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Abstract

Machine learning models are often trained on data stored across multiple computers
connected by a network. Due to network stability, it is then often infeasible for a
single central-hub computer to process and disseminate information. A solution
to overcome this bottleneck is to consider a decentralised network akin to peer-
to-peer and ad-hoc wireless networks. Namely, computers communicate to a sub-
set of other computers at a time, with information then naturally propagating
through the network.

This thesis investigates the statistical performance of models produced in such
a decentralised framework. By modelling the network of computers as agents in
a graph, we investigate two different statistical settings: homogeneous, when the
data stored across the computers follows the same distribution; and heterogeneous,
when the distributions are different.

In the homogeneous setting, and motivated by the problem of empirical risk
minimisation, we consider the learning performance of a simple decentralised algo-
rithm: Distributed Gradient Descent. Specifically, we demonstrate that guarantees
on learning performance can be achieved through implicit regularisation alongside,
in the case of non-parametric regression, a linear speed up in computational runtime
for any network topology provided computers have a sufficient amount of data. In
contrast, prior work has focused on optimisation performance through the more
general consensus optimisation framework, which does not encode the finer statistical
structure behind the scenes. More precisely, we demonstrate that this structure can
be leveraged to both: allow model complexity to be controlled implicitly through
algorithmic parameters; and that the information held by agents can be similar
owing the phenomena of statistical concentration.

In the heterogeneous case a setting motivated by hyperspectral unmixing is
considered. Specifically, we consider simultaneously recovering a collection of
sparse signals (associated to agents), that are related in a manner reflecting the
network topology. In short, the differences in the underlying distributions are
encoded through a total variation penalty reflecting the network. Our approach
then yields sample complexity savings over group lasso style methods when the
signals are sufficiently related.
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1
Introduction

Through the smart phones in our pockets, laptops in our homes and cars we drive,

technology is now en-grained in nearly every aspect of our daily lives. Coupled

with the latest technical advancements, these devices then continually collect and

communicate information about their users and environment. This has resulted in

a web of technological devices with the ability to adapt to our daily demands

through the sharing and processing of information. Such a framework offers

a different perspective on artificial intelligence from one of a sole single agent

learning from its environment, to one now involving a collection of distributed

agents intercommunicating with one another. Given the wide influence of such

technological devices, it is therefore important to understand fundamentally when

and why such a distributed approach to artificial intelligence is feasible and efficient.

The general artificial intelligence systems used in practice today typically follow

an iterative process of learning. This is both a natural reflection of how humans

learn as well as a computational convenience. Namely, while many of the artificial

intelligence systems involve a complex pipeline of algorithms and processes, the

key components are often constructed from a combination of simpler functions.

This structure allows, with some high-school math (chain rule for differentiation),

one to compute first order gradient information about the system parameters.

Combined with simple greedy optimisation methods like gradient descent, this

1



2 1.1. Individual Learning

allows parameters of the artificial intelligence system to be iteratively improved

against some objective or loss. The process of computing the first order gradients

in this manner is often referred to as back-propogation [1] (for a full history see

also [2, Section 6.6]), and arguably lies at the heart of the successes of artificial

intelligence used in practice today.

Following the success of iterative procedures in general artificial intelligence

systems up-to now, it is reasonable to separate the learning procedure for a collection

of agents, equivalently smart devices, into two iterative steps: individual learning and

shared learning. In the individual learning step the agents simply learn from their

environments as if they were not a part of a wider collection of agents. Meanwhile in

the shared learning step, the agents share what they have learnt with other agents

in the network. Reflecting how humans learn in practice, this provides a simple

recipe for approaching the problem of learning with a collection of agents. While

there is much variation in how each of the two steps can be performed and studied,

we now proceed to introduce each of these steps in Sections 1.1 and 1.2 respectively.

This will be followed by their combination which will be introduced in Section 1.3.

1.1 Individual Learning

Back-propogation has fueled the success of artificial intelligence systems as it provides

a tractable approach to iteratively improve a wide range of machine learning systems.

More precisely, its adoption has been driven by the intersection of three key areas:

hardware technology, software technology and statistical methodologies. Specifically,

hardware technologies such as graphics processing units (GPUs) have allowed

practitioners to tackle larger problems as they efficiently perform computations

resulting from back-propagation e.g. matrix-vector multiplications. Meanwhile,

software frameworks like tensorflow (https://www.tensorflow.org/) and pytorch

(https://pytorch.org/) have leveraged (through tools like Automatic Differen-

tiation) the specific structure arising from performing back-propagation in order

to develop easy to use computer programming languages for encoding an artificial

intelligence system. With these areas responsible for how these systems are widely

https://www.tensorflow.org/
https://pytorch.org/


1. Introduction 3

adopted, what is being implemented and why it works is the focus of this thesis.

In this regard, a number of advances, such as the simple functions to include in

the neural network, have yielded large improvements in performance. For instance,

convolution layers [3, 4] give improvements for problems involving images as they

encode a natural form of translation invariance; recurrent neural networks [1] are

well suited to problems with variable length inputs; and, more recently, attention

and transformers architectures [5, 6] have allowed model’s like BERT [7] and GPT-3

[8] to be pre-trained on ever-larger data sets.

While many of the reasons for why neural networks work well in practice

follow a natural intuition, such as for convolution layers, it still remains unclear

why, more generally, simple greedy learning methods built upon back-propagation

work well across such a wide range of problems and system architectures. This

puzzling problem has motivated a growing body of work in search for an underlying

fundamental explanation. Indeed, some progress has been made in recent years.

Specifically, the observation that overparameterised neural networks can generalise

whilst interpolating [9] has yielded insights beyond the classical bias and variance

trade off [10, 11]. Precisely in the case of ridge regression, it was then found that

interpolating (zero ridge regularisation) was surprisingly optimal when the problem

is sufficiently well-posed/easy [12, 13]. This being in contrast to previous work which

focused on settings where not interpolating (non-zero ridge regularisation) was

optimal [14]. Meanwhile, models like the neural tangent kernel [15], which exploit

the structure arising from back-propagation, have shown that neural networks

trained with back-propagation can be well-approximated by a linear model in

certain regimes. Albeit recent work [16, 17] has suggested these regimes may not

align with all the neural networks used in practice.

While a number of approaches are being developed and progress is being made,

a fully general framework explaining the successes of modern artificial intelligence

systems is currently ongoing research as of writing this thesis. Therefore, even

though this question is not the primary focus of this thesis, since we consider

applications involving such systems, the scope of problems we can consider is
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currently limited to those we understand. Precisely, we limit ourselves to settings

within the theoretical framework of statistical learning theory [18].

The specific statistical learning setting we consider assumes access to a loss

function that measures the performance of a model on a specific datapoint. Given

a collection of training data, the aim is to then produce a model that minimises

the expected loss on new unseen data point i.e. that generalise from the training

data. A simple approach in this case is empirical risk minimisation, which considers

the model that minimises the average loss across the training data. While this

approach is simple it comes with a number of drawbacks. Firstly, directly computing

a minimiser can be unfeasible since the loss or model can involve a neural network,

for example. Secondly, the training data is likely to contain idiosyncratic noise

not useful for predicting new data points, and thus, cause some1 models that

directly minimise the loss to overfit. These two drawbacks can be overcome in a

number of ways. Specifically, the problem can be made computationally tractable

by considering specific models and loss functions. Meanwhile, the models ability to

fit to noise, and thus overfit, can be restricted through regularisation. For instance

in least squares regression, Tikhonov regularization [19] can be introduced to reduce

the `2 norm of the regression coefficients.

In light of the previous paragraph, it is natural to view the simple greedy first

order methods built upon back-propogation as introducing a form of implicit regu-

larisation or computational regularisation. More generally, the two aforementioned

drawbacks are overcome by restricting to models that are computationally feasible.

To put it another way, the regularisation or model complexity is controlled by the

limited computational resources at hand. This particularly convenient approach

has roots in early stopping methods for inverse problems [19] and (through the

aforementioned software and hardware technologies) has now been widely adopted

beyond inverse problems to applications in artificial intelligence. Therefore, as we

research the learning properties of distributed machine learning methods, it will be
1Note that some minimisers may generalise and be optimal. For instance, in overparameterised

ridge regression, the interpolating least norm solution is attained when taking the ridge penalty
to zero, and thus, is implicitly regularised by the squared norm.
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fruitful to consider the setting of inverse problems since the implicit regularisation of

iterative methods can be made precise here. More generally, we will see that using

distributed approaches can introduce additional forms of implicit regularisation

owing to, for instance, agents sharing information whilst they learn.

1.2 Shared Learning

The task of sharing information between a collection of agents can be framed

in a number of ways, the specifics of which would depend upon the problem

setting. Therefore, to be concrete, we follow a distributed computation viewpoint

as if each piece of technology (car, phone, laptop, fridge etc.) were a computer.

Pairs of computers can then communicate information to one another through

either a local wireless connection, like Bluetooth, or the internet, in the case of

the Internet of Things (IoT). This forms a network of computers, with the term

distributed computation then being used as these computers can, in addition to

communicate to one another, perform (potentially limited) computations on the

information they have stored.

The motivation for utilising multiple computers in a network to perform

computations over, say, a single computer is quite natural. For instance: redundancy,

if we want to ensure a computation is completed given a computer breaks; security,

if the problem contains sensitive information which must be stored separately e.g.

names and dates of birth; computational speed, if we want to solve the problem

quicker by having multiple computers work on it at once; or scale, if the problem is

simply too large to fit on a single computer. Therefore, while we started with a

specific setting, smart devices, this is just one instance of what is commonly referred

to as decentralised computation. We now describe this more precisely.

How the computers are connected in a distributed computation system will

naturally have an impact on the performance. Indeed, a vast number of protocols

exist by which computers can communicate with one another. Therefore, for

clarity, we focus on two types of networks: centralised and decentralised. Broadly

speaking, computers connected in a centralised manner are all connected to a
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common central-hub through which they can communicate to anyone else e.g. a

star shaped network. Meanwhile, computers connected in a decentralised manner

align with peer-to-peer networks like the internet, and thus, each computer can

only communicate to a subset of any other computers. Naturally, each approach

has its own advantages and disadvantages. In the centralised setting, information

can propagate quickly between computers, but the central-hub is a bottleneck that,

if broken or damaged, can disrupt or disconnect the entire network. Meanwhile for

decentralised networks, information may propagate more slowly between computers

as, for instance, the message may need to be routed through the network. On

the other hand, the network is more robust since there is no single bottleneck

which, if broken, brings down the entire network.

Returning to smart devices, the decentralised networks that appear in this case

are connected in a certain way, or exhibit a certain type of topology. Specifically,

devices often communicate with one another wirelessly, and therefore, can only

communicate to a sub-set of neighbours within a certain distance or neighbour-

hood. This results in the network being viewed as forming a constraint on the

communication between agents since information may not propagate quickly from,

say, two computers either side of the network. That is, if one were to alternatively

design the network for a data center you would ensure the distance between any

two computers in the network is small so information can travel quickly across the

network. In contrast, in wireless networks the devices are often spread over a wide

area, and therefore, the distance between agents is often forced to be large. For

example, random geometric graphs [20–22], which are a natural model for networks

involving wireless devices, can often be modelled by a grid topology [23].

The communication constraint arising from the connectivity of the network

has gained much attention within the distributed optimisation community, see for

instance [24, 25] and references therein. The constraining effect can then be made

precise in particular instances of the consensus problem where, in general, agents

in the network must agree on some data value. The instance most relevant to this

thesis then being the distributed averaging [26] problem, where each device holds a
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number and wants to know (to a fixed precision) the average of all the numbers

held by agents in the network. For the following discussion let us suppose each

device is synchronised through, say, a clock, so the agents can then communicate to

their neighbours in lock-step. One of the simplest algorithms to solve this problem

then has each agent repeatedly average their number with the number held by

their neighbours in the network. The speed at which the agents compute the

network average (to a fixed precision) is then governed by the connectivity of the

network which, in this case, can be controlled through the spectral properties of the

network’s Laplacian [27]. Specifically, the convergence of the iterative averaging is

connected to the mixing time, or time to reach stationary distribution, of a random

walk on the network. As a consequence, on poorly connected network topologies

like grids and cycles, the performance of iterative averaging can scale unfavourably

with the network size. This being due to a random walk exhibiting a “diffusive”

behaviour [28] on these topologies resulting in a mixing time that scales with the

network size to a polynomial power. In contrast, on well connected topologies like

certain expander graphs, the mixing time, and thus number of iterations required,

remains essentially constant as the network size grows.

Following the consensus problem literature, the view that the network topology

can constrain communication has been adopted when considering optimisation

problems that span the entire network. More precisely, given a certain structure

of optimisation problem relevant for distributed machine learning (described in

the following Section 1.3), recent hardness results have shown a slow down in

computational performance [29, 30] must occur for decentralised algorithms on

poorly connected network topologies like grids and cycles.

While the aforementioned hardness results do capture the most difficult setting,

their applicability to artificial intelligence applications is questionable. Precisely, the

hardness results exploit that the information held by each agent can be arbitrarily

different. As we go on to discuss and noted within [31], applications in machine

learning are often not in a regime where the information held by agents is arbitrarily

different as, for instance, each agent may hold data sampled from same population.
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This will allow us to overcome the hardness results in the case of artificial intelligence

applications, and thus, offer a different view on the role of the network topology

in decentralised machine learning.

1.3 Combining Individual and Shared Learning

Let us now consider a homogeneous distributed machine learning setting where

a collection of agents both, exists in a general (possibly decentralised) network,

and hold training data drawn independently and identically from the same fixed

underlying distribution. This may arise artificially if a data set is split across a

network of agents, or naturally, if each agent is associated with a device collecting

data from the same population. Given this, each agent then wishes to use its data,

and that of other agents in the network, to produce a model for prediction akin to

the setting described in Section 1.1. We note, since all agents in the network hold

data from the same distribution, they should be able to improve their prediction

performance by communicating with one another.

Following the individual learning case, we begin with a distributed empirical risk

minimisation setting where each agent considers the model that minimises the loss

averaged across all of the training data within the network. This problem has then

been studied previously through the more general consensus optimisation framework,

see [32, 33] and Decentralised Convex Optimisation paragraph in Section

1.5, for instance. Precisely, this framework considers the optimisation problem of

minimising an average of functions when each function is associated to, and can only

be accessed by, a single agent in a network. Distributed empirical risk minimisation

then fits into the framework of consensus optimisation when each function is simply

the empirical risk, or average loss, of the data held by a single agent.

Naturally, due to the successes of machine learning, much recent work has

gone into developing algorithms and theoretical guarantees for solving general

consensus optimisation problems. As eluded to earlier, hardness results [29, 30] then

show that solving general consensus optimisation problems with a decentralised

algorithm must incur a computational slowdown for certain network topologies.
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This is directly connected to the original distributed averaging consensus problem

discussed in Section 1.2, in that, the slow down is associated to the mixing time

of a random walk on the network topology.

While the slowdown for consensus optimisation is unavoidable as in the dis-

tributed averaging problem, the applicability to distributed empirical risk minimisa-

tion, and distributed machine learning in general, remains questionable. Namely, the

functions associated to agents are not general, but actually averages of independent

and identical realisation of a random phenomenon. For example, in the limit of

infinite data, the functions held by each agent would concentrate around their

expectation, and thus, be identical since they hold data sampled from the same

population. Furthermore, framing the distributed machine learning problem as

empirical risk minimisation problem fails to capture the fact that many machine

learning problems exploit implicit regularisation techniques such as early stopping

in order to avoid overfitting. These two observations leave open the natural question

of whether: the statistical concentration of local quantities held by agents can be

exploited to improve the computational performance of decentralised algorithms;

and whether the implicit regularisation techniques for first order methods can

be utilised in decentralised settings.

Following the homogeneous case, it is then natural to investigate approaches that

are applicable when the data generating distributions of the agents are similar, but

not identical. In the decentralised setting, this can then arise from the devices having

different users and/or device specifications. In this case, the network connecting

the agents can encode relevant statistical information about the data generating

distributions. For instance, devices which are closely geographically may both:

be able to communicate with one another; and have similar users and/or device

specification. From a statistical perspective this heterogeneous setting can then

be viewed as an instance of multi-task learning [34], and thus, it is natural that

the differences in the underlying data generating distributions can be modelled

using the graph connecting the agents. That is the graph now plays two roles: a

computational role, encoding the communication channels between devices; and a
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statistical role, encoding information about the relationship between the population

distributions associated to the data held at each device. Following this, it is natural

to develop statistical methodologies which leverage both of these properties. For

instance, when the data at each device/agent is assumed to be produced from a well-

specified linear model with a ground truth parameter, the ground truth parameter

associated to each agent may vary smoothly across the network e.g. the differences

of the ground truth parameters across edges in the graph has a small norm.

Given this setup, we now describe the remainder of the introduction. Section

1.4 summarises the primary contributions of the four works that make up this

integrated thesis. Section 1.5 provides a summary of the related literature.

1.4 Contributions

This integrated thesis consists of four works applied to distributed machine learning.

The first three works [35–37] investigate the questions set out in the previous section,

namely, computational speed-ups and implicit regularisation for decentralised meth-

ods in the homogeneous setting. Meanwhile, the fourth work “Tree-Based Multi-Task

Sparse Recovery with Total Variation Penalty” considers a heterogeneous setting

where the data generating distributions of each agent are different. We therefore

summarise the primary contributions by considering each area: homogeneous

and heterogeneous, separately.

Homogeneous Setting As discussed previously and highlighted within [31], the

homogeneous setting has previously been studied under the more general framework

of consensus optimisation. This approach, while general, foregoes the fact that

many machine learning models used in practice use implicit regularisation through

early stopping with gradient decent; and that the functions associated to agents can

be similar to one another owing to statistical concentration. To investigate these

questions, the works in this thesis consider a simple distributed learning algorithm,

Distributed Gradient Descent [38]. This algorithm, in short, has the agents alternate

between an individual learning step where each agent performs a gradient descent

step on the empirical loss of their own data; and a shared learning step where
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agents average their model parameters with their neighbours in the network. Note

the later step aligns with a single step of iterative averaging of model parameters

in the context of the distributed averaging problem.

Given this setting, the first work [35] demonstrates for general classes of loss

functions (smooth, Lipschitz, convex etc.) that optimal (in the minimax sense)

statistical rates can be achieved by early stopping with Distributed Gradient

Descent. These finding are of interest for two main reasons. Firstly, performing

implicit regularisation allows one to avoid explicit regularisation like constraints

and penalisation in order to achieve generalisation guarantees, and thus, allows for

a simpler algorithm without projection steps and unbounded gradients. Secondly,

the choice of communication protocol between the agents (as encoded by the

communication matrix) has a regularization effect. In particular, the optimal choice

of algorithmic parameters i.e. stepsize and number of iterations, was found to

depend upon the inverse spectral gap of the communication matrix. In regards to

utilising the similarity of the functions held by agents, it was found that the error

can depend on a finer notion of gradient similarity between the agents compared to

prior work. Precisely, the bound now depends upon the variance of the gradients

and the deviation between the local objectives.

Building upon the first work, the second two works [36, 37] consider the specific

case of non-parametric regression, and thus, align with the literature on inverse

problems. In particular, in the second work [36], it is shown that when the sample

size held by each agent is sufficiently large, that Distributed Gradient Descent can

achieve a linear speed-up in computational time for any network topology. This

arises precisely due to the statistical concentration of quantities held by agents in

the network, as discussed previously. Note it also stands in contrast to the prior

work on decentralised methods [29, 30, 33] which exhibit a computational slowdown

for poorly connected network topologies like cycles. As far as we are aware, this is

the first work in the context of machine learning to show an explicit speed-up in

computational run-time for a decentralised algorithm with any network topology.
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The third work [37] then builds upon the second [36] in two ways. Firstly, a

refined analysis is performed that shows the speed-up holds under milder assumptions

on the sample size held by each agent. Secondly, a practical algorithm is developed

leveraging random features [39]. That is, in short, while the representer theorem [40]

is typically used to parameterise functions for kernel methods, in the decentralised

context this is not feasible as the data is split across the network. Random Features

then offer a particularly convenient representation in this case as, both: the problem

reduces to one of parametric regression; and the number of random features, and

thus memory required, adapts to the difficulty of machine learning task.

Heterogeneous Setting The heterogeneous setting aligns with when the

underlying data generating distributions between the agents are different, and

thus, is a particular instance of multi-task learning [34]. Specifically, the differences

between the underlying distributions have to be appropriately modelled to ensure

that combining the information from each agent results in improved performance.

How the information is combined then naturally depends upon the application

in questions. Therefore, to be concrete, we consider a sparse recovery setting

where each agent wishes to recover a sparse signal/parameter from a collection

of potentially noisy measurements. It is assumed that the signals associated to

each agent are related, with the manner in which they are related being encoded

by the network topology connecting them. Namely, if an edge joins agents in

the network then it is assumed that the difference between their signals is also

sparse, with the sparsity of the differences being smaller than the sparsity of each

individual signal. Such a setting arises within both: hyperspectral unmixing [41, 42],

where pixels in an image are associated to sparse signals, and therefore, spatially

correlated; as well as distributed machine learning [43, 44] when data is spread

across a network that spans, say, a large geographic area, and thus, may contain

a drifts in the underlying sampling distributions.

Given a collection of signals correlated in the manner just described, we

investigate the sample efficiency of a method built upon basis pursuit, see for

instance [45]. Basis pursuit, then being a method for recovering a single sparse
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signal from a collection of linear measurements when the ambient dimension is

larger than the number of samples. In short, basis pursuit aligns with finding a

solution to a set of linear equations with the minimum `1 norm, and thus, is a

convex relaxation of finding the minimum `0 solution.

The specific setting we then consider assumes the network aligns with a tree

topology, since the case of a more general graph can be reduced to a spanning tree

(if the signals are sparse with respect to a graph, they are sparse with respect to

any spanning tree of that graph, see for instance [46]). Given this, the method

sets out to recover a sparse solution for all of the agents simultaneously. This is

achieved by finding a joint solution which has both small `1 norm at a root of the

tree, and small total variation associated to the network. The total variation here

being the sum of the `1 norm of the differences associated to edges in the graph.

This penalisation follows the intuition that all of the signals in the network can be

recovered in the following stepwise manner: recover the signal at the root; then

recover the differences associated to edges in the network. Noting that the signal

associated to any agent can be recovered by summing up the root signal and the

differences along the edges going from the root to that agent.

Given this method, we provide guarantees on simultaneously recovering the

support (set of co-ordinates with non-zero entries) of every agent’s signal. In short,

it suffices for the sample size for the non-root agents to grow with the sparsity of the

differences multiplied by the square of the number of agents. In contrast, all prior

work (to the best our knowledge) for joint recovery requires the non-root agents to

have their sample size scale with the sparsity of their signals (this is required in order

to satisfy an incoherence condition). Our approach then offers sample complexity

savings when the sparsity of the differences are small relative to the sparsity of the

underlying signals i.e. the signals across agents are sufficiently related.

1.5 Related Literature

The work in thesis spans a number of topics. For clarity the literature associated

to each topic will be introduced within its own paragraph.
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Distributed Averaging Problem One of the earliest references on the Dis-

tributed Averaging Problem is [26], with now a large body of work investigating

different protocols, see [25, 28, 47] and references there in. In the setting we

consider, the collection of numbers held by the agents can be represented as a vector,

with the iterative local averaging of the agents encoded as repeatedly applying a

row-stochastic matrix (rows sum to one) to this vector. Note the matrix then aligns

with the transition probabilities of a Markov Chain on the network with uniform

stationary distribution. Therefore, the convergence of the numbers held by each

agent to the network average is connected to the rate at which this Markov Chain

convergences to its stationary distribution, and thus, the spectrum of the matrix.

In the case of a symmetric matrix (reversible Markov Chain) the convergence speed

is specifically linked to the spectral gap i.e. difference between the largest and

second largest Eigenvalues of the matrix [27, 48]. In short, for grid or cycle topology

this then leads to slow convergence owing to a symmetric random walk exhibiting

diffusive behaviour, see for instance [28]. Much work has then been motivated to

design matrices, as well as more sophisticated protocols, that exploit the structure

of certain network topologies to yield faster convergence [23, 49–54]. Some of these

methods then include both lifted Markov Chains [28, 55] as well as higher order

polynomials of the matrix which can then be computed iteratively [52, 54].

Decentralised Convex Optimisation Many problems in decentralised multi-

agent optimisation can be phrased as a form of consensus optimisation, and thus,

its study has a long line of literature [26, 32, 33, 56–64]. The observation that many

distributed machine learning problems, in particular, can be phrased as a consensus

optimisation problem has motivated a number of recent works developing algorithms

under a variety of different assumptions. We highlight a few key works. The work [38]

introduces the Distributed Gradient Descent algorithm that we study. The original

algorithm was applied to constrained optimisation problems, and thus, included a

projection step that made the analysis more technical. These technicalities were

over come by the dual method within [33], ultimately providing a clean dependence

on the network topology through the communication matrix’s inverse spectral gap.
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Owing to the fundamental connection to distributed averaging, the inverse spectral

gap dependence has then gained much attention with, in particular, [29, 30] showing

the dependence is unavoidable for general consensus optimisation problems i.e.

lower bounds on oracle complexity. We also note a popular algorithm for solving

variants of consensus optimisation problems is the Alternating Direction Method of

Multiplers (ADMM), see for instance [62]. Finally, in contrast to the decentralised

of this thesis, a large number of works have leveraged the statistical setting of

distributed empirical risk problems in centralised settings [65–73]. The algorithms

and analysis in these settings rely on a central-hub node to collect and disseminate

information, and therefore, cannot be easily extended to the decentralised setting.

Implicit Regularisation of Gradient Descent with General Losses As

stated previously, a number of works in thesis adopt the statistical learning theory

[18] framework to study the learning performance of first order gradient based

methods. Analysis of the generalisation performance for these methods then

typically falls into the single pass or multi-pass setting. In the single-pass setting,

each data point is used once to obtain an unbiased estimate of the expected out

of sample or test loss, and thus, generalisation guarantees directly follow from

optimisation guarantees for stochastic gradient descent [74]. Meanwhile in the multi-

pass, setting each data point is used multiple times, and thus, the gradients are not

guaranteed to be an unbiased estimate of the expected loss. This motivates the

approach of [75] which decomposes the test error into optimisation and generalisation

errors. Following this approach for the distributed setting, the optimisation error

can then be bounded using techniques in decentralised convex optimisation [33, 38,

74] (see also above). Meanwhile, one of the primary contributions of this thesis is

to study the generalisation error in the decentralised context. To do so, we utilise

the technique of stability [76, 77], which has been previously applied to gradient

descent for both convex and non-convex losses [78–82]. Notably within our work

it is found that the bound on the expected generalisation error does not depend

upon the network topology for Distributed Gradient Descent.
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Implicit Regularisation with Gradient Descent for Non-parametric

Regression As eluded to previously, implicit regularisation by early stopping with

iterative first order gradient based methods can be traced back to the inverse

problems literature [19, 83]. The wide adoption of first order methods in machine

learning applications has spurred research into studying the prediction performance

of iterative methods for inverse problems. Some of the earlier works then include

[84–86], which have been extended in a number of settings to include: multi-

pass stochastic gradient descent [87]; accelerated gradient methods [88]; stochastic

gradient descent with large step sizes and averaging [89–92]; stochastic gradient

descent with random features [93]; centralised divide and conquer schemes [67, 70,

71]; and pre-conditioned gradient descent [94].

Joint Recovery of Sparse Signals One of the chapters within this thesis

considers joint recovery of sparse signals, and therefore, we introduce some literature

in this area. The problem of recovering a single sparse signal from linear measure-

ments has gained much attention within the field of compressed sensing, see for

instance [45]. Most notably, the sensing/design matrix satisfying a Restricted Null

Space is both a necessary and sufficient condition for recovering a sparse signal with

basis pursuit. A sufficient condition for the sensing matrix to satisfy the Restricted

Null Space Property is that it satisfies a Restricted Isometry Property up to the

sparsity level of the signal [95]. This can then be satisfied for a variety of random

matrices provided the sample size is larger (up to logarithmic and constant factors)

than the signal sparsity. Naturally, a large body of works have then investigated

simultaneously recovering a collection of sparse signals [96–103]. The majority of

these methods consider group lasso style penalties that jointly penalise the signals

across the tasks. In short, this postulates that, if the signals are stacked to be rows

in a matrix, then this matrix should have a block-sparse structure. To then achieve

theoretical guarantees for these group lasso style methods, the sensing/design

matrices associated with each task are typically assumed to satisfy an incoherence

condition [101–103]. Similar to the Restricted Isometry Property, this then requires

the sample size of each task to grow with the sparsity of the underlying signal.
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This means the agents are unable to use fewer samples than the sparsity of their

underlying signals, even if all of their signals were identical. In contrast, for the total

variation approach we consider, the sample size for all but one of the tasks grows

with the sparsity of the signal differences, and thus, can be smaller than the sparsity

of the underlying signal when the signals are sufficiently related to one another.

1.6 Thesis Structure

The remainder of this thesis is an integrated format, and therefore, each chapter

is associated to a manuscript. The manuscripts and their associated chapters

are summarised as follows.

• Chapter 2: “Graph-Dependent Implicit Regularisation for Distributed Stochas-

tic Subgradient Descent”, Dominic Richards, Patrick Rebeschini. In

Journal of Machine Learning Research, 2020.

• Chapter 3: “Optimal Statistical Rates for Decentralised Non-Parametric

Regression with Linear Speed-Up”, Dominic Richards, Patrick Rebeschini.

In Advances in Neural Information Processing Systems, 2019.

• Chapter 4: “Decentralised Learning with Random Features and Distributed

Gradient Descent”, Dominic Richards, Patrick Rebeschini and Lorenzo

Rosasco. In International Conference on Machine Learning, 2020.

• Chapter 5: “Tree-Based Multi-Task Sparse Recovery with Total Variation

Penalty”, Dominic Richards, Sahand Negahban, Patrick Rebeschini. In

Preprint, 2020.
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Abstract
We propose graph-dependent implicit regularisation strategies for synchronised distributed stochas-
tic subgradient descent (Distributed SGD) for convex problems in multi-agent learning. Under
the standard assumptions of convexity, Lipschitz continuity, and smoothness, we establish statisti-
cal learning rates that retain, up to logarithmic terms, single-machine serial statistical guarantees
through implicit regularisation (step size tuning and early stopping) with appropriate dependence
on the graph topology. Our approach avoids the need for explicit regularisation in decentralised
learning problems, such as adding constraints to the empirical risk minimisation rule. Particularly
for distributed methods, the use of implicit regularisation allows the algorithm to remain simple,
without projections or dual methods. To prove our results, we establish graph-independent gen-
eralisation bounds for Distributed SGD that match the single-machine serial SGD setting (using
algorithmic stability), and we establish graph-dependent optimisation bounds that are of indepen-
dent interest. We present numerical experiments to show that the qualitative nature of the upper
bounds we derive can be representative of real behaviours.
Keywords: Distributed machine learning, implicit regularisation, generalisation bounds, algorith-
mic stability, multi-agent optimisation.

1. Introduction

In machine learning, a canonical setting involves assuming that training data is made of independent
samples from a certain unknown distribution, and the goal is to construct a model that can perform
well on new unseen data from the same distribution (Vapnik, 1995). Given a certain loss function
that measures the performance of a model against an individual data point, the classical framework
of regularised empirical risk minimisation involves looking for the model that minimises the em-
pirical risk, i.e., the average loss over the training set, under some notions of regularisation, and
investigating the performance of this model on the expected risk or Test Risk, i.e., on the expected
value of the loss function taken with respect to a new data point.

In the distributed setting, data is stored and processed in different locations by different agents.
Each agent is represented by a node in a graph, and synchronised communication is allowed between
neighbouring agents in this graph. In the decentralised setting typical of peer-to-peer networks,

c©2020 Dominic Richards and Patrick Rebeschini.

License: CC-BY 4.0, see https://creativecommons.org/licenses/by/4.0/. Attribution requirements are provided at
http://jmlr.org/papers/v21/18-638.html.
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there is no central authority that can aggregate information from all the nodes and coordinate the
distribution of computations. In sensor networks, for instance, data is collected on different sensors
and each sensor communicates with nearby sensors by sharing model parameters. In the setting
where the distributed data is assumed to be generated from the same unknown distribution, the goal
is to design iterative algorithms so that agents can leverage local exchange of information to learn
models that have better prediction capabilities as compared to the models they would obtain by only
using the data they own.

In recent years, primarily due to the explosion in the size of modern data sets, the decentralised
nature in which modern data is collected, and the rise of distributed computing platforms, the setting
of distributed machine learning has received increased attention. From an optimisation point of
view, problems in decentralised multi-agent learning are typically treated as a particular instance
of consensus optimisation, and a variety of techniques have been developed to address this general
framework, starting from the early work of Tsitsiklis (1984); Tsitsiklis et al. (1986) to more recent
work that relates to the setting that we consider, which includes Johansson et al. (2007); Nedic and
Ozdaglar (2009); Nedić et al. (2009); Johansson et al. (2009); Ram et al. (2010); Lobel and Ozdaglar
(2011); Matei and Baras (2011); Boyd et al. (2011); Duchi et al. (2012); Shi et al. (2015); Mokhtari
and Ribeiro (2016). From a statistical point of view, however, as emphasised in Shamir and Srebro
(2014), distributed learning problems have more structure than general consensus problems, due to
the possible statistical similarities in the data owned by different agents, for instance. Aside from
the client-server (star network) setting where a central aggregator can coordinate the exchange of
information with every other node so that divide and conquer protocols are admissible (Lin and
Cevher, 2018), the literature on statistical guarantees for distributed methods seems to have focused
exclusively on the investigation of models with explicit regularisation, i.e., when constraints and/or
penalty terms are added to the minimisation of the empirical loss function (Agarwal and Duchi,
2011; Zhang et al., 2012; Shamir et al., 2014; Zhang and Lin, 2015; Bijral et al., 2017). The
presence of explicit regularisation typically increases the complexity of both the algorithms and the
resulting theoretical analysis, particularly for the distributed setting (Lian et al., 2017). For example,
constraints can require the need for projection steps which are potentially costly for low-powered
sensors, and deriving error bounds that depend on the graph topology for distributed algorithms
in the presence of constraints is known to be challenging (Duchi et al., 2012). We are not aware
of any result that investigates the performance of distributed and decentralised algorithms (i.e., not
divide and conquer methods) on the Test Risk in the absence of explicit regularisation. This is in
sharp contrast with the single-machine setting, where recent progress has been made giving optimal
statistical learning guarantees for algorithms based on unregularised empirical risk minimisation
via notions of implicit regularisation, i.e., proper tuning of algorithmic parameters (Ying and Pontil,
2008; Tarres and Yao, 2014; Dieuleveut and Bach, 2016; Lin et al., 2016a; Lin and Rosasco, 2017).

1.1. Contributions

This paper investigates the learning capabilities of a simple synchronised distributed first-order
method for multi-agent learning using notions of implicit regularisation that depend on the topology
of the underlying communication graph. We consider the unconstrained and unpenalised empirical
risk minimisation problem in the setting where n agents have access to m independent data points
coming from the same unknown distribution, and where agents can only exchange information with
their neighbours. We consider a synchronised distributed version of stochastic subgradient descent

2
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(Distributed SGD), which is a stochastic variant of one of the most widely-studied first-order method
in multi-agent optimisation (Nedic and Ozdaglar, 2009). In the implementation that we look at, at
every iteration each agent first performs a standard SGD step, where only one data point is uniformly
sampled with replacement among those individually-owned to compute the local subgradient, and
then performs a classical synchronised consensus step, where a local exchange of information is im-
plemented via an average of the updated iterates across neighbouring agents. We treat Distributed
SGD as a statistical device, and look at its performance on unseen data by bounding the Test Error,
i.e., the expected value of the excess risk defined as the difference between the Test Risk evaluated
at the output of the algorithm and the minimal Test Risk. Under different assumptions on the con-
vex loss function (we consider the standard assumptions of Lipschitz and smoothness) we establish
upper bounds for the Test Error of Distributed SGD that exhibit explicit dependence on both the
algorithmic tuning parameters (the learning rate and the time horizon) and the graph topology (the
spectral gap of the communication matrix). Minimising these upper bounds yields implicit regu-
larisation strategies, allowing to recover the single-machine serial statistical rates by proper tuning
of the learning rates and of the time horizon (a.k.a. early stopping) as a function of the network
topology. In the case of convex, Lipschitz, and smooth losses, we recover, up to logarithmic terms,
the optimal rate of O(1/

√
nm) for single-pass constrained single machine serial SGD (Lan, 2012;

Xiao, 2010). In the case of convex and Lipschitz losses, we recover, up to logarithmic terms, the
best-known rate of O(1/(nm)1/3) for single-machine serial SGD with implicit regularisation Lin
et al. (2016a,b).1 We present numerical experiments to show that the qualitative nature of the upper
bounds we derive can be representative of real behaviours.

To establish learning rates for Distributed SGD, we follow the general framework pioneered
in the single-machine setting by Bousquet and Bottou (2008) and, in particular, by Hardt et al.
(2016). We consider, in the distributed setting, a decomposition of the Test Error which involves
the Generalisation Error (i.e., the expected value of the difference between the loss incurred on
the training data versus the loss incurred on a new data point) and the Optimisation Error (i.e.,
the expected value of the error on the training set). To bound the Generalisation Error, we use
algorithmic stability or sensitivity as initially put forward by Bousquet and Elisseeff (2002) and
later applied for single-machine serial stochastic subgradient descent in Hardt et al. (2016). The
notion of stability that we use measures how much the output of an algorithm differs when a single
observation is resampled. In our case, as the observations are spread throughout the communication
graph, we need to consider stability not only with respect to time (i.e., the iteration time of the
algorithm), but also with respect to space (i.e., the communication graph). This technology allows
us to establish generalisation bounds for Distributed SGD that do not depend on the topology of
the communication graph, and we recover the same type of results that hold in the single machine
serial setting. This is in contrast to optimisation bounds for distributed subgradient methods, which
typically depend on the graph topology, as initially seen in the work of Johansson et al. (2009, 2007);
Duchi et al. (2012). To bound the Optimisation Error, we follow the approach pioneered in Nedic
and Ozdaglar (2009) and compare the behaviour of Distributed SGD with its network average, and
we take inspiration from the analysis of the network term in the work of Duchi et al. (2012) (in the
case of dual methods for constrained problems with Lipschitz losses) to derive upper bounds that
depend on the graph topology via the inverse of the spectral gap of the communication matrix. In
our setting, as we investigate implicit regularisation strategies, we deal with unconstrained problems

1. Lin et al. (2016b) considers implicit regularisation for gradient descent, although they remark that the analysis can
be modified to account for stochastic gradients.
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and the evolution of the network-averaged process admits a simple form that facilitates the analysis.
This approach avoids the difficulties with the nonlinearity of projection that have been previously
challenging in distributed learning models, and that motivated the investigation of dual methods such
as in Duchi et al. (2012). The bounds that we establish for the Optimisation Error of Distributed
SGD seem novel and are of independent interest.

Finally, our results show that one can also think of the graph itself as a regularisation parameter.
To give an example, agents can achieve the same statistical guarantees by trading off communication
against iterations: they can choose to communicate by using a low-energy sparse communication
protocol per iteration (for instance, communicating using a grid-like protocol even if the underlying
topology is that of a complete graph and all agents are connected with each others), but would
need to communicate for a longer time horizon in order to be guaranteed to reach the same level of
statistical accuracy.

The main contributions of this work are here summarised.

1. Graph-dependent implicit regularisation. We propose graph-dependent implicit regulari-
sation strategies for problems in distributed machine learning, specifically, step size tuning
and early stopping as a function of the spectral gap of the communication matrix. Our results
also show that the graph itself can be interpreted as a regularisation parameter.

2. Optimal statistical rates using a simple algorithm. Using implicit regularisation, we show
how a simple, primal, unconstrained, first-order method (Distributed SGD) recovers, up to
logarithmic terms, centralised statistical rates, in particular matching the optimal rates in the
case of smooth loss functions for constrained single-pass serial SGD.

3. To establish statistical rates and control the Test Error of Distributed SGD, we use a distributed
version of the error decomposition proposed in Hardt et al. (2016). We establish error bounds
on the Generalisation Error and Optimisation Error, respectively.

(a) Distributed generalisation bounds. We establish graph-independent Generalisation
Error bounds for Distributed SGD that match those within Hardt et al. (2016) for the
single-machine serial case. In the case of convex losses that are Lipschitz and smooth,
we prove upper bounds that grow linearly with the number of iterations and step size.

(b) Distributed optimisation bounds. We establish graph-dependent Optimisation Error
bounds for Distributed SGD. In the case of convex and Lipschitz loss functions, our
analysis is inspired by Nedic and Ozdaglar (2009); Duchi et al. (2012). When smooth-
ness is considered, our analysis is inspired by Bubeck et al. (2015); Dekel et al. (2012).

The remainder of the work is laid out as follows. Section 2 introduces the framework of multi-
agent learning. Section 3 introduces the Distributed SGD algorithm. Section 4 presents the main
results of this work, Test Error bounds for Distributed SGD with convex, Lipschitz, and either
smooth or non-smooth losses. Section 5 presents the specific Generalisation and Optimisation Error
bounds, as well as the notion of stability that we use. Section 6 gives a simulation study for the
case of smooth losses. Section 7 contains the conclusion. Appendix A provides proofs for all
Generalisation and Test Error bounds. Appendix B gives proofs for Optimisation Error bounds
under a general first-order stochastic oracle model.
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2. Multi-Agent Learning

In this section we introduce the framework of distributed and decentralised machine learning that we
consider. We address the case in which agents or nodes in a network are given their own independent
data sets and they want to cooperate, by iteratively exchanging information with their neighbours,
to develop a good learning model for new unseen data.

Let (V,E) be a simple undirected graph with n nodes, V = {1, . . . , n} ≡ [n] being the vertex
set and E ⊆ V × V being the edge set. Let Z be the space of observations, and to each v ∈ V let
Dv := {Zv,1, . . . , Zv,m} ∈ Zm denote the training set associated to node v, which consists of m
i.i.d. data points sampled from a certain unknown distribution supported on Z . Let D := ∪v∈VDv
denote the collection of all data points, that is, the entire/global training data set. Let d > 0 be a
given positive integer, and define X = Rd. Each agent wants to find a model x? ∈ X that minimises
of the Test Risk r, which is defined as

r(x) := E `(x, Z).

Here, the function ` : X × Z → R is a given loss function, and `(x, Z) represents the loss of the
model x on the random sample Z, which represents a new (unseen, independent) data point from
the same distribution. We assume that the minimum of r can be achieved. As the distribution of
the data is unknown, the expected risk r can not be computed, and a popular approach in machine
learning is to consider the empirical risk as a proxy. In the distributed setting, the global empirical
risk R is defined as

R(x) :=
1

nm

∑

v∈V

m∑

i=1

`(x, Zv,i) =
1

n

∑

v∈V
Rv(x).

Here, we have further defined the local empirical risk Rv(x) := 1
m

∑m
i=1 `(x, Zv,i), for any v ∈

V . Let us denote by X? ∈ argminx∈X R(x) a minimiser of the global empirical risk. In the
decentralised setting that we consider, each agent v ∈ V iteratively exchanges information with
their neighbours for a certain amount of time steps t to construct a model Xt

v ∈ X that can be a
good proxy for the minimiser of the expected risk, i.e., for x? ∈ argminx∈X r(x). A way to assess
the quality of a model Xt

v is to consider the Test Error, which we define as the expected value of the
excess risk r(Xt

v)− r(x?), namely,

E r(Xt
v)− r(x?).

In the next section we introduce the specific distributed algorithm that we consider to generate
the models’ estimates Xt

v’s, and we then present the main results on the bounds for the Test Error.
The general paradigm that we adopt to bound the Test Error is given by a generalisation to the
distributed setting of the error decomposition given in Hardt et al. (2016) for the single-machine
setting. This decomposition allows to bound the Test Error of a model into the sum of two errors:
the Generalisation Error, which controls the difference between the performance of the model on
a new data point and the performance of the model on the training data in D; and the Optimisation
Error, which controls how well the model optimises the empirical risk.

Proposition 1 (Hardt et al. (2016)) For each v ∈ V , t ≥ 1 we have

E r(Xt
v)− r(x?)︸ ︷︷ ︸

Test Error

≤ E[r(Xt
v)−R(Xt

v)]︸ ︷︷ ︸
Generalisation Error

+E[R(Xt
v)−R(X?)]︸ ︷︷ ︸

Optimisation Error

.
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Proof For completeness, the proof from Hardt et al. (2016) is given in Appendix A.1.

By using the error decomposition in Proposition 1, we are able to consider the unregularised
empirical risk minimisation problem introduced above and develop implicit regularisation strategies
for a simple iterative algorithm, which we introduce next.

Remark 2 (Statistical optimisation) From the statistical point of view, the distributed setting where
each agent is given a subset of the data has received a lot of attention in the literature (see intro-
duction), though most of the literature on statistical optimisation has focused on the client-server
(also known as master-slave) architecture typical of data centers, where a central aggregator in the
network (the server) can communicate with every other nodes (the clients) and can thus coordinate
the processing and exchange of information. This amounts to a star network topology that can
be used to model shared-memory protocols. This type of architecture makes divide-and-conquer
strategies possible, and most of the literature on statistical optimisation has focused on investigat-
ing statistical rates on the Test Error for one-shot-averaging techniques. In this work, we focus
on the decentralised setting where all nodes iteratively perform the same type of computations and
communications with respect to the underlying graph structure, without the presence of any special
node. We are not aware of any prior work that directly investigates the statistical performance of
decentralised methods on the Test Error. Most of the literature on decentralised methods seem to
have focused on bounding the Optimisation Error on the training data, as we explain in Remark 3.

Remark 3 (Consensus optimisation) From the optimisation point of view, the literature on multi-
agent learning has largely focused on the investigation of the Optimisation Error via consensus
methods in the presence of explicit regularisation, typically in the form of a convex constraint set
R (see literature review in the introduction). Statistically, this approach is justified, for instance, by
the distributed version of the classical error decomposition given in Bousquet and Bottou (2008):

E r(Xt
v)− r(x?)︸ ︷︷ ︸

Test Error

≤ 2 E sup
x∈R
|r(x)−R(x)|

︸ ︷︷ ︸
Uniform Generalisation Error

+ E[R(Xt
v)−R(X?

R)]︸ ︷︷ ︸
Regularised Optimisation Error

+ r(x?R)− r(x?)︸ ︷︷ ︸
Approximation Error

,

with x?R ∈ argminx∈R r(x) and X?
R ∈ argminx∈RR(x). In this setting, consensus optimisation

deals with algorithms that minimise the quantity R(Xt
v)−R(X?

R), where R(x) = 1
n

∑
v∈V Rv(x).

Bounds on the Regularised Optimisation Error can then be combined with bounds on the Uniform
Generalisation Error using notions of complexity for the constraint set R (e.g., VC dimension,
Rademacher complexity, etc.). As highlighted in Shamir and Srebro (2014), and as we mentioned
in the introduction, however, distributed learning problems have more structure than general con-
sensus problems, as the local functions Rv are random and have a specific design. In this work,
we analyse a stochastic algorithm that is tailor-made for distributed learning problems (not for
general consensus problems), and use the error decomposition in Proposition 1 to develop implicit
regularisation strategies for the unregularised empirical risk minimisation problem.

3. Distributed Stochastic Subgradient Descent

The algorithm that we consider to generate the model estimates Xt
v’s assumes that each node v ∈ V

can query subgradients ∂` of the loss function ` with respect to the first parameter, evaluated at
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points in the local data set Dv. We consider the stochastic setting where at each time step agent v
does not evaluate the full subgradient of the local empirical risk Rv, but instead only a subgradient
∂` at a single randomly chosen sample in the locally-owned data set Dv. This is well tailored to
situations where m is large, as this reduces the per-iteration complexity to a constant factor.

The algorithm is defined as follows. Let ∂`(x, Zv,k) represent an element of the subgradient of
`( · , Zv,k) at x, with k ∈ {1, . . . ,m} ≡ [m]. Let P ∈ Rn×n be a doubly stochastic matrix supported
on the graph (V,E), that is, Pij 6= 0 only if {i, j} ∈ E. Distributed stochastic subgradient descent
(Distributed SGD) generates a collections of vectors {Xs

v}v∈V,s≥1 in X as follows. Given initial
vectors {X1

v}v∈V , possibly random, for s ≥ 1,

Xs+1
v =

∑

w∈V
Pvw(Xs

w − η∂`(Xs
w, Zw,Ks+1

w
)), (1)

where for each v ∈ V , {K2
v ,K

3
v , . . .} is a collection of i.i.d. random variables uniform in [m],

and η > 0 is the step size. The above algorithm can be described as performing two steps: a
stochastic gradient update Y s+1

w = Xs
w − η∂`(Xs

w, Zw,Ks+1
w

), and a synchronised consensus step∑
w∈V PvwY

s+1
w . This framework for decentralised optimisation (albeit for a slightly different pro-

tocol, see remark 4) has been largely explored with the early works of Nedic and Ozdaglar (2009);
Ram et al. (2009); Lobel and Ozdaglar (2011); Duchi et al. (2012). The fact that we consider im-
plicit regularisation strategies allows us to focus on the unconstrained risk minimisation problem.
In turn, this allows us to consider an algorithm that is much simpler to analyse than the ones pre-
viously considered in the literature, avoiding projections or dual approaches (see introduction for
the relevant literature review). We also highlight the randomised sampling mechanism in algorithm
(1), which is tailor-made for the machine learning problem at hand and not for generic consensus
problems.

Remark 4 In the stochastic setting, the protocol put forward by Nedic and Ozdaglar (2009) updates
the iterates as Xs+1

v =
∑

w∈V PvwX
s
w − η∂`(Xs

v , Zv,Ks+1
v

), which is slightly different from the
protocol that we consider where also the gradients are averaged across neighbours. The two main
motivations for the original protocol are that it is fully decentralised, in that nodes are only required
to communicate locally, and that it reduces to a consensus protocol to solve network averaging
problems when ` = 0. The protocol (1) that we consider preserves these properties and it makes
the error analyses simpler. The difference between these two protocols in a general setting has been
investigated in the literature, see Sayed (2014) for instance.

In the next section we present results on the performance of Distributed SGD under various assump-
tions on the loss function `.

4. Results

This section presents the main results of this work: Test Error bounds for Distributed SGD with
smooth and non-smooth losses, Section 4.1 and Section 4.2, respectively.

Henceforth, let ‖ · ‖ be the `2 norm. A function f : Rd → R is said to be L-Lipschitz,
with L > 0, if |f(x) − f(y)| ≤ L‖x − y‖ for all x, y ∈ Rd, and β-smooth, with β > 0, if
‖∇f(x) − ∇f(y)‖ ≤ β‖x − y‖ for all x, y ∈ Rd. Let σ2(P ) be the second largest eigenvalue
in absolute value for the matrix P . Unless stated otherwise, we use the big-O notation O( · ) to
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denote order of magnitudes up to constants in n and m, and the notation Õ( · ) to denote order of
magnitudes up to both constants and logarithmic terms in n and m. Equality modulo constants and
logarithmic terms is denoted by '.

4.1. Smooth Losses

We analyse the statistical rates for smooth losses. First, we present the Test Error bound in its full
form. Then, we present a corollary that summarises the order of magnitudes of the bounds obtained
under different choices of implicit regularisation, tuning the step size and the stopping time as a
function of the graph topology. Full details are given in Appendix A.

For smooth losses, we present a bound that depends on both the variance of the gradient esti-
mates and the statistical deviations between the local empirical losses {Rv}v∈V . Let σ, κ > 0 be
such that the following holds for any v ∈ V and s ≥ 1,

E
[
‖∇`(Xs

v , Zv,Ks+1
v

)−∇Rv(Xs
v)‖2

]
≤ σ2, (2)

E
[
‖∇`(Xs

v , Zv,Ks+1
v

)− 1

n

∑

w∈V
∇Rw(Xs

w)‖2
]
≤ κ2. (3)

The quantity σ2 in (2) yields a uniform control on the variance of the stochastic gradients, while the
quantity κ2 in (3) yields a uniform control on both the variance of the gradients and the deviation
between local objectives. Note that if `( · , z) is L-Lipschitz for any z ∈ Z , then both σ2 and κ2 are
bounded by 4L2 by the triangle inequality. A detailed discussion of these assumptions is given in
Appendix B in the more general context of stochastic optimisation.

Theorem 5 (Test Error bounds for convex, Lipschitz, and smooth losses) Assume that for any
z ∈ Z the function `( · , z) is convex, L-Lipschitz, β-smooth and satisfies (2) and (3). Let X1

v = 0
for all v ∈ V , ‖X?‖ ≤ G. Then, Distributed SGD with η = 1/(β + 1/ρ), ρ > 0, and ηβ ≤ 2,
yields, for any v ∈ V and t ≥ 1,

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ L2

nm(β + 1/ρ)
(t+ 1)

︸ ︷︷ ︸
Generalisation Error bound

+
ρ

2
σ2 +

(β + 1/ρ)G2

2t
+

3κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

(
L+

3

2

β(3 + βρ)κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

)

︸ ︷︷ ︸
Optimisation Error bound

.

Proof See Appendix A.5.

We highlight that the Generalisation Error bound is independent of the graph topology, while the
Optimisation Error bound naturally depends upon inverse of the spectral gap of the communication
matrix: 1/(1 − σ2(P )). The following corollary gives the order of magnitudes for the Test Error
bounds obtained with three different choices of step size and corresponding early stopping. The
different choices for the parameter ρ > 0 correspond to the following (modulo the simplifications
used to perform the minimisations, as explained in detail in Section A.6):

• ρ? is the choice for serial SGD, see for instance Dekel et al. (2012); Bubeck et al. (2015);

8
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• ρ?Opt is the choice that minimises the Optimisation Error bound in Theorem 5;

• ρ?Test is the choice that minimises the Test Error bound in Theorem 5.

Corollary 6 (Implicit regularisation for convex, Lipschitz, and smooth losses) In the setting of
Theorem 5, the following holds for different choices of ρ, function of the time horizon t:

ρ Size Test Error at ρ, t Test Error at ρ, t?(ρ)

ρ? O
(

1√
t

)
Õ
(

1
(1−σ2(P ))

√
t

+
√
t

nm

)
Õ
(

1√
nm(1−σ2(P ))

)

ρ?Opt Õ
(√

1−σ2(P )
t

)
Õ
(

1√
t(1−σ2(P ))

+

√
t(1−σ2(P ))

nm

)
Õ
(

1√
nm

)

ρ?Test Õ
(

1√
t

1√
1

1−σ2(P )
+ t
nm

)
Õ
(

1√
t(1−σ2(P ))

+ 1√
nm

)
Õ
(

1√
nm

)

Table 1: t?(ρ?) ' t?(ρ?Opt) ' t?(ρ?Test) ' nm/(1− σ2(P )).

Proof See Appendix A.6.

We note that the Test Error bound given by the choice ρ?Test is the only one that is guaranteed
to converge as the number of iterations t goes to infinity. With this choice, t?(ρ?Test) ' nm/(1 −
σ2(P )) iterations are guaranteed to reach the rate Õ(1/

√
nm). Minimising (approximately) with

respect to time the Test Error bounds that are obtained with the choices ρ? and ρ?Opt gives early
stopping rules with the same order of iterations, i.e., t?(ρ?) ' t?(ρ?Opt) ' nm/(1 − σ2(P )).
The choices ρ?Test and ρ?Opt with early stopping yield, up to logarithmic terms, the optimal rate
O(1/

√
nm) for single-pass constrained serial SGD (Lan, 2012; Xiao, 2010). On the other hand,

the choice ρ? that aligns with serial SGD, with no dependence on the graph topology, yields a
suboptimal statistical guarantee with a rate Õ(1/

√
nm(1− σ2(P ))).

Remark 7 (Knowledge of Network Spectrum) Algorithmic parameter choices in Table 1 depend
on the network through the spectral gap of the communication matrix 1− σ2(P ). While outside the
scope of this work, this quantity can be estimated in a decentralised manner, see for instance (Yang
et al., 2010; Yang and Tang, 2015) and references therein.

Remark 8 (Early Stopping with a Constant Step Size) When performing early stopping a step
size constant in the number of iterations is commonly chosen so a single instance of single-machine
serial SGD is required. Theorem 5 demonstrates optimal statistical rates up to logarithmic factors
can be achieved for Distributed SGD when choosing the step size ρ = O((1− σ2(P )))/

√
nm) and

iterations t = O(nm/(1− σ2(P ))). For the calculation of this fact see Appendix A.8.

4.2. Non-Smooth Losses

We now analyse the statistical rates for non-smooth losses. Before presenting the results, we intro-
duce and motivate the technical assumptions that we need.

Assumptions 1

9
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(a) There exist constants C ≤ B such that for any z ∈ Z the loss function `( · , z) is bounded from
above at zero, i.e., `(0, z) ≤ B, and is uniformly bounded from below, i.e., C ≤ `(x, z) for any
x ∈ Rd;

(b) There exists a constant D ≥ 0 such that for any z1, . . . , znm ∈ Z and any X̃ ⊆ X we have

E sup
x∈X̃

1

nm

nm∑

i=1

σi`(x, zi) ≤ D
sup

x∈X̃ ‖x‖√
nm

,

where {σi}i∈[nm] is a collection of independent Rademacher random variables, namely, P(σi =
1) = P(σi = −1) = 1/2.

Assumption (a) is a common boundedness assumption for controlling the norm of the iterates of
gradient descent algorithms through a centring argument. Assumption (b) represents a control on the
Rademacher complexity of the function class {`(x, · ) : x ∈ X} with respect to the `2 norm. These
assumptions are satisfied, for instance, in the setting of supervised learning with linear predictors,
bounded data, and hinge loss (with is convex, Lipschitz, and non-smooth). See Remark 11 below.

First, we present the Test Error bound for non-smooth losses under Assumptions 1. Then, we
present a corollary that summarises the order of magnitudes of the bounds obtained under different
choices of implicit regularisation, tuning the step size and the stopping time as a function of the
graph topology. Full details are given in Appendix A.

Theorem 9 (Test Error bounds for convex and Lipschitz losses) Assume that for any z ∈ Z the
loss function `( · , z) is convex and L-Lipschitz. Consider Assumptions 1. Let X1

v = 0 for all v ∈ V ,
‖X?‖ ≤ G. Then, Distributed SGD with η > 0 yields, for any v ∈ V and t ≥ 1,

E r
(1

t

t∑

s=1

Xs
v

)
− r(x?) ≤ 2D

√
(t− 1)(η2L2 + 2η(B − C))

nm︸ ︷︷ ︸
Generalisation Error bound

+
19

2

ηL2 log(t
√
n)

1− σ2(P )
+
G2

2ηt︸ ︷︷ ︸
Optimisation Error bound

.

Proof See Appendix A.5.

The following corollary gives the order of magnitudes for the Test Error bound obtained with three
different choices of step size and corresponding early stopping. The different choices for the step
size η > 0 correspond to the following (modulo the simplifications used to perform the minimisa-
tions, as explained in detail in Section A.7):

• η? is the choice for serial SGD, see for instance Bubeck et al. (2015);

• η?Opt is the choice that minimises the Optimisation Error bound in Theorem 9;

• η?Test is the choice that minimises the Test Error bound in Theorem 9.

Corollary 10 (Implicit regularisation for convex and Lipschitz losses) In the setting of Theorem
9, the following holds for different choices of η, function of the time horizon t:

10
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η Size Test Error at η, t Test Error at η, t?(η)

η? O
(

1√
t

)
Õ
(

1
(1−σ2(P ))

√
t

+

√ √
t

nm

)
Õ
(

1
(nm(1−σ2(P )))1/3

)

η?Opt Õ
(√

1−σ2(P )
t

)
Õ
(

1√
t(1−σ2(P ))

+

√√
t(1−σ2(P ))

nm

)
Õ
(

1
(nm)1/3

)

η?Test Õ
(

1√
t

1√
1

1−σ2(P )
+ t

(nm)2/3

)
Õ
(

1√
t(1−σ2(P ))

+ 1
(nm)1/3

)
Õ
(

1
(nm)1/3

)

Table 2: t?(η?) ' (nm)2/3/(1− σ2(P ))4/3 and t?(η?Opt) ' t?(η?Test) ' (nm)2/3/(1− σ2(P )).

Proof See Appendix A.7.

Corollary 10 shows asymptotic behaviours for the Test Error bounds (as a function of time t upon
different choices of the step size) that are analogous to the ones established in Corollary 6 in the
case of smooth losses. In particular, as in Corollary 6, the step sizes accounting for the graph
topology, i.e., η?Test and η?Opt, give improved statistical rates over the step size independent of the
graph topology η?.

The statistical rate obtained by both η?Test and η?Opt, upon performing early stopping, matches,
up to logarithmic terms, the best-known rate ofO(1/(nm)1/3) obtained by serial SGD with implicit
regularisation (Lin et al., 2016a). Differing from the smooth case, additional iterations with respect
to the graph topology are required for the step size independent of the graph topology η? to achieve
its best statistical rates (as prescribed by our upper bounds), when compared to step sizes accounting
for the topology η?Test and η?Opt. As highlighted in (Lin et al., 2016a), we note that these rates are
not sharp, leaving it to future work to obtain better bounds.

Remark 11 Assumptions 1 is satisfied in the setting of supervised learning with bounded data,
linear predictors, and hinge loss, for instance. In this setting, each observation z ∈ Z decomposes
into a d-dimensional feature vector and a real-valued response, i.e., z = {w, y} with w ∈ W ⊂ Rd
and y ∈ Y ⊂ R such that ‖w‖ ≤ DW < ∞, and |y| ≤ DY < ∞. The linear predictors
are parametrised by x ∈ X̃ ⊆ X = Rd, i.e., w → w>x, and the loss function is of the form
`(x, z) = ˜̀(w>x, y) with the function ˜̀ : Y × Y → R+ measuring the discrepancy between the
predicted response w>x and the observed response y. For the hinge loss, ˜̀(ỹ, y) = max(0, 1− ỹy).
Assumption 1 (a) is satisfied with B = 1 and C = 0. By Talagrand’s contraction lemma and
standard results on the Rademacher complexity of linear predictors, assumption (b) is satisfied with
D = DYDW , as the hinge loss ˜̀( · , y) is |y|-Lipschitz. Also the Lipschitz constant in Theorem 9
reads L = D, as |`(x1, z) − `(x2, z)| ≤ DY |(x1 − x2)>w| ≤ DYDW‖x1 − x2‖ by the Cauchy-
Schwarz’s inequality.

5. Generalisation and Optimisation Error Bounds

In this section we present the Generalisation and Optimisation Error bounds that yield the Test Error
bounds presented within Section 4. Section 5.1 begins with the stability analysis used to derive the
Generalisation Error bounds for smooth losses. This is followed by the Generalisation Error bound
for non-smooth losses in Section 5.2. Finally, Section 5.3 presents Optimisation Error bounds for
both classes of losses.

11
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5.1. Generalisation Error Bound for Smooth Losses through Stability

To bound the Generalisation Error for smooth losses we utilise its link with stability. This has
previously been investigated in Rogers and Wagner (1978); Kearns and Ron (1999); Bousquet and
Elisseeff (2002); Mukherjee et al. (2006); Shalev-Shwartz et al. (2010), with Bousquet and Elisseeff
(2002) and Hardt et al. (2016) providing the work upon which we rely. Specifically, Hardt et al.
(2016) investigated the Generalisation Error of serial SGD in the multi-pass setting, giving, in the
case of convex, Lipschitz, and smooth losses, upper bounds that grow linearly with the number of
iterations and step size. The method used is algorithmic stability (or sensitivity) as introduced in
Bousquet and Elisseeff (2002). This method investigates the deviation of an algorithm when a single
data point in the data setD is resampled. By iterating through all of the observations, accounting for
the deviation in each case, the Generalisation Error is then equal to the average deviation, as we see
next. In our case the observations are spread throughout a graph, so the deviations of the algorithm
depends on the location of the observation that is resampled.

For each w ∈ V and k ∈ [m], let Z̃w,k be a resampled (independent) observation coming from
the same data distribution. Let X̃(w, k)tv denote the output of Distributed SGD at node v after t
iterations when the algorithm is run on the perturbed data set {D\Zw,k} ∪ Z̃w,k in which the k-th
observation for node w, i.e., Zw,k, is replaced by Z̃w,k. The Generalisation Error is then equal to
the average mean deviance of the loss function evaluated at the perturbed outputs.

Proposition 12 For any v ∈ V and t ≥ 1,

E[r(Xt
v)−R(Xt

v)] =
1

nm

∑

w∈V

m∑

k=1

E[`(Xt
v, Z̃w,k)− `(X̃(w, k)tv, Z̃w,k)].

Proof The proof is given in Appendix A.2.

The identity in Proposition 12 involves a double sum over the mean deviations of the algorithm
applied to locally perturbed data sets: one sum relates to the graph location where the perturbation
is supported (w), and the other sum relates to the index of the perturbed data point at that location
(k). Each individual deviation depends on the graph topology via the location of the resampled
observation w relative to the node of reference v. This dependence is captured by the bound that we
give in Proposition 18 in Appendix A.3.2, where we show that the non-expansive property of the
gradient descent update in the smooth case controls the spatial propagation of the deviation across
the network via the term

∑t−1
s=1(P

s)vw. Proposition 12 involves the average across all deviations,
and once the summation over w ∈ V is considered, we get a final bound that increases linearly with
time but does not depend on the graph topology, as we state next.

Lemma 13 (Generalisation Error bound for convex, Lipschitz, and smooth losses) Assume that
for any z ∈ Z the function `( · , z) is convex, L-Lipschitz, and β-smooth. Let X1

v = 0 for all v ∈ V .
Then, Distributed SGD with ηβ ≤ 2 yields, for any v ∈ V and t ≥ 1,

E[r(Xt
v)−R(Xt

v)] ≤
2ηL2

nm
(t− 1).

Proof See Appendix A.3.

For completeness, and to fully establish in the decentralised case the results derived in Hardt et al.
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(2016) in the single machine case, we include in Appendix A.3 also the time-uniform Generalisation
Error bound for the constrained and strongly-convex case. In this case, the contraction property of
the gradient descent update controls the spatial propagation of the deviation across the network via
the term

∑t−1
s=1 ι

s(P s)vw, for a given ι < 1. Once the summation over w ∈ V in Proposition 12 is
taken, we get a final bound that does not depend on time, nor on the graph topology. The bounds
that we give are identical to the ones in Hardt et al. (2016) for a single agent with nm observations.

5.2. Generalisation Error Bound for Non-Smooth Losses through Rademacher Complexity

In the case of non-smooth losses we follow the approach used in Lin et al. (2016a) for the single-
machine case that involves controlling the Generalisation Error by using standard Rademacher com-
plexity’s arguments through Assumption 1 (b) and bounding the norm of the iterates ‖Xt

v‖ as a
function of the parameters of the algorithm.

Lemma 14 (Generalisation Error for convex and Lipschitz losses) Assume that for any z ∈ Z
the loss function `( · , z) is convex and L-Lipschitz. Consider Assumptions 1. Let X1

v = 0 for all
v ∈ V . Then, Distributed SGD yields, for any v ∈ V and t ≥ 1,

E[r(Xt
v)−R(Xt

v)] ≤ 2D

√
(t− 1)(η2L2 + 2η(B − C))

nm
.

Proof See Appendix A.4.

We now go on to give Optimisation Error bounds which, once combined the Generalisation Error
bounds in Section 5.1 and 5.2, give the Test Error bounds presented within Section 4.

5.3. Optimisation Error Bounds

In this section we present Optimisation Error bounds for Distributed SGD with convex, Lipschitz,
and either smooth or non-smooth losses. These results follow from theorems proved within Ap-
pendix B under the more general setting of the first-order stochastic oracle model. We note that
constants within these bounds have not been optimised.

The bounds that we derive are proved using the techniques developed in Nedić et al. (2009)
and, in particular, in Duchi et al. (2012), where the evolution of the algorithm Xs

v is compared
against the evolution of its network average Xs

:= 1
n

∑
v∈V X

s
v to derive graph-dependent error

bounds. Appendix B contains the full scheme of the proof, along with the error decomposition
into a network term, an optimisation term, and a gradient noise term (only in the smooth case). As
previously emphasised, the fact that we investigate implicit regularisation strategies allows us to
deal with unconstrained problems, and in this case the evolution of the network-averaged process
X
s admits a simple form that facilitates the analysis. This approach avoids the difficulties with the

nonlinearity of projection that have been previously challenging in distributed learning models, and
that motivated the investigation of dual methods such as in Duchi et al. (2012).

We start with the case of Lipschitz and smooth losses. The proof for this case is inspired from
the proof for serial SGD applied to smooth objectives, specifically, Theorem 6.3 in Bubeck et al.
(2015), itself extracted from Dekel et al. (2012). The bound that we present depends upon both the
quantity σ and the quantity κ defined, respectively, in (2) and (3).

13
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Lemma 15 (Optimisation Error bound for convex, Lipschitz, and smooth losses) Assume that
for any z ∈ Z the function `( · , z) is convex, L-Lipschitz, β-smooth and satisfies (2) and (3). Let
X1
v = 0 for all v ∈ V , ‖X?‖ ≤ G. Then, Distributed SGD with η = 1/(β+1/ρ) and ρ > 0, yields,

for any v ∈ V and t ≥ 1,

E
[
R
(1

t

t∑

s=1

Xs+1
v

)
−R(X?)

]

≤ ρ

2
σ2 +

(β + 1/ρ)G2

2t
+

3κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

(
L+

3

2

β(3 + βρ)κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

)
.

Proof The result follows from Corollary 27 in Appendix B and from Section B.4.

Next is the Optimisation Error bound for non-smooth losses, inspired from Duchi et al. (2012).

Lemma 16 (Optimisation Error bound for convex and Lipschitz losses) Assume that for any z ∈
Z the function `(·, z) is convex and L-Lipschitz. Let X1

v = 0 for all v ∈ V , ‖X?‖ ≤ G. Then,
Distributed SGD yields, for any v ∈ V and t ≥ 1,

E
[
R
(1

t

t∑

s=1

Xs
v

)
−R(X?)

]
≤ ηL2

2

(
19

log(t
√
n)

1− σ2(P )

)
+
G2

2ηt
.

Proof The result follows from Corollary 25 in Appendix B and from Section B.4.

When optimising either of these bounds with respect to ρ or η, a rate no better than O(1/
√
t) can

be obtained, matching the rate of stochastic gradient descent in the single-machine case. From the
bound in Lemma 15, however, we note that if σ = κ = 0 then the accelerated rate of O(1/t) can
be obtained, matching the rate of full-gradient descent in the single-machine case. For a general
discussion on these lines, we refer to Appendix B and to Remark 22 in particular.

6. Numerical Experiments

In this section we provide a simulation study to investigate if the previously proven bounds can
be representative of real behaviours. Specifically, we investigate the Test Error bounds given in
Corollary 6 for convex, Lipschitz, and smooth losses. We start by introducing the notation and
quantities of interest in Section 6.1, then we present the results of the experiments in Section 6.2.

6.1. Setup

As we want to minimise the expected risk r(x) = E `(x, Z) but a closed form expression is typically
not available, we use a Monte Carlo approximation constructed from an independent out of sample
data set {Zj}j∈[N̂ ]

, namely, r̂(x) := 1

N̂

∑N̂
j=1 `(x, Zj). Given t iterations of the Distributed SGD

algorithm, we denote the ergodic average of the iterates by X̂t
v := 1

t

∑t
s=1X

s
v , for v ∈ V . We

investigate the Out of Sample Risk defined as maxv∈V r̂(X̂t
v), which is set to be a proxy for the

Test Risk for Distributed SGD, as defined in Section 2. We recall that the Test Error is defined
as the expectation of the Test Risk minus the minimum expected risk r(x?), which is a constant.
Therefore, modulo a constant shift, Out of Sample Risk is also a proxy for the Test Error.
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Given a graph (V,E) with n = |V | nodes, let A ∈ Rn×n be its adjacency matrix defined as
Avw := 1 if {v, w} ∈ E and Avw := 0 otherwise. For each v ∈ V , let dv =

∑
w∈V Avw denote the

degree of node v, dmax = maxv∈V dv the maximum degree, andD = diag(d1, . . . , dn) the diagonal
degree matrix. We consider the doubly stochastic matrix P = I − 1

dmax+1(D − A). This choice is
standard in distributed optimisation (see Shah (2009), for instance). In this case, the spectral gap is
known to be of the following orders (see Duchi et al. (2012), for instance):

O

(
1√

1− σ2(P )

)
=





n Cycle√
n Grid

1 Complete Graph

We adopt the following parametrisation: O(1/
√

1− σ2(P )) = O(nα), for α ≥ 0. These topolo-
gies are typical of those used in decentralised networks (Shah, 2009; Dimakis et al., 2010).

We consider an instance of logistic regression in supervised learning, where for a given positive
integer d, we have Z = {W,Y } with the feature vector W ∈ Rd and the label Y ∈ {−1, 1}, and
the parameter of interest is X ∈ Rd. The loss function in this case is given by

`(X,Z) = log(1 + e−Y×〈X,W 〉),

where 〈X,W 〉 = X>W =
∑d

i=1XiWi. Given the node count n and m locally-owned data
points, a simulated data set with a total of N = mn observations {Zi}i∈[N ] are sampled following
the experiment within Duchi et al. (2012). Specifically, a true parameter X?? is sampled from a
standard d-dimensional Gaussian N (0, I), the feature vectors Wi’s are sampled uniformly from
the unit sphere {w ∈ Rd : ‖w‖ ≤ 1}, and the responses are set as Yi = sign(〈Wi, X

??〉) where
sign(a) = 1 if a ≥ 0 and −1 if a < 0. The data set is then randomly spread across the graph
with each node getting m samples. It can easily be seen that the Lipschitz parameter is L = 1 and
the smoothness parameter is β = 1/4. Parameters depending upon the gradient noise were upper
bounded by distribution-independent quantities and set to σ2 → 4L2 and κ→ L (see Proposition 23
in Appendix B for the interplay between L and κ as far as bounding the network term is concerned).
A solution X? to the empirical risk minimisation rule is calculated with tolerance 10−15 using
the lbfgs solver within the LogisticRegression function of the python library scikit
(Pedregosa et al., 2011). We set G = ‖X?‖. Dimension and Monte Carlo estimate size are set to
d = 100 and N̂ = 1000, respectively. We investigate the performance of Distributed SGD in two
sample size regimes m = 2 and m = 100, which we now go on to describe in more detail.

6.2. Experimental Results - Small Sample Regime

This setting explores the small sample size regime where by agent receive m = 2 samples each.
Distributed SGD is run for 15 different time horizons t, between 102 and either 107 or 106.5 for
graph sizes n = 32 or n = 102, respectively. All runs are initialised from X1

v = 0 for all v ∈ V .
Comparisons are made for three choices of the step size, as prescribed in Corollary 6, and for three
choices of the graph topology: complete graph (α = 0), grid (α = 1/2), and cycle (α = 1).
Referring to the upper bounds in Corollary 6, we outline what we expect to see plotting the Test
Error against the time horizon t, with log− log scales, across the three different step sizes:

• ρ? - For small t, linear decrease with graph-dependent intercept; for large t, linear increase
with intercept independent of the graph topology. Minimum attained is graph-dependent;
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• ρ?Opt - For small and large t, respectively, linear decrease and increase with graph-dependent
intercept. Minimum attained is independent of graph topology;

• ρ?Test - Linear decrease with graph-dependent intercept up to a threshold independent of the
graph topology.

Figure 1 presents log− log plots of the Out of Sample Risk against the time horizon t, using the
step sizes stated in Corollary 6. All of the behaviours described above, as suggested by our upper
bounds, are observed. In particular, recall that our bounds suggest the sub-optimality of the sample
rate achieved by the step size aligned with serial SGD (ρ?), as opposed to the other two choices
(ρ?Opt and ρ?Test) that depend on the graph topology. Corollary 6 states that the Test Error for ρ?

yields the rate Õ(nα/
√
nm), as opposed to the rate Õ(1/

√
nm) achieved by the other two choices.

The former rate is worse (i.e., larger) than the latter for the cycle (α = 1) and the grid (α = 1/2),
while it is of the same order for the complete graph (α = 0). Evidence of this behaviour is observed
in Figure 1 for n = 100, where the Out of Sample Risk related to the cycle and grid is seen to
achieve a lower minimum when the step sizes that account for the graph topology are used.

102 103 104 105 106 107

Iteration

100

7 × 10 1
8 × 10 1
9 × 10 1

102 103 104 105 106 107

Iteration

Opt

102 103 104 105 106 107

Iteration

Test
Cycle ( = 1)
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Complete ( = 0)
AllData 

Out of Sample Risk (n = 9)
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AllData 

Out of Sample Risk (n = 100)

Figure 1: Out of Sample Risk against time horizon for different choices of step size: ρ?, ρ?Opt, and
ρ?Test. Scales are log− log. Graph size n = 9 (top), 100 (bottom). Simulations run for 15 values
of t from 102 to 107 (top) or 106.5 (bottom). Each point is an average over 10 (top) or 4 (bottom)
replications with error bars representing 2 standard deviations before taking the log scale (error
bars are not visible for large t due to the small variance between repeated runs). AllData: serial
SGD run on the full data set of 18 (top) or 200 (bottom) samples with ρ? = ρ?Opt = O(1/

√
t) and

ρ?Test = O(1/(
√
t
√

1 + t/m). The behaviour of serial SGD is seen to correspond to the behaviour
of Distributed SGD on the complete graph, as expected.

6.3. Experimental Results - Large Sample Regime

In this section a larger sample regime (n = 100, m = 25) is investigated. Due to the number
of iterations scaling with the total number of data points i.e. stopping time being of the order t ∼
nm/(1 − σ2(P )), following Remark 8, a fixed step size is used to save running multiple instances
of Distributed SGD and save on computational cost. Specifically, the two fixed step size choices
considered are: ρ?Const = O(1/

√
nm), to align with serial single-machine SGD; and ρ?ConstNet =

O((1−σ2(P ))/
√
nm), the step size suggested by Theorem 5 Remark 8 that adjusts for the network
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topology. Furthermore, the true underlying optimal parameter X?? has its first
√
d co-ordinates

fixed to zero in order to simulate an over parameterised setting. The resulting Out of Sample Risks
have been presented within Figure 2.

100 101 102 103 104 105 106 107

Iteration

10 1

Const

100 101 102 103 104 105 106 107

Iteration

ConstNet
Cycle ( = 1)
Grid ( = 0.5)
Complete ( = 0)
AllData

Out of Sample Risk (n = 100)

Figure 2: Out of Sample Risk for Distributed SGD with step sizes ρ?Const (Left) and ρ?ConstNet (Right)
for graph topologies Cycle, Grid and Complete. Each run for 107 iterations, while Distributed SGD
on cycle topology with ρ?ConstNet run for 107.5 iterations. Quantity plotted is for a single instance of
Distributed SGD. AllData: single-machine serial SGD run for 15 different iterations t between 10
and 107 with decreasing step size ρ = O(1/

√
t). Both x-axis and y-axis are logarithmic scales.

Firstly, observe that the minimum Out of Sample Risk achieved by Distributed SGD with
ρ?ConstNet matches the minimum achieved by Serial Single-Machine SGD with decreasing step size
(Dashed Red line with markers). Secondly, aligning with the small sample regime in Section 6.2,
the minimum out of sample risk (0.0442) for a cycle topology with a constant single-machine serial
step size ρ?Const is higher than the minimum out of sample risk (0.0436) attained with the constant
step size adjusted for the network topology ρ?ConstNet. We note the simulation for the cycle topology
with ρ?ConstNet were stopped early at 107.5 iterations due to computational cost.

7. Conclusion

We have proposed and investigated graph-dependent implicit regularisation strategies for synchro-
nised Distributed SGD for convex problems in multi-agent learning. Specifically, we have shown
how Distributed SGD can retain single-machine serial statistical guarantees by proper tuning of the
algorithmic parameters as a function of the graph topology. For convex, Lipschitz, and smooth
losses, we showed that Distributed SGD recovers, up to logarithmic terms, the optimal rate of
O(1/

√
nm) for single-pass constrained serial SGD (Lan, 2012; Xiao, 2010). For convex and Lips-

chitz losses, we showed that Distributed SGD recovers, up to logarithmic terms, the best-known rate
of O(1/(nm)1/3) for single-machine serial SGD with implicit regularisation (Lin et al., 2016b). To
obtain these results we: proved Generalisation Error bounds that do not depend on the graph topol-
ogy and match the bounds in the single-machine serial setting; and derived Optimisation Error
bounds that depend on the graph topology. We provided numerical simulations showing that our
bounds can be representative of real behaviours.

Our work motivates further investigation of graph-dependent implicit regularisation strategies
for decentralised protocols. Since synchronisation and communication are often a dominant bot-
tleneck in distributed computations, further research is needed to investigate the improvement on
the communicational and computational complexity that can be obtained by exploiting the interplay
between the statistical regularities of the local objective functions and schemes involving mini-
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batching, acceleration, and graph sparsification. The latter relates to Gossip protocols where only a
random subset of nodes communicate at each iteration (Dimakis et al., 2010). Another direction for
future investigation lies in the analysis of adaptive schemes that can contemplate time-dependent
step sizes and that can automatically infer the algorithmic parameters of interests, in primis the
spectral gap of the communication matrix.

Appendix A. Proofs of Generalisation and Test Error Bounds

This appendix provides the proofs for the Generalisation and Test Error bounds presented within the
main body of this paper. First, for completeness, we include the proofs of Proposition 1 and Propo-
sition 12 in Section A.1 and Section A.2, respectively. These results generalise to the distributed
setting the Test Error decomposition and the Generalisation Error decomposition via stability used in
the single-machine setting, and the proofs follow the exact same arguments as in the single-machine
case. Second, we present the proofs of the Generalisation Error bounds for smooth and non-smooth
losses in Section A.3 and Section A.4, respectively. For completeness, Section A.3 also includes
the proof of stability for the strongly convex case with constraints, which is not covered in the main
body but is here presented as it fully generalises the results in Hardt et al. (2016) for Distributed
SGD. Third, in Section A.5 we present the proofs of Test Error bounds for smooth and non-smooth
losses, referring to Theorem 5 and Theorem 9 within the main body of the work. Finally, in Section
A.6 and Section A.7 we give the calculations deriving the rates presented in Corollary 6 and Corol-
lary 10 for smooth and non-smooth losses, respectively. Throughout, we use the notations .,',&,
to indicate ≤,=,≥ modulo constants and log terms.

A.1. Proof of Proposition 1

The proof is analogous to the one given in Hardt et al. (2016) for the single-machine case.

Proof [Proposition 1] We have r(Xt
v)−r(x?) = r(Xt

v)−R(Xt
v)+R(Xt

v)−R(X?)+R(X?)−r(x?).
Note that ER(X?) ≤ r(x?), as for any x we have R(X?) ≤ R(x) so that ER(X?) ≤ ER(x) =
r(x),which holds for x = x?. Thus, E r(Xt

v)−r(x?) ≤ E[r(Xt
v)−R(Xt

v)]+E[R(Xt
v)−R(X?)].

A.2. Proof of Proposition 12

The proof follows the ideas in Bousquet and Elisseeff (2002) and Hardt et al. (2016) for the single-
machine case.

Proof [Proposition 12] As the resampled observation Z̃w,k has the same distribution than Z and is
independent of both Xt

v and D, we have E r(Xt
v) = 1

nm

∑
w∈V

∑m
k=1E `(X

t
v, Z̃w,k). As the pair

(Xt
v, Zw,k) has the same distribution as the pair (X̃(w, k)tv, Z̃w,k), the expectation of the empir-

ical risk can be written as ER(Xt
v) = 1

nm

∑
w∈V

∑m
k=1E `(X̃(w, k)tv, Z̃w,k). Thus, E[r(Xt

v) −
R(Xt

v)] = 1
nm

∑
w∈V

∑m
k=1E[`(Xt

v, Z̃w,k)− `(X̃(w, k)tv, Z̃w,k)].
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A.3. Proof of Generalisation Error Bounds for Smooth Losses

In this section we prove the Generalisation Error bound presented in Lemma 13 for smooth losses,
and we establish a Generalisation Error bound for strongly convex functions. The proof that we
present follows the spirit of the proof in Hardt et al. (2016) for the single-machine setting, using
algorithmic stability. Specifically, deviations of the algorithm are studied when a single data point
in the entire data set is resampled. In the distributed setting that we consider, the training data
is spread throughout the communication graph, and we need to consider stability not only with
respect to time (i.e., the iteration time of the algorithm), but also with respect to space (i.e., the
communication graph). As established in Proposition 12, the Generalisation Error is the average of
these deviations. Intermediate steps show that the individual deviations have a dependence on the
graph topology, as encoded by the communication matrix P . However, once the average over all
deviations is taken, we get results that do not depend on the graph topology.

First, in Section A.3.1 we describe the setup for the stability analysis. Then, in Section A.3.2
we present the proof for the case of convex, Lipschitz, and smooth losses. Finally, in Section A.3.3
we present the case of Lipschitz, smooth, and strongly-convex losses with constraints.

A.3.1. SETUP

For any w ∈ V and k ∈ [m], let D̃(w, k) := {D\Zw,k} ∪ Z̃w,k be the data set in which node w has
the k-th observation resampled. Recall that X̃(w, k)tv denotes the output at node v and time step
t of Distributed SGD (1) run with respect to the data set D̃(w, k). From Proposition 12, the link
between the Generalisation Error and the `2 deviation

δ(w, k)tv := ‖X̃(w, k)tv −Xt
v‖

can be made explicit when the loss function ` is L-Lipschitz in the first coordinate (uniformly in the
second). Specifically, each term in the double sum

∑m
k=1

∑
w∈V in Proposition 12 is bounded by

`(Xt
v, Z̃w,k)− `(X̃(w, k)tv, Z̃w,k) ≤ Lδ(w, k)tv.

The results that we derive directly bound the deviation δ(w, k)tv. Henceforth, for a given matrix
M ∈ Rn×n we use the notation M s

vw to represent the quantity (M s)vw, where M s is the s-th power
of M , and the notation Mv to represent the v-th row of M . Hence, for a given vector x, we write
Mvx to indicate

∑
w∈V Mvwxw. For any x, y ∈ Rd, we let 〈x, y〉 = x>y =

∑d
i=1 xiyi.

Before proceeding to the main proofs we require some standard results relating to the expansive
properties of gradient descent updates with smooth and either convex or strongly convex functions.
Specifically, for a sufficiently small step size, a result showing that gradient descent updates with
smooth and convex function are non-expansive. Meanwhile, for additionally strongly-convex func-
tions, a result showing that gradient descent updates are contractive. The proof can be found in
Appendix A of Hardt et al. (2016) and it utilises the co-coercivity of gradients for smooth and
convex functions (Nesterov, 2013).

Lemma 17 Let f be a β-smooth function, convex, and ηβ ≤ 2 with η > 0. Then, for any x, y ∈ R,

‖x− y − η(∇f(x)−∇f(y))‖ ≤ ‖x− y‖.
Let f be a β-smooth function, γ-strongly convex, and η ≤ 2/(β + γ). Then, for any x, y ∈ R,

‖x− y − η(∇f(x)−∇f(y))‖ ≤
(

1− ηβγ

β + γ

)
‖x− y‖.
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A.3.2. CONVEX, LIPSCHITZ, AND SMOOTH LOSSES

We start by stating Proposition 18 that establishes a bound on the deviation δ(w, k)tv that explicitly
depends on the graph topology. This is followed by the proof of Lemma 13.

Proposition 18 (Stability for convex, Lipschitz, and smooth losses) Assume the setting of Lemma
13. Then, for any v, w ∈ V, k ∈ [m] and t ≥ 1,

E δ(w, k)tv = E‖X̃(w, k)tv −Xt
v‖ ≤

2ηL

m

t−1∑

s=1

P svw.

Proof [Proposition 18] Let F1 be the σ-algebra generated by D and D̃ := {D̃(w, k)}w∈V,k∈[m].
For any t ≥ 2, let Ft be the σ-algebra generated by the data sets D and D̃, and by the collection
of uniform random variables {K2

v , . . . ,K
t
v}v∈V . Plugging the algorithm updates (1) into δ(w, k)tv,

applying the triangle inequality and using the fact that {Xt−1
v }v∈V , {X̃(w, k)t−1v }v∈V , D, and D̃

are measurable with respect to Ft−1, we get

E[δ(w, k)tv|Ft−1]
≤
∑

l 6=w
PvlE

[∥∥∥X̃(w, k)t−1l −Xt−1
l −η

(
∇`(X̃(w, k)t−1l , Zl,Kt

l
)−∇`(Xt−1

l , Zl,Kt
l
)
)∥∥∥
∣∣∣Ft−1

]
(4)

+
Pvw
m

∑

i 6=k

∥∥∥X̃(w, k)t−1w −Xt−1
w − η

(
∇`(X̃(w, k)t−1w , Zw,i)−∇`(Xt−1

w , Zw,i)
)∥∥∥ (5)

+
Pvw
m

∥∥∥X̃(w, k)t−1w −Xt−1
w − η

(
∇`(X̃(w, k)t−1w , Z̃w,k)−∇`(Xt−1

w , Zw,k)
)∥∥∥. (6)

The above decomposition is in three parts: (4), the terms aligning with agents who do not have a
resample datapoint ∀`, ` 6= w; (5), the terms atw conditioned on not picking the resample datapoint;
and (6), the term at w when picking the resample datapoint. In particular (6) is the only one to
involve the difference of two gradients evaluated at different data points (Z̃w,k and Zw,k). To bound
this term, we use the Lipschitz property, ‖∇`( · , z)‖ ≤ L for all z ∈ Z , and get

(6) ≤
(
δ(w, k)t−1w + 2ηL

)Pvw
m

.

To bound terms (4) and (5), we use the non-expansive property of the gradient updates arising
from the convexity and smoothness of `( · , z), specifically, the inequality ‖x − y − η(∇`(x, z) −
∇`(y, z))‖ ≤ ‖x− y‖ for x, y ∈ Rd, z ∈ Z in Lemma 17. In particular we have

(4) ≤
∑

6̀=w
Pv`δ(w, k)t−1`

(5) ≤ Pvw
m

∑

i 6=k
δ(w, k)t−1w =

Pvw
m

(m− 1)δ(w, k)t−1w .

This yields

E[δ(w, k)tv|Ft−1] ≤
∑

l 6=w
Pvlδ(w, k)t−1l +

(
1− 1

m

)
Pvwδ(w, k)t−1w +

(
δ(w, k)t−1w + 2ηL

)Pvw
m

=
∑

l∈V
Pvlδ(w, k)t−1l +

2ηL

m
Pvw.
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Let ev ∈ Rn be the vector with 1 in the coordinate aligning with node v and 0 everywhere else.
Recursively applying the bound above in vector form with δ(w, k)t = {δ(w, k)tv}v∈V ∈ Rn yields
(the inequality is meant coordinate-wise)

E δ(w, k)t = E[E[δ(w, k)t|Ft−1]] ≤ P E δ(w, k)t−1 +
2ηL

m
Pew ≤

2ηL

m

t−1∑

s=1

P sew,

where we used δ(w, k)1l = ‖X̃(w, k)1l −X1
l ‖ = 0 for all l ∈ V . Recall (P sew)v = P svw.

The bound in Proposition 18 shows that the expected deviation between the algorithms remains
zero until the number of iterations exceeds the natural distance in the graph between node v and
node w. This bound naturally reflects the graph topology and captures the propagation of the devi-
ation due to resampling a data point in a specific location of the graph. When combined with the
summation over w ∈ V in Proposition 12, this bound yields a Generalisation Error bound that does
not depend on the graph topology: Lemma 13.

Proof [Lemma 13] Plugging the bound from Proposition 18 into the identity from Proposition 12,
using that the rows of the matrix P sum to 1, we get

E[r(Xt
v)−R(Xt

v)] ≤
L

nm

∑

w∈V

m∑

k=1

E δ(w, k)tv ≤
2ηL2

nm

t−1∑

s=1

∑

w∈V
P svw =

2ηL2

nm
(t− 1).

A.3.3. STRONGLY CONVEX, LIPSCHITZ, AND SMOOTH LOSSES

This section presents a Generalisation Error bound for Distributed SGD when the loss function is
strongly convex, smooth, and Lipschitz continuous, generalising the results in Hardt et al. (2016)
to the distributed setting. Recall that a differentiable function f : Rd → R is γ-strongly convex,
with γ > 0, if f(x) − f(y) ≥ ∇f(y)>(x − y) + γ‖x − y‖2/2 for all x, y ∈ Rd. As strongly
convex functions have unbounded gradients on Rd, we consider the setting where parameters are
constrained to be on a compact convex set X ⊂ Rd. Let x → Π(x) = arg miny∈X ‖x − y‖ be the
Euclidean projection on X . Then, iteration (1) becomes, for s ≥ 1,

Xs+1
v = Π

(∑

w∈V
Pvw(Xs

w − η∇`(Xs
w, Zw,Ks+1

w
)
)
. (7)

We refer to this variant as Distributed Projected SGD.
To motivate these assumptions, consider the specific case of Tikhonov regularisation, as done in

Hardt et al. (2016). If the loss function ` is convex, β-smooth, and L-Lipschitz, then the penalised
loss function x → `(x, z) + γ

2‖x‖2 is γ-strongly convex, (β + γ)-smooth, and (L+ γr)-Lipschitz
when the constraint set is contained in a ball of radius r, i.e., X ⊆ {x ∈ Rd : ‖x‖ ≤ r}. The next
result is the analogue of Lemma 13 with the additional assumption of strong convexity.
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Lemma 19 (Generalisation Error bound for strongly-convex, Lipschitz, and smooth losses)
Assume that for any z ∈ Z the function `( · , z) is γ-strongly convex, L-Lipschitz, and β-smooth.
Let X1

v = 0 for all v ∈ V . Then, Distributed Projected SGD run on a compact, convex set X with
η ≤ 2/(β + γ) yields, for any v ∈ V and t ≥ 1,

E[r(Xt
v)−R(Xt

v)] ≤
2L2

mn

β + γ

βγ
.

Observe that, for a sufficiently small step size η ≤ 2/(β + γ), the bound obtained is independent
of the step size η and number of iterations t. As for the convex and smooth case of Lemma 13, also
this bound aligns with the one given in Hardt et al. (2016) for a single agent with nm observations.

The next result is the analogue of Proposition 18.

Proposition 20 (Stability for strongly-convex, Lipschitz, and smooth losses) Assume the setting
of Lemma 19. Then, for any v, w ∈ V, k ∈ [m] and t ≥ 1,

E δ(w, k)tv = E ‖X̃(w, k)tv −Xt
v‖ ≤

2ηL

m

t−1∑

s=1

(
1− ηβγ

β + γ

)s−1
P svw.

Proof [Proposition 20]
The proof follows the same outline for the proof of Proposition 18. Consider the same setup and

notation there defined. Using the non-expansive property of the Euclidean projection, the triangle
inequality, and the fact that {Xt−1

v }v∈V , {X̃(w, k)t−1v }v∈V , D, and D̃ are measurable with respect
to Ft−1, we get

E[δ(w, k)tv|Ft−1] ≤ E‖X̃(w, k)tv −Xt
v‖

≤
∑

l 6=w
PvlE

[∥∥∥X̃(w, k)t−1l −Xt−1
l −η

(
∇`(X̃(w, k)t−1l , Zl,Kt

l
)−∇`(Xt−1

l , Zl,Kt
l
)
)∥∥∥
∣∣∣Ft−1

]
(8)

+
Pvw
m

∑

i 6=k

∥∥∥X̃(w, k)t−1w −Xt−1
w − η

(
∇`(X̃(w, k)t−1w , Zw,i)−∇`(Xt−1

w , Zw,i)
)∥∥∥ (9)

+
Pvw
m

∥∥∥X̃(w, k)t−1w −Xt−1
w − η

(
∇`(X̃(w, k)t−1w , Z̃w,k)−∇`(Xt−1

w , Zw,k)
)∥∥∥. (10)

Term (10) is the only one to involve the difference of two gradients evaluated at different data points
(Z̃w,k and Zw,k). To use the contraction property arising from strong convexity, add and subtract
the term η∇`(X̃(w, k)t−1w , Zw,k) inside the norm, and use the Lipschitz property to get

(10) ≤ Pvw
m

∥∥∥X̃(w, k)t−1w −Xt−1
w − η

(
∇`(X̃(w, k)t−1w , Zw,k)−∇`(Xt−1

w , Zw,k)
)∥∥∥+

2ηL

m
Pvw.

To bound terms (8) and (9), as well as the bound above for (10), we use the contraction property of
the gradient updates from Lemma 17, specifically, the inequality ‖x−y−η(∇`(x, z)−∇`(y, z))‖ ≤
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(1− ηβγ
β+γ )‖x− y‖ for x, y ∈ Rd, z ∈ Z , and η ≤ 2

β+γ . In particular,

(8) ≤
(

1− ηβγ

β + γ

)∑

` 6=w
Pv`δ(w, k)t−1`

(9) ≤
(

1− ηβγ

β + γ

)Pvw
m

∑

i 6=k
δ(w, k)t−1w =

(
1− ηβγ

β + γ

)Pvw
m

(m− 1)δ(w, k)t−1w

(10) ≤
(

1− ηβγ

β + γ

)Pvw
m

δ(w, k)t−1w +
2ηL

m
Pvw

This yields

E[δ(w, k)tv|Ft−1]

≤
(

1− ηβγ

β + γ

)[∑

l 6=w
Pvlδ(w, k)t−1l +

(
1− 1

m

)
Pvwδ(w, k)t−1w +

1

m
Pvwδ(w, k)t−1w

]
+

2ηL

m
Pvw

=
(

1− ηβγ

β + γ

)∑

l∈V
Pvlδ(w, k)t−1l +

2ηL

m
Pvw.

In vector notation, the above reads

E δ(w, k)t ≤
(

1− ηβγ

β + γ

)
P E δ(w, k)t−1 +

2ηL

m
Pew ≤

2ηL

m

t−1∑

s=1

(
1− ηβγ

β + γ

)s−1
P sew

where we used δ(w, k)1l = ‖X̃(w, k)1l −X1
l ‖ = 0 for all l ∈ V and recursively applied the above

bound to E[δ(w, k)t].

With Proposition 20 in hand, we prove Lemma 19.

Proof [Lemma 19] Plugging the bound from Proposition 20 into the identity from Proposition 12,
using that the rows of the matrix P sum to 1, we get

E[r(Xt
v)−R(Xt

v)] ≤
L

nm

∑

w∈V

m∑

k=1

E δ(w, k)tv ≤
2ηL2

mn

t−1∑

s=1

(
1− ηβγ

β + γ

)s−1
,

and the proof is concluded by summing the geometric projection for t going to infinity, using that
the assumption η ≤ 2

β+γ implies that ηβγ
β+γ < 1.

A.4. Proof of Generalisation Error Bound for Non-Smooth Losses

This section presents Generalisation Error bounds for Distributed SGD when losses are assumed to
be non-smooth, aligning with Lemma 14 within the main body of the text. In this case we follow
the approach in (Lin et al., 2016a, Appendix B) that involves controlling the Generalisation Error
by using standard Rademacher complexity’s arguments through Assumption 1 (b) and bounding the
norm of the iterates through Assumption 1 (a). We start by presenting Lemma 21 which bounds the
iterates produced by the Distributed SGD. This is followed by the proof for the Generalisation Error
bound for non-smooth losses Lemma 14.
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Lemma 21 Assume there exist C ≤ B such that for each z ∈ Z the function `( · , z) is convex,
L-Lipschitz, bounded above at zero `(0, z) ≤ B, and bound uniformly from below `(x, z) ≥ C for
x ∈ Rd. Let X1

v = 0 for all v ∈ V . Then, Distributed SGD yields, for any v ∈ V and t ≥ 1,

‖Xt
v‖ ≤

√
(t− 1)(η2L2 + 2η(B − C)).

Proof Let x ∈ Rd. By the Distributed SGD update (1) we get

‖Xt
v − x‖ ≤

∑

w∈V
Pvw‖Xt−1

w − η∂`(Xt−1
w , Zw,Kt

w
)− x‖. (11)

The convexity of `( · , z) yields

〈∂`(Xt−1
w , Zw,Kt

w
), x−Xt−1

w 〉 ≤ `(x, Zw,Kt
w

)− `(Xt−1
w , Zw,Kt

w
),

and the Lipschitz continuity of `( · , z) yields ‖∂`(Xt−1
w , Zw,Kt

w
)‖ ≤ L. Thus,

‖Xt−1
w − η∂`(Xt−1

w , Zw,Kt
w

)− x‖2

= ‖Xt−1
w − x‖2 + η2‖∂`(Xt−1

w , Zw,Kt
w

)‖2 + 2η〈∂`(Xt−1
w , Zw,Kt

w
), x−Xt−1

w 〉
≤ ‖Xt−1

w − x‖2 + η2L2 + 2η(`(x, Zw,Kt
w

)− `(Xt−1
w , Zw,Kt

w
)).

Setting x = 0, using that `(Xt−1
w , Zw,Kt

w
) ≥ C as well as the assumption `(0, Zw,Kt

w
) ≤ B, we get

‖Xt−1
w − η∂`(Xt−1

w , Zw,Kt
w

)‖2 ≤ ‖Xt−1
w ‖2 + η2L2 + 2η(B − C).

Using that the matrix P is doubly stochastic, the bound (11) yields the recursion

max
v∈V
‖Xt

v‖2 ≤ max
w∈V
‖Xt−1

w − η∂`(Xt−1
w , Zw,Kt

w
)‖2 ≤ max

v∈V
‖Xt−1

v ‖2 + η2L2 + 2η(B − C),

so recursively applying the above bound and taking square root gives

‖Xt
v‖ ≤ max

v∈V
‖Xt

v‖ ≤
√

(t− 1)(η2L2 + 2η(B − C)).

Proof [Lemma 14] Standard Rademacher complexity’s arguments utilising the symmetrisation tech-
nique and Assumption 1 (b) yield, for any X̃ ⊆ X ,

E sup
x∈X̃

(r(x)−R(x)) ≤ 2E sup
x∈X̃

1

nm

nm∑

i=1

σi`(x, zi) ≤ 2D
sup

x∈X̃ ‖x‖√
nm

.

By Lemma 21 we know that the iterates are contained in the ball X̃ = {x ∈ Rd : ‖x‖ ≤√
(t− 1)(η2L2 + 2η(B − C))}, so that

E[r(Xt
v)−R(Xt

v)] ≤ E sup
x∈X̃

(r(x)−R(x)) ≤ 2D

√
(t− 1)(η2L2 + 2η(B − C))

nm
.
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A.5. Proof of Test Error Bounds for Smooth and Non-Smooth Losses

This section gives the proofs of the Test Error bounds presented within the main body of the work,
namely Theorem 5 for convex, Lipschitz, and smooth losses, and Theorem 9 for convex and Lip-
schitz losses. This is achieved by using the error decomposition given in Proposition 1, and by
bringing together the Generalisation Error bounds and the Optimisation Error bounds in Section 5.

Proof [Theorem 5] By the convexity of the Test Risk r, using Proposition 1, we get

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ 1

t

t∑

s=1

(
E[r(Xs+1

v )−R(Xs+1
v )]︸ ︷︷ ︸

Generalisation Error

+E[R(Xs+1
v )−R(X?)]︸ ︷︷ ︸

Optimisation Error

)
.

The proof follows by applying Lemma 13 for the Generalisation Error, which yields

1

t

t∑

s=1

E[r(Xs+1
v )−R(Xs+1

v )] ≤ 2ηL2

nm

1

t

t∑

s=1

s =
ηL2

nm
(t+ 1),

and by the Optimisation Error bound from Lemma 15.

Proof [Theorem 9] By the convexity of the Test Risk r, using Proposition 1, we get

E r
(1

t

t∑

s=1

Xs
v

)
− r(x?) ≤ 1

t

t∑

s=1

(
E[r(Xs

v)−R(Xs
v)]︸ ︷︷ ︸

Generalisation Error

+E[R(Xs
v)−R(X?)]︸ ︷︷ ︸

Optimisation Error

)
.

The proof follows by applying Lemma 14 for the Generalisation Error, which yields

1

t

t∑

s=1

E[r(Xs
v)−R(Xs

v)] ≤ 2D

√
(t− 1)(η2L2 + 2η(B − C))

nm
,

and by the Optimisation Error bound from Lemma 16.

A.6. Calculations for Corollary 6 (Convex, Lipschitz, and Smooth)

This section presents the calculations needed to populate the table of rates in Corollary 6 in the case
of convex, Lipschitz, and smooth losses. The simplification 1/(β+ 1/ρ) ≤ ρ is used. Additionally,
minimisations are performed up to first-order terms in ρ, possibly neglecting logarithmic terms.
This section is divided into four parts:

• Optimisation Error calculates the step size ρ?Opt minimising the Optimisation Error bound;

• Test Error calculates the step size ρ?Test that minimises the Test Error bound;

• Early Stopping Optimisation calculates the number of iterations that minimises the Test
Error bound when the step size ρ?Opt is used;

• Early Stopping Single-Machine Serial calculates the number of iterations that minimises
the Test Error bound when the step size ρ? = O(1/

√
t) is used.
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Optimisation Error. Optimising over first-order terms in ρ in the Optimisation Error bound of
Lemma 15 with 1/(β + 1/ρ) ≤ ρ we get

ρ?Opt = argminρ

{ρ
2
σ2 +

G2

2tρ
+ 3Lκρ

log((t+ 1)
√
n)

1− σ2(P )

}
=

G√
t

1√
6Lκ log((t+1)

√
n)

1−σ2(P ) + σ2
,

which yields with 3+βρ
β+1/ρ ≤ 4ρ from 3/(β + 1/ρ) ≤ 3ρ and β/(β + 1/ρ) ≤ ρ the Optimisation

Error bound

E
[
R
(1

t

t∑

s=1

Xs+1
v

)
−R(X?)

]

≤ G√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2 +

βG2

2t
+ 18κ2βρ2Opt

( log((t+ 1)
√
n)

1− σ2(P )

)2

≤ G√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2 +

βG2

2t

[
1 +

6κ

L

(
log((t+1)

√
n)

1−σ2(P )

)2

log((t+1)
√
n)

1−σ2(P ) + σ2

6Lκ

]
.

This bound is Õ(1/
√

(1− σ2(P ))t) as the second term is Õ(1/((1− σ2(P ))t)).

Test Error. Consider the Test Error bound in Theorem 5 with 1/(β + 1/ρ) ≤ ρ. Optimising over
first-order terms in ρ we get

ρ?Test = argminρ

{ρ
2
σ2 +

G2

2tρ
+ 3Lκρ

log((t+ 1)
√
n)

1− σ2(P )
+
ρL2

nm
(t+ 1)

}

=
G√
t

1√
6Lκ log((t+1)

√
n)

1−σ2(P ) + σ2 + 2L2(t+1)
nm

,

which yields with with 3+βρ
β+1/ρ ≤ 4ρ from 3/(β + 1/ρ) ≤ 3ρ and β/(β + 1/ρ) ≤ ρ the Test Error

bound

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?)

≤ G√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2 +

2L2

nm
(t+ 1) +

βG2

2t
+ 18κ2βρ2Test

( log((t+ 1)
√
n)

1− σ2(P )

)2

≤ G√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2 +

2L2

nm
(t+ 1)

+
βG2

2t

[
1 +

6κ

L

(
log((t+1)

√
n)

1−σ2(P )

)2

log((t+1)
√
n)

1−σ2(P ) + 1
6Lκ(σ2 + 2L2

nm (t+ 1))

]
.

This bound is Õ
(√

1
t(1−σ2(P )) + 1

nm

)
as the second term is Õ(1/((1−σ2(P ))t)). This is Õ( 1√

nm
)

when t & nm/(1− σ2(P )).
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Early Stopping Optimisation. Considering the Test Error bound from Theorem 5 with step size
ρ = ρ?Opt and 1/(β + 1/ρ) ≤ ρ we get

E r
(1
t

t∑

s=1

Xs+1
v

)
−r(x?) ≤ G

[
1√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2+

2L2
√
t

nm

√√√√ 1

6Lκ log((t+1)
√
n)

1−σ2(P ) + σ2

]

+
βG2

2t

[
1 +

6κ

L

(
log((t+1)

√
n)

1−σ2(P )

)2

log((t+1)
√
n)

1−σ2(P ) + σ2

6Lκ

]
,

where (t+1)/
√
t ≤ 2

√
twas used. The first term is dominant andO

(√
log(t

√
n)

t(1−σ2(P ))+
1
nm

√
t(1−σ2(P ))
log(t

√
n)

)

while the second term is Õ(1/(1− σ2(P )t)). To minimise the first term with respect to t, consider
the more tractable form

1√
t

√
6Lκ

log((t+ 1)
√
n)

1− σ2(P )
+ σ2 +

2L2
√
t

nm

√√√√ 1

6Lκ log((t+1)
√
n)

1−σ2(P ) + σ2

≤ σ√
t

+

√
6Lκ

log((t+ 1)
√
n)

t(1− σ2(P ))
+

2L2

nm

√
t(1− σ2(P ))

6Lκ log((t+ 1)
√
n)
.

An approximate minimiser in t neglecting the log((t+ 1)
√
n) in the denominator is given by

t

log((t+ 1)
√
n)

= argminc≥0

{√
6Lκ

c(1− σ2(P ))
+

2L2

nm

√
c(1− σ2(P ))

6Lκ

}
= 3

κ

L

nm

1− σ2(P )
.

This choice yields the Test Error bound

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ G√

nm

[
σ

√
L(1− σ2(P ))

3κ
+ 2
√

2L
]

+
βG2L(1− σ2(P ))

6κnm

[
1 +

6κ

L

(
log((t+1)

√
n)

1−σ2(P )

)2

log((t+1)
√
n)

1−σ2(P ) + σ2

6Lκ

]

which is a Õ( 1√
nm

) Test Error bound obtained with t ' nm/(1− σ2(P )) iterations.

Early Stopping Single-Machine Serial. Considering the Test Error bound of Theorem 5 with
1/β + 1/ρ ≤ ρ and ρ = ρ? = G

Lc
√
t

for some constant c > 0. Plugging in we get

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ G

c

[
3κ

log((t+ 1)
√
n)

(1− σ2(P ))
√
t

+
2L

nm

√
t
]

+
G

2
√
t

(σ2
cL

+ cL
)

+
βG2

2t

[
1 +

9(3 + βρ)κ2

c2L2

log2((t+ 1)
√
n)

(1− σ2(P ))2

]
,
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where (t+ 1)/
√
t ≤ 2

√
t for t ≥ 1 was used on the Generalisation Error bound. The above bound

is dominated by the first term which is Õ
(

1
(1−σ2(P ))

√
t

+
√
t

nm

)
. Minimising up to log terms yields

t =
3κ

2L

nm

1− σ2(P )
.

This choice yields the Test Error bound

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ G

c

√
6κL

nm(1− σ2(P ))

[
log((t+ 1)

√
n) + 1

]

+

√
L(1− σ2(P ))

6κnm

(σ2
cL

+ cL
)

+
LβG2(1− σ2(P ))

3κnm

[
1 +

9(3 + βρ)κ2

c2L2

log2((t+ 1)
√
n)

(1− σ2(P ))2

]
,

which is dominated by the first term that is Õ
(

1√
nm(1−σ2(P ))

)
, as the third term is Õ

(
1

nm(1−σ2(P ))

)
.

Regarding the choice of constant c, note the above is decreasing up to c = (1−σ2(P ))−1/2, in which
case the O(1/

√
nm) rate for ρ?Opt is recovered.

A.7. Calculations for Corollary 10 (Convex and Lipschitz)

This section presents the calculations needed to populate the table of rates in Corollary 10 in the
case of convex and Lipschitz losses. This section is divided into four parts:

• Optimisation Error calculates the step size η?Opt minimising the Optimisation Error bound;

• Test Error calculates the step size η?Test that minimises the Test Error bound;

• Early Stopping Optimisation calculates the number of iterations that minimises the Test
Error bound when the step size η?Opt is used;

• Early Stopping Single-Machine Serial calculates the number of iterations that minimises
the Test Error when the step size η? = O(1/

√
t) is used.

Optimisation Error. Minimising the Optimisation Error bound in Lemma 16 with respect to the

step size yields η = η?Opt = G
L
√
19t

√
1−σ2(P )
log(t

√
n)

and

E
[
R
(1

t

t∑

s=1

Xs
v

)
−R(X?)

]
≤
√

19
GL√
t

√
log(t

√
n)

1− σ2(P )
.

Test Error. In this section the step size

η = η?Test =
G

L
√
t

1√
19
2

log(t
√
n)

1−σ2(P ) + t
(nm)2/3

is shown to ensure that the Test Error bound in Theorem 9 converges in a time uniform manner to a
quantity of order Õ(1/(nm)1/3). We consider the Optimisation and Generalisation Error separately.
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The Optimisation Error bound with this step size yields

19

2

η?TestL
2 log(t

√
n)

1− σ2(P )
+

G2

2η?Testt
=
GL√
t

√
19

2

log(t
√
n)

1− σ2(P )
+

t

(nm)2/3

[ 19
2

log(t
√
n)

1−σ2(P )

19
2

log(t
√
n)

1−σ2(P ) + t
(nm)2/3

+
1

2

]

≤ 3

2

GL√
t

√
19

2

log(t
√
n)

1− σ2(P )
+

t

(nm)2/3
,

which is Õ( 1
(nm)1/3

) when the number of iterations satisfies t ≥ 19
2 log(t

√
n)(nm)2/3/(1−σ2(P )).

We split the Generalisation Error bound term into two parts

2D

√
(t− 1)(η2L2 + 2η(B − C))

nm
≤ 2ηDL

√
t

nm
+ 2
√

2D

√
ηt(B − C)

nm
(12)

and bounded each part separately. The first quantity in (12) with the step size η = η?Test becomes

2η?TestDL

√
t

nm
=

GD√
nm

1√
19
2

log(t
√
n)

1−σ2(P ) + t
(nm)2/3

≤ GD√
nm

√
2

19

1− σ2(P )

log(t
√
n)

,

which is O(1/
√
nm), and thus O(1/(nm)1/3). For the second quantity in (12), its square yields

8D2 η
?
Testt(B − C)

nm
= 8D2 (B − C)G

Lnm

√√√√ t

19
2

log(t
√
n)

1−σ2(P ) + t
(nm)2/3

= 8D2 (B − C)GL

L(nm)2/3

√√√√ t

19
2

log(t
√
n)(nm)2/3

1−σ2(P ) + t

≤ 8D2 (B − C)G

L(nm)2/3
.

Therefore, when using step size η?Test with t & (nm)2/3/(1− σ2(P )) the Test Error is bounded by
the sum of three quantities each of which are Õ(1/(nm)1/3).

Early Stopping Optimisation. Setting η = η?Opt in the Test Error bound in Theorem 9 and using
(12) to split the Generalisation Error we get

E r
(1

t

t∑

s=1

Xs
v

)
− r(x?) ≤

√
19
GL√
t

√
log(t

√
n)

1− σ2(P )

+
2GD√
19nm

√
1− σ2(P )

log(t
√
n)

+ 2
√

2D

√√√√G(B − C)

Lnm

√
t(1− σ2(P ))

19 log(t
√
n)
.
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This isO
(√

log(t
√
n)

t(1−σ2(P )) +

√
1
nm

√
t(1−σ2(P ))
log(t

√
n)

)
as the second term is dominated by the first and third.

Neglecting the log(t
√
n) term and approximately minimising in t yields

t

log(t
√
n)

= argminc>0

{
GL

√
1

c

19

1− σ2(P )
+ 2
√

2D

√
G(B − C)

Lnm

√
c
1− σ2(P )

19

}

=
19L2(Gnm)2/3

(1− σ2(P ))(2(B − C))2/3D4/3

with the final bound

E r
(1

t

t∑
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Xs
v

)
− r(x?) ≤ 21/33

G2/3(B − C)1/3D2/3

(nm)1/3
+

2GD√
19nm

√
1− σ2(P )

log(t
√
n)

.

This is a O(1/(nm)1/3) Test Error bound obtained with t ' (nm)2/3/(1− σ2(P )) iterations.

Early Stopping Single-Machine Serial. Setting η = η? = G
L
√
19t

in the Test Error bound in
Theorem 9 and using (12) to split the Generalisation Error gives

E r
(1

t

t∑

s=1

Xs
v

)
− r(x?) ≤ GL

√
19

t

log(t
√
n)

1− σ2(P )
+

2GD√
19nm

+ 2
√

2D

√
G(B − C)

Lnm

√
t

19
,

which is Õ
(

1
(1−σ2(P ))

√
t

+
√

1
nm

√
t
)

as the second term is dominated by the first and third. Ne-

glecting the log(t
√
n) term and approximately minimising the above with respect to the number of

iterations t yields

t = argminc>0

{
GL

√
19

c

log(t
√
n)

1− σ2(P )
+ 2
√

2D

√
G(B − C)

Lnm

√
c

19

}

=
19 log4/3(t

√
n)(Gnm)2/3L2

(1− σ2(P )4/3(2(B − C))2/3D4/3

with the resulting bound

E r
(1

t

t∑

s=1

Xs
v

)
− r(x?) ≤ 21/33

( log(t
√
n)

1− σ2(P )

)1/3G2/3(B − C)1/3D2/3

(nm)1/3
+

2GD√
19nm

.

This is Õ(1/(nm(1− σ2(P ))1/3) and is obtained with t ' (nm)2/3/(1− σ2(P ))4/3 iterations.

A.8. Calculation for Remark 8

In this section it is shown that Distributed SGD with step size choice ρ = O((1 − σ2(P ))/
√
nm)

and iterations t = O(nm/(1 − σ2(P ))) achieves optimal statistical rates up to logarithmic factors
for convex, smooth and Lipschitz losses.
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Begin by plugging ρ = G(1 − σ2(P ))/(L
√
nm) into the Test Error bound of Theorem 5 with

1/(β + 1/ρ) ≤ ρ and (3 + βρ)/(β + 1/ρ) ≤ 4ρ, the latter arising from 3/(β + 1/ρ) ≤ 3ρ and
βρ/(β + 1/ρ) ≤ ρ. This then yields the Test Error bound

E r
(1

t

t∑

s=1

Xs+1
v

)
− r(x?) ≤ 2(1− σ2(P ))GLt

(nm)3/2
+
σ2(1− σ2(P ))G

2L
√
nm

+
βG2

2t
+

GL
√
nm

2t(1− σ2(P ))
+

3Gκ log((t+ 1)
√
n)√

nm
+ 18

βG2 log2((t+ 1)
√
n)

L2nm
.

Choosing t = (nm)/(1− σ2(P )) we see that the first and fourth terms become O(1/
√
nm) while

the remaining terms are in this case Õ(1/
√
nm).

Appendix B. Proofs of Optimisation Error bounds

This appendix presents Optimisation Error bounds for the Distributed Stochastic Subgradient De-
scent algorithm. Here we consider the general setting of stochastic first-order oracles. The Opti-
misation Error bounds presented within the main body of this work, specifically Lemma 15 and
Lemma 16 for smooth and non-smooth losses, follow from Corollary 27 and Corollary 25 within
this appendix.

B.1. Setup

Let (V,E) be a simple undirected graph with n nodes, and let P ∈ Rn×n be a doubly stochastic
matrix supported on the graph, i.e., Pij 6= 0 only if {i, j} ∈ E. For each v ∈ V , let Fv : Rd → R
be a random convex function. We consider the problem of minimizing the function x → F (x) :=
1
n

∑
v∈V Fv(x) over x ∈ Rd. Let X? be a minimum of F . Assume that E[‖X?‖2] ≤ G2 for a

positive constant G. Given the initial vectors {X1
v = 0}v∈V , throughout this appendix, we consider

the following update for s ≥ 1:

Xs+1
v =

∑

w∈V
Pvw(Xs

w − ηGs+1
w ), (13)

where η > 0 is the step size, and each Gs+1
v ∈ Rd is an estimator of the subgradient of Fv evaluated

at Xs
v . Specifically, for each s ≥ 1 let Fs be the σ-algebra generated by the random functions

{Fv}v∈V and by the estimators {Gkv}k∈{2,...,s}. We have, for any s ≥ 1, v ∈ V ,

E[Gs+1
v |Fs] ∈ ∂Fv(Xs

v). (14)

Note that both {Xs
v}v∈V and X? are measurable with respect to Fs. Assume, for any s ≥ 1, v ∈ V ,

E[‖Gs+1
v ‖2|Fs] ≤ L2. (15)

Section B.2 presents results for the setting just introduced under the additional assumption that the
functions {Fv}v∈V are L-Lipschitz. Section B.3 presents results for the case where the functions
{Fv}v∈V are smooth (Lipschitz continuity is not assumed in this case). Finally, Section B.4 checks
that the assumptions of this general setting are satisfied for the specific case of algorithm (1).
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The bounds that we derive are proved controlling the deviation of the output of the algorithm
Xs
v from its network average Xs

:= 1
n

∑
v∈V X

s
v on the one hand (network term), and bounding

the deviation of Xs from the solution X? on the other end (optimisation term). This strategy was
originally proposed in Nedić et al. (2009) and used in Duchi et al. (2012) to get bounds that depend
on the graph topology for a dual method in constrained optimisation. In the smooth case, we present
a bound that also depends on the noise of the gradient (gradient noise term).

Remark 22 The bounds that we derive naturally generalise the bounds in the single-machine set-
ting. If no gradient noise is present and all the functions {Fv}v∈V are the same, then the network
terms vanish as there is no difference between Xs

v and Xs (recall that the initial conditions are the
same for each node, i.e., X1

v = 0 for all v ∈ V ) and optimal tuning of the step sizes recovers the
same rates as for serial SGD: O(1/

√
t) for the Lipschitz case and O(1/t) for the smooth case.

As the matrix P is doubly stochastic, the network averageXs admits the following simple evolution:

X
s+1

= X
s − η 1

n

∑

v∈V
Gs+1
v . (16)

In particular, note that by rearranging the previous expression we get

1

n

∑

v∈V
Gs+1
v =

1

η
(X

s −Xs+1
), (17)

which will be used in the proofs in the next sections.
Before moving on to the next sections and presenting the Optimisation Error bounds, we estab-

lish bounds on the network terms that hold in the setting introduced so far. The next proposition
bounds the deviation of Xs

v from X
s as a function of the second largest eigenvalue in magnitude

of the matrix P , i.e., σ2(P ). We present different bounds, that either depend on the Lipschitz pa-
rameter L or on a Gradient Noise and Function Deviation Term κ, as defined in (18). If no gradient
noise is present and all the functions {Fv}v∈V are the same, then κ = 0, reflecting the comment in
Remark 22.

Proposition 23 (Network term) Consider the assumptions of Section B.1. Let κ2 be such that, for
any v ∈ V, s ≥ 1,

E
[∥∥∥Gs+1

v − 1

n

n∑

`=1

∇F`(Xs
` )
∥∥∥
2]

︸ ︷︷ ︸
Gradient Noise and Function Deviation Term

≤ κ2. (18)

For any v ∈ V, s ≥ 1, we have

E[‖Xs
v −X

s‖2] ≤ η2 min{L2, κ2}
(

2
log(s

√
n)

1− σ2(P )
+ 1

)2

.

Proof Fix v ∈ V, s ≥ 1. By unraveling the updates in (13) and (16), using that X1
v = 0 for all

v ∈ V , we get

Xs
v = −η

s−1∑

k=1

∑

w∈V
P kvwG

s−k+1
w , X

s
= −η

s−1∑

k=1

∑

w∈V
( 1
n11>)vwG

s−k+1
w ,
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where 1 ∈ Rn is the all-one vector. Using that the rows of the matrix P sum to one, note that for
any collection of vectors {νk}s−1k=1 in Rd we have

Xs
v −X

s
= η

s−1∑

k=1

∑

w∈V
(P k − 1

n11>)vw(Gs−k+1
w − νs−k).

We have

E[‖Xs
v −X

s‖2] = E〈Xs
v −X

s
, Xs

v −X
s〉

≤ η2
s−1∑

k,k′=1

∑

w,w′∈V
|(P k − 1

n11>)vw||(P k
′ − 1

n11>)vw′ |E|〈Gs−k+1
w − νs−k, Gs−k′+1

w′ − νs−k′〉|.

By Cauchy-Schwarz’s inequality and Hölder’s inequality,

E|〈Gs−k+1
w − νs−k, Gs−k′+1

w′ − νs−k′〉| ≤
√
E[‖Gs−k+1

w − νs−k‖2]
√
E[‖Gs−k′+1

w′ − νs−k′‖2],
and the above yields

E[‖Xs
v −X

s‖2] ≤
(
η

s−1∑

k=1

∑

w∈V
|(P k − 1

n11>)vw|
√
E[‖Gs−k+1

w − νs−k‖2]
)2

.

By choosing νk = 0 and using (15), we get

E[‖Xs
v −X

s‖2] ≤ η2L2

( s−1∑

k=1

∑

w∈V
|(P k − 1

n11>)vw|
)2

.

By choosing νk = 1
n

∑n
`=1∇F`(Xk

` ) and using the assumption of the proposition, we get

E[‖Xs
v −X

s‖2] ≤ η2κ2
( s−1∑

k=1

∑

w∈V
|(P k − 1

n11>)vw|
)2

.

Note that
∑s−1

k=1

∑
w∈V |(P k − 1

n11>)vw| =
∑s−1

k=1 ‖e>v P k − 1
n1>‖1, where ev ∈ Rn is the vector

with 1 in the coordinate aligning with node v and 0 everywhere else, and ‖ · ‖1 denotes the `1 norm.
Standard results from Perron-Frobenius theory yield, for any k ≥ 1,

‖e>v P k − 1
n1>‖1 ≤

√
n‖e>v P k − 1

n1>‖ ≤ √nσ2(P )k.

To bound the quantity
∑s−1

k=1 ‖e>v P k − 1
n1>‖1, break the sum and bound each part separately. For

the first half use ‖e>v P k − 1
n1>‖1 ≤ ‖e>v P k‖1 + ‖ 1n1>‖1 = 2 so

s−1∑

k=1

‖e>v P k − 1
n1>‖1 =

s̃∑

k=1

‖e>v P k − 1
n1>‖1 +

s−1∑

k=s̃+1

‖e>v P k − 1
n1>‖1 ≤ 2s̃+

√
n

s−1∑

k=s̃+1

σ2(P )k.

Requiring σ2(P )k ≤ 1
s
√
n

for k between s̃ + 1 and s − 1, set s̃ = b log(s
√
n)

log(σ2(P )−1)
c. As there are no

more than s terms in the sum, using that log(x−1) ≥ 1− x, we get
s−1∑

k=1

‖e>v P k − 1
n1>‖1 ≤ 2s̃+ 1 ≤ 2

log(s
√
n)

1− σ2(P )
+ 1.
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B.2. Convex and Lipschitz

The following result controls the evolution of algorithm (13) in the setting defined in Section B.1,
under the additional assumption of Lipschitz continuity. The proof is inspired from the analysis in
Duchi et al. (2012),

Theorem 24 (Optimisation bound for convex and Lipschitz objectives) Consider the setting of
Section B.1. Let the functions {Fv}v∈V be L-Lipschitz. Then, Distributed SGD yields, for any
v ∈ V and t ≥ 1,

E
[
F
(1

t

t∑

s=1

Xs
v

)
− F (X?)

]
≤ 1

t

t∑

s=1

E[F (Xs
v)− F (X?)]

≤ 3L

t
max
w∈V

t∑

s=1

E‖Xs
w−X

s‖
︸ ︷︷ ︸

Network Term

+
1

t

t∑

s=1

1

n

∑

w∈V
E〈Gs+1

w , X
s −X?〉

︸ ︷︷ ︸
Optimisation Term

.

and the Optimisation Term is upper bounded by G2

2ηt + ηL2

2 .

Proof For any s ≥ 1 and v ∈ V , adding and subtracting the term 1
n

∑
w∈V Fw(Xs

w), we find

E[F (Xs
v)− F (X?)] =

1

n

∑

w∈V
E[Fw(Xs

v)− Fw(Xs
w)] +

1

n

∑

w∈V
E[Fw(Xs

w)− Fw(X?)]

≤ 1

n

∑

w∈V
LE‖Xs

v −Xs
w‖+

1

n

∑

w∈V
E〈Gs+1

w , Xs
w −X?〉,

where for the first summand we used the Lipschitz property, and for the second summand we used
convexity, assumption (14), and that both {Xs

v}v∈V and X? are measurable with respect to Fs. In
fact, for any w ∈ V , we have

Fw(Xs
w)−Fw(X?)≤〈∂Fw(Xs

w), Xs
w−X?〉=〈E[Gs+1

w |Fs], Xs
w−X?〉=E[〈Gs+1

w , Xs
w−X?〉|Fs],

so that E[Fw(Xs
w)− Fw(X?)] ≤ E〈Gs+1

w , Xs
w −X?〉 by the tower property of conditional expec-

tations. By adding and subtracting Xs and applying the Cauchy-Schwarz’s inequality, we have

E〈Gs+1
w , Xs

w −X?〉 ≤ E[‖Gs+1
w ‖‖Xs

w −X
s‖] + E〈Gs+1

w , X
s −X?〉,

and the first term on the right-hand side is further bounded by using Jensen’s inequality and the fact
that (Xs

w −X
s
) is Fs-measurable, along with assumption (15), giving

E[‖Gs+1
w ‖‖Xs

w −X
s‖] ≤ E[(E[‖Gs+1

w ‖2|Fs])1/2‖Xs
w −X

s‖] ≤ LE‖Xs
w −X

s‖.

All together with ‖Xt
v −Xs

w‖ ≤ 2 maxw′∈V ‖Xs
w′ −X

s‖ we have

1

t

t∑

s=1

E[F (Xs
v)− F (X?)] ≤ 3L

t
max
w∈V

t∑

s=1

E‖Xs
w−X

s‖+
1

t

t∑

s=1

1

n

∑

w∈V
E〈Gs+1

w , X
s−X?〉.
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To bound the Optimisation Term we proceed as follows. Using (17) and that 〈a, b〉 = (‖a‖2 +
‖b‖2 − ‖a− b‖2)/2 we obtain

1

n

∑

w∈V
E〈Gs+1

w , X
s −X?〉 =

1

η
E〈Xs −Xs+1

, X
s −X?〉

=
1

2η
(E[‖Xs+1 −Xs‖2] + E[‖Xs −X?‖2]−E[‖Xs+1 −X?‖2])

≤ 1

2η

(
E[‖Xs −X?‖2]−E[‖Xs+1 −X?‖2] + η2E

[∥∥∥ 1

n

∑

w∈V
Gs+1
w

∥∥∥
2])

≤ 1

2η
(E[‖Xs −X?‖2]−E[‖Xs+1 −X?‖2] + η2L2),

where we used Cauchy-Schwarz’s and Hölder’s inequalities, along with assumption (15), to get

E
[∥∥∥ 1

n

∑

w∈V
Gs+1
w

∥∥∥
2]

=
1

n2

∑

u,w∈V
E〈Gs+1

u , Gs+1
w 〉 ≤ 1

n2

∑

u,w∈V
E[‖Gs+1

u ‖‖Gs+1
w ‖]

≤ 1

n2

∑

u,w∈V

√
E[‖Gs+1

u ‖2]
√
E[‖Gs+1

w ‖2] ≤ L2. (19)

Summing over s, using that X1
v = 0 for all v ∈ V and that E[‖X?‖2] ≤ G2, we get the following

bound for the Optimisation Term

1

t

t∑

s=1

1

n

∑

w∈V
E〈Gs+1

w , X
s −X?〉 ≤ 1

2ηt
E[‖X1 −X?‖2] +

ηL2

2
≤ G2

2ηt
+
ηL2

2
.

Corollary 25 Consider the assumptions of Section B.1. Let the functions {Fv}v∈V be L-Lipschitz.
Then, Distributed SGD yields, for any v ∈ V and t ≥ 1,

E
[
F
(1

t

t∑

s=1

Xs
v

)
− F (X?)

]
≤ 1

t

t∑

s=1

E[F (Xs
v)− F (X?)] ≤ ηL2

2

(
19

log(t
√
n)

1− σ2(P )

)
+
G2

2ηt
.

Proof It follows from Theorem 24 and Proposition 23, as E‖Xs
v −X

s‖ ≤
√
E[‖Xs

v −X
s‖2] by

Jensen’s inequality.

B.3. Convex and Smooth

The following result controls the evolution of algorithm (13) in the setting defined in Section B.1,
under the additional assumption of smoothness. The proof is inspired by the one given Dekel et al.
(2012) for single-machine serial SGD applied to smooth losses, the specific exposition of which
more closely follows Bubeck et al. (2015). The bound that we give is made of three components:
the Optimisation Term that decays like 1/t; the Gradient Noise Term that captures the average noise
of the gradient across the graph; the Network Term that controls the deviation of the algorithm from
its network average.
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Theorem 26 (Optimisation bound for convex and smooth objectives) Consider the Assumptions
of Section B.1. Let the functions {Fv}v∈V be β-smooth. Then, Distributed SGD with η = 1/(β +
1/ρ) and ρ ≥ 0, yields, for any v ∈ V and t ≥ 1,

E
[
F
(1

t

t∑

s=1

Xs+1
v

)
− F (X?)

]
≤ 1

t

t∑

s=1

E[F (Xs+1
v )− F (X?)]

≤ 1

t

t∑

s=1

(
LE‖Xs+1

v −Xs+1‖+βmax
w∈V

E[‖Xs+1
w −Xs+1‖2]+β

2

(
1+βρ

)
max
w∈V

E[‖Xs
w−X

s‖2]
︸ ︷︷ ︸

Network Term

)

+
ρ

2

1

t

t∑

s=1

E
[∥∥∥ 1

n

∑

w∈V
(Gs+1

w −∇Fw(Xs
w))
∥∥∥
2]

︸ ︷︷ ︸
Gradient Noise Term

+
1

t

t∑

s=1

(
1

n

∑

w∈V
E〈Gs+1

w , X
s+1 −X?〉+

1

2

(
β +

1

ρ

)
E[‖Xs+1 −Xs‖2]

)

︸ ︷︷ ︸
Optimisation Term

,

and the Optimisation Term is upper bounded by 1
2(β + 1

ρ)G
2

t .

Proof Recall that if a function f : Rd → R is β-smooth then for any x, y ∈ Rd we have (Nesterov,
2013) f(x) − f(y) ≤ 〈∇f(y), x − y〉 + β

2 ‖x − y‖2. Fix s ≥ 1, v ∈ V . Consider the following
decomposition.

F (Xs+1
v )− F (X?) = F (Xs+1

v )− F (X
s+1

)︸ ︷︷ ︸
Term (a)

+F (X
s+1

)− F (X?)︸ ︷︷ ︸
Term (b)

. (20)

Term (a). To bound Term (a), we use smoothness and convexity to get

F (Xs+1
v )− F (X

s+1
) =

1

n

∑

w∈V

(
Fw(Xs+1

v )− Fw(Xs+1
w ) + Fw(Xs+1

w )− Fw(X
s+1

)
)

≤ 1

n

∑

w∈V

(
〈∇Fw(Xs+1

w ), Xs+1
v −Xs+1

w 〉+β

2
‖Xs+1

v −Xs+1
w ‖2 + 〈∇Fw(Xs+1

w ), Xs+1
w −Xs+1〉

)

=
1

n

∑

w∈V

(
〈∇Fw(Xs+1

w ), Xs+1
v −Xs+1〉+

β

2
‖Xs+1

v −Xs+1
w ‖2

)
.

As∇Fw(Xs+1
w ) = E[Gs+2

w |Fs+1] and {Xs+1
w }w∈V are Fs+1-measurable, we get

〈∇Fw(Xs+1
w ), Xs+1

v −Xs+1〉 = E[〈Gs+2
w , Xs+1

v −Xs+1〉|Fs+1]

≤ E[‖Gs+2
w ‖‖Xs+1

v −Xs+1‖|Fs+1]

≤
√
E[‖Gs+2

w ‖2|Fs+1]‖Xs+1
v −Xs+1‖

≤ L‖Xs+1
v −Xs+1‖,
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where we used Cauchy-Schwarz’s inequality, Jensen’s inequality, and E[‖Gs+2
w ‖2|Fs+1] ≤ L2.

Thus,

E[F (Xs+1
v )− F (X

s+1
)] ≤ LE‖Xs+1

v −Xs+1‖+ βmax
w∈V

E[‖Xs+1
w −Xs+1‖2]. (21)

Term (b). To bound Term (b), we use smoothness to find a bound that involves a telescoping sum
whose terms cancel out when we take the summation over time s. Using smoothness, adding and
subtracting 〈Gs+1

w , X
s+1

, X
s〉 = 〈Gs+1

w , X
s+1 − X?〉 + 〈Gs+1

w , X? − Xs+1〉 and using Cauchy-
Schwarz’s inequality (2〈a, b〉 ≤ ρ‖a‖2 + ‖b‖2/ρ for ρ ≥ 0) we get

F (X
s+1

)− F (X
s
) ≤ 1

n

∑

w∈V
〈∇Fw(X

s
), X

s+1 −Xs〉+
β

2
‖Xs+1 −Xs‖2

=
〈 1

n

∑

w∈V
(∇Fw(X

s
)−Gs+1

w ), X
s+1 −Xs

〉
+

1

n

∑

w∈V
〈Gs+1

w , X
s+1 −X?〉

+
1

n

∑

w∈V
〈Gs+1

w , X? −Xs〉+
β

2
‖Xs+1 −Xs‖2

≤ ρ

2

∥∥∥ 1

n

∑

w∈V
(∇Fw(X

s
)−Gs+1

w )
∥∥∥
2

+
1

n

∑

w∈V
〈Gs+1

w , X
s+1 −X?〉

+
1

n

∑

w∈V
〈Gs+1

w , X? −Xs〉+
1

2

(
β +

1

ρ

)
‖Xs+1 −Xs‖2. (22)

Adding F (X
s
) to both sides, taking expectation, using that {Xs

w}w∈V and X? are Fs-measurable,
and that E〈[Gs+1

w , X? −Xs〉|Fs] = 〈∇Fw(Xs
w), X? −Xs〉, we get

E[F (X
s+1

)− F (X?)] ≤ E[F (X
s
)− F (X?)] +

ρ

2
E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(X

s
)−Gs+1

w )
∥∥∥
2]

+
1

n

∑

w∈V
E〈Gs+1

w , X
s+1 −X?〉+

1

2

(
β +

1

ρ

)
E[‖Xs+1 −Xs‖2]

+
1

n

∑

w∈V
E〈∇Fw(Xs

w), X? −Xs〉. (23)

To bound the first term on the right-hand side of bound (23) and cancel the dependence on X? from
the term 〈∇Fw(Xs

w), X? −Xs〉, note that by convexity and smoothness we get

E[F (X
s
)− F (X?)] =

1

n

∑

w∈V
E[Fw(X

s
)− Fw(Xs

w) + Fw(Xs
w)− Fw(X?)]

=
1

n

∑

w∈V
E[Fw(X

s
)−Fw(Xs

w)+〈∇Fw(Xs
w), Xs

w−X
s〉+〈∇Fw(Xs

w), X
s−X?〉]

≤ β

2
max
w∈V

E‖Xs
w−X

s‖2 +
1

n

∑

w∈V
E〈∇Fw(Xs

w), X
s−X?〉. (24)
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To bound the second term on the right-hand side of bound (23), note that

E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(X

s
)−Gs+1

w )
∥∥∥
2]

=E
[∥∥∥ 1

n

∑

w∈V

(
∇Fw(X

s
)−∇Fw(Xs

w)+∇Fw(Xs
w)−Gs+1

w

)∥∥∥
2]

= E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(X

s
)−∇Fw(Xs

w))
∥∥∥
2]

+ E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(Xs

w)−Gs+1
w )

∥∥∥
2]
, (25)

where we used that the cross terms are zero as E[Gs+1
w |Fs] = ∇Fw(Xs

w) and both {Fw}w∈V and
{Xs

w}w∈V are Fs-measurable. The first term in (25) can be bounded as follows:

E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(Xs

w)−∇Fw(X
s
))
∥∥∥
2]

=
1

n2

∑

w,l∈V
E〈∇Fw(Xs

w)−∇Fw(X
s
),∇Fl(Xs

l )−∇Fl(Xs
)〉

≤ 1

n2

∑

w,l∈V
E
[
‖∇Fw(Xs

w)−∇Fw(X
s
)‖‖∇Fl(Xs

l )−∇Fl(Xs
)‖
]

≤ β2

n2

∑

w,l∈V
E
[
‖Xs

w −X
s‖‖Xs

l −X
s‖
]

≤ β2

n2

∑

w,l∈V

√
E
[
‖Xs

w −X
s‖2
]√

E
[
‖Xs

l −X
s‖2
]

≤ β2 max
w∈V

E
[
‖Xs

w −X
s‖2
]
, (26)

where applied Cauchy-Schwarz’s inequality, smoothness, and Hölder’s inequality. Plugging (24),
(25), and (26) into (23) we get the following bound for the expected value of term (b):

E[F (X
s+1

)−F (X?)] ≤ β

2

(
1+βρ

)
max
w∈V

E[‖Xs
w−X

s‖2] +
ρ

2
E
[∥∥∥ 1

n

∑

w∈V
(∇Fw(Xs

w)−Gs+1
w )

∥∥∥
2]

+
1

n

∑

w∈V
E〈Gs+1

w , X
s+1 −X?〉+

1

2

(
β +

1

ρ

)
E[‖Xs+1 −Xs‖2]. (27)

Term (a) + Term (b). The main result in the theorem follows by using bounds (21) and (27) to
bound Term (a) and Term (b) in (20), taking the summation over time from s = 1 to s = t.

To bound the Optimisation Term, use (17) and that 2〈a, b〉 = ‖a‖2 + ‖b‖2 − ‖a− b‖2 so that

1

n

∑

w∈V
〈Gs+1

w , X
s+1 −X?〉 =

1

η
〈Xs −Xs+1

, X
s+1 −X?〉

= −1

η
〈Xs+1 −Xs

, X
s+1 −X?〉

=
1

2η

(
− ‖Xs+1 −Xs‖2 − ‖Xs+1 −X?‖2 + ‖Xs −X?‖2

)
.

The choice η = 1
β+1/ρ leads to the cancellation of the quantity ‖Xs+1 − Xs‖2 in the Optimisa-

tion Term. The telescoping sum over time, using that X1
w = 0 for all w ∈ V and the assumption
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E[‖X?‖2] ≤ G2, yields the final result.

As for single-machine serial SGD (Dekel et al., 2012), the error bound that we give in Theorem
26 for the smooth case exhibits explicit dependence on the gradient noise, which in our setting
is averaged out across the network. As far as the following corollary is concerned, we assume a
time-uniform control on the gradient noise, namely,

E
[∥∥∥ 1

n

∑

w∈V
(Gs+1

w −∇Fw(Xs
w))
∥∥∥
2]
≤ σ2 (28)

for any s ≥ 1.

Corollary 27 Consider the Assumptions of Section B.1. Let the functions {Fv}v∈V be β-smooth
and satisfy both (18) and (28). Then, Distributed SGD with η = 1/(β + 1/ρ) and ρ ≥ 0, yields, for
any v ∈ V and t ≥ 1,

E
[
F
(1

t

t∑

s=1

Xs+1
v

)
− F (X?)

]
≤ 1

t

t∑

s=1

E[F (Xs+1
v )− F (X?)]

≤ ρ

2
σ2 +

(β + 1/ρ)G2

2t
+

3κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

(
L+

3

2

β(3 + βρ)κ

β + 1/ρ

log((t+ 1)
√
n)

1− σ2(P )

)

Proof It follows from Theorem 26 and Proposition 23.

B.4. Assumptions for Distributed SGD (1)

This section verifies that the more general assumptions considered in this Appendix for Distributed
SGD (13) are satisfied within the context of the main body of this work, that is, for Distributed
SGD (1) as described within Section 3. This is performed by placing Distributed SGD (1) into the
context Distributed SGD (13) as follows. Let the random objective functions be Fv(x) = Rv(x) =
1
m

∑m
k=1 `(x, Zv,k) for v ∈ V , which yields the network average F (x) = R(x). Consider the

following stochastic gradients, for v ∈ V and s ≥ 1,

Gs+1
v = ∂`(Xs

v , Zv,Ks+1
v

),

where Ks
v is a uniform random variable on [m]. Let F1 be the σ-algebra generated by the data sets

D. For any s ≥ 2, let Fs contain the σ-algebra generated by the data setsD and the uniform random
variables up to time s {K2

v , . . . ,K
s
v}v∈V . The random functions {Fv}v∈V and their optimal value

X? are Fs-measurable, as Fs contains the σ-algebra generated byD. The iterates {Xk
v }k≤s,v∈V are

also Fs-measurable, as Fs contains the σ-algebra generated by {K2
v , . . . ,K

s
v}v∈V . We now check

that assumption (14) and assumption (15) are satisfied. The following hold for any s ≥ 1.

• Assumption (14) on the unbiasedness of the subgradient estimators is satisfied as for any
v ∈ V we have

E[Gs+1
v |Fs] = E[∂`(Xs

v , Zv,Ks+1
v

)
∣∣Fs] =

1

m

m∑

k=1

∂`(Xs
v , Zv,k) ∈ ∂Fv(Xs

v),

where have used that the sum of subgradients belong to the subgradient of sums.
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• Assumption (15) on the boundedness of the second moment of the subgradients is satisfied as
for any v ∈ V we have

E[‖Gs+1
v ‖2|Fs] = E[‖∂`(Xs

v , Zv,Ks+1
v

)‖2
∣∣Fs] =

1

m

m∑

k=1

‖∂`(Xs
v , Zv,k)‖2 ≤ L2,

where we have used that the function `( · , z) is L-Lipschitz for all z ∈ Z.
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Srinivasan Sundhar Ram, Angelia Nedić, and Venugopal V. Veeravalli. Distributed Stochastic Sub-
gradient Projection Algorithms for Convex Optimization. Journal of Optimization Theory and
Applications, 147(3):516–545, 2010.

William H. Rogers and Terry J. Wagner. A Finite Sample Distribution-Free Performance Bound for
Local Discrimination Rules. The Annals of Statistics, pages 506–514, 1978.

Ali H. Sayed. Adaptive Networks. Proceedings of the IEEE, 102(4):460–497, 2014.

Devavrat Shah. Gossip algorithms. Foundations and Trends R© in Networking, 3(1):1–125, 2009.

Shai Shalev-Shwartz, Ohad Shamir, Nathan Srebro, and Karthik Sridharan. Learnability, Stability
and Uniform Convergence. Journal of Machine Learning Research, 11(Oct):2635–2670, 2010.

Ohad Shamir and Nathan Srebro. Distributed Stochastic Optimization and Learning. In Communi-
cation, Control, and Computing (Allerton), 2014, pages 850–857. IEEE, 2014.

Ohad Shamir, Nathan Srebro, and Tong Zhang. Communication-Efficient Distributed Optimization
using an Approximate Newton-Type Method. In International Conference on Machine Learning,
pages 1000–1008, 2014.

Wei Shi, Qing Ling, Gang Wu, and Wotao Yin. Extra: An Exact First-Order Algorithm for Decen-
tralized Consensus Optimization. SIAM Journal on Optimization, 25(2):944–966, 2015.

Pierre Tarres and Yuan Yao. Online Learning as Stochastic Approximation of Regularization Paths:
Optimality and Almost-Sure Convergence. IEEE Transactions on Information Theory, 60(9):
5716–5735, 2014.

John Tsitsiklis, Dimitri Bertsekas, and Michael Athans. Distributed Asynchronous Deterministic
and Stochastic Gradient Optimization Algorithms. IEEE transactions on automatic control, 31
(9):803–812, 1986.

John Nikolas Tsitsiklis. Problems in Decentralized Decision Making and Computation. Technical
report, Massachusetts Inst Of Tech Cambridge Lab For Information And Decision Systems, 1984.

Vladimir N. Vapnik. The Nature of Statistical Learning Theory. Springer-Verlag, Berlin, Heidel-
berg, 1995.

Lin Xiao. Dual Averaging Methods for Regularized Stochastic Learning and Online Optimization.
Journal of Machine Learning Research, 11(Oct):2543–2596, 2010.

Mu Yang and Choon Yik Tang. Distributed Estimation of Graph Spectrum. In 2015 American
Control Conference (ACC), pages 2703–2708. IEEE, 2015.

Peng Yang, Randy A Freeman, Geoffrey J Gordon, Kevin M Lynch, Siddhartha S Srinivasa, and
Rahul Sukthankar. Decentralized Estimation and Control of Graph Connectivity for Mobile Sen-
sor Networks. Automatica, 46(2):390–396, 2010.

43



RICHARDS AND REBESCHINI

Yiming Ying and Massimiliano Pontil. Online Gradient Descent Learning Algorithms. Foundations
of Computational Mathematics, 8(5):561–596, 2008.

Yuchen Zhang and Xiao Lin. DiSCO: Distributed Optimization for Self-concordant Empirical Loss.
In International Conference on Machine Learning, pages 362–370, 2015.

Yuchen Zhang, Martin J. Wainwright, and John C. Duchi. Communication-Efficient Algorithms for
Statistical Optimization. In Advances in Neural Information Processing Systems, pages 1502–
1510, 2012.

44



 



3
Optimal Statistical Rates for

Decentralised Non-Parametric Regression
with Linear Speed-Up

65



Optimal Statistical Rates for Decentralised
Non-Parametric Regression with Linear Speed-Up

Dominic Richards
Department of Statistics

University of Oxford
24-29 St Giles’, Oxford, OX1 3LB

dominic.richards@spc.ox.ac.uk

Patrick Rebeschini
Department of Statistics

University of Oxford
24-29 St Giles’, Oxford, OX1 3LB

patrick.rebeschini@stats.ox.ac.uk

Abstract

We analyse the learning performance of Distributed Gradient Descent in the context
of multi-agent decentralised non-parametric regression with the square loss function
when i.i.d. samples are assigned to agents. We show that if agents hold sufficiently
many samples with respect to the network size, then Distributed Gradient Descent
achieves optimal statistical rates with a number of iterations that scales, up to a
threshold, with the inverse of the spectral gap of the gossip matrix divided by the
number of samples owned by each agent raised to a problem-dependent power.
The presence of the threshold comes from statistics. It encodes the existence of a
“big data” regime where the number of required iterations does not depend on the
network topology. In this regime, Distributed Gradient Descent achieves optimal
statistical rates with the same order of iterations as gradient descent run with all the
samples in the network. Provided the communication delay is sufficiently small,
the distributed protocol yields a linear speed-up in runtime compared to the single-
machine protocol. This is in contrast to decentralised optimisation algorithms that
do not exploit statistics and only yield a linear speed-up in graphs where the spectral
gap is bounded away from zero. Our results exploit the statistical concentration
of quantities held by agents and shed new light on the interplay between statistics
and communication in decentralised methods. Bounds are given in the standard
non-parametric setting with source/capacity assumptions.

1 Introduction

In machine learning a canonical goal is to use training data sampled independently from an unknown
distribution to fit a model that performs well on unseen data from the same distribution. With a loss
function measuring the performance of a model on a data point, a common approach is to find a
model that minimises the average loss on the training data with some form of explicit regularisation
to control model complexity and avoid overfitting. Due to the increasingly large size of datasets
and high model complexity, direct minimisation of the regularised problem is posing more and
more computational challenges. This has led to growing interest in approaches that improve models
incrementally using gradient descent methods [8], where model complexity is controlled through
forms of implicit/algorithmic regularisation such as early stopping and step-size tuning [57, 58, 27].

The growth in the size of modern datasets has also meant that the coordination of multiple machines
is often required to fit machine learning models. In the centralised server-clients setup, a single
machine (server) is responsible to aggregate and disseminate information to other machines (clients)
in what is an effective star topology. In some settings, such as ad-hoc wireless and peer-to-peer
networks, network instability, bandwidth limitation and privacy concerns make centralised approaches
less feasible. This has motivated research into scalable methods that can avoid the bottleneck
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and vulnerability introduced by the presence of a central authority. Such solutions are called
“decentralised”, as no single entity is responsible for the collection and dissemination of information:
machines communicate with neighbours in a network structure that encodes communication channels.

Since the early works [52, 53] to the more recent work [22, 34, 33, 23, 29, 30, 10, 18, 47, 31],
problems in decentralised multi-agent optimisation have often been treated as a particular instance of
consensus optimisation. In this framework, a network of machines or agents collaborate to minimise
the average of functions held by individual agents, hence “reaching consensus” on the solution of
the global problem. In this setting the performance of the chosen protocol naturally depends on the
network topology, since to solve the problem each agent has to communicate and receive information
from all other agents. In particular, the number of iterations required by decentralised iterative
gradient methods typically scales with the inverse of the spectral gap of the communication matrix
(a.k.a. gossip or consensus matrix) [18, 42, 43], which reflects the performance of gossip protocols in
the problem of distributed averaging [9, 17, 44, 4].

Many distributed machine learning problems, in particular those involving empirical risk minimisation,
have been framed in the context of consensus optimisation. However, as highlighted in [46] and more
recently in [38], often these problems have more structure than consensus optimisation due to the
statistical regularity of the data. When the agents’ functions are the empirical risk of their local data, in
the setting where the local data comes from the same unknown distribution (homogeneous setting), the
functions held by each agent are similar to one another by the phenomenon of statistical concentration.
In particular, in the limit of an infinite amount of data per agent, the local functions are the same and
agents do not need to communicate to solve the problem. This phenomenon highlights the existence
of a natural trade-off between statistics and communication. While statistical similarities of local
objective functions and the statistics/communication trade-off have been investigated and exploited in
centralised server-clients setup, typically in the analysis and design of divide-and-conquer schemes
[60, 28, 20, 32, 26, 1, 62, 46, 45, 61, 2], only recently there has been some investigation into the
interplay between statistics and communication/network-topology in the decentralised setting. The
authors in [6] investigate the interplay between the spectral norm of the data-generating distribution
and the inverse spectral gap of the communication matrix for Distributed Stochastic Gradient Descent
in the case of strongly convex losses. As most of the literature on decentralised machine learning,
this work also focuses on minimising the training error and not the test/prediction error (numerical
experiments are given for the test error). Some works have investigated the performance on the
test loss in the single-pass/online stochastic setting where agents use each data point only once.
The authors in [37, 51] investigate a distributed regularised online learning setting [55] and obtain
guarantees for a “multi-step” Distributed Stochastic Mirror Descent algorithm where agents reach
consensus on their stochastic gradients in-between computation steps. The works [25] and [3]
consider the performance of Distributed Stochastic Gradient Descent algorithms in the non-convex
smooth case. They investigate the average performance of the agents over the network in terms of
convergence to a stationary point of the test loss [19] and show that a linear speed-up in computational
time can be achieved provided the number of samples seen, equivalently the number of iterations
performed, exceeds the network size times the inverse of the spectral gap, each raised to a certain
power. The work [38] seems to be the first to have considered minimisation of the test error in the
multi-pass/offline stochastic setting that more naturally relates to the classical literature on consensus
optimisation. The authors investigate stability of Distributed Stochastic Gradient Descent on the test
error and show that for smooth and convex losses the number of iterations required to achieve optimal
statistical rates scales with the inverse of the spectral gap of the gossip matrix, a term that captures
the noise of the gradients’ estimates, and a term that controls the statistical proximity of the local
empirical losses.

1.1 Contributions

In this work we investigate the implicit-regularisation learning performance of full-batch Distributed
Gradient Descent [33] on the test error in the context of non-parametric regression with the square
loss function. In the homogeneous setting where agents hold independent and identically distributed
data points, we investigate the choice of step size and number of iterations that guarantee each agent to
achieve optimal statistical rates with respect to all the samples in the network. We build a theoretical
framework that allows to directly and explicitly exploit the statistical concentration of quantities
(i.e. batched gradients) held by agents. On the one hand, exploiting concentration yields savings on
computation, i.e. it allows to achieve faster convergence rates compared to methods that do not exploit
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concentration in their parameter tuning. On the other hand, it yields savings on communication,
as it allows to take advantage of the trade-off between statistical power and communication costs.
Firstly, we show that if agents hold sufficiently many samples with respect to the network size, then
Distributed Gradient Descent achieves optimal statistical rates up to poly-logarithmic factors with
a number of iterations that scales with the inverse of the spectral gap of the communication matrix
divided by the number of samples owned by each agent raised to a problem-dependent power, up
to a statistics-induced threshold. Previous results for decentralised iterative gradient schemes in the
context of consensus optimisation do not take advantage of the statistical nature of decentralised
empirical risk minimisation problems. In the statistical setting that we consider, these methods would
require a larger number of iterations that scales only with respect to the inverse of the spectral gap.
Secondly, we show that if agents additionally hold sufficiently many samples with respect to the
inverse of the spectral gap, then the same order of iterations allows Distributed Gradient Descent and
Single-Machine Gradient Descent (i.e. gradient descent run on a single machine that holds all the
samples in the network) to achieve optimal statistical rates up to poly-logarithmic factors. Provided
the communication delay is sufficiently small, this yields a linear speed-up in runtime over Single-
Machine Gradient Descent, with a “single-step” method that performs a single communication round
per local gradient descent step. Single-step methods that do not exploit concentration can only achieve
a linear speed-up in runtime in graphs with spectral gap bounded away from zero, i.e. expanders or
the complete graph. Our results demonstrate how the increased statistical similarity between the local
empirical risk functions can make up for a decreased connectivity in the graph topology, showing
that a linear speed-up in runtime can be achieved in any graph topology by exploiting concentration.
To the best of our knowledge, we seem to be the first to isolate this type of phenomena.

We prove our results under the standard “source” and “capacity” assumptions in non-parametric
regression. These assumptions relate, respectively, to the projection of the optimal predictor on the
hypothesis space and to the effective dimension of this space [59, 12]. A contribution of this work
is to show that proper tuning yields, up to poly-logarithmic terms, optimal non-parametric rates in
decentralised learning. As far as we aware, in the distributed setting such guarantees have been
established only for centralised divide-and-conquer methods [60, 28, 20, 32, 26].

To prove our results we build upon previous work for Single-Machine Gradient Descent applied
to non-parametric regression, in particular the line of works [57, 40, 27]. Exploiting that in our
setting the iterates of Distributed Gradient Descent can be written in terms of products of linear
operators depending on the data held by agents, we decompose the excess risk into bias and sample
variance terms for Single-Machine Gradient Descent plus an additional quantity that captures the
error incurred by using a decentralised protocol over the communication network. We analyse this
network error term by further decomposing it into a term that behaves similarly to the consensus
error previously considered in [18, 33], and a new higher-order term. We control both terms by using
the structure of the gradient updates, which allows us to analyse the interplay between statistics, via
concentration, and network topology, via mixing of random walks related to the gossip matrix.

The work is structured as follows. Section 2 presents the setting, assumptions, and algorithm that
we consider. Section 3 states the main convergence result and discusses implications from the point
of view of statistics, computation and communication. Section 4 presents the error decomposition
into bias, variance, and network error, and it illustrates the implicit regularisation strategy that we
adopt. Section 5 highlights some of the features of our contribution in the light of future research
directions. The appendix in the supplementary material is structured as follows. Section A includes
some remarks about our results. Section B illustrates the main scheme of the proofs, highlighting the
interplay between statistics and network topology. Section C contains the full details of the proofs.

2 Setup

In this section we describe the learning problem, assumptions and algorithm that we consider.

2.1 Learning problem: decentralised non-parametric least-squares regression

We adopt the setting used in [40, 27], which involves regression in abstract Hilbert spaces. This
setting is of relevance for applications related to the Reproducing Kernel Hilbert Space (RKHS). See
the work in [57] and references therein.

3



Let H be a separable Hilbert Space with inner product and induced norm denoted by 〈 · , · 〉H and
‖ · ‖H , respectively. Let X ⊆ H be the input space and Y ⊂ R be the output space. Let ρ be an
unknown probability measure on Z = X × Y , ρX( · ) be the marginal on X , and ρ( · |x) be the
conditional distribution on Y given x ∈ X . Assume that there exists a constant κ ∈ [1,∞) so that

〈x, x′〉H ≤ κ2, ∀x, x′ ∈ X. (1)
Let the network of agents be modelled by a simple, connected, undirected, finite graph G = (V,E),
with |V | = n nodes joined by edges E ⊆ V ×V . Edges represent communication constraints: agents
v, w ∈ V can only communicate if they share an edge (v, w) ∈ E. We consider the homogeneous
setting where each agent v ∈ V is given m data points zv := {xv,yv} sampled independently from
ρ, where xv = {xi,v}i=1,...,m and yv = {yi,v}i=1,...,m, and each pair (xi,v, yi,v) is sampled from ρ.
The problem under study is the minimisation of the test/prediction risk with the square loss:

inf
ω∈H
E(ω), E(ω) =

∫

X×Y
(〈ω, x〉H − y)2dρ(x, y), (2)

The quality of an approximate solution ω̂ ∈ H is measured by the excess risk E(ω̂)− infω∈H E(ω).

Notation Given a matrix A ∈ Rn×n, let Avw denote the (v, w)-th element and Av =
(Avw)w=1,...,n denote the v-th row. Let O( · ) denote orders of magnitudes up to constants in n
and m, and Õ( · ) denote orders of magnitudes up to both constants and poly-logarithmic terms in n
and m. Let .,&,' denote inequalities and equalities modulo constants and poly-logarithmic terms
in n,m. We use the notation a ∨ b = max{a, b} and a ∧ b = min{a, b}.

2.2 Assumptions

The assumptions that we consider are standard in non-parametric regression [27, 35]. The first
assumption is a control on the even moments of the response.
Assumption 1. There exist M ∈ (0,∞) and ν ∈ (1,∞) such that for any ` ∈ N we have∫
Y
y2`dρ(y|x) ≤ ν`!M ` ρX -almost surely.

Let L2(H, ρX) be the Hilbert space of square-integrable functions from H to R with respect to
ρX , with norm ‖f‖ρ := (

∫
X
|f(x)|2dρX(x))1/2. Let Lρ : L2(H, ρX) → L2(H, ρX) be the

operator defined as Lρ(f) :=
∫
X
〈x, · 〉Hf(x)dρX(x). Under Assumption 1 the operator Lρ can

be proved to be in the class of positive trace operators [15], and therefore the r-th power Lrρ, with
r ∈ R, can be defined by using spectral theory. Let us also define the operator Tρ : H → H as
Tρ :=

∫
X
〈x, · 〉HxdρX(x) and its operator norm ‖Tρ‖ := supω∈H,‖ω‖H=1 ‖Tρω‖H . The function

minimising the expected squared loss (2) over all measurable functions f : H → R is known to
be the conditional expectation fρ(x) :=

∫
Y
ydρ(y|x) for x ∈ X . Let Hρ := {f : X → R | ∃ω ∈

H with f(x) = 〈w, x〉H , ρX -almost surely} be the hypothesis space that we consider. The optimal
fρ may not be in Hρ as under Assumption 1 the space of functions searched Hρ is a subspace of
L2(H, ρX). Let fH denote the projection of fρ onto the closure of Hρ in L2(H, ρX). Searching for
a solution to (2) is equivalent to searching for a linear function in Hρ that approximates fH .
The following assumption quantifies how well the target function fH can be approximated in Hρ.
Assumption 2. There exist r > 0 and R > 0 such that ‖L−rρ fH‖ρ ≤ R.

This assumption is often called the “source” condition [12]. Representing fH in the eigenspace of
Lρ, this condition can be related to the rate at which the coefficients of this representation decay. The
bigger r is, the faster the decay, and more stringent the assumption is. In particular, if r ≥ 1/2 then
the target function is in the hypothesis space fH ∈ Hρ. The last assumption is on the capacity of the
hypothesis space.

Assumption 3. There exist γ ∈ (0, 1], cγ > 0 such that Tr(Lρ
(
Lρ+λI

)−1
) ≤ cγλ−γ for all λ > 0.

Assumption 3 relates to the effective dimension of the underlying regression problem [59, 12] and is
often called the “capacity” assumption. This assumption is always satisfied for γ = 1 and cγ = κ2

since Lρ is a trace class operator. This case is called the capacity-independent setting. Meanwhile,
this assumption is satisfied for γ ∈ (0, 1] if, for instance, the eigenvalues of Lρ, denoted by {τi}i≥1,
decay sufficiently quickly, i.e. τi = O(i−1/γ). This case allows improved rates to be obtained. For
more details on the interpretation of these assumptions we refer to the work in [40, 27, 35].
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2.3 Algorithm: distributed gradient descent

We now describe the Distributed Gradient Descent algorithm [33] and its application to the problem
of non-parametric regression. Let P ∈ Rn×n≥0 be a symmetric doubly-stochastic matrix, i.e. P = P>

and P1 = 1 where 1 = (1, . . . , 1) ∈ Rn is the vector of all ones. Let P be supported on the
graph, i.e. for any v 6= w, Pvw 6= 0 only if (v, w) ∈ E. The matrix P encodes local averaging on
the network: when each agent has a real number represented by the vector a = (av)v∈V ∈ Rn,
the vector (Pa)v =

∑
w∈V Pvwaw for v ∈ V encodes what each agent computes after taking a

weighted average of its own and neighbours’ numbers. Distributed Gradient Descent is implemented
by communication on the network through the gossip matrix P . Initialised at w1,v = 0 for v ∈ V ,
the iterates of the Distributed Gradient Descent are defined as follows, for v ∈ V and t ≥ 1:

ωt+1,v =
∑

w∈V
Pvw

(
ωt,w − ηt

1

m

m∑

i=1

(
〈ωt,w, xi,w〉H − yi,w

)
xi,w

)
, (3)

where {ηt}t≥1 is the sequence of positive step sizes. The iterates (3) can be seen as a combination
of two steps: first, each agent w ∈ V performs a local gradient descent step ωt+1/2,w = ωt,w −
ηt

1
m

∑m
i=1

(
〈ωt,w, xi,w〉H − yi,w

)
xi,w; second, each agent performs local averaging through the

consensus step1 ωt+1,v =
∑
w∈V Pvwωt+1/2,w. We treat gradient descent as a statistical device. We

are interested in tuning the parameters of the algorithm to bound the expected value of the excess risk
E[E(ωt+1,v)]− infω∈H E(ω), where E[ · ] denotes expectation with respect to the data {zv}v∈V .

Network dependence Let σ2 be the second largest eigenvalue in magnitude of the communication
matrix P . Specifically, given the spectral decomposition of the gossip matrix P =

∑n
l=1 λlulu

>
l

where 1 = λ1 ≥ λ2 ≥, . . . ,≥ λn > −1 are the ordered real eigenvalues of P and {ul}l=1,...,n

the associated eigenvectors, we have σ2 := max{|λ2|, |λn|}. In many settings, the spectral gap
scales with the size of the network raised to a certain power depending on the topology. For instance,
supposing G is a finite regular graph and the communication matrix is the random walk matrix, then
the inverse of the spectral gap (1− σ2)−1 scales as Θ(1) for a complete graph, Θ(n) for a grid, and
Θ(n2) for a cycle [14, 24, 18]. The question of designing gossip matrices P that yield better (smaller)
scaling for the quantity (1− σ2)−1 has been investigated [56], and it has been found numerically that
the rates mentioned above can not be improved unless lifted graphs are considered [44].

3 Main result: optimal statistical rates with linear speed-up in runtime

We now state and highlight the main contribution of this work in the context of decentralised statistical
optimisation. The result that we are about to state in Theorem 1 showcases the interplay between
statistics and communication that arise from the statistical regularities of the problem. This result
shows the existence of a “big data” regime where Distributed Gradient Descent can achieve a linear
(in the number of agents n) speed-up in runtime compared to Single-Machine Gradient Descent.

Theorem 1. Let Assumptions 1, 2, 3 hold with r ≥ 1/2 and 2r+ γ > 2. Let t be the smallest integer
greater than the quantity

(nm)1/(2r+γ)︸ ︷︷ ︸
Single-Machine Iterations

×





(
(nm)2r/(2r+γ)

m(1−σ2)γ

)1/γ
∨ 1 if m ≥ n2r/γ

(nm)r/(2r+γ)√
m(1−σ2)

otherwise

Let ηs ≡ η = κ−2(nm)1/(2r+γ)

t ∀s ≥ 1. If m ≥ n 2r+2+γ
2r+γ−2 and n ≥ 2(1 + r) log( n

1−σ2
), then ∀v ∈ V :

E[E(ωt+1,v)]− inf
ω∈H
E(ω) ≤ C(nm)−2r/(2r+γ),

where C depends on κ2, ‖Tρ‖,M, ν, r, R, γ, cγ , and polynomials of log(nm) and log( 1
1−σ2

).

1 We note, while this assumes agents communicate infinite dimensional quantities in the general non-
parametric setting, the framework we consider accommodates finite approximations of infinite dimensional
quantities whilst accounting for the statistical precision [13].
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Theorem 1 shows that when agents are given sufficiently many samples (m) with respect to the
number of agents (n), m ≥ n 2r+2+γ

2r+γ−2 , proper tuning of the step size and number of iterations (a form
of implicit regularisation) allows Distributed Gradient Descent to recover the optimal statistical rate
O((nm)−2r/(2r+γ)) for r ∈ (1/2, 1) [12] up to poly-logarithmic terms.

Single-Machine Gradient Descent run on all of the observations has been previously shown to reach
optimal statistical accuracy with a number of iterations of the order tSingle-Machine ∼ O((nm)1/(2r+γ))
[27]. The number of iterations t ≡ tDistributed prescribed by Theorem 1 scales like tSingle-Machine times a
network-dependent factor that is a function of the inverse of the spectral gap (1−σ2)−1. The fact that
the number of iterations required to reach a prescribed level of error accuracy is inversely proportional
to the spectral gap is a standard feature of iterative gradient methods applied to generic decentralised
consensus optimisation problems [18, 42, 43]. This dependence encodes the fact that in the case
of generic objective functions assigned to agents, agents have to share information with everyone
to solve the global problem and minimise the sum of the local functions; hence, more iterations
are required in graph topologies that are less well-connected. In the present homogeneous setting,
however, the statistical nature of the problem allows to exploit concentration of random variables to
characterise the existence of a (network-dependent) “big data” regime where the number of iterations
does not depend on the network topology. The trade-off between statistics and communication is
encoded by the dependence of the tuning parameters (stopping time and step size) on the number
of samples m assigned to each agent. Observe that the factor ( (nm)2r/(2r+γ)

m(1−σ2)γ
)1/γ ∨ 1 is a decreasing

function of m, up to the threshold 1. When m ≥ n2r/γ

(1−σ2)2r+γ
∨ n 2r+2+γ

2r+γ−2 this factor becomes 1 and
Theorem 1 guarantees that the same order of iterations allows both Distributed and Single-Machine
Gradient Descent to achieve the optimal statistical rates up to poly-logarithmic factors. This regime
represents the case when the increased statistical similarity between the local empirical risk functions
assigned to each agent (increasing as a function of m, as described by the non-asymptotic Law of
Large Numbers) makes up for the decreased connectivity in the graph topology (typically decreasing
with the spectral gap 1 − σ2) to yield a linear speed-up in runtime over Single-Machine Gradient
Descent when the communication delay between agents is sufficiently small. See Section 3.1 below.

The result of Theorem 1 depends on some other requirements which we now briefly discuss. The
requirement n ≥ 2(1 + r) log( n

1−σ2
) is technical and arises from the need to perform sufficiently

many iterations to reach the mixing time of the gossip matrix P , i.e. t & (1− σ2)−1. Noting that the
number of iterations t depends on the number of agents, samples and spectral gap. The requirement
2r + γ > 2 relates to the difficulty of the estimation problem and is stronger than a similar condition
seen for single-machine gradient methods where 2r + γ > 1, see for instance the works [27, 35].
This requirement, alongside m ≥ n

2r+2+γ
2r+γ−2 , ensures that the higher-order error terms arising from

considering a decentralised protocol decay sufficiently quickly with respect to the number of samples
owned by agents m. The condition m ≥ n

2r+2+γ
2r+γ−2 can be removed if the covariance operator Tρ is

assumed to be known to agents, which aligns with the additive noise oracle in single-pass Stochastic
Gradient Descent [16] or fixed-design regression in finite-dimensional settings [21]. The condition
m ≥ n2r/γ corresponds to the case when the rate of concentration of the batched gradients held by
agents (i.e. 1/m) is faster than the optimal statistical rate, i.e. 1

m ≤ (nm)−2r/(2r+γ). This condition
becomes more stringent (i.e. more data per agent is needed) as the problem becomes easier from a
statistical point of view and r and 1/γ increase (see discussion in Section 2.2). This is due to the fact
that as r and 1/γ increase, only the statistical rate improves while the rate of concentration in the
network error stays the same, implying that more data is needed to balance the two terms.

3.1 Linear speed-up in runtime

Let gradient computations cost 1 unit of time and communication delay between agents be τ units of
time.2 Denote the number of iterations required by Single-Machine Gradient Descent and Distributed
Gradient Descent to achieve the optimal statistical rate by tSingle-Machine and tDistributed, respectively. The
speed-up in computational time obtained by running the distributed protocol over the single-machine
protocol is of the order tSingle-Machine

tDistributed

nm
m+τ+Deg(P ) , where Deg(P ) = maxv∈V |{Pvw 6= 0, w ∈ V }|

is the maximum degree of the communication matrix P . Theorem 1 implies that when m ≥
2 For details on this communication model as well as comparison to [50] see remarks within Appendix A.
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n2r/γ

(1−σ2)2r+γ
∨ n 2r+2+γ

2r+γ−2 then tDistributed ∼ tSingle-Machine, and if τ + Deg(P ) grows as O(m) then the
speed-up in computational time is of order n, linear in the number of agents. Classical “single-step”
decentralised methods that alternate single communication rounds per local gradient computation,
such as the methods inspired by [33], do not exploit concentration and have a runtime that scales
with the inverse of the spectral gap, without any threshold. As a result, these methods only yield a
linear speed-up in graphs with spectral gap bounded away from zero, i.e. expanders or the complete
graph. See below for more details. On the other hand, “multi-step” methods that alternate multiple
communication rounds per local gradient computation, such as the ones considered in [37, 51, 42, 43],
display a runtime that scales with a factor of the form m+ τ+Deg(P )

1−σ2
in our setting. Thus, while these

methods can achieve a linear speed-up in any graph topology in the “big data” regime m & τ+Deg(P )
1−σ2

without exploiting concentration, they require an additional amount of communication rounds that is
network-dependent and scales with the inverse of the spectral gap. For a cycle graph, for instance, this
means an extra O(n2) communication steps per iteration (or O(n) for gossip-accelerated methods).
Hence, classical decentralised optimisation methods that do not exploit concentration suffer from a
trade-off between runtime and communication cost: if you reduce the first you increase the second,
and viceversa. Our results show that single-step methods can achieve a linear speed-up in runtime in
any graph topology by exploiting concentration: statistics allows to find a regime where it is possible
to simultaneously have a linear speed-up in runtime without increasing communication.

Comparison to single-step decentralised methods that do not exploit concentration Decen-
tralised optimisation methods that do not consider statistical concentration rates in their parameter
tuning can not exploit the statistics/communication trade-off encoded by the presence of the factor
( (nm)2r/(2r+γ)

m(1−σ2)γ
)1/γ ∨1 in Theorem 1, and they typically require a smaller step size and more iterations

to achieve optimal statistical rates. The convergence rate typically achieved by classical consensus
optimisation methods, e.g. [18], is recovered in Theorem 1 when m = n2r/γ as in this case the
number of iterations required becomes t ∼ (nm)1/(2r+γ)

1−σ2
, which corresponds to tSingle-Machine scaled

by a certain power of 1/(1− σ2) (in our setting the power is 1). This represents the setting where
the choice of step size aligns with the choice in the single-machine case scaled by (1 − σ2), and
a linear speed-up occurs when (1− σ2)−1 = O(1). Since the network error is decreasing in m in
our case (due to concentration), larger step sizes can be chosen for m > n2r/γ . Specifically, the
single-machine step size is now scaled by [(1− σ2)( m

n2r/γ )1/(2r+γ)] ∨ 1, yielding a linear speed-up
when (1 − σ2)−1 = O(( m

n2r/γ )1/(2r+γ)), which, as m increases, is a weaker requirement on the
network topology over the standard consensus optimisation setting.

4 General result: error decomposition and implicit regularisation

Theorem 1 is a corollary of the next result, which explicitly highlights the interplay between statistics
and network topology and the implicit regularisation role of the step size and number of iterations.
Theorem 2. Let Assumptions 1, 2, 3 hold with r ≥ 1/2. Let ηs = ηs−θ ∀s ≥ 1 with θ ∈ (0, 3/4)

and η ∈ (0, κ−2]. If t/2 ≥ d (r+1) log(t)
1−σ2

e =: t?, then for all v ∈ V , α ∈ [0, 1/2] and γ′ ∈ [1, γ]:

E[E(ωt+1,v)]− inf
ω∈H
E(ω)

≤
[
q1(ηt1−θ)−2r+ q2(nm)−2r/(2r+γ)

(
1∨(nm)−2/(2r+γ)(ηt1−θ)2∨t−2(ηt1−θ)2

)]
log2(t) (4)

+ q3
log2(n) log2(t?)

m

(
η2t−2r ∨ (m−1(ηt?)1+2α) ∨ (ηt?)γ

′+2α
)

(5)

+ q4
log4(n) log2(t)

m2

(
1 ∨ (ηt1−θ)2 ∨ t−2(ηt1−θ)4

)(
(m−1ηt1−θ) ∨ (ηt1−θ)γ

)
(6)

where q1, q2, q3, q4 are all constants depending on κ2, ‖Tρ‖,M, ν, r, R, γ, cγ .

The bound in Theorem 2 shows that the excess risk has been decomposed into three main terms,
as detailed in Section B.1. The first term (4) corresponds to the error achieved by Single-Machine
Gradient Descent run on all nm samples. It consists of both bias and sample variance terms [27].
The second two terms (5) and (6) characterise the network error due to the use of a decentralised
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protocol. These terms decrease with the number of samples m owned by each agent. This captures
the fact that, as agents are given samples from the same unknown distribution, agents are in fact
solving the same learning problem and their local empirical loss functions concentrate to the same
objective as m increases. The decentralised error term is itself composed of two terms which decay
at different rates with respect to m. The term in (5) is dominant and decays at the order of Õ(1/m).
This can be interpreted as the consensus error seen in the works [33, 18] for instance. As in that
setting, this quantity is also increasing with the step size η and decreasing with the spectral gap
of the communication matrix 1 − σ2, as encoded by t?. The term (6) decays at the faster rate of
Õ(1/m2). This is a higher-order error term that is not appearing in the error decomposition when the
covariance operator Tρ is assumed to be known to agents. This quantity arises from the interaction
between the local averaging on the network through P and what has been previously labelled as the
“multiplicative” noise in the single-machine single-pass stochastic gradient setting for least squares
[16], i.e. the empirical covariance operator interacting with the iterates at each step. Section B.2
provides a high-level illustration of the analysis of the Network Error terms (5) and (6).

The bound in Theorem 2 shows how the algorithmic parameters—step size and number of iterations—
act as regularisation parameters for Distributed Gradient Descent, following what is seen in the
single-machine setting. Theorem 1 demonstrates how optimal statistical rates can be recovered by
tuning these parameters appropriately with respect to the network topology, network size, number of
samples, and with respect to the estimation problem itself. The bound in Theorem 1 is obtained from
the bound in Theorem 2 by first tuning the quantity ηt to the order (nm)1/(2r+γ) so that the bias
and variance terms in (4) achieve the optimal statistical rate. This leaves the tuning of the remaining
degree of freedom (say η) to ensure that also the network error achieves the optimal statistical rate.
The high-level idea is the following. As m increases, the network error is dominated by the term
in (5) that is proportional to the factor (ηt?)γ

′+2α/m. There are two ways to choose the largest
possible step size η to guarantee that this factor is Õ((nm)−2r/(2r+γ)), depending on whether the
rate of concentration of the batched gradients held by agents is faster than the optimal statistical
rate or not, i.e., whether m ≥ n2r/γ is true or not (cf. Section 3). The two cases yield the factors
( (nm)2r/(2r+γ)

m(1−σ2)γ
)1/γ ∨ 1 and (nm)r/(2r+γ)√

m(1−σ2)
in Theorem 1, corresponding to the choice γ′ = γ , α = 0

and γ′ = 1 , α = 1/2, respectively. If the concentration of the batched gradients held by agents fully
compensates for the network error, i.e. m ≥ n2r/γ

(1−σ2)2r+γ
, then (ηt?)γ

′+2α/m ' (nm)−2r/(2r+γ)

with a constant step size and tDistributed ∼ tSingle-Machine ∼ (nm)1/(2r+γ), yielding the regime where a
linear speed-up occurs. For more details on the parameters α, γ′, see Lemma 8 in Appendix C.3.1.

5 Future directions

We highlight some of the features of our contribution and outline directions for future research.

Non-parametric setting We prove bounds in the attainable case r ≥ 1/2. The non-attainable case
r < 1/2 is known to be more challenging [27], and it is natural to investigate to what extent our
results can be extended to that setting. We consider the case γ > 0 which does not include the finite-
dimensional setting H = Rd, γ = 0, where the optimal rate is O(d/(nm)) [54]. While adapting
our results to this setting requires minor modifications, optimal bounds would only hold for “easy”
estimation problems with r > 1 due to the higher-order term in the network error. Improvements
require getting better bounds on this term, potentially using a different learning rate.

General loss functions The analysis that we develop is specific to the square loss, which yields
the bias/variance error decomposition and allows to get explicit characterisations by expanding the
squares. While the concentration phenomena that we exploit are generic, different techniques are
required to extend our analysis to other losses, as in the single-machine setting. The statistical
proximity of agents’ functions in the finite-dimensional setting has been investigated in [38].

Statistics/communication trade-off with sparse/randomised gossip In this work we show that
when agents hold sufficiently many samples, then Distributed and Single-Machine Gradient Descent
achieve the optimal statistical rate with the same order of iterations. This motivates balancing and
trading off communication and statistics, e.g., investigating statistically robust procedures in settings
when agents communicate with a subset of neighbours, either deterministically or randomly [9, 17, 4].
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Stochastic gradient descent and mini-batches Our work exploits concentration of gradients
around their means, so full-batch gradients (i.e. batches of size m) yield the concentration rate 1/m.
In single-machine learning, stochastic gradient descent [39] has been shown to achieve good statistical
performance in a variety of settings while allowing for computational savings. Extending our findings
to stochastic methods with appropriate mini-batch sizes is another venue for future investigation.
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A Remarks

In this section we present some remarks about our work.

Alternative protocol The protocol investigated in [33] updates the iterates via ωt+1,v =∑
w∈V Pvwωt,w − ηt

1
m

∑m
i=1

(
〈ωt,v, xi,v〉H − yi,v

)
xi,v. The original motivations for this pro-

tocol are that it is fully decentralised, that agents are only required communicate locally, and that it
reduces to a distributed averaging consensus protocol when the gradient is zero. The protocol (3)
that we consider preserves these properties while making the analysis easier. For a discussion on the
difference between the two protocols we refer to [41].

Network error The network error terms (5) and (6) track the error between the distributed protocol
and the ideal single-machine protocol. In the case of a complete graph the deviation is zero so the
network terms vanish and the convergence rates for Single-Machine Gradient Descent are recovered.
Following the literature on decentralised optimisation, we present our final results (cf. Theorem 2)
in terms of the spectral gap, so plugging in the spectral gap of a complete graph in the bound in
Theorem 2 does not immediately yield the Single-Machine Gradient Descent result.

Parameter tuning The choice of parameters in Theorem 1 depends on the quantities r and γ that
are related to the estimation problem. In practice, these quantities are often unknown. In the single-
machine setting, this lack of knowledge is typically addressed via cross-validation [48]. Investigating
the design of decentralised cross-validation schemes is outside of the scope of this work and we leave
it to future research. However, we highlight that as we consider implicit regularisation strategies and,
in particular, early stopping, model complexity can be controlled with iteration time and this yields
computational savings for cross-validation compared to methods that required to solve independent
problem instances for different choices of parameters.

Accelerated gossip Accelerated gossip schemes can also be considered to yield improved depen-
dence on the network topology, depending on the amount of information agents have access to about
the communication matrix P . Accelerated gossip can be achieved by replacing the matrix P by a
polynomial of appropriate order, e.g. k, leading to P̃ :=

∑k
`=1 α`P

`. The weights {α}`=1,...,K

can be tuned to increase the spectral gap i.e. (1 − σ2(P̃ ))−1 ≤ (1 − σ2)−1. We highlight that the
algorithm that we consider only needs to have access to the number of nodes n and the second
largest eigenvalue in magnitude σ2 of the matrix P . Within this framework, one can use Chebyshev
polynomials to obtain the improved rate (1− σ2(P̃ ))−1/2, and more information on the spectrum of
P yields better rates on the transitive phase [11, 5].

Additional requirements in Theorem 2 Theorem 2 includes two additional requirements over
single-machine gradient descent, which we briefly explain the origins of. The requirement θ ≤ 3/4
is purely cosmetic and serves to yield a cleaner bound. For more details, see the proof of Lemma 9 in
Section C.3.2. The requirement t/2 ≥ (r+1) log(t)

1−σ2
, on the other hand, often arises when analysing

Distributed Gradient Descent, see [18] for instance. In particular, it ensures sufficient iterations have
been performed to reach the mixing time of the Markov chain associated to P . See Section C.3.1.

Communication model We include additional details on the communication model. Consider a
lockstep communication model where each round lasts for τ units of time. Within each round, agents
send/receive the messages to/from their neighbours in order to implement a single update of algorithm
(3). With a gradient evaluation costing 1 unit of time, each iteration of Distributed Gradient Descent
takes the following amount of time m+ τ + Deg(P ): m gradient evaluations; τ in communication
delay; Deg(P ) for each agent to aggregating their neighbours and own gradients, as the sum in
algorithm (3)

∑
w∈V Pvw has computational cost O(Deg(P )). The delay τ can depend on factors

arising from: noisy transmission, compressing or decompressing messages and synchronizing with
neighbours. One particular model for τ is studied within [50] and discussed in the following remark.

Comparison to speed-up and communication model within [50] The work [50] assumes the
delay τ is a linear function of the network degree and some transmit time TTransmit ≥ 0 so τ =
TTransmitDeg(P ). In our work, for sufficiently many samples m, the speed-up under this model for
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any network topology is of the order nm
m+Deg(P )TTransmit

. Meanwhile, the speed-up seen within [50]
is3 of the order nm

m+Deg(P )TTransmit
(1− σ2), that is, same as ours but scaled by the spectral gap of the

communication matrix P .

B Proof scheme

In this section we illustrate the main scheme for the proof of Theorem 2, from which Theorem 1
follows. Section B.1 presents the error decomposition into bias, variance, and network terms. Section
B.2 presents the sketch of the statistical analysis for these terms, which is given in full in Section C.

B.1 Error decomposition

The error decomposition is based on the introduction of two auxiliary processes used to compare the
iterates of Distributed Gradient Descent (3).

The first auxiliary process represents the iterates generated if agents were to know the marginal
distribution ρX . Initialised at µ1 = 0, the process is defined as follows for t ≥ 1:

µt+1 = µt − ηt
∫

X

(〈µt, x〉H − fρ(x))xdρX(x).

This device has already been used in the analysis of non-parametric regression in the single-machine
setting [27].

The second auxiliary process represents the iterates generated if agents were to be part of a complete
graph topology and were to use the protocol given by P = 1

n11
>. Initialised at ξ1,v = 0 for all

v ∈ V , the process is defined as follows for t ≥ 1:

ξt+1,v =
∑

w∈V

1

n

(
ξt,w − ηt

1

m

m∑

i=1

(〈ξt,w, xi,w〉H − yi,w
)
xi,w

)
.

The analysis of iterative decentralised algorithms typically builds upon the introduction of a device
analogous to this one [33, 18]. Initialised at ξ1 = 0, Single-Machine Gradient Descent is defined as
follows for t ≥ 1:

ξt+1 = ξt − ηt
1

nm

∑

w∈V

m∑

i=1

(
〈ξt, xi,w〉H − yi,w

)
xi,w.

It is easy to see that we have ξt,v = ξt for t ≥ 1 and v ∈ V . This allows us to produce an analysis of
Distributed Gradient Descent that relies upon known results for Single-Machine Gradient Descent.

Let us introduce the linear map Sρ : H → L2(H, ρX) defined by Sρω = 〈ω, · 〉H . The following
error decomposition holds.
Proposition 1. For any t ≥ 1 and v ∈ V we have

E(ωt,v)− inf
ω∈H
E(ω) ≤ 2 ‖Sρµt − fH‖2ρ︸ ︷︷ ︸

(Bias)2

+4 ‖Sρ(ξt − µt)‖2ρ︸ ︷︷ ︸
Sample Variance

+4 ‖Sρ(ωt,v − ξt,v)‖2ρ︸ ︷︷ ︸
Network Error

.

Proof. From the work in [40], E(ω)− infω∈H E(ω) = ‖Sρω − fH‖2ρ for any ω ∈ H . Adding and
subtracting Sρµt and using ‖x− y‖2ρ ≤ (‖x‖ρ + ‖y‖ρ)2 ≤ 2‖x‖2ρ + 2‖y‖2ρ we get

E(ωt,v)− inf
ω∈H
E(ω) = ‖Sρωt,v − Sρµt + Sρµt − fH‖2ρ ≤ 2‖Sρωt,v − Sρµt‖2ρ + 2‖Sρµt − fH‖2ρ.

Following the same steps, adding and subtracting Sρξt,v , we find

‖Sρωt,v−Sρµt‖2ρ = ‖Sρωt,v−Sρξt,v + Sρξt,v−Sρµt‖2ρ ≤ 2‖Sρ(ωt,v − ξt,v)‖2ρ + 2‖Sρ(ξt − µt)‖2ρ
where we used the equality of {ξs,v}s≥1 and {ξs}s≥1.

3 The units of time within [50, Section 3.2] are in terms of the time taken to compute a gradient for nm
samples, and as such, can be translated into units per gradient computation by multiplying by nm.
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Proposition 1 decomposes the error into three terms. The first term ‖Sρµt − fH‖2ρ is deterministic
and corresponds to the square of the Bias in the single-machine setting [57]. The second term
‖Sρ(ξt − µt)‖2ρ aligns with what is called the Sample Variance in the single-machine setting, and
in this case matches the sample variance obtained for Single-Machine Gradient Descent run on all
nm observations. The third term ‖Sρ(ωt,v − ξt,v)‖2ρ accounts for the error due to performing a
decentralised protocol and we call it the Network Error.

B.2 Statistical analysis of error terms

In this section we illustrate the main ideas of the statistical analysis used to control the error terms in
Proposition 1. Full details are given in Section C.

Notation Let t and k be positive natural numbers with t − 1 ≥ k ≥ 1. For any operator
L : H → H , define Πt:k+1(L) := (I − ηtL)(I − ηt−1L) · · · (I − ηk+1L), with the conven-
tion Πt:t+1(L) := I , where I is the identity operator on H . Let wt:k+1 ≡ wtwt−1 . . . wk+1 :=
(wt, wt−1, . . . , wk+1) ∈ V t−k denote a sequence of nodes in V . For a family of opera-
tors indexed by the nodes on the graph {Lv}v∈V , define Lwt:k+1

:= (Lwt , . . . ,Lwk+1
) and

Πt:k+1(Lwt:k+1
) := (I − ηtLwt)(I − ηt−1Lwt−1

) · · · (I − ηk+1Lwk+1
), with Πt:t+1(Lwt:t+1

) := I .
Let Pwt:k+1

:= Pwtwt−1Pwt−1wt−2 · · ·Pwk+2wk+1
be the probability of the path generated by a

Markov Chain with transition kernel P . For each agent v ∈ V , let Txv : H → H with
Txv = 1

m

∑m
i=1〈 · , xi,v〉Hxi,v be the empirical covariance operator associated to the agent’s own

data xv, and let Txwt:k+1
:= (Txwt , . . . , Txwk+1

). For k ≥ 1, v ∈ V , let Nk,v ∈ H be a random
variable that only depends on the randomness in zv and that has zero mean, E[Nk,v] = 0. The
random variable Nk,v , formally defined in (8) in Section C.3, captures the sampling error introduced
at iteration k of gradient descent by agent v. For the discussion below it suffices to mentioned the
two above properties.

The following paragraphs discuss the analysis for each of the error terms.

Bias The analysis follows the single-machine setting and is given in Proposition 2 in Section C.1.

Sample Variance The analysis follows the single-machine setting [27], although the original result
yields a high probability bound with a requirement on the number of samples nm. We therefore
follow the result in [26] which yields a bound in high probability without a condition on the sample
size. The bound for this term is presented in Theorem 3 in Section C.2.

Network Error Unraveling the iterates (Lemma 5 in Section C.3) we get, for any v ∈ V, t ≥ 1:

‖Sρ(ωt+1,v−ξt+1,v)‖ρ =

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k−

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Txwt:k+1

)Nk,wk

∥∥∥∥
H

.

This characterisation makes explicit the dependence of the network error on both the communication
protocol used by the agents, via the dependence on the mixing properties of the gossip matrix P
along each path vwt:k, and on the statistical properties of the problem, via the product of empirical
covariance operators held by the agents along each path wt:k+1. As the randomness in the quantities
Nk,wk might depend on the randomness in the empirical covariance operators, we further decompose
the network error into two terms so that we can use the property E[Nk,wk ] = 0. By adding and
subtracting the terms Πt:k+1(Tρ) inside the sums we have

‖Sρ(ωt+1,v − ξt+1,v)‖2ρ ≤ 2

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

︸ ︷︷ ︸
(Population Covariance Error)2

+ 2

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ

(
Πt:k+1(Txwt:k+1

)−Πt:k+1(Tρ))Nk,wk
∥∥∥∥
2

H

︸ ︷︷ ︸
(Residual Empirical Covariance Error)2

.
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From a statistical point of view, the Population Covariance Error term only depends on the
population covariance via the quantities Πt:k+1(Tρ), and the only source of randomness is given by
Nk,wk . Using concentration for Nk,wk , the square of this error term can be bounded by a quantity
that decreases as Õ(1/m), as announced in Section 4 alongside the discussion of Theorem 2. On
the other hand, the Residual Empirical Covariance Error term depends on deviations between the
empirical covariance and the population covariance via the quantities Πt:k+1(Txwt:k+1

)−Πt:k+1(Tρ).
Exploiting the additional concentration of these factors allows us to bound the square of this error
term by a higher-order quantity that decreases as Õ(1/m2).

We now present a separate discussion on the analysis for these two error terms, emphasizing the
interplay between network topology (mixing of random walks on graphs) and statistics (concentration).
The final bound for the network error is presented in Theorem 4 in Section C.3.

Population Covariance Error Expanding the square yields a summation over all pairs of paths:
∥∥∥∥

t∑

k=1

∑

wt:k∈V t−k+1

ak,wt:k

∥∥∥∥
2

H

=
t∑

k,k′=1

∑

wt:k∈V t−k+1

∑

w′
t:k′∈V t−k

′+1

〈ak,wt:kak′,w′t:k′ 〉H

for properly defined quantities ak,wt:k (the dependence on v is neglected). When taking the expec-
tation, as the random variables {Nk,v}k≥1,v∈V have zero mean and are independent across agents
v ∈ V , the only paths left are those that intersect at the final node, i.e. wt:k, w′t:k′ such that wk = wk′ .
Moreover, as all agents have identically distributed data, the remaining expectation no longer depends
on the final node of the paths. The remaining quantity is then analysed by bounding the probability
of the two paths intersecting at the final node in terms of the second largest eigenvalue in magnitude
of P and by bounding the inner product by the norm product. This yields

E[(Pop. Cov. Error)2] ≤ E

[( t∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2]

.

Denoting the mixing time associated to P as t?, the series is divided into well-mixed and poorly-
mixed terms, respectively, k ≤ t − t? and k ≥ t − t?. The well-mixed terms are controlled by
σt−k+1
2 . Meanwhile, for the poorly-mixed terms begin by taking for λ > 0 maxk=1,...,t

{
‖(Tρ +

λI)−1/2Nk,v‖2H
}

outside of the series. The expectation of this maximum is controlled through
concentration and becomes Õ( 1

m2λ + 1
mλγ′

) for γ′ ∈ [1, γ]. The remaining series is controlled

through the contraction of the term ‖T 1/2
ρ Πt:k+1(Tρ)(Tρ + λI)1/2‖ and choosing λ ' 1/(ηt?).

These two steps lead to this term being of the order O(ηt
?

m2 + (ηt?)γ
′

m ), which dominates the well-
mixed terms and contributes to the dependence on the inverse of the spectral gap of P . The free
parameter γ′ ∈ [1, γ] is left open as a smaller step size η is used to control this term when m ≤ n2r/γ .
The final bound is given in Lemma 8 in Section C.3.1.

Residual Empirical Covariance Error The analysis of this term is based on the following identity
(Proposition 5 in Section C.3.2), for any t− 1 ≥ k and any wt:k+1 ∈ V t−k:

Πt:k+1(Txwt:k+1
)−Πt:k+1(Tρ) =

t∑

j=k+1

ηjΠt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1
).

The above decomposition has two key properties. Firstly, it depends upon differences between the
empirical covariance operators Txwj and its expectation Tρ. This allows concentration to be used,
and, alongside the concentration for Nk,v, it ensures that (Resid. Emp. Cov. Error)2 is of order
Õ(1/m2). Secondly, it is of the form

∑t
j=k+1 ηjΠt:j+1(Tρ)[· · · ], where [· · · ] indicates the right

most factors and the quantity shown aligns with the filter function for gradient descent [26, Example
2]. Once again the contractive property of the quantity Πt:j+1(Tρ) allows to give sharper rates with
respect to the step size and number of iterations. Without it, the choice of step size ηt = ηt−θ would
yield a bound for (Resid. Emp. Cov. Error)2 of the order

(∑t
k=1 ηk

∑t−1
j=k+1 ηj

)2 ' (ηt1−θ)4.
The contraction allows to show that (Resid. Emp. Cov. Error)2 grows at the reduced order (ηt1−θ)3,
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and the addition of the capacity assumption allows it to be further reduced to the order (ηt1−θ)2+γ .
The final high-probability bound is given in Lemma 9 in Section C.3.2. This being stronger than the
bound in expectation required for Theorem 2.

C Proofs

Before going on to present proofs for the main result some notation is introduced following [40, 27].
Some notation is repeated from the previous sections, as additional details are included. Adopt the
convention for sums

∑t
k=t+1 = 0. For a given bounded operator L : L2(H, ρX) → H , let ‖L‖

denote the operator norm of L, i.e. ‖L‖ = supf∈L2(H,ρX),‖f‖ρ=1 ‖Lf‖H . Let Sρ : H → L2(H, ρX)

be the linear map ω → 〈ω, · 〉H ,which is bounded by κ under Assumption 1. Consider the adjoint
operator S?ρ : L2(H, ρX)→ H , the covariance operator Tρ : H → H given by Tρ = S?ρSρ, and the
operator Lρ : L2(H, ρX) → L2(H, ρX) given by Lρ = SρS?ρ . We have S?ρg =

∫
X
xg(x)dρX(x)

and Tρ =
∫
X
〈 · , x〉HxdρX(x). For any ω ∈ H the following isometry property holds [48]

‖Sρω‖ρ = ‖
√
Tρω‖H .

The following notation was utilised in the analysis of Single-Machine Gradient Descent [40, 27].
In this case it aligns with all of the observations in the network y := {yi,v}i=1,...,m ,v∈V ∈ Rm|V |
and x = {xi,v}i=1,...,m ,v∈V . Define the sampling operator Sx : H → Rm|V | by

(
Sxω

)
(i,v)

=

〈ω, xi,v〉H , for i = 1, . . . ,m, v ∈ V . Let ‖ · ‖Rm|V | denote the Euclidean norm in in Rm|V | times
the factor 1/

√
nm. Its adjoint operator S?x : Rm|V | → H , defined by 〈S?xy, ω〉H = 〈y,Sxω〉Rm|V |

for y ∈ Rm|V |, is given by S?xy = 1
nm

∑
v∈V

∑m
i=1 yi,vxi,v. Define the covariance operator with

respect to all of the samples Tx : H → H such that Tx = S?xSx. We have

Tx =
1

nm

∑

v∈V

m∑

i=1

〈 · , xi,v〉Hxi,v.

The following notation is analogous to the single-machine notation just introduced, although now
with respect to the datasets held by individual agents, i.e. xv and yv for v ∈ V . Let Sxv : H → Rm
with (Sxvω)i = 〈ω, xi,v〉H for i = 1, . . . ,m. Let ‖ · ‖Rm be the Euclidean norm in ‖ · ‖Rm times
1/
√
m. Its adjoint operator S?xv : Rm → H , defined by 〈S?xvyv, ω〉H = 〈yv,Sxvω〉Rm for yv ∈ Rm,

is given by S?xvyv = 1
m

∑m
i=1 yi,vxi,v . The empirical covariance operator Txv : H → H is such that

Txv = S?xvSxv , with Txv = 1
m

∑m
i=1〈 · , xi,v〉Hxi,v .

Using this notation, the processes {µt}t≥1, {ωt,v}t≥1, and {ξt}t≥1 can be rewritten as follows.
The population process reads

µt+1 = µt − ηt
(
Tρµt − S?ρfρ

)
.

The gossiped process reads

ωt+1,v =
∑

w∈V
Pvw

(
ωt,w − ηt

(
Txwωt,w − S?xwyw

))
.

The single-machine process reads

ξt+1 = ξt − ηt
(
Txξt − S?xy

)
.

The next three sections present bounds for the three error terms introduced in Proposition 1. Section
C.1 presents a bound for the Bias term, which follows directly from the results in [27] and references
therein. Section C.2 establishes a bound for the Sample Variance term, which follows from results in
[26]. Section C.3 develops bounds for the Network Error term, which are a novel contribution of this
work. Section C.4 brings the results of the previous three sections together to establish the proofs of
Theorem 2 and Theorem 1, respectively. Section C.5 includes useful inequalities that are needed to
establish our results.

C.1 Bias

The following bound on the Bias term ‖Sρµt − fH‖2ρ is taken from [27], inspired by [57, 40].
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Proposition 2. [27, Appendix C Proposition 2] Under Assumption 2, let ηκ2 ≤ 1. Then for any
t ∈ N,

‖Sρµt − fH‖ρ ≤ R
(

r

2
∑t
j=1 ηj

)r
.

In particular, if ηt = ηt−θ for all t ∈ N, with η ∈ (0, κ−2] and θ ∈ [0, 1) then

‖Sρµt − fH‖ρ ≤ Rrrη−rtr(θ−1).

C.2 Sample Variance

In this section we establish a bound for the expectation of the Sample Variance term E[‖Sρ(ξt−µt)‖2ρ].
The following lemma summaries a number of intermediary steps in [27] for bounding the Sample
Variance term. It arises from representing the iterates {ξt−µt}t≥1 in terms of the stochastic sequence
{Nk}k≥1 which characterises the sample noise introduced in the iterations of gradient descent.
These terms are controlled via the empirical covariance operator Tx and the population covariance
operator Tρ while introducing the pseudo-regularisation parameter λ > 0 and utilising the contractive
property of the gradient updates. For the following, let us introduce the notation Tρ,λ = Tρ + λI and
Tx,λ = Tx + λI .
Lemma 1. Let η1κ2 ≤ 1 and 0 ≤ λ. For any t ∈ N we have
‖Sρ(ξt+1 − µt+1)‖ρ

≤
( t−1∑

k=1

ηk‖T −1/2ρ,λ Nk‖H
2
∑t
i=k+1 ηi

+ λ

t−1∑

k=1

ηk‖T −1/2ρ,λ Nk‖H + ‖Tρ‖1/2(‖Tρ‖+ λ)1/2ηt‖T −1/2ρ,λ Nt‖H
)

× ‖T −1/2x,λ T 1/2
ρ ‖‖T −1/2x,λ T 1/2

ρ,λ ‖,
where

Nk = (Tρµk − S?ρfρ)− (Txµk − S?xy), ∀k ∈ N. (7)

Proof. The proof of this result follows the proof of [27, Proposition 3].

The two quantities left to control are ‖T −1/2ρ,λ Nk‖H for k ∈ N as well as ‖(Tx + λI)−1/2T 1/2
ρ ‖2.

The first of these quantities is controlled by [27, Lemma 18] which is summarised in the following
lemma.
Lemma 2. [27, Lemma 18] Let Assumptions 1, 2, 3 hold with r ≥ 1/2 and {Nk}k≥1 be as in (7).
For any λ > 0, with probability at least 1− δ, the following holds ∀k ∈ N

‖(Tρ + λI)−1/2Nk‖H ≤ 4(Rκ2r +
√
M)

(
κ

nm
√
λ

+

√
2
√
νcγ√

nmλγ

)
log

4

δ
.

The next lemma from [26, Lemma 19 Remark 1] controls ‖(Tx + λI)−1/2T 1/2
ρ ‖2.

Lemma 3. [26, Lemma 19, Remark 1] Let δ ∈ (0, 1) and λ = (nm)−p for some p ≥ 0. With
probability at least 1− δ the following holds

‖T 1/2
ρ (Tx + λ)−1/2‖2 ≤ ‖(Tρ + λI)1/2(Tx + λ)−1/2‖2

≤ 24κ2
(

log
4κ2(cγ + 1)

δ‖Tρ‖
+ pγmin

(
1

e(1− p)+
, log nm

))
(1 ∨ (nm)p−1).

Bringing together the three previous results yields the following high-probability bound for the
Sample Variance term.
Proposition 3. Fix δ ∈ (0, 1) and p ∈ (0, 1). Let Assumptions 1, 2 and 3 hold with r ≥ 1/2 and
ηt = ηt−θ with ηκ2 ≤ 1, θ ∈ [0, 1). The following holds with probability at least 1− δ for any t ∈ N

‖Sρ(ξt+1 − µt+1)‖ρ

≤ d̃1 min
( 1

e(1− p)+
, log nm

) log(t)

(nm)(1−pγ)/2
(1 ∨ (nm)−pηt1−θ ∨ ηt−θ) log2 d̃2

δ
,

with d̃1 = 768
κ2‖Tρ‖1/2(‖Tρ‖+1)1/2(Rκ2r+

√
M)(κ+

√
2
√
νcγ)

1−θ and d̃2 = 8
(
1 ∨ κ2 (cγ+1)

‖Tρ‖
)
.
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Proof. Fix δ ∈ (0, 1) and set λ = (nm)−p with p ∈ (0, 1). Lemma 2 implies that with probability at
least 1− δ

2 the following holds for any k ∈ N

‖(Tρ + λI)−1/2Nk‖H ≤ 4(Rκ2r +
√
M)

(
κ+

√
2
√
νcγ

)
log 8

δ

(nm)(1−pγ)/2
.

Similarly, Lemma 3 implies that the following holds with probability at least 1− δ
2

‖T 1/2
ρ (Tx + λI)−1/2‖2 ≤ ‖T 1/2

ρ,λ (Tx + λI)−1/2‖2

≤ 48κ2 min

(
1

e(1− p)+
, log nm

)
log

8κ2(cγ + 1)

δ‖Tρ‖
.

Following [27], the series can be bounded as follows

t−1∑

k=1

ηk

2
∑t
i=k+1 ηi

+ λ

t−1∑

k=1

ηk + ‖Tρ‖1/2(‖Tρ‖+ λ)1/2ηt

≤ 2 log(t) +
ληt1−θ

1− θ + ‖Tρ‖1/2(‖Tρ‖+ 1)1/2ηt−θ

≤ 4‖Tρ‖1/2(‖Tρ‖+ 1)1/2 log(t)

1− θ (1 ∨ (ληt1−θ)) ∨ (ηt−θ)),

where we used λ = (nm)−p ≤ 1 to get (‖Tρ‖ + λ)1/2 ≤ (‖Tρ‖ + 1)1/2. Plugging everything
into Lemma 1 and using a union bound we obtain that the result holds with probability at least
1− δ

2 − δ
2 = 1− δ.

Proposition 3 gives a bound that holds with high probability. We make use of the following lemma to
derive a bound in expectation.

Lemma 4. [7, Appendix Lemma C.1] Let F : (0, 1]→ R+ be a monotone, non-increasing, continu-
ous function and V a non-negative real-valued random variable such that

P[V > F (t)] ≤ t, ∀t ∈ (0, 1].

Then we have E[V ] ≤
∫ 1

0
F (t)dt.

The following theorem presents the final bound for the expected value of the Sample Variance term.

Theorem 3. Let Assumptions 1, 2, 3 hold with r ≥ 1/2, p ∈ (0, 1) and ηt = ηt−θ for all t ∈ N with
η ∈ (0, κ−2], θ ∈ [0, 1). Then for following holds for all t ∈ N:

E[‖Sρ(ξt − µt)‖2ρ]

≤ d̃3 min

(
1

e(1− p)+
, log nm

)2
log2(t)

(nm)(1−pγ)

(
1 ∨ ((nm)−pηt1−θ)2 ∨ t−2(ηt1−θ)2

)
,

with d̃3 = 64d̃21 log4 d̃2 and with d̃1, d̃2 defined as in Proposition 3.

Proof. Consider the term ‖Sρ(ξt − µt)‖2ρ. Utilising the high-probability bound in Proposition 3 as
well as Lemma 4, the expectation of the squared norm can be bounded as

E[‖Sρ(ξt − µt)‖2ρ]

≤ d̃21 min

(
1

e(1− p)+
, log nm

)2
log2(t)

(nm)(1−pγ)

(
1 ∨ ((nm)−pηt1−θ)2 ∨ t−2(ηt1−θ)2

)

×
∫ 1

0

log4 d̃2
δ
dδ.

The result follows by using the bound
∫ 1

0
log4 d̃2

δ dδ ≤ 64 log4(d̃2).
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C.3 Network Error

In this section we develop the bound for the Network Error term. The following lemma shows that
the error can be decomposed into terms similar to {Nk}k∈N defined in (7) for the Sample Variance.
Lemma 5. For all t ∈ N we have

‖Sρ(ωt+1,v − ξt+1,v)‖ρ =

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k−

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Txwt:k+1

)Nk,wk

∥∥∥∥
H

,

where

Nk,v := (Tρµk − S?ρfρ)− (Txvµk − S?xvyv), ∀k ∈ N, v ∈ V. (8)

Proof. For t ≥ 1 the difference between the iterates ωt+1,v − µt+1 can be written as follows

ωt+1,v − µt+1 =
∑

w∈V
Pvw

(
ωt,w − µt + ηt

{
(Tρµt − S?ρfρ)− (Txwωt,w − S?xwyw)

})

=
∑

w∈V
Pvw

(
(I − ηtTxw)(ωt,w − µt) + ηt

{
(Tρµt − S?ρfρ)− (Txwµt − S?xwyw)

}
︸ ︷︷ ︸

Nt,w

)

=
∑

w∈V
Pvw

(
(I − ηtTxw)(ωt,w − µt) + ηtNt,w

)
.

Unravelling the iterates and using ω1 = µ1 = 0 yield

ωt+1,v−µt+1 =
∑

wt:1∈V t
Pvwt:1Πt:1(Txwt:1 )(ω1−µ1) +

t∑

k=1

ηk
∑

wt:k∈V t
Pvwt:kΠt:k+1(Txwt:k+1

)Nk,wk

=

t∑

k=1

ηk
∑

wt:k∈V t−k+1

Pvwt:kΠt:k+1(Txwt:k+1
)Nk,wk .

The iterates ξt+1,v − µt+1 are similarly written and unravelled using ξ1,v = 0:

ξt+1,v − µt+1 =
∑

w∈V

1

n

(
(I − ηtTxw)(ξt,w − µt) + ηtNt,w

)

=

t∑

k=1

ηk
∑

wt:k∈V t−k+1

1

nt−k+1
Πt:k+1(Txwt:k+1

)Nk,wk .

The deviation ωt+1 − ξt+1,v can then be written as follows

ωt+1,v − ξt+1,v =
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
Πt:k+1(Txwt:k+1

)Nk,wk .

Applying Sρ, taking norm ‖ · ‖ρ on both sides and using the isometry property yields the result.

For v, w ∈ V and k ≥ 1, we want to exploit that the random variables Nk,v and Nk,w have zero
mean, E[Nk,v] = 0, and are independent for v 6= w. To do so we add and subtract Πt:k+1(Tρ) inside
the norm so the following upper bound can be formed:

‖Sρ(ωt+1,v − ξt+1,v)‖2ρ (9)

≤ 2

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

︸ ︷︷ ︸
(Population Covariance Error)2

+ 2

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ

(
Πt:k+1(Txwt:k+1

)−Πt:k+1(Tρ))Nk,wk
∥∥∥∥
2

H

︸ ︷︷ ︸
(Residual Empirical Covariance Error)2

.
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The Population Covariance Error (Pop. Cov. Error) will be controlled by using the independence
of the terms {Nk,w}w∈V . The Residual Empirical Covariance Error (Resid. Emp. Cov. Error)
will be analysed by decomposing it into terms that concentrate to zero sufficiently quickly.

The following lemma, similar to Lemma 2 for the sample variance, gives concentration rates for the
quantities held by the individual agents.

Lemma 6. Fix v ∈ V . Let Assumptions 1, 2, 3 hold with r ≥ 1/2 and {Ns,v}s∈N be defined as in
(8). For any λ > 0, with probability at least 1− δ, the following holds for all k ∈ N:

‖(Tρ + λI)−1/2Nk,v‖H ≤ 4(Rκ2r +
√
M)

(
κ

m
√
λ

+

√
2
√
νcγ√

mλγ

)
log

4

δ
. (10)

Let ‖ · ‖HS denote the Hilbert-Schmidt norm of a bounded operator from H to H . The following
holds with probability at least 1− δ:

‖(Tρ + λI)−1/2(Tρ − Txv )‖HS ≤ 2κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4

δ
. (11)

Proof. Both inequalities arise from concentration results for random variables in Hilbert spaces used
in [12] and based on results in [36]. Inequalities (10,11) come directly from [27, Lemma 18], where
in particular (11) was used to prove (10).

We now move on to establish bounds for the Population Covariance Error term and the Residual
Empirical Covariance Error term within the following two sections, Section C.3.1 and Section
C.3.2, respectively. Section C.3.3 then brings together the previously developed results to establish a
bound for the Network Error term.

We will need the following lemma, taken from [27, Lemma 15], which itself follows [58, 49].

Lemma 7. Let L be a compact, positive operator on a separable Hilbert Space H . Assume that
η‖L‖ ≤ 1. For t ∈ N, a > 0 and any non-negative integer k ≤ t− 1 we have

‖Πt:k+1(L)La‖ ≤
(

a

e
∑t
j=k+1 ηj

)a
.

Proof. The proof in [27, Lemma 15] considers this result with a = r. The proof for more general
a > 0 follows the same steps.

C.3.1 Analysis of Population Covariance Error

In this section we develop a bound for the Population Covariance Error term in (9). The final result
is presented in Lemma 8.

The following proposition bounds the expectation of (Population Covariance Error)2 by a series
involving the products of (deterministic) operators {T 1/2

ρ Πt:k+1(Tρ)}, as a function of the step size,
the largest eigenvalue in absolute value of the gossip matrix P , and the random variables {Nk,w}.
Proposition 4. For any t ∈ N and v ∈ V we have

E

[∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

]

≤ E

[( t∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2]

.
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Proof. Fix t ∈ N and v ∈ V . Let us introduce the notation ∆(wt:k) :=
(
Pvwt:k − 1

nt−k+1

)
.

Expanding the square and taking the expectation we get

E

[∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

]

=
t∑

k,k′=1

ηkηk′
∑

wt:k∈V t−k+1

w′
t:k′∈V

t−k′+1

∆(wt:k)∆(w′t:k′)E〈T 1/2
ρ Πt:k+1(Tρ)Nk,wk , T 1/2

ρ Πt:k′+1(Tρ)Nk′,w′
k′
〉H

=
t∑

k,k′=1

ηkηk′E〈T 1/2
ρ Πt:k+1(Tρ)Nk,v, T 1/2

ρ Πt:k′+1(Tρ)Nk′,v〉H
∑

wt:k∈V t−k+1

w′
t:k′∈V

t−k′+1

wk=w
′
k′

∆(wt:k)∆(w′t:k′).

The last identity follows from the fact that the samples held by agents are independent and identically
distributed. As the agents’ datasets are independent, the inner products are zero for k, k′ ∈ {1, . . . , t}
whenever the final elements of the paths wt:k and w′t:k′ do not coincide, i.e.

E〈T 1/2
ρ Πt:k+1(Tρ)Nk,wk , T 1/2

ρ Πt:k′+1(Tρ)Nk′,w′
k′
〉H = 0 if wk 6= w′k′ .

As the agents’ datasets are identically distributed, the expectation of the inner products can be taken
outside the sum over the paths. The sum over all pairs of paths that intersect at the final node can be
simplified as follows:

∑

wt:k∈V t−k+1

w′
t:k′∈V

t−k′+1

wk=w
′
k′

∆(wt:k)∆(w′t:k′)

=
∑

wk,w
′
k′∈V

wk=w
′
k′

∑

wt:k+1∈V t−k

∑

w′t:k+1∈V t−k
′

(
Pvwt:k −

1

nt−k+1

)(
Pvw′

t:k′
− 1

nt−k′+1

)

=
∑

w∈V

(
(P t−k+1)vw −

1

n

)(
(P t−k

′+1)vw −
1

n

)
.

For each v ∈ V let ev ∈ Rn denote the vector of all zeros but a 1 in the place aligned with agent
v. The summation can be further simplified by utilising the assumption that P is symmetric and
doubly-stochastic, i.e. P> = P and P1 = 1. By the eigendecomposition of the gossip matrix P ,
recall Section 2.3, for any s > 0 we have (P s)vv =

∑n
l=1 λ

s
l u

2
l,v = 1

n +
∑n
l=2 λ

s
l u

2
l,v. This yields

the bound |(P s)vv − 1
n | = |∑n

l=2 λ
s
l u

2
l,v| ≤ σs2

∑n
l=2 u

2
l,v ≤ σs2 where σ2 := max{|λ2|, |λn|} is

the second largest eigenvalue in absolute value. Bringing everything together, the expected norm of
(Pop. Cov. Error)2 can be written and bounded as follows:

E

[∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

]

=
t∑

k,k′=1

ηkηk′E〈T 1/2
ρ Πt:k+1(Tρ)Nk,v, T 1/2

ρ Πt:k′+1(Tρ)Nk′,v〉H
(
P 2t−k−k′+2
vv − 1

n

)

≤
t∑

k,k′=1

ηkηk′E|〈T 1/2
ρ Πt:k+1(Tρ)Nk,v, T 1/2

ρ Πt:k′+1(Tρ)Nk′,v〉H |
∣∣∣∣
(
P 2t−k−k′+2
vv − 1

n

)∣∣∣∣

≤
t∑

k,k′=1

ηkηk′E
[
‖T 1/2
ρ Πt:k+1(Tρ)Nk,v‖H‖T 1/2

ρ Πt:k′+1(Tρ)Nk′,v‖H
]
σ2t−k−k′+2
2

= E

[( t∑

k=1

ηkσ
t−k+1
2 ‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2]

,
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where we used Jensen’s inequality and the Cauchy-Schwarz inequality.

The following lemma presents the final bound for the Population Covariance Error. This result
is established by utilising the series bound in Proposition 4 to split the error into well-mixed and
poorly-mixed terms, i.e. for k such that t− k & 1/(1−σ2) and t− k . 1/(1−σ2). The well-mixed
terms are controlled using that σt−k+1

2 is small. The poorly-mixed terms (there are ∼ 1/(1− σ2) of
them) are controlled using both the concentration of the error terms {Nk,w}k≥1,w∈V as well as the
contractive nature of the gradient updates, i.e. the operator norm of {T 1/2

ρ Πt:k+1(Tρ)} in Lemma 7.
The contractive terms arising from the gradient updates are decreasing in the step size: larger steps
achieve a faster contraction. However, each term within the Network Error series is scaled by the
step size {ηk}k≥1, i.e. the Network Error takes the form

∑t
k=1 σ

t−k+1
2 ηk[· · · ] where [· · · ] indicates

the right most terms. To exploit this trade-off we introduce two free parameters α ∈ [0, 1/2] and
γ′ ∈ [1, γ], which describe the degree to which the contraction is utilised. Specifically, α = 0 and
γ′ = γ is the large step regime and, α = 1/2 and γ′ = 1 is the small step regime.
Lemma 8. Let Assumptions 1, 2, 3 hold with r ≥ 1/2, ηt = ηt−θ for t ∈ N with ηκ2 ≤ 1 and
θ ∈ [0, 1). The following holds for any v ∈ V , t/2 ≥ d (1+r) log(t)1−σ2

e =: t?, α ∈ [0, 1/2] and
γ′ ∈ [1, γ]:

E

[∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

(
Pvwt:k −

1

nt−k+1

)
T 1/2
ρ Πt:k+1(Tρ)Nk,wk

∥∥∥∥
2

H

]

≤ ã log2(4n) log2(t?)

m

(
η2t−2r ∨ (m−1(ηt?)1+2α) ∨ (ηt?)γ

′+2α
)
,

where
ã =

1152(Rκ2r+
√
M)2(κ+

√
2
√
νcγ′ )

2(‖Tρ‖∨1)2
‖Tρ‖∧‖Tρ‖γ′

[
6
(‖T αρ ‖t−αθ

α ∨t
−(α+1/2)θ‖T αρ ‖

1/2+α ∨t−θ‖Tρ‖
)
1{α6=0}+10

]2
.

Proof. Consider the bound of Population Covariance Error in Proposition 4. Let ‖Tρ‖ ≥ λ ≥ 0,
λ̃ ≥ 0 and for c > 0 introduce the cutoff t? = d c log(t)1−σ2

e. For k = 1, . . . , t and v ∈ V we have

‖T 1/2
ρ Πt:k+1(Tρ)Nk,v‖H ≤ ‖T 1/2

ρ Πt:k+1(Tρ)T 1/2
ρ,λ ‖‖T

−1/2
ρ,λ Nk,v‖H

≤ ‖T 1/2
ρ Πt:k+1(Tρ)T 1/2

ρ,λ ‖ max
k=1,...,t

{
‖T −1/2ρ,λ Nk,v‖H

}
,

and similarly for λ̃. Let us split the summation at k ≤ t − t? − 1 and k ≥ t − t? using the bound
above to obtain

( t∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2

≤ 2

( t−t?−1∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)T 1/2
ρ,λ ‖

︸ ︷︷ ︸
Well-Mixed Network Error

)2

max
k=1,...,t

{
‖T −1/2ρ,λ Nk,v‖2H

}

+ 2

( t∑

k=t−t?
σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)T 1/2

ρ,λ̃
‖

︸ ︷︷ ︸
Poorly-Mixed Network Error

)2

max
k=1,...,t

{
‖T −1/2
ρ,λ̃

Nk,v‖2H
}
.

The Well-Mixed Network Error is controlled through σt−k+1
2 being small for k ≤ t − t?.

From ‖Πt:k+1(Tρ)‖ ≤ 1 and λ ≤ ‖Tρ‖ we have ‖T 1/2
ρ Πt:k+1(Tρ)T 1/2

ρ,λ ‖H ≤ 2‖Tρ‖, and from

1/ log(1/σ2) ≤ 1/(1−σ2) we have t? ≥ c log(t)
− log(σ2)

. These two facts allow the Well-Mixed Network
Error to be bounded as follows:

Well-Mixed Network Error ≤ 2‖Tρ‖η
t−t?∑

k=1

σt−k+1
2 k−θ ≤ 2η‖Tρ‖

t−t?∑

k=1

σ
c log(t)
− log(σ2)

2 ≤ 2η‖Tρ‖t1−c.
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For the Poorly-Mixed Network Error let us consider the two cases α ∈ (0, 1/2] and α = 0
separately. Consider α ∈ (0, 1/2] first. Using Lemma 74 we have, for t− 1 ≥ k ≥ 1,

‖T 1/2
ρ Πt:k+1(Tρ)T 1/2

ρ,λ̃
‖ ≤ ‖TρΠt:k+1(Tρ)‖+

√
λ̃‖T 1/2

ρ Πt:k+1(Tρ)‖

≤ ‖T αρ ‖‖T 1−α
ρ Πt:k+1(Tρ)‖+

√
λ̃‖T αρ ‖‖T 1/2−α

ρ Πt:k+1(Tρ)‖

≤ ‖T αρ ‖
(

1− α
e
∑t
j=k+1 ηj

)1−α
+
√
λ̃‖T αρ ‖

(
1/2− α

e
∑t
j=k+1 ηj

)1/2−α
.

When plugging the above into the Poorly-Mixed Network Error, summations of the form∑t−1
k=t−t?

ηk
(
∑t
j=k+1 ηj)

β appear for β = 1 − α and β = 1/2 − α. To bound these consider the

following for β ∈ [0, 1) and t ≥ 2t?:

t−1∑

k=t−t?

ηk(∑t
j=k+1 ηj

)β = η1−β
t−1∑

k=t−t?

k−θ
(∑t

j=k+1 j
−θ)β

≤ η1−βtθβ
t−1∑

k=t−t?

k−θ
(
t− k

)β

≤ η1−βtθβ

(t− t?)θ
t−1∑

k=t−t?

1
(
t− k

)β

=
η1−βtθβ

(t− t?)θ
t?∑

k=1

1

kβ

≤ 2η1−βtθ(β−1)
(t?)1−β

1− β ,

where the last inequality follows from an integral bound as well as using that tθβ

(t−t?)θ = tθ(β−1)

(1− t?t )θ
≤

2tθ(β−1) from t ≥ 2t?. Splitting the summation at k = t, plugging the above two bounds into the
Poorly-Mixed Network Error term and using (ηt?)α ≥ η from η ≤ κ−2 ≤ 1 yields a bound for
α ∈ (0, 1/2]:

Poorly-Mixed Network Error

≤ 2‖T αρ ‖t−αθ
α

(ηt?)α +
2t−(α+1/2)θ‖T αρ ‖

1/2 + α

√
λ̃(ηt?)1/2+α +

√
2ηt−θ‖Tρ‖

≤ 6

(‖T αρ ‖t−αθ
α

∨ t
−(α+1/2)θ‖T αρ ‖

1/2 + α
∨ t−θ‖Tρ‖

)
((ηt?)α ∨

√
λ̃(ηt?)1/2+α).

Now consider the case α = 0. The summation for β = 1 in this case is bounded following the
previous steps

t−1∑

k=t−t?

ηk(∑t
j=k+1 ηj

) ≤ tθ

(t− t?)θ
t−1∑

k=t−t?

1

(t− k)
≤ 21+θ log(t?),

leading to the Poorly-Mixed Network Error bounded as for α = 0 from η‖Tρ‖ ≤ 1:

Poorly-Mixed Network Error ≤ 21+θ log(t?) + 4t−θ/2
√
λ̃(ηt?)1/2 +

√
2ηt−θ‖Tρ‖

≤ 10 log(t?)(1 ∨ (
√
λ̃(ηt?)1/2)).

4 The operator norm can be bounded ‖T 1/2
ρ Πt:k+1(Tρ)T 1/2

ρ,λ ‖ ≤ supx∈(0,κ2)

{
x1/2(x+λ)1/2

∏t
`=k+1(1−

η`x)
}
≤ supx∈(0,κ2)

{
x
∏t
`=k+1(1− η`x)

}
+
√
λ supx∈(0,κ2)

{
x1/2

∏t
`=k+1(1− η`x)

}
. Using techniques

used to prove [27, Lemma 15], these terms can be bounded as shown.
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Combining the two bounds for α = 0 and α ∈ (0, 1/2] gives
Poorly-Mixed Network Error

≤ log(t?)

[
6

(‖T αρ ‖t−αθ
α

∨ t
−(α+1/2)θ‖T αρ ‖

1/2 + α
∨t−θ‖Tρ‖

)
1{α6=0}+10

]
((ηt?)α ∨

√
λ̃(ηt?)1/2+α).

We now consider the terms maxk=1,...,t{‖T −1/2ρ,λ Nk,v‖2H} for both λ and λ̃. We use the high-

probability bounds of Lemma 6 to uniformly control ‖T −1/2ρ,λ Nk,v‖2H for all k = 1, . . . , t and v ∈ V .
For w ∈ V , let δw = δ

n . With probability at least 1− δw the following holds for all k = 1, . . . , t and
γ′ ∈ [1, γ]:

‖T −1/2ρ,λ Nk,w‖2H ≤ 16(Rκ2r +
√
M)2

(
κ

m
√
λ

+

√
2
√
νcγ′√

mλγ′

)2

log2 4n

δ
.

We note that if the capacity assumption holds for γ, then it also holds for all γ′ ∈ [1, γ]. Applying
a union bound, we get that the above holds with probability at least 1 −∑v∈V δv = 1 − δ for all
w ∈ V and k = 1, . . . , t. Using Lemma 4, the expectation of the maximum can be bounded for any
v ∈ V and γ′ ∈ [1, γ] as follows:

E
[

max
k=1,...,t

{
‖T −1/2ρ,λ Nk,v‖2H

}]

≤ 16(Rκ2r +
√
M)2

(
κ

m
√
λ

+

√
2
√
νcγ′√

mλγ′

)2 ∫ 1

0

log2 4n

δ
dδ

≤ 96(Rκ2r +
√
M)2

(
κ

m
√
λ

+

√
2
√
νcγ′√

mλγ′

)2

log2 4n,

where we used
∫ 1

0
log2 4n

δ dδ ≤ 6 log2 4n.

Bringing together the bounds for the Poorly- and Well-Mixed Network Error with the above bound
for the quantity E

[
maxk=1,...,t

{
‖T −1/2ρ,λ Nk,v‖2H

}]
yields

E

[( t∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2]

≤ 96 log2(4n) log2(t?)(Rκ2r +
√
M)2

×
(

8‖Tρ‖2
( κ

m
√
λ

+

√
2
√
νcγ√

mλγ

)2
η2t2(1−c)

+ 2
[
6
(‖T αρ ‖t−αθ

α
∨ t
−(α+1/2)θ‖T αρ ‖

1/2 + α
∨ t−θ‖Tρ‖

)
1{α 6=0}+10

]2( κ

m
√
λ̃

+

√
2
√
νcγ′√

mλ̃γ′

)2

×
(

(ηt?)2α ∨ λ̃(ηt?)1+2α
))

.

Let λ = ‖Tρ‖ and λ̃ =
‖Tρ‖
ηt? . The bound

1

m
√
λ̃

+
1√
mλ̃γ′

≤ 2√
m

(
1√

m‖Tρ‖(ηt?)−1
∨ 1

‖Tρ‖γ′/2(ηt?)−γ′/2

)

≤ 2√
m(‖Tρ‖ ∧ ‖Tρ‖γ′)

(√
ηt?/m ∨ (ηt?)γ

′/2
)

allows the expected squared series to be bounded as follows:

E

[( t∑

k=1

σt−k+1
2 ηk‖T 1/2

ρ Πt:k+1(Tρ)Nk,v‖H
)2]

≤ ã log2(4n) log2(t?)

m

(
(ηt1−c)2 ∨ (m−1(ηt?)1+2α) ∨ (ηt?)γ

′+2α
)
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where
ã =

1152(Rκ2r+
√
M)2(κ+

√
2
√
νcγ′ )

2(‖Tρ‖∨1)2
‖Tρ‖∧‖Tρ‖γ′

[
6
(‖T αρ ‖t−αθ

α ∨t
−(α+1/2)θ‖T αρ ‖

1/2+α ∨t−θ‖Tρ‖
)
1{α6=0}+10

]2
.

The choice c = 1 + r yields the final result.

C.3.2 Analysis of Residual Empirical Covariance Error

In this section we develop a bound for the Residual Empirical Covariance Error term in (9). The
final result is presented in Lemma 9.

The following proposition writes the Residual Empirical Covariance Error in terms of a series of
quantities that will be later controlled.

Proposition 5. Let t ≥ k + 1. For any wt:k+1 ∈ V t−k we have

Πt:k+1(Txwt:k+1
) = Πt:k+1(Tρ) +

t∑

j=k+1

ηjΠt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1
).

Proof. Adding and subtracting (I−ηtTρ)Πt−1:k+1(Txwt−1:k+1
) and unravelling yields the following:

Πt:k+1(Txwt:k+1
)−Πt:k+1(Tρ)

= (I − ηtTxwt )Πt−1:k+1(Txwt−1:k+1
)− (I − ηtTρ)Πt−1:k+1(Tρ)

= (I − ηtTxwt )Πt−1:k+1(Txwt−1:k+1
)− (I − ηtTρ)Πt−1:k+1(Txwt−1:k+1

)

+ (I − ηtTρ)Πt−1:k+1(Txwt−1:k+1
)− (I − ηtTρ)Πt−1:k+1(Tρ)

= ηt(Tρ − Txwt )Πt−1:k+1(Txwt−1:k+1
) + (I − ηtTρ)

[
Πt−1:k+1(Txwt−1:k+1

)−Πt−1:k+1(Tρ)
]

=
t∑

j=k+1

ηjΠt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1
).

Applying Proposition 5 to the Residual Empirical Covariance Error term, using the triangle
equality, yields

∥∥∥∥
t∑

k=1

ηk
∑

wt:k∈V t−k+1

∆(wt:k)T 1/2
ρ

(
Πt:k+1(Txwt:k+1

)−Πt:k+1(Tρ)
)
Nk,wk

∥∥∥∥
H

≤
t−1∑

k=1

ηk
∑

wt:k∈V t−k+1

|∆(wt:k)|
t∑

j=k+1

ηj

× ‖T 1/2
ρ Πt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1

)Nk,wk‖H , (12)

where the quantity is zero in the case k = t. For j ∈ {2, . . . , t− 1} the above includes the quantity
Πt:j+1(Tρ). This can be interpreted in a similar manner to the filter function associated for gradient
descent, see for instance [26, Example 2]. In this context it is used to control the growth of the above
error term, which is absent in the case j = t. This yields the following proposition.

Proposition 6. Let Assumptions 1, 2, 3 hold with r ≥ 1/2 and ηt = ηt−θ for t ∈ N with ηκ2 ≤ 1,
θ ∈ (0, 1). Fix λ, λ̃ > 0 and δ ∈ (0, 1). With probability at least 1− δ the following hold: for any
t− 1 ≥ j ≥ k + 1 and path wt:k ∈ V t−k+1 we have

‖T 1/2
ρ Πt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1

)Nk,wk‖H

≤ 2κ‖T 1/2

ρ,λ̃
‖
(

1∑t
i=j+1 ηi

+

(
λ∑t

i=j+1 ηi

)1/2)(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

(
4n

δ

)

×max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
, (13)
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for any t− 1 ≥ k ≥ 1 and nodes wt, wk ∈ V

‖T 1/2
ρ (Tρ − Txwt )Nk,wk‖H

≤ 2κ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖
(

2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4n

δ
max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
. (14)

Proof. Fix t− 1 ≥ j ≥ k + 1 and wt:k ∈ V t−k+1. Begin by proving (13). Expanding the norm,

‖T 1/2
ρ Πt:j+1(Tρ)(Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1

)Nk,wk‖H
= ‖T 1/2

ρ Πt:j+1(Tρ)T 1/2
ρ,λ T

−1/2
ρ,λ (Tρ − Txwj )Πj−1:k+1(Txwj−1:k+1

)T 1/2

ρ,λ̃
T −1/2
ρ,λ̃

Nk,wk‖H
≤ ‖T 1/2

ρ Πt:j+1(Tρ)T 1/2
ρ,λ ‖‖T

−1/2
ρ,λ (Tρ − Txwj )‖‖Πj−1:k+1(Txwj−1:k+1

)‖‖T 1/2

ρ,λ̃
‖‖T −1/2

ρ,λ̃
Nk,wk‖H

≤ ‖T 1/2
ρ Πt:j+1(Tρ)T 1/2

ρ,λ ‖‖T
−1/2
ρ,λ (Tρ − Txwj )‖‖T 1/2

ρ,λ̃
‖‖T −1/2

ρ,λ̃
Nk,wk‖H

≤ ‖T 1/2
ρ Πt:j+1(Tρ)T 1/2

ρ,λ ‖‖T
−1/2
ρ,λ (Tρ − Txwj )‖‖T 1/2

ρ,λ̃
‖max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
,

where we used, from ηκ2 ≤ 1 and η‖Txv‖ ≤ 1 for any v ∈ V , that ‖Πj−1:k+1(Txwj−1:k+1
)‖ ≤ 1 for

j ≥ k+ 2. The first operator norm is bounded as follows by using techniques similar to those used to
prove Lemma 7:

‖T 1/2
ρ Πt:j+1(Tρ)T 1/2

ρ,λ ‖ ≤
(

1

e
∑t
i=j+1 ηi

+

(
λ

2e
∑t
i=j+1 ηi

)1/2)

≤
(

1∑t
i=j+1 ηi

+

(
λ∑t

i=j+1 ηi

)1/2)
. (15)

We proceed to construct a high-probability bound for the quantity ‖(Tρ + λI)−1/2(Tρ − Txwj )‖, for
any wj ∈ V . For v ∈ V , let δv = δ

n and apply (11) from Lemma 6 to obtain the following5 with
probability at least 1− δv:

‖(Tρ + λI)−1/2(Tρ − Txv )‖ ≤ ‖(Tρ + λI)−1/2(Tρ − Txv )‖HS ≤ 2κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4n

δ
.

Applying a union bound yields the following with probability at least 1−∑v∈V δv = 1− δ:

‖(Tρ + λI)−1/2(Tρ − Txv )‖ ≤ 2κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4n

δ
∀v ∈ V. (16)

The result (13) then comes from plugging (15) and (16) into the expanded quantity at the start of the
proof.

To prove (14), fix t− 1 ≥ k ≥ 1 and wt, wk ∈ V . Expanding the norm we get

‖T 1/2
ρ (Tρ − Txwt )Nk,wk‖H = ‖T 1/2

ρ T 1/2
ρ,λ T

−1/2
ρ,λ (Tρ − Txwt )T

1/2

ρ,λ̃
T −1/2
ρ,λ̃

Nk,wk‖H
≤ ‖T 1/2

ρ T 1/2
ρ,λ ‖‖T

−1/2
ρ,λ (Tρ − Txwt )‖‖T

1/2

ρ,λ̃
‖‖T −1/2

ρ,λ̃
Nk,wk‖H

≤ ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
−1/2
ρ,λ (Tρ − Txwt )‖‖T

1/2

ρ,λ̃
‖max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
.

The result follows by using (16) to bound ‖T −1/2ρ,λ (Tρ − Txwt )‖.

The following proposition utilise the previous proposition to bound the summation (12).

5 For an operator L note that ‖L‖ = ‖LL?‖1/2 where L? is the adjoint of L. The Hilbert-Schmidt norm
bounds the operator norm as we have ‖L‖2 = ‖LL?‖ ≤ Tr

(
LL?

)
= ‖L‖2HS .
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Proposition 7. Let the assumptions of Proposition 6 hold. For any v ∈ V , with probability at least
1− δ we have

Resid. Emp. Cov. Error ≤ 8κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4n

δ

[
B1 + B2

]
,

where

B1 = ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖ηt

t−1∑

k=1

ηk max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
,

B2 = ‖T 1/2

ρ,λ̃
‖
t−2∑

k=1

ηk

t−1∑

j=k+1

ηj

(
1∑t

i=j+1 ηi
+

(
λ∑t

i=j+1 ηi

)1/2)
max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
.

Proof. Splitting the sum in (12) at j = t and otherwise, directly applying (13) and (14) from
Proposition 6 allows Resid. Emp. Cov. Error to be bounded as follows:
Resid. Emp. Cov. Error

≤ ηt
t−1∑

k=1

ηk
∑

wt:k∈V t−k+1

|∆(wt:k)|‖T 1/2
ρ (Tρ − Txwt )Πt−1:k+1(Txwt−1:k+1

)Nk,wk‖H

+
t−2∑

k=1

ηk
∑

wt:k∈V t−k+1

|∆(wt:k)|
t−1∑

j=k+1

ηj‖T 1/2
ρ Πt:j+1(Tρ)(Tρ−Txwj )Πj−1:k+1(Txwj−1:k+1

)Nk,wk‖H

≤ 2κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

4n

δ

×
[
‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖ηt

t−1∑

k=1

ηk max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}

︸ ︷︷ ︸
B1

∑

wt:k∈V t−k+1

|∆(wt:k)|

+ ‖T 1/2

ρ,λ̃
‖
t−2∑

k=1

ηk

t−1∑

j=k+1

ηj

(
1∑t

i=j+1 ηi
+

(
λ∑t

i=j+1 ηi

)1/2)
max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}

︸ ︷︷ ︸
B2

×
∑

wt:k∈V t−k+1

|∆(wt:k)|
]
.

The result is then arrived at by applying the following bound for the summation∑
wt:k∈V t−k+1 |∆(wt:k)| for each k ≤ t:

∑

wt:k∈V t−k+1

|∆(wt:k)| =
∑

wt:k∈V t−k+1

∣∣∣∣Pvwt:k −
1

nt−k+1

∣∣∣∣

=
∑

wt:k∈V t−k+1

Pvwt:k≥n
−(t−k+1)

(
Pvwt:k −

1

nt−k+1

)
−

∑

wt:k∈V t−k+1

Pvwt:k<n
−(t−k+1)

(
Pvwt:k −

1

nt−k+1

)
≤ 4.

Given Proposition 7 we can now plug in a high-probability bound for maxw∈V
{
‖T −1/2
ρ,λ̃

Nk,w‖H
}

and bound the resulting summations. This is summarised in the following lemma.
Lemma 9. Let the assumptions of Proposition 6 hold with 0 ≤ θ ≤ 3/4, 0 ≤ λ ≤ ‖Tρ‖ and
0 ≤ λ̃ ≤ ‖Tρ‖. Given δ ∈ (0, 1), the following holds with probability at least 1− δ:

Resid. Emp. Cov. Error

≤ b̃1
log2 8n

δ log(t)

m
√(

(mλ) ∧ λγ
)(

(mλ̃) ∧ λ̃γ
) (1 ∨ (ηt1−θ) ∨

√
λ(ηt1−θ)3/2 ∨ (t−1(ηt1−θ)2)),
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where b̃1 =
128κ(Rκ2r+

√
M)(2κ+

√
2
√
νcγ)

2‖Tρ‖1/2(4+‖Tρ‖)
(1−θ) .

Proof. Consider Proposition 7 with δ
2 , so the following holds with probability at least 1− δ

2

Resid. Emp. Cov. Error ≤ 8κ

(
2κ

m
√
λ

+

√
cγ√
mλγ

)
log

8n

δ
(B1 + B2)

≤ 8κ(2κ+
√

2
√
νcγ)√

(mλ) ∧ λγ
log 8n

δ√
m

(B1 + B2),

where we used that ν ≥ 1. Proceed to bound both B1 and B2. Start by constructing a high-probability
bound for the term maxw∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
k = 1, . . . , t. For v ∈ V , let δ′v = δ

2n . Lemma 6
states with probability at least 1− δ′v the following holds for any k ∈ N:

‖T −1/2
ρ,λ̃

Nk,v‖ ≤ 4(Rκ2r +
√
M)

(
κ

m
√
λ̃

+

√
2
√
νcγ√

mλ̃γ

)
log

8n

δ
.

Applying a union bound so the following holds with probability at least 1−∑v∈V δ
′
v = 1− δ

2 for
any k ∈ N:

max
w∈V

{
‖T −1/2
ρ,λ̃

Nk,w‖H
}
≤ 4(Rκ2r +

√
M)

(
κ

m
√
λ̃

+

√
2
√
νcγ√

mλ̃γ

)
log

8n

δ

≤ 4(Rκ2r +
√
M)(2κ+

√
2
√
νcγ)√

(mλ̃) ∧ λ̃γ
log 8n

δ√
m

, (17)

where we used that κ ≥ 1. The terms B1 and B2 are now bounded in the following two paragraphs.

Term B1 Using the high-probability bound (17), the following holds with probability at least 1− δ
2 :

B1 ≤ ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖4(Rκ2r +

√
M)(2κ+

√
2
√
νcγ)√

(mλ̃) ∧ λ̃γ
log 8n

δ√
m

ηt

t−1∑

k=1

ηk

≤ ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖4(Rκ2r +

√
M)(2κ+

√
2
√
νcγ)√

(mλ̃) ∧ λ̃γ(1− θ)

log 8n
δ√
m

t−1(ηt1−θ)2,

where we have applied the integral bound t
∑t−1
k=1 k

−θ ≤ t1−θ

1−θ , see for instance [27, Lemma 12], on
the following summation:

ηt

t−1∑

k=1

ηk = η2t−θ
t−1∑

k=1

k−θ ≤ η2

1− θ t
1−2θ =

t−1(ηt1−θ)2

1− θ .

Term B2 Similarly, using the high-probability bound (17), the following holds with probability at
least 1− δ

2 :

B2 ≤ ‖T 1/2

ρ,λ̃
‖4(Rκ2r +

√
M)(2κ+

√
2
√
νcγ)√

(mλ̃) ∧ λ̃γ
log 8n

δ√
m

×
t−2∑

k=1

ηk

t−1∑

j=k+1

ηj

(
1∑t

i=j+1 ηi
+

(
λ∑t

i=j+1 ηi

)1/2)
.
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We proceed to bound the remaining terms by utilising results from Section C.5. Firstly, switching the
order of sums and applying an integral bound yields

t−2∑

k=1

ηk

t−1∑

j=k+1

ηj∑t
i=j+1 ηi

= η
t−2∑

k=1

k−θ
t−1∑

j=k+1

j−θ∑t
i=j+1 i

−θ

= η

t−1∑

j=2

j−θ∑t
i=j+1 i

−θ

j−1∑

k=1

k−θ

≤ η

1− θ
t−1∑

j=2

j−θ(j − 1)1−θ∑t
i=j+1 i

−θ . (18)

At this point use
∑t
i=j+1 i

−θ ≥ t−θ(t− j) as well as Lemma 10 to obtain

t−1∑

j=2

j−θ(j − 1)1−θ∑t
i=j+1 i

−θ ≤ t
θ
t−2∑

j=2

(j − 1)1−2θ

t− j ≤ 4tθt−min(2θ−1,1) log(t) = 4t1−θ log(t).

For the second term follow the steps to (18) and use Lemma 11 as follows:

t−2∑

k=1

ηk

t−1∑

j=k+1

ηj(∑t
i=j+1 ηi

)1/2 ≤
η3/2tθ/2

1− θ
t−1∑

j=2

(j − 1)1−2θ

(t− j)1/2

≤ 4η3/2tθ/2

1− θ tmax(3/2−2θ,0)

=
4η3/2

1− θ t
max(3(1−θ)/2,θ/2).

This results in the following bound for B2, which holds with probability at least 1− δ
2 :

B2 ≤ ‖T 1/2

ρ,λ̃
‖4(Rκ2r +

√
M)(2κ+

√
2
√
νcγ)√

(mλ̃) ∧ λ̃γ(1− θ)

log 8n
δ log(t)√
m

(
4ηt1−θ + 4

√
λ
(
ηtmax(1−θ,θ/3))3/2).

The final bound arises by bringing everything together with a union bound implying it holds with
probability at least 1 − δ

2 − δ
2 = 1 − δ. Constants are then cleaned up using λ ≤ ‖Tρ‖ as well as

λ̃ ≤ ‖Tρ‖ to say ‖T 1/2
ρ T 1/2

ρ,λ ‖‖T
1/2

ρ,λ̃
‖ ≤ 4‖Tρ‖3/2 and ‖T 1/2

ρ,λ̃
‖ ≤ 2‖Tρ‖1/2.

C.3.3 Network Error bound

In this section we bring together the bounds developed in the previous two sections for the Population
Covariance Error term and Residual Empirical Covariance Error term to construct the final
bound on the Network Term as presented in the following theorem.

Theorem 4. Let Assumptions 1, 2, 3 hold with r ≥ 1/2, and ηt = ηt−θ for t ∈ N with ηκ2 ≤ 1

and θ ∈ (0, 3/4). Assume t/2 ≥ d (r+1) log(t)
1−σ2

e =: t? The following bound holds for any v ∈ V ,
α ∈ [0, 1/2] and γ′ ∈ [1, γ]:

E[‖Sρ(ωt+1,v − ξt+1,v)‖2ρ] ≤ 2
ã log2(4n) log2(t?)

m

(
η2t−2r ∨ (m−1(ηt?)1+2α) ∨ (ηt?)γ

′+2α
)

+ 2b̃2
log4(8n) log2(t)

m2

(
1 ∨ (ηt1−θ)2 ∨ (t−2(ηt1−θ)4)

)(
(m−1ηt1−θ) ∨ (ηt1−θ)γ

)
,

where b̃2 = 64
(‖Tρ‖+1)2

(‖Tρ‖∧‖Tρ‖γ)2 b̃
2
1 with b̃1 defined as in Theorem 9 and ã defined as in Lemma 8.

Proof. Use decomposition (9). Taking the expectation, note that the first term E[(Pop. Cov. Error)2]
is controlled by Lemma 8. We now proceed to control the term E[(Resid. Emp. Cov. Error)2].
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Begin by using the high-probability bound for Resid. Emp. Cov. Error in Lemma 9, with λ̃ = ‖Tρ‖
and λ = ‖Tρ‖(ηt1−θ)−1. The following upper bound holds for the quantity that appears in Lemma 9:

1

(mλ) ∧ λγ =
1

(‖Tρ‖m(ηt1−θ)−1) ∧ (‖Tρ‖γ(ηt1−θ)−γ)

≤ 1

‖Tρ‖ ∧ ‖Tρ‖γ
(

(m−1(ηt1−θ)) ∨ (ηt1−θ)γ
)
.

Plugging the above into Lemma 9 for the Resid. Emp. Cov. Error allows the expectation to be
bounded with Lemma 4:

E[(Resid. Emp. Cov. Error)2]

≤ b̃21
(‖Tρ‖+ 1)2

(
‖Tρ‖ ∧ ‖Tρ‖γ

)2
log2(t)

m2

(
1 ∨ (ηt1−θ)2 ∨ (t−2(ηt1−θ)4)

)(
(m−1ηt1−θ) ∨ (ηt1−θ)γ

)

×
∫ 1

0

log4 8n

δ
dδ.

The result is arrived at by using
∫ 1

0
log4 8n

δ dδ ≤ 64 log4(8n) and bringing together the two bounds
for E[(Pop. Cov. Error)2] and E[(Resid. Emp. Cov. Error)2].

C.4 Final Bound

In this section we bring together the bounds from the previous sections to construct the final bounds
in Theorem 2 and Theorem 1 in the main body of the work. The main result is the following.
Theorem 5. Let Assumptions 1, 2, 3 hold with r ≥ 1/2 and ηt = ηt−θ for all t ∈ N with ηκ2 ≤ 1

θ ∈ (0, 3/4). The following holds for all t/2 ≥ d (r+1) log(t)
1−σ2

e =: t?, any v ∈ V , α ∈ [0, 1/2] and
γ′ ∈ [1, γ]:

E[E(ωt+1,v)]− inf
ω∈H
E(ω) ≤ 2R2(ηt1−θ)−2r

+ d̃4(nm)−2r/(2r+γ)
(

1 ∨ (nm)−2/(2r+γ)(ηt1−θ)2 ∨ t−2(ηt1−θ)2
)

log2(t)

+ 8
ã log2(4n) log2(t?)

m

(
η2t−2r ∨ (m−1(ηt?)1+2α) ∨ (ηt?)γ

′+2α)
)

+ 8
b̃2 log4(8n) log2(t)

m2

(
1 ∨ (ηt1−θ)2 ∨ t−2(ηt1−θ)4

)(
(m−1ηt1−θ) ∨ (ηt1−θ)γ

)
,

where d̃4 = 4
(

2r+γ
2r+γ−1

)2
d̃23 with d̃3 defined as in Theorem 3.

Proof. Begin with the decomposition in Proposition 1 and take the expectation E[ · ]. Plug in the
bounds for each term proven in the previous sections, i.e. Proposition 2 for the Bias, Theorem 3 with
p = 1/(2r + γ) for the Sample Variance term and Theorem 4 for the Network Error term.

Theorem 2 follows directly from Theorem 5.

Proof of Theorem 2. Consider Theorem 5 with constants

q1 = 2R2

q2 = d̃4

q3 = 16ã(log2(4) + 1)

q4 = 24b̃2(log2(8) + 1)2,

where the sample variance constant d̃4 is defined in Theorem 5, the first network error constant ã is
defined in Lemma 8, and the second network error constant b̃2 is defined in Theorem 4.

We now go on to prove Theorem 1.
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Proof of Theorem 1. Consider the setting of Theorem 5 with θ = 0. Begin by setting

t =
⌈
(nm)1/(2r+γ)

[ 1

1− σ2

( nr

mr+γ

)2/((1+2α)(2r+γ))

∨ 1

1− σ2

(n2r
mγ

)1/((γ′+2α)(2r+γ))

∨ 1
]⌉

and η = κ−2(nm)1/(2r+γ)/t. It is clear that ηt = κ−2(nm)1/(2r+γ). We proceed to show that this
choice of iterations t and step size η ensures each of the terms in the bound of Theorem 5 are of order
Õ((nm)−2r/(2r+γ)).

The Bias term is

2R2(ηt)−2r = 2R2κ4r(nm)−2r/(2r+γ).

The Sample Variance term is bounded as follows:

d̃4(nm)−2r/(2r+γ)
(

1 ∨ (nm)−2/(2r+γ)(ηt)2 ∨ t−2(ηt)2
)

log2(t)

≤ 4κ−4d̃4(nm)−2r/(2r+γ) log2(t).

The first Network Error term is bounded in three parts aligning with the three terms within the quantity
m−1(η2t−2r ∨ (m−1(ηt?)1+2α)∨ (ηt?)γ

′+2α)). Firstly, as t ≥ (nm)1/(2r+γ) and η ≤ 1/κ2 we get

η2t−2r ≤ κ−4(nm)−2r/(2r+γ). Secondly, from t ≥ (nm)1/(2r+γ) 1
1−σ2

(
nr

mr+γ

)2/((1+2α)(2r+γ))

ensuring η ≤ κ−2(1− σ2)
(
mr+γ

nr

)2/((1+2α)(2r+γ))

we get

(ηt?)1+2α

m2
≤ (κ−22(r + 1) log(t))1+2αm

2(r+γ)/(2r+γ)−2

n2r/(2r+γ)

= (κ−22(r + 1) log(t))1+2α(nm)−2r/(2r+γ).

Thirdly, from t ≥ (nm)1/(2r+γ) 1
1−σ2

(
n2r

mγ

)1/((γ′+2α)(2r+γ))

we have

η ≤ κ−2(1− σ2)
(
mγ

n2r

)1/((γ′+2α)(2r+γ))

and so

(ηt?)γ
′+2α

m
≤ (κ−22(r + 1) log(t))γ

′+2αm
γ/(2r+γ)−1

n2r/(2r+γ)

= (κ−22(r + 1) log(t))γ
′+2α(nm)−2r/(2r+γ).

Using the above three bounds we arrive at the first Network term being Õ((nm)−2r/(2r+γ)).

Now consider the second Network Error term. Since ηt = κ−2(nm)1/(2r+γ) and m ≥ n 2r+2+γ
2r+γ−2 ≥

n
1−γ

2(r+γ)−1 we have(
1 ∨ (ηt)2 ∨ t−2(ηt)4

)((
m−1(ηt)

)
∨ (ηt)γ

)
≤
(

1 ∨ (ηt)2+γ ∨ t−2(ηt)4+γ
)
.

The second Network Error term then becomes, due to t ≥ (nm)1/(2r+γ),

8
b̃2 log4(8n) log2(t)

m2

(
1 ∨ (ηt)2+γ ∨ t−2(ηt)4+γ

)

≤ 8(κ−2)2+γ b̃2 log4(8n) log2(t)
(nm)(2+γ)/(2r+γ)

m2
.

For this quantity to be Õ((nm)−2r/(2r+γ)) we require (nm)(2+γ)/(2r+γ)

m2 ≤ (nm)−2r/(2r+γ) which is
satisfied for m ≥ n(2r+γ+2)/(2r+γ−2). Now ensure t

log(t) ≥ 2 (1+r)
1−σ2

. Note the previous requirements
on the iterations t imply

t ≥ (nm)1/(2r+γ)

1− σ2
n2r/(2r+γ)

mγ/(2r+γ)
≥ n(2r+1)/2r+γ

1− σ2
≥ n

1− σ2
.

And since x→ x/(log(x)) is increasing for x ≥ 1, the requirement t ≥ 2 (1+r) log(t)
(1−σ2)

is satisfied by
n

log( n
1−σ2 ) ≥ 2(1 + r).
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Now, consider choosing γ′ ∈ [1, γ] and α ∈ [0, 1/2] to minimise the number of iterations t. Consider
the two cases m ≥ n2r/γ and m ≤ n2r/γ . When m ≥ n2r/γ we have both n2r

mγ ≤ 1 and nr

mr+γ ≤ 1
so the number of iterations t required is minimised by picking γ′ = γ and α = 0. Since 2(r+ γ) ≥ 1

we get n2r

m2(r+γ) ≤ n2r/γ

m and the number of iterations becomes

t = (nm)1/(2r+γ)
[(

1
1−σ2

(
n2r/γ

m

)1/(2r+γ))
∨1
]

= (nm)1/(2r+γ)
[(

(nm)2r/(2r+γ)

m(1−σ2)γ

)1/γ
∨1
]
. When

n2r

mγ ≥ 1, the number of iterations t required is minimised by: setting γ′ = 1, noting n2r

m2(r+γ) ≤ n2r

mγ

and further picking α = 1/2. It is clear in this case that the number of iterations required becomes

t = (nm)1/2r+γ 1
1−σ2

(
nr

mγ/2

)1/(2r+γ)
= (nm)1/(2r+γ) (nm)r/(2r+γ)√

m(1−σ2)
.

C.5 Useful inequalities

In this section we collect useful inequalities used within the proofs.
Lemma 10. The following holds for q ∈ R and t ∈ N with t ≥ 3:

t−1∑

k−1

1

t− kk
−q ≤ 2t−min(q,1)(1 + log(t)).

Proof. See Lemma 14 in [27].

Lemma 11. The following holds for q ∈ R and t ∈ N with t ≥ 3:

t−1∑

k−1

1

(t− k)1/2
k−q ≤ 4tmax(1/2−q,0).

Proof. Begin with

t−1∑

k=1

1

(t− k)1/2
k−q ≤ tmax(1/2−q,0)

t−1∑

k=1

1

(t− k)1/2k1/2
.

Suppose t is even. The bound arises by splitting the sum and using the integral bounds

t/2∑

k=1

1

(t− k)1/2k1/2
≤
√

2

t1/2

t/2∑

k=1

1

k1/2
≤
√

2

t1/2

[
1 +

∫ t/2

1

x−1/2dx

]
=

√
2

t1/2

[
1 + 2

(√
t

2
− 1

)]
≤ 2,

and
t−1∑

k=t/2+1

1

(t− k)1/2k1/2
≤
√

2

t

t−1∑

k=t/2+1

1

(t− k)1/2
≤
√

2

t

[
1 +

∫ t−1

t/2+1

(t− x)−1/2dx

]

=

√
2

t

[
1 + 2

(√
t

2
− 1− 1

)]
≤ 2.

If t is odd, follow the steps above and split the sum at k = (t− 1)/2 and k = (t− 1)/2 + 1.
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Decentralised Learning with Distributed Gradient Descent and Random
Features

Dominic Richards 1 Patrick Rebeschini 1 Lorenzo Rosasco 2 3 4

Abstract
We investigate the generalisation performance of
Distributed Gradient Descent with Implicit Reg-
ularisation and Random Features in the homoge-
nous setting where a network of agents are given
data sampled independently from the same un-
known distribution. Along with reducing the
memory footprint, Random Features are partic-
ularly convenient in this setting as they provide
a common parameterisation across agents that
allows to overcome previous difficulties in imple-
menting Decentralised Kernel Regression. Under
standard source and capacity assumptions, we es-
tablish high probability bounds on the predictive
performance for each agent as a function of the
step size, number of iterations, inverse spectral
gap of the communication matrix and number of
Random Features. By tuning these parameters,
we obtain statistical rates that are minimax opti-
mal with respect to the total number of samples
in the network. The algorithm provides a lin-
ear improvement over single machine Gradient
Descent in memory cost and, when agents hold
enough data with respect to the network size and
inverse spectral gap, a linear speed-up in compu-
tational runtime for any network topology. We
present simulations that show how the number of
Random Features, iterations and samples impact
predictive performance.

1. Introduction
In supervised learning, an agent is given a collection of
training data to fit a model that can predict the outcome

1Department of Statistics, University of Oxford, 24-29 St Giles’,
Oxford, OX1 3LB 2MaLGa Center, Universitá degli Studi di Gen-
ova, Genova, Italy 3Istituto Italiano di Tecnologia, Via Morego, 30,
Genoa 16163, Italy 4Massachusetts Institute of Technology, Cam-
bridge, MA 02139, USA. Correspondence to: Patrick Rebeschini
<patrick.rebeschini@stats.ox.ac.uk>.

Proceedings of the 37 th International Conference on Machine
Learning, Vienna, Austria, PMLR 119, 2020. Copyright 2020 by
the author(s).

of new data points. Due to the growing size of modern
data sets and complexity of many machine learning models,
a popular approach is to incrementally improve the model
with respect to a loss function that measures the performance
on the training data. The complexity and stability of the
resulting model is then controlled implicitly by algorithmic
parameters, such as, in the case of Gradient Descent, the step
size and number of iterations. An appealing collection of
models in this case are those associated to the Reproducing
Kernel Hilbert Space (RKHS) for some positive definite
kernel, as the resulting optimisation problem (originally
over the space of functions) admits a tractable form through
the Kernel Trick and Representer Theorem, see for instance
(Schölkopf et al., 2001).

Given the growing size of data, privacy concerns as well as
the manner in which data is collected, distributed computa-
tion has become a requirement in many machine learning
applications. Here training data is split across a number
of agents which alternate between communicating model
parameters to one another and performing computations on
their local data. In centralised approaches (effective star
topology), a single agent is typically responsible for collect-
ing, processing and disseminating information to the agents.
Meanwhile for many applications, including ad-hoc wireless
and peer-to-peer networks, such centralised approaches are
unfeasible. This motivates decentralised approaches where
agents in a network only communicate locally within the
network i.e. to neighbours at each iteration.

Many problems in decentralised multi-agent optimisation
can be phrased as a form of consensus optimisation (Tsit-
siklis et al., 1986; Tsitsiklis, 1984; Johansson et al., 2007;
Nedic & Ozdaglar, 2009; Nedić et al., 2009; Johansson et al.,
2009; Lobel & Ozdaglar, 2011; Matei & Baras, 2011; Boyd
et al., 2011; Duchi et al., 2012; Shi et al., 2015; Mokhtari
& Ribeiro, 2016). In this setting, a network of agents wish
to minimise the average of functions held by individual
agents, hence “reaching consensus” on the solution of the
global problem. A standard approach is to augment the
original optimisation problem to facilitate a decentralised
algorithm. This typically introduces additional penalisa-
tion (or constraints) on the difference between neighbouring
agents within the network, and yields a higher dimensional
optimisation problem which decouples across the agents.
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This augmented problem can then often be solved using stan-
dard techniques whose updates can now be performed in a
decentralised manner. While this approach is flexible and
can be applied to many consensus optimisation problems, it
often requires more complex algorithms which depend upon
the tuning of additional hyper parameters, see for instance
the Alternating Direction Method of Multiplers (ADMM)
(Boyd et al., 2011).

Many distributed machine learning problems, in particu-
lar those involving empirical risk minimisation, can been
framed in the context of consensus optimisation. As dis-
cussed in (Bouboulis et al., 2017; Koppel et al., 2018), for
the case of Decentralised Kernel Regression it is not imme-
diately clear how the objective ought to be augmented to
facilitate both a decentralised algorithm and the Representer
Theorem. Specifically, so the problem decouples across
the network and agents have a common represention of the
estimated function. Indeed, while distributed kernel regres-
sion can be performed in the one-shot Divide and Conquer
setting (Star Topology) (Zhang et al., 2015; Lin et al., 2017;
Guo et al., 2017; Mücke & Blanchard, 2018; Dobriban &
Sheng, 2020) where there is a fusion center to combine the
resulting estimators computed by each agent, in the decen-
tralised setting there is no fusion center and agents must
communicate for multiple rounds. A number of works have
aimed to tackle this challenge (Forero et al., 2010; Mitra
& Bhatia, 2014; Gao et al., 2015; Chouvardas & Draief,
2016; Bouboulis et al., 2017; Koppel et al., 2018), although
these methods often include approximations whose impact
on statistical performance is not clear1. Most relevant to our
work is (Bouboulis et al., 2017) where Distributed Gradient
Descent with Random Fourier Features is investigated in
the online setting. In this case regret bounds are proven, but
it is not clear how the number of Random Fourier Features
or network topology impacts predictive performance in con-
junction with non-parametric statistical assumptions2. For
more details on the challenges of the developing a Decen-
tralised Kernel Regression algorithm see Section 2.1.

1.1. Contributions

In this work we give statistical guarantees for a simple
and practical Decentralised Kernel Regression algorithm.
Specifically, we study the learning performance (General-
isation Error) of full-batch Distributed Gradient Descent
(Nedic & Ozdaglar, 2009) with implicit regularisation
(Richards & Patrick, 2020; Richards & Rebeschini, 2019)
and Random Features (Rahimi & Recht, 2008; Rudi &

1Additional details on some of these works have been included
within Remark 2 in the Appendix

2We note the concurrent work (Xu et al., 2020) which also
investigates Random Fourier Features for decentralised non-
parametric learning. The differences from our work have been
highlighted in Remark 3 in the Appendix.

Rosasco, 2017). Random Features can be viewed as a form
of non-linear sketching or shallow neural networks with
random initialisations, and have be utilised to facilitate the
large scale application of kernel methods by overcoming
the memory bottle-neck. In our case, they both decrease the
memory cost and yield a simple Decentralised Kernel Re-
gression algorithm. While previous approaches have viewed
Decentralised Kernel Regression with explicit regularisation
as an instance of consensus optimisation, where the speed-
up in runtime depends on the network topology (Duchi
et al., 2012; Scaman et al., 2017). We build upon (Richards
& Rebeschini, 2019) and directly study the Generalisation
Error of Distributed Gradient Descent with implicit regu-
larisation. This allows linear speed-ups in runtime for any
network topology to be achieved by leveraging the statistical
concentration of quantities held by agents. Specifically, our
analysis demonstrates how the number of Random Features,
network topology, step size and number of iterations im-
pact Generalisation Error, and thus, can be tuned to achieve
minimax optimal statistical rates with respect to all of the
samples within the network (Caponnetto & De Vito, 2007).
When agents have sufficiently many samples with respect
to the network size and topology, and the number of Ran-
dom Features equal the number required by single machine
Gradient Descent, a linear speed-up in runtime and linear
decrease memory useage is achieved over single machine
Gradient Descent. Previous guarantees given in consensus
optimisation require the number of iterations to scale with
the inverse spectral gap of the network (Duchi et al., 2012;
Scaman et al., 2017), and thus, a linear speed-up in runtime
is limited to well connected topologies. We now provide a
summary of our contributions.

• Decentralised Kernel Regression Algorithm: By
leveraging Random Features we develop a simple, prac-
tical and theoretically justified algorithm for Decen-
tralised Kernel Regression. It achieves a linear re-
duction in memory cost and, given sufficiently many
samples, a linear speed-up in runtime for any graph
topology (Theorem 1, 2). This required extending the
theory of Random Features to the decentralised setting
(Section 4).

• Refined Statistical Assumptions: Considering the at-
tainable case in which the minimum error over the
hypothesis class is achieved, we give guarantees that
hold over a wider range of complexity and capacity as-
sumptions. This is achieved through a refined analysis
of the Residual Network Error term (Section 4.4).

• Bounds in High Probability: All guarantees hold in
high probability, where previous results (Richards &
Rebeschini, 2019) for the decentralised setting only
held in expectation. This is achieved through refined
analysis of the Population Network Error (Section 4.3).
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This work is structured as follows. Section 2 introduces the
notation and Random Features. Section 3 presents the main
theoretical results. Section 4 provides the error decompo-
sition and a sketch proof of the refined analysis. Section 5
presents simulation results. Section 6 gives the conclusion.

2. Setup
This section introduces the setting. Section 2.1 introduces
Decentralised Kernel Regression and the challenges in devel-
oping a decentralised algorithm. Section 2.2 introduces the
link between Random Features and kernel methods. Section
2.3 introduces Distributed Gradient Descent with Random
Features.

2.1. Challenges of Decentralised Kernel Regression

We begin with the single machine case then go on to the
decentralised case.

Single Machine Consider a standard supervised learning
problem with squared loss. Given a probability distribution
⇢ over X ⇥ R, we wish to solve

min
f

E(f), E(f) =

Z
(f(x) � y)2d⇢(x, y), (1)

given a collection of independently and identically dis-
tributed (i.i.d.) samples drawn from ⇢, here denoted
(xi, yi)

m
i=1 2 (X ⇥ Rm). Kernel methods are non-

parametric approaches defined by a kernel k : X ⇥ X !
R which is symmetric and positive definite. The space
of functions considered will be the Reproducing Kernel
Hilbert Space associated to the kernel k, that is, the func-
tion space H defined as the completion of the linear span
{K(x, ·) : x 2 X} with respect to the inner prod-
uct hK(x, ·), K(x0, ·)iH := K(x, x0) (Aronszajn, 1950).
When considering functions that minimise the empirical
loss with explicit regularisation � � 0

min
f2H

n 1

m

mX

i=1

(f(xi) � yi)
2 + �kfk2

H
o

(2)

we can appeal to the Representer Theorem (Schölkopf
et al., 2001), and consider functions represented in terms
of the data points, namely bf(x) =

Pm
i=1 ↵ik(xi, x) where

↵ = (↵1, . . . , ↵m) 2 Rm are a collection of weights. The
weights are then often written in terms of the gram-matrix
K 2 Rm⇥m whose i, jth entry is Kij = k(xi, xj).

Decentralised Consider a connected network of n agents
G = (V, E) |V | = n, joined by edges E ✓ V ⇥V , that wish
to solve (1). Each agent v 2 V has a collection of m i.i.d.
training points (xi,v, yi,v)m

i=1 2 (X ⇥R)m sampled from ⇢.
Following standard approaches in consensus optimisation

we arrive at the optimisation problem

min
fv2H,v2V

n 1

nm

X

v2V

mX

i=1

(fv(xi,v) � yi,v)2 + �kfvk2
H
o

fv = fw (v, w) 2 E,

where a local function for each agent fv is only evaluated
at the data held by that agent (xi,v, yi,v)m

i=1, and a con-
straint ensures agents that share an edge are equal. This
constrained problem is then often solved by considering the
dual problem (Scaman et al., 2017) or introducing penal-
isation (Jakovetić et al., 2015). In either case, the objec-
tive decouples so that given {fv}v2V it can be evaluated
and optimised in a decentralised manner. As discussed by
(Bouboulis et al., 2017; Koppel et al., 2018), it is not imme-
diately clear whether a representation for {fv}v2V exists in
this case that respects the gram-matrices held by each agent.
Recall, in the decentralised setting, only agent v can access
the data (xi,v, yi,v)m

i=1 and the kernel evaluated at their data
points k(xi,v, xj,v) for i, j = 1, . . . , m.

2.2. Feature Maps and Kernel Methods

Consider functions parameterised by ! 2 RM and written
in the following form

f(x) = h!, �M (x)i, 8x 2 X,

where �M : X ! RM , M 2 N, denotes a family of fi-
nite dimensional feature maps that are identical and known
across all of the agents. Feature maps in our case take a
data point x to a (often higher dimensional) space where
Euclidean inner products approximate the kernel. That is,
informally, k(x, x0) ⇡ h�M (x), �M (x0)i. One now classi-
cal example is Random Fourier Features (Rahimi & Recht,
2008) which approximate the Gaussian Kernel.

Random Fourier Features If k(x, x0) = G(x � x0),
where G(z) = e�

1
2�2 kzk2

, for � > 0 then we have

G(x � x0) =
1

2⇡Z

Z Z 2⇡

0p
2 cos(!>x + b)

p
2 cos(!>x0 + b)e�

�2

2 k!k2

d!db

where Z is a normalizing factor. Then, for the
Gaussian kernel, �M (x) = M�1/2(

p
2 cos(!>

1 x +
b1), . . . ,

p
2 cos(!>

Mx + bM )), where !1, . . . , !M and
b1, . . . , bM sampled independently from 1

Z e��2k!k2/2 and
uniformly in [0, 2⇡], respectively.

More generally, this motivates the strategy in which we
assume the kernel k can be expressed as

k(x, x0) =

Z
 (x, !) (x0, !)d⇡(!), 8x, x0 2 X, (3)
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where (⌦, ⇡) is a probability space and  : X ⇥ ⌦ ! R
(Reed, 2012). Random Features can then be seen as Monte
Carlo approximations of the above integral.

2.3. Distributed Gradient Descent and Random
Features

Since the functions are now linearly parameterised by
! 2 RM , agents can consider the simple primal method
Distributed Gradient Descent (Nedic & Ozdaglar, 2009).
Initialised at b!1,v = 0; for v 2 V , agents update their
iterates for t � 1

b!t+1,v =
X

w2V

Pvw (4)

⇥
⇣
b!t,w � ⌘

m

mX

i=1

�
hb!t,w, �M (xi,w)i � yi,w

�
�M (xi,w)

⌘
,

where P 2 Rn⇥n is a doubly stochastic matrix sup-
ported on the network i.e. Pij 6= 0 only if (i, j) 2 E,
and ⌘ is a fixed stepsize. The above iterates are a com-
bination of two steps. Each agent performing a local
Gradient Descent step with respect to their own data i.e.
b!t,w � ⌘

m

Pm
i=1

�
hb!t,w, �M (xi,w)i � yi,w

�
�M (xi,w) for

agent w 2 V . And a communication step where agents
average with their neighbours as encoded by the summa-
tion

P
w2V Pvwaw, where aw is the quantity held by agent

w 2 V . The performance of Distributed Gradient Descent
naturally depends on the connectivity of the network. In our
case it is encoded by the second largest eigenvalue of P in
absolute value, denoted �2 2 [0, 1). In particular, it arises
through the inverse spectral gap 1/(1��2), which is known
to scale with the network size for particular topologies, that
is O

�
1/(1��2)

�
= O(n�) where � = 2 for a cycle, � = 1

for a grid and � = 0 for an expander, see for instance (Duchi
et al., 2012). Naturally, more “connected” topologies have
larger spectral gaps, and thus, smaller inverses.

Notation For a, b 2 R we denote a _ b as the maximum
between a and b and a ^ b the minimum. We say a ' b if
there exists a constant c independent of n, m, M, (1��2)

�1

up-to logarithmic factors such that a = cb. Similarly we
write a . b if a  bc and a & b if a � cb.

3. Main Results
This section presents the main results of this work. Section
3.1 provides the results under basic assumptions. Section
3.2 provides the results under more refined assumptions.

3.1. Basic Result

We begin by introducing the following assumption related
to the feature map.

Assumption 1 Let (⌦, ⇡) be a probability space and define
the feature map  : X ⇥ ⌦ ! R for all x 2 X such that
(3) holds. Define the family of feature maps for M > 0

�M (x) :=
1p
M

( (x, !1), . . . ,  (x, !M ))

where (!j)
M
j=1 2 ⌦ are sampled independently from ⇡.

The above assumption states that the feature map is made of
M independent features  (x, !i) for i = 1, . . . , M . This
is satisfied for a wide range of kernels, see for instance Ap-
pendix E of (Rudi & Rosasco, 2017). The next assumption
introduces some regularity to the feature maps.

Assumption 2 The function  is continuous and there ex-
ists  � 1 such that | (x, !)|   for any x 2 X,! 2 ⌦.

This implies that the kernel considered is bounded
|k(x, x0)|  2 which is a common assumption in statis-
tical learning theory (Cucker & Zhou, 2007; Steinwart &
Christmann, 2008). The following assumption is related to
the optimal predictor.

Assumption 3 Let H be the RKHS with kernel k. Suppose
there exists fH 2 H such that E(fH) = inff2H E(f).

It states that the optimal predictor is within the interior of
H. Moving beyond this assumption requires considering
the non-attainable case, see for instance (Dieuleveut et al.,
2016), which is left to future work. Finally, the following
assumption is on the response moments.

Assumption 4 For any x 2 X
Z

y2`d⇢(y|x)  `!B`p, 8` 2 N

for constants B 2 (0,1) and p 2 (1,1), ⇢X�almost
surely.

This assumption is satisfied if the response is bounded or
generated from a model with independent zero mean Gaus-
sian noise.

Given an estimator bf , its excess risk is defined as E( bf) �
E(fH). Let the estimator held by agent v 2 V be denoted by
bft,v = hb!t,v, �M (·)i, where b!t,v is the output of Distributed
Gradient Descent (4) for agent v. Given this basic setup, we
state the prediction bound prescribed by our theory.

Theorem 1 (Basic Case) Let n, m, M 2 N+, � 2 (0, 1),
t � 4, ⌘2  1 and ⌘ ' 1. Under assumptions 1 to 4, the
following holds with high probability for any v 2 V

E( bft+1,v) � E(fH) . 1p
nm

when

m & n3

(1 � �2)4
, M ' p

nm, and t =
p

nm. (5)
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Theorem 1 demonstrates that Distributed Gradient Descent
with Random Features achieves optimal statistical rates, in
the minimax sense (Caponnetto & De Vito, 2007; Blanchard
& Mücke, 2018), with respect to all nm samples when three
conditions are met. The first m & n3/(1 � �2)

4 ensures
that the network errors, due to agents communicating locally
on the network, are sufficiently small from the phenomena
of concentration. The second M ' p

nm ensures that the
agents have sufficiently many Random Features to control
the kernel approximation. It aligns with the number required
by single machine Gradient Descent with all nm samples
(Carratino et al., 2018). Finally t =

p
nm is the number of

iterations required to trade off the bias and variance error
terms. This is the number of iterations required by single
machine Gradient Descent with all nm samples, and thus,
due to considering a distributed algorithm, gives a linear
speed-up in runtime. We now discuss the runtime and space
complexity of Distributed Gradient Descent with Random
Features when the covariates take values in RD for some
D > 0. Remark 1 in Appendix A shows how, with linear
features, Random Features can yield communication savings
when D > M .

Pre-processing + Space Complexity After a pre-
processing step which costs O(DMm) = O(Dm3/2

p
n),

Distributed Gradient Descent has each agent store a m ⇥
M = m ⇥p

nm matrix. Single machine Gradient Descent
performs a O(DMnm) = O(D(nm)3/2) pre-processing
step and stores a nm⇥M = nm⇥p

nm matrix. Distributed
Gradient Descent thus gives a linear order n improvement
in pre-processing time and memory cost.

Time Complexity Suppose one gradient computation
costs 1 unit of time and communicating with neighbours
costs ⌧ . Given sufficiently many samples m & n3/(1��2)

4

then Single Machine Iterations = Distributed Iterations and
the speed-up in runtime for Distributed Gradient Descent
over single machine Gradient Descent is

Speed-up :=
Single Machine Runtime

Distributed Runtime

=
Single Machine Iteration Time

Distributed Iteration Time
Single Machine Iters.

Distributed Iters.| {z }
=1

=
nm

m + ⌧ + MDeg(P )
' n

where the final equality holds when the communication
delay and cost of aggregating the neighbours solutions is
bounded ⌧ + MDeg(P ) . m. This observation demon-
strates a linear speed-up in runtime can be achieved for any
network topology. This is in contrast to results in decen-
tralised consensus optimisation where the speed-up in run-
time usually depends on the network topology, with a linear
improvement only occurring for well connected topologies

i.e. expander and complete, see for instance (Duchi et al.,
2012; Scaman et al., 2017).

3.2. Refined Result

Let us introduce two standard statistical assumptions re-
lated to the underlying learning problem. With the marginal
distribution on covariates ⇢X(x) :=

R
R ⇢(x, y)dy and the

space of square integrable functions L2(X, ⇢X) = {f :
X ! R : kfk2

⇢ =
R

|f |2d⇢X < 1}, let L : L2(X, ⇢X) !
L2(X, ⇢X) be the integral operator defined for x 2 X as
Lf(x) =

R
k(x, x0)f(x0)d⇢X(x0), 8f 2 L2(X, ⇢X). The

above operator is symmetric and positive definite. The as-
sumptions are then as follows.

Assumption 5 For any � > 0, define the effective dimen-
sion as N (�) := Tr

��
L + �I)�1L

�
, and assume there

exists Q > 0 and � 2 [0, 1] such that N (�)  Q2��� .
Moreover, assume there exists 1 � r � 1/2 and g 2
L2(X, ⇢X) such that fH(x) = (Lrg)(x).

The above assumptions will allow more refined bounds on
the Generalisation Error to be given. The quantity N (�)
is the effective dimension of the hypothesis space, and As-
sumption 5 holds for � > 0 when the ith eigenvalue of L
is of the order i�1/� , for instance. Meanwhile, the second
condition for 1 � r � 1/2 determines which subspace the
optimal predictor is in. Here larger r indicates a smaller
sub-space and a stronger condition. The refined result is
then as follows.

Theorem 2 (Refined) Let n, m, M 2 N+, � 2 (0, 1), t �
2t? � 4, ⌘2  1 and ⌘ ' 1. Under assumptions 1 to 5
with r + � > 1, the following holds with high probability
for any v 2 V

E(b!t+1,v) � E(fH) . (nm)
�2r
2r+�

when we let t? ' 1/(1 � �2) and have

m &
⇣
(t?)

(1+�)(2r+�)
2(r+��1) n

r+1
r+��1

⌘
_
⇣
(t?)2_(2r+�)n

2r
�

⌘

| {z }
Sufficiently Many Samples

M ' (nm)
1+�(2r�1)

2r+�

| {z }
Single Machine Random Features

t = (nm)
1

2r+�

| {z }
Single Machine Iterations

Once again, the statistical rate achieved (nm)�
2r

2r+� is the
minimax optimal rate with respect to all of the samples
within the network (Caponnetto & De Vito, 2007), and both
the number of Random Features as well as the number of
iterations match the number required by single machine
Gradient Descent when given sufficiently many samples m.
When r = 1/2 and � = 1 we recover the basic result given
in Theorem 1, with the bounds now adapting to complexity
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of the predictor as well as capacity through r and �, respec-
tively. In the low dimensional setting when � = 0, we note
our guarantees do not offer computational speed-ups over
single machine Gradient Descent. While counter-intuitive,
this observation aligns with (Richards & Rebeschini, 2019),
which found the easier the problem (larger r, smaller �) the
more samples required to achieve a speed-up. This is due to
network error concentrating at fixed rate of 1/m while the
optimal statistical rate is (nm)�

2r
2r+� . An open question is

then how to modify the algorithm to exploit regularity and
achieve a speed-up runtime, similar to how Leverage Score
Sampling exploits additional regularity (Bach, 2013; Avron
et al., 2017; Rudi et al., 2018; Li et al., 2019).

To provide insight into how the conditions in Theorem 2
arise, the following theorem gives the leading order error
terms which contribute to the conditions in Theorem 2.

Theorem 3 (Leading Order Terms) Let n, m, M 2 N+,
� 2 (0, 1), t � 2t? � 4, ⌘2  1 and ⌘ ' 1. Under
assumptions 1 to 5 with r + � > 1, the following holds with
high probability when t? ' 1

1��2
for any v 2 V

E( bft+1,v) � E(fH) . ⌘�

m(1 � �2)�
+

(⌘t)2(⌘t?)1+�

m2

| {z }
Network Error

⇣ ⌘t
M

+1
⌘ (⌘t)�

nm
+

1

M(⌘t)(1��)(2r�1)
+
� 1

⌘t

�2r

| {z }
Statistical Error

+H.O.T.

where H.O.T. denotes Higher Order Terms.

Theorem 3 decomposes the Generalisation Error into two
terms. The Statistical Error matches the Generalisation Er-
ror of Gradient Descent with Random Features (Carratino
et al., 2018) and consists of Sample Variance, Random
Feature and Bias errors. The Network Error arises from
tracking the difference between the Distributed Gradient
Descent b!t+1,v and single machine Gradient Descent iter-
ates. The primary technical contribution of our work is in
the analysis of this term, in particular, building on (Richards
& Rebeschini, 2019) in two directions. Firstly, bounds are
given in high probability instead of expectation. Secondly,
we give a tighter analysis of the Residual Network Error,
here denoted in the second half of the Network Error as
(⌘t)2(⌘t?)1+�/m2. Previously this term was of the order
(⌘t)2+�/m2 and gave rise to the condition of r + �/2 � 1,
whereas we now require r + � � 1. Our analysis can
ensure it is decreasing with the step size ⌘, and thus, be
controlled by taking a smaller step size. While not explored
in this work, we believe our approach would be useful for
analysing the Stochastic Gradient Descent variant (Lin &
Rosasco, 2017) where a smaller step size is often chosen.

4. Error Decomposition and Proof Sketch
In this section we give a more detailed error decomposition
as well as a sketch of the proof. Section 4.1 gives the error
decomposition into statistical and network terms. Section
4.2 decomposes the network term into a population and a
residual part. Section 4.3 and 4.4 give sketch proofs for
bounding the population and residual parts respectively.

4.1. Error Decomposition

We begin by introducing the iterates produced by a single
machine Gradient Descent with nm samples as well as an
auxiliary sequence associated to the population. Initialised
at bv1 = ev1 = 0, we define, for t � 1

bvt+1=bvt�
⌘

nm

X

w2V

mX

i=1

�
hbvt,w, �M (xi,w)i�yi,w

�
�M (xi,w),

evt+1 = evt � ⌘

Z

X

�
hevt, �M (x)i � y)�M (x)d⇢(x, y).

We work with functions in L2(X, ⇢X), thus we define
bgt = hbvt, �M (·)i, egt = hevt, �M (·)i. Since the prediction
error can be written in terms of the L2(X, ⇢X) as follows
E( bft,v) � E(fH) = k bft,v � fHk2

⇢ we have the decomposi-
tion bft,v � fH = bft,v � bgt + bgt � fH. The term bgt � fH
that we call the Statistical Error is studied within (Carratino
et al., 2018). The primary contribution of our work is in the
analysis of bft,v � bgt which we call the Network Error, and
go on to describe in more detail next.

4.2. Network Error

To accurately describe the analysis for the network error we
introduce some notation. Begin by defining the operator
SM : RM ! L2(X, ⇢X) so that (SM!)(·) = h!, �M (·)i
as well as the covariance CM : RM ! RM defined
as CM = S?

MSM , where S?
M is the adjoint of SM in

L2(X, ⇢X). Utilising an isometry property (see (7) in the
Appendix) we have for ! 2 RM the following kSM!k⇢ =

kC1/2
M !k, that is going from a norm in L2(X, ⇢X) to Eu-

clidean norm. The empirical covariance operator of the co-
variates held by agent v 2 V is denoted bC(v)

M : RM ! RM .
For t � 1 and a path wt:1 = (wt, wt�1, . . . , w1) 2 V t

denote the collection of contractions

⇧(wt:1) = (I � ⌘ bC(wt)
M )(I � ⌘ bC(wt�1)

M ) . . . (I � ⌘ bC(w1)
M )

as well as the centered product ⇧�(wt:1) = ⇧(wt:1)� (I�
⌘CM )t. For w 2 V k � 1 let Nk,w 2 RM denote a col-
lection of zero mean random variables that are independent
across agents w 2 V but not index k � 1.

For v, w 2 V and s � 1 define the difference �s(v, w) :=
P s

vw � 1
n , where we apply the power then index i.e.
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(P s)vw = P s
vw. For wt:k 2 V t�k denote the devi-

ation along a path �(wt:k) = Pvwt:k
� 1

nt�k where
we have written the probability for a path Pvwt:k

=
Pvwt

Pwtwt�1
. . . Pwk+1wk

.

Following (Richards & Rebeschini, 2019), center the dis-
tributed !t+1,v and the single machine iterates bvt+1 around
the population iterates evt. Apply the isometry property to
k bft,v�bgtk⇢ = kC1/2

M (b!t+1,v�bvt)k and following the steps
in Appendix D.1 we arrive at

kC1/2
M (b!t+1,v � bvt+1)k 

tX

k=1

⌘
X

w2V

|�t�k(v, w)|kC1/2
M (I � ⌘CM )t�kNk,wk

| {z }
Population Network Error

tX

k=1

⌘
�� X

wt:k2V t�k+1

�(wt:k)C
1/2
M ⇧�(wt:k+1)Nk,wk

��.
| {z }

Residual Network Error

The two terms above can be associated to the two terms
in the network error of Theorem 3, with the Population
Network Error decreasing as 1/m and the Residual Net-
work Error as 1/m2. We now analyse each of these terms
separately.

4.3. Network Error: Population

Our contribution for analysing the Population Network
Error is to give bounds it in high probability, where as
(Richards & Rebeschini, 2019) only gave bounds in expec-
tation. Choosing some t � 2t? � 2 and splitting the series
at k = t� t? we are left with two terms. For 1  k  t� t?

we utilise that the sum over the difference |�s(v, w)| can
be written in terms of euclidean `1 norm and this is bounded
by the second largest eigenvalue of P in absolute value i.e.P

w2V |�t�k(v, w)| = ke>v P t�k � 1
n1k1  p

n�t�k
2 p

n�t?

2 , where ev is the standard basis vector in Rn with
a 1 aligning with agent v 2 V and 1 is a vector of all 1’s.
Meanwhile for t � k � t � t?, we follow (Richards &
Rebeschini, 2019) and utilise the contraction of the gradient
updates i.e. C

1/2
M (I � ⌘CM )t�k alongside that Nk,wk

is an
average of m i.i.d. random variables, and thus, concentrate
at 1/

p
m in high probability. This leads to the bound in

high probability

Population Network Error .
p

n�t?

2 tp
m| {z }

Well Mixed Terms

+
(⌘t?)�/2

p
m

.

| {z }
Poorly Mixed Terms

The first term Well Mixed, decays exponentially with the
second largest eigenvalue of P in absolute value, and repre-
sents the information from past iterates that has now fully
propagated around the network. The term Poorly Mixed

represents error from the most recent iterates that is yet to
fully propagate through the network. It grows at the rate
(t?)�/2 due to utilising the contractions of the gradients as
well as the assumptions 5. The quantity t? is now chosen to
trade off these terms. Note by writing �t?

2 = e�t? log(1/�2)

that, up to logarithmic factors, the first can be made small
by taking t? & 1

1��2
� 1

� log(�2)
.

4.4. Network Error: Residual

The primary technical contribution of our work is in the
analysis of this term. The analysis builds on insights from
(Richards & Rebeschini, 2019), specifically that ⇧�(wt:1)
is a product of empirical operators minus the population, and
thus, can be written in terms of the differences bC(w)

M � CM

which concentrate at 1/
p

m. Specifically, for N 2 RM ,
the bound within (Richards & Rebeschini, 2019) was of the
following order with high probability for any wt:1 2 V t

kC1/2
M ⇧�(wt:1)Nk . kNk (⌘t)�/2

p
m

. (6)

The bound for Residual Network Error within (Richards
& Rebeschini, 2019) is arrived at by applying triangle in-
equality over the series

P
wt:k2V t�k+1 , plugging in (6) for

kC1/2
M ⇧�(wt:k+1)Nk,wk

k alongside kNk,wk
k . 1/

p
m

see Lemma 7 in Appendix. Summing over 1  k  t
yields the bound of order (⌘t)1+�/2/m in high proba-
bility. The two key insights of our analysis are as fol-
lows. Firstly, noting that the error for bounding the con-
traction ⇧�(wt:1) grows with the length of the path, and
as such, we should aim to apply the bound (6) to short
paths. Secondly, note for N 2 RM quantities of the form
kC1/2

M

P
wt:12V t �(wt:1)⇧

�(wt:1)Nk concentrate quickly
(Lemma 13 in Appendix).

To apply the insights outlined previously, we decompose
the deviation ⇧�(wt:2) into two terms that only replace the
final t? operators with the population, that is

⇧�(wt:2)=⇧(wt:t?+2)⇧
�(wt?+1:1)+⇧�(wt:t?+2)(I�⌘CM)t? .

Plugging in the above then yields, for the case k = 1,
X

wt:12V t

�(wt:1)C
1/2
M ⇧�(wt:2)Nk,w1

=
X

wt:12V t

�(wt:1)C
1/2
M ⇧(wt:t?+2)⇧

�(wt?+1:1)| {z }
t?contraction

Nk,w1

+
X

wt:12V t

�(wt:1) C
1/2
M ⇧�(wt:t?+2)(I � ⌘CM )t?Nk,w1| {z }

Independent of wt?+1:1

Note that the first term above only contains a contraction
⇧�(wt?+1:1) of length t?, and as such, when applying a
variant of (6) will only grow at length (⌘t?)(1+�)/2/

p
m.
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When summing over 1  k  t this will result in the lead-
ing order term for the residual error of (⌘t)(⌘t?)(1+�)/2/m.
For the second term, note the highlighted section is in-
dependent of the final t? steps of the path wt:1, namely
wt?+1:1. Therefore we can sum the deviation �(wt:1) over
path wt?+1:1 and, if t? & 1

1��2
, replace Nk,w1

by the av-
erage 1

n

P
w2V Nk,w. This has impact of decoupling the

summation over the remainder of the path wt:t? allowing
the second insight from previously to be used. For details
on this step we point the reader to Appendix Section D.1.

5. Experiments
For our experiments we consider subsets of the SUSY data
set (Baldi et al., 2014), as well as single machine and Dis-
tributed Gradient Descent with a fixed step size ⌘ = 1. Cy-
cle and grid network topologies are studied, with the matrix
P being a simple random walk. Random Fourier Features
are used  (x, !) = cos(⇠ ⇥ w>x + q), with ! := (w, q),
w sampled according to the normal distribution, q sampled
uniformly at random between 0 and 2⇡, and ⇠ is a tuning pa-
rameter associated to the bandwidth (fixed to ⇠ = 10�1/2).
For any given sample size, topology or network size we
repeated the experiment 5 times. Test size of 104 was used
and classification error is minimum over iterations and max-
imum over agents i.e. mint maxv2V EApprox(b!t,v), where
EApprox is approximated test error. With the response of the
data being either 1 or 0 and the predicted response by, the
predicted classification is the indicator function of by > 1/2.
The classification error is the proportion of mis-classified
samples.

We begin by investigating the number of Random Features
required with Distributed Gradient Descent to match the
single machine performance. Looking to Figure 1, observe
that for a grid topology, as well as small cycles (n = 9, 25),
that the classification error aligns with a single machine
beyond approximately

p
nm Random Features. For larger

more poorly connected topologies, in particular a cycle with
n = 49 agents, we see that the error does not fully decrease
down that of single machine Gradient Descent.

Figure 1. Classification Error (if y and by are the true and predicted
response respectively, error calculated is 0-1 loss) against number
of Random Features M , with total sample size and maximum num-
ber of iterations t = nm = 103. Vertical line in plots indicatesp

nm. Left: Cycle topology, Right: Grid Topology.

Our theory predicts that the sub-optimality of more poorly
connected networks decreases as the number of samples
held by each agent increases. To investigate this, we re-
peat the above experiment for cycles and grids of sizes
n = 25, 49, 100 while varying the dataset size. Looking
to Figure 2, we see that approximately nm ⇡ 103 samples
are sufficient for a cycle topology of size n = 49 to align
with a single machine, meanwhile 104 samples are required
for a larger n = 100 cycle. For a grid we see a similar
phenomena, although with fewer samples required due to
being better connected topology.

Figure 2. Plots of Classification Error (computed as in Figure 1)
against total number of samples nm, with M = 300. Run for at
most t = 104 iterations, each point is an average of 20 sub-subsets
of the SUSY, which Distributed Gradient Descent with Random
Features is run on 5 times.

Our theory predicts that, given sufficiently many samples,
the number of iterations for any network topology scales
as those of single machine Gradient Descent. We look to
Figure 3 where the number of iterations required to achieve
the minimum classification error (optimal stopping time)
is plotted against the sample size. Observe that beyond
approximately 103 samples both grid and cycles of sizes
n = 25, 49, 100 have iterates that scale at the same order
as a single machine. Observe that the number of iterations
required by the grid and cycle topologies is initially decreas-
ing with the sample size up to 103. While not supported by
our theory for a constant step size, this suggests quantities
held by agents become similar as agents hold more data,
reducing the need for additional iterations in order to prop-
agate information around the network. An analysis of this
phenomena we leave to future work.

6. Conclusion
In this work we considered the performance of Distributed
Gradient Descent with Random Features on the Generalisa-
tion Error, this being different from previous works which
focused on training loss. Our analysis allowed us to under-
stand the role of different parameters on the Generalisation
error, and, when agents have sufficiently many samples with
respect to the network size, achieve a linear speed-up in
runtime time for any network topology.

Moving forward, it would be natural to extend our analysis
to stochastic gradients (Lin & Rosasco, 2017) or stochastic
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Figure 3. Optimal Stopping Time (Number of iterations required)
against sample size nm (log� log axis), with M = 300. Left:
Cycle Topology, Right: Grid topology. Each point is averaged
over 20 sub-subsets of the SUSY. Distributed Gradient Descent
with Random Features was repeated 5 times, with at most 104

iterations.

communication at each iteration (Shah, 2009).

Acknowledgements
D.R. is supported by the EPSRC and MRC through the
OxWaSP CDT programme (EP/L016710/1). Part of this
work has been carried out at the Machine Learning Genoa
(MaLGa) center, Università di Genova (IT). L.R. acknowl-
edges the financial support of the European Research Coun-
cil (grant SLING 819789), the AFOSR projects FA9550-
17-1-0390 and BAA-AFRL-AFOSR-2016-0007 (European
Office of Aerospace Research and Development), and the
EU H2020-MSCA-RISE project NoMADS - DLV-777826.

References
Aronszajn, N. Theory of reproducing kernels. Transactions

of the American mathematical society, 68(3):337–404,
1950.

Avron, H., Kapralov, M., Musco, C., Musco, C., Velingker,
A., and Zandieh, A. Random Fourier features for kernel
ridge regression: Approximation bounds and statistical
guarantees. In 34th International Conference on Machine
Learning, pp. 253–262. PMLR, 2017.

Bach, F. Sharp analysis of low-rank kernel matrix approxi-
mations. In Conference on Learning Theory, pp. 185–209,
2013.

Baldi, P., Sadowski, P., and Whiteson, D. Searching for
exotic particles in high-energy physics with deep learning.
Nature communications, 5:4308, 2014.
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A. Remarks
In this section we give a number of remarks relating to content within the main body of the paper.

Remark 1 (Sketching and Communication Savings) We highlight that the Random Feature framework considered also
incorporates a number of sketching techniques. For instance, when  (x, !) = x>! where ! ⇠ N (0, I) and the associated
kernel is simply linear as E[ (x, !) (x0, !)]E[x>!!>x] = x>E[!!>]x = x>x0. The case M < D then represents a
simple setting in which communication savings can be achieved, as agents in this case would only need to communicate
an M dimensional vector instead of D. A natural future direction would be to investigate whether there exists particular
sketches/Random Features tailored to the objective of communication savings, in a similar manner to Orthogonal Random
Features (Yu et al., 2016), Fast Food (Le et al., 2013) or Low-precision Random Features (Zhang et al., 2019). Although, as
noted in (Carratino et al., 2018), some of these methods sample the features in a correlated manner, and thus, do not fit
within the assumptions of this work.

Remark 2 (Previous Literature Decentralised Kernel Methods) This remark highlights two previous works for Decen-
tralised Kernel Methods. The work (Forero et al., 2010) considers decentralised Support Vector Machines with potentially
high-dimensional finite feature spaces that could approximate a non-linear kernel. They develop a variant of the Alternating
Direction Method of Multiplers (ADMM) to target the augmented optimisation problem. In this case, the high-dimensional
constraints across the agents are approximated so the agents local estimated functions are equal on a subset of chosen
points. Meanwhile (Koppel et al., 2018) consider online stochastic optimisation with penalisation between neighbouring
agents. The penalisation introduced is an expectation with respect to a newly sampled data point and not in the norm of
the Reproducing Kernel Hilbert Space. In both of these cases, the original optimisation problem is altered to facilitate a
decentralised algorithm, but no guarantee is given on how these approximation impact statistical performance.

Remark 3 (Concurrent Work) The concurrent work (Xu et al., 2020) consider the homogeneous setting where a network
of agents have data from the same distribution and wish to learn a function within a RKHS that performs well on unseen data.
The consensus optimisation formulation of the single machine explicitly penalised kernel learning problem is considered,
and the challenges of decentralised kernel learning (as described in Section 2.1 in the main body of the manuscript) are
overcome by utilising Random Fourier Features. An ADMM method is developed to solve the consensus optimisation
problem, and, provided hyper-parameters are tuned appropriately, optimisation guarantees are given. Due to considering
the consensus optimisation formulation of a single machine penalised problem, the Generalisation Error is decoupled from
the Optimisation Error. Therefore, while optimisation results for ADMM applied to consensus optimisation objectives (Shi
et al., 2014) are applied, the statistical setting is not leveraged to achieve speed-ups. It is then not clear how the network
connectivity, number of samples held by agents and finer statistical assumptions (source and capacity) impacts either
generalisation or optimisation performance. This is in contrast to our work, where we directly study the Generalisation
Error of Distributed Gradient Descent with Implicit Regularisation, and show how the number of samples held by agents,
network topology, step size and number of iterations can impact Generalisation Error.

B. Analysis Setup
This section provides the setup for the analysis. We adopt the notation of (Carratino et al., 2018), which is included here
for completeness. Section B.1 introduces additional auxiliary quantities required for the analysis. Section B.2 introduces
notation for the operators required for the analysis. Section B.3 introduces the error decomposition.

B.1. Additional Auxiliary Sequences

We begin by introducing some auxiliary sequences that will be useful in the analysis. Begin by defining {vt}t�1 initialised
at v1 = 0 and updated for t � 1 and updated

vt+1 = vt � ⌘

Z

X

�
hvt, �M (x)i � fH(x)

�
�M (x)d⇢X(x)
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Further for � > 0 let

eu� = argminu2RM

Z

X

�
hu, �M (x)i � fH(x)

�2
d⇢X(x) + �kuk2,

u� = argminu2F

Z

X

�
hu, �(x)i � y)2d⇢(x, y) + �kuk2,

where (F , �) are feature space and feature map associated to the kernel k. As described previously, it will be useful to work
with functions in L2(X, ⇢X), therefore define the functions

gt = hvt, �M (·)i, eg� = heu�, �M (·)i, g� = hu�, �(·)i.
The quantities introduced here in this section will be useful in analysing the Statistical Error term.

B.2. Notation

Let F be the feature space corresponding to the kernel k given by Assumption 2.

Given � : X ! F (feature map), we define the operator S : F ! L2(X, ⇢X) as

(S!)(·) = h!, �(·)iF , 8! 2 F .

If S? is the adjoint operator of S, we let C : F ! F be the linear operator C = S?S, which can be written as

C =

Z

X

�(x) ⌦ �(x)d⇢X(x).

We also define the linear operator L : L2(X, ⇢X) ! L2(X, ⇢X) such that L = SS?, that can be represented as

(Lf)(·) =

Z

X

h�(x), �(·)iFf(x)d⇢X(x), 8f 2 L2(X, ⇢X).

We now define the analog of the previous operators where we use the feature map �M instead of �. We have SM : RM !
L2(X, ⇢X) defined as

(SMv)(·) = hv, �M (·)iRM , 8v 2 RM

together with CM : RM ! RM and LM : L2(X, ⇢X) ! L2(X, ⇢X) defined as CM = S?
MSM and LM = SMS?

M

respectively. For v 2 RM note we have the equality

kSMvk2
⇢ =

Z

X

hv, �M (x)i2d⇢X(x)

=

Z

X

v>�M (x) ⌦ �M (x)vd⇢X(x)

= v>CMv

= kC1/2
M vk2 (7)

where we have denoted the standard Euclidean norm as k · k. Define the empirical counterpart of the previous operators for
each agent. For each agent v 2 V define the operator bS(v)

M : RM ! Rm as

bS(v)>
M =

1p
m

(�M (x1,v), . . . , �M (xm,v)),

and with bC(v)
M : RM ! RM and bL(v)

M : Rm ! Rm are defined as bC(v)
M = bS(v)>

M
bS(v)

M and bL(v)
M = bS(v)

M
bS(v)>

M respectively.
Moreover, define the empirical operators associated to all of the samples held by agents in the network. To do so index the
agents in V between 1 and n, so xi,j is the ith data point held by agent j. Then, define the operator bSM : RM ! Rnm as

bS>
M =

1p
nm

(�M (x1,1), . . . , �M (xm,1), �M (x1,2), . . . , �M (xm,2), . . . , �M (x1,n), . . . , �M (xm,n))

=
1p
n

(bS(1)>
M , . . . , bS(n)>

M )
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and with bCM : RM ! RM and bLM : Rnm ! Rnm are defined as bCM = bS>
M
bSM and bLM = bSM

bS>
M respectively. From

the above it is clear that we have bCM = 1
n

P
w2V

bS(w)>
M

bS(w)
M = 1

n

P
w2V C

(w)
M . For some number � > 0 we let the

operator plus the identity times � be denoted L� = L + �I , and similarly for bL�, as well as CM,� = CM + �I and bCM,�.

Remark 4 Let P : L2(X, ⇢X) ! L2(X, ⇢X) be the projection operator whose range is the closure of the range of L. Let
f⇢ : X ! R be defined as

f⇢(x) =

Z
yd⇢(y|x).

If there exists fH 2 H such that

inf
f2H

E(f) = E(fH)

then

Pf⇢ = SfH.

or equivalently, there exists g 2 L2(X, ⇢X) such that

Pf⇢ = L1/2g.

In particular, we have R := kfHkH = kgkL2(X,⇢X). The above condition is commonly relaxed in approximation theory as

Pf⇢ = Lrg

with 1/2  r  1.

With the operators introduced above and the above remark, we can rewrite the auxiliary objects respectively as

bv1 = 0; bvt+1 = (I � ⌘ bCM )bvt + ⌘ bS>
Mby

ev1 = 0; evt+1 = (I � ⌘CM )evt + ⌘S?
Mf⇢

v1 = 0; vt+1 = (I � ⌘CM )vt + ⌘S?
MPf⇢

where the vector of all nm responses are by> = (nm)�1/2(y1,1, . . . , y1,m, y2,m, . . . , yn,m) = (n)�1/2(by1, . . . , byn), and
each agents responses are, for i = 1, . . . , n, denoted byv = (m)�1/2(yi,1. . . . , yi,m). We then denote

eu� = S?
ML�1

M,�Pf⇢

u� = S?L�1
� Pf⇢.

Inductively the three sequences can be written as

bvt+1 =

tX

k=1

⌘(I � ⌘ bCM )t�k bS>
Mby

evt+1 =
tX

k=1

⌘(I � ⌘CM )t�kS?
Mf⇢

vt+1 =
tX

k=1

⌘(I � ⌘CM )t�kS?
MPf⇢

B.3. Error Decomposition

We can now write the deviation bft+1,v � fH using the operators

bft+1,v � fH = SM b!t+1,v � SMbvt| {z }
Network Error

+ SMbvt � Pf⇢| {z }
Statistical Error

(8)

where the first term aligns with the network error and the second with the statistical error. Each of these will be analysed in
it own section.
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C. Statistical Error
In this section we summarise the analysis for the Statistical Error which has been conducted within (Carratino et al., 2018).
Here we provided the proof for completeness. Firstly, we further decompose the statistical error into the following terms

kSMbvt+1 � Pf⇢k⇢ kSMbvt+1 � SMevt+1 + SMevt+1 � SMvtk⇢| {z }
Sample Error

+ kSMvt+1 � LML�1
M,�Pf⇢k⇢| {z }

Gradient Descent and Ridge Regression

(9)

+ kLML�1
M,�Pf⇢ � LL�1

� Pf⇢k⇢| {z }
Random Features Error

+ kLL�1
� Pf⇢ � Pf⇢k⇢| {z }

Bias

Each of the terms have been labelled to help clarity. The first term, sample error includes the difference between the
empirical iterations with sampled data bvt, as well as iterates under the population measure vt. The second term Gradient
Descent and Ridge Regression is the difference between the population variants of the Gradient Descent vt and ridge
regression LML�1

M,�Pf⇢ solutions. The third term Random Feature Error accounts for the error introduced from using
Random Features. Finally the Bias term accounts for the bias introduced due to the regularisation. Each of these terms will
be bounded within their own sub-section, except the Bias term which will be bounded when bounds for all of the terms are
brought together.

The remainder of this section is then as follows. Section C.1, C.2 and C.3 give the analysis for the Sample Error, Gradient
Descent and Ridge Regression and Random Feature Error error respectively. Section C.4 bounds the Bias and combines
bounds for the previous terms.

C.1. Sample Error

The bound for this term is summarised within the following Lemma which itself comes from Lemma 1 and 6 in (Carratino
et al., 2018).

Lemma 1 (Sample Error) Under assumptions 2, 4 and 3 , let � 2 (0, 1), ⌘ 2 (0, �2). When

M �
�
4 + 18⌘t

�
log

12⌘t

�

for all t � 1 with probability atleast 1 � 3�

kSMbvt � SMevt + SMevt � SMvtk⇢  4
⇣
R2r

⇣
1 +

r
9

M
log

M

�

�p
⌘t _ 1

�⌘
+

p
B
⌘

⇥
�
12 + 4 log(t) +

p
2⌘
�⇣p⌘t

nm
+

q
2
p

pq0N (
2

⌘t )
p

nm

⌘
log

4

�

where q0 = max
�
2.55, 22

kLk
�

Proof 1 Apply Lemma 1 in (Carratino et al., 2018) to say kSMevt � SMvtk⇢ = 0, meanwhile Lemma 6 in the same work to
bound kSMbvt � SMevtk with ✓ = 0 and T = t.

C.2. Gradient Descent and Ridge Regression

This term is controlled by Lemma 9 in (Carratino et al., 2018).

Lemma 2 (Gradient Descent and Ridge Regression) Under Assumption 3 the following holds with probability 1 � � for
� = 1

⌘t for t � 1

kSMvt+1 � LML�1
M,�Pf⇢k⇢  8R2r

⇣ log 2
�

Mr
+

vuutN
�

1
⌘t

�2r�1
log 2

�

M(⌘t)2r�1

⌘
log1�r

�
112⌘t

�
+

2R

(⌘t)r

when

M � (4 + 18⌘t) log
�82⌘t

�

�
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C.3. Random Features Error

The following Lemma is from Lemma 8 of (Rudi & Rosasco, 2017; Carratino et al., 2018).

Lemma 3 Under assumption 2 and 3 for any � > 0, � 2 (0, 1/2], when

M �
�
4 +

182

�

�
log

82

��

the following holds with probability at least 1 � 2�

kLML�1
M,�Pf⇢ � LL�1

� Pf⇢k⇢  4R2r

 
log 2

�

Mr
+

s
�2r�1N (�)2r�1 log 2

�

M

!
q1�r

where q = log 112

�

C.4. Combined Error Bound

The following Lemma combines the error bounds.

Lemma 4 Under assumption 1 to 4, let � 2 (0, 1) and ⌘ 2 (0, �2) when

M � (4 + 18⌘t2) log
602⌘t

�

the following holds with probability greater than 1 � �

kSMbvt+1 � Pf⇢k2
⇢  c2

1

⇣
1 _ (⌘t _ 1) log 3M

�

M

⌘⇣ ⌘t

(nm)2
_

N ( 1
⌘t )

nm

⌘
log2(t) log2 12

�

+ c2
2

⇣ 1

M2r
_

N ( 1
⌘t )

2r�1

M(⌘t)2r�1

⌘
log2(1�r)(112⌘t) log2

�6

�

�
+

c2
3

(⌘t)2r

where the constants

c1 = 8 ⇥ 12 ⇥ 15
�p

B _ (R2r)
�
(1 _

q
2
p

pq0)

c2 = 24R2r

c3 = 3R

Proof 2 (Lemma 1) Begin fixing � = 1
⌘t and bounding the bias from Lemma 5 of (Rudi & Rosasco, 2017) as

kLL�1
� Pf⇢ � Pf⇢k⇢  R�r.

Now use Lemma 1 to bound the Sample Error, Lemma 2 for the Gradient Descent and Ridge Regression Term, and 3 for
the Random Features Error. With a union bound, note that the conditions on M for each of these Lemmas is satisfied by
M � (4 + 18⌘t2) log 602⌘t

� . Cleaning up constants and squaring then yields the bound.

D. Network Error
In this section we the proof of the following bound on the network error, which improves upon (Richards & Rebeschini,
2019). This section is then structured as follows. Section D.1 provides the error decomposition for the Network Error.
Section D.2 introduces a number of prelimary lemmas utilised within the analysis. Section D.3, D.4, D.5, D.6 and D.7 then
provides bounds for each of the error terms that arise within the decomposition.
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D.1. Error Decomposition

Recall the vector of observations associated to agent v 2 V is denoted byv = 1p
m

(y1,v, . . . , ym,v). Using the previously
introduced notation note that we can write the Distributed Gradient Descent iterates as for t � 1 and v 2 V

b!t+1,v =
X

w2V

Pvw

⇣
b!t,w � ⌘ bC(w)

M b!t,w + ⌘ bS(w)>
M byw

⌘

Centering the iterates around the population sequence evt we have from the doubly stochastic property of P

b!t+1,v � evt+1 =
X

w2V

Pvw

⇣
b!t,w � evt + ⌘

�
(CMevt � S?

Mf⇢) � ( bC(w)
M b!t,w + bS(w)>

M byw)
 ⌘

=
X

w2V

Pvw

⇣
(I � bC(w)

M )(b!t,w � evt) + ⌘
�
(CMevt � S?

Mf⇢) � ( bC(w)
M evt + bS(w)>

M byw)
 

| {z }
Nt,w

⌘

=
X

w2V

Pvw

⇣
(I � bC(w)

M )(b!t,w � evt) + ⌘Nt,w

⌘

where we have defined the error term

Nt,w := (CMevt � S?
Mf⇢) � ( bC(w)

M evt + bS(w)?
M byw) 8s � 1 w 2 V.

Note that a similar set of calculation can be performed for the iterates bvt leading to the recursion for v 2 V initialised at
bv1,v = 0 and updated for t � 1

bvt+1,v � evt+1 =
X

w2V

1

n

⇣
(I � bC(w)

M )(bvt,w � evt) + ⌘Nt,w

⌘

For a path indexed from time step t to k such that 1  k  t as wt:k = (wt, wt�1, . . . , wk) 2 V t�k+1, let the product of
operators be denoted

⇧(wt:k) = (I � bC(wt)
M )(I � bC(wt�1)

M ) . . . (I � bC(wk)
M ) (10)

Meanwhile for k > t we say ⇧(wt:k) = I . Unravelling the sequences b!t+1,v � evt+1 and bvt+1 � evt+1 with the above
notation and taking the difference we then have

b!t+1,v � bvt+1 =
tX

k=1

⌘
X

wt:k2V t�k+1

�
Pvwt:k

� 1

nt�k+1

�
⇧(wt:k+1)Nk,wk

=
tX

k=1

⌘
X

wt:k2V t�k+1

�(wt:k)⇧(wt:k+1)Nk,wk

where we have introduced the notation where we have denoted
�
Pvwt:k

� 1
nt�k+1

�
= �(wt:k) 2 R. Introduce notation for

the difference between the product of operators indexed by the paths and the population equivalent

⇧�(wt:k+1) := ⇧(wt:k+1) � (I � ⌘CM )t�k.

Fixing some t? 2 N and supposing that t > 2t? � 2, observe that we can then write, for k  t � t? � 1,

⇧�(wt:k+1)

= ⇧(wt:k+1) �⇧(wt:k+t?+1)(I � ⌘CM )t? + ⇧(wt:k+t?+1)(I � ⌘CM )t? � (I � ⌘CM )t�k

= ⇧(wt:k+t?+1)⇧
�(wk+t?:k+1) + ⇧�(wt:k+t?+1)(I � ⌘CM )t?
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where we have replaced the first t? operators in ⇧(wt:k) with the population variant (I � ⌘CM ). Plugging this in then yields

b!t+1,v � bvt+1 =

tX

k=1

⌘
X

wt:k2V t�k+1

�(wt:k)(I � ⌘CM )t�kNk,wk

+
tX

k=t�2t?

⌘
X

wt:k2V t�k+1

�(wt:k)⇧�(wt:k+1)Nk,wk

+
t�2t?�1X

k=1

⌘
X

wt:k2V t�k+1

�(wt:k)⇧(wt:k+t?+1)⇧
�(wk+t?:k+1)Nk,wk

+
t�2t?�1X

k=1

⌘
X

wt:k2V t�k+1

�(wt:k)⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

where we split the series off for paths shorter than 2t?. Note for the first and last term above, elements in the series can be
simplified by summing over the nodes in the path. Defining for s � 1 and v, w 2 V the difference �s(v, w) = P s

vw � 1
n ,

we get for the first term when k < t
X

wt:k2V t�k+1

�(wt:k)(I � ⌘CM )t�kNk,wk
=

X

wk2V

⇣ X

wt:k+12V t�k

�(wt:k)
⌘
(I � ⌘CM )t�kNk,wk

=
X

w2V

�t�k(v, w)(I � ⌘CM )t�kNk,w

where
P

wt:k+12V t�k �(wt:k) =
P

wt:k+12V t�k Pvwt:k
�P

wt:k+12V t�k
1

nt�k+1 = P t�k
vw � 1

n = �t�k(v, w). Meanwhile
for the last term we can sum over the last t? nodes in the path wt:k, that is with

X

wk+t?:k+12V t?

�(wt:k) =
X

wk+t?:k+12V t?

Pvwt:k
� 1

nt�k+1

= Pvwt:k+t?+1

X

wk+t?:k+12V t?

Pwk+t?+1:k
�

X

wk+t?:k+12V t?

1

nt�k+1

= Pvwt:k+t?+1
(P t?)wk+t?+1wk

� 1

nt�t?�k+1

= Pvwt:k+t?+1
((P t?)wk+t?+1wk

� 1

n
) +

1

n
(Pvwt:k+t?+1

� 1

nt�k�t?
)

= Pvwt:k+t?+1
�t?(wk+t?+1, wk) +

1

n
�(wt:k+t?+1)

Plugging this in we get for 1  k  t � 2t? � 1
X

wt:k2V t�k+1

�(wt:k)⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

=
X

wk2V

X

wt:k+t?+12V t�t?�k

⇣ X

wk+t?:k+12V t?

�(wt:k)
⌘
⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

=
X

wk2V

X

wt:k+t?+12V t�t?�k

Pvwt:k+t?+1
�t?(wk+t?+1, wk)⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

+
1

n

X

wk2V

X

wt:k+t?+12V t�t?�k

�(wt:k+t?+1)⇧
�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

=
X

wk2V

X

wt:k+t?+12V t�t?�k

Pvwt:k+t?+1
�t?(wk+t?+1, wk)⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

+
X

wt:k+t?+12V t�t?�k

�(wt:k+t?+1)⇧
�(wt:k+t?+1)(I � ⌘CM )t?Nk
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where at the end for the second term we have

1

n

X

wk2v

Nk,wk
= Nk = (CMevt � S?

Mf⇢) � ( bCMevt + bS>
Mby) 8k � 1.

Plugging the above in, using the isometry property (7) and triangle inequality we get

kSM (b!t+1,v � bvt+1)k⇢ 
tX

k=1

⌘
X

w2V

|�t�k(v, w)|kC1/2
M (I � ⌘CM )t�kNk,wk

+

tX

k=t�2t?

⌘
X

wt:k2V t�k+1

|�(wt:k)|kC1/2
M ⇧�(wt:k+1)Nk,wk

k

+

t�2t?�1X

k=1

⌘
X

wt:k2V t�k+1

|�(wt:k)|kC1/2
M ⇧(wt:k+t?+1)⇧

�(wk+t?:k+1)Nk,wk
k

+

t�2t?�1X

k=1

⌘
X

wk2V

X

wt:k+t?+12V t�t?�k

|Pvwt:k+t?+1
�t?(wk+t?+1, wk)|

⇥ kC1/2
M ⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

k

+
t�2t?�1X

k=1

⌘
���

X

wt:k+t?+12V t�t?�k

�(wt:k+t?+1)C
1/2
M ⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk

���

= E1 + E2 + E3 + E4 + E5 (11)

where we have respectively labelled the error terms Ei for i = 1, . . . , 5. We will aim to construct high probability bounds
for each of these error terms within the following sections. This will rely on utilising the mixing properties of P to control
the deviations �s(v, w) for some s � 1 and v, w 2 V , the contractive property of operators C

1/2
M (I � ⌘CM )k for some

k 2 N+ as well as concentration of the error terms Nk,w and Nk for k � 1 and w 2 V . These are summarised within the
following section.

D.2. Preliminary Lemmas

In this section we provide some Lemmas that will be useful for later. We begin with the following that bounds the deviation
�s(v, w) in terms of the second largest eigenvalue in absolute value of P .

Lemma 5 (Spectral Bound) Let s � 1, v 2 V . Then the following holds
X

w2V

|�s(v, w)|  2(
p

n�s
2 ^ 1)

Proof 3 (Lemma 5) Let ev 2 Rn denoting the standard basis with a 1 in the place associated to agent v. Observe that we
can write the deviation in terms of the `1 norm

P
w2V |�s(v, w)| = ke>v P s � 1

n1k1. We immediately have an upper bound
from triangle inequality that

P
w2V |�s(v, w)|  kke>v P sk1 + k 1

n1k1 = 2. Meanwhile, we can also go to the `2 norm
and bound

ke>v P s � 1

n
1k1  p

nke>v P s � 1

n
1k2  p

n�s
2.

The bound is arrived at by taking the maximum between the two upper bounds.

The following Lemma bonds the norm of contractions

Lemma 6 (Contraction) Let L be a compact, positive operator on a separable Hilbert Space H . Assume that ⌘kLk  1.
For t 2 N, a > 0 and any non-negative integer k  t � 1 we have

k(I � ⌘L)t�kLak 
✓

1

⌘(t � k)

◆a

.
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Proof 4 (Lemma 6) The proof in Lemma 15 of (Lin & Rosasco, 2017) considers this result with a = r. The proof for more
general a > 0 follows the same steps.

The following remark will summarise how the above Lemma is applied to control series of contractions.

Remark 5 (Lemma 6) Lemma 6 will be applied to control series of the form ⌘
Pt

k=1 k(I � ⌘L)t�kLak for some t � 3,
most notably with powers a = 1, 1/2. In the case a = 1 we immediately have the bound

⌘
tX

k=1

k(I � ⌘L)t�kLk = ⌘
t�1X

k=1

k(I � ⌘L)t�kLk + ⌘kLk

 ⌘
t�1X

k=1

1

⌘(t � k)
+ ⌘kLk

 5 log(t)

where we have bounded the series
Pt�1

k=1
1

t�k  4 log(t) and ⌘kLk  1. Similarly for a = 1/2 we have

⌘
tX

k=1

k(I � ⌘L)t�kL1/2k  ⌘
t�1X

k=1

1p
⌘(t � k)

+ ⌘kL1/2k

 3
p
⌘t +

p
⌘

 5
p
⌘t

where we have bounded the series
Pt�1

k=1
1p
t�k)

 4
p

t, see for instance Lemma 23 in (Richards & Rebeschini, 2019) with

q = 0, as well as the bound that
p
⌘kL1/2k  1.

Now for � > 0 define the effective dimension associated the feature map �M , that is

NM (�) := Tr
��

LM + �I)�1LM

�
.

Given this, the following Lemma summarises the concentration results used within our analysis.

Lemma 7 (Concentration of Error) Let � 2 (0, 1], n, m, M 2 N+, � > 0 and ⌘2  1. Under assumption 2,3 and 4 we
have with probability greater than 1 � � for 1  k  t

max
w2V

kC�1/2
M,� (CM � bC(w)

M )k  2
⇣ 2

m
p
�

+

r
NM (�)

m

⌘
log

6n

�

max
w2V

kC�1/2
M,� Nk,wk  2

p
B
⇣ p

�m
+

r
2
p

pNM (�)

m

⌘
log

6n

�

+ 4
⇣ 2

m
p
�

+

r
NM (�)

m

⌘⇣
1 +

r
9

M
log

3Mn

�

�p
⌘t _ 1

�⌘
log

6n

�

Meanwhile, under the same assumptions with probability greater than 1 � � for k � 1

kC�1/2
M,� (CM � bCM )k  2

⇣ 2

nm
p
�

+

r
NM (�)

nm

⌘
log

2

�

kC�1/2
M,� Nkk  2

p
B
⇣ p

�nm
+

r
2
p

pNM (�)

nm

⌘
log

6

�

+ 4
⇣ 2

nm
p
�

+

r
NM (�)

nm

⌘⇣
1 +

r
9

M
log

3M

�

�p
⌘t _ 1

�⌘
log

6

�
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The proof for this result is given in Section F.1. Lemma 7 will be used extensively within the following analysis. To save on
the burden of notation we define the following two functions for � > 0, K 2 N+ and � 2 (0, 1]

g(�, K) = 2
⇣ 2

K
p
�

+

r
NM (�)

K

⌘

f(�, K, �) = 2
p

B
⇣ p

�K
+

r
2
p

pNM (�)

K

⌘

+ 4
⇣ 2

K
p
�

+

r
NM (�)

K

⌘⇣
1 +

r
9

M
log

3M

�

�p
⌘t _ 1

�⌘
.

Looking to Lemma 7 we note the function g is associated to the high probability bound on the difference between the
covariance operators, for instance C

�1/2
M,� (CM � bCM ), meanwhile f is associated to the bound on the error terms, for

instance C
�1/2
M,� Nk.

D.3. Bounding E1

The bound for E1 is then summarised within the following Lemma.

Lemma 8 (Bounding E1) Let � 2 (0, 1], n, m, M 2 N+ and ⌘2  1 and t � 2t? � 2 and �, �0 > 0. Under assumption
2,3 and 4 we have with probability greater than 1 � �

E1 
⇣
kC1/2

M,�0k�t?

2 t�1f(�0, m, �/(2n)) + 20 log(t?)(1 _
p
�⌘t?)f(�, m, �/(2n))

⌘
log

12n

�

Proof 5 (Lemma 8) Splitting the series at 1  k  t � t? we have the following

E1 
⇣

max
1kt,w2V

kNk,wk
⌘ t�t?X

k=1

⌘
X

w2V

|�t�k(v, w)|kC1/2
M (I � ⌘CM )t�kk

| {z }
E11

+
⇣

max
1kt,w2V

kC�1/2
M,� Nk,wk

⌘ tX

k=t�t?+1

⌘
X

w2V

|�t�k(v, w)|kC1/2
M (I � ⌘CM )t�kC

1/2
M,�k

| {z }
E12

To bound E11 utilise the mixing properties of the matrix P through Lemma 5. With ⌘2  1 ensuring that ⌘kC1/2
M (I �

⌘CM )t�kk  ⌘kC1/2
M k  p

⌘  �1, we arrive at the bound

E11  �1
t�t?X

k=1

�t�k
2  �t?

2 t�1.

Meanwhile to bound E12 utilise the contraction of the gradients, that is Lemma 6 remark with a = 1/2 and L = CM . WithP
w2V |�t�k(v, w)|  2 this allows us to say

E12  2⌘

tX

k=t�t?+1

kCM (I � ⌘CM )t�kk + 2⌘
p
�

tX

k=t�t?+1

kC1/2
M (I � ⌘CM )t�kk

 20 log(t?)(1 _
p
�⌘t?).

Bounding max1kt,w2V kNk,wk  kC1/2
M,�0kmax1kt,w2V kC�1/2

M,�0 Nk,wk and plugging in high probability bounds for

both max1kt,w2V kC�1/2
M,�0 Nk,wk and max1kt,w2V kC�1/2

M,� Nk,wk from Lemma 7 yields the result.
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D.4. Bounding E2

The bound for this term utilises the following Lemma to bound operator kC1/2
M ⇧�(wt:k)k. To save on national burden, we

define the following random quantity for � > 0

�� := max
v2V

kC�1/2
M (CM � bC(v)

M )k.

We begin with the following Lemma which rewrites the norm of ⇧�(wt:1) for any path wt:1 as a series of contractions.

Lemma 9 Let N 2 RM and wt:1 2 V t and ⌘2  1. Then for u 2 [0, 1/2]

kC1/2�u
M ⇧�(wt:1)Nk  2⌘��kNk

tX

`=1

kC1/2�u
M (I � ⌘CM )t�`C

1/2
M,�k

Given this Lemma we present the high probability bound for E2.

Lemma 10 (Bounding E2) Let � 2 (0, 1], n, m, M 2 N+ and ⌘2  1 and t � 2t? � 2 and �, �0 > 0. Under assumption
2,3 and 4 we have with probability greater than 1 � �

E2  40kC1/2
M,�0k⌘t? log(t)(1 _

p
�⌘t) log2 12n

�
g(�, m)f(�0, m, �/(2n))

Proof 6 (Lemma 10) Using Lemma 9 with u = 0 we have for any t � k � t � 2t? and wt:k 2 V t�k+1

kC1/2
M ⇧�(wt:k+1)Nk,wk

k  2⌘��kNk,wk
k

t�kX

`=1

kC1/2
M (I � ⌘CM )t�k�`C

1/2
M,�k

 2⌘��kNk,wk
k
⇣ t�kX

`=1

kCM (I � ⌘CM )t�k�`k +
p
�

t�kX

`=1

kC1/2
M (I � ⌘CM )t�k�`k

⌘

 20⌘��kNk,wk
k log(t)(1 _

p
�⌘t)

where we applied Lemma 6 remark 5 to the bound the series of contractions. The case k = t the above quantity is zero. WithP
wt:k2V t�k+1 |�(wt:k)|  2 this leads to the error term being bounded

E2  40�� log(t)(1 _
p
�⌘t)⌘t?

⇣
max

1kt,w2V
kNk,wk

⌘
.

The final bound is arrived at by bounding for �0 > 0 the error term in the brackets as max1kt,w2V kNk,wk 
kC1/2

M,�0kmax1kt,w2V kC�1/2
M,�0 Nk,wk, and plugging in high probability bounds for max1kt,w2V kC�1/2

M,�0 Nk,wk and
�� from Lemma 7, with a union bound.

D.5. Bounding E3

The bound for this error term is similar to E2 and will be presented within the following Lemma.

Lemma 11 (Bounding E3) Let � 2 (0, 1], n, m, M 2 N+ and ⌘2  1 and t � 2t? � 2 and �, �0 > 0. Under assumption
2,3 and 4 we have with probability greater than 1 � �

E3  24kC1/2
M kkC1/2

M,�0k(⌘t)
p
⌘t?

�
1 _

p
�⌘t?

�
log2 12n

�
g(�, m)f(�0, m, �/(2n))

Proof 7 (Lemma 11) For 1  k  t � 2t? � 1 and wt:k 2 V t�k+1 use Lemma 9 with u = 1/2 as well as ⌘2  1 to
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bound with � > 0

kC1/2
M ⇧(wt:k+t?+1)⇧

�(wk+t?:k+1)Nk,wk
k

 kC1/2
M kk⇧�(wk+t?:k+1)Nk,wk

k

 2⌘kC1/2
M k��kNk,wk

k
t?X

`=1

k(I � ⌘CM )t?�`C
1/2
M,�k

 2kC1/2
M k��kNk,wk

k
⇣
⌘

t?X

`=1

k(I � ⌘CM )t?�`C
1/2
M k +

p
�⌘t?

⌘

 12kC1/2
M k��kNk,wk

kp⌘t?(1 _
p
�⌘t?)

where we have bounded the series of contractions using Lemma 6 remark 5 once again. With
P

wt:k2V t�k+1 |�(wt:k)|  2,
plugging in the above yields the bound for E3

E3  24kC1/2
M k(⌘t)p⌘t?��(1 _

p
�⌘t?)

⇣
max

1kt,w2V
kNk,wk

⌘
.

The final bound is arrived at by bounding �� and
⇣

max1kt,w2V kNk,wk
⌘

in an identical manner to Lemma 10 for error
term E2.

D.6. Bounding E4

This term will be controlled through the convergence of P t? to the stationary distribution. It is summarised within the
following Lemma.

Lemma 12 (Bounding E4) Let � 2 (0, 1], n, m, M 2 N+ and ⌘2  1 and t � 2t? � 2 and � > 0. Under assumption
2,3 and 4 we have with probability greater than 1 � �

E4  4kC1/2
M,�k

�p
n�t?

2 ^ 1
�
(⌘t) log

6n

�
f(�, m, �/n)

Proof 8 (Lemma 12) Begin by bounding for t � 2t? � 1 � k � 1 , wk 2 V and wt:k+t?+1 2 V t�t?�k the following

kC1/2
M ⇧�(wt:k+t?+1)(I � ⌘CM )t?Nk,wk

k  2kC1/2
M kkNk,wk

k.

Furthermore, we can bound the summation over paths by the deviation of the form
P

w2V |�t?(v, w)| and use Lemma 5
thereafter to arrive at

X

wk2V

X

wt:k+t?+12V t�t?�k

|Pvwt:k+t?+1
�t?(wk+t?+1, wk)| =

X

wt:k+t?+12V t�t?�k

|Pvwt:k+t?+1
|
⇣ X

wk2V

|�t?(wk+t?+1, wk)|
⌘

 max
u2V

⇣ X

w2V

|�t?(u, w)|
⌘⇣ X

wt:k+t?+12V t�t?�k

|Pvwt:k+t?+1
|
⌘

= max
u2V

⇣ X

w2V

|�t?(u, w)|
⌘

 2
�p

n�t?

2 ^ 1
�
.

Bringing everything together yields the following bound for E4

E4  2
�p

n�t?

2 ^ 1
�
(⌘t)

⇣
max

1kt,w2V
kNk,wk

⌘
(12)

Plugging in high probability bounds for max1kt,w2V kNk,wk following Lemma 10 for error term E2 then yields the
bound.
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D.7. Bounding E5

The summation over paths in this case is decoupled from the error. This allows for a more sophisticated bound to be applied,
which considers the deviation of the iterates from the average. The following Lemma effectively bounds the norm ofP

wt:12V t �(wt:1)⇧
�(wt:1), which involves a sum over the paths wt:1.

Lemma 13 Let N 2 RM , wt:1 2 V t and �i � 0 for i 2 {1, 2, 3}. Then,

k
X

wt:12V t

�(wt:1)C
1/2
M ⇧�(wt:1)Nk  4⌘��1

kNk
tX

k=1

kC1/2
M (I � ⌘ bCM )t�kC

1/2
M,�1

k(�t�k+1
2 ^ 1)

+ 8⌘2��2��3kNk
tX

k=2

k�1X

`=1

kC1/2
M (I � ⌘ bCM )t�kC

1/2
M,�2

kk(I � ⌘ bCM )k�1�`C
1/2
M,�3

k(�k�`
2 ^ 1)

The bound for this error term is then summarised within the following Lemma.

Lemma 14 (Bounding E5) Let � 2 (0, 1], n, m, M 2 N+ and ⌘2  1 and t � 2t? � 2 and �0, �i > 0 for i = 1, . . . , 3.
Under assumption 2,3 and 4 and if 92

M log M
�  �i for i = 1, 2 then with probability greater than 1 � 8�

E5  E51 + E52

where

E51  84kC1/2
M C

1/2
M,�1

kkC1/2
M,�0k⌘t(1 _ �t?

2 ⌘t _ �1⌘t
?) ⇥ g(�1, m)f(�0, nm, �) log(t) log2 6n

�

E52  160kC1/2
M,�0kkC1/2

M,�3
k(⌘t)(1 _ �2⌘t)(�

t?

2 ⌘t _ ⌘t?) ⇥ g(�2, m)g(�3, m)f(�0, nm, �) log(t) log3 6n

�

Proof 9 (Lemma 14) Applying for 1  k  t � 2t? � 1 Lemma 13 with N = (I � ⌘CM )t?Nk = N 0
k, and wt:k+t?+1 2

V t�t?�k to elements within the series of E5 we arrive at

E5  4
t�2t?�1X

k=1

⌘2��1
kN 0

kk
t�t?�kX

`=1

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�1

k
�
�t�t?�k�`+1

2 ^ 1
�

+ 8
t�2t?�1X

k=1

⌘3��2
��3

kN 0
kk

t�t?�kX

`=2

`�1X

j=1

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�2

k

⇥ k(I � ⌘ bCM )`�j�1C
1/2
M,�3

k(�`�j
2 ^ 1)

= E51 + E52

where we have labelled the remaining error terms E51, E52. Each of these terms are now bounded.

To bound the first term E51, begin by for 1  k  t � 2t? � 1 splitting the series at 1  `  t � 2t? � k to arrive at

⌘
t�t?�kX

`=1

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�1

k
�
�t�t?�k�`+1

2 ^ 1
�

 kC1/2
M C

1/2
M,�1

k⌘
t�2t?�kX

`=1

�
�t�t?�k�`+1

2 ^ 1
�

+ ⌘
t�t?�kX

`=t�2t?�k

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�1

k

 kC1/2
M C

1/2
M,�1

k⌘
t�2t?�kX

`=1

�
�t�t?�k�`+1

2 ^ 1
�

+ ⌘kC1/2
M

bC�1/2
M,�1

kk bC�1/2
M,�1

C
1/2
M,�1

k
t�t?�kX

`=t�2t?�k

k bC1/2
M,�1

(I � ⌘ bCM )t�t?�k�` bC1/2
M,�1

k

 kC1/2
M C

1/2
M,�1

k�t?

2 ⌘t + 10kC1/2
M

bC�1/2
M,�1

kk bC�1/2
M,�1

C
1/2
M,�1

k log(t)(1 _ �1⌘t
?)
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where for the first series used that �t�t?�k�`+1
2  �t?

2 from `  t � 2t? � k meanwhile for the second series

⌘
t�t?�kX

`=t�2t?�k

k bC1/2
M,�1

(I � ⌘ bCM )t�t?�k�` bC1/2
M,�1

k  ⌘
t�t?�kX

`=t�2t?�k

k bCM (I � ⌘ bCM )t�t?�k�`k + ⌘�1

t�t?�kX

`=t�2t?�k

k(I � ⌘ bCM )t�t?�k�`k

 5 log(t) + 5�1⌘t
?

to which we applied Lemma 6 remark 5 to bound the series of contractions. This leads to the bound for E51

E51  4��1
⌘t
⇣
kC1/2

M C
1/2
M,�1

k�t?

2 ⌘t + 10kC1/2
M

bC�1/2
M,�1

kk bC�1/2
M,�1

C
1/2
M,�1

k log(t)(1 _ �1⌘t
?)
⌘�

max
1kt

kN 0
kk
�
.

Provided 92

M log M
�  �1 we have from Lemma 3 in (Carratino et al., 2018) that with probability greater than 1 � �

kC1/2
M

bC�1/2
M,�1

kk bC�1/2
M,�1

C
1/2
M,�1

k  k bC�1/2
M,�1

C
1/2
M,�1

k2  2.

Meanwhile for �0 > 0, we can bound max1kt kN 0
kk  kC1/2

M,�0kmax1kt kC�1/2
M,�0 N 0

kk 
kC1/2

M,�0kmax1kt kC�1/2
M,�0 Nkk. The bound is arrived at by also plugging in high probability bounds for kC�1/2

M,�0 Nkk and
��1 from Lemma 7.

Finally to bound E52. Begin by bounding for 1  k  t � 2t? � 1 as well as 2  `  t? the series as

`�1X

j=1

k(I � ⌘ bCM )`�jC
1/2
M,�3

k(�`�j
2 ^ 1)  kC1/2

M,�3
kt?.

Meanwhile for t? + 1  `  t � t? � k we can split the series as 1  j  `� t?

`�1X

j=1

k(I � ⌘ bCM )`�jC
1/2
M,�3

k(�`�j
2 ^ 1)

 kC1/2
M,�3

k
`�t?X

j=1

(�`�j
2 ^ 1) +

`�1X

j=`�t?+1

k(I � ⌘ bCM )`�jC
1/2
M,�3

k

 kC1/2
M,�3

k(�t?

2 t + t?)

where for the first series we applied j  `� t? to say �`�j
2  �t?

2 , and for the second simply summed up the t? terms after
bounding k(I � ⌘ bCM )`�jC

1/2
M,�3

k  kC1/2
M,�3

k. Plugging in the above bound for all 2  `  t � t? � k we arrive at the
following bound for E52

E52  8��2��3

�
max
1kt

kN 0
kk
�
kC1/2

M,�3
k(�t?

2 ⌘t + ⌘t?)

t�2t?�1X

k=1

⌘2
t�t?�kX

`=2

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�2

k

For 1  k  t � 2t? � 1 the series of contractions over ` can be bounded using Lemma 6 remark 5 in a similar manner to
previously as

⌘

t�t?�kX

`=2

kC1/2
M (I � ⌘ bCM )t�t?�k�`C

1/2
M,�2

k  kC1/2
M

bC�1/2
M,�2

kk bC�1/2
M,�2

C
1/2
M,�2

k10 log(t)(1 _ �2⌘t).

Summing up the remaining series for over k, using that kC1/2
M

bC�1/2
M,�2

kk bC�1/2
M,�2

C
1/2
M,�2

k  2 from 92

M log M
�  �2, plugging

in high probability bounds for max1kt kN 0
kk from the the error term E51, as well as high probability bounds for ��2

,��3

from Lemma 7 yields the bound.

E. Final bounds
In this section we bring together the high probability bounds for the Statistical Error and Distributed Error. This section is
then as follows. Section E.1 provides the proof for Theorem 1. Section E.2 gives the proof for Theorem 1.
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E.1. Refined Bound (Theorem 2)

In this section we give conditions under which we obtained a refined bound.

Proof 10 (Theorem 2) Fixing � 2 (0, 1] and a constant cunion > 1, assume that

⌘t = (nm)
1

2r+�

M �
⇣
(nm)

1+�(2r�1)
2r+�

⌘
_
⇣
⌘t log

60n2(⌘t _ M)cunion

�

⌘

t? � 2
log(nmt)

1 � �2

m �
⇣
(1 _ (⌘t?))2r+�n2r/�

⌘
_
⇣
(1 _ (⌘t?))2n

⌘
_
⇣
(1 _ ⌘t?)

(1+�)(2r+�)
2(r+��1) n

(r+1)
(r+��1)

⌘

Now, consider the error decomposition given (8), to arrive at the bound

E(ft+1,v) � E(fH)  2 kSM b!t+1,v � SMbvtk2
⇢| {z }

(Network Error)2

+2 kSMbvt � Pf⇢k2
⇢| {z }

(Statistical Error)2

.

Begin by bounding the statistical error by using Lemma 4. Using Assumption 5 to bound N ( 1
⌘t )  Q2(⌘t)� , and noting that

M � (4 + 18⌘t2) log 602⌘t
� is satisfied, allows us to upper bound with probability greater than 1 � �

kSMbvt � Pf⇢k2
⇢  (nm)�2r/(2r+�)

⇣
c2
1

⇣
1 _ (⌘t) log 3M

�

M

⌘
(1 _ Q2) log2(t) log2

⇣12

�

⌘
+ c2

3

⌘

+ c2
2

⇣ 1

M2r
_ Q2

M(nm)(1��)(2r�1)/(2r+�)

⌘
log2(1�r)(112⌘t) log2

�6

�

�

The quantity within the brackets for second term is then upper bounded 1
M(nm)(1��)(2r�1)/(2r+�)  (nm)�2r/(2r+�) provided

M � (nm)
1+�(2r�1)

2r+� , which is satisfied as an assumption in the Theorem. This results in an upper bound on the statistical
error that is, up to log factors, decreasing as (nm)�2r/(2r+�) in high probability.

We now proceed to bound the Network Error Term. Begin by considering error decomposition given in (11) into the terms
E1, E2, E3, E4, E5, in particular by applying the inequality (a + b)2  2a2 + 2b2 multiple times we get

kSM b!t+1,v � SMbvtk2
⇢  2E2

1 + 4E2
2 + 8E2

3 + 16E2
4 + 32E2

5,

and thus it is sufficient to show each of these terms is decreasing as (nm)�2r/(2r+�) in high probability. Before doing so we
note Lemma 4 in (Carratino et al., 2018) states for any � > 0 that if

M �
�
4 +

182

�

�
log

122

��

then with probability greater than 1 � � we have NM (�)  qN (�) where q = max
�
2.55, 22

kLk
�
. We note this is satisfied

with both � = (⌘t)�1, (1 _ (⌘t?))�1 by the assumptions within the Theorem, and as such, we can interchange from NM (�)
to N (�) with at most a constant cost of q.

We begin by bounding E2
1 by considering Lemma 8 with �0 = 2 and � = (1 _ ⌘t?)�1, which leads to with probability

greater than 1 � �

E2
1 

⇣
2kC1/2

M,�0k2�2t?

2 t2�2(f(�0, m, �/(2n)))2 + 40 log2(t?)(f(�, m, �/(2n)))2
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�

Now due to t? � 2 log(nmt)
1��2

� 2 log(nmt)
� log(�2)

(the second inequality arising from log(x) � 1 � x�1 for x � 0) we have

�t?

2  (tnm)�2. As such with the fact that f(2, m, �/(2n)) . m�1/2 in high probability, the first term above is
decreasing, upto logarithmic factors, as (nm)�2r/(2r+�). Meanwhile for the second term we have that

f((1 _ ⌘t?)�1, m, �/2)2  a2
1

� (1 _ ⌘t?)
m2

_ (1 _ ⌘t?)�
m

��
1 _ 3(⌘t _ 1)

M
log

6Mn

�
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for the constant a1 = 64
⇣p

B( _
pp

pq)
⌘
_
�
 _ p

q
�
. For E2

1 to be decreasing at the rate (nm)�2r/(2r+�), up to

logarithmic factors, we then require (1_⌘t?)�

m  (nm)�2r/(2r+�) which is satisfied when m � (1 _ (⌘t?))2r+�n2r/� .

Proceed to bound E2
2 by considering Lemma 10 with � = 1/(⌘t) and �0 = 2 to arrive at with probability greater than

1 � �

E2
2  4022kC1/2

M,�0k2 log2(t)(⌘t?)2(g(�, m))2(f(�0, m, �/(2n)))2 log4 12n

�

As discussed previously, we have with high probability that (f(2, m, �/(2n)))2 . 1/m, meanwhile

g((⌘t)�1, m)2  a2
2

� ⌘t
m2

_ (⌘t)�

m

�

where a2 = 8( _ p
q). As such for E2

2 to be decreasing at the rate (nm)�2r/(2r+�) we require (⌘t)�(1_⌘t?)2

m2 
(nm)�2r/(2r+�) which, plugging in ⌘t = (nm)1/(2r+�) is satisfied when m � (1 _ ⌘t?)2n.

Bounding E3 using Lemma 11 with � = (1 _ (⌘t?))�1 and �0 = 2 we have with probability greater than 1 � �

E2
3  242kC1/2

M k2kC1/2
M,�0k2(⌘t)2(⌘t?)(g(�, m))2(f(�0, m, �/(2n)))2 log4 12n

�
.

Following the steps for E2, we have with high probability that f(2, m, �/(2n))2 . 1/m, meanwhile g((1_(⌘t?))�1, m) .
(1_⌘t?)�/m. As such for E2

3 to be decreasing with the rate (nm)�2r/(2r+�) we require (⌘t)2(1_⌘t?)1+�

m2  (nm)�2r/(2r+�),

which is satisfied when r + � > 1 and m � (1 _ ⌘t?)
(1+�)(2r+�)
2(r+��1) n

(r+1)
(r+��1) .

Now to bound E4 we consider Lemma 12 with � = 2 to arrive at with probability greater than 1 � �

E2
4  16kC1/2

M,�k2(n�2t?

2 ^ 1)(⌘t)2 log2
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�

⌘
(f(�, m, �/n))2.

Following the previous analysis we know with high probability (f(�, m, �/n))2 = eO(1/m) and that t? is such that
�t?

2  (tnm)�2. Combining these two facts we have that E2
4 is of the order (nm)�2r/(2r+�) with high probability.

The bound for E2
5 is naturally split across the terms E51, E52 from Lemma 14. In particular we have that

E2
5  2E2

51 + 2E2
52

The remainder of the proof then shows each of the terms above are decreasing at the rate (nm)�2r/(2r+�) in high probability
by using the bounds provided within Lemma 14. We note the condition 92

M log M92

�  �i for i = 1, 2 is satisfied for
�1 = (1 _ (⌘t?))�1 and �2 = (⌘t)�1 by the assumptions.

Consider the bound for E51 with �1 = (1 _ (⌘t?))�1 and �0 = 2, so we have with probability greater than 1 � �

E2
51  842kC1/2
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�
.

From previously we have that t? so that �t?

2  (tnm)�2 and thus �t?

2 ⌘t  1. Meanwhile following steps from previously
we have (g(�1, m))2 . (1 _ (⌘t?))�/m as well as with high probability (f(�0, nm, �))2 . (nm)�1. As such we require
(⌘t)2(1_(⌘t?))�

m(nm)  (nm)�2r/(2r+�) which is satisfied when r + � > 1 and m � n
2��
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implied by the assumption that m � (1 _ ⌘t?)
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(r+��1) and r + � � 1.

Finally to bound E52 consider the bound given with �2 = (⌘t)�1, and �3 = �0 = 2 to arrive at with probability greater
than 1 � �
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Once again �t?

2  (tnm)�2 ensures �t?

2 ⌘t  (1_ ⌘t?). Meanwhile we have (g(�2, m))2 . (⌘t)�/m, (g(�3, m))2 . 1/m
and with high probability (f(�0, nm, �/8))2 . 1/(nm). As such to ensure this term is sufficiently small we require
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(⌘t)2+�(1_⌘t?)2

m2(nm)  (nm)�2r/(2r+�), which satisfied if m � n
1

2r+� (1 _ (⌘t?))
2r+�

2r+��1 . This then being implied by m �
(1 _ ⌘t?)

(1+�)(2r+�)
2(r+��1) n

(r+1)
(r+��1) since r+1

r+��1 � 1
2r+� and (1+�)(2r+�)

2(r+��1) � 2r+�
2r+��1 . The second inequality arising from the

observation that 1
2(r+��1) � 1

2(r+��1)+1�� = 1
2r+��1 .

Each of the bounds for E2
i for i = 1, . . . , 5 hold in high probability, and as such, can be combined with a union bound. This

incurs at most a logarithmic factor in the bound, with the number of unions applied being upper bounded by the constant
cunion > 1 chosen at the start.

E.2. Worst Case (Theorem 1)

Consider the refined bound in Theorem 2 with r = 1/2 and � = 1.

E.3. Leading Order Error Terms (Theorem 3)

Follow the proof of Theorem 2, where the error is decomposed into the following terms

E(ft+1,v) � E(fH)  (Network Error)2 + (Statistical Error)2.

The statistical error follows (Carratino et al., 2018) and, in our work, is summarised within Lemma 4 to be upto logarithmic
factors in high-probability

(Statistical Error)2 .
�
1 _ ⌘t

M

� (⌘t)�

nm| {z }
Sample Variance

+
1

M(⌘t)(1��)(2r�1)

| {z }
Random Fourier Error

+
1

(⌘t)2r

| {z }
Bias

.

Meanwhile the network error is bounded into terms

(Network Error)2 . E2
1 + E2

2 + E2
3 + E2

4 + E2
5

where high-probability bounds from Section D are used. In particular, the bounds each term are, up to logarithmic factors, in
high probability

E2
1 . (⌘t?)�

m

E2
2 . (⌘t?)2(⌘t)�

m2

E2
3 . (⌘t)2(⌘t?)1+�

m2

E2
4 . n�2t?

2 (⌘t)2

m

E2
5 . (⌘t)2(1 _ (⌘t?))�

m(nm)
+

(⌘t)2+�(1 _ ⌘t?)2
m2(nm)

The leading order terms are then defined as E2
1 and E2

3.

F. Proofs of Auxiliary Lemmas
In this section we provide the proofs of the auxiliary lemmas. This section is then as follows. Section F.1 provides the proof
for Lemma 7. Section F.2 provides the proof of Lemma 9. Section F.3 provides the proof of Lemma 13.

F.1. Concentration of Error terms (Lemma 7)

Proof 11 (Lemma 7) Fix w 2 V . We begin by collecting the necessary concentration results. Following Lemma 18 in (Lin
& Cevher, 2018) with T⇢, Tx swapped for CM , bC(w)

M respectively (or Proposition 5 in (Rudi & Rosasco, 2017)) we have
with probability greater than 1 � �

kC�1/2
M,� (CM � bC(w)

M )k  2
⇣ 2

m
p
�

+

r
NM (�)

m

⌘
log

2

�
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From Lemma 2 in (Carratino et al., 2018) under assumptions 2 and 3 we have with probability greater than 1 � � for all
t � 1

kevt+1k  2R2r�1
⇣
1 +

r
92

M
log

M

�
max

⇣p
⌘t, �1

⌘⌘
.

Meanwhile from Lemma 6 in (Rudi & Rosasco, 2017) under assumption 2 and 4 we have with probability greater than 1� �

kC�1/2
M,� (bS(w)>

M by � S?
Mf⇢)k  2

p
B
⇣ p

�m
+

r
2
p

pNM (�)

m

⌘
log

2

�

Considering kC�1/2
M,� Nk,wk, using triangle inequality and plugging the above bounds with a union bound, we have with

probability greater than 1 � �

kC�1/2
M,� Nk,wk  kC�1/2

M,� (CM � bC(w)
M )kkevt+1k + kC�1/2

M,� (bS(w)?
M by � S?

Mf⇢)k

 2
⇣ 2

m
p
�

+

r
NM (�)

m

⌘
log

6

�

⇣
1 +

r
92

M
log

3M

�
max

⇣p
⌘t, �1

⌘⌘

+ 2
p

B
⇣ p

�m
+

r
2
p

pNM (�)

m

⌘
log

6

�
.

Now a bound over the maximum maxw2V kC�1/2
M,� Nk,wk is obtained by taking a union bound over w 2 V . Meanwhile, an

identical set of steps with bC(w)
M , bS(w),>

M swapped for bCM , bSM yields the bound for kC�1/2
M,� Nkk and kC�1/2

M,� (CM � bCM )k.

F.2. Difference between Product of Empirical and Population Operators (Lemma 9)

In this section we provide the proof for Lemma 9.

Proof 12 (Lemma 9) Begin by writing the quantity ⇧�(wt:1)N using two auxiliary sequences. Initialized at �1 = �01 = N
and updated for t � s � 1 we have

�0s+1 = (I � ⌘ bC(ws)
M )�0s = ⇧(ws:1)N

�s+1 = (I � ⌘CM )�s = (I � ⌘CM )sN

We can then write the difference as between these two sequences as the recursion

�0s+1 � �s+1 = (I � ⌘CM )(�0s � �s) + ⌘
�
CM � bC(ws)

M

 
�0s

= (I � ⌘CM )s(�01 � �1) +

sX

`=1

⌘(I � ⌘CM )s�`
�
CM � bC(w`)

M

 
�0`

=
sX

`=1

⌘(I � ⌘CM )s�`
�
CM � bC(w`)

M

 
�0`.

We then have

kC1/2�u
M ⇧�(wt:1)Nk = kC1/2�u

M (�0t+1 � �t+1)k

= k
tX

`=1

⌘C
1/2�u
M (I � ⌘CM )t�`

�
CM � bC(w`)

M

 
�0`k


tX

`=1

⌘kC1/2�u
M (I � ⌘CM )t�`C

1/2
M,�kkC

�1/2
M,� (CM � bC(w`)

M )kk�0`k

 ��kNk
tX

`=1

⌘kC1/2�u
M (I � ⌘CM )t�`C

1/2
M,�k

where we have taken out the maximum over the w` 2 V for kC�1/2
M,� (CM,� � bC(w`)

M )k and simply bounded k�0`k =

k(I � ⌘ bC(w`�1)
M )�0`�1k  k�0`�1k  kNk from ⌘2  1.
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F.3. Convolution of Difference between Product of Empirical and Population Operators (Lemma 13)

This section provides the proof of Lemma 13.

Proof 13 (Lemma 13) Begin by observing that this quantity can be written as
X

wt:12V t

�(wt:1)⇧
�(wt:1)N =

X

wt:12V t

�(wt:1)⇧(wt:1)N �
X

wt:12V t

�(wt:1)(I � ⌘CM )tN

=
X

wt:12V t

�(wt:1)⇧(wt:1)N

since
P

wt:12V t �(wt:1) = 0. Now introduce the following auxiliary variables. Initialized as �1,w = �01,w = N for all
w 2 V we update the sequences for t � s � 1

�s+1,v =
X

w2V

Pvw(I � ⌘ bC(w)
M )�s,w =

X

ws:12V s

Pvws:1
⇧(ws:1)N (13)

�0s+1,v =
X

w2V

1

n
(I � ⌘ bC(w)

M )�0s,w =
X

ws:12V s

1

ns
⇧(ws:1)N.

The quantity bounded within Lemma 13 can then be seen as the difference

kC1/2
M (�t+1,v � �0t+1,v)k =

���
X

wt:12V t

�(wt:1)C
1/2
M ⇧(wt:1)N

���.

Introducing the auxiliary sequence {�0s}s�1 independent of the agents. Also initialised �01,w = N =: �01 for all w 2 V we
have due to averaging over all of the agents uniformly �02,w = �02 = (I � ⌘ bCM )N for all w 2 V . Applying this recursively
we have for s � 1 and v 2 V

�0s+1,v = �0s+1 = (I � ⌘ bCM )sN.

Combined with the fact that the iterates {�s,v}s2[t],v2V can be written and unravelled

�t+1,v =
X

w2V

Pvw

�
(I � ⌘ bCM )�t,w + ⌘

� bCM � bC(w)
M

 
�t,w

�

= (I � ⌘ bCM )tN + ⌘
tX

k=1

X

w2V

(P t�k+1)vw(I � ⌘ bCM )t�k
� bCM � bC(w)

M

 
�k,w,

means the difference is written as

�t+1,v � �0t+1,v = ⌘
tX

k=1

X

w2V

(P t�k+1)vw(I � ⌘ bCM )t�k
� bCM � bC(w)

M

 
�k,w.

To analyse the difference �t+1,v � �0t+1,v we then consider the following decomposition where we denote the network
averaged iterates �t = 1

n

P
w2V �t,w

kC1/2
M (�t+1,v � �0t+1,v)k  kC1/2

M (�t+1,v � �t+1)k| {z }
Term 1

+ kC1/2
M (�t+1 � �0t+1)k| {z }

Term 2

(14)

It is clear the network average can be written using the fact that the communication matrix P is doubly stochastic i.e.P
v2V P t�k+1

vw = 1 as follows

�t+1 � �0t+1 =
1

n

X

v2V

�t+1,v � �0t+1 = ⌘
tX

k=1

1

n

X

w2V

(I � ⌘ bCM )t�k
� bCM � bC(w)

M

 
�k,w.
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When taking the difference we then arrive at

�t+1,v � �0t+1 � (�t+1 � �0t+1) = ⌘

tX

k=1

X

w2V

((P t�k+1)vw � 1

n
)(I � ⌘ bCM )t�k

� bCM � bC(w)
M

 
�k,w

We can then bound Term 1 with �1 > 0

kC1/2
M (�t+1,v � �t+1)k

 ⌘
tX

k=1

X

w2V

|(P t�k+1)vw � 1

n
|kC1/2

M (I � ⌘ bCM )t�kC
1/2
M,�1

kkC�1/2
M,�1

� bCM � bC(w)
M

 
kk�k,wk

 2⌘��1kNk
tX

k=1

kC1/2
M (I � ⌘ bC1/2

M )t�kC
1/2
M,�1

k
� X

w2V

|(P t�k+1)vw � 1

n
|
�

 4⌘��1
kNk

tX

k=1

kC1/2
M (I � ⌘ bCM )t�kC

1/2
M,�1

k(�t�k+1
2 ^ 1)

where we have used that k�s+1,vk  P
w2V Pvwk(I � ⌘ bC(w)

M )�s,wk  P
w2V Pvwk�s,wk  kNk as well as

kC�1/2
M,�1

( bCM � bC(w)
M )k  kC�1/2

M,�1
( bCM � CM )k + kC�1/2

M,�1
(CM � bC(w)

M )k

 1

n

X

v2V

kC�1/2
M,�1

(CM � bC(v)
M )k + kC�1/2

M,�1
(CM � bC(w)

M )k

 2��1

in addition to Lemma 5 to bound
P

w2V |(P t�k+1)vw � 1
n | =

P
w2V |�t�k+1(v, w)|.

To bound Term 2 we note that we can rewrite

�t+1 � �0t+1 = ⌘

tX

k=2

1

n

X

w2V

(I � ⌘ bCM )t�k
� bCM � bC(w)

M

 
(�k,w � �k).

where 1
n

P
w2V (I � ⌘ bCM )t�k

� bCM � bC(w)
M

 
�k = 0 for k � 1. Applying triangle inequality as well as similar step to

previously, we get with �2, �3 � 0

kC1/2
M (�t+1 � �0t+1)k  ⌘

tX

k=2

kC1/2
M (I � ⌘ bCM )t�kC

1/2
M,�2

k 1

n

X

w2V

kC�1/2
M,�2

( bCM � bC(w)
M )kk�k,w � �kk

 8⌘2��2
��3

kNk
tX

k=2

k�1X

`=1

kC1/2
M (I � ⌘ bCM )t�kC

1/2
M,�2

kk(I � ⌘ bCM )k�1�`C
1/2
M,�3

k(�k�`
2 ^ 1)

where we plugged in the bound from Term 1 for the deviation k�k,w � �kk for k � 2.
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Abstract

Motivated by the setting of distributed multi-task learning, we consider the basic problem of
simultaneously recovering a collection of sparse signals from distributed measurements whose
similarity structure is encoded in tree-graph topology. We analyse the case where each node is
associated with finding the sparse solution of an under-determined system of linear equations, and
edges join two nodes if the difference of their solutions is also sparse. We propose a method based
on Basis Pursuit Denoising with a total variation penalty, and provide finite sample guarantees
for sub-Gaussian matrices. Taking the root of the tree as a reference node, we show that if the
sparsity of the differences across nodes is smaller than the sparsity at the root, then recovery is
successful with fewer samples than by solving the problems independently, or by using methods
that rely on a large overlap in the signal supports, such as the group Lasso. We consider both the
noiseless and noisy setting, and numerically investigate the performance of distributed methods
based on Distributed Alternating Direction Methods of Multipliers (ADMM) and hyperspectral
unmixing.

1 Introduction
Signal processing and machine learning increasingly work with high-dimensional datasets where the
number of covariates exceeds the number of samples. To be both statistically and computationally
efficient in this setting, it is important to develop approaches that can exploit the structure within
the data. A natural assumption in this case is that the data is sparse in some sense. For instance,
in compressed sensing [16], the data is assumed to be generated from a sparse signal. Meanwhile in
statistics, a subset of features is assumed to be responsible for determining the outcome of interest.

Graphs provide a flexible way to represent relationships between data. In distributed machine
learning, graphs are particularly convenient as they can encode both the network used by devices
to communicate, as well as potential statistical correlations between data assigned to each device.
Tree graphs, in particular, are then fundamental primitives which are often used to understand
the behaviour of more general graphs. For instance, spanning trees have recently been used used
to prove lower bounds for distributed optimisation algorithms [48, 49] and approximating graph
metrics [2, 19], the latter of which has lead to efficient linear time algorithms for both total variation
denoising [29, 33, 44] and solving linear equations with Laplacian matrices [51, 57].

1Department of Statistics, University of Oxford, 24-29 St Giles’, Oxford, OX1 3LB
2Department of Statistics and Data Science, Yale University, 24 Hillhouse Ave., New Haven, CT 06510
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In this work we consider a collection of standard linear sparse recovery problems, or tasks, that
are related through a tree graph. Specifically, each node is associated with the task of finding the
sparse solution to a system of under determined linear equations, and an edge joins two nodes (or
tasks) if the difference between the solutions to their equations is also sparse. We aim to find a
sparse solution by jointly solving these systems of linear equations whilst minimising an appropriate
norm across the problems.

Previous works [55, 54, 31, 64, 41, 40, 42, 28] that have considered joint penalisation schemes
over a collection of sparse models typically assume that the support associated to each node satisfies
an incoherence condition independent of the other nodes [40, 42, 28]. This assumption leads to
sub-optimal sample complexities in our setting as the size of the support associated to each node
can be large from accumulating the differences associated to the edges in the graph. This arises from
the group lasso penalty [55, 64, 28] postulating a simultaneous sparse structure where models share
non-zero co-ordinates, and thus, the matrix of coefficients is block-sparse. Such an assumption is not
implied when the differences between model coefficients are sparse. Our work therefore addresses the
following question, which does not seem to have been previously considered in the literature: Can
we prove statistical savings if nodes do not satisfy an incoherence conditions with their support?

1.1 Our Contribution
We consider a total variation scheme that penalises differences between nodes that share an edge.
This scheme encodes the intuition that if the signal differences are sufficiently sparse then, to recover
all signals in the graph, it is more statistically efficient to first recover a single signal associated
to a particular reference node (root) and then recover the signal differences associated to edges.
Following the Basis Pursuit algorithm [6], we consider the solution that minimises the `1 norm of
the model associated to a root node of the tree and the differences between models that share an
edge. A noisy variant similar to Basis Pursuit Denoising [11] is also considered, where the linear
constraint is substituted for a bound on the `2 norm of the residuals. The latter approach being
applied within the context of hyperspectral data [27, 17].

Given this framework and assuming sub-Gaussian matrices, we show that statistical savings can
be achieved by jointly solving a collection of sparse recovery problems as opposed to solving them
either independently or with methods that consider the union of supports. In the noiseless setting,
we show that statistical savings are achieved provided the sparsity of the differences is smaller than
the sparsity of the solution associated to the root node divided by the square of the number of
nodes (Theorem 1). In the noisy setting, we show that the `1 norm of the estimation error grows
at most with the square root of the number of nodes, as opposed to growing linearly if the signals
associated to the root node and differences along the edges are solved independently with Basis
Pursuit Denoising (Theorem 2).

To the best of our knowledge, our work is the first to demonstrate that statistical savings
can be achieved from nodes not needing to satisfy an incoherence conditions with their support.
Our results provide theoretical support for a number of applications of the total variation penalty
in the context of joint sparse recovery [27, 17]. From an optimisation perspective, we show that
in the noiseless case the problem is amenable to a distributed machine learning implementation.
Specifically, we show that the objective can be reformulated into a consensus optimisation problem
with constraints that reflect the graph topology, and thus, a Distributed Alternating Direction
Methods of Multipliers (ADMM) algorithm [4] can be applied. We support our theoretical findings
with numerical experiments (Section 3.3) which show the total variation approach can outperform
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group lasso methods [28] when the differences between models is assumed sparse, as well as provide
qualitative improvements in hyperspectral unmixing with the real-world AVIRIS Cuprite mine data
set.

To prove our theoretical results we show that the jointly penalised problem can be reformulated
in terms of a standard basis pursuit problem with an augmented matrix and support set. This
allows us to leverage the classical Restricted Null Space Property to show that the solution is unique
and sparse. To show that the Restricted Null Space Property holds, we exploit the structure of
the augmented matrix in conjunction with the Restricted Isometry Property (RIP) of the matrices
associated to each task. We show it suffices that the Restricted Isometry Constants of the tasks
satisfy two properties. Firstly, the Restricted Isometry Constant of any task should be small with
respect to the number of tasks and should hold up to the sparsity of the differences. Secondly, the
Restricted Isometry Constant of the root node should hold up to the sparsity of its own signal.
Provided the sparsity of the differences is sufficiently small, these two conditions are weaker than
requiring Restricted Isometry Constants or incoherence conditions for every node to hold up to the
sparsity of their own signals. This yields statistical savings in the case of sub-Gaussian matrices, as
the number of samples scales with the sparsity required by each of these. In the noisy setting, we
use that a Robust Null Space Property implies bounds on the `1 estimation error [10, 21]. This can
then be shown to hold by using techniques similar to the ones used for the noiseless setting.

1.2 Related Literature
Simultaneously recovering a collection of sparse signals from multiple measurement vectors [18] has
been theoretically investigated when performing a form of `1/`q regularisation for q > 1. Specifically,
`1/`∞ was investigated within [63, 40, 55] and `1/`2 in [36, 42]. Other variants include the dirty
model of [28], multi-level lasso of [37] and tree-guided graph lasso of [30]. In the same context, a
number of works have investigated variants of greedy pursuit style algorithms [20, 13, 15, 54]. All
these methods assume a large overlap between the signals, with the analysis for the group lasso
typically assuming each task satisfies an incoherence condition with their own support [40, 28, 42].
In the setting of this work each task’s support can become large from accumulating the discrete
signals differences associated to edges in the graph (for precise comparison see paragraph in Section
2.3).

The total variation penalty is linked with the fused lasso [61, 25, 53, 9, 47] and has been widely
applied to images due to it promoting piece-wise continuous signals which avoids blurring. As far as
we are aware, the only work theoretically investigating the total variation penalty as a tool to link a
collection of sparse linear recovery problems has been [12]. This work considers the penalised noisy
setting and gives both asymptotic statistical guarantees and an optimisation algorithm targeting a
smoothed objective. In contrast, we give finite sample guarantees as well as settings where statistical
savings are achieved. The application of hyperspectral unmixing [26, 27, 17] has successfully applied
the total variation penalty in a manner matching this work. Here, each pixel in an image can be
associated to its own sparse recovery problem, for instance, the presence of minerals [27] or the
ground class e.g. trees, meadows etc. [17]. It is then natural for the signals to be spatially correlated,
and thus, consider the total variation penalty to minimise blurring across the image.

A growing body of works have investigated multi-task learning [8] in distributed contexts. We
highlight those most relevant to our setting. The works [60, 56] have considered models penalised
in an `2 sense according to the network topology to encode prior information. The `2 penalty is
not appropriate for the sparse setting of our work. A number of distributed algorithms have been
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developed for the sparse setting, for a full review we refer to [1]. The works [28, 52, 59, 35, 43] have
developed distributed algorithms that following the group lasso setting, in that, the signals are
assumed to be composed of a common shared component plus an individual component. Within
[28, 52, 59] this then requires each node to satisfy an incoherence condition, while the setting in
[35, 43] is a specific case of a star topology within our work. The work [45] develops a manifold
lifting algorithm to jointly recover signals in the absence of an incoherence assumption, although no
theoretical guarantees are given.

We highlight the field of federated machine learning [34, 50], where a central node (root) holds a
global model, while other devices collect data and update their model with the root whilst accounting
for potentially heterogeneity in population distributions across devices. This application fits our
setting, as clusters of hierarchically linked computing nodes form tree topologies. For instance, a
large server node at the root connected to a collection of medium size server nodes, each of which is
itself connected to a number of client nodes.

2 Noiseless Setting
This section formalises the setting that we consider and present our main theoretical results. Section
2.1 introduces the standard problem of sparse recovery with Basis Pursuit. Section 2.2 introduces the
Tree-Based Sparse Recovery setting as well as the Total Variation Basis Pursuit problem. Section
2.3 presents our main theoretical result. Section 2.4 presents the main steps in the proof of this
result.

2.1 Sparse Recovery with Basis Pursuit
Suppose x? ∈ Rp is a sparse signal supported on a set S ⊆ {1, . . . , p} that is smaller than the
dimension, |S|=s<p. Define the support of x? by the indexes of its non-zero entries. We wish to
recover the signal through a matrix A∈RN×p and a vector of responses y∈RN that satisfy Ax?=y.
The integer N refers to the sample size. To recover the signal we consider the Basis Pursuit Program

min ‖x‖1 subject to Ax = y, (1)

which is a convex relaxation of the equivalent `0 penalised problem. It has been shown that, for any
x? supported on S ⊆ {1, . . . , p} the solution to (1) is unique and satisfies x = x? if and only if A
satisfies the Restricted Null Space property with respect to S, see for instance [14], that is,

2‖xS‖1 ≤ ‖x‖1 for any x ∈ Ker(A)\{0}. (2)

The Restricted Isometry Property (RIP) [7] is a sufficient condition for A to satisfy the Restricted
Null Space Property. Precisely, a matrix A satisfies RIP at sparsity level s if there exists a
constant cs≥0 such that (1−cs)‖x‖22≤‖Ax‖22≤(1+cs)‖x‖22 for all ‖x‖0≤s. If A has independent
and identically distributed (i.i.d.) sub-Gaussian entries, that is, if the i, jth entry Aij satisfies
P(|Aij |≥ t)≤βe−κt2 for all t≥0 for sub-Gaussian parameters β and κ, then with probability at least
1−ε, the matrix A/

√
N has Restricted Isometry Constant upper bounded as cs ≤ δ if the sample

size N satisfies N≥Cδ−2(s log(ep/s)+log(2/ε)) for some constant C>0 (Theorem 3 in Appendix
D).
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2.2 Tree-Based Sparse Recovery
Suppose we have a collection of |V | = n nodes (tasks or agents) connected by a tree graph G = (V,E)
with edges E ⊆ V × V . Each node v ∈ V wishes to recover a sparse vector x?v ∈ Rp supported on
Sv ⊆ {1, . . . , p}. We index the nodes from the set {1, . . . , n} where 1 represents the root of the tree.
We assume the signal sparsity of the root node is s ∈ [1, p] i.e. |S1| ≤ s. Following the standard
sparse recovery problem described in Section 2.1, each agent has a matrix Av ∈ RNv×p as well as
response yv ∈ RNv for which the sparse signal associated to them satisfies Avx?v = yv. The natural
number Nv > 0 is then the number of samples held by agent v ∈ V .

We consider the setting where the signal held by nodes in the network are related. Specifically,
we assume that for every edge e = {v, w} ∈ E in the network, the difference between the signals
associated to the nodes x?v−x?w is also sparse, that is, supported on the set Se = S{v,w} ⊆ {1, . . . , p},
which we assume is at most of the size |Se| < s′. We assume that the sparsity of the difference of
neighbours signals s′ is smaller than the sparsity of the signals held by the root node, namely s′ < s.

Tree Baseline and Stepwise Approach. Suppose for any pair of edges e, e′ ∈ E the supports
of the differences are disjoint from each other Se ∩ Se′ = ∅ as well as from the support of the root
Se ∩ S1 = ∅. Moreover, suppose G is a tree of depth 0 ≤ D ≤ n and let the integer iv ∈ {0, . . . , D}
denote the depth of node v ∈ V in the tree i.e. the distance from the root. Following the discussion
in Section 2.1, if each node has sub-Gaussian matrices and performed Basis Pursuit independently,
then the number of samples required by agent v would then in this case scale as Nv ≥ s+ ivs

′. In the
case of a path topology with the root at one end, where the depth is D = n− 1 and iv is the index
of node v along the path, the total sample complexity is then least ∑v∈V Nv ≥ ns+ n(n− 1)s′/2.
Although a more natural total sample complexity of s + ns′ can be achieved by proceeding in a
stepwise manner as follows. Order s samples can recover the root signal, while order n× s′ samples
can recover each of the differences associated to the edges. Any nodes signal can then be recovered
by summing up the differences along the edges. This yields a saving from approximately ns+ n2s′

to s+ ns′, which would be significant when the sparsity of the difference s′ is small and the network
size n is large. This embodies the main intuition for the statistical savings that we set to unveil in
our work.

Distributed Machine Learning. Tree topologies naturally arise in distributed machine
learning when considering layers of computing clusters. In the simplest case of a star topology, where
a central server (root) is connected to individual clients, the tree has depth D = 1. Meanwhile, more
generally, D layers of computing clusters results in a tree of depth D. As we have seen, the size of
the support for the tasks furthest from the root is then on the order of s+ (D − 1)s′. Therefore,
when considering variants of the group lasso like the dirty model of [28], some tasks require sample
sizes to scale as Nv ≥ s+ (D−1)s′ to ensure their matrices satisfy an incoherence condition for their
support sets. That is, a matrix B ∈ RN×p satisfies incoherence condition for support U ⊆ {1, . . . , p}
if maxj∈Uc ‖B>j BU (B>UBU )−1‖1 is finite, where Bj is the jth column of B and BU is the matrix B
restricted to columns with indices in U . To ensure B>UBU can be inverted we then require N ≥ |U |.

Multiple Measurement Vector Framework. The greedy pursuit style algorithms [20, 13,
15, 54] in the Multiple Measurement Vector Framework [18] make the assumption that each task’s
Restricted Isometry Constants hold up to the size of the union of supports. In the Tree-Based
Sparse Recovery setting the union of supports can grow up to s + ns′ for any topology, as such,
each task would require Nv ≥ s+ ns′ samples in this case.
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2.3 Main Theoretical Result. Guarantees for Total Variation Basis Pursuit
We provide a setting which achieves the goals outlined in Section 2.2. We encode the assumptions
described in the Tree-Based Sparse Recovery setting described in Section 2.2 in the following
optimisation problem, which we call Total Variation Basis Pursuit:

min
x1,...,xn

‖x1‖1 +
∑

e={v,w}∈E
‖xv − xw‖1 subject to

Avxv = yv ∀v ∈ V. (3)

This problem aims to simultaneously recover an individual signal, specifically the signal associated
to the root node, through the penalisation ‖x1‖1, as well as the differences associated to edges in
the graph, through the total variation penalty ∑e={v,w}∈V ‖xv − xw‖1. This is subject to each node
satisfying their linear constraint Avxv = yv. The following theorem then gives sufficient conditions
on the number of samples for the solution of (3) to recover the signals associated to each node.

Theorem 1. Consider the Tree Based Sparse Recovery setting in Section 2.2. Suppose the matrices
{Av}v∈v are independent and have i.i.d sub-Gaussian entries. Fix any ε > 0. Then, with probability
greater than 1− ε, for any collection of signals {x?v}v∈V , the solution to the Total Variation Basis
Pursuit problem (3) is unique and satisfies xv = x?v for all v ∈ V provided

N1 & s
(

log(p/s) + log(1/ε)
)

︸ ︷︷ ︸
Root node samples

and Nv & n2s′
(

log(p/s′) + log(n/ε)
)

for all v ∈ V
︸ ︷︷ ︸

All node samples

.

We now discuss Theorem 1. The root node’s sample size N1 is required to grow with the sparsity
of its own signal s, while every nodes samples size is required to scale as Nv ≥ n2s′ for v ∈ V . This
yields a total sample complexity of the order s+ n3s′, while the stepwise approach in Section 2.2
requires order s + ns′ samples, and thus, there is a factor n2 worse in front of s′. One possible
reason for this difference is that (3) recovers the signals simultaneously, while the process in Section
2.1 recovers the signals (and differences) in a stepwise manner. Furthermore, each signal is sensed
through a potentially different matrix Av so the response (if Nv = Nw) differences yv − yw do not
align with the signal differences xv − xw. We leave investigating these aspects to future work. We
note if the root node were to change to a node distance k from the original root, then for result of
Theorem 1 to hold the new root would require order s + ks′ samples. Regarding an application
to distributed machine learning, a distributed ADMM algithm for solving the Total Variation
Basis Pursuit problem is investigated in Appendix A.2. We note that, empirically, the algorithm is
observed to converge at a linear rate.

Distributed Machine Learning. Here we describe when the sample conditions in Theorem
1 yield savings for distributed machine learning, described in Section 2.2. Recall, the methods
discussed require agent’s sample size to scale with the sparsity of the root s. Meanwhile, Total
Variation Basis Pursuit requires non-root agents to hold n2s′ samples. Therefore, savings are
achieved for non-root agents when the sparsity of the differences satisfies s′≤s/n2. This is relevant
for distributed machine learning as client devices may have small amounts of memory. Savings in
total sample complexity are also achieved when s′≤s/n2, as the previous methods require at least a
total of ns+ns′ samples, while Total Variation Basis Pursuit requires s+n3s′. The sample savings
for the non-root agent are supported by the experiments presented in Figure 2 in Appendix A.1.
The experiments suggest that sample savings hold for larger numbers of agents n than what our
analysis suggests, i.e. s′≤s′/n2.
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From Trees to General Topologies. While our theoretical results consider tree topologies,
in a similar manner to total variation denoising [44], more general topologies can be considered.
In particular, if the signal is sparse with respect to a graph, then it is sparse with respect to any
spanning tree of that graph. Therefore, for a general graph we can follow a two step procedure.
Firstly, construct a spanning tree of the general graph. Secondly, solve Total Variation Basis Pursuit
(3) with this spanning tree.

2.4 Proof of Theorem 1
This section gives the two main steps of the proof for Theorem 1. The first step is to reformulate the
Total Variation Basis Pursuit problem (3) in terms of a standard Basis Pursuit problem (2.1) with
a particular matrix A and sparsity set. The second step shows the Restricted Null Space Property
can hold for the reformulated problem. The steps are outlined in the following two sections.

2.4.1 Reformulating Total Variation Basis Pursuit as Standard Basis Pursuit

We begin by introducing some notation. For node v ∈ V , denote the set of edges making a path
from node v to the root node 1 by π(v) = {{v, w1}, {w1, w2}, . . . , {wkv−1, wkv}, {wkv , 1}} ⊆ E where
kv ≥ 1 is the number of intermediate edges. In the case kv = 0 there is only a single edge and so we
write π(v) = {v, 1} ∈ E. Meanwhile, for the root node itself v = 1 we simply have the singleton
π(v) = π(1) = {1}, and thus, we have the root node included v ∈ π(v) but no edges i.e. e /∈ π(v) for
any e ∈ E. For each edge e = {v, w} ∈ E the difference is denoted ∆e = xv − xw, and so the vector
associated to any node xv can be decomposed into the root node x1 plus the differences along the
path xv = x1 +∑

e∈π(v) ∆e. Similarly, the signal associated to each node x?v can be decomposed
into differences of signals associated to the edges e = {v, w} ∈ E with ∆?

e = x?v − x?w.
With this notation we can then reformulate (3) in terms of x1 and {∆e}e∈E as follows

min
x1,{∆e}e∈E

‖x1‖1 +
∑

e=(v,w)∈E
‖∆e‖1 subject to (4)

Av
(
x1 +

∑

e∈π(v)
∆e

)
= yv ∀v ∈ V.

Optimisation problem (4) is now in terms of a standard basis pursuit problem (1) with, if edges are la-
beled with integers, the vector x=(x1,∆1, . . . ,∆|E|), true signal x?=(x?1,∆?

1, . . . ,∆?
|E|), and a matrix

A. To be precise, the matrixA can be defined in terms of blocksA = (H>1 , . . . ,H>n )>∈R(
∑

v∈V
Nv)×np

with each block Hv∈RNv×np for v∈V . Each block then defined as Hv=
(
Hv1, Hv2, . . . ,Hvn

)
with,

for i=1, . . . , n, the matrix Hvi=Av if node i is included on the path going from node v to the root
node 1 i.e. i∈π(v), and 0 otherwise.

The signal associated to the reformulated problem (4) remains sparse and is supported on a set
S with a particular structure due to encoding the sparsity of the differences {∆?

e}e∈E . Specifically,
the set S contains the entries from {1, . . . , p} aligned with S1 and, labeling the edges e ∈ E with the
integers i = 1, . . . , |E|, the elements from {1, . . . , p} associated to Se offset by i× p. Now that (3) is
in terms of a Basis Pursuit problem, its success relies on the matrix A satisfying the Restricted Null
Space Property (2) with respect to the sparsity set S.
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2.4.2 Restricted Null Space Property for Reformulated Problem

To show the Restricted Null Space Property (2) is satisfied with the matrix A and sparsity set S as
defined in Section 2.4.1, we consider the Restricted Isometry Constants of the matrices {Av}v∈V .
Let δ(1)

k ∈(0, 1) denote the Restricted Isometry Constant for the root node matrix A1 at the sparsity
level k. Meanwhile, let δk∈(0, 1) denote the largest Restricted Isometry Constant of all the matrices
{Av}v∈V .

The proof begins by utilising the linear constraints in (4) to control, for any node v ∈ V , the
norm of the vector x1 +∑

e∈π(v) ∆e restricted to small sets of size at most s′. Meanwhile, control of
x1 for larger sets up-to the size s is done through A1. This is summarised in the following lemma.
Lemma 1. With x = (x1,∆1, . . . ,∆|E|) ∈ Ker(A)\{0} and A as in (4) we have for all v ∈ V and
U ⊆ {1, . . . , p} such that |U | ≤ s′

∥∥(x1+
∑

e∈π(v)
∆e
)
U

∥∥
1≤

δ2s′

1−δ2s′

∥∥∥x1+
∑

e∈π(v)
∆e

∥∥∥
1
. (5)

Furthermore, for all U ⊆ {1, . . . , p} such that |U | ≤ s

‖(x1)U‖1 ≤
δ

(1)
2s

1− δ(1)
2s
‖x1‖1. (6)

The proof of Lemma 1 can be found in Appendix D. It follows from techniques typically used
for showing that the Restricted Null Space Property holds in the context of Basis Pursuit applied
for each matrix {Av}v∈V aligning with the optimality conditions in (4).

For x ∈ Ker(A)\{0} we set to upper bound ‖(x)S‖1 = ‖(x1)S1‖1 +∑
e∈E ‖(∆e)Se‖1 by the `1

norm ‖x‖1. We note it suffices to let S1 be the indices of the largest s elements of x1, and, for each
e ∈ E, the set Se be the indices of the largest s′ elements of ∆e. From Lemma 1, equation (6),
we immediately get the upper bound ‖(x1)S1‖ ≤ δ

(1)
2s ‖x‖1/(1− δ

(1)
2s ). For e = {v, w} ∈ E consider

‖(∆e)Se‖1. Suppose w is the node on the edge e closest to the root node. If not, simply swap the
labels. By adding and subtracting

(
x1 +∑

ẽ∈π(w) ∆ẽ

)
Se

we get

‖(∆e)Se‖1 ≤
∥∥∥
(
x1 +

∑

ẽ∈π(w)
∆ẽ

)
Se

∥∥∥
1

+
∥∥∥
(
x1 +

∑

ẽ∈π(v)
∆ẽ

)
Se

∥∥∥
1
≤ 2δ2s′

1− δ2s′
‖x‖1,

where on the first equality we used that
(
x1 +∑

ẽ∈π(w) ∆ẽ

)
Se

+ (∆ẽ)Se =
(
x1 +∑

ẽ∈π(v) ∆ẽ

)
Se

since
the edge e = {v, w} is included onto the path from node w, i.e. π(w), thus making it a path from
node v i.e. π(v). The second inequality comes from Lemma 1 (5). Summing up the above for all
e ∈ E and adding the previous bound for ‖(x1)S1‖1, we get ‖(x)S‖1 ≤ 4

( δ
(1)
2s

1−δ(1)
2s

∨ nδ2s′
1−δ2s′

)‖x‖1. The

Restricted Null Space Property (2) then holds when δ(1)
2s < 1/9 and δ2s′ < 1/9n.

To ensure that the conditions on the Restricted Isometry Constants δ(1)
2s and δ2s′ are satisfied

when the entries of {Av}v∈V are i.i.d. sub-Gaussian, we recall the statement at the end of Section 2.1.
For the Restricted Isometry Constant for node 1 to be upper bounded δ(1)

2s ≤ 1/9 with probability
greater than 1 − ε, it is sufficient to have N1 ≥ 81C(2s log(ep/2s) + log(2/ε) (see Theorem 3 in
Appendix D). Meanwhile, for the maximum Restricted Isometry Constant across all agents to be
upper bounded δ2s′ ≤ 1/(9n) with probability greater than 1 − ε, it is sufficient to take a union
bound across the agents with minv∈vNv ≥ C(81n2)(2s log(ep/s) + log(2n/ε)).
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3 Noisy Setting
This section studies noisy Tree-Based Sparse Recovery. Section 3.1 introduces Basis Pursuit
Denoising. Section 3.2 extends Total Variation Basis Pursuit to consider noise. Section 3.3 presents
the experiments.

3.1 Basis Pursuit Denoising
We begin by considering the standard Basis Pursuit problem described in Section 2.1 with two
additional extensions. Firstly, the true signal x? is not exactly s sparse. Secondly, there is noise so
y ≈ Ax?, or, more precisely there exists η > 0 such that ‖Ax− y‖2 ≤ η. To address this case, we
consider the Basis Pursuit Denoising problem [11] which is formulated as

min
x
‖x‖1 subject to ‖Ax− y‖2 ≤ η. (7)

Naturally, the equality constraint Ax = y in the noiseless setting has been swapped for an upper
bound on the discrepancy ‖Ax− y‖2. To investigate guarantees for the solution to (7), we consider
the Robust Null Space Property, see for instance [21]. A matrix A is said to satisfy the Robust Null
Space Property for a set S ⊆ {1, . . . , p} and parameters ρ, τ ≥ 0 if

‖xS‖1 ≤ ρ‖xSc‖1 + τ‖Ax‖2 for all x ∈ RN . (8)

Given condition (8), bounds on the `1 estimation error between a solution to the Denoising Basis
Pursuit problem (7) and the true underlying signal x? can be obtained. That is, for any solution to
(7), x ∈ Rp with y = Ax? + e where ‖e‖2 ≤ η, we have (see [21, Theorem 4.2 ] with z = x?)

‖x− x?‖1 ≤
2(1 + ρ)

1− ρ ‖(x
?)Sc‖1

︸ ︷︷ ︸
Sparse Approximation

+ 4τ
1− ρη︸ ︷︷ ︸

Noise

.

The first term above encodes that x? is not exactly s sparse, while the second term represents error
from the noise. We now discuss the values taken by η and τ in the case that A has i.i.d. sub-Gaussian
entries. Recall from Section 2.1 that the scaled matrix A/

√
N in this case can satisfy a Restricted

Isometry Property, and thus, it is natural to choose η =
√
NηNoise for ηNoise ≥ 0 since the `2 bound

on the residuals in (7) becomes ‖Ax− y‖2/
√
N≤ηNoise. We can then pick ‖e‖2/

√
N≤ηNoise, which

is an upper bound on the standard deviation of the noise. The Robust Null Space Property then
holds in this case, see [21, Theorem 4.22], with τ ≈ √s, leading to a `1 error bound of the order
‖x− x?‖1.‖(x?)Sc‖1+ηNoise

√
s (see [58, Theorem 7.13]).

3.2 Total Variation Basis Pursuit Denoising
We return to the Tree-Based Sparse Recovery setting as in Section 2.2 to consider the noisy case
analogous to the one described in Section 3.1. That is, the root node signal x?1 and the {∆?

e}e∈E are
approximately sparse and each agent v∈V holds noisy samples yv≈Avx?v. Reformulating the Total
Variation Basis Pursuit problem into a Basis Pursuit problem (4) and bounding the `2 norm of the

9



residuals, then yields the Total Variation Basis Pursuit Denoising problem

min
x1,∆e∈E

‖x1‖1 +
∑

e∈E
‖∆e‖1 subject to (9)

∑

v∈V
‖Av

(
x1 +

∑

e∈π(v)
∆e
)− yv‖22 ≤ η2.

Where η2 now upper bounds the squared `2 norm of the noise summed across all of the nodes i.e.∑
v∈V ‖Avx?v−yv‖22. This is now in the form of (7) with an augmented matrix A as in Section 2.4.1.

The following theorem then gives, in terms of the Restricted Isometry Constants δk and δ(1)
k defined

in Section 2.4.2, values for ρ and τ for which this matrix A satisfies the Robust Null Space Property
(8).

Theorem 2. Consider the A matrix and sparsity set S as constructed in Section 2.4. Then A
satisfies the Robust Null Space Property with ρ = ρ′/(1− ρ′) and τ = τ ′/(1− ρ′) where

ρ′ = 4
( Nδ2s′

1− δs′
∨ δ

(1)
2s

1− δ(1)
s

)
and

τ ′ =
√

1 + δs′

1− δs′
∨

√
1 + δ

(1)
s

1− δ(1)
s

(√
s+ Deg(G)

√
ns′
)
.

The parameter ρ′ in Theorem 2 appeared in noiseless case to show the Restricted Null Space
Property held. Meanwhile, the parameter τ ′ scales (up to a network degree Deg(G) factor) with the
sparsity of the Tree-Based Sparse setting described in Section 2.2. That is, if each agent had i.i.d.
sub-Gaussian matrices and we chose η =

√∑
v∈V NvηNoise where ηNoise > 0 upper bounds the noise

standard deviation across all of the agents, the `1 estimation error of the solution to (9) is then of
the order

‖x1 − x?1‖1 +
∑

e∈E
‖∆e −∆?

e‖1 . ‖(x?)Sc‖1︸ ︷︷ ︸
Approximate Sparsity

+ (
√
s+ Deg(G)

√
ns′)ηNoise︸ ︷︷ ︸

Noise

.

The error scales with the approximate sparsity of the true signal through ‖(x?)Sc‖1 and now the
noise term with the effective sparsity

√
s+ Deg(G)

√
ns′.

Comparison to Stepwise Approach For the stepwise approach in Section 2.2, where the
root node and the edges were estimated independently using Basis Pursuit Denoising, the resulting
noise term scales as

√
s+ n×

√
s′. Therefore solving the Total Variation Basis Pursuit Denoising

offers a order
√
n saving in `1 estimation error over the step wise approach. This highlights at two

sample size regimes. A low sample size setting where the total sample size is order s + ns′, the
step wise approach is provably feasible and an estimation error on the order of

√
s+ n

√
s′ can be

achieved. And a higher sample size setting where the total sample size is s+ n3s′, Total Variation
Basis Pursuit Denoising is provably feasible and an estimation on the order of

√
s+
√
ns′ can be

achieved.

3.3 Experiments. Total Variation Basis Pursuit Denoising
This section present simulation results for the Total Variation Basis Pursuit Denoising problem (9).
The following paragraphs, respectively, describe results for simulated and real data.

10



Simulated Data. Figure 4 in Appendix B.1 shows the `1 estimation error for Total Variation
Basis Pursuit Denoising, group lasso and the dirty model of [28]. This is plotted against the number
of agents for both path and balanced tree topologies. Observe as the number of agents grows the
estimation error for the group lasso methods grows quicker than the total variation approach. The
group lasso variants perform poorly here due to the union of supports growing with the number of
agents, and thus, the small overlap between agent’s supports. The balanced tree topology here is a
realistic model for networks of computing clusters.

Hyperspectral Unmixing. We apply Total Variation Basis Pursuit Denoising to the popular
AVIRIS Cuprite mine reflectance dataset https://aviris.jpl.nasa.gov/data/free_data.html
with a subset of the USGS library splib07 [32]. As signals can be associated to pixels in a 2-
dimensional image, it is natural here to consider the total variation associated with a grid topology.
Although, computing the total variation explicitly in this case can be computationally expensive,
see for instance [44]. We therefore simplify the objective in two respects. Firstly, the image is tiled
into groups of n = 4 pixels arranged in a 2x2 grid, with each group considered independently. This
is common approach within parallel rendering techniques, see for instance [38], and is justified in
our case as the signals are likely most strongly correlated with their neighbours in the graph. Note
that this also allows our approach to scale to larger images as the algorithm can be run on each tile
in an embarrassingly parallel manner. Secondly, following the discussion in paragraph From Trees
to General Topologies in Section 2.3, a spanning tree of the 4 pixels groups is constructed by
removing a single edge from the 2x2 grid. More details of the experiment are in Appendix B.2.

We considered four methods: applying Basis Pursuit Denoising to each pixel independently;
Total Variation Denoising (9) applied to the groups of 4 pixels as described previously; the group
lasso applied to the groups of 4 pixels described previously; and a baseline Hyperspectral algorithm
SUNnSAL [3]. Figure 1 then gives plots of the coefficients associated to two minerals for three of
the methods. Additional plots associated to four minerals and the four methods have been Figure 7
Appendix B.2. Recall, by combining pixels the aim is to estimate more accurate coefficients than
from denoising them independently. Indeed for the Hematite, Andradite and Polyhalite minerals,
less noise is present for the total variation approach, alongside larger and brighter clusters. This is
also in comparison to SUNnSAL, where the images for Andradite and Polyhalite from the total
variation approach have less noise and brighter clusters. Although, we note that combining groups
of pixels in this manner can cause the images to appear at a lower resolution.

4 Conclusion
In this work we considered total variation penalty methods to jointly recover a collection of sparse
signals related by a tree graph. We assumed a tree-based sparse structure for the signals, where
the signal at the root and the signal differences along edges were sparse. This setting differs from
previous work on solving collections of sparse problems, which assume large overlapping supports
between signals. We demonstrated (in noiseless and noisy settings) that statistical savings can be
achieved over these methods as well as solving each problem independently, in addition to developing
a distributed ADMM algorithm for solving the objective function in the noiseless case.

Moving forward, a theoretical gap is currently present for the noiseless case, as order s+ns′
samples are sufficient if the signals and their differences are recovered in a stepwise manner, while
we require s+n3s′ for simultaneous recovery. Following this work, a distributed ADMM algorithm
can be developed for noisy signals.
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Figure 1: Coefficients associated to the minerals Andradite (Left), and Polyhalite (Right). Methods
are, Top: Total Variation Basis Pursuit Denoising applied to 2x2 pixel tiles with η = 0.001; Middle:
Basis Pursuit Denoising applied independently to each pixel with η = 0.001. Bottom: SUNnSAL
with regularisation of 0.001. Yellow pixels indicate higher values.
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A Additional Material - Noiseless setting
In this section we present additional material associated to the noiseless setting. Section A.1
presents simulations results for the solution of the Total Variation Basis Pursuit problem. Section
A.2 presents experiments related to the optimisation performance of the distributed algorithm.

A.1 Noiseless Simulations - Sample Complexity
In this section we present simulations associated to the noiseless case for the solution to the Total
Variation Basis Pursuit problem (3). To compute the solution we will consider the reformulation
into a standard Basis Pursuit Problem (4). Figure 2 then plots the probability of recovery against
the number of samples held by non-root nodes Nv for v ∈ V \{1} with a fixed number of root agent
samples N1 = b2s log(ed/s)c. Observe, for a path topology and balanced tree topology, once the
non-root nodes have beyond approximately 30 samples, the solution to the reformulated Total
Variation Basis Pursuit problem (4) finds the correct support for all of the graph sizes. In contrast,
the number of samples required to recover a signal with Basis Pursuit at the same level of sparsity
and dimension considered would require at least 80 samples i.e 2s log(ed/s). We therefore save
approximately 50 for each non-root problem. We also note as the number of agents n grows, the
additional number of samples required to achieve recovery grows more slowly than suggest by
Theorem 1, namely, Nv & n2s′.
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Figure 2: Probability of recovery vs number of non-root node samples Nv for v ∈ V \{1}. Problem
parameter set to p = 128, s = 12, s′ = 4 and N1 = b2s log(ed/s)c = 80, for path (Left) and balance
tree with branches of size 2 (Right). Each line indicates different size graph, with n ∈ {2, 4, 8, 16}
for the path topology and n ∈ {7, 15, 31} for the balanced tree topologies with heights of {2, 3, 4}
respectively. Solution to reformulated problem (4) found using CVXOPT. Each point is an average
of 20 replications. Signal values randomly sampled from {1,−1}, signal differences are concatenation
of s′ values. {Av} are standard Gaussian.

A.2 Distributed ADMM Algorithm
In this section present the Distributed ADMM algorithm for solving the Total Variation Basis
Pursuit problem. We begin by reformulating the problem into an consensus optimisation form.
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Specifically, with ∆e = xv − xw for e = {v, w} ∈ E, we consider

min
xv ,v∈V

‖x1‖1 +
∑

e∈V
‖∆e‖1 subject to

Avxv = Yv for all v ∈ V and xv − xw = ∆e for all e = {v, w} ∈ E.

We now propose the Alternating Direction Method of Multipliers (ADMM) to solve the above. The
key step is consider the augmented Lagrangian from dualizing the consensus constraint which, with
‖x‖1 = ‖x1‖1 +∑

e∈E ‖∆e‖1, is

Lρ({xv}v∈V ,{∆e}e∈E , {γe}e∈E)=‖x‖1 +
∑

e={v,w}∈E

ρ

2‖xv − xw −∆e‖2 + 〈γe, xv − xw −∆e〉.

The ADMM algorithm then proceeds to minimise Lρ with respect to {xv}v∈V , then {∆e}e∈E ,
followed by a ascent step in the dual variable {γe}e∈E . Full details of the ADMM updates have been
given in Appendix C. Each step can be computed in closed form, expect for the update for x1 which
requires solving a basis pursuit problem with an `2 term in the objective. This can be solved to a
high precision efficiently by utilising a simple dual method, see [39, Appendix B]. The additional
computational required by the root node in this case aligns with the framework we consider, since
we assume the root node also has an additional number of samples N1.

The theoretical convergence guarantees of ADMM have gained much attention lately due to
the wide applicability of ADMM to distributed optimisation problems [5, 22, 24]. While a full
investigation of the convergence guarantees of ADMM in this instance is outside the scope of this
work, we note for convex objectives with proximal gradient steps computed exactly, ADMM has
been shown to converge at worst case a polynomial rate of order 1/t [22]. A number of works
have shown linear convergence under additional assumptions which include full column rank on the
constraints or strong convexity, which are not satisfied in our case 1. Although, if one considers a
proximal variant of ADMM with an additional smoothing term, linear convergence can be shown
in the absence of the column rank constraint [24]. The convergence of ADMM can be sensitive
hyperparameter choice ρ, which has motivated a number of adaptive schemes, see for instance [23].

We now discuss the empirical optimisation performance for the Distributed ADMM algorithm
just introduce. For investigating the optimisation performance, we compute the solution to the
reformulated problem using a standard Basis Pursuit solver as in Section A.1, and then compare it
to the solution found by the ADMM method. Looking to Figure 3 we see the optimisation error
(log10 axis) vs the number of ADMM iterations, for path and balanced tree topologies. The error
is seen to converge with a linear rate. The convergence for a path topology is naturally slower,
reaching a precision of 10−8 in 300 iterations for 7 nodes, while the same size balanced tree topology
reaches a precision of 10−15. This is expected as the balanced trees considered are more connected
than a path, and therefore, information propagates around the nodes quicker. Larger tree topologies
also require additional iterations to reach the same precision, with a size 63 tree reaching a precision
of 10−7.5 in 300 iterations.

1The constraint dualised by ADMM, xv−xw = ∆e for e = {v, w} ∈ E, can be denoted in terms the signed incident
matrix of the graph. This is a linear constraint, but the signed incident matrix does not have full column rank.
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Figure 3: Optimisation error ‖xt − x?BP‖22 (Log scale) vs Iterations for ADMM method (10) with
ρ = 10 for different graph sizes (lines) and topologies (plots). Here x?BP is the Basis Pursuit solution
to the reformulated problem (4) using CVXOPT. Problem parameters p = 29, s = b0.1pc and s′ = 4.
Left: Balanced trees, branch size 2 and heights {2, 3, 4, 5}. Right: Path topology. Agent sample
size N1 = 2s log(ep/2s) and Nv = 150 for v 6= 1. Matrices {Av}v∈V i.i.d standard Gaussian entries,
x?1 has s values randomly drawn from {+1,−1} and {∆?

e}e∈E each have s′ i.i.d standard Gaussian
entries, locations chosen at random.

B Additional Material - Noisy Setting
In this section we present additional material associated to the noisy setting within the main body of
the manuscript. Section B.1 presents plots for experiments on simulated data. Section B.2 presents
plots for experiments with real data.

B.1 Additional Plots for Total Variation Basis Pursuit Denoising - Simulated
Data

In this section we present experiments comparing the performance of Total Variation Basis Pursuit
Denoising (9) to the group lasso and dirty model of [28]. Figure 5 plots the `1 estimation error for
each of these methods with simulated data in the case of path and balanced tree topologies. Observe,
as the number of agents increases, that the estimation error for the group lasso and dirty model
grows quicker than for Total Variation Basis Pursuit Denoising. In the case of a path topology, this
is particularly noticeable and is because the size of support for the agent furthest from the root
increases with the number of agents. Meanwhile for balanced trees considered, the size of support
for the agent furthest from the root remains fixed as the number of agents grows (the tree height
is fixed). The flexibility of the dirty model to fit a node specific component in this case allows it
account for variation in support across tasks, and thus, scale more gracefully than the group lasso
as the number of agents grows. Although, the estimation error remains noticeably higher than
the total variation basis pursuit approach. This is due to the dirty model estimating a specialised
component for each task, while the Total Variation encodes tree structure.
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Figure 4: `1 estimation error ∑v∈V ‖xv − x?v‖1 (log10 scale) against number of agents for Total
Variation Basis Pursuit Denoising solved using SPGL1 Python package (Yellow), Group Lasso
(blue) and dirty model of [28] (Green). Left: Path topology. Right: Balanced tree topology height 2
branching rate {2, 3, 4, 5, 6}. The same i.i.d standard Gaussian matrix was associated to each node
with Nv = 200 for v ∈ V , and other problem parameters were p = 29, s = 25 and s′ = 4. Signal
at the root x?1 and the differences {∆?

e}e∈E random sampled from {+1,−1}, with no overlap in
supports i.e. as described at end of Section 2.2. Group lasso used best regularisation from between
[10−6, 10−2]. Dirty model regularisation followed [28] with (in their notation) 5× 5 (log -scale) grid
search for λg and λb with λg/λb ∈ [10−3, 10], λb = c

√
7/200 and c ∈ [10−2, 10]. Dirty model was fit

using MALSAR [65]. The group lasso variants used normalised matrices Av/
√
Nv and responses

yv/
√
Nv. Total Variation Basis Pursuit Denoising parameter was η =

√
200× n0.1. Each point and

error bars from 5 replications. Identical plot with natural axis in Figure 5 Appendix B.1.
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Figure 5: Identical plot to Figure 4, but with natural y-axis.
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B.2 Data Preparation and Experiment Parameters for AVIRIS Application
In this section we present the application of Total Variation Basis Pursuit Denoising to the AVIRIS
Cuprite dataset. We begin with Figure 6, which presents the sector of the AVIRIS Cuprite dataset
used, as well as the 80 x 80 pixel subset portion sub-sampled for our experiment. We note each
pixel in the dataset is associated to 224 spectral bands between 400 and 2500 nm and, in short,
the objective is to decompose the spectrum of each pixel into a sparse linear combination known
mineral spectra. The specific bandwidth presented in Figure 6 demonstrate that this area maybe a
region of interest. Following [26, 27], we construct a spectral library ALib by randomly sampling
240 mineral from the USGS library splib07 2. After cleaning the AVIRIS dataset and the library we
are left with Nv = 184 spectral bands for each pixel v ∈ V , and thus, Av = ALib ∈ R184×240 and
yv ∈ R184. We now go on to describe more detail the experimental steps.
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Figure 6: Left: Sector f970619t01p02_r04_sc03.a.rfl of AVIRIS data set at bandwidth of 557.07
nm. Red square indicates 80× 80 portion of the sector used as the data set. Right: Red squared
section zoomed in.

Cleaning AVIRIS Cuprite Dataset We followed [27] and removed the spectral bands 1-2,
105-115, 150-170 and 223-224, which are due to water absorption and low signal to noise. This
would leave us with 188 spectral bands, although additional bands were removed due to large values
within the USGS Library, see next paragraph.

Sub-sampling USGS Library We took a random sample of 240 minerals from splib07 library,
that are specifically calibrated to the AVIRIS 1997 data set i.e. have been resampled at the
appropriate bandwidths. A number of the spectrum for the minerals were corrupted or had large
reflectance values for particular wavelengths e.g. greater than 1034. We therefore restricted ourselves
to minerals that had less than 10 corrupted wavelengths. After sub-sampling, any wavelengths with
a corrupted value (if it contained a value greater than 10) were removed. This left us with 184
spectral bands.

2https://crustal.usgs.gov/speclab/QueryAll07a.php
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Algorithm Parameters To apply Basis Pursuit Denoising independently to each pixel, we used
the SPGL1 python package, which can be found at https://pypi.org/project/spgl1/. To solve
the Total Variation Basis Pursuit Denoising problem (9), we used the Alternating Direction Methods
of Multiplers (ADMM) algorithm for `1-problems in [62], specifically the inexact method (2.16).
We applied this algorithm to the normalised data i.e. dividing by the matrix and response vector
by the square root of the total number of samples (4 pixels × 184 spectral bands). We ran the
algorithm for 500 iterations with parameters (in the notation of [62]) τ = 0.1, β = 2, γ = 0.1 and
δ = 0.001. We note that directly applying the SPGL1 python package to the Total Variation Basis
Pursuit Denoising problem (9), resulted in instabilities when choosing η < 0.2. We chose η = 0.001
for both independent Basis Pursuit Denoising case and the Total Variation Basis Pursuit Denoising
(9), following the regularisation choice in [27]. Meanwhile, the group lasso was fit using scikit-learn
with regularisation 0.001, and the SUNnSAL algorithm [3] with regularisation 0.001 was applied
using the python implementation which can be found at https://github.com/Laadr/SUNSAL. We
note when using SUNnSAL it is common to perform a computationally expensive pre-processing
step involving a non-convex objective, see [26, 27]. This was not performed in this case, as all of the
other methods did not pre-process the data.

C Distributed ADMM Updates for Total Variation Basis Pursuit
In this section we more precisely describe the Distributed ADMM algorithm for fitting the Total
Variation Basis Pursuit problem (4). We recall the consensus optimisation formulation of the Total
Variation Basis Pursuit problem is as follows

min
xv ,v∈V

‖x1‖1 +
∑

e∈V
‖∆e‖1 subject to

Avxv = Yv for all v ∈ V
xv − xw = ∆e for all e = {v, w} ∈ E.

where we consider the Augmented Lagrangian from dualizing the consensus constraint

Lρ({xv}v∈V , {∆e}e∈E , {γe}e∈E) = ‖x1‖1
+

∑

e={v,w}∈E
‖∆e‖1 + ρ

2‖xv − xw −∆e‖2 + 〈γe, xv − xw −∆e〉.

Now the ADMM algorithm initialized at
({x1

v}v∈V , {∆1
e}e∈E , {γ1

e}e∈E
)
then proceeds to update the

iterates for t ≥ 1 as

xt+1
v = arg min

xt
v

Lρ({xtv}v∈V , {∆t
e}e∈E , {γte}e∈E) subject to Avxv = Yv for v ∈ V (10)

∆t+1
e = arg min

∆t
v

Lρ({xt+1
v }v∈V , {∆t

e}e∈E , {γte}e∈E) for e ∈ E

γt+1
e = γte + ρ

(
xv − xw −∆e

)
for e ∈ E

We now set to show how each of the above updates can be implemented in a manner that respects
the network topology due to the Augmented Lagrangian Lρ decoupling across the network. These
will be precisely described within the following sections. For clarity each update will be given its
own subsection and the super script notation i.e. xtv will be suppressed.
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Figure 7: Coefficients associated to the mineral Pyrophyllite (Left), Hematite (Left-Middle), Andra-
dite (right-middle), and Polyhalite (Right). Methods considered are: Top: Total Variation Basis
Pursuit Denoising applied to 2x2 pixels simultaneously with η = 0.001; Middle-Top: Basis Pursuit
Denoising applied independently to each pixel with η = 0.001. Middle-Bottom: group lasso (jointly
penalised all coefficients) applied to 2x2 pixels simultaneously with regularisation 0.001. Bottom:
SUNSAL with regularisation of 0.001. Yellow pixels indicate higher values.
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C.1 Updating {xv}
The updates for {xv}v∈V take two different forms depending on whether v is associated to the root
node i.e. v = 1 or otherwise. We begin with the case of a root note.

C.1.1 Root Node x1

The update for x1 in the ADMM algorithm (10) requires solving

min
x1
‖x1‖1 +

∑

e=(i,j)∈E:i=1

ρ

2‖x1 − xj −∆e‖22 + 〈γe, x1 − xj −∆e〉

+
∑

e=(i,j)∈E:j=1

ρ

2‖xj − x1 −∆e‖22 + 〈γe, xj − x1 −∆e〉

subject to A1x1 = y1

where we note the two summations in the objective arise from the orientation of the edges within
the network. This is then equivalent to considering solve a problem of the form

min
x
‖x‖1 + ν>x+ c‖x‖22 subject to Ax = b (11)

with parameters A = A1, b = y1, c = Deg(1)ρ2 where Deg(1) is the degree of the root node 1 and
ν = ∑

e=(i,j)∈E:i=1 γe − ρ(xi + ∆e) +∑
e=(i,j)∈E:j=1−γe − ρ(xj + ∆e).

To solve the problem (11) we adopt the approach used in [39, Appendix B] to an optimisation
problem of the same form. That is, we consider the dual problem

max
λ

λ>b+
p∑

i=1
inf
xi

(|xi|+ ui(λ)xi + cx2
i

)

where the dual variable λ ∈ Rn and u(λ) = ν − A>λ. The gradient of the above problem is
then b − Ax(λ) where x(λ) = (x(λ)1, . . . , x(λ)p) is constructed from the unique minimiser of
|xi|+ ui(λ)xi + cx2

i for i = 1, . . . , p which is x(λ)i. This can then be written in closed form as

xi(λ) =





0 if − 1 ≤ ui(λ) ≤ 1
−(ui(λ) + 1)/2c if ui(λ) < −1
−(ui(λ)− 1)/2c if ui(λ) > 1

Given a solution λ? the solution to the original problem is then x(λ?). To solve the Dual problem
we use the Barzilai - Borwein algorithm [46] with warm restarts using the dual variable from the
previous iteration.

C.1.2 Non-Root Node

In the case of xv which is not the root node i.e. v 6= 1, we require solving the optimisation problem

min
xv

∑

e=(i,j)∈E:i=v

ρ

2‖xv − xj −∆e‖22 + 〈γe, xv − xj −∆e〉

+
∑

e=(i,j)∈E:j=v

ρ

2‖xi − xv −∆e‖22 + 〈γe, xi − xv −∆e〉

subject to Avxv = yv
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This minimisation can be written in the form

min
x
‖x‖22 + 〈a, x〉 subject to (12)

Ax = b

with parameters A = Av, b = yv and
a = 2

Deg(v)

((∑
e∈{i,j}:i=v −∆e − xj + γe

ρ

)
+
(∑

e∈{i,j}:j=v ∆e − xi − γe

ρ

))
. Since ‖x‖22 + 〈a, x〉 =

‖x+ a
2‖22 − 1

2‖a‖22, This leads to the equivalent optimisation problem

min
u
‖u‖22 subject to

Au = b+A
a

2 .

This is exactly the least norm solution to a linear system, and is solved by u = A†(b + Aa
2 )

where A† is the Moore-Penrose pseudo-inverse. We then recover the solution to (12) by setting
x = A†(b+Aa

2 )− a
2 .

C.2 Updating {∆e}e∈V
For each edge e = (i, j) ∈ E the updates require solving

min
∆e

‖∆e‖1 + ρ

2‖xi − xj −∆e‖22 − 〈γe,∆e〉

which is a equivalent to

min
∆e

‖∆e‖1 + ρ

2‖∆e‖22 − 〈∆e, γe + zi − zj〉.

This is a shrinkage step and thus the minimiser can be written as

∆e =





0 if |γe + ρ(zi − zj)| < 1
1
ρ

(
γe + ρ(zi − zj)− 1

)
if γe + ρ(zi − zj) > 1

1
ρ

(
γe + ρ(zi − zj) + 1

)
if γe + ρ(zi − zj) < −1

D Concentration Theorem for RIP and Proof of Lemma 1
We begin with Theorem 9.2 from [21], which demonstrates that a sub-Gaussian matrix can satisfy
the Restricted Isometry Property in high probability provided the sample size is sufficiently large.

Theorem 3. Let A ∈ RN×p be sub-Gaussian matrix with independent and identically distributed
entries. Then there exists a constant C > 0 (depending on sub-Gaussian parameters β and κ) such
that the Restricted Isometry Constant of A/

√
N satisfies ck ≤ δ with probability atleast 1− ε provided

N ≥ Cδ−2(k log(ep/k) + log(ε/2)
)
.

We now proceed to the provide the proof of Lemma 1. We begin with the following proposition
from Proposition 6.3 in [21].
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Proposition 1. Let u,v ∈ Rp be vectors such that ‖u‖0 ≤ s and ‖v‖0 ≤ k, and matrix A ∈ RN×p
satisfy Restricted Isometry Property up to s+ k with constant cs+k. If the support of the vectors is
disjoint Supp(v) ∩ Supp(u) = ∅ then

|〈Au, Av〉| ≤ cs+k‖u‖‖v‖2

We now begin the proof of Lemma 1.

Lemma 1. Recall we have x = (x1,∆1, . . . ,∆|E|) ∈ Ker(A)\{0} and as such for each v ∈ V we have
the condition

Av
(
x1 +

∑

e∈π(v)
∆e
)

= 0

We now begin by proving the inequality (5), which is an upper bound on ‖(x1 +∑
e∈π(v) ∆e

)
U
‖1

for subsets U ⊆ {1, . . . , p} such that |U | ≤ s′. Note is suffices to consider the case where U is the
largest s′ indexes of the vector x1 +∑

e∈π(v) ∆e. To lower notational burden, we will simply denote
xπ(v) = x1 +∑

e∈π(v) ∆e. Now, from the above equality we have Av
(
xπ(v)

)
U

= −Av
(
xπ(v)

)
Uc and

thus

(1− δs′)‖(xπ(v))U‖22 ≤ ‖A(xπ(v))U‖22 = −〈A(xπ(v))U , A(xπ(v))Uc〉.

where the first inequality arises from the Restricted Isometry Property of Av at sparsity level s′. Now,
proceed to decompose U c into disjoint sets each of size s′. In particular let U c = B1 ∪B2 ∪B3 ∪ . . .
such that Bj ∩Bi = ∅ for i 6= j, and |Bj | ≤ s′ for all j = 1, 2, . . . . The sets in this decomposition are
then defined recursively. Specifically, let B1 be the indexes of the largest s′ entries of xπ(v) restricted
to the indices in U c. Similarly, let B2 be the indexes of the largest s′ entries of xπ(v) restricted to
the indices in (U ∪B1)c. More generally, for j = 3, 4, . . . we then let Bj be the indexes of the largest
s′ entries of xπ(v) restricted to the indices in in (U ∪ B1 ∪ B2 ∪ . . . Bj−1)c. This then leads, with
Proposition 1 since the sets are disjoint from U , the upper bound

(1− δs′)‖(xπ(v))U‖22 ≤
∣∣∣
∑

j≥1
〈A(xπ(v))U , A(xπ(v))Bj 〉

∣∣∣

≤ δ2s′‖(xπ(v))U‖2
∑

j≥1
‖(xπ(v))Bj‖2.

It now suffices to upper bound ∑j≥1 ‖(xπ(v))Bj‖2. Note that we then have for j = 2, . . . the upper
bound ‖(xπ(v))Bj‖2 ≤

√
s′‖(xπ(v))Bj‖∞ ≤ 1√

s′
‖(xπ(v))Bj−1‖1. While we also have for j = 1 the

upper bound ‖(xπ(v))B1‖2 ≤ 1√
s′
‖(xπ(v))U‖1. Plugging these bounds into the above, summing up so

‖(xπ(v))U‖1 +∑
j≥2 ‖(xπ(v))Bj−1‖1 = ‖xπ(v)‖1, and dividing both sides by (1− δs′)‖(xπ(v))U‖2 then

yields

‖(xπ(v))U‖2 ≤
1√
s′

δ2s′

1− δs′
‖xπ(v)‖1.

The inequality (5),is then arrived at by using the lower bound ‖(xπ(v))U‖2 ≥ 1√
s′
‖(xπ(v))U‖1 as well

as that δ2s′ ≥ δs′ .
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E Proof of Theorem 2
In this section we provide a proof of Theorem 2.

Theorem 2. We now set to show that the Robust Null Space Property (8) holds for some ρ, τ . We
note it suffices to show the following which is equivalent to the Robust Null Space Property

‖(x)S‖1 ≤ ρ′‖x‖1 + τ ′‖Ax‖2 for all x ∈ RN .

In particular, by adding ρ‖(x)S‖1 to both sides of the inequality for the Robust Null Space Property
(8) and dividing by 1 + ρ, we see that if the above holds then the Robust Null Space Property holds
with ρ = ρ′

1−ρ′ and τ = τ ′/(1− ρ′).
We begin by closely following the proof of Lemma 1 to control the `1 norm of x1 +∑e∈π(v) ∆e =

xπ(v) for v ∈ V restricted to subsets U . Similar to that proof, start by considering subsets U of size
|U | ≤ s′, and in particular, the set U associated to the largest s′ entries. Recall the decomposition
of U c = B1 ∪B2 ∪ . . . . Now, observe that we can upper bound

(1− δs′)‖(xπ(v))U‖22 ≤ ‖Av(xπ(v))U‖22
=
〈
Av(xπ(v))U , Av

(
xπ(v) −

∑

j≥1
(xπ(v))Bj

)〉

= 〈Av(xπ(v))U , Avxπ(v)〉 −
∑

j≥1
〈Av(xπ(v))U , Av(xπ(v))Bj 〉

≤
√

1 + δs′‖(xπ(v))U‖2‖Avxπ(v)‖2 + δ2s′√
s′
‖(xπ(v))U‖2‖xπ(v)‖1

where we simply upper bounded using the Restricted Isometry Property of Av the inner prod-
uct 〈Av(xπ(v))U , Avxπ(v)〉 ≤ ‖Av(xπ(v))U‖2‖Avxπ(v)‖2 ≤

√
1 + δs′‖(xπ(v))U‖2‖‖Avxπ(v)‖2 and fol-

lowed the steps in the proof of Lemma 1 to upper bound ∑
j≥1〈Av(xπ(v))U , Av(xπ(v))Bj 〉 ≤

δ2s′‖(xπ(v))U‖2
∑
j≥1 ‖(xπ(v))Bj‖1 ≤ 1√

s′
δ2s′‖(xπ(v))U‖2‖xπ(v)‖1. Dividing both sides by (1−δs′)‖(xπ(v))U‖2

we then get

‖(xπ(v))U‖2 ≤
δ2s′

1− δs′
1√
s′
‖xπ(v)‖1 +

√
1 + δs′

1− δs′
‖Avxπ(v)‖2

Using that ‖(xπ(v))U‖2 ≥ 1√
s′
‖(xπ(v))U‖1 as well as simply upper bounding ‖xπ(v)‖1 = ‖x1 +∑

e∈π(v) ∆e‖1 ≤ ‖x1‖1 + ∑
e∈π(v) ‖∆e‖1 ≤ ‖x1‖1 + ∑

e∈E ‖∆e‖1 we have in a similar manner to
Lemma 1

∥∥(x1 +
∑

e∈π(v)
∆e
)
U

∥∥
1 ≤

δ2s′

1− δs′
(‖x1‖1 +

∑

e∈E
‖∆e‖1

)
+
√

1 + δs′

1− δs′
√
s′‖Avxπ(v)‖2. (13)

For e = {v, w} ∈ E we now set to bound ‖(∆e)Se‖1 where recall Se are the largest s′ elements
of ∆e. Following the proof of Theorem 1, suppose w is closest to the root node. If not, swap the
v, w in the following. By adding and subtracting

(
x1 +∑

ẽ∈π(w) ∆ẽ

)
Se

we then get

‖(∆e)Se‖1 ≤
∥∥(x1 +

∑

ẽ∈π(w)
∆ẽ

)
Se

∥∥
1 +

∥∥(x1 +
∑

ẽ∈π(v)
∆ẽ

)
Se

∥∥
1

≤ 2δ2s′

1− δs′
(‖x1‖1 +

∑

e∈E
‖∆e‖1

)
+
√

1 + δs′

1− δs′
√
s′
(‖Avxπ(v)‖2 + ‖Awxπ(w)‖2

)
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where on the second inequality we applied (13) twice. Summing the above over all edges e ∈ E, we
note ‖Avxπ(v)‖2 for v ∈ V appears at most the max degree of the graph, as such we get

∑

e∈E
‖(∆e)Se‖1 ≤

2Nδ2s′

1− δs′
(‖x1‖1 +

∑

e∈E
‖∆e‖1

)
+
√

1 + δs′

1− δs′
Deg(G)

√
s′
∑

v∈V
‖Avxπ(v)‖2

≤ 2Nδ2s′

1− δs′
(‖x1‖1 +

∑

e∈E
‖∆e‖1

)
+
√

1 + δs′

1− δs′
Deg(G)

√
ns′
√∑

v∈V
‖Avxπ(v)‖22

where on the final inequality we upper bounded ∑v∈V ‖Avxπ(v)‖2 ≤
√
n
√∑

v∈V ‖Avxπ(v)‖22.
We now consider the bound for ‖(x1)U‖1 but for subsets U of size up to s. Following an identical

set of steps as for (13), but with s′ swapped with s and δs′ swapped with δ(1)
s , we get the upper

bound

‖(x1)U‖1 ≤
δ

(1)
2s

1− δ(1)
s

(‖x1‖1 +
∑

e∈E
‖∆e‖1

)
+

√
1 + δ

(1)
s

1− δ(1)
s

√
s‖A1x1‖2

≤ δ
(1)
2s

1− δ(1)
s

(‖x1‖1 +
∑

e∈E
‖∆e‖1

)
+

√
1 + δ

(1)
s

1− δ(1)
s

√
s
∑

v∈V

√
‖Avxv‖22

where at the end we simply upper bounded ‖A1x1‖2 =
√
‖A1x1‖22 ≤

√∑
v∈V ‖Avxv‖22. Picking

U = S1, and adding together the upper bound for ∑e∈E ‖(∆e)Se‖1 and ‖(x1)U‖1 and collecting
terms then yields the result.
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6
Conclusion

The work in this thesis has investigated approaches for utilising statistics in the

framework of distributed machine learning. In the second, third and fourth chapters,

associated to the works [35–37], we considered a homogeneous setting where agents

in a decentralised network have datasets sampled independently and identically from

the same population. Given this setting and motivated by the successes of iterative

first order methods in artificial intelligence, we investigated the learning performance

of a simple iterative decentralised algorithm: Distributed Gradient Descent [38]. In

the case of non-parametric regression, we found that the statistical setting can be

leveraged, namely, the statistical concentration of quantities held by the agents, to

achieve a speed-up in computational performance for any network topology. This

being in contrast to prior work which studies the problem through the more general

lens of consensus optimisation, and thus, results in a slow-down in computational

performance for poorly connected network topologies [29, 30]. Meanwhile, for

more general loss functions it was found that the implicit regularisation effects

of gradient descent can be extended to the decentralised setting, and thus, allow

for simple algorithms to achieve generalisation guarantees without the need for

constraints and explicit regularisation.

The aforementioned works motivate a number of possible future research

directions in the homogeneous setting, which we now briefly discuss within the
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following four paragraphs.

Linear Speed-up for General Losses We note that the theoretically guar-

anteed linear speed-up in computational run time is currently limited to the setting

of non-parametric regression. Extending this result to more general losses will

require generalising techniques currently to the specialised case for squared loss

with linear models. Precisely, the case of non-parametric regression allows fine-

grained control on the deviation between the agents iterates and the entire network

average i.e. decentralised error. This is for two reasons. Firstly, the gradients are

linear in the parameters allowing the network average to be closely related to the

equivalent single-machine algorithm (Distributed Gradient Descent on a complete

graph topology). Secondly, the contraction of the gradient updates towards a

minimiser is explicit, allowing for more refined bounds to be achieved. Extending

these observations to a general loss is challenging as the equivalent single machine

algorithm (run on a complete graph) is not as closely related to the entire network

average as the gradients can be non-linear.

Different Sample Sizes Across the Network Currently Chapters 2, 3 and 4

assume the sample size at each agent is the same, leaving open the question of what

occurs when agents have different sample sizes. One challenge in this direction arises

from the requirement that every agent achieves the optimal statistical rate with

respect to all of the samples in the network. Specifically, if each agent is holding a

different sample size, then the rate of concentration of random quantities associated

to each agent (towards a population equivalent) will differ across the network. In

order to utilise the concentration phenomena (for a linear speed-up in computational

time) a bound on the difference between the minimum and maximum number of

samples across the network required is then likely to be required. Intuitively, this is

to ensure the error (from concentration) for the agent with the minimum number

samples is below the optimal statistical error for the entire network (which depends

on the largest number of samples). One possible relaxation is to require only a

subset of agents to achieve a near optimal statistical rate with respect to all of
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the samples within the network. For instance, we may allow the agents with fewer

samples to perform worse versus, say, agents with larger sample sizes.

Stochastic Gradient Descent The work within Chapter 2 focused on Stochas-

tic Gradient Descent, whereas Chapter 3 and 4 considered standard full-batch

Gradient Descent. Extending the latter two chapters to stochastic gradients is

natural as it is more computationally tractable when the sample size is large.

Following the single-machine case [87], one approach is to introduce an additional

error term that accounts for the sub-sampling error (from the stochastic gradients)

at each agent within the network. In the single-machine case the analysis then hinges

on the iterates minimising the Empirical Risk. Extending this aspect of the analysis

to the distributed setting may pose a challenge as the iterates at each agent may

not directly minimise the Empirical Risk with respect to their locally held samples.

Second Order methods and Sparsifying Communication Further inves-

tigation into the implicit regularisation effects of distributed algorithms as well as,

following the centralised setting [65], development of other decentralised algorithms

e.g. second order gradient methods, that exploit the statistical concentration of

quantities held by agents can be performed. Moreover, since a speed-up can be

achieved for a wider range of network topologies in a machine learning setting, the

network may no longer be viewed as constraining communication between agents.

This suggests communication savings through sparsifying the network topology

by, say, having agents purposely not communicate to a sub-set of neighbours

in order to save bandwidth.

The fifth chapter in this thesis, associated to the work “Tree-Based Multi-

Task Sparse Recovery with Total Variation Penalty”, explored a heterogeneous

setting where the data held by agents in the network are drawn from similar, but

not identical, sampling distributions. Specifically, a sparse recovery setting was

considered where each agent wished to recover a sparse signal from potentially

noisy linear measurements. We then considered a setting where the sparse signals

associated to each agent were related in a manner reflecting the network topology.

That is, if two agents were joined by an edge in the network, then the difference
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between their underlying signals is sparse. This setting is then motivated by

both hyper-spectral applications and distributed machine learning applications.

Specifically, within hyper-spectral applications agents are associated pixels in a

image, with the signal encoding the presence of a particular mineral or land type

at any given pixel. The graph topology then encodes that neighbouring pixels are

spatially correlated as, for instance, we expect the mineral composition to vary

smoothly across the image. Meanwhile, for distributed machine learning, each agent

is associated to a computer within a network wanting to fit a sparse linear model.

As eluded to previously, due to the computers residing in different geographic

locations, the data generating distribution may vary across the network. In this

case the network topology can then play two roles: computational, encoding the

communication channels between agents; and statistical, encoding the relationships

between the data generating distributions associated to each agent.

Given this setting, we explored an approach to simultaneously recover all of the

signals in a tree network by penalising the `1 norm of the signal root and the `1

total variation norm of the signals across the network. We showed theoretically and

empirically, when the sparsity of the differences along edges are sufficiently small,

that sample complexity savings can be achieved over other approaches that rely

on the group lasso style penalties. This being due to our approach only requiring

non-root agents to have their sample size scale with the sparsity differences, while

guarantees for group lasso based methods require all of the agent’s sample sizes to

scale with the sparsity of their underlying signals. Moving forward, a case where

the sparsity of the differences across edges in the network are not the same can be

considered, in which case, a weighted total variation penalty can be investigated.

Meanwhile, when the signals are sparse with respect to general network or graph, a

number of different spanning tree topologies are appropriate, and thus, it is natural

to investigate approaches that allow different trees to be compared.
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