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Abstract

Motivated by homological mirror symmetry, Smith and Thomas tried to
construct a link invariant considering the derived category of coherent
sheaves on the Hilbert scheme of n points on the minimal resolution of
the Klenian singularity of type A, and an object .Z™ thereof. The braid
group acts on this category by spherical twists, so one obtains a braid
invariant by taking the Ext between 2™ and its image under the braid
group action. Smith and Thomas proved that taking the plat closure of
the braid, this cohomology does not produce a link invariant but is close
to doing so, and they conjectured that, in order to fix the one knot rela-
tion that is not satisfied, one has to consider a deformation of the Hilbert
scheme.

In this thesis, we give a non-commutative approach to this problem: the
commutative picture can be quantised by considering modules for the ra-
tional Cherednik algebra of cyclotomic type. This algebra gives a quant-
isation of the Hilbert scheme and there is a localisation theorem which
allows one to work in the algebraic setting. In this context, the role of
2™ turns out to be played by a certain module for the rational Chered-
nik algebra which we define for £ = 0. We then show that this module
deforms to non-zero values of k. There is an action of the braid group on
the derived category of category O by twisting functors, which is defined
at all deformation parameters, whereas the existence of the action on
deformed Hilbert schemes in the commutative setting has not been rigor-
ously established. We prove the analogue of the Smith-Thomas theorem,
and conjecture that the braid invariant given by the algebraic analogue of
the Smith-Thomas construction yields a link invariant for certain non-zero

values of the deformation parameter.
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Introduction

In [SS], Seidel and Smith constructed an invariant of links applying Floer cohomo-
logy to a Lagrangian inside a fibre bundle obtained from a Slodowy slice to a nilpotent
matrix with two equal Jordan blocks. This invariant has an obvious grading and they
conjectured that Khovanov homology is recovered after collapsing its bigrading to a
single grading. This inspired the work of Smith and Thomas [SmTh] (see also [Th]),
who, motivated by homological mirror symmetry, tried to construct a link invari-
ant, which, on the one hand, would coincide with Khovanov homology, and on the
other, would be a remarkable evidence of the power of Kontsevich’s mirror symmetry
conjecture. The basic idea comes from Manolescu’s isomorphism [Man] between an
open subset of the Hilbert scheme of points on an ALE space and the Slodowy slice
considered by Seidel and Smith. Their construction works as follows (see section 3.2
for precise notation and definitions).

Let X = @/\,u;l be the minimal resolution of the Kleinian singularity of type Ao, _;.
The irreducible components C; of the exceptional divisor of this resolution form a
chain of 2n — 1 projective lines and one can consider .Z; := O¢,(—1), an object of
D(X), the bounded derived category of coherent sheaves with compact support on
X. The Hilbert scheme Hilb"(X) of n points on the smooth surface X is a resolution
of singularities of C**/T,,, where I, denotes the wreath product ¥, ? pto,. Smith and

Thomas define

L =0, (ARLBR.. . RLy)= P o (LRLR... KL, ),

0'6271

an object in
D, := D(Hilb"(X)) = D(X)>". (0.0.1)

The spherical twists T; corresponding to .%;, defined in [SeTh], generate a weak action
of the Artin braid group Bs, on D(X), which can also be lifted to an action on D,,.
Since the supports of the .Z;’s are pairwise disjoint, the two actions on £ are related
by

T (Zp (LK. . KLy ) =%, (AN . KT,.%, ). (0.0.2)
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For any B € Bsy,, denote the corresponding autoequivalence in D,,, shifted by 1, by

Ts. Smith and Thomas braid invariant cohomology is the following:
ST*(B) := Extp (TpL™, L™ n]) . (0.0.3)

In order for this to be an invariant of the link given by the plat closure of the braid
[, one needs to check that it is invariant under the Markov moves, which can be

rephrased as the following relations:
(A) T\ = 2,
(B) Ty 1T ™ = T,1 Tyt ™,
(C) ToiTo 1 Toi\Toi: L™ =2 L,
(D) Extp, (Tﬂf(n),g(rﬂ [n]) o Exti'sn+1 (Tﬂg(nﬂ),Tilf("H)[n n 1])

In [SmTh], it is proved that (A), (C) and (D) hold, but (B) does not. This says that
(0.0.3) is not a link invariant, but is close to being one. Smith and Thomas’s idea to
obtain a link invariant is to deform the Hilbert scheme, where they can check that
the relations (A) to (D) should all hold. Unfortunately, controlling the commutative
(non-compact) deformation theory, in particular of the autoequivalences, seems un-

wieldy, so their argument has never been fully executed.

A possible approach to the solution of this problem comes from non-commutative
geometry: the Hilbert scheme of points on a smooth surface is a symplectic resolu-
tion of a Poisson variety and admits a quantisation (i.e. a filtered non-commutative
deformation). One way to see this, in our case, is to first notice that Hilb"(X) is
isomorphic to a Nakajima quiver variety M (nd) associated to the cyclic quiver with
2n vertices, hence we have a realisation of the Hilbert scheme as the Hamiltonian

reduction p~1(0) /? G,s (see chapter 2). Taking the quantum Hamiltonian reduction

Gv
Ag‘(né) = (DRep(Qoouné) /DRep(Qoozné) {Q(Z’) - <>\7 x>| x e g[v} T*Rep(Qoo,né)e_ss > )

we obtain a quantisation of Hilb"(X), namely a sheaf of non-commutative filtered
algebras such that gr.A5(nd) = Ome(x). By [Ob, Gol], the global sections of this
sheaf are isomorphic to the spherical subalgebra eHy(I';)e of the cyclotomic ra-
tional Cherednik algebra (see section 1.4 for the definition). Moreover, by a result of

McGerty and Nevins [MN1], the global section functor defines an equivalence between



the derived categories of coherent A§(nd)-modules and finitely generated e Hy, (T, )e-
modules, for generic values of (k,c). These are exactly the spherical values, namely
the values for which Hy, .(I';,) and its spherical subalgebra are Morita equivalent and,
unlike in most other cases, they are known for the cyclotomic algebra by [DG].

This suggests that one can attempt to construct Khovanov’s link homology using a
noncommutative, rather than commutative, deformation of Hilb"(X'), where the role
of the coherent sheaf .Z™ is played by a module for Hy.(T',). This has the ad-
vantage that the representation theory of Hy .(I',,) has been extensively studied via
category O and thus many of the structures required to construct the link invariant
are already known. Note that a crucial point is that the coherent sheaf .#™ has
Lagrangian support, so it is reasonable to hope it quantises.

The parameter k corresponds to the deformation direction considered by Smith and

Thomas and, imposing k = 0, one obtains

HO,C(Fn) - En#Hc<,U/2n>®n7

the analogue of (0.0.1). Here, H.(ju2,) is the rational Cherednik algebra of cyclic
type (note that this depends just on c), a quantisation of the surface X. Let L; be
the simple in category O for H.(js,) corresponding to the standard module induced
from the (2n — 7)™ irreducible representation of pis,. By [Ku2], the singular support
of L; coincides with the divisor C}, provided c satisfies certain integrality conditions,

and this motivates the following definition:

LY =S (Li®Ls® ... @ Lyg1) = P o (L1 ®Ls®...® Lopy) . (0.0.4)
o€

This is a finite dimensional module, which can be regarded as an object of the derived
category D(O(Hc(p2,))). The last part of the construction is the categorical braid
group action. This is provided by the twisting functors, defined in [BLPW] for hyper-
toric varieties, and hence for the cyclic case, and in [BPW] and [BL] for the general
case, which includes the cyclotomic rational Cherednik algebra. Denote the generat-
ors of By, inside the autoequivalence group of D(O(Hc(pt2,))) and D(O(Hyc(I'n)))
by T¢ and TF, respectively, and let T/"° := T"°[—1]. Note that these generators
correspond to the inverse generators of the braid group action considered by Smith
and Thomas, thus we need a negative shift. Finally, denote ¥,,.(TSL1®...®@ T¢Lo, 1)
by TeLSY and %,.(T¢Ly ® ... @ T¢La, 1)[~1] by TLY.
We prove that, on objects of the form (0.0.4), there is an isomorphism of functors

L= Tf, which can be regarded ad the quantum analogue of (0.0.2). One can



therefore consider the Markov relations at the level of the cyclic rational Cherednik

algebras, where they are explicitely computable. Our main result reads:

Theorem 0.0.1. Replacing ™ with L[({LC) and T, with T°, relations (A), (C) and
(D) hold, but (B) does not.

This suggests that the non-commutative translation is accurate. Moreover, we are
able to algebraically deform the module Lg:”c) to an irreducible Hy .(I',,)-module ngilc),
for some non-zero values of k. The simple modules in category O(Hy(I',)) are
labelled by 2n-multipartition of n (see section 1.4.2) and we identify ngng among this
collection.

Let H(c’) be the linear subspace of the space of parameters 3* defined by the relations

(3.6.6).

Theorem 0.0.2. The module L((fc) deforms uniquely to the simple in category O(Hy o (I'y,))
labelled by the multipartition ((1),0,(1),...,(1),0), for (k,c’) taking values in an open
neighbourhood of (0,c) inside H(c').

It is clear that the main problem of deforming the autoequivalences is not an issue
in the algebraic setting, because the Tik’c’s satisfy the braid relations. What is left
to prove in order to get an invariant of links is that all the knot relations hold after
deforming to values of k£ in a neighbourhood of zero. Note that this statement is true
in the commutative setting and it is therefore reasonable to expect it to be true also

in the quantised picture.

Structure of the thesis

The thesis has four chapters. In chapter 1 we introduce symplectic reflection al-
gebras and, in particular, rational Cherednik algebras. All the material is known and
we refer the reader to [Be, EtMa, Go2, Go3, Rol] for good expository notes. We
start in section 1.1 with symplectic reflection algebras and we specialise to rational
Cherednik algebras in section 1.2. We then define the KZ functor that we use in
the final section of the chapter, where we outline some results about the cyclotomic
rational Cherednik algebra needed in the rest of the paper.

Chapter 2 is devoted to the study of quiver varieties, their quantisation and their
relation to symplectic reflection algebras. We begin with some generalities on sym-
plectic resolutions that we use in the following two sections about quiver varieties. In

section 2.4 we introduce the quantum Hamiltonian reduction and we specify to the



case of Nakajima quiver varieties. We state the derived localisation theorem and the
isomorphism between the global sections of the quantum Hamiltonian reduction sheaf
and the corresponding spherical symplectic reflection algebra. We end the section,
using quantum reflection functors introduced earlier, to prove a generalisation of the
latter theorem for any dimension vector of the quiver variety. In the final section of
the chapter, we outline the proof of this theorem for the cyclotomic case, giving a
more general approach to the case of arbitrary dimension vector. Along the way, we
give a generalisation of the Chevalley restriction theorem and its double analogue for
the cyclic quiver, which is the main result of [Gal.

In chapter 3, we prove our main results. We give a motivation in the first two sec-
tions, recalling the works of Seidel and Smith [SS], and Smith and Thomas [SmTh].
We then give a description of category O for the cyclic rational Cherednik algebra in
terms of the representations of a certain quiver and introduce twisting functors. We
show that these are well-behaved when the parameter k£ equals zero and we use this
result and the techniques developed in the previous sections to prove Theorem 0.0.1
in section 3.5. Finally, we generalise the work of [EtMo] about deforming modules of
deformed preprojective algebras, and apply it to our case, to prove Theorem 0.0.2.
In the final chapter, we outline a possible strategy to show that our construction
does produce an invariant of links and formulate a conjecture that would yield the

existence of such an invariant.

Notation and conventions

In this thesis, we only work over the field of complex numbers. So, every algebra
and variety/scheme is considered over C. By convention, zero is included in N, while
the positive integers are denoted by Z-.o. Given a category A, D(A) denotes the
bounded derived category of A, while, for a variety X, D(X) denotes the bounded
derived category of coherent sheaves with compact support on X. Given an algebra A
(or a sheaf of algebras), the symbols A-Mod, A-mod and A-fdmod stand for the cat-
egory of A-modules, finitely generated A-modules and finite dimensional A-modules,
respectively. For a finite group G, Irrep(G) denotes the finite set of pairwise non-

isomorphic irreducible representations of G.



Chapter 1

Symplectic reflection algebras

1.1 Generalities

1.1.1 Motivation

One classic problem in algebraic geometry is to study orbifolds X //G := Spec[X]“,

where G is a finite group and X is a smooth algebraic variety. One would like to
understand when this space is smooth and, if not, how singular it is.

This problem is interesting already when X = V is a vector space and G is a finite
subgroup of the linear group GL(V'). In this case, we have a satisfying criterion, due
to the work of Chevalley [Ch] and Shephard and Todd [ShTo|, to determine when
V//G is a smooth variety.

Let s € G be an element fixing a hyperplane in V', namely rnk (1 — s) = 1. Such an
element is called complex reflection and the couple (G, V) is a complex reflection

group if G is generated by complex reflections.

Theorem 1.1.1. V//G is smooth if and only if G is a complex reflection group. In
this case, V//G = C", where n = dim V.

Every complex reflection group can be built out (i.e. is a direct product) of irre-
ducible (as V-modules) complex reflection groups and the latter have been classified
in [ShTo]. Hence, we can turn our attention to the problem of determining when a
non-smooth orbifold V//G admits a crepant (i.e. whose canonical bundle is trivial)
resolution of singularities. To have a chance for this to happen, we need to restrict
to a certain class of groups defined similarly (but differently) to complex reflection
groups.

Let (V,w) be a vector space equipped with a symplectic form. A finite group G
preserving w (G < Sp(V)) is a symplectic reflection group if it is generated by



symplectic reflections, namely the elements that fix a subspace of V' of codimension

2. The following result is proved in [Ve, Theorem 3.2].

Theorem 1.1.2. If V//G admits a crepant resolution of singularities, then G is a

symplectic reflection group.

Remark 1.1.3. (1) In this case, the concepts of crepant and symplectic resolution

(see section 2.1) coincide.
(2) The converse of this result is false (see [Kall, section 6]).

We have a classification of (irreducible) symplectic reflection groups (V,w, G), due
to Guralnick and Saxl [GuSal:

(1) V=b@bh*, G =W is such that (W, ) is a complex reflection group, and w is
the natural symplectic form on the cotangent bundle V' = T"h = h & b*;

(2) V = L%" with L a 2-dimensional symplectic vector space, and G = X, T :=
Y, X I'™ is the wreath product of the symmetric group ¥, and a finite subgroup
I' < SLQ(C),

(3) (V,w, @) is part of a finite list of exceptions. In this case, we have dim V' < 10.

A fruitful way to study the orbifold V//G is to look at its deformations, namely
the generic fibre of a flat map p : X — C™ from an affine variety X, such that the
zero fibre is isomorphic to V//G. This may turn out to be a difficult task because
we cannot give a description of the ring of the invariants C[V]|“ by generators and
relations , in general. The approach of non-commutative geometry is to replace C[V]“
by the skew-group ring C[V]#G, in light of the fact that these two rings are Morita
equivalent when the G-action is free (so that in the “good” cases the commutative
and non-commutative theories coincide), but we know generators and relations of the
latter (it equals C[V] ®¢ C[G] as a vector space and we multiply elements in the
“wrong order” by (g- f)(v) = f(¢g~tw)g, Vg € G, f € C[V], v € V). Thus, given a
skew-symmetric bilinear form (—,—) : V. x V — C, we can deform the skew-group

ring by twisting the multiplication in C[V] and consider the ring defined by
H__y:=TV'#G/(u@v—v®@u—(u,v)| u,v e V"),

where T'V* denotes the tensor algebra of the dual vector space V*. Notice that, if
(—, —) is the zero form, H(_ _y reduces to Sym V*#G = C[V|#G. Moreover, H_ _,
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has a natural increasing filtration setting GG in degree 0 and V* in degree 1, and, if
gr H_ _y denotes the associated graded algebra with respect to this filtration, there

is a surjective algebra homomorphism
v:ClVI#G —grH__) .

We say that the PBW-property holds for H(_ _, if v is an isomorphism (this prop-
erty is related to the flatness of the deformation map and with the idea of quantisation,
section 2.4).

Let (V,w,G) be an irreducible symplectic reflection group and let S be the set of
symplectic reflections of G. Note that, for all s € S, we have a w-orthogonal decom-
position V' =1Im (1 — s) @ Ker (1 — s), and denote by ws the 2-form on V' coinciding

with w on Im (1 — s) and whose restriction to Ker (1 — s) is zero.

Theorem 1.1.4. (/EG, Theorem 1.3]) Let (V,w,G) be as before and (—, —) a skew-
symmetric bilinear form. The PBW-property holds for H_ _y if and only if there exist

a constant t € C and a conjugacy class invariant function ¢ : S — C, such that

(u,v) = tw(u,v) — 2 Zc(s)ws(u, v)s. (1.1.1)

seS

Definition 1.1.5. If (—, —) is defined by (1.1.1), the algebra
Ht,C(G) = H(,yf) -

TV*#G/<u®v—v®u—tw(u,v)—QZc(s)ws(u,v)s

seS

u,vGV*>

Corollary 1.1.6. (i) H,(G) is a prime (left and right) Noetherian ring.

is called a symplectic reflection algebra.

(i1) Hic(G) has finite global dimension.

Proof. These properties are well-known for the skew-group ring C[V]#G. Tt is a
standard exercise to prove that (i) and (ii) hold for a filtered ring if and only if they
hold for its associated graded (see, for example, [Le2]). O



1.1.2 The spherical subalgebra

We would like to use symplectic reflection algebras in order to find deformations
of the ring of invariants C[V]% = 3(C[V]#@), the centre of the skew-group ring. Let
e = \_él >_gcc 9 € C[G] be the trivial idempotent. The algebra eH,.(G)e is called
the spherical subalgebra. It inherits the filtration from H,.(G) and, by Theorem
1.1.4, we have greH;.(G)e = C[V]9. As a corollary, we immediately obtain that
eH;.(G)e is a (left and right) Noetherian integral domain. Moreover, we have the

following double centraliser property.

Theorem 1.1.7. (/EG, Theorem 1.5])
(i) The maps

el o(G) —— Homepn, . (c)e(Hio(G)e, e o(G)e)

eh s (W'e s ehh'e)

and H;c(G)e —— Homep,  (c)e(eHic(G), e o(G)e)
he — (eh' — eh'he)

are isomorphisms of left and right modules, respectively. In particular, eH; o(G)
and H,o(G)e are reflexive (left and right, respectively) eHy .(G)e-modules.

(ii) Endp, ) (Hic(G)e)® =2 eH,(G)e.
(ZZZ) Endthyc(G)eop (Ht,c<G)€) = Ht,c(G)'

This implies the following result, which is crucial in order to relate the repres-
entation theory of the symplectic reflection algebra H;.(G) and the geometry of the
orbifold V//G.

Corollary 1.1.8. The algebras Hyo(G) and eH;<(G)e are Morita equivalent if and
only if eM = 0 implies M = 0, for all finitely generated Hy (G)-modules M.

Proof. By general theory, the multiplication by the idempotent e defines a Morita
equivalence if and only if H;.(G)e is a projective generator of H;.(G)-mod. It is
always projective, while it is a generator if and only if H; (G)eH;(G) = H(G),

which is equivalent to the required condition. O

Definition 1.1.9. The parameter (¢,c) is called a spherical value if H,.(G) and
eH,.(G)e are Morita equivalent. It is called aspherical if there exists a non-zero
module M € H;.(G)-mod such that eM = 0.

9



The parameter t in the definition of symplectic reflection algebras is the quantum
parameter. The following result tells us that the structure of symplectic reflection

algebras is very different depending on whether ¢ = 0 or ¢ # 0.

Theorem 1.1.10. (i) (Satake isomorphism) The multiplication by the idempotent

e induces a (Poisson) algebra isomorphism between The centres 3(Hyo(G)) =
3(eH o (G)e).

(i1) If t # 0, the centre of eH; (G)e, and hence of Hy o(G), equals C.

(i) If t = 0, eHy(G)e is commutative and coincides with the centre of Hyo(G).

The latter is a finite module over its centre.

Proof. (i) and (iii) are proved in [EG] (Theorems 3.1 and 1.6, respectively). (ii) is
due to Brown and Gordon [BG, Proposition 7.2]. O

Notice that, by definition, there is an algebra isomorphism H, ¢(G) = Hy re(G),
for all A € C, XA £ 0. Thus, one can restrict the attention to the casest =0 and ¢t = 1.
In the former, the semi-classical case, Theorem 1.1.10 (iii), tells us that the sym-
plectic reflection algebra produces a commutative deformation of the orbifold V//G,
by considering the generalised Calogero-Moser spaces X¢(G) := Spec 3(Hoc(G)). The
representation theory of Hy(G) is closely related to the geometry (in particular, the
grade of singularity) of X.(G) (see, for example, [Be, section 5]).

For the rest of the chapter, we will only consider the case t = 1. We will denote by
3" the space of parameters ¢ (which is isomorphic to C?, where d is the number of

conjugacy classes in S) and omit ¢ from the notation.

1.2 Rational Cherednik algebras

In this section, we consider symplectic reflection algebras of type (1) in the clas-
sification above, namely those with G = W, V = h @ b* and (W, h) is a complex
reflection group (notice that the set of complex reflections of W acting on b coincides
with S, the set of symplectic reflections of W acting on h@bh*). It turns out that these
algebras can also be obtained as certain rational degenerations of double affine Hecke
algebras, introduced by Cherednik. For this reason, symplectic reflection algebras in

this case are called rational Cherednik algebras.

By definition of symplectic reflections, the spaces Im (s — 1)|p« and Im (s — 1)|, are
one-dimensional, for all s € §. We can pick bases of these vector spaces a, € h* and

a) € b, respectively, such that (o), as) = 2. Here, (—,—) : h x h* — C is the perfect

10



pairing defined by (y,x) = x(y), Yy € b, x € h*, so that the symplectic form w on
h & bh* is given by
w((y,x), (y/,ZL‘/)) = (y7$,) - (y,717).

With this notation, relation (1.1.1) simplifies as follows
[ZL‘7:E,:|:O7 [y7y/]:07 vx?'r/eb*? y’y/€h7

ly.z] =t(y,x) = > c(s)(y.a.)(a),2)s, Yz ebh™ yeh, (1.2.1)

seS

and we notice immediately that C[h] and C[h*] are polynomial subalgebras of H.(W).

1.2.1 The Dunkl embedding

For each complex reflection s € &, consider the reflecting hyperplane H, :=
Kera, C b. Let h™ = b\ U .5 Hs, the affine open subspace of b on which W
acts freely, and consider 0 := ] g, € C[b], so that b™& = {y € b| §(y) # 0}. Loc-
alising the ring of differential operators D(h) to h™&, we obtain D(h™8) = D(h)[6'].
Hence, if A\; € C* is the non-trivial eigenvalue of s in h* (namely, s.as = A\;a5), the

element
D, := y_z%_@w(l_s)

11— o

lies in D(h*&)#W, Vy € bh. Here, if y1,...,y, is a basis of h = C", with dual basis
Ty, T, andy = Y1 ay;, weput 9, := Y1 a5 € D(b). It is easy to check that
the D,’s, called Dunkl operators, act on C[h] and, since s.x = x — (a;—z)(l — Xs)as,

Vax € bh*, a direct calculation shows that we have

[,Dyvr] = (y,) — Z c(s)(v, O‘s)(ag/v T)s,

seS

for all x € b*, y € h. Thus, we have a well-defined algebra homomorphism O, :
H. (W) — D(h™8)#W given by

r—x, y—D,, wr—w, Veebh, yeh weW.

O, is called Dunkl embedding because of the following:

Theorem 1.2.1. O is injective and induces an isomorphism

H(W)[57Y] —=> D(55) 4V . (12.2)

11



Proof. The injectivity is [EG, Proposition 4.5]. For the second part, observe that
{6°}¢2, forms an Ore set in H.(W). This is because § commutes with the ;’s, it is
W-semi-invariant and satisfies 6%ty € H.(W)d*, Va,b € N, by defining relations
(it is enough to check the Ore relations on monomials because they form a basis of
H.(W), by Theorem 1.1.4). The term in the group ring C[W] in the definition of D,
clearly belongs to H¢(W)[6~!], which implies the surjectivity of (1.2.2). O

Remark 1.2.2. One can use the Dunkl embedding together with some basic prop-
erties of the differential operators to give elementary proofs of Theorems 1.1.4 and
1.1.10 (iii), for rational Cherednik algebras.

1.2.2 Category O

Trying to understand the category of finitely generated H.(W)-modules is too
much of a general question, so one needs to restrict to a class of modules that is
small enough to be studied and large enough to give important information about

the representation theory of H¢(W). This is obtained by considering the following:

Definition 1.2.3. The category O(H(WW)) is the full subcategory of H.(W)-mod
whose objects are the modules on which the action of h C C[h*] C H(W) is locally
nilpotent (i.e. for each element a of the module, there exists a positive integer m such
that h™a = 0).

The motivation for such a definition comes from category O for semisimple Lie
algebras, which is defined on the grounds of the triangular decomposition Uy = U,- @c
Uy ®¢ Un+, implied by the PBW theorem (where, in standard notation, we have the
Cartan decomposition g =n~ @ h @ n"). Likewise, Theorem 1.1.4 implies the vector
space isomorphism

He(W) = Clb] @c C[W] @c C[h], (1.2.3)

which allows one to define category O for rational Cherednik algebras in a way ana-
logous to the Lie algebra case. Observe that, in the latter, modules in category O are
required to decompose as direct sums of weight spaces, while the analogous property
for Cherednik algebras is not part of the definition, because, as we are going to see,
this is implied by Definition 1.2.3.

Given p, an irreducible representation of W, the standard module A(p) is defined

as the induced module

He (W
A(p) == Indc[h(*]#)wp = He(W) ®cip-jpw p

12



where p is viewed as a C[h*|#W-module by letting h C C[h*] act by zero. Note that
(1.2.3) implies the C[h]-module isomorphism A(p) = C[h] ®c p.

Let xy1,...,x, be a basis of h* with dual basis y,...,y, € h. The Euler element is
defined by

eu = zn:l'z’yZ — Z%S
i=1 s

seS

By direct calculation, one sees that we have

leu,z] =z, Jeu,y]=—y and [eu,w] =0, Veeb™, yebh, weW,
and hence the action of eu defines a Z-grading on H.(W). Moreover, — > fi(;Zs

is a central element in C[W], so it acts by a scalar (denoted by c,) on an irreducible

representation p. Thus, we have the generalised eu-eigenspace
A(p); :={m e A(p)| ewm = (i + c,)m}

and the standard module A(p) is the direct sum of such subspaces. This implies the
following lemma (see [GGOR] or [Be, Lemma 2.4.3] for a proof).

Lemma 1.2.4. Every module M € O(H.(W)) is the direct sum of its generalised

eu-cigenspaces, each of which is finite dimensional.

It is easy to see that, if C[h]; denotes the space of homogeneous polynomials of
degree i, we have A(p); = Clh]; ®c p. Hence, the zero weight space A(p)g = 1 ®c p
is an irreducible W-module that generates A(p). Let M(p) be the sum of all proper
submodules of A(p). If M(p)o # 0, then there would exist some proper submodule N
of A(p), such that Ny # 0, which gives a contradiction by the above. Thus, M (p)y =0
and M(p) is a proper maximal submodule of A(p). Let L(p) := A(p)/M(p) be the

simple quotient.

Lemma 1.2.5. (/GGORJ, [Be, Lemma 2.6.2]) The set

{L(p) | p € Irrep(W)}

is a complete collection of pairwise non-isomorphic simple modules in O(H.(W)).

When a category has a collection of standard and simple objects labelled by some
set A, it is natural to ask if it displays an additional structure, which has many favour-
able properties analogous to category O for semisimple Lie algebras. The following

definition collects the hypotheses needed for this.
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Definition 1.2.6 ([CPS]). Let A be an abelian category and A a poset. (A, A) is

called a highest weight category if the following conditions are satisfied.
(1) A is C-linear and each object in A has finite length.

(2) There is a complete set of non-isomorphic simple objects {L(\) | A € A} para-
metrised by A.

(3) There is a complete set of objects {A(N)| A € A} parametrised by A and,
VA € A, a surjection my : A(A) — L(A) such that, if L(x) is a composition
factor of Ker my, for some p € A, then we have u < \.

(4) Each simple L()) has a projective cover P(\) which admits a (standard) filtra-
tion 0 = FyP(\) C ... C F,P(\) = P(\), such that FyP(\)/F_1P(\) = A(N)
and F;P(\)/F,_1P(\) = A(w;), for some p; > A and for all 1 <i <m — 1.

Define the partial ordering <. on the set of non-isomorphic irreducible represent-
ations of W, by A <. p if ¢, — ¢, is a non-negative integer.
The following is proved in [GGOR].

Theorem 1.2.7. (O(H.(W)),Irrep(W)) is a highest weight category under the or-
dering <.

Proof. The condition (1) in Definition 1.2.6 is [Be, Corollary 2.6.4]. (2) and (3) follow
from Lemma 1.2.5 and the discussion above it. The proof of (4) is more involved; see,
for example, [Be, Theorems 2.7.2 and 2.8.3]. ]

Corollary 1.2.8. (i) O(H.(W)) has finite global dimension.

(i) (BGG reciprocity) For all p, p’ € Irrep(W), we have

where the left-hand side denotes the multiplicity of A(p') in the standard filtra-
tion of P(p) and the right-hand side is the multiplicity of L(p) in the Jordan-
Hélder filtration of A(p).

(11i) O(He(W)) is a semisimple category if and only if A(p) = L(p), V p € Irrep(W).

In particular, it is so for generic values of c.

(iv) The standard modules form a basis of the Grothendieck group Ko(O(He(W))).

14



Proof. (i) is [Be, Corollary 2.8.6]. (ii) is a consequence of [CPS, Theorem 3.11] and
[GGOR, Proposition 3.3|. To prove (iii), first note that O(H(WW)) semisimple clearly
implies A(p) = L(p), Vp € Irrep(W), because A(p) is indecomposable. Conversely,
if A(p) = L(p), Vp € Irrep(W), all simples are projective by BGG reciprocity, and
hence O(H.(W)) is semisimple. This statement implies that O(H (1)) is semisimple
if and only if ¢, — ¢,y ¢ Z, for all p € Irrep(W) ([GGOR, Corollary 2.20]), and so it
is semisimple for generic values of c.

Finally, observe that, by (1) and (2) in Definition 1.2.6, the images of the simples in
Ko(O(H(W))) form a basis thereof. Hence, write [Ap’] = > m, ,[L(p)] and pick the
order of the basis [L(p1)], ..., [L(pmep(w)))] given by i < j if p; < p;. By Definition
1.2.6 (3), the multiplicity matrix M := (m,, ,,) is upper-triangular with ones on the
diagonal. Thus, M is invertible, which implies that the class of every simple, and

hence of every module in O(H¢(W)), can be expressed as a C-linear combination of
[A(p)], for p € Trrep(WV). O

1.3 The KZ functor

In this section, we study the Knizhnik-Zamolodchikov functor, introduced by Gin-
zburg, Guay, Opdam and Rouquier [GGOR], to relate in a topological way, category
O for the rational Cherednik algebra and the representation theory of the (finite)
Twahori-Hecke algebra.

The motivation comes, once again, from semisimple Lie algebras, in which case an ana-
logous procedure, via the Beilinson-Bernstein localisation theorem (Theorem 2.4.5)
and the Riemann-Hilbert correspondence, led to the proof of the celebrated Kazhdan-
Lusztig conjecture. The KZ functor gives a fruitful approach to the problem, still open

in the general case, of calculating the multiplicities of simples in standard modules.

1.3.1 The Iwahori-Hecke algebra

Let (W, h) be a complex reflection group and recall h™, the open subset of h on
which W acts freely. Denote by A the set of reflecting hyperplanes and, given H € A,
let Wy be the (cyclic) subgroup of W consisting of elements that fix H pointwise
and set ny := |Wy|. The fundamental group By := m(h™8 /W) coincides with a
certain braid group whose generators {7 | s € S} correspond to the generators of the

monodromy around the reflecting hyperplanes of W in h. Introduce the parameter

a:={qu; €C*|HeEA 0<i<ny}
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and consider the two-sided ideal Z, in the group algebra C[By|, generated by the

elements
ny—1

I] (7= @), Vses.

i=0
Definition 1.3.1. The algebra Hq(W) := C[Bw]/Zq is called Iwahori-Hecke al-
gebra.

In light of this definition, we will need to consider a different parametrisation for
the rational Cherednik algebra H.(W) (which is the choice made in [GGOR)).
Notice that, given H € A and s, s’ € Wy, we can assume a5 = oy and o) = ), (and

call them ay and o, respectively). Moreover, we have the equality of sets

s=J o\ {1)).

HeA

Hence, the sum on the right-hand side of relation (1.2.1) can be decomposed as

Yocls)ya)a),z)s = Y (yoan)(ag,z) | D els)s

seS HeA seWn\{1}

For H € Aand 0 < ny, let ey, 1= % > wews, (det w)'w be the primitive idempotents

of C[W4], and introduce the parameter
ki={ky, €cCl|HecA 0<i<ny, kpo=kuny, =0, ki = kpa, Vw e W}

by imposing the condition

ny—1
c(s) = Z (det )" (kpiv1 — ko) (1.3.1)
i=0
Hence, we have
ny—1
Z c(s)s = ny Z (Bivr — kai)er,
seWy =0

and the rational Cherednik algebra H.(W) equals the quotient of C(x1, ..., Zn, Y1, ..., Yn)H#W
by the relations

[:L‘7$,]:O7 [y7y/]:07 vx?‘r/eb*? y?y/€h7

ny—1
.2 = (y.2) = > (. om) (o 2)na Y (ki — kwi)ens, Vreb®, yeb.
HeA i=0

We denote the latter by Hy(W).
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1.3.2 The Knizhnik-Zamolodchikov functor

Recall the Dunkl embedding. By Theorem 1.2.1, localising a Hy(W)-module
M s MI[67'] yields a functor

O(H (W) —s D(5™8)4W-mod.. (1.3.2)

Moreover, we have the following well-known result.

Proposition 1.3.2. (i) There is an algebra isomorphism

D(ye) —= D(h"s /W) .

(ii) The assignment M — MW gives an equivalence of categories
D(p&)#W -mod —— D(h™& /W )-mod . (1.3.3)

Proof. (i) follows by the fact that D(h™&)" is simple and the W-action on h™# is free
(see [Lel, Théoreme 4.2]).

The multiplication by the trivial idempotent gives the isomorphism D(h™8 /W) =
e(D(hr&)#W )e. Since W acts freely on h™8, MW = 0 implies M = 0, and (ii) follows
by the same argument of Corollary 1.1.8 and by (i). O

Starting with a module M € O(Hyx(W)) and composing (1.3.2) and (1.3.3), we
obtain the D(h™&/W)-module M[6~", which we can view as a flat connection on
the smooth variety h™&/W. As it is shown in [GGOR], such connection has regular
singularities, so we can apply the deRham functor DR and obtain a representation
of the fundamental group By, = 1 (h*8 /W), by the Riemann-Hilbert correspondence
(as explained in [De]). Putting all the pieces together, we can define the following

functor.

Definition 1.3.3. The KZ functor is defined by

M — DR (M[5'"Y)

Let Oior(Hx(W)) be the Serre subcategory of O(Hy(W)) whose objects are torsion
modules for the Ore set {6"},,en. Given a parameter k for the rational Cherednik
algebra, set

qn,; = (det SH)je%i_kW )
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Theorem 1.3.4. (/GGOR, Theorem 5.13]) The KZ functor factors through
KZ: O(Hx(W))/Oior(Hx(W)) — Hq(W)-mod.

Since all the functors occurring in Definition 1.3.3 are exact, so is the KZ functor,
thus there exists a projective module Pz € O(Hy(W)) such that

KZ(—) = Homom, (wy) (Pkz, —) - (1.3.4)

By definition of projective cover, we have dim Homo g, (w)) (P (ps), L(p;)) = ;. Since,
by Theorem 1.2.7, {P(p)| p € Irrep(W)} forms a complete collection of indecom-
posable projective modules in O(Hx(W)), we can write Pkz = €, P(p)™*, where
m, = dim Homo g, wy) (Pkz, L(p). Therefore Pcz has the form

Pz= € dimKZ(L(p))P(p).

p€Elrrep(W)

The main result of [GGOR] is the double centraliser theorem (cf. [GGOR, Theorems
5.14, 5.15 and 5.16]), which reads:

Theorem 1.3.5. (i) The morphism ¢ : Hq(W) — Endom, wy)(Pxz)? induced by

Theorem 1.3.4, is an algebra isomorphism.
(i) Equivalently, the KZ functor induces an equivalence of categories
KZ : O(Hx(W))/Oor (Hx(W)) —— Hq(W)-mod .
(i) Given a projective generator X of O(H(W)) (e.g. X =D, P(p)), we have an
equivalence of categories
O(H(W)) = Endy, w)(KZ(X))-mod .

Theorem 1.3.5 provides an approach to the study of category O(Hy(W)) via the
Iwahori-Hecke algebra Hq(W'), whose representation theory displays a nice combinat-

orics. One useful consequence of this result is the following theorem, due to Rouquier
[Ro2| (see also [Va, Theorem 2.1]).

Theorem 1.3.6. The following are equivalent:
(1) He(W) is a simple algebra.
(2) O(Hx(W)) is a semisimple category.

(3) Hq(W) is a semisimple algebra.
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1.4 The cyclotomic rational Cherednik algebra

Let u, denote the cyclic group of order /. The semidirect product I' := T',, =
¥, X py is a somewhat special symplectic reflection group. Beyond being a wreath
product ((2) in the classification of section 1.1.1), it can also be realised as a complex
reflection group acting on two copies of its reflection representation ((1) in the clas-
sification). Hence, the corresponding symplectic reflection algebra H.(I',,) is in fact
a rational Cherednik algebra, yet its representation theory is related to the geometry
of the Hilbert scheme of n points on the minimal resolution of the Klenian singu-
larity, which is a common feature of the symplectic reflection algebras associated to
wreath products (see Theorem 2.4.10). Furthermore, it specialises to the cyclic ra-
tional Cherednik algebra, when n = 1, which is the only case that can be studied via
direct computations (see section 3.3), and to the rational Cherednik algebra of type
A, when ¢ = 1, which was extensively studied from combinatorial ([VV]), geometric
([GG, GS1, GS2|) and microlocal ([KR]) point of view.

In this section, we collect some important facts about the cyclotomic rational Chered-

nik algebra, which will be our main object of study in the remaining chapters.

1.4.1 Definition

Denote by s;; the transposition swapping ¢ and j in X, embedded in I';, as the
element (s;;,1,...,1), and by s; a generator of the i-th copy of the cyclic group inside
[y, namely s; = (1,...,s,...,1). The set of symplectic reflections & has two types

of conjugacy classes:
(1) the elements of the form sigsits; " for 1 <d,j <mnand 0 <m < —1;
(2) the elements s, for 1 <i<mand 0 <m < ¢ —1.

There is one conjugacy class of type (1) and ¢ — 1 of type (2) (one for each value
of m). Hence, the space of deformation parameters for the corresponding symplectic
reflection algebra is 3* = C* and we can consider parameters of the form (k, c), where
k € C corresponds to the unique conjugacy class of type (1) and ¢ = (¢q,...,¢—1) €
C*~! corresponds to the conjugacy classes of type (2).

Let h be the (n-dimensional) reflection representation of I',,, h* be its dual, and
pick dual bases y1,...,y, € b, x1,..., 2, € bh*. Recall that X, acts on h & bh* by
simultaneously permuting the x;’s and the y;’s, while the i-th copy of u, inside I',, acts
on the symplectic space spanned by {x;,y;}, by the inclusion s™ — diag({™, (™) €
SLy(C), where ¢ denotes a primitive ¢-th root of unity.

19



Definition 1.4.1. The cyclotomic rational Cherednik algebra Hj.(I',) is the
quotient of T'(h & h*)#I',, by the relations

[ZEZ',.T]‘]ZO, [ylvyj]:07 iujzla"wn?

-1 -1
m _,—m m N
[yi,:pi]zl—k:g g 5ij5;'5; —ZE Cmsit, i=1,...,n,
j#i m=0 m=1

/—1
[yi,ZL’j]:kZCmSijS;nS;m, Z,jzl,,n,l%j
m=0

Given a parameter k = (koo, k1, . . ., k¢—1) that satisfies the condition (1.3.1) (where
koo corresponds to the hyperplane of the elements of type (1) and k;, 0 < @ < /¢
correspond to the hyperplane of elements of type (2), where, by convention, ky =

ke = 0), the last two relations become

-1 -1 -1
[yi, i) = 1 — koo Z Z sigsi's; " = > (kry1 — k) Z sty i=1,...,n,
j#i m=0 r=0 m=0

/—1
[yi,xj]:koozcmsijSlmS;m, i,jzl,...,n, Z?éj
m=0

1.4.2 Multipartitions

A partition of a positive integer n is a non-increasing sequence A = (A\; > Ay > ...),
with \; € Z~, such that >, \; = n. We write A - n, |A| = n and In()) for the length
of the partition (namely, the greatest i such that \; # 0). It is well known that
these are in bijection with the Specht modules, which, in characteristic zero, form a
complete set of non-isomorphic irreducible modules of the symmetric group algebra
C[X,]. By convention, the partition (n) will label the trivial representation and the
partition (1,...,1) will correspond to the sign representation.

Given another positive integer ¢, a multipartition of n in ¢ parts, or /-multipartition
of n, is a (-tuple of partitions A = (AD ... A®) such that Zle IAD| = n. Let
P(¢,n) be the set of {-multipartitions of n. It is known that the irreducible repres-
entations of I',, are labelled by P(¢,n) and are described as follows (we follow the

presentation given in [Ro2, section 6.1.1]). For A € P(¢,n) and 1 < r < ¢, consider

r—1 r—1 r
I\(r) == {Z MO+ A0 +2,..3 W’\} ,
i=1 i=1 i=1
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an ordered, possibly empty subset of {1,2,...,n}, and write Xy := X, (1) x ... XX, (p)
for the corresponding subgroup of the symmetric group %,. Finally, denote by ¢(r)
the one-dimensional representation of ¥y, () X (,ug)lw’) with trivial ¥y, y-action and
whose character of the (u,)>(-action equals det”™!, and by y,» the irreducible

representation of Yy, ;) labelled by A Then,

{ pr = a2 (G(L)xam ® ... © 6(Oxs0) ‘ Ae P, n)}

is a complete set of non-isomorphic irreducible representations of I',,. Note that, with

our choice, the trivial representation is labelled by the ¢-multipartition ((n),0, ..., ).

1.4.3 The Ariki-Koike algebra

We give an explicit definition of the Iwahori-Hecke algebra in the case W =T,,.

Definition 1.4.2. Let q = (qoo,q1,--.,q-1) € C’ The Ariki-Koike algebra
Hq(T,) is the algebra generated by T, ..., 7T, and subject to the relations:

TyTy TV Ty — TyTyTyTy = 0,
LT Ty — T T30 = 0, 2<i<n-1,
[T =0, |i—jl>1,
(T; = D)(Ti+ qoo) =0, 2<i<mn,

-1
(T -] —a) =0.

i=1
This algebra has a Specht module S* for all multipartitions A\ € P(¢,n), each of
which has a quotient D*, which is either zero or irreducible. By [Mat, Theorem 3.12],
{D*| D* #0, A € P(¢,n)} forms a complete set of non-isomorphic simple Hq(T',,)-
modules, and by [Mat, Theorem 3.13], the algebra Hq(I',) is semisimple if and only
if S* = D* VX € P({,n). The set of parameters q for which this happens has been

explicitly calculated. Let [n]y,! == [Tr (1 + oo+ - -- + o' )-

Theorem 1.4.3. ([Ari, Main Theorem]) The algebra Hq(L',) is semisimple if and
only if
100! H H — qnog;) # 0.
htjr=—t
Let k be a parameter for the rational Cherednik algebra Hy(I',)) and set goo =
e 2mikoo and g; = (¥ for 1 < j < £—1. By Theorem 1.3.6, we obtain a criterion
for category O(H(I',)) to be semisimple.
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Corollary 1.4.4. The cyclotomic rational Cherednik algebra is simple (and thus cat-
egory O(Hy(T'y,)) is semisimple) if and only if

¢
[1] ,~2mikgo ! H H (¢he*mhn — C_je_%i(rkoo_kj)) #0. (1.4.1)
h#jr=—{
Corollary 1.4.4 tells us that Hyo(I'y) (= Hx(I',)) is a simple algebra for generic
values of (k,c) € 3*. As it is natural to expect, the most interesting case is when
the parameters do not satisfy equation (1.4.1), which is the case we will consider in

chapter 3.

1.4.4 Spherical values

We end this section with another useful theorem, due to Dunkl and Griffeth [DG],
which describes the set of parameters for which the cyclotomic rational Cherednik

algebra is Morita equivalent to its spherical subalgebra.
Theorem 1.4.5. The parameters (k,c) € 3* = C* are aspherical values if and only
if:

(1) k= —%, for some a,b € Z-o, 1 <a<b<n, or

(2) there exist a partition \ = n and integers 0 < d < ¢ —1 and e # 0 mod ¢, such
that 1 <e < d+{(In(\) — 1) and

= (1) = 3 o KO = (),

m=1

where C; = {71 (1 2yt (micm>, fori=1,...,0—1.
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Chapter 2

Quantisation of quiver varieties

2.1 Symplectic resolutions

In this section, we recall symplectic resolutions of singularities.
Let X be a possibly singular (affine, normal, irreducible) Poisson variety, namely
the ring of regular sections C[X] is equipped with a Lie bracket {-,-} that satisfies
Leibniz rule. Let 7: X — X be a resolution of singularities (i.e. a birational, proper
map), with ()? ,w) a smooth symplectic variety. The non-degenerate 2-form w induces
a Poisson structure on F()z,(’);(), by {f,g9} = w(&;,&,), where & is a vector field
satisfying w(-,&f) = df, for f € O(X).

Definition 2.1.1. 7 is a symplectic resolution if the pull-back 7* : C[X] —

F()? ,O%) is a morphism of Poisson algebras.

Remark 2.1.2. Alternatively, one can define a symplectic resolution 7 : X = X ,
with X an algebraic variety whose regular locus is equipped with a symplectic form

w, by requiring that the pull-back 7*w extends to a symplectic form on X (cf. [Kal2]).

All of the symplectic resolutions we will deal with in the rest of the paper are of

the following type.

Definition 2.1.3. A symplectic resolution 7* : X — X is called conical if X is
equipped with a C*-action such that \*w = \w, for some d > 1, X is a cone and this
action contracts X to a (unique) point o. Algebraically, this is equivalent to giving a
non-negative grading on the coordinate ring C[X| = @, C'[X], such that the 0-th
component, coinciding with the C*-invariant elements, consists of only the constant

functions, and one has

{C'[X], C’[X]} c ],

23



for some d > 1. We call 7=!(0), the fibre over the C*-fixed point of X, the central

fibre of the resolution.

The following theorem collects some well-known useful properties of conical sym-

plectic resolutions.

Theorem 2.1.4. 1. dim X X x X = dim X, and in particular m is semismall.
2. Hi(X, O%) =0, fori >0, and 7* : C[X]| — r'(X, Ox) is an isomorphism.
3. H* (X C) =0 and H*(X,C) = H**(X,C), for k > 0.

4. There is a decomposition into finitely many symplectic leaves X = | | X;, where

X, 15 a smooth, locally closed subvariety in X.

Proof. (1) is Proposition 4.4 of [Kal2].

In (2), the fact the 7* is an isomorphism follows by a standard argument because 7
is proper and X is normal. Since X is symplectic, it has trivial canonical bundle and
by the Grauert-Reimenschneider theorem the derived direct image R'm, O vanishes
for i > 0, because 7 is proper. Thus H (X, Oz) = H(X,m0%) =0, for i > 0.

Let 8 : X — R>( an algebraic function such that o := 8 o 7 is a rug function for
the central fibre in X (see [Du, Definition 1.1]). Then, for ¢ > 0, a*([0,#]) is an
algebraic neighbourhood of 77(0) in X and hence these two are homotopic by [Du,
Proposition 1.6]. (3) follows now by [Kal3, Theorem 2.12].

(4) is proved in [Kal3|, Theorem 2.3. O

Example 2.1.5. (a) Let g be a semisimple Lie algebra and G/ B the corresponding
flag variety. Then, the total space of the cotangent bundle 7*G /B is naturally a
smooth symplectic variety. The subvariety N of nilpotent elements of g is a cone
with respect to an algebraic C*-action and its regular locus N\ {0} is equipped
with the Kirillov-Konstant Poisson structure induced from g* (identifying g and
g* by means of the Killing form). The Springer resolution p : T*G/B — N is

a conical symplectic resolution.

(b) More generally, let e € N. By the Jacobson-Morozov theorem, we can embed
e in an sly-triple e, f, h satisfying the standard commutation relations. The
intersection of the Slodowy slice with the nilpotent cone S, := (e + ker ad f)NN,
is singular Poisson and its preimage via the Springer resolution ge =1 1(S)

gives a symplectic resolution . : ge — S..
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(c) Let I be a finite subgroup of SLs(C). By blowing up, the affine singular Poisson
variety C?/T" admits a crepant resolution (/I;/T‘ , whose exceptional divisor forms
a chain of PYs, giving rise to a Dynkin diagram of type A,D,E, by McKay
correspondence. The C*-action is induced by the inverse of the diagonal action

and 7 : C2/T — C?/T" is a conical symplectic resolution.

(d) The symmetric group ¥, acts diagonally on C*", two copies of the permutation
representation. The symmetric n-th power of C? coincides with the singular
Poisson variety C?"/%,, and it is resolved by the Hilbert scheme of n points
on C? via the Hilbert-Chow morphism. The diagonal inverse C*-action on C?
induces an action on the Hilbert scheme and 7 : Hilb" (C?) — C?"/%,, turns

out to be a conical symplectic resolution.

(e) Combining the last two constructions on gets another example of conical sym-
plectic resolutions, namely 7 : Hilb" (C2 / F) — C*"/T,, where T, := ¥, T is
the wreath product. As we will see in the next sections, these resolutions are

closely related to the corresponding symplectic reflection algebras.

2.1.1 Hamiltonian reduction

Let V' be a smooth, irreducible, affine algebraic variety and consider its cotangent
bundle T*V', a symplectic manifold. Given an action of a connected, reductive algeb-
raic group G on V| consider the induced infinitesimal action of g := Lie G. The latter
gives a Lie morphism ¢ : g — Vect V', where Vect V' denotes the vector fields on V,
and dualising this map we obtain the moment map p : 7%V — g*. More precisely,
let @ € T*V and denote by a, € T¥V, a covector at a point x € V. Then, u(a,) is
the linear functional on g defined by a +— (a, ¢(a),), for a € g.

In the case when V' is a vector space, the symplectic form on the cotangent bundle
T*V =V x V* is given by the formula

w((a:,a:*), (yvy*)) = <y*,x) - <l'*,y>, vxay € ‘/7 $*7y* € V* .

If a group G acts linearly on V, the resulting moment map is given by u(z,z*)(a) =
(x*,a.x), forall z € V, z* € V* and a € g = LieG.

If the G-action on V is free, the cotangent bundle T*V/G coincides with p=*(0)/G.
This gives a motivation to study such a space and, more generally, its deformations
wt(N)/G, for X € (g/[g,9])", even when the G-action is not free (in such a case,

we need to specify what kind of quotient we consider). This construction is called
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Hamiltonian reduction.

Let W be a smooth algebraic variety acted on by G. We will be mainly interested in
the case W = T*V. Recall the GIT quotient: for a character 8 : G — C*, we define
an action of G on the Cartesian product W x C, by g.(w, z) := (gw,0(g)"'2), and
consider the ring of G-invariant regular functions C[W x C]“. This is a graded ring
by

Cw x ) =pcmw)”,
neN

and we define W//G := ProjC[W x C]¢, a quasi-projective, irreducible scheme.
Since, for n = 0, we have C[W]%" = C[W]Y, there is a canonical embedding C[W]¢ —
C[W x C]¢ (induced by the projection W x C — W), which gives rise to a projective

morphism
7 : W//°G := Proj C[W x C]¥ — Spec C[W]¢ =: W//G .

To understand the GIT quotient geometrically, consider the f-unstable locus of W
woun.={we W | f(w) =0, VfeCW]", Vn e N}. By general results (cf. [MFK]),
if the G-action on W\W?#"" is free, then there is an isomorphism between (W \ W) /G
and the closed points of W//°G, which form, therefore, a smooth quasi-projective vari-
ety.

We are interested in Hamiltonian reductions performed via GIT and affine quotients.

Example 2.1.6. Let V = C? and G = C* with the action on V induced by the
inclusion C* — GL(V), A — AlId. The resulting action on the contangent bundle
W = T*V = C* is given by A\.(z1, T2, y1,%2) = (Ar1, ATo, A1y, Alye) and the mo-
ment map translates to p(z1, e, y1,y2) = x1y1 + x2y2 via the Killing form. The

invariant regular functions on the zero fibre are

(C[,lfl(o)](cX = Clz1y1, 192, T2Y1, ToYa] /(X191 + T2y2) = Clu, v, w]/(u2 —vw).

2

Taking the spectrum X := Spec Clu, v, w]/(u* — vw) we get the affine Hamiltonian

reduction, a cubic in C? singular at 0. Consider now the trivial character # = 1. The
unstable locus of W consists, by definition, of all the points that are annihilated by

homogeneous functions in xq, x5. Hence,
(T*Cz)e_un ={(0,0,y1,2)} = T(Tl,o)(c2
and taking the GIT quotient we obtain
~10)//°C* =T (C*\ {(0,0)}/C*) = T"P*.
The canonical map 7 : T*P! — X is a conical symplectic resolution.
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Notice that the previous example is a particular case of (a), (b), (c¢) and (e) in
Example 2.1.5. As we will see in the next section, most instances of conical sym-
plectic resolutions can, in fact, be obtained as canonical maps between GIT and

affine Hamiltonian reductions with V' a vector space and G < GL(V).

2.2 Representations of quivers

To fix the notation, let @ = (I, E,s,t) be a quiver, with I the (finite) set of
vertices, F the (finite) set of edges (we allow multiple arrows and loops) and s,¢ : @ —
I the source and target maps. The opposite quiver is given by Q% = (I, E, s, 1),
with s = t and t = s. Let Rep(Q) denote the category of representations of @,
namely the objects are collections of vector spaces (V;);c; together with a family of
linear maps fVV : Vity) = Vi), Vv € E, and morphisms are linear maps (u; : V; —
W;)ier compatible with fVV and fVW , Vv € E. It is immediate to show that Rep(Q) is
equivalent to the category of left CQ-modules, where CQ) is the algebra of the quiver

(), namely it has generators e;, for ¢ € I and v € F, and it is subject to the relations

eiej =05 and  eyy)Y = Ves(y) =

(e; and v are paths of length 0 and 1, respectively). Hence, Rep(Q) is automatically
an abelian C-linear category. To a finite dimensional representation (V;);c; € Rep(Q)
we can assign its dimension vector v = (v;);e; € N, v; := dim V;.

An important problem in quiver theory is to classify isomorphism classes of finite
dimensional representations. Since two isomorphic finite dimensional representations
of @) obviously have the same dimension vector, it makes sense to consider the space

of representations with a given dimension vector v € N:

Rep(Q,v) = GB Homg (CYt, C¥m) = @ Maty, . xu, (., (C) -

veEE yeEE

This space is acted on by the reductive group Gy, := [[,.; GL,,(C) by base change

B 1
(9)ier-(Xy)qer = (gt(V)X795(7)>«,eE ’

where X, € Mat,, ., ., (C) and this descends to an action of the projective linear
group PG, := G,/C*. It is immediate to see that there is a bijection between the
orbits of PGy in Rep(Q,v) and the set of isomorphism classes of representations of
() with dimension vector v. Thus, we can exploit the technology developed in the

previous section to study the quotient Rep(Q, v)/PG,, geometrically. We first need
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a notion of stability for representations of quivers introduced by King (cf. [Ki]). His
approach is purely algebraic and makes it easier to check when stability conditions
hold for representations of quivers, yet it is equivalent to that of [MFK] in this case.
Let V = (Vi)ier € Rep(@Q,v) be a non-zero representation of () and consider the
character defined by

(9:)ier — ] det(g))" . (2.2.1)
el
where 6 := (6;);e; € Z' is an integral vector. By abuse of notation, we will also denote
the character (2.2.1) by 6.

As we will see, an interesting choice of 8 is 67 := (—1,...,—1).
Definition 2.2.1. The slope of V' with respect to 6 is defined by the formula
slopey (V) := (0 -v) /(0" -v).

V is called A-semistable if slope,(U) < slopey(V'), for all non-zero subrepresentations
U of V. It is called #-stable if the inequality is strict whenever U is a proper

subrepresentation.
The main result of King is the following.

Theorem 2.2.2 ([Ki]). Assume that Q has no edge loops and let v € N, 0 € Z!
such that 6§ -v = 0. Then, PG, acts freely on the set Rep(Q,v)?™ of 0-stable
points in Rep(Q, V), and the orbit space Rep(Q,v)?™ /PG, is a Zariski open (possibly
empty) subset in Rep(Q, v)//° PGy. When the 0-semistable and 0-stable representa-
tions coincide, Rep(Q,v)//° PGy, is a smooth quasi-projective variety of dimension
1 +'vAgv — v - v, where Ag € Matx1|(N) is the adjacency matriz of Q@ (namely,

the (i, j)-th entry equals the number of arrows from i to j).

2.2.1 Reflection functors

We now introduce some functors that naturally arise when studying indecompos-
able representations of quivers and, as we will see in the next section, turn out to be
useful to understand quiver varieties.

For a quiver Q = (I, E), we say that a vertex ¢ € I is +-admissible if there is no
arrow in F that has ¢ as a source. We call i —-admissible if there is no arrow in F
that has ¢ as a target. Let ¢;(Q) be the quiver obtained by reversing all the arrows

that have i either as a source or a target. If ¢ is +-admissible, define a functor

@i+ Rep(Q) — Rep(pi(Q))
(Vi)jess (Fver)  +— ((@F (Vi))ies, (@ (F)rer)

28



where ¢ (V;) =V}, if i # j, ¢ (Vi) is the kernel of the obvious map

= Y 1DV —
1€E
y=j—+i
o (fy) = fy, if t(y) # 4, and o] (f,) is the natural projection on V;, when () = i.
If ¢ is —-admissible, define ¢; : Rep(Q) — Rep(¢:i(Q)) by ¢; (V;) =V}, if i # j,
¢; (V;) = Coker 3, , where
Br= > vi— Pvi,
YeE

y=i—]

©; (fy) = fy, if s(y) # i, and ¢; (f,) is the restriction of @ V; — Coker 8;” to V},
when s(y) = 4.

The importance of reflection functors is summarised in the next theorem. We
use 7 as a notation to indicate that a certain statement holds for both ;" and ¢;

whenever i is +-admissible and —-admissible, respectively.

Theorem 2.2.3. Let V be an indecomposable representation of @ and L™ be the

1-dimensional simple representation supported at the vertex i € I.
(i) (V) =0 if and only if V = L.
(ii) If V # LD, oF(V) is indecomposable and we have
dim (V) = ZdimVj —dimV;.
j—i

i—J

(iii) If V. # LY, of o7 (V) =V, when i is —-admissible, and o o7 (V) =V, when

1 15 +-admissible.
(iv) @i is left exact and @] is right exact.
Moreover, for any V € Rep(Q) and U € Rep(¢;(Q)), we have
(v) Homq(V, /" (U)) = Homy,g)(¢; (V),U).

Proof. (i) is trivial. For (ii) and (iii), assume first that ¢ € I is +-admissibile. By
indecomposability of V', 8 is surjective and, taking the kernel, we can complete such

a map to the short exact sequence

- +
0—>(90TV)¢L@VJ~LV¢—>O, (2.2.2)

j—
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because 3; is the identity inclusion, by definition of ¢; (f,). Thus, (ii) follows by the
injectivity of 8; and (iii) because V; = Coker 3; = ¢; ¢, (V;). If i is —-admissible,
we obtain the dual statement by applying D : Rep(Q) — Rep(Q°) that reverses all
the arrows of @, and observing that D o ¢, = p; o D.

If U € Rep(Q) and ¢ : U — V is an injection, an easy calculation shows that, for
u € Ker 3, one has ¢ (1);(u) = t(u) and thus ¢; is injective. The same way, one
proves that o, takes surjective maps to surjective maps, and (iv) follows.

Finally, note that, if V' is not indecomposable, we loose the surjectivity of 3;", but
(2.2.2) is still left exact. Taking the cokernel of 5, we can form a short exact
sequence, which yields an injective map ¢ : (¢; ¢; V); — V;. The same way, taking

the cokernel of 3, we get the right exact sequence

o B
Vi— P —= (¢ V)i—0,

i—J

and the identification Ker 8t = (] p; V), gives a surjection p : (o 0; V); — Vi
Let p € Homg(V, ¢ (U)), we define a map in Homy,q)(p; (V),U) given by the
composition g o ¢; (). This yields a bijection with inverse ¢t (—) o p. O

Corollary 2.2.4. o] yields a bijection between indecomposable representations of Q
(non-isomorphic to L'V ) and indecomposable representations of p;(Q) (non-isomorphic

to LW ), with inverse o; .
Proof. This is a straight consequence of Theorem 2.2.3, (ii) and (iii). O

The following lemma gives a relation with the Weyl group of a graph, which
justifies the nomenclature.
Let R = Z' be the root lattice of the underlying graph of . We have a bilinear
symmetric form (—, —) on R, defined by (o, ;) = ¢;j, where ¢;; is the (i, j)-th entry
of the Cartan matrix Cg = 2Id — (Ag + 'Ag), and «; is the simple root at ¢ € I. The
Weyl group W(Q) is generated by the simple reflections

St v v —(V,q)q;.

By abuse of notation, here and in what follows, we write v for both the vector

(vi)ier € Z" and the corresponding root Y, ; v

Lemma 2.2.5. Let i € I and V be an indecomposable representation of () non-
isomorphic to LW (so that v = dimV # a;). Then, dim @ (V) = s4(v).

Proof. The claim follows from Theorem 2.2.3 (ii) via an easy calculation. O
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2.3 Nakajima quiver varieties

2.3.1 Framing

We will be interested in quiver varieties obtained as GIT quotients Rep(Q, v)//?G,.
It turns out that in many cases such a space is empty, so we need to restrict our at-
tention to particular quivers, which, on the other hand, give rise to a rich number
of interesting examples. To do this, consider the following construction, which goes
under the name of framing. Given a quiver @ = (I, F), consider a new quiver
Qoo = (I, Es), where, for every vertex in ), we add another vertex and an arrow
pointing from the new vertex to the corresponding old one. Namely, I, = [ U IN,
where I is a copy of I via a bijection i s i, Fo = E LI {viticr and () =i € 1,
s(vi) = iel. Representations of the framed quiver ()., consist of representations of
the original quiver ) together with a collection of vector spaces (W;);c; and linear
maps (i; : W; — V;),,;. Given a dimension vector (v, w) € 7T we denote the space
of representations of ), with such dimensions by Rep(Qu.,Vv,w). The difference
with quiver varieties of the previous section is that we allow the subgroup G,, of the
base change group G(vw) = Gy X Gy to act trivially, so that the action of Gy w)

coincides with that one of Gy :

(91)ier- (Xy)rer, (1i)ier) = <(9t(w)Xygs_(,1y))veEa (giii)ig) : (2.3.1)

Hence, Rep(Qwo, v, W) is a G -variety and it makes sense to consider the moduli space
Rep(Qwo, v, W) /Gy (notice that this action does not factor through PG, as before).
By [CB1], p.261, this space is, nonetheless, isomorphic to the quiver variety obtained
in the following way. Define a quiver Q% by adding to () a new vertex oo and w;
arrows from oo to ¢, for all ¢ € I, and take the v, := (v, 1) as a dimension vector.
The group G,_ /C* = G, acts on the space of representations of Q% with dimension
Voo and there is a Gy-equivariant isomorphism Rep(Q%,vs) = Rep(Qoo, vV, W).

Such an identification is also useful to understand stability conditions for framed

representations. Let 6 € Z! and consider 0, := (6, —>_._, 0;v;), a stability parameter

iel
for Q% such that 6, - v, = 0. Then, by the above, we have an isomorphism of quasi-

projective schemes

Rep(Qom v, W)//QGV = Rep(Qw7 VOO)//GOOGUOO .

A modification of Theorem 2.2.2 yields the following:
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Theorem 2.3.1 ([Ki]). Assume that Q has no edge loops and Rep(Qoo, v, W)?™ # 0,

then we have
dim Rep(Qoo, v, W) //?Gy = v - W+ 'VAgv — v - V.

If, moreover, 8 = (1,...,1), then every semistable representation in Rep(Quo, v, W)

is stable and hence Rep(Quo, v, W) //?Gy is a smooth quasi-projective variety.

2.3.2 Nakajima varieties

The most interesting cases of quiver varieties appear as GIT Hamiltonian re-
ductions of representations of framed quivers. Note that the duality D (defined in
the proof of Theorem 2.2.3) yields an isomorphism Rep(Qs, v, W)* = Rep(Q%, v, w)
and hence the cotangent bundle T*Rep(Q.., v, W) gets identified with Rep(Quo, v, W),
where Qoo = (I, Es U E?) is the double of Q.. The G action on Rep(Qs, v, W)
is given by

9-(X,Y,4,5) = (9Xg~' gYg ', gidg™ ),

where we use a compact notation for the obvious analogue of (2.3.1).

Using the formula given in section 2.1.1, we can compute the moment map

ft: Rep(Quo, v, W) —— gy = Ov
(X, V1)) — Y X Y]+iw],

where g, := Lie Gy,

SV =3 (X XY = Y Ve X, ),

icl  ~y€E: ~vEE:
t(y)=i s(v)=i
and i®j =3 . /i Ji
The centre 3(gy) of g is identified with C! and, since any character of g, is of the
form
o —C, (Xi)ier— Z Aitr X,
iel

we also have 3(gv)* = (gv/[gv,8v])* = CL. Given A € C!, the quotient of the
path algebra CQs by the two-sided ideal generated by > [ X, Y] +i®@j— > ,c; hld;
is denoted by II, and is called deformed preprojective algebra (in general, this
definition is given for unframed representations, but the one we give yields to the same

theory via the identification explained in the last section). The space Rep(Ily, v, w) of
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representations of I, of dimension (v, w) is, by definition, isomorphic to the scheme-
theoretic fibre

p ) = {(X,Y,1,)) € Rep(Quo, v, W) | (X, Y] +i®@j=A}.

There is a combinatorial criterion, due to Crowley-Boevey, that tells us when the
moment map p is flat. Let Rg be the set of roots for @, namely all the vectors in Z!
that are in the W (Q)-orbit of a simple root «;, for some ¢ € I, (the real roots) or of
a vector o € NT\ {0} with connected support and such that (a, ;) <0, Vi € I, (the

imaginary roots). Define a form on Z! given by
p(v)i=1+"vVAgv—v-v.

Theorem 2.3.2. Fiz A € C! and v,w € Z! such that \-v = 0. The moment map
1 Rep(Quo, v, W) — gy is flat if and only if

k

p(v)+v-w> Zp(v(i)) +v . w, (2.3.2)
i=0
for all the decompositions v =vO 4. . +v® withv® . v® o e N'|a-\=0}.

In such a case, p~'(\) has dimension 2v-w +v -v — 'vCgv.

Proof. Recall the identification Rep(Qoo, v, W) = Rep(QW, v ). By definition of QY
one calculates

P(Vae) = P(V) + v w — 1.
The decompositions v = v(© + ...+ v of v are in bijection with the decompositions
Voo = VO + .+ v® of v, where the coefficient of o in vV, ..., v(¥) equals zero,
while we have v(¥) = v(©) 4+ a,. The statement follows then by [CB1, Theorem 1.1
and Theorem 1.2], and by the formula

1+ 2V Aguwve —V-v=2v-w—v-v+2'vAgv.
O

Definition 2.3.3. Given a quiver Q, v,w € N/, § € Z! and A € C!. The Nakajima

quiver variety is defined as the GIT Hamiltonian reduction
MA(v.w) = (N)//°Gy .

The following proposition is useful to understand the elements of M¢ (v, w) and

~Y

follows directly by applying Definition 2.2.1 and the isomorphism Rep(Qoo, v, W) =
Rep(QY, Vo).
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Proposition 2.3.4. A point (X,Y,i,j) € u='()\) is 0-semistable if and only if, for
all the collections of vector subspaces (Uy)icr C (Vi)ier of dimension vector u € N,

stable under the linear maps X and Y, we have

U CKerj;,, Viel —= 6-u>0,

U DImi;, Viel — 0-u>60-v.

In particular, when 0 = 6% (—0%), (X,Y,i,j) € p=t(N)?™* if and only if zero (V
itself) is the only subrepresentation of V' contained in the kernel of j (containing the

image of ).

Definition 2.3.5. Given a dimension vector v € N/, the parameters (),0) € C! x Z!

are called generic if there is no u € Rg such that 0 <u<vandu-0=u-\=0.
Note that the parameter (0,60%) is always generic.

Theorem 2.3.6. Let v € N/, A\ € C! and 0 € Z' such that \-v = 0. Then, we have:

(i) MY(v,w) = u=t(N\)//Gy is an affine Poisson variety and there is a projective

morphism m : M§(v,w) — MS(v,w) which respects the Poisson brackets.

(i) If (X\,0) are generic, every semistable point in pu~*(\) is stable and MS(v,w)

is a connected, smooth, symplectic variety of dimension 2w - v —'vCqv.

Proof. (i) is a general feature of GIT and affine Hamiltonian reductions.

For (ii), in [Na3] Nakajima proves that, for generic parameters, a point in z~!()\) that
satisfies the conditions of Proposition 2.3.4 has trivial stabiliser. Hence, its Gy-orbit
has maximal dimension and is closed, which implies that such a point is stable. This
proves that M¢ (v, w) is smooth (symplectic). It also implies the statement about

the dimension, because the Gy-action is free and, by Theorem 2.3.2, we have
dim M4 (v, w) = dim ' (\)"* /G, = 2dim ' (\) —dim Gy = 2v - w — 'vCyv.
Finally, the connectedness is proved at the end of section 1 of [CB1]. O]

Nakajima quiver varieties are equipped with three different C*-actions. The first
one comes from the centre of G, the subgroup of G w) = Gy X Gy that acts
naturally on Rep(Q., v, W) preserving the fibres of the moment map . The other
two actions on Rep(Q, Vv, W) commute with the Gy-action but only preserve the
zero fibre. The first one is given by dilation along the fibres of the cotangent bundle
T*Rep(Quo, v, W) = Rep(Quo, v, W). It is defined by ¢.(X,Y,i,j) = (X,tY,i,tj) and
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rescales the symplectic form as t*w = tw. Finally, we have the action on M¢ (v, w)
induced by t.(X,Y,1,j) = (tX,tY, i, t]), for which we have t*w = t?w. From now on,

every time we talk about the C*-action for M§(v, w), we will refer to the latter.

Theorem 2.3.7. Assume that () has no edge loops and let (X, 0) be generic.
Let M§(v,w)" denote the image in = (\)//Gy of the points in p=*(\) with trivial
stabiliser. If MY (v, w)" is nonempty, it is dense in MS(v,w) and isomorphic to

7 Y MY (v, w)™), a dense subset of M§(v,w). The morphism
7 Mi(v,w) = M(v,w)
1s a symplectic resolution of singularities, which is conical when A\ = 0.

Proof. The first statement is proved in [Nal], Theorem 4.1. This makes 7 a birational
morphism and thus a symplectic resolution, by Theorem 2.3.6 (i). The fact that this

resolution is conical when A = 0 is immediate from the definition of the C*-action. [

Remark 2.3.8. Notice that Q. and hence Rep(Quo, v, W), =1 () and M5 (v, w) do

not depend on the orientation of the quiver Q).

2.3.3 Examples

Let @ = (I, E)) be a quiver with an affine Dynkin diagram of type A, D, E as under-
lying graph and any orientation. Let I" be the corresponding finite subgroup of S Ls(C)
via McKay correspondence, py, . .., po_1 its irreducible representations (where py is the
trivial one), and N the tautological representation. So, we have I = {0,...,¢ — 1}
and the number of edges between i and j of the double quiver () is given by the
multiplicity of p; in N ® p;. Also, the dimension vector § = (dim p;);e; turns out to
be the minimal imaginary root of Q). The following is a result due to Kronheimer (cf.
[Kr]), rephrased in the language of quiver varieties in [CS]. See also [CBH, Theorem
8.10].

Theorem 2.3.9. There is an isomorphism of algebraic varieties MY(6,0) = C?/T.
Moreover, if 8 € Z' does not lie in any of the root hyperplanes, the canonical map

7 MY(5,0) — MJY(6,0) is the minimal resolution of the Klenian singularity.

Notice that, since dp = 1, the result is also true if we take the framing w =
(1,0,...,0) instead of zero.
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Consider now the Jordan quiver, namely the quiver with only one vertex with

an edge loop. If we take (v,w) = (n,0) as dimension vector and A = 0, we have
pH0) = {(X,Y) € gl, x gl, | [X,Y] =0},

the commuting variety. This scheme is known to be irreducible (cf. [Ri]), but
whether it is reduced is a long standing open question. The linear group GL,, acts
on p~1(0) by the adjoint action and we have the double analogue of the Chevalley
restriction theorem

CluH(0)]¢"» —=C[C" x C"]*»,

induced by embedding couples of diagonal matrices. Hence, we have the isomorphism
of algebraic varieties M{(n,0) = C" x C"/%,,. One can prove that this isomorphism
still holds when we take w = 1 instead of zero as a framing vector (see [Gi, section
5.6]).

C

)
X CC”D Y

Consider the stability condition # = 1. Then, Proposition 2.3.4 and [Na2, Theorem

1.14] yield the following:

Theorem 2.3.10. There is an isomorphism of algebraic varieties M§(n, 1) = Hilb™(C?).
The canonical map 7 : M§(n,1) — M(n, 1) is a resolution of singularities and co-

incide with the Hilbert-Chow morphism.

We also have the combined version of these two cases. Namely, if () and [" are as
in Theorem 2.3.9, w = (1,0,...,0) and T';, = ¥, I" denotes the wreath product, we

have the following:

>~

Theorem 2.3.11. There is an isomorphism of algebraic varieties MY(nd, w)
C?/T',. Moreover, for generic values of 0, we have MY(nd, w) = Hilbn(@f)
and the canonical map m : M§(nd,w) — MY(nd,w) coincides with the resolution
Hilb" (C?/T) — C>/T,.

2.3.4 LMN isomorphisms

A modification of reflection functors introduced in section 2.2.1 gives rise to iso-
morphisms of quiver varieties. This was first conjectured by Nakajima [Nal] and then
proved by Maffei [Maf] who generalised a work of Lusztig [Lu] and Nakajima himself

[Nad4]. In [BL], such isomorphisms are therefore called LMIN isomorphisms.
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Consider a quiver (), dimension vectors v,w € Z!, deformation parameter A\ € C!
and stability condition § € Z!. Define a dot action of the Weyl group W(Q) on the
dimension vector by

og-(v,w)=(o(v—w)+w,w), (2.3.3)

where o(v) is defined in section 2.2.1. W(Q) also acts on A and € by the dual action:
(Si)\)j = )‘j — Cij)\i and (sﬂ)j = Qj - Cijei . (234)

Let ¢ € I be a source for () (we can always assume that thanks to Remark 2.3.8) and
assume that either \; # 0 or 6; > 0.

Theorem 2.3.12. ([Maf, Theorem 26]) Under the assumptions above, we have the

isomorphism of algebraic varieties
¢;\Z : Mg(V,W) ;Mzii(sz ' (V,W)) :

Notice that it is enough to assume (\;,0;) # (0,0) because, if A; = 0 and §; < 0,

we can construct the LMN isomorphism for s;0 > 0, instead.

Remark 2.3.13. The assumptions we make differ from the original ones in [Maf].

We follow the description given in [BL, section 2.1.3].

2.4 Quantisation

2.4.1 Generalities and motivating examples

Let A be an associative non-negatively increasingly filtered algebra A =, ,~q Am
and let grA = P,,~g Am/Am—1 be its associated graded algebra. Suppose that grA
is commutative and let d > 1 the maximal integer such that [A,,, A,] C Ayin_g, for
all m and n. An easy calculation shows that gr A is canonically Poisson with bracket
given by

{grma, gr,b} = gr,, ., _q(ab— ba),
forae A, and b € A,,.

Definition 2.4.1. Let B be a graded Poisson algebra with Poisson bracket of degree
—d, for some d > 1. A (filtered) quantisation of B is an associative filtered algebra
A such that gr A = B is an isomorphism of Poisson algebras.

If B is the ring of regular functions of a Poisson variety X, we also say that A is a

quantisation of (or quantises) X.
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Remark 2.4.2. More generally, one could define a (deformation) quantisation as a

one-parameter deformation A, = (B][Ah]], *) such that
axb=ab mod h  and a*b—bxa=h{a,b} mod h?,

for a,b € B (h is a formal parameter).
In what follows, we will only deal with filtered quantisations. For more on deformation

quantisation, see [Ko2, Ko3, Ye].

The most basic example of quantisation is given by the universal enveloping al-
gebra U, of a complex semisimple Lie algebra g. This is an associative filtered algebra

by assigning degree 1 to the elements of g, so that
Ug)m =(x1-...-zj|x,...,x; €8, j<m).
The symmetric algebra Sym g is Poisson with bracket of degree —1 given by

{951"'$m,y1"'?/n}:Z[xi,yj]l’l"'ii“'iﬁ'myl"'ﬂj‘“yn,
0]

and the natural surjection Symg — grif; is an isomorphism by the PBW theorem.
One checks this is Poisson, so the enveloping algebra is a quantisation of g (via
Symg = C[g*] and g = g*), viewed as an affine variety.

Fix now a Cartan subalgebra t C g, let W be the Weyl group and 3(U,) the centre of
the enveloping algebra. For a character A € 3(U,)*, we can form the central reduction
(Uy)x = Uy/(Ker \) Uy. Note that this algebra inherits the filtration from U, and its
associated graded equals Sym g/(Sym g)% (where (Sym g)% denotes the augmentation
ideal), because 3(Symg) = (Sym g)? and (Symg), = C.

Proposition 2.4.3. (Uy), is a quantisation of the nilpotent cone N of g.

Proof. It is enough to show that Sym g/(Sym g)§ = C[N]. Under the Harish-Chandra
isomorphism (Sym g)? = C[t*]" the augmentation ideal (Symg)} is sent to C[t*]Y,

the ideal defining zero in t* = t. Thus, (Sym g)} Sym g is the defining ideal of
{reg|Gznt=0},

the elements of g (= g*) with zero semisimple part. This coincides with A and we

are done. O
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Another classic example of quantisation is the Weyl algebra

Ay =Clay, o Y1, yn) ) ([, y5] = 645, [, 2] = 0= [yi,95])

isomorphic to the algebra of global differential operators on C" via y; — —%. Setting
x; and y; in degree 1 defines a filtration on A,, and the associated graded equals C[C"].
More generally, let (V,w) be a symplectic vector space. Then, the Weyl algebra of
(V,w)

A(V) =TV/(vw —vw — w(v,w))

gives a quantisation of Sym V', a Poisson algebra with bracket {v,w} = w(v,w) of
degree —2.

Further, let G be a finite group of Sp(V'). By definition, G' acts on V' preserving the
symplectic form and hence each g € G gives rise to a Poisson automorphism of V.
The induced filtration on the G-invariants A(V )¢ yields a quantisation of the orbifold
V*/G via

gr (A(V)G) =~ Sym (VG) = C[V*Y//G].

Remark 2.4.4. Notice that A(V)¢ is nothing but the spherical symplectic reflection
algebra eH, .(G)e, with parameter (¢,c) = (1,0). One can prove that, by taking all
possible values of ¢, eH;(G)e gives a universal family of quantisations of V*//G,
namely any quantisation of such an orbifold arises as the spherical symplectic reflec-
tion algebra with some deformation parameter (cf. [EG, Theorem 2.16]). It turns
out that many interesting Poisson varieties (such as a rich class of quiver varieties)
are isomorphic to orbifolds of the type V*//G and admit quantisations via different
constructions, which, by the above, get identified with the corresponding spherical
symplectic reflection algebra. This yields, for example, some results that we will need

in the next chapter, such as Theorem 2.4.10 and Proposition 3.3.4 (see [Lo]).

We can also work locally. Namely, consider Dy, the sheaf of differential operators
on a smooth variety X, generated by the structure sheaf Ox and the tangent sheaf

Tx inside Endc, (Ox). It is filtered recursively by
(Dx)m ={P € Endc, (Ox) | [P, f] € (Dx)m-1, Vf € Ox}, if m >0,
and (Dx)., = 0, if m < 0, and we have
grDx = p,Op«x = Sym Tx,

where p : T*X — X is the natural projection. Hence, differential operators on a

smooth variety X quantise the cotangent bundle 7*X. Note that this remains true if
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we replace Dx by D, , the sheaf of differential operators twisted by some line bundle
L on X, obtained by replacing Ox with £ in the definition. We denote by D x-mod
(resp. D,-mod) the category of coherent Dy-modules (resp. D -modules), namely
the modules equipped with a complete separated filtration (good filtration) such that

the corresponding associated graded is a coherent O x-module.

We now state the celebrated Beilinson-Bernstein localisation theorem (cf. [BB1,
BB2]).
Let g D t be as before, R* the set of positive roots of g and p be half the sum of
all positive roots. Denote by B := /B the flag variety. For A € t*, we have a line
bundle £, on B, and we set Dy := Dy, .

Theorem 2.4.5 (Beilinson-Bernstein).  (7) The algebra of global sections I'(B, D))
equals the central reduction (Uy) and we have H*(B, Dy) = 0, for k > 0.

(1t) The global section functor I'y : Dy-mod — (Uy)x-mod is an equivalence if
<)\ + p, OZV> ¢ Zgo, Va € RT.

(11i) The derived functor Ry : D (Dy-mod) — D ((Uy)r-mod) is an equivalence if
(A+p,a¥) #0,Va € RT.

By the discussion above, this statement can be interpreted as a quantised version
of the Springer resolution p : T*B — N. Given a symplectic resolution, it makes
therefore sense to try to understand when this can be quantised and give rise to a

localisation result analogous to the Beilinson-Bernstein theorem.

2.4.2 Quantum Hamiltonian reduction

There is a standard procedure to quantise Poisson varieties obtained as Hamilto-
nian reductions.
Let D be an associative algebra acted on by an algebraic group G by algebra auto-
morphisms. Consider Uy, the enveloping algebra of the Lie algebra of G' and let
p Uy — D be a G-equivariant algebra homomorphism such that the adjoint action
adz : a— p(x)a—ap(z), a € D, equals the differential of the G-action. Then, Dp(g)

is a G-stable left ideal in D and we have

(D/Dp(g))” = D/ (Dp(g))" ,

if D is semisimple as a G-module. Although Dp(g) is only a left ideal, the ring of
invariants (Dp(g))¢ is a two-sided ideal in D% and (D/Dp(g))“ acquires a well-defined
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associative algebra structure by multiplication in D. Moreover, it is not hard to see

that the right action of (D/Dp(g))¢ on D/Dp(g) induces an algebra isomorphism
(D/Dp(g)) = Endp, (D/Dp(g))” - (2.4.1)

Let M be a D-module equipped with a G-action such that the module map D® M —
M is G-equivariant and M is semisimple as a G-module. If the differential of the
G-action is induced by p and the D-action (in this case, we say that M is a (G, p)-

equivariant D-module), we have
M€ = MP9 = Homp (D/Dp(g), M) .
Hence, M€ acquires the structure of (D/Dp(g))®-module via (2.4.1) and the tauto-

logical right action of Endp (D/Dp(g)) on D/Dp(g).

Definition 2.4.6. The algebra
A(D, G, p) := (D/Dpl(g))”

is called quantum Hamiltonian reduction.
Let (D, G, p)-Mod be the category of (G, p)-equivariant D-modules. The functor
defined by

H: (D,G,p)-Mod — A(D, G, p)-Mod,  H(M) = M®

is called quantum Hamiltonian reduction functor.

The reason for such a definition becomes clear in the case when D = D(X) is the
algebra of differential operators on a smooth affine variety X, G is a reductive group
acting on X (and thus on D(X)) and p = & is the quantum comoment map, namely
the extension to U of the Lie morphism ¢ : g — Vect X induced by the infinitesimal
action. Note that (D(X)/D(X) ®(g))® = D(X)%/(D(X) ®(g))¢ is filtered by order
of the differential operators. By [Ho, Proposition 2.4], if the moment map u : T*X —

g* is flat, there is an isomorphism

gr (D(X)/D(X) ®(g)) = gr D(X) 1" (g)

and hence grA(D(X),G,®) = C[u1(0)]¢. Given X € 3(g)*, we can also consider
P, := @ — (), —) instead of ®, which still gives a quantisation of u=*(0)//G, because
groy = p*.
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We now apply this construction to Nakajima quiver varieties. In the notation of the

previous section, we define the quantum Hamiltonian reduction

A\ (v, w) := A (D (Rep(Quo, v, W)) , Gy, Py) =
(D (Rep(Qoo, v, W)) /D (Rep(Qoc, v, W)) {®(2) — (A, z)| = € gl })™

and, for (A, ) generic, its sheaf-theoretic version

Al (v, w) = (DRep(Qm,v,w) / Ditep(@oervon {8(2) = (A2 7 € 0} |1 men i vy )GV.
(2.4.2)
In general, one has to consider this sheaf as a microlocalisation of the former algebra,
namely a sheaf of formal series with respect to an extra parameter % (see [KR]| for
the definition). Taking C*-invariants, however, yields an equivalence of good mod-
ules for the microlocal sheaf and coherent A5 (v, w)-modules, analogously to [KR,
section 2.3.3]. Notice that while Kashiwara and Rouquier work with holomorphic
functions, this result is still true in the algebraic setting, as explained at the end of
section 3.3 in [Lo|. Thus, we can consider (2.4.2) as a sheaf on the cotangent bundle
T*Rep(Quo, v, W) (restricted to the #-semistable locus) with the conical topology,
where the opens are the Zariski opens that are stable for the C*-action. As before,

we denote by A (v, w)-mod the category of coherent A (v, w)-modules.

We want to restrict ourselves to the case when the underlying graph of the quiver
@ is of affine Dynkin type, v = nd, for some n € Z-o and w = (1,0...,0). We
have seen in the previous section that many interesting Poisson varieties arise in this
setting. Moreover, in such cases, the corresponding Nakajima quiver variety enjoys

some favourable properties.
Proposition 2.4.7. Under the assumptions above, we have:
(i) The moment map p : Rep(Quo, v, W) — gy is flat.

(ii) If (\,0) € C! x Z! is generic, the canonical morphism 7 : MS(v,w) —

MO (v, w) is a resolution of singularities.

Proof. (i) Since we have p(a) = 0, for all real roots «, and p(md) = 1, for m € Z,
the right-hand side of (2.3.2) is maximised when v() = §, for all 1 < i < k, and
0 = myd, for some mg > 0. In such a case, that quantity is equal to k + 1 + v(()o) =
k+14mg < n+1. Since the left-hand side equals n+ 1, the claim follows by Theorem
2.3.2.

(i) is proved in [BL, Proposition 2.3]. O

v
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By Proposition 2.4.7 and Theorem 2.1.4, the isomorphism gr A§ (v, w) = O M (v,w)

implies
gr Ay (v, w) = CIMp(v, w)] = CIM(v, w)] = gr I'(AS (v, w)) (2.4.3)

and H'(A§(v,w)) =0, Vi > 0. (2.4.3) also yields (v, w) = I'(A{(v,w)) and, in

particular, the ring of global sections of A§ (v, w) does not depend on 6.

Remark 2.4.8. (i) Proposition 2.4.7 holds also under some less restrictive assump-
tions on () and the dimension vector. Namely, it suffices that () is of finite or
affine type and that v := Y., wiw; — v;a; is a dominant weight for g(@), the
(finite or affine) Lie algebra associated to the graph of @), where w; denote the

fundamental weights and «; are the real roots.

ii) Notice that the sheaf isomorphism gr A% (v, w) = O, is always true, while
A ME(v,w)

the global analogue gr 2l (v, w) = C[M}(v,w)] is false in general.

2.4.3 Localisation

Under our assumptions, there is a derived localisation theorem, due to McGerty
and Nevins, cf. [MN1, Theorem 1.1] (see also [BPW, Theorem A]).

Theorem 2.4.9. The derived functor
RIY : D (A} (v, w)-mod) — D (A,(v, w)-mod) (2.4.4)

is an exact equivalence of bounded derived categories if and only if Ax(v, w) has finite
global dimension. In such a case, the quasi-inverse is the localisation functor given
by the left derived tensor LLoc4 := A§ (v, w) By (

v,w) -

The abelian version of this localisation result has also been studied in [MN2], by
proving a vanishing theorem for the quantum Hamiltonian reduction functor, under a
combinatorial assumption on the deformation parameter \ (see also [BPW, Corollary

B.1]). For our purposes, however, we will only deal with the derived localisation.

We finally have the analogue of statement (i) in Theorem 2.4.5.
Let T' be the finite subgroup of SLs(C) corresponding to @ via McKay corres-
pondence (see section 2.3.3), po, . . ., pr—1 its irreducible representations, and consider
[, := X0, Asin the cyclotomic case (section 1.4.1), we have two types of conjugacy

classes of symplectic reflections:
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(1) the elements of the form sl-j%’yj’l, for 1 < i,j < n, where s;; € %, is the

transposition swapping ¢ and 7, and v € I';
(2) the elements v;, for 1 <i¢ <n,and vy € I'\ {1}.

Thus, we can view the deformation parameter for the symplectic reflection algebra
Hiyo(I'y) as atriple (¢, k, ¢), where ¢ is the quantum parameter, k € C corresponds to
the unique conjugacy class of type (1) and ¢ (corresponding to type (2)) is a conjugacy
class invariant function from I'\ {1} to C, viewed as the central element in the group

algebra CI[I']
c= Y c()., c(yp)eC.

yel\{1}
In this notation, the symplectic reflection algebra Hyy (I',) is defined as the quotient
of TL®"#C[I',] by the relations

[l'i?xj]zoa [yzay]]207 iajzlv"w,rL)

[ylaxl]:t_kzzsl]’yl’y;l_Q Z C<7)727 7;:17"'77/”7

J#i y€r yel'\{1}

[yzax]] = kZW(’Vyu%)SzJ%’YJ_I ’ 7’7] - ]-7 SR I { ?é j7
vyer

where (L,w) is a two-dimensional symplectic vector space, with a fixed basis {z,y}
such that w(x,y) = 1.

Introduce the following vectors:

0={0)icr e 2!, 8 := n( s+ Y 5@)) , (2.4.5)

YEE: s(v)=1
p={pitier € C" = tr,(—2c) +6;/|T,
A={Ntiesr €C' Noi=po— O+ EIT|, N:=p —0;, VielI\{0}.
Finally, recall the spherical subalgebra eHy y c(I's)e, where e = 1/|I',| > 1. 9.

Theorem 2.4.10. With the settings above, there is an isomorphism of filtered algebras
e (v, W) —=eHy(Iy)e.
Its associated graded gives rise to an isomorphism of Poisson algebras

gt Hpe : Clu=1(0)]% —==C[L®"]'" .
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Note that this theorem is the quantum analogue of Theorem 2.3.11. The proof has
several authors. Holland [Ho] first proved the case n = 1 (where symplectic reflection
algebras coincide with deformed preprojective algebras). The general case was then
conjectured (in a slightly different way) in [EG], where it is also proved for I' = {1}
and generic deformation parameter. The complete proof in this case is given in [GG].
When I' = py is the cyclic group, Oblomkov [Ob] defined the map and Gordon [Gol]
proved the isomorphism. In [EGGO], it is proved for @) a bi-partitive quiver, which
includes all the cases except when it is of type Aoy Finally, Losev [Lo| gave another

proof using different techniques based on canonical quantisations (see Remark 2.4.4).

Remark 2.4.11. Unlike quiver varieties (see Remark 2.3.8), the sheaf A4 (v, w) and
the algebra 2(,(v,w) depend on the orientation of the quiver; changing orientation
produces a shift of A by an integral parameter. This is the reason why we have to
subtract the vector 0 in the definition of A (2.4.5). There is a way to avoid this
dependence, that is to consider a symmetrised quantum comoment map ®*¥™ (which
is independent of the orientation) instead of the usual comoment map ®. This is the

choice made in [Lo] (compare the parameters (2.4.5) with [Lo, (6.2)]).

2.4.4 Quantum reflection functors

We end this section with a construction that will turn useful for us in the next
chapter.
We now drop the assumptions on ), v and w. Recall that reflection functors (sec-
tion 2.2.1) give rise to the LMN isomorphisms ¢2 : M4 (v, w) —== M (o - (v, w))
(Theorem 2.3.12). In [Lo, section 6.4], and in [BL, section 2.2.4], these are quantised
and give rise to sheaf isomorphisms between quantisations. They do not intertwine
the quantum comoment map and send ®, to ®,,,. Here, o e X\ is a dot-action,
which differs from the usual action by a shift by a character p(v,w) € Z! (which de-
pends on the orientation of Q), such that ®(z) — & (z) = (p(v,w), x) (see Remark
2.4.11). p(v,w) is computed in [BL] and it equals minus half the character of g, on
AP Rep(Qoo, v, w). We have

1
p(v,w); = —§< Z Vs(y) — Z Vg(y) — wi) (2.4.6)
YEE:t(y)=1 YyEE: s(y)=1
and cgeX=c(A—p(v,w))+p(o-(v,w)).

Hence, we have the following theorem [BL, section 2.2.4] (see also [BPW, Proposition
3.10]).
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Theorem 2.4.12. Let (A, 0) be generic and o € W(Q). We have an isomorphism
AN (v, w) 22 A7 (0 (v, w))

quantising the LMN isomorphism M{(v,w) = M3 (o - (v, w)).

Corollary 2.4.13. Let Q be of affine Dynkin type, v € N! be any dimension vector
and set w = (1,0,...,0). Let eHyyc(I'n)e as in Theorem 2.4.10, then there exists
A\ € C! such that

F(.A?\(V,W)) =eH pc(In)e.

Proof. 1t is easy to see that, in the notation of Remark 2.4.8, for all n € N, wy —
> ics Ny is a dominant weight for g(@). Thus, by [Ka2, Corollary 10.1], wo—) .., viy
is in the same W (Q)-orbit (for the dot-action (2.3.3)) as wo—) _,; nay, for some n € N,
and let o € W(Q) be such that (v,w) = o - (nd,w). By Theorems 2.4.10 and 2.4.12,
we have

eHy pe(Ty)e 2 T(AT0, (06, w)) = T (A4 (v, w))
and we are done. O

Nakajima [Nal] defined an action of g(Q) on @@, Huia(M§(v,w)), where w is
fixed and H,;q denotes the middle homology group. This way, this space becomes an
irreducible integrable g(@Q)-module of highest weight w. By quantising this action,
one could use Corollary 2.4.13, to study the representation theory of the corresponding

spherical symplectic reflection algebra via categorical techniques.

2.5 The cyclotomic case

Defining the deformed Harish-Chandra homomorphism, the map $), . in Theorem
2.4.10, and proving that this gives a filtered isomorphism is quite complicated in the
general case. In particular, the proof in [EGGO] relies on a technical result about
the commutativity of a certain diagram ([EGGO, Theorem 1.6.1]), while in [Lo], the
isomorphism is proved without specifying what the map is. In the cyclotomic case,
however, the situation simplifies remarkably because of the Dunkl embedding, which
provides a direct link between the spherical symplectic reflection algebra (a rational
Cherednik algebra in this case) and invariant differential operators.

In this last section, we review the strategy of the proof of Theorem 2.4.10 in this case
and we use it to illustrate how Corollary 2.4.13 is quite a subtle statement. Along

the way, we give a generalisation of the main result of [Ga].
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2.5.1 Restriction theorem for the cyclic quiver

Let @ be the cyclic quiver with ¢ vertices and cyclic orientation, where ¢ is an
integer greater than 1, and let v = (vp,...,v,_1) € N’ be a dimension vector for @
(we consider the indices as elements of Z/¢Z, so that v, is identified with vy). Our
first goal is to find a slice in Rep(Q, v) for the action of Gy.

Let n := min {vp,...,v,—1} and assume, without loss of generality, n = vy. Recall
h& C h = C" from section 1.2.1, the affine open subset of C" on which I'), = ¥,
acts freely. It is given by

b8 = {(z1,...,2,) € (C)"| @i # "y, Vi#£j,Vme L}, (2.5.1)

where ¢ denotes a primitive ¢-th root of unity. We embed h™¢ into Rep(Q,v) in the

following way

p:hee — Rep(Q, V) (2.5.2)
(Z’l,...,.Tn) — (KO,...,XK_I),

where X is the v;41 X v; matrix with the largest possible square block having 1, ..., z,

and 1’s on the diagonal and 0’s elsewhere, as shown below

diag(:ﬂb---,ﬂ?n) O O O
0 diag(1,...,1) 0O 0
diag(xy,...,z,) 0
diag(zy,...,2,) - 0 0 diag(1 1)
| : or g )
: : 0 0
0 -+ diag(1,...,1) ;
0 0

Note that ¢ is injective as n is the minimum of the components of the dimension
vector.
Call S the image of this mapping; we claim that this set is a slice for the Gy-action.
More precisely, let T := Zg (S) = {9 € Gv| g.x = x, Yo € S} the stabiliser of S
and consider the following G -equivariant morphism
vy i Gy /T x h® — Rep(Q, V)
(9T, z)  —  g.p(z)

We have the following lemma.
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Lemma 2.5.1. 7, is an étale mapping with covering group T',.

Proof. Since the action of T',, on h* and therefore on Gy /T x h™8 is free, if suffices
to show that the image Rep(Q, v)™® := (G /T x h*#) is open in Rep(Q, v) and that

we have an isomorphism
Gv/T Xr, b ——Rep(Q,v)"™ .

Let’s start with the latter. As in the proof of [Gol, Lemma 2.4], the key point is to
prove that there is an isomorphism I'), = Ng (S)/Zq,(S), where Ng, (S) = {g €
G| g.§ = S} is the normaliser of S in G. Unlike in [Gol|, however, in the general
case we do not have a nice description of T', which, for example, may well not sit in

the diagonal subgroup of Gy. Suppose g.p(z) = ¢(y), for some z,y € h™8, so that
(m&ogo_l, e agole_1gg:11) = (XOa cee 7X£_1) .
Multiplying all the components on both sides of this equality, we obtain
gidiag(z1,...,2,,0,...,0) g = diag(y1, ..., ¥n,0,...,0)", VO<i<l—1,

the length of the sequence of 0’s being equal to v; — n. This implies that g; has
two blocks, one of size n and the other one of size v; — n. Call them ¢g; and g;,
respectively. Since diag(zy,...,7,)" and diag(y,...,y,)" are regular semisimple in
C", we must have §; € Ngi, (c)(H) = H.X,, where H is the diagonal subgroup of
GL,(C). So, there exist o € ¥, and h; € H, such that g; = h;o, for all 1 < i < mn,
and xﬁ,l(r) = y¢, for all 1 < r < n, which implies To-1(p) = ¢y, for some m, € Z.
As g;1X,9; " = Y,, we obtain g, diag(xy,...,2,)3; ' = diag(y1,...,y,) and hence
diag(y, - . -, Yn) = hip1h; 'diag((™yy, ..., (™ y,). Since y, # 0, V1 < 7 < n, we have
hit1 = diag(¢™, ..., ("™ )h; for all i.

Now, if t = (to,...,ts—1) € T = Zg,(S), there exists h € H such that each ¢; has two
blocks, the first one being equal to A and the second one depending on i. Call the

latter ¢;. For all i, we have one of the following conditions (depending on the size of
t;)

1 0 0 0 1 0 0 0
G [0 -0 0 e = s s ]
0 1 0 0 0 1 0 0
1 0 1 0
_ _ _ 0 11— 0 1
liy1 = t; or Liv1 0 0 t = 0 0
0 0 0 0
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If we consider the blocks g; of elements of Ng, (S), they must satisfy the same con-
ditions of ¢;. This means that any element of the group Ng (S)/Zq,(S) has the
form

gT = (o, diag(¢™, ..., (™o, ..., diag(¢™,...,.¢"™) o) T

and we have the isomorphism

I — Na(S)/Za(S)
o(s™,...,s™) = (o, diag(¢™, ..., ("o, diag(¢™, .., (™) ) T

Therefore, if 7, (g7, z) = 7y (hT,y), then (b g)p(z) = p(y) and h™lg € Ng,(S),

which implies that 7, factors through the following isomorphism
Gv/T Xr, b ——Rep(Q, v)"™ .

We must now show that Rep(Q, v)™# is open in Rep(Q, v). In [Kal], it is shown that,
given a quiver, a dimension vector « has canonical decomposition o = ) f; if and
only if each f; is a Schur root and Ext(/3;, 3;) vanishes generically. In the case of the
cyclic quiver it follows by a direct computation that the canonical decomposition of

the dimension vector v = (n,vy,...,v,_1) is given by

V=0+...+0+1+...+%,

n

where § = (1,...,1) and ~; are of the form (0,...,0,1,...,1,0,...,0) with the string
of 1’s being the longest possible. Call U the open subset of Rep(Q, v) consisting of
representations whose decomposition in indecomposable components is canonical, so
that X € U if and only if

X=X10..0X,0Y1®...0Y,, dmX;=4¢, dmY, =7;.

Then let O be the subset of representations of U such that X; is simpleforall1 < <n
and dim End(X; & ... ® X,,) = n. Consider the continuous function

f:Rep(Q,0) —— C
(/\07...,)\g_1) — )\0"')\g_1.

Since the open set f~!(C*) consists of the simple representations of dimension vector
0, the subset V' of U consisting of representations whose components X; are simple is
open. Now, consider the closed subvariety of € Mat,, ,,(C) x U

{(6,X) | p € End( X1 ® ... X,)}
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and its projection onto U. The fibre of such projection over a representation X is
precisely End(X; &...® X,,) and the mapping U — N, X — dimEnd(X; &...® X,,)
is upper semi-continuous by Chevalley’s theorem (the fact that the projection is not
proper does not create problems as we can embed @ Mat,, ,(C) into its projective
space). This tells us that the set

W:={XeU|dmEnd(X;®...®X,) =n}

is open. As we have O =V NI, O is open in U and hence in Rep(Q, v).

Now we show that Rep(Q,v)"™® is included in O. Every element in Rep(Q, v)"™® is
isomorphic to a representation of the form ¢(x) = (K T, § 571) which decomposes
as the sum X; @ ... 0 X, &Y, ® ... @Y, where each X, has dimension vector
and is of the form (z;,...,z;) and Y; has dimension vector 7; and is of the form
(0,...,0,1,...,1,0,...,0). First of all, this implies the inclusion Rep(Q,v)™¢ C U.
Then, we observe that, since x; # 0, for all 7, each X; must be simple. Finally, every
X, is clearly isomorphic to a representation of the form (1, ooy 1 :cf), therefore, the
condition z¢ # yf, for i # j, implies dim End(X; & ... & X,,) = n.

Now, if X € O, we have X = X; & ... 0 X, @Y, ® ... ®Y,. The hypothesis of
simplicity forces X; to be isomorphic to (1,...,1,1;) with v; # 0, while the fact
that dimEnd(X; @ ... ® X,,) = n implies v; # v; for i # j. Therefore, we have
X; & (ni,...,m:), where n; is a ¢-th root of v;. Finally, being of dimension vector
75, each Y; must be of the form (0,...,@”,...,Mg.’“j),o,...,o), ,u§-k) # 0, which
is clearly isomorphic to the representation (0,...,0,1,...,1,0,...,0). Putting the
pieces together, we obtain X = ¢(x), where z = (1y,...,7n,). Hence O C Rep(Q, v)"®

and the proof is complete. O
Recall the moment map
f:Rep(Q,v) —— g" =g

(X,Y) — (X, Y].

The following theorem, which is a particular case of Theorem 2.3.11, is due to Crawley-

Boevey.

Theorem 2.5.2. Let ~1(0) be the scheme-theoretic fibre of u over zero. We have
an isomorphism C[u=1(0)]% = C[h @ b*]I™.
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Proof. Let A\ € C’ such that \-v = Ef;é Av; = 0, viewed inside g, as a multiple of
the identity, and define the symplectic reduction

N V) =ut(N) /)Gy .

Write v =nd+ (v —n)ay+. ..+ (v—1 —n)ay_1, with 6 the minimal positive imaginary
root and «; the real roots given by coordinate vectors. [CB2, Theorem 1.1] gives a
description of the structure of N (A, v) which, because of [CB2, Proposition 1.2 (1)],

reduces to the following isomorphism for A = 0
N(0,v) = S"N(0,9) .

By [CBH, Theorem 8.10], N(0,4) is the Klenian singularity of type A,_; and we

obtain the desired isomorphism. O]

A straightforward consequence of Lemma 2.5.1 and Theorem 2.5.2 is the Chevalley
restriction theorem for representations of the cyclic quiver with arbitrary dimension
vector and its double analogue. The equidimensional case was treated by Gan [Ga]
and we give the same proof.

As seen in the proof of Lemma 2.5.1, we can embed I',, into Gy, by composition of
T, < [[Zs GL,

<O-’ Sml’ T 7Smn) — (U’ diag(gmly R gmn)0.7 e 7diag<<’m17 e 7cmn)€—10_) )

where o € Y, is regarded as a permutation matrix in GL,,, and

—1
HGLTL(_>GV7 (g()a"'agf—l)'—)(gAOa"ng—l)a
i=0
where g; is a block diagonal matrix with g; and diag(1,...,1) as blocks of size n and

v; — n, respectively. We can also embed b into Rep(Q, v) naturally extending ¢ in
(2.5.2) and call its image S. Note that S is stable for the action of I',, (which is, in

fact, the same as the action of I', on b).

Theorem 2.5.3. (1) The restriction map from the space of functions on Rep(Q, v)

to the space of functions on S produces an isomorphism

p: C[Rep(Q, V)] ——=C[S]™ .

(2) The restriction map from the space of functions on p~'(0) C Rep(@, v) to the

space of functions on S X § produces an isomorphism

¢: Clp™(0)] —=C[S x §]™ .
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Proof. (1) Let (Xo,...,X,_1) € Rep(Q,v) and let p be the characteristic polyno-

mial of the n x n matrix X,_;---Xy. This is clearly G-invariant and its coef-

ficients restrict to the elementary symmetric polynomials in zf,. .., z¢, where
o(z1,...,1,) €S. Such polynomials generate C[S]'™ and hence p is surjective.

Let now f be a regular Gy-invariant function on Rep(Q, v) that equals zero when
restricted to S. By Lemma 2.5.1, f is zero when restricted also to Rep(Q, v)™®
which is a Zariski dense in Rep(Q, v). It follows that f is identically zero and

p 1s injective.

(2) The proof of the double case follows immediately from Theorem 2.5.2.

2.5.2 The radial part map

We now restrict ourselves to the case v = nd.
Given k € C and ¢ = (cy,...,ci_1) € C1, recall the cyclotomic rational Cherednik
algebra Hy . = Hy ;c(I',) defined in 1.4.1. In this case, the Dunkl embedding (section
1.2.1) Oy : Hpe — D(h™8)#I, is given by

Tit— X, yz|—>Dz, S; — S;, izl,...,n,
where
o -1 1 /-1 c
D, = k ——— (s;:8Ms ™ —1) — 2 M (g™ ) .

Via the Dunkl embedding, the spherical subalgebra eHj ce is sent to the algebra of
I',-invariant differential operators D(h™&)™. We put @Zf’ Ch = Oh.clet, ce-

Introduce the following complex values

/—1 /-1
Co =101 <1—E+2Zcm>, Ci=0"! <1+22g’mcm>, fori=1,...,0—1,
m=1 m=1

(2.5.3)
-1 i
a:zé_lszj and ri::ZCj+a, fore=1,...,0—1.
j=0 Jj=0

Define the character A. : gy — C, which sends an element g = (go,...,90-1) € v
to Ac(g) = Z?;é Cjtrg;. Ac is actually a character of pg, := Lie PGy, as we have
Zﬁ;é C; = 0. We also define A, € gi by Ap(g) :== —ktrgo and put A\pc := A\p + Ac.
Let

Wii= (- y) " Colyts - u]
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where C(o)[yi", ..., y"] is the space of Laurent polynomials of degree 0 in the vari-
ables y1,...,y,. This is a gy-module with gy-action given by the projection on the
first factor and the natural action gl, — gl(W}), E;; — aiyj. We can also consider
the \g-twisted version Wy := W] ® \g, which is a pg,-module since the identity acts

as zero on Wp,. Define the space

—1
Fun' = {fHdet(Xi)”
i=0

f is rational on Rep(Q, v)™®, regular on S } )

A simple computation shows that Funy := (Fun’' ® Wk)pgv is a space of Wp-valued,
Ae-semi-invariants functions, defined on a neighbourhood of §. Their restriction to &
takes values in the 1-dimensional zero-weight space of W), and we can therefore regard
Funy . as a space of scalar functions defined on §. Lemma 2.5.1 implies, in fact, that,
for a generic element X € Rep(Q, v), there exist a unique (up to I',-action) element
x € b8 and g € PGy, such that g.X = p(x) € S. Hence, by semi-invariance, every
f € Funy is determined by its restriction to S and every I',-invariant function on
b8 is the restriction of some function in Fungc. In other words, the restriction to
S gives a C[h™8]""-module isomorphism Funy . = C[h™8|'». Thus, it is possible to

define the mapping

Rie: D(Rep(Q,v))P* — D(h™8)tn (2.5.4)
D — %hC(D),

where Ry, o(D)(f) := D (f) |S7 with f € Funy the function such that ﬂs = f. Let
0 = HlSKan (xf — x?), or := [\, z; and 0y := 6*716f. The twisted version of
Ric by Op.c

%ZMC(D) = 0pc 0 Rpe(D) 0 5,;i

is called the radial part map. The main result of Oblomkov [Ob] is the following.

Theorem 2.5.4. The images of the Dunkl embedding @Zlfch and of the radial part map

R, coincide in D(h8)" .

We now move from @) to the framed quiver (o, with framing vector w = (1,0,...,0).
Define X to be the quotient of the open subvariety U := {(X,1) € Rep(Qoo, v, W) | 1 #
0} by the action of C*. Hence, we have X = Rep(Q,v) x P"! and the restriction
of the Gy-action on Rep(Qw, v, W) to U descends to an action of PG, on X. De-
note by Dy the sheaf of differential operators on X twisted by A;. Namely, if

® denotes the quantum comoment map of the Gy-action on U, we have Dy =
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(Dy /Dy (® — M\ )(CId))C". It is not difficult to see that this yields an isomorphism
of algebras (cf. [Gol, Lemma 4.2])

D(Rep(@oc, v, W) ol Dr () s
D(Rep(Que, v W))(® — M) (1) Dex(®) (@ — o) b)) 7

where @y, : pg, — Dx is the twisted comoment map induced by the action of PG,

on X. Gordon [Gol, Theorem 3.13] proves that the radial part map 9{}?"@ factors
through the right-hand side of (2.5.5) and its kernel equals the ideal generated by
(P — Ae) (pgy). Then, via (2.5.5) and setting ¢ 1= (@Z{’f)_l o MR}, we obtain the

following theorem, a particular case of Theorem 2.4.10.

Theorem 2.5.5. There is an isomorphism of filtered algebras

eHj ce.

( D(Rep(@, v, W)) )G”g
D(Rep( Qoo v, W) ( — M) (51)

Remark 2.5.6. Since Lemma 2.5.1 holds for a general dimension vector v € N, it
is possible to define a radial part map analogous to (2.5.4) in the general case. The
same strategy as in the equidimensional case does not yield, however, another proof
of Corollary 2.4.13. This is because y(v,w) 2 I'(A{(v,w)) unless v = nd (see
Remark 2.4.8 (ii)). In fact, using Theorem 2.3.2, one can prove that Proposition 2.4.7
(i) is, in this case, an if and only if, so that, if v # nd, the moment map p is not flat

and 24 (v, w) is not a quantisation of C[u~(0)].
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Chapter 3

Invariants of links

3.1 Homological mirror simmetry

The expression mirror symmetry refers to a phenomenon, observed by physicists
in string theory, which allows two different Calabi-Yau manifolds to give rise to equi-
valent quantum field theories. This remarkable connection between different man-
ifolds remained without a mathematical explanation until 1994, when Kontsevich
formulated a rigorous framework with the attempt to translate mirror symmetry in
mathematical language. His conjecture [Kol], slightly modified in the following years,
asserts that, given two Calabi-Yau manifolds X and Y, X is mirror dual to Y if the
derived category of coherent sheaves of X is equivalent to the derived Fukaya cat-
egory of Y. This statement, today known as homological mirror symmetry, relates
the symplectic structure of Y and the complex (or algebraic) structure of X, which
should therefore give the mathematical counterpart of the so called A and B model
topological string theories.

Although proved for elliptic curves ([PZ]), quartic surfaces ([Se]) and other particular
cases, this conjecture remains far from being solved and even understood in general.
It is not clear, in particular, what definition of the Fukaya category to consider in
order to obtain the desired equivalence.

Despite this unwieldy issue, one of the powerful aspects of homological mirror sym-
metry lies in the possibility, via the heuristics of this equivalence, to make predictions
in derived algebraic geometry, based on observations in symplectic geometry, and

viceversa. One example is given by the following construction.
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3.1.1 Link invariants and Slodowy slices

Let g = sly,, t be the Cartan subalgebra of traceless diagonal matrices and W =
Yo, be the Weyl group. Consider the Slodowy slice S, := e + 3(f), transverse to
the orbit G.e, where e is the nilpotent matrix with two Jordan blocks of size n,
G = SL,, acts by adjunction and e, f,h are an sly triple by the Jacobson-Morozov
theorem. The unordered 2n-tuples of distinct eigenvalues t°9/W are identified with
the configuration space Conf,,(C) and the quotient map g — g/G = t/W restricted
to S, gives rise to a fibre bundle over Confy,(C). Denote by Y, the fibre of this
map at a point t. Let Lg be a link obtained as the plat closure of 3 := b x 1", where
b is an element of the braid group on n strands. We can view Lg as a loop in the
configuration space Conf,,(C) starting at a basepoint ¢; taking monodromy along
this loop yields a symplectic automorphism ¢g. Seidel and Smith [SS] defined the
symplectic Khovanov homology by

Ky (B) = HE™ (L, ¢5L)

Symp

where L is a certain Lagrangian in }, ;, w is the writhe of the braid diagram of 3, and

HF* denotes the Lagrangian Floer cohomology. They prove the following theorem.

Theorem 3.1.1. (/SS, Theorem 1]) K, (B) is an invariant of the isotopy class of
the link Lg.

They also formulated the following remarkable conjecture, now a theorem by the
work of Abouzaid and Smith ([AbSm]), which justifies the notation. Let Kh**(L) be
the Khovanov homology of a link L ([Kh]).

Theorem 3.1.2. We have the isomorphism

Kbl (8) = @D Kh' (Lg) .
i—j=k

In an attempt to shed some light on this (at that time) conjecture, or, more
specifically, try to relate symplectic Khovanov cohomology to the Jones polynomials
so as to give a geometric interpretation thereof, Manolescu [Man] proved that there
is an isomorphism between Y, ; and an open subset of the Hilbert scheme of n points
on the ALE surface. The latter is equipped with a C*-action, which should provide a
second grading supposed to match with the Khovanov homology bigrading. Motivated
by this result and the fact that Lagrangian submanifolds of general fibres can become
holomorphic when passing to the resolution of the central fibre (using symplectic

parallel transport and simultaneous resolution, as explained in [Th]), hence swapping
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complex and symplectic structures, Smith and Thomas conjectured that the mirror
of YV, might be related to such a resolution. This way, replacing Lagrangian Floer
homology with Ext* in the derived category of coherent sheaves on the resolution,
one should be able to obtain a bigraded link invariant in algebro-geometric setting,
coinciding with Khovanov homology.

We review this construction in the following section.

3.2 ALE spaces and braid invariants

3.2.1 The singularity of type A,

Let @ be the cyclic quiver with ¢ vertices and § := (1,...,1) the minimal ima-
ginary root of the corresponding affine Dynkin diagram. Consider the framing with
dimension vector w := (1,0,...,0) and denote by Q) the resulting quiver. The
space of representations of the double Q. coincides with the cotangent bundle of
Rep (Qo0, 0, w) and we have the moment map p : Rep (Q_o07 0, W) — g5 = g5, where
Gs = (CX)‘} and gs = LieGs. From now on, we will only consider this choice of w

and will omit it from the notation.

. (3.2.1)

By Theorem 2.3.9, the affine quotient M§(8) = p~1(0)//Gs is isomorphic to C?/py,
the Klenian singularity of type Ay_1, where py is the cyclic group whose generator s
acts by means of the inclusion s +— diag(e?™/* e=2/¢) € SL,(C). The corresponding
Nakajima quiver variety X := MJY(§) with stability parameter 6 := (—1,...,—1,/—1)
is a minimal resolution 7 : X — C?/u, (we use this choice of stability as we will need
to be consistent with [Ku2]). Let ((a;,b;)1<i<s,i,j) be a representation of Q. as in
picture (3.2.1), and denote by (6, 5) the image of [a;, b;]1<i<, via the isomorphism
= (0)//Gs —=C?/p, (note that the class [a;, b;] is independent of i and j). The
Lagrangian 7! ({d =0} U {l; = O}) has ¢+ 1 irreducible components Cy, . .., Cy such
that Cy, Cy = A and C; 2 P!, for 1 < i < ¢ — 1. Their description in coordinates is
given by

aj:(),bj;é(), for 7 >1
a; #0, b; =0, for j <1

C; = {[ajﬁbj]lﬁjéf } forl<i<¢,
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and Gy = {[a;, bjli<j<e| b; #0}.

ag

Ce

ag—1

Ce1

The C;’s for 1 < i < ¢ — 1 are the irreducible components of the exceptional divisor
of m and form a chain of P's of Dynkin type A, ;. Set .Z := O¢,(—1), a line
bundle supported on C;. For a variety Y (and a finite group W acting on Y'), we will
denote by D(Y') (resp. D(Y)") the bounded (resp. W-equivariant) derived category
of coherent sheaves with compact support on Y. We can regard .Z, as an object of

D(X). Fix n > 1 and set £ = 2n. The X,-linearised external tensor product

LM =%, (ARLR.. KL )= P o (LHRLER.. KL, )
o€

defines an object of D(X)*", where the symmetric group X, acts by permuting the
n copies of X. We call £ Smith-Thomas sheaf. Let Hilb"(X) be the Hilbert
scheme of n points on X, a resolution of singularity of C*"/T,,, where I, denotes
the wreath product X, ¢ pan, and set D, := D (Hilb"(X)). By the derived McKay
correspondence [BKR] and a result of Haiman [Ha|, we have a derived equivalence
D, = D(X)*" and hence Z™ can be viewed as an object of D,,.

3.2.2 Spherical twists

We denote by B, the braid group on ¢ strands, i.e. the group generated by
B1 ..., Be_1, subject to the braid relations

BiBis1Bi = Bix1Bifiy1 for 1 <1 <0 —2, (3.2.2)
BiB; = B;Bi for i —j| > 1 o

Let Y be a smooth projective variety, an object £ € D(Y) is called spherical if it

satisfies

o Ext'(€,€) =

’

0 otherwise

. {(C if i = 0,dim (€)

e £ ®wy =&, where wy is the canonical bundle of Y.
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An A, _;-configuration of spherical objects is a collection of spherical objects
E1y..., &1 € D(Y) such that

P Extt (€ ) {C i =gl =1
k

0 if|i—j|>1"

Seidel and Thomas defined, for a spherical object £ € D(Y'), an autoequivalence Tg €
Aut (D(X)) as Fourier-Mukai transform with kernel the cone of a certain morphism,

which fits in the distinguished triangle

Ext* (€, F) ®c & — F — Te(F),
for F € D(Y'). They proved the following ([SeTh], Theorem 1.2 and 1.3):
Theorem 3.2.1. 1. Tt is an ezact autoequivalence of D(Y').

2. For an Ay_1-configuration of spherical objects &, ...,Ei_1, the spherical twists
Te, satisfy the braid relations (3.2.2).

3. The resulting group action on Aut (D(Y")) is faithful.

3.2.3 A braid invariant cohomology

It is easy to see that Z4,..., %,_1 form an A, _;-configuration of spherical

objects in D(X). Moreover, by [Pl], there is a canonical injective homomorphism

® : Aut (D(X)) — Aut (D(X™))®", such that
O(T) (S (ARLK... R Loy 1)) =50 (TLRTLR ... RT Lo ), (3.2.3)

for T € Aut (D(X)). Thus we have a (faithful) action of By, on D, and we set
T, := ®(T'¢)[1] € Aut(D,,) (the shift does not affect the braid relations, since they
are homogeneous), corresponding to the generators f3; € By, and T =T;, 0...0T;,
corresponding to any element 8 = ;- ... ;. Smith and Thomas defined a braid

invariant cohomology by
ST*(B) := Extp (Tgc?(”),f(”) [nD ) (3.2.4)

In order for this to be an invariant of the isotopy class of the link given by the plat
closure of the braid 3, one needs to check that it is invariant under certain moves.
By [Bi, Lemma 5.2] and by the functoriality of Ext*, these moves can be rephrased

as the following relations:
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(A) T2 = 20,

(B) Ty 1T ™ 2 T, Tyt ™,

(C) ToiTo1Toi1 Toi L™ =2 2,

(D) Extp, (T52™, 2Mn]) = Exty, | (132", 15, 20 [0+ 1]).

Theorem 3.2.2. (/SmTh, Theorem 3.10]) Relations (A), (C) and (D) hold, but (B)

does not.

3.3 The cyclic rational Cherednik algebra

Let W = puy, a complex reflection group whose reflection representation is h = C
where a generator s acts by a primitive /-th root of unity (. Fix a parameter ¢ =
(c1,...,ci-1) € CH1 (we set t = 1 in the general definition). The rational Cherednik
algebra of cyclic type H. = Hc(p) is the algebra generated by z, y, s, subject to the
following relations

st =C"las, sy=C(Cys, s'=1,

/—1
=1-2) ¢
j=1

Denote by p; the irreducible representation of y, where the generator s acts by multi-
plication by ¢7, and consider the standard module A(p;) = He®cpyj4pu, p; and the cor-
responding simple module L(p;). Let fo(z) := Zﬁ . - 2? -27, 50 that eu = xy — fc(C).
The multiplicities [A(p,) : L(ppm)] of L(pm) in A(p,) are known in this case and easy

to calculate (cf. [CE]).
Theorem 3.3.1. (i) L(pm) = A(pm) if and only if L(py,) is infinite dimensional.

(11) [A(py) : L(pm)] equals 1 if f(p,m) := fe(CP) — fe(¢™) is a non-negative integer
congruent to p —m modulo ¢, and 0 otherwise.

(111) If L(pm) # Alpm), let b > 0 be the minimum of the set {f(p,m)| f(p,m) =
p—m mod £, m > 0}. The character of L(py,) is given by

1 — ¢

1—¢7°

6L(p,) (87) = ¢

60



By Theorem 2.5.5, the spherical subalgebra eH e of the cyclic rational Cherednik
algebra is isomorphic to the global sections of A4(8) (see (2.4.2)), a sheaf of non-
commutative filtered algebras quantising the resolution of the Klenian singularity
X = M§(5). Thus, it makes sense to consider the singular support of modules
for the spherical subalgebras. We would like to understand the singular support
of H.-modules via Morita equivalence, but we first have to exclude the aspherical
parameters. We need an alternative parametrisation. Let ¢y,...,¢1 € C, ¢y = ¢ =
—(¢1+ ... 4 ¢-_1), such that

-1
1 1 1 y
Cj:_§+§ <6i+_><_”7 for1<j<¢.

We have the following.

Lemma 3.3.2. ([Kul, Proposition 4.4]) Assume that ¢; + ¢;11 + ...+ ¢j—1 # 0, for
0 <1< j <UL Then, the cyclic rational Cherednik algebra H. is Morita equivalent to

its spherical subalgebra.

From now on, we assume that the hypothesis of Lemma 3.3.2 holds. We can
therefore consider the singular support of standards and simple modules for H.. Set
A; = A(pe—i) and L; := L(ps—;). The following theorem is the main result of [Ku2].

Theorem 3.3.3. Suppose ¢ + i1+ ... +¢j—1 € Z for 1 <i < j < L. Then, in the

sense above, we have:

1. the singular support of A; coincides with the Lagrangian in X given by the union
CZ‘UCZ‘_HU...UCg;

2. let €(i) be the unique index in {i+1,... 0+1} such that ¢;+Cip1+. . . +Cei)-1 € Z
and ¢; + G+ ...+ Cj—1 § Z for any i < j < €(i). The singular support of L;
coincides with the Lagrangian in X given by the union C; U Ci i U. ..U Cqiy—1.

As a corollary of Theorem 3.3.3, we obtain that SS(L;) = C;, whenever ¢&;,...,¢_1 €
Z~¢. In the following sections, we will assume this integrality condition on the de-

formation parameters.

3.3.1 Quiver description

For our purpose, it will be more convenient to work with a category equivalent
to category O for the cyclic rational Cherednik algebra. Let O(sl;) be the BGG
category O for the Lie algebra sl,. It is well known that such a category breaks up

61



into a direct sum of blocks O,. Here, if t denotes a Cartan subalgebra, € t*/%, is a
weight corresponding to a central character x via the Harish-Chandra isomorphism,

and the objects of O, are those killed by some power of .

Proposition 3.3.4. There exists a weight pu = u(c), whose stabiliser under the dot-
action 1s a Xy_1 generated by { — 2 transpositions in 3,4, such that there is an equival-
ence of categories O(H.) = O, (sl,).

Proof. By Theorem 2.5.5 and [Lo, Theorem 5.3.1], eH.e is isomorphic to a W-algebra
in type Ay with regular and integral parameter (see [BLPW] for the definition).
W-algebras in type A with such parameters have equivalent categories O, which, by
[Wel], are equivalent to a singular block of category O(sl;). That the weight x must

be of the claimed form follows by comparing the number of standard modules. O

Any block of O(sly) corresponding to a weight u is known to be equivalent to the
category of finitely generated modules for a certain finite dimensional basic algebra

A. We can recover the latter by considering a projective generator

P = @ P(o-p),

O’EE@/E“

where P(o - p) is the projective cover of the simple L(o - p). Here ¥, denotes the
stabiliser of p, so that {L(o-pu)| o € ¥;/E,} is the set of all the non-isomorphic
irreducible modules in O, (sl;). Therefore, we have A = End,, (P)” and O,(sl,) =
A-mod. The description of A as a path algebra in the case of our choice of i is given

by the quiver

c1 () Cor—1
— —— —
[} [ ] [ J [ ] [ J
~ U~ ~_
di do dop—1

with relations dic; = 0, and c¢;d; = diji1¢i01, for 1 < ¢ < ¢ — 2. Via the former
equivalence, a simple L; € O(H,) corresponds to C{e;}, the 1-dimensional A-module
generated by the idempotent e; at a vertex i, and its projective cover P; € O(H,)
corresponds to the projective spanned by all paths with source i. With a slight
abuse of notation, we will also denote by L; and P; the corresponding A-modules just

described.

3.4 Twisting functors

We now introduce twisting functors, defined for conical symplectic resolutions in

[BPW] and for certain Nakajima quiver varieties in [BL]. We will follow Bezrukavnikov
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and Losev’s description but, since the two definitions are equivalent, we will use res-

ults from both papers.

3.4.1 Quantum reflection and wall-crossing functors

Consider a Nakajima quiver variety M$(v) and the corresponding sheaf A§(v),
with a generic choice of (), #). Recall quantum reflection functors from section 2.4.4.
For (A, 0) generic and o € W(Q), the Weyl group associated to the underlying graph
of @, we have the LMN isomorphisms M§(v) & M2 (o - v). By quantising their
construction, we get isomorphisms A4 (v) = A%, (o - v), which yield functors A$(v)-

mod— A%, (o - v)-mod and their derived analogues

®) : D (Af(v)-mod) — D (A%, (0 - v)-mod) .

oo\

Let y € Z', where [ is the set of vertices of the quiver, and consider the bimodule of

x-semi-invariants (x is regarded as a Gy-character via (2.2.1))

Gv,x
A (%) 1= (Drep(@e) / Drepte) {0(2) = (0,2} 2 € 0L} | roepiouymss )

where we use the notation of chapter 2. This is a Harish-Chandra bimodule, namely
it is finitely generated and admits a filtration such that the associated graded is
scheme-theoretically supported on the diagonal ([BPW, Proposition 6.22]). If x =
N — ), with A, X such that the algebras of global sections of A4 (v) and A, (v) have
finite homological dimension, taking the derived tensor product by Af\’x(v) gives an

equivalence of (bounded) derived categories ([BPW, Corollary 6.31])
ONA 1 D (Af(v)-mod) — (A, (v)-mod) .

We call & wall-crossing functors. Notice that in [BL] the expression wall-

crossing functors refers to their composition with quantum reflection functors.

3.4.2 Braid group action

Consider now representations of the cyclic quiver with dimension vector nd, n > 1,
and let Hy. = Hic(I's) be the cyclotomic rational Cherednik algebra (Definition
1.4.1), where k € C and c is as in section 3.3. For o € W(Q), write o e (k,c) for the
parameters corresponding to o @ Ay ¢, via the isomorphism of Theorem 2.5.5, so that
T ® A\c = Ase(k,c)- By Theorem 2.4.9 and Corollary 2.4.13, we get an action of the
affine Weyl group W (@) (and hence of the symmetric group ;) on the (bounded)
derived category D(Hy-mod), provided that ¥, e (k,c) is a set of spherical values.
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Suppose this assumption holds and let s; € ¥, be the transposition corresponding to

the vertex i € I, for 1 <7 < /¢ — 1. We can consider the composition

i As;e(k,c ~
TP = RIS’ 0 @y*™ o @rustherMe o LLoc] : D (Hye-mod) ——= D (Hyc-mod) |
where

LLOCik’C : D (Ay, . (nd)-mod) —= D (A?\kjc(né)—mod> and

RFii:C : D (Aifc(si . né)—mod) ——=D (F (Af\":c(si . n5))—mod> :

are the equivalences of categories of Theorem 2.4.9, and we implicitely used the iso-
morphism of Corollary 2.4.13 and the Morita equivalence between Hj, . and its spher-
ical subalgebra.

By [BL, section 3|, the functors Tf’c preserve D -1 (Hjc-mod), the subcategory
of objects whose cohomology is supported on 7=1(0) € M§(v). In particular, via
equivalence (2.4.4), they preserve finite dimensional modules. By applying [BPW,
Theorem 6.34], we get the following theorem.

Theorem 3.4.1. The autoequivalences Tf’c generate an action of the braid group By
on D (O (Hy..)), which restricts to an action on D (Hj c-fdmod).

For all g € By, we denote by Tg’c the corresponding functor. The TZ’C are called

twisting functors.

3.4.3 Compatibility at £ =0

Let ¢ = 2n. We want to relate the action of twisting functors on modules for
the cyclic and cyclotomic rational Cherednik algebras, so as to obtain the quantum
analogue of (3.2.3).

We will need the following lemma.

Lemma 3.4.2. Let A, A', B, B’ be algebras, M € A-Mod, N € B-Mod and A, B be
a A-A'-bimodule and a B-B’'-bimodule, respectively. Then, there is an isomorphism
of A’ ® B'-bimodules

(A®B) ®agp (M@ N) = (A®s M)® (Bep N) .

Proof. The isomorphism follows by an easy calculation. O]
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Imposing k£ = 0, where k is the deformation parameter of the cyclotomic rational

Cherednik algebra Hy (I',,), we have the isomorphism
Hoo(T) 22 St He(120)°" (3.4.1)
Thus, for M, ..., M, finite dimensional H(p2,)-modules,

M:=%(M®.. M) =FcdMe. oM, (3.4.2)

oeY

is a finite dimensional induced Hy¢(I';,)-module and we can consider T%’CM , for g €
Bs,,. On the other hand, we can define TgM = . (TZ,M1®, cee ®T§Mn). We have
the following compatibility result.

Proposition 3.4.3. There is an isomorphism of objects in D(O(Hg(I')))
Tc ~ T0,c

Proof. Let ¢e @ Hye(Ty) — Sp#He(p,)®" be the map giving the isomorphism
(3.4.1). We show that T?’c ol = ko Tf, for all 1 < i < 2n, on objects of the
form (3.4.2).

By (2.4.6), we have

5i @ Aoe = Si(Aoe — p(nd)) + p(s; - (nd))
= 5; (Ao — (5,0,...,0)) + (3,0,...,0)
= 5i(Aoc) -
Since A\; e = A\, +Ac and looking at formulae (2.5.3), Ag . can be written as the 2n-tuple
(= (O 44 AZ ) AW A8 and so, by (2.3.4), we have ;(Ao.e) = Agsiec-

Hence, by the localistion theorem (Theorem 2.4.9), there is a commutative diagram

of isomorphisms

Si

eHO,c(Fn)e eHsio(O,C) (Fn)e

Pc l l@sioc
Qn

(eHeo(pan)e)®™)™" — ((eHyyac(p12n)e)™) ™"

which yields ®3%¢ o ¢f 2 ¥ . 0 ®Xe, where ®XeM =%, (P)M; @ ... @ B M,).

We now prove the analogous statement for wall-crossing functors, namely

Prsie0.0) A0 o QOZ o gpzi.c o PrsieciAc (3.4.3)
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Let Xo,c := As;e(0,c) — Ao,e- Notice that with our choice of the parameter c, this is an
integer vector. By definition, .A/\O xo. .(nd) is a quantisation of the line bundle O(xo,c)

on Mg(mS), whose sections are the y( -semi-invariant functions
F(Uv O(XO,C)) = C[p_l(U)]Gnme,c :

where U is an open subset of M§(nd) and p : p=1(0)* — MY (nd) denotes the quo-
tient projection. The resolution 7 : M§(nd) — MJ(nd) factors through M§(§)" /%,

M né\ //\/l

9(nd)

and we have
O(x0e) = 9" ((O1(xe) ... KOy (xe))™) |
where X¢ := Ag;ec — Ae and the subscript of O in the right-hand side indicates that

the line bundle is over the surface (namely n = 1). Notice that eH .(I',)e quant-
ises MY (nd), (eHe(p2n)e®™)* quantises M§(5)" /3, and these two algebras are iso-

morphic when k£ = 0. Hence, in such a case, there is an isomorphism

Aoene9) = 2L (A () @ @ A (0)™)

due to the uniqueness of line bundle quantisations shown in [BPW, Proposition 5.2].
Thus, (3.4.3) follows by Lemma 3.4.2 and the ¥,-linearity of the tensor product. [

We would like to understand the action of twisting functors on simple modules of
the cyclic rational Cherednik algebra H,, or, equivalently, of the corresponding basic
algebra A. As explained in [BLPW, Remark 8.3], for all 1 < i < 2n — 1, there is
a natural transformation T — Idom)(s[e), which is an isomorphism when applied to

the projective P;, for j # 7, and gives a short exact sequence
0 —T;P,— P, — L, —0, (3.4.4)

for ¢ = j. This property is also satisfied by Arkhipov’s twisting functors on blocks
of category O for a Lie algebra [Ark]. By applying the dual of [KM, Lemma 1], one
shows that twisting functors and Arkhipov’s twisting functors are identified under the
equivalence of Proposition 3.3.4. Here and in what follows, we use the same notation

for twisting functors and their underived analogue.
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3.5 A non-commutative analogue of Smith-Thomas
sheaf

In this section, we will deal with the category of A-modules. In terms of the path

algebra of the quiver, the projective modules P;, for 1 < ¢ < 2n, have the following

form:
P,=C{di...di-1} ®c C{dy...dis1} &c¢ - &¢ C{di—1} Dc \¢
D¢ Dc
C{Cldl e di—l} C{Ci_Qdi_Qdi_l}
Dc
DSc
(C{Cz;z c. Cldl . difl}
\‘ ®c C{el} Sc C{Cz} ®c - Dc C{an,1 R Ci}
Dc Dc Bc
C{Ci—ldi—l} C{Cici—ldi—l} C{CQn—l cee Ci—ldi—l}
Dc Dc Gc
Dc Dc Dc
(C{Ci_l e Cldl ce di—l} C{Cz e Cldl Ce di—l} C{CQn_l Ce Cldl N di—l}

Here we use the symbol &¢ to denote that direct sums hold only as graded vector
spaces (elements with the same grading appear in the same column) and not as
modules. The projection pr{ onto C{e;} = L; gives the projective cover and it is easy

to see that this can be completed to a projective resolution of the simple L;

e

pr;

0 P (Ci:izl) J2 (di—1,¢:)
— P —=PF_1® P P;

L 0, (3.5.1)

where we write ¢; and d; for -¢; and -d;, the concatenation of paths on the right.
Using the short exact sequence (3.4.4), we can now compute twisting functors. Since
we have made a precise choice of ¢, we will omit it from the notation and write T;
for T¥.

Lemma 3.5.1. We have the isomorphisms T;L; = L;[1], T,_1L; = C{d;_1} ®c C{e;},
Ti+1L7; = C{@l} Dc C{Cz} and TJLl = Li, fO?"j 7é 17— 1, 1,2 + 1.

Proof. 1f j #i—1,1,i+ 1, applying T; to

P,—P_®P, — P, (3.5.2)
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amounts to applying the identity, by the remark at the end of the previous section.
Hence taking cohomology produces again L; in degree 0.

Suppose now j = i. By applying T; to (3.5.2) and by (3.4.4), we obtain Ker pr{ —
P, & P.1 — Kerpr¢. Taking cohomology, we are left with 0 — C{¢;_1 — d;} — 0,
which is isomorphic to L;[1] in D(A-mod).

Finally, repeating the same procedure for j =7 — 1, we get
<0 —0— P/ (Tisa(dion @ ;) (Kerpr§_;) & Piiq) > = C{di—1} &c C{ei}
Identically, one obtains T,;,1L; = C{e;} &c C{c;}. O

To justify next theorem, let us go back to for a moment to rational Cherednik

algebras and impose k = 0. Define

LY =S (1 ®Ls®...0 Lyy1) = P o (L1 ® L3 @ ... ® Loy) |
oES,
an induced Hy(I',)-module. This module obviously lies in O(Hy(I'y)). By our
choice of parameters ¢, Ly, ..., Ly, 1 are microlocally supported on 7—*(0) and L(()ch)
is, in fact, finite dimensional.
Write TZL[()"Q = TiLg’l)[—l] and denote by D; and D, the bounded derived cat-
egory of H, (ug(n+1))—mod and Hy(I',)-mod, respectively. We now prove the non-

commutative analogue of Theorem 3.2.2. We will need the following lemmata.

Lemma 3.5.2. Let Ey,...,E,, Fi,...,F, be He(pon)-modules. Then, we have the

1somorphism

Ext}, (Zn. (B1®,...,®F,), S (F1®,...,0F,)) = @ Q) Ext), (Ei, Fo) -
ceYX, =1
Proof. The statement follows by an easy calculation in the derived category, using

Shapiro’s lemma and the Kunneth formula. m

Lemma 3.5.3. The morphisms in the category of A-modules between indecomposable
projectives are given by
Hom (P, P;) = Cmtid)

Proof. 1t is more convenient to regard an A-module as a representation of the quiver
obtained by assigning a C-vector space Vj to every vertex h, and a C-linear map

enk : Vi — Vi to every edge from h to k. It is easy to see that the projective F; is
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the representation given by V,, = C" for 1 < h < i, and V}, = C’ for i < h < n, and

the following maps

0

Chh+1 = ( Idh ) and Cht+1,h = Idh ) for 1 < h < 2
0

enhe1 = 1d; and  epiy = Id;, |, fori<h<n.
0

A morphism f € Homa(P;, P;) is a collection of linear maps fj, : th‘) — Vh(j ) compat-
ible with ey, 541 and e ,. We prove the statement for ¢ < j, the case ¢ > j follows

from a similar calculation. By commutativity of the diagrams

(Ch eh,h+l(ch+1 (Ch eh,h+1Ch+1 (C,L €h h+1 CZ
fhj l’fh-H th lfh-H fht l’fh-H
€h,h+1 . €h,h+1 ; c Chhtl
Ch ok o M iy o

for 1 <h<j,7<h<iandi<h <n respectively, f, is a minor in f; and hence
f is uniquely determined by f,,. We also notice that f; = f,, and, by commutativity
of

Ciil €4,i—1 C,L
fill Lfi
(C] €i,i—1 (Cj’
fi; must be a lower triangular matrix with equal entries in each diagonal. The claim
follows.
O
In our computations we will consider the natural maps
Py =P, and P =~ Py
In the notation of the previous lemma, these are expressed by the 2n-tuples ((¢;)1, ..., (¢;)2n)
and ((d;)1, ..., (d;)2n), respectively, where
0O --- 0
(Cz‘>j = Idj—l and (dl)] = Idj , for 1 < j < Z', (353)
0
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(ci)j = | 1d; and (d;); = <O .I.d"o> , fori<j<2n. (3.5.4)

Consider the following relations:

(A) Ly = LY

c c)

(B) TQi—lme((f) =~ TQ_iiITQ_iIL(n)'

c 0,c»

(C) TziTQi—lfziHTQiL((fg >~ 1o,

0,c»

(D) Bxt}, (Tﬂng‘), Lo [n]> ~ Bxtp (Tﬂng‘jl), TE L [ + 1]).

Theorem 3.5.4. (A), (C) and (D) hold, but (B) does not.

Proof. By Lemma 3.5.1, we have T1L; = Ly[1] and T1Lg;1 = Lojyq, for i > 1. (A)
follows then by the shift in the definition of T}.

We now calculate To;To;—1T9;—1T2iLoj41. By Lemma 3.5.1, this is isomorphic to Loy

if j #1—1,i. Wealsohave To; To; 1 Toi—1Toiloi—1 = ToiToi—1 T2 (C{emel} Dc C{CQifl})-
A projective resolution of C{eg;_1} ®¢c C{coi—1} is

<02i—102i—2) e,c
—da; (d2i—2,c2:c25—1) Prai_y

Pyi_o @ P22‘+1 Py 1 —— (C{e2i71} B¢ C{CQifl} —0,

P2i

where pry° | is the projection onto C{eg;_1 } BcC{czi—1}. We do not care about smaller

degrees as L™Ty, = 0, for all m > 1 and all k& ([AnSt, Theorem 2.2]). By applying

Toi1, we get -+ — Poy = Py o @ Py — Kerp§, ;, whose cohomology gives

C{coi—1} = Ly;. Finally, To;To;—1Lo; = Toi(C{dai—1} ¢ C{es;}), which is isomorphic

to C{dy;_1} = Lg;_1, by the same argument, using

(i)

— Py o ® P21+1(d2i_2d21_1102i)P2@' o C{dai—1} ®c C{eg} —=0
(3.5.5)

=Py

as a projective resolution.

For j = i, we have To; 1Toiloi1 = Toi 1 (C{da} ®c C{eais1}). Considering the

projective resolution (3.5.5) with 2i replaced by 2i + 1 and applying To;_1, one gets
- — Py — Kerprs, | @ Pajro — Pyiy1, whose cohomology gives C{dy;_1da;} ¢

C{dai} ®c C{eiv}-
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We now prove that T27Z‘1_1T271'1L2i+1 = (C{egi,l} EB(C (C{CQZ'fl} EB(C C{CQiCQifl}. After
applying To;_1 to

(021‘02171021’72)

—d2iy1 (d2i—2,c2i+1C2iC2i—1)

Poiiq Poi o ® Poiio Py 0,

a projective resolution of the right-hand side, and taking cohomology, we are left
with C{co;_1} ®c C{cico;_1}. The same way, one calculates To; (C{ea; } e Clegi}) =
Ly;y1 and the claim follows. Notice that C{dy;_1d2;} ®c C{da} ®c C{ezii1} and

C{egi1} Bc C{ei1} Be C{egico;—1} are clearly not isomorphic, because
C——C<1-C % c—-=Cc—L-C,

so relation (B) does not hold.
To prove relation (C), one reasons analogously as before and checks that we have the

isomorphisms

T2iT2i—1T2i+1T2iL2i—1 = T2iT2z’—1T2i+1 (C{€2i—1} B¢ C{¢2i—1})

ToiToi1 (Cleaio1} ®c Cleaimi} e Clenicai1})
Toi (C{eai1} ®c C{caicai1})

(C{eaicain}) = Loy

12

12

I

and

ToiToi1Toipi Toiloivt = ToiTai1Taipr (C{da} ©c Clezitr})
= ToiTa1Ly
> Ty (C{dyi_1} ®c Cley})
>~ (C{dyi1}) = Lo ;.

Thus, T To;—1Tai41 T2 acts as the identity on Lgjyq, for @ # i — 1,4, and swaps Lg;_4
and Lo; 11, which proves the claim.

The proof of relation (D) is slightly more involved and we basically follow [SmTh].
We prove it for T{,}; the case b, is analogue. By Lemma 3.5.2 and the shift in the
definition of 7}, the right-hand side is isomorphic to

@ ( <® Extp, (Tﬂinfb Ton L2&(i)1)> ® Ext}‘i” (L2n+17 Ton LQ&(n+1)1)>

GEYn+1 =1

(3.5.6)
By Lemma 3.5.1, we see that T5, Lasni1)-1 equals C{es, } e C{ca,}, if 6(n+ 1) =
n+1, C{dopn—1} ®&c C{ea,}, if 6(n+1) =n, and Ly, if 6(n+1) =j #n,n+ 1.
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Using the resolution (3.5.1) and noticing that dim Homa(Py, Ly) = Opk, one sees
immediately that Ext}, (Lony1, Loj—1) = 0, if j < n. Hence, the summands of (3.5.6)
are zero if & # o and 6 # (n,n + 1)o, for all 0 € %,,.

We show that Ext}, (Lont1, C{ezn} ®c C{can}) = C. We need to take the cohomology

of the following sequence

(3.5.7)
0— HOIIIA (P2n+1, C{egn} Dc C{CQn}) — HOHlA (Pgn, C{Bgn} Dc C{CQn}) D
HOHIA (P2n+27 C{@Qn} D C{an}) — HOHIA (P2n+17 (C{egn} Dc C{an}) — 0.

Let us calculate Homy (Popy1, C{ea,} ©c C{ca,}). An element f thereof is identified
with a couple (fon, fonsr1) which fits into the diagrams (in the notation of Lemma
3.5.3)

C2n 22t o2ntl and C2n 2R o2ndtl
f2nt Lf2n+1 fznl lfzn-u
C——C c—2—cC
By commutativity, we must have f = (0, (a,0,...,0)), with a € C, which proves
Homy (Pont1, C{ean} ®c C{ean}) = C. Similarly one shows

Homy (Popio, C{ea,} @c C{ea,}) =0 and

HOIDA (Pgn, C{62n} @(C C{an}) = C,
where an element g of the latter is of the form g = ((b,0,...,0),(,0,...,0)), with
b € C. The maps in (3.5.7) are given by

Homy (—, Clean} ®c C{can}) (d2n)(f) = f odan, and

Hom (—, C{ean} ®c C{can}) (c2n)(9) = g o can

(note that the functor Homy (—, C{ea, } ©c C{ca,}) is contravariant). Using (3.5.3)
and (3.5.4), one easily sees that (3.5.7) reduces to 0 c2-c—1-cC 0
and by taking cohomology we get the claim.

Analogously one computes

Extp, (Lon+t1, C{dop—1} ®c C{ean}) = C[—-1].
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We can therefore write (3.5.6) as the direct sum

D ( Q) Extp, (TsLai-1, Lagi-1) ®

o€X, i=1
i#o~(n)

X E)XJE*D1 (TﬁLQU—l(n)fh T;nl[gnfl ) T;;LQnJrl[—l]) [n]) . (358)

The exact sequence
0— C{dgn_l} — C{dgn_l} Dc C{egn} — C{@Qn} — 0

gives rise to the distinguished triangle Lo, 1 LT;&LQn_l LL% in D;. We
stress that the direct sum of the middle term is just notational and holds only as
vector spaces (in fact the exact sequence yields a generator of Extly(Ly,_1, La,)). We

therefore have the following sequence in D,

EX'C*D1 (TBLQU—l(n)—b Lgn) [—1] — EX'CE1 (TﬁLQU—l(n)—la L2n71) —
— Ext},, (TsLoo—1(n)—1, Ton Lon—1) — Ext}y (TaLoo—1(n)-1, L2s) . (3.5.9)

TsLas-1(n)—1 lies in the category generated by Lj, for j < 2n —1. Since the generator
of RHom (Lgn_l, T;T}Lgn_l) = C is the image of the identity in RHom (Lo, 1, Lon_1)
under the map Ext}, (Lan—1, —) () and Exty, (Lj, La,) = 0, for j < 2n — 1, the last
map in (3.5.9) is zero, giving the splitting

EXt*Dl (TﬁLQUfl(n)_lezn_]_) =
EXtBl (T,BLZU—l(n)—la Lgn) [—1] D EX'C*D1 (TBL2U—1(n)—17 T;nlLQn,l) . (3510)

For the same reason as before, we have Extp, (TﬂLQO—fl(n)_l, L2n+1) = 0 and from the

distinguished triangle Lo, ; — T;T}LGﬂ — Ls,, we obtain the isomorphism
EXt*D1 (TﬁLQJ—l(n)_l, TQ_nlLQn_H) = EXtEl (Tﬁngfl(n)_l, L2n> . (3511)

Observe now that all of the previous computations work in D; = D (HC (/,Lg(n+1)) —mod)
as well as in D(H(uz2,)-mod), thus relation (D) follows by substituting (3.5.10) and
(3.5.11) in (3.5.8) and applying again Lemma 3.5.2. O
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3.6 Deformation theory

3.6.1 Hochschild cohomology

We now recall deformation theory of representations of algebras and apply it to
H(pon) and Hyo(I',). All preparatory material is taken from [EtMo] and we finally
prove a slight generalisation of their main result, applied to our case.

Given an associative algebra R over C and a R-bimodule F, one defines the Hochschild

complex
0 — Home (C, E) -% Home (R, E) % - - - ~% Home (R®!, E) 4. ..
with differential given by

d(,D(Tl,,..,Tg+1) = TISD(TQP‘WTE-‘H) +
l

+ Z(—l)lgp<7"l, sy i1, T, T2, - - >T€+1) +
i=1

+(_1)£+1()0(T1 cee >Tn)7ﬂ€+1 ;

and shows that the cohomology of this complex H*(R, E) equals Extpg pon (R, E).

Let U be a f-dimensional vector space and t1,...,t;, be a basis of its dual. Let Ry
be a C[[U]] = C[[ty, ..., t]]-algebra isomorphic to R[[U]] as C[[U]]-module and such
that Ry /9 = R, where 9 is the maximal ideal in C[[U]]. This is a formal flat
deformation of R over the formal neighbourhood of the origin in U, and we have a

map ¢ : U — H?(R, R), given by the assignment

(tr, ... te) — th[co ..... 10 5 (3.6.1)

where ¢,...1;,...0 is the 2-cocycle sending 1 ® 1, € R ® R to the coefficient of ¢; in
the expression defining the multiplication of r; and ry inside R][[t; ..., %]]. For a R-
module M, composing the latter map with H?(R, R) — H*(R,End M), we obtain a
map 7 : U — H*(R,End M) which “controls” the deformations of the module M to
a Ry-module. More precisely, we have the following ([EtMo, Proposition 4.1]).

Proposition 3.6.1. Suppose that H'(R,End M) = 0 and n is surjective. Then M
deforms uniquely to a representation Mg of the algebra R5®@[[UH(C[S], over a formal
subscheme S of the formal neighbourhood of the origin in U, whose tangent space

equals the kernel of n.
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3.6.2 Deformation of Hj.(I',)-modules

We need to calculate Hochschild cohomology for the cyclic rational Cherednik
algebra and its simple finite dimensional modules. This is done in [EtMo], Corollary
4.6 and Proposition 4.7, for a general deformed preprojective algebra, using the fact
that such an algebra belongs to the class V B(2) ([EtMo, Proposition 4.5]) and hence
H;(H.(T),E) ¥ H**(H.(T), E), for any bimodule E, where H; denotes Hochschild
homology ([VB1, VB2]). Our proof for H¢(u2,) is a direct computation and does not
rely on this property.

Lemma 3.6.2. For1 <i<2n—1, H'(Hc(p2,), End L;) = 0, H°(H(pto,), End L;) =2
H?(H¢(p2,), End L;) = C and H(Hc(pa,), End L;) = 0, for j > 2.

Proof. We first observe that, for an algebra R and modules M, N, we have
H'(R,Hom(M, N)) = Exti»(M, N).

This is shown by resolving R with the bar complex and using the tensor-hom ad-
junction. Reasoning as in the proof of relation (D) in Theorem 3.5.4, one shows
that

0 — Homy(P;, L;) — Homyu(P;—1, L;) @ Homa(P;11, L;) — Homa(P;, L;)) — 0
is isomorphic to 0 - C — 0 — C — 0, and the claim follows. O]

We now consider the cyclotomic rational Cherednik algebra Hy.(I',,) and the finite

dimensional module Lg?g, defined in the previous section.
Proposition 3.6.3. We have the isomorphisms H? (H07C(Fn), End Lé"g) = C" and
' (Hop(rn), End Lg’;)) ~0.

Proof. By definition,

H? (HO,C(Fn)a End Létﬁ) = EXtIQLIo,c(Fn)@)HO,C(Fn)OP (HO,C(Fn)a End L(()Q) =
& EXt;n#Hé@n@Zn#ng@n (ZR#H;@TL, End <@ [ (Ll ®...Q L2n1))> s
oEX,

where we write H, for He(ug,). Identifying X, # (HS" @ HP®") with the X, x
Yo # (HE™ @ HZPP™)-subalgebra A# (HE™ @ H®™), where A denotes the diagonal

in 3, x X, we realise X, #HS™ as an induced X, x 3, # (HE™ @ H*™)-module over

5



such a subalgebra. By Shapiro’s lemma and using the fact that taking >, -invariants

is an exact functor, the right-hand side equals

(@ Ext} ong goven (HE™, End (0 (L1 ® ... @ Lop_1))) ®

Uezn

S
@ EB Ext§{§n®ng®n (HZ", Hom (0 (L1 ® ... ® Loy1) ,7(L1 ®...® Lin)))> .

o,TEX

oFT
(3.6.2)
By the Kunneth formula, we have
Extf%@n operen (A" End (0 (L1 ® ... ® Lan))) =
= P (Bxtiy o (He Bod Loy 1)) @
i+j=2
@ Bt s yoron s (HE B (Log 19y 1 @+ @ Loy 1y 1)) ) - (3.6.3)

Iterating and using Ext?{c@)ng (He,End L;) =2 C and Ext}IC@)ng (He, End L;) = 0
shows that the left-hand side of (3.6.3) is isomorphic to

@ Ethc(@ng (HC, End LQo’*l(i)—l) .
i=1

By the same argument, the right summand of (3.6.2) vanishes, because
EXtZ]';Ic(X)ng (H07 Hom (LQU_l(j)fly LQT_I(j)fl)) = EXtZ (LQO'_l(j)fh LZT_l(j)fl> = 0,

if i = 0,1 and o # 7. Therefore, we have

n 3n
H? <H07C(Fn),EndLé’fg> o (@ (@ H? (Hc,Endng_l(i)1)>> (3.6.4)

TEY, i=1

which is isomorphic to C" by Lemma 3.6.2.
The second identity follows similarly by observing that at least one factor in every

summand of the Kunneth formula vanishes. O

Corollary 3.6.4. Let U = 3* = C*" be the vector space of deformation paramet-
ers of the cyclotomic rational Cherednik algebra Hy(I',). The map n : U —»
H? (H07C(Fn), End Lé"g) is surjective.
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Proof. Let Uy := {(k,c) € U| k = 0}, a subspace of U. By the proof of Proposition

3.6.3, 19, the restriction of 1 to Uy, is given by the following composition
Uy~ H? (He, He) — H? (Ho o), Hoe(Ty) — H? ((Hoe(Ty), End (Y ) |

where ¢ and 1 are as before and ¢ is induced by the Kunneth formula. (3.6.4) also
tells us that 1 o £ coincides with the map

o H? (He, He) — @Hz (He, End Ly; 1)

=1

coming from the representations H. — End Ly;_1, so it is enough to show that
dim{u € Uy | p(u) ¢ Kerpg} > n. (3.6.5)

By Proposition 3.6.1 and [EtMo, Corollary 4.9], each module Lo; ; admits a deform-

ation over a subscheme of codimension 1 in Uy, given by the equation

2n—1
trr,, , (1 -2 Z cjsj> =0,
j=1

since Lo; 1 is finite dimensional, for 1 < ¢ < n. The characters of Ly; 1 are obviously
linearly independent and the kernel of ng lies in the tangent space of the intersection of
these n spaces defined by linearly independent equations. This proves (3.6.5), which

shows that ng, and hence 7, is surjective. O]

We now write ¢’ = (¢}, ..., c,_ ;) for an unspecified deformation parameter of the
cyclic rational Cherednik algebra, while c still denotes the specific choice made in
Theorem 3.3.3. Let H;(c’) be the hyperplane in 3* defined by the equation

2n—1 ) 1 _ gfmdim Loi—1
dim Loy —2 ) ¢, ¢ v 0, (3.6.6)
m=1

for 1 <17 < n. Note that these equations are linearly independent and the intersection

is a linear subspace of 3* of dimension n.

Theorem 3.6.5. The representation Lgfg deforms uniquely to a formal representation
of Hie(I'y), for (k,c') € H(c'). Moreover, there exists a Zariski open subset U
of H(c") such that Hy o (T',) admits an irreducible finite dimensional representation

isomorphic to Lgf(z as a I'y,-module.

7



Proof. By linearly independence of the characters of Ly;_;, we can find elements
i € Clugy] such that trr,, ,(v) =1 —d;;, for 1 <4,5 < n. Let
i~th
~~
Zi = (12717(77;7"'77757 1 77727"'771'))7

an element of Hy o (I',) that commutes with x; and y;. Any finite dimensional rep-

resentation L of Hy o (T',) must satisfy

2n—1 2n—1
trrz; — k Z Z trpsijs; s; "2 — 2 Z atrpsl'zi =0, (3.6.7)
j#i m=0 m=1

obtained by multiplying the defining relation of the commutator [y;, x;] with z; and
observing that [y;, x;]z; = [y, ;2;]. Since we want L to be isomorphic to L((]fg as a

I',,-module, we have

trLsijsgnsj_mzi = trps;2; =0 and
trpsitz = trn (Vi Vi, S5 Vs -y Yi) = (n— D)ltrp,,  (s™) .

Substituting such equalities in (3.6.7) and by Theorem 3.3.1, we obtain the equations
defining the hyperplanes H;(c’). By Proposition 3.6.3 and Corollary 3.6.4, we can
apply Proposition 3.6.1 and we obtain a formal deformation along a subscheme S C 3%,
whose tangent space has dimension equal to dim Kern = n. From the above, we have
(0,c) + S C H(c'), which proves that S is the formal neighbourhood of zero in
H(c') — (0, c) because they have the same dimension.

The second claim follows as in [EtMo]. O

Remark 3.6.6. Note that, with our choice of ¢, (k,c) € H(c), for all k € C. We
denote by L,E:ng the representation of Hy .(I',,) obtained as deformation of Lgfc). Being
finite dimensional, L,(C"C) belongs to O(Hy(I',)) and thus it has to coincide with a
simple quotient by a maximal submodule of a standard module induced from an
irreducible representation of I',,. Recall all such representations from section 1.4.2;
since we have L,(cnc) o ng’c) as [',-modules, we obtain that L,(Cng coincides with the

simple corresponding to the 2n-multipartition of n ((1),0,(1),...,(1),0).
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Chapter 4

A conjecture

We expect relation (B) of Theorem 3.5.4 to hold after deforming L((;Q to L;:g, for
values of k in a neighbourhood of zero. Evidence for this comes from the commutative
setting, where Smith and Thomas prove that relations (A) to (D) all hold after
deforming .Z™ along a certain direction (cf. [SmTh, Theorem 5.1]). This is the
only deformation direction of the Hilbert scheme Hilb" (@/7@;”) not coming from the
surface (C/27/Zn and its non-commutative analogue is expressed by the parameter k.
Hence, it is reasonable to formulate the following conjecture.

Let (k,c) € 3%, such that k € ZNC\ Q, where Z is a neighbourhood of the origin,
and ¢ € C*"! as described after Theorem 3.3.3. Notice that, with this choice, (k, c)
is a spherical value for Hy .(I',) (Lemma 3.3.2 and Theorem 1.4.5) which belongs,
in addition, to the hyperplane #(c) of Theorem 3.6.5. As before, we write D,, :=

D(Hyo(T,)-mod) and set 777 := TF°[—1].

Conjecture 4.0.7. The graded vector space
H*(8) i= Bxty, (T5LY, L))

is an invariant of the isotopy class of the link given by the plat closure of the braid j.

We outline a possible strategy to prove this conjecture, based on Theorems 3.5.4
and 3.6.5.
The main issue in proving that ST™ gives a link invariant, the commutative analogue
of Conjecture 4.0.7, is to show that deforming the spherical twists still produces
a braid group action on the bounded derived category of coherent sheaves on the
deformation of .Z™. In our case, this is assured by Theorem 3.4.1, for any value of
the deformation parameter.
As explained at the end of section 3.4.2, there is a natural transformation T — Id,

which, in light of Proposition 3.4.3, yields a natural transformation T%’C — Id. Thus,
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it is possible to define a non-zero morphism between the two terms of all relations of
Theorem 3.5.4, by applying such transformation to L((fg . Inrelations (A), (C) and (D),
this map is an isomorphism for k¥ = 0 (by Theorem 3.5.4 and simplicity of L(()nc)) and
remains so for values of k in a neighbourhood of the origin, since being an isomorphism
is an open condition. We believe that this should also give an isomorphism in relation
(B), for k& # 0, mirroring what happens in the commutative case ([SmTh, Theorem
5.1]).

Indeed, in light of the calculations of Theorem 3.5.4, such a map coincides with the

obvious morphism
D, : C{eim1} Be C{eaim1} Be Clegicaimr} — C{dai—1dai} Bc C{dai} e Cleaitr}

factoring through Ls; 1. Consider its kernel and cokernel, given by C{ey;} ©c C{eo;}
and C{dy;} ®c C{eai11}, respectively, and let

L&zr = Zn (Ll ® e ® Lgi_l ® Ker (1)7, ® L2i+3 ® e ® L2n—1) and

Lga =%, (L1 ®...® Ly @ Coker ®; @ Lajy3 ® ... ® Loy_1) .

Proposition 4.0.8. Let U = 3* = C?" be the vector space of deformation parameters
of the cyclotomic rational Cherednik algebra Hy.o(T'y,). The deformation maps n¥e :
U — H? (Hye(Ty), End LEE) and n°* : U — H? (Hyc(Iy), End LGS are not

surjective.

Proof. We prove the statement for LES; the case L{e™ is identical.

Let us first calculate H? (H()’c(Fn), End L%fir). Some standard computations give
Ext? (Ker @;, Ker ®;) = C[0] & C[-2],
Ext’y (Lg;i—1, Ker ®;) = C[—1] = Ext’ (Ker ®;, Lo; 1) and
Ext’) (Lgj—1,Ker ®;) = 0 = Ext’ (Ker ®;, Loj_1) , forj#i,i+1.
Thus, following the proof of Proposition 3.6.3, we obtain

H? (Hoc, End L") = (@ ( @ H? (He(p2n), End Loy -10y-1) @

gEY, i=1
i#o(i+1)

Xn
@ H? (He(pt2,), End Ker ®;) & (H' (Loj—1, Ker ®;) @ H' (Ker @;), L%_l)> ) ~ .

Now, as in Corollary 3.6.4, dim Ker n°" = n, because the characters of L1, ..., Ly;_1,

Ker ®;, Lyiys, . .., Ly,_1 are linearly independent, hence n¥°" fails to be surjective. [
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In the proof of Poposition 3.6.1, given an algebra R, the existence of a deformation
of a R-module M relies on the surjectivity of the map n : U — H?*(R,End M). Indeed,

such a deformation is defined by a formal series

p(r) = Z ot (T) RY o B
P1;---5Pn
where py.. o = p : R — End M is the representation map and hy,...,h, is a co-
ordinate system of the formal neighbourhood of zero D in the tangent space at the
origin of Kern. Recall the notation of section 3.6.1 and consider the map D — U,
(hi,...,hy) — (t1,...,t), where t; = h;, for 1 <i <n, and

t; = Z tipr,.pn PPY - .- RP ) forn <1 </,

P1;--5Pn

with t;,, 5. € C (we have supposed, without loss of generality, that the tangent
space at zero of Kern is defined by the equations ¢,,1 = ... =t, = 0). Imposing the

algebra homomorphism condition on p, we obtain

)4
App,....p, = Z Ejprrpn (€0, 15,0) F+ Cprp (4.0.1)
j=1

where d is the differential in the Hochschild cohomology, co,..1;....0 is as in (3.6.1) and
tipropn €quals 1, if (p1,...,py) = (0,...,1;,...,0), and zero otherwise. Here, C,,
is a 2-cocycle defined as a certain combination of elements of the form pg, 4. (Cuy.u,),
with g1 +...4+¢, < p1+...+p,, and where ¢y, .. 4, is the obvious analogue of co 1.0,
for (u,...,us) € Nt Recall that n((t,...,t)) = Z?:l tip(co,..1;,..0) + dp', for some

1-cocycle p'.

Ker Coker)

(resp. 7 is not surjective and hence it makes sense to

formulate the following conjecture.

In our case, n = n

Conjecture 4.0.9. Let R = Hy(T,) and M = LS (resp. L§9*). There exist
some indices p1, ..., p, € N™, such that the classes of the 2-cocycles {[anqn]}q1 o

with g1 +...4+ ¢, < p1+...+pn, span the vector space H? (HO’C(Fn), End L(Ifff) (resp.
H? (H07C(Fn), End Lgfc’ker) ).

Proposition 4.0.10. Suppose Conjecture 4.0.9 is true. Then, Conjecture 4.0.7 is

true.

Ker Coker)
)

Proof. 1f the 2-cocycles {[Cy,...q.]},, .., span the codomain of 7™ (resp. 7

by Proposition 4.0.8, there exist some indices qy, ..., q,, such that Cy . is not in
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Ker Coker )

the image of n**" (resp. 71
t such that the equation (4.0.1) is satisfied. Thus, L§e (resp. Lge<) does
not deform to a Hj, ¢(I',)-module, for k£ # 0. This turns ®; into an isomorphism and
makes relation (B) hold. O

. For such a 2-cocycle, there do not exist coefficients

I

Remark 4.0.11. Alternatively, one could try to prove Conjecture 4.0.7 directly show-
ing relations (A) to (D), using the fact that L,(cnc) is a specific finite dimensional simple
module of Hy¢(I',) (see Remark 3.6.6). Unlike in the case n = 1, we do not know
how to study the action of twisting functors on simple modules for the cyclotomic

rational Cherednik algebra.
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