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Abstract— The authors have recently developed predictive
controllers based on prediction models derived from exper-
imental data, by means of a class of Hélder interpolation
called kinky inference. This paper provides a step forward by
proposing a novel estimation method based on componentwise
Holder interpolation. This allows to explicitly consider the
contribution of each component on each output, yielding better
estimations. Following the procedure used in previous works,
this estimation method is used to provide a predictor for
a nonlinear robust data-based predictive controller, whose
performance and robustness is enhanced by the new setting.
The properties of the proposed controller are demonstrated in
a case study.

I. INTRODUCTION

Model predictive control (MPC) [1] is a well-known high
level control technique. Its popularity arises from its ability
to explicitly optimize the performance, while being able to
ensure robust constraint satisfaction and closed-loop stability
by design. As its name indicates, a model of the system to
be controlled is required in order to predict future behaviour
of the plant. Often, accurate models are not available, or
they are too difficult to obtain or to manage (consider, for
example, a large and highly nonlinear dynamical plant).

For this reason, predictive controllers which use models
that are based on data have gained an increasing attention
in the last decade. Within this setting, a machine learning
technique is used to learn a dynamical function to predict the
expected value of some unknown query point. This technique
is then applied to model a dynamical system [2] in the
context of control [3].

With respect to the different machine learning techniques
used, some research consider historian data bases [4], others
Gaussian processes [5], [6], neural networks [7], among
many others.

In this paper, we consider a class of learning rules named
kinky inference (K1) [8], [9]. This class of predictors encom-
passes Lipschitz interpolation [10], [11] and nonlinear set
membership methods [12]. In [13] a data-based robust MPC
is presented using the smooth projected kinky inference ver-
sion of the kinky inference class for unconstrained systems.
Later, in [14] a stabilizing robust version for systems subject
to input and output constraints was developed.

The objective of this paper is to use an extended version
of continuity of functions, namely componentwise Holder
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continuity in order to derive a novel prediction method,
named componentwise Holder kinky inference (CHOKI),
to be used within the framework proposed in [13]. This
approach consists in extending the Lipschitz constant L to
a matrix, and the same for the Holder exponent p. With
this setting, a new scope on Lipschitz interpolation arises,
considering different gradients of the function to be learnt
along its input dimensions, as well as different coefficients
for each output. This approach will be applied to control
output feedback nonlinear systems subject to hard constraints
using the stabilizing formulation proposed in [14].

The advantage of using this matrix approach is two-
fold: first, it allows the method to decrease the prediction
error when estimating a function. Second, in the context of
control, to counteract the effect of the mismatches between
the predicted and the real value (due to model errors or
disturbances) while satisfying hard constraints in the outputs,
we will make use of the estimation of the reachable sets to be
considered as back-off of tightened constraints, whose limits
are improved by this matrix consideration.

Notation

The set of integers in the interval [a,b] is denoted as I2.
Given two column vectors, v and w, the notation (v,w)
implies [vT, w?T]T. Given two sets A and B, A@ B denotes
the Minkowski sum, and A & B the Pontryagin difference.
A function o : R>¢g — R>q is a K-function if «(0) = 0
and it is strictly increasing. Given a vector v € R™ the ball
B(v) C R™ is defined as B(v) = {y : |yi| < v, i € 17"}
If M is a matrix, min M is a column vector containing the
minimum element from each row.

II. COMPONENTWISE HOLDER CONTINUITY

Consider two compact metric spaces (W € R™ dyy)
and () € R™ 0y) referred to as input and output space,
respectively. A function f : W — Y is said to be Holder
continuous if

0y (y1,y2) < Loy (wi, we)?, Ywr, ws.

Here, the exponent p is a scalar such that 0 < p < 1.
In particular, if p = 1 this property is called Lipschitz
continuity, with constant L, which is also a scalar.

Based on this property, several methods which learn the
ground truth function f and infer its value for an unseen
query point have been proposed. They use a data set of
(possibly noisy) samples, as well as the constants L and p,
e.g. [10], [11] and [12]. Similarly, a class of learning rules
has been proposed under the name of kinky inference [8],
[13].



In this paper, a new approach on the Holder property is
considered. We exploit the fact that a function may have
sharp gradients along one dimension of the input, while vary-
ing smoothly with respect to other input dimensions. Besides,
if the function maps the inputs to several outputs, it seems
intuitive to distinguish different parameters of the Holder
continuity for each output, as if they were different functions.
Hence, we propose to use matrices as the parameters of the
Holder continuity: £, P € R™v*"w,

To this end, new notation is introduced. Given a vector
w € R™ and two matrices £, P € R"*"w we define

o(w) = (Jwil, ..o, [wn,, ), (1)

P(w)={a:a; = Z Lijlwi| P 5 2
j=1

where a € R", and the notation L, ; refers to the i,j-th
component of the matrix £.':?
Definition 1 (Componentwise Holder continuity): Given

the matrices £ and P, a function f W — Y is
componentwise Holder continuous if
Ay — y2) <7 (wi — w2), Yy, wo. (3)

The following theorem states under which conditions
Holder continuity and componentwise Holder continuity are
equivalent.

Theorem 1: 1) Holder continuity implies component-

wise Holder continuity.

2) Within a compact set, componentwise Holder continu-

ity implies Holder continuity.

Proof of statement 1): Given two metrics 0y and 0yy and
two parameters L and p such that f : YW — ) is Holder
continuous, then

0 (y1,y2) < Loy (wi,wa)” (4a)
< Leo|lwr —wal5 (4b)
= Leo|lwyj —wo ;[P (4c)
< Lo ) |wij—wa P (4d)

j=1
where inequality (4b) arises from the equivalence
of the norms, and inequality (4d) provided that

lwi,; — wa ;[P >0, Vj.

Then, defining £ = Lol xn, and P = ply, «n,
(where 1 denotes a matrix of ones), the function f is
componentwise Holder continuous. ]

Proof of 2): Given that |w; ; — wo ;| < [|lwi — w2 cos

> L

j=1

P,
wi,j — wa |

(yin —vi2) <

Ny

< Y Ligllwn —wo 2.
j=1

'Note that, with a slight abuse of notation, d(w) in equation (1) stands
for a norm, rather than a metric.

2While w; in equation (2) stands for the j-th component of w, in
equation (3) the subindex w; indicates a data point.

If W is a compact space, there exists a c¢ such that
lwleo < ¢, Yw € W, so0 |lw1 — w2 < 2¢, Vwy,wy € W.
Besides, if « € [0, 1] and p; > pa, with p1, p2 € (0, 1], then

Pt < gP2,
Ny

Let P = minp;; and let £ = max Y, £; ;j(2c) PP,
0.

5=
Then

IN

Lijlwi—ws]| 20 <
P
[|w1 — w2||) v

costzo™ (1

oo (o —walloc\ 7
»Ci_’j(QC) »J 728

= L;j(2) PP lwy —wa|| 2.

IN

Hence,

|fi(wr) = filwa)| < Lijllwr — wal 20

Jj=1

Ny

<D Li(20) PP lwy — wa | 2
j=1

< Lilwy — we| 2.

And since there 3i* : | fi« (w1) — fix (wa)| = ||f(w1) —
f(w2)|loo, hence

[1f (w1) = f(w2)lloe < Lljwy —wa/”. u
The equivalence between these two definitions guarantees
that the inference method proposed in the next section inher-
its the well-known estimation properties of kinky inference
methods.

III. COMPONENTWISE HOLDER KINKY
INFERENCE

The class of learning rules known as kinky inference has
been growing recently. It makes use of the input and output
spaces W € R", }J € R™v, the Holder continuous ground
truth function f : W — ), the data set of Np data
points D = {(w;,y;)}, i € [P, and the scalar parameters
L and p. The data set containing only inputs is denoted as
Wp = Proj,,, (D). The standard KI method to learn f and
to predict a new query point ¢ ¢ Wy is presented in [8]

In [14], L and p are extended to be ny-dimensional,
considering different parameters separately for each of the
outputs. With respect to the calculation of these parame-
ters, [9] introduces the lazily adapted constant kinky infer-
ence (LACKI), where L is the smallest scalar that validates
the data. In [15], obtaining L and p is done through the
parameter optimized kinky inference (POKI) method, by
minimising a validation error.

In this paper, making use of the componentwise Holder
continuity defined in (3), we propose a new componentwise
Holder kinky inference (CHOKI) predictor, such that given
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Fig. 1. KI and CHOKI prediction error for y(w) = w? + wiwz — wa.
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where fz is the observed map for the i-th data point in D,
which may be noisy, and w; is its corresponding input.

As it was stated in Theorem 1, the approach considered in
this paper is a generalization of the Holder continuity. Hence,
the CHOKI predictor will perform better than the standard
KI, since the latter is a particular case in which every element
of £ and P equals to the standard KI parameters L and p.

As an example, consider the function

f{weR? =y e R y(w) = w} +wiwy — wy}.

If we had Np = 2000 data points and we were to predict
100 random query points, the resulting estimation error is
represented in Figure 1, both for the KI and the CHOKI
predictor. With CHOKI, this prediction error decreases up to
a 70%.

IV. DATA-BASED PREDICTION MODEL

This section proposes the setting used for modelling, based
on data, nonlinear dynamical systems.

Consider the discrete plant governed by the control inputs
u € R™ and outputs y € R™ at the sampling time k£ € N.
Then, the measured output can be modelled as a NARX
regression of previous inputs and outputs [13]:

y(k+1) = fa(k),u(k)) + e(k), (6)
where

x(k) = (yk),...,y(k—ng),ulk—1),...,u(k—np)), (7)

is the regression state x € R"*, n, = (nq + 1)n, +nyn,, for
some memory horizons n, and n; € N. The measurements
may be noise corrupted. The modelling error can be written
as a noise e(k) € £, where £ is a compact set.

In order to wuse KI methods, the arguments
of f are aggregated into w = (x,u)€ R, with
Ny = (N + 1)ny + (np + 1)n,,, yielding f : W — Y.

Then, given some historical trajectories of w(k) and y(k),
and some memory horizons, it is possible to construct a
data set D = {(wg,yx+1)} for k = 1,..., Np and hence
predict a new output y(k + 1) given © = (L, P) as in (5):

gk + 1) = f(w(k); ©,D). (8)

Note that we make use of the following assumptions:

Assumption 1: The ground truth function f is Holder
continuous.

Assumption 2: The prediction error is bounded by some
€ R™ . This bound is known for all admissible z and w,
ie.,

D(f(xa u; GaD) - f(xa u)) < . )
Notice that this bound exists thanks to Assumption 1 and the
compactness of the admissible sets.

V. ROBUST DATA-BASED MPC

This section presents the model predictive controller and
its stability and robustness analysis, extended for the CHOKI
predictor. The controller requires a prediction model which
is derived from experimental data by using the method
proposed in sections III and IV. Such prediction model can
be formulated in state space as in [13]%:

z(k+1) Fa(k), u(k)) + (k)
y(k) = Ma(k),

Besides, the inputs and outputs of the plant must fulfil
certain hard constraints at every sampling time, that is, u € U
and y € ). We propose to use a robust model predictive
controller which is stable by design, following the procedure
in [14].

This controller is based on the standard design assumption
that there exists a local controller with a known Lyapunov
function that is able to stabilize the system in a region
around the origin. However, instead of including a terminal
region constraint (which would need to take into account the
possible effects of the predictions errors), the terminal cost
weight in the cost function is increased [16]. This approach
is appropriate for data-based controllers in order to avoid
the definition of the terminal region, which would in general
yield conservative controllers.

Thus, the proposed predictive control problem, denoted as
Pn(z(k); ©,D), is

(10a)
(10b)

N—-1

min > w(@(ilk), u(i)) + AVp(&(N|k))  (11a)
=0

st &(0)k) = z(k) (11b)

9(jlk) = Mz (jlk) (11d)
u(j) eU (11e)
y(ilk) € V. (111)

Here, N is the prediction horizon, £(-, ) is the stage cost, A
is a design parameter greater than 1 and V() is the terminal

3The reader is referred to [13] for further details.



cost. The hard constraint in the output is managed by a set
of tightened constraints, which is defined as

Vi =Y 6o B(s;).

The objective of this set of tightened constraints is to guaran-
tee recursive feasibility by explicitly taking into account the
reachability sets of the predictions for all possible predictions
errors, see for example [17].

It is important to remark that, for nonlinear systems, there
are few results that tackle the computation of the tightened
constraints (also known as back-off), often considering only
the effect in the following time step, and not an accumulated
error. Next, we present a procedure based on the CHOKI
predictor to calculate these sets, which in general provides
less conservative results than the ones given by standard KI
procedures [14]. For its calculation, we will make use of the
following lemma:

Lemma 1: The mismatch between a prediction at time
step j given the measurement at time step k and the predic-
tion at that time step given the measurement at time k + 1,
for the same sequence of control inputs is bounded by

12)

29(k) =90 — 1k +1)) < eR™  (13)
o(w(jlk) —w(j =1k +1)) < dj eR™. (14)

The parameters ¢ and d can be obtained from the recursion
cjis1 = 07(d)) (15)

d; = (cj,...,cg(j),O, ..,0), (16)

with o(j) = max(1,j — n,), and ¢; = p.
Proof: Provided that w(k) = (x(k), u(k)), where z(k)
is the recursion given by eq. (7), and that the sequence of

future inputs u(k + i) for i € I ~" is given,

o(w(jlk) —w(j — 1k +1)) =

0 G(ilk) —9(j — 1k + 1))
oy — 1lk) —9(j — 2|k + 1))
2(9(j — nalk) — 3 — 10 — 1k + 1))

Bulk 5= 1)~ ulk+5 - 1) 1n

d(ulk +j — nb) —u(k+j—mny))
o(u(k + j) —u(k + 7))

These ¢ are predicted values if 7 > n,, and real measure-
ments if not. Equation (17) directly translates into

Co(j)a07-~~70)7

with o(j) = max(1, j —n,), provided that if §(j|k) is a real
measurement, 3(y(j|k) — y(j — 1|k 4+ 1)) = 0, x1. Hence,
d; has max(0,n, — j + 1)n, + (ny + 1)n,, zeros.

To obtain c¢; we make use of the componentwise Holder
continuity of the predictor % Given Assumption 2, we have
that ¢; = p. Note that

dj:(Cj,...,

905 + 1|k) = f(2(j|k), u(k + j); ©,D),

and that

Hence,

(9 + k) = 9(jlk +1)) =
f(@

= (@ k), ulk +5)) — F@( — k), ulk + 7))
oGk - 9G 1k 1) ]
20315~ 1) =G — 2k +1)

2(9(j — nalk) — (3 g — 1k + 1))

IN
<o
(B

o(u (k+371)*U(k+J*1)) ’

o(u(k+j — nb) —u(k+j—np))
o(ulk +j) —ulk + 7))
From here, it immediately follows that ¢ 41 = 07 (d;).
|
Then, the tightened constraint is obtained computing s; as

J
S]: E Cj.
=1

Thus, we can state the following lemma, which under
certain assumptions guarantees recursive feasibility (that will
be needed in the stability analysis):

Lemma 2: For all y € Y; and for all Ay € B(c;), the sets
Y; are such that y + Ay € V;_;.

Proof: By definition, we have that

=Y 6 B(sj) ® B(cy).

Since for j > 1, s; = s;_1 + ¢;, we can state that

(18)

y+ Ay e Y; @ B(cy)

B(s;) = B(sj-1) ® B(c;),
and then
Vi =Yoo B(s;) =Y B(sj—1) © Blcy).
Thus,
y+Ay € Y;®B(e)
= Yo B(sj-1) 0 B(c;) © Blc;)
C YeobB(sj-1) =Y.

|
With respect to the stability analysis, the ingredients of
the optimization problem given by (11) are stated in the
following assumptions:
Assumption 3: The estimation error bound g and the
prediction horizon N are such that the set )y is non-empty.
Assumption 4: The stage cost function ¢(z, u) is a compo-
nentwise Holder continuous, positive definite function such
that ¢(z,u) > «a(||z||), where « is a K-function. Its Holder
constant is L.
Assumption 5: There exists a control law u = ks(z), a
function V; and a level set Q, = {z : Vy(z) <y} C R™



for a certain v > 0 such that for all z € (1, the following
conditions hold:

(a) Vy is a componentwise Holder continuous, positive
definite function, with Holder constant L, such that
if ay and 8y are K-functions, then

A ag([lz]) < Vi(z) < Br(ll=ll)
Vi(F(z,r7(x))) = Vi(z) < =z, k5 (2)).

(b) ks(z) €U, Mz € Yn.
Assumption 6: It is assumed that p is such that the set

T = {2 : €(x,0) < v(n)}

is contained in €2, where v is defined as

N
v(p) =Y 07,(d)) + N Z (dn1).
j=1

It is also assumed that the positive constant ¢ is such that
£(x,0) > ¢ for all x ¢ .
Let I' define the following level set of the optimal cost
function:
I'={x:Vy(z) < N¢+ M}

Notice that this set is compact and non-empty.

Theorem 2 (ISS stability): Suppose that assumptions 2-6
hold for the optimization problem Py (+). Let ky(z) be the
control law derived from the solution of Py (x) applied using
areceding horizon policy. Then, for any (0) € T, the system
to be controlled by the control law u(k) = sy (z(k)) is
input-to-state stable with respect to the estimation error and
the constraints are always satisfied, that is, y(k) € ) and
z(k) € T, for all k. *

VI. CASE STUDY

Consider a continuously-stirred tank reactor [13], in which
the reaction the reaction A — B takes place, being
the measurable outputs the concentration of the reactant,
C4 (mol/l), the temperature in the tank, 7' (K), and the
temperature of the coolant, T, (K). They vary according to
the control input, which is the reference temperature of the
coolant, 7, (K), according to the following set of ordinary
differential equations (ODEs):

Wal) _ 0y - cat) -

ko - eCET@) 04 1), (19a)
T~ By 1+

+W eCETm) L Oy () +

+Qﬁﬁ%«an@m (19b)
dj;;t(t) _ w (19¢)

4The proof of this theorem is omitted in this version, due to the limited
number of pages.

TABLE I
PARAMETERS OF THE SYSTEM

Param. Definition Value Units
q0 Input flow of the reactive 10 1/min
4 Liquid volume in the tank | 150 1

ko Frequency constant 6 x 1010 [ 1/min
E/R Arrhenius constant 9750 K
—AH, | Enthalpy of the reaction 10000 J/mol
UA Heat transfer coefficient 70000 J/(min K)
p Density 1100 g/l

Cp Specific heat 0.3 J/(gK)
T Time constant 1.5 min
Cay C' 4 in the input flow 1 mol/]
Ty Temperature (input flow) 370 K
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Fig. 2. One-norm of the maximum prediction error (one step ahead)
for different memory horizons, after obtaining £ and P via POKI and
performing cross validation tests. Note that these values do not have physical
sense, since we are adding one signal in mol/l and two in K.

The parameters of the system are shown in Table I
The sampling time is set to 30s. The three output sensors
add measurement errors to the signals, which are generated
randomly using a uniform distribution with a maximum
error of 2.5% of the measurement. The constraints are given
by 0.368 < Cy4 < 0.553mol/], 351.5 < T < 3614K,
350 < T, < 360K and 335 < T, < 372K. The reference
equilibrium point is set to C%' = 0.467mol/l, T =
355.925 K, Tr*f = 354.5K and Trf = 354.5 K.

The generation of the data sets is obtained via chirp signals
for the training data set and pseudorandom binary sequences
for the validation data sets. Once the raw data sets are
obtained, the regression is constructed for different sets of
the memory horizons n, and ny.

Setting the prediction horizon to N = 4 and applying
POKI [15], the parameters £ and P are obtained minimising
the one-norm of s4, where s is calculated as in equation (18).
The minimum value is obtained for n, = n, = 1. Figure 2
shows the one-norm of the maximum prediction error ||p|1,
for different memory horizons.

Both the stage and the terminal cost of the MPC are
defined as follows:

Uz, u) = [lo = 2" + fu — u™[|%,
Vi(2) = [|lz — 2"

Q is set to 1001, R = I,, (I denotes the identity
matrix), and A = 10. The reference is given by z™f =

[Cxt Tt Tref] and w® = T Using the model with
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Fig. 3. One hundred simulations of the CHOKI MPC. The grey band
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Fig. 4. Boxplot of the performance index of the control applied with
different prediction models.

ng = np = 1 the terminal cost is obtained solving a LQR
for the linearised model around the reference point.

The controller is applied in one hundred closed-loop
simulations, with random feasible initial state and random
noise. The results are shown in Figure 3. Note that the
outputs are stirred to the reference while the constraints are
satisfied.

To compare the results, the same setting is used with two
other controllers, where the model used to by the MPC is
(a) the set of ODEs given by equations (19), in order to
resemble the ideal case where the system is known, and (b)
a well-tuned KI model with scalar parameters L and p. The
comparison of the performance index is shown in Figure 4.
Note that the CHOKI model performs better than the KI one.
This performance index is obtained as

tsim

@ =3 (i), uli)).

Note that the interesting contribution of the CHOKI with
respect to previous KI approaches relies not only in the im-
provement of the prediction (which in general leads to better
closed-loop performance results), but also in the enlargement
of the tightened constraints, enlarging the domain of attrac-
tion of the controller. Table II shows s; (equation (18)) both

TABLE 11
VALUE OF s;, WHICH CHARACTERIZES THE REDUCTION IN THE
CONSTRAINT AS A FUNCTION OF THE PREDICTION STEP, EACH UPPER
VALUE FOR THE KI AND LOWER VALUE FOR THE CHOKI SETTING.

l l [ p [ s2 | ss [ sa |
C.a (mol /1) KI 0.0094 | 0.0189 | 0.0283 | 0.0377
A CHOKI | 0.0069 | 0.0096 | 0.0139 | 0.0174
T(K) KI 0.2700 | 0.5401 | 0.8090 | 1.0779
CHOKI | 0.0612 | 0.1295 | 0.3030 | 0.4827
T.(K) KI 0.2159 | 0.4317 | 0.6456 | 0.8595
¢ CHOKI | 0.1111 | 0.1886 | 0.3297 | 0.4982

for the KI and the CHOKI settings. The improvement in the
tightened constraints averages a 53.97%, which implies that
the multivariate bound is less conservative.
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