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Abstract4

We consider a general multi-armed bandit problem with correlated (and simple contextual5

and restless) elements, as a relaxed control problem. By introducing an entropy premium, we6

obtain a smooth asymptotic approximation to the value function. This yields a novel semi-7

index approximation of the optimal decision process. This semi-index can be interpreted as8

explicitly balancing an exploration–exploitation trade-off as in the UCB (Upper Confidence9

Bound) principle where the learning premium explicitly describes asymmetry of information10

available in the environment and non-linearity in the reward function.11

Performance of the resulting Asymptotic Randomised Control (ARC) algorithm compares12

favourably well with other approaches to correlated multi-armed bandits.13
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1 Introduction16

In many situations, one needs to decide between acting to reveal data about a system and17

acting to generate profit; this is the trade-off between exploration and exploitation. A simple18

situation where we face this trade-off is a multi-armed bandit problem, where one has K ‘bandits’19

or equivalently, a bandit with K arms, and one must choose which bandit to play at each time.20

Playing a bandit results in a reward generated from a fixed unknown distribution which must21

be inferred ‘on-the-fly’. At each time, we need to decide whether to focus on playing the bandit22

which gives the best reward or on gaining information to exploit in the future.23

The first theoretical results for the multi-armed bandit problem were proved by Gittins and24

Jones [14]. They formulated the bandit as an optimisation problem for a Markov Decision Process25

over an infinite time horizon with an underlying state corresponding to the posterior distribution.26

An optimal solution is described in terms of an index strategy, where we always play an arm27

with the maximum index, and the index of each arm can be computed by solving an optimal28

stopping problem. The crucial assumption guaranteeing the optimality of this index strategy is29

the independence between arms, which may not hold in more general settings.30

More recently, multi-armed bandit problems are often formulated as a statistical problem,31

rather than an optimisation problem (see e.g. [4, 33, 19, 22, 11]). Novel algorithms for bandit32

problems are often proposed using heuristic justifications and are then shown to give theoretical33

guarantees in terms of a regret bound (either from a Bayesian or a frequentist perspective) in34

symmetric settings which typically assume that rewards are the only observation and are linear35

in the unknown parameter.36
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In this paper, we aim to address three fundamental questions for learning. (i) How can we1

quantify the amount of information that each arm provides, especially when information from2

each arm is not symmetric? This distinguishes between uncertainty and the value of learning.3

(ii) What is the connection between information and reward? In particular, when rewards do not4

depend linearly on the parameters of our model, how will this affect learning? (iii) Can we use5

this analysis to construct a reasonable learning algorithm which can be applied to a wide class of6

learning problems?7

To achieve our goal, we formulate the multi-armed bandit problem as an optimisation problem8

(in particular, a stochastic control problem) over an infinite time horizon using a Bayesian for-9

mulation, as in [14]. We extend the entropy regularised control approach of Reisinger and Zhang10

[20] and Wang, Zariphopoulou and Zhou [32] to the discrete time setting to obtain an asymptotic11

approximation to the value function. This approximation results in a randomised index strategy.12

This index strategy enjoys a natural interpretation as a sum of the instantaneous reward (exploit-13

ing) and the benefit of learning (exploring). Since our solution is obtained by approximating the14

value function using a randomised strategy, we address various limitations of other algorithms15

found in the literature.16

The main contribution of this work is to develop conceptual insight into a general class of17

learning (bandit) problems from first principles. We aim to understand how to make decisions18

when information from each option available to us will result in us learning about multiple future19

options, in an asymmetric manner, and also to understand the connection between reward and20

observation. The resulting algorithm generated from our approximation performs well numerically,21

however we do not aim to provide a formal regret analysis.22

The paper proceeds as follows. In Section 2, we describe how to formulate various classes of23

bandit problems in terms of a discrete-time diffusion process. By considering the behaviour of the24

diffusion dynamic in a regime with small uncertainty, we propose the Asymptotic Randomised25

Control (ARC) algorithm together with its heuristic derivation and summary of our main results.26

In Section 3, we give an overview of well-known approaches for bandit problems and discuss27

some limitations of these algorithms, and how the ARC algorithm addresses these limitations.28

We also show that the derived ARC algorithm results in a decision scheme connecting the Upper29

Confidence Bound (UCB) [1, 2, 15], the Knowledge Gradient (KG) [27] and Boltzmann Exploration30

(BE) [28, 5] principles through the discrete time version of Itô’s lemma. In Section 4, we provide31

a formal derivation of the ARC approach; further technical results are given in the Appendix.32

Finally, in Section 5, we run a numerical experiment to show that when the uncertainty is small,33

ARC algorithm is numerically accurate. We also show that our algorithm performs well compared34

to other approaches.35

Notation: We summarise here the notation that will be used in our discussion.36

• For any function h : Rp ×Rq → Rn, we write Dkh (and ∂km∂
l
dh) for a tensor of degree (1, k)37

(and (1, k, l)) with dimension n(p + q)k (and npkqm) corresponding to the derivative (and38

partial derivative) of h.39

• We write ⟨· ; ·⟩ for Euclidean tensor products. In particular, ⟨P ;Q⟩ is a standard inner40

product when P,Q are vectors, ⟨P ;Q⟩ = Tr(PQ) when P and Q are square matrices.41

• For any (Borel) random variables X,Y and a σ-algebra G, we write L(Y |G) and L(Y |X,G)42

for the conditional law of Y given G and σ(X) ∨ G, respectively.43

• We write ei for the ith standard basis vector with appropriate dimension, 1n = (1, 1, ..., 1) ∈44

Rn and In for the identity matrix with dimension n.45
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• Throughout the proof, we shall introduce a generic constant C ≥ 0 to quantify an upper1

bound. This constant does not depend on variables (m, d, λ, t, T ) introduced throughout the2

paper.3

2 Asymptotic Randomised Control (ARC) approach4

To introduce the Asymptotic Randomised Control (ARC) approach, we first give a heuristic5

description of the propagation of the posterior distribution in various situations. We then describe6

the intuition behind the ARC algorithm, and a sketch of our main result. We defer a rigorous7

mathematical justification to Section 4.8

Suppose that our bandit has K arms. At each time the controller will select one of these arms,9

and depending on this choice will receive an observation and a reward. We model this using an10

underlying (unknown) parameter θ ∼ π, which we treat in a Bayesian way with prior π. The11

parameter θ describes the distribution of our bandit, i.e., when the ith arm is chosen at time t,12

we observe a random variable Y
(i)
t ∼ πi(·|θ) and obtain a reward ri(Y

(i)
t ). We allow that our13

observation can be more informative than the reward.14

The objective of our problem is to find a sequence of decisions (At) taking values in {1, 2, ...,K}15

to maximise16

Eπ

[ ∞∑
t=1

βt−1rAt

(
Y

(At)
t

)]
. (2.1)

The complexity of this problem arises due to the fact that At can depend on the previous obser-17

vations {Y As
s }s≤t, which depend on the actions previously taken.18

In the following section, we will consider different bandit structures and describe (2.1) in terms19

of a Markov Decision Process (MDP) with infinite state space.20

2.1 Bandit structures21

2.1.1 A Gaussian-correlated structure22

We begin with a classical example, and suppose the prior π for θ is a multivariate normal23

N(m, d) with dimension p, and the observation from the ith bandit at time t is given by a q-24

dimensional random vector Y
(i)
t , with distribution L(Y (i)

t |θ) = N
(
c⊤i θ, P

−1
i

)
for some ci ∈ Rp×q

25

and Pi a q × q positive semi-definite matrix.26

For simplicity, we will demonstrate the calculation when Pi is invertible. The positive semidef-27

inite case can be studied either by simply taking the limit of the derived result or by using28

appropriate pseudo-inverses.29

Let GUt denote the filtration describing our observation up to time t. Suppose that our posterior
at time t is given by L(θ|GUt ) = N

(
Mt, Dt

)
. By standard Bayesian inference, we can show that

L(Y (i)
t+1|G

U
t ) = N

(
c⊤i Mt, c

⊤
i Dtci + P−1

i

)
and L(θ|GUt+1) = L(θ|Y

(i)
t+1,G

U
t ) = N

(
Mt+1, Dt+1

)
where Mt+1 =

(
D−1

t + ciPic
⊤
i

)−1(
D−1

t Mt + ciPiY
(i)
t+1

)
and Dt+1 =

(
D−1

t + ciPic
⊤
i

)−1
.30

Recall the Woodbury matrix identity that, for any invertible matrices A ∈ Rp×p and P ∈ Rq×q,31

and x ∈ Rp×q, then (A−1 + xPxT )−1 = A − Ax(P−1 + x⊤Ax)−1x⊤A. Applying this identity to32

(D−1
t + ciPic

⊤
i )

−1 and representing L(Y (i)
t+1|GUt ) = N

(
c⊤i Mt, c

⊤
i Dtci + P−1

i

)
in term of a standard33
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Gaussian, we see that1

Mt+1 −Mt =
(
Dt −Dtci(P

−1
i + c⊤i Dtci)

−1c⊤i Dt

)
ciPi

(
c⊤i Dtci + P−1

i

)1/2
Z

(i)
t+1

Dt+1 −Dt = −Dtci(P
−1
i + c⊤i Dtci)

−1c⊤i Dt.
(2.2)

where Z
(i)
t+1 = (c⊤i Dtci + P−1

i )−1/2(Y
(i)
t+1 − c⊤i Mt) ∼ N(0, Iq).2

By taking the conditional expectation GUt together with the tower property and the dominated3

convergence theorem, we can rewrite (2.1) as an objective function for a classical stochastic control4

problem (MDP) with underlying state (Mt, Dt);5

Em,d

[ ∞∑
t=0

βtfAt+1(Mt, Dt)
]

with fi(m, d) =

∫
Rq

ri
(
c⊤i m+ (b⊤i dci + P−1

i )1/2z
)
φq(z)dz (2.3)

where φq is the density of N(0, Iq). The underlying dynamic of this control can be described as6

a discrete version of a diffusion process and the prior is encoded as an initial state.7

It is worth pointing out that this set-up covers various classes of multi-armed bandit problem8

which can be found in the literature.9

Example 2.1 (Linear bandit). The case when q = 1 and ri(y) = y corresponds to the linear bandit10

considered in Russo and Roy [24, 25]. The case when ri is a non-linear function is considered in11

Filippi et al. [11] with a different distribution assumption.12

Example 2.2 (Classical bandit). The case when q = 1, K = p, ci = ei (the ith basis vector) and13

ri(y) = y corresponds to the classical stochastic bandit which often finds in most of the literature14

(see e.g. [19, 4]). However, they often relax the Gaussian assumption to sub-Gaussian and often15

restrict Pi = 1.16

Example 2.3 (Structural bandit). The case when p = q = 1, ci = 1 and ri(y) = uiy + vi17

corresponds to the structural bandit studied in Rusmevichientong et al. [22].18

Example 2.4 (Classical bandit with additional information). Let consider when q = p, K = p,19

ci = Iq, ri(y) = r̃i(yi) and Pi is diagonal. In this case, we can see that the reward of the ith arm20

depends only on the parameter θi (as ri(y) only depends on the ith component of y). However,21

when the ith arm is chosen, we may also observe some information depending on θj , provided22

that the (j, j)th entry of Pi is positive. This can lead to asymmetry in the information flows, as23

there may be arms which are informative, while not having a particularly beneficial reward. We24

will modify this example to demonstrate the idea of learning under asymmetry in Section 3.3.25

Example 2.5 (Semi-bandit feedback). The case with Pi a diagonal matrix and ri(y) =
1

|Ai|
∑

j∈Ai
yj26

where Ai := {j : (Pi)jj > 0} corresponds to the semi-bandit feedback considered in Russo and27

Roy [24, 25].28

2.1.2 A general-distribution independent structure29

We now consider an alternative setting, where each arm is associated to different (independent)30

parameters.31

Suppose that we can write θ = (θ1, ...,θq), where (θj)
q
j=1 are independent under a prior32

of interest
⊗q

j=1 πj . Suppose that when the ith arm is chosen at time t, we observe Y
(i)
t :=33 (

Y
(i,1)
t , ..., Y

(i,q)
t

)
∼

⊗q
j=1 πi(·|θj). Due to the product structure of the prior and observations, the34
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posterior of θ also maintains independence of its components. Therefore, we can evaluate the1

posterior of each θj separately.2

For simplicity of discussion, we consider only the case when θj is one-dimensional. This can3

be easily extended as long as πj and πi(·|θj) are a conjugate pair for all i and j. We implicitly4

allow πi(·|θj) to be degenerate, corresponding to the case when no information regarding θj is5

revealed when the ith arm is chosen.6

In the following examples, we formulate the multi-armed bandit problem in terms of a stochas-7

tic control problem (equivalently, MDP) with an underlying discrete diffusion dynamic, as in (2.2).8

The process M is interpreted as an estimator of θ, while D is the inverse precision of the estimate9

M . Here, we will only focus on deriving the corresponding dynamics of the underlying state10

(M,D). The objective function can then be written in the same manner as in (2.3).11

Example 2.6 (Binomial bandit). Suppose that the prior πj of θj is Beta(αj , βj) and πi(·|θj) =
Binomial(ni,θj). We again denote by GUt our observations up to time t and assume that L(θj |GUt ) =
Beta

(
M j

t /Dj,t, (1−M j
t )/Dj,t

)
. When the ith arm is chosen at time t+ 1, one can check that the

posterior distribution becomes L(θj |GUt+1) = Beta
(
Mj,t+1/Dj,t+1, (1−Mj,t+1)/Dj,t+1

)
where

Mj,t+1 −Mj,t =

(
Dj,t

1 + niDj,t

)
(Y

(i,j)
t+1 − niMj,t) and Dj,t+1 −Dj,t = −

ni(Dj,t)
2

1 + niDj,t
.

We can show that E[Mj,t+1 −Mj,t|GUt ] = 0 and

Var[Mj,t+1 −Mj,t|GUt ] =
(

Dj,t

1 + niDj,t

)2

E
[
niθj(1− θj)

∣∣GUt ] = (
Dj,t

1 + niDj,t

)2(niMj,t(1−Mj,t)

1 +Dj,t

)
.

Therefore, we can represent the dynamics of the posterior parameter of θj , when the ith arm is12

chosen by13

Mj,t+1 −Mj,t =

(
Dj,t

1 + niDj,t

)√(
niMj,t(1−Mj,t)

1 +Dj,t

)
Z

(i,j)
t+1 and Dj,t+1 −Dj,t = −

niD
2
j,t

1 + niDj,t
,

(2.4)

where Z
(i,j)
t+1 := (Y

(i,j)
t+1 − niMj,t)/

√(
niMj,t(1−Mj,t)

1+Dj,t

)
satisfies EZ(i,j)

t+1 = 0,Var[Z
(i,j)
t+1 |Mt, Dt] = 1.14

Example 2.7 (Poisson bandit). Suppose that the prior πj of θj is Gamma(αj , βj) and πi(·|θj) =
Poisson(niθj). Assume that L(θj |GUt ) = Gamma

(
Mj,t/Dj,t, 1/Dj,t

)
. When the ith arm is chosen

at time t+ 1, the posterior distribution becomes L(θj |GUt+1) = Gamma
(
Mj,t+1/Dj,t+1, 1/Dj,t+1

)
,

where

Mj,t+1 −Mj,t =

(
Dj,t

1 + niDj,t

)
(Y

(i,j)
t+1 − niMj,t) and Dj,t+1 −Dj,t = −

ni(Dj,t)
2

1 + niDj,t
.

Similarly to above, we can represent the dynamics of the posterior parameter of θj when the ith15

arm is chosen by16

Mj,t+1 −Mj,t =

(
Dj,t

1 + niDj,t

)√
niMj,tZ

(i,j)
t+1 and Dj,t+1 −Dj,t = −

niD
2
j,t

1 + niDj,t
. (2.5)

where Z
(i,j)
t+1 := (Y

(i,j)
t+1 −Mj,t)/

√
niMj,t satisfies EZ

(i,j)
t+1 = 0,Var[Z

(i,j)
t+1 |Mt, Dt] = 1.17
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2.2 From multi-armed bandits to diffusive control problems1

Inspired by (2.2), (2.4) and (2.5), we now give a formal set-up of a ‘discrete-time diffusion2

control problem’ which can be used to study the multi-armed bandit problem.3

Let (Ω,P,F) be a probability space equipped with two independent sequences of IID U [0, 1]4

random variables (ξt) and (ζt). We define the filtration Ft := σ(ξs, ζs : s ≤ t). Here, (ζt) represents5

a random seed used to select a random decision in each time step, whereas (ξt) represents the6

randomness of the outcome.7

A random action is a stochastic process (At)t∈N taking values in a finite set A := {1, 2, ...,K}8

where, for each t, At is measurable with respect to Ft−1 ∨ σ(ζt).9

In our problem, the agent does not choose (At)t∈N directly but instead chooses a relaxed con-10

trol, that is, a family of conditional laws (Πt(·))t∈N of At where Πt(·) := P(At ∈ ·|Ft−1). For conve-11

nience, we represent a relaxed policy Π, at each time t, by a probability vector Ut, that is, an Ft−1-12

measurable random variable taking values in the K-dimensional simplex, ∆K :=
{
u ∈ [0, 1]K :13 ∑K

i=1 ui = 1
}
. The connection between Πt and Ut can be given by Ut =

(
Πt({1}), ....,Πt({K})

)
.14

We will denote the space of the controls (Ut)t∈N by U . We prescribe the (random) action At in15

terms of Ut and ζt by At = A(Ut, ζt) := sup
{
i :

∑i
k=1 Uk,t ≥ ζt

}
.16

The state of our system is represented by a Markov process (M,D) taking values in Θ×D ⊆17

Rp × Rq. Suppose that, when the control i ∈ A is chosen, the underlying state evolves according18

to the transition map19

Φ(m, d, i, ξ) :=

(
m
d

)
+

(
µi(m, d)
bi(m, d)

)
+

(
σi(m, d)z(m, d, i, ξ)

0

)
(2.6)

where µi : Θ×D → Rp, bi : Θ×D → D, σi : Θ×D → Rp×r, z : Θ×D ×A× [0, 1]→ Rr.20

We usually view m as an estimator of the parameters in our model, while d represents the21

variance, or inverse precision, of our estimates. (The decomposition of the underlying state22

considered here is implicitly referred to as the ‘knowledge state’ in the Knowledge Gradient (KG)23

considered by Ryzhov et al. [27].)24

Inspired by (2.2), (2.4) and (2.5), we make the following assumption.25

H.1. D is a compact set and there exists a constant C > 0 and a norm ∥ · ∥ on D such that26

(i) For any i ∈ A and (m, d) ∈ Θ×D, ∥d+ bi(m, d)∥ ≤ ∥d∥.27

(ii) For any i ∈ A and (m, d) ∈ Θ×D, m+ µi(m, d) + σi(m, d)z(m, d, i, ξ) ∈ Θ.28

(iii) For any i ∈ A and (m, d) ∈ Θ×D and t ∈ N, E[z(m, d, i, ξt)] = 0, Var[z(m, d, i, ξt)] = Ir.29

(iv) For any i ∈ A, (m, d) ∈ Θ×D and t ∈ N, E
[∣∣z(m, d, i, ξt)∣∣3] ≤ C.30

(v) For any ψ ∈
{
bi, µi,

(
σiσ

⊤
i

)
: i ∈ A

}
, and (m, d) ∈ Θ×D, we have

sup
m∈Θ
|ψ(m, d)| ≤ C∥d∥2, sup

m∈Θ
|∂mψ(m, d)| ≤ C∥d∥2, and sup

m∈Θ
|∂dψ(m, d)| ≤ C∥d∥.

It is worth emphasising that the dynamics of our examples (2.2), (2.4) and (2.5) can be31

written in the form (2.6) and satisfy (H.1)(i)-(H.1)(iv), with Θ = Rp, Θ = [0, 1]p and Θ = [0,∞)p,32

respectively. Here, we see that (H.1) holds for (2.2) with the operator norm on positive definite33

matrices whereas (H.1) holds for (2.4) and (2.5) with a standard Euclidean norm. Moreover, we34
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can see that (2.2) and (2.4) also satisfy (H.1)(v). Unfortunately, (2.5) does not satisfy (H.1)(v)1

due to appearance of m in the dynamics, and Θ is not bounded in this case. However, we may2

consider such dynamics by applying a smooth truncation to σi to ensures that (H.1)(v) holds. We3

can interpret this as an approximation of the learning dynamics in a Poisson setting.4

Here, (H.1)(i) says that our precision (i.e. our knowledge) of the parameter always improves5

with more observations. (H.1)(ii) says that the updated parameter estimate always lies in our6

parameter set Θ. (H.1)(iii)− (iv) ensures that the process z(Mt, Dt, At, ξt) is a white noise with7

bounded third moment, and in this sense these are structural assumptions which allow us to8

interpret our dynamics in terms of µi and σi. Finally, (H.1)(v) encodes stability assumptions9

which appear naturally through the propagation of the information as discussed in (2.2), (2.4)10

and (2.5). (H.1)(v) is the key assumption for the asymptotic analysis that will be considered in11

the later sections.12

Remark 2.1. In fact, we may weaken (H.1) to consider an ergodic diffusion with small perturbation,13

which is closely related to the Kalman-filtering theory. We state the corresponding assumption14

(H.2) here for precision of our discussion. Nonetheless, we will only focus on (H.1) for clarity and15

then discuss how to extend our analysis to this framework in Remark 4.3 and Theorem 4.9.16

H.2. (H.1) holds with (i) replaced by17

(i′) For any i ∈ A and (m, d) ∈ Θ×D, ∥d+ bi(m, d)∥ ∈ D.18

Assumption (H.1) describes the dynamics of the state of our controlled system. As illustrated19

in (2.1), using notation inspired by (2.3), the objective of our control problem is to find U ∈ U to20

maximize V U (m, d), where21

V U (m, d) := Em,d

[ ∞∑
t=0

βtfAt+1

(
MU

t , D
U
t

)]
= Em,d

[ ∞∑
t=0

βt
( K∑

i=1

fi
(
MU

t , D
U
t

)
Ui,t+1

)]
, (2.7)

using controls At = A(Ut, ζt). We will assume that the expected reward f : Θ×D → RK satisfies22

the following assumption.23

H.3. f ∈ C3b , that is, f is 3-times differentiable, and there exists a constant C ≥ 0 such that24

|Df |, |D2f |, |D3f | ≤ C.25

We recall that fi(m, d) represents the expected value of the reward ri(Y
(i)
t ) when the distri-26

bution of θ is parameterised by (m, d). In most classical frameworks, we find that E[ri(Y
(i)
t )|θ] is27

linear in θ. IfMt := Eπ[θ|GUt ] where GUt is the historical observations at time t, the corresponding28

function f is linear in m and does not depend on d.29

Assumption (H.1) implies that the state (m, d) (which corresponds to the posterior parameter)30

will not change much when ∥d∥ is small. Therefore, it will be reasonable to consider an approximate31

solution to (2.7) in the asymptotic regime when ∥d∥ is small.32

2.3 Learning premia and index strategies33

Consider the classical multi-armed bandit problem, which corresponds to the case p = K and34

fi(m, d) = mi, and assume the underlying distribution is Gaussian as in Example 2.2.35

For independent multi-armed bandits (specifically where d is diagonal), many algorithms (e.g.36

Gittins index [14], UCB [2], Bayes-UCB [15], or Knowledge Gradient [27]) make a decision based37

on an index strategy – the choice made maximises an index α, which has the form38

αi = (Exploitation gain)i + (Learning premium)i. (2.8)
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The exploitation gain is often simply the expected reward (or mi in this case), while the learning1

premium (or exploration gain) differs between algorithms.2

While the Gittins index is not immediately of the form (2.8) (as it depends on solving an3

optimal stopping problem for each arm), Brezzi and Lai [3] and Russo [23] give approximations to4

the Gittins index and show that, in the Gaussian case described above, it admits a decomposition5

(2.8) where the learning premium scales with the standard error of the estimated average reward.6

This suggests that we should take the learning premium as an additional reward proportional to7

the uncertainty (statistical error) of our estimate. This is often known as the optimistic principle.8

Since we add uncertainty as an additional reward, one could interpret this as a claim that we9

should prefer an uncertain options, in order to encourage learning. In general this is a misleading10

conclusion, as the following example shows.11

Example 2.8 (Uncertainty Preference). Let consider a bandit with two arms. Suppose that the12

reward of the first arm is sampled from N(θ, 1) where θ is not known, while the reward of the13

second arm is fixed and always 1. Suppose that we only collect the reward of the arm that we14

choose, but we always observe the reward of the first arm. Hence, we do not have to play the first15

arm to learn θ. Therefore, most decision makers (without taking any risk/ uncertainty aversion)16

will choose arms purely based on their estimate m of θ. In particular, they will choose the first17

arm if the estimate m > 1 and choose the second arm otherwise.18

In the above example, the reward of the first arm is more uncertain than the second arm, but19

a preference for uncertainty does not benefit our decision. In fact, in many behavioural models,20

people have a bias against risk and uncertainty (see e.g. [7], Knight [18] and Keynes [16]). In21

the situation described in Example 2.8, rational decision makers still prefer the second arm when22

m > 1, since they want to avoid risky outcomes.23

Pessimism and optimism towards uncertainty do not necessarily contradict each other (see24

[8] for further discussion). A better interpretation of the optimistic principle is that we have a25

preference for information gain or the reduction in uncertainty (rather than the uncertainty itself).26

In the case when the arms are independent (as in a classical bandit), it happens to be the case that27

the information gain corresponds to the uncertainty of the current estimate, resulting in optimism28

being optimal.29

The above observation leads us to ask how we can quantify information gain? Consider a30

simple Greedy approach, where we choose At ≡ argmaximi, i.e. the probability UGreedy
t is the31

kth basis vector corresponding to k = argmaximi. Here, we have θ ∼ N(m, d) and32

0 ≤ V (m, d)− V U (m, d) ≤
∞∑
t=0

βtE
(
max

i
θi −max

i
mi) ≤ (1− β)−1

√
∥d∥ logK, (2.9)

the first inequality follows from the fact that we cannot make a better decision than the best33

decision with known θ, and the second inequality follows from the Gaussian maximal inequality34

(see e.g. Chernozhukov et al. [6, Theorem 1]).35

We may see the Greedy strategy as a first-order approximation to the optimal solution, consid-36

ering only Exploitation gain in (2.8). This decision introduces error (relative to the best strategy)37

with order O(∥d∥1/2). This suggests an index (like) strategy, where we treat the learning premium38

as a second-order approximation (with respect to d). Unfortunately, as discussed in Reisinger and39

Zhang [20] (in a continuous time setting), the optimal randomised policy over a discrete set of40

actions is typically a Dirac measure, i.e. an optimal decision will always choose a single action41

with probability 1. In particular, the optimal control involves the argmax function, which is, in42

general, non-smooth, and can lead to sensitivity of the control to perturbation of the coefficients43
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(b, µ, σ, f). To overcome this non-smoothness, we consider an entropy regularised control problem1

(see also [32, 29]). We will use this regularised control to approximate V (m, d) up to second-2

order when ∥d∥ is small. We then show that this approximation (and its corresponding strategy)3

introduces an error of order O(∥d∥) compared to O(∥d∥1/2) for the naive greedy approach.4

2.4 From a regularised control problem to the ARC algorithm5

In this section, we will use an entropy regularised control to construct an approximation to the6

value function and sketch a derivation of the corresponding ARC algorithm to solve the diffusive7

control problem, introduced in Section 2.2. Our derivation here will be fully heuristic; the proof8

of the error of the approximation will be provided in Section 4.9

We first observe that for a ∈ RK , we can approximate the maximum function by10

max
i
ai ≈ Sλmax(a) := sup

u∈∆K

( K∑
i=1

uiai + λH(u)
)

(2.10)

where H is a smooth entropy function and λ > 0 is a small regularisation parameter. We also11

write12

νλ(a) := ∂a S
λ
max(a) = argmax

u∈∆K

( K∑
i=1

uiai + λH(u)
)
. (2.11)

Remark 2.2 (Shannon Entropy). For simplicity of our discussion, we defer the formal assumptions13

on H to Definition 4.2 in Section 4. The reader may simply suppose H is the Shannon entropy,14

H(u) := −
∑K

i=1 ui lnui. In this case, we have Sλmax(a) = λ ln
(∑K

i=1 exp
(
ai/λ

))
and νλi (a) =15

exp
(
ai/λ

)/(∑K
j=1 exp

(
aj/λ

))
.16

By introducing an entropy function, we obtain a smooth approximation of the maximum17

Sλmax(a), where Sλmax(a)→ maxi ai as λ ↓ 0 uniformly (Theorem 4.2).18

Definition 2.1. Let H : ∆K → R be a smooth entropy function (Definition 4.2) and λ > 0. We19

define the regularised value function to be20

V λ
∞(m, d) := sup

U∈U
V λ,U
∞ (m, d), where

V λ,U
∞ (m, d) := Em,d

[ ∞∑
t=0

βt
(( K∑

i=1

fi
(
MU

t , D
U
t

)
Ui,t+1

)
+ λH(Ut+1)

)]
.

(2.12)

Inspired by the Gittins index (discussed in Section 2.3), we consider the index as an incremental21

value of choosing each option. Hence, we would like to construct a function αλ : Θ × D → RK
22

where the ith component of αλ corresponds to an ‘incremental reward’ over a single step for23

choosing the ith option. In particular, let us assume that when ∥d∥ is sufficiently small, the value24

function is approximated by the maximum amongst the values of the available options, i.e.,25

V λ
∞(m, d) ≈ (1− β)−1

(
Sλmax ◦αλ

)
(m, d). (2.13)

By the dynamic programming principle and the dynamics given in (2.6), we can then rewrite
(2.12) as

V λ
∞(m, d) = sup

u∈∆K

( K∑
i=1

(
ui

(
fi(m, d) + βE[V λ

∞(Φ(m, d, i, ξ))]
))

+ λH(u)
)

(2.14)

≈ sup
u∈∆K

( K∑
i=1

(
ui

(
fi(m, d) + β(1− β)−1E

[(
Sλmax ◦αλ

)(
Φ(m, d, i, ξ)

)]))
+ λH(u)

)
.

9



Using the approximation (2.13) on the LHS and rearranging the above expression, we obtain

(
Sλmax ◦αλ

)
(m, d) ≈ Sλmax

(
f(m, d) + β(1− β)−1E

[(
Sλmax ◦αλ

)(
Φ(m, d, ·, ξ)

)
−

(
Sλmax ◦αλ

)
(m, d)1K

])
.

In particular, this suggests the approximation1

αλ(m, d) ≈ f(m, d) + β(1− β)−1E
[(

Sλmax ◦αλ
)(
Φ(m, d, ·, ξ)

)
−
(
Sλmax ◦αλ

)
(m, d)1K

]
. (2.15)

Since our dynamics form a discrete diffusion process, a discrete-time version of Ito’s lemma2

shows that a solution to the approximate fixed-point in (2.15) is given by3

αλ(m, d) := f(m, d) + β(1− β)−1Lλ(m, d), (2.16)

where Lλ : Θ×D → RK is given by4

Lλ
i (m, d) := ⟨Bλ(m, d); bi(m, d)⟩+ ⟨Mλ(m, d);µi(m, d)⟩+

1

2
⟨Σλ(m, d);σiσ

⊤
i (m, d)⟩. (2.17)

Here, Bλ : Θ×D → Rp,Mλ : Θ×D → D and Σλ : Θ×D → Rp×p are given by

Bλ(m, d) :=
K∑
j=1

νλj
(
(f(m, d)

)
∂dfj(m, d), Mλ(m, d) :=

K∑
j=1

νλj
(
(f(m, d)

)
∂mfj(m, d), (2.18)

Σλ(m, d) :=
K∑
j=1

(
νλj

(
(f(m, d)

)
∂2mfj(m, d)

)
+

1

λ

K∑
i,j=1

(
ηλij

(
(f(m, d)

)(
∂mfi(m, d)

)(
∂mfj(m, d)

)⊤)
.

with ηλ(a) := λ∂2aS
λ
max(a) (which is determined by ηλij(a) = νλi (a)(I(i = j) − νλj (a)) for the case5

of Shannon Entropy given in Remark 2.2). It is worth noting that the terms Bλ,Mλ and Σλ are6

derivatives ∂d, ∂m and ∂2m of Sλmax ◦f .7

Using this approximation for αλ in (2.14) and (2.15), we can write

V λ
∞(m, d) ≈ sup

u∈∆K

( K∑
i=1

uiα
λ
i (m, d) + λH(u)

)
+ β(1− β)−1

(
Sλmax ◦αλ

)
(m, d), (2.19)

with an error which is small for small ∥d∥. In particular, an approximate solution to the dynamic8

program (2.14) is given by u∗,λ(m, d) ≈ νλ
(
αλ(m, d)

)
. This suggests we can choose an arm using9

a softmax function applied to the the index αλ(m, d), and this gives an approximately optimal10

strategy.11

Remark 2.3. While our approximation result is will focus on the case when ∥d∥ is small, the12

algorithm we propose should operate well in a wide range of settings. This is because the key13

approximation step is the one-step-in-the-future approximation (2.13) of the value function. In14

other words, when we use the ARC algorithm, we account for the short-run consequences of15

our actions on our learning, and approximate these using a quadratic expansion (2.17), leading16

to computational efficiency. Even when ∥d∥ is not particularly small, this provides an efficient17

first-order correction, leading to good performance.18
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2.5 Description of the main results1

We summarise our main results here. The proofs can be found in Section 4.2

As discussed in the previous section, by introducing an entropy regularisation to our control3

problem, we can obtain an approximation due to the smoothness of Sλmax. Unfortunately, deriva-4

tives of this smooth approximation explode as λ → 0. This means that the approximation error5

of (2.19) may explode if we take λ → 0 while fixing ∥d∥. Hence, we propose an algorithm where6

λ is a function of (m, d), to optimise the apparent trade-off between these sources of error. We7

introduce the following function to give a precise description of our upper error bound,8

Pλ,d(m,n) :=
(
1 + λ−m

)
∥d∥n ; λ ∈ (0,∞), d ∈ D, m, n ∈ N. (2.20)

Error bound in the regularised control problem (Theorem 4.6 and Theorem 4.7) : With
αλ as defined in (2.16), there exists a constant C ≥ 0 such that the optimal value V λ

∞ in (2.12)
satisfies ∣∣V λ

∞(m, d)− (1− β)−1
(
Sλmax ◦αλ

)
(m, d)

∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)
)
.

Moreover,9 ∣∣V λ
∞(m, d)− V λ,Uλ

∞ (m, d)
∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)

)
where V Uλ

is the value (2.12) when using the control Uλ corresponding to the feedback strategy10

(m, d) 7→ νλ
(
αλ(m, d)

)
.11

Our objective is to maximise the unregularised problem (2.7). Introducing the regulariser12

introduces an error of O(λ). On the other hand, our approximation introduces an error which13

possibly explodes as λ → 0. Hence, we introduce λ as a function function of (m, d) ∈ Θ × D14

explore the trade-off between λ and the error of the approximation.15

Definition 2.2. We say a function λ : Θ × D → (0,∞) is consistent with order κ ≥ 0 if there16

exist c, c̄ > 0 such that for all (m, d) ∈ Θ×D, c∥d∥κ ≤ λ(m, d) ≤ c̄∥d∥κ.17

Error bound in the unregularised control problem (Theorem 4.8) : For any consistent λ18

with order κ, there exists a constant C ≥ 0 such that for any (m, d) ∈ Θ×D,19

V (m, d)− V Uλ
(m, d) ≤ C(∥d∥3−2κ + ∥d∥4−3κ + ∥d∥κ + ∥d∥4) (2.21)

where V Uλ
is the value (2.7) when using control Uλ corresponding to the feedback strategy20

(m, d) 7→ νλ(m,d)
(
αλ(m,d)(m, d)

)
and V is the optimal value.21

We see from (2.21) that when κ = 1, this asymptotic strategy introduces error of order O(∥d∥)22

compared with O(∥d∥1/2) for the naive greedy approach (Section 2.3).23

Finally, we see that the strategy Uλ ensures that at the limit, we have a perfect knowledge of24

the parameter and hence can asymptotically achieve the best option.25

Complete Learning (Theorem 4.10) : For any consistent λ with order κ ∈ [0, 2], ∥DUλ

t ∥ → 026

almost surely as t→∞.27
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2.6 Summary of the ARC Algorithm1

We now summarise how our approximation of the regularised control problem yields an explicit2

algorithm for a (correlated) multi-armed bandit.3

Suppose that our bandit has K arms with an unknown parameter θ, as described at the4

beginning of Section 2. Suppose that when the ith arm is chosen, we observe a random variable5

Y (i) ∼ πi(·|θ) and obtain a reward ri(Y
(i)).6

We assume that the observation distribution πi and the prior π form a conjugate pair for all7

i and we can parameterise the posterior distribution by (m, d), such that the dynamics of these8

posterior parameters satisfy (H.1). Broadly speaking, we think of m as a posterior mean of θ9

and d as a posterior variance (or some quantity which is inversely proportional to the number of10

observations).11

To use the ARC algorithm, we need to evaluate the following quantities explicitly:12

(i) The expected reward when each arm is chosen, conditional on the posterior dynamics13

and its first two derivative, i.e. we need to evaluate fi(m, d) := Em,d[ri(Y
(i))] and compute14

∂dfi(m, d), ∂mfi(m, d) and ∂
2
mfi(m, d).15

(ii) Evolution of posterior parameters: suppose that after choosing the ith arm, we observe
Y (i) and obtain the new posterior parameter (mi,di) = Φ̃(m, d, Y (i), i). We need to evaluate

µi(m, d) := Em,d[mi −m], σiσ
⊤
i (m, d) := Varm,d(mi) and bi(m, d) := Em,d[di − d].

The ARC algorithm also has a few hyper-parameters tuned by the decision maker.16

(i) The discount factor β: This parameter reflects how long are we considering the learning17

environment. A heuristic choice is to choose β = 1− 1/T where T is the number of rounds18

of decisions we need to make.19

(ii) Smooth max approximator S: This is a function to approximate the maximum function.20

For simplicity, we propose the log-sum-exp function, S(a) = log
(∑

i exp(ai)
)
which has a21

derivative corresponding to the (arg)softmax function and is computationally convenient. A22

more general choice of S can be made by considering Definition 4.2.23

(iii) Regulariser function λ: We choose a regulariser (a function of m and d) to reflect our24

learning preferences. We see in (2.21) that choosing λ(m, d) = O(∥d∥) gives the best order25

for the sub-optimal bound. A heuristic choice is thus to choose λ(m, d) := |⟨r(m); d⟩|26

where r : Θ → Rq is bounded above and away from 0. In fact, one may simply choose27

λ(m, d) = ρ∥d∥.28

Given the environment (f, µi, σi, bi) and hyper-parameters (β, S,λ), we can evaluate the func-29

tion (λ,m, d) 7→ Lλ(m, d) as in (2.17) with Sλmax(a) := λS(a/λ) and write νλ(a) := ∂a S
λ
max(a) =30

∂aS(a/λ). We describe the procedure of the ARC algorithm as follow.31

Algorithm 1: ARC Algorithm

Input m0, d0, T ;
Set (m, d)←[ (m0, d0) ;
for t = 1, 2,..., T do

Evaluate ν := νλ(m,d)
(
f(m, d) + β(1− β)−1Lλ(m,d)(m, d)

)
;

Sample A ∼ Random({1, 2, ...,K}, ν) ;
Choose the Ath arm, observe Y (A) and collect the reward R(A)(Y (A)) ;

Update (m, d)←[ Φ̃(m, d, Y (A), A) ;

end

32
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3 Comparison with other approaches to bandit problems1

3.1 General Approaches2

There are various approaches to study bandit problems, and theoretical guarantees are typi-3

cally proved in specific settings (see e.g. Lattimore and Szepesvári [19]). We summarise the broad4

idea of a few approaches and extend them to our setting using Bayesian inference when needed.5

For simplicity, we write fi(m, d) := Em,d[ri(Y
(i)
t )], Eθ[·] := E[·|θ = θ] for the expected reward,6

(m, d) for the posterior parameter at a given time and (mi,di) = Φ̃(m, d, Y (i), i) for the posterior7

update of (m, d) when the ith arm is chosen.8

• ϵ-Greedy (ϵ-GD) [10, 31]: At each time, we choose an arm with the maximal expected9

reward Aϵ−GD = argmaxi fi(m, d) with probability 1− ϵ; and choose uniformly at random10

with probability ϵ.11

• Boltzmann Exploration (BE) [28, 5]: At each time, we choose an arm using the prob-12

ability simplex UBE = νλ(m,d)
(
f(m, d)

)
where νλi (a) := exp(ai/λ)/

(∑
j exp(aj/λ)

)
.13

• Thompson Sampling (TS) [30, 26, 24]: At each time, a sample θ̂ is taken from a14

posterior parameter π(m,d). We then choose the arm with ATS = argmaxi Eθ̂[ri(Y
(i))].15

• Upper Confidence Bound (UCB) [1, 2, 15] : At each time t, we choose an arm with16

the maximum index ABayes−UCB
t = argmaxiQm,d

(
1 − t−1(log T )−c,Eθ[ri(Y

(i))]
)
where T17

is the number of plays, Qm,d(p,X) is the p-quantile of the random variable X conditional18

on the posterior parameter (m, d). Here, c is a hyper-parameter that can be chosen by the19

decision maker. Kaufmann et al. [15] prove a theoretical guarantee of optimal order for the20

Bernoulli bandit when c ≥ 5; their simulations suggest that c = 0 performs best.21

NB. There are many variations of the UCB algorithm proposed in various settings. Bayes-22

UCB is one of this class which has a very clear extension to the general setting described in23

this paper.24

• Knowledge Gradient (KG) [27]: At each time t, we choose an arm with the maximum25

index AKG = argmaxi

(
fi(m, d) + β(1− β)−1

(
Em,d[maxj fj(mi,di)]−maxj fj(m, d)

))
.26

NB. In [27], an algorithm is proposed for the classical and linear Gaussian bandit together27

with an explicit expression for Em,d[maxj fj(mi,di)]. In general, we may estimate this28

expression by using Monte-Carlo simulation, but this can be costly.29

• Information-Directed Sampling (IDS) [25, 17]: At each time, for each probability vec-30

tor u ∈ ∆K , we define a (one-step) regret by δ(u) :=
∑

i uiEm,d

[
rA∗(Y (A∗))−ri(Y (i))

]
where31

A∗ := argmaxi Eθ[ri(Y
(i))], and define the information gain by g(u) :=

∑
i ui

(
HSh

m,d(θ) −32

Em,d[HSh
mi,di

(θ)]
)
where HSh

m,d(θ) :=
∫ (dπθ

m,d

dµ

)
log

(dπθ
m,d

dµ

)
dµ is the (differential) entropy of33

the posterior πθm,d with parameter (m, d). Here,
(dπθ

m,d

dµ

)
is the Radon–Nikodym density of34

the posterior distribution πθm,d with respect to Lebesgue measure µ. We then choose an arm35

using the probability U IDS = argminu∈∆K

(
δ(u)2/g(u)

)
.36

NB. The information gain g considered above is used in Kirschner and Krause [17] which37

is different from the original proposed in Russo and Roy [25]; but is more computationally38

efficient.39
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ARC as a combination of the other algorithms We observe that the derived ARC algorithm1

appears as a combination of KG and BE through Itô’s lemma, which results in a random index2

decision whose index can be decomposed as the sum between Exploitation gain and Learning3

premium, as in the UCB principle. This learning premium takes into account asymmetry of4

available information and a curvature term when the reward is non-linear (see section 3.3 for5

explicit evaluation of Lλ). This additional exploration gain is closely related to Boltzmann–6

Gumbel exploration (BGE) proposed by Cesa-Bianchi et al. [5], where they modify the BE by7

adding an external noise scaling with uncertainty to encourage learning. The ARC algorithm8

is similar to this, in the sense that we randomly make decisions, as in the BE algorithm, but9

a deterministic quantity corresponding to the reduction of uncertainty is added to encourage10

learning.11

More precisely, recall that ARC chooses an arm based on the (arg)softmax νλ(α(m, d)) which12

is most likely to pick an arm with the maximum index αi(m, d) = fi(m, d) + β(1− β)−1Lλ
i (m, d).13

The choice made is determined at random, as in BE, but using a modified index, as in BGE. In14

ARC the decision is modified through the learning term Lλ
i (m, d), which can be seen as Lλ

i (m, d) ≈15

Em,d[maxj fj(mi,di)]−maxj fj(m, d). This also motivates the view of α(m, d) as an approximation16

of the KG index using a smooth max approximation and a second-order expansion through Itô’s17

lemma. The decision is then made using the (arg-)softmax probability derived from α(m, d).18

Computational Efficiency ϵ-GD, BE, TS, UCB and ARC are algorithms where we can often19

find an explicit expression and thus require negligible computational power. KG, on the other20

hand, requires evaluation of the expectation of the maximum involving a high-dimensional state21

(which only has an explicit expression in the Gaussian case). Implementing KG in general can be22

achieved by Monte-Carlo simulation, which can be costly. Similarly, the IDS requires evaluation23

of one-step regret and information gain, which is expensive in general.24

3.2 Shortcomings of bandit algorithms25

Even though many algorithms discussed in Section 3.1 perform well, they may fail to address26

a few phenomena which may appear in learning. For clarity, we shall illustrate these shortcomings27

in extreme scenarios. Many practical examples of these scenarios can be found in Russo and Roy28

[25].29

Incomplete learning of time-homogeneous deterministic policies. Consider a policy30

which is deterministic and time-homogeneous, in that it depends only on the posterior parameter31

(m, d). If we start with a bad prior, leading us to initially choose an option which results in limited32

learning, we may never explore the system fully. This results in poor performance if our early33

experiences are misleading.34

More concretely, consider a bandit with 2 arms: the first arm always gives a known reward;35

the second arm’s reward is generated from an unknown distribution. Given a time-homogeneous36

deterministic policy, whenever this strategy decides to play the first arm, it will never play the37

second arm again. However, we can see that if the mean reward of the second arm has unbounded38

support, the probability that the mean reward of the first arm is smaller than the second arm is39

strictly positive. This probability never changes when the first arm is played, which means that40

we have a strictly positive probability of always playing sub-optimal options.41

This is a problem for ϵ-GD (when ϵ = 0) and KG algorithms.42
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Information Ignorance (Asymmetric Learning). Many works on bandit problems assume1

that all arms have an identical structure. Therefore, they fail to capture the setting where each2

arm provides different information.3

Consider a bandit with 100 arms where every arm except the first always gives a strictly4

positive reward from an unknown distribution. The first arm is informative but costly; it always5

gives a reward 0, but will identify the parameters of all other arms after it is played once. In this6

case, the first arm never has the best reward and will be ignored by most bandit algorithms (since7

the information gain does not appear directly through its reward). Nevertheless, if the rewards of8

the remaining arms are sufficiently variable, it is optimal to play the first arm once, in order to9

eliminate uncertainty.10

This is a problem for ϵ-GD (when ϵ = 0), TS, and UCB algorithms. It is worth noting that BE11

and ϵ-GD (for general ϵ) will only choose the first arm at random. Hence, they will not optimize12

to only play the first arm once, despite it revealing any additional information.13

Horizon effect A few algorithms are designed based on the principle that the decision should14

not vary when the terminal time is far away, and hence propose a stationary policy. When the15

horizon is short, these algorithms may still choose to explore, even if these explorations do not16

benefit future decisions. A trivial example of this is when there is only one choice remaining17

before the horizon, at which point the optimal action is a fully greedy policy, as there is no value18

to further information.19

This is a problem for ϵ-GD, BE, TS and IDS algorithms.20

3.3 Addressing shortcomings using ARC21

The ARC algorithm (Section 2) automatically addresses the above flaws. Since we can vary a22

hyper-parameter β, which has a natural interpretation as the future weight, we directly address23

the horizon effect . Since the ARC algorithm is chosen based on (arg)soft-max, which takes values24

in the interior of the probability simplex ∆K , it has the capacity to overcome incomplete learning.25

We also show (Theorem 4.10) that under appropriate conditions, ARC is a complete learning26

algorithm in the sense that the posterior (variance) parameter Dt → 0 as t→∞.27

To understand ARC in an asymmetric learning environment, and the effect of curvature, we28

shall illustrate explicit computation of the ARC algorithm for the Gaussian bandit with additional29

information:30

Bandits with additional information Consider Example 2.4, when the rewards of the arms31

are uncorrelated but choosing the ith arm may allow us to observe information related to the32

reward of the jth arm.33

We recall Example 2.4 for convenience of the reader. When the ith arm is chosen, we collect34

the reward ri(Y
(i,i)) and observe a random variable Y (i,j) ∼ N(θj , s

−1
ij ) for j = 1, 2, ...,K where35

sij ∈ [0,∞) is known but θ ∈ Θ ⊂ RK is not known. Here, we see that the reward of the ith36

arm depends only on θi and the reward of each arm also differs depending on the function ri.37

Furthermore, we observe that when sij is small, the variance of the observation Y (i,j) is large.38

This means that it tells us very little about θj (and vice versa for large sij).39

We have parameters (m, d), corresponding to the posterior mean and posterior variance of40

θ. Assume that we use Shannon entropy (Remark 2.2) as our regulariser. The decision maker41

chooses using the (soft-)argmax of the index αλ(m, d) = f(m, d) + β(1− β)−1Lλ(m, d) where we42
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can give an explicit expression (see Lemma ??) for Lλ
i (m, d):1

Lλ
i (m, d) =

1

2λ

K∑
j=1

νλj (f(m, d))(1− νλj (f(m, d)))d2jj
( sij
1 + djjsij

)(
Em,d[r

′
j(Y

(j,j))]
)2
. (3.1)

The term β(1− β)−1Lλ
i (m, d) can be interpreted as a learning premium for choosing the ith arm.2

We can decompose this as follows: β(1 − β)−1 describes the importance of the future in our3

preferences, while Lλ
i (m, d) comes from computing the total (learning) benefits of playing the ith4

arm to each jth arm:5

• d2jj
( sij
1+djjsij

)
describes how much we can reduce uncertainty of the jth arm (see (2.4) or6

(2.5)); djj represents the uncertainty, while sij tells us how much information we would7

gain.8

•
(
Em,d[r

′
j(Y

(j,j))]
)2

which rescales the learning benefit to account for how our parameters9

impact the reward function (in particular, the curvature of the reward), as there is no10

benefit in learning parameters which do not yield a reward.11

• νλj (f(m, d))(1−νλj (f(m, d))) describes whether we see value in learning the parameter of the12

jth arm. In particular, when we have an arm i∗ such that fi∗(m, d) ≫ fj(m, d) for j ̸= i∗,13

the i∗th arm is much better than the others, and we probably do not need to learn further.14

In this case, we have νλ(f(m, d)) ≈ ei∗ and νλj (f(m, d))(1− νλj (f(m, d))) ≈ 0 for all j.15

If we replace λ by a consistent λ with order κ = 1, we see that Lλ
i (m, d) ∼ ∥d∥ (which is16

slightly different from the Learning Premium of the UCB, which scales with ∥d∥1/2). Roughly17

speaking, in this setting d could also be interpreted as (1/n1, ..., 1/nK) where ni is the number of18

attempts on the ith arm.19

This decomposition highlights that ARC is intrinsically flexible in its representation of the20

value of learning, as it accounts for different elements of how this learning will impact future21

decision making. This highlights how ARC is capable of overcoming the challenges of asymmetric22

learning.23

4 Derivation of ARC approximation24

We now flesh out our heuristic derivation in Section 2.4.25

4.1 Convex Analysis and smooth max approximator26

In (2.10) and (2.11), we briefly introduce Sλmax and νλ as a smooth versions of the maximum27

and arg-maximum functions, obtained from a regularisation function H. One well-known choice28

of H which gives us an analytical expression is the Shannon entropy. In general, we can consider29

other choices of H by constructing the smooth max approximator Sλmax explicitly. Examples of30

explicit constructions can be found in Zhang and Reisinger [20, Remark 3.1].31

In order to give a formal derivation of the ARC algorithm in a general regularisation framework,32

we recall some results from convex analysis.33

Observe that Sλmax in (2.10) can be expressed as Sλmax(a) = λS(a/λ) where34

S(a) = sup
u∈∆K

( K∑
i=1

uiai +H(u)
)
. (4.1)
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In particular, −H is the convex conjugate of S (see e.g. Rockafellar [21]). In fact, (4.1) is also1

known as a ‘nonlinear expectation’ 1 defined on a finite space (see Coquet et al. [9]) and (4.1) is2

known as the ‘robust representation’.3

Definition 4.1. We say a function S : RK → R is a convex nonlinear expectation if it satisfies:4

(i) Monotonicity: If a ≤ b, then S(a) ≤ S(b);5

(ii) Translation Equivariance: For all c ∈ R, S(a+ c1K) = S(a) + c;6

(iii) Convexity: For any κ ∈ [0, 1], S(κa+ (1− κ)b) ≤ κS(a) + (1− κ)S(b);7

where the inequalities are interpreted component-wise.8

Theorem 4.1 (Robust Representation). A convex nonlinear expectation S admits a representa-9

tion of the form S(a) = supu∈∆K

(∑K
i=1 uiai+Hmax(u)

)
, where Hmax(u) := − supa∈AS

(∑K
i=1 uiai

)
10

and AS := {a ∈ RK : S(a) ≤ 0}.11

Furthermore, Hmax is the maximal function which represents S, i.e. if there exists H such12

that (4.1) holds with H, then H(u) ≤ Hmax(u) for all u ∈ ∆K .13

Proof. See Föllmer and Schied [12, Theorem 4.16] or Frittelli and Rosazza Gianin [13].14

The following theorem shows that using Sλmax as a smooth max approximator is equivalent to15

having H bounded. This will allow us to quantify the difference between a non-regularised (2.7)16

and regularised control problem (2.12) by O(λ). The proof, along with others from this section,17

is given in Appendix A.18

Theorem 4.2. Let S be a convex nonlinear expectation. The following are equivalent.19

(i) There exists N ∈ R such that S(a) +N ≥ maxi ai for all a ∈ RK .20

(ii) There exists N ∈ R such that AS := {a ∈ RK : S(a) ≤ 0} ⊆ (−∞, N ]K .21

(iii) There exists a bounded function H : ∆K → R such that (4.1) holds.22

(iv) For Sλmax(a) = λS(a/λ), we have supa∈R |Sλmax(a)−maxi ai| → 0 as λ ↓ 0.23

We now introduce a smooth entropy regulariser as the convex conjugate of a smooth max24

approximator.25

Definition 4.2. We say a function S : RK → R is a smooth max approximator if it is a 3-26

times differentiable convex nonlinear expectation with uniformly bounded derivatives such that27

Theorem 4.2 holds. We say a bounded function H : ∆K → R is a smooth entropy if −H is a28

convex conjugate of some smooth max approximator.2.29

For a smooth max approximator S, we write Sλmax(a) := λS(a/λ), νλ(a) := ∂yS
∣∣
y=a/λ

=30

∂a S
λ
max(a) and η

λ(a) := ∂2yS
∣∣
y=a/λ

= λ∂2a S
λ
max(a).31

We will hereafter assume that we are given a smooth entropy function and corresponding32

smooth max approximator.33

1Nonlinear Expectations (or equivalently ‘risk measures’) are a classical tool in mathematical finance to study
decision making under uncertainty.

2One can check that the Shannon Entropy (Remark 2.2) is a smooth entropy.
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H.4. The regularised function H is a smooth entropy (Definition 4.2) with corresponding smooth1

max approximator S.2

Remark 4.1. If S is a smooth max approximator, then νλ and ηλ are uniformly bounded. Moreover,3

it follows from Fenchel’s inequality that νλ(a) = argmaxu∈∆K

(∑K
i=1 uiai+λH(u)

)
. In particular,4

νλ can be interpreted as a smooth version of the argmax, as in (2.11).5

4.2 Analysis of the regularised control problem over finite horizon6

The objective of this section is to approximate the finite horizon value function as a sum of7

the (smooth) maximum of the incremental rewards. In particular, we show that the regularized8

value9

V λ,U
T (m, d) := Em,d

[
T−1∑
t=0

βt
(( K∑

i=1

fi
(
MU

t , D
U
t

)
Ui,t+1

)
+ λH(Ut+1)

)]
V λ
T (m, d) := sup

U∈U
V λ,U
T (m, d)

(4.2)

satisfies V λ
T (m, d) ≈

∑T−1
t=0 β

t
(
Sλmax ◦αλ

T−t

)
(m, d), where the incremental reward with t-steps to10

go is given by11

αλ
t (m, d) := f(m, d) + Lλ(m, d)

( t−1∑
s=1

βs
)

(4.3)

and Lλ is given in (2.17).12

The idea behind the analysis is to consider an asymptotic expansion as ∥d∥ → 0. Due to our13

learning structure (H.1), the change in the underlying state (m, d) are (in expectation) of order14

O(∥d∥2). Hence, the global Lipschitz property of f implies that the instantaneous reward changes15

with O(∥d∥2). Hence, we can use Taylor’s theorem to obtain an asymptotic expansion in ∥d∥16

keeping the terms up to order O(∥d∥2), and then quantify coefficients in terms of λ and β. We17

shall quantify the error bounds in terms of Pλ,d(m,n) :=
(
1 + λ−m

)
∥d∥n as in (2.20).18

We first quantify the perturbation error in the learning term Lλ. We will show that this error19

is O(∥d∥3) and can be ignored in our approximation.20

Lemma 4.3. Suppose that (H.1), (H.3) and (H.4) hold. There exists a constant C > 0 such that
for any λ > 0, i ∈ A, (m, d) ∈ Θ×D and t ∈ N,

E
∣∣Lλ

(
Φ(m, d, i, ξt)

)
− Lλ(m, d)

∣∣ ≤ CPλ,d(2, 3)

where Pλ,d is a polynomial defined in (2.20).21

Now, we consider the second order approximation of the smooth maximum Sλmax over the22

incremental reward α. We show that Lλ is the second order approximation (in expectation) of23

the (smooth) maximum incremental reward.24

Lemma 4.4. Suppose that (H.1), (H.3) and (H.4) hold. There exists a constant C > 0 such that
for any λ > 0, i ∈ A, (m, d) ∈ Θ×D and t, T ∈ N,∣∣∣E(Sλmax ◦αλ

T

)(
Φ(m, d, i, ξt)

)
−
(
Sλmax ◦αλ

T

)
(m, d)− Lλ

i (m, d)
∣∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)

)
where αλ

t is defined in (4.3).25
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As discussed in (2.19), in this finite horizon case, we are interested in the approximate optimal1

strategy given by2

Uλ,T
t+1 = νλ

(
αλ
T−t(M

Uλ,T

t , DUλ,T

t )
)
; where νλ(a) = ∂a S

λ
max(a) and t = 0, ..., T − 1. (4.4)

Here (MU
t , D

U
t ) corresponds to the solution of the dynamics (2.6) corresponding to the randomised3

policy U .4

We now show that Uλ,T results in a value which is close to
∑T−1

t=0 β
t
(
Sλmax ◦αλ

T−t

)
(m, d), and5

this is also close to the optimal value function.6

Theorem 4.5. Suppose that (H.1), (H.3) and (H.4) hold. There exists a constant C > 0 such
that for any λ > 0, i ∈ A, (m, d) ∈ Θ×D and T ∈ N,

∣∣∣V λ,Uλ,T

T (m, d)−
T−1∑
t=0

βt
(
Sλmax ◦αλ

T−t

)
(m, d)

∣∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)
)
, and (4.5)

∣∣∣V λ
T (m, d)−

T−1∑
t=0

βt
(
Sλmax ◦αλ

T−t

)
(m, d)

∣∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)
)
, (4.6)

where Uλ,T is defined in (4.4) and V λ,U
T and V λ

T are defined in (4.2).7

Proof. We will prove upper-bounds in (4.5) and (4.6) by induction. For notational simplicity, we8

write Qλ,d = (1− β)−2C
(
Pλ,d(2, 3) +Pλ,d(3, 4)

)
, where C ≥ 0 is the constant given in Lemma 4.49

(which is uniform over T ∈ N).10

We begin with the base case for induction, by fixing T = 1. It follows from (H.4) via (2.10)11

that V λ
1 = Sλmax ◦αλ

1 , so no error is introduced at this stage.12

Now assume for induction that the required inequality holds at T − 1. Define13

∆V λ,Uλ,T

T := V λ,Uλ,T

T −
T−2∑
t=0

βt
(
Sλmax ◦αλ

T−t

)
and observe that

βE
[
V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)]
= βE

[
∆V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)]
+

T−1∑
t=1

βtE
[(

Sλmax ◦αλ
T−1−t

)(
Φ(m, d, i, ξ1)

)]
(4.7)

= βE
[
∆V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)]
+

T−1∑
t=1

βt
((

Sλmax ◦αλ
T−1−t

)
(m, d) + Lλ

i (m, d) + ∆i
t(m, d)

)
.

where14

∆i
t(m, d) := E

(
Sλmax ◦αλ

t

)(
Φ(m, d, i, ξ1)

)
−
(
Sλmax ◦αλ

t

)
(m, d)− Lλ

i (m, d)

satisfies |∆i
t(m, d)| ≤ (1− β)2Qλ,d, by Lemma 4.4. Hence,

∑T−1
t=1 β

t|∆i
t(m, d)| ≤ (1− β)Qλ,d.15

Now, define16

Ri
T (m, d) := βE

[
∆V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)]
+

T−2∑
t=0

βt∆i
t(m, d).
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By (H.1)(i) and our inductive hypothesis, E
∣∣∆V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)∣∣ ≤ Qλ,d+bi(d) ≤ Qλ,d.1

Hence,2

|Ri
T (m, d)| ≤ βQλ,d + (1− β)Qλ,d = Qλ,d.

Using dynamic programming, we can express V λ,Uλ,T

T in terms of V λ,Uλ,T−1

T−1 , that is,3

V λ,Uλ,T

T (m, d) =
K∑
i=1

Uλ,T
i,1

(
fi(m, d) + βE

[
V λ,Uλ,T−1

T−1

(
Φ(m, d, i, ξ1)

)])
+ λH(Uλ,T

1 ).

Applying (4.7), we see that

V λ,Uλ,T

T (m, d) =

( K∑
i=1

Uλ,T
i,1

(
αλ
T,i(m, d) +Ri

T (m, d)
)
+ λH(Uλ,T

1 )

)
+ β

T−2∑
t=0

βt
(
Sλmax ◦αλ

T−1−t

)
(m, d)

=

( K∑
i=1

Uλ,T
i,1 R

i
T (m, d)

)
+

(
Sλmax ◦αλ

T

)
(m, d) + β

T−2∑
t=0

βt
(
Sλmax ◦αλ

T−1−t

)
(m, d)

where the first equality follows from the fact that αλ
T,i(m, d) = fi(m, d) + β

(∑T−1
t=1 β

t
)
Lλ
i (m, d)4

and the second equality holds from (H.4) via (2.10). Since |Ri
T (m, d)| ≤ Qλ,d for all i ∈ A, we5

know
∣∣∑K

i=1 U
λ,T
i,1 R

i
T (m, d)

∣∣ ≤ Qλ,d. Rearrangement completes the proof of (4.5) by induction.6

Similarly, to prove (4.6), we apply the dynamic programming principle to observe that7

V λ
T (m, d) = sup

u∈∆K

{ K∑
i=1

ui

(
fi(m, d) + βE

[
V λ
T−1

(
Φ(m, d, i, ξ1)

)])
+ λH(u)

}
. (4.8)

By defining R̃i
T (m, d) := βE

[
∆V λ

T−1

(
Φ(m, d, i, ξ1)

)]
+

∑T−2
t=0 β

t∆i
t(m, d), we can obtain the

same equality as in (4.7) with V λ,Uλ,T
replaced by V λ and RT replaced by R̃T with |R̃i

T (m, d)| ≤
Qλ,d. Therefore, we can see that

V λ
T (m, d) = sup

u∈∆K

{ K∑
i=1

ui

(
αλ
T,i(m, d) +Ri

T (m, d)
)
+ λH(u)

}
+

T−1∑
t=1

βt
(
Sλmax ◦αλ

T−1−t

)
(m, d)

≤ sup
u∈∆K

{ K∑
i=1

uiα
λ
T,i(m, d) + λH(u)

}
+

T−1∑
t=1

βt
(
Sλmax ◦αλ

T−t

)
(m, d) + max

i∈A

(
Ri

T (m, d)
)

=
(
Sλmax ◦αλ

T

)
(m, d) +

T−1∑
t=1

βt
(
Sλmax ◦αλ

T−t

)
(m, d) + max

i∈A
Ri

T (m, d)

Since maxi∈A |Ri
T (m, d)| ≤ Qλ,d for all i ∈ A, we obtain (4.6) by induction.8

4.3 Analysis over an infinite horizon9

We have seen, in Theorem 4.5, an approximation for the finite-horizon control problem in10

the presence of learning. We observe that the error of our approximation is uniform in T , which11

suggests that the dependence on the horizon is limited. In this section, we consider an approx-12

imation for the infinite-horizon control problem, which has the advantage that the solution is13

time-homogeneous. We note that the definition of the value in (4.2) works equally well when we14

take T =∞, so we do not need to define additional notation.15
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Theorem 4.6. Suppose that (H.1), (H.3) and (H.4) hold. For any (m, d) ∈ Θ × D and λ > 0,
V λ
T (m, d)→ V λ

∞(m, d) as T →∞ and

T−1∑
t=0

βt
(
Sλmax ◦αλ

T−t

)
(m, d)→ (1− β)−1

(
Sλmax ◦αλ

)
(m, d)

where αλ
t is defined in (4.3) and αλ is defined in (2.16).1

In particular, taking T →∞ in Theorem 4.5, we can find a constant C ≥ 0 such that for any
(m, d) ∈ Θ×D and λ > 0∣∣V λ

∞(m, d)− (1− β)−1
(
Sλmax ◦αλ

)
(m, d)

∣∣ ≤ C(Pλ,d(2, 3) + Pλ,d(3, 4)
)
.

Proof. By (H.1) together with the Cauchy–Schwarz inequality, we can show that for any U ∈ U ,2

we have Em,d|MU
t+1−MU

t | ≤ C∥DU
t ∥ ≤ C∥d∥. In particular, Em,d|MU

t | ≤ |m|+CT∥d∥. By (H.3),3

there exists a constant C ≥ 0, such that4

sup
U∈U

∞∑
t=T

βtE
∣∣∣∣ K∑
i=1

fi
(
MU

t , D
U
t

)
Ui,t+1

∣∣∣∣ ≤ C sup
U∈U

∞∑
t=T

βtE
[
|MU

t |+ ∥d∥+ 1
]

≤ C
∞∑
t=T

βt
(
(t+ 1)∥d∥+ |m|+ 1

)
→ 0 as T →∞.

(4.9)
Moreover, by (H.4) and Theorem 4.2, H is bounded, so supU∈U

∑∞
t=T β

tEm,d|H(Ut+1)| → 0.
Combining this with (4.9), we obtain

∣∣∣V λ
T (m, d)−V λ

∞(m, d)
∣∣∣ ≤ sup

U∈U

∣∣∣∣Em,d

[ ∞∑
t=T

βt
( K∑

i=1

fi
(
MU

t , D
U
t

)
Ui,t+1+λH(Ut+1)

)]∣∣∣∣→ 0 as T →∞.

This proves the first stated limit. The second limit follows from the Tauberian theorem5

(Theorem A.1) applied to the sequence at := (Sλmax ◦αt

)
(m, d)→ (Sλmax ◦α

)
(m, d) as t→∞. The6

final bound follows from Theorem 4.5 and these limits.7

As discussed in (2.19), we are interested in the approximate optimal strategy given by the8

feedback strategy9

Uλ
t+1 = νλ

(
αλ(MUλ

t , DUλ

t )
)

where νλ(a) = ∂a S
λ
max(a) and t = 0, 1, 2, ... (4.10)

where (MU
t , D

U
t ) corresponds to the state variables following (2.6) under the randomised policy10

U .11

In (4.4), we gave a finite horizon version of this strategy and showed in Theorem 4.5 that the12

corresponding value of this strategy and the optimal strategy can be approximated by the same13

function. The following results shows the convergence of the finite horizon value function (4.4) to14

the infinite horizon value function for the strategy (4.10).15

Theorem 4.7. Suppose that (H.1), (H.3) and (H.4) hold. Let Uλ,T , Uλ be the policies corre-16

sponding to the finite and infinite horizon approximations (4.4), (4.10) respectively. Then, with17

V λ,U
T , V λ,U

∞ as in (4.2), for any (m, d) ∈ Θ×D and λ > 0,18

V λ,Uλ,T

T (m, d)→ V λ,Uλ

∞ (m, d) as T →∞.
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In particular, taking T → ∞ in Theorem 4.5 and combining with Theorem 4.6, we can find a
constant C ≥ 0 such that for any (m, d) ∈ Θ×D and λ > 0

V λ
∞(m, d)− V λ,Uλ

∞ (m, d) ≤ C
(
Pλ,d(2, 3) + Pλ,d(3, 4)

)
.

Proof. By dominated convergence theorem, we can write

V λ
∞(m, d) =

∞∑
t=0

βtg∗(t) :=
∞∑
t=0

βtEm,d

[( K∑
i=1

fi
(
MUλ

t , DUλ

t

)
Uλ
i,t+1

)
+ λH(Uλ

t+1)

]

V λ,Uλ,T

T (m, d) =

∞∑
t=0

βtg(t, T ) :=

T−1∑
t=0

βtEm,d

[( K∑
i=1

fi
(
MUλ,T

t , DUλ,T

t

)
Uλ,T
i,t+1

)
+ λH(Uλ,T

t+1)

]
.

It follows from (H.1) that there exists C ≥ 0 such that |g(t, T )| ≤ C∥d∥t for all t, T ∈ N. Hence,1

it suffices to show that for any fixed t ∈ N, g(t, T )→ g∗(t). The required result then follows from2

a version of the Tauberian theorem (Theorem A.2).3

Fix t ∈ N and the initial state of the underlying state (m, d) ∈ Θ×D. Observe that by (H.1),4

(H.3) and (H.4), there exist constants C,C ′ ≥ 0 such that for any s = 0, 1, ..., t− 1,5 ∣∣∣νλ(αλ(MUλ

s , DUλ

s )
)
− νλ

(
αλ
T−s(M

Uλ

s , DUλ

s )
)∣∣∣

≤ C ′β
( ∞∑

r=T−s

βr
)∣∣Lλ(MUλ

s , DUλ

s )
∣∣

≤ CβT−s+1(1− β)−1∥DUλ

s ∥2

≤ CβT−t+1(1− β)−1∥d∥2.

(4.11)

Fix ϵ ∈ (0, 1) and choose T0 such that for all T ≥ T0, Cβ
T−t+1(1 − β)−1∥d∥2 < ϵ/K. Recall

the expression AU
s for the action corresponding to the control U as discussed in section 2.2. By

(4.11), for T ≥ T0,

P(AUλ

s ̸= AUλ,T

s |AUλ

r = AUλ,T

r ∀r = 1, 2, ..., s− 1) ≤ ϵ.

Let ET := {AUλ

s = AUλ,T

s ∀s = 1, ..., t} ⊇
{
(MUλ

t , DUλ

t ) = (MUλ,T

t , DUλ,T

t ), Uλ
t+1 = Uλ,T

t+1

}
. We6

then see that7

P(ET ) ≥ (1− ϵ)t ≥ 1− tϵ, i.e. P(Ec
T ) ≤ tϵ.

By (H.1) and (H.3), we can find a constant C ≥ 0 such that for any U ∈ U , we know
Em,d|f

(
MU

t , D
U
t

)
|2 ≤ Ct(|m|2 + ∥d∥2 + 1). Moreover, by (H.4), we can assume (wlog) that

supu∈∆K H(u) ≤ C. By decomposing using the event ET and applying these bounds together
with the Cauchy–Schwartz inequality, we obtain

|g(t, T )− g∗(t)| ≤ 2 sup
U∈U

E
[(
|f(MU

t , D
U
t )|+ λH(Ut+1)

)
IEc

T

]
≤ 4Ct(|m|2 + ∥d∥2 + 2)(tϵ).

As ϵ was arbitrary (provided T0 is sufficiently large), we conclude that g(t, T )→ g∗(t) as T →∞,8

as required.9

In earlier sections, we derived an approximate value function and corresponding feedback10

control (4.10) for the regularised control problem with regularisation parameter λ. However, our11

ultimate objective is to optimise the non-regularised version of the problem (i.e. (2.7)). By12

Theorem (4.2) and (H.4), our regularisation may possibly introduce an error of O(λ). We control13

the corresponding error in the following theorem.14

22



Theorem 4.8. Suppose that (H.1), (H.3) and (H.4) hold. For any T ≤ ∞, and any consistent
λ with order κ ∈ [0, 2] (Definition 2.2), there exists a constant C ≥ 0 such that for any (m, d) ∈
Θ×D,

|VT (m, d)− V Uλ

T (m, d)| ≤ C(∥d∥3−2κ + ∥d∥4−3κ + ∥d∥κ + ∥d∥4).

Proof. Let C > 0 be a constant which can vary from line to line. As λ is consistent with order1

κ, we know that Pλ(m,d),d(a, b) ≤ (1 + c̄∥d∥−κa)∥d∥b. In particular, for κ ∈ [0, 2], we know2

Pλ(m,d),d(2, 3) = (1+ c̄∥d∥−2κ)∥d∥3 ≤ C(∥d∥3 + ∥d∥3−2κ) and Pλ(m,d),d(3, 4) ≤ C(∥d∥4 + ∥d∥4−3κ).3

Substituting these into the bounds in Theorem 4.5 or 4.6, we see that the regularized problems4

satisfy5

|V λ(m,d)
T (m, d)− V λ(m,d),Uλ

T (m, d)| ≤ C(∥d∥3 + ∥d∥3−2κ + ∥d∥4 + ∥d∥4−3κ).

We then recall that our smooth entropy is bounded, so the differences6

|V λ(m,d)
T (m, d)− VT (m, d)| ≤ C|λ(m, d)| ≤ C∥d∥κ,

and similarly for |V λ(m,d),Uλ

T (m, d) − V Uλ

T (m, d)|. Combining these bounds (and omitting the7

dominated ∥d∥3 term) yields the result.8

Remark 4.2. For ∥d∥ → 0, it is clear that the optimal order in the previous theorem is given by9

taking κ = 1.10

Remark 4.3. Through our discussion, we prove all of our result using (H.1) which is inspired by the11

multi-armed bandit problem (Section 2.1) for learning. The nature of the learning results in the12

transient state. This is reflected in (H.1)(i) where our precision ∥DU
t ∥ in non-increasing over t ∈ N.13

In general, we can extend our approximation result to the case when our precision is recurrent14

and take value in a (small) compact set D, as is typical when our learning is modelled using a15

Kalman-like filtering process. All of our earlier analysis follows by using ∥d∥ ≤ h := supd∈D ∥d∥16

and ∥d+ bi(m, d)∥ ≤ h for all i ∈ A. In particular, we have the following result.17

Theorem 4.9. Suppose that (H.2), (H.3) and (H.4) hold. Then Theorem 4.6, Theorem 4.7 and18

Theorem 4.8 holds with all ∥d∥ in the upper-bounds replaced by supd∈D ∥d∥.19

4.4 Complete Learning20

We have discussed in (3.2) that many bandit algorithms e.g. Gittins’ index, Knowledge Gra-21

dient and Thompson Sampling suffer from incomplete learning. In this section, we will show that22

the ARC algorithm overcomes this limitation in the sense that ∥DUλ

t ∥ → 0 as t → ∞. We need23

the following Assumption, to ensure that our dynamics are non-degenerate.24

H.5. If every arm is chosen infinitely often, then the process ∥DUλ

t ∥ → 0. More precisely, for any25

U ∈ U , we have the inclusion of events26

{∥DU
t ∥ → 0} ⊇

{ ∞∑
t=1

I(AU
t = i) =∞ ∀i ∈ A

}
where AU

t is the (random) action corresponding to the control Ut.27

Theorem 4.10. Suppose that (H.1), (H.3), (H.4), and (H.5) hold. Suppose further that f is28

uniformly bounded and the derivative of the smooth max approximator S does not vanish on29

compact sets3, that is: for any compact set K ⊆ RK , there exists a non-empty open ball, B(r),30

such that B(r)∩∂aS(K) = ∅. Then for any consistent λ with κ ∈ [0, 2], we know ∥DUλ

t ∥ → 0 a.s.31

3One can check that the Shannon Entropy (Remark 2.2) satisfies this property.
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Proof. Without loss of generality, fix a bound on the initial value ∥DU
0 ∥. By (H.1) and (H.3), and1

the consistency of λ (Definition 2.2), there exist constants C, C̄ ≥ 0 such that2

|Lλ(m,d)(m, d)| ≤ C
(
1 + λ(m, d)−1

)
∥d∥2 ≤ C(∥d∥2 + ∥d∥2−κc−1) ≤ C̄.

As f is uniformly bounded and β is fixed, there also exists a constant C ≥ 0 such that |αλ(m,d)(m, d)| ≤3

C for all (m, d) ∈ Θ×D.4

Fix i ∈ A and ϵ > 0, and consider the events Eϵ := {∥DUλ

t ∥ > ϵ ∀t ∈ N}, Fi := {AUλ

t =5

i for finitely many t ∈ N} and Gi,t := {AUλ

t = i, ∥DUλ

t ∥ > ϵ ∀s = 0, 1, ..., t − 1}. By (H.5),6

Eϵ ⊆ ∪i∈AFi. Moreover, we can see that Fi ∩ Eϵ ⊆ {Gc
i,t eventually}.7

For ∥d∥ > ϵ, we know that αλ(m,d)(m, d)/λ(m, d) takes value in a compact set. Hence, there8

exists r ∈ (0, 1) such that ν
λ(m,d)
i

(
αλ(m,d)(m, d)

)
= (∂aS)i

(
αλ(m,d)(m, d)/λ(m, d)

)
> r. In partic-9

ular, for any n ∈ N, we have P(Gi,t|
⋂t−1

s=nG
c
i,s) > r. Therefore,10

P
( N⋂

t=n

Gc
i,t

)
=

N∏
t=n

P
(
Gc

i,t

∣∣∣ t−1⋂
s=n

Gc
i,s

)
≤ (1− r)N−n+1 → 0 as N →∞.

Hence, P(Fi ∩ Eϵ) ≤ P(Gc
i,t eventually) = P(

⋃∞
n=1

⋂∞
t=nG

c
i,t) ≤ 0. This implies that P(

⋃
i∈A Fi ∩11

Eϵ) = 0 and thus P(Eϵ) = 0. The result follows by considering
⋃∞

n=1E1/n.12

Remark 4.4. Variations of this result are possible. If f is not assumed bounded, then the proof13

still largely works, provided we can show that m does not go to infinity (almost surely). This can14

often be shown using additional assumptions on the dynamics of the problem.15

Remark 4.5. A possible criticism of the ARC approach is that the approximation is only valid16

if Dt is small. This result shows that, at least in theory, this approximation will always be17

asymptotically true, and hence we can guarantee that the ARC algorithm will converge to an18

optimal strategy. In practice, we will see that the precise way in which we measure the convergence19

of D can have an impact on the performance of the algorithm, particularly in high-dimensional20

settings.21

5 Numerical Experiments22

We run numerical experiments to illustrate the performance of the ARC algorithm, in com-23

parison with the true optimal solution, and with existing state-of-the-art methods.24

5.1 Comparison to the optimal solution for 11
2
bandit25

We first consider the ‘11
2 bandit’, where one arm gives a deterministic reward. This case has26

the advantage that the value function can be determined using a straightforward Monte Carlo27

method, allowing us to compare our approximate value function and its corresponding control to28

the exact value function.29

Suppose that our bandit has two arms. The first arm gives the reward Y ∼ N(θ, 1), for an
unknown parameter θ ∈ R, whereas the second arm always gives a reward 1. We observe the
reward of the first arm only when the first arm is chosen. Formulating this as a relaxed control
problem (2.12) with dynamics as in (2.2) gives

V λ
∞(m, d) = sup

U∈U
Em,d

[ ∞∑
t=0

βt
((
U1,t+1M

U
t + U2,t+1

)
+ λH(Ut+1)

)]
; H(u) = −

2∑
i=1

ui lnui.
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In this case, we have Θ = R and D = (0,∞). The transition (2.6) of the problem is given by

Φ(m, d, i, ξ) :=

{
(m, d) +

(
d(1 + d)−1/2z(ξ), −d2(1 + d)−1

)
; i = 1

(m, d) ; i = 2

with innovations z(ξt) ∼IID N(0, 1). We may solve the above problem explicitly using classical
Monte Carlo simulation. In particular, we start our iteration with Ṽ λ

0 (m, d) = 0 and iteratively
compute on the grid (m, d),

Ṽ λ
n+1(m, d) = sup

u∈∆2

{
u1

(
m+

β

N

N∑
i=1

Ṽ λ
n

(
Φ(m, d, 1, ξi,n)

))
+ u2

(
1 + βṼ λ

n (m, d)
)
+ λH(u)

}

where N is the number of Monte Carlo simulations and (ξi,n) are such that z(ξi,n) ∼IID N(0, 1).
We then interpolate Ṽ λ

n+1 and repeat the procedure until Ṽ λ
n converges to Ṽ λ. The corresponding

optimal (feedback) probability to choose the first arm is then given by

p̃λ,∗(m, d) ≈
exp

(
1
λ

(
m+ β

N

∑N
i=1 Ṽ

λ(Φ(m, d, 1, ξi))
))

exp
(

1
λ

(
m+ β

N

∑N
i=1 Ṽ

λ(Φ(m, d, 1, ξi))
))

+ exp
(
1 + βṼ λ(m, d)

)
where z(ξi) ∼IID N(0, 1). On the other hand, our ARC approximation gives

V λ,ARC
∞ (m, d) = (1−β)−1λ log

(
exp

(αλ(m, d)

λ

)
+exp

( 1
λ

))
, pλ,ARC =

exp
(
αλ(m,d)

λ

)
exp

(
αλ(m,d)

λ

)
+ exp

(
1
λ

)
where αλ(m, d) =

(
m+ 1

2λβ(1−β)
−1νλ1 (m)(1−νλ1 (m))d2(1+d)−1, 1

)
and νλ1 (m) =

exp(
1
λm)

exp(
1
λm)+exp(

1
λ )
.1

We now compare Ṽ λ, p̃λ,∗ with V λ,ARC
∞ , pλ,ARC when λ = 0.1 and β = 0.99. In the numerical2

experiment, we use N = 1000 and consider m ∈ [0, 2] and d ∈ [1/100, 1/20]. We see that the3

ARC approximation gives a reasonable estimate of the value function for the regularised problem4

(Figure 1. Observe that the error of the approximation is less than 1% in the worst case (when m5

is zero and 1/d is small), and is very small when 1/d is large. Moving to the action probabilities6

(Figure 2), we observe that the ARC algorithm introduces a smoothing of the boundary where7

it is optimal to switch arms, however captures the other principal features of the optimal action8

correctly.9

5.2 General bandit results10

We now focus on a variety of bandit problems, where our method can be used. In earlier
sections we considered the value function (2.7) as our objective to optimise under a Bayesian
formulation. While this quantity can be used to compare performance of the algorithm, an
variation which is more commonly used in the multi-armed bandit literature [25, 11, 4, 15, 17] is
the regret

R(A, T,θ) =
T∑
t=1

(
max
i∈A

E
[
R(i)(Y (i))

∣∣θ]− E
[
R(At)(Y (At))

∣∣θ]).
This has the advantage of removing the first-order effect of the optimal strategy, allowing more11

direct comparisons.12
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(a) Exact regularised value function
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(b) ARC Approximation
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(c) Error of approximation
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Figure 1: (a) Ṽ λ (b) V λ,ARC
∞ (c) (V λ,ARC

∞ − Ṽ λ)/Ṽ λ

0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00
Estimated mean (m)

20

30

40

50

60

70

80

90

100

In
ve

rs
e 

pr
ec

isi
on

 (1
/d

)

(a) Optimal (regularised) probabability
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(b) ARC approximation
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(c) Difference in probability
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Figure 2: (a) p̃λ,∗ (b) pλ,ARC
∞ (c) pλ,ARC

∞ − p̃λ,∗

We will compare the regret of the ARC algorithm with other approaches, as described in1

Section 3.1, under 3 environments; a classical bandit, a bandit with an informative arm and a linear2

bandit. In each of these environments, we consider decisions on the 50-armed bandit with horizon3

T = 2 × 103 steps over 103 simulations. In the nth simulation, we sample the true parameter4

θ(n) ∼ N(150, I50) and then simulate the interaction between each of the algorithms and the5

environment with the parameter estimate θ(n) starting from initial belief (m0, d0) = (0, 103× I50)6

corresponding to a non-informative prior. We then use our simulated output to compute statistics7

of the map t 7→ R(A, t,θ) for each of our considered algorithms.8

Simulation Environment: We consider the following environment for our simulation. Let θ9

be an unknown parameter taking values in R50.10

• Classical bandit. When choosing the ith option, we observe and receive the reward sampled11

from the distribution N(θi, 5).12

• Bandit with an informative arm. When choosing the ith option with i ̸= 1, we observe and13

receive the reward sampled from the distribution N(θi, 5). When the 1st option is chosen,14

we receive a reward sampled from N(θ1 − 1, 5) and in addition, we observe a sample from15

26



N(θ, 5× I50). In particular, playing the first arm allows us to observe rewards of other arms1

without choosing them, but this arm yields a smaller reward than others.2

• Linear bandit. When choosing the ith option, we observe and receive the reward sampled3

from the distribution N(b⊤i θ, 5) where bi = ei + ei+1 for i ̸= 50 and b50 = b1 + b50. This4

introduces correlation between ‘neighbouring’ arms, affecting both the learning process and5

optimal strategies.6

Hyper-parameter of bandit algorithms: We will consider the KG and IDS methods by7

introducing 100 Monte-Carlo samples to evaluate the required expectation appeared in the algo-8

rithm. We will set the parameter β = 1− 1/T = 0.9995 for KG and ARC. The function λ(m, d)9

considered in the BE and ARC algorithms will be given in the form λ(m, d) = ρ∥d∥op where ∥ ·∥op10

is the matrix operator norm and will take νλi (a) := exp(ai/λ)/
(∑

j exp(aj/λ)
)
which corresponds11

to the Shannon entropy as discussed in Remark 2.2. Unmentioned hyper-parameters will appear12

as a description of the algorithm in the regret plot.13

ARC index strategy: For numerical efficiency, we also introduce a deterministic index strategy14

inspired by the ARC algorithm. In contrast to the ARC, instead of making decision based on15

the probability vector νλ(m,d)
(
αλ(m,d)(m, d)

)
with αλ(m, d) given in (2.16), we simply choose the16

option i to maximise αλ
i (m, d).17
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Figure 3: Regret for the classical bandit

Discussion: We can see in Figure 3, 4 and 5 that both ARC and ARC index strategies, with18

appropriate hyper-parameters, perform very well compared to other algorithms. We particularly19

see that the ARC approaches perform significantly better than other approaches in the setting for20

the bandit with an informative arm. This performance is as good as IDS, but requires significantly21

lower computational cost since every term can be evaluated explicitly. In fact, our implementation22

of IDS is too computationally expensive to demonstrate for the linear bandit with 50 arms and23

thus IDS is omitted in this case.24

Even though, we find that the ARC algorithm derived in this paper performs well with ap-25

propriate hyper-parameters, it is worth commenting on the obstacles found in the derived ARC26

algorithm with many arms available. We see that taking λ(m, d) = ρ∥d∥ may not allow ∥d∥ to27

decay sufficiently fast (even though Theorem 4.10 ensures that this converges to 0). In particular,28

with many arms, we will often be able to identify some arms which are significantly worse than the29

27
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Figure 4: Regret for the bandit with an informative arm
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Figure 5: Regret for the linear bandit

others. These arm will be barely played, which leaves ∥d∥ to be large for a long time. We found in1

the numerical simulation that following the ARC procedure, the agent identifies the reward of the2

very best few arms correctly (i.e. we obtain close estimates to the rewards of a few best options),3

but since ∥d∥ does not decay sufficiently fast, this the ARC algorithm randomly chooses among4

a few best few options, even if it identifies the best option correctly (see Cesa-Bianchi et al. [5,5

Section 3.1] for related discussion). This explains why we observe linear trends in the regret plot6

for the simple ARC method.7

To overcome this effect, we can consider the ARC index strategy, which does not require ∥d∥ to8

decay to zero to terminate decision to a single (best) option. Here, we see in Figure 3, 4 and 5 that9

the gradient of the regret of the ARC index converges to zero which means that they eventually10

identify the best option. In general, one may also choose the function λ(m, d) depending on m to11

truncate our consideration to the best arm or one may also introduce a concatenation of function12

to allow the ARC to neglect the size of ∥d∥ at later stages, as in Cesa-Bianchi et al. [5, Theorem13

2]. This will naturally lead to a (small) risk of missing good arms; balancing these probabilities14

is significant in obtaining optimal asymptotic rates.15

Conclusion: In this paper, we address a general class of learning (bandit) problems. We de-16

scribe the interaction of the information between available options and study them in terms of the17

discrete-time diffusion process. We then use this setting to derive an approximate strategy which18

28



takes those information interactions into consideration when making decisions. The derived strat-1

egy performs well and describes the role of the ‘optimistic principle’ in a more precise way than2

other algorithms, as it distinguishes between the benefits of learning and optimism. While we do3

not claim that our framework will provide the best learning strategy for general learning problems,4

we believe that this work provides a helpful perspective on learning with decision making.5
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A Proofs of relevant results5

Proof of Theorem 4.2. (i) ⇒ (ii) : Fix i ∈ A. Consider a = (N + ϵ)ei +
∑

j ̸=i rjej where rj ∈ R6

for all j ̸= i and ei is the ith basis vector in RK . By (i), S(a) + N ≥ max(N + ϵ, rj) ≥ N + ϵ.7

Hence, S(a) ≥ ϵ > 0.8

As ϵ is arbitrary, it follows that Ri−1 × (N,∞) × RK−i ⊆ Ac
S . The result then follows by9

considering intersection over all i.10

(ii) ⇒ (iii): By Theorem 4.1, we can write S(a) = supu∈∆K

(∑K
i=1 uiai + Hmax(u)

)
, where11

Hmax(u) := − supa∈AS

(∑K
i=1 uiai

)
with AS := {a ∈ RK : S(a) ≤ 0}. As AS ⊆ (−∞, N ]K and12

u ∈ ∆K , Hmax(u) ≥ − supa∈(−∞,N ]K

(∑K
i=1 uiai

)
≥ −N.13

Moreover, by (4.1), we have supu∈∆K Hmax(u) ≤ S(0). Therefore, Hmax is bounded.14

(iii)⇒ (iv) : Fix a ∈ RK and define i∗ ∈ argmaxi ai. Then

− λ sup
u∈∆K

|H(u)| ≤ λH(e(i∗)) =
K∑
i=1

(e(i
∗))iai + λH(e(i∗))−max

i
ai

≤ Sλmax(a)−max
i
ai ≤ sup

u∈∆K

( K∑
i=1

uiai

)
+ λ sup

u∈∆K

|H(u)| −max
i
ai = λ sup

u∈∆K

|H(u)|.

Hence, supa∈R |Sλmax(a)−maxi ai| ≤ λ supu∈∆K |H(u)| → 0 as λ ↓ 0.15

(iv)⇒ (i) Find N > 0 such that

1 ≥ sup
a∈R
|S1/N

max(a)−max
i
ai| =

1

N
sup
a∈R
|S(Na)−max

i
Nai| =

1

N
sup
a∈R
|S(a)−max

i
ai|.

By rearranging the inequality above, the result follows.16

Proof of Lemma 4.3. Define (∆m,∆d) := Φ(m, d, i, ξt)− (m, d).17

Recall expressions for Bλ,Mλ, Σλ from (2.18). Since f is 3-time differentiable with bounded
derivatives (H.3) , the terms f , ∂mf , ∂

2
mf and ∂df are differentiable with bounded derivative.

Moreover, by (H.4), the corresponding smooth max approximator S has a bounded derivative. In
particular, there exists a constant C ≥ 0 such that

∣∣∂aνλ(a)∣∣ ≤ C/λ and
∣∣∂aηλ(a)∣∣ ≤ C/λ. Hence,

it follows from Taylor’s approximation (or the mean value inequality) that∣∣Bλ(m+∆m, d+∆d)− Bλ(m, d)
∣∣ ≤ C(1 + λ−1)

(
|∆m|+ ∥∆d∥

)
, |Bλ| ≤ C,∣∣Mλ(m+∆m, d+∆d)−Mλ(m, d)

∣∣ ≤ C(1 + λ−1)
(
|∆m|+ ∥∆d∥

)
, |Mλ| ≤ C,∣∣Σλ(m+∆m, d+∆d)− Σλ(m, d)

∣∣ ≤ C(1 + λ−2)
(
|∆m|+ ∥∆d∥

)
, and |Σλ| ≤ C(1 + λ−1).
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By similar arguments as above applying to (H.1), we show that for any ψ ∈
{
bi, µi,

(
σiσ

⊤
i

)
: i ∈ A

}
,

and (m, d) ∈ Θ×D, |ψ(m, d)| ≤ C∥d∥2.∣∣ψ(m+∆m, d+∆d)− ψ(m, d)
∣∣ ≤ sup

d̃∈[d,d+∆d],m̃∈Θ

(
|∂dψ(m, d̃)| · ∥∆d∥+ |∂mψ(m̃, d)| · |∆m|

)
≤ C sup

d̃∈[d,d+∆d],m̃∈Θ

(
∥d̃∥ · ∥∆d∥+ ∥d∥2 · |∆m|

)
≤ C

(
∥d∥ · ∥∆d∥+ ∥d∥2 · |∆m|

)
where [d, d + ∆d] is defined to be a rectangle on Rq and the final inequality follows from the1

convexity of the norms and (H.1)(i).2

Substituting above inequalities into (2.17), we obtain∣∣Li(m+∆m, d+∆d)− Li(m, d)
∣∣ ≤ C(1 + λ−2)

((
|∆m| · ∥d∥2 + ∥∆d∥ · ∥d∥2 + ∥d∥ · ∥∆d∥

)
.

Finally, by (H.1)(iii) − (iv) and Cauchy–Schwarz inequality, E|∆m| ≤ C∥d∥ and |∆d| ≤ C∥d∥2.3

Substituting these bounds into the above inequality, the general result follows.4

Proof of Lemma 4.4. Let g(m, d) = f(m, d) + c where c ∈ R is a given constant. By (H.3) and5

(H.4), Sλmax ◦g is 3-times differentiable. Then consider the Taylor approximation6 (
Sλmax ◦g

)(
Φ(·, ·, i, ξt)

)
−
(
Sλmax ◦g

)
=

〈
∂d
(
Sλmax ◦g

)
; ∆di

〉
+
〈
∂m

(
Sλmax ◦g

)
; ∆mi

〉
+

1

2

〈
∂2m

(
Sλmax ◦g

)
; ∆mi∆m

⊤
i

〉
+∆S1

T

(A.1)

where all derivatives are evaluated at (m, d).7

By (H.3) and (H.4), the second and the third derivative of
(
Sλmax ◦g

)
(m, d) are O(1 + λ−2).8

Moreover, by (H.1), E|∆mi| ≤ C∥d∥ and ∥∆di∥ ≤ C∥d∥2. Applying these bounds to the third9

order terms and the remaining second order term, we obtain E|∆S1
T | ≤ C(1 + λ−2)∥d∥3. Here,10

the bounded constant C ≥ 0 is uniform over c.11

Taking expectation over (A.1), we can see that12

E
[(

Sλmax ◦g
)(
Φ(·, ·, i, ξt)

)]
−
(
Sλmax ◦g

)
=

〈
∂d
(
Sλmax ◦g

)
; bi

〉
+
〈
∂m

(
Sλmax ◦g

)
;µi

〉
+

1

2

〈
∂2m

(
Sλmax ◦g

)
;σiσ

⊤
i

〉
+R1

T

(A.2)

where |R1
T | ≤ C(1 + λ−2)∥d∥3. Now, write13

∂d
(
Sλmax ◦g

)
=

K∑
i=1

(
∂a S

λ
max ◦g

)
i

(
∂dfi

)
, ∂m

(
Sλmax ◦g

)
:=

K∑
i=1

(
∂a S

λ
max ◦g

)
i

(
∂mfi

)
∂2m

(
Sλmax ◦g

)
=

K∑
i=1

(
∂a S

λ
max ◦g

)
i

(
∂2mfi

)
+

K∑
i,j=1

(
∂2a S

λ
max ◦g

)
ij

(
∂mfi

)(
∂mfi

)⊤
.

(A.3)

From (H.4), ∂ka S
λ
max(a) = O(λ1−k) for k = 1, 2, 3. By (H.3), any terms involving derivatives of f14

in (A.3) are uniformly bounded. By mean value theorem and (H.1), we may estimate (A.2) by15

E
[(

Sλmax ◦g
)(
Φ(·, ·, i, ξt)

)]
−
(
Sλmax ◦g

)
=

〈
∂d
(
Sλmax ◦f

)
; bi

〉
+
〈
∂m

(
Sλmax ◦f

)
;µi

〉
+

1

2

〈
∂2m

(
Sλmax ◦f

)
;σiσ

⊤
i

〉
+R2

T = Lλ
i +R2

T

(A.4)

where |R2
T | ≤ C(1 + λ−2)∥d∥3 + c(1 + λ−2)∥d∥2.16
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Substitute c = Lλ(m, d)
(∑T−1

s=1 β
s
)
and use the fact that |Lλ(m, d)| ≤ (1+λ−1)∥d∥2, we obtain1

2 ∣∣∣∣ESλmax

(
f
(
Φ(·, ·, i, ξt)

)
+
( T−1∑

s=1

βs
)
Lλ

)
−
(
Sλmax ◦αλ

T

)
−Lλ

i

∣∣∣∣ ≤ C(Pλ,d(2, 3)+(1−β)−1Pλ,d(3, 4)
)
.

(A.5)
Finally, denote a(m, d, i, ξt) := f

(
Φ(m, d, i, ξt)

)
+ Lλ(m, d)

(∑T−1
s=1 β

s
)
, it follows from (H.4)

that the first derivative of Sλmax is bounded and does not depend on λ. Hence, it follows from the
mean value theorem that

E
∣∣∣∣Sλmax

(
αλ
T

(
Φ(m, d, i, ξt)

))
− Sλmax

(
a(m, d, i, ξt)

)∣∣∣∣ ≤ CE∣∣αλ
T

(
Φ(m, d, i, ξt)

)
− a(m, d, i, ξt)

∣∣
= CE

∣∣∣∣( T−1∑
s=1

βs
)
Lλ

(
Φ(m, d, i, ξt)

)
−
( T−1∑

s=1

βs
)
Lλ(m, d)

∣∣∣∣ ≤ C(1− β)−1(1 + λ−2)∥d∥3 (A.6)

where the final inequality follows from Lemma 4.3. Combining (A.5) and (A.6), the result follows.3

4

Theorem A.1 (Tauberian theorem 1). Let (at) be a real-value sequence converging to a. Then5 ∑T−1
t=0 β

taT−t → (1− β)−1a as T →∞.6

Proof. Fix ϵ > 0 and find s > 0 such that for all t ≥ s, |at− a| ≤ ϵ. Since (at) is also bounded, we
can find T0 > s such that for any t > T0− s, βt/2|au−a| ≤ ϵ for all u ∈ N. Hence, for any T ≥ T0,∣∣∣ T−1∑

t=0

βtaT−t − (1− β)−1a
∣∣∣ = ∣∣∣ T−1∑

t=0

βt(aT−t − a) + βT (1− β)−1a
∣∣∣

≤
T−1∑

t=T−s

βt|aT−t − a|+
T∑

t=s+1

βT−t|at − a|+ βT (1− β)−1|a|

≤
T−1∑

t=T−s

βt/2ϵ+

T∑
t=s+1

βT−tϵ+ βT (1− β)−1|a| ≤ (1−
√
β)−1ϵ+ (1− β)ϵ+ βT (1− β)−1|a|.

Hence, lim supT→∞
∣∣∑T−1

t=0 β
taT−t − (1 − β)−1a

∣∣ ≤ (1 −
√
β)−1ϵ + (1 − β)ϵ. Since ϵ is arbitrary,7

we obtain the required result.8

Theorem A.2 (Tauberian theorem 2). Let g : N0 × N0 → R and g∗ : N0 → R be functions with9

a constant C ≥ 0 such that |g(t, T )| ≤ Ct and g(t, T )→ g∗(t) as T →∞ for all t ∈ N. Then for10

any β ∈ (0, 1),
∑T−1

t=0 β
tg(t, T )→

∑∞
t=0 β

tg∗(t) as T →∞.11

Proof. Fix ϵ > 0 and find N > 0 such that for all t ≥ N and T ∈ N, βt/2|g(t, T )−g∗(t)| ≤ ϵ where12

such N exists due to the linear growth condition.13

Since g(t, T ) → g∗(t) as T → ∞ , we can find T0 ≥ N such that for any T ≥ T0, |g(t, T ) −14

g∗(t)| ≤ ϵ for all t = 0, 1, ..., N − 1. For any T ≥ T0,15

∣∣∣ T−1∑
t=0

βtg(t, T )−
∞∑
t=0

βtg∗(t)
∣∣∣ ≤ N−1∑

t=0

βt|g(t, T )− g∗(t)|+
T−1∑
t=N

βt|g(t, T )− g∗(t)|+
∞∑
t=T

βt|g∗(t)|

≤
N−1∑
t=0

βtϵ+

T−1∑
t=N

βt/2ϵ+ C

∞∑
t=T

tβt ≤ (1− β)−1ϵ+ (1−
√
β)−1ϵ+ TβT−1(1− β)−2.
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Hence, lim supT→∞
∣∣∑T−1

t=0 β
taT−t − (1 − β)−1a

∣∣ ≤ (1 −
√
β)−1ϵ + (1 − β)ϵ. Since ϵ is arbitrary,1

we obtain the required result.2
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