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Abstract

The dimensionality of kernels for Lindbladian superoperators is of physical interest in various
scenarios out of equilibrium, for example in mean-field methods for driven-dissipative spin lat-
tice models that give rise to phase diagrams with a multitude of non-equilibrium stationary states
in specific parameter regions. We show that known criteria established in the literature for unique
fixpoints of the Lindblad master equation can be better treated in a graph-theoretic framework via
a focus on the connectivity of directed graphs associated to the Hamiltonian and jump operators.

1. Fixpoints in quantum dynamics

1.1. Fixpoint sets

The characterization of fixpoints (stationary states) for dynamical systems has a long history, starting
with the study of classical mechanics via its intrinsic symplectomorphisms (canonical transformations)
on phase space manifolds and the subsequent mathematical formalization in terms of fixpoint theorems;
of particular importance to physics is the fixpoint theorem of Brouwer [1] stating that any continuous
map of a compact convex set to itself has an invariant point. The fixpoint theorem applies to all topolo-
gies and for most physical models the state spaces are indeed compact and convex.

In open quantum systems, the states are density operators p that form a compact convex body
within the space B(H) of bounded linear operators on a Hilbert space H and the set of fixpoints pn
for any dynamics induced by a continuous superoperator mapping this convex shape to itself is thus
guaranteed to be nonempty in finite dimensions. In particular, strong symmetries cause degenerate sta-
tionary states [2, 3]. The study of quantum dynamics in many-body systems has challenged conventional
thermalization paradigms and revealed a broad spectrum of nonequilibrium phenomena.

Seminal reviews have established the scope and importance of nonequilibrium dynamics, outlining
the role of quantum quenches, thermalization, and universal scaling laws [4—6].

The theoretical formulation relies heavily on many-body quantum field theory techniques; Keldysh
diagrammatic approach [7] and subsequent developments in open quantum field theory [8] provide rig-
orous tools for analyzing time-dependent evolution.

Numerical approaches such as dynamical mean-field theories in closed [9, 10] and open systems
[11] and time-dependent density-matrix renormalization group (t-DMRG) methods in closed and open
systems [12] have been essential in characterizing these phenomena.

A crucial question is the one about ergodicity of quantum many-body dynamics. Examples of
important ergodicity-breaking that have attracted much attention, in closed and recently in open
systems, are many-body localization [13-20], time crystals [21-43], many-body scars [44-58],
fragmentation [59-72], and related forms of ergodicity breaking (e.g. [73-95]).

In summary, the study of non-equilibrium quantum dynamics has evolved into a vibrant field char-
acterized by interdisciplinary approaches and diverse experimental platforms. Foundational works [4—6]
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have laid out the basic principles and techniques, while subsequent studies have refined our understand-
ing of thermalization [96, 97] and phase transitions [98, 99]. Cutting-edge computational methods [12,
100]) and innovative experiments [101, 102] continue to drive the field forward.

As the field moves into the future, the integration of methods from analytic theory [103, 104] to
advanced numerical simulations [105, 106]) ensures that non-equilibrium quantum dynamics will
remain at the forefront of fundamental physics.

Finally, the synthesis of these diverse studies not only enhances our understanding of specific mod-
els from the Luttinger liquid (Cazalilla and colleagues [107, 108]) to the Hubbard model [9], but also
informs broader questions regarding equilibration and universality in quantum systems [109, 110].

Related to questions of ergodicity is the question of when does the quantum Liouvillian display long-
time dynamics, e.g. [85, 111] and multiple fixpoints [2, 112, 113].

The kernel of the Liouvillian £ is the space of all fixpoints po, of the dynamics, usually called non-
equilibrium stationary states (NESS) due to the general possibility of couplings to various reservoirs with
discrepancies in their thermodynamic potentials.

While specially tailored Liouvillians £ with multiple steady states can certainly be constructed via
reservoir engineering, they constitute a set of measure zero within the realm of all possible £ and gen-
eric systems in finite dimensions possess a single fixpoint as the unique long-time limit of the Lindblad
equation. The question about the dimensionality of the kernel is nevertheless of physical interest, as
meanfield methods for driven-dissipative lattice models starting with products of density matrices on
individual sites as approximations for the multi-site density matrix often result in the coexistence of
multiple NESS in certain parameter regions of the phase diagrams.

1.2. Semigroup generators
The dynamics is given by a time evolution superoperator 7, acting on the observable algebra A C B(H),
evolving any operator A € A in the Heisenberg picture via

T:(A) = exp (+itH) Aexp (—itH) =: A(¢) (1)

with Hamiltonian H for the total closed system, while open system dynamics 7,(A) is no longer
described by conjugation with U, = exp(itH), but via more general operator mappings: for any invertible
superoperator £ : B(H) — B(H) preserving hermiticity, its inverse and derivatives (in case of a paramet-
erized family of superoperators) are equally hermiticity preservation (HP) maps. Thus the composition
E710€ =: L of first derivative £ and left inverse £~ can be decomposed as

L(:)= ZZ'YILI(’)LI* (2)

with v; € R, as first shown by de Pillis [114] for any linear HP map. The further restriction to trace
erasure (TE) entails unit erasure (UE) of the dual, namely

L3(I) = ZI’YILI*LI =0 (3)
and therefore

L) =Y ()L —{L Ly /20 = Y vl (L L] + [Li LiT]} /2 (4)
1

l

for any HPTE superoperator. Trace erasure of a generator corresponds to trace preservation (TP) of the
exponentiated map and thus all such £ generate HPTP maps via exponentiation exp(L). Restricting fur-
ther to superoperators with complete positivity (CP) and a semigroup structure

To=1 ToT, =Ty s, tER, (5)

of the CPTP time propagators, Kossakowski with his collaborators Gorini and Sudarshan [115, 116]

achieved in a finite-dimensional setting for B(H) ~ CN*N the full characterization
N—1
D() = cu{[Fe, -F]+ [Fe, F1} /2 (6)
k=1

as the dissipative part of the GKS-generator L(-) = —i[H,-] + D(-) for completely positive semigroups
with the Kossakowski matrix C:= (c;) > 0 and a traceless orthonormal basis {Fi} except for the trace-
full identity Iy =: Fy» taken as last basis element to span all N> dimensions of the matrix space and an
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effective traceless Hamiltonian H = H* that in general includes Lamb shifts from renormalization effects
due to the environment.

Simultaneously and in infinite dimensions using different techniques for the algebra of bounded
operators on (separable) Hilbert spaces, Lindblad [117] arrived at the same generator in its diagonalized
form

D()=> Al L]+ [Li {1} /2
=> LI —{LjL,-} /2 @
=0()—{2"(1),-}/2

that in the last line has been rewritten as its modern (standard) form using a CP map @ (and its dual
®*) with Kraus operators L;. The standard Lindblad equation can easily be obtained from the GKS-
generator by diagonalization of the positive matrix C = UDU ! with transformation matrix U = (u;;)

as well as redefinition of the basis via L; := Ei’;:l u, Fy, and absorbing the eigenvalues A\; in D =
diag(---\;--+) into the Lindblad operators L, := +/A/L; that give the respective Kraus decomposition
of ®.

The non-uniqueness of Kraus representations (all related via unitaries) for the CP map ® leads to an
invariance of D in diagonal form under unitary transformations

Ll — Zm ulmLm (8)
among the Lindblad operators. Moreover, the full Lindbladian
L()=—i[H]+Y L)L —{L[L,} /2 ©)
is invariant under the ‘gauge’ symmetry

Ly— L+ ol

H— H=1Y " (0fLi— aily) /2+ BI (10)
k

with arbitrary scalars oy € C and 8 € R, where 8I merely constitutes an irrelevant global energy shift.

The division between coherent and incoherent parts is thus highly arbitrary, as the gauge freedom
allows transformations between them. The separation is however unambigious for the generator in GKS-
form: here the zero trace of its Hamiltonian H is enforced and any fixed traceless basis {F;} determines
a unique H, so that for GKS-generators it makes sense to speak about processes like pure dissipation.
Note that after diagonalization of the Kossakowski matrix and redefinition of the basis, the obtained
Lindblad basis remains orthonormal and traceless—but the gauge transformations destroy both prop-
erties. The apparent simplicity gained with the standard form is therefore counterbalanced by the loss of
orthonormality and tracelessness of general L;, unless explicitly enforced via the respective Kraus decom-
position of ®.

1.3. Existing algebraic criteria

Criteria for the existence of unique steady states have been established in the literature [118-125] con-
cerning properties of either the Kossakowski matrix C or the Lindblad operators L; (Spohn 76/77, Evans
77, Frigerio 77/78) and NESS uniqueness is in particular guaranteed for the following two conditions
identified by Spohn [118] and Frigerio [121], in respective order:

1. Sufficient condition on Kossakowski Kernel ker(C)
dim (ker (C)) < dim (#) /2. (11)

2. Necessary and sufficient condition on Lindblad commutant {H,L;, L}’

{H,L; L’} =CI. (12)

The second criterion applies only in case of faithfulness of the steady state as an implicit assumption
pointed out by Spohn in response to Frigerio. With the von Neumann bicommutant theorem for W*-
algebras, it amounts to the following useful statement: in case of faithfulness, the system has a unique
NESS poo iff the set {H,L;, L]} generates the full operator algebra B(H).
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Recently another sufficient uniqueness condition [123, 126] that additionally ensures the strict posit-
ivity of po has been identified by Barthel et al and Yoshida: if the set

{H fiz LyL,/2, L,} (BYZ Criterion: Barthel-Yoshida-Zhang) (13)

generates the full operator algebra B(?), then there exists a unique NESS po, > 0. In the special case
of only self-adjoint L;, this unique positive (faithful, full-rank) NESS is entirely specified as po, =
I/ dim(H).

1.4. Motivation for new method

While the latter criterion for a unique positive-definite NESS was proven in a simple way via elementary
linear algebra, the general check for the validity of the condition involves more advanced mathematical
techniques (including representation and graph theory) than the proof itself.

It should be noted from the outset that much of the literature on the generation of algebras (belong-
ing to the realm of pure mathematics and thus not cited in this work aimed at physicists) automatically
presumes unitality of the generator set, meaning that most proofs are based on the implicit assumption
of a unit element among the given generators; this (often hidden) prerequisite rules out an application
of all respective theorems to our case without prior modifications.

Several authors in the mathematical community have conveniently focused on the Lie algebra gen-
erated by the given operators via commutation, sometimes already yielding the desired operator algebra.
This is successful whenever the structure constants of an algebra are entirely antisymmetric and thus
only the Lie part is relevant; splitting the multiplicative operation for two algebra elements a and b via

ab= (ab+ba) /2 + (ab—ba) /2 ={a,b} /2 + [a,] /2 (14)

into its symmetric and antisymmetric part leads to an analogous separation of the structure constants, as
is quite familiar for the Pauli spin operators

040y = {Uavab} /2 + [Umab] /2 = OapI+igapc0c (15)

with symmetric Kronecker delta d,, and antisymmetric Levi—Civita epsilon £, as structure constants.
This example illustrates the crucial role of the mentioned unitality assumption: the antisymmetric Lie
part alone yields the third spin operator o, for two given spin operators ¢, and o}, but the unit element
I is never reached via commutation and the full spin algebra cannot be obtained with commutators
unless the identity is naturally included in the set of generators. The single-spin case and the impossibil-
ity to reach I = 02 = o} = o in the Lie sector generalizes to any non-projective operator: nested com-
mutators cannot produce the square of a given generator a # a* and the symmetric part {a,a}/2 is

necessary for this new element.

2. Graph theory method

2.1. Derivation & proof

As shown in the above section, it is in general not sufficient to consider only the Lie part of an operator
algebra: as the antisymmetric components do not necessarily reproduce the algebra, Jordan sectors are
indispensable and the full reach of a given set of generators has to be studied. For an algebra A of linear
transformations on a linear space V, this notion of reachability is captured by the property of transitiv-
ity: A is transitive iff {a|v)|a € A} = V for every (nonzero) element |v) € V. The first observation is that
in finite dimensions transitivity of any operator algebra implies that it is in fact the full operator algebra
L(V), a property that will subsequently be called maximality.

Proposition (Relation Transitivity <> Maximality). In a finite-dimensional setting with 1 < dim(V) < oo,
any transitive algebra A of linear transformations on a linear space V is the algebra of all linear transformations
onV.

Proof. For an operator algebra A to be transitive, it has to be unital (otherwise {a|v)|a € A} would not
include the vector |v) = I|v) and thus not equal V) and therefore allows for a spectrum

o (a) := {z € C|a — zI noninvertible} (16)
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defined for any a € A. In addition to the unit element, the algebra A must also contain a nontrivial nonin-
vertible operator n # 0: should any nondiagonal operator o be invertible, n := o(sI — 0) with s € o(0) is cer-
tainly noninvertible. Its image n(V) is therefore lower-dimensional than the space V; the restriction of the
operator algebra A to this lower dimension is of course still transitive on #(V') and the proposition can now
be proven by induction in the dimension of the space the operators act on.

Dimensional induction:

The base case dim(V) = 1 is trivially true and the induction step from lower dimensions to dim(V) relies on
the induction hypothesis that the transitivity of A restricted to n(V') implies that all operators (linear trans-
formations of any rank) on #n(V') are contained in this algebra restriction—in particular the existence of an
operator r € A with nrn being a transformation of rank one on V, which is therefore some outer product:
nrn = |f){g| in Dirac notation. As the algebras A and dual A* are assumed to be transitive, all operators of
rank one are reached via a(|f)(g|) for a € A together with (|f)(g|)a for a € A* and thus (all operators being
sums of these building blocks) the full operator algebra.

The fact that the transitive property is characterized by all generated spaces {a|v)|a € A} entails the equi-
valence of transitivity and irreducibility for an operator algebra A: it is irreducible iff there exist no non-
trivial invariant subspaces, which is the case iff all subspaces {a|v)|a € A} for any nonzero element |v) € V
equal the total linear space V. O

On the whole, the above line of reasoning has established identical notions for a generated algebra of
operators to be the maximal possible one (L(V')) via the triple

Irreducibility < Transitivity < Maximality (17)

valid for any operator algebra in finite dimensions greater than one over a field with algebraic closure;
so a check for generation of an entire algebra is in fact equivalent to a check for reducibility. In other
words the complete algebra is fully distinguished by lack of nontrivial invariant subspaces (irreducibility)
and lack of nontrivial irreducible subalgebras (uniqueness).

Our check for (ir)reducibility of an operator algebra obtained from a set S of generators now boils
down to an investigation of subspace invariances for every generator g € S; the matrix representation of g
is irreducible iff it does not map any nontrivial subspace into itself.

Algebraic graph theory

The mathematical discipline of graph theory [127] provides an efficient and direct method to examine
matrix reducibility: the main idea is that all matrices g are interpreted as adjacency matrices of an associ-
ated directed graph (digraph) defined in the following way: the digraph D(g) is a set X of v := dim(V)
elements called vertices together with a set E C Xx X of ordered vertex pairs called edges such that
(xi,%j) € E whenever g;; # 0, the corresponding edge connects x; with x; in the directed manner of an
arrow pointing from the former to the latter.

Connectivity

Strong connectivity between vertices is the existence of a path connecting them in both directions
(mutual reachability) and defines an equivalence relation on X, partitioning the digraph into strongly
connected components such that vertices from the same component are mutually reachable from each
other and vertices from different components are not mutually reachable.

Proposition (Relation Reducibility <> Connectivity). The matrix g is irreducible iff the associated digraph
D(g) is one strongly connected component.

Proof. Any reducible g entails at least one nontrivial invariant subspace of V and must therefore be similar
to a block-triangular matrix; the respective permutations of rows and columns do not alter the connectivity
of the associated digraph, as this similarity transformation does not change the underlying graph structure
and merely relabels its vertices. But a block-triangular form of the matrix implies that the digraph disinteg-
rates into two components without a bidirectional connection between them, hence D(g) is not strongly
connected. Conversely, any graph without strong connectivity allows for the partitioning of the vertex set
into components that are without a bidirectional connection and give rise to a block-triangular structure of
the corresponding adjacency matrix that is thus reducible.

As a consequence, there is a clear correspondence between the connectivity of a digraph and the reducib-
ility of its adjacency matrix. In fact, utilizing the relation between matrices and graphs gives valuable insight
into the pattern of stable subspaces: decomposing the full linear space V into the direct sum V=V, @ Vi-
of the smallest invariant subspace V; and its complement Vi-, the matrix representation g of the operator
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according to this split is a block-triangular one; repeating this process for Vi- recursively with a chain of k
invariant subspaces V; in ascending order of dimension leads to the decomposition

V=PV (18)

and the matrix shape

g L2 - 81k
0 gZ gz)k

g=1. .. (19)
0 0 8k

with irreducible diagonal submatrices g;. The digraphs D(g;) for these matrix blocks are strongly connected
and called the strong components of the total digraph D(g), while nonzero nondiagonal blocks g; ; corres-
pond to the (unidirectional) connections between these strong components; the lack of paths in the other
direction is reflected by the respective zero blocks mirrored along the diagonal.

In the same way every matrix algebra can be put into block-triangular form with diagonal blocks repres-
enting irreducible subalgebras: with the above procedure, any subalgebra A C L(V) of linear transformations
on V = @; V; is compartmentalized as

0 L(Vy) ... =
L(V)DA=| . _— : (20)
0 0 .. LW

where L(V;) denotes the irreducible subalgebra on V; and therefore the full algebra of linear transformations
on V; according to the equivalence demonstrated in this chapter.

A digraph D(S) can now be assigned to the generator set S of an algebra A with a directed edge (x;,xj) €
E whenever there exists an a € S with matrix entry a;; # 0. If the generated algebra A is in fact L(V), then
D(S) is strongly connected—a property that can be efficiently checked via computer algebra systems in lin-
ear time, meaning the automated check has time complexity O(|X]| + |E]).

O
2.2. Model study
We showcase this method for the driven-dissipative model with spin qubits on N sites of hypercubic
lattices in D spatial dimensions undergoing both flip—flop interactions and Rabi oscillations via the
Hamiltonian in the rotating (drive) frame
H:Z](a{*‘aj_ —|—a]7~'ai_> —i—Z(Azaf—l—Axaj—‘) (21)

(i-4)

with hopping amplitude J and spin operators {o¥|k € {x,y,z}} for each site i, Rabi frequency A, and
detuning A, between oscillatory driving field and resonant transition frequencies as well as dissipation
via jump operators L; = ,/¥;0; and thus the corresponding Lindbladian dissipator

D)= nulor (ot —{oi'or -} /2) (22)

for spin loss on each site with mutual independence and individual rates ~;. This spin lattice model
exhibits bistability in numerical computations even though the Lindbladian superoperator yields an
exclusive NESS p, in analytic calculations.

While o;F and o] together generate the spin operator algebra on each site and therefore the set
{L;,L?} of all Lindblad operators and their adjoints generates the full algebra irrespective of H, the BYZ
criterion for the uniqueness of a strictly positive p~, concerns the algebra generated by the set

Z] (O’;rO'; + O'J-JFO';) + Z (AL0? 4+ Ayo?) —iz yio o )2, /o (23)
(i.4) i i

and is verified in Python via an efficient ‘connectivity check’ code.
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2.3. Algebra generation
To develop an intuitive understanding of the possible patterns that arise for different generators, it
is helpful to look at the algebra produced by a generator. In its generalized eigenbasis, a generator g
assumes the Jordan normal form J = @®;]y, », with Jordan blocks J, ,,, of dimension m; for each eigen-
value ); respecting geometric multiplicities.

The algebra generated by J is in fact the polynomial algebra C[J] given by all expressions

P =) nt (24)

k

with coefficients py € C of the polynomial p, as in the finite-dimensional setting a formal power series in
] is always finite. So any element of the produced algebra is represented as

pU)=p (69 A,-,ml> =P rUrm) (25)

where the polynomials of Jordan blocks evaluate to

p(N) PN p@(N) /2! .
o p(\) P PO (X /I
ph=| " PO -
0 0 0 S .. .
0 0 0 0 p()\) p(l) (/\) p(Z) ()\) /2'
0 0 0 0 0 p(N) P (N
L 0 0 0 0 0 0 p(N) |

with p( denoting the polynomial derivative of order [ in the subdiagonal of number L The explicit form
for any algebra element is therefore the diagonal block matrix composed of submatrices

-Pk/\k Pkk/\k_l Dr (kZ _ k) /\k—z i
0 Pk prkAF—1 o kN (I (k= 1)Y)
L ) )
Z 0 0 DA 27)
k 0 0 0 .. .. .
0 0 0 0 prAF prkE1 pi (k2 — k) \k=2
0 0 0 0 0 PN kAT
) 0 0 0 0 0 Pk i

that are of Toeplitz type and where the entries of the constant (sub)diagonals depend on the spectrum
of the given generator g as well as the specific choice of polynomial coefficients py for the generated
element.

All polynomials with strictly positive powers J* (k € N instead of k € Ny) and thus without the
monomial po/° due to our inability to assume the identity I as a given generator are possible. For
nonzero spectra (A # 0) the Jordan matrix is invertible and there exists a polynomial i(J) = J~! with
i(0) = 0. The matrix polynomial

a():= ] U-x7i)" (28)

NAN,
decomposes as the direct sum
@ H (I*fvmj = Ailxjmji (])\hmj))'m (29)
JoNFEN

where each of the summands g;(Jy; ) vanishes except for g;(Jx, m) as a product of invertible matrices
(and thus itself invertible) whenever a J-cyclic subspace equals the full space. The respective polyno-
mial 7;(Jx,.m;) := (qi(Ja;,m;)) " for the inverse with r;(0) = 0 yields the matrix r;(J)q;(J) that has the same

7
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block structure as J with an identity submatrix [; in place of the Jordan block for eigenvalue A; and all
other blocks of the partition set to zero.

That way all identity operators I; can be obtained by linear combinations of strictly positive powers
of J via rj(J)g;(J) for the generalized eigenspaces indexed by j. Identities for Jordan blocks with A =0
have to be ensured in a different way, for example via the square of respective Pauli matrices. All corres-
ponding upper-triangular Toeplitz matrices T; are reached via the polynomial

() =23 (1) U= M) 1 (g () (30)
ik

where (T;)x refers to the first row of T; that fixes the entire upper-triangular Toeplitz submatrix block
for the generalized eigenspace j. This proves that the direct sum of arbitrary upper-triangular Toeplitz
blocks can really be generated via scalar multiplication as well as matrix addition and multiplication,
since any choice for the T; is possible in the generating polynomial #(J).

As transformations to the generalized eigenbasis of a generator constitute similarity transformations,
any algebra generated by operators is isomorphic to one generated in this special basis. This isomorph-
ism enables an investigation of maximality for generated subalgebras in a basis-independent manner.

Of particular advantage is the clearer picture of subspace invariance for generator sets with a matrix in
Jordan canonical form, as this representation yields a suitable block structure that is preserved under
the algebra operations and provides nilpotent matrix blocks N; := ]y, » — A;l; (with nilpotency index
m;) useful for examining the patterns of invariant subspaces for generator sets S: given any nonempty S-
invariant subspace V/, it is straightforward to verify via repeated action by those nilpotent blocks that
V; must contain an element of the generalized eigenbasis, which in turn serves as the representation
basis for all generators and therefore the element corresponds to a particular vertex v of the associated
digraph.

To prove that full connectivity of that digraph implies V; =V, it is enough to show that the rest of
the generalized eigenbasis is also contained in V}. Considering all vertices of the digraph that are the ori-
gin of an edge pointing to v, the respective nonzero entries of generator matrices corresponding to these
edges can be manipulated via nilpotent blocks and linear combinations to confirm in recursive fashion
the presence of all generalized eigenvectors in Vj. Hence the arbitrarily chosen Vj contains a basis of the
full space and is thus the trivial subspace V, confirming the nonexistence of nontrivial invariant sub-
spaces and the generation of the full operator algebra in case of strong digraph connectivity.

2.4. Connectivity webs

It remains to clarify that the method is truly applicable to lattice systems of arbitrary size with N spin
sites and D spatial dimensions, requiring the type of graph connectivity to stay unchanged. For that
purpose we make use of visualizations in terms of ‘cobwebs’ in order to investigate the threaded con-
nectivity patterns that arise: the N lattice sites induce a multi-spin Hilbert space of dimension 2V and
the respective digraph vertices are arranged with equal spacing on a circle in counter-clockwise order,
such that an angle (n—1)27 /2N is associated to vertex number n € {1,...,2N}.

Each addition of a new spin lattice site doubles the dimension of the state space and thus also the
number of graph vertices, halving their angles in the circular arrangement. The vertex sets containing 2V
elements are depicted as concentric rings of circumference scaling with this cardinality, in an effort to
make the steps N — N+ 1 more transparent. The planar digraphs are drawn in blue, with arrowheads
indicating the direction of the edges. All digraphs associated to the generator sets {H—i) L*L/2,L} are
split into two parts: graph components due to the set {L} of all Lindbladian jumps with the sum of all
L as adjacency matrix and components involving the Hamiltonian H with adjacency matrix given by
H—-i> L*L/2.

From the outset it is immediately perceptible in the connectivity webs that all graph components
exhibit a disconnect between the first and last vertices; this is due to the fact that no circular boundary
conditions (giving rise to the topology of D-dimensional tori) are imposed on the spin lattices and thus
start and end regions of the graphs wrapped around circles are not directly woven together. Furthermore
the graphical representation via cobwebs makes underlying symmetries of the connectivity patterns easily
discernible: all graph components display rotational symmetry (modulo gaps due to lattice boundaries)
corresponding to the translation invariance of the spin systems.

The interplay of these two effects gives rise to characteristics for the evolution of the connectivity
pattern with system size: the initial disjunctions for N =2 propagate outwards in the connectivity webs,
doubling the number of disconnected direct neighbor vertices for each step N. This happens for both
the Hamiltonian and Lindbladian components of our graph partition: the webs exhibit 2(N~1) missing

8
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Figure 1. Web of connectivity for {L} with 2 sites.

Figure 2. Web of connectivity for {L} with 3 sites.

direct neighbor links for {L} and 2(N=2) for H—iY_ L*L/2. At the same time a hierarchy of missing links
for k-nearest neighbors emerges: once the number of sites is sufficient to allow for notions of k-locality,
regularities appear on all scales. For example in the case of k=2 and N > 2, the number of missing links
also doubles with each step and is equal to the number of k=1 disconnects. The patterns hold for all
system sizes; TikZ pictures for two/three/four quantum lattice sites are included in this documentation.
In addition it is notable that all digraph components for {L} are unidirectional while all digraph
components for H—i» ' L*L/2 are bidirectional. Figures 1-3 show the directed graphs all possessing
a clockwise orientation with no bidirectional links; figures 4-6 show the entirely reversible character
of the graphs with no unidirectional links: vertices are always connected in both ways or not at all.
Figures 1-6 also reveal that vertices on opposite sides of the circles are always directly connected, again
uni/bi-directional for Lindbladian/Hamiltonian components respectively.

2.5. Graph self-similarity

The interwoven connectivity webs will now be scrutinized further in an algebraic way to explain their
scale-invariance or self-similarity: the same operations involved in each step of growing system size N,
namely matrix Kronecker multiplication and matrix addition, translate to different kinds of repeated
digraph concatenations. In an effort to disentangle those, it is best to concentrate first on the compon-
ents for {L} due to the lack of negative interference in comparison to H—i)  L*L/2.

9
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Figure 3. Web of connectivity for {L} with 4 sites.

Figure 4. Web of connectivity for H—i»  L*L/2 with 2 sites.

Strong connectivity is guaranteed whenever a closed walk visiting all vertices can be found within
the graph. Such cycles are possible for all sizes with the mere addition of only one single directed
edge from the first to the last vertex, marked with a red arrow in figures 1-3. This means that the
Lindbladian jump operators give rise to strong connectivity almost on their own, irrespective of the
specific Hamiltonian except for the condition that H—i)  L*L/2 has to contribute this singular missing
edge. That way strong connectivity is ensured via generators H—i»  L*L/2 that are strongly connected
themselves and/or provide this one directed edge from vertex number 1 to vertex number 2V,

The ratios between broken/missing links and preserved connections in the k-hierarchy are crucial
for the quality of strong connectivity to persevere and prevent the breakup of the graph into individual
strongly connected pieces. The proliferation of newly woven links has to overcompensate the loss of con-
nections holding the cobweb together; an examination of this evolution is possible via the adjacency
matrix encoding all graph edges for {L} defined as

N N
AN:ZZ”f :Z@(i_1)®a_®l®(N_i) (31)
i=1

i=1

for N lattice sites. Calculating the sum term by term, it becomes clear that this summation gives rise to a
self-similar sequence in N: the first summand o] = o~ ® IN=1) yields a block matrix partitioned into

10
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Figure 5. Web of connectivity for H—i_ L*L/2 with 3 sites.

Figure 6. Web of connectivity for H—i_ L*L/2 with 4 sites.

four matrix blocks of dimension 2V /2 with an identity on the lower left as the only nonzero block; this
partitioning is continued via the second summand o, =I® o~ @ I°N~2) dividing the matrix into 2*
blocks of dimension 2N /4 and all subsequent summands o, = P61 @6~ @ I®N=5 each contribut-
ing 2%* matrix blocks of dimension 2V /(2k) with 2k identity blocks and 2% — 2k zero blocks.

As a consequence of this summation pattern, the full adjacency matrix Ay exhibits the self-similar
shape of a fractal with perfect scale-invariance in the thermodynamic limit N — co. Every step Ay —
Any corresponds to placing two copies of Ay as the diagonal blocks of Ayy; and an identity block into
the lower-left corner, shown in figures 7 and 8. The fractal nature of the adjacency matrix Ay_, o carries
over to the digraph and explains all observed features: the basic geometrical shape for N =2 of two tri-
angles at opposing sides of the connectivity web is repeated over and over again for higher numbers of
lattice sites and connections are woven in correspondence with the placement of identity (one copy) and
adjacency matrices (two copies) of the previous step. The unidirectional orientation of the graph is due

11
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e

Figure 7. Adjacency matrices for {L} with 2 to 4 sites.

U,
N

\“m
M

Figure 8. Adjacency matrices for {L} with 5 and 6 sites.
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Figure 9. Connectivity for 2/3/4 sites (blue/green/red).

to the zero upper triangle of Ay for all N. The diagonal of an adjacency matrix refers to self-loops of
graph vertices and thus plays no role in connectivity studies; it was therefore not included in the defini-
tion of Ay.

From this construction it is immediately clear that no established connections are ever lost in the
steps N — N+ 1 due to the nested procedure with complete copies of the prior adjacency matrix. The
conservation of the previous skeleton is exemplified in the visualization of figure 9.

The equivalence between strong connectivity and the existence of a closed path comprising the entire
vertex set implies that the above claim about a single missing link (arrow from first to last vertex) for
all N causing every digraph to be strongly connected can be proven by giving an explicit recipe for such
a path visiting all vertices; this recipe will be presented below, but there is an even more elegant way to
show strong connectivity:

The number of all paths with p edges is encoded in the powers AX; of the respective adjacency
matrices: the matrix entry (AX)y gives the number of paths from vertex k to vertex [ traversing p — 1
vertices, excluding k and I. For example, A2 = (0~ ® [+I® 0~ )* =2(0c~ ® o) and all higher powers of
A, vanish due to the nilpotency of o ~. This means there are exactly two paths with two edges from the
last to the first vertex, but no other paths: neither with two edges between other vertices, nor with more
edges between any vertices. Similarly, A3 = 6(c~ ® 0~ ® 0~) and all higher powers of A3 vanish; thus
there exist six paths with three edges between the last and first vertex.

Other paths with the same or higher number of edges fail due to the lack of a further connection.
The sparsity of the adjacency matrices (defined as the percentage of non-zero elements) could be suspec-
ted as the reason for a lack of strong connectivity, but in fact the true culprit is their nilpotent charac-
ter: due to the nilpotency of all Ay as strictly lower-triangular matrices, no path visiting all vertices can
exist. In fact, an even stronger statement is true: the digraph for Ay contains no path with more than N
edges, much less than the needed minimum for connectivity.

This situation changes drastically by nilpotency breaking’ in the empty upper triangle of Ay via the
addition of a nonzero matrix element in the first row and last column. With that modification higher
powers no longer vanish; the deformed matrix will subsequently be called Cy := Ay + By with the
deformation By := d; ,v given by a Kronecker delta §. As the powers of adjacency matrices represent the
number of paths with a specific length between pairs of vertices, a sufficient (and necessary) criterion for
strong connectivity is the existence of a matrix with only nonzero entries obtained as the sum

> Gk (32)
k

In that (and only that) case is a directed path ensured for any ordered vertex pair of the altered digraph.
As paths of length 2V (or longer) necessarily include cycles, only powers up to 2 — 1 have to be con-
sidered in the sum and thus strong connectivity is equivalent to strict positivity of all matrix entries in
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Strong Connectivity Strict Positivity
Irreducibility Primitivity
of CN of DN

Figure 10. Equivalences for graph and matrix properties.

the reachability matrix Ry defined as

N1
Ry:= Y Ch=In+Cyn+Cyt - +C (33)
k=0

characterizing the transitive closure of the digraph D(Cy) associated to Cy. As an alternative, the adja-

cency matrix with self-loops Dy := I+ Cy can be used; in that case strong connectivity of the digraph is

equivalent to primitivity of Dy defined as the existence of an index K € N such that D§ > 0 entry-wise.
Due to the binomial expansion for the (commuting) matrices Cy and I

k
k .
Di=(In+Cn) =) (j>ch:1N+ch+k(k— 1)Cl/24 -+ Ck (34)
j=0

such an exponent K is guaranteed to exist whenever Cy is irreducible and vice versa. On the whole a
powerful equivalence diagram is established, as shown in figure 10.

This can now be exploited to prove that the connectivity is independent of lattice sizes in terms of
Ry > 0 entry-wise for all N. For compact notation in this proof, the summation/multiplication indices in

N N
Av=Y o7 => P go g™ (35)
i=1 i=1
and
N N ) )
By=[]o =[]V @0t 0 12™ (36)
i=1 i=1

will be suppressed; that way the deformed adjacency matrix is written as

CN:HO'++ZO'_:BN+AN (37)
and
AN :N!Ha_, ANFL =, (38)

The reachability matrix Ry thus evaluates to

N1 N1

RN:;Ck -3 [ZU_—I—HU"'Y. (39)

k=0
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This expression is a binomial expansion for the noncommuting matrices Ay and By; due to the nilpo-
tency of both of them, the resulting sum includes many zero terms and reduces to

Nk . - N
RN:;E(ZJ—Y M) (o) ug(za—)". (40)
—1j= —
Valid for any number of lattice sites, the formula yields for R := Ry
ru= XX (Z0),) (o) 2 (2),, )
j

as the entries of the reachability matrix in row m and column n. Analyzing the powers of Ay, it is
straightforward to see that there always exist choices for j and k to any indices m and n such that the
respective matrix entry of R is nonzero.

This is easiest to conclude via verification for small system size N =2 and induction: the self-
similarity of graphs and adjacency matrices encountered at each step N — N+ 1 carries over to all
powers AL, for the very reason that those encode all paths of length P of the underlying self-similar
graph, so A}, — A%, displays a scaling behavior analogous to the one of Ay — An;1 as a generalization
of our previous observation: every step Ay, — A} 1 corresponds to placing two copies of A} as the diag-
onal blocks of A%, | and a single copy of AP~!into the lower-left corner of A, . for all powers p e N
and sizes N € N.

Self-similarity patterns arise via iterations for the Lindbladian part of the adjacency matrices

AL 1o 0 0

Airill ARy 0 0

A1€7+1 = (42)

P—2 P—1 P—1 P
ANCT | AND | Ao | Ana

as well as the Hamiltonian part (see figures 11-14)

Ey_, F(Gn-1) | F(Gn-1) | H(Gn-1)
F(Gn-1)" Ex_, ExC\ F(Gy-1)
By = (43)
F(Gyv)' | B Ex_i | F(Gyn-1)
H(Gn-1)" | F(Gy-t)' | F(Gn)' | ERey

with F and H matrix polynomials depending on P and involving Gy—_; := Iy—; + An— for the
recursions.
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Figure 11. Web evolution for {L}.

Figure 12. Limit web for {L}.
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Figure 13. Web evolution for H—i)  L*

Figure 14. Limit web for H—i) ,L*L/2.
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3. Conclusion

Exact graph self-similarity in the thermodynamic limit N — oo has thus been shown; one crucial
ingredient in the proof is the exact type of Jordan matrices J that arise from the set of generators: the
algebraic graph theory method works whenever a J-cyclic subspace equals the full space.

This condition characterizes nonderogatory Jordan matrices J: the existence of a cyclic vector c€ V
for J is defined as the property of the set {J’c|p € {0,...,dim(V) — 1}} spanning the whole space V.
The important subspaces for our purposes are therefore both the invariant and cyclic subspaces of the
generators in Jordan form.

Whenever the given generating set in accordance with the BYZ criterion contains a nonderogatory
Jordan matrix in its entire linear span, it ensures the generation of the full matrix algebra in case of
strong connectivity. Nonderogatory matrices have the defining property that their minimal and charac-
teristic polynomials coincide and thus all geometric multiplicities equal one; in the generalized eigenbasis
this is equivalent to the existence of exactly one Jordan block for each element of the spectrum.

The interplay between cyclic and invariant subspaces for the consequences entailed by nonderogatory
generators in their generalized eigenbasis is thus of importance: whenever one of the operators in the
span of {H—1)_ L*L/2,L}is similar to a nonderogatory Jordan matrix, strong connectivity of the associ-
ated digraph guarantees the generation of the full algebra.

The simplest example of cyclicity for our model is the case of one spin site with rescaled jump
L/\/y =:L=o0" =|0)(1| already being in Jordan normal form. This matrix is nonderogatory for the
very reason that it is just a single Jordan block, so there exists an element ¢ € C* cyclic for L (i.e. a
state ¢ yielding C? as an L-cyclic subspace). The cyclic ¢ is found as |1) and generates the whole space
through the repeated action of L to yield the complete basis: I|1) = |1),L|1) = |0),L?|1) = 0.

Examples for systems that do not have unique steady states are Liouvillians with strong symmet-
ries giving rise to several symmetry sectors, each containing their own steady state; in such cases NESS
uniqueness is violated. One can construct explicit physical models where each connected compon-
ent satisfies the nonderogatory criterion, yet the full graph is disconnected and multiple NESS appear:
take two uncoupled chains (or two spatially separated sublattices) A and B with H = H, ¢ Hp and
Lo = Lo.a @ Lo g, where each block is strongly connected and contains a nonderogatory element in its
span (e.g. each block has a local loss Ly = 0~ or Ly =0~ on at least one site, which is a single Jordan
block). Then each component has a unique steady state poo 4 and poo p, but the full steady-state set is
Poo =P Poos D (1 —P) poo,p With p € [0,1] because there are no edges between the components.

In general all known models with multiple NESS necessarily do not possess strong connectivity: for
instance the trivial case with H =0 and local loss jumps L; = \/7;0; on each site. Then the associated
adjacency matrix for the jump part is Ay =), 0; , which is strictly lower-triangular (nilpotent) and
therefore the directed graph is not strongly connected; the missing directed path from vertex 1 to ver-
tex 2V cannot be generated without an additional Hamiltonian contribution. A second class is provided
by strong-symmetry models in which both H and all L; commute with a conserved charge (e.g. total
0%), so the dynamics decomposes into invariant symmetry sectors and the graph splits into disconnec-
ted components. A concrete example is H=}_, . ] (0'1»+0'j_ + 0']-+0'i_) + >, A;o? with dephasing jumps
L; = /7i0%, which preserves excitation number and thus lacks strong connectivity by construction.

We construct a simple class of spin-lattice Lindblad generators whose operator span contains a non-
derogatory Jordan matrix whose zero—nonzero pattern does not correspond to a strongly connected
digraph. Consider a one-dimensional lattice of L spin—% degrees of freedom with Hilbert space

H=(C)", (44)
and ladder operators
o =140, o7 =|0){1]. (45)

The dynamics is generated by a GKSL operator

Lp)=—i[H.p]+ (M,i -2 {Jiw}) : (46)

k

and we study the associated operator span

1
S = span {Jk,H— ZijJ,Uk}. (47)
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We first introduce directed nearest-neighbor jump operators
Ji =\ioik o7, i=1,...,L—1, (48)
which implement unidirectional excitation transport along the chain, and take for simplicity
H=0, (49)

since a diagonal Hamiltonian would lead to the same conclusion. Defining

S L—1
i
K=H--3 JI (50)
i=1
one finds
;L
i =nofor,  K=-23% yolo. (51)
i=1
Hence the span S contains both the nearest-neighbor maps O’i—:_ldi_ and the on-site projectors O'i+0'1-_.
Restricting to the single-excitation subspace
lespan{\l>,...,|L>}, (52)

where |j) denotes an excitation localized at site j, these operators reduce to |i+ 1)(i| and |i)(i|, respect-
ively. Consequently the restricted span contains operators of the form

L—-1 L
A= LD+ il (53)
i=1 i=1

In the ordered basis {|1),...,|L)} this operator takes the matrix form
A0 O 0
1 A 0 0
A=10 1 A 0 7 (54)
: . -0
0 0 -~ 1 A

which is a single Jordan block J;(\) and thus nonderogatory. The associated directed graph defined that
way contains edges i — i+ 1 only, forming the chain 142 - 3 ¢<— --- < L, which is not strongly con-
nected. Therefore the operator span of this spin lattice model contains a nonderogatory Jordan matrix
whose adjacency pattern does not define a strongly connected digraph. A more intrinsically many-body
formulation avoids restricting to a particular excitation sector by choosing instead

Ji= ’y,‘oi‘_ﬁ_lai_, H= Z €07, (55)
i

since in this case the same Jordan structure appears in each excitation sector of the many-body Hilbert
space, sufficient to establish the same span property.
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