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Abstract

Quantum computing is considered an emerging technology with promis-

ing applications in chemistry, materials, medicine, and cryptography. Su-

perconducting circuits are a leading candidate hardware platform for the

realisation of quantum computing, and superconducting devices have now

been demonstrated at a scale of hundreds of qubits. Further scale-up faces

challenges in wiring, frequency crowding, and the high cost of control elec-

tronics. Complementary to increasing the number of qubits, using qutrits

(3-level systems) or qudits (d-level systems, d>3) as the basic building

block for quantum processors can also increase their computational ca-

pability. A commonly used superconducting qubit design, the transmon,

has more than two levels. It is a good candidate for a qutrit or qudit

processor. Variational quantum algorithms are a type of quantum algo-

rithm that can be implemented on near-term devices. They have been

proposed to have a higher tolerance to noise in near-term devices, making

them promising for near-term applications of quantum computing. The

difference between qubits and qudits makes it non-trivial to translate a

variational algorithm designed for qubits onto a qudit quantum proces-

sor. The algorithm needs to be either rewritten into a qudit version or

an emulator needs to be developed to emulate a qubit processor with a

qudit processor.

This thesis describes research on the implementation of variational quan-

tum algorithms, with a particular focus on utilising more than two com-



putational levels of transmons. The work comprises building a two-qubit

transmon device and a multi-level transmon device that is used as a qutrit

or a qudit (d = 4). We fully benchmarked the two-qubit and the single qu-

dit devices with randomised benchmarking and gate-set tomography, and

found good agreement between the two approaches. The qutrit Hadamard

gate is reported to have an infidelity of 3.22± 0.11× 10−3, which is com-

parable to state-of-the-art results. We use the qudit to implement a two-

qubit emulator and report that the two-qubit Clifford gate randomised

benchmarking result on the emulator (infidelity 9.5± 0.7× 10−2) is worse

than the physical two-qubit (infidelity 4.0 ± 0.3 × 10−2) result. We also

implemented active reset for the qudit transmon to demonstrate prepar-

ing high-fidelity initial states with active feedback. We found the initial

state fidelity improved from 0.900 ± 0.011 to 0.9932 ± 0.0013 from gate

set tomography.

We finally utilised the single qudit device to implement quantum algo-

rithms. First, a single qutrit classifier for the iris dataset was imple-

mented. We report a successful demonstration of the iris classifier, which

yields the training accuracy of the qutrit classifier as 0.96± 0.03 and the

testing accuracy as 0.94± 0.04 among multiple trials. Second, we imple-

mented a two-qubit emulator with a 4-level qudit and used the emulator

to demonstrate a variational quantum eigensolver for hydrogen molecules.

The solved energy versus the hydrogen bond distance is within 1.5×10−2

Hartree, below the chemical accuracy threshold.

From the characterisation, benchmarking results, and successful demon-

stration of two quantum algorithms, we conclude that higher levels of a

transmon can be used to increase the size of the Hilbert space used for

quantum computation with minimal extra cost.
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Chapter 1

Introduction

1.1 Computability and the Church-Turing Thesis

The efficient transmission and processing of information with machines have under-

pinned the fast pace of technological advancement over the last few decades. Com-

puters, as the enabling technology for information processing, have led the revolution.

The discipline of Computer Science has emerged from this revolution and involves the

study of the capabilities of computers. Mathematicians define problems that can be

solved on a computer as computable functions [260]. Three equivalent computational

models describe computable functions: Turing machines, λ calculus, and recursive

functions [244, 260, 245]. Informally speaking, these models can be considered dif-

ferent ways to write computer programs with finite and precise instructions. The

programs described with these models can be executed simply with paper and pen

under predefined rules, without any human intelligence involved. If the program can

always produce a result in a finite number of steps, it is then called effectively calcu-

lable [260, 245, 12]. A conjecture is then stated that if the function can be written

in one of the computing models with a finite number of instructions, it should be

executable on a computer and deliver the result in finite steps. This is the famous

Church-Turing conjecture proposed in the 1930s, which formally states that: any

effectively calculable function is computable [260].

The conjecture captures the very nature of computability and has not been for-

1



mally proven. However, the conjecture is believed to be true in the mathematical

and philosophical communities. Later a stronger version of the conjecture that tries

to capture the difficulty of executing the programs was proposed: a model of com-

putation can be simulated by another model efficiently. “Efficiently” in this context

means that the time required to convert the original problem into a simulatable one,

and then translate the simulated solution back into the original problem, is bounded

by a polynomial function of the input size. Such limits are sometimes referred to as a

polynomial overhead in complexity theory. This stronger version of the conjecture is

called the extended Church-Turing (ECT) conjecture [65]. The ECT conjecture shows

the power of computers: any real-world computation problem can be translated into

an equivalent computation problem on a Turing machine and executed. ECT works

well for classical problems; however, it is invalidated when a classical computer tries

to simulate a quantum system [86, 66].

1.2 Quantum Computing

Consider using a classical computer to simulate a game of flipping quantum coins,

which can have superpositions of heads and tails. Quantum coins can be entangled

such that the probability of a coin ending up with heads or tails may depend on the

state of other coins. For N quantum coins, there are 2N possible outcomes, there-

fore requiring 2N classical computation resources to represent the result. Generally

speaking, for a quantum system with N elements, each with d orthogonal states, the

resources required to store the information would be dN . Although manipulations of

a quantum system can be described precisely in steps, we have only found methods

to calculate the function on a classical computer with exponential overhead [194].

The difficulty of simulating quantum processes with classical computers leads to

the idea of quantum computing. Instead of using a classical machine, one could utilize

a controllable quantum machine to simulate other quantum systems. The very origi-
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nal proposal of quantum computing came from Richard Feynman to simulate physical

systems for many-body physics with quantum machines [86]. In 1981, David Deutsch

extended the ECT conjecture into a quantum version [66]. The whole statement be-

comes that a universal quantum computer could efficiently simulate any phenomena

in the physical world.

Since then, quantum computing has been carefully studied, even beyond sim-

ulating other quantum systems. The quantum Fourier transform (QFT) [194] was

discovered to be exponentially faster than the classical Fourier transform. Soon, a few

quantum algorithms, such as quantum phase estimation [109], Shor’s algorithm [239],

and the HHL algorithm [109], were developed based on QFT that harness the expo-

nential speed-up. Among all, Shor’s algorithm is the most famous, leading to calcu-

lating discrete logarithms, which can break the foundation of most of the currently

widely used asymmetric cryptography systems [228, 128].

1.3 Development of Near-Term Quantum Comput-
ers

To execute the quantum algorithms that inherit exponential speed-up from the Quan-

tum Fourier transform, the quantum computer needs to consist of enough qubits, ex-

ecute quantum gates, and be able to suppress the error rate to arbitrarily low levels.

The error rate can be reduced by applying quantum error correction schemes, and

these quantum devices are called fault-tolerant [39, 92]. As yet, no quantum device

in the world satisfies these requirements, but efforts are being made towards fault-

tolerant quantum computing [149, 196, 117, 90, 38, 3]. Some recent milestones include

encoding quantum information into binomial bosonic logical qubits for error correc-

tion [117], implementation of square and hexagonal GKP codes using superconducting

microwave cavities [38], the implementation of the distance-3 surface code [149], and

a demonstration of the scaling of the surface code [3].
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The more mature quantum systems we have now are known as noisy intermediate-

scale quantum (NISQ) [217] devices. In 2019, Google claimed to achieve ”quantum

supremacy” on random circuits with 53 qubits [2], a milestone that a quantum com-

puter can perform calculations beyond the capability of any classical computer [10].

In 2022, IBM announced their 128 qubit quantum computer [1]. These quantum pro-

cessors are noisy as they are not fault-tolerant and typically have tens to hundreds

of qubits. Researchers have found some use cases for these NISQ devices: variational

quantum algorithms (VQA) have emerged as a promising solution that utilises the

advantage of NISQ devices but also has a larger tolerance to the noise of the NISQ

hardware. The first VQA was proposed and demonstrated in 2013 for solving molecule

energy [211]. Later, more applications emerged for machine learning [103, 18], combi-

natorial optimization [134, 84, 8], and finance-related optimizations [32, 81, 114, 113].

A more comprehensive discussion of VQAs can be found in Chapter 2.

1.4 Using Qudits for Quantum Information Pro-
cessing

A quantity to characterize the computational capability of a quantum computer is

the maximum size of its Hilbert space [194]. A machine consisting of N elementary

building blocks, each of which has d quantum states (i.e., a Hilbert space of dimension

d), has a Hilbert space of dimension dN . Since the computational capability scales

as dN , we can maximise it by using the largest d and N that we can. Most research

to date focuses on using d = 2 systems and scaling up the number of qubits N , and

soon runs into difficulties such as wiring [251], control electronics [248], and frequency

crowding [257, 237]. A complementary strategy is increasing d by replacing the basic

building block qubit with a qutrit (3-level system) or qudit (d-level system, d>3).

This method does not introduce extra hardware complexity; however, it requires more

effort to implement the control scheme for individual building blocks and could suffer
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larger noise. Also, operating a qudit-based quantum computer requires extra effort to

design quantum algorithms to utilize the entire Hilbert space. The algorithms must

be compiled using the qudit gate set, which is different from the qubit gate set.

Quantum Algorithms for Qudit-Based Quantum Computing

The study of qudit-based quantum algorithms has developed to now have a solid

theoretical foundation [280, 160, 35, 67]. One major difference is that qudit and qubit

gate sets are different. Unitaries representing the single qudit operations are in the

SU(d) group. The qudit Clifford group is defined to normalize the generalized Pauli

group; see Section 5.1 for more details. To fully utilize the Hilbert space provided by

the qudit-based quantum computer, algorithms designed for qubit-based systems need

to be modified and adapted. Some of the well-known quantum algorithms have direct

generalizations of the qubit counterparts, such as the Deutsch-Jozsa algorithm [83,

185], Bernstein-Vazirani algorithm [150], Grover’s algorithm [121], QFT [43, 209],

and Shor’s algorithm [30]. These generations keep the same principle but change the

positional notation from the base-2 numeral system to the base-d numeral system.

On the other hand, it is not always possible to directly generalize the quantum

algorithm into a qudit version by changing the positional notation. Some applica-

tions, especially near-term applications, are designed to run on qubit-based quantum

processors [46, 259]. For example, the variational quantum algorithms for chemistry

applications decompose the molecule Hamiltonian into tensor products of qubit Pauli

groups, which originates from the fact that the spin of an electron is a two-level

system. Generalizing the qudit version for these variational algorithms requires an

innovative encoding mechanism and cannot be implemented by simply changing the

positional notation. Emulating a qubit system with qudits can be an alternative way

of implementing these algorithms. When the Hilbert space of a qudit equals that

of an n-qubit system, a qudit can be used to emulate the n-qubit system directly.
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For example, a qudit with d = 4 can be used to emulate a two-qubit system (i.e.,

d = 2n), as was first proposed in [137]. In Chapters 5 and 7 of this thesis, we show

an experimental implementation of this emulation.

It is also worth mentioning that hybrid systems using qubits and qudits together

for quantum computation have also been investigated and shown to have an advantage

over qubit-only processors. The qubit Toffoli gate can be decomposed into shorter

circuits with an intermediate qutrit [220], and a similar approach can be applied to

reduce the circuit depth of larger arithmetic circuits [13].

Realisation of Qudit-Based Quantum Computing

Experimentally utilising qudits as the basic building blocks for quantum processors

has been researched in the past, and achievements have been made on different phys-

ical platforms. Here we review the major experimental achievements to date in qudit

quantum information processing.

Photonics Photonic systems have been considered a promising candidate for quan-

tum information processing [241], and implementing photonic qudits is an emerging

research field. Research from [87] demonstrated photonic qudits encoded in a pho-

ton’s orbital angular momentum (OAM). The following works of OAM photonic qu-

dits include demonstrating multi-qudit entanglement [169] and on-chip large-scale

integration [278]. The work from [159] demonstrated quantum algorithms on a two-

qudit OAM photonic quantum processor with d = 4. It also benchmarked the quan-

tum processor with the Deutsch-Jozsa algorithm, the Bernstein-Vazirani algorithm,

and quantum phase estimation. This research also reports that using the qudit sys-

tem significantly improves the photon detection rate. Another line of research [151]

demonstrated an on-chip photonic qudit system that encodes information into dif-

ferent frequency modes. This experiment successfully demonstrated entanglements

between two qudits where d = 10 for each qudit, and the setup can scale to qudits

6



with even larger dimensions. The photonic qudit has also been used for quantum

communications [59].

Ion Traps Ions confined in radio-frequency traps can be used to process quantum

information, and it has been considered one of the most promising platforms for

quantum information processing [34]. Recently a universal qudit trapped-ion quan-

tum processor was demonstrated using the native multilevel structure of chains of
40Ca+ ions [227]. This research demonstrated entangling gates for qudits with d = 3

and d = 5 using an 8-ion quantum register.

Nuclear Magnetic Resonance Nuclear magnetic resonance (NMR) enables the

manipulation and detection of molecules’ nuclear spin states using radio-frequency

electromagnetic waves, and it has been one of the successful platforms for early demon-

strations of quantum information processing [263, 129]. Using a deuterium (spin-1

particle) nucleus as the NMR qutrit, previous research has implemented applications

of determining the parity of a given permutation of three objects [70], implement-

ing quantum Fourier transform [71], and contextuality tests [72]. Another line of

research [95] uses a spin –3
2

nuclei to implement a qudit (d = 4) from the Zeeman

splitting using a strong static magnetic field.

Superconducting Circuits Superconducting circuits are one of the leading can-

didates for implementing universal quantum computers [148, 271]. The most widely

used building block in superconducting quantum circuits is the transmon qubit [143],

and while most research focuses on using its lowest two energy levels as a qubit, the

transmon naturally has higher levels that can be utilised, albeit with increased sus-

ceptibility to charge noise decoherence [212, 23, 74]. Superconducting qutrits were

used to simulate the topological Maxwell metal bands [252], simulate the dynamics

of quantum information in strongly interacting systems [27], and simulate Tensor
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Monopoles [253].

The research reviewed above has shown that qudit-based quantum systems are

promising for quantum information processing. While qudits have been experimen-

tally implemented on various physical systems for quantum simulation and well-

known quantum algorithms, they have not yet been used to demonstrate variational

quantum algorithms. To demonstrate variational quantum algorithms on qudit pro-

cessors, algorithms designed for qubits must be adapted for qudits or use qudits to

emulate qubits’ behaviour. This thesis research focuses on implementing variational

quantum algorithms on a superconducting qudit that emulates a two-qubit quantum

processor.

1.5 Synopsis

This thesis describes research on the implementation of variational quantum algo-

rithms, with a particular focus on utilising more than 2 computational levels of trans-

mons. The research includes building a two-qubit transmon device and a multi-level

transmon device that emulates two qubits. Then the performance of the two devices is

characterized and compared. Two variational quantum algorithms are demonstrated

on the multi-level transmon device. The remainder of the thesis is structured into

the following chapters:

Chapter 2 introduces variational quantum algorithms, including the variational

quantum eigensolver for calculating molecule eigenstates and quantum machine learn-

ing. It reviews the mathematical background and the optimization approach for

optimizing quantum ansatz parameters. This chapter also includes a proposal for en-

coding the training label into the input data for a variational quantum classification

task.

Chapter 3 introduces the principles of superconducting circuits and how to imple-

ment quantum operations on superconducting circuits. This chapter first describes
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quantum operations that need to be implemented for a universal quantum computer

and then describes the way to quantize superconducting circuits and how to engineer

the Hamiltonian to implement quantum gates.

Chapter 4 introduces the particular circuit architecture used in this work and

describes the electronic setup. It also reports the results of the basic characterization

of the fabricated two-qubit device and multi-level transmon device.

Chapter 5 describes methods for benchmarking the performance of the quantum

processor. First, the mathematical background of quantum channels and superop-

erator formalism is introduced. State and process tomography are then described.

Randomized benchmarking and gate-set tomography for characterizing gate errors

are also explained. In the end, it discusses the experimental implementation of these

methods and makes a comparison between the two-qubit and the multi-level transmon

device.

Chapter 6 describes the implementation of active reset on our multi-level quantum

system in order to prepare high-fidelity initial qudit states.

Chapter 7 presents the demonstration of quantum algorithms on the device. Two

variational algorithms are presented in this chapter. One is for implementing a quan-

tum classifier with a qutrit, and the other is for implementing a variational quantum

eigensolver for hydrogen molecules on a 4-level qudit emulating two qubits.

Chapter 8 concludes the thesis and presents an outlook for future work.
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Chapter 2

Quantum Algorithms on
Near-term devices

In this chapter, I start by reviewing variational quantum algorithms. Section 2.1

covers the mathematics behind quantum variational algorithms, while Section 2.2

delves into their applications in quantum chemistry and machine learning. Section

2.3 discusses optimising these algorithms, which includes some of the review materials

I contributed to in Ref. [259]. In Section 2.4, I introduce a new concept involving

quantum-encoded labels and data for machine learning, though the benefits appear

limited. The idea and analysis were completed by me and were published in Ref. [42]

with revisions from coauthors: Leonard Wossnig, Brian Vlastakis, Peter Leek, and

Edward Grant.
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The purpose of developing quantum computers is to implement quantum informa-

tion processing for practical applications. In this chapter, the concepts of quantum

information processing are reviewed, with a focus on near-term quantum algorithms

that may be implemented on imperfect noisy devices without error correction. The

particular example of quantum machine learning is discussed in detail, including a

proposal for data encoding and cost-function embedding directly on a variational

quantum circuit. This proposal enables quantum information processing on the cost

function value from a variational quantum circuit, without converting back to clas-

sical information. A simulated experiment is demonstrated to prove the correctness

of the encoding method and its performance under a depolarisation noise channel is

investigated.

2.1 Quantum information processing

Quantum information processing was proposed to utilise the quantum nature of su-

perposition and entanglement to represent information and to generalise the concept

of information processing to the quantum world [66, 86]. There are many ways to

implement quantum information processing, such as gate-based quantum comput-

ing [240, 14, 284], measurement-based quantum computing [63, 222, 275, 223], quan-

tum annealing [9, 132], and quantum random walks [51, 49, 50]. Here, the gate-based

quantum computing approach is focused on and explained. Gate-based quantum

computation uses quantum registers to store the quantum information and perform

calculations by manipulating the quantum state stored in the quantum register. The

calculated result is retrieved into classical data by measuring the quantum register

at the end of the calculation. In this chapter, we mainly discuss the use of pure

states and coherent quantum operations. Mixed states and noisy gates are discussed

in chapter 5.
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Quantum registers A quantum register is a quantum system comprising multiple

elementary quantum systems. Each elementary quantum system can be described by

a Hilbert space with d orthogonal states. The state of such a quantum system can

be written as

|ψ⟩ =
d∑
i=0

ci |i⟩ (2.1)

where ci is the complex coefficient of each state and satisfies
∑d

i=0 |ci|2 = 1.

Suppose the i-th elementary quantum system can represent the state in Hilbert space

Hi. The Hilbert space H of a quantum register is given by H = H1 ⊗ H2... ⊗ Hn,

where ⊗ denotes the tensor product and n is the number of elementary quantum

systems in the quantum register.

A quantum state can also be written in the density matrix representation to

capture the classical uncertainty. The density matrix ρ of state |ψ⟩ is given by ρ =

|ψ⟩ ⟨ψ|. The tensor product notation between |ψ⟩ and ⟨ψ| is omitted.

Quantum gates A quantum gate is a unitary operation that transforms the quan-

tum state in a quantum register. The transformed state |ψ′⟩ after applying gate U

can be written as

|ψ′⟩ = U |ψ⟩ (2.2)

And the corresponding density matrix ρ′ is given as

ρ′ = UρU † = Φ(ρ) (2.3)

where Φ(ρ) is a superoperator representing the unitary transformation of U to the

density matrix ρ. More detailed discussion about superoperator formalisms can be

found in chapter 5.
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Quantum measurements The information obtained from the quantum system

is classical information. This information is characterised by the probabilistic ex-

pectation value of a quantum observable or measurement operator. The physical

measurement observable needs to be Hermitian. The expectation value E(O) of an

observable Ô on state |ψ⟩ is given by

E(O) = ⟨ψ| Ô |ψ⟩ = Tr(Ôρ) (2.4)

2.2 Variational quantum algorithms

Decades of research have yielded multiple quantum applications such as Shor’s al-

gorithm, Quantum Fourier transform, and Quantum phase estimation. In order to

be practically useful, these algorithms require the quantum processor to have a few

thousand qubits and be fault-tolerant to be put into practice. Quantum informa-

tion processing devices available nowadays contain up to a few hundred qubits with

considerable error and are called noisy intermediate-scale quantum (NISQ) devices

[217]. In 2013 a variational quantum algorithm (VQA), was proposed that utilises a

classical optimiser to train a parameterised quantum circuit (PQC) [211], which could

overcome the restrictions of NISQ devices while still obtaining considerable quantum

advantage.

A VQA defines an objective function and solves the problem by minimising the

objective function. Usually, the objective function is constructed conventionally based

on the measurement outcome. Denote O(θ) = (Ô1(θ
(1)), Ô

(2)
2 (θ(2)), . . . , Ôa(θ

(a)))

as the observables used to compose the objective function and a as the number of

observables. The objective function is given by

L(θ) = C(O(θ)) (2.5)

where C is a function that maps the observed expectation value to the objective
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function and usually has a simple linear form

C(X) =
∑
i

ciXi (2.6)

where ci is a constant defined by the problem as the coefficient of each measurement

expectation value, Xi is the i-th component of X. Note that such a linear form pre-

serves the analytical properties and it is essential for using the analytical methods to

directly calculate the gradient or implement an analytical gradient-free optimization

strategy [190, 201, 145, 233].

A measurement expectation value is given by

⟨Ôk(θ
(k))⟩ = ⟨ψ0|U (k)†(θ(k))M̂kU (k)(θ(k)) |ψ0⟩ , (2.7)

where k is the index of the parameterised variable θ, |ψ0⟩ is the initial state on the

quantum computer. M̂ (k) is a Hermitian measurement operator, usually chosen to be

the tensor product of Pauli operators to match the physical measurement implemen-

tation on quantum hardware. Uk(θ(k)) is the variational ansatz defined as

U (k)(θ(k)) =
∏
j

U
(k)
j (θ

(k)
j ) (2.8)

and each Uj is a quantum gate, which is generalized as

U
(k)
j (θ

(k)
j ) = exp(iθ(k)j P

(k)
j ) (2.9)

where P (k)
j is a Hermitian matrix, usually a tensor product of Pauli operators. It’s

worth noting that this type of decomposition is also applicable to two-qubit gates.

In fact, any arbitrary two-qubit gate can be expressed as the exponential of a two-

qubit Pauli operator with parameterised coefficient, sandwiched by some single-qubit

rotations.

It is sometimes convenient to utilise the superoperator formalism and consider the

noise in the optimisation process. The expectation value can then be written as

⟨Ôk(θ
(k))⟩ = Tr[M̂kΦ

(k)(θ(k))ρ0], (2.10)
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where ρ0 is the initial state density operator and Φ(k)(θ(k)) denotes the transformation

matrix, which is given by

Φ(k)(θ(k)) =
∏
j

Φ
(k)
j (θ

(k)
j ). (2.11)

For devices that support single-shot readout, for each shot the quantum device

would yield a bit string s. For each string s, a measurement value could be calculated

with Mi(s), and the expectation value is the average of each Mk(s).

⟨Ôk(θ
(k))⟩ =

∑
j

Prob(s(θ(k)) = bj)Mk(bj) (2.12)

where bj ∈ B, B covers all possible single-shot bit strings (all binary numbers from 0

to 2n−1) of the measurement outcome.

Due to the physical implementation from the quantum hardware, not all quantum

computing systems support single-shot readout. Some systems can only yield an

expectation value by averaging the signal from the readout. For example, some NMR

systems use an ensemble of molecules to implement quantum computing and cannot

read the state of every single molecule [78, 221]. In practice, the quantum hardware

system may directly yield an expectation value, and the measurement approaches

vary from different physical systems.

The following section discusses a few types of VQA. The upper label (k) is sim-

plified without ambiguity.

The variational quantum eigensolver (VQE)

The variational quantum eigensolver (VQE) is an approach that utilises the Rayleigh-

Ritz variational method [155, 291] to find the upper bound of the lowest eigenvalue of

a given Hamiltonian [211, 176]. The VQE seeks the state |ψ⟩ such that the expectation

of the Hamiltonian Ĥ is minimised,

E0 ≤
⟨ψ| Ĥ |ψ⟩
⟨ψ|ψ⟩

(2.13)
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To parameterise the state |ψ⟩, the formula is usually written as a state transformed

by a parameterised gate from the ground state |0⟩, and the optimisation problem

becomes

EV QE = minθ⃗ ⟨ψ0|U(θ⃗)ĤU †(θ⃗) |ψ⟩ (2.14)

The optimised expectation value gives the upper bound of the eigenstate energy.

If the |ψ⟩ is well parameterised, it should be accurate enough to be indistinguishable

from the actual ground state energy.

While the principle of VQE is straightforward, a few technical details need to be

clarified for implementing VQE on quantum hardware. Here we describe the theory

of obtaining the configuration of our experiment in later chapters.

Hamiltonian construction First, the Hamiltonian needs to be defined from the

physical system whose ground state we want to find. Usually, we start from a physical

Hamiltonian derived from an existing theory. In this thesis, we focus on the electronic

structure Hamiltonian for small molecules [170, 250]. From non-relativistic quantum

mechanics with the Born-Oppenheimer approximation (the motion of the nuclei is ne-

glected as they are much heavier than electrons), the electronic Hamiltonian depends

parametrically on the nuclear positions Rk and can be written as

Ĥ = T̂e + V̂ne + V̂ee (2.15)

where

T̂e = −
∑
i

h̄2

2Mi

∇2
i (2.16)

V̂ne = −
∑
i,k

e2

4πϵ0

Zk
|ri − Rk|

(2.17)
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V̂ee = −
∑
i,k

e2

4πϵ0

1

|ri − rj|
(2.18)

ri is the position of the i-th electron, Mi is the mass of the electron, Zk is the

atomic number of the k-th nucleus, e is the elementary charge, h̄ is the reduced Planck

constant, and ∇2
i is the Laplace operator for the i-th electron.

The next step is to define a basis to represent the electronic wave function. One

option is to use the STO-nG basis sets for every single atom [211, 133, 152] where it

defines n primitive Gaussian orbitals and fits them into a single Slater-type Orbital

(STO). One of the common choices is the STO-3G basis, which is constructed from

three Gaussians, and the orbital function is given by

χ(r) = c1γ1(r) + c2γ2(r) + c3γ3(r) (2.19)

where

γi(r) = (
2αi
π

)
3
4 e−α1r2 (2.20)

The STO-nG basis is denoted as a minimal basis because it only includes orbitals

necessary to represent the valence shell of an atom. Some more precise models include

higher energy orbitals, allowing for additional polarisation and diffuse and higher

angular momentum functions, such as the correlation-consistent polarised Valence

n-Zeta (cc-pVnZ) basis sets [77]. However, implementing this model requires a much

larger Hilbert space, so has not yet been widely used.

Once the single atom basis function has been selected, the many-body basis of

the whole molecule is constructed from the Hartree-Fock method as the Slater deter-

minants

ψ(x1, x2, . . . , xn) =
1√
n!

∣∣∣∣∣∣∣∣∣
ϕ1(x1) ϕ2(x1) · · · ϕn(x1)
ϕ1(x2) ϕ2(x2) · · · ϕn(x2)

... ... . . . ...
ϕ1(xn) ϕ2(xn) · · · ϕn(xn)

∣∣∣∣∣∣∣∣∣ , (2.21)
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where ϕj(xj) denotes a spin-orbital of the chosen basis, parameterized by xj = (rj, σj)

where rj and σj representing the spatial coordinates and the spin configuration for

the j-th electron. The Ne-electron many-body basis function can then be written as

|ψ⟩ = |ϕ1ϕ2 . . . ϕNe⟩ , (2.22)

where ϕj = 1 means that the j-th basis function ϕj(x) is occupied, and ϕj = 0 is

unoccupied.

Once the basis of the wave function is given, the Hamiltonian can be constructed

by simple projection onto the single-particle basis function. Now we use |ϕi⟩ to

represent the i-th basis, and the matrix elements of one-electron terms hpq are given

by
hpq = ⟨ϕp| T̂e + V̂ne |ϕq⟩

=

∫
dx ϕ∗

p(x)
(
− h̄2

2me

∇2 −
∑
k

e2

4πϵ0

Zk
|r − Rk|

)
ϕq(x)

(2.23)

The two-electron interaction terms hpqrs are given by

hpqrs = ⟨ϕpϕq| V̂ee |ϕrϕs⟩

=
e2

4πϵ0

∫
dx1dx2

ϕ∗
p (x1)ϕ

∗
q (x2)ϕr (x2)ϕs (x1)

|r1 − r2|
.

(2.24)

The quantized form of the Hamiltonian is then written as

Ĥ =
m∑
i=1

n∑
p,q=1

hpq |ϕ(i)
p ⟩ ⟨ϕ(i)

q |+ 1

2

m∑
i ̸=j

n∑
p,q,r,s=1

hpqrs |ϕ(i)
p ϕ

(j)
q ⟩ ⟨ϕ(i)

r ϕ
(j)
s | . (2.25)

Hamiltonian encoding The goal is to measure the expectation value of the given

Hamiltonian. Therefore, the following step is to map the quantized form into a

measurement operator and the electron wavefunction into qubit space. First, the n

single-particle basis functions can have a one-to-one mapping to the Hilbert space

basis of log2(n) qubits.

There are a few ways to implement the encoding, such as Jordan-Wigner encoding,

parity encoding, Bravyi-Kitaev encoding, and Ternary trees encoding. Here, we de-

scribe the principle of the Jordan-Wigner encoding, which we used in our experiment

[174].
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The Jordan-Wigner transformation rewrites each operator into a tensor product

of four types of single-qubit operators: |0⟩⟨0|, |0⟩⟨1|, |1⟩⟨0|, and |1⟩⟨1|, which can be

mapped to Pauli operators as follows:

|0⟩⟨0| = 1

2
(I + Z), |0⟩⟨1| = 1

2
(X + iY )

|1⟩⟨0| = 1

2
(X − iY ), |1⟩⟨1| = 1

2
(I − Z).

(2.26)

After the transformation, the Hamiltonian is mapped into a weighted sum of a

set of directly measurable operators, usually Pauli operators for qubit-based systems.

In practice, these operators’ string representation is referred to as the Pauli string.

Ansatz selection The ansatz refers to the parametrised quantum circuit to im-

plement the state preparation unitary U(θ⃗). In principle, the ansatz can be chosen

arbitrarily as long as it covers the ground state solution of the problem. Therefore

from the hardware point of view, the hardware-efficient ansatz, which gives the easiest

way to implement parametrisation on hardware, is very popular. However, optimising

the random ansatz can be problematic. For example, a too well-parameterised circuit

may suffer the so-called ’barren-plateau’ problem [175], where the gradient informa-

tion would mostly vanish before the optimisation converges. Therefore, some other

ansatz based on prior knowledge, for example, the Unitary Coupled Cluster (UCC)

ansatz [211], are widely used.

Coupled Cluster (CC) theory is a post-Hartree-Fock method that recovers a por-

tion of electron correlation energy by evolving an initial wave function (usually the

Hartree-Fock wave function) under the action of parametrised excitation operators

[16, 214, 204, 203, 127, 57]. When the excitation operators are chosen to have only

single-electron excitations and double-electron excitations, the method is named the

CC Single and Double (CCSD) method. Usually, CC uses excitation operators to

represent only transitions from an occupied orbital to an unoccupied orbital. The

new orbital is constructed by applying the exponentiation of cluster operator T on
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the initial state. When using the Hartree-Fock state as the initial state, the CC gives

wave function |ψ⟩ = eT̂ |ψHF ⟩. For CCSD, the cluster operator is given by T̂ = T̂1+T̂2,

where T̂1 and T̂2 are the single and double excitation operators:

T̂1 =
∑
ia

tai â
†
aâi (2.27)

T̂2 =
∑
ijab

tabij â
†
aâ

†
bâj âi. (2.28)

The original CCSD method is not variational and has failed to approximate sys-

tems with strong correlation, and the improved solution for CCSD usually scales

exponentially in system size [202, 213, 242, 243, 153, 154]). Also, the operator eT̂

is not unitary, and therefore the CC ansatz cannot be implemented as a series of

quantum gates.

The UCC theory [88, 254, 15] is adapted from the CC theory and developed to

be implemented on quantum computers. For any linear operator T̂ , the expression

(T̂ − T̂ †) is an anti-Hermitian operator, and its exponential is a unitary operator.

Moreover, the elements of the truncated cluster operator for UCC are identical to

that of CC, as shown in equation (2.27) and equation (2.28).

|ψ⟩ = eT̂−T̂
† |ψHF ⟩ . (2.29)

For convenience, the excitation operators in T̂ are grouped together with their

corresponding conjugate in T̂ †, and we denote the grouped operator as τ . The

parametrised version of the UCC ansatz can then be written as:

U (⃗t) = e
∑

j tj(τj−τ
†
j ), (2.30)

where tj correspond to the amplitude weights presented in equation (2.27) and equa-

tion (2.28), and with j spanning all the excitation operators included.

Using similar mappings as the Hamiltonian, each of the fermionic operators in the

ansatz can be written as a weighted sum of Pauli operators, and the ansatz can be

written as:
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U (⃗t) = e
∑

j

∑
k itj P̂k,j , (2.31)

Now to implement the UCC ansatz on a quantum computer it is only necessary to

decompose U (⃗t) into a series of parametrised quantum gates that is physically imple-

mentable. For more complicated chemistry problems, the circuit can be approximated

with Trotter-Suzuki decomposition (also called Trotterization), which separates the

sum in the exponent of equation (2.31) into a product of exponentials. For the ex-

periments implemented in this thesis, the ansatz unitary has an explicit form given.

This section gives a walk-through of the principles of VQE. More technical details

for VQE implementation can be found in [259].

Quantum machine learning

Another popular research direction is utilising parametric quantum circuits for quan-

tum machine learning. The main reason for their popularity is that the machine

learning models can tolerate more noise in the intermediate layers and outputs,

making them appealing candidates for the first applications in quantum comput-

ing [103, 120, 210, 4].

One exciting aspect of parameterised quantum circuit (PQC) based machine learn-

ing is its equivalence to tensor-network-based machine learning algorithms [120, 157].

Promising results indicate that certain types of these algorithms can be executed

efficiently on a quantum computer but cannot be efficiently evaluated classically, im-

plying that they have stronger expressive power [75] and a more flexible feature space

[111, 235]. Based on these results, there is hope that such quantum models will yield

a practical advantage in machine learning.

In this thesis, we demonstrated two machine learning algorithms, one with simu-

lation and one with actual hardware implementation. Both experiments focused on

the classification problem. Here we discuss the theory of quantum classifiers.
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Quantum classifiers Classification belongs to the category of supervised learning.

In supervised learning, we are given a dataset S := {xi, yi}mi=1 of m points, where

xi ∈ X are i.i.d. samples drawn from a fixed but unknown probability distribution,

and yi ∈ Y are the corresponding labels, i.e., the ideal output for a given input xi.

In a classification task, the labels are obtained from a finite set of possible outcomes,

for example, a binary outcome, i.e., Y = {0, 1}. The goal of the classification task

is then to find a function, the so-called model f , such that f(xi) returns a result

that matches the label yi for all i ∈ [m] with the highest possible accuracy on a

subset of S, called the training set St. Additionally, we require that the function f

also performs well on samples xj /∈ St, which we haven’t used to train, i.e., find the

model f , the so-called unseen data or test set Sp = S \ St. A learning algorithm,

or training algorithm A, then takes as input the dataset S, and possibly additional

hyperparameters, and returns a model f = A(S, ·) which minimises some specified

measure of the discrepancy between the desired output and the model output. The

measure of this discrepancy is called the cost function ℓ : Y ×Y → R, also called the

objective of the learning problem, and is an integral part of the solution.

In the PQC setting, the model f(xi) is given by a large unitary matrix U ∈

C2n×2n , U †U = I acting on an n-qubit system, and the input xi is given by a state |ψi⟩.

A prediction of the model is then given by the expectation value for the measurement

of one qubit after U is applied to some input state |ψi⟩ ∈ C2n , see figure 2.2a. Here

we denote the qubits that store |ψi⟩ as data qubits. U can be decomposed in several

different ways into elementary logical elements, which are called quantum gates. One

such decomposition results in a sequence of single-qubit rotation gates and CNOT

gates, which can then be parameterised by the rotation angles θ of the single-qubit

gates [265, 69]. After obtaining the gate sequence, we arbitrarily choose a subset

of the qubits as the output qubits. The state of the output qubits is given by the

density matrix ρoutput. We then consider their measurement output as the prediction

22



of the ansatz. We choose only one of the qubits for binary classification problems

as the output and ignore the information stored in all others. Once we have the

output of the measurement of |ψi⟩, i.e., the prediction of our model, the cost function

can be evaluated by measurement and applying some post-processing to evaluate the

discrepancy ℓ(f(|ψi⟩), yi). The training task then consists of adjusting the parameters

θ of the model U(θ) to match the expectation value of a measurement of the output

qubit to the corresponding label in the dataset. Throughout this thesis, we let this

measurement be on the Z-basis.

Relationship to semidefinite programming

Semidefinite programming (SDP) is an essential subfield of convex optimization and

has a close connection with VQAs [20, 33, 206]. Here we denote the space of all

n× n real symmetric matrices as Sn, and the semidefinite programming is defined as

follows [262, 64]:

minX∈Sn ⟨C,X⟩Sn
subject to ⟨Ak, X⟩Sn ≤ bk, k = 1, . . . ,m

X ⪰ 0
(2.32)

where the matrix X is the unknown variable that requires optimization, and C,Ak

are symmetric matrices. ⟨A,B⟩ denotes the inner product between A and B. One

of the biggest difficulties in solving SDP is finding solutions that fulfil the positive-

semidefinite constraint X ⪰ 0.

For example, the SDP is solved by first defining the associated barrier problem

[112], which creates a virtual barrier with a loss function tending to infinity at the

boundary where X is no longer positive-semidefinite. Such a numerical approach is

computationally difficult to confirm if X is still positive-semidefinite.

Now consider that a density matrix of a quantum system ρ plays the role of X.

In order to be physically meaningful, ρ must be positive-semidefinite since we cannot

observe negative probability. Under this configuration, there is no need to spend
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extra resources to maintain the positive-semidefinite constraints.

An arbitrary SDP problem can be encoded into a quantum computer using a

mixed-state density operator. We can write the unitary X parametrised by an ansatz

parameter vector θj as:

X = U(θ)Λ(λ)U(θ)† (2.33)

where Λ = diag(λi). As long as all λi ≥ 0, X is positive semidefinite. If Λ is

the density matrix of a physical mixed state, then
∑
λi = 1. An arbitrary SDP

problem does not have this constraint, therefore to map an arbitrary SDP problem

onto a quantum computing problem, we need to release this constraint with additional

construction. Now consider the density matrix X as an unnormalised mixed state

and define Γi as a density matrix with only the i-th diagonal entry equal to 1, and

all other entries are 0. Then we can write the expectation value:

Tr(CX) = Tr(CU(θ)Λ(λ)U(θ)†) (2.34)

= Tr(C
∑
i

U(θ)λiΓiU(θ)
†) (2.35)

=
∑
i

λiTr(CU(θ)ΓiU(θ)†) (2.36)

The state U(θ)ΓiU(θ)† can be prepared on a quantum computer by selecting a

different initial state (flip qubits) for different i. Then the objective function ⟨C,X⟩

is a measurement expectation value with respect to the measurement operator C, and

we decompose C and Ak into Pauli matrices as the measurement observables:

C =
∑
i

ciPi (2.37)

Ak =
∑
j

ckjPj (2.38)
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This construction shows that all variational quantum algorithms can be viewed

as semidefinite programming. Since the initial state is prepared to be a pure state,

VQE restricts the parameter X to be rank-1 and trace-preserving or simply implies

that X is an idempotent matrix (X2 = X). This constraint forces the density matrix

to represent a pure state. Similarly, the quantum approximate optimisation algo-

rithm (QAOA) is the quantum version of semidefinite programming for optimisation

combinations.

2.3 Optimisation strategy

The VQA is, in essence, an optimisation problem; it aims at heuristically constructing

an approximation of an electronic wavefunction through iterative learning of ansatz

parameters. For the algorithm to be viable, it must be that it can learn a good

enough approximation of the solution within a tractable number of learning steps.

It was already demonstrated that optimisation of the variational quantum ansatz is

NP-hard [24], meaning that there exist at least some problems in which finding an

exact solution for the VQA problem is intractable. As such, efficient optimisation

strategies that provide a well-approximated solution within an acceptable number of

iterations are essential for any variational algorithms to be put into practice. Studies

from recent years show the expectation value landscape has some analytical proper-

ties that are useful to extract information, such as evaluating gradients directly on

quantum devices [190, 201, 233]. In addition, the ansatz landscape can be efficiently

approximated to accelerate the convergence [145, 205]. Such prior knowledge helps

develop efficient optimisation strategies for variational quantum algorithms. This

section presents the most relevant optimisers and strategies developed specifically for

parametric circuits.
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Figure 2.1: Quantum circuit that evaluates Im(⟨ϕ0|V j†
k (θ)M̂kU(θ)|ϕ0⟩).

Analytical gradient calculation

The gradient of measurement observables can be evaluated on quantum computers

directly by utilising the analytical property of the ansatz. For ansätze made from a

sequence of parametrised quantum gates, the partial derivative is

∂ ⟨Ôk(θ)⟩
∂θj

= 2 Im(⟨ϕ0|V j†
k (θ)M̂kU(θ)|ϕ0⟩), (2.39)

where the operator V j
k (θ) is defined as inserting P j

k between the (j − 1)-th term

and j-th term, which comes from the derivative of the j-th term:

V j
k (θ) = eiθNk

P
Nk
k · · · eiθjP

j
kP j

ke
iθj−1P

j−1
k · · · eiθ1P 1

k . (2.40)

The difficulty of evaluating the gradient directly is that V j†
k (θ)M̂kU(θ) is usually

not Hermitian, therefore there is no known method that can directly convert it to a

quantum circuit. Two methods to analytically measure the gradient have been de-

veloped, and it is worth noticing that these two methods are measuring the gradient

with the exact same mechanism, but with direct and indirect measurements [183].

Here, direct measurement means the observed quantity is encoded into a single quan-

tum observable, while indirect measurement calculates the quantity with multiple

quantum observables.

Direct analytical gradient measurement
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The imaginary part of ⟨ϕ0|V j†
k (θ)M̂kU(θ)|ϕ0⟩ can be directly evaluated by intro-

ducing an ancillary qubit [229]. The quantum circuit that implements this evaluation

is shown in Fig 2.1. First, we prepare the ancillary qubit into the 1√
2
(|0⟩+ |1⟩) state,

and the rest of the quantum register into |ϕ(θ)⟩ state. Now the system has the state:

|ψ⟩ = 1√
2
(|0⟩+ |1⟩)⊗ |ψ(θ)⟩ . (2.41)

We can then apply the Pj gate controlled by the ancillary qubit and apply the

remaining unitary. Finally, we apply the measurement observable controlled by the

ancillary qubit. This gives the new state:

|ψ⟩ = (|0⟩ ⊗ U(θ) |ϕ0⟩+ |1⟩ ⊗ M̂kV
j
k (θ) |ϕ0⟩)√

2
. (2.42)

Now we apply the Hadamard gate to the ancillary qubit, which gives:

|ψ⟩ = |0⟩ ⊗ (U |ϕ0⟩+ M̂kV
j
k (θ) |ϕ0⟩) + |1⟩ ⊗ (U |ϕ0⟩ − M̂kV

j
k (θ) |ϕ0⟩)

2
. (2.43)

The imaginary part of ⟨ϕ0|V j†
k (θ)ÔiU(θ)|ϕ0⟩ is now encoded in the ancillary qubit

in the Y -basis.

Indirect analytical gradient measurement To illustrate this method first we

make some modifications to our notation. We now absorb the common terms of U

and V into the state and measurement operator, and define:

Wk,1(θ) = exp(iθj−1P
j−1
k ) · · · exp(iθ1P 1

k )

Wk,2(θ) = exp(iθnP n
k ) · · · exp(iθjP j

k )

|ϕ(θ)⟩ = Wk,1(θ) |ϕ0⟩

Qk(θ) = W †
k,2M̂iWk,2.

(2.44)
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Then we have:

∂ ⟨Ôk(θ)⟩
∂θj

= 2 Im(⟨ϕ(θ)|Qk(θ)Pk|ϕ(θ)⟩). (2.45)

We use the following construct which is related to ⟨ϕ(θ)|PkQk(θ) |ϕ(θ)⟩:

⟨ϕ(θ)|(∓iPk)Qk(θ)(±iPk)|ϕ(θ)⟩ = ∓ Im(⟨ϕ(θ)|PkQk(θ)|ϕ(θ)⟩) + C, (2.46)

where C = ⟨ϕ(θ)|Qk(θ) |ϕ(θ)⟩+ ⟨ϕ(θ)|PkQk(θ)Pk |ϕ(θ)⟩ is a constant value.

For single-qubit gates given by Uj(θj) = exp(iθjPk), Pk ∈ {X,Y, Z} where {X,Y, Z}

are Pauli matrices and with exactly two eigenvalues, we have [233]:

±iPk = exp(∓π
4
iPk), (2.47)

therefore:

⟨ϕ(θ)|(∓iPk)Qk(θ)(±iPk)|ϕ(θ)⟩ = ⟨ϕ(θ ± π

2
ej)|Qk(θ ± π

2
ej) |ϕ(θ ± π

2
ej)⟩ , (2.48)

and:

∂ ⟨Ôk(θ)⟩
∂θj

= ⟨Ôk(θ +
π

2
ej)⟩ − ⟨Ôk(θ − π

2
ej)⟩ . (2.49)

The parameter shift rule can be generalised to a general parameter shift rule and

give gradient ggPSR to obtain higher-order derivatives [233, 119]:

ggPSR(θ, γ1, γ2) := r[L(θ + γ1) + L(θ + γ2)] (2.50)

where 2r is the difference of the eigenvalue of the gate generator G. For single-

qubit gates with Pauli operators as the generator, r = 1.
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ggPSR(θ, γ1, γ2) =
sin(2rγ1) + sin(2rγ2)

2
g(1)(θ)− cos(2rγ1)− cos(2rγ2)

4r
g(2)(θ), (2.51)

and because of the sinusoidal property of the expectation value, the k-th order

derivative has a constant multiplier different from the (k − 2)-th order derivative:

g(k+2) = − 1

4r
g(k). (2.52)

So far the analytical gradient methods only apply to parametrised single-qubit

gates. The relation presented in equation 2.47 holds only when Pk has exactly two

different eigenvalues. To use the parameter shift rule for arbitrary two-qubit gates,

one can decompose the multi-qubit gate into a sequence of single-qubit gates and

products of the same Pauli matrices, which always have two different eigenvalues [60].

When the operators have 3 different eigenvalues, the gradient can be evaluated with

a modified 4-value shift rule [122]. For other operators, the value P can be poly-

nomially expanded into a linear combination of low-rank (2 or 3 eigenvalues) opera-

tors [122]. Alternatively, the objective function can be decomposed into trigonomet-

ric polynomials, and the gradient can be evaluated with trigonometric interpolation

methods [283, 256].

It is worth mentioning that for VQE, the parameter shift rule can be implemented

before encoding the fermionic excitation to the qubits, which reduces the required

number of measurements [147].

Analytical optimisation

In this section, we review optimisation methods that take advantage of the analytical

property of the objective function landscape. Consider the ansatz circuit as a CPTP

mapping as a product of individual quantum super-operators:

Φ(θ) = Φk(θk) . . .Φ2(θ2)Φ1(θ1). (2.53)
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Here Φk(θk) are k-th parameterised quantum gates where Φk(θk)ρ := UkρU
†
k and

Uk = exp(−i θk
2
Pk). Here Pk are tensor products of single-qubit Pauli operators as

Pk ∈ {I,X, Y, Z}⊗N . Each superoperator can be expanded around θ0 as:

Φk(θ0 + θ) = a(θ)Φak + b(θ)Φbk + c(θ)Φck, (2.54)

where a(θ), b(θ) = 1± cos(θ) and c(θ) = 1
2
sin(θ).

Now we only allow n parameters to be variables and fix all the others, the whole

ansatz can be expanded into:

Φ(θ0+θ) =
ν∏
k=1

[a(θk)Φak + b(θk)Φbk + c(θk)Φck], (2.55)

where θ is the displacement around the reference point θ0.

Sequential optimisation with sinusoidal fitting (Rotosolve) A variety of

quantum variational algorithms deal with linear objective functions. For example,

the energy value for VQE is a linear objective function. For these problems, the

objective function landscape of every single variable is a sinusoidal function. The

full information of such a function can be obtained by measuring three points of the

objective function. The sequential optimisation method [266, 190, 201] utilises this

feature and calculates the minima of the sinusoidal function directly. By iteratively

finding the minima of every single parameter while fixing the other parameters, a

greedy method can be derived to optimise the parameters of the ansatz efficiently.

From equation (2.55), we can simplify a(θ), b(θ) and b(θ) into a simpler form if we

only allow one single parameter to change. When all the parameters are independent,

the objective function can be transformed as:
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L(θ0+θ · ei) = Li(θ)θ0 =Tr[MΦi(θ0+θ · ei)] (2.56)

=Tr[M(a(θ)Φa + b(θ)Φb + c(θ)Φc)] (2.57)

=A sin(θ + ϕ) + C. (2.58)

The parameter can be evaluated analytically with the following equation when

the Hermitian generator has exactly two eigenvalues.

θ∗ = ϕ− π
2
− arctan2

(
ϕ1, ϕ2

)
+ 2πk, (2.59)

where:

ϕ1 = 2Li(θ)θ0 − Li(θ +
π

2
)θ0 − Li(θ −

π

2
)θ0 (2.60)

ϕ2 = Li(θ +
π

2
)θ0 − Li(θ −

π

2
)θ0 . (2.61)

All the single-qubit gates have Pauli operators as their generators, which satisfy

the above equations. The cost function can also sum sinusoidal functions with differ-

ent periods [283, 266] when the generator has more than two distinct eigenvalues.

When several gates share the same parameter, the objective function can be trans-

formed into a similar form but with different oscillation periods:

L(θ0+θ · ei) =A sin(kθ + ϕ) + C, (2.62)

where k is the number of appearances of θi in the ansatz. The same approach can

be applied to find the analytical solution.

It is important to note that the conditions for validity of this optimisation method

imply that it cannot be applied to some ansätze (for instance, in the case where a
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parametrised controlled unitary is used). In general terms, Rotosolve and its sub-

sequent extension require that all parametrised gates subject to optimisation have

2π-periodicity and full rank for the Hermitian matrix generating the rotation. The

work presented by Wierisch et al. [283], relying on alternative general parameter-shift

rules, demonstrates a generalisation of Rotosolve which allows for it to be used on all

quantum gates with arbitrary frequencies.

2.4 Simulating Quantum Neural Network Training
with Label Qubits

This section discusses a theoretical proposal to encode the cost function into the pa-

rameterised quantum circuits (PQCs) for classification tasks. Just as with classical

deep learning, parameter training is the most time-consuming process of building a

PQC model. Finding efficient ways to obtain optimal or near-optimal parameters

is a major objective of current research. Several interesting methods have been pro-

posed to optimise parameters. Firstly, there are gradient-based optimisation methods

[108]; the partial derivative of the expectation value can be directly evaluated with

a Hadamard Test [61, 229], or the shift-rule can be used to do a Hadamard Test

with indirect measurements [184, 233]. Alternatively, the gradient-free optimisation

method rotosolve mentioned in the previous section can be used [201, 190].

Motivation

The target to be optimised (in machine learning, the cost function) is typically calcu-

lated from measured expectation values. Therefore, the value of the cost function is no

longer encoded in the quantum state. This brings us some inconvenience. For exam-

ple, the Hadamard Test and shift-rule methods can be used together with the chain

rule to calculate the cost-function gradient [17], but this requires several function
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evaluations1. In addition, the gradient-free method rotosolve, which was developed

for the specific value landscape of Hermitian expectation values, cannot be applied

to classical non-linear cost functions [201, 190].

Therefore, an open question is whether we can find a method which embeds the

cost function into a quantum circuit. Embedding the cost function into the quantum

circuit directly will not only allow PQC-based ML models to be trained with the opti-

misation techniques we mentioned above but also opens the possibility for performing

further quantum operations after the cost function is evaluated, such as quantum-

enhanced measurement [98] and reduction of measurement times by phase estimation

[277]. Here we present a method which achieves the cost function embedding for

PQC-based ML models.

Embedding Cost Functions and Training Labels

I propose two cost functions that can be encoded directly through a quantum circuit,

i.e., the outcome of the quantum circuit corresponds to the evaluation of the cost

function for a given input. We then propose a corresponding data encoding method

that allows calculating averaged cost function values among the encoded training

dataset. Our approach could be used in combination with existing algorithms [85,

234, 48, 103] by replacing the part of data encoding and cost function evaluating in

these existing frameworks.

Cost Function Embedding For the concrete implementation, we add another

qubit |ϕ⟩, which holds the desired output for the supervised learning task, which we

call the label qubit.

For the binary classification problem, the label β ∈ {0, 1} can be encoded as states

|0⟩ or |1⟩ of the label qubit.
1Suppose our cost function is given by f(x) and the measurement expectation value is given by

g(x), the derivative is then given by f(g(x))′ = f ′(g(x))g′(x). To calculate this derivative, both the
intermediate gradient g(x)′ and the expectation value g(x) need to be evaluated
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Data |ψ〉 U

Label |φ〉

(a)

Data |ψ〉 U

Label |φ〉

Ancilla |0〉 H H

(b)

Figure 2.2: Two ways to embed cost functions into quantum circuits. Reproduced
from Ref. [42]. The data qubits store the input data and the label qubit stores the
label (expected output). U denotes an arbitrary ansatz, while we consider the output
from the ansatz is encoded in one qubit (here it is the qubit represented as the second
line of the circuit). In Figure (a) we apply a CNOT gate on the output qubit, and
flip the state based on the label qubit. This will give us the CNOT cost function and
encode the output into the Z-axis expectation value of the output qubit. In Figure
(b) we add an ancillary qubit and apply a Fredkin gate between the ansatz output
and the label, controlled by the ancillary qubit. This will encode the overlap between
the ansatz output and the label into the ancillary qubit.

A simple way to implement a cost function for binary classification is to use a

CNOT gate to flip the output state based on the input training label, see figure 2.2a.

Notably, under this operation, the output qubit remains |1⟩ if the prediction and the

expectation value are unequal, and will be |0⟩ if they are the same.

Suppose the expectation value of the measurement ⟨M⟩ = α, and recall that the

label is β ∈ {0, 1}, then the CNOT cost function can be shown to be

Ecost(ψ) = (1− 2β)α + β (2.63)

Note that this can be transformed into a well-studied loss function in machine

learning, the so-called hinge loss [76].

In general, we want to treat continuous as well as binary outcomes, i.e., Y = R. In
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the quantum setting, this means that the ancillary qubit would no longer be in one of

the states {|0⟩ , |1⟩}, and the above CNOT trick can no longer be applied. To handle

this scenario, we can fall back to a well-known method that has been proposed for

quantum classification, the Swap test [36, 5]. The Swap Test is a method to encode

the overlap between two unknown states into an ancillary qubit. A swap test consists

of a Hadamard gate followed by a controlled swap gate between two states and a final

Hadamard gate. If the two states that we aim to compare, let them be |ψ⟩ and |ϕ⟩,

are the same, i.e., ⟨ψ|ϕ⟩ = 1, then the Swap Test acts as the identity. This means

that the output state remains the same. However, if the two states are different,

i.e., ⟨ψ|ϕ⟩ ̸= 1, then the difference will be reflected in the phase of the control qubit.

A swap test between the label state and the prediction state can hence be used to

estimate the overlap. We can then use the overlap as the output of our cost function,

see figure 2.2b.

Suppose the input state is |ψ⟩, then the Z-axis expectation value of the measure-

ment of the ancillary qubits can be written as [36, 5]

Ecost(ψ) =
1− ⟨ϕ| ρoutput |ϕ⟩

2
(2.64)

The controlled swap gate is also referred to as the quantum Fredkin gate, and

several physical realizations using photonics or superconducting systems have been

realized [207, 199, 158]. We hence have a single-qubit encoding of the cost function.

Data Encoding Now let’s consider the data encoding for the cost functions dis-

cussed above. In classical deep learning, the cost function is evaluated individually

for each sampled data point from the training dataset. Then the cost function value

is averaged across all calculated values. This trivially costs O(N) repetitions of the

cost function evaluation for N data points. Since we are only interested in the aver-

aged cost function value instead of the individual value, it is natural to ask whether
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quantum parallelism can speed-up its evaluation. As we will now show in detail, we

find interestingly that there is in fact no quantum speed-up that can be gained.

Consider a single data point. The goal of this procedure is to transfer each data

point into a quantum state. For fully digitised input data, i.e. if all the input

values are binary (for example, 0 or 1), the encoding step can be done by mapping

the classical “1” to the |1⟩ state and classical “0” to the |0⟩ state. Alternatively, if

we would like to prepare non-digital input for training, we first normalise it to the

range
(
0, π

2

)
, and then encode the data in the amplitude of the input qubits. This

is done via the rotation angles, and we obtain for a single data point j the angle set

γj := {γj0, γ
j
1...γ

j
n} such that

|ψji ⟩ = cos(γji ) |0⟩+ sin(γji ) |1⟩ (2.65)

Where i is the dimension index of the data point. Taking a data point in N dimen-

sions, the entire state is then given by the tensor product

|ψj⟩ =
N⊗
i=1

|ψji ⟩ (2.66)

This method is often referred to as qubit encoding [249]. The qubit encoding method

stores each dimension of the data in the amplitude on an individual qubit. It hence

maps the data to an exponentially large feature space. This allows the use of simpler

models in the classifier task, such as linear classifiers. Additionally, this method is

well suited for NISQ devices as it requires only single-qubit gates to implement.

Next, we need to consider how to represent our entire dataset and let the quantum

circuit work out the averaged cost function naturally. Suppose the circuit giving the

cost function is represented by the unitary C, the measurement by the operator O,

and the initial state for each data point be |χi⟩ = |ψi⟩ ⊗ |ϕi⟩. The cost function with

respect to the i-th datapoint xi (encoded in ψi) can then be represented by
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[Ecost]xi = ⟨χi|C†OC |χi⟩ = ⟨χi|D |χi⟩ , (2.67)

where D = C†OC. The average of the cost function is then given by

Ecost =
1

N

N∑
i=0

⟨χi|D |χi⟩ (2.68)

where N is the number of data points in the dataset.

Here we can use a mixed state, which is the classical average of all possible states

of our datasets. To see this, recall that the desired cost function value is the average

of the cost function values across the entire dataset. If we hence input a mixed state,

ρmix =
1

n

∑
n

|ϕi⟩ |ψi⟩ ⟨ψi| ⟨ϕi| , (2.69)

which is the average of all states in our dataset, the outcome of the calculation

is similarly the average over the dataset. This mixed state can be constructed by

randomly selecting one of the samples in every single run of the algorithm, and then

averaging the outcome over all runs. Since all the qubits are separable, we need

single-qubit rotations for each qubit to prepare each state. Notably, the accuracy of

this will depend on the concrete distribution and the number of repetitions.

Rather than using the mixed state described above, it is natural to think if we

can prepare data in a pure superposition state. We find that it is possible, but that

there is no speed-up compared to the mixed-state preparation method. Consider a

uniform superposition state over the entire dataset. After evaluating the circuit, we

will then obtain the expectation value as:

Ecost =

√
1

N

N∑
i=0

⟨χi|D
√

1

N

N∑
i=0

|χi⟩

=
1

N

N∑
i=0

⟨χi|D |χi⟩+
1

N

N∑
i=0

N∑
j ̸=i

⟨χi|D |χj⟩
(2.70)
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The first term of equation 2.70 would give us then exactly what we desire if

i = j. However, it also includes the terms for i ̸= j. Although the input states

|χi⟩ are always orthogonal to each other for fully digitised input data, we cannot

guarantee that ⟨χj|D |χi⟩ = 0 holds. To fix this problem, we can introduce an

additional register |ϵi⟩ which we call the index qubits. The new initial state is then

given by |χi⟩ = |ψi⟩ ⊗ |ϕi⟩ ⊗ |ϵi⟩. We put the index of each data point into these

qubits and don’t apply any operation on them throughout the circuit. Since {|ϵi⟩} is

an orthogonal set, the entire state after running the circuit will also be orthogonal,

and we will obtain ⟨χi|D |χj⟩ = 0 for any i ̸= j.

It is well known that such a superposition state can be prepared using variants of

Grover’s state preparation [105, 231]. However, these approaches require relatively

deep circuits, and are therefore not immediately applicable for NISQ devices. More-

over, the index qubits we introduced here do not participate in any computation of

the PQC. We can measure these index qubits at the very beginning, resulting in a

state collapse into a specific data point. This superposition-state encoding is therefore

equivalent to the mixed-state encoding we proposed above, which randomly selects

a data point at the beginning and averages the outcome at the end. This encoding

will have the same outcome as long as the difference between the random number

generator and the quantum randomness is negligible.

By simply preparing the input data into a superposition the expected value of

the quantum circuit is not the same as evaluating each data point individually and

taking the average. This is because of the quantum interference between each data

point. Once the interference is removed by adding index qubits, there is no quantum

speed-up from encoding the data in superposition.
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Simulation Result

We use the gradient-finding method using the Hadamard Test [61, 229] and the Adam

optimiser [138]. First, we give a brief review of the Hadamard Test gradient estima-

tion, and then demonstrate how to use Hadamard Test gradient estimation together

with the proposed method in this section. Here we show two tasks, to train a classifier

for an XOR gate and to train a classifier for a more realistic problem, the canonical

Iris flower dataset.

Gradient Estimation with the Hadamard Test Gradient estimation with the

Hadamard Test has previously been used to calculate the partial derivative of the

eigenenergy of a molecule [61, 229]. The Hamiltonian Pauli terms used to approximate

molecular energies are typically multi-qubit terms. For this reason, they can require

a separate control operation on a large number of qubits, which in NISQ devices has

the potential to introduce a prohibitive level of noise [194]. Here, by encoding the cost

function valuation into a single qubit, the control operation is reduced to a simple

controlled-Z gate which is acceptable for NISQ applications.

A circuit that implements this Hadamard Test gradient estimation together with

cost function embedding is shown in figure 2.3. Using this method, it is possible

to evaluate the partial derivative of the expectation value of the output qubit with

respect to the rotation angle θ. Here θ parametrises the rotation generated by some

Pauli operator P . For example, for P being the PauliX operator, we will have a single

qubit rotation gate with angle θ about the X axis. Typically there will be multiple

single-qubit gates inside the ansatz. We can perform this method on each one of them

to get the partial derivative of our cost function with respect to each rotation angle.

The whole process is given by the following: We begin by preparing an ancillary

qubit in the |0⟩ state, and then apply a Hadamard gate to obtain the plus state,

|+⟩ = |0⟩+|1⟩√
2

. Next, we apply a controlled-P gate right after the single-qubit rotation
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gate eiθP , where the control is on the ancillary qubit. Finally, because we encoded

our cost function value in the Z-axis of the second qubit, we add a controlled-Z gate

between the ancillary qubit and the second qubit, followed by another Hadamard gate

on the ancillary qubit which rotates the state back to the {0, 1}-basis. The resulting

ancillary qubit now contains the gradient encoded in its phase. Finally, we apply a
π
2

rotation about the X-axis on the ancillary qubit so that the gradient is encoded in

the Z-axis of the ancilla and can be determined by measuring in the {|0⟩ , |1⟩} basis.

Data |ψ〉 V W
eiθjPj Pj Z

Label |φ〉

Ancilla |0〉 H H X π
2

Figure 2.3: Estimating the gradient value by measuring the ancillary qubit. Repro-
duced from Ref. [42]. The circuit U = V (eiθjPj ⊗ I(n−1)

k )W is the parametric quantum
circuit and the entry of the gradient corresponding to parameter θj is encoded into
the expectation value of the ancillary qubit.

We can therefore use the circuit in figure 2.3 to estimate the gradient by simply

measuring the single ancillary qubit. The input data is encoded into data register

ψ represented as the first two lines, and the expected output (label) is encoded in

the label register |ϕ⟩. When we optimise the parameter θj we decompose the ansatz

U into U = V (eiθjPj ⊗ I(n−1)
k )W where I(n−1)

k is the identity operation on all the

other qubits except the k-th qubit (to which we applied the single qubit rotation),

and eiθjPj is the single qubit rotation gate parametrised by θj where Pj is a Pauli

operator. We first insert a controlled-Pj gate right after the single qubit rotation,

then add a controlled-Z gate after the output of the cost function. Both these gates

are controlled by an ancillary qubit prepared in state 1√
2
(|0⟩ + |1⟩). In the end, we

swap the Z and X axes of the ancillary qubit with a Hadamard gate and then do

a π/2 rotation along the X axes. The partial derivative of the cost function with

40



respect to θj is stored in the ancillary qubit.

XOR Experiment We can now proceed to test the above methods for training

PQCs. The first example task consists of training the circuit to perform the classical

exclusive or (XOR) operation. Here we require the circuit to implement the truth

table of XOR, i.e., yield true if and only if the input bits are different, and false

otherwise. We use |0⟩ to denote the FALSE value, and |1⟩ to denote TRUE. Here

we demonstrate the method involving encoding data in superposition. The circuit

ansatz is shown in figure 2.4.

The input bits are |00⟩, |01⟩, |10⟩, |11⟩, the corresponding labels, i.e., evaluations

of XOR on the respective input, are |0⟩, |1⟩, |1⟩, |0⟩, and the indices are given by

|00⟩, |01⟩, |10⟩, |11⟩. Including an extra qubit as the ancillary qubit, the final input

state is given by

|χ⟩ = 1

2
(|000000⟩+ |010110⟩+ |101010⟩+ |111100⟩) (2.71)

After the gradients are determined by evaluating the circuit they are used to

update the parameters using the Adam optimiser [138].

The simulation result is shown in figure 2.5. During the experiment, we were

able to see that circuits with CNOT or Fredkin cost functions can successfully give

us the correct gradient direction. We observed that training converges for both fully

digitised data encoding and mixed-state encoding, and the convergence rates are the

same.

Iris Experiment Next, we investigate a more realistic scenario in which we im-

plement a classifier for the Iris dataset [89]. The Iris dataset contains 150 labelled

examples in total, with three different types of Iris flowers. Each example is described

by four features. We prepare a mixed state with the method from equation 2.69, and

41



Rx Rz Rx

Rx Rz Rx Rx Rz Rx

(a)
Index |ε〉

Data |ψ〉
Rx Rz Rx

Rx Rz Rx Rx(θ) X Rz Rx Z

Label |φ〉

Ancilla |0〉 H H X π
2

(b)

Figure 2.4: (a) The ansatz used for training the XOR circuit. (b) Evaluation of the
partial derivative of theta for training the XOR circuit with CNOT cost function.
Reproduced from Ref. [42]. This circuit is used to find the partial derivative of
the CNOT cost function with respect to the rotation angle θ. Here we choose an
ansatz with arbitrary single qubit rotation applied on each input qubit first, then
use a CNOT gate to exchange the information between two qubits, and again apply
an arbitrary single-qubit rotation on the output qubit. We use three parametrised
single-qubit rotations, Rx, Rz, Rx, to construct an arbitrary single-qubit rotation.
The input state is encoded with equation 2.71.
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Figure 2.5: Numerical simulation result for circuit shown in figure 2.4. Reproduced
from Ref. [42]. Here we tested the cost function value and the mean square error
for the same training dataset prepared as equation 2.71. During the training process,
the circuits for evaluating the partial derivative of each of the parameters θi are
generated. For each iteration, all these circuits are evaluated and give the derivative
of each parameter, which is the gradient of the cost function. Then the gradient value
is passed to the Adam optimiser. Here the learning rate of the optimiser is 10−3. At
the end of each iteration, the parameters are updated by the Adam optimiser. The
result here shows both CNOT and Fredkin cost functions can be used for training,
and they give similar convergence speeds.

the training circuit is shown in figure 2.6. Several interesting results were found dur-

ing the training process. See figure 2.7. First, we report that by using the Adam

optimiser, the PQCs can converge. The CNOT cost function and the Fredkin cost

function were able to achieve similar training performance and convergence rates.

In order to investigate the robustness of the circuit, we applied the depolarisation

channel to the system. The channel is described as ∆λ(ρ) = λρ+ (1− λ)/2nI where

n is the number of qubits. We observe that the algorithm still converges to a region

close to the optimal point when λ = 0.999 is applied. When λ = 0.99, the cost

function no longer converges.

We can see for the circuit in figure 2.6 that we can tolerate depolarisation noise

when λ = 0.999, which is quite close to gate fidelities of state-of-art NISQ devices

[141, 156]. This method could also be combined with error mitigation [82], which can

suppress some errors and make this algorithm even more robust to the noise on a
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Data |ψ〉
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Label |φ〉

Ancilla |0〉 H H X π
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(b)

Figure 2.6: (a) The ansatz of the hierarchical classifiers. (b) Training circuit for
quantum hierarchical classifiers. The input state is encoded with equation 2.69. Re-
produced from Ref. [42]. Here we demonstrate that the circuit gives the partial
derivative of the cost function against the parameter θ, which parametrises one of
the single qubit rotation gates (highlighted in red). A controlled-X gate (CNOT) is
applied right after the parametrised gate [103].

NISQ machine.

Conclusion

We now summarise the advantages of our proposed method. Firstly, the encoding

of the value of the cost function into a measurement expectation value enables the

ability to do further quantum information processing. For example, the direct us-

age of advanced optimisation methods such as the Hadamard Test, shift-rule, and

rotosolve. Since the cost function value is encoded in the state of a single qubit, the

implementation of a full optimisation algorithm making use of this method can be

straightforward.

Secondly, the proposed data encoding method allows for efficiently estimating

expectation values across the training dataset. It is classically inefficient to calculate

the cost function for each example and then average them across the entire dataset.
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Instead, the proposed method indicates that the expectation value can be obtained

via random sampling from the training dataset.

We show that simply encoding the dataset into a superposition state will not give

us the average of the cost function values. To fix this issue, we introduced the index

qubit. However, we showed that index qubit would make it equivalent to doing a

mixed-state preparation and that such superposition state preparation has no speed-

up compared to mixed-state preparation.

In conclusion, we have proposed a method to encode cost functions into quantum

circuits and a corresponding method for preparing the input data. This method,

therefore, enables quantum information processing on the cost function value. The

averaged cost value can be calculated across the entire dataset with both mixed-state

data preparation and superposition data preparation. We demonstrated gradient eval-

uation of the cost function with the Hadamard Test and investigated its performance

under a depolarisation noise channel.

2.5 Discussion

In this chapter, we have reviewed the principles of variational quantum algorithms

(VQAs). The focus is given to VQE for solving molecular ground energies and imple-

menting quantum machine learning with variational circuits. As a preliminary study,

a simulation experiment for embedding the cost function and dataset into the circuit

has also been demonstrated. The VQAs must be carefully chosen to fit in the physics

setup to demonstrate the advantage of a multi-level system. Here two experiments

are chosen.

In the remainder of this thesis, we will explore the use of quantum systems with

more than 2 levels to implement VQAs. In order to quantify the advantage from

higher levels, we here carefully choose the VQA to implement, such that it can make

direct comparisons with a two-level system. First, we use our device as a 3-level
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system and implement a variational quantum classifier for the Iris dataset. The Iris

dataset requires 4 degrees of freedom to encode it; therefore, it cannot be directly

implemented into a two-level system without dimension reduction. The device is also

used as a 4-level system, emulating the behaviour of a two-qubit system. The em-

ulator implements a variational quantum eigensolver for hydrogen molecules. This

experiment reduces the required qubit number for the same algorithm and demon-

strates the advantage of a multi-level quantum system. The details are presented in

chapter 7.

Before demonstrating these implementations of VQAs on multi-level quantum

systems, we will describe in detail the experimental hardware system that will be

used. The process of device design, fabrication, calibration and characterization is

introduced in the following chapters.
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Figure 2.7: Simulation of training the hierarchical classifier for the Iris dataset. Re-
produced from Ref. [42]. Here we chose two flowers (labels 1 and 2) from the Iris
dataset. The training process is the same as figure 2.5. Here the learning rate is 10−2.
We consider the prediction of the flower label as 2 if the probability to measure and
get state |1⟩ is greater than 0.5, otherwise, the prediction will be considered to be
label 1. The left two plots depict the cost function values over time, under different
levels of noise showing in different colours. The training converges without noise or
under a small amount of noise, but it fails to converge when subjected to signifi-
cant noise. The right-side two plots show accuracy measurements, supporting that
excessive noise can prevent the training process from converging. The accuracy is
the ratio of the correct prediction among the entire training dataset |χTrain⟩ (dashed
lines) or the test dataset |χTest⟩ (solid lines). Then we add the depolarisation channel
∆λ(ρ) = λρ+(1−λ)/2nI where n is the number of qubits to the circuit and compare
the simulation between results with or without noise.
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Chapter 3

Superconducting quantum circuits

This chapter presents a review of superconducting quantum circuits, summarised

from textbooks and previously published review papers. At the end of this chapter,

I summarise the parameter requirements of our quantum processor and propose the

design of the resonator that is optimal for distinguishing the lowest four-level states

of a transmon.
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This chapter discusses the theory of superconducting quantum circuits, focusing

on the concepts needed to understand the research presented in the remainder of

the thesis. We first introduce the Hamiltonian of a lumped element circuit with

circuit quantisation techniques. We proceed to describe the key physics used to

operate the commonly-used transmon qubit, including the single transmon dynamics

with an external electromagnetic field, the interaction between the transmon and

a linear oscillator for qubit readout, and the interaction between two transmons for

entanglement generation. We give a specific focus on operating more than two energy

levels of a transmon and discuss reading out these higher-level transmon states. Then

we discuss the device parameters for an operable transmon.

3.1 Introduction to superconducting quantum cir-
cuits

Superconducting circuits [189, 273, 31, 268, 167, 282, 140] are electrical circuits made

of superconducting materials and operated at cryogenic temperatures. The property

of superconductivity makes the current dissipationless and allows superconducting

circuits to exhibit quantum behaviour when weakly driven by external electromagnetic

fields. The temperature at tens of millikelvin keeps the superconducting circuits in

their ground state for most of the time when idle.

Circuit quantum electrodynamics (Circuit QED) [26, 290, 172, 52, 19, 25] aims to

model the fundamental interactions between electromagnetic fields and on-chip arti-

ficial atoms, usually made from mesoscopic superconducting circuits. These artificial

atoms have an atom-like energy spectrum and exhibit quantum behaviour at cryo-

genic temperatures. Utilizing the nanofabrication technology developed in the past

century from the semiconductor industry, superconducting circuits can be fabricated

to meet the engineered parameters for quantum state manipulation [148]. These ad-

vantages make superconducting circuits a promising candidate as a physical system
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for quantum information processing.

The research to develop quantum processors using superconducting circuits has

continued for a few decades, and various superconducting qubits have been experi-

mentally studied [140]. The relaxation time (T1) and dephasing time (T2) describe

how long a qubit retains its information, which are key characteristic parameters of

the quality of qubits. The relaxation and dephasing time details are described in

chapter 4. Figure 3.1 describes the evolution of qubit lifetimes and coherence times

with different designs. In the past two decades, the coherence times in superconduct-

ing qubits have increased exponentially and are now in the range 102 µs − 103 µs.

Recently, active error correction has been introduced to qubit designs to increase the

encoded qubit lifetime [56, 182, 181].

Figure 3.1: Evolution of lifetimes and coherence times in superconducting qubits
adapted from [140] with permission of Annual Reviews. Bold font indicates the first
demonstration of a given modality. Error-corrected qubits represent qubit encodings
in which a layer of active error correction has been implemented to increase the
encoded qubit lifetime. For encoded qubits, the non-error-corrected T1 and T2 times
used in this figure are for the encoded, but not error-corrected, version of the logical
qubit.
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We now focus on reviewing the theory of Circuit QED with a specific focus on the

design, readout, and operation of a transmon, which is used later in the experiments.

Lumped elements

Superconducting circuits typically can be modelled as lumped elements, since their

operating frequency is 4− 10 GHz, at which light has a free-space wavelength (λ ≈ 1

cm) significantly larger than the device’s physical length (s ≈ 1 mm). The typi-

cal elements of superconducting circuits include capacitors, inductors, and Josephson

junctions. These two-port elements exhibit simple voltage and current relationships

between the ports. To form a Hamiltonian describing the dynamics of superconduct-

ing circuits, a change of variables technique is applied and the current and voltage

are replaced by charge Q and flux Φ as follows:

Φ(t) =

∫ t

−∞
v(t

′
)dt

′ (3.1)

Q(t) =

∫ t

−∞
i(t

′
)dt

′ (3.2)

where i(t) and v(t) are the current and the voltage as a function of time t.

Capacitor The energy stored in the capacitor of capacitance C can be written as

EC =
1

2C
(Q−Qoffset)

2 (3.3)

where Qoffset is the charge offset that can be present in the system.

Inductor The energy stored in the inductor of inductance L can be written as

EL =
1

2L
(Φ− Φoffset)

2 (3.4)

where Φoffset is the flux offset that can be present in the system.
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Josephson junction Apart from capacitors and inductors, the Josephson junction

(JJ) is another key component for superconducting circuits, which provides non-

linearity to the Hamiltonian [173, 144]. The Josephson junction is a non-dissipative

component made from a thin insulating barrier sandwiched by two superconducting

electrodes [130]. The JJ exhibits the Josephson effect; the current I passing through

the JJ depends on the phase difference θ between two superconducting electrodes,

given by the first Josephson relation I = Ic sin(θ) where Ic is the critical current of

JJ. The phase difference θ is further related to the flux stored across the junction ϕ,

given by θ = 2πϕ/Φ0. The inductive energy of a JJ, therefore, exhibits a non-linear

relationship to phase, and the energy increase when the supercurrent flows through

it can be calculated as:

∆EJ =

∫ t2

t1

IV dt =

∫ t2

t1

IdΦ =

∫ ϕ2

ϕ1

Ic sinϕd
(
Φ0

ϕ

2π

)
= −Φ0Ic

2π
∆ cosϕ (3.5)

And the Josephson junction energy is then defined as:

EJ(ϕ) = −Φ0Ic
2π

cos(ϕ) = −EJ cos(ϕ) (3.6)

where EJ = Φ0Ic/2π.

By applying the canonical quantisation with commutation relation [Φ̂, Q̂] = ih̄,

the variable Q and Φ can be replaced with operator Q̂ and Φ̂. Second quantisation is

applied to transform the system into the Fock-basis (photon-number basis) description

to model the discrete quantum system for quantum information processing. The

coordinate operators are replaced with creation and annihilation operator â† and â

as

Φ̂ = ΦZPF (â
† + â), Q̂ = iQZPF (â

† − â) (3.7)

where ΦZPF and QZPF are the flux and charge zero-point fluctuations respectively.
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Figure 3.2: LC resonator. (a) The lumped element circuit diagram of an LC resonator,
which is composed of an inductor L and capacitance C. (b) The energy landscape of
an LC resonator. After quantisation, the neighbouring energy levels have the same
energy gap h̄ω, where ω = 1/

√
LC is the oscillation frequency of the resonator.

Harmonic oscillators

Superconducting circuits behave similarly to room temperature electric circuits, and

an ab initio theory for superconducting circuits can begin with the Hamiltonian of a

standard LC circuit, which would have an energy oscillation between a capacitor and

an inductor. The Hamiltonian dynamics can be formulated by [148]

H = T + V, T =
Q2

2C
, V =

Φ2

2L
(3.8)

where T and V are the kinetic and the potential energy in standard Hamiltonian

dynamics, corresponding to the electrical and magnetic energy in our context. Q is

the charge on the capacitor, and Φ is the flux passing through the inductor. L and

C are the inductance and capacitance, respectively. The Hamiltonian can satisfy

∂H
∂Q

= −Φ̇,
∂H
∂Φ

= Q̇ (3.9)

where Q‘ and Φ can be used as the system’s canonical variables, and the quantised

Hamiltonian can be written with the canonical quantisation, which gives
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Ĥ =
Q̂2

2C
+

Φ̂2

2L
(3.10)

with commutation relation [Φ̂, Q̂] = ih̄. The Hamiltonian is usually written in a more

convenient form

Ĥ = 4EC n̂
2 +

1

2
ELϕ̂

2 (3.11)

where EC = e2/2C is the charging energy, EL = (Φ0/2π)
2/L is the inductive en-

ergy, n̂ = Q̂/2e the operator for the number of Cooper pairs and ϕ̂ = 2πΦ̂/Φ0 the

phase across the Josephson junction. Φ0 = h/2e is the magnetic flux quantum, h is

the Planck constant and e is the electron charge. The Hamiltonian of a quantised

resonator is then given by

Ĥ = h̄ω(â†â+
1

2
) (3.12)

ϕ̂ =

√
h̄ZC
2

(â† + â), q̂ = i

√
h̄ZC
2

(â† − â) (3.13)

where ZC =
√

L
C

is the characteristic impedance.

3.2 Superconducting transmons

The transmon is a design of superconducting qubit that is adapted from the Cooper-

pair boxes but less sensitive to charge noise [143]. The circuit diagram consists of

a Josephson junction and a shunting capacitance, engineered so that the capacitive

energy is significantly lower than the Josephson energy (EC ≪ EJ , the transmon

regime), as shown in Figure 3.3.

Multilevel Transmon Hamiltonian

The energy of a transmon is the summation of the Josephson energy and the capac-

itance energy. From Equations 3.11 and 3.6, the Hamiltonian of a transmon can be

54



Figure 3.3: Transmon qubit. (a) The lumped element circuit diagram for a trans-
mon qubit. A transmon qubit is composed of a Josephson junction with junction
inductance Lj, junction capacitance Cj and an extra shunting capacitance C. (b)
The energy landscape of a transmon qubit. Compared to a resonator, the energy gap
between neighbouring levels are different with an anharmonicity h̄α.

written as [143, 148]

Hq = 4EC(n̂− ng)
2 − EJ cos(ϕ̂) (3.14)

where ng denotes the effective offset charge of the device, measured in units of the

Cooper pair charge 2e, and it is noise on this variable that is known as charge noise.

The eigenenergy of Hamiltonian 3.14 can be exactly solved as [143]:

Em(ng) = ECa2[ng+k(m,ng)](−EJ/2EC) (3.15)

where aν(q) is Mathieu’s characteristic value, and k(m,ng) is a function appropriately

sorting the eigenvalues. Ideally, the energy would be designed to be independent of

the charge noise; however, one can only suppress the dependence in practice. Here

the charge dispersion ϵm is introduced to describe the variation of the energy level m

to environmental offset charge ng. The energy Em can be approximated [143] in the

transmon regime as:

Em(ng) = Em(ng = 1/4)− ϵm
2

cos(2πng) (3.16)
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and the charge dispersion relation for the m-th level is given by

∆fm =
1

h̄
ϵmcos(2πng) (3.17)

where the peak-to-peak value for the charge dispersion of the m-th energy level ϵm is

approximated by

ϵm ≈ (−1)mEC
24m+5

m!

√
2

π
(
EJ
2EC

)
m
2
+ 3

4 e
−
√

8
EJ
EC (3.18)

An immediate result is ϵm is exponentially suppressed with the increasing value

of EJ/EC . Also, the higher transmon energy level is more sensitive to the charge

noise. Here we list |ϵi/ϵ0| to have an intuitive look at the significance of charge noise

at different energy levels.

|ϵ1/ϵ0| |ϵ2/ϵ0| |ϵ3/ϵ0|

32( EJ

2EC
)
1
2 512( EJ

2EC
) 2048

3
( EJ

2EC
)
3
2

Since in practice EJ/EC ≫ 1, it can clearly be seen that operating on higher

levels of the transmon device would experience greater charge noise, which we have

characterised on our device and will be discussed in chapter 4.

Similar to quantising the LC circuits, the second quantisation can be applied to

the transmon Hamiltonian by introducing the creation and annihilation operator â†

and â as

n̂ = in0(â
† − â) (3.19)

ϕ̂ = ϕ0(â
† + â), (3.20)

where (3.21)

n0 =

(
EJ

32EC

)1/4

(3.22)

ϕ0 =

(
2EC
EJ

)1/4

(3.23)
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and taking the Taylor expansion for the transmon Hamiltonian gives

Ĥq = −4ECn
2
0(â

† − â)2 − EC

(
1− 1

2
ϕ2
0(â

† + â)2 +
1

24
ϕ4
0(â

† + â)4 + . . .

)
≈
√

8ECEJ

(
â†â+

1

2

)
− EC − EC

12
(â† + â)4

(3.24)

The Hamiltonian can be further simplified by removing the fast-rotating terms

(the terms that don’t conserve the particle number, having an uneven number of a

and a†).

Hq ≈ ω0â
†â+

α

2

(
(â†â)2 + â†â

)
=
(
ω0 +

α

2

)
â†â+

α

2
(â†â)2

(3.25)

where we define the transmon base frequency ω0 =
√
8ECEJ − EC . The approxi-

mated Hamiltonian describes a Duffing oscillator exhibiting second-order non-linear

dynamics. The quantised Duffing oscillator would have energy spacings different by

the anharmonicity, approximated as α = −EC . Denote ω = ω0 + α, and rewrite

a†a =
∑
k |k⟩ ⟨k|, the transmon Hamiltonian can be expressed as

Ĥq = ωâ†â+
α

2
â†â(â†â− 1)

=
∑
k

((
ω − α

2

)
k +

α

2
k2
)
|k⟩⟨k|

=
∑
k

ωk|k⟩⟨k|

(3.26)

where ωk =
(
ω − α

2

)
k + α

2
k2.

Single transmon gates

Operating a single transmon gate is achieved by sending a microwave drive pulse to

the device. A semi-classical approach is usually used to describe microwave-atom

behaviour by adding a drive term Ĥd resulting from the presence of an external field

with a time-dependent voltage Vd(t) [148].
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Ĥd = 2en0
Cd
CΣ

Vd(t)(â
† − â) (3.27)

where Cd is the capacitance to ground and CΣ = Cd+C. Define Ω = 2en0
Cd

CΣ
, the

drive term can be simplified as

Ĥd = ΩV (t)(â† − â) (3.28)

A typical method to move forward and analyse the transmon behaviour is to move

into a rotating frame at the same frequency as the drive.

U(t) = e−i(ωdt+ϕ)â
†â (3.29)

and define the new observation frame |ψ⟩R = U(t) |ψ(t)⟩ which is static when it’s

idle. The Hamiltonian in this frame can be evaluated by taking the derivative of the

evolution, given as [148]:

ĤR = U †ĤU − iU †∂U

∂t
(3.30)

which gives the transmon term

ĤR = ĤR
q + ĤR

d (3.31)

where

ĤR
q = h̄[−∆â†â+

α

2
â†â(â†â− 1)] (3.32)

ĤR
d = h̄ω(t)(e−iωdt+ϕâ+ eiωdt+ϕâ†) (3.33)

Now consider the subspace of {|k − 1⟩ , |k⟩}. Note that

⟨k − 1| Ĥ |k⟩ = h̄
√
kV (t)eiωdt+ϕ (3.34)
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⟨k| Ĥ |k − 1⟩ = h̄
√
kV (t)e−iωdt+ϕ (3.35)

For simplicity, we will use notation X = σx, Y = σy, Z = σz and ZX = σz ⊗ σx

etc. The Hamiltonian Ĥ in the subspace can be written as:

Ĥ = −1

2
(ΩI(t)σx + ΩQ(t)σy) (3.36)

where ΩI(t) and ΩQ(t) denote the I (in-phase, ϕ = 0) component and the Q

(out-of-phase, ϕ = π/2) component of the pulse V (t) [148].

Now we define the in-phase drive as rotating the X axis on the Bloch-sphere, and

then the out-of-phase is naturally rotating the Y axis. Then we put this result back

into the Hamiltonian in the rotating frame, we have:

1

h̄
ĤR
k =

√
kΩI

2
X̂ +

√
kΩQ

2
Ŷ +

ω − ωk,k−1

2
Ẑ (3.37)

where ωk,k−1 = ωk−ωk−1 is the qubit transition frequency between the |k − 1⟩ and

|k⟩ state. The analysis above provides a way to operate a single-photon transition

gate on a multi-level transmon system. Compared to the qubit system, the major

difference is that the required amplitude to drive a full π pulse is lower and scaled as

1/
√
k for higher-level transitions.

Virtual Z gate The physical drive implements the X or Y rotation in a qubit-like

subspace. The Z rotation can be implemented virtually by shifting the phase of all

gates in the rest of the sequence [180]. The implementation of the Z rotation for a

multi-level system is an extension of the qubit virtual Z gate. Suppose we would like

to implement a Z gate in the following gate sequence:

U = GnGn−1...GkZm(θ)Gk−1...G0 (3.38)
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where Gk denotes a gate. Now insert an identity gate sequence Zm(θ)Z−1
m (θ) between

all the following gates, and we get

U = Zm(θ)Z
−1
m (θ)GnZm(θ)Z

−1
m (θ)...Zm(θ)Z

−1
m (θ)GkZm(θ)Gk−1...G0 (3.39)

which is equivalent to the original gate sequence. Now we rewrite theG′
k = Z−1

m (θ)GkZm(θ)

and get a new sequence:

U = Zm(θ)G
′
nG

′
n−1...G

′
kGk−1...G0 (3.40)

where G′
k is implemented by shifting the phase of driving pulses. The last gate Z−1

m (θ)

will not make any difference if the state is measured with an operator that commutes

with Z−1
m (θ), which is always the case for the standard dispersive readout. For a

four-level qudit system, the virtual Z gate can be implemented as shown in Table 3.1.

{|0⟩ , |1⟩} subspace {|1⟩ , |2⟩} subspace {|2⟩ , |3⟩} subspace
Z1(θ) −θ θ 0
Z2(θ) 0 −θ θ
Z3(θ) 0 0 −θ

Table 3.1: Shifting the drive pulse sequence to implement multilevel transmon virtual
Z gate

Decomposition of single qudit gates Given by Equation 3.37, the X and Y

rotation can be implemented with the same driving pulse with a different initial phase.

Our setup chooses the X rotation to be implemented with ϕ = 0 and the Y rotation

to be implemented with ϕ = π/2. The qubit Hadamard gate H is implemented with

the following sequence:

H = Z(π)Y (π/2) (3.41)

where Z(π) is implemented by the virtual Z gate.

The qutrit Hadamard gate H is implemented with the following sequence of

gates [186]:

H = H12Z1(π)Z2(π)Y01(θm)H12, (3.42)
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where θm = 2 arccos(1/
√
3) is the magic angle [37], and Y01(θm) is implemented with a

single pulse modulating the amplitude. The virtual gates Z1(θ) and Z2(θ) add phases

on the |1⟩ and |2⟩ states, respectively. H12 is the Hadamard gate in the {|1⟩ , |2⟩}

subspace, which is synthesised by H12 = Y12(π/2)Z2(π), where Yij(θ) is the Pauli Y

rotation with rotation angle θ applied to the {|i⟩ , |j⟩} subspace.

3.3 Transmon Resonator Coupling

While the transmon stores quantum information and provides manipulability for

quantum control, the information still needs to be measured and extracted into clas-

sical information. A standard approach to implementing such measurement is with a

quantum harmonic oscillator coupled to the transmon as a ”probe” of the transmon

state. Instead of measuring the transmon directly, the resonator exhibits a frequency

shift which depends on the state of the transmon [274]. Therefore, the transmon state

can be extracted by observing the transmission or reflection signal from the coupled

resonator.

On the other hand, measured quantum states would ”collapse” and lose some

information. The probe needs to be carefully engineered to minimise its interaction

with the transmon so that it is not detrimental to the information while the transmon

is not being measured. The dispersive regime [274], where the detuning between

the qubit transition frequency and the resonator frequency is much larger than the

interaction strength, is where the coupling resonator is engineered for circuit QED.

In the dispersive regime, there is no longer a direct exchange of energy between the

two systems. Instead, the qubit and resonator shift each other’s frequencies.

In this section, we discuss the theory of transmon-resonator coupling and disper-

sive readout for multilevel transmon systems.
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Figure 3.4: Lumped element circuit diagram describing transmon-resonator coupling.
The circuit is composed of a transmon qubit with junction inductance and capacitance
Lj,Cj and qubit shunting capacitance Cq, and a resonator with a linear inductance
Lr and a capacitance Cr. The two components are coupled via a capacitance Cg. The
resonator is then coupled to a readout line with capacitance Co.

The Transmon-Resonator Hamiltonian

The circuit QED community has developed a theory to analyse the qubit-resonator

Hamiltonian utilising the dispersive approximation. The resonator is capacitively

coupled to the transmon qubit. We can look at the Jaynes-Cummings Hamiltonian

in the dispersive limit, which can describe the Hamiltonian of the qubit-resonator

system [22, 23]:

H = h̄ωra
†a+

n∑
k=0

h̄ωk |k⟩ ⟨k|+
n−1∑
k=1

h̄χk−1 |k⟩ ⟨k|+
n−1∑
j=0

h̄sj |j⟩ ⟨j| a†a (3.43)

where χj = g2j/∆j and gj is the coupling strength to the transmon transition j and

j + 1, ∆j is the detuning between the resonator frequency and the j and j + 1

transition frequency. The resonator exhibits a dispersive shift sj = −(χj−χj−1) from

interaction with the transmon in state |j⟩. Here we define χ = χ1 = −s1 to keep

our notation the same as the conventions in most of the transmon literature. With

a similar argument, the transmon frequency also picks up a ”Lamb shift” dependent

on the photon number within the resonator.
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Figure 3.5: (a) Spectroscopy phase response of a resonator coupled to a qubit. The
resonator oscillation frequency shifts depending on the state of the qubit, giving
different responses in different colours. For reading 4 levels simultaneously, a readout
signal is sent to the resonator with a frequency that maximally distinguishes the
phase response of all 4 different states. (b) The scatter plot of the I channel signal
and Q channel signal, often referred to as the ”IQ plane”. The integrated sum of
the demodulated signal over time gives a point on the IQ plane, where four different
states correspond to four different regions on the IQ plane, whose size is determined
by the measurement noise. The separation angle θij between region i and j is related
to the frequency shift shown in (a).

Dispersive Readout

The above analysis shows that the coupled resonator resonance frequency is dependent

on the transmon state. Therefore, the transmon state can be inferred by probing

the resonator’s frequency. Since the dispersive shift is usually small, it is easier to

distinguish the transmon state by the phase of the probing signal. A typical reflection

response from a resonator is shown in Figure 3.5. The resonator phase response is

shifted in the left figure; by choosing a centre frequency that can distinguish more

signals, a single pulse could distinguish multiple states. Usually, the device is designed

to have χ = κ so that a readout frequency can be chosen to make θ01 = π to maximise

the readout fidelity. For reading out 4 different states simultaneously, we would like

to have θ01 ≈ θ12 ≈ θ23 ≈ π/2, which can be approximately configured by setting

χ = κ/2.
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Figure 3.6: Lumped element circuit diagram describing Transmon-transmon coupling.
The circuit is composed of two transmon qubits with junction inductance and capac-
itance Lji, Cji and qubit shunting capacitance Cqi where i denotes the index of the
qubit. Two qubits are coupled via a capacitance Cc.

3.4 Transmon-transmon coupling and two-qubit gates

Interactions between two transmons are required on a quantum processor to im-

plement universal quantum computation. Various coupling mechanisms allow the

interaction between two transmons, and the easiest way is to introduce a capacitance

between two transmons, as shown in Figure 3.6. Other proposals include using an in-

ductance to couple two qubits [68, 225] and carefully designing the qubits to generate

a longitudinal coupling [285]. Additionally, the coupling can be mediated by a coupler

[195, 272] or a quantum bus that couples to multiple qubits [166, 118]. In this section,

we focus on the capacitive coupling between two fixed-frequency transmons and im-

plement entanglement with an all-microwave activated interaction, cross-resonance

[238, 168, 55, 226]. The following discussion treats the transmon only as a two-

level system, while theoretical analysis and experimental demonstration of multi-level

transmon entangling gates have been demonstrated in Ref. [100].
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Transmon-transmon Hamiltonian

The two capacitively coupled transmons are modelled with the following Hamiltonian:

1

h̄
Ĥ =

(
ω
(1)
01 +

α(1)

2
(â†â− 1)

)
â†â+

(
ω
(2)
01 +

α(2)

2
(b̂†b̂− 1)

)
b̂†b̂+J(â†b̂+ b̂†â) (3.44)

where J is the capacitance coupling strength. An effective Hamiltonian in the rotating

frame is given by:

1

h̄
Ĥ =

(
ω
(1)
01 +

α(1)

2
(â†â− 1)

)
â†â+

(
ω
(2)
01 +

α(2)

2
(b̂†b̂− 1)

)
b̂†b̂+ 2ΩZZ â

†âb̂†b̂ (3.45)

where the frequency of each qubit will be slightly modified, ω̃(1)
01 = ω

(1)
01 + J2

∆12
+ ΩZZ

and ω̃(2)
01 = ω

(2)
01 − J2

∆
+ ΩZZ . The coefficient of the coupling term is then given by:

ΩZZ =
J2(α(1) + α(2))

(∆ + α(1))(∆12 − α(2))
(3.46)

α is the anharmonicity of the qubit, ∆ = ω(1)−ω(2) is the frequency difference between

the two qubits.

Cross-resonance gate

The cross-resonance gate is one of the two-qubit gates for fixed-frequency transmons

[238, 168, 55, 226]. The cross-resonance interaction is induced by driving one qubit

(the control qubit) at the frequency of the other qubit (the target qubit). While

driving the control qubit, a cancellation pulse is usually sent to the target qubit to

compensate for the crosstalk between the two qubits. This section outlines how the

cross-resonance gate works based on reference [226] where a more detailed description

can be found.

Driving cross-resonance For simplicity, we will use notationX = σx, Y = σy, Z =

σz and ZX = σz ⊗ σx etc. When an external electric field is applied to the system,

an extra term should be added to the Hamiltonian:

Ĥd =
1

h̄
Ω cos((ω(2)

01 + δ)t)(â+ â†) (3.47)
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where Ω describes the Rabi frequency in the presence of the drive. Note that this term

is still in the initial frame instead of the rotating frame, and needs to be moved to

the rotating frame with the Schrieffer-Wolff transformation with a unitary Û = e−iŜ

given by:

H = eiSHe−iS (3.48)

where

Û = exp
(
−(ω

(2)
01 + δ)(â†â+ b̂†b̂)t

)
(3.49)

and S can be evaluated with perturbation theory. This results in a Hamiltonian [125]:

1

h̄
ĤR =

(
∆− δ +

α(1)

2
(â†â− 1)

)
â†â+

(
−δ + α(2)

2
(b̂†b̂− 1)

)
b̂†b̂ (3.50)

where ∆ = ω(1)−ω(2). With the approximation eiS ≈ I+iS, the effective Hamiltonian

becomes:

1

h̄
ĤR ≈ Ω

2

(
− J

∆

α(1)

∆+ α(1)
ZX

)
− Ω

2

(
− J

∆

α(1)

∆+ α(1)
IX +XI

)
(3.51)

which gives the ZX term for generating the entanglement. In practice, the driving

phase determines the ratio of coefficient ZX between ZY terms, and the exact coef-

ficient of each term is experimentally measured. The effective Hamiltonian is given

by:

ĤR = µZZZZ + µZXZX + µZYZY + νIXIX + νIY IY + νIZIZ (3.52)

where µZZ , µZX , and µZY are the cross-resonance term coefficients and the νIZ , νIX ,

and νIY are the crosstalk term coefficients.

CNOT from cross-resonance From equation 3.52, the Hamiltonian contains

cross-resonance terms µZZ , µZX , and µZY and crosstalk terms νIZ , νIX , and νIY .

First, the initial phase of the cross-resonance drive is calibrated so that µZY = 0.

Then an external drive to the target qubit is applied to cancel the effect of the νIY

and νIX terms. For our implementation, the correction for µZZ and νIZ are ignored.
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By carefully choosing the pulse width and amplitude, the ZX(−π/2) = exp(−iπ
4
ZX)

gate is implemented from the Hamiltonian.

The CNOT gate can be decomposed into the following sequence:

CNOT = Xt(−π/2)Zc(−π/2)ZX(−π/2) (3.53)

where subscript t denotes the gate acts on the target qubit and c denotes the control

qubit.

3.5 Discussion

This section reviewed the circuit-QED theory for constructing the quantum system.

To have an operable processor, we would like the device to have the following prop-

erties:

1. The transmon should be designed to have Ec ≪ EJ in order to minimise charge-

noise decoherence, particularly important when using the transmon as a qudit

since charge noise dispersion increases at higher energy levels.

2. The anharmonicity α ≈ Ec needs to be engineered large enough to address

each transition separately. The drive frequencies required to drive the different

transitions need to be separated by more than approximately the inverse pulse

length.

3. The anharmonicity needs to follow 2α < 500 MHz to use one DAC system to

operate at least three transitions since the bandwidth of our control electronics

is restricted to about 500 MHz.

4. The dispersive shift χi needs to be large enough to distinguish two states but

not too large so that at least four states can be discriminated with one single-

shot pulse. For an ideal design, four regions on the IQ scatter plot have a phase

difference of π/2, which can be implemented by configuring χ = κ/2.
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5. For the implementation of the cross resonance gate between two transmons as

qubits, the qubit-qubit coupling strength J is defined so that the cross resonance

drive enables a significant ZX term but has a small enough ZZ term.

From points (1) to (3), the designed device aims to have qubit frequency 5 GHz >

ω01 > 4 GHz and anharmonicity α ≈ Ec = 200 MHz, which gives EJ/EC > 50 that

suppresses the charge noise. The α provides a good separation between neighbouring

transition levels and also requires 400 MHz bandwidth of the DAC system to drive

transitions in {|0⟩ , |1⟩} and {|2⟩ , |3⟩} subspaces, which is within the operating range

of our instrument.

From point (4), the resonator is designed to have a linewidth κ ≈ 1 MHz. The

resonator frequency is designed to be 11 GHz > ωr > 8 GHz, and the coupling

strength between the qubit and resonator g ≈ 200 MHz, which gives a χ ≈ 0.25

MHz.

From point (5), we aim the two-qubit detuning ∆ at the swept point to gener-

ate the theoretical lowest error rate for cross-resonance interaction, given by ∆ =

−0.3α ≈ 60 MHz [168]. The qubit-qubit coupling strength aims at J ≈ 1 MHz. The

device fabrication process is described in Appendix B.
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Chapter 4

Device Design and Basic
Characterisation

In this chapter, I first review the coaxmon architecture used in constructing super-

conducting circuits, followed by experimental results showcasing the devices’ basic

properties. The review content in section 4.1 is summarised from publications from

my research group [219, 247]. The devices mentioned in this chapter were fabricated

by me with assistance from Giulio Campanaro and Simone Fasciati, and then in-

stalled in the fridge for testing. Vivek Chidambaram, Boris Shteynas, and Giulio

Campanaro prepared the dilution fridge’s electronics in section 4.2, while I set up

room temperature electronics with Giulio’s help. I wrote the experimental code and

collected and analysed all data presented in sections 4.3 and 4.4.
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This chapter introduces the particular circuit architecture used in this work and

details the control electronic system used in the experiment. Basic characterisation

of the devices used in the later experiments is then presented, in particular, a coupled

two-qubit device and an uncoupled transmon device as a qudit, and we refer to these

two devices as ”2QB” and ”1QD” devices, respectively.

4.1 The Coaxmon Architecture

The coaxmon qubit is a variant of the transmon qubit where qubits and resonators are

coupled vertically to the coaxial control lines wired above and below the chip [219].

This design does not require wire bonding to connect the control lines, which simplifies

the fabrication process. Also, the off-chip wiring design provides a dense arrangement

of the control and readout lines compared to the 2D circuit designs that require all

components to share one side of the substrate. See figure 4.1.

The coaxmon architecture builds the qubit and the resonator on the front and back

of a double-sided polished silicon wafer. A fixed-frequency coaxmon qubit consists

of an inner circular electrode and an outer ring-shaped electrode that is connected

by a Josephson junction. The circular shape of the qubits means that they have

coaxial electromagnetic field symmetry that is well-matched to the coaxial control

pin. The resonator, with a similar circle-and-ring shape, is printed on the other

side of the substrate, capacitively coupled to the qubit. The reflected signal from

the resonator is used for the readout. The inductance of the resonator is provided

by a thin wire connecting the inner and outer electrodes. The size of the coaxmon

qubits is designed to be similar to a coaxial cable; the coupling strength between the

qubit and resonator is typically in the range 150-250 MHz, which is relatively large

compared to other circuit QED designs. The qubit and the resonator are far detuned

to stay in the dispersive regime, usually with a choice of frequency ω01 at 4-7 GHz

and ωr at 8-11 GHz for qubits and resonators, respectively. This circuit architecture
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Figure 4.1: Figures are adapted from [219]. (a) The architecture diagram cartoon.
The transmon is fabricated on the front of the chip, and the resonator is fabricated
on the backside of the wafer. The resonator and the transmon couple to the off-
plane measurement port and the control port, respectively. (b) The geometry of
the transmon and the resonator. The transmon and the resonator contain centre
and outer ring electrodes. A Josephson junction connects the two electrodes of the
transmon, and a thin wire inductance connects the resonator. (c) The lumped element
model of the circuit. The transmon and the resonator are capacitively coupled, and
each of them is also capacitively coupled to the control line and the measurement
line.
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was first demonstrated in reference [219], a two-qubit gate based on cross-resonance

was demonstrated in [208], and a high-coherence uncoupled 4-qubit device was also

recently demonstrated [247].

4.2 Device Fabrication

The fabrication process of the quantum processor chip involves four stages.

First, metal deposition is carried out by processing the double-sided polished wafer

in the BOE etchant to remove the surface oxide. The wafer is then immediately

transferred to a Plassys MEB550S evaporator, which has a specially designed wafer

holder, where it is baked overnight and aluminium deposition is carried out. Removing

the oxide reduces dielectric loss from the silicon and improves relaxation time. This

process is repeated for both sides of the substrate.

Second, the wafer is coated with photoresist using a non-contact spin-coater chuck,

baked, and then flipped using a contact chuck for spin coating. The non-contact

chuck vibrates during spinning and may not form a uniform resist profile for pattern

writing, but it is sufficient for a protection layer. The coated wafer is then transferred

to a mask aligner to print the large pattern, including coaxmon pads and coupling

arms. After photoresist development, an aluminium wet etchant is used to remove

the unwanted aluminium on the wafer. This process is repeated for the other side

of the substrate, and the optical tool from the mask-aligner is used to implement

alignment between the front and back sides of the wafer.

Third, the wafer is cleaned and spin-coated with the protection resist layer using a

non-contact chuck. Then, PMMA is applied to the qubit side for junction fabrication,

using the traditional Dolan-bridge method.

Finally, the whole wafer is coated with photoresist using a non-contact chuck and

sent to our collaborator at the University of Southampton for wafer dicing. A more

detailed recipe can be found in appendix B.
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4.3 Experiment Setup

In this section, we describe the laboratory setup used for our experiments and how it

is used to characterise the performance of the 2QB and 1QD devices. Both devices

use the same cryostat and control electronics.
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In order to operate the circuits in the quantum regime, the circuits need to be

cooled to cryogenic temperatures in the millikelvin range such that h̄ω01 ≪ kBT . The

sample is placed inside a Triton XL dilution refrigerator from Oxford Instruments.

We then need to control the circuits using signals in the microwave frequency regime

from 3 GHz to 11 GHz. Our setup uses the IQ mixing method to generate microwave

pulses, which comprises a custom Radio Frequency (RF) signal Arbitrary Waveform

Generator (AWG) and Analogue to Digital Conversion (ADC) system for intermediate

frequency (IF) signal generation and microwave sources generating microwaves in the

gigahertz frequency range. The IF signal is generated by Abaco FMC230 and Abaco

FMC110 boards, mounted on an Abaco PC821 PCI-e board with a Xilinx Kintex

UltraScale FPGA. The signal waveform is uploaded to the FPGA on-chip memory

and then played by the DACs. The IF signal is mixed with a high-frequency local

oscillator signal from a Rohde & Schwarz SMA110 microwave source and converted

to qubit control pulses and resonator readout pulses. The electronics and fridge setup

for the experiment is illustrated in Figure 4.2.

The generated signal from the electronics system needs to be delivered to the

device inside the fridge, and the readout signal needs to be delivered out of the fridge

to the ADC system. These signals are delivered with coaxial lines. The qubit control

input and readout input lines are wired to a 20 dB attenuator at the 4K plate, still

plate, and the cold plate before being wired to the device, giving 60 dB attenuation.

The reflected readout signal goes through two circulators and is amplified by a HEMT

amplifier by 30 to 35 dB. Then the readout signal is further amplified by another two-

stage amplification setup at room temperature.

Once the readout signal comes back from the fridge, it is wired to the AD converter

on the FMC110 board, which digitises the signal and delivers the digital signal to the

FPGA board for further analysis. The FPGA board demodulates the signal on-chip

and reports the signal’s position on the scattering plot of the in-phase (I) channel
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Figure 4.3: Resonator spectroscopy of the 2QB device. (a) and (b) are the magnitude
response and (c) and (d) are the phase response for QA and QB, respectively. Each
point is averaged from 1000 shots, and each shot has an interval of 1000 µs to wait
until the qubit relaxes to the ground state.

and quadrature (Q) channel. The FPGA is programmed to implement onboard state

discrimination and pulse feedback control. The details are discussed in Chapter 6.

4.4 Characterising the 2QB Device

The 2QB device chip contains two pairs of coupled qubits. For the experiments in this

thesis, we selected one of these two pairs, which had superior coherence and qubit

frequencies in the straddling regime, optimal for implementing the cross-resonance

gate.

Readout Characterisation To measure the qubit states, we will use circuit QED

dispersive readout as described in Section 3.3. First, the resonator parameters need

to be characterised to implement the dispersive readout. Here we implement the

resonator spectroscopy experiment that measures the reflected signal from the readout

resonator. The readout signal is a 10 µs square pulse. To find the resonator response

with respect to the |0⟩ and |1⟩ state of the qubit, a π pulse is applied to the qubit

before the measurement. The experiment is performed on each resonator separately,

and the parameters of the resonators are found in Table 4.1.

We now move on and use pulsed signals to implement single-shot readout. Single-
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shot readout gives the discrete state of the system with the signal collected from

a single measurement pulse. The collected data usually contains two traces: the

voltage versus time for the I channel and the Q channel. As we expect, the resonator

responses depend on the qubit state. We aggregate the voltage signal demodulated at

the measurement frequency and convert two traces into a point on the 2D plane: the

IQ plane. Then single-shot readout requires a discriminator to decide the transmon

state with the measured point on the IQ plane. A more detailed discussion of the

single-shot readout is presented in Chapter 6.

The signal amplitude, frequency, and width must be carefully chosen to opti-

mise the readout fidelity. Higher signal amplitude gives a better signal-to-noise ratio

(SNR), but a readout pulse that is too strong may populate too many photons into

the resonator, exceeding the critical photon number, and causing non-linear effects

to dominate the resonator’s behaviour, which makes the process no longer a valid

dispersive readout [274, 94]. The longer pulse width also increases the SNR; however,

the population decay during the measurement would introduce more measurement

errors. Also, the choice of frequency changes the relative position of the integrated

signal distribution in the IQ plane, affecting the SNR. For this device, the single-shot

readout is implemented on this device with a 3 microseconds square readout pulse.

The state is discriminated by a spherical parameterised Gaussian Mixture Model

(GMM) [224] with SNR given by

SNR =
2||xg − xe||
σg + σe

(4.1)

where xg and xe are the centres of the Gaussian distribution coordinates on the IQ

plane, σg and σe are the standard deviations of the ground and excited Gaussian

distribution, see Figure 4.4. We find the signal-to-noise ratio for qubit A and B

readout are SNRA = 7.22, SNRB = 6.16 respectively.
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Figure 4.4: Single-shot readout calibration for the 2QB device. (a) and (b) are the
scatter plot of the demodulated signal of QA, while prepared at |0⟩ and |1⟩ state,
respectively. (c) and (d) are for QB. The circle’s radius represents the 3σ distance
of the Gaussian distribution, where σ is the standard deviation of the Gaussian dis-
tribution. The spherical GMM model used in this experiment assumes the standard
deviation is equivalent on both the I and Q axis and has no correlation.

Energy Relaxation There are a variety of mechanisms that can cause energy

relaxation of the excited states of qubits back towards the ground state, including

radiation through the control and readout ports [116], dielectric loss in the chip

substrate [215, 276, 188] as well as the dissipation from quasiparticles [45]. The

stochastic process from the dissipation makes the transmon move towards a mixed-

state equilibrium distribution, which follows the Boltzmann distribution. The energy

relaxation time T1 is a characteristic metric to quantify the speed of the energy

relaxation process. The T1 is defined by

P|1⟩(t) = P|1⟩(0)e
−t/T1 (4.2)

where P|i⟩(t) denotes the population of state |i⟩ at time t. T1 = 1/γ1, and γ1 is the

energy relaxation rate. To determine T1 for the 2QB device, each qubit is excited to

its |1⟩ state and P|1⟩(t) is measured. The experiment is repeated 400 times over a

period of 13 hours to obtain the statistics. The results are shown in Figure 4.5. The

T1 times extracted for qubits A and B are T1A = 127 ± 19 µs and T1B = 26 ± 14 µs

respectively. I suspect that QB has much lower coherence because I damaged the pad

of the transmon during the junction resistance measurement before mounting it to
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Figure 4.5: Relaxation time of the 2 qubit device. (a) is the pulse scheme of the
experiment, where t is the delay time between the state preparation pulse and the
measurement. (b) is a fitting example. Each T1 time measurement samples 100 points
with 5 µs interval for qubit A and 2.5 µs interval for qubit B. (c) is the distribution
of the fitted T1 time.

the fridge.

Dephasing The interaction with the environment may perturb the transmon en-

ergy levels, resulting in a stochastic Z interaction from noise in transmon frequencies.

The information stored in the qubit phase would be affected by this noise and even-

tually lost. This decoherence mechanism is called dephasing [25].

The dephasing rate γϕ = 1/Tϕ is characterised by pure dephasing time Tϕ. The

energy relaxation would also contribute to the dephasing process, which gives the

total dephasing rate

γ2 =
1

T2
=
γ1
2

+ γϕ (4.3)
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Experimentally, the T2 value can be measured with the Ramsey interferometry

experiment or the Hahn spin echo experiment [107]. The experiment pulse sequence

for implementing Hahn spin echo is shown in 4.6 (a). A π pulse intermediates two π/2

pulses, and the interval between the π pulse and each π/2 pulse is the same. Consider

a constant Z rotation is applied to the qubits caused by the constant frequency

detuning, discussed in Equation 3.37. After the π/2 pulse, the state is prepared

to a superposition and represented by a point on the equator of the Bloch sphere.

As the state undergoes constant rotation around the Z-axis on the Bloch sphere, it

accumulates phase during a period of free precession. A π pulse is then applied,

inverting the qubit’s phase. As the qubit continues to precess, the accumulated phase

before and after the π pulse effectively cancels each other. Therefore, the Hahn spin

echo experiments are robust to a constant frequency detuning during the experiment.

This detuning could be caused by low-frequency noise, and the effect of the constant

frequency detuning can be cancelled by introducing a similar echo scheme into the

gate sequence [110, 267]. Therefore, the T2 value extracted from the Hahn spin echo

is the most useful metric and the reported T2 values are extracted by Hahn spin

echo experiments. The spin echo experiment is performed 400 times to capture the

distribution of the T2 time for both qubits, and the experiment result is shown in qubit

4.6 (b) and (c). The T2 time from the spin echo experiment for qubit A is found to

be T (e)
2A = 103 ± 13 µs and T

(e)
2B = 38 ± 17 µs. Qubit B exhibits much lower T1 and

T2 times, which I suspect may be due to damage caused to the qubit pads during the

room temperature junction resistance measurement. We accidentally scratched the

surface of Qubit B with the measurement pin during the process.

Coupling Characterisation The last parameter that needs to be determined is

the qubit-qubit coupling strength. The Ramsey interferometry experiment is per-

formed on each qubit, detuned with 0.05 MHz, with and without the other qubit
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Figure 4.6: Measurement of the energy relaxation times (T1) on the 2QB device. (a)
Pulse scheme for the Hahn spin echo experiment. (b) example data set and fit curve
for the experiment, and (c) is the distribution of extracted T (e)

2 value.

81



Qubit 1

Resonator 1

Qubit 2

Resonator 2

܋ ܋

2

Measure

Measure

(a)

0 5 10 15 20 25 30
Time [ s]

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8

1.0

P(
1)

QB ground:0.0910±0.0008 MHz
QB excited:0.0528±0.0013 MHz

(b)

0 5 10 15 20 25 30
Time [ s]

0.8

0.6

0.4

0.2

0.0

0.2

0.4

0.6

0.8

P(
1)

QA ground:0.1004±0.0003 MHz
QA excited:0.0634±0.0012 MHz

(c)

Figure 4.7: Characterising the qubit coupling strength. (a) is the pulse scheme for
the state-dependent Ramsey interferometry experiment. The pulse in dashed lines
denotes two experiments performed, with and without the pulse. (b) and (c) is the
Ramsey interferometry experiment result measuring QA and QB respectively, with
and without the other qubit excited.

excited. The pulse scheme and the experimental result are shown in 4.7. From the

Hamiltonian described in 3.46, the frequency difference between the two Ramsey in-

terferometry experiments with and without the other qubit excited gives 2ΩZZ . The

J value can be approximated from Equation 3.46, which gives J ≈ 1.31 MHz from

experimental results.
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4.5 Characterising the 1QD Device

A second device, ”1QD,” that will be used in experiments later in this thesis is a

single transmon device on a 4-qubit chip without coupling to other transmons. The

device is mounted to a readout multiplexer. The readout multiplexer is a cavity that

couples to all four resonators on the chip, and therefore all qubits can be read by the

same readout line with frequency multiplexing.

Readout Characterisation Using dispersive readout to distinguish higher levels

of the transmon has been experimentally demonstrated in [212, 79]. In the spec-

troscopy experiment, the resonator exhibits a dispersive shift sj = −(χj −χj−1) from

interaction with the transmon in state |j⟩, where χj = g2j/∆j and gj is the coupling

strength to the transmon transition |j⟩ ↔ |j + 1⟩ and ∆j is the detuning between

the resonator frequency and the |j⟩ ↔ |j + 1⟩ transition frequency. See discussions

in section 3.37 for more details.

A 10 µs square pulse is used for the readout. Each point is averaged from 1000

shots, and between each shot a delay of 1000 µs is used to let the qubit relax to the

ground state. The result of the resonator spectroscopy experiment is shown in figure

4.8.

The single-shot state discrimination on this device is implemented with a 7 µs

square pulse. The reflected signal depends on the transmon state, and by carefully

choosing the readout frequency, four states can be distinguished with only one mea-

surement. Just as with the experiment for 2QB, the discriminator for different states

is now a 4-component GMM model; see figure 4.9. The SNR ratio between each pair

of states is calculated with formula 4.1 and listed here:

|0⟩ ↔ |1⟩ |0⟩ ↔ |2⟩ |0⟩ ↔ |3⟩ |1⟩ ↔ |2⟩ |1⟩ ↔ |3⟩ |2⟩ ↔ |3⟩
6.63 12.31 10.74 9.31 11.59 6.50
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Figure 4.8: Resonator spectroscopy of the 1QD device. (a) is the magnitude response
when the transmon is at a different state, and (b) is the phase response. Each point
is averaged from 1000 shots, and each shot has an interval of 1000 µs to wait until
the transmon relaxes to the ground state. The solid line is the moving average of the
experimental data.

Energy Relaxation Compared to the two-level system, the decay dynamics are

now modelled by a decay matrix Γ, which captures the decay rate between all energy

levels [212]. The state population versus the waiting time is given by

P⃗ (t) = (I − Γ⊤)tP⃗0 (4.4)

where P (t) is the population of each state observed at time t, corresponding to the

initial state population P⃗0. The Γ matrix is assumed to have only diagonal elements,

and the Γ10, Γ21, and Γ32 are non-zero. Then the qudit is prepared to |1⟩, |2⟩, |3⟩

states and its relaxation is observed. An example of a fitted plot is shown in figure

4.10 (a). The distribution is given in figure 4.10 (b). The effective T (ij)
1 = 1/Γji is

then defined from the Γ matrix, where i and j are the neighbouring energy levels.

The distribution gives T (01)
1 = 189± 41 µs, T (12)

1 = 119± 21 µs, T (23)
1 = 87± 23 µs.

Dephasing Similar to the two-level system, the spin echo experiment is applied to

each neighbouring transition to give a T2 describing the phase coherence of that tran-

sition. To remove the effect of energy relaxation, the normalized survival population
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Figure 4.9: Single-shot measurement result of the 1QD device and the calibrated
GMM model for state discrimination. (a) to (d) are the scatter plots of the single-
shot measurement result after preparation to the |0⟩ to |3⟩ states, respectively. The
discriminator is the same model as the 2QB device; however, we now identify 4 sep-
arate Gaussian distributions corresponding to the 4 different levels. The percentage
value in the legend gives the population of each state of the distribution shown in the
figure.

P (|i⟩)N is defined as follows:

P (|i⟩)N =
P (i)

P (i) + P (i− 1)
(4.5)

where P (i) is the population ratio measured in state |i⟩ and i > 0. The normalized

survival population is then independent of the energy relaxation decay. Then we fit

P (|i⟩)N to

P (|i⟩)N(t) = e−t/T
(i)
2 P (|i⟩)N(0) (4.6)

where T (i)
2 is the effective T2 value for the |i⟩ , |i− 1⟩ subspace. The experimental

result is shown in figure 4.11. From the experiment, the characterised parameters are

T
(01)
2 = 118± 21 µs, T (12)

2 = 76± 27 µs, T (23)
2 = 35± 14 µs.

Charge Noise From the theory presented in chapter 3, we expect that the higher

energy levels of a transmon are more sensitive to charge noise. For a 4-level system

working as a qudit, the error on the higher levels induced by the charge noise can be

detrimental to executing quantum algorithms. We implement a Ramsey interferome-
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Figure 4.10: Characterisation of the T1 coherence time of the 1QD device for different
levels. (a) to (c) shows the population versus the delay time before measurement when
the qudit is prepared to |1⟩ to |3⟩ states, respectively. (d) shows the distribution of
the 1/Γij of different levels.

try experiment to characterise the charge sensitivity of the transmon at higher levels

[255, 171].

In this experiment, we focus on the characterisation of the charge sensitivity of

the {|2⟩ , |3⟩} subspace, for it would be the most sensitive subspace among all three

subspaces containing neighbouring levels of the four lowest transmon levels. The

pulse sequence of Ramsey interferometry is shown in figure 4.12 (a). The Ramsey

interferometry experiment takes 100 points per trace. The expectation value is es-

timated with 1000 shots per point. The maximum time interval t is 100 µs, which
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gives a spectral resolution of approximately 2.5 kHz. The charge noise coupled to

the transmon results in random individual Ramsey curves and, when superimposed,

yields a sinusoidal beating pattern, which is observed in figure 4.12 (b). The two sets

of extracted qudit transition frequencies correspond to the two charge-parity states

(See discussions about equation 3.17).

The Ramsey interferometry experiments were repeated, running for 90 minutes.

The spectrum versus the experiment time is shown in figure 4.12 (c). We found

the frequency shift due to charge noise is approximately 20 kHz and observed the

frequency drift over time. The frequency shift is significantly lower than the single

qudit pulse Rabi rate (10 MHz for a 50 ns long π pulse), which won’t cause a significant

error when implementing quantum algorithms.

4.6 Discussion

We have described the characterization of transmon devices, focusing on the two

devices that will be used later in this thesis. The 2QB device parameters are listed in

Table 4.1. The 1QD device parameters are listed in Table 4.2. The 1QD device has

long T1 and T2 times, 189±40 µs and 118±22 µs, respectively. The higher levels suffer

from larger noise, and the {|2⟩ , |3⟩} subspace of the 1QD device has the lowest T1 and

T2 times, 87 µs and 35 µs, respectively, which is still a few hundred times the gate

duration. The single-shot readout can discriminate four states simultaneously. The

significantly larger T1 and T2 times allow executing near-term quantum algorithms

and implementing a two-qubit emulator on the 1QD device. The frequency shift

due to the charge noise of the {|2⟩ , |3⟩} subspace is approximately 20 kHz, which is

significantly lower than the single qudit gate Rabi rate and therefore won’t contribute

significant error for implementing algorithms on the 1QD device.
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Parameter QA QB

f01 (MHz) 4144.41 4211.28
fRes (MHz) 8766.72 8716.9
χ (MHz) 0.05 0.15
g (MHz) 104.56 174.19
κ (MHz) 0.276 0.433
T1 (µs) 127± 19 26± 14

T
(e)
2 (µs) 103± 13 38± 17

Table 4.1: Basic parameters of the 2QB device.

Parameter Value
f01 (MHz) 4134.33
f12 (MHz) 3937.66
f23 (MHz) 3721.58
fRes (MHz) 8782.41
χ (MHz) 0.288
g (MHz) 177.08
κ (MHz) 0.524
1/Γ01 (us) 189± 40
1/Γ12 (us) 120± 21
1/Γ23 (us) 87± 23
T2 echo 01 (us) 118± 22
T2 echo 12 (us) 76± 27
T2 echo 23 (us) 35± 14

Table 4.2: Basic parameters of the 1QD device.
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Figure 4.11: Characterisation of the T2 coherence time of the 1QD device with the
Hahn spin echo experiment. (a) to (c) show the population versus the delay time
when the Hahn spin echo is implemented on the {|0⟩ , |1⟩}, {|1⟩ , |2⟩}, and {|2⟩ , |3⟩}
subspaces, respectively. The T e2 value is extracted by fitting the renormalised sur-
vival population (the black points) where unused levels are excluded. (d) shows the
extracted T2 echo distribution extracted from fitting the normalized survival popula-
tion.
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Figure 4.12: Characterising charge sensitivity on the {|2⟩ , |3⟩} subspace of the 1QD
device. (a) Pulse sequence implementing the Ramsey interferometry experiment.
First, the transmon is prepared to the |2⟩ state by two consecutive π pulses in the
{|0⟩ , |1⟩} and {|1⟩ , |2⟩} subspaces. Then two {|2⟩ , |3⟩} subspace π/2 pulses with
interval t are applied and followed by a measurement. (b) A typical trace of the
Ramsey interferometry experiment. By sweeping the interval t, a trace of the expec-
tation value is collected to show the phase accumulation over time. A beating pattern
caused by the charge noise can be observed in the trace. (c) The Ramsey spectrum of
the transition frequency of the {|2⟩ , |3⟩} subspace. The X axis denotes the starting
time of the Ramsey experiment. The Y axis denotes the Ramsey oscillation speed
plus the drive frequency, representing the predicted transition frequency.
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Chapter 5

Benchmarking Quantum Processor
Performance

This chapter begins with a review of quantum benchmarking’s mathematical formal-

ism, summarised from [191, 104]. I developed a graphical language in Section 5.1

to illustrate superoperator relationships, inspired by similar applications of graphical

language in Ref. [261]. Section 5.2 provides a summary of existing benchmarking’s

mathematical background. In Section 5.3, we present experimental results evaluating

quantum logic gate fidelities, including a novel set of measurement fiducials I devised

to minimise the number of measurements needed for qutrit state tomography. The

idea of this minimised basis originated from me, and I wrote the code for experimen-

tation and data analysis and collected the data through experiments. The results of

benchmarking qutrit and qudit have been published in Ref. [41] and [40], respectively.
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Characterising the performance of quantum logic gates is an essential task in

building a quantum information processor. If we want to explore replacing qubits

with multilevel qudits, it is important to determine how well the qudit-based circuits

perform compared to those based on qubits. One of the most commonly used quantum

benchmarking protocols, randomised benchmarking (RB), can produce average gate

fidelity with confidence estimation [142, 54, 93, 137, 91, 135, 197, 186, 179, 218].

However, RB does not describe the exact error of each gate. Gate set tomography

(GST) can instead be used to estimate the complete representation of the quantum

process of the entire gate set, as well as the state preparation and measurement

(SPAM) error [191, 104, 192, 106]. GST has been demonstrated on superconducting

qubits, ion-trap systems, and silicon spin qubits [29, 289, 187], and it is an emerging

technique for small-scale system characterization.

In this chapter, we first review the essential mathematical background for describ-

ing noisy quantum operations. It includes superoperator formalism for the manipu-

lation of quantum channels and density matrices. Additionally, we introduce tensor

networks to intuitively describe the mathematics behind superoperator formalism.

Following this introduction, we describe the RB and GST protocols used to charac-

terise our device gate errors and present the characterisation results from the two

measured devices, 2QB and 1QD.

5.1 Mathematical Background
The Pauli and Clifford Groups

The Pauli group (or the generalised Pauli group for a system with more than 2 levels)

is usually used as the basis for quantum operators. Within each qudit, the elements

of the Pauli group can be generated by the following two generators [102, 99, 216]:

Zd =
d−1∑
j=0

ωj |j⟩ ⟨j| , Xd =
d−1∑
j=0

|j⟩ ⟨j + 1| (5.1)
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where the addition of integers in |j + 1⟩ is considered modulo d, and d is the dimension

of the qudit. ω = e2πi/d. The Pauli group for a single qudit can then be written as:

Pd = {ωλXx
dZ

z
d |λ ∈ {0...d− 1}, x ∈ {0...d− 1}, z ∈ {0...d− 1}} (5.2)

The Pauli group for a system composed of multiple qudits can be represented as:

P(n)
d = {ωλP1 ⊗ P2...⊗ Pn|λ ∈ {0...d− 1}, Pj ∈ Pd} (5.3)

The Clifford group is defined to be the group of all unitaries that normalise the

Pauli group, given by

C(n)
d = {V ∈ Udn |V P(n)

d V † ∈ P(n)
d } (5.4)

And the Clifford gates are defined to implement the rotation of an element of the

Clifford group.

Qubit For a single qubit, the Pauli group comprises Pauli operators, given by [101]

σx =

(
0 1
1 0

)
, σy =

(
0 −i
i 0

)
, σz =

(
1 0
0 −1

)
(5.5)

The qubit Clifford group is generated by

H =
1√
2

(
1 1
1 −1

)
, S =

(
1 0
0 ei

π
4

)
(5.6)

which results in a rotation of multiples of π/2 across the Pauli basis.

Qutrit For a single qutrit, the Pauli group is formed by generalised Pauli operators.

One choice of these is the Gell-Mann matrices [97, 232]:
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λ1 = X01 =

0 1 0
1 0 0
0 0 0

 λ2 = X02 =

0 0 1
0 0 0
1 0 0



λ3 = X12 =

0 0 0
0 0 1
0 1 0

 λ4 = Y01 =

0 −i 0
i 0 0
0 0 0

λ5 = Y02 =

0 0 −i
0 0 0
i 0 0



λ6 = Y12 =

0 0 0
0 0 −i
0 i 0

 λ7 = Z1 =

1 0 0
0 −1 0
0 0 0

λ8 = Z2 =
1√
3

1 0 0
0 1 0
0 0 −2


(5.7)

The qutrit Clifford group is generated by [99]

H =
1√
3

1 1 1
1 ω ω2

1 ω2 ω

 , S =

1 0 0
0 1 0
0 0 ω

 (5.8)

where ω = ei
2
3
π, which results in a rotation of multiples of π/3 across the Gell-Mann

basis. The Clifford group has 216 elements when ignoring the global phases. Note

that, unlike the qubit Hadamard gate, the qutrit Hadamard gate is not self-inverse.

HH = X23(π) and HHH = H−1. For convenience, we define a qutrit Z rotation to

be

Z(a, b) =

1 0 0
0 ωa 0
0 0 ωb

 (5.9)

The qutrit Clifford gates can be constructed with the following three forms [279]:

HZ(a3, a4)H
−1Z(a1, a2) (5.10)

HZ(a5, a6)H
−1Z(q1, q2)HZ(p1, p2)H

−1 (5.11)

H−1Z(a7, a8)H
−1Z(m1,m2) (5.12)

where (ai, ai+1) ∈ A, (pi, pi+1) ∈ A, (qi, qi+1) ∈ Q, (mi,mi+1) ∈ M. and P =

{(1, 1), (2, 2)}, N = {(1, 0), (0, 1), (2, 0), (0, 2)}, M = {(0, 0), (2, 1), (1, 2)}, Q = P ∪

N , A = Q∪M.
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Tensor networks

Tensor networks are a class of graphical reasoning approaches to investigating multi-

linear maps and are particularly useful in representing quantum processes. This sec-

tion reviews the basics of tensor network notations and their application to quantum

information. For further details, see references [200, 21].

Tensor Tensors are the generalisation of scalars, vectors, and matrices. An intuitive

illustration of a rank d tensor is a d-dimensional cube filled with numbers at each unit

volume. Specifically, a rank-0 tensor is a scalar; a rank-1 tensor is a vector; and a

rank-2 tensor is a matrix. Just as a matrix does not have to be square, the number of

entries (width) in each tensor dimension is not necessarily equal. This width is called

the bond dimension. For each tensor dimension, an index is assigned to denote the

particular axis. For example, a rank-3 tensor can be written as T i,j,k where i, j, k are

the indices.

Tensor network notations use a graph to represent tensors. Each tensor is repre-

sented by a node. Each edge or leg represents a dimension of the tensor. For example,

a scalar can be represented as a node without edges. A vector is a node with only

one edge, and a rank-d tensor has d edges.

Scalar Vector Matrix Tensor

Like a matrix product, a tensor contraction is an operation summing over a re-

peated index of two tensors. For example,

Ai,j,kBm,n
k = C i,j,m,n (5.13)
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In tensor network notation, contracting two tensors is represented by connecting

two legs.

→A B
i l

mj j

i l

m

k
k

Putting two tensors together without contraction is equivalent to doing the Kro-

necker product of two tensors.

Ai,j,kBl,m,n = C i,j,k,l,m,n (5.14)

→
A B C

i j k l m n i j k l m n

The trace of a rank-2 tensor (a matrix) can be considered as contracting the tensor

with itself.

Tr(A) = Aii (5.15)

Tensor networks In tensor network notation, equations can instead be represented

as a graph. The contraction of a dimension of two tensors is represented by connecting

two legs. These legs are referred to as closed legs. Legs not connected are referred to

as open legs.

->
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Using tensor network notation, a large tensor can be broken into contractions

of smaller tensors, which form a tensor network. The advantage of tensor network

representation is that it captures the relationship within the tensor and reduces the

Hilbert space dimensions required to represent the contracted tensor.

Quantum information processing with tensor networks The basic concepts

in quantum information processing can be represented with tensor networks. Quan-

tum states and unitary quantum operations can be represented with rank-1 and rank-2

tensors.

|ψ⟩ ⟨ψ|

U

U

The pure state density matrix can be represented as the Kronecker product of the state

vector and its conjugate. The partial trace of the density matrix can be represented

by contracting the legs of the subsystem.

|ψ⟩ ⟨ψ| Partial traced density matrix

In this section, we have reviewed the basics of tensor network methods and demon-

strated how to use tensor networks to do basic quantum information processing cal-

culations. Tensor network methods are more useful when generalised to non-unitary

evaluations and describe the superoperator formalism.

Superoperator Formalism

In a perfect decoherence-free quantum processor, a quantum process is a unitary

evolution of a pure quantum state. However, for NISQ devices with non-negligible

noise, we need to consider the statistics of the noise and represent our quantum
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state using density operators and quantum processes as linear transformations of the

density operator. Now a quantum process is no longer a linear transformation acting

on a vector in Hilbert space but acting on an operator in the Hilbert space. The

linear transformation acting on an operator is called a superoperator. To simplify the

representation, calculations can be moved to another space, called Schmidt-Hilbert

space [58]. In this new space, the original operators in the Hilbert space become

vectors, and superoperators become operators and can be represented as matrices.

This method of describing quantum states and processes is called the superoperator

formalism [139]. Note that in this section, the tensor network representation is used

to illustrate the intuitions of the linear transformations. The representation does not

distinguish the transpose, adjoint, and conjugate operators from the original operator,

and constraints arising from the inner product inside the Schmidt-Hilbert space are

ignored. For more details about this graphical method, please refer to [286].

Quantum States A state of the system is represented by a density operator ρ ∈ H

in some Hilbert space H. The matrix representation of the density operator is given

by the inner product between each computational basis. For example, the density

matrix of an N -qubit system is

ρ = |ψ⟩ ⟨ψ| =

⟨0|ψ⟩ ⟨ψ|0⟩ ... ⟨0|ψ⟩ ⟨ψ|d⟩
... ...

⟨d|ψ⟩ ⟨ψ|0⟩ ... ⟨d|ψ⟩ ⟨ψ|d⟩

 (5.16)

where |i⟩ , 0 ≤ i ≤ d = 2N − 1 is the i-th basis state.

Since the density operator is a Hermitian operator, the density operator can also

be represented as a weighted summation of Pauli operators Pj ∈ P⊗n where P =

{I,X, Y, Z}:

ρ =
d∑
i=0

λiPi, λi ∈ [−1, 1] (5.17)

Here the quantum operator is no longer represented by a matrix but a vector
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{λi}. Define the super-ket |ρ⟩⟩ = {λi}, as the vector in the Hilbert-Schmidt space.

The inner product in Hilbert-Schmidt space is defined as

⟨⟨A|B⟩⟩ = 1

d
A†B (5.18)

where A and B are density operators. The expectation value p of measurement

operator E for a state ρ is

p = Tr{Eρ} (5.19)

For simplicity, the Pauli operator P̄i is introduced as

P̄i =
1√
d
Pi (5.20)

to avoid the factors of
√
d in the equation. Now the state ρ can be represented as a

state vector:

|ρ⟩⟩ =
∑
i

|i⟩⟩ ⟨⟨i|ρ⟩⟩ (5.21)

where each element of the state vector is given by

|ρ⟩⟩i = ⟨⟨i|ρ⟩⟩ = Tr{P̄iρ} (5.22)

P̄i ∈ { 1√
2
I,

1√
2
X,

1√
2
Y,

1√
2
Z}⊗n (5.23)

In the tensor network representation, we define a rank 3 tensor P i
kj. Here k and j

denote the two dimensions of each Pauli matrix, and i denotes the index of the Pauli

matrix. It can be considered as all Pauli matrices stacked together. Here we use the

solid black line to denote the legs of k and j, since they represent quantities in the

Hilbert space, and the contraction follows the rule of inner products in the Hilbert

space. The blue dashed lines represent the quantities in the Schmidt-Hilbert space,

and the rule of inner product is slightly different up to a constant to the Hilbert space.
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P

The relation between the super-ket and the density operator can be represented

as follows. The dashed box means it is a slot and we could plug in the matrices. If

both ρ and |ρ⟩⟩ are plugged in, the contracted result should be 1. If only the ρ is

plugged in, after contraction the result would be the |ρ⟩⟩ and vice versa.

Pρ |ρ⟩⟩

Quantum Operations Quantum operations are defined as linear maps on the

density matrix as ρ → Λ(ρ) where Λ(ρ) ∈ H. Restrictions on map Λ are required

to ensure it describes a physical process in our universe. Suppose ρ′ = Λ(ρ) for any

ρ ∈ H:

1. Complete Positivity (CP): The probability must be non-negative. ρ′ must

have nonnegative probabilities for measuring the eigenstates of any observables. This

means the density matrix in our universe must be semi-definite. 2. Trace Preservation

(TP): The total probability must be conserved1. The probability of measuring system

ρ in its eigenstates must sum up to 1, therefore Tr{ρ′} = 1.

Any map that is physical must be a CPTP map. To fulfil the CP requirement,

the map Λ can be written as [194]:

Λ(ρ) =
d2∑
i=1

KiρK
†
i (5.24)

for some N ≤ d2 where d = 2n is the dimension of the Hilbert space. Matrices

Ki are the so-called Kraus operators, and this representation is called the Kraus
1This requirement can be relaxed when there are leakage errors, which transform the qubit state

outside of the computation space.
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representation. The map fulfils the TP requirement when
∑

iK
†
iKi = I where I

denotes the identity. This is called the Completeness Condition [194].

Process Matrix A convenient method to manipulate quantum operations can be

derived immediately from the Pauli basis representation of a quantum state and

the Pauli Transfer Matrix (PTM) representation of a quantum operation. Quantum

operators are represented as matrices of dimension d2 × d2.

The Kraus operator is not unique for a given quantum operation. A convenient

choice is to expand the Kraus operator into a linear combination of Pauli operators.

Ki =
d2∑
j=1

aijPj, Pj ∈ P⊗n (5.25)

Inserting this into Eq. 5.24 gives

Λ(ρ) =
d2∑

j,k=1

χjkPjρPk (5.26)

where χjk =
∑

i aija
∗
ik. χ is a d2 × d2 complex-valued matrix, and completely

determines the map Λ. The χ matrix is called the process matrix. The χ matrix is

Hermitian and positive semidefinite. For TP map,
∑

jk χjkPkPj = I2. In the tensor

network representation, we consider how to relate the process matrix with the unitary

U in the Hilbert space. The following diagram shows its relationship.

U
... ...

UT
... ...

χ := P P

The process matrix can be considered to represent unitary U and its transpose

into the basis in the Hilbert-Schmidt space.
2I =

∑
i K

†
iKi =

∑
ijk a

∗
ikPkaijPj =

∑
jk(
∑

i aija
∗
ik)PkPj =

∑
jk χjkPkPj
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Pauli Transformation Matrix (PTM) Quantum map Λ can also be represented

as Pauli transfer matrix (PTM):

(RΛ)ij =
1

d
Tr{PiΛ(Pj)} (5.27)

The (RΛ)ij denotes the expectation value when the state is prepared at Pj basis

and measured at Pi basis after the quantum map. Note Λ(Pj) is a density matrix,

and from Eq. 5.17, (RΛ)ij also must be real and in the interval (−1, 1). From

these definitions, manipulating operators can be transformed into manipulating state

vectors and matrices defined above.

|Λ(ρ)⟩⟩ = RΛ |ρ⟩⟩ (5.28)

RΛ1·Λ2 = RΛ1RΛ2 (5.29)

The relationship between the PTM and the unitary operator is shown as follows.

U
... ...

UT
... ...

PTM := P P

The diagram above shows that the PTM for a unitary operation is the Kronecker

product of U and UT , representing them in the Pauli basis in the Schmidt-Hilbert

space.

From the definition of the process matrix and PTM, we can show that the pro-

cess matrix and PTM can be transferred from one to another with the following

relationship.
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χPTM

P P

PP

Choi-Jamiołkowski Isomorphism The Choi-Jamiołkowski isomorphism (or channel-

state duality) refers to the correspondence between quantum channels and quantum

states [53, 124, 126]. More generally, Choi-Jamiołkowski isomorphism provides a

method to investigate quantum channels by investigating quantum states.

Here we first consider the scenario where we only have pure states and a fully

coherent quantum channel. Each quantum channel can be described by a unitary

operation U , which transforms the state |ψi⟩ to |ψ′
i⟩. To fully describe the operation

U , we need to describe |ψi⟩, |ψ′
i⟩ and their one-to-one relationship. A quantum state

can be constructed to describe all this information.

|Ψ⟩ = 1√
d

∑
|ψi⟩ ⊗ |ψ′

i⟩ (5.30)

This quantum state |Ψ⟩ is a superposition of all orthogonal input states |ψi⟩ and

output states |ψ′
i⟩ from operator U . This state can be prepared by first having a

simple maximum entanglement state |Ψ+⟩:

|Ψ+⟩ = 1√
d

∑
(|i⟩ ⊗ |i⟩) (5.31)

|Ψ⟩ = U ⊗ I(|Ψ+⟩) (5.32)
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The above notation can be extended into superoperator formalism. Consider a

quantum channel represented by a CPTP map Φ. The Choi-Jamiołkowski state is

defined as:

ρCJ(Φ) = (Φ⊗ I)(Ψ) (5.33)

The tensor network notation can illustrate this idea more readily. Say we have a

quantum map Φ, with two legs on the left to denote the input and two on the right

to denote the output. For a quantum state representing the complete information of

Φ, the input leg can be bent to the right side, represented by a maximally entangled

two quantum system and applying Φ to one of them.

Φ
Φ

... ...

...

...
→

ρCJ

5.2 Quantum Tomography and Benchmarking
Metrics for Quantum State and Process

State Fidelity The state fidelity measures the closeness of two quantum states.

The fidelity of two quantum states is defined as [194, 131]

Fs(ρ, ρ̃) =

(
Tr
[√√

ρρ̃
√
ρ

])2

(5.34)

where ρ and ρ̃ are the density matrices of the two states we are comparing.

For most practical cases, we are comparing a noisy mixed state with an ideal pure

state. The state fidelity can be simplified in this case as

Fs(|ψ⟩ , ρ) = ⟨ψ|ρ|ψ⟩ (5.35)

where ρ is the density matrix and |ψ⟩ is the pure state we are comparing.
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For pure states, the definition reduces to the squared overlap between the states:

Fs(|ψ1⟩ , |ψ2⟩) = | ⟨ψ1|ψ2⟩ |2 (5.36)

where |ψ1⟩ and |ψ2⟩ are the two pure states we are comparing.

Entanglement Fidelity The entanglement fidelity was first proposed to charac-

terise the performance of a quantum channel for quantum communication. Between

physical process A and ideal process B, the entanglement fidelity Fe is defined as

[236]

Fe(A,B) = Fs(ρCJ(A), ρCJ(B)) = Tr
(√√

ρCJ(A)ρCJ(B)
√
ρCJ(A)

)2

(5.37)

The entanglement fidelity can be described as the state fidelity of the Choi-Jamiolkowski

isomorphism density matrix. We use ϵe = 1−Fe to denote the entanglement infidelity.

Average Gate Fidelity The average gate fidelity F̄ is defined by [194, 193]

F̄ (Φ, U) =

∫
dψ ⟨ψ|U †Φ(ψ)U |ψ⟩ (5.38)

where the integral is over the Haar measure (uniform distribution) dψ on the state

Hilbert space, Φ is the noisy quantum operation being characterised, and U is the

ideal unitary operation. F̄ (Φ, U) = 1 if and only if Φ implements U perfectly. It

is sometimes useful to consider that the state |ψ⟩ is an arbitrary fixed state, but

introducing a unitary before and after the gate to change the input state. The average

gate fidelity can also be written as an integral over the Haar measure of preparation

operation V as [193]

F̄ (Φ, U) =

∫
dV ⟨ψ|V †Φ(UψU †)V |ψ⟩ (5.39)

The average gate fidelity is different from the entanglement fidelity. Their relation is

given by [115]

F̄ =
d× Fe + 1

d+ 1
(5.40)
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where d is the dimension of the state space.

Error Generator A quantum operation can have a small error such that the re-

constructed superoperator is too similar to interpret its difference from the ideal gate

visually. Error generators [28] have been developed to quantify these small errors.

Consider the ideal target map Ĝi for a physically reconstructed map Gi, the post-gate

error generator L is defined as

Gi = eLiĜi (5.41)

It approximates the error as an error operation applied after the ideal operation. We

could also apply the error before the ideal operation, which is called the pre-gate error

generator. In this work, the error generators refer to the post-gate error generators.

Reference [28] also discusses the projected error generator, which structures the

error generator into a different type of error. Here we discuss two simpler metrics

proposed in [28] to quantify the coherent and non-coherent error.

Jamiołkowski probability Jamiołkowski probability is a metric to quantify the

non-coherent error. It is defined by [28]

ϵJ(L) = −Tr(ρJ(L) |ψ⟩ ⟨ψ|) (5.42)

where |ψ⟩ represents a fully entangled state.

Looking at the Choi-Jamiołkowski state of the error generator ρCJ(L) is beneficial.

Since the error generator is usually small, we can approximate ρCJ(L) ≈ ρCJ(G) −

ρCJ(Ĝi). Now ρCJ(L) can be represented in a basis {|ψ⟩ , |ψ⟩′1 , |ψ⟩
′
2 , ..., |ψ⟩

′
n} where

|ψ⟩ is the maximum entanglement state, and |ψ⟩′i are basis orthogonal to |ψ⟩.

From Figure 5.1, ϵJ represents the probability of the state ”jumping” from the fully

entangled state to other states. Here the ”jump” means the spectrum (distribution of

the eigenvalues) of the density matrix changes and introduces mixed states. Therefore,
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…     

Figure 5.1: Choi-Jamiołkowski state of the error generator ρCJ(L).

ϵJ is related to the non-coherent part of the error generator.

Jamiołkowski amplitude The Jamiołkowski amplitude [28] is a metric for quan-

tifying coherent error. It is defined by

θJ(L) = |(1− |ψ⟩ ⟨ψ|)ρJ(L) |ψ⟩ |

=

√
⟨Ψ| ρCJ(L)2 |Ψ⟩ − ⟨Ψ| ρCJ(L) |Ψ⟩2

(5.43)

From ρCJ(L) representation, EJ represents the probability of the state ”rotating”

from the fully entangled state to other states. Here ”rotates” means the spectrum of

the density matrix remains the same. Therefore, it is related to the coherent part of

the error generator.

Generator infidelity The generator infidelity is defined by [28, 161]

ϵg = ϵJ + θ2J (5.44)

Under the common cases where coherent errors are much larger than stochastic

errors, the entanglement fidelity can be approximated by generator infidelity ϵe ≈

ϵg [28, 161].
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Quantum state tomography

The direct information we can get from measuring a superconducting qubit by con-

ventional dispersive readout is whether the qubit is in its |0⟩ state or the |1⟩ state.

From this information, we can construct the diagonal elements of the density ma-

trix only. In order to find the off-diagonal elements, we need to change the ”aspect”

of looking at the quantum state: rotate the state before measurement to effectively

change the measurement basis. Just as the word tomography describes reconstructing

3D images from sensors in different directions, it is borrowed to describe the protocol

that reconstructs the complete information of a quantum state [194, 6, 258].

The goal of quantum state tomography is to construct the full density matrix of

an unknown quantum state. A convenient method is to utilise Eq.5.22. The density

operator in the matrix can be constructed by

ρ =
∑
i

⟨⟨Pi|ρ⟩⟩Pi =
∑
i

ρ̂iPi (5.45)

where ρ̂ = {⟨⟨P0|ρ⟩⟩ , ⟨⟨P1|ρ⟩⟩ , ..., ⟨⟨Pn|ρ⟩⟩} is the Pauli vector. In order to construct

the density matrix, we need to find all ⟨⟨i|ρ⟩⟩. Some of the ⟨⟨i|ρ⟩⟩ can be easily

found when the |i⟩⟩ is directly measurable. For example, the Pauli Z operator can

be measured directly on the quantum computing system that physically measures

the population of |0⟩, |1⟩. For some other cases, we could choose a set of physically

implementable measurement operators ⟨⟨Mi|F (m)
j that spans the whole Hilbert space,

where ⟨⟨Mi| are measurement operators implementable on the quantum system, and

F
(m)
j is called measurement fiducials, a set of operations that rotate the state before

the measurement, to effectively measure with another operator.

In practice, the measurement operator is usually chosen to be Ml = diag({δi,l}),

which produces the expectation value equal to the probability of the state measured

in |l⟩. We could directly estimate the probability pij = ⟨⟨Mi|F (m)
j |ρ⟩⟩ from the ex-

periment. Since ⟨⟨Mi|F (m)
j can be represented as a linear combination of the Pauli
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Figure 5.2: Experiment implementation of state tomography. The circuit repeatedly
starts with an unknown state, and the state tomography applies a set of measurement
fiducials and then measures the system and generates experimental data pij. Then
the density matrix of the unknown state can be reconstructed with equation 5.47.

basis ⟨⟨Pk|, we can rewrite the expression of pij to

pij =
∑
k

⟨⟨El|F (m)
j |Pk⟩⟩ ⟨⟨Pk|ρ⟩⟩ (5.46)

where we denote A = ⟨⟨El|F (m)
j |Pk⟩⟩. From the above relation, the value of the Pauli

vector can be recovered as

ρ̂ = A−1pij (5.47)

Note that when an overcomplete measurement basis is used for measurement, A

is no longer full-rank, and the inverse of A becomes a pseudo-inverse. The value is

effectively estimated with the least square error linear estimation to the measured

result.

Quantum process tomography

Quantum process tomography (QPT) is a method to estimate the complete quantum

process of a given system. The process matrix or the Pauli transformation matrix

describes a quantum process, including the noise. Since we can already extract Pauli

vectors from state tomography, it is intuitive to move on and construct the PTM. By

iterating the initial state on Pauli bases, the PTM can be constructed by applying

the quantum gate and doing state tomography for each input state. More formally

speaking, the PTM RΛ for gate Λ is given by
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Figure 5.3: Experiment implementation of process tomography. The circuit repeat-
edly starts with a known initial state, usually the system’s ground state. Then prepa-
ration fiducials F (p)

i are applied to the initial state and transfer the state into a set of
states |ρi⟩. Then the process we are interested in is applied to the state |ρi⟩, followed
by a state tomography gate sequence with measurement fiducial F (p)

j . By iterating i
and j for preparation and measurement fiducials, the experimental data pijl can be
collected and the process can then be reconstructed by equation 5.51.

(RΛ)ij = ⟨⟨P̄j|Λ |P̄i⟩⟩ (5.48)

So far we have very abstractly described how to evaluate each element of RΛ.

However, practically we cannot prepare P̄i as a quantum state. Consider preparing

a set of states {|ρi⟩} = {F (p)
i |ρ0⟩⟩} that spans the whole Hilbert space. Let the

quantum channel Λ apply to all these states, and run state tomography for each

state. The experiment implementing process tomography is shown in figure 5.3. We

can obtain a set of probabilities given by

pijl = ⟨⟨El|F (m)
j |Λ|F (p)

i |ρ0⟩⟩ (5.49)

=
∑
kl

⟨⟨El|F (m)
j |Pk⟩⟩ ⟨⟨Pk|Λ|Pl⟩⟩ ⟨⟨Pl|F (p)

i |ρ0⟩⟩ (5.50)

Now if we define Bli = ⟨⟨Pl|F (p)
i |ρ0⟩⟩, the PTM can be recovered by

RΛ = A−1pijlB
−1 (5.51)
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Just as with state tomography, when we include an overcomplete basis B−1 be-

comes a pseudo-inverse and gives the least-square estimate.

Gate Set tomography

While process tomography could produce the complete PTM of a quantum operation,

it assumes the measurement and preparation of the states are perfect. Ignoring the

state preparation and measurement (SPAM) errors could be detrimental when trying

to characterise the small error of a quantum process and report its fidelity. Gate set

tomography (GST) is developed to solve this issue [104, 191]. Instead of characterising

a quantum process, GST characterises all the involved operators, including the initial

state operator, measurement operators, all the fiducials and the quantum process we

are interested in.

Suppose a gate set G = {G0, G1, . . . , Gn} is defined so that it can compose all the

fiducial F gates to implement state preparation and measurement. That is, for any

Fi, we could always write it as

Fi =
∏
j∈S

Gj (5.52)

Then we could have a measurement result

mijkl = ⟨⟨El|F (m)
i GkF

(p)
j |ρ0⟩⟩ (5.53)

The estimated PTM can be found with the maximum likelihood method by min-

imising the objective function Lm

Lm =
∑
ijkl

(⟨⟨Ẽl|F̃iG̃kF̃j|ρ⟩⟩ −mijkl)
2 (5.54)

One variant of GST is the long-sequence GST, which repeats multiple different

sequences of intrinsic gates defined in G to amplify the error of each gate. The

experimental implementation of the long-sequence GST is shown in figure 5.4. Given

σ2
ijk is the variance of the mijk, the optimisation problem is defined by the objective
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Figure 5.4: Experiment implementation of long sequence gate-set tomography. The
circuit repeatedly starts with a known initial state, usually the system’s ground state.
Then preparation fiducials F (p)

i are applied to the initial state and transfer the state
into a set of states |ρi⟩. Then germs comprised of one or more gates in the gate set
are applied to the state |ρi⟩ k times. Then a state tomography gate sequence follows
with measurement fiducial F (p)

j . By iterating i and j for preparation and measure-
ment fiducials, the experimental data pijl can be collected, and all the PTMs, initial
state density matrix and measurement operators can be estimated by optimisation
discussed in equation 5.55.
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function

Lm =
∑
ijkl

(⟨⟨Ẽl|F̃iG̃(1)
k G̃

(2)
k . . . G̃

(n)
k F̃j|ρ⟩⟩ −mijkl)

2/σ2
ijk (5.55)

Subject to

ρCJ(G) ≽ 0, ∀G ∈ G (5.56)

(RG)0i = δ0i, ∀G ∈ G (5.57)

(RG)ij ∈ [−1, 1], ∀G, i, j (5.58)

Tr(ρ) = 1 (5.59)

I − E ≽ 0 (5.60)

Constraint 5.56 ensures the PTM is positive by subjecting its CJ matrix to positive

semidefinite. Constraint 5.57 sets the first row of the PTM to be one and all zeros,

which is required by the TP constraints. Constraint 5.58 forces the value of PTM to

be between -1 and 1. Constraints 5.59 and 5.60 enforce the initial state operator, and

the measurement operator is physical.

The above maximum likelihood estimation still has gauge freedom missing and

can produce non-unique results with the same dataset. Consider a quantum process

B, and consider the following measurement result m′
ijkl

m′
ijkl = ⟨⟨El|B(B−1F

(m)
i B)(B−1GkB)(B−1F

(p)
j B)B−1|ρ0⟩⟩

= ⟨⟨E ′
l|F

(m)′
i G′

kF
(p)′
j |ρ′0⟩⟩

(5.61)

which would be identical to mijkl. For the estimated operators representing the phys-

ical process, we need to optimise the gauge operation B. This is done by minimising

the sum of trace norms between the estimated operators and their ideal counterparts.

Randomised benchmarking

Another SPAM-error-insensitive method to characterise gate fidelity is Randomised

Benchmarking (RB) [142, 54]. RB has been widely demonstrated on different quan-
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tum systems [93, 91, 135, 197, 179], and has been developed for multilevel systems

beyond qubits [137, 186, 123]. Compared to GST, RB scales efficiently and is more

practical for larger quantum systems. However, the standard RB protocol only re-

ports the average gate fidelity. It cannot determine the full error model of a quantum

system and is insufficient for applications that require detailed error descriptions,

such as quasi-probability error mitigation [82].

Standard randomised benchmarking An intuitive illustration of randomised

benchmarking is to consider doing an identity operation that brings the quantum

system to a random state and back to where it started, usually the ground state. If

the operation is perfect, we should always observe that the measured system is in the

ground state. However, when the operation contains errors, there are chances that

the system will not land in the ground state. When the number of gates involved in

implementing the operation grows, the probability that we measure the system in the

ground state drops exponentially. We could extract the average gate fidelity by fitting

the state probability decay curve, sometimes referred to as the Success Probability.

U1 U2 U3
... Un−1U4 U−1

totalUn|0⟩

Unitary t-design While the idea of RB is straightforward, there are some problems

to consider before implementing practical RB on quantum hardware. The original

proposal of RB [80] defines the average gate fidelity to be the averaged fidelity over

all possible unitary operations, which requires choosing the gate randomly from the

Haar measure of the SU(d) group, where d is the dimension of each quantum building

block.

Now we set the arbitrary state of the average gate fidelity definition in Eq.5.39 to

the ground state and get
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F̄ =

∫
U(d)

dUTr[U |0⟩ ⟨0|U †Λ(U |0⟩ ⟨0|U †)] (5.62)

Where U(d) is the set of all d × d unitary matrices in the SU(d) group. Such a

configuration is difficult in practice, mainly because finding the inverse gate of a long

sequence to put the system back to the initial state is difficult. It has in fact been

shown that there is no need to strictly sample the gate from the Haar measure, but

simply from the Clifford group is enough for average gate fidelity estimation [62]. This

is because the Clifford group is an exact unitary 2-design [62]. Formally speaking, X

is a unitary-t design if the following equation holds.

1

|X|
∑
U∈X

U⊗t ⊗ (U∗)⊗t =

∫
U(d)

U⊗t ⊗ (U∗)⊗tdU (5.63)

where |X| denotes the number of gates in set X. From the definition, any homoge-

neous degree 2 polynomial function, sampling from a unitary-2 design is an adequate

substitution of sampling from the Haar measure. The definition of average gate fi-

delity is a degree 2 polynomial.

Extracting average gate fidelity We have now observed a success probability

of the RB experiment, now we need to find what exactly is the decay rate of the

measured success probability, and how it relates to the average gate fidelity. More

formally speaking, denote Pm as the success probability at sequence length m. Pm is

exponentially decaying versus m, given as [163, 162]

Pm = A+Bpm (5.64)

where m is the length of the gate sequence, A and B are fitting parameters. The

average infidelity per Clifford Gate can be estimated as

1− F̄ ≈ r =
d− 1

d
(1− p) (5.65)
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where d is the dimension of the system. It has been proven that the RB protocols

exactly measure the average gate-fidelity even under strong gate-dependent errors,

but not non-Markovian (time-dependent) errors [218, 269, 44].

Characterising leakage Leakage errors are an important factor for operating su-

perconducting circuits. Each gate defined on the superconducting circuits operates

within a pre-defined subspace, usually the lowest d energy levels. The leakage errors

result from the state of a quantum system ”leaking” out of a pre-defined subspace to

occupy an unwanted energy level.

Leakage randomised benchmarking (LRB) has been developed to characterise the

leakage error for quantum logic gates with RB [270, 287]. While the gate set used in

this work only operates between neighbouring energy levels, the transmon state can be

transferred to unused energy levels, creating unwanted leakage states. Understanding

the leakage error model for the device is beneficial for further applications such as

quantum error corrections and error mitigation [178].

The LRB protocol is similar to the standard RB protocol, except it measures the

leakage state population p
(l)
m and keeps track of the overall sum of the population in

the computation space p(I)m = 1− p
(l)
m . Then the p(I)m can be fit into a decay model

p(I)m = A+Bλm1 (5.66)

where A and B are fitting parameters with 0 ≤ A,B. The average leakage rate L1 is

given by [287]

L1 = (1− A)(1− λ1) (5.67)

.
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Interleaved randomised benchmarking While standard RB reports the average

gate fidelity of a set of gates, finding the fidelity of a specific gate is sometimes

beneficial. Interleaved randomised benchmarking is one method that estimates the

fidelity of a specific gate [164]. The protocol first performs a standard randomised

benchmarking and extracts the parameter ps. The specific gate of interest is then

inserted between two gates in the gate sequence. The last gate is updated so that the

overall sequence still gives the identity operation. From the interleaved decay curve,

extract parameter pi.

U1 Uk U2
... Un U−1

totalUk|0⟩ Uk

And the average infidelity of the interleaved gate is estimated as

1− F̄ ≈ ri =
d

d− 1
(1− pi

ps
) (5.68)

.

5.3 Benchmarking Results on Real Devices

We now move on to report the results of carrying out particular benchmarking tech-

niques on two specific superconducting devices: first, the 2QB device, treating the

transmons as qubits, and second, the 1QD device, treated as a 3 and 4-level system

(which for simplicity we denote here as ’qutrit’ and ’qudit’ respectively). We first

discuss carrying out RB and GST on the 2QB device, then report novel techniques

to implement qutrit and qudit versions of GST on the 1QD device.

Benchmarking Results for the 2QB Device

The 2QB device is tuned with a 50-nanosecond Blackman DRAG pulse for a single-

qubit gate. The two-qubit gate is implemented with a 300-nanosecond cross resonance

drive.
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Gate Set Tomography The gate set tomography result for this experiment is

produced with the ”std2Q_XYCNOT” model from pyGSTi [192]. The qubit-based

system can use a simple choice of fiducials, which are 1
2
(Î + Ẑ), 1

2
(Î − Ẑ), 1

2
(Î + X̂),

1
2
(Î + Ŷ ). They correspond to the axes |0⟩, |1⟩, |+x⟩, |+y⟩ on the Bloch sphere.

Applying Î, Ŷπ
2
, X̂−π

2
, X̂π and then measuring could yield the expected results. In

the following table, we use XA(θ) to denote the arbitrary rotation around the X-axis

on qubit A with angle θ. The detailed fiducial configuration is listed in Appendix B.

The ”std2Q_XYCNOT” model also includes six gates in the gate set G and 12

germs for error amplification. The detailed configuration is listed in Table C.1. The

experiment is set as follows. The maximum germ length is set to 64, which gives 2900

gate sequences to measure from the given fiducials. The interval between shots is

500 microseconds. Each gate sequence is measured with 500 shots with a single-shot

readout.

From the gate set tomography, we report the infidelities in Table 5.1. The re-

constructed SPAM operators and the PTMs are detailed in Appendix C. From the

result, we have very low readout fidelity, mainly due to the short readout time of the

quantum amplifier installed in the setup. The error generator for each gate is shown

in Appendix C. We found the ϵJ characterising the amount of incoherent error for

qubit B is much lower than qubit A, which agrees with the fact that qubit B has a

longer coherence time.

Randomised Benchmarking First, we perform simultaneous randomised bench-

marking on both qubits with only a single-qubit Clifford gate. The maximum se-

quence length is set to 640 Cliffords. It is averaged over 50 different random gate

sequences, and each point is sampled 1000 times. The interval between two shots

is 1000 microseconds. Then we perform the standard two-qubit Clifford randomised

benchmarking and interleaved randomised benchmarking interleaving the ZX(−π/2)
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Gate (1−F)× 102 ϵJ × 102 θJ × 102 Operator (1−F)× 102

CNOT 2.0± 0.3 2.4± 1.4 3.5± 0.4 M0 6.4± 0.5
XA(

π
2
) 0.26± 0.09 0.3± 0.8 2.1± 0.2 M1 9.7± 0.2

YA(
π
2
) 0.02± 0.06 1.9± 1.0 2.5± 0.5 M2 14.9± 0.2

XB(
π
2
) 0.1± 0.1 0.1± 0.8 1.4± 0.2 M3 17.6± 0.2

YB(
π
2
) 1.57± 0.06 0.1± 0.5 1.7± 0.2 ρ0 7.6± 0.2

Table 5.1: Infidelity estimation of the gate set tomography. For each gate in the gate
set, we report the average infidelity (1−F), the Jamiołkowski probability (ϵJ), and the
Jamiołkowski amplitude (θJ). We also report the average infidelity of measurement
operators (1−F) and the initial state density matrix. The error bar indicates a 95%
confidence interval.

gate. The fidelities are reported in Table 5.2.
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Figure 5.5: Randomised benchmarking results. (a) The single-qubit simultaneous
randomised benchmarking on the 2QB device. Single-qubit gates are applied to each
qubit in parallel to extract the average single-qubit infidelity. (b) The two-qubit ran-
domised benchmarking and interleaved randomised benchmarking. The ZX(−π/2)
gate is interleaved to extract its average infidelity.

Benchmarking Results for the 1QD Device

For the single transmon device, we treat it as a 3-level (qutrit) system and a 4-level

system (qudit). For the qutrit configuration, we implemented the qutrit Hadamard

gate for qutrit Clifford gate synthesis and implemented fiducials and tomography

with only qutrit Clifford gates. Then we moved on to the qudit system and used
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Parameter Value
Single-qubit simultaneous Clifford average infidelity 0.68± 0.08× 10−3

Single-qubit simultaneous physical gate infidelity 0.37± 0.05× 10−3

Two-qubit Clifford average infidelity 4.0± 0.3× 10−2

Two-qubit gate ZX(−π/2) infidelity 2.6± 0.4× 10−2

Table 5.2: Infidelity estimation from randomised benchmarking. Here we report
the single-qubit randomised benchmarking average single-qubit Clifford gate infi-
delity and physical single-qubit gate infidelity. We also report the average two-qubit
Clifford gate infidelity extracted from two-qubit randomised benchmarking and the
ZX(−π/2) infidelity extracted from interleaved two-qubit randomised benchmarking.

it to emulate a two-qubit system. We also performed qubit-like randomized bench-

marking on all neighbouring computational levels and conducted Clifford randomized

benchmarking on the qutrit and emulated two-qubit system.

The 4-level system is treated as a two-qubit emulator for benchmarking. The

emulator maps |0⟩, |1⟩, |2⟩, |3⟩ to |00⟩, |01⟩, |10⟩, |11⟩ states of a two-qubit device.

The single qubit gate for the first emulated qubit is achieved by driving transitions

in the {|0⟩ , |1⟩} subspace and the {|2⟩ , |3⟩} subspace in sequence. The single qubit

gate for the second qubit first drives {|1⟩ , |2⟩} transitions to implement a SWAP gate

and then drives transitions the same way as operating the first virtual qubit. Then,

transitions in the {|1⟩ , |2⟩} subspace are driven again to swap the state back. See

Fig. 5.6.

The 1QD device is tuned up with a 50-nanosecond Blackman DRAG pulse to drive

the single-photon transition. For all following experiments, each point is sampled with

500 shots with 1000-microsecond intervals between shots.

Gate Set Tomography Qutrit For qutrit GST, we chose a measurement basis

that can be prepared with gates in the qutrit Clifford group shown in Table C.3.

While previous physical proposals for tomography use an over-complete basis with 9

measurements, our proposal requires only 4. In the experiment, we used a standard

dispersive measurement that can distinguish 3 different states with a single shot
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R(θ)
:= R01(θ) R23(θ)

R(θ)
:= R12(π) R01(θ) R23(θ) R12(π)

ZZ(θ) := Z1(θ) Z2(θ)

Figure 5.6: Gate sequence for emulating a two-qubit device with a 4-level transmon.
The single qubit gate for the first emulated qubit is achieved by driving transitions
in the {|0⟩ , |1⟩} subspace and the {|2⟩ , |3⟩} subspace in series. The single qubit gate
for the second qubit first drives {|1⟩ , |2⟩} transitions to implement a SWAP gate
and then drives transitions the same way as operating the first virtual qubit. Then,
transitions in the {|1⟩ , |2⟩} subspace are driven again to swap the state back. The
ZZ(θ) gate is implemented by two qudit virtual Z gates.

and determine 2 degrees of freedom of the qutrit density matrix. Since a qutrit

density matrix has a total of 8 degrees of freedom, we require a minimum of 4 such

measurements to implement qutrit state tomography.

The qutrit Hadamard gate H is directly parametrized in the GST gate set, instead

of the physical gates from which we synthesise it. The brute-force approach would

parameterise Y01(m) and replace H with a sequence of 5 gates. H frequently occurs

during the fiducial synthesis; directly parametrising H shortens the gate sequence

and reduces the required computational cost.

Since all fiducials are in the qutrit Clifford group, only virtual-Z gates and Hadamard

gates are required to implement all the fiducials. The computational cost can be fur-

ther reduced if we make the reasonable assumption that all virtual-Z gates are perfect.

Since we still want to directly characterise the physical gates X01(π/2) and X12(π/2),

we add them to the gate set but do not include them for fiducial synthesis. This im-

plies that H is independent of X01(π/2) and X12(π/2), and ignores some information

to more precisely characterise the X01(π/2) and X12(π/2). Our experimental results
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show that under such configuration, our qutrit GST produces an accurate estimation

of the quantum process.

We now proceed and implement the GST on the 1QD device and treat it as a

qutrit. The maximum length of the germs sequence is 512. The collected data is then

processed by the PyGSTi software with a customised model with the gate set and

fiducials configuration described. The estimated parameters of the gates and SPAM

operators are reported in Table 5.3. The reconstructed initial state density matrix

and the measurement operators are reported in Appendix C. An example of X01(π/2)

gate is shown in Figure 5.7. The infidelities of the virtual Z gates and Identity gates

are at least an order of magnitude lower than the physical gates.
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Figure 5.7: (a) and (b) are the reconstructed PTM and error generator of X01(π/2)
gate from qutrit gate-set tomography reconstructed. The blue colour denotes negative
values and the red colour denotes positive values. For more details, please refer to
Appendix C.

Gate Set Tomography Qudit For treating 1QD as a 4-level system,

we implemented a custom pyGSTi model that uses the single-photon transition

between neighbouring levels and the virtual Z gate as the intrinsic gates. The gate
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Gate (1−F)× 103 ϵJ × 103 θJ × 103 Operator (1−F)× 102

I 0.37± 0.01 1.5± 1.0 0.5± 0.2 ρ0 11.37± 0.26
Z1(

2π
3
) 0.30± 0.08 0.8± 5.9 11.1± 0.9 M0 0.4± 1.4

Z2(
2π
3
) 0.37± 0.1 1.0± 5.8 16.9± 1.4 M1 9.2± 0.4

X01(π/2) 2.8± 0.2 5.5± 9.3 56.0± 0.5 M2 8.2± 1.4
X12(π/2) 1.3± 0.1 1.8± 7.6 44.9± 0.9
H 3.22± 0.11 12.4± 6.3 27.3± 1.5

Table 5.3: Infidelity estimation from the qutrit GST. For each gate in the gate set,
we report the average infidelity (1 − F), the Jamiołkowski probability (ϵJ), and the
Jamiołkowski amplitude (θJ). We also report the average infidelity of measurement
operators (1−F) and the initial state density matrix. The error bar indicates a 95%
confidence interval.

Gate (1−F)× 103 ϵJ × 103 θJ × 103 Operator (1−F)× 103

Z1(
2π
3
) 0.085± 0.015 0.04± 1.58 8.18± 0.18 ρ0 0.102± 0.001

Z2(
2π
3
) 0.218± 0.007 0.05± 1.71 15.05± 0.33 M0 1.2± 0.2

Z3(
2π
3
) 0.113± 0.008 0.07± 2.19 8.32± 0.19 M1 0.9± 0.2

X01(
π
2
) 4.98± 0.11 5.62± 2.62 25.35± 0.35 M2 0.20± 0.01

X12(
π
2
) 2.97± 0.05 2.88± 1.53 28.88± 0.10 M3 0.1± 0.1

X23(
π
2
) 2.91± 0.07 3.43± 1.74 14.43± 0.10

Table 5.4: Infidelity estimation from the qudit GST. For each gate in the gate set,
we report the average infidelity (1 − F), the Jamiołkowski probability (ϵJ), and the
Jamiołkowski amplitude (θJ). We also report the average infidelity of measurement
operators (1−F) and the initial state density matrix. The error bar indicates a 95%
confidence interval.

set and germs are detailed in Appendix C. An example of X01(π/2) gate is shown

in Figure 5.8. The fiducials for state preparation and measurement are the same as

the two-qubit configuration but decomposed into intrinsic gates of a 4-level system

as presented in Appendix C. The maximum germ length is set to 1024, which gives

19275 sequences for measurement. The estimated parameters of the gates and SPAM

operators are reported in Table 5.4.

The results from GST show a lower fidelity for the {|0⟩ , |1⟩} subspace compared

to the {|1⟩ , |2⟩} subspace. This is likely due to the choice of LO signal frequency

closer to the transition frequency between {|1⟩ , |2⟩}. The control pulses’ RF signal is

mixed with an IF signal generated by a 2 Gsps DAC and a fixed LO signal. To cover
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Figure 5.8: (a) and (b) are the reconstructed PTM and error generator of X01(π/2)
gate from qudit gate-set tomography reconstructed. The blue colour denotes negative
values and the red colour denotes positive values. For more details, please refer to
Appendix C.

the transition frequency of the {|0⟩ , |1⟩}, {|1⟩ , |2⟩} and {|2⟩ , |3⟩}, the LO frequency

is chosen to be 3.904 GHz, which causes the IF frequency of {|0⟩ , |1⟩} transition to

be 230 MHz. 230 MHz is at the very edge of our DAC’s operable frequency range.

We argue that this can cause the gate in the {|0⟩ , |1⟩} subspace to have lower fidelity

than in the {|1⟩ , |2⟩} subspace.

Randomised Benchmarking The qutrit Clifford gates are synthesised with only

the qutrit Hadamard gate and virtual Z rotation. Then, both standard qutrit Clif-

ford RB and interleaved qutrit RB are implemented, with the qutrit Hadamard gate

interleaved.

To characterise the physical gate fidelity on different subspaces, the subspaces

of {|0⟩ , |1⟩} and {|1⟩ , |2⟩} are considered as qubits respectively. Then single-qubit

Clifford group randomised benchmarking is implemented on these two-level subspaces.

The success probability Pm is renormalised as P0/P1 where P1 is the sum probability
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of the used subspaces.

Up U1 U2
... UnU3 U−1

pU−1
total|0⟩

Standard RB

The performance of the emulator is also benchmarked with RB. The single qubit

randomised benchmarking is implemented on the emulator for each emulated qubit;

see Figure 5.11 (a) and 5.11 (b). The single qubit simultaneous randomised bench-

marking result is shown in Figure 5.11 (c). To compare the 2QB device and the

emulator, the two-qubit Clifford randomised benchmarking is also demonstrated on

the emulator, shown in Figure 5.11 (d). The decomposition of the Clifford group is

strictly equivalent to the decomposition of the 2QB device. We report the result from

randomised benchmarking in Table 5.2.

Parameter Value ×102

{|0⟩ , |1⟩} subspace Clifford gate infidelity 0.19± 0.10
{|0⟩ , |1⟩} subspace physical gate infidelity 0.11± 0.05
{|1⟩ , |2⟩} subspace Clifford gate infidelity 0.24± 0.11
{|1⟩ , |2⟩} subspace physical gate infidelity 0.13± 0.06
{|2⟩ , |3⟩} subspace Clifford gate infidelity 0.13± 0.03
{|2⟩ , |3⟩} subspace physical gate infidelity 0.07± 0.02
Average Qutrit Clifford infidelity 0.59± 0.08
Hadamard gate infidelity 0.6± 0.2
Infidelity per Single-qubit Clifford Emulated QA 1.9± 0.2
Infidelity per Single-qubit Clifford Emulated QB 2.9± 0.3
Infidelity per Single-qubit Clifford Emulated QAQB 6.2± 0.4
Infidelity per Two-qubit Clifford Emulated QAQB 9.5± 0.7

Table 5.5: Infidelity estimation from randomised benchmarking. Here we report
the randomised benchmarking result on the neighbouring states of the 1QD device.
We then report the average qutrit Clifford gate infidelity and qutrit Hadamard gate
infidelity when the 1QD device is treated as a qutrit. We also report the average
infidelity of the gates in the two-qubit emulator.

5.4 Discussion

The 1QD device has advantages in implementing specific gates. For instance, the CZ

gate can be implemented on the qudit device using only virtual Z gates with high
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fidelity. However, to emulate a two-qubit device, the single-qubit operation on the

emulator needs to be implemented with multiple physical drives. The benchmark-

ing results show that the single qubit gate operation on the emulator has about 1

magnitude higher infidelity than the physical device. The full two-qubit randomized

benchmarking shows about 90% fidelity per Clifford, which is also significantly lower

than the 2QB device. We can conclude that to get the most benefit from the multi-

level system, the algorithm needs to be redesigned to fit the physical implementation

of the device. The emulator cannot perform as well as the 2QB device.

In addition, we have demonstrated using gate set tomography to characterise

a single superconducting qutrit. The fiducials are synthesised with only the qutrit

Hadamard gate and qutrit virtual Z gate to speed up the optimisation process of gate-

set tomography. We also choose an efficient measurement basis to use the minimum

measurement number to implement tomography. The above configuration signifi-

cantly reduces the computation costs compared to previous proposals. The GST

results show that coherent error is dominant for the physical gates, and the virtual

Z gates have infidelity two orders of magnitude lower than the physical gates. We

compare the GST results with the randomized benchmarking results and find a good

agreement between characterised infidelity from the GST and RB.
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Figure 5.9: Population of each state versus the number of gates in neighbouring two-
level randomised benchmarking. (a) to (c) are two-level randomised benchmarking
results in {|0⟩ , |1⟩}, {|1⟩ , |2⟩}, {|2⟩ , |3⟩} subspaces, respectively. (b) (c) includes the
renormalised population of the ground state, which makes the probability of the used
subspaces sum up to 1.
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Figure 5.10: Population of each state versus the number of gates in neighbouring
qutrit randomised benchmarking. (a) Standard Qutrit randomised benchmarking
results. (b) Interleaved Qutrit randomised benchmarking results. The interleaved
randomised benchmarking interleaves the qutrit Hadamard gate to extract its infi-
delity.

128



0 50 100 150 200
Number of gates m

0.0

0.2

0.4

0.6

0.8

Po
pu

la
tio

n

|0
|1
|2
|3

(a)

0 50 100 150 200
Number of gates m

0.0

0.2

0.4

0.6

0.8

Po
pu

la
tio

n

|0
|1
|2
|3

(b)

0 50 100 150 200
Number of gates m

0.0

0.2

0.4

0.6

0.8

Po
pu

la
tio

n

|0
|1
|2
|3

(c)

0 10 20 30 40 50 60
Number of gates m

0.0

0.2

0.4

0.6

0.8

Po
pu

la
tio

n

|0
|1
|2
|3

(d)

Figure 5.11: Population of each state versus the number of gates in the two-qubit
randomised benchmarking on the emulator. (a) and (b) are randomised benchmark-
ing results on the first and the second emulated qubit. (c) Single qubit simultaneous
randomised benchmarking of both emulated qubits. (d) Two-qubit Clifford gate ran-
domised benchmarking on the emulator.
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Chapter 6

High-fidelity qudit ground state
preparation by active feedback

This chapter explains the implementation of qudit active reset and presents exper-

imental data to enhance transmon initial state fidelity. The content is entirely my

original work. While active reset has been demonstrated, extending it to a 4-level

qudit and implementing multilevel active reset is novel. I proposed the 4-state dis-

crimination mechanism using the nearest neighbour method and implemented it on

the FPGA, based on the existing firmware developed by Andrew Patterson. I con-

ducted the experiments and performed data analysis.
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Most quantum algorithms start with a pure state |0⟩⊗N . A quantum computer

must be able to prepare such an initial state with high fidelity. In superconduct-

ing circuits, the initial state is typically prepared by passively waiting for qubits to

decay to their ground state and equilibrate with their thermal environment. There

are two problems with this method. First, the temperature of the superconducting

qubits cannot reach absolute zero; therefore, according to the Boltzmann distribu-

tion, a small population always occupies the excited states. Second, when the qubit

coherence time has been significantly improved, it takes much longer to wait for the

qubit to decay, considerably reducing the experiment’s repetition rate and slowing

the computation speed. Therefore, other mechanisms have been developed to prepare

the initial state of the qubit.

This section discusses the implementation of quantum feedback control: active

reset. Active reset prepares the qubit state into the ground state by repeatedly mea-

suring the device and sending a pulse to move the state to the ground state, depending

on the measurement results. Active reset has first been demonstrated on transmon

qubits [96] and fluxonium qubits [165]. Active reset has also been demonstrated on

transmon qudits [79]. In this chapter, we describe the method and gate sequences of

implementing active reset and discuss our design of the FPGA firmware to implement

active reset. We report the prepared initial state characterisation results with and

without active reset.

6.1 Methods

The implementation of the active reset contains two parts. First, the readout signal

must be processed on the FPGA, and state discrimination must be implemented. We

use the lowest 4 levels of a transmon as a qudit; therefore, the transmon state could be

any of the lowest 4 levels, and the single-shot readout must distinguish all 4 different

states. Second, depending on the state of the transmon, a different reset pulse needs
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to be sent to the transmon. Here we implement the conditioned pulse by playing a

waveform conditioned on the measurement result of the transmon.

The framework for implementing active reset is shown in Figure 6.1. To implement

the reset, first, we need to do the resonator spectroscopy, measurement calibration,

and single qudit gate calibration. These calibrations are referred to in Appendix A.

In this section, we have a detailed discussion about the readout procedure and then

focus on discussing the implementation of active reset on the FPGA.

Figure 6.1: The framework of implementing active reset. The first row denotes the
calibration experiments that need to be implemented before the active reset. The
arrow between each experiment denotes the order of executing the calibration. The
elliptic circle in the second row denotes the results generated from the calibration.
The text next to the arrow denotes the information passed to the FPGA board for
active reset. The third row denotes the procedure of implementing the active reset on
FPGA. The arrow between the parameters and steps in the procedure denotes that
these parameters are required. The arrow between the steps denotes the dependence
of each step.

Device readout

A detailed investigation of the readout signal is required to have a high-fidelity read-

out for active reset. In this experiment, we set the readout frequency of the 1QD

device to 8782.41 MHz to distinguish all four states with a single shot. The frequency

comes from the calibration experiment, which sweeps the readout frequency around
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Figure 6.2: Demodulated readout signal versus transmon prepared in a different state.
A 10µs soft square readout pulse with 0.5µs rise and drop sent to the qubit and the
reflected signal from the resonator is demodulated and recorded. The signal is aver-
aged over 10,000 shots. (a) I channel and Q channel trajectories of different transmon
states in response to the readout pulse, respectively. (b) IQ-plane trajectories of dif-
ferent transmon states in response to the readout pulse, respectively.

the resonator resonance frequency and finds the frequency with the best SNR distin-

guishing all 4 states. The IF frequency is 8657.41 MHz, and the IF frequency is 125

MHz. The received signal is averaged among 10,000 shots, and the signal trace after

demodulation is shown in Figure 6.2.

From the plot, we can observe that the readout signal moves from the origin, which

denotes that both I and Q channels have no signal, to four locations at a steady state.

Then it returns to the origin point after the readout signal is cut off. To distinguish

the four different states, the sum of the trace signal of a single shot is calculated on

the FPGA, which yields a single point on the IQ plane. The distribution of the points

with different transmon states is shown in Figure 6.3.

The Gaussian Mixture Model (GMM) identifies the centre of each distribution and

uploads it to the FPGA board. With the approximation of the standard deviation

equal for each distribution, the point is assigned to the class with the closest distance

to the centre of the GMM model. The FPGA is programmed to discriminate the

qubit’s state by comparing the distance between the measured signal on the IQ plane
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(a) (b) (c) (d)

Figure 6.3: Single-shot measurement signal plotted on IQ plane. (a) to (d) are the
heat maps of the single-shot measurement signal plotted on an IQ plane for state
prepared to |0⟩ to |3⟩, respectively. The cross in the centre of the dashed line circle
is the centre of the 2D Gaussian distribution fitted from the GMM model. The
circle’s radius denotes 3σ of the distribution, where σ is the standard deviation of
the Gaussian distribution. The covariance matrix of the GMM model is chosen to be
diagonal. Therefore, each Gaussian distribution is homogeneous on all dimensions,
and the contour of the 3σ lines is strictly a circle. The percentage value in the legends
for each colour denotes the population of transmon discriminated into each state by
the GMM model.

and the centre of the four-state distribution.

Reset pulse

Once the state is discriminated, a reset pulse is sent to the device. In this implemen-

tation, we used a masking technique to play the waveform. A sequence of π pulse,

Xπ23, Xπ12 and Xπ01 is pre-loaded to the DAC memory. A ”mask” recording the start

and the end of every single qubit π pulse is uploaded to the FPGA. When the mea-

surement result is in state |0⟩, all waveforms within masks will be zeroed, resulting in

playing an empty waveform. If the measurement result is in state |1⟩, waveform lies

in the mask of Xπ23, Xπ12 will be zeroed to play empty waveform, and Xπ01 would be

played as is. The same applies to |2⟩ and |3⟩. See Figure 6.4.

It is worth noticing that the resonator needs to return to its ground state before

the reset pulse is sent to the qubit. This is because the readout pulse populates a large

number of photons in the resonator and induces a significant shift in the transmon
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Figure 6.4: The reset pulse sequence of the active reset procedure. A waveform
includes the measurement pulse and three π pulses Xπ23, Xπ12 and Xπ01 are preloaded
to the FPGA. These three pulses will be played conditioned on the discriminated state
of the transmon. The interval between reset and measurement pulse needs to be a
minimum of 40 ns to allow the FPGA to finish the state discrimination.

transition frequency. The calibrated single qubit pulse won’t be able to exactly drive

a π rotation on the transmon if there are remaining photons in the resonator. The

resonator population can be cleared with specifically designed pulse shapes [177]; in

our setup, we utilise a soft-square pulse with 1 µs rise and drop edges to drive the

resonator, plus a 0.5 µs gap before the reset pulse. This time

interval is much longer than the lifetime of the resonator1 This configuration

leaves no residual photon in the resonator that significantly shifts transmon transition

frequency after the measurement pulse.

Implementation

The active reset firmware is integrated into the control firmware of our electronics

setup. Our electronic setup for IF frequency generation consists of 5 Abaco PC821

boards with Xilinx Kintex UltraScale FPGA. One PC821 board provides the clock

and trigger synchronisation between all boards, and all other four have an FMC230

board with 2.4 Gsps sampling rate DAC for qubit signal generation and an FMC110

board with 1.2 Gsps sampling rate ADC and DAC for readout pulse generation.

The FPGA firmware mainly comprises 4 modules; see Figure 6.5. The demodu-

lator module accepts the sampled voltage data from the ADC and demodulates the

signal into a trace of the I channel and Q channel. The trace is then sent to the
1The resonator lifetime has a similar definition as a qubit, which is defined as the time that the

energy stored in the resonator decays to 1/e of the initial value. In our case, the lifetime of this
resonator is approximately 300 ns.
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Figure 6.5: Simplified FPGA firmware block design. The firmware comprises 4 major
components. The demodulator demodulates the signal sampled from ADC and re-
turns signal traces of the I and Q channel. The discriminator accumulates the trace,
generates the point on the IQ plane, and compares it with predefined centres of
Gaussian distribution. The discriminator outputs the closest state label to the DAC
player. The DAC player plays the reset waveform conditioned on the measurement
result from the discriminator.

discriminator module. This module calculates the sum of the IQ trace and evaluates

the distance between the sum point to the centre of four different Gaussian distri-

butions. Then it compares the distance and outputs the discriminated state to the

DAC player module. The DAC player module plays the uploaded waveform in the

on-chip memory. When the readout discrimination is finished, it takes the result and

conditionally plays the waveform for the reset pulses. The whole state discrimination

takes 40 ns to finish; therefore, it has to be a minimum 40 ns interval between the

readout pulse and the reset pulse.

6.2 Results

The active reset experiment is tested on the 1QD device. The single qubit randomized

benchmarking shows the gate fidelity for the qubit-like gate in the {0, 1} subspace is

F01 = 99.91±0.09%, for the {1, 2} subspace is F01 = 99.86±0.08%, and for the {2, 3}

subspace is F23 = 99.38±0.003%. The readout pulse shape is a soft-square pulse with

a 0.2 microsecond rising and dropping time and a 10 microsecond flat top. First, the

reset is applied multiple times; see Figure 6.6. There is an improvement after each
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reset up to 3 resets, with which we obtain a preparation fidelity of 99.11%. Four or

more resets were found not to improve this any further; see Figure 6.7. From this

result, we chose to apply the reset three times as the standard procedure to prepare

a high-fidelity initial state.

Figure 6.6: Pulse sequences for testing multiple resets. The reset sequences are the
same as Figure 6.4, which is repeated multiple times to reset the transmon to its
ground state. Then another measurement pulse is applied to measure the transmon
state.

(a) (b) (c) (d)

Figure 6.7: Single-shot readout signal scatter plot, with respect to different times of
active reset, is performed. The GMM model is the same as the calibrated readout
in Figure 6.3, and the pulse sequence is referred to in Figure 6.6. (a) to (d) is the
scatter plot of reset 1 time to 4 times.

Three readout-and-reset instructions are applied to the transmon at the beginning

of each gate sequence for the following benchmarking of the active reset; see Figure 6.8.

The readout assignment matrix, which describes the probability of the transmon being

prepared and measured in a different state, is shown in Figure 6.9. It is shown that

the correct assignment probability described in the diagonal element is significantly

increased after applying the active reset.
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Figure 6.8: Pulse sequences for measuring the assignment matrix. When the active
reset is turned on, the reset sequence is repeated three times, and then the transmon is
prepared in the |0⟩ to |3⟩ state, respectively. Then, in the end, another measurement
pulse was used to find the qubit population. The assignment matrix without reset is
extracted with the sequence without the reset sequences.

The readout assignment matrix could not distinguish between the readout errors

and initial state preparation errors. Therefore, we applied the GST to characterise

the initial state, which results in Figure 6.10(b). From the plot, we found the initial

state fidelity is improved from 0.900 ± 0.011 to 0.9932 ± 0.0013, and the effective

temperature of the transmon is cooled from 88.82 mK to 37.21 mK.

6.3 Discussion

The active reset technique has been successfully demonstrated on the coaxmon ar-

chitecture. As a simple application of quantum feedback control, the active reset

includes the discrimination of multiple energy levels, which prepares the high-fidelity

initial state for multilevel transmon and paves the path toward the applications of

quantum algorithms on multilevel transmon in the next chapter. Issues and potential

improvements could still be made to the active reset procedure.

First, the readout takes a significant amount of time (10 µs) to implement, making

energy relaxation a significant contributor to errors. This is considered a major

drawback of the active reset, which causes the readout fidelity to be relatively low.

To alleviate this problem, quantum parametric amplifiers could be installed in our

setup to improve the SNR [11]. However, our readout frequency band of 8-11 GHz

is higher than the typical working frequencies of parametric amplifiers demonstrated
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Figure 6.9: The extracted assignment matrix with and without active reset for the
1QD device. The assignment matrix element Aij denotes the probability that we
tried to prepare the state in |i⟩ but measured in |j⟩. When the state preparation and
readout assignment are ideal, it should be an identity matrix. (a) The assignment
matrix was extracted without active reset. (b) The assignment matrix was extracted
after repeating the active reset 3 times before preparing the state and measurement.
The pulse sequence for extracting the assignment matrix is explained in Figure 6.8.

to date. On the other hand, the multi-tone readout method [47] could be applied to

implement a single-shot readout with a shorter readout pulse. This method requires

the FPGA to demodulate multiple frequencies.

Secondly, the initial state might be better prepared by continuously resetting it

until the readout indicates it has reached the ground state rather than repeating reset

a specific number of times. This method is not chosen because it requires multiple

FPGAs to communicate and agree on the time to finish the reset, and our system

requires extra effort to implement it. This strategy is certainly an improvement on

the current approach.

Thirdly, a straightforward strategy that measures the initial state at the beginning

and post-selects the ground state after the experiment can also be used to effectively

prepare a high-fidelity initial state. If we are not demonstrating quantum feedback

control, the post-selection method would be a straightforward approach to obtaining a
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Figure 6.10: (a) and (b) are reconstructed ρ0 without and with active reset, respec-
tively. As the error in the assignment matrix comprises both the error of preparation
and readout, here we use GST to reconstruct the initial state ρ0, which is independent
of the readout error.

high-fidelity initial state; however, it requires more shots to achieve the same sampling

accuracy.

140



Chapter 7

Quantum Algorithms on a
Transmon Qutrit and Qudit

This chapter demonstrates two variational quantum algorithms on the qudit device.

Section 7.1 details an experiment implementing a qutrit-based quantum classifier. It

is a collaborative effort with the National Physics Laboratory (NPL). Ivan Rungger

and Weixi Zhang proposed the original idea, while I introduced innovations in the

trainable hybrid encoding method. I wrote the code, and collected and analysed

the data for this experiment. The results will be published in a journal article with

NPL. Section 7.2 employs a two-qubit emulator on a 4-level transmon to execute a

variational quantum eigensolver for solving the hydrogen molecule energy. The idea

is originally from me, and I wrote the experimental code, conducted the experiment,

and analysed the data. The results have been published in Ref. [40].
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Having shown that we can implement high-fidelity preparation, measurement and

universal control of transmon qudits, we can now proceed to implement quantum algo-

rithms on them. In this chapter, we demonstrate two quantum variational algorithms

utilising more than two energy levels of a single transmon. In the first experiment, we

use the 1QD device as a qutrit and implement a variational quantum classifier. The

second experiment utilises four transmon levels and emulates the behaviour of a two-

qubit system. This emulated two-qubit device is used to demonstrate the variational

quantum eigensolver of a hydrogen molecule.

7.1 Qutrit Iris Classifier

Machine learning is seen as a promising application of quantum computing. A de-

tailed review of quantum machine learning can be found in chapter 2. The Iris flower

dataset [7, 89] is a widely used dataset for benchmarking machine learning algorithms.

It contains ”setosa”, ”versicolor”, ”virginica”, the three different species of the Iris

flower. Each species has 50 samples. Each sample is a four-dimensional vector con-

taining the sepal length, sepal width, petal length and petal width. Previous works

have implemented the quantum Iris classifier [103, 230] on qubits. However, these

methods either use more than one qubit or compress the data in advance. This is

because a single qubit state has only two degrees of freedom which cannot encode all

four dimensions of the data point without dimension reduction. A qutrit provides

exactly four degrees of freedom to encode the whole Iris dataset.

Qutrit Quantum Circuit as a Classifier

A quantum classifier usually contains three components: First, an encoding compo-

nent that translates the classical data into a quantum state. Second, the processing

component manipulates the input of the quantum state with a parameterised circuit.

The third is the discrimination component, where the qutrit is measured, and the
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decision is made based on the obtained measurement outcome.

The gate set on the quantum device needs to be chosen before implementing these

three components. First, we chose the qutrit virtual Z gate as part of the gate set.

As an extension of the qubit virtual Z gate [180], the qutrit virtual Z gate is not a

physical pulse but a shift of the phases of all following pulses. For more details of the

implementation of qutrit virtual Z gates, see section 3.2.

Z1(θ) =

 1 0 0
0 eiθ 0
0 0 1

 Z2(θ) =

 1 0 0
0 1 0
0 0 eiθ

 (7.1)

We would like to use a rotosolve-like optimisation method, so every gate needs

to have exactly two different eigenvalues [190, 201]. However, directly driving a

transition between two levels may introduce a three eigenvalue unitary1. Therefore,

we define the following gates as the basic building blocks, where the parameterised

gate has a maximum of two distinct eigenvalues:

UY 01(θ) = ei
θ
2
λ2 , (7.2)

UY 12(θ) = ei
θ
2
λ7 , (7.3)

H1 = Z1(π)UY 01(−π/2), (7.4)

H2 = Z2(π)UY 12(−π/2), (7.5)

X01(θ) = H1Z1(θ)H1, (7.6)

X12(θ) = H2Z2(θ)H2, (7.7)

where λ2 and λ7 are Gell-Mann matrices (see equation 5.7). H1 and H2 are two-level

Hadamard gates on the {|0⟩ , |1⟩} subspace and the {|1⟩ , |2⟩} subspace respectively.

The above physical single qutrit gates are implemented with 100 ns microwave

pulses with DRAG correction and Blackman window, slightly different from the stan-

dard configuration in the benchmarking and tomography. The qutrit readout is a
1The eigenvalues for ei

θ
2λ1 are 0, θ

2 , and − θ
2
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standard dispersive readout for transmon devices and was recalibrated for this spe-

cific experiment. The readout pulse is a soft square pulse with a total width of

7 microseconds, including 1 microsecond rise and drop. The readout frequency is

calibrated to give the best signal-to-noise ratio of three different states.

|0⟩ Xϕ0
01 Xϕ1

12 Zϕ21 Zϕ32

Encoding circuit Classifier circuit

Zθ01 Xθ1
01 Zθ21 Zθ32 Xθ4

12 Zθ52 Zθ61 Xθ7
01
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State preparation

X
ϕ′0
01X

ϕ′1
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ϕ′2
1Z

ϕ′3
2

State invertion

(a)

(b)

Figure 7.1: (a) Quantum circuit measuring overlap between two mixed states. The
ground state population gives the estimation of quantity ⟨0|U †(ϕ′)U(ϕ) |0⟩. The
mixed state overlap can be estimated by randomly sampling the ϕ and ϕ′ from the
corresponding dataset. (b) Quantum circuit implementing classification. After the
data features are encoded into the quantum state, it is manipulated with a parame-
terised circuit so the state overlap with its label |y⟩ , y ∈ {0, 1, 2} is maximised.

To implement a qutrit quantum classifier, we start by constructing the encoding

component. Here is a parameterised circuit (See Figure. 7.1 (a)) to encode the data

point into a quantum state.

|ϕ⟩ = U(ϕ) |0⟩ (7.8)

And the ϕ value is given by

ϕ = Wx + b (7.9)

where W is a four by four matrix, and b is a four-dimensional vector. After the

encoding, the density matrix representing the whole class of the dataset is

ρi =
1

mi

∑
k

|ϕk⟩ ⟨ϕk| , xk ∈ Xi (7.10)
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where mi is the total data point number in class Xi. The value of W and b is trained

to minimise the loss function Le.

Le =
∑
i

∑
j,i ̸=j

Tr(ρiρj)
2 −

∑
i

Tr(ρiρi)
2 (7.11)

The first term of Le characterises the state overlap between two different cate-

gories, and the second term characterises the purity of the state in the same category.

The value of Tr(ρiρj) can be estimated with quantum circuit 7.1 (a).

Tr(ρiρj) =
1

mimj

∑
i

∑
j

⟨ϕi|ϕj⟩ (7.12)

=
1

mimj

∑
i

∑
j

⟨0|U †(ϕ′)U(ϕ) |0⟩ (7.13)

The value of ϕ and ϕ′ are evaluated from randomly sampled x ∈ Xi and x′ ∈ Xj,

the estimated overlap is the probability measured in the ground state.

The processing component processes the encoded state with another parameterised

quantum circuit. The circuit diagram is shown in 7.1 (b). And the discrimination

assigns the label with the measured state with maximum probability. The classified

output would be the state label with maximum probabilities. The parameter of the

circuit is optimised to give the minimal value of loss function Lc, given by

Lc = 1− P (state with correct label) (7.14)

We intentionally chose a linear cost function and chose a gate set in which the

generator has only two eigenvalues to apply a rotosolve-like optimisation method [190,

201]. See details from section 2.3.

Experiment Result

The experiment was implemented as follows. The Iris dataset is first split into training

and testing sets with 100 and 50 samples. All the initial parameters for the circuit
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parameterisation angle are randomly initialised, and the classical encoding circuits

are initialised with a standard Gaussian distribution where standard deviation σ = 1.

The SPSA optimiser [246] is used to optimise the encoding training in this ex-

periment2. 500 samples are randomly sampled with repetition from each class and

paired up as the parameter for the overlap estimation circuit to estimate the distribu-

tion overlap. Then ten shots were executed for each pair of samples, and the overall

ground state probabilities were used to estimate the state overlap. Here we show the

estimated overlap and purity in figure 7.2 and figure 7.3.
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Figure 7.2: Estimated overlap Tr(ρiρj) of class i, j during the training of the encoder
parameter W. The encoding performance during the encoding training process. Here
the upper error bar and lower error bar are the estimated value of two SPSA pertur-
bations, and the estimated overlap is the average of two perturbed values.

For the classification training step, we modify the parameters for the classifier

circuit one at a time. The loss function value Le is estimated by evaluating the loss

function for each data point in the training dataset with ten shots and taking the

average. Here we iteratively sweep each parameter of the ansatz while fixing the

others. Each sweep samples 16 points from 0 to 2π and fits the cost value with

a sinusoidal function. Once the function is fitted, we could observe the function’s
2We use noisyopt package, which provides an implementation of SPSA. The choice of parameters

is a = 0.2, c = 0.1, α = 0.15, γ = 0.101
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Figure 7.3: Estimated class purity of Tr(ρiρi) of class i during the training of the
encoder parameter W. The error bar and colour scheme are the same as figure 7.2.

minimal value and choose that point as the selected value for the current parameter

of the current iteration. See figure 7.4. After each fitting and updating a parameter

to the current optimum value, we rigorously evaluate the classifier’s performance with

500 shots. The classifier’s performance versus the rotosolve steps is shown in figure

7.5.

After implementing the qutrit classifier, 8 hardware experiments were executed

with different random seeds for training testing dataset partitioning and parameter

initialisation. Here we show the accuracy result of training the classification circuit

in Figure 7.5 and Table 7.1.

The experiment resulted in a test accuracy of 0.94 ± 0.04, while the baseline

using Logistic Regression [146] to classify the dataset achieved an accuracy of 0.9487.

Although the single qutrit quantum classifier did not significantly outperform the

classical classifier, it still had comparable accuracy.
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Figure 7.4: A typical rotosolve-like optimisation iteration during the training pro-
cess. The optimisation algorithm sweeps each parameter from 0 to 2π and fits the
result with a sinusoidal function. The parameter is modified to give the minimum of
the fitted function. The blue line plots the estimated classification accuracy on the
training dataset.
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Figure 7.5: Classification accuracy versus rotosolve steps. The training process is
implemented 8 times with different random seeds. The solid line shows the averaged
accuracy among all experiments, and the shadowed area shows the maximum and
minimum accuracy of all experiments.
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Name Value
Class 1 purity 0.91± 0.02
Class 2 purity 0.84± 0.03
Class 3 purity 0.81± 0.02
Class 1 and 2 overlap 0.23± 0.06
Class 2 and 3 overlap 0.56± 0.07
Class 1 and 3 overlap 0.14± 0.08
Training accuracy 0.96± 0.03
Test accuracy 0.94± 0.04

Table 7.1: Average training results from 8 hardware experiments with different ran-
dom seeds. The purity and overlap are the average values after 100 SPSA steps. The
accuracies are reported after 32 rotosolve iterations.
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7.2 Qudit Hydrogen VQE

The Variational Quantum Eigensolver (VQE) is a promising application for near-term

quantum devices. For more background on VQE, see Chapter 2. In this section, we

implement the Variational Quantum Eigensolver to solve Hydrogen molecules with

a single 4-level transmon. The original algorithm requires a minimum of two qubits

and has been demonstrated on different superconducting circuit systems [198, 133].

Here, we use a 4-level system to emulate the gate set of the two-qubit system and

implement the same algorithm to demonstrate the performance of our 4-level qudit.

Variational Quantum Eigensolver on a 4-Level Quantum Sys-
tem

VQE solves electronic structure problems by optimizing a guessed wave function, or

”ansatz” |Ψ⟩. The variational principle gives

⟨Ψ(θ⃗)|H |Ψ(θ⃗)⟩ ≥ E0 (7.15)

where |Ψ(θ⃗)⟩ is an ansatz parametrized by θ⃗, and H is the Hamiltonian of the elec-

tronic system, given by

H = g0II + g1IZ + g2ZI + g3ZZ + g4Y Y + g5XX (7.16)

where gi is the coefficient that can be efficiently computed from the Hydrogen bond

distance R.

By optimizing the parameter θ⃗, E0 can be approximated if the ansatz covers

the lowest energy eigenstate of the electronic system. The wave function is usually

prepared by a parametrized quantum circuit. The unitary coupled cluster theory

shows the parameter ansatz for Hydrogen molecules can be chosen as

|Ψ(θ⃗)⟩ = e−iθX0Y1 |01⟩ (7.17)
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Figure 7.6: Circuit for implementing Hydrogen VQE on the two-qubit emulator.

We implement this ansatz on the two-qubit emulator with the following gate

sequence shown in Fig. 7.6. The initial state |01⟩ is the state of molecular hydrogen

with the Hamiltonian as given in Equation 7.16. The energy of the Hydrogen molecule

can be evaluated as

E(θ⃗) =
∑
i

gi ⟨Ψ(θ⃗)|Pi |Ψ(θ⃗)⟩ (7.18)

Since the expectation value ⟨Ψ(θ⃗)|Pi |Ψ(θ⃗)⟩ can be directly measured on a quan-

tum computer, the energy can be constructed after obtaining these expectation values.

Experimental Result

The experiment is implemented on the two-qubit emulator running on a transmon

with the lowest 4 levels as the computation space. The physical single qudit gate is

implemented with 30 ns microwave pulses with DRAG correction and a Blackman

window. Apart from the physical gate, we also implemented the virtual Z gates (See

Section 3.2). The ansatz is implemented with an optimized gate sequence, given as

|ψ(θ)⟩ = U2UZZ(θ)U1 |0⟩ (7.19)

where
U1 = X12(π)X23(

π

2
)X01(

π

2
)X12(π)Y23(

π

2
)Y01(

π

2
)

U2 = X12(π)X23(
π

2
)X01(

π

2
)X12(π)Y23(−

π

2
)Y01(−

π

2
)

UZZ(θ) = Z1(θ)Z2(θ)

(7.20)

This ansatz starts with the ground state |0⟩, which corresponds to the |00⟩ for the em-

ulated two-qubit system. An additional X(π) gate for the emulated qubit is included
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in U1 to prepare the |01⟩ state.

The measurement of the quantum state gives the probability distribution of the

state in |0⟩, |1⟩, |2⟩, and |3⟩, which we denote as a vector R = {p|0⟩, p|1⟩, p|2⟩, p|3⟩}.

From Equation 2.12, the expectation value for operator M ∈ {IZ, ZI, ZZ} is evalu-

ated as

⟨M⟩ = diag(M)TR (7.21)

For other Pauli operators, one of the operators in {IZ, ZI, ZZ} is chosen after ap-

plying a rotation before measuring, which effectively measures the expectation value

of the chosen operator.

The system uses a 10 µs readout pulse for single-shot readout, which has low

readout fidelity (reported in Chapter 5). To compensate for this issue, active reset

(described in Chapter 6) is applied, and an assignment matrix A is characterized

before each experiment (described in Section 6.2).

The assignment matrix A describes the probability as follows. For an experiment

that prepares the state to |i⟩, Aij gives the probability that the experiment measures

the state in |j⟩. By inverting the assignment matrix, a mitigated probability dis-

tribution R̃ = A−1R can be obtained, and the mitigated expectation value can be

evaluated as

⟨M̃⟩ = diag(M)TA−1R (7.22)

There is only one parameter in the ansatz; in the experiment, the parameter is

swept across 100 points from −π to π. Each point is sampled 100 times to generate the

heatmap plot of the expectation value shown in Fig. 7.7. The mitigated expectation

value is also evaluated. The solved energy versus the Hydrogen bond distance is given

in Fig. 7.8.

The ground truth for the expectation value is plotted as a dashed red line in the

figure. We find the expectation value is slightly shifted for IZ and ZI terms. The
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(a) (b)

(c) (d)

(e) (f)

(g) (h)

(i) (j)

Figure 7.7: The measured expectation value versus the ansatz parameter. The exper-
iment is repeated 100 times, and the frequency of the measured expectation value is
shown as the heat plot. The left column shows the expectation value evaluated, and
the right column shows the expectation value with measurement error mitigation.
The red dashed line is the simulated ground truth for the ansatz.
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Figure 7.8: (a) The solved energy versus bond distance. The crosses denote the
averaged energy value from multiple experiments, and the coloured shadow denotes
the error bar equal to one standard deviation. The black line denotes the Hydrogen
energy solved by the Hamiltonian diagonalisation. (b) The difference between the
solved energy value with measurement error mitigation and the energy value solved
by Hamiltonian diagonalisation. The solid red line denotes the averaged value between
multiple experiments, and the coloured shadow denotes the error bar equal to one
standard deviation.

ZZ term should not change with the parameter; however, it moved slightly. The XX

and Y Y terms are distorted sinusoidal functions. These results show the system is

exhibiting a complex noise model. Also, the expectation value has a “shadow,” which

could be caused by the decay of the high-level system.

From the solved energy results, we found that it has a rather large error bar due to

the shadow; however, the averaged value predicts the result within 1.5×10−2 Hartree,

reaching the chemical accuracy threshold [198].

In this experiment, only the measurement error was mitigated by linear inversion

techniques, and the results are already close to the ground truth. This is because the

total time to implement the gate sequence is short. It demonstrates an advantage in

implementing a quantum algorithm on a multilevel transmon.
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7.3 Conclusion and Outlook

This chapter demonstrates two variational quantum applications implemented using

more than two energy levels of a transmon. The 1QD device is configured to behave as

a qutrit for the Iris classifier or behave as a qudit four-level system to emulate a two-

qubit device. Both experiments successfully demonstrated the algorithm, leading to

the conclusion that utilising higher levels as computational space is both theoretically

and practically possible.

Some benefits of using a higher-level system are clear. For the variational quan-

tum eigensolver, the emulated two-qubit gate is implemented on the hardware with

pure virtual gates. Therefore, the total execution time is much faster. The noise

is relatively low, so only measurement assignment error mitigation is applied to the

result, and a good result can be obtained.

The disadvantage of using higher levels in a transmon system is also encountered

during the experiment. First, the noise from the higher levels is greater than from

the lower levels, which leads to the variational quantum eigensolver having a much

larger error bar compared to the other demonstrated experiment. Additionally, the

dispersive readout is more difficult to tune since we need to distinguish more than

two states for the transmon.

For future work, a more detailed error model for variational quantum algorithms

can be investigated to find the origin of the distorted sinusoidal function and the

“shadow” that appeared in the hydrogen VQE experiment. We can also explore

utilising higher excited states of multiple coupled transmons. Such a configuration

can significantly reduce the connectivity requirements of the transmons [264].
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Chapter 8

Conclusions and Outlook

This work aims to explore the ability of higher levels in a transmon as computational

space. Introducing the higher levels increases the Hilbert space and can run quantum

algorithms. Utilising higher levels of a transmon has been demonstrated for ana-

logue quantum simulation [252, 27, 253], and implementing qudit quantum logical

gates [74, 288, 292]. This work extends further and demonstrates running quantum

algorithms on transmon qudits. Two coaxmon prototype quantum devices were fab-

ricated, characterised and benchmarked. The implementation of characterisation and

benchmarking was explained in detail. The gate-set tomography of a three-level trans-

mon and a four-level transmon in the coaxmon architecture was first demonstrated.

Then variational quantum algorithms were demonstrated on the multilevel transmon

device. This work demonstrates that the multilevel transmon system in the coaxmon

architecture can be utilised as a qudit for near-term quantum applications.

Firstly, the coherence characterisation results are detailed. The two-qubit device

has T1A = 127± 19 µs, T (e)
2A = 103± 13 µs and T1B = 26± 14 µs, T (e)

2B = 38± 17 µs,

respectively. The characterised parameters for the multilevel transmon are T (01)
1 =

189 ± 41 µs, T (12)
1 = 119 ± 21 µs, T (23)

1 = 87 ± 23 µs and T
(01)
2 = 118 ± 21 µs,

T
(12)
2 = 76 ± 27 µs, T (23)

2 = 35 ± 14 µs respectively. We found the charge-induced

frequency change of the transition frequency between |2⟩ and |3⟩ is about 20 kHz.

The coherence times of Q1 of the 2QB device and the 1QD device compare very well
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to state-of-the-art, while the Q2 of the 2QB device also has good coherence for near-

term algorithms. The lower coherence times in subspaces of higher excited states

are expected from the theory of charge dispersion in the transmon, highlighting a

limitation of transmon qudits.

Secondly, gate set tomography and randomised benchmarking are implemented

to benchmark the performance of both devices. The simultaneous single qubit ran-

domised benchmarking gives single qubit gate averaged infidelity 0.37± 0.05× 10−3,

and two-qubit gate ZX(−π/2) averaged infidelity 2.6±0.4×10−2. This result agrees

with the GST result, which reports the two-qubit gate CNOT averaged infidelity is

2.0 ± 0.3 × 10−2. For the multilevel transmon device, we successfully implemented

qutrit GST with an efficient method that only requires 4 measurements to reconstruct

the qutrit state. GST reported the qutrit Hadamard gate infidelity 3.22±0.11×10−3

and the result of qutrit GST agrees with the qutrit randomised benchmarking. Com-

paring the benchmarking result between the two-qubit device and the 4-level emulated

two-qubit device, the gate fidelities are close; however, the emulator uses multiple

hardware pulses to emulate the two-qubit device, the two-qubit Clifford gate ran-

domised benchmarking result (infidelity 9.5± 0.7× 10−2) is worse than the two-qubit

(infidelity 4.0± 0.3× 10−2). The two-qubit Clifford group randomised benchmarking

doesn’t affect implementing near-term algorithms on the emulator, as the ansatz can

be optimised for the 4-level system.

Thirdly, active reset is implemented for the 1QD device as a qudit to prepare a

high-fidelity initial state. An FPGA firmware is implemented for fast state discrim-

ination, requiring 40ns to distinguish 4 states from the board. A waveform includes

the measurement pulse, and three π pulses for different transition levels are preloaded

to the FPGA. These three pulses are played conditionally on the discriminated state

of the transmon. We read and reset the multilevel transmon 3 times to get the best

initial state preparation. Then the initial state fidelity is characterised by GST. We
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found the initial state fidelity is improved from 0.900±0.011 to 0.9932±0.0013, which

indicates a successful implementation of active reset on transmon qudit.

In the last chapter, we demonstrated two quantum variational algorithms on the

qudit device. We first utilised the 1QD device as a qutrit and implemented a single

qutrit classifier for the iris dataset. The single qutrit classifier consists of a hybrid en-

coding component and a classification circuit; two components are trained separately

with SPSA and rotosolve optimiser. We report the hardware implementation of the

qutrit quantum classifier is a success, with a training accuracy of 0.96 ± 0.03 and a

testing accuracy of 0.94±0.04. We also successfully demonstrated a variational quan-

tum eigensolver for Hydrogen molecules on the two-qubit emulator built on the 1QD

device. The solved energy versus the Hydrogen bond distance is within 1.5 × 10−2

Hartree, below the chemical accuracy threshold.

The characterisation, benchmarking results, and successful demonstration of two

quantum algorithms show that higher levels of a transmon can be used as computa-

tional space and increase the size of Hilbert space with minimum extra costs.

Outlook

The initial demonstration of utilising the lowest 4 levels for computation is promis-

ing and encourages further studies aimed at scaling up quantum computers with

transmons at higher levels. There are a few research directions that can be followed

immediately after the work presented in the thesis: First, as the analysis from the qu-

dit Hydrogen VQE experiment revealed that the readout error still dominates, proper

quantum amplifiers can be utilised to improve the readout fidelity. Second, entan-

glement generation between multiplex multilevel transmons is necessary for scaling

the system, and the physics behind generating entanglement with a multilevel system

needs to be studied. Third, an optimised implementation for an arbitrary two-qubit

Clifford group can also be explored to build a more efficient emulator.
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For near-term applications, using qudit-based quantum processors might be a

more practical choice over qubit-based quantum processors. By using higher levels of

the transmon, the number of electronics required for each transmon can be reduced,

making the qudit-based quantum processor more cost-effective and easier to build

physically. Building intermediate scale qudit-based processors is a promising research

direction to explore in the near term.

In the long term, fault-tolerant quantum computing needs to be achieved for more

advanced quantum algorithms. Qudits can be used as the unit in error correction

codes. Qudit stabilisers and error correction codes have already been developed, and

the qudit toric code can tolerate larger physical noise than qubit codes [281], making

it potentially easier to implement on the hardware. Using qudits to construct error

correction codes provides an alternative solution for achieving fault-tolerant quantum

computing.
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Appendix A

Device Characterisation and Gate
Tune-Up Procedures

This appendix discusses the procedures for finding the frequency of the resonators

and transmon qubits, and then calibrating the parameters for implementing quantum

gates. The process is shown in Figure A.1. For the qudit device, single qubit gate

calibration procedures are repeated for each neighbouring transition.

A.1 Discover Qubit and Resonators

Resonator Spectroscopy We use the dispersive readout mechanism to infer the

qubit state from the response of a resonator that couples to the transmon, as dis-

cussed in Chapter 3. Therefore, the first step to tuning the control system is finding

the resonance frequency of the resonator. The coaxmon architecture processes the

reflected measurement signal from the resonator. The resonance can be found by

applying continuous wave frequency spectroscopy on the readout port. The experi-

ment sends a continuous microwave signal to the resonator and analyses data of both

amplitude and the phase of the reflected microwave signal. The first step in looking

for the resonance is by sweeping through a large frequency range, usually indicated

by the design parameter of the device. See Figure A.2.

Then we zoom in on the frequency region where the resonance exists. A typical

example is shown in Figure A.3.
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Figure A.1: Overview of tune-up procedures for calibrating parameters for quantum
gates implementation. The calibration procedure starts with basic calibrations that
look for resonator frequency and qubit frequency. The single-qubit gates are first cal-
ibrated with a sequence of experiments, and then two-qubit gates are also calibrated
with multiple experiments.

(a) Magnitude

(b) Phase

Figure A.2: A typical resonator spectroscopy experiment that sweeps through a large
range of frequencies. (a) is the magnitude response, and (b) is the phase response.
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(a) Magnitude

(b) Phase

(c) Fitting

Figure A.3: A typical resonator spectroscopy experiment. (a) is the magnitude re-
sponse, (b) the phase response, and (c) the fitting of the derivative of the phase, or
the group delay of the qubit. From the Lorentzian fitting of the group delay, we can
extract essential information about the resonator such as its resonance frequency and
linewidth.
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Qubit Spectroscopy The resonator exhibits a frequency shift that depends on

its coupled qubit, and therefore when the qubit is perturbed by an on-resonance

signal, the resonator shows a different response. Therefore, the qubit frequency can

be discovered by applying a microwave signal perturbation to the qubit and sweeping

its frequency while monitoring the response of the resonator. A typical experiment

is shown in Figure A.4. The point with a significant change in the response indicates

the frequency of the qubit.

(a) Magnitude

(b) Phase

Figure A.4: A typical qubit spectroscopy experiment that sweeps through a large
range of frequencies. (a) is the magnitude response, and (b) the phase response of
the resonator versus the frequency of the perturbation pulse sent to the qubit.
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A.2 Calibrate Single Qubit Gate Parameters

Measurement Calibration While driving the qubit at its 01 transition frequency,

we demodulate the response signal from the resonator and plot the IQ channel on

a plane and generate a scattering plot. A Gaussian Mixture Model is trained on

the dataset to discriminate different qubit states based on resonator response, as

described in Chapter 4. To find the optimal readout frequency, we sweep the readout

frequency around the resonator resonance frequency and measure the SNR (discussed

in Chapter 4) predicted by the GMM model. Then the optimal readout frequency is

chosen by selecting the frequency that maximises the SNR. See Figure A.5.

(a) (b)

Figure A.5: (a) Scatter plot of the demodulated signal and the GMM discriminator
trained on this dataset. (b) The SNR versus readout frequency. The optimal readout
frequency is chosen at the peak of the pattern.

Time Rabi Experiment From the theory discussed in Chapter 3, the Rabi rate of

a qubit is strictly linear and proportional to the external field amplitude. The Time

Rabi experiment aims to find the exact constant between the qubit pulse amplitude

and the Rabi rate. A qubit control pulse at the qubit transition frequency is sent

to the qubit, and the expectation value of the qubit is monitored while varying the

lengths of the qubit pulse. See Figure A.6.
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Figure A.6: Experimental data of a Rabi oscillation experiment. The Y axis is the
⟨Z⟩ expectation value of the qubit, evaluated by the probability distribution of the
measured state. Due to the readout error, the expectation value usually cannot cover
the full range of [−1, 1].

Ramsey Experiment

The Ramsey interferometry experiment explained in Chapter 4 is also used to cali-

brate the qubit transition frequency. In our practice, three Ramsey experiments are

performed three times with different offset frequencies and maximum duration. Each

experiment gives a more accurate estimation of the qubit transition frequency.

(a) 10 MHz detuned (b) 1 MHz detuned (c) 0.1 MHz detuned

Figure A.7: Ramsey experiment to calibrate qubit driving frequency. The qubit drive
frequency is offset by (a) 10 MHz, (b) 1 MHz, and (c) 0.1 MHz.

A.3 Two-Qubit Gate Calibration

After the single qubit gates are calibrated, we can move on and calibrate parameters

for two-qubit interaction and generate entanglement. In this thesis, we use cross-
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resonance interaction described in Chapter 3. The tune-up of the cross-resonance

gate comprises two steps: Hamiltonian tomography to roughly calibrate the gate

parameters and repeated gate tomography to fine

-tune the parameters and remove transient errors. The procedures are from [238,

208].

Hamiltonian Tomography Hamiltonian tomography measures ⟨X⟩, ⟨Y ⟩, and ⟨Z⟩

axes of the target qubit under the cross-resonance drive. A cancellation pulse is

applied to the target qubit to correct the unwanted IX and IY interactions. The

pulse width t is swept to find the rate of the ZX interaction. A typical experiment

is shown in Figure A.8.

Repeated Gate Tomography Similar to the Hamiltonian tomography, repeated

gate tomography sweeps the number of repetitions of the gate sequence. A typical

example is shown in Figure A.9.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure A.8: Hamiltonian tomography. (a) The gate sequence of the Hamiltonian
tomography experiment. t denotes the width of the cross-resonance pulse and is
swept in this experiment. The experiment is repeatedly executed and updates the
parameter until the fidelity of the gate cannot be further improved. (b) to (d) A
typical experiment result of the ⟨X⟩, ⟨Y ⟩ and ⟨Z⟩ expectation values from the initial
experiment, respectively. (e) to (g) A typical experiment result of the ⟨X⟩, ⟨Y ⟩ and
⟨Z⟩ expectation values from the last experiment, respectively.
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(a)

(b) (c) (d)

(e) (f) (g)

Figure A.9: Repeated gate tomography. (a) The gate sequence of the repeated gate
tomography experiment. A full ZX(−π/8) gate enclosed in the dashed lines is ex-
ecuted repeatedly n times. The experiment is repeatedly executed and updates the
parameter until the fidelity of the gate cannot be further improved. (b) to (d) A
typical experiment result of the ⟨X⟩, ⟨Y ⟩ and ⟨Z⟩ expectation values from the initial
experiment, respectively. (e) to (g) A typical experiment result of the ⟨X⟩, ⟨Y ⟩ and
⟨Z⟩ expectation values from the last experiment, respectively.
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Appendix B

Fabrication Process of Coaxmon
Qubits

In this chapter, we summarise the method used to fabricate the sample devices with

given parameters.

B.1 Pattern Generation

To fabricate our device, the first step is to generate the device pattern that we would

like to print onto the substrate using the lithography method.

Automatic Pattern Generation Framework

The traditional method to generate the fabrication pattern is to edit manually with

interactive CAD software (for example, AutoCAD). However, completing a pattern for

a whole wafer by hand is extremely inefficient. It is very easy to make mistakes with

more than a hundred chips of different parameters on a wafer. To solve this problem,

a software package qpat was developed to generate the pattern with a hierarchical

code structure. The structure of the qpat software is shown in Fig. B.1.

The core advantage of qpat is the flexibility of the rendering back-end model. The

back-end model is fully decoupled from the pattern description model. Here we devel-

oped a GDS backend which renders the pattern into a GDS file, and a Raith backend,

which generates a full Raith position list used in the Raith e-beam lithography tool.
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Figure B.1: The qpat package structure

Josephson Junction Pattern

To build the Josephson junction, we used the shadowed evaporation method or the

Dolan bridge method [73] to build the Josephson junction. The pattern is shown

below.

A T-shaped arm and an L-shaped arm are designed into the pattern and the

bridge is formed in between. The width of the T-arm and the L-arm defines the

width and height of the junction. In our pattern, we added an extra undercut layer

with exposure using a lower dose to create space to let the metal from shadowed

evaporation stick onto the substrate. Also, we added extra exposure on the T-arm

for the same reason. We found this helpful to get a cleaner liftoff process which

reduces the chance of floating metal shorting the junction.

B.2 Fabrication Process
Wafer Cleaning

While the silicon wafer stays in the air, the surface of the silicon wafer will form a thin

layer of silicon dioxide. This layer can increase the dielectric loss of our qubits, which

is one of the most important contributions to the energy relaxation error [276]. The

first step of our fabrication is to remove this oxidation layer. This is done with the

standard RCA clean procedure which was developed in the integrated circuits industry

[136]. The process is rather simple: we dip the wafer into a 1:10 BOE hydrofluoric

acid for 150 seconds. The hydrofluoric acid is extremely toxic; the operator needs to
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(a) Full mask pattern

(b) A chip pattern (c) A qubit pattern

Figure B.2: Pattern generated from the qpat software.
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Figure B.3: Josephson junction pattern explained

be properly geared up and follow a very strict safety protocol to conduct this step.

Then we clean the wafer with two DI water dips and immediately pack the wafer

into the customised evaporator cassette and put it into a sealing bag full of nitrogen.

First Metal Deposition

After the cleaning process, we bake the wafer inside the evaporation chamber to

remove potential water residues. Then we deposit 100 nm of aluminium onto both

sides of our substrate.

Photolithography

Now we start our photolithography process. We use a positive process, which means

where there is metal on the mask, there will be metal on the wafer. We choose

AZ1514H as the photoresist. First, we bake the substrate above 100 Celsius (120

Celsius in practice) on a metal ring to remove potential water residues. The metal
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(a) Junction alignment (b) Junction pattern

Figure B.4: Junction pattern on the qubit.

Figure B.5: Doing HF cleaning.

ring can give good thermal conductance while protecting the bottom side of the wafer

from touching the dirty hot plate surface. This step is often referred to as prebake.

Then we take the wafer out and wait for 2 minutes until it cools down to room

temperature.

Next, we coat the backside protection layer. We put the substrate onto the spe-

cialised vacuum-free spin-coater cassette. This is to protect the backside of the sub-

strate, making sure it won’t touch anything and damage the deposited metal layer.

We take AZ1514H out of the fridge (4 Celsius) and immediately coat it onto the sub-

strate to reduce the viscosity variation because of the temperature difference. The
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(a) Hotplate (b) Metal ring

Figure B.6: Hotplate used for fabrication. We used a metal ring to protect the centre
area of the wafer from touching the plate.

acceleration speed is 500 rpm/s, we enter a spread coating speed of 500 rpm for 10

seconds, then reach the coating speed of 4000 rpm for 50 seconds. Then we bake the

substrate at 90 Celsius to remove the solvent and harden the resist.

(a) Spincoater (b) Contact wafer chuck (c) Contactless wafer chuck

Figure B.7: Spincoater used for fabrication.

Note that since the chuck is vacuum-free, the substrate just sits on the chuck.

During the spinning, the substrate will oscillate and form a standing wave. This

causes the non-uniformity of the resist. See Fig. B.8. After this step, we change the

chuck into the standard vacuum contact chuck. Then we repeat the previous steps to

coat the other side, and let the coated layer directly contact the vacuum chuck.

After both sides are prepared, we move to the mask aligner. We are using an

EVG620 mask aligner; the exposure dose is 17-20 mJ/cm2, and needs to be calibrated

and tested before the lithography process.
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Figure B.8: Non-uniform resist when using a contactless chuck for fabrication.

(a) EVG620 (b) Load mask (c) Backside alignment

Figure B.9: EVG620 mask aligner used for fabrication.

Development

After the exposure, we dip the wafer into AZ726 MIF developer to remove the exposed

resist. The developer’s temperature was maintained at 25 Celsius, and the develop-

ment time was 80 seconds. During the development, a proper water flow should be

given. Then we dip the wafer into DI water for 30 seconds twice into different beakers

to remove developer residues. Note that we don’t dry the wafer at this step, because

the pattern we have is rather small, and most of the area has no resist left. Blowing

it with nitrogen can damage the resist profile.

Wet Etching

After the development, we dip our wafer into the aluminium etchant (What etchant).

The temperature is maintained at 25 Celsius. Note we fabricate the pattern on both
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(a) Qubit side 5x (b) Resornator side 5x (c) Resonator 100x

Figure B.10: Microscopic pictures of resist after development

sides of the substrate. For the first side, we expect to see the pattern after around

90 seconds. For the second side, we expect to see the patterns in about 150 seconds.

This is because the resist residues couldn’t be fully cleaned. We etch another 30

seconds after the pattern is clearly shown. Then we dip twice into different DI water

beakers to stop the acid.

(a) Qubit side 5x (b) Resonator side 5x (c) Resonator 100x

Figure B.11: Microscopic pictures of resist after etching

Post-Etching Cleaning

After the etching process, we leave the wafer in the DMSO solvent at 80 Celsius for

15 minutes to remove the resist. Then we dip twice into different DI water beakers

to remove DMSO.

E-Beam Lithography

Now we start the E-beam lithography process. First, we bake the wafer to 180 Celsius

to remove the water, then just like photolithography, we spin coat the protection layer
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with PMMA on the first side of the wafer, with the non-vacuum chuck. Then we bake

at 180 Celsius to harden the resist. After it has cooled down (5 minutes), we spin the

written layer.

Doses: 1500 junctions, 1300 overlap pads, 200 undercuts.

Second Metal Deposition

Ensure the wafer is oriented correctly when loading it. During the ion milling process,

verify the parameters in the evaporator. For the first evaporation, set the angle to

60°, the thickness to 60 nm, and the rate to 0.5 nm/s. Proceed with oxidation for 10

minutes at 10 mbar. Finally, for the second evaporation, adjust the angle to 0°, the

thickness to 70 nm, and maintain the rate at 0.5 nm/s.

Lift-Off

To perform the DMSO lift-off, use a plastic star to ensure the back side of the wafer

does not touch the bottom of the beaker. First, leave the wafer in DMSO at 80°C for

30 minutes, using a pipette to remove metal from the wafer. If some metal remains,

extend the duration and repeat the process until all metal is removed. Next, transfer

the wafer to fresh DMSO at 30°C for 30 minutes and use the pipette again to remove

any metal residues. Finally, rinse the wafer in three steps with warm spectroscopic

grade DI water, allowing 30 seconds for each step.

Post-Fabrication Cleaning

After the etching process, we leave the wafer in the DMSO solvent at 80 Celsius for

15 minutes to remove the resist. Then we dip twice into different DI water beakers

to remove DMSO. Then we do UV Ozone to clean the DMSO residues and resist

residues.
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Figure B.12: Lift off in DMSO.

(a) 5x (b) 20x (c) 100x

Figure B.13: Junction microscopic picture after lift-off

Wafer Dicing

To prepare the wafer for dicing, first apply AZ1514H resist as a protection layer.

Mount the non-vacuum chuck and spin the wafer with a ramp to 500 rpm for 10

seconds, followed by spinning at 4000 rpm for 50 seconds, and then a ramp down for

10 seconds. Bake the wafer at 100°C for 50 seconds on a metal ring, followed by a

5-minute cooldown. Then spin the other side of the wafer. It is then ready to be sent

for dicing.

Before Mounting Cleaning

Before mounting the chips, we perform a final cleaning process. This involves three

steps in acetone at 50°C for 5, 10, and 5 minutes respectively, followed by a rinse in
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Figure B.14: Wafer finished cleaning.

IPA. After this, the chips are placed in DMSO at 80°C and subsequently rinsed three

times in DI water: first at 80°C, then at 50°C, and finally at room temperature.
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Figure B.15: Wafer after dicing.
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Appendix C

Supplementary information for
gate set tomography

C.1 Germs and Fiducials

Table C.1: The gate set and the Germs selected in ’std2Q_XYCNOT’ model.

Gate set
I XA(

π
2
) XB(

π
2
)

YA(
π
2
) YB(

π
2
) CNOT

List of germs
I XA(

π
2
) XB(

π
2
)

XA(
π
2
).YA(

π
2
) XB(

π
2
).YB(

π
2
) XA(

π
2
).XA(

π
2
).YA(

π
2
)

XB(
π
2
).XB(

π
2
).YB(

π
2
) CNOT.(XA(

π
2
).XA(

π
2
))⊗XB(

π
2
)

XA(
π
2
).XB(

π
2
).XA(

π
2
).YB(

π
2
).YA(

π
2
).YB(

π
2
)

XA(
π
2
).YB(

π
2
).XB(

π
2
).YA(

π
2
).XB(

π
2
).XB(

π
2
)

YA(
π
2
).YB(

π
2
).XA(

π
2
).YA(

π
2
).XA(

π
2
).CNOT

YA(
π
2
).XA(

π
2
).YB(

π
2
).XA(

π
2
).XB(

π
2
).XA(

π
2
).YA(

π
2
).YB(

π
2
)
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Table C.2: Selected fiducials for two qubits gate set tomography.

Preparation Fiducials (F (p))
1 I 9 YB(

π
2
)

2 XB(
π
2
) 10 YA(

π
2
).XB(

π
2
)

3 YB(
π
2
) 11 YA(

π
2
).YB(

π
2
)

4 XB(
π
2
).XB(

π
2
) 12 YA(

π
2
).XB(

π
2
).XB(

π
2
)

5 XA(
π
2
) 13 XA(

π
2
).XA(

π
2
)

6 XA(
π
2
).XB(

π
2
) 14 XA(

π
2
).XA(

π
2
).XB(

π
2
)

7 XA(
π
2
).YB(

π
2
) 15 XA(

π
2
).XA(

π
2
).YB(

π
2
)

8 XA(
π
2
).XB(

π
2
).XB(

π
2
) 16 XA(

π
2
).XA(

π
2
).XB(

π
2
).XB(

π
2
)

Measurement Fiducials(F (m))
1 I 7 XA(

π
2
).XA(

π
2
)

2 XB(
π
2
) 8 XA(

π
2
).XB(

π
2
)

3 YB(
π
2
) 9 XA(

π
2
).YB(

π
2
)

4 XB(
π
2
).XB(

π
2
) 10 YA(

π
2
).XB(

π
2
)

5 XA(
π
2
) 11 YA(

π
2
).YB(

π
2
)

6 YA(
π
2
)

Table C.3: The gate set and the Germs are chosen for qutrit GST.

Gate set
I H X01(

π
2
)

X12(
π
2
) Z1(

2π
3
) Z2(

2π
3
)

List of germs
I H X01(

π
2
)

X12(
π
2
) Z1(

2π
3
) Z2(

2π
3
)

X01(
π
2
)X12(

π
2
) H.Z1(

2π
3
) H.Z2(

2π
3
)

H.X01(
π
2
) X12(

π
2
).Z2(

2π
3
) X12(

π
2
).Z1(

2π
3
)

H.X12(
π
2
) X01(

π
2
).Z1(

2π
3
)
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Table C.4: Fiducials for qutrit GST.

Preparation Fiducials (F (p))
1 I
2 H.H.H.Z2(

2π
3
).H

3 H.H.H.Z1(
2π
3
).Z2(

2π
3
).Z2(

2π
3
).H

4 H.H.H.Z1(
2π
3
).Z1(

2π
3
).Z2(

2π
3
).H

5 H.H.H.Z1(
2π
3
).Z2(

2π
3
).H

6 H.H.H.Z1(
2π
3
).Z1(

2π
3
).H

7 H.H.H.Z1(
2π
3
).Z1(

2π
3
).Z2(

2π
3
).Z2(

2π
3
).H

8 H.H.H.Z2(
2π
3
).H.Z2(

2π
3
)

9 H.H.H.Z1(
2π
3
).Z1(

2π
3
).Z2(

2π
3
).Z2(

2π
3
).H.Z2(

2π
3
)

Measurement Fiducials(F (m))
1 I
2 Z2(

2π
3
).H.H.H.Z2(

2π
3
).H

3 H.H.H.Z1(
2π
3
).Z2(

2π
3
).H

4 H.H.H.Z2(
2π
3
).H

Table C.5: The gate set and the Germs are chosen for gate set tomography of this
experiment.

Gate set
X01(

π
2
) Z1(

π
2
) X12(

π
2
)

Z2(
π
2
) X23(

π
2
) Z3(

π
2
)

List of germs
X01(

π
2
) Z1(

π
2
) X12(

π
2
)

Z2(
π
2
) X23(

π
2
) Z3(

π
2
)

X01(
π
2
).X12(

π
2
) X12(

π
2
).X23(

π
2
) X01(

π
2
).X01(

π
2
)

Z1(
π
2
).Z1(

π
2
) X12(

π
2
).X12(

π
2
) X23(

π
2
).X23(

π
2
)

Z2(
π
2
).X23(

π
2
)
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Table C.6: Fiducials for qutrit gate set tomography.

Preparation Fiducials (F (p))
1 I
2 X01(

π
2
)

3 X01(
π
2
).Z1(

π
2
)

4 X01(
π
2
).X01(

π
2
)

5 X01(
π
2
).X01(

π
2
).X12(

π
2
)

6 X01(
π
2
).X01(

π
2
).X12(

π
2
).Z2(

π
2
)

7 X01(
π
2
).X12(

π
2
).X12(

π
2
)

8 X01(
π
2
).Z1(

π
2
).X12(

π
2
).X12(

π
2
)

9 X01(
π
2
).X01(

π
2
).X12(

π
2
).X12(

π
2
)

10 X01(
π
2
).X12(

π
2
).X12(

π
2
).X23(

π
2
).X23(

π
2
)

11 X01(
π
2
).Z1(

π
2
).X12(

π
2
).X12(

π
2
).X23(

π
2
).X23(

π
2
)

12 X01(
π
2
).X01(

π
2
).X12(

π
2
).X23(

π
2
).X23(

π
2
)

13 X01(
π
2
).X01(

π
2
).X12(

π
2
).Z2(

π
2
).X23(

π
2
).X23(

π
2
)

14 X01(
π
2
).X01(

π
2
).X12(

π
2
).X12(

π
2
).X23(

π
2
)

15 X01(
π
2
).X01(

π
2
).X12(

π
2
).X12(

π
2
).X23(

π
2
).Z3(

π
2
)

16 X01(
π
2
).X01(

π
2
).X12(

π
2
).X12(

π
2
).X23(

π
2
).X23(

π
2
)

Measurement Fiducials(F (m))
1 I
2 Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
)

3 X01(
π
2
).X23(

π
2
)

4 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
).

X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
)

5 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
).

X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
)

6 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
).

X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).X01(

π
2
).X23(

π
2
)

7 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).X01(

π
2
).X23(

π
2
).X12(

π
2
).X12(

π
2
).

Z1(
π
2
).Z2(

π
2
)

8 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).X01(

π
2
).X23(

π
2
).X12(

π
2
).X12(

π
2
).

Z1(
π
2
).Z2(

π
2
).Z1(

π
2
).Z3(

π
2
).X01(

π
2
).X23(

π
2
)

9 X12(
π
2
).X12(

π
2
).Z1(

π
2
).Z2(

π
2
).X01(

π
2
).X23(

π
2
).X12(

π
2
).X12(

π
2
).

Z1(
π
2
).Z2(

π
2
).X01(

π
2
).X23(

π
2
)
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C.2 SPAM operators
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Figure C.1: Reconstructed SPAM operators for two-qubit device.
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Figure C.2: Estimated SPAM operators for the qutrit device.
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Figure C.3: Estimated SPAM operators for the qudit device.
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C.3 Quantum processes

2QB device

Gate
name

I CNOT

Average
infidelity

0.0148(16) 0.0201(16)

Hamiltonian
Error

0.059(27) 0.883(23)

Stochastic
error

0.518(80) 0.063(18)

Active
error

0.422(62) 0.054(25)
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Gate
name

XA(
π
2
) XB(

π
2
)

Average
infidelity

0.00261(95) 0.0010(12)

Hamiltonian
Error

0.990(45) 0.9974(73)

Stochastic
error

0.005(14) 0.0011(63)

Active
error

0.005(32) 0.0015(63)

PTM
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Gate
name

YA(
π
2
) YB(

π
2
)

Average
infidelity

0.01569(63) 0.0010(19)

Hamiltonian
Error

0.710(48) 0.9987(78)

Stochastic
error

0.161(80) 0.0005(41)
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error

0.129(41) 0.0008(29)
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1QD device as a qutrit

Gate
name

I Z1(
2π
3
)

Average
infidelity

0.000365(97) 0.000221(57)

Hamiltonian
Error

0.066(57) 0.070(15)

Stochastic
error

0.28(16) 0.074(45)
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error

0.66(16) 0.855(46)
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Gate
name

Z2(
2π
3
) X01(π/2)

Average
infidelity

0.000274(70) 0.002112(96)

Hamiltonian
Error

0.198(40) 0.658(62)

Stochastic
error

0.064(42) 0.066(30)

Active
error

0.737(50) 0.275(63)
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Gate
name

X12(π/2) H

Average
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1QD device as a qudit

Gate
name
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3
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)
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name
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Gate
name

X12(π/2) X23(π/2)

Average
infidelity

0.002966(52) 0.002906(68)
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