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ABSTRACT

This thesis is concerned with polarization effects in 

elastic electron-proton scattering. The principal results 

are summarized below.

A general polarization analysis of high-energy electron- 

proton scattering is first presented, and the problem of a 

'complete set 1 of experiments, which allow a unique determination 

of the elastic scattering matrix at one energy and scattering 

angle, is discussed. A straightforward reconstruction 

procedure is shown to be inadequate when an expansion of the 

strength of interaction in powers of a t the fine structure 

constant, is reasonable: an alternative procedure for this 

case involves using both electron and positron scattering 

experiments. Although the experimental evidence for the one- 

photon-exchange approximation in electron-proton scattering is 

generally accepted to be very good, from a strictly logical 

point of view the analysis is incomplete and does not permit 

an unambiguous determination of the two-photon-exchange 

amplitudes. It is shown that measurement of various polarization 

tensors for both electron and positron scattering could 

eliminate the ambiguity.

Some interesting polarization experiments are then con­ 

sidered, in the one-photon-exchange approximation. A specific 

experiment is suggested to measure the electric form factor 

of the proton Gs , and explicit expressions are derived for 

the proton depolarization tensor. In the time-like region, 

the form factors are not restricted to real values and a
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 generalized 1 polarization-asymmetry relation for the two 

crossed-channel processes, PP -* e e and e e -fr PP, may 

be derived. Violation of this relation would represent a 

violation of time-reversal-invariance and 3tr -invariance.

The polarization of the recoil proton in elastic electron- 

proton scattering is strictly zero in the one-photon-exchange 

approximation: any non-zero polarization must, to lowest 

order in a, arise from interference of the one-photon-exchange 

amplitudes with two-photon-exchange amplitudes. The contri­ 

bution to the polarization of the two-photon-exchange 

amplitude with an elastic intermediate state, is calculated 

for arbitrary form factors for the proton. Numerical results 

are displayed for two interesting oarameterizations of the 

form factors. This elastic effect is expected to be a good 

approximation to the polarization up to energies where the 

production of inelastic states becomes important. A rigorous 

upper bound is derived for the contribution to the polarization, 

of all two-photon amplitudes involving multi-particle 

intermediate states: the bound involves measurable inelastic 

electron-proton cross sections. However, a rough numerical 

estimate shows the bound has very limited usefulness, since
i

it leads to very large bounds at large momentum-transfers.
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CHAPTER 1 

INTRODUCTION

Electron-proton scattering experiments probe the electro­ 

magnetic structure of the proton. Electron-photon interactions
M are well-described by Quantum-Electrodynamics : the classical

limit of Quantum-Electrodynamics as given by the Maxwell 

equations in fact provides the very basis of measurement in 

particle physics. To lowest order in a, the fine structure 

constant (a *>* 1/137), the electron-photon vertex can be 

treated as a point interaction of a Dirac particle. The electro, 

magnetic interactions of mesons and nucleons are influenced 

by their strong interactions: the existence of an anomalous 

magnetic moment for the proton is evidence for these strong 

interaction effects. For the interaction of a virtual photon 

with a proton, the modifications due to virtual strong inter­ 

actions may be expressed in terms of two form factors, G£ and 

Gj,, which are functions only of the squared four-momentum 

transfer. These two structure functions describe the dynamic 

distribution of electric charge and magnetization respectively 

in the nucleon. (This decomposition into electric and 

magnetic distributions is frame dependent: the above inter­ 

pretation is valid in the proton Breit frame.) An analysis 

of elastic differential cross sections, in the one-photon- 

exchange approximation, for electron-proton scattering

For a recent review of the current 1 status of Quantum- 
Electrodynamics, see the article by S.J. Brodsky in the 
"Proceedings of Uth International Symposium on Electron and 
Photon Interactions at High Energies" (Liverpool, 1969).



therefore yields information on these two structure functions. 

In the context of Strong Interactions, the problem of the 

electromagnetic form factors of the nucleon is very interesting 

since the quantum numbers of the virtual hadronic states are 

restricted to those of the virtual photon. However, it is 

probably fair to say that, at present, there exists no wholly

satisfactory theory able to predict the experimentally
x

observed behaviour of the two form factors.

Inelastic electron-proton scattering, observing only the 

scattered electron in the final state - in the terminology of 

Peynman [75] an 'Inclusive 1 experiment - provides additional 

Information on the structure of the proton. Recent experiments 

seem to indicate a remarkable 'universal 1 or f scale invariant 1 

character of the data, and this characteristic has given rise 

to speculations about a composite nature of the proton [60].

It is relevant to remeraber that all these considerations 

are based on an analysis to lowest order in a; corresponding 

to a single photon exchanged between the electron and the 

hadrons. It is therefore worthwhile to examine in detail
*

the basis for this approximation.

In an expansion of the strength of the electron-proton 

interaction in powers of a, there will be amplitudes involving 

the exchange of two photons between the electron and proton: 

such amplitudes are of relative order a with respect to the 

first Born amplitude. However, in between absorption and 

emission of the photons, the proton can be 'polarized 1 , i.e.,

A selection of the early experimental and theoretical 
work on nucleon form factors may be found in the collection 
of reprints edited by a. Hofstadter, 'Nuclear and Hucleon 
Structure 1 (Benjamin 1963)* A review of the current situation 
is given in reference [12].
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excited to arbitrary resonant states of various multipole 
orders. It is therefore possible that contributions froc 
intermediate states, resonant or otherwise, could partly 
compensate the small factor a. For example, in proton Compton 
scattering at photon energies near 300 MeV, the resonance
peak in the cross section is about ten times larger than the

x aalculated cross section for a point proton. Similar effects
could enhance the virtual Compton amplitude which is involved 
in two-photon terms, although previous calculations [38 - Z&j 
suggest that such resonant enhancements lead only to very 
small deviations from the one-photon-exchange predictions. 
The effect of the elastic intermediate state can be calculated 
in terms of the elastic form factors GE and Q^. For an 
exact calculation (to this order in a) of all the possible 
inelastic contributions, the corresponding 'inelastic form 
factors' would be required. As fa as is known, the resonance 
form factors appear to have a similar momentum transfer
dependence to the elastic form factors, apart from a thresholdxx 
factor : at large momentum transfers they produce strong
damping. However, the inelastic scattering seems to indicate 
that resonance contributions are not the most important 
in the deep inelastic region. It may therefore be premature 
to dismiss the two-photon-exchange contributions as unimportant 
over the whole range of s and t, (s and t are the usual 
Mandelstam invariants), on the basis of calculations involving 
only resonance contributions.

See the review article by S.D. Drell in "Enrico Penni School, Course XXVI" (Academic Press 1963). 
** For a recent review, see reference [72],
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Experimentally, effects depending on two-photon-exchange 

have so far remained undetected [12], [18]. However, the 

experiments involve only differential cross section and 

polarization measurements and these two results do not adnit 

an entirely unambiguous statement as to the size of the two- 

photon amplitudes. These two experiments do not constitute 

a "complete set" for a unique determination of the elastic 

scattering matrix at a given energy and angle, heasureiaente 

of the various polarization tensors could remove this un~ 

certainty. In the one-photon-exchange approximation, measure­ 

ment of these polarization tensors could provide a better

determination of the electric form factor GP , than is possible.**».
from differential cross section measurements.

After this introduction and motivation, we now outline 

a plan of the thesis,

In Chapter 2, we consider the problem of a 'complete- 

set 1 of experiments for high-energy elastic electron-proton 

scattering. Reconstruction procedures are discussed first 

for the case when an expansion of the strength of interaction 

in powers of a is not justifiable, and second for the 

situation in electron-proton scattering when such an expansion 

is reasonable.

Chapters 3 and k are concerned with some polarization 

experiments in the one-photon-exchange approximation. A 

specific experiment which could be used to measure the electric 

form factor of the proton GE , is described in Chapter 3. 

Chapter k contains a discussion of polarization effects in 

the time-like region, and a 'generalised 1 polarization asymmetry
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relation is derived.

In Chapters 5 and 6, we conrider the polarization of 

the recoil proton in elastic e-p scattering from unpolarized 

initial particles. The lowest order polarization must arise 

from interference of two-photon-exchange amplitudes with the 

first Born amplitudes. In Chapter 5* the contribution of the 

elastic two-photon amplitude is calculated. To illustrate 

the techniques involved the simpler spin 0 - spin I process 

is first discussed. The methods are then generalized to the 

complete spin J - spin i calculation, where one of the particles 

possesses arbitrary form factors. A covariant foraalieza is 

used for all these calculations and the mechanism for the 

cancellation of the infra-red divergence for the polarization, 

is explained. Numerical results are displayed for 'dipole 1 

and for 'point-like 1 form factors.

Finally, in Chapter 6, we consider the effects of in­ 

elastic intermediate states in the two-photon-exchange ampli­ 

tudes. After a brief review of previous calculations of two- 

photon effects, a rigorous upper bound is derived for the 

contribution of the inelastic states. A numerical estimate
 

is obtained for the bound, and the results discussed. We 

conclude with some comments on two possible models for the 

inelastic intermediate states, and a few general remarks about 

two-photon-exchange contributions.
»

Three appendices are included in the thesis. Appendix I 

contains details of the helicity conventions used in Chapter 2. 

Our metric and y-matrices are summarized in Appendix 2, where 

we also give some useful trace theorems. Appendix 3 contains 

some details of the integrals required in Chapter 5.
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CHAPTER

OF TH.£

c. * - a T* R T Y rv, , r.rt A. i.li. A

2.1 Introduction

In this chapter w© shall consider the problem of 

reconstructing the elastic scattering matrix, at a fixed 

energy and scattering angle, for high-energy electron-proton 

scattering directly from experimental measurements at this 

energy and angle. The analysis will first be presented in 

a form independent of the strength of the interaction: it 

is therefore immediately applicable to the scattering of 

high-energy electrons by a nucleus of arbitrary charge Ze, 

with ground state spin i. We shall then specialize to 

electron-proton scattering where an expansion of the strength 

of interaction in powers of c, the fine structure constant, 

is meaningful. It will be seen that such an expansion 

radically affects the reconstruction programme for the 

scattering matrix.

Our analysis is restricted throughout to high-energy 

electrons. This results in considerable simplifications, 

since amplitudes in which the electron helicity changes are 

of order jj with respect to the helicity conserving amplitudes 

(ji is the electron mass and 03 the electron energy.) Thus 

in this high-energy licr.it, we need only retain amplitudes 

in which the electron helicity is conserved. This approxi­ 

mation is justified in detail later in the chapter.
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The problera of direct reconstruction of the scattering 

matrix at one energy and angle has been solved completely 

for the proton-proton system [1,. (In what follows, we shall 

often omit to state explicitly that the reconstruction is 

at fixed energy and scattering angle: this is implied 

throughout this chapter.) If isospin-invariance is assumed, 

the proton-proton analysis is trivially extended to the 

nucleon-nucleon (N-N) system. As a preliminary to our analysis 

of electron-proton scattering, we review the problem of a 

unique reconstruction for the N-N system. We shall then discuss 

the extension of this procedure to the electron-proton (e-p) 

system, indicating the special features that arise.

Progress in the production of polarized beams of 

nucleons, and of polarized proton targets has now made the 

problem of extracting maximum information on the N-N scattering 

matrix, amenable to direct solution. Such a possibility 

was first considered in detail by Puzikov, Ryndin and 

Smorodinski [2], and somewhat later by Schuraacher and Bethe 

[3j. Assuming rotation-, parity-, time-reversal- and 

isospin-invariance, there are five independent scalar 

amplitudes for the N-N system [4j. The general method of 

reconstructing the elastic scattering aatrix, free from 

additional hypotheses about inelastic processes - necessary 

in a phase-shift analysis, consists in determining these 

five complex scalar functions directly from the experimental 

data on elastic scattering at fixed energy and scattering 

angle. Since the experimental quantities involve the 

scattering matrix quadratically, this method can only
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x 
determine the scattering matrix up to an overall phase.

Therefore for complete knowledge of the five amplitudes 

up to this overall phase, it is necessary to determine nine 

quantities. However, since the observables are bilinear 

in these scalar amplitudes, more than nine measurements are 

needed to obtain a unique reconstruction of the scattering 

matrix. Schumacher and Bethe [3] nave given a unique 

solution for these five amplitudes, with an arbitrary common 

phase, requiring measurements of the differential cross 

section, polarization, depolarization tensor, polarization- 

transfer tensor and the polarization correlation tensor - 

eleven quantities in all. Simplifications of this procedure 

involving third and fourth rank polarization tensors have 

also been considered [5].

The analysis for N-N scattering is generally presented 

in the two-component spinor formalism appropriate for non~ 

relativistic particles. However, Stapp [6] has shown that 

the simple non-relativistic formulae can be taken over to 

the fully relativistic case with only minor changes. These 

modifications and their effect on the reconstruction 

procedure are considered in detail in a recent paper by 

Bilenkii, Lapidus and rtyndin [7j.

A recent review of the N-N system and of polarization 

formalism in general is given in reference [1]: this represents 

a considerable up-dating of the 'classic 1 review by 

Wolfenstein [8j.

x
The unitarity relation involving measurements at all 

angles, allows this phase to be determined. This is because 
of the non-linear nature of the unitarity condition on 
the T-matrix.
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For the general spin i - spin J elastic scattering 

problem, assuming rotation-, parity- and time-reversal- 

invariance as before, there are six inde t scalar 

amplitudes. The analysis of a complete set of experiments 

is now a straight-forward extension of that for the N-N 

system, except that there are now two depolarization tensors, 

two polarization-transfer tensors etc.[l]. However, when one 

of the two spin | particles is an electron, there are some 

additional interesting features. Since only amplitudes in 

which the electron helicity is conserved do not tend to zero 

at high energy, the number of non-zero amplitudes is reduced 

to three in this limit. The price for this reduction is 

that the number of possible 'inequivalent' experiments is 

also reduced. Furthermore) when we make an expansion of the 

strength of interaction in powers of c, other features emerge, 

peculiar to lepton-proton scattering. We shall now discuss 

the meaning of this expansion in some detail.

In this expansion, the lowest-order term in the 

amplitude is merely the usual one-photon-exchange approximation. 

As is well-known, (and will be discussed again in Chapter 3), 

the one-photon-exchange amplitudes can be parameterized in 

terms of two unknown real scalar functions - the form 

factors GE and OM - that depend only on the square of the 

four-momentum-transfer of the virtual photon, Thus the six 

independent complex scalar amplitudes reduce to tv/o unknown 

functions in this approximation. This results from the

In this case, the eo-called singlet-triplet transitions 
are no longer forbidden (as they were for the N-N system).
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factorizabtllty of the one-photon amplitude

k f p f k',p' l^-momenta

helicities

«. fi
IL

e e

in an obvious notation.

The electron current is assumed to be given exactly by

u i.tMY^ u(k f |i) (2.2)

From Lorentz Invariance, Hermitlclty of the Electromagnetic 

current, and current conservation, the most general form for 

the proton current can be written in terms of two real 

independent scalar amplitudes [9]*

u(p,X;

where I""1 ^ can be written

( 1 + t. )
\ / ».-

with

(P and aL

(2.3a)

(2.3b)
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p1 ' M 2 .M is the proton mass : P = P

The initial and final spinors are assumed to satisfy 

the Dirac equation.

The necessity for just two form factors can be most 
easily seen in the proton Breit frame, where the form factors 
GE and G are directly proportional to the helicity-flip 

and non-flip amplitudes respectively [10].

Figure 2.2

Proton

Breit

Frame

It'

X
A

q » k-k 1 » p'-p

In this frame :

q^ « (0, 0, 0, 2p) p «

i.e., q has no time-like component.

We find, using the appropriate helicity spinors for 
the proton current, the matrix elements

A.' i X.  - i for proton 

helicity i

G( q2 ) [ 1, 0, 0, 0 ]

[ c, i, .1, o ]



We remark here that this decomposition - helicity flip 

proportional to GE> and non-flip to Gf, - is also valid in 

the LAB frame in which tne initial proton is at rest. In 

the centre of momentum (Cli) frame, which ., , reached from the 

Broit frame by a Lorentz transformation in the xz-plane but 

not purely along the z-direction t proton helicity-flip and 

non-flip amplitudes are proportional to linear combinations 

of the form factors GE and G^. These combinations can be 

calculated in a straight-forward manner, but th© actual 

expressions are not very illuminating: they are given in a 

later section.

In the one-photon-excnange approximation, it is easy 

to show that

helicity flip ,_ ^- (2.5)

(tVnon-flip

We shall show later that this result remains true for 

the exchange of any number of photons*

Having discussed the lowest-order term in the expansion 

of the scattering amplitude in powers of a, in some detail, 

we now consider terms of order G/". These contain the two- 

photon-exchange diagrams

Figure 2.3
e 1
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As emphasized by Feynman [11] several years ago, the form 

factor analysis above is not appropriate for these two-photon- 

exc _ is. ,'iere will be contributions from all 

allowed hadronic intermediate states *n' f and clearly it i« 

not possible to factorize the amplitude as in the one-nhoton 

case. In the absence of a complete theory for ealculati;^ 

the contributions of all these intermediate states, we must 

consider six unknown amplitudes of relative order a . In

the high-energy limit, conservation of the electro 

helicity leaves us with three non-va^ ̂ hlng coracle:?

Because of the smallness of a, we shall ignore higher- 

order terms in the expansion. Thus we are interested in the 

orie-photon-exchange forra factors, G^ ana u^, and in the three 

independent two-photon-exchange amplitudes.

To date, two types of experiments have been performed, 

which specifically look for the existence of two-photon- 

exchange effects. These are the difference in e~p and e*p 

differential cross sections, and the polarization of the recoil 

proton from an unpolarized initial state11 , which defend on 

the interference with the one-photon amplitudes, of the real 

and imaginary parts respectively, of these two-photon 

amplitudes. A recent review [12] concludes that "at present 

the experimental data show no evidence for the existence of

two-photon exchange effects, but, of course, they only cover
o 

a small part of the range of q~ and 8 for which cross sections

Since Time-reversal Invariance is assumed, measurement 
of the left-right asymmetry in the scattering; of electrons by 
polarized protons is equivalent to the measurement of the 
recoil proton polarization from unpolarized initial -art 
(.See the later sections of this chapter.)
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have been ueasured and form factors calculated on the basis 

of one-photon exchange". From a strictly logical point of 

view, since there are three unknown two-photon amplitudes, 

the possibility exists for some cancellations to take place. 

Therefore the smallness of the experimentally observed 

effects does not preclude the possibility of sizable two- 

photon amplitudes. We shall therefore consider what experi- 

-c;its are necessary to separate the three two-photon-exchange 

contributions, and if indeed, a unique separation is 

possible.

To summarize, after giving a brief outline of the 

contents of this chapter, we have reviewed the reconstruction 

programme for N-N scattering. This is compared with the 

procedure for e-p scattering, and the expansion of the 

scattering matrix in powers of a is discussed. Finally, w© 

see that present experiments measuring the two-photon 

contributions do not constitute a complete set allowing an 

unambiguous interpretation. This then, provides the 

motivation for our analysis.

2.2 Heli.clty Xmplitudes for e-p Scattering

1 The Helicity Formalism

Instead of the two-component spinor formalism usually 

used in the N-N analysis, we shall use the 'Helicity 

Formalism 1 [13 j. This has the advantage that the  relativistic 

rotations 1 [6], necessary in the two-component formalism when 

dealing with relativistic par6icles, are avoided. This is 

due essentially to the use of different rest-frames for each
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particle, derived by direct ^orentz transformation from 

the CH frame. For spin 0 - spin ft scattering a discussion 

of this formalism has been given by Jacob [IU,- ne 

extension to apin ft - spin 4 scattering is discussed later 

In this section and also in Appendix I.

Cross sections, polarizations, and the various 

polarization tensors will be expressed in terms of CK Helicity 

amplitudes. Our conventions are presented in detail in 

.endix I: only a brief outline will be given here.

A one-particle helicity state for a particle with 

helicity \ , irioving with momentum p in the direction (fe, 

is defined

t »,0) |0 0 ps \ (2.6)

Because of the phase ambiguity, the helicity state for a 

particle moving in the negative z-direction must be defined. 

We choose

, -itrs
|0 0 -p; \N m e a(fr,*r,G) \ 0 0 p; X/>

(2.7)

» (~l) 8~ X E(G,?r,C) \Q 0 p;

where s is the spin of the particle. The motivation for 

this choice is discussed in reference [13],

Two-particle states in the CK system are constructed 

as direct products of one-particle states

(7.8)

where A is a convenient normalization factor. Particle 2
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has the additional phase factor of onr convention (2.7). 

For electron-protor scattering, the initial state is 

defined by

P « 0; 0 0 p

where particle 1 is always chosen to be the proton and 

particle 2, the electron. For the final state, we shall 

take from now on, 0 « 0, thereby specifying the X*... A j.ane 

as the scattering plane.

\ f } - \ « o o e

* article I 1 we shall call particle 3 and is always taken 

to be the recoil proton; particle 2* or LL is the scattered 

electron. It is often more convenient to use re tively, 

the labels a, b, c, d instead of l f 2, 3t k.

Since our prescription (2.6) for generating the single. 

particle states can also be regarded in t^ -nnRpivft fmr-se 

as describing the same state in two different reference 

systems, our convention amounts to defining the orientation 

of the rest frame axes. For two-particle helicity states, 

our conventions (2.7) and (2.8) amount to an additional 

rotation by n about the z-axis, of the rest frame axes of 

. rticle 2, relative to those of particle 1. Thus for ep- 

elastic scattering in the CM system, we have defined the 

'helicity rest frames 1 for each particle that are shown 

in Fig. 2.k.
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Figure 2,U

OH-system

3-axis parallel to j> Z 

2.axis parallel to 35 £* T 

1-axis completes Right-handed (H.H.) set X

Heliclty Rest-Frames of the Individual Particles 

3-axis along direction of motion in CMS 

2~axis for 1 and 3 parallel to X 

2-axis for 2 and k anti-parallel to I 

1-axis completes RH-set

The differential cross section can be written:

K X

p CH momentum; CM energy
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This is the differential cross section for the particles 

with the specified helicities - particle a, initial proton - 

nelicity \ , etc., ''or convenience «c defir^ - iir* 

amplitudes f so that

I kr, »*^i_< ....
(2.9)

For unpolarized particles in the ini^- 1 state, and no 

measurement of the final polarizations we must average over 

the initial helicities and sum over final

d*/unpol. (2sa+l)(2sb-H) X X X X : X X

(2.10)

In general, the initial spin state is described by 

a density matrix. (Appendix I contains details of our 

density matrix formalism.) For the spins in the initial 

state uncorrelated, we can write

a (2.11)

The differential cross section for no measurement of 

final polarizations is then given by

m ,

XX

Tr f (2.12)

(The notation f is used to denote complex conjugate of f.)
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For unpolarizel particles ir nitial state:

PO1 I__ 155J —————————————"-" " "———' u Ll - ~ « 4.

(2s 
a

We note that the matrix elements of the density matrix are 

referred to the Heliolty basis

°x x \ xb
iJ

where the helicities X - are the z-component of the spin 

in the f helicity rest-frame* of eaca particle, as aained 

in more detail in Appendix I, provided we interpr^o »,.~ 

polarizations P^ and the spin operators 6^ as referring to 

the helicity rest-frame of each particle 'i f t we can expand 

the density matrix exactly as for particles at rest. For 

example, if the initial state spins are uncorrelated, we 

can write

> O * Ub * lib • ffb )

where £a , &3 and Pb§ <Tb refer to different rest-frar.es

- the helicity rest-frames of particle a and b respectively.

^^~ measurements of final state polarizations, it is 

convenient to use the final state density matrix pf defined 

by

Pf •* f p,ff (2.13)



and -. ilized so that

Tr [pf j - 1. 

In our helicity basis, the matrix elements of pf are

Pf S2 Off

I J f I »

XX X'X 'X X

The expectation value of an observable A referring to

the spins of the final particles is :

< A> m IT [ pf A j (2.15)

where the Quantities C^ A ^ refer to observable® in the rest-

franies of particles c and d f i.e., referred to the axes 

(x y z ) and (x y z, ) of Fig. 2.U.

Thus with this formalism, we can express the results 

of all possible polarization experiments in e-p sc^tterincr, 

in terms of our CM Helicity amplitudes. Before doing this, 

we shall consider in the next section, the restrictions imposed 

by parity- and time-reversal- invariance, and also make an 

aDuroxiination specific to the high-energy limit.

2 Invariance! Requirement^

(I; ^>pace Inversion

This symmetry relates amplitudes
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Define:

*b P - X c - X

From the behaviour of the helicity states under 

inversion and from the rotational properties of the helicity 

amplitude f, V x($,W) t we find :

, ^ v ,
X : -X -X X X ;\,c ; ^a b o u a.

(2) Time Reversal

Time reversal relates the process \O ^ ^ X to
A^ '^'x.

the inverse process \ f ̂  -^ \ i > , where the tilde 

indicates the time«reversed states. For elastic scattering 

therefore, we derive a restriction on the amplitude. Using 

the time-reversal properties of the helicity states and the 

rotational properties of the helicity amplitudes, we obtain:

(2.18)

For spin | - spin \ scattering we have at most 2^" = 16 

independent amplitudes. It is evident that the parity 

condition halves this number. Application of the time-reversal 

condition (2.18), in conjunction with the parity restriction 

reduces the eight remaining amplitudes to six independent 

amplitudes. These are shown in Table 2.1.
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Table 2.1

- stands 

for 

helloity

3 H ljgb~&ner<jp[ ARpjgoximat1 oia

At this point, the analysis will be simplified by making 

an approximation specific to the limit of high-energy electrons 

this limit can be represented symbolically by p ~> , We 

shall now show that all amplitudes that Involve a change in 

electron helicity are of order (^) with respect to hellcity- 

conserving amplitudes•

The Dirac equation can be written

Hu (2.19)

' <8»re u * 0 is a four-component spinor 

, X two-component spinors*

i in/r the high-energy representation of the Dirac matrices
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O

We obtain :

cr • p 0 « f 0 - p X
(2.20)

5 * P X * ~p * p

.V I*i.e., the coupling between 0 and X is only of order p ,
In the lissit p ^- °» 0 and X are eigenstates of the 

helicity operator and the Birac equation splits Into a pair 

of two-component equations.

Consider now the 'chirality 1 operators

- - Y5>a » ———— ̂- (2.21)

These have the property that

u - It] s u = (x)

and a2 »a; a + a * 1; aa«0.

Also in our high-energy representation a « a"*".

It is easy to see that only vector (V) and axial vector 

(A) interactions preserve 'chirality 1 . .*or example:

— p +, —% o M/ —»u Y u » u'(a^a) r Y (a+a)u

t o ^ t— o !?— - «*aY Y au ^ U'SY Y au U.22)



Thus the ft spinor couples only to #, and X ' /C . 

In the high-energy limit ^ ~*> 0, 0 and X are helicity 

eigenstates and therefore V and Interactions co< i crv3 

helicitj', in this limit.

In a sequence of V or A interactions (such as Fig. 2.5), 

if the free mass \\. is neglected, the chirality is still 

preserved. If we assume that an electron only interacts with 

photons via vector interactions, then in a sequence of 

interactions like that shown below, even though t^ ^ -*<*•*- 

mediate electrons are off mass-shell, the chirality is 

preserved (up to corrections involving the electron mass JL) . 

Thus the initial and final free electrons have the same 

chirality, and since both are assumed to be of high energy, 

consequently, the same helicity.

Figure 2.5

Thus amplitudes which involve a change of electron helicity 

will be of order Jj, where w is large, with respect to the 

helicity-conserving amplitudes in the high-energy limit.

Therefore, in electron-proton scattering, we shall assume 

that only amplitudes which conserve the electron helicity 

do not tend to zero at high energy.



i.e.

electron
f *—————* . r . . (2.23) 
X X X \

proton

Thus in the lirrdt

0; f, -> and f -> 0 (2.2U)

we are left witn only tnree non-vanishing .-aues in

this limit. For these we shall adopt the following notation.

fT (2.25a)L

'Line 1 helicities of electron and proton

fU

'Un-like 1 helicities for e and p

f a f = -f m -I - I x

(2.250)

X '^ -mge 1 - proton helicity is flipped.

in this limit, for complete knowledge of the 

scattering matrix, we need only determine three c 

amplitudes fLt fy and f^: only five independent



if an overall phase is undetermined.

However, although the number of amplitudes * -ed f 
so is the range of possible experiments. i^.e "H^* * - f 
since electrons only interact via vector interactions which 
conserve helicity, detectors are only sensitive to longitudinal 
polarizations. Measurement of a transverse polarization 
involves a measurement of the relative phase between the two 
helicity states which is not possible in f>*« limit. We must 
recognize this limitation and restrict the discussion to 
experiments involving only longitudinal electron polarizations.

k Summary

Assuming parity- and time-reversal-invariance (Till), 
there are six independent helicity amplitudes for e-p 
scattering. We also assume that the electron has only vector

£(electromagnetic interactions , which leads to the vanishing 

of three of the six helicity amplitudes as \i

2.3 All possible ̂ le^c^rQn^prQton scattering experimentf.

1 Introduction

Table 2.2 shows all possible experiments for elastic 
electron-proton scattering. A similar table was ;:iven 

for the nucleon-nucleon case in reference [2j. .ach 
exDert^ent is categorized bv f ' iA initial spin-state of the 
target protons and electron beam, and by the measured result

In principle we could also allow axial-vector 
interactions. ?y the " :-Gell- [15] V-A theory, 
a similar analysis could be made for weak interactions.



2.2

All possible e-p :joatj;erinf:

Initial

section

red 
.on

ation 

tion

Unpolarized 
earn

ds

Polarized

arlzed

di
*

e

Unpolari 
Beam

dcri45 I P
T — 'I -P* o'

(pe)
a.

(P)

ikft

alarized

olarized

* * et>

,,(0) 
IJt

m
(p) 
ijk

and recoil proton polarization direction ;F 
j,e and acnttftr** »I™*T.™ oolarizatlon direction in i 

(P-I? s Hoi?. 3)

D Depolarization t - K Polarissatior Jr '
C r ' vrw»lation Tensor

(The notation is explained in detail in tne text.)
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e.g« t differential cross section, polarization, etc.. Our

Nation for the various tensors is similar t *ce [2], 

a KI #e use the no lature of Bethe ana ^cnu^acrier L 3j fcr 

the second-rank polarization tensors. One 

difference however, is that r>ur tensor indice 

directions in the helicity rest-f- (H.H.F.) of each 

particle: our procedure is entirely relativistic. 

The subscripts used are as follows :

Proton a : i initial proton polarization direction in HEP a

Electron b: j initial electron polarization direction in HHP b

i'roton c : k final proton polarization direction in uuF c

Electron d: final electron polarization direction i** ^iF d.

•3 tensor indices will be used consistently, and farther 

subscripts, e.g., 1 , will in general be omitted. For
€*

specific components, we us© the notation x , yb etc., where 

refer to directions i" the appropriate HHP.

The two-index tensors will be referred to as :

^polarization tensors - of electron and proton

K : Polarization-transfer terrors - from electron to proton
and vice-versa - K (ep) , K ipe) 

C : Jorrelation tensor.

The remaining two- index tensor C» , that arises in the 

differential cross section for scattering of a polarized 

electron beam by a polarized proton target, will be seen 

later to be essentially equivalent to the correlation tensor C.
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,;e shall first consider 'simple' —periments involving 

only tensors up to rank two t and each type of exper; ^t 

will be briefly discussed. We shall see that the nption 

of parity- and ti^-reversal-lnvariance relates several 

tensor components and gives rise to 'equivalent 1 e -ts. 

The most well-known e* \e is the polarization-asyt^iuiii-jr 

relation first proved for N-N scattering by Dalitz [k] 9 ®&& 

by Wolfenstein and Ashkin [Uj. However, as a cc nee 

of our limit p. -^6, we have additional relations and restric­ 

tions on the possible experiments. As discussed above, we 

restrict ourselves to experiments involving only longitudinal 

polarizations of the ingoing and outgoing electrons,

Ve remark here that historically, the parameters 

measured in N-N scattering using unpolarized targets, were 

called the 'parameters of single, double and triple 

scattering'[8]. These names originated from the exr- ^nental 

conditions in the absence of polarized targetP, and also of 

Injectors of polarized particles. With the advent of polarized 

targets, this nomenclature IB no longer so appropri

2 The 'Simple' E^peri men ts: Tensors with up to .Two Indices

(1) Un.pQ.larized Cross section In

For an unpolarized electron beam incident on an un­ 

polarized target, the initial density matrix is proportional 

to the unit operator in the combined spin-spaces.

O 1a © lb 

The differential cross section with no neasurer.ient of the
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final rtate polarizations is then given by

= I 0 , Tr [ f PO f* 3 
do

U. i 4 i./

I
k XX XX XX^a D o a a u

X0Xd

Using : fv x . v v - ®\ \ X X 1 X0 A A, .A Aw A^A^ ^ A ,A A ,

we ouuain

i . ^ [ |rr -f if. T i 2 ] + if Y i 2 (2.26)o ^ u« AI 

This is the 'parameter of single scattering 1 .

(2) Proton Polarization and Asymmetry bxperiments

With unpolarized electrons and a polarized proton target 

in the initial state, the initial density matrix is :

P 1 - i da * Ia • §a/ O lb 

£,, and <T refer to directions in the HRP of the initial proton.
^"* O»

The differential cross section with no neasurement of a 

final-state polarization is then

s I = Tr [ f p1 f* ] 
P

» I 0 (1 -f P • A) (2.2?)

1 0 A - 5 Tr [ f O
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ity-invariarice, ^1^ ' of %& 

to the scatterin, -plane leads to any asymmetry i *•>•*

sectiun.

I.e., A * A n (2.28)

n
U A£

.,c i ind

I A » Im ff_ ?v j + 1m [fn fY j (2.29)
O A U A

Now consider the experiment involving measurement of 

the polarization of the recoil proton produced in the collision 

of unpolarized electrons and protons. Parity-invariance 

restricts the polarization to be in a direction parallel to 

n - the normal to the scattering-plane* The final-state 

density matrix is given by

I0pf • fpoft • i fft

•> polarization of the recoil proton by

r [p e ld j (200)

Thus

' 1 I . » * -* f 7
o yc £ KK X \b KX X\ XX XX *x VAX

•* u - ~ - - - A < A AA

X X

We obtain :



This is the polarization-

of P is often called tho '

;ry relation. 

:r-T:':?ter of doubl

it

-ing 1 ,

since it ic ally determined by aeasuri; -try

1 M -• second scattering from a target o^ ^n.nwn nnflivrring power.

However, because of relation (2.31), this pc, -r can be

ned by a single sc- f e:-l ; by a polarized ; t.

The polarization-asy^rnetry relation is a consequence 

of our assumption of THI [k]. For spin 0 . spir - 

thft relation follows from parity- and rotation-i 

alone t and thus one may wonder whether in our appro ion

t o C f Till is necessary to prove this relation. It is easy
(o)to a&G why TRI is still required to prove Pyc

1*Assuming parity-lnvariance, but 

we have the following table for the independent helicity 

amplitudes in e-p scattering.

Table 2.3

X X
-i f

*

+

•

X + +

x. ...

fl T 2 f 3 f*r *--j-

* 7 * ^ * r\ * Q • -/ VJ O

-f8 f6 r 5 - f ?
f t f* ^F* ** ^ -I q -In Ti

gives the additional restrictions

and -f- (2.32)
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In the limit

t?9 f , f r , f -> C (independent of TRI)

leaving four non-zero amplitudes. 'he polarization and 

asymmetry are calculated as before.

I A » Im [fpfj + Im [*\? j (2.33a) 
o o l j 5

= Im [f + Im [f?] (2.33b)

With I 0 - [ |f I \ ' \ + |f | r
•"• -/ -^

(o)
Thus the relation f 0 = f 0 is needed for A = PvJo JG

Physically the necessity for TRI arises in the following 

manner. For the terms involved in A :

f fi f « f 
ol — :+- — ;

and

We see that A arises from interference between amplitudes 

differing only by proton helicity-flip in the initial state 

For the terms in *>^°' •

o r, = f 731 «4-
t____J

and

f8 ?5 = f ... ?+_.+_
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^A^4- v - •

proton helicity-flip it* the final state. -rev 1 

invariance is ric * to relate :

For spin 0 - spin i scattering * - xl is not needed because

f is related to f , t by parity.*" •" •

^ also ^

P (0) - A a sin 8 U.3W

arises because of restrictions due to angular mowentum

ation in tiiv i v* -ward and backward directions* in 

eeneral, the sinfrularities of the heliclty amplitudes at the 

boundary of the physical region, can be isolated by defining
A

new amplitudes f [16] :

f ' y) s (OOII) ^-n} fxx xx' s ^-n x
V- M, Cl

For scattering in the forward direction Q * O f angular 

momentum requ ^ j^ ^ ^ O y :̂ j to vanish uni^B V «

Similarly for the u&okward direction - vaiixa ling 

unless V » - p.

From Table 2.3 we see that :

f^ /\* sinfe f^
Afg /^» sine f^ 

Thus: A /^ sine A.
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An unpolarized electron beam, scattered by an 

tarret, cnn rive rise to no transverse polarization of the 

scattered electron, since such a polarization must be "* 

by electron helicity-flip amplitudes, which are zero In our 

approximation. The polarization-asymmetry relat io^ -—— 

that we can likewise obtain no Information fro^ ~i 

at ;try experiments.

(P)
-:iio ton ...JQ polar i zat ion. Tenso

In the scattering of an unpolarized beam by a polarized
(P) 

proton turret, the tensor D relates an Initial component

of polarization P^a to the kth component of recoil proton 

polarization Pk

» j~ (la + £a • a ) Q l b

fplf

and I« Pi, « Tr

^ -Jj } ) (2.36)

^P) 1 ,--, r^wnere Io D,^ - - Tr [f

From parity invariance, all tensor components with only

one "y-corcponent" - nom-al to the scattering plane - are z«ro. 

We also obtain, as a result of TRI, the relation
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D ( P ) . - D 1 *" < 2 *37) 
xazc zaxc

u-.^re are four independent components of the t r

D (P)uik '

(e) 
(5) ctron Uep.ola.riaati on... Yejnsor D .

D* e ' is defined in an analogous .\ •

i t n 4 -' . J rr [ f o? r* •

r,

o restrictions from parity and via are as for , 

and our approximation p. > » gives immediately :

zz

n D
xz

As we have discussed, the only experiments we shall 

consider are those involving only longitudinal electron
(e)

polarizations. Heflection-invariance requires D '« DV£j«/ yy
[1], but in practice this component can only be measured in 

our approTlmation, by measuring the proton tensor c. 

As a result of our approximation - essentially

D* e ^« 1 - no information about the scattering an zz
can oe ootainea from the electron depolarizationi

u ; :^ff erentlal Cross^^ection with polarized proton tar^ -:et 
and polar i zed electron

The initial particles 1 spins are uncorrelated and
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*e initial density matrix is

Cnly PV, corresponding to longitudinally polarized electr^ 

.-•ives non-zero components for the tensor C', which 1- 

defined by :

[ f Of ff b f* 3 (2-38)

This tensor that appears in the cross section is related

via ril to the correlation tensor :

X o C * Tr [ fft tf ^ (2 * 39>

of the polarizations of both the final-state particles, 

produced in the scattering of an unpolarized beam by an 

unpolarlzed target, we find :

zazb zczd

1 » -G xazb xczd

All other components are zero.

(7) Polarization .gfer Tensors; K (ep) and K

These polarization-transfer tensors K and 

respectively, tue polarization of electron beam to
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the polarizati f the il proton,

yi Uie uiii'uul pruloi. L.':'J polarization of r- 

electron. I- *-'• ^ w~T» case, these ^r, tr^or* 

and the one polarization-transfer tensor is useful a 

determination of the scattering matrix* However, for e-p 

scattering, it is a consequence of our approximation

'ectron helicity is conserved, that thet^ u. UU^DUAU 

are directly related to the tensors considered i ^ 

previous section. Since the electron helicity is conserved 

exactly in our approximation, uring the polarization 

of tae electrons in the final-state gives no more information 

than the corresponding experiment with a polarized 

beam. ., is is evident froir: the summations:

Ol

d' ^'a^b ^

u b b

Thus we see immediately that :

.(p©) . „. (pe)and C 1 « r.
22 X2 XZ

(2.UD

zc and Cxz

(' determination of the Scattering Matrix

All the experiments dlR^n««e^ P.-» f'^r, involve 'two 

polarisations' at most: there are yet more difficult
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expei olving 'three 4 j 1 . 1.

litude c e re true ted without

to these :<ore c :, erxments. - rum uu. . • 

set w^si-i^cnts can we ^^ermine the complete scattering 

. crix for high-energy e-p scattering?

In the i -energy limit, there are three aniplit 

f j , f u and fy which are c .ex functions of energy and

: .*uterii*& i.e. -jince cue ^served quantities are bilinear 

in f,7 j^ overall phase cannot be d^t,** rained fr nts 

of a ^iven angle. It is necessary therefore, to .ine
!

fi oul quantities: the real and iraaginary parts of f^, 

f»t and fv witri one pliase cuosen aruitiuriiy tor uae recon-
** A

struct ion. The observables contain the three amplitudes 

bilinear ly and in order to determine the scattering matrix 

uniquely, fsore than five measurements are needed. (In the 

fr»x<t case eleven experiments were needed to determine nine 

quantities.) All the feasible independent measurements were 

calculnted by the methods of the urevious sections, a;;ci. 

are listed in Table 2. 4. (Only up to two index te; :..)

le cf an explicit _.icu^ instruct ion of f 

Choose the phase of f^ to be zero: fL real. Using 

(1), (3) and (8) of Table 2.U we obtain:

f, \?\* and |f

\ r \ ^n& (5) or (?) we obtain for example:

fj, He f u
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independent ^ - ^ r xles for u_- Two Indices

I0A

a c

a c

(6)

(7)

real. of ore Hef d ined and from

l ful

we ,ain *m**jj UP to & sign. 

(L d (6) give :

4 i rt (c
fL RefX



Therefore Her also Imfv up to a sign.
A

.6} also give : 

* X

Iiefx + Imfy

iTiuL the relative sign of Imf{| and lrafx is determined, 

Tho -Vr.ole scattering matrix hae nnw been determined •• -'o 

one sign ambiguity. This sign ambiguity is removed by (2) :

I 0A

itefx Imfy - Imfx [fL

so by using seven of the eight relations in Table 2,i|.9 we 

..iivu w-«ei-i aule in principle to determine the scatte 

matrix completely (up to the common r

(9) . . ?tion rrocedure. for .olectron^F^oton " £ 

For e-p scattering, trie ixetnui uutiinsa in the previous 

section meets ^ficulty. In this case, it is 

re able to c , id ts Bering matrix in powers of . - 

3 fine structure constant, o oi»der a :

f - af (1) . c 2 f (2 >

f .. -he o^~nhoton-exchange contribution to e-p 
"ing



Figure ..2.6

e

and will contain the two-photon-exchange contributions

Figure 2.1

e

Consider the effect of this expansion in a on the unitarity 

condition for T-matrix elements.

S « 1 + i T and SS

leads to
rn

— X (2.U3)

in terms of matrix elements between two-particle —* helicity 

states:

at ^* In the cross section to order a-', radiative corrections 
and soft bremsstrahlung diagrams must be considered. 
f'2) contains these radiative corrections: here we only 
discuss the twc-phctor-exchange contribution.
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< xv IT-T+IC xx > - 21 i* < xx | I x X
v^ Q. &» *j- ' — —

afore the unitarity condition (2.U3) gives a r< on 

of the form:

2 Ira i ^ 'S f ? (2.U5)

using a symbolic notation for the helicity ampli* The 

summation is over all allowed intermediate states (containing 

™ or^ particles).

An expansion of f in powers of a shows " lately 

that the one-photon-exchange amplitudes are real:

(1) 
2Ira f « 0 (2.U6)

(X) 

independent of angle and energy, and

(2.47)(1)
fL '

(1) 
' fL •

ID (:fu a?u L) (1)
; fx -

(i)
• f

X

Thus the imaginary part of f is of relative order a with 

respect to the real part. It is clear therefore, the 

method outlined in section id/ to determine both, the real 

and imaginary ports of the amplitudes, is unwo
o

measurement of (T[ does not help ct^^Tiiine (
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this is of order a2 with respect to (hei i , because

of the smallness of u f such effects of order oi tude 

a^ are completely negligible and henceforth contributions 

of tnis order will be ignored.

? 2 2 
II » (::ef) + (imf)

a2

i I 2
.ver, it is possible to extract from I I the term of

relative order a. For electron-proton 8~-p and positron- 

proton e ~p scattering, the Born amplitudes are identical 

apart from a change of sign: the two-phot on*exc;r; a. 

contributions do not change sign. Thus combination of e^ 

and e~-p scattering data makes it possible to isolate the
i»i»term: f* x/ Hef v ; . If we determine |fL | | I and

2 +for both e""-p scatter!^ cis Qauxiued ueiore t w

addition and subtraction of the two sets ^ data 

the following quantities:

(2.49) and
(1) (2) (1}_ (2) (1) ( 2 )fL a.rL ; fy aafy ; f

Similar consideration? ly to the terms of the form

ue[f 7 1 j which make possible the measurement of the loilowing

combinations :
(1) (1) ^(1) (1) (1) (1)f» f • f r f r

X L X U ' L X ' U X



and
(1) J2) (1) . J2)

fL

uA

-noosing the sign of one of the Born amplitudes 

arbirarily - say fj positive - t-^n all the six pa: ,ers 

below, can be measured:

T > L
r U) .i , i

Kef.
L

(2.5D
(2) 1 ;

This requires six experiments for both e~-p and e"-p 

scattering ~ twelve in all.

If we now turn to the experimental data on the real part

of the two-photon-exchange contribution, only the ref
-f- «• cross sections for e -p and © -p have been oomtsared fT2]»

Ic

If we define : bl » (I ) - (I ) . (2.53)
0 e^p ° e p

(.3)
O

The first Horn amplitudes are isolated by addition of
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e*-p and e~-p data which eliminates the two-photon- 

terra. Using the differential cross sections, only the 

GO; " it ion (2.52) is obtuineu: in terms UJL <*uv

factors this contains G| ™* ^ »•"* "o cross term, (s-.

fcer 3). In principle, for an accurate deterioration 

of two-photon-exchange effects, the form factors G^ c n

Id be extracted by a complete a^aij'Sis for u:«; three 

first Born amplitudes, using both e -p and e -p dat . .. r 

completeness we give here the expressions for the one-photon- 

e> ge amplitudes in terms of G^, G^ and CMS me 

and scattering angle 6.

Figure 2,8 

CMS

w, -p

*> 2= p- + M and in the approximation jj, — 0

« *-= I ,\ = \£ f l

Let
c *

and

0s » sinj W m E+OO



define the following combinations of G~ and G

i
G- +tGK )

? t 2 ^ G,. • c 4 + s'0 • ~"o -..j

r E2 r ?£ 2u " c

1 BX. a TY -y-^-y !J

» r ^v can then be written:
U A

47

2ps2x J (2.55a)

(1)
^ (2.55b)

. so L2Kx, + 2px-j (2.55c)

triat as expected, f /^
A

2 2T ^ practice, G£ and G^ are aeterrnined just from the

e~-p differential cross section, ignoring two-p;i<; ton-exchange
2 2 effects. To separate G - and G, it is *•. *>o *»<==* a r r ' ?

onts at different -=. id scatterir;r: nn
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- sti t-line character of the Rosenbluth plot [12 j 

gives some indication of the validity of this at ; - 

but has been shown [17 ] that not all cortrlb" f^ nrp — 

the two-photon-exchange anplitu ive signific 

i <eviations from this straight-line behaviour.

as a prelude to Chapter 3, we note t 's clear 

that measurement of the differential cross bc,-^, 3 f 

doer? not determine tH?» relative plr-r, of ~ .

If we regard G^ and G., as known to a good appr ion,
r. M

/i I (2.5U) depends on three independent i

functions of W and fc t all of the sa^v,' order " a.

.efj2 '
U

Clearly there exists the possibility of cancellatic ich 

results in a small value of A Io despite sizable -photon 

amplitudes*

For example consider the situation at small & when terras 

proportional to x^ in f£ and f ' can be neglected U.55).

Then:

if the two-photon amplitudes are such that:

*>f ;

(2) and Re f ^ c

then

The usual analysis for e -p and e~-p differential 

cross sections (as given for example in ref. [12j)is -:-
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follows.

+ \ / \u\e pj II ' f<\a „ ——£.. ^ i -f ij. .it- I] "o;
rp) "" l x I

In our notation: R * 1 +

(A I A2 are one- and two-photon-excl litudes

respectively.) Present experimental data indicates [12]:

D, [J 0,02

for a range of incident electron-positron LAB energies up

to lc Jev and Q2 up to 5 (GeV/c) 2 . It is evidr- 4 -'•-*• this 

""^litatlve v~...u.,,^ysis 1^ ^^-.e of one t^w-^^ioton-e^^ * 

amplitude could be misleading as a criterion for the importance 

of two-photon effects. However, if the small value of & I o 

is a result of cancellation, such a cancellation would have 

to take place over the whole measured ~ ige of ~ . 

This is perhaps unlikely, but the measured range of and

s for the data on 1 , is very much smaller le range 

for the data on e"-p differential cross sections. Furthermore,
I")

we xiciVc iio iinowledgc .1' i ;u s anfl " '- dependeno-, e 

three tv7O-photon-.eTchn.nge arr-1 itudes.

The possibility of such a cancellation could of course 

be eliminated by separation of the three unknown tions.

uiiis, it is necessary to measure the various polarization

; f Op both e md 

e -p scattering. Such experiments are of course very 

difficult since effects of relative order a are involved.
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"ho ->n« in1'h1f* t-O

whether any of those , differ appreciably from the 

one-photon-exchar rediotlon. It is worth re> t 

trie Bize of the interference term of t<,8 one- ana Uvu-p- " 

tw-i^xj. ou-u.es, determined by subtract in* :-•>>» ^i^t^or. -nr? 

nositron data, is tjnaff^cted by uncertainties in the one- 

photon-exchange forra factor analysis.

So far, the lrBagiuau\y parts of the two-photon a«. ides 

havQ not been o^nRinered: experimantp *reas»rlnpr |f | 

-vijff'j terms are not sensitive to these imaginar 

(witn neglect of terms 0(a^)}. The only experiment giv:, 

a result of lowest order c-% is the nsv ; tnis is 

riirr^i-1 v proportional to the imaginary parts of t •-'••• f---io-.photon 

amplitudes.

I 0A

Expanding to

X

a null result for A does not necessarily irrmlv 

two-photon amplitu^ For example, if :

Ifflfv +* O JV

and 2) , ,*- Imf ,
w

then A ** 0.
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c ex: with A » 

In contrast to the situation with & 1 Q9 wit

I r

to A cannot be separated.

To summarize, -»ri.ng polarization tens ore 

or i. . I to two, t ie follc ^ six quantities 

Ly determined up to an overall sign:

(1)

Ref <2)
' »• **S J. j* - ••»*• * _ -

^ U A

-i.ia ^termination it was necessary t v ctrori 

and porltron data, «.nfl to pake ^HP* of t v> e fact that: 

•j-.e-^Loton amplitude chan^-33 ^i i for e"-p to e r-p. Only one 

of the simple experiments is sensitive to the 1 

parts ne two-yxiuuun amplitudes auu tins three L. ~'~ ' ons

be separated. 

The question remaining concerns these three imaginary

tions: is it possible to separate these terns and 

a unique determination with the use of higher-order 

tensors?

(1' alent . _ •: and I . -r rarik /..: _ ra_

Vne higher rank tensors involve 'three polarizati' 

azi^c uxitr involves four. However, just as the polarii-au 

transfer tensor contained no new Information be^

. of the electron helicity, many of these 

ors are liatel; iivalent to lowe.



In experj ^s with polarized electron 

involving a measur t of the longitudinal 

of the scattered electron, the following e 

involved:

v? « x f -x 1 \'
K V) VC A d « X X

with f/^ « *Vv^ '^v, v,« this reduces to the su\^*
with no electron polarizations:

•i
• d K *x '

For example:

I D(e) . f Tr [f o^ f"1" 
o zz 4 z 2

Tr [ f f " ] - I0

Thus in our approximation, experiments involvi lectron 

polarizations in both initial and final states &ive trie same 

irrfornation as an experiment with no electron po^

For the tensors (see Table 2.2) T. 6^ and P with
8- H

J » zb ; ft. ^ z, we have:

A (,.59)

The four-index tensor T, is equivalent to the proton

d .rization tensor ^JS
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Evidently any new r ons Ive froir, r 

involving two proton polarizations and one eisct; uo.o* 

zation, i.e. T^ and P[^. " - tensor P^fe es 

measuring the final correlation of polarizations after the 

cering of unpolarized electrons by a polarized

. AS r*ved for the polarization- transfer tc •: , 

an ut uieasurir.g tna polarisation ui &ne .tron 

gives ^-^rae results in L,«* .^^vv./.a.^^u.;. , as t

inrc experirnsnt with a polarized beam. "Jhe tt -s 

are tnerefor® equivalent.

uor: e , ^ently there is only one : " pendent ' 

T ! ^ components are evaluated o.^

tla

Tr

+ (p) .
^a r ^b ^azbc J

'711-Tne non-zero components are :



it Is possible to isolate the three titles:

re consider each of the amplitudes as a vec

the complex f-plane:

II e
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in an ex

or

ion of c, both 36 C'

I0A lm[f
L

*• ln[fTT f]

(2.63)

Figure

iale)

"; ly for Ira[fTTf.. j arid Imff.T, }• Thus an ove 

c ;e determined, altnou uais common phase r 

the u.'der of v . if we take as our convention for the 

reconstruction:

;e

of

i.e., » , (2.6k)
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then we obtain a unique solution for j^ d 0-b , .e.,

Im f,^ and f* 2) .AJ ij
it, is clear tneretcre, c,ua~ isure; i^nu

components of tht, i,nird-rank polarization tensor >e~ove 

t ossibility of cancellation occurring in the c ry A.

2.4 oygi

In the high-energy limit, there are three unl lex 

amplitudes for electron-proton scattering. Because of 

srnallness of a, an expansion of these amplitudes in 

of c is reasonable. Physically this corresponds .>•.. the

uion into the luw^at-order one-photon-exchca^v litude 

the higher-order amplitudes: we only discuss tw^-nh 

exc e contributions and ignore higher orders. In all 

measurements we neglect terms smaller than O(c^) . 

expansion in powers of a applied to the unitarity cowui 

t;ives the result, ip^fi^.endent of energy and scattering 

that the first Born amplitudes are real. There are therefore

three real amplitudes of 0(a) and three complex
2^ ) to be determined. Because of the smallne

and the fact that the fi v-*«* ^•••™ amplitudes are real, a naive 

reconstruction programme from the 'simple 1

fails. }lowever f we then notice that in char ; from e~-p 

to e -p scattering, the one-photon-exchange amplitude cl --is 

sign, but the two-photon-exchange does not. i cne 

'siraple 1 experiments for both e""-p and e -p scav^^j. ii^ t ii; 

is , ible to determine the three first Born annHt-v-n:-; 

and the real parts of the three two-phot on-oxc. ;e a .oudes,
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11 >le' exper:

«€ .te tue I ry parts of tne t/ree two-pa 

i,ui-us, How^/yr, ui«tu; urement ;f the . independent 

rfc..*. polarization tensor, allows the imaginary Dart 

three complex amplitudes to be deter I up to an 

.'« If we choose as a convention for the rr

Im « u; tnen the actual complex amplitudes

V A V i i (3 by a

of a.

ut exper to to detect two-photon-t 

form a complete set, cnerefore the inte:

;ous. Meacsur t of the senond-rar?k p

tensors for both electron- and positron-proton B~ 

could eliminate any ambiguity in the interpretation
•»

.,-uaj. oata on tae difference between the e ~ 

^ -p differential cross section 7 -.r^.i^h i? sensitive 

real parts of the two-photon exc .olitudes. 

for a strictly unambiguous interpretation of the p

&ry "aata f sensitive LO tne imaginary parte 

rsr-nnf.ur»»g t it would ^ necessary to measure com 

the third-rank polarization tensors.

.ge

cts 

•n

ver t 

•it ion
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CHAP TEH 3

PROTON DEPOLARIZATION TKNSOa IN THE QNB-PHOTOK- 

EXCHANGE APPROXIMATION

3*1 Introduction

In this chapter, effects of two-photon»exchange 

amplitudes are ignored and the one-photon-exchange approxi­ 

mation assumed throughout. As we have seen In section 2.1, 

th« one-photon-exchange amplitudes can be expressed in terms 

of two structure factors Gs and G^ which, in the initial or 

final proton rest frames, and in the proton Breit-frame, 

are proportional to the helicity-flip and helicity-non-flip 

amplitudes respectively. In the cross section for the 

scattering of unpolarlzed electrons by unpolarized protons 

therefore, there will be no interference between these two 

amplitudes and the unpolarized differential cross section
2 2 Xcontains only G| and Gjj. In the one-photon-exchange 

approximation, it is simpler to use the covarlant Dirac 

spinor formalism involving two form factors, rather than the 

helicity formalism of the previous chapter. The cross section 

in the laboratory system (LAB) - rest frame of the target 

proton - for unpolarized particles in the initial state, is

This is perhaps not immediately obvious in terms of 
our CM helicity amplitudes of the previous chapter, which 
are proportional to linear combinations of G^ and G^ 
(Equations (2.55)). However, it is easy to demonstrate, 
using the Lorentz transformation properties of the helicity 
amplitudes arid the unitarity of the rotation matrices, 
that the unpolarized cross section contains only G^ and G^, 
See for example the paper of Durand, DeCelles and 
Marr [10].
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calculated by the standard trace techniques, using the 

proton current of section 2.1 (equation 2.3). It cars ** 

written in the form

(3.1) 

with

. a2 . . coS2e/2 .

GU,U>' are the initial and final electron energies, and 0 is 

the electron scattering angle in the LAB.

q2 m (k-k') 2 * (p'-p) 2 * -Q2 (3.2)

and -C - ( 3-3)

where kjk 1 and p,p* are the four vectors representing the 

initial and final momenta of the electron and proton,

respectively. Gg and G,, are functions of the four-momentum-
2 transfer q .

The electron mass has been neglected In the cross 

section (3«D •

This is the so-called Rosenbluth cross section. The 

present notation differs from the original presentation [21] 

where the cross section was written in terms of the 

•effective charge 1 and Effective anomalous magnetic moment 1 

of the proton. This is equivalent to the use of the Dirac
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and Pauli fona factors, FX and ?2 respectively. The proton 

current in terms of these form factors is, in our notation

F
I 2ft

K is the anomalous magnetic moment of the proton in nuclear 

magnetons. (K * 1.79) and

F- and F0 are related to Gr and G by
4. <C •" H

GE m F - -c K F2 (3»5a) 

°M * p * K F <3.5b)

and Gr(0) « 1 GM (0) » 1 ^ K » |i .iu n p

The motivation for the use of G,; and G in preference to£* ri

F, and F« is discussed in the review article by Hand, Killer 
and Wilson [22] where references to earlier work are given.

In the unpolarized cross section we see explicitly
2 2from (3.1) that only G^ and G. s can be measured. However,*•* f'i

in terms of high-energy helicity analysis of the last chapter, 

it was seen that all three one-photon-exchange amplitudes 

could be determined up to an overall sign. In the language 
of Gs and G^ f it should therefor© be possible to measure 

the relative sign of these two form factors. Experiments 

sensitive to the interference between electric and magnetic 
scattering could measure cross terms in Gr G... Such& H



measurements would not only establish the relative sign 

of GE and GK but would also be useful for determining the 

value of GL, at ^i&h momentum transfers, where its value
£»

is poorly known because of the dominance of magnetic 

scattering [12"j. Tn®y could also provide a better deter­ 

mination of the neutron electric form factor which is reported 

to be close to zero [12], irevious calculations [23] of 

the various polarization tensors in term® of F^ and F^, 

show that a measurement of a cross-term is possible in 

principle. All spin correlations in elastic electron-nucleon 

scattering have been calculated by Scofield [214.], but it is 

not emphasized, and not immediately evident from his 

expression, what experiments are best able to measure cross 

terms in Gg GR » Dombey [25] has suggested that such a term 

could be measured in the scattering of polarized lepton 

beams by polarized nucleons. In this chapter, it is shown 

that the same information can be obtained from scattering 

°f unpolarized electrons by polarized nucleons, if the
jKpolarization of the recoil nucleon is also measured. ^uch 

an experiment should now be feasible, sine© it does not 

require the use of polarized electron beams, and polarized 

proton targets are now available. We therefore discuss the 

question of the most favourable experimental configuration 

for the determination of the parameter f « u. GT~/G .
*J £} ii M

An account of this work, carried out in collaboration 
with Dr. P.K. Kabir, has been published [26]. In the 
proof stage of this paper, we discovered that a closely 
related discussion had been given previously by Akhiezer 
and Hekalo [27j. Following the suggestion of Kabir, Dombey 
has now also considered the same experiment [28].
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3.2 Proton Depolarization Tensor

The proton depolarization tensor may be calculated 

by a straightforward but tedious trace calculation, using 

the usual covariant spin projection operators. The component 

of the recoil-nucleon polarization along the direction 

represented by the four-vector r (chosen to be a spatial 

unit vector in the rest frame of the recoil nucleon) is given, 

in the one-photon-exchange approximation, by

/V(p')P
Pp (J) - —————————————H~~————————— (3.6)

l)L * Tr [A(p')P /V.
r*

where

V Tr

and J\ip) * 00 + M)/2h, etc. are the usual positive-energy 

projection operators. The four-vector j is the covariant 

target-nucleon polarization, which, in the target rest-frame, 

has a zero time component and space components equal to the 

components of the target-nucleon polarization. The result 

of the calculation may be written

GG *
P U) «

r 2 J2 r K
A Gfi -*- T4M [A + 8M^ X (1 +t)j

The functions J ,, f 2 X ar« defined as

1 " A (t <PT)(p'.J) t^2 (1 ^ t : j" 1 - ir • J)| (3.7b)



}[ (p.rMk.j) 

«r) * (p-rMk'.J) 

+ A[M2 (1 + T)r1 Hp.r)(p l .j)} (3-7c)

[(p-r)(k.J) •*•

- A(r-J) - W^^ 1 ^ ^) [(k'.r)(k.J) 

A

(PT)(P'.J) (3.7d)

where

A

( p ^ k) » (p f -»• k 1 )12

* - (p'-p) 2/M2

and Ptp', and k,k* are the four-vectors representing the 

initial and final momenta of the nucleon and electron 

respectively. The electron mass has been neglected and the 

nucleon electromagnetic vertex taken ae

* J (0£T°K> I V
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where G .. and GM are functions of T . (Equation (3.8) ia
ii ri

equivalent to equation (2.3)). *e use the metric (a»b) £ 

an*V, - &* b i and Y matrices obeying Y Y, + Y,Y ** 9 ~ .»•y y *••—» y_ ^ V !«, "

As a consequence of our one-photon-exchange app -nation, 

Pr(j) is proportional to the initial target polarization J; 

the general result can be stated in terms of the recoil- 

nucleon polarizations resulting fro® scattering off targets 

polarized along the principal axes. Reflection invariance 

requires that polarization components in the scattering plane, 

cannot affect polarization components normal to the plane [26], 

Moreover the normal coaiponent of the tensor does not involve 

cross terms in G^G..: this is evident from (3.7c). Therefore,£* ft

if one's main interest is in such cross terms, it suffices 

to consider target polarizations in the scattering plane, 

in which case the recoil polarization must also lie in the 

plane. If we choose the g-axis along the recoil direction, 

(this is an obvious choice in the proton Breit frame), and 

the x-axis to be in the scattering plane (such that the 

x-component of the electron momentum is positive), th© para­ 

meters of interest ar«

(z) - - Pv (x) * 2Du(l + u2 ) -t G,h,GM (3.9a)

Px (x) - Du2

op

Pz (z5 - D [u~ G£ - (2 + u

where _.i 2 2u GE * (2 + u ) t. .l\

u2



while

(x)
A

iy) o (3.9d)

and Pv (y) is given by an expression similar to (3«9*>) arid
V

(3«9c). In the one~photon~excha ; ilmatlon, the cross 

section for scattering of unpolarized electrons is independent 

of the nucleon polarization, which is given by the Hosenbluth 

formula [21] (3.1). In our present notation, this formula 

can be written in covariant form

3.3 Dlscussioq

Suppose that the target polarization lies in the 

scattering plane and makes an angle $ (taken as positive if 

it is in the same sense as the angle of scattering of the 

electron) with the recoil direction, measured in the laboratory 

(target rest frame). The recoil polarization will, in 

general, be reduced and point in some other direction in the 

scattering plane, i resent methods of detecting recoil 

polarization, using a second scattering, are sensitive only 

to the transverse polarization, i.e., to P in our case. 

This is given by

X
(3.10)

Equations (3.10), (3.9a) and (3.9b) require that P be

exactly reversed when e and .rl r: are both
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reversed* Note also that Pv (7r+9) = -P (6). The nature•** x
of the effect to be expected is illustrated in the graphs 

of PY (e), which is plotted in Fig. 3.1 for several different
^» ' *

values of J in the range of interest, with T = 0.25, 0.5 

and 1*0. Px (e) for negative f can be obtained by inverting 

the figures. It will be seen that the transverse recoil 

polarization can attain values almost equal to the initial 

target polarization. By reversing the target polarization 

and measuring the change in the up-down asymmetry (with 

respect to the electron scattering plane) in the second 

scattering, the effect can be doubled. The direction of the 

target polarization for maximum transverse recoil polarization 

is not, however, the configuration for maximum sensitivity 

to f ; in fact, it is close to the direction for least 

sensitivity. dP /dj has also been shown for comparison. 

Note that

dpx dpx
' (3.11) 5 d j
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CHAPTER

POLARIZATION EFFECTS IN THE CROSSED CHANNEL

*4-.l Introduction

Although this thesis is primarily concerned with the 

s-channel e-p scattering process, we shall make a brief sortie 

into the t-channel where some interesting polarization effects 

appear. Throughout this short chapter we shall assume the 

validity of the one-phot on-exchange approximation; although 

this has not yet been carefully tested for time-like photons. 

A recent review of the current situation and of possible tests

of the one-photon-exchange approximation in the crossed
x

channel has been given by Gourdin [29].

For the process e*e~ -> PP, from unpolarized particles 

in the initial state, a non-zero polarization of the final 

state proton is possible, even in the one-photon-exchange 

approximation [30 J. This is because the two form factors F^ 
and Fp may now be complex: in the space-like region both 

hermitlcity and time-reversal-invariance gave reality conditions 

for the form factors, Time-reversal-invariance in the crossed 

channel, relates the process e^e" -*• PP^ to the process

PP -fc. e e . Thus we shall derive a 'generalized 1 polarization- 

asymmetry relation for these processes, and in so doing,

* In reference [29] the erroneous statement is made (One- 
photon-exchange Approximation, Section VII. ij.) that the
processes, virtual Y -*• P°P°> wco, 00 are forbidden by 
invariance, in contradiction with the explicit counter-examples 
of references [36] ,[37].
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display in some detail the symmetry restrictions on the 

electromagnetic vertex both in the space-like and time-like 

regions.

k • 2 Symmetry ae8trictj.ons i , i on the. ,_Pr. ot,on. ... 

Vertex in . the t jUae-1 ike aim Sjjace-like

In both the space-like and time-like regions, Lorentz- 

invar ianoe and current conservation, together with the fact 

that the proton spinors satisfy the Dirac equation, allow us 

to represent the general structure of the proton electro­ 

magnetic vertex in terms of two form factors. In the space-* 

like region (see Fig, I|.l) we write (omitting a normalization 

factor)

« Y (o)|• u(p's')[F
V-

J£2!'.

where q « p 1 - p.

Figure U.I

]u(ps)

(k.l)

Proton electro­ 

magnetic vertex in 

the space-like 

region

Hermiticity of the electromagnetic current J gives the 

condition
- <b K \

(4.2)
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This leads to the result that bottt ^ and ?2 are real

functions of q2 .

So far, P. and F? are defined only for negative values 

of q2 (space-like). The definitions of FX and ?2 can be 

extended to positive - i.e., time-like - values of q2 by 

writing [31]

out
Y (o)l o 

\i '
u(p's«) [F lt M-

s)

where ; p 1 I J \
out

is the amplitude to create a

proton-antiproton pair from a virtual photon (see Fig. U.

Figure

Proton electro­ 

magnetic vertex in 

the time-like 

region

»
p f t s ' 

p t si

p* + p
proton 4 

antiproton

and spin 

and spin

\P s; P" 7 |^ut is an 'Gut-state 1 [32] which gives 

a simple description of the physical system at t -fc-oo i.e., 

it describes the situation in the final state of a scattering 

process. Similarly the state \p s;p f s'^ in describes the
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system at t -*• - oo , - before the scattering process, 

For interacting fields, we must distinguish between the two- 

particle state at t » -oo , and the state at t « + oo : the 

difference between \ ^ln and \ ^out reflects the possi­ 

bility that interacting particles can collide and scatter. 

only for one-particle states can this distinction be ignored:

» \

^ iaation (U.3) defines FX and ?2 for q2 ^ 2 : it is 

possible to show that this definition of F^ and F2 in the 

time-like region is the analytic continuation of the for® 

factors defined in £q. (U.I), treated as a function of the 

complex variable q2 [31].

For our purposes, it is convenient to rewrite equations 

D and (Iu3) using the Dirac equation and we obtain

u(p') [P Y + 1 (p'-p)KF] u(p)

- u(p«) [^ + KP2 )Yll - gj (P+P 1 )^] u(p)

= U(p') [A r + B lp*p') t l U(p)
H P1

and

u(p') [P * i (P 1 KF) Y(p)

] V (p)

5 u(p') [ A Y + B0ut (p'-p)j v(p)

We have written a superscript 'out* for A and B in Eq. (Iu3*), 

to emphasize that these form factors are defined with respect 

to the out-staces. >.ote that the current matrix element in
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the time-like region is obtained from that in the space-like 

region by the replacement: > -p and u(p) -*v(p)«
We shall now consider the various symmetry restrictions 

on the current matrix elements [9j«

(1) Space-like iiejcloa 

Parity P 

For Dirac fields [J2] :

*1 « y tf'Ux.t) U.Ua)* o

Using:

yo u(-pf«) « u(p,s)

y v(-p f s) * -v(p,s) 
o

X
and a momentum expansion of the field, we find

P b(p 9 s)P~

P d*( P ,
where b and d"^ are the usual particle annihilation and 

antlparticle creation operators respectively [32j» 

For a one-particle state:

) Ip S « I)

we see that :
PI •-, y

* 
where we have chosen the intrinsic parity to be +1.

For the current natrix element since

P J (Xft)p-1 » J^t-x.t) (U.5)
M-

x The transformation p tv -p in the 1 arguments of b an- 
applies only to the space components.



we find

J (o)|V •

This condition is satisfied by our expression

u(p') Pip',?) u(p) Eq. 
M-

Charge Conjugation u

For the electromagnetic current we have

J (x) g," = - J (x) U.7) 
P^ M-

and for the Dirac field

n . i,
(U.8a)

a

where C is a U x 4 matrix such that

r-l T
C Y U » - Y

M- M'

In our representation (see Appendix 2) with only Y2 imaginary:

G . iY2Y° - -C-1 - -C* . -C* 

On the ^-component spinors we find

i ^U 6 (P>S) =
P U.8b)

where 0(p,s) is a phase factor. A momentum expansion of 

7 yields
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, ,d (p,s)e
(U.8c) 

•f .. xip,s)e

Thus a one -particle state is transformed by 6 into an 

antiparticle state (as it should be!)

e

when \ (o,s)^ represents a proton state with momentum 

p spins, and \F{p~j^ an antiproton state with the same 

momentum and spin. For the current matrix element, the charge 

conjugation operation therefore relates the (P y P) vertex 

to the (P y ^) vertex:

<P(p's'} 1 J

(^4.9)

The electromagnetic current transforms und- - '"inie-reversal 

as follows:
"

ei ore, from the antiunitary nature of tae cime-reversal 

operation we retain:
f^^f

\ il ( 0 ; \

\J ( >,; \ "%x? (U.ll)



where
I "^ V Ml V I P s > * J I P s >

The i>irac field transforms under time-reversal a«

(x,^)

where the k x k matrix t has the properties:

T r .1 -i "t 1 « t; t a t ; t y t t = r 

In our re^res«T»tatlon:

**1 . *?r * t - t

We have also:

*, , tu(p,s) « u (-p f -s)e

. ia.(p f s)
tv(p t s) « v (-p f -s)e

where the u's are phase factors. If we write J 

where IX is a unitary operator, and K represents th© 

Instruction to take the complex conjugate of all c-numbers:

* Pt

For a one-particle state therefore

Mi x. -ic-^lpfS) . .
3 I > • -• 1 -P,-S> 5 I -p,- (U.12d)

The restriction given "by time-reversal-invariance on the 

current matrix element becomes:
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<p's' 1 J (o)| ps> - 1 ** <-p'-s' lj'(o) \ -p,
p. * * Cl 1 I ^

(U.ll 1 )

obtain the restriction on I (p'.p) e— ̂^I

rr components for example:

uCp'a 1 ) I\E'»£)u(p,s) « - If If [uUp'.-aM
o f €*

Uv-PfS)J

Using the relations in EG. (U.12b) we find:

i.e., A - A* and B « B* (4.13)

Since this result can be obtained from hermit icity alone, 

time-reversal-invariance gives no additional restrictions 

for the spin! electromagnetic vertex.

(2) ;-like Hegion

We hare treated tne space-like case in some detail since 

we now wish to apply the symmetry conditions to the current 

matrix element in the time-like recrion (En, Jt.3). We r»nt-,1ce 

that the phase factors introduced in the & and J operations 

do not appear in the final results and for simplicity we may 

omit them. The matrix element we now consider is:

<F(ps)P(p« 1 J (o)\oS« ut!>')[AoutY + B0ut (p'-F) Mp
out ?1 ^ I 1

(U.3)



Parity

i ,eecl th€ parity transformation .-"roperties of

the iJPiN state: since we assume that all the interactions 
1 * out

conserve parity31 , these are the same as those of the free 

field states. Jy the methods outlined before we find

The minus sign just reflects the property that a proton has

the opposite parity to an antiproton in uae same orbital

r out «. 
(p'tp) has well-defined parity.

Charge Conjugation

ror a proton-antiproton state I ~ / +. formed from
Oil v

the vacuum by the appropriate creation operators, the ordering 

of the creation operators must be defined since d' and b* 

anticommute. We can again consider free fields and we define

\ ?(p s'jjPCp's'} ^(p I)b1"{p t s»)

Then

I);

- I Pip's 1 ); Pip s} (u.16)

(where we have omitted the phase factors). Charge conjugation 

on a ?P state gives another TI state. We find, using the

explicit properties of the spinors (Eq. (i^Sb)), t.

r out — *
(p'.r?) satisfies the requirements of £- nvariance on

Weak interactions are, of course, ignored.
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the currert matrix ele:

Time aeversal a : rmiticity

In the time-like regi™ '^^ t-.iMt-.v fails t ve a 

raalltv condition for the form factors:

The process "PP *. J \ > is dSfferent from the process^» 'out ji r
<o\j ir \ _
^ l M • * /OUt

Furthermore , time-reversal- in variance air -ves no 

reality condition. This is because time-reversal ^v' a ^ges an 

'out-state 1 to an 'in-state 1 [33]

0 \ Jl

^ 
« < I J ! \ "> (lt.18)

*,il

*X*

Again we may use free fields fo^ \ ^ * ol 

and we find (o&iitting phase factors)

^1 \ P s; p's'/ M \ -P -s; -p 1 -F ^ (U.19) 

Thus :

<3i* t if we consider the process PI > y s „ see

this is described by p« amplitude ^ \ \ ,
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Figure U«3

From Lorentz-invariance and current conservation as before 

we hare:

</ I l~";p l s« >> «v(ps)[A nr + B (p'-p)

U.20)

where we have defined the form factors A and B . "sing 

Eqs. (U.12b) f we find

\ i — — ,%. —. — -. in in
~" ' in ;t

- u(p's')[Ain r * B n (£ f -I)j v(p I) (U.21)

Thus ^q. (U.16') gives immediately that

(tt . 22)

We note here tnat since the matrix element is „. .ariant 

under both to and r , the JoP condition must be tr, .- same 

as that from J -invariance (iiq, (4.22)}. both these anti- 

unitary operations relate the process rr •••> y to the inverse 

process » b-, * .
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14.3 The ic>n In

Channel

~
g- process e e

Consider the proceta of electron-positron tion 

into a proton-ant iproton pair: such a process will shortly 

be studied in electron-positron collide yn experiments*

iii ., -. !3 \-. : -..:(, uiv^r perturbation theory 

amplitude for this process is given ^v

*•+* the

^.fi u(k
out

the oolarizatlo" ^ inal-stateWe wish to

proton from the annihilation of 

inTariance restricts this polarization to be normal to the

reaction plane. We obtain

P m
-,, P

with
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and
out out - out

8 Is the covarl-mt spin U-vector of the final-state proton, 

By definition of the normal to the reaction pi; ve

0

The lepton trace is easily evaluated:

q~/2 j

The proton trace in the denoaaiaat"^ --<^ch ip -^oportlonal 

to the cross-section when contracted with Lf 'v . ,elds

t 2 — —i r u (p 1 p *• P* P «j
JJL *^ V H,

- 2 He(AB*) . l^ (p'-p) , (p 1 -?).

MP'-P -M)(p'.p) (p'.p. (u.27)

out out (We have written : ASA , B s a

'lie proton trace in the numerator is most easily 

evalu. using trace theorem 6 of ' endix 2. 

Defining

(U.28)

we find:

2i I»() . LCp'-pJ Tr[T^«Y j (4.29)
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;, even in the one-photon-exc "ion, 

is in general, a polarization of the recoil proton : 

e e~ ~*?F from unpolarized leptons [30].

the process in the CHS (Pl«r. U-5)»

ire U«5

, P

p»

, o, o, k) 

t ' ^, -k)

We define the normal to the reaction plane:

P,'

Then:

m .2

Therefore, since :

Im(AB*) = -

and is defined by

the transverse polarizati „ cf the final-state nrotc

k p oa/H) . s

is evaluated in the in reference [30j.
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We note now the following trace property:

N

U.33)

;• is second form is the trace product required for the 

polarization " the antiproton. Thus .H . (iu32), t:ive s also

scattered in t irection

e» (see Fip:. U.5 . If we retain the definition of the 

normal (*Jq. (U.3C-1 )) and consider the situation as in Fig,

but with proton ana antiproton intercnanged (Pig. ' • * £>)
i

Figure U«6

te­

V
X

Clearly the scattering angle for the proton is '-•••'•»*>

with these conventions, we have :

P (0) Pdr-«) (») (U.3W

«•••
where P indicates the poj.cii-i^ciuiwu ui &ne antiproton. Tills 

relation follows fror f>>^ for^ nf t 1,^ ^^,>r,v-, •-•!ectr-u:..^netic

As a cc icnce of the one-phuton-exchange approximation
1(6) is of ti.e general form C •»• D cos28 and cor
I(fc) » I(tr-6). (See, for exarngle, Oiiapter 7 01 v
book by Gourdin in reference [17J.)
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Gablbbo and Gatto [3{ j state that this 

result of 3W*-in variance, but clearly this nar 

useu, 5t? invariance, like 1 ——lance, 

to ?F -*y because of its antillneAr nature

The proceg r

now consider the rather rar*» pr-.niy,,-MM ™ 

of n PP system into e^e"" f lit j. In this case, 

a: iude from lowest order perturbation theory (see £i;;. .75 

is :

3fi^ ^ ^ ^(k- 5 Y " v ° J ^7(^ ̂  u ĵ: '- U.35)

Figure U.7

p'+p

Por 11 annihilation into e e~ from polarized protons 

tne aByaiiaetry term A in the differential cross section is 

given by

_. in
P Y^ili 1 P 0 j————r— (4.36)

,~- in
jL
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where
T"

and
D1D

For the lepton trace we find L lMV * L*" , and the procon
in 

trace D ' " "' ^e sa.', 3 foriu as ^ (11 » ^ -'J^*
' * 4 vi

that A ?"* - «T»R r-^ laced by Aln a^^ ^ . ^iir? 1 is

exactly the . ; as I except for 'in' labels for the 

factors,

The numerator:

- rr (Z-i.)

> P (?-K,p-n j U.37)

usinp; trace theorem 6. This is no ictly the fors

as N calculated in the previous section. P.V

in 4 n in 3^ */ 
- - 2iIm(AinB ,. .

f IT

If we now define the normal by

2. ~ £' A ̂

and j) 1 •Ic.. » pkcosfc in the GM^, (as sshown in 

then

1" _ , in in^ 2 2i • 04 k p oo. nin?e
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U.3

X
A

Finally we obtain

in in*
1 2 J

% " r?

This is exactly the same as for P(&) save for the 'in' labels. 

However, tirae-reversal-invariance gives the relation

P in out
1.2 1,2

i?
1.2

Thus with the assumption of tirae-reversal-invarianee th® 

two pror ?s (1 d (2) are related and we obt r

ui^tr relation

(with the definitions of the angles 6 and the no 

uescnueti aauve). Violation ' this relation woul 

imply a violation r time-reversal-invariaiice. 

thir ^e since the vertex functions are &r . i 

would also necessitate a violation of our-invar

-i as

r

,ais

ess to say, a more obvious test of time-r- versa!-
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1 ice is given by the spin- --aged c led -e 

relation:

in out» i
o o

The polarization-asymmetry relation, in general, can be 

regarded as a more detailed form of detailed bailee [35j.
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v, a - * &

ELASTIC UK1TAHITY CAI.CUL-.. - OF THE__:

5*1 General introduction

In the Giie-photon-excharige approximation, the scattering 

of unpolarized electrons by an unpolarized proton target 

gives no polarisation of the recoil proton. / non-zero 

polarization transverse to the scattering plane, must arise 

from interference of higher order amplitudes with the one- 

photon amplitude. «e are interested in the contribution from 

the two-photo&-exchang* amplitude shown in Fig. 5,1.

tx.

Xuere will be such diagrams for each allowed intermediate 

hadron state p, ft*f lt*w ©tc. and each of the corresponding 

amplitudes contributes to the polarisation. It Is not possible 

at present, to calculate exactly the total contribution of 

these diagrams but there have been several theoretical attempts 

to estimate trie contribution from these inelastic intermediate 

states [3& - k5j* fhese calculatlo&s suggest that a^uronie 

effects do not enhance the polarization significantly above
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its intrinsic order of ... ttude c. Despite the smallness 

of the effect, it is of interest to calculate to lowest 

order in a, the contribution to the polarization from the 

elastic intermediate state, using the experimentally measured 

forn factors, G- and G» , in the proton electromagnetic 

current. This will be the only contribution to the polarization 

at energies below the pion threshold ( *• lU r.eV o^octron 

LAB. energy), and will remain a good approximation until pion 

production contributes noticeably to the cross section 

i ~ 34<J heV). at high energies, this elastic contribution 

will only be one of many similar contributions from all the 

possible intermediate states.

Barut and Fronsdal [1^6] have calculated the pninpization 

in ^t-e scattering - i.e., for two structureless 'Dirac 1 

particles - and Guerin and Piketty [i|2j, who calculated the 

contribution of two N"' intermediate states to tna polarization 

in e-p and it-p scattering, also quoted one numerical result 

for one particular case for the proton intermediate state, 

using Clersentel-Villi type form factors for the proton. In 

this chapter, we present details of the calculation of the 

elastic contribution to the polarization in e-p sea^taring 

for arbitrary form factors, ar-d ^ive results for a 

•structureless* proton, and for a 'realistic 1 proton with 

the experimentally observed dipole form factors.

Towards the end of this calculation, a paper appeared 

by Arafune and Shimizu [U7] which was also concerned with the 

elastic contribution to the polarization in e-p scattering.

A brief review of these calculations is included 
in Chapter 6.
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of certain approximations made in their oal tion, 

their results do not correspond directly t,c trie physica^ 

situation: crus is discuseeu m detail In the later sections 

of this chapter,

The plan of this chapter i8 as follows. In section 2, 

• • c loulation of the polarization in spin t - spin i 

scatterizi£ is discus sea in sume detail, as a preliminary to 

the electron-proton case. Section 3 contains a detailed 

explanation of the cancellation of the infra-red dive 

in these polarization calculations, and then in Section k, 

we SKetc/i tue details of the caic . . . -i»n i^r electron-pi-uuon 

scattering with arbitrary form factors. vj r conclusions 

are summarized in .Section 5, ^>endices 2 and 3 ar© relevant 

tc apter: the first summarizes our metric and 

Y-natrices, and lists some useful trace tneorems; while the 

second contains some details of the integrals required 

for these unitarity calculations.

5«2 Spin 0 - sp^a 1 Elastic scatter in^ 

1 Theoretical Formal isjEg

We use a covariant formalism similar to that used by

Bilen'kii and Seraikoz [U6] in their calculation of the asym- 

raetry in 7r-e scattering. Our notation is indicated in rig. 5«2.

Figure 5.2

-;•'-•a K ' as p, 

o» 1 ^ « M
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e and p in this section represent a 'spinless electron 1

and a 'point ^irac proton' respectively.

k f k' electron initial and final U-roomenta respectively

p f p* proton initial and final U-soaierita respectively

s is the covariant spin l^-vector of the recoil proton: it

reduces to a spatial unit vector in the rest frame.

We define the following U-vectors:

(5.1) 
k + k 1

The normal to the scattering plane can be defined covariantly 

as

k. k 1 p (5.2)
F U

reauces in the LAB. to

n° « 0 ; u m K(k ^ k 1 )

This direction is taken to be the positive y-direction, 

^, j£' , j^'f £ all to be in the xz-plane. For polarization 

transverse to trie scattering plane we can therefore define

(5.3)

? !? 2and since s fc « «1 therefore n^ « „ N , 

By definition

s.p * s;k* « s«p' » s»k » 0.



91

Note that this definition of the normal to tne scattering 

plane Is opposite to that of trie basle convention, according 

to whicn trie normal should be defined: % a £ A. n '» 

Here we have defined the normal using the initial and final 

-menta of the same particle (as used by iowell et aJU [18j.) 

The transition matrix element is defined by

Sfi * S fi

with

Nf
R R 
P

P ' fcr

i aP e 

k^

where ai - f M i
I 4

for a fermion 

for a boson

ror our 'spinless electron* u:^A-t;i'ure take ..

We use the spinor normalizations of Bjor^?^ ?»nd Drell 

[k9] and for convenience we have taken the nc« lization

VOlurt V » i.

the I matrixspin ^ - spin 3 elastic 

element can be written

fi TTL Uj (5.5)

where TIL is a 4 x u matrix in the proton spin space.

Assuming parity- and Lorentz-invafciance, |T^ ^^ be written

in terras of two scalar amplitudes (see for example ref, [59])•
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. AU,t) + * BU,t)

Phe transverse polarization of the recoil nroton is 

given by

I P » Tr[y i A (p')Tfl A 7H (5.7) 

where I » Tr[ A(p' TW A t>| ]
*«/

A(p'), A(p) are the positive energy projection operators,

s.g.t A(p) » ($ •*• H) / 2ft, and ffi. )Hj|\".

we remark here that with the form ; TflfJ tjlven by Hq. (5.6),
*

it is trivial to prove the polarization-. , ©try relation 

in this covariant formalism.

Unitarity of the 3-matrix gives the following condition

(5.8)

where only the elastic intermediate state has been Included 

In the unitarlty sum, and the U-vectors kR and pn of the 

intermediate electron and proton are defined in Fig. 5.3,

Figure 5.*3
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For trie two-particle intermediate state

<2»)3

J *"'% 

J(2fr)3

d3pn

making an expansion of TR in powers of u

(5.9)

. aation (5*8) gives immediately that "I -L « ™i* 

now able to prove in our spinor formalism a result of Chapter 

«~ 9 that there is no polarization in the first Born approxi­ 

mation. Since [ A (p)Jn * A (p) and n{ ^ n{ 9 where 

the subscript H denotes Y-^at rices written in reverse order, 

we use trace theorem 6 of Appendix 2 to obtain

1"

A(P') H

- Xr[Y * A

he last step uses the fact that Ye antl-coransutes with all

rices and |$Y ^ » YJ^ f » Thus the lowest order contri 

bution to the polarization is the result of an Interference 

between Tn^ "nd ff| 5 . Usinr the netv«o<1 ontHw«rt «Kmr<> > we 

find

* Tr (p f ) io-j (pjj (5.10)
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The elastic unitarity relation for [TH2 - flt2 J (£<!• (5.8)) 

then allows us to express the polarization entirely in terms 

of the first Born amplitudes, rae une-photon-exchan^e 

amplitude for spin 0 - spin £ scattering (see Fig. 5*4) is 

given by the Peynman rules: these rules are given for S 

matrix elements in ref. [U9] for example.

Figure 5.U

Thus the T matrix element is

(1) VWi een
T~. « u(p')frl u (p) - —g u(p') K u(p) (5.1Dfi 1 A2

(which is of the general form of liq. (5.6), and clearly

Therefore the elastic contribution to the polarization is 

given by :

0
| 

J

o IP . ( + i, __ _n (2 B (Wc-) Nnn n

x -Lie —— Tr[Y j*/\(p')K2 /Wn) XT <\v P )K ] (5.12)3

where
= k + kn K2 * k 1 + kn

. k . kn ^- k- -kn
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T.raoo CaJLcuIe _ 3

It is necessary to evaluate sne foliuwing trace

a

where: k + p « k + p « k 1 + p 1 *

If we ta.vfc k, p f kn and k 1 as the four Independent

li-tto^anta, in general the result of the trace calculation 

will be a linear combination of the four trace products

(skk'pj, (skk'kn ) t (skpkn ) and (spk'kn )

( (abed) is a shorthand for Trfr^)^!) * Th««a trace products
5

are not all independent since each of the five U-vectors 

• 9 k f k v ,p,k can be resolved into four orthogonal directions 

because of the dimensionality of the space. *?o~ example,

k can be resolved onto the following complete orthogonal n
basis:

(p • K) ,; P. - P -x

and n » e ( kk ' p 5 .

The same relations between the trace products can be 

oDtazned, using the identities generated from Tr[y 

when twp U- vectors are the same (see trace theorem 5 of 

ix 2). We obtain for example :

(2k*p)(skk'kn) m (2k-kn)(skk«p) * (2k»k« )(»kpkn )
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By stra _ forward lation of such identities the 

following four important identities can be obtained :

K2 &2 (skpkn ) « [(2k*k*)(2k«kn ) - 2M2 (2k'.kn )] (skk'p)

(skk'kn ) (5.15)

• 2x2 '—-'kn ) m [Uk*k')(2k'-kn , -

& 2 [2k»p - 2k.k 1 ] (skk'kn ) (5.16)

2M2 (skk'k ) « (2k •p)(skk l p) f (2k«p) n n

(2k-p + L) (??kpkn) (5.17)

(skk'kn ) » *±——————__i————-—————1 (skk'p) (5.18)
UN2

with

o 2 n' « - N is verified by direct calculation and we

note also

(skk'p) m f (nkk'p) » - U1N (5.19)

Armed with these results, the trace can be evaluated with 

so "abour, and the result reduced to the form*

* This is the exact result of the trace calculation. In 
the expression quoted by Bilen'kii and Semikoz [Up "s as the 
result of the trace calculation, tney have made (without stating)
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2 •>
T « - 8K [Q - fTj (skk'kn )

It is worth remarkin^ tnat in this case trie ^ "" "" ;e trace 

theorem 5 in Appendix 2 simplifiee the evaluation ^--^^erably

3 Integrals

The integrals will us evaluated in the overall CMS 

(Fig. 5.5).

re 5.5

The i&gk 1 plane is the scattering plane and in general 

not coplanar with k and k • . 

jr elastic scattering

is

Ikl
and:

- z)

the approximation ('42-H2 ) /^ ,2 . This is valid in tneir case 
of ir-e scattering where M refers to the electron mass.
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With the aid of the 8-function the interrned 1 ate state

i •ation reduces to an lar integration iu tne

Ln

3 (2tr) 3

5k
2W

(5.22)

E -f

This is the standard type of unltarity
A A

(see Appendix 3): there are two fixed directions k and k 1
A

ana irii© integracion ie over the direction of £n ». "inco tue
A A

result must be a scalar, it can only depend on k-K. 1 « z«
AIf we take k as the z-direction f the situation is as shown 

in Fie. 5*6. The angular integration di n can now be written 

dcos*>id0 and the connection between Eg and z. and 0 is 

given by :

cocfe. (5.23)

Figure 5.6

Thus:
2
1
2
2

= - 2k (1 - zx ) 

« - 2k2 (l . z2 )

A Ak»kn

A, A
k«k ~ —n

A A

cosS

,
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In our case of spin 0 - spin i scattering the required 

waives the form

(skk»kn )

A? &

using Eq. (5.17). Therefore we have :

Kz)
2

n

di. n (5.25)

>te that sine© both , and can rea. arc, the 

in' :il appears to contain an infra-red divergence. However, 

if v?e introduce a small photon mass X "nto trie propagators, 

the integral is modified to the

Kz)
(1-2)

where:
T m I

In the limit as t. we find :

f d"n——
J (T.«

(5.26)

and
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H2 (z) f ^ . J!L tn 
J (T-Z )(T-z) U-z)

(5.27)

Thi-1 the divergent terms as £ fcO, explicitly cancel, and 

we are left with a finite result:

JL
2ks

This cancellation is in fact evident from the form

(5.28)

1 4-

2 0, 2 ; thus the divergent terms cancel -

similarly for [^ 2 t> n .
&*

The integral (Eq. (5.25)5 occurs in the ir-e calculation 

of reference [U8] and also in the calculation of the polariza 

tion for two point Dirac particles in reference [U6j. T/:us 

we see that the polarization (in these examples at least) 

is free of any infra-red divergence. In 3ectior ^^ wr> ^-

a detailed explanation of this cancellation,

4 Discussion

In our example of the polarization in the scattering 

of a point spin-0 particle by a point spin-| particle we 

obtain finally
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sinte tan26/2

2kW [ cos2e
( r\*i

V
2

D2

„,

h2

K 2 ) k2 3

(5.29)

10, p » +1 for e~p 

-1 for e*p

This reduces to the result of reference
22 2 the approximation Q - M *^ Q .

If we include a form factor in tbe amplitude

2fi

the calculation ^r'oceefds almost exactly as before .;t 

for the unitarity integral

1
|J
,./^2, ,^ 2 v r JL + -1

1

;@ we assume that P{0) and F( 2 ) are finite, it is clear 

that the cancellation of t; divergence is unaffec- 'nus 

u.-;u jLi/uo^rals can be carried out explicitly for var* .,. 

of form factors, e.g., Yukawa, Dipol®, and th© divergent 

terras as ^ ^C cancel, leaving finlt© expressions. Details 

of the necessary integrals are given in Appendix 3,

5.3 The Cancellation of the Infracted Divergence

As we have shown in the previous section, the Infra-red 

divergent terms explicitly cancel in the Q^ polarization. The
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ion for this cancellation is most easily illustrated

by consioering the aii^io#>us pr- '" ; of the poiarizatior

an eJL«Gi/i*uii scattered by a put«in,jiu,-* *"'"** ^-^^-. -- ^
r?ni ^,T^ zation arisen ^^nm ^n interference of the fi±

.itude with the two-photon-c © (set .5.7)

' re 5.7

Dalitz [5^] has shown that the infra-red divergence I ! © 

two~. on graph can be isolated into a term proporti '.. to 

the first Born amplitude. Thus to tr»is or, ;"* 

divergence in the imaginary part acts like a pft»&o ». , r 

for the one^photon-exchansre aiar>litude: it is precisely because 

of tais, that t .:~r, ..5 no div.-. •...,•• ;e in the polarization. 

In tiie two-oomponent spinor formalism (totally relativistio 

^^ course)

« x

and ' : - : -3ion of In in powers of

M «

infra-red divergent term in M v ' is purely Inary

I thank p ^?r•-.. / ..ii. uaiitz for a helpful a 
of his paper u-ufcrerice [50]),
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iu this case and is A _ al to M VA; . we may

? (2) _(2) a*, v^U)a'"*. » & ft« + iu $? A ?nr 

(2^ \where *" is finite and y, A • is a scalar funcuu.i/14 , A 

vsaxan uiver^js as X ~^- 0* Therefore we have

H m oH (1) [l * ia0{\2 )] * a2Hj2) 

How M can be written in the form

K » F i- i 45T • n G

mi-* re n is the normal *-^ ^ l"-Q *c at taring plane.

»^. f-.l^-ng^ 1 '

ut. j. s s«i*c, t . wive to the relative phase and 

a. ^.nd since the divergent t)ha«e factor is the s . . joth 

f ix; and g^ ; , there is no divergence in the polarization to

order o?
^

P _. - --' ^^^ i/.

For the non.static case Tsai [51] nas shown that 

divergent part of the two-photon-exc iph is still 

proportional to the first Born term. This is easily demon­ 

strated by considering the Feynman amplitude for the
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ly the a b for the r >llauian of the 

cr&vuoc; in the polarization is essentially unchan^ . 

Cnhn d Tsai [52] have rwr^tly given a similar c tion 

for the cancellation of the dlvei._ -e in the £ 

tic electron-polarized proton scattering. 

However, a different explanation has been f.-lveu by 

Barut and Fronsdal (M>j (and repeated in reference ['•

.nt t , -ow that the result must be free of infra­ 

red divergences runs as follows. "In the calculate the 

sixtu order scattering cross section, diagrams of t 3 

of *i<-. serve t--. ^lioiinate the infra-red diverger ri%

.ev.;-r, these diagrams have no imaginary part?:, z ; e

>ot contribute to the spin dependence of the err tion". 

Figure 2 -f reference [h6] is reproduced below af 5*9»

Pi.gure._5.,..9

Kow the soft braiasstrahlung diagrams like that of 

5«9t do indeed cancel tne aivergences in the a-' cross-section 

that arise fron the usual radiative corrections [53j. i 

.,6 divergence that is encountered in the ir:?vrl^«rv -^t of

3 two-photon-exchange diagram is not cancelled 

di * In general [54 j tae diverge/ices in the i ry 

part ~"ising from diagrams such as those in Fig. 5.10 .;ive 

us the long-range contributions to the families ;ou n ~
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shift: this was first pointed out by Dalitz [50j

>-"»A-

pair of initial and final state c as contributes " nb 

ph.-:-- factor, ^atner taan cancelling, these factors < ^ 

t^ r ise of the wave functions by an amount which ~^- -hes 

infinity as the photon ©ass X ^ 0 (corresponds 

In 2kr phase in the Coulomb wave functions [5&])«

-?e, the divergence in th© two-photon-exchange ampli U* 

•-'-•'""•T" *•'•-.«» geaond t^erm in au. expansion of the CVU4.v ^e 

factor, which arises becatise of the infinite rarsre ~f ••;::;? 

Coulomb field*

It is clear therefore that the F t of Barut and

.-uoaeil is inadequate, Tf- !s because the divergence ~r the 

two-r>hoton-exchar!/?e an-ilitude aoDe^rs as the Coulonb r»ha«?e 

factor that there is no divergence in the polarisation.

> ; x I : i r+rbi t rar,.

formal isffl

I sing the same notation, we shall now ge

[55j ^t^ o-i-ven a ,.,~ry c a t 
infra-red factor of the third Born

r
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resul_ - action 5.2.1. r'or spin | - spin 4 elastic 

e in& the T matrix elerifent can be written :

* u (k«) u (p' TT1 f 1 ') u (p) (5.3D 
© p P

where nl is now a matrix in the combined spin-: 

electron and protOK, i... the assumption of tirae-r 

invariance, TY1 can be written in terms of six scalar

anr)l i trides [ 57 ]

TY1 - S S ¥ V T ^R

(5.32) 

.jr© the second terra for example, represents

V /^ S,fc Y • Y 
v v ' €''

anu S » I # f\ jnd P are the other four Fer nts.

,ve some freedom in the choice of the sixth ir.-v 

and we can take for example [59]

P • l
r e (p)

note that iU has the property tuat

(5.33)

wuere the subscript E denotes all Y-raatrices in bcth the

and proton spin spaces are written in reverse order.

pie i1 or cat V: ; sor term



e jiV U <-: I'-V

transverse polarization of the recoil proton is 

uy

I QP » Tr[Y i A(P') A(k')TY) A A(k) Y ] (5.3k)

with

0 « Tr[ A^p'> A ik'

and where Y^,^ acts only in the nroton spin-space 

The elastic unitarity condition now reads

A(k«)

expansion of T»( in powers of u gives again IM 

lying the trace theorem 6 aft before, it is ea 

t: at t: e lowest order contribution to the polarization 

result rr ? . ;. i:*tt;rference between IM and IM*

108

(5.35)

n*"'I ? « Tr (*)(k«} .-(k) (5.36)

, is given in terms of first order amplitudes in 

Kq» (5«35)• •'I is just the one-photon-exchange -
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for e-p scatterir d is given by the mn rules

0 e,
- Y (P) o(

^
(5.37)

lard form for the proton current \ (k^) isli 1*
* chapters)

) (5.38)

ana 

r-ly we define :

is defined in

p •*• p
n n (5.39)

The trace factorizes into traces in the electron «. roton

spin- es ana t ie polarization is now given by

en )P' ~e
• _

where
!'Vp

e



er

s is the basic expression for all our oalcul

-ature (references [&6] t [142] and [U7]) a

covenant jiurjaaiishi nas ^een used»

Trace

2Using the shorthand notation A S A(&. }, »

. .,„ on, there are eight separate c-~ai.rlbutiuiu$

proton trace - arising from the eight combinations

SA A 0 , etc.. ve write

and the trace products T to f^vlTT ar© defined by

A A BT,. -*• A a_A T •»• B, 0 ,. T _ 
en 121 2 1 J-l ? 1 2

.

no

The evaluation of these tr.ices is r-onhaps best ^ 

as 'strai ^o: : ( :rernely tedious 1 . a 

c tion, terms proportional to the square of the iron

•s H*' f aavG ; a. ^ur ^race identities 3. 

(5,16) and (5.1"7 ^ f '



2

2

and K

For ease of integration, it is convenient to writt: 

results in terms of (skk'kn ) and (skk § p) - 2q. (5«lo> ^ 

us some freedom in the actual form of these results.

The results of the trace calculations may be writt. 

in tne following form:

a = 8M [( k.p)
T
I 22 

b = 16H

J

an = 2
T X

b - 2 r *;ii L ^

(8k.p)

- (8k«p)
T.

^

Ill
K(skpkn ) = k(skk'p (2k. p) (skk'kj (5.16')

K(spk'kn ) = IkBkit'p) + (2k- p -» &)(skk'kn ) (5. 1? 1 )

aN (skklkn } + ^N (skk'p) (5.U2)

1
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a
VII

TVII
byll * . ^ - k.(8k.p)CL3k.p

•?
a = &" (Uk-p + 
VIII

T 
VIII

bviii

In general, the A and B terras of the proton current,
2have a different & -dependence, and consequently ......... eight

terms must be integrated separately. In reference

and B were taken to have the same -dependence: the three
2 2 3" terms, and the three W AB " tenv.s could taer, ,a^.ed

together vefore integration. ^ e reported e^-p tal 

behaviour of G , and G , [12] does not suggest that A and B
''-> ri

r)

have the same & '"-dependence.

As a check on our calculations, the result of reference
2 [l\7] was verified by adding the three "A B n terms, c^a the

three M AB2 " terms*. This result is a special case of our
itM ~*

calculation which applies for any &' "-dependence of Gg and G

* Note that the symmetry of the integral has been used to 
simplify one term in the expression quoted in ref, [kl] as 
tie result of the trace calculation.
*x The term proportional to AA^Ap is the trace required for 
the polarization' cf two Dirac particles with no anomalous 
magnetic moments. This term was also calculated keeping ' 
the electron mass terns to compare with the result of ref.[U6] 
The expression obtained for the polarization in this case is



114
The denominator trace (I 0 5 is Just that involved in

trie iosenbluth cross section,

3 Integrals arid itth« Infra«r®d Divergence,

The integrals are performed in t 

sectl "»",?. We require Ir* "i of the form

2 re F is some k ^unction of &. - and

verif'- * v at there ' ~

to chow if A and B ... cor start: the traces can tK ...c?u 

and rec :„ to the result of refer [U7j« *is result 

be written in the form

,.. « (skk«kn ) H »- (skk'p) Jp li .... 2

H and J are in

integral ' . (5«4JJ^» the J terra clearly gives no

/ergence, ^*oi* *" Vi ° H

it the (8kJk'kn ) factor autonatically guar\ , ,in- 

c ,tion of the divergence: thus the total result if- fi ite 

as we expect . i.ov; ', for our cas© t where we allow a

.. with the result of i^arut and Fronsdal exc for 
; overall sign* We believe the sign f;iven here t orrect.

* t-. similar ai . been ied for the tic
I :e states when, in the limit of zero el 3,
c '• vat ion restricts the trace to be of t of
;. , t; . vais is 'ri in the paper of " ' ! -y

there is a misprint in Eq. 12 of ti^ir . •-
' ll o J term in Hq. 5-UU above, has 

-;r. £ iketty for a private communication co 
these points, and am informed that the term oraitted in ~q.i2 
was not omitted in their calculations*
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different -dependence for A and B, the trace cannot 

be written in the form of Kq. (5.UU). To check for the can­ 

cellation of the divergence therefore, we need only consider 

the uti-u.tj riot of the 'J 1 or '"' type. For the "A2 ;.' s, 

these result In the integral

AB 1

r*

[ 2 A1 A2

A 2

A .
AB12 * 2 .

(5.U5)

Consider the limit -^ 0. Then ~t^ k"~; B t>
JL <u

t> "x. Thus the divergent terms cancel since

Lt 0

A similar cancellation takes place as 

is tr"« for the remaining " p '•* terms

t1 r>
I

!ii?
^2

B - A

">

as we expect, the cancellation is independent 
2explicit L - dependences of A and B.

For our numerical results (see next section) we take')
the ;cific case of a dipole ^ -dependence for
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(a - z)

(b - z) (a -

partal iractxoris, fciie integrals aai. . • 

to simpler ones, which all derive f*w M->--? 'basic 1 

integral f59j

rrt

(5.U7)

inserting a small

imit as X

on mass A.

•t. J -dy b© peri'c

, v A • @ » | -, -I v* -

we

-ndU 3.

u. divergent te-i-...t> 

finite expressions, fos

licitly 

le

.ven

U erical Results

The numerical calculations were carriuu out usiag 

usual experimental narameterizaticm of the two foru factors
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This Is the so-called ' It' «nd 'Scaling Law 1 for 

and 0,. which appears to be a fairly good representation 

the Ti'iiental data 112;, j^xper" tally £ » ( .71 

\uc*/v>; , The integrals were carried out analytic-"1 

the infrp.-red divergent t«m« cancelled as explained in the 

previous section. The explicit expressions are too long to 

be ' n here: they were progre and the polarizations 

caiuujLiiwcu using a KDP9 con^uuur.

the fibres, the full line curves rftr?resant 

ion calculates the erimontal fo

i.e, t {3 « 0.71. The broken-line curves represent
f)

:-~. -;a ca^umed for G ( K" r - 1 \ r °° ) •i)
r- rsidered as some sort of '..-^t-like 1 limit for the

although such a limit is rather arbitrary, 

re that if we take as our 'point.11

ions r- . \ ^ ) » F ( K. ) * 1, tnen we cut air. zero
•* X>

. -1 sat ion noted in ref^^"** r '-': , >'^^^ ^pproxi- 

is equivalent to parameterizing the form f F, 

,1 dipole formula:

•18 in Figs, 5-11 show the behaviour ic 

with re ;o the tering angle for varic

LAB, energies. Figure 5»1^ snows the oenaviour witn 

respect to electron l n , ^ergy f™ n ^<^^H ^catter ^igle: 

t i; le is chosen so that the effc t It

its (see Pig, 5,lid). ote that this r- fferent 

;- two values 6 « u.7"'
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Figure
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x Polarization vs. CKS scattering angle 
for UK » 10 GeV

is electron LAB energy)
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Figure 5.12
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10^ x Polarization vs. electron LAB. energy in GeV f 
for fixed CI;S scattering angle.

Full Curve (p » c.yi.) : a « 50°. 
Broken Curve (p « fto } : e » 100°«
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5»5 Conelualong

It is to be emphasized that these calculations are 

expected to correspond closely to the physical situation up 

to electron energies where pion production becomes important. 

Using the dipole form factors suggested by experiment, the 

maximum value of the polarization is found to be ~ 0.08$ 

for electron energies below UOO HeV. We note that at 105 KeV 

the maximum value is about 0.07* compared with 0.06,2 in 

reference [1*7] and 0.133 quoted in reference [U2]« The effect 

of the anomalous magnetic moment can be seen by noting that 

at 100 KeV, a 'Dirac 1 proton with a dipole form factor gives 

a maximum polarization of ~ 0.02^ compared with ^ 0.07$ 

as calculated above.

The calculated maximum elastic effect rises to about 1% 

at 10 GeV and remains approximately constant for increasing 

energies. This value of 1# is to be compared with a maximum 

value of ~ 0.6/b obtained In reference [kl] (which they state 

is not reliable). At 10 GeV f there will, of course, be many 

other intermediate states contributing in the unitarity sum 

for the polarization, besides the elastic state. Guerin and 

Piketty [U2] have found that the contributions from N* 

resonances could be of opposite sign relative to the elastic 

contribution. If this is indeed a general feature, there 

could be considerable cancellations between the contributions 

from the various intermediate states, and consequently the 

elastic contribution may represent a reasonable order of 

magnitude estimate even at high energies.

A polarization of the order of 1,£ is probably too small
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to be measured with present experimental errors. To date, 

experimental data [l8j exists for electron Lab. energies 

up to IB GeV arid for momentum transfers up to a^out 2 tue 

The measurements appear to be consistent with P * 0 (see 

Chapter 2). It is to be noted however, that the oross sections 

for inelastic e-p scattering in the so-called deep inelastic

region [60] appear to show that resonance contributions are
x 

not the most important: thus the possibility exists that in

some kinematic region the polarization may be nueh larger 

than the elastic effect.

x
A recent preprint by Bloom and Oilman [61] appears to 

cast some doubt on this conclusion.
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C H A P

RIGOROUS .UPPER BOUND FOR THE POLARIZATION

6.1 Introduction

In the previous chapter, calculations of the elastic 

contribution to the polarization of the recoil proton, suggested 

a maximum elastic effect of about l/£. At high energies, there 

will be many other intermediate states which can contribute 

to the polarization via the unitarity sum. AS the energy 

increases, more inelastic intermediate states are allowed and 

there is tne possibility of an enhancement of the relative 

importance of the two-photon-exchange term due to strong 

interaction effects. An exact calculation would require know­ 

ledge of the inelastic multiparticle amplitudes and r f heory 

is yet able to predict these. However, there have be 

several attempts to estimate the importance of the two-photon. 

exchange terms and we shall now briefly review these 

calculations.

The earliest attempt to estimate the contribution of 

two-photon-exchange effects in elastic e-p scattering was made 

by jrell and Huderman in 1957 [38j. They made two estimates; 

th© i'lrst of wniQii involved a very cruae approximation of the 

virtual Compton scattering amplitude, and the second, used a 

WKB approximation with a Weiszacker-Wiliiams approximation 

for the virtual photon flux. Both estimates indicated that 

two-photon corrections to the one-photon-exc <s cross sections
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were negligible for electron ensrrries below 5^0 «.. 

and Fubini [39] used a more realistic model for t ,tri- 

bution of the & 1236) to the virtual Compton amplitude 

ana reacnea tas saue conclusion, r/erthuwer auu. ..iuderman 

extended the approach using the Welszacker-Wlllisns 

approximation, and, after some assumptions concern: he 

virtual photon-meson production amplitude, concluded that 

two-photon-effects would remain negligible for small-angle 

scattering at all energies. Plamm and Rummer [Ulj h " Tro
PC -considered the effect of J « 2 meson exchange in the s -channel, 

and Drell and Sullivan [k3] 9 I"*"*" raeson exchange. Such models 

necessarily involve unknown coupling constants ana precise 

quantitative predictions ar^ *•">- ossible. The calculations 

of Guerln and Piketty [U2] have already been mentioned: they 

indicate that the resonance contributions are of the sarnc order 

of magnitude as the elastic contribution, and ' *->e of 

opposite sign relative to the elastic ^fect. ™o ~ osc recent 

calculation of the effect of s-channel resonances is that 

of Greenhut [UU]. The virtual Compton amplitude is approximated 

by neglecting the contributions of longitudine" >tons and 

considering only the C±(1236) resonaiace. -is results for 

tj^f» natio of the e -p to e""-p differ^^ 4"- - «yna^ - £->ofio^s 

compare well with the qualitative results of Drell and Fubini 

[39], and the more detailed results of C ?11 [63]. The 

effect of the resonance contribution is found to be less than 

a few per cent and moreover, the elastic and resonance 

contributions tend to cancel each other for energies greater 

than 500 I His calculations are only valid for energies 

up to about 1 u
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We see therefore, that calculations of the multiparticle 

intermediate states in the two-photon-exchange grains, have 

been mainly restricted to resonance approximations valid

up to about 1 GeV. The general conclusion of these calculations
xx 

is that two-photon effects are unimportant . However ~;

high energies many inelastic states are possible and the 

resuiicince concri out ions may be reiai/ively unimportant. The 

inelastic e-p cross sections, with observation -, only the final

electron, have now been measured [65] over a large range of
2 ? q and W - the invariant mass squared of the hardonic final

state. In the resonance region, which we define roughly as

W -4 ~ GeV, the inelastic cross sections exhibit a q2 behaviour

qualitatively similar to the elastic cross section above
• ? i ^|q I « 1 (GeV/c) , For larger invariant masse the in-

2 elastic cross sections nave a very different q -dependence.

MottFor example [65], at W = 3.5 GeV, the quantity (d/fl^K' )/0"
2 changes by less than a factor of 2 over the q range, while

the analogous quantity for elastic scattering changes by

some 3 orders of magnitude. Icr is the fiott differential
Mott

cross section for the scattering of an electron by a point 

charge with no recoil.) The observation of this weak q 

behaviour is a fundamental result of the 'deep inelastic 1 

experiments. There are many other interesting features of the 

deep inelastic data [60] but here we stress only the marked

here have been several attempts to ' leggelze' the 
pnoton [6U]» [58]; however, the existing experimental data 
for e-p scattering is well described by the one-photon- 
exchange approximation and no specifically Regge-pole effects 
have been observed.
** There is also a calculation by Harte [k5] using a specific 
'Bootstrap 1 model which indicates that two-photon effects may 
be important at large n.omentum-transfers.



12 fi0

difference in behaviour of the deep inelastic region from 

that of the resonance region* .ecause of this t it may be 

an unjustifiable extrapolation from the conclusions of 

resonance calculations, to presume that two-photon effects 

are negligible at all values of B and t.

In this chapter, we derive a rigorous upper bound for 

the contribution to the polarization of all the inelastic 

Intermediate spates, in terms of we&kurable cross sections, A 

-,-nr-erical estimate of this bound based on existing data, is 

then given and the results discussed, i'he next section contains 

some comments on two types of models for the intermediate 

state contributions,

6.2 Upper Bound for the Inelastic Contribution

1 Derivation of the Bound.

In Chapter 5» the general expression for the polarization
3 in elastic e-p scattering to order or was obtained

(6.1)

This can be disentangled from the trace form back to summations 

over spins

As before, we may express '»t 2 . Tl^, via the unltarity
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relation:

n

The summation over n runs over ail

1 \ (6.3)

intermediate

states: in our previous calculation only the elastic state - 

e p - was retained. We now wish to bound the contribution 

from all the inelastic states that can contribute when

s ^ \»-» f HI / Cm- *N* c;» £<ach intermediate state contains tr **
an electron and a certain number n hadrons - as «v?owr, in

Fi0 . •->.!*

n k. Pi +

n hadrons

Figure

(6.Ub)

Thus

n

^=0
^ ^

^ (2n)3

d^k
n

03ri
n

Y
(HO

(6.5)
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t f represents the different intermediate states and the 

spin variables),

The hadronic integration may be written

a .
J

(6.6)

Therefore :

n

/ v(2tr)

Consider the term

n

*l >< \ i

(6.7)

n is definea bv

for tine amplitude:

(6.6) § and | I

( 6 .

is a shorthand

> > \ > ^i (ire fixed, and for the integration over dQ

k and u are held c us \

n , 

is a
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complex amplitude which is a function only of the variables 

and the 3n-U rr bum variables. We write symbolically

(6.9a)

which is to be --n^erstood as representing ^n \'°'- \ i/

at fixed k t p, k and (P : for initial spin variables
* i i i

We define also • W and t. * (k-k )'".1 n

In a similar notation

P.I

at fixed k f t p 1 , k , for X^»^A . Likewise we definen n r f

In this notation it is easy to see that Kq. (6.8) 

defines the invariant scalar product of the two functions 

and 0 :

I
J n

Since the scalar product is ;j.efined in this function space, 

the wauchy-^criwarz inequality may be used to bound this product

. 0 )l ^ H til U II (6.ii)

where

and similarly for || 0

fT^, || * || ' a^ H TH can easily be related to M^ 

differential cross section for inelastic e-p scattering, in 

which only the final electron is r ted:
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e a ' *• .'

differential crossFor given iuiuial helicitiee A -^»

r:n is given,in one-photon-exchange approximation, by
n

d<r

where 

Thus

since

e

i
1

2tr

dcr

kn

8 (

'n

_ a<rn

• II II

(6.12)

(6.13)

(6.1W

where d<f is evaluated at k, p f kn fixed and dd" at V, p 2 t 

k

This is a rigorous upper bound for the contribution of 

the inelastic intermediate states in terms of measurable 

inelastic cross sectiuns. Hie upper oound for the polarization 

is obtained from (6.2) and (6.3) :
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The one-photon-exchange amplitude in Eq. (6.15) can be 

evaluated in terms of the form factors Gg and G. .

Before we proceed to make a rough estimate of the bound,

we notice one following points. I Q is proportional
2 

elastic cross sect--- and falls off ve— — -idly raCT ~> ^
i 5*

The one-photon amnlitude in the sun f tills off roughly as (IQ ) * 

Consequently if I i I - the integral over th re- 

root of the inelastic cross sectic falls off slovily with 

. , ui.«n the bound can become very large. Tvv ***<**'. ~*

the forr in which the botinfi in written has lest the r>rop*- . : „"

of the polarization as being a difference of cross sections,
2 we have the possibility that at high q the boun be

thai: unitj . -u this case, the bound is no longer 

useful I

2 nerical 7- t ^the Bound

In this section we shall make an order of magnitude 

estimate of the bound,

(1) Integral over Inelastic Cross Sections : In (fi)

,.;, present, only uupolarized cross sections r, .n 

measured :

Parity gives the relation



134

d<r. d<r.-X-M. A H
,-....,......»„.,. SB ———————

d3kn d 3kn

Thus, in the absence of polarized cross sections, only an 

inequality may be obtained

d<JI dcr 
_JJU S 2 ___2-
3 3 d\n d\n

;.uws3ver, for an order of magnitude estimate we shaxi assuae

d<r dcr
_*i AW _JL (6.16)
d3kn &\n

The integrals will be evaluated in the overall CHS as 

in onapter 5t except that for an inelastic intermediate 

state : \ ^ \ t \ kn \ . 

We have (see Fig. G.I)

tx - - 2 k kn (1 - cos01 ) 

t « - 2 k kn

with

sin©

w2 - JE - 2 (E kn

where BE is the total C^s energy. (The electron mass is 

neglected,)

Since for unpolarized cross sections, d$ — > 2tr t we can 

t£write I n (fi) by making the cntiiige of variable:
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d k« l ,., 2
____ a ——.—— d '

U)n
(6.17)

We obtain

n (fi) ^ I n(0) dVI
dt dW 2 dt

(6.18)

The limits of integration are

0

dt.

W u

where : Ukk » ( s-M2 } ( s-W2 ) / s

We fcust now parsaieterize the inelastic cross section: this 

may be written in invariant form as

dt aw
H (t,w2 ) crexp (6.19)

where
2 KH (t f wO - fe . £

K (W2 - H2 )/2M (The Hand Flux factor)

2 [( 

t(2k

(p«q) 2 > ^ 2tj V 

• p)(2k'.p) •»• M 2 t]j (t = q2 )

6" (t,W^) is a combination of the transverse and scalar 
exp
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virtual photon cross sections

The behaviour of cr with W at constant t is di; ^ inexp
Pig. 6.2. For rauon-proton inelastic scattering [6* r»l 

et aj.. [67] have given some simple parameterizations for
cr for W "> 2 GeV. 'Their best fit is exp

it, , .T..-.: (6.20)
( 1-Rt }

with

K » 1.36 - 0.22 (GeV/c)

and where the fitted values of S .,2 are consistent with the
v;

phot ©production values.

The muon data seems to be compatible with the electron 

data [ 66 ] .

For the integral (r..^. ^6.18)) we now make the following 

crude approximations :»

(i) The lower limit for the W2 integration is t je
2 - '•. Below this value of W , resonance prouuciiiUi, is important

and . :;rrift that this regi^^ -'ives no sizable r ^^^

to the polarization. This cut-off can be seen to be plausible

from T >.2.

(ii) The fit cf Eq. (6,20) is assumed for the electrc;,

In fact, since R « o^./oTj, appears to be considerably

leas than 1 [65], cr is aporox irately o" t .exp u.1
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6.2

600
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300
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0

160

V
' 40

;.v\'

30

20

10

0

0

q2 *0(GeV/c)

._L,_

= l(GeV/c)

0*10° q2 =2(GeV/c)2

2.0 3.0 4.0 5.0
-TWO PION THRESHOLD W(GeV) 
ONE PION THRESHOLD

6.0

withVariation of the photo-absorption cross section (oj + 
_. /- p W at constant q2. The tipper curve is the tothl real 

=» * * photo-absorption cross section of 'at q 2 = 0 as determined by 
the SLAC-MIT data at 1.5°. At q* « 0, as = 0. The lower curves 
arc obfdincd by interpolation from the 6° and 10° data.

» '^ taken from reference [65]
2 ' I 21(Note that q in figure is \q ( in our metric.)



138

Since this fit as assumed for the whole range of integration 

over t, at high s this involves a considerable extrapolation 

of the data.

(iii) We also assume the function S, . P to be a constant: as
$£,

can be seen from Fig. 6.2 this is a reasonable approximation. 

We take

S 2 * 12C M<b -

(2) Sum over Slastic.Amplitudes

In the approximation above, the bound may be written

\in (o)l [~ u W , r J*u. u,, ] (6.21)
1 I x x ' L *i H-i L 5 *f M- J I

*^ I ^* JL

where

/ V \V A, I')

I \ A 1 < 6 ' 22 >
X ,|i; \ i j. x '

For our estimate, we shall not evaluate the sum over the 

one-photon amplitudes in Eq. (6,21) explicitly, but instead 

approximate it in terms of I 0 .

If X refers to the helicity of the proton, then - ! ce 

s is the covariant normal to the scattering plane

u- V

Thus the sura in Eq, (6.21) may be written
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1 Aft'* •XtiM I 
( X P ,v *\ »M /

c ir,oe, in the limit of zero electron mass, the electron 

helicity is conserved, this involves a sum over 8 CKS amplitudes. 

J?or our rough estimate we assume these are all une same 

order of magnitude, and therefore

^P • ,2 ii2r . ^ I I ^ II0

Then:

at - m - [8i 0 ]*.
(X,n) 

The Rosenbluth cross section can be written in terms of I Q :

dt \ vci
x

and the polarization bound becomes with these approximations:

fdw2 dt.drf (
J LdtdW2 dtdW2

2ir [ 2^r (t) ]* (6.2U) 
dt

The numerical results obtained with these approximations 

are discussed in the next section.

x In this form, which involves the above approximation,
bound is very similar to one quoted by De iiujula and de 
ol for neutrino reactions [68],
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3 Hesults and Discussion

Using the approximations described in the previous 

section, the bound was evaluated using a iu;rv cospuvor: the 

integrals were evaluated numerically using Simpso^ 1 * r?» 1 *. 

The Integral is convergent but care rnust be taken with the 

singularities of the integrand. Figure 6.3 shows the result

of the calculation for the angular distribution of the bound,
o 

at - incident electron .UU.D. energy of 3 G*V* (s ^ '-&Y) ) •

As discussed at the end of Section 6.2.1, the magnifc"^ r-r 

the bound increases rapidly with $ 1-4). For hif^her e .es, 

the general shape is similar but the curve rises more steeply.

ror example at 5 OeV, the bound risQs i'roia **• 4/*- &^ "' *- 30 ,

to 3C> at 9 ^60° and exceeds unity at 6 •*• 90°. It - 

probable that a more accurate evaluation of the bound, using 

a less crude parameterization of the inelastic cross sections, 

arid, explicitly evaluating the sum over the one- phot on-exchange 

elastic amplitudes, would lead to similar results.

It is clear therefore, that this bound is of very 

limited use. iiven at 3 &©V, for t «- - 1.2 (GeV/c)% the 

value of the bound is **- 6/L; while the measured polarization 

at this s and t, is compatible with zero, with an estimated 

error of - 3> (Kirkwan et $!• reference [18];. The regaining 

question is therefore whether it is possible to obtain a 

better bounj. 4s we showed in Chapter 2, the polarization 

is constrained to vanish at 0 « 0° and to » 180 by angular 

raofsentum conservation. It would therefore be desirab1 -3- f -^ 

extract this 'sin§ r factor and thereby obtain a more realistic 

d. We have been unable to obtain ?uch a bound, i
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Figure 6.3
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scattering angle 6 for incident electron LAB 
energy a) » 3 GeV.
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can still be s ..y related to measured •_ titles.

6•3 Comments on TWO rodeIs

1 A^Inflnlte^Gomponent Theory of Hadrons

co-called d leal group theories of h j 

are based on r f the group ti 1

treatments ^ A the a-auy^ ir-j* It has bee** o-!«.-.•< ,ie 

us 3 of '.mltary, infinite-^lrnenslrmp.1 rfinresertr.tirnp •?.- 

c< it groups provides a useful fr<~ wit i to 

re-fas':ion :,chroedinger ther tiese methods c ;a 

to relativisbic systems: a chosen group together A-J.UU a 

-*fstable represent^t! nn th^^ contains information or, the 

d leal properties of the system. In an 0(1}.,2) ,-y of 

hadrons [69It the r>roton is regarded as the ground r of 

an infinite oaryon 'bowar 1 « ©xoited stii : . wit!"' * "^rocisj-ug 

mass and spin. 'PVyA i.^port.- r ^atur^ 1^ that ee/' ; - s.adron is 

no longer treated as a single elementary particle of mass H 

and spin j, but rather that all hadrons with the same internal 

q- ira numbers are considered as a single relativistio 

system described by an infinite-component wave -Auction. In 

suc^ an 0(U t 2) theory with a suitable choice of the electro- 

!ii, .tic current :>r, the 'dipole fit 1 for the proton 

fort;] factors can be reproduced [69]• Furthermore, explicit 

e • .".ixoas may be obtained for the transitiu;, -uwwurs 

to all the pv^Hed st-3 -^^ r.r t*& nrnf.on tower. -iple

fore, the all these excited states 

may be calculated in a -" fashion to the c ion for
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the elastic inte ,iate state i apter 5. ?or a it 

calculation it would be necessary to use the mass M < of the 

intermediate state as predicted by the tneory aziu also the 

appropriate spin J propagator: a straightforward c lation 

including more than a few intermediate states ars to 

involve a prohibitive amount of labour. Moreover, if we wish 

to use a more realistic model including transitions to I n 

v.'ii ifferetii* iiiwui'^ua. ^uiu-vuu uuuibers from unc; ^roton, 

as the /i (1236) - the t;v«ory becomes muc ..nvolved 

[7U.

Is model is entirely a 'resonance type' 

(iuulitativwi^, we oxpeot the fonii factors of the 

states to be of t>i<* fm^ of the product of a gr)i. 

1 threshold 1 factor and a factor similar to the c ic form 

factor [72]. Since the major contributions to the unitarlty 

integrals arise from the reions where one of the " 'nators
2 2 

small ( & >• or ^ "~^ "* we

factor to damn the contribution of the resonances in the

regiors. It is therefore plausible that the contributions
M

from resonances are never large .

In view of these practical considerations, av--"- ;- j. 

any ncssible theoretical cb lections to the use of an Infinite 

c ory, thi. proach was not pursued any further.

A possible approach for an estimate of the effects of the

Guerin and Piketty reach a similar conclusion in 
reference
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states in the unitarity sura, is to ap*<

by an f overlap function*. The overlrr ction 

in the theory of high ei •_.. istic collisions of 

two ons in the following way [733* At h" and 

for small momentum transfers, it is prooaoie "' lastic 

scattering amplitude, ^ s > s \ \ ? v ^ » 'rei , * ^ 

collision of two hadrons a and b, becor/ct very nearl?/ purely 

imaginary. The differential cross section also be -ery

11 except at email values of t f and one conclude ;,at 

^ •-* elastic scattering is essentially shadow scatt< caused 

by the existence of inelastic processes. The overlr retIon 

represents an attempt to relate the bulk properties of the 

inelastic processes to the elastic scattering amplitude: we 

EK«fc.uri the derivation below [73j» 

Unitarity of the S~matrix

T . T1" m i T"*" T

relates the imaginary part of the elastic amplitude to a sum 

over both elastic and inelastic intermediate sta***^ ^ r "e 

define :

lt(a,b)> « S \ >< \ I >
n f

where n 1 denotes only inelastic states to be include^ In the 

sum, then the wave function IT ^ re;>re a 

inelastic states derived from the state | a 0} * 

inelastic unitarity sum may be written
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The relativistically invariant function ?(& 9 Vj ::.-- 

the overlap between the two inelastic wavefunctir • '* 

the assumption that T ^ is rvire imaginary, we cnr> obtain 

the approximate relation

Tel U,t) ~ F{s t t)

The t-dependence of F(s,t) can i-v^-r^f™*** v»e deter^™»* fr»nn 

the elastic differential cross section. An approxl 

parameterization for F(s,t) is

F{s f t) » F(s,o) exp (bt)

To at>ply smch a model to virtual Compton scattering, we

e the assumption that the virtual photon •• 'e like 

liadrons. If we use the ideas of vector-dominance [?!j.j the 

virtucii uompton amplitude ma^ «e related to the elastic 

,..-. «..u,iltude (ignoring contributions from co and f ^1r 1*5 

represented symbolically in Fig, 6.U.

:x- x
P'

However for photon scattering, we must apply tht ints 

in;, osed by current conservation and ascribe tensor ices 

to the overlap function. Consequently a complete calculation 

would require knowledge of the invariant a,.^,
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virtual ":on scattering. evertheless the i iea of 

t; ' ' " : all the inelastic effects oy an overlay 

is .r/ attractive one, and seems likel' r f- n ? *nrt tr) f 

definite predictions. Unfortunately time did r; t a 

tailed investigation of this type of model.

•The contributions of resonant intermediate states to the 

recoil proton polarization, are i ikely to be of the same order 

of magnitude as that of the elastic intermediate staco. 

ouiuulations su^^est that these resonance effects ma/ - <~f 

arbitrary sign with respect to the elastic effect. A rigorous 

bound for the contribution of all the inelastic in ? ate 

states, which uses the measured inelastic cross sections, yields 

an imrealistically high uuund at large \ t| . , ^:^^fc " f ^s 

perhaps unlikely that at large s and | t\ t the effects cf 

multiparticle intermediate states coul' :>nspire t ;>duce 

an appreciable polarization, such a possibility cannot yet 

be ruled out, ei&a<vr uneuretically, or experiuie^ uaxij - since
2 

teasurernents extend only to \t\ ^- 2. • /c) [IS].
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Hello ity Por^^l^sm and Covariant Formulation 

of the Spin tensity M

Most of the material in this appendix is quite well-known 

and can be found in the original paper of Jacob and Wick [13] 

(JW), or for example, in the books by Werle [19], and Martin 

aad Spearman, [16], where the helicity formalism is discussed 

in great detail. Consequently this appendix will only briefly 

mention if at all, aany of the important properties of the 

helicity states. Instead, we shall give a detailed discussion 

of the phase convention that we use, and of our covariant 

density matrix formalism.

1 One-Par icle Hel ici t State a

We consider a system of one free particle of mass w, 

and spin s. All the possible state vectors of this system 

fores a complex Hilbert space iTCws), which is the carrier 

space of the irreducible unitary representation [we] of the 

proper Poincare group, A convenient basis for the space 

U^ws) is given by the set of cosHaon eigenvectors \p \ [ 

of the Bioueutuia p, helicity «l*j2/p aria of the two invariants

and P A p^ «-w s(s+l) (the Lubanski invariant).

(In what follows the labels [wsj will be omitted.) The 

relative phases of the basis vectors are uniquely specified
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by requiring the vectors I £ X to be suitable Lorentz 

transforms of one fixed basis vector Iwwv, A ^ • -ince

this vector I 000 X ^ describes a particle at rest the 

angular momentum operators j. coincide with the spin operators 

£. By applying s^ to our standard vector, we obtain the 

remaining linearly independent vectors I cutX^ with

X. m -S, . ..8.

We then define the vectors \% K^ for 0 < £ < n and 

-tr < 0 £ v by :

(v) lCOOX> (A.I) 
z

where 0,9 are the polar angles c P\ R and L are the 

appropriate rotation and 'boost* operators respectively. 

For $ « 0 and 8 » irf and for J integer spin s also along the 

meridian 0 « -a f the definition (A.I) is not unique. In 

fact for helicity states, it is impossible to define the 

phase of the vector V0 Q i XV so that it is continuous 

over the whole unit sphere t^cj. «e nute here that our 

convention is not identical to that of (JW) where they 

attempted to minimise these phase discontinuities. However, 

as we shall show later, for discussion of polarizations, 

it is more convenient to use the above convention. (In 

fact, (JW) in their discussion of polarization formulae 

resort to this convention.)

We must therefore define for £ parallel or anti-parallel 

to the z-axis, the corresponding helicity states. We set :

0 p\> - LZ (T) \0 0 OX> (A.2)
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|OG.p\> *L (v)

R(v,ir.O) Lz (v) | X> 

(-i) s~ XR(0 4 fr,o) L(V) to o o *> (A. 3)

with v * *Vp0 .

These definitions are completely equivalent to (JW) and no 

modifications of the sycmsetry properties are needed* The 

vectors \ % XV are assumed to be normalized in a Pioncare 

invariant manner :

' X s I „. \>

o 2 iwith r * ( i w B

The derivation of the symmetry properties and the 

construction of the \ J m p X^ basis is straightforward. 

We notice here that (A.I) so far has been regarded in the 

•Active 1 sense as a prescription for generating consistently 

all possible states of a particle with respect to a fixed 

reference frame. However, it can also be regarded in the 

'passive 1 sense as representing the same state viewed in two 

different reference systems

1 0 e pX> * H(0^,0) L2 (v) |0 0 ( X> (A.I)

This 'Helicity convention 1 therefore amounts to a definition 

of the orientation of the rest frame axes for the particle. 

If the particle has momentum (0 9 p) in the frame XYZ then



the rest frame axes xyz are obtained by a rotation 

R(0 9 0) from the axes XYZ (see Fig. A.I).

Figure A.I

Y

For a particle travelling in the negative Z-direction our

convention

-iirsI 0 Q -p X> = e H(ir,ir% 0) \ 0 0 p X> (A.3)

amounts to an additional rotation by IT about the Z direction 

for the rest frame axes.

2 Two Particle States

In the CM system, we construct Helicity states for 

two particles by the following direct product of one particle

states:

P » OjOCp; \ X

(A.U)
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and

1 £ = 0 p; \ P - 0; 0 0 p; V A

(A.5)

Here A = (y) is merely a convenient normalization 

factor for the CM helicity states, (W » P°),

If we now consider an elastic collision process in the 

CK system, the rest systems of all the particles, are defined 

by our Helicity convention. These •Helicity Rest Frames 1 

are indicated on the figure (A.2) where we have taken (A.U) 

to be the initial state and (A.5) with 0 = 0 for simplicity, 

the final state.

Figure A.2

where the

and n «

plane is XZ plane 

defines the Y axis.
U

We note that and are parallel to Y and that Yo and YK



are antiparallel.

3 Covariant Formulation of the Density Katrix

We consider first the density matrix for one particle. 

Consider a beaci of particles whose linear momentum is well 

defined, (and the same for each particle in the beam), which 

in the rest frame possesses a non-zero expectation value for 

a component of spin. Such a beam is said to be polarized 

and in general is a mixed state which must be described by a 

density matrix, rather than a state vector of the Hilbert 

space. For our purposes, we shall only consider particles 

of spin i.

Since the linear momentum is well-defined we can trans­ 

form to the rest frame in which the angular momentum operators 

j. are identical with the spin operator JB. For spin J 

particles at rest, the density matrix can be written :

p » J (1 + p.cr) (A. 6)

with Trp « 1. (1»OT 2x2 matrices)

This can also be written :

P '
m \ (A.I)a *

where ms is z-cpt. of spin in the rest frame.

Consider now a frame in which the particles in the beam

are travelling with momentum p in the 2-direction. Clearly
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need to boost the state vectors I

\
rn •,;. *" r, ... 3

The elements p , are clearly the same In the frarnems ms

as they were in the rest frame xyz, and furthermore, these 

two sets of axes are parallel tu each other.

xnus we can write p for a beam of particles moving in 

the z~direction as before (A.6), provided we r^ombe** ^at the 

spin operators, ^.nd polar i~pt:io>. _ -efer to th** re?;t fr^ne 

axes xyz t which in this case are parallel to . • ', 

for a beam of particles with momentum g » (£ t in the frame 

, the helicity formalism implies cui ciddit ; n '^ on 

,-, ) of the rest frame axes. Thus, if we use thn helicity 

is for the states \ £ \^ we can write the density 

matrix p with respect to these ntu? ••??, •::••:• ctly ore

P - fc (l + £ • 2" ) (A.6)

provided we r ::je^ that the so^n operators <T,, etc. referrur L-- - r - --.-- - ——— - ..._i. - .J.-T-. ...... . 11. -.T.- i. .. T . r...-...]-.- ^_ "" r - l '•"--

_. ..? axep. xyz. (See i'ig. A.I).

in conclusion, the density matrix for moving 

can i3e written exactly as for particles at resw, led 

the rcovirrr particle states are specified by Helicitv c fc?<tes, 

arid the operators 6it « ^ are interpreted in the 

helicity rest fracie moving with the particle.

is fully relativistic evei, Lhoufrt, the
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result is not manifestly covariant,

The density matrix for two particles can be constructed 

by a straightforward generalization of this procedure. It 

can be written exactly as for particles at rest provided we 

interpret the operators etc. as referred to the appropriate 

rest frames,

We now specialise to two particles, a and b f both of 

spin J. A complete set of operator® in the combined spin 

space is :

I - Ia Q> Ib. Ia © .-r. crj; O V <£ O ̂  (A.7)

('*e often abbreviate this notation and write for example
4 k

<r a: bearing in mind that <r and cr refer to different a b ° -*a b
subspaces.) The density matrix for two uncorrelated 

particles can be written as a direct product of pa and p , 

the density matrices corresponding to the Individual 

particles:

Pa O ab - da + ^a-2) « + £b*£> (A ' 8 >

In the general case we hate :

(A.9)
i t k

where the real coefficients C ilc have the physical meaning

of measuring simultaneously the i opt of (TQ for particle a.a
th and the k cpt of cr^ for particle b. !T1he G ik therefore

are t^o expectation values of definite spin correlations.
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In the relativistic case, we oust remember ti <3L §£«
ii C*

sx^ & »JL refer to different inertial frames. b u

To summarize, the density matrix will be specified 

In the hellcity basis :

P A KV^Ab U' 10)

t

where ^a»^' and ^ >^- h ^^f^i* to the z-cpt of spins

in the helicity rest frames of particles a and b respectively.

The use of different coordinate systems for each 

particle is characteristic of the use of helicity states* 

It provides an easy way to circumvent the technical problems 

associated with the polarization of relativistic particles.



A.10

APPENDIX

METRICgDIHAC MATRICES AND TRACE THEOh.,;^

Our notation is that used by Bjorken and Drell [1*9] 

and is explained in detail in their Appendix A, i ere v,; e 

present a summary and some further results that we need in 

our calculations. The r.calar product of two four vectors a

and b is denoted by

a • b a°b° - a • b (B.I)

The r-inatrices in the Dirac equation satisfy the anti- 

commutation relations

(B.2)

where is the metric tensor

00

0-10

V- -1
00

u

-1

Unless otherwise stated, we use where necessary, a 

representation with Y° hennitian and the Y^ antihermitian 

with Y imaginary:

or

-CT
(B.3)

with the usual representation of the 2x2 Pauli Matrices
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°r the inner product of a Y matrix with a

four vector the Feynman 'slash* notation is used:

Y A11 . A - Y° A° (B.U)

It is useful to define the combinations

V - ? [ Y". Y V ]

and
0123 

Y Y Y Y

(B.5)

(B.6)

In the above representation

0 1

1 0

If we define the antisymmetric tensor of rank U> ^ 

with the properties:

» •*- 1 for an even permutation of 0, i t 2 9 3

« -1 for an odd permutation of 0, 1, 2, 3

m 0 if two indices are the same

then Y< be written:

JL

With this form it is easy to show

* -cr Y3 YY

(B.?)

(B.8)

Further, usitog
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(remembering that €: 0123

> pa

» -1) we find

8

HY

M- V Q 
Y Y YH

UV p p, P V& r - g Y + g (B.9)

Finally, we collect together a list of some useful 

trace theorems. Proofs when they are not Indicated, can be 

found for example in reference [49J.

(1) Trace of odd number of y's van! ones

(2) Tr 1

(3) Tr

a • b

•«•». p, j

+ --.--

(W Tr[ i 

Trfr,

Tr[y,

J

15 ] - 0

i <J *
For this last trace product, we often use the shorthand :

Tr[y 5 4 jb 4 *j S (abed)

etc. from* Note this notation differs by factors of 
that used by other :>rs, e.g. reference fU2j.



(5)

Using ^^L » - rf^L + 2a*b leads to identities 

of the form:

0 - (2a«b) (cdef) - (2a-c) (bdef)

+ (2a«d) (beef) - (2a-e) (bcdf)

+ (2a-f) (bode)

Use ci the Y-iaatrix identity (B. 9) » leads to a trace 

theorem which to cur knowledge has not been given in the 

literature. We obtain for example

Tr[Y * £ 0 # 6 jf j » (a*b) (cdef) + (b.c) (adef)

- (a«c) (bdef) -f (d«e) (abcf)

- (d»f) (abcf) + (e-f) (abed)

(6)

The proof of this theorem rests on the fact that there exists 

a matrix C such that

-1 TC « - Y
- li

(The superscript T indicates transpose).

This theorem is very useful in polarization calculations.

(7) Finally, for tiie sake of completeness although the 

result is not needed in this thesis, we give the following 

interesting trace theorem :
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Tr[ y P , Tr[

2 Tr[ (P + K,
ri

2 Tr [ P (?' + P' Ti ) ]

vuiere x- and P 1 are products of ouu. uuiuoers of y-iuutrices

and any number of y. matrices. P , and I f are the same.5 n
products with all the y-matrices written in reverse order.

A proof of this theorem may b© found in the book by Eisele [76],
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INTEGRALS FOR THE UNITARITY, CALCULATIONS.

Th© basic unitarity integral is of the form

Kz) I(T _ gd^r T1§T2 > I (C.I)

A A A A A Awhere 2* * k»k^ ^nd z2 =» ^'*^n : & an<i &' are ^wo 

fixed directions and the integration is over the direction
A

of k . 2, and ^ are related by

/1.- a^ /I - z^ cos 0 (C.2)

as is evident froni Fig, C.I.

C.I

Z « CO8&

For T. 9 T« 7 1, the denominator of the integrand is never 

zero (for z in the physical region \ \ < 1), and the result 
is real and well-defined. The integral may be evaluated 
using Feynman's method [62J based on the identity

do.
ab [aa * b(l-a)]2

(C.3)
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I reduces to the form

1

1(25) f da f
J J

where a and b are easily determined.

Thus: „ 1
1 

Kz) = kir I da —-—„ - -2 >
After some manipulation the result of this integration may 

be written

K(«) 1 z-'^T + K( Z )

where
7 ? 2if /»\ «., ^/•» rP r^^ f T1 i \ i T»ivvz; = Lvz-i^i ; - vi, - iM-i-p

The analytic properties of this integral as a function of 

complex z are displayed in detail in reference [59] (where 

an alternative method of integration is also given). This 

integral is important for the calculation of the elastic 

double spectral function in the discussion of the Mandelstam 

representation (see for example the books of references [16] 

°r [59])• However, for our purposes we remain in the physical 

region ( \ z\ < 1 ) and need only the limits as T^ 

and/or T tend to 1. We write

T m l + £ ; t « \2/2k2



where is the small photon mass. We then find:

Lt f <&n

} (r-2 )(T-, (r)
For the calculation involving dipole form factors 

further integrals are needed. For example

n

These integrals may be obtained from I(«) by differentiation 

with respect to the parameters T^ and T . The relevant 

integrals are as follows.

I. T.

K

f ffl 
[ (2

(1) VH(z,T1§ T2 )

- K

K j
- 1}]

n

(2) n

K

n? + 2 (y^) )
(T^.l) J
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(3) T t '* f ( V«i)2(V»2 )2

K-

(T2 
1

L. x f
.D L

T

* 2

All thes« integrals are finite, since T^ and T / 1.

The following limits as T -^ 1 are also required:

II Limit € .-»Q...;. ...B > 1

(i) wil(z,B) f ^n
J (T-z.)(B-

n

I
t » — ** n * 

*»

(B-z)

(2) WI2(z f B) r
J T-

1

f &sn

(B-z)
.On

2(B-z) Bz-1)

Z-ff a
UJ5)



In computations, all the ft £ terms may be dropped 

since thoy cancel explicitly.

With the liberal use of partial fractions, all the 

integrations of Chapter 5 may be reduced to these above, or 

to simpler integrals. Thus an explicit finite expression 

may be obtained for the polarization.



ELASTIC CONTRIBUTION TO THE POLARIZATION

(CHAPTEK 5) 

PROGRAM LISTING

Only part of the main program is listed here. Besides 

containing the plotting routines, this calculates the 

CM momentum PC etc. It also sets a flag NF for the 

calculation with the two types of form factors: 

NF « 0 'Point-like 1 form factor G « 1

NF « 1 Mpole form factor (^= 0.710) 

The function POLH(TD) calculates the polarization as

a function of the CHS scattering angle. A block diagram

shows a calling breakdown for the other function sub­

routines (shown for NF = l).

The functions VI 1,2,3 and WI 1,2 are given in Appendix

3 (omitting the £n €. term).
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