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Abstract

In this thesis we prove several results in analytic number theory.

1. We show that there exist 3-digit palindromic primes in base b for a set of b having
density 1 and that if b is sufficiently large then there is a 3-digit palindrome in

base b having precisely two prime factors.

2. We prove various estimates for averages of sums of Kloosterman fractions over

primes. The first of these improves previous results of Fouvry-Shparlinski and
Baker.

3. By using the g-analogue of van der Corput’s method to estimate short Klooster-
man sums we study the divisor function in an arithmetic progression to modulus
q. We show that the expected asymptotic formula holds for a larger range of ¢

than was previously known, provided that ¢ has a certain factorisation.

4. Let ||z|| denote the distance from z to the nearest integer. We show that for any
irrational a and any 6 < % there are infinitely many n which are the product
of two primes for which

Inal| < nY.

5. By establishing an improved level of distribution we study almost-primes of the

form f(p,n) where f is an irreducible binary form over Z.

6. We show that for an irreducible cubic f € Z[z] and a full norm form N for a

number field K/Q, satisfying certain hypotheses, the variety

F() = N(z1,...,24) £0

satisfies the Hasse principle. Our proof uses sieve methods.
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Chapter 1

Introduction

In this thesis we will study several problems in number theory using a variety of an-
alytic methods. In particular we will make extensive use of estimates for exponential
sums, sieves and the geometry of numbers. These can all be used to estimate the
number of integers, or tuples of integers, which satisfy certain types of constraints.
For example, exponential sums or the geometry of numbers can be used to count the
number of solutions to congruences or Diophantine equations whereas sieves can be
used to count primes or almost-primes.

Exponential sums in one variable are of the form

S = Z e2mif(n)
M<n<M+N
for some M < N and a function f : [M,M + N) — R. They arise frequently in
analytic number theory as a result of the application of Fourier analysis. Since each
term in the sum is bounded by 1 we have the trivial estimate |S| < N. This is best
possible in general, for example if f(n) = 0 for all n € [M, M + n). However, many
problems in number theory can be reduced to the estimation of sums in which we
expect a significant amount of cancellation to occur. In the best possible case we

2mif(n

might hope that the values e ) behave like independent, uniformly distributed

complex numbers with modulus 1. We could then conjecture that S is roughly of size
VN.

Many different techniques for bounding S have been developed. The strength of
the resulting bound depends both on the function f and the length N of the sum.
If S can be considered as a sum over the points of an algebraic variety defined over
a finite field then the Riemann Hypothesis for such varieties may be used. This was
proved for curves by Weil [47] and in much more generality by Deligne [15, 16]. In

many cases this leads to a bound for S which is essentially sharp. In this thesis we



will use several existing estimates for exponential sums as well as proving some new
results. Our proofs typically combine elementary arguments with existing bounds for
sums over algebraic varieties.

Given a finite set of integers A and a set of primes P, a sieve is a combinatorial
device for counting the number of elements in A not divisible by a prime from P.
In particular one could attempt to use a sieve to count the number of primes or
almost-primes in A. The development of the modern sieve began with Brun [9] who
proved a nontrivial upper bound for the number of primes p < x for which p+2 is also
prime. A considerable amount of work, much of which is described in Friedlander and
Iwaniec’s book [25], has been done on sieve theory in the last century. Classical sieves
are typically not capable of showing that A contains primes, this is an example of the
“Parity Problem”. However, they can often be used to prove an upper bound of the
correct order for the number of primes in A as well as lower bounds for the number
of almost-primes. There are some situations in which a sieve can be applied with a
choice of P which only contains a positive proportion of the primes. For example, to

count sums of two squares in A one might work with the set
P={p:p=3(mod4)}.

The resulting sieve problem is then much easier. Some of the applications of sieves
in this thesis will involve a set P containing all primes whereas in others P will only
contain a small proportion of them.

In several chapters we will need to count the number of solutions in Z? to a linear
congruence. In such a situation it is convenient to use some basic results from the
geometry of numbers which we will describe in Section 2.3. The key idea is that the
set of solutions to our congruence will form a lattice so we can estimate their number
in a given region using some standard results. This approach was employed very
successfully by Daniel [13] who used it to prove an asymptotic formula for the sum
of the divisor function over the values of a binary quartic form.

In Chapter 2 we will describe the notation which is used throughout this thesis
as well as collecting some standard lemmas. Our first results will occur in Chapter 3,
in which we discuss 3-digit palindromic primes. A palindrome in base b is a number
whose base b expansion is the same when reversed. The main result of Chapter 3,
Theorem 3.3, will show that there are 3-digit palindromic primes in almost all bases.

Chapters 4 and 5 are both primarily concerned with the estimation of exponential
sums. In Chapter 4 we consider Kloosterman sums over primes, which have previously

been studied by a number of authors. Our results, Theorems 4.1, 4.3 and 4.4 give



improved bounds for certain averages of these sums. One of the existing applications
of such estimates is to show that there are infinitely many triples of primes pq, po, p3
such that pips + p1p3 + pap3 has a relatively large prime factor. In Theorem 4.2 we
use our bounds to improve the exponent in this problem. Chapter 5 is also concerned
with Kloosterman sums but we no longer restrict the variable of summation to the
primes. In Theorem 5.3 we use the ¢g-analogue of van der Corput’s method to estimate
short sums to a modulus ¢ which has factors of a certain size. We apply our bound to
prove Theorems 5.1 and 5.2, both of which are concerned with the sum of the divisor
function in an in arithmetic progression.

In Chapter 6 we study a problem in Diophantine approximation. We are interested
in the quality of approximations to irrational numbers by rationals with prime, or
almost-prime, denominators. Theorem 6.2 gives a new result when the denominators
are products of precisely two primes. This is an important step towards extending
the existing results for prime denominators as it shows that the parity barrier can
be broken in a wider range than was previously known. The proof of Theorem 6.2
involves harmonic analysis which eventually reduces the problem to that of estimating
Kloosterman sums over primes. This is achieved using our results from Chapter 4,
specifically Theorem 4.4. It transpires that there is a close connection between this
Diophantine approximation problem and that of counting 3-digit palindromic primes.
We can therefore show, Theorem 6.3, that for all sufficiently large b there are 3-digit
palindromes in base b which are the product of precisely two primes.

In the final two chapters, 7 and 8, we use the geometry of numbers to study the
values of a binary form f. The main result of Chapter 7, Theorem 7.1, shows that,

under some natural hypotheses, there are infinitely many pairs (p,n), with p prime

3deg f
4

by means of the weighted sieve and a level of distribution result for the values f(p,n),

and n an integer, such that f(p,n) has at most +1 prime factors. This is proved
Theorem 7.4. In Chapter 8 we assume that deg f = 3 and use a sieve to find pairs
(m,n) for which both n and f(m,n) are norms from a given number field. The sieve
is much more elaborate than that used in Chapter 7 and requires various level of
distribution results for the values nf(m,n). We use our result to show, in Theorem
8.1, that the Hasse principle holds for the problem of representing a value of a cubic

polynomial by a norm from a certain type of number field.



Chapter 2

Notation and Preliminaries

2.1 Notation

Most of the following notation is standard in analytic number theory. Given functions
f(z) and g(z) we write f(z) = O(g(x)), or equivalently f(x) < g(z), if there is a
constant ¢ > 0 such that

|[f(2)] < cg(x)
for all . We call ¢ the implied constant. The notation f(z) > g(x) means that

g(x) < f(z). In many cases the implied constant will depend on some of the quan-
tities appearing in our estimates. This dependence will be indicated by means of a

subscript on the symbols <, > or O. We will say that f(x) = o(g(z)) as x — xo if

lim M = 0.

w0 g(x)
We will use the notation x ~ y to denote the inequality y < x < 2y and z < y to
denote that Ay < x < By for some unspecified constants A, B > 0.

We will write (a;b) for the greatest common divisor of the integers a and b. We
have chosen not to use the more standard notation (a,b) for this so that (a,b) can
always refer to an element in Z2. For an integer n > 1 we will denote Euler’s totient
function, the number of m < n with (m;n) = 1, by ¢(n). For any € > 0 this satisfies
the well known estimate

n'~¢ < o(n) < n.

The Mébius function will be written u(n) and is given by (—1)" if n is the product
of r distinct primes and 0 otherwise. The divisor function, 7(n), is the number of

positive divisors of n. More generally, for any k& € N we define 74(n) to be the number



of (ny,...,n;) € N¥ which satisfy

k
i=1

For any ¢ > 0 we have the standard estimate
Te(n) < N

The number of primes not exceeding = will be written m(z). The Prime Number
Theorem asserts that as + — oo we have

(1+o0(1))x
log x

m(x) =

Y

or equivalently

Zlogp =x + o(x).

p<w

If we define the von Mangoldt function by

A(n) = logp ifn :.p“,a >1
0 otherwise

then the Prime Number Theorem is also equivalent to

Z A(n) =z + o(x).
n<z
For an integer n the notation m will represent a multiplicative inverse of n modulo
some other integer which will be clear from the context. For example if 7 occurs in a
congruence to modulus ¢ or in a fraction % then the inverse is taken with respect to
q. Of course n is only determined modulo ¢ and therefore we only use this notation
when it does not matter which representative of the congruence class we choose.
The meaning of ||z|| will depend on the context. If x is a real number then it

represents the distance from x to the nearest integer, that is
|z|| = min |z — n|.
nez

This will be used in Chapters 5 and 6. However, in Chapters 7 and 8 we will write
||| for the norm of a vector z.

Throughout this thesis we adopt the standard convention that e > 0 is a small
quantity whose value may be different at each occurrence. For example, we may write
r¢logr < ¢ and 1% < ¢,



2.2 Fourier Analysis

We will write

e(r) = e2mie

We may then define the Fourier transform, f , of a function f € L'(R) by
fa)= [ s0e(-te) e

If both f and f are in L'(R) and have bounded variation then the Poisson Summation

Yo fm)y=)" fn),

meZ ne”L

Formula states that

both sums converging absolutely. A proof of this can be found in Iwaniec and Kowalski
[38, Theorem 4.4]. If v € Ryo and u € R then, using basic properties of the Fourier

transform, we can derive the following two forms of Poisson Summation:

S flom +u) = lzf (%) e (™), (2.1)

meEZ

Zf <%> e (1;_n> =0 Zf(vm —u). (2.2)

We will usually apply these results to functions f which are smooth and compactly
supported. In that case, for any j € N and any z # 0, we may apply integration by
parts j times to the definition of f to deduce that

f(z) = (=2miz) ™ /_OO FOt)e(—tx) dt.

Therefore, for any z € R and any j € N, we obtain the standard estimate
f(x) < ; min(1, [2]7).

The following lemma proves the existence of the types of function, f, which we require

for our applications.

Lemma 2.1. Suppose that a < b < ¢ < d € R. There exists a smooth function
f: R — R, supported on [a,d] with f(x) monotone increasing for x € |a,b], f(z) =1

for x € [b,c] and f(x) monotone decreasing for x € [c,d].



Proof. The function

is smooth and therefore so is

_ g(z)
M= i — )

In addition h(z) = 0 if < 0, it is monotone increasing for « € [0,1] and h(z) = 1 if
x > 1. The result therefore follows by taking

= (=) (=)

2.3 Geometry of Numbers

We will require some standard definitions and results from the geometry of numbers.

Definition 2.2. If A C Z" then )\ is a lattice if it is a subgroup of Z" whose span
over R is R™. The discriminant, or determinant, of A is defined to be the index of A
in Z", det A = [Z" : A].

We should point out that we are using the term “lattice” in a very restricted
sense. In general a lattice will be a discrete additive subgroup of R”, and need not
have dimension n.

The next lemma is well known, it gives an alternative definition of the determinant

of a lattice.

Lemma 2.3. If A is a lattice in Z™ with Z-basis By, ..., B, and B is the matrixz with
rows given by By, ..., B, then det \ = |det B|. In particular det X is the volume of
the parallelepiped spanned by the vectors By, ..., B,.

The norm ||z|| of a vector will always refer to the Euclidean norm,

ol = (3 het?) .

Lemma 2.4. Let \ be a lattice in Z>. Let By be a nonzero element in \ which
satisfies || By|| < ||z|| for all nonzero x € X\. Let By be an element of A which is not

a multiple of By and which satisfies ||Bs|| < ||z|| for all x € X for which x is not a



scalar multiple of By. The vectors By, By form a basis for A\ and the angle 6 between

them is in %, %], In particular

[B1l[l| Bzl = det A.
In addition || By|| < (det \)Y/2.

Proof. By construction By, By are not parallel so they are linearly independent. To
show that they form a basis of A it is therefore sufficient to show that every x € A
can be written as A\; B; + Ao Bs for some A, Ay € Z.

Let © € \. Since By, By are linearly independent = can be expressed uniquely in
the form x = \{ By + A2 By for some Aq, Ay € R. Suppose that at least one of the \; is
not in Z. We may subtract integer multiples of B;, By from x and therefore without
loss of generality we may assume that A\j, Ao € [—1/2,1/2) and at least one of the ),
is not 0. If Ay = 0 then ||z|| = ||\ Bi|| < ||Bi]|, which contradicts the minimality of
|Bi||. If Ay = 0 then ||z|| = |[M\2B2]| < ||Bz]|- This contradicts the definition of By
since A9 By is not parallel to B;. We may therefore assume that A\; Ay # 0. In this
case

[zl = 1A B1 + AeBal| < [M||Ball + | A2l Ball < [ Bel-

This also contradicts the definition of B, since x is not parallel to By. It follows that
both of the original A, A\ must be in Z and therefore B;, B; is a basis for A.
The vector By — By is not parallel to B; so, by the definition of Bs,

|B2||* < || B = Bal* = || Bul|* + || Bal|* — 2| Bul|[| B2 cos 6.
Therefore, since By # 0 we have 0 < || B;|| — 2|| Bz|| cos # and so

|B1 |
cosf < <
2|| Ba|

DN | —

Similarly, By 4+ By is not parallel to By and thus
|Bal|* < || By + Ba|*.

Therefore 0 < || By|| + 2||Bs]| cos  and so cosf > —1/2.

In conclusion cosf € [—1/2,1/2] so 6 € [, 3F]. In particular

det A = || By [|[| Ba[| sin 6 = [| Bu|[|| Bz

Finally, || B1|| < || Bl so ||Bi]| < (det A\)Y/2, this is a special case of Minkowski’s

theorem. O



The next lemma can be used to count the number of points of Z? in a parallelo-

gram. It could, of course, be extended to much more general regions R C R2.

Lemma 2.5. Let R C R? be a parallelogram with area A(R) and perimeter P(R).
IfC(R) = #(Z*NR) then C(R) = A(R) + O(P(R) +1).

Proof. We may partition R? into unit squares centred at integer points:
1 1 1

1
R? = (e—sz+2)xy—s,y+ ).
(WL)QZQ 2 2 2 2

Let C1(R) be the number of these squares which are totally contained in R and C5(R)
the number which intersect with the boundary of R. It follows that

Ci(R) < C(R) < C1(R) + C2(R)

and
Ci(R) < A(R) < C1i(R) + C2(R)
and thus
C(R)=A(R) + O(Cy(R)).
It is clear that C3(R) < P(R) + 1 so the result follows. O

We can generalise the last lemma to count the number of points of any lattice in

a parallelogram.

Lemma 2.6. Let A\ C Z? be a lattice and let R be a parallelogram with area A(R)
and perimeter P(R). Let By, By be the basis of A described in Lemma 2.4. We then

have
B A(R) P(R)

Proof. Let B be the matrix with rows B; and Bs. We have

A = {(u,v)B : (u,v) € Z*}
so the quantity of interest is

#{(u,v) € Z*: (u,v)B € R} = #(Z* N RB™).

AR)
det A *

estimate the norm of the linear operator (u,v) — (u,v)B~!. We have

1 B —B
Bl 22 12
det A (—le Bu

9

The region RB~! is itself a parallelogram with area

To bound its perimeter we




SO

- 1 B2 |
1,0)B™Y|| = ——/B%, + B?
H( 70) H det>\ 22 + 12 << det)\
- L | B2 |
1 2 2
||<07]')B || - detA BQl+Bll<< detA

By Lemma 2.4 we know that % < ||By]|7'. Tt follows that the operator norm of

B~ is O(||By||™') so that the perimeter of RB~! is O(P(R)||B;]|™!). The result
follows by applying the last lemma. O

and

10



Chapter 3

Palindromic Primes

3.1 Introduction

A natural number is palindromic in base b if its expansion in that base is equal to its

reverse.

Definition 3.1. Let b € N with b > 1. Suppose n € N has the base b expansion
n= Zé;é a;b* where 0 < a; < b and a;_; # 0. We say that n is a palindrome in base
bif a; =a;_1_; for all 0 <7 <[ —1. We call [ the number of digits, or length, of the

palindrome.

Let P;(b) denote the set of all [-digit palindromes in base b and let P(b) =
U2, Pu(b). In addition, let Pi(b,x) = {n € Py(b) : n < z} and P(b,z) = {n €
P(b) : n < z}. Tt is natural to ask how many primes these sets contain. If b is fixed
and [ is allowed to vary then sieve methods were applied to this question by Banks,
Hart and Sakata in [2] and by Col in [10]. Col proved an upper bound for the number
of primes in P (b, z) which we expect is of the correct order of magnitude, specifically

#P(b, )

#{n € P(b,z) : n prime} <, Togr

He also proved a lower bound of the same order for the number of almost-primes in
P(b,x). Let Q(n) be the number of prime divisors of n, counted with multiplicities.

Col showed that there exists a constant k;, which depends only on b such that

#{n € P(bx) : Qn) <k} >y %,

provided that x is sufficiently large in terms of b. In particular, we can take ko = 60,
k1o = 372 and ky = (127 4 0(1))b as b — 0.

11



It is conjectured that there are infinitely many palindromic primes in base b and

more precisely that for all sufficiently large x we have

#P(b,2)

#{n € P(b,z) : n prime} >, gz

We will not consider this question any further. Instead we will fix the number of
digits [ and allow the base b to vary. If [ = 1 then

Pi(b) ={n e N:n <b}.

Therefore the number of primes in P;(b) is simply w(b — 1), for which the Prime
Number Theorem gives us an asymptotic.

If [ is even then the [-digit palindromic primes in base b are easy to describe.

Lemma 3.2. If n is an [-digit palindrome in base b, with | even, then b+ 1 divides
n. In particular the only possible palindromic prime in base b with an even number
of digits is the 2-digit palindrome b+ 1.

Proof. Let | = 2k and express n in base b as

2k—1

n= E a;b".
i=0

Since n is a palindrome the a; satisfy a; = agr_1_; for all 0 < i < 2k. Therefore

kol

-1

n = az(bz + ka—z’—l)

i
o)

and thus

N

11l
S
L
S
L

a; ((—1)" + (=1)*1) a; (1) + (=1)7""") =0 (mod b+ 1).

~
I
o
<.
I
o

]

The above discussion shows that the first interesting case is that of the 3-digit

palindromes. We therefore let
m3(b) = #{n € P;3(b) : n prime}.

Observe that
Ps(b) = {j(b* + 1)+ kb:1<j<b0<k<b}

12



Therefore

#P5(b) = b(b— 1) = b* + O(b)

so it seems reasonable to conjecture that m3(b) < b/ logb.
One way to study the set P3(b) is as a disjoint union of arithmetic progressions,
specifically
b—1

P3(b) = U{jb2 <n<(j+1)b*:n=j(modb)}

j=1

b—1
= (J{* <n <b®:n=kb(modd® +1)}.
k=0

If we were to assume a very strong conjecture concerning the number of primes in an
arithmetic progression then we could prove an asymptotic formula for 73(b). However,
the progressions in question are to very large moduli so it would be necessary to work
with a result stronger than the Generalised Riemann Hypothesis. On the other hand,
the Brun-Titchmarsh Theorem, (see for example Iwaniec and Kowalski [38, Theorem
6.6]), gives an upper bound of the correct order for the number of primes in each
progression. It is therefore easy to show, unconditionally, that
b2

b .
ms(b) < log b

The Bombieri-Vinogradov Theorem, Iwaniec and Kowalski [38, Theorem 17.1],
handles primes in arithmetic progressions if we average over the modulus. It gives a
result which is essentially as strong as the Generalised Riemann Hypothesis. This does
not appear to be sufficient to say anything interesting about m3(b). However, by using
a strengthening of the Bombieri-Vinogradov theorem, due to Bombieri, Friedlander
and Iwaniec [6], we can prove the following result. It shows that the set of b € N for

which there are no primes in P3(b) has density 0.

Theorem 3.3. For any B > 2 we have
#{2 <b < B:m(b) =0} < B(log B) *(loglog B)*.

The problem of counting primes in P3(b) will be considered again in Chapter 6. We
will show that it is closely related to a question concerning Diophantine approximation
with prime denominators. As a consequence of our work in that chapter we will show
in Theorem 6.3 that for all sufficiently large b the set P3(b) contains numbers which

are the product of exactly two primes.
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3.2 Proof of Theorem 3.3

Let 7(z; q,a) denote the number of primes p < x with p = a (mod ¢). We will use the

following strengthening of the Bombieri-Vinogradov theorem.

Lemma 3.4. Suppose a € (0,1). For any x > 2 we have

S Inwa1) - 2| <, w(loga)(loglog ).
i ©(q)

Proof. This is a special case of Bombieri, Friedlander and Iwaniec’s main theorem
from [6]. We put a = 1, Q = /= and Q' = a\/x in that result so that

Clog@Q 1

0= .
loge 2

In addition, for y > 1 we have, (for example by Montgomery and Vaughan [42,
Exercise 2.1.13)),

1 ¢(2)¢(3)
= logy 4+ O(1).
25 " W
We deduce that .
2 g <!
ayi<g<y P\
so the result follows. O
NG

Fix a number a € (%, 1). For any B > 2 we will give an upper bound for

#{b € (aB, B] : m3(b) = 0}.

Recall that
{n € [b?,20*] : n =1 (modb)} C Ps(b).

For any integer b € (aB, B] we have
(B?,2a%B?) C [b?, 207

{n € (B%2a*B? :n=1(modb)} C Ps(b).

It is therefore enough to bound

f(B) = #{b € (aB, B] : 7(2a*B?*;b,1) — w(B*;b,1) = 0}.

14



By two applications of Lemma 3.4 we obtain

2.

7(202B?) — 7(B?)

m(20°B*;b,1) — m(B*b,1) — < B?*(log B)*(loglog B)?

aB<b<B 90(1))
which implies that
2 P2 2 1 2 -3 2
(7(202B?) — 7(B?)) > —— < B*(log B)*(loglog B)*.
aB<b<B Qp(b)

(20?2 B2;b,1)—m(B?;b,1)=0

For all sufficiently large B the prime number theorem gives
2

log B’

7(20°B%) — 7(B?) >

In addition, if b € (aB, B] then

1
> —
- B

! >
o(b)

S =

so we conclude that
f(B) < B(log B)*(loglog B)*.

To estimate

#{2 <b< B:m(b) =0}

we trivially bound the contribution from b < /B by v/B. We cover the remaining
range, (v/B, B], by intervals of the form (aB’, B']. For B’ € (v/B, B] we have

#{bc (aB', B : m3(b) = 0} < B'(log B') *(loglog B')* < B'(log B) *(loglog B)?
S0

#{b € (VB,B] : m(b) =0} < B(log B)*(loglog B)* Y 27

< B(log B)*(loglog B)*.

Theorem 3.3 follows.
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Chapter 4

Average Bounds for Kloosterman
Sums Over Primes

4.1 Introduction

Short Kloosterman sums of the form

> el
n~x q
(nig)=1

occur frequently in analytic number theory. They may be estimated by a result of
WEeil, given below as Lemma 4.5. One way in which these sums may arise is from the
use of additive characters to count the number of integer solutions to a congruence,
see Chapter 5 for an example. Given such a counting problem we might wish to
estimate the number of solutions which satisfy the additional constraint that some of
the variables are prime. This naturally leads us to consider the above sum where the
variable of summation, n, is restricted to being prime. We will therefore investigate
bounds for sums of the form

e £ (2

p
(pg)=1

where p runs over primes. These sums may be bounded trivially by z. If (a;q) = 1

then we conjecture that for any ¢ > 0 a bound of
Sqla;x) <, zrteqe

should hold. This conjecture, however, seems to be far out of reach of current meth-

ods.
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A bound for S,(a;x) was given by Garaev [26] in the case that ¢ is prime. He
showed that for x < ¢ we have, for any ¢ > 0,

max |S,(a;x)| <. (x% + :c%qi> q.

(asq)=1

This gives us a nontrivial estimate for the sum provided that x > q%” for some § > 0.
For¢g > x > q%“s Garaev used this bound to prove an asymptotic for the number of

prime solutions, p1, pa, p3 with p; € [0, z], to the congruence

p1(p2 + p3) = A (mod q).

Fouvry and Shparlinski [24] generalised Garaev’s bound to arbitrary ¢ in the
larger range q% <z< q%. They also showed that if we average over ¢ then a sharper
estimate is possible. Specifically, their Theorem 5 states that if Q% > x > 2 then for
every € > 0 we have

13
2

> ma [8y(a:2)]| < (@822 + Qat) @~ (4.1)
a;q)=1
q~Q

This bound is nontrivial when x > Q%H. Fouvry and Shparlinski used their estimates

to study multiplicative properties of the set

{p1p2 + p1ps + p2ps : p; ~ x,p; prime }.

They showed, for example, that for x sufficiently large this set contains numbers with

1.10028

a prime factor exceeding x Baker [1, Theorem 2] has recently improved the

bound (4.1) in the range Q2 < z < 2Q. His result is

> max |8y (a:x)| < (@t + Q) @ (4:2)
¢~Q

This is nontrivial for Q > 22%% and sharper than (4.1) when x < Q. Baker applied
this bound to the same ternary form problem as Fouvry and Shparlinski; combining
it with a variant on the sieve argument he improved 1.10028 to 1.1673.

We are motivated by a new application of these sums to Diophantine approxima-
tion which will be given in Chapter 6. For this application we need only consider
average bounds. We will show that by generalising the arguments from [24] it is

possible to obtain a sharper estimate than that given in (4.1).

Theorem 4.1. For any € > 0 we have

nax |Sq(a; )| <e (Q%x% + Q1o + Q%x%> Q"
a;q)=
q~@Q

for Qs >z > Q5.
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This gives us a nontrivial result for # > Q3% It is an improvement on (4.2) for
Q7 < 2 <2Q and on (4.1) for 2Q <z < Qi79. The proof uses similar methods to
those of Fouvry and Shparlinski. However we introduce higher moments into one of
their estimates. This results in a problem of counting solutions to a congruence with
a larger number of variables; one which we can solve with a sharp bound when we
average over ¢.

Using this theorem we give a further improvement of the exponent in the ternary

form problem. Let P*(n) denote the largest prime factor of n.

Theorem 4.2. Let #; = 1.188... be the unique root of the equation
2160 — 19
426 — 65 + 38 log (T) =0.

Then, for any 6 < 6, and any x which is sufficiently large in terms of 6,

JIS

(log x)*’

Extending our methods we can give a version of Theorem 4.1 which, like Baker’s

#{p1, 2, ps : pi ~ x,p; prime, PT(pipa + pips + paps) > 27} >

bound (4.2), is nontrivial for z > Q%”. We will only prove this result in the following

qualitative form.

Theorem 4.3. For any 6 > 0 there exists an n > 0 such that

max |S(a; z)|] <5 Q'
0 (a;9)=1

provided that Q > x > Q3+9.

In some applications of Theorem 4.1 the maximum over a is not necessary. We
therefore prove a bound when «a is constant, which is stronger provided that a is not

too large.

Theorem 4.4. For any integer a > 0 and any € > 0 we have

q% 15, (5 7)) <. <1 N %) *(@ha¥ +hat) (aQy

for Qs >z > Qx.
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This is nontrivial for Q%” <zx< Q%_‘S. The proof exploits the fact that, since
there is no maximum over a, we can reorder summations to give an inner sum over
g ~ @. This is a longer range than those arising in the proof of Theorem 4.1. After
inverting the Kloosterman fractions in such sums we reach a situation in which the
Weil estimate for short Kloosterman sums can be used.

The sums in this last theorem are essentially bilinear forms with Kloosterman frac-
tions, which were studied for arbitrary coefficients by Duke, Friedlander and Iwaniec
in [19]. In the case that one of the coefficients is the indicator function of the primes
then our theorem does better than the general result of [19], provided that x and @
are sufficiently close in size.

We are most interested in the situation when x =< (@ as this is the case in our
application to Diophantine approximation. For this reason we have given estimates
which, given our current ideas, are as sharp as possible in this case. For x sufficiently
different in size to @) it is possible to improve the above theorems. In order to compare
the various results we note that when x < ) we have the following bounds, valid for

any € > 0.

1. Using Fouvry and Shparlinski’s bound (4.1) or Baker’s (4.2), we get

Z max |9,(a;7)| <. Qrate.
0 (a;9)=1

2. Theorem 4.1 improves this to

max |S,(a;x)| <, Q1.
0 (asq)=

3. If 0 < a < @Q? then using Theorem 2 from Duke, Friedlander and Iwaniec, [19],

we get a bound

> 1S (a;2)] < Q.

q~Q

4. If 0 < a < Q? then Theorem 4.4 gives a bound

3 [Syla2)] < Q.

q~Q

These results should be compared with the trivial bound of )? and the conjectured
best bound of Q3+<.
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4.2 Lemmas

We require the following estimate for short Kloosterman sums coming from the Weil
bound.

Lemma 4.5. For integers a and q with ¢ > 1, and reals Y < Z we have, for any

e >0, that
an 7 —-Y 1 .
Z el — | < | (a;9) +1)+4q2)q".
Y<n<Z q q

(n;9)=1

Proof. This is a slight weakening of Lemma 1 from Fouvry and Shparlinski [24]. Tt

follows immediately on inserting the estimate
n'"¢ < p(n) K n
as well as the standard bound for the divisor function, 7, into that lemma. O

We also require the following estimate for the number of solutions to a certain

Diophantine equation.

Lemma 4.6. Let k € N and € > 0 be fixed. For any N > 0 we have

#{(nl,.. ,nok) € Z2* O<nZ§NZ Z }<<6,ka+6.

i i=k+1 L

Proof. This is well known. For example, it follows from Karatsuba’s first lemma in
[39]. The key idea is that if ny, ..., ng is a solution then the product n; ...ng; must

be squarefull. O

The last lemma is essentially optimal for all k as there are [N]* solutions with

n; = gy, for 1 < i < k. We now let Jﬁ)(q) denote the number of solutions to the
congruence

My + ...+ Mg = Mgy + ... + Mg, (mod q) (4.3)

with 1 < m; < M and (m;; q) = 1. The following generalises Fouvry and Shparlinski’s
result [24, Lemma 3].

Lemma 4.7. Fiz some k € N. For any e > 0 and any M > 1 we have

ZJ ) e (QMF + M) Me.
q~Q
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Proof. For each (myq, ..., ma) with 1 < m; < M we count the number of ¢ ~ @ with
(¢;m;) = 1 for which the congruence (4.3) holds. If

1 1 1 1
—_— ...+ — = +...+ —
my my M1 mog

then the congruence is satisfied for every g ~ @ for which ¢ is coprime to [[m;. Using

Lemma 4.6 it follows that the contribution from such 2k-tuples (mq, ..., mo) is
Os,kz (QMk—‘re) ]

In the alternative case we define

2k k 2k
F:Hmi (Zm;l— Z mi_1>
i=1 i=1

i=k+1

so that F' is a nonzero integer with ' <, M?*. Since g|F there are O, j(M¢) possible

values for q. Thus the contribution from such 2k-tuples (mq, ..., moy) is
Oe,k (M2k+e>

so the result follows. O

4.3 Estimates for Bilinear Sums

Throughout this section let oy, 8, be arbitrary complex numbers bounded by 1. We

will prove estimates for sums

alm
Wa,q = Z CVlﬁme (T) )

I~Lm~M
(mlig)=1
either individually or on average over ¢ ~ Q). If 3,, = 1 then we call W, , a Type I
sum, if not then it is Type II.
Firstly we use Lemma 4.7 to estimate Type II sums on average. This is a gener-

alisation of a bound of Fouvry and Shparlinski [24, Corollary 5].

Lemma 4.8. Suppose that 1 < L, M < Q. For any integer k > 1 and any € > 0 we

have
2k—1 2k—1

> max [Wo| <o @ (QL M1 + L% M) -
a;q)=1
q~Q
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Proof. By Holder’s inequality we have

2k

Im
Wa 2k < L2k‘—1 B’me (CL )
W < 25 5 | 5 e (28

I~L

(;9)=1 (Zg;q)=1

Since L < ) we may bound this by extending the sum over [ to a sum over all residues

modulo ¢:
2k

- alm
|Wa,q|2k S LQk IZ Z Bme <T)

=1 | m~M
(m;q)=1

Expanding, reordering the summation and using the orthogonality of additive char-
acters then results in
W™ < L*7'QJ (9).

Using Holder’s inequality and Lemma 4.7 we then get

37 omax Wl < L QY JN(g)=
0 (a;9)=1 0

1
2k
< L%Q (Z J§?<q>>
q~Q
—1 1
<<e,k L%WQ (QMk + MQk) 2k J\[€
2k—1

< Q(QiL“ﬁ%M%jLL - >QE.

]

If we remove the maximum over a then we can obtain a sharper estimate by

exploiting the sum over q.

Lemma 4.9. For any integer a > 0, any L, M,Q) > 1, and any € > 0, we have

S Wl < (1 + %) ’ (QLM? + Qi LiM?E) (aQ)"
q~Q

Proof. We first consider the case when «y, §,, are supported on integers coprime to

S Waol < 3 W)

q~Q I~L
(La)=1

a. We trivially have
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where
Wil = Y| Y. Bue (me) :

By Cauchy’s inequality we get
2

M <Q Y | Y. Bume (@)

q~Q | m~M
(g;:))=1 | (m;aq)=1

Expanding and reordering the summation then gives us the bound

mer<e Y | Y e(a<m1—m2>m)_

m1,ma~M q~Q q
(mima;a)=1 |(g;lmim2)=1

We can write

1 —qq
lm1m2

lmlmg =

where ¢ is an inverse of ¢ modulo lm msy. Therefore

rsa X% () )

my,ma~M q~Q
(mima;a)=1 |(glmima)=1

- (2=

lmlmgt

If we let

then the factor f(g) can be removed using summation by parts. For ¢t ~ Q) we have

a

f(t) < LMG?

and thus

(m1 —ms)q
mor<e(inm) ) T ()|

m1,ma~M Q<g<Q’
(mima;a)=1 (g;lmima)=1

We get a contribution to this from pairs m; = mgy which is bounded by

a
Q (1+ m) MQ.
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For the remaining terms let

and
c=Ilmimy
so that the inner sum is
> (%)
c
Q<qg<Q’

(g;0)=1

We may bound this using Lemma 4.5 by

O. (<(b; c) (L}C\)p + 1) + <LM2)%) (LMQ)E) .

The result would be trivial if LM? > Q2. We thus assume that LM? < Q?, which
allows us to replace (LM?)¢ by Q¢ in our bound.
The contribution to our estimate for Wy (1)2 from the term (LM?2)z is then

a 1 €
O, (Q (1+—LMQ> L2M3Q)

and that from the remaining terms is

Oe Q (1 + L]&Q) (L%2 + 1) QE Z (m1 — My; lmlmg) y

m1,ma~M
mi1#£me

where we have used that (mymsl;a) = 1.

If we write h = m; — mgy # 0 then

Z (my —ma;lmimsy) < Z Z (h;lmy(my + h))

my,ma~M myi~M 0<h<<M
miz#msa
E § . 2
mi~M 0<h<M
2
<L MQF,

since one has in general that

M=

(hsn) =Y d#{h < H/d: (hin) =1} <> H = Hr(n) < Hn"
1 dln dn

T
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for any n € N.
We conclude that
2 a 1473 Q 2\ e
Wi(l) <<€Q<1+LMQ) <QM+L M +L+M>Q.
Since L, M > 1 this simplifies to
Wi()? <. Q[ 1+—2_ (M LlM?’) ‘
1()<<Q<+LMQ>Q + L2 Q
and therefore

1
a ? 1 105,08\
2;2|Wa,q\ <, (1+ m) (QLMz +Q2L4M2> Q°.
-

This completes the proof under the assumption that the coefficients are supported
on integers coprime to a. To remove this assumption we begin by writing (I;a) = u,

a =bu and [ = ku to get

alm
= 5 (%)

I~Lom~M
(mlig)=1
bkm
=Y ()
=ub  k~L/um~M q

(D=1 (mog)m. (hib)=1

Next we set (m;b) = v, m = vj and b = cv to rewrite this as

ckj
Z Z k PBuje <TJ> :
a:uv_c k’\‘L/uJNM/U
(uv;q)=1 (jk;q)=1,(k;ve)=1,(j;¢)=1

It follows that

LD > e (D)

q~Q a=uve q~Q k~L/u,j~M/v
(wv;@)=1 | (jk;q)=1,(k;vc)=1,(j;c)=1

Yy e (D))

(J,:’U,’UCqNQ kNL/qu\/M/'U
(7k;0)=1,(kswe)=1,(j;c)=1

IA

For each factorisation a = wwc the inner sum now has coefficients supported on
integers coprime to ¢ so the above bound applies. The number of factorisations
is O(a®) so the bound for the general sum is the same as that for the sum with

coprimality conditions except for an additional factor a‘. n
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Finally we use Lemma 4.5 directly to estimate Type I sums when L is small.

Lemma 4.10. Suppose that B, = 1. Then, for any L, M > 1 and any € > 0 we have

Waq <e <(a; q) (% + L) + QiL) Q°.

Proof. We have

’Wa,q‘g Z Z 6(@) .
~L mn~M

1
(Lg)=1 | (m;q)=1

The result follows on applying Lemma 4.5 to the inner sum. O
Summing this result over ¢ ~ @) we immediately get the following.

Lemma 4.11. Suppose that L, M,() > 1 and that 5,, = 1. For any € > 0 we have

max [Wo| < (LM + QL) Q"
a;q)=1
qNQ 7q

In addition if a > 0 then we have

S Wl < (LM +Q3L) (0Q)"
q~Q

4.4 Proof of the Theorems

4.4.1 Approach

In the sums S,(a;z) we replace the indicator function of the primes with the von
Mangoldt function A(n). The contribution of prime powers p® with o > 1 is O, (2 %),
This is smaller than any of the bounds we will establish so it may be ignored. In
addition the factor log p may be removed using partial summation with the cost of a
factor z¢ < Q°. It is thus sufficient to establish the theorems for the sums containing
A.

We decompose A(n) using Vaughan’s Identity, as described by Davenport in [14,
Chapter 24]. We will use U =V < a:é; the precise choice of U for each theorem
will be given later. The sum S,(a;x) is decomposed into Type I and II sums with
LM = x. The precise forms of the sums are given by Fouvry and Shparlinski in [24].
The coefficients are not all bounded by 1 but they are bounded by a divisor function.
This divisor function may be absorbed into the Q¢ term. We must estimate Type [
sums for L < U? and Type II sums for U < L < x/U. Since U? < x/U any Type I
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sum with U < L < U? may be regarded as a Type II sum. Hence it will be enough
to consider Type I sums with L < U and Type II sums with U < L < x/U. The
variables of summation are restricted by the condition Im ~ z. In the Type II sums
this may be removed by Fourier analysis, see for example the start of Garaev’s proof
[26, Lemma 2.4]. For the Type I sums, if we are simply treating them as Type II
sums then the same argument applies, whereas if we are using Lemma 4.11 then it is

clear that a condition Im ~ x can be introduced by modifying the proof.

4.4.2 Proof of Theorem 4.1

The sums arising from Vaughan’s identity are of the form
Z max (Wl
—~0 (asq)=
We estimate the Type II sums using Lemma 4.8. We have
x
LM< —
—U

and thus the hypotheses are satisfied provided that our choice of U satisfies ; < Q.
Recalling that M < /L the bound from Lemma 4.8 is

3
5

For x5 < L < z/U we use k = 3 to get

Q (Qixtu— +at) Q"
Since LM = x and we can interchange [,m in our sums these two bounds in fact
cover the whole range U < L < z/U. The contribution of all our Type II sums is
therefore
O, <Q (Qix% + 10 4 Q%I%U_%> QE> :
We need to estimate Type I sums for L < U. Lemma 4.11 gives a bound for these

sums of

(z+ Q%) @,
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Since x < Q% and U > 1 the second term is larger and thus

max |S,(a;x)| < Q (Qix% 10+ Q%x%U_% + Q%U) Q°.

;q)=1
—0 (a;q)

We now choose

U= min(:v%,Q_%x%)
Since Q% <z< Q% we have
1<U <a?
and .
TS@

This choice of U is therefore admissible so we can conclude that
1 5 9 1 13
Z max |Sq(a;2)| < Q <Q1x§ + 210 + Qﬁmﬁ) Q°,
0 (a;q)=
thus proving Theorem 4.1.

4.4.3 Proof of Theorem 4.2

The following lemma generalises Baker’s analysis from [1, Section 4].

Lemma 4.12. Let § > 0 be fized. Suppose a € (1,2) is a constant such that for any
€ > 0 there exists a § > 0 for which

Yo | Y (_p> € P (4.4
(a;9)=1 q
q~Q r<p<(1+B8)z

(pg)=1

holds for x < Q < x“~¢. We may then deduce Theorem 4.2 with 6, the root of the

equation

29—a—2+2(2—a)1og<92+0‘—_22> = 0.
a_

Proof. As in [1] we write £ = logz. Using our hypothesis (4.4) in the proof of [1,
Theorem 4] we see that it holds with the exponent % replaced by our constant a. We
now use an almost identical proof to that of [I, Theorem 3]. We replace Y := x!3/12=¢

by Y := z®~¢. The asymptotic [1, (4.11)] becomes

Yi=(a—e+o(1)XL.
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Baker’s quantity J is now given by

_ log(Z/Y) N log(2?/Y) o {log(YZa:”)]
L L log(Y2272)
0+a—e—2
200 — 2¢ — 2 ] '

= 9—a+e+(2—a+e)log[

The bound [1, (4.21)] now becomes

2log(1 + )
Y3 < (242 314+ —=>— =
3 — ( + E)W(xﬂﬁ)( + 10g2 )
0+a—e—2
x{@—a+e+(2—a+e)log 20(_26_2}

Since 6 < 6; we may choose ¢, § sufficiently small to get a bound of
Y3 < (2—a—en(z,B)L.
The result follows. m
23

Theorem 4.1 shows that the hypotheses of this lemma are satisfied with o = 3.

We only gave the proof for 5 = 1 but it is clear that it can be modified to handle any
fixed 8. The equation defining 6, is thus

210 — 19
4%—65+%bg(—7r—):0

The root of this is 6 = 1.188 ..., as given in Theorem 4.2.

4.4.4 Proof of Theorem 4.3

For § > % the result follows from Theorem 4.1 so we assume that § < é. Since we do

not require the result to be optimal we take
U=0Qs.
It is then sufficient to estimate Type II sums for
2 <L <zx@Q .

Since x < ) we know that L, M < @) so the hypotheses for Lemma 4.8 are satisfied

and we get a bound

Q(QTF " 4t ) @
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We may choose k = kg sufficiently large in terms of § so that
2—06(kg—1) <.
Our Type II sum is therefore bounded by
Q (:cl_ﬁ + xl_ﬁ) Q< Ql“xl_ﬁ.

We also require an estimate for a Type I sum with L < Q%. From Lemma 4.11

such sums may be bounded by
(ro)e

Since z < () the second term in this estimate is larger. Furthermore x > Q%M SO

146 146

We conclude that

146

S max [Sy(a;2)] < Q (20 + 275 Q-
(asq)=1
q~Q
Since this holds for any € > 0 the result follows on taking

< rnin(i L)
K Ay’ 1+ 267

4.4.5 Proof of Theorem 4.4

The sums arising from Vaughan’s identity are now of the form
D Wayl.
q~Q
We estimate the Type II sums using Lemma 4.9. Since LM = x this gives a bound

(1 %)% (@st14 + Qhadit) (ag)

It is sufficient to estimate the Type II sums for Tz < L < z/U. In this range we get

a bound of

<1 + %)é (Q:EU_% + Q%x%> (a@)".

Lemma 4.11 gives us a bound for the Type I sums with L < U of Q%“Uae. We now

choose

Wl
Wl

U= min(x%, Q 3x3).

T
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Since z > Q% we have
1<U< a3,

This choice of U is therefore admissible and we get

11

%) (aQ)"

[N

;2 18, (5 2)] <. (1 i E) (et + @it +Q

If x <@ then
and if x > @ then
Qs < Q2xs.

The term Q:cg is therefore not necessary in our bound so Theorem 4.4 follows.
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Chapter 5

The Divisor Function in Arithmetic
Progressions to Smooth Moduli

5.1 Introduction

Given an arithmetic function f(n) it is natural to consider the sum

For many functions f we might hope to show that when (a;¢) = 1 this is asymptotic

to

1
m Z f(n).

n<x
(nig)=1

In applications it is often essential that we establish such a result uniformly in ¢ < 2?
with @ as large as possible.

In this chapter we will consider the divisor function 7(n). We therefore let

D(x,q.a)= Y 7(n)

and

n<x
(n;q)=1

We then wish to estimate E(x,q,a) = D(x,q,a) — D(x,q). We hope to show that for
some 0 > 0 we have the bound

$1_6

E(z,q,a0) < (5.1)
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If ¢ < 2237 for some i > 0 then (5.1) holds with a ¢ depending on 7. This
was proved independently in unpublished work of Hooley, Linnik and Selberg, it is
a consequence of the Weil bound for Kloosterman sums. For larger ¢, no nontrivial
bound is known for individual E(x, ¢, a) but there are various results on average. For
example Fouvry [20, Corollaire 5] showed that for any 7, A > 0 and any a € Z we
have

Z |E(2,q,a)| <aa, v(logz)™

a?/3tn<g<gt =
(g;a)=1

An average over moduli z2/37" < ¢ < 2?/3*" was considered by Fouvry and Iwaniec
in [21]. Their approach requires them to work only with moduli ¢ which have a
squarefree factor r of a certain size. Specifically, they show that if r is squarefree

with 7 < 2%® and (r;a) = 1 then for any > 0 we have

Z |E(x,rs,a)| <, r o'

rs2<gl—6n

(s;ar)=1
Observe that to handle moduli ¢ = rs of size 22/ with this result it is necessary that
r > /361 Further results are possible if we exploit averaging over the residue class
a (mod ¢q). See for example Banks, Heath-Brown and Shparlinski [3] and Blomer [5].
We will show that (5.1) holds for an individual E(z,q,a) for ¢ almost as large as
753 provided that ¢ factorises in a certain way. This will follow by optimising the

sizes of the parameters in the following result.

Theorem 5.1. Suppose that ¢ = qoq1q2qs is squarefree and (a;q) = 1. For any x > q,

6 € (0,15) and any € > 0 we have

3
E(z,q,a) < ¢ tat 70T 4 220t (Z 2T g R 4 81y g2 16) :
j=1

where the implied constant depends only on €.

It is not immediately clear when the estimate in this theorem is nontrivial. We
therefore prove the following, in which we exploit the fact that if ¢ is sufficiently
smooth then we can find a suitable factorisation for which our bound is close to

optimal.
Theorem 5.2. Suppose w,n > 0 satisfy
246w + 18n < 1.
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There exists a d > 0, depending on w and n, such that for any x"-smooth, squarefree

2/3+w

g<uw and any (a;q) = 1 we have

E(x,q,0) <oy g o,

Observe that for any w < Ti@ this theorem shows that there is an 1 > 0 for which
the conclusion holds. This means that we get a bound for sufficiently smooth ¢ which
are almost as large as 253 . The smoothness assumption is not necessary, it is simply a
convenient way of guaranteeing that suitably sized factors exist. For example, given a
squarefree ¢ ~ /3, Theorem 5.1 gives a nontrivial estimate provided that, for some

n > 0, we have ¢ = qyq1¢q2q3 with
2" < gy < 2t/
and
q; < 2671 for 1 <7<3.
Writing

2miz

eqx) =e€a (5.2)

the proof of Theorem 5.1 depends on estimates for short Kloosterman sums

Z eq(b7),

nel
(n;9)=1

where b is an integer and I is an interval of length O(y/x). If (b;¢) = 1 then the Weil
bound, Lemma 4.5, gives an estimate of O.(¢'/?*¢) for such a sum. For the sizes of
x and ¢ in which we are interested this is a significant saving over the trivial bound
of v/z. In particular it is enough to estimate E(x,q,a) if ¢ < 2%/377. For larger ¢ we
must improve upon the Weil estimate. This is achieved for special ¢ by means of the

following result.

Theorem 5.3. Let ¢ = qoq1 - . . q; be squarefree. Suppose that (a;q) = 1 and that I is
an interval of length at most N < q. Let

S = Z eq(am). (5.3)
nel
(niq)=1
For any e > 0 we have

l

¢ —j _9—i 9-i =l _o—1 1/2!+1 —1/20+1
S < q (Z N2 1q1/2 2 ]q?,j+1—|—N2 ql/z 2 %/ +q1/2q0 / )
j=1
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This theorem is very similar to that of Heath-Brown [33, Theorem 2]. His result

can be applied to our sum S to obtain the bound

!
. o oy ol 1+1 1 ol+1
S <1 q (Z N'? jQZQ—;‘H + N2 C](l)/2 + Ng, 12 ) :

J=1

When the sizes of the factors ¢; are chosen optimally this result of Heath-Brown is
nontrivial provided that N is approximately ql%l. In contrast, our bound is most
useful when N = ql_l%l in which case it can improve on the Weil bound.

As in Heath-Brown’s work our proof of Theorem 5.3 uses the g-analogue of van der
Corput’s method. We begin by completing the sum S and then apply the differencing
process [ times, whereas Heath-Brown applied differencing directly to S. The result is
a sum of products of 2/ Kloosterman sums which we estimate by another completion
followed by the application of a bound for complete exponential sums due to Fouvry,
Kowalski and Michel [23]. In other words, our result is a g-analogue of the BA'B van
der Corput estimate whereas Heath-Brown’s is analogous to A'B. A g-analogue of
BA?B was used by Heath-Brown in [35] but the exponential sums in that work are
not Kloosterman sums.

The assumption that ¢ is squarefree is important for two reasons. Firstly, it
guarantees that the factors ¢; are coprime in pairs, thereby avoiding many unpleasant
technicalities. Secondly, it means that we need only consider complete exponential
sums to prime moduli. To handle ¢ which are not squarefree Lemma 5.7 would have

to be generalised to prime-power moduli.

5.2 Proof of Theorem 5.1

In this section we will show that Theorem 5.1 follows from Theorem 5.3. Recall that

we wish to estimate

1
E(x,q,a) = Z 1—@ Z 1.

uv<z uwv<z
uv=a (mod q) (uv;q)=1

By a dyadic subdivision it is enough to consider each of the O((logz)?) sums of the

form
1
E\UV,qa)= > ) Y 1=Dy(UV,qa)—Di(U,V,q),
u~Uo~V u~Uu~V
uv<z,uv=a (mod q) uv<z,(uv;q)=1
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say. We must bound F;(U,V,q,a) for all U,V > 1 for which UV < z. However, by
symmetry we can assume that U < /z.

We will use a short interval decomposition to remove the constraint uv < x from
Dy(U,V,q,a) and Dy(U,V,q). Specifically we divide the range u ~ U into O(x?)
intervals of length Uz~° and the range v ~ V into O(z?) intervals of length V9.

We will denote the resulting intervals by
Il<U1) == [Ul, U1 + Uxié)
and
L(Vi) = [Vi,Vi + Va™°).
We only need consider the case that U;V; < z. Dropping the constraint uv < z has
the effect of including in the above sums points (u,v) € I;(U;y) x I2(V;) with
< uv < (U + Uz ) (Vi + Va0 <z 4 O0(z'°).

It follows that the errors introduced by removing the constraint are bounded by

Yoo ) < gl

r<n<z+0(z! %)
n=a (mod q)

and

1
—( ) E 7(n) < ¢tz
v\l r<n<z+0(z'~9)
(nsq)=1

We conclude that it is enough to bound O(z%(log x)?) sums of the form
EZ(U17 ‘/17 g, a) = D2<U17 ‘/17 g, Cl) - DZ(Ula ‘/17 Q)

where
DQ(Uly‘/l7Q7a> = #{U S Il(Ul)av € 12(‘/1) LUV = a(modq)}
and
1

Do, 1,0) = ©(q)

#{u e ,(U),v € L(V}) : (uv;q) = 1}.

Specifically we have

E(z,q,a) < q 'at0te 4 0% max | E(Us, Vi, ¢, ).
1,V1
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We now write

D2(U17‘/17q7a) = Z 1

u€l (Ur),wel2 (V1)
uv=a (mod q)

=2 > !

uEI1(U1) velz(Vh)
(u;9)=1 v=au (mod q)

= Z Z Zeq at — v)

uEIl U1 Yvelz(Vr) k=1
(u;9)=1

= e, (aku) Z eq(—kv)

u€I1 U1) ’UGIQ(Vl)

The k = ¢ terms in this are
1
5#{“ € Li(Uh) : (u;q) = 1}# (V).

On the other hand

Dy(Uy,Vi,q) = Z > 1

'u,EIl(U Yvelz (V1)
(wig)=1 (v;q)=1

- 5 T (o 0u0)

QD((]) uely(Uy)
(u;9)=1

- é#{“ € Ii(U1) : (u;q) = B#L(Vi) + Ocq™a'?),

where we have used our assumption that U < \/x. Since § < % and ¢ < x we have

g2 g legl/2 o gl lde
so we conclude that the & = ¢ terms correspond to D(Uy, Vi, q) with a sufficiently
small error.

It remains to bound

124 B
S| X elakm)| | S e(—ko)|
k=1 |uel (Uh) v€lz (V1)

(u;q)=1
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We write this as

I
p Z e, (aku) Z eq(—kv)
dlg k=1 |uel1(U1) velz (V1)
(ksq)=d )=1

IS T Y ot | B eath),

dlg k(modgq/d) (u€ly(U1) vElz (V1)
d<q (us9)=1

*
where Z denotes that the summation is restricted to residue classes coprime to the

modulus. However, since ¢ is squarefree we have

D eqalakm) = > eqalaku) Y ple)

uel (Uy) uely (Uy) e|(dsu)
(u;q)=1 (u;q/d)=1
= Yue Y eylaken).
6|d UEI1(U1)/€
(u;q/d)=1

Our sum is therefore bounded by

'Y Y Y )| S| X cqntotem)|.
dlg k(modgq/d) |velz (V1) eld |ueli(U)/e
d<q (usq/d)=1

We have the standard estimate

1
eq/d(—kv) < min (Vx_‘s, )
2 ldk/q]

vel> (V1)

so that this is at most

NS
(2T e | Yt Y

dlg eld uel;(U)/e k (mod g/d)
d<q (u;q/d)=1

< q Z Z brg}ax Z eq/a(bur)| .

dlq ueli(U)/e
d<q (u;q/d)=1
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—2/3+426

To estimate the contribution to this from d > gx we apply the Weil bound,

Lemma 4.5, which gives

max | S e u(bu)| <. (q/d) Uf%+<mw2
(bia/d)=1 a/ <\ qe a '
uel;(Ur)/e

(usq/d)=1

The contribution to our sum from such d is therefore bounded by

Uz~
“ Y, . +q' 2/ d?) < " (Ua™q7 + g7 2" ),

dlq
qr—2/3+2<d<q

The contribution of these d to E(z,q,a) is therefore O (¢ 'z'=0%¢). If ¢ < x2/32
then this analysis covers all values of d and therefore completes the proof.
If ¢ > 22372 and d < gz %/*t? we apply Theorem 5.3 with [ = 3 and the

factorisation

which holds since ¢ is squarefree. We have
%>
since § < 5. We may therefore deduce that if (b;¢/d) = 1 then
1
; Z €q/d (b)) <. q (sz 3=l 1/2 2= Jq2 i +x1/16q3/8q1/16+q1/2q 1/16>.

uel;(U)/e
(w;q/d)=1

It follows that we have

¢ 1 _
D DI DI IP DT

d|q eld u€li(U)/e
d<qz=2/3+20 (u;q/d)=1

< q (Zlﬁ i-1 g/ qu J]+x1/16q3/8q1/16+q1/2q0—1/16> .

We conclude that the contribution of this to F(x, ¢, a) is majorised by

3
€ —i—1 2= 9= 1/16 1/16
220+ (Z‘TQ J q1/2 2 qu_;+$1/16q3/8q/ +q1/2q / > .
j=1

This completes the proof of Theorem 5.1.
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5.3 Proof of Theorem 5.2

Suppose w, 17, q and a are as in Theorem 5.2. Let 0 > 0 be a parameter which we will

2/3-26

eventually choose to be very small. We may suppose that ¢ > « since the result

is known for smaller q. Applying Theorem 5.1 we deduce that for any € > 0 we have
3
—i—1 —q — 3 _
E(;v,q,a) < q—1x1—6+6+x25+6 (Z 227 q1/2—2 qu_; + 331/16q3/8qé/16 + q1/2q0 1/16> :
j=1

with an implied constant which depends only on €. The first term in this is sufficiently
small. We optimise the remaining terms by working with a factorisation for which
q; =~ Q; with

Qo = ¢ 2/ P/3,

Q, = (]—1/15961/67
Qy = q7/15x71/6

and
Qs = q11/15x_1/3.

Observe that QyQ1Q2Qs = ¢ and that for all sufficiently small § we have Q; > z'/18 >
2" for all j. Since ¢ is x7-smooth we may find a factorisation ¢ = qoq1¢2q3 with

q1 € [le_n/57 Q1x477/5]’

q2 € [Q2x73n/5, Q2x2n/5]7
g3 € Q™5 Qga"?]

so that
Qo € [Qoan/i QOSUBW/E)]-

This gives
E(z,q,a) <. g lplmote 4 g2t (m1/12+’7/10q11/30 + m—1/48+717/80q61/120) ‘

2/3+w

Finally, recalling that ¢ < x , we get

E(z,q,0) <. gl 4 g1 (x1/12+’7/10q41/30 + x—1/48+7n/80q181/120)

1794-18n+246w 709463141086

40



We know that
246w + 18n < 1.

1

1
51 and 1 < 55 so

In particular w <

649
63n + 1086w < 2 < 8.

Theorem 5.2 therefore follows on taking ¢ and e sufficiently small in terms of @ and

n.

5.4 Proof of Theorem 5.3

If we have [¢/N] < q—j41, for some 1 < j <[, then

qu2—J q1/2—2_-7 q12__;+1 > q1/2+e'
Our result therefore follows from the Weil bound. We may therefore assume, for the
remainder of the chapter, that [¢/N] > ¢; for all 1 < j <.

5.4.1 Completion of S

Let f(k) be the Fourier transform of the interval I:

flk) =) eq(—nk),

nel

where e, was defined in (5.2).
Recall the definition, (5.3), of S. We have

S=2 3 WSk

k (mod q)

where S(a, k, q) is the Kloosterman sum given by

S(a, k,q) = Z* eq(am + kn).

n (mod q)

Since f(0) < N and S(a,0,q) = u(q) < 1 we get

S<<%+l > f(k)S(a.k,q)|.

k#0 (mod q)

The term N/q is clearly small enough.
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We may assume that I C [M, M + N) for some integer M. We then write

f(k) = ey(—kM) Z eq(—kn) = eo(—kM)g(k),

n<N
n+Mel

where
g(k) = 3 e,(~kn)

n<N
n+Mel

is a function on Z/qZ which extends to a differentiable function on (—¢/2,¢/2). Thus

sl > g(k)e,(—kM)S(ak,q)|.
T 9120 (modq)
We will consider the contribution to this bound from 0 < k£ < ¢/2. One can use a
completely analogous treatment for the range —q/2 < k < 0.
We wish to remove the weight g(k). We have the standard estimate

g(k) < min (N, m) = min <N, %) .

In addition N
g (k) = —2mi Z ﬁeq(—kn) < Emin (N, %) :

n<N q
n+Mel
We will split the sum over k into intervals on which we may remove g(k) by partial

summation. Specifically, let K = [¢/N] and

S(r) = oBAX Z e,(—ME)S(a, k,q) (r=1,2,3,...).
(r—1)K<k<(r—1)K+L
Summing by parts we get, for any K’ < K that

3 g(k)e,(—Mk)S(a, k, q) < S(r)min (N, L) < Ysm.

(r—1)K<k<(r—1)K+K' (7“ _ 1)K ”

It is therefore sufficient to estimate

EZS(T)
qr<<N "

which we accomplish by bounding each S(r) individually. We will prove the following,

which easily implies Theorem 5.3.

Lemma 5.4. Under the hypotheses of Theorem 5.3 and with K,S(r) as above we

have
!

—3 277 - i+1 _1/9l+1
S(r) € g <Z K@ 4 K 4 kg ) |

J=1
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5.4.2 Differencing the Sum S(r)

In what follows we will require the multiplicative property of Kloosterman sums. This

states that for any integers a,b and any qo, ¢ € N with (go;¢1) = 1 we have

S(CL, b7 QOQI) - S(aﬁa bﬁa (ﬂ])S(CL%, b%a (h)

It can be proved using the Chinese Remainder Theorem. In addition, if (¢;qy) = 1

then we have the identity
S(a,b,q0) = S(ac, be, qp).

In the remainder of the chapter we will frequently use without comment the fact
that, since ¢ is squarefree, any pair of integers ¢’, ¢ with ¢'¢"|¢ must be coprime. We
now apply a g-analogue of the van der Corput A-process. Let J be an interval whose
length is bounded above by K. Suppose (a;q) = 1 and sy,...,s; are integers, for

some j > 1. We consider the more general sum

T =" e(~Mk) ] S(a,k + si,q)

J
keJ i=1

in which the value of M may differ from that in S(r). The sums S(r) correspond
to the case j = 1 and s; = 0 of this. The following lemma describes a single van
der Corput differencing step applied to the sum 7. Note that the quantities ¢, qo, ¢1

occurring need not correspond to those in Theorem 5.3.
Lemma 5.5. Suppose ¢ = qoq1 with ¢ < K, (qo;q1) = 1 and (a;q) = 1. We have
' ) J
T’ <™ | Kd+ Y. | D T[S k+si,q0)S(d k+ qih+ si, q0)
0<|h|<K/q1 |keJ(h) i=1

where J(h) is an interval of length at most K which depends on h, and where o' =
a(q,)*.
Proof. We let H = [K/q;] > 1 and

oy — | cal=MF) T S(ak+siq) keld
0 k.
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Since H > 1 we have

~
I
(]

Qg

E E Aktq1h

H
h=1

ml’—‘ e

k
H
1
= E :5 :ak+l11h‘
k

h=1

|

If £+ q1h € J then, since (qo; ¢1) = 1,

J
aprqn = €q(=M(k+qih)) H S(a,k+qh+ si,q)
i=1
J
= eo(—ME)eqs(—Maqh) H S(agy, (k + qih + $:)q1, 90)S(aqy, (k + $i)qo, q1)-

=1

Since ¢1H < K the sum over k is supported on an interval of length bounded by
O(K). By the Weil bound we get

S<a607 (k + 51’)607 Q1) <<€ qi/2+6'

Therefore, applying Cauchy’s inequality, we obtain

H J
HT? <5 K™Y | Y eo(—Mah) ] Sy, (k + aih + ), o)
kthe =

Letting @’ = a(q,)?, as in the statement of the lemma, we have (a’;¢) = 1 and

2
H

J
HT? <oy Kg™ Y | Y ef(=Mah) [ [ S(d,k + arh + si, 0)

h=1 =1
k+qiheJ
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Expanding the square and reordering we deduce that

H?T?
H J
e j KCI]Jre Z Z HS a k+ qihi + s4,90)S(d', k + qrho + 54, q0)
h1,h2=1 i=1
k+q1h1,k+q1h26J
. H
= Kq* Z Z HS a k4 si,q0)S(a', k+ qi(he — hi) + s4,q0)
it kJr(Il(hz hl)GJ
J
< KHq™ > | Y JIS@ k+si00)S( k+ qih + si,00) |

|h|<H | keJ i=1
k+qiheJ

We estimate the h = 0 term using the Weil bound on the individual Kloosterman

sums to get

J
HT? L CKq | K¢l + Z Z HS(a',k‘—i—si,qo)S(a',k+q1h+si,qo)

O<|h|<H | keJ i=1

k+q1heJ
The result follows. []
The previous lemma bounds 7" in terms of sums with twice as many Kloosterman
factors. The new shifts are si,...,s;,51 + qih,...,s; + qih, and the exponential

eq(—kM), if it exists, is removed. We will apply it [ times, starting at the sum
T = el(—Mk)S(a,k,q).
keJ
For the remainder of the chapter T" will refer to this particular j = 1 case of the above
T whereas T(...) will be one of the more general sums.
Lemma 5.6. Let q be as in Theorem 5.3 and T as defined above. We have

l
! . -1 I_ol—j ol
T2 L q <q2 Z K22 -3 12 JJ+1

j=1

l_j_ -1
K gfe) T Y T )

0<|h1|<K/q1 0<|h|<K/q
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where

T(hy,..., ) = Z H S (a’,k+2qihi,qo) )

k€J(ha,...hy) IC{1,...1} il

with J(hy,..., k) an interval of length at most K and (a';q) = 1. The product over

I includes I = 0.

Proof. Observe that by our assumption that [¢/N] > ¢; we know that K > ¢; for

1 <4 < [. This means that the applications of Lemma 5.5 in the following proof are

all justified.
We use induction in [. If [ = 1 then applying Lemma 5.5 gives

T2 < qe qKQI +q% Z Z S(a,7k7q0)s<alvk+q1h1aq0)

0<|P1|<K/q1 |k€J(h1)

as required.

I

Now suppose [ > 1 and that the result holds for [—1. We assume that ¢ = ¢pq1 ... q

and apply the inductive hypothesis with the factorisation
q=Tory...T—1

where rg = qoq1, and r; = ¢;4q for 1 < ¢ <[ — 1. This results in

-1

I—1 1—2 I—1_ol—1—j ol—1—j
™ < <q2 Y OKTTT g

j=1

+ K gfa) T Y Y (T,

0<lh2|<K/q2  0<|M|<K/q

with
T(h27"'7hl) = Z H S (a,7k+ZQihivq0q1> .
kGJ(hQ,...,hl) I§{2,...,l} el

Squaring our bound, using Cauchy’s inequality on the final sum, we get

-1

! c -1 I_ol—j ol—j
T2 <<e,l q <q2 ZK2 2 JQszj]Jrl

j=1

-1
+ KX /o) Y Y (T,

0<|h2|<K/q2 0<||<K/q
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We now use Lemma 5.5 with j = 2/=! to obtain

T(h27 LRI hl)z <<e,l QECI%FlH qul ' + Z |T(h17 ey hl)l

0<|h1|<K/q1

where

T(hb - '7hl)

= Z H (a”, k + Z qihs, QO) S (a”, k+ Z qihi + qih, %)

k€J(hy,...shy) IC{2,...,0} i€l i€l

Y s(a",mzm,%),

keJ(ha,...,h)) IC{1,...,1} i€l

for some (a”;q) = 1. Observe that this corresponds precisely to the T'(hq, ..., )
given in the claim.
We conclude that

l 6 -1 l - l I_ -1 -1
o (2 ZK2 = l2g+1+K2 1(@/%(]1) Q% gy

+ Kzl—l—l (q/qo)2_ +1 Z Z ‘T(hlv-"7hl)’

0<|h1|<K/q1 0<|l|<K/q

l
c -1 I _ol—j ol—j
= g ((f SOKTEg

Jj=1

. 2 (q/q0)21_1+1 Z o Z [T (hy,. .., )|

0<|h1|<K/q1 0<|l|<K/q

5.4.3 Estimating T'(hq,...,l)

It remains to estimate
T(hl,...,hl) = Z H (a/7k+zqihi>QO) )
keJ(h1,...,hy) IC{1,....1} iel

where (a; o) = 1.
We begin with the following estimate for complete exponential sums to a prime

modulus.
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Lemma 5.7. Let p be a prime, (a;p) =1 and let s1,...,s;,b be integers. We have

J it2
z b=0and E(sy,...,s;
Z ep(—kb) HS(a,k + 8i,D) < {pm herwi (51 )
k (mod ) ey p 2 otherwise,
where E(sy,...,s;) denotes the property that all the s; occur with even multiplicity

modulo p.

Proof. The first part follows directly from the Weil bound

|S(a, k + si,p)| < 24/p-

For the second part we use a result of Fouvry, Kowalski and Michel [23, Corollary

3.3]. Let
Kly(a;p) = %-
If & # 0 (mod p) then
S(a, k,p) = p'/* Kly(ak; p).
We therefore have ;
Z ep(—kb) H S(a, k + s;,p)

k (mod p) =1

J
=0 30 k) [T Kbl + s0)i0) + 0GP,
k (mod p) =1
k+s;#0 (mod p)

where the error comes from the terms with £ + s; = 0 (mod p), for which we can use
the Weil bound.

We identify [F, with the projective line minus the point at infinity. The group
PGL;(F,) has a natural action on the projective line so we can talk about its action on
[F,, provided that care is taken with points which map to co. The maps k — a(k+s;)
then correspond to members of PGLy(F,). If s; # s; (mod p) then k — a(k + s;) and
k — a(k + s;) correspond to different elements.

We now use [23, Corollary 3.3] which states that if f1,...,3; € PGLy(F,) then,

provided the multiplicities of the f; are not all even, we have

J
7 ep(—kd) [[ Kla(Biki p) < p*2.
k (mod p) i=1
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We use this in conjunction with the following combinatorial result.

Lemma 5.8. Let p > 3 be prime and let hy, ..., h € F,. Suppose that the 2L sums
Zhi for I C{1,...)1}
iel

form a list of elements all of whose entries have even multiplicities. At least one of

the h; must then be 0.

Proof. Let w = e,(1) and consider the algebraic integer o € Z[w]| given by

l
a:H(1+wh¢) — Z waierhi

i=1 IC{L,..0}

Our assumption that the )
is a sum of even multiples of powers of w. In particular 2| Ng.,)/q().
If h; # 0 (mod p) then since p > 3 it is well known that

ser I all have even multiplicities therefore implies that o

Nowre(l+w") =1.
We therefore have a contradiction unless at least one of the h; is 0. O
Combining the last two lemmas we immediately deduce the following.
Lemma 5.9. Let p be prime, (a;p) =1 and let hy, ..., h,b be integers. We have

S e-kb) ] S(a,k—i—zhi,p) < b [ )

k (mod p) IC{1,...,0} el

Next we generalise this to squarefree moduli.

Lemma 5.10. Let q be squarefree, (a;q) = 1 and let hy, ..., h;,b be integers. For any

€ > 0 we have

> e(—kb) ][ S(a,k+zhi,q> < qﬂ?i“(q;b;nhi)m-

k (mod q) IC{1,...,l} i€l

49



Proof. The sum has a multiplicative property. Specifically, if (go;¢q1) = 1 then

Z quql(—kb) H S (a’ k + Z hs, QOQ1>

k (mod goq1) IC{1,...0} i€l

= > ep(—bhom)e, (ki) [[ S kond + koo + Y i qom)
ko (mod qo) IC{1,...,0} i€l
k1 (mod q1)

= Z €qo (—bkoG1) H S (aﬁ, (koquq1 + Z hi)ar, QO)
ko (mod qo) IC{1,..,0} el

x> eq(=bhm) ] S (a%, (k1qoo + > hi) o, q1> .
k1 (mod q1) IC{1,...,0} i€l

It follows that if ¢ is squarefree we may factorise the sum as a product over p|q of
sums to modulus p. Each sum may then be estimated using the last lemma. The
integers b, h; occurring in the factors are different to those in our sum to modulus g,
however the changes are simply by multiplicative factors coprime to ¢. It follows that

each factor may be bounded by
2l
Cip# (p;b; [1m)""

for some constant C, whence our sum is bounded by

H (Olp 2 p,b Hh 1/ ) Ly q#-i-%q; b;Hhi)1/2-

plg

We now return to our sum

T(hy,...,h) = Z H <a/,k+2qmi,%>

k€J(hy,...h) IC{L,...,1} iel

SN | 1R Y

j (mod qo) k€J(h1,...,h;) IC{1,...,l i€l
k=j (mod qo)
= Z h(b Z €qo(b7) H S <a/7j + Z qihi, %) ;
b (mod qo) j (mod qo) IC{1,...,0} i€l

with

hb) = D eq(—bk).

keJ(ha,....hy)



We have the standard estimate

h(b) < min (K, m) :

Since (g;;q0) = 1 for i # 0 we can write

(q0; 05 | [ @iha) = (q0; b5 [ [ 0)-

We may therefore use the last lemma to obtain

RIS S |
T(hl,...,hl)<<e7lq02+-— Z mm( ||b/ )qO’ 7l_Ih 12,

D b (mod )

Finally we estimate

P I ) K | O

qo

b (mod qo)
K 1/2 1 1/2
< _(QO;Hhi) + Z E(QO;b;Hhi)
o 0<b<qo/2
1
S0 LIS ST
[(qo;TThi) 0<b<qo0/2
(qo;b;] T hi)=d

K
<L q—(CIo; H hi)l/Z +¢°
0

K
<e 4 (a0; Hhi>1/2(% +1)

so we conclude that

2!

K . 2n
Tha, ... i) <y qe(q (qo; [ ] ).
0

5.4.4 Conclusion

Inserting the above bound for T'(h4, ..., h;) into the result of Lemma 5.6 we obtain
7%
<<E,l 5 ( ol—1 ZKQZ _9ol—j l21]+1
K 211 gi-1yy 24 1/2
+(=+1K (4/40) 4o oo > ]
a0 0<ini<K/ar  O<ImI<K/a

o1



We have

2 o D (w][m < S Ak

0<|hi|<K/q1  0<|W|<K/q 0<|h|<K'/(q1...q1)

< g Y, (qh)'?

0<|h|<K!/(q1--.q1)
< qul/<Q1 cq)
= ¢ "K'

We conclude that

!
- “J ol K
T <Leyl Al (Z K2 JQl2ijj+1 + (% + l)KQZ_IQéﬂ) -

=1

Lemma 5.4 now follows, on recalling that the sums S(r) were a special case of the

sum 7', and therefore Theorem 5.3 is proven.
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Chapter 6

Diophantine Approximation with
Products of Two Primes

6.1 Introduction

Diophantine approximation is the branch of number theory which studies approxi-
mations to real numbers by rationals. A fundamental result in the area is Dirichlet’s
Approximation Theorem which implies that given any irrational a there are infinitely

many integer solutions, n, to the inequality
Inall <n".

It can be shown that the exponent —1 in Dirichlet’s theorem is best possible, for
example when « is a quadratic irrational.

It is natural to ask whether, for all irrational «, the above inequality has infinitely
many prime solutions n. This was shown to be false, for uncountably many «, by
Harman [31]. However, since the density of the primes near N is about log;N7 it seems

sensible to conjecture that
Ipall < p~° (6.1)

has infinitely many prime solutions, p, for any irrational a and any # < 1. It is an
easy consequence of the Generalised Riemann Hypothesis that this conjecture holds
for any 0 < 5. This was proved unconditionally by Matoméki [40] and is currently
the strongest result known.

Progress on this problem began with Vinogradov [46] who proved that we can
take any 6 < £. His proof was simplified by Vaughan [45] who improved the exponent
to 6 < ;. Harman [30] introduced a sieve method to the problem. He increased the
size of f to 6 < 3

10°
identical arithmetic information to the results of Vaughan; the improvements were

improving this in [32] to 0 < % These results of Harman used
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in the sieve method. Heath-Brown and Jia [36] found new arithmetic information
16
4_9.
Kloosterman sums, Matomaki was able to extend this to handle any 6 < %

which they were able to use to get 0 < Finally, by using results on averages of

If we only require the solutions of (6.1) to have at most two prime factors then the
problem is considerably easier as classical sieve methods may be used. In particular
Harman [30, Theorem 2| states that any # < 0.46 is sufficient. One reason for a
stronger result is that the parity problem of sieve theory is no longer an issue. In
order to circumvent the parity problem and detect primes it is necessary to prove
estimates for bilinear forms, known as “Type II” sums. Matoméki [40] describes all
the estimates known for 6 < % but none of her proofs are valid for 6 > % We will
prove a Type II bound in which one may take 8 slightly larger than % This estimate
is too weak to show the existence of prime solutions to (6.1). It does, however, show
that there are solutions which have precisely two prime factors. Hence we can break
the parity barrier for some 6 > %

We are also interested in the set Ps(b) of 3-digit palindromes in base b. Recall,
from Definition 3.1, that

Ps(b) = {j(b* +1) +kb:j € (0,b)NZ, k€ [0,b)NZ}.

As we shall see in Section 6.5, elements in this set correspond closely to solutions of
(6.1) when 6 = £. We may therefore also conclude that Ps(b) contains numbers with
precisely two prime factors provided that b is sufficiently large.

To handle both of these problems simultaneously we work with the following set.
For a natural number ¢, positive reals z, z and an integer a with (a;q) = 1 we let

A= A(x,q,z,a) ={n € (%,x] :n = ak (mod q) for some k € [0, z) NZ}.

For a fixed constant 6 € (0, 1) we shall only consider the case when

and

All implied constants in our results may depend on 6. Observe that zq < z and

therefore
Tz

#HA = Z =22
q

Our aim is to estimate Type I and Type II sums for the set A and use them to

prove the following.
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Theorem 6.1. Suppose 0 < % 1s fived. Let E be the set of natural numbers having

precisely 2 prime factors. With the above definitions and hypotheses we have
2

#ANE) >

log 2’

provided that q is sufficiently large in terms of 6.

A result of this form for 6 < % would follow immediately from Vaughan’s work in
[45]. The key new idea to handle larger € is our Type II estimate, Theorem 6.13.
This theorem enables us to prove the following results regarding the problems

discussed above.

Theorem 6.2. Let « be irrational. For any 6 < 2% there exist infinitely many n € &
such that
Inall < n~°.

Theorem 6.3. For all sufficiently large b we have
2

logh

#(P3(b) N &) >

In this chapter we will write

Lo={; 14

It is slightly more convenient to work with a weighted version of the primes so we let

N n) logn n is prime
n)=
0 otherwise.

The remaining notation is as described in Chapter 2.

6.2 Reduction of the Problem

As we only require a lower bound we may smooth the function 14. We therefore let

W be the function constructed by Lemma 2.1 with a = iv b= %, c= % and d = %.

Recall that for any B € N we have the estimate
W (z)] <5 min(1, || 7). (6.2)

We let

n=ka (mod q)

It is easy to show that this is a lower bound for 1 4.
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Lemma 6.4. If 7 <n <z then

0<®(n) <1un) <1

Therefore, to prove Theorem 6.1 it is sufficient to give a lower bound for

> ®(n).

F<n<z
neés

Proof. This follows immediately from the definitions of A and ®. O

6.3 Typel Sums

The Type I estimate we prove, Theorem 6.8, has been known in essence since the work
of Vaughan [45]. However, it is useful to prove it again to get a result which is valid
in our precise situation. In addition, Vaughan’s proof uses estimates for exponential
sums whereas we use results from the geometry of numbers. The exponential sum
approach is possibly simpler for standard Type I sums but we also need to estimate
a variant of such sums, Theorem 6.12, which is easier with the geometry of numbers.

Throughout this section we make repeated use of the following assumptions:
(Al) M,N>1, 3 <MN < 4x and M < 2279 for some 6 > 0.
Observe that this implies

T q
N > E2'>> ;TZE'

All our implied constants may depend on 4.

For an integer m let

U(m) = U(m; N) =) ®(mn).

We will consider W(m) as a counting function of points of a certain lattice, A(m),
recall Definition 2.2.

Lemma 6.5. Let
Am) ={(j, k) € Z*: jq+ ka =0 (modm)}.

The set \(m) is a lattice in Z* with determinant m.
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Proof. Tt is clear that A(m) is a lattice. Since (a;¢) = 1 we know that jg+ka takes on
all integer values as j, k vary over Z2. Thus jq + ka represents all congruence classes

mod m so the determinant of A\(m) is m. O

Define by(m) to be the shortest nonzero vector in A(m) and let R;(m) be the
Euclidean length of b;(m). We know, by Lemma 2.4, that R;(m) < y/m.

Lemma 6.6. Under the assumptions (A1) we have

for any m ~ M.

Proof. From the definitions of ¥ and ® we get

U(m) = Y @(mn)

n~N

‘Xz

n~N k
mn=ka (mod q)

-y ()
n~N 7.k o
mn=jq+ka

k
= > 0% (- .
. 4
(j.k) EX(m)
(jg+ha) /mreN

Since W is supported on (0, 1) the sum only contains points with k& € (0, z). Let

Jq+ka

f@t) = #{(, k) € A(m) : ~ N,k € (0,1]}.

m

U (m) = —%/ng(t)W’ (2) dt.

xrq + ya

Summing by parts we get

Let

At) = {(z,y) e R*: ~ N,y € (0,t]}.

By Lemma 2.6 we have

£t o (perimeter(A(t)) . 1) |

Rl (m)
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The vertices of A(t) are

(Nm/q,0), 2Nm/q,0), (Nm —ta)/q,1), (2Nm — ta)/q,1).

Therefore Nomt
area(A(T)) = e
q
and NM ;
perimeter(A(7T)) < — +t + L«
q q

It follows that

oo - L (o

Since R;(m) < v/m < VM < z the result follows. O

We need a bound for the number of m for which R;(m) is unusually small.

Lemma 6.7. For any e > 0, any M < 2*>7% and any integer | we have
#{m <M :R(m)? =1} <.z

Proof. We know that R;(m)* < m < M. Thus the only case to consider is 0 < | <
M.

If Ry(m)* = [ then there exist integers j, k with j% + k* = [ and m|jq + ka. Tt
follows that the quantity of interest is bounded by

> #{memlig+kal < > 7(ig+ka).
(j,k)eZ? (j,k)ez?
J2 k2=l J2 k2=l

For the remainder of the proof let h = jq + ka, where j?> + k* = . We now use
an argument by contradiction to show that A # 0. If h = 0 then & # 0 since
(7,k) # (0,0). Moreover g|k, whence |k| > ¢q. However

k< Vi< VM =o(z) = olq),
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giving a contradiction if ¢ is large enough. We therefore conclude that h # 0. In
addition we have

h< gVl < gz < x,
so that 7(h) < z¢. Letting () denote the number of ways in which [ may be written

as the sum of two squares, the cardinality of the set in the lemma is then

<L r(hz < 2~

We may now prove an estimate for Type I sums.

Theorem 6.8. If v, are complex numbers with |a,,| < 1 then, with the assumptions

(A1) we have, for any A >0

A

Z A ®(mn) = W(O)N= Z m + Oa(F2(log 2)~4).

m~Mn~N q m~M
Proof. Let

S = Z ay®(mn) = Z anV(m).

m~Mn~N m~M

Applying Lemma 6.6 we get

_ NW(0)z . . 1
M S o 8 )

m~M m~M
Using Lemma 6.7 we deduce that

7;4 Rim) = > %#{m ~ M, Ri(m)? = 1}

<M
< =
<M
<. M3,

We conclude that

A

N (0)= o
S = a, + O M?2).
p 7;4 ( )

Since M < 2*7° the error term is
0(224‘6—6/2).
The result follows on taking e < g. O
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Observe that if

Z O X M
then the leading term in this estimate has size % = 72, This is larger than the error
term.

It is also necessary to bound a Type I sum where ) is replaced by a smooth

weight.

Theorem 6.9. Suppose the conditions (A1) hold. If a,, are complex numbers with
lam| < 1 then, for any A >0, we have

A

S anW (i) o(mn) = W ON= 3"+ Oa(z(log 2) ).

3N q
—\r m~M
Proof. After using partial summation to remove the smooth weight W (35 ), the result
follows by an almost identical proof to that of Theorem 6.8. [

Define Wy (m) by

U(m) = @ + Uy (m).

We will require the following two lemmas.

Lemma 6.10. For any € > 0 and any M, N,xz,q and z satisfying the assumptions
(A1) we have

D W(m)® < 27

mx=M

Proof. From Lemma 6.6 we have

By Lemma 6.7 we get

%ﬁ < Y %#{m = M, Ri(m)?> =1}

<M

<<e ze Z l—l

<M
<, 2~

The result follows. O
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Lemma 6.11. Under the assumptions (A1) we have

> w(m) <<N—Z

Proof. We have

S ump = Y (me)

m=M m=M q
N222 N
< Y gt tilm)
mx=M q mx=M
MN2Z2 24-€
<, = z
N 3
<<5 _Z + 224—6.
q

We may now estimate a variant of a Type I sum which will be useful later.

Theorem 6.12. Suppose that the assumptions (A1) on M,N,x,z and q hold. In
addition, assume that N < z27°. Then, for any complex numbers 3, bounded by 1
and any A > 0,

3 0 () ) - OS5 (Mg ),

ni TZLNN n~N
Proof. Let
m
S = Z B W (m) O (mny)®(mny) Z W ( > O (mn)¥(m).
niy TTLZNN
Writing
W(0)N
w(on) = O )

we get a contribution from WON= of
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This sum is in a form which can be estimated by Theorem 6.9, with m, n interchanged.
All the conditions needed for that theorem are satisfied since N < 2279, The main

term is thus

A

3W(0)°NM 2> Z 5 40, (Zs(logz)_AN) ‘
¢ — q

On writing N < 37 the error here is
O, (24(log z)_A) .
M

The contribution from Wy (m) is
m
ij B,W <3W> ®(mn) W, (m).
n~N
Trivially estimating the [, by 1 this is majorised by
m
2 W (37) B )l

Since W(z) < 1 for all 2 we may remove the factor W(53;) and apply Cauchy’s
inequality to get a bound of

(Bowr) (o)

m=M m=M
Applying the previous two lemmas this is

3+e€
<, N1/225/2+6q*1/2 < z _

VM

Since M < 227 the error here is

Z3+5\/M HA+e—=d/2
< .
M - M

The result follows on taking e < g. O]

Observe that if
> B.xN
n~N
then the main term in this last theorem has size
N2M 2> 24
q* M
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6.4 Type II Sums

In this section we make repeated use of the following assumptions:

(A2) 7 < MN < 4x and
max (z L) <N z%_‘s
P16

for some o > 0.
We will prove the following Type II result.

Theorem 6.13. Let o, be complex numbers bounded by 1. Suppose that (A2) holds.
Then, for every A > 0, we have

> an(N(n) — 1)®(mn) < 2*(log2) 4,

m~Mn~N

where the implied constant depends on both A and the value of § in (A2).
Observe that (A2) implies that
M < 227,

The hypothesis that N > z is only used in the proof of Lemma 6.20. When 6 > %

this assumption is weaker than

N> %.
Let
S = Z A B ®(mn),
m~Mn~N
where
Bn=N(n)—1.

We wish to show that S = O(22(log z)~*). Our arguments can be modified to handle
arbitrary (3, although the range of N is then much smaller. However, this introduces
some additional technicalities. Since our Type II estimate does not cover a sufficiently
large range of N to detect primes we have chosen to give the details only for the specific
choice 8, = A'(n) — 1.

Vaughan [45] used exponential sum methods to establish Type II estimates which
are only valid when 2? < N < 2'72%. This range is empty when ¢ > . Heath-Brown
and Jia [36] introduced a new method which reduces the problem to the estimation
of certain Kloosterman sums. Matomaéki [40] used the same reduction but then used

stronger bounds on the resulting averages of Kloosterman sums and was thus able
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to get enough Type II information to detect primes for any 6 < % The range of N
in the Type II bounds found by Heath-Brown, Jia and Matomaki remains nonempty
as 0 — % However, it is not valid for 6 > % as the reduction to Kloosterman sums
gives an error which is too large in this case. Our method is essentially an extension
of that of Heath-Brown and Jia which avoids this problem.

The proof of Theorem 6.13 begins by applying Cauchy’s inequality to the sum S.
After applying our Type I results we reach a sum Sy to which the Poisson Summa-
tion Formula and various rearrangements are applied. After estimating some special
subsums we eventually reach a sum Sy which can be estimated using results on
Kloosterman sums over primes, for example those given in Chapter 4. The strength
of the estimate for Syg determines the range of NV in Theorem 6.13 which then deter-

mines the admissible values of 8 in Theorem 6.1.

Lemma 6.14. We have S = O(v/MS,) where

S, = Z By Brs Z (3%) O (mny)P(mns).

ni,na~N m

s _0 (z4(lo§;/[z)‘A)

It follows that a bound of

will be sufficient.

Proof. Applying Cauchy’s inequality gives

<Y ol Y (Z Bn¢(mn))2-

By definition of the function W we know that W (sﬂM) = 1 when m ~ M. Therefore

$ < MY W (5) (Zﬁn¢(mn)>
= M Z ﬁmﬁmz (3%) ®(mny)®(mny)

ni,na~N m

- MSl
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On putting 5, = A'(n) — 1 into S; we will get three sums all of which must be
evaluated asymptotically. However, on combining the sums, all the main terms will

cancel and we will get the required result. Specifically, let

S1 =511 252+ 513

where
Sl 1= Z A, n1 A/ NQ ZW <3£M> CID(mnl)CI)(mng),
ni,no~N
Sia = Z N (ny ZW <3M> (mnq1)®(mnsy)
ni,no~N
and

Stz = Z Z w (3%) O (mmny)P(mny).

ni,na~N m

We begin by dealing with the sums S and 5 3.

Lemma 6.15. Under the assumptions (A2) we have, fori = 2,3 that

SN2MW (0)322 4(1og z)~A
Sii= ()Z+OA<Z(ogZ) )

7 M
Proof. We have
N S —g S ZQ—(S

We may therefore use Theorem 6.12 with 5, = A’(n) or 8, = 1. These coefficients
are only bounded by logn but this can be absorbed into the error term. In either

case we have

> Bu=N+O0(N(log N)™*)

n~N

so the result follows. O]

Next we deal with the contribution to S ; from pairs with ny = ny. This is
> NI W (557 ) @mn)?
n~N m
All the terms are positive and ® takes values in [0, 1] so this is at most
N2 YW (517 ) ®(mn).

Using Theorem 6.9 we may bound this Type I sum by O(z%log N). Since M < 2279

A

this is O(IOL).
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The remaining terms in Sy, have ny # ng. Since the coefficients A’'(n) are sup-

ported on primes all such pairs actually satisfy (ny;n2) = 1. We therefore consider

Y NN () YW (3%) O (mny)®(mns).

ni,na~N
(n1;m2)=1

6.4.1 Harmonic Analysis of the Sum S5,

Let
T= Z W (3%) O (mnq)P(mns).

Since (a;q) = 1 there exists an @ satisfying
aa =1 (mod q).

Lemma 6.16. We have

B (5 () S o o)

k1,k2 m

Proof. The definition of ® gives

d(n) = Xk: W(%)

Applying the Poisson Summation Formula in the form (2.1) we therefore get

()

_ 2_2 Zk (k:lz) (k;z) ;W (3£M> . (md(lﬁnt;r k2n2)> '

We can now use the Poisson Summation Formula (2.2) to obtain

m m&(klnl + ]{?2712) . A BME(klnl + k’gng)
;W(B—M)e( y >_3M;W(3Mm— ; .

The result follows on substituting this into the above expression for 7T'. m

so that
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Let S5 be the subsum of S5 coming from terms with kin, + keno = 0. Since
(n1;m2) = 1 any solution of this may be written uniquely as k; = nah and ky = —nyh
for some h € Z. Therefore

M 22 — ~
gy = M2 Y N ()N (ns ZW(”W)W( ”qlhz) W (3Mm).

g q

ni,na~N
(n1,n2) 1

Lemma 6.17. For any A > 0 we have, under the assumptions (A2), that

3MN222W(0)3 Lo, (24(1og z)‘A) |

S —

Proof. Our assumptions imply that for n; ~ N we have

n;z Nz
>>7>>Z

and that
M > 20

It follows, using the bound (6.2), that the contribution to S3 from terms with i # 0
or m # 0 is negligible. Specifically, for any B € N we have

3M22W(0) 2W ,
Sy = 2 Z N (n1)N (ny) + Op(27B).

ni,na~N
(n1;m2)=1
Observe that
M 22 MN2210 N  Zlog N 24(log 2)~4
ZA/ . g < g <4 ( g ) :
q q M

n~N

where the last inequality uses that M < 2279 < ¢z'=%. We deduce that

3M22W 2(log z)~4
Sy = Z N (ny)N (ng) + O (%)

ni,no~N

The result follows on applying the Prime Number Theorem to the sum

> N(n)

n~N
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Let S; be the sum of the remaining terms from S,, those with kynq + kong # 0.
Thus

Si= Y Nm)N(n)Th,

ni,no~N
(n1;n2)=1
where
3M 2?2 ~ [k ~ [k A a(k k
L W(ﬁ>w<ﬁ)ZW<3M (m_ a(kyng + m)))
q k1 oo q q - q
k1n+hkana£0

For any integers m, ki, ks there exists a unique integer £ such that

a(/ﬁnl + k2n2) k
m —_— _ —_—

q q

There is then a unique integer j such that
k’l’l'Ll + k’g’l’LQ = jq — ka.
Writing ¢ = jq — ka it follows that

3M 22 ~ [k ~ [k ~ (3MEk
n-fE oy w (B ()W (5

Jikik1,k2
kini+kana=c#0

If we let L N
F(ny,ne;c) = Z W (ﬁ> W (LZ>
P q q
1,R2
kini+kono=c
then

5= 2ME Sy (%> S N ()N (o) Fny, s 0)

2
T ik T/ imaen
c#£0 (n1;n2)=1

6.4.2 Transforming the Function F
To deal with the sum S, we begin by applying Poisson Summation to the function F'.

Lemma 6.18. Let 1y be an inverse of ny modulo ny, which exists since (ny;ng) = 1.

We have . l .
A cny
F Ca) — E : .
(”1;”270) o z g <—n2,n1,n270) € (_n2 ) )

g(t:ng,ng,c) = W (t_z) W (W)

q na2q
and g s the Fourier transform of g with respect to the single variable t.

where
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Proof. We are interested in pairs ki, ko satisfying the equation
kini + kane = c.
For a given k; this has at most 1 solution which exists if and only if
kiny = ¢ (mod ny).
Since (n1;n9) = 1 this condition is equivalent to
ki1 = cng (mod ny).
If this congruence holds then the corresponding ks is given by

ky =

o
We therefore have

= £ w(E)r(5)

k=cn1 (modn2)

g(tm1, 9, ¢) = W (t—z) W (m) ,

q nagq

then by the Poisson Summation Formula, (2.1), we get

. B 1 N l Cﬁll
B, naie) = N Zg <n2) ‘ ( L ) ‘

l

Now, if we let

Applying this lemma to the sum S; we deduce that

3M 2> 3ME , 1 l cnql
S4 = > Z ( ) Z A ?7,1 )n— (n—z;nl,ng,c> (& (n—2> .

T e n1,na~N 2
c#£0 (n1;n2)=1

The sums considered by Heath-Brown and Jia, as well as by Matomaéki, are essentially
just the k = 0 terms of Sjy.
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6.4.3 Terms with [ =0

We will need the following result concerning the function g.

Lemma 6.19. For all t and all ny,ny ~ N we have §(t) < 2. Furthermore, if
|t] > % then §(t) = 0.

Proof. Recall that
o) = ()0 (U2 05) gy ate

nagq

say. It follows that

3(t) = (31 * §o) () = / " 1 (2)ialt — ) d.
We have t
0= ()

z z

o) = W ((C—tnl)z)

Naq

n Noqt —ct
Galt) = qu( 2(]>6( q).
niz nmz Nnoz

Therefore, for all ¢ we deduce that

() =Iw <__tq) :

We also have

SO

N q
i 1) <€ —.
9i(t) <
Furthermore, if |¢| > %Z, then
gi(t) = 0.

It follows that for all ¢ we have

g(t) = /OO 91(2)ge(t — x) dr < / (q/2)*dx < g,

—o0 || < 22 zZ
q
In addition, if [¢| > % then for any x either
2z
x| > —
or
2z
|t — x| > —.
q
It follows that g(t) = 0. O
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Let S5 be the subsum of S, containing the terms with [ = 0, that is

3M 22 3ME , 1
55 = q2 Z ( ) Z A n1 )n— (0 nl,ng,c)

gk ni,no~N
c#0 (n1;n2)=1

It is convenient to reinstate the terms with ¢ = 0. These correspond to pairs (7, k)

with & = hq, 7 = ha so their contribution is

3M 2> 1
: E W (3Mh) E N (nq)N (n2)—3g(0;ny, ng, 0).
q nyi,nae~N 2
(n1mz)=1

From the estimate (6.2) we may deduce that for any B € N the contribution to this
from terms with h # 0 is Og(2~5). Using the estimate for g given in Lemma 6.19 we
may bound the h = 0 terms by

MNz 2*(logz)~4

2
— LKLy —,
q A M

since M < 2279, It is therefore enough to bound

3M z* 3MEk , 1.
S = Z ( ) Z A(n)A )n—g(U;nhna,C)-
2

2
q Ji.k ny,n2~N
(n1;n2)=1

We may move the sum over j inside the other summations to transform this to

2
Sg = 3]\(]422 Z (BMk) Z N (np)N (ng)— Zg 0;n1,n9,C

k ni,ng~N
(n1;n2)=1

Inserting the definition of § and reordering we see that

M2? Mk L[> [t
56:3q222 (3 ) > N(m)A )nQ/ W(Z>T2dt

k ni,no~N
(n1;n2)=1

ZW< c—tnl) )

Lemma 6.20. For allt € R, N > z and ny,ny ~ N we have Ty = 0.

with

Proof. The sum is

ZW( qtm))'

71



We may apply the Poisson Summation Formula, (2.1), to obtain
n naJ .
S (") e,
J

for a v which depends on all the outer variables.
Since N > z we have
) N
2>
z z

However, W is supported on [%, %} and thus for all j € N we have
W (@) — 0.
z

It follows from this that Sg = 0 and therefore that

2*(logz)=4

S5 <4 M

6.4.4 The Remaining Terms

Let S7 be the subsum of S; containing all the remaining terms, that is to say, all
those with [ # 0. Thus

3M 2? - (3Mk , , 1. (1 cnyl
S7 = Z W( ) Z AN (np)A (ng)n—zg (n—;nl,ng,c>e(n—2> .

2
q okl q n1,na~N 2
c#£0,l#0 (n1;n2)=1

We now truncate the sums over 7, k, [ to finite ranges.

Lemma 6.21. Suppose n > 0. The contribution to S; from (j,k,l) for which any of

I} =

qz"
kl > —
H_]\4

or
g = Nz=t2

hold is Op (2~ B) for any B € N.
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Proof. From Lemma 6.19 we know that if |¢t| > % then g(t) = 0. It follows that terms
with

SNz

] > —=
q
make no contribution to the sum.
Let R be the set of (j, k) for which

qz"
k| > —
B> %

or
7] > Nz7H,

To complete the proof it is sufficient to give a bound of Op(z~?) for
- (3MFk l
Z 144 <—) g <—;n1,n2,c) ‘ :
(k)R 1 12
By the definition of g this is at most
[ (o 2 ()
q Nn2q

(j,k)ER
We make repeated use of the estimate (6.2). This shows that any part of the above

where W is evaluated at a point 2 with |z| > 2 may be bounded by Op(z~5). From
the factor W(%) we see that such a bound holds when

q
]

[t >
z

and from the factor W ( %) it holds when

qz"

k| > —
Wz

Finally we assume that

and

In this case we have
|]‘ > szl+2n'

For sufficiently large ¢ these assumptions imply that

g — ka —t
(]q a 711)2 > Z'r].
Naq

A bound of Op(277) therefore holds for all parts of the sum. O
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Let Sg be the sum S; with the following ranges of summation:

and
7] < Nz~ 20,

The last lemma shows that, for a fixed n > 0, we only need to bound Ss. We ignore

any potential cancellation in the outer sums so we write
Mz?log N
Sg L ———5—— S,
8 2N Z ; 9
ljl<Nz=1+2 k<222 0<|l|< 80z

Tq
c#0

where
l Cﬁll
— / A .
Sg = Z Z AN(ny)g (n2,n1,n2,c) ( o ) )
no~N ni~N
(n1;m2)=1

Let h(ny,ny) be the weight in this sum:

=3 () - L (5) (52

Lemma 6.22. The function h depends smoothly on ny and ny. For ny,ny ~ N and
the same n as above, we have
h(ny,ng) < g

and

q
By (011, 12) < Nl

where h,, denotes the partial derivative of h with respect to n.
Proof. Since W is smooth, it follows that ¢ depends smoothly on ni, ns and therefore
so does ¢ and hence so does h. The bound for h follows from that for ¢ given in

Lemma 6.19.

Differentiating we get

* [t —tz —t t
hnl(”b”?) - / w _Z ZW/ (C nl)z 6(——)dt.
oo q /) naq nagq ng
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The contribution to the integral from [t| > =7 can be shown to be sufficiently

small. The remainder of the integral is then bounded by

tz 21/2 q
—dt < —dt < ——.
/t|§ « Ng  ~ Afg « N Nzt

/2 JI-n/2

O

We may now use partial summation to remove the weight h(n;, ny) from Sy. We

deduce that
q

Sy <<nﬁ

Sto

where

Cﬁll
S0 = max E E N(nye | — |-
N'~N Noy
na~N | N<ni <N’
(n1;n2)=1

We will estimate Sy using Theorem 4.4. To apply the theorem as stated we must use
partial summation to replace the weight A’ with the indicator function of the primes.
However, this is not necessary since the proof of Theorem 4.4 actually estimates a
sum weighted by A and the contribution of proper prime powers is sufficiently small
(see the discussion at the start of Section 4.4.1). We conclude that for any € > 0 this
gives
1
cl|\ 2
SlO <<e (1 + u) Nz_a_eu

with the specific value a = é. Since

0 < |cl| < N2z2"

we deduce that
810 <<6 ZWNQ_OH_G.

We will eventually choose 7 in such a way that the factor 2" in this bound has no
effect on the quality of our final result. It is the value of o which determines the size

of the admissible range for N and hence the limitation on 6.

Lemma 6.23. Under the assumptions (A2) we have

2*(log z)=4

S7 <A M )

for any fixred A > 0.
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Proof. We deduce from our bound for Sjy that

q

Sg <<e —r N2—a+e

o1
and therefore that
N3—azl+517+e
SS <<€ q

By assumption we have
N < 21870 — yzma 0,
It follows that
MNB—oz21+5n+e
q
< N2—az2+577+e

< ,A=8(2-a)+Bnte

We can choose ¢, 7 sufficiently small so that
n+e<d(2—a),

whence
24(log 2)™4

M
The bound for S7 follows. ]

Ss K5

Recall that we are assuming N > —%;. Observe that

g<zﬁ
z
if and only if
g < zra.
We note that
4—a1—9>1
2—al+6

if and only if < 3_% = %. We therefore impose the condition 6 < 28—3 in order to
ensure that our range for N is nonempty.

It should be noted that in this section, specifically in our application of Theorem
4.4, we have made nontrivial use of the fact that our coefficients are the indicator
function of the primes. If we want to estimate a general Type II sum with coefficients
B, then different bounds must be used. Specifically, if we use Duke, Friedlander and

Iwaniec’s result [19, Theorem 2] then we can take v = 5¢. This is much worse than the

1
8

weaker than o = %, which we conjecture should be best possible.

value ¢ which we have for our special coefficients; although even that is considerably
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6.4.5 Completing the Proof of Theorem 6.13

The result follows on combining all the above estimates. We have

S = S11—2512+ 513
3N2MW (0)322 4(log z)~A
= Si1— (0)° + Oy (—Z (log 2) )

q? M
_ o5 3N2M;/I;/(0)322 10, <z4(lo]%;)‘4)
St S 3]\[2]\4([]/1;/(0)322 oy <z4(10§;j)‘4>
- sovon ()
— S3+ S+ 04 (%)
~ o, (—24(10]%;“) .

It follows that
S = 0u(z*(log 2)™),

as required.

6.5 Proof of the Theorems

6.5.1 Proof of Theorem 6.1

Suppose MN = 7 and M < 2279 for some § > 0. For any A > 0 we have

> N(m) =M+ Oa(M(log M)™).
m~M
It follows by Theorem 6.8 that

W(0)
4

Z N (m)®(mn) = 22+ O5.4(z*(log 2)~);

m~Mn~N
the fact that A’(n) is only bounded by logn does not matter as this factor can be
absorbed into the error term.

Suppose, in addition, that

5

max(z, %) <N <2790,

ot
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It follows from Theorem 6.13 that for any A > 0 we have
ST N (m)(A () — 1)@(mn) <45 #2(l0g 2)
m~Mn~N

Combining these two estimates we immediately deduce that

Z N (m)AN (n)®(mn) = @22 + O0445(2*(log 2)™4).

m~Mn~N

If m and n are prime then A’(m)A’(n) < (log 2)%. Tt follows that for sufficiently large

q we have
22
S d(mn) >
m~Mn~N (1Og Z)2
mneé&s

For 6 < & there are exponents a(f) < b(f) such that the above bound holds for any
range [M,2M) C (29 2*©@)] There are therefore >4 log z dyadic ranges available

so Theorem 6.1 follows.

6.5.2 Proof of Theorem 6.2

38
23
€ > 0 it is enough to show that there are infinitely many n € & with

Suppose « is irrational and 6 < By replacing 6 by 6 + € for a sufficiently small

[nal| < n™?.

Let g be a convergent in the continued fraction expansion of o with a sufficiently
large denominator. We therefore have

1

_2.

a-2| <
q

If we let x = q%@, z= g, a =¢ and A as in Theorem 6.1 then any n € A satisfies
an = k (mod q) for some k € [0, z].

We therefore have

an 2
<l
q q
It follows that
c an _
[nall < /(e — 5)nll + II7II <n™’.

Since there are infinitely many convergents to « it is thus sufficient to show that A

contains members of . This follows from Theorem 6.1.
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6.5.3 Proof of Theorem 6.3

Recall that
Ps(b) = {j(b> + 1)+ kb:j € (0,b)NZ, k€ [0,b) NZ}.

We take 0§ = 5,g =b*+ 1, 2 = b, = b* and a = b. The set A is then contained in
Ps3(b) so the result follows from Theorem 6.1.
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Chapter 7

Almost-Prime Values of Binary
Forms with One Prime Variable

7.1 Introduction

A well known problem in number theory is to show that if f € Z[z] is an irreducible
polynomial with deg f > 2 then, provided the values of f have no fixed prime divisor,
there are infinitely many n € Z for which f(n) is prime. This seems to be out of reach
of current methods. However, using sieves one can show that there are infinitely many
n € Z for which f(n) has a small number of prime factors. Let P, denote numbers
with at most r prime factors, counted with multiplicities, and let k = deg f. Richert
[44] showed that there are infinitely many n for which f(n) is a Py;1. An even harder
question is to ask whether there are infinitely many primes p for which f(p) is itself
prime. This was also considered by Richert who showed that there are infinitely many
p for which f(p) is a P41 (provided we impose conditions on f to avoid the obvious
counterexamples).

Both problems are made easier if we consider irreducible binary forms f € Z[z, y]
instead of single variable polynomials. A theorem of Fermat states that any prime
p = 1(mod4) is the sum of two squares and therefore the binary quadratic form
m? + n? represents infinitely many primes. The case of a general binary quadratic
form was handled by Dirichlet. Much more recently, Heath-Brown [34] showed that
the cubic m?+2n3 represents infinitely many primes. If f is a binary form with k& > 4
then the best result known is due to Greaves [28] who showed that if f is irreducible
then the values f(m,n) are infinitely often Py, 941, provided of course that they have
no fixed prime divisor. In this chapter we will consider the values f(p,n) of a binary
form where n is an integer and p a prime. A result of Fouvry and Iwaniec [22] shows

that there are infinitely many primes of the form p? + n?; we are unaware of any
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existing results dealing with higher degree forms. It is clear that by fixing the prime
variable p and applying the above result of Richert to the resulting polynomial values
we can obtain infinitely many Pj,.;. We will improve this result for all £ > 3 as

follows.

Theorem 7.1. Let f € Z[x,y] be an irreducible binary form of degree k > 3. Suppose

that for every prime p we have

#{n (modp) : f(1,n) =0 (modp)} < p.

There are then infinitely many pairs (p,n) with n € Z and p prime for which f(p,n)

5 a Pggja1-

The proof of this depends on an improved “level of distribution” result for the
values f(p,n). Roughly speaking, we count the number of these which are divisible
by an integer d when p and n have size N. If we were to consider each prime p
separately then we could only handle d < N'=9 for any § > 0. We will show that we
can obtain a result on average over d provided that d < N 4/3=6  Theorem 7.1 then
follows easily by using the weighted sieve. The details of our level of distribution are
somewhat technical so we will leave a precise statement until Section 7.3.

Our level of distribution should be compared with Fouvry and Iwaniec’s for the
values p* + n? [22, Lemma 4]. In our notation their result essentially states that one
can take d as large as N279 for that form. Their proof depends crucially on the fact
that the roots of the congruence n* + 1 = 0 (mod d) satisfy very strong distribution
properties. This enables them to prove a large sieve inequality for the fractions n/d
which is essentially optimal. Our result also depends on a large sieve type inequality.
However we do not have comparable distribution estimates for the roots of higher
degree polynomial congruences and therefore our level of distribution is weaker. In
the next section we will give details of the variant of the large sieve we use. It concerns
the sum of a sequence of coefficients «,,, for example the indicator function of the
primes, over the points (m,n) in a sublattice of Z*. We will show that if we average
over a suitable family of lattices then we can control such a sum. To reduce the binary
form question to one concerning lattices we use methods similar to those of Daniel
[13].

In the proof of Theorem 7.1 we will give a lower bound for the number of almost-
primes represented which is sufficient to show that the set of pairs (p,n), for which
f(p,n) is & Pgk/a41, is Zariski dense. This would not be true if we fixed the prime

variable and applied the result of Richert to the resulting polynomial. In the language
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of Nevo and Sarnak [43] we have shown that the “saturation number” for this problem
is at most [3k/4] + 1.

In this chapter the notation ||z|| denotes the Euclidean length of a vector z € R2.
We will denote the indicator function of the primes by 1p(n). We use Lemma 2.1 to
construct a smooth function W which has compact support in [0, 1] and which takes

nonnegative values. All our implied constants may depend on W and the binary form

f.

7.2 A Large Sieve for Lattices

7.2.1 Introduction

Let a,, be a sequence of complex numbers with |a,,| < 1 and let A C Z? be a lattice,

as in Definition 2.2. For N > 0 we are interested in the quantity

PONa) = Y W ()

(m,n)eXN(0,N]|xZ

We expect that for a typical A we have

A

NW(0)
(AN, ) =~ ot w;vam.

We will show that this holds if we average over a suitable set of lattices \. We will

only consider the case that the set of m-coordinates of points in A:
{m:(m,n) € \}

has greatest common factor 1, since if this does not hold then only a homogeneous
arithmetic progression of m occur so the result cannot be true.

We will write det A = d and restrict our consideration to lattices with d ~ D for
some parameter . For a given lattice A\ we let By, By be the basis constructed in

Lemma 2.4. Recall that we have
[ B[l B2 = det A.

Let B be the matrix with rows By, By. Since we are free to choose the signs of
both B; and B; we may assume that By; > 0 and det B = det A\. We know that
|B1|| < (detA\)'/? and thus we have the same bound for Bj; and Bj,. We will
consider an average over lattices where each possible value for Bj; occurs at most

once but we make no assumption on the distribution of the remaining entries in B.
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Our result is then as follows. It should be noted that the shortest nonzero vector in

A may not be unique. In that case we are free to choose it in such a way that the

conditions of the theorem are satisfied.

Theorem 7.2. Let oy, be a sequence of complex numbers with |a,,| < 1 and let
D,M; > 1. Let A be a set of lattices in Z* such that if X\ € A then det\ ~ D
and, letting B be as above, we have By, ~ M. Assume that for each N\ € A the

m-coordinates of points are coprime, as described above. In addition, suppose that for

each m ~ M; we have

Suppose that o > 0.

#{)\ € A BH()\) == m} S 1.

1. If D < N9 then for any A > 0 we have

2. If
then
AEA
for any € > 0.

D

AEA

(A, N,a) — NW(0) Z O,

<54 N4,

NW(0)
w()HNvO‘)_ det \ mz;vam

N7 < D < M;N'7?

Les N1+25+6M1—1/2D1/2

det A

m<N

It is useful to know when this result is nontrivial. We note that, since #A < Mj,

we have

and that

if and only if

NW (0 N2M
()Zm< 1

AEA det A m<N D

N1+25+6M1—1/2D1/2 < N?M,

D < N2/3_46/3_26/3M1.

Our bound can therefore only be nontrivial if D < N2?/37"M; for some n > 0. In
particular, since M; < D'/? the largest D we can handle is D < N*/3~". However,

if M is smaller then the range of D must be decreased.
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7.2.2 Transforming the Sum

We can write
A= {(u,v)B : (u,v) € Z*}.

Our assumption that the m-coordinates of points in A have greatest common factor
1 implies that we must have (Bj1; Ba;) = 1. In addition, since By; ~ M; > 1 we have
By > 0.

For a fixed m € (0, N] we consider the quantity

n Blgu —+ BQQ’U
- ¥ w(h)- ¥ w(Berir)
nez (u,v)€Z?
(m’n)e)‘ Biju+Baiv=m
The condition
m = BHU + Bgl?J
is equivalent to

m = Bgyv (mod Byy)

in which case

m — lev
U= —
B
We therefore have
Bia(m — Boyv) + B11322U>
S(m) = %74
(m) > o ),

’UEmBQl (mod Bu)

B Blgm+dv
- Z W( By N >

v=mBa1 (mod Bi11)

_ Z W (Bmm + d(mB_gl + 'LLBH))

UEZ BHN
Blz+d321) du
= w — .
S (M

We may now apply the Poisson Summation Formula, (2.1), to deduce that

. N N vIN mU(Blz + dB_gl)
_EZW(T)e( B )

VEZ

We therefore conclude that

souNa) = 35w (2 )Zame<mv<3£1d3_ﬂ>>.

m<N
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The v = 0 term in this is

NW(0) 3
—_— am
d m<N

which is precisely the main term we require.

For any A € N we have the estimate
W (x) <4 min(1, |z|™).

Recall that we have d ~ D. We will truncate the sum over v to |v] < DN~

Specifically, for any 6 > 0 and A € N we have

N - (vN mu(Biz + dBay) —A
— — N4,
7D () X e (M)

|v|>DN—1+6 m<N

Combining all of the above we see that

w(/\, N, Oé) = NW(O) Z oy, + 1#1()\7 N, a, 5) + Oé,A(N_A)

d
m<N

where

woxed=g 3 () G (")

0<|v|<DN—1+6 m<N

It remains to bound 1, at least on average over . This is trivial if DN~ < 1
that is D < N9 as then 1); = 0. This is thus enough to prove the first assertion in
Theorem 7.2. We may therefore assume that D > N'79,

We have
Z mv(312 + dBQl>
e .
dBiy

m<N

N
(AN, 0. 0) < >

0<|v|<DN-1+6

muvBi2

B ) using partial summation. This results in

Z - (mvB_gl)
" By '

m<N’

We will remove the factor e <

N B
wl(A,N,a,5)<<—(1+N5m> Z max

D Bll N'<N
0<|v|<DN-1+

Recalling that By, < D2, By ~ M; < D'? and using our assumption that each
Bji; occurs at most once we thus see that

Z |¢1()‘7N7a76>|

AEA

< NWp=12p-t E max E max
(B21;B11)=1 N'<N
Bi1~M; 0<|v|<DN—1+¢

Z - <mvB_21>
" By .

m<N’
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By Cauchy’s inequality we may bound this by
N1/2+36/2M1_1/2’¢2(A, N, a, 5)1/2

where

2

o(A, N, a,0) = E max E max
(b;B11)=1 N'<N
Bii~M; 0<|v|<DN—1+6

mub
Z ame (B_ll>

m<N’

7.2.3 Applying the Large Sieve

Each ];’—lbl occurring in 1), is congruent mod Z to a unique g with (a;¢9) =1,0<a <gq
and ¢ < M;. We will group together terms with the same a/q and bound the resulting
sums over dyadic intervals ¢ ~ ). We must therefore give an upper bound for the

number of times each % occurs in our sum.

Lemma 7.3. Assume that D,M; > 1 and § > 0 satisfy
N7 <D< MN'"°.

Suppose that for each integer Byy ~ My we are given an integer b with (b; Byy) = 1.
Then, if (a;q) =1 and 0 < a < g < My, we have

b
#{By, ~ M;,0 < |v| < DN+ w2 (modZ)}
B q
~J0 if g < N'7OM,D™!
B O(Myq')  otherwise.
Proof. 1f

vb a
— = —(modZ
B q ( )

with (a;q) =1 then since (b; By;) = 1 we must have

Bll Bll 1-6 —1
- > > M N°D™".
K (Bu;v) — o] — '

This proves that there are no solutions if ¢ < N'°M;D~! so the first part of the
lemma, follows.
For the remainder of the proof we suppose that ¢ > N'=°M;D~'. If (a;q) = 1

and



then ¢q|By;. It follows that
vb = aB11/q (mod Byy).

We therefore see that for given ¢ and By; there are O(DN~'*° M + 1) possible v.
Moreover, since ¢ | By there are O(M;q~!) possible By;. By assumption we know
that

DN M <1

so we may conclude that the quantity of interest is O(M;q™!) as required. O]

Using the last lemma we deduce that the part of iy with ¢ ~ @, for @ >
N'9M, D~ is bounded by

MO, D

q~Q (a;q)=1

2

(%)

m<N'

Applying a maximal form of the large sieve, as given by Montgomery [41], we can
majorise this by
MiQ7IN(N + Q%) = MiN(Q™'N + Q).

Recall that
N'=MD' <« Q < M,

so our bound is at most
M, N(N°M;'D + M,).

We have M; < D'/? so the first term is always larger and the bound is simply N'*9D.
This holds for all the dyadic intervals ¢ ~ ) under consideration so we conclude that

for any € > 0 we have

Uo(A, N, o, 6) < N D

and therefore that

S (A N, @, 8)| < N2 2 ph2,
AEA

This completes the proof of Theorem 7.2.
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7.3 Level of Distribution

Rather than only considering the values f(p,n) we will consider values «,, f(m,n)
for sequences of complex numbers «,, with |a,,| < 1. Letting «,, be the indicator
function of the primes will then recover the case in which we are most interested. Our
approach is able to handle any sequence «,, but there are a number of unpleasant
technicalities to deal with. To avoid this we will only consider «,, supported on

primes m. We will study the quantity

AdNooy= Y e (%) .

(m,n)e(0,N|xXZ
f(m,n)=0 (mod d)

We expect that for «,, supported on primes we have, at least on average over a
suitable range of d,
Ad(N, Oé) = Md(N, O./)

where

My(N, o) = w Z .

m<N

and v(d) is the number of solutions, n, of the congruence
f(1,n) =0 (modd).
We therefore wish to estimate the sum
> JA4(N, @) — My(N, a).
d~D

Theorem 7.4. Let v, be a sequence of complex numbers with || < 1 supported
on prime values of m. Suppose 6 > 0 and 1 < D < N*3-01 There exists a 6 > 0
depending only on 6, such that

Z ’Ad(N7 Oé) - Md(N7 Oé)| <5, N2_62'
d~D
The advantage of working with «,, supported on primes is that the contribution

to our sum from points (m,n) with (m;d) > 1 is small.

Lemma 7.5. Under the hypotheses of Theorem 7.4 we have, for any € > 0, that

3 S Lo | W (%) <, N

d~D (m,n)€(0,N]xZ
(m;d)>1,f(m,n)=0 (mod d)
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Proof. Since «,, is supported on primes the condition (m;d) > 1 implies m|d. We

therefore have

Yoo ()

d~D (m,n)€(0,N]XZ
(m;d)>1,f(m,n)=0 (mod d)

< Y D 1pm) > 1

d~D m<N n<N
mld f(m,n)=0 (mod d)
= > 1p(m) > #df(m.n):d~ D,m|d}
m<N n<N

f(m,n)=0 (mod m)

Yo 1e(m) Y w(f(mn))

m<N n<N
f(m,n)=0 (modm)

< Y 1p(m) D NS

m<N n<N
f(m,n)=0 (mod m)

IN

where we have used the fact that f is irreducible so f(m,n) # 0.
Let fy be the coefficient of n®¢/ in f. We have

> 1p(m) > N¢ < N1*e

m<N n<N
m|fo f(m,n)=0 (mod m)

If a prime m does not divide fy but m|f(m,n) then we must have m|n. Therefore

> 1p(m) > N = 1p(m) Y N N

m<N n<N m<N n<N
mtfo f(m,n)=0 (mod m) mtfo m|n
The result follows. n

Our proof of Theorem 7.4 begins by applying methods from the geometry of
numbers, similar to those employed by Daniel in [13]. We call a point (m, n) primitive
modulo d if (m;n;d) = 1. We say that the primitive points (mq,n;) and (ma,ny) are
equivalent modulo d if

(ma, ngy) = A(my,ny) (mod d)

for some A\ € Z which must necessarily satisfy (A\;d) = 1. We observe that the
property f(m,n) = 0 (modd) is preserved by equivalence so we may let U(d) be the
set of equivalence classes mod d for which it holds.

For each x € U(d) we let A\(z) be the lattice in Z* generated by the points of .

Thus if we fix an (m,n) € = then A(z) consists of all the points congruent mod d to
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some multiple of (m,n). It follows that det A(z) = d and that the set of primitive
points in A(z) is precisely x. Each primitive solution of f(m,n) = 0(modd) occurs
in precisely one lattice A(z) but a nonprimitive solution may occur in more than one.
Since any nonprimitive point has (m;d) > 1 and #U(d) < d°, (see for example
Daniel [13, (3.5)]), we can handle this multiplicity issue with the last lemma.

We let U’(d) be the subset of U(d) containing those x generated by a point (m,n)
with (m;d) = 1. If x ¢ U'(d) then all (m,n) € A(x) have (m;d) > 1. It is clear that
#U'(d) = v(d). We can therefore deduce using the last lemma that

™ 1Au(N, ) — My(N, )|

d~D

€ NH Y Y > e ()M

d~D zeld'(d) [(m,n)eX(x)N(0,N]XZ m<N

We must therefore bound

S=>, 2 |

d~D zeld'(d)

ya) = m

NW(0)
—

m<N

where 1 is the quantity studied in the last section.
We let Bj(z), Ba(x) denote the minimal basis of A\(z) and write B(x) for the
matrix with rows the B;. If D > N° it is necessary to remove from S any lattices for

which Bj; is unusually small, say By (z) < DY27" for some 1 > 0. For these lattices

Y. D) k(@),Nao)

d~D  zel'(d)
Bii(z)<D/2=n

NW(0)
> ¥ RS o]
d~D zelU'(d

Bii(z )<D1/2’7

The first sum is bounded by

we bound the sums

and

=y Z #(Mx) N[0, NT?)

d~D zeU’(d
B11( )<D1/2 n

whilst the second is at most of order

ZZL

d~D zeU'(d
Bu( )<D1/2 n

We estimate these using the following lemma.
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Lemma 7.6. Suppose 0 # (u,v) € Z*. Then for any € > 0 we have
#{(d,z) : d ~ D,z € U'(d), (u,v) € MNz)} < [|(u,v)[]".

Proof. Since f is irreducible and (u,v) # 0 we know that f(u,v) # 0. The number
of possible d is then bounded by

7(f(u, v)) < || (u, V)|

For each such d the number of possible = cannot exceed v(d) = O.(d). The result
follows. O

Recall that det A(z) ~ D. Therefore, if By;(z) < DY?7" we must have By, (z) =
(u,v) for some 0 # (u,v) € Z* with u < DY?7 and v < D'2. It follows that the
number of terms in our sums Sy, Sy is at most O (D'™"N¢). We immediately deduce
that

Sy < N*T<D™".

To bound S; we use Lemma 2.6 to get

N2 N
s<l = (Trmant)

d~D zeU’(d
BH(:):)<D1/2 n

From the above discussion we obtain the bounds

N2
> Y N
d~D  zeu'(d)
Bii(z)<D/2=n

and

S Y 1< DN

d~D  zel'(d)
Bi1(z)<DY/2-n

Finally we use Lemma 7.6 to get

N
2 Z 1B1()]]

d~D zeU'(d
Bii(z )<D1/2 n

1
<<6 N1+6 E -
2 2
ooy <piz YU TV

<. Nitepl/2.
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We conclude that
Sy + Sy <. NYF<DV2 4 DI=nNe ¢ N2+epn

so this bound also holds for the contribution to S from lattices with By; < D27,
Recalling that N 1 < D < N30 we see that if we take a small enough € then this
bound is O(N?7%2) for §, > 0 sufficiently small in terms of &, and 7. It should be
noted that the exponent % is not critical for this part of the argument.

It remains to consider

5= Y ow.ve- 05,

d~D  zeu'(d) m<N
Bll(I)>D1/2_n

to which we will apply Theorem 7.2. If D > N then 7 is a quantity that we can take
arbitrarily small, whereas if D < N°' then we shall take 7 > 1/2 so that all lattices
are included.

If x € U'(d) then A(z) consists of all points congruent modulo d to a multiple of
some (m,n) with (m;d) = 1. It follows that the m-coordinates of points in A(z) are

coprime. The sum is over lattices A(x) which have
det A\(z) ~ D and DY*™ < By (z) < DY

For each possible value of By;(x) in this range there are O(D'/?) permissible values
for Byo(z). It follows by Lemma 7.6 that the number of lattices in the sum with any
given value of Bj; is at most O.(DY2N¢). We therefore subdivide Ss into O(N°¢)
dyadic intervals depending on the size of By, and then subdivide each dyadic sum
into O.(D'/2N°¢) subsums in which each possible value of Bj; occurs at most once.
The resulting subsums may be estimated using Theorem 7.2. Suppose 6 > 0. If
D < N'79 we get
Sy < DV2N<A,

for any A € N, which is certainly small enough. If D > N'7% we must check the
condition
D < M;N'™.

However M; > DY27" g0 it is sufficient that

1-5
D < N1z,
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Since D < N*3791 this is certainly satisfied if we take 6,7 small enough. (Since
D > N7 we are in the case in which any 1 > 0 is admissible). We may therefore
deduce from Theorem 7.2 that

Sy <, NEDV?2 . N1+20te pl/an/2 o  N1+20+e [)3/d+n/2

Since D < N*3-% we see that if we take 6, ¢ and n sufficiently small in terms of d;
then
S3 <<51 N2752

for some d5 > 0. This is where the value 4/3 is critical as for larger D we do not get
a nontrivial bound from Theorem 7.2.
We conclude that

D 1Au(N, @) = My(N, )| <5, N>~
d~D

for some 05 > 0, thus completing the proof of Theorem 7.4.
When we apply the weighted sieve in the next section we will use the following
upper bound to show that not too many values of f are divisible by the square of a

prime.

Lemma 7.7. Let o, be a sequence of complex numbers with |a,,| < 1. For any

01 > 0 there exists a 09 > 0, depending only on oy, such that

Y Ag(N,a)| <5 NP

NO1<p<NZ—41

the sum being over primes p.

Proof. We have

Ap(N,o) = Z a, W (%)

(m,n)€(0,N]XZ
f(m,n)=0 (mod p?)

< #{(m,n) €[0,N]*: f(m,n) = 0 (modp?)}.

If f(m,n) =0 (modp?) then (m,n) € A\(x) for at least one = € U(p?). Tt follows that

Ap(N,a) < Y #(Ax) N[0, NP?).

€U (p?)
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Applying Lemma 2.6 we may bound this by

(N2 + N +1)
E - .
= B

Using that #U(p?) <. N¢ we have

o 2—01+e€
S () e

NO1<p<N2=%1 z€U(p?)
It therefore remains to estimate
NCod X TE@T
N1 <p<N2=01 zeld( 2)

If points are equivalent modulo p? then they must also be equivalent modulo p. It
follows that if x € U(p?) then there is some 2’ € U(p) with A\(z) C A(z'). Different
equivalence classes in U(p*) may give rise to the same class in U(p) but the total

number of times a class may occur cannot exceed #U (p?) < N¢. Our sum is therefore

D S S

NO1L<p<N2-91 zeld( p)

majorised by

To estimate this final sum we use part of Daniel’s proof of [13, Lemma 3.2|, which
is very similar to our above derivation of a bound on S;. Specifically, if we set
Q = N?7% our sum is bounded by the quantity 77 (Q) defined in that proof so it is
O (N1=91/2+¢) " We therefore conclude that

N1+6 Z Z <<6 N2751/2+€.

N1 <p<N2-%1 z€ld(p

The result follows on combining the above estimates and taking do < d7/2. O]

7.4 Proof of Theorem 7.1

We will sieve the sequence A = (q;) given by

n
a; = Z 1p(m)W (N) :
(m,n)€(0,N]XZ
|f (m.n)|=l
This is supported on [ <; N* and by Theorem 7.4 we know that it has level of
distribution N? for any 6 < %. Recall that v(d) counts solutions of the congruence

f(1,n) =0 (modd).
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Since f is irreducible it can be shown using ideas from algebraic number theory, see

for example Diamond and Halberstam [18, Proposition 10.1], that

v(p)lo
T (p)logp

=logz + O(1).
p

p<z

We therefore use a 1-dimensional weighted sieve. By assumption we know that v(p) <

p for all primes p. It can therefore be shown that

v(p) cr+o(1)
H(l_ P )= flogz

p<z

for some ¢y > 0.
We use the weighted sieve as described by Greaves in [29, Chapter 5. If r > 2 we
deduce that if 5
Z_lk <r - (Sr

then for all sufficiently large N we have

* N2

2 " oW

where Z* denotes a sum over certain [ which are the product of at most r distinct
primes. Specifically, [29, Section 5.2] shows that we can take 6, = 0.144001.... The

above estimate therefore follows if
3

which is equivalent to 7 > [3k/4] + 1. Observe that it is essential that we had 8, < 1.
The simplest form of the weighted sieve [29, Section 5.1] would therefore have been
insufficient.

It remains to show that we can produce numbers with at most r prime factors
when counted with multiplicity. Examining the construction of the sieve it can be
seen that there are constants 0 < o < [ < 2, depending on r, such that Z* is

actually a sum over [ all of whose prime factors exceed N® and for which

D1+ > > 1<

pll . p>NB a:pa|l
p<N

This means that only prime factors smaller than N? are counted without multiplic-

ities. We can deduce from Lemma 7.7 that the contribution of [ which are divisible
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by p? for p € [N®, N®] is O(N?7°) for some § > 0 depending on a and 3. We may
therefore conclude that for all sufficiently large N we have

N2
2 (g e

lePr

thereby completing the proof of Theorem 7.1.
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Chapter 8

Cubic Polynomials Represented by
Norm Forms

8.1 Introduction

A fundamental question in arithmetic geometry is to determine whether a given alge-
braic variety, defined over Q, has a point over Q. It is clear that a necessary condition
for this is that the variety has points over all completions of Q, that is over R and Q,
for all primes p. If this condition holds and the variety has a point over Q then we say
that it satisfies the Hasse principle, whereas if there are points over all completions of
Q but not over Q itself then we say it violates the Hasse principle. The well known
Hasse-Minkowski theorem states that any quadratic form defined over QQ satisfies the
Hasse principle. However, varieties defined by higher degree polynomials may violate

it. A famous example, due to Selmer, is the projective curve given by
32° + 4y° +52° = 0.
In this chapter we will consider the variety defined by the Diophantine equation
f(t) =N(zq,...,2%) #0, (8.1)

where f € Z[z] is a polynomial and N(zy, ..., xx) is a full norm form for some number
field K/Q. Thus, for some basis wy, . ..,wy for the degree k extension K/Q, we have

N(xl, e ,l’k) = NK/Q(xlwl + ...+ kak).

We are interested in describing families of fields K/Q and polynomials f for which
(8.1) satisfies the Hasse principle.
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Browning and Heath-Brown, in [7], describe many of the existing results on this
problem. They establish that the Hasse principle holds when f is an irreducible poly-
nomial of degree 2 and K /Q is a quartic extension containing a root of f. Their results
were extended by Derenthal, Smeets and Wei [17] who establish that for any quadratic
f and any extension K/Q the Brauer-Manin obstruction is the only obstruction to
the Hasse principle.

We are interested in the case that f is an irreducible cubic. Previous work es-
tablishes that the Hasse principle holds when K/Q has degree 2 or 3. Specifically, if
[K : Q] =2 then (8.1) defines a Chatelet surface so the result follows by the work of
Colliot-Thélene, Sansuc and Swinnerton-Dyer [12], whereas if [K : Q] = 3 it follows
from Colliot-Thélene and Salberger [11]. As far as we know, no case of the Hasse
principle has been established when f is an irreducible cubic and [K : Q] > 3.

If, instead of being irreducible, f splits completely into linear factors over Q then
the problem is considerably different. A recent result of Browning and Matthiesen [§]
establishes that for any such f and any number field K/Q the Hasse principle holds
provided that the Brauer-Manin obstruction is empty.

We will say that the number field K/Q satisfies the Hasse norm principle if, for

any a € Q*, a sufficient condition for the equation

Ngjola) =a

to have a solution a € K is that a is a norm from the group of ideles, I, of K. In

other words the Hasse norm principle asserts that

Q" N Nio(Ix) = Nijo(K™).

Our main result is the following, which establishes the Hasse principle for a certain

class of fields K/Q, whose degree may be arbitrarily large.

Theorem 8.1. Let f € Z[z] be an irreducible cubic and let K/Q be a number field
satisfying the Hasse morm principle. Suppose that there exists a prime q > 7 such
that for all but finitely many unramified primes p with p #Z 1 (mod q) the prime ideal

factorisation of p,
i=1

consists of prime ideals P, of norms pfi with fi,..., f. coprime. In addition, assume
that the number field generated by f is not contained in the cyclotomic field Q((,).
We can then conclude that (8.1) satisfies the Hasse principle.
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An example of a field K/Q satisfying all the conditions of this theorem can be
found by adjoining to Q a root of

x?—2,

for any prime ¢ > 7. Since [K : Q] = ¢ is prime, the extension K /Q satisfies the Hasse
norm principle by the work of Bartels [4]. In addition, for any prime p Z 1 (mod q)
the equation

% — 2 =0 (mod p)

has a root. If we exclude finitely many values of p it then follows that K has an
integral ideal of norm p. This clearly implies that the degrees f; are coprime. In
conclusion, for this choice of K and any f which does not generate a subfield of
Q(¢,), (8.1) satisfies the Hasse principle.

After various algebraic reductions we will prove Theorem 8.1 using sieve methods.
We will show that for an integer to be a norm from K/Q it is sufficient that it satisfies
certain congruences and that it has no prime factors p = 1 (mod ¢). We may therefore
estimate the number of norms in a set of integers by sieving out these primes. Our
sieve problem will have dimension qﬁ—l. For large ¢ this is close to 0 and therefore
both the upper and lower bounds coming from the sieve are close to the truth. We
will show that for ¢ > 7 the losses in the sieve are sufficiently small to give us a
positive lower bound for the number of rational points on (8.1). There are many well
known applications of sieves whose dimension is an integer or % However we are not
aware of any existing work which uses a sieve whose dimension is between 0 and %

It seems very likely that the method of this chapter can be adapted to prove weak
approximation, meaning that the set of rational points is dense in the set of idelic
points, for the variety (8.1) provided that it can be shown that weak approximation
holds for the equation

Nig(u) = 1.

As part of our proof we will show that p-adic conditions, for finitely many primes p,
can be imposed on the variable t. To handle the infinite place our sieve would have
to be modified: sieving a more general region instead of (0, N|>. This modification
would enable us to find a rational solution, (,z1,...,2x), to (8.1) with the variable

t sufficiently close to any idelic point. If we define x € K by
T =2T1W + ...+ TpWg.

then, for any u € K with Ng/g(u) = 1, we can write
ur = Y1wi + ... + YWy
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and we have

It could be shown, using our assumption that weak approximation holds for
N K/ Q(u) =1,

that we can choose a u to make (yi, ..., yx) sufficiently close to any idelic point.

We decided to restrict to the case that ¢ is prime to simplify some of the technical
details in the sieve. It seems probable that the argument could work for composite ¢,
however the condition ¢ > 7 would have to be changed as our bounds would involve
the value of ¢(gq). We use the assumption that f does not generate a subfield of Q((,)
to avoid any correlation between the splitting of primes in the number field K/Q and
in the field generated by f. This will be made precise in Lemma 8.13. Observe that if
¢ = 2 (mod 3) then this condition is satisfied for all cubics f as Q((,) cannot contain

a subfield of degree 3.

8.2 Algebraic Reduction of the Problem

It does not matter which norm form N we choose as they are all equivalent under
a linear change of variables defined over Q. In particular we may assume that N &€
2|z, ..., xE]. As we eventually wish to apply sieve methods we reduce from a problem
over Q to one over Z. We therefore let f(a,b) denote the homogeneous form of f,
that is

flab) =t (3)-
Lemma 8.2. Suppose there exist integers a and b for which
b, f(a,b) € Ngjg(K™).
There is then a solution to (8.1) over Q.

Proof. Clearly b # 0. We have

f(3)=v"s(a).

This is a norm from K since both b and f(a, b) are, and the norm map is multiplicative.
In addition f(§) # 0 since f is irreducible. O
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We know that the Hasse norm principle holds for K/Q. This means that a nonzero

a € Q is a norm from K if and only if it is a norm from the group of ideles Ik:
Q" N Nigjo(lx) = Nijo(K7).

Let V denote the set of all places of K. To show that a € Q* is a norm from K it is
thus sufficient to construct a sequence (x,),cy, where z, is a nonzero element of K,

with the following two properties:

1. For all non-Archimedean places v, with finitely many exceptions, we have x, €

R}, where R, is the valuation ring of K. This condition ensures that (x,) € Ik.

2. For all places w of Q we have

H Nk, /0., (1) = a.

v|w

We will derive arithmetic conditions which are sufficient to show that a nonzero

integer a is in N /g(K™).

Lemma 8.3. Suppose a # 0 is an integer. Let p be a prime which does not divide a
and which is unramified in K/Q. Then there exist elements z, € R, for each place

v above p, such that

[ Vo, (w0) = .

vlp

Proof. Let vy be one of the places above p. Since p is unramified in K/Q we know
that the extension K, /Q, is unramified. Furthermore, p { a so a € Z;. It follows
by local class field theory, (for example Gras [27, Corollary 1.4.3, part (ii), page 75]),
that there exists z,, € K, with

NK'ul /Qp (xvl) = a.

We must have z,, € R since

1/[Kv, :Qp] 1/[Ko, :Qp]
[on |0, = [ Nicy gy (@)l ¥ = [afgf ! = 1.

For all v|p with v # v; we define z, =1 so
NKv/@p(ZL‘U) = 1.
The result follows. []
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For any fixed a this lemma has dealt with all but a finite number of places. It

follows that for the remaining places we need not consider the condition z, € R;.

Lemma 8.4. Suppose a # 0 is an integer. Let p be a prime dividing a which is

unramified in K/Q. In addition suppose that in the prime ideal factorisation

() =1~

with N(P;) = pli, the various f; are coprime. It follows that there exist x, € K*, for
each v|p, with

H Nk, g, () = a.

vlp
Proof. Let v; be the place corresponding to the prime ideal P; in the factorisation of
(p). We have [K,, : Q,] = f; so

Since the f; are coprime there exist integers k; such that

Z kifi=1.

The result follows on taking z,, = a*. O

It remains to deal with the primes p which ramify in K/Q. For such primes it is
easier to interpret the idelic condition in terms of the solubility of the norm equation
over Q.

Lemma 8.5. Let a # 0 be an integer and suppose there exist x1,...,x; € Q, such

that

a=N(zy,...,x5).
Then there ezist x, € K}, for v|p, such that

H NK’L)/Qp (.Z'U) = Q.

vlp

Proof. Since a # 0 we know that

(x1,...,x) # 0.

Let 2™ be a sequence in Q* which converges p-adically to (x1,...,7;). Let
wi, . . ., wg be the basis of K/Q used to construct the norm form N and define y™ e K
by

y™ = xgn)wl +...+ I,(fn)wk.
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For each v|p write yf,n) for the image of y™ under the embedding of K into K,. The

sequence ngn) converges to some x, € K.

We now have
L] ¥, ) = Jim ] [ Ve, (7).

v|p vlp

However, since y™ € K it follows, (for example by Gras [27, Proposition 2.2, page
93]), that

T Voo, 087) = Nigso(y™) = N2, ... i),

v|p

We conclude, by continuity of N, that

HNKv/Qp(Iv) =N(z1,...,21) = a.

vlp

]

Lemma 8.6. Let p be a prime for which (8.1) has a solution in Q,. There exist
ag,bg € Z and | € N, all depending on p, satisfying

bOv f(a’07 bo) 7é 0 (mOdpl)a
such that for any a,b € Z with
a = ap (mod p') and b = by (mod p)

we have

b, f(a,b) € N(Qy) \ {0}.
Proof. For the duration of this proof let
N =N(Q)\ {0}.
By assumption there exist ai,b; € Z, with b; # 0 such that
ai
— N.
/ (bl) ©

By replacing (a1,b;) by (b¥'ai,b%) we may assume that b, € N and therefore
f(ai,b1) € N. The set N is open and f is continuous with respect to the p-adic
topology. It follows that there exists 0 > 0 such that for any a,b € Z, with

la—ail,|b—bi| <& (8.2)
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we have

b, f(a,b) € N.

For an | € N which is sufficiently large in terms of § the hypotheses (8.2) are equivalent
to

a = a; (modp'), b= by (modp).
The result follows on taking ag, by € Z which are congruent modulo p' to a;, b;. Since
b17f<a17b1) ;é 0

we can guarantee that
b07 f<a07 bO) 7£ 0 (mOdpl>

provided [ is large enough. O]

We may now use all the previous lemmas to reduce our original problem to one

involving prime divisors of b and f(a,b).

Lemma 8.7. Suppose that (8.1) has solutions in every Q, and in R. Let Py be a
finite set of primes which contains the ramified primes in K/Q as well as the finitely
many p Z 1(mod q) for which the degrees f; are not coprime. Then there exists a
A € N, diwvisible only by primes in P, and integers ag, by such that if p € Py and p'

s the mazximal power of p dividing A then

bo, f(ag, by) # 0 (mod p')

and the following implication is true.

Suppose that a,b are integers for which the following hold:

1. We have
a = ag(mod A) and b = by (mod A). (8.3)

2. Each prime p with p|lbf(a,b) and p & P, satisfies
p # 1 (modg).
3. We have b > 0 and f(a,b) > 0.

Then (8.1) has a solution over Q.
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Proof. By Lemma 8.2 it is sufficient to show that
b, f(a,b) € Ngjo(K™).

By the Hasse norm principle this is equivalent to showing that
b, f(a,b) € Ngo(Ik).

We must therefore show, for all places of Q, that b and f(a,b) are products of local

norms.

1. For each prime p € P; we may use Lemma 8.6 to construct l,, agp, a1 ,. These

will satisfy
bop» f(@0,p; bop) Z 0 (mod p').

A:lep

pEP1

We now let

and use the Chinese Remainder Theorem to construct ag, by satisfying
ap = ag, (mod p'?), by = by, (mod p'r)
for all p € Py. It follows by our assumption (8.3) and Lemma 8.6 that

b, f(a,b) € N(@) \ {0}.

We conclude, using Lemma 8.5, that b and f(a,b) are suitable products of local

norms for all primes in P;.

2. For primes not in P; we know that either p 1 b, in which case we use Lemma 8.3
to write b as a suitable product of local norms, or p|b. In the latter situation
p # 1 (mod gq) and therefore the degrees of the prime ideals above p are coprime.
The required local condition for b now follows by Lemma 8.4. We may use an

identical argument for f(a,b).

3. Finally we consider the infinite place. Since b, f(a,b) > 0 they are both local

norms at infinity.

The above cases cover all the places of Q so the result follows. O
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For the remainder of this chapter we let P; be a finite set of primes including
those which are ramified in K/Q or which divide the coefficients of a® or b in the
polynomial f(a,b) or which divide the discriminant of f. In addition P; will contain
those primes p # 1 (mod ¢q) for which the degrees f; are not coprime. We also include
in P; the prime ¢ and all primes up to some absolute constant Py, (which will be
determined in Lemma 8.18 below). We let ag, by, A be the quantities constructed in
the last lemma and use the notation C'(a,b) to denote that a, b satisfy (8.3).

Since f is a cubic, we can, without loss of generality, apply a linear change of
variable over Q to guarantee that its leading coefficient is positive and all its real
roots are negative. We may thus assume that if x > 0 then f(x) > 0. In particular,
if a,b > 0 then f(a,b) > 0. For a large N we will apply a sieve to count pairs
(a,b) € (0, N]? satisfying C(a,b) for which bf(a,b) has no prime factor p ¢ P; with
p = 1(mod q). If we can prove a positive lower bound for this quantity then it follows
by the last lemma that (8.1) has a solution over Q.

8.3 Levels of Distribution

We need various level of distribution results for the values bf(a,b). All implied con-
stants in this section may depend on the polynomial f and on A.

The main result of this section, Lemma 8.11, is proved using very similar methods
to those of Daniel, [13, Lemmas 3.2 and 3.3]. We extend his results to handle the
form bf(a,b), rather than f(a,b), with a,b in a fixed arithmetic progression. Let R
be a parallelogram in R%. We begin by considering the quantity

R*(R,dy,ds) = #{(a,b) € R : C(a,b),(a;b;d) = 1,d1|f(a,b),da|bf(a,b)}.
We need only consider R*(R,dy,ds) for dy, ds € N satisfying

We will write d = dqds.
As in our proof of Theorem 7.4 we say that points (ay,by), (ag, by) with

(a1;b15d) = (az; ba;d) =1
are equivalent modulo d if

(ay1,b1) = Aag, by) (mod d)
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for some A € Z which must necessarily satisfy (A\;d) = 1. We will call points with
(a; b;d) = 1 primitive modulo d. The number of primitive points in each equivalence
class which are distinct modulo d is ¢(d).

Observe that the properties f(a,b) = 0(modd;) and bf(a,b) = 0 (moddy) are
preserved by equivalence. We may therefore define U(d,dy) to be the set of equiva-
lence classes of primitive points modulo d = dyds for which f(a,b) = 0 (modd;) and
bf(a,b) =0 (modds).

For an equivalence class x (modd) we let A(z) be the lattice in Z? generated by
the points of z. Thus y € A(z) if and only if there exists some (a,b) € x and A € Z
with

y = Aa, b) (mod d).

In particular the primitive points in A(z) are precisely those in z. It follows that

R'(R.di,dy) = Y #{(a,b) e RNw:Cla,b)}
welUd(d1,dz)
= Y #{(ab) eRNA): Cla,b), (a;b;d) = 1}
x€U(d1,d2)

= > > >

x€U(d1,d2) (a,b)eRNA(x) e|(a;b;d)
C(a,b)

= Y. > ue)#{(a,b) e RNA®) : Ca,b), ¢|(a,0)}

reU d1 d2) e|d

= Y ue)#{(a,b) e RN A(z,e) : Cla,b)}

z€U(d1,d2) eld

where A(x, e) is the sublattice of A\(x) consisting of points divisible by e.

We have (d; A) = 1so (e; A) = 1. It follows that the sublattice of A(z, €) consisting
of those points which are divisible by A is precisely A(x,eA). It is then clear that
the set

{(a,b) € XN(z,e) : C(a,b)}

is a coset of the lattice A\(x,eA).

Lemma 8.8. We have
det A(z, eA) = deA®.

Proof. In general, if a lattice in Z? is formed from all points whose reduction mod n

.. . . . . 2
is in a set of ¢ equivalence classes then its determinant is “-.
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For our specific problem we take n = dA. Let (a,b) be a fixed point of z. Since
(a;b;d) = 1 we know that the number of points modulo d which are multiples of
(a,b) and divisible by e is 4. Since (d; A) = 1 it follows by the Chinese Remainder
Theorem that ¢ = ¢ and therefore

d?>A?

= deA*.
d/e ‘

det A(z,eA) =

]

Let R;i(z,eA) denote the length of the shortest nonzero vector in A(z,eA). It is
clear that this is bounded below by R;(z), the length of the shortest nonzero vector
in A(z). Let A(R) and P(R) denote the area and perimeter of R, respectively. By

Lemma 2.6 we get

R (R,di,dy) = > > ple) <§e(7§3 +0 (1 + ;l(z;)) .

x€U(d1,d2) eld

Let p*(dy,dy) denote the number of primitive solutions modulo d to
f(a,b) =0 (modd;) and bf(a,b) = 0 (mod dy).

Since the number of distinct points modulo d in each equivalence class is ¢(d) we

e d *(di, dy

xeu(dl,dz) e\d meu(dl,dg)

have

We conclude that for any € > 0 we have

di,ds)A(R)
d?A?

R*(R,dl,dQ):p( +O | d [1+PR) > Rix)!

:Eeu(dl,dz)

Averaging this over d; and dy we get

* B p*<d1,d2)A(R)
>, max ‘R (R.dy. o) - P
d1§D17d2§D2
(d1;d2)=(d1d2;A)=1
¢ (D1D2>5 D1D2 + M Z Z Rl(x)—l

d1<D1,d2<D2  z€U(d1,d2)
(d1;d2)=(d1d2;A)=1

Let v1(x) denote the shortest nonzero vector in A(z). We know, by Lemma 2.4, that
|v1(2)]|* < det A(x) < Dy Ds.
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We may thus write the final sum as

0<a2+b;<DlD m#{dl, dy, - (dy;dy) = (dyda; A) = 1,01 (2) = (a,b)}.
If v1(x) = (a,b) then
dyda|bf (a, b).

We first consider the contribution to the above sum from pairs (a, b) with b # 0. Since
f is irreducible we have bf(a,b) # 0. It follows that the number of d;, ds for a given
(a,b) is bounded by

73(bf(a,b)) < (D1Do)".
For each such dy, dy the number of z € U(d,, dy) for which v;(x) = (a,b) is at most
p*(dy, da)

B =)

<. (D1Dy)".
We conclude that

> \/7132 {dy, dy,x - (dy;dy) = (dydo; A) = 1,01(z) = (a,b)}

0<a?+b2< D1 D2
b0

1
< (D1D2>€ E _—
\/n2 2
0<a?2+b2< D1 Do a®+b

< (D1Dy)3*e

It remains to estimate the contribution from pairs (a,0):

1
> —H{dn o, 22 (dy; o) = (dad; A) = 1,0 () = (a,0)}.
0<a<v/D1Dso

Suppose that vy (z) = (a,0). We then have
f(a,0) =0 (modd,).
Since f(a,0) # 0 it follows that the number of possible d; is bounded by
7(f(a,0)) < Dy.

For each such d; the number of ds is clearly bounded by D,. As above, the number
of z is then O.((D1D5)¢). We conclude that

1
> —H{dy, d, v (dhydo) = (diy; A) = 1,01 (w) = (a,0)}
0<a<y/D1D3

1
< DDyt Y - < DSDFe
0<a<v/D1D2
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Combining these two cases we get

Z ,— #{di,dz,x 1 (di;d2) = (did; A) = 1, v1(x) = (a,b) }
0<a24b2< D1 Dy
<e (D1D2)E((D1D2)% + D).
We have therefore proved the following.

Lemma 8.9. For any D1, Dy > 0 and any € > 0 we have
p*(dy, d2) A(R)

D Ry
dlSDl,dQSDQ
(d1;d2)=(d1d2;A)=1

& (D1D5) (D1 Dy + M((D1D5)2 + Dy)).

We next remove the restriction to primitive points. As in Daniel’s work, [13,
Lemma 3.3], we need the multiplicative functions v, which map the prime power
p*k B for 1 < B < k, to p*T1.

Let
R(R7 d17 d2) = #{(a7 b) ER: C(CL, b)v d1|f(a'7 b)a d2|bf(a'7 b>}
= Z N(dl,dg,el,eg)
e1[tp3(dr)
ea|a(da)
where

N(d17d2,€17€2)
= #{(a,b) € R: C(a,b), (a;b;3(d1)s(dz)) = erea, di|f(a,b),da|bf (a,b)}
= #{(a,b) € Rjeres : Cleren(a, b)), (as b M) 1

d; dsy i
(0.), 7 (0.0}

dyds
— #{(a,b) € R/eres : Cleres(a,b)), (a;b; () (dos )

—qy|bf(a,b)}

):17

<d1, @@,
dy do
(d13 6?) ’ (d2; 6%

(d 2;63)

= R*'(R/ejes, );61,62).

Thus
dy dy

dy;el)’ (da;es

R(R, dl,dg) = Z R*(R/Gleg,(

e1|ys(di)
e2ltpa(dz)

);61; 62)-
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Here the addition of (;eq,e) to R* denotes that the congruences C(a,b) are re-

placed by C(ejeq(a,b)). Since (ejeq; A) =1 these congruences are
a = e1e3ap (mod A)

and
b = €erezby (mod A).

The precise choice of coset has no effect on the above analysis of R* so Lemma 8.9
still holds when different congruence classes are taken for each pair dy, ds in the sum.

Let p(dy,dy) be the number of solutions modulo dyds to
f(a,b) =0(modd,), bf(a,b) =0 (moddy).

Applying the above analysis to the region (0, d;ds]?* with no congruence C' gives the

decomposition

plds) = > (

e1|s(d1)
ealtpa(dz)

(dy;e}) (dz;eé))zp* dy do )
e €2 (di;e})’ (dase3)”

It follows that

p(dy,dy) A(R)

R(Ra dla d2) - d%d%AQ
dy dy
= R* (R/61627 ’ )
61%@ ( (di;e})’ (da;e3)
ea|a(da)

V(R/e1es)(dy; e3)*(da; 63)2/)*(((1;1—;16:;), (dj—fe%))
A '

We are interested in the average of this over dy < Dy, dy < D, so we consider
“(f1, f2)V(R/ere
Z d(e1, ez, f1, f2) P%?§M|R*(R/61627f1;f2)_p Uy B V(R eres)

2 12
e1 fi<Di,e2fa<D> fl f2
(e1f1;e2f2)=(e1freafa;A)=1

where d(eq, €2, f1, f2) is the number of pairs dy < Dy, dy < Dy with

dy da

er|t(dr), ealib(da), f1 = )’ f2= o cl)’

It is clear that § is the product of the number of suitable d; by the number of dy. These

latter quantities were estimated by Daniel: they are bounded by divisor functions. It

follows that for any € > 0 we have
5(617 €2, f17 f2) <L (D1D2)€.
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Our sum is thus majorised by

(D1 Dy 3 ma ‘R*(R/ele%fl’b) B p*(f17f2]2§;i273/6162) |

P(R)<M
e1f1<Di,e2f2<D>
(e1f1;e2f2)=(e1freaf2;A)=1

For each pair (e, €2) in this sum we apply Lemma 8.9 to the sum over fi, fo. This

results in a bound

iy Y (P M (D By

€€ ee ee e
e1<D1,e2<D> 162 162 162 2

We may therefore conclude with the following level of distribution result.

Lemma 8.10. For any Dy, Dy > 0 and any € > 0 we have

p(dy, dy) A(R) ’

R(R,dy,d5) —
b BA2N2

max

Z P(R)<M
d1<D1,d2<D2

(d1;d2)=(d1d2;A)=1

& (D1Dy) (D1Ds + M((D1D5)2 + D,)).

We are interested in this result when R = (0, N]? for large N.

Lemma 8.11. Let
R(dl,dg) == R((O, N}2,d1,d2>.

Suppose n > 0 is fized. Then there exists 6 > 0, depending on n, such that if

0 < D;Dy < N?77

and
0 < Dy < N7
we have (. d )N2
play, dg 2§
> ‘R(dl,dg) ~CREAT <, N*79,

d1<D1,d2<Dg
(d1;d2)=(d1d2;A)=1

Proof. This follows on putting A(R) = N?, P(R) < N into the previous lemma and

taking e sufficiently small in terms of 7. O]

If we let p;1(d) be the number of solutions modulo d to f(a,b) = 0 (modd) and
p2(d) the number of solutions to bf(a,b) = 0 (modd) then if (dy;dy) = 1 we have

p(dy, da) = p1(di)pa(ds).
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We also need to understand the quantity
Ry(dy, dy) = #{(a,b) € (0, N]*: C(a,b), bf(a,b) =0 (mod d;), b= 0 (mod d)}.
This is only required for small d;, dy so the following is sufficient.
Lemma 8.12. For any dy,dy € N with (dy;ds) = (dide; A) = 1 and didy < N we
have, for any € > 0 that

N2ps(dy)

R(dy,ds) =
1( 1, 2) d%d2A2

+ O (NdY).

Proof. The number of points counted by R; congruent to a given solution modulo

dldgA is
M oofis NV N (X
LB didoA )~ BEA? didy )

However, by the Chinese Remainder Theorem the number of solutions modulo d;dsA
is dapo(dy). It follows that

Ry = AR o (N V) 6 iy

By A2 dy By A2

8.4 The Functions p; and p,

We need various estimates for sums and products involving the functions p; and ps.

Let v(d) be the number of solutions to the congruence
f(x) =0 (modd).
For all primes p ¢ P; we may write p;(p) and pa(p) in terms of v(p):
pi(p) = (p—Dr(p) +1

and
p2(p) = (p — L)v(p) + p.

In the following equations let ¢ denote a real constant which may depend on ¢

and f and which may differ from line to line. It is well known that

1
Z— = loglogx + ¢+ o(1),

p<z
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1 1
Z - = loglogz 4+ ¢+ o(1),
p q-1

p<w B
p=a (mod q)

if (a;¢) =1, and

Z%:c—i—o(l).

p
p<z
Let L be the cubic field generated by the polynomial f and let (;, be its Dedekind
zeta function. For all primes p ¢ P; we know that v(p) is equal to the coefficient of
p~®in (1 (s). It follows from the Prime Ideal Theorem that

ZM = loglogx + ¢+ o(1).

p<w

Finally we would like to show that, for (a;q) = 1, we have

1
E v(p) ~ log log . (8.4)
p<z p q—
p=a (mod q)

Unfortunately this is not always true. For example, suppose we have
f@) =1 -7 + 14t — 7.

The field L is then abelian of degree 3 and contained in the cyclotomic field Q(¢r).
It is easy to deduce from this that

3 p==41(mod7)
v(p) = _
0 p==42,43(mod7).

The formula (8.4) is therefore not true for this f when ¢ = 7. It follows that many
of the details of the sieve would be different in this case. In order to avoid these
difficulties we restrict our attention to those polynomials f and primes ¢ for which
(8.4) holds. We will show that (8.4) follows from our hypothesis that the number
field L is not contained in Q((,).

Expanding using characters we are interested in

1 — v
— Z X(G)ZX@L (p)

975 (modg) <z

s

For p ¢ P the quantity x(p)v(p) is the coefficient of p~ in the function (. (s, x).

This is the Hecke L-function coming from the character which maps an ideal I to
X(N(I)).
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Lemma 8.13. If x # xo s a character modulo q then, under our assumption that
L ZQ(¢), Cu(s,x) is reqular at s = 1.

Proof. We say that a property holds for almost all primes if it holds for all primes
with finitely many exceptions. The only primitive Hecke character whose L-function
has a singularity at s = 1 is the trivial one. It is therefore enough to show that
I — x(N(I)) is not induced from the trivial character. In other words we need to
show that there are infinitely many prime ideals P for which x(N(P)) # 1. We
suppose that this is false so that, in particular, almost all primes p, for which there
is an ideal of norm p, are in a proper subgroup H of (Z/qZ)*.

We first consider the case that L/Q is not Galois, so its discriminant, §, is not a
square. It can be shown that if a prime p satisfies (%) = —1 then it factorises in L
into prime ideals of norms p and p?. It follows that the reduction modulo ¢ of almost
all such primes must be in H. However, we can show using Dirichlet’s theorem on
primes in arithmetic progressions that for any prime ¢ and any nonsquare integer o
the reductions modulo ¢ of almost all the primes p for which (g) = —1 generate the
whole of (Z/qZ)*. This is a contradiction so x cannot be induced from the trivial
character and (1, (s,x) is regular at 1.

Next we consider the case that L/Q is Galois. We know, by assumption, that the
primes which split completely in L are contained in H.

Suppose in general that we have Galois number fields L, Ly and almost all the
primes which split completely in L; also split completely in Lo. It follows that almost
all the primes which split in L; also split in the composite extension LlLQ By
Chebotarev’s Density Theorem the density of primes which split in L is Tl whereas

@
the density of those splitting in Lq Lo is We conclude that

[L1L2:Q] L :QJ”
1 1
<
Ly : Q] ~ [L1Ly: Q]

so that L;L, = L and therefore L, is a subfield of L;.
By class field theory, for example Gras [27, Sections 5.5 and 5.6, part (ii)], we

can construct a number field Ly whose only ramified prime is ¢ and for which the
primes which split completely are those in H, (Lp is the class field coming from the
modulus (¢) and the subgroup H). It follows by the previous paragraph that Ly is
contained in L. However, [L : Q] = 3 so we must have L = L;. On the other hand
we know that Ly C Q((,), which contradicts our assumption on L. We deduce that
the Hecke character is not induced from the trivial one and thus its L-function has

no singularities. O]
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It now follows by general theory, for example as given by Heilbronn [37], that for

X # Xo we have, as © — 00,

Z X(pijy(p) — C—I—O(]_),

p<z

for some constant ¢ depending on f,q and y. We can therefore conclude that

1
> oAl “loglogz + ¢+ of1),

v<z p q—

p=a (mod q)

with ¢ depending on f, ¢ and a.
Let
P={p:p¢P,p=1(modq)}
and
P'={p:p¢Pi,p#1(modq)}.

Lemma 8.14. As x — oo we have

I1 <1 - pQ(p)) (ca(f.q) + (1))

pﬁg p2 (logm)%
" W\ _ (@lfa) +of1)
1— P1\p ) _\al/.q 02
pl; ( p? (logx)g%l
peP’

where c1(f,q),ca(f,q) > 0.

Proof. Let

-10-5)

Since all the primes dividing f are in P; and hence not in P we know that py(p) < p?
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for all p € P. It follows that the terms in P are all positive so we may take logs:

logP = ) log (1 - %)

p<z
pEP

E(#el)
B (e)

2
= — 1logglogav+c—l—o(l).

The first result follows on taking co(f, q) = e, with the ¢ from the last line, and the

second can be proved analogously. O]

It is clear that if p ¢ P; then v(p) < 3 so that pi(p) < 3p. We also need a bound

for p; at prime powers.

Lemma 8.15. For any prime p ¢ Py and any « € N we have

o da
p(p") <p+,
the tmplied constant being absolute.

Proof. We substitute Daniel’s bound [13, (3.2)], which holds for all p ¢ Py, into his
identity [13, (7.4)]. This results in

o (pa) < 3 Z paJrﬁ + pQ(af[a/S])
0<B<[a/3]
petlass

p—1

]

As a consequence of this we see that for any r with no prime factors in P; we have

4
3

p1(r) < rs.
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8.5 The Sum of a Multiplicative Function in an
Arithmetic Progression

Let g be a nonnegative multiplicative function supported on squarefree numbers which

satisfies
> g(p)logp = klogz + O(1), (8.5)

p<z

for some k > 0. If 2 < w < z we assume that

log 2 F
1 . .
IT a+9) < (logw) (8.6)
wp<z
We also suppose that
Z g(p)*logp < oco. (8.7)
p

Under these assumptions Friedlander and Iwaniec [25, Theorem A.5] show that

> 9(m) = ¢y(logz)* + O((logx)* ), (8.8)

m<a
where ) -

%= Tt 1) 1;[(1 - 5) (1+9(p)).
We require the following modified version of this result.

Lemma 8.16. Let g be a nonnegative multiplicative function supported on squarefree
numbers which satisfies (8.5), (8.6) and (8.7) for some k > 0. Let ¢ > 2 be prime.
Suppose that g(q) = 0 and that for all primes p = 1 (mod q) we have g(p) = 0. Finally
suppose that if a #Z 0,1 (mod q) then

Z g(p)logp = q_%klog:c—i—O(l). (8.9)

p<z
p=a (mod q)

Then, for any a with (a;q) = 1 we have

> am) = (5% o) oga

m<x 9=
m=a (mod q)

The implied constant in the assumption (8.9) and the rate of convergence of o(1) in

the conclusion may both depend on q.
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Proof. Let

We begin by considering

> glm)logm= > g(np)logp.

m<x np<x
m=a (mod q) np=a (mod q)

Using that ¢ is multiplicative and supported on squarefree numbers coprime to ¢ this

can be written as

> gn) > glp)logp— > glnp)g(p)logp.

n<x p<z/n np?<zx
p=an (mod q) np?=a (mod q)

From (8.6) we get

Zg <H1+g < (log z)*

n<x p<zx
and from (8.7) we deduce

> g(p)g(p)logp < Y g(n) Y g(p)*logp < (logx)*.

np?<z n<wx

Using these bounds as well as (8.9) the above sum becomes

k k
—2 ; g(n)(log z —logn) + O((log )").
n#za (mod q)

We can write this as

k

72 Z g(n)(logx —logn) — Z g(n)(logz —logn) | + O((log ).

n<lz n<x
n=a (mod q)

From the bound (8.8) we have

Zg co(logx)" + O((log z)*¥1)

n<x

and, summing by parts,

Zg Ylogn = k+ (log )" 4+ O((log x)").

n<x
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Our sum 1is thus

k Cq
g—2 | k+1

(log z)*+t — Z g(n)(logx —logn) | + O((log x)").

n<x
n=a (mod q)

We therefore get
keg

(g—2—k) Z g(m)logm + klog x M, (x) — Pl (1og z)F < (log x)*.
m<x
m=a (mod q)
Since
log xM,(z) — Z g(m)logm = Z g(m)log T / M, ()t dt
m<x m<x m 1
m=a (mod q) m=a (mod q)
we have
k
My(x)logx — (1 - —) / M, ()t~ dt — m(log ) < (log )"
We therefore conclude that for x > 2
ke,
My(x)logx — (1 - (]——2) / M, ()t dt — 0T )( —5 —— 9 (logz)"*! <« (logx)*.
Let .
l=1— ——
q—2
so that this is
ke

M,(z)lo x—l/ Myttt dt — ———2——(log2)"" < (logx)".
Dividing by z(log z)"*! we then get

r(logz)™ <Mg(1’) —Il(logx)™* /j M, ()t dt — %(log :L‘)k)

< 27 (log 7)

We integrate this from 2 to z, replacing x by ¢ and t by u. For any ¢ > 0 the RHS
will be .
/ t Hlogt) "t dt <. 1+ (log ) 'e,
2

and the LHS will be

/2 1 log 1) (Mg(t) ~ I(log t)~! /2 M, (w)u~! du—%(logtﬁ) dt.
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Reordering the double integral we see that

log = —l/ M, tt_ldt——g/ t(logt)*tdt < 1+ (logz)*tFe.
However
kc ”C
M,(z)logx — ———2——(log z)*"* + O((log z)* :l/ M, ()t dt
(@) logr — s (log )™ + O((logx)") =1 [ (0
so this simplifies to
kc x
M (z) = —> 2 ( log 2)* + I(log = ll/ t t(logt kldt)
+ O((log 2)"™' + (log )*~17).
We know that L
k—l=k—1+——=>-1
q—2

SO

L+i(k—1+1)7"
(k+1)(q—2)
(kq — 2k +q—2)/(kq — k)
! (k+1)(q - 2)

- %(l% )" + o((log z)*).

My(x) = key (log )" + o((log 2)*)

= kc

(log )" + o((log )*)

8.6 The Sieve

8.6.1 The Sieve Decomposition

Let A = (a,) be the sequence given by

a, = Z 1.

(a,b)€(0,N]?
C(a,b),bf(a,b)=n

We will sieve A by the set of primes

P={p:p¢P,p=1(modg)}.
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Let
r = max{f(a,b) : (a,b) € (0, N]*} = (c+ o(1))N?,

for some constant ¢ which depends on f. We wish to prove a positive lower bound

for the sifting function

SAPz)= > an

(n;P(z))=1

P(z) = Hp.

p<z
peEP

where

Applying the Buchstab identity we get, for some « € (%, 1), that

S(A,P,x)=S(AP,N*) = Y S(A4,P,p).

Ne<p<z
peEP

If a prime p divides bf(a,b) then either p|b or p|f(a,b). We may therefore write

S(A,P,z) > S(A,P,N) = > (S(AD,P,p)+ S(AD,P,p))

Ne<p<a
peEP
where Aﬁ,l) is the subsequence of 4, coming from pairs (a, b) with p|b whereas Aéz) is
the subsequence coming from p|f(a,b).
If p|b we must have p < N so we can truncate the sum over Aél) top < N. As
our level of distribution, Lemma 8.11, is only nontrivial for DDy < N? we split the
sum over A at N8 for some 8 € (2,2). We conclude that

S(A,P,SC) 251—52—53—84

where
S1=S(A,P,NY),
Sy = Z S(Ag(gl)apap)a
Ne<p<N
peEP
Ne<p<NP
peEP
and

Sy = Z S(.A;Q),P,p).

NB<p<ax
peEP
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We then need a lower bound for S; and upper bounds for S,,S3 and S;. All our
bounds will eventually depend on the (-sieve as given by Friedlander and Iwaniec

in [25, Theorem 11.13]. We let A;, By denote the constants A, B in the sieve of

2
q—1

sieves we will use.

dimension and A,, By those for the sieve of dimension =2

g These are the only

Throughout this section ¢, f and A are fixed. All use of the notation o is as
N — 0.

8.6.2 The Sum S5;
We have
S1=S(A,P,N%).

Since o« < 1 we can take D; = 1 and Dy = N in Lemma 8.11. This shows that we
can apply a lower bound sieve of level N as the remainder term is O(N?79) for some
d > 0. Using the notation of [25] we have

N2
= Az
and g(p) is the multiplicative function given by

p2(p)

B~ peP
glp) =3 ¥ .

0 otherwise.

X

It follows from Lemma 8.14 that the sieve dimension is qi—l. If ¢ > 5 then

2 <
g—1 2

and so the sifting limit is 1. We may therefore use the lower bound sieve to deduce

that
Sl > (Bl +A0g1))N H (1 . p;}f)) + O(N276).

p<N“
peEP

Applying Lemma 8.14 we conclude that

(co(f,q) By + o(1))N?
A2(alog N)a1

S1 >

Finally, for any € > 0 we can choose « sufficiently close to 1 in terms of € to get the
bound

(c2(f,a)Br — e+ o(N?

Sl Z 2
A?%(log N)a-1
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8.6.3 The Sum 5,

In our bound for S, we will exploit the fact that o may be taken as close to 1 as we
require. We therefore do not need to give a bound which is as sharp as possible. It is

enough to show that for any € > 0 we can choose o < 1 depending on € such that

(e +o0(1))N?

Sy < —.
(log N)a-t

We have
Sp< Y S(AN, P N

N*<p<N
peEP

For each pair (a,b) counted by S; we may write b = pr where

p € PN[N NI,
r< N =R
and
(r; P(R)) = 1.

In addition we have b = by (mod A). By our construction of by we know that for each

p'|A there exists an [ for which p|A and
bo # 0 (mod p").

It follows that for each such prime its power dividing b is the same as that dividing bg.
For p € P we have (A;p) = 1. It follows that for each p'|A the power of p’ dividing

r is precisely that dividing by. In other words we may write
r = (bo; A)r' with (r'; A) = 1.

Given such an r and a pair (a,b) satisfying C'(a, b) the condition r|b is equivalent to
' [b.
We may therefore write

52 S Z SQ(’I“)
r<R/(bo;A)
(rP(R)A)=1

where
Sa(r) = #{(a,b) € (0, NJ* : C(a,b),r|b,b/r(b; A) € P, (bf(a,b); P(N*)) = 1}.
Note that the variable of summation, r, is ' in the above notation.
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Recall that
P'={p:p¢Pi,p#1(modq)}

“1I»

p<z
peP’

and let

If we let z = N? for some 6 > 0 then provided § < o we have

Sa(r) < #{(a,b) € (0, N]* : C(a,b),7|b, (bf (a,b); P(2)) = (b/r; P'(2)) = 1}.

Suppose that u, u3 are upper bound sieves of level z. We have

S(r) < Y > uf(d) > us(e)
(a,b)€(0,N]? \d| (P(2);bf(a;b)) el (b/r;P'(2))
r|b,C(a,b)

Reordering the summations we get

S0 < S0 ST i (duf(e)#{(a,b) € (0,N]: Cla,b), relb, dlbf(a,b)}
d|P(z) e| P'(2)
= Z Z i ( (e)Ri(d, re).
d|P(z) e| P'(2)

If 0 is sufficiently small so that
l-a+2i<1

then
rde < N.

Furthermore (re;d) = (dre; A) = 1 so Lemma 8.12 applies and we get

0 5 s (58 counr)

d|P(z) e| P'(2)

The contribution of the error term to S5 is bounded by
N2
ZN1+26+5 < N2—oz+25+5 _ O( ~ )7
r<R (log N )=t

in view of our assumption on the size of 9.
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The main term in the above estimate for Sy(r) is

2 w2 Z%

d|P(z) e|P'(z

The two sums may now be estimated using the sieve. We let (1)) be a sieve of

dlmen81on —=-. It follows using Lemma 8.14 that
> @2 < (o T (1-22)
d|P(z) p<z p
peEP
= (o) 2L
(0log N)a—T

We let (ug) be a sieve of dimension g%f and thus we get

“2 )< (o) T] (1_%).

e|P'(z) p<z
peP’

Finally we have the bound

-1

> i<l <1 _ _) |
rSR/(bo;A) p<R
(rP(R)A=1 peP’

By taking « sufficiently close to 1 we can assume that R < z. It follows that

Q(“%)}l(l—%)_l:]%i(l_%)N(1;a>gz.

peP’ peP’ peP’

We finally conclude that

5‘<<1_a>$€@%Awﬂﬁ@+ou»N2
2 ; ‘
A%(§log N)a-1

It follows that for any ¢ > 0 there exists an o < 1 depending on € such that

(e +o(1))N*

Sy ;
(log N)a-1

IN
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8.6.4 The Sum S;

Let S3(Py, P») denote the part of S3 with P, < p < P,. We have

Ss(PL,P) < > S(AD, P, Py).

Pi<p<P»
peEP

We will apply an upper bound sieve to each summand separately. For every prime p

and all d € N we have

Y. (@)= R(p,d).

n=0 (mod d)

If d < p then clearly (d;p) = 1. We will apply Lemma 8.11 with D; = P, and
N2

2

DQZDQ(Pl,Pg) :min(N1_7,P1, )

for some v > 0 which we will choose arbitrarily small. We then have

p1(p)p2(d)N?
Z ‘ROD? d) B 222

p<Ps,d<Dy

(d;A)=1,p(d)?=1

< ]\/'2—57

for some 9 > 0 which depends on ~.

. . . . 2 .
Applying the upper bound sieve of dimension oy results in

sup.py < SR TT (1-22) | 3 2000w

AQ p2
p<Da3 P <p<P»
peEP peEP

We can evaluate the product using Lemma 8.14 to get

(co(f; @) As + o(1))N? p(p) 25
S3(Pr, Pp) < Z 2 + O(N*7°).

= 2
A%(log Do)1 plpcp,
peEP

In addition, using our previous convention that the value ¢ may vary from line to line,

we have

Z P1 (P)
pz

p<w

peEP

3 (p—Dv(p) +1

2

p<z p
peEP
1%
E v(p) +c+o(1)
p<z p
peEP

1
. loglogz + ¢+ o(1).
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We first consider S3(N®, N279). As in the previous section we will take « close to 1

which is enough to make this part of the sum small. We take Dy = N¢, getting

(ca(fs @)A1+ o(1))N?
A?%(alog N)q%l '

S3(N®, N?*7%) < (log(2 — ) — log )

qg—1
It follows that for any € > 0 we can choose « sufficiently close to 1 to deduce that

(e +o0(1))N?

S3(N*, N?*7%) < —.
(log N)a-t

It remains to estimate S3(N?~%, N”). We divide this range into dyadic intervals

[P1,2P;). For each such interval we have

N>

D> =
2 Pr

By taking v < 2— /3 we have Dy > 1 for all the dyadic intervals. In addition if p ~ P;

then , ,
_ 2 N2_7>_q—1 ( NQ_V)_‘H
log Dy) a1 = | lo < |lo .
(log Dy) ( & p, < (log—

We therefore have

S3(P1,2P) < (e>(f,9) A1 + o(1))N” Z p1(p)

AQ 2 + O(N2_6)

2—v \ ¢g—1
Pi<p<2Pi 12 (oo N2
peEP p g P

and thus

(c2(f, @)A1 + o(1))N? p1(p)

2 =25
A(log N)a=T o iz vs P*(2—7 —logp/log N)a—
peEP

S3(N?~* NPy <

We have

1
3 Pl(f) = — (loglog ¢ —loglog N) + o(1),
N<p<t p ¢

peP
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so we can sum by parts to get

p1(p)
ve-azpens PP(2 — v —logp/log N)a—T
peEP
< p1(p) _
Nepent PP(2 =7 —logp/log N)aT
peEP
1 log 3 2 NP loglogt — loglog N
= 1 2 1 2 g+l dt + 0(1)
9—1(2—~vy—pf)aT (¢—1)?Jy tlog N(2 — v —logt/log N))aT

1 1 2 g 4
= og 3 — — 2/ logs(Q—fy—s)ftz%ds—i-o(l)
¢—l@—~y—par (=14
I 2 ds
— [ ey E o).
— [ e-a-s T o

We conclude that

9 (ca(f,q)Ar + 0(1))N? [P _ 2 ds
Sy(N?~* NP) < _ 9y — )T
( ) A?(qg—1)(log N)a—t /1 2=7-3) s

Combining the above bounds we see that for any € > 0 we can choose « sufficiently

close to 1 and ~ sufficiently small to get the bound

o< O LAY [
A%(qg—1)(log N)a—T 1 s

8.6.5 The Sum S,

We have
S4§ Z S(A;Q),P,Nﬁ)

NB <p<zx
peEP

For each pair (a,b) counted by Sy we can write f(a,b) = pr where

c [N? z]nP,
r< L =
- NB
and
(r; P(R)) = L.

Let fo = f(ag, by). For each prime p'|A we know that there exists an [ for which p'|A

and

fo 2 0 (mod p™).
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It follows that the power of p’ dividing f(a,b) is the same as that dividing fy. Since

(p; A) = 1 this power is the same as that dividing r. In other words we can write
r=(fo; A)', (r;A) =

Given a pair (a,b) with C(a,b) the condition r|f(a,b) is equivalent to r'| f(a, b).
The prime ¢ divides A. In addition since p € P we have p = 1 (mod q). It follows
that there exists 1y depending only on ag, by, A with (r¢;¢) = 1 such that

r" = ro (mod q).

We may now write

S4 S Z 54(7’)

r<R/(fo;A)
(r;P(R)A)=1,r=ro (mod q)

where

54(T) = #{(a’ b) € (OvN]Q : C(a>b)ar|f(a’ b)a
(f(a,b)/r; P'(2')) = (bf(a,b); P(2)) = 1},

for some z, 2 satisfying 0 < z, 2’ < N”. Note that the variable of summation, r, is 7/
in the above notation. We will split the sum over r into dyadic segments r ~ R;.

Let puf, u3 be upper bound sieves of levels D’ and D, respectively, where D, D’
depend on R;. It follows that

S4<T) < Z Z :ul #{(a b) ( N]2 : C(av b),dr|f(a, b),e|bf(a,b)}
d|P'( /)CIP(Z)
(dir)=
= Z Z i ( )R(dr, e).
?ﬁ) 2 e| P(2)

Since (dr;e) = (dre; A) = 1 we may apply Lemma 8.11. If we write D = N7, D' = N
this requires that

and

for some & > 0 which we will eventually take arbitrarily small. Given these assump-

tions on 7 and 7/ the contribution of the error term to Sy is o(—5).
log Na—1
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It remains to deal with the main term coming from Lemma 8.11. This is

N?py(r) p1(d) pa(e)
AT i? > uf(d) —1d2 > /E(e)—z62
4P) ¢ P(2)

The two terms can now be estimated using the sieve. Considering the results of
Lemma 8.14 we let 1 be a sieve of dimension Z:—f and we let ;3 be a sieve of dimension
q%l. We may assume that z = D and either 2/ = D' or 2/ = N? < D' < N2. It
follows that the values of z, 2’ do not affect the sieve upper bounds and therefore

> @2 < (o) I] (1_M>H<1_M>_l

2 2
d|P'(z") p<D’ p plr p
(dsr)=1 peP’

_ (@alf,9) A +o(1)) AN
- (n’logN)gf;? H (1 p? )

plr

and

Z u;(e)m(:) S (Al + 0(1)) H (1 _ p2(p)) — (02<f7 Q>A1 + 0(1))

2 2
elP(2) ¢ p<z p (nlog N)a—T

peEP
The contribution to our upper bound from the 7,7’ is then
1
=z T
nastnat

Therefore, to give an optimal result, we want to maximise

12
subject to the constraints
n<1l-9
and
2= 11?;;6 B

By monotonicity it is clear that the maximum occurs when we have equality in the

last constraint so

log Ry
'=2—-§—n— )
g g log N
We therefore wish to maximise
log Ry, s 5
2—§—n——=2—-)¢
( n 1OgN)
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for n € (0,1 — §]. Taking logs we maximise

log Ry
log N

(q—2)log(2—5—17— )+210gn

so we solve

C(g—2) 25—y et T e —0
q 1= Tos N Nt =0.

_ log Ry
=2¢'(2-6— :
e ( ng)

Observe that this is in (0,1 — §] if ¢ > 5 and ¢ is sufficiently small. We then get

This gives

log Ry 1 log Ry
=(1-2 2—0— )
log N ( ) ( log N

If ¢ > 5 and ¢ is sufficiently small then ' > 0. The factor coming from 7,7’ is thus

nN=2-0-n-
q

_ log Ry = _ log R, KE
(= (oomiis)) (e Cooeiiy))

This increases as we increase IR so we can replace Ry by r getting the smooth weight

log Rl)qql

(1 9N 9, 1\ s
w(rd) = (124 H g (20 - A

Combining all of the above we see that the main term in our estimate for Sy is

A1 Aser(f, q)ea(f, C.I)N2
A2(log N)a1 Z

w(r, 6)g(r),
r<R/(fo;A)
r=rg (mod q)

where ¢(r) is the multiplicative function which is 0 unless all the prime factors of r

are in P’, in which case it is given by

ﬂﬂ==&g2II(1—B¥?>_{

p
plr
To estimate the sum over r we begin by dealing with the r» which are squarefree.

Lemma 8.17. The multiplicative function g, when restricted to squarefree numbers,
satisfies all the hypotheses of Lemma 8.16.

Proof. Since q|A we know that g(¢) = 0. In addition if g(p) # 0 then p € P’ so
p # 1 (modg).
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If a # 0,1 (mod q) then

> gp)logp = > (1—p1(p))_ pl;f) logp + O(1)

2
p<z p<z P
p=a (mod q) p=a (mod q)
=y 200
p<z p
p=a (mod q)
—Dv(p) +1
p<x p
p=a (mod q)

1
= 1loga:+0(1).

This establishes (8.5) and (8.9) with

If 2 <w < z then, by Lemma 8.14, we have

-1 q=2

B _ pip) log z \ o

[T o= IT (1-22) < (122)7
w<p<z wp<z
peP’

so (8.6) holds. Finally

1
> g(p)*logp =Y (1 —~ pl(p)) pl}()f) logp < Y 7 logp < 00
p

2
peP’ p p

and therefore (8.7) also holds.
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Summing by parts and applying Lemma 8.16 we have

> w(r,6)g(r)
r<R/(fo:A)
1(r)#0, r=ro(mod )

< > w(r, 8)g(r)

r<R
wu(r)#0, r=ro(mod q)

= w(R,0) Z g(r)—/1 Z g(r) [ w'(t)dt

r<R r<t
u(r) 0, r=ro(mod q) 1u(r) 0, r=ro(mod q)

= (¢g+ o(D)L1 (w(R, 5)(log R)i-1 _/1 w'(t)(log t) =1 dt)

q_

= (cg+0(1))(qq__12>2/1 w(t,é)(logt)q%llt’ldt

q— 2 g2 log R/log N .
= (cg+o(1))(q_ 1)2(10gN)ql/0 w(N*®,8)si1 ds,

where

N

)

0f:ﬁ5}1§EIQ—%)Q%1+mm»

q—

Observe that
w(N*,0) = (1—2¢7Y) 71 (27175 (2 - 6 — 5) "7

does not depend on N. In addition

log R logz B
logN  logN

B=3-p3+o0(1)

as N — oo. We may therefore replace the upper limit of integration by 3 — 5 at the

cost of an error which is o(1). We conclude that

_-2 == 3-8 —1

> ?Mﬁﬁﬂﬂé(%+dnhq_mgbywq?/ w(N*, 8)s7T ds.
r<R/(fo;A) q 0

p(r)#0, r=ro(mod q)

Let
W(s) = w(NS,O)sq%.
For any € > 0 we can choose a sufficiently small § to get
3-8

3-8 1
/ w(N*,0)sids < [ W(s)ds+e+o(1)
0 0
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and thus
_ . 3B
Z w(r,6)g(r) < (cg+€e+0(1)) qq 2 (log N)a—t W (s)ds.

_ 1 2
r<R/(fo;A) ( ) 0
u(r)#0, r=rdmod q)

It remains to deal with the sum over those » which are not squarefree.

Lemma 8.18. For any ¢ > 0 there exists a Py, depending on €,q and f but not on

N, such that if we include all primes p < Py in Py then

> w(r, 0)g(r) < (e+o(1))(log N)

r<R/(fo;A)
w(r)=0, r=rdmod q)

q—2
q—1

Proof. Any r € N can be written uniquely as r = ryry for some squarefree r; and
some squarefull o satisfying (ry;7) = 1. In addition if p(r) = 0 then 7 > 1. Since
w(r,d) < 1 and g(r) > 0 our sum may be bounded by

Z g9(r1)g(ra),

r1r2<R/(fo;2)
ro>1

where the sum is restricted to squarefree r; and squarefull ro with (r1;75) = 1.
Since g(r) is supported on numbers having no prime factor in P; we can use
Lemma 8.15 to deduce that for all r

glr) <. st

It follows that

Z g(r) < 0.

r squarefull
Furthermore, if we include all primes up to P; in P; then all terms in this sum with

r < P are 0. It follows that for any ¢ > 0 we can choose P; sufficiently large so that

Z g(r) <e.

r>1
r squarefull

Our original sum may therefore be bounded by

> g(m) ( > g(?“z))-

r1<R/(fo;A) ro squarefull
p(r1)#0

Using Lemma 8.16 the first sum is O((log R)g%?) so the result follows. O
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It follows from the last lemma that, with a suitable choice of P;, the non-squarefree
r give a contribution to Sy bounded by
(€ + o(1))N?
(log N )q%l ‘
Combining all of the results of this subsection we see that for any € > 0, by taking

sufficiently many small primes in P; and 0 sufficiently small, we get the bound

S, < e W(s) g Aidscqen(f, q)ea(f, @) + €+ o(1)) (g — 2)N?

0 A2(q —1)*(log N)7

Finally we must remove the constants ¢y, ¢1(f, ¢) from this bound. Recall that these

are defined by

and )
. a=2 P1\p
ci(f,q) = lim (logz)s= 11 (1 - )
p<x
peP’
It follows that ,
)=
coe1(f,q) = ——
7 re2-_4)
We therefore conclude that
-5 (Ardee ™ es(£.0)(g = 2) + e+ 0(1) ) N2
Sy < W(s)ds - —— .
0 A’T(2 = =)(g — 1)*(log N) a1

It is possible to give a somewhat simpler treatment of the sum S4 to obtain a bound
which is worse than the above by a constant factor. This would be enough to prove
Theorem 8.1 for sufficiently large q. For example the quantities n and 7’ could be
chosen independently of Ry, thereby avoiding the above optimisation and the weight
W. We could then work with an upper bound for the sum of the multiplicative

function g(r), rather than an asymptotic, which would remove the need for Lemma

8.16.
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8.6.6 Conclusion

Combining the bounds for Sy, 55,53 and Sy we conclude that for any € > 0 we can

take sufficiently many small primes in P; so that we have, as N — oo, that

ca(f, Q)N2

S(A,P,x) = A2(log N) (F(q) — e+ o(1))
where
B 2 ds e Vit (g — 3-8
F(q) =B — qél /1 (2—s) ot d? - ?(A_ L)(f]q_ 1? W(s)ds
and

—1

Wi(s) = (1—2¢7) 74 (2777 (2 = 5) # 750

Recall that the values A;, By and A, all depend on ¢. As the sieve dimension £ — 0
we have A(k), B(k) — 1. It follows that

lim F(q) = 1.

q—r0

Therefore F(q) is positive for ¢ > qo for some absolute gy. For any such ¢ we can
then choose N sufficiently large to get S(A,P,z) > 0 and thus (8.1) has a rational
solution.

To give the best possible bound we must choose 5 to minimise

8 ds  Aye Z? )
/ (2—3)_‘1%1—8—1- 2 / Wi(s
1 S re - (q—l

Thus we must solve

Ageﬂg(q —2)

2-8) 1" - SR HVE-8=0
that is
-yt - 228 TR gy o) it g1y it (3-9) 7 =0

P2-)a—1)

To complete the proof of Theorem 8.1 we must show that for all primes ¢ > 7
there exists a choice of § € (£,2) for which F(¢q) > 0. The case ¢ = 7 is the most
delicate numerically so we deal with it first.

From Friedlander and Iwaniec’s table in [25, Section 11.19] we obtain the value
Ay = A(5/6) = 256140 . . ..

137



The constants A;, By are given by [25, (11.62)]. We find by numerical integration
that
Ay = A(1/3) = 1.27713. ..

and
B, = B(1/3)=0.71213 . ...

By solving the above equation numerically we discover that the optimal choice for

is approximately 1.994. We conclude, evaluating all integrals numerically, that
F(7) ~ 0.0504 > 0.

Due to the use of numerical integration we cannot be completely sure that F/(7) > 0.
However we are confident that the computations were sufficiently accurate to make
this extremely likely. The two integrals occurring in the above formula for F'(q) can
be computed to a sufficiently high degree of precision. However the constants A; and
By are defined in a rather complex way, involving double integrals over an infinite
region, so that we expect that the above values might be comparatively less accurate.

For ¢ > 11 we do not need to be quite so careful. Since As < A(1) we have

A [P A A(N)e T (g —2) (3P
F(q) > B, — —2 /(Q_S)ﬁ@_ 1()61 g 2) W (s) ds.
q—1/ § F@‘ﬁ)(q—l) 0

As ¢ increases B; = B(-%) is increasing whereas A; = A(-%) is decreasing. In
qg—1 q—1

addition, for any s € (1, 8) the quantity

(2—s) 7
is decreasing, as are
e Vit
q—2
(¢ —1)
and
1
P@- )

Recall that
q 1

Wis) = (1— 277 (27 P (2 = 8) #7871,

It can be shown that for any s € (0,3 — /3) this decreases as we increase q.
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We can conclude that, for a fixed 5 € (%,2), the above bound for F(q) is an

increasing function of ¢. It follows that it is sufficient that the bound is positive when
q = 11. Using that

A(1) = 26" = 3.562144 . . .,
A(1/5) = 1.15147 . ..

and
B(1/5) = 0.92055 . ..

we can deduce, by taking § = 1.9, that for any prime ¢ > 11 we have
F(g) > 0.514.

In conclusion, F(q) > 0 for all primes ¢ > 7 so Theorem 8.1 holds for all primes
q="7.
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