �

Remark 3.5 Provided bounds of parameters of the system, i.e., bounds of the diag-

onal entries of M,Dg, T, TTG, R,Dl, Cg, Cl, the range of K can be precisely derived

using Theorem 3.3.

Remark 3.6 The condition (3.16) in Theorem 3.3 is sufficient but not necessary. It

indicates that by choosing a large gain matrix K, i.e., the diagonal entries of K are

large enough so that 4AT0 ΞA0 −K−1 � 0 holds, asymptotic stability of the equilibria

is guaranteed. Alternatively, we can regard AT0 [ζT , λT ]T − l+ + l− = 0 in the KKT

conditions (3.11) as a “consensus condition”, i.e., the kth entry of AT0 [ζT , λT ]T−l++l−

corresponds to the kth transmission line and needs to be zero in the steady state. By

choosing a large gain matrix K, the overall system is forced to achieve the consensus

and converges to an equilibrium point.

3.2.3 A Special Case: Star Topology

In this subsection, we consider a special case in which the network has a star topology

as illustrated in Figure 3.4. It will be shown that the result given by Theorem 3.3

can become much simpler for star networks.

Figure 3.4: A one-generator-n-load network with star topology (the orientation is
indicated by red dashed arrows).
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For convenience, we number the generator bus 0, the load buses 1, · · · , n, and the

transmission lines 1, · · · , n (corresponding to a lexicographic ordering, as illustrated

in Figure 3.4). Define L = {1, · · · , n}. The closed-loop system is then given by

Mω̇g +Dgωg = PM − dg −
∑
i∈L

Ti sinαi (3.21a)

α̇i = ωg +
1

Di

(PLi + di − Ti sinαi), i ∈ L (3.21b)

ṖM =
1

TTG

(
PC − PM −

ωg
R

)
(3.21c)

ṖC = KPC (−C ′(PC)− ζ − µ+ + µ− +R(PM − PC)) (3.21d)

ṖLi = KPLi
(U ′i(PLi) + λi − ν+

i + ν−i + ωi), i ∈ L (3.21e)

ζ̇ = Kζ

(
PC − dg −

∑
i∈L

Ti sinαi −
∑
i∈L

Ki(ζ − λi − l+i + l−i )

)
(3.21f)

λ̇i = Kλi(−PLi − di + Ti sinαi +Ki(ζ − λi − l+i + l−i )), i ∈ L (3.21g)

µ̇+ = Kµ+(PC − Pmax
C )+

µ+ (3.21h)

µ̇− = Kµ−(Pmin
C − PC)+

µ− (3.21i)

ν̇+
i = Kν+i

(PLi − Pmax
Li

)+

ν+i
, i ∈ L (3.21j)

ν̇−i = Kν−i
(Pmin

Li
− PLi)+

ν−i
, i ∈ L (3.21k)

l̇+i = Kl+i
(Ti sinαi − Pmax

TCi
+Ki(ζ − λi − l+i + l−i ))+

l+i
, i ∈ L (3.21l)

l̇−i = Kl−i
(Pmin

TCi
− Ti sinαi −Ki(ζ − λi − l+i + l−i ))+

l−i
, i ∈ L (3.21m)

where M > 0 is the generator inertia, ωg = δ̇0 and ωi = δ̇i, i ∈ L are the bus frequency

deviations from the nominal frequency (as before, v0∠δ0, v1∠δ1, · · · , vn∠δn are the bus

voltages, where vi is the bus voltage magnitude, and δi is the bus voltage phase angle

with respect to the rotating framework of nominal frequency), Dg > 0 is the generator

damping coefficient, Di > 0 is the load bus damping coefficient, PM is the mechanical

power input, dg and di are the disturbance injections, e.g., renewable energy injections

and variations on both supply and demand, Ti = v0viBi > 0, i ∈ L, Bi > 0 is the

susceptance of the transmission line i, αi = δ0 − δi, i ∈ L, PLi is the load power

consumption, PC is the command/control input to the generator and TTG, R > 0 are

constant parameters. For the controller (3.21d)-(3.21m), all states and coefficients

remain the same meaning as in (3.12) but now for the star network. The following

proposition shows the stability of (3.21).
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Proposition 3.1 Under Assumptions 3.2-3.3, each equilibrium point of system (3.21)

is locally asymptotically stable if

Ki >
Dici − 1

4ci
, i ∈ L. (3.22)

Proof : Define a candidate Lyapunov function for the overall system as

V(3.21) =

1

2
Mω2

g +
∑
i∈L

∫ αi

α∗i

Ti(sin β − sinα∗i )dβ +
TTGR

2
(PM − P ∗M)2 +

1

2KPC

(PC − P ∗C)2

+
∑
i∈L

1

2KPLi

(PLi − P ∗Li)
2 +

1

2Kζ

(ζ − ζ∗)2 +
∑
i∈L

1

2Kλi

(λi − λ∗i )2 +
1

2Kµ+
(µ+ − µ+∗)2

+
1

2Kµ−
(µ− − µ−∗)2 +

∑
i∈L

1

2Kν+i

(ν+
i − ν+∗

i )2 +
∑
i∈L

1

2Kν−i

(ν−i − ν−∗i )2

+
∑
i∈L

1

2Kl+i

(l+i − l+∗i )2 +
∑
i∈L

1

2Kl−i

(l−i − l−∗i )2. (3.23)

Similar to the proof of Theorem 3.3, we remove all positive projection in V̇(3.21), and

move the equilibrium point to the origin. We continue to use the same variable names,

however, these are now deviations from the equilibrium point. It can be shown that

V̇(3.21) ≤−Dgω
2
g −R(PM − PC)2 − PCC ′(PC) +

∑
i∈L

ciP
2
Li
−
∑
i∈L

Ki(ζ − λi − l+i + l−i )2

−
∑
i∈L

1

Di

(PLi − Ti sinαi)
2 −

∑
i∈L

Ti sinαi(ζ − λi − l+i + l−i )

=−Dgω
2
g −R(PM − PC)2 +

∑
i∈L

Dici − 1

Di

(
PLi +

1

Dici − 1
Ti sinαi

)2

− PCC ′(PC)−
∑
i∈L

Ki(ζ − λi − l+i + l−i )2 −
∑
i∈L

Ti sinαi(ζ − λi − l+i + l−i )

+
∑
i∈L

−ci
Dici − 1

(Ti sinαi)
2 (3.24)

Choosing Ki >
Dici−1

4ci
makes V̇(3.21) ≤ 0. If V̇(3.21) = 0, ωg = PM = PC = PLi =

ζ − λi − l+i + l−i = sinαi = 0, which only happens at the equilibrium point. Using

LaSalle’s invariance principle [79], each equilibrium point is locally asymptotically

stable. �

In Theorem 3.3, the stability condition regarding K is given in a centralized form,

while it becomes decentralized as shown in Proposition 3.1. This indicates topology

variations of a network system can influence its stability condition.
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3.3 Performance Improvement

Although the primal-dual approach provides a framework to design control schemes,

there are no guarantees on the transient behaviour of designed controller. In this

section, under the same framework, we introduce extra dynamics [87, 88] that can be

used to improve the performance of the previous controller.

3.3.1 Extra Dynamics

We rewrite the objective of the OPF problem (3.9) as

min
PCi ,PLi ,α,P̂Ci ,P̂Li

∑
i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) +
∑
i∈G

KePCi

2
(PCi − P̂Ci)2

+
∑
i∈L

KePLi

2
(PLi − P̂Li)2 (3.25)

and keep the constraints unchanged. In the above objective, P̂Ci , P̂Li are extra decision

variables and KePCi
, KePLi

> 0. It is clear that the new problem (3.25) and (3.9b)-

(3.9f) is equivalent to the original one (3.9), with the optimal solution and P̂ ∗Ci =

P ∗Ci , P̂
∗
Li

= P ∗Li . Using the design methodology presented previously yields a new

controller that consists of (3.12c)-(3.12j) and

ṖC = KPC (−C ′(PC)− ζ − µ+ + µ− +R(PM − PC)−KePC (PC − P̂C)) (3.26a)

˙̂
PC = K̂ePC (PC − P̂C) (3.26b)

ṖL = KPL(U ′(PL) + λ− ν+ + ν− + ωl −KePL(PL − P̂L)) (3.26c)

˙̂
PL = K̂ePL(PL − P̂L) (3.26d)

where KePC = diag{KePCi
} ∈ Rm×m, KePL = diag{KePLi

} ∈ Rn×n, and K̂ePC ∈
Rm×m, K̂ePL ∈ Rn×n are positive diagonal matrices, all representing the controller

gains. Compared with (3.12), extra dynamics
˙̂
PC ,

˙̂
PL are introduced. We then have

the following proposition.

Proposition 3.2 Under Assumptions 3.2-3.3, each equilibrium point of system (3.7),

(3.12c)-(3.12j), and (3.26) satisfies the KKT conditions (3.11) and is locally asymp-

totically stable if

4AT0 ΞA0 −K−1 � 0

where Ξ is defined in Lemma 3.2 and Z = diag{zi} ∈ Rm×m � 0 satisfies

MZD−1
g (Γ1ATA

TΓT1 + 2T−1
TGR

−1)D−1
g ZM − 4ZM − 2M ≺ 0.
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Proof : The proof is similar to that of Theorems 3.2 and 3.3, using the Lyapunov

function given by

V(3.7),(3.12c)-(3.12j),(3.26) = V(3.7)(3.12)

+
1

2
(P̂C − P̂ ∗C)T K̂−1

ePC
KePC (P̂C − P̂ ∗C) +

1

2
(P̂L − P̂ ∗L)T K̂−1

ePL
KePL(P̂L − P̂ ∗L) (3.27)

and the fact P̂ ∗C = P ∗C , P̂
∗
L = P ∗L. �

Remark 3.7 Similar modifications can also be applied to the control schemes pro-

posed in Chapter 2, i.e., Equation (2.15d) can be redesigned as

ṖC = B(PM − PC)−KA0A
T
0CPC −KePC (PC − P̂C)

˙̂
PC = K̂ePC (PC − P̂C),

Equations (2.27d)-(2.27e) can be redesigned as

ṖC = B(PM − PC)−
[
Im
0

]T
KA0A

T
0

[
CPC
P ′C

]
−KePC (PC − P̂C)

˙̂
PC = K̂ePC (PC − P̂C)

Ṗ ′C = −
[

0
In

]T
KA0A

T
0

[
CPC
P ′C

]
−KeP ′C

(P ′C − P̂ ′C)

˙̂
P ′C = K̂eP ′C

(P ′C − P̂ ′C)

and Equations (2.35d)-(2.35e) can be redesigned as

ṖC = Bg(PM − PC)−
[
Im
0

]T
KA0A

T
0

[
CgPC
−ClPL

]
−KePC (PC − P̂C)

˙̂
PC = K̂ePC (PC − P̂C)

ṖL = BlD
−1
l (−PL − dl − Γ2ATA

Tα) +

[
0
In

]T
KA0A

T
0

[
CgPC
−ClPL

]
−KePL(PL − P̂L)

˙̂
PL = K̂ePL(PL − P̂L)

where P̂C , P̂
′
C , P̂L are auxiliary state vectors and KePC , K̂ePC , KeP ′C

, K̂eP ′C
, KePL , K̂ePL

are positive diagonal constant matrices with appropriate dimensions.

3.3.2 The Trade-off

We next investigate how the gains of the extra dynamics, i.e., KePC , K̂ePC , KePL , K̂ePL ,

affect system (linear) robustness. We linearize the overall system and rearrange it as

a unity negative feedback system, as illustrated in Figure 3.5.
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Figure 3.5: The overall feedback loop configuration.

Denote the plant by G(s) whose dynamics are described by (3.7) and (3.12c)-

(3.12j), and the controller by K(s) whose dynamics are described by (3.26) (now

K(s) stands for a transfer function matrix but not a gain matrix). The outputs

of K(s), i.e., the inputs of G(s), are PC and PL. Based on classical loop shaping

methods (see the Appendix), σ(G(s)K(s)) needs to be large at low frequencies for

better performance and σ(G(s)K(s)) to be small at high frequencies for better robust

stability, noise attenuation and control energy reduction [89]. Due to

σ(G(s))σ(K(s)) ≤ σ(G(s)K(s))

σ(G(s)K(s)) ≤ σ(G(s))σ(K(s))

a sufficient condition is to make σ(K(s)) large at low frequencies and σ(K(s)) small

at high frequencies. Note that K(s) can be written as

K(s) = diag (K1(s), · · · , Km(s), Km+1(s), · · · , Km+n(s))B

where B is a matrix derived from (3.26) relating to the input of K(s) and is indepen-

dent of KePC , K̂ePC , KePL , K̂ePL , and Ki(s) is given by

Ki(s) =
KPCi

(s+ K̂ePCi
)

s2 + (KPCi
κi +KPCi

KePCi
+ K̂ePCi

)s+KPCi
κiK̂ePCi

, i ∈ G (3.28a)

Ki(s) =
KPLi

(s+ K̂ePLi
)

s2 + (KPLi
κi +KPLi

KePLi
+ K̂ePLi

)s+KPLi
κiK̂ePLi

, i ∈ L (3.28b)

where κi = ci +Ri, i ∈ G and κi = −U ′′i (P ∗Li) +D−1
i , i ∈ L. Due to

σ(diag (K1(s), · · · , Km+n(s)))σ(B) ≤ σ(K(s))

σ(K(s)) ≤ σ(diag (K1(s), · · · , Km+n(s)))σ(B)
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we can obtain that σ(Ki(s)) should be large at low frequencies and σ(Ki(s)) should

be small at high frequencies, ∀i ∈ G
⋃
L. We then have the following remark.

Remark 3.8 Let j be the imaginary unit. Since

∂|Ki(jω)|2

∂KePCi

< 0, i ∈ G

∂|Ki(jω)|2

∂KePLi

< 0, i ∈ L

∂|Ki(jω)|2

∂K̂ePCi

=
2K3

PCi
KePCi

ω2(K̂ePCi
(K̂ePCi

+ 2KPCi
κi +KPCi

KePCi
)− ω2)(

(ω2 −KPCi
κiK̂ePCi

)2 + (KPCi
κi +KPCi

KePCi
+ K̂ePCi

)2ω2
)2 , i ∈ G

∂|Ki(jω)|2

∂K̂ePLi

=
2K3

PLi
KePLi

ω2(K̂ePLi
(K̂ePLi

+ 2KPLi
κi +KPLi

KePLi
)− ω2)(

(ω2 −KPLi
κiK̂ePLi

)2 + (KPLi
κi +KPLi

KePLi
+ K̂ePLi

)2ω2
)2 , i ∈ L

where we have abused the notation ω, small KePCi
, KePLi

increase the lower bound of

σ(K(s)) at low frequencies while also increasing the upper bound of σ(K(s)) at high

frequencies. Large K̂ePCi
, K̂ePLi

increase the lower bound of σ(K(s)) at low frequencies

and decrease the upper bound of σ(K(s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there are trade-offs for KePCi
, KePLi

(not very large or very small) and K̂ePCi
, K̂ePLi

need to be large (on the other hand, as will be shown in Chapter 4, increasing

K̂ePCi
, K̂ePLi

too much leads to less influence of the extra dynamics on the closed-

loop system).

3.4 Numerical Investigations

We now present a numerical example using the 6-bus network illustrated in Figure 3.2.

Table 3.1 shows the parameter values of the overall system. We consider a scenario

that consists of one of the generators suddenly losing power, two of the loads suddenly

changing utility functions, one of the loads suddenly changing power consumption and

the generator power recovering. This is realized as follows: at t = 10s (the system is

stabilized at an equilibrium point at t = 0s), there is a step of magnitude −8 per unit

(p.u.) (20 percent drop) in the capacity of generator 2; 20 seconds later, we make

a sudden change in the load utility function at load bus 4 (from −0.3P 2
L4

+ 70PL4

to −0.2P 2
L4

+ 70PL4); after 20 seconds, there is a sudden change in the load utility

function at load bus 5 (from −0.4P 2
L5

+ 90PL5 to −0.35P 2
L5

+ 90PL5); at t = 70s, we
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Table 3.1: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter Value(p.u.)
Mi 9, 10, 11 Pmax

C1
, Pmin

C1
60, 0

Di 1.1, 1, 0.9, 0.4, 0.6, 0.5 Pmax
C2

, Pmin
C2

40, 0
TTGi 5, 4, 6 Pmax

C3
, Pmin

C3
50, 0

R 0.05I3 Pmax
L4

, Pmin
L4

40, 10
Tk 80, 100, 90, 120, 110 Pmax

L5
, Pmin

L5
50, 0

Function Expression Parameter Value(p.u.)
C1(PC1) 0.1P 2

C1
+ 25PC1 Pmax

L6
, Pmin

L6
20, 15

C2(PC2) 0.3P 2
C2

+ 30PC2 Pmax
TC1

, Pmin
TC1

40,−40
C3(PC3) 0.5P 2

C3
+ 35PC3 Pmax

TC2
, Pmin

TC2
50,−50

U4(PL4) −0.3P 2
L4

+ 70PL4 Pmax
TC3

, Pmin
TC3

45,−45
U5(PL5) −0.4P 2

L5
+ 90PL5 Pmax

TC4
, Pmin

TC4
60,−60

U6(PL6) −0.6P 2
L6

+ 100PL6 Pmax
TC5

, Pmin
TC5

55,−55

Gain Value(p.u.) Gain Value(p.u.)
KPC 3I3 KPL 5I3

Kζ 4I3 Kλ 6I3

Kµ+ , Kµ− 3.5I3 Kν+ , Kν− 4.5I3

K 40I5 Kl+ , Kl− 5.5I5

KePC 3I3 K̂ePC I3

KePL 3I3 K̂ePL I3

make a sudden change in the upper bound of load power consumption at load bus 4

(from 40p.u. to 10p.u.): all of these changes in practice represent variations on the

demand side; finally at t = 90s there is a step increase of magnitude +4p.u. (12.5

percent increase) in the capacity of generator 2 and this indicates the generator power

recovery. We test the controller under this scenario without and with the exogenous

input dl at load buses (dg = 0), representing uncontrollable active power injections

from, e.g., uncontrollable loads/users and distributed energy resources. Note that

here the assumption of constant dl is relaxed, and instead, we consider time-varying

exogenous input. The simulation results are shown in Figures 3.6 to 3.7. It is clear

that the controller stabilizes the frequency and balances the supply and demand

quickly during the whole scenario (the nominal frequency is 50Hz).

In addition, we introduce extra dynamics and test the system under the same

scenario without and with the exogenous input as given on the bottom of Figure 3.7.

The simulation results are shown in Figures 3.8 to 3.9. It is clear that with the extra

dynamics, the controller behaves much better in that the transient time becomes
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Figure 3.6: System response without the exogenous input. Top left: power generation
and consumption. Top right: bus frequency. Bottom: power flow in transmission
lines.

shorter and there are much less oscillations, since the extra dynamics hinder the

power generated and consumed from changing too quickly.

3.5 Conclusion

In this chapter, we have studied a real-time control framework that merges con-

ventional primary, secondary and tertiary frequency control in power systems. We

considered a transmission level network with tree topology, and formulated an OPF

problem with constraints containing the dynamics of the power network. We then

used a primal-dual approach to design a distributed dynamic feedback controller for

the system. The design process and stability proof were presented in Section 3.2.

Moreover, we introduced the extra dynamics (3.26) to improve its behaviour, where

we emphasized the trade-off when choosing the gains of the extra dynamics. Numer-

ical experiments showed that the proposed controller could balance the power flow in
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Figure 3.7: System response with the exogenous input. Top left: power generation
and consumption. Top right: bus frequency. Middle: power flow in transmission
lines. Bottom: exogenous input profile.

the network quickly, and achieve OPF in the steady state. Furthermore, after adding

the extra dynamics, the transient performance of the system improved significantly.
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Figure 3.8: System response without the exogenous input, after adding the extra
dynamics. Top left: power generation and consumption. Top right: bus frequency.
Bottom: power flow in transmission lines.
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Figure 3.9: System response with the exogenous input, after adding the extra dynam-
ics. Top left: power generation and consumption. Top right: bus frequency. Middle:
power flow in transmission lines. Bottom: exogenous input profile.
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Chapter 4

Improving the Performance of
Network Congestion Control
Algorithms

In the previous chapter, we have proposed a real-time distributed control framework

to merge conventional primary, secondary and tertiary frequency control for power

systems, and focused on networks with tree topology to demonstrate how the design

methodology, stability analysis and robustness improvement can be performed. As

shown in the numerical examples, introducing extra dynamics improved the transient

performance of the feedback significantly. We now apply this redesign approach to

the network congestion control problem, which is a typical problem in the study of

networks. This problem has received increasing attention in the past three decades,

especially following the work in [48]. Many control schemes have been designed and

applied to solve it [49, 50, 51], nevertheless, there are still many open research is-

sues [51, 52], e.g., global stability of more accurate models, trade-offs among system

performance, robustness and complexity of controllers, etc.

In this chapter, motivated by the augmented Lagrangian method, we propose a

method for redesigning existing congestion control algorithms at the level of fluid-flow

models [64], in order to improve the transient behaviour, and provide robustness to

uncertainties in the network structure and communication constraints. As pointed out

in [90, 53, 51, 52], improving the performance and robustness of existing congestion

control schemes is of practical importance.

This chapter is organized as follows. Firstly, we revisit the network congestion

control problem and discuss the general redesign framework for the related control

algorithms. We then apply the redesign framework to modify the primal-dual, primal

and dual congestion control algorithms respectively by introducing quadratic penalty
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terms. We mainly focus on scalable analysis relating to stability, linear robustness

and delay robustness. In addition, we study the meaning of the extra dynamics and

further introduce distributed Proportional-Integral-Derivative (PID) control actions

to network congestion control algorithms. Finally, we present three illustrative exam-

ples, including an application to a jointly optimal congestion and contention control

problem.

4.1 The Redesign Framework

4.1.1 Preliminaries

The standard network congestion control problem with N users using L links takes

the form [55]

max
xi≥0

N∑
i=1

Ui(xi) (4.1a)

subject to
N∑
i=1

Rlixi ≤ cl, l = 1, · · · , L. (4.1b)

Here Ui(xi) is the utility function of user i, which is assumed to be a continuously

differentiable, monotonically increasing, strictly concave function of the transmission

rate xi. R is a routing matrix describing the interconnection, given by

Rli =

{
1 if user i uses link l,
0 otherwise.

(4.2)

The constraints indicate that the aggregate rate of all users using link l is limited by

cl where cl > 0. The Lagrangian is defined as

L(xi, pl) =
N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
(4.3)

where pl ≥ 0 is the Lagrange multiplier for the inequality constraint
∑N

i=1Rlixi ≤ cl.

Thus, the dual optimization problem is given by

min
pl

sup
xi≥0

N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
(4.4a)

subject to pl ≥ 0, l = 1, · · · , L. (4.4b)

Let x∗i and p∗l denote the optimal solutions of the primal problem (4.1) and the dual

problem (4.4) respectively. Since the primal problem has affine constraints and is
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strictly convex, strong duality holds. x∗i is unique because the primal problem is

strictly convex and feasible. Moreover, x∗i and p∗l satisfy the Karush-Kuhn-Tucker

(KKT) conditions given by

∂L

∂xi
= 0, i = 1, . . . , N (4.5a)

pl
∂L

∂pl
= 0, pl ≥ 0,

∂L

∂pl
≥ 0, l = 1, . . . , L. (4.5b)

Generally speaking, p∗l may not be unique because the capacity constraints may not

be independent [91]. To simplify the problem and obtain a unique optimal solution

to (4.4) (so that (x∗i , p
∗
l ) is the unique saddle point of (4.3)), we make the following

assumption [91, 50, 53, 51, 55]:

Assumption 4.1 The routing matrix R has full row rank.

For the case where Assumption 4.1 does not hold, the results in this chapter can

be generalized in terms of equilibrium set/saddle point set.

For solving the centralized, large-scale, yet convex problem (4.1), primal-dual,

primal and dual algorithms have been proposed in the literature [50], which are given

as follows:

The primal-dual algorithm:

ẋi = kxi(U
′
i(xi)− qi) (4.6a)

ṗl = kpl(yl − cl)+
pl

(4.6b)

The primal algorithm:

ẋi = kxi(U
′
i(xi)− qi) (4.7a)

pl = fl(yl) (4.7b)

The dual algorithm:

ṗl = kpl(yl − cl)+
pl

(4.8a)

xi = U ′−1
i (qi) (4.8b)

where qi =
∑L

l=1 Rlipl, yl =
∑N

i=1Rlixi, kxi , kpl > 0 (note that when implementing

these algorithms in a packet-level protocol, there are extra constraints for the gains

to ensure convergence/stability in terms of stepsizes, as shown in [92]), and each fl(β)

is a barrier/penalty function satisfying fl(β), f ′l (β) > 0 [50, 55]. The characteristics
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of these algorithms vary in efficiency, robustness, computational cost, communica-

tion, etc. Which algorithm should be chosen depends on the criteria set by users and

operators in the network [51]. Figure 4.1 illustrates the feedback structure of these al-

gorithms, where both users and links use the aggregate information available to them

to find the optimal transmission rate x∗i and price signal p∗l in a distributed manner,

which maximizes the total utility
∑N

i=1 Ui(xi). However, these algorithms only con-

sider convergence to the equilibrium (the optimal solution to (4.1)), without paying

attention to the transient behaviour of the overall system. This could result in, e.g.,

large overshoots, longer transient times and reduced robustness to communication

constraints [51, 52], for the closed-loop system. In order to achieve better transient

performance and added robustness, we next introduce our redesign framework.

Figure 4.1: Feedback control structure of available congestion control problems.

4.1.2 The Redesign Framework

Motivated by the need for scalability, our redesign framework is based on an aug-

mented Lagrangian method in that we add extra terms h(z, ẑ, k) to (4.3). The La-

grangian then becomes

Le(xi, pl, h(z, ẑ, k)) =
N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
+ h(z, ẑ, k) (4.9)

where z stands for a group of existing states (decision variables, i.e., xi, pl), ẑ stands

for a group of unconstrained extra states, and k stands for a group of parame-

ters/coefficients in the extra terms which can either be constant or time-varying.

The structure of h(z, ẑ, k), however, needs to satisfy certain requirements. The

optimal solution should not change with h(z, ẑ, k), i.e., if the unique saddle point

of (4.9) is (x∗i , p
∗
l , z
∗, ẑ∗), then (x∗i , p

∗
l ) should be the saddle point of (4.3). Moreover,

to maintain the distributed structure, h(z, ẑ, k) needs to be separable so that each
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state can still be updated using local information. The idea behind this redesign

is to increase the dimension of the problem by adding extra states – the control

scheme, if designed properly, can result in improved performance: in fact the struc-

ture of h(z, ẑ, k) depends on the problem considered. One approach is to introduce

simple quadratic penalty terms, since there is little extra computational cost [93].

In this chapter, we consider h(z, ẑ, k) = h(xi, x̂i, kei) = −
∑N

i=1

kei
2

(xi − x̂i)
2 and

h(z, ẑ, k) = h(pl, p̂l, kel) =
∑L

l=1

kel
2

(pl − p̂l)2, and choose constant parameters. With

the extra terms, we reformulate the Lagrangian as

Le(xi, pl, x̂i) =
N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
−

N∑
i=1

kei
2

(xi − x̂i)2 (4.10a)

Le(xi, pl, x̂i) =
N∑
i=1

Ui(xi)−
L∑
l=1

∫ yl

0

fl(β)dβ −
N∑
i=1

kei
2

(xi − x̂i)2 (4.10b)

Le(xi, pl, p̂l) =
N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
+

L∑
l=1

kel
2

(pl − p̂l)2. (4.10c)

Equation (4.10a) will be used to redesign the primal-dual algorithm where {x̂1, · · · , x̂N}
is a set of extra decision variables and kei > 0. Equation (4.10b) will be used to

redesign the primal algorithm where we have used the modified version of prob-

lem (4.1) (i.e., change (4.1) to an unconstrained optimization problem by introducing

the penalty function −
∑L

l=1

∫ yl
0
fl(β)dβ) [50, 54], {x̂1, · · · , x̂N} is a set of extra de-

cision variables and kei > 0. Equation (4.10c) will be used to redesign the dual

algorithm where {p̂1, · · · , p̂L} is a set of extra decision variables and kel > 0. After

introducing these extra states, the modified feedback control structure is shown in

Figure 4.2 (with dashed blocks).

Figure 4.2: Modified feedback control structure of available congestion control prob-
lems.
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Remark 4.1 Adding the terms −
∑N

i=1

kei
2

(xi − x̂i)2 to (4.3) is equivalent to refor-

mulating (4.1) as:

max
xi≥0,x̂i

N∑
i=1

Ui(xi)−
N∑
i=1

kei
2

(xi − x̂i)2

subject to
N∑
i=1

Rlixi ≤ cl, l = 1, · · · , L.

The advantage of describing the redesign framework in terms of the augmented La-

grangian rather than reformulating the original problem is that both primal and dual

variables can be merged in one formulation, as shown in (4.10c).

4.2 Redesign for the Primal-dual Algorithm

We now use (4.10a) to redesign the primal-dual algorithm, investigating how the

gains resulting from the extra dynamics influence the stability and robustness of the

closed-loop system. Moreover, we consider communication constraints and show that

the modified system could achieve added delay robustness. In this section we will

redesign the control algorithms at the level of fluid-flow models, which allows the use

of continuous-time models for analysis and design. For implementing the redesigned

algorithm in a practical packet-level context, we refer to [94] (Section IV) and [64]

(Section V) for more details.

4.2.1 Modified Dynamics and Stability

Based on a primal-dual approach [50] (Section 3.4), we obtain the modified dynamics

(in continuous-time) given by

ẋi = kxi(U
′
i(xi)− qi + kei(x̂i − xi)) (4.11a)

˙̂xi = k̂ei(xi − x̂i) (4.11b)

ṗl = kpl(yl − cl)+
pl

(4.11c)

where k̂ei > 0. Although the extra dynamics ˙̂xi are introduced, the feedback control

structure remains distributed.

Theorem 4.1 Under Assumption 4.1, the equilibrium point of (4.11) is unique, satis-

fies the KKT conditions (4.5) and is globally asymptotically stable for all non-negative

initial conditions.
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Proof : Noting that at the equilibrium point xi and x̂i are the same, the proof of

uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).

Consider the following radially unbounded function as a candidate Lyapunov function

V(4.11)(xi, x̂i, pl) =
N∑
i=1

1

2kxi
(xi − x∗i )2 +

L∑
l=1

1

2kpl
(pl − p∗l )2 +

N∑
i=1

kei

2k̂ei
(x̂i − x̂∗i )2

(4.12)

where x∗i = x̂∗i holds. Differentiating V(4.11) with respect to time, we get

V̇(4.11) =
N∑
i=1

(U ′i(xi)− qi + kei(x̂i − xi))(xi − x∗i ) +
L∑
l=1

(yl − cl)+
pl

(pl − p∗l )

+
N∑
i=1

kei(xi − x̂i)(x̂i − x̂∗i )

≤
N∑
i=1

(U ′i(xi)− qi)(xi − x∗i ) +
L∑
l=1

(yl − cl)(pl − p∗l )−
N∑
i=1

kei(xi − x̂i)2

≤
N∑
i=1

(U ′i(xi)− U ′i(x∗i ))(xi − x∗i ) +
L∑
l=1

(y∗l − cl)(pl − p∗l )−
N∑
i=1

kei(xi − x̂i)2

≤0. (4.13)

Now V̇(4.11) = 0 only when xi = x̂i = x∗i , and either y∗l = cl or pl = p∗l , which can

only happen at the equilibrium of interest. Using Krasovskii-LaSalle principle [79],

the equilibrium point is globally asymptotically stable. �

Theorem 4.1 indicates that the extra dynamics do not affect the global asymptotic

stability of the overall system. Moreover, there is no restriction for the choice of kei
and k̂ei , except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.2.2 Linear Robust Analysis

Linearizing (4.11) around the equilibrium point and expressing it in the Laplace

domain, we obtain

δxi(s) =
kxi
s

(
−κiδxi(s)−

L̄∑
m=1

R̄miδp̄m(s)− keis

s+ k̂ei
δxi(s)

)
(4.14a)

δp̄l(s) =
kpl
s

N∑
n=1

R̄lnδxn(s). (4.14b)
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In these transfer functions, δxi(s) denotes the linearized state and δp̄l(s) denotes

the linearized reduced state by eliminating non-bottleneck links (whose prices at the

equilibrium point are zeros [64]). Also, R̄ is obtained by eliminating non-bottleneck

rows from R, R̄mi and R̄ln are the entries of R̄ and L̄ is the number of bottleneck

links. Let κi = −U ′′i (x∗i ). Following Assumption 4.1, we will assume that R̄ is of full

row rank. We rearrange the transfer function as a standard unity negative feedback

system so that the loop transfer function matrix is given by

L(4.14)(s) = diag

{
kxi(s+ k̂ei)

s(s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei)

}
R̄Tdiag{kpl}R̄. (4.15)

Based on classical loop shaping methods (see the Appendix), in order to achieve better

performance, σ(L(4.14)(s)) needs to be large at low frequencies and σ(L(4.14)(s)) needs

to be small at high frequencies [89]. Since

σ

(
diag

{
kxi(s+ k̂ei)

s(s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei)

})
σ
(
R̄Tdiag{kpl}R̄

)
≤σ(L(4.14)(s))

σ

(
diag

{
kxi(s+ k̂ei)

s(s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei)

})
σ
(
R̄Tdiag{kpl}R̄

)
≥σ(L(4.14)(s))

a sufficient condition is to make the lower bound of σ(L(4.14)(s)) large at low frequen-

cies and the upper bound of σ(L(4.14)(s)) small at high frequencies. We then have the

following remark.

Remark 4.2 Let

Ki(jω) =
kxi(jω + k̂ei)

jω(kxiκik̂ei − ω2 + (kxiκi + kxikei + k̂ei)jω)
.

Since
∂|Ki|2

∂kei
< 0

∂|Ki|2

∂k̂ei
=

2k3
xi
kei(k̂ei(k̂ei + 2kxiκi + kxikei)− ω2)

((ω2 − kxiκik̂ei)2 + (kxiκi + kxikei + k̂ei)
2ω2)2

small kei increases the lower bound of σ(L(4.14)(s)) at low frequencies while also in-

creasing the upper bound of σ(L(4.14)(s)) at high frequencies. Large k̂ei increases

the lower bound of σ(L(4.14)(s)) at low frequencies and decreases the upper bound

of σ(L(4.14)(s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for kei (not very large or very small) and k̂ei needs to be large.
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4.2.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.11) change to

ẋi(t) = kxi

(
U ′i(xi(t))−

L∑
m=1

Rmipm(t− τ bi,m) + kei(x̂i(t)− xi(t))

)
(4.16a)

˙̂xi(t) = k̂ei(xi(t)− x̂i(t)) (4.16b)

ṗl(t) = kpl

(
N∑
n=1

Rlnxn(t− τ fn,l)− cl

)+

pl

(4.16c)

where τ fn,l is the forward time delay of the transmission rate xn at link l, and τ bi,m is the

backward time delay of the price pm for the user i. The forward and backward delays

can be combined to yield the Round Trip Time (RTT) τi = τ fi,l + τ bi,l, ∀ l = 1, · · · , L,

for user i.

We linearize (4.16) around the equilibrium and express it in the Laplace domain

δxi(s) =
kxi
s

(
−κiδxi(s)−

L̄∑
m=1

R̄b
mi(s)δp̄m(s)− keis

s+ k̂ei
δxi(s)

)
(4.17a)

δp̄l(s) =
kpl
s

N∑
n=1

R̄f
ln(s)δxn(s). (4.17b)

In these transfer functions, δxi(s), δp̄l(s), L̄ and κi are defined as stated previously:

R̄f (s) and R̄b(s) are obtained by eliminating non-bottleneck rows from R, and also

replacing the “1” elements by the delay terms e−τ
f
n,ls and e−τ

b
i,ms respectively. R̄f

ln(s)

and R̄b
mi(s) are the entries of R̄f (s) and R̄b(s) respectively. As before, we assume that

R̄f (0) and R̄b(0) have full row rank. The loop transfer function matrix is given by

L(4.17)(s) = diag

{
kxi(s+ k̂ei)

s(s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei)

}
R̄b(s)Tdiag{kpl}R̄f (s).

Noting that R̄b(s) = R̄f (−s)diag {e−τis}, we have

L(4.17)(s) = diag

{
kxie

−τis(s+ k̂ei)

s(s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei)

}
R̄f (−s)Tdiag{kpl}R̄f (s).

(4.18)

Remark 4.3 When kei = 0, i.e., there is no extra dynamics added to the sys-

tem, (4.18) becomes
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diag

{
kxie

−τis

s(s+ kxiκi)

}
R̄f (−s)Tdiag{kpl}R̄f (s).

Comparing this transfer function matrix to (4.18), we can see that the redesigned

dynamics add a band rejection filter
(s+kxiκi)(s+k̂ei )

s2+(kxiκi+kxikei+k̂ei )s+kxiκik̂ei
to each

kxie
−τis

s(s+kxiκi)
in

the modified system.

Now we turn to developing stability conditions for (4.16). We first present a

related lemma.

Lemma 4.1 Given Q(jω) = R̄f (jω)Hdiag{kpl}R̄f (jω), where ω 6= 0 and all param-

eters are defined in L(4.17)(s), the following inequality holds:

ρ(Q(jω)) ≤ max
i

L̄∑
l=1

N∑
n=1

R̄liR̄lnkpl .

P roof : The proof follows from the claim in the Appendix of [64]. Using the l∞-

induced norm, we have

ρ(Q(jω)) = ρ
(
R̄f (jω)Hdiag{kpl}R̄f (jω)

)
≤
∥∥R̄f (jω)Hdiag{kpl}R̄f (jω)

∥∥
∞−ind

= max
i

L̄∑
l=1

N∑
n=1

R̄liR̄lnkpl .

�

Under Remark 4.3, Lemma 4.1 and following the proof of Theorem 1 in [64], we

can derive a local stability condition for the system without extra dynamics, given by

L̄∑
l=1

N∑
n=1

R̄liR̄lnkpl < min
n

ωn
√
ω2
n + k2

xnκ
2
n

kxn
, i = 1, · · · , N (4.19)

where ωn > 0 is the solution to τnωn = arctan kxnκn
ωn

, n = 1, · · · , N . With the extra

dynamics, this stability condition can be much less conservative, as demonstrated in

the following theorem.

Theorem 4.2 For fixed full rank R̄ (R̄f (0) = R̄b(0) = R̄), the equilibrium point

of (4.16) is unique, satisfies the KKT conditions (4.5) and is locally asymptotically

stable provided

L̄∑
l=1

N∑
n=1

R̄liR̄lnkpl < min
n

(
ωn
√
ω2
n + k2

xnκ
2
n

kxn

(
1 +

k2
xnκnken

ω2
n + k2

xnκ
2
n

))
, i = 1, · · · , N

(4.20)
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where ωn > 0 is the solution to τnωn = arctan kxnκn
ωn

and k̂en satisfies kxnκnk̂en =

ω2
n, n = 1, · · · , N .

Proof : Noting that at the equilibria xi and x̂i are the same, the uniqueness and

optimality of the equilibrium point follow from Theorem 4.1. For asymptotic stability,

according to Proposition 2 in [64], it is sufficient to show that

−1 /∈ eig(µL(4.17)(jω)), µ ∈ (0, 1], ω 6= 0⇔ −1 /∈ eig(Q(jω)Λ(jω))

where Q(jω) = Q(jω)H is positive semi-definite as defined in Lemma 4.1, and

Λ(jω) = diag

{
kxie

−jτiω(jω + k̂ei)

jω(kxiκik̂ei − ω2 + (kxiκi + kxikei + k̂ei)jω)

}
.

Since the Nyquist plots of the entries of Λ(jω) first cross the negative real axis at the

frequency satisfying τiω = arctan
kxiκi
ω

when kxiκik̂ei = ω2 holds, based on Lemma 1

in [72], it is sufficient to show that

ρ(Q(jω)) max
n

kxn

√
ω2
n + k̂2

en

ω2
n(kxnκn + kxnken + k̂en)

< 1

where ωn > 0 is the solution to τnωn = arctan kxnκn
ωn

, n = 1, · · · , N . According to

Lemma 4.1, this is satisfied when (4.20) holds, which completes the proof. �

The condition in Theorem 4.2 indicates that by increasing kei and choosing k̂ei
to satisfy kxiκik̂ei = ω2 where ω > 0 solves τiω = arctan

kxiκi
ω

, which is distributed,

the overall system can achieve added delay robustness. Combining Remark 4.2 and

Theorem 4.2, we can see that there is a trade-off between these gains, as expected.

Remark 4.4 Another way to redesign the primal-dual algorithm is to use the aug-

mented Lagrangian

Le(xi, pl, x̂i, p̂l) =

N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
−

N∑
i=1

kexi
2

(xi − x̂i)2 +
L∑
l=1

kepl
2

(pl − p̂l)2

which introduces both extra dynamics ˙̂xi and ˙̂pl, and can result in more benefits. The

analysis of linear robustness and delay robustness in this case is similar to that in this

section but more complicated.
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4.3 Redesign for the Primal Algorithm

We now use (4.10b) to redesign the primal algorithm, investigating how the gains

resulting from the extra dynamics influence the stability and robustness of the closed-

loop system. Since the redesign process is similar to that in the previous section, some

details are omitted for brevity.

4.3.1 Modified Dynamics and Stability

Based on a primal approach [50] (Section 3.1), we obtain the modified dynamics (in

continuous-time) given by

ẋi = kxi(U
′
i(xi)− qi + kei(x̂i − xi)) (4.21a)

˙̂xi = k̂ei(xi − x̂i) (4.21b)

pl = fl(yl) (4.21c)

where k̂ei > 0. Although the extra dynamics ˙̂xi are introduced, the feedback control

structure remains distributed.

Theorem 4.3 Under Assumption 4.1, starting from any non-negative initial condi-

tion, system (4.21) will converge to the unique optimal solution of:

max
xi≥0

N∑
i=1

Ui(xi)−
L∑
l=1

∫ yl

0

fl(β)dβ. (4.22)

Proof : Noting that at the equilibrium point xi and x̂i are the same, the uniqueness

and optimality of the equilibrium point can be found in [50] (Section 3). Consider

the following radially unbounded function as a candidate Lyapunov function

V(4.21)(xi, x̂i) = −
L∑
l=1

(Ui(xi)− Ui(x∗i )) +
L∑
l=1

∫ yl

y∗l

fl(β)dβ +
N∑
i=1

kei
2

(xi − x̂i)2 (4.23)

where x∗i = x̂∗i holds. This function is non-negative with a minimum at the equilib-

rium. Differentiating V(4.21) with respect to time, we get

V̇(4.21) =−
N∑
i=1

U ′i(xi)ẋi +
L∑
l=1

plẏl +
N∑
i=1

kei(xi − x̂i)(ẋi − ˙̂xi)

=−
N∑
i=1

(U ′i(xi)− qi + kei(x̂i − xi))ẋi −
N∑
i=1

kei(xi − x̂i) ˙̂xi

=−
N∑
i=1

kxi(U
′
i(xi)− qi + kei(x̂i − xi))2 −

N∑
i=1

kei k̂ei(xi − x̂i)2

≤0. (4.24)
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Now V̇(4.21) = 0 only when U ′i(xi) − qi + kei(x̂i − xi) = 0, xi = x̂i, which can only

happen at the equilibrium of interest. �

Theorem 4.3 indicates that the extra dynamics do not affect the global asymptotic

stability of the overall system. Moreover, there is no restriction for the choice of kei
and k̂ei , except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.3.2 Linear Robust Analysis

Linearizing (4.21) around the equilibrium point and expressing it in the Laplace

domain, we obtain

δxi(s) =
kxi
s

(
−κiδxi(s)−

L∑
l=1

Rlif
′
l (y
∗
l )

N∑
n=1

Rlnδxn(s)− keis

s+ k̂ei
δxi(s)

)
(4.25)

where δxi(s) denotes the linearized state, κi = −U ′′i (x∗i ) and y∗l =
∑N

i=1Rlix
∗
i . We

rearrange the transfer functions as a standard unity negative feedback system so that

the loop transfer function matrix is given by

L(4.25)(s) = diag

{
kxi(s+ k̂ei)

s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei

}
RTdiag{f ′l (y∗l )}R. (4.26)

Based on classical loop shaping methods, in order to achieve better performance,

σ(L(4.25)(s)) needs to be large at low frequencies and σ(L(4.25)(s)) needs to be small

at high frequencies [89]. Since

σ

(
diag

{
kxi(s+ k̂ei)

s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei

})
σ
(
RTdiag{f ′l (y∗l )}R

)
≤σ(L(4.25)(s))

σ

(
diag

{
kxi(s+ k̂ei)

s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei

})
σ
(
RTdiag{f ′l (y∗l )}R

)
≥σ(L(4.25)(s))

a sufficient condition is to make the lower bound of σ(L(4.25)(s)) large at low frequen-

cies and the upper bound of σ(L(4.25)(s)) small at high frequencies. We then have the

following remark.

Remark 4.5 Let

Ki(jω) =
kxi(jω + k̂ei)

kxiκik̂ei − ω2 + (kxiκi + kxikei + k̂ei)jω
.
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Since

∂|Ki|2

∂kei
< 0

∂|Ki|2

∂k̂ei
=

2k3
xi
keiω

2(k̂ei(k̂ei + 2kxiκi + kxikei)− ω2)

((ω2 − kxiκik̂ei)2 + (kxiκi + kxikei + k̂ei)
2ω2)2

small kei increases the lower bound of σ(L(4.25)(s)) at low frequencies while also in-

creasing the upper bound of σ(L(4.25)(s)) at high frequencies. Large k̂ei increases

the lower bound of σ(L(4.25)(s)) at low frequencies and decreases the upper bound

of σ(L(4.25)(s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for kei (not very large or very small) and k̂ei needs to be large.

4.3.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.21) change to

ẋi(t) = kxi

(
U ′i(xi(t))−

L∑
l=1

Rlifl

(
N∑
n=1

Rlnxn(t− τ bi,l − τ
f
n,l)

)
+ kei(x̂i(t)− xi(t))

)
(4.27a)

˙̂xi(t) = k̂ei(xi(t)− x̂i(t)) (4.27b)

where τ fi,l and τ bi,l are the same as previously defined, and τi = τ fi,l+τ
b
i,l, ∀ l = 1, · · · , L.

We linearize (4.27) around the equilibrium and express it in the Laplace domain

δxi(s) =
kxi
s

(
−κiδxi(s)−

L∑
l=1

Rb
li(s)f

′
l (y
∗
l )

N∑
n=1

Rf
ln(s)δxn(s)− keis

s+ k̂ei
δxi(s)

)
(4.28)

where all states and parameters are defined as stated previously. We rearrange the

transfer functions as a standard unity negative feedback system so that the loop

transfer function matrix is given by

L(4.28)(s) = diag

{
kxi(s+ k̂ei)

s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei

}
Rb(s)Tdiag{f ′l (y∗l )}Rf (s).

Noting that Rb(s) = Rf (−s)diag {e−τis}, we have

L(4.28)(s) = diag

{
kxie

−τis(s+ k̂ei)

s2 + (kxiκi + kxikei + k̂ei)s+ kxiκik̂ei

}
Rf (−s)Tdiag{f ′l (y∗l )}Rf (s).

(4.29)
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Remark 4.6 When kei = 0, i.e., there is no extra dynamics added to the sys-

tem, (4.29) becomes

diag

{
kxie

−τis

s+ kxiκi

}
Rf (−s)Tdiag{f ′l (y∗l )}Rf (s).

Comparing this transfer function matrix to (4.29), we can see that the redesigned

dynamics add a band rejection filter
(s+kxiκi)(s+k̂ei )

s2+(kxiκi+kxikei+k̂ei )s+kxiκik̂ei
to each

kxie
−τis

s(s+kxiκi)
in

the modified system.

Under Remark 4.6, Lemma 4.1 and following the proof of Theorem 1 in [95], we

can derive a local stability condition for the system without extra dynamics, given by

L∑
l=1

N∑
n=1

RliRlnf
′
l (y
∗
l ) < min

n

√
ω2
n + k2

xnκ
2
n

kxn
, i = 1, · · · , N (4.30)

where ωn > 0 is the solution to τnωn− π
2

= arctan kxnκn
ωn

, n = 1, · · · , N . With the extra

dynamics, this stability condition can be much less conservative, as demonstrated in

the following theorem.

Theorem 4.4 For fixed full rank R, the equilibrium point of (4.27) is unique, optimal

with respect to problem (4.22), and is locally asymptotically stable provided

L∑
l=1

N∑
n=1

RliRlnf
′
l (y
∗
l ) < min

n

(√
ω2
n + k2

xnκ
2
n

kxn

(
1 +

k2
xnκnken

ω2
n + k2

xnκ
2
n

))
, i = 1, · · · , N

(4.31)

where ωn > 0 is the solution to τnωn − π
2

= arctan kxnκn
ωn

and k̂en satisfies kxnκnk̂en =

ω2
n, n = 1, · · · , N .

Proof : Noting that at the equilibria xi and x̂i are the same, the uniqueness and

optimality of the equilibrium point follow from Theorem 4.3. For asymptotic stability,

according to the proof of Theorem 1 in [95], it is sufficient to show that

−1 /∈ eig(Q(jω)Λ(jω))

where

Q(jω) = Q(jω)H = Rf (jω)Hdiag{f ′l (y∗l )}Rf (jω)

Λ(jω) = diag

{
kxie

−jτiω(jω + k̂ei)

kxiκik̂ei − ω2 + (kxiκi + kxikei + k̂ei)jω

}
.
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Since the Nyquist plots of the entries of Λ(jω) first cross the negative real axis at

the frequency satisfying τiω − π
2

= arctan
kxiκi
ω

when kxiκik̂ei = ω2 holds, based on

Lemma 1 in [72], it is sufficient to show that

ρ(Q(jω)) max
n

kxn

√
ω2
n + k̂2

en

ωn(kxnκn + kxnken + k̂en)
< 1

where ωn > 0 is the solution to τnωn − π
2

= arctan kxnκn
ωn

, n = 1, · · · , N . According to

Lemma 4.1, this is satisfied when (4.31) holds, which completes the proof. �

The condition in Theorem 4.4 indicates that by increasing kei and choosing k̂ei to

satisfy kxiκik̂ei = ω2 where ω > 0 solves τiω − π
2

= arctan
kxiκi
ω

, which is distributed,

the overall system can achieve added delay robustness. Combining Remark 4.5 and

Theorem 4.4, we can see that there is a trade-off between these gains, as expected.

4.4 Redesign for the Dual Algorithm

We now use (4.10c) to redesign the dual algorithm, investigating how the gains result-

ing from the extra dynamics influence the stability and robustness of the closed-loop

system. Since the redesign process is similar to that in the previous section, some

details are omitted for brevity.

4.4.1 Modified Dynamics and Stability

Based on a dual approach [50] (Section 3.2), we obtain the modified dynamics (in

continuous-time) given by

ṗl = kpl(yl − cl + kel(p̂l − pl))+
pl

(4.32a)

˙̂pl = k̂el(pl − p̂l) (4.32b)

xi = U ′−1
i (qi) (4.32c)

where k̂el > 0. Although the extra dynamics ˙̂pl are introduced, the feedback control

structure remains distributed.

Theorem 4.5 Under Assumption 4.1, the equilibrium point of (4.32) is unique, satis-

fies the KKT conditions (4.5) and is globally asymptotically stable for all non-negative

initial conditions.
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Proof : Noting that at the equilibrium point pl and p̂l are the same, the proof of

uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).

Consider the following radially unbounded function as a candidate Lyapunov function

V(4.32)(pl, p̂l) =
L∑
l=1

(cl − y∗l )pl +
N∑
i=1

∫ qi

q∗i

(x∗i − U ′−1
i (β))dβ +

L∑
l=1

kel
2

(pl − p̂l)2 (4.33)

where p∗l = p̂∗l holds. This function is non-negative for pl ≥ 0 with a minimum at the

equilibrium. Differentiating V(4.32) with respect to time, we get

V̇(4.32) =
L∑
l=1

(cl − y∗l − kel(p̂l − pl) + kel(p̂l − pl))ṗl +
N∑
i=1

(x∗i − U ′−1
i (qi))q̇i

+
L∑
l=1

kel(pl − p̂l)(ṗl − ˙̂pl)

=
L∑
l=1

(cl − y∗l − kel(p̂l − pl))ṗl +
N∑
i=1

(x∗i − U ′−1
i (qi))q̇i −

L∑
l=1

kel k̂el(pl − p̂l)2

=−
L∑
l=1

kpl(yl − cl + kel(p̂l − pl))(yl − cl + kel(p̂l − pl))+
pl
−

L∑
l=1

kel k̂el(pl − p̂l)2

≤0. (4.34)

Now V̇(4.32) = 0 only when yl − cl + kel(p̂l − pl) = 0, pl = p̂l or yl − cl + kel(p̂l − pl) <
0, pl = p̂l = 0, which can only happen at the equilibrium of interest. �

Theorem 4.5 indicates that the extra dynamics do not affect the global asymptotic

stability of the overall system. Moreover, there is no restriction for the choice of kel
and k̂el , except positivity. We next investigate how to tune them in order to achieve

better performance for the closed-loop system.

4.4.2 Linear Robust Analysis

Linearizing (4.32) around the equilibrium point and expressing it in the Laplace

domain, we obtain

δp̄l(s) =
kpl
s

(
−

N∑
i=1

R̄li
1

κi

L̄∑
m=1

R̄miδp̄m(s)− kels

s+ k̂el
δp̄l(s)

)
. (4.35)

In this transfer function, δp̄l(s) denotes the linearized reduced state by eliminating

non-bottleneck links. R̄ is obtained by eliminating non-bottleneck rows from R and

R̄li is the entries of R̄. L̄ is the number of bottleneck links. Following Assumption 4.1,

we will assume that R̄ is of full row rank. κi = −U ′′i (x∗i ). We rearrange the transfer
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functions as a standard unity negative feedback system so that the loop transfer

function matrix is given by

L(4.35)(s) = diag

{
kpl(s+ k̂el)

s(s+ k̂el + kplkel)

}
R̄diag

{
1

κi

}
R̄T . (4.36)

Based on classical loop shaping methods, in order to achieve better performance,

σ(L(4.35)(s)) needs to be large at low frequencies and σ(L(4.35)(s)) needs to be small

at high frequencies [89]. Since

σ

(
diag

{
kpl(s+ k̂el)

s(s+ k̂el + kplkel)

})
σ

(
R̄diag

{
1

κi

}
R̄T

)
≤ σ(L(4.35)(s))

σ(L(4.35)(s)) ≤ σ

(
diag

{
kpl(s+ k̂el)

s(s+ k̂el + kplkel)

})
σ

(
R̄diag

{
1

κi

}
R̄T

)
a sufficient condition is to make the lower bound of σ(L(4.35)(s)) large at low frequen-

cies and the upper bound of σ(L(4.35)(s)) small at high frequencies. We then have the

following remark.

Remark 4.7 Let

Kl(jω) =
kpl(jω + k̂el)

jω(jω + k̂el + kplkel)
.

Since

∂|Kl|2

∂kel
< 0

∂|Kl|2

∂k̂el
=

2k3
pl
kel(k̂el(k̂el + kplkel)− ω2)

ω2(ω2 + (k̂el + kplkel)
2)2

small kel increases the lower bound of σ(L(4.35)(s)) at low frequencies while also in-

creasing the upper bound of σ(L(4.35)(s)) at high frequencies. Large k̂el increases

the lower bound of σ(L(4.35)(s)) at low frequencies and decreases the upper bound

of σ(L(4.35)(s)) at high frequencies.

This means that in order to improve the performance of the closed-loop system,

there is a trade-off for kel (not very large or very small) and k̂el needs to be large.
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4.4.3 Robust Stability to Delays

We now consider delay robustness of the overall system. In the delayed case, the

closed-loop dynamics (4.32) change to

ṗl(t) = kpl

(
N∑
i=1

RliU
′−1
i

(
L∑

m=1

Rmipm(t− τ fi,l − τ
b
i,m)

)
− cl + kel(p̂l(t)− pl(t))

)+

pl(t)

(4.37a)

˙̂pl(t) = k̂el(pl(t)− p̂l(t)) (4.37b)

where τ fi,l and τ bi,l are the same as previously defined, and τi = τ fi,l+τ
b
i,l, ∀ l = 1, · · · , L.

We linearize (4.37) around the equilibrium and express it in the Laplace domain

δp̄l(s) =
kpl
s

(
−

N∑
i=1

R̄f
li(s)

1

κi

L̄∑
m=1

R̄b
mi(s)δp̄m(s)− kels

s+ k̂el
δp̄l(s)

)
(4.38)

where all states and parameters are defined as stated previously. We rearrange the

transfer functions as a standard unity negative feedback system so that the loop

transfer function matrix is given by

L(4.38)(s) = diag

{
kpl(s+ k̂el)

s(s+ k̂el + kplkel)

}
R̄f (s)diag

{
1

κi

}
R̄b(s)T .

Noting that R̄b(s) = R̄f (−s)diag {e−τis}, we have

L(4.38)(s) = diag

{
kpl(s+ k̂el)

s(s+ k̂el + kplkel)

}
R̄f (s)diag

{
e−τis

κi

}
R̄f (−s)T . (4.39)

Remark 4.8 When kel = 0, i.e., there is no extra dynamics added to the sys-

tem, (4.39) becomes

diag

{
kpl
s

}
R̄f (s)diag

{
e−τis

κi

}
R̄f (−s)T .

Comparing this transfer function matrix to (4.39), we can see that the redesigned

dynamics add a filter
s+k̂el

s+k̂el+kplkel
to each

kpl
s

in the modified system.

Under Remark 4.8, Lemma 4.1 and following the proof of Theorem 1 in [64], we

can derive a local stability condition for the system without extra dynamics, given by

kpl

N∑
i=1

L̄∑
n=1

R̄liR̄niτi
κi

<
π

2
, l = 1, · · · , L̄. (4.40)

With the extra dynamics, this stability condition can be much less conservative, as

demonstrated in the following theorem.
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Theorem 4.6 For fixed full rank R̄ (R̄f (0) = R̄b(0) = R̄), the equilibrium point

of (4.37) is unique, satisfies the KKT conditions (4.5) and is locally asymptotically

stable provided

kpl

N∑
i=1

L̄∑
n=1

R̄liR̄niτi
κi

< min
i
τiωi

√
1 +

2k̂k + k2

ω2
i + k̂2

, l = 1, · · · , L̄ (4.41)

where ωi > 0 is the solution to τiωi = π
2

+ arctan ωi
k̂
− arctan ωi

k̂+k
, i = 1, · · · , N , and

k̂el = k̂ > 0, kplkel = k > 0, l = 1, · · · , L.

Proof : Noting that at the equilibria pl and p̂l are the same, the uniqueness and

optimality of the equilibrium point follow from Theorem 4.5. Under the condition

k̂el = k̂ > 0, kplkel = k > 0, l = 1, · · · , L, (4.39) becomes

L(4.38)(s) = diag{kpl}R̄f (s)diag

{
τi
κi

}
diag

{
e−τis(s+ k̂)

τis(s+ k̂ + k)

}
R̄f (−s)T .

For asymptotic stability, according to Proposition 2 in [64], it is sufficient to show

that

−1 /∈ eig(µL(4.38)(jω)), µ ∈ (0, 1], ω 6= 0⇔ −1 /∈ eig(Q(jω)Λ(jω))

where

Q(jω) = Q(jω)H = diag

{√
τi
κi

}
Rf (jω)Hdiag{kpl}R̄f (jω)diag

{√
τi
κi

}
Λ(jω) = diag

{
e−jτiω(jω + k̂)

jτiω(jω + k̂ + k)

}
.

Since the Nyquist plots of the entries of Λ(jω) first cross the negative real axis at the

frequency satisfying τiω = π
2

+ arctan ω

k̂
− arctan ω

k̂+k
, based on Lemma 1 in [72], it is

sufficient to show that

ρ(Q(jω)) max
i

√
ω2
i + k̂2

τiωi

√
ω2
i + (k̂ + k)2

< 1

where ωi > 0 is the solution to τiωi = π
2

+ arctan ωi
k̂
− arctan ωi

k̂+k
, i = 1, · · · , N .

According to Lemma 4.1, this is satisfied when (4.41) holds, which completes the

proof. �

Since (
π

2
+ arctan

ωi

k̂
− arctan

ωi

k̂ + k

)√
1 +

2k̂k + k2

ω2
i + k̂2

>
π

2
, ∀ i

the stability condition can be much less conservative after adding the extra dynamics,

indicating improved robustness to time delays.

86



Remark 4.9 The condition in Theorem 4.6 requires k̂el = k̂ > 0, kplkel = k > 0, l =

1, · · · , L, i.e., homogenous gains in the extra dynamics. In fact, there are alternative

stability conditions which can be derived following from Theorem 4.6. For example,

the equilibrium point of (4.37) is locally asymptotically stable provided

kpl

N∑
i=1

L̄∑
n=1

R̄liR̄niτi
κi

< min
i
τiωi

√√√√1 +
2k̂kpmkem + k2

pmk
2
em

ω2
i + k̂2

, l = 1, · · · , L̄

where ωi > 0 is the solution to τiωi = π
2

+ arctan ωi
k̂
− arctan ωi

k̂+kpmkem
, i = 1, · · · , N ,

k̂el = k̂ > 0, l = 1, · · · , L, and (kpm , kem) are derived from the set of (kpl , kel) such that

kpmkem = minl{kplkel}.

4.5 A Distributed PID Controller

In the previous sections, we have redesigned the primal-dual, primal and dual algo-

rithms by introducing extra dynamics. We now turn to study the meaning of these

extra dynamics and further introduce a design framework of distributed PID control

for network congestion control problems.

4.5.1 Derivative Action with Filtering

We first focus on the standard primal-dual algorithm given by

ẋi = kxi(U
′
i(xi)− qi)

ṗl = kpl(yl − cl)+
pl

where qi =
∑L

l=1 Rlipl, yl =
∑N

i=1Rlixi. From a control perspective, we can regard the

scheme as one in which each user adopts integral control action to adjust his source

rate in a distributed manner. This is because the above scheme can be written as

ẋi = kxi(U
′
i(xi)− ui) (4.42a)

ui = qi =
L∑
l=1

Rlipl (4.42b)

pl =

∫ t

0

kpl

(
N∑
i=1

Rlixi(β)− cl

)+

pl

dβ,
N∑
i=1

Rlixi(0)− cl ≤ 0. (4.42c)

This is in accord with the paradigm proposed in [57]. On the other hand, consider

the redesign primal-dual algorithm given by
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ẋi = kxi(U
′
i(xi)− (qi + kei(xi − x̂i))︸ ︷︷ ︸

ui

) (4.43a)

˙̂xi = k̂ei(xi − x̂i) (4.43b)

ṗl = kpl(yl − cl)+
pl
. (4.43c)

Express (4.43b) in the Laplace domain as

x̂i(s) =
k̂ei

s+ k̂ei
xi(s).

The controller, from (4.43a), is therefore

ui(s) =qi(s) +
kei

s+ k̂ei
sxi(s)

=qi(s) +
kei

k̂ei
sx̂i(s) (4.44)

which contains both integral action and derivative action with filtering.

We can compare (4.44) with another potential derivative action given by

ui = qi + kdiẋi (4.45)

where kdi > 0. This is equivalent to changing the gain kxi to
kxi

1+kxikdi
in (4.42). On

the contrary, the term
kei
k̂ei
sx̂i(s) in (4.44) is actually the high frequency component of

xi which can hinder xi from changing too quickly. By tuning the gains appropriately,

it can improve the behaviour of the overall system at high frequencies while not

affecting the system greatly at low frequencies. Figure 4.3 shows the system responses

with (4.45) and (4.44) respectively (We use a 3-source-2-link network as illustrated in

Figure 4.4. All utility functions of the sources are Ui(xi) = log(xi). R = [1 1 0; 1 0 1]

and cl = (2, 1). The controller gains are: all kxi = 3; all kpl = 1; all kdi = 1 in (4.45);

all kei = 2 and all k̂ei = 2 (i.e.,
kei
k̂ei

= 1) in (4.44). The scenario consists of one

of the sources suddenly changing its utility function, from log(xi) to 3 log(xi)). It

can be seen that using derivative action with filtering results in less overshoot and

oscillations than using (4.45) under the same conditions.

Similarly, let us compare the standard primal algorithm given by

ẋi = kxi(U
′
i(xi)− qi)

pl = fl(yl)
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Figure 4.3: Simulation results comparing (4.45) (ID) and (4.44) (ID with filtering):
responses of source rate.

Figure 4.4: A 3-source-2-link network.

and redesign primal algorithm given by

ẋi = kxi(U
′
i(xi)− (qi + kei(xi − x̂i))︸ ︷︷ ︸

ui

)

˙̂xi = k̂ei(xi − x̂i)

pl = fl(yl).

In the standard algorithm, the input actually corresponds to proportional action; in

the redesigned algorithm, derivative active with filtering is introduced. Therefore,

the redesigned primal algorithm contains a distributed Proportional-Derivative (PD)

controller.

Finally, we compare the standard dual algorithm given by

ṗl = kpl(yl − cl︸ ︷︷ ︸
−ul

)+
pl

xi = U ′−1
i (qi)
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and the redesigned dual algorithm given by

ṗl = kpl(yl − cl + kel(p̂l − pl)︸ ︷︷ ︸
−ul

)+
pl

˙̂pl = k̂el(pl − p̂l)

xi = U ′−1
i (qi).

Likewise, we can see that the redesigned dual algorithm contains a distributed PD

controller.

4.5.2 A Distributed PID Controller

In this subsection, we extend the redesign of the primal-dual algorithm and propose

a distributed PID controller for problem (4.1). Consider the following augmented

Lagrangian

Le(xi, pl, x̂i) =
N∑
i=1

Ui(xi) +
L∑
l=1

pl

(
cl −

N∑
i=1

Rlixi

)
−

N∑
i=1

kei
2

(xi − x̂i)2

− k
L∑
l=1

kpl
2
ψ

(
N∑
i=1

Rlixi − cl

)2

(4.46)

where k > 0, kpl equals to the gain of the dynamics of pl and ψ(x) = max{0, x}. This

modified Lagrangian then leads to the dynamics with a distributed PID controller

given by

ẋi = kxi

U ′i(xi)−
(
qi + k

L∑
l=1

Rliψ(ṗl) + kei(xi − x̂i)

)
︸ ︷︷ ︸

ui

 (4.47a)

˙̂xi = k̂ei(xi − x̂i) (4.47b)

ṗl = kpl(yl − cl)+
pl
. (4.47c)

Since ṗl is proportional to xi, when ṗl > 0 (ψ(ṗl) = ṗl > 0), there is proportional

action activated in each ẋi, and k is therefore the common proportional gain. We

then have the following theorem.

Theorem 4.7 Under Assumption 4.1, the equilibrium point of (4.47) is unique, satis-

fies the KKT conditions (4.5), and is globally asymptotically stable for all non-negative

initial conditions.
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Proof : Noting that at the equilibrium point xi and x̂i are the same, the proof of

uniqueness and optimality of the equilibrium point can be found in [50] (Section 3).

For the global asymptotic stability, see the proof of Theorem 4.8 in the sequel. �

To achieve more flexibility for the choice of controller gains, we next consider

the case that each user can tune the proportional gain autonomously. Then (4.47a)

changes to

ẋi = kxi

U ′i(xi)−
(
qi + ki

L∑
l=1

Rliψ(ṗl) + kei(xi − x̂i)

)
︸ ︷︷ ︸

ui

 (4.48)

where ki > 0 stands for each proportional gain. Note that the dynamics (4.48)

and (4.47b)-(4.47c) do not result from Le.

Theorem 4.8 Under Assumption 4.1, the equilibrium point of (4.48) and (4.47b)-

(4.47c) is unique, satisfies the KKT conditions (4.5), and is globally asymptotically

stable for all non-negative initial conditions.

Proof : We only need to show that the equilibrium is globally asymptotically sta-

ble, where we use techniques from [56]. Consider the following radially unbounded

function as a candidate Lyapunov function

V(4.48),(4.47b)−(4.47c)(xi, pl, x̂i) =
N∑
i=1

1

2kxi
ẋ2
i +

L̄∑
l=1

1

2kp̄l
˙̄p2
l +

N∑
i=1

kei

2k̂ei

˙̂x2
i (4.49)

where p̄l denotes the reduced state from the set {pl} by eliminating non-bottleneck

links, kp̄l is the controller gain in the dynamics of p̄l and L̄ is the number of bottleneck

links. V(4.48),(4.47b)−(4.47c) may be discontinuous during the transient period since {p̄l}
may change.

For a time interval with fixed {p̄l}, differentiating V(4.48),(4.47b)−(4.47c) with respect

to time, we get

V̇(4.48),(4.47b)−(4.47c) ≤
N∑
i=1

ẋiU
′′
i (xi)ẋi − ẋTdiag{ki}R̃Tdiag{kp̃l}R̃ẋ−

N∑
i=1

kei(ẋi − ˙̂xi)
2

≤0

where x stands for the vector with entries xi, R̃ is obtained by first eliminating

non-bottleneck rows from R and then eliminating rows whose corresponding ṗl is
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non-positive, and kp̃l is the controller gain in the dynamics of p̃l which is obtained

through the same way as R̃. Note that R̃ may change during the transient period,

however, V̇(4.48),(4.47b)−(4.47c) is non-positive all the time. Now V̇(4.48),(4.47b)−(4.47c) = 0

only when ẋi = ˙̂xi = 0, i.e., xi and x̂i are constant. Substituting them into (4.47b)-

(4.47c), we have xi = x̂i and each ˙̄pl is constant. Noting that R has full row rank, i.e.,

RRT is nonsingular, using (4.48) we can obtain that each p̄l is constant, i.e., ˙̄pl = 0.

So V̇(4.48),(4.47b)−(4.47c) = 0 only happens at the equilibrium point.

Consider the case when the cardinality of {p̄l} increases at time t. Then an addi-

tional term ˙̄pm is added to V(4.48),(4.47b)−(4.47c) that must satisfy p̄m(t−) = 0, ˙̄pm(t−) ≤ 0,

p̄m(t+) > 0 and ˙̄pm(t+) > 0. Since ˙̄pm has zero initial value at time t, V(4.48),(4.47b)−(4.47c)

is still continuous in this case. When the cardinality of {p̄l} decreases at time t, there

must be a term ˙̄pm satisfying p̄m(t−) > 0, ˙̄pm(t−) ≤ 0, p̄m(t+) = 0 and ˙̄pm(t+) ≤ 0. So

V(4.48),(4.47b)−(4.47c) loses a non-negative term and is non-increasing at time t, although

now it can be discontinuous. Therefore, V(4.48),(4.47b)−(4.47c) is either non-increasing

when there is discontinuity, or decreasing, until the system reaches the equilibrium

point. Thus, the global asymptotic stability is ensured. �

With the PID controllers (4.47) as well as (4.48) and (4.47b)-(4.47c), the block

diagram of the system is illustrated in Figure 4.5, where there is extra but limited

information relating to ψ(ṗl) passed from links to sources, while its operation remains

distributed. Compared with the standard primal-dual algorithm, extra gains are

introduced, i.e., ki, kei , k̂ei . The analysis of linear robustness and delay robustness is

similar to that in the previous sections but more complicated. In the next section,

we will present an example to illustrate how the extra gains affect the performance

and robustness of the closed-loop system.

Figure 4.5: The block diagram of the system with the distributed PID controller.
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4.6 Numerical Investigations

4.6.1 An Example that Illustrates the Trade-off

Firstly, we present an example to illustrate how the gains of the extra dynamics affect

the performance and robustness of the closed-loop system. Here we focus on the

redesigned prima-dual algorithm with PID control actions (4.48) and (4.47b)-(4.47c).

We continue to use the same network, scenario and parameters corresponding to

Figure 4.3. Since the PID controller is completely distributed, we only investigate

the gains of the controller for user 2 (in Figure 4.3, this corresponds to the curves on

top). As for users 1 and 3, the proportional gains are k1 = k3 = 0.5.
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k̂e2 = 0.1

k̂e2 = 10

0.1 < k̂e2 < 10

(c)

Figure 4.6: The response of x2 when tuning k2 ((a)), ke2 ((b)) and k̂e2 ((c)).

We first fix ke2 = 2 and k̂e2 = 2 and tune the proportional gain k2 (from 0.1 to

100). Figure 4.6(a) illustrates the change of the response of x2. As k2 increases, the

response slows down and the system achieves better performance. However, for large
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k2, the system converges too slowly. We then consider the case when k2 = 0.5, k̂e2 = 2

and ke2 changes (from 0.1 to 10). The results are exhibited in Figure 4.6(b). We can

see that the larger the derivative gain is, the slower the system behaves. When ke2

is not very large or very small, the performance is better balanced out. Finally, let

k2 = 0.5, ke2 = 2, and tune k̂e2 (from 0.1 to 10). As demonstrated in Figure 4.6(c),

small k̂e2 decreases the response speed of x2 since it results in small cutoff frequency

for the filtering part in the derivative control. Note that increasing k̂e2 too much leads

to weaker filtering function. To conclude, in order to improve the performance of the

closed-loop system, there are trade-offs for these gains.

4.6.2 An Example of Jointly Optimal Congestion and Con-
tention Control

In the second example, we focus on the jointly optimal congestion and contention con-

trol problem, as a further application of the proposed redesign framework. Consider

the following problem [96]

max
xi≥0,pl≥0

N∑
i=1

Ui(xi) (4.50a)

subject to
N∑
i=1

Rlixi ≤ clpl
∏

m∈NI
to(l)

1−
∑

r∈Lout(m)

pr

 , l = 1, · · · , L (4.50b)

∑
r∈Lout(n)

pr ≤ 1, n = 1, · · · , N (4.50c)

where pl is the persistence probability of link l controlled by contention-based Medium

Access Control (MAC) (note that pl is not the link price any more), cl is the phys-

ical layer transmission rate of link l which is a constant, N I
to(l) is the set of nodes

whose transmissions cause interference to the receiver node of link l, excluding the

transmitter node of link l denoted by tl, Lout(n) is the set of outgoing links of node

n, and the rest of notation remains the same as in (4.1). In addition, let LIfrom(n)

denote the set of links whose transmissions get interfered from the transmission of

node n, excluding the outgoing link l. For simplicity, we have removed the constraints

of maximum and minimum source rate for each xi. Note that here R is a routing

matrix of a given logical topology, since this problem is mainly concerned with ad-

hoc networks. Compared with (4.1), each link capacity is now a nonlinear function

of relevant persistence probabilities.
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Generally speaking, the above problem is non-convex and non-separable. Taking

the logarithm of each variables xi and every link congestion constraint we can convex-

ify it, provided that each utility function satisfies U ′′i (xi)xi + U ′i(xi) ≤ 0 [96]. Define

yi = log xi, then the convexified version of the problem (4.50) is formulated as

max
pl>0

N∑
i=1

Ui(e
yi) (4.51a)

subject to log

(
N∑
i=1

Rlie
yi

)
≤ log cl + log pl +

∑
m∈NI

to(l)

log

1−
∑

r∈Lout(m)

pr


l = 1, · · · , L (4.51b)∑

r∈Lout(n)

pr ≤ 1, n = 1, · · · , N. (4.51c)

We can now apply the proposed redesign framework to solve the problem (4.51),

through which (4.50) can be solved. The modified dynamics are given by

ẏi =kyi

(
U ′i(e

yi)eyi − eyi
N∑
l=1

Rli
λl + klψ(λ̇l)∑N

n=1Rlneyn
− keyi(yi − ŷi)

)
(4.52a)

˙̂yi =k̂eyi(yi − ŷi) (4.52b)

ṗl =kpl

λl + klψ(λ̇l)

pl
−

∑
m∈LIfrom(tl)

(λm + kmψ(λ̇m))

1−
∑

r∈Lout(tl) pr
− µtl − kepl(pl − p̂l)


(4.52c)

˙̂pl =k̂epl(pl − p̂l) (4.52d)

λ̇l =kλl

log

(
N∑
i=1

Rlie
yi

)
− log cl − log pl −

∑
m∈NI

to(l)

log

1−
∑

r∈Lout(m)

pr

+

λl

(4.52e)

µ̇n =kµn

 ∑
r∈Lout(n)

pr − 1

+

µn

(4.52f)

where kyi , kl, keyi , k̂eyi , kpl , kepl , k̂epl , kλl , kµn > 0 are the controller gains, λl is the price

relating to congestion for link l, µn is the price relating to the sum of persistence

probability for node n. It is clear that the implementation of (4.52) is completely

distributed, and moreover, with PID control actions.

We next use a 1-source-2-link-3-node network give in Figure 4.7 to illustrate the

performance of the proposed controller. Here the transmission of node 2 will cause in-

terference to link 1. The parameters of the overall system are: U1(x1) = log(x1), ky1 =
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kp1 = kp2 = 3, k1 = k2 = 1, key1 = kep2 = 1, kep1 = 2, k̂ey1 = k̂ep2 = 2, k̂ep1 = 1, kλ1 =

kλ2 = 4, kµ1 = kµ2 = 2. We consider a scenario involving a sudden drop of transmis-

sion rate in both links, from 11 Mbps to 8 Mbps. The simulation results are shown

in Figure 4.8, using only integral control, Integral and Derivative (ID) control with

filtering, and PID control respectively. It is clear that with the distributed PID con-

troller, the transient performance of the closed-loop system is much better than that

under only integral control and that under ID control with filtering.

Figure 4.7: A 1-source-2-link-3-node network.
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Figure 4.8: Simulation results of the 1-source-2-link-3-node network. The top curves
are the responses of the source rate. The curves in the middle are the responses of
the persistence probability of link 1. The curves in the bottom are the responses of
the persistence probability of link 2.

4.6.3 An Example that Illustrates the Improved Delay Ro-
bustness

Finally, to illustrate the improved delay robustness of the redesigned schemes, we

consider the redesigned primal-dual algorithm (4.11) and use a network with 3 links
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and 4 sources as given in Figure 4.9. The parameters of the overall system are:

Ui(xi) = log(xi), kxi = 0.1, kei = 100, k̂ei = 1.7,∀i, kpl = 100,∀l. The scenario here

consists of source 3 suddenly changing its utility function at t = 150s, from log(x3)

to 3 log(x3), and there is a 0.25s-delay in the price feedback of link 3. The simulation

results are shown in Figure 4.10. In addition, the results of using the standard

primal-dual dynamics and the modified primal-dual dynamics with Strictly Positive

Real (SPR) filter [53], i.e.,

ξ̇i = Aiξi +Bi(U
′
i(xi)− qi)

ẋi = Ciξi +Di(U
′
i(xi)− qi)

ṗl = kpl(yl − cl)+
pl

are provided under the same condition (Ai = −20, Bi = 1, Ci = −1.9, Di = 0.1,∀i, kpl =

100,∀l). It is clear that the controller behaves much better after redesign in the pres-

ence of time delay. Moreover, the redesigned dynamics converge faster than the

modified primal-dual dynamics with SPR filter in this case.

Figure 4.9: A 4-source-3-link network.

4.7 Conclusion

In this chapter, we have presented a redesign framework for network congestion con-

trol problems at the level of fluid-flow models. Motivated by the augmented La-

grangian method, we introduced extra terms to the Lagrangian, which was then used

to redesign the primal-dual, primal and dual algorithms. We investigated how the

gains resulting from the extra dynamics influenced the stability and robustness of the

system. Moreover, we showed that the overall system could achieve added robust-

ness to communication delays by appropriately tuning these gains. In Section 4.5,

we studied the meaning of the extra dynamics in the redesign and further developed
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Figure 4.10: Simulation results of the 3-link-4-source network under 0.25s delay in
the price feedback of link 3, using the standard primal-dual dynamics, the modi-
fied primal-dual dynamics with SPR filter (marked with “+”), and the redesigned
dynamics (marked with “++”).

a distributed PID controller for solving the network congestion control problem. Fi-

nally, we illustrated that compared to standard algorithms, the modified algorithms

resulted in better transient performance and improved robustness for the overall sys-

tem, without changing the distributed structure of the feedback.
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Chapter 5

Distributed Optimal Steady-state
Control Using Reverse- and
Forward-engineering

In the previous chapter, we have presented a redesign framework for network conges-

tion control problems at the level of fluid-flow models. The framework is based on an

augmented Lagrangian method in which we introduce extra dynamics to algorithms

resulting from traditional optimization decomposition methods. Such an approach

actually follows a “forward-engineering” procedure [51]. In this chapter, we go back

to the problem of merging primary and secondary frequency control in power sys-

tems. We will use a reverse- and forward-engineering approach to design distributed

control schemes for generators and controllable loads to track the optimal solution of

a predefined optimization problem automatically, i.e., to achieve real-time economic

dispatch, in the presence of disturbances. Unlike Chapter 2, the optimization problem

considered here is more general and includes capacity constraints for each component

in the network.

In addition to power systems, we propose a reverse- and forward-engineering de-

sign framework for linear network systems to achieve optimal steady-state perfor-

mance, which consists of two steps. Firstly, we reverse-engineer a dynamic system as

a gradient algorithm to solve an optimization problem. Secondly, we use a forward-

engineering approach to systematically design distributed control or modify the ex-

isting control. As a result, the system can automatically track the optimal solution

of a predefined optimization problem and the control scheme can be implemented in

a distributed (i.e., communicating with neighbours) and closed-loop (i.e., no infor-

mation of disturbance is needed) manner. In order to investigate how general this

framework is, we establish necessary and sufficient conditions under which a linear
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dynamic system can be reverse-engineered as a gradient algorithm to solve an op-

timization problem. These conditions are characterized using properties of system

matrices and relevant linear matrix inequalities. Finally, a practical example using

the IEEE 14-bus network is given to demonstrate the effectiveness of the framework.

5.1 Achieving Real-time Economic Dispatch in Power

Networks

In this section, we focus on the problem of designing distributed control schemes for

power networks to achieve real-time economic dispatch.

5.1.1 Problem Setup

The network configuration was previously described in Section 2.3. For conciseness,

we directly provide the system model (i.e., system (2.24)):

Mω̇g +Dgωg = PM − dg − Γ1ATA
Tα (5.1a)

α̇ = ΓT1 ωg + ΓT2 ωl (5.1b)

ωl = D−1
l (−PL − dl − Γ2ATA

Tα) (5.1c)

ṖM = T−1
TG(PC − PM −R−1ωg). (5.1d)

Suppose that the network is operating around a nominal state determined by an

Economic Dispatch (ED) problem at a more slower time-scale, and that constant

disturbances dg, dl occur. As a result, the frequency deviates from the nominal value.

It is expected that generators and controllable loads can adjust their power generation

PC and consumption PL respectively in real time using local information, not only to

release the overall system from stress, i.e., to restore the grid frequency, but also to

effect a better supply-demand balance, e.g., minimizing generation cost, maximizing

load utility, and satisfying transmission line congestion constraints. These goals lead

to a steady-state optimization/DC Optimal Power Flow (OPF) problem:

min
PM ,PL,α

∑
i∈G

Ci(PMi
)−

∑
i∈L

Ui(PLi) (5.2a)

subject to PM − dg − Γ1ATA
Tα = 0 (5.2b)

− PL − dl − Γ2ATA
Tα = 0 (5.2c)

Pmin
C � PM � Pmax

C (5.2d)

Pmin
L � PL � Pmax

L (5.2e)

Pmin
TC � TATα � Pmax

TC (5.2f)
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where Ci(PMi
) is the cost function for each generator, Ui(PLi) is the utility function

for each controllable load, Equations (5.2b)-(5.2c) represent power flow balance at

each bus, Equations (5.2d)-(5.2f) are capacity constraints for generators, loads, and

transmission lines respectively, and Pmin
C , Pmax

C ∈ Rm, Pmin
L , Pmax

L ∈ Rn, Pmin
TC , P

max
TC ∈

Rp are corresponding capacity vectors. Note that by setting Pmax
TCij

= Pmin
TCij

, the

scheduled power flow in line (i, j) can be maintained. For problem (5.2), we have a

related assumption, which is extensively used in the literature [13, 24].

Assumption 5.1 Problem (5.2) is feasible. Moreover, each Ci is a strictly convex

function in PMi
and each Ui is a strictly concave function in PLi.

Compared with similar Assumptions 2.2 and 2.4 in Chapter 2, and Assumption 3.3

in Chapter 3, this assumption is more general in which we do not require particular

forms of cost and utility functions. Since the dynamics of PM and α are constrained

by (5.1) during the transient, they therefore cannot be instantaneously set to the

solution of problem (5.2). Note that Equations (5.2b)-(5.2c) require the frequency to

be restored when system (5.1) reaches steady state, i.e., ω∗i = 0, i ∈ G
⋃
L. According

to Remark 2.6, this results in PM = PC in steady state. So we can reformulate

problem (5.2) as one that can be used to design PC and PL, given by

min
PC ,PL,θ

∑
i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) (5.3a)

subject to PC − dg − Γ1ATA
T
0 θ = 0 (5.3b)

− PL − dl − Γ2ATA
T
0 θ = 0 (5.3c)

Pmin
C � PC � Pmax

C (5.3d)

Pmin
L � PL � Pmax

L (5.3e)

Pmin
TC � TAT0 θ � Pmax

TC (5.3f)

where θ = [θ1, · · · , θm+n]T is the vector of ancillary decision variables. In fact, we have

replaced PM , α in (5.2) by PC , θ to derive (5.3).

Proposition 5.1 Given the control input P ∗C and P ∗L to system (5.1), where (P ∗C , P
∗
L, θ

∗)

is an optimal solution of (5.3), the equilibrium point of system (5.1) satisfies P ∗M = P ∗C
and α∗ = [ΓT1 ,Γ

T
2 ]θ∗. As a result, (P ∗M , P

∗
L, α

∗) is an optimal solution of problem (5.2).

Proof : The proof follows Remark 2.6 immediately. �

According to the above proposition, the optimality of problem (5.2) is preserved

after the reformulation. Finally, the real-time economic dispatch problem is described

as: design PC and PL so that for given dg, dl, system (5.1) is driven to an equilibrium

point where the steady-state optimization problem (5.2)/(5.3) is solved.
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5.1.2 A Reverse- and Forward-engineering Design Frame-
work

As the first step, we reverse-engineer system (5.1) as one with primal-dual gradient

dynamics [56, 70] (see the Appendix) to solve a saddle point problem. The resulting

saddle point problem will allow us to embed the steady-state optimization problem

for control design. Two lemmas relating to properties of a saddle point of a function

and primal-dual gradient dynamics are now presented.

Lemma 5.1 Let f ∈ C2: Ra × Rb → R satisfy: for all y, z, ∇2
yf � 0,∇2

zf � 0.

Then (ỹ, z̃) is a saddle point of f , i.e., f(ỹ, z) ≤ f(ỹ, z̃) ≤ f(y, z̃), if and only if

∇y,zf |y=ỹ,z=z̃ = 0.

Proof : This Lemma is a corollary of the Karush-Kuhn-Tucker (KKT) conditions,

the proof of which can be found in the Appendix. �

Lemma 5.2 Let f ∈ C2: Ra × Rb → R satisfy: for all y, z, ∇2
yf � 0,∇2

zf � 0,

and the set {(y, z)|∇y,zf = 0} is nonempty. Then the trajectories of the primal-dual

gradient dynamics [56]/saddle point dynamics [70] given by

ẏ = −Ky
∂f

∂y
(5.4a)

ż = Kz
∂f

∂z
(5.4b)

are bounded, where Ky ∈ Ra×a, Kz ∈ Rb×b are positive definite constant matrices.

Furthermore, if f is either strictly convex in y or strictly concave in z, then the

trajectories of (5.4) asymptotically converge to a saddle point of f .

Proof : The proof follows the content of Section 2 in [56] and Proposition 13 in [70],

which can be found in the Appendix. �

Now consider a candidate Lagrangian L(5.1)(α, PM , ωg|PC , PL, dg, dl) ∈ C2 : Rm+n−1×
Rm × Rm → R given by

L(5.1) =− 1

2
(Dgωg − PM + dg + Γ1ATA

Tα)TD−1
g (Dgωg − PM + dg + Γ1ATA

Tα)

+
1

2
(PM − dg − Γ1ATA

Tα)TD−1
g (PM − dg − Γ1ATA

Tα)

+
1

2
(PL + dl + Γ2ATA

Tα)TD−1
l (PL + dl + Γ2ATA

Tα)

+
1

2
(PM − PC)TR(PM − PC) (5.5)
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where α ∈ Rm+n−1, PM ∈ Rm, ωg ∈ Rm are decision variables, and PC , dg ∈ Rm, PL, dl ∈
Rn are constant. Note that for simplicity, we have used the same notation as in the

dynamics (5.1). Since ∇2
α,PM

L(5.1) = diag{ATATΓT2D
−1
l Γ2ATA

T , R} � 0,∇2
ωgL(5.1) =

−Dg ≺ 0 are true, L(5.1) is convex in α, PM and strictly concave in ωg. We then for-

mulate a saddle point problem as

min
α,PM

max
ωg

L(5.1). (5.6)

Through straightforward derivation, we can show that system dynamics (5.1) is ac-

tually the saddle point dynamics (5.4) of L(5.1), due to the following equalities:

∂L(5.1)

∂ωg
= Mω̇g (ω̇g is given in (5.1a))

∂L(5.1)

∂α
= −ATAT α̇ ( α̇ is given in (5.1b))

∂L(5.1)

∂PM
= −TTGRṖM (ṖM is given in (5.1d)).

We then have the following theorem.

Theorem 5.1 The trajectories of system (5.1) asymptotically converge to a saddle

point of problem (5.6).

Proof : The proof follows Lemmas 5.1-5.2 immediately. �

As for problem (5.3), under Assumption 5.1, strong duality holds. Formulate the

Lagrangian of (5.3) as

L(5.3)(PC , PL, θ, ζ, λ, µ
+, µ−, ν+, ν−, l+, l−) =∑

i∈G

Ci(PCi)−
∑
i∈L

Ui(PLi) + ζT (PC − dg − Γ1ATA
T
0 θ) + λT (−PL − dl − Γ2ATA

T
0 θ)

+ µ+T (PC − Pmax
C ) + µ−T (Pmin

C − PC) + ν+T (PL − Pmax
L ) + ν−T (Pmin

L − PL)

+ l+T (TAT0 θ − Pmax
TC ) + l−T (Pmin

TC − TAT0 θ) (5.7)

where ζ, µ+, µ− ∈ Rm, λ, ν+, ν− ∈ Rn and l+, l− ∈ Rp are Lagrange multipliers

(dual vectors) for the constraints in (5.3). Then we obtain the following saddle point

problem:

min
PC ,PL,θ

max
µ+,µ−,ν+,ν−,l+,l−�0,ζ,λ

L(5.3). (5.8)

As a result, solving problem (5.3) is equivalent to solving problem (5.8). Consider

the augmented saddle point problem given by

min
α,PM ,PC ,PL,θ

max
µ+,µ−,ν+,ν−,l+,l−�0,ζ,λ,ωg

Lau = L(5.1) + γL(5.3) (5.9)
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where γ > 0 is constant. We have a related proposition regarding the saddle point

problems (5.6), (5.8) and (5.9).

Proposition 5.2 If (ω∗g , α
∗, P ∗M , P

∗
C , P

∗
L, θ

∗, ζ∗, λ∗, µ+∗, µ−∗, ν+∗, ν−∗, l+∗, l−∗) is a sad-

dle point of Lau, then (ω∗g , α
∗, P ∗M) is a saddle point of L(5.1) and (P ∗C , P

∗
L, θ

∗, ζ∗, λ∗, µ+∗,

µ−∗, ν+∗, ν−∗, l+∗, l−∗) is a saddle point of L(5.3).

Proof : According to Lemma 5.1, any saddle point (ω∗g , α
∗, P ∗M , P

∗
C , P

∗
L, θ

∗, ζ∗, λ∗, µ+∗,

µ−∗, ν+∗, ν−∗, l+∗, l−∗) of Lau satisfies (here C(PC) ∈ Rm is the vector of cost functions

of generators whose entries are Ci(PCi(t)), U(PL) ∈ Rn is the vector of utility functions

of loads whose entries are Ui(PLi(t)) in the following equations):

−Dgω
∗
g + P ∗M − dg − Γ1ATA

Tα∗ = 0 (5.10a)

ΓT1 ω
∗
g + ΓT2D

−1
l (−P ∗L − dl − Γ2ATA

Tα∗) = 0 (5.10b)

P ∗C − P ∗M −R−1ω∗g = 0 (5.10c)

R(P ∗M − P ∗C)− γ(C ′(P ∗C) + ζ∗ + µ+∗ − µ−∗) = 0 (5.10d)

D−1
l (−P ∗L − dl − Γ2ATA

Tα∗) + γ(U ′(P ∗L) + λ∗ − ν+∗ + ν−∗) = 0 (5.10e)

A0T (ATΓT1 ζ
∗ + ATΓT2 λ

∗ − l+∗ + l−∗) = 0 (5.10f)

P ∗C − dg − Γ1ATA
T
0 θ
∗ = 0 (5.10g)

−P ∗L − dl − Γ2ATA
T
0 θ
∗ = 0 (5.10h)

diag(µ+∗)(P ∗C − Pmax
C ) = 0, µ+∗, Pmax

C − P ∗C � 0 (5.10i)

diag(µ−∗)(Pmin
C − P ∗C) = 0, µ−∗, P ∗C − Pmin

C � 0 (5.10j)

diag(ν+∗)(P ∗L − Pmax
L ) = 0, ν+∗, Pmax

L − P ∗L � 0 (5.10k)

diag(ν−∗)(Pmin
L − P ∗L) = 0, ν−∗, P ∗L − Pmin

L � 0 (5.10l)

diag(l+∗)(TAT0 θ
∗ − Pmax

TC ) = 0, l+∗, Pmax
TC − TAT0 θ∗ � 0 (5.10m)

diag(l−∗)(Pmin
TC − TAT0 θ∗) = 0, l−∗, TAT0 θ

∗ − Pmin
TC � 0. (5.10n)

Equations (5.10g)-(5.10h) result in 1(P ∗C−dg)−1(P ∗L+dl) = 0. Based on Remark 2.6,

we have ω∗i = 0, i ∈ G
⋃
L and P ∗C = P ∗M . Substituting these into Equations (5.10d)-

(5.10e) leads to

C ′(P ∗C) + ζ∗ + µ+∗ − µ−∗ = 0

U ′(P ∗L) + λ∗ − ν+∗ + ν−∗ = 0.

According to Lemma 5.1, (ω∗g , α
∗, P ∗M) is a saddle point of L(5.1) and (P ∗C , P

∗
L, θ

∗, ζ∗, λ∗,

µ+∗, µ−∗, ν+∗, ν−∗, l+∗, l−∗) is a saddle point of L(5.3). �
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Since ∇2
α,PM ,PC ,PL,θ

Lau � 0 and ∇2
µ+,µ−,ν+,ν−,l+,l−,ζ,λ,ωg

Lau � 0 hold, under Lemma

5.2, the trajectories of the primal-dual gradient dynamics given by Equation (5.11)

in the sequel are bounded. Note that the projection in (5.11i)-(5.11n) does not af-

fect the result in Lemma 5.2 [56]. In system (5.11), KPC , Kζ , Kµ+ , Kµ− ∈ Rm×m,

KPL , Kλ, Kν+ , Kν− ∈ Rn×n, Kθ ∈ R(m+n)×(m+n), and Kl+ , Kl− ∈ Rp×p are positive

diagonal matrices, all representing the controller gains. Also for simplicity, we have

used vector forms of positive projection in (5.11i)-(5.11n).

Power network dynamics:

Mω̇g +Dgωg = PM − dg − Γ1ATA
Tα (5.11a)

α̇ = ΓT1 ωg + ΓT2D
−1
l (−PL − dl − Γ2ATA

Tα) (5.11b)

ṖM = T−1
TG(PC − PM −R−1ωg) (5.11c)

Control input dynamics:

ṖC = KPC (R(PM − PC)− γ(C ′(PC) + ζ + µ+ − µ−)) (5.11d)

ṖL = KPL(D−1
l (−PL − dl − Γ2ATA

Tα) + γ(U ′(PL) + λ− ν+ + ν−)) (5.11e)

Ancillary variable dynamics:

θ̇ = KθA0T (ATΓT1 ζ + ATΓT2 λ− l+ + l−) (5.11f)

ζ̇ = Kζ(PC − dg − Γ1ATA
T
0 θ) (5.11g)

λ̇ = Kλ(−PL − dl − Γ2ATA
T
0 θ) (5.11h)

µ̇+ = Kµ+(PC − Pmax
C )+

µ+ (5.11i)

µ̇− = Kµ−(Pmin
C − PC)+

µ− (5.11j)

ν̇+ = Kν+(PL − Pmax
L )+

ν+ (5.11k)

ν̇− = Kν−(Pmin
L − PL)+

ν− (5.11l)

l̇+ = Kl+(TAT0 θ − Pmax
TC )+

l+ (5.11m)

l̇− = Kl−(Pmin
TC − TAT0 θ)+

l− . (5.11n)

In Equations (5.11g)-(5.11h), the information of dg, dl is needed. Since the dis-

turbance injection is usually uncertain and/or hard to measure, we modify these two

equations so that the implementation of the above controller is independent of dg, dl:

ζ̇ = Kζ(Mω̇g +Dgωg + PC − PM + Γ1ATA
Tα− Γ1ATA

T
0 θ) (5.12a)

λ̇ = Kλ(Dlωl + Γ2ATA
Tα− Γ2ATA

T
0 θ) (5.12b)

where we have substituted system dynamics (5.1) into (5.11g)-(5.11h).
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It is important to note that controller (5.11d)-(5.11n) is completely distributed,

i.e., states are updated using only local information and signals from their neighbor-

hood.

Theorem 5.2 Under Assumption 5.1, the trajectories of system (5.11) asymptoti-

cally converge to a saddle point of Lau, denoted by (ω∗g , α
∗, P ∗M , P

∗
C , P

∗
L, θ

∗, ζ∗, λ∗, µ+∗,

µ−∗, ν+∗, ν−∗, l+∗, l−∗). Moreover, (P ∗M , P
∗
L, α

∗) is an optimal solution of problem (5.2).

Proof : Define a candidate Lyapunov function for the overall system as

V(5.11) =

1

2
ωTgMωg +

1

2
(α− α∗)TATAT (α− α∗) +

1

2
(PM − P ∗M)TTTGR(PM − P ∗M)

+
1

2
(PC − P ∗C)TK−1

PC
(PC − P ∗C) +

1

2
(PL − P ∗L)TK−1

PL
(PL − P ∗L)

+
γ

2
(θ − θ∗)TK−1

θ (θ − θ∗) +
γ

2
(ζ − ζ∗)TK−1

ζ (ζ − ζ∗) +
γ

2
(λ− λ∗)TK−1

λ (λ− λ∗)

+
γ

2
(µ+ − µ+∗)TK−1

µ+ (µ+ − µ+∗) +
γ

2
(µ− − µ−∗)TK−1

µ−(µ− − µ−∗)

+
γ

2
(ν+ − ν+∗)TK−1

ν+ (ν+ − ν+∗) +
γ

2
(ν− − ν−∗)TK−1

ν− (ν− − ν−∗)

+
γ

2
(l+ − l+∗)TK−1

l+ (l+ − l+∗) +
γ

2
(l− − l−∗)TK−1

l− (l− − l−∗). (5.13)

According to the proof of Theorem 3.3, we can remove all positive projection in V̇(5.11)

to get

V̇(5.11) ≤− (PL − P ∗L + Γ2ATA
T (α− α∗))TD−1

l (PL − P ∗L + Γ2ATA
T (α− α∗))

− ωTg Dgωg − (PM − PC)TR(PM − PC)− γ(PC − P ∗C)T (C ′(PC)− C ′(P ∗C))

+ γ(PL − P ∗L)T (U ′(PL)− U ′(P ∗L))

≤0. (5.14)

Moreover, V̇(5.11) = 0 leads to ωi = 0, i ∈ G
⋃
L, PM = PC = P ∗C = P ∗M , PL = P ∗L,

and µ+, µ−, ν+, ν− are all constant. We then obtain ω̇g = ṖM = ṖC = 0, α̇ = 0

and ṖL = 0, which result in α = α∗ based on Remark 2.6, and ζ, λ are constant.

Therefore, we have

P ∗C − dg − Γ1ATA
T
0 θ = 0

−P ∗L − dl − Γ2ATA
T
0 θ = 0.

Since 1K−1
θ θ̇ = 0 is always true, 1K−1

θ θ is constant and is determined by the initial

condition. Together with the above two equations, θ can be uniquely determined as
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θ = θ∗. According to Remark 2.6, we obtain α∗ = [ΓT1 ,Γ
T
2 ]θ∗, which leads to that

l+, l− are constant. Thus, we have

{(ωg, α, PM , PC , PL, θ, ζ, λ, µ+, µ−, ν+, ν−, l+, l−)|V̇(5.11) = 0} ⊆

{(ωg, α, PM , PC , PL, θ, ζ, λ, µ+, µ−, ν+, ν−, l+, l−)|ω̇g = ṖM = ṖC = ζ̇ = µ̇+ = µ̇− = 0,

α̇ = 0, ṖL = λ̇ = ν̇+ = ν̇− = 0, θ̇ = 0, l̇+ = l̇− = 0} ⊆

{(ωg, α, PM , PC , PL, θ, ζ, λ, µ+, µ−, ν+, ν−, l+, l−)|(ωg, α, PM , PC , PL, θ, ζ, λ, µ+, µ−, ν+,

ν−, l+, l−) is a saddle point of Lau}.

According to the proof of Proposition 13 in [70], we obtain that the trajectories of

the overall system asymptotically converge to a saddle point of Lau, at which the

steady-state optimization problem (5.2) is solved. �

Theorem 5.2 immediately leads to the optimality and stability of system (5.11).

The benefit of the saddle point design approach is summarized as follows. First, the

approach allows us to embed different kinds of steady-state convex optimization prob-

lems, where problem (5.3) is a typical example. Second, as long as the optimization

problem is distributed, e.g., with separable objective functions and local constraints,

the resulting controller is completely distributed. Third, the trajectories of the closed-

loop system are bounded, and can be further proven to converge to an equilibrium

point where the optimization problem is solved, as illustrated in Theorem 5.2.

5.2 Distributed Optimal Steady-state Control in

Linear Network Systems

In the previous section, we have presented a reverse- and forward-engineering design

framework to solve the real-time economic dispatch problem for power systems. We

now generalize this framework for a class of Linear Time-Invariant (LTI) network

systems to achieve optimal steady-state performance.

5.2.1 Problem Setup and Preliminaries

Consider a linear network system consisting of N subsystems:

ẋi =
∑
j∈N (i)

Aijxj +Biui + Ciwi, i = 1, · · · , N (5.15)

where xi(t) ∈ Rni is the state vector of subsystem i, N (i) is the set of neighbouring

subsystems of subsystem i, Aij ∈ Rni×nj , Bi ∈ Rni×mi , ui(t) ∈ Rmi is the control

107



input vector to subsystem i, Ci ∈ Rni×pi , and wi(t) ∈ Rpi is the exogenous input

vector to subsystem i, e.g., disturbance injection.

To make our discussion practical and general, in addition to system dynam-

ics (5.15), we also consider the scenario in which some or all subsystems are equipped

with existing built-in controllers which can be described as

u̇i =
∑
j∈N (i)

Dijxj +
∑
j∈N (i)

Eijuj + Fiwi, i = 1, · · · , N (5.16)

where Dij ∈ Rmi×nj , Eij ∈ Rmi×mj , Fi ∈ Rmi×pi . Here the dynamic feedback

controller is assumed to have a distributed structure. For convenience, let x =

{x1, · · · , xN}, u = {u1, · · · , uN}, w = {w1, · · · , wN}, n =
∑N

i=1 ni, m =
∑N

i=1mi

and p =
∑N

i=1 pi.

Remark 5.1 System (5.15)-(5.16) describes a general class of network systems with

built-in control mechanisms. Equation (5.16) represents any distributed dynamic feed-

back controller with order one or more. Moreover, Dij = 0, Eij = 0, Fi = 0,∀j ∈
N (i) means that there is no such controller equipped with subsystem i. Note that

a zero-order distributed state feedback controller, i.e., ui =
∑

j∈N (i) Kijxj where

Kij ∈ Rmi×nj , can be included in the system dynamics (5.15) through Aij. Lastly,

Fi = 0 indicates that the controller of subsystem i does not use any information of

disturbance wi.

Suppose that the exogenous disturbance w is constant, and that the closed-

loop system (5.15)-(5.16) is stabilized and each trajectory converges to one point

in the equilibrium set X := {x|
∑

j∈N (i) Aijxj + Biui + Ciwi = 0,
∑

j∈N (i) Dijxj +∑
j∈N (i) Eijuj + Fiwi = 0, i = 1, · · · , N}. Now consider the following optimization

problem associated with the system under a constant disturbance w:

min
x∈Rn,u∈Rm

N∑
i=1

fi(xi) +
N∑
i=1

gi(ui) (5.17a)

subject to
∑
j∈N (i)

Aijxj +Biui + Ciwi = 0 (5.17b)

∑
j∈N (i)

Dijxj +
∑
j∈N (i)

Eijuj + Fiwi = 0 (5.17c)

hi(xi, ui) ≤ 0 (5.17d)

where i = 1, · · · , N , fi ∈ C2: Rni → R, gi ∈ C2: Rmi → R, hi ∈ C2: Rni ×
Rmi → R. We assume that problem (5.17) is convex (i.e., ∇2

xi
fi � 0, ∇2

ui
gi � 0
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and ∇2
xi,ui

hi � 0 hold), feasible and satisfies Slater’s constraint qualification [77].

This optimization problem usually defines a desired operating point for the network

system. For instance, in power systems, (5.17) may be an OPF problem in which

generation cost is minimized and consumption utility is maximized subject to power

flow balance constraints and network operating constraints [3]. Another example

is the space satellite formation control in which (5.17) is usually formulated as a

consensus problem with respect to the positions and velocities of space satellites [97].

Remark 5.2 In problem (5.17), there can be more inequality constraints for each

subsystem, i.e., Equation (5.17d) can be reformulated in a vector form. For conve-

nience, in this section, we consider the case in which there is only one inequality

constraint for each subsystem, while the result here can be immediately extended.

The problem we focus on is to modify the existing controller (5.16) in a distributed

and closed-loop manner so that the system can track the optimal solution of (5.17)

automatically. In the existing literature and practice, e.g., frequency control in power

systems, controller (5.16) is designed to drive the system to a predefined nominal

operating point which is derived by solving (5.17) using a prediction on the future w.

Moreover, the optimization problem is usually solved (i) at a much slower time-scale

compared with system dynamics (5.15)-(5.16) and (ii) by using centralized optimiza-

tion or distributed optimization methods, both of which require a certain amount

of communication and computation. If controller (5.16) can be modified to track

the optimal solution of (5.17) automatically and be implemented in a distributed

and closed-loop manner, then the system itself can adapt to fast change of uncertain

disturbance w. Furthermore measurement, communication and computation can be

saved.

Formally speaking, we focus on a network system (5.15)-(5.16) which belongs to

following class:

Class-S ′: System (5.15)-(5.16) belongs to Class-S ′ means that there exists a func-

tion Lsys(x
(1), x(2), u) : Rm+n → R and positive definite matrices Px(1) , Px(2) and

Pui , i = 1, · · · , N such that ∇2
x(1)
Lsys � 0, ∇2

x(2),u
Lsys � 0, the saddle point set

{(x(1), x(2), u)|∇x(1),x(2),uLsys = 0} is nonempty, and (5.15)-(5.16) is a primal-dual

gradient algorithm to solve maxx(1) minx(2),u Lsys, i.e.,

ẋ = diag {Px(1) ,−Px(2)}
∂Lsys

∂x

u̇i = −Pui
∂Lsys

∂ui
, i = 1, · · · , N.
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Remark 5.3 In the above definition, (i) state x is partitioned into x(1) and x(2); (ii)

u is required as a minimizer; (iii) the gain matrix for u̇ is block diagonal consisting

of Pui , i = 1, · · · , N , i.e., u̇ has a distributed structure. The definition can be extended

to the case where u is required as a maximizer (by adding a minus sign before Lsys).

For ease of exposition, we only focus on the class in the above definition.

The motivation to consider this special class includes: (i) recent research has

demonstrated that there are many cyber-physical systems, such as power systems

and Internet congestion control protocols, belonging to this class [71, 51]; (ii) if a

system belongs to Class-S ′, then we have a “forward-engineering” procedure to modify

the controller (5.16) for achieving the optimal steady-state performance described

in (5.17), which is demonstrated in Section 5.2.2.

Although some recent work has shown that power system frequency control and

Internet congestion control belong to Class-S ′, fundamental questions remain. For

example, how general this class is? Do we have a rigorous and general characterization

of this class in terms of the property of system matrices? These questions lead to

Section 5.2.3 in which we study reverse-engineering for general LTI systems.

5.2.2 Forward-engineering for Control Modification

In this subsection we provide a procedure to modify the controller of system (5.15)-

(5.16) so that the closed-loop system can track the optimal solution of (5.17) auto-

matically, under the premise that system (5.15)-(5.16) belongs to Class-S ′.

Step 1): Introduce auxiliary decision variables

Modify problem (5.17) by replacing x (xi) with an auxiliary decision vector y ∈ Rn

(yi ∈ Rni):

min
y∈Rn,u∈Rm

N∑
i=1

fi(yi) +
N∑
i=1

gi(ui) (5.18a)

subject to
∑
j∈N (i)

Aijyj +Biui + Ciwi = 0 (5.18b)

∑
j∈N (i)

Dijyj +
∑
j∈N (i)

Eijuj + Fiwi = 0 (5.18c)

hi(yi, ui) ≤ 0, where i = 1, · · · , N. (5.18d)

Step 2): Merge objective functions

Since problem (5.18) is convex and strong duality holds, derive a saddle point problem

corresponding to (5.18), given by
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max
ζi∈Rni ,λi∈Rmi ,µi≥0

min
y∈Rn,u∈Rm

Lop =
N∑
i=1

fi(yi) +
N∑
i=1

gi(ui) +
N∑
i=1

µihi(yi, ui)

−
N∑
i=1

ζTi

 ∑
j∈N (i)

Aijyj +Biui + Ciwi

− N∑
i=1

λTi

 ∑
j∈N (i)

Dijyj +
∑
j∈N (i)

Eijuj + Fiwi


(5.19)

where ζi ∈ Rni , λi ∈ Rmi , µi ≥ 0 are Lagrangian multipliers (dual variables) for the

constraints in (5.18). By adding Lsys, we obtain an augmented saddle point problem:

max
ζi∈Rni ,λi∈Rmi ,µi≥0,x(1)∈Rn(1)

min
y∈Rn,u∈Rm,x(2)∈Rn(2)

Lau = Lsys + γLop (5.20)

where γ > 0 is a constant. The next lemma shows the properties of Lau.

Lemma 5.3 ∇2
y,u,x(2)

Lau � 0 and ∇2
ζi,λi,µi,x(1)

Lau � 0 hold. Moreover, if A is invert-

ible in (5.15) (here we rewrite (5.15) as ẋ = Ax + Bu + Cw, where A ∈ Rn×n, B ∈
Rn×m, C ∈ Rn×p), then (y, u, x, ζi, λi, µi) is a saddle point of Lau if and only if

(y, u, ζi, λi, µi) is a saddle point of Lop and (x, u) is a saddle point of Lsys.

Proof : Due to ∇2
y,u,x(2)

Lau = ∇2
y,u,x(2)

Lsys + γ∇2
y,u,x(2)

Lop, ∇2
y,u,x(2)

Lsys � 0 and

∇2
y,u,x(2)

Lop � 0, we have ∇2
y,u,x(2)

Lau � 0. Similarly, ∇2
ζi,λi,µi,x(1)

Lau � 0 holds. Based

on the KKT conditions [77] (saddle points of a function satisfy the KKT conditions),

any saddle point of Lau satisfies∑
j∈N (i)

Aijxj +Biui + Ciwi = 0 (5.21a)

∑
j∈N (i)

Dijxj +
∑
j∈N (i)

Eijuj + Fiwi − γPui

∂gi
∂ui
−BT

i ζi −
∑
j∈N (i)

ET
jiλj + µi

∂hi
∂ui

 = 0

(5.21b)

∂fi
∂yi
−
∑
j∈N (i)

ATjiζj −
∑
j∈N (i)

DT
jiλj + µi

∂hi
∂yi

= 0 (5.21c)

∑
j∈N (i)

Aijyj +Biui + Ciwi = 0 (5.21d)

∑
j∈N (i)

Dijyj +
∑
j∈N (i)

Eijuj + Fiwi = 0 (5.21e)

µihi(yi, ui) = 0, µi ≥ 0, hi(yi, ui) ≤ 0 (5.21f)
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where i = 1, · · · , N . If A is invertible in (5.15), from (5.21a), (5.21d)-(5.21e), y = x

and
∑

j∈N (i) Dijxj +
∑

j∈N (i) Eijuj + Fiwi = 0 hold. On the other hand, any saddle

point of Lsys satisfies ∑
j∈N (i)

Aijxj +Biui + Ciwi = 0

∑
j∈N (i)

Dijxj +
∑
j∈N (i)

Eijuj + Fiwi = 0

where i = 1, · · · , N , and any saddle point of Lop satisfies

∂gi
∂ui
−BT

i ζi −
∑
j∈N (i)

ET
jiλj + µi

∂hi
∂ui

= 0

∂fi
∂yi
−
∑
j∈N (i)

ATjiζj −
∑
j∈N (i)

DT
jiλj + µi

∂hi
∂yi

= 0

∑
j∈N (i)

Aijyj +Biui + Ciwi = 0

∑
j∈N (i)

Dijyj +
∑
j∈N (i)

Eijuj + Fiwi = 0

µihi(yi, ui) = 0, µi ≥ 0, hi(yi, ui) ≤ 0

where i = 1, · · · , N . Therefore, the following two sets are equivalent:

{(y, u, x, ζi, λi, µi)|(y, u, x, ζi, λi, µi) is a saddle point of Lau} ⇔

{(y, u, x, ζi, λi, µi)|(x, u) is a saddle point of Lsys,

(y, u, ζi, λi, µi) is a saddle point of Lop}

and furthermore, y = x holds. So (y, u, x, ζi, λi, µi) is a saddle point of Lau if and only

if (y, u, ζi, λi, µi) is a saddle point of Lop and (x, u) is a saddle point of Lsys. �

Step 3): Forward-engineering

With the new saddle point function Lau, derive the following saddle point dynamics:

ẋi =
∑
j∈N (i)

Aijxj +Biui + Ciwi (5.22a)

u̇i =
∑
j∈N (i)

Dijxj +
∑
j∈N (i)

Eijuj + Fiwi

− γPui

∂gi
∂ui
−BT

i ζi −
∑
j∈N (i)

ET
jiλj + µi

∂hi
∂ui

+Keui(ui − ûi)

 (5.22b)

˙̂ui =K̂eui(ui − ûi) (5.22c)
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ẏi =−Kyi

∂fi
∂yi
−
∑
j∈N (i)

ATjiζj −
∑
j∈N (i)

DT
jiλj + µi

∂hi
∂yi

+Keyi(yi − ŷi)

 (5.22d)

˙̂yi =K̂eyi(yi − ŷi) (5.22e)

ζ̇i =−Kζi

 ∑
j∈N (i)

Aijyj +Biui + Ciwi +Keζi(ζi − ζ̂i)

 (5.22f)

˙̂
ζi =K̂eζi(ζi − ζ̂i) (5.22g)

λ̇i =−Kλi

 ∑
j∈N (i)

Dijyj +
∑
j∈N (i)

Eijuj + Fiwi +Keλi(λi − λ̂i)

 (5.22h)

˙̂
λi =K̂eλi(λi − λ̂i) (5.22i)

µ̇i =kµi(hi(yi, ui))
+
µi

(5.22j)

where Keui , K̂eui , Kλi , Keλi , K̂eλi ∈ Rmi×mi , Kyi , Keyi , K̂eyi , Kζi , Keζi , K̂eζi ∈ Rni×ni

are positive definite constant diagonal matrices, kµi > 0, and i = 1, · · · , N .

The above saddle point algorithm is not exactly the primal-dual gradient algo-

rithm (5.4). It is a modified saddle point algorithm given by the following lemma.

Lemma 5.4 Let f ∈ C2: Ra × Rb → R satisfy: for all y, z, ∇2
yf � 0,∇2

zf � 0, and

the set {(y, z)|∇y,zf = 0} is nonempty. Then each trajectory of the modified saddle

point dynamics given by

ẏ = −Ky

(
∂f

∂y
+Key(y − ŷ)

)
(5.23a)

˙̂y = K̂ey(y − ŷ) (5.23b)

ż = Kz

(
∂f

∂z
−Kez(z − ẑ)

)
(5.23c)

˙̂z = K̂ez(z − ẑ) (5.23d)

asymptotically converges to an equilibrium point at which (y, z) is a saddle point

of f . Here ŷ(t) ∈ Ra, ẑ(t) ∈ Rb are auxiliary decision variables, and Key, K̂ey ∈
Ra×a, Kez, K̂ez ∈ Rb×b are positive definite constant diagonal matrices.

Proof : Let (y∗, z∗) be a saddle point of f . Define a candidate Lyapunov function

for (5.23) as

V(5.23) =
1

2
(y − y∗)TK−1

y (y − y∗) +
1

2
(z − z∗)TK−1

z (z − z∗) +
1

2
(ŷ − y∗)TKeyK̂

−1
ey (ŷ − y∗)

+ (ẑ − z∗)TKezK̂
−1
ez (ẑ − z∗)

113



which is radially unbounded and positive definite with respect to (y∗, z∗, y∗, z∗) (note

that at any equilibrium of (5.23), y∗ = ŷ∗, z∗ = ẑ∗ hold). The derivative of V(5.23)

with respect to time along the trajectory of system (5.23) is given by

V̇(5.23) =−
(
∂f

∂y

)T
(y − y∗) +

(
∂f

∂z

)T
(z − z∗)− (y − ŷ)TKey(y − ŷ)

− (z − ẑ)TKez(z − ẑ)

≤− f(y, z) + f(y∗, z) + f(y, z)− f(y, z∗)− (y − ŷ)TKey(y − ŷ)

− (z − ẑ)TKez(z − ẑ)

=f(y∗, z)− f(y∗, z∗) + f(y∗, z∗)− f(y, z∗)− (y − ŷ)TKey(y − ŷ)

− (z − ẑ)TKez(z − ẑ)

≤0

where the first inequality comes from the fact that f is convex in y and concave in z,

and the last inequality follows that (y∗, z∗) is a saddle point of f . When V̇(5.23) = 0,

we have y = ŷ, z = ẑ, leading to ˙̂y = ẏ = 0, ˙̂z = ż = 0. So ∂f
∂y

= 0 and ∂f
∂z

= 0 hold,

indicating that (y, z) is a saddle point of f . From LaSalle’s invariance principle [79],

we conclude that each trajectory of system (5.23) asymptotically converges to an

equilibrium point at which (y, z) is a saddle point of f . �

Step 4): Closed-loop implementation

Let ζ̃i = xi +K−1
ζi
ζi and λ̃i = ui +K−1

λi
λi. Rewrite Equations (5.22f)-(5.22i) as (also

substitute ζi = Kζi(ζ̃i − xi), λi = Kλi(λ̃i − ui) to Equations (5.22b) and (5.22d))

˙̃ζi =
∑
j∈N (i)

Aij(xj − yj)−Keζi(Kζi(ζ̃i − xi)− ζ̂i) (5.24a)

˙̂
ζi =K̂eζi(Kζi(ζ̃i − xi)− ζ̂i) (5.24b)

˙̃λi =
∑
j∈N (i)

Dij(xj − yj)−Keλi(Kλi(λ̃i − ui)− λ̂i)

− γPui

∂gi
∂ui
−BT

i Kζi(ζ̃i − xi)−
∑
j∈N (i)

ET
jiKλj(λ̃j − uj) + µi

∂hi
∂ui

+Keui(ui − ûi)


(5.24c)

˙̂
λi =K̂eλi(Kλi(λ̃i − ui)− λ̂i) (5.24d)

so that the extra states ζ̃i, λ̃i are independent of w.

For the optimality and stability of system (5.22), we have the following theorem.
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Theorem 5.3 If (5.15)-(5.16) belongs to Class-S ′ and A is Hurwitz (recall Lemma 5.3

for the definition of A), each trajectory of (5.22) asymptotically converges to an equi-

librium point at which (x, u) is an optimal solution of (5.17).

Proof : Since A is Hurwitz in (5.15), under Lemma 5.3, at any equilibrium point

of (5.22), (x, u) is an optimal solution of problem (5.17). The proof of convergence

is similar to that in Lemma 5.4, by constructing a quadratic Lyapunov function and

showing that its derivative with respect to time is non-increasing along the trajectory

of system (5.22). When this derivative is 0, ui = ûi, yi = ŷi, ζi = ζ̂i, λi = λ̂i hold,

which lead to u̇i = 0, ẏi = 0, ζ̇i = 0, λ̇i = 0. Given constant u and w, system (5.15)

eventually converges to an equilibrium point at which x = y. Then µ̇i = 0, i =

1, · · · , N are true. From LaSalle’s invariance principle [79], each trajectory of (5.22)

asymptotically converges to an equilibrium point at which (x, u) is an optimal solution

of problem (5.17). �

Remark 5.4 The condition in the above theorem requires A to be Hurwitz. This

can be realized by introducing a static feedback controller u = Kx,K ∈ Rn×n to pre-

stabilize (5.15) if A is not Hurwitz. A similar assumption is also used in [5], Chapter

5.2. Note that system (5.22) is slightly different from the formulation (5.23), in which

only ui, yi, ζi, λi are equipped with auxiliary decision variables ûi, ŷi, ζ̂i, λ̂i respectively.

Similar examples have been shown in Chapter 4.

Going from the original closed-loop system (5.15)-(5.16) to the modified one (5.22),

we have introduced extra dynamics while the structure of the original dynamic feed-

back controller is preserved as shown in Equation (5.22b). The benefit of this forward-

engineering modification is summarized as follows. First, the modification allows us

to embed different types of steady-state convex optimization problems. Second, as

long as the steady-state optimization problem is distributed, e.g., with separable ob-

jective functions and local constraints as shown in problem (5.17), the resulting extra

dynamics are completely distributed as given in system (5.22). Third, the modifica-

tion can ensure that each trajectory of the redesigned closed-loop system converges

to an equilibrium point where the steady-state optimization problem is solved.

5.2.3 LTI Systems as Gradient Algorithms for Quadratic Op-
timization

In the previous subsection, a forward-engineering framework is presented to modify

an existing control scheme for solving optimal steady-state control problems. Class-
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S ′ is considered as a prerequisite, which implies that the original closed-loop sys-

tem (5.15)-(5.16) can be reverse-engineered as a primal-dual gradient algorithm to

solve an unconstrained quadratic saddle point problem. In this subsection, we inves-

tigate Class-S ′ by studying what kind of systems belongs to it. Generally speaking,

a system should be at least marginally stable [98] if it can be interpreted as a primal-

dual gradient algorithm for an unconstrained quadratic saddle point problem, since

system trajectories are bounded in this case (recall Lemma 5.2). Also, the equilibrium

set of the system should be equivalent to the saddle point set of the resulting problem.

To limit the scope of discussion, we only focus on reverse-engineering continuous-time

LTI systems that are in accord with (5.15)-(5.16).

1): LTI autonomous systems

We begin our investigation by studying a simple class of systems, i.e., LTI autonomous

systems. This allows us to understand the insight behind the mathematical derivation

better. Consider an LTI autonomous system:

ẋ = Ax (5.25)

where x(t) ∈ Rn is the state vector and A ∈ Rn×n. First, let us study the following

class of autonomous systems which can be reverse-engineered as gradient algorithms

for solving an unconstrained convex quadratic programming problem.

Class-O: System (5.25) belongs to Class-O means that there exists a function L(x) :

Rn → R and a positive definite matrix P ∈ Rn×n such that ∇2
xL � 0, {x|∇xL = 0}

is nonempty, and (5.25) is a gradient algorithm to solve maxx L, i.e.,

ẋ = P
∂L

∂x
.

Since (5.25) is linear, if (5.25) belongs to Class-O, then the associated L must be a

convex quadratic function, i.e., L = 1
2
xTQx for some Q � 0. Therefore, system (5.25)

belongs to Class-O if and only if there exist matrices P � 0 and Q � 0 such that

A = PQ holds. This leads to our first result regarding reverse-engineering.

Lemma 5.5 Given A ∈ Rn×n, the following statements are equivalent:

(i) There exists a matrix P = P T ∈ Rn×n and P � 0, so that PA = ATP holds;

(ii) eig(A) ∈ R and A is diagonalizable (here we use eig(A) ∈ R to indicate that

all eigenvalues of A are real numbers, although eig(A) is a set).
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Proof : (i)⇒(ii). Write A in its Jordan canonical form A = JΛJ−1, where Λ =

diag{Λ1, · · · ,Λa} and each Λi is a Jordan block. Without loss of generality, let

Λ1 =

 λ1 1 0
0 λ1 · · ·
0 0 · · ·


and the dimension of Λ1 is at least 2×2. Then (i) leads to PJΛJ−1 = (J−1)HΛHJHP

which is equivalent to

JHPJΛ = ΛHJHPJ. (5.26)

Note that JHPJ is a Hermitian matrix, and JHPJ � 0 since P � 0 and J is

invertible. So we obtain that all the diagonal entries of JHPJ are positive real. Let

JHPJ =

 s11 s12 · · ·
sH12 s22 · · ·
· · · · · · · · ·


where s11, s22 > 0. From (5.26), we have λ1s11 = λH1 s11 and s11 +s12λ1 = λH1 s12 which

result in λ1 = λH1 and s11 = 0, i.e., a contradiction. Therefore, each Jordan block

should have the dimension 1 × 1 and a real diagonal entry, i.e., A is diagonalizable

and eig(A) ∈ R are true.

(ii)⇒(i). Based on (ii), write A as its diagonal canonical form A = JΛJ−1, where

Λ is a diagonal matrix with real entries on the diagonal and J ∈ Rn×n. Define

a matrix V ∈ Rn×n so that V = V T � 0 and V Λ = ΛV hold. Such a matrix

V always exists and the simplest choice is V = In. We can then find a matrix

P = P T = (J−1)TV J−1 ∈ Rn×n so that P � 0 and PA = ATP hold, i.e., (i) is true.�

Theorem 5.4 System (5.25) belongs to Class-O if and only if (5.25) is marginally

or asymptotically stable, eig(A) ∈ R and A is diagonalizable.

Proof : Necessity. Suppose that system (5.25) is a gradient algorithm to solve an

unconstrained convex quadratic programming problem given by

max
x∈Rn

L(x) =
1

2
xTQx (5.27)

where Q ∈ Rn×n satisfies Q = QT � 0. Then the trajectories of (5.25) are bounded

under Lemma 5.2, and there exists a matrix P = P T ∈ Rn×n and P � 0, so that ẋ =

P ∂L
∂x

= PQx = Ax is always true. i.e., A = PQ holds. This leads to P−1A = ATP−1

which is equivalent to eig(A) ∈ R and A is diagonalizable, based on Lemma 5.5. Also,

system (5.25) is marginally or asymptotically stable.
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Sufficiency. Because system (5.25) is marginally or asymptotically stable, eig(A) ∈
R and A is diagonalizable, A can be written as a diagonal canonical form A = JΛJ−1

where J ∈ Rn×n and Λ � 0. Under Lemma 5.5, there exists a positive definite matrix

V ∈ Rn×n so that V Λ = ΛV holds. Based on Lemma 1 in [72], we have V Λ � 0.

Define a matrix P = JV −1JT . Then P−1A = ATP−1 � 0 holds. Considering the

unconstrained convex quadratic programming problem (5.27) where Q = P−1A, we

conclude that system (5.25) belongs to Class-O. �

Theorem 5.4 proposes a necessary and sufficient condition to reverse-engineer sys-

tem (5.25) as a gradient algorithm to solve a related unconstrained convex quadratic

programming problem. We now study the case where we can interpret system (5.25)

as a primal-dual gradient algorithm to solve an unconstrained quadratic saddle point

problem. Consider the following class of systems.

Class-S: System (5.25) belongs to Class-S means that there exists a function L(x(1), x(2)) :

Rn → R and positive definite matrices Px(1) , Px(2) such that ∇2
x(1)
L � 0, ∇2

x(2)
L � 0,

the saddle point set {x|∇xL = 0} is nonempty, and (5.25) is a primal-dual gradient

algorithm to solve maxx(1) minx(2) L, i.e.,

ẋ = diag {Px(1) ,−Px(2)}
∂L

∂x
.

In the above definition, state x is partitioned into x(1) and x(2). Similarly, (5.25) is

rearranged in the following form (in this subsection, we abuse notation e.g., Aij, ni, λi,

Bi, Ci, whose meaning should be clear from the context)[
ẋ(1)

ẋ(2)

]
︸ ︷︷ ︸

ẋ

=

[
A11 A12

A21 A22

]
︸ ︷︷ ︸

A

x (5.28)

where x(1)(t) ∈ Rn1 , x(2)(t) ∈ Rn2 , and n1 + n2 = n.

Using similar arguments as before, we only need to focus on a function L in a

quadratic form, i.e.,

L =
1

2
xT
[
Q11 Q12

QT
12 Q22

]
︸ ︷︷ ︸

Q

x (5.29)

where Q11 ∈ Rn1×n1 satisfies Q11 = QT
11 � 0 (i.e., L is concave in x(1)), Q22 ∈ Rn2×n2

satisfies Q22 = QT
22 � 0 (i.e., L is convex in x(2)), and Q12 ∈ Rn1×n2 . Based on the

definition of Class-S, we have the following theorem.

118



Theorem 5.5 System (5.28) belongs to Class-S if and only if the following condi-

tions are satisfied: (i) (5.28) is marginally or asymptotically stable; (ii) the eigenval-

ues of both A11 and A22 are non-positive real; (iii) both A11 and A22 are diagonaliz-

able with the diagonal canonical forms given by A11 = J1Λ1J
−1
1 , J1 ∈ Rn1×n1 , A22 =

J2Λ2J
−1
2 , J2 ∈ Rn2×n2, and there exist V1 and V2 such that

(J−1
1 )TV1J

−1
1 A12 + AT21(J−1

2 )TV2J
−1
2 = 0 (5.30a)

V1Λ1 = Λ1V1, V2Λ2 = Λ2V2 (5.30b)

V1 � 0, V2 � 0. (5.30c)

Proof : Necessity. Suppose that system (5.28) is a primal-dual gradient algorithm to

solve maxx(1) minx(2) L where L is given by (5.29). Then the trajectories of (5.28) are

bounded under Lemma 5.2, and there exist matrices Px(1) ∈ Rn1×n1 and Px(2) ∈ Rn2×n2

satisfying Px(1) = P T
x(1)
� 0 and Px(2) = P T

x(2)
� 0, so thatQ = diag{Px(1) ,−Px(2)}−1A =

ATdiag{Px(1) ,−Px(2)}−1 holds. This equation leads to

P−1
x(1)
A11 = AT11P

−1
x(1)

= Q11 � 0 (5.31a)

P−1
x(2)
A22 = AT22P

−1
x(2)

= −Q22 � 0 (5.31b)

P−1
x(1)
A12 + AT21P

−1
x(2)

= 0. (5.31c)

Based on Lemma 5.5, (5.31a)-(5.31b) are equivalent to eig(A11) ∈ R, A11 is diago-

nalizable, eig(A22) ∈ R, A22 is diagonalizable, and moreover, the eigenvalues of both

A11 and A22 are non-positive (otherwise, for example, there would exist a positive

eigenvalue of A11 and a corresponding non-zero eigenvector, denoted by λ1 and xλ1 ,

for which xTλ1P
−1
x(1)
A11xλ1 = λ1x

T
λ1
P−1
x(1)
xλ1 > 0, i.e., a contradiction to (5.31a)). By

defining V1 = JT1 P
−1
x(1)
J1, V2 = JT2 P

−1
x(2)
J2, condition (iii) holds, which completes the

proof of necessity.

Sufficiency. Let conditions (i)-(iii) be true. Consider the following unconstrained

quadratic saddle point problem:

max
x(1)∈Rn1

min
x(2)∈Rn2

L =
1

2
xTP−1Ax (5.32)

where P−1 = diag{(J−1
1 )TV1J

−1
1 ,−(J−1

2 )TV2J
−1
2 }. Due to V1Λ1 � 0, V2Λ2 � 0,

L is concave in x(1) and convex in x(2). Define matrices Px(1) = J1V
−1

1 JT1 � 0,

Px(2) = J2V
−1

2 JT2 � 0. Under Lemma 5.2, the trajectories of the primal-dual gradi-

ent algorithm given by ẋ = diag {Px(1) ,−Px(2)} ∂L∂x are bounded, which is the same

as (5.28). So we conclude that (5.28) belongs to Class-S. �
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Theorem 5.5 establishes a necessary and sufficient condition to reverse-engineer

(5.28) as a primal-dual gradient algorithm to solve an unconstrained quadratic saddle

point problem. One of the conditions is to check the feasibility of (5.30). This problem

is actually a Semi-Definite Programming (SDP) problem which can be solved using

SDP solvers, e.g., SeDuMi [99]. Similar to Remark 5.3, adding a minus sign before

L leads to an alternative formulation of (5.32) in which x(1) appears a minimizer and

x(2) appears a maximizer.

Remark 5.5 Table 5.1 provides examples on how to reverse-engineer LTI autonomous

systems using Theorems 5.4 and 5.5. Note that there can be multiple ways to reverse-

engineer a given system (compare line 1 and 3 in the table).

Table 5.1: Examples of reverse-engineering LTI autonomous systems.

A P−1 or diag{Px(1) ,−Px(2)}−1 Q = P−1A Theorem[
−1 0
0 −1

] [
1 0
0 1

] [
−1 0
0 −1

]
5.4[

−1 1
1 −1

] [
1 0
0 1

] [
−1 1
1 −1

]
5.4[

−1 0
0 −1

] [
1 0
0 −1

] [
−1 0
0 1

]
5.5[

−2 −1
1 −2

] [
1 0
0 −1

] [
−2 −1
−1 2

]
5.5[

−2 −1
1 0

] [
1 0
0 −1

] [
−2 −1
−1 0

]
5.5−1 1 0

1 −1 0
0 0 −1

 1 0 0
0 1 0
0 0 −1

 −1 1 0
1 −1 0
0 0 1

 5.5−2 −1 0
1 0 0
0 0 0

 1 0 0
0 −1 0
0 0 −1

 −2 −1 0
−1 0 0
0 0 0

 5.5−1 −1 −1
−1 −1 −1
1 1 −1

 1 0 0
0 1 0
0 0 −1

 −1 −1 −1
−1 −1 −1
−1 −1 1

 5.5

2): LTI systems with inputs

In this subsection, we extend the results in Theorems 5.4-5.5 to LTI systems with

inputs. Consider the following system
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ẋ = Ax+Bu+ Cw (5.33)

where x(t) ∈ Rn is the state vector, A ∈ Rn×n, B ∈ Rn×m, u(t) ∈ Rm is the control

input vector, C ∈ Rn×p, and w(t) ∈ Rp is the exogenous input vector, e.g., disturbance

injection.

Remark 5.6 A given LTI closed-loop system with either static feedback or dynamic

feedback can be rearranged to fit (5.33). More specifically, system (5.15)-(5.16) can

be rearranged as: [
ẋ
u̇

]
︸ ︷︷ ︸

˙̃x

=

[
A B
D E

]
︸ ︷︷ ︸

Ã

x̃+

[
C
F

]
︸ ︷︷ ︸

C̃

w

where u is included in the augmented state vector x̃.

The following result follows from Theorem 5.4.

Theorem 5.6 Let u,w be constant in system (5.33) and the set {x|Ax+Bu+Cw =

0} be nonempty. System (5.33) belongs to Class-O if and only if (5.33) is marginally

or asymptotically stable, eig(A) ∈ R and A is diagonalizable.

Proof : The proof is similar to that of Theorem 5.4, by replacing problem (5.27) with

the following unconstrained convex quadratic programming problem:

max
x∈Rn

L(x) =
1

2
xTP−1Ax+ xTP−1(Bu+ Cw)

where P is positive definite satisfying P−1A = ATP−1. �

In the above theorem, we have extended the definition of Class-O to include linear

systems with inputs, which is straightforward. Similar to (5.28), let us partition

system (5.33) in the form[
ẋ(1)

ẋ(2)

]
︸ ︷︷ ︸

ẋ

=

[
A11 A12

A21 A22

]
︸ ︷︷ ︸

A

x+Bu+ Cw (5.34)

where x(1)(t) ∈ Rn1 , x(2)(t) ∈ Rn2 and n1 + n2 = n. We then obtain the following

theorem.
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Theorem 5.7 Let u,w be constant in system (5.34) and the set {x|Ax+Bu+Cw =

0} be nonempty. System (5.34) belongs to Class-S if and only if the following con-

ditions are satisfied: (i) (5.34) is marginally or asymptotically stable; (ii) the eigen-

values of both A11 and A22 are non-positive real; (iii) both A11 and A22 are diagonal-

izable with the diagonal canonical forms given by A11 = J1Λ1J
−1
1 , J1 ∈ Rn1×n1 , A22 =

J2Λ2J
−1
2 , J2 ∈ Rn2×n2, and there exist V1 and V2 such that (5.30) holds.

Proof : The proof is similar to that of Theorem 5.5, by replacing problem (5.32) with

the following unconstrained quadratic saddle point problem:

max
x(1)∈Rn1

min
x(2)∈Rn2

L(x) =
1

2
xTP−1Ax+ xTP−1(Bu+ Cw)

where P−1 = diag{(J−1
1 )TV1J

−1
1 ,−(J−1

2 )TV2J
−1
2 }. �

In the above theorem, we have extended the definition of Class-S to include linear

systems with inputs. Because Class-S ′ is a subset of Class-S, we can apply the

results to system (5.15)-(5.16) and Class-S ′. Partition (5.15) in the form (5.34) and

rearrange (5.15)-(5.16) as ẋ(1)

ẋ(2)

u̇


︸ ︷︷ ︸

˙̃x

=

 A11 A12 B1

A21 A22 B2

D1 D2 E


︸ ︷︷ ︸

Ã

x̃+

 C1

C2

F


︸ ︷︷ ︸

C̃

w (5.35)

where x(1)(t) ∈ Rn1 , x(2)(t) ∈ Rn2 , n1 + n2 = n. Then the following proposition is

immediate.

Proposition 5.3 Let w be constant in system (5.35) and the set {x̃|Ãx̃+C̃w = 0} be

nonempty. System (5.35) belongs to Class-S ′ if and only if the following conditions are

satisfied: (i) (5.35) is marginally or asymptotically stable; (ii) the eigenvalues of A11,

A22, E, Eii, i = 1, · · · , N and

[
A22 B2

D2 E

]
are non-positive real, and these matrices

are diagonalizable; (iii) let the diagonal canonical forms of A11, A22, Eii, i = 1, · · · , N
be A11 = J1Λ1J

−1
1 , J1 ∈ Rn1×n1, A22 = J2Λ2J

−1
2 , J2 ∈ Rn2×n2, Eii = JEiΛEiJ

−1
Ei
, JEi ∈

Rmi×mi, there exist V1, V2, VEi such that

(J−1
1 )TV1J

−1
1 A12 + AT21(J−1

2 )TV2J
−1
2 = 0 (5.36a)

(J−1
1 )TV1J

−1
1 B1 +DT

1 diag{(J−1
Ei

)TVEiJ
−1
Ei
} = 0 (5.36b)

(J−1
2 )TV2J

−1
2 B2 −DT

2 diag{(J−1
Ei

)TVEiJ
−1
Ei
} = 0 (5.36c)

(J−1
Ei

)TVEiJ
−1
Ei
Eij − ET

ji(J
−1
Ej

)TVEjJ
−1
Ej

= 0, j ∈ N (i), i = 1, · · · , N (5.36d)

V1Λ1 = Λ1V1, V2Λ2 = Λ2V2, VEiΛEi = ΛEiVEi , i = 1, · · · , N (5.36e)

V1 � 0, V2 � 0, VEi � 0, i = 1, · · · , N. (5.36f)
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Proof : Necessity. Suppose that system (5.35) belongs to Class-S ′ and is a primal-

dual gradient algorithm to solve maxx(1) minx(2),u Lsys and

Lsys =
1

2
x̃T
[
Q11 Q12

QT
12 Q22

]
︸ ︷︷ ︸

Q

x̃+ x̃TP−1C̃w

where Q11 ∈ Rn1×n1 satisfies Q11 = QT
11 � 0 (i.e., Lsys is concave in x(1)), Q22 ∈

R(n2+m)×(n2+m) satisfies Q22 = QT
22 � 0 (i.e., Lsys is convex in (x(2), u)), Q12 ∈

Rn1×(n2+m) and P ∈ R(n1+n2+m)×(n1+n2+m). Then the trajectories of (5.35) are bounded

under Lemma 5.2, and there exist matrices Px(1) ∈ Rn1×n1 , Px(2) ∈ Rn2×n2 and

Pui ∈ Rmi×mi satisfying Px(1) = P T
x(1)
� 0, Px(2) = P T

x(2)
� 0 and Pui = P T

ui
�

0, i = 1, · · · , N , so that the equality Q = diag{Px(1) ,−Px(2) ,−diag{Pui}}−1Ã =

ÃTdiag{Px(1) ,−Px(2) ,−diag{Pui}}−1 holds (let P = diag{Px(1) ,−Px(2) ,−diag{Pui}}).
This leads to

P−1
x(1)
A11 = AT11P

−1
x(1)

= Q11 � 0[
P−1
x(2)

0
0 diag{P−1

ui
}

] [
A22 B2

D2 E

]
=

[
AT22 DT

2

BT
2 ET

] [
P−1
x(2)

0
0 diag{P−1

ui
}

]
= −Q22 � 0

P−1
x(1)

[
A12 B1

]
= −

[
AT21 DT

1

] [ P−1
x(2)

0
0 diag{P−1

ui
}

]
which can be further rearranged as

P−1
x(1)
A11 = AT11P

−1
x(1)
� 0

P−1
x(2)
A22 = AT22P

−1
x(2)
� 0

P−1
x(2)
B2 = DT

2 diag{P−1
ui
}

diag{P−1
ui
}

 E11 · · · E1N

· · · · · · · · ·
EN1 · · · ENN

 =

 ET
11 · · · ET

N1

· · · · · · · · ·
ET

1N · · · ET
NN

 diag{P−1
ui
} � 0

P−1
x(1)
A12 + AT21P

−1
x(2)

= 0

P−1
x(1)
B1 +DT

1 diag{P−1
ui
} = 0.

Based on Lemma 5.5, the above equations are equivalent to conditions (ii) and (iii)

by defining V1 = JT1 P
−1
x(1)
J1, V2 = JT2 P

−1
x(2)
J2, VEi = JTEiP

−1
ui
JEi , i = 1, · · · , N .

Sufficiency. Let conditions (i)-(iii) be true. Consider the following unconstrained

quadratic saddle point problem:

max
x(1)∈Rn1

min
x(2)∈Rn2 ,u∈Rm

Lsys =
1

2
x̃TP−1Ãx̃+ x̃TP−1C̃w
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where P−1 = diag{(J−1
1 )TV1J

−1
1 ,−(J−1

2 )TV2J
−1
2 , −diag{(J−1

Ei
)TVEiJ

−1
Ei
}}. Due to

V1Λ1 � 0 and [
(J−1

2 )TV2J
−1
2 0

0 diag{J−1
Ei

)TVEiJ
−1
Ei
}

] [
A22 B2

D2 E

]
=

[
AT22 DT

2

BT
2 ET

] [
(J−1

2 )TV2J
−1
2 0

0 diag{J−1
Ei

)TVEiJ
−1
Ei
}

]
� 0 (5.37)

Lsys is concave in x(1) and convex in (x(2), u). Equation (5.37) is derived as follow.

Let Ã22 =

[
A22 B2

D2 E

]
and P̃−1

2 =

[
(J−1

2 )TV2J
−1
2 0

0 diag{J−1
Ei

)TVEiJ
−1
Ei
}

]
. Since

the eigenvalues of Ã22 are non-positive real and Ã22 is diagonalizable, Ã22 can be

written as Ã22 = J̃Λ̃J̃−1 where Λ̃ � 0 is a diagonal matrix. Due to P̃−1
2 J̃Λ̃J̃−1 =

(J̃−1)T Λ̃J̃T P̃−1
2 , based on Lemma 1 in [72], J̃T P̃−1

2 J̃Λ̃ = Λ̃J̃T P̃−1
2 J̃ � 0 holds. For

any given vector v ∈ Rn2+m, (J̃v)T P̃−1
2 J̃Λ̃J̃−1(J̃v) = vT J̃T P̃−1

2 J̃Λ̃v ≤ 0, which leads

to P̃−1
2 J̃Λ̃J̃−1 � 0, i.e., Equation (5.37) holds.

Now define matrices Px(1) = J1V
−1

1 JT1 � 0, Px(2) = J2V
−1

2 JT2 � 0 and Pui =

JEiV
−1
Ei
JTEi � 0, i = 1, · · · , N . Under Lemma 1, the trajectories of the primal-dual

gradient algorithm given by ẋ = diag {Px(1) ,−Px(2)}
∂Lsys

∂x
and u̇i = −Pui

∂Lsys

∂ui
, i =

1, · · · , N are bounded, which is the same as (5.35). So we conclude that system (5.35)

belongs to Class-S ′. �

Figure 5.1: IEEE 14-bus network, with 5 generator buses, 9 load buses and 20 trans-
mission lines. The buses are numbered with red blocks. The transmission lines are
numbered with brackets.
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5.3 Numerical Investigations

We now present numerical investigations using the IEEE 14-bus network illustrated

in Figure 5.1. The parameter of the overall system (5.11) are shown in Table 5.2.

Table 5.2: Parameters of the overall system (p.u. means per unit).

Parameter Value(p.u.) Parameter Value(p.u.)
Mi 10, 11, 9, 8, 12 Di, i ∈ G 2, 1.2, 1.5, 0.8, 1

Di, i ∈ L 0.8, 0.9, 1, 1.1, 1.2, 0.7, 0.3, 1.4, 0.6 TTGi 5, 6, 3, 4, 7
R 0.05I5 γ 2

Parameter Value(p.u.)
Tk 24, 25, 23, 26, 27, 22, 24, 25, 23, 26, 27, 22, 24, 25, 23, 26, 27, 22, 20, 30

Pmax
Ci

,−Pmin
Ci

Pmax
Ci

= −Pmin
Ci

: 0.3, 0.4, 0.2, 0.1, 0.5
Pmax
Li

,−Pmin
Li

Pmax
Li

= −Pmin
Li

: 0.2, 0.2, 0.3, 0.3, 0.5, 0.4, 0.4, 0.1, 0.1

Pmax
TCk

,−Pmin
TCk

All Pmax
TCk

= −Pmin
TCk

= 1 except Pmax
TC7

= −Pmin
TC7

= 0.5,
Pmax
TC13

= −Pmin
TC13

= 0.3 and Pmax
TC14

= −Pmin
TC14

= 0.8

Function Expression
Ci(PCi) Ci(PCi) = ci

2
P 2
Ci

, ci = 0.01, 0.02, 0.03, 0.04, 0.05
Ui(PLi) Ui(PLi) = − ci

2
P 2
Li

, ci = 0.1, 0.2, 0.05, 0.08, 0.06, 0.09, 0.12, 0.15, 0.07

Gain Value(p.u.) Gain Value(p.u.)
KPC 15I5 KPL 15I9

Kθ 10I14 Kζ 10I5

Kλ 10I9 Kµ+ , Kµ− 10I5

Kν+ , Kν− 10I9 Kl+ , Kl− 10I20

We consider a scenario consisting of two disturbances which is realized as follows:

the system is stabilized at the nominal operating point at t = 0s; at t = 5s, there is

a step change di = +2p.u. at bus 6; 40s later, there is a step change di = −2.5p.u.

at bus 9. The simulation results are shown in Figures 5.2-5.6. Compared to the

uncontrolled case (i.e., without any control, shown in figures on the left), we can see

that the proposed control scheme restores the grid frequency quickly under distur-

bances. Moreover, it can be verified that the optimization problem is solved when

system reaches steady state, i.e., generation cost is minimized within capacity limit,

load utility is maximized within capacity limit, and transmission line congestion con-

straints are satisfied.

On the other hand, to fit the framework proposed in Section 5.2, we can regard a

decentralized frequency integral control scheme given by
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Figure 5.2: Bus frequency (deviations). Left: uncontrolled case. Right: controlled
case.
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Figure 5.3: Generator mechanical power (deviations). Left: uncontrolled case. Right:
controlled case.
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Figure 5.4: Controllable load power consumption (deviations). Left: uncontrolled
case. Right: controlled case.
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Figure 5.5: Transmission line power flow (deviations). Left: uncontrolled case. Right:
controlled case.
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Figure 5.6: Power flow (deviations) through line 7 (blue), 13 (green), 14 (red). Left:
uncontrolled case. Right: controlled case.
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Modified control

Figure 5.7: Bus frequency (deviations). Left: using integral control. Right: using
modified control.
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Figure 5.8: Controllable load power consumption (deviations) at selected buses. Left:
using integral control. Right: using modified control.
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Figure 5.9: Left: power flow (deviation) in line 7 (the black dashdot line is the capacity
upper bound of line 7 in the OPF problem). Right: operating cost comparison.

ṖC = KPC (R(PM − PC))

ṖL = KPL(D−1
l (−PL − dl − Γ2ATA

Tα))

as a built-in control mechanism, and apply the proposed procedure to redesign the

closed-loop system that belongs to Class-S ′. Under the same scenario and condi-

tions, we compare the decentralized frequency integral controller with the redesigned

controller (i.e., Equations (5.11d)-(5.11n)). The simulation results are shown in Fig-

ures 5.7-5.9. Compared with the case of using only integral control, the modified

control scheme leads to less oscillations and less cost, and moreover, satisfies operat-

ing constraints (in the case of using integral control, load power consumption at bus

6, 7, 9, 13, 14 does not meet the capacity constraints, and the power flow in line 7
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does not meet its capacity constraint).

5.4 Conclusion

In this chapter, we have studied a reverse- and forward-engineering framework for dis-

tributed control of a class of linear network systems to achieve optimal steady-state

performance. This framework consists of two steps: firstly, seek an appropriate op-

timization problem that the system dynamics implicitly solve (reverse-engineering);

secondly, modify the resulting optimization problem by incorporating a predefined

optimization problem and derive control mechanisms to solve the augmented op-

timization problem (forward-engineering). In the first half the chapter, we used

the proposed framework to solve the real-time economic dispatch problem in power

systems. Under exogenous disturbances, the distributed controller derived through

this framework asymptotically stabilized the power network at an equilibrium point

which solved the steady-state optimization problem (5.2)/(5.3). In the second half

of the chapter, we provided a general procedure to modify control schemes for a spe-

cial class of network systems. In order to investigate how general the reverse- and

forward-engineering framework was, we developed necessary and sufficient conditions

under which an LTI system could be reverse-engineered as a gradient algorithm to

solve either (i) an unconstrained convex quadratic programming problem or (ii) an

unconstrained quadratic saddle point problem. These conditions were characterized

using properties of system matrices and relevant linear matrix inequalities. Finally,

a numerical example using the IEEE 14-bus network was presented to demonstrate

the effectiveness of the proposed framework.
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Chapter 6

Conclusions

In this thesis, we have developed several scalable frameworks to modify/redesign a

class of large-scale network systems with built-in control mechanisms to improve their

economic efficiency and performance while guaranteeing their stability and robust-

ness. These frameworks were mainly applied to electric power systems and network

congestion control. As a result, in the presence of uncertainties, the redesigned sys-

tems can track the efficient operating points automatically in a distributed or decen-

tralized, and closed-loop manner. Before closing, we provide a summary of the main

results and briefly discuss future research directions.

6.1 Summary

In Chapter 2, we have proposed modifications in the generation control in the power

grid to improve its economic efficiency, stability and robustness. Moreover, the par-

ticipation of controllable loads has been considered. We first obtained the state-space

description of a conventional power network model which described system dynamics

around a nominal operating state, and formulated an optimization problem relating

to active power regulation under exogenous disturbances. We then proposed a new

control scheme via a consensus approach and studied its optimality, stability and de-

lay robustness. Moreover, we extended the designed control scheme to (i) networks

with more complexity and (ii) the case where controllable loads were involved in the

optimization problem. Finally, numerical examples showed that the proposed con-

trollers could balance the power flow in the network quickly, and drive the system to

an economically optimal operating point in the steady state.

In Chapter 3, a real-time control framework that merges conventional primary,

secondary and tertiary frequency control in power systems has been studied. In par-

ticular, we considered a transmission level network with tree topology, and formulated
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an Optimal Power Flow (OPF) problem with constraints containing the dynamics of

the power network. We then used a primal-dual decomposition approach to design a

distributed dynamic feedback controller and showed the stability of the overall sys-

tem. In addition, we introduced extra dynamics to improve system behaviour, where

we emphasized the trade-off when choosing the gains of the extra dynamics. Numer-

ical experiments showed that the proposed controller could balance the power flow in

the network quickly, and achieve OPF in the steady state. Furthermore, after adding

the extra dynamics, the transient performance of the system improved significantly.

In Chapter 4, we presented a redesign framework for network congestion control

problems. Motivated by the augmented Lagrangian method, we introduced extra

terms to the Lagrangian, which was then used to redesign the primal-dual, primal

and dual algorithms. We investigated how the gains resulting from the extra dynam-

ics influenced the stability and robustness of the system. Moreover, we showed that

the overall system could achieve added robustness to communication delays by appro-

priately tuning these gains. We next studied the meaning of the extra dynamics in

the redesign and developed a distributed proportional-integral-derivative controller

for solving network congestion control problems. Finally, we illustrated that com-

pared to standard algorithms, the modified algorithms resulted in better transient

performance and improved robustness, without changing the distributed structure of

the feedback.

In Chapter 5, a reverse- and forward-engineering framework for distributed control

of a class of linear network systems to achieve optimal steady-state performance was

developed. In the first half of this chapter, we used the proposed framework to solve

the real-time economic dispatch problem in power systems. In the second half, we

provided a general procedure to modify control schemes for a special class of network

systems. In order to investigate how general the reverse- and forward-engineering

framework was, we developed necessary and sufficient conditions under which an Lin-

ear Time-Invariant (LTI) system could be reverse-engineered as a gradient algorithm

to solve either (i) an unconstrained convex quadratic programming problem or (ii)

an unconstrained quadratic saddle point problem. Finally, a numerical example was

presented to demonstrate the effectiveness of the proposed framework.

6.2 Future Research Directions

We would like to mention a few future research directions based on the work presented

in this thesis.
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Firstly, an immediate research direction is to extend the redesign framework pre-

sented in Chapter 3 to power networks with mesh topology. Mesh networks are harder

since the corresponding OPF problem is non-convex and nonlinear. But recent work

by Low [100, 101] has suggested that tunable phase shifters can be introduced to

convexify the (AC) OPF problem, which will assist in extending our redesign frame-

work. Note that after introducing phase shifters, their dynamics should be considered.

Also, a further step is to include voltage dynamics and (re)design real-time voltage

control/reaction power regulation schemes.

Secondly, Chapters 2 and 5 have considered frequency control/active power reg-

ulation in the power grid through merging primary and secondary control. It would

be interesting to investigate the problem of voltage control under the same scenario.

Since the physical coupling between active power flows and bus voltage magnitudes,

and between reactive power flows and bus angle differences is weak in transmission

level networks, a standard decoupling approximation can be adopted [3, 7] when lin-

earizing system dynamics around a nominal operating state. This will simplify the

design of real-time voltage control schemes.

The effect of time delay in the redesigned frequency control schemes is only consid-

ered in Chapter 2. Future work will focus on the control schemes proposed in Chapters

3 and 5 with time delays. According to Chapter 4, introducing extra dynamics can

lead to added delay robustness. We are therefore interested in investigating the choice

of controller gains to achieve improved delay robustness for the overall system.

We are also interested in more accurate models of exogenous input in power system

control and optimization, i.e., fluctuations resulting from distributed energy resources

and variability in both supply and demand. The exogenous input considered in this

thesis is only constant or slow varying. In the future, we will consider the stochastic

effects.

Also, note that if gradient-based methods are applied on an optimization problem

to design control schemes, the proposed redesign framework in Chapter 4 can then be

used to improve their properties. Moreover, a different choice of the extra terms (e.g.,

h(z, ẑ, k) = h(xi, x̂i, x̃i, k1ei , k2ei) = −
∑N

i=1

(
k1ei

2
(xi − x̂i)2 +

k2ei
2

(xi − x̂i − x̃i)2
)

, where

x̂i, x̃i are extra states and k1ei , k2ei > 0 are parameters) can lead to different types of

extra dynamics. In the future, we will investigate different types of extra terms and

the implementation of the resulting dynamics.

Last but not least, Chapter 5 serves as our initial step towards developing a

reverse- and forward-engineering framework for system control (re)design. In the
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future, we will focus on more general systems with more complexity. We will ex-

tend our result to discrete-time LTI systems, and then focus on linear time-varying

systems. We will consider developing necessary and sufficient conditions to reverse-

engineer nonlinear dynamic systems. We will also develop matrix partition methods

for related theorems in Section 5.2.3. Finally, besides power networks, we are inter-

ested in applying our result to do control (re)design for other practical systems, e.g.,

Hamiltonian systems.
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Appendix A

Lyapunov Stability

In this appendix, we review some results relating to Lyapunov stability theorems

based on [79, 80], which are frequently used in this thesis.

Let x(t) ∈ Rn and f : D → Rn be locally Lipschitz (i.e., ‖f(x)−f(y)‖ ≤ L‖x−y‖
where ‖ ·‖ denotes any p-norm and L > 0 is constant) in a domain D ⊂ Rn. Consider

the following autonomous system

ẋ(t) = f(x(t)) (A.1)

and suppose x∗ is an equilibrium point of (A.1), i.e., f(x∗) = 0. For convenience, we

assume x∗ = 0 which can be achieved using a simple change of coordinates. Here, we

focus on the Lyapunov stability of the equilibrium x∗ = 0, which is summarized as

follows [79] (‖ · ‖ denotes a norm in Rn).

Definition A.1 The equilibrium x∗ = 0 of system (A.1) is:

(i) Stable, if for any ε > 0 there is a δ = δ(ε) > 0 such that

‖x(0)‖ < δ ⇒ ‖x(t)‖ < ε,∀t ≥ 0;

(ii) Unstable, if it is not stable;

(iii) Asymptotically stable, if it is stable and δ can be chosen such that

‖x(0)‖ < δ ⇒ lim
t→∞
‖x(t)‖ = 0.

In many cases, stability can be shown by constructing an energy-like function,

called a Lyapunov function. The Lyapunov stability theorem is provided below [79].

Theorem A.1 Let D ⊆ Rn be a neighborhood of the origin. If there is a continuously

differentiable function V : D → R such that the following two conditions are satisfied:

(i) V (x) > 0,∀x ∈ D \ {0} and V (0) = 0, i.e., V (x) is positive definite in D,
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(ii) V̇ (x) = ∂V
∂x
f(x) ≤ 0,∀x ∈ D, i.e., V̇ (x) is negative semi-definite in D,

then the origin is a stable equilibrium of (A.1). If in condition (ii), V̇ (x) < 0,∀x ∈
D \ {0}, i.e., V̇ (x) is negative definite in D, then the origin is asymptotically stable.

Furthermore, if D = Rn and V (x) is radially unbounded, i.e., V (x) → ∞ as ‖x‖ →
∞, then the origin is globally asymptotically stable.

To show the asymptotic stability of the equilibrium of (A.1), an alternative way

is to use the LaSalle’s invariance principle, given by the following theorem [79].

Theorem A.2 Let Ω ⊂ D be a compact set that is positively invariant with respect

to system (A.1). Let V : D → R be a continuously differentiable function such that

V̇ (x) ≤ 0 in Ω. Let E be the set of all points in Ω where V̇ (x) = 0. Let M be

the largest invariant set in E. Then every solution starting in Ω approaches M as

t→∞.

Likewise, for the global asymptotic stability of the equilibrium of (A.1), an alter-

native way is to use the Krasovskii-LaSalle principle as follow [79].

Theorem A.3 Let x∗ = 0 be an equilibrium point of (A.1). Let V : Rn → R be

a continuously differentiable, radially unbounded, positive definite function such that

V̇ (x) ≤ 0,∀x(t) ∈ Rn. Let S = {x(t) ∈ Rn|V̇ (x) = 0} and suppose that no solution

can stay identically in S, other than the trivial solution x∗ = 0. Then the origin is

globally asymptotically stable.

We next consider the case in which a system is modeled by an autonomous delayed

differential equation, i.e.,

ẋ(t) = f(x(t), x(t− τ1), · · · , x(t− τr)) (A.2)

where each τi is a discrete delay in the system. Without loss of generality, we assume

that 0 is a steady state for the system. The following definition extends Definition A.1,

relating to the stability of the solution x = 0 of system (A.2) [80].

Definition A.2 The solution x = 0 of system (A.2) is:

(i) Stable, if for any ε > 0 there is a δ = δ(ε) > 0 such that ‖x(t)|φ‖ ≤ ε for any

initial condition φ ∈ Ωδ, where x(t)|φ denotes the solution of (A.2) given the initial

condition φ, Ωδ = {φ ∈ C([−τ, 0],Rn)|‖φ‖ ≤ δ}, and τ = maxi{τi};
(ii) Unstable, if it is not stable;

(iii) Asymptotically stable, if it is stable and there is a δ such that limt→∞ x(t)|φ =

0 for any initial condition φ ∈ Ωδ.
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Just as in the case of systems described by (A.1), a Lyapunov argument can

be formulated to establish the stability of the steady state of (A.2) when many,

incommensurate delays appear in the system.

Consider a continuous functional V : C([−τ,∞),Rn)→ R and define

V̇ (x(t)|φ) = lim
h→0+

1

h
(V (x(t+ h)|φ)− V (x(t)|φ))

to be the derivative of V along a solution of (A.2). We then have the following

Lyapunov-Krasovskii theorem [80].

Theorem A.4 Let f be completely continuous and f(0) = 0 in (A.2). Assume

that there exist a(s) and b(s) that are non-negative continuous, a(0) = b(0) = 0,

lims→∞ a(s) = +∞, and V : Ω→ R that is continuous and satisfies

V (x(t)|φ) ≥ a(‖φ(0)‖) in Ω

V̇ (x(t)|φ) ≤ −b(‖φ(0)‖) in Ω

where Ω ⊂ C([−τ,∞),Rn). Then the solution x = 0 of (A.2) is stable, and every

solution is bounded. Furthermore, if b(s) > 0 for s > 0, then x = 0 is asymptotically

stable.

Finally, we present a theorem which extends the LaSalle’s invariance principle to

the case of time-delay systems (A.2) [80].

Theorem A.5 Let V : Ω→ R be a Lyapunov functional with respect to system (A.2),

i.e., V is continuous on the closure of Ω, and V̇ ≤ 0 on Ω, where Ω ⊂ C([−τ,∞),Rn).

Let E be the set of φ on the closure of Ω where V̇ (x(t)|φ) = 0. Let M be the largest

invariant set in E with respect to system (A.2). Then for a bounded solution x(t)|φ
of (A.2) that remains in Ω, x(t)|φ tends to M as t→∞.
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Appendix B

Synchronization in Oscillator
Networks with Non-homogeneous
Delays

In this appendix, we review some results relating to synchronization in oscillator

networks with non-homogeneous delays according to [81, 82].

Consider N coupled oscillators with natural frequencies ωi and phases θi ∈ [0, 2π],

i = 1, · · · , N . The dynamics of each oscillator are described by the modified Kuramoto

Model with non-homogeneous delays:

θ̇i(t) = ωi(t) +
K

ni

N∑
j=1

Aij sin(θj(t− τji)− θi(t)) (B.1)

where K is the coupling strength between the oscillators which is assumed to be the

same, ni is the number of neighbouring oscillators to oscillator i, and τji is the delay

in the coupling from oscillator j to oscillator i. Note that we require τji = τij. In

addition, Aij is the entry of the adjacency matrix A of the underlying undirected

graph consisting of these oscillators. Here the adjacency matrix is an N ×N matrix

with elements Aij = 1 only if oscillators i and j are neighbours to each other (i.e.,

they are connected by a link), otherwise, Aij = 0.

Formally speaking, we consider the case where all the oscillators synchronize, i.e.,

θi(t) = θ(t) = Ωt + α, i = 1 · · · , N . Then the self-consistency equation for ωi and K

needs to be satisfied given by

Ω = ωi −
K

ni

N∑
j=1

Aij sin(Ωτji). (B.2)

Let θi(t) = Ωt+ φi(t). Linearize (B.1) around the steady state φi(t) = α to get
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φ̇i(t) =
K

ni

N∑
j=1

Gij(φj(t− τji)− φi(t)) (B.3)

where Gij = Gji = Aij cos(Ωτji) since τij = τji and Aij = Aji. Note that the equilibria

of this system belong to the consensus set CS = {(φ1, · · · , φN)|φ1 = φ2 = · · ·= φN =

α} which is one-dimensional. The stability of (B.3) is shown below.

Theorem B.1 If cos(Ωτji) > 0 for all i, j for which Aij = 1 and Ω solves (B.2), then

the equilibrium set of system (B.3), i.e., CS = {(φ1, · · · , φN)|φ1 = φ2 = · · · = φN =

α}, is asymptotically attracting.

Proof : Consider the following candidate Lyapunov-Krasovskii functional

V(B.3)(t) =
1

2

N∑
i=1

niφ
2
i (t) +

K

2

N∑
i=1

N∑
j=1

Gij

∫ t

t−τji
φ2
j(β)dβ.

Differentiating V(B.3)(t) with respect to time, we get

V̇(B.3)(t) =−K
N∑
i=1

N∑
j=1

Gijφ
2
i (t) +K

N∑
i=1

N∑
j=1

Gijφi(t)φj(t− τji)

+
K

2

N∑
i=1

N∑
j=1

Gijφ
2
j(t)−

K

2

N∑
i=1

N∑
j=1

Gijφ
2
j(t− τji)

=− K

2

N∑
i=1

N∑
j=1

Gij(φi(t)− φj(t− τji))2.

If cos(Ωτji) > 0 for all i, j for which Aij = 1, V̇(B.3)(t) ≤ 0. Moreover, V̇(B.3)(t) = 0

only happens when φi(t) − φj(t − τji) = 0 holds for all i, j for which Aij = 1. This

results in φ̇i(t) = 0, i = 1, · · · , N . Using LaSalle’s invariance principle for time-delay

systems [80], the equilibrium set is asymptotically attracting. �

We can see that the proofs of Theorem 2.3 and Propositions 2.2 and 2.4 are similar

to the above proof, using the same type of Lyapunov-Krasovskii functionals.
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Appendix C

Saddle Point Dynamics and
Primal-dual Gradient Dynamics

In this appendix, we review some mathematical preliminaries about the saddle point

dynamics and the primal-dual gradient dynamics (for solving convex optimization

problems) based on [77, 56, 70].

Consider a convex-concave function f ∈ C2: Ra × Rb → R satisfying that for all

y, z, ∇2
yf � 0,∇2

zf � 0 hold. We say (ỹ, z̃) is a saddle point of f if

f(ỹ, z) ≤ f(ỹ, z̃) ≤ f(y, z̃) (C.1)

holds. A property of a saddle point of a function is shown in Lemma 5.1, the proof

of which is provided below.

Proof of Lemma 5.1: Necessity. Since the saddle point condition (C.1) holds, ỹ

minimizes f(y, z̃) over all y and z̃ maximizes f(ỹ, z) over all z. Thus, ∇yf |y=ỹ,z=z̃ = 0

and ∇zf |y=ỹ,z=z̃ = 0 hold, i.e., ∇y,zf |y=ỹ,z=z̃ = 0.

Sufficiency. Since ∇yf |y=ỹ,z=z̃ = 0 and f(y, z̃) is convex in y, we conclude that ỹ

minimizes f(y, z̃) over y, i.e., for all y, we have f(ỹ, z̃) ≤ f(y, z̃). This is one of the

inequalities in (C.1). We can argue in the same way about z. �

Denote the set of saddle points of f by S and assume that S is nonempty. Consider

the saddle point dynamics given by

ẏ = −Ky
∂f

∂y
(C.2a)

ż = Kz
∂f

∂z
(C.2b)

139



where Ky ∈ Ra×a, Kz ∈ Rb×b are positive definite constant matrices. A property of

the saddle point dynamics is shown in Lemma 5.2, the proof of which is provided

below.

Proof of Lemma 5.2: Let (y∗, z∗) be a saddle point of f . Define a candidate

Lyapunov function as

V(C.2) =
1

2
(y − y∗)TK−1

y (y − y∗) +
1

2
(z − z∗)TK−1

z (z − z∗)

which is radially unbounded and positive definite with respect to (y∗, z∗). The deriva-

tive of V(C.2) with respect to time along the trajectory of (C.2) is given by

V̇(C.2) =−
(
∂f

∂y

)T
(y − y∗) +

(
∂f

∂z

)T
(z − z∗)

≤− f(y, z) + f(y∗, z) + f(y, z)− f(y, z∗)

=f(y∗, z)− f(y∗, z∗) + f(y∗, z∗)− f(y, z∗)

≤0

where the first inequality comes from the fact that f is convex in y and concave in z,

and the last inequality follows that (y∗, z∗) is a saddle point of f . When V̇(C.2) = 0,

we have f(y∗, z) = f(y∗, z∗) and f(y∗, z∗) = f(y, z∗). Based on LaSalle’s invariance

principle [79], we conclude that the trajectories of (C.2) converge to a compact subset

of the invariant set given by

I = {(y, z)|V̇(C.2)(y, z, y
∗, z∗) = 0}

which indicates that the trajectories of (C.2) are bounded.

We next show that if f is either strictly convex in y or strictly concave in z, then

the trajectories of (C.2) asymptotically converge to a saddle point of f . Firstly, if

(ỹ, z̃) ∈ I, then f(y∗, z̃) = f(y∗, z∗) and f(y∗, z∗) = f(ỹ, z∗). Since f is either strictly

convex in y or strictly concave in z, either ỹ = y∗ or z̃ = z∗ holds. Let us assume ỹ =

y∗, which means ẏ|y=ỹ = 0. Then ∂f
∂y
|y=ỹ = 0, i.e., ỹ satisfies the first order optimality

condition for f(y, z). On the other hand, since f(ỹ, z∗) = f(y∗, z∗) = f(y∗, z̃), z̃ is a

maximizer of f(y∗, z), i.e., ∂f
∂z
|y=y∗=ỹ,z=z̃ = 0. Thus, we have ∇y,zf |y=ỹ,z=z̃ = 0, i.e.,

(ỹ, z̃) ∈ S. Similarly, if z̃ = z∗, we can still derive (ỹ, z̃) ∈ S. To conclude, under the

condition that f is either strictly convex in y or strictly concave in z, I ⊆ S is true.

To show the pointwise convergence, since (y(t), z(t)) converges to a compact sub-

set of I ⊆ S, there exists a subsequence {(yk, zk)} where yk = y(tk), zk = z(tk) that
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converges to a point (y∞, z∞). This means that vk = V(C.2)(yk, zk, y
∞, z∞) asymptot-

ically converges to 0. On the other hand, we have

lim
t→∞

V(C.2)(y(t), z(t), y∞, z∞) = lim
t→∞

v(t) = v∞

where v∞ is constant. Since vk is a subsequence of v(t) and converges to 0, v∞ = 0

holds. Therefore, we conclude that (y(t), z(t)) converges to (y∞, z∞). �

Let us now consider a convex optimization problem given by

min
y
C(y) (C.3a)

subject to g(y) � 0 (C.3b)

where C ∈ C2 : Ra → R satisfying ∇2
yC � 0, and g(y) : Ra → Rb is the vector

of gi ∈ C2 : Ra → R satisfying ∇2
ygi � 0. Assume that this problem is feasible

and satisfies Slater’s constraint qualification [77], i.e., strong duality holds for this

optimization problem. The Lagrangian of the problem is given by

f(y, z) = C(y) + zTg(y)

where z � 0 is the vector of Lagrangian multipliers (dual variables) zi for the con-

straint g(y) � 0. Thus, the dual optimization problem is given by

max
z

inf
y
f(y, z) (C.4a)

subject to z � 0. (C.4b)

Let y∗ and z∗ � 0 denote the optimal solution of the primal problem (C.3) and the

dual problem (C.4) respectively. Due to strong duality, (y∗, z∗) is a saddle point of

f . Moreover, (y∗, z∗) satisfies the Karush-Kuhn-Tucker (KKT) conditions given by

∂f

∂y
= 0 (C.5a)

zi
∂f

∂zi
= 0, zi ≥ 0,

∂f

∂zi
≤ 0. (C.5b)

The corresponding saddle point dynamics, i.e. the primal-dual gradient dynamics,

are given by

ẏ = −Ky
∂f

∂y
(C.6a)

ż = Kz

(
∂f

∂z

)+

z

(C.6b)
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where Ky ∈ Ra×a, Kz ∈ Rb×b are positive definite constant matrices. Note that we

have used a vector form of positive projection in (C.6b).

Similar to Lemma 5.2, we have the following results relating the stability of (C.6).

Proposition C.1 The trajectories of the primal-dual gradient dynamics (C.6) are

bounded. Furthermore, if C is strictly convex in y, the trajectories of (C.6) asymp-

totically converge to a saddle point of f .

Proof : Consider the following candidate Lyapunov function

V(C.6) = V(C.2) =
1

2
(y − y∗)TK−1

y (y − y∗) +
1

2
(z − z∗)TK−1

z (z − z∗).

According to the proof of Theorem 3.3, we can remove all positive projection in V̇(C.6)

to get

V̇(C.6) ≤ −
(
∂f

∂y

)T
(y − y∗) +

(
∂f

∂z

)T
(z − z∗).

Following the proof of Lemma 5.2, we can obtain that the trajectories of (C.6) are

bounded, and moreover, if C is strictly convex in y, the trajectories of (C.6) asymp-

totically converge to a saddle point of f . �

We see that from the saddle point dynamics (C.2) to the primal-dual gradient

dynamics (C.6), although the positive projection is added, the results in Lemmas 5.1

and 5.2 still hold (with ∇zf |y=ỹ,z=z̃ = 0 changing to the complementary slackness

condition (C.5b)).
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Appendix D

Classical Loop Shaping in
Multiple-Input-Multiple-Output
(MIMO) Systems

In this appendix, we review the classical loop shaping method for Multiple-Input-

Multiple-Output (MIMO) systems, according to [102, 89].

Consider the one degree-of-freedom configuration shown in Figure D.1 [89]. Define

the (output) sensitivity function to be S = (I+GK)−1 and the (output) complemen-

tary sensitivity function to be T = GK(I +GK)−1 = I − S. Then we have

y(s) = T (s)(r(s)− n(s)) + S(s)d(s)

u(s) = K(s)S(s)(r(s)− n(s)− d(s)).

Figure D.1: One degree-of-freedom feedback configuration.

(i) For disturbance rejection, σ(S) needs to be small. When σ(GK) � 1, S =

(I + GK)−1 ≈ (GK)−1. Then making σ(S) small can be approximated by making

σ(GK) large when σ(GK)� 1. Here σ(X) and σ(X) are the maximum and minimum

143



nonzero singular values of a matrix X respectively (the singular values are the square

roots of the eigenvalues of XHX where XH is the conjugate transpose of X).

(ii) For noise attenuation, σ(T ) needs to be small. When σ(GK) � 1, T =

GK(I + GK)−1 ≈ GK. Then making σ(T ) small can be approximated by making

σ(GK) small when σ(GK)� 1.

(iii) For reference tracking, both σ(T ) and σ(T ) need to be close to 1. When

σ(GK) � 1, T = GK(I + GK)−1 ≈ I. So making σ(GK) large leads to σ(T ) ≈
σ(T ) ≈ 1 when σ(GK)� 1.

(iv) For control energy reduction, σ(KS) needs to be small. When σ(GK) � 1,

KS = K(I + GK)−1 ≈ K. Then making σ(KS) small can be approximated by

making σ(K) small when σ(GK)� 1.

(v) For robust stability to an additive perturbation in plant G, σ(KS) needs to

be small [103]. Same as (iv) above, we can make σ(K) small when σ(GK)� 1.

(vi) For robust stability to a multiplicative perturbation in plant G, σ(T ) needs

to be small [103]. When σ(GK) � 1, T = GK(I + GK)−1 ≈ GK. Then making

σ(T ) small can be approximated by making σ(GK) small when σ(GK)� 1.

Typically, (i) and (iii) are valid at low frequencies and (ii), (iv), (v), (vi) are

valid at high frequencies. Thus, in terms of the loop transfer function matrix GK,

σ(GK) needs to be large at low frequencies for good performance of the closed-loop

system, and σ(GK) needs to be small at high frequencies for robust stability , noise

attenuation and control energy reduction of the closed-loop system.
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Appendix E

Vinnicombe’s Lemma

Lemma E.1 Let Q = QH � 0 be an n× n positive semi-definite Hermitian matrix,

and Λ = diag{λi} be an n × n diagonal matrix where λi ∈ C, i = 1, · · · , n, i.e., each

λi is a complex number. Then the eigenvalues of QΛ belong to the convex hull of

{0, λ1, · · · , λn}, scaled by the spectral radius ρ(Q).

Proof : If 0 is an eigenvalue of QΛ, the result is obvious. Due to Q = QH � 0, Q

can be rewritten as Q = Q
1
2Q

1
2 where Q

1
2 = Q

1
2
H � 0. Since nonzero eigenvalues

are invariant under commutation, the nonzero eigenvalues of QΛ are identical to the

nonzero eigenvalues of Q
1
2 ΛQ

1
2 . Let v be a normalized eigenvector of QΛ, i.e., ‖v‖ = 1,

corresponding to a nonzero eigenvalue of QΛ. Then this nonzero eigenvalue is

vHQ
1
2 ΛQ

1
2v = ρ(Q)

n∑
i=1

|wi|2

ρ(Q)
λi

where wi is the entry of the vector Q
1
2v. Since ‖Q 1

2v‖ ≤
√
ρ(Q), we have

n∑
i=1

|wi|2

ρ(Q)
≤ 1.

This demonstrates that the eigenvalues ofQΛ belong to the convex hull of {0, λ1, · · · , λn},
scaled by the spectral radius ρ(Q). �
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