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Abstract

Radiation therapy plays a crucial role in the treatment of cancer. Major devel-

opments in the field, including 3D tomographic imaging, intensity modulation and

novel particle modalities, have all contributed to iterative improvements in precise

dose delivery. These advances have enabled highly conformal tumouricidal dose de-

position with improved healthy tissue sparing. Proton therapy, in particular, has

become an increasingly adopted modality due to its favourable depth-dose profile,

allowing for much of the dose to be localised within the target region, with virtually

no dose leakage to tissues beyond the target. However, physical dose does not tell

the full story; radiobiological mechanisms and their intermodality differences must

be well-understood, as these explain the processes by which the energy deposited in

cells leads to cell death and, ultimately, to clinical outcomes.

Densely ionising particle tracks offer an enhanced cell killing efficiency over x-rays,

which may be quantified through the relative biological effectiveness (RBE). The RBE

is a multiplicative factor converting the proton dose to an x-ray dose equivalent that

yields the same biological endpoint. In standard clinical practice a constant RBE of

1.1 is used, assuming protons are 10% more effective than x-rays for the same dose,

though recently there has been an increased focus on more sophisticated, variable

RBE models. Many decades of clinical experience with x-rays enables RBE-weighted

proton dose planning under a familiar framework. The dose is shaped according

to both absolute and volume-based tolerance doses. Although, in many modern

treatment planning systems, dose-volume constraints (DVCs) are approximated as
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their exact formulation poses a non-convex optimisation problem.

This thesis proposes novel methods and recommendations for the inclusion of ra-

diobiological factors in treatment planning through (1) a variable but pragmatic RBE

model based on DNA double strand break induction, and (2) a flexible, projection-

based inverse planning algorithm, suited to non-convex settings, that comprehensively

addresses dose-volume effects through the exact modeling of DVCs. This author hy-

pothesises that inclusion of these strategies will enable confident and effective treat-

ment planning not only in terms of physical dose deposition but, crucially, in biological

effect.
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Chapter 1

Introduction

“Therapy should be permanently backed up by scientific research without
which no progress is possible. Moreover, the search for pure knowledge is
one of the important needs of mankind. . . ”

— Marie Sk lodowska Curie, Remarks at the opening of the Radium
Institute, Warsaw, 1932. Found in [1].

1.1 Modern radiation therapy: from x-rays to

protons

It is currently expected that fifty percent of people in the United Kingdom will be

diagnosed with cancer during their lifetime [2]. Research into cancer treatments,

therefore, has been, and continues to be, an incredibly important and globally con-

solidated effort. A recent report published by Public Health England in partnership

with the NHS and Cancer Research UK compared the three major, but not mutually

exclusive, treatment regimes for cancer: chemotherapy, radiation therapy and surgery.

The report found that 27% of all cancer treatments in England between 2013 and

2016 involved radiation therapy [3], a technique by which ionising radiation is used to

kill tumour cells while sparing, as best as possible, surrounding healthy organs. This

figure drastically increases to around 64% on average for head and neck cancer types,

including up to 83% for cancers of the oropharynx [4]. Macmillan Cancer Support

has reported that by the end of this year there will be 2.9 million people in the UK

1



1 | Introduction

living with cancer and that this will increase to four million people by 2030 [5], a 38%

increase over the next decade. In 2015 the European Society for Radiation Oncology

(ESTRO) performed a health economics study to assess the increased demand for

radiation therapy by the year 2025 [6], finding that a 16% increase in demand for

radiotherapy services across Europe should be expected, with some countries expect-

ing up to a 30% increase. The study intended to signal to European health policy

makers that further investment in radiotherapy was needed along with a reduction

in the disparity of current resources across Europe. Looking ahead, as we live longer

lives it is clear that cancer prevalence will continue to increase, lest a panacea arrives,

and that the need for quality radiotherapy services will only increase.

The advent of radiotherapy dates back to Roentgen’s accidental discovery of x-

rays1 in 1895 [7], for which he was awarded the 1901 Nobel Prize in Physics (reviewed

by Mould in [8]), and to their almost immediate application to the treatment of skin

cancers. Perhaps the first treatment was performed by Grubbe in 1896 for a breast

cancer patient [9]. Radiation, and particularly radioactivity of natural sources, was a

developing field, rife with interest from researchers including Antoine Henri Becquerel,

Marie Sk lodowska Curie and Pierre Curie. The invention of the modern x-ray tube

by Coolidge [10] two decades after Roentgen’s discovery allowed for the production of

higher energy, more penetrative x-rays and thus the ability to target non-superficial

deep-seated tumours [11]. Initial treatment outcomes were limited in their success

and presented a range of side effects as there lacked a mechanistic understanding

among proponents of radiotherapy regarding the radiobiological principles at play. It

was during the 1920s that radiobiological considerations came to the forefront in both

treatment and radiation safety2 [12, 13].

External beam radiotherapy as we know it today can be attributed to the pro-

1The field of radiology used to be referred to as “Roentgenology” after Roentgen’s discovery and
x-rays were called “cathode rays”.

2The International Commission on Radiological Protection (ICRP) was established in 1928. See
http://www.icrp.org.
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duction of high energy megavoltage photons through the use of cobalt-60 as radiation

sources and the invention of linear accelerators (LINACs) in the 1950s. Though, an

influx of newly mechanically-plausible treatment options was impeded by limitations

in patient imaging necessary for accurately selecting appropriate radiation fields. The

invention of computed tomography (CT) for imaging by Cormack and Hounsfield in

1973 brought higher density resolution three-dimensional scans, allowing for improved

radiological diagnosis and radiotherapy planning. This earned them the 1979 Nobel

Prize in Physiology or Medicine3. A key development in radiotherapy, dubbed the

most exciting addition since CT imaging [14, 15], was the ability to deliver conformal

doses to the tumour through intensity modulated radiation therapy (IMRT), the his-

tory of which has been reviewed in detail by Bortfeld [16]. Conceptualised by Brahme

in 1982 [17], IMRT posed radiotherapy as an inverse problem that presented alterna-

tives to the impracticality of fabricating individualised passive scatter compensators

specific to each treatment. By the end of the decade, inverse planning algorithms

began to surface as alternatives to trial-and-error-based treatment planning. An al-

gebraic approach by Altschuler and Censor [18] (see also [19, 20, 21]) was particularly

transformative as it replaced an impractical integral inversion problem with one in

which both the patient geometry and external radiation field were discretised, allowing

for iterative numerical techniques. The first example of modern inverse optimisation

for radiotherapy was presented by Webb in 1989 [22]. Only a few years later, Webb

presented an inverse optimisation algorithm that allowed for precise two-dimensional

x-ray modulation using a large number of programmable tungsten “leaves” [23]. The

multi-leaf collimator (MLC), as it was named, has since been a staple of conventional

radiotherapy since its first clinical usage in 1996 [24].

Almost in parallel to the developments of x-ray therapy, researchers were exploring

the potential uses of protons for radiotherapy, albeit at a slower pace and with more

3Press release, NobelPrize.org, Nobel Media AB 2020, https://www.nobelprize.org/prizes/
medicine/1979/press-release/, Accessed 28/11/2020.
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hesitancy in clinical adoption. Around the same time as Roentgen’s discovery of x-

rays, Thomson discovered the electron [25]. Modern atomic theory developed over

the following two decades as Rutherford investigated the existence of a positively

charged nucleus around which electrons orbit [26], which culminated in his discovery

of the proton in 1919 [27]. In 1946, Wilson proposed the use of accelerated protons for

therapeutic use [28], building on William Henry Bragg’s 1903 discovery of the energy

loss characteristics of charged particles [29]. Bragg noticed that charged particles

have a finite range in matter, depending on their velocity, and that they give up

most of their energy to the material just prior to stopping. This sharp Bragg peak

in dose at the end-of-range is the cornerstone of proton therapy, allowing for highly

conformal dose to the tumour volume with minimal dose leakage to healthy tissues.

Protons were first used at research accelerators at the Lawrence-Berkeley National

Laboratory (1954) and Uppsala University (1967) prior to their first hospital-based

use in 1989 for the treatment of ocular tumours at the Clatterbridge Cancer Centre in

the United Kingdom [30]. The Loma Linda University Medical Centre in the United

States shortly followed, expanding the use of protons to other treatment sites in 1990

[30].

Widespread use of proton therapy, despite its promising dose-shaping characteris-

tics for paediatric cancers and complex treatment sites, was initially hindered due to

the high costs associated with the construction of treatment facilities and the mainte-

nance of highly specialised cyclic particle accelerators. However, benefits of improved

healthy tissue sparing and, consequently, fewer side effects as well as technological

innovations helped elevate the treatment to regular usage. Since the first clinical use

of protons in the 1950s over 220,000 patients have been treated with protons globally,

as of November 2020, with 47% of these treatments occuring in the past five years

alone [31, 32, 33]. Protons currently account for 85% of particle therapy modalities,

with the other 15% consisting mostly of carbon ions [33]. As of September 2020, there
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are five proton therapy centres currently in use in the United Kingdom with two ad-

ditional centres under construction [34, 35]. Protons indeed offer therapeutic benefit

over conventional x-rays, however radiobiological differences between these modali-

ties have recently been the subject of increased attention. In order to optimally and

confidently administer proton treatments, understanding and quantification of these

differences must be thoroughly explored.

1.2 Proton therapy physics

1.2.1 Photon interactions with matter

Photons are uncharged, massless quanta of energy and momentum whose interaction

with traversed media can only be described stochastically. They are unaffected by

the Coulombic fields set up by the nuclei and electrons that comprise the material

through which they pass, and instead tend to lose large amounts of their kinetic

energy in discrete interactions. Three of these interactions, namely photoelectric

absorption, Compton scattering and pair production, are of interest in radiotherapy,

as they result in energetic electrons which go on to deposit dose in the material and

cause cellular damage by the interaction mechanisms discussed in the next subsection.

Although photons are used in conventional radiotherapy, it is their “offspring”, the

secondary electrons, that cause damage. While photons can travel large distances

and even through the entire patient, the electrons produced may travel only up to a

few centimetres from their origin [36, p. 184-185].

In a photoelectric interaction (Figure 1.1(a)) a photon impinges on an atom and

gives up all of its energy to a bound electron in an inner shell. If the photon energy,

hν, where h is Planck’s constant and ν is the frequency, is greater than the binding

energy then the electron is ejected from the atom with excess kinetic energy. This

ejected electron is called a photoelectron. The vacancy left in the energy shell is then

M.D. Brooke, 2020 5
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Figure 1.1: Schematics showing the three major mechanisms by which photons interact with
matter in the context of radiotherapy; (a) photoelectric interaction, (b) Compton scattering, and
(c) pair production. e− represents an electron while e+ represents a positron.

filled with an electron from a higher energy band. To conserve energy, a low-energy

photon with energy equal to the difference between the two energy levels is emitted.

These are labelled characteristic x-rays as the cascade, or emission pattern, is unique

to the atomic energy structure of the element and can be used to identify the presence

of the element in a sample. Sometimes another atomic electron is ejected in preference

to characteristic x-rays; these are called Auger electrons. The probability of any of

the three listed interaction mechanisms occurring can be linked to the atomic number,

Z, of the material or the energy of the incident photon, hν. The photoelectric cross-

section increases in direct proportion to (Z/E)3 where E is the kinetic energy of the

incident particle. This sensitive dependence on the atomic number is exploited in

diagnostic radiology, in which tissues can be distinguished by contrast [37, p. 24].

In low-Z tissues the emission of Auger electrons can dominate that of characteristic

x-rays.

In a Compton interaction (Figure 1.1(b)) a photon interacts with a loosely bound

electron, transferring some of its energy to it. The electron recoils with gained kinetic

energy while the photon loses an equal amount of energy and changes direction such

that momentum in the system is conserved. Compton scatter is most important

for photons with energies between approximately 100 keV and 10 MeV, and is the

M.D. Brooke, 2020 6



1 | Introduction

dominant interaction process for photons ejected from linear accelerators (1 to 20

MV beams) for conventional radiotherapy [38, p. 6]. The likelihood of interaction

decreases with increasing energy and is independent of the atomic number of the

material.

Photons of energies above 1.022 MeV are able to interact with nuclei to undergo

pair production (Figure 1.1(c)). This is when the photon is converted into an electron

and positron pair, each with a binding energy of 0.511 MeV. The kinetic energies of

the electron and positron must add to (hν − 1.022) MeV in order to conserve energy.

Positrons are short-lived and travel only a short distance in ordinary matter before

being annihilated through interaction with an electron. Two photons of 511 keV are

emitted in this process. The likelihood of pair production increases with increasing

photon energy, above 1.022 MeV of course, and increases approximately in proportion

to Z2.

While the trajectory and interactions of an individual photon are not determinis-

tic, the collective behaviour of a large number of them is, thankfully, predictable. A

sufficiently sized “bunch” of photons can be described by beam intensity and beam

quality, two terms which do not apply to individual photons. The beam intensity

refers to the number of photons, which is often measured as particle fluence (the

number of particles per unit area), while the beam quality refers to the penetrative

power of the beam, which is related not to the number of photons but instead to

their energy. As a beam of photons passes through a material it is attenuated by the

stochastic action of a proportion of photons interacting with atoms and nuclei. This

attenuation leads to a reduction in fluence, Φ, that is mathematically described by

Φ(x) = Φ0 exp

(
−ρx

(
µ

ρ

))
(1.1)

where Φ0 is the fluence of photons incident on a material of mass density ρ, Φ(x) is
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the fluence at depth x in the material and (µ/ρ) is known as the mass attenuation

coefficient. This coefficient describes the fractional reduction in intensity of a beam of

photons over the distance travelled, considering all possible interactions, and has units

of cm2 g−1. The mass attenuation coefficient, taking into account the density of the

absorber, is very useful for radiation shielding calculations. Note that (1.1) assumes

a narrow beam of monoenergetic photons. In practice, beams are polyenergetic,

consisting of a spectrum of photon energies. It is indeed a broad spectrum that is

produced by an x-ray tube for conventional radiotherapy. In this case Φ must be

treated as a function of energy and so must (µ/ρ). There is an interesting interplay

between intensity and beam quality which is most noticeable, and problematic, in

computed tomography (CT) as it introduces imaging artifacts. As the beam passes

through material, lower energy photons exhibit a larger attenuation cross-section

than those of higher energy, which shifts the expected value of the energy spectrum

to higher values. This effect is known as beam hardening.

1.2.2 Proton interactions with matter

Contrary to photons, charged particles are continuously slowed down, and eventually

stopped, in material through consistent interaction between the Coulombic fields

of the incident particle and atomic nuclei in the material. A proton traversing a

material will “feel” every other source of charge present in that material due to the

electromagnetic interaction. One may intuit that the possible interaction mechanisms

that can occur for protons travelling through a material depend on the distance

between the proton and atomic nuclei, as the Coulombic repulsion between them is

inversely proportional to the square of this distance, and the amount of time spent in

such proximity4. This can be further distilled down to the impact parameter, b, which

is defined as the shortest distance between the initial (straight) proton trajectory and

4Both of these concepts are captured in the impulse of the Coulombic force.
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the nucleus (see Figure 1.3), and the speed, v, or equivalently the kinetic energy,

E, of the proton. In the context of proton therapy we are interested in the three

interaction mechanisms that have the most dosimetric (and by virtue, biological)

consequences; (1) inelastic Coulomb interaction with atomic electrons, (2) elastic

Coulomb scattering with atomic nuclei, and (3) non-elastic nuclear collisions.

1.2.2.1 Inelastic Coulomb interaction

Consider Bohr’s classical view of the atom [39], with atomic radius a. The most

likely scenario for a passing proton is that its trajectory is relatively far away from

the atomic nucleus (b � a), either giving enough energy to a valence electron to

ionize the atom or exciting an electron to a higher energy level which subsequently

returns to its ground state and emits a photon. In either case the proton loses some

energy, but it is negligibly deflected from its original trajectory due to its rest mass

being over 1800 times greater than that of the electron. These types of interactions in

Figure 1.2: Illustration of proton interaction mechanisms pertinent to radiation therapy: (a)
Inelastic Coulomb scattering (if the impact parameter, b, is of the order of the atomic radius, a,
then “knock-on” electrons can result), (b) elastic Coulomb scattering with atomic nuclei, and (c)
non-elastic collisions. e, p, n and γ represent an electron, proton, neutron and photon, respectively.
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which b � a are often called “soft collisions” and they explain the quasi-continuous

loss of proton energy. Section 1.2.4 introduces a statistical measure of this energy

loss for a beam of protons, called the stopping power. “Knock-on” collisions, shown

in the lower portion of Figure 1.2(a), are likely to occur when the impact parameter

is of the order of the atomic radius (b ∼ a). In this scenario the proton interacts

with a single atomic electron in a manner more analogous to a billiard ball collision,

imparting a large amount of kinetic energy to it. In fact, the energy is large enough

that this electron (labelled a δ-ray) can travel a significant distance and warrant its

own track of collisions that is of dosimetric interest.

1.2.2.2 Elastic Coulomb scattering

As a proton passes close to an atomic nucleus (b� a) the strong Coulombic repulsion

force dominates. Unlike the interaction with electrons, the large mass of the nucleus

causes the proton to deviate from its original path, as shown in Figure 1.2(b). In

response there is a small recoil of the nucleus and in most cases a negligible amount

of energy lost by the proton. Therefore, the collision is considered elastic. This elastic

scattering determines the sharpness of lateral penumbra in the dose deposited within

a patient [40] and can be described statistically using multiple Coulomb scattering

(MCS) theory (briefly discussed in Section 1.2.3). At this stage it is useful to mention

that although our discussion here is focused on protons, all of these physical concepts

apply to electrons as well. Although, they are drawn toward the nucleus rather than

repelled from it, and their small mass means they experience much more considerable

deflections. Electrons may lose energy in this process, which manifests as photons,

however elastic scattering with the nucleus is about 30 to 50 times more likely to occur

than radiative losses [36, p. 163]. If photons are produced, they can have an energy

of up to the incident kinetic energy of the electron. The spectrum of photons pro-

duced is known as bremmstrahlung, and this is in fact the source of x-rays (produced
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from an x-ray tube) for conventional radiotherapy. While proton bremmstrahlung is

theoretically possible, it is of insignificant concern in proton therapy.

1.2.2.3 Non-elastic nuclear collisions

Non-elastic nuclear collisions involve the incident (primary) proton being captured

by an atomic nucleus followed by spallation products (protons, neutrons, deuterons,

tritons, alpha particles or heavier ions) directed largely in the incident direction of

the primary proton, an example of which is shown in Figure 1.2(c). These nuclear

fragments contribute to the secondary radiation field, a naming convention which

distinguishes them from the primary proton field. In order for the interaction to

occur, the proton must have an energy greater than the electrostatic binding energy

of the nucleons, which is approximately 8 MeV for anatomical materials. While these

non-elastic scattering events with the nucleus are few compared to the elastic and

inelastic Coulomb interactions described above, they nonetheless have considerable

consequences in dose, biological effect and radiation protection. Secondary protons

comprise about 10% of the dose in the patient, however the impact on the spatial

dose distribution for therapeutic fields is small [see, e.g., 41]. Heavier secondary

particles contribute only about 1% of the dose [42] and most travel only a very short

distance from their creation, however their energy losses over this distance can have

increased biological significance and lead to increased cell-killing that would not be

suggested solely by the physical dose deposited. We are now moving into the realm

of linear energy transfer (LET) (Section 1.2.6) and relative biological effectiveness

(RBE) (Section 1.3.5), which are of paramount importance throughout this thesis.

As such, finer details are left until later on.

A non-elastic interaction caused by a secondary neutron can leave the nucleus in

an unstable excited energy state of “induced radioactivity”. Analogous to an electron

moving down an energy level to fill a vacancy, the nucleus is returned to its ground
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Figure 1.3: Classical scattering in three dimensions. Charged particles with mass m, kinetic energy
E, speed v0 and initial momentum p0 = mv0 are deviated by a spherical potential whose origin is
on the z-axis. Particles within an infinitesimal patch of area dσ = b db dφ at azimuthal angle φ with
impact parameter b scatter into a corresponding infinitesimal solid angle dΩ = sin(θ)dθdφ where θ
is the polar scatter angle.

state by a nucleon (or several nucleons) dropping to lower energy levels. However

the energy gaps between levels are much larger and give rise to high-energy γ-ray

photons. It may take several minutes for this decay and emission to occur. For this

reason one must be acutely aware of persisting radioactivity in the treatment room,

and especially in the linear accelerator itself, after the beam has been turned off.

1.2.3 Multiple scattering

In the case of elastic scatter of a single proton due to a positively charged atomic

nucleus, classical scattering theory allows us to determine the distribution of possible

deflection angles. Extending this to a multitude of successive small-angle scattering

events in a beam of protons requires a probabilistic approach to model the nett

angular deflection through some finite thickness. This series of small-angle deflections

is referred to as multiple Coulomb scattering (MCS). We shall begin with a brief

recount of Rutherford scattering [26] before providing a short, practical overview of

MCS theory.

Consider a proton incident on a spherical potential as shown in Figure 1.3. Protons

within an infinitesimal patch of area dσ = b db dφ with impact parameter b and az-
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imuthal angle φ scatter into a corresponding infinitesimal solid angle dΩ = sin(θ)dθdφ

where θ is the polar scatter angle. In Rutherford’s calculations [26], the differential

scattering cross-section, or probability of scatter, dσ, for scattering into the solid

angle dΩ is given by

dσ

dΩ
=

(
Ze2

8πε0mv2
0

)2

cosec4(θ/2) (1.2)

where Z is the atomic number of the nucleus, e is the electronic charge, ε0 is the

vacuum permittivity, m is the mass of the proton, v0 is its initial speed, and θ is

the projected scattering angle as shown in Figure 1.3. We omit derivations here for

brevity but it should be noted that (1.2) can also be derived quantum mechanically

by considering the first Born approximation of a plane wave incident on a screened

Yukawa potential, and it can also be recovered from the Mott cross-section for a

spin-1
2

particle in the presence of a nucleus [43].

The amount of spread, or nett deflection, of a proton beam due to elastic scattering

is characterised by the scattering power, defined as the rate of increase, with depth,

x, in a material, of the mean square of the projected scattering angle, θ. That is,

T (x) :=
d〈θ2〉

dx
. (1.3)

The scattering power is an important concept in modelling MCS. The most accurate

model of MCS is provided by Molière [44, 45], however a simplified Gaussian model of

the probabilistic proton trajectory is provided by Fermi-Eyges theory [46, 47], which

is sufficiently accurate for small deflection angles. In Fermi-Eyges theory the variance

of the scattering angle, var(θ), is given by the zero-th moment of the scattering power,

var(θ) =

∫ x

0

T (ξ)dξ, (1.4)

and in assuming a Gaussian scattering process one may infer the scattering power
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from

d〈θ2〉 = dx

∫
θ2dσ. (1.5)

Here, dσ is the usual differential scattering probability, for which we could substitute

the Rutherford cross-section in (1.2). However, the Mott and Rutherford formulae

both assume that the nucleus sets up an electric field equivalent to that of a point

positive charge. A more accurate formula that takes into account the finite size of

the nucleus and the screening of its electric field by orbital electrons is provided by

Goudsmit and Saunderson [48, 49]. Gottschalk presented an explicit expression for

the scattering power [50] which has been widely applied in proton CT reconstruction5.

1.2.4 Stopping power

As discussed in Section 1.2.2, inelastic Coulomb interactions between projectile pro-

tons and atomic electrons are responsible for a quasi-continuous loss of proton energy

as they traverse media. The expected rate of energy loss, dE, over a distance dx is

known as the stopping power,

S(E) :=

〈
dE

dx

〉
, (1.6)

and it is a concept that applies not only to proton beams, but to any charged particle

beam. Note that the 〈·〉 notation is often omitted as it is well-understood that stop-

ping power is an expected quantity over numerous energy loss events and should not

be applied to a single particle. It is also common to report the mass stopping power,

S/ρ, given the particles traverse a material of mass density ρ, in units of MeV cm2g−1.

The Bethe-Bloch formula [52, 53] is most often used to determine the stopping power

in therapeutic energy ranges, of about 3 MeV to 300 MeV [50]. In its full form, it is

5This includes work published by the author of this thesis in February 2020, in which heteroge-
neous moments of the scattering power are used to develop a most likely path formalism for proton
CT imaging [51].
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given by

S

ρ
:= −1

ρ

〈
dE

dx

〉
= 4πNAr

2
emec

2Z

A

z2

β2

[
log

(
2mec

2γ2β2

I

)
− β2 − δ

2
− C

Z

]
(1.7)

where NA is Avogadro’s number, re is the classical electron radius, mec
2 is the rest

mass of the electron, c is the speed of light in a vacuum, z is the charge of the

particle, Z is the atomic number of the material traversed, A is its mass number,

and I is its mean excitation potential. β := v/c where v is the velocity of the

particle. The last two terms represent relativistic and quantum mechanical corrections

that must be considered at very high energy (shielding correction, δ) or very low

energy (shell correction, C). In practice, for proton therapy applications, the following

simplification can be used with negligible loss of accuracy:

S =
4π

mec2

ρe
β2

(
e2

4πε0

)2 [
log

(
2mec

2β2

I(1− β2)

)
− β2

]
. (1.8)

Here, ρe is the electron number density of the material, e is the electronic charge

and ε0 is the electric permittivity of free space. The stopping power in composite

materials of n elements can be estimated using known mean excitation potentials of

individual elements and the Bragg additive rule;

ln I =
n∑
k=1

wk
Zk
Ak

ln Ik

〈
Z

A

〉−1

(1.9)

where 〈
Z

A

〉
=

n∑
k=1

wk
Zk
Ak

(1.10)

and wk is the fractional weight per volume of the k-th element.

The total stopping power can be broken down into three independent terms; the

electronic stopping power, Sel, due to the loss of energy to atomic electrons; the

nuclear stopping power, Snuc, due to elastic collisions with atomic nuclei; and the
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Figure 1.4: Proton stopping power contributions (left axis) and range (right axis) in water as
functions of kinetic energy. Sel: electronic stopping power; Snuc: nuclear stopping power; RCSDA:
CSDA range; R = αEp: range approximation by Bragg-Kleeman rule [29] as in (1.12). Data sourced
from the NIST pSTAR database [54].

radiative stopping power, Srad, due to Bremsstahlung from nonelastic nuclear inter-

actions. As mentioned previously, radiative losses are negligible in proton therapy [40]

and so calculation of Srad is rarely necessary. Figure 1.4 shows the relative contribu-

tions of Sel and Snuc to the total stopping power in liquid water for proton energies

between 1 keV and 300 MeV, using the NIST pSTAR database [54]. The Snuc contri-

bution is more pronounced at lower energies, however it is only at energies below 20

keV at which the contribution becomes larger than 1% of the total stopping power.

This contribution quickly jumps to approximately 25% at 1 keV.

The range that protons travel in a material is dependent on their energy loss.

Therefore, the range is also a stochastic quantity, defined as the depth at which half

of the protons have come to rest in the material. The average range may be calculated
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in a continuous slowing down approximation (CSDA) as follows:

R =

∫ R

0

dx =

∫ 0

E0

(
dx

dE

)
dE =

∫ 0

E0

1

S
dE, (1.11)

where E0 is the initial kinetic energy of the proton. The empirically-derived Bragg-

Kleeman rule [29],

R = αEp0 (1.12)

for α = 0.0022 and p0 = 1.77 (according to Bortfeld and Schlegel [55, 56]) may be used

to approximate the CSDA range for proton energies above approximately 1 MeV, as

demonstrated in Figure 1.4.

1.2.5 Depth-dose characteristics

The cornerstone of proton therapy, the Bragg peak in the depth-dose distribution,

comes as a result of two main phenomena; (1) how energy is transferred in electro-

magnetic interactions, calculated through the stopping power formula in (1.7); and

(2) a fundamental difference between electrons, which are the dose-inducing particles

in conventional photon therapy, and protons. It can be seen in (1.7) that the stopping

power is directly proportional to the inverse square of the particle velocity, v = βc.

Therefore, as the particle slows down, more energy is lost per unit length, until it gives

up all available energy and stops. Stopping power is independent of the mass of the

particle, so one may, rightly, question why the electron dose deposition is so different

to that of protons (as illustrated in Figure 1.5). The answer does in fact relate to

the relative masses of the two particles, even though the stopping power is described

identically. The proton, having over 1800 times the mass of the electron, suffers

smaller deflections in its interaction with electrons in the target material. Electrons,

on the other hand, suffer large angle deflections. This scatter results in a diffuse dose

deposition in which there is no defined Bragg peak for the beam as a whole.
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Figure 1.5: Illustrative comparison of a proton depth-dose curve to that of a conventional mega-
voltage (MV) photon beam. Individual pristine proton pencil beams produce the Bragg peaks
shown which together contribute to a homogeneous spread out Bragg peak (SOBP) covering the
target region.

The dose, D, deposited in a small volume of material is given by the energy, ε,

transferred to the material by all particles passing through it, divided by the mass,

m, of that volume. That is, D = ε/m, which has units of J kg−1, otherwise known as

gray (Gy). If the particle fluence in a small volume of material with mass density ρ

is known for the entire spectrum of kinetic energies then the dose in that volume can

be calculated using

D =
∑

particle
type

∫ Emax

0

Φ(E)
Sel

ρ
(E)dE (1.13)

where Emax is the maximum particle energy in that volume, Φ(E) is the particle

fluence, or number of particles, passing through that volume with kinetic energy

E, and Sel is the material-dependent electronic (or collisional) stopping power. A
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summation must be applied over all types of ionising particles that pass through the

volume.

The pronounced proton Bragg peak allows for highly localised dose deposition at

the target, low dose on entry into the patient, and virtually no dose distal of the peak.

In comparison, the dose due to a photon beam is distributed more broadly and all the

way through to the exit boundary, with the highest dose being deposited only a few

centimetres past the skin surface. There are therefore clear benefits to using protons

over photons in terms of physical dose conformality; tumoural tissue can be precisely

targeted while reducing dose leakage to surrounding healthy tissues. In practice, a

monoenergetic proton pencil beam is not a wise choice for treatment as the dose at the

Bragg peak is, by definition, highly heterogeneous. Instead, the incident, or nominal,

energies of many individual proton pencil beams are modulated in order to produce a

homogeneous dose that covers the entire target. (Finer details of how this is achieved

in three dimensions are provided in Section 1.4.1.) The resulting dose distribution is

known as a spread out Bragg peak (SOBP) and is shown in Figure 1.5 alongside its

constituent monoenergetic pencil beam doses.

1.2.6 Linear energy transfer

The linear energy transfer (LET) is defined by the International Commission on Ra-

diation Units and Measures (ICRU) as the restricted linear electronic stopping power

for a given material [57]. That is, it is equal to the differential mean energy trans-

ferred to the material through electronic interactions per unit path length, including

the energy carried away from the primary track by secondary electrons but only up

to some threshold ∆;

LET∆ := Sel −
〈

dE

dx

〉
KE>∆

. (1.14)
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The second term in (1.14) is the mean energy transferred to the material by secondary

electrons with initial kinetic energies larger than ∆. The unrestricted LET, denoted

LET∞ or with the subscript dropped entirely, is often used for simplicity. In this case

the LET is assumed to be equal to Sel and it includes all secondary electrons in the

calculation.

The LET provides a microdosimetric measure of the radiation quality, which pro-

vides further insight into the density of ionisations along a proton track, as illustrated

in Figure 1.6 at the scale of the DNA double-helix. Therefore, it is commonly used

in a first approximation to explain any observed differences in the biological effect

of radiation, which is discussed in finer detail in the next Section and in Chapter 3.

Photons produce a sparse ionisation pattern in comparison to protons or heavier ions

and exhibit a correspondingly low LET.

If one were to investigate each proton track individually, even when confined to

Figure 1.6: Illustration of low and high LET radiation at the scale of the DNA double-helix, and
the corresponding ionisation density pattern. Black lines represent particle tracks. Each ionisation
event is marked in red.
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a very small volume, it would be highly unlikely to observe a consistent amount of

energy being transferred per track length. Instead, possible values for the LET follow

a distribution, which is discussed further in Chapter 5. In order for the LET to be

useful as a voxelised quantity and be mapped to patient CT coordinates, as is the

case for dose, the distribution is replaced in practice by the average value. There

are two main methods by which the LET is averaged; track-averaging (LETt) and

dose-averaging (LETd). The track-averaged (equivalently, “fluence-averaged”) LET

is defined as the average value of the electronic stopping power weighted by the energy

spectrum of the protons present in the voxel of interest. That is,

LETt =

∫∞
0
Sel(E)Φ(E)dE∫∞
0

Φ(E)dE
(1.15)

where Φ(E) gives the number of protons entering the voxel with a kinetic energy

between E and E + dE. Dose-averaged LET is instead calculated by weighting each

track by its contribution to the total dose due to all protons entering the voxel;

LETd =

∫∞
0
Sel(E)D(E)dE∫∞
0
D(E)dE

=

∫∞
0
S2

el(E)Φ(E)dE∫∞
0
Sel(E)Φ(E)dE

. (1.16)

Even though the dose contribution from secondary protons is relatively small

compared to primary protons, their contribution to LETd is significant [58, 59]. These

contributions have often been omitted in analytical calculations of the LET, but are

included in Monte Carlo approaches [60, 61, 62, 59, 63]. The LETd is more practically

calculable and is therefore used in biological treatment planning, however factors

such as track structure heterogeneity and energy straggling, particularly toward the

proton end-of-range, cause considerable disagreement between the two calculation

methods. Dose-averaging will always lead to a larger LET due to the uncertainty

in the measurement of electronic stopping power. This is universally recognised,

though, by this author’s understanding, has rarely been explained formulaically as
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Figure 1.7: Dose, LETt and LETd depth profiles along the central axis of a 100 MeV monoenergetic
proton pencil beam.

follows. The variance in a random variable X can, in general, be calculated using

var(X) = 〈X2〉 − 〈X〉2. (1.17)

Applying this relationship to (1.15) and (1.16) yields

LETd = LETt

(
1 +

var(Sel)

LET2
t

)
. (1.18)

Here, the LETd has a clear and explicit dependence on the uncertainty in the measure-

ment of the electronic stopping power and it is always true that LETd ≥ LETt. Figure

1.7 demonstrates this disagreement between the two quantities and the tendency for

LET to increase exponentially with depth toward the Bragg peak and distal dose

fall-off. Monte Carlo simulation results for a 100 MeV monoenergetic proton pencil

beam are shown. The methods by which this data was produced are described in

detail in Chapter 4.
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1.3 Proton radiobiology

1.3.1 Temporal action of ionising radiation

In previous sections we explored the physical interaction mechanisms by which pro-

tons, or indeed any charged particles, are slowed down and deflected as they traverse

materials. The trajectories of these particles and the energy loss events they encounter

along these paths are responsible for the spatial distribution of dose in the material.

This physical dose is simply a measure of the amount of localised energy transferred

to the material. Many decades of experience in conventional x-ray therapy has en-

abled physical dose values to be circumstantially linked to clinical outcomes, without

necessarily needing to understand the exact biological mechanisms that caused these

outcomes. Factors leading to biologic injury must be understood in order to resolve

differences in clinical outcomes between photons and protons, or indeed any other

novel radiation treatment. Understanding all the mechanisms at play, from physics,

to chemistry, and to biology, allows clinicians to plan better treatments and improve

patient outcomes.

The affects of ionising radiation on cells can be broken into a timeline of events,

from the initial physical interaction causing ionisation of molecules, to chemical reac-

tions caused by the breakage of molecular bonds, and eventually to biologic responses

that follow from chemical changes. Physical interactions between the incoming ra-

diation and cellular targets occur in a very small time frame, on the order of 10−15

seconds. In the likely event that a particle ionises a water molecule, as a cell consists

mostly of water, the resulting H2O+ ion is short-lived (∼10−10 s). It’s chemical in-

stability is a result of an unpaired valence electron. This makes this ion a radical6.

The ion goes on to react with ordinary water to form a hydronium ion (H3O+) and

6Note that, in general, an ion need not also be a radical.
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a hydroxyl radical (OH·). These two chemical processes are summarised below:

H2O → H2O+ + e−, (1.19)

H2O+ → H3O+ + OH· (1.20)

where e− is an ejected valence-shell electron. Additionally, the induction of an excited

state of the water molecule, H2O∗, can also result in hydroxyl production;

H2O∗ → H + OH · . (1.21)

Hydroxyl radicals are highly reactive, with a mean lifetime of around 10−9 seconds.

They diffuse through the cell only a short distance but this can be enough to reach,

and interact with, critical cellular targets such as the DNA. The time between chem-

ical effects and expression of biologic damage can vary significantly. This could be

hours, days, years, or even generations in the case of hereditary defects.

1.3.2 DNA damage and repair

The deposition of energy within a cell is stochastic and thus so is the spatial distribu-

tion of initial ionisations. These initial ionisation events and subsequent ionisations

caused by diffused radicals are able to induce damage in any cellular target. However,

many of these targets, such as ribosomes, mitochondria, or cytoplasm, for example,

have redundancies (multiple copies or rapid turnover) which mitigate the affects of

molecular damage. By contrast, there are only two copies of DNA and turnover is

relatively very slow. This lack of redundancy paired with the DNA’s command of

cellular functions makes DNA the main target for lasting or lethal damage [64, p. 9,

23] [65, p. 11] [66, 67].

The DNA double-helix consists of two opposing strands of a sugar-phosphate

M.D. Brooke, 2020 24



1 | Introduction

backbone connected at regular intervals to purine (adenine or guanine) or pyrimidine

(cytosine or thymine) bases. The strands are linked to each other by hydrogen bonds

between the bases, however adenine must always pair with thymine and guanine must

pair with cytosine. There is seemingly endless depth to which we could discuss DNA

biology, from gene expression to oncogenesis, however for the purposes of this thesis

we restrict our discussion to only a few key ideas.

DNA damages may occur from direct or indirect ionisation or excitation of the

DNA. Direct damage entails the particulate radiation interacting with the DNA along

its trajectory. Indirect damage occurs when water surrounding the DNA (within a

radius about twice that of the DNA itself [64, p. 10]) is first ionised and resulting

chemically reactive radicals diffuse to, and interact with, the DNA. Hydroxyl radicals,

produced through the reactions shown in (1.19), (1.20) and (1.21), are the most reac-

tive with the DNA compared to other radical species, accounting for up to two-thirds

of damage in conventional x-ray therapy [68]. The consequences of these indirect

damages are, in general, highly dependent on the amount of “fixation” by molecu-

lar oxygen, which renders the lesion permanent. If there is an absence of molecular

oxygen near the damage site in the microseconds that follow initial ionisation, DNA

radicals formed by indirect events are more readily repaired. However, if the DNA

radical reacts with oxygen to form a peroxide then the DNA is not able to be repaired

at this site. This is known as the oxygen fixation hypothesis. The difference between

hypoxic (very low to null oxygen concentration) cells and aerobic, or normally oxy-

genated, cells has been shown to be significant in the case of x-rays, with up to a

three-fold difference in the eventual damage yield [see, e.g., 69, 70, 71, 72, 73]. This

multiplicative factor by which the presence of oxygen tends to increase the severity

of injury is known as the oxygen enhancement ratio (OER). Explicitly, it is most

often quantified as the ratio of doses D([pO2]a)/D([pO2]b) that produce the same bi-

ological or clinical outcome for different molecular oxygen percentage concentrations
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Figure 1.8: Illustration of DNA strand breaks (in orange) caused by indirect and direct damage
events, with each ionisation event marked in red. A primary particle is incident from the left, giving
rise to a secondary electron. Indirect damage occurs by ionisation of nearby water molecules which
results in hydroxyl radicals (OH·) then ionising the DNA. Direct damage occurs by ionisation of the
DNA by the incident particle itself. Multiple strand breaks within 10 base pairs are labelled double
strand breaks (DSBs), which may be due to a single particle track (bottom track shown) or multiple.

[pO2]a ≤ [pO2]b. The OER is typically more significant for low LET radiation such

as x-rays, for which indirect damage events dominate, compared to higher LET ra-

diation such as low-energy protons. We explore this in some more detail in Chapter

3, including in the context of a novel treatment option known as FLASH radiation

therapy, which is increasingly gaining traction in the radiotherapy community.

Whether by direct or indirect ionisations, the resultant DNA radicals may ulti-

mately lead to lasting DNA damage if not repaired by cellular mechanisms. Types

of damage fall under a number of classifications however only some are pertinent in

radiation therapy. For example, low energy ultraviolet photons (approximately 4 to

30 eV) are able to cause adjacent thymine and cytosine bases to covalently bond

together causing a “kink” in the DNA. These kinks, properly referred to as pyrimi-
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dine dimers, are readily repaired through nucleotide excision repair (NER) and are of

negligible consequence relative to clustered ionisations at the deoxyribose (sugar) or

phosphate groups comprising the DNA backbone. In general, isolated base damages

from ionising radiation are repaired successfully through base excision repair (BER).

Conversely, strand breakages can have significant consequences, the severity of which

is related to their spatial proximity. Single strand breaks (SSBs) do not often lead

to cell kill because the opposite strand is able to act as a template for repair [66].

Double strand breaks (DSBs) may be formed by single or multiple particle tracks, or

multiple indirect damages, within ten base pairs, or one helical turn of the DNA [74].

Although, at therapeutic doses the probability of a DSB being induced by two or

more independent particle tracks can be considered negligible; a dose of larger than

104 Gy would be required for such an occurrence to become likely [75]. Contrary to

isolated SSBs, these DSBs can cleave chromatin into distinct pieces at the damage

sites, making it much more difficult to repair. Figure 1.8 illustrates strand breaks

caused by indirect and direct damage events. Multiple strand breaks within ten base

pairs, as shown in the figure, are labelled DSBs. Subcategories of DSBs are often

used to distinguish the density of clustered lesions. Using the classification system of

Michalik and Frankenberg [76], a simple DSB is labelled as consisting of two oppos-

ing SSBs with at most one additional base damage while a complex DSB is one that

consists of multiple SSBs and base damages within a close vicinity. Complex DSBs

are commonly associated with high LET radiation as the density of ionisation events

is greater than for low LET radiation. It should be noted that labels of damage com-

plexity have differed historically, with some being strictly guided by the number of

strand breaks [see, e.g., 77, 78, 74] while others include base damages and whether the

damages were directly or indirectly induced [see, e.g., 76, 79]. In fact, Schipler and

Iliakis [80] describe in great detail six different complexity labels for DSBs, though

our two-level classification system is all that is needed as context for this thesis.
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A dose of 1 Gy due to x-ray radiation typically results in a relatively small number

of DSBs (up to about 40), twenty-five times fewer than the number of SSBs [64, p.

13], however it is primarily due to the induction of these DSBs in nuclear DNA

that approximately one-third of exposed mammalian cells are killed [65, p. 13].

There are two major DSB repair pathways; homologous recombination (HR) and

non-homologous end-joining (NHEJ) [81, 82]. HR is an error-free repair process that

occurs in late-interphase (S or G2 cell cycle phases). It avoids errors by requiring

physical contact with the undamaged sister chromatid, which acts as a template

for repair. This process cannot occur in early-interphase (G1), prior to replication,

as there is no template chromatid present. Instead, early-interphase NHEJ repair

involves rejoining the broken DNA strands. However, NHEJ is prone to errors as

there is no “ground-truth” template for repair, and small base sequence variations

can occur near the site of the DSB. It is interesting to note that the presence of a

sister chromatid after replication does not guarantee the error-free HR process. In

fact, both HR and NHEJ compete. The regulation of the necessary repair proteins is

in part related to the recruitment of 53BP1 proteins [83], which is explained in some

further detail in Chapter 3, Section 3.4. In each case, unpaired bases at the breaks

tend to join together when in proximity, causing chromosome aberrations. Lethal

aberrations usually fall under dicentrics, by which two pre-replication chromosomes

join at their breaks, rings, by which a single pre-replication chromosome joins to

itself at two different break sites, or anaphase bridges, by which two chromatids post-

replication join at their breaks.

While our discussion here is not intended as a comprehensive take on the biolog-

ical processes at play, it is nonetheless important to highlight the links between the

damages to DNA and the eventual chromosomal effects that then contribute to cell

death or dysfunction. DNA, with a diameter of less than 2.5 nm, is tightly wound

around histones to form a densely packed chromatin structure. The width of the
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entire chromosome in metaphase is more than five hundred times larger than the

DNA itself [64, p. 24]. DSB damages in the DNA can be the ultimate cause of chro-

mosome aberrations, which interrupt regular cell division. Complex DSB damage

may occur early in interphase, causing unrepaired breaks to be replicated when an

identical strand is produced, or they may occur in one or both of the chromatids in

late-interphase.

The possible DNA damage response (DDR) pathways are highly interrelated and

complex, comprising sensor proteins that survey the genome for damages and subse-

quent effector pathways that dictate the action that the cell takes as a response to

radiation-induced damage [65, p. 14]. The cell may repair itself, become blocked in

its progression through the cell cycle, or undergo a programmed (apoptotic) death.

Sufficient trauma to the cell may even cause a less orderly death known as necrosis.7

1.3.3 The linear quadratic model for cell survival

Cell survival curves relate the radiation dose received by cells to the fraction of those

that survive damage caused by irradiation. The definition of cell death, however, is

actually rather subjective, so in the context of radiobiological studies reproductive

cell death is often the endpoint used. A cell that has lost its ability to proliferate

sustainably and form a large colony over at least several mitotic cycles is not clono-

genic, has lost its reproductive integrity, and is considered dead. This is despite some

cellular mechanisms remaining functional [84], [64, p. 35]. In-vitro radiobiological

studies, meaning those which are conducted in the lab, outside of the natural biolog-

ical environment, rather than in living beings (in-vivo), often use reproductive cell

death as the measured endpoint. Through the preparation of cell lines that vary in

type, function, and host (e.g. human or animal) and the harvesting of specimens from

normal tissues or tumours, one may test a range of hypotheses related to the cellular

7The cell may also die by way of senescence or autophagy, however these pathways are arguably
much less relevant in a discussion of injury as a result of radiotherapy.
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response of radiation. These studies involve irradiating a cell culture and comparing

it to a control through clonogenic survival assay, which is discussed in Chapter 3

(Section 3.4).

The linear-quadratic (LQ) model is one of the simplest, yet most ubiquitous,

models used in radiation biology. In this model, the surviving fraction, 0 ≤ S ≤ 1, of

cells exposed to a single dose, D, of radiation is given by

S = exp(−αD − βD2) (1.22)

where α and β are two constant fitting parameters that indicate radiosensitivity. The

linear response term, α, describes the initial slope of the shouldered curve and repre-

sents cell death due to “single-hit” events while β describes the quadratic component

and represents cell death due to second-order “multiple-hit” events [see, e.g., 85]. A

single-hit event is one in which lethal damage to the cell is caused by a single event.

The higher order O(D2) term then may refer to the combination of multiple sub-

lethal and potentially lethal damage eventuating in cell death [86], which on their

own would not have been lethal. In the case of a proton beam, one could consider

intratrack damage (induced by a single proton track) to scale linearly with dose and

intertrack damage (caused by multiple tracks) to scale with polynomial dose terms.

Intratrack contributions can be intuitively understood by taking the limit of (1.22)

as D → 0+, in which the probability of two or more damage sites being co-located

is minimal. Pragmatically, truncating the model to the leading linear and quadratic

terms sufficiently describes empirical data. While some studies in the literature have

had an empirical curve-fitting focus [see, e.g., 87], others have applied more detailed

mechanistic approaches (see [88], [89] and a recent review by McMahon [85]).

The concept that eventually led to the LQ model can be traced back to the 1920s,

when an assumption was made that lethal irradiation-induced damage events were
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Poisson-distributed in proportion to the dose received by the cell [90]. Under this

assumption, one could hypothesise that the probability of a cell surviving a single

delivered dose of D is proportional to e−D. This is because survival is interpreted as

the cell having experienced zero lethal events. After the advent of modern clonogenic

assay techniques in the 1950s [91] however, more and more empirical data showed

a shouldered response curve [92] and led to doubts in the purely log-linear relation-

ship. Formulations similar to what is now known as the LQ model were subsequently

proposed, and although it is difficult to trace the model back to a single source [85],

one could perhaps attribute the pioneering work to Neary [93] and Kellerer and Rossi

[88].

The α/β ratio, in units of gray (Gy), is the dose at which the linear and quadratic

contributions to cell death are equal. This gives an indication of the curvature and

can therefore also be used as an indicator of the radiosensitivity of different tissues.

Early responding tissues, such as skin (epidermis) and intestine, have a large α/β

ratio of around 10 Gy while late responding tissues, such as the spinal cord and lung,

have a smaller α/β ratio of around 2 or 3 Gy.

1.3.4 Fractionated radiotherapy

Having just discussed survival curves that describe the cellular response to a single

radiation dose, we must address the fact that almost all treatments are fraction-

ated. That is, the total dose is spread out over time into discrete treatment sessions.

Typical cell survival curves for fractionated and single-dose treatments are shown

in Figure 1.9. The guiding principle of fractionation is that differences between the

radiosensitivity of the irradiated tissues, or even between the cells within a tumour,

can be exploited by allowing sufficient time for sublethal damage sites to be repaired

between treatment sessions. Cancer cells are typically more radioresistant than the

surrounding healthy tissue so the benefit of repair is biased toward those healthy
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tissues without compromising the overall tumour control. The benefits of this treat-

ment regime were first noticed by Regaud in 1911; delivering small dose irradiations

to ram testes 15 days apart achieved sterilisation without burns to the skin, which

were otherwise observed in single-dose delivery [94, 95]. However, it took until the

late 1920s for the radiotherapy community to come to a consensus on the benefits

of fractionation; some likened small dose fractions to “weak” radiation and that effi-

cacy would be decreased [96]. Early proponents of fractionated treatment speculated

that discrepancies in cellular metabolic rates could explain differences in radiosen-

sitivity. A number of skin-sparing observations, similar to those of Regaud, began

to surface over the following decade [12, 97, 98]. Total treatment time, in addi-

tion to the number of fractions, was later found to affect cellular response (again,

experimenting with skin) [99, 100] which led to attempts at biological iso-effect mod-

elling [101, 102, 103, 104, 105]. Such models were used to determine tolerance doses

Dose, D [Gy]Survivin
g fractio

n [%] 100
10
1

αD
βD2

α/β Dose, D [Gy]Survivin
g fractio

n [%] 100
10
1

(a) (b)
High LETradiation

Low LETradiation FractionatedDose deliveryEarly responding tissuesLate responding tissues

Figure 1.9: (a) Examples of a linear quadratic (LQ) cell survival curves for early and late respond-
ing tissues. The radiosensitivity of the tissue is characterised by α/β, measured in units of Gy, which
is the dose at which the linear and quadratic components of the curve are equal. (b) Examples of
cell survival trends for low and high LET radiation, and a fractionated low LET treatment regimen.
The linear component, or initial shoulder, to the curve is shown as a dashed line of the same colour.
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for healthy tissues, or the dose beyond which would likely cause organ failure. El-

lis [103, 104] introduced the nominal standard dose (NSD) model, building upon a

power law relationship between tolerance dose and total irradiation time, which was

inspired by photochemistry [101, 102]. The NSD model, however, was based largely

on empirical data from skin experiments and could not be easily generalised to other

normal (non-cancerous) tissues (see [105] and references therein). It was eventually

replaced with a thorough LQ-based formalism by Barendsen [105].

If the total dose, D, of a treatment is to be delivered in N equal fractions then

the dose per fraction is d = D/N and the final surviving fraction is predicted by the

product of the LQ predictions for each individual fraction. That is,

S(D) = [S(d)]N = exp(−αdN − βd2N) = exp

{
−αD

(
1 +

d

α/β

)}
. (1.23)

More generally, for fractions of different doses, which is uncommon in practice, if the

n-th fraction (n = 1, 2, . . . , N) delivers a dose of dn then

S(D) =
N∏
n=1

exp(−αdn − βd2
n) = exp

{
−

N∑
n=1

αdn

(
1 +

dn
α/β

)}
. (1.24)

The influence of the α/β ratio on the shape of the survival curve can be appreciated

in (1.23) (or (1.24)).

Withers [106] and Steel [107] summarised five cellular processes and characteristics

that govern fractionation effects, popularised as the “5 Rs of radiobiology”8, which

apply both to normal tissues and to tumours. They are:

1. Radiosensitivity. Cells and tissues vary in their response to radiation. They

can be early- or late-responding. Tissues in which cellular damage manifests

after long delays are more sensitive to fraction size than most tumours or acutely

responding normal tissues [108].

8Not to be confused with “5 R’s” (with an apostrophe), to which Steel was strongly opposed.
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2. Repair. Fractionated dose delivery allows for sublethal damage repair between

treatment sessions. Capacity for such repair is generally greater for healthy

tissues than for tumour cells.

3. Repopulation. Clonogenic tumour cells that survived the previous fraction of

radiation can increase their rate of proliferation and give rise to more cells that

must be killed in the following fraction. Increasing the time between treatments

accentuates this undesirable effect.

4. Redistribution. Irradiation of cells can activate DNA damage checkpoints,

defined points in the cell cycle at which cells may be blocked or delayed in their

progression to the G1, S and G2 phases. As radiosensitivity is dependent on

the phase of the cell cycle, fractionated dose delivery allows for redistribution

of phases in the cell populations, thereby mitigating the affects of radioresistant

phases.

5. Reoxygenation. Tumours are mostly hypoxic, meaning they contain a very

small amount of molecular oxygen, due to their poor vascular structure. In

the absence of oxygen, fewer damage sites are molecularly fixed, resulting in a

smaller number of permanent damage sites. Efficacy of treatment is therefore

reduced. Fractionation allows for reoxygenation of the tumour as aerobic cells

are killed and the gross volume decreases in size.

Potential relationships between these “5 Rs” and the Hallmarks of Cancer [109] have

been discussed by Harrington [110].

1.3.5 Relative biological effectiveness

While protons were initially proposed in 1946 for their favourable depth-dose distri-

bution [28], their enhanced radiobiological effectiveness has since been the subject of
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further consideration. Physical dose deposition does not on its own adequately pro-

vide a generalised description of tumour control or complications arising in normal

tissues. In fact, protons are more effective than x-rays at cell kill per unit of dose

deposited [111]. As we have explored in this Section, the translation of initial physical

damage to subsequent chemical and biological processes that eventuate in cellular in-

jury is complex and depends on a number of factors. Densely ionising particle tracks

offer an increased cell-killing efficiency over sparsely ionising x-rays, which may be

quantified through various biological endpoints, such as the LET. A data-rich history

of conventional radiation therapy has made it convenient to summarise inter-modality

radiobiological differences as a weighted x-ray dose equivalent, referred to as the rela-

tive biological effectiveness (RBE). The RBE is defined as the ratio of doses required

by a reference radiation, such as a megavoltage x-ray beam, and a test radiation, such

as 200 MeV protons, to yield the same biological effect. That is,

RBE〈endpoint〉 =
Dose of reference radiation

Dose of test radiation
. (1.25)

Values obtained for RBE are restricted to the biological endpoint chosen. For ex-

ample, a commonly used endpoint is the number of surviving cells in a culture by

clonogenic survival assay following irradiation. However, values inferred from cell

culture experiments in laboratories can differ significantly from those inferred from

animal or human subjects. An in-depth discussion on the consequences of the chosen

RBE endpoint is provided in Chapter 3.

The RBE depends not only on radiation type and biological endpoint, but on

dose, LET, fractionation regimen and tissue type. Combining this complexity with

that of accurate measurement and experimental reproducibility leads to a large RBE

uncertainty. In 2007 the ICRU published guidelines for dose prescription in proton

therapy [112], in which they stated that “clinical experience has not been interpreted
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Figure 1.10: The number of publications discussing variable RBE has noticeably increased
over the past two decades. Based on search of data available on sciencedirect.com on 17
September 2020 with the following search strings:("relative biological effectiveness"
OR "RBE") AND (proton OR protons) AND ("variable" OR "biophysical" OR
"nonconstant" OR "non-constant" OR "changing").

as indicating that RBE is different from 1.10”. This recommendation of uniformly re-

ducing the dose to 90% of the x-ray prescription has since been the clinical norm, and

experimental data loosely supports that, on average, proton RBE is approximately

1.1 [113]. However, there has been a push toward variable RBE modelling for treat-

ment planning as the RBE may be significantly greater than 1.1 toward the distal

edge of the Bragg peak [see, e.g., 114, 115, 116, 117, 118, 119]. In fact, the number

of publications discussing variable RBE has noticeably increased over the past two

decades (see Figure 1.10).

The surviving fraction of irradiated cells in laboratory experiments was mentioned

above as the most commonly used RBE endpoint. Following our earlier discussions of

cell survival curves, we are now well-placed to quantify the RBE by surviving fraction,

denoted RBESF:

RBESF =
Dx

D
(1.26)
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where the proton dose, D, is given by

D =
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and the equivalent x-ray dose, Dx, is determined by the same formulae, substituting

for αx, βx and Sx. The surviving fraction, S, is given by (1.22). It can be shown that

RBE =
1
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In Chapter 3 and Chapter 4 we explore the RBE concept in detail and propose a

biophysical model for quantifying the RBE in treatment planning systems.

1.4 Intensity modulated radiation therapy

Prior to a patient receiving external beam radiotherapy, a patient-specific treatment

plan must be produced using computer software. Geometrical structures critical to

the success of the treatment are first delineated (contoured) over CT images of the

patient, which may be registered with other modalities such as magnetic resonance

imaging (MRI) or positron emission tomography (PET). The most relevant regions

of interest (ROIs) that must be delineated for every plan, according to the ICRU in

Reports 78 [112] and 83 [120], are:

• Gross tumour volume (GTV): the visible or directly detectable volume of

the primary tumour and any metastases;

• Clinical target volume (CTV): the tissue volume relevant for therapy, con-

taining the tumour and any immediate microscopic extension (e.g. to lymph

nodes) of the malignant disease;
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• Planning target volume (PTV): a geometrical construction containing the

CTV. Margins are applied in accordance with the ICRU guidelines [121, 122] to

ensure the CTV receives at least 95% of the prescribed dose in 90% of patients

when accounting for setup errors and position uncertainty;

• Organ at risk (OAR): normal tissues susceptible to radiation damage which

may require alteration of the treatment plan or prescription.

The planning objective is to make the best possible compromise between delivering

adequate lethal dose coverage to the PTV and minimising the dose to any OARs. A

case may be forward-planned, by which the planner alters factors such as the beam

angles, energy and relative intensity before calculating the dose and assessing the

overall treatment quality, or inverse-planned, by which a set of desired constraints

and targets for the dose distribution is defined, and the number of fields (beams) and

their orientations are chosen. The former manual optimisation technique is used in

conventional 3D conformal radiotherapy (CRT) while the latter is used in intensity

modulated radiotherapy (IMRT). CRT has historically been the dominant technique

in photon treatment delivery, with IMRT coming later to the commercial market in

the 1980s to 1990s [123, 124]. Conceptualised in the 1960s, IMRT offered more precise

beam-shaping than the static field-shaping methods of CRT, thereby enabling highly

conformal dose distributions to be achieved. However, its potential would not be

fully recognised until decades later due to limitations in computing power; complex

inverse planning algorithms were simply too slow and demanding for the majority of

computer systems at the time. It has since become the standard delivery technique

for many tumour sites [125, 126, 127, 128, 129, 130].

In IMRT planning, whether photon- or proton-based, the central concept is to

divide the radiation field defined for treatment into individual beamlets whose rela-

tive fluence can be altered to more accurately shape the dose pattern. For photon

IMRT, the field aperture of the treatment beam is discretised into individual beamlet
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contributions to the field, often called “bixels”, which are modulated through the use

of compensators and a multileaf collimator (MLC). In the case of intensity modu-

lated proton therapy (IMPT), the intensities of individual proton pencil beams are

modulated. In either modality there are at least two distinct optimisations involved

in the planning procedure. The first is to determine suitable beam angles and, for

protons, also the beamlet energies as these determine the Bragg peak locations. The

second step is a fluence map optimisation (FMO), a focus of this thesis (Chapter 6

and Chapter 7), in which the beamlet intensities are modulated using inverse plan-

ning algorithms. Photon IMRT involves a third optimisation step to determine both

spatial and temporal MLC leaf-sequencing required to realise the chosen intensity

pattern.

The use of IMRT over 3D CRT has enabled a shift in clinical paradigms. The

ability to achieve highly conformal dose distributions has naturally been met with

higher standards of healthy tissue sparing, albeit while still maintaining tumour con-

trol. Dose-escalation and hypofractionation have also been topics of interest, in which

the approach to planning is based more on keeping toxicity levels acceptable, rather

than as low as possible, while delivering a higher dose to the tumour compared to

that which would usually be prescribed [124].

We highlight, as an example, an argument for the use of IMRT techniques for the

treatment of head-and-neck cancer. This treatment site involves a number of OARs

in close proximity to the target volume and, therefore, demands precise shaping of

the beam. The severity of dysphagia and xerostomia due to irradiation of the salivary

glands is strongly attributed to long term quality of life, with adverse affects arising

in swallowing ability, taste and speech [131, 124]. Clinical research has demonstrated

improved preservation of the salivary glands and fewer instances of these adverse

affects when using IMRT over conventional CRT methods [132, 131, 133].
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1.4.1 Proton pencil beam scanning

Conventional IMRT involves source megavoltage photons through a linear accelera-

tor (LINAC). In contrast, high energy protons are produced through cyclic particle

accelerators such as cylotrons or synchrotons prior to being directed through a beam

transport system. In IMPT a three-dimensional dose distribution is obtained dy-

namically via superposition of many individual pencil beams, by a method known

as active scanning, also called pencil beam scanning. Through the acceleration of

charged particles to a desired energy and their deflection by use of electromagnets,

each pencil beam can be tuned such that the target volume is irradiated slice-by-slice

according to a pre-calculated path. This concept is illustrated in Figure 1.11. Proton

therapy clinics have increasingly opted for the active scanning technique over older

passive scattering techniques, which shape the dose distribution via physical filters,

modulators and scatterers. Active scanning IMPT has been demonstrated to achieve

both improved sparing in healthy tissues and more accurate high-dose delivery to tar-

get volumes when compared to passively scattered protons [134, 135, 136, 137, 138].

However, both delivery methods bring their own merits. Passive delivery systems are

less complex, require fewer adjustments to the beam source and can reduce the total

treatment time, but they also produce increased neutron contamination in the beam,

are less efficient and are not as suitable for larger or more geometrically complex

target volumes [139]. Pencil beam scanning is able to achieve more conformal target

coverage, however the time-component of the scanning method can amplify inter-

play effects, in which random positioning errors due to organ motion contribute to

localised regions of excessive, or insufficient, dose. Techniques have been developed to

reduce interplay effects, including averaged layer re-scanning, patient immobilisation

and breathing management [see, e.g., 140, 141]. Despite the clearly different dose

delivery methods between photon and proton IMRT, inverse plan optimisation for
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both modalities is of roughly the same order of complexity [142].

1.5 Radiobiological considerations in treatment

planning

In order to best achieve therapeutic effectiveness and mitigate undesired affects, bio-

logical factors must be considered during treatment planning. As more clinics around

the world adopt conformal non-conventional therapies such as external beam proton

and heavy-ion IMRT, biological equivalence metrics such as RBE (Section 1.3.5) be-

come vital in accounting for radiobiological differences between radiation modalities.

However, the RBE is not all-encompassing; it simply allows for the physical dose

due to non-conventional modalities to be assessed under the same framework that

has been used for x-ray treatments for many decades, over which a wealth of clini-

cal experience has been accumulated. This is a crucial first step that provides the

photon-equivalent dose map, in units of Gy(RBE), but it does not necessarily inform

us of how to best prescribe the dose, shape it or fractionate its delivery.

The equivalent dose (EQD) is an isoeffect metric, based on the LQ model, which

converts the total dose delivered in a prescribed fractionation regimen to a common

Range shifter 
plate

Proton
pencil beam

Orthogonal scanning magnets
Patient

Bragg peak
‘spot’ positions 

in target       

Figure 1.11: Simplified illustration of active pencil beam scanning for IMPT dose delivery. Proton
pencil beams of a nominal energy pass through a range shifter before being modulated by orthogonal
electromagnets, such that the resulting Bragg peak is positioned at the required location in the target.
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reference (2 Gy equal fractions, for example) by equating (1.23) and (1.24). In general,

the equivalent dose, for the same amount of cell kill, deposited over equal fractions

of dref is given by

EQD =

∑N
n=1 dn

(
1 + dn

α/β

)
1 + dref

α/β

(1.29)

where dn is the actual dose deposited in the n-th fraction and N is the total number

of fractions.

The irradiation volume of an organ and the spatial heterogeneity of the dose it

receives have important biological consequences. These are known as dose-volume

effects.

1.5.1 Dose-volume effects

A naive approach to treatment planning would entail a simple regime; the dose in each

organ at risk (OAR) would be minimised while maximising tumouricidal dose. This

approach, however, is unsatisfactory for two main reasons. First, excessive radiation

dose can lead to large amounts of cell “debris” as necrosis dominates apoptotic, or

programmed, cell death; necrotic injury does not signal phagocytosis in neighbouring

cells, limiting the natural healing process of the body. Second, cancer cells intersperse

themselves among healthy tissue, so increased cellular injury to the tumour is met

with increased toxicity to the healthy tissue [143]. A balance must be struck between

risking tumour recurrence with too low of a dose and causing excess injury with too

high of a dose. An appropriate regime for maximising therapeutic effectiveness is

therefore to deliver a homogeneous, or uniform, dose to the target region [144], which

was formalised by the ICRU in Report 50 [121]. The treatment planning process would

then involve setting what we shall refer to as hard dose constraints (HDCs), comprised

of upper dose bounds on OARs and both lower and upper dose bounds on target

regions. In practice, radiation fields are heterogeneous, particularly within healthy
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tissues surrounding the target volume that receive dose “spillage”. Consequently, it is

important to understand how partial irradiation of an organ influences pathogenesis

[145, 146, 147] and to incorporate such dose-volume effects in treatment planning.

Withers et al. [148] introduced the concept of functional subunits (FSUs) to relate

dose-volume effects to tissue architecture. An FSU is the largest subvolume of a tissue

that can be restored from a single surviving stem or clonogenic cell. They may be

arranged in parallel or in series (or in a combination of the two), depending on the

organ, with starkly different clinical consequences.9 The spinal cord, oesophagus and

intestines are pertinent examples of structures with serial FSU organisation, and are

sometimes referred to as “tubular” or “chain” organs [147, 143]. Uniform distribution

of dose throughout the organ can, in general, be tolerated however localised “hot

spots” of excessive dose that destroy one FSU can compromise the functionality of

the organ as a whole. In constrast, parallel (or “rope”) organs such as kidneys, lungs

or the liver may retain their overall functionality even when some individual FSUs lose

their function. However, relatively low dose distributed through the entire volume

can cause the organ to lose its overall functionality [143]. In reality the distinction

between serial and parallel organs is not well-defined; some biological functions are

affected in a parallel manner while others are affected in a serial manner.

Dose-volume considerations have made their way prominently into the clinic. In

fact, irradiation volume is of such importance in determining normal tissue com-

plications that it has been paired with the “5 Rs of radiation biology”10 [106, 107]

described in Chapter 1 [145]. The cumulative dose-volume histogram (DVH) is widely

used to assess plan quality. The DVH shows the proportion of a defined structure

that receives at least a given dose level. Though it is a not a metric for the spatial

distribution of dose, it does allow the planner to consider both hard dose bounds and

9The “series” (or “serial”) and “parallel” naming convention is analogous to that used to describe
the interdependence of components in electrical circuits as a current is applied.

10Unfortunately “irradiation volume” does not begin with an “R” but this hasn’t stopped the
radiation biology community from co-opting it as an addition to the “5 Rs”.
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dose-volume effects using a single graphic. Clinical evidence accumulated over many

years has enabled planners to set desired control points to help shape DVH curves.

These control points consist of the usual HDCs as well as dose-volume constraints

(DVCs), which specify an amount of permitted overflow or underflow from a pre-

scription dose. A DVC applied to an OAR may be denoted, in the usual notation,

DX% < Y , which indicates that the dose to X% of the structure must not exceed

Y Gy. Alternatively, a DVC applied to a target region may be denoted DX% > Y ,

which indicates that the dose to X% of the structure must be at least Y Gy. The

inclusion of DVCs into planning has shown demonstrable benefits for a number of

treatment sites. For example, evidence suggests that late rectal toxicity is reduced

through the use of DVCs for prostate cancer treatment with photon IMRT [149] and,

more recently, dose-volume parameters for the small bowel have been found to be sig-

nificantly predictive of toxicity in photon IMRT treatment of rectal cancer [150]. In

2010 the QUANTEC (Quantitative Analysis of Normal Tissue Effects in the Clinic)

initiative published guidance on normal tissue dose tolerances with a focus on vol-

ume effects [151] (see also [152]), and in 2019 the PENTEC (Pediatric Normal Tissue

Effects in the Clinic) initiative proposed further dose-volume reporting standards for

childhood cancer outcomes [153].

Although imposing DVCs has therapeutic advantages, their implementation in

inverse plan optimisation is complex and optimal solutions are not necessarily guar-

anteed. This is explored in detail in Chapter 7 in which a new inverse planning

algorithm is presented for handling DVCs accurately and appropriately.

1.5.2 Levels of radiobiological optimisation

Nahum and Uzan [154] categorised radiobiological optimisation into five distinct levels

of increasing sophistication:

(I) Level I. Isotoxic individualisation of the prescribed dose at a fixed number of
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fractions;

(II) Level II. Incorporation of a fractionation scheme;

(III) Level III. Use of radiobiological functions in the inverse planning framework;

(IV) Level IV. Inclusion of functional imaging (excluding for the purposes of delin-

eating volumes).

Almost all current clinical protocols will fall under a Level II optimisation, includ-

ing organ tolerances, fractionated dose delivery and dose-volume considerations. In

proton therapy where RBE plays a role, as we have discussed in Section 1.3.5, a con-

stant multiplier of the dose (increasing it by 10% everywhere) is often applied. This

could, by definition, be considered a Level III optimisation but in practical terms

it is a small improvement from Level II. However, variable RBE models, which we

explore in Chapter 3, certainly belong to Level III if they are used during inverse

planning. These higher level radiobiological frameworks are not exclusive to parti-

cle therapies. In fact, in standard photon IMRT a Level III plan may be achieved

through inclusion of EQD ((1.29)), for fractionation effects, and a quantity known

as the (generalised) equivalent uniform dose (EUD) [155, 156], for dose-volume ef-

fects. The EUD is sometimes used as a mathematically simple, albeit less accurate,

substitute for DVCs (Level II). It is calculated using

EUD =

(∑
k

vkDak

) 1
a

(1.30)

where a is a tissue-specific parameter reported in the literature based on observational

dose-volume effect data [see, e.g., 157, 152], and vk is a defined fractional organ

volume that receives a dose of Dk. The summation in (1.30) is over all fractional

volumes. In the simplest, and most common, scenario these fractional volumes are

the voxels defined in the dose grid or planning CT and all are of the same size. The
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EUD, and other radiobiological quantities, can be used to calculate tumour control

probability (TCP) and normal tissue complication probability (NTCP) [see, e.g., 158].

All treatment planning systems implicitly seek to balance therapeutic effectiveness

and toxicity, though some do so through explicit maximisation of the therapeutic

ratio, TCP/NTCP.

A plan can be raised to a Level IV optimisation through additional considera-

tions of, for example, clonogen location or labelling of hypoxic regions. For example,

pharmacokinetics of radionuclides imaged with PET can be used to map levels of

molecular oxygen in the tumour, which can then be used to apply boosted doses to

hypoxic regions that are typically more radioresistant than well-oxygenated regions.

This concept is explored in more detail in Chapter 3.

1.6 Scope of this thesis

This thesis investigates the importance of radiobiological factors in radiation therapy

planning, with a focus on proton therapy, and proposes novel methods and recom-

mendations for the inclusion of such factors in treatment planning.

The structure of this thesis is segmented into two distinct investigations; Chapter

3 to Chapter 5 detail the development and testing of a new biophysical model for

quantifying the relative biological effect (RBE) of dose in proton therapy planning.

Chapter 6 and Chapter 7 formulate and test an inverse optimisation algorithm for

treatment planning of intensity modulated radiation therapy (IMRT), agnostic to the

chosen radiation modality, which provides comprehensive handling of dose-volume

effects in the spatial distribution of dose in the patient. A brief overview of the

methods undertaken is provided in Chapter 2.

This author hypothesises that inclusion of DNA damage modelling and compre-

hensive plan optimisation strategies, as a result of the methods presented in this
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thesis, will enable confident and effective plan creation not only in terms of physical

dose deposition but, crucially, in biological effect.
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Chapter 2

Overview of methods

2.1 A double strand break induction model for

RBE prediction

2.1.1 Theoretical development

In Chapter 1 a case was outlined for the use of variable RBE modelling in proton

radiation therapy, in order to accurately weight proton doses to x-ray dose equiv-

alents, for which patient outcomes are much better understood due to a wealth of

clinical experience. Further, the mechanisms by which such an enhanced cell-killing

efficiency may result from protons were discussed. Efficiencies in DSB induction in

nuclear DNA were identified as the major source of an increase in the RBE toward

the proton end-of-range. Therefore, in Chapter 3 a simple biophysical RBE model

based on DSB induction is developed for use in proton therapy and its possible uses

in radiobiologically constrained inverse plan optimisation are explored. The model

evaluates DNA damage clustering through a probabilistic Poisson-arrival process of

ionisation events, based on the local energy spectrum of particles traversing a voxel.

Parametric fitting is performed to DSB counts simulated using the MCDS microdosi-

metric Monte Carlo software [159, 160].
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2.1.2 Monte Carlo simulations

Implementation of the RBE model proposed in Chapter 3 is described in Chapter

4, which is tested for proton pencil beams of varying energies and a reference 6 MV

photon beam using Monte Carlo methods. Simulated depth-RBE profiles are assessed

against dose and LET for both monoenergetic (pristine Bragg peak) and modulated

(SOBP) beams in a water phantom using TOPAS [161], which wraps and extends

the Geant4 [162] Monte Carlo toolkit.

2.1.3 Implementation in a treatment planning system

Following Monte Carlo simulations of proton beams in water, Chapter 4 goes on to

calculate RBE in the voxels of an archived head-and-neck cancer treatment plan us-

ing an empirical relationship from the generated Monte Carlo data. An open source

treatment planning suite, matRad (DKFZ, Heidelberg, 2020) [163], containing an

LET-calculation subroutine, is modified in order to obtain approximate RBE values

in each voxel. The visualised RBE map is assessed both qualitatively and quantita-

tively to determine the variability of predicted RBE throughout the patient. This is

compared to the standard clinical recommendation of assuming a constant RBE of

1.1 in all voxels.

2.1.4 Comparisons with in-vitro data

Chapter 4 concludes with an analysis of the proposed RBE model against empiri-

cal cell survival data collected in vitro, using the Particle Irradiation Data Ensemble

(PIDE) (GSI Helmholtzzentrum für Schwerionenforschung GmbH, 2020) [164]. The

DSB induction model presented in this thesis is compared to a range of phenomeno-

logical RBE models based on cell survival as well as alternate biophysical models.

The model is re-imagined for a number of practical implementations suitable for both
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laboratory experiments and computerised treatment planning.

2.1.5 Beam line experiment at the Clatterbridge Cancer

Centre

Chapter 5 presents a clinical proton beam line experiment undertaken at the Clat-

terbridge Cancer Centre (CCC) in Wirral, United Kingdom, home to the world’s

first hospital-based proton therapy facility. Following simulations of idealised beam

dynamics and measurements in the previous Chapter, real-world measurements of

the radiation field using a MiniPIX-Timepix silicon semiconductor detector (Adva-

cam s.r.o., Czech Republic, 2020) were compared to detailed simulations of the CCC

beam line developed by J. Yap at the University of Liverpool [165]. Quantities such

as LET, expected DSB yield and RBE were calculated from raw and simulated data

and analysed in context of experimental findings from previous radiobiological studies

in the literature.

2.2 A flexible projection-based inverse planning

algorithm for radiation therapy

2.2.1 Theoretical development

The aforementioned methods address concerns about differences in biological and

therefore clinical effects between doses delivered by protons or by conventional mega-

voltage photons. These aim to build confidence in the representation of dose in the

patient using standard protocols that have developed in clinics over many decades.

However, we also discussed in Chapter 1 (Section 1.5) the sensitivity of different

tissues to heterogeneity in the spatial dose delivered. Precise shaping of the dose

distribution is necessary in order to reap the full benefits of conformal IMRT, re-
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gardless of the radiation modality used. Chapter 6 presents a novel inverse planning

algorithm that shapes dose with dose-volume effects explicitly included in the prob-

lem formulation. Any number of DVCs may be modelled exactly, with no convex

approximations necessary. A split-feasibility approach is taken as opposed to conven-

tional cost-minimisation, by which a feasible dose solution is found through iteratively

projecting the solution vector onto sets representing dose constraints.

2.2.2 Practical implementation

The inverse planning algorithm introduced in Chapter 6 is revisited in Chapter 7 with

a practical and pragmatic approach. Having introduced the necessary mathematical

theory, this Chapter focuses instead on the implementation, including examples of

how one may exploit the flexibility of the algorithm in choosing the weighting and

order in which projections are executed onto constraint sets. This flexibility allows for

certain constraints to be automatically prioritised depending on levels of violation in

the plan. Possibilities for hardware acceleration, for example through parallelisation,

of the algorithm are discussed.

2.2.3 Testing on synthetic and clinical treatment plans

Finally, Chapter 7 then tests the performance of the inverse planning algorithm on

synthetically generated test cases and archived head-and-neck proton treatment plans

with many avoidance structures and constraints. The algorithm is tested in MATLAB

(The MathWorks, Inc.) and an accelerated implementation is explored using proces-

sor multithreading and just-in-time compilation techniques with the Python program-

ming language (Python Software Foundation, 2020). Dose solutions are assessed for

plan quality using dose map visualisation, dose-volume histograms, Wilcoxon signed-

rank tests and constraint violation counts. Overall suitability of the algorithm and

possibilities for its deployment in treatment planning systems are discussed.
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Chapter 3

A DNA double strand break induction model for

RBE prediction

3.1 Introduction

In Chapter 1 we discussed a range of radiobiological considerations in proton ther-

apy and, in particular, the consensus that protons and other potentially high-LET

radiation modalities are more effective than x-rays at cell kill per unit of dose de-

posited [111]. We introduced the concept of relative biological effectiveness (RBE),

which quantifies the efficacy of protons relative to a reference x-ray treatment for

a given biological endpoint, and we outlined the need for widespread implementa-

tion of variable RBE models in opposition to a constant scaling factor [see, e.g.,

114, 115, 166, 116, 117, 119, 118, 167]. Such adoption of variable RBE models in

treatment planning systems would enable optimised dose delivery based on both phys-

ical and biological objectives, with potential to increase tumour control and reduce

toxicities to healthy organs.

In this chapter we present a simple and pragmatic biophysical DNA double strand

break (DSB) induction model for predicting RBE in proton beams and explore its

possible uses in radiobiologically constrained inverse plan optimisation. In this for-

malism, DSB induction is modelled as a Poisson arrival process with respect to the

ionisation cross-section (equivalently, the mean free path) of the incident particle and
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the length of interaction with the DNA. The RBE, restricted to complex clustered

damages to the DNA in the form of induced DSBs, is defined locally by the ratio of

DSB yield at the same dose in the proton beam and the reference radiation. That is,

RBEcd :=
Proton DSB yield (cell−1 Gy−1)

Reference DSB yield (cell−1 Gy−1)

∣∣∣∣
isodose

. (3.1)

The subscript “cd” represents clustered damage. The model presented in this chapter

scales linearly with dose, which enables RBE-weighted dose pencil beam kernels to

be calculated only once, prior to optimisation of the pencil beam intensities.

We begin with a brief commentary on the choice of RBE endpoint and make

the case that DSB induction serves as a practical primary endpoint for biophysical

models, upon which additional physicochemical and biological considerations can be

added. This is followed by a review of some of the most commonly used empirical and

mechanistic RBE models in research and practice (Section 3.2), before delving into

the details of the proposed model (Section 3.3). Techniques for validating DSB-based

RBE models, and their limitations, are discussed in detail in Section 3.4.

3.1.1 Importance of the RBE endpoint

The RBE is heavily dependent on the biological endpoint chosen for comparison be-

tween the proton and x-ray modalities. On the surface the most clinically relevant

endpoints may appear to be those derived from patient data statistics, such as long-

term survival, lung fibrosis, or early reactions including, for example, skin erythema

(redness, similar to a sunburn), pharyngeal inflammation (sore throat or difficulty

swallowing) or xerostomia (dry mouth). These are all tangible endpoints, meaning

they come directly from clinical observations rather than from extrapolated experi-

mental findings, however in practice they do not provide robust RBE measures for

three main reasons. Firstly, complication probabilities for normal tissues are highly
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non-linear with dose and depend not only on the integral dose to the organ but also on

its spatial distribution [168, 151]. Interpatient variability therefore renders it difficult

to generalise clinical outcomes. Secondly, outcomes directly attributed to irradiation

may be conflated by external factors. This is particularly problematic for adjuvant

therapies such as chemotherapy or surgery. Comprehensive and standardised report-

ing of patient data helps to identify and remove possible sources of conflation, though

the decimated data set is often not large enough to determine an RBE value with

high confidence. Finally, diagnosis and assessment of some clinical outcomes are in-

herently subjective (e.g. loss of appetite, nausea or fatigue), which is another source

of large variability in the reporting of these outcomes. Although, it should be noted

that strides made in the areas of structural and functional imaging, for example, have

allowed for metrics that better quantify some endpoints, such as radiation-induced

necrosis [169].

The vast majority of empirical RBE data in the literature to-date has come from

in vitro experiments using reproductive cell survival as the endpoint, though alternate

endpoints such as gene expression patterns specific to radiation type have also been

explored [see, e.g., 170, 171]. In vivo experiments are able to offer more insight into

the biological response in humans, in which the tissue microenvironment plays an

important role that is unable to be emulated in cell cultures. It is also typical of

in vitro studies to use Chinese hamster ovary (CHO) or fibroblast (V79) cell lines,

which have lower α/β values (see Chapter 1, Section 1.3.4) than early reacting tissues

studied in vivo [172]. This being said, measuring RBE in vivo poses practical and

ethical challenges of its own; Paganetti and colleagues have reported that measuring

just a 5% RBE difference can require several hundred animals [113, 172].

Despite reasonably large databases of in vitro results now being readily available

(for example, the Particle Irradiation Data Ensemble1 (PIDE) from GSI [164]), it is

1Available at: http://gsi.de/bio-pide. Free registration required for access.
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still claimed that there is insufficient biological data, or too much variability in the

data, to justify clinical use of variable RBE models for proton therapy [173]. However,

heavier ion therapies, such as carbon ion therapy, currently incorporate variable RBE

into the treatment planning process, with different models being used across Asia and

Europe.

The major physical mechanisms by which protons and heavy ions are able to

induce higher levels of cellular injury compared to photons is well-understood by

examining track structure [see, e.g., 174]. Further, there is sufficient evidence of

the association between high-LET protons and enhanced biological end-of-range ef-

fects [175, 176, 177, 178, 179] to challenge the recommendation of using a constant

RBE of 1.1 clinically [113, 112]. Pragmatic approaches have been suggested to avoid

elevated LET in normal tissues, including inverse optimisation with constrained LET-

weighted dose [180, 181, 182]. In practice, even without such algorithms, clinicians

often construct geometrical margins to avoid placing the Bragg peak too close to

critical structures.

The major mechanism for cell kill is believed to be the induction of DSBs in nuclear

DNA [66, 67]. At the Bragg peak, ionisation events are densely clustered and therefore

able to cause more complex DNA damage which enzymatic DNA damage response

(DDR) mechanisms cannot repair as easily as lesions caused by sparse ionisation

patterns [167]. If DSBs induced by radiation do persist through repair attempts

then cell death occurs most often through mitotic catastrophe [183, 184]. Biophysical

models (discussed in the next section) have been derived to connect the concepts of

ionisation density, DSB formation and subsequent cell death, however they vary in

their predictions and in how efficiently and effectively they can be implemented in

treatment planning systems.

In much the same way that in a first approximation LET can be used in the

planning process to mitigate biological uncertainties, the ratio of initial DSBs based

M.D. Brooke, 2020 55



3 | A DNA double strand break induction model for RBE prediction

on local energy spectra offers a pragmatic quantification of first order biological ef-

fects. It also invites more complex modeling through modularity. Physicochemical

and biological process that follow the initial DSB pattern are able to be modelled in-

dependently, if one wishes to include this detail. It should be noted however that the

accuracy of these models can easily be overshadowed by uncertainties introduced by

factors such as the spatial dose distribution, patient positioning and movement during

treatment, and inter-patient tissue response. One must also consider how effectively

these models can be implemented algorithmically into inverse plan optimisation. A

highly sensitive and highly non-linear objective function may be impractical where a

simpler linear approximation could be used in its place.

3.2 Overview of existing RBE models

There have been a number of proton RBE models proposed over the past 25 years, the

majority of which are phenomenological; they set out to find empirical relationships

between LET and tissue specific properties derived from the LQ model (Chapter 1,

Section 1.3.3) [185, 186, 187, 188, 189, 190, 191]. Others have taken a more mech-

anistic approach, developing biophysical first-principles (and semi-empirical) models

which more closely reflect the biological formation and processing of DNA damage,

and subsequent likelihood of cell death [192, 193, 194, 195, 198, 199, 200, 201, 202,

203]. Here we examine a selection of the most widely used models in research and

treatment and compare them, where possible, under a common framework. This is

not intended as an exhaustive review and so for finer details on the models them-

selves and their implementation, the reader is referred to the original papers cited

throughout this section and the comprehensive reviews by Rørvik et al. [204] (phe-

nomenological) and Stewart et al. [205] (mechanistic).

Considering the endpoint of reproductive cell survival, and following Dale and
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Jones [206], one may rewrite (1.28), presented in Chapter 1, as

RBE =
1

2D

−(α
β

)
x

+

√(
α

β

)2

x

+ 4D
(
α

β

)
x

RBEmax + 4D2RBE2
min

 (3.2)

where D is the dose delivered by the proton modality, (α/β)x is the photon reference

(x-ray or gamma-ray) tissue radiosensitivity parameter and

RBEmax := lim
D→0+

RBE =
α

αx

, RBEmin := lim
D→∞

RBE =

√
β

βx

. (3.3)

Through distilling down the calculation of cell survival RBE to finding expressions for

RBEmax and RBEmin, a range of models can be compared under a common framework.

Phenomenological models have been typically derived through a two-parameter linear

regression to in vitro data, over one or multiple cell lines, to a function that is first

order in LETd/(α/β)x. Most models provide explicit expressions for the ratio of

the linear dose response between protons and x-rays (or gamma-rays), α/αx, and

assume a negligible difference in the quadratic response. That is, β = βx. The main

features of six phenomenological and three mechanistic models are outlined below and

summarised in Table 3.1. Each model is presented with optimal fitting parameters,

if reported, that have been extracted from the literature.

3.2.1 Wilkens and Oelfke (2004) phenomenological model

Wilkens and Oelfke [185] proposed a simple linear relationship between the linear

proton dose response, α, and dose-averaged unrestricted LETd for the purposes of
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fast RBE estimation in the iterative inverse planning process;2

RBEmax =
1

αx

(0.1 + 0.02 LETd), (3.4)

RBEmin = 1. (3.5)

The model was intended for use in conjunction with an analytical LET approximation

[207], and was applied to treatment planning in a subsequent paper [208]. Only V79

cell lines were used to determine the two best-fit parameters in (3.4), from 19 data

points [204] with LETd > 3 keV/µm. The response of α to increasing LET was found

to deviated from a linear model beyond LETd values of 30 keV/µm, but the linear

model was kept for 3 keV/µm < LETd < 30 keV/µm as larger values are rarely

observed in proton therapy. The reference radiation used to calculate the RBE was

60Co γ-rays and the V79 radiosensitivity parameter was calculated at (α/β)x = 3.758

Gy (αx = 0.112 Gy−1, βx = 0.0298 Gy−2). As only one cell line was used, the empirical

formula for α was explicitly determined and it does not generalise to other cell lines.

Furthermore, mixed radiation fields due to secondary particles produced in non-elastic

nuclear interactions are not accounted for. However, in a first approximation the

model was useful as a heuristic approach to handling end-of-range effects due to its

simplicity.

3.2.2 Carabe et al. (2007) phenomenological model

In contrast to the model proposed by Wilkens and Oelfke [185], the Carabe et al.

model [186, 187] accounts for tissue-specific reference radiosensitivity, (α/β)x in ad-

dition to LETd in both the linear and quadratic terms, corresponding to RBEmax and

2In all empirical expressions for RBEmax and RBEmin presented in this work, the dimensions of
constants can be determined according to [α] = Gy−1, [β] = Gy−2 and [LET] = keV/µm.
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RBEmin respectively. The model gives the following:

RBEmax = 0.843 + 0.154
2.686

(α/β)x

LETd, (3.6)

RBEmin = 1.09 + 0.006
2.686

(α/β)x

LETd. (3.7)

The model was fit to V79 survival data from seven separate publications (found in

[187]), comprising 44 data points in total. The additional constant of 2.686 Gy in

the numerators of (3.6) and (3.7) is the average value of the measured (α/β)x values

across the reference modalities, though the spread in these measurements could not be

found in the literature. In taking the average, one must be wary of differences in the

tissue radiosensitivity to different reference radiations and also in other experimental

conditions which may have an impact on the results. For example, one of the data

sets used by Carabe et al. used 240 kVp x-rays [209] while another used 60Co γ-rays

[210].

3.2.3 Chen and Ahmad (2011) phenomenological model

In 2011 Chen and Ahmad [188] introduced a nonlinear model to describe RBEmax

while assuming no difference in the quadratic dose response;

RBEmax =
0.1

αx

+
1− exp(−0.0013 LET2

d)

0.045αx LETd

, (3.8)

RBEmin = 1. (3.9)

Unlike most of the other models, there is no dependence on (α/β)x factored into

the model. V79 survival data from four separate studies and LET values collected

from Monte Carlo simulations in Geant4 [162] were used for the fitting procedure,

comprising a total of 14 data points. The reference radiation is reported in [188]

to be 60Co, with an endpoint of 10% surviving fraction, giving (α/β)x = 0.3 Gy
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(αx = 0.1 Gy−1, βx = 0.3 Gy−2.) As was the case for the previously mentioned

models, secondary particles heavier than protons, such as 4He, are not included in

the model. However, Chen and Ahmad make a note of the fact that these particles

contribute less than 1% of the total dose. The majority of that dose is also in the

entrance region, where nuclear fragmentation is most likely to occur, away from the

Bragg peak.

3.2.4 Wedenberg at al. (2013) phenomenological model

The Wedenberg et al. model [189] is a simplified variation of the model by Carabe

et al. [186, 187], with the quadratic dose response, β, assumed to be the same as the

photon response, βx, and only one fitting parameter needed for α;

RBEmax = 1 +
0.434 LETd

(α/β)x

, (3.10)

RBEmin = 1. (3.11)

The linear relationship between RBEmax and LETd is again only considered valid

for LETd < 30 keV/µm. Unlike the models already presented, ten different cell

lines (V79-379A, V79-753B, DLD1, SQ20B, C1-1, C3H10T1/2, SCC25, HCT116,

M/10, HF19) were used in the fitting procedure, however the minimum LET value

in the data set was 6 keV/µm, which is large enough to cause a clinically significant

radiobiological effect [211]. Ideally, lower values of LET should included in the fitting

procedure. Experimental data was sourced from six studies, comprising 24 data points

in total. Efforts were made to select studies in which the reference (α/β)x values were

consistent for each cell line. Overall, the fitting procedure and statistical analysis by

Wedenberg et al. is presented with more rigour than in the previously discussed

models thus far.
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3.2.5 McNamara et al. (2015) phenomenological model

The McNamara et al. model, published in 2015, built on earlier works, especially those

by Wedenberg et al. [189] and Jones [212]. Tissue radiosensitivity is incorporated

into the quadratic response term, β, while the linear response term, α, is described

by the same relationship as (3.10);

RBEmax = 0.999 +
0.356 LETd

(α/β)x

, (3.12)

RBEmin = 1.101− 0.004
√

(α/β)x LETd. (3.13)

It should be noted that the constant of 0.999 in (3.12) can sometimes be misreported

as 0.991 due to an error in the original paper by McNamara et al. [190]; it is assumed

the true value should be taken from eq(7) there and not from the preceding text.

The main advantage of this model, compared to other phenomenological models,

is that a large and diverse database of experimental results was used in the fitting

procedure. A range of cell lines, and therefore (α/β)x values, were used, albeit this

also presented a source of large uncertainty in the regression due to the spread of the

data. Data points were given a statistical weight in the fitting procedure according to

uncertainties reported by Paganetti [115]. A total of 285 data points from a subset of

the 76 different studies documented by Paganetti [115] were used, with the restrictions

that LETd < 20 keV/µm and (α/β)x < 30 Gy.

3.2.6 Mairani et al. (2017) phenomenological model

In 2017 Mairani et al. [191] proposed a model that explores higher-order terms in

LETd and can be applied to secondary fragments such as 4He. It followed previous

work specifically for helium ion beams [213, 214]. The prediction of RBEmax is of

the same form as (3.10) and (3.12) while that of RBEmin is given by an exponential

M.D. Brooke, 2020 62



3 | A DNA double strand break induction model for RBE prediction

relationship;

RBEmax = 1 +
0.377 LETd

(α/β)x

, (3.14)

RBEmin = exp

[
−1

2

(
LETd − 3.28

27.90

)2
]
. (3.15)

The fitting procedure used the same data as the Wedenberg et al. model [189] with

an additional seven data points from studies on V79-753B (200 kVp x-ray reference),

C3H10T1/2 and M/10 (60Co γ-ray reference) cell lines. A total of 31 data points

were used with LET values up to 37.8 keV/µm. Every data point had an associated

uncertainty which was used in the χ2 minimisation procedure. A range of parame-

terizations for RBEmax were investigated, including quadratic, cubic, and exponential

factors of LETd, however the linear model shown in (3.14) provided the best fit to

the data. Mairani et al. found that RBEmin = 1 is a valid assumption due to the

exponential term in (3.15) providing a negligible deviation from unity over the LET

range [191].

3.2.7 Microdosimetric-kinetic model

The microdosimetric-kinetic model (MKM, or “MK model”) [192, 193, 194, 195, 196,

197] builds upon the theory of dual radiation action (TDRA) [215, 216] to relate the

radiation field in small sensitive subvolumes (or “domains”) of the cell nucleus to the

fate of potentially lethal lesions (PLLs) in DNA. These PLLs may be repaired or con-

verted into lethal chromosomal aberrations. For example, an acentric fragment could

form as the result of a single PLL, or two PLLs in close proximity may combine to

form a dicentric chromosome. It is assumed in the TDRA that the formation of PLLs

(or “sublesions”) inside spherical domains is proportional to the energy imparted to

the site, which can be quantified with the probability distribution of the specific en-

ergy, z. In the MK model the radiation field within a domain is characterised by
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the lineal energy, y := ε/¯̀, where ε is the energy deposited and ¯̀ is the mean chord

length of the radiation track through that volume. The quadratic component of the

cell survival curve is assumed to be no different to that for photon radiation (β = βx)

while the linear response, α, is assumed to increase with the dose-averaged lineal

energy ȳD, which can be approximated by LETd. The model assumes

RBEmax =
α0

αx
+

1

(α/β)x

1

ρπr2
d

ȳD, (3.16)

RBEmin = 1, (3.17)

where ρ is the density of the spherical domain, rd is its radius and α0 is a constant

representing the value of α in the limit that the lineal energy approaches zero. The

formulation of the MK model in terms of microdosimetry and the formation of PLLs

differs to the explicit DSB induction modelling of the two models that immediately

follow, the local effect model and the repair-misrepair-fixation model. However, PLLs

manifest primarily as DSBs [195, 205].

3.2.8 Local effect model

The local effect model (LEM) [198], specifically the latest version, LEM IV [199,

200], relates radiation-induced DSBs to reproductive cell survival by predicting DSB

clustering in chromatin loops. DSBs are classified as “isolated” (iDSB), which are

considered simpler for cellular mechnaisms to repair, or “clustered” (cDSB), referring

to multiple DSBs in close proximity within a chromatin loop, which are less likely

to be successfully repaired. The clustering of DSBs is quantified through a cluster

index,

C :=
NcDSB

NiDSB +NcDSB

(3.18)

where NiDSB and NcDSB represent the number of loops with isolated or clustered DSBs,

respectively. The model, which applies not only to protons but to any radiation type,
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originally (LEM I) assumed that equal doses in a target region lead to equal local

effects, thus the quality of the radiation does not matter. LEM IV revised this

concept to assume that equal local DSB densities, instead of physical dose, lead to

equal biological effects. The RBE is governed by the microscopic distribution of

energy deposition and therefore the track structure of the radiation. A homogeneous

distribution of DNA is assumed within the cell nucleus and the cell volume is broken

down into a large number of disjoint subvolumes. Assuming a homogeneous dose

D throughout the cell, the probability of zero lethal events, P(0), and therefore the

surviving fraction, S, may be calculated using Poisson statistics,

S(D) = P(0) = exp(−〈N(D)〉) (3.19)

where 〈N(D)〉 is the expected number of lethal events, or DSBs, within the cell. In

the limit that the number of subvolumes becomes infinitely large and each one has a

volume of dV , the local dose, dV (x, y, z), deposited (homogeneously) throughout the

subvolume can be used to determine the expected number of lethal events over the

whole cell. Given that D =
∫
dV (x, y, z)dV , one may write

〈N(D)〉 =

∫
− logS(dV (x, y, z)

V
dV. (3.20)

In practice the volume of the cell is discretised and the local dose in each voxel can be

computed using amorphous track structure simulations, although this is only really

necessary for particle beams and not for the photon reference radiation, which can be

assumed homogeneous. One computation of the local dose does not suffice, as it is

a stochastic quantity. Instead, it, or equivalently the surviving fraction calculated in

the subvolume, should be averaged over a large number of independent simulations

(or cells) [217]. The dose-response curves, given by (3.19), for protons and for the

reference modality can then be used to calculate the RBE. The full method behind
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RBE calculation using the LEM IV is beyond the scope of this thesis, but is described

well by, for example, Karger and Peschke [218] and Stewart et al. [205]. While we

cannot explicitly write RBEmax or RBEmin for the LEM, it is of importance to note

that up to eleven default parameters and five input parameters can be required to

implement the model [205], which relate to track structure (if using analytic methods),

cell geometry, typical photon DSB and single strand break (SSB) yields, DNA content

of cell nuclei, and reference radiation response. In its full implementation in treatment

planning, it can present a large computational burden. A first order approximation

of the dose response from only intra-track damages (relating to the α term) may

be implemented rapidly, though methods have been developed to approximate the

combination of damage sites by multiple particle tracks (relating to the β term) [see,

e.g., 219]. Recent benchmarking to survival data for HSG, V79 and CHO-K1 cell

lines with various ions (protons, helium, carbon, oxygen and neon) showed limited

accuracy and variability between the first three iterations of the LEM model, while

LEM IV agreed well with the data [220]. However, the LEM IV is yet to be widely

implemented in clinical treatment planning systems [218].

3.2.9 Repair-misrepair-fixation model

The repair-misrepair-fixation (RMF) model [201, 202, 203] explicitly links cell survival

RBE to the induction of initial DSBs and subsequent lethal chromosome aberrations.

The number of induced DSBs per gray of dose deposited per 109 basepairs of DNA is

denoted Σ (Gy−1 Gbp−1) and the frequency-weighted mean specific energy per radia-

tion event in a cell nucleus 〈z〉F (Gy). In the limit that dose is small in comparison to

the radiosensitivity parameter, α/β (in whichever modality), the linear and quadratic
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dose responses are parameterised by tissue-specific constants θ and κ by

α = θΣ + κ〈z〉FΣ2, (3.21)

β =
κ

2
Σ2. (3.22)

The linear term in (3.21) represents unrepaired or misrepaired DSBs while the quadratic

term represents intra-track chromosomal aberrations. The expression in (3.22) repre-

sents inter-track aberrations; that is, those from multiple particle tracks on the same

target. In the framework we have been using thus far,

RBEmax = RBEDSB

(
1 +

2〈z〉FRBEDSB

(α/β)x

)
, (3.23)

RBEmin = RBEDSB (3.24)

where RBEDSB := Σ/Σx, the ratio of initial DSBs from a proton beam to those from

a 60Co γ-ray reference beam. In a first approximation, under the assumptions that

protons are not deviated from their path by multiple scattering, energy losses can

be described adequately by the continuous slowing down approximation (CSDA), the

target is spherical with diameter d and composed of water, the mean specific energy

may be written as [201, 221, 222]

〈z〉F ≈
0.204 LETd

d2
. (3.25)

Further, d ≈ 4 µm usually suffices for cell survival data relating to human and

mammalian cells [205]. Therefore, a simpler variation of (3.23) may be approximated

as

RBEmax ≈ RBEDSB

(
1 +

0.0256 LETd

(α/β)x

RBEDSB

)
. (3.26)
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At the proton end-of-range the assumptions of continuous energy loss and straight

paths can break down, and energy and path length straggling may decrease the lo-

calised energy deposition [223]. The mechanistic formulation of the RMF model

allows it to account for changing radiation quality, energy and biological target (e.g.

cell type). An auxiliary model must be used to determine the DSB-induction RBE,

RBEDSB. The Monte Carlo Damage Simulation (MCDS) software by Stewart et al.

[159, 160] has commonly been used to estimate the number of DSBs for a continuous

range of particle energies in the therapeutic range (and beyond). MCDS is also able to

simulate the interplay between particle LET and the effects of oxygen concentration

in the cell [159, 160, 224, 225, 226].

3.2.10 Van den Heuvel (2014) DNA damage model

Van den Heuvel [227] published a geometrical approach to DNA damage by charged

particles using a single-particle model. The DNA is approximated as a cylinder

with appropriate dimensions and the energy-dependent mean free path λ(E) between

successive ionisations is used to infer the probability of DSB generation. A larger angle

of incidence implies a longer path length through the DNA and therefore higher LET.

This was linked to a greater likelihood of clustered damage. The problem was shown

to reduce to a Cauchy distribution in the high-LET regimen, with the distribution of

DSBs reformulated as a function of energy, explicitly. The derived complex damage

response function, Fcd, was stated as

Fcd(E) = (a− b) 2

π

[
tan−1

(
E − E0

Γ/2

)]
+ b, (3.27)

which gives the yield of DSBs per 109 basepairs of DNA per 1 gray of absorbed

dose. The parameters a, b, Γ, and E0 were fitted to DSB counts from particle tracks

simulated in MCDS [228] through a two-stage χ2 minimisation process, using the
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differential distribution, dFcd/dE, and the cumulative distribution, Fcd. Parameters

were fit to simulated data for electrons, protons, helium ions and carbon ions.

Van den Heuvel argued that for implementation in a treatment planning system,

if the energy spectrum, Φ(E), for each type of particle is known in a voxel then the

mean number of DSBs, Mcd, can be calculated using the response function ((3.27))

and the dose in that voxel, D [227, 229, 230];

Mcd = D ×
∫∞

0
Φ(E)Fcd(E)dE∫∞
0

Φ(E)dE
. (3.28)

The RBE by DSB-induction could then be calculated by dividing the value of Mcd

for the proton treatment by that for the reference treatment.

3.3 A new DNA double strand break induction

model

Here a method is proposed for quantifying clustered DNA damage induced by proton

irradiation. The energy-dependent mean free path λ(E) of a particle infers that in

a track segment of length L the mean number of interactions is given by n̄ = L/λ.

Given that a particle has travelled through nuclear DNA, using the inelastic mean

free path (IMFP) we may refer to n̄ as the average number of lesions induced within

the DNA. The distance L shall be known as the interaction length. The conditional

probability, P(λ|L), that two or more lesions occur within the segment, contributing

to a DSB, is given by a Poisson distribution,

P(λ|L) =
∞∑
k=2

1

k!

(
εL

λ

)k
exp

(
−εL

λ

)
= 1−

(
1 + ε

L

λ

)
exp

(
−εL

λ

)
, (3.29)

where a factor ε > 0 has been included to represent the efficiency with which an

interaction is converted to DNA damage. This factor linearly scales the mean number

M.D. Brooke, 2020 69



3 | A DNA double strand break induction model for RBE prediction

Figure 3.1: Left: geometric setup for possible interaction lengths of a linear particle trajectory
through a cylindrical section representing the sensitive region containing the DNA, in which an
ionisation event may cause lasting DNA damage. Right: calculated and Monte Carlo generated
interaction length distribution for d = 2.37 nm and 2H = 6.8 nm.

of interactions in a given segment. To classify a track as contributing toward complex

damage, all lesions along the track must be restricted to the dimensions of the DNA

double-helix and within ten base-pairs (bp). The choice of ten base-pairs is in keeping

with previous studies detailed in the literature [74, 231, 232, 159, 160, 225, 233, 234].

Therefore, L must take values from the distribution of permitted interaction lengths.

We begin by approximating 20 bp in a physiological B-DNA double-helix as a

cylinder of diameter d = 2.37 nm and height 2H = 6.8 nm. Without loss of generality,

the incident particle may assume entry at the midpoint of the cylinder with uniform

random variables φ ∈ (−π
2
, π

2
) and θ ∈ (−π

2
, π

2
) defining the azimuthal and polar

components, respectively, of the trajectory as shown in Figure 3.1. Monte Carlo

methods may be used to generate the probability density function (PDF) of possible

interaction lengths L, also shown in Figure 3.1. Further, it can be shown analytically
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(derivation provided in Appendix A) that the PDF is given by

fL(`) =



4

π2d

∫ 1

0

y√
1− y2

√
1− (`y/d)2

dy, ` ≤ H, (3.30a)

4H

π2`2

arcsin
(
`
d

√
1− (H/`2)

)
√

1− (H/`2)

+
4

π2

∂

∂`

∫ 1

√
1−(H/`)2

arcsin
(
`y
d

)√
1− y2

dy,

` > H. (3.30b)

The PDF, fL, may be used as weighting coefficients in a linear combination of

infinitely many Poisson-distributed random variables. The resulting likelihood mea-

sure, Lcd, is proportional to the probability of a single proton inducing two or more

lesions on opposing DNA strands, and may be interpreted as a relative likelihood

measure for the induction of complex DNA damage;

Lcd(λ; `) := fL(L)P(λ|L). (3.31)

3.3.1 Inelastic mean free path calculation

Our proposed Poisson model for damage induction is based on the inelastic mean free

path (IMFP) of a particle incident on a DNA segment. The IMFP, λ, is dependent on

the kinetic energy of the particle, E, and is inversely proportional to the cross-section

of inelastic interaction with the target material, σin.. That is,

λ(E) ∼ 1/σin.(E). (3.32)

As the IMFP decreases, meaning a greater number ionisation events may occur within

a segment, the probability of inducing a DSB increases accordingly. The accuracy of

our damage estimate in (3.31) therefore heavily depends on the accuracy of the IMFP

calculation.
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To calculate the IMFP we follow methods employed by Van den Heuvel [227]. The

traditional Bethe-Barkas formalism [52, 238] is widely used to describe the IMFP for

particles of relatively large kinetic energies, above the threshold energy for producing

core ionisations in the target nucleus. At low energies, however, Ziaja et al. [239]

argue that the band structure of the target material is essential when considering

the behaviour of ionisations. They incorporate knowledge of the band gap, which is

the minimal energy required to generate an electron-hole pair, and the behaviour of

plasmon excitations at low energies, to more accurately describe the IMFP;

λ(E) =
E − E0 exp(−B/A)

A log(E/E0) +B
+

√
E

A1(E − Eth)B1
(3.33)

where E0, Eth A, B, A1, and B1 are fitting parameters. The first term comes from the

traditional Bethe-Barkas formalism and the second term is the plasmonic correction

[239, eq.(7)]. Using a Levenberg-Marquadt fitting procedure, the parameters in (3.33)

were fitted to IMFP data in DNA for electrons [236, 237] and protons [235], as shown

in Table 3.2 and Figure 3.2. The first term, if used exclusively, erroneously describes

(a)    (b)
320 keV 520 eV90 keV 75 eV 

Figure 3.2: IMFP in DNA as calculated by (3.33) with parameters listed in Table 3.2 for protons
and electrons, both with and without a plasmonic correction. Parameters were fitted to experimental
data by Tan et al. [235] (protons) and NIST [236, 237] (electrons).
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Figure 3.3: Proton collisional stopping power in liquid water, shown as a function of kinetic energy
between 1 keV and 10 GeV. Stopping power is maximised at approximately 90 keV, which is also
the energy at which the IMFP in Figure 3.2(a) is minimised. Plotted data was collected from the
NIST pSTAR database [54].

a monotonic decrease in λ as E decreases. In DNA, we see the plasmonic correction

begin to take effect at energies lower than 320 keV (protons) and 520 eV (electrons).

The IMFP reaches a minimum at 90 keV (protons) and 75 eV (electrons), which

indicates that these are the approximate energies at which DSB induction is most

likely to occur.

Notably, proton stopping power, which describes the expected rate of energy loss

of protons through a material, also peaks around 90 keV in liquid water, as shown

in Figure 3.3. In liquid water we see a maximal stopping power of approximately

830 MeV cm2/g, which, in a naive approximation that accounts only for the density

Table 3.2: Parameters fitted to experimental data, by Tan et al. [235] (protons) and NIST
[236, 237] (electrons), using a Levenberg-Marquadt procedure, for the IMFP calculation in (3.33).
Parameters are provided for both the Bethe-Barkas formalism and the plasmonic correction term.

Bethe-Barkas formalism plasmonic correction

A [keV/nm] B [keV/nm] E0 [keV] A1 B1 Eth [keV]

protons 117.007 -318.694 1.00 0.681 1.249 42.396

electrons 0.0659 -0.1282 0.001 22.228 1.010 0.0243
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of DNA being approximately 1.3 times that of water [240], translates to an LET of

around 108 keV/µm. This density scaling is in line with the methods of Champion

and colleagues [241, 242], who applied it to cellular media comprising hydrated DNA.

Thorough investigations, including experimental and simulation studies, of stopping

power in DNA have yielded maximal values between 110 and 140 keV/µm, all occuring

for a proton energy of approximately 100 keV [243, 244, 245, 246, 247, 248].

It is of interest to mention that an LET of 100 keV/µm is generally considered the

optimal ionisation density for generating a DSB, with a common explanation being

that the mean separation between ionisations at this LET coincides with the diameter

of the DNA [see, eg, 64, p. 108-10]. We offer an alternate explanation; for protons

with a kinetic energy of approximately 90 keV, the mean separation between ionisation

events is minimised which, in turn, maximises the probability of DSB induction.

3.3.2 Parameterising the damage model

In a clinical proton beam, primary and secondary protons are responsible for the

great majority (approximately 97%) of deposited dose. We must assume at this

stage, however, that the damage contribution by secondary electrons is non-negligible.

Regardless, we must model these contributions as this provides the necessary reference

for calculating the RBE, as secondary electrons are responsible for the vast majority

of DNA damage in conventional x-ray beam therapy. We therefore tune the efficiency

parameter, ε, in (3.31) for protons and electrons separately such that our predictive

model fits simulated DSBs via the Monte Carlo method.

The microdosimetric Monte Carlo damage simulation software by Semenenko and

Stewart, MCDS (version 3.1) [159, 160], was used to obtain approximate DSB yields

in cells irradiated by monoenergetic protons and electrons for a range of input ener-

gies. In the MCDS software, clustered elementary damages to DNA are generated

through detailed track-structure simulations and categorised into levels of complexity
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described by Nikjoo et al. in [78] and [74]. A DSB is defined as two strand breaks on

opposite strands within 10 base pairs (bp) of each other. The DNA content of the cell

was assumed to be 1 Gbp (giga base pair) on average, the radius of the cell nucleus

was set to 5 µm and 10,000 cells were used in the damage simulation. Hypoxic en-

vironmental conditions (0 mmHg O2 pressure) were chosen, in a first approximation,

in order to limit the effects of chemical repair and oxygen fixation, which are not

included in our physical damage induction model. DSB yields per cell per unit dose

(Gy), induced by an individual particle track, were extracted for 294 protons with

kinetic energies between 10 eV and 110 MeV, and 66 electrons with kinetic energies

between 0.1 eV and 10 MeV.

As MCDS returns absolute DSB counts, we convert these to relative induction

probabilities by scaling the data between 0 and 1 such that the largest count becomes

1, indicating maximal damage, and the smallest count returns 0, indicating minimal

damage. In this form, the efficiency parameter, ε in (3.29) was allowed to vary in a

Levenberg-Marquadt method to best fit the data to (3.31) with fL normalised such

that the most likely interaction length has a density of unity. This was performed for

 (a) (b)nm nm

Figure 3.4: The DSB induction model, (3.31), fit through a single “conversion efficiency” parame-
ter, ε (listed in Table 3.3), to relative Monte-Carlo-generated DSB counts using the MCDS damage
simulation software [159, 160]. Fits are shown for (a) protons and (b) electrons. The colour scale
corresponds to the interaction length probability density, fL.
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Table 3.3: Parameter fits to Monte Carlo generated DSBs using MCDS 3.1 [159, 160] along with
their 95% confidence interval, for DSB conversion efficiency, ε, low-level (minimal) damage, a, and
high-level (maximal) damage, b.

ε a [cell−1Gy−1] b [cell−1Gy−1]

protons 0.5837 (0.5739, 0.5935) 2.8725 (2.6783, 3.0667) 27.9034 (27.7876, 28.0192)

electrons 0.5847 (0.5755, 0.5939) 2.8362 (2.7488, 2.9236) 28.2680 (28.1704, 28.3656)

(a) (b)
Figure 3.5: DSB yield, as calculated by (3.34), shown with and without the plasmonic correction
term in (3.33) as a function of kinetic energy for (a) protons and (b) electrons. Monte-Carlo-
generated DSB counts using MCDS 3.1 [159, 160] are also shown, and were used to fit the parameters
listed in Table 3.3.

both protons and electrons, separately. The resulting likelihood measures for DSB

induction, shown in Figure 3.4(a) and Figure 3.4(b), are given by (3.31) with the

fitted parameter, ε, provided in Table 3.3.

In addition to modelling the relative likelihood of DSB induction, we may predict

the yield, Ycd, of DSBs using the unscaled data generated using the MCDS software.

That is,

Ycd(λ;L) = (b− a)Lcd(λ;L) + a (3.34)

where a and b are parameters representing the minimum and maximum DSB counts,

respectively. Fits for protons and electrons are provided in Table 3.3.
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Kinetic energies were converted in the fitting procedure to the inelastic mean free

path, λ(E), using (3.33) with the parameters listed in Table 3.2. As the MCDS

software (version 3.1) used to obtain the simulated DSB counts does not take into

account plasmonic effects, even very low energy particles are assumed to generate

DSBs with high likelihood. The model was therefore parameterised using the standard

Bethe-Barkas formalism [52, 238] for calculating the IMFP. The final damage model

includes the plasmonic correction. The associated DSB yields for the most likely

interaction length of `0 = d, the diameter of the DNA, are shown in Figure 3.5(a)

and Figure 3.5(b).

3.3.3 Relative biological effectiveness

We may extend the damage model to calculate the relative biological effectiveness

(RBE), restricted to DSB induction, between a radiation field set up by a proton

beam and that set up by a reference modality. The reference in almost every case is

a photon field generated for conventional x-ray therapy in which the vast majority

of dose contributions are attributed to secondary electrons. In a specified volume of

interest, which is most suitably set commensurate with the voxel size in the patient

dose matrix, the restricted relative biological effectiveness, RBEcd, is given by the ratio

of the expected DSB yield in the modality of interest, 〈Ycd〉, to that in the reference

modality, 〈Ycd〉ref.. Note that this requires an underlying assumption that initial DSB

formation is linear with dose, which is considered valid for standard therapeutic doses

[205]. That is,

RBEcd =
〈Ycd〉
〈Ycd〉ref

. (3.35)

The (dose-averaged) expected DSB yield may be calculated using

〈Ycd〉 =
1

D
∑

particle
type

∫ Emax

0

Φ(E)
Scol

ρ
(E)Ycd(λ(E), `0)dE (3.36)
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where Φ(E) is the particle fluence at kinetic energy E, up to a maximum of Emax,

through the volume of interest, ρ is the mass density of the medium, Scol

ρ
(E) is the

unrestricted mass collision stopping power for this energy and medium, and

D =
∑

particle
type

∫ Emax

0

Φ(E)
Scol

ρ
(E)dE (3.37)

is the dose to the medium in the volume of interest. Note that the summation in

(3.36) and (3.37), for our purposes, separates the electron energy spectrum from the

proton energy spectrum.

3.4 Validation of DSB-based RBE models

While it is understood that initial DSB generation in the cell nucleus, and the subse-

quent threat of chromosome aberrations, plays a crucial role in cell death, there are

many contributing factors in determining the biological outcome of cell irradiation

(IR). As discussed previously, these include, but are not limited to, environmental

conditions, beam dynamics, spatio-temporal track structure, cell type, tissue vascula-

ture, and repair kinetics. Though despite such complexity, a mixture of phenomeno-

logical and first-principles modelling is able to provide useful tools that account for

variability in outcomes between different treatment modalities and methodologies.

However, these biophysical models must have demonstrable predictive capabilities

validated by real-world experimentation and clinical evidence, and the uncertainty in

these predictions must always be recognised.

This author proposes that the accuracy of RBE models may be assessed through

three distinct levels of validation, in order of decreasing confidence; (I) validation of

direct processes and mechanisms modelled (e.g. number of DSBs generated), (II)

endpoint validation (e.g. reproductive cell survival), and (III) comparison between
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Table 3.4: Levels of confidence for validating DSB-based RBE models.

Validation
level

Description
Relative
confidence

Example

I
Validation of direct
processes and mech-
anisms modelled.

     
Absolute number of DSBs measured
through immunostaining, PFGE or comet
assay, compared to predicted DSB yield.

II
Endpoint . . . . .
validation.

   G##

Surviving fraction ratio between proton
and reference modality from clonogenic as-
say compared to cell survival RBE from
mechanistic DSB-based model.

III
Cross-endpoint
comparison.

 G####
In vivo animal survival rate compared to
ratio of DSBs in proton and reference
modalities.

alternate endpoints. These are summarised, with examples, in Table 3.4. In the

context of modelling RBE based on initial DSB induction, predicted DSB counts can

be compared directly to experimentally measured DSB counts (Level I validation), or

the predicted likelihood of cell death due to initial DSBs could be compared to results

from clonogenic survival assays (Level II). In order to understand the benefits and

limitations of these validation methods, the most common experimental techniques

used to detect DSBs and to measure cell survival post-IR are reviewed below.

3.4.1 Detection of double strand breaks

A range of methodologies exist for quantifying DSBs in prepared cell samples, though

the vast majority can be segmented into either immunocytological techniques, such

as immunofluorescent staining with γH2AX [249], or physical fragmentation, such

as pulsed-field gel electrophoresis (PFGE) [250] or single-cell electrophoresis, also

known as the neutral comet assay [251]. The former involves incubating the cells

with antibodies that encourage the recruitment of fluorescent proteins to damage sites,

thus showing these sites as visual foci under immunofluorescence microscopy, while

the latter involves physically separating fragments that have resulted from double
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stranded cleavage of the DNA.

3.4.1.1 Immunofluorescent staining

Immunostaining, for the purposes of DSB detection, refers to techniques by which

DSBs may be quantified through the intensity and location of fluorescent foci that

reveal themselves under fluoroscopic imaging. Flow cytometry can alternatively be

used in the analysis, however there are additional logistic requirements for this method

due to the use of specialist equipment. Using both an appropriate primary antigen

that will seek out a specific molecule and a secondary antibody with a fluorescent

tag, binding can occur between the antigens at the site of the target molecule and

appear as visual foci. The histone H2AX, which plays a critical role in surveillance of

genomic integrity, becomes phosphorylated in response to IR-induced DSBs to form

γH2AX [249, 252]. γH2AX is therefore widely used today as a biomarker to signal

DNA damage in mammalian cells. Foci can be detected almost immediately following

irradiation of the cells, with the yield stabilising within 10 to 30 minutes [249, 253].

Care must be taken in verifying, as best as practically achievable, that observed

foci indeed correspond to sites of DSB damage. It is know that γH2AX foci are not

limited to DSB sites, and can in fact appear at SSB sites as well [254]. Detectability

of proteins at IR-induced foci is dependent on, among other factors, the amount of

those proteins recruited to the damage site. As mentioned in Chapter 1, the NHEJ

pathway dominates over the HR pathway in DSB repair for mammalian cells, by a

factor of about 5:1 [255], however the components of NHEJ exhibit high expression

and no more than a few molecules are necessary for repair [256, 257]. As a result,

foci at these NHEJ-associated damage sites may be conflated with foci due to weak

binding of the repair processing proteins to undamaged chromatin [258], which are

also visible under fluorescence at high sensitivity. It is possible to discern DSB- and

non-DSB-induced foci associated with NHEJ proteins using a cellular fractionation
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assay [259].

Another commonly used biomarker is 53BP1, which, unlike γH2AX, does not tend

to accumulate at sites of replicative stress [260]. It has therefore been suggested that

using both 53BP1 and γH2AX in combination can discern IR-induced DSBs from

those induced by replicative stress [261, 262]. The reader is referred to a recent re-

view by Mavragani et al. [258] for an in-depth discussion on the suitability of other

molecular DSB biomarkers, which is beyond the scope of this work. Additionally, a

2015 review by Rothkam et al. [263] provides a thorough discussion of the biologi-

cal significance of DNA damage foci in general, including comparisons of the most

common biomarkers.

Strides are continually being made to improve quantification of DSB induction.

For example, a recently developed technique using confocal microscopy and 3D recon-

struction in place of two-dimensional immunofluorescent imaging enables improved

detection of DSB-induced γH2AX foci [264].

3.4.1.2 Pulsed-field gel electrophoresis

In contrast to immunostaining techniques, pulsed-field gel electrophoresis (PFGE)

[250], which superseded older techniques of neutral sucrose gradient sedimentation

[265] and neutral elution [266], relies on physical separation of broken DNA fragments

in order to quantify DSBs. In PFGE, cells are embedded in agarose, a polysaccharide

matrix, due to its stability with the surrounding environment and its low reactive

capabilities with DNA. Agarose consists of pore sizes that are of sufficient volume

to separate portions of DNA molecules. Electropheretic methods are then applied to

separate DNA fragments based on their size across the agarose matrix. An alternating

electric field is applied to the gel which causes DNA radicals to orientate themselves

to align with the field. In this process, smaller fragments move quicker than larger

ones, therefore allowing them to be sorted by size into the pores. The size of the
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fragments can then be detected with a staining agent, such as ethidium bromide,

which binds to the DNA and fluoresces under ultraviolet light. An advantage of

PFGE when compared to other methods is that the DNA can be transferred for

Western or Southern blot following the process.

PFGE generally requires that cells be exposed to larger doses of radiation (≥ 1

Gy) than for γH2AX immunostaining [267], which has been used down to 1 mGy

(for low LET photon radiation) [183]. Over-expression of a protein may generate

artifacts [268], and it has been shown that a proportion of DSBs counted through

PFGE may manifest as heat-induced artifacts during lysis when post-irradiation cell

incubation is carried out at temperatures of around 37◦C or higher [269, 270, 271]. The

apparent DSB count can even be double the IR-induced amount between incubation

at room temperature and 37◦C [269]. The pH level has also been shown to affect

DSB counts; alkaline conditions can promote more DSBs than neutral conditions

[272]. Factors influencing assay sensitivity, including lysis conditions, pulse time and

gradient of the electric field, temperature, and concentrations of both the cell sample

and of agarose, have been explored by Blöcher and Kunhi [273]. Their studies were

based on a particular type of PFGE called contour-clamped homogeneous electric field

(CHEF) electrophoresis, which quantifies migrating DNA fractions without physical

mass-based separation, although the results were expected to apply broadly.

It is understood that PFGE can only provide approximate DSB levels in mam-

malian cells. The process exhibits variability in DNA fragmentation, and therefore

apparent DSB yield, throughout the cell cycle which does not necessarily reflect DSB-

related mechanisms, but may be explained by DNA replication upon entry into S

phase [274]. In some circumstances DNA replication is able to lead to DSBs that are

formed physiologically rather than induced by IR [275, 276, 277, 278]. For example,

DNA replication forks may progress over sites of SSB damage to form a DSB [278].

A recent study by Kawashima et al. [279] proposed a method for detecting DSBs at
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DNA replication sites by combining PFGE with a Western blot assay to search for

DNA replication markers. It must also be noted that the absolute number of DSBs

counted will change in proportion to the DNA content of the cell so, for example, a

higher DSB yield can be expected if the cells are irradiated during the G2 phase than

during G1.

3.4.1.3 Neutral comet assay

Single-cell gel electrophoresis, better known as the comet assay [251], involves a similar

process to that of PFGE, however differences in DNA damage and repair can be

detected at the level of a single cell, which makes it particularly useful for examining

biopsy specimens. Cells are embedded in agarose and lysed, and, upon application

of an electric field, damaged DNA migrates across the gel, taking the appearance

of a comet. (Undamaged DNA also migrates across the gel, but it remains in tact

and does not produce a comet-like streak.) The comet assay has not been as useful

as a quantitative DSB detection method, however there are improvements in this

space with the advent of machine learning models. See, for example, recent work

by Atila et al. [280] in classification of DSB damage using convolutional neural

networks. In a 2012 study by Forchharmer and colleagues [281], it was shown that

even when implementing a standard procedure across different laboratories, there were

substantial disagreements between the number of measured strand breaks revealed

by comet assay. The study concluded that comet assay validation trials should take

further steps to evaluate the implementation of standard procedures.

3.4.2 Clonogenic survival assay

Cell survival following irradiation can be quantified by studying the surviving fraction

of cultured cells in controlled experimental conditions. The technique, known as

clonogenic survival assay, was introduced in the 1950s [91] to assess the reproductive
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capabilities of single HeLa cells derived from a cervical carcinoma3. Modeling the

surviving fraction as a function of dose is achieved through a two-parameter linear

regression to the linear quadratic (LQ) model, covered in Chapter 1 (Section 1.3.3),

against stratified sampling data. This model assumes that lethal IR-induced damage

events are Poisson-distributed in proportion to the dose received by the cell [90]. The

determination of RBE between radiation modalities using cell survival as the endpoint

is common, and this is typically considered the endpoint that is most clinically relevant

[205]. At this point, though, we must be clear on what is meant by “cell survival”;

lethal events are understood to ultimately lead to a loss of reproductive integrity of the

cell, at which point the death of the cell is marked as the loss of its ability to reproduce

indefinitely. Interestingly, despite a cell being labelled dead by this definition, it may

retain other capabilities, such as synthesising proteins or even replicating its DNA

through mitosis, as long as it does not produce a significant number of progeny [84].

The RBE by cell survival is the ratio of doses required in the interest (e.g. protons)

and reference (e.g. 6 MV x-rays) modalities to leave a prescribed fraction remaining4.

In practice, the surviving fraction is actually calculated by taking the ratio of plating

efficiency between the irradiated sample and the control. This plating efficiency refers

to the proportion of cells seeded into the dish whose progeny go on to form a colony.

Incorporating this measure into the calculation serves to normalise the surviving

fraction to the control sample, and to filter out unwanted factors unrelated to IR-

induced damage. It is vital that these factors that are external to the influence of the

radiation are controlled as best as possible as they are significant sources of error.

One may refer to protocols detailed by Munshi et al. [84], Franken et al. [283]

or other works in the existing literature for detailed protocols on clonogenic assay for

3The HeLa cell line is the most well-known and prominently used human cell line in cancer
biology research, having originated from a single sample taken from a cervical biopsy during a
woman’s cancer treatment in Maryland in the early 1950s. The fascinating history of HeLa cells is
covered in a review by Masters [282].

4The mathematical derivation of RBE by cell survival is provided in Chapter 1, Section 1.3.5.
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the purposes of radiation studies. Here we highlight only a pertinent selection of error

sources. Samples must be kept in a stable environment of constant temperature and

carbon dioxide concentration. Once removed from the incubator to be irradiated (or

stained for counting) these environmental conditions are disturbed, which may con-

flate those disturbances induced by radiation effects. In any laboratory that shares

incubators for multiple experiments there is also the possibility of inadvertently dis-

turbing the environment, or the cells themselves, as the incubator is accessed regularly

during the incubation period, which can often last over a week. When the dish is

bumped, colonies may break apart to artificially increase the calculated plating effi-

ciency [84]. Initial preparation involves preparation of a solution containing a number

of the cells of interest and a growth medium. Healthy cells will tend to adhere to the

surface of the flask, so an enzyme called trypsin is introduced to loosen the cell mem-

brane and help form a single-cell suspension [64, p. 36]. The concentration of cells in

the suspension can be estimated using various methods, however a hemocytometer is

often preferred due to its low cost and ease of use. This device is essentially a glass

slide with etched grids. Cells are counted manually under a microscope within sepa-

rate grid areas and the results are averaged, although human error can still introduce

a large variance in the calculated concentration. Further, the suspension is assumed

homogeneous when, in practice, gravity causes the cells to drift to the base of the

flask. This problem is addressed by delicately swirling and “shaking” the flask prior

to extraction. The number of cells seeded into the solution, or the dilution factor used

to reduce this number, is carefully chosen such that on the day of the experiment the

number of cells in the suspension is of the order of 106 and those plated onto the dish

have a confluency of at least 70% [284]. Confluency is a measure of how much surface

area is occupied by the cells. If the number of cells is very small then the statistics

are not suitable to reliably assess plating efficiency and surviving fraction, but if the

number is too large then colonies either tend to merge together and make the task
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of counting them difficult [64, p. 37] or signalling networks may be altered [see, e.g.,

285]. The desired number of seeded cells during the initial preparation is calculated

using knowledge of the expected surviving fraction (from theory, previous studies or

otherwise) and the doubling time of the cell line. This is approximately 12 to 14 hours

for V79 Chinese hamster lung fibroblast cells, a commonly used cell line (discussed

in more detail below) in in vitro irradiation experiments. After cells are irradiated

they are put back in the incubator for another week or more, allowing for at least six

cell divisions [284], before they are counted. A dye such as methylene blue is added

to the dish. This is absorbed by healthy colonies and the excess can be washed away,

which allows for simple identification of colonies by the human eye. However, some

cells that have not lost their proliferation potential but are nonetheless damaged in

other ways may not readily absorb the dye and may be missed in the count. Some

cells may also fail to stick to the dish and will be washed away with the excess dye.

V79 Chinese hamster lung fibroblast cells are often used in radiobiological experi-

ments due to a number of suitable characteristics including rapid growth rate (reduces

overall time needed in the lab), high plating efficiency (limits influence of external

factors) and quick recovery from being stored frozen in liquid nitrogen, which allows

cells of similar characteristics to be easily stocked in large quantities [286]. V79-

derived cell lines with different characteristics created through mutagenic agents are

often quite stable, so experimentation can be carried out on variants (mutants) of

standard V79 cells in which certain DDR pathways are inhibited and repair kinetics

are interrupted. In this way it is possible to isolate, to a degree, the effects of ini-

tial IR-induced cellular damage from those following attempts by the cell at repair.

Caution must be taken, however, in generalising DDR observations from V79 studies

across distinct mutations [287] and, of course, in further generalising results to human

cells or in vivo studies. For example, it has been shown that V79 cells do not express

functional p53 [287], a protein that is crucial for tumour suppression in humans [288].
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In a recent study, Mara et al. [289] investigated the accuracy of RBE prediction mod-

els in low (α/β)x cell lines, concluding that these models are best suited to cell lines

with large (α/β)x values and insufficiently accurate for those with low values. This

limits our ability to test these models on some common in vitro cell lines, including

V79 cells, though it is promising for use on early-reacting healthy tissues in vivo.

The above commentary has been intended to inform the reader of the many as-

pects of a typical clonogenic survival assay procedure that may introduce substantial

errors to the measured surviving fraction. These include human errors associated with

preparation and measurement, subjectivity of measurements such as cell confluency,

and variation that is inherent in the biological processes in response to non-IR-induced

factors, including trypsinisation, absorption of staining dye, and environmental de-

pendence (e.g. CO2 concentration and temperature dependence). All this being said,

biologists are well aware of the large variance in experimental results, which is often

much larger than those encountered in experimental physics, and so a heavy empha-

sis is put on the reproducibility of results. Well-documented procedures are carefully

repeated multiple times and several cell cultures are used in each experiment. It is

also common to search for overall trends in the empirical data over many samples

rather than relying on absolute measurements. Some of the validation techniques

discussed above may be best used in combination. For instance, clonogenic cell sur-

vival trends have been successfully predicted in human squamous cell carcinoma by

measuring residual DSBs, using γH2AX immunostaining, in parallel to clonogenic

assay 24 hours post-IR [290].

Due to the shouldered dose response curve, according to the LQ model the RBE

can vary substantially with the surviving fraction that is chosen as the endpoint.

A typical experiment may report, for example, RBE10 or RBE37, corresponding to

surviving fractions of 10% or 37%, respectively. The former is arbitrary while the

latter captures the natural e-folding (reduction of progeny by a factor of exp(−1)) of
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the Poisson arrival process governing lethal IR-induced events. As discussed in Section

3.2, it is most useful to compare cell survival trends to single- and multiple-track

damage through the behaviour of survival at very low dose and very high dose. In

this framework the focus shifts from the surviving fraction endpoint to the predictions

of RBEmax = α/αx and RBEmin =
√
β/βx, first defined in (3.3). In the case of the

RMF model [201, 202, 203] (Section 3.2.9) there is an explicit relationship between the

RBE for cell survival and the RBE by DSB induction, which can be determined by an

auxiliary model such as the probabilistic Poisson model proposed in this Chapter. In

general, sufficiently high-LET radiation accentuates the linear component of the cell

survival curve to the point that O(D2) corrections can be neglected and the surviving

fraction approximates S = exp(−αD) [65, p. 69-70] [205]. Additionally, even up to

very high doses of hundreds of gray, initial DSB formation scales linearly with dose

[205]. In a first approximation, considering intra-track damages, the ratio of the linear

LQ response parameters, α/αx, between protons and the reference radiation follow

the trend of the cell survival RBE and provide a useful maximum RBE estimate.

3.4.2.1 Degeneracy of the linear quadratic parameters

An anti-correlation exists between the α and β terms of the LQ model, meaning an

increase in one may be compensated by a decrease in the other in such a way as to

produce the same cell survival curve, within some degree of uncertainty. This has

been discussed in some detail by Friedrich et al. [164], highlighting that “best-fit”

parameters are not necessarily unique. Slight differences in either parameter can

translate to differences in the calculated RBE, and this applies to both the proton

data and the reference radiation data. A supplementary theoretical analysis of this

degeneracy in the values of the LQ parameters is provided here.

Suppose there are two cell survival curves given by S1(D) = e−α1D−β1D2
and

S2(D) = e−α2D−β2D2
. Let us say these two curves describe the data equally well if the
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predicted surviving fractions do not differ by more than 100δ% for any dose D in the

experimental range. Then we require, for all D,

(1− δ)S1(D) ≤ S2(D) ≤ (1 + δ)S1(D) (3.38)

=⇒ 1− δ ≤ S2(D)

S1(D)
≤ 1 + δ. (3.39)

Now, for small values of δ, truncating the Taylor series for log(1 + δ) at the first term

Figure 3.6: Degeneracy in LQ parameters, α and β, for curves that predict cell survival within 10%
(δ = 0.1, black points), 5% (δ = 0.05, blue points) and 2% (δ = 0.02, red points) agreement. Data
points were generated using a Monte Carlo sampling method. ∆α and ∆β represent the change in
α and β, respectively, between two equally valid survival curves.
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gives

−δ ≤ log
S2(D)

S1(D)
≤ δ (3.40)

=⇒ | logS2(D)− logS1(D)| ≤ δ (3.41)

=⇒ |α1D + β1D2 − α2D − β2D2| ≤ δ (3.42)

=⇒ |∆αD + ∆βD2| ≤ δ. (3.43)

Figure 3.6 shows the degeneracy in the LQ parameters for curves that predict survival

within 10% (δ = 0.1), 5% (δ = 0.05) and 2% (δ = 0.02) agreement. These data points

were generated using a simple Monte Carlo method; 100,000 ∆α and ∆β values were

generated from a random uniform distribution in the interval (−0.5, 0.5) and were

plotted on the axes if (3.43) was satisfied for all doses from 0 Gy up to 2 Gy in steps

of 1 cGy.

3.5 Discussion

A simple biophysical RBE model based on DNA double strand break (DSB) induction

has been developed for proton therapy. The model excludes physicochemical processes

such as oxygen fixation and DNA repair, but captures the fundamental physical

principles behind the enhanced cell-killing effect of high-LET radiation. As discussed

above, the model may be used as an input into already-established biophysical cell

survival models such as the RMF model [201, 202, 203], or it may be used on its own

in a first approximation to increased cell-killing efficiency. The latter approach allows

a pragmatic formalism for radiobiological optimisation of proton therapy treatment

plans in which biological uncertainties can be reduced in normal tissues. This is

similar to the approach of LET-weighted dose optimisation [see, e.g., 180, 181, 182].

The aim in such optimisation techniques is to shift the proton end-of-range toward
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the central region of the target volume and away from the margins where zones of

high-LET may overlap with critical structures [291]. Apart from LET-weighted dose

planning, another heuristic approach to biological planning along the same lines is

proton track-end penalisation [292]. In this methodology, regular dose-based inverse

planning is carried out with additional objectives which penalise protons stopping in

organs at risk.

The DNA damage model proposed in this Chapter is a single particle interac-

tion model. A useful consequence is that the model scales linearly with dose and

damage-weighted (or RBE-weighted) dose contributions due to overlapping proton

pencil beams simply add together. Suppose for a given voxel in the dose grid of a pa-

tient plan there are N proton pencil beams, each contributing fluence spectra φk(E),

k = 1, 2, . . . , N , to the final proton field Φ(E), as shown qualitatively in Figure 3.7.

That is,

Φ(E) =
N∑
k=1

φk(E). (3.44)

We find, from (3.36), that the dose-averaged DSB yield due to the proton field is

given by

〈Ycd〉 =
1

D

∫ Emax

0

(
N∑
k=1

φk

)
Scol

ρ
Ycd(λ, `0)dE (3.45)

=
1

D

N∑
k=1

∫ Emax

0

φk
Scol

ρ
Ycd(λ, `0)dE (3.46)

=⇒ D〈Ycd〉 =
N∑
k=1

Dk〈Ycd〉k (3.47)

where Dk is the dose deposited in the voxel due to the k-th pencil beam. It is clear

from (3.47) that DSB yield, as predicted by the damage model, due to multiple pencil
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beams scales linearly with dose. This naturally extends to the RBE-weighted dose;

DRBE =
N∑
k=1

(DRBE)k. (3.48)

In the context of iterative inverse planning algorithms, which is explored in Chapter

6, this linearity enables the pencil beam dose matrix to be calculated just once, prior

to optimisation. In standard inverse planning of intensity modulated proton therapy

(IMPT) one may refer to dose kernels as the building blocks of a treatment plan.

These kernels describe the dose deposition due to a single proton pencil beam chosen

for the plan, taking into account the positioning of the beam and the heterogeneity of

patient anatomy. Using the RBE model discussed here, RBE-weighted dose kernels

can be similarly defined. Analytical proton dose kernels have been proposed [293, 294],

although simulating the beam by Monte Carlo methods is more accurate due to the

stochastic nature of dose deposition. In either method, only the local energy spectrum,

Φ, in a voxel is needed to calculate the RBE-weighted dose.

It must be stressed that linearity of the RBE-weighted dose applies only under the

assumption that second-order dose effects, such as the formation of clustered lesions

due to multiple particle tracks in close proximity, are negligible. If the effect of

combining pencil beams were non-linear then the matrix would require recalculation

each time the relative pencil beam weights were changed. There is a well-known

saturation, or “overkill”, effect in particle therapy in which the RBE tends to reach

an inflection point and decrease above a certain LET. This overkill zone is in the LET

range of 100 keV/µm to 150 keV/µm. Compared to heavier ions, the size and charge

of the proton, and associated energy straggling [223], keeps the maximum proton

LET down to well below around 30 keV/µm in clinical beams. Therefore, no overkill

effect is expected and, instead, the RBE rises monotonically as proton LET increases.

Additionally, in proton therapy (and conventional radiotherapy) the prescribed dose is
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Proton kinetic energy
Fluence

Pencil beam 1

Pencil beam 2

Figure 3.7: Qualitative representation of the addition of two pencil beam energy spectra in over-
lapping voxels. φ1(E) is the fluence spectrum due to pencil beam 1 in the highlighted voxel and
φ2(E) is the spectrum for pencil beam 2. The total spectrum in the voxel of interest is Φ = φ1 +φ2.
Gray shaded region represents an arbitrary target volume.

usually delivered in fractions of less than 3 Gy, so non-linear dose effects are mitigated.

This is not the case for hypofractionated radiotherapy, in which fewer fractions are

used to deliver a higher dose per fraction, and this should be taken into consideration

when implementing the DNA damage model in these circumstances.

The proposed DNA damage model has been formulated under an assumption of a

hypoxic environment in order to limit the effects of the oxygen fixation and chemical

repair. As introduced briefly in Chapter 1 (Section 1.3.2), hypoxic tissues exhibit up

to a threefold reduction in radiosensitivity compared to their normoxic counterparts

when irradiated by photons [295, 296, 297, 298, 299]. The oxygen fixation hypothesis

(OFH) [300] postulates that this oxygen enhancement effect is due to radical-induced

indirect DNA damage becoming “fixed” by molecular oxygen, inhibiting chemical

repair processes from restoring the damage. In contrast, without oxygen, radiosen-

sitising peroxyl radicals are unable to form and chemical repair is mostly successful.
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Mechanistic models based on extensions of the OFH have been proposed for explain-

ing the oxygen enhancement effect [301, 302]. In the high-LET regime of heavy ions

oxygen enhancement is less pronounced due to the number of direct ionisations of

the DNA being sufficiently large and dominating the contribution to complex dam-

age. In the DNA damage model proposed in this work, oxygen enhancement effects

were avoided so that direct damage from ionisations within the DNA would domi-

nate over indirect damage and so that the model would not overestimate the lethality

of radiation to the tumour. In the majority of cases, aberrant vascularisation and

compromised blood supply in solid tumours induces hypoxic regions [see, e.g., 303].

Future work will address the inclusion of oxygen concentration into the model, which

will avoid underestimation of damage to healthy, well-oxygenated tissues.

The modularity of the model allows for the initial DSB yield to be calculated

independently of the oxygen enhancement. It has been demonstrated that the rate of

DSB rejoining does not change with oxygen concentration [304], however the relative

yield of lethal DNA radicals from indirect damage is related to the amount of oxygen

binding that is able to occur. This exhibits a saturation behaviour governed by a

second order differential equation, the solution to which is a rational function depen-

dent on the oxygen concentration [305, 306]. This rational form has been used by

Stewart et al. in modelling the oxygen enhancement effect in the MCDS microdosi-

metric Monte Carlo software [159, 160, 224, 225, 226]. In [224] initial DSB formation

is assumed at the upper limit, in normoxic conditions, with the yield reduced by

a multiplicative factor representing the fraction of DNA radicals removed through

chemical repair. The impact of oxygen concentration on DSB yield was investigated

for protons using MCDS, the results of which are shown in Figure 3.8. The oxygen

enhancement ratio (OER) was calculated as the ratio of the predicted DSB yield at

a specified oxygen concentration to that at zero oxygen partial pressure. (Note that

the plasmonic correction to the proton mean free path used in this work is not used
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Figure 3.8: Left: predicted DSB yield using MCDS [159, 160] for different oxygen concentrations
(0%, 5%, 10%, 20%, 40% and 60%). Right: the oxygen enhancement ratio (OER) as a function of
proton energy, calculated as the ratio of the predicted DSB yield at a specified oxygen concentration
to that at zero oxygen partial pressure.

in MCDS calculations.) A saturation behaviour is evident; for proton energies up

to 1 MeV the OER for all non-zero oxygen concentrations follows the same trend,

increasing up to approximately 2.0. There are discrepancies of up to 10% between

the OER values for different oxygen levels at energies above 1 MeV, however the

change in the absolute contribution to damage is only about 1 DSB cell−1Gy−1. The

consideration of indirect DNA damage may warrant an increase in the diameter of the

sensitive cylindrical volume, d, in (3.30a) and (3.30b). This also serves to best retain

the physical interpretation of the interaction-to-DSB conversion efficiency parameter,

ε, in (3.29).

Implementation of the proposed RBEcd model in IMPT inverse planning fits un-

der the label of a Level III biological optimisation, using the framework of Nahum

and Uzan [154] outlined in Chapter 1 (Section 1.5). Through the inclusion of oxy-

gen concentration this can be extended to Level IV. In practice the voxelised dose

grid can be registered to functional positron emission tomography (PET) images
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that contain local oxygenation information [305]. This information can be gathered,

for example, from differences in the uptake of radiopharmaceutical agents such as

18F-fluorodeoxyglucose (FDG). Changes in tumour metabolism are an indicator of

hypoxia levels and can be signified through the uptake of FDG for aerobic glycolysis,

known as the Warburg effect [307]. This is explored in detail by Rejandran et al.

[308]. The proposed use of both radiological and functional (or molecular) images to

inform a “radiobiological” target volume for planning led to dose- and LET-painting

techniques [309, 310], with success demonstrated in IMPT [311, 312]. Regions of inter-

est identified as hypoxic could be prescribed a dose boost through either delineation

of new sub-volumes within the target region or by a “paint-by-numbers” approach

on a voxel-by-voxel basis [310]. Models and algorithms for biological optimisation

have since been proposed for particle therapy based on continuous measures of local

oxygenation [313, 314, 315].

The incorporation of oxygen concentration into the DSB induction model also

opens the possibility of building an optimisation framework that accounts for the

enhanced tissue-sparing effects of ultra-high dose rate radiotherapy, referred to as

FLASH therapy [316, 317, 318]. This is currently being developed. A potential

mechanism of the tissue-sparing effect in FLASH therapy is that of transient hypoxia

induced by rapid oxygen depletion. At dose rates of tens of gray per second or higher,

a depletion model can explain the apparent decrease in radiosensitivity for normoxic

tissues of low or intermediate oxygen tension [319].

The modularity of the damage model has been mentioned above for the inclusion

of an independent oxygen enhancement model. In general one may introduce modular

additions of independent chemical and biological processes, which depend on the ini-

tial DSB yield. For example, in addition to the mechanistic RBE models discussed in

Section 3.2, a 2018 study by Wang et al. [320] modelled initial IR-induced DSB forma-

tion and subsequent repair through the NHEJ pathway. A Poisson-based formalism
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was used to model the surviving fraction of irradiated cells, which was reduced to the

standard LQ model through a truncated Taylor expansion. The linear response, α,

includes separable terms related to DSB yield, enzymatic repair success, and overkill

effects (which for therapeutic protons are negligible). While the phenomenological

models discussed in Section 3.2 do not explicitly model repair, mechanistic biophys-

ical models such as the one presented in this work may be formulated such that

independently designed repair models may be added.

Throughout this Chapter the DSB, or complex damage, induction likelihood has

referred to the likelihood of a single particle track giving rise to a cluster of two or

more ionisations within ten basepairs. To further generalise the model and take full

advantage of its Poisson nature, different ionisation cluster size possibilities can be

considered separately. This enables narrower classification of damages. For complete-

ness, the single strand breaks (SSBs) may also be considered; we may alter (3.29) to

model the relative SSB induction probability by replacing the summation with only

a k = 1 term, which represents a cluster size of exactly one. That is,

PSSB(λ|L) = ε
L

λ
exp

(
1− εL

λ

)
. (3.49)

Note that the exponential term differs from the standard Poisson definition due to a

normalisation constant of 1/e. As in (3.31), the likelihood measure for SSB induction

can similarly be expressed as

LSSB(λ; `) := fL(L)PSSB(λ|L). (3.50)

Similar to the methods in Section 3.3.2, the SSB induction model for protons was

parameterised using simulated SSB counts collected from MCDS [159, 160]. Figure

3.9 shows that a reasonable fit (ε = 1.128, 95% C.I. (1.068, 1.188)) can be obtained

for the low-energy, high-LET part of the proton spectrum, however the prediction
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(a) (b)nm

Figure 3.9: (a) Relative SSB induction likelihood, according to (3.50), with fitting parameter
ε = 1.128 and 95% confidence interval (C.I.) of (1.068, 1.188), fit to Monte-Carlo-generated SSB
counts using MCDS version 3.1 [159, 160]. (b) Most likely SSB induction response shown as a
function of proton energy, against the simulated MCDS data.

deviates from the data around the peak of SSB production and beyond the inflection

point. The apparent increase in SSB production for proton energies of around 2 MeV

or higher cannot be explained by a single-particle Poisson model, and is likely the

result of simulated secondary particles being included in the damage contribution.

The extension of the model presented in this work to heavier ion therapies is

beyond the scope of this thesis. It is, however, important to note that doing so

requires knowledge of the ionising mean free path of these particles, which is not as

extensively covered in the current literature as it is for electrons and protons [see,

e.g., 321]. The Van den Heuvel DNA damage model [227] outlined in Section 3.2,

which inspired the damage model presented in this work, has a formulation explicitly

in terms of particle energy. This makes it a suitable candidate for modelling damage

due to particles other than protons and electrons, however a consequence of this

approach is that plasmonic effects can no longer be considered.

In summary, a simple biophysical model has been proposed based on the relative

induction likelihood of complex clustered DNA damage and its applicability to IMPT
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treatment planning has been explored as a pragmatic approach to handling enhanced

cell-killing effects at the proton end-of-range. Techniques for validating this model, or

any DSB-based RBE model, and their limitations were explored in detail, and possible

extensions to the model have been discussed, such as the inclusion of oxygenation and

chemical repair modelling, and narrower classification of damage based on ionisation

cluster sizes. In the Chapter that follows, we explore the implementation of the model

in a series of Monte Carlo studies and compare its predictions to in vitro data from

literature against a selection of RBE models discussed in Section 3.2.

M.D. Brooke, 2020 99



Chapter 4

Monte Carlo simulation studies and comparisons

with in vitro data

4.1 Introduction

The previous Chapter outlined the development of a single-particle DSB induction

model for predicting RBE in proton therapy. Hereon we refer to this as the Poisson-

Distributed Lesions (PDL) model for the sake of convenience. In this Chapter we

explore its practical implementation in a series of Monte Carlo (MC) simulations,

test its predictions against published cell survival data, explore its use in a treatment

planning system, and suggest both simplified analytical and MC techniques for its

widespread use.

We begin by outlining the methods by which the PDL model may be directly

incorporated into Monte Carlo software and provide relevant programmatic scripts

in Appendix B. RBEcd predictions are investigated in comparison to dose and LET

for a range of proton pencil beam energies impinging on a water phantom. This is

followed by a simulation study of modulated proton beams as they are used to form

SOBPs. Corresponding RBEcd and LET values are used to fit an empirical RBEcd-

LET relationship, which is then used to estimate the RBE distribution in an IMPT

treatment plan using an open source treatment planning system. Finally, the PDL

model is discussed in the context of cell survival RBE and the predictions of the
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model are compared to a catalogue of 30 independent in vitro studies comprising 161

data points.

4.2 Materials and Methods

4.2.1 Monte Carlo studies

TOPAS [161] (version 3.1.2), which wraps and extends the Geant4 simulation toolkit

[162], was used to investigate the damage model proposed in Chapter 3 through a se-

ries of MC simulations. The particle tracking step-size and included physics processes

were unaltered from the default settings in TOPAS, which have been optimised for

proton therapy applications [322].

We explore, with the parameterised model, the behaviours of DSB production,

the associated RBEcd, and the relationship between RBEcd and LET, with depth for

proton beams of varying energies. This investigation is conducted with monoenergetic

proton pencil beams, which produce a pristine Bragg peak, as well as modulated

polyenergetic beams, which produce a spread out Bragg peak (SOBP). We compare

our results, where possible, both with experimental findings in the existing literature

and with a selection of RBE models discussed in Chapter 3, Section 3.2.

4.2.1.1 Creating a TOPAS extension for scoring DSB damage

TOPAS enables the compilation of user-defined extensions, written as C++ scripts

which call standard Geant4 classes. In order to directly score the expected number

of DSBs in a voxelised geometry, a binned scorer, which inherits from a TOPAS base

class of TsVBinnedScorer, was created to accumulate damage contributions due to

each event. An event is defined as a single particle having entered a voxel of interest

and is handled through a ProcessHits method. The aggregation and output of data

is handled by the base class.
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The calculation of (3.36) consists of first checking the type of particle that triggered

the event. If the particle is not an electron nor a proton, or if its kinetic energy is

less than the plasmonic threshold, Eth (see Table 3.2), then there is no contribution

to damage and the accumulator remains unchanged. If the particle is an electron or

a proton with large enough kinetic energy, the inelastic mean free path is calculated

using (3.33), followed by Ycd, using (3.34). The energy deposited to the medium, ε,

and the voxel volume, ν, can be computed using a standard MC dose calculation

method. The dose deposited by the k-th particle entering a voxel, dk, is given by

dk =
εk
ρν

(4.1)

where ρ is the mass density of the medium in this voxel, assuming this is homogeneous

within the voxel. The final step is to multiply the damage yield, Ycd, by the dose

and the statistical weight of the Monte Carlo track, wk, to give the final contribution.

Over all particles traversing the voxel, the dose-averaged DSB yield is given by

〈Ycd〉 =
1

D

[
Np+∑
k=1

(Y p+
cd )kd

p+
k wp+k +

Ne−∑
k=1

(Y e−
cd )kd

e−
k we−k

]
(4.2)

where the first summation is over all Np+ protons, the second summation is over

all Ne− electrons, and D =
∑Np++Ne−

k=1 dk is the total dose scored in the voxel by

proton and electron contributions. The quantity inside the square brackets is what

is accumulated by this custom TOPAS scorer. The divisor, the total dose, D, can

be collected using the default TOPAS dose scorer. The C++ scripts compiled as

TOPAS extensions, which score proton and electron induced damage, are located in

Appendix B.
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4.2.1.2 RBE calculations in pristine proton pencil beams

Proton pencil beams with nominal beam energies of 60 MeV to 120 MeV, in intervals

of 10 MeV, were created in TOPAS and fired from an ideal (theoretical) beam source

toward a cylindrical water phantom of radius 5 cm and length 42 cm. Each simulation

generated 5 × 107 primary proton histories. The beam source was placed coaxial to

the cylinder and 4 cm from the entry surface. Details of the beam parameters can

be found in Table 4.1. A vacuous wire-frame parallel world scorer was defined for

each beam such that the expected DSB yield, LET, particle fluence, dose and other

microdosimetric quantities could be extracted in 30 radial bins of 1 mm and between

40 and 130 depth bins of 1 mm, depending on the beam energy. The number of

depth bins was chosen to score up to 20% beyond the proton range, as calculated by

the continuous slowing down approximation (CSDA), for each energy. These query

depths should not be confused with the step-size in the MC simulation itself. A

reference 6 MV x-ray beam comprised of 5×108 primary photon histories was defined

in TOPAS to generate a 10 cm × 10 cm square field. The same scoring geometry as

detailed above was used to calculate the DSB yield due to electrons in each voxel.

Additionally, kinetic energy spectra were collected at the upstream entry surfaces

of each voxel in an effort to visualise damage contributions in terms of the energy

spectra in selected voxels. Filters were applied within the TOPAS implementation

to separately score electrons, primary protons and secondary protons. Phase space

scorers allow for raw data on surface scorers to be recorded, such as absolute position,

energy, direction and particle type. However, this approach was computationally

demanding both in the collection and post-processing of data. Instead, binned scorers

were set up to dynamically increment the particle count in each voxel and energy bin

as a particle with a certain energy was registered. Energies were scored from 10 eV

to 10 keV in bin sizes of 10 eV for electrons and from 1 keV to the maximum proton

energy in 1 keV bins for protons.
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We saw in Chapter 3 that a number of studies have ventured to find analytical

correlations between RBE and LET, often postulating that the RBE increases linearly

with LET [see, e.g., 185, 186, 189, 190, 191]. Therefore, corresponding pairs of RBEcd

and LET data in each voxel were used to fit an approximate empirical relationship,

RBEcd ≈ f(L∆), between these quantities for track- or dose-averaged LET, L∆.

4.2.1.3 RBE calculations in the SOBP region

In contrast to a single monoenergetic proton pencil beam, which produces a sharp

peak in the depth-dose distribution, an appropriately weighted assortment of pencil

beams at different energies can produce a spread out Bragg peak (SOBP). An SOBP

spreads a more uniform dose along the depth of the target region, leading to more

predictable tumour control. Three separate SOBPs were created in TOPAS for three

maximum proton energies, 60 MeV, 100 MeV and 180 MeV, using the methods of

Jette and Chen [323] and Bortfeld and Schlegel [55] (see also [56]), as outlined below.

We wish to create a proton SOBP which covers a fraction, 0 < χ < 1, of the full

range, R0, of the largest energy pencil beam. The largest energy pencil beam has a

kinetic energy of E0, and the range R0 can be calculated using (1.12). If n pencil

beams are chosen to form the SOBP, then the first step is to determine the energies

necessary to place the proton end-of-range at the end of n− 1 equal intervals within

the SOBP region. The range of the k-th pencil beam for k = 0, 1, . . . , n− 1 is given

by

rk =

[
1−

(
1− k

n− 1

)
χ

]
R0 (4.3)

and the corresponding energies are given by

ek =
(rk
α

)1/p0
(4.4)

where α = 0.0022 and p0 = 1.77 as in (1.12). The final step is to set the relative
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(normalised) weights, wk, of each pencil beam so that a flat SOBP is produced. Jette

and Chen [323] gave these weights in terms of a fitting parameter p which is not

necessarily the same as the p0 value used by Bortfeld and Schlegel [55]. Optimal

values can be found for a limited number of maximum proton energies and SOBP

widths in [323, Table 1]. The weights are given by

wk =



1−
(

1− 1

2(n− 1)

)1−1/p

, k = 0,(
1− 1

n− 1

(
k − 1

2

))1−1/p

−
(

1− 1

n− 1

(
k +

1

2

))1−1/p

, k = 1, 2, . . . , n− 2,(
1

2(n− 1)

)1−1/p

, k = n− 1.

(4.5)

Details of the beam parameters used in TOPAS for each of the SOBPs can be found

in Table 4.1. Dose, LET and damage were scored along the central axis with the

methods described in the previous subsection. Statistical variation in the calculated

RBEcd was analysed after halving and doubling the number of beam energies used

to produce the SOBP. For the 60 MeV and 100 MeV SOBPs, 5, 10 and 20 energy

intervals were used. For the 180 MeV SOBP, 10, 20 and 40 intervals were used.

It is hypothesised that if the number of Bragg peaks forming the overall SOBP is

increased then the variation in the RBEcd will decrease. The reasoning behind this is

that many closely positioned Bragg peaks should allow for a smooth and monotonic

increase in LET, whereas, for example, two Bragg peaks separated by some distance

allow for a drop in LET between the peaks.

4.2.2 RBE calculation in a treatment planning system

Thus far, RBEcd calculations have been made using MC simulation data from pristine

pencil beams or SOBPs in a homogeneous water phantom. We now explore the

RBEcd spectra in the context of a radiotherapy treatment plan, with potentially
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Table 4.1: Beam parameters used to generate monoenergetic and modulated pencil beams in
TOPAS [161]. SOBP width, χ, and weighting parameter, p, are implemented in (4.4) and (4.5)
respectively.

Monoenergetic
proton pencil
beams

Modulated
proton pencil
beams

Energy spread (% max energy) 0.758 0.758

Position distribution Gaussian Flat

Position cutoff shape Ellipse Rectangle

Position spread in X direction (cm) 0.65 1.0

Position spread in Y direction (cm) 0.65 1.0

Angular distribution Gaussian Gaussian

Angular spread in X direction (rad) 0.0032 0.0032

Angular spread in Y direction (rad) 0.0032 0.0032

Energy spectrum type N/A Continuous

SOBP beam energy (MeV) N/A 60 80 100

SOBP width, χ N/A 0.25 0.25 0.25

Weighting parameter, p N/A 1.21 1.42 1.69

over a thousand individual pencil beams of different energies, incident from multiple

directions on a heterogeneous target.

The open source treatment planning software matRad1 [163] (DKFZ, Heidelberg,

2020) was used to run an inverse optimisation procedure, based on physical dose only,

on a head and neck case provided as an example with the matRad distribution. The

plan included two planning target volumes (PTVs) of prescription doses 63 Gy and

70 Gy, and 21 avoidance structures. Delineated structures were defined on a planning

CT with voxels of side lengths of 0.94 mm and depths of 3 mm. A three-field IMPT

treatment was to be delivered in 30 fractions. Dose calculations in matRad are based

on the methods of Hong et al. [293] and the analytical proton pencil beam model of

Bortfeld [56], while multiple scattering is approximated with the Highland formula

[324]. Appropriate dose spot locations (see Chapter 1, Section 1.4.1) are determined

1Available at: https://e0404.github.io/matRad/.
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based on the radiological depth necessary to place the Bragg peak at regular spacing

within the target regions. Tabulated depth dose profiles and lateral Gaussian spread

parameters are interpolated to estimate the dose deposited in each voxel. A regular

lateral spot distance (referred to as “bixel width” in the software) of three voxels

was used. An interior point optimisation (IPOPT) method [325] is used to perform

inverse optimisation in matRad.

The matRad software includes an LET calculation subroutine which employs sim-

ilar methods to the dose calculation. The empirical RBEcd-LET relationship, f(L∆),

derived from the aforementioned MC studies allowed for this subroutine to be al-

tered such that the predicted RBEcd was returned instead of the LET. The optimised

dose distribution due to a single fraction was compared to the corresponding RBEcd

distribution.

4.2.3 Comparisons with in vitro experimental data

4.2.3.1 The Particle Irradiation Data Ensemble

The Particle Irradiation Data Ensemble2 (PIDE) is a database released by GSI (GSI

Helmholtzzentrum für Schwerionenforschung GmbH, 2020) [164] which features com-

piled results of in vitro cell survival experiments gathered from a literature survey.

Each included experiment has reported dose response curves for both ion and photon

(reference) irradiation, allowing for RBE to be calculated using the surviving fraction

(SF) endpoint. The database collates information such as the cell line used, cell cycle

phase, genomic length of diploid cells, ion species used, LET and energy of ions at

the target, LQ dose response parameters, α and β, for both the ion and reference

radiation, and whether measurements were taken at a pristine Bragg peak (PBP) or

in an SOBP.

It should be noted that this collation is of many different studies performed under

2Available at: http://gsi.de/bio-pide. Free registration required for access.
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different conditions, with differing methods, spanning over five decades. Caution

must therefore be taken in comparing the results of these experiments under the same

framework. As noted by Friedrich et al. [164], individual experiments often published

either the averaged LET of the ions or their kinetic energy, but not both. In such cases

the missing data was approximated using in-house software at the GSI biophysics

department. Further, different studies calculated LET by different methods, which

were not always explicitly stated. Of those that did report the calculation method,

some used track averaged LET while others used dose averaged LET; we know from

Chapter 1, Section 1.2.6 that these quantities can be significantly different from each

other. Different studies also use different photon reference modalities. Orthovoltage

x-rays, for example, are known to exhibit their own RBE with respect to megavoltage

reference beams or 60Co γ-rays. Friedrich and his colleagues also cite uncertainties

in plating efficiencies (see Chapter 3, Section 3.4) as being large sources of error that

were not able to be quantified for most studies. This affects the integrity of the

cell survival data and consequently the LQ parameters. PIDE version 2.0 was used

from the beginning of this study, however a recent release (version 3.1) has since

been obtained, detailing 161 experimental proton data sets from 30 separate studies.

Version 3.1 includes both the LQ parameters reported in the original paper and those

calculated by GSI using the raw experimental data. It also fixed errors in the previous

database and added new studies to it. The data used in this thesis has since been

checked against PIDE version 3.1 and updated where necessary.

4.2.3.2 Calculation of RBE

The RBE by surviving fraction (SF), RBESF was calculated using (1.26) and (1.27)

for all proton data in the PIDE database. Surviving fractions from 5% to 95%, in

intervals of 5%, were assessed. RBEmax = α/αx and RBEmin =
√
β/βx values were

calculated according to the phenomenological models described in Chapter 3, Section
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3.2 (summarised in Table 3.1). These were used to calculate the predicted RBE at

all SF levels, using (3.2), and compare these results to the empirical data from the

PIDE database.

In addition to the PDL model, the experimental data was also compared to two

related models using the RBESF framework in (3.2). Under the assumptions of the

PDL model, we set

RBEmax = f(L∆), (4.6)

RBEmin = 1, (4.7)

where f(L∆) is the empirical RBEcd-LET relationship derived from the MC data,

mentioned in Section 4.2.1.2. Additionally, the PDL model was used directly with

the mean proton energy at the target, given in the PIDE database;

RBEmax =
Y p+

cd (λ(E), `0)

〈Y e−
cd 〉ref.

, (4.8)

RBEmin = 1. (4.9)

In (4.8), Y p+
cd (λ(E), `0) is the calculated DSB yield due to protons with kinetic energy

E and interaction length `0 with the DNA, as in (3.34). Note that, unlike in the

MC simulations, the local energy spectrum at the cell target is unknown for the

experiments in the PIDE data. We must therefore use the singular energy value

given in the dataset, or estimate this quantity from the LET. 〈Y e−
cd 〉ref. is the mean

DSB yield over the entire electron energy spectrum due to a reference beam. Here,

for an x-ray reference, it is assumed the DSB yield per unit dose is approximately

constant and can therefore be reduced to a single value that is independent of the

local energy spectrum. We explore this assumption further in Section 4.3.1.
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Figure 4.1: RBEcd, calculated using (3.35), along the central axis of pristine proton pencil beams
in water between 60 MeV and 120 MeV, shown alongside the relative dose deposited by each beam.

4.3 Results

4.3.1 Monte Carlo studies

The RBEcd, calculated using (3.35) alongside the custom TOPAS scorer detailed in

Section 4.2.1.1, is shown against the relative dose as a function of depth for each of

the proton pencil beams in Figure 4.1. RBEcd values were calculated by dividing the

proton modality DSB yield by the reference modality DSB yield in corresponding

voxels. The RBEcd for all beams is close to 1.0 in the entry region and rises steeply

prior to the Bragg peak. Both the maximum RBE achieved, at the end-of-range, and

the steepness of the RBEcd-depth profile are largest at the lowest beam energy of 60

MeV. Figure 4.3 demonstrates a general decrease of the RBEcd with increasing beam

energy, both at the Bragg peak and at the distal edge (defined at 5% of the maximum

dose). A maximum RBEcd of approximately 2.0 was calculated for the 60 MeV pencil

beam while 1.6 was calculated for the 120 MeV beam. The RBEcd-depth profile is
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Figure 4.2: Visualised dose and RBEcd-weighted dose scored in TOPAS [161] for a pristine 60
MeV proton pencil beam in water.

seen to closely follow the dose-averaged LET profile toward the distal dose fall-off in

Figure 4.4. The LET increase, however, is more gradual while the RBEcd increase is

sharper.

A negligible difference in electron-induced DSB yield was found across all voxels for

the 6 MV x-ray reference beam, as is expected from low LET photon irradiation [205].

The mean DSB yield was 2.839 cell−1Gy−1 with only a 0.001 cell−1Gy−1 difference

expected within three standard deviations. Further, it was found in all proton beam

simulations that the electron contribution to dose was less than 2% of that from

protons. Using these two pieces of information, we may define a simplified version of

the damage model in (3.35) that requires only the local proton energy spectrum;

RBEcd =
〈Y p+

cd 〉
2.839

. (4.10)

Here, 〈Y p+
cd 〉 is the expected DSB yield per unit dose due exclusively to protons. Note

that this is lower than a standard low-LET experimental DSB yield due to (1) the

lower estimate of cellular DNA content (1 Gbp) in the MCDS simulations and (2) the

fact that only intratrack direct damage is considered. However, the effect on proton

DSB yield is proportional, so the ratio of these quantities is unaffected.
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Figure 4.3: Summary of RBEcd calculations shown in Figure 4.1, showing a decrease in RBE, both
at the Bragg peak and at the 95% dose fall-off, as the beam energy is increased.

LET and RBEcd values were compared for 550 data points, which accounted for

each beam up to the 95% dose fall-off. A clear relationship is shown between these

quantities in Figure 4.5, especially between the RBEcd and the dose-averaged LET.

The RBEcd remains flat around 1.0 for LET values of less than 3 keV/µm before rising

monotonically in an approximately linear fashion toward the highest LET value scored

(∼23 keV/µm). A rational function, f , was fit to the data;

RBEcd(L∆) = f(L∆) =
p1L

2
∆ + p2L∆ + p3

L∆ + q1

, (4.11)

where L∆ is the LET (dose-averaged or track-averaged) in keV/µm and p1, p2, p3 and

q1 are the fitting parameters, shown in Table 4.2. The coefficient of determination for

this fit was R2 = 0.999 against LETd and R2 = 0.984 against LETt.

Nine SOBPs were generated in TOPAS, consisting of three maximum beam ener-

gies, each with three different pencil beam compositions. The results of these simula-

tions can be seen in Figure 4.6. All setups outlined in Table 4.1 produced reasonably

flat SOBPs on the central axis with less than a 5% difference between dose extrema,
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Figure 4.4: RBEcd, calculated using (3.35), shown along with the dose-averaged and track-averaged
LET, as scored in TOPAS along the central axis, for pristine proton pencil beams between 60 MeV
and 120 MeV in water.

Table 4.2: Parameter fits to (4.11) using 550 data points for both dose-averaged LET (LETd)
and track-averaged LET (LETt). 95% confidence intervals are shown in brackets. The coefficient of
determination for this fit was R2 = 0.999 against LETd and R2 = 0.984 against LETt.

L∆ = LETd L∆ = LETt

p1 [(keV/µm)−1] 0.06480 (0.06388, 0.06573) 0.09913 (0.09553, 0.1027)

p2 [unitless] 0.8606 (0.8548, 0.8664) 0.7881 (0.7748, 0.8013)

p3 [keV/µm] 4.844 (4.467, 5.222) 2.097 (1.627, 2.568)

q1 [keV/µm] 4.653 (4.278, 5.027) 1.934 (1.470, 2.397)

as shown in Figure 4.6(a, b, c). All SOBPs cover roughly 25% of the depth-dose

profile. The RBEcd is shown to stay at 1.0 throughout the plateu region before step-

ping up to around 1.1 in the SOBP region. Toward the distal edge of the SOBP the

RBEcd rises sharply. Figure 4.6(d, e, f) shows the statistical variation in the RBEcd

measured through the middle 50% of each SOBP. The mean RBEcd is highest for the

60 MeV SOBP, at 1.16, and decreases with increasing beam energy (1.10 for 100 MeV

and 1.06 for 180 MeV). The spread in RBEcd through the SOBP decreases only very

slightly as the number, n, of pencil beams that make up the SOBP are increased,
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Figure 4.5: Relationship between RBEcd, calculated using (3.35), and LET from Monte Carlo
(MC) simulations. Also shown is the fit of (4.11) to the 550 data points with both dose-averaged
and track-averaged LET. See Table 4.2 for the fitting parameters.

however there is also a very small decrease in the RBEcd as n is increased. This could

be due to an increased number of lower LET protons from the other pencil beams

dominating the spectrum and thus reducing the average damage contribution. The

68% and 95% confidence intervals in the RBEcd, over all values of n, are shown in

Figure 4.6(d, e, f). The widths of these confidence intervals are shown to decrease

as the SOBP energy is increased. This is most likely due to two factors; (1) as the

SOBP energy is increased, so is the absolute width of the SOBP and as a consequence

the build up in both dose and LET is more gradual; (2) a larger number of RBEcd

measurements were taken in wider SOBPs, which naturally leads to smaller statistical

variation.

4.3.2 RBE calculation in a treatment planning system

The RBEcd map produced for a head-and-neck plan distributed with the matRad

treatment planning software is shown alongside the dose map for the isocentre slice
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in Figure 4.7. Two planning target regions were delivered uniform doses of approx-

imately 2.0 Gy and 2.5 Gy per fraction. RBEcd is approximately 1.0 in the medial-

posterior low-dose region, however there is swathe of elevated RBEcd in the target

region, between around 1.06 to 1.10, and a further increase up to 1.2 at the edges of

the dose fields. A histogram of the RBEcd values in the isocentre slice voxels is dis-

played in Figure 4.8. It is clear in both the visualised RBEcd map and the histogram

that the proton dose is predicted to be between about 6% and 10% more effective

across the middle of the target regions. This result is expected, given the SOBP sim-

ulation results in Section 4.3.1; many proton pencil beams were modulated to create

SOBPs and thus produce the homogeneous dose fields in the treatment plan. Of the

patient voxels, 41% gave an RBEcd of 1.05 or greater, with 15% greater than 1.10

and 3% greater than 1.5.Dose [Gy] RBE

(a) (b)

PTV 63 Gy
PTV 70 Gy
GTV
Spinal cord

PTV 63 Gy
PTV 70 Gy
GTV
Spinal cord

Figure 4.7: (a) dose map, at isocentre, for a head-and-neck plan distributed with the matrad
treatment planning software [163]. (b) RBEcd map corresponding to the dose map in (a), generated
by modifying the LET calculation subroutine. The gross and planning target volumes, GTV and
PTVs respectively, and spinal cord contours are shown for reference.
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Figure 4.8: Histogram showing the RBEcd value distribution in the pixels of the dose map slice
shown in Figure 4.7.

4.3.3 Comparisons with in vitro experimental data

The error in the RBE prediction using the phenomenological models of Wilkens and

Oelfke [185], Carabe et al. [186], Chen and Ahamd [188], Wedenberg et al. [189],

McNamara et al. [190] and Mairani et al. [191], was assessed for surviving fraction

endpoints between 5% and 95% survival. Figure 4.9 shows the percentage difference

between the predictions and the RBESF calculated using the empirical LQ model data

from the PIDE database. Each point represents the prediction error for an individ-

ual experiment while the red line indicates the average error across all experiments.

Blue shaded regions (from darkest to lightest) give envelopes of one, two and three

standard deviations from the mean. It can be seen that the two most recent models

by McNamara et al. [190] and Mairani et al. [191] seem to be the most accurate in

terms of mean error and spread. However, while the mean error is below 5% for both

models, errors in most individual experiments are much larger and generally increase

with surviving fraction.
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f)e)

d)c)

b)a)

Figure 4.9: Percentage difference between predicted RBE and the empirical RBE for surviving
fractions between 5% and 95%. Predicted RBE is according to the six phenomenological models
summarised in Table 3.1. Each point represents the RBE prediction error in a single experiment from
the PIDE database [164], while the red line indicates the average error across all experiments. Blue
shaded regions (from darkest to lightest) give envelopes of one, two and three standard deviations
from the mean.
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Figure 4.10: (a) Comparison of RBE predictions to experimental data provided by the PIDE
database [164]. Experimental RBESF across surviving fractions of 5% to 95% are shown as box plots
(black). Predictions from two models in this work, RBESF+f(LETd) (yellow) and RBESF+PDL
(green), given by (4.6)-(4.7) and (4.8)-(4.9) respectively, are shown along with the models of McNa-
mara et al. [190] and Mairani et al. [191]. RBEcd predictions from the f(L∆) envelope in (4.11) are
overlaid. (b) An increasing trend of α values with LET is shown against the prediction from this
work.

Figure 4.10(a) shows the empirical RBESF across all surviving fractions as stan-

dard box plots. Predictions from two models in this work, RBESF+f(LETd) and

RBESF+PDL, given by (4.6)-(4.7) and (4.8)-(4.9) respectively, are shown along with

those of McNamara et al. [190] and Mairani et al. [191]. The empirical RBE-LET

relationship, f(L∆), for LET values between those obtained via dose-averaging and

track-averaging, is overlaid. There is both large intraexperimental variation in the

RBESF, due to the surviving fraction endpoint choices, and interexperimental varia-

tion between results for protons at similar LET. The latter could be due to a multitude

of factors such as those described in Chapter 3, Section 3.4, including differences in

cell type, cell preparation, plating efficiencies and LET measurement technique. A

decrease in RBE is seen in two studies beyond approximately 33 keV/µm, however
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for therapeutic proton beams we shall restrict our study to LET values less than 30

keV/µm. There are also some studies that show excessively large RBE for their cor-

responding LET, however it is beyond the scope of this thesis to explore the causes

of such discrepancies in the PIDE database. Despite these uncertainties, a general

increase in RBE is observed as the LET is increased. The predictions of this work

describe this trend well and exhibit greater precision than both the McNamara and

Mairani models. The predictions by the Mairani model are shown to underestimate

the RBE, most noticeably for LET values above 20 keV/µm. This underestimation

is also evident in the McNamara model predictions, though to a lesser extent.

Linear LQ response parameter values, α, are shown in Figure 4.10(b) for each

experiment from the PIDE database. Similar to the RBE discussion above, a large

spread in the α values between experiments is noticeable, however they clearly increase

as the LET is increased. This general trend is shown by a qualitative linear fit to

the data. Using (4.8) and the simplification of the reference DSB yield in (4.10),

the α parameter is directly proportional to the proton-induced DSB yield and to the

RBE. In the limit as LET approaches zero, α can be expected to approach αx, the

linear response for the reference radiation, giving a maximum RBE of unity. The

mean value of αx for the experiments shown was 0.304 Gy−1. Therefore, f(LETd)

was scaled to achieve this value in the low-LET limit. The result, shown in Figure

4.10(b), describes the empirical trend well.

4.4 Discussion

Following the development of a biophysical RBE model based on DSB induction in

nuclear DNA, presented in Chapter 3, a series of Monte Carlo simulations were carried

out in order to evaluate the implementation of the model and its predictions. The

model, referred to here as the Poisson Distributed Lesions (PDL) model, was used
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to score RBEcd in a voxelised water phantom for both monoenergetic proton pencil

beams and SOBPs of varying nominal energies. An empirical relationship between

RBEcd and LET was derived from the Monte Carlo results, which was used to modify

an LET calculation subroutine in the matRad open source treatment planning system

[163] such that voxelised RBEcd distributions could be calculated without the need

for Monte Carlo methods. This modified functionality was tested on a head-and-neck

plan optimised according to physical dose constraints. Predictions of the PDL model

at varying proton energy (or LET) were compared to experimental results compiled in

the PIDE database [164] and to competing predictions by six published RBE models.

Monte Carlo studies showed a tendency for RBEcd at the Bragg peak and distal

edge to be larger for lower energy beams than for higher energy beams. Maximum

RBEcd was estimated at 2.0 for a 60 MeV proton pencil beam but was 1.6 for double

the beam energy, at 120 MeV. The trend closely followed that of the LET, particu-

larly dose-averaged LET, however the increase in RBEcd proximal to the Bragg peak

was sharper than the more gradual increase in LET. The tendency for RBEcd to

decrease with increasing pencil beam energy could be considered in IMPT planning

when selecting the direction and energy of treatment fields. In this way, uncertainty

in the biological effect at the proton end-of-range could be partially mitigated. For

example, according to the simulation results in Section 4.3.1, increasing pencil beam

energy from 60 MeV to 90 MeV corresponds to a reduction in RBEcd by up to 13%,

while the proton range is extended by approximately 33 mm. This range extension

can be accommodated by altering the location and angle of incidence of the beam

such that it initially passes through more tissue. However any advantage in reduc-

ing the RBEcd must be weighed against the implications of depositing more dose

in healthy tissues, and particularly in critical structures where radiation could have

otherwise been avoided. Passive scatter of high energy beams prior to entering the

patient could also theoretically reduce the biological end-of-range effects however the
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increased scatter can reduce sharpness of the lateral dose penumbra and would re-

quire sophisticated dose modelling such as Monte Carlo methods to be used in the

inverse planning procedure.

Average RBEcd values of approximately 1.1 were calculated in the middle of sim-

ulated SOBPs, ranging from 1.07 for a 180 MeV beam to 1.16 for a 60 MeV SOBP.

The mean RBEcd for a 100 MeV SOBP was exactly 1.10. This finding falls in line

with much of the experimental evidence in the existing literature [see, e.g., 113], on

which the constant RBE recommendation of the ICRU in Report 78 [112] was based.

It is interesting to note that while the RBEcd is elevated to around 1.1 in the SOBP,

there is negligible excess biological effect predicted in the entrance and plateau re-

gions leading up to it. In all simulations, RBEcd was approximately 1.0 for depths up

to about 90% of the expected range of the lowest energy primary proton in the beam.

This could allow for dose escalation, as the target region would receive an enhanced

biological effective dose while proximal healthy tissue would not. Further evidence is

needed from independent studies to support or refute this claim.

Further evidence of elevated RBEcd throughout target regions was demonstrated

through analysis of the head-and-neck treatment plan using matRad. Predicted

RBEcd in these regions was consistently between 1.06 and 1.10, which further in-

creases up to 1.20 at the target boundaries. Conversely, the RBEcd remained around

1.0 in low-dose voxels that were not close to proton Bragg peak locations. Voxelised

RBEcd was able to be calculated in matRad by modifying an existing LET calculation

subroutine to instead use the empirical RBEcd-LET model, f(L∆), in (4.11). While

this is a pragmatic method for treatment planning systems that already implement

an optimised LET calculation technique, micro-scale track structure and knowledge

of the stopping power are not actually required for the PDL model. Only the local

energy spectrum within a voxel is needed. This is already obtained either analytically

or via a Monte Carlo method for the dose calculation. Thus, the PDL should be able
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Complex damage contribution

BRAGG PEAK

PLATEAU

Figure 4.11: Schematic of proton pencil beams impinging on a cube phantom. Examples of local
proton energy spectra in the plateau region and at the Bragg peak are shown against the relative
DSB induction likelihood. A hashed region in the lower left plot shows the component of the energy
spectrum that contributes to complex DNA damage.

to be easily implemented in any modern treatment planning system. The model is

currently being implemented3 in a research version of RayStation4 (RaySearch Lab-

oratories, 2020) to be tested on a range of archived clinical cases and compared to

other RBE models. Figure 4.11 illustrates how voxelised energy spectra can describe

the associated RBEcd. The schematic shows proton pencil beams entering a phantom,

with example energy spectra from Monte Carlo simulations shown for two voxels at

different depths. In the plateau region most protons exhibit high kinetic energies

compared to those that could induce a complex DNA damage response, but in the

Bragg peak the spectrum broadens and shifts to lower energies. A larger proportion

of protons therefore lead to complex damage and the RBEcd increases. One advan-

3With thanks to Erik Traneus for helpful discussions and technical assistance.
4Product information available at: https://www.raysearchlabs.com/raystation/

M.D. Brooke, 2020 123

https://www.raysearchlabs.com/raystation/


4 | Monte Carlo simulation studies and comparisons with in vitro data

tage of the PDL model, as discussed in Chapter 3, is that the predicted DSB yield,

and therefore the RBEcd, scales linearly with dose; this is not necessarily the case

for other endpoints, such as surviving fraction, which show large variability between

cell types. This enables the RBEcd-weighted dose due to overlapping pencil beams to

simply add. By contrast, first attempts to extend TOPAS for radiobiological scoring

used a number of models, including those listed in Table 3.1, and it was found that

non-linearity in the often-used LQ parameters α and β required post-processing for

accurate calculation [326].

It was shown that the electron contribution to DSB yield due to a 6 MV reference

x-ray beam could be assumed constant. While the same is not true for electron

contributions to damage in a proton beam, the proton contributions outweigh the

dose-averaged yield by around 30 times. These two considerations enabled a simplified

version of the PDL model, (4.10), to be used in practice. In examining the kinetic

energy spectra of protons from the MC simulations, an observation was made that

secondary protons offered only a very small contribution to the shape of the spectrum

and that the RBEcd did not noticeably change when secondary protons were neglected

from the calculation. However, a thorough quantitative analysis on this subject should

be undertaken before further simplifying the PDL model. A dose-weighted average

of the DSB yield was used in (3.36) and (4.2) to calculate the RBEcd. An alternate

fluence-weighted technique was investigated for simpler implementation. Under this

technique and the exclusion of the electron energy spectrum (3.36) becomes

〈Ycd〉 =

∫ Emax

0
Φ(E)Y p+

cd (λ(E), `0)dE∫ Emax

0
Φ(E)dE

(4.12)
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Figure 4.12: RBEcd-weighted dose scored along the central axis in TOPAS [161] for proton pencil
beams between 60 MeV and 120 MeV. Two RBEcd scoring techniques are shown, dose-weighted and
fluence-weighted.

and the corresponding Monte Carlo calculation in (4.2) becomes

〈Ycd〉 =

Np+∑
k=1

(Y p+
cd )kw

p+
k

Np+∑
k=1

wp+k

. (4.13)

Figure 4.12 shows the RBEcd-weighted dose for the pencil beam simulations previously

used in this work, implementing both the dose-averaged and the fluence-averaged

techniques. The fluence-averaged technique performed similarly up to the Bragg

peak, at which point it overestimated the maximum RBEcd by 2.3% on average with

a standard deviation of 0.6%. Given the intrinsic uncertainty in the biological effect

itself, it may be reasonable to account for this small overestimation and use the

fluence-averaged technique in practice due to its favourable implementation; it does

not require a dose calculation or knowledge of the stopping power.
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It would be of interest to compare the electron-induced damage yield for other

clinical reference beams, depending on which reference modality is most appropriate.

It is widely accepted that there is a difference in biological effectiveness between or-

thovoltage and megavoltage x-rays [327]. Further, photon energies above the binding

energy of encountered nuclei (around 8 MeV) may result in neutron contamination of

the radiation field. This is also a possible source of increased RBE. The reference for

the RBEcd calculation should therefore be specifically chosen based on circumstance

rather than a single value being used universally.

The empirical RBEcd-LET relationship in this work was derived from the results

of simulations in water as a first approximation. Material heterogeneity in a patient

leads to variations in local energy spectra and dose deposition which may have an

affect on the calculated RBE. Grzanka et al. [59] investigated the influence of mate-

rial composition on LET, a similar microdosimetric quantity, finding less than a 1%

difference between values in water and brain tissue. Materials such as bone, which are

expected to have a greater influence on the spectrum, were not included in the study.

Tissue heterogeneity also presents biological variations due to the radiosensitivities,

or α/β ratios, of different tissues, which should be accounted for through the addi-

tion of chemical repair modelling to complement initial DSB induction predictions.

There are a number of recent publications in DSB repair modelling following proton

irradiation which could be utilised [328, 329, 320, 330, 331, 332]. The combination of

both physical and chemical models of cellular damage may be tested using more re-

cently developed nanoscale Monte Carlo software. For example, the Geant4-DNA and

TOPAS-nBio projects have been used to investigate track structure on sub-cellular

targets, such as DNA and mitochondria, as well as water radiolysis and DNA repair

kinetics [333, 334, 245, 335, 246, 336, 337, 338, 339, 340, 341, 342].

The predictions of the PDL model were compared to 161 data points from 30

independent in vitro proton irradiation experiments. Two additional models, based
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on the PDL formalism, were introduced to relate the DSB-induction RBE to cell sur-

vival RBE through the surviving fraction endpoint, namely, the RBESF + f(LETd)

and RBESF + PDL models. Both were shown to well describe the empirical relation-

ship between RBE and LET, while the two most accurate phenomenological RBE

models for this data, the McNamara [190] and Mairani [191] models, underestimated

the RBE for LET values larger than 20 keV/µm. The Mairani model consistently

underestimated the RBE for the entire LET range. The PDL model also predicted

an upward trend in the linear LQ response term α that agreed well with the trend in

the empirical data, although the spread in the data was large. Care must be taken

in extrapolating the trend through higher LET values due to saturation effects, dis-

cussed in Chapter 3, however for clinical proton beams the LET is limited to about

30 keV/µm. Using the PDL model directly with only one energy value as the in-

put, instead of using the full local spectrum, proved to be surprisingly precise when

compared to the use of the empirical RBE-LET formula, f(LETd). This may enable

the model to be used more widely, particularly in in vitro experiments, where either

direct measurement or modelling of the local energy spectrum on the cellular target

is lacking.

The repair-misrepair-fixation (RMF) model [201, 202, 203] was discussed in Chap-

ter 3, Section 3.2. The assumptions of the RMF differ to those of the RBESF+PDL

used in this work in that the maximum RBE (low dose RBESF) is greater than the

RBE by DSB induction and minimum RBE (high dose RBESF) is exactly equal to

it. The RMF assumes an auxiliary RBEDSB model that accounts for inter-track chro-

mosomal aberrations whereas the PDL is purely a single-particle, intra-track damage

model. Nevertheless, the use of the PDL as an auxiliary model to the RMF was

briefly explored. The RMF was used according to (3.26) and (3.24). Figure 4.13(a)

shows the predictions of this model against the two other RBESF models proposed in

this work. Only a small discrepancy between the three models is apparent. Note that
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Figure 4.13: Comparison of RBE predictions to experimental data provided by the PIDE database
[164]. Experimental RBESF across surviving fractions of 5% to 95% are shown as box plots (black).
Predictions from two models in this work, RBESF+f(LETd) (yellow) and RBESF+PDL (green),
given by (4.6)-(4.7) and (4.8)-(4.9) respectively, are shown along with the RMF model [201, 202, 203]
as in (3.26) and (3.24) with RBEDSB calculated using the PDL model. RBEcd predictions from the
f(L∆) envelope in (4.11) are overlaid. (b) Affect of changing the diameter of the cell nucleus or
sub-cellular domain on the RMF+f(LETd) prediction.

RBEmax in the RMF model has been simplified assuming that the specific energy is

calculated for a cell target of radius 4 µm, as suggested by Stewart et al. [205]. The

microdosimetric-kinetic (MK) model [192, 193, 194, 195] similarly uses the specific

energy to relate the local energy spectrum inside sub-cellular domains to chromoso-

mal aberrations caused by the combination of two potentially lethal lesions. However,

the targets for binary misrepair in the MK model have a diameter of approximately

0.5 to 0.9 µm [205]. Changes in the diameter of the cell or the sub-cellular target can

have a significant affect on the RBE prediction with the RMF model, as shown in

Figure 4.13(b).

Possible sources of variation in the experimental data provided in the PIDE

database [164] was discussed in Section 4.2.3. Any large discrepancies in the data

for which a cause was not immediately obvious were addressed by referring to the

original papers detailing the experiment. For instance, data by Wouters et al. [343]
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seemed to overestimate RBE at low LET, producing values of around 1.4 for LET

less than 5 keV/µm. The authors, in the original paper, explained that their use of

asynchronous V79 cells for the 60Co reference experiment required a two-population

LQ model. This method, described in [344], calculated the surviving fraction using

S = Ωe−αsD−βsD2
+(1−Ω)e−αrD−βrD2

where Ω and 1−Ω are the fractions of sensitive

and resistant cells whose response parameters are αs, βs and αr, βr respectively. By

using this model in place of the standard LQ formalism, the calculated RBE was

reduced from 1.4 to between 1.0 and 1.1 at low LET. This is just one example of

how knowledge of the individual experiments is sometimes required in addition to

simply having access to parameters collected en masse. Future comparisons with

the PIDE database, or any experimental data for that matter, should consider such

discrepancies between experiments and justify their inclusion in the study.
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Chapter 5

Clinical beam line experiment at the Clatterbridge

Cancer Centre

5.1 Introduction

In Chapter 4 we investigated the predictions of induced initial DSBs and RBEcd

in pristine proton pencil beams and homogeneous fields (SOBPs) using the model

described in Chapter 3. Monte Carlo simulations were carried out using ideal beam

sources, for which the initial position, momentum direction and energy of the source

particles were controlled via parameters set in TOPAS. Each generated particle, called

a history, would have an associated position, momentum direction and energy sampled

from a distribution, which could be described as either uniform, for which any value

in the allowed interval is equally probable, or Gaussian, for which the likelihood of a

value being chosen is related to user-defined mean, variance and cutoff extrema. While

these parameters allow for more realistic, rather than superficial, beam modelling, it

is unable to closely emulate real-world beam conditions observed at the nozzle of a

treatment machine. For this reason, experiments were undertaken at a clinical proton

beam line1 to measure the energy spectra of protons after passing through varying

absorber thicknesses, using a semiconductor detector. Measured spectra were used

1This work was carried out in collaboration with the Cockcroft Institute at the University of
Liverpool, being led by Jacinta Yap, and Advacam (Prague, Czech Republic).
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to calculate approximate LET and RBEcd depth profiles, which were compared to

results from Monte Carlo simulations using an advanced Geant4 [162] model of the

beam line [345, 346] which has since been extended in TOPAS [161, 165].

The Clatterbridge Cancer Centre (CCC) in Wirral, United Kingdom is home to

the world’s first hospital-based proton beam therapy (PBT) facility, having treated

patients with ocular melanoma for over 30 years2. The PBT beam line produces

60 MeV protons at the treatment isocentre, with a maximum penetration depth of

approximately 31 mm in water, a sub-millimetre distal fall-off and penumbra of 1.5

mm [348]. The source of protons is a Scanditronix MC-60 PF isochronous cyclotron,

initially commissioned in 1984 for neutron therapy. Scattering foils placed in the

vacuum tube of the beam line help shape and homogenise the proton beam while an

upstream modulator and range shifter control the lateral penumbra. Further technical

details of the beam line, and of clinical PBT operations at CCC, can be found in [349].

Previous radiobiological studies at the CCC PBT beam line [176, 350] have inves-

tigated both LET and RBE in cell cultures along pristine and spread-out Bragg peaks,

including analyses of double strand breaks (DSBs) through immunofluorescence [176]

and comet assay [350] techniques, which were discussed in Chapter 3. Applying the

RBEcd model presented in Chapter 3 to empirical data collected at CCC as well as

simulated data is therefore a natural extension to the Monte Carlo studies in Chapter

Figure 5.1: CAD model of the CCC treatment line. Courtesy of J. Yap. Reproduced from [347]
with permission.

2The first patients at the Clatterbridge Cancer Centre were treated in June of 1989.
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Figure 5.2: Schematic of the TOPAS model of the CCC treatment line [165]. Courtesy of J. Yap.
Reproduced from [347] with permission.

4, as predicted LET and RBE values can be compared to published data from the

same site in order to validate the model.

5.2 Methods and materials

5.2.1 The Advacam MiniPIX-Timepix detector

The Advacam MiniPIX-Timepix detector is a portable, USB-operated silicon semi-

conductor detector with an application-specific integrated circuit (ASIC) capable of

tracking individual particles. It has been described as a “miniaturised, low-power and

easily deployable particle micro-tracker” [351]. The Timepix chip [352, 353], devel-

oped by the Medipix Collaboration, based at CERN, has been used for a wide variety

of applications. These range from radiation dosimetry (see, e.g., [354]) to radiation

detection on-board the International Space Station [355, 356, 357].

The detector consists of a 300 µm thick silicon sensor comprised of an active area

of 14 × 14 mm2, divided into a 256 × 256 pixel array. Each pixel has dimensions of

55 × 55 µm2 and offers an individual channel for readout up to 45 frames per second.

In Time-Over-Threshold (TOT) mode, the Timepix ASIC is able to track individual

particles, making it an ideal candidate for this study. The detector, shown in Figure

5.3, features a 1 mm thick aluminium sliding window which provides shielding to the

sensor when necessary [351].

The detector was held in place throughout the experiment by a plastic housing
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Figure 5.3: Schematic (a) and photograph (b) of the active sensor and Timepix ASIC chip of the
MiniPIX hybrid semiconductor detector. The full detector (c) is around the size of a large USB data
stick. Reproduced from [351, Fig. 1] with permission.

that was designed and 3D-printed by members of the Quasar Group at the University

of Liverpool3. The plastic housing was secured to a remote-controlled rotating plate

and the sensor was connected via USB cable to a laptop that could be accessed from

the control room via remote desktop connection.

Figure 5.4: The Advacam MiniPIX-Timepix detector placed in a custom-made 3D-printed housing,
which is attached to a remotely controlled rotating base.

3Quasar group (Liverpool): https://www.liverpool.ac.uk/quasar/
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Figure 5.5: Setup of the Advacam MiniPIX-Timepix detector at the CCC treatment line. Here,
the detector is placed at a 45 degree angle to the central axis of the beam.

5.2.2 Beam line measurements

The detector housing was secured to a bench top approximately 18 cm from the nozzle

such that the centre of the sensor was in line with the central axis of the beam. This

was achieved by adjusting the height of the treatment chair and checking alignment

with a light source positioned behind a 1 mm diameter brass collimator at the nozzle.

This collimator was kept in place for the entire experiment. It has been demonstrated

that placing the MiniPIX detector at an angle (> 20◦) to the incident particles can

improve particle tracking resolution [358]. The remotely-controlled rotating stand

was therefore initially set to an angle of 45 degrees to the central axis.

The CCC beam line typically operates at a beam current in the order of 1010

protons per second. A current of this magnitude would over-saturate the MiniPIX

detector and possibly cause damage to the electronics. The lowest possible beam

current setting was therefore used, which was estimated between 103 and 105 protons

per second for the experiments. Prior to the beam being turned on for the first time,

several background readings were taken with the detector and, in order to protect the

sensor from potentially high flux rates, a lead sheet with a 200 µm diameter pinhole

aligned with the central axis was secured upstream of the detector using a vice and
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the detector’s 1 mm thick aluminium sliding window was closed.

A remote desktop client ensured that all data could be processed and visualised

in real-time, using the Advacam PIXet software [359], from the safety of the control

room. With the beam turned on, live visualisation of energy deposition allowed for

the beam current to be varied to a suitable level (103 to 104 protons per second)

and confirmed appropriate positioning of the sensor with respect to the central axis

of the beam. Following a general rule of thumb [358], the beam current was set

such that no more than 10% of the pixels in the sensor were populated with particle

tracking information, as this helps optimise the resolving capabilities of the detector

by avoiding over-saturation. A bias voltage of 30 V was applied with an acquisi-

tion rate of approximately 33 frames per second (FPS), which ensured that within

each frame there was sufficient time for individual particles to induce a proportional

charge response. Decreasing the frame rate would risk miscapture of the full particle

track while increasing the frame rate would risk saturating pixels to the point that

individual tracks could not be identified. A pragmatic approach was taken with the

bias voltage, which affects the sensitivity of the charge deposition to energy conver-

sion; setting this to 30 V appeared to achieve suitable sensitivity in registering single

particle tracks. It should be noted, as well, that the sensor did not collect data at a

constant rate. Open shutter time was approximately 10 ms followed by an additional

20 ms of dead time for the ASIC to process and record the data. A new “frame” was

written to the cluster file every 30 ms. With the beam turned off, the lead sheet was

subsequently removed and the experiment could proceed. However, the aluminium

sliding cover remained in the closed position as the flux rate was still too high at the

lowest possible beam settings. Placing increasingly thicker absorbers in the path of

the beam would decrease the flux rate observed at the sensor, however the shielding

was kept in place throughout the remainder of the experiment for consistency.

Six blocks of Lucite material, also known as Polymethyl methacrylate (PMMA),
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Table 5.1: Details of each Clatterbridge experiment with the Advacam MiniPIX-Timepix detector.

Run ID
Detector
angle (◦)

Lucite
thickness

(mm)

Aluminium
shielding

(mm)

WET
(mm)

Acquisition
time (s)

Number
of

clusters

Cluster rate
(s−1)

BG1 N/A N/A N/A N/A 131.25 63 59.26

BG2 N/A N/A N/A N/A 95.26 48 56.60

BG3 N/A N/A N/A N/A 43.56 21 55.46

BG4 N/A N/A N/A N/A 254.58 130 52.24

R1 45 10.00 1.4 14.42 131.35 9440 693.9

R2 45 20.10 1.4 26.00 68.07 7277 909.3

R3 45 24.40 1.4 30.87 58.44 3445 581.1

R4 45 25.48 1.4 31.96 58.44 2270 460.3

R5 45 25.87 1.4 ∞∗ 58.44 569 294.3

R6 45 26.40 1.4 ∞∗ 58.44 179 203.9

R7 60 10.00 2.0 15.64 58.44 21610 1341

R8 60 24.40 2.0 32.00 58.44 5325 693.9

R9 60 25.48 2.0 ∞∗ 58.44 344 259.2

? A WET of ∞ indicates that the vast majority of protons have stopped within the material and
therefore do not reach the detector.

varied in their thickness, were placed in the path of the beam to emulate radiation

field measurements at different depths in a homogeneous phantom. These depths,

listed in Table 5.1, covered the entry region, the Bragg peak and the distal dose fall-

off. Each block of Lucite was manually placed approximately 6 cm upstream from

the detector, perpendicular to the central axis. In order to obtain suitable parti-

cle counting statistics, acquisition times were varied to account for reduced proton

transmission as the Lucite thickness was increased (refer to Table 5.1).

Following six runs at 45 degrees, the angle of the detector to the central axis was

adjusted to 60 degrees and the experimental procedure was repeated for one block of

Lucite corresponding to the entrance region (10.00 mm) and two blocks corresponding

roughly to the Bragg peak (24.40 mm and 25.48 mm). Examples of visualised data

in the PIXet software are displayed in Figure 5.6 (individual tracks) and Figure 5.7

(integrated frames and cluster height distribution). The water equivalent thickness

(WET) through which the beam had passed once it reached the detector was calcu-

lated for each setup, accounting for the thickness and angle of the aluminium sliding
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cover.

An iterative numerical method similar to that presented in [360] was carried out to

determine the WET. Stopping power tables for water, PMMA (Lucite) and aluminium

were extracted from the NIST pSTAR database [54] and interpolated to approximate

the stopping power at energies between 0.5 MeV and 62 MeV for all three materials.

The expected energy of protons exiting a material of thickness tm cm, given that they

entered the material with a mean energy of E0 MeV, can be calculated using an Euler

method,

En+1 = En −
Sm(En)tm
N + 1

, (5.1)

where the material thickness has been subdivided N + 1 times, n = 0, 1, . . . , N , and

Sm is the stopping power in the material of interest. The WET is then calculated by

WET = tm
Sm

Sm

(5.2)

100%
75%
50%
25%
0%128

128

256

256

00 X pixels

Y pixels Pixel in
tensity

Figure 5.6: Visualisation in Advacam PIXet proprietary software [359] of individual clusters in a
single frame acquired over 10 ms. Relative pixel intensities represent the amount of charge deposited.
Run R7 (60◦ detector angle, 10 mm Lucite) from Table 5.1 is shown. Figure adapted from screenshot
provided by C. Oancea (Advacam, Prague).
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Figure 5.7: Visualisation in Advacam PIXet proprietary software [359]. Left: all integrated
frames. Relative pixel intensities represent the amount of charge deposited. Right: cluster height
distribution, showing energy deposited per pixel. Run R7 (60◦ detector angle, 10 mm Lucite) from
Table 5.1 is shown. Screenshot provided by C. Oancea (Advacam, Prague).

where

S =

∫ E0

Ef
SdE∫ E0

Ef
dE

(5.3)

and Ef := EN+1 from (5.1). The output energy, Ef , from the Lucite block was used

as the input energy to the 1 mm aluminium sliding cover, whose effective thickness,

tm, was either 1.4 mm (placed at 45◦) or 2.0 mm (60◦), due to the trigonometry. The

total WET (listed in Table 5.1) was calculated as the sum of those for the Lucite

block and the aluminium shielding layer.

5.2.3 Calculation of LET spectra

Each particle that reaches the sensor of the detector manifests as a cluster of pixels

that produce electronic signals in response to a cascade of charge depositions. Events

were captured in log files, which were sent to Advacam and converted to cluster list

files using proprietary software. These cluster lists contained information for indi-
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vidual tracks resolved by the PIXet software [359], including deposited energy per

pixel, cluster area, incidence angles and the projected track length onto the sensor

plane. Additionally, parameters related to track morphology were provided, such as

linearity and roundness, which assist in the identification of particle type. For exam-

ple, electrons often create curly (non-linear) and thin tracks while ions create wide

and straight tracks. In the case of protons, electrons and other energetic charged

particles, a large angle of incidence with the sensor provides clearer track structure

and accentuates differences in morphology between clusters caused by different par-

ticle types. Hence detector angles of 45 and 60 degrees were chosen to more easily

separate proton- and electron-induced events. The reader is referred to the works of

Opalka, Granja and colleagues [361, 362, 358] for detailed methods of track pattern

recognition.

The deposited energy per pixel was integrated over pixels corresponding to a

single event cluster and divided by the full length of the track to retrieve the LET

contribution in silicon. The full length of the 3D track, `3D, was calculated using the

elevation angle, β, and the projected track length, `proj., with `3D = `proj./ sin β (refer

to Figure 5.8). Contributions from all clusters were binned according to the Freedman-

Diaconis rule [363], which is suitable for data with heavy-tailed distributions and

has low sensitivity to outliers. The Landau distribution, a stable distribution with

stability and skewness parameters α = 1 and β = 1, respectively, well describes the

energy deposition of a charged particle in an absorber of finite (and usually thin)

thickness4 [364, 365], and therefore can be fitted to the binned LET data. The

moments of the Landau distribution are undefined, and as such the concepts of mean

or variance are unhelpful. Instead, the most probable value (MPV), at which the peak

of the density function is located, is most appropriate for reducing the estimated LET

4The term “thickness” here is an abstraction from the absolute depth of the material, which is
related to the strength of attenuation offered by the material and the energy of the particles that
impinge on it.
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Figure 5.8: Example of particle tracking in the MiniPIX Timepix detector. Reproduced from [351,
Fig. 2] with permission.

to a single value [366]. The MPV was therefore determined, both with a Landau fit

and with the α and β stable distribution parameters allowed to vary freely within

their permitted intervals of 0 < α ≤ 1 and −1 ≤ β ≤ 1. This method provided a

measure of how well the Landau distribution fits to the data.

5.2.4 Simulated Monte Carlo spectra

Monte Carlo simulations were conducted in which geometrical setup and beam dy-

namics associated with each experimental setup were accurately modelled. This re-

quired accurate modelling of the beam delivery system, all six Lucite blocks and the

detector.

An advanced Geant4 [162] model of the CCC beam line [345, 346, 165] developed

by J. Yap (University of Liverpool) and colleagues at University College London has

recently been repurposed for use in TOPAS [161]. The model includes all compo-

nents of the beam delivery system, including scattering foils, modulators and dose

monitors placed between the initial vacuum tube and the final treatment nozzle. All

components are accurately represented using computer-aided design (CAD) based on

on-site measurements, which were imported to TOPAS as stereolithography (STL)
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files. An artificial 50 µm gap between any two components is enforced to avoid ge-

ometry overlap errors encountered by TOPAS during the simulation. The reader is

referred to [347] for a detailed discussion of this and other technical aspects of the

model setup.

As mentioned in Chapter 4, TOPAS features default physics processes and parti-

cle tracking settings that have been optimised for proton therapy applications [322].

However, TOPAS also allows modular physics lists in which the user may select mod-

ules that contain, for example, transport models or cross-section data that better

suit their application. Additionally, cuts and thresholds can be adjusted to con-

trol the speed of the Monte Carlo simulation or the precision to which individual

particles are tracked through a volume. The CCC model was benchmarked to qual-

ity assurance measurements obtained at the treatment facility, from which optimal

performance was obtained through the inclusion of the electromagnetic physics mod-

ule g4em-standard opt3 and the high energy physics module g4h-phy QGSP BIC HP.

Production cuts were set to limit the mean free path of secondary particles to a

minimum of 10 µm for electrons and protons, and 100 µm for photons and positrons.

The source of primary protons in the CCC model, set to emulate the output of

the cyclotron, is sampled from a Gaussian distribution with a mean energy of 62.20

MeV and a spread (standard deviation) of 0.53 MeV. The passage of protons through

the 16.5 m transport line results in a mean output energy of approximately 60 MeV.

Initial simulations suggested a transmission rate of around 3% to 5% between the

source and the nozzle, likely due to scatter and a noticed tendency for TOPAS to

encounter a significant number of stuck tracks. Exploiting multi-threading on 23 CPU

threads, it took on average 8.5 hours to yield 1.5 million protons exiting the nozzle.

This posed a heavy computational demand on the simulations, as suitable particle

counting statistics are vital for Monte Carlo studies. Both Lucite block thickness and

the 1 mm aluminium shielding upstream of the sensor contribute to attenuation of
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(a)

(b)

(c)

Figure 5.9: Spread of the beam from phase space of 106 primary protons collected immediately
downstream of the nozzle, after collimation. (a) Emittance in the sagittal axis. (b) Emittance in
the coronal axis. (c) Position distribution of protons in the transverse plane.
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Figure 5.10: Histogram of proton energy from phase space of 106 primary protons collected
immediately downstream of the nozzle, after collimation. A Gaussian fit with mean 60.04 MeV and
standard deviation 0.48 MeV is shown.

the beam, which can result in only a small fraction of the original primary protons

being recorded within the detector. To counter this, a very large number (106) of

primary protons must exit the nozzle. This number, of course, depends on a number

of factors in addition to attenuation. For example, increasing the number of the voxels

in the scoring geometry – in this case, the number of pixels comprising the sensor

– also demands an increase in the number of primaries, so that suitable statistics

are obtained in each voxel. In order to considerably speed up the simulations, a

phase space scorer was placed perpendicular to the central beam axis at the nozzle

in TOPAS, and one million protons were recorded. Primary particles were then

generated using sampling from this phase space file, removing the need to model the

entire treatment line in subsequent simulations. The phase space data was also used

to analyse the beam emittance (Figure 5.9) and energy spread (Figure 5.10) at the

nozzle. A mean energy of 60.04 MeV was observed with a standard deviation of 0.48

MeV. Some minor leakage can be seen in the beam cross-section in Figure 5.9(c)

owing to the aforementioned 50 µm gap between geometrical components. This was

not expected to have any appreciable affect on the simulation results.
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The MiniPIX Timepix sensor was modelled in TOPAS with an active area of 14

× 14 mm2 and a depth of 300 µm. It was assigned the predefined Geant4 material

G4 Si, representing silicon, and rotated by an angle of 45 or 60 degrees as in the

experimental setup. Simulations were carried out for six different blocks of Lucite,

defined using the TOPAS material definition of Lucite, with a mean excitation energy

of 74.0 eV and a mass density of 1.19 g/cm3, placed 6 cm upstream of the detector.

Two simulations were run for each block; one with a 1 mm thick aluminium (TOPAS

material with mass density 2.70 g/cm3) sheet placed approximately 5 mm from, and

parallel to, the sensor plane, and one without. This allowed for the differences in

WET to be accounted for in the simulations. A process of trial and error was used to

determine suitable numbers of primary protons in each simulation, shown in Table 5.2,

in order to obtain suitable statistics when scoring particles in the detector geometry.

The pixel array of the sensor was emulated by dividing the silicon geometry into

a binned scorer in which each voxel independently recorded the dose-averaged LET

(LETd) of protons traversing their volume. Originally a grid of 6 × 6 bins was chosen

to represent the 256 × 256 array, as the computational demand was relatively low and

the detector would often recruit no more than 40 pixels per cluster, so each bin could

correspond roughly to a single cluster. However, after preliminary simulations it was

decided that a 28 × 28 grid of 784 bins provided more reliable statistics for creating

the LET histograms to compare to the experimental data. Increasing the number of

bins further would have drastically increased the computational demand. Measures

for the number of induced DSBs and the RBEcd (by DSB induction) were also recorded

in these bins using the custom TOPAS scorer and associated methods discussed in

Chapter 4. Additionally, the kinetic energy spectra of the incident protons between

40 keV and 60 MeV were collected at the surface of entry into the detector using a

bin width of 5 keV.

The empirical energy deposition data from the detector was compared to the
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simulation data by interpolating the stopping power in silicon, using the NIST pSTAR

database [54], for the spectrum of kinetic energies, and then multiplying by sampled

3D track path lengths recorded by the detector during the experiment.

Finally, another simulation was set up with a water cube phantom of side lengths

35 mm, in which the LET in water, LETd(H2O), and dose were scored at 1 mm

depth intervals with no detector modelling. This provided further comparison of the

different LET estimates against the depth-dose curve.

Table 5.2: Details of each Clatterbridge simulation in TOPAS, corresponding to the experiments
in Table 5.1.

Run
ID

Detector
angle (◦)

Lucite
thickness

(mm)

Aluminium
shielding

(mm)

WET
(mm)

Number
of

primaries
Number detected

CPU
time†

(s)

S1a 45 10.00 1.4 14.42 1.0×106 151640 (15.16%) 44208

S1b 45 10.00 0 11.49 1.0×106 152270 (15.23%) 43920

S2a 45 20.10 1.4 26.00 1.5×106 220931 (14.73%) 100800

S2b 45 20.10 0 23.09 1.5×106 221799 (14.79%) 104256

S3a 45 24.40 1.4 30.87 4.0×106 113177 (2.83%) 132134

S3b 45 24.40 0 28.04 4.0×106 585268 (14.63%) 149760

S4a 45 25.48 1.4 31.96 4.0×107 8037 (0.02%) 872640

S4b 45 25.48 0 29.29 4.0×107 5724690 (14.31%) 978912

S5a 45 25.87 1.4 ∞? 6.0×107 4253 (<0.01%) 1004856

S5b 45 25.87 0 29.74 6.0×107 7689854 (12.82%) 1009352

S6a 45 26.40 1.4 ∞? 6.0×107 1714 (<0.01%) 509856

S6b 45 26.40 0 30.35 6.0×107 4351454 (7.25%) 537288

S7a 60 10.00 2.0 15.64 1.0×106 135600 (13.56%) 44976

S7b 60 10.00 0 11.49 1.0×106 136749 (13.67%) 43128

S8a 60 24.40 2.0 32.00 4.0×106 4675 (0.12%) 134020

S8b 60 24.40 0 28.04 4.0×106 527294 (13.18%) 148680

S9a 60 25.48 2.0 ∞? 4.0×107 7832 (0.02%) 893040

S9b 60 25.48 0 29.29 4.0×107 4955708 (12.39%) 969600

† Simulations were multi-threaded across 24 CPU threads. Thus the real-time computation was
approximately 24 times faster than values shown here.

? A WET of ∞ indicates that the vast majority of protons have stopped within the material and
therefore do not reach the detector.
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Table 5.3: Calculated and measured LET values from all runs in Table 5.1 and all simulations in
Table 5.2. All LET values are in silicon except for the water phantom profile, LET(H2O).

LET (keV/µm)
LETd(H2O)
profile
(keV/µm)

Run ID WET (mm) MPV Q1 Median Q3 Mean
Std.
dev

R1 14.42 3.3 2.5 3.4 4.1 1.9 0.2

R2 26.00 4.3 3.8 4.6 5.6 2.7 0.2

R3 30.87 12.5 8.3 11.5 14.4 10.8 1.9

R4 31.96 15.5 6.5 11.4 15.4 18.2 1.5

R5 ∞∗ 7.0 4.2 7.6 11.3 N/A N/A

R6 ∞∗ 1.5 1.0 1.4 3.0 N/A N/A

R7 15.64 2.6 2.1 2.7 3.4 1.9 0.2

R8 32.00 13.5 6.3 10.8 14.2 18.5 1.4

R9 ∞∗ 13.5 8.0 11.4 14.2 N/A N/A

S1a 14.42 2.2 1.8 2.0 2.3 1.9 0.2

S1b 11.49 1.6 1.5 1.6 1.9 1.9 0.2

S2a 26.00 2.5 2.5 2.6 2.7 2.7 0.2

S2b 23.09 2.1 2.0 2.1 2.3 2.3 0.2

S3a 30.87 13.6 13.3 13.5 13.7 10.8 1.9

S3b 28.04 3.1 3.0 3.1 3.1 3.2 0.3

S4a 31.96 16.5 14.9 16.9 19.0 18.2 1.5

S4b 29.29 6.1 6.0 6.1 6.1 4.1 0.5

S5a ∞∗ 13.5 13.8 15.7 20.3 N/A N/A

S5b 29.74 8.5 8.5 8.5 8.5 4.8 0.7

S6a ∞∗ 15.0 14.6 17.2 22.1 N/A N/A

S6b 30.35 11.6 11.5 11.6 11.6 7.5 1.3

S7a 15.64 1.9 1.7 1.9 2.2 1.9 0.2

S7b 11.49 1.4 1.4 1.5 1.7 1.9 0.2

S8a 32.00 14.5 12.6 15.2 18.2 18.5 1.4

S8b 28.04 3.2 3.2 3.2 3.3 3.2 0.3

S9a ∞∗ 12.5 11.4 13.1 15.6 N/A N/A

S9b 29.29 7.0 6.9 7.0 7.0 4.1 0.5

? A WET of ∞ indicates that the vast majority of protons have stopped within the
material and therefore do not reach the detector.

5.3 Results

Raw data from log files and cluster lists, summarised in Table 5.1, show that the

number of clusters recognised by the PIXet software was adequate for statistical

analysis of the results for the thinnest three absorbers for the 45◦ measurements

(R1, R2, R3 and R4) and for the two thinnest absorbers for the 60◦ measurements
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Table 5.4: Calculated DSB counts and RBEcd values from all simulations in Table 5.2.

〈 DSBs 〉 (cell−1Gy−1) RBEcd

Run ID WET (mm) MPV Q1 Median Q3 MPV Q1 Median Q3

S1a 14.42 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S1b 11.49 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S2a 26.00 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S2b 23.09 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S3a 30.87 5.8 5.4 5.6 5.8 2.0 1.9 2.0 2.0

S3b 28.04 3.0 3.0 3.0 3.0 1.1 1.1 1.1 1.1

S4a 31.96 5.5 5.2 6.2 7.8 1.9 1.8 2.2 2.7

S4b 29.29 3.6 3.6 3.6 3.6 1.3 1.3 1.3 1.3

S5a ∞∗ 5.0 5.0 6.0 7.6 1.8 1.8 2.1 2.7

S5b 29.74 4.2 4.2 4.2 4.2 1.5 1.5 1.5 1.5

S6a ∞∗ 7.0 5.2 6.3 8.2 2.5 1.8 2.2 2.9

S6b 30.35 5.1 5.1 5.1 5.1 1.8 1.8 1.8 1.8

S7a 15.64 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S7b 11.49 2.9 2.9 2.9 2.9 1.0 1.0 1.0 1.0

S8a 32.00 4.5 4.7 5.7 7.5 1.6 1.7 2.0 2.6

S8b 28.04 3.0 3.0 3.0 3.0 1.1 1.1 1.1 1.1

S9a ∞∗ 5.5 4.6 5.5 6.4 1.9 1.6 1.9 2.3

S9b 29.29 3.8 3.8 3.8 3.8 1.3 1.3 1.3 1.3

? A WET of ∞ indicates that the vast majority of protons have stopped within the material
and therefore do not reach the detector.

(R7 and R8). Conversely, runs R5, R6 and R9 yielded clusters not too dissimilar

to the background readings (BG1 to BG4). This was due to the vast majority of

protons having been stopped by the aluminium layer preceding the sensor (WET

= ∞). Indeed, the simulation summary, Table 5.2, shows that only 0.02% or fewer

of the primary protons at the nozzle reached the detector in the simulations of these

runs (S5a, S6a and S9a). Meanwhile, simulations with the aluminium sliding window

removed (S5b, S6b and S9b) showed much higher transmission, ranging from around

7% to 13%. The thicknesses of Lucite chosen prior to the experiment were based on

their WET without the aluminium shielding. With the shielding, the Bragg peak was

shifted back so that R3, with a WET of 30.87 mm, corresponds to the Bragg peak

while R4 and R8 (WET values of 31.96 mm and 32.00 mm, respectively) correspond

to the distal dose fall-off.

The deposited dose within the detector matches well with that calculated from the
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simulated data (Figure 5.11) for the runs with suitable statistics mentioned above,

however a prominent right-skew to the simulated data is present. This is believed to

be, in part, due to the increased spread caused by the number of scoring bins (784)

defined in TOPAS being significantly smaller than the number of channels (65,536)

in the sensor. The empirical data also shows increased noise at low energies, which

Figure 5.11: (a-i) Histograms of energy deposition as measured by the MiniPIX sensor (“meas.”)
for all runs R1 to R9, and as calculated from simulations S1a to S9a which include aluminium
shielding.
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Figure 5.12: (a-i) Histograms of LET contributions calculated from the MiniPIX sensor data
(“meas.”) for all runs R1 to R9, compared to LETd output from simulations S1a to S9a which
include aluminium shielding. All LET values are in silicon.

is not present in the simulated data. This could be caused by the misclassification of

tracks by particle type based on their morphology, allowing electron-induced clusters

to be included in the recorded data.

Histograms of the measured and simulated LET contributions are shown for all

runs in Figure 5.12, and are summarised in Figure 5.13 and Table 5.3. Landau and

other stable distribution fits to the LET data can be found in Appendix C. In the

case that no suitable fit to the data was found, the MPV was taken as the mode of the
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Figure 5.13: Boxplots showing the spread, median and MPV of LET contributions in silicon
calculated from the MiniPIX sensor data beside those retrieved from the simulations S1a to S9a.
Mean LETd(H2O) values scored from a water cube phantom simulation are also shown. Runs for
which particle counting statistics were considerably low, corresponding to WET =∞, (R5, R6 and
R9) have been faded out.

data. A general increase in the LET is observed as the Lucite thickness, and therefore

the WET, is increased. The LET ranges from around 3 kev/µm in the entrance region

to between 15 keV/µm at the distal edge, with a value of approximately 12 keV/µm

at the Bragg peak. The spread, namely the interquartile range, of the data also

increases with WET, due to the lower particle count in the detector. All LET values

from the empirical measurements and detector simulations were converted to water

equivalent values, LET(H2O), using the empirical formula of Benton et al. [367]

and plotted alongside the water phantom simulation LET as a function of WET in

Figure 5.14. The figure shows a clear trend of increasing LET toward and beyond the

Bragg peak. Values in the entrance and build up regions did not exceed 5 keV/µm

and therefore would not be expected to cause any clinically significant radiobiological

effect [211] when compared to megavoltage x-ray treatment. This is also reflected

in the calculated RBEcd estimates, which were between 1.0 and 1.1 for WET values

M.D. Brooke, 2020 150



5 | Clinical beam line experiment at the Clatterbridge Cancer Centre

below around 28 mm. In general the increasing trend in LET, both by simulation

and through detector measurements, shown in Figure 5.14, resembles expectations.

Figure 5.13 shows that the interquartile range of the simulated LET generally overlaps

with that of the measured LET, and that the spread in the LET spectra increased as

the Lucite thickness was increased. This was expected as there were fewer particles

reaching the detector for larger WET values, resulting in decreased statistics for the

LET calculation.

Edge-of-field effects were briefly explored in the water phantom simulation by

scoring the LET away from the central axis in 1 mm3 bins. Figure 5.15 shows a cross-

section of scored LETd in the entrance region and around the Bragg peak and distal

dose fall-off. Lateral penumbra LETd was almost twice as high as at the central axis

at a depth of 10 mm but this was still below 4 keV/µm and would not be expected

to lead to any substantial difference in biological outcome. At the Bragg peak and

beyond the difference was much smaller, with LETd varying by less than 5% between

the central axis and lateral penumbra.

The incident proton kinetic energy spectra, displayed in Figure 5.16, show the

substantial affect of the inclusion of thin aluminium shielding placed immediately up-

stream of the sensor. The distribution of proton energies was systematically shifted

toward lower energies, leading to higher LET and RBEcd estimates. Simulated DSB

counts in the detector, summarised in Table 5.4 and Figure 5.17, were shown to double

toward the Bragg peak and distal edge when compared to the entrance region. The

associated RBEcd ranged from 1.0 in the entrance and build up regions to approxi-

mately 2.0 at the Bragg peak. A sharp increase in the estimated RBEcd is observed

leading up to the Bragg peak (Figure 5.18). A decrease in RBEcd is then seen at the

distal edge, however this observation is not as prominent in the interquartile range

(Figure 5.17) as it is in the calculated MPV.
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Figure 5.14: All LET results, both measured and simulated, corresponding to finite WET plotted
as their MPV against a simulated depth-dose profile in a water phantom. Error bars indicate the
95% confidence interval centred on the mean. LET values in silicon have been converted to water
equivalent values, LET(H2O), for all detector measurements and simulations.

5.4 Discussion

The MiniPIX-Timepix semiconductor detector was used to measure the energy spec-

tra of individual protons passing through Lucite absorbers of varying thickness at

the CCC clinical proton beam line. This enabled calculation of LET spectra at vary-

ing WET along the depth-dose curve, which were compared to simulations using an

advanced TOPAS model of the treatment line. The calculated LET was in general

agreement with simulated dose-averaged LET and within expectations, with values

around or below 3 keV/µm in the entrance region before a sharp increase up to be-

tween 13 and 18 keV/µm at the distal dose fall-off. Those values prior to the build-up

in the last 10% of the proton range are therefore of little biological consequence. The

spread in the calculated LET increased substantially toward larger WET values, a

trend that was also present in the simulation data. This was a consequence of a sig-
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(a) 10mm (b) 30mm

(c) 32mm (d) 33mm
Figure 5.15: Cross-section of scored LETd in TOPAS at depths of (a) 10 mm, (b) 30 mm, (c) 32
mm and (d) 33 mm in a water phantom of side lengths 35 mm. Bin sizes of 1 mm3 were used for
scoring. Images have been upscaled by a factor of 10 and interpolated.

nificant number of protons stopping in the absorber, or the aluminium shielding layer,

thus not reaching the detector. If the experiment were repeated, longer acquisition

times would be allowed for each run to achieve suitable statistics. However, this was

challenging on the day of the experiment as the beam line was needed for treatment

and for other experiments, limiting the time available. This was also the reason why

more runs were not performed with finer increments in the Lucite thickness. Given

the limited beam time, there were plans to return to CCC in early-to-mid 2020 after

analysing the first batch of data and being able to revise and improve the experimen-

tal procedure. Unfortunately a number of logistical factors prevented this from going

ahead5. The revision to the procedure that would have had the most influence was the

5Note: returning to CCC for subsequent measurements was not possible due to the lockdown
measures imposed in England during the Covid-19 pandemic.
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Figure 5.16: (a-i) Histograms of the kinetic energy of protons impinging on the surface of the
sensor, as scored in the simulations S1a to S9a (with aluminium shielding) and S1b to S9b (without
shielding).

removal of the aluminium shielding layer. This was kept in place at first to prevent

damage to sensor components caused by a high dose rate from the cyclotron, however

as Lucite thickness was increased this became less of an issue and the shielding could

have been removed.

Aluminium is a very effective absorber compared to water or Lucite. Figure

5.19 shows the range of protons in the material under the continuous slowing down

approximation (CSDA). Notice that incident protons below approximately 13 MeV
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are expected to stop within 1 mm, and would therefore not reach the detector. Not

only does this effectively apply a high-pass filter to the energy spectra, but for protons

of energies larger than this threshold of 13 MeV, it artificially provides a source of

low-energy, high-LET protons to the sensor. This effect was partially accounted for by

calculating the WET due to both the Lucite block and the aluminium layer, however

factors such as the rate of transmission and scatter still have a significant affect on

the spread of the calculated LET in each pixel of the sensor.

Some discrepancies between the mean LETd values collected in TOPAS from the

water phantom and those LET values calculated in the detector, both actual and

simulated, could be partly explained by differences in the methods by which LET

is calculated. The ProtonLET scorer provided in TOPAS is based on general Monte

Carlo methods outlined by Cortés-Giraldo, Granville and colleagues [60, 61]. In

general, variation between Monte Carlo scoring techniques is larger for LETd than

for LETt [61]. While LETd was scored in the phantom, the LET calculation from

Figure 5.17: Boxplots showing the spread, median and MPV of DSB counts, and the associated
RBEcd by DSB induction scored from the simulations S1a to S9a. Runs for which particle counting
statistics were considerably low, corresponding to WET = ∞, (R5, R6 and R9) have been faded
out.
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Figure 5.18: All simulated RBEcd estimates corresponding to finite WET plotted as their MPV
against a simulated depth-dose profile in a water phantom. Error bars indicate the 95% confidence
interval centred on the mean.

the measured MiniPIX data was neither track-averaged nor dose-averaged, as it was

taken to be the MPV of a spectrum of voxelised LET contributions. Additionally,

while WET allows comparison between depth profiles across different materials, it is

not a substitute for material properties, which influence the particle energy spectrum.

For small bin sizes in a scoring geometry, there is a possibility of artificially over-

estimating LET contributions due to the voxel size being smaller than the mean path

length between events [368]. Measurements of the LET are confined to the scoring

bin, rather than the track being traced beyond these limits. The scoring geometry

defined for the detector simulations consisted of voxels with dimensions 0.5 mm × 0.5

mm × 0.3 mm. The largest possible “track length” within a voxel was therefore 768

µm, the longest corner-to-corner distance. In addition, the angle of the detector in

the simulations could have allowed a portion of particle tracks to traverse one voxel

but then leak into another. This second voxel would then record a higher LET track

that has already lost energy through its traversal of the first voxel. This can also
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Figure 5.19: Stopping power (left axis) and CSDA range (right axis) in Aluminium, showing the
energy range in which protons traversing the 1 mm shielding layer may be absorbed and not reach
the detector.

be a source of overestimation. Figure 5.20 provides an alternate visualisation of the

MiniPIX data which, to this author’s knowledge, has not been presented before in the

existing literature. It shows the distribution of deposited energy and track lengths

that contribute to the LET calculation, from all runs, with level curves of constant

LET superimposed for reference. It captures energy, track length and LET spectra in

a single plot. With this graphic we see that imposing an artificial cutoff track length

of 768 µm is unlikely to overestimate the LET by any considerable amount within

the range of deposited energies that were actually recorded in the MiniPIX detector.

The extent to which MiniPIX cluster files were contaminated with electron tracks

was unknown, as filtration techniques were mostly contained within the PIXet soft-

ware and in supplementary scripts provided by Advacam6. As such, a thorough

analysis of filtration techniques was beyond the scope of this thesis. Some degree

6Scripts provided by C. Oancea (Advacam, Prague).
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Figure 5.20: Distribution of deposited energy and track lengths from the MiniPIX data (runs R1
to R9, Table 5.1) with level curves of constant LET superimposed for reference.

of contamination is to be expected as distinguishing particle types through track

morphology alone is error-prone, particularly for short, low-energy tracks. This was

partly accounted for by placing the detector on an angle (45◦ or 60◦) to the incident

particle beam, however any electrons that were erroneously included in the cluster

files would have contributed to the lower part of the energy deposition spectrum and

influenced the LET calculations. An example of this, prior to filtration, can be seen

in the cluster height spectrum for run R7, shown in Figure 5.7. The secondary low

energy peak is most likely due to electron tracks, and it can be seen in Figure 5.11(g)

that at least some of these tracks have remained post-filtration. Contamination of

this sort together with low particle counts in the detector for some runs may explain

the deviation of the LET spectra from a Landau distribution.

DSB counts and the associated RBEcd (by DSB-induction) were scored in all
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detector simulations listed in Table 5.2 according to the methods outlined in Chapter

3 and Chapter 4. The trend of estimated RBEcd, starting at 1.0 in the entrance region

and then sharply increasing in the last 10% of the depth-dose curve corroborated

the trend in LET. As was the case for the LET, the spread in the data increased

dramatically with the thickness of the Lucite block used, due to lower particle counts

in the detector. The arguments presented above for the affect of the aluminium

shielding on the particle energy spectrum equally apply here to the accuracy of the

RBEcd estimates.

As mentioned in the Section 5.1, previous radiobiological experiments undertaken

at CCC involving RBE determination and DSB analysis include those of Chaudhary

et al. [176] and Carter et al. [350]. In [176] the DNA damage response of human skin

fibroblast (AG01522) cells was studied using a 53BP1 foci formation assay following

irradiation at several depths in the 60 MeV monoenergetic beam generated with the

Figure 5.21: Most probable values (MPVs) of LET plotted against MPVs of RBEcd collected from
all simulations in Table 5.2. The shaded region represents the area between the empirical RBEcd

fit, (4.11), to LETd (bottom) and LETt (top) presented in Chapter 4.
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CCC treatment line. A statistically significant difference was found between the num-

ber of foci counted 24 hours post-irradiation at the Bragg peak due to protons and

a reference irradiation (1 Gy of 225-kVp x-rays). The ratio of foci can be calculated

from [176, Fig.2]. Assuming this ratio represents only irradiation-induced DSBs then

it corresponds to an RBE estimate of 2.0, which exactly matches the prediction of

this current study. It should be noted, however, that no significant difference was

found in foci formation immediately following irradiation; the discrepancy was only

present in sustained damage. The study by Carter et al. [350] investigated mecha-

nistic processing of DNA damage following irradiations of HeLa and oropharyngeal

squamous cell carcinoma (UMSCC74A and UMSCC6) cells at the CCC beam line.

Comet assay and clonogenic survival assay techniques were used to assess damage to

cells placed downstream of the same 24.40 mm Lucite absorber used in this study.

RBE was estimated between 1.67 and 1.85 across all cell lines. This does not match

with the findings of the 24.40 mm simulations, S3b and S8b (without shielding), how-

ever Carter also reported an effective beam energy of 58 MeV, rather than the 60.02

MeV value used in this study.

Previous work by Chaudhary et al. [175] at another facility, running a 62 MeV pro-

ton beam line, examined the relationship between LET and RBE. In that study RBE

was measured with a surviving fraction endpoint by clonogenic assay using AG01522

and glioma (U87) cells. The RBEcd-LET relationship inferred from simulations in

this study (Table 5.2) is shown in Figure 5.21. The shaded region represents the area

between the empirical RBEcd fit, (4.11), to LETd (bottom) and LETt (top) presented

in Chapter 4. The simulation results from this work fall mostly within this range,

however they best resemble the relationship between RBEcd and track-averaged LET.

The general trend and range of RBEcd values resembles those of [175, Fig.5], consid-

ering the variation between cell lines and surviving fraction endpoint (50%, 10% or

1%).
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Chapter 6

A flexible projection-based inverse planning

algorithm for radiation therapy

6.1 Introduction

In Chapter 1 we discussed the increasingly adopted technique of intensity modulated

radiation therapy (IMRT) for dose delivery. IMRT, whether by photons or protons,

offers improved dose conformality to the tumour region when compared to conven-

tional 3D conformal radiotherapy (CRT), while also limiting the dose deposited in

surrounding healthy tissues. We have explored, in previous Chapters, the added ther-

apeutic benefits of proton beams, or indeed heavier charged particle modalities, over

photons in terms of both their physical dose deposition characteristics and radiobi-

ological consequences. These benefits do not come without scrutiny or compromise;

highly localised dose at Bragg peak positions demands highly accurate and precise

dose delivery, while biological range uncertainties call for scrupulous beam selection

criteria. In order to fully realise the potential of proton therapy, sophisticated and

clinically implementable treatment planning algorithms are needed.

A new and novel algorithm for radiation therapy inverse planning is presented in

this Chapter in the context of fluence map optimisation (FMO) for intensity modu-

lated proton therapy (IMPT). Though, it should be noted that the techniques dis-

cussed here are agnostic to the type of radiation and how it is delivered; all that is
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required is that the final dose pattern can be expressed as a linear combination of

discrete contributions and that, in practice, the relative contributions of these dis-

crete sources can be modulated. As such, the algorithm may be equally applied to

the FMO formulations of photon or heavy-ion IMRT. The algorithm, presented here

as the dynamic string-averaging CQ-method (DSACQ), is based on a split-feasibility

formulation of the IMRT inverse problem, contrary to conventional gradient-descent-

based minimisation of an objective function. The DSACQ method iteratively applies

metric projections onto sets that represent the imposed dose constraints, while also

allowing flexibility in the weighting and order in which projections are executed onto

the individual constraint sets. Dose-volume effects are handled through the inclusion

of dose volume constraints (DVCs). Representing these DVCs leads to a non-convex

optimisation problem, so they are often approximated with additional linear con-

straints or handled with impractical heuristics. In contrast, the DSACQ algorithm

is based on iterative projections onto both convex and non-convex constraints, and

is able to generate feasible dose solutions, if such solutions exist, with any number

of linear or non-linear constraints imposed. DVCs are represented exactly, with no

linear approximation necessary.

6.1.1 Mathematical challenges with dose-volume criteria

FMO techniques applied to the selection of beamlet weights for radiotherapy have

been largely based on weighted least-squares models, drawn from analogies with tomo-

graphical image reconstruction [369]. In a least-squares approach, a dose-dependent

objective (or “cost”) function is defined and linear programming methods are used to

select a dose map that minimises this cost function. This is the technique used most

widely by commercial treatment planning systems [370], most often achieved through

gradient descent methods. The cost function, f , is usually a weighted combination

of structure-specific piecewise-quadratic functions, fs, which penalise any deviation
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from the dose prescription. That is, for a given spatial dose distribution, D(x, y, z),

in the volume of interest,

f (D(x, y, z)) =
Ns∑
s=1

wsfs (D(x, y, z)) , (6.1)

where Ns is the number of defined structures to which prescriptions are applied, and

ws, for s ∈ {1, 2, . . . , Ns}, are weighting factors that set the relative priority of these

prescriptions. In practice each penalisation function, fs, is a sum of penalty terms,

each of which applies to an individual voxel in a discretised dose array. Under this

fully-discretised approach the problem statement for the inverse planning of IMPT

may be formulated using systems of inequalities (see, e.g., [21, 371] and references

therein). In this approach a discretised three-dimensional dose array is created to

be coincident with voxels in the patient CT or co-registered planning images. Each

beamlet can be viewed as giving rise to a separate, independent dose grid, and by

rearranging all voxels in a known order one may record in a single column the dose

in each voxel due to a single beamlet. Appending all beamlet contributions forms a

dose-influence matrix, A, in which the element in the i-th row and j-th column gives

the dose in voxel i due to beamlet j. This is demonstrated graphically in Figure 6.1

for the case of proton pencil beams in IMPT. The dose distribution can be changed by

adjusting the relative weights (intensities) of each pencil beam. Multiplying A by the

column vector of all relative beamlet intensities, x, gives the total dose in each voxel.

The goal of the planner is then to find a suitable vector, x, with non-negative entries,

such that the dose values obtained in the vector Ax satisfy, as best as possible, the

prescribed constraints for each structure.

Suppose the i-th voxel in the dose array is within an OAR and receives a dose of

di(x), dependent on the beamlet intensity vector, x. An upper dose bound, dmax, im-

posed on this voxel sets up the prescription di(x) ≤ dmax. Applying this prescription
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to every voxel within the OAR would yield a corresponding penalty term [370],

fOAR =
∑

all voxels i
within OAR

max{0, (di(x)− dmax)2}. (6.2)

This penalty function renders the optimisation problem well-behaved from a math-

ematical standpoint, as it is both convex and differentiable, allowing for linear pro-

gramming methods to be implemented. Though, in deviating from HDCs to incor-

porate additional DVC prescriptions, the FMO inverse problem becomes non-convex

and the cost function non-differentiable. This significantly increases the complexity

of the problem and gives rise to multiple local minima in the cost function [372, 373].

While an estimate of the solution can be verified against the plan prescription with

efficiency (in polynomial time), the pursuit of a global optimum is classified as a non-

deterministic polynomial time hard (NP-hard)1 problem [372, 374]. In the presence of

DVCs, conventional gradient descent algorithms can easily fall into “traps” in which a

suboptimal solution results. An illustrative analogy is that of finding the lowest point

Figure 6.1: Each pencil beam gives rise to a 3D dose grid of dimensions mx ×my ×mz consisting
of m = mxmymz voxels, which is transformed to a column vector of length m. For n pencil beams,
columns are concatenated to form the m× n dose matrix A.

1The NP-hard problem classification is far beyond the scope of this thesis, so more detail is not
provided here. In fact, it is part of a famous question in computer science posed almost 50 years
ago. The Clay Mathematics Institute offers a million dollar prize to whomever eventually finds a
solution. See: https://claymath.org/millennium-problems/p-vs-np-problem
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on a mountainous landscape. As far as the algorithm is concerned, a shallow valley

holds as much merit as a deep gorge; the first encountered is the accepted solution.

Despite this glaring problem, FMO algorithms have traditionally consisted of simple

least-squares formulations with a nonlinear volume-sensitive penalty term appended

to the cost function [375, 376]. Metaheuristics such as simulated annealing, used as

local search methods, have been demonstrated to alleviate the suboptimality problem

[22, 23, 377].

Issues of non-convexity arising from DVCs are often skirted entirely by imposing

gradations of linear dose constraints on a number of subvolumes, inserted manually

in the structure of interest [378]. Advanced interior point methods are able to provide

a solution very efficiently [379, 380, 381, 382, 383], however, this approach amplifies

an intrinsic limitation of IMRT inverse planning: multi-objectiveness [see, e.g., 370].

A large number of conflicting dose objectives are applied to structures in close prox-

imity, which may never be fulfilled due to physical limitations on dose conformality.

Censor et al. [384] addressed infeasibility in the solution space by introducing an

{α, β}-relaxation2, meaning no more than 100α% of the dose bound inequalities can

be violated by no more than 100β%. This, in fact, is mathematically equivalent to

imposing a DVC; a proportion of voxels within a structure are permitted to violate

their HDCs, but with an upper bound imposed on the magnitude of the violation. For

given values of α and β there is degeneracy in the choice of which specific voxels may

violate their constraints. The IMRT inverse problem therefore becomes a combinato-

rial problem which can be solved using a variety of mixed integer programming (MIP)

methods [385, 386, 387, 388, 389, 390, 391, 392], including later formulations specifi-

cally for IMPT [393, 394], though such methods can be prohibitively impractical and

time-consuming at the scale of clinical plan complexity [372, 384, 370, 394]. MIP for-

2The term “relaxation” is used carefully. Throughout this Chapter it is (unavoidably) mentioned
by three unique definitions. Here it refers to allowing a certain amount of overflow or underflow
compared to the dose prescription. It is later used in reference to projection onto sets, and to
approximating non-convex sets with a convex hull.
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mulations hard-code and strictly enforce the prescribed DVCs, which differ from the

more commonly used least-squares formulations in which DVCs are only encouraged

through additional terms in the objective function. The former are sometimes referred

to as “hard DVCs” and the latter “soft DVCs”. In aiming for fast plan production

in clinical settings, soft DVCs are generally favoured [395, 376, 396, 379, 397, 398].

Mukherjee et al. [399] recently proposed a two-phase optimisation algorithm that

makes use of both soft and hard DVC formulations; a convex heuristic method first

identifies voxels likely to receive doses violating the DVC thresholds, before applying

hard dose limits on those voxels.

Convex relaxations of DVC prescriptions are attractive alternatives to hard-DVC-

based MIP algorithms for flexible and computationally tractable inverse planning

[400], however the inverse problem is merely an approximation under such a relax-

ation and, in the case of least-squares linear programs, “optimality” of the solution

remains governed by a largely subjective cost function. Plan quality is subject to ex-

pert interpretation and it is therefore not uncommon for physicians to disagree at the

stage of plan approval [401, 402]. Due to this subjectivity and the multi-objectiveness

of IMRT inverse problems, the weighting factors, ws, in (6.1) for each structure in

the cost function must be judiciously adjusted numerous times by a trial-and-error

process before a plan is considered clinically acceptable [403]. This issue has been

somewhat mitigated through the adoption of multi-criteria optimisation (MCO) tech-

niques in modern treatment planning systems, whereby a number of pareto-optimal

solutions may be presented to the planner that are noticeably different, but still

equally valid choices based on the value of the cost function [404, 405, 406, 407, 408].

For example, one plan may place a higher priority on achieving tumour dose coverage

while another may sacrifice some coverage for reduced leakage to an adjacent critical

structure. Both plans may be considered optimal by some metric, but perhaps not

by others. While MCO enables more possible treatment scenarios to be explored,
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they remain computationally inefficient in practice and expert clinical judgment is

required to assess overall plan quality [400]. Some attention has been given to the

direct use of dose-response metrics in place of DVC-relaxation. Convex problems

may be formulated with quasi-biological models such as tumour control probabilities

(TCP) and normal tissue complication probabilities (NTCP) based on, for example,

equivalent uniform dose (EUD) [155, 156, 396, 409]. Others have abstracted concepts

from areas of operational research, including rectifier (or sigmoidal) activation [406],

conditional value-at-risk (CVaR) [379, 380, 410] and stochastic dominance [411]. How-

ever, there are some drawbacks with this dose-response approach. Quantities such

as TCP, NTCP and EUD are highly degenerate functions of dose-volume combina-

tions, and can therefore be insensitive to dose hot spots and dose heterogeneity in

general [396, 409]. While it is certainly convenient to reduce DVH data down to a

single value, there is significant loss of information in this process and no universally

accepted metric to substitute case-by-case clinical judgement.

Figure 6.2: An example of convex feasibility-seeking in two dimensions. The feasible region
(shaded) arises from the intersection of lower-halfplanes defined by lines H1 and H2. Starting with
an arbitrary initial estimate x(0), the next iterate is computed by projecting x(0) orthogonally onto
H1. Sequential projections are made between H1 and H2, with the estimate converging on a feasible
solution, x∗.

The discussions above have expressed a number of challenges in the incorpora-
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tion of dose-volume effects in radiation therapy treatment planning. Conventional

cost-minimisation approaches are subject to multiple local minima and therefore sub-

optimal plan quality, while convex reformulations of the inverse problem are approx-

imate and subjective. Addressing dose-volume effects through DVC prescriptions

allows for the robust consideration of well-defined complication probabilities accu-

mulated over decades of documented clinical experience [385, 372]. Further, these

constraints are physically well-understood and tangible, unlike “black-box” models

used in the calculation of metrics such as TCP and NTCP [372]. In defining multiple

DVCs on a structure there is also flexibility in the amount of control placed on the

desired DVH curves. Exact modelling of DVC prescriptions implemented through

MIP methods can produce an optimal solution, if one exists, however such meth-

ods can be prohibitively impractical. Multi-objectiveness of planning criteria and

subjectiveness in the assessment of overall plan quality shift the problem of IMRT

inverse planning from one of optimisation to one of compromisation. Here, we define

compromisation as the process of finding any feasible dose solution that results from

unavoidable trade-offs between meeting the imposed constraints. Feasibility-seeking,

as opposed to cost-minimisation, algorithms are therefore well suited to IMRT in-

verse problems, and have been a topic of development over the past four decades

[18, 21, 412, 413, 414, 384, 371, 415, 416, 378, 417]. See, in particular, the commen-

tary by Censor [412] and references therein. In a fully-discretised approach to IMRT

inverse planning, as described earlier, HDCs may be represented by half-spaces in the

beamlet intensity vector space. Feasible dose solutions for IMPT plans have been

shown to result from iterative projections of the beamlet intensity vector onto such

half-spaces [416]. Figure 6.2 demonstrates how orthogonal projections may be used to

converge on an a feasible solution to a convex feasibility-seeking problem. DVCs man-

ifest as additional {α, β}-relaxations [384] which give rise to non-convex sets in the

dose vector space. The result is a split feasibility problem between these two mathe-
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matical spaces of different dimensions; the space of beamlet intensity vectors, x, and

the space of dose vectors, Ax. Split feasibility problems have been examined with

mathematical rigour in cases where all sets are convex [418, 419, 420, 421, 422, 423],

although there have been a limited number of recent studies which explored the be-

haviour of iterative projections onto non-convex sets [424, 425, 426, 427]. In previous

work, {α, β}-relaxations were formalised as percentage violation constraints (PVCs)

specifically for the purpose of modelling DVCs in radiation therapy [378]. Non-convex

DVCs were imposed in a continuous manner, as opposed to integer methods, through

the use of the `0 sparsity-norm, which counts the number of non-zero entries in a

vector. This Chapter builds upon those methods, offering improved flexibility in its

implementation and suggestions for clinical use, including an automatic parameter-

selection protocol that requires no intervention from the user.

6.2 Methods

Section 6.1 introduced the fully-discretised IMRT inverse problem and offered insight

into its reformulation as a split-feasibility problem, which is briefly summarised as

follows:

1. each beamlet gives rise to a column of a matrix, A, which gives the dose de-

posited in each voxel due to one beamlet;

2. the relative number of fired particles in each beamlet is given in a column, x;

3. Ax is then the weighted average of the beamlet doses, and therefore gives the

total dose in each voxel;

4. mathematical feasibility-seeking methods are then used to choose suitable beam-

let intensities, x, such that the prescribed dose constraints are met.

M.D. Brooke, 2020 169



6 | A flexible projection-based inverse planning algorithm for radiation therapy

Suppose we have Sa closed volumes representing avoidance structures (OARs)

and St closed volumes representing target structures, such as the PTV. Suppose a

structure with identification index s ∈ {1, . . . , Sa, Sa + 1, . . . , Sa + St} contains ms

voxels. The matrix As = (aji ) ∈ Rms×n
+ contains the forward-calculated dose due to n

pencil beams with unit radiation intensity. Variable relative pencil beam intensities

(which must be nonnegative) are stored in the column vector x = (xj)1≤j≤n. That is,

(as)
i
jxj is the dose deposited in voxel i due to pencil beam j. The total dose in voxel

i, which shall be denoted dis, due to all beamlets is given by the superposition of all

beamlet contributions,

dis :=
n∑
j=1

(as)
i
jxj = 〈ais,x〉 (6.3)

where 〈·, ·〉 is the Euclidean inner product and ais is the i-th row vector of As. The

column vector containing the dose in each voxel of structure s is given by

ds = Asx. (6.4)

6.2.1 Hard dose constraints (HDCs)

For each avoidance structure s ∈ {1, . . . , Sa},

0 ≤ ds ≤ us, (6.5)

where the i-th element of us = (uis)1≤i≤ms is the maximum dose permitted for voxel

i of structure s. For each target structure s ∈ {Sa + 1, . . . , Sa + St},

ls ≤ dis ≤ us, (6.6)

where the i-th element of ls = (lis)1≤i≤ms is the minimum dose permitted for voxel i

of structure s.
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6.2.2 Dose volume constraints (DVCs)

For each avoidance structure s ∈ {1, . . . , Sa},

0 ≤ ds ≤ (1 + βs)us, (6.7)

‖(ds − us)+‖0 ≤ αsms (6.8)

where the i-th element of us = (uis)1≤i≤ms is the maximum dose permitted for voxel

i of structure s, but overflow of (100βs)% is permitted in at most (100αs)% of the

voxels. βs ∈ (0, 1) and αs ∈ [0, 1]. The sparsity norm operation ‖ ·+‖0 counts

the number of positive, non-zero entries in a vector. For each target structure s ∈

{Sa + 1, . . . , Sa + St},

(1− βs)ls ≤ ds ≤ us, (6.9)

‖(ls − ds)+‖0 ≤ αsms (6.10)

where the i-th element of ls = (lis)1≤i≤ms is the minimum dose permitted for voxel i

of structure s, but underflow of (100βs)% is permitted in at most (100αs)% of the

voxels. Here, βs ∈ (0, 1) and αs ∈ [0, 1].

6.2.3 Problem statement: the non-convex split feasibility

problem (SFP)

In the previous subsection we defined constraints which may be imposed on the ab-

sorbed dose matrix As for some structure s. These give rise to a system of linear

inequalities in the case of (6.5)-(6.9) and a non-linear system in the case of (6.8)

and (6.10). All structures and their linear constraints may be combined using block-

matrices as follows. Let A ∈ RM×n
+ be the matrix formed by blocks of all matrices As
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where M :=
∑Sa+St

s=1 ms. Vectors b, c ∈ RM are similarly defined such that each block-

vector corresponds to linear constraints imposed on structure s. Written explicitly,

A :=



A1

A2

...

ASa

−ASa+1

−ASa+2

...

−ASa+St


, b :=



v1

v2

...

vSa

−vSa+1

−vSa+2

...

−vSa+St


, c :=



0

0
...

0

−uSa+1

−uSa+2

...

−uSa+St


, (6.11)

where for all avoidance structures, s ∈ {1, 2, . . . , Sa},

vs :=

{
us, if an HDC is applied to s, (6.12a)

(1 + βs)us, if a DVC is applied to s, (6.12b)

and for all target structures, s ∈ {Sa + 1, Sa + 2, . . . , Sa + St},

vs :=

{
ls, if an HDC is applied to s, (6.13a)

(1− βs)ls, if a DVC is applied to s. (6.13b)

The linear HDC constraints may now be expressed as the set

C :=
{
x ∈ Rn

+| c ≤ Ax ≤ b
}
. (6.14)

We may instead define M hyperslabs in Rn, namely

Ci :=
{
x ∈ Rn

+| ci ≤ 〈ai,x〉 ≤ bi
}
, i = 1, 2, . . . ,M, (6.15)

where ai is the i-th row of A, and bi and ci are the i-th components of b and c,

respectively. We must now also address the non-linear constraints arising from DVC

constraints in (6.8) and (6.10). Let ∆ ⊆ {1, 2, . . . , Sa, Sa + 1, . . . , St} be the set
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Figure 6.3: The possible choices of the vector of beamlet intensities x is restricted to the set of
linear constraints C. The SFP in (6.17) requires that for each structure s with a DVC applied to it,
one must also restrict the dose vector Asx to the possibilities in the set of non-linear constraints Qs.
Any vector x∗ in the set Γ = C ∩A−1(Qs) will satisfy both the linear and the non-linear constraints
and therefore be labelled a feasible solution.

containing the identification numbers of all structures to which a DVC is applied.

For each structure s ∈ ∆ we define the non-convex set

Qs :=

{{ds ∈ Rms| ‖(ds − us)+‖0 ≤ αsms} , s ≤ Sa, (6.16a)

{ds ∈ Rms| ‖(ls − ds)+‖0 ≤ αsms} , s > Sa. (6.16b)

The IMPT (or more generally, IMRT) inverse problem now becomes a multiple-set

non-convex split-feasibility problem (SFP) in which we seek a vector of beamlet in-

tensities, x∗, that satisfies the set of linear constraints, C, while Ax∗ simultaneously

satisfies all sets, Qs, for s ∈ ∆, of non-linear dose-space constraints. The problem

statement may be written as follows:

Find x∗ ∈
M⋂
i=1

Ci such that Asx
∗ ∈ Qs ∀ s ∈ ∆. (6.17)

6.2.4 Split-feasibility seeking methods for solving the SFP

Let us briefly regress from the context of treatment planning and phrase the SFP

mathematically on only two nonempty closed convex sets C and Q. If A represents
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a bounded linear transformation from one Hilbert space to another, A : H1 → H2,

and C ⊆ H1 and Q ⊆ H2 then the SFP is to find the element x∗ ∈ C such that

Ax∗ ∈ Q [428]. The space of all possible solutions is given by Γ = C ∩ A−1(Q). In

most purposes we restrict our domain to Euclidean space, where C ⊆ RN , Q ⊆ RM

and A is a real-valued matrix with dimensions M × N . Censor and Elfving in their

1994 paper [429] first proposed iterative methods for solving the SFP which required

computing matrix inverses at each step. The well-known CQ algorithm by Byrne

[430, 431], which does not require matrix inverses, is now commonly used in signal

processing and image reconstruction.

Byrne’s CQ algorithm starts with an arbitrary initial estimate of the solution,

x(0), and for each successive iteratation, k ∈ N, the solution is updated via

x(k+1) = PC
(
x(k) + γAT (PQ − I)Ax(k)

)
, (6.18)

where I is the identity operator (I(z) = z for any element z), AT is the matrix

transpose of A and γ ∈ (0, 2/L). L is the largest eigenvalue of the matrix ATA. The

operator PΩ denotes the orthogonal projection of a point onto a set Ω.

In the case of treatment planning with a single DVC, Penfold et al. [378] proposed

an algorithmic framework using both Byrne’s CQ algorithm and an automatic relax-

ation method that uses cyclic projections. In order to include multiple DVCs one may

follow the work of Wang and Xu [432] which details a cyclic algorithm for solving the

multiple-set split feasibility problem as defined by Censor and Elfving [429].

In the context of our treatment planning problem with multiple DVCs we may use

Algorithm 1, based on the work of Wang and Xu. Alternatively, making use a cost

function, the SFP in (6.17) could be rephrased as a minimisation problem as follows:

M.D. Brooke, 2020 174



6 | A flexible projection-based inverse planning algorithm for radiation therapy

Find x∗ ∈ Rn
+ which minimises

f(x) =
1

2

{
M∑
i=1

‖x− PCi
(x)‖2 +

∑
s∈∆

‖Asx− PQs (Asx)‖2

}
.

(6.21)

In either methodology, one must compute the projections onto the hyperslabs Ci,

defined in (6.15), and onto the non-convex sets Qs, defined in (6.16a) and (6.16b). If

an element z ∈ Rn is not within Ci then it is projected orthogonally onto the nearest

Algorithm 1 Fully sequential dynamic string-averaging CQ-method

1: Set an arbitrary x(0) ∈ Rn.

2: Set maximum number of allowed iterations kmax.

3: Set voxel iteration index k = 0.
4: while k < kmax do
5: i(k)← (k mod M) + 1 . Cyclic control over rows of A.
6: Get structure index s(i(k)).
7: . s(i(k)) from lookup table.

8: if s(i(k)) ∈ ∆ then
9:

x(k+1) ← PCi(k)

(
x(k) − γATs(i(k))(I − PQs(i(k))

)As(i(k))x
(k)
)
, (6.19)

10: . γ may take any value in
(
0, 2/‖As(i(k))‖2

)
.

11: . ‖As(i(k))‖2 is the Frobenius matrix norm.

12: end if
13:

x(k+1) ← PCi(k)

(
x(k)
)
. (6.20)

14: for all elements
(
x(k+1)

)
j
in x(k+1) do

15: if
(
x(k+1)

)
j
< 0 then

16: Set (x(k+1))j ← 0.
17: end if
18: end for
19: k ← k + 1
20: end while
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Figure 6.4: Orthogonal projection PΩ(z) of an element z onto the hyberslab Ω. In the case that
z is above the hyperplane H1, which defines a boundary of Ω, the projection is made onto H1. The
relaxation parameter λ allows the projection to (a) fall on H1 exactly, (b) overshoot H1, or (c)
undershoot H1.

hyperplane which defines a boundary of Ci. Otherwise, no action is taken. That is,

PCi
(z) =



z, ci ≤ 〈ai, z〉 ≤ bi, (6.22a)

z + λ
ci − 〈ai, z〉
〈ai, ai〉

ai, 〈ai, z〉 < ci, (6.22b)

z + λ
bi − 〈ai, z〉
〈ai, ai〉

ai, 〈ai, z〉 > bi, (6.22c)

where λ ∈ (0, 2) is a user-chosen relaxation parameter allowing the projection to over-

or under-shoot the hyperplane instead of falling exactly onto it. This is demonstrated

in Figure 6.4.

The projection onto the set Qs follows a different recipe. First, a translation is

made to simplify the projection. For a generic element, w ∈ Rms ,

PQs(w) :=

{
PQs

(w − us) + us, s ≤ Sa, (6.23a)

−PQs
(ls −w) + ls, s > Sa, (6.23b)

where

Qs := {y ∈ Rms| ‖y+‖0 ≤ αsms} . (6.24)

We have translated our problem from projecting w ∈ Rms onto Qs to projecting

the shifted point w′ ∈ Rms onto Qs. First we count the number of positive entries in

the vector w′, denoted l = ‖w′+‖0. If l ≤ αsms then w′ is already in the set Qs and no

action is taken. However, if l > αsms then PQs
(w′) replaces the dl − αsmse smallest

positive components of w
′

with zeros and leaves the other components unchanged.
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6.2.5 Further insight into Byrne’s CQ formula

In the context of treatment planning, Byrne’s formula ((6.18)) is used to iteratively

update the vector of beamlet intensities, x, by using projections onto the constraint

sets. Here, we simplify the IMRT problem by considering only one DVC set, Q,

and one structure, whose dose-influence matrix is denoted A. Byrne has proven

convergence in the general case3 [430], but why should one expect it to converge? We

explain here three major components of the procedure:

x(k+1) = PC

x(k) + γ

2︷ ︸︸ ︷
AT (PQ(Ax(k))︸ ︷︷ ︸

1

−Ax(k))


︸ ︷︷ ︸

3

, (6.25)

1 The operation PQ involves comparing the dose vector, Ax, to the HDC (min-

imum or maximum permitted dose) imposed on the structure represented by

A. Any voxel containing dose below the minimum or above the maximum is

violating the HDC. The projection operator, (6.23a) or (6.23b), “removes” the

smallest violations by setting the dose to the HDC value. This process can be

Figure 6.5: In the case of 6 voxels representing an OAR, if we allow the dose in one third of them
to overflow, then the operator PQ takes the lowest violation (voxel 3) and decreases the contained
dose to the prescribed maximum.

3Note that Byrne’s proof requires static, pre-chosen relaxation parameters, λ and γ.
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seen more clearly in the example in Figure 6.5.

2 The difference between the new dose distribution and the previous is given by

PQ(Ax) − Ax. We wish to infer from this the difference between the intensity

vectors needed to achieve these dose distributions. We could use the matrix

inverse, A−1, to transform back to the intensities space, but computing the

inverse is inefficient. Instead, we may use the fact that ATA is an orthogonal

matrix, so the transformation x 7−→ ATAx preserves lengths. That is, if x,y ∈

Rn and A has n rows then4

(ATAx− ATAy)T (ATAx− ATAy) = (x− y)T (x− y). (6.26)

3 The bracketed term in (6.25) is the new estimate of beamlet intensities (weighted

by γ) after trying to satisfy the non-linear constraints in Q. This estimate is

now projected onto the linear constraint set C, giving a compromise between

the two sets of contraints. This entire process is repeated over many iterations.

6.2.6 Dynamic self-adaptive relaxation parameter methods

In the previous subsection we explored how we may seek a solution to the SFP through

the use of iterative projection methods, namely (6.19), and (6.20) in Algorithm 1, the

generalised extension of Byrne’s CQ agorithm (6.18) [430, 431] based on the work of

Wang and Xu [432]. Recall that these iterative methods involve projections onto the

sets Ci for i = 1, 2, . . . ,M , and Qs for s ∈ ∆. The constraints imposed by these sets

can be categorised as follows.

• The sets Ci arise from constraining the maximum and minimum permitted dose

in voxel i. Note that this includes any permitted over- and under-flow. These

sets encode the HDCs.

• The sets Qs arise from limiting the number of voxels in structure s that are

4The proof of (6.26) is straightforward using (ATA)T (ATA) = I where I is the identity.
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permitted to have dose larger than the specified maximum or smaller than the

specified minimum. These sets encode the DVCs.

Projections onto Ci are “relaxed” with λ ∈ (0, 2) and projections onto Qs are relaxed

with γ ∈
(
0, 2/‖As(i(k))‖2

)
. These values are called relaxation parameters as they

allow a projection to fall within close proximity of the set without necessitating that

it fall exactly on the boundary. It is common practice to choose an arbitrary λ and γ

prior to the first iteration and retain the same values through all iterations. However

the possibility of using dynamic parameters λ(k) and γ(k), which may be updated on

each iteration, k, has been explored [433, 434].

A method is proposed here which monitors the percentage of voxels violating

their constraints and accordingly updates structure specific λ
(k)
s and γ

(k)
s parameters

to shift the attention of the algorithm to satisfying the constraints which are most

violated. We shall refer to this as the method of Self-Adaptive Relaxation Parameters

(SARP). Using SARP, (6.19) is replaced by

x(k+1) = PCi(k)

(
x(k) − γ(k)

s(i(k))A
T
s(i(k))(I − PQs(i(k))

)As(i(k))x
(k)
)
, (6.31)

where the PCi(k)
projections use λ

(k)
s(i(k)) in place of λ in (6.22a)-(6.22c).

We propose here two variants of the SARP method. In both versions, the relax-

ation parameters, λs and γs, are initially set to their mid-range. After each algo-

rithmic cycle of the Dynamic String-Averaging CQ-Method (DSACQ), meaning one

pass through all imposed constraints, the number of voxels violating each type of con-

straint are counted. After some number of consecutive cycles (e.g. 10) it is assessed

whether any of the constraint violations are starting to stabilise; that is, the number

of violations does not significantly decrease from one iteration to the next. If this is

the case then the relaxation parameters are updated.

One version of the algorithm, SARP1 (Algorithm 2), uses a “bisection-like” method

to update the parameters while another, SARP2 (Algorithm 3), assigns exact values

based on the ratio of the number of violations between the HDCs and the DVCs. Both

of these variations of the SARP method encourage over-relaxation in the projections
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onto the sets representing the least satisfied constraints and under-relaxation in those

onto the constraint sets that are most satisfied.

The ultimate purpose of any parameter-update scheme would be to shift the at-

tention of the algorithm onto the objectives5 that need the most improvement.

Algorithm 2 Self-adaptive Relaxation Parameter method: version 1 (SARP1)

Usage: If called at the k-th iterate of the Dynamic String-Averaging CQ-Method
(Algorithm 1), SARP1 executes the following:

1: for each structure s with a DVC do
2: Count elements of Asx

(k) for which x(k) violates HDC constraints

3: Set as ηsC
4: Count elements of Asx

(k) which violate DVC constraints

5: Set as ηsQ
6: if ηsC > ηsQ then
7: . There are more HDC violations than DVC violations

8: . Place more emphasis on HDC projections

9:

γ(k+1)
s ← 1

2
γ(k)
s (6.27)

λ(k+1)
s ← 1

2
λ(k)
s +

1

2
λs,max (6.28)

10: else if ηsQ > ηsC then
11: . There are more DVC violations than HDC violations

12: . Place more emphasis on DVC projections

λ(k+1)
s ← 1

2
λ(k)
s (6.29)

γ(k+1)
s ← 1

2
γ(k)
s +

1

2
γs,max (6.30)

13: else
14: Do nothing.

15: end if
16: end for

5The objectives here are to minimise the number of voxels that violate a certain type of con-
straint.
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Algorithm 3 Self-adaptive Relaxation Parameter method: version 2 (SARP2)

Usage: If called at the k-th iterate of the Dynamic String-Averaging CQ-Method
(Algorithm 1), SARP2 executes the following:

1: for each structure s with a DVC do
2: Count elements of Asx

(k) for which x(k) violates HDC constraints

3: Set as ηsC
4: Count elements of Asx

(k) which violate DVC constraints

5: Set as ηsQ

λ(k+1)
s ← ηsC

ηsC + ηsQ
λs,max (6.32)

γ(k+1)
s ←

ηsQ
ηsC + ηsQ

γs,max (6.33)

6: end for

6.3 Discussion

This work provides a proof of concept for a projection-based IMRT inverse planning

algorithm, called the dynamic string-averaging CQ-method (DSACQ), that is mathe-

matically robust to the order and weighting with which projections are executed, even

in non-convex settings imposed by multiple DVCs. A self-adaptive relaxation param-

eter (SARP) method has been proposed to continually monitor constraint violations

and shift the attention of the algorithm to better meet those constraints that are most

violated. This is achieved by dynamically adjusting the amount of over- or under-

relaxation of projections onto individual constraint sets. Unlike cost-minimisation

algorithms, the DSACQ method uses split-feasibility seeking techniques to obtain a

feasible dose solution, based on the imposed constraints, rather than claiming opti-

mality of the solution, which is both subject to clinical interpretation and unable to be

mathematically guaranteed using a non-differentiable and non-convex cost function.

The DSACQ method is able to exactly model DVC prescriptions, without the need

for linear approximations, and avoid impractical combinatorial optimisation methods

through the use of an `0-sparsity constraint applied to sets representing the DVCs.

The DSACQ algorithm has been presented here in its practical medical physics
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context. However, its more generalised formulation has been outlined in a mathe-

matical paper [417] in which convergence properties have been rigorously analysed6.

Though beyond the scope of this thesis, it may be of interest to the reader to recognise

that the IMRT inverse problem there is formulated in terms of nonempty fixed-point

sets defined on Landweber-type operators (see, e.g., [435, 436, 437, 438]). The applica-

bility of convergence properties discussed in [417] to the SARP methods detailed here

(Algorithm 2 and Algorithm 3) is briefly visited in Appendix D. In this Chapter the

DSACQ is presented, for the sake of simplicity, as a fully-sequential algorithm with

unit weights. That is, the solution vector, x, is successively updated in a sequence

according to individual projections onto each structure and each voxel. Any prioriti-

sation between structures or constraints occurs only through changing the relaxation

parameters, and not through premultiplying weights to the update formulae in (6.19)

or (6.20). Though, in practice, additional flexibility is gained by varying weights

and implementing string-averaged projections (see, e.g., [439, 440, 441, 442]). Figure

6.6 illustrates an example in which fully-simultaneous block-iterative (or “Cimmino”)

projections differ from fully-sequential (or “Kaczmarz”) projections, performed with

four hyperplanes. The shaded region in Figure 6.6(b) represents the possible solu-

H1

H2

H3H4

x(k) H1

H2

H3H4

x(k)

x(k+1; 1)

x(k+1; 2)x(k+1; 3)

x(k+1; 4) x(k+1)x(k+1)x(k+2)x(k+3)x(k+4)

(a) (b)
Figure 6.6: Examples of (a) fully-sequential and (b) fully-simultaneous projections onto four
hyperplanes, Hi for i ∈ {1, 2, 3, 4}. The current solution vector x(k) is projected onto the four
hyperplanes in order to determine the next iterate(s), x(k+1).

6With many thanks and credit to co-authors Yair Censor and Aviv Gibali.
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tion space for the next iterate of the solution, x(k+1), which depends on the weights

assigned to each individual projection. Block-iterative methods are advantageous for

code parallelisation and allow for shorter run times, however one must be careful in

the length of strings averaged and the weights used, as the rate of convergence may

generally worsen.

Reducing computational time in the feasibility-seeking procedure, possibly through

use of SARP methods (explored in Chapter 7) or running on graphics processing units

(GPUs), for example, opens up the possibility of flooding target volumes with a large

number of pencil beams. Therefore, the task of the clinician in setting up the treat-

ment plan prior to the FMO step becomes simpler. However, this could lead to

an inefficient over-parameterisation of the beamlet intensities. In this case, an `1-

regularised objective function [443] could be defined such that the linear HDCs are

imposed while keeping the number of beamlets used to a minimum. From here, the

usual feasibility-seeking procedure could be used on only the portion of the initial

beamlets with non-zero weights. In photon IMRT the dose resulting from a continu-

ously rotating beam with a variable exposure rate may be approximated by a set of

fixed beams oriented at small angular gradations [444]. This, in theory, opens possi-

bilities for fully-automated planning of volumetric modulated arc therapy (VMAT).

Tractability of the algorithm could be improved by replacing `0-norm constraints

with an `1-norm convex envelope. In such a setting, one could redefine the DVC

projections of the dose. For example, for a DVC on an OAR with maximum permitted

dose vector, u ∈ Rms , one could set

PQs(Asx) := inf{0, Asx− u}+ PQ̄s
(sup{0, Asx− u}) + u (6.34)

where

PQ̄s
(y) := arg min

q̄∈Q̄s

‖y − q̄‖2
2 (6.35)

and

Q̄s := {y ∈ Rms
+ |‖y‖1 ≤ αms}. (6.36)
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Note that Qs remains non-convex and Q̄s no longer represents a strict dose volume

constraint. Instead of counting the number of voxels violating their constraints with

‖·‖0, we now measure the integral amount of dose above the threshold using ‖·‖1. To

address this, one could apply a weighting factor to the upper bound, αms, to better

reflect the integral dose (see, e.g., [445]), or one could apply a “sparsifying” basis. An

example of such a procedure for `1-minimisation is provided below:

min
x∈Rn

∥∥W (k)y(k)
∥∥

1
=
∑
j

w
(k)
j ·

∣∣∣y(k)
j

∣∣∣ (6.37)

subject to yj ≥ 0 ∀j. The weighting factors wj are set to unity on the first iteration,

and then updated for the k-th iterate according to

w
(k)
j =

1

|y(k)
j |+ ε(k)

, (6.38)

where ε(k) > 0 is small. This method has been explored for improving the efficiency

of dose delivery in IMRT by maximising sparsity in the vector of beamlet intensities

[446]. The authors also explored total variation (TV) minimisation to promote spar-

sity in fluence-map variations. This concept could be promising for implementing

dose-homogeneity constraints in the feasibility-seeking procedure described in this

Chapter. For instance, it may be possible to simultaneously impose constraints on

the Fourier space transform of the dose vector for a given structure. In this way, peaks

corresponding to steep dose gradients within the structure (away from the boundary)

could be reduced, thereby enforcing dose homogeneity within the structure.

In the following Chapter, we shift focus from theoretical development of the

DSACQ algorithm to its practical implementation and analyse its performance in

a variety of synthetically-generated test cases as well as archived clinical plans.
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Chapter 7

Implementation and testing of a novel inverse

planning algorithm

7.1 Introduction

In Chapter 6 we examined the inverse problem of radiation therapy treatment plan-

ning in terms of matrix algebra and developed a formalism in which dose volume

constraints (DVCs) can be exactly represented by a sparsity norm constraint, with

no convex relaxation necessary. The problem statement for inverse planning was

presented as a non-convex split feasibility problem, to which we sought a solution

based on iterative projection methods inspired by Byrne’s well-known CQ method

[430, 431]. A new algorithm was proposed, called the dynamic string-averging CQ-

method (DSACQ), which allows flexibility in the weighting and order in which pro-

jections onto constraint sets are executed, and in the number of non-convex DVCs

imposed. The former gives rise to a variety of methods that have the potential to

improve convergence to a feasible dose solution, while the latter is essential for ful-

filling modern treatment planning objectives. Dynamic parameter-update methods

were posed as an extension to the algorithm. These methods dynamically adjust

projection-related parameters to shift the activity of the algorithm to the constraints

that are most violated. Two possible automated implementations were detailed under

the title of self-adaptive relaxation parameter (SARP) methods.

In this Chapter we focus on the implementation of the DSACQ algorithm, in-

cluding its practicality, performance and translation into clinical use. Convergence
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behaviour of the DSACQ algorithm is evaluated in a variety of settings and perfor-

mance of the SARP dynamic parameter-update methods are compared. This analysis

begins with two rudimentary synthetic plans created on two-dimensional pseudo-dose

grids, progresses to a more realistic three-dimensional plan with only two structures,

and then to full archived head-and-neck treatment plans containing up to 23 struc-

tures. Finally, code acceleration is investigated to ascertain whether the DSACQ

algorithm can be quickly implemented in clinical time limitations.

7.2 Methods

We detail here a practical implementation of the fully sequential DSACQ method (Al-

gorithm 1), which was applied in MATLAB version R2019a (The MathWorks, Inc.)

for all test cases that follow. First, or in the zero-th iteration of the algorithm, beamlet

weights are set to unit intensity. That is, x(0) = (1, 1, . . . , 1)T , before running through

an iterative scheme described step-by-step by the pseudo-code in Algorithm 4 (also

summarised as a flow chart in Figure 7.1). Note that in the theoretical formulation

of the inverse problem in Chapter 6 it was most suitable to work in the framework of

block-matrices, where the full dose-influence matrix A was constructed of structure-

specific submatrices, As, for Sa avoidance structures and St target structures. In this

Figure 7.1: Flowchart of Algorithm 4. Ncycles is the number of algorithmic iterations, Nstruct is the
number of structures, and Nvoxels is the number of voxels comprising the current structure. Counter
increments are implied within each loop, with indices starting at 1 by default.
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Algorithm 4 Pseudo-code example for implementation of the DSACQ algorithm

1: Initialise x(0) = (1, 1, . . . , 1)T.
2: Initialise cycle number k = 1.
3: Choose max cycles Ncycles.

4: while k < Ncycles do
5: for s ∈ {1, 2, . . . , Sa, Sa + 1, . . . , Sa + St} do
6: if s ∈ ∆ then
7: Choose some 0 < γ

(k)
s < 2/‖As‖2.

8: x(k) ← x(k) − γ(k)
s ATs (Asx

(k) − PQs(Asx
(k)))

9: end if
10: for i ∈ {1, 2, . . . ,ms} do

11: x(k) ← PCi
s
(x(k)) . Free choice of 0 < λ

(k)
s < 2 within PCi

s
.

12: end for
13: x(k+1) ← x

(k)
+ . Enforce nonnegativity constraint.

14: k ← k + 1
15: end for
16: end while

practical implementation the matrix A need not be numerically evaluated; each As

matrix may be treated independently. This is, programmatically, both simpler and

more efficient than storing a very large matrix in computer memory. Now, in order

to accommodate this method, a small change to the definition of the hyperslabs Ci

in (7.1) is necessary. Without loss of generality, we define, for each structure s,

Ci
s :=

{
x ∈ Rn

+|cis ≤ 〈ais,x〉 ≤ bis
}
, i = 1, 2, . . . ,ms, (7.1)

where bs and cs are the s-th block-vectors of the matrices b and c originally defined

in (6.11), and ms is the number of voxels contained in structure s ∈ {1, 2, . . . , Sa, Sa+

1, . . . , Sa +St}. With this adjusted definition of the hyperslabs representing the hard

dose constraints (HDCs), the orthogonal (metric) projections onto them, PCi
s
, are

defined just as they were in (6.22a)–(6.22c) and the problem statement of (6.17) may

be rewritten as

Find x∗ ∈
Sa+Sb⋂
s=1

ms⋂
i=1

Ci
s such that Asx

∗ ∈ Qs ∀ s ∈ ∆. (7.2)

In Algorithm 4 there are two “for” loop control cycles beginning on Line 5 and
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Line 10. These are written such that the structures may be chosen in any order,

without replacement, and so may the voxels within each structure. The exact control

sequences may be freely chosen by the user to suit their application, however in this

work each cycle of the algorithm invokes a randomly generated ordering. In this way,

possible bias, introduced by always considering one structure before another, can be

avoided. Here, a preset number of cycles, Ncycles, are performed before terminating

the iterative method and assessing the solution. The user may choose to replace this

with a tolerance-based stopping criterion.

7.2.1 Two-dimensional numerical examples

7.2.1.1 Test Case 1

A two-dimensional 512 × 512 pixel grid, representing 262,144 pixels, was set up as

a region of dosimetric interest. In a clinical treatment plan this would represent a

patient geometry and these pixels would be replaced by a large number of three-

dimensional voxels. Two spatial dimensions are assumed for this plan for the sake of

simplicity, though the problem may be easily generalised to three dimensions. A total

of 1,156 uniformly distributed Gaussian “dose” kernel contributions were created to

emulate radiation dose and cover the entire grid. Each kernel was given a standard

deviation of 20 pixels and an amplitude such that a homogeneous flood dose was

achieved with a mean value of 50 units, as shown in Figure 7.2(a, b). From this point

forward it shall be assumed that pixel values correspond to “dose”.

Thus far, 1,156 different matrices of dimensions 512× 512 have been introduced,

each corresponding to a separate dose kernel. In order to form a dose-influence

matrix, A, for use in inverse planning, each matrix must be collapsed to a single

column vector with 262,144 entries while keeping track of which indices corresponded

to which spatial positions in the dose grid. The matrix A is formed by all column

vectors and therefore has 262, 144 rows and 1, 156 columns. A prescription comprised

of four HDCs and three DVCs1, shown in Table 7.1, was applied to three arbitrarily

1DVCs in Table 7.1 are written in the standard notation, DV %, which is the dose that is received
by exactly V% of the structure.
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defined square regions representing two avoidance structures, “Avoidance A” and

“Avoidance B”, and a target structure, “Target”. Pixel indices corresponding to

each of these structures were used to extract the structure-specific block-matrices

A1, A2 and A3, respectively. The vector of beamlet intensities was initialised to

x(0) = (1, 1, . . . , 1)T with 1,156 entries.

Forty cycles (Ncycles = 40) of Algorithm 4 were applied to the problem described

above in order to reduce the dose in the avoidance structures and elevate it in the

target structure, according to the prescription in Table 7.1. In this initial test of

the DSACQ algorithm, the relaxation parameters, λs and γs, for each structure were

set to their midrange values, 1 and ‖As‖−2, respectively. That is, projections were

executed exactly onto the hyperplanes defined by the constraints, with no under- or

over-relaxation. Explicitly, λ1 = λ2 = λ3 = 1, γ1 = 1.546× 10−6, γ2 = 1.545× 10−6,

and γ3 = 1.030× 10−6.

7.2.1.2 Test Case 2

A similar problem to Test Case 1, described above, was set up on a 100 × 100 pixel

grid with 484 Gaussian dose contributions, each with a standard deviation of 12 pixels,

giving a mean dose of 50 units (see Figure 7.3). A coarser grid than that used in Test

Case 1 encourages a larger degree of overlapping dose contributions. Additionally, the

      (a)                              (b)                               (c)
Figure 7.2: (a) A single Gaussian “dose” kernel contribution shown at one grid point. (b) Homo-
geneous flood dose of 50 units formed by superimposing all 1156 contributions. (c) The optimised
dose map showing the structures for which the Test Case 1 prescription in Table 7.1 was applied.

M.D. Brooke, 2020 189



7 | Implementation and testing of a novel inverse planning algorithm

Figure 7.3: (a) Flood dose, with mean of 50 units, formed by superimposing 484 Gaussian dose
contributions. (b) The optimised dose map showing the structures for which the Test Case 2 pre-
scription in Table 7.1 was applied.

target prescription was split over two square regions with more challenging constraints

(see Table 7.1). The DSACQ algorithm was then applied using both variations of the

dynamic parameter-update method, SARP1 (Algorithm 2) and SARP2 (Algorithm

3), as well a static parameter method in which the relaxation parameters are set to

their mid-range for all projections.

7.2.2 Simplified base-of-skull chordoma

The past two test cases have been simplified to two spatial dimensions with Gaus-

sian pseudo-dose contributions, which have no resemblance to pencil beam doses

encountered in proton therapy. In this next case, we progress to real proton dose

contributions from a simplified version of an archived head-and-neck radiotherapy

plan. We have used the 3D base-of-skull chordoma treatment plan originally used

in the 2017 paper by Penfold et al. [378] which introduced the Dose Volume Split

Feasibility (DVSF) algorithm inspiring the current work. Only two structures are

present; an organ-at-risk (OAR) and a planning target volume (PTV), to be avoided

and covered, respectively, as best as practically achievable. The only OAR in this

plan is the brainstem. The DSACQ algorithm was run for 2000 cycles using both

example SARP methods and a static parameter method.
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Table 7.1: Prescriptions chosen for all test cases.

Plan Structure HDCs DVCs

Test Case 1 Avoidance A Dmax = 25 D10% ≤ 20

Avoidance B Dmax = 40 D25% ≤ 30

Target Dmin = 60 D90% ≥ 65

Dmax = 70

Test Case 2 Avoidance A Dmax = 54 D7% ≤ 50

Avoidance B Dmax = 48 D5% ≤ 45

Target A Dmin = 62 D90% ≥ 65

Dmax = 70

Target B Dmin = 60 D85% ≥ 62

Dmax = 65

Test Case 3 Brainstem Dmax = 54 D5% ≤ 50

PTV Dmin = 74.9 D95% ≥ 70

Dmax = 66.5

TROTS Case 1 Parotid (left) Dmax = 6.20 D50% ≤ 0.05

Parotid (right) Dmax = 56.60 D50% ≤ 3.05

SMG (left) Dmax = 24.60 D50% ≤ 3.05

SMG (right) Dmax = 68.90 D50% ≤ 28.65

Spinal Cord Dmax = 20.80 D50% ≤ 0.05

Brainstem Dmax = 19.70 D50% ≤ 0.05

SCM Dmax = 68.40 D50% ≤ 33.55

MCM Dmax = 54.40 D50% ≤ 2.25

MCI Dmax = 48.80 D50% ≤ 0.25

MCRico Dmax = 8.90 D50% ≤ 0.45

Oesophagus Dmax = 6.70 D50% ≤ 0.55

Larynx Dmax = 55.00 D50% ≤ 1.15

Oral Cavity Dmax = 69.90 D50% ≤ 4.35

Patient Dmax = 69.80 D50% ≤ 0.05

CTV High Dmin = 64.70 D50% ≥ 67.45

Dmax = 70.10

CTV Intermediate Dmin = 54.50 D50% ≥ 59.45

Dmax = 70.00

CTV Low Shrunk Dmin = 53.00 D50% ≥ 55.05

Dmax = 57.30

As detailed in Section 2.5.2 of the work by Penfold et al. [378], the Pinnacle treat-

ment planning system (Philips Healthcare, Koninklijke Philips N.V.) was originally

used to contour the PTV and brainstem (OAR) before the DICOM RT structure files

were imported into a MATLAB script. Contours were mapped over the CT coordi-

nates and a dose grid was created in MATLAB to match that defined in Pinnacle.

The dose grid dimensions were 42× 43× 9 voxels with resolutions in the x, y and z
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dimensions of 2 mm, 2 mm and 3 mm, respectively. The x-y pixels of the grid were

twice as large as those in the CT images. Two IMPT fields were defined in a research

release of Pinnacle for proton pencil beam scanning, containing 574 and 564 pencil

beams, at angles of 80◦ and 280◦, respectively. Proximal PTV coverage was ensured

using a range shifter of 7.5 cm thickness for both fields. Pencil beams were set to

80% layer overlap, 0.6 cm lateral spot resolution, 0.4 cm lateral target margin, and 3

standard deviation dose spread during dose calculation. The dose grids correspond-

ing to unit intensity of each proton pencil beam were exported, after being calculated

using the Pinnacle analytical pencil beam scanning algorithm.

7.2.3 The TROTS proton therapy data set

The Radiotherapy Optimisation Test Set (TROTS2) contains 20 proton beam therapy

(PBT) treatment plans for patients with head and neck cancer that were treated with

3-beam intensity-modulated proton therapy (IMPT) [447]. These PBT plans were

created from re-purposed IMRT plans for oropharyngeal cancer patients [448]. The

data includes the agreed-upon final dose solution for comparison. One intention of

the data set is to measure the performance and quality of mathematical solvers.

Here, we provide an in-depth analysis of the DSACQ algorithm applied to the

first case, which we shall refer to as TROTS Case 1. Although the original patient

data was unable to be traced3, the IMPT plans in the TROTS database were based

on a published “wish list” for oropharyngeal cancer treatment using photon IMRT

[448]. TROTS Case 1 most closely resembled the wish list for Stage III cancer of the

hypopharynx, with TNM (tumour, node and metastasis) staging T4aN2bM0. This

means: (1) that the tumour has invaded at least one of the larynx, tongue, muscles in

the jaw, roof of the mouth, or jawbone (T4a); (2) the cancer has spread to more than

one lymph node on the same side as the primary tumour volume, but none measure

larger than 6 cm (N2b); and (3) the cancer has not metastasised (M0). The original

2Available at: https://sebastiaanbreedveld.nl/trots/
3Helpful information was provided by correspondence with Dr. Sebastiaan Breedveld, the creator

of the TROTS data set, however due to the anonymisation of patient data and the age of the data
set, specific case information was unable to be retrieved.
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prescription, on which TROTS Case 1 appears to be based, consisted of multiple

target regions between 54 Gy and 66 Gy [449]. The plan was generated from three

coplanar beams with gantry angles of 50◦, 180◦ and 310◦.

The TROTS plans contain multi-criteria and robust optimisation objectives, how-

ever there are no DVC prescriptions. Therefore, dose-volume histogram (DVH) curves

for each structure were reproduced using the archived dose solution included with the

TROTS plan, in order to extract approximate D50% DVCs as well as minimum and

maximum dose constraints. The purpose of this was to seek similar DVH curves using

the DSACQ algorithm. A number of “ring” structures are present in the original plan

as a means to better shape the target dose. In this implementation these structures

were neglected and, instead, only the main target definition was used. Resulting dose

solutions were compared via their cumulative DVH curves and spatial dose maps.

Wilcoxon signed rank tests were performed at the 95% confidence level to determine

statistically significant variations in the dose differences between the DSACQ solution

and the accepted solution.

Finally, a convergence analysis, using 500 cycles of the DSACQ algorithm, was

performed for all remaining 19 TROTS proton plans using the same methods as those

described above, using both a static parameter method and the SARP2 method.

7.2.4 Code acceleration for clinical efficiency

The DSACQ algorithm was first implemented as an object-oriented program in MAT-

LAB so that it would be easily communicable with matRad4 [163], an open-source

dose calculation and optimisation toolkit, which also runs in MATLAB, used previ-

ously in Chapter 4. The TROTS data set is also formatted as MATLAB data files. In

an effort to increase computational efficiency, the program was rewritten in Python,

exploiting just-in-time (JIT) compilation and CPU multi-threading (MT). Run times

were compared between the original and accelerated implementations.

4Available at: http://e0404.github.io/matRad/
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7.3 Results

The performance of the DSACQ algorithm has been assessed both visually, using

spatial dose maps and DVH curves, and quantitatively through metrics such as the

number of voxels violating their constraints and Wilcoxon signed rank tests.

Each cycle of the DSACQ algorithm was shown to incrementally improve the

dose solution and converge on the prescription in all cases, neglecting finer clinical

considerations. Figure 7.2(c) shows a visualisation of the dose solution for Test Case

1 following the algorithmic procedure. It is common in the clinic to evaluate plans

using their DVH, which shows the percentage of each structure that has received a

certain dose. Figure 7.4 shows a suitable DVH for this plan, with the prescriptions in

Table 7.1 being approximately met. General convergence to the solution is indicated

by a decrease in the total number of pixels violating the constraint imposed upon

them, shown in the log-loss plot in Figure 7.5. Further, log-loss plots for all four

types of constraints (minimum dose, maximum dose, lower DVC and upper DVC)

are displayed in Figure 7.6. Again, these all show a general decrease in the number of
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Figure 7.4: Cumulative dose-volume histogram (DVH) for Test Case 1 showing the percentage of
each structure that has received a certain dose. HDC and DVC prescriptions are shown as filled
circles.
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Figure 7.5: Number of total violations as a function of number of the algorithmic cycles for Test
Case 1. A decrease indicates improvement in meeting the prescription.

violations and, therefore, indicate that the solution gradually improves as the number

of cycles increases.

Log-loss plots show the total number of constraint violations to decrease with the

number of algorithmic cycles for all subsequent cases (Figure 7.7). Oscillatory be-

haviour is observed in both SARP implementations; the number of violations sharply

increases or decreases at each update of the relaxation parameters. This reflects shifts

in the activity of the algorithm to the constraints that are most violated. This is most

evident in Test Case 2, where the prescription is split over two disjoint target regions.

An explanation of this behaviour is left to the Discussion. In general, improvement

in the solution at each iteration is shown not only by a decrease in the number of

violations, but also by smaller fluctuations in this number. Figure 7.8 breaks down

the total violations, using SARP2, from Figure 7.7(a) into the mean percentages of

DVC violations and HDC violations. It can be seen that the average of these viola-

tions follows a downward trend, and that the algorithm’s attempt to meet the DVCs

induces more violations in the HDCs, and vice versa. Setting static relaxation param-

eters, and therefore static step-sizes in the projections, was able to reduce the total

number of violations further than using either SARP method within 5000 algorithmic
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Figure 7.6: Percentage of violations as a function of the number of algorithmic cycles for Test
Case 1, shown separately for HDCs (minimum and maximum doses) and DVCs. An upper DVC
is that which is applied to an avoidance structure while a lower DVC is that which is applied to a
target structure.

cycles. Figure 7.7(b, c) both indicate an increased rate of improvement in the final

dose solution through the use of SARP2.

TROTS Case 1, the most complex plan, achieved target coverage within 0.5 Gy

of the accepted clinical dose solution and offered the same or better sparing in 11

out of 13 organs at risk, according to Figure 7.9 and Wilcoxon signed-rank tests.

The left submandibular gland (SMG) received a median dose of 0.29 Gy greater than

that in the accepted plan and an overall dose difference that is statistically greater

than 0.5 Gy. (Significance here is defined by a Wilcoxon signed-rank test returning

a probability of p < 0.05.) The median dose of the right SMG, however, was lowered

by 2.7 Gy. Excess dose in the brainstem did not statistically exceed 0.25 Gy and

there was no increase in median dose. Figure 7.10 shows the spatial dose distribution
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Figure 7.7: Log-loss curves showing the reduction in the total number of constraint violations as
the number of cycles increases, for (a) Test Case 2, (b) Test Case 3 and (c) TROTS Case 1. All
show both parameter-update schemes, SARP1 and SARP2, as well as the static method in which
the relaxation parameters are set to their mid-range.

for one transaxial and one saggital slice, with some signs of localised hot spots in the

dose difference. In terms of the DVH (Figure 7.11), minimum and maximum dose

constraints are shown to be well met. The majority of D50% doses are the same or

lower than those in the original TROTS plan for organs at risk, and the same or

higher for target regions, with the exception of two ring structures, “CTV High Ring

0-10 mm Outside” and “CTV Combined Ring 0-10 mm”, both of which received less

dose than was originally prescribed. Recall that these ring structures were excluded

from the DSACQ inverse planning criteria, but were originally included in TROTS

as a means to more precisely shape the dose distribution.

Log-loss curves in Figure 7.12 show the relative reduction in the total number

of constraint violations as the number of cycles increases, for all 20 TROTS proton

cases. Results using the SARP2 method are shown against the static method in

which the relaxation parameters are set to their mid-range. It can be seen that plan

quality, by this metric, gradually improves with the number of algorithmic cycles, in

all cases. The mean violation reduction is over 99% for both the static method and

the SARP2 method. SARP2 deviates from the static method after approximately 200

cycles, once the violations begin to stabilise, offering only a slight improvement on

the static method. Dose differences between the DSACQ solution and the accepted
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Figure 7.8: Mean number of constraint violations, as a percentage of the total number of voxels,
shown against the number of algorithmic cycles for Test Case 2 using SARP2. Violations have been
separated into those on DVC constraints, HDC constraints, and the average of these two. The static
method are shown for comparison.

dose solution are shown, for reference, as forest plots in Appendix E, Figures E.1–E.4.

Target coverage is within 1 Gy of the accepted dose solution across all plans. Healthy

tissue dosage is generally equal or better except for some overdosage (within 2 Gy)

of the constrictor muscles, in Plans 3, 6, 10, 13 and 15, and the submandibular gland

in Plan 14.

Accelerated implementation in the Python programming language (version 2) us-

ing CPU multi-threading (MT) and just-in-time (JIT) compilation on up to 20 CPU

threads reduced run time by a factor of 15.4, down to an average of 0.145 seconds

per cycle for the most complex clinical case. A suitable solution was achieved af-

ter approximately 300 cycles (43.5 seconds). Optimising only on linear constraints

(minimum and maximum dose limits) reduced this time to only 15.6 seconds with

an average run time of 0.052 seconds per cycle. The DVH shown in Figure 7.14 was

achieved in only 2.6 seconds, after 50 iterations of the DSACQ algorithm with no

DVCs applied. Figure 7.13 shows the significant speed-up offered by the accelerated
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Figure 7.9: Forest plots showing non-zero dose differences in TROTS Case 1 distributed in the
voxels of the structures of interest. Higher doses obtained using the DSACQ algorithm, when
compared to the included TROTS solution, manifest as positive values. One asterisk beside the
data indicates there is a statistically significant difference in the doses; two or three indicate the
absolute difference is statistically greater than 0.25 Gy or 0.50 Gy respectively. Significance is defined
by a Wilcoxon signed-rank test returning a probability of p < 0.05.

code, compared to the standard MATLAB implementation.

7.4 Discussion

The DSACQ algorithm achieved feasible dose solutions for all test cases, showing a

general trend of decreasing constraint violations as the number of algorithmic iter-

ations was increased. Following from the rigorous mathematical analysis of conver-

gence properties presented in the mathematical paper detailing the DSACQ algorithm

[417], these results give increased confidence that the algorithm performs as required

in the context of radiotherapy inverse planning. In its simplest form, the DSACQ
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Figure 7.11: Cumulative dose-volume-histogram (DVH) for TROTS Case 1. Solid lines represent
the solution after 500 cycles of the DSACQ algorithm using SARP2. Dashed lines represent the
solution included in the TROTS data.

algorithm operates with static relaxation parameters that are set to their mid-range,

meaning each iterate is projected exactly onto the constraint sets. However, dynamic

parameter-update methods can be applied to continually re-weight these projections

in order to satisfy the constraints that are most violated. Two possible candidates

for a self-adaptive relaxation parameter (SARP) method were introduced in Chap-

ter 6, namely SARP1 and SARP2, though the reader is encouraged to explore other

possible implementations. Two additional implementations are provided in Appendix

F; a threshold condition dictating when to adjust the relaxation parameters, and an

extension to shift the focus of the algorithm not only between the HDCs and DVCs,

but between structures as well.

Oscillatory behaviour is observed when implementing both SARP1 and SARP2

for Test Case 2. This is due to interplay between the two target prescriptions, which

are split over two disjoint regions. The algorithm cannot find a solution that satisfies

both target prescriptions, so it tends to oscillate between meeting the requirements
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Figure 7.12: Log-loss curves showing the relative reduction in the total number of constraint
violations as the number of cycles increases, for all 20 TROTS proton cases. Results using the
SARP2 method are shown against the static method in which the relaxation parameters are set to
their mid-range.

of Target A and meeting those of Target B. Figure 7.15 serves to explain this phe-

nomenon; it shows the share of constraint violations between both target regions,

before and after an update of the relaxation parameters. In this case, a compromise

could be to take the average of the two intensity vector solutions, or to switch to the

static parameter method after a sustained period of highly oscillatory behaviour. It

is worth noting that, in terms of the cumulative DVH, the difference between the two

solutions is minuscule (Figure 7.16). As both target prescriptions create steep dose

gradients, the number of constraint violations is very sensitive to small changes in the

beamlet intensity vector. The “bisection-like” method of SARP1 encourages smaller

adjustments at each iteration except for when the majority of violations switches be-

tween the HDCs and the DVCs. This is why some oscillatory behaviour can also be

seen in Figure 7.7(b).

In the two-dimensional problems of Test Case 1 and Test Case 2, Gaussian pseudo-
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Figure 7.13: Run time comparison (per cycle) between original MATLAB implementation and
accelerated Python acceleration of the DSACQ algorithm through multi-threading (MT) and just-
in-time (JIT) compilation for TROTS Case 1. Bottom (blue) bars: all HDC and DVC projections.
Top (orange): only HDC projections.

dose contributions were created in place of realistic proton pencil beam doses for

simplicity. In reality the spatial interaction of pencil beam contributions is non-

uniform and spans three dimensions. The DSACQ algorithm is a fluence-based inverse

planning algorithm that seeks a feasible dose solution by adjusting the weights of pre-

curated pencil beams. Prior to this step, pencil beam angles and energies must be

selected through a separate process. This is similar in principle to the choice of equally

spaced Gaussian kernels in the two-dimensional test cases, such that a homogeneous

dose flooded the target regions. It should be noted that the choice of pencil beam

contributions in the TROTS proton cases are beyond the scope of this work.

It can be concluded, from a combination of Wilcoxon signed-rank tests, cumulative

DVH curves and visualised spatial dose maps, that the final dose solution achieved

by the DSACQ algorithm for TROTS Case 1 did not degrade overall plan quality

compared to the accepted TROTS solution. In fact, most organs received less dose.

However the dose difference alone is not sufficient to claim better healthy tissue spar-

ing or tumour control. For this we may refer to models that calculate normal tissue

complication probabilities (NTCP) and tumour control probabilities (TCP). This is

currently being investigated using methods detailed by Gay and Niemierko [158] and
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Figure 7.14: Cumulative dose-volume-histogram (DVH) for TROTS Case 1 after code acceleration.
Solid lines represent the solution after 50 cycles of the DSACQ algorithm with static relaxation
parameters and no DVCs. Dashed lines represent the solution included in the TROTS data.

Warkentin et al. [450]. For example, while Figure 7.9 could indicate better sparing of

the ipsilateral submandibular gland (“SMG (R)”) using the DSACQ algorithm, pre-

liminary NTCP calculations5 do not necessarily support this; both dose solutions give

a 100% complication probability for the endpoint of decreased salivary flow. However,

inputting the ipsilateral parotid gland DVH data into the NTCP model indicated that

the DSACQ solution decreased the likelihood of xerostomia by as much as 12%, from

35% down to 23%. Even though xerostomia is a subjective endpoint, these predic-

tions are contradictory, as both the SMG and the parotid glands are responsible for

salivary production. Further clarification and analysis of NTCP and TCP modelling

techniques, which is beyond the scope of this thesis, should take place in future stud-

ies. It is of interest to note that the models predicted full tumour control (100%) and

5NTCP calculations were performed by feeding DVH data into a Python script written by Dr.
Pratik Samant (Oxford, UK), which is based on the methods contained in [158, 450].
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Solution 1 Solution 2
Compromise

Figure 7.15: Share of constraint violations between Target A and Target B in Test Case 2. The
outer ring represents the 499th algorithmic cycle while the inner ring represents the 500th cycle,
after an update of the relaxation parameters with SARP2. This behaviour occurs each time the
relaxation parameters are updated. A compromise between the two solutions is to take the average.

less than a 0.1% chance of brainstem or spinal cord necrosis, for both dose solutions.

The DSACQ solution also decreased the likelihood of laryngeal cartilage necrosis from

51% to 10.5%.

The dose difference maps in Figure 7.10(c, f) show localised regions of significant

dose difference, known as “hot spots” (overdose) and “cold spots” (underdose), as

large as 10 Gy. Their presence is likely due to the decision to remove target ring

structures from the inverse planning process, as these help to shape the dose. While

these regions are not immediately recognisable in the DSACQ solution (Figure 7.10(a,

d)), care should be taken in practice to redistribute any hot or cold spots that may

arise in the final solution. This is standard practice in the treatment planning work-

flow. While the algorithm includes volumetric constraints in the form of DVCs, it is

possible for these to be satisfied even when a small subvolume of the structure is sig-

nificantly overdosed or underdosed. In addition to subtle corrections being performed

post-optimisation, hot spot effects can also be somewhat mitigated by defining a new

structure as the disjunctive union of the patient with all other structures and applying
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to it a maximum dose constraint. This structure represents the voxels of the patient

that otherwise have no constraints applied to them.

Applying 500 cycles of the DSACQ algorithm to all 20 TROTS proton therapy

plans led to a 99% reduction, on average, in the number of constraint violations when

compared to the initial dose distribution given by setting all beamlets to unit intensity.

Given this performance, it is not surprising that the static- and dynamic-parameter

(SARP2) methods only differed after approximately 200 cycles and there was little

gain from using SARP2. This particular automatic parameter-update method was

designed to activate when the number of violations begin to stabilise. In cases where

the static method provides a suitable rate of convergence, there is little to no expected

gain from the SARP methods. Testing different SARP implementations in a large

number of clinical plans, covering different treatment sites and plan complexities,

will shed more light on the overall performance of these methods in comparison to

conventionally used static relaxation parameter methods.

The purpose in using the TROTS data set in this work has not been to improve

plan quality; rather, it has been to investigate whether the DSACQ algorithm is

capable of producing similar plan quality to the original solutions. Using DVH curves

of the original solutions to set tolerance dose constraints and D50% DVC prescriptions

has indeed enabled the DSACQ algorithm to produce feasible dose solutions. Moving

forward, alternative prescriptions and other clinical plans may be trialed with further

consultation from clinicians.

The feasibility of using the DSACQ algorithm in clinical settings relies not only on

the quality of the solution it obtains, but on the time it takes to reach that solution.

Standard implementation in MATLAB took approximately 11 minutes to arrive at

a suitable solution while the accelerated implementation in Python took under one

minute, which allows for efficient clinical usage. Furthermore, the solution obtained

in only 2.6 seconds using no DVCs was not too dissimilar from the accepted solu-

tion. One cycle of linear projections could be completed in an average time of 50

ms. It is therefore suggested that some number of cycles of linear projections be

performed prior to “turning on” the DVCs. This allows for the algorithm to quickly
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Figure 7.16: Cumulative dose-volume-histogram (DVH) for Test Case 2. Solid lines represent the
solution after 500 cycles of the DSACQ algorithm using SARP2. Dashed lines represent the solution
after 499 cycles.

shift pencil beam weights closer to the space of feasible solutions before introducing

the more computationally intensive DVC projections. Additional speed-up can be

achieved through the choice of hardware, as the computational time is expected to

scale linearly with the number of CPU cores used during multi-threading. Porting

certain subroutines, such as matrix multiplication, to a GPU was investigated briefly,

however the computational overhead involved typically led to decreased performance.

This is expected for relatively small-scale problems. It could prove useful to investi-

gate GPU implementation for plans with higher resolution dose maps, and therefore

larger matrices, or with larger dose fields, and therefore less sparse matrices. Further

decreasing the time taken to complete one cycle opens the possibility of real-time

user interaction. This could involve dynamically adjusting the relative weighting of

projections or the relaxation parameters through on-screen tools and immediately

seeing the result. There are a myriad of GUI designs that could enable this. The

graphical component of displaying the resulting DVH or dose map would most likely

involve GPU-based calculation methods to avoid computational bottlenecks.

In summary, the DSACQ algorithm introduced in Chapter 6 has been tested

on a variety of cases, including archived head-and-neck cases containing up to 23

delineated structures with both linear and nonlinear constraints imposed. All test
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cases returned feasible dose solutions. An accelerated version of the algorithm which

makes use of multi-threading and just-in-time compilation dramatically reduced the

run time. Numerical convergence can be achieved well within clinically imposed time

restrictions, however finer spatial considerations such as hot and cold dose spots may

still need judicious correction post-optimisation.
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Chapter 8

Concluding remarks

Radiation therapy is a crucial pillar in the treatment of cancer, tangential to chemother-

apy and surgical intervention. Advances in IMRT and proton dose delivery have

enabled highly conformal tumouricidal dose deposition, with proton therapy in par-

ticular able to drive down dose leakage to healthy tissues. However, as has been

vehemently expressed throughout this thesis, physical dose deposition in the patient

does not tell the full story; radiobiological mechanisms and their intermodality differ-

ences must be well-understood, as these describe the processes by which the energy

deposited in cells eventuates in cell death and ultimately clinical outcomes. It has

become increasingly clear that proton RBE is dependent on a number of factors, the

most convincing of which is arguably the LET, or corresponding ionisation density,

as protons are slowed through cellular targets. Despite the evidence of there existing

a variable, depth-dependent proton RBE, there are few examples of radiobiological

optimisation strategies employed in treatment planning systems beyond the simplified

use of a constant multiplicative factor to express the equivalent x-ray dosage.

X-ray and proton treatments alike are planned based on empirical dose-volume

thresholds and extreme (upper or lower) dose tolerances observed for a range of tissues

over many years of clinical experience in conventional radiotherapy. In order to plan

with confidence, one must be able to firstly represent the proton dose, if applicable,

as an accurate x-ray equivalent in units of Gy(RBE), and then shape the dose to

meet all the required HDCs and DVCs. This thesis has proposed novel methods and

recommendations for the inclusion of radiobiological factors in treatment planning
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through (1) a variable but pragmatic RBE model based on the relative likelihood

of DNA double-strand-break induction, and (2) a flexible projection-based inverse

planning algorithm that comprehensively addresses dose-volume effects through the

inclusion of exact DVC modelling on any number of target or avoidance structures.

The biophysical RBE model presented in this thesis captures the fundamental

physical process behind the phenomenon of increased cell-killing efficiency toward

the distal edge of the proton Bragg peak. As a single particle interaction model,

predictions in DSB induction scale linearly with dose, allowing predicitons in over-

lapping voxels due to separate pencil beams to simply add. Consequently, standard

fluence-based inverse optimisation may be applied to the RBE-weighted dose distri-

bution. This RBE model may be used in conjunction with any FMO-based inverse

planning algorithm, which of course includes the algorithm presented in this thesis.

This algorithm takes a feasibility-seeking approach, in contrast to conventional cost-

minimisation techniques, and was demonstrated to generate feasible dose solutions

in non-convex settings, with any number of linear or non-linear constraints imposed.

A flexible implementation is offered, allowing projection parameters to vary freely

within their permitted interval, whether by the self-adaptive methods proposed or by

manual user intervention.

This thesis set out to explore an hypothesis:

Inclusion of DNA damage modelling and comprehensive plan optimisation
strategies, as a result of the methods presented in this thesis, will enable
confident and effective plan creation not only in terms of physical dose
deposition but, crucially, in biological effect.

Evidence for variable RBE and for suitability of the proposed RBE model in practice

was presented through a range of Monte Carlo simulations, implementation strategies,

experimental data comparisons and analysis of a clinical beam line experiment, while

the proposed inverse planning algorithm produced suitable dose solutions to a number

of synthetically generated, as well as complex archived, treatment plans. In future

work, both the RBE model and planning algorithm should be tested on a large variety

of treatment plans and compared to alternate models and algorithms in order to
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build confidence in the approach among specialists and to identify and strengthen

any shortcomings. This author suggests that multi-disciplinary improvements to the

RBE model be explored in more detail, such as the inclusion of DNA damage repair

and tissue-specific response modelling, and that alternate parameter-update methods,

GPU acceleration and user interaction possibilities be proposed and trialled in the

inverse planning algorithm. With these focuses in mind, iterations upon the initial

strategies explored in this thesis will continually improve the confidence with which

radiobiological factors are considered in radiation therapy treatment planning.
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Appendix A

Derivation of the interaction length density function

If we assume a particle enters the cylinder as shown in Figure 3.1 with azimuthal

angle φ ∈ (−π
2
, π

2
) and polar angle θ ∈ (−π

2
, π

2
) then the interaction length ` is given

by

`(θ, φ) =


d

cosφ

cos θ
, |tan θ| ≤ H

d
1

cosφ
, (A.1a)

H

sin θ
, |tan θ| > H

d
1

cosφ
, (A.1b)

where d is the diameter of the cylindrical volume. If the particle exits through the

curved surface of the cylinder then (A.1a) applies. If it exits through the top or

bottom of the cylinder then (A.1b) applies. Reformulating the problem in terms of

x := cosφ and y := cosφ gives

`(x, y) =


xd

y
, x ≤ H

d
y√

1−y2
, (A.2a)

H√
1− y2

, x ≥ H
d

y√
1−y2

. (A.2b)

Both angles are independently chosen from uniform distributions, Φ ∼ U(−π
2
, π

2
) and

Θ ∼ U(−π
2
, π

2
), with corresponding density functions fΦ and fΘ given by

fΦ(φ) =


1

π
, φ ∈ (−π

2
, π

2
), (A.3a)

0, otherwise, (A.3b)
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and

fΘ(θ) =


1

π
, θ ∈ (−π

2
, π

2
), (A.4a)

0, otherwise. (A.4b)

We now define the random variables X ∼ cos Φ and Y ∼ cos Θ. The density function

for X is given by

fX(x) =
∑
k

fΦ(φk)

∣∣∣∣dφdx

∣∣∣∣
φ=φk

(A.5)

where φk are the k solutions to x = cosφ. We have one solution in the first quadrant of

the unit circile, φ1 ∈ [0, π
2
), and the other in the fourth quadrant, φ2 = −φ1 ∈ (−π

2
, 0].

Therefore,

fX(x) =
1

π

∣∣∣∣ −1

sinφ1

∣∣∣∣+
1

π

∣∣∣∣ 1

sinφ1

∣∣∣∣ =
2

π

1√
1− x2

. (A.6)

Similarly,

fY (y) =
2

π

1√
1− y2

. (A.7)

The joint density ofX and Y , denoted fXY , is simply the product of these independent

densities. That is, fXY = fXfY .

Let us now define L ∼ Xd/Y to be a random variable representing the interaction

length in the case that the proton exits through the curved surface of the cylinder.

The cumulative density function for L, or the probability of a particle having an

interaction length of at most `, is given by

FL(`) := P(L ≤ `) =
x

(x,y)∈D

fXY (x, y)dxdy (A.8)

where

D :=

{
(x, y) ∈ R2

+

∣∣∣∣xdy ≤ `

}
. (A.9)

The set D is represented by the shaded region in Figure A.1. Note that the boundaries

of the region for ` ≤ H are different to those for ` > H. The integration in (A.8)
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(a) (b)
Figure A.1: Shaded regions represent the integration region D :=

{
(x, y) ∈ R2

+ |xd/y ≤ `
}

for
examples where (a) ` ≤ H, and (b) ` > H.

becomes

FL(`) =



∫ 1

0

∫ y`/d

0

fXY dxdy, ` ≤ H, (A.10a)∫ √1−(H/`)2

0

∫ H
d

y√
1−y2

0

fXY dxdy

+

∫ 1

√
1−(H/`)2

∫ y`/d

0

fXY dxdy,

` > H. (A.10b)

Finally, the density, fL, is given by

fL(`) =
∂

∂`
FL(`). (A.11)

It can be shown with a few substitutions that the analytical solution is

fL(`) =



4

π2

∂

∂`

∫ 1

0

arcsin
(
ly
d

)√
1− y2

dy, ` ≤ H, (A.12a)

4

π2

∂

∂`

∫ √1−(H/`)2

0

arcsin

(
Hy

d
√

1−y2

)
√

1− y2
dy

+
4

π2

∂

∂`

∫ 1

√
1−(H/`)2

arcsin
(
ly
d

)√
1− y2

dy,

` > H, (A.12b)

M.D. Brooke, 2020 214



A | Derivation of the interaction length density function

Figure A.2: The integration region Dext := {(x, y) ∈ R2
+|y ≤

√
1−H2/`2} is given by the shaded

area.

which can be further simplified to

fL(`) =



4

π2d

∫ 1

0

y√
1− y2

√
1− (`y/d)2

dy, ` ≤ H, (A.13a)

4H

π2`2

arcsin
(
`
d

√
1− (H/`2)

)
√

1− (H/`2)

+
4

π2

∂

∂`

∫ 1

√
1−(H/`)2

arcsin
(
`y
d

)√
1− y2

dy,

` > H. (A.13b)

We have derived the probability density function, fL, for the interaction length dis-

tribution of a particle that passes through a cylindrical volume as shown in Figure

3.1 with diameter d and height 2H, given the particle exits through the curved sur-

face of the cylinder and not through the top or bottom surfaces. For the purposes

of this work, we may take (A.13a) and (A.13b) to be the final solution, as a DNA

double-strand break is most likely to result from a particle passing through the full

diameter of the DNA double helix within 10 base pairs. Nevertheless, we will now

derive the full solution for completeness.

In the case that the particle exits though the top or bottom surfaces, we define
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Lext ∼ H
√

1− Y 2 where the subscript ‘ext’ is given to signify that this is an extension

to the formulation above. The integration region, Dext, becomes

Dext :=
{

(x, y) ∈ R2
+

∣∣∣y ≤√1−H2/`2
}
, (A.14)

which is represented by the shaded region in Figure A.2, and the resulting density

function is

fLext(`) =
4

π2

[∫ `
d

√
1−(H/`)2

0

1√
1− x2

arcsin

(
xd√

H2 + x2d2

)
dx

+

∫ 1

`
d

√
1−(H/`)2

1√
1− x2

arcsin
(√

1− (H/`)2
)

dx

]
.

(A.15)

The full solution, including all possible surfaces through which the particle can exit,

is therefore given by (A.13a) for ` ≤ H and (A.13b)+(A.15) for ` > H.
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C++ scripts for TOPAS extensions

Main script for damage inflicted by protons

1 // * *

2 // * Custom TOPAS extension for scoring accumulated double strand *

3 // * break (DSB) counts per cell. *

4 // * *

5 // * Author: Mark Brooke (mark. brooke@oncology .ox.ac.uk) *

6 // * ( markdanielbrooke@gmail .com) *

7 // * September 2020

8 // ********************************************************************

9 //

10

11 #include "ProtonTotalDamagePlasmonic.hh"

12 #include "G4ParticleTable.hh"

13 #include "G4ParticleDefinition.hh"

14

15 #include "G4VSolid.hh"

16 #include "G4VPhysicalVolume.hh"

17 #include "G4VPVParameterisation.hh"

18 #include "G4UnitsTable.hh"

19

20

21 ProtonTotalDamagePlasmonic :: ProtonTotalDamagePlasmonic(TsParameterManager* pM ,

22 TsMaterialManager* mM , TsGeometryManager* gM, TsScoringManager* scM ,

23 TsExtensionManager* eM, G4String scorerName , G4String quantity ,

24 G4String outFileName , G4bool isSubScorer)

25 : TsVBinnedScorer(pM , mM , gM, scM , eM, scorerName , quantity ,

26 outFileName , isSubScorer)

27 {

28 SetUnit("mole");

29 fProtonDefinition = G4ParticleTable :: GetParticleTable ()
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30 ->FindParticle("proton");

31 }

32

33

34 ProtonTotalDamagePlasmonic ::~ ProtonTotalDamagePlasmonic () {;}

35

36

37 G4bool ProtonTotalDamagePlasmonic :: ProcessHits(G4Step* aStep ,G4TouchableHistory *)

38 {

39 if (! fIsActive) {

40 fSkippedWhileInactive ++;

41 return false;

42 }

43

44 G4double ke = aStep ->GetTrack()-> GetKineticEnergy ()/MeV;

45 G4double edep = aStep ->GetTotalEnergyDeposit ()/ joule;

46 if ( ke > 42.396/1000 && edep > 0. ) {

47

48 if (aStep ->GetTrack()-> GetParticleDefinition ()== fProtonDefinition ){

49

50 G4double T2 = 1;

51 G4double A1 = 117.0067884;

52 G4double B1 = -318.6944555;

53

54 G4double mfp = (ke*1000-T2*exp(-B1/A1))/(A1*log(ke *1000/ T2)+B1);

55 // Plasmonic effects:

56 mfp += sqrt(ke *1000)/(0.681* pow((ke *1000 -42.396) ,1.249));

57

58 // Calculate the number of DSBs produced per cell per Gy

59 // due to this single particle track

60 G4double damage = 25.031*(1 -(1+1.3519/ mfp)*exp ( -1.3519/ mfp ))+2.8725;

61

62 // Multiply by the dose deposited by this particle

63 G4int idx = (( G4TouchableHistory *)(aStep ->GetPreStepPoint ()

64 ->GetTouchable ()))-> GetReplicaNumber(indexDepth );

65 G4double cubicVolume = ComputeVolume(aStep , idx);

66 G4double density = aStep ->GetTrack()->GetStep()-> GetPreStepPoint ()

67 ->GetMaterial()->GetDensity ()/(g/cm3);

68 G4double dose = edep / ( density * cubicVolume ) / 1000;

69 // factor of 1000 above needed to convert g to kg

70 // Multiply by the statistical weight of the track

71 dose *= aStep ->GetPreStepPoint ()->GetWeight ();

72

73 AccumulateHit(aStep , damage*dose*mole );

74 // The unit "mole" is used as a placeholder . It carries no significance .
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75 // The accumulated result is the total number of DSBs per cell

76 // in the voxel of interest.

77 } else {

78 AccumulateHit(aStep , 0*mole );

79 }

80 return true;

81 }

82 return false;

83 };

84

85 G4double ProtonTotalDamagePlasmonic :: ComputeVolume(G4Step* aStep , G4int idx){

86 G4VPhysicalVolume* physVol = aStep ->GetPreStepPoint ()-> GetPhysicalVolume ();

87 G4VPVParameterisation* physParam = physVol ->GetParameterisation ();

88 G4VSolid* solid = 0;

89 if(physParam)

90 { // for parameterized volume

91 if(idx <0)

92 {

93 G4ExceptionDescription ED;

94 ED << "Incorrect replica number --- GetReplicaNumber : "

95 << idx << G4endl;

96 G4Exception("G4PSDoseDeposit :: ComputeVolume",

97 "DetPS0004",JustWarning ,ED);

98 }

99 solid = physParam ->ComputeSolid(idx , physVol );

100 solid ->ComputeDimensions(physParam ,idx ,physVol );

101 }

102 else

103 { // for ordinary volume

104 solid = physVol ->GetLogicalVolume ()->GetSolid ();

105 }

106

107 return solid ->GetCubicVolume ()/ cm3;

108 };
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Header file for damage inflicted by protons

1 //

2 // ********************************************************************

3 // * *

4 // * Header file for the custom TOPAS extension for scoring *

5 // * accumulated double strand break (DSB) counts per cell. *

6 // * *

7 // * Author: Mark Brooke (mark. brooke@oncology .ox.ac.uk) *

8 // * ( markdanielbrooke@gmail .com) *

9 // * September 2020 *

10 // ********************************************************************

11 //

12

13 #ifndef ProtonTotalDamagePlasmonic_hh

14 #define ProtonTotalDamagePlasmonic_hh

15

16 #include "TsVBinnedScorer.hh"

17

18 class ProtonTotalDamagePlasmonic : public TsVBinnedScorer

19 {

20 public:

21 ProtonTotalDamagePlasmonic(TsParameterManager* pM , TsMaterialManager* mM,

22 TsGeometryManager* gM , TsScoringManager* scM , TsExtensionManager* eM,

23 G4String scorerName , G4String quantity , G4String outFileName ,

24 G4bool isSubScorer );

25

26 virtual ~ProtonTotalDamagePlasmonic ();

27

28 G4bool ProcessHits(G4Step*,G4TouchableHistory *);

29

30 G4double ComputeVolume(G4Step*, G4int);

31

32 protected:

33 G4ParticleDefinition* fProtonDefinition;

34 };

35 #endif
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Main script for damage inflicted by electrons

1 // Scorer for ElectronTotalDamagePlasmonic

2 //

3 // ********************************************************************

4 // * *

5 // * Custom TOPAS extension for scoring accumulated double strand *

6 // * break (DSB) counts per cell. *

7 // * *

8 // * Author: Mark Brooke (mark. brooke@oncology .ox.ac.uk) *

9 // * ( markdanielbrooke@gmail .com) *

10 // * September 2020

11 // ********************************************************************

12 //

13

14 #include "ElectronTotalDamagePlasmonic.hh"

15 #include "G4ParticleTable.hh"

16 #include "G4ParticleDefinition.hh"

17

18 #include "G4VSolid.hh"

19 #include "G4VPhysicalVolume.hh"

20 #include "G4VPVParameterisation.hh"

21 #include "G4UnitsTable.hh"

22

23

24 ElectronTotalDamagePlasmonic :: ElectronTotalDamagePlasmonic(TsParameterManager* pM,

25 TsMaterialManager* mM , TsGeometryManager* gM, TsScoringManager* scM ,

26 TsExtensionManager* eM, G4String scorerName , G4String quantity ,

27 G4String outFileName , G4bool isSubScorer)

28 : TsVBinnedScorer(pM , mM , gM, scM , eM, scorerName , quantity ,

29 outFileName , isSubScorer)

30 {

31 SetUnit("mole");

32 fElectronDefinition = G4ParticleTable :: GetParticleTable ()

33 ->FindParticle("e-");

34 }

35

36

37 ElectronTotalDamagePlasmonic ::~ ElectronTotalDamagePlasmonic () {;}

38

39

40 G4bool ElectronTotalDamagePlasmonic :: ProcessHits(G4Step* aStep ,G4TouchableHistory *)

41 {

42 if (! fIsActive) {

43 fSkippedWhileInactive ++;
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44 return false;

45 }

46

47 G4double ke = aStep ->GetTrack()-> GetKineticEnergy ()/MeV;

48 G4double edep = aStep ->GetTotalEnergyDeposit ()/ joule;

49 if ( ke > 0.0243/1000 && edep > 0. ) {

50

51 if (aStep ->GetTrack()-> GetParticleDefinition ()== fElectronDefinition ){

52

53 G4double T2 = 1*0.001;

54 G4double A1 = 65.898*0.001;

55 G4double B1 = -128.23*0.001;

56

57 G4double mfp = (ke*1000-T2*exp(-B1/A1))/(A1*log(ke *1000/ T2)+B1);

58 // Plasmonic effects:

59 mfp += sqrt(ke *1000)/(22.228* pow((ke *1000 -0.0243) ,1.01));

60

61 // Calculate the number of DSBs produced per cell per Gy

62 // due to this single particle track

63 G4double damage = 25.432*(1 -(1+1.3858/ mfp)*exp ( -1.3858/ mfp ))+2.836;

64

65 // Multiply by the dose deposited by this particle

66 G4int idx = (( G4TouchableHistory *)(aStep ->GetPreStepPoint ()

67 ->GetTouchable ()))-> GetReplicaNumber(indexDepth );

68 G4double cubicVolume = ComputeVolume(aStep , idx);

69 G4double density = aStep ->GetTrack()->GetStep()-> GetPreStepPoint ()

70 ->GetMaterial()->GetDensity ()/(g/cm3);

71 G4double dose = edep / ( density * cubicVolume ) / 1000;

72 // factor of 1000 above needed to convert g to kg

73 // Multiply by the statistical weight of the track

74 dose *= aStep ->GetPreStepPoint ()->GetWeight ();

75

76 AccumulateHit(aStep , damage*dose*mole );

77 // The unit "mole" is used as a placeholder . It carries no significance .

78 // The accumulated result is the total number of DSBs per cell

79 // in the voxel of interest.

80 } else {

81 AccumulateHit(aStep , 0*mole );

82 }

83 return true;

84 }

85 return false;

86 };

87

88 G4double ElectronTotalDamagePlasmonic :: ComputeVolume(G4Step* aStep , G4int idx){
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89 G4VPhysicalVolume* physVol = aStep ->GetPreStepPoint ()-> GetPhysicalVolume ();

90 G4VPVParameterisation* physParam = physVol ->GetParameterisation ();

91 G4VSolid* solid = 0;

92 if(physParam)

93 { // for parameterized volume

94 if(idx <0)

95 {

96 G4ExceptionDescription ED;

97 ED << "Incorrect replica number --- GetReplicaNumber : "

98 << idx << G4endl;

99 G4Exception("G4PSDoseDeposit :: ComputeVolume",

100 "DetPS0004",JustWarning ,ED);

101 }

102 solid = physParam ->ComputeSolid(idx , physVol );

103 solid ->ComputeDimensions(physParam ,idx ,physVol );

104 }

105 else

106 { // for ordinary volume

107 solid = physVol ->GetLogicalVolume ()->GetSolid ();

108 }

109

110 return solid ->GetCubicVolume ()/ cm3;

111 };
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Header file for damage inflicted by electrons

1 //

2 // ********************************************************************

3 // * *

4 // * Header file for the custom TOPAS extension for scoring *

5 // * accumulated double strand break (DSB) counts per cell. *

6 // * *

7 // * Author: Mark Brooke (mark. brooke@oncology .ox.ac.uk) *

8 // * ( markdanielbrooke@gmail .com) *

9 // * September 2020 *

10 // ********************************************************************

11 //

12

13 #ifndef ElectronTotalDamagePlasmonic_hh

14 #define ElectronTotalDamagePlasmonic_hh

15

16 #include "TsVBinnedScorer.hh"

17

18 class ElectronTotalDamagePlasmonic : public TsVBinnedScorer

19 {

20 public:

21 ElectronTotalDamagePlasmonic(TsParameterManager* pM ,

22 TsMaterialManager* mM , TsGeometryManager* gM, TsScoringManager* scM ,

23 TsExtensionManager* eM, G4String scorerName , G4String quantity ,

24 G4String outFileName , G4bool isSubScorer );

25

26 virtual ~ElectronTotalDamagePlasmonic ();

27

28 G4bool ProcessHits(G4Step*,G4TouchableHistory *);

29

30 G4double ComputeVolume(G4Step*, G4int);

31

32 protected:

33 G4ParticleDefinition* fElectronDefinition;

34 };

35 #endif
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Appendix C

Stable distribution fits to MiniPIX LET measure-

ments

The Landau distribution [364] is a special case of stable distribution, defined below

[see, e.g., 451], with stability parameter α = 1 and skewness β = 1. Its moments

are undefined, so it has no mean or variance, but it can be useful for finding a most

probable value (MPV) of a distribution.

Definition C.1 (Stable distribution) (i) Let X1 and X2 be independent copies of

a random variable X. Then X is said to be stable if for any constants a > 0 and

b > 0 the random variable aX1 + bX2 has the same distribution as cX + d for some

constants c > 0 and d. (ii) A random variable X is called stable if its characteristic

function, ψ, can be written as

ψ(t;α, β, c, µ) = exp(itµ− |ct|α(1− iβsgn(t)Φ)) (C.1)

where sgn(t) is +1 if t is positive or −1 if t is negative, and Φ = tan(πα/2) if α 6= 1

or Φ = −2 log |t|/π if α = 1.

The probability density function (PDF) for the Landau distribution can be written

as

f(x) =
1

πc

∫ ∞
0

e−t cos

[
t

(
x− µ
c

)
+

2t

π
log

(
t

c

)]
dt. (C.2)

Landau fits, as well as stable disribution fits where parameters are permitted

to vary, have been made to the measured LET data from the MiniPIX detector in
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Figure C.1: (a-i) Histograms of LET contributions calculated from the MiniPIX sensor data
(purple shaded area) for all runs R1 to R9, with associated Landau (black line) and general stable
distribution fits (red line). Fitting procedure performed by Python script provided by F. Van den
Heuvel.

Chapter 5. Figure C.1 shows discrepancies between the fits for some measurements,

indicating a Landau fit is not always appropriate. Where a Landau was not appro-

priate, the MPV was taken to be the mode of the data.
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Note on convergence for the DSACQ algorithm

using SARP

In Equation 4.1 of the dynamic string-averaging CQ-method (DSACQ) paper preprint

[? ] we defined a Landweber-type operator Vj : H → H for j = 1, 2, . . . , r such that

Vj := I − γjA?j(I − Tj)Aj (D.1)

for quasi-nonexpansive operators Tj and relaxation parameters γj ∈ (0, ||Aj||−2
F ). Us-

ing another selection of operators Uj : H → H, we defined Rj : H → H by Rj := UjVj.

For our purposes we set Uj := PCj
and Tj := PQj

where PCj
represents orthogonal

projection onto the set of all HDCs for structure j and PQj
represents orthogonal

projection onto the set of DVCs for structure j. (Uj or Tj may alternatively be set

to the identity operator if there is no constraint on the structure.) The algorithmic

scheme then applies to the current iterate of the solution vector x(k) the operators Rj

successively (the details of which are unimportant for this note).

For every operator Vj let us define Nj variations, Vj,nj
for nj = 1, 2, . . . , Nj, which

differ only in their relaxation γj,nj
. For a sufficiently large Nj-sized sub-sample of the

parameter space of γj, choosing an operator Vj,nj
is equivalent to choosing Vj with

the desired relaxation. This vastly increases the number of operators we are working

with, but we can always choose a suitable control sequence to emulate the desired

relaxation choices. This is equivalent to changing the value of γj on each iteration.

There is a caveat to the argument above. The number of variations we may define
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for each operator is finite or, at best, countably infinite. However the parameter space

for γj is uncountable. The argument is therefore only valid for a countable subset

of all possible parameter values, which of course causes no concern in the discretised

approach. Notice, regardless, that for both variations of the SARP method presented

in Chapter 6, the parameter space is countable. For example, the parameter space

using SARP2 is Q ∩ (0, ||Aj||−2
F ).

Finally, the multiple-operator split common fixed point problem (MOSCFPP) (Prob-

lem 1 in [? ]) is now formulated such that a feasible solution must satisfy

x∗ ∈ Fix(Vj,nj
) = A−1

j Fix(Tj) ∀nj ∀j = 1, 2, . . . , r. (D.2)

This is automatically satisfied if the original problem is satisfied, namely x∗ ∈ Fix(Vj)

for j = 1, . . . , r, because a fixed point remains a fixed point under any relaxation

within the allowed range, (0, ||Aj||−2
F ). A similar argument may be applied to the

λj-relaxation of the operators Uj. Thus, the convergence properties that apply to the

DSACQ algorithm as described in [417] also apply under the inclusion of SARP1 and

SARP2 (Algorithm 2 and Algorithm 3, respectively, in Chapter 6).
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Dose difference forest plots for all TROTS plans

Supplementary figures are presented overleaf, showing dose differences between the

DSACQ solution and the archived solution obtained for all 20 TROTS plans discussed

in Chapter 7.
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Figure E.1: Forest plots showing non-zero dose differences for TROTS Cases 1–6 distributed in
the voxels of the structures of interest. Higher doses obtained using the DSACQ algorithm, when
compared to the included TROTS solution, manifest as positive values.
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Figure E.2: Forest plots showing non-zero dose differences for TROTS Cases 7–12 distributed in
the voxels of the structures of interest. Higher doses obtained using the DSACQ algorithm, when
compared to the included TROTS solution, manifest as positive values.
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Figure E.3: Forest plots showing non-zero dose differences for TROTS Cases 13–18 distributed in
the voxels of the structures of interest. Higher doses obtained using the DSACQ algorithm, when
compared to the included TROTS solution, manifest as positive values.
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Figure E.4: Forest plots showing non-zero dose differences for TROTS Cases 19–20 distributed in
the voxels of the structures of interest. Higher doses obtained using the DSACQ algorithm, when
compared to the included TROTS solution, manifest as positive values.
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Extensions to the SARP method

F.1 Threshold condition

In the SARP methodology presented in Chapter 6 and tested in Chapter 7, the

number of voxels that violate their constraints are monitored at each algorithmic

cycle. The results shown in Figure 7.7 arose from updating the relaxation parameters

according to SARP1 and SARP2 every 10 cycles. Experiments were also undertaken

using a threshold condition, which only updates the parameters if the total number

of violations has not decreased over the past 10 cycles. This reduced most of the

oscillatory behaviour in Test Case 2 and led to a lower number of violations in both

Test Case 2 and Test Case 3 (Figure F.1(a, b)), however the violation count was

larger for TROTS Case 1 than when no threshold was applied (Figure F.1(c)).

Enforcing the threshold condition forces the algorithm to continue with the same

relaxation parameter values until there is no longer any improvement in the solution.

The rate of decrease of the violations, and therefore the rate of convergence, may be

slower or faster than with some other choice of parameters, so the threshold condition

does not guarantee superior convergence.

F.2 Prioritising structures

In SARP1 and SARP2 the attention of the algorithm is shifted between the HDCs

and the DVCs for each structure. A third suggestion, SARP3 (Algorithm 5), is made
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here, which also shifts attention to the structures that have the most violations. In

this method the mid-range of the permitted interval of the relaxation parameters

for each structure is determined by the total percentage of violations relative to the

mean over all structures, as demonstrated by the example in Figure F.2. The SARP2

methodology is then applied to this new parameter range. In this way, an attempt is

made to simultaneously prioritise both the structures that need the most attention

and the most violated constraints imposed on those structures.

Figure F.1(d-f) shows a lower number of violations reached for Test Case 2 and

Test Case 3, and a similar trajectory for TROTS Case 1, when comparing SARP3

to both SARP1 and SARP2. The rate of convergence to a feasible solution is faster

than the static parameter method in Test Case 2 and TROTS Case 1.

(a) (b) (c)

(d) (e) (f)
Figure F.1: Log-loss curves showing the reduction in the total number of constraint violations as
the number of cycles increases, for (a, d) Test Case 2, (b, e) Test Case 3 and (c, f) TROTS Case
1. All parameter-update methods are shown as well as the static method in which the relaxation
parameters are set to their mid-range. Plots (a-c) show SARP2 with a threshold condition and (d-f)
show the newly formulated SARP3.
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Structure 1 Structure 2 Structure 3Structure 1 Structure 2 Structure 3

Share of total violations Relaxation parameter values

 

 

 

 
parameter range
DVC parameter
HDC parameter

DVC violations
HDC violations

(a) (b)

Figure F.2: Example of SARP3 implementation. (a) Total violations broken down into HDC and
DVC violations for three structures. (b) Parameter ranges are adjusted such that the step-sizes of
the projections associated with each structure scale with the number of violations. The SARP2
methodology is then applied within these new ranges.
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Algorithm 5 Self-adaptive Relaxation Parameter method: version 3 (SARP3)

Usage: If called at the k-th iterate of the Dynamic String-Averaging CQ-Method
(Algorithm 1), SARP3 executes the following:

1: for each structure s do
2: Count elements of Asx

(k) for which x(k) violates HDC constraints.

3: Set as ηsC
4: Count elements of Asx

(k) which violate DVC constraints.

5: Set as ηsQ. . If s has no DVCs then ηsQ = 0
6: Calculate total proportion, vs, of voxels violating constraints:

vs :=
1

ms

(
ηsC + ηsQ

)
(F.1)

7: end for
8: Calculate the mean proportion, v̄ of voxels violating constraints,

over all Ns structures:

v̄ :=
1

Ns

∑
s′

vs′ (F.2)

9: for each structure s do
10: Calculate the midpoint, M:

M :=
1

2

(
1 +

vs − v̄∑
s′ |vs′ − v̄|

)
(F.3)

11: if s has a DVC then
12: Calculate the range, R:

R := 2 min (M, 1−M) (F.4)

13: Update the parameters:

λ(k+1)
s ←

[
M +

(
ηsC

ηsC + ηsQ
− 1

2

)
R

]
λs,max (F.5)

(F.6)

γ(k+1)
s ←

[
M +

(
ηsQ

ηsC + ηsQ
− 1

2

)
R

]
γs,max (F.7)

14: else
15: Update the parameters:

λ(k+1)
s ←Mλs,max (F.8)

16: end if
17: end for
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[146] W. Dörr and M. Schmidt. 7.05 - normal tissue radiobiology. In Anders Brahme, editor,

Comprehensive Biomedical Physics, pages 75 – 95. Elsevier, Oxford, 2014.
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[231] Michael A Huels, Badia Boudäıffa, Pierre Cloutier, Darel Hunting, and Leon Sanche. Single,

double, and multiple double strand breaks induced in DNA by 3– 100 eV electrons. Journal

of the American Chemical Society, 125(15):4467–4477, 2003.

[232] YW Huang, CY Pan, YY Hsiao, TC Chao, CC Lee, and CJ Tung. Monte Carlo simulations

of the relative biological effectiveness for DNA double strand breaks from 300 MeV u−1

carbon-ion beams. Physics in Medicine & Biology, 60(15):5995, 2015.
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confluence induces switching from proliferation to migratory signaling by site-selective

phosphorylation of pdgf receptors on lipid raft platforms. Cellular Signalling, 28(2):81 – 93,

2016.

[286] Matthews O. Bradley, Bijoy Bhuyan, Mary C. Francis, Robert Langenbach, Andrew

Peterson, and Eliezer Huberman. Mutagenesis by chemical agents in v79 chinese hamster

cells: A review and analysis of the literature: A report of the gene-tox program. Mutation

Research/Reviews in Genetic Toxicology, 87(2):81 – 142, 1981.

[287] Wenren Chaung, Li-Jun Mi, and Robert J. Boorstein. The p53 Status of Chinese hamster

V79 cells frequently used for studies on DNA damage and DNA repair. Nucleic Acids

Research, 25(5):992–994, 03 1997.

[288] Colleen A. Brady and Laura D. Attardi. p53 at a glance. Journal of Cell Science,

123(15):2527–2532, 2010.

[289] Elisabeth Mara, Monika Clausen, Suphalak Khachonkham, Simon Deycmar, Clara Pessy,
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[325] Andreas Wächter and Lorenz T. Biegler. On the implementation of an interior-point filter

line-search algorithm for large-scale nonlinear programming. Mathematical Programming,

106(1):25–57, 2006.

[326] Lisa Polster, Jan Schuemann, Ilaria Rinaldi, Lucas Burigo, Aimee L McNamara, Robert D

Stewart, Andrea Attili, David J Carlson, Tatsuhiko Sato, José Ramos Méndez, Bruce
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