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In this research, a spectral unmixing and classification approach for hyperspectral 

imagery (HSI) of historical artifacts is introduced. The Gram Matrix and MaxD 

techniques have been used to estimate the within material diversity in a HSI and 

extract the spectra of the class exemplars, called endmembers. Due to the absence 

of ground truth, the exemplar spectra are assumed to represent pure materials in 

the scene or unique pigment mixtures. After extracting endmembers, the 

Nonnegative Linear Least Squares algorithm and the K-means algorithm are then 

used to classify the HSI based on the endmembers. We also proposed a “spectral 

angle spatial patterns” method to map the class membership and goodness across 

the map to identify per-class spatial patterns. This approach has been successfully 

utilized in two historical artifacts, the Gough Map of Britain (c.1400) and the 

Selden Map of China (c.1619). Both maps were imaged using a hyperspectral 

imaging system while in the collection at the Bodleian Library, Oxford 

University. It reveals at least six kinds of dominant water pigments used in each 

map along with their spatial distribution. This approach can be generalized to a 

novel pigment mapping tool for historical geographers to analyze the material 

diversity of historical artifacts. 

Keywords: hyperspectral imagery; spectral unmixing; pigment mapping; 

dimensionality estimation; endmember analysis; historical artifacts; nonnegative 

linear least squares; material diversity. 
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1. Introduction 

The Gough Map, dating from the 15th century (Solopova 2012; Lilley, Lloyd, and 

Campbell 2009; Delano-Smith et al. 2016; MILLEA 2007), is one of the earliest 

surviving maps of Britain. The substrate of the map is a combination of approximately 

1/4 lamb skin in the north and 3/4 sheepskin in the south. Over half of the map is drawn 

in green indicating the ocean, coastal areas and rivers. There are more than 600 towns in 

red and many thin red lines indicating the distances between the towns (Solopova 2012; 

Lilley, Lloyd, and Campbell 2009; Delano-Smith et al. 2016). Previous research 

revealed that the Gough Map was extensively revised after its creation (Solopova 2012; 

Delano-Smith et al. 2016). Specifically, south of Hadrian's Wall, most of the rivers and 

the coastline were overdrawn with a thicker nib and darker green ink (Solopova 2012). 

In 2015, the map was imaged using a hyperspectral system at the Bodleian Library, 

Oxford University. The goal of the collection includes faded text enhancement for 

reading and pigment analysis for estimation of material diversity in the Gough Map for 

codicological studies. To ensure full coverage with sufficient spatial resolution, the 

collection was done in six overlapping HSI “chips”. The size of each chip is 1600 

(pixels) x 5512 (pixels) x 334 (bands). Its spectral range is from 400nm to 1000nm over 

the visible and near infrared (Vis-NIR). Section 3 introduces more collection details. 

The Selden Map of China, dating from c.1619, was rediscovered at the Bodleian 

Library by Robert Batchelor in 2008 (Batchelor 2013, 2014; Nie 2014). This is not only 

a map of China (Ming Empire), but of the whole of East and Southeast Asia (Nie 2014), 

including China, Japan, Korea, Vietnam, the Indian Sea, Timor and the shipping routes 

from Indonesia to the western coast of India (Batchelor 2014; Nie 2014). It provides 

significant information to examine the history of Chinese cartography and analyze the 

maritime dimensions of Asia (Batchelor 2013). The map was drawn with carbon ink 
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and watercolours on a Chinese paper, including mountains, rivers, ocean waves, forests, 

plants and flowers. About six different colors were used: red, green, blue, yellow, white 

and black (Nie 2014). Specifically, the color green dominates this map due to the large 

areas of the sea in the map (Kogou et al. 2016). To analyze the pigment diversity of the 

Selden Map, researchers collected 12 HSIs of the Selden Map (full coverage of the 

entire map) at the Bodleian Library in 2015. The size of each chip varies from 1600 

(pixels) x 2300 (pixels) x 334 (bands) to 1600 (pixels) x 3250 (pixels) x 334 (bands), 

with a spectral range from 400nm to 1000nm. Section 4 states more collection details. 

Pigment analysis of the Gough Map and the Selden Map will contribute to the 

codicological studies of the maps (i.e., understanding the tools, techniques, and timeline 

of its creation and revision). Previous work on historical artifacts codicological studies 

mainly included faded text enhancement and pigment analysis. To enhance faded text, 

people used techniques such as multispectral reflectance imaging, fluorescence 

capturing, and transmission imaging (Easton, Barry, and Knox 2011; Easton and Noel 

2010; Barry, Boydston, and Easton 2011, 2010; Easton, Knox, and Barry 2011; Knox et 

al. 2011; Easton and Kelbe 2014; Easton and Noel 2004; Easton et al. 2015). For 

example, Easton and his colleagues used a multispectral imaging system, called the 

Megavision Imaging System, to collect images of historical manuscripts such as the 

Herculaneum Papyri and Archimedes Palimpsest. Then they applied image 

segmentation, independent component analysis (ICA), principal component analysis 

(PCA), renderings in pseudo-color and spectral pseudoinverse calculation to enhance 

multi-spectral images of historical documents (Easton, Barry, and Knox 2011; Easton 

and Noel 2010; Barry, Boydston, and Easton 2011, 2010; Easton, Knox, and Barry 

2011; Knox et al. 2011; Easton and Kelbe 2014; Easton and Noel 2004; Easton et al. 

2015). For HSI analysis, Goltz (Goltz et al. 2010) used hyperspectral imaging to assess 
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stains on historical manuscripts. He calculated the minus log function of the image pixel 

value over the white reference to generate optical density slices of certain ranges of 

spectra and created false color images to enhance faded text. 

For pigment analysis of historical artifacts, hyperspectral imaging had been used 

in material identification and mapping of works of art (Legrand et al. 2014; Fischer and 

Kakoulli 2006; Rosi et al. 2013; Dooley et al. 2013; Delaney et al. 2010, 2016; Bai, 

Messinger, and Howell 2017b,a), such as (a) estimating the timeline of a manuscript’s 

creation and revision (Melessanaki et al. 2001), (b) differentiating pigments of historical 

paintings (Delaney et al. 2016; Liang 2012; Daniel et al. 2016; Baronti et al. 1998), (c) 

analyzing historic value of artworks (Melessanaki et al. 2001; Balas et al. 2003; Klein et 

al. 2008) and (d) studying of the methods used in the artifact creation (Attas et al. 2003). 

Researchers used different imaging system, such as laser induced breakdown 

spectroscopy (Melessanaki et al. 2001), infrared imaging (Casini et al. 1999; Cucci, 

Delaney, and Picollo 2016) and X-ray fluorescence imaging (Legrand et al. 2014; 

Delaney et al. 2016) to obtain imagery. Image processing techniques included 

dimensionality reduction, such as PCA (Dooley et al. 2013; Baronti et al. 1998; Attas et 

al. 2003) and image segmentation, such as spectral angle mapper (SAM) (Daniel et al. 

2016), support vector machine (SVM) (Polak et al. 2017) and spectral unmixing (Liang 

2012). Dooley et al (Dooley et al. 2013) and Delaney et al (Delaney et al. 2010) also 

used N-d visualizer in ENVI software to find endmember spectra and used SAM to 

classify pigments of HSI. In 2017, Bai et al (Bai, Messinger, and Howell 2017b, a) 

presented an approach by using the Gram Matrix and endmember analysis to estimate 

the red and green pigment diversity over the Gough Map. Then they used SAM to 

segment the HSI of the Gough Map into six different classes. That was the first attempt 

to estimate within material diversity in historical artifacts. Different from previous work 
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on segmentation of the HSI, within material diversity estimation focuses on specific 

regions (with common visual color) in a hyperspectral image. For example, the Gough 

Map is drawn with green and red pigments on a sheep/lamp skin. The goal of within 

material diversity estimation is to calculate how many distinct green (or red) pigments 

were used during its creation and revision, which is essential to the codicological 

studies of the maps (i.e., understanding the tools, techniques, and time-line of its 

creation and revision). It requires extraction of the green (or red) pigments/pixels from 

the HSI first (without affecting other pigments) and then process the data of only the 

green (or red) pigments. 

The objective of this research is to extend Bai's research by using a spectral 

unmixing technique (NNLS) to estimate the diversity of the pigments used to denote 

water in the two maps, which are predominantly visually “green” in color. The 

contribution includes: (1) within material diversity (water pigments) estimation of two 

medieval maps, (2) testing a new method for this application, and (3) proposing a 

spectral angle spatial pattern analysis method to validate the classification results. Here, 

without ground truth we assume that the endmembers represent either a pure pigment or 

a mixture of pigments. We provide a mathematical way to extract exemplar spectra 

(endmembers) that can be used to model the remaining pixels in the image.  Eventually, 

we find that there are at least six different kinds of pigments used to show water that are 

generally visually “green” in the Gough Map and six different “green” pigments in the 

Selden Map. The spatial patterns of different pigments indicate the construction and 

correction of this map. The source of those different pigments needs further chemical 

research in the future.  

This paper is organized as follows. Section 2 describes the methodology 

including: 1) the material diversity estimation techniques, the MaxD & Gram Matrix, 2) 
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the NNLS spectral unmixing method and 3) spectral angle spatial patterns method. 

Section 3 introduces the application of estimating the material diversity of the water 

pigments in the Gough Map and presents the results. Section 4 describes the application 

of the Selden Map. Section 5 summarizes the results and findings. 

2. Methodology 

Pigment diversity estimation provides the endmembers of different materials within a 

HSI (i.e., their exemplar spectra). Then, a spectral unmixing technique, NNLS, is used 

to calculate the abundances of those endmembers in each pixel. After obtaining the 

abundance matrix for all pixels, the K-means method is used to classify this abundance 

matrix into different classes, which is then used as the label for each water pixel in the 

map. The methodology is outlined here: 

(1) To reduce computation time, we cut each HSI chip of the Gough Map into top 

and bottom sub-chips, such as 1L(top). For the Selden Map, since there are 

fewer water pigments in each chip, we do not need to cut the HSIs. 

(2) Extract water pixels from each HSI chip of the map. 

a. For the Gough Map, we use Mahalanobis distance classifier in ENVI 

software to classify each HSI chip into three classes, including red pixels 

(text & town signs), green pixels (the water) and background. We then 

create a binary mask of all the water pixels in each chip. 

b. For the Selden Map, due to the complexity of the pigments in the Selden 

Map, we need to use Photoshop (instead of using the Mahalanobis 

classification tool) to create a water pixels’ mask of the Selden Map. 

c. Extract spectral information of all the water pixels from the water pixel 

mask and record the coordinates of each pixel accordingly. 
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(3) Hyperspectral data pre-processing: 

a. Sphere the data: normalize each pixel to a unit magnitude to eliminate 

brightness differences between the HSI chips. 

b. Bin the data: spectrally bin the data from 334 bands to 111 bands, so as to 

increase the signal to noise ratio (SNR). 

(4) Estimate the dimensionality and compute endmembers for each chip using the 

Gram Matrix and MaxD techniques. 

(5) Compute global endmembers of the water pigments across the entire map. 

(6) Classify water (green) pixels per HSI chip. 

a. For each chip, use NNLS to compute the abundance matrix of the data. 

b. Use K-means to classify the abundance matrix (or the abundances + 

differences matrix) into certain classes and label each pixel accordingly. 

c. Map the results back to the image for visual interpretation. 

(7) Compute average spectrum within each class and generate spectral angle 

spatial patterns of each class to validate the classification accuracy. 

This section provides the detailed description of material diversity estimation 

techniques, the MaxD & Gram Matrix approaches, the spectral unmixing technique, 

nonnegative linear least squares (NNLS) (Lawson and Hanson 1995) and the method 

for assessing the quality of the resulting class map in the absence of ground truth. 

Details of other steps will be introduced in the results section. 

2.1 Material Diversity Estimation 

Material diversity estimation of a HSI can be related to the dimensionality estimation of 

the HSI in the spectral domain. The dimensionality estimation calculates the least 

number of free variables required to represent the data without losing information 
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(Camastra 2003). There have been many techniques used in dimensionality estimation 

of HSI datasets (Camastra 2003; Messinger et al. 2012; Canham et al. 2011; Kirby 

2000; Jolli e 2002; Ziemann, Messinger, and Basener 2010; Yao and Qian 2009; Pettis 

et al. 1979). In this research, we use an approach developed by Messinger (Messinger et 

al. 2010) and applied by Canham (Canham et al. 2011) to estimate the water pigment 

diversity in the HSI of the Selden Map and the Gough Map. We use the MaxD 

technique to obtain endmembers and then use the Gram Matrix to estimate the 

dimensionality of data and determine how many endmembers to keep. MaxD algorithm 

defines a set of basis vectors that span the image space. By generating a subspace that 

large enough to contain the data but meanwhile small enough to reduce the 

dimensionality of its space, it seeks a simplex that encloses these spectral vectors and 

suppose that this simplex can be constructed from the extrema of the available HSI data. 

The Gram Matrix is a 𝑘 ∗ 𝑘 matrix, where 𝑘 is the number of vectors in the data set. The 

(𝑚, 𝑛) th element of the Gram matrix is the inner product of the 𝑚 and 𝑛 vectors in the 

data set, such that 

 𝐺),* = 〈𝑥).....⃗ , 	𝑥*.....⃗ 〉 (1) 

Note that the determinant of 𝐺 is the square of the volume of the parallelepiped that 

encloses the vector set. A significant property of the Gram matrix is that if the Gram 

Matrix is composed of endmembers extracted from the data (as we do here), when the 

determinant of 𝐺 approaches zero, the vectors in the data set are no longer linearly 

independent, which indicates the number of distinct materials in the data set. A 

simplified example of the volume estimation is illustrated in Fig. 1 using the volume of 

a cuboid. When the volume of a two-dimensional data set is calculated in three-

dimensions, the volume is zero as the third dimension has zero “length”. The same 
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approach applies to the endmember vectors as extracted from the high dimensional 

hyperspectral image. Fig. 2 depicts the estimated convex hull volume vs the number of 

endmembers of an example HSI chip of the Gough Map. Note that when the volume 

function approaches zero, the number of endmembers indicates the number of distinct 

materials in the HSI, here 6. 

                    

(a)                                                             (b) 

Figure 1. Example of volume estimation in multiple dimensions. (a) Two-dimensional 

(2D) data with volume calculated in 2D. (b) 2D data with volume calculated in 3D. 

 

  

Figure 2. Material diversity plot for one HSI chip of the Gough Map with x axis: 

number of endmembers and y axis: estimated convex hull volume. 
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More details of this technique are in the literature (Messinger et al. 2010; Ziemann, 

Messinger, and Basener 2010; Messinger et al. 2012; Canham et al. 2011). 

In this research, to reduce the computation time of the Gram Matrix, we divide 

each HSI of the Gough Map into top and bottom sub-chips. Since we are only working 

on water pigments, after extracting only the water pixels from each sub-chip, the size of 

each data matrix is less than 4 GB, which needs less than 5 minutes to compute the 

Gram Matrix. For the Selden Map, we don’t need to divide each chip into sub-chips. 

Similarly, the size of each data matrix for the water pixels is also less than 4 GB. 

The algorithm of Gram Matrix and MaxD are shown below. 

(1) For each data matrix, we extract a (relatively) large number of 

endmembers, here 𝑊 » 15, using the MaxD algorithm.  

(2) MaxD orders the endmembers by overall magnitude, and we iterate 𝑘 from 

3 to 𝑊 endmembers (at least three dimensions) using the MaxD: 

i. represent the 𝑘 endmembers in the Gram matrix. 

ii. compute the convex hull volume for 𝑘 endmembers from the 

determinant of 𝐺. 

iii. save the volume function of 𝑘. 

(3) The dimensionality of the data is estimated by the number of endmembers 

where the volume function approaches zero.  

2.2. Spectral Unmixing 

Since we don’t have the ground truth, or a reliable library of pigment spectra used in the 

map, the endmembers are assumed to represent pure materials in the scene. And 

endmembers can certainly represent a mixture of pigments. Here we provide a 

mathematical way to extract exemplar spectra that can be used to model the remaining 
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pixels in the image.  We use nonnegative linear least squares (NNLS) (Lawson and 

Hanson 1995) to identify the abundances of those endmembers in each pixel (Heylen, 

Parente, and Gader 2014). Lawson and Hanson gave the standard algorithm for NNLS 

(Lawson and Hanson 1995). This algorithm solves a nonnegative least squares curve 

fitting problem by minimizing the objective function: 𝑚𝑖𝑛
4
5𝐶 ∗ 𝑥⃗ − 𝑑59

9
, where 𝑥⃗ ≥ 0. 

In this function,	𝑑 is the reflectance vector of each pixel, 𝐶 represents the endmember 

matrix and 𝑥⃗ is the abundances of those endmembers. Each column of the abundance 

matrix represents the abundances of six endmembers in one single pixel 𝑥⃗, such that the 

pixel 𝑥⃗ is written as: 

 𝑥⃗ = 0.605𝐸.⃗@ + 0.000𝐸9....⃗ + 0.201𝐸D....⃗ + 0.079𝐸G....⃗ + 0.048𝐸J....⃗ + 0.067𝐸K....⃗  (2) 

Here, 𝑥⃗ is a single pixel vector, whose abundance vector is shown in the first column. 

The number of columns represents the number of pixels. More details of this approach 

can be found in the literature (Chen and Plemmons 2010). 

After obtaining the abundance matrix, generally, class labels are based on the 

endmembers with the highest abundance. For example, if we have two following 

pigments with the combination of three endmembers (materials): 

Pigment 1: 𝑥⃗@	= 0.98𝐸@....⃗  + 0.01𝐸9....⃗  + 0.01𝐸D....⃗  

Pigment 2: 𝑥⃗9 = 0.96𝐸@....⃗  + 0.02𝐸9....⃗  + 0.02𝐸D....⃗  

Pigment 1 and Pigment 2 both consist of over 95% of the first endmember (material), so 

that apparently, we can classify these two pigments into the same class. But in this 

research, we are trying to estimate within material differences and the subtle differences 

between pixels are potentially a mixture of different endmembers. For example, we 

generally have pigments such as: 

Pigment 3: 𝑥⃗@	= 0.44𝐸@....⃗  + 0.46𝐸9....⃗  + 0.10𝐸D....⃗  
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Pigment 4: 𝑥⃗9 = 0.14𝐸@....⃗  + 0.60𝐸9....⃗  + 0.26𝐸D....⃗  

The largest abundance in Pigment 3 and 4 are both class 2 (since 0.46 > 0.44 > 

0.10 and 0.60 > 0.26 > 0.14). However, those two cases have different combinations of 

the endmembers (materials) and should likely be placed into different classes. That’s 

why we propose to compute the K-means classification to this abundance matrix and 

label each pixel based on the classification results. To differentiate those two cases, we 

first use K-means to classify the original abundance matrix and also add more 

descriptors, which are the differences between the abundances.  Without knowledge of 

the truth, we simply create the best model of each pixel possible. To continue the 

example above, in Pigment 3, we will have (0.4 - 0.5), (0.4 - 0.1) and (0.5 - 0.1) as new 

features in the pixel descriptor. The abundance vector will be extended from [0.4, 0.5, 

0.1] to [0.4, 0.5, 0.1, -0.1, 0.3, 0.4]. We call this new abundance matrix the “abundances 

+ differences” matrix. Then we apply K-means classification to this new matrix and 

label each pixel accordingly. The “abundances+differences” approach aids in separating 

subtle differences between the pigment classes. 

To estimate the global number of water pigments, for example, we compute 

Gram Matrix to the 72 primary endmembers from 12 sub-chips of the Gough Map (6 

endmembers each). The result shows that there are 6 global endmembers. Then we use 

K-means to classify the 72 endmembers into 6 classes and compute average spectra 

within each class. After that, we perform spectral unmixing to get the abundance 

descriptors for each pixel. 

2.3. Class Map Validation 

Due to the absence of ground truth data, we generate spatial patterns of the spectral 

angle between each pixel and its class mean within each class to validate the 
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classification results. This provide a quantitative measure of how good the class labels 

are, relative to the mean class spectra, in the absence of ground truth. Consequently, if it 

was a poor classification, or a poor endmember extraction, these values would be high.  

This is simply proposed as a method of assessing confidence in the result when no per-

pixel ground truth is available. The method is outlined below. 

(1) Compute the average spectrum within each class and take that spectrum as the 

representative of this class. 

(2) Compute spectral angle between each pixel and the representative of its 

assigned class. 

(3) Replace each pixel's value by this spectral angle. 

(4) Map the results back to the image for visual interpretation. 

Spectral angle (Kruse et al. 1993) is defined as: 

 𝜃(𝑥, 𝑦) = cosQ@( ∑ 4S...⃗ 	∗	TS...⃗U
VWX

(∑ 4V
YU

VWX )
X
Y∗∑ TV

YU
VWX

X
Y
) (3) 

where, in this case, 𝑥⃗ is the spectral vector of a water pixel, 𝑦⃗ is the spectral 

vector of an endmember, and 𝑛 is the number of spectral bands (here 𝑛 = 111). 

The goal of this research is to estimate the number of distinct water pigments in 

the Gough Map and the Selden Map and provide a global distribution pattern of 

different water pigments, despite their common visually “green” appearance. This will 

hopefully aid in our understanding of how the artifacts were created and/or revised. 
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3. Results for the Gough Map 

In this section, we will estimate the within material diversity of the water pigments in 

the Gough Map using the above techniques. The collection parameters of the HSI and 

the results will be introduced as follows. 

3.1. Collection Parameters 

The Gough Map, shown in Figs. 3(a) & 3(b), is drawn on a combination of one piece of 

sheepskin and one lambskin, but the sewing is hardly seen (MILLEA 2007). The size of 

the Gough Map is 55.3 x 116.4cm with a scale at about 1: 1,000,000. To ensure full 

coverage of the map with sufficient spatial resolution, the Gough Map was imaged in 

six spatially overlapping chips and labelled as 1L(left), 1R(right), 2L, 2R, 3L and 3R 

from bottom to top, as shown in Fig. 3(c), Each HSI chip has 334 bands with a spatial 

size of 1600 x 5512 (pixels). The entire map is about 3743 x 8987 (pixels). Given the 

actual size of the Gough Map is 55.3 x 116.4 cm, the spatial resolution is ∆𝑦 ≈	68 

pixels/cm (0.015 cm/pixel) vertically and ∆𝑥 ≈	77 pixels/cm (0.013 cm/pixel) 

horizontally. In addition, each chip has 334 bands over the visible and near infrared 

(Vis-NIR) range from 398.7 nm to 1000.3 nm, so that ∆𝜆	= 1.8 nm.  
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(a) 

   

(b)                                                        (c) 

Figure 3. High resolution RGB image of the Gough Map. (a) is the whole map, where 

East is at the top of the page, north (Scotland) is to the left and England is to the right. 

Towns and distances are drawn in red; Ocean, coast and rivers are in green. Left 1/4 of 

the map is lamb skin and the rest is sheepskin. Note the damaged area at the right edge 

(south of Wales); (b) is a zoom window showing in red Hadrian's Wall, town signs, 

texts and green rivers; (c) shows the six overlapping chips of the data collection. 

3.2. Results of Each Step  

Details of each step will be introduced in the following subsections. 

3.2.1. Extract water pixels 

After cutting each HSI into sub-chips, we use the Mahalanobis distance classifier in 

ENVI to classify each chip into three classes. Here, even though in the end we only 
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need the binary mask of “water (green) pixels” and “everything else”, to get most 

accurate mask, we classify all the pigments into as many classes as visually apparent. 

The other supervised classification methods in ENVI were tried, such as spectral angle 

mapper and maximum likelihood, however, we found the Mahalanobis distance 

classifier provides the most visually accurate mask.  

         

(a)                                                         (b) 

         

(c)                                                         (d) 

Figure 4. Process of extracting water pixels from one chip of the Gough Map. (a) 

Original RGB rendering of chip 2R (top); (b) Three regions of interest (ROI) specified 

in ENVI; (c) Three class classification result of the chip using Mahalanobis distance 

classifier; (d) Binary image with white pixels representing water pixels of the original 

image. 

An example of the 2R(top) chip shown in Fig. 4(a), we first specify three regions of 

interest (ROI) as shown in Fig. 4(b), including red, green and blue (representing white). 

Then based on the three ROIs, we classify this chip into three classes shown in Fig. 

4(c). We apply a threshold to convert (c) to a binary image shown in Fig. 4(d), so that 
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the white pixels in (d) represent all the water pixels in the original 2R(top) chip, 

automatically extracted. Finally, the data of water pixels are exported for endmember 

analysis and meanwhile, the coordinates of the water pixels are saved for future 

mapping. 

3.2.2. Hyperspectral data pre-processing 

The next step is data pre-processing, which includes sphering the data and spectrally 

binning the data. During the data collection, a white reference image for each HSI was 

also obtained. The white reference with essentially 100% reflectance is used to calibrate 

the instrument and to convert the image to estimated reflectance. The white reference 

material provides a Lambertian surface, which reflects light at all angles equally 

creating nearly perfect diffuse reflectance. By using the measured radiance of each pixel 

divided by the radiance of the white reference, we normalize out this white reference 

image to get the estimated reflectance of each pixel in the HSI. In this research, we 

focus on spectral differences between the water pigments instead of brightness 

differences. To ensure the same brightness levels for all of the chips, we sphere the data, 

i.e., normalize each pixel vector to a unit magnitude. 

We also spectrally bin the data to increase the signal to noise ratio (SNR) and 

decrease the computation time. Previous research (Bai, Messinger, and Howell 2017b, 

a) showed that the pixels' spectral signatures are slowly varying in the spectral domain 

between 400nm and 1000nm. In order to boost the SNR, we spectrally bin each HSI 

chip by a factor of three, from 334 bands (∆𝜆 = 1.8 nm) to 111 bands ((∆𝜆 = 5.4 nm). 

3.2.3. Extract endmembers and estimate material diversity 

After data pre-processing, we estimate the material diversity of the water pigments. We 

first use the MaxD to exact many endmembers and then use the Gram Matrix to decide 
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how many endmembers to keep. Fig. 5(a) depicts the estimated convex hull volume vs 

the number of endmembers of an example HSI chip (3L top) of the Gough Map and 

when the volume function approaches zero, the number of endmembers indicates the 

number of distinct materials in the HSI. The spectral reflectance of those six 

endmembers are plotted in Fig. 5(b). After applying the same method to the remaining 

image chips, we find that all of them have six distinct water pigments. The similarity in 

these results between different HSI chips is expected given the common materials and 

methods likely used across the entire map. However, the reflectance of the endmembers 

is not the same in different HSI chips indicating the need to compute global 

endmembers in the next section. 

  

(a)                                                     (b) 

Figure 5. Material diversity plot for chip 3L (top) of the Gough Map in (a), with x axis: 

number of endmembers and y axis: estimated convex hull volume. Reflectance of the 

endmembers for chip 3L (top) in (b), with x axis as wavelength in nm and y axis as 

reflectance. 

3.2.4. Compute global endmembers 

Given that each HSI chip has six endmembers, in total over the 12 chips we have 72 

endmembers. In order to classify all the water pigments across the entire Gough Map, 

we need to compute global endmembers. Here, we use the Gram Matrix to estimate the 
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number of distinct water pigments based on the 72 primary endmembers. Similarly, the 

volume function depicts that there are six distinct water pigments over the entire Gough 

Map. Then, we use the K-means algorithm to classify the reflectance of those 72 

endmembers into six clusters. Results are shown in Fig. 6 (a-f).  

    

(a)                                    (b)                                          (c) 

    

(d)                                            (e)                                         (f)    

 

 (g)    

Figure 6. K-means classification results of 72 primary endmembers of the water pixels 

in (a-f) and averaged spectra of above six classes (g) representing six global 

endmembers in the Gough Map. 
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We compute the average spectrum within each cluster and the result is depicted in Fig. 

6 (g). Notice that these six averaged spectra are distinct from each other and they 

represent six global distinct water (green) pigment endmembers across the entire Gough 

Map. Note that the endmembers are drawn from the data itself, and may not represent 

true green “pigments”, but they do meet the mathematical description of endmembers as 

exemplar spectra in the high dimensional hyperspectral data space. However, the 

analysis only considered water pixels and so some resulting endmembers are not purely 

“green” but are included. The endmember in Fig. 6 (g) are different from the 

endmembers in Fig. 5 (b), which is because one single endmember from one chip is not 

a good representative of one distinct water pigment, indicating the need to compute an 

average reflectance after the clustering. Next, we apply an unmixing technique to 

separate the various contributions to each pixel. Note that in Fig. 6 (b) and (e), there is 

only one member of this class (taken from the original 72 endmembers). However, they 

are both spectrally unique and represented a distinct class. 

3.2.5. Classify the water pixels per chip 

Now we use NNLS to classify the water pixels based on the six global endmembers per 

chip. The output of NNLS is an abundance matrix, whose size is 6 (rows) x n 

(columns), where n is the number of pixels. Each column gives the proportion of the six 

endmembers in a single pixel. We also expand the abundance matrix into a new 

“abundances + differences” matrix, which includes the differences between each row of 

the abundance matrix. Then we use K-means to classify both the original abundance 

matrix and the “abundances + differences” matrix into six classes as described above. 

We assign the class label to each pixel according to the K-means results. After mapping 

the labels back to the image, we output the water pixel classification results in Fig. 7.  
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Due to the absence of the ground truth data, we will visually compare the 

classification results with the original RGB image. Comparing this result with Fig. 3(a) 

(the original RGB image of the Gough Map), we see that the water pigment in the ocean 

area is different from that in the coastal areas and waterways. The ocean area is likely 

painted with a mix of light and dark green ink and the coastal and waterways are drawn 

with a different kind of dark green ink and the faded area on the right looks even darker. 

The classification result visually matches the features of the original RGB image and it 

provides a spatial classification pattern of all the water pigments across the entire map. 

This will hopefully give historians more insight to its creation and revision.  

 

(a) 

 

(b) 

Figure 7. Classification results of HSI of the entire Gough Map (combination of 12 

chips). (a) is the spectral unmixing result using NNLS + abundances. (b) is the spectral 

unmixing result using NNLS + abundances + differences. 



 

 
22 

3.2.6. Spectral angle spatial patterns 

In this research, due to the absence of ground truth data, we use two different ways 

(NNLS + abundances and NNLS + abundances + differences) to classify the HSI of the 

Gough Map. The two methods convey similar classification results, but not exactly the 

same. It is desirable to validate the classification results as best as possible. Here, we 

use the spectral angle spatial pattern method to validate the results. This method 

intuitively shows the variability in each class and how similar the pixels in each class 

are to the class mean, a convenient measure of the quality of the class map in the 

absence of ground truth. 

Figs. 8 and 9 depict the spatial patterns of the water pigments in six classes 

using two different methods: 1) NNLS + abundances, 2) NNLS + abundances + 

differences. The color bar shows the spectral angle ranging from 0 to 10 degrees. 

Discontinuities in the class map indicate individual pixels that may not be well 

represented by that specific class model, however, we are attempting to assess global 

patterns in the data as it is assumed the creators of the map applied the pigments in a 

relatively spatially contiguous manner. 
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(a)                                                         (b) 

 

(c)                                                         (d) 

 

(e)                                                         (f) 

 

(g) 

Figure 8. Spatial pattern of the spectral angles using NNLS + abundances within each 

class. (a) to (e) represent class 1 to 6 of the water pigment classification. (g) is the color 

bar ranging from 0 to 10. 
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(a)                                                         (b) 

 

(c)                                                         (d) 

 

(e)                                                         (f) 

 

(g) 

Figure 9. Spatial pattern of the spectral angles using NNLS + abundances + differences 

within each class. (a) to (e) represent class 1 to 6 of the water pigment classification. (g) 

is the color bar ranging from 0 to 10. 

 

Notice that most of the patterns are only composed of blue and cyan indicating 

that the spectral angle is generally around 2-3 degrees. The right part of Fig. 9 (e) 

contains some large values indicating a poor match to the class average. The right part 
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of the original Gough Map was badly faded and changed. The water pigments there do 

not provide much useful information. In this case, we ignore those few red points with 

large spectral angle in the faded areas. Since the spatial patterns are generally good and 

there is not much variability in each class, we conclude that our classification results are 

acceptable. 

4. Results for the Selden Map 

This section introduces the application of the proposed method to classify the water 

pigments of the Selden Map. 

4.1. Collection Parameters 

The RGB image of the Selden Map is shown in Fig. 10 (a) and several zoom windows 

of the landmarks are shown in Fig. 10 (c). Notice the differences between the water 

pigments across the entire Selden Map. In 2015, this map was imaged using a 

hyperspectral system in 12 spatially overlapping HSI chips. We label them as chip 1 to 

12 as shown in Fig. 10 (b). Note that chip 2 was lost during transmission. So that in the 

following figures, there will be a blank area in the map. All the calculations are based 

on remaining 11 chips. Similar to the HSIs of the Gough Map, the HSI chip of the 

Selden Map also has 334 spectral bands, ranging from 398.7 nm to 1000.3 nm (∆𝜆 = 1.8 

nm). The spatial size of each chip varies from 1600 x 2300 (pixels) to 1600 x 3250 

(pixels). Given the actual size of the map: 100cm x 160cm, its spatial resolution is about 

∆𝑥 ≈ ∆𝑦 ≈ 48	pixels/cm (0.02 cm/pixel). 
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(a)                                                         (b) 

 

(c) 

Figure 10. High resolution images of the Selden Map. (a) The RGB image of the entire 

map containing mountains, rivers, oceans, coastal routes, islands, cities and provincial 
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boundaries in different colors and patterns. The water (brownish green) pigment 

dominates this map; (b) RGB renderings of the HSIs representing the 12 overlapping 

chips of the Selden Map (chip 2 was lost); (c) Zoom windows of the landmarks with 

names labelled. Notice the differences between the water pigments. 

4.2. Results of Each Step 

We will follow the same procedure introduced in Section 2 to classify the Selden Map 

using the NNLS spectral unmixing method. However, due to the complexity of the 

pigments in the Selden Map, we extract the water pixels from the images by hand. The 

results of each step are provided in following subsections. 

4.2.1. Extract water pixels 

To accurately cover of all the water pixels, we use Photoshop to create a mask image. 

Fig. 11 shows an example process of extracting water pixels from chip 8 of the Selden 

Map. The original RGB rendering of the HSI chip is shown in Fig. 11 (a) and the water 

pixel mask is in Fig. 11 (b). The mask in Fig.11 (b) contains light green, dark green, 

brownish green and so on. Then we add a threshold to convert (b) to a binary image 

shown in Fig. 11 (c), so that the black pixels in (c) represent all the water pixels in the 

original chip, automatically extracted. The coordinates of those pixels are recorded for 

future mapping back into the image space. 
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(a)                                         (b)                                     (c)    

Figure 11. Process of extracting water pixels from one chip of the Selden Map. (a) 

Original chip 8 from the Selden Map; (b) Water pixels mask generated in Photoshop; 

(c) Binary image of (b) with black pixels representing water pixels in the original HSI. 

4.2.2. Extract endmembers and estimate material diversity 

After HSI pre-processing, including sphering the data and binning the data as before, we 

compute the MaxD to extract many endmembers and then use the Gram Matrix to 

decide how many endmembers to keep in each HSI chip. Note that we ignore chip 10 

because there are very few water pixels in that chip. Here, we only analyze the 

remaining 10 HSI chips. The results indicate that there are six endmembers in each 

chip, so that in total we have 60 endmembers. An example results of chip 4 is shown in 

Fig. 12. Fig. 12 (a) indicates that there are six distinct water pixels in the HSI. The 

reflectance of those six endmembers are plotted in Fig. 12 (b). 
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(a)                                                         (b) 

Figure 12. Material diversity plot for chip 4 of the Selden Map in (a), with x axis: 

number of endmembers and y axis: estimated convex hull volume. Endmembers plot for 

chip 4 in (b), with x axis as wavelength in nm and y axis as reflectance. 

4.2.3. Compute global endmembers 

Now we use K-means to classify the 60 endmembers into six clusters. Results are 

shown in Fig. 13 (a-f). The averaged spectra of each cluster are shown in (g), which 

represent six global distinct water pigment endmembers in the Selden Map. The 

endmembers in Fig. 13 (g) are not necessarily the same as the endmembers in Fig. 12 

(b). As discussed before, we need to compute an average spectrum within each class 

after K-means to provide the global distinct water pigment endmembers. Those global 

endmembers are used in the spectral unmixing to compute the abundances of those 

endmembers for all the pixels. As long as we have spectrally different global 

endmembers, the classes will be well separated, and class membership can be validated 

through analysis of the spatial pattern of the spectral angles between each pixel and its 

class mean. Note that some endmembers identified are not specifically “green” (i.e. Fig. 

10d) but are still taken from water regions on the map. 
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(a)                                    (b)                                          (c) 

    

(d)                                            (e)                                         (f)    

 

(g)    

Figure 13. K-means classification results of 60 primary endmembers of the water pixels 

in (a-f) of the Selden Map and averaged spectra of above six classes (g) representing six 

global endmembers. 

4.2.4. Classify the water pixels per chip 

We use NNLS to classify the water pixels based on the six global endmembers per chip. 

After acquiring the abundance matrix and the “abundances + differences” matrix, we 

use K-means classification to label the pixels. The results are shown in Fig. 14. The 
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results of the two different methods may are similar but with a few differences. Since 

we do not have ground truth data for those maps, the similarity in the two results 

provides qualitative confidence in the resulting class maps.  

  

Figure 14. Classification results of the Selden Map (combination of 10 chips). (a) is the 

spectral unmixing result using NNLS + abundances; (b) is the result using NNLS + 

abundances + differences. 

Notice that the green (water) pixels of the rivers are different in the south and 

north of the Ming Empire. Specifically, the green pixels in the north of Ming is the 

same as the green pixels in Ambon. The boundary of Korea is the same as the rivers of 

Ming, but different from those inside Korea. The green pixels inside Korea are similar 

to the land between Java and Banda. We can easily see the green waves in the Eastern 

Sea and find a folding line in the south of the Selden Map. 

Previous study of the Selden Map revealed that the Selden Map was frequently 

displayed by the early 20th century (Minte et al. 2014) and by the 1970s, the map was 
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badly damaged according to the conservation records (Minte et al. 2014). After its 

rediscovery in 2008, Kogou et al (Kogou et al. 2016) found three different green 

pigments using an X - ray fluorescence (XRF) Spectrometer, including 1) indigo, 2) 

copper green (a basic copper chloride and possibly malachite) and 3) orpiment. 

Researchers argued that the oceans of the map were painted with an uneven brownish 

green (Kogou et al. 2016) and the wave patterns might have been blue before the copper 

pigment oxidised (Brook 2013). Batchelor found that there was a kind of darker green 

pigment used around Korea and the south and west of Borneo (Batchelor 2013). 

Specifically, in Borneo, the new sea color blotted out what was formerly a region of 

land (Batchelor 2013). The darker green in Ambon and Timor might be a correction that 

removed a former connection between them (Batchelor 2013). 

Our classification result matches previous work and it significantly enriches the 

study of the Selden Map by providing a spatial classification pattern of all the water 

pigments as opposed to the point sampling of the XRF. These results give historians 

more insight on the map's creation, revision and even the transformation of the 

knowledge of the region. 

4.2.5. Spectral angle spatial patterns 

Figs. 15, 16 are the spectral angle spatial patterns of the map in six classes using two 

different methods: 1) NNLS + abundances, 2) NNLS + abundances + differences. Note 

that even though Fig. 15 (e) contains some points with large spectral angle, the class (e) 

does not provide much information about the water pigment diversity across the entire 

map, as most pixels in this class are in the boundaries of the oceans and mountains. This 

is due to the error when we create the water pigment mask. In this case, we ignore those 

few points. Since most of the spectral angles here are approximately 2-3 degrees, we 
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confidently conclude that our classification results are acceptable. 

  

(a)                                         (b)                                     (c)    

   

(d)                                         (e)                                     (f)    

Figure 15. The Selden Map spatial pattern of the spectral angles using NNLS + 

abundances within each class. (a) to (e) represent class 1 to 6 of the water pixel 

classification. (g) is the color bar ranging from 0 to 10. 
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(a)                                         (b)                                     (c)    

   

 (d)                                         (e)                                     (f)    

Figure 16. The Selden Map spatial pattern of the spectral angles using NNLS + 

abundances + differences within each class. (a) to (e) represent class 1 to 6 of the water 

pixel classification. (g) is the color bar ranging from 0 to 10. 
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5. Summary 

This research provides a spectral unmixing based application for pigment analysis of 

medieval maps using hyperspectral imagery and provide insight into the spatial 

distribution of various pigments across these large artifacts. Two famous maps were 

imaged using a hyperspectral imaging system at the Bodleian Library, Oxford 

University in 2015. The Gough Map, dating from the 15th century, is one of the earliest 

surviving maps of Britain in geographically recognizable form. The Selden Map, dating 

from the 17th century, is one of the “Treasures of the Bodleian”. Hyperspectral images 

provide both spatial and spectral information of these maps for the first time. In 

addition, the HSIs significantly enriched previous studies of medieval maps through 

global image analysis. The goal of this research is to estimate the green pigment 

diversity used to identify water in both maps and provide a global spatial pattern of the 

classification results. The Gram matrix and MaxD techniques are used to estimate the 

pigment diversity and extract the endmembers of each HSI chip. The NNLS spectral 

unmixing method is then used with K-means to classify all the water pigments into 

various classes. The endmembers are drawn from the data itself because 

mathematically, they are extrema points in the convex hull enclosing the data.  They are 

not necessarily the “best” representation of a pure green pigment, but in the absence of 

ground truth, they do meet the mathematical description of endmembers as exemplar 

spectra in the high dimensional hyperspectral data space. Consequently, some extracted 

endmembers are expected to represent “pure” pigments, while others can be expected to 

represent mixtures that are unique in the high-dimensional data space. Especially, to 

validate the classification results, we compute the quality of the class assignment by 

calculation of the spectral angle between each pixel and its assigned class mean within 

each class. Given the dominant spectral angle is around 2-3 degrees, we are confident 
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that our classification results are acceptable. 

The conclusion of this research contains two parts. For the Gough Map, we find 

six distinct water (green) pigments present in the map. There is a clear separation 

between the ocean area and the coast and waterways. For the Selden Map, there is a 

clear separation between north and south in the rivers of the Ming Empire. The green 

pigment of the rivers in the north is similar to that in Ambon and west of Banda. The 

pigment inside Korea is close to the land between Java and Banda. The green waves in 

the Eastern Sea and the folding line in the south of this map can be easily noticed. The 

classification results contribute to previous study by providing a spatial classification 

pattern of the water pigments across the maps. Apparently, the spatial distribution of the 

water pigments is related to the timeline of the construction and correction of the 

medieval maps. Historians will benefit from this research on the study of the maps' 

creation, revision and the transformation of the continent. In addition, the proposed 

class assigned validation method provides a good way to verify the classification results 

in circumstances, where ground truth is not available. This research can be generalized 

to a novel pigment mapping approach for historical geographers and cartographic 

historians to study the material diversity of historical artifacts by using hyperspectral 

imaging and consequently, contribute to the codicological study of cultural heritage 

artifacts. 
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