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“My Theorem will tell the story. Each graph with a beginning and a middle and an end.”

“There’s no romance in geometry,” Lindsey answered.

“Just you wait.”

– John Green, An Abundance of Katherines.

Age cannot wither her, nor custom stale

Her infinite variety.

– William Shakespeare, Antony and Cleopatra.

One and one and one and one doesn’t equal four. Each one remains unique, there is no

way of joining them together. They cannot be exchanged, one for the other. They cannot

replace each other.

– Margaret Atwood, The Handmaid’s Tale.

Sitting at his side Stephen solved out the problem. He proves by algebra that Shakespeare’s

ghost is Hamlet’s grandfather . . .

. . .Across the page the symbols moved in grave morrice, in the mummery of their letters,

wearing quaint caps of squares and cubes.

– James Joyce, Ulysses.

Freedom is the freedom to say that two plus two make four. If that is granted, all else

follows.

– George Orwell, 1984.
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Abstract

This thesis is a study of undecidability in some field theories. Specifically,

we are interested in geometrically oriented problems and have focused our

attention in two directions along these lines. The first direction bases on

determining the decidability of certain sets of first-order sentences over pos-

itive characteristic function fields. We will draw parallel to the problem of

algorithmically determining in some cases the existence of points on varieties

in positive characteristic function fields; equivalently the existence of certain

maps between varieties over other positive characteristic fields.

The second direction bases on determining the decidability of first-order con-

sequences of nonempty finite collections of Lr-sentences, true in fields with

plenty of geometric structure. This is connected to the former direction by

the fact that a decidable field has a recursive axiomatisation – what if we study

a (nonempty) finite subset of the axiomatisation? Undecidability results.

Motivated by classification-theoretic conjectures, we will examine ‘wilder’

classes of fields in turn and generalise a result of Ziegler to NIP henselian

nontrivially valued fields (and beyond). We move to PAC & PRC fields and

prove they are finitely undecidable, resolving two open questions of Shlapen-

tokh & Videla, and describe the difficulties that arise in adapting the proof to

PpC fields. We pose the question: is every infinite field finitely undecidable?
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Chapter 1

Introduction

1.1 Hilbert’s ‘Geometric’ Tenth Problem

Posed by David Hilbert in 1900 [Hil00], Hilbert’s Tenth problem was to determine the

decidability of the existential theory of arithmetic (though this was not how Hilbert

phrased it). This was determined as undecidable in 1970, through the work of Martin

Davis, Hilary Putnam, Julia Robinson, and Yuri Matiyasevich [DPR61, Mat70]. How-

ever this is the question as a logician would phrase it – the beauty behind this problem

is its equivalent number-theoretic and algebro-geometric formulations. A number the-

orist might ask if there is an effective procedure to determine if a given Diophantine

equation has a solution over Z, while an algebraic geometer might query whether one

can algorithmically determine when a Q-variety V has an integral point. These are in

fact equivalent questions (see [Koe14, §4.1]), hence all undecidable.

In the last half century there has been an explosion of activity in this area of com-

putability, and now many more theories are known to be existentially undecidable

(mostly through reducing the question to solving Hilbert’s Tenth Problem). Moving

to the positive characteristic ‘geometric setting’ (i.e. function fields of varieties), in the

1990s Pheidas and Videla demonstrated the existential undecidability of the simplest

such function fields: Fq(t) where Fq is a finite field [Phe91, Vid94]. This was followed

1



CHAPTER 1. INTRODUCTION

shortly by Shlapentokh, who in 1996 showed (nearly1) all function fields of curves over

finite fields are existentially undecidable [Shl96]. Around this time, answers were also

sought for positive characteristic function fields over infinite fields of constants (see e.g.

[KR92a, Shl00]) and function fields of higher transcendence degree (see [Shl02a, Shl05]).

Eisenträger in 2012 showed the existential undecidability of a function field of transcen-

dence degree greater than 1 over an algebraically closed field of odd characteristic [Eis12]

(generalising Kim & Roush [KR92b]), and in 2013 Eisenträger & Shlapentokh showed

the existential undecidability of any function field of characteristic p not containing F̃p

(originally announced in [ES13], this was later published in [ES17]. See Theorems 1.1

& 1.2 ibid.). As it stands the only2 problem left to solve in this area is ‘Hilbert’s Tenth

Problem over F̃p(C)’, i.e. the existential decidability of the function field of a curve over

an algebraically closed field of characteristic p.

We will mention that the decidability problem for the full theory of a positive char-

acteristic function field has been completely solved. Indeed, first Ershov [Erš65b] in

1965/Penzin [Pen73] in 1973 demonstrated the undecidability of Th(Fq(t)). This was

generalised by Cherlin to infinite perfect constant subfields [Che84], and generalised

further by Pheidas [Phe04]. Finally Eisenträger & Shlapentokh solved this problem in

complete generality, showing every function field of positive characteristic has an un-

decidable theory ([ES09] and [ES17, Theorem 1.3]). We will also note this recollection

has been focused on positive characteristic function fields – there are many interesting

algebraic structures (even e.g. characteristic zero function fields, or positive character-

istic coordinate rings) that we have not mentioned. The interested reader is invited to

explore [PZ00].

Implicitly, all of the above undecidability results are for theories of function fields

K in the language of rings Lr = {0, 1,+,×} expanded by a set of constants which are

interpreted as the elements of some recursive finitely generated subfield of K. What if we

altered this basic assumption? It appears to be a well known fact that Hilbert’s Tenth

1Shlapentokh proved this for odd characteristic; the even characteristic case was resolved by
Eisenträger in 2003 [Eis03].

2The author is not aware of a result on the existential decidability of F̃2(V ) for V a F̃2-variety of
dimension > 1, though this would be a minor gap in the literature, if indeed present.
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CHAPTER 1. INTRODUCTION

Problem over Fq[t] with coefficients in Fp is solvable, or equivalently that Th∃+(Fq[t]) in

the language of rings without additional constants is decidable (it is very important that

we consider the positive existential theory of Fq[t]. The existential theory – allowing

negations – is undecidable, implicitly by [PZ99, Theorem 2.1]). The natural question to

subsequently ask is whether Hilbert’s Tenth Problem over the fraction field Fq(t) with

coefficients in Fp is similarly solvable. This is more difficult to answer – perhaps because

in this context, the language of rings has an implicit geometric flavour. Certainly,

consider the unary predicate F defining the nonconstant elements of Fq(t), i.e. Fq(t) |=

F (x) ⇐⇒ x ∈ Fq(t) \ Fq, and note that F (Fq(t)) is ∃+-∅-definable in the language

of rings. Thus, we might equally have motivation to frame the above questions in

the ‘geometric’ language LF = {0, 1,+,×, F}. From the perspective of geometry, the

subtlety between these problems is highlighted:

Theorem 1.1.1. There exists an algorithm which upon input an affine Fp-variety3 V

outputs “YES” if there exists an Fp-morphism A1 → V , and “NO” otherwise.

There does not exist an algorithm which upon input an affine Fp-variety V outputs

“YES” if there exists a nonconstant Fp-morphism A1 → V , and “NO” otherwise.

Proof. The former follows from the aforementioned decidability of Th∃+(Fq[t]) in the

language of rings without additional constants. The latter is [PZ99, Theorem 2.1]. ■

It is an open problem, whether there exists an algorithm which upon input an affine

Fp-variety V outputs “YES” if there exists a (nonconstant) Fp-rational map A1 99K V ,

and “NO” otherwise.

In the first third of this thesis we will seek to answer decidability questions in the

geometric language. In Chapter 2 we recall a result of Pasten (§2.1) and generalise

techniques of Eisenträger & Shlapentokh (§2.2) to conclude undecidability for some

fields, in the language of rings augmented by a predicate Bl defining ‘good behaviour’

relative to a fixed prime l (elements that are l-behaved ; see Definition 2.2.1). We then

make some progress in §2.4 eliminating this arithmetic-controlling predicate Bl, though

3Given to the algorithm as a finite list of elements of Fp[X1, . . . , Xn] for some n ≥ 1.

3



CHAPTER 1. INTRODUCTION

we are unable to prove existential undecidability results (§2.4 explains why). We are

able to get some distance by using a single initial universal quantifier:

Corollary 2.4.8. Let K be the function field of a curve, of odd characteristic and

constant subfield C ⊊ F̃p. There exists d ∈ C such that Th∀1∃(K;LF (d)) is undecidable.

Note as the element d ∈ C is algebraic over Fp, Th∃(K;LF (d)) is decidable if and

only if Th∃(K;LF ) is. Also note that any function field is the function field of a curve,

under a suitable interpretation of F . As in Theorem 1.1.1, this can be reformulated in

geometric terms.

Corollary 2.4.8 (reformulated). Let C be an absolutely irreducible curve defined over

a finite field Fq of odd characteristic. No algorithm exists which, upon input an Fq-

morphism π : V → A1 of affine Fq-varieties, outputs “YES” if for all nonconstant

Fq-rational maps r : C 99K A1 there exists an Fq-rational map C 99K V making the below

diagram commute, and “NO” otherwise.

C

V A1

∃? r

π

⟲

Following a suggestion due to E. Hrushovski, in §2.5 we also demonstrate a scenario

where a natural subset of l-behaved elements is existentially LF -definable with param-

eters in a finite field (this will be when the function field has sufficiently high genus,

indicating the use of the predicate Bl is in a sense ‘not too strong’ and only applicable

to low genus function fields).

1.2 Further Afield and Further, A Field?

In the latter two-thirds of the thesis, Chapters 3 & 4, we move from considering specific

questions about a field’s geometry to the following more elementary question in field

theory:

4



CHAPTER 1. INTRODUCTION

Problem 1.2.1. Does there exist an infinite, finitely axiomatisable field?

This folkloric problem was posed explicitly by I. Kaplan at the 2016 Oberwolfach

workshop on Definability and Decidability Problems in Number Theory [KPSV16, Q4].

It remains open, though speculation would have it be answered in the negative. This

relates closely to another elementary question:

Problem 1.2.2. Does there exist a finitely axiomatisable theory of fields which is de-

cidable and has an infinite model?

That is, this problem is to ascertain the existence of an infinite field F and a collection

of first-order sentences T in the language of rings Lr, such that T ⊆ Th(F ), T is finitely

axiomatised and closed under logical consequence, T models the field axioms, and there

exists a decision procedure to determine membership of T .

Of course, answering Problem 1.2.1 positively immediately answers Problem 1.2.2; T

can be taken to be the Lr-theory of the field answering Problem 1.2.1. In contrapositive,

answering Problem 1.2.2 in the negative (as the empirical evidence suggests might indeed

be the case) would answer Problem 1.2.1 in the negative too. This is the focus of modern

investigations. One approach to answering Problem 1.2.2 in the negative was established

by Ziegler [Zie82] and generalised further by Shlapentokh & Videla [SV14]. Define:

Definition 1.2.3. Let L be a language. An L-theory T is a set of L-sentences closed

under logical consequence. A subtheory of T is a subset T ′ of L-sentences of T , closed

under logical consequence, and T ′ is a finite subtheory if it is nonempty and finitely

axiomatised.

Ziegler’s idea was to take a finite subtheory of the Lr-theory of a ‘large enough’ field

with a powerful model completeness property (he considered C, F̃p(t), R and Qp) and

prove it to be a subtheory of a field interpreting arithmetic. Therefore by a result of

Tarski (Theorem A.8; see Appendix A for more detail) there is no finite subtheory of

ACF0, ACFp, RCF, or pCF that is decidable. With this in mind we forward the following

definition4:
4Shlapentokh & Videla [SV14] call this property finite hereditary undecidability ; for notational ease

we remove the word “hereditary” (thanks to W. Wo loszyn for this suggestion).

5



CHAPTER 1. INTRODUCTION

Definition 1.2.4. A theory T is finitely undecidable if every finite subtheory of T is

undecidable.

This contrasts with an essentially undecidable theory T ; one where not only T is un-

decidable, but every consistent extension of T in the same language is also undecidable

(see [TMR53] for a general discussion on this subject). This is also sharper than hered-

itary undecidability; where T and all its nonempty subtheories are undecidable (see

Appendix A for further discussion, and [TMR53, Sho93].) For example, the common

Lr-theory of fields is hereditarily undecidable.

What infinite fields are finitely undecidable? (A field is finitely undecidable if its

theory in the language of rings is.) That is the motivating question for this half of the

thesis. If there exists a field satisfying Problem 1.2.1, this field is not finitely undecidable;

however we will show there is a considerably broad class of fields whose members are

finitely undecidable. In particular, most (if not all) infinite fields whose model theory

in the language of rings is well understood will be finitely undecidable, as we will argue.

Shlapentokh & Videla [SV14, Theorem 2] generalise Ziegler’s construction away from

specific field theories and furnish a general collection of field theories, consisting of

specific sentences incompatible with ACF, they prove to be finitely undecidable. The

author in Chapter 3 will, following motivation from general model-theoretic dividing

lines, adapt Ziegler’s argument to the theories SCFp,v and the complete theories of certain

henselian valued fields. This will also serve as a brief indication as to how Ziegler’s

argument can pass to expansions of the field language (cf. §3.5). The main result of

Chapter 3 is:

Corollary 3.4.10. Let (K, v) be an equicharacteristic 0 or mixed characteristic henselian

nontrivially valued field. Then Th(K;Lval) is finitely undecidable.

Let (K, v) be an equicharacteristic p > 0 NIP henselian nontrivially valued field.

Then Th(K;Lval) is finitely undecidable.

Furthermore, assuming the NIP Fields Conjecture, every infinite NIP field is finitely

undecidable.

Another approach to answering Problem 1.2.1 was suggested to the author by E.

6



CHAPTER 1. INTRODUCTION

Hrushovski, who indicated the possibility that existing arguments could be adapted

from the undecidability results on theories of “pseudo-closed” fields such as PAC, PRC,

and PpC (the theories of pseudo-algebraically closed, pseudo-real closed, and pseudo-p-

adically closed fields, respectively). The discussion of this – which, incidentally, follows

nicely from the model-theoretic motivations of Chapter 3 – forms the last third of this

thesis (Chapter 4).

First, we adapt the arguments of Cherlin, van den Dries & Macintyre [CvdDM80] and

independently Ershov [Ers81] to prove every PAC field is finitely undecidable (Corollary

4.1.21). Next, we adapt the work of Haran & Jarden [HJ85, Har84] to show more

generally every PRC field is finitely undecidable too (Corollary 4.2.16). As a consequence

we answer two open questions of Shlapentokh & Videla [SV14, §6] – see Remark 4.2.18.

We are unable to use this method to prove finite undecidability of PpC fields – §4.3

explains why – but we can determine no bounded5 PpC field is finitely axiomatizable

(Theorem 4.3.9) after setting up the correct machinery to adjust work of Haran & Jarden

[HJ88]. (The reader unfamiliar with [HJ85, HJ88] should consult Appendices B & C.)

This gives the author confidence to forward the following problem:

Problem 1.2.5. Does there exist an infinite field that is not finitely undecidable?

If Problem 1.2.5 is resolved in the negative, this gives a negative answer to Prob-

lems 1.2.1 & 1.2.2. Assuming (admittedly powerful) classification-theoretic conjectures,

progress can be made on at least understanding the shape this problem takes: model-

theoretically ‘tame’ structures will be finitely undecidable, and already many model-

theoretically ‘wild’ structures have this property (e.g. the theories of all number fields

and global function fields by J. Robinson, resp. Rumely [Rob59, Rum80], and more gen-

erally the theory of any positive characteristic function field by Eisenträger & Shlapen-

tokh [ES17] or any infinite finitely generated field by Poonen [Poo07, Remark 5.2]).

In Appendix A, for reference we explicitly give two key hereditary undecidability

results – the first due to Tarski, the second Ershov – which can be difficult to access in

the literature.
5A field K is bounded if ∀n > 1, K has finitely many separable algebraic extensions of degree n.

7



CHAPTER 1. INTRODUCTION

1.3 Notation & Conventions

Let us set out the notations and conventions used in this thesis.

Algebraic: if K is a field then K̃ will denote its algebraic closure, while Ks denotes

its separable closure. (L)q will denote the set of q-th powers of the field L, whilst Lq is

the set of tuples over L of length q. The henselisation of a field L will be denoted Lh,

and the completion L̂ (the valuation will be clear from context). L∗ denotes the nonzero

elements of L. The compositum of two fields F,K will be denoted FK.

For a field F , a positive cone or an ordering is a subset P ⊆ F such that P is closed

under addition and multiplication, −1 ̸∈ P , P ∪−P = F , and if x ∈ F then x2 ∈ P . Let

X(F ) denote the space of orderings of F , equipped with the Harrison topology whose

subbasis is {{P ∈ X(F ) : a ∈ P} : a ∈ F ∗}. Ordered fields are treated well in [Raj93,

Chapter 15].

By a K-variety V we will mean an integral, separated scheme of finite type over the

field K. V is geometrically irreducible if V ×Spec(K) Spec(Ks) is irreducible. A curve C

is a K-variety such that K(C) has transcendence degree 1 over K. For x ∈ V , denote

the stalk at x by OV , x; this is a local ring with maximal ideal mx.

If G is a profinite group and S ⊆ G, denote by ⟨S⟩ the least closed normal subgroup of

G containing S.

Model-theoretic: (Cf. [Mar02, §1.1].) Denote by Sent(L) the set of first-order sen-

tences in the language L, Formn(L) the set of L-formulae in≤ n variables, and Form(L) =⋃
n≥0 Formn(L). Th(M ;L) denotes the complete theory of the structure M in the lan-

guage L.

An existential sentence is a first-order sentence of the form ∃x1, . . . ,∃xk θ(x1, . . . , xk),

where θ is a quantifier-free L-formula. Such a sentence is called positive if the nega-

tion connective does not appear in θ. A ∀m∃-sentence is a first-order sentence of the

form ∀x1, . . . ,∀xm∃y1, . . . ,∃yn ρ(x1, . . . , xm, y1, . . . , yn), where ρ is a quantifier-free L-

formula, for any n ≥ 0. Let Th∃(M ;L), Th∃+(M ;L), and Th∀m∃(M ;L) denote the subset

of Th(M ;L) consisting of existential, positive existential, and ∀m∃-sentences respec-

8



CHAPTER 1. INTRODUCTION

tively. More generally, let Sent∃(L), Sent∃+(L), and Sent∀m∃(L) denote the subset of

Sent(L) consisting of existential, positive existential, and ∀m∃-sentences respectively.

Let Form∃(L) denote the subset of Form(L) consisting existential L-formulae.

We fix Lr = {0, 1,+,×} as the language of rings, Loag = {0,+,≤} as the language of

ordered abelian groups, Lval = {0, 1,+,×,O} as the language of valued fields (where

O is interpreted as a valuation ring, with the valuation clear from context), Lgr = {R}

as the language of graphs (where R is interpreted as a binary, symmetric, irreflexive

relation), and LF = {0, 1,+,×, F} as the geometric language of rings, where if K is

a function field with field of constants k, the unary predicate F is interpreted as the

nonconstant elements of K. Namely F (K) = K \ k. If L is a language and S a set of

constant symbols not in L, define L(S) to be the expansion of L by constant symbols

s ∈ S. If S = {a1, . . . , an} we may write L(a1, . . . , an) for L(S).

If M,N are L-structures, M ≤ N denotes that M is an L-substructure of N , while

M ⪇ N denotes that M is a proper L-substructure of N (we suppress mention of L).

If the L-structures M,N are elementarily equivalent, this shall be written M ≡L N .

Alternatively, if E ≤ M,N then M ≡E N denotes that M and N are elementarily

equivalent over the common substructure E.

A language is assumed to be finite unless otherwise stated (most relevant for Appendix

A) and implicitly contains the equality predicate “ = ”, which we do not typically write.

Other: The arrows ↠ and ↪→ denote a surjective and injective map respectively. Dis-

joint union is denoted “⊔ ”. If the group G acts on the space X, the action of g ∈ G

on x ∈ X is denoted xg. If A,B are subsets of a ring, A · B = {ab : a ∈ A, b ∈ B}

and A± B = {a± b : a ∈ A, b ∈ B}. “WLOG” initialises “without loss of generality”,

while “TFAE” initialises “the following are equivalent”. If
∑

γ aγt
γ is a formal sum over

a field k, its support supp(
∑

γ aγt
γ) := {γ : aγ ̸= 0}.

9



CHAPTER 1. INTRODUCTION

1.3.1 Neostability

When we speak of “model-theoretically tame” structures, or fields “whose model theory

is understood”, we are referring to theories that satisfy well known and well understood

classification properties that make these theories easier to survey. The first dividing

line we will draw is between the stable and unstable theories. For this discussion, fix a

background monster model C of the theory in question, such that all subsets mentioned

have small cardinality relative to C. Cf. [TZ12, Chapter 6–8].

Definition 1.3.1. A formula ϕ(x, y) has the order property if there are sequences

(ai)i∈ω, (bj)j∈ω such that C |= ϕ(ai, bj) ⇐⇒ i < j. A theory is stable if no formula in

its language has the order property.

See Tent & Ziegler [TZ12, Chapter 8] for more information; in particular it is ex-

plained how stable theories have few types, and these types behave well under exten-

sions of the parameter sets they are defined over (viz. the machinery of forking and

dividing). There is also a natural notion of ‘independence’ for stable theories (forking

independence), that in e.g. algebraically closed fields of characteristic 0 corresponds to

algebraic independence. Indeed, stable theories can be characterised as those theories

with a ternary ‘forking independence relation’ |⌣ that satisfies a certain list of properties

[TZ12, §8.5] we will not cover here. Algebraically closed fields of a fixed characteristic,

separably closed fields of a fixed characteristic & degree of imperfection, and differen-

tially closed fields of a fixed characteristic are all examples of (complete) stable theories.

As the definition suggests, the notion of a stable theory is completely orthogonal

to the notion of a theory with a linear order. How do we generalise the concept of a

stable theory? NIP theories are permitted an order (but nothing more general), whereas

simple theories generalise some of the forking machinery behind stable theories.

Definition 1.3.2. A formula ϕ(x, y) has the independence property if there are se-

quences (ai)i∈ω, (bJ)J∈P(ω) such that C |= ϕ(ai, bJ) ⇐⇒ i ∈ J . A theory is NIP if no

formula in its language has the independence property.

See Simon [Sim15] for more information. Examples of such theories include (all

10



CHAPTER 1. INTRODUCTION

stable theories, and) algebraically closed valued fields of a fixed characteristic and residue

characteristic, Qp in the language of valued fields, and RCF in the language of ordered

rings. On the other hand, there are simple theories:

Definition 1.3.3. A formula ϕ(x, y) has the tree property if there are (aη)η∈ω<ω and

k ≥ 2 such that:

• ∀σ ∈ ωω, {ϕ(x, aσ|n) : n < ω} is consistent (with C);

• ∀η ∈ ω<ω, {ϕ(x, aη◦n) : n < ω} is k-inconsistent6 (where ◦ denotes concatenation

of sequences).

A theory is simple if no formula in its language has the tree property.

Simple theories can also be characterised by a notion of forking independence, but

we shall not do this here: the curious reader is invited to explore [Wag00]. Standard

examples include (all stable theories, and) the random graph in the language of graphs,

pseudo-finite fields, and imperfect bounded PAC fields.

Finally, while there are many more common dividing lines we have not yet mentioned,

we will mention rosy theories as they are the broadest class of theories for which the

author is aware of a field-theoretic conjecture. According to [Kru15], the motivation

for rosy theories (cf. [Ons02]; originally suggested by T. Scanlon) is as the most general

context which “allows the application of techniques from stability theory, especially of

basic forking calculus” [Kru15, p. 347].

Definition 1.3.4. [Kru15, pp. 347–348]. T is rosy if there is a ternary relation |⌣ on

small subsets of Ceq satisfying all the basic properties of forking independence in simple

theories, except for the Independence Theorem.

This definition arises from [EO07]. Furthermore, rosy theories admit a specific in-

dependence relation denoted |⌣
þ
, known as þ-independence (“thorn-independence”; see

[EO07, Def. 2.1]) which is the “weakest” independence relation for T [EO07, Theorem

3.3]. Using þ-independence, we may define a rank on types (the Uþ-rank) “the same

6Every k-element subset of {ϕ(x, aη◦n)} is inconsistent.

11



CHAPTER 1. INTRODUCTION

way as U -rank is defined in stable theories by means of |⌣” [Kru15, p. 349]. Then we

may define superrosy theories:

Definition 1.3.5. [EO07, Fact 4.4]. T is superrosy if and only if every type has bounded

Uþ-rank.

It should be emphasised that the reader need not be overly familiar with this machin-

ery, merely be aware of its existence (and be willing to believe certain well-established,

motivating conjectures later on). These properties (and many more) can be arranged in

an attractive illustration that provides a lens through which to view the model-theoretic

universe:

Figure 1.1: Snapshot of the model-theoretic universe with Shelah’s dividing lines. Red
points are theories. Source: forkinganddividing.com, accessed 02/2022.

In Figure 1.1, a label is attached to the smallest box containing theories of that

12
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CHAPTER 1. INTRODUCTION

label; e.g. everything in the left half of the image is NIP. (Super)rosy theories are not

pictured here, however (super)simple theories are a proper subset of (super)rosy theories,

as it is known the theory of a formally real bounded pseudo-real closed field that is not

real closed is NTP2, has IP, and is not simple (see [Mon17, §4.1]), yet is superrosy (a

consequence of [Ons02, Theorem A.1.1.2 & Corollary 2.5.2.3]). We will discuss “formally

real pseudo-real closed fields” in §4.2.

13



Chapter 2

Well-Behaved Machinery

In modern publications (cf. [ES17, Shl96, Shl00, Shl07]) there is a standard two-step

process to conclude existential undecidability of the function field K of a curve C with

field of constants C in characteristic p > 0. Denote C0 := F̃p ∩ C.

Step 1: Define the “Denef” predicate Denp(x, y) ⇐⇒ ∃s ∈ N x = yp
s∨y = xp

s ⇐⇒

∃s ∈ Z x = yp
s
.

Step 2: Define for a nonconstant ‘special’ element u ∈ K, with ordp u = 1 for some

prime p of K, a set INT(K, p, u) with the property that if x ∈ INT(K, p, u)

then ordp x ≥ 0, and if x ∈ C0(u) and ordp x ≥ 0 then x ∈ INT(K, p, u).

We will apply the following results in Chapter 2.

Theorem 2.0.1. Let p be a prime number. Then Th∃+(N; 0, 1,+, |p,≤) is undecidable,

where |p is the binary predicate defined by a|pb ⇐⇒ ∃s ∈ N, b = psa ∨ a = psb.

Proof. Pheidas [Phe87, Theorem 1] proved Th∃+(N; 0, 1,+, |p) is undecidable, where

now n|pm ⇐⇒ ∃s ∈ N, m = psn. This relation is ∃+-definable in Th∃+(N; 0, 1,+, |p,≤),

as x|py ⇐⇒ x|py ∧ x ≤ y. We conclude Th∃+(N; 0, 1,+, |p,≤) is undecidable. ■

Theorem 2.0.2. Let K be a field and let f(T1, . . . , Tn1 , X1, . . . Xn2 , Y1, . . . , Yn3),

g(X,T1, . . . , Tn1) ∈ K[X,T1, . . . , Tn1 , X1, . . . , Xn2 , Y1, . . . , Yn3 ] be polynomials with co-

efficients in K. Assume the degree of g in X is positive and the same for all values of

14



CHAPTER 2. WELL-BEHAVED MACHINERY

T1, . . . , Tn1 (i.e. writing g(X,T1, . . . , Tn1) = gk(T1, . . . , Tn1)Xk + · · ·+ g0(T1, . . . , Tn1) as

a polynomial in X over K[T1, . . . , Tn1 ], gk(t1, . . . , tn1) ̸= 0 for all t1, . . . , tn1 ∈ K, and

k > 0). Let A ⊆ Kn1 be defined as follows:

(t1, . . . , tn1) ∈ A ⇐⇒ ∃x1, . . . , xn2 ∈ K, x ∈ K̃, y1, . . . , yn3 ∈ K(x) s.t.

g(x, t1, . . . , tn1) = 0 ∧ f(t1, . . . , tn1 , x1, . . . , xn2 , y1, . . . , yn3) = 0.

Then A has a diophantine definition over K, i.e. there exists a polynomial

h(T1, . . . , Tn1 , X1, . . . , Xn4) ∈ K[T1, . . . , Tn1 , X1, . . . , Xn4 ] such that

(t1, . . . , tn1) ∈ A ⇐⇒ ∃x1, . . . , xn4 ∈ K s.t. h(t1, . . . , tn1 , x1, . . . , xn4) = 0.

Moreover, the coefficients of h depend only on the coefficients and degrees of g and

f , and can be computed effectively and uniformly from the coefficients of g and f .

Proof. A similar formulation is found in [ES17, §3] and follows from [Shl07, Lemma

B.7.5] exactly; that the coefficients of h can be “computed effectively and uniformly

from the coefficients of g and f” is [Shl07, p. 335] following Remark B.7.4 ibid. ■

Now, recall the following definition(s) and notation(s), from [Shl07, §B.7]:

Definition 2.0.3. [Shl07, Definitions B.7.1 & B.7.2]. Let K be a field and L a finite

extension of K. Let Ω = {ω1, . . . , ωd} be a basis of L over K, let π : Kd → L be defined

by (f1, . . . , fd) 7→
∑d

i=1 fiωi, and let σ = (σ1, . . . , σd) be a linear K-section of π defined

by σj(
∑d

i=1 fiωi) = fj . We may extend σ to polynomials over L, by defining

σj(q(z1, . . . , zm)) =
∑

i1,...,im

σj(ai1,...,im)zi11 . . . z
im
m ,

for q(z1, . . . , zm) =
∑

i1,...,im
ai1,...,imz

i1
1 . . . z

im
m ∈ L[z1, . . . , zm].

Let p(x1, . . . , xm, w1, . . . , wn) be a polynomial over L. For 1 ≤ j ≤ d, define the jth

15
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coordinate polynomial of p with respect to Ω and (x1, . . . , xm) to be

pΩj (x1,1, . . . , xm,d, w1, . . . , wn) = σj

(
p(
∑d

i=1 x1,iωi, . . . ,
∑d

i=1 xm,iωi, w1, . . . , wn)
)
.

Remark 2.0.4. One can confirm from this definition that pΩj is a polynomial over K,

and

p(
∑d

i=1x1,iωi, . . . ,
∑d

i=1xm,iωi, w1, . . . , wn) =
d∑

i=1

pΩi (x1,1, . . . , xm,d, w1, . . . , wn)ωi.

Consider the case where K is a characteristic p > 0 one-variable function field, with

(perfect) constant subfield C ⊊ F̃p, and C(b)/C is a finite extension of degree d with

basis Ω = {1, b, b2, . . . , bd−1}, and L = KC(b) = K(b). Then L has constant subfield

C(b) and Ω is a basis for L/K ([Ros02, Propositions 8.1 & 8.3]). If Fq/Fp is a finite

extension with Fq ⊆ C, and p(x1, . . . , xm, w1, . . . , wn) is a polynomial over Fq(b) ⊂ L,

then p(
∑d

i=1x1,ib
i−1, . . . ,

∑d
i=1xm,ib

i−1, w1, . . . , wn) is a polynomial over Fq(b) and for

all 1 ≤ j ≤ d, pΩj (x1,1, . . . , xm,d, w1, . . . , wn) is a polynomial over Fq. □

We will require the following:

Lemma 2.0.5. Let K be a positive characteristic one-variable function field with con-

stant subfield C ⊊ F̃p, and let C(b)/C be a finite extension of degree d. Let Fq/Fp be a fi-

nite extension with Fq ⊆ C, and P (X0, . . . , Xk) ∈ Fq(b)[X0, . . . , Xk]. Fix {i1, . . . , in+m}

⊆ {1, . . . , k}. Then, for w ∈ K:

∃x1, . . . , xk ∈ K(b), P (x1, . . . , xk, w) = 0 ∧
n∧

j=1

F (xij ) ∧
n+m∧
j=n+1

¬F (xij ) (2.1)

⇐⇒

∃x1,1, . . . , xk,d ∈ K,

d∧
j=1

PΩ
j (x1,1, . . . , xk,d, w) = 0 ∧

n∧
j=1

(
d∨

l=1

F (xij ,l)

)
∧

n+m∧
j=n+1

(
d∧

l=1

¬F (xij ,l)

)
,
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where Ω = {1, b, . . . , bd−1} is a basis for K(b)/K, as well as for C(b)/C, and the poly-

nomials PΩ
j (x1,1, . . . , xk,d, w) are defined over Fq.

Proof. From Remark 2.0.4 we see K(b) = KC(b) has basis Ω and for 1 ≤ j ≤ d, the

polynomial PΩ
j is defined over Fq. Now, fix w ∈ K. To prove the forward implication,

fix witnesses a1, . . . ak ∈ K(b) and for 1 ≤ i ≤ k, 1 ≤ j ≤ d, set ai,j := σj(ai) ∈ K. By

definition, ai =
∑d

j=1 ai,jb
j−1. From Remark 2.0.4 we see P (a1, . . . , ak, w) = 0 implies∧d

j=1 P
Ω
j (a1,1, . . . , ak,d, w) = 0 as Ω is a basis for K(b)/K.

RecallK |= ¬F (z) if and only if z ∈ C. For any 1 ≤ l ≤ k, K(b) |= F (al) if and only if

K |= F (al,1)∨· · ·∨F (al,d), andK(b) |= ¬F (al) if and only ifK |= ¬F (al,1)∧· · ·∧¬F (al,d),

as the constant subfield of K(b) is C(b) exactly (Remark 2.0.4) and Ω is a basis for

C(b)/C.

From this we conclude the forward implication. For the reverse implication, fix

witnesses a1,1, . . . , ak,d ∈ K. For 1 ≤ i ≤ k define ai =
∑d

j=1 ai,jb
j−1. From Remark

2.0.4 we see
∧d

j=1 P
Ω
j (a1,1, . . . , ak,d, w) = 0 implies P (a1, . . . , ak, w) = 0, as Ω is a basis

for K(b)/K. The paragraph above allows us to conclude the reverse implication, as

desired. ■

2.1 Definability of the Denef Predicate

Step 1 is concluded in our setting (in the language LF , no parameters from the un-

derlying field permitted) using arithmetic properties detailed by Pasten [Pas17] for all

odd primes p (in fact, Pasten’s method produces an LF -formula for the Denef predicate

uniform in such p). We begin with the below theorem – all results in this subsection

are obtained from Pasten [Pas17], and elaborated here for the sake of exposition, that

parameters from K are not necessary when using the language LF .

Theorem 2.1.1. [Pas17, Remark 1, Theorem 1.6]. Let g ≥ 0, d ≥ 1 be integers and let

p > 2 be a prime. Let

M = M(g, d, p) =

1
d

4g + 12 + 8

⌈(d−1)/2⌉∑
i=1

pi

 .
17
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Then we have the following:

Let k be a field of characteristic p and let K be a one variable function field of genus

g defined over k. Let F1, . . . , FM ∈ Fp[X] be pairwise coprime irreducible polynomials

of degree d. Take f, h ∈ K both nonconstant. There exists s ∈ N such that f = hp
s

or

h = fp
s

if and only if Fi(f)Fi(h) is a square in K for each i = 1, . . . ,M . ■

Theorem 2.1.2. Let g ≥ 0 be an integer. There exists an existential LF -formula

φg(x, y) with the following property:

Given any prime p > 2, any field k of positive characteristic p, and any function

field K/k of a curve of genus g, for every pair of elements f, h ∈ K,

K |= φg(f, h) ⇐⇒ ∃s ∈ N s.t. f = hp
s

or h = fp
s
.

Proof. This is a minor adaptation of [Pas17, Theorem 1.5] to remove the dependency

on the parameter. For d ≥ 1, let Md be the number of monic irreducible polynomials

of degree d in Fp[X]. One may first prove for sufficiently large1 primes d, Md > M =

M(g, d, p) from Theorem 2.1.1. Therefore we may always chose distinct monic irreducible

polynomials F1, . . . , FM ∈ Fp[X] as required for Theorem 2.1.1.

Let ϕg,p(x, y) be the formula

M∧
i=1

∃z (F̃i(x)F̃i(y) = z2),

where F̃i is a lift of Fi from Fp[X] to Z[X]. Let k′ be the constant subfield of K. By

Theorem 2.1.1, if K |= ϕg,p(f, h) ∨ (¬F (f) ∧ ¬F (h)) then either f, h ∈ k′ or ∃s ∈ N s.t.

f = hp
s

or h = fp
s
. Conversely, if ∃s ∈ N s.t. f = hp

s
or h = fp

s
, then K |= ϕg,p(f, h).

Note that if p > 4g + 12 we may take d = 1 (hence M = 4g + 12) and chose

polynomials Fi = X − i for i = 1, . . . ,M . Hence for p > 4g + 12, we may chose ϕg,p

uniformly in p; denote this ϕg.

Let χg(x, y) be the formula

1Pasten notes that d ≥ 2 log(12 +
√

8g + 168) suffices.
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ϕg(x, y) ∧
∧

p≤4g+12

p ̸= 0

 ∨
 ∨
p≤4g+12

{p = 0 ∧ ϕg,p(x, y)}

 ,

and φg(x, y) be the formula

(
F (x)∧ F (y) ∧ χg(x, y)

)
∨(

¬F (x) ∧ ¬F (y) ∧ ∃u, v
[
F (u) ∧ F (v) ∧ χg(u, v) ∧ χg(ux, vy)

])
We claim this is the required formula. Indeed, if f = hp

s
or h = fp

s ∈ K for

s ∈ N, then either the first or second disjunct of φg is satisfied, depending on whether

f, h are both constant or not. On the other hand, if K |= φg(f, h), then either f, h

are nonconstant and f = hp
s

or h = fp
s

for s ∈ N, or f, h are constant and there

exists s1, s2 ∈ N, u, v ∈ K \ k′ such that u = vp
s1 or v = up

s1 , and uf = (vh)p
s2 or

vh = (uf)p
s2 .

Hence, either f = vp
s2−ps1hp

s2 , or h = up
s2−ps1fp

s2 , or h = vp
s1+s2−1fp

s2 , or

f = up
s1+s2−1hp

s2 . In the former two cases, if s1 ̸= s2, this forces v or u to be constant;

a contradiction. Therefore either f = hp
s2 or h = fp

s2 in this case. In the latter two

cases, if either s1 or s2 is not 0, this again forces v or u to be constant; a contradiction.

Therefore in this case f = h = hp
0
, as desired. ■

Hence Step 1 is immediately concluded:

Corollary 2.1.3. Let K be the function field of a curve over a field of characteristic

p > 2. The Denef predicate Denp is existentially LF -∅-definable in K. ■

2.2 Integrality

The ideas behind the machinery presented here originate with Ershov [Erš65b] and Pen-

zin [Pen73], J. Robinson [Rob49, Rob59] and Rumely [Rum80]. They have been used ex-

tensively in this context by Shlapentokh (e.g. [Shl93, Shl96, Shl98, Shl02a, Shl02b, Shl05,
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Shl15], and explained in detail in [Shl07, Chapter 4]), and Eisenträger-Shlapentokh

[ES17]. Indeed, the process below is identical to [ES17, §6] with the exception that

here we draw attention to any parameters used. The goal is to produce an existentially

Lr-defined subset of any function field, which forces its members to have ‘small’ poles.

We will use a parameter in defining this set, but keep careful control on what exact

properties this parameter satisfies.

Let p be any prime, and K be a one variable function field of characteristic p > 0

with any subfield of constants C. Denote the algebraic closure of Fp in C by C0. Let l

be a prime, not necessarily distinct to p.

Definition 2.2.1.2 An element u ∈ K is l-behaved if there exists a prime p of K such

that vp(u) > 0, vp(u) ̸≡ 0 mod l, and [Kvp : C] ̸≡ 0 mod l. Define:

zb(u) :=
∏
{pvp(u) : vp(u) > 0, vp(u) ̸≡ 0 mod l, [Kvp : C] ̸≡ 0 mod l},

the l-behaved factor of the zero divisor z(u) of u.

To begin, we assume the following unless otherwise stated:

Assumption (⋆). There exists a prime l ̸= p such that C0 contains an l-th primitive

root of unity and, for some a ∈ C0, K does not contain any root of T l − a.

E.g. if K is global, C0 will be a finite field Fpn ; (⋆) amounts to assuming l|(pn − 1).

Assume there exists u ∈ K such that u is l-behaved, and fix the following notation:

• Let K0 denote the algebraic closure of C0(u) in K.

• Let δ ∈ K̃ be a root of T l − (u+ 1).

• For w ∈ K, let hw = wl

u + 1
ul = wlul−1+1

ul .

• Let βw ∈ K̃ be a root of T l − ( 1
hw

+ 1).

• Let α ∈ K̃ be a root of T l − a.

2Terminology with thanks to R. O’Gorman.
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Lemma 2.2.2. K0/C0(u) is a finite extension, i.e. K0 is a function field over C0.

Proof. As C0 is perfect, C/C0 is a regular extension, and furthermore C(u)/C0(u) is

regular ([FJ08, Lemma 2.7.5]), hence C(u) is linearly disjoint from K0 over C0(u). If

[K0 : C0(u)] > [K : C(u)] = n, then there exist x0, . . . , xn ∈ K0 linearly independent

over C0(u). By definition, x0, . . . , xn remain linearly independent over C(u), contradict-

ing [K : C(u)] = n. We conclude [K0 : C0(u)] ≤ [K : C(u)] <∞ as required. ■

Consider the following extensions:

N(βw, α)

N0(βw, α) N(βw)

N0(βw) N = K(δ)

N0 = K0(δ) K

K0 C(u)

C0(u)

Fp(u)

We have the following series of lemmas from [ES17]. From this point onward, we

will interchange the notations “vp” and “ordp” for a prime p.

Lemma 2.2.3. Let G be a field of positive characteristic p possessing a primitive l-th

root of unity ξl. Let α ∈ G̃ be a root of the equation X l − a = 0, where a ∈ G. Let

αj = ξjl α, j = 0, . . . , l − 1, and let

P (X0, . . . , Xl−1) =
l−1∏
j=0

(X0 +X1αj + · · ·+Xl−1α
l−1
j ) ∈ G[X0, . . . , Xl−1].

If [G(α) : G] = l, then for a0, . . . , al−1 ∈ G, NormG(α)/G(a0+a1α+ · · ·+al−1α
l−1) =

P (a0, . . . , al−1). Moreover if α ∈ G, then for any y ∈ G the equation P (X0, . . . , Xl−1) =

y has solutions x0, . . . , xl−1 ∈ G.
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Proof. Cf. [ES17, Lemma 6.3] for the statement (the above is weaker). If [G(α) : G] =

l, by definition of the norm map, for a0, . . . , al−1 ∈ G:

NormG(α)/G(a0 + a1α+ · · ·+ al−1α
l−1) = P (a0, . . . , al−1).

A priori P is defined over G(α) – however as its coefficients are invariant under

Aut(G(α)/G), it in fact is defined over G. The proof of “Moreover . . . ” is given as part

of the argument for [ES17, Lemma 6.3] on p. 2131 ibid. ■

Lemma 2.2.4. [ES17, Lemma 6.4]. Let G/H be a Galois extension of algebraic function

fields of degree k. Let p be a prime of H with only one, unramified, factor in G. Let

x ∈ H be such that ordp x ̸≡ 0 mod k. Then x is not a norm of an element of G. ■

Lemma 2.2.5. [ES17, Lemma 6.5]. Let G/H be an unramified extension of local fields

of degree k. Let m be the prime of H. Let x ∈ H be such that ordm x ≡ 0 mod k. Then

x is a norm of some element of G. ■

Lemma 2.2.6. [ES17, Lemma 6.7]. Let L be a function field of characteristic p pos-

sessing an l-th primitive root of unity. Let z ∈ L and let γ be a root of the equation

X l − z = 0. If for some L-prime a, orda(z) < 0 and orda(z) ̸≡ 0 modulo l then a is

completely ramified in L(γ)/L. Also, if z is integral at a and z is equivalent to a nonzero

l-th power modulo a, then a will split completely in L(γ). ■

Applied to the fields in question, they have the following corollary:

Corollary 2.2.7. [ES17, Corollary 6.8]. The following statements are true about the

extensions N/K, N0/K0:

(1) There is no constant field extension.

(2) The factors of z(u) split completely, into factors of relative inertial degree 1.

(3) Any factor q of pl(u) (the pole divisor of u) where ordq(u) ̸≡ 0 mod l ramifies

completely into factors of inertial degree 1.
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In particular, when [N : K] > 1 (resp. [N0 : K0] > 1), for any prime q̂ of N (resp. N0)

over pl(u), ordq̂(u) ≡ 0 mod l.

Proof. Recall N = K(δ) and N0 = K0(δ), where δ is a root of the polynomial T l−(u+

1) = 0. Hence (2) and (3) are direct consequences of Lemma 2.2.6. The “in particular”

is also a direct consequence of (3).

Suppose (for the purpose of contradicting (1)) the constant field C ′ of K(δ) is a

proper extension of C. Consider α ∈ C ′ \ C; then [C(α) : C] = [K(α) : K] (this

is [Sti09, Lemma 3.6.2]3). As l = [K(δ) : K(α)][K(α) : K], and l is prime, either

K(α) = K or K(δ) = K(α). The former is not permitted, as we assumed α ∈ C ′ \ C,

and the latter implies K(δ)/K is a constant field extension, also a contradiction. We

conclude the constant field of N is that of K. This argument also holds when we replace

K by K0 and C by C0, concluding the lemma. ■

Lemma 2.2.8. For w ∈ K, the following statements are true in N(βw):

(1) If p̂ is a prime of N(βw) and p̂|zb(u) in N(βw) while ordp̂(w) < 1−l
l ordp̂(u), then

f(p̂/p) = f(p/ p) = 1, where p = p̂ ∩N and p = p ∩K.

(2) If p̂ is a prime of N(βw) and p̂|zb(u) in N(βw) while ordp̂(w) < 1−l
l ordp̂(u), then

ordp̂(hw) ̸≡ 0 mod l.

(3) If t is a prime of N(βw) and t ∤ z(u), then ordt(hw) ≡ 0 mod l.

(4) If p is a prime of K such that p |zb(u) and ordp(w) ≥ 1−l
l ordp(u), then ordp(hw) ≡

0 mod l.

Proof. First, a calculation. Suppose p is a prime of K such that p |zb(u). Then:

ordp(hw) = ordp(w
lul−1 + 1)− l ordp(u)

= min{l ordp(w) + (l − 1) ordp(u), 0} − l ordp(u),

3Technically for the results in [Sti09, §3.6], Stichtenoth assumes the constant subfield is perfect,
however this is not used in the proof of Lemma 3.6.2 ibid.
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as ordp(u) ̸≡ 0 mod l. If ordp(w) < 1−l
l ordp(u), then ordp(w

lul−1+1) = l ordp(w)+

(l − 1) ordp(u), and ordp(hw) ̸≡ 0 mod l.

Now, (1) & (2). Let p |zb(u) in K and note by Corollary 2.2.7, p splits completely in

N into factors of inertial degree 1. For any primes p̂|p| p in N(βw) (resp. N), we have

ordp̂(hw) = ordp(hw) = ordp(hw) and f(p̂/p) = f(p/ p) = 1, as by Lemma 2.2.6, p and

p split completely in their extensions. We reach the desired conclusion for (2) from our

initial calculation.

Part (3) is [ES17, Lemma 6.9 (3)] exactly. Part (4) is a straightforward calculation

based on the first paragraph. ■

We now replicate the sufficient and necessary conditions of [ES17, Lemmas 6.11 &

6.12] for w ∈ K to have ‘small’ poles at factors p of zb(u), in terms of a norm equation.

Lemma 2.2.9. If ordp(w) < 1−l
l ordp(u) at any factor p |zb(u) in K, then there is no

x ∈ N(βw, α) such that NormN(βw,α)/N(βw)(x) = hw.

Proof. Let p̂ be a factor of zb(u) in N(βw) over p; by Lemma 2.2.6, p splits completely

in N/K and N(βw)/N , hence ordp̂(w) = ordp(w) < 1−l
l ordp(u) = 1−l

l ordp̂(u). By the

same reasoning as in the proof of Corollary 2.2.7 (1) (replacing K by N , δ by βw,

and noting the condition ordp(w) < 1−l
l ordp(u) ensures hw is nonconstant) there is no

constant field extension in N(βw)/N . Since f(p̂/ p) = 1, the equation

T l − a = 0 (2.2)

has no root in the residue field of p̂ in N(βw) if and only if (2.2) has no root in

the residue field of p in K. Indeed, this is the case, as by design (2.2) has no root

in K (hence C), and [Kvp : C] ̸≡ 0 mod l. Therefore p̂ cannot split in the exten-

sion N(βw, α)/N(βw), as the extension is of prime degree and the residue field of p̂

must extend. (Note N(βw, α)/N(βw) is proper, as the constant subfields of K,N and

N(βw) are all equal and do not contain α.) If hw is to be a norm in this extension,

then ordp̂(hw) ≡ 0 mod l by Lemma 2.2.4; however by Lemma 2.2.8 (2), we see that
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ordp(hw) ̸≡ 0 mod l, and by the argument of Lemma 2.2.8, ordp̂(hw) = ordp(hw). This

is a contradiction, as desired. ■

Lemma 2.2.10. For w ∈ C0(u), if ordp(w) ≥ 1−l
l ordp(u) for all factors p |zb(u) in K,

then there exists x ∈ N(βw, α) such that NormN(βw,α)/N(βw)(x) = hw.

Proof. First, note that it is sufficient to prove there exists x ∈ N0(βw, α) such that

NormN0(βw,α)/N0(βw)(x) = hw. Indeed, x ∈ N0(βw, α) has the same N0(βw)-coordinates

with respect to the power basis of α as in N(βw), hence x has the same conjugates over

N(βw) and N0(βw), hence x has the same norm.

Next we claim the divisor of hw is an l-th power of another divisor in N0(βw).

We may assume N0(βw)/N0 is a proper extension; otherwise hw+1
hw

is an l-th power in

N0(βw) = N0 and hence ordt(hw) ≡ 0 mod l for all primes t of N0(βw), so we immediately

conclude the claim. Suppose q is a prime of N0(βw): we break into the following cases.

(1) If ordq(u) ≤ 0, then ordq(hw) = ordq(w
lul−1 + 1)− l ordq(u) ≡ 0 mod l. Indeed, if

ordq(u) < 0, then ordq(u) ≡ 0 mod l by Corollary 2.2.7.

(2) We show there does not exist q such that ordq(u) > 0 and ordq(w) < 0. Indeed,

as w ∈ C0(u), ordq(w) = e(q /u) ordu(w), where e(q /u) is the ramification degree

of q over (the prime) (u) of C0(u). Hence ordq(w) < 0 implies ordu(w) < 0,

which implies ordq̂(w) ≤ − ordq̂(u) for all q̂|zb(u) in K. As we are assuming

ordq̂(w) ≥ 1−l
l ordq̂(u), consequently

−(l − 1) ordq̂(u) ≤ l ordq̂(w) ≤ −l ordq̂(u),

a contradiction.

(3) If ordq(u) > 0, ordq(w) = 0, then by calculation ordq(hw) ≡ 0 mod l.

(4) If ordq(u) > 0 and ordq(w) > 0, as w ∈ C0(u), ordq(w) = e(q /u) ordu(w) forces

ordu(w) > 0, thus ordq(w) ≥ ordq(u). Therefore ordq(hw) ≡ 0 mod l as required.
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Observe there is a finite extension N̂0/Fp(u) such that w ∈ N̂0, the divisor of hw is an

l-th power of another divisor of N̂0, and α is of degree l over N̂0. By a similar argument as

in the beginning of the lemma, it is sufficient to solve Norm
N̂0(βw,α)/N̂0(βw)

(x) = hw. As

N̂0(βw, α)/N̂0(βw) is a constant field extension, it is unramified, hence by Weil [Wei74,

Corollary, p. 226] locally every unit is a norm. Therefore by Lemma 2.2.5 and the Strong

Hasse Principle [Rei03, Theorem 32.9], hw is a norm, as required. ■

We finish this argument with the following theorem and corollary:

Theorem 2.2.11. Let αj = ξjl α for j = 0, . . . , l − 1, and let

P (X0, . . . , Xl−1) =

l−1∏
j=0

(X0 +X1αj + · · ·+Xl−1α
l−1
j ).

If N(βw) |= ∃a0, . . . , al−1(P (a0, . . . , al−1) = hw), then ordp(w) ≥ 1−l
l ordp(u) for all

factors p |zb(u) in K. Conversely if w ∈ C0(u) and ordp(w) ≥ 1−l
l ordp(u) for all factors

p |zb(u) in K, then N(βw) |= ∃a0, . . . , al−1(P (a0, . . . , al−1) = hw). ■

Corollary 2.2.12. Assume (⋆) and that there exists an l-behaved u ∈ K. There is

a set INTl(u) ⊂ K such that if w ∈ INTl(u), then ordp(w) ≥ 0 for all p |zb(u), and

un ∈ INTl(u) for all n ∈ N.

Moreover INTl(u) is Lr(a)-existentially definable with one parameter u, and the

properties “w ∈ INTl(u) =⇒ ordp(w) ≥ 0 for all p |zb(u)”, “un ∈ INTl(u) for all

n ∈ N ” are uniform in l-behaved u.

Proof. First we will rewrite “P (X0, . . . , Xl−1) = hw” as a polynomial equation over

Fp(a)[u] with variables in K. This can be done with Theorem 2.0.2, as for each w ∈ K,

the extension N(βw)/K is finite. Explicitly, we do this in three steps:

(1) Notice the coefficients of P are in Fp(a) ⊂ K, by Lemma 2.2.3. In addition,

[Fp(a) : Fp] <∞ by (⋆).

(2) The extension N(βw)/N : here we set n1 = 1, n2 = 0, n3 = l, t1 = w, x = βw,
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g(X, t1) = hwX
l − (hw + 1), and f(t1, X0, . . . , Xl−1) = P (X0, . . . , Xl−1)− hw. As

u is by design not an l-th power in K, hw is never zero. Therefore there exists a

polynomial q(t1, x1, . . . , xk) ∈ Fp(a)[u][T1, X1, . . . , Xk] such that, for w ∈ K,

N(βw) |= ∃a0, . . . , al−1(P (a0, . . . , al−1) = hw)

⇐⇒ N |= ∃b1, . . . , bk(q(w, b1, . . . , bk) = 0).

We emphasise q has coefficients in Fp(a)[u].

(3) The extension N/K: here we set n = 1, n2 = 0, n3 = k, x = δ, g(X, t1) =

X l−(u+1), and f(t1, x1, . . . , xk) = q(t1, x1, . . . , xk). Therefore {w ∈ K : N(βw) |=

∃a0, . . . , al−1(P (a0, . . . , al−1) = hw)} is Lr(a)-existentially definable in K with

parameter u, as claimed.

Let φ(w, u) be the ∃-Lr(a)-formula with parameter u given by the above process;

i.e. for l-behaved u, K |= φ(w, u) implies ordp(w) ≥ 1−l
l ordp(u) for all p |zb(u), and if

ordp(w) ≥ 1−l
l ordp(u) for all p |zb(u) and w ∈ C0(u), then K |= φ(w, u).

Let A := {wlul−1 : K |= φ(w, u)}. Then for l-behaved u, x ∈ A implies ordp(x) ≥ 0

for all p |zb(u), and if x
ul−1 ∈ (C0(u))l and ordp(x) ≥ 0 for all p |zb(u), then x ∈ A. Now,

define:

INTl(u) = {x1 · · ·xl : x1, . . . , xl ∈ A ∪ Fp ∪ {u}}.

For l-behaved u, if x ∈ INTl(u) then ordp(x) ≥ 0 for all p |zb(u) by design. By

construction un ∈ INTl(u) for all n ∈ N. Finally, INTl(u) is Lr(a)-existentially defin-

able with one parameter u, and the properties “x ∈ INTl(u) =⇒ ordp(x) ≥ 0 for all

p |zb(u)”, “un ∈ INTl(u) for all n ∈ N” are uniform in l-behaved u, as desired. ■

This is sufficient for Step 2.
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2.3 p-behaviour

We can deduce all of §2.2 for “p-behaviour” by modifying the extensions

N(βw, α)/N(βw)/N/K to be Artin-Schreier, then modifying slightly the statements of

Lemma 2.2.8 – Corollary 2.2.12 as done by Eisenträger & Shlapentokh [ES17]. Our

underlying assumption is now the following instead:

Assumption (⋆′). For some a ∈ C0, K does not contain any root of T p − T − a.

Take u ∈ K p-behaved (recall Definition 2.2.1). In addition, fix the following nota-

tion for this subsection:

• Let δ′ ∈ K̃ be a root of T p − T − u.

• For w ∈ K, hw = wp

u + 1
up still.

• Let β′w ∈ K̃ be a root of T p − T − 1
hw

.

• Let α′ ∈ K̃ be a root of T p − T − a.

Once again, consider the extensions N(β′w, α
′)/N(β′w)/N = K(δ′)/K/C(u)/Fp(u),

and N0(β
′
w, α

′)/N0(β
′
w)/N0 = K0(δ

′)/K0/C0(u)/Fp(u). Our main tool is the following:

Lemma 2.3.1. [ES17, Lemma 6.6]. Let L be a function field of characteristic p. Let

z ∈ L and let γ ∈ L̃ be a root of the equation Xp − X − z = 0. If for some L-prime

a, orda(z) ̸≡ 0 mod p and orda(z) < 0, then a is completely ramified in L(γ)/L. At

the same time all zeros of z will split completely in L(γ)/L, i.e. into factors of relative

degree 1. ■

Applied to the extensions in question, we recover Corollary 2.2.7, Lemma 2.2.8 (with

l = p), Lemma 2.2.9 & Lemma 2.2.10. We deduce:

Theorem 2.3.2. Let αj = α′ + j for j = 0, . . . , p− 1. Let

P (X0, . . . , Xp−1) =

p−1∏
j=0

(X0 +X1αj + · · ·+Xp−1α
p−1
j ).
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If N(β′w) |= ∃a0, . . . , ap−1(P (a0, . . . , ap−1) = hw), then ordp(w) ≥ 1−p
p ordp(u) for all

factors p |zb(u) in K. Conversely if w ∈ C0(u) and ordp(w) ≥ 1−p
p ordp(u) for all factors

p|zb(u) in K, then N(β′w) |= ∃a0, . . . , ap−1(P (a0, . . . , ap−1) = hw).

Proof. Note that all solutions to an equation Xp −X − a = 0 in K̃ can be written in

the form β+ i, i = 0, . . . , p− 1, where β is any solution of the equation. Also note that,

assuming α′ ̸∈ N(β′w), NormN(β′
w,α′)/N(β′

w)(a0+a1α
′+· · ·+ap−1α

′p−1) = P (a0, . . . , ap−1)

for a0, . . . , ap−1 ∈ N(β′w). The theorem follows from the aforementioned lemmas. ■

Corollary 2.3.3. Assume (⋆′) and that there exists a p-behaved u ∈ K. There is a

set INTp(u) ⊂ K such that if w ∈ INTp(u), then ordp(w) ≥ 0 for all p |zb(u), and

un ∈ INTp(u) for all n ∈ N.

Moreover INTp(u) is Lr(a)-existentially definable with one parameter u, and “w ∈

INTp(u) =⇒ ordp(w) ≥ 0 for all p |zb(u)”, “un ∈ INTp(u) for all n ∈ N ” are uniform

in p-behaved u. ■

2.4 Assembly & Results

Before using the above machinery, we have the following lemmas on the ubiquity of

l-behaviour.

Lemma 2.4.1. Let K be a one variable algebraic function field of positive characteristic,

u ∈ K nonconstant, and l prime. If [K : C(u)] ̸≡ 0 mod l then u is l-behaved.

Proof. Recall deg(z(u)) = [K : C(u)]. Thus, we have assumed deg(z(u)) ̸≡ 0 mod l.

In particular there must exist a prime p |z(u) with vp(u) > 0, vp(u) ̸≡ 0 mod l and

[Kvp : C] ̸≡ 0 mod l. Therefore u is l-behaved by definition, as desired. ■

Corollary 2.4.2. For any nonconstant u ∈ K, there exist only finitely many primes l

such that u is not l-behaved. ■
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Lemma 2.4.3. Let K be the function field of a curve, of positive characteristic and not

containing the algebraic closure of a finite field. There exists a finite constant extension

qK/K and a prime l such that:

(1) For qK, either (⋆) is satisfied with l, or (⋆′) is satisfied with l = p;

(2) There exists u ∈ K such that, as an element of qK, u is l-behaved and ord
qp(u) = 1

for some prime qp|zb(u) of qK.

Proof. This is an application of [ES17, §6.1] exactly, which we will now outline. Recall

C denotes the field of constants of K, and C0 = F̃p ∩ C. By [ES17, Lemma 6.2] there

exists a prime l such that either l ̸= p and for some a ∈ C0, T
l − a is irreducible, or

l = p and for some a ∈ C0, T
p − T − a is irreducible.

First assume C0 is infinite. Let M = KC̃. As the constant subfield of M is perfect

(and K is a one variable function field) there exists z ∈ K such that M/C̃(z) is a finite

separable extension, and thus by the Primitive Element Theorem, M = C̃(γ, z) for some

γ ∈ M . Note as M/C̃(z) is finite, and C0 is infinite, we may find a change of variables

u = z−c1
z−c2

∈ K with distinct c1, c2 ∈ C0, such that:

• u has only simple zeros and poles in M ;

• u does not have zeros or poles at the zeros of the discriminant of the power basis

of γ;

• γ is integral with respect to the zero and pole divisors of u;

• C̃(z) = C̃(u).4

Let pγ(x) ∈ C̃(z)[x] be the monic irreducible polynomial of γ. Let Γ ⊂ C̃ be the

finite set so that pγ(x) is a polynomial over Γ∪{z}. Let ∆ ⊂ C̃ be the finite set of roots

of pγ(x) mod z(u) and pγ(x) mod pl(u). Define K = K(γ,Γ,∆, µl), where µl ∈ F̃p is a

primitive l-th root of unity (if l ̸= p). Denote the constant subfield of K by C (this is a

finite extension of C), and define qK = KC. We will consider the tower of fields:

4This is an immediate consequence of u = z−c1
z−c2

.

30



CHAPTER 2. WELL-BEHAVED MACHINERY

M

C̃(u) K

C̃ qK

C(u) K

C C(u)

C

By construction, pγ(x) ∈ C(z)[x] = C(u)[x], and K/C(u) remains separable. By

the second and third bullet points, and [Ros02, Proposition 8.5], z(u) and pl(u) do not

ramify in this extension. By [Lan94, Chapter 1, §8, Proposition 25], z(u) and pl(u) split

into factors of relative degree 1 in K/C(u), hence the factors of z(u) and pl(u) in K are

of inertial and ramification degree 1.

Consequently, as the constant subfield of qK is C, qK/C(u) is separable and z(u) and

pl(u) split into factors of inertial and ramification degree 1. Hence, as an element of qK,

u is r-behaved for any prime r. As C/C is a finite extension, by [ES17, Lemma 6.2] qK

satisfies the conditions of the theorem.

Now assume C0 is finite. Fix a nonarchimedian prime q of K; as Oq is a discrete

valuation ring, there exists u ∈ K nonconstant with ordq(u) = 1, and K/C(u) finite.

Choose any prime l ̸= p sufficiently large such that [Kvq : C] < l; then u is l-behaved

in K and q |zb(u). Let qK = K(µl) with field of constants C. By construction, z(u) and

pl(u) do not ramify, and if qq|q, then [ qKv
qq : C] ≤ [Kvq : C] < l, hence u is l-behaved

as an element of qK. Writing C0 = F̃p ∩ C, as C0/C0 is finite, C0 is finite, hence (⋆) is

satisfied with l. This concludes the lemma. ■

Remark 2.4.4. Note the construction of qK does not depend on any element of K;

if qK is taken as preexisting and fixed, Lemma 2.4.3 proves that subsequently qK has

l-behaved elements. □
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Define the unary predicate Bl by K |= Bl(u) ⇐⇒ u is l-behaved in K.

Theorem 2.4.5. Let K be the function field of a curve, of characteristic p > 2 and not

containing F̃p. There exists a finite constant extension qK/K such that for some prime

l and a ∈ qK ∩ F̃p, Th∀1∃+( qK;LF (a) ∪ {¬Bl}) is undecidable.

Proof. We may assume WLOG K satisfies the conditions on qK of Lemma 2.4.3.

If K |= Bl(u), by Corollary 2.2.12/2.3.3 the set INTl(u) has an explicit positive-

existential Lr(a)-definition: denote by Γ(u,w) this Lr(a)-formula. By Corollary 2.1.3,

we can give a parameter-free existential LF -definition of the Denp predicate. Following

[ES17, §2] and using our above machinery, we can then recursively translate members

of Form∃+({0, 1,+, |p,≤}) to members of Form∃(LF (a)).

Let LPh denote the language {0, 1,+, |p,≤}. Reserve variables xi for LPh and vari-

ables yi for LF (a). For each unnested5 atomic LPh-formula ϕ, associate an ∃-LF (a)-

formula ϕ′ as follows:

• xi = xj 7−→ the formula γ=(u, yi, yj) := Γ(u, yiyj ) ∧ Γ(u,
yj
yi

);

• xi = 1 + · · ·+ 1︸ ︷︷ ︸
n times

7−→ γ=(u, yi, u · · ·u︸ ︷︷ ︸
n times

);

• xi + xj = xk 7−→ γ=(u, yiyj , yk);

• xi ≤ xj 7−→ Γ(u,
yj
yi

);

• xi|pxj 7−→ ∃z(γ=(u, yi, z) ∧Denp(z, yj)).

This can be extended to atomic LPh-formulae, then arbitrary positive-existential LPh-

formulae, by adding the rules

•
∧

i ϕi 7−→
∧

i ϕ
′
i;

∨
i ϕi 7−→

∨
i ϕ

′
i;

• ∃xi1 , . . . , xin ϕ(xi1 , . . . , xin) 7−→ ∃yi1 , . . . , yin (
∧

j Γ(u, yij ) ∧ ϕ′(yi1 , . . . , yin)).

One can confirm on sentences this is a recursive map Sent∃+(LPh) → Form1
∃(LF (a)).

We claim for φ ∈ Sent∃+(LPh):

5Recall Definition A.1 and [Hod93, Theorem 2.6.1]: every atomic LPh-formula is logically equivalent
to an existentially quantified conjunction of positive unnested atomic LPh-formulae.
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(N;LPh) |= φ ⇐⇒ (K;LF (a) ∪ {¬Bl}) |= ∀u(Bl(u)→ φ′(u)). (2.3)

Assume K |= ∀u(Bl(u)→ φ′(u)). By Lemma 2.4.3 there exists an l-behaved qu ∈ K

with ordp(qu) = 1 for some nonarchimedian prime p |zb(qu). With this parameter, N (as

an LPh-structure) is interpretable in K, in the sense of Definition A.2: indeed, setting

δ(x) = Γ(qu, x) and f : δ(K) → N; w 7→ ordp(w), Definition A.2 is satisfied. Hence as

K |= φ′(qu), N |= φ.

The argument for the forward implication requires the LPh-embedding N→ N given

by 1 7→ n for any fixed n ≥ 1: for any positive-existential LPh-sentence φ, written φ(1),

we have N |= φ(1)→ ∀n(n ̸= 0→ φ(n)). Consequently, if K |= ∃u(Bl(u) ∧ ¬φ′(u)) has

a witness qu, then K |= (¬φ)′(qu) for qu ∈ K l-behaved, and setting qn = ordp(qu) for some

p |zb(qu) gives N |= ¬φ(qn), a contradiction. Therefore (2.3) is satisfied; we conclude the

desired undecidability result from Theorem 2.0.1. ■

One would hope to conclude the undecidability of Th∃(K;LF ∪ {Bl}) – possibly

allowing an expansion of the language by constant symbols – by this method (by which

we mean forming a recursive map Sent∃+(LPh)→ Sent∃(LF ∪{Bl}) where elements of N

are in some way associated to elements of K integral at a prime p, using only l-behaved

parameters) however this is not possible. Indeed, without additional restrictions on u,

one may only try to form an interpretation of N as an {0,+, |p,≤}-structure in K by

this method. For example, if K = Fp(t), p odd, l = 2, then the Frobenius map given by

x 7→ xp is a LF ∪ {B2}-embedding Fp(t) ↪→ Fp(t), and ordp(x) ̸= ordp(x
p) for x ∈ Fp(t)

with ordp(x) > 0. Therefore, in general arithmetic is not interpretable along these lines,

as the constant “1” would be definable in N using multiplication.

Note that although the question of the undecidability of Th∃(K;LF ∪ {Bl}) can be

reduced to that of Th∃+(N; 0,+, |p,≤), this theory is decidable by an unpublished result

of K. Kartas, communicated to the author by E. Hrushovski.

While existential undecidability results in the language LF ∪ {Bl} seem for the

moment out of reach, we are able to refine and extend Theorem 2.4.5 using an algebraic
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characterisation of l-misbehaviour. Consider the following classical result by Leahey:

Theorem 2.4.6. [Lea67, Theorem, p. 817]. Let F be a finite field of order pn where p is

a prime, p ≡ 3 mod 4, and n is odd. Let f ∈ F [X] and suppose that f = a · fe11 · · · ferr

with a ∈ F , and fi ∈ F [X] is the factorisation of f into an element of F and monic

irreducible polynomials in F [X].

Then f can be written as the sum of two squares in F [X] if and only if ei is even

for those fi with odd degree. ■

We can adapt the proof of this for the following use: let K be the function field of

a curve, with constant subfield C an algebraic extension of Fp, where p > 2. We retain

the assumption that F̃p ̸⊆ C, and note in this case C = C0.

Corollary 2.4.7. Assume K satisfies either (⋆) with l prime such that T l − a is irre-

ducible for some a ∈ C, or (⋆′) and fix a ∈ C such that T p−T −a is irreducible. Denote

by α ∈ F̃p \ C a root of the former (resp. the latter) polynomial.

Then u ∈ K is not a norm of K(α)/K if and only if u or 1
u is l-behaved, if and only

if u
u2+b

is l-behaved for all b ∈ C∗.

Proof. Suppose u is l-behaved; it has a prime factor p |z(u) of inertial degree & ram-

ification index in u both coprime to l. In the extension K(α)/K, p does not ramify

[Ros02, Proposition 8.5], and by assumption [Kvp : C] is coprime to l, hence the equa-

tion X l − a = 0 (resp. Xp−X − a = 0) has no root in Kvp. Thus p is inert in K(α), as

[K(α) : K] is prime and the residue field of p must extend. By Lemma 2.2.4, as ordp(u)

is coprime to l, u is not a norm in K(α)/K.

If 1
u is l-behaved, then we conclude by the same argument that 1

u is not a norm in

K(α)/K. By the multiplicative property of norms, this forces u not to be a norm of

K(α)/K, as desired.

Conversely, suppose that u and 1
u are not l-behaved. For all primes p |z(u) · pl(u),

either ordp(u) ≡ 0 mod l, or [Kvp : C] ≡ 0 mod l. Let p1, . . . , pn be the primes falling

into the latter category; they split completely in K(α)/K by [Ros02, Proposition 8.11].
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Let {p̂1,j , . . . , p̂l,j} be the primes of K(α) over pj for 1 ≤ j ≤ n: locally, as

l = [K(α) : K] =
∑
q | pj

[K(α)q : Kpj ] = [K(α)p̂1,j : Kpj ] + · · ·+ [K(α)p̂l,j : Kpj ],

this forces K(α)p̂i,j = Kpj for 1 ≤ i ≤ l. Therefore for each 1 ≤ i ≤ l, 1 ≤ j ≤ n, u

is trivially a norm of K(α)p̂i,j/Kpj . Let K ′/Fp(u) be a finite extension (recall K/C(u)

is finite, where C/Fp is algebraic) such that

• a ∈ K ′, [K ′(α) : K ′] = l, K ′ ⊂ K;

• For all primes p |z(u) · pl(u) of K ′, either ordp(u) ≡ 0 mod l, or

• (Denoting the constant field of K ′ by C ′) [K ′vp : C ′] ≡ 0 mod l and p splits

completely in the extension K ′(α)/K ′.

Again, this third point forces u to trivially be a norm of K ′(α)p̂i/K
′
p for such p,

where {p̂1, . . . , p̂l} are the primes of K ′(α) over p.

The extension K ′(α)/K ′ is an unramified extension of global fields, hence by Weil

[Wei74, Corollary, p. 226] locally every unit is a norm. Therefore, by Lemma 2.2.5, the

paragraph immediately above, and the Strong Hasse Principle [Rei03, Theorem 32.9], u

is a norm of K ′(α)/K ′. By the same argument in the first paragraph of Lemma 2.2.10,

u is a norm of K(α)/K, as desired. The final equivalence is a consequence of the fact

z( u
u2+b

) = z(u) · pl(u) for all b ∈ C∗. ■

Corollary 2.4.8. Let K be the function field of a curve, of odd characteristic p and

constant subfield C ⊊ F̃p. There exists d ∈ C such that Th∀1∃(K;LF (d)) is undecidable.

Proof. Let qK be the finite extension of K constructed in Lemma 2.4.3 (cf. Remark

2.4.4), and −′ : Sent∃+(LPh)→ Form1
∃(LF (a)) the recursive map from pp. 32–33. Con-

sider the expansion of the LF (a)-structure qK to the language LF (a) ∪ {K}, where

(abusing notation) K is a unary predicate interpreted in qK as the subfield K. Following

35



CHAPTER 2. WELL-BEHAVED MACHINERY

Theorem 2.4.5, we will confirm (for φ ∈ Sent∃+(LPh))

( qK;LF (a) ∪ {¬Bl}) |= ∀u(Bl(u)→ φ′(u))

⇐⇒ ( qK;LF (a) ∪ {K}) |= ∀u ∈ K, Ωφ(u) (2.4)

where Ωφ(v) is an existential LF (a)-formula in one free variable, defining the set of

elements v ∈ qK such that

∃x ∈ qK(α) Norm
qK(α)/ qK

(x) = v or qK |= φ′( v
v2+1

). (2.5)

We begin by verifying:

Claim. (2.5) is ∃-LF (a)-expressible in qK.

Proof. Recall α satisfies X l − a = 0, where a ∈ F̃p. Let P (X0, . . . , Xl−1) ∈

Fp(a)[X0, . . . , Xl−1] be the polynomial of Lemma 2.2.3 such that for a0, . . . al−1 ∈ qK,

P (a0, . . . , al−1) = Norm
qK(α)/ qK

(a0 + a1α+ · · ·+ al−1α
l−1). Then:

∃x ∈ qK(α) Norm
qK(α)/ qK

(x) = v ⇐⇒ ∃a0, . . . , al−1 ∈ qK s.t. P (a0, . . . , al−1) = v,

hence the norm condition of (2.5) is expressible as an ∃-Lr(a)-formula ϖ(v) in one

variable over qK, as required. ♦

Claim. Equivalence (2.4) holds.

Proof. The forward implication is straightforward: φ′(u) is in particular satisfied by

l-behaved elements of the form u
u2+1

∈ K. From Corollary 2.4.7, we conclude the desired

result. For the reverse implication, by Lemma 2.4.3 there exists u ∈ K such that, as an

element of qK, u is l-behaved and ord
qp(u) = 1 for some prime qp|zb(u) (and hence it cannot

be a norm of qK(α)/ qK by Corollary 2.4.7). So qK |= φ′( u
u2+1

) where ord
qp(

u
u2+1

) = 1 still.

With this parameter, N (as an LPh-structure) is interpretable in qK, in the sense of

Definition A.2: this is p. 33. Thus N |= φ and qK |= ∀u(Bl(u)→ φ′(u)) by (2.3). ♦
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Finally, let us show there is an element d ∈ C such that Th∀1∃(K;LF (d)) is undecid-

able. We note that, from Lemma 2.4.3, qK = K(b) has constant subfield C(b); a finite

simple extension of C where b ∈ F̃p (this follows from the Primitive Element Theorem,

as C is perfect). As a ∈ qK ∩ F̃p = C(b), there exists a finite extension Fp(d)/Fp such

that Fp(d) ⊆ C and a ∈ Fp(d, b). Apply Lemma 2.0.5 with Fq = Fp(d) (one may write

the ∃-LF (a)-formula Ωφ(u) as a disjunction of formulae of the form (2.1)). Thus there

exists an ∃-LF (d)-formula Ωφ(u) such that

K(b) |= ∀u ∈ K, Ωφ(u) ⇐⇒ K |= ∀uΩφ(u). (2.6)

From the equivalences of (2.6) & (2.4), the undecidability of Th∀1∃(K;LF (d)) follows

from Theorem 2.0.1, as in Theorem 2.4.5. ■

Remark 2.4.9. This is not an unexpected result: by the work of Anscombe & Fehm

[AF16] it is known Th∀1∃(Fq(t)) in the language of rings without additional constants is

undecidable (cf. [AF16, Remark 7.9] where a similar argument not using the valuation

may be used; undecidability follows from Pheidas & Videla [Phe91, Vid94]). □

Corollary 2.4.10. Let C be an absolutely irreducible curve defined over a finite field

Fq of odd characteristic. No algorithm exists which, upon input an Fq-morphism π :

V → A1 of affine Fq-varieties, outputs “YES” if for all nonconstant Fq-rational maps

r : C 99K A1 there exists an Fq-rational map C 99K V making the below diagram commute,

and “NO” otherwise.

C

V A1

∃? r

π

⟲

Proof. This is rewriting Corollary 2.4.8, assuming C is finite, à la [Koe16a, Corollary

3′ ] & [Poo09, §1.2]. ■
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2.5 Other Properties of l-behaviour

Here we remark that for some function fields it is possible to existentially LF -define a

nontrivial (that is, nonempty and contains nonconstant elements) subset of l-behaved

elements, for some primes l.

First, we note there is a strong connection (though not an equivalence) between l-

behaved elements of a function field, and non-l-th powers of that function field, and that

for some function fields of curves it is possible to LF -∅-existentially define a nontrivial

(in the above sense) subset of the non-l-th powers for some primes l.

Theorem 2.5.1. Let p > 3. A nontrivial (in the above sense) subset of Fq(t) \ (Fq(t))
2

is existentially LF -∅-definable.

Proof. Fix α ∈ F∗
p. Consider the curve E : y2 = x3 + α; this is a smooth curve

of genus 1, defined over Fp. This curve cannot have nonconstant Fq(t)-points as a

consequence of the Hurwitz genus formula [Sti09, Corollary 3.5.6]; this proves the set

{u : F (u) ∧ ∃x (u = x3 + α)} is a subset of Fq(t) \ (Fq(t))
2, as desired. ■

Lemma 2.5.2. Let K be a function field of positive characteristic and l, r distinct

primes. Then u ∈ K is l-behaved if and only if ur is l-behaved.

Proof. Let C denote the field of constants of K. u ∈ K is l-behaved if and only if

there exists a prime p |z(u) of K such that vp(u) ̸≡ 0 mod l and [Kvp : C] ̸≡ 0 mod l, if

and only if (as vp(u
r) = r · vp(u)) there exists a prime p |z(ur) of K such that vp(u

r) ̸≡ 0

mod l and [Kvp : C] ̸≡ 0 mod l, if and only if ur is l-behaved, as required. ■

Remark 2.5.3. Along a similar vein, if σ : K → L is an isomorphism of function

fields, notice that u ∈ K is l-behaved if and only if σ(u) ∈ L is l-behaved. Indeed,

this follows from three facts: first, if p is a prime of K, then there is a correspond-

ing (discrete) valuation ring Op with maximal ideal p. Under the isomorphism, σ(Op)

is a (discrete) valuation ring with maximal ideal σ(p), hence corresponds to a prime
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of L (denoted “σ(p)”). Second, for all a ∈ K, ordσ(p)(σ(a)) = ordp(a). Finally,

Kvp = Op/ p ∼= σ(Op)/σ(p) = Lvσ(p). Together these facts bring us to the desired

conclusion. □

Finally, the following theorem is due to a suggestion of E. Hrushovski.

Theorem 2.5.4. Let k be a field algebraic over Fp, p > 2, not algebraically closed, and

C a smooth, geometrically irreducible, projective curve over k of genus at least 2. There

exists a prime l such that a nontrivial (in the above sense) subset of l-behaved elements

is existentially LF -definable in k(C) (with one parameter a ∈ k ⊂ F̃p).

Proof. We may write k(C) as the fraction field of k[X1, X2]/(P ), where P ∈ k[X1, X2]

and C is given by the projectivisation of P = 0. Fix elements x1 = X1 + (P ), x2 =

X2 + (P ) ∈ k(C); any nonconstant solution y1, y2 ∈ k(C) of P = 0 gives rise to an

injective map k(C) → k(C) through x1 7→ y1, x2 7→ y2, which corresponds uniquely to

a nonconstant endomorphism C → C by [Sil09, II.2, Theorem 2.4]. By the Riemann-

Hurwitz formula [Sil09, II.5, Theorem 5.9], any nonconstant separable endomorphism

of C is an isomorphism (any such f : C → C necessarily has degree 1, and hence is

an isomorphism by [Sil09, II.2, Corollary 2.4.1]). Therefore by the decomposition of

[Sil09, II.2, Corollory 2.12], any nonconstant solution of P = 0 in k(C) is of the form

(g(x1)
pr, g(x2)

pr) where r ≥ 0 and g ∈ Aut(k(C)).

Let l > p be a prime sufficiently large such that x1 is l-behaved in k(C) (which

exists by Corollary 2.4.2). As x1 is l-behaved, so is g(x1)
pr by Lemma 2.5.2 & Remark

2.5.3. Therefore the first component (say) of every nonconstant solution of P in k(C)

is l-behaved for this l. There exists a ∈ F̃p such that P (X1, X2) ∈ Fp(a)[X1, X2]; the

formula ϑ(x) = ∃v(F (x) ∧ F (v) ∧ P (x, v) = 0) existentially LF (a)-defines a nontrivial

subset of l-behaved elements in k(C), as desired. ■
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Chapter 3

Finite Undecidability I:

Closedness

In the previous chapter, we were interested in determining the decidability of a cer-

tain set of first-order sentences with a geometric motivation – specifically we considered

existential or ∀1∃-LF -sentences corresponding to the diagram solvability of certain em-

bedding problems (viz. Corollary 2.4.10). Instead of focusing on a specific field, and

specific sentences about its geometry, what if we instead asked about the decidability

of the consequences of a given first-order statement? Very loosely: given a first-order

Lr-sentence φ, (that – for example – captures some behaviour of a field’s absolute Ga-

lois group, or a field’s arithmetic) does there exist an algorithm which, upon input

ψ ∈ Sent(Lr), always determines correctly when φ ⊢ ψ? This is the sort of question we

will consider in Chapters 3 & 4. We will assume the reader is familiar with Appendix A.

3.1 First Exploration by Ziegler

Ziegler’s main result of [Zie82] is the construction of a field Kq satisfying the following

theorem:

Theorem 3.1.1. [Zie82, Theorem, p. 270]. Let L be the field C, F̃p(t), R, or Qp, and

q ̸= p prime, and A a countable structure. There exists a field Kq ⊂ L such that
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(1) A is interpretable (with parameters) in Kq;

(2) If the intermediate field Kq ⊂ H ⊂ L is finite over Kq, either [H : Kq] = 1 or

q|[H : Kq]. ■

Remark 3.1.2. More precisely, Ziegler’s construction ensures Z is definable when

L = C, R or Qp. When L = F̃p(t, z), where t, z are transcendental and algebraically

independent over Fp, a gentle modification of this method allows one to construct

Kq ⊂ L such that Fp[t] is definable in Kq, and q|[H : Kq] for all proper finite extensions

Kq ⊂ H ⊂ L. (This Shlapentokh & Videla do as part of a greater generalisation in

[SV14]; cf. Theorems 3.3 & 4.1 ibid.) □

Recall from Definition 1.2.4 the terminology “finitely undecidable”, and that a “finite

subtheory” of an L-theory T is a nonempty finitely axiomatised subtheory of T .

Corollary 3.1.3. Let p be prime. ACF0, ACFp, RCF, and pCF are finitely undecidable.

Proof. [Zie82, Corollary, p. 270]; we present the proof fully for exposition. Fix L =

C,R,Qp or F̃p(t, z), and let T be a finite subtheory of Th(L;Lr). Let P be the set of

primes distinct to p. For each q ∈ P , use Theorem 3.1.1 (resp. Remark 3.1.2) to obtain

a field Kq ⊂ L such that Z (resp. Fp[t]) is definable in Kq, and q|[H : Kq] for all proper

finite extensions Kq ⊂ H ⊂ L. Let U be a nonprincipal ultrafilter on P , and let K be

the ultraproduct
∏

q∈P Kq/U .

We claim that K is relatively algebraically closed in LU . Indeed, suppose f =

(fq) ∈ K[X] has a root α = (αq) ∈ LU . In which case, {q : fq(αq) = 0} ∈ U , hence

{q : [Kq(αq) : Kq] ≤ deg(f)} ∈ U . Consequently, as q|[H : Kq] for all proper finite

extensions Kq ⊂ H ⊂ L, {q : [Kq(αq) : Kq] = 1} ∈ U . Hence α ∈ K as desired.

By the model theory of algebraically/real closed/p-adically closed fields1, we deduce

K ≡ LU (≡ L by  Loś’ Theorem; specifically [CK12, Theorem 4.1.9]). Therefore K |= T .

As T is finitely axiomatised, by  Loś’ Theorem there must exist some q ∈ P such that

1See [Mar02, §3.2 & 3.3] as a reference for the former two, and [PR84, §5] for the latter.
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Kq |= T . Thus by Remark 3.1.2 & Corollary A.10, Th(Kq;Lr) is hereditarily undecid-

able, making T undecidable as required. ■

One can see the key step in this corollary was using the following property inherent

to the considered fields L:

K relatively algebraically closed in L =⇒ K ≡ L. (♭)

In §3.2 we will outline Ziegler’s construction of the field Kq, with a minor discrepancy

for L a separably closed field. In §3.3 we outline Ziegler’s construction in the case L = Qp

but again with changes so his method works for any equicharacteristic 0 henselian valued

field. Later in the chapter we will discuss extending this construction to more difficult

cases that avoid property (♭).

3.2 Separably Closed Fields

To save referring the reader to another text, we will outline Ziegler’s construction in this

subsection. To make this a more interesting exercise we shall prove the theory of any

separably closed field is finitely undecidable; not considered by Ziegler in [Zie82].

Let SCF denote the theory of separably closed fields, SCFp the theory of separably

closed fields of characteristic p, and SCFp,v the theory of separably closed fields of char-

acteristic p and degree of imperfection v. We shall assume for this section the reader is

familiar with [Del99]. As SCF0 = ACF0 and SCFp,0 = ACFp, we will not consider the cases

p = 0 or p > 0, v = 0 (the case v =∞ will be considered separately in Corollary 3.2.8).

Let q ̸= p be a prime number, L =
(
F̃p(t)(e1, . . . , ev)

)s
where {e1, . . . , ev} are

transcendental and algebraically independent over F̃p(t). Note L |= SCFp,v, as F̃p(t) is

perfect. First we have:

Proposition 3.2.1. For each prime q ̸= p, there exists a field Kq ⊂ L such that:

(1) Fp[t] is definable (with parameters) in Kq;
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(2) If the intermediate field Kq ⊂ H ⊂ L is finite and separable over Kq, then

[H : Kq] = 1 or is divisible by q.

To prove this, we require a construction. Let F =
(
F̃p(t)(e1, . . . , ev−1)

)s
⊂ L; we

construct a field Kq ⊂ L such that

F = {a ∈ Kq : ∀b ∈ K∗
q ([1 + b ∈ (Kq)

q ∧ aq + b−1 ∈ (Kq)
q]→ b ∈ (Kq)

q)},

Fp[t] = {r ∈ F : ∀r1 ̸= r2 ∈ F s.t. r1 + r2 = r, eqv − r1 or eqv − r2 ∈ (Kq)
q}.

This will suffice to prove Proposition 3.2.1 (1). We take Kq to be the union of a sequence

F (ev) = E0 ⊂ E1 ⊂ E2 ⊂ . . .

within L of finite separable extensions Ei/F (ev). Obtaining Proposition 3.2.1 (2)

while ensuring F and Fp[t] are definable in this way requires us to keep a tight rein on

the q-th roots in Kq. To that end, we will also carefully construct a sequence:

∅ = S0 ⊂ S1 ⊂ S2 ⊂ . . .

of finite subsets Si ⊂ Ei, ultimately desiring Kq \ (Kq)
q =

⋃
i Si. As the structures

Ei we build are function fields, we have the powerful tools of valuation theory at our

disposal to achieve this. To ensure we do not introduce an incompatibility between

Kq \ (Kq)
q and F or Fp[t], we will ask the following rule ([Zie82, p. 273]) to be obeyed

at each point of the sequence (Ei, Si):

There is a family of discrete valuations {vs}s∈Si on Ei such that vs(F ) = 0

and q ∤ vs(s) for s ∈ Si. In addition, for all r1 ̸= r2 ∈ F with r1 + r2 ∈ Fp[t], (♣)

either ∀s ∈ Si, q|vs(eqv − r1), or ∀s ∈ Si, q|vs(eqv − r2).

We will reference the following two standard lemmas, taken directly from [Zie82, §3]:

Lemma 3.2.2. [Zie82, Lemma 1]. Let (H1, v1) be a discretely valued field, H2/H1 a
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finite extension, and q a prime such that q ∤ [H2 : H1]. Then there is an extension of v1

to H2, which we denote v2, such that q ∤ (v2H2 : v1H1). ■

Lemma 3.2.3. [Zie82, Lemma 2]. Let (H, v) be a valued field and q a prime distinct

to char(Hv). For a ∈ H \ (H)q with q|v(a), there is an extension of valued fields

(H( q
√
a), w)/(H, v) such that wH( q

√
a) = vH. ■

We will also require the following fact:

Definition 3.2.4. Valuations v1, v2 on a field K are dependent if Ov1Ov2 ⊊ K.

Lemma 3.2.5. If v1, v2 are dependent discrete valuations on a field K, then v1 = v2

(by which we mean Ov1 = Ov2).

Proof. The valuation ring of a discrete valuation is maximal [EP05, Corollary 2.3.2],

hence Ov1 = Ov1Ov2 = Ov2 as desired. ■

The construction begins with an enumeration a0, a1, a2, . . . of the elements of L

separably algebraic over F (ev), each repeated countably infinitely many times. Suppose

(Ei, Si) is already constructed – Ziegler considers now four cases based on the equivalence

class of i mod 4:

Construction.

Case 1: i = 4n. If q|[Ei(an) : Ei], then (Ei+1, Si+1) = (Ei, Si). Otherwise set

(Ei+1, Si+1) = (Ei(an), Si) and using Lemma 3.2.2 extend each valuation

vs, s ∈ Si, from Ei to Ei+1 in a way preserving (♣).

Case 2: i = 4n+ 1. Unless an ∈ Ei \ Si, set (Ei+1, Si+1) = (Ei, Si). Otherwise, if for

some vs, s ∈ Si, we have q ∤ vs(an) then define (Ei+1, Si+1) = (Ei, Si ∪ {an})

and set van := vs. This ensures (♣) holds for i + 1. If q|vs(an) for all s ∈

Si, then we take (Ei+1, Si+1) =2 (Ei( q
√
an), Si) and extend every valuation

according to Lemma 3.2.3.

2Note L = (L)q as L is separably closed and q ̸= p. In addition, we consider q
√
an ∈ Ei if an ∈ (Ei)

q.
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Case 3: i = 4n+ 2. Unless an ∈ Ei \ F , let (Ei+1, Si+1) = (Ei, Si). If an ∈ Ei \ F let

v be a discrete valuation on Ei, trivial on F , which is negative on an. If the

second condition in (♣) does not already hold for {v, {vs}s∈Si} in Ei, then

there exists r ∈ F such that q ∤ v(eqv − r) and q|vs(eqv − r) for all s ∈ Si. By

the strong triangle inequality, there is at most one such r. As L = (L)q, we

may set E = Ei(
q
√
eqv − r) and extend the valuations {v, {vs}s∈Si} sensibly as

above. We conclude the second condition of (♣) holds for (E, {v, {vs}s∈Si}).

If v is independent to vs for every s ∈ Si: let {v, vs1 , . . . , vsk} be the distinct

valuations of {v, {vs}s∈Si}. By the Approximation Theorem [EP05, Theorem

2.4.1], there exists b ∈ E such that v(b) is the smallest positive element in the

value group of v (hence q|v(1 + b), q|v(aqn + b−1)) and q|vsj (b), q|vsj (1 + b),

q|vsj (a
q
n + b−1) for 1 ≤ j ≤ k. As b, 1 + b, aqn + b−1 ∈ (L)q = L, we may define

(Ei+1, Si+1) =
(
E
(

q
√

1 + b,
q
√
aqn + b−1

)
, Si ∪ {b}

)
.

Extending {vb = v, {vs}s∈Si} as above, we know (♣) holds as it did on E.

If v is dependent with vŝ for some ŝ ∈ Si: by Lemma 3.2.5 v = vŝ. Let

{vs1 , . . . , vsl} be the distinct valuations of {v, {vs}s∈Si}, assuming WLOG

v = vs1 . By the Approximation Theorem [EP05, Theorem 2.4.1], there exists

b ∈ E such that vs1(b) is the smallest positive element in the value group of

vs1 , and q|vsj (b), q|vsj (1 + b), q|vsj (a
q
n + b−1) for 2 ≤ j ≤ l. As b, 1 + b, aqn +

b−1 ∈ (L)q = L, we may define

(Ei+1, Si+1) =
(
E
(

q
√

1 + b,
q
√
aqn + b−1

)
, Si ∪ {b}

)
.

Extending {vb = vs1 , {vs}s∈Si} as above, again (♣) holds on (Ei+1, Si+1).

(This case allows b ∈ Si without issue, by Lemma 3.2.5.)

Case 4: i = 4n + 3. Unless an ∈ F \ Fp[t] we set (Ei+1, Si+1) = (Ei, Si). Otherwise,

first observe B = {r ∈ F : ∃s ∈ Si s.t. q ∤ vs(eqv − r)} is finite. Next, for
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r ∈ F ∗ there exists a discrete valuation vr on F (ev), trivial on F , for which

vr(e
q
v − r) is the smallest positive element of its valuation group (this follows

as Xq − r ∈ F [X] has no multiple factors). For each such r, we choose

an extension wr of vr to Ei, and by the construction of Ei/F , the set C =

{r ∈ F ∗ : q|wr(e
q
v−r)} is finite. Choose r1 ∈ F ∗ such that r1 ̸= an, 2r1 ̸= an,

and r1 ̸∈ C, {an} − C,Fp[t] ± B, {an} − (Fp[t] ± B). Let r2 = an − r1 and

finally define:

(Ei+1, Si+1) = (Ei, Si ∪ {eqv − r1, eqv − r2}).

One can prove {wr1 , wr2 , {vs}s∈Si} satisfies (♣) based on this construction.

These correspond to guaranteeing Proposition 3.2.1 (1) (Case 1), Proposition 3.2.1

(2) (Case 2), the definition of F by ensuring there is a ‘reason’ b is excluded (Case 3

+ ♣), and the definition of Fp[t] (Case 4 + ♣); again, by ensuring there is a ‘reason’

an is excluded. This is highlighted by the following lemma:

Lemma 3.2.6. Set Kq =
⋃

iEi. The above construction ensures we have the following

features of Kq, and the definitions of F and Fp[t] we intended:

(1) F ⊂ (Kq)
q.

(2) Kq \ (Kq)
q =

⋃
i Si.

(3) F = {a ∈ Kq : ∀b ∈ K∗
q [(1 + b ∈ (Kq)

q ∧ aq + b−1 ∈ (Kq)
q)→ b ∈ (Kq)

q]}.

(4) Fp[t]={r ∈ F : ∀r1 ̸= r2 ∈ F (r1 + r2 = r)→(eqv − r1∈(Kq)
q ∨ eqv − r2∈(Kq)

q)}.

Proof. We follow [Zie82, §4] as much as possible.

(1) As F is separably closed, and q ̸= p, F = (F )q.

(2) Let a ∈ (Kq)
q. For all sufficiently large i, a ∈ (Ei)

q; hence q|v(a) for all v trivial

on F . Therefore by (♣) we have a ̸∈ Si; consequently a ̸∈
⋃

i Si. Conversely if
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a ∈ Kq \ (Kq)
q, then for some n sufficiently large we have a = an and a ∈ E4n+1.

By Case 2 of the construction, a ∈ S4n+2. This proves Kq \ (Kq)
q =

⋃
i Si.

(3) Fix a ∈ F . Suppose for some nonzero b ∈ Kq that 1 + b, aq + b−1 ∈ (Kq)
q. Let

i be so large that 1 + b, aq + b−1 ∈ (Ei)
q. Let v be any valuation on Ei that is

trivial on F . If v(b) > 0, then v(b) = −v(aq + b−1) is divisible by q. If v(b) < 0,

then v(b) = v(1 + b) is divisible by q. Hence q|v(b) always. By (♣), b ̸∈ Si; by (2)

therefore b ∈ (Kq)
q. Conversely, if a ∈ Kq \ F , we may choose n sufficiently large

such that a = an ∈ E4n+2. In Case 3 we make it such that in S4n+3 there is a b

with 1 + b, aq + b−1 ∈ (E4n+3)
q. This concludes the proof.

(4) Let r1 + r2 ∈ Fp[t], with r1 ̸= r2 ∈ F . If it is the case that eqv − r1, eqv − r2 ̸∈ (Kq)
q,

then for some sufficiently large i, they belong to Si. However this contradicts

(♣). If we suppose r ∈ F \ Fp[t], for some sufficiently large n it is the case that

an = r. Then by Case 4 there exists r1 ̸= r2 ∈ F , r1 + r2 = r, such that

eqv − r1, eqv − r2 ∈ S4n+4. By (2) this ensures eqv − r1, eqv − r2 ̸∈ (Kq)
q; again a

contradiction. ■

Proof of Proposition 3.2.1:

First, as F and Fp[t] are definable, arithmetic is interpretable in Kq (in the sense of

Definition A.2). Next, note that Kq/F (ev) is a separable extension, as by construction

it is a union of finite separable extensions, and Kq ⊆ F (ev)s. Let Kq ⊂ H ⊂ L be a

finite separable extension. Then H = Kq(a) for some a ∈ L by the Primitive Element

Theorem. As Kq(a)/F (ev) is separable, for some n sufficiently large we have a = an and

[E4n(an) : E4n] = [Kq(a) : Kq],

as we assume a ̸∈ Kq. By construction, q|[E4n(a) : E4n]. ■

Combining these fields in a nonprincipal ultraproduct allows us to conclude the

desired undecidability result.

47



CHAPTER 3. FINITE UNDECIDABILITY I: CLOSEDNESS

Corollary 3.2.7. Let p be a prime and v ∈ N>0. Then SCFp,v is finitely undecidable.

Proof. Let L =
(
F̃p(t)(e1, . . . , ev)

)s
as before Proposition 3.2.1. Let P be the set of

primes distinct to p. For each q ∈ P , use Proposition 3.2.1 to obtain a field Kq satisfying

(1) & (2) ibid. Let U be a nonprincipal ultrafilter on P and let K be the ultraproduct∏
q∈P Kq/U .

We claim that K is relatively separably closed in LU . Indeed, suppose f = (fq) ∈

K[X] is separable and has a root α = (αq) ∈ LU . In which case

{q : fq(x) ∈ Kq[X] separable, and fq(αq) = 0} ∈ U ,

hence {q : Kq(αq)/Kq separable and [Kq(αq) : Kq] ≤ deg(f)} ∈ U .

By Proposition 3.2.1 (2), {q : [Kq(αa) : Kq] = 1} ∈ U , and thus α ∈ K as desired.

Therefore K is a separably closed field of characteristic p. Recall {e1, . . . , ev} is a

p-basis for L. As they are p-independent in L, and by construction e1, . . . , ev ∈ Kq,

they remain p-independent in Kq. Hence the degree of imperfection of Kq is at least v,

for each q. Moreover, by construction Kq/F̃p(t)(e1, . . . , ev) is an algebraic (separable)

extension. As algebraic extensions do not increase the degree of imperfection, the degree

of imperfection of Kq is at most v. Thus by  Loś’ Theorem the degree of imperfection of

K is v exactly. We conclude that K |= SCFp,v, and hence K |= T for any finite subtheory

T ⊆ SCFp,v.

Since T is finitely axiomatised, there exists some prime q such that Kq |= T . By

Lemma 3.2.6 & Corollary A.10, Th(Kq;Lr) is hereditarily undecidable, making T un-

decidable as required. ■

Corollary 3.2.8. Let p be prime. Then SCFp,∞ is finitely undecidable.

Proof. Let T be a finite subtheory of SCFp,∞, which we assume is axiomatised by the

axioms of a field of characteristic p, such that each separable polynomial over the field

has a root in the field, and for each n ∈ N>0 the statement “the degree of imperfection

is greater than n”. By the Compactness Theorem, there exists a finite subset ∆ of this
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axiomatisation such that ∆ |= T . For some finite ν sufficiently large, SCFp,ν |= ∆, hence

T is a finite subtheory of SCFp,ν . The result follows from Corollary 3.2.7. ■

Example 3.2.9. For all primes p > 0 and v ∈ N∪{∞}, the theory SCFp,v is known to

be decidable (see [Del99, pp. 146–153] for exposition). Therefore Corollaries 3.2.7 &

3.2.8 put a bound on further possible decidability results for these theories. □

It is worth remarking that, modulo some conjectures, these results are in connection

with aspects of classification theory. It is a theorem of Macintyre [Mac71] that every

infinite ω-stable field is a model of ACFp for some p ≥ 0 (a consequence of Theorem 1,

§7 ibid.). From the 1970’s we have the following conjecture:

Conjecture (Stable Fields). Every infinite stable field is separably closed. ■

This is known in some cases, such as for the aforementioned ω-stable [Mac71] or

superstable infinite fields [CS80, Theorem 1], or for infinite stable fields of weight 1

[KP11, Theorem 1.7] or finite dp-rank [HP19, Proposition 7.3]. Recently, Johnson et al.

proved the conjecture for infinite large stable fields [JTWY21, Theorem D].

Corollary 3.2.10. Assume the Stable Fields Conjecture. Then every infinite stable field

is finitely undecidable. ■

Let us use this connection to classification theory to motivate which fields to consider

next. Outside of stability theory, there are two orthogonal directions in which to travel:

one direction attempts to extend the theories of forking, dividing and independence of

types to more general contexts (e.g. [super]simple, [super]rosy), while the other direction

aims to understand theories with a modest notion of order (e.g. o-minimal, dp-minimal,

NIP). The latter direction contains theories we are already familiar with: RCF in the

language of ordered rings is o-minimal, pCF in the language of valued fields is distal and

dp-minimal. One might wonder what other field theories could be present under this

banner – and there is a conjecture of Shelah that would answer this question:
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Conjecture (Shelah/NIP Fields). Every infinite NIP3 field is either separably closed,

real closed, or admits a nontrivial henselian valuation.

Theorem 3.2.11. [HHJ20, Proposition 6.2 (2)]. Assume the NIP Fields Conjecture.

Then every infinite NIP field is either real closed, separably closed, or admits a nontrivial

henselian valuation definable in the language of rings. ■

Therefore a sensible goal would be to prove that every field with a nontrivial Lr-

definable henselian valuation is finitely undecidable. Or more so, that every complete

Lval-theory of henselian nontrivially valued fields is finitely undecidable, where Lval is

the language of valued fields.

3.3 Equicharacteristic 0 Henselian Valued Fields

The previous subsection did not address the aspects of Ziegler’s construction relevant

to Qp; these aspects will be seen in this subsection. In this subsection we will consider

a pair of valued fields (R, vR), (T, vT ), and an additional field F , under the following

assumptions:

Assumption (⊗).

(1) R ⊂ F ⊂ T , vR = vT |R, and (T, vT ) is a henselian immediate extension of (R, vR);

(2) R (thence vRR and RvR) is countable, and if char(R) > 0 then R is transcendental

over its prime subfield;

(3) There are uncountably many elements of T transcendental over R;

(4) F = T ∩R(x)s, where R(x) is a purely transcendental, finite transcendence degree

extension of R;

(5) Let q > max{char(R), char(RvR)} be prime; then T = (T )q · F ∗.

3The class of NIP theories contains the classes of o-minimal, distal, and dp-minimal theories; see
Figure 1.1.
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First we will give a concrete example of a pair of valued fields where these as-

sumptions are satisfied. Let k be a field and Γ a nontrivial ordered abelian group.

Consider the multiplicative group of formal monomials {tγ : γ ∈ Γ}, where t0 = 1 and

tγ1 · tγ2 = tγ1+γ2 . Define k[Γ] to be the set of formal series
∑

γ aγt
γ where aγ ∈ k and

only finitely many aγ are nonzero. Addition and multiplication are defined by

∑
γ

aγt
γ +

∑
γ

bγt
γ =

∑
γ

(aγ + bγ)tγ ;(∑
γ

aγt
γ

)
·

(∑
γ

bγt
γ

)
=
∑
γ

( ∑
γ1+γ2=γ

aγ1bγ2

)
tγ .

These operations are confirmed to be well-defined, and k[Γ] an integral domain, by

[Mar18, §2.4]. This domain comes with a natural valuation vΓ(
∑

γ aγt
γ) :=

min supp(
∑

γ aγt
γ). Define k(Γ) to be the fraction field of this valued domain. Fur-

ther define k((Γ)) as the set whose elements are formal series
∑

γ aγt
γ with well-ordered

support. By [Mar18, §2.4], (k((Γ)), vΓ) is a well-defined, spherically complete, immediate

henselian overfield of (k(Γ), vΓ).

Lemma 3.3.1. Let e ∈ N, k and Γ be countable, and v be a henselian valuation on

k((Γ)) which factors through vΓ, i.e. there exists a valuation v′ on k such that4 v =

v′ ◦ vΓ. For t1, . . . , te ∈ k((Γ)) transcendental and algebraically independent over k(Γ),

the pair of valued fields (R, vR) = (k(Γ), v|k(Γ)), (T, vT ) = (k((Γ)), v), and F = k((Γ))∩

(k(Γ)(t1, . . . , te))
s satisfy Assumption (⊗).

Proof. Properties (1) & (4) follow by definition. Property (2) follows by construction,

and as k(Γ) is countable (from its definition). Property (3) can be seen by a cardinality

argument (cf. [vdD14, p. 82]): fixing γ ∈ Γ>0 there is an injection (N; 0,+, <) ↪→

(Γ; 0,+, <) given by n 7→ n · γ, and by definition |k((Γ))| ≥ |k|ℵ0 · 2ℵ0 = 2ℵ0 , while

|k(Γ)s| = ℵ0.

Property (5) requires more work: we adapt [Zie82, Lemma 3]. Clearly (k((Γ)))q·F ∗ ⊆

k((Γ)); we are required to show that for all a ∈ k((Γ))∗, there exists b ∈ F ∗ such that

4By “ v′ ◦ vΓ” we mean the composition of places resv′ , resvΓ , which give rise to the valuations as
per usual (cf. [FJ08, Construction 2.2.6]).
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ab−1 ∈ (k((Γ)))q. Choose b ∈ F ∗ such that vΓ(a − b) > vΓ(a); this can be done by

setting b ∈ k(Γ)∗ ⊂ F ∗ to be the initial term of a. Then vΓ(ab−1− 1) > vΓ(ab−1), hence

ab−1 ≡ 1 mod mvΓ . By Hensel’s Lemma (regardless of v, (k((Γ)), vΓ) is henselian), ab−1

is a q-th power in k((Γ)), as desired. ■

Using Assumption (⊗), we shall construct a field extension R ⊂ Kq ⊂ T such that Z

or Fp[z] (where p = char(R) > 0 and z ∈ R is transcendental over Fp) is Lval-definable

in Kq, and if Kq(a) ⊂ T is a proper finite separable extension of Kq, then q|[Kq(a) : Kq].

We must be slightly more careful than in the pp. 44–46 Construction, as we shall see

below.

By Assumption (⊗) there exists an element t ∈ T transcendental over F . The field

Kq will be the union of a specific sequence of finite separable extensions of F (t) in T :

R ⊂ F ⊂ F (t) = E0 ⊂ E1 ⊂ E2 ⊂ · · · ⊂ T.

As before, we will also construct a sequence ∅ = S0 ⊂ S1 ⊂ S2 ⊂ · · · of finite

subsets Si ⊂ Ei∩(T )q, ultimately desiring a close relationship between Kq \(F ∗ ·(Kq)
q),

(Kq ∩ (T )q) \ (Kq)
q, and

⋃
i Si. We will desire F & Z (if char(R) = 0; Fp[z] otherwise)

to have the following definitions, similar to as before:

F = {a ∈ Kq : ∀b ∈ Kq ∩ (T )q \ {0}, ([1 + b ∈ (Kq)
q ∧ aq + b−1 ∈ (Kq)

q]→ b ∈ (Kq)
q)},

Z (resp. Fp[z]) = {u ∈ F : ∀u1 ̸= u2 ∈ F s.t. u1 + u2 = u, tq − u1 or tq − u2 ∈ (Kq)
q}.

Denote by “vT |Ei” the restriction of vT to Ei ⊂ T . To again ensure we do not

introduce an incompatibility between (Kq ∩ (T )q) \ (Kq)
q and F or Z (resp. Fp[z]), the

following rule will be enforced during the construction:

There is a family of discrete valuations {vs}s∈Si on Ei such that vs(F ) = 0

and q ∤ vs(s) for s ∈ Si. In addition, for all u1 ̸= u2 ∈ F with u1 + u2 ∈ Z (♥)

(resp. Fp[z]), either ∀s ∈ Si, q|vs(tq − u1), or ∀s ∈ Si, q|vs(tq − u2).
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We have the following lemma:

Lemma 3.3.2. Let u be a nontrivial discrete valuation on F (t), trivial on F , and u′

an extension of u to Ei. Then u′ and vT |Ei are independent (in the sense of Definition

3.2.4).

Proof. Assume u′ and vT |Ei are dependent: by [EP05, Theorem 2.3.4] they induce the

same topology on Ei. Thus there exists a ∈ Ei such that a ·mu′ ⊆ mvT |Ei
(= mvT ∩Ei).

However, as R ⊂ F ⊂ Ei (and thus u′(R) = 0, while vRR = vTT ), there exists f ∈ a·mu′

with vT (f) = vT |Ei(f) < 0; a contradiction. ■

Fix an enumeration a0, a1, . . . of the elements of T separably algebraic over F (t),

each repeated countably infinitely many times. Suppose (Ei, Si) is already constructed

– and consider the following modified construction.

Modified Construction. (cf. [Zie82, §3])

Case 1: i = 4n. As on p. 44.

Case 2: i = 4n+ 1. If an ̸∈ Ei, an ̸∈ (T )q, or an ∈ Si then set (Ei+1, Si+1) = (Ei, Si).

Otherwise proceed as on p. 44.

Case 3: i = 4n + 2. Unless an ∈ Ei \ F , let (Ei+1, Si+1) = (Ei, Si). If an ∈ Ei \ F

let w be a discrete valuation on Ei (considered as a function field extension

of F (t)/F ), trivial on F , which is negative on an. By Lemma 3.3.2, w and

vT |Ei are independent. Let us define a finite separable extension E/Ei: if the

second condition of (♥) already holds for {w, {vs}s∈Si} in Ei, set E = Ei.

Otherwise there exists u ∈ F such that q ∤ w(tq − u) and q|vs(tq − u) for all

s ∈ Si. By the strong triangle inequality, there is at most one such u.

Under Assumption (⊗)(5) there exists d ∈ F ∗ such that d(tq − u) ∈ (T )q.

Thus we may set E = Ei(
q
√
d(tq − u)) and extend the valuations {vs}s∈Si

sensibly as before (and let w′ be any extension to E of w). We conclude the

second condition of (♥) now holds for (E, {w′, {vs}s∈Si}).
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If w′ is independent to vs for every s ∈ Si: let {w′, vs1 , . . . , vsk} be the

distinct valuations of {w′, {vs}s∈Si}. By the Approximation Theorem [EP05,

Theorem 2.4.1], there exists b ∈ E such that w′(b) is the smallest positive

element of its value group, q|vsj (b) and vsj (b) < 0,−vsj (a
q
n) for 1 ≤ j ≤ k.

Notice q|w′(1+b), q|w′(aqn+b−1), and q|vs(aqn+b−1), q|vs(1+b) for all s ∈ Si.

We also wish b, 1 + b, aqn + b−1 ∈ (T )q. This can be achieved with further

care by using the Approximation Theorem and Hensel’s Lemma: by Lemma

3.3.2 and [EP05, Corollary 2.3.2], vT |E , w′, and vsj for 1 ≤ j ≤ k are

pairwise independent. Let d ∈ (E)q ⊂ (T )q have vT |E(d) > 0. Using the

Approximation Theorem, we choose b ∈ E so that in addition vT |E(b− d) >

vT |E(d). Then by Hensel’s Lemma, b ∈ E∩(T )q, and since vT |E((b+1)−1) =

vT |E(b) and vT |E((b+a−q
n )−a−q

n ) = vT |E(b), we have 1+b, b+a−q
n ∈ E∩(T )q.

(Hence aqn + b−1 ∈ E ∩ (T )q.) We define

(Ei+1, Si+1) = (E(
q
√

1 + b,
q
√
aqn + b−1), Si ∪ {b}).

Extending {vb = w′, {vs}s∈Si} as in Case 2, (♥) holds as it did on E.

Now assume w′ is dependent with vŝ for some ŝ ∈ Si: in which case,

w′ = vŝ by Lemma 3.2.5. Let {vs1 , . . . , vsl} be the distinct valuations of

{w′, {vs}s∈Si}, assuming WLOG w′ = vs1 . By Lemma 3.3.2 and [EP05,

Corollary 2.3.2], vT |E , and vsj for 1 ≤ j ≤ l are pairwise independent. Let

d ∈ (E)q ⊂ (T )q have vT |E(d) > 0. Using the Approximation Theorem, we

choose b ∈ E so that vT |E(b − d) > vT |E(d), vs1(b) is the smallest positive

element of its value group, q|vsj (b) and vsj (b) < 0,−vsj (a
q
n) for 2 ≤ j ≤ l.

By Hensel’s Lemma, 1 + b, aqn + b−1 ∈ E ∩ (T )q, and we may define

(Ei+1, Si+1) = (E(
q
√

1 + b,
q
√
aqn + b−1), Si ∪ {b}).

Extending {vb = w′, {vs}s∈Si} as in Case 2, (♥) holds on (Ei+1, Si+1).

(Again this case allows for b ∈ Si without issue, by Lemma 3.2.5.)
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Case 4: i = 4n+3. As on pp. 45–46. Recall this step extends {vs}s∈Si to {vs}s∈Si+1 =

{wr1 , wr2 , {vs}s∈Si}. The valuations wr1 , wr2 are independent to vT |Ei by

Lemma 3.3.2, and (♥) is satisfied.

Now we can show the following (cf. Lemma 3.2.6):

Lemma 3.3.3. Set Kq =
⋃

iEi. The above construction ensures we have the following

features of Kq under Assumption (⊗):

(1) (Kq ∩ (T )q) \ (Kq)
q =

⋃
i Si.

(2) F ∗ · (
⋃

i Si) = Kq \ (F ∗ · (Kq)
q).

(3) F = {a ∈ Kq : ∀b ∈ Kq ∩ (T )q \ {0}, ([1 + b ∈ (Kq)
q ∧ aq + b−1 ∈ (Kq)

q] → b ∈

(Kq)
q)}.

(4) Z (resp. Fp[z]) = {u ∈ F : ∀u1 ̸= u2 ∈ F s.t. u1 + u2 = u, tq − u1 or tq − u2 ∈

F ∗ · (Kq)
q}.

Proof. In [Zie82, §4], but for exposition:

(1) Let a ∈ (Kq ∩ (T )q) \ (Kq)
q. For some n sufficiently large, an = a and an ∈ E4n+1.

Case 2 of the above construction assures an ∈ S4n+2, hence a ∈
⋃

i Si as desired.

Conversely, by construction
⋃

i Si ⊂ Kq ∩ (T )q, and Si ∩ (Kq)
q = ∅ for all i.

(2) Let a ∈ F ∗ · (Kq)
q. For all i sufficiently large, a ∈ F ∗ · (Ei)

q and hence q|ν(a) for

all valuations ν trivial on F . By design of (♥), a ̸∈ F ∗ · Si, hence F ∗ · (
⋃

i Si) ⊆

Kq \ (F ∗ · (Kq)
q). Conversely, if a ∈ Kq \ (F ∗ · (Kq)

q), then by Assumption (⊗)(5)

there exists b ∈ F ∗ with ab ∈ (Kq ∩ (T )q) \ (Kq)
q =

⋃
i Si by (1).

(3) Let a ∈ F . Suppose for b ∈ Kq ∩ (T )q \ {0}, we have 1 + b, aq + b−1 ∈ (Kq)
q.

Let i be sufficiently large such that 1 + b, aq + b−1 ∈ (Ei)
q. Notice that, for any

valuation ν on Ei trivial on F , q|ν(b): indeed, if ν(b) < 0 then ν(b) = ν(1 + b),

and if ν(b) > 0 then ν(b) = ν(aq + b−1). By (♥) b ̸∈ Si (for all subsequent i too),

hence as b ∈ Kq ∩ (T )q, b ∈ (Kq)
q by (1).
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Conversely, if a ∈ Kq \F , then for some n sufficiently large we may assume an = a

and a ∈ E4n+2. By Case 3 of the construction, deliberately there exists b ∈ S4n+3

such that 1 + b, aq + b−1 ∈ (E4n+3)
q and b ∈ Kq ∩ (T )q. Therefore by (1),

∃b ∈ Kq ∩ (T )q \ {0}, (1 + b ∈ (Kq)
q ∧ aq + b−1 ∈ (Kq)

q ∧ b ̸∈ (Kq)
q),

as desired.

(4) Let u ∈ Z (resp. Fp[z]), u1 ̸= u2 ∈ F , and u1 + u2 = u. Assume for the purpose

of contradiction both tq − u1, tq − u2 ̸∈ F ∗ · (Kq)
q. By the argument in Case 3

there exist d1, d2 such that d1(t
q − u1), d2(tq − u2) ∈ (Kq ∩ (T )q) \ (Kq)

q =
⋃

i Si,

by (1). We conclude for some sufficiently large i that tq − u1, tq − u2 ∈ F ∗ · Si,

contradicting (♥).

Conversely, if u ∈ F \Z (resp. F \Fp[z]), then for some n sufficiently large we may

assume an = u and an ∈ E4n+3. By Case 4 of the construction, deliberately there

exists u1 ̸= u2 ∈ F ∗ with u1 + u2 = u and tq − u1, tq − u2 ∈ S4n+4 ⊂ F ∗ · S4n+4.

Therefore by (2), tq − u1, tq − u2 ̸∈ F ∗ · (Kq)
q as required for this argument. ■

Let us return to the case (R, vR) = (k(Γ), vΓ|k(Γ)), (T, vT ) = (k((Γ)), vΓ), F =

k((Γ)) ∩ (k(Γ)(t1, . . . , te))
s. We have the following additional results:

Theorem 3.3.4. (Ax-Kochen-Ershov) [AK65, Ers65a]. Let (K, v) and (L,w) be

equicharacteristic 0 henselian valued fields. Then K ≡Lval
L if and only if Kv ≡Lr Lw

and vK ≡Loag wL. ■

Consequently (L,w) ≡ (Lw((wL)), vwL) if (L,w) is an equicharacteristic 0 henselian

valued field.

Lemma 3.3.5. Let q > char(k) be prime and v a henselian valuation on k((Γ)) which

factors through vΓ, where k and Γ are countable, and Kq as above. Then Kq ∩ (k((Γ)))q

is Lval-definable in (Kq, w), where w = v|Kq .
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Proof. Recall from Lemma 3.3.1 that Assumption (⊗) is satisfied. We claim that

c ∈ Kq ∩ (k((Γ)))q if and only if there exists d ∈ Kq such that w(c − dq) > w(c). This

suffices to prove the lemma.

Assume there exists d ∈ Kq such that w(c−dq) > w(c); then (as elements of k((Γ)))

we have v(c − dq) > v(c), hence v(1 − dq

c ) > 0, and thus 1 ≡ dq

c mod mv. By Hensel’s

Lemma, there exists e ∈ k((Γ)) such that eq = dq

c ; we conclude c ∈ (k((Γ)))q.

Conversely, let c ∈ Kq ∩ (k((Γ)))q and write c = d̂q. Let d ∈ k(Γ) be a sufficiently

large finite truncation of d̂ ∈ k((Γ)) such that vΓ(d̂−d) > vΓ(d̂) (and note vΓ(d̂) = vΓ(d)).

Then

vΓ(d̂q − dq) = vΓ(d̂− d) + vΓ(d̂q−1 + d̂q−2d+ · · ·+ d̂dq−2 + dq−1)

≥ vΓ(d̂− d) + (q − 1)vΓ(d̂) > qvΓ(d̂) = vΓ(d̂q), hence vΓ( d̂
q−dq

d̂q
) > 0.

Consequently v( d̂
q−dq

d̂q
) > 0, i.e. v(d̂q−dq) > v(d̂q); equivalently v(c−dq) > v(c) and

hence w(c− dq) > w(c) as desired. ■

Theorem 3.3.6. Let q > char(k) be prime, v a henselian valuation on k((Γ)) which

factors through vΓ (where k and Γ are countable), and Kq as above. Then:

(1) (Kq, vΓ|Kq) is an immediate extension of (k(Γ), vΓ);

(2) (Kq, v|Kq) is an immediate extension of (k(Γ), v);

(3) Z (resp. Fp[z]) is definable in Kq in the language {0, 1,+,×,Ov|Kq
};

(4) If a ∈ k((Γ)) \Kq is separably algebraic over Kq, then q|[Kq(a) : Kq].

Proof. (1) & (2) follow from the fact that k(Γ) ⊂ Kq ⊂ k((Γ)). For (3), Z (resp.

Fp[z]) is Lval-definable in Kq as Kq ∩ (k((Γ)))q is Lval-definable in Kq by Lemma 3.3.5,

and this is sufficient to define Z (resp. Fp[z]) by Lemma 3.3.3. Finally for (4), note for

some n sufficiently large, we have a = an and [E4n(an) : E4n] = [Kq(a) : Kq], as we

assume a ̸∈ Kq. By construction (Case 1), q|[E4n(a) : E4n] as desired. ■
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Remark 3.3.7. ([EP05, pp. 173–178].) Let S be an infinite set of indices and U a

nonprincipal ultrafilter on S. For s ∈ S, let (Ks, vs) be a valued field. One may take an

ultraproduct
∏

s∈S(Ks, vs)/U of valued fields, and obtain a valued field K =
∏

s∈SKs/U

with value group
∏

s∈S vsKs/U and residue field
∏

s∈SKsvs/U , under the valuation
∏
vs

defined by:

∏
vs([(as)s∈S ]) = [(vs(as))s∈S ], with residue

res∏ vs
: O∏ vs

→
∏
s∈S

Ksvs/U ; [(xs)] 7→ [(resvs(xs))].

(Here as ∈ Ks for s ∈ S, and [·] represents the equivalence class of tuples modulo U .) □

Corollary 3.3.8. Let (K, v) be an equicharacteristic 0 henselian nontrivially valued

field. Then Th(K;Lval) is finitely undecidable.

Proof. Writing k = Kv and Γ = vK, by Theorem 3.3.4 we have (K, v) ≡ (k((Γ)), vΓ).

By the Downwards Löwenheim-Skolem Theorem we may also assume k,Γ are countable.

Set v′ (on k) to be the trivial valuation; in which case v = v′◦vΓ = vΓ. By Lemma 3.3.1,

(R, vR)=(k(Γ), vΓ|k(Γ)), (T, vT )=(k((Γ)), vΓ), F =k((Γ))∩ k̃(Γ) satisfy Assumption (⊗).

Let q be prime and consider (Kq, w = vΓ|Kq) ⊂ (k((Γ)), vΓ) arising from the Modi-

fied Construction; in particular Kq is an equicharacteristic 0 valued field with residue

field k and value group Γ. We will verify the henselianity axioms φ1, . . . , φq−1 are sat-

isfied, where φn is

∀a0, . . . , an−2

(∧
i

ai ∈ mv → ∃x [xn + xn−1 + an−2x
n−2 + · · ·+ a0 = 0]

)
.

Take l ≤ q−1 and fix a0, . . . , al−2 ∈ mw. Suppose X l+X l−1+al−2X
l−2+· · ·+a0 = 0

has no solution in Kq, and α ∈ k((Γ)) \ Kq satisfies this equation. Then Kq(α)/Kq

is a finite proper extension. By Theorem 3.3.6, q|[Kq(α) : Kq], however q > l and

[Kq(α) : Kq] ≤ l; a contradiction. We conclude that Kq |= φl for all l ≤ q − 1; in

particular for n ≥ 0 fixed, Kq |= φn for all primes q > n.
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Let U be a nonprincipal ultrafilter on the set of primes, and let K be the ultraprod-

uct
∏

qKq/U . By Remark 3.3.7 &  Loś’ Theorem, K is an equicharacteristic 0 henselian

valued field with residue field (Lr-elementarily equivalent to) k, and value group (Loag-

elementarily equivalent to) Γ. Hence by Theorem 3.3.4, K ≡Lval
k((Γ)). Thus K |= T

for any finite subtheory T ⊆ Th(k((Γ));Lval), and hence for some prime q, Kq |= T .

By Theorem 3.3.6 & Corollary A.10, Th(Kq;Lval) is hereditarily undecidable, making

T undecidable as required. ■

Remark 3.3.9. By Theorem 3.3.4 if k is a decidable field of characteristic 0,

Th(k((t));Lval) with valuation vt is decidable. However the theory is finitely undecidable

by Corollary 3.3.8. □

3.4 Henselian Valued Fields: Further Discourse

We may extend the results of the previous section from equicharacteristic 0 henselian

valued fields, to mixed characteristic henselian valued fields, using the standard decom-

position5:

Let (K, v) be a valued field of mixed characteristic (0, p) with value group Γ. Define

∆0 to be the minimal convex subgroup of Γ containing v(p), and ∆p to be the maximal

convex subgroup of Γ not containing v(p). We will consider the valuation(s) v0 : K →

Γ/∆0 (resp. vp : K → Γ/∆p) corresponding to the coarsening(s) of v with respect to

∆0 (resp. ∆p), and the induced valuation(s) v̂0 : Kv0 → ∆0 (resp. v̂p : Kvp → ∆p) with

residue field(s) Kv. Also consider vp : Kv0 → ∆0/∆p with residue field Kvp; this arises

as the coarsening of v0 with respect to ∆p (as ∆p < ∆0 ≤ Γ). These fit together in the

following way:

K Kv0 Kvp Kv

Γ/∆0 ∆0/∆p ∆p

resv0

v0

resvp

vp v̂p

resv̂p

5This is the terminology used by Anscombe & Jahnke [AJ19].
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K Kv0 Kv K Kvp Kv

Γ/∆0 ∆0 Γ/∆p ∆p

resv0

v0 v̂0

resv̂0 resvp

vp v̂p

resv̂p

If ∆0 = vK then by the Compactness Theorem there is an elementary extension

(K, v) ≺ (K♭, v♭) containing an element c♭ such that n ·v♭(p) < v♭(c♭) <∞ for all n ≥ 0.

Hence the minimal convex subgroup of v♭K♭ containing v♭(p) does not contain v♭(c♭),

i.e. ∆0 < v♭K♭. As (K, v) ≡ (K♭, v♭), for the purposes of proving finite undecidability

we may assume WLOG ∆0 < vK. Consider:

Lemma 3.4.1. [AJ19, Lemma 6.5]. Let T be a theory of bivalued fields (K, v′, v) with

v′ an equicharacteristic 0 henselian coarsening of v, and suppose that T entails complete

theories of valued fields (K, v′) and (Kv′, v). Then T is complete. ■

Corollary 3.4.2. Let (K, v) be a mixed characteristic henselian nontrivially valued

field, and v0 as above. There exists a nontrivial ordered abelian group Ω such that

(K, v0, v) ≡ (Kv0((Ω)), vΩ, v̂0 ◦ vΩ).

Proof. Define Ω = vK/∆0. By Theorem 3.3.4, (K, v0) ≡ (Kv0((Ω)), vΩ). Since v =

v̂0 ◦ v0 in the standard decomposition of (K, v),

(Kv0, v̂0) (residue field of (K, v0) with the induced valuation)

= (Kv0, v̂0) (residue field of (Kv0((Ω)), vΩ) with the induced valuation).

By Lemma 3.4.1, we conclude (K, v0, v) ≡ (Kv0((Ω)), vΩ, v̂0 ◦ vΩ) as desired. ■

Theorem 3.4.3. Let (K, v) be a mixed characteristic henselian nontrivially valued field.

Then Th(K;Lval) is finitely undecidable.

Proof. As finite undecidability is a property of Th(K;Lval), by Corollary 3.4.2 we

may assume WLOG (K, v0, v) = (Kv0((Ω)), vΩ, v̂0 ◦ vΩ) and furthermore (by the Down-

wards Löwenheim-Skolem Theorem) that Kv0 and Ω are countable. Let (T, vT ) =

60



CHAPTER 3. FINITE UNDECIDABILITY I: CLOSEDNESS

(Kv0((Ω)), v̂0 ◦ vΩ), (R, vR) = (Kv0(Ω), v̂0 ◦ vΩ) and F = T ∩ R̃. By Lemma 3.3.1,

Assumption (⊗) is satisfied: for q > p prime, denote by Kq be the field given by the

Modified Construction, with valuation (v̂0 ◦ vΩ)|Kq = v̂0 ◦ vΩ|Kq . We have the

following diagram of fields:

Kv0((Ω)) Kv0 Kv

Kq Kv0 Kv

Kv0(Ω) Kv0 Kv

vΩ v̂0

vΩ v̂0

vΩ v̂0

Consider Kq as a multisorted structure:

Kq = (Kq, Kv0, Kv, Ω, ∆0, vK; resvΩ|Kq
, resv̂0 , res(v̂0◦vΩ)|Kq

; vΩ|Kq , v̂0, (v̂0 ◦ vΩ)|Kq),

which encompasses the diagram

Kq Kv0 Kv

Ω ∆0

vK

resvΩ|Kq

(v̂0◦vΩ)|Kq

vΩ|Kq

res(v̂0◦vΩ)|Kq

v̂0

resv̂0

Let U be a nonprincipal ultrafilter on the set of primes larger than p, and let K be

the ultraproduct
∏

q>pKq/U . (We abuse notation to also denote the home sort of K by

K.) We have the following properties of K:

• K has valuation v0 =
∏
vΩ|Kq with residue field

∏
q>pKv0/U = KvU0 and value

group
∏

q>p Ω/U = ΩU . (This is Remark 3.3.7.) Furthermore, (K, v0) is a

henselian valued field. Indeed, we claim for q > p prime the henselianity axioms

φ1, . . . , φq−1 are satisfied in Kq:

Let l < q and fix a0, . . . al−2 ∈ mvΩ|Kq
. Suppose X l+X l−1+al−2X

l−2+· · ·+a0 = 0
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has no solution in Kq – though there exists a solution α ∈ Kh
q , and Kh

q ⊆ Kv0((Ω))

by the universal property of henselisations [EP05, Theorem 5.2.2]. Then Kq(α)/Kq

is a finite proper separable extension. By Theorem 3.3.6, q|[Kq(α) : Kq], however

q > l and [Kq(α) : Kq] ≤ l; a contradiction.

Therefore, by  Loś’ Theorem (i.e. [CK12, Theorem 4.1.9]) (K, v0) is a henselian

valued field with v0K ≡Loag Ω and Kv0 ≡Lr Kv0. By Theorem 3.3.4 we conclude

(K, v0) ≡ (Kv0((Ω)), vΩ).

• KvU0 has valuation v̂U0 =
∏
v̂0 with residue field vKU and value group ∆U

0 (Remark

3.3.7). By [CK12, Theorem 4.1.9], (KvU0 , v̂
U
0 ) ≡ (Kv0, v̂0).

• Hence K can be equipped with a valuation v1 := v̂U0 ◦ v0, and v0 is an equicharac-

teristic 0 henselian coarsening of v1. K also has a valuation v2 =
∏

(v̂0 ◦ vΩ)|Kq ,

and we claim Ov1 = Ov2 , so (K, v1) ≡ (K, v2). Indeed,

x = [(xq)] ∈ Ov1 ⇐⇒ [(xq)] ∈ res−1
v0 (Ov̂U0

)

⇐⇒ resv0([(xq)]) = [(resvΩ|Kq
(xq))] ∈ Ov̂U0

⇐⇒ {q : resvΩ|Kq
(xq) ∈ Ov̂0} ∈ U

⇐⇒ {q : xq ∈ O(v̂0◦vΩ)|Kq
} ∈ U ⇐⇒ [(xq)] ∈ Ov2 .

Considering (K, v0, v1) as a bivalued field, by Lemma 3.4.1

(K, v0, v1) ≡ (Kv0((Ω)), vΩ, v̂0 ◦ vΩ) = (K, v0, v).

Taking a reduct of the language, (K, v2) ≡ (K, v1) ≡ (K, v). Therefore if Σ is a

finite subtheory of Th(K;Lval), (K, v2) |= Σ, and hence for some q sufficiently large,

(Kq, v̂0 ◦ vΩ|Kq) |= Σ. By Theorem 3.3.6 & Corollary A.10, Th(Kq;Lval) is hereditarily

undecidable, making Σ undecidable as required. ■

What remains is to handle the case of equicharacteristic p > 0 henselian nontrivially

valued fields. We will show this gap can be eliminated for NIP henselian nontrivially
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valued fields, as the work of Anscombe & Jahnke [AJ19] gives a useful algebraic classi-

fication of such fields ([AJ19, Theorem 5.1]). We will prove:

Theorem 3.4.4. Let (K, v) be an equicharacteristic p > 0 NIP henselian nontrivially

valued field. Then Th(K;Lval) is finitely undecidable.

Corollary 3.4.5. Assuming the NIP Fields Conjecture, every infinite NIP field is

finitely undecidable.

Proof. Recall Theorem 3.2.11, where assuming the NIP Fields Conjecture one can

conclude every infinite NIP field K is either separably closed (hence finitely undecid-

able by Corollaries 3.2.7 & 3.2.8), real closed (hence finitely undecidable by [Zie82,

Corollary 1]), or admits a nontrivial henselian valuation v definable in the language of

rings. If K has characteristic 0, it is finitely undecidable by Corollary 3.3.8 or Theo-

rem 3.4.3; if K has positive characteristic, it is finitely undecidable by Theorem 3.4.4. ■

To use the classification of Anscombe & Jahnke, we require the following definitions.

Definition 3.4.6. A valued field (K, v) is said to be (separably) defectless if whenever

L/K is a finite (separable) extension, [L : K] =
∑

w⊇v e(w/v)f(w/v), where w ranges

over all prolongations of v to L, e(w/v) = (wL : vK) is the ramification degree and

f(w/v) = [Lw : Kv] is the inertia degree of the valued field extension (L,w)/(K, v).

Definition 3.4.7. A valued field (K, v) of residue characteristic p > 0 is Kaplansky6 if

vK is p-divisible, and Kv is perfect and admits no proper separable algebraic extensions

of degree divisible by p.

Theorem 3.4.8. Let (K, v) be a positive equicharacteristic NIP henselian nontrivially

valued field. Then (K, v) is separably defectless Kaplansky.

Proof. An immediate consequence of [AJ19, Proposition 3.1]. ■

A corollary of this, noted by Anscombe & Jahnke, is that by [Del81, Théorème

3.1] there is exactly one complete Lval-theory of equicharacteristic p > 0 henselian

6Equivalently ([AJ19, Remark 2.2]) (K, v) of residue characteristic p > 0 is Kaplansky if and only if
vK is p-divisible and Kv admits no finite proper extensions of degree divisible by p.
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separably defectless valued fields (K, v) of imperfection degree e, with residue field Lr-

elementarily equivalent to Kv and value group Loag-elementarily equivalent to vK. (As

we are concerned with finitely axiomatised subsets of Th(K;Lval), we will assume WLOG

e <∞.) The finite undecidability of Th(K;Lval) can be proven by combining ideas from

§3.3, as we will see now.

For a valued field (B, vB) to be separably defectless, it is sufficient for it to satisfy

the first-order Lval-statements7 (♦M ) for all M ≥ 1:

For all finite separable extensions D/B of degree ≤M , the equality

[D : B] =
∑
w⊇vB

e(w/vB)f(w/vB) (♦M )

holds, where w ranges over all prolongations of vB to D, e(w/vB) is

the ramification index and f(w/vB) is the inertia degree.

Lemma 3.4.9. Fix M ∈ N>0 and q > MM prime. Assume (R, vR), (T, vT ), and F

satisfy Assumption (⊗) and let Kq be the field resulting from the Modified Construc-

tion. If T is separably defectless Kaplansky, then Kq |= (♦M ).

Proof. Let D/Kq be a separable extension of degree ≤ M . By taking the normal

closure may assume D/Kq is Galois and of degree d ≤ MM . If D/Kq is proper, by

degree reasons T ∩ D = Kq. Indeed, if T ⊃ D′ ⊃ Kq is a separable extension of

degree ≤ MM , by the Primitive Element Theorem there exists α ∈ T ∩ Ks
q such that

D′ = Kq(α). By Theorem 3.3.6, if α ̸∈ Kq then q|[Kq(α) : Kq], however q > MM and

[Kq(α) : Kq] ≤MM . This is a contradiction, hence α ∈ Kq. Thus T and D are linearly

disjoint over Kq. Consider the following tower of extensions:

TD

T

D

Kq

d

d

7The argument of [AJ19, Lemma 2.4] confirms (♦M ) is a first-order Lval-statement (with “defectless”
replaced by “separably defectless”, and field extensions made separable where appropriate).
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By the tower property ([FJ08, Lemma 2.5.3]), D is linearly disjoint to Kh
q , a subfield

of T by the universal property of henselisations. Thus w = vT |Kq extends uniquely to

(D,w′), by e.g. [BK17, Lemma 2.1]. As (T, vT ) is henselian, vT extends uniquely to

(TD, v′T ), and restricts to (D,w′). As T/Kq is immediate, as the valuation extensions

are unique, and as T is linearly disjoint from D over Kq,

pνe(w′/w)f(w′/w) = [D : Kq] where ν ≥ 0, by [EP05, Theorem 3.3.3],

= [TD : T ] by [FJ08, Corollary 2.5.2],

= e(v′T /vT )f(v′T /vT ) as T is separably defectless.

In addition, as T is Kaplansky, p ∤ e(v′T /vT ), f(v′T /vT ). Hence

[D : Kq] = e(w′/w)f(w′/w) =
∑
w′⊇w

e(w′/w)f(w′/w).

We conclude Kq |= (♦M ) as desired. ■

We are ready to prove:

Theorem 3.4.4. Let (K, v) be an equicharacteristic p > 0 NIP henselian nontrivially

valued field. Then Th(K;Lval) is finitely undecidable.

Proof. Fix e ∈ N, the imperfection degree of K. Let k, Γ be countable models of

Th(Kv;Lr), Th(vK;Loag). By Theorem 3.4.8 (K, v) is separably defectless Kaplansky,

hence k is perfect and Γ is p-divisible, and thus k(Γ) and k((Γ)) are perfect. By Lemma

3.3.1 we may choose t1, . . . , te ∈ k((Γ)) transcendental and algebraically independent

over k(Γ) and consider the field k(Γ)(t1, . . . , te−1) – by [FJ08, Lemma 2.7.2] its im-

perfection degree is e− 1 exactly. Finally, set F = k((Γ)) ∩ (k(Γ)(t1, . . . , te−1))
s. With

(R, vR) = (k(Γ), vΓ), (T, vT ) = (k((Γ)), vΓ), Assumption (⊗) is satisfied by Lemma 3.3.1.

Note the imperfection degree of F (te) is e exactly, and (T, vT ) is separably defectless

Kaplansky.

By Theorem 3.3.6 there exists a field Kq ⊂ k((Γ)) such that if w = vΓ|Kq , then
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Kqw = k, wKq = Γ, Fp[z] is Lval-definable in Kq where z ∈ k(Γ) is transcendental over

Fp, and if a ∈ k((Γ))\Kq is separably algebraic over Kq, then q|[Kq(a) : Kq]. In addition,

by the construction of Kq as a union of separable extensions of F (te), [Kq : (Kq)
p] = pe.

Hence Kq is an equicharacteristic p nontrivially valued field of imperfection degree e,

with residue field k and value group Γ.

We will verify the henselianity axioms φ1, . . . , φq−1 are satisfied. Let l < q and

fix a0, . . . al−2 ∈ mw. Suppose X l + X l−1 + al−2X
l−2 + · · · + a0 = 0 has no solution

in Kq – though there exists a solution α ∈ Kh
q , and Kh

q ⊆ k((Γ)) by the universal

property of henselisations [EP05, Theorem 5.2.2]. Then Kq(α)/Kq is a finite, proper

separable (Kh
q ⊆ Ks

q ) extension. By Theorem 3.3.6, q|[Kq(α) : Kq], however q > l and

[Kq(α) : Kq] ≤ l; a contradiction.

Let Q be the set of primes q > p and U a nonprincipal ultrafilter on Q. Let K =∏
q∈QKq/U ; by  Loś’ Theorem, K is an equicharacteristic p henselian nontrivially valued

field, of imperfection degree e, and residue field Lr-elementarily equivalent to Kv and

value group Loag-elementarily equivalent to vK. Furthermore, K is separably defectless.

Indeed, given M ∈ N>0, Kq |= (♦M ) for all primes q > MM by Lemma 3.4.9. Hence,

by  Loś’ Theorem, K |= (♦M ) for all M ≥ 1. By [Del81, Théorème 3.1], K ≡Lval
K.

Let Σ be a finite subtheory of Th(K;Lval). As K |= Σ, for some q ∈ Q we have

Kq |= Σ. By Theorem 3.3.6 & Corollary A.10, Th(Kq;Lval) is hereditarily undecidable,

hence Σ is undecidable as required. ■

Altogether, this chapter shows:

Corollary 3.4.10. Let (K, v) be an equicharacteristic 0 or mixed characteristic henselian

nontrivially valued field. Then Th(K;Lval) is finitely undecidable.

Let (K, v) be an equicharacteristic p > 0 NIP henselian nontrivially valued field.

Then Th(K;Lval) is finitely undecidable.

Furthermore, assuming the NIP Fields Conjecture, every infinite NIP field is finitely

undecidable. ■
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3.5 Expansions of Problem 1.2.5

We remark briefly here that the pp. 44–46 Construction or the Modified Con-

struction of pp. 53–55 is eligible to be implemented in many ‘standard’ expansions of

the language of rings, such as the language of rings with a derivation, or the languages

one commonly considers for valued fields (with a cross section, residue map, etc.), or the

language of rings with an automorphism or difference map, etc. Indeed, Ziegler consid-

ers this explicitly for the language of ordered rings and the language {0, 1,+,×,O} of

valued fields, in [Zie82]. We suspect the following is possible with Ziegler’s construction:

Problem 3.5.1. Prove the following (in their natural languages) are finitely undecid-

able:

• DCFp, where p = 0 or is prime;

• ACVF;

• ACFA;

• Rexp and Ran.

We could also expand our interest away from fields:

Problem 3.5.2. Does there exist an infinite, finitely axiomatisable ring? Is every infi-

nite ring finitely undecidable?

For example, immediately from the interpretations of N in Z and Fp[t] (see Appendix

A), Th(Z;Lr) and Th(Fp[t];Lr(t)) are finitely undecidable. (In fact, Th(Fp[t];Lr) is

finitely undecidable, by Lemma A.9.) Furthermore, Th(Ok;Lr) is finitely undecidable

for any global field k. Indeed, when k is a number field, Z is Lr-definable in Ok (due

to J. Robinson [Rob59]) hence any finite subtheory of Th(Ok;Lr) is undecidable by a

minor modification to Corollary A.10. When k is a global function field, arithmetic is

interpretable in k (due to Rumely [Rum80]) and the same conclusion follows. To give

another example: in [Rob62], J. Robinson proves N is Lr-definable in OQtr , where Qtr

is the theory of totally real algebraic numbers (see §4.2) – hence Th(OQtr ;Lr) is finitely

undecidable too.
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One could also ask about the finite undecidability of structures equipped with reducts

of the ring language – for example, Presburger arithmetic (namely Th(N; 0,+), see e.g.

[Haa18] and references therein) or Skolem arithmetic (namely Th(N; 1,×), see e.g. Cegiel-

ski [Ceg81] and Stonestrom [Sto21]). The author is unaware of finite (or hereditary)

undecidability results for these theories.
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Chapter 4

Finite Undecidability II:

Pseudo-Closedness

The previous chapter discussed some fields that were “closed” in an algebraic or ex-

istential way, in some ring language. In this section we will tackle the corresponding

more general “pseudo-closed” field structures, using a different method suggested by

E. Hrushovski. Considering pseudo-algebraically closed (PAC) fields, as we do next, is

quite natural from a classification theoretic standpoint. Indeed, recall the definition of

a simple theory (introduced by Shelah [She80], expounded upon in [Wag00], defined in

§1.3.1). We have the following folkloric conjecture:

Conjecture (Simple Fields). Every infinite simple field is PAC. ■

By 2019, according to Halevi et. al. [HHJ19, p. 182] “little (if any) progress has

been made” on this conjecture, though Duret [Dur80] has shown that the Simple Fields

Conjecture implies the Stable Fields Conjecture through the fact that a PAC field is

stable if and only if it is separably closed (cf. [Dur80, Corollaire 6.5]). Therefore, moving

out of the NIP field context, PAC fields are the next natural class of fields to tackle.

For the main undecidability results of this chapter, we assume the reader is familiar

with Appendix A.
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4.1 Pseudo-Algebraically Closed Fields

A field K is pseudo-algebraically closed if every geometrically irreducible variety over

K has K-rational points. The idea behind this section is ultimately the adaptation of

the undecidability of the theory of (perfect) PAC fields, due to Cherlin, van den Dries

& Macintyre [CvdDM80] and independently Ershov [Ers81]. The key to this proof was,

given an arbitrary nontrivial (by which we mean the vertex set is nonempty) graph Γ

to construct a (perfect) PAC field interpreting Γ (in the sense of Definition A.2), as

the theory of all such graphs is known to be hereditarily undecidable (see Appendix A).

This construction was achieved by designing machinery to encode graphs into projective

profinite groups, which are the absolute Galois groups of (perfect) PAC fields exactly.

Clearly we need apparatus to discuss profinite groups in a first-order setting. Simply

considering them with the language of groups will not suffice; more information about

the structure can be obtained by viewing a profinite group as an inverse limit of finite

groups – and there is a “standard method. . . for making a (category-theoretic) diagram

of first-order structures into a first-order structure” [CvdDM80, p. 14]. To this end

(and following the presentation of [Cha02, §5.1]) for a profinite group G we consider

a structure S(G) whose underlying set is
⊔

N∈N G/N , where N is the family of open

normal subgroups of G. The elements of G/N are denoted by gN , for g ∈ G. S(G) is a

structure in the ω-sorted language LG = {≤, C, P}, whose sorts are indexed by positive

natural numbers n and where ≤, C are binary relations and P is a ternary relation,

as follows: the elements of S(G) of sort n are precisely those gN where N ∈ N and

[G : N ] ≤ n. We say gN ≤ hM if and only if N ⊆ M , and C(gN, hM) if and only if

N ⊆ M & gM = hM . Finally P (g1N1, g2N2, g3N3) if and only if N1 = N2 = N3 &

g1g2N1 = g3N1.

Clearly the sorts are nested with “≤” indicating an order between the sorts. The

relation “C” captures the projection maps πN,M : G/N → G/M for N,M ∈ N with

N ⊆ M , and “P ” captures the group operation on G/N . The LG-structure S(G)

encodes the inverse system {(G/N, πN,M ) : N,M ∈ N , N ⊆ M} precisely and hence

determines G uniquely, as G = lim←−G/N . S(G) is the complete inverse system associated
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to G.

By [Cha02, pp. 979–980], the class of LG-structures of the form S(G) for some

profinite group G is axiomatisable in the class of all such structures. Suppose TG denotes

this collection of axioms. There is a duality between the category of profinite groups

with continuous epimorphisms, and the category of LG-structures modelling TG with

LG-embeddings (p. 980 ibid.)

When G = GK = Gal(Ks/K) is the absolute Galois group of a field K, this inverse

system takes on a new light. Indeed, S(GK) =
⊔

Gal(L/K) is the union over finite

Galois extensions of K. The group epimorphisms encoded by C now correspond to the

restriction maps res : Gal(M/K) → Gal(L/K) (for when K ⊆ L ⊆ M). If K/E is

regular (that is to say, E is separably algebraically closed in K and K/E is separable),

then the corresponding map of absolute Galois groups π : GK ↠ GE is surjective, hence

ι : S(GE) ↪→ S(GK) by ι(N) = π−1(N), where N is an open normal subgroup of GE .

In this language we will only consider bounded formulae and sentences, i.e. variables

x have a prescribed sort, and quantification over x ranges over the variable’s sort. E.g.

if x is of sort n, “∃x” is “there exists x of sort n”. The theory Th(S(G);LG) is known as

the cotheory of G. After reconstructing the basic tenants of model theory as “comodel

theory” for profinite groups in this setting, Cherlin, van den Dries & Macintyre indicate

the following results:

Theorem 4.1.1. Let K,L be fields with common subfield E, such that K/E & L/E are

regular. If K ≡E L then S(GK) ≡S(GE) S(GL).

There is a recursive ‘translation’ map −∗ : Sent(LG) → Sent(Lr) such that if φ is a

LG-sentence, then S(GK) |= φ ⇐⇒ K |= φ∗, for any field K.

Furthermore, let ψ(x) be a LG-formula. Then there is a Lr-formula ψ∗(y) such that for

a tuple a of the right sorts in S(GK), we have

(S(GK), a) |= ψ ⇐⇒ (K, b) |= ψ∗,

where b ∈ K encodes a ∈ S(GK) in a suitable way.
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Proof. For the former two, see [Cha02, Theorem 5.9 (1) & (2)] (though loc. cit. does

not claim −∗ is recursive. This is clarified and proven in [Feh17, Appendix C]; see

Corollary C.10 ibid. specifically).

For the latter, (whose phrasing is taken from [Dit18, Theorem 6.1.1], gathering all

tuples into one), see [Cha02, Theorem 5.9 (3)] and [Feh17, Lemma C.8]. ■

Corollary 4.1.2. [CvdDM80]; [Cha02, Theorem 5.13]. Let K1,K2 be PAC fields, sep-

arable over a common subfield E. Then K1 ≡E K2 if and only if K1 and K2 have the

same degree of imperfection, there exists θ ∈ GE such that θ(K1 ∩ Es) = K2 ∩ Es, and

if SΘ : S(GK1∩Es)→ S(GK2∩Es) is the isomorphism induced by θ, then the partial map

SΘ : S(GK1)→ S(GK2) with domain S(GK1∩Es) is LG-elementary. ■

As Cherlin, van den Dries & Macintyre remark: the existence of such a map Θ

is a global condition on the field, and can be replaced with suitable local satisfiability

conditions ([CvdDM80, Corollary 37]).

Thus, the theory of a (perfect) PAC field K is completely determined by some ‘alge-

braic part’ of its theory and the ‘cotheory’ (with suitable constants) of its absolute Galois

group GK (which, by Theorem 4.1.1, is “seen” in K). This leads to a nice transfer of

properties: if K is ℵ1-saturated, so too is S(GK) ([Feh17, Corollary C.11]); if K is decid-

able, so too is S(GK); if K is stable, so too is S(GK) (both as consequences of Theorem

4.1.1). Note the important implications of the contrapositive of these statements.

Suppose K is a PAC field with prime subfield F. Define K0 = K ∩ F̃; note

K/K0 is regular, hence there is an epimorphism GK ↠ GK0 and thus an embedding

S(GK0) ↪→ S(GK). In the style of Koenigsmann [Koe16b], denote by Thalg(K) the

subset of Th(K;Lr) given by dictating which monic irreducible one variable polynomials

over F do and do not have a root in K (see [Koe16b, p. 935]; note Thalg(K) ⊆ Th(K0;Lr)

but equality does not, in general, hold). We have the following corollary to Corollary

4.1.2:
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Remark 4.1.3. By Th(S(GK);LG(S(GK0)))∗ below we mean the set of Lr(K0)-sentences

obtained from the recursive translation map −∗ of Theorem 4.1.1. Indeed, let φ ∈

Form(LG), a ∈ S(GK0), and S(GK) |= φ(a). Let b ∈ K0 encode a ∈ S(GK0) (by which

we mean they are compatible in the sense of [Feh17, Definition C.5]); then K |= φ∗(b)

(this is [Feh17, Proposition C.9]) and φ∗(b) ∈ Th(S(GK);LG(S(GK0)))∗. □

Corollary 4.1.4. A PAC field K is axiomatised by the following first-order Lr-axiom

scheme:

(1) The characteristic and degree of imperfection of K;

(2) The PAC field axioms, denoted PAC;

(3) Thalg(K);

(4) Th(S(GK);LG(S(GK0)))∗. ■

A result of van den Dries & Lubotzky [vdDL81, §4.8, Proposition] describes a cor-

respondence between projective profinite groups and (perfect) PAC fields, via their ab-

solute Galois groups. We would like to use the following improvement:

Theorem 4.1.5. Let L/K be a Galois extension, G a projective profinite group, and

α : G→ Gal(L/K) an epimorphism. Then K has an extension E with arbitrary degree

of imperfection that is PAC, E ∩ L = K, and there exists an isomorphism γ : GE → G

such that α ◦ γ = resL.

Proof. [FJ08, Theorem 23.1.1]; cf. [CvdDM80, Proposition 38]. ■

We will be able to use this theorem after the next definition, concerning families of

finite groups. Such families are important to classify, as a sufficiently ‘nice’ family of

groups will give rise to a ‘nice’ profinite group via an inverse limit, as we shall see in

Theorem 4.1.7.

Definition 4.1.6. Let C be a family of finite groups containing the trivial group. We

call C a formation if it satisfies the following two properties (see [FJ08, §17.3]):
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(1) If G ∈ C and G is a homomorphic image of G, then G ∈ C.

(2) Let G be a finite group, N1, N2 ◁ G, N1 ∩N2 = {1}, and G/N1, G/N2 ∈ C. Then

G ∈ C.

We call C a full formation if it satisfies the following properties:

(1∗) Let 1→ N → G→ G→ 1 be a short exact sequence of finite groups. Then G ∈ C

if and only if N,G ∈ C.

(2∗) If G ∈ C and H ≤ G, then H ∈ C.

In particular, note that (1∗) =⇒ (1), (2) (and see [FJ08, §17.3]). Examples of full

formations include the family of all finite groups, the family of all finite p-groups for any

prime p, and the family of all solvable groups.

We now have the tools to complete the following, outlined to the author by E.

Hrushovski:

Theorem 4.1.7. No PAC field is finitely axiomatisable (even among the class of PAC

fields of the same characteristic and degree of imperfection).

This is to say that, given a PAC field L, there does not exist an Lr-sentence γ such

that for all PAC fields F of the same characteristic and degree of imperfection as L,

F |= γ ⇐⇒ F ≡Lr L.

Proof. Assume for the purpose of contradiction there exists a finitely axiomatisable

PAC field K; in particular, by Corollary 4.1.4 to characterise K among all PAC fields

of the same characteristic and degree of imperfection, we need only finite many axioms

Σ1 ⊂ Thalg(K), Σ∗
2 ⊂ Th(S(GK);LG(S(GK0)))∗ (where Σ2 ⊂ Th(S(GK);LG(S(GK0)))

is finite).

Let Λ be the set of universal sentences of Σ1; Λ specifies the monic irreducible

univariate polynomials over F (the prime subfield) in Σ1 which do not have a root in

K. Let Kbad be the join of minimal Galois extensions F/K with F |= ¬λ for λ ∈

Λ. Then Kbad/K is finite, Kbad |= ¬Λ, and Gal(Kbad/K) is a quotient of GK . As
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there is an epimorphism GK ↠ Gal(Kbad/K), there is an embedding of LG-structures

S(Gal(Kbad/K)) ↪→ S(GK).

Let a ∈ S(GK0) ⊂ S(GK) be a finite tuple of elements such that Σ2 is a set of (finitely

many) LG(a)-sentences. Fix nk ∈ N such that S1, . . . , Snk
is the smallest consecutive

sequence of sorts involving the sentences of Σ2. (Each sentence φ has finitely many

occurrences of the symbols ≤, C, P , finitely many constant symbols, and finitely many

bounded variables. Hence there exists nφ ∈ N such that the LG(a)-symbols and variables

occurring in φ occur at the sorts S1, . . . , Snφ .) Let p̂ be the smallest prime larger than

nk + |Gal(Kbad/K)|, P the set of primes {2, 3, . . . , p̂}, and C the formation of finite

groups whose order is necessarily a product of powers of primes of P (including trivial

powers). As this formation is full, and GK is projective, the maximal pro-C quotient of

GK (denoted GP ) is also projective ([FJ08, Proposition 22.4.8]).

Consider S(GP ) as LG-structure: it may be expanded to an LG(a)-structure. Indeed,

for ai ∈ a, let giNi be the interpretation of ai in S(GK), where giNi ∈ GK/Ni is of sort

ni, Ni ◁ S(GK). By design, ni ≤ p̂ and there exists N ′
i ◁GP with ψi : GK/Ni

∼=−→ GP /N
′
i

by the Isomorphism Theorems for Compact Groups [FJ08, p. 5]. Define the interpreta-

tion of ai in S(GP ) to be ψi(giNi).

In fact, there is a correspondence between closed Nk ◁GK of index k ≤ p̂, and closed

N ′
k ◁GP of index k ≤ p̂, with GK/Nk

∼= GP /N
′
k, by [Rot99, Theorem 2.28(ii)] (note the

quotient map GK ↠ GP is continuous, so Rotman’s proof holds for closed subgroups).

Therefore if φ is a sentence of Σ2, S(GP ) |= φ, as S(GK) |= φ and the LG(a)-symbols and

variables of φ occur in the sorts S1, . . . , Sp̂. Moreover, by construction Gal(Kbad/K) is

up to isomorphism a quotient of GP , hence there is an epimorphism GP ↠ Gal(Kbad/K).

Let F1(q) be the free pro-q group on one generator, where q is a prime larger than

p̂. Finally, let GP ⋆ F1(q) be the free product1 of GP and F1(q). By [FJ08, Proposition

22.4.10], GP ⋆ F1(q) is a projective profinite group. The LG-theories of GP ⋆ F1(q)

and GP clearly differ; there is an epimorphism from GP ⋆ F1(q) to Z /q Z, however no

such epimorphism from GP exists by construction. However S(GP ⋆ F1(q)) |= Σ2: if

1The coproduct in the category of profinite groups. In [FJ08, Lemma 22.4.9] it is proven this is the
profinite completion of the free product G of abstract groups GP ,F1(q), with respect to the collection
of N ◁G of finite index, such that N ∩GP is open in GP and N ∩ F1(q) is open in F1(q).
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Ni ◁ GP ⋆ F1(q) is of index ≤ p̂, under the projection GP ⋆ F1(q) ↠ GP ⋆ F1(q)/Ni we

must have F1(q) ≤ Ni, as otherwise F1(q) would have a proper normal subgroup of index

≤ p̂. (This is a contradiction, as F1(q) is pro-q and p̂ < q.) By [Rot99, Theorem 2.28(ii)]

there is a correspondence between closed Nk ◁ GP ⋆ F1(q) of index k ≤ p̂, and closed

N ′
k ◁ GP of index k ≤ p̂, with GP ⋆ F1(q)/Nk

∼= GP /N
′
k, (again note the quotient map2

GP ⋆F1(q) ↠ GP ⋆F1(q)/⟨F1(q)⟩ ∼= GP is continuous, so Rotman’s proof holds for closed

subgroups). Hence for any LG(a)-sentence φ with variables over the sorts S1, . . . , Sp̂,

S(GP ) |= φ⇔ S(GP ⋆ F1(q)) |= φ. We conclude S(GP ), S(GP ⋆ F1(q)) |= Σ2.

By Theorem 4.1.5 there exist PAC fields F1, F2 ⊇ K such that GF1
∼= GP , GF2

∼=

GP ⋆F1(q), and F1∩Kbad = F2∩Kbad = K. We conclude that F1, F2 |= Σ1∪Σ∗
2, however

F1 ̸≡ F2 as S(GF1) ̸≡LG
S(GF2); a contradiction as required. ■

Remark 4.1.8. Cultural Remark. As mentioned previously, the undecidability of the

theory of PAC fields is due to Cherlin, van den Dries & Macintyre [CvdDM80] and,

independently, Ershov [Ers81]. Ershov proved this result explicitly for characteristic 0

PAC fields (though was probably aware of its truth in more generality). Fried & Jar-

den [FJ08, Chapter 28] present these results for perfect PAC fields, as historically PAC

fields were typically taken as perfect. Cherlin, van den Dries & Macintyre remark “[their

undecidability statement] remains true if we prescribe characteristic and any degree of

imperfectness compatible with the characteristic” [CvdDM80, p. 93]. Going forward,

we will not assume perfectness. □

Both sets of mathematicians used the characterisation of the absolute Galois groups

of (perfect) PAC fields as projective profinite groups to encode the theory of nontrivial

graphs into the theory of such PAC field structures. Both proofs have been combined

and presented by Fried & Jarden [FJ08, Chapter 28] and it is this proof we will ref-

erence. Note that, as Ershov remarks, this proof technique demonstrated already the

hereditary undecidability of the theory of perfect PAC fields ([Ers81, p. 260]). We are

2For notation, recall §1.3.
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aiming for something more general: that every finite subtheory of any given PAC field

is undecidable.

As has already been mentioned, these proofs require a correspondence between

graphs and profinite groups. In [FJ08, §28.6 – §28.8] it is outlined precisely how one

can assign a graph ΓG to every profinite group G using two finite groups as parameters

(denoted D and W ): we present this assignment now. This will be referenced in §4.2 &

§4.3.

Construction 4.1.9. Given a profinite group G, define the graph ΓG = (AG, RG) where

the set of vertices AG is the set of open N ◁G such that G/N ∼= D, and the edge relation

RG is the set of pairs (N1, N2) ∈ AG × AG such that N1N2 = G and there exists an

open M ◁G such that M ≤ N1 ∩N2 and G/M ∼= W . Furthermore, there are conditions

on the finite groups D and W = U ⋊ (D × D) that guarantee the surjectivity of the

map G 7→ ΓG, known by Fried & Jarden as the graph conditions. They are (from [FJ08,

Definition 28.7.2]):

(G1) D, U have no composition factors in common.

(G2) For each finite set I and epimorphism π : DI → D, there exists i ∈ I such that

ker(π) = ker(πi), where πi is the projection map to the ith coordinate of DI .

(G3) The intersection of all maximal subgroups of W is trivial, as is the intersection of

all maximal subgroups of D.

(G4) For each embedding θ′ : D ×D →W as a semidirect complement (i.e. U · θ′(D ×

D) = W , and U ∩ θ′(D × D) = 1) and for each nontrivial N ◁ U , neither factor

D1 = D × {1}, D2 = {1} ×D acts trivially via conjugation on N through θ′.3

Suppose D,W satisfy these conditions and are in a split short exact sequence:

1 U W D ×D 1.
λ

θ

3This is to say there exists η ∈ N , d ∈ D1 ∪D2 such that ηθ′(d) = θ′(d) · η · θ′(d)−1 ̸= η.
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Following the notation of [FJ08, §28.8], let Γ = (A,R) and consider the profinite

group DA ×WR and the canonical coordinate projections

πA : DA ×WR → DA; πA(d,w) = d;

πa : DA ×WR → D; πa(d,w) = da for a ∈ A;

πr : DA ×WR →W ; πr(d,w) = wr for r ∈ R;

Define GΓ := {(d,w) ∈ DA × WR : r = (a, b) ∈ R ⇒ λ(wr) = (da, db)}. This

is a closed subgroup of DA ×WR, hence is profinite. The graphs Γ, ΓGΓ
are indeed

isomorphic ([FJ08, Proposition 28.8.3]), and

1 UR GΓ DA 1
πA|GΓ

is a split short exact sequence ([FJ08, Lemmas 28.8.1 & 28.8.2]). ■

Definition 4.1.10. Let K be a field. Define the graph ΓK = (AK , RK) by

AK = {L : L/K is Galois and Gal(L/K) ∼= D},

RK = {(L1, L2) ∈ AK ×AK : L1 ∩ L2 = K and ∃N/K Galois s.t.

L1L2 ⊆ N and Gal(N/K) ∼= W}.

(Recall D,W are some fixed finite groups satisfying (G1)–(G4) of Construction 4.1.9.)

Through the map L 7→ GL we see ΓK and ΓGK
are isomorphic. We will now argue

that K can ‘see’ ΓK , through encoding finite Galois extensions K ⊂ L ⊂ Ks, within a

fixed separable closure Ks. We assume familiarity with Appendix A.1.

Construction 4.1.11. [FJ08, pp. 694–695]. For l ∈ Z>0 let fx(T ) = T l + x1T
l−1 +

· · · + xl, and if a ∈ K l, denote the splitting field of fa(T ) over K by Ka. Let H be a

finite group, and αl,H(x) be an Lr-formula such that, for a ∈ K l,

K |= αl,H(a) ⇐⇒ fa(T ) is separable and Gal(Ka/K) ∼= H.
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Using this and a finite group E, with l = |H| one may construct an Lr-formula ρH,E

such that for b, c ∈ K l,

K |= ρH,E(b, c) ⇐⇒ Kb ∩Kc = K, K |= α|H|,H(b) ∧ α|H|,H(c), and

K |= ∃z (α|E|,E(z) ∧ “Kb ⊆ Kz” ∧ “Kc ⊆ Kz”).

We may then define a recursive translation map −′ : Form(Lgr)→ Form(Lr); ϕ 7→ ϕ′

by the following rules:

• R(X,Y ) 7→ (R(X,Y ))′ = ρH,E(x, y);

• ¬φ 7→ ¬(φ′);

• φ1 ∧ φ2 7→ (φ′
1) ∧ (φ′

2);

• ∃x(φ) 7→ ∃x (α|H|,H(x) ∧ φ′(x)). □

Lemma 4.1.12. Let K be a field; ΓK is interpretable in K.

Proof. Recalling Definition A.2, set L1 = Lr, L0 = Lgr, n = |D|, δ(x) = αn,D(x),

and f : αn,D(Kn) → ΓK ; a 7→ Ka. This is indeed surjective, as if L/K is Galois with

Gal(L/K) ∼= D, it is the splitting field of a degree n = |D| monic separable polynomial

fa(T ) = Tn + a1T
n−1 + · · ·+ an over K, and hence K |= αn,D(a).

Note Definition A.2 (2) is satisfied by Construction 4.1.11 with E = W , and condi-

tion (†) is confirmed in [FJ08, p. 695]. ■

Remark 4.1.13. Notice the above interpretation is uniform in the sense that the Lr-

formula αn,D(x) and the map −′ : Form(Lgr) → Form(Lr) of Construction 4.1.11 do

not depend on K or ΓK . □

Now, let K be a PAC field and Σ ⊂ Th(K;Lr) a finite subtheory. We shall eventually

prove:
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Theorem 4.1.14. For any nontrivial graph Γ there exists a PAC field KΓ ⊇ K such

that KΓ |= Σ and ΓKΓ
∼= Γ.

Before this, some definitions.

Definition 4.1.15. Let G be a profinite group. The intersection of all maximal open

subgroups of G is a normal closed subgroup of G called the Frattini group of G and

denoted Φ(G).

Fried & Jarden remark that under the operation G 7→ Φ(G), there are “functorial

properties” [FJ08, p. 498], e.g. if N ◁ G is closed, Φ(N) ≤ Φ(G), or if θ : H → G

is an epimorphism of profinite groups, θ(Φ(H)) ≤ Φ(G). See [FJ08, §22.1] for more

information.

Definition 4.1.16. A homomorphism of profinite groups φ : H → G is a Frattini cover4

if φ is surjective and ker(φ) ≤ Φ(H).

Note that as φ maps the set of all maximal open subgroups of H onto the set of all

maximal open subgroups of G, φ(Φ(H)) = Φ(G). There are various other properties of

such maps, e.g. they preserve the rank of a group (see [FJ08, §22.5]).

Given a profinite group G, one can partially order the epimorphisms of profinite

groups onto G: i.e. if θi : Hi → G for i = 1, 2 are epimorphisms, θ2 is larger than θ1

if there is an epimorphism θ : H2 → H1 such that θ1 ◦ θ = θ2. As we will consider

mainly projective groups, we shall be interested in universal Frattini covers that satisfy

the following proposition:

Proposition 4.1.17. [FJ08, Proposition 22.6.1]. Every profinite group G has an asso-

ciated projective group5 G̃ and a Frattini cover φ̃ : G̃ → G, unique up to isomorphism,

called the universal Frattini cover, satisfying the following equivalent conditions:

• φ̃ is the largest Frattini cover of G;

• if G̃′ is a projective profinite group and λ : G̃′ ↠ G is an epimorphism, then λ is

larger than φ̃. ■
4Another name used for an epimorphism of profinite groups is a cover, hence the terminology.
5Sometimes known as the Frattini hull of G.
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This concludes the pouring of the foundations; we are ready to begin construction.

Recall K is a PAC field with Σ a finite subtheory of Th(K;Lr). To prove Theorem

4.1.14, finding parameters DΣ, UΣ,WΣ such that the Fried-Jarden graph machinery

still operates correctly, and does not ‘interfere’ with the part of the absolute Galois

group of K axiomatised by Σ, will be the crucial step. Recall we require DΣ and

WΣ = UΣ ⋊ (DΣ ×DΣ) to be finite groups with the following properties:

(G1) DΣ, UΣ have no composition factors in common.

(G2) For each finite set I and epimorphism π : DI
Σ → DΣ, there exists i ∈ I such that

ker(π) = ker(πi), where πi is the projection map to the ith coordinate of DI
Σ.

(G3) Φ(WΣ) = Φ(DΣ) = 1.

(G4) For each embedding θ′ : DΣ × DΣ → WΣ as a semidirect complement (i.e. UΣ ·

θ′(DΣ ×DΣ) = WΣ, and UΣ ∩ θ′(DΣ ×DΣ) = 1) and for each nontrivial N ◁ UΣ,

neither factor D1 = DΣ×{1}, D2 = {1}×DΣ acts trivially via conjugation on N

through θ′.

By the Compactness Theorem, there exists a finite set of Lr-sentences ∆ such that

∆ |= Σ and ∆ = ∆1∪∆2∪∆3∪∆∗
4, where ∆1 is a finite subset of Lr-sentences specifying

the characteristic and degree of imperfection of K (Corollary 4.1.4 (1)), ∆2 is a finite

subset of PAC (Corollary 4.1.4 (2)), ∆3 is a finite subset of Thalg(K) (Corollary 4.1.4

(3)), ∆∗
4 is a finite subset of Th(S(GK);LG(S(GK0)))∗ (Corollary 4.1.4 (4)), and ∆4 is

a finite subset of Th(S(GK);LG(S(GK0))) with φ ∈ ∆4 ⇔ φ∗ ∈ ∆∗
4.

Let Λ be the set of universal sentences of ∆3, and let Kbad be the join of minimal

Galois extensions F/K with F |= ¬λ for λ ∈ Λ. Let aΣ ∈ S(GK0) ⊂ S(GK) be a

finite tuple of elements such that ∆4 is a set of finitely many LG(aΣ)-sentences. Fix

nΣ ∈ N such that S1, . . . , SnΣ is the smallest consecutive sequence of sorts involving

the sentences of ∆4. (Each sentence φ has finitely many occurrences of the symbols

≤, C, P , finitely many constant symbols, and finitely many bounded variables. Hence

there exists nφ ∈ N such that the LG(aΣ)-symbols and variables occurring in φ occur

in the sorts S1, . . . , Snφ .) Let p̂ be the smallest prime larger than nΣ + |Gal(Kbad/K)|,
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PΣ the set of primes {2, 3, . . . , p̂}, and CΣ the formation of finite groups whose order is

necessarily a product of powers of primes of PΣ (including trivial powers). Define GPΣ

to be the maximal pro-CΣ quotient of GK .

Construction 4.1.18. Choose primes t, r, s such that t > r > s > p̂, r ≡ 1 mod s, and

t ≡ 1 mod s (this can be done by Dirichlet’s Theorem on Arithmetic Progressions). Let

UΣ = Ct (the multiplicative cyclic group of order t) and DΣ = Cr ⋊ι Cs, where as r ≡ 1

mod s, there is an embedding ι : Cs ↪→ Cr−1
∼= Aut(Cr) which determines the group

operation:

(c1, d1) · (c2, d2) := (c1ι(d1)(c2), d1d2).

Let γ be a generator of Cr and β be a generator of Cs, and consider these both as

elements of DΣ. (Abusing notation, write γ for (γ, 1) and β for (1, β).) Then calculation

shows in Cr ⋊ι Cs we have the formula

βa · γb = γbp(r)
ak · βa,

where r− 1 = ks and p(r) is a primitive root modulo r (i.e. a generator of (Z /rZ)∗,

the multiplicative group of integers modulo r). One can check from this that elements

of the form γi · βj do not commute with one of γ or β when 0 ≤ i < r, 0 ≤ j < s, and

i+ j > 0, hence DΣ is centreless. As t ≡ 1 mod s, there is an embedding Cs ↪→ Ct−1
∼=

Aut(Ct) which can be extended to a group homomorphism

t : DΣ = Cr ⋊ Cs ↠ Cs ↪→ Aut(Ct) = Aut(UΣ).

Let WΣ = UΣ ⋊τ (DΣ × DΣ) under the homomorphism τ : DΣ × DΣ → Aut(UΣ);

(x, y) 7→ t(x)t(y), and note the following is a split exact sequence:

1 UΣ WΣ DΣ ×DΣ 1.
λ

θ
■

Lemma 4.1.19. With DΣ, UΣ,WΣ from Construction 4.1.18, (G1)–(G4) are satisfied.

Proof. We follow [FJ08, Example 28.7.4] as much as possible.
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(G1) is satisfied: the composition factors of DΣ are Cr and Cs, distinct to the

(unique) composition factor Ct.

(G2) is satisfied: let I be a finite set and π : DI
Σ =

∏
i∈I(DΣ)i → DΣ an epimorphism.

We may suppose ker(π) ∩ (DΣ)i is a proper (normal) subgroup of DΣ for each i ∈ I;

otherwise if (DΣ)j ≤ ker(π) for some j ∈ I we may consider the epimorphism π′ :

D
I\{j}
Σ → DΣ and apply induction to find i ∈ I \ {j} such that ker(π) = ker(πi).

For each i ∈ I, ker(π)∩ (DΣ)i is thus either 1 or a cyclic subgroup of (DΣ)i of prime

order. As ker(π) ∩ (DΣ)i is normal, then ker(π) ∩ (DΣ)i = 1 or ⟨γi⟩ where γi ∈ (DΣ)i

is of order r. If ker(π) ∩ (DΣ)i = ⟨γi⟩ for all i ∈ I, then by the First Isomorphism

Theorem for Groups the centre of DΣ is nontrivial – a contradiction. WLOG suppose

ker(π) ∩ (DΣ)1 = 1. By the First Isomorphism Theorem for Groups, π((DΣ)1) = DΣ,

and every element of π((DΣ)i) for i ̸= 1 commutes with every element of DΣ. This is a

contradiction unless I = {1} (as we have assumed ker(π) ∩ (DΣ)i is a proper subgroup

of DΣ for each i ∈ I).

(G3) is satisfied: from the formula βa · γb = γbp(r)
ak · βa one can calculate

(β · γ)n = γ
∑n

i=1 p(r)
ik · βn.

The order of βγ is thus s, as s is the smallest power n for which βn = 1, and recalling

sk = r − 1, p(r)r−1 ≡ 1 mod r, note:

s∑
i=1

p(r)ik ≡
s−1∑
i=0

(p(r)k)i ≡ (p(r)k)s − 1

p(r)k − 1
≡ 0 mod r.

Hence ⟨βγ⟩ and ⟨β⟩ both have index r in DΣ, and ⟨βγ⟩ ∩ ⟨β⟩ = 1. By definition

Φ(DΣ) ≤ ⟨βγ⟩ ∩ ⟨β⟩, hence Φ(DΣ) = 1 and Φ(WΣ) ≤ UΣ. However θ(DΣ × DΣ) has

index t in WΣ, thus Φ(WΣ) ≤ UΣ ∩ θ(DΣ ×DΣ) = 1.

Finally, (G4) is satisfied: let θ′ be an embedding of DΣ×DΣ into WΣ as a semidirect

complement. Since the orders of UΣ and DΣ × DΣ are relatively prime, θ′(DΣ × DΣ)

is conjugate to θ(DΣ × DΣ) by the Schur-Zassenhaus Lemma6. By (G2), DΣ × DΣ

6The formulation we use is [FJ08, Lemma 22.10.1].
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has a unique factorisation as a direct product of two copies of DΣ, meaning we may

canonically write DΣ ×DΣ = D1 ×D2. We have, for w ∈ WΣ, v ∈ UΣ (also denoted v

as an element of WΣ), and d ∈ D1 ∪D2:

vθ
′(d) = vθ(d)

w

= θ(d)w · v · (θ(d)w)−1 = (w · θ(d) · w−1) · v · (w · θ(d) · w−1)−1

= (w · θ(d) · w−1) · v · (w · θ(d)−1 · w−1) = w · [θ(d) · [w−1 · v · w] · θ(d)−1] · w−1

= w · τ(d)(w−1 · v · w) · w−1.

Note as UΣ is normal, v := w−1 · v · w ∈ UΣ. If w · τ(d)(w−1 · v · w) · w−1 = v, then

τ(d)(v) = v. However we may choose v ∈ UΣ and d ∈ D1 ∪ D2 such that v ̸= 1 and

τ(d) ∈ Aut(UΣ) has τ(d)(v) ̸= v. Hence neither of D1 or D2 act trivially via conjugation

on UΣ through θ′, as desired. ■

Given a graph Γ = (A,R), consider the profinite group GΓ from Construction 4.1.9

using DΣ and WΣ (we suppress the Σ notation in GΓ). There is a split exact sequence

1 UR
Σ GΓ DA

Σ 1.

Consider the cotheory of GΓ: by design, there are no proper open normal subgroups

N ◁GΓ of index less than or equal to p̂. Hence the only element of S(GΓ) of sort n ≤ p̂

is 1GΓ. Note also, Γ ∼= ΓGΓ
from Construction 4.1.9. Let G̃Γ be the universal Frattini

cover of GΓ with map f : G̃Γ → GΓ. By [CvdDM80, Corollary 54] the sorts S1, . . . , Sp̂

of S(G̃Γ) remain trivial, and Γ
G̃Γ

∼= ΓGΓ
by [FJ08, Lemma 28.6.1]. Let G∗

Γ = GPΣ
⋆ G̃Γ.

Then G∗
Γ is projective ([FJ08, Proposition 22.4.10]) and S(G∗

Γ) |= ∆4. (Indeed, S(G∗
Γ)

is an LG(aΣ)-structure and S(G∗
Γ) |= ∆4; as the argument for this is pp. 75–76, with

∆4 = Σ2 and Fp(q) replaced by G̃Γ, we do not repeat it here.) We claim ΓG∗
Γ

∼= Γ
G̃Γ

, or

more generally:

Lemma 4.1.20. Let H be a pro-CΣ group7; then Γ
H ⋆ G̃Γ

∼= Γ
G̃Γ

.

7Recall CΣ is the full formation of finite groups whose order is a product or primes of PΣ.
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Proof. A minor adaptation of [FJ08, Lemma 28.6.1]. Consider the quotient map π :

H ⋆ G̃Γ → G̃Γ, with kernel ⟨H⟩ the least closed normal subgroup of H ⋆ G̃Γ containing

H. For open normal subgroups N ◁ G̃Γ, there is an isomorphism

G̃Γ/N ∼= (H ⋆ G̃Γ)/π−1(N).

This yields an embedding Γ
G̃Γ

↪→ Γ
H ⋆ G̃Γ

along π−1.

Conversely, if M ◁H ⋆ G̃Γ is open, and H ⋆ G̃Γ/M ∼= DΣ (resp. WΣ), then consider

ρ : H ⋆ G̃Γ ↠ DΣ (resp. WΣ) and notice ρ(H) ≤ DΣ (resp. WΣ). Since any quotient

of H by an open normal subgroup of H is a PΣ-group, there exists elements of ρ(H)

of the wrong order (by Lagrange’s Theorem) unless H ≤ ker(ρ). As ker(ρ) is a normal

subgroup of H ⋆ G̃Γ, ker(π) = ⟨H⟩ ≤ ker(ρ) = M . Therefore M = π−1(π(M)) and thus

π−1 induces an isomorphism of graphs Γ
H ⋆ G̃Γ

∼= Γ
G̃Γ

as required. ■

We are ready to prove:

Theorem 4.1.14. For any nontrivial graph Γ there exists a PAC field KΓ ⊇ K such

that KΓ |= Σ and ΓKΓ
∼= Γ.

Proof. Given Γ, Σ, construct the projective profinite groupG∗
Γ. Note that Gal(Kbad/K)

is a quotient of GPΣ
, which is a quotient of G∗

Γ, hence there is an epimorphism G∗
Γ ↠

Gal(Kbad/K). By Theorem 4.1.5 there is a PAC field KΓ extending K, of the same

degree of imperfection as K, such that KΓ ∩ Kbad = K and GKΓ
∼= G∗

Γ. Therefore

KΓ |= ∆1 ∪ ∆2 ∪ ∆3 ∪ ∆∗
4 by construction, hence KΓ |= Σ, and Γ ∼= ΓGKΓ

∼= ΓKΓ
as

required. ■

Corollary 4.1.21. Every PAC field is finitely undecidable.

Proof. Fix K a PAC field and Σ ⊂ Th(K;Lr) a finite subtheory. Let Γ be a nontrivial

graph; by Lemma 4.1.12 & Theorem 4.1.14 there exists a PAC field KΓ |= Σ and Γ

is interpretable in KΓ. Furthermore, the interpretation of Lemma 4.1.12 is uniform in

the sense of Definition A.6; the class of nontrivial graphs is uniformly interpretable in
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the class of PAC fields satisfying Σ. We conclude PAC∪Σ is hereditarily undecidable by

Corollary A.15, hence Σ is undecidable as required. ■

Example 4.1.22. Let K be a countable ω-free PAC field of characteristic 0 containing

Q̃. By standard results (cf. [Koe16b, Proposition 9]) Th(K;Lr) is decidable, however by

Corollary 4.1.21, Th(K;Lr) is finitely undecidable. □

As an undecidability result, Corollary 4.1.21 is interesting in its own right. With

Theorem 4.1.7 & Corollary 4.1.21 there are connections back to Problems 1.2.1 & 1.2.5,

modulo a classification-theoretic conjecture:

Corollary 4.1.23. Assume the Simple Fields Conjecture. Then every infinite simple

field is not finitely axiomatisable, and furthermore is finitely undecidable. ■

4.2 Pseudo-Real Closed Fields

After considering PAC fields, the next natural step to take is to the pseudo-real closed

fields; the PAC-analogue of an ordered field.

Remark 4.2.1. Subtlety: uniqueness of real closure. Recalling §1.3, Q as an ordered

field has a unique ordering (the ‘usual’ one) and has a unique (up to order isomorphism)

real closure Ralg := R∩ Q̃. By real closure of a field K with positive cone P , we mean

a real closed algebraic extension of K whose order extends P . Ralg is real closed, and

its order is necessarily unique as it is the set (Ralg)2.

Clearly, as fields Q ⊂ Q(
√

2) ⊂ Ralg, and Q(
√

2) has two distinct orderings P1, P2

extending that of Q. They are distinct, but order-isomorphic: (Q(
√

2), P1) is isomor-

phic to (Q(
√

2), P2). However, as P1 ̸= P2, Q(
√

2) has two nonisomorphic real closures

R1, R2, i.e. (and this is the crucial point) there is no isomorphism R1 → R2 preserving

the embedding of Q(
√

2) in R1 and R2. As fields, Ralg, R1, R2 are all isomorphic; as

ordered fields (WLOG) Ralg
∼= R1 ̸∼= R2 over Q(

√
2); and Ralg

∼= R1
∼= R2 over Q.
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Therefore it very much matters over which field one takes the real closure. This con-

trasts with algebraically closed fields, where any two algebraic closures of Q(
√

2) are

isomorphic over Q and Q(
√

2). □

PRC fields were given their modern formulation by Prestel [Pre81, Theorem 1.2]:

Definition 4.2.2. A field K is pseudo-real closed (PRC) if every geometrically irre-

ducible variety defined over K, which has a smooth K-rational point in each real closure

K of K, has a K-rational point.

We assume the reader is familiar with [HJ85]; if not, the notions relevant to this

chapter are covered in Appendix B. The theory of formally real PRC fields is also unde-

cidable8 by the work of Haran:

Theorem 4.2.3. [Har84, Theorem 3.1]. Let Ξ be a nonempty family of Boolean spaces,

and PRC(Ξ) the elementary theory of the class of PRC fields K such that X(K) ∈ Ξ.

Then PRC(Ξ) is undecidable. ■

It is Haran’s proof we will adapt to determine the following:

Corollary 4.2.16. Every PRC field is finitely undecidable.

Recall from [HJ85]/Appendix B the category of Artin-Schreier structures; this is the

‘right’ category to consider the Galois theory of PRC fields in, as evidenced by the main

result of [HJ85]:

Theorem 4.2.4. [HJ85, Theorem 10.4]. If K is a PRC field, then GK is projective.

Conversely, if G is a projective Artin-Schreier structure, there exists a PRC field K such

that G ∼= GK . ■

Haran & Jarden actually prove a theorem slightly more precise than this. They

prove a corresponding Theorem 4.1.5: given a PRC field K, they produce a PRC field

extension E whose algebraic part is governable relative to K, yet has an almost arbitrary

absolute Artin-Schreier structure.
8In fact, hereditarily undecidable: Ershov’s remark [Ers81, p. 260] on his proof of the hereditary

undecidability of PAC applies here.

87



CHAPTER 4. FINITE UNDECIDABILITY II: PSEUDO-CLOSEDNESS

Theorem 4.2.5. [HJ85, Theorem 10.2]. Let G be a projective Artin-Schreier structure.

Let L/K be a Galois extension such that
√
−1 ∈ L and let π : G → Gal(L/K) be an

epimorphism. Then there exists a PRC extension E/K such that G ∼= GE, and

G GE

Gal(L/K)

∼=

π ResL

is a commutative diagram. ■

Immediately, we obtain:

Corollary 4.2.6. Let L/K be a Galois extension, G a projective Artin-Schreier struc-

ture, and α : G → Gal(L(
√
−1)/K) an epimorphism. Then K has an extension E

which is PRC, E ∩ L(
√
−1) = K, and there exists an isomorphism γ : GE → G such

that α ◦ γ = ResL. ■

There is a rich theory of absolute Artin-Schreier structures one can develop alongside

the theory of absolute Galois groups. As the absolute Galois group, plus some algebraic

information, completely determines the first-order theory of a PAC field K, one would

hope the same can be said for PRC fields. If two PRC fields K1,K2 are elementary

equivalent, by interpreting finite Galois extensions of K1 (resp. K2) in K1 (resp. K2) we

can draw some elementary equivalence between GK1 and GK2 . Of course, the algebraic

information must also be equivalent. The difficulty is in saying whether this information

is sufficient to force K1 ≡ K2. This can be done, however, using an adapted PAC lemma

by Ershov [Ers84] and written explicitly by Jarden [Jar88].

Theorem 4.2.7. (cf. [Ers84, Theorem 2], [Jar88, Proposition 3].) Let K1,K2 be PRC

fields, separable over a common subfield E. Then K1 ≡E K2 if and only if K1 & K2 have

the same degree of imperfection, there exists θ ∈ GE such that θ(K1 ∩ Es) = K2 ∩ Es,

and if SΘ : S(GK1∩Es)→ S(GK2∩Es) is the isomorphism induced by θ, then the partial

map SΘ : S(GK1)→ S(GK2) with domain S(GK1∩Es) is LG-elementary.

Proof. The following is Chatzidakis [Cha02, Theorem 5.13], mutatis mutandis. As-

suming K1 ≡E K2, it is clear there exists θ ∈ GE with θ(K1 ∩ Es) = θ(K2 ∩ Es), and
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the partial map SΘ : S(GK1)→ S(GK2) induced by θ is LG-elementary on S(GK1∩Es).

Conversely, assume we have the maps θ, SΘ. Moving K1
s by an automorphism

extending θ, we may assume WLOG K1 ∩ Es = K2 ∩ Es, then replace E by K1 ∩ Es

and θ by the identity map. Note now K1,K2 are regular extensions of E, and SΘ is the

identity on S(GE).

By an analogue of the Keisler-Shelah Theorem, there is a nonprincipal ultrafilter

U on an index set I such that S(GKU
1

) ∼=S(GE) S(GKU
2

) (see [Cha02, (5.12)] with Re-

marks (2), §5.5 ibid.). Dualising, there is a group homeomorphism φ : GKU
1
→ GKU

2

such that for every σ ∈ GKU
1

, φ(σ)|Es = σ|Es . By Cherlin, van den Dries & Macin-

tyre [CvdDM80, §3]9 (for nonformally real PRC fields) and Jarden [Jar88, Proposition

3] (for formally real PRC fields), this forces KU
1 ≡E KU

2 , hence K1 ≡E K2 as required. ■

Note this is elementary equivalence in the language of rings (over a common subfield);

not the language of ordered rings.

Corollary 4.2.8. A PRC field K is axiomatised by the following first-order Lr-axiom

scheme:

(1) The characteristic and degree of imperfection of K;

(2) The PRC field axioms, PRC;

(3) Thalg(K);

(4) Th(S(GK);LG(S(GK0)))∗. ■

(Recall Remark 4.1.3, and that K0 = K ∩ Fs where F is the prime subfield of K.)

Remark 4.2.9. We emphasise here that if K is a formally real PRC field (distinct to

the nonformally real PRC fields; the PAC fields) then necessarily K has characteristic

0. In addition, the orders on K can in a way be ‘seen’ by Th(S(GK);LG(S(GK0))).

Indeed, the space of orders X(K) = X(K(
√
−1)/K) ∼= X(Ks/K)/GK(

√
−1), which is

homeomorphic to Inv(GK)/GK(
√
−1) by Theorem B.12. □

9Presented also in Fried & Jarden [FJ08, Theorem 20.3.3].

89



CHAPTER 4. FINITE UNDECIDABILITY II: PSEUDO-CLOSEDNESS

Now that we have a solid description of the first-order theory of any given PRC field,

we are almost ready to conclude its finite undecidability – what remains are category-

theoretic tools, such as Haran’s method of transferring the graph constructions in the

category of profinite groups to the category of Artin-Schreier structures (in [Har84, §2]).

The following recalls [Har84, p. 102]: fix a Boolean space X. For a profinite group

G, let Z/2Z×G act on the Boolean space X ×G by:

(x, g)(1,h) = (x, g)(ε,h) = (x, gh), for x ∈ X and g, h ∈ G,

where Z/2Z = ⟨ε⟩. Define d : X × G → Z/2Z×G by d(x, g) = ε. We have

constructed an Artin-Schreier structure

F (X,G) = ⟨Z/2Z×G, G, d : X ×G→ Z/2Z×G⟩.

This describes a faithful functor F (X,−) from the category of profinite groups to the

category of Artin-Schreier structures (where we extend F to morphisms in the obvious

way), with the additional property that the ‘orbit space’ X(F (X,G))/G ∼= X. Moreover,

if φ is an epimorphism of profinite groups, then F (X,φ) is a cover of Artin-Schreier

structures.

Remark 4.2.10. [Har84, Remark 2.2]. Let L/K be a Galois extension, G a profinite

group, and X a Boolean space; then Gal(L/K) ∼= F (X,G) if and only if
√
−1 ∈ L \K,

X(K) ∼= X, and there exists a totally real10 Galois extension K ⊆ L0 ⊆ L such that

Gal(L0/K) ∼= G and L = L0(
√
−1). □

We will also use the forgetful functor from the category of Artin-Schreier structures

to the category of profinite groups:

Ft(G) = Ft(⟨G,G′, X(G)
d−→ G⟩) = G.

(Morphisms are handled in the obvious way.)

10Each ordering P ∈ X(K) extends to one on L0.
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Given an Artin-Schreier structure G = ⟨G,G′, X(G)
d−→ G⟩, we may perform an

analogous graph construction for a fixed Boolean space X, and as before the groups

D,W mentioned here satisfy conditions (G1)–(G4) of Construction 4.1.9. Let AX
G be

the set of open normal subgroups of G such that N ≤ G′, G/N ∼= F (X,D), and define

the binary relation RX
G on AX

G to be the following set:

{(N1, N2) ∈ AX
G ×AX

G : N1 ̸=N2 & ∃M ◁G open s.t. M ≤ N1 ∩N2, G/M ∼= F (X,W )}.

The structure ΓG,X = (AX
G , R

X
G ) is a graph, and moreover to any graph Γ (and any

Boolean space X) we may construct an Artin-Schreier structure GΓ such that ΓGΓ, X
∼=

Γ; namely GΓ = F (X,GΓ) whereGΓ is the group from Construction 4.1.9 (this is [Har84,

p. 104, comment 1]). Similarly, if K is a field, define Arc
K to be the set of Galois extensions

L (contained in a fixed separable closure Ks of K) such that Gal(L/K) ∼= F (X(K), D).

Define the binary relation Rrc
K on Arc

K by:

Rrc
K = {(L1, L2) ∈ Arc

K ×Arc
K : L1 ̸= L2 & ∃N/K Galois s.t. L1L2 ⊆ N

& Gal(N/K) ∼= F (X(K),W )}.

This defines a graph Γrc
K . Finally, we define the canonical graph structure for G,

denoted ΓG, as ΓG, X(G)/G′ . We have the following intuitive result:

Lemma 4.2.11. Let G be a profinite group, X a Boolean space, and K a field. Then:

• There is a natural isomorphism ΓG
∼= ΓF (X,G), X ;

• Γrc
K
∼= ΓGK , X(K) = ΓGK , X(GK)/GK(

√
−1)

= ΓGK
;

• If ϕ : H→ G is a Frattini cover of Artin-Schreier structures, then ΓG, X
∼= ΓH, X .

Proof. Comments 1, 2, & 3 of [Har84, p. 104]. Frattini covers of Artin-Schreier struc-

tures are introduced and their basic properties proven in [Har84, §1]. ■

One tool needed for the main proof not already introduced is some notion of “free

product”. In the category of Artin-Schreier structures, it is not immediately obvious
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that this category admits a coproduct, and if it does, how that coproduct would behave.

However examining Theorem 4.1.7 we see that in fact we do not need a general coproduct

– we shall see that the following construction will suffice11.

Let G = ⟨G,G′, X(G)
d−→ G⟩ be an Artin-Schreier structure and E a profinite group.

Define

G3E = ⟨G ⋆ E, G′
⋆, Inv(G ⋆ E)

incl.
↪−−→ G ⋆ E⟩,

where “⋆” is the coproduct in the category of profinite groups, G′
⋆ := ker(G ⋆ E →

Z/2Z) where G ⋆ E → Z/2Z is uniquely determined by E → {1}, G → G/G′, where

G/G′ ∼= Z/2Z or {1}, and Inv(G ⋆ E) is the set of involutions of G ⋆ E. Note that a

priori this is not necessarily even a weak Artin-Schreier structure. Though a posteriori,

we have the following result.

Lemma 4.2.12. Let G be a projective Artin-Schreier structure, and E a projective

profinite group. Then G3E is a projective Artin-Schreier structure.

Proof. For exposition and clarity we shall prove this result ‘manually’, though there

are alternative routes (cf. Lemma 4.3.8).

By Theorem B.12, G′ is a projective profinite group and X(G) ∼= Inv(G). Note that

G′
⋆ is open, normal, and of index ≤ 2 in G ⋆ E. Therefore in order for G3E to be a

weak Artin-Schreier structure, it is simply required that Inv(G⋆E) be a closed subset of

G⋆E (as then it is Boolean). Equivalently, by [HJ85, Remark 7.6] we wish there to exist

an open U ◁ G ⋆ E such that U ∩ Inv(G ⋆ E) = ∅. This is satisfied by U = G′
⋆; indeed,

if ϵ ∈ G ⋆ E is an involution, by [HR85, Theorem A] it is conjugate to an involution σ

of G or E. However G′ ≤ G and E are projective, hence torsion free, so σ ∈ G \ G′.

Therefore ϵ ̸∈ ker(G ⋆ E → Z /2Z) above, thus ϵ ̸∈ G′
⋆.

We shall show every finite embedding problem for G3E has a solution, which com-

pletes the proof by Theorem B.11 (2). Consider the following embedding problem:

G3E

B A

φ

α

11cf. [Feh10, §3.3] for a similar technique.
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where φ is a morphism and α is an epimorphism of finite weak Artin-Schreier struc-

tures A,B. By Theorem B.11 (3), as the forgetful map of G3E is injective it will suffice

to assume X(A) ⊆ A, X(B) ⊆ B. Diagrammatically:

G3E ⟨G ⋆ E, G′
⋆, Inv(G ⋆ E) G ⋆ E⟩

B A ⟨A, A′, X(A) A⟩

⟨B, B′, X(B) B⟩

φ

=

φ φ φ

incl.

φ

=

α = incl.

⟲

α α α

incl.

α
⟲

(Note the maps are indeed correctly labelled; each map is φ : G⋆E → A or α : B →

A, restricted to a subset of the relevant group.) This diagram gives rise to the following

two:
G E

B A B A

φ|G φ|E
α α

where α : B′ ↠ A′. The former is solvable by γG : G → B, as G is real projective

(Corollary B.15, i.e. [HJ85, Proposition 7.7]) and this is a real embedding problem

for G. Indeed (following the exposition of [HJ85, p. 474]) we may assume in addition

that X(B) = Inv(B \B′), as by [HJ85, Corollary 6.2] there exists a finite group B1 and

epimorphism θ : B1 ↠ B such that the image under θ of Inv(B1\ker(θ)) is exactly X(B),

and we may replace B with ⟨B1, θ
−1(B′), Inv(B1 \ ker(θ)) ↪→ B1⟩ if desired. Therefore

if ϵ ∈ G is an involution with φ|G(ϵ) ̸= 1, considering ϵ as an involution of G ⋆E, under

α : X(B) ↠ X(A) there exists an involution b ∈ B \ B′ with α(b) = φ(ϵ) = φ|G(ϵ), as

required.

The latter diagram is solvable by γE : E → B (as E is projective). By definition of

the free product, there exists a morphism γ : G ⋆ E → B uniquely extending φ|G, φ|E

such that α ◦ γ = φ.

Consider γ|G′
⋆

: G′
⋆ → B. We wish that γ|G′

⋆
(G′

⋆) ⊆ B′. This is indeed the case: by

definition α(B′) = A′ (and moreover α(B \B′) ⊆ A \A′), so since α ◦ γ = φ : G′
⋆ → A′
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it must be the case γ|G′
⋆
(G′

⋆) ⊆ B′ as desired. We may update the main diagram to:

G3E ⟨G ⋆ E, G′
⋆, Inv(G ⋆ E) G ⋆ E⟩

B A ⟨A, A′, X(A) A⟩

⟨B, B′, X(B) B⟩

φ

=

φ

γ

φ φ

incl.

φ

=

α = incl.

⟲

α

γ

α α

incl.

α
⟲

γ

If it is the case that γ(Inv(G ⋆ E)) ⊆ X(B), then we are finished. Recall X(B) =

Inv(B \B′); then for all ε ∈ Inv(G ⋆E), since α(γ(ε)) = φ(ε) ∈ X(A), by the initial set

up γ(ε) ∈ B \B′ and hence γ(ε) ∈ X(B) as desired.

We conclude that γ : G3E → B is a morphism of weak Artin-Schreier structures

solving the initial finite real embedding problem. This completes the proof. ■

We will reference the following from the proof of [Har84, Theorem 3.1]:

Lemma 4.2.13. Let K be a PRC field; Γrc
K is interpretable (in the sense of Definition

A.2) in K.

Proof. This is [Har84, pp. 106–107], which we elaborate on now. Let G be a finite

group, and αr,G(x1, . . . xr) be an Lr-formula such that

K |= αr,G(a) ⇐⇒ fa(T ) = T r + a1T
r−1 + · · ·+ ar is irreducible over K, and

Gal(Ka(
√
−1)/K) ∼= F (X(K), G),

where a ∈ Kr. Indeed, αr,G(a) can be given by the conjunction of the following

statements:

• fa is irreducible over K, Ka/K is Galois, and Gal(Ka/K) ∼= G;

•
√
−1 ̸∈ K;

• Ka/K is totally real.
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All but the last are standard to express in the language of rings, and the last is

covered by Prestel in [Pre81, Theorem 4.1]. On p. 154 ibid., Prestel shows an equivalent

formulation of “Ka/K is totally real” is Lr-axiomatisable, assuming K is PRC. He

assumes (in our notation) that fa is absolutely irreducible, though this is not used in

this part of his proof.

Fix finite groups D,W satisfying the graph conditions (Construction 4.1.9), and

define l = |D|, m = |W |. As in Construction 4.1.11 one may construct an Lr-formula

ρD,W such that for b, c ∈ K l,

K |= ρD,W (b, c) ⇐⇒ Kb ̸⊆ Kc ∨Kc ̸⊆ Kb, K |= αl,D(b) ∧ αl,D(c), and

K |= ∃z (αm,W (z) ∧ “Kb ⊆ Kz” ∧ “Kc ⊆ Kz”).

We may then define a recursive translation map −′ : Form(Lgr)→ Form(Lr); ϕ 7→ ϕ′

by the following rules:

• R(X,Y ) 7→ (R(X,Y ))′ = ρD,W (x, y);

• ¬φ 7→ ¬(φ′); φ1 ∧ φ2 7→ (φ′
1) ∧ (φ′

2);

• ∃x(φ) 7→ ∃x (αl,D(x) ∧ φ′(x)).

Recalling Definition A.2, set L1 = Lr, L0 = Lgr, n = l = |D|, δ(x) = αn,D(x), and

f : αn,D(Kn) → Γrc
K ; a 7→ Ka(

√
−1). This is indeed surjective: by Remark 4.2.10 if

L ∈ Arc
K there exists a totally real Galois extension L0/K such that L = L0(

√
−1) and

Gal(L0/K) ∼= D, hence L0 is the splitting field of a degree n = |D| monic separable

irreducible polynomial fa(T ) = Tn +a1T
n−1 + · · ·+an over K. Therefore K |= αn,D(a).

Note Definition A.2 (2) is satisfied by the above construction of −′, and condition

(†) is confirmed in [Har84, Theorem 3.1]. ■

Remark 4.2.14. Notice the Lr-formula αn,D(x) and the map −′ : Form(Lgr) →

Form(Lr) of Lemma 4.2.13 do not depend on K or Γrc
K ; the interpretation is uniform

across PRC fields K. □
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Fix a PRC field K with a finite subtheory Σ ⊂ Th(K;Lr). By the Compactness

Theorem, there exists a finite set of Lr-sentences ∆ such that ∆ |= Σ and ∆ = ∆1 ∪

∆2 ∪∆3 ∪∆∗
4, where ∆1 is a finite subset of Lr-sentences specifying the characteristic

and degree of imperfection of K (Corollary 4.2.8 (1)), ∆2 is a finite subset of PRC

(Corollary 4.2.8 (2)), ∆3 is a finite subset of Thalg(K) (Corollary 4.2.8 (3)), ∆∗
4 is a

finite subset of Th(S(GK);LG(S(GK0)))∗ (Corollary 4.2.8 (4)), and ∆4 is a finite subset

of Th(S(GK);LG(S(GK0))) with φ ∈ ∆4 ⇔ φ∗ ∈ ∆∗
4.

Let Λ be the set of universal sentences of ∆3, and let Kbad be the join of K(
√
−1)

and of minimal Galois extensions F/K within a fixed algebraic closure K̃ of K, with

F |= ¬λ for λ ∈ Λ. Let aΣ ∈ S(GK0) ⊂ S(GK) be a finite tuple of elements such that

∆4 is a set of finitely many LG(aΣ)-sentences. Fix nΣ ∈ N such that S1, . . . , SnΣ is

the smallest consecutive sequence of sorts involving the sentences of ∆4. Let p̂ be the

smallest odd prime larger than nΣ + |Gal(Kbad/K)|, PΣ the set of primes {2, 3, . . . , p̂},

and CΣ the formation of finite groups whose order is necessarily a product of powers of

primes of PΣ (including trivial powers). We have the following theorem:

Theorem 4.2.15. Assume the above setup. For any nontrivial graph Γ, there exists a

PRC field KΓ ⊇ K such that

(1) KΓ |= Σ;

(2) Γrc
KΓ

∼= Γ;

(3) X(KΓ) ∼= X(K);

Proof. Assume K is formally real; if it is not the result is Theorem 4.1.14. We will

mirror Theorem 4.1.14–Lemma 4.1.20 closely to prove (1) & (2). We again assume

familiarity with Appendix B.

Recall from Construction 4.1.18 the groups DΣ, WΣ. Fix a nontrivial graph Γ,

and consider the profinite group GΓ from Construction 4.1.9. Let G̃Γ be the universal

Frattini cover of GΓ with map f : G̃Γ → GΓ. By [CvdDM80, Corollary 54] the sorts

S1, . . . , Sp̂ of S(G̃Γ) are trivial (there is no proper normal subgroup N ◁ G̃Γ with [G̃Γ :

N ] ≤ p̂), and Γ ∼= Γ
G̃Γ

by [FJ08, Lemma 28.6.1]. Consider further the diamond product
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G∗ = GPΣ
3G̃Γ, where GPΣ

= ⟨GPΣ
, G′

PΣ
, d : X(GPΣ

) → GPΣ
⟩ is the maximal pro-CΣ

quotient of GK (Lemma B.19). G∗ is projective by Lemma 4.2.12, and S(GPΣ
⋆G̃Γ) |= ∆4

as previous. Indeed, if Ni ◁ GP ⋆ G̃Γ is of index ≤ p̂, under the projection GP ⋆ G̃Γ ↠

GP ⋆ G̃Γ/Ni we must have G̃Γ ≤ Ni, as otherwise G̃Γ would have a proper normal

subgroup of index ≤ p̂, a contradiction to the above. By [Rot99, Theorem 2.28(ii)]

there is a correspondence between closed Nk ◁ GP ⋆ G̃Γ of index k ≤ p̂, and closed

N ′
k ◁ GP of index k ≤ p̂, with GP ⋆ G̃Γ/Nk

∼= GP /N
′
k. Therefore for any LG(a)-sentence

φ with variables over the sorts S1, . . . , Sp̂, S(GPΣ
) |= φ ⇔ S(GPΣ

⋆ G̃Γ) |= φ. That

S(GPΣ
) |= ∆4 is p. 75 exactly, with Σ2 = ∆4.

We claim ΓG′
⋆
∼= Γ. We (almost) repeat Lemma 4.1.20: note G̃Γ, G

′
PΣ
≤ G′

⋆, and

G̃Γ
∼= (GPΣ

⋆ G̃Γ)/⟨GPΣ
⟩ ∼= G′

⋆/(G
′
⋆ ∩ ⟨GPΣ

⟩).

(The second isomorphism results from the Second Isomorphism Theorem for Groups.)

Hence there is an epimorphism π : G′
⋆ → G̃Γ which yields an embedding Γ

G̃Γ
↪→ ΓG′

⋆
.

Conversely, if M ◁ G′
⋆ is open and G′

⋆/M
∼= DΣ (resp. WΣ), under ρ : G′

⋆ ↠ DΣ (resp.

WΣ) we have ρ(G′
PΣ

) ≤ DΣ (resp. WΣ). As G′
PΣ

is pro-CΣ ([FJ08, Lemma 17.3.1]), any

quotient of G′
PΣ

is a PΣ-group, hence there exists elements of ρ(G′
PΣ

) of the wrong order

unless G′
PΣ
≤ ker(ρ). Hence ker(π) ≤ ker(ρ), thus M = π−1(π(M)), and therefore π−1

induces an isomorphism of graphs ΓG′
⋆
∼= Γ as claimed.

The canonical graph structure for G∗ is also recovered correctly:

ΓG∗ = ΓG∗, X(G∗)/G′
⋆

by definition,

∼= ΓF (X(G∗)/G′
⋆, G

′
⋆), X(G∗)/G′

⋆
by definition,

∼= ΓF (X(GPΣ
)/G′

PΣ
, G′

⋆), X(GPΣ
)/G′

PΣ
by Lemma 4.2.11,

∼= ΓG′
⋆

by Lemma 4.2.11,

∼= Γ by the above.

There is an epimorphism of Artin-Schreier structures GPΣ
↠ Gal(Kbad/K). In-

deed, as GPΣ
= GK/NCΣ , if ECΣ is the fixed field (K̃)NCΣ then we have the tower
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of fields K̃/ECΣ/Kbad/K by design. Example B.8 ensures there is an epimorphism

GPΣ
↠ Gal(Kbad/K). By Corollary 4.2.6 there is an extension KΓ of K that is PRC,

KΓ ∩ Kbad = K, and GKΓ
∼= G∗. Thus, S(GKΓ

) |= ∆4, and KΓ |= ∆3. Therefore

KΓ |= ∆1 ∪∆2 ∪∆3 ∪∆∗
4 (implying KΓ |= Σ), and from Lemma 4.2.11,

Γrc
KΓ
∼= ΓGKΓ

, X(KΓ)
∼= ΓG∗, X(G∗)/G′

⋆
∼= Γ,

This proves (1) & (2). The proof of (3) is a direct consequence of the above setup:

X(KΓ) ∼= X(K̃Γ/KΓ)/GKΓ(
√
−1)
∼= X(G∗)/G′

⋆, as GKΓ
∼= G∗. Furthermore:

X(G∗)/G′
⋆ = Inv(GPΣ

⋆ G̃Γ)/G′
⋆

∼= Inv(GPΣ
)/G′

PΣ
from12 [HR85, Theorem A],

∼= X(GPΣ
)/G′

PΣ
as GPΣ

is projective; [HJ85, Proposition 7.4],

= X(GK/NCΣ)/(G′
K/NCΣ)

= (X(GK)/NCΣ)/(G′
K/NCΣ).

Notice X(GK)/G′
K
∼= (X(GK)/NCΣ)/(G′

K/NCΣ) as GK ↠ GK/NCΣ is a cover. Fi-

nally, X(GK)/G′
K
∼= X(K) ensuring X(KΓ) ∼= X(K); the order space of KΓ is up to

homeomorphism that of K. ■

Corollary 4.2.16. Every PRC field is finitely undecidable.

Proof. Fix K a PRC field and Σ ⊂ Th(K;Lr) a finite subtheory. Assume K is formally

real (otherwise the result is Corollary 4.1.21). Let Γ be a nontrivial graph; by Lemma

4.2.13 & Theorem 4.2.15 there exists a PRC field KΓ |= Σ and Γ is interpretable in KΓ.

Furthermore, the interpretation of Lemma 4.2.13 is uniform in the sense of Definition

A.6; the class of nontrivial graphs is uniformly interpretable in the class of PRC fields

satisfying Σ. We conclude PRC∪Σ is hereditarily undecidable by Corollary A.15, hence

Σ is undecidable as required. ■

12The involutions of GPΣ ⋆ G̃Γ are exactly the conjugates of Inv(GPΣ) in GPΣ ⋆ G̃Γ, by [HR85,

Theorem A]. Therefore the morphism G∗ → GPΣ induces a continuous bijection Inv(GPΣ ⋆ G̃Γ)/G′
⋆ →

Inv(GPΣ)/G′
PΣ

.
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Corollary 4.2.17. No PRC field is finitely axiomatisable. ■

Remark 4.2.18. In 2014, Shlapentokh & Videla [SV14, §6] posed three open questions

about finite undecidability (recall their term is ‘finite hereditary undecidability’):

(1) “It is known that the theory of the field of all totally real algebraic numbers is

decidable . . . Is this theory finitely hereditarily undecidable?”

(2) “Is the theory of pseudo real closed fields . . . finitely hereditarily undecidable?”

(3) “In general, if T is a theory of any subfield of Q̃, the algebraic closure of Q, is T

finitely hereditarily undecidable?”

(Quotes from [SV14, p. 1262].) We may answer these as follows:

(1) By Pop [Pop90], the field Qtr of totally real algebraic numbers is PRC, hence by

Corollary 4.2.16 the answer to (1) is yes.

(2) As posed, this is covered by Haran [Har84], however Corollary 4.2.16 answers in

the positive the more general subsequent question: is the theory of any pseudo real

closed field finitely undecidable? (Equivalently: is any completion of the theory of

PRC fields finitely undecidable? )

(3) We cannot answer this in full generality, though we make the following comment:

as Gal(Q̃/Q) is profinite, it has a unique Haar measure µ [FJ08, Prop. 18.2.1]. By

the PAC Nullstellensatz [Jar72, Theorem 2.5], the fixed field Q̃(σ1, . . . , σn) is PAC

for a µ-measure 1 subset of Gal(Q̃/Q)n. By Corollary 4.1.21, we conclude finite

undecidability ‘for almost all’ fixed fields Q̃(σ1, . . . , σn). Of course, with Corollary

4.2.16, we know there are even more infinite algebraic extensions R/Q with R

finitely undecidable, namely the formally real PRC fields R. □

The move from PAC to PRC is also quite natural from the perspective of classification

theory. Recall the definition of a (super)rosy theory from §1.3.1. The following is [Kru15,

Conjecture 3]:
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Conjecture (Superrosy Fields). Every infinite superrosy field is perfect, bounded,

and PRC. ■

Corollary 4.2.19. Assume the Superrosy Fields Conjecture. Then every infinite su-

perrosy field is finitely undecidable. ■

This conjecture arises from the supersimplicity context, and also the fact that a PRC

field is superrosy if and only if it is perfect and bounded [Kru15, Fact 4.1]. Another

result in this area is that any PRC field that is not algebraically nor real closed is not NIP

[Mon17, Theorem 4.10], but not much more is known. As far as the author is aware,

there are no classification-theoretic conjectures for infinite fields other than these; in

particular there have been no conjectures on infinite rosy, NTP2 or NSOP1 fields. One

would posit, however, given the few examples we have of these fields, an understanding

of PAC, PRC and PpC13 fields will be crucial. (For example, it is known that ω-free

PAC fields of characteristic 0 are strictly NSOP1 [CR16, Corollary 6.8], and a nontrivial

ultraproduct of Qp over primes p is strictly NTP2 [Che14, Example 7.7 (2)].)

To conclude this section, we can recover the specific proof of Theorem 4.1.7 in the

PRC field context – that is, we do not need to conclude this using finite undecidability.

The ingredients of this proof (and that of Theorem 4.1.7) are considerably more acces-

sible than the ingredients of Corollary 4.2.16 (resp. Corollary 4.1.21), hence we may

speculate this argument could work in a considerably broader context – for example, in

§4.3, where we do not have a finite undecidability result.

Theorem 4.2.20. No PRC field is finitely axiomatisable (even among the class of PRC

fields).

This is to say that, given a PRC field L, there does not exist an Lr-sentence γ such

that for all PRC fields F of the same characteristic and degree of imperfection as L,

F |= γ ⇐⇒ F ≡Lr L.

Proof. Assume for the purpose of contradiction that there is a formally real finitely

axiomatisable PRC field K (see Theorem 4.1.7 for when K is PRC but not formally

13Pseudo-p-adically closed fields, discussed in §4.3.
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real). In order to characterise K among PRC fields, by Corollary 4.2.8 we need only

finitely many axioms Σ1 ⊂ Thalg(K) and Σ∗
2 ⊂ Th(S(GK);LG(S(GK0)))∗, where Σ2 ⊂

Th(S(GK);LG(S(GK0))) is finite.

Let Λ be the set of universal sentences of Σ1, and let Kbad be the join of K(
√
−1) and

of minimal Galois extensions F/K within a fixed algebraic closure K̃ of K, with F |= ¬λ

for λ ∈ Λ. Then Kbad/K is finite, Kbad |= ¬Λ, and Res : GK → Gal(Kbad/K) is a cover

(Example B.8). As there is an epimorphism GK ↠ Gal(Kbad/K) (apply the forgetful

functor to Res) there is an embedding of LG-structures S(Gal(Kbad/K)) ↪→ S(GK).

Let a ∈ S(GK0) ⊂ S(GK) be a finite tuple of elements such that Σ2 is a set of finitely

many LG(a)-sentences. Fix nk ∈ N such that S1, . . . , Snk
is the smallest consecutive

sequence of sorts involving the sentences of Σ2. Let p̂ be the smallest prime larger than

nk+|Gal(Kbad/K)|, P the set of primes {2, 3, . . . , p̂}, and C the formation of finite groups

whose order is necessarily a product of powers of primes of P (including trivial powers).

As this formation is full, and GK is projective (Theorem 4.2.4), the maximal pro-C

quotient of GK , denoted GP , is also projective (Lemma B.19). There is an epimorphism

GP ↠ Gal(Kbad/K) (Example B.8) and by construction S(Ft(GP )) |= Σ2 (cf. p. 75).

Let F1(q) be the free pro-q group on one generator, where q is a prime larger

than p̃. This is a projective profinite group. Consider GP3F1(q); by Lemma 4.2.12

this is a projective Artin-Schreier structure. The LG-theories of the profinite groups

Ft(GP3F1(q)) and Ft(GP ) differ: there are group epimorphisms from Ft(GP3F1(q))

to finite groups of order q, arising from the forgetful functor, however there are no such

epimorphisms for Ft(GP ) by construction. However S(Ft(GP3F1(q))) |= Σ2 (as on p.

76, from S(Ft(GP )) |= Σ2).

There is an epimorphism GP3F1(q) ↠ GP as one might expect, hence by compo-

sition there is an epimorphism GP3F1(q) ↠ Gal(Kbad/K). By Corollary 4.2.6 there

exist PRC fields E1, E2 ⊇ K such that GE1
∼= GP and GE2

∼= GP3F1(q). Moreover,

E1 ∩ Kbad = E2 ∩ Kbad = K, therefore E1, E2 |= Σ1. We conclude E1, E2 |= Σ1 ∪ Σ∗
2

however E1 ̸≡ E2 as S(Ft(GE1)) ̸≡LG
S(Ft(GE2)); a contradiction, as required. ■
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4.3 Pseudo-p-Adically Closed Fields

The definition of a pseudo-p-adically closed field is the natural step after that of PAC and

PRC fields, from both an algebraic and model-theoretic standpoint. We shall assume

the reader is familiar with these fields, and the paper [HJ88] – if not, see Appendix C

for a brief introduction and important notation.

One might naturally expect the case of PpC fields to be more intricate than what

followed previously; the approach of this thesis is through the absolute Galois group of

such fields, and even for Qp, Th(S(GQp
);LG) is monstrous compared to Th(S(GK);LG)

for K algebraically, real, or separably closed. A paper of Efrat recovers Haran’s result:

Theorem 4.3.1. [Efr92, Corollary 4.3]. The theory of formally p-adic PpC fields is

undecidable14. ■

We are unable to prove the finite undecidability of any PpC field (see Remark 4.3.11).

In line with Theorems 4.1.7 & 4.2.20, we are able to show:

Theorem 4.3.9. No bounded PpC field is finitely axiomatisable (even among the class

of PpC fields).

(Recall a field K is bounded if for every n > 1 there are finitely many Galois ex-

tensions L/K with [L : K] = n.) Before this, we have the following facts: recall from

Appendix C the category of GQp
-structures, and Definition C.17 & Remark C.18.

Theorem 4.3.2. ([HJ88, Theorems 15.1 & 15.3]; cf. Theorem 15.4 ibid.) If K is a

PpC field, then GK is projective (as a GQp
-structure). Conversely, if G is a projective

GQp
-structure, there exists a PpC field K such that G ∼= GK . ■

Furthermore, we have a corresponding Theorem 4.1.5/Theorem 4.2.5:

Definition 4.3.3. A field extension L/K is totally p-adic if the restriction map15

Res : X(L)→ X(K) is surjective.

14In fact, hereditarily undecidable: Ershov’s remark [Ers81, p. 260] on his proof of the hereditary
undecidability of PAC applies here.

15See Definition C.16 for the space of sites X(F ) of a field F .
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Theorem 4.3.4. [HJ88, Theorem 15.3]. Let G be a projective GQp
-structure. Let L/K

be a Galois extension and π : G → Gal(L/K) be an epimorphism. Then there exists a

totally p-adic PpC extension E/K such that G ∼= GE, and

G GE

Gal(L/K)

∼=

π ResL

is a commutative diagram. ■

This is to say we have ‘correctly’ extended all the p-adic valuation data from K to

L. In the PRC setting we used totally real extensions (on p. 94) via a similar character-

isation. Also note that Theorem 4.3.4 has the corollary:

Corollary 4.3.5. (cf. Corollary 4.2.6.) Let L/K be a Galois extension, G a projective

GQp
-structure, and α : G → Gal(L/K) an epimorphism. Then K has a totally p-adic

extension E which is PpC, E ∩ L = K, and there exists an isomorphism γ : GE → G

such that α ◦ γ = ResL. ■

As before, the Galois-theoretic information of a PpC field, along with some arithmetic

information, completely determines that field’s (Lr-)theory:

Theorem 4.3.6. Let K1,K2 be PpC fields, separable over a common subfield E. Then

K1 ≡E K2 if and only if K1 & K2 have the same degree of imperfection, there exists

θ ∈ GE such that θ(K1 ∩ Es) = K2 ∩ Es, and if SΘ : S(GK1∩Es) → S(GK2∩Es) is the

isomorphism induced by θ, then the partial map SΘ : S(GK1) → S(GK2) with domain

S(GK1∩Es) is LG-elementary.

Proof (Sketch). As in Theorem 4.2.7. Note this now requires a “PpC embedding

lemma”, i.e. if K1 and K2 are formally p-adic PpC fields that contain a common field

E, and supposing that there exists a homeomorphism φ : GK1 → GK2 such that for

every σ ∈ GK1, φ(σ)|Es = σ|Es; then K1 ≡E K2. Such a lemma is provided by [Kün89,

Lemma 5 & Proposition 6]. ■
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Corollary 4.3.7. A PpC field K is axiomatised by the following first-order Lr-axiom

scheme:

(1) The characteristic and degree of imperfection of K;

(2) The PpC field axioms, PpC;

(3) Thalg(K);

(4) Th(S(GK);LG(S(GK0)))∗. ■

(Recall Remark 4.1.3, and that K0 = K ∩ Fs where F is the prime subfield of K.)

Let us repeat Lemma 4.2.12 and prove there is a ‘counterfeit’ coproduct in the

category of GQp
-structures, sufficiently similar to the real thing:

Lemma 4.3.8. Let G be a GQp
-projective group, and E a projective profinite group.

Then G ⋆ E is a GQp
-projective group.

Proof. (cf. the ‘manual’ proof of Lemma 4.2.12.) Let the following be a finite GQp
-

embedding problem (recall Definition C.9) for G:

G ⋆ E

B A

φ

α

(4.1)

This diagram gives rise to the following two:

G E

B A B A

φ|G φ|E
α α

The latter is solvable, as E is projective. We claim the former is in fact a GQp
-

embedding problem. Indeed16, D(G) ↪→ D(G ⋆ E) as G ≤ G ⋆ E, so if H ∈ D(G) there

exists γH : H → B with α ◦ γH = φ|H = (φ|G)|H . Therefore, as G is GQp
-projective, we

conclude the former diagram is solvable:

16Recall from Appendix C the notation D(G) = {H ≤ G : H ∼= GQp
} for a profinite group G.
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G E

B A B A

φ|G
γG

φ|E
γE

α α

By definition of the free product, there exists a morphism γ : G ⋆ E → A uniquely

extending φ|G, φ|E , and making (4.1) commute. Finally, we must show D(G ⋆ E) =

{H ≤ G⋆E : H ∼= GQp
} is (topologically) closed in Subg(G⋆E) – however this is always

the case for GQp
-structures by a minor adaptation of [Feh10, Lemma 3.5.1]:

Claim. Let G be a profinite group. Then D(G) is closed in Subg(G).

Proof. Cf. [Feh10, Lemma 3.5.1]. Consider H ∈ Subg(G) such that H ̸∼= GQp
. As

GQp
is finitely generated, by [Feh10, Lemma 1.3.2 (1)] there exists H0 ◁ H open such

that H/H0 is not a quotient of GQp
. Fix N ◁G open with N ∩H ≤ H0 (which exists by

[FJ08, Lemma 1.2.5 (a)]). As H/(N ∩H) ⊇ H/H0, H/(N ∩H) is also not a quotient of

GQp
. If H ′ ≤ G and H ′N = HN , then H ′/(N ∩H ′) ∼= H ′N/N ∼= HN/N ∼= H/(N ∩H).

Hence H ′/(N ∩H ′) is also not a quotient of GQp
, meaning H ′ ̸∼= GQp

. We have shown

the “strict” neighbourhood v(H,N) ⊆ Subg(G) \ D(G) (see Remark C.7), hence D(G)

is closed, as desired. ♦

This also concludes the proof of the lemma. ■

Theorem 4.3.9. No bounded PpC field is finitely axiomatisable (even among the class

of PpC fields).

This is to say that, given a bounded PpC field L, there does not exist an Lr-sentence

γ such that for all PpC fields F of the same characteristic and degree of imperfection as

L, F |= γ ⇐⇒ F ≡Lr L.

Proof. Assume for the purpose of contradiction that there is a formally p-adic finitely

axiomatisable bounded PpC field K (see Theorem 4.1.7 for when K is PpC but not

formally p-adic). In order to characterise K among PpC fields, by Corollary 4.3.7 we

need only finitely many axioms Σ1 ⊂ Thalg(K) and Σ∗
2 ⊂ Th(S(GK);LG(S(GK0)))∗,
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where Σ2 ⊂ Th(S(GK);LG(S(GK0))) is finite.

Let Λ be the set of universal sentences of Σ1, and let Kbad be the join of minimal

Galois extensions F/K within a fixed algebraic closure K̃ of K, with F |= ¬λ for λ ∈ Λ.

Then Kbad/K is finite, Kbad |= ¬Λ, and Res : GK → Gal(Kbad/K) is a cover (Remark

C.18). As there is an epimorphism GK ↠ Gal(Kbad/K) – apply the forgetful functor to

Res – there is an embedding of LG-structures S(Gal(Kbad/K)) ↪→ S(GK).

Let a ∈ S(GK0) ⊂ S(GK) be a finite tuple of elements such that Σ2 is a set of finitely

many LG(a)-sentences. Fix nk ∈ N such that S1, . . . , Snk
is the smallest consecutive

sequence of sorts involving the sentences of Σ2. Let p̂ be the smallest prime larger than

nk + |Gal(Kbad/K)| and F1(q) be the free pro-q group on one generator, where q is

a prime larger than p̃. This is a projective profinite group. Consider GK ⋆ F1(q); by

Lemma 4.3.8 this is a GQp
-projective group, and S(GK ⋆F1(q)) |= Σ2 (as on p. 76, from

S(GK) |= Σ2). However the LG-theories of S(GK ⋆ F1(q)) and S(GK) differ: indeed, as

K is bounded, GK is small (as a profinite group) hence there are 1 ≤ nq < ∞ many

open normal subgroups of GK of index ≤ q. Consider the sentence

φnq : ∃N0, . . . , Nnq ∈ Sq

 ∧
i ̸=j

0≤i,j≤nq

¬(Ni ≤ Nj ∧Nj ≤ Ni)

 ,

where Sq denotes sort q, Ni = giMi is a coset of an open Mi ◁ GK of index ≤ q, and

recall Ni ≤ Nj ⇐⇒ Mi ⊆Mj . This sentence expresses “there are nq + 1 distinct open

normal subgroups of index ≤ q”, and clearly S(GK) ̸|= φnq while S(GK ⋆ F1(q)) |= φnq .

Let GK3F1(q) be a projective GQp
-structure with underlying group GK ⋆ G̃Γ, from

Theorem C.11. By Theorem 4.3.4 (setting L = K) there exist totally p-adic PpC

fields E1, E2 ⊇ K such that GE1
∼= GK and GE2

∼= GK3F1(q). As there are epi-

morphisms GE1
∼= GK ↠ Gal(Kbad/K), GE2

∼= GK ⋆ G̃Γ ↠ GK ↠ Gal(Kbad/K),

E1 ∩ Kbad = E2 ∩ Kbad = K, therefore E1, E2 |= Σ1. We conclude E1, E2 |= Σ1 ∪ Σ∗
2

however E1 ̸≡ E2 as S(GE1) ̸≡LG
S(GE2); a contradiction, as required. ■

Remark 4.3.10. Again, there is a classification-theoretic connection: every bounded
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PpC field has an NTP2 Lr-theory [Mon17, Corollary 8.6], and it is conjectured ([CKS15,

Conjecture 5.1]) that NTP2 PpC fields are bounded. □

Remark 4.3.11. We are unable to prove formally p-adic PpC fields are finitely unde-

cidable – indeed, difficulties arise adapting the previous proofs to the p-adic context,

simply because GQp
has a more complicated LG-structure theory than Z/2Z (= GR) or

{1} (= GC).

The first fundamental issue is that, if C is a full formation of finite P -groups where

P is a finite set of consecutive primes {2, 3, . . . , p̂}, it is not true that the maximal pro-C

quotient of a GQp
-projective group remains GQp

-projective. Indeed, the absolute Galois

group of a formally p-adic PpC field K admits embeddings GQp
↪→ GK by [HJ88, Lemma

5.3]; impossible if GK is pro-C.

The second fundamental issue is the following: let K be a PAC (resp. PRC) field,

Σ ⊂ Th(K;Lr) a finite subtheory, and Γ be a nontrivial graph. In Theorem 4.1.14 (resp.

Theorem 4.2.15), the field KΓ constructed has absolute Galois group H ⋆G̃Γ where H is

projective (resp. real projective) and has no open normal subgroups of index nΣ = |DΣ|

or |WΣ|. If H is the absolute Galois group of a formally p-adic PpC field, we cannot

be guaranteed that any index nΣ open normal subgroup of H ⋆ G̃Γ contains H. Conse-

quently, although Γ ↪→ Γ
H⋆G̃Γ

(= ΓGKΓ
, interpretable in KΓ by [Efr92, Lemma 4.1]) we

cannot guarantee these graphs are isomorphic. □
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Appendices

A Two Key Hereditary Undecidability Results

In Chapters 3 & 4 we require specific pieces of 20th century computability (whose ex-

position in the least is) due to Tarski, Mostowski, R. Robinson, and Ershov, Lavrov,

Taimanov & Taitslin.

Let L be a language. Recall an L-theory T is essentially undecidable if T and every

consistent extension of T in the same language is undecidable, i.e. every model of T

has an undecidable theory. The prototypical example is Robinson arithmetic; denoted

Q, this is a finitely axiomatised essentially undecidable fragment of Th(N;Lr), due to

R. Robinson [Rob50]. A theory T is hereditarily undecidable if T and every nonempty

subtheory of T in the same language is undecidable. By Tarski et al. [TMR53, I] (and

explicitly stated by Ershov et al. [ELTT65, Corollary 3.4.1]), every finitely axiomatised

undecidable theory is hereditarily undecidable – hence Robinson’s Q is hereditarily un-

decidable. As is e.g. Th(N;Lr), as a consequence of Theorem A.8.

A.1 Interpretations

Definition A.1. [Hod93, p. 58]. Let L be a language. Denoting variables as x1, x2, . . . ,

by an unnested atomic L-formula we mean an atomic L-formula of one of the following

forms:

• xi = xj ;

• xi = c for some constant c ∈ L;
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• f(xi1 , . . . , xin) = xj for some arity n function symbol f ∈ L;

• R(xi1 , . . . , xin) for some arity n relation symbol R ∈ L.

Definition A.2. [Hod93, p. 212]. Let L0, L1 be languages, A an L1-structure and B

an L0-structure. We define an interpretation of B in A to be:

(1) An L1-formula δ(x1, . . . , xn);

(2) For every unnested atomic L0-formula ϕ(y1, . . . , ym), an L1-formula ϕ′(x1, . . . , xm)

in which the xi are disjoint n-tuples of distinct variables;

(3) A surjective function f : δ(An)→ B,

such that for all unnested atomic L0-formulae ϕ and ai ∈ δ(An),

B |= ϕ(f(a1), . . . , f(am)) ⇐⇒ A |= ϕ′(a1, . . . , am). (†)

We say B is interpretable in A if there exists a interpretation of B in A. We say B is

interpretable in A with parameters if there exists a set S ⊂ A such that B is interpretable

in the L1(S)-structure A.

Definition A.3. [Hod93, §5.3, Remark 4]. Let L0, L1 be recursively presented lan-

guages, A an L1-structure and B an L0-structure. We define a recursive interpretation

of B in A to be an interpretation where the map ϕ 7→ ϕ′ of Definition A.2 (2) is recursive.

E.g. if L0, L1 are finite, they are recursively presented, and an interpretation of (an

L0-structure) B in (an L1-structure) A is automatically a recursive interpretation.

Remark A.4. Suppose an L0-structure B is interpretable in an L1-structure A; the

map ϕ 7→ ϕ′ on unnested atomic L0-formulae in Definition A.2 (2) may be extended

to a map −′ : Form(L0) → Form(L1), satisfying the equivalence (†); this is [Hod93,

Theorem 5.3.2]. Furthermore, this map is recursive if B is recursively interpretable in

A. The map −′ is known as the reduction map of the interpretation. □
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Remark A.5. Let L0,L1,L2 be languages, and let A be an L0-structure, B an L1-

structure, and C an L2-structure. If C is interpretable in B, and B is interpretable

in A, then C is interpretable in A. Assuming L0,L1,L2 are recursively presented, this

statement remains true if we replace “interpretable” by “recursively interpretable”. □

We will also require a notion of an interpretation being ‘uniform’ across a class of

structures.

Definition A.6. Let L0,L1 be finite languages, K0 a class of L0-structures and K1 a

class of L1-structures. We say K0 is uniformly interpretable in K1 if there exists:

(1) An L1-formula δ(x1, . . . , xn);

(2) For every unnested atomic L0-formula ϕ(y1, . . . , ym), an L1-formula ϕ′(x1, . . . , xm)

in which the xi are disjoint n-tuples of distinct variables;

such that for any B ∈ K0 there exists:

• A ∈ K1;

• A surjective function fAB : δ(An) → B such that for all unnested atomic L0-

formulae ϕ and ai ∈ δ(An), B |= ϕ(fAB(a1), . . . , fAB(am))⇔ A |= ϕ′(a1, . . . , am).

We say K0 is uniformly interpretable with parameters in K1 if there exists a finite

expansion L′1 of L1 by constant symbols such that K0 is uniformly interpretable in K1

as a class of L′1-structures.

Remark A.7. A class K0 of L0-structures being uniformly interpretable with param-

eters in a class K1 of L1-structures is what Ershov refers to as ‘K0 being relatively

elementarily definable in K1’, in [Erš80, pp. 271–272]. Ershov notes if K∗
1 is a class of

L1-structures containing the class K1, and K0 is uniformly interpretable with parame-

ters in K1, then K0 is uniformly interpretable with parameters in K∗
1 ([Erš80, p. 272]). □
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A.2 Undecidability

All of the undecidability results of Chapter 3 rely on the following theorem of Tarski.

General references for this material are [TMR53, ELTT65, Sho93].

Theorem A.8. (Tarski). Let L1, L2 be finite languages. The L2-theory T2 is heredi-

tarily undecidable if there exists a finitely axiomatised essentially undecidable L1-theory

T1 and models M1 |= T1, M2 |= T2 such that M1 is interpretable in M2.

Proof. This is [ELTT65, pp. 87–89], using different (but equivalent) terminology. Re-

sults such as this originate in [TMR53, §I.3 & §I.4]; cf. Theorems 6, 7 & 8 ibid. ■

We will use this as follows:

Lemma A.9. [Sho93, Proposition 11.2]. Let L be a finite language and a1, . . . , an

constant symbols not in L. Let M be an L(a1, . . . , an)-structure and M |L the reduct of

M to L. If Th(M ;L(a1, . . . , an)) is hereditarily undecidable, so too is Th(M |L;L). ■

Corollary A.10. Let K be a field of characteristic 0, and L a field of characteristic

p > 0 such that there exists t ∈ L transcendental over Fp. Let L be a finite expansion

of the language of rings. Suppose Z is L-definable with parameters in K and Fp[t] is L-

definable with parameters in L. Then Th(K;L) and Th(L;L) are hereditarily undecidable.

Proof. This is an application of Theorem A.8 with L2 an expansion of L by con-

stant symbols, L1 = Lr, T1 = Q (Robinson arithmetic) and M1 = N. Notice N is

∅-Lr-definable in Z (e.g. N = {n ∈ Z : ∃x1, x2, x3, x4 (n = x21 + x22 + x23 + x24)} by

Lagrange’s Four Square Theorem) hence interpretable in Z. By [Rob51, §4a–4b], N

is interpretable in the Lr(t)-structure Fp[t]. Thus, by assumption N is interpretable

in K (with, say, parameters c = {c1, . . . , ck}) and N is interpretable in L (with, say,

parameters d = {d1, . . . , dl}). By Theorem A.8, Th(K;L(c)) and Th(L;L(d)) are heredi-

tarily undecidable. The hereditary undecidability of Th(K;L) and Th(L;L) follows from

Lemma A.9 exactly. ■
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In Chapter 4 the theory we work with is the theory of nontrivial (by which we mean

the vertex set is nonempty) graphs; known to be undecidable (e.g. [FJ08, Corollary

28.5.3], which uses a key result of Lavrov [ELTT65, Theorem 3.3.3]. In [CQ52, Theorem

III] Church & Quine note the theory of a binary symmetric predicate is undecidable).

The theory of nontrivial graphs is hereditarily undecidable as it is finitely axiomatised

(this is [ELTT65, Corollary 3.4.1]). It is not essentially undecidable, as it has decidable

models (e.g. a nontrivial finite graph), however when its models are interpreted in a

uniform way, the interpreting theory is forced to be hereditarily undecidable too. This

is the result Chapter 4 rests on, and what we shall prove next. (A general reference for

this material is [Erš80, Chapter 5, §1].)

For the remainder of this section, all languages will be finite, hence all interpretations

recursive. The following definitions were suggested to the author by E. Hrushovski (see

[Hod93, pp. 221–222] for discussion):

Definition A.11. Let L0,L1 be finite languages, K0 a class of L0-structures and K1 a

class of L1-structures. We say K0 is uniformly interpretable in the strict sense in K1 if

K0 is uniformly interpretable in K1, and (following the notation of Definition A.6) for ev-

ery A ∈ K1 there exists B ∈ K0 and a surjective function fAB : δ(An)→ B such that for

all unnested atomic L0-formulae ϕ and ai ∈ δ(An), B |= ϕ(fAB(a1), . . . , fAB(am)) ⇐⇒

A |= ϕ′(a1, . . . , am).

Let T be a theory in a language L. Denote by KT the class of all L-structures

satisfying T , and if K is a class of L-structures, denote by Th(K;L) the common L-

theory of M ∈ K.

Definition A.12. Let L0,L1 be finite languages, T0 an L0-theory and T1 an L1-theory.

We say T0 is interpretable (resp. interpretable with parameters, resp. interpretable in the

strict sense) in T1 if KT0 is uniformly interpretable (resp. uniformly interpretable with

parameters, resp. uniformly interpretable in the strict sense) in KT1 .

This definition leads to a nice transfer of undecidability from T0 to T1:
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Lemma A.13. Let L0,L1 be finite languages, T0 an L0-theory and T1 an L1-theory.

Suppose T0 is interpretable in the strict sense in T1. If T0 is undecidable, then T1 is

undecidable.

Proof. We will argue that if T1 is decidable, so too is T0. For φ ∈ Sent(L0), φ ∈ T0

if and only if for all M ∈ KT0 , M |= φ. By assumption (and a consequence of Re-

mark A.4), for M ∈ KT0 there exists N ∈ KT1 such that N |= φ′. Furthermore, for

all N ∈ KT1 , N |= φ′: otherwise N |= ¬φ′, and as ¬φ′ = (¬φ)′, by Remark A.4 &

Definition A.12 there exists M ∈ KT0 with M |= ¬φ, a contradiction. We conclude

φ ∈ T0 ⇐⇒ φ′ ∈ T1. As the reduction map −′ is recursive and T1 is decidable, so too

is T0. ■

Theorem A.14. (Ershov). Let L0,L1 be finite languages, T0 an L0-theory and T1

an L1-theory. Suppose T0 is interpretable with parameters in T1; if T0 is hereditarily

undecidable, then T1 is hereditarily undecidable.

This result is originally due to Ershov ([Erš80, Chapter 5, §1.4, Theorem 2]; cf.

Remark A.7 for the terminology “relatively elementarily definable”).

Proof. By Definitions A.6 & A.12, for some finite expansion by constants L♭1 ⊇ L1,

T0 is interpretable in T1 as an L♭1-theory. Consider the reduction map −′ : Form(L0)→

Form(L♭1) from Remark A.4. We claim T ◦ = {φ ∈ Sent(L0) : φ′ ∈ T1} is a subtheory

of T0. Indeed, define K◦
T0

to be the class of L0-structures M◦ such that there exists

N ∈ KT1 and a surjective function fNM◦ : δ(Nn) → M◦ such that for all unnested

atomic L0-formulae ϕ(x1, . . . , xm) and ai ∈ δ(Nn),

M◦ |= ϕ(fNM◦(a1), . . . , fNM◦(am)) ⇐⇒ N |= ϕ′(a1, . . . , am).

By assumption, KT0 ⊆ K◦
T0

, hence Th(K◦
T0

;L0) ⊆ T0, and K◦
T0

is uniformly in-

terpretable in the strict sense in (the class of L♭1-structures) KT1 . By definition, for

φ ∈ Sent(L0), φ ∈ Th(K◦
T0

;L0) ⇐⇒ φ′ ∈ T1 and T ◦ = Th(K◦
T0

;L0) is uniformly inter-

pretable in the strict sense in T1. We conclude the undecidability of T1 from Lemma
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A.13.

If S is a subtheory of T1, KT1 ⊆ KS . By Remark A.7, T0 is interpretable with param-

eters in S, hence the above proof applies. We conclude T1 is hereditarily undecidable.

Finally, we claim that T1 is hereditarily undecidable as an L1-theory. (We will

follow [Sho93, Proposition 11.2] for this.) First note that if ϕ ∈ Sent(L♭1), there ex-

ists ϕ♭(x1, . . . , xk) ∈ Form(L1) such that ϕ is obtained from ϕ♭ by replacing the free

occurrences of x1, . . . , xk by constants c1, . . . , ck ∈ L♭1 \ L1. Now, let S be an L1-

subtheory of T1; i.e. S is a subtheory of Th(KT1 |L1 ;L1), where KT1 |L1 is the class of

L1-structures M such that M ∈ KT1 |L1 ⇐⇒ M+ ∈ KT1 , where M+ is an expan-

sion of M to L♭1. Let S♭ = Cons(S) as a subtheory of the L♭1-theory T1. We claim

ϕ ∈ S♭ ⇐⇒ ∀x1, . . . , xk ϕ♭(x1, . . . , xk) ∈ S.

Indeed, ∀x1, . . . , xk ϕ♭(x1, . . . , xk) ∈ S =⇒ ϕ ∈ S♭ is immediate. Suppose ϕ ∈ S♭,

and consider N ∈ KS with n1, . . . , nk ∈ N . Expand N to an L♭1-structure N+ by

setting cN
+

1 = n1, . . . , c
N+

k = nk. As N |= S, N+ |= S♭, hence N+ |= ϕ and thus N |=

ϕ♭(n1, . . . , nk). As N ∈ KS , n1, . . . , nk ∈ N were arbitrary, ∀x1, . . . , xk ϕ♭(x1, . . . , xk) ∈

Th(KS ;L1) = S as claimed.

As S♭ is undecidable, S is undecidable. We conclude Th(KT1 |L1 ;L1) – namely, T1 as

an L1-theory – is hereditarily undecidable, as required. ■

Corollary A.15. Let G be the class of nontrivial graphs, and let K be a class of fields.

Suppose G is uniformly interpretable with parameters in K; then Th(K;Lr) is hereditarily

undecidable. ■
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B Background on PRC fields & Artin-Schreier structures

This appendix serves as a brief overview of the parts of [HJ85] relevant to Chapter 4.

First, a definition:

Definition B.1. [Pre81, Theorem 1.2]. A field K is pseudo-real closed (PRC) if every

geometrically irreducible variety defined over K, which has a smooth K-rational point in

each real closure K of K, has a K-rational point. (If V is a K-variety, the K-variety V =

V ×Spec(K) Spec(K) has a smooth K-rational point x ∈ V if dimOV , x = dimmx/m
2
x.)

Equivalently, a characteristic 0 field K is PRC if it is existentially closed in every

field extension L to which all orderings of K extend, in which K is algebraically closed.

Defining the PRC property in this manner ensures these fields enjoy the intuitive prop-

erty that every algebraic extension of a PRC field is itself PRC [Pre81, Theorem 3.1].

In addition, PAC fields K can be characterised as exactly those PRC fields that are not

formally real, i.e. if X(K) denotes the space of orderings of K (recall §1.3), X(K) = ∅.

In first-order terms, if PRC denotes the common Lr-theory of PRC fields17, then

PAC = PRC ∪ {∃x, y (x2 + y2 = −1)}.

As PAC is finitely undecidable (by [CvdDM80, Ers81]), so too is PRC. Of course, we

could also ask about the decidability of the theory of formally real PRC fields; those

PRC fields that are ordered (hence are not PAC). An example of such a field to keep

in mind is the field of totally real numbers Qtr (PRC due to Pop [Pop90]). This is the

maximal Galois extension of Q in R; equivalently Qtr =
⋂

σ∈GQ
σ(R∩ Q̃). For a class of

examples, see [HJ85, §5]; in particular Proposition 5.6 ibid. The theory of formally real

PRC fields is also undecidable:

Theorem B.2. [Har84, Theorem 3.1]. Let Ξ be a nonempty family of Boolean spaces18,

and PRC(Ξ) the elementary theory of the class of PRC fields K such that X(K) ∈ Ξ.

Then PRC(Ξ) is undecidable. ■

17This is first-order Lr-axiomatisable by [Pre81, Theorem 4.1].
18Defined below in Definition B.3.
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Haran’s proof is quite beautiful, and is achieved by realising two clever ideas: the first

is that, as the absolute Galois groups of PAC fields are exactly the projective profinite

groups, a matching structure theory can and should be developed for the absolute Galois

groups of PRC fields K – structures that can ‘see’ to some extent the orderings on K.

The second clever idea is to construct a functor that allows one to pass the relevant

graph constructions from the category of profinite groups to this new PRC field context.

We will outline the new ‘absolute structures’ for PRC fields, first fashioned in [HJ85].

Definition B.3. A Boolean space is a totally disconnected compact Hausdorff space

(equivalently, the inverse limit of finite discrete spaces, or a set homeomorphic to a

closed subset of {−1, 1}I for some set I).

Example B.4. The set of orderings of a PRC field K with the Harrison topology (§1.3)

is an example of a Boolean space – as is any profinite group viewed topologically. □

Definition B.5. An Artin-Schreier structure is a system G = ⟨G,G′, X(G)
d−→ G⟩,

where G is a profinite group, G′ is an open subgroup of G of index ≤ 2, X(G) is a

Boolean space19 on which G acts continuously, and d is a continuous map (known as

the forgetful map) such that for every x ∈ X(G):

(1) d(x) is an involution, d(x) ̸∈ G′, and d(xσ) = (d(x))σ for every σ ∈ G;

(2) {σ ∈ G : xσ = x} = {1, d(x)}.

If G satisfies only (1) it is a weak Artin-Schreier structure.

Example B.6. A reference for this example is [HJ85, §2 & Example 3.2]. Suppose

L/K is a Galois extension, and
√
−1 ∈ L. Let X(L/K) be the space of maximal

ordered subfields of L; the set of pairs (E,Q) where K ≤ E ≤ L, and Q is an ordering

of E extending one from K, and there is no proper subfield E ⪇ E′ ⪇ L with an

ordering Q′ extending one from K. In fact, such maximal ordered subfields are the

fixed fields L⟨ε⟩ of involutions ε ∈ Gal(L/K) such that L⟨ε⟩ is formally real, by [HJ85,

19X(G) = ∅ is permitted.
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Proposition 2.1]. Equip X(L/K) with the Harrison topology, given by the subbase

{{(E,Q) : a ∈ Q} : a ∈ L∗}. X(L/K) is a Boolean space, acted on by Gal(L/K).

Furthermore if x = (E,Q) = (L⟨ε⟩, Q) ∈ X(L/K), define the map d(x) := ε. Then

Gal(L/K) := ⟨Gal(L/K), Gal(L/K(
√
−1)), d : X(L/K)→ Gal(L/K)⟩

forms an Artin-Schreier structure by definition. Define an involution ε ∈ Gal(L/K)

to be real if L⟨ε⟩ is formally real, and let I(L/K) be the set of real involutions in

Gal(L/K). Then ⟨Gal(L/K), Gal(L/K(
√
−1)), I(L/K)

incl.
↪−−→ Gal(L/K)⟩ is a weak

Artin-Schreier structure by definition. □

When L = Ks, Gal(Ks/K) = GK is the absolute Artin-Schreier structure of K. So

in a sense it is the involutions of the absolute Galois group of K that ‘see’ the orders on

K, and this is highlighted by the absolute Artin-Schreier structure.

Definition B.7. A morphism of Artin-Schreier structures φ : H → G, where H =

⟨H,H ′, dH : X(H) → H⟩, G = ⟨G,G′, dG : X(G) → G⟩, is a pair of maps (φ1, φ2)

consisting of a continuous homomorphism φ1 : H → G and a continuous map φ2 :

X(H)→ X(G) such that:

(1) φ1 ◦ dH = dG ◦ φ2;

(2) φ2(x
σ) = φ2(x)φ1(σ), for all x ∈ X(H) and20 σ ∈ H;

(3) φ−1
1 (G′) = H ′.

It is an epimorphism if both φ1, φ2 are onto. It is a cover if it is an epimorphism and,

for all x, y ∈ X(H) such that φ2(x) = φ2(y), there exists σ ∈ H such that xσ = y.

Often the notation is abused and the subscripts 1, 2, G,H are dropped. Note that

(3) is equivalent to “φ1(H
′) ⊆ G′ & φ1(H \H ′) ⊆ G \G′ ”, which forces Ker(φ1) ⊆ H ′.

20If (1) holds, σ ∈ H ′ suffices.
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Example B.8. [HJ85, Example 3.4 (a)]. If L/K, F/K are Galois extensions with
√
−1 ∈ F ⊆ L, then the canonical restriction map Res : Gal(L/K) → Gal(F/K) is a

cover. □

Remark B.9. A Frattini cover ϕ : H→ G of Artin-Schreier structures H, G is a cover

such that for every Artin-Schreier substructure H0 ⪇ H, ϕ|H0 : H0 → G is not a cover.

(An Artin-Schreier substructure M ≤ N is one where M ⊆ N , X(M) ⊆ X(N), and the

inclusions M ↪→ N , X(M) ↪→ X(N) define a morphism M→ N.)

The properties such a cover enjoys are analogous to that of profinite groups (p. 80),

and are elaborated on in [Har84, §1]. In particular, given any cover φ : H → G there

exists an Artin-Schreier substructure F ≤ H such that φ|F : F → G is a Frattini cover.

This is [Har84, Lemma 1.6]. □

Consider the category of Artin-Schreier structures with morphisms between them.

An Artin-Schreier structure should be projective if it is a projective object ([Mac98, p.

118]) in this category. A central result of Haran & Jarden’s work is a characterisation

of this projectivity in terms of embedding problems:

Definition B.10. [HJ85, p. 468]. Let G be a (weak) Artin-Schreier structure. A

diagram

G

B A

φ

α

where φ is a morphism and α an epimorphism of weak Artin-Schreier structures

is called a weak embedding problem for G. If A,B are Artin-Schreier structures, and

α is a cover, this is an embedding problem for G. The problem is finite if both A,B

are finite. A solution to a problem is a morphism γ : G → B such that α ◦ γ = φ.

An Artin-Schreier structure G is projective (in the sense of Haran & Jarden) if every

embedding problem for G has a solution.

Theorem B.11. Let G be a (weak) Artin-Schreier structure. TFAE:
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(1) G is a projective (in the sense of Haran & Jarden) Artin-Schreier structure;

(2) G is a projective object in the category of Artin-Schreier structures;

(3) Every finite weak embedding problem for G has a solution;

(4) The forgetful map of G is injective, and every finite weak embedding problem for

G, in which the forgetful maps of A,B are inclusions, has a solution.

Proof. The equivalence of (1), (3) & (4) is [HJ85, Lemma 7.5] exactly. By definition,

(2)⇒ (3). For (1)⇒ (2), we indicate [HJ85, p. 471]: consider the embedding problem:

G

B A

φ

α

where A, B = ⟨B,B′, X(B) → B⟩ are Artin-Schreier structures, and α is an epi-

morphism. Let B♯ = ⟨B,B′, X(B)♯ → B⟩ be an Artin-Schreier substructure of B

such that X(B)♯ ⊆ X(B) is minimal while being closed under the action of B and

α(X(B)♯) = X(A) still. Now consider the embedding problem:

G

B♯ B A

φ

ι

α♯

α

Note (by design) α♯ is a cover, as X(B♯)/B′ is homeomorphic to X(A)/A′. Assuming

(1), there is a solution γ : G→ B♯, which gives a solution ι◦γ to the original embedding

problem, proving (2). ■

Going forward, we will shorten projective (in the sense of Haran & Jarden) to pro-

jective, owing to Theorem B.11. Later, Haran developed a cohomology theory of Artin-

Schreier structures [Har90, Har93], which provided a characterisation of projectivity in

the Artin-Schreier structure category in terms of projectivity of the underlying group-

theoretic data.
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Theorem B.12. [Har93, Theorem 2.1]. An Artin-Schreier structure G = ⟨G, G′,

X(G) → G⟩ is projective if and only if G′ is projective and X(G) =21 Inv(G), the

set of involutions of G. ■

Haran also produced a characterisation of projective Artin-Schreier structures in

terms of the cohomological dimension of such a structure (see [Har90, Har93]). One

can also phrase the projectivity of an Artin-Schreier structure G = ⟨G,G′, X(G)→ G⟩

purely in terms of a group-theoretic property of G:

Definition B.13. Let G be a profinite group. A diagram

G

B A

φ

α

where φ is a homomorphism and α is an epimorphism of (finite) groups, is called a

(finite) real embedding problem for G if, for every involution ϵ ∈ G with φ(ϵ) ̸= 1, there

exists an involution b ∈ B with α(b) = φ(ϵ). The group G is real projective if Inv(G) is

closed in G, and every finite real embedding problem has a solution.

Theorem B.14. [HJ85, Proposition 7.7]. Let G be a profinite group and Inv(G) the set

of involutions of G Denote

G′ = {G′ ◁ G : G′ is open, (G : G′) ≤ 2, and G′ ∩ Inv(G) = ∅}.

TFAE:

(1) G is real projective;

(2) G′ ̸= ∅ and for every (equivalently, for some) G′ ∈ G′, G = ⟨G,G′, Inv(G)
incl.
↪−−→ G⟩

is a projective Artin-Schreier structure. ■

Corollary B.15. An Artin-Schreier structure G = ⟨G,G′, X(G)
d−→ G⟩ is projective if

and only if G is real projective.

21By which we mean there is a continuous bijection d : X → Inv(G) such that d(xσ) = σd(x)σ−1.
Haran notes in [Har93, p. 232], “[w]e have not put it this way merely to avoid ambiguity in notation”.
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Proof. A consequence of Theorem B.14, noting that if G is a projective Artin-Schreier

structure, WLOG X(G) = Inv(G) by Theorem B.11 (4). ■

With these ideas, one can prove a result analogous to van den Dries-Lubotzky’s [vdDL81,

§4.8, Proposition]:

Theorem B.16. If K is a PRC field, then GK is projective. Conversely, if G is a

projective Artin-Schreier structure, there exists a PRC field K such that G ∼= GK .

Proof. This is equivalent to the statement of [HJ85, Theorem 10.4], and follows from

[HJ85, Theorems 10.1 & 10.2]. ■

Haran & Jarden actually prove a theorem slightly more precise than this. They

prove a corresponding Theorem 4.1.5: given a PRC field K, they produce a PRC field

extension E whose algebraic part is governable relative to K, yet has an almost arbitrary

absolute Artin-Schreier structure.

Theorem B.17. [HJ85, Theorem 10.2]. Let G be a projective Artin-Schreier structure.

Let L/K be a Galois extension such that
√
−1 ∈ L and let π : G → Gal(L/K) be an

epimorphism. Then there exists a PRC extension E/K such that G ∼= GE, and

G GE

Gal(L/K)

∼=

π ResL

is a commutative diagram. ■

Finally, in our constructions we will require the use of quotient Artin-Schreier struc-

tures, which we define now:

Definition B.18. [HJ85, §4.1]. Let G = ⟨G,G′, X(G)
d−→ G⟩ be a (weak) Artin-Schreier

structure, and N ≤ G′ a closed normal subgroup of G. Define the quotient (weak)

Artin-Schreier structure G/N to be

⟨G/N , G′/N , X(G)/N
d−→ G/N⟩,
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where X(G)/N is the quotient Boolean space of X(G) under the relation x1 ∼ x2

⇐⇒ ∃σ ∈ N (xσ1 = x2) for all x1, x2 ∈ X(G), and d : X(G)/N → G/N is the forgetful

map induced by d : X(G)→ G.

The following is likely known, but unavailable in the literature, so we prove it our-

selves: let C be a full formation of finite groups (recall Definition 4.1.6) containing the

family of finite 2-groups, fix G = ⟨G,G′, X(G)
d−→ G⟩, define N to be the family of closed

normal subgroups N ◁ G such that G/N ∈ C, and let NC =
⋂
N . Then G/NC is the

maximal pro-C quotient of G. As G′ ≤ G is open and of index ≤ 2, NC ≤ G′, hence we

may form the (well-defined) quotient Artin-Schreier structure

GC := G/NC = ⟨G/NC , G
′/NC , X(G)/NC

d−→ G/NC⟩.

This Artin-Schreier structure is defined to be the maximal pro-C quotient of G. Notice

as C is a full formation, G′/NC is pro-C ([FJ08, Lemma 17.3.1]).

Lemma B.19. Suppose C is a full formation of finite groups containing the family of

finite 2-groups, and G is a projective Artin-Schreier structure. Then the maximal pro-C

quotient GC is also a projective Artin-Schreier structure.

Proof. We will first show GC is C-projective22. Let A,B be finite Artin-Schreier

structures whose underlying groups A,B are elements of C (immediately this implies

A′, B′ ∈ C). Consider the embedding problem

GC = G/NC

B A

ϕ

α

where α is an epimorphism and ϕ a morphism. Recall the cover that is the quotient

morphism π : G ↠ G/NC (cf. [HJ85, pp. 458–459]); as G is projective there exists a

morphism γ : G→ B such that α ◦ γ = ϕ ◦ π, by Theorem B.11.

We claim γ factors through NC . Indeed, γ consists of the continuous morphisms

γ1 : G → B (which has the property γ−1
1 (B′) = G′) and γ2 : X(G) → X(B) mak-

22Projective relative to C-groups; see [FJ08, Definition 22.3.1].
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ing the relevant diagrams commute. By the First Isomorphism Theorem for groups,

G/ ker(γ1) ∼= γ1(G) ≤ B, hence as C is a full formation, by definition ker(γ1) ∈ N .

Therefore NC ⊆ ker(γ1), and thus the map γ1 factors through NC .

For γ2 : X(G)→ X(B), notice that:

x1 ∼ x2 =⇒ γ2(x2) = γ2(x
σ
1 ) = γ2(x1)

γ1(σ) = γ2(x1),

as σ ∈ NC ⊆ ker(γ1). Thus, γ2 factors through the equivalence relation ∼, and gives

rise to a natural map X(G)/NC → X(B). Therefore the morphism γ : G → B factors

through a morphism γ : G/NC → B, i.e. γ ◦ π = γ. We conclude α ◦ γ = ϕ as required

to prove GC is C-projective.

Now consider the general embedding problem

GC

B A

ϕ

α

where A,B are arbitrary finite Artin-Schreier structures, and α is an epimorphism.

We may assume WLOG ϕ is an epimorphism (as Haran & Jarden note in [HJ85, pp.

471–472], we may replace A with an epimorphic image A0 of GC , and B with the fibred

product of B with A0 over A. For more details on fibred products of Artin-Schreier

structures, see [HJ85, p. 460 & Lemma 4.6]). Hence A,A′ ∈ C. By23 [RZ00, Lemma

7.6.6] there exists M ≤ B such that B = ker(α)M , M ∈ C, and α(M) = A. Let

M ′ = B′ ∩M . We may further assume Inv(B) = {ϵ1, . . . , ϵn} ⊂ M , as if not the group

M⟨ϵ1⟩ . . . ⟨ϵn⟩ has these properties (note we assumed C contains the family of finite

2-groups). Clearly M ′ ≤M (and thus M ′ ∈ C), but also α(M ′) = A′.

Indeed, α(M ′) ⊆ A′, and furthermore given a′ ∈ A′ we may find b′ ∈ B′ such that

α(b′) = a′. M is constructed ([RZ00, Lemma 7.6.6]) so that ker(α)M = B, hence

b′ = km for some k ∈ ker(α) and m ∈ M . By definition of α, ker(α) ⊆ B′, hence

23Ribes & Zalesskii prove this for C a saturated variety of finite groups; terminology found in [RZ00,
pp. 19–20 & Definition 7.6.4]. We note a full formation of finite groups is a ‘saturated variety’, by
definition [RZ00, pp. 19–20] and [RZ00, Example 7.6.5 (1)].
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m = k−1b′ ∈ B′ ∩M . Then A′ ⊆ α(M ′) as desired. Note M ′ ̸= M ⇐⇒ B′ ̸= B, as

ker(α)M = B whereas ker(α)M ′ ≤ ker(α)B′ = B′. Finally, (M : M ′) ≤ (B : B′) ≤ 2 as

required to define the Artin-Schreier substructure

M = ⟨M, M ′, X(M)
dM−−→M⟩ ≤ B = ⟨B, B′, X(B)

dB−−→ B⟩,

where X(M) := d−1
B (M) and dM = dB|X(M). Note that as B is finite, M is closed,

hence as dB is continuous the space X(M) ⊆ X(B) is Boolean. Therefore M indeed

satisfies the definition of an Artin-Schreier structure. It is furthermore a substructure

of B, as the canonical inclusion map M ↪→ B is a morphism, and by construction

α : M ↠ A is an epimorphism.

As GC is C-projective, there exists a morphism γ : GC → M which solves the em-

bedding problem. Solving finite embedding problems is sufficient by Theorem B.11 to

ensure GC is projective in the category of Artin-Schreier structures, as required. ■
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C Background on PpC fields and GQp
-structures

After the algebra and model theory of PAC and PRC fields, pseudo-p-adically closed

fields are a reasonable subsequent consideration. First, some terminology:

Definition C.1. Let K be a field, and p prime. A valuation v is p-adic if its residue

field is Fp and v(p) is the minimal positive element of the value group v(K∗). A field K

that admits a p-adic valuation is formally p-adic.

Formally p-adic fields necessarily have characteristic 0. A p-adically valued field

(K, v) which has no proper p-adically valued algebraic extension is p-adically closed.

For every p-adically valued field (K, v) there exists an algebraic extension (K, v) which

is p-adically closed: this is known as a24 p-adic closure of (K, v).

Definition C.2. A field K is pseudo-p-adically closed (PpC) if every geometrically

irreducible variety defined over K, which has a smooth K-rational point in each p-adic

closure K of K, has a K-rational point. (If V is a K-variety, the K-variety V =

V ×Spec(K) Spec(K) has a smooth K-rational point x ∈ V if dimOV , x = dimmx/m
2
x.)

Note that we do not assume that K has a p-adic valuation; a PpC field with no

p-adic valuation is PAC. See [HJ88, Lemma 12.5] for an example class of formally p-adic

PpC fields. For a specific example, take Qtp, the “totally p-adic” algebraic numbers (for

a fixed prime p). This is analogous to Qtr; for example, Qtp =
⋂

σ∈GQ
σ(Qp ∩ Q̃) and

(equivalently) this field is the maximal Galois extension of Q in Qp. This field is PpC

by Pop [Pop90].

Remark C.3. If a field is formally real, this can be expressed through Lr in the field

structure (namely “−1 is not a sum of squares”). The same is true of formally p-adic

fields: defining the Kochen operator

γ(x) =
1

p

xp − x
(xp − x)2 − 1

,

it is a result of Prestel & Roquette (stated in [HJ88, Lemma 6.1], which references [PR84,

24Uniqueness (or lack thereof) is discussed after Definition C.12.
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Theorem 6.4]) that if char(K) = 0 and p ·f(γ(x1), . . . , γ(xn)) ̸= a for each nonzero a ∈ Z

relatively prime to p, f ∈ Z[x] and x ∈ K, then K is formally p-adic. □

Through the same style of arguments as Haran, Efrat [Efr92] proves:

Theorem C.4. [Efr92, Corollary 4.3]. The theory of formally p-adic PpC fields is

undecidable. ■

The undecidability of the theory of all PpC fields, PpC, follows from the undecid-

ability of PAC. This is [Efr92, Remark 4.4]: let θ(x, y, z) be the numerator of the rational

function γ(x) + γ(y) + γ(z) − 1
p . Then PAC = PpC ∪ {∃x, y, z (θ(x, y, z) = 0)}. Indeed,

θ(x, y, z) is absolutely irreducible by Schinzel [Sch85, Corollaries 1, 2] (and independently

Fried [Fri87, Main Theorem] in characteristic 0), thus any PAC field L satisfies PpC and

L |= ∃x, y, z (θ(x, y, z) = 0). Conversely, if L is PpC and L |= ∃x, y, z (θ(x, y, z) = 0),

then L is not formally p-adic by Remark C.3 – hence is PAC by definition. PpC is

first-order Lr-axiomatisable by [Jar91, Lemma 10.1].

In this appendix we will follow Haran & Jarden’s adaptation [HJ88] of their previous

PRC field paper [HJ85] by introducing Γ-structures as a generalisation of Artin-Schreier

structures. The remainder of this appendix is an overview of25 [HJ88] for §4.3.

Definition C.5. Let Γ be a finitely generated profinite group. A Γ-structure is a system

G = ⟨G,X(G)
d−→ Hom(Γ, G)⟩, where G is a profinite group acting continuously on the

Boolean space X(G), and d is a continuous map (known as the forgetful map), such that

for every x ∈ X(G):

(1) d(xσ) = (d(x))σ for every σ ∈ G;

(2) {σ ∈ G : xσ = x} = {1} (we say the action of G on X(G) is regular).

If G satisfies only (1) it is a weak Γ-structure.

25The author also found the copy of [HJ88] located at www.tau.ac.il/∼jarden/Articles/paper43.pdf
quite helpful.
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Remark C.6. Compare this definition to Definition B.5 to see that Z/2Z-structures

carry near identical information as Artin-Schreier structures. It is not a perfect match,

as the prototypical example for Γ (namely GQp
, the absolute Galois group of Qp) is very

different to Z/2Z. So, for example, while in Definition B.5 we asked {σ ∈ G : xσ = x}

= {1, d(x)} for all x ∈ X(G), as GQp
is torsion free (explicitly given by [HJP05, Lemma

8.3]) here we have {σ ∈ G : xσ = x} = {1}. □

Remark C.7. [HJ88, p. 150]. Let G = ⟨G,X(G)
d−→ Hom(Γ, G)⟩ be a (weak) Γ-

structure. Denote the set of closed subgroups of G by Subg(G). Notice that Subg(G)

can be viewed as a Boolean space: for open normal subgroups of G, equip Subg(G/N)

with the discrete topology. By the compactness of G, Subg(G) ∼= lim←− Subg(G/N), hence

Subg(G) is a profinite space under this topology. Furthermore, the map

ℑ : Hom(Γ, G)→ Subg(G); ℑ(ψ) = ψ(Γ),

is continuous, as it is the inverse limit of the continuous maps ℑN : Hom(Γ, G/N)→

Subg(G/N) of finite discrete spaces. This topology may be equivalently characterised

as follows: called the strict topology, it has basis

v(∆, N) = {H ∈ Subg(G) : HN = ∆N}, where ∆ ∈ Subg(G) and N ◁ G open.

One may also equip Subg(G) with the étale topology, with basis {Subg(U)}U ≤ G open.

This is coarser than the strict topology ([HJ21, Lemma 1.2.2]). Both topologies have a

number of useful properties, including:

• If φ : H → G is a homomorphism of profinite groups, the induced map φ∗ :

Subg(H) → Subg(G) is étale continuous. If φ is an epimorphism, φ∗ is strictly

continuous.

• If H is open (resp. closed) in G, Subg(H) is strictly open (resp. closed) in Subg(G).

• If H is closed in G, the induced inclusion Subg(H) ↪→ Subg(G) is étale continuous,
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as is the restriction Subg(G)→ Subg(H) induced from J 7→ J ∩H.

• Let D be a subset of Subg(G). If D is étale closed, it is strictly closed, equivalently

strictly compact, which implies D is étale compact, and thus
⋃

H∈DH is closed in

G.

These properties arise from [HJ21, pp. 8–10]. Going forward, unless otherwise stated

we shall take Subg(G) with the strict topology. □

The category we consider in the PpC context is the category of Γ-structures. The

definition of morphism, epimorphism, (universal Frattini26) cover, (weak/finite/solution

to an) embedding problem, and (maximal pro-C) quotient structure are exactly as in

Appendix B; cf. Definitions B.7, B.10 & B.18, and Remark B.9. We have the following

definitions:

Definition C.8. [HJ88, Definition 5.1]. A Γ-structure is projective if every finite weak

embedding problem has a solution.

Definition C.9. [HJ88, Definition 4.1]. A profinite group G is GQp
-projective if D(G) =

{H ≤ G : H ∼= GQp
} is closed27 in Subg(G), and for every diagram

G

B A

φ

α

where φ is a homomorphism and α is an epimorphism, such that for each H ∈ D(G)

there exists γH : H → B with α ◦ γH = φ|H (i.e. “for every GQp
-embedding problem”),

there is a solution γ : G→ B; a morphism such that α ◦ γ = φ.

We recover parts of Theorems B.11 & B.12, when assumptions28 on Γ are made:

26See [Efr91, §4] as reference.
27In fact this is always satisfied; see the proof of Lemma 4.3.8, cf. [Feh10, Lemma 3.5.1].
28Results that follow can be true in more generality, under [HJ88, Assumption 3.1 or 8.1] or the

starting paragraph of §7 ibid. However for simplicity we will restrict to the groups and fields we are
most interested in – those for which Haran, Jarden & Efrat’s main results hold.
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Theorem C.10. Let G be a GQp
-structure, projective (in the sense of Definition C.8).

Then G is a projective object in the category of GQp
-structures, and the underlying group

G is GQp
-projective.

Furthermore, the forgetful map is injective, for each x ∈ X(G) the map d(x) : GQp
→

G is injective, and the space of orbits X(G)/G is homeomorphic to D(G).

Proof. That G is GQp
-projective is [HJ88, Proposition 5.4 (a)]. The “Furthermore. . . ”

is [HJ88, Lemma 5.3]. It remains to show that, if G is projective (in the sense of

Definition C.8), the embedding problem

G

B A

φ

α

has a solution, where A, B = ⟨B,X(B)
d−→ Hom(GQp

, B)⟩ are GQp
-structures, and α

is an epimorphism. Let B♯ = ⟨B,X(B)♯
d−→ Hom(GQp

, B)⟩ be a GQp
-substructure of B

where X(B)♯ ⊆ X(B) is a (minimal) closed system of representatives for the B-orbits

of the elements of X(B), such that α(X(B)♯) is a system of representatives for the

A-orbits of elements of X(A); X(B)♯ exists by [HJ88, Lemma 2.4]. The composed map

B♯ ι
↪−→ B

α−→ A is a cover by [HJ88, Lemma 2.7].

By Definition C.8, there is a solution γ : G → B♯ such that α ◦ (ι ◦ γ) = φ, hence

ι ◦ γ solves the required embedding problem. ■

Theorem C.11. [HJ88, Proposition 5.4]. If G is Γ-projective, then there exists X ⊆

Hom(Γ, G), closed topologically and closed under the action of G, such that D(G) =

{ψ(Γ) : ψ ∈ X} and ⟨G,X incl.
↪−−→ Hom(Γ, G)⟩ is a projective Γ-structure. ■

We will now describe the Galois structures Gal(L/K) ascribed to formally p-adic

fields K with algebraic extensions L. This ultimately requires a ‘natural’ Boolean space

X(L/K) := X(Gal(L/K)) carrying valuation-theoretic data. In the case of PRC fields,

recall from Example B.6 that the underlying space of X(L/K) was the set of pairs

(E,Q) where K ≤ E ≤ L and Q is an ordering of E, extending one from K, and E
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was ‘maximal’ in a sense. Here, Haran & Jarden do something similar, where instead of

orderings they consider the p-adic valuations, or more conveniently the coarsened place

corresponding to a p-adic valuation.

Indeed (following the exposition of [HJ88, p. 168]) let (K, v) be formally p-adic. Each

element of Ov can be ‘approximated’ by Zp, in the sense that for a ∈ Ov and n ∈ N

there exists unique integers a0, . . . , an ∈ [0, p − 1] with a ≡ a0 + a1p + · · · + anp
n mod

pn+1Ov. Therefore, there is a canonical homomorphism

πv : Ov → Zp; a 7→
∞∑
n=0

anp
n,

with Ker(πv) = ∩npnOv. The coarsening Ov̇ = (Ov)Ker(πv) is a valuation ring

corresponding to a place πv̇ : K → Qp ∪{∞} extending πv. One may check (viz. [HJ88,

Lemma 6.7]) the operation v 7→ πv̇ is a bijection between p-adic valuations of K and

places K → Qp ∪{∞}.

By valuation-theoretic algebra (i.a. [HJ88, §6–8]), fixing a p-adic closure K of K,

there is a sequence of isomorphisms

K
∗
/(K

∗
)n ∼= (K

∗∩ Q̃)/(K
∗∩ Q̃)n ∼= (Q∗

p ∩ Q̃)/(Q∗
p ∩ Q̃)n ∼= Q∗

p /(Q∗
p)

n,

hence the canonical homomorphism K∗ → K
∗
/(K

∗
)n induces a homomorphism

K∗ → lim←−Q∗
p /(Q∗

p)
n of K∗ with the profinite completion of Q∗

p ([HJ88, p. 173]). Denote

the set-theoretic union “Qp ∪{∞} ∪ lim←−Q∗
p /(Q∗

p)
n ” by Θ. We now define:

Definition C.12. ([HJ88, Definition 8.2] with F = Qp.) Let K be a field of character-

istic 0, π : K → Qp ∪{∞} a place, and φ : K∗ → lim←−Q∗
p /(Q∗

p)
n a homomorphism. The

pair (π, φ) is a Θ-site of K if π and φ agree29 on units in the valuation ring induced by

π.

The motivation for this definition is as follows ([HJ88, p. 148]): given a formally

p-adic field K, two p-adic closures E,F of K are not necessarily isomorphic. This is

29Implicitly we identify Q∗
p as a subgroup of lim←−Q∗

p /(Q∗
p)n; a nontrivial remark but possible by [HJ88,

Lemma 6.8 (a)].
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a new difficulty – two algebraic or real closures of a field are isomorphic (though see

Remark 4.2.1). In the p-adic case, there is a criterion for two p-adic closures to be

isomorphic: by Macintyre30, E ∼=K F if and only if K ∩ (E)n = K ∩ (F )n for all n ∈ N

(explicitly this is a consequence of [PR84, Corollary 3.11]). Thus a p-adic closure K

is characterised by the homomorphism K∗ → lim←−Q∗
p /(Q∗

p)
n arising from the canonical

K∗ → K
∗
/(K

∗
)n with kernel K ∩ (K)n. Therefore a Θ-site (π, φ) may be thought of as

the data (‘p-adic valuation’, ‘p-adic closure’). For every place π : K → Qp ∪{∞}, there

exists a homomorphism φ : K∗ → lim←−Q∗
p /(Q∗

p)
n making (π, φ) a Θ-site (take a p-adic

closure with respect to π; cf. [HJ88, Corollary 8.10]), and φ is unique in that if (π′, φ′)

is a Θ-site of K such that φ = φ′, then π = π′ [HJ88, Lemma 8.8].

Remark C.13. (from [Efr92, p. 447].) The set of Θ-sites of K, denoted X(K), ‘is’ the

set of K-isomorphism classes of p-adic closures of K. Furthermore, if K is PpC then

any two p-adic closures of K with respect to a fixed p-adic valuation are K isomorphic

([Gro87, Proposition 3.06]; [Jar91, Theorem 10.8 (b)] as well), hence the Θ-sites of such

K ‘are’ the p-adic valuations of K.

In comparison, for a formally real field F , the space X(F ) was the set of orderings of

F (recall Remark 4.2.9). We can recover the formally real setting from Definition C.12

too (this is [HJ88, Remark 8.3]): in place of Qp, we have R; in place of lim←−Q∗
p /(Q∗

p)
n,

we have {±1}. Then for (K,<) an ordered field, define

π : K → R∪{∞}; x 7→ sup{r ∈ Q : r < x} if the supremum exists, ∞ otherwise.

This place gives rise to a valuation ring Oπ. Along with

φ : K∗ → {±1}; x 7→ 1 if and only if x > 0,

this defines a “Θ-site of K” (where instead of identifying Q∗
p as a subgroup of

lim←−Q∗
p /(Q∗

p)
n, we have the homomorphism sign : R∗ → {±1}, and the units of Oπ

agree under φ and sign◦π). Conversely, if (π, φ) is a “Θ-site of K”, the rule φ = sign◦π
30[Mac76, Theorem 1] proves the first order theory of p-adically closed fields has quantifier elimination

in the language of rings plus (for each n ∈ N) a predicate interpreted as the set of n-th powers.
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on units O×
π defines a prepositive cone (a positive cone P on K is a prepositive cone

such that K = P ∪ −P ), which by φ : K∗ → {±1} is indeed an ordering. □

This is the picture for a single formally p-adic field K; now we extend our definitions

to algebraic field extensions L/K. To carry the p-adic closure information, define

ΦL := (L∗ × lim←−Q∗
p /(Q∗

p)
n)/{(a−1, a) : a ∈ Q∗

p}.

By definition ΦQp
∼= lim←−Q∗

p /(Q∗
p)

n, as one might expect, and Φ̃ := ΦQ̃p
=
⋃

E ΦE

where the union ranges over the finite extensions E/Qp. Topologically, Φ̃ has the quo-

tient topology of the product topology. As GQp
acts continuously on Q̃p, and Q̃p can be

continuously embedded in Φ̃, we see GQp
acts continuously on Φ̃ too.

Denoting the set theoretic union “E ∪ {∞} ∪ΦE ” as ΘE , with Θ̃ := ΘQ̃p
, we have:

Definition C.14. ([HJ88, p. 177] with F = Qp.) Let L be a field of characteristic 0,

π : L→ Q̃p∪{∞} a place, and φ : L∗ → Φ̃ a homomorphism. The pair (π, φ) is a Θ̃-site

of L if π and φ agree31 on units in the valuation ring induced by π.

What is the connection between Θ-sites and Θ̃-sites? If θ = (π, φ) is a Θ̃-site of L,

where L/K is Galois, then ResK(θ) = (π|K , φ|K∗) is a Θ̃-site of K. Furthermore, if θ is

a Θ-site of K, it may be extended to a Θ̃-site θ′ of L in such a way that if θ′′ is another

extension, there exists a unique σ ∈ Gal(L/K) with θ′ = θ′′ ◦ σ ([HJ88, Proposition

9.3]).

Definition C.15. Define the σ with this property as the orbitiser with respect to θ′ and

θ′′.

We shall be interested in those Θ̃-site extensions ‘which are actually Θ-sites’ – by

which we mean those Θ̃-sites of a formally p-adic field F , θ = (π, φ), such that π(F ) ⊆

Qp ∪{∞} and φ(F ∗) ⊆ Φ. This condition will be denoted “ θ(F ) ∈ Θ ”. Informally, such

Θ̃-sites ‘are’ Θ-sites which have p-adic valuation & p-adic closure information compatible

in a manner with Galois extensions.

31Q̃p

∗
can again be identified as a subgroup of Φ̃, by [HJ88, Lemma 9.2].
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Definition C.16. ([HJ88, p. 180].) Let L/K be a Galois extension. The space of sites

X(L/K) is defined as {θ : θ is a Θ̃-site of L, with ResK(θ)(K) ∈ Θ}, equipped with

the subspace topology of (Q̃p ∪ {∞})L× Φ̃L∗
(where topologically Q̃p ∪ {∞} is given by

one-point compactification, and the notation “AB” denotes the set of maps B → A).

We write “X(K)” if L = K; this is the space of sites of K.

Finally, to give our most important example:

Definition C.17. Let L/K be a Galois extension. Define

Gal(L/K) := ⟨Gal(L/K), X(L/K)
d−→ Hom(GQp

,Gal(L/K))⟩,

where d(θ) : GQp
→ Gal(L/K) is the map

d(θ)(g) := the orbitiser with respect to θ and g ◦ θ.

(Recall ‘orbitiser’ from Definition C.15.)

Remark C.18. It is highly nontrivial that Gal(L/K) is indeed a GQp
-structure.

First, X(L/K) is Boolean [HJ88, Lemma 10.3 (a)]. Indeed, one shows for finite

Galois L0/K that X(L0/K) is a closed subset of the Boolean space (E ∪ {∞})L0 ×

Φ
L∗
0

E , where E is a sufficiently large finite extension of Qp. One also shows we have

the expected isomorphism X(L/K) ∼= lim←−X(L0/K). Next, the action θσ := θ ◦ σ of

Gal(L/K) on X(L/K) is continuous and regular (Remark 10.4, Proposition 9.3 (b)

ibid.), and d : X(L/K) → Hom(GQp
,Gal(L/K)) is continuous as it is the inverse limit

of continuous maps dL0 : X(L0/K) → Hom(GQp
,Gal(L0/K)) (argued in Proposition

10.7 (a) ibid.; the fact dL0 is continuous follows from Lemma 10.6 ibid.). Finally, the

action of Gal(L/K) on X(L/K) is compatible with d, by Definition C.17 and a diagram

chase.

We also recover Example B.8: when L/K, F/K are Galois extensions, the canonical

restriction map Res : Gal(L/K)→ Gal(F/K) is a cover ([HJ88, Proposition 10.7 (b) &

(c)]). □
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[ES17] Eisenträger, K. and Shlapentokh, A. Hilbert’s Tenth Problem over function

fields of positive characteristic not containing the algebraic closure of a finite field.

J. Eur. Math. Soc. (JEMS), 19(7): pp. 2103–2138 (2017).

[Feh10] Fehm, A. Decidability of Large Fields of Algebraic Numbers. Ph.D. thesis, Tel

Aviv University (2010).

[Feh17] Fehm, A. The Elementary Theory of Large Fields of Totally S-adic Numbers. J.

Inst. Math. Jussieu, 16(1): pp. 121–154 (2017).

136

https://arxiv.org/abs/1306.2669


References

[FJ08] Fried, M. and Jarden, M. Field Arithmetic. Springer-Verlag. Ergebnisse der

Mathematik und ihrer Grenzgebiete. 3. Folge; A Series of Modern Surveys in Math-

ematics, Volume 11, 3rd Edition (2008).

[Fri87] Fried, M. D. Irreducibility results for separated variables equations. J. Pure Appl.

Algebra, 48(1-2): pp. 9–22 (1987).

[Gro87] Grob, C. Die Entscheidbarkeit der Theorie der maximalen pseudo p-adisch

abgeschlossenen Körper. Ph.D. thesis, Universität Konstanz (1987).

[Haa18] Haase, C. A Survival Guide to Presburger Arithmetic. SIGLOG News, 5(3): pp.

67–82 (2018).

[Har84] Haran, D. The Undecidability of Pseudo Real Closed Fields. Manuscripta Math.,

49: pp. 91–108 (1984).

[Har90] Haran, D. Cohomology Theory of Artin-Schreier Structures. J. Pure Appl. Alge-

bra, 69: pp. 141–160 (1990).

[Har93] Haran, D. On the Cohomological Dimension of Artin-Schreier Structures. J.

Algebra, 156(1): pp. 219–236 (1993).

[HHJ19] Halevi, Y., Hasson, A., and Jahnke, F. A Conjectural Classification of

Strongly Dependent Fields. Bull. Symb. Log., 25(2): pp. 182–195 (2019).

[HHJ20] Halevi, Y., Hasson, A., and Jahnke, F. Definable V -topologies, Henselianity

and NIP. J. Math. Log., 20(2): pp. 1–33 (2020).

[Hil00] Hilbert, D. Mathematische Probleme. Nachr. Königl. Gesell. Wiss. Göttingen,

Mathematisch-Physikalische Klasse, pp. 253–297 (1900).

[HJ85] Haran, D. and Jarden, M. The Absolute Galois Group of a Pseudo Real Closed

Field. Ann. Sc. Norm. Super. Pisa Cl. Sci. Série 4, 12(3): pp. 449–489 (1985).

[HJ88] Haran, D. and Jarden, M. The Absolute Galois Group of a Pseudo p-Adically

Closed Field. J. Reine Angew. Math., 383: pp. 147–206 (1988).

[HJ21] Haran, D. and Jarden, M. The Absolute Galois Group of a Semi-Local Field.

Springer. Springer Monographs in Mathematics (2021).

[HJP05] Haran, D., Jarden, M., and Pop, F. P -adically projective groups as absolute

Galois groups. Int. Math. Res. Not. IMRN, 2005(32): pp. 1957–1995 (2005).

137



References

[Hod93] Hodges, W. Model Theory. Cambridge University Press. Encyclopedia of Math-

ematics and its Applications, Volume 42 (1993).
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