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1. Introduction

Riemann—Hilbert problems occupy an important place in applied analysis. They have
been used to derive the asymptotics of nonlinear differential equations such as the Painlevé
transcendents [10], the nonlinear Schrodinger equation and the KdV equation [1], as well
as orthogonal polynomials and random matrices [7]. The key to their effectiveness is that
they can be deformed in the complex plane to turn oscillations into exponential decay. This
is known as nonlinear steepest descent [9], as it is much like the classical theory of steepest
descent for oscillatory integrals. Thus Riemann—Hilbert formulations can loosely be viewed
as a nonlinear counterpart to the integral representations that are known for many important
linear differential equations; such as the Airy equation, hypergeometric equations [2], wave
equation and heat equation.

Integral representations have another important use, in addition to the derivation of
asymptotics: numerical computation through quadrature. Indeed, they have been used to
great effect for computing Airy functions and Bessel functions [11], which, in a certain sense,
are linear analogues of Painlevé transcendents. The aim of this paper is to demonstrate that
Riemann—Hilbert problems share this property with integral representations: they can also
be used to compute solutions to the associated equations numerically.

A Riemann—Hilbert problem is the problem of finding a function that is analytic every-
where in the complex plane except along a given curve, on which it has a prescribed jump.
This can be written more precisely as

Problem 1.1 [14] Given an oriented curve I' C C and a jump matrix G : I' — C?*2, find a

function ® : C\I' — C?*2 which is analytic everywhere except on I' such that

dT(2) = @ (2)G(z) forz €T and
d(c0) =1,

where ®T denotes the limit of ® as z approaches I' from the left, and ®~ denotes the limit
of ® as z approaches I' from the right and ®(co) = lim,|_,o ®(2).

To demonstrate the numerical approach, we will focus on the Painlevé II transcendent,
though the techniques developed are generalizable for other Riemann—Hilbert problems. The
Painlevé II equation is
v = au+2u — a, (1.1)
where « is a complex parameter. For simplicity, we will take o« = 0. From this differential
equation, an equivalent Riemann-Hilbert formulation is derived by finding a Lax pair rep-
resentation, which in turn is uniquely specified by behaviour along Stokes’ lines. This can
then be rephrased as a Riemann-Hilbert problem [10].
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Figure 1: The curve and jump matrix for the Painlevé II Riemann—Hilbert problem.

As explained in [12], the curve I' in the Riemann—Hilbert problem for the homogeneous
Painlevé II equation consists of six rays originating from the origin (see Figure 1):

'=r1y---Uls

where FH:{ZEC:argz:g%—(n— )}

)

3
The jump function has a different definition depending on which ray 'y, that z lies on:

( 1 Sﬁef8i/323721xz
G(z; z) = ) 1
(sﬂe8i/3z3+zi$2 1) k odd and z € T'.

) k even and z € I'y,

Instead of imposing initial conditions, we choose constants si, so and s3 which satisfy the
following compatibility condition:

§1 — S9 + 83 + Ss18283 = 0, (12)
S4 = —81,85 = —S52,56=— —S3.

Once we have found a function ®(z;z) that satisfies the Painlevé II Riemann—Hilbert prob-

lem, a solution to (1.1) is

u(z) = Jim 2:012) (1: 2).

2



If  is not such that u(x) has a pole, then (1.2) is sufficient to ensure a unique solution to
the Riemann—Hilbert problem [10]. As in the integral representation of the Airy function,
the original variable x has been reduced to a parameter.

By moving from the original differential equation to Problem 1.1, we have transformed
a nonlinear problem to a linear problem, ignoring the boundary condition at co. We can
rephrase the problem so that it is completely linear: define

U=o—-1;

thence,

LU=U"-UG=G-1 and U(o) = 0. (1.3)
Now the operator L is linear, from the space of functions analytic off I' and which decay at
oo to the space of functions defined on T'.

Consider for the moment the following simple and scalar Riemann—Hilbert problem:

Problem 1.2 Given an oriented curve I' C C and a function f : I' — C which is Holder-
continuous on each smooth segment of I', find a function ¢ : C\I' — C which is analytic
everywhere except on I' such that

VT (2) =Y (2) = f(z) for z€Tl and (o) = 0.

Definition 1.3 We denote the linear operator that maps f to such a ¥ as Mrp, and the

linear operators that map f to ¢ as Mle When I is clear from context, we use the notation

M.

For analysts, solving this equation is a trivial application of Plemelj’s lemma [14], and
can be written in terms of the Hilbert transform:
1 t
Mf(z)=— /) dt for 2 ¢T. (1.4)

mJrz—t

Though the Hilbert transform can be computed using many methods (cf. [13] for a recent
review), in a certain sense we have moved backwards: the functions in Problem 1.2 are
bounded (and, in the Painlevé case, analytic), whereas (1.4) has introduced a singularity
that must somehow be dealt with. Thus the approach taken in [17] was to apply Plemelj’s
lemma in reverse; i.e., compute (1.4) numerically by rewriting it as Problem 1.2. This can
be accomplished efficiently using the FFT when I is a circle, interval, ray or combination of
multiple such curves, as reviewed in Section 3. Moreover, the computation of M is achieved
by computing M, which is what we actually require.

The importance of the operator M is that it uniquely maps any Holder-continuous
function defined on I' to an analytic function defined off I'. This still holds true when it is
a matrix-valued function, in a component-wise manner. Moreover, under certain conditions
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which are satisfied in our case, this map is one-to-one. In other words, for a function V'
defined on T, if

LMV = MV - (M V)G =G -1,
it follows that ¥ = MV + I satisfies all the conditions of Problem 1.1. Moreover, LM maps
the space of functions which are Holder-continuous on the segments of I' to itself.
The numerical method can now be described as follows, and it is essentially a collocation

method:
Algorithm 1.4

Represent
Vi(z) zely (11) (12)
Vi(z) = : for Vi(z) = (pfi(z)”f&l) Pn(z)"’f&z)) :
Ve(z) z€Tlg Pr(2)oi " Pe(z)vx
where pi = (pxi1,---,Pxn) denotes a basis for functions defined on T’ and 'v,(.jj ) =
g N\ T
(vgf), o ,vff#) is in C";
For collocation points 2z, = (21, . - . ,z,.m)T in T, compute M*V(z,) for k =1,...,6;
Determine v,gj ) by solving the 24n x 24n linear system
LMV (z1) = G(z1) — 1,
: (1.5)
ﬁMV(Z(;) = G(Z(;) — [;
(12) 12)\ | . .
Convert (”1 e, g > to u,(x) which approximates u(x).

Though this is set-up in a framework which is applicable to a general class of Riemann—
Hilbert problems, we will focus on constructing the scheme for the homogeneous Painlevé 11
equation. The next four sections correspond to each of the steps of Algorithm 1.4. Whereas
Algorithm 1.4 suggests that we will need to solve a 24n x 24n linear system, we will find that
the degree of the linear system will only be 6(n — 1) x 6(n — 1) by using a priori information
about the solution.

There are some other approaches for the computation of Riemann—Hilbert problems,
though none are applicable to our particular problem. The conjugation method [19] can be
used to solve a nonlinear Riemann—Hilbert problem on the unit circle related to conformal
mapping. This has been generalized to multiple circles [18, 20], but not to unit intervals or
curves like our I'. Another approach applicable to smooth closed curves is based on solving
integral equations [15].



2. Choice of basis

Each curve T'y is a ray in the complex plane. An oft-used technique from spectral
methods, which we employ, is to represent a function defined on a ray by mapping it to
function defined on the unit interval. Indeed, we can conformally map the unit interval to
Iy, using the map

Hi(t) = ar(iregty it
t—1
(The map typically used is LH(t) for some constant L [6]. We fix L = 1 for simplicity.)

On the unit interval, the natural representation for functions is Chebyshev series.

Definition 2.1 For a fixed integer n, define the n Chebyshev—Lobatto points as

1 1 i
tz(—l,cosw(—l—i— ),...,cosw(l—)ﬂ) )
n—1 n—1

We can efficiently represent a function defined on the interval by its values at ¢:

f=r).

By taking an appropriately scaled discrete cosine transform of f, which we denote f, we

obtain the Chebyshev polynomial which interpolates f at ¢:

e(t)  f = (To(t),..., Tu1(t)) f.

Alternatively, the barycentric formula can be used [5].

Definition 2.2 For a vector @ = (x7, ... ,xn)T, the notation & denotes & with its last entry

removed: & = (x1,. .. ,xn_l)T

Using the map H, and the fact that every function r» we consider vanishes at co, we can
thence represent a function r defined on I'y;, by its values at n—1 mapped Chebyshev-Lobatto
points:

7w =7(24) for 2z, = Hg(t).

The values at the points z, = Hy(t) are r,, = <r0“ ) Then the function

e(H'(2) 7w

interpolates r at the points z,. This is referred to as a rational Chebyshev interpolant [6].
Thus we can approximate a function r which is smooth along each I'; by the function

e(H'(2)Tr1 zely,

e(Hi'(2)"re z€Ts.
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In the notation of Algorithm 1.4 we use the basis whose elements are one at a point in z,
and zero at every other point:

prj(2) = e(H 1 (2)) e
&

Then the coefficients v’ correspond to function values at the points z.

3. Computing the Hilbert transform over I

We now consider the computation of M over I', which is up to a constant equivalent to
the Hilbert transform. We note that

Mr Z./\/lr1 —i-...—i—./\/er,
since Mp, f is analytic off I',;; hence, /\/lff&f — Mg f =0 along 'y for v # k. Therefore we
need only consider the computation of
Mrp,, ..., Mrpy
at the points z1, ..., zg. The operator £ uses the &+ limits of its inputs. However, we know
for z ¢ 'y that
/\/lffﬁr(z) = Mg r(z) = Mr,r(2),
since Mr, f is analytic off I';. On the other hand, for z € I',; they are not necessarily equal.
We have a map H, from the unit interval to the curve I';. But, similar to the develope-
ment in [17], we can write Mrp,_ in terms of M 1,1y using this map: if f(t) =r(Hg(t)) and
b = M(,Ll)f, then
Mr,r(z) = ®(H,}(2)) — 7 (1).
This is easily confirmed by looking at the behaviour as z approaches I';, from the left and
right:
M r(z) = My r(z) = @5 (H ' (2)) = 7 (H ' (2) = f(H, ' (2) = r(2),
lim Mp,r(z) = lim O(H(2) 0T (1) = %m% d(t) — dF(1) = 0.

Z—00

Moreover, we have an expression for M(_y 1) in closed form. This expression is derived by

mapping the interval to the unit circle, using the Chebyshev map and its inverses:

Definition 3.1 The Chebyshev map

-3+
maps the interior and exterior of the unit circle to C\[—1, 1]. Thus it has two inverses defined
in C\[-1, 1]:

ToN ) =t FVE— 1IVE+ L.
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T;l and T~! map C\[—1, 1] to the interior and exterior of the circle, respectively. Since T's

each have a branch cut along [—1, 1], we need two additional inverses:

TN =t+iVI—tvi+t  and  T7') =t —iVI—tVT+1t.

These map [—1, 1] to the upper and lower half of the unit circle, respectively, and are analytic
along the interval.

Using these maps, we obtain the following formulae:

Theorem 3.2 [17] Suppose

(o]

f@) =3 BTi(a)  for  xe[-1,1]

k=0

is C'[—1, 1] and its first derivative has bounded variation. Define

2 farctanhz for |2] <1
to(2) = ir | arctanh 2 for |z| > 1’
pm(z) = JZ::I 5 1 :arctanhz—iz [ 1+ gb(z ,1,§+ L2D,
m(2) 2 om0 ]+ ( ,2—1—{2 ) form < 0
)= — s
m i | ;M QL +1J ( —92 172_’_{ m+1 J) for m > 0

where ¢ is the Lerch transcendental function [4]. Then

M nf(t) =1 f_oj Ji [n (T2 (1) + n(T2H(0) + Vg (TEH(1) + 0ok (T2 (1)

M f(t) ~ = o (1) flog(~t — 1) ~ log?2
+;T i Je(= 1) =1 (=1) + pr(=1)], (3.1)
k=0
M(—1,1)f( )tN Tf( ) [log(t — 1) — log 2] + — Z fk pi—1(1) + p(1)] (3.2)
—1 217 k 0

and, fort € (—1,1),
M1 f(8) = —i gj T (T7H0) + v (T ) + ¢ (T 1) + v (T 1)
=0

My f(t) = —i kff Pl (T ) + ¢ (T () + 05 (T () + v (T ()]
=0
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Remark:  One approach to computing ), is to use the method developed in [3], or the
built-in MATHEMATICA routine. These approaches are currently slower and less accurate
than using high precision arithmetic with the fact that 1, is the arctanh function plus a
polynomial in z, cf. [17], which is derived using the Taylor series of arctanh at zero. We use

this to compute its value to machine precision.

Using this formula, we can derive an expression for Mr,. We note that when r(z) =
O(z_l) as z — 00, f(t) =r(Hg(t)) = O(t — 1) as t — 1. Therefore the unbounded term in

(3.2) vanishes, and we obtain

Mr,r(z) = Mg ) = = 3 Felima (D) + (D).
k=0

Now consider the function

Mrr(z) = Mpyr(z) + ...+ Mrpgr(z).
Denote the restriction of r to I'y; as ry, where r(0) is the limit of r as z — 0 along I',. Each
term Mt 7, blows up at zero, however, to solve the Riemann-Hilbert problem we need the

solution to be bounded at zero. From (3.1) we can determine the behaviour of the blow up

at zero:

Mr,1a(2) ~ = —rg(Hy(—1)) [log(— () — 1) — log2]

=0 21
o 3 A0 a1 (D] = g (1)~ (D)
k=0

~ _2117TTK(0) log (—Ze_i[ngg(”_l)}z) +C

= o) (tog2 +iangl e L) 4 0
21w

1
~ —ﬂm(O) log [2z] .
Thus, if 1 (2) +-- - +716(2) = O(2) as z — 0, then the unbounded contribution of Mpr(z) =
Mrpri(z) + - + Mrpgre(z) is

lim — — (r1(2) + -+« + rg(2)) log |22] = 0. (3.3)

2—0  2im

We now consider again the case where a function r is represented on I'y by 71 = r1(21).
We want to construct an (n — 1) x (n — 1) matrix M that maps 71 to the values of

/\/lffle(Hl_l(z))Trl at the points z;. In other words, for j =1,...,n — 1, we would like
?
Mte; = M e(H{'(z1)) ey
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The first row of this matrix is unbounded, hence we instead assume that the logarithmic
singularity is cancelled. Thus we choose M ™ so that

Me; = (o] (B),... o1 (D)e

for
G (t) = 7 [0 (71 (0) 0 (T 00) + 0, (I (6) + 0y (T (0)]
_M(_L 1). — M(O’ 1)
At = 0F 924 1 {0 b (1) D] = e () = 0]

Therefore the matrix M+ can be constructed by computing ¢f (£), ..., ¢, _;(t) and applying
the discrete cosine transform on the right. If the unbounded growth is somehow cancelled,
then applying M to r is equivalent to computing ./\/lple(Hfl(z))Tr at the points z1. In

particular, this is the case when elTr =0.

Similarly, we can define M~ via

M ej=(py @), pui(D)e

for
P (1) = — [0 (T 0) + i (71 (0) + (T (6) + 97, (T (1)
_M(_la 1)‘ _ :u(ov 1)
e = (0 92 L L0t a1+ 0] = (1) = 1)

Finally, we define M., corresponding to applying M along I', for v = 2,...,6, by

Mae; = (co(HT ' (29), . o1 (HTH(2,))) &
where

—i [R(TEH () + (T2 (1) + ¥ (T (1) + ¥ w(T21 ()]

_:U'(_lv 1) — ﬂ(oa 1)

or(t) =

R |
+;<—1)k -1 (=1) + e (=1) = po—1 (1) + par(1)]
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This is related to computing Mr, along I's.

Ostensibly we would need to redo these calculations for each I'y, to compute Mr, . How-
ever, computing M is invariant under rotation. Therefore (ignoring the unboundedness at

7Z€ero)
M*r, = M§ e(H; ' (2:)) "y,
M1 modsTr = ME e(H 1 (2y)) 7.
If ] 71 + - - + e] 76, then we obtain
MEr(z1) = ME e(z1) Tr + - + Mpge(z1) Tre
= M*F, + MgPy + MsFsg + - - - + Mo,
MiEr(2zo) ~ Moy + M*Eiy + Mgrs + - - + Marg,

M%T(Zﬁ) ~ Mgry + - - - Mors + M:t’l_“(g.

4. Constructing the least squares system

We now use the matrices M+, My, ..., Mg to construct the linear system (1.5). We first
derive some properties of the solution which will allow us to decrease the dimensions of the
linear system. Represent U via the definition

6
Ui — pmy ) = Z MFKV,{(U)-
k=1

Now consider the case where v is odd. Since Mp, V,f(ij ) is analytic off I';, and, by definition,
+ . — _ .
MF,YT MFWT = r along I',, we obtain
.. .. 6 .. .. ..
U(ZJ)+ _ U(ZJ)— — Zl(M+n o MI:H)V/@(”) — <M1i—7 _ MI:V)V'V(”) — VW(U)
K=

along I'. This implies that
_ )+ a2+ (11— (12)— 1
LMV =UT =176 = (g@m g<22>+> - (gm)— g@z)—) <57e8i/3z3+2im 1)
B O+ _ - _ U(12)787e81/3z3+2imz U2+ _ r(12)-
—\ g+ _pgen- _ U(QQ)—syeSi/?’Z?’“W U2+ _ r(22)-

_ (VV(H) _ 87881/3z3+21sz—V(12) Vy(12))

VAC 87681/3z3+21sz—V(22) 122)

Y Y
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On the other hand, the right-hand side is

0 0
G-1= <8768i/3z3+2ix2 O) :
(12) _ ¢,(22)

Therefore, we obtain trivially that 0 = V3™™ = V3™, or in other words, the contribution to

U12) and U®2) from 'y is zero and

Similarly, when ~ is even we obtain

LMV = v 1) g o8I/ 2iaz p g -y (1)
A\ P g e SR Ay )

and a right-hand side of

—8i/323—2ixz
G-1=[0 e .
(B )

(o v§12)
o 0 v§22)

In other words, VV(H) and Vy(zl) are only nonzero for odd 7, Vy(zl) and VW(22) are only nonzero

Therefore

for even ~.
We now have all the tools necessary to convert the Riemann—Hilbert problem into a
linear system, which can in fact be split into two independent 6(n — 1) x 6(n — 1) linear

systems. The first system is for the unknowns associated with the (11) and (12) entries of
V:

5" _ 5 diag (eSi/351+2ivz1) 'Mm—éw) + Ml Mﬂ—,g?)— —0,

,(—,512) — sydiag (6—81/325’—%3:22) :Mﬂ—,%ll) i M6f:§11) + Mméﬂ): _ 82€—8i/32§’—2ix22’
oV — sydiag (c8/3% +2iris) _szz;ém + Meo{™? + Mmém_ —0,

@(112) + s diag (6—81/322—213324) 'ngll) n Mﬂéll) i M@éll)' _ gy Si/3E 2am
@éll) + sodiag (c5/35 +2ir%s) 'Mmém) + Mool 4 M@ém— _o,

@ém) + sydiag (6—81/322—213926) 'Mm—)gll) " Mméll) n Mﬂ—,éll)— _ o S/3E 2k
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Figure 2: The convergence of the first entry of the solution vectors (first graph) and the ap-
proximation of u, compared to uggy (right graph) for x = 0 (plain), 6 (dashed), 8 (dotted) and i
(thick).

The second system is for the unknowns associated with the (21) and (22) entries:

1—)§21) — s diag (e8i/3z§’+21x21) 'Mm—}g??) n M4@£22) n M2Il_)6(i22)_ P
522 _ syding (6—81/323—21x52) _M21—)§21) n M617§21) n Mwé?l)_ —0,

17%21) _ sqdiag (681/35§’+21xz3) :Mgz‘;g?) " MGTJZ(;QQ) n Mméﬂ): _ SSeSi/32§’+2ix237
@(122) + s, diag (6—81/322—213;24) :M4v§21) Jr]\42,55(%21) +M6vé21): — 0,

@éﬂ) 1 sydiag (e8i/32§’+2ixz5) :M4v£22) i Mﬂf” T M6vé22): _ _8268i/3£g+2ix25’
5% 4 ssdiag (e 8/ 27%0) [15) 4 M52 1 MpeY] = 0.

Though we have described how to construct My and M, for odd «, we only require the
computation of My, My and Mg. This simplification will not necessarily be possible for
other Riemann-Hilbert problems.

For the conversion from the Riemann—Hilbert problem to the value of the solution to
Painlevé II at z, we require the (12) entry of ®, which is also the (12) entry of U. Thus
we need only solve the first linear system. Assuming the linear system is nonsingular, we
denote the solution vectors for a given n as 'v,gj ™ and the approximation of V and U as
V() = (e ) ol e @) ok

(DT e(H (2) o

As an example, consider the choice of constants (s1,s2,s3) = (1 +1,—2,1 —1i). Since
s1 = 33, we know that the corresponding solution to Painlevé II is real on the real axis [10].

12



To demonstrate the rate of convergence, in Figure 2 we compare the first entry of solution
vectors (which corresponds to the value at zero along each I'y) for consecutive choices of n:

eJ (vgn),n g ),n+1>
e (v§11),n § ,n+1>
oT (ot oftn
€1T (vém)’" é 1)
€1T (,UilZ),n ( ,n—H)
€1T (vé12),n B 'ué ),n+1>

As can be seen, these values converges spectrally fast, including for complex x, though the
rate of convergence and stability degenerates as x becomes large.

Properties of the solution

In the previous example, the linear system was always nonsingular. We cannot expect
that this is always the case, as if x corresponds to a pole of the solution u(x), then the
corresponding Riemann—Hilbert problem itself is not solvable. We do, however know the
following:

Theorem 4.1 The two linear systems are solvable for sufficiently small (s1, $2,83).

Proof: ~ When (s1, s2, s3) = (0,0,0), the matrix associated with each linear system is simply
an identity operator. Thus continuity of eigenvalues proves the result. Q.E.D.

In the construction of M,, we determined the value at zero by assuming the solution was
bounded. In the following theorem, we demonstrate that, subject to a second constraint,
this assumption is valid.

Theorem 4.2 Suppose that both linear systems are nonsingular and that

§183 — 81592 — S283 75 9.

Then U™(z) is analytic everywhere off I' and bounded at zero.

Proof:

We focus on the (11) and (12) entries, as the proof for the other two entries is equivalent.
The first part of the theorem follows since Mr, is analytic off I'. The second part will result

if we can demonstrate that the first entries sum to zero, cf. (3.3):

520 for 5= (of ol +of 4] o] [of® 4 of? 1 o] ).
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&) = (élT <M o)+ Mol + Mgfzéll)) 1 & <M6f;§12> Ml Mﬂélz)) )

% = (élT <M2’_’§21) + Mo+ M4‘7§21)> +1 e <M o2 4 Mo + Mg@élz)) )

% = (élT (M@P) + My + Mﬁgl)) +1 el (Mm?ém + Myo{™ + Miq_)élQ)) )

We assert that

X
S =D, + o
We first note that, for j =2,...,n —1,
el Mte; =el M~ e; = e] Mae; = --- = &] Mge;.

This follows since e(H,1(z))"e; vanishes at zero, hence the logarithmic term of

—1/ T
Me(H,_. (2)) e;
is cancelled and it is continuous at zero. Therefore, for some constant vector C' and constants
11 12 :
vy = elTv§ ), TS elTvé ) We can write

Spii_ = (é]— (’01]\4Jr + v3 M5 + U5M3) el é]— (U2M6 + vg My + UGMQ) é1> +C

D, = (61— (v1 Mo + v3 Mg + vaMy) €; éir (’UQMi + vg My + 06M3> 61> +C

From the definition of ¢ and the fact that (1, —1,...,(—1)")é; = 1, we find for some constant
D that

P > . 1
GIM+61 = (¢g(0)7 cey 90:—1(()))61 = 5 + D,

= -5 - _ . 1

elTM el = (900 (O), R (,0”_1(()))@1 = _5 + D,
_T _ 5 2

€ M’Yel = (@O(O)a s 79071,—1(0))81 = g — 6 + D.

Thus we get:

_ vy vy V3 V3 Vs V2 V2 V4 Vg Vg
oo (ioy 5y
1 2 5 3 6 376 32763 %

D)

1
= 6(U1+v3+v5,v2+w4+v6) =5

Similar manipulations prove the identity along the other contours.
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By the design of the linear system, we also know that

& =d_5,

_ (1 0 _ (1 s
Sl"<sl 1)7’”’56"<0 1)'

And, from the analytical development [12], we know that

for

S1---S¢=1.
Therefore we obtain
S =D S-S =D S9-S5 =255+ P55y Sg
=2(5---Se+S53---S6+---+Se+1)+P].

Thus, unless
Sy S+ 535S+ -+ S+ 1

happens to be singular, we know that > = 0. The determinant of this matrix is
36 + 45159 — 451583 + 459s3.
Q.E.D.

The condition that
§183 — S152 — S283 75 9
might also be necessary. For example, when (s, s2,s3) = (1, =2 — 1,2 — i) the linear system
itself is singular, though the right-hand side still lies in the span of the matrix. In other
words, the kernel of the matrix is nontrivial, and choosing the wrong element of the kernel
can cause the solution to not cancel at zero. In this case, the problem can be rectified by
imposing the additional conditions

0= €1T v§11) +v§11) n Uén)} _ €1T {vém) n vgm) +vé12) 7

so that the linear system (now rectangular) is of full rank. It might be possible to show that

the system with these additional conditions always has a solution. We leave this problem
open.

5. Converting the solution to the Riemann—Hilbert problem to the solution of
Painlevé I1

We have described a method for computing the solution of the Riemann—Hilbert problem

associated with the homogeneous Painlevé 11 equation. Now we want to compute

u(z) = lim @1 (2 2) = lim UMD (2;2) = lim MV (a5.2).

Z—X
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Figure 3: The real (plain) and imaginary (dashed) parts of uj50(x) with (s1, s2, s3) = (1,0, —1)
(left) and (s1, s2,s3) = (1,2,1/3) (right).

Since G(z) — I as z — oo, we know that the direction with which we take this limit is
immaterial. Thus we choose z along I'y so as to reuse the matrices Ms, My and Mg. We can
determine approximate values of MV using:

MV (z)) ~a = Maﬁém + M@A(Lm) + Mﬂ_’ém'
T

Now we want to find lim, ... ze(H; '(2))
that

u. We make the transformation z = Hj(t), so

un(z) = 2 lim ze(H;'(2)) Tw

Z—00

: 1
= 2lim Hy(6)(To(0), ., Tu-1(D)ie = —4e™/0 lim - (To(0), ..., Tor ()

= —4e™/0(T5(1),..., Ty, (1)) 0 = —4e'™/%€,] Du,

where D denotes the Chebyshev differentiation matrix (applicable in O(nlogn) time using

the DCT [6]) and we used the fact that e, u is zero to employ L’Hopital’s rule. In other
words, we need only compute the derivative of the function mapped to the unit interval.

The right-hand side of Figure 2 demonstrates the convergence of wu,. Because we are
differentiating, we lose approximately two digits of accuracy when moving from the solution
of the Riemann—Hilbert problem to the solution of the differential equation. Thus, whereas
the left-hand graph achieved roughly 13 digits of accuracy, the right hand graph only achieves
roughly 11 digits of accuracy. In Figure 3 we plot solutions for two choices of (s, s2, $3).
See Figure 4 for the solution with (sg, s2,s3) = (1 4+1,—-2,1 —1).

6. Initial Conditions

So far, we have defined a unique solution to the homogeneous Painlevé II equation by
specifying the constants (s1, s2, $3), in analogue to the analytic development in [12,10]. This
is in contrast to what one would normally consider defining a unique solution to a differential
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Figure 4: For (s1,$2,83) = (1 +1,—2,1 — i), a plot of the real part of u,, (left graph) and its
derivative (right graph) for n = 50 (plain), 100 (dashed) and 150 (thick).

equation: initial conditions, say, at x = 0. Given the set (s1, s2, s3), we have already seen how
we can use our approach to determine u(x). But we can go one step further and determine
u/(x) as well. Note that

u'(z) = 2i lim 201%)(2;2) = 2 lim 20 (z; 2).

dx 27— z—oo ¥

Since ®(z;00) = I for all z, it follows that ®,(z;00) = 0. Furthermore, differentiating
dt = &G we obtain:

- G =0 G, and  P,(o00) =0.
Now we already know how to compute = = I + M~V hence the right-hand side is

known. Furthermore, the left-hand side of the equation is exactly the left side of (1.3).

Indeed, if we let ®, = MYV, then we obtain again Vén) = f/(lﬁ) = ‘7,521) = ‘7’5321) = 0 for

K
k = 2,4,6. Thus we have the exact same linear systems as before, only with a different
right-hand side. In the first linear system, the new right-hand side is:

2isiding (21)ding (e 2750) [ a4 310!+ 2ol

~2isydiag (22)diag (e~ 5/3% 2irz2) {szv?” + Meo§™ + M4'Bé11)] ,

—2isodiag (z5)diag (esi/32§+2ix£5) {Myvém) + Mg@ilz) + M()-'vélz)] ,
. . _ . —81/323—213356 _(11) _(11) _(11)
2is1diag (Z¢)diag (e 6 ) | Mevy ' + Myvg ' + Mavs | .

In short, it is very inexpensive to compute «'(x) whenever u(z) has already been computed
using the Riemann—Hilbert formulation. This allows us to map (s, s2, s3) to the equivalent

initial conditions u(x), v (z).
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We can use this approach to compare the approximation derived from the Riemann—

Hilbert formulation to a standard ODE solver. We determine that the initial conditions for
(s1,82,83) = (1 +1,—2,1 —1i) are approximately (to about 10 digits accuracy)

u(0) &~ —0.7233727039 and u'(0) ~ 1.019298669.

Consider Figure 4, where we plot approximate solutions for this choice of constants. Note
the presence of multiple poles. Unlike an ODE solver, which cannot possibly integrate past
a pole, our numerical Riemann—Hilbert approach is only affected by the pole when trying to
evaluate close to the pole itself. For values of = bounded away from the first pole (say, = < 2),
we can compare u, to MATHEMATICA’s adaptive ODE solver NDSolve using the computed
initial conditions and extra precision arithmetic. In particular, ui59 matches this computed
solution to 10 digits, which is as most as can be expected given the limited accuracy of the
initial conditions.

Remark:  Of course, there is no guarantee of NDSolve’s accuracy, as MATHEMATICA is a
black box system, but we use it as it allows high precision arithmetic to hopefully achieve an
approximation to machine precision accuracy. We leave it to the reader to decide whether this
comparison validates the numerical Riemann—Hilbert approach by comparing it to NDSolve’s
approximation, or vice-versa.

In applications, one would typically want to find the direct transformation [8]: given
initial conditions u(0) and u/(0), determine (s1, s2,s3). But having a map from (s, s2, $3)
to the initial conditions u(0) and u/(0) means that determining the inverse map can likely
be found using optimization techniques. Indeed, we benefit from the fact that much of the
work in constructing the linear system in Section 4 can be reused for different choices of
(s1,s2,s3). We, however, leave this step as a future problem.

Remark:  As far as [ am aware, this is the only known approach of computing the initial
conditions associated with the constants (s1, s2, $3). Since the constants (s, $2, s3) determine
the asymptotics of the solution, this would mean that this is the only way of connecting
asymptotics with initial conditions.

7. Condition number

As x increases, the jump function G becomes increasingly oscillatory, hence it is sensible
that the rate of convergence deteriorates. However, we also saw in numerical experiments
that stability is lost. We now explain this behaviour by investigating the growth of the
condition number of the linear system. In the left-hand side of Figure 5, we plot the growth
of the condition number as n increases for several choices of z, for (s1,s2,s3) = (1,2,1/3).

18



100 L _ T~ -

- - = 1012
10°; i

/ 100

106 b

108
10 106

100 10t

n "/V‘ S S S S S S | X
2 4 6 8 10

Figure 5:  For (s1, s2,s3) = (1,2,1/3), the condition number of the first linear system, on the
left for x = 0 (plain), 2.5 (dotted), 5 (thick) and 7.5 (dashed) and on the right for n = 20 (plain),
40 (dotted) and 60 (thick).

For each value of x, the condition number appears to grow linearly, which is quite good
as the approximation converges spectrally. Unfortunately, as seen in the right-hand size
of Figure 5, increasing x causes exponential increase in the condition number! Thus the
condition number quickly reaches the point where not even a single digit of accuracy can be
achieved.

At first, this problem seems devastating to the approach: an exponentially increasing
condition number makes the linear system unusable even for modest n, and to resolve the
oscillations in the solution for large  would require large n. However, consider for a moment
the following contour representation for solutions to the Airy equation [12]:

(32/ +s4/ +86/ > R for 59+ 854+ 56 = 0.
I's Iy T

The choice (s2,s4,56) = (0, —%, %) is equivalent to the contour integral representation of
Ai(x) [16]. This representation suffers from similar numerical issues as our linear system:

o 81/32" i grows exponentially large for fixed z in I'y or I'y as x — —oo (though eventually

—81/32 Wins out to make the integrals finite). But we know

the super-exponential decrease of e
Ai(z) is bounded as x — —oo, hence the oscillations must cancel. In other words, round-

off error makes this integral representation useless. In the case of the Airy equation, we

know how to resolve this issue: deform the contour through the saddle points at i# SO

that the contour avoids areas of the complex plane where the integrand exhibits exponential
growth. This can be taken one step further so that the contour runs precisely along the
path of steepest descent, thus not only avoiding exponential increase, but also oscillations
all-together [11]. This has the added benefit that we do not need to increase the number of

quadrature points as |z| — 0.

It is now clear how to resolve the conditioning problems for our linear system: deform the
curve I' so it avoids the sectors of exponential growth by passing through the saddle points
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Figure 6: For (s1, s2,s3) = (1,0, —1), the condition number of the first linear system, on the left
for z = 0 (plain), 2.5 (dotted), 5 (thick) and 7.5 (dashed) and on the right for n = 20 (plain), 40
(dotted) and 60 (thick).

of G. Moreover, in analogue to the integral case, we could even deform the contour along
the path of steepest descent, thus avoiding oscillations. This path of steepest descent has
already been computed for the derivation of the asymptotics of solutions to the homogeneous
Painlevé II equation [8]. Now to apply our approach, if the steepest descent path is denoted

'SP then we would need to compute Mysp. This could possibly be achieved by conformally

mapping each of the pieces which make up I'SP to the unit interval. However, we do not
necessarily need the exact steepest descent curve, as an approximate path will have only

minor oscillations. Thus we could alternatively approximate I'SP by a linear interpolate. As
we know how to compute M over line segments in the complex plane, we should be able
to successfully apply our numerical Riemann—Hilbert approach. Again, we leave this as a
future problem.

Without using the path of steepest descent, we can still demonstrate this phenomena by
choosing x and (s1, 2, $3) to avoid the exponential increase. When x is real and positive,
the only curve which see exponential increase as x — oo are I'y and ['5. Thus if so = 0 then

the exponential increase is avoided. As Figure 6 demonstrates, the condition number is now
well behaved.

8. Closing remarks

We have demonstrated that a Riemann—Hilbert formulation is not just useful as an ana-
lytical tool, but also as a numerical one, by successfully computing solutions to the homoge-
neous Painlevé II equation. This could potentially lay the groundwork for the construction
of a toolbox for computing Painlevé equations. Then Painlevé transcendentals would indeed
be the true analogues of linear special functions such as the Airy equation: not only useful
for analytical expressions, but efficient for practical computations as well.

In Figure 7 we depict the curves I' for the first five Painlevé Riemann-Hilbert problems,
including the inhomogeneous Painlevé II equation. The important characteristic to note
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Figure 7: A depiction of the curves I' associated with the Painlevé I-V equations.

is that they consist of a union of curves which each can be conformally mapped to the
unit interval using Mdbius transformations: rays, arcs and line segments. Thus the general
approach of Algorithm 1.4 can already be implemented for these equations.

Because of the numerical problems described in Section 7, this approach is currently not
practical for large x, though it is likely that using the path of steepest descent will rectify
this issue. However, it is practical for small x, in particular for computing initial conditions.
Thus it can already be used to connect asymptotic formulee — which are known in terms of
the constants (s, s2,53) — to initial conditions. Thus a simple, practical numerical imple-
mentation for the computation of a solution to the homogeneous Painlevé II transcendent
for large and small |z| is now straightforward: use the proposed approach for small z, use
asymptotic formule for large |z| and use an ODE solver to extend these two regimes to
moderate x.

Acknowledgments: 1 would like to thank Peter Clarkson, Toby Driscoll, Thanasis Fokas,
Nick Trefethen, Andy Wathen and Andre Weideman for their valuable advice.
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