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Abstract

In this thesis we provide a deeper insight into the fundamental phase transition

between isotropic and nematic states of liquid crystals. In particular, we focus on

the problem of classifying all minimising states of the Onsager free-energy func-

tional in three dimensions, a problem which has drawn a lot of attention since

1949. We study the bifurcation diagram of the Onsager free-energy functional

for liquid crystals with orientation parameter on the sphere. In particular, we

concentrate on the bifurcations from the isotropic solution for a general class of

two-body interaction potentials including the Onsager kernel. Reformulating the

problem as a non-linear eigenvalue problem for the kernel operator, we prove that

spherical harmonics are the corresponding eigenfunctions and we present a dir-

ect relationship between the coefficients of the Taylor expansion of this class of

interaction potentials and their eigenvalues. We find explicit expressions for all

bifurcation points corresponding to bifurcations from the isotropic state of the

Onsager free-energy functional equipped with the Onsager interaction potential.

A substantial amount of our analysis is based on the use of spherical harmonics

and a special algorithm for computing expansions of products of spherical har-

monics in terms of spherical harmonics is presented. Using a Lyapunov-Schmidt

reduction, we derive a bifurcation equation depending on five state variables. The
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dimension of this state space is further reduced to two dimensions by using the

rotational symmetry of the problem and the invariant theory of groups. On the

basis of these results, we show that the first bifurcation from the isotropic state

of the Onsager interaction potential is a transcritical bifurcation and that the

corresponding solution is uniaxial. In addition, we prove some global properties

of the bifurcation diagram such as the fact that the trivial solution is the unique

local minimiser if the bifurcation parameter is high, that it is not a local minim-

iser if the bifurcation parameter is small, the boundedness of all equilibria of the

functional and that the bifurcation branches are either unbounded or that they

meet another bifurcation branch.
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Chapter 1

Introduction

There are three classical states of matter: the solid, the liquid and the gas phase.

A phase transition from one phase to another occurs, for example, by an increase

of temperature leading to a gain of kinetic energy of the constituent particles in

a material. The particles in a crystalline solid are in thermal motion while still

strongly interacting with each other due to intermolecular forces. If the energy of

the system has reached a particular threshold, these thermal motions give rise to

breaks in the crystal structure and the particles start moving around in space while

their intermolecular forces are still significant over the average distance between

them. The resulting phase is called the liquid phase. Once the kinetic energy

of the particles is so high that they cannot maintain strong intermolecular forces

between them over an average distance, they expand into the whole volume that

is available to them. This third state of matter is called the gas phase.

However, some materials, called liquid crystals, exhibit an intermediate state

of matter between the solid and the liquid phase, hence the name liquid crystals.

Such an intermediate state of matter is called a mesophase and occurs in a par-
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Chapter 1. Introduction

ticular range of temperature and concentration. There are two types of liquid

crystalline phases, thermotropic liquid crystals, which exhibit a phase transition

when the temperature of the material is changed, and lyotropic liquid crystals

whose transformation into another liquid crystalline phase depends on both a

change in temperature and concentration. Liquid crystals flow like incompress-

ible viscous liquids while retaining optical properties that are a characteristic of

crystals [?].

An onset of the liquid crystal phase has been characterised in experiments by

a cloudy appearance of the substance occurring at a first melting point before

the material transforms into a liquid state of matter at a second higher melting

point, called the clearing point. This observation has first been made in 1888

by F. Reinitzer and O. Lehmann who studied cholesteryl benzonate. Since then,

thousands of liquid crystals have been discovered and their different characteristics

have been studied.

Figure 1.1: Schematic representation of two well-known liquid crystal molecules,
the N-(4-Methoxybenzylidene)-4-butylaniline C18H21NO (MBBA) and the 4-
Cyano-4’-pentylbiphenyl C18H19N (5CB) (by courtesy of Professor Claudio Zan-
noni).
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Chapter 1. Introduction

The prototype of a molecule that can form a liquid crystalline phase exhibits

a highly anisotropic structure which is often assumed to be ellipsoidal or rod-like.

Two well-known liquid crystal components are the N-(4-Methoxybenzylidene)-4-

butylaniline (MBBA) and the 4-Cyano-4’-pentylbiphenyl (5CB) molecules, see

Figure 1.1. The MBBA is a nematic liquid crystal at room temperature and it

undergoes a phase transition to an isotropic state at 43◦C. The liquid crystal 5CB

transforms from a crystalline state to a nematic state at 18◦C and further to an

isotropic state at 35◦C [?].

On the basis of the different qualitative features of the molecules which form a

liquid crystalline phase, we distinguish between three different categories of liquid

crystals which are called nematic, cholesteric and smectic. A schematic represent-

ation of the three most important liquid crystalline phases for rod-like molecules

with a statistical head-to-tail symmetry can be found in Figure 1.2. Mathematic-

ally, any physical state of matter of a material can be described by the behaviour

of its constituent particles and therefore by their corresponding translational and

orientational motion. The solid phase is a highly ordered phase in which the

atoms form a crystal lattice. Hence their lattice vectors have similar orientations

and their locations are following a very regular pattern across the material. In

contrast, if the particles exhibit the liquid phase, both their centres of mass and

their molecular orientation vectors are much more randomly distributed. Within

the nematic phase of a liquid crystal, the molecules do not exhibit a long-range

positional order while they induce a partial orientational order at a microscopic

level. The particles are distributed in the space available to them meaning that

3



Chapter 1. Introduction

Figure 1.2: Schematic representation of molecular order in the liquid, nematic
and smectic phases

their centres of mass are much more randomly distributed while their molecular

axes are still approximately parallel. However, locally they exhibit some positional

order due to the local packing of molecules, a correlation that is visualised by the

radial distribution function [?]. Another liquid crystal phase, called the smectic

phase, is characterised by an interplay of positional and orientational order. All

molecules have roughly the same orientation and are locally approximately parallel

to each other in different layers lying on top of each other.

A third phase of liquid crystals is the cholesteric phase. ln this phase all

molecules are built up in helices which have either a left or right orientation. They
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Chapter 1. Introduction

Figure 1.3: Schematic representation of a cholesteric phase

are twisted perpendicular to their intermolecular vector giving rise to a vertical

periodicity with the period being equal to the length of a full rotation. The helical

structure of a right oriented cholesteric liquid crystal is shown in Figure 1.3.

An important application of liquid crystals are liquid crystal displays which

consist of two polarizing filters perpendicular to each other. Due to the orthogon-

ality of the two filters, the light passing through the first polarizer is blocked by

the second and no output occurs. However, if we fill the space between the filters

with liquid crystal molecules, their orientation will align with the direction of the

surface of the polarizer and thus they will form a helical structure which allows

light to pass through the device. By an application of an external electric field,

the orientation of the molecules can be influenced and a particular output on the

screen can be achieved [?].

One of the major aims in the mathematical modelling of liquid crystals is to

predict when a material undergoes a phase transition if either the temperature

or the concentration in the solvent is changed. Because physical systems usually
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Chapter 1. Introduction

tend to the state of minimal free-energy, the problem turns mathematically into

a minimization problem of the calculus of variations. The main mathematical

ingredient is a probability density which describes the behaviour of the molecules.

The particles considered throughout this thesis have cylindrical symmetry. It de-

pends on the positional and orientational vector of each of its constituent particles,

that is

x = (r1, r2, r3︸ ︷︷ ︸
position

, p1, p2, p3︸ ︷︷ ︸
orientation

) where r ∈ R3 and p ∈ S2.

The probability density ρ : R3 × S2 → R assigns to any point in the phase

space (r, p) a probability stating how likely it is that there exists a particle whose

configuration can be described by the pair (r, p). In the following discussion,

we are interested in the prediction of the nematic phase, in which the particles

admit an orientational but no significant positional order and therefore ρ will only

depend on the orientation p of the molecules. Hence ρ : S2 → R.

1.1 The Onsager model for phase transitions

The isotropic-to-nematic phase transition of rod-like molecules is one of the most

studied phenomena in the theory of liquid crystals. It is characterised by an onset

of orientational order when either the concentration of molecules is increased or

the temperature of the system is decreased. The first model describing such a

phase transition was introduced by Onsager in 1949 [?]. Let ρ : S2 → R be a

probability density function characterising the orientation of the molecules, that

6



Chapter 1. Introduction

is

ρ(p) ≥ 0 for all p ∈ S2 and
ˆ
S2
ρ(p) dp = 1. (1.1)

Using a second virial approximation, Onsager derived an expression for the Helm-

holtz free-energy per molecule which is given as a sum of an entropy term and a

second term modelling the two-body interactions

F(ρ) := ε0

ˆ
S2

(
λρ(p) ln(ρ(p)) +

1

2
U(ρ)(p)ρ(p)

)
dp. (1.2)

The parameter λ, which appears in the entropy term, incorporates the thermal or

athermal effects between the molecules. In this thesis, we assume that λ ∼ kB
T
c

where T denotes the temperature and c the concentration. The parameter ε0 has

been introduced in order to keep the Onsager free-energy functional dimensionless.

The operator U : L1(S2)→ L∞(S2)

U(ρ)(p) :=

ˆ
S2
K(p, q)ρ(q) dq (1.3)

is called the interaction operator. It depends on the interaction kernel K(·, ·) :

S2 × S2 → R which models the two-body interactions between any two hard

core molecules. Based on the assumptions we impose on the characteristics of the

interactions, different types of interaction kernels arise. One of the first interaction
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Chapter 1. Introduction

kernels that has been derived is the so called Onsager kernel

KO(p, q) = |p× q| =
√

1− (p · q)2. (1.4)

It describes the excluded volume effect given by the repulsive interactions between

any two slender polymer rods in the system. The excluded volume is the volume

which is inaccessible to a particle due to the presence of another particle in the

system [?]. Even though the Onsager kernel admits a relatively simple form, the

equilibria of the energy functional in (1.2) cannot be computed explicitly due

to the singularity of this particular interaction potential. Subsequently, other

theories and interaction kernels have been formulated and considered. One of the

most popular interaction kernels is the Maier-Saupe potential [?]

KMS(p, q) =
1

3
− (p · q)2. (1.5)

It is based on a mean-field approach to dispersion forces, attractive interactions

between non-polar molecules. A third well-known intermolecular potential is the

dipolar potential for polar molecules

Kd(p, q) = −p · q. (1.6)

Most of the mathematical analysis has so far been focussed on the Maier-Saupe

and the dipolar potential, the main reason being that the Onsager potential is

not differentiable because of its ‘cusp’ singularity at zero.
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Chapter 1. Introduction

1.2 Bifurcation theory

In this thesis we show that for large values of λ the unique minimiser of the

Onsager free-energy functional is given by the uniform probability density ρ0 = 1
4π
.

However, as λ decreases, new minimisers may form. In mathematical terms such

a phenomenon is called bifurcation. Bifurcations can usually be described as

Figure 1.4: Schematic representation of the number of distinct solutions varying
with respect to a change of the parameter λ. The graphics show a saddle node
(left), a transcritical (middle) and a pitchfork (right) bifurcation.

either occurring as local or global bifurcations. The former can be analysed by

an investigation of the local stability properties of all critical points when the

bifurcation parameter crosses a critical threshold. In contrast, global bifurcations

are not associated with the stability properties of the critical points. Therefore

they include bifurcations that appear out of nowhere and are not arising from

already existing solutions [?]. The three basic types of local bifurcations are

called saddle-node, transcritical and pitchfork bifurcation and are illustrated in

Figure 1.4. A saddle-node bifurcation is a bifurcation in which two equilibria exist

which collide in one point. Hence if λ ≤ λ?, then there exists only one equilibrium,

if λ > λ?, then there exist two equilibria, one of which is stable, the other one

9
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is unstable. In case of a transcritical bifurcation there exist two fixed points for

all values of λ except for λ = λ? when there is only one. The two branches

interchange stability at λ?. A pitchfork bifurcation is a local bifurcation in which

three equilibria emerge at λ?. The purpose of local bifurcation theory is to study

the qualitative changes of the characteristics of a parameter dependent family of

equations when the parameter value is changed. In particular, we are interested in

the number of equilibria of the Onsager free-energy functional when the parameter

λ, which models both the athermal and thermal effects, is changed. Classically, its

equilibria can be computed by solving the corresponding Euler-Lagrange equation

E(ρ, λ)(p) = 0.

We know that this equation has locally a unique solution branch if the implicit

function theorem applies. Vice versa multiple solutions may exist if the implicit

function theorem fails to apply at a particular point (ρ, λ). Hence the implicit

function theorem will be at the centre of our analysis in order to find the local

bifurcation structure of the Onsager free-energy functional.

1.3 Literature review

The equilibrium states of the free-energy functional above equipped with the

Maier-Saupe kernel in (1.5) have been studied extensively in the past. Among the

first researchers who became interested in this problem was Freiser [?], who exten-

ded the Maier-Saupe interaction potential to the case of asymmetric molecules. He

10
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proved both the existence of a first-order phase transition to a nematic state and a

second-order phase transition to a biaxial state. Constantin, Kevrekidis and Titi

[?] established the equivalence of the equilibrium states of the Onsager functional

with the Maier-Saupe potential in three dimensions to the solutions of a tran-

scendental matrix equation, and thus derived the high concentration asymptotics

in terms of the eigenvalues of this particular matrix. A complete classification of

the equilibrium states in three dimensions has been provided independendly by

Fatkullin and Slastikov [?] and by Liu, Zhang and Zhang [?]. Using the properties

of spherical harmonics, both groups derived explicit formulae for all critical points

and proved their axial symmetry. Similarly, Fatkullin and Slastikov also obtained

results for the dipolar interaction potential in (1.6).

One of the first approaches to the original problem involving the Onsager ker-

nel in (1.4) has been undertaken by Kayser and Raveché [?]. By reformulating

the problem as an eigenvalue problem, they derive an iterative scheme that al-

lows them to compute all axially symmetric equilibria of the functional. Using

the Fourier coefficients of the Onsager potential in two dimensions, Wang and

Zhou [?, ?] showed that there exist in fact infinitely many bifurcation branches

with different symmetries. Revisiting the same question, Chen, Li and Wang

[?] also proved that all solutions are axially symmetric in 2D. For a class of in-

teraction potentials involving only a finite number of Fourier modes, Lucia and

Vukadinovic [?] verified the existence of continuous branches in two dimensions

and they characterised the structure of the bifurcation diagram in terms of the

size of the spectral gaps of the interaction operator. A very recent approach to
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the same problem has also been undertaken by Niksirat and Yu [?] who obtained

the local bifurcation structure of all equilibrium states in two dimensions and the

uniqueness of the trivial solution if the bifurcation parameter is large.

1.4 Outline of this thesis

Chapter 2 - The Onsager free-energy functional. The purpose of this

chapter is to set up the foundational framework to which we will refer to in the

remaining parts of this thesis. We will step back for a moment and review the

Onsager free-energy functional based on ideas in statistical mechanics. Having ob-

tained an explicit expression for the Helmholtz free-energy functional, we are then

in a position to concentrate on the two most famous two-body interaction poten-

tials, the Maier-Saupe interaction potential and the Onsager interaction potential.

While the former is based on a mean-field approach to the problem where all inter-

actions of the molecules are viewed as a single effect acting on every single particle,

the latter is based on the purely repulsive interactions between the particles. In or-

der to complete the picture, we conclude this chapter by a very brief introduction

to the dipolar interaction potential which models materials with a dipole moment.

Chapter 3 - Existence and boundedness of minimisers of the three-

dimensional Onsager model. Before beginning with our bifurcation analysis

of the Onsager free-energy functional, we prove the existence of minimisers using

the direct method of the calculus of variations. Moreover, we show that every

minimiser is in fact bounded from below and above, while the lower bound is

12
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in fact positive. These facts let us reduce the state space of the problem to the

Hilbert space L2(S2) which will be essential for our forthcoming analysis.

Chapter 4 - A complete description of all bifurcation points of the

Onsager free-energy functional. The problem of classifying all critical points

of the Onsager free-energy functional with the Onsager interaction kernel in three

dimensions has not yet been addressed. The Euler-Lagrange equation correspond-

ing to the Onsager free-energy functional is given by

E(φ, λ) = λφ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q))dq

where φ ∈ H2(S2) denotes the thermodynamical potential associated to the prob-

ability distribution ρ. In this chapter, we rewrite the problem as an eigenvalue

problem for the interaction operator U and we solve it for all eigenvalues. In

particular, we are interested in all non-zero solutions (η, λ) of

ˆ
S2
k(p · q)η(q)dq = −4πλη(p)

and therefore in the nullspace of the operator Lλ :=
´
S2 k(p · q)η(q)dq. Writing

an interaction kernel k(·) as a series of spherical harmonics, we find a method

to compute its eigenvalues. On the basis of this result, we obtain a complete

set of all bifurcation points corresponding to bifurcations of the Onsager free-

energy functional from the isotropic state. In particular, we prove the following

statement.

13
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Theorem 1.1 (Bifurcation points of the Onsager free-energy functional). Let the

Onsager free-energy functional F in (1.2) be equipped with the Onsager kernel

KO(p, q) =
√

1− (p · q)2. Then all local bifurcations from the trivial solution

occur at the bifurcation points

λl =
Γ(l/2 + 1

2
)Γ(l/2− 1/2)

8Γ(l/2 + 1)Γ(l/2 + 2)

where l ∈ 2N. Moreover, the corresponding eigenfunctions of the Onsager inter-

action operator

U(ρ) =

ˆ
S2
k(p · q)ρ(q)dq

are given by the spherical harmonics Y m
l of even degree.

Chapter 5 - Bifurcations of the three-dimensional Onsager model.

Having found explicit expressions for all bifurcation points, we derive the bifurc-

ation equation of the bifurcation point corresponding to the first phase transition

occurring at the biggest value of λ. In Section 6.3.2, we prove the existence of a

transcritical bifurcation. Our results about the local bifurcation structure of the

Onsager free-energy functional are summarised in the following theorem.

Theorem 1.2 (Local bifurcations of the Onsager free-energy functional). Let

the Onsager free-energy functional F in (1.2) be equipped with the Onsager kernel

KO(p, q) =
√

1− (p · q)2. Then a transcritical bifurcation from the trivial solution

14
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ρ = 1
4π

occurs locally at the bifurcation point

λ? =
π

32

(up to rotational symmetry).

The proof of this theorem consists of two crucial steps. The derivation of

the bifurcation equation up to sufficiently high order and the exploitation of the

symmetry properties inherent to the problem - we will concentrate on this second

step of the proof in Chapter 6.

We restrict our attention to bifurcations of the Euler-Lagrange equation of the

Onsager free-energy functional from the isotropic state ρ = 1
4π

equipped with the

Onsager kernel. However, our approach is generally applicable to any physical

two-body interaction potential that satisfies the following assumptions.

Assumption 1.3. The interaction potential K(·, ·) : S2 × S2 → R satisfies

(a) K(·, ·) is continuous in both variables;

(b) K(·, ·) is rotationally symmetric, that is K(p, q) = K(Rq,Rp) for all R ∈

SO(3) and p, q ∈ S2.

An important consequence of rotational symmetry is the following proposition

which is based on the basic representation theorem of simultaneous invariants of

vectors due to Cauchy.

Proposition 1.4. [?, page 29] The interaction potential is rotationally symmetric
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Chapter 1. Introduction

if and only if it can be written as a function of a scalar K(p, q) = k(p · q) where

k : R→ R.

Remark 1.5. Within this thesis, we use the notations K(p, q) and k(p · q) inter-

changeably to denote the interaction kernel of interest.

Remark 1.6. Notice that by Proposition 1.4, rotational symmetry implies the

symmetry of the interaction kernel.

The particular combination of methods that we are using in this chapter and

in Chapter 6 allows us a derivation of an expansion of the bifurcation equation

which can be repeated equivalently for any other kernel, see Remark 5.6 for more

details. Hence a characterisation of the local bifurcation can be achieved for many

other cases by following an adaptation of the steps presented in this thesis.

Other well-known kernels such as the dipolar and the Maier-Saupe kernel have

been considered by [?]. However, they also fit into this framework as outlined in

Remark 4.9.

Similar results about the local bifurcation structure of the Onsager free-energy

functional with interaction potential satisfying Assumption 1.3 can also be found

in the unpublished thesis of Jakob Wachsmuth [?], which was only drawn to the

attention of the author after completion of our work on the bifurcation structure

of the Onsager free-energy functional. The major differences between his and our

work have been outlined in Appendix C.

Chapter 6 - Solutions of the bifurcation equation of the Onsager free-

energy functional. Having derived the bifurcation equation for the Onsager free-

16



Chapter 1. Introduction

energy functional equipped with the Onsager kernel in Chapter 5, we reduced the

initial problem from an infinite state space to a system of five equations with six

variables. However, this system is still too complicated to solve so we will reduce

the dimension of its state space further by using the symmetry properties inherent

to the problem. In particular, due to the rotational symmetry of the kernel and

thus of the Onsager free-energy functional, we identify any two solutions if they

are related by an application of a rotation. This problem is equivalent to finding

the representatives of the orbit space of the group action SO(3) acting on R5

which is the space of solutions to the bifurcation equation. In particular, we find

a representation of this group action and we derive two invariant polynomials

associated to it which separate its orbit, that means that two solutions a and b

can be mapped onto each other by an application of a rotation in SO(3) if and

only if

(I1(a), I2(a)) = (I1(b), I2(b))

where I1 and I2 denote the two invariant polynomials. We will show that there

exists a two-dimensional set S for which the images of I1 and I2 are surjective and

that it is therefore sufficient to consider only the two-dimensional set S as state

space for possible solutions to the bifurcation equation.

This approach involving invariant theory for groups is generally applicable to

bifurcation problems for functions defined on the sphere and is of interest on its

own, for details see Sections 6.2.

The final part of this chapter is to solve the reduced two-dimensional bifurc-

ation equation by identifying the equivalent recognition problem which can then

17



Chapter 1. Introduction

be solved. In particular, we find non-degeneracy conditions which will ensure the

one-to-one correspondence between solutions of the two-dimensional bifurcation

equation and an algebraic equation of simple form of lower order. Based on these

results we will finalise our bifurcation analysis by concluding that there exists a

transcritical bifurcation up to rotations from the isotropic solution.

Chapter 7 - Other properties of the bifurcation diagram. Chapter 7

is devoted to a brief analysis of some additional local and global properties of the

bifurcation diagram. First of all, we prove the local uniaxiality of all solutions

corresponding to the first bifurcation branch which has been shown to admit a

transcritical bifurcation in the Chapters 5 and 6. This result has already been

of interest to many experts in the field. Moreover, we show the uniqueness of

the trivial solution as local minimiser if the bifurcation parameter is high and

the continuity of all bifurcation branches. These results are summarised in the

following theorem.

Theorem 1.7 (Bifurcations of the Onsager free-energy functional). Let K(·, ·) :

S2 × S2 → R be an interaction kernel satisfying Assumption 1.3. Then

• all solutions corresponding to the transcritical bifurcation branch found in

Section 6.3.2 are locally uniaxial;

• the uniform distribution ρ0(p) = 1
4π

is a critical point for all values of λ. In

18



Chapter 1. Introduction

particular, if λ is such that

8πM exp

(
16M

λ

)
≤ λ

where M = maxp,q∈S2 K(p, q), then the uniform distribution is in fact the

unique solution of the Onsager free-energy functional in three dimensions;

• the trivial solution ρ = 1
4π

is a local minimiser for all λ > π
32

and it is not a

local minimiser for λ < π
32
;

• all bifurcation branches either meet infinity or they meet another bifurcation

branch.

Chapter 8 - Conclusion. In the final chapter of this thesis, we summarise

our results about the bifurcation diagram of the Onsager free-energy functional

with physical interaction operator. These results are also summarised in Figure

1.5 and they have been published by the Archive for Rational Mechanics and

Analysis [?].
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Chapter 1. Introduction

Figure 1.5: Summary of our results
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Chapter 2

The Onsager free-energy functional

The following review of the Onsager free-energy functional with Maier-Saupe and

Onsager interaction potential goes back to [?] and [?]. We consider a dynamical

system with N identical particles, each with generalised coordinates qi ∈ Q and

conjugate momenta pi ∈ R. We denote the combined locations and momenta by

(p, q). The corresponding Hamiltonian function is given by

H(q, p) := K(p) + U(q)

where K denotes the total kinetic energy of the system and U its potential energy.

We can write the equations of time evolution of the system as

q̇ =
∂H
∂p

and ṗ = −∂H
∂q

.

The phase space corresponding to this system of equations is given byQ3N×R3N ⊂

R6N , hence the space of all possible states is 6N -dimensional. In order to consider

all such states differing in their initial conditions, we are looking at many virtual

copies of the same system which is called an ensemble. The distribution of such an
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Chapter 2. The Onsager free-energy functional

ensemble of systems with a fixed number of particles is described by the probability

distribution ρ which is given by

ρ(p, q) =
1

Z
e
− 1
kBT
H(p,q) (2.1)

where

Z =

ˆ
Rn×Ω

e
− 1
kBT
H(p,q)

dpdq,

kB denotes the Boltzmann constant and T the absolute temperature.

In thermodynamics, the Helmholtz free-energy is a thermodynamic potential

which describes the amount of useful work contained in the system

F = E − TS

where E is the average total energy of the system, T is the absolute temper-

ature and S the entropy. At constant temperature and volume, the Helmholtz

free-energy is a minimum at equilibrium because of the first and second laws of

thermodynamics.

We rewrite Z as configurational quantity by integrating out the momenta

component of H. This is in fact equivalent to extracting a factor out of Z which

in turn affects F only by an additive constant does not change minimisers. Overall,

we obtain the following system of equations

ZN :=
1

N !

ˆ
QN

e
− 1
kBT
U(q)

dq and FN := −kBT lnZN .

22



Chapter 2. The Onsager free-energy functional

Figure 2.1: A schematic graph of the Lennard-Jones potential, one of the most
popular two-body interaction potentials [?].

We now consider only the two-body interactions between the particles

U(q) =
1

2

N∑
i 6=j=1

U(qi, qj)

with U(qi, qj) = U(qj, qi). These can be split into two different types of inter-

actions, the slowly varying, long-range potentials and the rapidly varying, short

range potentials. The former accounts for the attraction between particles and

is called the soft component of U denoted by U (A) while the latter accounts for

the repulsion between particles and is called the hard component of U which we

denote by U (R). It follows that U can in general be decomposed as

U(qi, qj) = U (A)(qi, qj) + U (R)(qi, qj).
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Chapter 2. The Onsager free-energy functional

Figure 2.2: A schematic graph of the repulsive component of U in the idealised
case [?].

The component U (R) is diverging abruptly when the particles are very close to

each other. For definiteness, we assume that U (R) is arbitrarily close to zero when

the interacting particles are not in contact and that it diverges to +∞ when they

touch (see Figure 2.2).

Taking all these assumptions into account, we can rewrite the Helmholtz free-

energy as

F =− kBT ln

(
1

N !

ˆ
ΩN

e
− 1

2
1

kBT

∑N
j=2 U

(A)(q1,qj) dq1 × . . .

× e−
1
2

1
kBT

∑N−1
j=1 U(A)(qN ,qj) dqN

)
.
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Chapter 2. The Onsager free-energy functional

This expression can equivalently be written as

F = −kBT ln
1

N !

N∏
l=1

ˆ
QN

Ildql (2.2)

where

Il := exp

(
−1

2

1

kBT

N∑
j 6=l=1

U (R)(ql, qj)

)
exp

(
−1

2

1

kBT

N∑
j=1,j 6=l

U (A)(ql, qj)

)
.

In general, there are two approaches to tackle this elaborate expression, one of

which is a mean-field approximation which leads to the very successful Maier-

Saupe interaction potential. The second approach has been chosen by Onsager

himself in 1949 and is based on an excluded volume effect for rod-like molecules.

The corresponding interaction potential has been named after him.

2.1 The mean-field approach

In 1958, Maier and Saupe’s approach to tackle the expression in (2.2) was to

concentrate only on attractive interactions U (A) while ignoring the repulsive part

of the potential, that is

UR(qi, qj) = 0 for all i, j ∈ N.
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Chapter 2. The Onsager free-energy functional

This approach leads to the Helmholtz free-energy

FN =− kBT ln
1

N !

ˆ
QN

(
e
− 1

2
1

kBT

∑N
j=2 U

(A)(q1,qj)
)
dq1 × . . .

×
(
e
− 1

2
1

kBT

∑N−1
j=1 U(A)(qN ,qj)

)
dqN

=− kBT ln
1

N !

ˆ
QN

∏
l=1

I
(A)
l dq1 . . . dqN

where

I
(A)
l = exp

(
−1

2

1

kBT

N∑
j=1,j 6=l

U (A)(ql, qj)

)
.

The idea of Maier and Saupe was to apply a mean-field approach. That means

that the individual interactions between all particles are viewed as interactions by

a single effective particle. Hence the complicated expression above, which depends

on N particles, is replaced by an approximative effective field that applies to every

single one of them
1

2

N∑
j=1,j 6=h

U (A)(qh, qj) ≈ E(qh).

Thus, the mean-field free-energy is given by

Fmf
N ≈ −kBT ln

1

N !

(ˆ
Q
e
− 1
kBT
E(q)

dq

)N
.

Within the canonical ensemble, we are now interested in rewriting the mean-field

free energy as functional in terms of the probability distribution ρ in (2.1). Let
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Chapter 2. The Onsager free-energy functional

f := Q 7→ R+ denote the number density, that is

ˆ
Q
f(q)dq = N while ρ(q) =

f(q)

N
,

then we can rewrite the effective potential as

E(p) :=

ˆ
Q
f(q)U (A)(q, p)dq − 1

2

ˆ
P

f(p)

ˆ
Q

f(q)U (A(q, p)dqdp. (2.3)

Let {Qi}Mi=1 be a partition of Q into subsystems, each of which consists of Ni

particles and whose cores are denoted by qi. Further, let ∆qi be the measure of

Qi and

fi := f(qi)

be the discretisation of f with

Ni = fi∆qi and
M∑
i=1

Ni = N.

Based on these definitions, the energy of each subsystem is given by

F
(mf)
Ni

= −kBT ln
1

Ni!

(ˆ
Qi
e
− 1
kBT
E(q)

dq

)Ni
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Chapter 2. The Onsager free-energy functional

and thus the overall free-energy of all subsystems is

F
(mf)
N =

M∑
i=1

F
(mf)
Ni

=− kBT
M∑
i=1

ln
1

Ni!

(
Ni

fi
e
− 1
kBT
E(i)(q)

)Ni

where E i := E(qi). Using Stirling’s approximation

ln

(
1

N − i!
NNi
i

)
≈ Ni

yields an expression of the mean-field energy

F
(mf)
N ≈ −kBT

M∑
i=1

Ni

(
ln

1

fi
− E

(i)

kBT

)
− kBTN.

Dropping the last term because it is a constant and letting N → ∞, we obtain

the free-energy functional depending on the number density f

F(f) := kBT

ˆ
Q
f(q) ln f(q)dq +

1

2

ˆ
Q2

U (A)(q, q′)f(q)f(q′)dqdq′.

In order to obtain a meaningful free-energy functional, one needs to make as-

sumptions on the type of long-range attractive interactions between the particles.

The approach that has been undertaken by Maier and Saupe in 1959 was to de-

rive an expression for U (A) based on London dispersion forces between non-polar

molecules. The basic principle behind the London dispersion forces is that even

though we assume that liquid crystal molecules do not have a permanent dipole,
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Chapter 2. The Onsager free-energy functional

the interactions between all particles induce a dipole in the system. On average

this dipole vanishes. However, the average energy induced by it does not. Based

on these assumptions, Maier and Saupe defined U (A) as

U (A)(qi, qj) :=


Udisp if r ≥ R

0 if r < R

where Udisp denotes the London dispersion forces and r denotes the distance

between the particles q and q′. In their celebrated paper from 1959 [?], Maier

and Saupe impose further assumptions on the model in order to find an explicit

expression for U (A). In fact they show that

U (A)(q, q′) = CkMS(q, q′) = C

(
1

3
− (q · q′)2

)

where C is a constant.

2.2 The Onsager interaction potential

In his enthusiastically received paper from 1949, Onsager presented an interac-

tion potential which is only based on purely repulsive interactions between the

particles. In particular,

U (A)(qi, qj) = 0 for all i, j ∈ N
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Chapter 2. The Onsager free-energy functional

and thus the Helmholtz free-energy is given by

F = −kBT ln

(
1

N !

ˆ
ΩN

e
− 1
kBT
U(R)(q)

dq1 . . . dqN

)

where UR denotes the repulsive part of all two body interactions of U(q) :=∑N
i<j U(qi, qj). In case of the hard repulsive potential U (R), we may now rewrite

this expression in terms of Mayer functions, that is

e
− 1

2kBT
U(R)(qi,qj) = 1 + Φij

where

Φij =


0 if the particles i and j are not in contact

−1 if the particles i and j overlap
(2.4)

(see Figure 2.2). It follows that the Helmholtz free-energy is given by

F = −kBT ln

(
1

N !

ˆ
ΩN

N∏
i<j

(1 + Φij)dq1 . . . dqN

)
.

Expanding this product yields

e
− 1
kBT
U(R)(q)

=
N∏
i<j

(1 + Φij) = 1 +
∑
i>j

Φij +
∑

i>j,i′>j′

ΦijΦi′j′ + . . .

which is a sum of all possible products of Mayer functions which tend to lead to

quite complicated expressions which are difficult to evaluate. Mayer and Mayer
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Chapter 2. The Onsager free-energy functional

found a diagrammatic method to illustrate the particles and the interactions

between them which gave them the name cluster integrals. Surprisingly, many

of the terms cancel out so that one is left with the two dominant terms

β1 =
1

V

ˆ
Q2

Φ12dq1dq2 (2.5)

β2 =
1

V

ˆ
Q3

Φ12Φ23Φ13dq1dq2dq3 (2.6)

for the first and second cluster integral. For more details on higher order terms we

refer the reader to [?]. In particular these terms constitute the first two correction

terms to the ideal gas law

lnZN = N

(
1 + ln

N

V
+

1

2
β1

(
N

V

)
+

1

3
β2

(
N

V

)2

+ . . .

)
.

In case of lyotropic liquid crystals, when we are considering a solution rather than

a gas, the cluster integrals β1 and β2 have to be averaged over all orientations

in order to obtain the virial coefficients. In particular, the first and second virial

coefficient are given by

B2 =− 1

2

ˆ
Q2

β1(q1, q2)ρ(q1)ρ(q2)dq1dq2

B3 =− 1

3

ˆ
Q3

β2(q1, q2, q3)ρ(q1)ρ(q2)ρ(q3)dq1dq2dq3

while the higher order virial coefficients have more complicated expressions.

Based on all of these considerations, we obtain a final expression for the Helm-
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holtz free-energy functional

F

NkBT
= ln ρ+B2ρ+

1

2
B3ρ

2 + . . .

= ln f +

ˆ
Q
ρ(q) ln(4πρ(q))dq − f

2

ˆ
Q2

β1(q1, q2)ρ(q1)ρ(q2)dq1dq2

− f 2

3

ˆ
Q3

β2(q1, q2, q3)ρ(q1)ρ(q2)ρ(q3)dq1dq2dq3 + . . . .

In the case of long thin rods Onsager proved that the third virial coefficient β2

in this expansion is in fact negligible compared to β1. However, if the ratio of the

length L and diameter D of the rods becomes smaller, the third virial coefficient

gains importance over the first. In particular, if L/D < 20, then the second and

third virial coefficients have similar weights while at L/D ≈ 100 the contribution

of the third virial coefficient β2 is still around 10% of that of the second [?]. Only

in the limit of L/D →∞ can we assume that all higher virial coefficients tend to

zero. These facts illustrate the limitations of Onsager’s theory.

We consider now the limit L/D → ∞. Taking the exact form of the Mayer

function and the form of the first cluster integral into account, see (2.4) and (2.5),

we see that the first cluster integral can be computed as follows

β1(p, q) =
1

V

ˆ
if the particles
p and q overlap

(−1)dqdp.

This integral constitutes the negative of the excluded volume of two particles with
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orientations p and q. Together with Onsager, we may now assume that

F

NkBT
= ln f +

ˆ
Q
ρ(q) ln(4πρ(q))dq − f

2

ˆ
Q2

Vexclρ(q1)ρ(q2)dq1dq2.

An extensive discussion of Onsager’s derivation can be found in [?]. Excluded

Figure 2.3: The excluded volume between two rod-like molecules whose orienta-
tions differ by an angle α.

volume effects arise in the system due to the impenetrability of the molecules.

This means that the centre of mass of one molecule cannot move around freely

without any constraints because it cannot enter the space that is already occupied

by other molecules. Figure 2.3 illustrates schematically what the excluded volume

looks like in case of rod-like molecules when two of them have an orientation

differing by an angle α.

It is easy to see from Figure 2.3 that the excluded volume between these two
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molecules can be approximated by

Vexc ≈ 2L2D| sin(α)| = 2L2D|p× q|,

see also [?] for details. Observe that we do not consider any end effects in the

above approximation. For a derivation of the excluded volume for other shapes

of molecules, we recommend [?]. By the excluded volume argument,

KO(p, q) = | sinα| = |p× q| =
√

1− (p · q)2.

Especially from the third expression, we see that the Onsager interaction potential

has a non-analytic structure due to its ‘cusp’ singularity occurring whenever p

and q are orthogonal. Therefore it is not very convenient to work with and thus

most of the literature is concerned with the Maier-Saupe interaction potential

KMS(p, q) = 1
3
− (p · q)2.

2.3 The dipolar interaction potential

The third very well-known interaction potential is the dipolar potential [?]

Kd(p, q) = −p · q.

The major difference between the dipolar and the Maier-Saupe interaction po-

tential is that the Maier-Saupe potential is invariant with respect to a change

of sign in its argument and thus possesses a head-to-tail symmetry. To the con-
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trary, the dipolar potential depends on the direction of the molecular vector of

the molecules. From a physical perspective, the dipolar potential is used when

the molecules possess a dipole moment parallel to their molecular axis.
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Existence and boundedness of
minimisers

In order to keep the subsequent analysis as general as possible, we only impose

the physically motivated assumptions listed in Assumption 1.3 on the two-body

interaction kernel, that is that k(·) is rotationally symmetric and continuous in

both variables. Based on these assumptions, we prove the existence of minim-

isers in Section 3.1 and we establish a lower and upper bound on the probability

densities which are minimising the functional in Sections 3.2 and 3.3. Finally, we

will reduce the minimisation problem to a certain class of probability densities in

Section 3.4.

3.1 Existence of minimisers of the free-energy func-
tional

In order to prove existence of minimisers of the Onsager free-energy functional

given by

F(ρ, λ) := λ

ˆ
S2
ρ(p) ln ρ(p) dp+

1

2

ˆ
S2

ˆ
S2
K(p, q)ρ(p)ρ(q) dp dq, (3.1)
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we apply the direct method of the calculus of variations [?]. We consider all

probability densities

P(S2) :=

{
ρ ∈ L1(S2)

∣∣∣ˆ
S2
ρ(p) dp = 1, ρ(p) ≥ 0

}
.

Take a minimising sequence ρn : S2 → R such that

F(ρn)→ inf{F(ρ)|ρ ∈ P(S2)}.

• Considering a minimising sequence ρn for F , we have to show that there

exists a subsequence ρnk which converges to ρ? weakly in L1(S2).

• We prove that the functional F(ρ) is weakly lower-semicontinuous, that is

lim infn→∞F(ρn) ≥ F(ρ?)

for any ρn ⇀ ρ?.

We may then conclude the existence of a minimiser because

inf{F(ρ)|ρ ∈ P(S2)} = lim
n→∞

F(ρn) = lim
k→∞
F(ρnk)

≥ F(ρ?) ≥ inf{F(ρ)|ρ ∈ P(S2)}

and thus,

F(ρ?) = inf{F(ρ)|ρ ∈ P(S2)}.
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In the following, we make these steps rigorous for the Onsager free-energy func-

tional.

Theorem 3.1. Assume that the interaction potential K(·, ·) : S2 × S2 → R is

continuous. Then there exists a minimiser to the Onsager free-energy in (3.1).

Proof. First of all, let us show that the functional is bounded from below. It is

straightforward to see that ρ ln ρ attains its minimum value at ρ = e−1. Thus,

minρ ρ ln ρ = −e−1 > −1 and hence we may conclude that the entropy part of the

Onsager free-energy functional is bounded below by

F1(ρ) := λ

ˆ
S2
ρ(p) ln ρ(p) dp ≥ −λ|S2| = −4πλ.

Let us now consider the interaction term

F2(ρ) :=
1

2

ˆ
S2×S2

K(p, q)ρ(p)ρ(q) dp dq.

Assuming that the interaction potential K(p, q) is continuous and defined on the

compact set S2×S2, it follows that K(p, q) is bounded. Hence there exists M > 0

such that
∣∣K(p, q)

∣∣ ≤M for all p, q ∈ S2. Therefore

F2(ρ) =
1

2

ˆ
S2×S2

K(p, q)ρ(p)ρ(q) dp dq ≥ −M
2

ˆ
S2×S2

ρ(p)ρ(q) dp dq ≥ −M
2
,

proving that the Onsager free-energy is bounded from below. Hence there exists
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a minimising sequence ρn : S2 → R such that

F(ρn)→ inf{F(ρ)|ρ ∈ P(S2)}.

Claim 1: Any minimising sequence admits a weakly convergent subsequence.

Let ρn be a minimising sequence of F , that is

F(ρn)→ inf{F(ρ)|ρ ∈ P(S2)}.

Because every convergent sequence is bounded, it follows that F(ρn) is bounded.

Following Theorem 13.6 in [?], we know that a subset F of L1(S2) is relatively

weakly compact if and only if it is uniformly integrable, that is

sup
f∈F

ˆ
{|f |>a}

|f(t)| dt→ 0 as a→∞.

Hence it is enough to show that the minimising sequence ρn is uniformly integrable.

Let us assume the contrary, that is

∃ ε > 0 ∀ A ∃ a > A such that sup
{ρn|n∈N}

ˆ
{|ρn|>a}

ρn(p) dp > ε.

In particular, since the left hand side is decreasing in a, we may assume that

∃ ε > 0 such that ∀ a sup
{ρn|n∈N}

ˆ
{|ρn|>a}

ρn(p) dp > ε
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and hence for any a > 0 there exists m(a) such that

ˆ
ρm>a

ρm(p) dp >
ε

2
. (3.2)

Let us now derive a contradiction from this assumption by showing that F(ρn) is

not bounded if ρn is not uniformly integrable.

Fix a > 0 and let m be as in (3.2). We can make the following estimate for the

first part of the Onsager free-energy functional

F1(ρm(a)) = λ

ˆ
S2
ρm(a)(p) ln ρm(a)(p) dp

≥ −λ

(
|S2|+

ˆ
{ρm(a)>a}

ρm(a)(p) ln ρm(a)(p) dp

)

≥ −λ

(
|S2|+ ln a

ˆ
{ρm(a)>a}

ρm(a)(p) dp

)

≥ −λ
(
|S2|+ ln a

ε

2

)
.

However, the sequence F(ρn) is bounded from above for all n ∈ N and thus choos-

ing a to be very large, this lower bound exceeds the upper bound leading to a

contradiction. Therefore the sequence ρn is relatively compact and thus ρn admits

a weakly convergent subsequence.

Claim 2: The Onsager free-energy functional is weakly lower semi-continuous.

It follows directly from Theorem 3.2.5 in [?] that F1 is weakly lower semi-continuous.

Hence it is enough to prove that F2(ρ) is weakly continuous. Suppose that ρn ⇀ ρ

in L1(S2). Then any integral functional in L∞(S2) converges strongly and since
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K(·, ·) is continuous, it is bounded on S2. Hence

ˆ
S2
K(p, q)ρn(q) dq →

ˆ
S2
K(p, q)ρ(q) dq for p ∈ S2.

Fix ε > 0. Since K(·, ·) is uniformly continuous, there exists δ > 0 such that for

all |p1 − p2| < δ

|K(p1, q)−K(p2, q)| <
ε

3
.

Moreover, there are {p1, . . . , pm} ⊂ S2 such that for all p ∈ S2 there exists i ∈

{1, . . . ,m} such that |pi − p| < δ. Hence there is an Ni corresponding to pi such

that ∣∣∣∣ˆ
S2
K(pi, q)ρn(q) dq −

ˆ
S2
K(p, q)ρ(q) dq

∣∣∣∣ < ε

3
for all n ≥ Ni.

Let N = maxiNi, then

∣∣∣∣ˆ
S2
K(pi, q)ρn(q) dq −

ˆ
S2
K(p, q)ρ(q) dq

∣∣∣∣ < ε

3
for all n ≥ N and ∀i = 1, . . . ,m

and hence

∣∣∣ ˆ
S2
K(p, q)ρn(q) dq −

ˆ
S2
K(p, q)ρ(q) dq

∣∣∣
≤
∣∣∣∣ˆ

S2
(K(pi, q)−K(p, q))ρn(q) dq

∣∣∣∣+

∣∣∣∣ˆ
S2

(K(pi, q)−K(p, q))ρ(q) dq

∣∣∣∣
+

∣∣∣∣ˆ
S2
K(pi, q)ρn(q) dq −

ˆ
S2
K(pi, q)ρ(q) dq

∣∣∣∣
<
ε

3
+
ε

3
+
ε

3
= ε. (3.3)
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Thus, we have proven uniform convergence of U(ρn, p) in L∞(S2) since

∣∣∣∣ˆ
S2
K(p, q)ρn(q) dq

∣∣∣∣ ≤ sup
q∈S2
|K(p, q)| = M <∞.

We are now able to deduce that if ρn ⇀ ρ in L1(S2), then

ˆ
S2

ˆ
S2
K(p, q)ρn(q)ρn(p) dq dp

=

ˆ
S2

ˆ
S2
K(p, q)ρ(q) dq︸ ︷︷ ︸
∈L∞(S2)

ρn(p) dp

+

ˆ
S2

ˆ
S2

[K(p, q)ρn(q)−K(p, q)ρ(q)] dq︸ ︷︷ ︸
→0 by Equation (3.3)

ρn(p) dp

→
ˆ
S2

ˆ
S2
K(p, q)ρ(q)ρ(p) dq dp,

thus proving that F2 is weakly continuous and therefore F is weakly lower semi

continuous.

Putting all these steps together, we have verified the direct method of the cal-

culus of variations proving existence of a minimiser to the Onsager free-energy

functional.

3.2 Restriction to probability densities which are
bounded from below

We prove that any admissible probability density that minimises the Onsager

free-energy functional is bounded away from zero.
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Lemma 3.2. Assume that the kernel satisfies 0 ≤ K(p, q) ≤M . Let ρ ∈ L1(S2) be

an arbitrary probability density. Suppose that there exists a set A ⊂ S2 of positive

measure such that ρ(p) ≤ 1
8π

exp(−3M/λ). Then there exists a modification of

ρ, denoted by ρ?, such that ρ? is bounded from below by ε = 1
8π

exp(−3M/λ) and

F(ρ?) < F(ρ).

Proof. Suppose that

ess inf
p∈S2

ρ(p) = 0. (3.4)

The idea of the proof is to construct a function ρ? from ρ by lifting ρ at every

point where it is less than ε to ε in order to obtain a function that is bounded away

from zero. However, we also have to lower ρ on a different set because otherwise

ρ? is not a probability density as it does not integrate to one. Therefore we define

ρ? as

ρ?(p, γ) := ε1{p|ρ(p)≤ε} + ρ(p)1{p|ε≤ρ(p)<γ} + γ1{p|ρ(p)≥γ}

with ε := 1
8π

exp(−3M/λ) where M := supp,q∈S2 K(p, q). In order to keep our

presentation simple in the subsequent analysis, we define

A := {p|ρ(p) ≤ ε}, B := {p|ε ≤ ρ(p) < γ} and C := {p|ρ(p) ≥ γ}.

We choose γ such that ρ? integrates to 1. This can be achieved by noting that the

map γ 7→
´
ρ?(p, γ) is continuous by applying the monotone convergence theorem

and then applying the intermediate value theorem (for γ = 1
8π

the integral is less
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than 1 and bigger than 1 if γ is sufficiently large). Integrating ρ?, it is easy to see

that γ has to be chosen such that

δ :=
1

|C|

(
1− ε|A| −

ˆ
B

ρ(p) dp

)

because then ρ? ∈ P(S2) := {ρ ∈ L1(S2)|ρ(p) ≥ 0,
´
S2 ρ = 1}. It follows from

the same reasoning that γ ≥ 1
4π

and therefore |C| > 0 as well as |A| > 0 by

assumption. Therefore ρ? is a well-defined probability density which is admissible

for our minimisation problem. For details on this construction for a particular

example it might be helpful for the reader to consider Figure 3.2.

Figure 3.1: Schematic illustration of ρ (in blue) and its refinement ρ? (in red)
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In the following, we would like to show that F(ρ) − F(ρ?) > 0. Let us start

with the entropic term. Let

f(x) := x lnx, g(p) := ε− ρ(p) and h(p) := ρ(p)− γ,

then by an application of the mean value theorem it follows that

F1(ρ)−F1(ρ?) =λ

ˆ
A

(ρ(p) ln ρ(p)− ε ln ε) dp+ λ

ˆ
C

(ρ(p) ln ρ(p)− γ ln γ) dp

≥− λ(ln(ε) + 1)

ˆ
A

g(p) dp+ λ(ln(γ) + 1)

ˆ
C

h(p) dp.

For the step above we used that for the convex function f(x) = x lnx it holds that

f(y) ≥ f(x) + f ′(x)(y − x). Moreover, we observe that
´
A
g(p) dp =

´
C
h(p) dp

and hence

F1(ρ)−F1(ρ?) ≥λ ln
γ

ε

ˆ
A

g(p) dp.

Now let us turn to the interaction term F2(ρ) = 1
2

´
S2
´
S2 K(p, q)ρ(p)ρ(q) dq dp.

Plugging in ρ? and ρ yields

F2(ρ,λ)−F2(ρ?) =

1

2

ˆ
A×A

K(p, q)(ρ(p)ρ(q)− ε2)dpdq +
1

2

ˆ
C×C

K(p, q)(ρ(p)ρ(q)− γ2)dpdq

+

ˆ
A×B

K(p, q)(ρ(p)ρ(q)− ερ(q))dpdq +

ˆ
A×C

K(p, q)(ρ(p)ρ(q)− εγ)dpdq

+

ˆ
B×C

K(p, q)(ρ(p)ρ(q)− ρ(p)γ)dpdq
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=
1

2

ˆ
A×A

K(p, q)(ρ(p)ρ(q)− ερ(q) + ερ(q)− ε2)dpdq

+
1

2

ˆ
C×C

K(p, q) (ρ(p)ρ(q)− γ2)︸ ︷︷ ︸
≥0

dpdq +

ˆ
A×B

K(p, q)ρ(q)(ρ(p)− ε)dpdq

+

ˆ
A×C

K(p, q)(ρ(p)ρ(q)− ερ(q) + ερ(q)− εγ)dpdq

+

ˆ
B×C

K(p, q)ρ(p)(ρ(q)− γ)dpdq

≥1

2

ˆ
A×A

K(p, q)ρ(q)(ρ(p)− ε)dpdq +
ε

2

ˆ
A×A

K(p, q)(ρ(q)− ε)dpdq

+

ˆ
A×B

K(p, q)ρ(q)(ρ(p)− ε)dpdq +

ˆ
A×C

K(p, q)ρ(q)(ρ(p)− ε)dpdq

+ ε

ˆ
A×C

K(p, q)(ρ(q)− γ)dpdq +

ˆ
B×C

K(p, q)ρ(p)(ρ(q)− γ)dpdq

≥− M

2

ˆ
A

g(p)dp− 4πεM

2

ˆ
A

g(p)dp−M
ˆ
A

g(p)dp−M
ˆ
A

g(p)dp

=−M
(

5

2
+ 2πε

) ˆ
A

g(p)dp.

Putting both terms together yields

F(ρ)−F(ρ?) ≥
ˆ
A

g(p) dp

(
λ ln

γ

ε
−M

(
5

2
+ 2πε

))
.

Hence using the facts that γ ≥ 1
4π

and ε ≤ 1
4π
, we may conclude that

F(ρ)−F(ρ?) > 0 ⇐ λ ln
γ

ε
> M

(
5

2
+ 2πε

)
⇐ λ ln

1

4πε
> M

(
5

2
+ 2πε

)
⇐ ε <

1

4π
exp

(
−
M
(

5
2

+ 2πε
)

λ

)
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⇐ ε <
1

4π
exp

(
−3M

λ

)

which we have assumed at the beginning of the proof.

3.3 Restriction to probability densities which are
bounded from above

By constructing a test function ρ? that is bounded above by a constant C?, we

prove that F(ρ) > F(ρ?) for all admissible probability densities ρ and thus we

show that we can restrict our attention to probability densities that are bounded

above. This result holds for all continuous interaction kernels, see Assumption

1.3.

Lemma 3.3. Assume that the kernel satisfies 0 ≤ K(p, q) ≤M . Let ρ ∈ L1(S2) be

a probability density and suppose that there exists a set A ⊂ S2 of positive measure

such that ρ(p) ≥ C? := exp(16M/λ) for all p ∈ A whereM := maxp,q∈S2 K(p, q) >

0 and λ > 0. Then there exists a modification of ρ, denoted by ρ?, such that ρ? is

bounded from above by C? and F(ρ?) < F(ρ).

Proof. Let

ρ?(p) := C?
1{p|ρ(p)>C?} + ρ(p)1{p|C?≥ρ(p)> 1

2π
} + (ρ(p) + γ)1{p|ρ(p)≤ 1

2π
}

where γ :=
´
S2 (ρ(p)−C?)1{ρ(p)>C?} dp

|{p| 1
2π
≥ρ(p)}| . Again, for ease of presentation, we use the
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Figure 3.2: Schematic illustration of ρ (in blue) and its refinement ρ? (in red)

following notation

A : =
{
p ∈ S2

∣∣∣ρ(p) > C?
}
, B :=

{
p ∈ S2

∣∣∣C? ≥ ρ(p) >
1

2π

}
and

C : =

{
p ∈ S2

∣∣∣ 1

2π
≥ ρ(p)

}
.

It is easy to see that |C| > 0 since otherwise
´
S2 ρ(p) dp > 1 contradicting the

fact that ρ is a probability density. By the choice of γ, we make sure that ρ?

still integrates to one. Observe that C? = exp(16M/λ) ≥ 1 > 1
2π

and hence that

A ∩ C = ∅. In order to ensure that ρ? ≤ C? on C, we claim that γ < 1
2π
. Since ρ

48



Chapter 3. Existence and boundedness of minimisers

is a probability density, it follows that
´
A

(ρ(p)− C?) dp ≤ 1. Hence

γ :=

´
S2(ρ(p)− C?)1{ρ(p)>C?} dp

|{p| 1
2π
≥ ρ(p)}|

≤ 1

|{p| 1
2π
≥ ρ(p)}|

and we only have to show that |C| = |{p| 1
2π
≥ ρ(p)}| ≥ 2π. Suppose the contrary,

that is |C| < 2π and thus |A ∪ B| = |{ρ(p) > 1
2π
}| ≥ 2π since the total measure

of the unit sphere is given by 4π and thus |A∪B ∪C| = 4π. Moreover, since ρ is

non-negative,

ˆ
S2
ρ(p) dp ≥

ˆ
Cc
ρ(p) dp ≥ 1

2π

ˆ
Cc

1 dp ≥ 1

2π
2π = 1

contradicting the fact that ρ integrates to one. Therefore γ ≤ 1
2π
.

Having defined ρ?, we are now in a position to prove that

F(ρ)−F(ρ?) > 0.

In the following, we deal with the entropy and the interaction terms separately.

We begin by deriving a lower bound on the entropy term. In particular,

F1(ρ)−F1(ρ?)

=λ

ˆ
S2
ρ(p) ln(ρ(p)) dp− λ

ˆ
S2
ρ?(p) ln(ρ?(p)) dp

=λ

ˆ
A

[f(ρ(p))− f(C?)] dp+ λ

ˆ
C

[f(ρ(p))− f(ρ(p) + γ)] dp

where f(x) := x ln(x). Moreover, defining g(p) := ρ(p)−C?. Because of convexity,
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we have f(y) ≥ f(x) + f ′(x)(y − x) implying that

F1(ρ)−F1(ρ?)

≥λ(lnC? + 1)

ˆ
A

g(p) dp− γλ
ˆ
C

(ln(ρ(p) + γ) + 1) dp

≥λ(lnC? + 1)

ˆ
A

g(p) dp− γλ
ˆ
C

(
ln

(
1

2π
+ γ

)
+ 1

)
dp

where the last line results from the fact that ρ ∈ C and hence ρ(p) < 1
2π

for all

p ∈ C. Observing that g(p) ≥ 0 for all p ∈ A and using the monotonicity of the

logarithm as well as the facts that γ < 1
2π
, ln 1

π
< −1 and λ, γ, |C| > 0, we deduce

that

F1(ρ)−F1(ρ?)

≥λ(lnC? + 1)

ˆ
A

g(p) dp− λ
(

ln

(
1

2π
+

1

2π

)
+ 1

)
γ|C|

≥λ ln(C?)

ˆ
A

g(p) dp. (3.5)

This gives us a lower bound on the entropic term and we can direct our attention

to a lower bound on the interaction term. Using the definition of ρ?, it follows

that

F2(ρ)−F2(ρ?) =
1

2

ˆ
S2×S2

K(p, q)[ρ(p)ρ(q)− ρ?(p)ρ?(q)] dq dp

=
1

2

ˆ
A×A

K(p, q)h(p, q) dq dp− γ2

2

ˆ
C×C

K(p, q) dq dp

− γ
ˆ
C×C

K(p, q)ρ(p) dq dp+

ˆ
A×B

K(p, q)ρ(q)g(p) dp dq
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+

ˆ
A×C

K(p, q)ρ(q)g(p) dq dp− γC?

ˆ
A×C

K(p, q) dq dp

− γ
ˆ
B×C

K(p, q)ρ(q) dq dp

where we used the symmetry of the kernel and again we defined g(p) := ρ(p)−C?

and h(p, q) := ρ(p)ρ(q)−C?C? which are both non-negative for p, q ∈ A. Assuming

without loss of generality that the interaction kernel is positive, we observe that

all terms with a positive sign are positive while only those with a negative sign

are negative. Neglecting the positive terms, we may therefore deduce that

F2(ρ)−F2(ρ?)

≥− γ2

2

ˆ
C×C

K(p, q) dq dp− γ
ˆ
C×C

K(p, q)ρ(p) dq dp

− γ
ˆ
C

(ˆ
A

K(p, q)ρ(p) dp

)
dq − γ

ˆ
B×C

K(p, q)ρ(q) dq dp (3.6)

≥− γ2

2
M(4π)2 − 4πγM − 4πγM − 4πMγ

≥− γ2M8π2 − 12πγM

where we used the fact that ρ(p) ≥ C? for all p ∈ A in (3.6). Since γ < 1
2π

F2(ρ)−F2(ρ?) >− 4πγM − 12πγM = −16πγM, (3.7)

we obtain a lower bound on the interaction term.

We are now in the position to derive an overall bound on F . Using (3.5), (3.7)
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and the definition of γ :=
´
A g(p)dp

|C| , we obtain that

F(ρ)−F(ρ?) >λ ln(C?)

ˆ
A

g(p) dp− 16πγM

=λ ln(C?)|C|γ − 16πγM.

Finally, making use of the assumption that C? = exp(16M/λ) and using the fact

that |C| ≥ 2π, the statement follows because

F(ρ)−F(ρ?) >λ
16M

λ
|C|γ − 16πγM = 16Mγ(|C| − π) > 0.

The following result is a straightforward consequence of Lemma 3.2 and 3.3.

Corollary 3.4. Let two sets A and B be given by

A :=

{
ρ : S2 → R|

ˆ
S2
ρ(p) dp = 1, ρ ≥ 0

}

and

B :=

{
ρ : S2 → R|

ˆ
S2
ρ(p) dp = 1, ρ ≥ 0, ρ ≤ exp(16M/λ)

}
.

Then any solution of the minimisation problem minAF(ρ) is in fact a solution of

the reduced minimisation problem minB F(ρ).
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3.4 A reduction of the minimisation problem

Initially, we considered the problem of minimising the Onsager free-energy func-

tional F among the set

P(S2) :=

{
ρ ∈ L1(S2)

∣∣∣ˆ
S2
ρ(p) dp = 1, ρ(p) ≥ 0

}
.

According to the results of Lemma 3.2 and Lemma 3.3, we observe that this

original problem can be reduced to all probability densities of the set

S(S2) :=
{
ρ ∈ L1(S2)

∣∣∣ˆ
S2
ρ(p) dp = 1, ρ(p) >

1

4π
exp

(
− 2M

λ

)
> 0 ∀p ∈ S2

and ρ(p) ≤ exp(4M/λ) ∀p ∈ S2
}

because P(S2) \ S(S2) does not contain a minimising sequence. In particular,

since S(S2) ⊂ L2(S2), we may use the Hilbert structure of L2(S2) in order to

simplify our problem. The applicability of Lemma 3.2 and Lemma 3.3 is justified

because ‖K‖∞ <∞ so that K can be changed by an additive constant and made

nonnegative.
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A complete description of all
bifurcation points of the Onsager

free-energy kernel along the
isotropic state

The novel contribution of this chapter is the full characterisation of all bifurc-

ation points of the Euler-Lagrange equation of the three-dimensional Onsager

free-energy functional. In addition to writing the interaction potential in terms

of associated Legendre polynomials, an idea that goes back to [?], we also use the

Taylor expansion of the interaction kernel in three dimensions in order to gener-

alise the applicability of this approach to a general class of two-body interaction

potentials. The combination of these steps yields a direct relationship between

the coefficients of the Taylor series and the eigenvalues of the interaction oper-

ator. This relationship will be made explicit in the case of the Onsager interaction

potential.
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The Euler-Lagrange equation of the free-energy functional in (1.2) is given by

λ ln ρ(p) +

ˆ
S2
k(p · q)ρ(q) dq = c.

Its derivation is well known and can for example be found in [?] or [?]. The

constant c is obtained through rearranging the equation and imposing the con-

straint that the distribution function ρ of the orientation integrates to one, see

the conditions in (1.1). In particular, c is given by

c = −λ lnZ

where Z =
´
S2 exp

(
− 1
λ

´
S2 k(p · q)ρ(q) dq

)
dp denotes the partition function. In-

troducing the thermodynamic potential φ : S2 → R

φ(p) :=
1

λ

ˆ
S2
k(p · q)ρ(q) dq,

it follows that ρ(p) = Z−1 exp(−φ(p)) and we can rewrite the Euler-Lagrange

equation as

λφ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q)) dq = 0

for

Z(φ) =

ˆ
S2

exp(−φ(q)) dq.
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Using the rotational symmetry of the interaction kernel, one can show that

ˆ
S2
k(p · q) dq =

ˆ
S2
k(p′ · q) dq

and thus we deduce that
´
S2 k(p · q) dq = const. The addition or subtraction of a

constant to the free-energy functional in (1.2) does not change its critical points.

Therefore we assume without loss of generality that

ˆ
S2
k(p · q) dq = 0, (4.1)

see Remark 5.1 for details in the case of the Onsager interaction potential. Each

minimiser of the Onsager free-energy functional must be a solution of the Euler-

Lagrange equation. In particular, we prove in Proposition 4.4 that all critical

points are elements of the space C∞(S2). The trivial solution of the Euler-

Lagrange equation is given by φ0(p) = 0 which corresponds to the uniform prob-

ability distribution ρ0(p) = 1
4π

and solves the Euler-Lagrange equation for all λ.

It represents the isotropic phase and we are interested in analysing whether other

solutions exist. Mathematically speaking, we are interested in those values of λ

for which new solutions emerge. Locally, these are the values of λ for which the

implicit function theorem is not applicable to the operator E : H2 (S2)→ H2 (S2)

given by

E(φ, λ) := λφ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q)) dq. (4.2)
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More details about the space H2 (S2) and different ways of defining a norm on

H2 (S2) can be found in Appendix A.

But before we will check the assumptions of the implicit function theorem, it

is essential to make sure that the operator E is well-defined.

4.1 The Euler-Lagrange and the interaction oper-
ator for the Onsager kernel

In the following section we will step back for a moment and confirm the setting that

we are working in. In particular we will show in Section 4.1.1 that the interaction

operator U and the Euler-Lagrange operator E are actually acting on the space

H2(S2) and that they map into the spaces H5(S2) and H2(S2), respectively. In

Section 4.1.2 we prove that all solutions of E are smooth and that E is infinitely

many times Fréchet differentiable.

4.1.1 Well-definedness of the Euler-Lagrange and the inter-
action operator with Onsager kernel

First of all, we will prove that the interaction operator U with Onsager kernel

kO(·, ·) is in fact an operator from Hk(S2) → Hk+3. In particular we show that

the operator norm is bounded.

Lemma 4.1. Let U be the interaction operator corresponding to the Onsager

kernel kO(p, q) =
√

1− (p · q)2, that is

U(η) =

ˆ
S2
kO(p · q)η(q)dq
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acting on η ∈ Hk(S2). Then

||U ||Hk(S2)→Hk+3(S2) <∞.

Proof. Suppose that η ∈ Hk(S2) ⊂ L2(S2). Expanding η in terms of spherical

harmonics such that

η =
∞∑
l=0

l∑
m=−l

blmYlm,

we know from Corollary A.3 that the coefficients blm satisfy the following inequal-

ity [?]

∞∑
l=0

l∑
m=−l

(
l +

1

2

)2k

|blm|2 <∞. (4.3)

Let U be the interaction operator with UYlm = µlYlm where µl are the corres-

ponding eigenvalues which are given by

µl =


πΓ( l2+ 1

2)Γ( l2−
1
2)

2Γ( l2+1)Γ( l2+2)
l even

0 otherwise

(see Theorem 4.8 and Lemma 4.10 for details). Thus, for k̃ > k

‖Uη‖H k̃ =

√√√√ ∞∑
l=0

l∑
m=−l

(
l +

1

2

)2k̃

|µl|2 |blm|2.
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Rewriting the above yields

‖Uη‖H k̃(S2) =

√√√√√√
∞∑
l=0

l∑
m=−l

(
l +

1

2

)2k

|blm|2
(
l +

1

2

)2(k̃−k)

|µl|2︸ ︷︷ ︸
Al

.

Due to the fact that η ∈ Hk(S2), we know that above bounded provided , see

(4.3). Hence we are seeking a bound on the term Al which depends on the rate

of convergence of the eigenvalues µl.

Claim:

|µl| ≤ Cl−3. (4.4)

We know from Section 5.6 in [?] that for b − a ≥ 1, a ≥ 0 and z = x + iy with

x > 0,

∣∣∣∣Γ(z + a)

Γ(z + b)

∣∣∣∣ ≤ 1

|z|b−a
(4.5)

and

Γ(x+ s)

Γ(x+ 1)
< xs−1 (4.6)

for 0 < s < 1. Using (4.5) and (4.6) with x = l
2
, s = 1

2
, z = l

2
− 1

2
, a = 0 and
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b = 5
2
yields

|µl| =
πΓ
(
l
2

+ 1
2

)
Γ
(
l
2
− 1

2

)
2Γ
(
l
2

+ 1
)

Γ
(
l
2

+ 2
) < π

2

(
l

2

)− 1
2
(
l

2
− 1

2

)−2.5

≤ Cl−3

for l ≥ 2 even which therefore proves the claim.

Thus, if k̃ ≤ k + 3, then

Al =

(
l +

1

2

)2(k̃−k)

|µl|2 ≤ C

(
l +

1

2

)6

l−6 < C?

for some constant C?. In particular,

‖Uη‖H k̃(S2) ≤

√√√√C
∞∑
l=0

l∑
m=−l

(
l +

1

2

)2k

|blm|2 =
√
C||η||Hk(S2)

implying that

‖U‖Hk→Hk+3 <∞.

Based on this result, we can now prove that the operator T , which constitutes

the second part of the Euler-Lagrange operator, E maps H2(S2) into H3(S2).

Lemma 4.2. Let T be the operator

T (φ) :=

ˆ
S2
kO(p · q) exp(−φ(q))dq

where kO denotes the Onsager kernel. Then T : H2(S2)→ H3(S2).
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Proof. Let φ ∈ H2(S2) ⊂ L2(S2). Using Lemma 4.1, we know that ||U ||Hk(S2)→Hk+3(S2) <

∞. Hence

||T (φ)||H3(S2) = ||U ||L2(S2)→H3(S2)|| exp(−φ)||L2(S2)

≤ 4π||U ||L2(S2)→H3(S2) exp(||φ||∞)

≤ 4π||U ||L2(S2)→H3(S2) expC||φ||H2(S2)

where the last step follows from the Sobolev Embedding theorem

‖f‖C0 ≤ C ‖f‖H2(S2) . (4.7)

Finally, we are in a position to prove that E maps H2(S2) onto H2(S2).

Lemma 4.3. The Euler-Lagrange operator corresponding to the Onsager kernel

E(φ)(p) = λφ(p) +
1

Z(φ)

ˆ
S2
kO(p · q) exp(−φ(q))dq

maps φ ∈ H2(S2) onto H2(S2).

Proof. Again using the Sobolev Embedding theorem, we know that ||φ||L∞ ≤

C||φ||H2(S2). Hence

Z(φ) =

ˆ
S2

exp(−φ(q))dq ≥ exp(−||φ||∞)

ˆ
S2

1dq ≥ 4π exp(−||φ||∞).

61



Chapter 4. All bifurcation points of the Onsager free-energy functional

This fact together with the reasoning that we used in the proof of Lemma 4.2

yields

||E(φ)||H2(S2) ≤ |λ|||φ||H2(S2) +
1

4π
e||φ||∞||U ||L2(S2)→H3(S2) exp(||φ||H2(S2)).

Hence we can in fact work under the assumptions we have imposed on the

operator E at the beginning of this chapter.

4.1.2 Further properties of the Euler-Lagrange operator and
its solutions

We will show that all solutions to E(φ, λ) = 0 are smooth and that E is infinitely

many times Fréchet differentiable as a mapping from H2(S2) to H2(S2).

Proposition 4.4. Suppose that φ ∈ L∞(S2) satisfies

E(φ, λ+ λs) = (λs + λ)φ(p)− 1

Z(φ)

ˆ
S2
k(p · q)e−φ(q) dq = 0.

and that k satisfies Assumption 1.3 and that it has a derivative in L1(S2). Then

φ ∈ C∞(S2).

Proof. We rearrange the Euler-Lagrange equation as

(λs + λ)φ(p) =
1

Z(φ)

ˆ
S2
k(p · q)e−φ(q) dq.

Notice that φ is bounded, see Lemma 3.3. Thus, taking the limit for a sequence
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pn → p on the right hand side, we see that it is continuous due to the dominated

convergence theorem and so is the left hand side. Because kO(p·q) is differentiable

almost everywhere, except for |p · q| = 1 with an L1-bounded derivative, we can

swap integration and differentiation and conclude that φ is differentiable. Having

proved that φ is continuous and differentiable, we want to show that the derivative

of φ is continuous and differentiable as well. This will then allow us to proceed

by an induction argument. By [?] one way to define the C1-norm is

‖φ‖C1 := ‖φ‖C0 + max
1≤i<j≤3

|Xijφ|C0

where

Xijφ =
d

dt
φ
(
x1, . . . , xi−1,

xi cos t− xj sin t, xi+1, . . . , xj−1, xi sin t+ xj cos t, xj+1, . . . , xn

)

are the intrinsic derivatives on Sn−1. Here we consider the special case n = 3. An

elementary calculation shows that

XijY
m
l (p)Y m?

l (q) = −Y m
l (p)XijY

m?
l (q).

Thus, using the expansion of k(p, q) =
∑∞

l=0

∑l
m=−l clY

m
l (p)Y m?

l (q), see (4.23),
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we can calculate

Xijλφ

=
1

Z(φ)

ˆ
S2
Xijk(p · q)e−φ(q) dq

= Xij
1

Z(φ)

ˆ
S2

∞∑
l=0

l∑
m=−l

clY
m
l (p)Y m?

l (q)e−φ(q) dq

=
1

Z(φ)

∞∑
l=0

l∑
m=−l

cl

ˆ
S2
XijY

m
l (p)Y m?

l (q)e−φ(q) dq

=
1

Z(φ)

∞∑
l=0

l∑
m=−l

clY
m
l (p)

ˆ
S2

(
− (XijY

m?
l (q)) e−φ(q)

)
dq

=
1

Z(φ)

∞∑
l=0

l∑
m=−l

clY
m
l (p)

ˆ
S2
Y m?
l (q)

(
Xijφ(q)e−φ(q)

)
dq

=
1

Z(φ)

ˆ
S2
kO(p · q)

(
Xijφ(q)e−φ(q)

)
dq

the second line shows that Xijφ is bounded because the partial derivatives of k

are in L1(S2), the step from the third to the second last line follows by applying

integration by parts. In particular (λs+λ)Xijφ(p) is continuous and differentiable.

By iteration of this argument, the statement is proved.

Lemma 4.5. The Euler Lagrange Equation E corresponding to the Onsager ker-

nel is infinitely many times Fréchet differentiable as a mapping from H2 (S2) →

H2 (S2) .

Proof. In order to check Fréchet differentiability of E, we need to verify that there
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exist a linear operator DE satisfying

lim
‖η‖H2(S2)→0

‖E (φ+ η)− E (φ) +DE(φ)η‖H2(S2)‖η‖
−1
H2(S2) = 0. (4.8)

We take the first and second directional derivatives of

E (φ) (p) = (λ2 + λ)φ(p)− 1

Z(φ)

ˆ
S2
k(p · q)e−φ(q)dq.

These are given by

∂εE (φ+ εη) (p) = (λ2 + λ) η(p)−
´
e−φ(q)−εη(q)η(q)dq(´
e−φ(q)−εη(q)dq

)2

ˆ
k(p · q)e−φ(q)−εη(q)dq

− 1´
e−φ(q)−εη(q)dq

ˆ
k(p · q)η(q)e−φ(q)−εη(q)dq.

This gives rise to the operator DE

DE (φ) (η)(p) = (λ2 + λ) η(p)−
´
e−φ(q)η(q)dq(´
e−φ(q)dq

)2

ˆ
k(p · q)e−φ(q)dq

− 1´
e−φ(q)−dq

ˆ
k(p · q)η(q)e−φ(q)dq.

The operator is linear by definition and also bounded which can be shown by a
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similar argument to the one used in Proposition 4.4. In particular,

∂2
εE (φ+ εη) (p)

=
1´

e−φ(q)−εη(q)dq

ˆ
k(p · q)η2(q)e−φ(q)−εη(q)dq︸ ︷︷ ︸

T1

+

´
e−φ(q)−εη(q)η2(q)dq

(´
e−φ(q)−εη(q)dq

)2(´
e−φ(q)−εη(q)dq

)4

ˆ
k(p · q)e−φ(q)−εη(q)dq︸ ︷︷ ︸

T2

−
(´

e−φ(q)−εη(q)η(q)dq
)2

2
´
e−φ(q)−εη(q)dq(´

e−φ(q)−εη(q)dq
)4

ˆ
k(p · q)e−φ(q)−εη(q)dq︸ ︷︷ ︸

T3

− 2

´
e−φ(q)−εη(q)η(q)dq(´
e−φ(q)−εη(q)dq

)2

ˆ
k(p · q)η(q)e−φ(q)−εη(q)dq︸ ︷︷ ︸
T4

.

(4.9)

Thus, by the integral form of the remainder in Taylor’s theorem in ε, we have that

E (φ+ η)− (E (φ) +DηE(φ)) =

ˆ 1

0

(
∂2
εE
)

(φ+ εη) (1− ε)dε.

The ‖·‖H2(S2)-norm of the left hand side can be bounded by

ˆ 1

0

∥∥(∂2
εE
)

(φ+ εη) (1− ε)
∥∥
H2(S2)

dε

and our aim is now to establish an overall bound of the form

‖E (φ+ η)− (E (φ) +DηE(φ))‖H2(S2) ≤ b
(
‖φ‖H2(S2) , ‖η‖H2(S2)

)
‖η‖2

H2(S2)
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where b : R2 → R is locally bounded. This would yield that E is Fréchet differ-

entiable. In order to show this, we treat each of the four terms occurring in (4.9)

separately using the triangle inequality and the same reasoning as in the proof of

Lemma 4.1 and Lemma 4.2. In particular, using the Sobolev embedding theorem

yields

‖T1‖H2(S2) =

∥∥∥∥ 1´
e−φ(q)−εη(q)dq

ˆ
k(p · q)η2(q)e−φ(q)−εη(q)dq

∥∥∥∥
H2(S2)

≤
‖U‖L2(S2)→H2(S2)

4π
e2‖φ‖∞+2ε‖η‖∞

∥∥η2
∥∥
L∞(S2)

≤ C2‖U‖L2(S2)→H2(S2)4πe
2C‖φ‖H2(S2)+2Cε‖η‖H2(S2) ‖η‖2

H2(S2) .

Bounds for all other terms and higher order derivatives can be obtained similarly

and will be omitted.

4.2 The eigenvalue problem for general interaction
potentials

As mentioned in the beginning of this chapter, we are interested in all values

of λ for which the implicit function theorem is not applicable. This is the case

whenever the operator Lλ : H2 (S2)× R→ H2 (S2), given by

Lλη :=
dE(εη, λ)

dε

∣∣∣∣
ε=0

= λη(p) +
1

4π

ˆ
S2
k(p · q)η(q) dq,
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is not invertible. Hence we are interested in all non-zero solutions (η, λ) of

λη(p) +
1

4π

ˆ
S2
k(p · q)η(q) dq = 0 (4.10)

and therefore in the nullspace of the operator Lλ.

Remark 4.6. Notice that the constraint that ρ integrates to one translates into

the fact that the integration of η as in (4.10) yields

ˆ
S2
η(q)dq = 0

where we used (4.1).

Rearranging the equation Lλη(p) = 0, it becomes apparent that the problem

is in fact equivalent to the eigenvalue problem for the interaction operator in (1.3)

Uη(p) =

ˆ
S2
k(p · q)η(q) dq.

In particular, we observe that for any eigenvalue µ of U , a solution to the Euler-

Lagrange equation is given by the corresponding eigenvector of U and

λ = − µ

4π
. (4.11)

Even though this eigenvalue problem involves only a linear interaction operator,

it is not trivial. In the following theorem, we derive an explicit expression for

all eigenvalues of U , and thus we find the set of all possible bifurcation points of
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the Onsager free-energy functional locally around φ0 = 0. In particular we make

use of the fact that functions in H2(S2) can be expanded in terms of spherical

harmonics, see Section 4.2.1 and Appendix A.

We solve the eigenvalue problem in (4.10) for all physically motivated interac-

tion potentials satisfying Assumption 1.3, that means for all interaction potentials

which are rotationally symmetric and continuous. The proofs rely heavily on the

concept of spherical harmonics and Legendre polynomials which will be briefly

introduced first.

4.2.1 Brief introduction to spherical harmonics and Legendre
polynomials

The spherical harmonics are defined as

Y m
l (ϕ, θ) := Nlme

imϕPm
l (cos θ)

where ϕ ∈ [0, 2π) is the polar angle and θ ∈ [0, π) the azimuthal angle. The

subscript l denotes its degree while −l ≤ m ≤ l denotes its order. Nlm is a

normalisation constant given by

Nlm := (−1)m
(

2l + 1

4π

)1/2(
(l −m)!

(l +m)!

)1/2

.

We write Pm
l for the associated Legendre polynomials given by

Pm
l (µ) :=

1

2ll!

(
1− µ2

)m/2 ∂l+m

∂µl+m
(µ2 − 1)l.
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The Legendre polynomials Pn(x) are defined as

Pn(x) :=
1

2nn!

2n

dxn
[
(x2 − 1)n

]
.

One of the most important facts about spherical harmonics is that they build

an orthonormal basis of L2(S2). In general, spherical harmonics are known as

eigenfunctions of the Laplacian. However, it seems that they can be understood

in a much broader sense as eigenfunctions of rotationally symmetric operators.

For more information on spherical harmonics, associated Legendre polynomials

and Legendre polynomials we recommend [?], [?] and [?].

One of the main ingredients to write the interaction operator in terms of

spherical harmonics is the following relationship between Legendre polynomials

and monomials.

Lemma 4.7. For r ∈ N and x ∈ C

xr =
∑

l=r,r−2,...

(2l + 1)r!

2(r−l)/2(1
2
(r − l))!(l + r + 1)!!

Pl(x) (4.12)

where Pl denotes the Legendre polynomial [?].

Even though this result seems to be known in the literature, we could not find

a proof for it.

Proof. The claim follows from an induction based on the following reccurrence
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relation for Legendre polynomials

xPl(x) =
l + 1

2l + 1
Pl+1(x) +

l

2l + 1
Pl−1(x) (4.13)

with the convention that P−1 = 0 [?]. The base case r = 0 is trivial because

P0 = 1, so let us move on to the actual induction step. Multiplying both sides of

(4.12) by x and using (4.13) yields

xr+1 =
∑

l=r,r−2,...

(2l + 1)r!

2(r−l)/2(1
2
(r − l))!(l + r + 1)!!

(
l + 1

2l + 1
Pl+1(x) +

l

2l + 1
Pl−1(x)

)
.

We now change the indices in the two parts of the sum corresponding to Pl+1 and

Pl−1 in order to create two sums with indices corresponding to Pl which can then

be combined into one sum. Of course using such a procedure requires extra care

when computing the border terms. Overall we obtain

xr+1 =
∑

l=r−1,r−3,···>1

lr!(l + r + 2) + 21
2
(r + 1− l)(l + 1)r!

2(r+1−l)/2(1
2
(r + 1− l))!(l + r + 2)!!

Pl(x)

+
r!

(l + 1 + r)!!

r + 1

1
Pr+1(x) +


3r!

2(r−1)/2( 1
2

(r−1))!(r+2)!!
1
3
P0(x) if r is odd

5r!
2(r−2)/2( 1

2
(r−2))!(r+3)!!

2
5
P1(x) if r even

.

Putting everything together yields

xr+1 =
∑

l=r+1,r−1,···≥0

(2l + 1)(r + 1)!

2(r+1−l)/2(1
2
(r + 1− l))!(l + r + 2)!!

Pl(x)

which concludes the induction step.
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This result can now be used in order to rewrite the interaction operator as

multiplication operator acting on spherical harmonics.

4.2.2 Eigenvalues and eigenfunctions of interaction kernels

Theorem 4.8. Let K(·, ·) : S2 × S2 → R be an interaction kernel that satisfies

Assumption 1.3 and assume that k(·) admits a Taylor expansion such that k(p·q) =∑∞
r=0 ar(p · q)r converges for all (p, q) ∈ {p, q ∈ S2||p · q| < 1} and ar satisfy the

condition that

∞∑
l=0

∑
r=l,l+2,l+4,...

∣∣∣∣ 4π(4l + 1)3/2arr!

2(r−l)/2(1
2
(r − l))!(l + r + 1)!!

∣∣∣∣ <∞. (4.14)

Then the eigenfunctions of the corresponding interaction operator

Uη(p) =

ˆ
S2
k(p · q)η(q) dq

are given by the spherical harmonics Y m
l : S2 → C. The corresponding eigenvalues

are given by

µs =
∞∑
r=0

4πas+2r(s+ 2r)!

2rr!(2s+ 2r + 1)!!
(4.15)

where s ∈ N.

Remark 4.9. Notice that the dipolar kernel corresponds to a1 = 1 while the

Maier-Saupe kernel corresponds a2 = −1 and all other coefficients set to 0.

Proof. We denote by Pl(x) the associated Legendre polynomials of order l (for
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more details see Section 4.2.1). Applying Lemma 4.7 to the kernel

k(p · q) =
∞∑
r=0

ar(p · q)r,

it follows that

k(p · q) =
∞∑
r=0

∑
l=r,r−2,...

ar
(2l + 1)r!

2(r−l)/2(1
2
(r − l))!(l + r + 1)!!

Pl(p · q).

Using the addition theorem for Legendre polynomials [?, page 395],

Pl(x · x′) =
4π

2l + 1

l∑
m=−l

Y m
l (x)Y m?

l (x′), (4.16)

we obtain that

k(p · q) =
∞∑
r=0

∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)Y m?

l (q) (4.17)

with

crl :=
4πarr!

2(r−l)/2(1
2
(r − l))!(l + r + 1)!!

.

Integrating the interaction kernel against an arbitrary spherical harmonic Y n
s (q),

swapping the order of the sum and the integral and using the orthogonality of
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spherical harmonics, it follows that

ˆ
S2
k(p · q)Y n

s (q) dq =
∞∑
r=0

∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)

ˆ
S2
Y m?
l (q)Y n

s (q)1|p·q|<1 dq

=
∞∑
r=0

∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)δslδmn. (4.18)

Notice that the interchange of the infinite sum and the integral needs of course to

be verified. Viewing the infinite sum as an integral with respect to the counting

measure, Fubini’s theorem applies if

∞∑
r=0

ˆ
S2

∣∣∣∣∣ ∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)Y m?

l (q)Y n
s (q)

∣∣∣∣∣ dq <∞. (4.19)

In particular, using the Cauchy-Schwarz inequality and the fact that all spherical

harmonics have unit mass with respect to the L2-norm, we obtain

∞∑
r=0

ˆ
S2

∣∣∣∣∣ ∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)Y m?

l (q)Y n
s (q)1|p·q|<1

∣∣∣∣∣ dq
≤

∞∑
r=0

∑
l=r,r−2,...

l∑
m=−l

|crl ||Y m
l (p)|

ˆ
S2

∣∣Y m?
l (q)Y n

s (q)1|p·q|<1

∣∣ dq
≤

∞∑
r=0

∑
l=r,r−2,...

l∑
m=−l

|crl ||Y m
l (p)|.

Moreover, it follows from [?, Proposition 7.0.1] that any spherical harmonic Y m
l

is bounded by

||Y m
l ||∞ ≤

√
2l + 1

vol (S2)
.
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Hence,

∞∑
r=0

ˆ
S2

∣∣∣∣∣ ∑
l=r,r−2,...

l∑
m=−l

crlY
m
l (p)Y m?

l (q)Y n
s (q)1|p·q|<1

∣∣∣∣∣ dq
=

1

(4π)3/2

∞∑
r=0

∞∑
l=0
l≤r

(2l + 1)3/2|crl |. (4.20)

Again we can view the two sums as integrals with respect to the counting measure

and we may swap the order of summation according to Fubini’s theorem if the

absolute value of the underlying function is integrable with respect to any order of

integration. Therefore the validity of swapping the order of summation in (4.20)

is simultaneously proved when we establish our original claim in (4.19). Therefore

a basic condition that suffices to be proved in order to guarantee the validity of

the interchange of the integrals in (4.18) is given by

∞∑
l=0

∑
r=l,l+2,l+4,...

(2l + 1)3/2|crl | <∞. (4.21)

In particular, one needs to show on a case to case basis that the coefficients |crl |

decay faster than l3/2. In Lemma 4.11 we prove this condition in the case of the

Onsager kernel. For all other cases this condition is assumed to hold (see the

statement of the theorem).

Having established (4.18), we deduce that

ˆ
S2
k(p · q)Y n

s (q) dq =
∞∑
r=0

4πas+2r(s+ 2r)!

2rr!(2s+ 2r + 1)!!
Y n
s (p) (4.22)
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with

crl =
∞∑

r=s,s+2,...

4πarr!

2(r−s)/2(1
2
(r − s))!(s+ r + 1)!!

=
∞∑
r=0

4πas+r(s+ 2r)!

2r(r)!(2s+ 2r + 1)!!
.

From the last equation we may conclude that the eigenfunctions of the interaction

operator Uη(p) =
´
S2 k(p ·q)η(q) dq associated to the class of two-body interaction

potentials k(p · q) described in the statement of this theorem are given by the

spherical harmonics Y n
s and that their corresponding eigenvalues are given by

µs =
∞∑
r=0

4πas+2r(s+ 2r)!

2rr!(2s+ 2r + 1)!!

with s ∈ N.

4.3 Bifurcation points of the Onsager free-energy
functional with Maier-Saupe and Onsager ker-
nel

Recall that the Maier-Saupe interaction potential is given by

kMS(p · q) =
1

3
− (p · q)2. (see 1.5)

In terms of Legendre polynomials, the Maier-Saupe kernel can also be written as

kMS(p · q) = −2

3
P2(p · q)
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where P2 denotes the second Legendre polynomial. Using (4.16), we have that

kMS(p · q) = −8π

15

2∑
m=−2

Y m
l (p)Y m

l (q).

Following the reasoning in the proof of Theorem 4.8, we may conclude that there

is only one non-zero eigenvalue in the case of the Maier-Saupe interaction kernel

which is given by

µMS = −8π

15

(notice that the verification of (4.21) is trivial in this case). The only other ei-

genvalue is zero with infinite multiplicity. Thus, the only bifurcation from the

isotropic state occurs at λMS = 2
15
.

Due to its singular nature, the Onsager kernel is a little bit more complex. In

fact, we will see that we have got infinitely many eigenvalues corresponding to the

interaction operator U . By the help of the following lemma all eigenvalues can be

written as single expressions of closed form. For ease of presentation we will state

the result now and leave the proof until the end of the section.

Lemma 4.10. Let s ∈ 2N. Then

∞∑
r=s/2

4π(2r)!2

(1− 2r)(r!)2(4r)2r−s/2(r − s/2)!(s+ 2r + 1)!!

= −
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

2Γ(s/2 + 1)Γ(s/2 + 2)
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where Γ(·) denotes the gamma function, see [?, page 1137] for details.

Based on this result, we are now in the position to verify condition (4.21)

allowing us to interchange the order of integration and the infinite sum in Theorem

4.8.

Lemma 4.11. The change of integral and infinite sum in (4.18) is valid in the

case of the Onsager kernel. In other words, we can verify condition (4.21), stating

that
∞∑
l=0

∞∑
r=l

(2l + 1)3/2|crl | <∞,

for

crl :=


4π(2r)!2

(1−2r)(r!)2(4r)2r−l(r−l)!(2l+2r+1)!!
if l ≤ r

0 if l > r

.

Moreover, the eigenvalues of the interaction operator equipped with the Onsager

kernel decrease faster than l−3.

Proof. Based on the Taylor expansion of the square root function
√

1− x for all

x ∈ (−1, 1), the Taylor expansion of the Onsager kernel is given by

kO(p · q) =
∞∑
r=0

(2r)!

(1− 2r)(r!)2(4r)
(p · q)2r
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for all p, q ∈ S2 such that |p · q| < 1. We deduce that

kO(p · q) =
∞∑
r=0

ar(p · q)r with ar =


r!

(1−r)( r
2

!)2(2r)
if r is even

0 if r is odd

and thus using (4.17)

kO(p · q) =
∞∑
r=0

∑
l=2r,2(r−1),...

l∑
m=−l

4π(2r)!2Y m
l (p)Y m?

l (q)

(1− 2r)(r!)2(4r)2r−l/2(r − l/2)!(l + 2r + 1)!!

=
∞∑
r=0

r∑
l=0

2l∑
m=−2l

4π(2r)!2Y m
2l (p)Y m?

2l (q)

(1− 2r)(r!)2(4r)2r−l(r − l)!(2l + 2r + 1)!!
. (4.23)

With regard to (4.23), the Onsager kernel is given by

KO(p, q) =
∞∑
r=0

r∑
l=0

2l∑
m=−2l

4π(2r)!2

(1− 2r)(r!)2(4r)2r−l(r − l)!(2l + 2r + 1)!!︸ ︷︷ ︸
=:crl

Y m
2l (p)Y m?

2l (q).

(4.24)

Due to the fact that the first factor in the denominator is the only negative factor

in the whole product, all coefficients crl are negative except for c0
0 = 4π. Taking

this into account and applying Lemma 4.10, we know that

∞∑
l=0

∞∑
r=l

(2l + 1)3/2|crl |

=
∞∑
l=1

(2l + 1)3/2

∞∑
r=l

|crl |+
∞∑
r=0

|cr0|
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= −
∞∑
l=1

(2l + 1)3/2

∞∑
r=l

crl +

(
−
∞∑
r=0

cr0 + 2c0
0

)

=
π

2

∞∑
l=1

(2l + 1)3/2 Γ(l + 1
2
)Γ(l − 1/2)

Γ(l + 1)Γ(l + 2)
+

(
πΓ(1

2
)Γ(−1/2)

2Γ(1)Γ(2)
+ 8π

)
=
π

2

∞∑
l=1

(2l + 1)3/2 Γ(l + 1
2
)Γ(l − 1/2)

Γ(l + 1)Γ(l + 2)
+
(
−π2 + 8π

)
. (4.25)

Using the claim in (4.4) yields

Γ(l + 1
2
)Γ(l − 1/2)

Γ(l + 1)Γ(l + 2)
<
C

l3

for some constant C. Inserting this inequality into (4.25) yields

∞∑
l=0

∞∑
r=l

(2l + 1)3/2|crl | <
Cπ

2

∞∑
l=1

(2l + 1)3/2

l3
+
(
−π2 + 8π

)
.

Comparing this with the harmonic p-series, we observe that

Cπ

2

∞∑
l=1

(2l + 1)3/2

l3
+
(
−π2 + 8π

)
∼ C1

∞∑
l=1

1

l3/2
+ C2 <∞

for some constants C1 and C2 which therefore proves the first part of the claim.

The second part follows easily from (4.4).

With Lemma 4.10 and Lemma 4.11 at hand, we are now ready to prove the

main result of this section.

Theorem 4.12. The eigenfunctions and eigenvalues of the interaction operator

U associated with the Onsager kernel kO(p · q) =
√

1− (p · q)2 are given by the
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spherical harmonics

{Y n
s ∈ L2(S2) : s ∈ N even ,−s ≤ n ≤ s}

and

µO(s) :=


−πΓ(s/2+ 1

2
)Γ(s/2−1/2)

2Γ(s/2+1)Γ(s/2+2)
if s is even

0 if s is odd
.

Each eigenvalue µO(s) for s > 0 even has multiplicity 2s+ 1. The eigenvalue zero

has infinite multiplicity.

Proof. First of all we recall from (4.24) that the series expansion of the Onsager

interaction potential in terms of spherical harmonics is given by

KO(p, q) =
∞∑
r=0

r∑
l=0

2l∑
m=−2l

4π(2r)!2

(1− 2r)(r!)2(4r)2r−l(r − l)!(2l + 2r + 1)!!︸ ︷︷ ︸
=:crl

Y m
2l (p)Y m?

2l (q).

Based on this expansion, it follows that

ˆ
S2
kO(p · q)Y n

s (q) dq

=

ˆ
S2

( ∞∑
r=0

r∑
l=0

2l∑
m=−2l

4π(2r)!2Y m
2l (p)Y m?

2l (q)Y n
s (q)1|p·q|<1

(1− 2r)(r!)2(4r)2r−l(r − l)!(2l + 2r + 1)!!

)
dq

=
∞∑
l=0

∞∑
r=l

4π(2r)!2

(1− 2r)(r!)2(4r)2r−l(r − l)!(2l + 2r + 1)!!

2l∑
m=−2l

Y m
2l (p)δmnδ(2l)s
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=


∑∞

r=s/2
4π(2r)!2

(1−2r)(r!)2(4r)2r−s/2(r−s/2)!(s+2r+1)!!
Y n
s (p) if s is even

0 if s is odd

where we used the orthogonality of the spherical harmonics and Lemma 4.11 which

allows us to change the order of integration and summation. An application of

Lemma 4.10 yields the result.

Based on Theorem 4.12 and (4.11), we therefore conclude that a set of all

possible bifurcation points is given by

λO(s) =


Γ(s/2+ 1

2
)Γ(s/2−1/2)

8Γ(s/2+1)Γ(s/2+2)
if s is even

0 if s is odd
.

Remark 4.13. We will show in Section 7.5 that in fact any point λO(s) is a

bifurcation point.

In order to conclude this section, it is left to prove the statement of Lemma

4.10.

Proof of Lemma 4.10. First of all, we translate the sum by s/2. This yields

∞∑
r=s/2

4π(2r)!2

(1− 2r)(r!)2(4r)2r−s/2(r − s/2)!(s+ 2r + 1)!!

=
∞∑
r=0

π((2r + s)!)2

(1− 2r − s)((r + s/2)!)223r+s−2r!(2s+ 2r + 1)!!
.

In the case of odd integers n = 2k − 1 for k ≥ 1, the double factorial n!! can
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be replaced by the expression n!! = (2k)!
2kk!

[?, page 823]. Hence we can rewrite the

terms such that

∞∑
r=0

π((2r + s)!)2

(1− 2r − s)((r + s/2)!)2(23r+s−2)r!(2(r + s+ 1)− 1)!!

=
∞∑
r=0

π((2r + s)!)22−2r+3(r + s+ 1)!

(1− 2r − s)((r + s/2)!)2r!(2(r + s+ 1))!

= −π
∞∑
r=0

(
(2r + s)!

(r + s/2)!

)2
(r + s+ 1)!

(2(r + s+ 1))!

(2r + s− 2)!

(2r + s− 1)!

2−2r+3

r!
.

Notice that we also expressed the first factor in the denominator as fraction of

two factorials. This sum can now further be manipulated by rewriting it in terms

of gamma functions [?, page 1137], Γ(s+ 1) = s!. It follows that

− π
∞∑
r=0

(
(2r + s)!

(r + s/2)!

)2
(r + s+ 1)!

(2(r + s+ 1))!

(2r + s− 2)!

(2r + s− 1)!

2−2r+3

r!

= −π
∞∑
r=0

(
Γ(2r + s+ 1)

Γ(r + s/2 + 1)

)2
Γ(r + s+ 2)

Γ(2(r + s) + 3))

Γ(2r + s− 1)

Γ(2r + s)

2−2r+3

r!

= −π
∞∑
r=0

(
(2r + s)Γ(2r + s)

(r + s/2)Γ(r + s/2)

)2
(r + s+ 1)Γ(r + s+ 1)Γ(2r + s− 1)2−2r+3

(2(r + s+ 1))Γ(2(r + s+ 1))Γ(2r + s)r!

= −π
∞∑
r=0

(
Γ(2r + s)

Γ(r + s/2)

)2
Γ(r + s+ 1)

Γ(2(r + s+ 1))

Γ(2r + s− 1)

Γ(2r + s)

2−2r+4

r!
.

Applying the duplication formula for the gamma function [?, page 1139]

Γ(2z)

Γ(z)
=

22z−1Γ(z + 1
2
)

√
π

83



Chapter 4. All bifurcation points of the Onsager free-energy functional

to the first two factors and its rearranged form

Γ(z) =
2z−1Γ(z/2 + 1

2
)Γ(z/2)

√
π

, ]

to the two terms forming the third factor, we deduce that

− π
∞∑
r=0

(
Γ(2r + s)

Γ(r + s/2)

)2
Γ(r + s+ 1)

Γ(2(r + s+ 1))

Γ(2r + s− 1)

Γ(2r + s)

2−2r+4

r!

= −π
∞∑
r=0

(
22r+s−1Γ(r + s/2 + 1

2
)

√
π

)2
21−2(r+s+1)

√
π

Γ(r + s+ 3/2)

· 22r+s−2Γ(r + s/2)Γ(r + s/2− 1/2)

22r+s−1Γ(r + s/2 + 1/2)Γ(r + s/2)

2−2r+4

r!

= −
√
π
∞∑
r=0

Γ(r + s/2 + 1
2
)Γ(r + s/2− 1/2)

Γ(r + s+ 3/2)

1

r!
.

Let (x)r denote the Pochhammer symbols which are given by

(x)0 = 1

(x)r =
Γ(x+ r)

Γ(x)

for any x ∈ C and r ∈ R. Rewriting our expression in terms of Pochhammer

symbols [?], we obtain

−
√
π
∞∑
r=0

Γ(r + s/2 + 1
2
)Γ(r + s/2− 1/2)

Γ(r + s+ 3/2)

1

r!

= −
√
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

Γ(s+ 3/2)

∞∑
r=0

(s/2 + 1
2
)r(s/2− 1/2)r

(s+ 3/2)r

1

r!
.
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This sum can now easily be evaluated using generalised hypergeometric functions

[?].

Definition 4.14. The generalised hypergeometric function pFq is defined as

pFq(x1, x2, . . . , xp; y1, y2, . . . , yq; z) =
∞∑
r=0

(x1)r(x2)r . . . (xp)r
(y1)r(y2)r . . . (yq)r

zr

r!

for xi, yi, z ∈ C and where (x)r denote the Pochhammer symbols.

In particular, we are now in the position to use Gauss’s Hypergeometric The-

orem which states that

Theorem 4.15 (Gauss’s Hypergeometric Theorem, [?, page 1438]). For a, b, c ∈

C

2F1(a, b, c; 1) =
Γ(c)Γ(c− a− b)
Γ(c− a)Γ(c− b)

for Re(c− a− b) > 0 where Re(z) denotes the real part of a complex number.

An application of Gauss’s Hypergeometric Theorem yields

−
√
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

Γ(s+ 3/2)

∞∑
r=0

(s/2 + 1
2
)r(s/2− 1/2)r

(s+ 3/2)r

1

r!

= −
√
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

Γ(s+ 3/2)
2F1(s/2 + 1/2, s/2− 1/2; s+ 3/2, 1)

= −
√
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

Γ(s+ 3/2)

Γ(s+ 3/2)Γ(3/2)

Γ(s/2 + 1)Γ(s/2 + 2)

= −
√
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)Γ(3/2)

Γ(s/2 + 1)Γ(s/2 + 2)
.
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Using the fact that Γ(3/2) =
√
π

2
, it follows that for all s ∈ 2N

∞∑
r=s/2

4π(2r)!2

(1− 2r)(r!)2(4r)2r−s/2(r − s/2)!(s+ 2r + 1)!!

= −
πΓ(s/2 + 1

2
)Γ(s/2− 1/2)

2Γ(s/2 + 1)Γ(s/2 + 2)
.
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Chapter 5

Bifurcations of the Onsager
free-energy functional

The Onsager free-energy functional

F(ρ, λ) := λ

ˆ
S2
ρ(p) ln ρ(p) dp+

1

2

ˆ
S2

ˆ
S2
K(p, q)ρ(p)ρ(q) dp dq

consists of two terms, each of which resembles the orientational and the transla-

tional entropy of the system, respectively. Due to the interplay between these two

entropies, there exist critical values of λ at which the system undergoes a phase

transition. In this chapter, we show that for all interaction potentials satisfying

Assumption 1.3 for large values of λ the unique minimiser is given by the uni-

form probability density ρ0 = 1
4π

and that new bifurcation branches form as λ

decreases. In particular we will show analytically that a transcritical bifurcation

arises in case of the Onsager potential at the value λ2 = π
32
. This fact has been

proven numerically by Kayser and Raveché [?]. Their result is shown in Figure

5.1.

Our aim is to understand better how many different branches of solutions (up
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Figure 5.1: Numerical calculation of the bifurcation diagram of F with Onsager
interaction potential [?]. Notice that the value at which the transcritical bifurc-
ation occurs differs from the value λ2 = π

32
≈ 0.1 which we found in Chapter 4.

This is due to a difference in constants that have been taken into account.

to rotational symmetry) arise for different interaction potentials so we will keep

most of our analysis quite general.

Having found all bifurcation points from the isotropic state of the Onsager

free-energy functional equipped with a general class of interaction operators in

Chapter 4, we are now in the position to direct our attention to the corresponding

bifurcation equations. The presentation of our results is divided into two parts.

We begin by giving a brief introduction to the Lyapunov-Schmidt decomposition,

which is our main tool for computing the bifurcation equation, see Section 5.1.

In Section 5.2 we focus on the practicalities that are involved when we apply

the Lyapunov-Schmidt decomposition to the Euler-Lagrange operator given in

(4.2). In particular, Section 5.2 is divided into four parts: a reformulation of
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the problem in the language of Section 5.1, see Section 5.2.1, an algorithmic

procedure that allows us to fulfil the decomposition, see Sections 5.2.2 and 5.2.4,

and the presentation of an algorithm that allows the fast computation of products

of spherical harmonics in terms of spherical harmonics, see Section 5.2.3.

5.1 The theory: The Lyapunov-Schmidt decom-
position

This brief introduction to the Lyapunov-Schmidt decomposition is based on [?].

The main idea of the Lyapunov-Schmidt decomposition is the reduction of a pos-

sibly infinite-dimensional bifurcation problem to a finite-dimensional one. Let

F (w, λ) = 0 (5.1)

be the equation of interest with w ∈ X, λ ∈ R and F : X × R → R where X

denotes a Banach space. Without loss of generality we assume that

F (0, 0) = 0.

The linear and non-linear parts of (5.1) decompose as

F (w, λ) = L(w) +R(w, λ), where L(η) :=
∂F (0 + εη, 0)

∂ε

∣∣∣∣∣
ε=0

(5.2)

and where R denotes its remainder. We assume that L is a Fredholm operator of

index zero, which means that the kernel N(L) has finite dimension d, the range
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R(L) has finite codimension r and that the dimensions d and r agree.

The idea of the Lyapunov-Schmidt decomposition is to reduce the dimension

of the equation and its solution by projecting it onto the kernel of L which is,

due to the assumptions on L, finite-dimensional. Let P : X → N(L) denote the

projection onto the nullspace of L and let Q be the projection onto its complement

R(L). Then (5.1) is equivalent to the system of equations

(1−Q)F (u+ v, λ) = 0 (5.3a)

QF (u+ v, λ) = 0 (5.3b)

where u := Pw denotes the projection of the solution ontoN(L) and v := (1−P )w

its projection onto the complement.

. The second of these equations can uniquely be solved for v using the implicit

function theorem and the solution v(u, λ) can then be plugged back into the first

equation, which yields the bifurcation equation

f(u, λ) := (1−Q)R(u+ v(u, λ), λ) = 0. (5.4)

Note that we dropped the first term appearing in (5.3a) because (1 − Q)L(u +

v, λ) = Lv − QLv = 0. The solutions of (5.4) are equivalent to the solutions

of our original problem in (5.1), see [?], because it only depends on u, which is

an element of the finite-dimensional kernel of L, and thus reduces the possibly

infinite-dimensional problem to a finite-dimensional one.
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5.2 Practicalities: An algorithmic procedure to
derive the bifurcation equation

According to the previous section, the computations for the derivation of the

bifurcation equation in (5.4) are divided into two parts:

Step A. An application of the implicit function theorem to (5.3b) that gives

us an explicit expression of v in terms of u and λ.

Step B. Plugging v back into (5.3a) which results in the bifurcation equation.

By using the implicit function theorem in the first of these two steps, it is

often not possible to derive an expression in closed form. Instead, we obtain a

Taylor expansion of v(u, λ) (which is justified by the implicit function theorem

[?, Theorem 2.3]) and its coefficients are obtained by matching those of the same

order that occur in (5.3a).

More concretely, u and v are expanded in series expansions of complementary

sets of basis elements. For the problem at hand this is done in Equation (5.9).

The implicit function theorem then relates the series coefficients of v in terms

of those of u. The resulting expression for v(u, λ) can then be plugged into the

expansion of R. An application of the projection P finally yields an expansion of

the bifurcation equation in (5.4).

In order to characterise the bifurcation occurring at λs, it is often sufficient

to obtain an expansion of (5.4) up to a particular order. We know that a certain

order is sufficient by looking at the so-called recognition problem that corresponds
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to the problem at hand. More details on the particular recognition problem that

we need to apply in order to solve the bifurcation equation can be found in Section

6.3, where we will show that it suffices to compute the bifurcation equation up to

third order for λ2.

In the following, we will first restate the problem in the language of Section

5.1 before directing our attention to the first of the two main steps mentioned

above in Section 5.2.2. In order to make all computations tractable, we write all

expressions in terms of spherical harmonics. An essential tool for the comparison

of coefficients with matching order is an algorithmic procedure that allows us the

fast computation of products of spherical harmonics with a computer. This will

be the subject of Section 5.2.3. We conclude this section by performing Step B

above which yields the bifurcation equation in five dimensions.

5.2.1 Reformulation of the problem

In order to find the minimisers of the free-energy functional, we consider its Euler-

Lagrange equation and thus the corresponding Euler-Lagrange operator

E(φ, λ) = (λs + λ)φ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q)) dq. (5.5)

By Lemma 4.3 we can view this as an operator on H2(S2) which is the function

space we are working in.

Remark 5.1. Notice that (5.5) is an additive translation of the Euler-Lagrange

operator in (4.2). In order to ensure that the assumption E(0, 0) = 0 holds, see
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also (4.1), the interaction operator k(·) had to be translated by the constant

c =

ˆ
S2
k(p · q) dq

(in the case of the Onsager interaction potential, this value is given by c = π2).

Moreover, we translated the operator in λ by the value λs which is the bifurcation

point we are interested in.

According to (4.11), the bifurcation point is given by λs = −µs
4π
, where µs

denotes the eigenvalue of order s of the interaction operator associated to the

Onsager kernel, see Theorem 4.12 for details. The variable λ denotes the devi-

ation from this bifurcation point and will act as bifurcation parameter. Having

this translation of the problem in mind, we are interested in bifurcations around

the point (φ0, λ) = (0, 0). In particular, we are looking for the first phase trans-

formation that occurs when the bifurcation parameter is descending. Hence we

consider the largest bifurcation point which is, in the case of the Onsager kernel

and according to the result of Theorem 4.12, given by

λ2 = −µ2

4π
=

π

32
.

In order to derive the decomposition of the above functional into its linear and

non-linear part, we consider its Taylor expansion Ê up to fourth order in both
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variables φ and λ around the point (0, 0), namely

Ê(φ, λ)

:=(λ2 + λ)φ(p) +
1

4π

ˆ
S2
k(p · q)φ(q) dq +

´
S2 φ(q) dq

16π2

ˆ
S2
k(p · q)φ(q) dq

− 1

8π

ˆ
S2
k(p · q)φ2(q) dq +

(´
S2 φ(q) dq

)2

64π3

ˆ
S2
k(p · q)φ(q) dq

−
´
S2 φ

2(q) dq

32π2

ˆ
S2
k(p · q)φ(q) dq −

´
S2 φ(q) dq

32φ2

ˆ
S2
k(p · q)φ2(q) dq

+
1

24π

ˆ
S2
k(p · q)φ3(q) dq +

(´
S2 φ(q) dq

)3

256π4

ˆ
S2
k(p · q)φ(q) dq

−
´
S2 φ(q) dq

64π3

ˆ
S2
φ2(q) dq

ˆ
S2
k(p · q)φ(q) dq

+

´
S2 φ

3(q) dq

96π2

ˆ
S2
k(p · q)φ(q) dq −

(´
S2 φ(q) dq

)2

128π3

ˆ
S2
k(p · q)φ2(q) dq

+

´
S2 φ

2(q) dq

64π2

ˆ
S2
k(p · q)φ2(q) dq +

´
S2 φ(q) dq

96π4

ˆ
S2
k(p · q)φ3(q) dq

− 1

96π

ˆ
S2
k(p · q)φ4(q) dq.

(5.6)

According to (5.2), its linear and non-linear parts therefore decompose as

L(φ) = λ2φ(p) +
1

4π

ˆ
S2
k(p · q)φ(q) dq

and

R̂(φ, λ) := Ê(φ, λ)− L(φ), (5.7)

respectively. The fact that L is a Fredholm operator of index zero is a consequence
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of the following corollary in [?].

Corollary 5.2 ([?, Corollary 4.47]). Let X and Y be Banach spaces and let S,K :

X → Y be linear operators. Assume in addition that S is a Fredholm operator and

that K is compact. Then S+K is also a Fredholm operator with index(S+K) =

index(S).

Schematically, L can be written as

L = C Id + U.

Hence in order to apply Corollary 5.2, we have to show that the operator

U(φ)(p) :=

ˆ
S2
k(p · q)φ(q) dq

is compact for all continuous interaction kernels and that the identity is a Fred-

holm operator of index zero. The compactness in H2 has been proved in Lemma

4.2 of Section 4.1. The following computation shows compactness in L1(S2).

Lemma 5.3. Let U : L1(S2)→ L1(S2) be the interaction operator

(Uρ)(q) :=

ˆ
S2
k(p · q)ρ(p) dp (5.8)

with continuous interaction kernel k(·). Then U is compact, that is for any

bounded sequence ρn ∈ L1(S2) such that ||ρn||L1(S2) ≤ M for all n ∈ N the se-

quence Uρn has a convergent subsequence (Uρnk)→ Uρ for some ρ ∈ L1(S2).
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Proof. The statement follows by an application of the Arzelá-Ascoli Theorem. In

particular, the following two claims hold.

U is uniformly bounded:

Using the fact that k(·) is continuous on [−1, 1], we know that k(·) is bounded.

Hence

∣∣∣∣ˆ
S2
k(p · q)ρ(q) dq

∣∣∣∣ ≤M

∣∣∣∣ˆ
S2
ρ(q) dq

∣∣∣∣ = M.

U is uniformly equicontinuous:

Pick ε > 0. Since k(·) is continuous on the compact set [−1, 1], it is uniformly

continuous and therefore there exists a δ > 0, so that for all p1, p2 ∈ S2 such that

|p1 − p2| ≤ δ,

|k(p1 · q)− k(p2 · q)| < ε

for all q ∈ S2. Hence for the same δ it follows that

∣∣(Uρ)(p1)− (Uρ)(p2)
∣∣ =

∣∣∣ ˆ
S2

[k(p1 · q)− k(p2 · q)]ρ(q) dq
∣∣∣

≤
ˆ
S2

∣∣k(p1 · q)− k(p2 · q)
∣∣ρ(q) dq

≤ ε

ˆ
S2
ρ(q) dq

≤ ε.

Hence the operator U is equicontinuous and it follows from the Arzelá-Ascoli
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theorem that every convergent sequence Uρn admits a convergent subsequence

(Uρnk)→ Uρ. Thus, U is a compact operator.

Having proved the compactness of U , it is left to show that the identity is a

Fredholm operator. Let us make the following observations

(a) Id is bounded and linear

(b) N (Id) = {0} and coker(Id) = {0}.

Hence the identity is a Fredholm operator of index zero and thus so is L as claimed.

In view of the results of Section 4.3, it is easy to conclude that the kernel of

the operator L, denoted by N(L), is the eigenspace of the spherical harmonics

corresponding to the degree of the bifurcation point of interest, which is in our

case λ2. Thus,

N(L) = {Y m
2 : −2 ≤ m ≤ 2}

which is a five-dimensional space. It follows that the projection P onto N(L) is

given by

P : L2(S2)→ L2(S2) where Pw :=
2∑

m=−2

(w, Y m
2 )L2Y m

2 for all w ∈ L2(S2).

Since the set of all spherical harmonics {Y m
l }

m=−l,...,l
l=0,...,∞ is an orthonormal basis

for the space L2(S2) and orthogonal for H2 (S2). This naturally induces P :

H2 (S2) → H2 (S2) as projection. The interaction operator in these operators

in fact diagonalises over the set of spherical harmonics. This fact leads to an

enormous simplification of our subsequent computations. Let u(p) := Pφ(p) and
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v(p) := (1−P )φ(p) such that u(p) + v(p) = φ(p) and let us further define um and

vl,m such that

u(p) :=
2∑

m=−2

umY
m

2 (p) and v(p) :=
∞∑
l=0
l 6=2

l∑
m=−l

vl,mY
m
l (p), (5.9)

respectively. We will see that it will be an essential step to write all expressions

in terms of spherical harmonics as this simplifies the actions of all operators. In

particular, we may deduce from Theorem 4.8 that

U(Y m
l ) =

ˆ
S2
k(p · q)Y m

l (q) dq = µlY
m
l (p).

Accordingly, we conclude that

L(Y m
l ) =

(
λ2 +

µl
4π

)
Y m
l

and similarly,

L−1(Y m
l ) =

4π

4πλ2 + µl
Y m
l . (5.10)
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5.2.2 Step A: An application of the implicit function the-
orem

It is relatively straightforward to show that the implicit function theorem is ap-

plicable to

Lv + (1− P )R(u+ v, λ) = 0. (5.3b)

The operator L is invertible in R(L), its inverse is bounded and DuR(0, 0) = 0.

Moreover, based on Lemma 4.5, one can show that the Euler-Lagrange operator

E is sufficiently smooth.

Lemma 5.4. The bifurcation equation f(u, λ) associated to the Euler-Lagrange

equation for the Onsager free-energy functional is infinitely many times differen-

tiable .

Proof. The bifurcation equation is defined by

PR(u+ v(u, λ)) = f(u, λ)

where R is given by

E(ρ, λ) = L(ρ, λ) +R(ρ, λ).

Since L is a linear operator, the smoothness of E and R is the same. Moreover,

the implicit function theorem tells us, that the smoothness of R and v is the same.

Since the smoothness of the bifurcation equation is given by the minimal number

of derivatives of R and v (using the chain rule) which are then equal, we conclude
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that the smoothness of f is the same as the smoothness of E (the Euler-Lagrange

equation). The Euler-Lagrange operator is infinitely many times differentiable,

see Proposition 4.5.

Hence we may conclude that the implicit function theorem is applicable. How-

ever, writing down the exact solution v(u, λ) is not possible in practice. Instead,

an algorithmic procedure is required which has been presented in [?]. It is mainly

based on writing v as a Taylor expansion in terms of both variables u and λ which

is justified by the differentiability of the implicit function v(u, λ), see the implicit

function theorem [?, Theorem 2.3]. In particular, we expand v = (1− P )φ up to

fourth order by

v̂(u, λ)(p) :=
∑

0≤i+j≤4

1

i!j!
v̂i,j(u, λ)(p)

where the terms v̂i,j denote terms of ith order in u and of jth order in λ. Further-

more, we identify u as before with

u(p) =
2∑

m=−2

umY
m

2 (p).

By definition v ∈ N(L)⊥ and thus, without loss of generality, we assume that

v̂i,j ∈ N(L)⊥ for all i, j. Plugging this expression into (5.3b)

L(v) = −(1− P )R(u+ v, λ)

and matching the terms of the right order on both sides of the equation, we obtain
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expressions for each of the v̂ij. In the following we will execute this calculation

for the first couple of terms.

Remark 5.5. Because the spherical harmonics form an orthonormal basis for

L2(S2), the vi,j can be written as an infinite series expansion. In fact, when

considering the first few steps of the procedure, we will see that this expansion is

finite.

Since there does not exist any term that is constant in both variables, we

conclude that

v̂0,0 = 0.

As a second step, we consider v̂1,0 which only depends on u. Hence we only

consider terms of order one in u on both sides of (5.3b) taking the expansion of

Ê in (5.6) and the definition of R in (5.7) into account. All terms on the right

hand side depend on λ or on higher order terms of u, so they can be neglected

when we match the coefficients. Thus, we obtain

λv̂1,0(p) +
1

4π

ˆ
S2
k(p · q)v̂1,0(q) dq = 0.

This is equivalent to solving Lv̂1,0 = 0. Because we are assuming that v̂i,j ∈

N(L)⊥, we conclude that v̂1,0 = 0. Similarly, one can deduce that

v̂0,1 = 0.

As the first non-zero term, we consider 1
2
v̂2,0. Matching the order of terms on the
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two sides of (5.3b), we obtain

λ

2
v̂2,0(p) +

1

8π

ˆ
S2
k(p · q)v̂2,0(q) dq

= −(1− P )

(´
S2 u(q) dq

16π2

ˆ
S2
k(p · q)u(q) dq − 1

8π

ˆ
S2
k(p · q)u2(q) dq

)
.

This yields an explicit expression for v̂2,0 if we bear in mind that the operator

L and its inverse L−1 can actually be interpreted as simple multiplications, see

(5.10). However, in order to be able to apply this multiplication to the right hand

side, we need to write it in terms of spherical harmonics. Recall that u itself is

already given as an expansion in terms of spherical harmonics, see (5.9),

u(p) =
2∑

m=−2

umY
m

2 (p).

Hence we only have to expand the terms

ˆ
S2
k(p · q)u(q) dq

ˆ
S2
u(q) dq and

ˆ
S2
k(p · q)u2(q) dq.

In fact, ˆ
S2
k(p · q)u(q) dq

ˆ
S2
u(q) dq = 0

because the second factor, being the sum of integrals of spherical harmonics of

degree l = 2, is zero. In the case of the second term, we observe that we have

to compute u2 which is based on computing products of spherical harmonics.

In order to fulfil this task, we have developed an algorithm that is presented in
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Section 5.2.3. Applying it to the case above yields an expansion of u2 in terms

of spherical harmonics and we are thus in the position to apply the interaction

operator U , the projection 1−P and the operator L−1 which, according to (5.10),

reduces to a simple multiplication in this case. We obtain

v̂2,0(p) =− L−1

(
(1− P )

ˆ
S2
k(p · q)u2(q) dq)

)

=

√
5
14
π3

64
u2
−2Y

−4
4 (p) +

√
5
7
π3

64
u−1u−2Y

−3
4 (p) +

√
15π3

448
u0u−2Y

−2
4 (p)

+

√
5π3

448
u1u−2Y

−1
4 (p) +

π3/2

448
u2u−2Y

0
4 (p) +

√
5
2
π3

224
u2
−1Y

−2
4 (p)

+

√
15
2
π3

224
u−1u0Y

−1
4 (p) +

3π3/2

448
u2

0Y
0

4 +
π3/2

112
u−1u1Y

0
4 (p)

+

√
15
2
π3

224
u0u1Y

1
4 (p) +

√
5π3

448
u−1u2Y

1
4 (p) +

√
5
2
π3

224
u2

1Y
2

4 (p)

+

√
15π3

448
u0u2Y

2
4 (p) +

√
5
7
π3

64
u1u2Y

3
4 (p) +

√
5
14
π3

64
u2

2Y
4

4 (p).

This concludes the computation of v̂2,0. The computation of the other terms

follows the same pattern. However, because they are more complex and tedious,

we will omit them. In order to give a good overview of the individual steps for

each case, we present a summary of the procedure in form of a general algorithm.

We would like to conclude this section by remarking that the expansion of v̂

resulting from this procedure is in fact finite and that this is always the case when

considering a finite expansion of an equation. The reason for this is that u is a

linear combination of spherical harmonics that span the kernel of L which is itself
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Algorithm 1: Matching the terms in Equation (5.3b)
1: Input: Fix v̂i,j such that 0 ≤ i+ j ≤ 4.
2: Write down R(u+ v̂) keeping only terms in u and all terms in v̂i,j up to i’th

order and in λ up to j’th order.
3: Expand R(u+ v̂) in terms of spherical harmonics using the results of Section

5.2.3.
4: Apply the projection (1− P ) by dropping all spherical harmonics of degree
l = 2.

5: Apply −L−1 by multiplying R(u+ v̂) by −4π
4πλ2+µl

.
6: Output: v̂i,j = −4π

4πλ2+µl
R(u+ v̂).

finite. Considering products of up to four terms in u and v̂i,j, we can therefore

only reach spherical harmonics up to degree l = 84 since the highest degree for

v̂i,j with i+ j = 4 can only be l = 8.

Remark 5.6. The operator L depends on the bifurcation parameter and the ei-

genvalues of the interaction operator U . For any kernel satisfying Assumption 1.3

the expansion of v would only depend on finitely many eigenvalues corresponding

to spherical harmonics of low order. That means the resulting bifurcation can then

be studied using the combination of methods presented here.

5.2.3 Products of spherical harmonics

The crucial step in matching the coefficients in (5.3b) is to expand products of

spherical harmonics again in terms of spherical harmonics. It is known that this

can be achieved using Clebsch-Gordan coefficients which arise in angular mo-

mentum coupling [?]. However, it is very hard to compute them explicitly be-

cause it takes too much computing time. Therefore we devised an algorithm for
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the computation of products of spherical harmonics with short run time on the

computer. The exact algorithm that we implemented on the computer is given at

the end of this section while we present its crucial ideas first.

We recall the definition of spherical harmonics, see Section 4.2.1 for details,

Y m
l (ϕ, θ) = Nlme

imθPm
l (cosϕ), −l ≤ m ≤ l,

where ϕ and θ denote the polar and the azimuthal angle corresponding to the

unit vector p ∈ S2. The functions Pm
l are called associated Legendre polynomials

and their exact definition is also given in Section 4.2.1. Thus, a product of two

spherical harmonics is given by

Y m
l (ϕ, θ)Y q

p (ϕ, θ) = NlmNpqe
i(m+q)θPm

l (cos(ϕ))P q
p (cos(ϕ)). (5.11)

Notice that we will abuse the notation and drop the (φ, θ) or p dependence in

due course. Due to the factor ei(m+q), we observe that the order of each spherical

harmonic occurring in an expansion of the product in (5.11) has to be of order

m + q while its degree may be arbitrary. On the basis of this observation, we

would like to investigate products of associated Legendre polynomials. In fact,

we use the following recurrence formula from [?]

(l −m+ 1)Pm
l+1 = (2l + 1)xPm

l − (l +m)Pm
l−1. (5.12)
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Rearranging it gives

Pm
l =

2l − 1

l −m
xPm

l−1 −
l − 1 +m

l −m
Pm
l−2

and thus,

Pm
l P

q
p =

2l − 1

l −m
xPm

l−1P
q
p −

l − 1 +m

l −m
Pm
l−2P

q
p .

Applying the original recurrence rule in (5.12) again, but this time to the product

xPp,q, yields

Pm
l P

q
p =

2l − 1

l −m

(
p− q + 1

2p+ 1
P q
p+1P

m
l−1 +

p+ q

2p+ 1
P q
p−1P

m
l−1

)
− l − 1 +m

l −m
Pm
l−2P

q
p .

Using the definition of spherical harmonics, we deduce that

Y m
l Y

q
p =

2l − 1

l −m
p− q + 1

2p+ 1

Nl,m

N(l−1),m

Np,q

N(p+1),q

Y m
l−1Y

q
p+1

+
2l − 1

l −m
p+ q

2p+ 1

Nl,m

N(l−1),m

Np,q

N(p−1),q

Y m
l−1Y

q
p−1

− l − 1 +m

l −m
Nl,m

N(l−2),m

Y m
l−2Y

q
p

and thus, we observe that we reduced the degree of the spherical harmonics Y m
l

with index l by one or two. We repeat this procedure until we reach either a term

of the form Y s
s+1 or Y s

s (which has to happen eventually). Hitting Y s
s+1 first, we

use another recurrence rule from [?], namely

P s
s+1 = (2s+ 1)xP s

s leading to Y s
s+1Y

q
p =

N(s+1),s

Ns,s

(2s+ 1)xY s
s Y

q
p ,
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so that we obtain Y s
s Y

q
p in any case. Again we apply a recurrence rule

P s
s = (−1)s(2s− 1)!!(1− x2)s/2

which yields

Y s
s Y

q
p = (−1)s(2s− 1)!!(1− x2)s/2Ns,sY

q
p .

This last product can then be resolved by using

√
1− x2Y q

p =
1

2p+ 1

(
Np,q

N(p−1),(q+1)

Y q+1
p−1 −

Np,q

N(p+1),(q+1)

Y q+1
p+1

)

repeatedly if necessary. Again this recurrence formula arises from using recurrence

formulae for associated Legendre polynomials.

The computation of the first couple of steps of the algorithmic procedure

above illustrates how an expansion of a product of two spherical harmonics in

terms of spherical harmonics can be obtained. The general method involves a

couple of other cases to start with, such as spherical harmonics of negative or-

der for example which also have to be taken into account and for which spe-

cial rules need to be defined. The whole algorithm is stated subsequently.
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Algorithm 2: Rules for the computation of products of spherical harmonics
Require: a polynomial f of spherical harmonics of arbitrary degree.
Ensure: an expansion in terms of spherical harmonics.
1: If a is a constant, then define S[a] := a and T [a] := a.
2: Define Nl,m :=

√
2l+1
4π

√
(l−m)!
(l+m)!

.
3: Define S [Y m

l ] := Y m
l and T [Y m

l ] := Y m
l .

4: If a is a constant, then define S[ay] := aS [y] and T [ay] := aT [y].
5: Define S [x+ y] := S [x] + S [y].
6: Define S

[
aY m

l Y
q
p

]
:= S

[
aS
[
Y m
l Y

q
p

]]
.

7: If p > q and l − 2 ≥ |m|, then define

S
[
Y m
l Y

q
p

]
:=

2l − 1

l −m
p− q + 1

2p+ 1

Nl,m

N(l−1),m

Np,q

N(p+1),q

S
[
Y q
p+1Y

m
l−1

]
+

2l − 1

l −m
p+ q

2p+ 1

Nl,m

N(l−1),m

Np,q

N(p−1),q

S
[
Y q
p−1Y

m
l−1

]
− l − 1 +m

l −m
Nl,m

N(l−2),m

S
[
Y m
l−2Y

q
p

]
.

8: If l = m, then define

S
[
Y m
l Y

q
p

]
:= (−1)lNl,m(2l − 1)!!S

[
(1− x2)l/2Y q

p

]
.

9: If l = m+ 1, then define

S
[
Y m
l Y

q
p

]
:= Nl,m(2l − 1)(−1)l−1(2l − 3)!!S

[
(1− x2)

l−1
2 xY q

p

]
.

10: If l = −m, then define

S
[
Y m
l Y

q
p

]
:=

Nl,m

(2l)!
(2l − 1)!!T

[
(1− x2)l/2Y q

p

]
.

11: If l = −m+ 1, then define

S
[
Y m
l Y

q
p

]
:=

Nl,m

(2l − 2)!
(−1)m+l−1(2l − 3)!!T

[
(1− x2)

l−1
2 xY q

p

]
.
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12: If l > |m|, then define

S [a · xY m
l ] :=

Nl,m

N(l+1),m

S

[
a
l −m+ 1

2l + 1
Y m
l+1

]
+

Nl,m

N(l−1),m

S

[
a
l +m

2l + 1
Y m
l−1

]
.

13: If l = |m|, then define

S [a · xY m
l ] :=

Nl,m

N(l+1),m

S

[
a
l −m+ 1

2l + 1
Y m
l+1

]
.

14: If l > m+ 2, then define

S
[
(1− x2)sY m

l

]
:=

1

2l + 1

Nl,m

N(l−1),(m+1)

S
[
(1− x2)s−1/2Y m+1

l−1

]
− 1

2l + 1

Nl,m

N(l+1),(m+1)

S
[
(1− x2)s−1/2Y m+1

l+1

]
.

15: If l = m or l = m+ 1, then define

S
[
(1− x2)sY m

l

]
:= − 1

2l + 1

Nl,m

N(l+1),(m+1)

S
[
(1− x2)s−1/2Y m+1

l+1

]
.

16: Define S [a(Y m
l )s] := S [a(Y m

l )s−2S [(Y m
l )2]].

17: If l − 2 > |m|, then define

S
[
(Y m

l )2
]

:=
2l − 1

l −m
l −m+ 1

2l + 1

Nl,m

N(l−1),m

Nl,m

N(l+1),m

S
[
Y m
l−1Y

m
l+1

]
+

2l − 1

l −m
l +m

2l + 1

(
Nl,m

N(l−1),m

)2

S
[
Y m
l−1Y

m
l−1

]
− l +m− 1

l −m
Nl,m

N(l−2),m

S
[
Y m
l−2Y

m
l

]
.
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18: If l = m, then define

S
[
(Y m

l )2
]

:= Nl,m(−1)l(2l − 1)!!S
[
(1− x2)l/2Y m

l

]
.

19: If l = −m, then define

S
[
(Y m

l )2
]

:= Nl,−l((2l)!)
−1(2l − 1)!!T

[
(1− x2)l/2Y m

l

]
.

20: If l = m+ 1, then define

S
[
(Y m

l )2
]

:= Nl,m(−1)l−1(2l − 1)(2l − 3)!!S
[
(1− x2)

l−1
2 xY m

l

]
.

21: If l = −m+ 1, then define

S
[
(Y m

l )2
]

:= Nl,m(−1)m+l−1((2l−1)!)−1(2l − 1)(2l − 3)!!

· T
[
(1− x2)

l−1
2 xY m

l

]
.

22: If l > |m|, then define

S [a · xY m
l ] :=

Nl,m

N(l+1),m

l −m+ 1

2l + 1
T
[
aY m

l+1

]
+

Nl,m

N(l−1),m

l +m

2l + 1
T
[
aY m

l−1

]
.

23: If l = |m|, then define

S [a · xY m
l ] :=

Nl,m

N(l+1),m

l −m+ 1

2l + 1
T
[
aY m

l+1

]
.

24: If l ≥ −m+ 2, then define

T
[
(1−x2)sY m

l

]
=

(l −m+ 1)(l −m+ 2)Nl,m

(2l + 1)N(l+1),(m−1)

T
[
(1− x2)s−1/2Y m−1

l+1

]
− (l +m− 1)(l +m)Nl,m

(2l + 1)N(l−1),(m−1)

T
[
(1− x2)s−1/2Y m−1

l−1

]
.
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25: If l = −m+ 1 or l = −m, then define

T
[
(1− x2)sY m

l

]
:=

(l −m+ 1)(l −m+ 2)Nl,m

(2l + 1)N(l+1),(m−1)

T
[
(1− x2)s−1/2Y m−1

l+1

]
.

In order to implement this algorithm, it is important to use a conditioned

replacement rule that makes it faster. This means that the algorithm itself re-

members cases that it has computed already so that it will stop once it hits a

known target.

5.2.4 Step B: Derivation of the bifurcation equation

Having found an explicit expression for v̂(u, λ) in Section 5.2.2, we are now in the

position to plug this expression into (5.3a) which finally gives us an approximation

of the bifurcation equation up to fourth order

f̂(u, λ) := P R̂(u+ v̂(u, λ), λ).

Remark 5.7. One can show that the bifurcation equation corresponding to the

Onsager free-energy functional is smooth, see Lemma 5.4.

Remark 5.8. In fact, we used a fourth order Taylor approximation of the Euler-

Lagrange operator and a Taylor approximation of v(u, λ) up to a joint fourth

order in both variables. Thus, we obtained an approximation of the bifurcation

equation of at least fourth order. More precisely, the bifurcation equation f̂ =
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R̂(u+ v̂(u, λ), λ) = 0 is approximated based on the following expansions of v and

R

v(u, λ) = v̂(u, λ) +O

(
5∑
i=1

||u||iH2(S2)|λ|5−i
)

R(φ, λ) = R̂(φ, λ) +O

(
5∑
i=1

||φ||iH2(S2)|λ|5−i
)
.

The following calculation shows that f̂ agrees with f up to fourth order

f =R(u+ v(u, λ), λ)

=R̂(u+ v(u, λ), λ) +O

(
5∑
i=1

||u+ v(u, λ)||iH2(S2)|λ|5−i
)

=R̂(u+ v̂(u, λ), λ) +O

(
6∑
i=1

||u||iH2(S2)|λ|6−i
)

+O

(
5∑
i=1

||u||iH2(S2)|λ|5−i
)

f(u, λ) =f̂(u, λ) +O

(
5∑
i=1

||φ||iH2(S2)|λ|5−i
)
.

The bifurcation equation can also be written as an expansion in spherical

harmonics of degree l = 2, and therefore admits the form

f̂(u,λ)(p) =
2∑

m=−2

f̂m(u, λ)Y m
2 (p). (5.13)

The solutions of this equation are equivariantly equivalent to the solutions of

the Euler-Lagrange equation of the Onsager free-energy functional in (1.2). In
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order to find the zeroes of (5.13), each of the coefficients f̂i for −2 ≤ i ≤ 2

needs to be zero. Therefore we seek the solutions to a system of five polynomials,

each depending on the six variables u−2, u−1, u0, u1, u2 and λ reducing the infinite-

dimensional state space H2(S2) to the ten-dimensional one i.e. C5.

However, we are only interested in real solutions to this equation, so we can

reduce the dimension further by restricting the equation onto the space of real

spherical harmonics with real coefficients. In particular, the real spherical har-

monics are defined as

Yl,m :=



i√
2
(Y m

l − (−1)mY −ml ) if m < 0

Y 0
l if m = 0

1√
2
(Y −ml + (−1)mY m

l ) if m > 0

.

Thus, if the function u(p) in (5.9) is real-valued, its coefficients

u := (u−2, u−1, u0, u1, u2)

can be written as

u = T (a) :=



i√
2

0 0 0 1√
2

0 i√
2

0 1√
2

0

0 0 1 0 0

0 i√
2

0 − 1√
2

0

− i√
2

0 0 0 1√
2


·



a−2

a−1

a0

a1

a2


(5.14)
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where T : R5 → C5 for some a := (a−2, . . . , a2) ∈ R5. Using this transformation,

we define the following real version of the bifurcation equation which corresponds

to the set of real spherical harmonics {Y2,m : −2 ≤ m ≤ 2}

freal(a, λ) := T−1f(Ta, λ).

Equivalently, we will use the expression

f̂real(a, λ) := T−1f̂(Ta, λ) (5.15)

in order to denote its approximation up to fourth order. Due to its complic-

ated form, we will not state the bifurcation equation in terms of real spherical

harmonics explicitly in this section. Instead it can be found in Appendix B.
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Chapter 6

Solutions of the bifurcation equation
of the Onsager free-energy

functional

The most common approach to investigate the local structure of a system of

polynomial equations at a given solution point is to use its Groebner basis. A

Groebner basis is the generating set of an ideal in a polynomial ring over a field

K[x1, x2, . . . , xn]. The advantage of this method is that it can be used in order

to find the dimensionality of the solution set at a given point. However, due to

the lengthy form of the bifurcation equation in (5.15), this method is not directly

applicable. Instead, we make use of the symmetries of our problem in order

to reduce its dimensionality. In particular we consider the Onsager free-energy

functional with a rotationally symmetric intermolecular two-body potential. This

means that if we can find a rotation that maps one solution of the bifurcation

Equation (5.15) onto another, we can consider the two solutions to be equivalent.

This chapter is organised as follows. In Section 6.1 we will describe the symmetry

properties inherent to the problem in terms of a group action acting on the state

space of the bifurcation equation. We will then find invariant polynomials that
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separate the orbits of this group action and we will reduce the dimension of the

state space of the bifurcation equation in Section 6.2. Finally, we derive non-

degeneracy conditions which guarantee the existence of solutions in Section 6.3.

6.1 The symmetry properties of the bifurcation
equation

In order to represent an arbitrary rotation matrix R(ϕR, ψR, θR) with respect

to the Euler angles ϕR, ψR and θR, we use the so-called y-convention. In this

convention, a rotation R(ϕR, ψR, θR) is given by the product

R(ϕR,ψR, θR) = Rz ·Rx ·Ry

where the first rotation is by an angle ϕR around the z-axis, the second rotation is

by an angle θR around the y-axis and the third rotation is by an angle ψR around

the z-axis. In particular, the three matrices are given by

Rx =


1 0 0

0 cos(θR) sin(θR)

0 − sin(θR) cos(θR)

 , Ry =


− sin(ϕR) cos(ϕR) 0

− cos(ϕR) − sin(ϕR) 0

0 0 1

 ,

Rz =


sin(ψR) − cos(ψR) 0

cos(ψR) sin(ψR) 0

0 0 1

 .

116



Chapter 6. Solutions of the bifurcation equation of the Onsager functional

In contrast to the rotation of points in the state space, the rotation of a function

u(p) written in terms of complex spherical harmonics of order l = 2 corresponds to

a linear transformation of its coefficients u = (u−2, . . . , u2). This transformation

is given by the 5×5 Wigner matrix D(ϕR, ψR, θR) for complex spherical harmonics

of degree l = 2 which is given by

D(φR, ψR, θR) =



d11 d12 d13 d14 d15

d21 d22 d23 d24 d25

d31 d32 d33 d34 d35

d41 d42 d43 d44 d45

d51 d52 d53 d54 d55


(6.1)

with

d11 = e−2iφR−2iψR cos4
(
θR
2

)
,

d12 = 2e−2iφR−iψR cos3
(
θR
2

)
sin
(
θR
2

)
,

d13 =
√

6e−2iφR cos2
(
θR
2

)
sin2

(
θR
2

)
,

d14 = 2eiψR−2iφR cos
(
θR
2

)
sin3

(
θR
2

)
,

d15 = e2iψR−2iφR sin4
(
θR
2

)
,

d21 = −2e−iφR−2iψR cos3
(
θR
2

)
sin
(
θR
2

)
,

d22 = e−iφR−iψR cos2
(
θR
2

)
(2 cos(θR)− 1),

d23 =
√

6e−iφR cos
(
θR
2

)
cos(θR) sin

(
θR
2

)
,

d24 = eiψR−iφR(2 cos(θR) + 1) sin2
(
θR
2

)
,

d25 = 2e2iψR−iφR cos
(
θR
2

)
sin3

(
θR
2

)
,
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d31 =
√

6e−2iψR cos2
(
θR
2

)
sin2

(
θR
2

)
,

d32 = −
√

6e−iψR cos
(
θR
2

)
cos(θR) sin

(
θR
2

)
,

d33 =
(

3
2

cos2(θR)− 1
2

)
,

d34 =
√

6eiψR cos
(
θR
2

)
cos(θR) sin

(
θR
2

)
,

d35 =
√

6e2iψR cos2
(
θR
2

)
sin2

(
θR
2

)
,

d41 = −2eiφR−2iψR cos
(
θR
2

)
sin3

(
θR
2

)
,

d42 = eiφR−iψR(2 cos(θR) + 1) sin2
(
θR
2

)
,

d43 = −
√

6eiφR cos
(
θR
2

)
cos(θR) sin

(
θR
2

)
,

d44 = eiφR+iψR cos2
(
θR
2

)
(2 cos(θR)− 1),

d45 = 2eiφR+2iψR cos3
(
θR
2

)
sin
(
θR
2

)
,

d51 = e2iφR−2iψR sin4
(
θR
2

)
,

d52 = −2e2iφR−iψR cos
(
θR
2

)
sin3

(
θR
2

)
,

d53 =
√

6e2iφR cos2
(
θR
2

)
sin2

(
θR
2

)
,

d54 = −2e2iφR+iψR cos3
(
θR
2

)
sin
(
θR
2

)
,

d55 = e2iφR+2iψR cos4
(
θR
2

)
where φR, ψR and θR denote the Euler angles corresponding to a rotation.

In particular, this relationship is formulated as

(
2∑

m=−2

umY
m

2

)
(R(ϕR, ψR, θR) · p) =

(
2∑

m=−2

(D(ϕR, ψR, θR)u)mY
m

2

)
(p) (6.2)

for all p ∈ S2 [?]. If we are given two vectors a,b ∈ R5 each representing the five

coefficients of a real-valued solution written in terms of real spherical harmonics,

then we say that a ∼ b if and only if there exists a triple of rotation angles
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(ϕR, ψR, θR) such that

M(ϕR, ψR, θR)a := T−1D(ϕR, ψR, θR) · Ta = b (6.3)

where T denotes the transformation onto the real spherical harmonics given in

(5.14). In other words,M is the real version corresponding to the complex Wigner

matrix D(ϕR, ψR, θR) given in (6.1). The explicit form of the representation of

the group action of SO(3) acting on R5 is given by

M(φR, ψR, θR) =



M11 M12 M13 M14 M15

M21 M22 M23 M24 M25

M31 M32 M33 M34 M35

M41 M42 M43 M44 M45

M51 M52 M53 M54 M55


(6.4)

with

M11 = cos(θR) cos(2ψR) cos(2φR)− 1
4
(cos(2θR) + 3) sin(2ψR) sin(2φR),

M12 = sin(θR)(cos(θR) sin(2ψR) sin(φR)− cos(2ψR) cos(φR)),

M13 = −
√

3 sin2(θR) sin(ψR) cos(ψR),

M14 = sin(θR)(cos(θR) sin(2ψR) cos(φR) + cos(2ψR) sin(φR)),

M15 = − cos(θR) cos(2ψR) sin(2φR)− 1
4
(cos(2θR) + 3) sin(2ψR) cos(2φR),

M21 = sin(θR)(cos(ψR) cos(2φR)− 2 cos(θR) sin(ψR) sin(φR) cos(φR)),

M22 = cos(θR) cos(ψR) cos(φR)− cos(2θR) sin(ψR) sin(φR),
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M23 =
√

3 sin(θR) cos(θR) sin(ψR),

M24 = − cos(θR) cos(ψR) sin(φR)− cos(2θR) sin(ψR) cos(φR),

M25 = sin(θR)(− cos(ψR)) sin(2φR)− 1
2

sin(2θR) sin(ψR) cos(2φR),

M31 =
√

3 sin2(θR) sin(φR) cos(φR),

M32 =
√

3 sin(θR) cos(θR) sin(φR),

M33 = 1
4
(3 cos(2θR) + 1),

M34 =
√

3 sin(θR) cos(θR) cos(φR),

M35 = 1
2

√
3 sin2(θR) cos(2φR),

M41 = sin(θR)(cos(θR) cos(ψR) sin(2φR) + sin(ψR) cos(2φR)),

M42 = cos(2θR) cos(ψR) sin(φR) + cos(θR) sin(ψR) cos(φR),

M43 = −
√

3 sin(θR) cos(θR) cos(ψR)

M44 = cos(2θR) cos(ψR) cos(φR)− cos(θR) sin(ψR) sin(φR),

M45 = 1
2

sin(2θR) cos(ψR) cos(2φR)− sin(θR) sin(ψR) sin(2φR),

M51 = 1
4
(cos(2θR) + 3) cos(2ψR) sin(2φR) + cos(θR) sin(2ψR) cos(2φR),

M52 = −1
2

sin(2θR) cos(2ψR) sin(φR)− sin(θR) sin(2ψR) cos(φR),

M53 = 1
2

√
3 sin2(θR) cos(2ψR),

M54 = sin(θR) sin(2ψR) sin(φR)− 1
2

sin(2θR) cos(2ψR) cos(φR),

M55 = 1
4
(cos(2θR) + 3) cos(2ψR) cos(2φR)− cos(θR) sin(2ψR) sin(2φR).

Having introduced these concepts, we are now in the position to establish

symmetry properties of our bifurcation equation.

Proposition 6.1. The bifurcation equation f̂real is equivariant with respect to

the Wigner matrices M(ϕR, ψR, θR), which means that for all M(ϕR, ψR, θR) and
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every a ∈ R5,

f̂real(M(ϕR, ψR, θR)a, λ) = M(ϕR, ψR, θR)f̂real(a, λ).

Proof. Let R(ϕR, ψR, θR) be the rotation matrix with associated Wigner matrix

M(ϕR, ψR, θR). For ease of notation, we drop the dependence of R on the Euler

angles ϕR, ψR and θR. Defining Rφ(p) := φ(Rp), we see that

E(Rφ, λ) =λφ(Rp)− 1

Z(Rφ)

ˆ
S2
k(p · q) exp(−φ(Rq)) dq

=λφ(Rp)− 1´
S2 exp(−φ(Rs)) ds

ˆ
S2
k(p · q) exp(−φ(Rq)) dq

=λφ(Rp)− 1´
S2 exp(−φ(s)) ds

ˆ
S2
k(p ·Rtq) exp(−φ(q)) dq

=λφ(Rp)− 1´
S2 exp(−φ(s)) ds

ˆ
S2
k(Rp · q) exp(−φ(q)) dq

=RE(φ, λ).

Hence the operator E is equivariant with respect to the Wigner matrices. By

definition, see Section 5.2.2,

f := PR(u + v(u, λ), λ)

where R denotes the non-linear part of E and is therefore also equivariant. The

projection P maps all terms onto the spherical harmonics of degree l = 2 and

therefore also preserves the equivariance as well as the approximation of the equa-

tion up to fourth order. The restriction to the subspace of real solutions is also
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a linear transformation and therefore we can deduce that f̂real is equivariant with

respect to the Wigner matrices M(ϕR, ψR, θR).

Knowing that f is in fact equivariant with respect to rotations, we can restrict

our attention to one representative of each class of solutions that can be turned

into each other by a rotation. In other words we are interested in the orbit space

that corresponds to the action of SO(3) on the space R5. To illustrate this idea,

consider the example of SO(2) acting on R2. The orbit space in this case can then

be taken to be the non-negative part of the x-axis and is therefore one-dimensional.

6.2 Reducing the dimension of the orbit space of
SO(3) acting on R5

The aim of this section is to show that the orbit space of SO(3) acting on R5 can

in fact be reduced to two dimensions. In particular, using invariant theory for

groups, we can prove that the space

S := {(0, 0, x, 0, y)|x, y ∈ R} (6.5)

contains at least one representative of every orbit.

One can show that the generators of the ring of G-invariant polynomials for

any compact Lie-group G separate the orbits; thus for any two distinct orbits

Γ and Γ′, there exists at least one of the generators taking different values on

Γ and Γ′ [?, Appendix C]. In the case of the group action given in (6.3) there
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exist two invariant polynomials I1 and I2 generating the ring. The fact that these

generators separate the orbits can be reformulated as follows. If

(I1(a), I2(a)) = (I1(b), I2(b)),

then there exist rotation angles ϕR, ψR and θR such thatM(ϕR, ψR, θR)a = b and

hence a ∼ b. This allows us to check that S contains at least one representative

for every orbit by verifying that

{
I1(a), I2(a) | a ∈ R5

}
= {I1(a), I2(a) | a ∈ S} . (6.6)

In other words, we show that the state space can in fact be reduced to two

dimensions.

In [?] Wachsmuth achieves a similar two-dimensional reduction by the interesting

device of considering the set of homogeneous polynomials restricted to the sphere,

which is an equivalent description of the set of spherical harmonics. A more

detailed account can be found in Appendix C.

This section is structured as follows. In Section 6.2.1 we find an isomorphic

representation of the group action, called the Cartan representation, and we derive

an explicit way to separate its orbits. Using the isomorphism between the Cartan

representation and the group action given in (6.3), which is based on the Wigner

matrix, see (6.9), we obtain similar expressions for the invariant polynomials with

respect to the group action in (6.3). We conclude this section by proving that the

reduced state space S contains a representative of every orbit, see Section 6.2.2.
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6.2.1 The separation of orbits of the group action SO(3)
acting on R5

There exists a unique irreducible representation of the group action of SO(3)

acting on R5 [?]. Since both the complex and real representation based on the

Wigner matrix given in (6.1) and (6.4) are irreducible, the real representation is

isomorphic to any other irreducible representation of SO(3) acting on the five-

dimensional real space. One of these isomorphic representations is called the

Cartan representation.

The Cartan representation can be expressed as

ρ : SO(3)× su(3)/so(3), (S,X + so(3))→ SXS−1 + so(3)

where su(3) and so(3) denote the Lie-algebras associated with the Lie groups

SU(3) and SO(3), respectively. The representation above then arises as the ad-

joint representation of so(3) [?]. In this setting the matrix X ∈ su(3)/so(3) is

a traceless skew-Hermitian matrix, that is X? = −X. In particular, if we write

X = U + iV , with U and V both being real 3× 3 matrices, then we can make the

following observation

X? = U? + (iV )? = U t − iV t.

Thus, in order for X to be skew-Hermitian, U needs to be a traceless skew-

symmetric matrix, thus U ∈ so(3), and V needs to be traceless and symmetric.
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It follows that

su(3)/so(3) = {X + so(3)|X ∈ su(3)}

= {iV + so(3)|tr(V ) = 0 and V t = V }.

The following set of matrices is a basis for this space

E =

{
e1 =


1 0 0

0 0 0

0 0 −1

 , e2 =


0 0 0

0 1 0

0 0 −1

 , e3 =


0 1 0

1 0 0

0 0 0

 ,

e4 =


0 0 1

0 0 0

1 0 0

 , e5 =


0 0 0

0 0 1

0 1 0


}
.

(6.7)

Thus, any element in su(3)/so(3) can be written as a linear combination of these

matrices, that is for any X ∈ su(3)/so(3) there exist (x1, . . . , x5) such that

X =
5∑

n=1

x5en.

In particular, we say that any two elements X and Y ∈ su(3)/so(3) are equivalent,

and thus are elements of the same orbit, if there exists a matrix S(ϕR, ψR, θR) ∈

SO(3) such that

S(ϕR, ψR, θR)

(
5∑

n=1

xnen

)
S−1(ϕR, ψR, θR) =

5∑
n=1

ynen
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where x := (x1, . . . , x5) and y := (y1, . . . , y5) correspond to X and Y , respectively.

Similarly, this relationship can also be represented by a 5× 5 matrix mapping of

x onto y. In particular, x ∼ y if and only if there exist ϕR, ψR and θR such that

MC(ϕR, ψR, θR)x = y

where

MC(φR, ψR, θR) =



C11 C12 C13 C14 C15

C21 C22 C23 C24 C25

C31 C32 C33 C34 C35

C41 C42 C43 C44 C45

C51 C52 C53 C54 C55


(6.8)

with

C11 = 1
4

(
−4 cos2(φR) cos2(ψR) sin2(θR) + (cos(2θR) + 2 cos(2φR)− 1) cos(2ψR)

)
+2 cos(θR)(cos(θR)− 4 cos(φR) cos(ψR) sin(φR) sin(ψR)),

C12 = 2 cos(θR) cos(ψR) sin(φR) sin(ψR) cos(φR) + cos(2θR) cos2(ψR) sin2(φR)

+
(
sin2(ψR)− cos2(ψR) sin2(θR)

)
cos2(φR),

C13 = 1
4

(
(cos(2θR) + 3) cos(2ψR)− 2 sin2(θR)

)
sin(2φR)

+ cos(θR) cos(2φR) sin(2ψR),

C14 = 2 cos(ψR) sin(θR)(sin(φR) sin(ψR)− cos(θR) cos(φR) cos(ψR)),

C15 = −2 cos(ψR) sin(θR)(cos(θR) cos(ψR) sin(φR) + cos(φR) sin(ψR)),

C21 = cos2(ψR) sin2(θR) sin2(φR) + 1
2

cos(θR) sin(2φR) sin(2ψR)
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+1
2

(
cos(2θR) + cos(2ψR)

(
sin2(θR)− cos2(θR) cos(2φR)

))
,

C22 = − cos(φR) cos(ψR) sin(φR) sin(ψR) cos3(θR)

+1
2
(cos(2φR) cos(2ψR) + 1) cos2(θR)

+1
8
(cos(2θR)− 3) sin(2φR) sin(2ψR) cos(θR)

+ sin2(θR)
(
cos2(φR) cos(2ψR)− sin2(φR) sin2(ψR)

)
,

C23 = −2 cos(φR) cos2(ψR) sin(φR) sin2(θR)

− cos(θR)(cos(θR) cos(2ψR) sin(2φR) + cos(2φR) sin(2ψR)),

C24 = −2 sin(θR) sin(ψR)(cos(ψR) sin(φR) + cos(θR) cos(φR) sin(ψR)),

C25 = 2 sin(θR) sin(ψR)(cos(φR) cos(ψR)− cos(θR) sin(φR) sin(ψR)),

C31 = 1
8

(
− 4 cos(θR) cos(2ψR) sin(2φR)

−
(
(cos(2θR) + 3) cos(2φR)− 6 sin2(θR)

)
sin(2ψR)

)
,

C32 = 1
8

(
4 cos(θR) cos(2ψR) sin(2φR)

+
(
6 sin2(θR) + (cos(2θR) + 3) cos(2φR)

)
sin(2ψR)

)
,

C33 = cos(θR) cos(2φR) cos(2ψR)− 1
4
(cos(2θR) + 3) sin(2φR) sin(2ψR),

C34 = sin(θR)(cos(2ψR) sin(φR) + cos(θR) cos(φR) sin(2ψR)),

C35 = sin(θR)(cos(θR) sin(φR) sin(2ψR)− cos(φR) cos(2ψR)),

C41 = 1
2

sin(θR)(cos(θR)(cos(2φR) + 3) cos(ψR)− 2 cos(φR) sin(φR) sin(ψR)),

C42 = 1
2

sin(θR)(sin(2φR) sin(ψR)− cos(θR)(cos(2φR)− 3) cos(ψR)),

C43 = sin(θR)(cos(θR) cos(ψR) sin(2φR) + cos(2φR) sin(ψR)),

C44 = cos(2θR) cos(φR) cos(ψR)− cos(θR) sin(φR) sin(ψR),

C45 = cos(2θR) cos(ψR) sin(φR) + cos(θR) cos(φR) sin(ψR),

C51 = −1
2

sin(θR)(cos(ψR) sin(2φR) + cos(θR)(cos(2φR) + 3) sin(ψR)),

C52 = 1
2

sin(θR)(cos(ψR) sin(2φR) + cos(θR)(cos(2φR)− 3) sin(ψR)),
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C53 = sin(θR)(cos(2φR) cos(ψR)− 2 cos(θR) cos(φR) sin(φR) sin(ψR)),

C54 = − cos(θR) cos(ψR) sin(φR)− cos(2θR) cos(φR) sin(ψR),

C55 = cos(θR) cos(φR) cos(ψR)− cos(2θR) sin(φR) sin(ψR).

The following lemma shows that the Cartan representation and the representation

based on the Wigner rotation matrix for real spherical harmonics in (6.4) are in

fact isomorphic to each other.

Lemma 6.2. An isomorphism between the two representations of the group action

is given by

Φ =



0 0 − 1√
3

0 1

0 0 − 1√
3

0 −1

1 0 0 0 0

0 0 0 1 0

0 1 0 0 0


. (6.9)

In particular MC = ΦMΦ−1.

Proof. Omitted.

Having established an equivalence relation that describes the orbits in the case

of the Cartan representation, we are now in the position to describe its orbit space.

We recall that for any two real symmetric matrices X and Y , there exists a

matrix S ∈ SO(3) such that
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SXS−1 = Y, (6.10)

if and only if the characteristic polynomials of X and Y agree, that is χ(X) =

χ(Y ).

We deduce that the orbits described by the Cartan representation are separ-

ated by the coefficients of the characteristic polynomials of the corresponding mat-

rix. In particular, the characteristic polynomial χ(X) of a matrix X ∈ su(3)/so(3)

written in terms of the basis E in (6.7) is given by

χ(X)(k) =− k3 + k
(
x2

1 + x1x2 + x2
2 + x2

3 + x2
4 + x2

5

)
− x2

1x2 − x1x
2
2 + x1x

2
3 − x1x

2
5 + x2x

2
3 − x2x

2
4 + 2x3x4x5.

Thus, the two invariant polynomials for the group action written in terms of the

Cartan representation are

IC1 :=x2
1 + x1x2 + x2

2 + x2
3 + x2

4 + x2
5 and

IC2 :=− x2
1x2 − x1x

2
2 + x1x

2
3 − x1x

2
5 + x2x

2
3 − x2x

2
4 + 2x3x4x5.

In particular, both of these polynomials satisfy the relationship

ICj(MC(ϕR, ψR, θR)x) = ICj(x)

for j = 1, 2, respectively, and for all (ϕR, ψR, θR) ∈ [0, π)2 × [0, 2π).

Using the explicit isomorphism in Lemma 6.2, the invariant polynomials that
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correspond to the group representation based on the Wigner rotation matrix in

(6.4) are given by

I1 = x2
1 + x2

2 + x2
3 + x2

4 + x2
5 and

I2 = −2x2
1x3√
3

+ 2x1x2x4 +
x2

2x3√
3
− x2

2x5 +
2x3

3

3
√

3
+
x3x

2
4√

3
− 2x3x

2
5√

3
+ x2

4x5.

In order to follow the programme outlined at the beginning of this section, it

would now only be left to show that I1 and I2 are generators of the ring of invari-

ant polynomials. However, in this case, we already know that both polynomials

separate the orbits by using the explicit isomorphism and the fact stated in (6.10).

6.2.2 Reduction to a two-dimensional orbit space

Having found the fundamental invariants corresponding to the group action of

SO(3) acting on R5, we have an explicit description of all orbits as each orbit

corresponds to exactly one constant value in the image of the two invariants. In

order to reduce the state space to S, we need to verify that

{
I1(a), I2(a) | a ∈ R5

}
= {I1(a), I2(a) | a ∈ S} . (6.6)

In particular, we can express the left hand side and the right hand side as

{
I1(a), I2(a) | a ∈ R5

}
=
∞⋃
r=0

{
{r, I2(a)} | a ∈ R5 and I1(a) = r

}
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=
∞⋃
r=0

{r} ×

 min
I1(a)=r
a∈R5

I2(a), max
I1(a)=r
a∈R5

I2(a)


and

{I1(a), I2(a) | a ∈ S} =
∞⋃
r=0

{{r, I2(a)} | a ∈ S and I1(a) = r}

=
∞⋃
r=0

{r} ×

 min
I1(a)=r
a∈S

I2(a), max
I1(a)=r
a∈S

I2(a)

 ,
respectively. Moreover, we observe that {I1(a) = r} is a five-dimensional sphere

which is connected and compact. Rewriting the problem like this, we observe

that we are interested in the extrema of I2 for points on the sphere with radius

r. Since the sphere is compact, we know that these extrema are attained and

an application of the intermediate value theorem gives us that I2 attains in fact

all values in between its extrema. Taking these arguments into account, the

verification of (6.6) has thus been reduced to checking that the extrema defining

the intervals agree for all r > 0. Because both invariant polynomials I1 and I2

are homogeneous, it actually suffices to verify this condition for the case r = 1.

Moreover, since −I2(a) = I2(−a) and a ∈ S2 if and only if −a ∈ S2, it is enough to

prove the equality of the maxima. Hence, we only need to show that the following

relationship holds

max
a∈R5,I1(a)=1

I2(a) = max
a∈S,I1(a)=1

I2(a).
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A direct calculation shows that in both cases

max
a∈R5

I2(a) = max
a∈S

I2(a) =
2

3
√

3

if I1(a) = 1, which thus proves the claim, and we conclude that the state space

can be reduced to the two-dimensional space S.

It follows that at least one point of each orbit is an element of the set S.

However, there might in fact be several points representing one orbit which are

elements of S which is why additional symmetry considerations might need to be

taken, see Section 6.3 for details.

6.3 Solving the reduced bifurcation equation

Having shown that the equivariant state space of the bifurcation equation can

in fact be restricted to the two-dimensional space S in (6.5), we are now in the

position to solve this reduced problem. We denote the reduced form of the real

bifurcation equation by f̂Sreal which only depends on the two state variables a0 and

a2. Its approximation up to fourth order is given by

f̂Sreal(a, λ)(p) =
2∑

m=−2

f̂Srealm(a, λ)Y2,m(p) (6.11)

with

f̂Sreal−2
(a, λ) =f̂Sreal−1

(a, λ) = f̂Sreal1(a, λ) = 0,

132



Chapter 6. Solutions of the bifurcation equation of the Onsager functional

f̂Sreal0(a, λ) =λa0 +
18(λa3

0 + λa2
2a0)

49π(1 + 32π)2
+

√
5(448π(13 + 2800π) + 577)a4

0√
π5795328(1 + 32π)2

+

(
9

3136(1 + 32π)
− 5

1792

)
(a3

0 + a2
2a0) +

√
5π

448
(a2

0 − a2
2)

− (224π(5 + 224π) + 31)a2
2a

2
0

5−
3
2 965888

√
π(1 + 32π)2

+
(1792(1− 140π)π − 89)a4

2

5−
1
2 1931776

√
π(1 + 32π)2

,

f̂Sreal2(a, λ) =λa2 +
18(λa2a

2
0 + λa3

2)

49π(1 + 32π)2
+

√
5
π
(14(7− 320π)π − 1)a2a

3
0

25872(1 + 32π)2

+

(
9

3136(1 + 32π)
− 5

1792

)
(a2a

2
0 + a3

2)−
√

5π

224
a2a0

−

√
5
π
(56π(17 + 2240π) + 61)a3

2a0

241472(1 + 32π)2
.

In particular, we observe that this equation can also be rewritten up to third order

in ai for i ∈ {0, 2} and λ as

f̂Sreal(a, λ) = (λ+ d(a2
0 + a2

2))

a0

a2

+ c

a2
0 − a2

2

−2a0a2

 (6.12)

where c :=
√

5π
448

and d :=
(

9
3136(1+32π)

− 5
1792

)
. However, we need to find conditions

ensuring that we consider the equation up to a sufficiently high order to guarantee

that the characteristics of the bifurcation do not change. Such a problem is called

recognition problem and it will be presented both theoretically in Section 6.3.1 and

in the context of the two-dimensional bifurcation equation in (6.12), see Section

6.3.2.
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6.3.1 The recognition problem in two dimensions

The aim of this section is to derive non-degeneracy conditions which ensure a

one-to-one correspondence between the solutions of the two-dimensional reduced

bifurcation equation and the algebraic equation of a simple form of lower order.

This problem is called recognition problem. In our presentation we follow [?,

Chapter 9].

A one-to-one correspondence between the sets of solutions of two functions

f(u, λ) = 0 and g(u, λ) = 0 for u ∈ Rn and λ ∈ R exists if f and g are strongly

equivalent.

Definition 6.3. Two C∞-functions f and g are strongly equivalent, denoted by

f ∼ g if there exist S : Rn × R→ L(Rn,Rn) and U : Rn × R→ Rn such that

detS(u, λ) > 0,

U(0, 0) = 0,
∂U

∂u
(u, λ) is positive definite

f(u, λ) = S(u, λ)g(U(u, λ), λ).

However, often it is not straightforward to verify strong equivalence for partic-

ular cases. Instead, it is easier if the problem inherits certain symmetry properties

that can be taken into account. In the case of the reduced bifurcation equation

in (6.12), the problem is symmetric with respect to the group action of S3 acting
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on the space R2. In particular, S3 acts on any element u ∈ R2 by

giu = u′ for all i ∈ {1, . . . , 6},

where gi are defined as

S3 ={gi ∈ R2×2, i = 1, . . . , 6}

=

{1 0

0 1

 ,

1 0

0 −1

 ,
1

2

 −1
√

3

−
√

3 −1

 ,
1

2

−1 −
√

3
√

3 −1

 ,

1

2

−1
√

3
√

3 1

 ,
1

2

 −1 −
√

3

−
√

3 1

}.
Moreover, it is easy to show that the group action is generated by the elements

g2 =

1 0

0 −1

 and g4 =
1

2

−1 −
√

3
√

3 −1

 . (6.13)

Based on this representation of the group action of S3 acting on R2, we direct

our attention to the concept of S3-invariance, S3-equivariance and S3-equivariant

equivalence.

Definition 6.4. A mapping h : R2 → R is S3-invariant if

h(gu) = h(u)

135



Chapter 6. Solutions of the bifurcation equation of the Onsager functional

for all g ∈ S3 and u ∈ R2.

Definition 6.5. A mapping f : R2 × R→ R2 is S3-equivariant if

f(gu, λ) = gf(u, λ) for all g ∈ S3 and u ∈ R2.

Definition 6.6. Two S3-equivariant C∞-mappings f : R2 × R → R2 and g :

R2 × R → R2 are equivariantly equivalent, denoted by f ∼ g, if there exist S :

R2 × R→ L(R2,R2) and U : R2 × R→ R2 such that

detS(u, λ) > 0,

U(0, 0) = 0,
∂U

∂u
(u, λ) is positive definite

S(gu, λ) = gS(u, λ)g−1, U(gu, λ) = gU(u, λ) for all g ∈ S3,u ∈ R2, λ ∈ R

f(u, λ) = S(u, λ)g(U(u, λ), λ).

The aim of Section 6.3.2 will be to show that the reduced bifurcation equation

is in fact S3-equivariant and equivariantly equivalent to its approximation up to

fourth order. In order to verify the equivariant equivalence, we use the following

concepts and results.

Theorem 6.7. [?, Theorem 1] Any smooth S3-invariant mapping h can be rep-

resented as

h(u) = ĥ(h1(u), h2(u))

where h1(u) := u2
1 + u2

2 and h2(u) := u3
1 − 3u1u

2
2.
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Theorem 6.8. Any S3-equivariant mapping f : R2 × R→ R2 can be represented

by

f(u, λ) = a(h1(u), h2(u), λ)

u1

u2

+ b(h1(u), h2(u), λ)

u2
1 − u2

2

−2u1u2


with h1(u) = u2

1 + u2
2 and h2(u) = u3

1 − 3u1u
2
2.

Based on these results, we are now in the position to state the following pro-

position which yields the existence of a normal form under appropriate conditions.

Proposition 6.9. Let f : R2 × R → R2 be of the form given in Theorem 6.8.

Then

f(u, λ) ∼ ελ

u1

u2

+

u2
1 − u2

2

−2u1u2


for ε := sgn

(
∂a
∂λ

)
if and only if

a(0, 0, 0) = 0, b(0, 0, 0) 6= 0 and
∂a

∂λ
(0, 0, 0) 6= 0.

6.3.2 Existence of a transcritical bifurcation of the Onsager
free-energy functional up to equivariance

The aim of this section is to find non-degeneracy conditions that allow us to

reduce the problem of solving the bifurcation equation in (5.15) to an algebraic

equation of a simple form and lower order. In particular, we show that f̂real is

S3-equivariantly equivalent to a mapping G : R2×R→ R2 by using the symmetry

properties of freal.
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In order to prove that freal is S3-equivariant, it is sufficient to show that it is

equivariant with respect to the generators g2 and g4 of the group action, see (6.13).

This in turn is a consequence of Proposition 6.1. Notice that for two particular

choices of Euler angles we have the following two Wigner matrices

and

R1 = R
(
π
2
, π, π

)
=



1 0 0 0 0

0 0 0 −1 0

0 0 1 0 0

0 −1 0 0 0

0 0 0 0 −1



R2 = R
(
π
2
, π,−π

2

)
=



0 0 0 −1 0

−1 0 0 0 0

0 0 −1
2

0 −
√

3
2

0 1 0 0 0

0 0
√

3
2

0 −1
2


.

Both linear maps leave the subspace S = {(0, 0, x, 0, y)|x, y ∈ R} invariant. Merely

viewed on the space S, they correspond to the two elements that generate S3.

Hence we conclude that freal is S3-equivariant and we know from Theorem 6.8

that it can therefore be written as

freal(u, λ) = a(h1(u), h2(u), λ)

u1

u2

+ b(h1(u), h2(u), λ)

u2
1 − u2

2

−2u1u2

 .

Moreover, we can further deduce from Proposition 6.9 that it reduces to the
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normal form

ελ

u1

u2

+

u2
1 − u2

2

−2u1u2


with ε := sgn ( ∂a

∂λ
) if and only if

a(0, 0, 0) = 0, b(0, 0, 0) 6= 0 and
∂a

∂λ
(0, 0, 0) 6= 0.

Since it is not trivial to find the explicit form of the coefficients a(·, ·) and b(·, ·), it

is not straightforward to verify that these conditions hold in case of the bifurcation

equation in (5.15).

However, this is sufficient in the case of the reduced bifurcation equation f̂Sreal

in (6.12) because the first two derivatives of fSreal and f̂Sreal agree. In this case the

coefficients are given by

â(h1(a), h2(a), λ) = λ+

(
9

3136(1 + 32π)
− 5

1792

)
(a2

0 + a2
2)

b̂(h1(a), h2(a), λ) =

√
5π

448
.

Recall that Remark 5.8 shows that f̂real is a fourth order approximation to freal.

In f̂Sreal we have dropped the fourth order terms so that it agrees with fS up to

third order and therefore also verifies the non-degeneracy condition.

Thus, we see that all three non-degeneracy conditions in Proposition 6.9 hold

and we can conclude that there exists a one-to-one correspondence between the
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set of solutions of fSreal in (6.12) and

G(a, λ) = λ

a0

a2

+

a2
0 − a2

2

−2a0a2

 .

The set of solutions of G can easily be computed. It is given by the trivial solutiona0

a2

 =

0

0

 and the three branches

λ

−1

0

 ,
λ

2

 1
√

3

 and
λ

2

 1

−
√

3

 .

However, looking at the rotational symmetries of these three branches, we see

that they in fact coincide after an application of a rotation. Thus, the solutions

corresponding to all three branches are equivalent which proves the existence of

a simple linear branch and thus the existence of a unique transcritical bifurcation

up to rotations. This result has been summarised in Theorem 1.2.

Finally, let us mention that by using the same methods presented above and

in Section 6.2, one is faced with a similar dimension reduction and a similar

recognition problem which can be solved on a case to case basis.
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Other properties of the bifurcation
diagram

We complete our bifurcation analysis of the Onsager model by proving other prop-

erties of the local and global bifurcation diagram. We mainly focus on general

interaction kernels satisfying Assumption 1.3 or we work with the Onsager interac-

tion potential in particular. First of all, we prove local uniaxiality of all solutions

corresponding to the transcritical bifurcation from the isotropic state, see Section

7.1. Using the boundedness of all minimisers of the free-energy functional (see

Lemma 3.3), we show that the free-energy functional is in fact strictly convex for

high temperatures and that its trivial solution, ρ0 = 1
4π

is the unique global solu-

tion. In Section 7.2 we prove that the trivial solution is a local minimiser for high

temperatures and that it is not a local minimiser for low temperatures. Finally, we

focus again on the Onsager interaction potential and we show in Section 7.5 that

any bifurcation branch either meets infinity or that it meets another bifurcation

branch, thus, proving that all bifurcation branches are continuous and do not end

suddenly.
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7.1 Uniaxiality of solutions

Recall that the Euler-Lagrange operator corresponding to the Onsager free-energy

functional is given by

E(φ, λ) := λφ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q)) dq. (see 4.2)

Now, we restrict our attention to the uniaxial solutions of this problem which

means that we assume that any solution ρs : L1(S2) is axially symmetric with

respect to the z-axis. Thus, writing ρ in terms of spherical coordinates θ ∈ [0, π)

and ϕ ∈ [0, 2π) (see Section 4.2.1 for details), we assume that it only depends on

θ and is independent of ϕ. In this case, where

ˆ
S2
dp =

ˆ 2π

0

dϕ

ˆ π

0

sin θ dθ,

the Onsager free-energy functional in (1.2) restricted to the set of axially sym-

metric probability densities can be rewritten as

Fs(ρs) :=λ

ˆ π

0

ρs(θp) ln(ρs(θp)) sin θp dθp

+
1

2

ˆ
A2

K(θp, ϕp, θq, ϕq)ρs(θq)ρs(θp) sin θp sin θq dθpdθqdϕpdϕq

for A := [0, π] × [0, 2π]. The Euler-Lagrange equation corresponding to this re-

stricted problem does not differ from the one of the full problem. The reason is
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that the Euler-Lagrange equation is derived by computing

d

dε
Fs(ρs + εzs, λ)

∣∣∣
ε=0

=

ˆ π

0

zs(θp)

[
λ ln ρs(θp) +

ˆ
A

K(θp, ϕp, θq, ϕq)ρs(θq) sin θq dθqdϕq

]
sin θp dθp

where zs : [0, π) → R such that
´ π

0
zs(θp) sin θp dθp = 0. In particular, the term

within the square brackets does not depend on the variable ϕp.

Lemma 7.1. The expression

ˆ π

θq=0

ˆ 2π

ϕq=0

K(θp, ϕp, θq, ϕq)ρ(θq) sin θq dθqdϕq

is independend of ϕp.

Proof. Let Rz be a rotation around the z-axis. Using the rotational invariance of

the interaction kernel k(p · q), we see that

ˆ
S2
k(Rzp · q) exp(−φ(q)) dq =

ˆ
S2
k(p ·Rt

zq) exp(−φ(q)) dq

=

ˆ
S2
k(p · q) exp(−φ(Rzq)) dq

=

ˆ
S2
k(p · q) exp(−φ(q)) dq.

Thus, the expression is invariant with respect to rotations around the z-axis and

therefore independent of the variable ϕp.

This allows us to apply the fundamental lemma of the calculus of variations

143



Chapter 7. Other properties of the bifurcation diagram

with respect to the variable θp and this gives us the Euler-Lagrange equation

λ ln ρs(θp) +

ˆ
A

K(θp, ϕp, θq, ϕq)ρs(θq) sin θq dθqdϕq = −λ lnZs

where

Zs =

ˆ
A

exp

(
−1

λ

ˆ 2π

A

K(θp, ϕp, θq, ϕq)ρs(θq) sin θq dθqdϕq

)
sin θp dθpdϕp

as before. Introducing the thermodynamic potential φs : S2 → R as

φs(θp) :=
1

λ

ˆ
A

K(θp, ϕp, θq, ϕq)ρs(θq) sin θq dθqdϕq,

it follows that ρs(θp) = Z−1
s exp(−φs(θp)) and we can rewrite the Euler-Lagrange

equation as

λφs(θp)−
1

Zs

ˆ
S2
K(θp, ϕp, θq, ϕq) exp(−φs(θq)) dθq sin θqdϕq = 0.

Thus, we conclude that the Euler-Lagrange operator for uniaxial probability dis-

tributions is equivalently given by

Es(φ, λ) = λφs(θp)−
1

Z

ˆ
S2
K(θp, ϕp, θq, ϕq) exp(−φs(θq)) sin θqdθqdϕq. (7.1)

A well-known concept that establishes a relationship between the symmetric solu-

tions of a minimisation problem and the symmetrised problem is the principle of

symmetric criticality [?]. It states that each critical point of the symmetric prob-
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lem is a symmetric critical point of the general problem. In the above setting,

this principle can be verified explicitly. Since the Euler-Lagrange operators Es in

(7.1) and E in (4.2) have exactly the same form, we can consider the correspond-

ing Lyapunov-Schmidt decompositions for the general and the symmetric problem

simultaneously. In particular, we split φ = u + v and φs = us + vs, respectively.

The first step consists in solving

(1− P )E(u+ v, λ) = 0 and

(1− P )Es(us + vs, λ) = 0

for v in terms of u and vs in terms of us, respectively. Taking the derivative with

respect to v and vs, respectively, we see that we can use the implicit function

theorem in order to solve uniquely for vs and v. Because E(us + vs, λ) = Es(us +

vs, λ), it follows that

v(us) = vs(us)

is axially symmetric. Therefore, solving the bifurcation equation of the full prob-

lem with a−2 = a−1 = a1 = a2 = 0 yields all uniaxial solutions. In particular, this

equation is given by

fs(a0, λ) =
18λa3

0

49π(1 + 32π)2
+ λa0 +

√
5
π
(448π(13 + 2800π) + 577)a4

0

5795328(1 + 32π)2

+

(
9

3136(1 + 32π)
− 5

1792

)
a3

0 +
1

448

√
5πa2

0.

This is now a bifurcation problem with a one-dimensional state variable and
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we say that it undergoes a transcritical bifurcation at (0, 0) if (0, 0) is a non-

hyperbolic fixed point, that is

f(0, 0) = 0 and
∂f

∂a0

(0, 0) = 0,

and if the non-degeneracy conditions

∂f

∂λ
(0, 0) = 0,

∂2f

∂a0∂λ
(0, 0) 6= 0 and

∂2f

∂a2
0

(0, 0) 6= 0

hold (these conditions can be found in [?, (3.1.65)-(3.1.68)]). It is easy to see

that all of these conditions hold for fs(a0, λ) and we may therefore deduce that a

transcritical bifurcation occurs. Since we do have a unique transcritical solution

in the case of the full problem and the symmetric problem, we conclude that these

are the same. Therefore we proved the following statement.

Theorem 7.2. All solutions of the Onsager free-energy functional are uniaxial in

a neighbourhood of the trivial solution (φ, λ) = (0, λ2).

7.2 Local properties of the trivial solution ρ0 =
1

4π

We concentrate on proving conditions which ensure when the trivial solution is a

local minimum and when it is not.

Proposition 7.3. Let U be an interaction operator that diagonalises over the set
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of spherical harmonics, that is

U(Y m
l ) = µlY

m
l .

Let µinf = inf l µl, then for all λ > −µinf
4π

the trivial solution ρ0 = 1
4π

is a local

minimum. Moreover, for all 0 < λ < −µinf
4π

, the trivial solution ρ0 = 1
4π

is not a

local minimum.

Proof. The second derivative of the Onsager free-energy functional in (1.2) at

ρ ∈ H2(S2) is given by

I(z, λ) = D2
zF(ρ) =

∂2

∂ε2
F(ρ+ εz)

∣∣∣∣∣
ε=0

= λ

ˆ
S2

z(p)2

ρ(p)
dp+

ˆ
S2×S2

k(p · q)z(p)z(q) dpdq (7.2)

with z ∈ H2 (S2) such that
´
S2 z(p) dp = 0. In particular, we may write

z(p) :=
∞∑
l=0

l∑
m=−l

almY
m
l (p)

and taking into account that z integrates to zero, we may without loss of generality

assume that a0 = 0. On this basis, we can rewrite the second derivative at ρ = 1
4π

as

I(z, λ) =4πλ

ˆ
S2

(
∞∑
l=1

l∑
m=−l

almY
m
l (p)

)2

dp
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+

ˆ
S2

(
∞∑
l=1

l∑
m=−l

alm

ˆ
S2
k(p · q)Y m

l (p) dp

)
∞∑
l=1

l∑
m=−l

almY
m
l (q) dq

=4πλ

ˆ
S2

(
∞∑
l=1

l∑
m=−l

almY
m
l (p)

)2

dp

+

ˆ
S2

∞∑
l=1

l∑
m=−l

almµlY
m
l (q)

∞∑
l=1

l∑
m=−l

almY
m
l (q) dq.

Viewing the spherical harmonics as an orthonormal basis in L2(S2), it follows that

I(z, λ) = 4πλ
∞∑
l=1

l∑
m=−l

|alm|2 +
∞∑
l=1

l∑
m=−l

µl|alm|2. (7.3)

Hence the second derivative is positive, that is I(z, λ) > 0 for all 0 6= z ∈ L2(S2),

if and only if 4πλ > −µinf . Thus, the trivial solution ρ0 is a local minimiser of the

bifurcation equation for all

λ > −µinf

4π
.

Moreover, we observe that the following holds

F
(

1

4π
+ z(p)

)
= F

(
1

4π

)
+ F ′

(
1

4π

)
z(p) +

1

2
F ′′
(

1

4π

)
z(p) + h.o.t

= F
(

1

4π

)
+

1

2
I(z(p), λ) + h.o.t

If we choose z = sY 0
2 with s close enough to zero, then I(z(p), λ) < 0. In fact, the

higher order terms are negligible and we see that ρ = 1
4π

is not a local minimiser

for all λ < −µinf
4π

.

Remark 7.4. In the case of the Onsager interaction potential µinf = µ2 = −π2

8
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by Theorem 4.12.

7.3 Existence of a unique solution for large values
of λ

We prove that the Onsager free-energy functional is strictly convex in ρ for all

continuous interaction kernels and therefore that the isotropic state, represented

by the uniform distribution ρ0 = 1
4π
, is the unique solution if λ is big.

Theorem 7.5. Let k(·) be a continuous interaction potential and let λ be given

such that the following inequality holds

8πM exp(16M/λ) ≤ λ

for M := maxp,q∈S2 k(p · q). Then the Onsager free-energy functional F is strictly

convex on the set of all probability densities ρ bounded by C? = exp(16M/λ), see

Lemma 3.3.

Proof. We know from Lemma 3.3 that it is enough to consider the minimisation

problem among the set of probability densities ρ ∈ L1(S2) which are bounded by

a constant C? = exp(16M/λ) where M denotes an upper bound on the kernel

k(p · q). The idea of the proof is now to demonstrate that the second derivative

of F is given by

λ

ˆ
S2

z2(p)

ρ(p)
dp+

ˆ
S2×S2

k(p · q)z(p)z(q)
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see (7.2). Therefore an application of Jensen’s inequality and imposing the con-

dition that 8πM ≤ λ/C? yield

λ

ˆ
S2

z2(p)

ρ(p)
dp+

ˆ
S2×S2

k(p · q)z(p)z(q) dp dq

≥λ
ˆ
S2

z2(p)

ρ(p)
dp−M

(
4π

ˆ
S2
|z(p)| dp

4π

)2

≥λ
ˆ
S2

z2(p)

ρ(p)
dp−M4π

ˆ
S2
z(p)2 dp

≥λ
ˆ
S2

z2(p)

ρ(p)
dp− λ

2C?

ˆ
S2
z(p)2dp

≥ λ

2C?

ˆ
S2
z2(p) dp,

proving that the Onsager functional is strictly convex. Rearranging this condi-

tion and plugging in the constant C? = exp(16M/λ) yields the above inequality

8πM exp(16M/λ) ≤ λ.

In fact Theorem 7.5 proves that the Onsager free-energy functional is a strongly

convex functional for all probability densities ρ ∈ S as its second derivative is

bounded away from zero by a factor which depends on the bifurcation parameter

λ. Numerically, this value can be approximated by λ? ≈ 38.205 when M = 1 (for

example in the case of the Onsager interaction potential).

Corollary 7.6. Let k(·) be a continuous interaction potential and let λ? be chosen

such that 8πM exp(16M/λ) ≤ λ. Then the uniform density ρ0 = 1
4π

is the unique

solution to the Onsager free-energy functional for all λ ≥ λ?.

Proof. The uniform density ρ0 = 1
4π

is indeed a solution to the Euler-Lagrange
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equation for all λ ∈ R. By Corollary 3.4 and Theorem 7.5, the necessary optim-

ality condition is also sufficient [?, Theorem 5.2.4].

7.4 The Onsager free-energy functional is not con-
vex in general

One condition proving that the functional F(ρ, λ) is convex is to show that its

second derivative is positive definite for all p ∈ S2, see [?], that is

d2F(ρ+ εz, λ)

d2ε

∣∣∣
ε=0
≥ 0 ∀z such that

ˆ
S2
z(p) dp = 0.

In case of the Onsager free-energy functional, this condition reduces to

λ

ˆ
S2

z2(p)

ρ(p)
dp+

ˆ
S2×S2

k(p · q)z(p)z(q) dp dq ≥ 0 (7.4)

for all z ∈ L1(S2) such that
´
S2 z(p) dp = 0. Since it is well-known that the

entropy term arising in the Onsager free-energy functional is convex, it would be

sufficient to prove that the interaction term is convex as well. However. this is

typically not the case.

We have seen in the previous section that the second derivative is not positive

definite if λ <= −µinf
4π

following the arguments after Equation (7.3). In particular,

for the Onsager kernel the energy functional is not convex for λ <= π
32
.
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7.5 Continuity of all bifurcation branches

We conclude this section by showing that every bifurcation branch of the Euler-

Lagrange equation associated with the Onsager free-energy functional equipped

with the Onsager kernel is either unbounded and meets infinity or that it meets

another bifurcation branch.

The Euler-Lagrange equation in terms of the thermodynamic potential is given

by

E(φ, λ) = λφ(p)− 1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q)) dq,

which is of the form λId−T . It can be shown that T is in fact a compact operator.

Lemma 7.7.

T (φ) =
1

Z(φ)

ˆ
S2
k(p · q) exp(−φ(q))dq

is a compact operator from H2(S2) 7→ H2(S2).

Proof. Similarly to the proofs of Lemma 4.2 and 4.3, we know that

||T (φ)||H3(S2) ≤
1

4π
e||φ||∞||U ||L2(S2)→H3(S2)|| exp(−φ)||L2(S2)

≤ 1

4π
e||φ||∞||U ||L2(S2)→H3(S2) exp(||φ||∞)

≤ 1

4π
eC1||φ||H2(S2) ||U ||L2(S2)→H3(S2) exp(C2||φ||H2(S2))

≤ C1 exp(C2||φ||H2(S2)).
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The statement follows because H3(S2) is compactly embedded in H2(S2).

It follows that the bifurcation problem can be rewritten as

1

λ
T (φ, λ) = φ

and it is thus of the form of bifurcation problems considered by Rabinowitz [?].

Theorem 7.8. [?, Theorem 1.3] Let G : E×R→ E be a compact and continuous

non-linear operator and consider the problem

u = G(u, λ)

where u ∈ E and λ ∈ R. Moreover, let

G(u, λ) = λLu+H(u, λ)

where H(u, λ) is O(||u||) for u near the origin uniformly for bounded λ and let

L be a compact and linear map on E. If λ is a real non-zero eigenvalue of L of

odd multiplicity, then the solution set {(u, λ) | u = G(u, λ)} possesses a maximal

connected and closed subset Cu such that (0, λ) ∈ Cu and Cu either

1. meets infinity in E, or

2. meets (0, λ̂) where λ 6= λ̂ is a real non-zero eigenvalue of L.

In particular, Rabinowitz shows that any eigenvalue of odd multiplicity is a

bifurcation point and that any branch bifurcating from the trivial solution must
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either meet infinity or meet another bifurcation branch. In the case of the Onsager

free-energy functional with Onsager potential, all eigenvalues have multiplicity

s = 2n + 1 for n ∈ N, thus we know that (0, λs) is not an isolated solution but

that it is instead a member of a non-trivial closed connected set described by

Theorem 7.8.
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Conclusion

We presented a procedure to derive the eigenvalues of interaction operators of the

form

U(ρ)(p) =

ˆ
S22

k(p · q)ρ(q) dq

depending on kernels that are both continuous and rotationally symmetric. First

of all we proved existence and boundedness from both below and above for all

minimisers of this functional. Moreover, we derived an explicit expression for the

eigenvalues of the Onsager free-energy functional involving the Onsager kernel.

Based on this result, we know from [?] that all eigenvalues are bifurcation points

and we proved that a transcritical bifurcation occurs at λ2 = π
32

denoting the

largest of these eigenvalues. Moreover, we proved that the corresponding solution

is locally uniaxial. Globally, we showed that the trivial solution ρ = 1
4π

is the

unique solution for high values of λ. Finally, we verified that all bifurcation

branches from the isotropic state of the Onsager free-energy functional equipped

with the Onsager kernel either tend to infinity or meet another bifurcation branch.

In order to obtain a complete bifurcation diagram, it is left to show that no

155



Chapter 8. Conclusion

isolas occur, which means that we do not have any bifurcations that are isolated

from all other solutions to our problem at hand. Our approach is not at all limited

to the Onsager kernel and not even to quadratic forms given by interaction kernels.
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Appendix A

The Sobolev space H2(S2) and its
norms

Let us clarify the exact definitions and notation that we are using in Sections 4

and 5.

Definition A.1. The Sobolev space Hs(S2) is the completion of the smooth func-

tion space C∞(S2) with respect to the norm

||f ||H2(S2) =
(
||f ||2L2(S2) + 〈f,−∆?f〉2L2(S2) + ||∆?f ||2L2(S2)

)1/2

(A.1)

where ∆? denotes the Laplace-Beltrami operator on the sphere.

Lemma A.2. The H2-norm in (A.1) is equivalent to the norm

||f ||Ĥ2(S2) =

(
∞∑
l=0

l∑
m=−l

(
l +

1

2

)4

|alm|2
)1/2

(A.2)

where alm denote the coefficients of the expansion of f in spherical harmonics,

that is f =
∑∞

l=0

∑l
m=−l almY

m
l .

Proof. It is well-known that spherical harmonics Y m
l are the eigenfunctions of the
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Laplace-Beltrami operator on the sphere. In particular,

−∆?Y m
l = l(l + 1)Y m

l .

It follows that for f =
∑∞

l=0

∑l
m=−l almY

m
l

||f ||2L2(S2) =

ˆ
S2

∣∣∣∣∣
∞∑
l=0

l∑
m=−l

almY
m
l (p)

∣∣∣∣∣
2

dp

=
∞∑
l=0

l∑
m=−l

∞∑
k=0

k∑
n=−k

almakn

ˆ
S2
Y m
l (p)Y n

k (p)dp

=
∞∑
l=0

l∑
m=−l
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k=0
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n=−k
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∞∑
l=0

l∑
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Similarly,

〈f,−∆?f〉2L2(S2) = −
ˆ
S2

∆?f(p) · f(p)dp

=

ˆ
S2

(
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l=0

l∑
m=−l

l(l + 1)almY
m
l (p) ·

∞∑
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aknY
n
k (p)

)
dp

=
∞∑
l=0

l∑
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l(l + 1)|alm|2

and

||∆?f ||2L2(S2) =

ˆ
S2
|∆?f |2dp
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=

ˆ
S2

∆?(∆?f(p)) · f(p)dp
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∆?

(
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m
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)
·
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aknY
n
k (p)

)
dp
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ˆ
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l (p) ·
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aknY
n
k (p)

)
dp

=
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Hence

||f ||2
Ĥ2(S2)

= ||f ||2L2(S2) + 〈f,−∆?f〉2L2(S2) + ||∆?f ||2L2(S2)

=
∞∑
l=0

l∑
m=−l

(
1 + l(l + 1) + l2(l + 1)2

)
|alm|2.

It is straightforward to see that

1 + l(l + 1) + l2(l + 1)2 = 1 + l + 2l2 + +2l3 + l4

≥ 1

16
+

1

2
l +

3

2
l2 + 2l3 + l4

=

(
l +

1

2

)4

for all l ≥ 0. Therefore ||f ||H2(S2) ≥ ||f ||Ĥ2(S2). To the contrary,

16

(
l +

1

2

)4

= 1 + 8l + 12l2 + 32l3 + 16l4 ≥ 1 + l + 2l2 + 2l3 + l4

= 1 + l(l + 1) + l2(l + 1)2
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and thus ||f ||H2(S2) ≤ 4||f ||Ĥ2(S2) which completes the proof.

Using very similar arguments, one can prove the following more general state-

ment.

Corollary A.3. The Hk-norm

||η||Hk(S2) =

∑
|α|≤k

ˆ
S2
|Dαη(p)|2 dp

1/2

is equivalent to the norm

||f ||Ĥk(S2) =

(
∞∑
l=0

l∑
m=−l

(
l +

1

2

)2k

|alm|2
)1/2

(A.3)

where alm denote the coefficients of the expansion of f in spherical harmonics,

that is f =
∑∞

l=0

∑l
m=−l almY

m
l . Notice that Dα acts in tangential direction to

S2.
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Appendix B

The exact form of the bifurcation
equation in terms of real spherical

harmonics up to fifth order

The bifurcation equation in terms of real spherical harmonics is given by

freal(u,λ)(p) =
2∑

m=−2

fm(u, λ)Y2,m(p). (B.1)

with

f−2 =λu−2 +
1

448

√
15π

2
u2
−1 −

1

224

√
5πu−2u0 −

(−1 + 1120π)u−2u
2
0

12544(1 + 32π)

+
18λu−2u

2
0

49π(1 + 32π)2
+

√
15
2π

(89− 1792π + 250880π2)u2
−1u

2
0

1931776(1 + 32π)2

−

√
5
π

(1− 98π + 4480π2)u−2u
3
0

25872(1 + 32π)2
+

(−1 + 1120π)u−2u−1u1

6272(1 + 32π)

− 36λu−2u−1u1

49π(1 + 32π)2
−

√
15
2π

(89− 1792π + 250880π2)u3
−1u1

965888(1 + 32π)2

+

√
5
π

(23− 9184π + 250880π2)u−2u−1u0u1

965888(1 + 32π)2

161



Appendix B. The bifurcation equation in terms of real spherical harmonics

+
5
√

15
2π

(31 + 1120π + 50176π2)u2
−2u

2
1

965888(1 + 32π)2
−

(−1 + 1120π)u2
−2u2

6272(1 + 32π)

+
36λu2

−2u2

49π(1 + 32π)2
+

√
15
2π

(61 + 952π + 125440π2)u−2u
2
−1u2

241472(1 + 32π)2

−

√
5
π

(61 + 952π + 125440π2)u2
−2u0u2

120736(1 + 32π)2
,

f−1 =λu−1 +
1

448

√
5πu−1u0 −

(−1 + 1120π)u−1u
2
0

12544(1 + 32π)
+

18λu−1u
2
0

49π(1 + 32π)2

+

√
5
π

(577 + 5824π + 1254400π2)u−1u
3
0

5795328(1 + 32π)2
− 1

224

√
15π

2
u−2u1

+
(−1 + 1120π)u2

−1u1

6272(1 + 32π)
−

36λu2
−1u1

49π(1 + 32π)2

−

√
5
π

(61 + 952π + 125440π2)u2
−1u0u1

241472(1 + 32π)2

−

√
15
2π

(89− 1792π + 250880π2)u−2u
2
0u1

965888(1 + 32π)2

+
3
√

15
2π

(111 + 672π + 250880π2)u−2u−1u
2
1

965888(1 + 32π)2
− (−1 + 1120π)u−2u−1u2

6272(1 + 32π)

+
36λu−2u−1u2

49π(1 + 32π)2
+

5
√

15
2π

(31 + 1120π + 50176π2)u3
−1u2

965888(1 + 32π)2

−

√
5
π

(221 + 12992π + 250880π2)u−2u−1u0u2

965888(1 + 32π)2

−

√
15
2π

(89− 1792π + 250880π2)u2
−2u1u2

482944(1 + 32π)2
,

f0 =λu0 +
1

448

√
5πu2

0 −
(−1 + 1120π)u3

0

12544(1 + 32π)
+

18λu3
0

49π(1 + 32π)2

162



Appendix B. The bifurcation equation in terms of real spherical harmonics

+

√
5
π

(577 + 5824π + 1254400π2)u4
0

5795328(1 + 32π)2
− 1

448

√
5πu−1u1

+
(−1 + 1120π)u−1u0u1

6272(1 + 32π)
− 36λu−1u0u1

49π(1 + 32π)2

−

√
5
π

(577 + 5824π + 1254400π2)u−1u
2
0u1

1931776(1 + 32π)2

+

√
5
π

(89− 1792π + 250880π2)u2
−1u

2
1

965888(1 + 32π)2

+
5
√

15
2π

(31 + 1120π + 50176π2)u−2u0u
2
1

965888(1 + 32π)2
− 1

224

√
5πu−2u2

− (−1 + 1120π)u−2u0u2

6272(1 + 32π)
+

36λu−2u0u2

49π(1 + 32π)2

+
5
√

15
2π

(31 + 1120π + 50176π2)u2
−1u0u2

965888(1 + 32π)2

−
5
√

5
π

(31 + 1120π + 50176π2)u−2u
2
0u2

482944(1 + 32π)2

+

√
5
π

(89− 1792π + 250880π2)u−2u−1u1u2

965888(1 + 32π)2

− (−12365− 2052416π − 12020736π2 + 1040449536π3)u−2u−1u0u1u2

1997632π(1 + 32π)3(5 + 512π)

−

√
5
π

(89− 1792π + 250880π2)u2
−2u

2
2

482944(1 + 32π)2
,

f1 =λu1 +
1

448

√
5πu0u1 −

(−1 + 1120π)u2
0u1

12544(1 + 32π)
+

18λu2
0u1

49π(1 + 32π)2

+

√
5
π

(577 + 5824π + 1254400π2)u3
0u1

5795328(1 + 32π)2
+

(−1 + 1120π)u−1u
2
1

6272(1 + 32π)

163



Appendix B. The bifurcation equation in terms of real spherical harmonics

− 36λu−1u
2
1

49π(1 + 32π)2
−

√
5
π

(61 + 952π + 125440π2)u−1u0u
2
1

241472(1 + 32π)2

+
5
√

15
2π

(31 + 1120π + 50176π2)u−2u
3
1

965888(1 + 32π)2
− 1

224

√
15π

2
u−1u2

−

√
15
2π

(89− 1792π + 250880π2)u−1u
2
0u2

965888(1 + 32π)2
− (−1 + 1120π)u−2u1u2

6272(1 + 32π)

+
36λu−2u1u2

49π(1 + 32π)2
+

3
√

15
2π

(111 + 672π + 250880π2)u2
−1u1u2

965888(1 + 32π)2

−

√
5
π

(221 + 12992π + 250880π2)u−2u0u1u2

965888(1 + 32π)2

−

√
15
2π

(89− 1792π + 250880π2)u−2u−1u
2
2

482944(1 + 32π)2
,

and

f2 =λu2 +
1

448

√
15π

2
u2

1

√
15
2π

(89− 1792π + 250880π2)u2
0u

2
1

1931776(1 + 32π)2

−

√
15
2π

(89− 1792π + 250880π2)u−1u
3
1

965888(1 + 32π)2
− 1

224

√
5πu0u2

− (−1 + 1120π)u2
0u2

12544(1 + 32π)
+

18λu2
0u2

49π(1 + 32π)2
−

√
5
π

(1− 98π + 4480π2)u3
0u2

25872(1 + 32π)2

+
(−1 + 1120π)u−1u1u2

6272(1 + 32π)
− 36λu−1u1u2

49π(1 + 32π)2

+

√
5
π

(23− 9184π + 250880π2)u−1u0u1u2

965888(1 + 32π)2

+

√
15
2π

(61 + 952π + 125440π2)u−2u
2
1u2

241472(1 + 32π)2
− (−1 + 1120π)u−2u

2
2

6272(1 + 32π)

164



Appendix B. The bifurcation equation in terms of real spherical harmonics

+
36λu−2u

2
2

49π(1 + 32π)2
+

5
√

15
2π

(31 + 1120π + 50176π2)u2
−1u

2
2

965888(1 + 32π)2

−

√
5
π

(61 + 952π + 125440π2)u−2u0u
2
2

120736(1 + 32π)2
.

165



Appendix C

A local bifurcation analysis by Jakob
Wachsmuth

The unpublished thesis of Jakob Wachsmuth [?] contains similar results about the

local bifurcation structure of the Onsager free-energy functional with interaction

potential satisfying Assumption 1.3. It was only drawn to the attention of the

author after completion of our work on the bifurcation structure of the Onsager

free-energy functional. The major differences between his and our work are as

follows:

• Instead of working with the set of spherical harmonics, Wachsmuth uses an

equivalent description of this set of functions, namely homogeneous poly-

nomials restricted to the sphere. This allows him to perform an elegant

dimension reduction to a state space of two dimensions.

• Wachsmuth does not derive an explicit expression for the set of eigenvalues

of the interaction operator U . He shows that the Laplace-Beltrami operator

and U commute which allows him to conclude that the spherical harmonics

are indeed the eigenvectors of U as well. In contrast, we derive a procedure
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that allows us to compute the eigenvalues of U equipped with any kernel

admitting an appropriate Taylor expansion, see Theorem 4.8.

• Wachsmuth imposes the assumption that the absolute values of the eigen-

values form a decreasing sequence. By proving that the interaction operator

is compact in H2(S2) (see Lemma 7.7), we show that the sequence of eigen-

values corresponding to the interaction operator is always decreasing.

• Crucially, we prove local uniaxiality of the solutions occurring at the bifurc-

ation point λ? in Section 7.1, while Wachsmuth only shows that the solution

is infinitesimally uniaxial.
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