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Abstract. Two competing types of interactions often play an important part in shaping system behavior,
such as activatory and inhibitory functions in biological systems. Hence, signed networks, where
each connection can be either positive or negative, have become popular models over recent years.
However, the primary focus of the literature is on the unweighted and structurally balanced ones,
where all cycles have an even number of negative edges. Hence here, we first introduce a classification
of signed networks into balanced, antibalanced, or strictly unbalanced ones, and then characterize
each type of signed networks in terms of the spectral properties of the signed weighted adjacency
matrix. In particular, we show that the spectral radius of the matrix with signs is smaller than that
without if and only if the signed network is strictly unbalanced. These properties are important to
understand the dynamics on signed networks, both linear and nonlinear ones. Specifically, we find
consistent patterns in a linear and a nonlinear dynamics theoretically, depending on their type of
balance. We also propose two measures to further characterize strictly unbalanced networks, moti-
vated by perturbation theory. Finally, we numerically verify these properties through experiments
on both synthetic and real networks.
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1. Introduction. The study of dynamics on networks has attracted much research in-
terest recently due to its applications in engineering, physics, biology, and social sciences;
e.g., [14, 29, 32, 46]. In particular, one can distinguish two general classes of models: linear
models and nonlinear models. With roots traceable back to topics such as the “Gambler’s
ruin” problem [43], the spreading of disease [41], and random-walk processes on networks [38],
linear dynamical processes have been a popular class of models to understand diffusion in
various contexts. Meanwhile, nonlinear models have also been analyzed extensively to incor-
porate more complexity of the dynamical processes [21, 52]. A fundamental idea in this area is
that by characterizing the underlying network structure between agents, collective dynamics
can be predicted or controlled in a systematic manner. Several important results have been
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established; e.g., that the modular structure can effectively simplify the description of dynam-
ical systems [32].

Simple networks where there is only one single type of connection can describe a system
reasonably well in many cases, but the coexistence of two competing types of interactions
can become essential to shaping the system behavior, e.g., activatory or inhibitory functions
in biological systems, trustful or mistrustful connections in social or political networks, and
cooperative or antagonistic relationships in the economic world [2, 18, 37, 56, 58|. Therefore,
signed networks, where connections can be either positive or negative, have become important
ingredients of models in many research fields over recent years. Also in mathematics, signed
networks play an important role in various branches, such as group theory, topology, and
mathematical physics [6, 7, 8, 9, 10].

A central notion in the study of signed networks is that of structural balance [17, 18, 30, 55].
This concept has initially been motivated by problems in social psychology [11, 23] and has
stimulated new methods for analyzing social networks [30, 54, 60], biological networks [53],
and so on. In particular, a signed network is structurally balanced if and only if all its cycles
are so-called positive, which can be characterized in terms of the smallest eigenvalue of the
signed (normalized) Laplacian [31, 62]. Researchers have shown that in the case of structurally
balanced networks, the behavior of the dynamics is largely predictable, and can resort to the
corresponding dynamical systems theory, such as consensus dynamics [2].

However, the dynamical properties when the underlying signed networks are not struc-
turally balanced are relatively unknown. In addition, when considering structural properties,
a majority of works focus on unweighted signed networks. For this reason, in this paper, we
consider dynamics on signed networks where edges can be weighted, and investigate the whole
range of situations when the signed network may be balanced, antibalanced, and strictly un-
balanced. Our first contribution is to characterize each type of signed networks in terms of
the spectral properties of the signed weighted adjacency matrix and, in particular, we show
that the spectral radius of the matrix with signs is smaller than that without if and only if the
signed network is strictly unbalanced. Then, we exploit this result to understand both linear
and nonlinear dynamics on networks, through a linear dynamics model where the coupling
matrix is the weighted adjacency matrix (“linear adjacency dynamics” hereafter) and the ex-
tended linear threshold model [57], appropriately generalized to signed networks in this paper.
The two examples are important models in various contexts, e.g., in information propagation.
Our second contribution is to show consistent patterns of these two separate dynamics on
signed networks depending on their type of balance. We also propose two measures to fur-
ther characterize strictly unbalanced networks, motivated by perturbation theory. Finally, the
results are numerically verified in both synthetic and real networks.

This paper is organized as follows. In section 2, we review the important concepts in signed
networks, including the signed Laplacians, structural balance, and two basic rules in defining
dynamics on signed networks. Specifically, we explain in detail how to extend random walks
to signed networks. The main results are covered in section 3. Specifically, in subsection 3.1,
we first discuss the classification of signed networks in subsection 3.1.1, and then characterize
the spectral properties in each type in subsection 3.1.2. Based on the understanding of the
structure, in subsection 3.2, we further characterize the dynamical properties in terms of both
the linear adjacency dynamics in subsection 3.2.1 and the extended linear threshold model in
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subsection 3.2.3. With the help of the classification, these two different classes of models can
exhibit similar performances. As a slightly modified example of the linear adjacency dynamics,
we also characterize both the short-term and long-term behavior of signed random walks in
subsection 3.2.2. Finally, we verify the results on both synthetic networks that are balanced,
antibalanced, and strictly unbalanced, obtained from signed stochastic block models, and a
real example of signed networks that are strictly unbalanced in section 4. In section 5, we
conclude with potential future directions.

2. Preliminaries. In this section, we introduce some mathematical preliminaries on signed
networks, signed Laplacians, structural balance, and the dynamics on signed networks. Specif-
ically, we illustrate in detail how to extend random walks to signed networks, which we later
consider as an example of the linear (adjacency) dynamics in subsection 3.2.2.

2.1. Signed networks. We take G = (V, E, W) as an undirected signed network, where
V ={v1,v2,...,v,} is the node set, an edge (v;,v;) € E is an unordered pair of two distinct
nodes in the set V', and the signed weighted adjacency matrix W € R™*" describes the nonzero
edge weights. Each edge in F is associated with a sign, positive or negative, characterizing G
as a signed network. Specifically, if there is no edge between nodes v;,v;, W;; = 0; otherwise,
Wi;; > 0 denotes a positive edge, while W;; <0 denotes a negative edge. The degree of a node
v; 1s defined as

(2.1) di =Wyl
i

and, motivated by graph drawing [31], the signed Laplacian matrix in the literature is normally
defined as

(2.2) L=D-W,

where the signed degree matrix D is the diagonal matrix with d = (d;) on its diagonal.
Accordingly, the signed random walk Laplacian is defined as

(2.3) L.,=1-D"'W,

where I is the identity matrix, for reasons that will be clarified in subsection 2.3. Most work
in the literature is based on unweighted signed networks, hence in this section, we assume G
to be unweighted unless otherwise explicitly mentioned, i.e., W = A, where A = (4;;) is the
(unweighted) adjacency matrix with

(2.4)
0 otherwise,

{sz‘gn(Wi ) if Wij 75 O,
Aij =
and the function sign(-): R — {—1,0,1} indicates the sign of a value.

2.2. Structural balance and antibalance. Introduced in the 1940s [25] and primarily
motivated by social and economic networks, a fundamental notion in the study of signed
networks is the so-called structural balance [11]. A signed graph is structurally balanced if
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and only if there is no cycle with an odd number of negative edges, which defines the cycle
to be “negative.” The following theorem provides an alternative interpretation of structural
balance in terms of a bipartition of signed graphs.

Theorem 2.1 (structure theorem for balance [23]). A signed graph G is structurally balanced
if and only if there is a bipartition of the node set into V.= V1 U Vo with Vi and V5 being
mutually disjoint and one of them being nonempty, s.t. any edge between the two node subsets
1 negative while any edge within each node subset is positive.

From another aspect, Harary [24] defined a signed graph G to be antibalanced if the graph
negating the edge sign is balanced. Thus, G is antibalanced if and only if there is no cycle
with an odd number of positive edges. By reversing the edge sign, Harary gave the following
antithetical dual result for antibalance [24].

Theorem 2.2 (structure theorem for antibalance [24]). A signed graph G is structurally
antibalanced if and only if there is a bipartition of the node set into V.=V, UV, with V1 and
Vo being mutually disjoint and one of them being nonempty, s.t. any edge between the two
node subsets is positive while any edge within each node subset is negative.

There is a further line of research in the weakened version of structural balance, where a
graph is weakly balanced if and only if no cycle has exactly one negative edge in G [16, 17].
But due to its lack of dynamical interpretation, we focus on the original version of structural
balance in this paper.

The properties of being balanced or antibalanced can be characterized by the eigenval-
ues of both the signed Laplacian matrix (2.2) and the signed random walk Laplacian (2.3).
Specifically, Kunegis et al. showed that, as in the case of the unsigned Laplacian, the signed
Laplacian matrix is still positive semidefinite, and it is positive definite if and only if the
underlying signed network does not have a balanced connected component [31]. Similarly, the
smallest eigenvalue of the signed random walk Laplacian vanishes if and only if the network
has a balanced connected component. Meanwhile, it is also known that a signed network
has an antibalanced connected component if and only if the largest eigenvalue of the signed
random walk Laplacian equals 2 [33]. The counterpart for the signed Laplacian has also been
explored, and we refer the reader to [28, 62] for more details in the results of the spectral
properties of signed networks.

The literature investigating the properties of signed networks that are neither balanced
nor antibalanced is more limited. Among them, Atay and Liu characterized such signed
networks through the idea of Cheeger inequality [4]. They defined the signed Cheeger constant
through how far the network is from having a balanced connected component, and managed
to estimate the smallest eigenvalue of the Laplacian matrices from below and above with it.
They obtained similar results concerning antibalance and the spectral gap between 2 and the
largest eigenvalue, via an antithetical dual signed Cheeger constant. We refer the reader to
[5, 27] for more work on this aspect.

2.3. Dynamics on signed networks. There are various research directions when analyzing
dynamics over signed networks, and definitions of models typically differ in how to interpret
the different influences played by a positive versus a negative edge on the dynamics. For
example, different consensus algorithms with positive and negative edges have been proposed
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and investigated [3, 26, 35, 39, 40, 50, 51, 61]. There exist two basic types of interactions
along the negative edges: the “opposing negative dynamics” [3], where nodes are attracted
by the opposite values of the neighbors, and the “repelling negative dynamics” [50], where
nodes tend to be repulsive of the relative value of the states with respect to the neighbors
instead of being attractive. We refer the reader to Shi, Altafini, and Baras [49] for a recent
review of dynamics on signed networks through extending the classic DeGroot model with the
two aforementioned rules on negative edges. In this section, we present in detail the opposing
negative dynamics, due to its connection to the signed Laplacian and, as we will see, the
notion of structural balance in signed networks.

The dynamics on signed networks induced by the opposing rule play an important part
in various contexts [3, 47, 59]. Here, we give an interpretation in terms of random walks on
signed networks. We first consider an unweighted case and write the (unweighted) adjacency
matrix as A = AT — A~ where AZ'.; = 1 if there is a positive edge between nodes v; and
v; and AZ-_]- = 1 if there is a negative edge between them, and we also represent the degree
of each node v; as d; = d;r + d;, where dj is the number of positive neighbors of v; and
dj_ is the number of negative neighbors of v;. In addition, we assume that there are two
types of walkers, positive and negative walkers, whose densities on node v; are x:“ and z;,
respectively. Furthermore, guided by the opposing rule, we define that negative edges can flip
the sign of walkers going through the edges, while their sign remains unchanged when going
through positive edges. That is, a positive walker becomes negative after traversing a negative
edge, while it conserves its sign while traversing a positive edge, for instance. Hence, on each
node, there are two different sources for positive walkers, either from positive walkers through
positive edges or from negative walkers through negative edges, i.e.,

(2.5) (1) :Zi (At = 1)+ Aga; (6= 1)5

%

there are also two different sources for negative walkers on each node, either from positive
walkers through negative edges or from negative walkers through positive edges, i.e.,

(2.6) a;;(t):z;i (At (= 1) + Afa (6= 1))

i

The whole dynamics is thus governed by the transition matrix of a 2n x 2n matrix, which can
be interpreted as the adjacency matrix of a larger graph, where each node appears twice,

+ —
@ _ (AT A
- Ao (A A)

Indeed, after noting that ZAEJQ) = d;, the system characterized by (2.5) and (2.6) has the
coupling matrix P(?) = D(2§’1A(2), where D®) = [D,0;0,D] is the diagonal matrix with
d = (d;) on the diagonal but the appearance is doubled. Note that a similar matrix has been
investigated in the context of spectral clustering, with sterling results, but it was introduced
from a different persepctive, via a Gremban’s expansion of a Laplacian system [19].
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The properties of the system of equations is thus governed by the spectral properties of
P® which can be obtained from two well-known matrices as follows. The total number n;
of walkers on node v; is obtained by taking the sum of (2.5) and (2.6), leading to

_ 1 _
nj(t)=af (t)+ a5 (t) = Z z (A;; + AU) n;(t),
(3

where % (A:; + A&) is the classical transition matrix of the unsigned network whose edge

signs are not considered, as expected.

In contrast, the “polarization” on each node, defined as the difference between the number
of positive and negative walkers x;(t) = x;r(t) — x5 (t), is obtained by subtracting (2.6) from
(2.5), giving

1
_ ot — () — + =\ .+ + =\ .-
xj(t) =z (t) —a; (t) = Z d; ((Aij - Aij) z; (t—1)— (Aij - Aij) z; (t— 1))

:Z;Z (A;; - AZ_J) (xj(t_ 1) —a; (t— 1)) :Z;Ai]’$i(t— 1).

This gives the signed (unweighted) transition matrix P =D~ A, and the weighted version in
terms of W can be obtained similarly. These equations can then be extended from a discrete-
time setting to a continuous-time setting classically [38], by assuming that walkers jump at
continuous rate or at a rate proportional to the node degree, leading to the signed random
walk Laplacian as in (2.3) and accordingly the signed Laplacian as in (2.2), respectively.

Related to random walk processes on networks, the problem of information propagation
on networks with only positive connections has been studied extensively in the literature
[42, 44, 45], but relatively less has been explored in the context of signed networks. Among
such work, Li et al. [34] extended the voter model to signed networks with the opposing
negative dynamics, and we also refer the reader to [13, 36] for extending the classic independent
cascade model to signed networks.

In this paper, we consider two dynamics that are closely related to the information prop-
agation but with more general properties, the linear adjacency dynamics and the extended
linear threshold model as defined in [57], both of which have been extended to signed net-
works with the opposing rule. Note that here we consider dynamics on a fixed signed network.
There is another line of research to explore the evolution of edge weights in signed networks
and their interactions with the balanced structure. However, it is out of scope of our current
analysis, and we refer the reader to [37] and references therein.

3. Main results. In this section, we further present the interesting properties of signed
networks that we found, where we will show how a signed network connects and differentiates
from its unsigned counterpart from both the structural and the dynamical perspectives, and
how the separate behavior interacts with the structure balance. Throughout the section, we
consider connected,' undirected, and weighted signed networks G = (V, E, W), where W is the
signed weighted adjacency matrix, and the corresponding networks ignoring the edge sign G' =
(V,E,W), where W is the unsigned weighted adjacency matrix with W;; =|W;;| Yv;,v; € V.

'For disconnected networks, we can consider each of its connected components.
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3.1. Structural properties. We start from the structural properties characterized by the
signed weighted adjacency matrix W. Specifically, based on the analysis of structurally bal-
anced and antibalanced graphs, we first introduce the classification of signed networks we will
follow throughout this paper in subsection 3.1.1. Then with the classification, we illustrate
how the structural properties in each category differ from each other through the spectrum of
W in subsection 3.1.2.

3.1.1. Classifications. We define a signed graph to be balanced as in Theorem 2.1, and
antibalanced as in Theorem 2.2. Finally, we define all the remaining signed graphs to be
strictly unbalanced in Definition 3.1. Since we focus on the structural properties here, we use
the terms “network” and “graph” interchangeably.

Definition 3.1 (strict unbalance). A signed graph G is strictly unbalanced if G is neither
balanced nor antibalanced.

With the definitions, we should note that balanced graphs and antibalanced graphs are
not always mutually exclusive. For example, a four-node path with edge sign (—, 4, —) is both
balanced and antibalanced, and so is a four-node cycle with edge sign (—,+,—,+). Indeed,
the intersection between balanced graphs and antibalanced graphs only contains signed trees
and balanced/antibalanced bipartite graphs, as illustrated in Propositions 3.2 and 3.3. As in
the literature, we define a path, walk, or cycle to be positive if it contains an even number of
negative edges, and negative otherwise.

Proposition 3.2. FEvery signed tree is both balanced and antibalanced.

Proof. This follows from the definitions. See also Appendix B for a constructive proof
with the corresponding bipartitions found, and Lemma 3.1 in [62]. [ |

Proposition 3.3. A (nontree) balanced signed graph G is antibalanced if and only if it is
bipartite.

Proof. This can be derived from the definitions, and see Appendix B for more detail. H

3.1.2. Spectrum. With a better understanding of different types of signed networks,
we now characterize them through their spectral properties. Specifically, we show that the
eigenvalues and eigenvectors of a signed graph G are closely related to those of its unsigned
counterpart G in Theorem 3.4, and further characterize the leading eigenvalue and eigenvector
in Proposition 3.6. Similar results have been considered in the literature but the primary focus
is on unweighted graphs or other matrices, e.g., the signed Laplacian [31].

Theorem 3.4 (spectral theorem of balance and antibalance). Let W = UAUT and W =
UAUT be the unitary eigendecompositions of W and W, respectively, where UUT =1 and
UUT =1. Let Vi, Vs, denote the corresponding bipartition for either balanced or antibalanced
graphs, and S denote the diagonal matriz whose (i,1) element is 1 if i € V1 and —1 otherwise.

1. If G s balanced,

A=A, U=SU.
2. If G is antibalanced,
A=-A, U=SU.
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Proof. If G is balanced, W = SWS by definition. Then,
W =SWS =SUAUTS = (SU)A(SU)7,

where the third equality is by SS =1. It is the eignedecomposition of W by the uniqueness.
Hence, A=A, U=SU.
While, if G is antibalanced, W = —SWS by definition. Then,

W = —SWS = _SUAUTS = (SU)(~A)(SU)7,

where the third equality is by SS =1. It is the eignedecomposition of W by the uniqueness.
Hence, A= —A, U=SU. [ |

We also note that the above results can be derived from the spectral invariance property
of a graph theoretical concept of switching equivalence, and we refer the reader to [62] for
more results from this perspective.

Remark 3.5. For directed signed graphs, we can show that (i) the relationships between
the eigenvalues still hold, and (ii) the general eigenvectors of the two matrices have the same
correspondence as the eigenvectors in Theorem 3.4, where the proof follows similarly but
replacing the unitary decomposition by their Jordan canonical forms. We can also show
similar relationships in terms of singular values, and left-singular and right-singular vectors
by considering their singular value decomposition instead of the eigendecomposition.

Proposition 3.6. Suppose G is not bipartite, or is aperiodic. Let \y > Xo > --- >\, denote
the eigenvalues of W with the associated eigenvectors ui,uo,..., Uy, M > > o>\,
denote the eigenvalues of W with the associated eigenvectors iy, s, . . ., 0,, and p(-) denotes
the spectral radius. Let Vi,Va denote the corresponding bipartition for either balanced or
antibalanced graphs.

1. If G is balanced, \y = p(W) >0, and this eigenvalue is simple and the only one of the
largest magnitude, where |\;| < Ay Vi # 1.
2. If G is antibalanced, A, = —p(W) <0, and this eigenvalue is simple and the only one
of the largest magnitude, where |\;| < =\, Vi #n.
Meanwhile, the associated eigenvector, uy for balanced graphs and u,, for antibalanced graphs,
is the only one of the following pattern: it has positive values in one node subset in the
bipartition (e.g., V1) and negative values in the other (e.g., Va).

Proof. Since W is an nonnegative matrix, and G is irreducible and aperiodic, then by
the Perron-Frobenius theorem, (i) p(W) is real positive and an eigenvalue of W, i.e., \; =
p(W), (ii) this eigenvalue is simple s.t. the associated eigenspace is one dimensional, (iii) the
associated eigenvector, i.e., uy, has all positive entries and is the only one of this pattern, and
(iv) W has only 1 eigenvalue of the magnitude p(W).

Then, if G is balanced, from Theorem 3.4, (i) W and W share the same spectrum and (ii)
U = SU, where U = [uy,uy,...,u,] and U = [y, 0, ..., 0,] containing all the eigenvectors,
and S is the diagonal matrix whose (i,7) element is 1 if v; € V; and —1 otherwise. Hence,
M = A = p(W) = p(W), and this eigenvalue is simple and the only one of the largest
magnitude. Meanwhile, u; = Sy, thus it has the pattern as described and is the only one of
this pattern. The results of antibalanced graphs follow similarly. |
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Remark 3.7. For a bipartite undirected graph G, if it is balanced, it will also be antibal-
anced, and similar results follow except that the corresponding eigenvalue is the only one of
the largest magnitude (see Appendix A for details).

Finally, we consider strictly unbalanced graphs. It is a relatively unexplored area, and
the existing results are mostly with regard to the signed Laplacian matrices [4, 31]. Here, we
show a general property in terms of the weighted adjacency matrix that its spectral radius is
smaller than the unsigned counterpart given that the signed network is neither balanced nor
antibalanced. Together with Theorem 3.4, this is the only case when the contraction of the
spectral radius occurs. Hence, if we consider dynamics given by the signed weighted adjacency
matrix, the corresponding state values obtained from strictly unbalanced graphs will generally
have smaller magnitude (at least in the long term) compared with those obtained from either
balanced or antibalanced graphs (subject to appropriate initialization).

Lemma 3.8. If G is strictly unbalanced, then Jv;,vj € V andl € Z* s.t. there are two walks
of length | between nodes v;,v; of different signs.

Proof. We construct a directed signed graph G’ by making each edge in G bidirectional in
G’ while maintaining the same sign in both directions. We note that G is strictly unbalanced
if and only if G’ is strictly unbalanced, and also that the statement, i.e., Jv;,v; € V and [ € Z*
s.t. there are two walks of length [ between nodes v;,v; of different signs, is true in G if and
only if it is true in G’. Hence, we prove the lemma through G'.

By construction, G’ contains cycles of length 2. (i) If G’ is periodic, then G’ is bipartite,
because of the presence of length-2 cycle(s). Then all cycles have even length, and for each
cycle C, we can find node v;,v; € C s.t. the part starting from v; to v; has the same length as
the remaining part from v; back to v;. Since each edge is bidirectional, it means that we can
find two walks of the same length from v; to v;. Then, suppose the statement is not true, i.e.,
all walks of the same length between each pair of nodes vp,v; € V' have the same sign, then
all cycles are positive, noting that the two edges connecting the same pair of nodes have the
same sign, thus G’ is balanced, which leads to contradiction. (ii) Otherwise, G’ is aperiodic,
then the statement is true by Proposition 3.5 in [34]. [ ]

Theorem 3.9. G is strictly unbalanced if and only if p(W) < p(W).

Proof. We first note that if p(W) < p(W), then G is strictly unbalanced, since the spectral
radius will be the same if GG is balanced or antibalanced by Theorem 3.4.

For the other direction, if G is strictly unbalanced, by Lemma 3.8, Jv;,v; € V and [; € Z*
s.t. there are two walks of length /; between nodes v;,v; of different signs. Then

)(Wll)zj‘ <(Wh)ij,

where (W);; indicates the (7,7) element of a matrix W. Hence, for sufficiently large l», the
walks between each pair of nodes will be able to go through the two walks of different signs
between nodes v;,v;, thus Yoy, v, €V,

(W] < (W)

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/29/24 to 82.17.189.10 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

SPREADING, STRUCTURAL BALANCE ON SIGNED NETWORKS 59

Then for each vector x = (z5) € R" and ||x||, =1, we can find X = (|z5|) s.t. ||X|l, =1 and

‘(W12X)h‘ = ‘Z(le)hkxk
K

<> ‘(Wb)hkxk‘ <Y (W) |za| = (W),
k k

where (x) letz < HW%‘(HQ. Hence,
by definition,
A
2 k=t 2 lyll,=1 2
then p(W)2 = p(W2) < p(W'2) = p(W)’, and finally p(W) < p(W). [ ]

3.2. Dynamical properties. Characterized by different structural properties, the classi-
fication we have introduced also provides a way to characterize the dynamics happening on
signed networks. Here, we consider two very different dynamics, where one is linear, the linear
adjacency dynamics, and the other is nonlinear, the extended linear threshold (ELT) model.
Furthermore, we consider random walks as a slightly modified example of the linear adjacency
dynamics, and interpret the results accordingly.

3.2.1. Linear adjacency dynamics. In unsigned networks, linear adjacency dynamics sum
over the state values of one’s neighbors in the previous step to obtain the current state value
of each node, since there are only positive edges. While in signed networks, we represent
the signed weighted adjacency matrix as W = W — W™, where WJ = W if Wi >0
(0 otherwise) and W;; = —W;; if Wi; < 0 (0 otherwise). To start with, we consider two
components of the state values, positive and negative parts, and we represent them on each
node v; as xt J and x i respectively. From the opposing rule, we assume that negative edges
can flip the sign of the corresponding state values, while positive ones will keep the sign.
Hence, there are two different possibilities for the positive part on vj, either from positive
parts through positive edges or from negative parts through negative edges, i.e.,

(3.1) ot (t)=> Wikal(t—1)+ W5z, (t—1);

7
there are also two possibilities for the negative part on v;, either from positive parts through
negative edges or from negative parts through positive edges, i.e.,

(3.2) Z =1+ Wil (t—1).

There could be different approaches to combine these two parts. If we concatenate the negative
one to the positive one directly, the whole dynamics is thus governed by a 2n x 2n matrix
W@ =W+, W~; W~, W], similarly to subsection 2.3, while if we simply sum the two parts,
it will recover the dynamics on the unsigned counterpart G. Here specifically, we consider the
polarization on each node by subtracting the negative part in (3.2) from the positive part in
(3.1) as the state value, where Yv; € V, ¢ >0,

(3.3) xj(t):xj(t)—x;(t)zz(ngi(t 1) — Wy it ) waxz ),

i
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where the initial vector x(0) is given. Hence, the state vector at each time step ¢t >0 is
x(t)T =x(0)TW?,

and the evolution of W' over time provides insights into the behavior of the linear adjacency
dynamics.
Starting from the unitary decomposition, W = UAUT = 2?21 Awul's where A\p > Ao

]

> .-+ > )\, are the eigenvalues of W and ui,us,...,u, are the associated eigenvectors, we
have

n
(3.4) W= Z Muu?.

i=1

Hence, the behavior of W is dominated by the eigenvectors associated with the eigenvalues
significantly different from 0, and for sufficiently large ¢, the behavior could be approximated
by that of the leading eigenvalue and the associated eigenvector(s). In the following, we
consider different balanced structures in signed networks, specifically balance, antibalance,
and strict unbalance. We denote the eigenvalues of the weighted adjacency matrix ignoring
the edge sign W by A\; > Xy > --- > ), with the associated eigenvectors @y, @, . .., Uy, wWhere
W = Sy XiﬁiﬁiT. We denote the bipartition corresponding to the balanced or antibalanced
structure by Vi, Vs, and the diagonal matrix corresponding to the partition by S with its (7,1)
element being 1 if v; € V] and —1 otherwise.

Balanced networks. If the network is balanced with bipartition Vj,Vs then, from
Theorem 3.4, we have

(3.5) Wi=58 (Z Agﬁiaf) S =SW'S;
=1

thus the magnitude of the elements in W' evolves as in the simple network ignoring the edge
sign (i.e., W), and the difference lies in the sign pattern (of nonzero elements): the (i,j)
element is positive if nodes v;,v; € V1 or v;,v; € Vo and negative otherwise. This means that
at each time step ¢, nodes tend to have the same sign as the ones in the same node subset of
the bipartition, while the opposite sign from the others. Further, if the network is irreducible
and aperiodic, then when ¢ is sufficiently large, W* can be well approximated by its rank-1
approximation,

W!=XSauls,

where |[W! — W||p = /32" , A%, with ||-|r denoting the Frobenius norm, by noting that
limy o0 P\f / S\H =0 Vi # 1, from Proposition 3.6. Hence, the asymptotic behavior can be ap-
proximated by the term associated with the leading eigenvalue and the associated eigenvector,
which has the same sign pattern as (3.5).

Antibalanced networks. 1If the network is antibalanced with bipartition Vi,V then, from
Theorem 3.4, we have

(3.6) Wi=58 (zn:(—‘i)tuiuf> S=(-1)!SW'S;

=1
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thus again, the magnitude of the elements in W' evolves as in the simple network ignoring
the edge sign, but here the sign pattern (of nonzero elements) alternates over time: when ¢
is odd, the (i, ) element is negative if nodes v;,v; € Vi or v;,v; € Vo and positive otherwise;
while ¢ is even in the following step, the (i, j) element becomes positive if nodes v;,v; € V; or
v;,v; € Vo and negative otherwise. Hence, the antibalanced structure is highly unstable.

Strictly unbalanced networks. In all the remaining networks, neither are they like balanced
networks where all walks of length ¢+ 1 have the same sign as the walks of length ¢ connecting
each pair of nodes v;, v;, nor are they like antibalanced networks where all walks of length ¢+-1
have the opposite sign as the walks of length ¢ connecting each pair of nodes v;,v;, for each
t > 0. Hence to characterize its performance, we propose the following measures to quantify
how far a network is from being balanced or antibalanced, motivated by the signed Cheeger
inequality [4]: for the distance from being balanced, we have

(3.7) dp(G) = Amin(Lrw(G)),
and for the distance from being antibalanced, we have
(3.8) do(G) =2 — Mpaz (Lrw (@),

where L;,,(G) is the random walk Laplacian of the signed network G as in (2.3), and Apin(+),
Amaz (+) return the smallest and the largest eigenvalues, respectively. We note that in unsigned
networks, the smallest eigenvalue of the random walk Laplacian is trivially 0 (corresponding to
that the transition matrix has a trivial largest eigenvalue 1) and the smallest nontrivial one is
important from many aspects, including the relaxation time of random walks [38]. However, in
signed networks, the smallest eigenvalue is nontrivial. We also note that being close to balance
does not necessarily indicate the signed network is far from antibalance, where, for example,
for bipartite networks, balance indicates antibalance. Hence, we maintain two measures for
the two dimensions. We will further interpret both measures in subsection 3.2.2.
Therefore, depending on how far the signed network is from being balanced or antibal-
anced, it can have performance closer to that of balanced or antibalanced networks.
(i) If dp(G) < do(G), we expect G to be closer to being balanced. Then Vv;,v; € V,
t >0, we expect that most walks of length ¢+ 1 connecting nodes v;,v; have the same
sign as most walks of length ¢ (if any), thus W? tends to maintain the same sign
pattern over time.
(ii) If dp(G) > do(G), we expect G to be closer to being antibalanced. Then Vv;,v; € V,
t > 0, we expect that most walks of length ¢ + 1 connecting nodes v;,v; have the
opposite sign as most walks of length ¢ (if any), thus W* tends to alternate the sign
pattern over time.
From Theorem 3.9, p(W) < p(W), where p(-) is the spectral radius or the eigenvalue of
the largest magnitude, thus when ¢ is sufficiently large, elements in W' will have smaller
magnitude than those in WY,

3.2.2. An example: Random walks. Here, we consider random walks as a specific exam-
ple of the linear adjacency dynamics, with some modifications. Note that the adjacency matrix
of an undirected network has to be symmetric, but it is not necessarily the case for the transi-
tion matrix P = D~'W. However, it is similar to a symmetric matrix Pyym = D Y2wWD1/2
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where P = D~1/2P,,,, D/2 and for each eigenpair (\, D'/2x) of Py, (\,x) is also an eigen-
pair of P. Hence, the above results in subsection 3.2.1 can still be applied, but indirectly
through Pgy,. We denote the eigenvalues as Ay > --- > A, with the associated (right)
eigenvectors of P as uy,...,u,, thus the eigenvectors of Py, are D'/2uy,...,DY?u,. For
illustrative purposes, we only assume D/2uy,...,D'2u, to be orthonormal in this section.
We denote the unsigned counterparts as P and P sys, and their eigenvalues as AL > > A

Balanced networks. We start with the case when the signed network is structurally bal-
anced, and will show that a steady state is achievable. From Theorem 3.4, we can easily
deduce the characteristics of the leading eigenvalue as in Corollary 3.10 (see Appendix B for
a detailed proof).

Corollary 3.10. The signed transition matriz P has eigenvalue 1 if and only if G is balanced.

We also note that L,,, =I — P, thus 1 being an eigenvalue of P is equivalent to 0 being
an eigenvalue of L,.,,, where the latter has been shown as a sufficient and necessary condition
for the graph being balanced [28, 33, 62].

Proposition 3.11. If G is balanced, then P! is still a signed transition matriz, and has the
following signed pattern:
(Pt)"— (Pt)ij z'fv,-,vj €V1 or V5, Vj EVQ,
1] — — .
! —(P");; otherwise,
where V1, Vo denote the bipartition corresponding to the balanced structure.

Proof. If G is balanced, then P = SPS, where S is the diagonal matrix whose (i,4) element
is 1 if v; € V4 and —1 otherwise. Then

P! = (SPS)' =SP'S.

Since P! is still a transition matrix, P! is a signed transition matrix. Meanwhile, (P?);;
(Pt)ij(S)n'(S)jj, hence is (Pt)ij if Ui,Uj S V1 or ’UZ',’Uj € VQ, and —(Pt)l'j otherwise.

Proposition 3.12. If G is balanced and is not bipartite, then the steady state is x* = (ac;k

~—

where

. _ Jx(0)7T11)d;/(2m)  ifvj e,
’ —(x(0)T11)d;/(2m)  otherwise,

where x(0) = (x;(0)) is the initial state vector with ), |x;(0)| =1, 1y is the diagonal vector of
S with the ith element being 1 if v; € Vi and —1 otherwise, and 2m = Zj dj.

Proof. Since G is not bipartite, |\;| <1 Vi# 1. Hence,

lim Piys :tirgog/\g (Dlmul-) <D1/2ui)T _ <D1/2111> (D1/2u1>T

t—o00

where the eigenvectors D/2u; are orthonormal to each other, and u; is the eigenvector of P
associated with the same eigenvalue. By Proposition 3.6, u; has the specific structure where
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u; = cl; for some nonzero constant ¢ € R. Without loss of generality (WLOG), we assume
¢> 0. Then since DY/2u; has a 2-norm 1, ¢ = 1/v/2m. Hence,

x* = lim x(0)7P?
t—»00

= lim x(0)"D~1/2P! D'/?

o0 sys
~x(0)"D* (D) (DY?u; ) D2

=x(0)7(c11)(c1)"D =x(0)T1,/(2m)17D.

Hence, 27 = (x(0)T11)d;/(2m) if v; € Vi and —(x(0)T11)d;/(2m) otherwise. [ ]

Hence, from Proposition 3.12, we can see that the steady state now depends on the initial
condition, which is different from random walks defined on networks only of positive connec-
tions. However, if we further assume that the initial state agrees with the balanced structure,
where it has positive values in one node subset of the bipartition (e.g., V1) and negative values
in the other (e.g., V2), the dependence can be removed partially since ‘X(O)Tll‘ = 1, while
the sign of the steady state still depends on the initialization.

Antibalanced networks. We then continue to the case when the signed network is antibal-
anced, and will show that a steady state cannot be achieved generally, where there is one
limit for odd times and another for even times. To start with, the leading eigenvalue can
be characterized as in Corollary 3.13, which can be directly deduced from Theorem 3.4 (or
Corollary 3.10).

Corollary 3.13. The signed transition matriz P has eigenvalue —1 if and only if G is
antibalanced.

Note again that —1 being an eigenvalue of P is equivalent to 2 being an eigenvalue of L.,
where the latter has also been shown for antibalanced graphs [33].

Proposition 3.14. If G is antibalanced, then P! is still a signed transition matriz, and has
the following signed pattern:

(Pt)~ _ (_1)t(Pt)ij if vi,v; € Vi or vi,v; € Vo,
Y (=1)Y(PY);;  otherwise,

where V1, Va denote the bipartition corresponding to the antibalanced structure.

Proof. If G is antibalanced, then P = —SPS, where S is the diagonal matrix whose (4,1)
element is 1 if v; € V] and —1 otherwise. Then

P! = (-SPS)' = (~1)'SP'S.
Since P! is still a transition matrix, P! is a signed transition matrix. Meanwhile, (P?);; =

(—1)t(Pt)ij(S)ii(S)jj, hence is (—1)t(].3t)ij if UZ‘,UJ‘ S V1 or Ui,’Uj € ‘/2, and (—1)t+1(13t)ij
otherwise. [ |
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Proposition 3.15. If G is antibalanced and is not bipartite, then the random walks do not
have a steady state, where there are two different limits for odd or even times, denoted by
x* = (z7°) and x*° = (z}%), respectively, where

o [~ xOT12)d;/(2m) if v eV,
/ (x(0)T11)d;/(2m) otherwise,
while
e [OTm) e,
/ —(x(0)T11)d;/(2m)  otherwise,
where x(0) is the initial state, 11 is the diagonal vector of S with the ith element being 1 if
v; € V1 and —1 otherwise, and 2m =73, d;.
Proof. Since G is not bipartite, |A;| <1 Vi # n. Hence, for odd times,

n
T
. 2t—1 _ 71s 2t—1 1/2. 1/2. .
Jim Pt = Jim 340 (D) (D)
1=

= lim (—1)%1 (Dl/zun> (Dl/Qun)T

t—o00
() (o)

and similarly for even times,

lim P%
t—o00

2 (Dl/2un> <D1/2un)T7

where the eigenvectors D'/?u; are orthonormal to each other, and u; is the eigenvector of
P associated with the same eigenvalue. From Proposition 3.6, u, has the specific structure
where u,, = ¢1; for some nonzero constant ¢ € R, and WLOG, ¢ > 0. Then from D'/2y; has a

2-norm 1, c=1/+/2m. Hence, for odd times,
x* = lim x(0)T P!
t—o0

_ tlg})lox(o)TDq/sz;lDl/Q
_ _X(O)TD71/2 (Dl/Qun> (D1/2Un>TD1/2
= —x(0)T(c11)(c11)"D = —x(0)T1,/(2m)17 D,
and similarly for even times,
x*2 = lim x(0)TP*

t—o0

= lim x(0)"D~1/2P% D'/?

t—00 5Ys
T
ZX(O)TDA/z (Dl/zun> (Dl/Qun) D/2
=x(0)T1,/(2m)17D,

which are of the same form as stated. [ |
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Hence, from Proposition 3.15, we can see that in antibalanced networks, the limiting
behavior of signed random walks not only depends on the initial condition, but also odd or
even times.

Strictly unbalanced networks. Finally, we consider all the remaining signed networks, the
strictly unbalanced ones. Interestingly, a steady state is actually achievable in this case.

Proposition 3.16. If G is strictly unbalanced, then the steady state is x* = 0, where 0 is
the vector of zeros.

Proof. When G is strictly unbalanced, by Theorem 3.9, p(Psys) < p(Psys) = 1. Hence,

t—oo Y8 t—o00

"~ T
lim P!, = lim 3~ A (D"20;) (D2u;)” =0,
t=1

where O is the matrix of zeros. Hence,
x* = lim x(0)"P’ = lim x(0)"D~/?P! . DV/? =x(0)"D~/20D"? = 0. u
t—00 t—00

We know that when G is balanced, dy(G) =0, and when G is antibalanced, d,(G) =0, but
the problem remains what these measures correspond to quantitatively in the case of strictly
unbalanced networks. We note that for each eigenvalue A of Ly, 1 — A is also an eigenvalue
of P. Hence, dp(G) =1 — Apax(P(G)) and do(G) = 1 + Apin(P(G)). Then if we denote the
balanced network that is closest to G' by G?, while the antibalanced network that is closest
to G by G, in the sense that G will become balanced or antibalanced by flipping the sign of
the least number of edges, then measures (3.7) and (3.8) are

A(G) = = Auax(P(G)) = 1) = = (Muax(P(G)) = Maax (P(G) ) = ~ A,
4a(G) = Muin(P(G)) = (~1) = Auin(P(G)) = Min(P(G)) = Ausin,

where we denote Amax(P(G)) — Amax (P(G?)) by Apax, and denote Apin(P(G)) — Amin (P(G%))
by Amin. Hence, we analyze the measures through considering the strictly unbalanced network
G as a perturbation of a balanced or antibalanced network, whichever is closer to GG. In the
following, we show exclusively the results from perturbing balanced networks, and the results
for the antibalanced ones follow similarly. We also refer the reader to [20] and references
therein for more mathematical details.

Let us denote the signed transition matrix of G® by PP, and its largest eigenvalues by
A =1, where P’u® = \0u® and wtTP? = \ow’T with u®, w® denoting the right and left
eigenvectors, respectively, of P®. We consider P = P® + AP. If AP is small and the largest
eigenvalue of P’ is well separated from the others, we can consider the largest eigenvalue of
P as perturbing the one of P®, where A\; = A8 + A.x With its corresponding right eigenvector
u=u’+ Au. Hence,

(P° + AP)(u’” + Au) = (A8 + Apay) (0 + Au).
Then, left multiplying w®T gives

W (P? + AP) (0’ + Au) = (A} + Apax) WP (0° + Au),
wW/TAPW + wTAPAU = A W 0? + A w?” Au.

Copyright (©) by SIAM. Unauthorized reproduction of this article is prohibited.



Downloaded 01/29/24 to 82.17.189.10 . Redistribution subject to SIAM license or copyright; see https.//epubs.siam.org/terms-privacy

66 YU TIAN AND RENAUD LAMBIOTTE

Since we assume AP is small, we ignore second-order terms w*” APAu and Apaw?’ Au,

and then
wiT APu?
(3-9) Arnax - w

From Theorem 3.4, we can directly specify the left and right eigenvectors as in (3.10).
We then interpret the proposed measures in (3.11).

Corollary 3.17. For a balanced network G°, the signed transition matriz P® has a right

eigenvector u’ and a left eigenvector w® associated with the largest eigenvalue )\I{ =1, where

1 if v ; i if v ;
(3.10) u?: ifv,eVy wf: d ifv,eVy
-1 ifv; € Vo, —d; if v; € V.

Proposition 3.18. When G can be obtained by flipping the sign of a set of edges E C E,

(3.11) w'TAPu® _ _QZ(Ui,Uj)GE Wi
) wbtTyb m ’
where 2m =} . d;.
Proof. When G° can be obtained by flipping the sign of a set of edges FE C F,
AP= Y -2P}eie] —2Peje],
(Ui,’l)]')EE

where e; is a column vector of the identity matrix with only the ith element being 1, and
Pt = (Pg) Then, from Corollary 3.17,

- b,.b, b b,,b,,b
w'T AP’ B E(vi,vj)eE —2Pjwiuj — 2Pjwiug

wiliab wiTub
 Dwiwyyel 2 IWigl = 2| Wi
N 2m
B 22(7}i,vj)€E~|mj‘
= - ,
where the second equality is obtained by Pig-wfug’» >0 and P;’iw?ug’ >0 V(vi,vj) € E. |

Hence, from Proposition 3.18 together with (3.9), the proposed measure dy(G) = —Amax
is proportional to the number of edges disturbing the balanced structure, which is also known
as the frustration index or line index of balance [1, 23]. In a similar manner, we can show
that the proposed measure d,(G) = Apiy is proportional to the number of edges disturbing
the antibalanced structure.

3.2.3. ELT model. In unsigned networks, the ELT model aggregates the state values
from all the neighbors for each node, but only changes its state value if the sum is greater
than a predetermined threshold. While in signed networks, we follow a similar procedure to
apply the opposing rule and consider the polarization on each node as in subsection 3.2.1.
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We also maintain the thresholding, but further allow a node to take a negative value if the
sum is less than the opposite of the threshold. Hence, the ELT model on signed networks
evolves as follows, where Vv; € V,t > 0:

O, i Wigwi(t —1)>0;4,
(3.12) iL‘j(t) = _Hj,t; Zz Wijl'i(t — 1) S —93‘7,5,

0, otherwise,

where 0, is the threshold to trigger the propagation, either positively or negatively, and the
initial state vector x(0) is given.

A theoretical understanding of threshold models on simple networks is still an active
area of research, and here we consider the even more challenging case of signed networks.
Hence, we (i) start from a specific network structure, regular (ring) lattices with uniform
magnitude of the edge weight, «, and (ii) analyze the behavior of the ELT model when the
whole neighborhood of a node (including itself), referred to as the central node, is activated.
Specifically, we denote the degree of nodes in the regular lattices as d, and apply the following
geometric sequences (cf. the threshold-type bounds [57]) for the threshold values:

ej,t - (elOé)tl(],

where 6; > 0 is the time-independent threshold that is the same for all nodes, and [y > 0 is
the magnitude of the initially activated state value, with x;(0) = £ly if node v; is activated
initially and 0 otherwise. Then the updating function (3.12) is now

(Hla)tlo, Zv,;E.At_1 Aij >0,
(3.13) zj(t) =4 —(01)lo, Y,ca, , Aij <00,
0, otherwise,

where A is the signed (unweighted) adjacency matrix as in (2.4), and A; = {v; : z;(¢) # 0}.
Hence, 6; is actually the threshold on the number of neighbors that are positively activated
over those that are negatively activated (in the previous time step).

We start from analyzing the ELT model on simple regular lattices (ignoring the edge
sign), and then proceed to signed regular lattices through their balanced structures. In simple
regular lattices, the whole neighborhood of the central node is positively activated initially.
We find that when

(3.14) 0, <0 =d/2,

Ju; € Vit >0, s.t. 2;(t) >0, i.e., some node has a positive state value at a certain time step
other than the initial start,” and the condition is the same as the one in [12]. Specifically, at
each t >0,

2In this specific case, under the same condition, (i) every node will have positive state values at some
time step, and (ii) only d/2 + 1 consecutive nodes are needed to be activated initially in order to trigger the
propagation with feature (i).
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Figure 1. Example of signed regular lattices of degree 4 with different structurally balanced configurations,
where positive edges are in black, negative edges are dashed in orange, and the whole neighborhood of node vo is
in different color(s) from the others (in gray), with the ones that are positively activated in red and the others
that are negatively activated in green.

(i) .Tj(t) = (Hla)tlg if v € A1
(ii) d — 2([6;] — 1) more nodes that are closest to A; 1 will be activated with the same
state value (6;a)tlp, if there is any.
Therefore, x;(t) > 0 Yv; € V, for sufficiently large ¢. In the following, we will specify the
behavior of the ELT model on signed regular lattices that are balanced, antibalanced, or
strictly unbalanced. Here, x;(t) < 0 is possible for each node v; at each time step ¢ > 0, and
in particular we will specify whether to positively or negatively activate a node initially.

Balanced regular lattices. We consider the activations that are consistent with the balanced
bipartition, where we positively activate the central node v;, and for each of its neighbors v,
we positively activate it with x;(0) = lp if W;; > 0 and negatively activate it with z;(0) =
—lp otherwise; see Figure 1 for different distributions of signed edges and the corresponding
activations.

Similarly, we find that when condition (3.14) is true, Jv; € V,t > 0, s.t. x;(t) # 0, i.e.,
some node has a nonzero state value at a certain time step other than the initial start, and
we refer to this phenomenon as “certain propagation” on the signed networks. However, with
the edge sign, there are more interesting patterns, where at each ¢ > 0,

(i)

z;(t) =

(Gla)tlo if v € .Azr_l,
—(ala)tlg if (NS .Atifl,

where A; = A UA; with A = {v;:2;(t) >0} and A; = {v; :3;(t) <0};
(i1) d — 2([6;] — 1) more nodes that are closest to A;_; will be activated if there are any,
where

z(t) = (Bra)tly  if Fvi, € A or v, € A st Ay j>0o0r A, <0,
J —(00)ty  if Fu, € A or vy, €A st Ay <0 or Agyy > 0.

Hence, each z;(t) has the same magnitude as the state value on the corresponding simple
regular lattice. For the sign pattern, A;Ll C A and A, | C A; Vt >0, ie., the nodes, once
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Figure 2. Example of signed regular lattices of degree 4 with different structurally antibalanced configura-
tions, where positive edges are in black, negative edges are dashed in orange, and the whole neighborhood of
node vg is in different color(s) from the others (in gray), with the ones that are positively activated in red and
the others that are negatively activated in green.

activated, remain active and maintain the sign of their state values over time, which is similar
to the evolution of W in the linear adjacency dynamics when the underlying signed network
is balanced.

Antibalanced regular lattices. Corresponding to the analysis in balanced regular lattices,
we consider the activations that are consistent with the antibalanced bipartition, where we
positively activate the central node v;, and for each of its neighbors v;, we positively activate
it with x;(0) = lp if Wj; < 0 and negatively activate it otherwise; see Figure 2 for different
distributions of signed edges and the corresponding activations.

Again, we find that when condition (3.14) is true, there is a certain propagation on the
structurally antibalanced regular lattice, but an alternating sign pattern. Specifically, at each
t>0,

(1)

.’L'j(t) _ —(ala)tlg lf vV € .Atifl,
(G)tly  ifvj €A,
where A; = A UA; with Af = {vj:2;(t) >0} and A, = {v; : 2;(t) <0};
(ii) d — 2([6;] — 1) more nodes that are closest to A;—; will be activated if there are any,
where

zi(t) = (RN if Ju;, € AZF_1 or v;, € A,_; s.t. A;;>0o0r A;,; <0,
J —(0)tly  if Fu, € A or v, €A st Ay <0 or Ay > 0.

Hence, again, each z;(t) has the same magnitude as the state value on the corresponding
simple regular lattice. However, for the sign pattern, A, C A; and A, C A, ie., the
nodes, once activated, remain active but alternate the sign of their state values in every time
step, which is similar to the evolution of W' in the linear adjacency dynamics when the
underlying signed network is antibalanced.

Strictly unbalanced regular lattices. In all the remaining configurations, they are neither
balanced where the nodes, once activated, remain active and maintain the sign of their state
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values over time, nor are they antibalanced where the nodes, once activated, remain active
but alternate the sign of their state values in every time step. There could be conflicts in the
sign of a node’s neighbors’ state values multiplying the edge weights, hence it is more likely for
the sum to be less than the threshold, and for these nodes to have state value 0 accordingly.
Hence, the propagation in strictly unbalanced lattices generally terminates within a fewer
number of time steps.

We can still find the same condition (3.14) on 6; to trigger a certain propagation on strictly
unbalanced regular lattices, but generally not all nodes will have nonzero state values in the
propagation process. The behavior over time could be more similar to balanced or antibalanced
regular lattices, depending on how far it is from being balanced by (3.7) compared with that
from being antibalanced by (3.8).

General signed networks. In this section, we have analyzed the behavior of the ELT model
on signed regular lattices, from the perspective of the balanced structure. For general signed
networks, we can consider the performance of the ELT model as follows. (i) We interpolate
the signed network locally by signed regular lattices of different degrees, or signed trees where
complex contagions (e.g., #; > 1 on the signed networks with uniform magnitude of the edge
weight) can hardly proceed. (ii) Then we can estimate the behavior of the ELT model on the
whole network by interpolating that on the corresponding signed regular lattices.

4. Numerical experiments. In this section, we numerically explore the dynamics on
signed networks, and verify the results we have shown for structurally balanced, antibal-
anced, and strictly unbalanced networks. Specifically, we consider both linear models, the
linear adjacency dynamics and signed random walks, and a nonlinear one, the ELT model,
and illustrate their consistent patterns, on both synthetic networks generated from the signed
stochastic block model, and also a real signed network of Highland tribes.

Signed stochastic block model (SSBM). We consider the SSBM which is slightly modified
from the version in [15]. The SSBM is constructed by the following components: (i) a planted
stochastic block model (SBM), SBM (pin, pout), where the probabilities of an edge to occur
inside each community and between the two communities are p;, and py, respectively; (ii)
an initial balanced configuration, where the dges inside each community are positive while
those between the two communities are negative; (iii) a probability n € [0,1]? to flip the edge
sign. We denote this planted SSBM by SSBM (pin, pout,n). We start from a network of size
n = 16, two blocks with nqy = 6 in one and no = 10 in the other, and p;, = 0.8, pout = 0.1.
The choice of network size is for visualization purposes, where for networks of larger sizes,
the results will be very similar if we maintain the network density. We consider the following
cases of the flipping probability, n = 0 for a balanced signed network,” n = 0.05 for a signed
network close to being balanced, n =1 for an antibalanced signed networks, and 1 =0.95 for
a network close to being antibalanced; see Figure 3. In all above cases, we assign a uniform
magnitude o =0.1 to the edge weights.

3The original range is [0,1/2) in [15] to obtain perturbations from (at least) weakly balanced networks.
Here we extend it to be the whole range because networks close to being antibalanced (in the two-block case)
could also be interesting.

4We note that = 0 corresponds to balanced signed networks because there are two blocks, and also that
the two blocks are the corresponding bipartition. The case for antibalanced signed networks is similar.
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Figure 3. Signed networks from SSBM that are balanced (n =0, upper left), close to being balanced (n =
0.05, upper right) with dy(G) = 0.077, do(G) = 0.503, and 3 edges disturbing the balanced structure, antibalanced
(n=1, bottom left), and close to being antibalanced (n = 0.95, bottom right) with dp(G) = 0.525, do(G) = 0.047,
and 2 edges disturbing the antibalanced structure, where the node color indicates the bipartitions of the relevant
balanced or antibalanced structures, and the edge color indicates the sign (black: positive; orange: negative).

For the linear adjacency dynamics, we observe that the state values are positive in one
node subset of the bipartition and negative in the other in the balanced one, while alternating
their signs in the antibalanced one; see Figure 4. The evolution of state values of the signed
network close to being balanced is very similar to the balanced one, while the other close
to being antibalanced has a very similar performance to the antibalanced one. Meanwhile,
we can already observe in the first few steps that some nodes have state values of smaller
magnitudes in the strictly unbalanced networks than either the balanced or the antibalanced
ones, such as node vys in the upper right case of Figure 4. See Figure 9 in Appendix B for
further comparisons to elucidate the differences in more time steps.

For the signed random walks, we observe similar behaviors as in the case of linear adjacency
dynamics, where the state values are positive in one node subset of the bipartition while
negative in the other (asymptotically) in the balanced network, while alternating their signs
in the antibalanced one; see Figure 5. However for random walks, the differences between
being exactly balanced or close to balanced are clearer, since the state values in the latter
will eventually converge to 0 while the former will have nonzero state values asymptotically.
The case of the antibalanced one and another that is close to being antibalanced is similar.
Furthermore, we find the steady state values are proportional to the node degree in the
balanced or antibalanced networks, which are consistent with Propositions 3.12 and 3.15.

For the ELT model, even though being very different from the previous linear adjacency
dynamics, we observe similar signed patterns, where the state values are positive in one node
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Figure 4. Evolution of the state values from the linear adjacency dynamics on the networks in Figure 3
that are balanced (n =0, upper left), close to being balanced (n=0.05, upper right), antibalanced (n=1, bottom
left), and close to being antibalanced (n = 0.95, bottom right), where, in the same row, the results on the right
are expected to be close to those on the left, to some extent, since the underlying networks are close to each
other by our proposed measures.
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Figure 6. Evolution of the state values from the ELT model on the networks in Figure 3 that are balanced
(m =0, upper left), close to being balanced (n=0.05, upper right), antibalanced (n =1, bottom left), and close
to being antibalanced (n=0.95, bottom right).

subset of the bipartition and negative in the other in the balanced network, while alternating
their signs in the antibalanced one; see Figure 6. The evolution of state values of the signed
network close to being balanced (antibalanced) is, again, very similar to the balanced (antibal-
anced) one, while we can also observe that some nodes in the strictly unbalanced networks
already have state values of smaller magnitudes in the first few steps; see, again, node vy5 in
the upper right of Figure 6.

Real signed networks. We now consider a classic example of real signed networks, the
Highland tribes network. The network contains n = 16 tribes as nodes, and a positive edge
indicates friendship while a negative edge indicates enmity. Hage and Harary [22] used the
Gahuku—Gama system of the Eastern Central Highlands of New Guinea, described by Read
[48], to illustrate a clusterable signed network. This network is known to be weakly balanced,
where the enemy of an enemy can be either a friend or an enemy, thus is neither balanced
nor antibalanced. We find dp(G) = 0.155 while d,(G) = 0.529, thus the network is relatively
closer to being balanced; see Figure 7. Here, we assign a uniform magnitude o = 0.1 to the
edge weights.

We then explore the dynamics, both the linear one from random walks and the nonlinear
one from the ELT model, when activating the nodes in the red part (i.e., node {vy,...,v10})
in Figure 7. We find consistent signed patterns in these two dynamics, where nodes in the
red part remain positive states and nodes in the blue part remain negative states. While for
nodes in the green part, there is more variance, since there are both positive and negative
edges connecting them and the red part, where node v1; has positive states, nodes vi2, v15
have negative states, while for the remaining nodes, their state values quickly approach 0; see
Figure 8. We still observe that the state values in random walks reach zero at stationary.
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Figure 7. Highland tribes network with dy(G) = 0.155 and do(G) = 0.529, where the node color indicates the
partition of the network with only positive edges inside, since it is closer to being balanced than antibalanced,
and the edge color indicates the sign (black: positive; orange: megative).

0.15 10 P —————
] \

0.10 08 { 4 o=l

/ \
; \
0.05 06 i A =3

xi(1)
xi(1)

0.4
0.00
0.2

—=0.05

0.0

bt bt et o

=0.10 * -0.2

Figure 8. Fvolution of the state values from the signed random walks (left) and the ELT model (right) on
the Highland tribes network.

5. Conclusions. Signed networks have gained increasing popularity over recent years,
due to their extensive applications in various domains. Most of the existing results are ob-
tained for unweighted signed networks, and the dynamics are usually characterized exclusively
on structurally balanced networks, while signed networks can be weighted and unbalanced.
In this paper, our focus is on the whole range of signed networks. We first classify signed
networks, where one type corresponds to structurally balanced ones on which most literature
focused, while there are also two more types to further specify the unbalanced networks, i.e.,
structurally antibalanced and strictly unbalanced ones. Then to characterize each type, we
consider the spectral properties of the weighted adjacency matrix. In particular, we show
that the spectral radius contracts with the presence of signs if and only if the signed net-
work is strictly unbalanced. Based on this classification and on further structural analysis, we
show that linear models, such as the linear adjacency dynamics, and nonlinear models, such
as the ELT model, can have similar patterns over time. Specifically, subject to appropriate
initialization, for balanced networks, the state values maintain the same sign over time, while
for antibalanced networks, the state values alternate the sign in every step, and for strictly
unbalanced networks, the state values can have smaller magnitude than those obtained on
the network ignoring the sign. As an example, we show that signed random works have a
zero vector as the steady state if and only if the signed network is strictly unbalanced. The
numerical results from the synthetic networks generated from SSBM, and the real Highland
tribes network further confirm our findings.
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In this work, we have provided a full description of the eigenpairs of the weighted adja-
cency matrix when the signed networks are balanced or antibalanced, while for the strictly
unbalanced networks, we can only characterize the spectral radius. We note that structurally
balanced and antibalanced networks only consist of two switching equivalence classes of signed
networks [4], and there are potentially more signed networks that lie in the broad category of
strictly unbalanced networks. As a next step, it would be interesting to further characterize
the signed networks that are strictly unbalanced in terms of switching equivalence classes, and
then provide finer characteristics of their spectrum and accordingly their dynamics.

Appendix A. Signed bipartite graphs. We now show more results regarding signed
bipartite graphs. We know that all cycles in bipartite graphs have even length, and that if A
is an eigenvalue of the (weighted) adjacency matrix, so is —A. We show in Proposition A.1
further characteristics of the spectral properties in the signed case.

Proposition A.1. Suppose G is bipartite, or has period 2, and we maintain the same nota-
tions of eigenvalues, eigenvectors, and spectral radius as in Proposition 3.6. Let Vy,1, Vpa denote
the corresponding bipartition for the bipartite structure, where Vy1 U Vpo =V, Vi1 N Ve = 0,
and E CVpy X V. If G is balanced with the bipartition Vi, Vi,

1. G is also antibalanced with the bipartition V1, Vaa, where Va1 = (Vp1 N V1) U (Ve N Vi)
and Vo = (Vo1 N Vi) U (Ve N Vi) ;

2. M1 =p(W)>0, \,=—p(W) <0, and each eigenvalue is simple;

3. uy is the only eigenvector that has positive values in one node subset in the bipartition
for the balanced structure (e.g., V1) and negative values in the other (e.g., Vs ), while
u,, is the only eigenvector that has positive values in one node subset in the bipartition
for the antibalanced structure (e.g., Va1) and negative values in the other (e.g., Vaa).

Proof. 1. Since G is balanced with the bipartition Vji,Vjo, then if W;; > 0, we have
v;,v; € Vi, 1 € {1,2}, while if W;; <0, we have v; € Vi1, vj € Vig or v; € Vi, v; € V1. Since
G is bipartite with the bipartition V1, V2, then for each edge (v;,v;) with vi,v; € Vi =
(Vo1 N V1) U (Vi N Via),

(vi,v5) € Va1 x Va1 & (vi,v5) € (Vpn N Vi) X (Ve N Vi) C Vi X Vi,

thus W;; < 0. Similarly, we can show that for each edge (v;,v;), (i) if vi,v; € Voo = (Vju N
%2) U (Vp2 N %1), Wij < 0, while (ii) if v; € Vi1, v € Va2 or v; € Vo, v; € Vat, Wij > 0. Hence,
G is also antibalanced with the bipartition V1, V,a.

2 and 3. Since W is a nonnegative matrix, and G is irreducible and has period 2, then
by the Perron-Frobenius theorem, (i) p(W) is real positive and an eigenvalue of W, i.e.,
A1 = p(W), (ii) this eigenvalue is simple s.t. the associated eigenspace is one dimensional, (iii)
the associated eigenvector, i.e., uy, has all positive entries and is the only one of this pattern,
and (iv) W has 2 eigenvalues of the magnitude p(W). For bipartite graphs, we know that
the other eigenvalue of magnitude p(W) is A, = —p(W).

Then, since G is balanced, from Theorem 3.4, (i) W and W share the same spectrum
and (ii) U = Sp; U, where U = [uj,us,...,u,] and U = [, 1y, ...,1,] containing all the
eigenvectors, and Sp; is the diagonal matrix whose (i,7) element is 1 if v; € V3 and —1
otherwise. Hence, \; = A\ = p(W) = p(W), and this eigenvalue is simple. Meanwhile,
u; = Sp1101, thus it has the pattern as described and is the only one of this pattern.
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Finally, since G is also antibalanced, but with another bipartition V1, V,2, from
Theorem 3.4, (i) the spectrum of W is the same as negating that of W, and (ii) U =S, U,
where S,; is the diagonal matrix whose (7,7) element is 1 if v; € V,; and —1 otherwise.
Hence, similarly, A\, = —\; = —p(W) = —p(W), and this eigenvalue is simple. Meanwhile,
u, = S,1171, thus it has the pattern as described and is the only one of this pattern. |

Appendix B. Further details. In this section, we give the detailed proofs of some state-
ments in the main text, and more results in the experiments in Figure 9.

Constructive proof of Proposition 3.3. We consider an arbitrary signed tree graph,
T = (V,E,W). We first show that 7T is balanced. For a node v; € V, there is only one
path from v; to other nodes in V. Hence, we can partition each node v; € V\{v;} according
to the sign of the path from v; to v;, where V; contains v; and the nodes of positive paths,
while V5 contains the nodes of negative paths.

We can show that V7, V5 is the bipartition corresponding to the balanced structure. Sup-
pose there is an edge (vp,v;) in Vi, then there are two paths of positive sign from v; to v, and
vy, and one of them does not go through edge (vp,v;). WLOG, the path to vy, denoted Py,
does not go through (vp,v;). Then Py, + (v, v;) is a path from v; to vy, thus positive. Hence,
edge (vp,v;) is positive. Similarly, we can show that each edge in V3 is positive, while each
edge between S and S is negative. Hence, each signed tree is balanced.

We now show that T is also antibalanced. We first construct another tree by negating the
edge sign, T = (V, E,—W), and then following the above procedure, we can show that 7" is
balanced. Hence, T' is antibalanced. |

Detailed proof of Proposition 3.3. The balanced graphs can be equivalently defined as
that all cycles have an even number of negative edges, and the antibalanced graphs can be
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Figure 9. State values from the linear adjacency dynamics on the networks in Figure 3 that are balanced
(n=0, blue), close to being balanced (n =0.05, orange), antibalanced (n =1, red), and close to being antibalanced
(n=0.95, green), when t =5 (upper left), 10 (upper right), 15 (bottom left), and 20 (bottom right).
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equivalently defined as that all cycles have an even number of positive edges. Hence, a nontree
signed graph G is both balanced and antibalanced if and only if every cycle has both an even
number of positive edges and an even number of negative edges. This can only happen when
there is no odd cycle, thus G is bipartite. |

Transition-matriz focused proof of Corollary 3.10. When G is balanced, by Theorem 3.4,
P, shares the same spectrum as Psys, then A\; =\ =1, and P also has eigenvalue 1.

We then consider the case when P has eigenvalue 1, and show that G is balanced. By the
Gershgorin circle theorem, we know that the spectral radius of P satisfies p(P) <1, hence 1
is the largest eigenvalue of P, i.e., \; =1 which is shared by P,,,. Then

P, (D1/2u1) — D2y,

o (Dl/2u1)TPsys <D1/QU1> _ (D1/2u1)TDl/2u1

&2 Y Wyuuy, = Zd uy; = !Wz'j! ui;
(viyv; ) EE
& Z [Wij| (uri — sign(Wij)ui,)? =0
(vi,v;)EE

U = U1y, Wij >0,
Ul = —U1y , Wij < 0,

=

where u; = (u1;) and sign(-) returns the sign of the value. Then we note that such a vector
exists if and only if we can find a bipartition Vi,V of V s.t. all edges inside V; or V5 are
positive, while those between the two are negative, i.e., G is balanced. [ ]
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