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The advent of metalworking during the bronze age marked a transition in hu-
mankind’s relationship with materials: instead of materials existing only as they were
found in nature, one could now manipulate their physical properties to make them
fit for purpose. With the discovery of quantum mechanics, the new opportunities to
manipulate materials were manifold. The collective behaviour of electrons inside a
solid is much more than the sum of its parts; as such, in some bulk materials, new
quantum mechanical behaviour can emerge. We can use our knowledge of quantum
mechanics to manipulate these quantum materials, and thus we find ourselves not in
the bronze or the iron age, but in the quantum age.

This thesis is a series of four studies on a range of quantum materials.
I begin with emergent magnetic monopoles in spin ice. While there have been

many bulk studies of monopoles, there is yet to be a microscopic measurement of small
ensembles of these emergent quasiparticles. I use Monte Carlo methods to simulate
the expected magnetic field fluctuations arising from small numbers of monopoles
passing close to a probe near the surface of a spin ice, and show that the presence
of monopole excitations produces unique features in the magnetic noise spectrum. I
also propose several experiments which may be able to detect these features.

I then move onto CoTi2O5. Using µSR and neutron powder diffraction, as well
as theoretical calculations, I find that this material undergoes a transition to an
antiferromagnetic state, which is coupled to a spontaneous breaking of structural
symmetry. This makes CoTi2O5 the lowest-known-symmetry crystal to undergo the
spin Jahn-Teller effect. I then present a possible magnetostructural coupling regime.

The remaining studies examine the importance of topology in the successful
understanding of quantum material systems. I use µSR to investigate both the
ACa2Fe4As4F2 (A = K, Rb, or Cs) and LuxZr1−xB12 families of superconductors.
It is possible to alter the topological character of the superconducting gap in these
families, either by manipulating the chemical spacer layers in the crystal structure
of ACa2Fe4As4F2 or by changing x in LuxZr1−xB12. Along with the gap topologies,
both the penetration depths and critical temperatures of these compounds appear
to be sensitive to these chemical manipulations. I investigate how these topological
crossovers are linked to the other superconducting properties of these materials, and
discuss the consequences for our wider understanding of superconductivity.





“It is a mistake to think you can solve any major problems with just potatoes.”

– Douglas Adams
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1
Introduction

Give a physicist an electron, and she’ll study for a day; teach a physicist about

1023 electrons, and she’ll have enough to study for a lifetime (and several lifetimes

afterwards, too). While the fundamental physics of individual electrons is well-known,

what happens when they are thrust together with protons and neutrons to form atoms,

and then solid matter, is rather more mysterious. In the words of P. W. Anderson:

more is different [1].

A large number of electrons at close quarters with one another leads to cooperative

and correlated behaviour, and as a result novel quantum mechanical phenomena

emerge from the bulk. Materials exhibiting such behaviours are quantum materials,

and include magnets, superconductors, and even biological systems. We are living in

a quantum material world.1

This thesis is a series of experimental and theoretical studies on a selection of

quantum materials.
1And I am a quantum material girl.
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The experimental and theoretical techniques I use are outlined in Chapters 2 and

3 respectively. Chapter 2 contains an introduction to µSR and SQUID magnetome-

try. Chapter 3 introduces two techniques specific to the interpretation of µSR data:

density functional theory and dipole field calculations, as well as the Monte Carlo

method applied to modelling spin systems.

Moving to the theme of emergence, I present a theoretical (albeit experimentally-

motivated) study of emergent magnetic monopole behaviour in the spin ice materials

in Chapter 4. I begin with an exploration of the current experimental possibilities in

this field, and then propose several new experiments to detect the dynamical magnetic

fields arising from single and small ensembles of magnetic monopoles.

I then move onto a different correlated system: the spin Jahn-Teller-mediated an-

tiferromagnet CoTi2O5 in Chapter 5. This chapter is an in-depth, multi-experiment

study of CoTi2O5, in which I explore its antiferromagnetic order, and the magne-

tostructural coupling that is required in order to relieve the frustrated magnetism.

Electrons are fermions. But when is a fermion not a fermion? When there are

two of them coupled in a Cooper pair. Chapter 6 introduces superconductors, and

the experimentally measurable properties associated with their Cooper pairs.

Accompanying emergence, topology is another key property of quantum materials.

By manipulating the topology and symmetry of the microscopic electronic structure

of a material, it is possible to significantly alter its properties at the macroscopic scale.

Chapter 7 contains a study of the ACa2Fe4As4F2 family of superconductors, which,

despite being crystallographically similar to other iron-based superconductors, have a

vastly different superconducting gap topology. I study their physical properties using

µSR and discuss their relevance in the search for an underlying theory of iron-based

superconductivity.

Another family of superconductors in which the gap topology is chemically alter-

able is the LuxZr1−xB12 compounds. I present a µSR study of this family in Chapter

2



8 and evaluate the relationship between the gap and the x-dependence of the other

superconducting parameters.

Finally, I bring together the main conclusions of the individual chapters and dis-

cuss them in the broader context of quantum materials in Chapter 9.
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2
Experimental techniques

A few notable left-handers include Barack Obama, Marie Curie, Neil Armstrong, the

author, and the neutrino. Arguably the most important member of this list is the

neutrino (in the context of this thesis, anyway); if it were ambidextrous, the µSR

technique would simply not exist.

Following the success of Wu et al.’s experiment using 60C nuclei to test parity

violation [2], Garwin et al. attempted a similar experiment, this time using the decay

of the positive pion [3]. The pion decays to a positive muon, which then decays to

a positron and two neutrinos. If parity were violated (resulting in neutrinos of only

a single chirality), the spatial distribution of the positron would be asymmetric with

respect to the muon’s initial polarisation. It was; µSR was born.

The bulk of the work in this thesis is based on experiments using the µSR tech-

nique to investigate the magnetic and superconducting properties of materials. The

technique utilises positively-charged antimuons (hereafter simply called muons) to de-
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tect the internal magnetic fields of a sample. In short: muons enter the sample, and

settle in an interstitial site in the unit cell. The muons’ spins precess in the local mag-

netic field, and then the muons decay and produce positrons. The positrons can be

detected and thus the muon precession, and therefore the internal field distribution,

can be inferred.

This section will start with an introduction to the µSR technique and its appli-

cations in condensed matter systems. A further experimental probe, SQUID magne-

tometry, will then be introduced in the second section, and a discussion of its use in

complementing the µSR technique follows.

2.1 The µSR technique

Muon spin rotation/relaxation/resonance (µSR) is a technique in condensed matter

physics which measures the time evolution of the spin of the muon in a sample. The

wide scope of applications of this technique is manifest in the ambiguity of the ‘R’

in µSR. This thesis focuses primarily on the rotation and relaxation applications. A

comprehensive introduction to all three ‘R’s is given in Ref. 4.

Positive muons are most often used in condensed matter physics experiments as

they preferentially implant close to areas of high electron density or near electroneg-

ative atoms (and, unlike negative muons, cannot be captured by nuclei). Muons can

be thought of as heavy electrons, or in the case of positive muons, light protons. The

properties of these particles are summarised in Table 2.1.

2.1.1 Muon production, propagation, and decay

In muon sources, high-energy protons p (with energies between 600 and 800 MeV)

are fired into a graphite target to produce pions π+:

p+ p→ π+ + p+ n, (2.1)
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e− µ+ p
Charge −e +e +e
Mass me 207me 1863me

0.0054mp 0.11mp mp

Spin 1/2 1/2 1/2
Gyromagnetic ratio 28025 135.5 42.58
γ/2π (MHzT−1)
Lifetime > 4.6× 1026 yr 2.197µs > 2.1× 1029 yr

Table 2.1: Some properties of the electron, positive muon, and proton.

which then decay to muons µ+ and muon neutrinos νµ:

π+ → µ+ + νµ. (2.2)

By only using muons produced by pions stopping in the target (‘surface muons’),

the muons are 100% spin-polarised as the neutrino’s negative helicity and pion’s

zero spin constrain the muon’s spin to point antiparallel to its momentum. It is

also possible to use muons produced by pions in-flight (‘decay muons’), which have

a higher momentum than those produced from pions at rest and may be useful in

experiments where the muon must, for example, penetrate a pressure chamber. Only

surface muons will be discussed in this thesis. As the pion decay involves only two

products, the muon’s energy and momentum in the pion rest frame can be exactly

calculated to be 4.1 MeV and 29.8 MeV/c respectively.

Once the surface muons have been produced, it is paramount that any other

contaminant particles in the muon beam are filtered out. The muon beam is focussed

using quadrupolar magnets and its direction altered using dipolar magnets, which

both filter the beam to some extent (as particles with different momenta p and charge

q have their paths bent to differing degrees in a magnetic field B; the bending radius

is given by r = p/qB). Further filtering is achieved with a Wien filter, which consists

of a perpendicular electric EW and magnetic field BW, and selects a set of particles

with a specific matched velocity v = EW/BW (this can be derived by examining the
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µ+ Mu

µ+/Mu in
interstitial
site

µ+

e−

Mu

nucl

stage B C D
µ energy 4 MeV – 0.1 keV 0.1 keV – ∼ 100 eV ∼ 100eV – 0 eV

time taken 0.1 – 1 ns 1 ps < 1 ps
process scattering off e−s,

ionising atoms
e− capture and loss,

forming Mu
e− capture and loss, and

Mu–atom collisions

Figure 2.1: A schematic showing the stopping processes of a muon entering a sample.
A: A spin-polarised muon; B: muon–electron scattering; C: muonium (Mu) formation;
D: Mu–nucleus scattering; E: diamagnetic muon or paramagnetic Mu at rest in an
interstitial site. The bottom panel shows the processes and relevant time and energy
scales for stages B, C, and D.

Lorentz force on charged particles in the filter). At this stage, a Wien filter may also

be used to rotate the muons’ spins; this point will be further discussed in Section 2.1.3.

Once inside the sample, muons lose their energy through a series of Coulombic

events, thus leaving the spin polarisation unchanged. A schematic of the stopping

processes and their timescales is given in Fig. 2.1. The stopping depth of a muon

is dependent on the density of the sample, and one should aim for a density of

≈ 110mg cm−2 [for small quantities of sample, placing a thin sheet of silver degrader

in front of the sample slows down the muons slightly such that they come to rest in

the sample itself]. Muons have a lifetime of approximately 2.2 µs and decay via

µ+ → e+ + νe + ν̄µ. (2.3)

From this decay, the positron’s energy is measured. As this is a three-body decay,

the positron’s energy and momentum are not defined, and the number of positrons

emitted at a given angle θ follows the distribution

N = N0 (1 + a cos θ) ; (2.4)

this function is visualised in Figure 2.2. The factor a is dependent on the positron en-

ergy, taking the value 1 for the maximum possible energy (52.8 MeV/c) and averaging
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F B

sample

Figure 2.2: A schematic of a µSR experiment, with forward (F) and backward (B)
detectors on either side of the sample. Note that the spins of the different implanted
muons (white arrows) point in different directions due to their different interactions
with their different local environments. The inset show the probability distribution
of the e+ emission direction from a µ+ with its spin along the white arrow, calculated
from Equation 2.4. The length of the arrow is proportional to the probability that
the e+ is emitted along its direction.

at 1/3. The positron may be detected either using a scintillator and photomultiplier

tube, or more recently, using avalanche photodiodes.

The precession of the muons’ spins in the local magnetic fields can be measured

by using a large sample (∼ 107) of incoming muons, and placing an array of detectors

around the sample space.

2.1.2 Rotation, relaxation, and the internal field distribution

If the muon stops in a site with a magnetic field of magnitude B, it will Larmor precess

with frequency ω = γµB, where γµ = 2π×135.5MHzT−1 is the gyromagnetic ratio of

the muon. Muons that decay at different stages in their precession will preferentially

emit positrons in different directions, which can be detected in either the backward

or forward detectors which lie behind and in front of the sample respectively; this

geometry is visualised in Figure 2.2. The number of positrons detected in the forward

[NF(t)] and backward [NB(t)] detectors is shown in the central column of Figure 2.3,

and the normalised difference of these two counts gives the asymmetry function, which
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describes the time evolution of the muon’s polarisation:

A(t) =
NB(t)− αNF(t)

NB(t) + αNF(t)
, (2.5)

where α is an experimentally-determined calibration constant which takes into ac-

count asymmetries in detector efficiency. The spins of muons in a constant field

precess coherently, and the asymmetry function for a set of muons experiencing such

a field is given in the right column of Figure 2.3 and in Figure 2.4(a). From this it is

also clear that the asymmetry is proportional to the polarisation of the muons.

However, if the sample contains a range of fields, muons landing in different parts

of the sample will Larmor precess with slightly different frequencies, meaning their

precession dephases over time. This manifests itself in the asymmetry spectrum

through a decay (relaxation) in the asymmetry amplitude, which is related to the

Fourier transform of the field distribution. If the fields sampled by the muons are

randomly distributed or follow a very broad distribution, it is possible that no oscil-

lations are observed at all and only the relaxation is measured. An example of an

inhomogeneous field distribution in a superconductor and its related muon asymmetry

is shown in Fig. 2.4(b).

Aside from an externally applied field, there are a variety of sources of field that a

muon at position rµ may experience. Common contributions include the dipolar fields

from localised moments and demagnetising fields; their determination and calculation

will be discussed in Sec. 3.1. There exist a range of other fields and magnetic couplings

a muon may experience, for example a hyperfine contact coupling due to a polarised

electron density at the muon site, however for the systems investigated in this thesis

these interactions are negligible and will not be discussed.

2.1.3 Detector geometry

Experiments can either be carried out in an external magnetic field applied along

(longitudinal-field µSR, LF-µSR) or perpendicular to (transverse-field µSR, TF-µSR)
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Figure 2.3: Left: Snapshots of muons in a sample precessing in a uniform magnetic
field. Centre: e+ counts detected in the forward [NF(t)] and backward [NB(t)] detec-
tors as a function of time, where the dashed line shows the exponential decay of the
signal. Right: normalised asymmetry, calculated using Equation 2.5.
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Figure 2.4: The spatial field distribution (left), field spectrum (centre) and corre-
sponding muon asymmetry function A(t) (right) for (a) a uniform magnetic field, and
(b) a superconducting vortex lattice.

the initial muon spin polarisation, or in zero field (zero-field µSR, ZF-µSR), although

in ZF-µSR, a small field is often applied to cancel out the Earth’s magnetic field.

As the field in LF-µSR is applied along the initial direction of the muon’s spin,

the muon precesses only in the internal magnetic fields of the sample. LF-µSR is

particularly useful when determining the size of the internal field inside a sample;

when the applied field becomes of comparable magnitude to the internal field, the

muons’ spins will no longer precess.

The internal field distribution inside a magnetic sample can be measured with

ZF-µSR as muons will only precess in this internal field. By using a combination

of LF- and ZF-µSR, it is possible to infer the magnitude and width of a sample’s

internal field, and to deduce whether it exhibits a dynamic character or not: muons

experiencing a static or slowly fluctuating field Binternal are particularly susceptible

to becoming decoupled from such a field by a longitudinal field BLF > 10Binternal,

whereas muons experiencing fast dynamics are not [5].

In TF-µSR, the muon’s spin precesses in both the externally applied field and

internal magnetic fields of a sample. This geometry is particularly useful in the study
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of type II superconductors, where a flux line lattice is induced along the direction of

the field [6, 7].

The parameter α in Eq. 2.5 is measured using a weak transverse field of 2–5 mT,

and experiments in the longitudinal geometry have small transverse Helmholtz coils

to allow this measurement to be taken.

There are several options if one wishes to carry out experiments in both the

longitudinal and transverse geometry (ZF-µSR experiments can be done in either).

Some µSR instruments are limited to a single geometry, dictated by the angle between

the incoming muons’ spins and the externally applied magnetic field, however some are

designed such that the orientation can be changed by physically moving the magnet

or by rotating the muons’ spins using a Wien filter.

2.1.4 Relaxation functions

Depending on the detector geometry and the nature of the internal field of the sample,

muon asymmetry spectra can take on a wide variety of different functional forms. A

discussion of some of the general forms is presented in Sec. 3.1 and further information

on asymmetry functions can be found in Refs. 4, 5, and 8.

2.1.5 Muon sources

There are two main types of muon source: continuous wave (CW) and pulsed. In

a CW beam, muons arrive at the sample one at a time, and upon entry a clock

is started. Once the positron is detected, the clock is stopped and another muon

may enter the sample. In pulsed sources, large numbers of muons arrive in a pulse

and positrons are detected relative to the pulse arrival time. CW sources have very

accurate timing measurements but low statistics (as muons can only enter one at

a time, as opposed to millions at a time in pulsed sources), and so are good for

measuring high precession frequencies. Pulsed sources have very high statistics, but

the finite pulse width limits the timing accuracy, which makes them better suited to
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experiments with lower precession frequencies. In general, µSR has a time resolution

of ∼ 1 ns–10ms, corresponding to a static local magnetic field of ∼ 1T–0.1µT.

The µSR experiments in this thesis were carried out using the pulsed muon source

at the ISIS pulsed muon facility, Rutherford Appleton Laboratory, UK [9] and the

CW beam at the Paul Scherrer Institute, Switzerland.

2.2 SQUID magnetometry

Bulk magnetometry measurements in this thesis were performed using a supercon-

ducting quantum interference device (SQUID) magnetometer. A SQUID magnetome-

ter is a highly sensitive magnetic probe, with a sensitivity of up to 5×10−8 emu. The

instrument can be used in both a dc mode (for probing a static magnetisation) and

an ac mode (for examining spin dynamics). This thesis will only include dc measure-

ments.

A SQUID magnetometer consists of a second-order gradiometer (a set of con-

ducting pick-up coils) connected to a superconducting loop consisting of two parallel

Josephson junctions. A sample is placed in a non-magnetic sample holder, and then

the sample holder is inserted inside the pick-up coils. As the sample moves in the

gradiometer, Faraday’s law dictates that a current must be induced in the coils. The

SQUID then converts the change in magnetic flux measured by the coils to a dipole

response voltage. The SQUID voltage is measured for several sample positions along

the length of the gradiometer, and is then fitted with the expected signal from a point-

source magnetic dipole. Thus, the magnetic moment of the sample can be extracted.

A schematic of a SQUID magnetometer is shown in Fig. 2.5.

There are two main dc configurations in a SQUID: zero field-cooled (ZFC) and

field-cooled (FC). ZFC measurements involve cooling the sample down, then applying

an external magnetic field H. FC measurements apply the field before cooling occurs.

These two configurations allow for a range of magnetic phenomena to be observed,
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Figure 2.5: A schematic of a SQUID magnetometer. The sample is moved through the
gradiometer coils, which induces a current. The current flows to the SQUID, which
in turn produces a voltage response. The magnetisation is then found by fitting the
voltage response.

including ordered magnetism in Chapter 5, and superconductivity in Chapters 7 and

8.

Both the magnetisation M of the sample and the magnetic susceptibility χ =

limH→0M/H can be measured using a SQUID, and it is particularly useful for iden-

tifying different magnetic regimes and the locations of the phase transitions between

them. Often a SQUID is used to characterise the magnetic phases of a sample in

preparation for a more detailed µSR experiment. What must be kept in mind, how-

ever, is that the SQUID is a bulk probe, and therefore local phenomena that can be

detected using µSR (for example short-range ordered magnetism [10, 11]) may not

be detectable using a SQUID.

2.3 Conclusion

This chapter provides an introduction to the two main experimental techniques used

in this thesis: µSR and dc SQUID magnetometry. The combination of these methods,

along with other bulk and local probes (for example neutron powder diffraction, x-

ray diffraction, and nitrogen-vacancy centre magnetometry), provides a powerful tool

kit to investigate the properties of a large breadth of magnetic and superconducting

materials.
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3
Theoretical techniques

The leap from experimental data to an understanding of nature most often occurs

via theory. While textbooks are populated with successful symbioses of the physical

and the mathematical, a rather more realistic situation is proposed by Jan L. A. van

de Snepscheut (and later paraphrased by Yogi Berra): “the difference between theory

and practice is larger in practice than the difference between theory and practice in

theory”. To complement the experimental probes introduced in the previous chapter,

I use theoretical and computational methods throughout this thesis. This chapter

serves as an introduction to those methods. The first half of this chapter deals

with the tools necessary to model magnetic systems in the context of µSR: density

functional theory (DFT) and dipole field calculations. The latter half will introduce

the Monte Carlo simulation and its application to modelling spin dynamics.
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Figure 3.1: Left: The electrostatic potential relative to the maximum in the (100)
plane for CoTi2O5. Right: The dipolar magnetic field in the (100) plane for CoTi2O5.

3.1 DFT+µ and dipolar field calculations

µSR experiments, as detailed in the previous chapter, allow one to probe local and

bulk magnetism using the precession and decay of positive muons. The experimental

data provide us with an internal magnetic field distribution at the muon site, and

theoretical methods must be used to address the following questions:

1. Where is the muon?

2. Which magnetic configuration is causing the field distribution at that site?

Question 1 is addressed using a technique called DFT: a method used to find approx-

imate solutions to the many-body problem in solids. The precise details of DFT are

outside of the scope of this thesis, and more information can be found in Refs. 12,

13, and 14.

The basic premise of DFT involves populating a unit cell with atoms, each with an

associated electrostatic pseudopotential (an approximation to the true electrostatic

potential of an atom which simplifies the motion of non-valence electrons and the

nucleus), and solving the many-body Schrödinger equation via a series of approxi-

mations. While useful for determining expected atomic positions within a unit cell,
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DFT can also be used to identify potential sites at which muons stop in the sample.

This approach is, aptly, called DFT+µ. A diamagnetic muon (the only variety of

muon discussed in this thesis) can be modelled as a hydrogen pseudopotential.

A first approximation of the expected muon position can be found by solely ex-

amining the magnitude of the electrostatic pseudopotential across the unit cell. The

maxima of such a potential map have been found to be a reliable approximation to

the muon position [12, 13, 14, 15, 16, 17] [note that the maxima of the potential map

are unaffected by the magnetism of the atoms in the unit cell; a comparison between

the electrostatic potential and magnetic field in the unit cell of CoTi2O5 shown in

Fig. 3.1]. A more detailed study can also be done, in which atom positions are al-

lowed to relax in the presence of a muon. The latter method allows for distortions in

the lattice due to the muon’s presence to be quantified, and any distortion-induced

magnetism to be accounted for [15].

Once the atomic and muon positions have been determined, we can move to Ques-

tion 2. By modelling a series of hypothetical spin configurations in a given material,

it is possible to calculate the associated µSR asymmetry spectra using dipolar field

calculations (DFCs). DFCs involve placing a spin i with moment mi at the position

ri of each magnetic atom or ion, and calculating the resulting dipolar field at the

muon site rµ

Bdip =
∑
i

µ0

4π|Ri|3

[
3Ri (Ri · mi)

|Ri|2
− mi

]
, (3.1)

where Ri = ri − rµ is the distance from the muon to spin i.

The number of spins involved in a real sample is on the order of ∼ 1023, but it is

possible to approximate the field at the muon site by summing only over spins inside

a Lorentz sphere of radius rL. For many cases, convergence to the true value of Bdip is

reached to within ∼ 1µT for rL ∼ 50–100Å. In this approximation, the dipolar field

resulting from spins within a distance rL is calculated, and a compensating Lorentz
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field is added to approximate spins further away:

BL = µ0M/3, (3.2)

where M is the magnetisation of the Lorentz sphere. Additionally, there is a demag-

netising field resulting from the divergence of M at the surface of the sample:

Bdemag = −µ0N · M, (3.3)

where N is the demagnetising tensor. For the specific cases of an antiferromagnet, or

a distribution of randomly oriented or rapidly fluctuating spins, M = 0.

Once the field or field distribution has been calculated, it can be converted into

a muon asymmetry spectrum. There are two basic cases for this: static spins and

dynamic spins. More specific functions, corresponding to special cases of magnetic

field distributions, will be introduced later as necessary. A thorough discussion of

asymmetry functions can be found in Refs. 4 and 8.

For a muon in a static local dipolar magnetic field of modulus |B| at an angle θ

to the original muon spin polarisation, the time evolution of the polarisation is

Pz(t) = cos2 (θ) + sin2 (θ) cos (γµ|B|t) . (3.4)

For a polycrystalline sample, this function can be averaged over all angles to give

Pz(t) =
1

3
+

2

3
cos (γµ|B|t) . (3.5)

For a system of dynamic spins, the function in Eq. 3.4 can be modified using the

“strong collision” approximation. In this approximation, we assume the muon expe-

riences a field that fluctuates as a Markov process; it experiences a series of sudden,

uncorrelated changes in the field. Pz(t) for general fluctuating spins is described by

the dynamical Kubo Toyabe function (this is derived in Ref. 8), but a simplification

can be made in the limit of fast fluctuations: where ν/γµ∆ ≳ 20 (∆ is the half width
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at half maximum of the static field distribution). For values of ν in this limit, it can

be assumed that the relaxation tends towards an exponential [8]

Pz(t) ∝ exp
(
−2γ2µ|B|2t/ν

)
. (3.6)

From this result, it follows that faster fluctuations will result in a faster dephasing of

the muons’ spins. An alternative interpretation is that the faster the fluctuations, the

more Markovian changes in field have passed for each data point in the asymmetry

spectrum, and the more uncorrelated the spins are (in fact, the polarisation function

gives precisely a measure of the autocorrelation of fluctuating spins). By measuring

the asymmetry, which often is over timescales much larger than 1/ν, it is possible to

extract information about spin dynamics in the range 10−4–10−11 s.

In a system containing a combination of static and dynamic spins, for example in

LiOsO3 [18], it can be assumed that the muon’s polarisation evolves as a product of

the individual polarisation functions resulting from the individual static and dynamic

spin distributions [8].

Finally, in order to examine the fit of the polarisation function to the experimental

data (the theoretical polarisation functions in Eqs. 3.4, 3.5, and 3.6 are normalised

such that the initial polarisation is 1 and the baseline polarisation is 0), it can be

straightforwardly converted into an asymmetry A(t):

A(t) = ArPz(t) + Ab. (3.7)

The relaxing asymmetry Ar is measured experimentally and gives a measure of the

fraction of the muons experiencing a magnetic field inside the sample; usually Ar ≈

20 − 30%, but may be lower for small samples, small magnetic volumes, or a high

applied field (which bends muons out of the path of the sample). Ab is the baseline

asymmetry, which is also experimentally measured, and this gives a fraction of the

muons landing in non-magnetic volumes of the sample, as well as muons landing in

the cryostat, sample holder, and other parts of the sample environment.
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3.2 Monte Carlo simulations

DFT and DFCs work well for simple spin systems, or those constrained by symmetry

or by experimental data such that there only exist a small number of possible ground

state configurations. For more complicated systems, it is necessary first to constrain

the space of possible ground states. One method to do so is by using Monte Carlo

(MC) simulations.

The Monte Carlo method has found an enormous range of applications, not only

in statistical physics [19], but also in artificial intelligence [20], economics [21], and

climate modelling [22]. A specific subset of the Monte Carlo method is the Metropolis-

Hastings algorithm (hereafter called the Metropolis algorithm), a Markov chain Monte

Carlo method used for generating probability distributions and predicting observables

[23]. The Metropolis algorithm is particularly useful in the context of condensed mat-

ter physics, and has often been used to predict the ground states of spin systems and to

calculate measurable quantities such as the magnetisation and heat capacity [19, 24].

For large ensembles with a highly correlated Hamiltonian (i.e. the Hamiltonian is

not sparse), it is often computationally impossible to examine its thermodynamic

properties by diagonalising the Hamiltonian and generating the partition function.

The Metropolis algorithm for spin systems can be described as follows.

1. Generate a random spin distribution D0.

2. For each temperature T :

(a) For each iteration i:

i. Generate a new spin distribution Di. Di is related to Di−1 in a manner

which will be discussed below.

ii. Compute the energy change1 of the system for the transition Di−1 →

Di: ∆E(Di−1, Di) = EDi
− EDi−1

.

iii. Generate a random number ρ in [0, 1].
1This energy change is most often calculated from the Hamiltonian.
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iv. Accept Di if e−∆E(Di−1,Di)/kBT ≥ ρ, or reject Di (and leave the config-

uration unchanged) if e−∆E(Di−1,Di)/kBT < ρ.

(b) Measure any variables after a certain maximum number of iterations, or

after the system has converged to its ground state.

(c) Decrease the temperature by some ∆T .

At high temperatures, the probability of a new spin configuration becoming ac-

cepted is usually large (as limT→∞ e−∆E(Di−1,Di)/kBT = 1), while at low temperatures,

it is hoped that the system tends to the ground state DGS (where ∆E(DGS, Di) ≥

0 ∀ Di) as limT→0 e
−∆E(DGS,Di)/kBT = 0.

The nature of the configuration change varies by application. In many applica-

tions, a change Di−1 → Di involves flipping a single spin. Each subsequent iteration

then targets another individual spin, such that the algorithm will eventually flip

each individual spin a large number of times. It is also possible to generate a com-

pletely new spin configuration for each Di, which flips a random number of spins.

Some specific systems, for example the spin ices discussed in Chap. 4, can harness

the topological constraints of the system to generate spin flips consisting of loops of

neighbouring spins [24, 25, 26], and will be discussed later.

Parallel tempering is a further technique that can be used to find the true ground

state of a frustrated magnetic system, where flips between low energy states often

have high energy intermediate barriers, thus making it likely that the system could

become stuck in a local minimum. Here all of the MC steps at all temperatures

are run simultaneously, and configurations at different temperatures Ti and Tj are

swapped with probability p = min
(
1, exp

[
∆E (Di, Dj)

(
1
Ti
− 1

Tj

)])
. This allows the

system to relax at all temperatures simultaneously towards the ‘true’ ground state at

the global energy minimum.

As well as its use in finding the ground state of a spin system, the Metropolis

algorithm can be used to model the Brownian motion of spin flips in order to study
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the dynamics of such excitations in some systems [27]. Both of these applications will

be presented in Chap. 4.

3.3 Conclusion

This chapter introduces the theoretical techniques used in this thesis. In order to

pinpoint the physical phenomena behind an observed effect in a magnetic material,

it is vital to deduce its microscopic magnetic configuration. DFT and DFCs assist in

the interpretation of µSR data and allow us to draw links between the experimental

data and theoretical models. While MC simulations provide guidance for DFCs, they

are also powerful in their own right for determining ground states and modelling spin

dynamics. These techniques often require some prior knowledge of the system (e.g.

symmetry constraints deduced from x-ray diffraction, or magnetic configurations from

powder neutron diffraction). The MC simulations require a Hamiltonian, which can

be taken from theoretical models, and may be further be refined by experiments (e.g.

inelastic neutron scattering).
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4
Proposal for the detection ofmagnetic monopoles

inspin ice via nanoscalemagnetometry

The magnetic monopole is a key example of an emergent phenomenon in condensed

matter physics. This chapter proposes several experiments that could provide the

first microscopic observation of magnetic monopoles in the spin ices materials. I

simulate the magnetic field inside a spin ice, as would be seen by a muon implanted

in the sample, and demonstrate that an observation of magnetic monopoles via this

method is currently out of the experimental resolution available. I then simulate

the magnetic field close to the surface of the sample. I show that the fluctuations

in the field arising from the dynamical behaviour of a small number of monopoles

can be uniquely identified through their magnetic noise spectrum. I then discuss

three different detection platforms: muon spin rotation (µSR), nitrogen-vacancy (NV)

magnetometry, and nanoscale arrays of superconducting quantum interference devices

(nanoSQUIDs). By utilising these techniques, it should be possible to experimentally

23



(a) (b) (c)

Figure 4.1: (a) Spin ice in its two-in-two-out ground state. (b) After a single spin
flip, there is one three-in-one-out and an adjacent one-in-three-out tetrahedron, cor-
responding to a monopole-antimonopole pair. (c) Subsequent spin flips allow the
monopole-antimonopole pair to move independently.

constrain parameters such as the monopole density and hop rate as a function of

temperature. This chapter is based on work published in Ref. 27.

Felix Flicker, Norm Yao, and Stephen Blundell provided help in the theoretical

interpretation of my results. Stephen Blundell also designed the µSR experiment.

The muon site in DTO was determined by Franz Lang. Amir Yacoby designed the

NV centre experiment. All computations were run on the Odyssey cluster supported

by the FAS Division of Science, Research Computing Group at Harvard University.

µSR experiments were carried out on the HAL-9500 spectrometer at the Paul Scherrer

Institut, Switzerland with the assistance of Robert Scheuermann and Tatsuo Goko.

Dharmalingam Prabhakaran synthesised the DTO sample.

4.1 Introduction

Although fundamental magnetic monopoles have so far proven elusive, it has recently

become possible to study properties of monopole-like excitations in condensed matter

systems [28]. The spin ices, in particular dysprosium titanate (Dy2Ti2O7, DTO) and

holmium titanate (Ho2Ti2O7, HTO), have been identified as promising candidates

to host such elementary excitations [29, 30, 31, 32]. The magnetic rare earth metal

ions (Dy3+ or Ho3+) and the non-magnetic Ti4+ ions are arranged on two separate

interpenetrating pyrochlore sublattices, each consisting of a network of corner-sharing
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tetrahedra. The rare earth moments (≈ 10 µB) are well-modelled as classical Ising

spins, constrained by the crystal field to lie along the local ⟨111⟩ axes. Exchange

and dipolar interactions acting in this lattice geometry result in the four spins in

each tetrahedron adopting a ground state in which two spins point towards, and two

away from, the tetrahedron’s centre [see Fig. 4.1(a)]. This is termed the ‘ice rule’, by

analogy with protons in water ice [29, 33], and leads to a macroscopic degeneracy in

the ground state, with six possible spin configurations per tetrahedron.

The elementary excitations in spin ice consist of single flipped spins, which can

fractionalise into a pair of monopoles, each travelling through the lattice by succes-

sive spin flips [30]. These monopoles manifest themselves as sinks and sources of

magnetisation, corresponding to tetrahedra in the three-in-one-out or one-in-three-

out configurations [34, 35, 36] [see Figs. 4.1(b) and (c)]. If only nearest neighbour

interactions are considered, the monopoles may propagate through the lattice at no

energy cost. Including the dipolar interactions between spins, the inter-monopole

interaction has the form of Coulomb’s law, completing the analogue to fundamental

magnetic monopoles [30, 37, 38] and allowing the spin ice state to be described as a

U(1) classical spin liquid [39]. Unambiguous observation of the individual monopoles

in spin ice would not only confirm this theoretical picture, but would allow these

excitations and their dynamics to be studied directly.

Several experiments have provided support for the existence of monopoles, at least

indirectly. First, sharp ‘pinch point’ features, indicating long-range correlations, have

been observed in neutron scattering experiments. These were originally taken as

proof that widely-separated tetrahedra obey the two-in-two-out rule, but it was later

realised that such features can also come about due to the long range of the dipolar

interactions [32, 37]. Measurements of the specific heat show a peak, possibly marking

the crossover into the spin ice regime, at ≈ 1.1K in DTO and ≈ 1.8K in HTO [40].

When the sample is equilibrated for a number of days, however, a second upturn
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is found at lower temperatures, suggesting the development of a long-range ordered

state, although this state remains to be identified [41]. Third, a magnetic field was

applied along [111] which acted as an effective chemical potential to increase the

number of monopoles in the sample [42, 43]. In the field/temperature phase diagram

a line of continuous phase transitions was found to terminate in a critical point,

suggesting a ‘gas’ of interacting monopoles condensing into a ‘liquid’ at high enough

densities. The direct measurement of the microscopic magnetic field from individual

monopoles remains an open challenge.

4.2 Simulations

In order to make quantitative predictions we employ the full dipolar spin ice Hamil-

tonian:

H = −J
∑

⟨(i,a),(j,b)⟩

Sa
i · Sb

j +Dr3nn

∑
i>j
a,b

Sa
i · Sb

j

|Rab
ij |3

−
3
(
Sa
i · Rab

ij

) (
Sb
j · Rab

ij

)
|Rab

ij |5
, (4.1)

for spin vectors Sa
i = σa

i ẑa, where σa
i = ±1 and ẑa is the local Ising axis at the

tetrahedral sublattice site ra for FCC lattice site Ri. The vector connecting two spins

Sa
i and Sb

j is thus given by Rab
ij = Rij + rab. The exchange energy is J ≈ −3.72 K

for DTO and ≈ −1.56 K for HTO [44, 45]. The dipolar energy D ≈ 1.41 K for

both DTO and HTO [44, 45]. The first term in this Hamiltonian corresponds to

nearest-neighbour exchange interactions, with a nearest-neighbour exchange coupling

of Jnn = J/3 (as the relative orientations of nearest-neighbour ⟨111⟩ axes give ẑa · ẑb=

−1/3). The second term corresponds to long-range dipolar interactions. Though spin

ices have been predicted to undergo a first-order phase transition to long-range order

below ∼ 0.2 K [26], the equilibration time rises dramatically on cooling and such

order has not yet been experimentally detected [41, 46, 47].

Simulations were carried out on 4 × 4 × 4 unit cells of spin ice using standard

Monte Carlo (MC) procedures [23], consisting of 104 cooling steps and 5× 103 steps
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(a) (b)

Figure 4.2: (a) A schematic of the long loop and (b) short loop algorithms. In both
cases, the solid red line marks the path of the loop, where the black spins are those
being flipped. The dashed red line in the short loop algorithm indicates spins which
will not be flipped as they are outside the path of the connected loop.

to measure the magnetic fields inside and near to the system at temperatures between

4.5K and 0.1K. Each MC step consisted of an attempt to flip every individual spin

in the system, along with an attempt to flip a short loop. The Barkema and Newman

loop algorithms, originally applied to 2D square ices [48, 49], can be adapted to a 3D

pyrochlore model [24]. The algorithms trace a loop of spins throughout the lattice,

alternating between ‘in’ and ‘out’ spins. The long loop algorithm seeks to form a

loop beginning and ending at a specific spin, whereas the short loop algorithm stops

once the path traced by the loop passes a spin already in the path, and flips the loop

beginning and ending at that spin. These two algorithms are shown schematically in

Fig. 4.2. Once a loop has been completed, all spins in the loop are flipped with a

Monte Carlo probability (see Sec. 3.2). If the system is in the two-in-two-out state,

the state is preserved by a loop flip, but there may be small changes in the dipolar

field. Hence, the loop flips may allow a system in a two-in-two-out state to relax to

another two-in-two-out state with long range dipolar order. The short loop algorithm

was selected for the following simulations as it has the advantage of approaching a
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Figure 4.3: (a) The distribution of local magnetic fields (calculated using Monte
Carlo simulations and dipole field calculations) at the muon site in DTO. The in-
set shows the resulting muon polarisation spectrum from this distribution. (b) The
experimentally-measured magnetic field distribution of a sample of DTO at 0.125 K
in an applied field of B0 = 1.1T. The peaks arising due to muons in the sample and
muons in the cryostat have been labelled. (c) The experimental field distribution of
muons landing only in the DTO sample (with B0 = 1.1T as before); details of how
this has been determined are given in the main text.

finite size limit as the system size increases. The long loop algorithm does not, and

the loop size scales approximately linearly with the number of spins [24], making this

algorithm significantly slower for larger systems.

4.3 The magnetic field inside spin ice

As µSR can be used to directly probe fluctuating spins, one approach to observe the

dynamic magnetic field arising from the motion of individual monopoles may be to im-

plant the muon inside a spin ice sample, and infer the rate of field fluctuations (which

is related to the monopole hopping rate) from the resulting asymmetry spectrum.

This is, however, challenging due to the large size of the Dy3+ and Ho3+ moments.

Using DFT, we find that the muon site is (−0.0125, 0.0471, 0.2028) in the unit cell,

with symmetry group 96g in space group 227. Monte Carlo simulations were used

to produce 50 ground state spin configurations of DTO.1 The configurations were

generated by cooling the simulated sample from 5 K to 0.01 K, well below the on-
1Due to the degeneracy associated with the two-in-two-out state, this is only a small fraction of

the total number of possible ground states.
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set temperature of the spin ice state at ∼ 0.4K [44]. A muon was then placed at

each symmetry-equivalent muon site within these 50 configurations, and the resulting

dipolar field distribution (calculated using Eq. 3.1 and utilising periodic boundary

conditions) is plotted in Fig. 4.3(a). Using Eq. 3.4, this distribution can be converted

into a muon polarisation spectrum [shown in the inset in Fig. 4.3(a)]. We find that

muons experience a mean field of 589 mT with a width ∼ 1T, in agreement with

bounds placed by LF-µSR experiments [50] and early theoretical calculations [51].

The B distribution arises because there is a vast range of possible local magnetic

environments for a muon, due to six-fold degeneracy associated with a single tetrahe-

dron entering the two-in-two-out state. This large width results in relaxation of the

muon asymmetry over ∼ 10 ns, which places this experiment outside of the resolution

of most µSR instruments.

The HAL-9500 spectrometer at the Paul Scherrer Institut is a µSR instrument

that can operate in TF mode up to 9.5 T. This spectrometer also allows the sample

to be mounted in such a way to minimise the background from muons landing in the

sample holder.

A representative field spectrum,2 measured at T = 0.125K in an applied field

of B0 = 1.1T along the ⟨111⟩ axis is shown in Fig. 4.3(b). The large peak arises

from muons in the background signal. The sample mount, which is situated entirely

behind the sample, does not contribute to this background signal and so the large

peak consists only of muons landing in the cryostat. The background peak is centred

at the applied field, as the muons landing in these portions of the experiment do not

experience the internal fields of DTO.

There also exists a broad feature in the spectrum, corresponding to the muons

landing in the sample. As the number of muons landing inside the sample is found by

integrating under this feature, it is expected to have a very low spectral intensity due
2The field spectrum is the Fourier transform of the asymmetry spectrum.
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to its large width. The data can be processed to remove the background peak, and

to smooth some of the noise. The processed spectrum corresponding to the data in

Fig. 4.3(b) is shown in Fig. 4.3(c). The background peak was fitted to a Lorentzian

curve, which was subsequently subtracted. The data were then smoothed using a

Savitzky-Golay filter [52].

When a magnetic field is applied to DTO or HTO along ⟨111⟩, the spins in each

tetrahedron attempt to align with the field while also remaining parallel or antiparal-

lel to their local ⟨111⟩ axis. At a sufficiently high field (approximately 1 T), it becomes

favourable for tetrahedra to lie in the three-in-one-out or one-in-three out configura-

tions [42, 53] in order to satisfy this condition. Thus, the application of a magnetic

field is expected to increase the monopole concentration. However the equilibration

time of DTO at 0.125 K is expected to be very large, and therefore we expect that

the system is still in the ground state in our measurements.

While it is possible to qualitatively observe a similarity between the theoretical

and experimental field distributions at the muon site in DTO, this measurement

highlights the difficulty involved in quantifying the behaviour of monopoles inside

the sample, and provides motivation to explore other possible options for studying

monopoles in the spin ices.3

4.4 Nanoscale magnetometry and the noise spec-
trum

Nanoscale magnetometry near the surface of a sample can be used as an alternative

to placing a probe directly inside the material. As a magnetic monopole passes close

to the surface of spin ice, its motion causes the dipolar field at the probe location to

fluctuate; a simple example for a monopole in a square ice is shown in Fig. 4.4.
3It should be noted that the internal field distribution in the spin ices can measured using NMR

[54], although this technique is not applicable for the study of the dynamical behaviour of monopoles.
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Figure 4.4: The simulated field fluctuations due to a single monopole passing close to
the surface in square ice. The top panel shows the the magnetic field contours close to
the surface, where the red dot indicates the square containing the monopole excitation.
The bottom panel shows the magnitude of the field change (where ∆B(t) = B(t) −
B(0)) as the monopole passes probe points at distances a − 4a from the surface,
where a is the nearest neighbour spin distance. The star marks the point at which
the monopole passes directly over the probe point.

In the following simulations, periodic boundary conditions were used in the x̂ and

ŷ directions. The probe point for the stray fields is placed 10 nm from the sample in

ẑ, and the time dependence of the magnetic field B(t) was calculated by summing the

dipolar field produced by all the spins in the film (a schematic of this experimental

arrangement is shown in Fig. 4.5). While previously MC simulations were used to

generate a ground state configuration in DTO, here their use is restricted to creating

a sample spin configuration at a given temperature T , then to modelling the spin flip

dynamics (and therefore the monopole motion). This approximation has previously

been suggested by experimental results [55].

Three different spin arrangements were studied in order to isolate the characteris-

tics arising from the individual contributions to the Hamiltonian in Eq. 4.1. This leads

us to define three distinct models. (i) The dipolar spin ice model (DSIM) uses the

J and D parameters of DTO. (ii) The nearest-neighbor spin ice model (NNSIM) has
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10 nm

Figure 4.5: A schematic of the experimental arrangement for the techniques men-
tioned in this chapter, with a muon (left), NV centre in diamond (centre), and
nanoSQUID (right) acting as ultrasensitive magnetic probes 10 nm from the spin
ice.

no long-range interactions (D = 0), but retains the topological constraint from Dirac

strings4 connecting monopoles to antimonopoles. J is chosen so that the monopole

density is as for the first case, and J > 0 ensures that the two-in-two-out ground

state is favoured (iii) The all-in-all-out model (AIAO) has D = 0 and J < 0. The

ground state consists of tetrahedra with either four-in or four-out spin configurations.

Thermal spin flips in this case are not monopole-like excitations, thus providing a

control case.

In Fig. 4.6(a) we show the DSIM prediction for the magnetic field measured at

4K and 1K. At 4K most tetrahedra are not in the two-in-two-out state and a rapidly

fluctuating signal is observed. At 1 K the system is close to the ground state with a

density of monopoles per tetrahedron of ≈ 0.03, as predicted by Debye-Hückel the-

ory [56]. The monopole density, calculated analytically using the methods described

in Ref. 56, is slightly lower in HTO [see Fig. 4.7(e)]. At this density, most tetrahedra
4This topological constraint means that the path taken by a monopole cannot be immediately

followed by another monopole of the same polarity. For this to be allowed, either the original
monopole must first retrace its steps, or a monopole of opposite polarity must traverse the initial
path.
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Figure 4.6: (a) The simulated field fluctuations 10 nm from the surface of a sample
described by the DSIM at 4 K (blue) and 1 K (black) and (b) their autocorrelation
functions, calculated using Eq. 4.3.

obey the ice rules, but there are sufficiently many monopoles that some may hop

across the sample without annihilating, resulting in telegraph noise. By comparison,

the AIAO features no qualitative distinction between its high- and low-temperature

regimes. The amplitude of the field fluctuations are of order 0.1mT, well within the

experimentally-measurable range of the aforementioned techniques.

The timescales in Fig. 4.6(a) are in units of MC steps, the shortest possible

timescale on which a spin flip may occur in the model. There has been consid-

erable debate surrounding the timescale on which spins flip in the physical sys-

tems at low temperature, with ac susceptibility measurements suggesting a scale of

∼ 1 ms [57, 58, 59, 60, 61], and µSR measurements detecting spin dynamics on a scale

of ∼ 1 µs [50]. It is possible that this is dependent on the relevant experimental time

window (100−10−4 s for ac susceptibility and 10−4−10−11 s for µSR). By performing

the nanoscale magnetometry measurements in the future and comparing to the MC

time step, the hop rate should be deducible.

In addition to directly probing field fluctuations, complementary information is

gained by measuring the noise spectrum S(ω). Experiments that measure S(ω) utilise

a frequency filter, allowing us to isolate certain dynamical timescales and compare

the amplitude of noise at these timescales.

A time-varying fieldB(t) has a Fourier transform given by B̃(ω) =
∫∞
−∞B(t)e−iωt dt.

33



S
(ω

)
(a
.u
.)

10−5

10−4

10−3
(a) 4 K

10−5

10−4

10−3
(b) 3 K

10−5

10−4

10−3
(c) 2 K

10−5

10−4

10−3

10−4 10−3 10−2 10−1

ω (MC steps−1)

(d)
DSIM
NNSIM
AIAO

1 K

10−3

10−2

10−1

1

M
on

op
ol
e
d
en
si
ty

1 10
T (K)

(e) DTO

HTO

0

4

8

12

a
×

10
3

0

5

10

15

a
×

10
4

0 1 2 3 4
T (K)

-2

0

2

4

6

b

-0.1

0.0

0.1

b

0 1 2 3 4
T (K)

(g)

(i) low
ω

h
igh

ω

(h)

(f)
DSIM
NNSIM
AIAO
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and high-frequency power laws in S(ω), fitted with S(ω) = aωb.

The noise spectral density is therefore [62, 63]

S(ω) = ⟨|B̃(ω)|2⟩, (4.2)

and is related to the autocorrelation function

A(τ) = ⟨B(t)B(t+ τ)⟩ (4.3)

by the Wiener-Khinchin theorem [64]

S(ω) = 4

∫ ∞

0

A(τ) cos(ωτ)dτ. (4.4)

A(τ) for the DSIM at 4 K and 1 K is presented in Fig. 4.6(b), and the corresponding

noise spectra in Figs. 4.7(a–d).

As shown in Fig. 4.7(a), there is little low-frequency structure in S(ω) at 4 K,

corresponding to very little correlation between the field measurements at differ-

ent times. Fluctuations are predominantly at the Nyqvist frequency [ωNy = (2 ×
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MC time step)−1]. The lack of structure is evident in both DSIM and NNSIM, and

shows that it would be difficult to discern monopole dynamics within the temper-

ature range of 4He cryostats. For AIAO, a peak forms at ωNy as a result of rapid

thermal fluctuations. The power spectrum at 1 K, however, shows a clear difference

between the DSIM, NNSIM, and AIAO cases. The low-frequency structure seen in

Fig. 4.6(a) is manifest in S(ω). It should be noted that the frequency at which this

structure occurs is on the order of ≈ 10−2 MC steps−1. The DSIM and NNSIM sys-

tems both display low-frequency plateaus and a high-frequency power law, which is

absent in AIAO. This is a clear indication that the long-range forces play a relatively

small role in the monopole dynamics and instead contribute more to the lowering

of the overall stray field, as evidenced in a smaller area under the S(ω) curve. This

is consistent with other theoretical studies, which suggest that samples are largely

dominated by single monopoles as opposed to closely bound pairs [56]. In AIAO, the

field fluctuations are smaller and contain no structure on longer timescales, which is

expected as it is always energetically favourable for spin flips to undo shortly after

creation. We can make quantitative predictions of the functional form of S(ω) by

fitting power laws (S(ω) = aωb) to the low- and high-ω regimes. DSIM, NNSIM, and

AIAO all display low-ω plateaus, with |b| ∼ 10−2. However, in the high-ω regime

there are pronounced differences between the three systems. For AIAO, b > 0 at

both low and high temperatures, indicative of a system dominated by thermal spin

flips. Both DSIM and NNSIM have b < 0 at low temperature which increases at high

temperatures as thermal spin flips take over and monopole dynamics are no longer

observable. The values of a and b for all models in the low- and high-ω regimes are

presented in Fig. 4.7(f–i).
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4.5 Experimental techniques

We now consider a number of different nanoscale magnetometry techniques which are

promising candidates for detecting monopole behaviour in spin ice materials.

4.5.1 Diamond NV magnetometry

First, we consider the use of single spin magnetometery based upon nitrogen-vacancy

(NV) point defects in diamond [65, 66]. An NV centre consists of a nitrogen atom

and a vacancy introduced into adjacent sites in the diamond lattice. The nitrogen

and vacancy couple to form an S = 1 electronic spin orientated along one of the

four diamond carbon-carbon bond directions. In addition to coherent manipulations

via resonant microwave pulses, the NV centre’s spin state can be optically initialised

and detected [67, 68, 69]. There are two possible setups for NV-based monopole

magnetometry: (a) a scanning NV magnetometer, consisting of a diamond nanopillar

attached to an AFM tip [70], and (b) a bulk diamond surface containing a shallow

layer of NV centres approximately ∼ 5 − 10 nm deep, where the spin ice sample is

placed in direct proximity to this surface.

To detect the characteristic signatures of individual magnetic monopoles, the NV

can be utilised in two possible modes:

1. direct measurement of the stray magnetic field from a monopole (dc magne-

tometry), and

2. spectroscopy of the ac magnetic noise generated by the dynamics and fluctua-

tions of a dilute monopole density.

In the case of dc magnetometry, one would observe Zeeman shifts in the NV

resonance frequency (between the |ms = 0⟩ and |ms = −1⟩ spin states) in real time

in order to measure the stray field of a monopole as it passes through the sensing

volume of a single shallow NV centre. This can be achieved using either Ramsey

spectroscopy or continuous-wave optically detected magnetic resonance spectroscopy.
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Ramsey spectroscopy allows us to probe the field at the NV centre by applying two

π/2 pulses separated by an integration time t. From this, we can deduce the local

magnetic field experienced by the NV centre during t. Continuous-wave optically

detected magnetic resonance spectroscopy uses both microwaves and an optical laser

to excite and detect the splitting between the |ms = 0⟩ and |ms = −1⟩ states. The

field sensitivity of the dc approach is limited by T ∗
2 , the NV dephasing time, leading

to a sensitivity ∼5µT/
√

Hz [71]. Assuming an integration time ∼ 250µs this enables

a field sensitivity of approximately ∼ 0.3 mT and a corresponding dc sensing volume

of approximately ∼ 10 nm surrounding the NV centre. This sensitivity is sufficient

to detect the real time dynamics of individual monopoles.

For ac magnetometry, we are interested in the individual Fourier components

of the time varying magnetic field. To generate such a frequency filter, the NV

centre is manipulated using a series of periodic microwave pulses separated by a free-

evolution time τ . This modulation creates a narrow band-pass frequency filter at

1/τ ; by varying the free-evolution time, one can map out the noise spectral density

associated with magnetic fluctuations. Compared to the dc case, the key advantage

of this approach is that the field sensitivity is no longer limited by T ∗
2 , but rather

by T2, the intrinsic spin decoherence time of the NV centre. For shallow-implanted

NVs, this yields a field sensitivity ∼ 50 nT/
√

Hz [71]. Assuming an integration time

≈ 250µs this enables a field sensitivity of approximately ≈ 3µT which is well within

the desired sensitivity.

4.5.2 Low energy µSR

While µSR is usually a bulk probe, a low-energy variant [72], in which the energy of

the muon beam can be continuously varied from 0.5 to 30 keV, provides an extension

of the technique which allows depth-dependent studies of thin films and multilayered

structures in the range from ∼ 1 to ∼ 200 nm. This allows for experiments involving

37



proximal magnetometry [73] in which the field close to an ultrathin magnetic layer

can be probed. µSR probes fields fluctuating on a timescale ∼ 10−11–10−5 s. In the

cases of ZF-µSR or LF-µSR (in an external field BL), the relaxation rate λ of the

muon polarisation spectrum can be related to the autocorrelation function of the

components of B⊥(t), the local field transverse to the muon, using

λ =
γ2µ
2

∫ ∞

0

⟨B⊥(t) · B⊥(0)⟩eiγµBLt dt. (4.5)

The relaxation rate λ is then proportional to the power spectrum at ω = γµBL. As

shown in Sec. 4.3(a), the field inside spin ice is very large at the muon site, but outside

the sample the field is dominated by a long-range stray field [50, 74]. Our interest

here is in the nanoscale stray field fluctuations close to the surface. A potential

disadvantage of these techniques is that the stopping profile of slow muons or other

polarised probes is not sharp, so that implantation occurs at a range of depths.

4.5.3 nanoSQUID arrays

The third experimental method employs arrays of nanoSQUIDs. The superconduct-

ing quantum interference device (SQUID) is an extremely sensitive detector of mag-

netic flux, and decreasing its size leads to a highly versatile sensor of local magnetic

fields [75, 76], with a spin sensitivity that has reached below a single Bohr magneton

[77].

4.5.4 Experimental considerations

The experimental techniques above have different advantages and drawbacks. The

nanoSQUID technique, despite excellent sensitivity and the ability to work at the

required temperature regime, may suffer from a large spatial averaging of fields across

the area of the sensor (∼ 105 nm2). This is much larger than that for the polarised

probes and NV centres for which the active sensor is essentially point-like. Low energy

muons, though point probes, can only be implanted over a range of depths. Thus a
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suitable overlayer can be deposited on the surface of spin ice and muons implanted

into it, but the observed signal will average over a spread of distances between the

spin ice surface and the probe. The energy of the incoming muons controls both the

implantation depth and the distribution of stopping depths, and so this parameter

could be tuned to minimise the spread. NV centres may be much better in this regard,

though measurements need to be obtained with an applied magnetic field, which is

not the case for µSR.5

Both µSR and NV magnetometry experiments are currently limited to tempera-

tures above 4.2 K by the use of 4He cryostats.

In general, one expects a range of timescales to be important in S(ω) originating

from a slowing of dynamics heading out of equilibrium at the lowest temperatures.

The nanoscale probes proposed can cover a wide range of frequencies from 100−10−4 s

(NV magnetometers) through 10−5 − 10−11 s (µSR) in order to probe the relevant

dynamics and to understand the scaling between experimental timescales and those

used in MC simulations, both of which can be tuned by temperature.

The role of the sample surface may be important as it is thought that different

surface termination directions may produce ‘orphan spins’ localised at the surface

[78]. A uniform surface of dipoles would produce a field ∝ 1/r2 which would be

distinguishable from the effect of a 1/r monopole field, but, most importantly, surface

monopole charges are likely to be largely static (as monopoles have lower energy

staying at surface and are fixed by the topological constraints acting there), so there

would be little contribution to S(ω). However, if there were to be monopoles moving

in a correlated manner across the surface, this could mask the signal from the bulk.

This effect may also manifest in rough surfaces, where it may be possible for

orphan spins to become trapped. However, these surface effects are not known in any
5As mentioned previously, the application of a magnetic field may cause an increase in the density

of monopoles in the sample. However, for a small field and low temperatures, this effect is expected
to be negligible.
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detail as the existing theoretical studies use minimal models that attempt to explore

the effect of altered nearest-neighbour coupling parameters at the surface [78, 79].

The best experimental strategy would be to measure the noise spectra close to

the surface in samples with different surface terminations (surfaces cut parallel to the

(100), (110) or (111) planes, where different effects are expected [79]) and also with

different surface roughnesses (by controlling film growth conditions and/or annealing

samples, and measuring the surface roughness using small-angle x-ray and neutron

scattering).

4.6 Conclusion

This chapter presents a road map for future experiments of monopole behaviour using

nanoscale magnetic probes of the noise spectrum of the dipolar field measured very

close to the surface of spin ice. While measurements inside the sample are challeng-

ing, we show that the magnetic field fluctuations resulting from individual, or small

ensembles of, magnetic monopoles can be detected close to the surface. The proposed

techniques have varying advantages and disadvantages and need to be extended to

the 1 K regime where the monopole density is sufficiently low that observation of mag-

netic monopoles is possible. When such experiments are able to reach temperatures of

≈ 1.5K, there are clearly-discernible, qualitative signatures of two key characteristics

of magnetic monopoles: their Coulomb interaction and topological constraints deriv-

ing from Dirac strings. Unconstrained thermal spin flips feature a Debye-type noise

spectral density, matching that of Brownian motion, with a low-frequency plateau

followed by a turnover to inverse-square flicker noise at characteristic timescale τ .

Coulomb interactions between Brownian particles decrease the timescale τ through

the recombination of particle/antiparticle pairs [27]. An observation of the magnetic

noise spectrum predicted in this chapter would open up an era of direct measurement

of monopole transport in these topologically constrained systems and provide new
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insight into the classical U(1) spin liquid. There are many possible extensions to

these experiments, for example by the use of two probes in NV magnetometry. Such

measurements could identify and time the hops of single magnetic monopoles, helping

constrain system parameters.
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5
Spin Jahn-Teller antiferromagnetism inCoTi2O5

While there are many examples of materials exhibiting the Jahn-Teller effect, the spin

Jahn-Teller effect is much rarer. In this chapter, I present an in-depth study of the

spin Jahn-Teller effect in CoTi2O5, which employs magnetometry, heat capacity, µSR,

neutron powder diffraction, DFT, and DFCs to understand the magnetic ordering of

this system and its coupling to a symmetry-required structural distortion. CoTi2O5

has a much lower crystal symmetry than other spin Jahn-Teller systems, and this

work shows that this effect may be present in a much wider class of materials than

previously thought. This chapter is based on the work in Ref. 80.

Stephen Blundell assisted with the µSR experiment and the theoretical interpre-

tation of results. Franz Lang assisted with the µSR experiment and carried out the

DFT calculations. Roger Johnson carried out the neutron powder diffraction (NPD)

experiment and the subsequent symmetry analysis. Dmitry Khalyavin and Pascal
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Manuel assisted with the NPD experiment. The CoTi2O5 sample was synthesised by

Dharmalingam Prabhakaran.

5.1 Introduction

In systems with an orbital degeneracy, the degeneracy may be lifted through a spon-

taneous breaking of structural symmetry [81]. This is the Jahn-Teller effect. There

also exists an analogous, albeit much rarer, spin Jahn-Teller effect, in which the de-

generacy lies in the spin, rather than the orbital, degrees of freedom. This effect

occurs in several highly-symmetric compounds, in which the onset of magnetic order

can produce frustration which in turn is relieved via a structural distortion. Examples

include some pyrochlore materials [82, 83] and spinels [84, 85], where tetragonal dis-

tortions occur at the onset of magnetic order. A similar effect has also been reported

in molecular wheels [86, 87].

CoTi2O5 possesses a relatively lower-symmetry structure compared to the py-

rochlores and spinels; the space group is Cmcm. The site symmetry of the magnetic

Co2+ (3d7) ion is m2m (C2v), meaning no conventional Jahn-Teller transition occurs

as the orbital levels are already non-degenerate.

Cobalt titanates are of interest due to their numerous applications. Co2TiO4 has

a complex spinel magnetic structure [88, 89, 90, 91], which has found uses in catalysis

[92, 93], microwave devices [94], and Li-ion cells [95]. CoTiO3 has been used as a

photocatalyst [96], gas sensor [97], and also in semiconductor transistors and memory

storage [98]. CoTi2O5, however, is less well-studied. It is the only cobalt titanate

to melt incongruently [99], and its pseudo-brookite structure [100] is an entropy-

stabilised high temperature phase [101] which is susceptible to decomposition below

1414 K [102, 103]. Only recently has it become possible to synthesise high-quality

single crystals of CoTi2O5 [104].
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Figure 5.1: (a) Magnetic susceptibility of CoTi2O5 measured in an applied field of
µ0H = 10mT. The arrow marks a kink at TN. (b) Molar heat capacity. (c) ZF-
µSR spectra above and below TN. Fits to Eq. 5.2 are also plotted. (d) The Fourier
transform of these spectra with fits with Eq. 5.1. The asterisk indicates an additional
feature, which may arise due to site mixing.

5.2 Identification of magnetic order

A high-quality single crystal CoTi2O5 sample was prepared using the method de-

scribed in Ref. 80.

5.2.1 Magnetometry and heat capacity

The magnetic susceptibility measurements were made using a Quantum Design MPMS.

The heat capacity measurements were made using a Quantum Design PPMS. Mag-

netic susceptibility and heat capacity data are shown in Fig. 5.1(a) and (b) respec-

tively and are consistent with a magnetic transition at a Néel temperature TN ≈ 26K.

The calculated entropy ∆S =
∫
(C/T ) dT associated with the transition is 48% of

the expected R ln(2J+1) = R ln(4) associated with the spin-only moment, indicative

of significant correlations above TN.
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5.2.2 ZF-µSR

ZF-µSR experiments [4, 105] were performed using a Quantum Continuous Flow

Cryostat mounted on the general purpose spectrometer (GPS) at the Swiss Muon

Source. All of the µSR data were analysed using WiMDA [106].

ZF-µSR asymmetry spectra A(t) are shown in Fig. 5.1(c). At low temperature,

we observe an oscillatory beating pattern of A(t), along with two peaks in the Fourier

transform spectra [Fig. 5.1(d)]. This is indicative of long-range magnetic order and

two inequivalent muon stopping sites. The data can be fitted either in the time

domain or in the field domain.

Below TN, the spectral intensity I(B) in the field domain can be modelled with a

sum of three Lorentzian distributions:

I(B) = I1L(B;B1, λ1) + I2L(B;B2, λ2) + IbL(B; 0, λb), (5.1)

where L(B;Bi, λi) is a Lorentzian distribution centred on Bi with a width λi/γµ. The

first two terms correspond to muons precessing in the internal fields of the sample; the

two frequencies correspond to the two different dipolar fields at symmetry-inequivalent

muon stopping sites. The Lorentzian distribution associated with each precession

frequency indicates a small spread in the magnetic field distribution at the muon site,

possibly due to the site disorder that has been observed between the Co and Ti sites

in CoTi2O5 [100], small fluctuations of the Co moments, or due to muons near the

boundaries of magnetic domains. The third term consists partially of a background

signal, corresponding to muons which land in the cryostat and sample holder, and

therefore do not experience any of the sample’s internal fields. There is an additional

contribution to the third term arising from the component of the local field at the

muon site that is longitudinal to the initial muon polarisation. The small width of

this component, λb ≈ 4mT for all T , may be due to these muons experiencing a

small field close to the surface of the sample, or due to a spread of longitudinal fields.
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Figure 5.2: (a) Temperature dependence of the fraction of muons experiencing a
coherent magnetic field. Temperature dependences of the peak width and centers,
as fitted from Eq. 5.1 applied to the Fourier transform of the ZF-µSR spectra, are
shown in (b) and (c) respectively. The dotted lines in (c) show phenomenological fits
to B = B0 (1− (T/TN)

α)
β. (d) The temperature dependence of the fitted relaxing

asymmetry (using Eq. 5.2). The temperature dependences of the relaxations and
local fields at the muon sites are shown in (e) and (f) respectively.

The fraction of muons contributing to each peak in Fig. 5.1(d) fi is given by the

integral under that peak. The total fraction of muons experiencing a non-zero field,

fB = (f1 + f2) / (f1 + f2 + f3), is plotted in Fig. 5.2(a). The drop in fB above TN

marks the transition into the paramagnetic state.

The fitted values from Eq. 5.1 for the T evolution of λi and Bi are presented in

Figs. 5.2(b) and (c) respectively. As T increases towards TN, the two peaks broaden

and merge, while their centers move towards 0 T as the long-range ordered magnet

transitions to the paramagnetic regime. The data in Fig. 5.2(c) were fitted with the

phenomenological formula B = B0 (1− (T/TN)
α)

β, giving TN = 26.0(11)K for both

components.1 We also find values of the internal fields at the muon sites as T → 0:
1We also find α ≈ 4–6 and β ≈ 0.1, although these values are very sensitive to data points in the
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B1 = 330(3)mT and B2 = 276(6)mT. There appears to be an additional small feature

in the data at low temperature at ≈ 400mT [marked by the asterisk in Fig. 5.1(d)],

which may arise due to the site disorder and is discussed below.

The data in Fig. 5.1(a) can be fitted in the time domain using a sum of two

oscillating components with a Lorentzian relaxation, and a background term:

A(t) = Ar
[
a1 cos (γµB1t) e

−λ1t + a2 cos (γµB2t) e
−λ2t

]
+ Ab. (5.2)

The first two terms correspond to muons precessing in the internal fields of the sam-

ple, as described for the field domain fitting. The relative amplitudes of these two

components were fixed to their low temperature values (a1 ≈ 0.37; a1 + a2 = 1).

The third term contains contributions from both the background and longitudinal

field at the muon site (Ab ≈ 5%), which is also discussed above. The discontinuity

in the relaxing asymmetry Ar, shown in Fig. 5.2(d), marks the transition into the

ordered state, with the drop in asymmetry likely due to a fast-relaxing component

outside the resolution of the spectrometer. The fitted values of the relaxations λi and

internal fields Bi are shown in Figs. 5.2(e) and (f) respectively. The values of λi and

Bi extracted from the time domain fitting are consistent with those from the field

domain fitting.

5.3 Solving the magnetic structure

5.3.1 Neutron powder diffraction

Neutron powder diffraction (NPD) measurements were performed on the WISH time-

of-flight diffractometer [107] at ISIS, the UK Neutron and Muon Source. The single

crystal sample was ground to a fine powder and loaded into a cylindrical vanadium

can, which was mounted within a 4He cryostat. Data were collected at 1.5 K and at

immediate vicinity of TN.
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Figure 5.3: Neutron powder diffraction data (red points) measured in bank 2 (aver-
age diffraction angle 2θ = 58.3◦) of the WISH diffractometer from CoTi2O5 in (a)
the paramagnetic phase and (b) the antiferromagnetic phase. The solid black lines
are fits to (a) the Cmcm nuclear model, and (b) the nuclear and magnetic model.
The respective peak positions are shown as black tick marks (nuclear top, magnetic
bottom). Difference patterns (Iobs − Icalc) are given as solid blue lines at the bottom
of the panes.

100 K, in the long range ordered and paramagnetic phases respectively. All diffraction

data were refined using FULLPROF [108].

NPD data collected at 100 K were fitted with a nuclear model based on the pub-

lished crystal structure [100]. The goodness-of-fit was excellent, and the data and fit

are shown in Fig. 5.3(a), with the refined structural parameters are given in Ref. 80.

There was no evidence of impurity phases in these data. There is a small amount of

site mixing whereby 2.8% of Co sites are occupied by Ti, and 1.4% of Ti sites are

occupied by Co.

When compared to the NPD pattern at 100 K, data collected at 1.5 K showed

more than 10 new diffraction peaks [Fig. 5.3(b)]. Based on the magnetometry and

heat capacity measurements, as well as the results of our ZF-µSR experiments, the

new intensities at low temperature very likely arise due to long range magnetic order.

As there are a large number of new peaks, we can unambiguously determine the

magnetic propagation vector: k1 = (1
2
, 1
2
, 0), or k2 = (−1

2
, 1
2
, 0), or both.2 Note that

2The propagation vector k = (k1, k2, k3) describes the periodicity of the magnetic structure with
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these two vectors are distinct, meaning they are not related by an allowed reciprocal

lattice vector of the parent structure, but they cannot be differentiated by NPD.

5.3.2 Symmetry analysis

Symmetry analysis, taking the Cmcm crystal structure of CoTi2O5 [100] as the par-

ent, was performed using the ISOTROPY Suite [109, 110]. Out of the four irreducible

representations of the reducible magnetic representation of k1 and k2, only one ir-

reducible representation, mS−
2 , was able to reproduce the relative intensities of the

magnetic diffraction peaks in Fig. 5.3(b) [we assume that the magnetic structure is de-

scribed by a single irreducible representation]. In this discussion, we make reference

to four symmetry-equivalent Co crystallographic sites, defined with respect to the

Cmcm unit cell: Co1: [0, y, 1
4
]; Co2: [1

2
, 1
2
− y, 3

4
]; Co3: [1

2
, 1
2
+ y, 1

4
]; Co4: [0, 1− y, 3

4
],

where y = 0.1911(6) at 100 K.

The irreducible representation mS−
2 is 2D, and therefore the magnetic order pa-

rameter can take one of three distinct directions: (η, η), (η, 0), or (η, ϵ). In all three

cases, the respective magnetic structures involve moments oriented parallel to the or-

thorhombic c axis. As all of the Co ions in the lattice are structurally equivalent, and

therefore have the same chemical environment, all of the moments on these ions are

constrained to be equal in magnitude. The only order parameter direction consistent

with this constraint is (η, 0).

(η, 0) corresponds to a magnetic structure where magnetic moments on the Co1,

Co2 and Co4 sites are parallel, but with the moment on the Co3 sites aligned an-

tiparallel. A second domain exists with order parameter (0, η), in which Co1, Co3,

and Co4 sites are aligned parallel to each other, with Co2 antiparallel. The (η, 0)

and (0, η) magnetic domains are interchanged by the symmetry operator {mx|0, 0, 0},

respect to the periodicity of the crystal structure. ki =
1
2 indicates antiferromagnetic order along

the ith real-space axis (i.e. the periodicity of the magnetic structure is double that of the crystal)
and ki = 0 represents ferromagnetic order along that axis. Therefore k = (± 1

2 ,
1
2 , 0) describes a

structure which is antiferromagnetic along a and b and ferromagnetic along c.
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Figure 5.4: The magnetic structure of CoTi2O5. In the left hand panes four Cmcm
unit cells are drawn, which represent a full repeating unit of the magnetic structure.
Co1 and Co4 moments, drawn as dark blue arrows, are related to the Co2 and Co3
moments, drawn as light blue arrows, by C-centring. The diagrams on the right
hand side illustrate the two propagation vectors associated with the two domains,
where antiparallel moments are drawn as orange and black circles. Planes of parallel
moments are denoted by faint dotted grey lines, and the periodicity of the magnetic
structure is highlighted by the bold dashed grey lines.

which is broken below the magnetic phase transition.3 The magnetic structure there-

fore reduces the symmetry of the system to monoclinic. Furthermore, the (η, 0) and

(0, η) domains are described by k1 and k2, respectively, which are also related by

mx. The two domains are shown in Fig. 5.4, with the schematic in the right hand

panes illustrating the two propagation vector directions. The magnitude of the Co

moment was refined against the diffraction data and found to be 2.72(1)µB at 1.5 K

[see Fig. 5.3(b)]. We also note that, as the order parameter is (η, 0), η can be taken

to be equal to the Co moment. We can therefore directly observe the suppression of

the magnetic order parameter by inspecting the temperature evolution of the internal

fields at the muon site [Figs. 5.2(c) and (f)].
3This can be deduced by inspecting the transformation of the magnetic order parameter under

the mS−
2 matrices.
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5.4 Structural distortions and the spin Jahn-Teller
effect

5.4.1 Symmetry considerations

The only nearest neighbour, super-exchange interactions between cobalt atoms (Co–

O–Co) connect magnetic moments along the a-axis in Coi–Coi chains. All other

nearest-neighbour interactions are mediated by super-super-exchange (Co–O–O–Co).

We can assume that the super-exchange interactions are dominant and, by the ex-

perimentally determined magnetic structure, antiferromagnetic. All exchange inter-

actions between the (Co1,Co4) and (Co2,Co3) sites, coloured dark and light blue in

Fig. 5.4 respectively, are exactly frustrated by the mx symmetry element. This frus-

tration will likely lead to one dimensional ordering of the a-axis chains above TN, but

below the mean field energy of the dominant super-exchange interaction, consistent

with the missing entropy evidenced in the heat capacity. For long range order to

develop in CoTi2O5, the mx mirror symmetry must be broken either at a structural

phase transition above TN, or through the spin Jahn-Teller effect, where the primary

magnetic order parameter couples to a secondary, symmetry breaking structural order

parameter spontaneously at TN [82, 83]. We have no evidence for a higher temper-

ature phase transition, and therefore we must examine possible magnetostructural

coupling schemes.

The free energy invariant associated with the phase transition at TN must be

invariant by translation. Although the sign of the magnetic moments changes as

we move from one unit cell to the next, the squares of the moments is unchanged.

Therefore η2 and ϵ2 must couple to a ks = (0, 0, 0), Γ-point structural distortion

in order to satisfy translational invariance. Through exhaustive searches performed

using the ISOTROPY suite [109, 110], the lowest order invariant that can couple a
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Figure 5.5: (a) Electrostatic Coulomb potential of CoTi2O5 computed with DFT.
The potential is shown on the surface of the unit cell up to 0.5 eV below its maximum
value, and a yellow isosurface is plotted within the unit cell at 0.25 eV below the
maximum. (b) Muon positions inside CoTi2O5, with the two symmetry inequivalent
groups µA and µB marked in orange and green respectively. The spin structure of
domain 1 is shown on the Co ions.

non-trivial Γ-point structural distortion to the magnetic order is

δ
(
η2 − ϵ2

)
, (5.3)

where the irreducible representation of the structural order parameter δ is Γ+
2 . This

distortion represents either a monoclinic shear in the unit cell, corresponding to

γ ̸= 90◦, or a series of atomic displacements. There is also a trivial coupling in-

variant ξ (η2 + ϵ2) where the structural order parameter ξ transforms according to

the totally symmetric Γ+
1 irreducible representation. This case indicates that struc-

tural distortions that were already allowed within the Cmcm parent symmetry (i.e.

strains parallel to the unit cell axes) can also occur at TN.

High resolution laboratory based x-ray powder diffraction experiments yielded no

evidence of the distortions associated with Eq. 5.3 below TN. We therefore assume

that any structural distortion in CoTi2O5 will be small, and the following calculations

utilise the undistorted unit cell.
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5.4.2 DFT and DFCs

In order to establish the potential muon stopping sites in CoTi2O5, we used DFT

calculations (see Sec. 3.1) to map out the electrostatic Coulomb potential of CoTi2O5

throughout its unit cell, plotted using the VESTA software [111] in Fig 5.5(a). We

also carried out relaxation calculations. These gave a single symmetry-inequivalent

muon stopping site at [0.322, 0.03, 0.151] in the unit cell, with a 1.0 Å O–H-like bond

with the nearest oxygen.

There are 16 symmetry equivalent muon sites in the Cmcm parent structure,

which are split into two groups of eight in the magnetic unit cell, related by the broken

mx symmetry, and are denoted by µA and µB in Fig. 5.5(b). The muon stopping

probability is dependent upon the electrostatic potential local to the stopping sites.

Under a small structural distortion induced at the phase transition, µA and µB become

structurally inequivalent, and are therefore associated with different muon stopping

probabilities. Changing from one magnetic domain to another swaps the stopping

probabilities of the two subgroups.

Using the muon stopping site and magnetic structure determined above, we cal-

culated the expected dipolar field at the muon site resulting from the Co ions using

Eq. 3.1 (see Sec. 3.1). The symmetry of the magnetic structure dictates that µA and

µB will have different local magnetic fields: we calculate these to be 335(1) mT and

277(1) mT, in excellent agreement with our experimental observations at low tem-

perature. As the area under the higher-field peak in Fig. 5.1(d) is larger than that

of the lower-field peak, this suggests that the muon site experiencing the higher field

is preferentially occupied. By comparing the energies at the muon sites under small

distortions we can propose a possible coupling between a shear distortion and the

magnetic domains.

The distortion associated with the invariant in Eq. 5.3 causes a monoclinic shear

in the unit cell with the c-axis unique, or a series of atomic displacements. The
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Figure 5.6: (a) The γ dependence of the difference in energy between the two struc-
turally inequivalent sites ∆EAB = EµA

− EµB
. Eµi

is the DFT-calculated energy of
the relaxed unit cell with the µi site occupied by a muon. (b) The domain structure
at shearing angles above and below γ = 90◦ as predicted by the µSR data in the main
text. The muon sites µi are also plotted, where the larger circles indicate muon sites
that are energetically favourable.

shear manifests in a perturbation of γ, the angle between the a and b directions.

This perturbation can either result in an increase or decrease of γ, dependent on the

domain. In the absence of the monoclinic distortion, γ = 90◦ and both muon sites

are structurally equivalent (although they are magnetically inequivalent). If γ ̸= 90◦,

the two sites µA and µB become structurally inequivalent, and their ground state

energies differ. The difference between the ground state energies ∆EAB = EµA
−EµB

,

where Eµi
is the ground state energy of the unit cell containing a muon in site µi,

is plotted in Fig. 5.6(a). When ∆EAB < 0, muons preferably occupy µA, whereas

if ∆EAB > 0, muons preferably occupy µB. By simulating the local dipolar field at

the muon site for γ ̸= 90◦ [Fig. 5.6(b)], we find a possible correspondence between γ

and the domain, presented in Fig. 5.6(c). In this configuration, the high-field site is

always energetically favorable.

Finally we consider the additional feature marked by an asterisk in Fig. 5.1(d) at

≈ 400mT. This feature likely arises due to a Co ion occupying the nearest Ti site

so that a small fraction of muons stopping close to this defect experience a slightly
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larger field. Indeed, modelling this disorder gives a field at the muon site of ≈ 410mT,

consistent with the experimental value.

5.4.3 First order or second order?

Our proposed magnetostructural coupling may affect the order of the phase transition.

The transition from paramagnetism to antiferromagnetism is often second order, but

coupling to a structural distortion may push the transition to first order [112]. The

rapid suppression of the magnetic order parameter in Figs. 5.2(c) and (f) appears to

support this notion. Heat capacity measurements taken in steps of 0.1 K around TN

on cooling did not result in an observable shift in TN compared to those taken on

warming (hysteresis would be expected for a first order transition). It is, however,

still possible that there is a shift in TN smaller than the resolution of our experiment.

5.5 Conclusion

To conclude, we have identified long range magnetic order in CoTi2O5, which is anti-

ferromagnetic with k = (±1
2
, 1
2
, 0). Frustration in the super-super-exchange interac-

tions, along with the absence of a structural distortion above TN ≈ 26K, indicate that

the magnetic transition must be coupled to a structural transition at TN in order to

relieve the frustration. This coupling occurs due to the spin Jahn-Teller effect, which

has so far only been identified in higher-symmetry crystal structures [82, 83, 84, 85].

Our results show that magnetic order driven by spin-phonon coupling can be extended

to lower-symmetry systems. While the predicted distortion in CoTi2O5 was not re-

solvable in high resolution laboratory based x-ray powder diffraction experiments, it

may be possible to resolve using higher-resolution synchrotron x-ray powder diffrac-

tion experiments. The study of compounds structurally related to CoTi2O5 may

provide further insight into the conditions required for the spin Jahn-Teller effect to,

or not to, occur.
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6
Introduction to superconductivity

High temperature superconductivity is a phenomenon rich in industrial applications,

yet still shrouded by uncertainty as to its underlying mechanisms. Below a critical

temperature Tc, the electrons in a superconductor form Cooper pairs which can scatter

off one another without the dissipation of energy. This results in zero resistivity below

Tc and several interesting field-induced effects. The discovery of superconductivity

took place in Leiden by Kammerlingh Onnes [113], and the discovery of many similar,

conventional, superconductors followed, along with a theory to describe them [114].

This was all thrown out of the water when, in 1986, Bednorz and Müller discovered

the first high temperature superconductor (BaxLa5−xCu5O5(3−y) with a Tc of 35 K),

opening up a wealth of research on the cuprates [115]. A couple of decades later, two

new classes of high temperature superconductors were discovered: the iron pnictides

and chalcogenides [116, 117]. The current record for highest Tc is held by hydrogen
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Figure 6.1: (a) The field dependence of the magnetisation for a type I superconduc-
tor. The inset shows the magnetic field lines around a type I superconductor in the
Meissner state. (b) The field dependence of the magnetisation for a type II supercon-
ductor. The inset shows the magnetic field lines penetrating the superconductor in
the vortex state. (c) The field-cooled (FC) and zero-field-cooled (ZFC) dimensionless
susceptibility of FeS in an applied field of 5 mT.

sulphide1 under high pressure; here Tc ≈ 203K [118].

This chapter gives an introduction to superconductivity. The BCS and Ginzburg-

Landau theories, and their key results, are presented, with a focus on the parameters

that can be measured using µSR experiments.

6.1 Type I and type II

There are two main types of superconductivity, (imaginatively) named types I and

II. The key difference between these two types is their behaviour in an external

magnetic field. Type I superconductors fully expel the field below Tc and up to

some critical applied field Hc1 (this phenomenon is the Meissner state). As the field

is totally expelled, the magnetisation of the sample is proportional to the applied

field; this relationship has been plotted in Fig. 6.1(a). Type II superconductors

also exhibit the Meissner state up to some Hc1, and then above Hc1 (but below a

second critical field Hc2) quantised flux lines from the applied field are trapped in the
1Hydrogen sulphide normally takes the form of H2S (the compound responsible for the smell

of rotten eggs) under ambient pressure, but it is thought that H3S, which is formed via the de-
composition of H2S under high pressure, is the compound responsible for the superconductivity
[118].
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sample, forming the flux line lattice (FLL). These flux lines, also known as Abrikosov

vortices, are small pockets of the normal state surrounded by the superconductor;

this state is therefore known as the mixed state. As the applied field increases,

the density of vortices increase, until a critical flux density is reached at Hc2, and

superconductivity is destroyed. A plot of the field dependence of the magnetisation

of a type II superconductor is shown in Fig. 6.1(b).

The presence of superconductivity can be inferred by examining the dimensionless

magnetic susceptibility χ = limH→0M/H. As a superconductor is perfectly diamag-

netic in the Meissner state, we expect M = −B/µ0 and therefore χ = −1. The

susceptibility of FeS,2 determined using SQUID magnetometry (see Chap. 2 for an

introduction to this technique), is given in Fig. 6.1(c).

6.2 BCS theory

Bardeen–Cooper–Schrieffer (BCS) theory is a microscopic model of Cooper pairs

which has been very successful in describing the properties of conventional super-

conductors [114]. This thesis concerns itself primarily with unconventional super-

conductors, but fortunately some aspects of BCS can be used to an extent to also

describe unconventional properties.

In the superconducting ground state, Cooper pairs occupy the lowest energy level

in a Bose-Einstein condensate. When heat is added into the system, some Cooper

pairs gain enough thermal energy to cross the energy gap ∆ and therefore break

up and become normal-state conduction electrons. The pair-breaking mechanism,

described by the topology and magnitude of the energy gap, is intricately linked to

the microscopic details of the superconductor and can be altered in numerous ways,
2H2S may be a precursor to another superconductor. When boiling an egg, H2S is formed in

the white, and then migrates towards the yolk (where T is lowest). It then reacts with Fe in the
yolk, forming FeS (Tc ≈ 4K [119, 120]), and giving the characteristic green tinge to the yolks of
over-boiled eggs. There are two possible crystalline structures for FeS (only one superconducts), so
it remains an open question as to whether FeS synthesised in ovo is indeed a superconductor.
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Figure 6.2: Top: A schematic of the superconducting gap symmetry and bottom: the
T dependence of the superfluid density of (a) s-wave, (b) d-wave, (c) s+ s-wave, and
(d) s+ d-wave superconductors.

for example using pressure [121] or chemical doping [122, 123]. Gap topologies broadly

fall into two main categories: fully-gapped and nodal. Some examples of fully-gapped

and nodal topologies are shown in Fig. 6.2. The temperature dependence of the gap

can be described using the approximate form

∆(ϕ, T ) = ∆ (ϕ) tanh
(
1.82 [1.018{Tc/T − 1}]0.51

)
, (6.1)

where ∆(ϕ) = ∆0, a constant, for an s-wave (fully-gapped) superconductor, and

∆(ϕ) = ∆0 cos (2ϕ) for a d-wave (nodal) superconductor.

While the cuprate superconductors have a universal pair-breaking mechanism and

a nodal superconducting gap [124], the iron-based superconductors have been found

to contain both gapped and nodal systems, with no clear universal pair-breaking

mechanism.

Near the surface of a superconductor, an external magnetic field can penetrate a

small volume, dropping off exponentially with the distance from the surface x

B (x) = B (0) exp (−x/λ) , (6.2)

with a characteristic length scale λ: the London penetration depth. λ can be described

in terms of the mass m, number density ns and charge q of the Cooper pairs as
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λ = (m/µ0nsq)
1/2. The superfluid density ns is a measure of the number of Cooper

pairs in the system, and so as T is increased, ns is expected to drop and therefore λ

increases as the external field can penetrate further into the sample.

The temperature evolution of the normalised superfluid density can be described

as [125]

ñs(T ) =
ns(T )

ns(0)
=
λ−2(T )

λ−2(0)
= 1 +

1

π

∫ 2π

0

∫ ∞

∆(ϕ,T )

∂f

∂E

E dE dϕ√
E2 −∆2(ϕ, T )

, (6.3)

where ∆(ϕ, T ) is the superconducting gap function described in Eq. 6.1 and f is the

Fermi function:

f = [1 + exp (E/kBT )]
−1 . (6.4)

The temperature evolution of ñs(T ) for several gap topologies is given in Fig. 6.2.

By examining the low temperature behaviour of ñs(T ), it becomes relatively straight-

forward to tell whether a gap is nodal or not. For a fully-gapped superconductor,

the low temperature region has a plateau in the superfluid density. This is because

Cooper pairs need to reach a certain temperature T ∼ ∆0/kB in order to have suffi-

cient thermal energy to cross the gap and break up. Nodal superconductors, on the

other hand, exhibit a linear dependence of ñs(T ) at low temperatures. The absence

of a gap in nodal systems means low-energy excitations are possible as there is always

sufficient energy for some Cooper pairs to break up.

It is important to note that µSR experiments are not sensitive to the sign of the

gap function;3 a d-wave gap in Chapters 7 and 8 therefore simply refers to a gap with

line nodes. As such, it is always possible that an observed d-wave ñs(T ) could in fact

arise from a highly anisotropic s-wave gap where the characteristic plateau in ñs(T )

is only observable at very low temperatures.

BCS theory holds well for sufficiently weak electron interactions. By inspecting

the ratio ∆0/kBTc (which = 1.764 for weakly-coupled BCS superconductors), it is
3The sign of a gap can be deduced by examining the evolution of ∆(ϕ) as one moves across the

Fermi surface.
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possible to determine whether the coupling in a superconductor is strong or weak.

For strongly-coupled superconductors, ∆0/kBTc > 1.764.

6.3 Ginzburg-Landau theory

In 1950, Ginzburg and Landau introduced a thermodynamic theory of superconduc-

tivity [126], which was later shown by Gor’kov to be a mean-field form of BCS theory

[127]. Although Ginzburg-Landau theory does not include the microscopic details

contained within BCS theory, it does in fact describe many properties of superconduc-

tors, and in particular it can describe properties of unconventional superconductors

where BCS theory fails to do so.

By inspecting the free energy of a superconductor near the superconducting tran-

sition, the Ginzburg-Landau (GL) equations can be derived; this derivation is given

in Ref. 128. The GL equations describe the behaviour of the superconducting or-

der parameter ψ. Through solving the GL equations in a magnetic field, Abrikosov

discovered that the order parameter’s spatial distribution meant that, in a type II

superconductor in the mixed state, ψ forms into an ordered periodic structure of vor-

tices [6]. Usually this structure consists of a hexagonal lattice, but several examples of

a square lattice of vortices exist [129]. In this thesis, we concern ourselves only with

the hexagonal lattice. The magnetic field and spatial distributions of a hexagonal

vortex lattice have been plotted in Fig. 6.3(a) and (b) respectively.

A result that follows from the vortex lattice in the mixed state is that each vor-

tex contains a single quantum of magnetic flux in its centre. When T < Tc, a

vortex can therefore be described by a temperature-dependent length scale ξ(T ) =

ξ(0) (|Tc − T |/Tc)
−1/2 which is related to the upper critical field via µ0Hc2 = ϕ0/2πξ(T )

2.

By inspecting the phase transition between the Meissner and mixed states, the

Ginzburg-Landau parameter κ = λ/ξ can be used to differentiate between type I

and II superconductors: for type I, κ < 1/
√
2, while for type II, κ > 1/

√
2.
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Figure 6.3: (a) The magnetic field distribution inside a hexagonal FLL in a type II
superconductor. The minimum (red), maximum (blue), and saddle point (green; Bsad)
have been marked. (b) The spatial distribution of the magnetic field resulting from
the hexagonal vortex lattice. The corresponding points with minimum, maximum,
and saddle point fields have been marked in red, blue, and green respectively. (c)
The field dependence of the width of the magnetic field (here given in µs−1, where
σµ = γµσ, and σ is as defined in Eq. 6.6), for FeS. The blue points are from Ref. 120
and the black points from Ref. 130. The data have been fitted with Eq. 6.6.

In this thesis, properties of superconductors are calculated by measuring the stan-

dard deviation of the magnetic field distribution (plotted in Fig. 6.3(a)) of a FLL

using µSR. This measurement is taken by cooling the sample below Tc in an applied

field Bc1 < B < Bc2. A full treatment of the vortex lattice in superconductors is

given in Refs. 7, 131, and 132, with key results presented below.

The relationship between the magnetic field width (i.e the standard deviation),

σ, and λ is dependent on κ and the applied field B. In µSR, the muons always land

in a set of structurally equivalent sites inside the unit cell. However, as the distance

between vortices a is often much larger than the lattice constants of the unit cell of

the superconductor, muons implanted in the sample will be able to experience the

full width of the distribution. The field distribution of a hexagonal FLL is plotted in

Fig. 6.3(b). There are three key features of this distribution: Bsad = B(a/2, 0), the

saddle point between to vortices; Bmax = B(0, 0), the maximum field at each vortex

core; and Bmin = B(0, a/
√
3), the minimum field between the vortices.4 These three

4The coordinate system here is defined such that a vortex centre lies at (0,0) and the distance
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Limit Approximation
κ ≥ 70; 0.13/κ2 ≪ b≪ 1 σ = 0.0609ϕ0/λ

2

(London approximation)
κ ≥ 5; small b σ =

√
bκϕ0/2

√
2πλ2

[b < 0.01/κ2 for κ = 5,
b < 0.04/κ2 for κ ≥ 10]

κ ≥ 5; 0.25/κ1.3 ≤ b ≤ 1 σ = 0.172 (Bc2 −B)κ−2

[
1 + 1.21

(
1−

√
b
)3
]

Table 6.1: Several approximations for the width of the magnetic field distribution of
the FLL (Eq. 6.6). These expressions are derived in Ref. 132.

points have been marked in Fig. 6.3(b). The field distribution due to the FLL can be

approximated to be Gaussian, and therefore the peak of the Gaussian approximately

corresponds to Bsad, where

Bsad = B − 0.146Bc2
1− b

κ2 − 0.069
(6.5)

and b = B/Bc2 [132]. As the applied field only penetrates the superconductor in the

vortices themselves, the peak field is always lower than the applied field.

The variance of the magnetic field inside a superconductor is

σ2 = ⟨[B (x, y)−B]2⟩ = ⟨
[
B (x, y)2 −B2

]
⟩ =

∑
k ̸=0

B2
k, (6.6)

where Bk are the Fourier coefficients of the field distribution B(x, y), and k are the

reciprocal lattice vectors [132]. In suitable limits, approximations can be applied to

this formula such that λ can be extracted. The relationship between σ and b = B/Bc2

for FeS is plotted in Fig. 6.3(c), and approximations to Eq. 6.6 in the low- and high-

field limits are given in Table 6.3 (a derivation of these approximations is given in

Ref. 132).

between neighbouring vortices is a.
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Many interesting superconductors are anisotropic: the cuprates and iron-based su-

perconductors both consist of planes of atoms, and the manipulation of these planes

through pressure [133], chemical doping [134], and thin film growth [135] can have

drastic effects on the properties of the superconductor. In anisotropic superconduc-

tors, λ is also anisotropic. In practice, it is most useful to calculate the in-plane

penetration depth λab, which for many anisotropic superconductors is ≪ λc, the out

of plane penetration depth. This is because λi ∝
√
mi, the component of the effective

mass tensor in direction i. µSR measures the effective penetration depth, which is

related to λab via [136]

λeff = 31/4λab. (6.7)

It is useful to inspect the evolution of Tc and λab for different families of super-

conductors, in order to spot inter- and intra-family trends. The Uemura plot shows

such correlations, and was initially designed to map the universal relations under-

lying the cuprate superconductors [137]. Through examination of the often linear
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scaling behaviour between Tc and λab, it is possible to identify different classes of

superconductors. For example, the electron- and hole-doped cuprates both display

a linear scaling, but the gradient for the hole-doped materials is much larger. Re-

cently, the Uemura plot has been extended to show many families of high temperature

superconductors, and an example is presented in Fig. 6.4.

6.4 Conclusion

This chapter presents an introduction to superconductivity, with a focus on the phys-

ical properties of superconductors that can be measured using µSR. While the key

results of the BCS and Ginzburg-Landau theories are presented, many extensions to

these results exist, and therefore µSR often only provides us with a minimal model.

Further information on the superconducting ground state can be gleaned from us-

ing complementary experimental techniques. Examples of such techniques include

ARPES, which can be used to determine the Fermi surface and superconducting gap

[138, 139], and neutron scattering, which can measure spin fluctuations and phonon

spectra5 [141].

5While the coupling between phonons and Cooper pairs is a result of BCS theory, several promis-
ing theories of high-temperature superconductivity involve spin fluctuation-mediated Cooper pairing
[140].
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7
Nodal multigap superconductivity in
ACa2Fe4As4F2 (A=K, Rb, andCs)

In order to understand the underlying mechanisms of high-temperature superconduc-

tors, it is vital to study the methods by which one can manipulate their superconduct-

ing properties. In this chapter, I present an experimental study of the ACa2Fe4As4F2

(A = K, Rb, and Cs) family of iron pnictide superconductors. These compounds are

related to the fully-gapped superconductors ACaFe4As4, but here the Ca-containing

spacer layer is replaced with one containing Ca2F2. I show that the ACa2Fe4As4F2

compounds are nodal multigap superconductors, paving a new path from nodal to

gapped superconductivity. The work in this chapter is based on Refs. 142, 143, and

144.

Aidy Hillier, Peter Baker, Franz Lang, Michael Smidman, and Adroja assisted with

running the experiment. Stephen Blundell helped with the theoretical interpretation
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of results. All samples in this chapter were synthesised by Zhi-Cheng Wang and

Guang-Han Cao, who also carried out the SQUID measurements.

7.1 Introduction

Unlike the cuprate high temperature superconductors [145], the iron-based super-

conductors do not appear to have a universal superconducting gap structure: it has

been found to vary between families of compounds, as well as within a single family

through doping [122] or pressure [121]. The first iron arsenide superconductor family

is a prime example: LaFeAsO1−xFx, with a maximum critical temperature Tc = 26K

[117], is thought to have either extended s-wave pairing [146] with a reversal of the

sign of the order parameter between Fermi surfaces [147], or d-wave pairing with line

nodes [146, 148, 149]. The need for a universal picture of gap structures is vital to

understand the mechanism with which Cooper pairs are formed in the iron-based

superconductors.

The gap structure has been found to vary between members of a single FeAs family.

Ba1−xKxFe2As2, part of the 122 family,1 was initially found to have two s-wave gaps

[150, 151]. Subsequent studies, however, found evidence that KFe2As2, which is in

the strong hole doping regime in this family, exhibits d-wave nodal superconductivity

[122, 124, 152, 153] which may arise from antiferromagnetic spin fluctuations near

the quantum critical point [154]. It has also been suggested that KFe2As2 has a

Fermi surface-selective multigap structure, resulting in s-wave superconductivity with

accidental line nodes [155]. The replacement of K with Rb or Cs has been reported

to conserve the nodal gap structure [156, 157, 158], although there have also been

studies to suggest these compounds are s+ s-wave [159, 160].

There have been several attempts to account for this variation in gap symmetry

amongst the iron arsenides. Ref. 161 suggests that, away from optimal doping,
1Superconductors can be grouped into families of compounds with related crystal structures. The

nomenclature reflects the numbers of each atom in the chemical formula.
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subdominant interactions (for example Coulomb interactions) and pair scattering

between electron-like Fermi surface sheets increase and frustrate the isotropic s±

gap, leading to anisotropy and eventually nodes, as evidenced in the 122 family. It

has also been theorised that this frustration in FeAs superconductors may lead to

time-reversal symmetry breaking (TRSB) and, as a result, an s + id pairing [162].

Maiti et al. [163] propose a mechanism based on spin-fluctuation exchange, similar

to Ref. 161. In Ref. 163, the variation between family members is explained through

the degree of electron or hole doping in the compound: small to moderate dopings

have an s-wave pairing driven by the interpocket electron-hole interaction, strong

electron dopings have a d-wave pairing from the attraction between electron pockets,

and strong hole dopings have either a d-wave pairing from attraction within one of

the hole pockets or an s-wave pairing from the interaction of hole pockets at (0,0).

Another cause of the varying gap symmetries may be the height of the pnictogen atom,

which alters the competition or cooperation of the spin fluctuation modes [146].

No such drastic variation is seen in the 1144 family (ACaFe4As4, A =K, Rb, or

Cs [164]), with evidence for multigap s-wave superconductivity and a clear absence

of nodes in both experimental and theoretical studies [165, 166, 167, 168, 169, 170].

Interestingly, this family has a maximum Tc = 35K for A =Rb, the alkali atom with

intermediate size. This contrasts with 1111-type FeAs superconductors [117, 171,

172], as well as other alkali metal arsenide superconductors, such as the chain-based

compounds A2Cr3As3 (A =K, Rb, or Cs), where increasing the ionic radius of A

leads to a chemical pressure-induced suppression of Tc [158, 173, 174].

Another example of a FeAs family with an inverse correlation between Tc and

alkali metal atomic radius is the 12442 family. The first ACa2Fe4As4F2 compound to

be discovered was A = K (Tc = 33K) [175], and subsequently A = Rb, Cs (Tc = 31K

and 28K respectively) [176] were also synthesised. This family can be viewed as

an intergrowth of AFe2As2 and CaFeAsF layers (see Fig. 7.1). Double FeAs layers
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Figure 7.1: The unit cells of ACa2Fe4As4F2 for left: A = K, centre: A = Rb, and
right: A = Cs. The CaFeAsF and AFe2As2 subunits have been marked for A = Cs.

are sandwiched between A atoms on one side and Ca2F2 on the other, leading to

two distinct As sites. These compounds are self-hole-doped, in contrast to other

hole-doped FeAs superconductors [177, 178]. It has been suggested that the complex

nature of the electronic structure of these materials could lead to a multiband gap

structure [179].

7.2 Experimental details

Polycrystalline samples of ACa2Fe4As4F2 (A = K, Rb, and Cs) were synthesised via

the solid state reaction in Ref. 175, and were found to have a sharp superconducting

transitions (see Fig. 7.2). The A = Rb and Cs samples in this work were found to

have a higher superconducting volume fraction than that for A = K, indicating that

these samples have a higher purity.

69



-0.8

-0.6

-0.4

-0.2

0.0

χ

0 10 20 30
T (K)

FC

ZFC

A = K

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

χ

0 10 20 30
T (K)

FC

ZFC

A = Rb

-1.0

-0.8

-0.6

-0.4

-0.2

0.0

χ

0 10 20 30
T (K)

FC

ZFC

A = Cs

Figure 7.2: The field-cooled (FC) and zero-field-cooled (ZFC) dimensionless suscep-
tibilities (χ = M/H, where M is the sample’s magnetisation) of ACa2Fe4As4F2 for
A =K, Rb, and Cs, measured in an applied magnetic field of µ0H = 1mT.

µSR experiments [4, 105] were performed using a 3He cryostat mounted on the

MuSR spectrometer at the ISIS pulsed muon facility (Rutherford Appleton Labora-

tory, UK) [9]. Zero-field (ZF) measurements were carried out to check for magnetism,

TRSB across the superconducting transition, and to see if an FµF state (in which the

muon forms a hydrogen bond with fluorine atoms in the sample [180, 181]) exists.2

Transverse-field (TF) measurements were performed to identify the superconducting

ground state. All of the data were analysed using WiMDA [106].

7.3 Superconductivity

Transverse field measurements were performed in an applied field Bapp = 40mT in

order to probe the superconducting ground state. Representative spectra for A = Cs

above and below Tc are shown in Fig. 7.3(a). There is a clear increase of the relaxation

in the superconducting state (compared to the normal state) which arises from the

inhomogeneous field distribution of the vortex lattice [131]. All TF-µSR spectra were

fitted with the two-component function

A(t) = AB cos (γµBappt+ ϕ) + ASC cos (γµBSCt+ ϕ) e−
σ2t2

2 , (7.1)
2The presence of an FµF state is useful for identifying the muon site in the unit cell.
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Figure 7.3: (a) Normalised TF-µSR asymmetry for A = Cs above and below Tc. (b)
The shift in the magnetic field ∆B = BSC −Bapp due to the superconducting vortex
lattice in an applied field of 40 mT. (c) The temperature dependence of the inverse
square penetration depth in the a− b plane. Best fits to Eq. 6.3 for each compound
are also shown. The bottom panel shows the A dependences of (d) the s-wave gap,
(e) the d-wave gap, (f) the weighting factor, (g) the critical temperature, and (h) the
penetration depth in the a − b plane, extracted using fits to (c) with an s + d-wave
model.

where ϕ is a phase related to the detector geometry; ϕ was fitted for each of the

eight detector groups of the spectrometer. The first term represents those muons

which are not implanted into the superconducting volume and precess only in the

external magnetic field, and so do not experience any relaxation. This component also

includes muons implanted in the sample holder and cryostat. The second term arises

from muons in the superconducting volume, which experience a Gaussian broadening

σ(T ) =
√
σ2

SC(T ) + σ2
nucl consisting of a temperature-dependent component from the

vortex lattice, and a temperature-independent component from nuclear moments. By
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s+ s-wave s+ d-wave d+ d-wave
K 10.5 6.0 6.2
Rb 3.0 3.1 6.2
Cs 10.9 7.7 11.0

Table 7.1: The values of χ2 for the best fits to various single and multigap models for
all A. The values in bold indicate the best fitting models.

fitting the residual, temperature-independent component of σ, we find σnucl ≈ 0.1µs−1

for all of the samples.

The field shifts caused by the vortex lattice ∆B = BSC − Bapp are shown in

Fig. 7.3(b). There is a clear negative shift in the peak field as the samples transition

into their superconducting states. Interestingly, there is a small peak in the field shift

at T ≈ 8K for A = Cs, which may be linked to a magnetic phase in the sample that

will be discussed below.

In order to extract the penetration depth from σSC, the conversion [132]

σSC = 0.0609γµϕ0λ
−2
eff (T ) (7.2)

can be used. This conversion holds as Bc2 is expected to be > 30T for all A [175, 176].

As the sample is anisotropic [175, 176] and polycrystalline, it can therefore be assumed

that the effective penetration depth λeff is dominated by the in-plane penetration

depth λab (a discussion of this is given in Sec. 6.3). The temperature dependence of

λ−2
ab is plotted in Fig. 7.3(c). The low-T region in Fig. 7.3(c) shows, for at least A = K

and Cs, a clear linear dependence of λab. This indicates that the superconducting gaps

of these compounds likely contain line nodes (see Sec. 6.2).

The data in Fig. 7.3(c) have been fitted with single- and two-gap BCS models

involving s- and d-wave gaps. The BCS model of the normalised superfluid density

of a superconductor is given by Eq. 6.3. The total normalised superfluid density for

a two-gap model is a weighted sum of the superfluid densities associated with the

individual gaps: ñs(T ) = xñ
(gap 1)
s (T ) + (1− x)ñ

(gap 2)
s (T ).

72



The existence of an inflection point in λab(T ) for all A strongly suggests the

existence of two gaps, and is supported by poor single-gap s-wave and d-wave fits.

The χ2 values of two-gap fits for s + s, s + d, and d + d gaps are given in Tab. 7.1.

We find that the s+ d-wave model describes all three superconductors well, although

the d+ d-wave and s+ s-wave models also provide a good fit for A = K and A = Rb

respectively. To compare the compounds directly, the fitted parameters from the

s + d-wave models are plotted in Fig. 7.3(d–h). λab(0) increases and Tc decreases

with increasing atomic radius of the A atom. The increase in Tc is accompanied

by a increase in size of the larger s-wave gap ∆s. There does not appear to be a

correlation between Tc and the smaller d-wave gap, but this gap contributes relatively

little (1 − x ≈ 0.3) to the total superfluid stiffness and therefore is not expected to

strongly influence the superconducting properties.

One key difference between the compounds is the lattice parameter c (32.363(1) Å

for A = Cs, compared with 31.007(1) Å for A = K and 31.667(1) Å for A = Rb

[175, 176]). However, this geometric difference is insufficient to account for the change

in superfluid stiffness (for a contrary case see Ref. 182). For ACa2Fe4As4F2, a rela-

tively small increase in c (≈ 5%) provides a much larger decrease in λab(0) (≈ 20%),

demonstrating that the increase in c is, at best, only partially responsible for the

reduction in λab(0) and suggesting that other effects associated with the electronic

band structure must be contributing more strongly.

7.4 Magnetism

ZF-µSR measurements were made in order to investigate the possibility of magnetism,

TRSB, and an FµF state. Sample spectra above and below Tc are presented in

Fig. 7.4(a–c). It is clear that there are no oscillations in the spectra, indicating no

long range magnetic order or FµF bonds in these compounds. The absence of an

FµF signal is common to all fluorine-containing iron-based superconductors studied
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Figure 7.4: ZF-µSR spectra below, near, and above Tc are shown for (a) A = K,
(b) Rb, and (c) Cs. Temperature dependence of the Lorentzian relaxation rate λ,
Gaussian relaxation rate σ and initial asymmetry A0 from fits to the ZF spectra in
(a–c) using Eq. 7.3 are shown in (d), (e), and (f) respectively.

so far [183, 184, 185]. This may be due either to a muon site close to the FeAs planes

(sitting between the As and Ca ions), away from the fluorine ions, or to the metallic

nature of the material. The data can be modelled well with

A(t) = (A0 − Ab)
(
ae−σ2t2/2 + (1− a)e−λt

)
+ Ab. (7.3)

The first component in this function was found to have an approximately constant

Gaussian relaxation, plotted in Fig. 7.4(d), likely arising from nuclear moments in the

sample. The second component contained a temperature-dependent, fast Lorentzian

relaxation, plotted in Fig. 7.4(e). The third component, the baseline asymmetry Ab,

is due to muons that do not stop in the superconducting volume of the sample; this

includes muons implanted in the cryostat and sample holder, as well as muons that

are in non-superconducting parts of the sample. For A = K and Cs, Ab = 0, and

for A = Rb, Ab ≈ 6%. We note a decrease in the initial asymmetry A0, also plotted
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in Fig. 7.4(f), which likely arises from an additional fast relaxation outside of the

resolution of the spectrometer.

The presence of two relaxing components in Eq. 7.3 suggests that there are at

least two potential muon sites. The values for a were found to be aA=K ≈ 0.43,

aA=Rb ≈ 0.63, and aA=Cs ≈ 0.76, meaning that, in the case of multiple muon sites,

they appear to be sensitive to the structural changes caused by changing A.3

It is possible that the ZF relaxation may affect the TF spectra in Fig. 7.3(c),

similar to the behaviour seen in Ref. 186. By fitting the data in Fig. 7.3(c) with

an additional Lorentzian relaxation, we find a negligible change in the extracted

superconducting parameters as well as a larger value of χ2. It is therefore likely that

the source of relaxation in ZF has little effect on the superconductivity observed in

the TF data.

While we expect fluorine to be the dominant contribution to σ (as the muon site

is likely to be near a fluorine atom, and the F nuclear moment is large: 2.63µN), there

also appears to be some A dependence. The nuclear magnetic moments of K, Rb, and

Cs are 0.21µN, 1.35µN, and 2.58µN respectively. However, we note that the largest

Gaussian relaxation is observed for A = Rb. This may be due to a combination of

both the size of the rare earth nuclear moment and the muon’s distance from the

rare earth atom; as discussed above, c increases with A’s atomic radius. Therefore,

although the Cs has a larger nuclear moment than Rb, it is possible that the muon

site lies further from the rare earth atom in CsCa2Fe4As4F2, therefore reducing the

width of the field distribution at the muon site (and so giving a lower σ).

There are several possible explanations for the gradual increase of λ and decrease

of A0 at low T . One possibility is the slowing of fluctuating electronic moments with

field width ∆ (where λ = 2∆2/ν for fluctuation frequency ν). Similar behaviour has

been observed in other FeAs superconductors [186]. A source of these moments may
3a and 1 − a denote the fractions of muons experiencing Gaussian and Lorentzian relaxations

respectively.
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be Fe-based impurities, which cannot be ruled out below the 1% level. The asymme-

try of the TF data does not change significantly below Tc, which is compatible with

weak magnetism similar to that observed in heavily doped CaFe1−xCoxAsF [184].

We can differentiate true nodal superconductors (where the nodes are imposed by

symmetry) to gapped superconductors with ‘accidental nodes’, as impurity scatter-

ing acts to broaden symmetry nodes and lifts accidental nodes and therefore removes

the residual linear term in the case of accidental nodes. If the relaxation arises from

Fe-based impurities, this would support the notion that the nodes are symmetry-

imposed. Another possible explanation for the anomalous behaviour for A = Cs in

Fig. 7.3(b) could be due to the opening of the second superconducting gap at ap-

proximately the same T . This situation may be similar to the Q phase in CeCoIn5

[187, 188] and the pair-density waves in undoped cuprates [189], both of which exhibit

intertwined magnetic order coupled to d-wave superconductivity [190]. The anoma-

lous behaviour in Fig. 7.3(b) could also be explained by such a scenario, although

we note that, interestingly, the anomaly is absent for A = K and Rb. Despite the

absence of oscillations in this experiment, it is possible that magnetic order does exist

with oscillations faster than the resolution of the spectrometer; such behaviour has

previously been seen in the near-zero doping of CaFe1−xCoxAsF, where oscillations

from a magnetic phase with frequency ≈ 25MHz are observed [184].

The signature of a TRSB superconductor is the spontaneous formation of an

internal magnetic field below Tc [191]; as this is not seen via a discontinuity in A0 or

λ at Tc, we conclude the ACa2Fe4As4F2 compounds do not undergo this transition.

We can therefore deduce that the gap symmetry is probably s+ d-wave, rather than

s+ id.
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7.5 Conclusion

We have measured the superconducting and magnetic properties of polycrystalline

samples of ACa2Fe4As4F2 (A = K, Rb, and Cs). We find that a small potentially

magnetic phase exists in the sample, which does not appear to compete with the

superconductivity. Remarkably, we find that all of the samples appear to exhibit

multigap nodal superconductivity, with A = K being either s + d- or d + d-wave,

A = Rb being either s + s- or s + d-wave, and A = Cs being s + d-wave. However,

as µSR experiments are insensitive to the sign of the superconducting gap, it is also

possible that our observed d-wave gaps are in fact highly anisotropic s-wave gaps.

The ratio ∆0/kBTc of the larger gap suggests strongly coupled superconductivity in

all three compounds, although the value of the fitted gap may be sensitive to the area

of the nodal region in the Fermi surface [192]. Due to the crystallographic structure

of these compounds, there are two distinct As sites either side of the Fe atoms, and it

can be distinguished from the s-wave superconductor ACaFe4As4 by exchanging one

of the spacer layers between the FeAs planes. As such, these results indicate a new

path from gapped to nodal superconductivity in iron-based superconductors.
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8
Observation of a crossover from nodal to gapped

superconductivity in LuxZr1−xB12

While the superconducting gap symmetry can vary between families of supercon-

ductors, variation within a family is relatively rare. Compounds in the same family

share similar crystal structures and often have similar electronic and magnetic prop-

erties. By looking at the small differences between the family members, it allows us

to more easily pinpoint the properties that strongly influence the superconducting

parameters. In this chapter, I present a µSR study of the LuxZr1−xB12 superconduc-

tors. By increasing x, it is possible to change the gap symmetry from nodal to fully

gapped. A small magnetic phase coexists in the sample, and the exact details of this

phase appear to be dependent on the sample preparation. I find, however, that the

superconductivity appears to be robust. This work is based on that in Ref. 123.

Stephen Blundell calculated the muon site and helped with the µSR experiments.

Francis Pratt, and Chris Baines also assisted with the µSR experiments. The samples
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Figure 8.1: The unit cell of Lu/ZrB12. The B12 cages are highlighted in green.

were synthesised by Natalya Shitsevalova and Vladimir Filipov. Nickolay Sluchanko

assisted with the theoretical interpretation of the results, performed the resistivity

measurements, and calculated κ and Bc2.

8.1 Introduction

Since the discovery of superconductivity in MgB2 [193], there has been a great interest

in searching for superconductivity in a wide class of borides. ZrB12 is BCS super-

conductor with one of the highest critical temperatures (Tc = 6K) among boron-rich

compounds [194]. LuB12, another dodecaboride, is also a superconductor, albeit

with a much lower Tc = 0.48K [194] despite having a very similar crystal structure

[195, 196], electronic density of states [197, 198, 199], and phonon density of states

[200, 201] to ZrB12. It is thought that the high Tc in ZrB12 originates from the soft

vibrations of Zr4+ ions in the boron cages (this structure is shown in Fig. 8.1). These

vibrations lead to a strong electron-phonon interaction [202, 203, 204]. In LuB12,

vibrations of Lu3+ ions have almost no contribution to the electron-phonon coupling,
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perhaps due to the ‘volume filling factor’ of the B cages, which tunes the hybridisa-

tion between the Lu/Zr and B orbitals [201]. Another factor which may contribute

to the lower Tc in LuB12 is the development of an electron instability due to the

formation of dynamic charge stripes [205]. Though LuB12 appears to display s-wave

behaviour [206], there has been considerable debate surrounding the nature of the

superconducting gap function in ZrB12. It has been suggested that ZrB12 is either a

single-gap s-wave [207, 208], two-gap s-wave [209], or a d-wave [202] superconductor,

with its Fermi surface composed of one open and two closed sheets [197, 199].

Nonmagnetic impurity substitutions impact on superconducting properties in var-

ious ways dependent on the pair-breaking mechanism. For example, Anderson’s the-

orem implies that a small number of nonmagnetic impurities can dramatically sup-

press superconductivity in the case of an anisotropic gap in a d-wave superconductor

[210, 211, 212]. Experiments on cuprates reveal that a spinless impurity introduced

into the high-temperature superconductor host produces a large and spatially ex-

tended alternating magnetic polarisation in its vicinity [213]. Somewhat analogous

behavior was found in LuxZr1−xB12, in which nonmagnetic Lu3+ ions are substituted

for Zr4+ ions. Spin-polarised nanodomains of size ≈ 5Å, containing moments ≈ 6µB

and nucleated around the Lu3+ ions, were found in some crystals [214], but not in

others [215]. This is possibly due to details of the distribution of the Lu3+ ions in the

lattice, or the presence of vacancies (as found in YB6 [216]).

8.2 Experimental details

Four single crystals of LuxZr1−xB12 were investigated in this experiment; these in-

cluded one ‘magnetic’ sample, which had previously displayed the nanodomain be-

haviour, and three ‘nonmagnetic’ samples, which displayed no such phenomena. The

magnetic sample, x = 0.07, was identical to that used in Ref. 214. The remaining
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Figure 8.2: (a) Zero-field-cooled (ZFC) and field-cooled (FC) susceptibility for x =
0.04, 0.07, and 0.17. Measurements were made in an applied field of µ0H = 2mT.
(b) Temperature dependence of the resistivity for x = 0.04, 0.07, and 0.17, showing a
sharp superconducting transition at Tc. (c) Ginzburg-Landau parameter for various
doping levels, calculated using the method in Ref. 204. (d) The dependence of the
upper critical field on doping, calculated using the method in Refs. 214 and 215.

three samples, x = 0.04, 0.17, and 0.8, were nonmagnetic and identical to those stud-

ied in Ref. 215. Details of the crystal growth are described in Refs. 214 and 215.

The crystal growth methods were identical for both the magnetic and nonmagnetic

samples, with the single crystal samples being grown from a sintered rod. However,

the sintered rods were obtained via different methods. For the magnetic sample, the

sintered rod was produced from a powder of the crushed single crystal LuB12 and

ZrB12. Both powders were mixed and sintered into rods at 1750◦C in a vacuum; this

method is unable to guarantee a homogeneous mixture of Lu and Zr. Since there

was a gradual re-melting of the rod during the synthesis of the single crystal, we

cannot exclude an inhomogeneous distribution of Lu and Zr in the final crystal. In

the case of the nonmagnetic samples, amorphous boron was mixed with Lu and Zr

oxides (Lu2O3 and ZrO2). These mixtures were pressed into tablets and held in a

vacuum furnace for two hours at 1650◦C to perform a solid-state synthesis, producing

(Lu,Zr)B12. To achieve a homogeneous distribution of the metal components after

synthesis the tablets were crushed, pressed and annealed at 1650◦C in vacuum. Then

they were crushed and pressed once more to produce the rods, which were sintered

in vacuum at 1750◦C for one hour. As this method for producing the sintered rods
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had one more homogenising annealing, we anticipate the Lu/Zr distribution in these

samples to be significantly more homogeneous than in the sample produced using the

first synthesis method.

µSR experiments [4, 105] were performed using a dilution refrigerator and 3He

sorption cryostat mounted on the MuSR spectrometer at the ISIS pulsed muon fa-

cility (Rutherford Appleton Laboratory, UK) [9]. Further experiments were car-

ried out using the low temperature facility (LTF) and general purpose spectrometer

(GPS) at the Swiss Muon Source. Transverse-field (TF) measurements were made

to probe the superconducting ground state and its evolution with x. Zero-field (ZF)

and longitudinal-field (LF) measurements were carried out in order to test for mag-

netic phases in the sample. All of the µSR data were analysed using WiMDA [106].

Magnetometry measurements were carried out on a Quantum Design SQUID mag-

netometer.

8.3 Superconductivity

TF-µSR measurements were performed on all of the samples to determine their su-

perconducting properties. x = 0.04, 0.07, and 0.17 were measured above and below Tc

in transverse applied fields BTF of 30 mT and x = 0.8 was measured in BTF = 2.5mT

[fields were chosen in order to lie below Bc2 for each compound; see Fig. 8.2(d) for

Bc2 values]. Representative spectra for x = 0.04 above and below Tc are shown in

Fig. 8.3(a). Transverse field sweeps were also made to determine the field dependence

of the internal field distribution of the superconducting state.

The data were fitted with

A = ATF cos(γµBTFt+ ϕ)e−
σ2

TFt

2 + ASC cos(γµBSCt+ ϕ)e−
σ2t
2 , (8.1)

where ϕ is related to the detector geometry [the data were divided among eight groups

of detectors with ϕ fitted for each group]. The first term corresponds to a back-

ground signal arising from muons that stop outside of the superconducting volume:

82



-1

0

1

p
ol

ar
is

at
io

n

0 1 2 3
t (µs)

5 K
50 mK

(a)

0.0

0.5

1.0

1.5

2.0

σ
S
C

(µ
s−

1
)

0 10 20 30 40 50 60
BTF (mT)

(b)

0

5

10

15

20

25

λ
−
2

(µ
m

−
2
)

0 1 2 3 4 5 6
T (K)

(c)

0.04, 30 mT

0.07, 30 mT

0.17, 30 mT

0.8, 2.5 mT

-20

-10

0

∆
B

(%
)

0 1 2 3 4 5
T (K)

(d)

0.0

0.5

1.0

∆
0

(m
eV

)

0.0 0.25 0.5 0.75 1.0
x

∆s
∆d

(e)

0.8

1.0

w

0.0 0.25 0.5 0.75 1.0
x

(f)

0.2

0.4

0.6

λ
(µ

m
)

0.0 0.25 0.5 0.75 1.0
x

(g)

0

2

4

6

T
c

(K
)

0.0 0.25 0.5 0.75 1.0
x

µSR
H = 0

(h)

Figure 8.3: (a) Sample TF-µSR spectra above and below Tc for x = 0.04. Fits as in
Eq. 8.1 are also plotted. (b) Field dependence of the relaxation due to superconduc-
tivity for x = 0.07 at 1.5 K (orange), x = 0.17 at 1.5 K (green), and x = 0.8 at 0.1 K
(blue). (c) Temperature dependence of the inverse square penetration depth, with
s+ d-wave fits for x = 0.04, 0.07, and x = 0.17, and an s-wave fit for x = 0.8. (d) T
dependence of the field shift ∆B = BSC−BTF, expressed as a percentage of BTF, due
to the superconducting vortex lattice. The evolution of the superconducting gaps, the
gap ratio, and the penetration depth with x are given in (e), (f), and (g) respectively.
(h) The critical temperature measured in an applied field using µSR, as well as zero
field (H = 0) values calculated from the magnetometry data. In the µSR study on
x = 0.8, the applied field was 2.5mT, while for all other samples it was 30mT. The
purple points are the Tc values for ZrB12 and LuB12 from Ref. 194, and the triangles
are recently measured points for intermediate doping.

in the cryostat, sample holder, and non-superconducting regions of the sample. These

muons precess only in the external field and experience a small Gaussian relaxation.

The second term corresponds to muons in the superconductor, which experience an

approximately Gaussian relaxation arising from the field distribution of the vortex

lattice. These muons also experience a small, temperature independent relaxation
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x s-wave d-wave s+ s-wave s+ d-wave
0.04 20.9 23.2 15.8 14.1
0.07 11.9 10.9 12.1 10.0
0.17 18.8 16.5 16.6 13.8
0.8 16.9 19.7 19.3 22.6

Table 8.1: The values of χ2 for the best fits to various single and multigap models,
using Eq. 6.3 for all of the samples (details of the fits are given in the main text.).
The values in bold indicate the best fitting models.

from nuclear moments, giving a total relaxation σ(T ) =
√
σ2

SC(T ) + σ2
nucl.

The transverse field dependences of σSC for x = 0.07, 0.17, and 0.8 are shown

in Fig. 8.3(b). There is a muon quadrupolar resonance due to the boron nuclei at

≈ 4mT, which may affect the low-field dependence (this will be further discussed

below). Apart from x = 0.8, the upper critical fields Bc2 of all the samples are larger

than the fields resolvable by the experiment; these have instead been calculated from

magnetometry and heat capacity measurements in Refs. 214 and 215, and are shown

in Fig. 8.2(d).

Assuming all of the samples are type II superconductors with an isotropic hexag-

onal Abrikosov vortex lattice that can be described by Ginzburg-Landau theory, the

in-plane penetration depth λ can be extracted from the relaxation due to superconduc-

tivity using σSC = 0.0609γµϕ0λ
−2(T ) [132].1 Although the values of κ and BTF/Bc2

(plotted in Fig. 8.2(c) and (d) respectively) for some of these compounds are slightly

outside the parameters suggested for this approximation to be valid (see Table 6.3),

we can estimate an error by comparing this approximation and the analytical rela-

tionship between σSC and the applied field in Ref. 132. We find the approximation

correctly describes this relationship to within 10% for the x = 0.04 and 0.07 sam-

ples, and to within 20% for x = 0.17 and 0.8. The temperature dependence of λ−2

is shown in Fig. 8.3(c), and the corresponding field shifts due to the vortex lattice

∆B = BSC −BTF are given in Fig. 8.3(d).
1As LuxZr1−xB12 is cubic, we assume the penetration depth is isotropic.
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To determine the nature of the superconducting gaps in the samples, we fitted

the data with single-gap BCS s-wave and d-wave models, as well as two-gap s + s-

and s + d-wave models. The BCS model of the normalised superfluid density of a

superconductor is given by Eq. 6.3. As introduced in Sec. 7.3, the total ñs(T ) in a

multigap model can be described as ñs(T ) = wñgap 1
s (T ) + (1 − w)ñgap 2

s (T ). In the

case of the s+ d-wave fits, the first gap is s-wave, whereas the second gap is d-wave.

We find that x = 0.04, 0.07, and 0.17 are s + d-wave superconductors, whereas

x = 0.8 is purely s-wave. χ2 values for s-, d-, s + s-, and s + d-wave fits for all

of the samples are shown in Tab. 8.1. A key indicator of nodal superconductivity

is the linear dependence of λ−2 at low T , which is observed in x = 0.04, 0.07, and

0.17. x = 0.8, on the other hand, shows a low temperature plateau in λ−2, corre-

sponding to a fully gapped superconductor where low-energy excitations are strongly

suppressed [217] (this is further discussed in Sec. 6.3). This is consistent with the

s-wave superconductivity observed in LuB12 [206]. Our observations show that the

nodal gap becomes less anisotropic and eventually becomes isotropic as x increases.

This change of gap structure is accompanied by a rapid suppression of Tc, shown in

Fig. 8.3(g). The fitted values of the s- and d-wave superconducting gaps, ∆s and

∆d respectively, are shown in Fig, 8.3(e); we find that along with the complete sup-

pression of the nodal gap (indicated by w → 1 in Fig. 8.3(f)), the s-wave gap also

decreases significantly in size with increasing x. For all of the samples, we find that

the gap to Tc values ∆s/kBTc ≈ 2–2.5 (> 1.76, the BCS value) for the larger s-wave

gap, meaning these compounds are likely strongly-coupled superconductors (although

for the multi-gapped samples, ∆d/kBTc ≈ 0.3–0.5 in all cases). As x increases, the su-

perfluid density (ns ∝ λ−2(0)) is suppressed, leading to a longer penetration depth as

shown in Fig. 8.3(h). The multigap model agrees well with the two peaks observed in

the field dependence of σSC for x = 0.07 [see Fig. 8.3(b)]. The peak at BTF ≈ 12mT

may be a reflection of the field dependence of the weak d-wave term on top of the
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Figure 8.4: (a) Sample ZF-µSR spectra in the superconducting state. (b) The field
dependence of the relaxation for one magnetic sample (x = 0.07, orange) and one
nonmagnetic sample (x = 0.8, blue). The measurements for x = 0.07 were taken at
5 K and for x = 0.8 at 0.7 K. (c) The temperature dependence of the magnetisation
per formula unit.

s-wave term. As the d-wave contribution is more easily suppressed by an external

field, we expect w to be field-dependent. From the amplitude of the 12 mT peak we

can estimate that the corrected value of w in the low field London limit should be

closer to 0.7 for this sample and will be similarly reduced for the other low-x samples.

The observed gap evolution in the LuxZr1−xB12 is similar to that seen in Fe-

based superconductors. The Ba1−xKxFe2As2 family of materials shows fully gapped

behaviour for x = 0.4, with line nodes appearing at x = 1 [122]. A similar transition

is achieved in Ba0.65Rb0.35Fe2As2 using hydrostatic pressure, which promotes a nodal

gap [121].

8.4 Magnetism

8.4.1 ZF- and LF-µSR

To address the apparent discrepancy between the differing magnetic behaviours of this

family of compounds observed in Refs. 214 and 215, ZF- and LF-µSR experiments

were carried out.

ZF spectra below Tc for one magnetic sample (x = 0.07) and two nonmagnetic

samples (x = 0.17 and 0.8) are shown in Fig. 8.4(a). For all samples there was no

detectable change in the ZF spectrum as T was increased above Tc, meaning that any
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magnetism present in the samples does not compete with the superconducting phase.

No oscillations were seen in the forward-backward asymmetry spectra, and there were

also no discontinuous jumps in either the initial or the baseline asymmetry, which

suggests there is no long-range order inside the sample. The data were fitted with

the zero-field Kubo-Toyabe function [218] with an additional Lorentzian relaxation:

A = A0

(
1

3
+

2

3

(
1−∆2

ZFt
2
)
e−∆2

ZFt
2/2

)
e−λZFt + Ab, (8.2)

where A0 and Ab are the relaxing and baseline amplitudes. The relaxing amplitude

corresponds to muon stopping in the magnetic portion of the sample, while the base-

line amplitude represents muons landing in nonmagnetic regions, for example in the

cryostat or sample holder. The Kubo-Toyabe function is often used to describe a

system of static spins with a Gaussian field distribution characterised by an RMS

width ∆ZF/γµ.

∆ZF was found to be constant and temperature independent (0.40(3)µs−1) across

all of the samples. It is therefore likely that the Kubo-Toyabe relaxation arises due

to the nuclear moments associated with the B cage. The additional Lorentzian relax-

ation was equal and very small for the two nonmagnetic samples (≈ 0.05µs−1), and

significantly larger for the magnetic sample (≈ 0.2µs−1).

To further probe the nature of the magnetism, LF-µSR was carried out on one

magnetic and one nonmagnetic sample: x = 0.07 and x = 0.8 respectively. The data

were fitted with a longitudinal-field Kubo-Toyabe function [5] with an additional

Lorentzian relaxation e−λZFt; the field dependence of λZF is plotted in Fig. 8.4(b).

Both samples have a peak in their relaxation at B ≈ 4mT, corresponding to the

muon experiencing a quadrupolar resonance with the 11B nucleus [219, 220]. The

additional relaxation seen in the ZF spectrum of the magnetic sample is quenched

above ≈ 1mT, indicating an internal field on the order of 0.1 mT arising from static

magnetic moments [an applied longitudinal field BLF > 10Binternal rapidly quenches

relaxation arising from static moments [4, 5]].
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Using DFT, we identify a single muon site at [0.5, 0.5, 0.5], in the centre of the

B12 cage. This muon position was calculated by solely examining the electrostatic

potential within the unit cell (see Sec. 3.1), and so does not take into account any

distortions of the crystal structure due to the muon’s presence. We can, however,

estimate the distortion in the unit cell by examining the Kubo-Toyabe relaxation in

Eq. 8.2. As the muon is surrounded by a boron cage, it is likely that the largest

distortion will be a small, symmetric expansion or contraction of the cage, such that

each boron moves along the vector connecting it to the muon. For a system of

randomly oriented nuclear spins with nuclear quantum number I at positions ri [4],

∆2
ZF =

2

3
γ2µγ

2
nucl

(µ0

4π

)2

I(I + 1)ℏ2
∑
i

1

(ri − rµ)
6 , (8.3)

where γnucl is the gyromagnetic ratio of the nuclei. By considering both 10B and 11B

nuclei (with I = 3 and 3/2 respectively), we can tune the positions of the B atoms

to find the most probable distortion. We find that the theoretical and experimental

values of ∆ZF are in excellent agreement for a small contraction of the B12 cage, with

each B moving ≈ 0.36–0.37Å towards the muon.2

The Lorentzian relaxation in Eq. 8.2 likely arises due to static, dilute moments

[221], and hence the relatively large λZF for the magnetic sample may be due to the

formation of dilute nanodomains consisting of static moments associated with the Lu

atoms. Using DFCs (see Sec. 3.1), we find domains of size ∼ 7Å give λZF ≈ 0.1–

0.2µs−1, where the moments associated with these domains is ≈ 0.8µB.

8.4.2 Magnetometry

The observed differences in magnetism are supported by bulk magnetometry mea-

surements of x = 0.07, 0.17, and 0.8 above Tc, as shown in Fig. 8.4(c). The data were
2The variation here arises from the x-dependence of the lattice parameter a.
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fitted to a Curie-Weiss function with an additional constant background magnetisa-

tion:

M =M0 + nµ0µ
2H/3kBT, (8.4)

where µ is the effective magnetic moment per formula unit, n is the number density,

and µ0H = 2mT is the applied external field. We find that the moment per formula

unit in the magnetic sample (µ0.07 ≈ 1.2µB; close to that predicted by DFCs) is

significantly higher than for the nonmagnetic samples (µ0.17 ≈ 0.2µB, µ0.8 ≈ 0.1µB).

From these data, we postulate that the ZF signal observed in the nonmagnetic

samples, which is insensitive to Lu3+ concentration, is dominated by B nuclei in the

cages, similar to that observed in LuB12 [222]. In addition to this nuclear signal,

the magnetic sample also contains static, disordered moments, which may potentially

be associated with clusters of Lu3+, similar to the phenomena discussed in Refs.

214 and 216. As the apparent clustering effect is only present in one sample, we

conclude that the differences in magnetism we observe are likely due to the detailed

distribution of cations that is established during sample preparation, rather than an

intrinsic effect linked to x. We do note, however, that it is also possible that this

magnetic behaviour could arise due to some extrinsic impurity phase. Although x-

ray diffraction experiments indicate that our samples are of a high quality [214, 215],

we cannot rule out such impurity phases below the ∼ 1% level.

8.5 Conclusion

In summary, we have carried out µSR and magnetometry measurements to probe

the nature of the magnetism and superconductivity in the LuxZr1−xB12 family of

superconductors. ZF-µSR, LF-µSR, and magnetometry measurements reveal a strong

magnetic signal in one sample, which was thought to contain magnetic nanodomains.

The other samples were found to exhibit much weaker magnetism. We attribute this

sample dependence to a clustering effect in which the distribution of Lu3+ may affect
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the formation of static moments. We find that the moments associated with this effect

are of order 1µB. Scanning tunnelling microscopy or scanning electron microscopy

may provide further insights into this effect. TF-µSR measurements revealed that

the superconductivity was robust to these variations in magnetism. We find that the

increase in Tc associated with the decrease of x is also accompanied by a decrease in

penetration depth and the formation of nodes in the superconducting gap function.

There are many extensions to the models we have used to fit our data. While our

minimal models fit the data well, we stress that more in-depth studies of this family

of materials are required to further probe the gap symmetries observed in our µSR

data. The nodal superconductivity appears to occur even in the magnetic sample, we

can deduce that the nodal gaps we observe are probably due to d-wave pairing (where

line nodes are must exist due to the symmetry of ∆(ϕ)), rather than s-wave pairing

with accidental nodes: impurity scattering (which is possible due to the variability

in the magnetic properties of the sample) would broaden symmetry-imposed nodes

and lift any accidental nodes. However, as introduced in Sec. 6.2, it is also possible

that the observed d-wave behaviour is due to a very highly anisotropic s-wave gap;

further low temperature studies are required to gain additional information about

the precise gap topologies in these compounds. The unusual transition from nodal to

gapped superconductivity is similar to that observed in iron pnictide superconductors,

although we note that in the case of the pnictides, the formation of nodes in the

superconducting gap is accompanied by a decrease in Tc and an decrease in the

superfluid density [121, 122]. It has recently become possible to synthesise samples

of LuxZr1−xB12 with 0.17 < x < 0.8, and our work emphasises the need to probe the

intermediate doping region in order to understand the full details of the crossover.
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9
Conclusions

This thesis presents a series of theoretical and experimental studies on a broad selec-

tion of quantum materials.

The first study, presented in Chapter 4, explores the concept of emergence in

the spin ices. While these materials are comprised of dipolar spins, the particular

geometry of and interactions between these spins leads to excitations which manifest

as emergent magnetic monopoles. The bulk properties of the spin ices have been

investigated in detail, but a microscopic profile of individual and small ensembles of

magnetic monopoles remains to be observed experimentally. In this chapter, I study

the spin ice Dy2Ti2O7 in order to propose several experiments to make this first micro-

scopic observation of emergent monopoles. Monopoles traversing the lattice produce

a fluctuating magnetic field. I show that, although these fluctuations are difficult to

measure experimentally with a local probe inside the sample, it is possible to detect

signatures of monopole motion from a nanoscale probe placed in close proximity to
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the surface of a sample. I use Monte Carlo simulations to find the precise form of

the magnetic noise spectrum produced by a small concentration of monopoles in a

sample, and describe experiments that ought to be able to make such a measurement.

I then move to a different exotic magnet: CoTi2O5. In Chapter 5, I present

the first investigation into the ground state of this material and find that it is an

antiferromagnet below 26 K with propagation vector k = (±1/2, 1/2/0). Remarkably,

in the antiferromagnetic regime, the super-super-exchange interactions are perfectly

frustrated, and therefore by symmetry it is required that the unit cell undergoes

some sort of symmetry-breaking structural transition to relieve this frustration. As a

result, the transition to magnetic order in CoTi2O5 is expected to be mediated by the

spin Jahn-Teller effect. I find it is the lowest-symmetry structure known to exhibit

this behaviour. Using a combination of theoretical techniques, I therefore propose a

possible magnetostructural coupling scheme.

Moving to the topic of topology, the remaining two projects investigate the intri-

cate link between the topology of the energy gap in superconductors and their other

chemical, physical, and material properties.

Chapter 7 focusses on the ACa2Fe4As4F2 family of iron-based superconductors,

where A = K, Rb, or Cs. I find that these superconductors have multiple supercon-

ducting gaps, at least one of which is likely to be nodal. These compounds are struc-

turally related to other superconductors; it is possible to construct ACa2Fe4As4F2 by

manipulating the spacer layers in the fully-gapped ACaFe4As4 compounds. The iron-

based superconductors exhibit a wide range of gap topologies, and therefore it is vital

to construct a coherent theory explaining why this is so. Multiple mechanisms have

already been proposed, and my work adds to this by showing a new route through

which it is possible to manipulate this topology.

This thesis reaches its crescendo with a study of the LuxZr1−xB12 family of super-

conductors in Chapter 8. Although it is possible to alter the gap topology by moving

92



between different families of superconductors, a variable gap topology within a single

family is relatively rare. This is because members of a single family often have very

similar crystal and electronic structures, and are therefore likely to have very similar

superconducting properties. I show that by increasing x in LuxZr1−xB12, it is pos-

sible to cross over from a fully-gapped superconducting regime at high x to a nodal

multigapped regime at low x. The formation of nodes is accompanied by a tenfold

increase in the critical temperature of these superconductors, and I discuss the corre-

lation between these and other superconducting properties, and their importance in

the wider scope of theories of superconductivity.
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