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Continuous phase transitions where symmetry is spontaneously broken are ubiquitous in physics and
often found between “Landau-compatible” phases where residual symmetries of one phase are a subset of
the other. However, continuous “deconfined quantum critical” transitions between Landau-incompatible
symmetry-breaking phases are known to exist in certain quantum systems, often with anomalous
microscopic symmetries. In this Letter, we investigate the need for such special conditions. We show
that Landau-incompatible transitions can be found in a family of well-known classical statistical
mechanical models with anomaly-free symmetries, introduced by José et al. [Phys. Rev. B 16, 1217
(1977).]. The models are anisotropic deformations of the classical 2D XY model labeled by a positive
integerQ. For a range of temperatures, evenQ models exhibit two Landau-incompatible partial symmetry-
breaking phases and a direct transition between them for Q ≥ 4. Characteristic features of deconfined
quantum criticality, such as enhanced symmetries and melting of charged defects, are easily seen in a
classical setting. For odd Q and corresponding temperature ranges, two regions of a single partial
symmetry-breaking phase appear, split by a stable “unnecessary critical” line. We discuss experimental
systems that realize these transitions and present anomaly-free quantum models that also exhibit similar
phase diagrams.
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Spontaneous symmetry breaking (SSB) underpins sev-
eral important physical phenomena, from the development
of long-range orders in matter to endowing mass to
fundamental particles [1]. The simplest setting for SSB
is when a phase of matter, classical or quantum, with a
vacuum invariant under a symmetry group G, undergoes a
phase transition to produce multiple vacua, each of which
preserves only a subset of the original symmetries H ⊂ G.
If such a phase transition is continuous, it can be described
within the Landau-Ginzburg-Wilson-Fisher (LGWF)
framework using a local order parameter field. About
20 years ago, the nature of exotic direct transitions between
incompatible SSB quantum phases, where the vacuum
symmetries of neither phase could be identified as a subset
of the other, was investigated in two-dimensional quantum
systems [2]. Although such transitions had appeared in
earlier studies [3], Ref. [2] recognized that they could not

be framed within the LGWF paradigm in terms of order
parameter fields. Instead, they were naturally formulated
using gauge fields, which are hidden from sight in the
ordered phases but appear at the transition. This prompted
the moniker “deconfined quantum criticality” (DQC) [2,4].
What physical settings can give rise to such Landau-

incompatible transitions? Low-dimensional examples [5–8]
and descriptions using nonlinear sigma models [9] have
clarified that deconfined gauge fields are not essential.
However, quantum effects are believed to play a necessary
role in DQC [10], especially when viewed from the role
played by Berry phases, and most examples of DQC occur
under Lieb-Schultz-Mattis conditions [3], when micro-
scopic symmetries are anomalous [11,12].
In this Letter, we show that these conditions are not

necessary and Landau-incompatible transitions can, in fact,
be found even in ordinary classical statistical mechanical
systems with anomaly-free symmetries. We demonstrate
this using a well-known family of models introduced by
José, Kadanoff, Kirkpatrick, and Nelson (JKKN) [13]
obtained by perturbing the 2D classical XY model by
on-site anisotropies labeled by a positive integer Q. For
even Q ≥ 4, the phase diagram includes a direct phase
transition between two Landau-incompatible partial sym-
metry-breaking phases. This transition displays all notable
characteristics of DQC, including the appearance of an
enhanced symmetry that rotates between the order
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parameters of the Landau-incompatible phases and the
melting of charged defects. Interestingly, neutral defects
and isolated charges also independently exist and can
condense to produce Landau-compatible phase transitions.
For odd Q, we find an exotic second-order “unnecessary
critical” line separating two regions of single phase that
does not represent a genuine phase transition [14,15] but is
nevertheless stable. To our knowledge, this is the first case
of unnecessary criticality identified in a classical model. We
discuss experimental systems that exhibit these phenomena
and also present a family of quantummodels with anomaly-
free symmetries that exhibit similar phase diagrams. Our
results show that exotic transitions beyond the LGWF
paradigm are more abundant than previously believed.
Models and phase diagram—Let us consider the JKKN

model [13], a classical statistical mechanical system of
planar rotors θj ∼ θj þ 2π located on the vertices of any
two-dimensional lattice. The Hamiltonian is

H ¼ −
X
hj;ki

cos ðθj − θkÞ −
X

l¼1;2;…

γl
X
j

cos ðlQθjÞ: ð1Þ

Here, j labels the vertices and hj; ki the edges of the lattice.
The relevant symmetry group of the system is generated by
a rotation R and a reflection T acting as

R∶ θj ↦ θj þ 2π=Q; T ∶ θj ↦ −θj: ð2Þ

The two generators do not commute but satisfy

T R ¼ R−1T ; RQ ¼ T 2 ¼ 1; ð3Þ

and form the non-Abelian dihedral group D2Q ≅ ZQ⋊Z2.
We will be interested in the equilibrium phase diagram of
Eq. (1), varying the temperature T ¼ β−1 and γ1 close to
γ1 ¼ 0, while keeping all other couplings fixed, the most
important being γ2. This is shown schematically in Fig. 1
for γ2 < 0 and all jγlj kept small [16]. Let us summarize its
main aspects [13,32]. (1) At low temperatures and γ2 < 0,
we obtain an ordered phase with full symmetry breaking
and 2Q vacua (abbreviated f-SSB). For γ2 > 0, this
becomes a first-order line separating partial SSB regions
described below [16]. (2) For a range of intermediate
temperatures, we obtain two regions with partial SSB
(abbreviated p-SSB� for γ1 > 0 and γ1 < 0, respectively),
each containing Q vacua. These are separated from the f-
SSB phase by an Ising transition for any Q [33]. For even
Q, p-SSB� represent two distinct Landau-incompatible
SSB phases, whereas for odd Q, they correspond to the
same phase. (3) For Q ≥ 3, the two partial SSB regions are
separated by a critical line at γ1 ¼ 0, which is of prime
interest. For even Q, this is a direct, stable Landau-
incompatible transition. For odd Q, this line represents
“unnecessary criticality” [14,15] and is expected to termi-
nate under appropriate strong perturbation. (4) At high

temperatures, we get a disordered paramagnetic phase (PM)
that restores all symmetries. This is separated from the
partial SSB phases by a direct transition belonging to the
Ising, 3-state Potts, and Ashkin-Teller universality classes
(or their symmetry-enriched variants [16,34,35]) for
Q ¼ 2; 3; 4, respectively [32], and by an intermediate
gapless phase for Q ≥ 5 [13].
The phase diagrams in Fig. 1 are determined by

replacing Eq. (1) by an effective Gaussian continuum
theory [13,32] via a duality transformation á la Villain [36],

S ≈
Z

d2x

�ð∇ϕÞ2
8π2β

− h cosðϕÞ −
X
l

γl cos ðlQθÞ
�
; ð4Þ

and keeping track of the relevance (in the renormalization
group sense) of the scaling operators cosðϕÞ and cosðlQθÞ
[13,16]. Recall that a scaling operatorO is relevant when its
scaling dimension ½O� is smaller than the spatial dimension
(two in our case) for such classical statistical mechanical
systems [37]. The term h cosðϕÞ is included as a regulator

(a) (b)

(c) (d)

FIG. 1. Phase diagrams for the JKKN Hamiltonian shown in
Eq. [1] for (a) Q ¼ 2, (b) Q ¼ 3, (c) Q ¼ 4, (d) Q ≥ 5, and for
fixed γ2 < 0. The arrows represent the different vacua charac-
terized by the expectation value hθji. The residual symmetry for
each vacuum is shown following the notation in Eq. (8). For even
Q ≥ 4, the red line along γ1 ¼ 0 represents a direct transition
between Landau-incompatible partial symmetry-breaking (p-
SSB) phases. For odd Q ≥ 3, it represents an unnecessary critical
transition. The labels Ising, Ashkin-Teller (AT), 3-state Potts, and
compact boson (c ¼ 1) indicate the conformal field theory
describing the transition. At high temperatures we have a para-
magnetic (PM) phase.
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in the Villain procedure. Close to the fixed point that is
described by conformal field theory, the scaling dimensions
are determined by a single stiffness parameter Keff as
[13,16,38]

½cosðϕÞ� ¼ πKeff ; ½cosðlQθÞ� ¼ l2Q2

4πKeff
: ð5Þ

While the exact relationship between Keff and the micro-
scopic parameters T; h; γl cannot be determined
exactly, we see that for Q ≥ 4, there exists a regime
Q2=ð8πÞ < Keff < Q2=ð2πÞ where cosðQθÞ is the only
relevant symmetry-allowed operator. Tuning this away
by setting γ1 ¼ 0 produces a critical state corresponding
to the Landau-incompatible transition or unnecessary
critical line. Important parts of the phase diagrams in
Fig. 1 have already been explored in previous work (see
Refs. [13,32]). Our main focus will be on symmetry
properties, the Landau-compatible (incompatible) nature
of transitions, unnecessary criticality, and the distinction
between even and odd Q. These aspects have not been
investigated previously, to the best of our knowledge.
Residual symmetries, Landau (in)compatibility—Let us

understand the nature of the partial symmetry breaking
regions (p-SSB�) that are realized for γ1 > 0 and γ1 < 0,
respectively, at intermediate temperatures, where the only
relevant operator in Eq. (4) is cosðQθÞ. Both have Q vacua
ϑ�1 ;…; ϑ�Q characterized by the vacuum expectation value
hθji ¼ ϑ�n with

ϑþn ¼ 2πn=Q; ϑ−n ¼ ð2nþ 1Þπ=Q: ð6Þ

The symmetries shown in Eq. (2) act on the vacua as

R∶ ϑ�n ↦ ϑ�nþ1; T ∶
�
ϑþn
ϑ−n

�
↦

�
ϑþ−n
ϑ−−n−1

�
: ð7Þ

Since both regions have the same number of vacua, only
two possibilities exist: (i) the regions are distinct phases
that are Landau-incompatible or (ii) they correspond to the
same phase. To clarify which, we need to determine the
residual symmetries of each vacuum, Iðϑ�n Þ, in both
regions. Using Eq. (7), we see that the vacua transform
into each other under the discrete rotationsR but preserve a
specific Z2 subgroup generated by reflection T
followed by a certain number of rotationsR. To distinguish
between various Z2 groups, we define the following
notation:

Z½α�
2 ≡ f1;RαT g ð8Þ

with α ¼ αþQ identified. Using these, we get

Iðϑþn Þ¼Z½2n�
2 ; Iðϑ−n Þ¼Z½2nþ1�

2 ; forn¼0;…;Q−1: ð9Þ

Figure 1 shows the residual symmetries forQ ¼ 2; 3; 4. For
even Q, these are distinct for p-SSB� and the vacua are
invariant under T followed by even (odd) R rotations for
γ1 > 0 (γ1 < 0). The p-SSB� phases are detected, respec-
tively, by the following order parameters:

Eþ ¼ cos ðQθ=2Þ; E− ¼ sin ðQθ=2Þ: ð10Þ

There is no way to identify the residual symmetries of the
vacua of one phase with subsets of those of the other, and
therefore the phases are distinct and Landau-incompatible.
We see the advertised direct transition between them along
γ1 ¼ 0 for a range of temperatures with continuous critical
exponents described by the Gaussian conformal field
theory that Eq. (4) flows to.
For oddQ on the other hand, the residual symmetries for

both p-SSB� are identical and detected by the same order
parameter,

O ¼ cosððQ − 1Þθ=2Þ: ð11Þ

The vacua on both sides can be identified as follows:

I
�
ϑþ
nþQþ1

2

�
¼ Iðϑ−n Þ ⇒ ϑþ

nþQþ1
2

≅ ϑ−n : ð12Þ

We conclude that both belong to the same phase and that
there should exist a path where the vacua ϑþnþ½ðQþ1Þ=2� and
ϑ−n can be smoothly connected without encountering a
phase transition. Examples of explicit paths that connect
the two regions are sketched in the end matter. Thus, for
odd Q, the critical line along γ1 ¼ 0 represents “unneces-
sary criticality” [14,15], which does not correspond to a
genuine transition separating distinct phases but is never-
theless stable and reached by tuning a single relevant
parameter. To the best of our knowledge all known
instances of unnecessary criticality [14,15,39–42] have
been observed in quantum mechanical systems [43–45],
and ours is the first example in a classical SSB setting.
For completeness, let us consider the remaining phases

and transitions in Fig. 1. The full symmetry breaking phase
(f-SSB) appears when cosð2QθÞ becomes relevant along
the γ1 ¼ 0 line at low temperatures. This is detected by the
order parameter

F ¼ sinðQθÞ ð13Þ

and has 2Q vacua that break all symmetries. The transition
between p-SSB� and f-SSB is Landau-compatible and,
when continuous, belongs to the Ising universality class
[16,33]. Finally, at large T all symmetries are restored when
cosðϕÞ becomes relevant along the γ1 ¼ 0 line to produce a
disordered paramagnet (PM). For Q ≤ 4, this transition is
direct and also Landau-compatible; the universality class
depends on Q [16,32].
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Enhanced symmetries, charged defects—We now study
two prominent aspects of DQC transitions in our classical
models. The first is the appearance of enhanced symmetries
[4] involving rotations between order parameters of the two
Landau-incompatible phases that the DQC line separates.
This is readily seen for our model. For even Q, we can use
the order parameters of p-SSB� phases shown in Eq. (10)
to define the two-component unit vector

n̂ ¼ �
Eþ; E−

	 ¼ �
cos ðQθ=2Þ; sin ðQθ=2Þ 	: ð14Þ

Along the direct Landau-incompatible transition, the D2Q

symmetry of the JKKN model is enhanced to the Oð2Þ
symmetry of the XY model whose order parameter is n̂.
This is generated by a full θ rotation that transforms the two
components of n̂, E� into each other.
The second aspect is the physical picture for the onset of

DQC being the proliferation of charged defects that
prevents the restoration of symmetries [4]. This is also
clearly seen in our model. In the vicinity of the DQC
transition along γ1 ¼ 0, the relevant excitations are smooth
interpolations between vacua with the same residual sym-
metries. The domain walls resulting from this interpolation
are charged under the residual Z2 symmetry. For illustra-
tion, let us focus on γ1 > 0 where, for even Q, two of the
vacua of the resulting p-SSBþ phase are hθji ¼ 0 and π

with the same residual symmetry, Z½0�
2 ¼ f1; T g. If we

create a smooth interpolation between these vacua as shown
in Fig. 2(c), we see that the resulting domain wall trans-
forms under T and thus carries charge. Furthermore, by
evaluating the order parameter Eþ on this configuration, we
see that it vanishes on the domain wall, whereas the order
parameter E−, which vanishes everywhere else, becomes
nonzero at the domain wall. Thus, upon melting the
p-SSBþ domain walls, we get p-SSB− order!.

Experimental realizations—An outstanding challenge
for DQC is the relative paucity of experimental platforms
for its validation [4]. The results presented in this Letter
open up avenues in classical systems where Landau-
incompatible transitions can be studied more easily. In
fact, they have already been observed in several existing
experimental systems [46–55]. For example, the Q ¼ 4
model of Eq. (1) describes the adsorption of hydrogen on
the (100) surface of tungsten [47,48]. This system exhibits
a structural transition [49,50] that is nothing but the
Landau-incompatible transition shown in Fig. 1(c). The
same model also describes ultrathin deposits of iron on gold
substrate [51–54].
Quantum models—All important parts of the phase

diagrams of Eq. (1) are qualitatively reproduced by the
ground states of the quantum Hamiltonian

H¼−HXXZ−hH0−
X

l¼1;2;…

γlHlQ

where ; HXXZ¼
X
j

ðSxjSxjþ1þSyjS
y
jþ1þΔSzjS

z
jþ1Þ;

HlQ¼
X
j

�YlQ−1

l¼0

Sþjþlþ
YlQ−1

l¼0

S−jþl

�
; and

H0¼
X
j

ð−1ÞjSzj or
X
j

ð−1ÞjðSxjSxjþ1þSyjS
y
jþ1Þ:

ð15Þ

S⃗ ¼ 1
2
σ⃗ are standard spin half angular momentum oper-

ators, HXXZ is the XXZ spin chain and HQ is a term that
favors SSB. Both choices of H0 favor disordered para-
magnets that preserve all symmetries, but the second choice
also produces a symmetry-protected topological phase for
one of the signs of h [35]. The symmetries in Eq. (2) are

(a) (b) (c) (d)

FIG. 2. Schematic representation of various excitations in the p-SSBþ phase and their symmetry transformation. (a) local charges and
(b), (c) neutral and charged domain walls, respectively. The latter can be regarded as a bound state of the former two. The transition
triggered by condensing each excitation is shown in (d). The neutral domain wall does not carry symmetry charges and its proliferation
restores all symmetries, whereas condensing the charge breaks all symmetries. Melting the charged domain walls produces the exotic
transitions discussed in this Letter: Landau-incompatible transitions for even Q, which breaks some symmetries while restoring others,
and unnecessary criticality for odd Q.
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generated byR ¼ Q
j exp½ð2πi=QÞSzj�, T is a time-reversal

symmetry generated by complex conjugation in the Z basis,
and the local order parameters corresponding to Eqs. (10),
(11), and (13) are

E�¼P�ðQ=2Þ; O¼Pþ½ðQ−1Þ=2�; F ¼P−ðQÞ;

where; P�ðMÞ≡e
iπð1∓1Þ

4

�YM−1

l¼0

Sþjþl�
YM−1

l¼0

S−jþl

�
: ð16Þ

This model can be bosonized to get the same field theory as
in Eq. (4) for jΔj < 1, up to renormalization of coupling
constants.
The role of anomalies—The p-SSB� phases have two

more distinct type of excitations. The first are charges
shown in Fig. 2(a) corresponding to local deviations from
the γ1 cosðQθÞ minima, whose condensation further breaks
symmetries and produces the transition to the f-SSB phase.
The second are “hard” domain walls shown in Fig. 2(b) that
do not transform under the residual symmetries and are
favored at large values of jγ1j. Proliferating these by
increasing temperature restores all symmetries and drives
the transition to the disordered PM. For small jγ1j, charges
are bound to neutral domain walls to produce the soft
domain walls shown in Fig. 2(c). As γ1 → 0, these bound
states, rather than their constituents, melt to drive the
Landau-incompatible transitions studied in this Letter.
In several models exhibiting DQC [2,5,7], the binding of

charges to defects occurs kinematically due to the anoma-
lous nature of underlying microscopic symmetries [4–7].
Anomalies are exotic symmetry representations found in
systems constrained by Lieb-Schultz-Mattis conditions
[3,56–58] or on the boundaries of symmetry-protected
topological phases [7,59]. They forbid strictly on-site
representations [59], present an obstruction to gauging
[60,61], and disallow a trivial symmetry-preserving phase
[12,58]. The latter feature is reflected in the absence of
neutral defects that can proliferate to form a trivial phase
and permitting only charged ones that can condense to
produce DQC [4].
All microscopic symmetries in Eq. (2) are anomaly-free.

This is verified by the presence of the symmetry-allowed
operator cosðϕÞ in Eq. (4) that produces a trivial phase—a
sufficient condition for the absence of anomalies. What we
have in our model is arguably a more pedestrian route for
the binding of charges to defects—such a bound state may
find itself energetically more favorable [62]. However,
when cosðϕÞ is irrelevant, a new continuous ϕ rotation
symmetry emerges that is preserved by all remaining
relevant operators [65], which has a mixed anomaly with
the microscopic R symmetry [12,61]. This microscopic-
emergent mixed anomaly may be said to stabilize the
Landau-incompatible and unnecessary critical transitions.
It is unclear if this is a necessary precondition.

Outlook—We have investigated classical 2D statistical
mechanical models hosting stable Landau-incompatible
transitions and unnecessary criticality. These transitions
are driven by the melting of charged defects and stabilized
by a mixed anomaly between microscopic and emergent
symmetries unbroken by relevant operators despite all
microscopic symmetries being anomaly-free.
Our Letter opens several lines of future investigation. An

obvious one is whether we can find other classical models
that exhibit similar phenomena [67], especially in higher
dimensions. The archetype DQC transition between Néel to
valence-bond-solid phases [2] has recently been shown to
be first order in nature [69] and it would be interesting to
find alternative, classical settings where a Landau-incom-
patible transition can be present between other phases. For
odd Q models, it would be interesting to see how the
unnecessary critical surface terminates. In [15,70], it was
argued that unnecessary criticality in quantum models is
stabilized by the encircling states forming a nontrivial
family [71–73]. We expect this to be true for our classical
model and it would be most interesting to explore this
connection further. It would also be useful to further clarify
if the stable mixed microscopic-emergent anomaly is a
necessary condition for the exotic transitions studied here.
We have shown that exotic transitions can exist under

relatively ordinary conditions within reach of existing
experiments. It would be gratifying to validate this in more
experimental setups. Finally, it would be illuminating to
explore what other phenomena attributed to quantum
fluctuations can have a classical origin.
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Classifying SSB phases: A system is said to be in an
SSB phase if it has multiple vacua that are not invariant
under the full set of symmetries. For a given vacuum vα, let
us denote by Hα ⊂ G the subgroup of residual symmetries
that leaves it invariant. The set of symmetries in G, but not
in Hα, denoted GnHα, transform the vacuum vα to other
vacua vβ, although several elements of GnHα can give the
same vβ. It is straightforward to see that the set of unique
transformations are labeled by the cosets ofHα and starting
with vα, the number of distinct vacua we can reach this way
is given by the index ½G∶Hα�. If gαβ takes vα → vβ, the
residual symmetry group of vβ is Hβ ¼ gαβHαg−1αβ . The
cosets of Hα and Hβ are identical. Thus, the generated
½G∶Hα� vacua family would be the same, independent of
the initial choice of vα. We conclude that given a system
with symmetry G, distinct SSB phases are labeled by
distinct families of conjugate subgroups [74].
For a finite group G, the different SSB phases are nicely

organized by the lattice of conjugate subgroups and
visualized by a Hasse diagram where the families of
conjugate subgroups are connected by the presence of

an inclusion map, i.e., when one family is a subgroup of the
other. In Fig. 3, we have shown this for the dihedral
symmetries D2Q ≅ ZQ⋊Z2 considered in the main text for
Q ¼ 2, 4, with the presentation

D2Q ¼ hR; T jRQ ¼ T 2 ¼ 1;RT ¼ T R−1i: ðA1Þ

Landau compatibility: We can distinguish between
Landau-compatible and Landau-incompatible transitions
using the lattice of conjugate subgroups and its Hasse
diagram. Two SSB phases represented by two families of
conjugate subgroups are Landau-compatible if they are
connected in the Hasse diagram by the composition of a
sequence of arrows. Physically, we can understand this as
follows: if we place ourselves in one of the vacua of the
SSB phase with residual symmetries Hα ⊂ G, we can treat
it as a stand-alone system with symmetries Hα. These can
be spontaneously broken into a conjugate family of sub-
groups Kαβ ⊂ Hα. All other transitions are Landau-incom-
patible. Physically, a transition between Landau-
incompatible phases cannot be understood by a hierarchical
splitting of each vacuum, but rather by a more drastic
process involving multiple vacua coming together and
reorganizing themselves.
In particular the fully symmetric phase with unique

vacuum and fully broken phase with jGj vacua are Landau-
compatible with all SSB phases. The interesting cases are
the phases with partial symmetry breaking as we saw in the
main text. Landau-compatible transitions are characterized
by a change in the number of vacua (although this change
does not guarantee compatibility). Moreover, Landau-
incompatible transitions can occur between two SSB
phases with the same number of vacua, as seen in the
main text.

Explicit paths avoiding the unnecessary critical
surface for odd Q—In the main text, it was argued
using symmetry that, for odd Q, the p-SSB� regions
belong to the same phase and can be connected without
encountering any phase transitions or violating any
symmetries. Here, we construct explicit such paths
inspired by the so-called domain-wall pump [76].
Bipartite lattice: First, we consider a path, schemati-

cally shown in Fig. 4, that works on bipartite lattices within
an extended family of Hamiltonians of the form

H ¼ −
X
hj;ki

J1 cos ðθj − θkÞ −
X
hhj;kii

J2½j� cos ðθj − θkÞ

−
X

l¼1;2;…

X
j

γl½j� cos ðlQθjÞ: ðB1Þ

Equation (B1) contains nearest neighbor hj; ki and next
nearest neighbor hhj; kii XY couplings that are allowed to
differ on the two sublattices, which we label as red and

(a)

(b)

FIG. 3. Hasse diagram of the lattice of conjugate subgroups for
the (a) Abelian D4 ≅ Z2 × Z2 and (b) non-Abelian D8 ≅ Z4⋊Z2

groups. The arrows represent an inclusion map, and two entries
connected by a sequence of maps represent Landau-compatible
phases. Horizontal lines represent the various vacua over which
their residual symmetries are listed. We see that the phase with all
symmetries broken (bottom) and all symmetries preserved (top)
are Landau-compatible with all other phases.
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blue. For our path, we begin with γ1 > 0 in the p-SSBþ
region in one of its vacua, e.g., hθji ¼ 0 as shown in Fig. 4.
We want to flip the sign of γ1 without encountering a phase
transition. To achieve this, we first introduce a large
J2 ≫ J1 coupling only on the red sublattice, which
preserves the vacuum. We then flip the on-site anisotropy
γ1 → −γ1 on the blue sublattice as well as all J1 → −J1;
following which we remove the red J2 → 0. This produces
an antiferromagnetic alignment between neighboring spins
and favors hθji ¼ π on the blue spins. We then repeat the
same steps for the other sublattice as shown in Fig. 4. In the
end, we obtain Eq. (B1) with γ1 reversed and hθji ¼ π on
all spins, landing us on p-SSB−.
At each step of this symmetry-preserving path,

we did not change the number of vacua. The magnitude
of the order parameter detecting the p-SSB� phases, O
defined in Eq. (11), has a nonvanishing average xthrough-
out the path, although its sign develops a spatial variation.
Any lattice: An unnecessary criticality avoiding path

can be obtained for any lattice by nucleating a domain and
sweeping it across the entire lattice as shown in Fig. 5. A
domain is enclosed by a path on the dual lattice by flipping
all anisotropies, γ1 ↦ −γ1, within and J1 ↦ −J1 on the

domain wall as shown in Fig. 5. Alternatively, instead of a
single location, domains can be nucleated on various well-
separated locations, grown, and merged.
For odd Q, the above paths does not risk a phase

transition as the process of producing γ1 of different signs
between neighboring spins hj; ki does not frustrate flipping
the J1 connecting them—both favor a spin mismatch of
θj − θk ¼ π. This is not true for even Q.

FIG. 4. A path for bipartite lattices avoiding the unnecessary critical surface (denoted by c ¼ 1). We expect this surface to abruptly
terminate.

FIG. 5. Sweeping a domain across the lattice transforms
between p-SSB� without any phase transitions.
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