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Abstract

Bayesian statistics is a powerful framework for modeling the world and reasoning over uncertainty.

It provides a principled method for representing our prior knowledge, and updating that knowledge

in the light of new information. Traditional Bayesian statistics, however, has been limited to

simple models. Two of the main limiting factors for this are the expressiveness and flexibility

of the probability distributions used, and the computational restrictions in performing inference

and model learning. In this thesis, we consider how neural networks (NNs) can be used to assist

with both of these problems. In particular, we will look at how NNs can assist in the inference

process and how we can perform inference over flexible NN models.

NNs are helpful for Bayesian inference in generative models. They are useful for producing

the flexible variational families required for successful variational inference (VI), as well as

learning distributed representations of model variables for guiding the distributional relationships

of the model. Inference, on the other hand, is useful for quantifying uncertainty in NN

discriminative models. For instance, with “Bayesian NNs” one can use inference to learn

a distribution over the NNs parameters and hence quantify our uncertainty over the model’s

predictions. However, this increased flexibility in modeling and inference comes with challenges

in inference and representation.

We present three pieces of original work in this thesis towards solving these challenges.

We produce an algorithm for constructing the factorization of variational approximations in an

optimal way to improve the fidelity and scalability of VI. We develop a framework for distributed

Bayesian learning that is particularly useful for large Bayesian NNs and is less prone to the stale

gradient of non-Bayesian approaches. We finish by considering an example of how Bayesian

inference can be applied to NNs in a non-standard context by reinterpreting the problem of

estimating NN robustness as an inference problem.
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1
Introduction

Bayesian statistics [Gelman et al., 2013; Ghahramani, 2015] is a powerful framework for

modeling the world and reasoning over uncertainty. Its central thesis is that the world can

be understood through appropriately chosen probabilistic models, with parameters and variables

inferred or learnt through data. Moreover, it provides a principled method for representing our

prior knowledge, and updating that knowledge in the light of new information. Traditional

Bayesian statistics, however, has been limited to simple models, frequently employing conjugacy

assumptions in the distribution of the model to make inference tractable. Two of the main

limiting factors for this are the lack of flexibility in the probability distributions used, and

the computational restrictions in performing inference and model learning. In this thesis, we

consider how neural networks (NNs) can be used to assist with both of these problems. In

particular, we will look at how NNs can assist in the inference process and how we can perform

inference over flexible NN models.

NNs are helpful for Bayesian inference in generative models. Variational inference (VI)

is a family of inference algorithms widely used in Bayesian modeling whose distinguishing

feature is reframing inference as an optimization problem. The success of VI methods depend

on having a flexible family of distributions to approximate the posterior. NN density estimators

can be effectively utilized to construct the required flexible distribution families. For instance,

take the example of normalizing flows [Rezende and Mohamed, 2015], a class of methods

for NN distribution parametrization, that transforms a simple Gaussian noise source into a

more complex distribution by the application of learnable bijections with tractable Jacobians.

Such parametrizations have been shown to improve inference in variational autoencoders

[Kingma et al., 2016].

Conversely, inference is useful for flexible model learning in NNs. Typically the conditional

distributions comprising a Bayesian model are simple distributions with parametric forms.

Amortized VI (to be explained in Ch 2), however, enables model learning of models with arbitrary

distributions, using inference to estimate the update to the model parameters. In this way, we

can include model terms that, for example, use NNs to regress the values of a variable’s parents
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to the parameters of its conditional distribution. For instance, in the variational autoencoder

(VAE) [Kingma and Welling, 2014], a NN is used in the model to learn how to decode the latent

variable to the parameters of the distribution over images.

More broadly, inference is useful for analyzing NN models. Take the example of “Bayesian

NNs,” which provide a bridge between discriminative and generative models, and are formed from

standard NN architectures by placing a prior distribution over the model parameters. Learning is

reformulated as inference over the posterior of the parameters and, subsequently, one can thus

represent and reason over our uncertainty about the NN model’s outputs using this posterior.

Another type of uncertainty is encountered during distributed learning of NNs, for which the

worker nodes have incomplete and potentially out-of-date information on the progress of their

fellow workers. As we will show in Ch 4, inference can be used to quantify this uncertainty and

improve the robustness of distributed learning in NN models to stale gradients.

1.1 Overview
The increased flexibility in modeling and inference comes at the price of challenges in inference

and representation. In this section, we give an outline of the remainder of the thesis, and connect

how it relates to tackling these challenges.

In Ch 2, we provide the context for our work by giving a high-level overview of Bayesian

modeling, inference, and representation. We first delineate discriminative and generative

probabilistic models, and the importance of latent variable generative models for Bayesian

inference. Probabilistic models differ in whether they model joint or conditional distributions,

and in whether they contain latent variables. Deep learning is based, primarily, on discriminative

models that are formed from conditional distributions where all variables are observed, and is well

suited to scenarios that have masses of training data and little prior knowledge. Bayesian modeling,

on the other hand, is based on models that are typically generative, or rather, based on joint

distributions, and contain latent (unobserved) variables, whose value we must infer. These models

are better suited for scenarios where we would like to use our prior knowledge to learn efficiently

when big data is lacking. Generative models are required for more advanced tasks beyond

classification and regression, such as anomaly detection, learning concepts, causal discovery, and

disentangling factors of variation in our data. They allow us to learn from incomplete data, in an

unsupervised or semi-supervised fashion, in contrast to fully-observed discriminative models.

We next explain three different types of inference methods—Markov chain Monte Carlo

(MCMC) inference, variational inference (VI), and expectation propagation (EP)—and how each
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is suited for different problems. MCMC inference is based on constructing a Markov chain that

converges to the target distribution, typically, the posterior [Andrieu et al., 2003]. By simulating

the Markov chain, one can draw approximate samples from the posterior for Bayesian inference,

with time complexity that is of polynomial order in the dimension of the distribution, an advantage

over other inference methods. Despite having relatively well-understood theoretical properties,

the performance of MCMC is often tricky to characterize in practice, such as determining when

the chains have approximately converged to the target distribution. Variational inference (VI)

is another class of inference methods, which reframes inference as an optimization problem,

learning an approximation to the posterior by minimizing the KL-divergence between it and

the posterior [Jordan et al., 1999]. Relative to MCMC, the theoretical properties of VI are not

well understood. Despite this, it converges more quickly in practice than MCMC methods, and

scales to large data [Hoffman et al., 2013]. EP is a type of variational inference (in the broader

sense of the term) that reverses the direction of the KL-divergence and has the advantage of

naturally being suited for distributed learning.

We note that these three families of inference methods are not specific to Bayesian inference.

MCMC allows us to draw samples from an unnormalized distribution, not necessarily the

posterior. VI and EP are, likewise, general methods for matching a family of distributions to

a fixed one that is not necessarily the posterior. Consider the goal of estimating an arbitrary

expectation of a function under a target distribution. These inference methods can be used for

approximating this expectation as follows. Using MCMC, one can draw approximate samples

from the target and form a Monte Carlo (MC) estimate of the expectation. Using VI, the

expectation can be estimated using a so-called importance sampling (IS) estimate, evaluating

the function under samples from the variational approximation, weighting the terms according

to how well the density of the variational approximation matches the target. These inference

methods can thus be used for approximating probabilistic expectations, which is a more general

aim than that of calculating an expectation over the posterior distribution. Indeed, this is how

MCMC is applied in our work of Ch 4.

We also introduce modern and amortized VI, extensions of classical VI that operate on a much

broader class of models. Amortized inference is of special interest, and learns an approximation,

qφ(z | x), to the posterior known as an “inference network,” that, unlike classical VI, is explicitly

a function of the observed variables x, amortizing the cost of performing inference over inference

problems similar to those encountered during learning. We explain how they can be used to learn

to perform inference without making any conjugacy assumptions or performing model-specific
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derivations, and how they enable learning of deterministic parameters in the model. We explain

two central challenges to both: reducing the variance of the gradient estimates, and producing

flexible variational families, and how these can be tackled with NN techniques. For instance, in

the work of [Mnih and Gregor, 2014], a dense feedforward NN is used to learn how to regress

the observed datum to appropriately scale a control variate.

Concluding Ch 2, we delineate two facets of representation, factorization and parametrization,

focusing on the latter. We describe how to construct NN distribution parametrizations for

inclusion in either the model or the variational approximation, especially useful under amortized

VI schemes. These NN distribution parametrizations can be used for powerful representation

learning of the model variables. More broadly, they permit the whole suite of deep learning

architectures to be utilized, including special techniques like attention [Eslami et al., 2016] and

memory [Bornschein et al., 2017]. Our idealized NN distribution parametrization would satisfy

a number of properties. It would have sampling and scoring (calculation of its density or mass

function) with constant time complexity with respect to the dimension of the distribution. It

would also be a universal density estimator; in other words, there would exist a sequence of NN

density estimators within the family under consideration that converges in distribution to any

target distribution (that satisfies some additional technical constraints) with the specified domain.

It is difficult to satisfy all these properties simultaneously, however, and we describe various

techniques and the tradeoffs they make in this section. For instance, inverse autoregressive flow

(IAF) [Kingma et al., 2016] is a distribution parameterization with O(1) time complexity for

sampling, and O(D) time complexity for scoring arbitrary samples, where D is the dimension of

the distribution. Masked autoregressive flow (MAF) [Papamakarios et al., 2017], on the other

hand, a related method, has O(D) time complexity for sampling, and O(1) time complexity

for scoring arbitrary samples. Because of this, IAF is better suited for constructing inference

networks, whereas MAF is more appropriate for density estimation. It is unlikely that either is

a universal density estimator, motivating the development of more recent techniques.

Our development of amortized VI is continued in Ch 3, in which we present a novel algorithm

for designing the structure of inference networks in a principled fashion that is guaranteed to be

optimal in a technical sense [Webb et al., 2018a]. The fidelity with which the inference network

is able to represent the true posterior effects the bias and variance of inference amortization.

Moreover, an inadequate inference network has negative consequences for model learning as

well, restricting the complexity of the resulting model that is learnt. Unfortunately, the structure

of an inference network is typically formed in a heuristic fashion by inverting the edges of the
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generative model, and is not guaranteed to be a structure which the true posterior factorizes

over. If the true posterior does not factorize over the structure we have chosen for our inference

network, the latter cannot represent the true posterior, even in the limit of universal density

estimators over the individual factors. This motivates our algorithm, which takes as input the

graphical model structure of a generative model, and outputs a graphical model structure for the

posterior. The output is optimal in the sense that it does not mislead us about the conditional

independencies expressed by the input—we say that it is faithful to the posterior, or equivalently

that it is an I-map for the posterior [Koller and Friedman, 2009]. The output is also locally

optimal in the sense that, while it is not guaranteed to have the least edges out of all I-maps for

the posterior, the removal of a single edge makes it unfaithful to the posterior—it is a minimal

I-map. We demonstrate the utility of model learning and inference amortization on several models

with minimally faithful inference networks, comparing to heuristic and fully-connected variants.

Looking to the future, we believe our method will prove a crucial component of automated

universal inference in probabilistic programming languages.

The idea that inference is useful for analyzing the properties of discriminative NNs is

developed in Ch 4 and 5. One instance of this is found in applying Bayesian inference to

discriminative Bayesian NN models for reasoning about our uncertainty over the model’s

parameters (and thus, predictions) during and after learning. Consider the distributed learning

of neural networks, such as by asynchronous SGD (A-SGD) [Dean et al., 2012] and elastic

averaging SGD (EASGD) [Zhang et al., 2014]. In these methods, a worker node sends gradient

updates on the model parameters to the master node based on its knowledge of the progress of

the other workers. A form of uncertainty thus presents itself during learning due to the inevitably

out-of-date knowledge each worker has about the other workers—the so-called “stale gradient

problem.” In Ch 4, we present a novel distributed Bayesian learning framework to ameliorate

this deficiency [Hasenclever et al., 2016]. Rather than passing deterministic gradient updates, it

passes variational approximations between workers—i.e., the messages are distributions rather

than point estimates—and in this way is able to reconcile the uncertainty during learning. After

learning, it is able to capture the uncertainty over the model predictions using the same variational

approximation to the posterior over the model parameters. It is based on a modification of the

standard EP [Gelman et al., 2014] algorithm. While our framework is a general one for Bayesian

learning, it has a particular efficacy for learning Bayesian NNs, which we typically desire to

learn from big data. EP has the advantage over other forms of inference for this problem by

naturally being formulated for distributed learning.
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Another instance of inference being useful for analyzing NNs is developed in Ch 5. It has

been known for several years that NN classifiers can be tricked into misclassifying an input by the

addition of a small amount of carefully constructed noise [Szegedy et al., 2013]. More generally,

we would like our discriminative NN models to satisfy interpretable properties, e.g., the output

does not deviate too greatly from a reference function, or that it satisfies the laws of physics

within a given tolerance in the case of a control policy. The vulnerability of NNs to adversarial

inputs is a serious issue for NN classifiers deployed in applications like medical image analysis

and self-driving cars, where failure can result in financial loss or death. Towards this problem, we

develop a novel measure of neural network robustness, framing the problem as the estimation of

an expectation [Webb et al., 2018b]. We note that the event of failure is commonly a rare one, and

make a connection to the rare event estimation literature of statistical inference. We show how an

algorithm from this literature, adaptive multi-level splitting (AMLS) [Guyader et al., 2011], an

MCMC inference algorithm, is able to estimate our robustness metric with low bias and variance

on a variety of datasets and models. As a consequence of framing the problem as an inference

task, our method scales more favourably than traditional purely optimization-based approaches,

scaling linearly in the cost of the forward operation of the NN classifier. Also, by basing our

method on MCMC based inference rather than VI, we are able to reliably calculate our metric for

problems with high-dimensional inputs, which is common in image classification models. This

work illustrates how inference methods apply to more general problems than Bayesian inference.

In Ch 6, we conclude with some thoughts on the application of the ideas in this thesis to

future work. We sketch out how our novel robustness metric for NNs can be extended to scale

to larger models and input-dimensionality, and how one can measure the “total NN robustness”

for adversarial properties (in contrast to the per-datum robustness). We also suggest a method

for robust training motivated by our work based on generating counter-examples by sampling

methods, another connection of inference methods to neural networks. Finally, we elaborate

on our suggestion that the NaMI algorithm of Ch 3 can be used to automate the design of

inference networks in deep probabilistic programming language (PPLs). Recently developed

deep PPLs like Pyro [Bingham et al., 2018] and Edward [Tran et al., 2016] combine deep learning

frameworks like PyTorch and TensorFlow with simple abstractions for probabilistic modeling

and inference, typically with a focus on amortized VI. Unfortunately, to perform VI in these

conceptions of probabilistic programming the user is required to be particularly knowledgable in

the details of VI, designing the inference network by hand based on heuristics and past experience.

It would be desirable if the construction of the inference network could be automated. This
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is one big hurdle in producing automated universal inference, which can effectively operate

on any latent variable probabilistic model without the intervention of a user in the details of

how inference is applied. We believe our NaMI algorithm can be used, together with recent

developments in NN distribution representation, amortized VI, and the “poutine” abstraction

mechanisms of Pyro, to automate the design of inference networks, improving upon existing

schemes and advancing the goals of probabilistic programming.

1.2 Publications
The work presented in this thesis has been published, or has been accepted for publication

at the following venues:

• Chapter 3: Webb, Stefan, Golinski, Adam, Zinkov, Robert, Narayanaswamy, Siddharth,

Rainforth, Tom, Teh, Yee Whye, and Wood, Frank. Faithful Inversion of Generative

Models for Effective Amortized Inference. In Proceedings of the 32nd Conference on

Neural Information Processing Systems (NeurIPS 2018), Montreal, Canada.

• Chapter 4: Hasenclever, Leonard, Webb, Stefan, Lienart, Thibaut, Vollmer, Sebastian,

Lakshminarayanan, Balaji, Blundell, Charles, Tom, and Teh, Yee Whye. Distributed

Bayesian Learning with Stochastic Natural Gradient Expectation Propagation and the

Posterior Server. Journal of Machine Learning Research 18 (2017) 1-37.

• Chapter 5: Webb, Stefan, Rainforth, Tom, Teh, Yee Whye, and Pawan Kumar, M. A

Statistical Approach to Assessing Neural Network Robustness. To appear in Proceedings

of the Seventh International Conference on Learning Representations (ICLR2019), New

Orleans.

This thesis is presented as an integrated thesis, in which my publications are included in their

camera-ready form, that is, as they appear in the proceedings from their publication venues.

Following each publication chapter is a signed statement of authorship detailing my contributions.
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2
Literature review

In this chapter, we give a high-level overview of probabilistic modeling, Bayesian inference,

and NN distribution representation. We first describe discriminative and generative models, and

why latent-variable generative models are of special interest in probabilistic machine learning.

We then explain the three different types of inference methods used in our work—Markov

chain Monte Carlo, amortized variational inference (VI), and expectation propagation (EP)—

how each uses or is applied to NNs, and why they are well-suited for the applications given

here. We finally discuss NN distribution representations, especially as they relate to amortized

VI, drawing a distinction between factorization and parametrization, and giving a summary of

methods used for constructing such representations.

2.1 Probabilistic modeling
Let us begin with a useful taxonomy of probabilistic models to provide a context for how NNs

are useful for inference and vice versa. Define by y the variables of interest to be predicted,

and by x data that are (hopefully) informative about the outputs. For instance, y may be a

vector of attributes relating to a real estate property such as postcode, number of bedrooms,

number of bathrooms, etc., and x may be the property market value. Or, x may be the pixel

values of an image containing a single object, and y a label describing the identity of the object

in the image. Define by z a variable with similar meaning to y, with the convention that z

is typically a latent (unobserved) variable, whereas y typically denotes one that is observed.

Probabilistic models can be roughly divided into two branches depending on whether the goal

is to match a joint or a conditional distribution.

2.1.1 Discriminative models

In the discriminative modeling paradigm, the statistician assumes a conditional distribution,

pφ(y | x), known as the discriminative model, relating the likelihood of observing the output given

the value of the data and the parameters, φ. In this paradigm, both y and x are observed, and the

model typically fit by the method of maximum likelihood: given a dataset D = {yn,xn}Nn=1, find

φ∗ = argmaxφ∈ΦE(y,x)∼pD [ln (pφ (y | x))] . (2.1)
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where pD denotes the empirical data distribution. This is equivalent to minimizing the KL-

divergence between the empirical distribution and model,

φ∗ = argminφ∈ΦKL{pD(y,x) ‖ pφ(y | x)pD(x)}.

This type of learning is known as supervised learning, since both the inputs and outputs are

observed. Discriminative models are typically understood through a frequentist statistical lens,

viewing the parameters as fixed and the data as random.

Traditional deep learning models [Goodfellow et al., 2016] assume that the parameters φ of

the discriminative distribution are the output of a neural network (NN) inputting the features,

φ = fθ(x), with its own parameters θ, learnt by stochastic gradient ascent on (2.1).

2.1.2 Generative models

In the generative modeling paradigm, on the other hand, the statistician assumes a joint distribu-

tion, pφ(x) or pφ(x, z), known as the generative model, that directly models the observed

data, x, and, optionally, features z.

Generative models of the form pφ(x) are often referred to as autoregressive generative models,

since the distribution is commonly represented by the chain rule as,

pφ(x) =
N∏
n=1

pφ(xn | x≺n),

where x≺n , {x1, . . . , xn−1}, although we note that any factorization suffices. For this reason,

we will refer to them as fully-observed generative models. A representative example is PixelRNN

[van den Oord et al., 2016c], which represents a joint distribution over the pixels of an image

parametrizing the φ of each factor using the output of a cleverly constructed RNN.

For fully-observed generative models, the objective is typically to learn pφ(x) from the

data by the method of maximum likelihood, which we again can interpret as minimizing a

KL-divergence. This is a form of supervised learning.

Generative models of the form pφ(x, z) are referred to as latent variable generative models,

and it is assumed that the latent variables, z, in some way capture the dynamics of the process

giving rise to x. Latent variable generative models include both traditional statistical models

like latent dirichlet allocation [Blei et al., 2003] and discrete Bayesian networks [Koller and

Friedman, 2009], as well as modern “deep” generative models like the variational autoencoder

[Kingma and Welling, 2014] and attend-infer-repeat [Eslami et al., 2016].

Latent variable generative models are most conveniently understood through a Bayesian

statistical lens, where the data x is fixed, and the statistical parameters, z, are random, and
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must be inferred through the process of inference. The objective is typically to approximate the

posterior, p(z | x), either through approximate samples, or an approximation, qψ(z) or qψ(z | x).

The model can also be learnt by maximizing (indirectly) the marginal log-likelihood, pφ(x), when

amortized VI is used. Typically x is observed and z latent, or unobserved, leading to unsupervised

learning, although it is also possible to make z partially-observed for semi-supervised learning

[Kingma et al., 2014; Siddharth et al., 2017], or fully-observed for supervised learning.

Latent variable models that condition on an observed context, y, with conditional distribution

p(x, z | y) are also considered to be generative models, provided that part of z is latent,

and the distribution is defined in a way that z gives rise to x. We refer to these models as

conditional generative models.

2.1.3 Implicit models

We further divide generative models into those that are “explicit" (or “prescribed”) versus those

that are “implicit” [Mohamed and Lakshminarayanan, 2016]. The models of the previous section

are said to be explicit, since we directly model an exact functional form for the likelihood, or

scoring process, pθ(x). In an implicit generative model, on the other hand, we directly model the

sampling process for x, and this only indirectly defines pθ(x) (which is typically intractable).

One well known implicit generative model is the generative adversarial network (GAN)

[Goodfellow et al., 2014a]. In its simplest incarnation, it models the sampling process of an image

datum, x, as follows: first sample z ∼ N(0, ID×D) for someD � N from a standard multivariate

normal, then calculate x = fθ(z), where fθ is a shallow densely-connected feedforward NN.

The learning objective of implicit generative modeling is to match the assumed sampling

process of the model to that of the empirical data distribution. In the simplest case, this can

be interpreted as minimizing the Jensen–Shannon divergence between the data distribution and

the model (see [Goodfellow et al., 2014a, Theorem 1]),

θ∗ = argminθ∈ΘJSD{pD(x) ‖ pθ(x)} (2.2)

where

JSD{p ‖ q} , 1
2KL

{
p

∥∥∥∥∥ p+ q

2

}
+ 1

2KL
{
q

∥∥∥∥∥ p+ q

2

}
.

It is not possible to directly optimize (2.2), as it depends on the implicit and intractable density,

pθ(x). Instead, a discriminator function is introduced whose purpose is to estimate the intractable

likelihood ratio terms required by (2.2).
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Implicit models may be necessary for situations where it is only feasible to simulate the

sampling process of the data, such as in stochastic simulators for scientific modeling [van de

Meent et al., 2018]. Nonetheless, there is theoretical and empirical evidence that implicit models

such as GANs learn distributions with low-dimensional support [Arora et al., 2017; Arora and

Zhang, 2017], and thus presumably are limited in their capability to generalize beyond the

observed data. We do not consider implicit models further in this thesis.

Let us make clear the distinction between model, objective, algorithm, and framework, as we

define them, which is also relevant to our later discussion of variational autoencoders (VAEs). We

define the GAN model as, e.g., the sampling process described above. Alternatives exist, such as

using a convolutional architecture [Radford et al., 2015] or an invertible neural network [Grover

et al., 2018]. By the objective, we mean the divergence metric or other measure used to match

the sampling process to the data distribution, such as the Jenson–Shannon divergence described

above. Again, there are other possibilities that can be used independently of the model, such as the

Wasserstein distance [Arjovsky et al., 2017]. By algorithm, we mean the optimization problem

and method of optimization to optimize the objective. For instance, for GANs this typically

involves SGD with adaptive stepsizes [Kingma and Ba, 2014] on two separate optimization

problems involving a discriminator function that determines how well the sampling process is

able to match the data distribution. By framework, we mean the combination of these three

elements. When we simply refer to GAN or VAE, we will take that to mean the GAN or VAE

model, and not the whole framework. It is common in the literature to conflate the term GAN

with the complete framework. However, we believe it is important to at least distinguish the

model from the learning or inferential procedure—many models can be used with many separate

learning procedures, both of which are developed in parallel in the literature.

2.1.4 Discussion

Discriminative models have lower asymptotic error than generative models for regression and

classification tasks, presumably because they do not require any assumption on the structure of

p(x). Indeed, deep NN discriminative models, parametrized by flexible NN function approx-

imators and learnt from big data have produced state-of-the-art results in classification tasks

[Krizhevsky et al., 2012; Hinton et al., 2012]. Generative models, however, often approach their

higher asymptotic error faster [Ng and Jordan, 2002] and are to be preferred in low-data regimes.

Moreover, generative models can solve a number of AI tasks requiring a deeper level of

“intelligence” than the regression and classification afforded by discriminative models. Most
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obviously, generative models can sample new data points. This is more than a curiosity and has

been used for practical application such as supersampling of images [Ledig et al., 2017]. Latent

variable generative models are particularly useful and can be applied to tasks beyond simply

associating inputs to outputs [Mohamed and Rezende, 2017] such as,

• recognizing the identity and location of objects [Eslami et al., 2016]

• predicting future states of the world [Kosiorek et al., 2018]

• disentangling the factors of variation giving rise to our observations [Siddharth et al., 2017]

• forming concepts in an unsupervised manner that are useful for reasoning and decision

making [Lake et al., 2015]

• generating plans for the future [Igl et al., 2018]

• causal modeling and discovery [Louizos et al., 2017]

When the conditional distributions comprising a generative model are parametrized by NNs,

the models are termed deep generative models. This poses a challenge for model learning, as

we cannot analytically marginalize out the latent variables to produce the marginal, pφ(x). In

the following section we will see how model learning can be performed using the amortized

VI paradigm. Amortized VI also makes use of NNs for inference.

Discriminative models do not provide any mechanism to express our uncertainty over the

predictions. However, we can do so by reinterpreting the model weights as random variables.

Suppose we have a discriminative classifier, p(y | x;φ). By placing a prior on the parameters,

p(φ), we can transform the discriminative model into one that is conditionally generative, p(y, φ |

x) = p(y | x, φ)p(φ). Instead of learning the parameters by, e.g., stochastic gradient descent,

the problem is transformed to one of inference. As to be explained, one can draw approximate

samples, {φm}Mm=1, from the posterior, p(φ | x,y), by an MCMC method, and use those samples

to produce M different distributions, p(y | x, φm) characterizing our uncertainty over the

prediction distribution. Alternatively, by classical VI or EP, one can learn an approximation, qψ(φ),

to the posterior, and use this to similarly characterize the uncertainty over prediction distributions.

When the model is parametrized by a NN, this bridge from discriminative to generative models

is known as a Bayesian NN, and will be used in Ch 4 for distributed learning of NNs.

In order to exploit the low asymptotic error of discriminative models, we may wish to train a

model on more data than fits on a single machine. In these situations, we require learning systems
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that can distribute and coordinate the work of learning across several machines. In one such setup,

the model is replicated across W worker nodes, each of which receives a (possibly overlapping)

portion of the data, and a master node. In the asynchronous SGD (A-SGD) [Dean et al., 2012]

algorithm, each worker node requests the most recent parameters from the master, and after

receiving this performs a gradient update on a minibatch from its portion of the data, sending

back the resulting update to the parameters to the master node. While a worker is computing the

gradient with respect to the current minibatch, other workers have potentially interacted with

the master to update the current parameters, and thus the worker in question is working with

out-of-date information. On average, each worker’s update will be W − 1 steps behind. This is

known as the stale-gradient problem. Again, this is a problem that can be addressed by Bayesian

inference. We develop in Ch 4, a distributed Bayesian learning framework that lessens the severity

of the stale-gradient problem. From a high-level, it does this by exchanging distributions over the

parameters from the workers to the master, rather than simple gradient updates.

Thus, NNs are important components of both discriminative and generative models. They

are powerful function approximators that are able to learn hierarchical, distributed, and often

sparse, representations of their inputs [Bengio, 2009]. Deep NN discriminative models are

the state-of-the-art in many classification and regression tasks. NNs are useful not just for

modeling, but also for inference, as we will describe in the next two sections. Latent variable

generative models require inference, and a scalable, generic inference framework known as

amortized VI makes use of NNs for this purpose. We will also describe how inference can

be useful for analyzing discriminative NN models.

2.2 Bayesian inference
We have discussed how latent variable generative models are of particular interest for probabilistic

machine learning in that they enable the solution of many tasks beyond associating inputs and

outputs. The inclusion of latent variables, however, necessitates inferential procedures for

recovering their likely value. In this section, we describe two main families of approximate

inference algorithms, and their relationship to our work.

Recall that a latent variable generative model supposes latent (unobserved) random variables,

z, that give rise to observed random variables, x, through a generative process, p(x, z). The prior,

p(z), reflects our beliefs about the uncertainty in z before having made any observations. After
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having observed x, our beliefs can be updated to reflect this knowledge using Bayes’ rule,

p(z | x) = p(z)p(x | z)
p(x) ,

calculating what is called the posterior distribution. In Bayesian statistics, the posterior is

considered to contain complete information about the unknown quantities z given knowl-

edge of our observations, and is used to calculate any quantity of interest, f(·), about the

latent generative process via

Ez∼p(z|x) [f(z)] =
∫
f(z)p(z | x)dz, (2.3)

which is known as performing inference on the model.

We speak of the generative model as a forward process. Typically it factors as p(z)p(x | z),

and so can be sampled from by ancestral sampling by first sampling z, and then sampling x given

z. The calculation of the posterior is then, in a sense, the inverse process. We are given x and

want to invert the model so that we can, e.g., sample from z given x.

One central challenge of Bayesian statistics is to perform this inversion process in order to

effect inference. The inversion itself is considered synonymous with the term inference. Given

that the numerator is specified by the model, the difficulty is in calculating the denominator,

p(x) =
∫
p(z)p(x | z)dz,

known as the evidence. This integration can only be done analytically—known as performing

exact inference—for simple models, such as those for which p(z | x) is in the same distribution

family as p(z). We must be content with approximations in most interesting situations.

We now describe two families of approximate inference procedures, Markov chain Monte

Carlo (MCMC) and variational inference (VI) that will be used in subsequent chapters. MCMC

is a family of methods that treats inference as a sampling problem, and lets us draw approximate

samples from the posterior to directly approximate (2.3). VI is another family of approximate

inference methods that treats inference as an optimization problem, and learns an approximation

to the posterior, which can be used to approximate (2.3) by, e.g., importance sampling.

2.2.1 MCMC
MCMC [Andrieu et al., 2003; Koller and Friedman, 2009, Ch 12.3] is a framework for generating

approximate samples from a (potentially unnormalized) target distribution when we cannot do so

directly. When used for Bayesian inference, the target distribution is the unnormalized posterior.

MCMC involves constructing an iterative process, a so-called Markov chain, that samples from

distributions that become closer and closer to the target as the process proceeds. Formally,
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Definition 2.1. A (discrete-time) Markov chain is a stochastic process satisfying the Markov

property. That is, it is a countably infinite collection of random variables,

M = {x0, x1, x2, . . .}

where x0 ∼ p(0)(·) is drawn from an initial state distribution, the variables belong to the

same space, xt ∈ X , and the dynamics of the process satisfy the Markovian transition model,

g(xt | x≺xt) = g(xt | xt−1), for t ≥ 1.

To generate a (truncated) Markov chain trajectory, we first sample x0 ∼ p(0)(·). Then, we

iterate the process by sampling x1 | x0 ∼ g(· | x0). This procedure is repeated T times, sampling

xt ∼ g(· | xt−1), to produce the trajectory, M̂ = {x0, x1, . . . , xT}.

Denote the distribution of xt as p(t)(·). From the chain dynamics, this distribution is

defined recursively as,

p(t)(x′) =
∫
X
p(t−1)(x)g(x′ | x)dx.

Assuming the process converges, one would expect

p(t)(x′) ≈ p(t+1)(x′)

=
∫
X
p(t)(x)g(x′ | x)dx

with, intuitively, equality holding in the limit t → ∞. This equilibrium is known as the

stationary distribution,

Definition 2.2. A distribution, π(·), is a stationary distribution for a Markov chain with transition

g if it satisfies,

π(x′) =
∫
X
π(x)g(x′ | x)dx,

for all x′ ∈ X .

If we can construct a Markov chain that converges to a stationary distribution, π(·), that

is equal to the desired target, then approximate samples can be drawn from the target by

simulating the Markov chain trajectory. In the context of Bayesian inference, the trajectory can

be simulated to sample {zn}Nn=1 correlated samples that are approximately distributed according

to the posterior, which can then be used to estimate (2.3) by naive Monte Carlo (MC),

Ez∼p(z|x) [f(z)] ≈
N∑
n=1

f(zn).
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In general, however, there is no guarantee that a stationary distribution exists for a Markov chain,

that is, that the chain converges, and even if it does, that the stationary distribution is unique. In the

case of the latter, the stationary distribution reached depends upon the starting distribution, p(0)(·).

Fortunately, some (rather technical) sufficient conditions are known for providing the existence

of a unique stationary distribution. In the case of when X is a finite-space, a Markov chain

converges to a unique stationary distribution if it is irreducible and aperiodic [Andrieu et al.,

2003]. From a high level, the property of irreducibility means that any state is reachable from

any other state at all times, and the property of aperiodicity means that the chain does not

get trapped in cycles. Analogous technical conditions can be defined when X is a continuous

space [Stachurski, 2009, Theorem 8.2.14].

How can we construct Markov chains such that the target is the unique stationary distribution?

One family of methods is based on constructing Markov transitions that are reversible,

Definition 2.3. A Markov chain with transition, g is reversible if there exists a unique distribution

π such that, for all x, x′ ∈ X ,

π(x)g(x′ | x) = π(x′)g(x | x′)

This equation is termed detailed balance.

It can be shown very simply that if the Markov chain with transition g is irreducible and

aperiodic (or the equivalent conditions for a continuous-space) and it satisfies detailed balance,

then π is the unique stationary distribution. Integrating both sides of the detailed balance we have,∫
X
π(x)g(x′ | x)dx =

∫
X
π(x′)g(x | x′)dx′

= π(x′),

and so by definition, π must be the stationary distribution. By satisfying the sufficient conditions,

the Markov chain converges to this unique distribution.

Metropolis–Hastings (MH) [Gilks et al., 1995] is one such MCMC algorithm based on this

idea. We will use it in Ch 4 to draw samples from the potentially rare event of failure in a neural

network. It works by breaking up the Markov transition,

g(x′ | x) = g′(x′ | x)A(x′, x) (2.4)

into a proposal, g′(x′ | x), and an accept-reject step with probability A(x′, x) to correct for the

discrepancy between the proposal and a valid transition.
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Substituting (2.4) into the detailed balance and rearranging,

A(x′, x)
A(x, x′) = π(x′)

π(x)
g′(x | x′)
g′(x′ | x) . (2.5)

Fixing the proposal, the acceptance probability can be defined as,

A(x′, x) = min
{

1, π(x′)
π(x)

g′(x | x′)
g′(x′ | x)

}
, (2.6)

to satisfy (2.5). So, to apply the MH algorithm, we decide upon a proposal, g′(x′ | x), and

simulate the trajectory as previously described, using (2.4) and (2.6). It can be shown that a wide

variety of proposals satisfy the technical conditions for the chain to have a unique stationary

distribution (the existence is guaranteed by detailed balance) [Andrieu et al., 2003].

An application of MH is given in Ch 5 [Webb et al., 2018b], where we apply it to perform

inference on NNs. Let us describe the context. We often desire that a discriminative NN model

satisfies a certain property. For instance, it could be that the network should not change its

classification in some neighbourhood of an input, or that the network tracks a reference function

with some degree of fidelity. In such scenarios, it is possible to quantify the property with a

function, s(·), for which the property of interest is violated if and only if s(x) ≥ 0 for x ∈ X

in some subset, X , of the input domain.

Given a distribution p(·) over X , we define a metric of how robust the NN is to the property

as the probability that the property is violated under this input model,

I[s, p] =
∫
X
1s(x)≥0p(x)dx. (2.7)

The problem is that the event of failure is typically a rare one, and we cannot reliably estimate

this integral using a naive MC estimate, drawing samples from p(x). We apply an algorithm

from the rare event estimation literature that breaks up the estimation of (2.7) into multiple

successive events that are not rare, conditioned on the previous one, and MH is used at each

step to sample from the event at that iteration. From a high level, multiple Markov chains

are simulated with MH, using a cascade of target distributions, progressively directing the

chains to the rare event of failure.

In passing, we note that, whilst it is beyond the scope of this thesis to give a detailed

survey of MCMC methods, there are a wealth beyond the simple example of MH. For instance,

Hamiltonian Monte Carlo (HMC) [Neal, 2011] is a type of MCMC method that uses Hamiltonian

mechanics to reduce the correlation between successive samples relative to MH. In practice, this

involves simulating Hamiltonian dynamics on an augmented space, using an accept-reject step

to compensate for the bias introduced by the numerical solution to the diffferential equation.
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By both using gradient information and making larger transitions in an augmented space, the

mixing time is lessened. We discuss this further in §6.2.1.

2.2.2 Classical variational inference

Another class of approaches known collectively as variational inference (VI) [Jordan et al., 1999;

Blei et al., 2016; Zhang et al., 2018], in its simplest form, supposes a family of distributions,

Q, over z and aims to find the member,

q∗VI(z; x) , argminq∈QKL {q(z)||p(z | x)} (2.8)

that is closest to the posterior in the KL-divergence sense. We refer to this formulation as classical

VI. Once found, q∗VI(z; x) can be sampled from to directly estimate (2.3) by naive MC, or else

combined with another MC approach such as importance sampling. In this way, the problem

of inference is transformed into a problem of optimization.

We use the notation q∗VI(z; x) to denote that the optimal member of the variational family is im-

plicitly a function of x through the optimization problem, despite that no q ∈ Q is a function of x.

It is not possible, however, to directly optimize (2.8). The KL-divergence requires the

calculation of the evidence, seen by expanding the divergence,

KL {q(z)||p(z | x)} = Ez∼q(z) [ln q(z)]− Ez∼q(z) [ln p(x, z)] + ln(p(x))

which, circularly, is the problem that we are trying to solve by (2.8)!

The solution is to optimize an alternative objective—clearly the log-evidence term, ln(p(x)),

is not a function of q and can be subtracted. Negating the resulting expression gives,

LELBo{q,x} , Eq [ln(p(x, z))]− Eq [ln(q(z))] ,

an expression known as the evidence lower bound (ELBo). Thus solving (2.8) is equivalent

to minimizing the negative ELBo,

q∗(z) , argminq∈Q − LELBo{q,x}. (2.9)

The ELBo can be given several useful interpretation. Firstly, interpreting the two terms in its

definition, we see that E [ln(p(x, z))] rewards joint configurations of (x, z) with high probability,

permitting x to be explained or reconstructed, whereas H(q) = −E [ln(q(z))] rewards q with

high entropy, i.e., being less informative, thus providing a regularizing effect.

A second interpretation of the ELBo is given by rewriting it as,

LELBo{q,x} = E [ln(p(x | z))]− KL {q(z)||p(z)} .
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The first term, E [ln(p(x | z))], is again a reconstruction term that rewards q that explain x well,

and the second term penalizes q that deviate from the prior, p(z), that is, that are as simple

as the prior, thus providing a regularizing effect.

The reason why the ELBo is called the evidence lower bound, is that it lower-bounds the log-

evidence,

ln (p (x)) = KL {q(z)||p(z | x)}+ LELBo

≥ LELBo,

noting that the KL-divergence is always nonnegative. This fact will prove useful in the next sec-

tion.

In classical variational inference, the simplest variational family, Q used is the mean-

field variational family,

q(z) ,
D∏
d=1

qd(zd),

assuming each latent variable zd is independent of the remainder.

One simple algorithm to solve (2.9) is coordinate ascent variational inference (CAVI) [Blei

et al., 2016]. It works by iteratively optimizing each qd in the mean-field family, holding the

others fixed. Consider the dth latent variable zd. The optimal qd(·) is,

q∗d(zd) ∝ exp
{
Eq−d [ln (p(zd | z−d,x))]

}
, (2.10)

where z−d , {z1, z2, . . . , zd−1, zd+1, . . . , zD}, q−d(z−d) , ∏
i 6=d qi(zi), and p(zd | z−d,x) is

known as the complete conditional. Applying this algorithm, we sample a d at random, update

zd using (2.10), and repeat until the ELBo has satisfied some termination criterion, such as that

its relative change is less than a small constant, δ.

A requirement of this method is that the optimal expression for q∗d(·) is calculable in closed-

form, for which it turns out is possible when the complete conditional belongs to the exponential

family. Other classical variational inference algorithms require similar assumptions of conjugacy

and often require lengthy model specific derivations to determine their update equations. This

is one motivation for amortized VI, to be explained in 2.2.5.

2.2.3 Expectation propagation

Expectation propagation [Minka, 2001; Opper and Winther, 2005; Gelman et al., 2014] is

a type of variational inference, in the broader sense of the term, that differs from classical
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VI (and amortized VI in its simplest form) by finding the member of the variational family

minimizing the reverse KL-divergence,

q∗EP , arg min
q∈Q

KL {p(z | x)||q(z)} (2.11)

rather than the forward KL-divergence of (2.8). In the method, it is assumed we have a factoriza-

tion,

p(z | x) ∝
K∏
k=1

fk(z)

and that the variational approximation factors as,

q(z) ∝
K∏
k=1

gk(z).

The terms, {fk} are known as the target pieces, and the terms {gk} the site approximations. It is

further assumed that the sites belong (up to normalization) to the same exponential family, for ex-

ample,

gk(z) ∝ h(z)g(νk) exp(νTk u(z))

for k = 1, 2, . . . , K.

The algorithm works as follows. We choose a site, gk, and form the so-called cavity distribu-

tion,

q−k(z) ∝ q(z)
gk(z) ,

which can be done by simply subtracting the natural parameters,

q−k(z) ∝ h(z)g(ν−k) exp(νT−ku(z)),

where ν−k = ν − νk. Then we form the tilted distribution as,

q\k(z) ∝ fk(z)q−k(z).

Effectively, in doing so, we have replaced the effect of the kth site approximation with the kth tar-

get piece.

Finally, we update the site, gk, so that, KL
{
q\k(z)||q(z)

}
is minimized. It turns out that when

q belongs to an exponential family, the solution to this is equivalent to,

Eq\k [u(z)] = Eq[u(z)],

that is, that the expected sufficient statistics match. This method depends on being able to

determine the sufficient statistics of q under the tilted distribution analytically, which depends in
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general on the form of {fk}. This procedure is then repeated for the other site approximations

until convergence is attained.

We note that despite minimizing the local divergences in the scope of each site, there is no

theoretical guarantee that the global divergence of (2.11) is minimized. However, EP has been

demonstrated to converge in practice on many problems.

EP can be thought of as a message passing algorithm, with each site approximation passing a

message to all other sites at each step. Indeed, loopy belief propagation [Koller and Friedman,

2009, Ch 11], a message passing algorithm on graphical models, is a specific case of EP. We note

that coordinate ascent VI can also be thought of as a message passing algorithm—the solution

for qd(·) can be thought of as the calculation of the message for “node d” given the current state

of information from the other D − 1 nodes. This message is then passed to the other nodes,

repeating the process synchronously or asynchronously.

In Ch 4, we give an application of an extension of the basic EP algorithm presented here to

distributed Bayesian learning. Our framework is particularly useful for learning Bayesian NNs.

NN discriminative models achieve state-of-the-art performance in many tasks when trained on

big data. However, special methods are required to train these models when the model parameters

and/or the dataset is too large to fit on a single machine. Our work focuses on the latter case,

and divides the data between a number of worker nodes, where there is a single target piece per

division of the data. Each worker then calculates its site update using a modification of EP that is

designed to be robust to lags in communication from the other workers. After convergence, we

can take the mean of the variational approximation as a point estimate of the parameters, and

use the variance of the same approximation to estimate our uncertainty in the outputs.

2.2.4 Modern variational inference

Classical VI suffers several shortcomings. Restrictive assumptions must be placed on the form

of the distributions in the model, usually conditions of conjugacy, and lengthy derivations are

often required to determine the closed-form update equations. In addition, classical VI does

not permit model learning other than by lifting the problem to be one of inference, and requires

optimization each time a new x is encountered. These considerations motivate the framework

of modern VI [Rezende et al., 2014; Kingma and Welling, 2014; Zhang et al., 2018].
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First, let us modify the problem setup. Assume without loss of generality that the model is

a function of deterministic parameters, φ, and that it decomposes as,

pφ(D, z) ,
N∏
n=1

p′φ(xn, z).

We modify the optimization problem accordingly to,

min
φ,ψ

Exn∈D
[
Ez∈qψ(·) [ln (qψ (z))− ln (pφ (xn, z))]

]
.

Modern VI, also known as Monte Carlo VI, optimizes this by gradient descent with respect

to θ = {ψ, φ}, estimating the gradients by the method of Monte Carlo. This poses two

problems. Firstly, how can we take the expectation over xn ∼ D given that the dataset

may be large? Secondly, how can we take the gradient with respect to θ, which involves

exchanging a derivative and an expectation?

The first problem can be solved by taking a stochastic gradient, that is, approximating the

expectation over the N data points by a minibatch of N ′ << N samples from D. We note that

stochastic gradients have been previously used in forms of classical VI [Hoffman et al., 2013].

Also, the minibatch size must be large for effective parameter updates in this simple setting when

the variational family is not directly a function of x. (The case of when the variational family is a

function of x is known as amortization and will be discussed in the sequel.) When the dataset

is on the order of 1000 samples or less, we can forego minibatching.

The second problem is more difficult, and will be dealt with using one of two tricks.

Score-function estimators. Ignoring for the moment the expectation over x, we want

to take the gradient of

L(x) ,
∫

(ln (pφ (x, z))− ln (qψ (z))) qψ(z)dz.

The gradient with respect to the model parameters is,

∇φL(x) =
∫
∇φ ln (pφ(x, z)) qψ(z)dz

= Ez∼q(·) [∇φ ln (pφ(x, z))] .

The gradient with respect to the inference network parameters is,

∇ψL(x) =
∫

(ln (pφ (x, z))∇ψqψ (z)−∇ψ (qψ(z) ln (qψ (z)))) dz

=
∫

(ln pφ (x, z)− ln (qψ (z)))∇ψqψ (z) dz

=
∫

(ln pφ (x, z)− ln (qψ (z))) qψ(z)∇ψ ln (qψ (z)) dz

= Ez∼qψ(·) [(ln (pφ (x, z))− ln (qψ (z)))∇ψ ln (qψ(z))] ,
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where we have used the fact that the expected score is zero, Ep[∇ ln p(x)] = 0, and the

so-called “log-derivative trick” that ∇p(x) = p(x)∇ ln(p(x)). Estimators for the inference

network gradient based on the log-derivative trick are known as score-function estimators

[Schulman et al., 2015].

Both gradients can be estimated by naive MC,

∇φL(x) ≈ 1
M

M∑
m=1
∇φ ln (pφ (x, zm))

∇ψL(x) ≈ 1
M

M∑
m=1

L̂m∇ψ ln (qψ (zm)) ,

where L̂m = ln (pφ(x, zm)) − ln (qψ(zm)) is known as the learning signal.

The estimate for the model gradient is unproblematic. However, the estimate of the inference

network gradient has high variance due to the high variability of the learning signal—is has

unbounded magnitude and will typically be large during the initial phase of learning when qψ(zm)

diverges greatly from pφ(x | zm. Indeed, it was originally surmised that score-function estimators

were infeasible for learning due to the high variance encountered.

Using the fact that the expected score is zero, a term, κ, that is not a function of the latent

variable (but may be a function of the input) known as a control variate can be subtracted from

the learning signal without effecting equality,

∇ψL(x) = Ez∼qψ(·)
[
(L̂− κ(x))∇ψ ln (qψ(z))

]
.

An effective control variate is highly correlated with the learning signal. One method uses a

feedforward NN that tracks the learning signal [Mnih and Gregor, 2014].

Other control variates have been devised. For instance, in the method of Mnih and Rezende

[2016], a so-called Monte Carlo objective,

LK(x) , E∏
k
qψ(·)

[
ln
(

1
K

K∑
k=1

pφ(x, zk)
qψ(zk)

)]
, (2.12)

is optimized. This multi-sample objective is provably a tighter bound on the log-evidence,

tightening as K → ∞ [Burda et al., 2016]. Repeating an analogous procedure to the single-

sample objective (see [Mnih and Rezende, 2016, Appendix D]),

∇φLK(x) ≈
K∑
k=1

w̃k∇φ ln(pφ(x, zk))

∇ψLK(x) ≈
K∑
k=1

(
L̂(z1:K)∇ψq(zk)− w̃k∇ψ ln (q(zk))

)
,
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where

w̃k ,
pφ(x, zk)/qψ(zk)∑K
k=1 pφ(x, zk)/qψ(zk)

is a normalized importance weighting term, and

L̂(z1:K) = ln
(

1
K

K∑
k=1

pφ(x, zk)
qψ(zk)

)
is analogous to the learning signal for the single-sample objective. Similary to the single-sample

case, the gradient estimate for φ poses no problem, being the convex combination of log-gradient

terms. However, the gradient estimate for ψ is expected to have high variance from two sources.

Firstly, and similarly to the single-sample case, the learning signal is unbounded in magnitude

and is expected to be large during the initial phase of learning when all samples from the proposal

explain the data poorly. Secondly, and differently from the single-sample case, the same learning

signal is applied to all samples from the proposal—consequently, the gradient for a sample that

scores highly under the model is not given any more weight than another sample that scores

poorly, within the set of K proposal samples. This is in contrast to the second term that assigns

credit to the gradients by multiplying by normalized importance weights.

Mnih and Rezende [2016] propose to remedy these two sources of variance by subtract-

ing a baseline based on previous estimates of L̂(z1:K), as well as subtracting a term from

the learning signal for each zk that is highly correlated with the learning signal but is only

a function of {zj}j 6=k.

For score-function estimators, control variates are essential to so reduce the variance on

the gradient estimates that model learning is feasible.

Pathwise estimators. Another technique for estimating the parameter gradients is based on

the following trick. Suppose that we can express our latent variable z in terms of a function,

fψ, and some random noise, ε, that is not a function of the parameters. That is, suppose

z = fψ(ε). For example, if z has a diagonal multivariate normal distribution, we could use

z = µψ(x) + σψ(x) ⊗ ε, where ε is i.i.d. standard Gaussian noise. Using this so-called

“reparametrization trick,” we can now conveniently exchange the order of differentiation and

expectation to estimate the inference parameters’ gradient,

∇ψL(x) = ∇ψEp(ε) [ln qψ(z(ε))− ln pφ(x, z(ε))]

= Ep(ε) [∇ψ (ln qψ(z(ε))− ln pφ(x, z(ε)))]

≈ 1
M

M∑
m=1
∇ψ (ln qψ(z(εm))− ln pφ(x, z(εm))) .
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The estimator for the gradient with respect to φ is the same as for score-function estimators.

Reparametrization gradients exist for a variety of continuous distributions [Figurnov et al., 2018],

including relaxations of discrete-valued ones [Maddison et al., 2017b; Jang et al., 2017]. They

are easily formed for normalizing flows, to be discussed in the next section. Truely discrete

distributions, however, require score-function estimates at present, due to the requirement that

we must be able to differentiate through the log-density with respect to its input. Although there

does not exist a proof, it is commonly held wisdom that pathwise estimators have significantly

lower variance than score-function ones (using control variates) in practice [Ruiz et al., 2016].

Modern VI thus enables scalable inference with the use of stochastic gradients, and generic

inference by the use of Monte Carlo gradient estimates, only requiring sampling, the calculation

of certain gradient terms (which can be performed by automatic differentiation in a modern deep

learning software framework), and techniques for reducing the variance of the MC gradients.

As a side-product, we get model learning “for free.” NNs can be used in both the model and

the variational family, although this is atypical in the basic setup where the variational family

only implicitly conditions on the data.

Although not widely used in practice, alternatives to the KL-divergence have been developed.

Take the example of Rényi’s α-divergence [Li and Turner, 2016], defined as

Dα {p||q} ,
1

α− 1 ln
∫
X
p(x)αq(x)1−αdx,

where α > 0, α 6= 1 for two distributions on X . This metric recovers the KL-divergence in the

limit as α→ 1 and a function of the Hellinger distance for α = 0.5, amongst others. Replacing

the KL-divergence in the derivation of the ELBo results in the new objective,

Lα , 1
α− 1 lnEqψ

(pφ(x, z)
qψ(z)

)1−α
 ,

which is optimized similarly to the ELBo. Interestingly, the procedure also works for α < 0,

in which case Lα is an upper bound on the model evidence.

Similar extensions to modern VI have been developed for the more general family of f -

divergences [Bamler et al., 2017], as well as the Wasserstein distance [Ranganath et al., 2016;

Liu and Wang, 2016]. It remains an open question in which scenarios such measures should

be prefered to the KL-divergence.

In another line of research, the objective itself has been modified. In the importance

weighted autoencoder, the variational family is used as a proposal for an importance weighted

estimate of the marginal log-likelihood. This is the Monte Carlo objective of (2.12), albeit used
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with a pathwise rather than a score-function estimator. In the filtering variational objective

[Maddison et al., 2017a; Le et al., 2018; Naesseth et al., 2018], the variational family is used as

a proposal for sequential Monte Carlo, the algorithm in a sense being “differentiated through.”

Such methods have the advantage of providing a different bias/variance tradeoff for the model

parameter gradient estimates, compensating for some of the lack of expressivity in the variational

family under consideration.

2.2.5 Amortized variational inference

In some circumstances, we require to solve a large number of related inference problems,

or require to solve, at a later time, additional inference problems similar to the one at hand.

For instance, consider the VAE model,

pφ(D, z) =
D∏
d=1

pφ(xd | zd)p(zd),

where D is typically a dataset of images, and pφ is a decoder that reconstructs a distribution

over the image xd given a latent code, or encoding, zd. Notice that each latent zd is local to

each datum xd, and that the inference problems are connected through the shared weights φ.

From a graphical model perspective, the {xd, zd} exist on a plate, and φ is a global variable

outside the plate. We ought to share the statistical strength across similar data while learning

φ, in the process solving a number of related inference problems.

Amortized inference [Dayan et al., 1995; Rezende et al., 2014; Kingma and Welling, 2014]

extends modern VI for this purpose by making the variational family explicitly a function

of the data, forming what is known as an inference network. In the case of the VAE, the

inference network takes the form,

qψ(z | D) =
D∏
d=1

qψ(zd | xd).

Plugging this definition into, e.g., the ELBo, and performing learning as per modern VI allows

us to simultaneously solve the related inference problems for each datum whilst performing

model learning on the global parameters. After learning, we can approximate the posterior,

pφ(z′|x′,D), for a datum x′ not seen during learning but similar to the dataset with the in-

ference network, qψ(z′|x′).

NNs are not typically used with non-amortized modern VI (althought they are not precluded

from doing so). In contrast, NNs are widely used with amortized VI, both for constructing

the required inference network approximating the posterior—which must necessary model the

complex relationship between the variable that is conditioned on and the distribution of the latent
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variables—and for modeling. Modern amortized VI has opened up a new class of models known

as deep generative models including the VAE and others [Gregor et al., 2015; Eslami et al., 2016;

Bornschein et al., 2017] that make use of deep-learning innovations for discriminative modeling.

The performance of both inference amortization and model learning depends on how closely

our inference network can approximate the true posterior for the current model parameters,

φ. Clearly this is true for inference amortization: the quality of inference amortization can be

measured by KL {q(z | x)||p(z | x)}. With regards to model learning, we see from the relation

ln(p(x)) = KL {q(z | x)||p(z | x)}+LELBo(x) that the gradient update to the model parameters

will be more in the direction of the true marginal log-likelihood the smaller is the gap between

the inference network and true posterior. If the inference network is poorly constructed so this

gap can never be sufficiently small, the model learning will be biased. In the next section and

the following chapter, we discuss two aspects of suitably designing inference networks. Both

the factorization of the distribution of q and the individual distributions for each factor must be

appropriately chosen for amortized VI to work well in practice.

Amortized inference can also be motivated from a cognitive perspective [Gershman and

Goodman, 2014]. The human brain appears to be able to cache and compose the results of

previous inferences to answer new queries. It can be demonstrated from simple experiments that

the answer to a query can be predicted from a person’s answer to a simpler query if that simpler

query occured first and requires a subinference of the more complex one. Amortization expresses

the experimentally observable interaction between inference and memory.

At a high level, amortization is conceptually different from distillation [Hinton et al., 2015].

Distillation involves the compression of the “knowledge” in an ensemble of models trained by

supervised learning on the same task. The motivation is typically to speed up inference on the

deployed model without degrading performance. In contrast, in amortization, the knowledge

is “distilled” across multiple tasks for a single model.

2.2.6 Discussion

In this section, we have introduced the three inference methods used in the following three paper

chapters. Here, we discuss the relative merits and disadvantages of each.

In Ch 3, we present an algorithm for designing better inference networks in order to improve

both inference amortization and model learning. Amortized VI is a general purpose and scalable

inference method. It has the advantage over classical VI and EP of not requiring model-specific

derivations, and the advantage over MCMC of faster convergence in practice. Moreover, the
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inference amortization can be used to perform model learning of deterministic parameters,

which allows us to incorporate powerful NNs into the model—take the example of the VAE,

which uses a NN to learn a compact distributed representation from its high-dimensional image

observations. Amortized VI requires flexible NN density estimators to be effective, which

we outline in the next section.

EP is well suited for the distributed Bayesian learning framework of Ch 4 for a number

of reasons. The reverse direction of the KL-divergence of the EP objective in (2.11), means

that the mismatch between p(z|x) and q(z) is not penalized when q(z) = 0. The consequence

of this is that when q is a simple parametric form such as a multivariate normal distribution,

it will tend to fit one of the modes of p(z|x). In contrast, the forward KL-divergence of the

classical VI objective in (2.8) penalizes mismatch from p for all p(z|x) > 0. This tends to lead to

solutions that are “mass covering” and overdispersed, with a mode between the true modes of p,

if p is multimodal. Consider our application of learning Bayesian NNs. We learn a variational

approximation to the model parameters, and afterwards take the mean of this multivariate normal

variational approximation as our point estimate of the parameters. If this does not match a mode

of the posterior then the solution will be poor. This is one reason that EP is well-suited for this

application over classical VI. Also, the natural interpretation of the algorithm as one based on

message passing makes it well-suited for distributed learning. We note that MCMC has also

been used for learning of Bayesian NNs [Neal, 2012].

MCMC is well suited to the application of measuring NN robustness in Ch 5 because

the problem is often defined on a large dimensional input space and MCMC scales relatively

favourably in the input dimension. There is another family of methods for rare-event estimation

based on importance sampling known as the cross-entropy method [De Boer et al., 2005].

However, as we discovered, they do not scale in practice to the large input dimensions of NN

image classifier problems, which can be in the thousands. The method requires estimating a

proposal density for importance sampling at each level of event rareness, and suffers from the

curse of dimensionality. In contrast, adaptive multi-level splitting (AMLS) [Guyader et al., 2011],

which is based on MCMC inherits the favourable scaling of the MCMC technique chosen. For

instance, it is known that MH with a random walk proposal takes O(D2) computation time for

the Markov chain to reach a nearly independent point, where D is the input dimension [Neal,

2011]. On the other hand, our method also inherits the challenging aspects of MCMC, namely

that it is hard to assess convergence in the trajectory of a Markov chain and to construct a Markov

transition with quick convergence. Our strategy is simply to run the chains for a long burn-in
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time, although we do suggest in Ch 6 how one might construct a faster Markov transition, which

would be required for scaling the method to ImageNet size models.

We point out that the inference methods presented apply more broadly than to just Bayesian

inference. MCMC can be used to sample from an unnormalized density, not necessarily the

posterior. VI in its many forms can be used to match a density estimator to a target distribution,

which is not necessarily the posterior. The techniques can be used to estimate a probabilistic

expectation, which does not necessarily have to be over a posterior distribution. Indeed, this is

how inference is used in Ch 5, where the target distribution is defined by the region of failure

of the NN under the property to be verified.

On a historical note, many of the inference methods introduced in this chapter have their

genesis in the statistical physics literature. MCMC methods were originally introduced to sample

from models arising in statistical physics [Metropolis et al., 1953]. Also, variational inference

with the mean-field approach was introduced to model spin glasses, which are types of disordered

magnets [Opper and Saad, 2001]. Dayan et al. [1995] were the first to introduce the concept of the

inference network, or “recognition model” as they termed it. They draw a connection between the

alternative explanations a latent variable generative model makes of the data to the configurations

of a physical system, and connect learning to the principle of minimum energy. Their model, the

Helmholtz machine is learnt by the wake-sleep algorithm, which differs from algorithms such as

SGD on the ELBo in that it optimizes a separate objective for the model and inference network.

2.3 Neural distribution representation
Recall that one of the main criteria determining the performance of amortized VI is whether there

exists an inference network qψ(z | x) from the family ψ ∈ Ψ such that KL{qψ(z|x) ‖ pφ(z|x)} ≈

0 for each φ during optimization of the ELBo objective. NNs are useful for amortized VI in

that they can be used to represent flexible families of variational approximations in order that

this holds. NNs distribution representations are also useful for modeling, since they permit us

to learn distributed representations of our model variables, making use of the powerful function

approximation power of deep architectures.

In this section, we give an overview of the details of different techniques for constructing such

distribution representations from NNs. We begin with a discussion of two facets of representation

which are, roughly speaking, the dependency structure of the representation and the conditional

distribution of each variable. We then show how to construct univariate conditional distributions

with simple parametric forms, like the Gaussian or Bernoulli distribution, whose parameters
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are a complex nonlinear mapping of the parent variables. Next, we discuss how this method

can be extended to multivariate conditional distributions. Following this, we show how to

construct multimodal distributions from simple parametric forms, i.e. mixture models. And

finally, we describe a set of methods known as normalizing flow for producing a rich family

of representations from random noise and bijective transformations.

2.3.1 Factorization and parametrization

Denote the target distribution to be represented as p∗(x | y), where the input variables are x =

{x1, x2, . . . , xN} ∈ X , the variables being conditioned upon, y = {y1, y2, . . . , yM} ∈ Y , and it

may be the case that y = ∅. Both x and y may comprise continuous or discrete valued variables

(or a mixture), and we use the term distribution to encompass both densities and mass functions.

We denote our representations as belonging to a family of distributions, P = {pφ(x | y) | φ ∈ Φ},

with learnable parameters φ, hopefully containing a member close to p∗(x | y).

We draw a distinction between two facets of representation: factorization and parametrization.

Suppose our representation is of the form,

pφ(x | y) =
N∏
n=1

pφn(xn | PaG(xn),y) (2.13)

where PaG(xn) denotes the parents of xn in a directed acylic graph over x. “Factorization” refers

to the way that (2.13) is broken up into factors, {pφn}, and reflects the assumptions on the

structure in a distribution. On the other hand, “parametrization,” as we define it, refers to the

specification of the functional forms for each factor pφn .

In the case of (2.13), each factor, pφn , is a conditional distribution—such factorizations

are known as Bayesian networks (BNs) (more strictly, conditional Bayesian networks when

y 6= ∅). Another type of factorization,

pφ(x | y) = 1
Z(y)

N ′∏
n=1

ψn(xn,y) (2.14)

where xn is an arbitrary subset of x, expresses pφ as a product of N ′ unnormalized factors, ψn

(with N ′ 6= N in general) whose normalization constant is,

Z(y) =
∫
X

∏
n

ψn(xn,y)dx. (2.15)

This type of factorization is known as a conditional random field (CRF) when y 6= ∅ and a

Markov random field (MRF), otherwise.

The theory of probabilistic graphical models (PGMs) [Koller and Friedman, 2009] can

be used to associate a graph with these two types of factorizations, and from that read off
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conditional independence relationships that hold in any distribution factoring according to these

graphical structures. For instance, in a Bayesian network, (using the notation of (2.13)) we

can associate a directed acyclic graph with an edge xn ← z if and only if z ∈ x′n or z ∈ y.

The conditional independence relationships,

xn ⊥ NONDESCENDANTSG(xn) | PARENTSG(xn), n = 1, 2, . . . , N,

hold in any distribution factoring over the same BN structure, G. In fact, there are many

more conditional independence relationships one can read off the graph using the concept of

d-separation (see [Koller and Friedman, 2009] and [Webb et al., 2018a, A.1]). Conversely, any

distribution that satisfies these conditional independence relationships must factor according

to the BN structure. Thus, due to this equivalency, one can think of the graph as a compact

structure for representing the dependency structure of the distribution.

Importance of the factorization. Let us restrict our attention to BNs and consider the

importance of the factorization of our representation. If the factorization chosen for pφ implies

conditional independence relationships that do not hold in the target distribution, p∗, then it is

not possible that pφ(x|y) = p∗(x | y) for any choice of the factors, even when each factor is a

universal distribution estimator, i.e., is able to arbitrarily closely approximate any conditional

distribution over the domain of its inputs. This occurs, roughly speaking, when the graphical

structure is missing edges. In the context of amortized VI, if the factorization chosen for the

inference network, qψ(·|x), makes conditional assumptions that do not hold in the true posterior,

pφ(·|x), then it is likely that KL{qψ(z|x) ‖ pφ(z|x)} cannot be small, even holding φ fixed and

performing multiple SGD steps on the ELBo for ψ. We say that the inference network is faithful

to the posterior when its corresponding BN structure does not mislead us about the conditional

independence assumptions made by the posterior. An unfaithful inference network results in not

just poor inference amortization, but also poor model learning, as qψ(z|x) is used to estimate

the gradient of the ELBo for the model parameters, φ.

Thus, a poorly chosen structure for our inference network biases and increases the variance

of model learning and inference amortization. Existing practice is to design this structure

heuristically, typically from inverting the edges from the generative model. Unfortunately, this

does not in general produce a faithful structure. This motivates our development of the NaMI

algorithm in Ch 5 [Webb et al., 2018a], which inputs a BN graphical structure for the generative

model and outputs a provably faithful BN structure for the true posterior. The algorithm can be

trivially generalized to operate on MRFs and factor graphs. The output is not only faithful, but
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minimally faithful, in the sense that the removal of even a single edge from the output renders it

unfaithful to the posterior. We demonstrate experimental gains in model learning and inference

amortization by using a faithful over an unfaithful inverse, and, perhaps surprisingly, using a

minimally faithful over a non-minimally faithful inverse.

As an aside, let us mention the importance of the factorization for modeling. The factorization

chosen expresses the assumptions made on the relationships between the variables of the model.

We can use this to encode our prior knowledge of which variables directly effect which others,

this being often more clearly justified than any prior assumptions on the explicit functional

form of the relationships between variables.

Importance of the parametrization. Having considered the importance of the factorization,

let us now consider the importance of the parametrization. The first step in producing a flexible

family of representations for a target is to ensure the factorization is adequate. Nonetheless,

even with an adequate factorization, if each factor is restricted in its representational power

it is likely that there does not exist a φ ∈ Φ for which pφ(x|y) = p∗(x | y) approximately

holds. In the context of amortized VI, we note that having factors with simple parametric forms

like the Gaussian or Bernoulli distribution in the generative model does not imply that those

factors for the corresponding variables in the posterior are adequately approximated by the same

parametric forms. NNs, being powerful function approximators, are crucial for constructing the

flexible parametrizations required for effective amortized VI. Also, in both inference networks

and modeling, NNs can be used to learn lower-dimensional distributed representations of, e.g.,

perceptual inputs such as images and text. Operating at a higher level of abstraction, these learnt

embeddings are more effective for expressing the relationships between variables.

An ideal parametrization would have tractable scoring, that is, calculation of ln(pφ(x | y)),

as well as tractable sampling, in addition to both operations being numerically stable. Tractability

in this instance is taken to mean that the running cost of these operations is O(1) rather than,

say, O(N), and that the constant factor is not prohibitively large. Typically, O(N) complexity

is not considered intractable in computer science. However, in our context it is, since we are

often working at the limits of our computational resources. For example, consider training

a VAE model with the standard independent Gaussian inference network, which has O(1)

computational complexity for sampling. Suppose that training takes 12 hours. Compare this

to, for example, training with a fully-connected Gaussian inference network parametrized by

MADE, which has O(N) computation complexity for sampling. Controlling the architectures,
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the constant factor is roughly equal, so that training would take over a year if we assume

the dataset is MNIST, with N = 784!

An ideal parametrization would also be able to represent a wide class of distributions for

a given X and Y , that is, it would be a universal density estimator (in the case of continuous

variables). Let us define this concept more precisely. A universal density estimator is a family of

densities {pφ(·|y) | φ ∈ Φ} for which for every ε > 0 and multivariate continuously differentiable

CDF, F (x|y), there exists a member φ∗ ∈ Φ, such that |F (x|y)− Fpφ∗ (x|y)| < ε for all x ∈ X ,

y ∈ Y . The dimensionality of the particular φ∗ must clearly increase as ε decreases.

In practice, however, we must trade off between these objectives, as we now discuss. The

remainder of this section describes the technical details of several methods for constructing

NN density estimators.

2.3.2 Univariate factors

Let us consider a univariate target distribution, p∗(x). The simplest construction of a distribution

representation for this case, consists of a univariate parametric form with deterministic parameters.

For example, if X = R, one could use the normal density, pφ(x) = N (x | µ, σ), with learnable

parameters φ , (µ, σ). If X = {1, 2, . . . , D}, one could use a categorical distribution, pφ(x) =∏D
d=1 φ

1{x=d}
d , with

∑
d φd = 1 and 0 ≤ φd ≤ 1.

Sampling is trivial for common parametric univariate distributions, and is typically based

on either inverse transform sampling (e.g., the exponential distribution), a transformation from

another distribution with simpler sampling (e.g. the Box–Muller algorithm [Box, 1958] for

sampling from a bivariate normal distribution), of which inverse transform sampling is a specific

case, or rejection sampling with a cleverly constructed proposal (e.g., sampling from a Gamma

distribution by the method of Marsaglia and Tsang [2000]).

When there are variables, y 6= ∅, to condition on, this method can be extended with the use of

NNs. We first suppose a family of parametric forms for x and set φ = fθ(y) for a neural network

fθ. For example, for X = R, we could use pφ(x | y) = N (x | µθ(y), σθ(y)), where the neural

network outputs the parameters to the normal distribution, fθ(y) = (µθ(y), σθ(y)).

Sampling is no more difficult than the non-conditional case—one simply calculates the

parameters to the distribution using the neural network and the value of the conditioned variables

and then samples from the parametric form using the standard techniques.

As many neural networks are universal function approximators given sufficient capacity, this

allows a great flexibility in how the variables to condition on, y, influence the distribution of x.
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One should think of the networks as learning a representation of y, and should use deep learning

practice to guide their design. For instance, if y is an image, it seems sensible to use a standard

CNN architecture for image classification in regressing y onto φ.

Nonetheless, we are still greatly constraining the representational power by using a simple

form for x. In our running example of a normally distributed family, pφ(x | y) cannot be

heavy-tailed or multimodal, always having the simple bell-shape of a normal distribution.

More importantly, most interesting distributions are multivariate, N > 1, and we thus desire

representations for this case.

2.3.3 Autoregressive representations

In many deep generative models, there is a vector of latent variables z that are independent in the

prior, p(z) = ∏
m p(zm). This is the case in the VAE model. However, for the inference network

to be faithful, they must typically be completely dependent. Thus for effective amortized VI,

we require NN distribution representations for multivariate distributions.

Now let us consider representing a multivariate distribution over pφ(x | y) for N > 1.

By the chain rule of probability,

pφ(x | y) =
N∏
n=1

pφn(xn | x≺n,y), (2.16)

where x≺n , {x1, . . . , xn−1}.

One approach would be to apply the approach of §2.3.2 to each univariate factor, pn. This

would require N separate neural networks, fθn(x≺n,y), to compute the parameters for the

parametric form of each variable, xn. It would seem advantageous if we could somehow share

learning across these neural networks—from an optimization point of view, weight sharing

reduces the variance in the gradients during learning.

An autoregressive neural network is one such approach. It is defined as a neural network,

fθ(x,y), that outputs a vector φ = (φ1, φ2, . . . , φN), where the nth element of the output, φn,

only depends on the previous inputs, x≺n, and conditioned variables, y. The output of an

autoregressive network can be used as the parameters for N simple parametric factors.

We discuss several types of autoregressive neural networks in this section. They will also

be used in 2.3.5 to define invertible transformations of simple random variables in order to

produce richer distributions.

Masked autoencoder for density estimation. The masked autoencoder for density estima-

tion (MADE) [Germain et al., 2015] is a densely connected feedforward network that cleverly
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masks the weights of the network so that the nth output, fn, is a function only of the previous

inputs, x≺n. Let us make this more concrete.

Suppose our factors take scalar parameters, φn ∈ R, and consider a dense feedforward

network with a single hidden layer with H units,

h = f

(
U

(
y
x

)
+ b

)
φ = V h + c,

where U ∼ H × (N +M), b ∼ H , V ∼ N ×H , c ∼ N , and f is a non-linearity such as ReLU.

The idea of MADE is to multiply U and V elementwise by binary-valued masking matrices

B and C, respectively, such that the connections are pruned in exactly the right way to make

the network satisfy the autoregressive property,

h = f

(
(B ⊗ U)

(
y
x

)
+ b

)
φ = (C ⊗ V )h + c.

The construction of the masking matrices is as follows. Indices are associated with each element

of the input vector, the hidden units, and the output vector. The input vector, (y,x), is associated

with the “input indices,” m(x) , (0M , 1, 2, . . . , N)T . The hidden units, h, are associated with

the “hidden indices,” m(h), by producing a sequence of H linearly spaced numbers from 1 to

N and rounding to nearest integer. The outputs, φ, are associated with the “output indices,”

m(φ) , (1, 2, . . . , N)T .

We set,

Bij =

1, m
(x)
j < m

(h)
i

0, otherwise

Cij =

1, m
(h)
j ≤ m

(φ)
i

0, otherwise
.

Now, why does this construction satisfy the autoregressive property? It is helpful to imagine the

active connections tracing a path backwards from a given output, φk, to the inputs. The output φk

is connected to all hidden units with index less than or equal to k. The hidden units with index k

are connected to inputs with index k−1 or lower, the hidden units with index k−1 are connected

to inputs with index k−2 or lower, and so on. So in total, φk is connected to inputs with index k−1

or lower. But by construction, these are exactly (x≺k,y), and so the network is autoregressive.

This simple presentation is easily extended to the more general case. When there are multiple

parameters for each factor, e.g. φk ∈ R2, we can make the output of the autoregressive network
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a longer vector that is reshaped, modifying the masking matrix appropriately. Restrictions on

the valid range of φk can be enforced by applying an output activation function,

φ = g((C ⊗ V )h + c).

The feedforward network can be extended to have multiple hidden layers by introducing

additional masking matrices with the same construction, and it has been found advantageous to

introduce skip connections between the inputs and outputs [Paige and Wood, 2016], requiring

an additional masking matrix.

Sampling x now requires N passes of the network as follows. Note that φ1 only depends

on y. Thus a single pass through the network with any value for the x reveals φ1. Using this

we sample x1 ∼ pφ1(·). Next, another pass through the network with our sampled value for

x1 and any value for x2, . . . , xN reveals φ2. Using this we can sample x2 and so on until

the entire x has been sampled.

One trick to make this procedure easily implementable is to fix the random noise vector

used to sample x. For instance, if x = µ + σz, where φ = (µ, σ), and z ∼ N (0N ,1N), we

can use the same z at each iteration of the sampling procedure, and sample the entire x at

each step. The sample, x, should not change beyond N iterations, a simple sanity check that

the algorithm has been implemented correctly.

The MADE model is capable of representing fully-connected multivariate distributions where

each variable’s conditional distribution has a simple parametric form, sharing parameters between

the factors corresponding to each variable. However, it is limited by the simple form for each

factor and in that sampling is not a tractable operation, having complexity O(N). On the other

hand, the density can be calculated with a single forward pass of the NN, resulting inO(1) scoring.

Recurrent neural networks There are scenarios where we would like to model distributions

with varying dimensionality. For instance, one possible faithful inference network structure for a

hidden Markov model (HMM) structured generative model contains factors, qψ(zt | zt−1, x�t),

where x�t = {xt+1, xt+2, . . . , xT} (see Krishnan et al. [2017]). We would like to share the

weights of the inference network over time steps, t, and hence require a function that is function

of the variably lengthed {x�t}. Recurrent neural networks (RNNs) [Rumelhart et al., 1986;

Graves, 2012] are one such choice to design these types of inference networks.

A RNN is a NN that is designed to operate on a (possibly) variable-length sequence. In

our case, the sequence will be the elements of the input, {x1, x2, . . . , xN}. The RNN defines
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a hidden state, h(n) ∼ H for each position in the sequence, containing a representation of

the sequence seen thus far.

The hidden state is calculated as the output of a transition function,

h(n) = fθ(h(n−1), xn,y), n = 1, . . . , N − 1, (2.17)

that learns to update the current representation based on the one of the previous time-step, the

input at current time-step, and, in our case, the variables y that the distribution conditions upon.

The transition function is typically a shallow dense feedforward network, such as,

fθ(h(n−1), xn,y) , tanh
(
Uh(n−1) + V

(
xn
y

)
+ b

)
.

where θ = {U, V,b} are learnable parameters.

The hidden state, h(n) is directly a function of xn, and indirectly a function of x≺n via

h(n−1). Therefore, we can define the parameters,

φn , gθ(Wh(n−1) + c), n = 1, . . . , N,

and use φn to parametrize the factor pn of (2.16), safe in the knowledge that φn depends only on

(x≺n,y).

The initial hidden state, h(0) is typically set to zero or made a learnable parameter. In our

case, however, we require it to be a function of y and none of the input variables. For this

we could define an “initialization function,”

h(0) , tanh (V ′y + b) .

We thus see that the RNN accomplishes representation learning of variable-length sequences

by sharing weights across time-steps, and can be interpreted as an autoregressive NN that can

be used to represent joint distributions.

The simple RNN transition function of (2.17) suffers from the “vanishing gradient problem”

[Pascanu et al., 2013] for longer sequences, where the gradient signal diminishes to a degree that

learning long-term dependencies is infeasible. Gating RNNs such as the LSTM [Hochreiter and

Schmidhuber, 1997; Gers et al., 2000; Gers and Schmidhuber, 2000; Graves and Schmidhuber,

2005] and GRU [Cho et al., 2014; Chung et al., 2014, 2015] effectively solve this issue, and

are widely used in practice.

RNNs have been used to parametrize inference networks for sequential models where length

of the sequence is not fixed [Eslami et al., 2016; Krishnan et al., 2017]. This is their main
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advantage, working on variable-length sequences, as both sampling and scoring are operations

with undesirable O(N) complexity.

In recent developments, “recurrent” NNs making use of convolutional operators have been

developed [Bradbury et al., 2016; van den Oord et al., 2016a; Kalchbrenner et al., 2016; van den

Oord et al., 2016b] and shown to have comparable performance to standard RNNs while offering

improved parallelization (for scoring but not sampling).

2.3.4 Mixture models

Many modeling situations naturally call for representing multi-modal distributions. For instance,

a distribution over word embeddings would likely need to be multi-modal to represent our

uncertainty over the particular meaning of a word being used given its context. Mixture models

[Bishop, 1994] are a simple means of constructing multi-modal distributions from simpler ones.

Suppose a family of distributions, P = {pφ(x | y) | φ ∈ Φ}. A mixture model with K

components is a convex combination of distributions,

pφ(x | y) =
K∑
k=1

αkpφk(x | y)

where pφk ∈ P and the mixture weights,
∑K
k=1 αk = 1. This is clearly still a valid distribution—it

corresponds to the marginal of pφ(x, k | y) , pφk(x | y)p(k) over k.

To sample from a mixture model, we first sample a component index

k′ ∼ Categorical(α1, α2, . . . , αK)

with probabilities given by the mixture weights, then sample from the corresponding component,

pφk .

Whether sampling and scoring is tractable for the mixture model distribution in whole

depends on the tractability for each mixture component. In particular, if both are tractable for all

components then they are tractable for the mixture model. This can be used to construct more

complex distribution representations from any of the tools laid out in this chapter, preserving

their properties of tractability. For instance, Paige and Wood [2016] construct a multi-modal

proposal for importance sampling as a mixture of MADE networks.

A limitation of mixture models is that we must fix the maximum nodes in advance, which may

result in components being unused if K is too large for the data, or an inadequate fit if K is too

small. It would be preferable if our representation adapted its number of modes during learning.

Moreover, for a fixed K, the flexibility of a mixture model depends on the flexibility of each

component, pφk , which means the concept has not solved the central challenge of this chapter.
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2.3.5 Normalizing flows

So far we have described representations that use a simple parametric form for each factor

p(xn|x≺n,y), or a mixture of these. An arbitrary continuous distribution, however, can possess

a much more complex functional form, and we would indeed expect it to—even though the

model may be expressed with simple parametric forms, this does not entail that the true posterior

under a given factorization comprises the same parametric forms.

Normalizing flows provide one avenue to produce more complex representations. Often it is

convenient to represent the sampling process of some distribution as a transformation of a simpler

one [Tabak and Turner, 2013; Rezende and Mohamed, 2015]. For instance, if U ∼ Unif(0, 1),

then W = λ(− ln(U))1/k ∼Weibull(k, λ). To sample from W we simply sample u from U and

evaluate W with U = u. Normalizing flows extend this concept by making the transformation

a learnable function, gθ, typically over vector-valued random variables. Given a simple source

of randomness such as a draw Z ∼ N(0, I) from the standard multivariate normal distribution,

one samples from the more complex distribution x ∼ p(· | y) as x = gθ(z; y).

How does the density pX(x | y) relate to the density pZ(z)? When g is a bijective,

differentiable function in z, we can apply a multivariate change-of-variables,

pX(x | y) =
∣∣∣∣∣det

(
dz
dx

)∣∣∣∣∣ pZ(z)

=
∣∣∣∣∣det

(
dx
dz

)∣∣∣∣∣
−1

pZ(z),

where dz/dx denotes the Jacobian J with Jij , ∂gi/∂xj (and similarly for dx/dz), and the last

line follows by the inverse function theorem. In log-space this is,

ln(pX(x | y)) = ln(pZ(z))− ln
(∣∣∣∣∣det

(
dx
dz

)∣∣∣∣∣
)
.

Provided we can easily calculate the determinant of the Jacobian, the transformed variable

is easy to score. Research in normalizing flows aims to construct powerful bijective and

differentiable transforms for which this holds.

There are several strategies used for constructing bijections with tractable det(J). Firstly,

it is possible to calculate det(J) without explicitly using Laplace’s formula or performing an

expensive matrix decomposition in some restricted cases [Rezende and Mohamed, 2015; van den

Berg et al., 2018]. Another strategy is to construct volume-preserving bijections, for which

det(J) = ±1 [Dinh et al., 2014; Tomczak and Welling, 2016]. Yet another strategy is to construct

the transformation so that J is a triangular matrix and thus det(J) the product of the diagonal
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[Kingma et al., 2016; Papamakarios et al., 2017; Huang et al., 2018]. In recent work, the issue of

calculating det(J) is sidestepped by making the transformation and its inverse the (numerical)

solution to an ordinary differential equation [Chen et al., 2018].

Layers of normalizing flows can be cascaded to produce more powerful transformations.

Suppose we have L bijective continuous transforms applied in sequence,

zL = gθL ◦ gθL−1 ◦ · · · ◦ gθ1(z0)

where ◦ denotes function composition, z0 is the base noise, and zL = x the output. By applying

the change-of-variables recursively,

ln(pX(x | y)) = ln(pZ(z0))−
L∑
l=1

ln
(∣∣∣∣∣det

(
dzl
dzl−1

)∣∣∣∣∣
)
.

This comes at the expense of more challenging optimization due to a deeper architecture and

more parameters. Provided the reparametrization trick (explained in Section 2.2.4, “Pathwise

estimators”) is applicable to the base distribution, it is easy to produce reparametrization gradients

for a normalizing flow using the chain-rule (which is taken care of by automatic differentiation).

Note that we will use the term “normalizing flow” to denote both the distribution resulting from

applying a single or cascade of bijective transformations to samples from a base distribution, as

well as the transformations themselves (which will be clear from the context).

Normalizing flows with L discrete layers are referred to as finite flows. As the number of

layers approaches infinity, we have an infinitesimal, or continuous, flow, for which the flow

dynamics is described by an ordinary differential equation,

∂

∂t
zt = gθ(zt).

When a normalizing flow is used to parametrize an inference network for amortized variational

inference, it is not a requirement of most schemes that scoring of arbitrary samples, which

requires inverting the flow, is a well-defined operation. For instance, the ELBo (Ch 2.2)

minimizes KL {q(z|x)||p(z|x)} up to a constant. This only requires tractable sampling and

scoring these samples, that is, calculate ln q(z | x) for z ∼ q(· | x). Even if the inverse of the

flow transformation is undefined, numerically unstable, or computationally expensive, we can

cache the inputs z0 that gave rise to each x = zL, and use this to calculate pZ(z). It is even

possible in many cases to calculate and cache ln(| det( ∂z
∂z′

)|) during sampling.

On the other hand, if the normalizing flow is used for density estimation of p(·) by qθ(·) and

the objective is, e.g., the negative log-likelihood, or KL {p(x)||q(x)} up to a constant, then we

require to be able to draw samples from the target p(·), and that scoring of arbitrary samples
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be tractable on the distribution estimator qθ(·). Moreover, sampling from qθ(·) is not required

for learning (although it may be required for a downstream task like using qθ as a proposal

for importance sampling [Paige and Wood, 2016]). Thus we see that the direction of the KL-

divergence in the objective used to match distributions effects the requirements we place on

the forward and inverse operations of the normalizing flow used.

There are two means of representing a conditional distribution, p(x | y), with normalizing

flow. Firstly, we can simply make each layer of flow’s transformation, g(l)
θ take y as an input. An

alternative strategy is to make the first layer take y as an input, modify the transformations so

that g(l)
θ = (zl,hl), each layer outputs additionally a “hidden state,” hl, and feed this into

subsequent layers after the 0th one.

2.3.6 Discussion

In this section, we have drawn a distinction between a distribution’s factorization and parametriza-

tion, and have focused on the latter, describing how NNs can be used to construct representations,

both for inference and modeling purposes. In the following chapter, we focus on the factorization

aspect of distribution representation, and describe a novel algorithm for constructing optimal

factorizations for inference networks with respect to a generative model. When combined with

the NN distribution representations presented in this section, such inference networks can be

used by amortized VI to perform effective scalable and generic Bayesian inference.
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Abstract

Inference amortization methods share information across multiple posterior-
inference problems, allowing each to be carried out more efficiently. Generally, they
require the inversion of the dependency structure in the generative model, as the
modeller must learn a mapping from observations to distributions approximating
the posterior. Previous approaches have involved inverting the dependency struc-
ture in a heuristic way that fails to capture these dependencies correctly, thereby
limiting the achievable accuracy of the resulting approximations. We introduce an
algorithm for faithfully, and minimally, inverting the graphical model structure of
any generative model. Such inverses have two crucial properties: a) they do not
encode any independence assertions that are absent from the model and b) they are
local maxima for the number of true independencies encoded. We prove the cor-
rectness of our approach and empirically show that the resulting minimally faithful
inverses lead to better inference amortization than existing heuristic approaches.

1 Introduction
Evidence from human cognition suggests that the brain reuses the results of past inferences to speed
up subsequent related queries (Gershman & Goodman, 2014). In the context of Bayesian statistics,
it is reasonable to expect that, given a generative model, p(x, z), over data x and latent variables z,
inference on p(z | x1) is informative about inference on p(z | x2) for two related inputs, x1 and
x2. Several algorithms (Kingma & Welling, 2014; Rezende et al., 2014; Stuhlmüller et al., 2013;
Paige & Wood, 2016; Le et al., 2017, 2018; Maddison et al., 2017a; Naesseth et al., 2018) have
been developed with this insight to perform amortized inference by learning an inference artefact
q(z | x), which takes as input the values of the observed variables, and—typically with the use
of neural network architectures—return a distribution over the latent variables approximating the
posterior. These inference artefacts are known variously as inference networks, recognition models,
probabilistic encoders, and guide programs; we will adopt the term inference networks throughout.
Along with conventional fixed-model settings (Stuhlmüller et al., 2013; Le et al., 2017; Ritchie et al.,
2016; Paige & Wood, 2016), a common application of inference amortization is in the training of
variational auto-encoders (VAEs) (Kingma & Welling, 2014), for which the inference network is
simultaneously learned alongside a generative model. It is well documented that deficiencies in the
expressiveness or training of the inference network can also have a knock-on effect on the learned
generative model in such contexts (Burda et al., 2016; Cremer et al., 2017, 2018; Rainforth et al.,
2018), meaning that poorly chosen coarse-grained structures can be particularly damaging.
Implicit in the factorization of the generative model and inference network in both fixed and learned
model settings are probabilistic graphical models, commonly Bayesian networks (BNs), encoding
dependency structures. We refer to these as the coarse-grain structure, in opposition to the fine-grain
structure of the neural networks that form each inference (and generative) network factor. In this
sense, amortized inference can be framed as the problem of graphical model inversion—how to invert
the graphical model of the generative model to give a graphical model approximating the posterior.

∗Correspondence to info@stefanwebb.me



Many models from the deep generative modeling literature can be represented as BNs (Krishnan
et al., 2017; Gan et al., 2015; Neal, 1990; Kingma & Welling, 2014; Germain et al., 2015; van den
Oord et al., 2016b,a), and fall within this framework.
In this paper, we borrow ideas from the probabilistic graphical models literature, to address the previ-
ously open problem of how best to automate the design of the coarse-grain structure of the inference
network (Ritchie et al., 2016). Typically, the inverse graphical model is formed heuristically. At the
simplest level, some methods just invert the edges in the BN for the generative model, removing edges
between observed variables (Kingma & Welling, 2014; Gan et al., 2015; Ranganath et al., 2015). In a
more principled, but still heuristic, approach, Stuhlmüller et al. (2013); Paige & Wood (2016) con-
struct the inference network by inverting the edges and additionally connecting the parents of children
in the original graph (both of which are a subset of a variable’s Markov blanket; see Appendix C).
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Figure 1: (a) Generative model BN;
(b) Inverse BN by Stuhlmüller’s Al-
gorithm; (c) Faithful inverse BN by
our algorithm.

In general, these heuristic methods introduce conditional inde-
pendencies into the inference network that are not present in the
original distribution. Consequently, they cannot represent the
true posterior even in the limit of infinite neural network capaci-
ties. Take the simple generative model with branching structure
of Figure 1a. The inference network formed by Stuhlmüller’s
method inverts the edges of the model as in Figure 1b. However,
an inference network that is able to represent the true posterior
requires extra edges between the branches, as in Figure 1c.
Another approach, taken by Le et al. (2017), is to use a fully
connected BN for the inverse graphical model, such that every
random choice made by the inference network depends on every previous one. Though such a model
is expressive enough to correctly represent the data given infinite capacity and training time, it ignores
substantial available information from the forward model, inevitably leading to reduced performance
for finite training budgets and/or network capacities.
In this paper, we develop a tractable framework to remedy these deficiencies: the Natural Minimal
I-map generator (NaMI). Given an arbitrary BN structure, NaMI can be used to construct an inverse
BN structure that is provably both faithful and minimal. It is faithful in that it contains sufficient edges
to avoid encoding conditional independencies absent from the model. It is minimal in that it does not
contain any unnecessary edges; i.e., removing any edge would result in an unfaithful structure.
NaMI chiefly draws upon variable elimination (Koller & Friedman, 2009, Ch 9,10), a well-known
algorithm from the graphical model literature for performing exact inference on discrete factor
graphs. The key idea in the operation of NaMI is to simulate variable elimination steps as a tool
for successively determining a minimal, faithful, and natural inverse structure, which can then be
used to parametrize an inference network. NaMI further draws on ideas such as the min-fill heuristic
(Fishelson & Geiger, 2004), to choose the ordering in which variable elimination is simulated, which
in turn influences the structure of the generated inverse.
To summarize, our key contributions are:

i) framing generative model learning through amortized variational inference as a graphical model
inversion problem, and

ii) using the simulation of exact inference algorithms to construct an algorithm for generating
provably minimally faithful inverses.

Our work thus highlights the importance of constructing both minimal and faithful inverses, while
providing the first approach to produce inverses satisfying these properties.

2 Method
Our algorithm builds upon the tools of probabilistic graphical models— a summary for unfamiliar
readers is given in Appendix A.

2.1 General idea
Amortized inference algorithms make use of inference networks that approximate the posterior. To be
able to represent the posterior accurately, the distribution of the inference network should not encode
independence assertions that are absent from the generative model. An inference network that did
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encode additional independencies could not represent the true posterior, even in the non-parametric
limit, with neural network factors whose capacity approaches infinity.
Let us define a stochastic inverse for a generative model p(x|z)p(z) that factors according to a BN
structure G to be a factorization of q(z|x)q(x) over H (Stuhlmüller et al., 2013; Paige & Wood,
2016). The q(z|x) part of the stochastic inverse will define the factorization, or rather, coarse-grain
structure, of the inference network. Recall from §1 that this involved two characteristics. We first
requireH to be an I-map for G:
Definition 1. Let G and H be two BN structures. Denote the set of all conditional independence
assertions made by a graph, K, as I(K). We sayH is an I-map for G if I(H) ⊆ I(G).

To be an I-map for G,H may not encode all the independencies that G does, but it must not mislead
us by encoding independencies not present in G. We term such inverses as being faithful. While
the aforementioned heuristic methods do not in general produce faithful inverses, using either a
fully-connected inverse, or our method, does.
Second, since a fully-connected graph encodes no conditional independencies and is therefore
suboptimal, we require in addition thatH be a minimal I-map for G:
Definition 2. A graph K is a minimal I-map for a set of independencies I if it is an I-map for I and
if removal of even a single edge from K renders it not an I-map.

We call such inverses minimally faithful, which roughly means that the inverse is a local optimum in
the number of true independence assertions it encodes.
There will be many minimally faithful inverses for G, each with a varying number of edges. Our
algorithm produces a natural inverse in the sense that it either inverts the order of the random choices
from that of the generative model (when it is run in the topological mode), or it preserves the ordering
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Figure 2: Illustrating def-
inition of naturalness.

of the random choices (when it is run in reverse topological mode):
Definition 3. A stochastic inverseH for G over variables X is a natural
inverse if either, for all X ∈ X there are no edges in H from X to its
descendants in G, or, for all X ∈ X there are no edges in H from X to
its ancestors in G.

Essentially, a natural inverse is one for which if we were to perform
ancestral sampling, the variables would be sampled in either a topological
or reverse-topological ordering, relative to the original model. Consider
the inverse networks of G shown in Figure 2. H1 is not a natural inverse
of G, since there is both an edge A → C from a parent to a child, and
an edge C → B from a child to a parent, relative to G. However,H2 and
H3 are natural, as they correspond respectively to the reverse-topological
and topological orderings C,B,A and B,A,C.
Most heuristic methods, including those of (Stuhlmüller et al., 2013;
Paige & Wood, 2016), produce (unfaithful) natural inverses that invert
the order of the random choices, giving a reverse-topological ordering.

2.2 Obtaining a natural minimally faithful inverse
We now present NaMI’s graph inversion procedure that given an arbitrary BN structure, G, produces
a natural minimal I-map,H. We illustrate the procedure step-by-step on the example given in Figure
3. Here H and J are observed, as indicated by the shaded nodes. Thus, our latent variables are
Z = {D, I,G, S, L}, our data is X = {H,J}, and a factorization for p(z | x) is desired.
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Figure 3: Example BN

The NaMI graph-inversion algorithm is traced in Table 1. Each step in-
crementally constructs two graphs: an induced graph J and a stochastic
inverseH. The induced graph is an undirected graph whose maximally
connected subgraphs, or cliques, correspond to the scopes of the in-
termediate factors produced by simulating variable elimination. The
stochastic inverse represents our eventual target which encodes the in-
verse dependency structure. It is constructed using information from the
partially-constructed induced graph. Specifically, NaMI goes through
the following steps for this example.
STEP 0: The partial induced graph and stochastic inverse are initialized. The initial induced graph
is formed by taking the directed graph for the forward model, G, removing the directionality of the
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Table 1: Tracing the NaMI algorithm on example from Figure 3. S is the set of “frontier” variables
that are considered for elimination, v ∈ S the variable eliminated at each step chosen by the
greedy min-fill heuristic, J the partially constructed induced graph after each step with black nodes
indicating a eliminated variables, andH the partially constructed stochastic inverse.
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edges, and adding additional edges between variables that share a child in G—in this example, edges
D − I , S − L and G− J . This process is known as moralization. The stochastic inverse begins as
disconnected variables, and edges are added to it at each step.
STEP 1: The frontier set of variables to consider for elimination, S, is initialized to the latent
variables having no latent parents in G, that is, D, I . To choose which variable to eliminate first,
we apply the greedy min-fill heuristic, which is to choose the (possibly non-unique) variable that
adds the fewest edges to the induced graph J in order to produce as compact an inverse as possible
under the topological ordering. Specifically, noting that the cliques of J correspond to the scopes of
intermediate factors during variable elimination, we want to avoid producing intermediate factors
which would require us to add additional edges to J , as doing so will in turn induce additional edges
inH at future steps. For this example, if we were to eliminate D, that would produce an intermediate
factor, ψD(D, I,G), while if we were to eliminate I , that would produce an intermediate factor,
ψI(I,D,G, S). Choosing to eliminate would I thus requires adding an edge G–S to the induced
graph, as there is no clique I,D,G, S in the current state of J . Conversely, eliminating D does not
require adding extra edges to J and so we choose to eliminate D.
The elimination of D is simulated by marking its node in J . The parents of D in the inverseH are
set to be its nonmarked neighbours in J , that is, I and G. D is then removed from the frontier, and
any non-observed children in G of D whose parents have all been marked added to it—in this case,
there are none as the only child of D, G, still has an unmarked parent I .
STEP 2: Variable I is the sole member of the frontier and is chosen for elimination. The elimination
of I is simulated by marking its node in J and adding the additional edge G–S. This is required
because elimination of I requires the addition of a factor, ψI(I,G, S), that is not currently present in
J . The parents of I in the inverseH are set to be its nonmarked neighbours in J , G and S. I is then
removed from the frontier. Now, G and S are children of I , and both their parents D and I have been
marked. Therefore, they are added to the frontier.
STEP 3-5: The process is continued until the end of the fifth step when all the latent variables,
D, I, S,G, L, have been eliminated and the frontier is empty. At this point, H represents a factor-
ization p(z | x), and we stop here as only a factorization for the posterior is required for amortized
inference. Note, however, that it is possible to continue simulating steps of variable elimination on
the observed variables to complete the factorization as p(z | x)p(x).
An important point to note is that NaMI’s graph inversion can be run in one of two modes. The
“topological mode,” which we previously implicitly considered, simulates variable elimination in
a topological ordering, producing an inverse that reverses the order of the random choices from
the generative model. Conversely, NaMI’s graph inversion can also be run in “reverse topological
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Algorithm 1 NaMI Graph Inversion
1: Input: BN structure G, latent variables Z , TOPMODE?
2: J ← MORALIZE(G)
3: Set all vertices of J to be unmarked
4: H ← {VARIABLES(G), ∅}, i.e. unconnected graph
5: UPSTREAM ← “parent” if TOPMODE? else “child”
6: DOWNSTREAM ← “child” if TOPMODE? else “parent”
7: S ← all latent variables without UPSTREAM latents in G
8: while S 6= ∅ do
9: Select v ∈ S according to min-fill criterion

10: Add edges in J between unmarked neighbours of v
11: Make unmarked neighbours of v ∈ J , v’s parents inH
12: Mark v and remove from S
13: for unmarked latents DOWNSTREAM u of v in G do
14: Add u to S if all its UPSTREAM latents in G are marked
15: end for
16: end while
17: returnH

mode,” which simulates variable elimi-
nation in a reverse topological ordering,
producing an inverse that preserves the
order of random choices in the genera-
tive model. We will refer to these ap-
proaches as forward-NaMI and reverse-
NaMI respectively in the rest of the pa-
per. The rationale for these two modes is
that, though they both produce minimally
faithful inverses, one may be substantially
more compact than the other, remember-
ing that minimality only ensures a local
optimum. For an arbitrary graph, it can-
not be said in advance which ordering
will produce the more compact inverse.
However, as the cost of running the in-
version algorithm is low, it is generally
feasible to try and pick the one producing
a better solution.
The general NaMI graph-reversal procedure is given in Algorithm 1. It is further backed up by the
following formal demonstration of correctness, the proof for which is given in Appendix F.
Theorem 1. The Natural Minimal I-Map Generator of Algorithm 1 produces inverse factorizations
that are natural and minimally faithful.
We further note that NaMI’s graph reversal has a running time of order O(nc) where n is the number
of latent variables in the graph and c << n is the size of the largest clique in the induced graph.
We consequently see that it can be run cheaply for practical problems: the computational cost of
generating the inverse is generally dominated by that of training the resulting inference network itself.
See Appendix F for more details.

2.3 Using the faithful inverse
Once we have obtained the faithful inverse structureH, the next step is to use it to learn an inference
network, qψ(z | x). For this, we use the factorization given by H. Let τ denote the reverse of the
order in which variables were selected for elimination by Line 9 in Algorithm 1, such that τ is a
permutation of 1, . . . , n and τ(n) is the first variable eliminated. H encodes the factorization

qψ(z | x) =
∏n

i=1
qi(zτ(i) | PaH(zτ(i))) (1)

where PaH(zτ(i)) ⊆
{
x, zτ(1), . . . , zτ(i−1)

}
indicates the parents of zτ(i) in H. For each factor qi,

we must decide both the class of distributions for zτ(i) | PaH(zτ(i)), and how the parameters for
that class are calculated. Once learned, we can both sample from, and evaluate the density of, the
inference network for a given dataset by considering each factor in turn.
The most natural choice for the class of distributions for each factor is to use the same distribution fam-
ily as the corresponding variable in the generative model, such that the supports of these distributions
match. For instance, continuing the example from Figure 3, if D ∼ N(0, 1) in the generative model,
then a normal distribution would also be used for D | I,G in the inference network. To establish the
mapping from data to the parameters to this distribution, we train neural networks using stochastic
gradient ascent methods. For instance, we could set D | {I = i, G = g} ∼ N(µϕ(i, g), σϕ(i, g)),
where µϕ and σϕ are two densely connected feedforward networks, with learnable parameters ϕ. In
general, it will be important to choose architectures which well match the problem at hand. For exam-
ple, when perceptual inputs such as images and language are present in the conditioning variables,
it is advantageous to first embed them to a lower-dimensional representation using, for example,
convolutional neural networks.
Matching the distribution families in the inference network and generative model, whilst a simple
and often adequate approximation, can be suboptimal. For example, suppose that for a normally
distributed variable in the generative model, the true conditional distribution in the posterior for that
variable is multimodal. In this case, using a (single mode) normal factor in the inference network
would not suffice. One could straightforwardly instead use, for example, either a mixture of Gaussians,
or, normalizing flows (Rezende & Mohamed, 2015; Kingma et al., 2016), to parametrize each
inference network factor in order to improve expressivity, at the cost of additional implementational
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Figure 4: Results for the relaxed Bernoulli VAE with 30 latent units, compared after 1000 epochs
of learning the: (a) negative ELBO, and (b) negative AIS estimates, varying inference network
factorizations and capacities (total number of parameters); (c) An estimate of the variational gap, that
is, the difference between marginal log-likelihood and the ELBO.

complexity. In particular, if one were to use a provably universal density estimator to parameterize
each inference network factor, such as that introduced in Huang et al. (2018), the resulting NaMI
inverse would constitute a universal density estimator of the true posterior.
After the inference network has been parametrized, it can be trained in number of different ways,
depending on the final use case of the network. For example, in the context of amortized stochastic
variational inference (SVI) methods such as VAEs (Kingma & Welling, 2014; Rezende et al., 2014),
the model pθ(x, z) is learned along with the inference network qψ(z | x) by optimizing a lower
bound on the marginal loglikelihood of the data, LELBO = Eqψ(z|x) [ln pθ(x, z)− ln qψ(z | x)].
Stochastic gradient ascent can then be used to optimize LELBO in the same way a standard VAE,
simulating from qψ(z|x) by considering each factor in turn and using reparameterization (Kingma &
Welling, 2014) when the individual factors permit doing so.
A distinct training approach is provided when the model p(x, z) is fixed (Papamakarios & Murray,
2015). Here a proposal is learnt for either importance sampling (Le et al., 2017) or sequential
Monte Carlo (Paige & Wood, 2016) by using stochastic gradient ascent to minimize the reverse
KL-divergence between the inference network qψ(z | x) and the true posterior p(z | x). Up to a
constant, the objective is given by LIC = Ep(x,z) [− ln qψ(z | x)] .

Using a minimally faithful inverse structure typically improves the best inference network attainable
and the finite time training performance for both these settings, compared with previous naive
approaches. In the VAE setting, this can further have a knock-on effect on the quality of the learned
model pθ(x, z), both because a better inference network will give lower variance updates of the
generative network (Rainforth et al., 2018) and because restrictions in the expressiveness of the
inference network lead to similar restrictions in the generative network (Cremer et al., 2017, 2018).
In deep generative models, the BNs may be much larger than the examples shown here. However,
typically at the macro-level, where we collapse each vector to a single node, they are quite simple.
When we invert this type of collapsed graph, we must do so with the understanding that the distribution
over a vector-valued node in the inverse must express dependencies between all its elements in order
for the inference network to be faithful.

3 Experiments
We now consider the empirical impact of using NaMI compared with previous approaches. In §3.1,
we highlight the importance of using a faithful inverse in the VAE context, demonstrating that doing
so results in a tighter variational bound and a higher log-likelihood. In §3.2, we use NaMI in the
fixed-model setting. Here our results demonstrate the importance of using both a faithful and minimal
inverse on the efficiency of the learned inference network. Low-level details on the experimental
setups can be found in Appendix D and an implementation at https://git.io/fxVQu.

3.1 Relaxed Bernoulli VAEs
Prior work has shown that more expressive inference networks give an improvement in amortized
SVI on sigmoid belief networks and standard VAEs, relative to using the mean-field approximation
(Uria et al., 2016; Maaløe et al., 2016; Rezende & Mohamed, 2015; Kingma et al., 2016). Krishnan
et al. (2017) report similar results when using more expressive inverses in deep linear-chain state-
space models. It is straightforward to see that any minimally faithful inverse for the standard VAE
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Figure 5: (a) BN structure for a binary tree with d = 3; (b) Stuhlmüller’s heuristic inverse; (c) Natural
minimally faithful inverse produced by NaMI in topological mode; (d) Most compact inverse when
d > 3, given by running NaMI in reverse topological mode; (e) Fully connected inverse.
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Figure 6: Results for binary tree Gaussian BNs with depth d = 5, comparing inference network
factorizations in the compiled inference setting. The KL divergence from the analytical posterior
estimated to the inference network on the training and test sets are shown in (a) and (b) respectively.
(c) shows the average negative log-likelihood of inference network samples under the analytical
posterior, conditioning on five held-out data sets. The results are averaged over 10 runs and 0.75
standard deviations indicated. The drop at 100 epochs is due to decimating the learning rate.

framework (Kingma & Welling, 2014) has a fully connected clique over the latent variables so that
the inference network can take account of the explaining-away effects between the latent variables in
the generative model. As such, both forward-NaMI and backward-NaMI produce the same inverse.
The relaxed Bernoulli VAE (Maddison et al., 2017b; Jang et al., 2017) is a VAE variation that replaces
both the prior on the latents and the distribution over the latents given the observations with the
relaxed Bernoulli distribution (also known as the Concrete distribution). It can also be understood as
a “deep” continuous relaxation of sigmoid belief networks.
We learn a relaxed Bernoulli VAE with 30 latent variables on MNIST, comparing a faithful inference
network (parametrized with MADE (Germain et al., 2015)) to the mean-field approximation, after
1000 epochs of learning for ten different sizes of inference network, keeping the size of the generative
network fixed. We note that the mean-field inference network has the same structure as the heuristic
one that reverses the edges from the generative model. A tight bound on the marginal likelihood is
estimated with annealed importance sampling (AIS) (Neal, 1998; Wu et al., 2017).
The results shown in Figure 4 indicate that using a faithful inverse on this model produces a significant
improvement in learning over the mean-field inverse. Note that the x-axis indicates the number of
parameters in the inference network. We observe that for every capacity level, the faithful inference
network has a lower negative ELBO and AIS estimate than that of the mean-field inference network.
In Figure 4c, the variational gap is observed to decrease (or rather, the variational bound tightens) for
the faithful inverse as its capacity is increased, whereas it increases for the mean-field inverse. This
example illustrates the inadequacy of the mean-field approximation in certain classes of models, in
that it can result in significantly underutilizing the capacity of the model.

3.2 Binary-tree Gaussian BNs
Gaussian BNs are a class of models in which the conditional distribution of each variable is normally
distributed, with a fixed variance and a mean that is a fixed linear combination of its parents plus an
offset. We consider here Gaussian BNs with a binary-tree structured graph and observed leaves (see
Figure 5a for the case of depth, d = 3). In this class of models, the exact posterior can be calculated
analytically (Koller & Friedman, 2009, §7.2) and so it forms a convenient test-bed for performance.
The heuristic inverses simply invert the edges of the graph (Figure 5b), whereas a natural minimally
faithful inverse requires extra edges between subtrees (e.g. Figure 5c) to account for the influence one
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Figure 7: Convergence of reverse KL divergence (used as the training objective) for Bayesian GMM
for K = 3 clusters and N = 200 data points, comparing inference networks with a fixed generative
model. The shaded regions indicate 1 standard error in the estimation.

node can have on others through its parent. For this problem, it turns out that running reverse-NaMI
(Figure 5d) produces a more compact inverse than forward-NaMI. This, in fact, turns out to be
the most compact possible I-map for any d > 3. Nonetheless, all three inversion methods have
significantly fewer edges than the fully connected inverse (Figure 5e).
The model is fixed and the inference network is learnt from samples from the generative model,
minimizing the “reverse” KL-divergence, namely that from the posterior to the inference network
KL(pθ(z|x)||qψ(z|x)), as per (Paige & Wood, 2016). We compared learning across the inverses pro-
duced by using Stuhlmüller’s heuristic, forward-NaMI, reverse-NaMI, and taking the fully connected
inverse. The fully connected inference network was parametrized using MADE (Germain et al.,
2015), and the forward-NaMI one with a novel MADE variant that modifies the masking matrix to
exactly capture the tree-structured dependencies (see Appendix E.2). As the same MADE approaches
cannot be used for heuristic and reverse-NaMI inference networks, these were instead parametrized
with a separate neural network for each variable’s density function. The inference network sizes were
kept constant across approaches.
Results are given in Figure 6 for depth d = 5 averaging over 10 runs. Figures 6a and 6b show an
estimate of KL(pθ(z|x)||qψ(z|x)) using the train and test sets respectively. From this, we observe
that it is necessary to model at least the edges in an I-map for the inference network to be able to
recover the posterior, and convergence is faster with fewer edges in the inference network. Despite
the more compact reverse-NaMI inverse converging faster than the forward-NaMI one, the latter
seems to converges to a better final solution. This may be because the MADE approach could not be
used for the reverse-NaMI inverse, but this is a subject for future investigation nonetheless.
Figure 6c shows the average negative log-likelihood of 200 samples from the inference networks
evaluated on the analytical posterior, conditioning on five fixed datasets sampled from the generative
model not seen during learning. It is thus a measure of how successful inference amortiziation has
been. All three faithful inference networks have significantly lower variance over runs compared to
the unfaithful inference network produced by Stuhlmüller’s algorithm.
We also observed during other experimentation that if one were to decrease the capacity of all
methods, learning remains stable in the natural minimally faithful inverse at a threshold where it
becomes unstable in the fully connected case and in Stuhlmüller’s inverse.

3.3 Gaussian Mixture Models
Gaussian mixture models (GMMs) are a clustering model where the data x = {x1, x2, . . . , xN} is
assumed to have been generated from one of K clusters, each of which has a Gaussian distribution
with parameters {µj ,Σj}, j = 1, 2, . . . ,K. Each datum, xi is associated with a corresponding
index, zi ∈ {1, . . . ,K} that gives the identity of that datum’s cluster. The indices, z′ = {zi}
are drawn i.i.d. from a categorical distribution with parameter φ. Prior distributions are placed
on θ = {µ1,Σ1, . . . , µK ,ΣK} and φ, so that the latent variables are z = {z′, θ, φ}. The goal of
inference is then to determine the posterior p(z | x), or some statistic of it.
As per the previous experiment, this falls into the fixed-model setting. We factor the fully-
connected inverse as, q(θ|x)q(φ|θ,x)q(z′|φ, θ,x). It turns out that applying reverse-NaMI de-
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couples the dependence between the indices, z′, and produces a much more compact factorization,
q(θ|x, φ)

∏N
i q(zi|xi, φ, θ)q(φ|x), than either the fully-connected or forward-NaMI inverses for this

model. The inverse structure produced by Stuhlmüller’s heuristic algorithm is very similar to the
reverse-NaMI structure for this problem and is omitted.
We train our amortization artifact over datasets with N = 200 samples and K = 3 clusters. The
inference network terms with distributions over vectors were parametrized by MADE, and we
compare the results for the fully-connected and reverse-NaMI inverses. We hold the neural network
capacities constant across methods and average over 10 runs, the results for which are shown in
Figure 7. We see that learning is faster for the minimally faithful reverse-NaMI method, relative to the
fully-connected inverse, and converges to a better solution, in agreement with the other experiments.

3.4 Minimal and Non-minimal Faithful Inverses
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Figure 8: Additional edges over forward-NaMI.

To further examine the hypothesis that a non-
minimal faithful inverse has slower learning
and converges to a worse solution relative to
a minimal one, we performed the setup of Ex-
periment 3.2 with depth d = 4, comparing the
forward-NaMI network to two additional net-
works that added 12 and 16 connections to
forward-NaMI (holding the total capacity fixed).
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Figure 9: Average NLL of inference net-
work samples under analytical posterior.

The additional edges are shown in Figure 8. Note the
regular forward-NaMI edges are omitted for visual clarity.
Figure 9 shows the average negative log likelihood (NLL)
under the true posterior for samples generated by the infer-
ence network, based on 5 datasets not seen during training.
It appears that the more edges are added beyond minimal-
ity, the slower is the initial learning and convergence is to
a worse solution.
To further explain why minimality is crucial, we note that
adding additional edges beyond minimality means that
there will be factors that condition on variables whose
probabilistic influence is blocked by the other variables.
This effectively adds an input of random noise into these
factors, which is why we then see slower learning and
convergence to a worse solution.

4 Discussion
We have presented NaMI, a tractable framework that, given the BN structure for a generative model,
produces a natural factorization for its inverse that is a minimal I-map for the model. We have argued
that this should be used to guide the design of the coarse-grain structure of the inference network in
amortized inference. Having empirically analyzed the implications of using NaMI, we find that it
learns better inference networks than previous heuristic approaches. We further found that, in the
context of VAEs, improved inference networks have a knock-on effect on the generative network,
improving the generative networks as well.
Our framework opens new possibilities for learning structured deep generative models that combine
traditional Bayesian modeling by probabilistic graphical models with deep neural networks. This
allows us to leverage our typically strong knowledge of which variables effect which others, while
not overly relying on our weak knowledge of the exact functional form these relationships take.
To see this, note that if we forgo the niceties of making mean-field assumptions, we can impose
arbitrary structure on a generative model simply by controlling its parameterization. The only
requirement on the generative network to evaluate the ELBO is that we can evaluate the network
density at a given input. Recent advances in normalizing flows (Huang et al., 2018; Chen et al., 2018)
mean it is possible to construct flexible and general purpose distributions that satisfy this requirement
and are amenable to application of dependency constraints from our graphical model. This obviates
the need to make assumptions such as conjugacy as done by, for example, Johnson et al. (2016).
NaMI provides a critical component to constructing such a framework, as it allows one to ensure
that the inference network respects the structural assumptions imposed on the generative network,
without which a tight variational bound cannot be achieved.
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1. Introduction

Algorithms and systems for enabling machine learning from large scale data sets are be-
coming increasingly important in the era of Big Data. This has driven many developments,
including various forms of stochastic gradient descent, parallel and distributed learning sys-
tems, use of GPUs, sketching, random Fourier features, divide-and-conquer methods, as
well as various approximation schemes. These large scale machine learning systems have
in turn driven significant advances across many data-oriented sciences and technologies,
ranging from the biological sciences, neuroscience, social sciences, signal processing, speech
processing, natural language processing, computer vision etc.

In this paper we will consider methods for large scale Bayesian machine learning. As op-
posed to the more common empirical risk minimisation or maximum likelihood approaches,
where learning is phrased as finding a set of parameters optimal with respect to a data
set and to a loss or likelihood function, Bayesian machine learning rests upon probabilistic
models which capture the dependencies among all observed and unobserved variables, and
where learning is phrased as computing the posterior distribution over unobserved variables
(including both latent variables and model parameters) given the observed data.

The Bayesian framework can more fully capture the uncertainty in learnt parameters
and prevent overfitting. In principle this allows the use of more complex and larger scale
models. However, Bayesian approaches are generally more computationally intensive than
optimisation-based ones, and have to date not led to methods which are as scalable.

For complex models, exact computation of the posterior distribution is intractable and
approximate schemes such as variational inference (VI) (Wainwright and Jordan, 2008),
Markov chain Monte Carlo (MCMC) (Gilks et al., 1996) and sequential Monte Carlo (Doucet
et al., 2001) are needed. Scalable methods in both traditions include: stochastic variational
inference (Hoffman et al., 2013, Mnih and Gregor, 2014, Rezende et al., 2014) which apply
minibatch stochastic gradient descent (Robbins and Monro, 1951) to optimise the varia-
tional objective function, stochastic gradient MCMC (Welling and Teh, 2011, Patterson
and Teh, 2013, Ding et al., 2014, Teh et al., 2015, Leimkuhler, B. and Shang, X., 2016, Ma
et al., 2015, Li et al., 2016) which uses minibatch stochastic gradients within MCMC, aus-
terity MCMC (Korattikara et al., 2014, Bardenet et al., 2014) which uses data subsampling
to reduce computational cost of Metropolis-Hastings acceptance steps, and embarrassingly
parallel MCMC (Huang and Gelman, 2005, Scott et al., 2013, Wang and Dunson, 2013,
Neiswanger et al., 2014) which distribute data across a cluster, runs independent MCMC
samplers on each worker and combines samples across the cluster only at the end to reduce
network communication costs. In addition, standard learning schemes have also been suc-
cessfully deployed in large scale settings. A successful example that is particularly relevant
to our work is expectation propagation (EP), introduced by (Minka, 2001) and (Opper and
Winther, 2000) which iteratively constructs approximations to a factorized distribution. EP
is at the heart of the TrueSkill XBox player rating and matching system (Herbrich et al.,
2007).

Our work builds upon prior work on using EP for performing distributed Bayesian
learning (Xu et al., 2014, Gelman et al., 2014). In this framework, a data set is partitioned
into disjoint subsets with each subset stored on a worker node in a cluster. Learning is
performed at each worker based on the data subset there using MCMC sampling. As
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opposed to embarrassingly parallel MCMC methods which only communicate the samples
to the master at the end of learning, EP is used to communicate messages (infrequently)
across the cluster. These messages coordinate the samplers such that the target distributions
(which coincidentally are the tilted distributions in EP) of all samplers on all workers
share certain moments, e.g. means and variances, hence the name sampling via moment
sharing (SMS) coined by (Xu et al., 2014). At convergence, it can be shown that the
target distributions of the samplers also share moments with the EP approximation to the
global posterior distribution given all data, hence the target distributions on the workers
can themselves be treated as approximations to the global posterior.

While SMS works well on simpler models like Bayesian logistic regression, we have
found that it did not work for more complex, high-dimensional, and non-convex models like
Bayesian deep neural networks. This is due to the non-convergence of EP, particularly as the
moments of the tilted distributions needed by EP are estimated using MCMC sampling, with
estimation noise that further compounds the well-known lack of convergence guarantees for
EP, and the fact that extremely long MCMC runs are needed for the samplers to equilibrate
due to the complex posterior distribution in these models.

Our first contribution is thus the development of stochastic natural-gradient EP (SNEP),
an alternative algorithm to power EP (a generalisation of EP) (Minka, 2004) which optimises
the same variational objective function. SNEP is a double-loop algorithm with convergence
guarantees. The inner loop is a stochastic natural-gradient descent algorithm which tolerates
estimation noise, so that SNEP is convergent even with moments estimated using MCMC
samplers. Our derivation of SNEP improves upon the derivation of the convergent EP
algorithm of (Heskes and Zoeter, 2002) in that ours works for a more general class of models,
we make explicit the underlying variational objective function that is being optimised, and
ours uses a natural-gradient descent algorithm (Amari and Nagaoka, 2001) more tolerant
of Monte Carlo noise.

Building upon the development of SNEP, our second contribution is a distributed
Bayesian learning architecture which we call the posterior server. In analogy to the pa-
rameter server (Ahmed et al., 2012) which maintains and serves the parameter vector to
a cluster of workers, the posterior server maintains and serves (an approximation to) the
posterior distribution. Figure 1 gives a schematic for the steps involved. Each worker has
a subset of data, from which we get a likelihood function. It also maintains a tractable
approximation of the likelihood and a cavity distribution which is effectively a conditional
distribution over the parameters given all data on other workers. An MCMC sampler tar-
gets the normalised product of the cavity distribution and the (true) likelihood, and forms
a stochastic estimate of the required moments, which is in turn used to update the likeli-
hood approximation using stochastic natural-gradient descent. Each worker communicates
with the posterior server asynchronously and in a non-blocking manner, sending the current
likelihood approximation and receiving the new cavity distribution. This communication
protocol makes more efficient use of computational resources on workers than SMS, which
requires either synchronous or blocking asynchronous protocols.

Note that our set-up of the distributed learning problem is that each worker has access
to a subset of data, and no worker has access to all data. This situation might occur
in situations other than large scale learning. For example, when working with sensitive
patient data which cannot be shared directly, we might still want to be able to make use
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Figure 1: The posterior server.

of all available data across multiple sites to improve inference. Typically known as divide-
and-conquer or consensus inference (Zhang et al., 2015b, Zhao et al., 2016, Kleiner et al.,
2014, Battey et al., 2015), it is also well-known that this situation is harder than typical
distributed learning settings where it is assumed that all data is accessible on all workers,
which are settings assumed in DistBelief networks (Dean et al., 2012) and elastic-averaging
SGD (Zhang et al., 2015a), two state-of-the-art distributed learning algorithms for neural
networks.

In the following, Section 2 describes our set up of distributed Bayesian learning and
reviews the necessary background on exponential families and convex duality. Section 3
formulates EP and power EP within the framework of variational inference. Our contribu-
tions are contained in Section 4 deriving SNEP and Section 5 describing the posterior server
architecture. Section B describes additional techniques we used to make the method work
on more complex problems like neural networks. We demonstrate the approach Bayesian
logistic regression and Bayesian neural networks in Section 6. Section 7 concludes with a
summary and discussion of future work.

2. Problem Set-up and Background

In this section we set-up the problem of distributed Bayesian learning, using the framework
of variational inference in exponential families. For an excellent introduction to exponential
families and variational inference we refer the interested reader to (Wainwright and Jordan,
2008). Section 2.1 reviews exponential families and convex duality while introducing nota-
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tion used throughout the paper. Readers familiar with these concepts can skim ahead to
section 2.2.

2.1 Exponential Families and Convex Duality

.

Consider an exponential family described by a d-dimensional sufficient statistics function
s(x). A member pθ of this exponential family is parameterized by a natural parameter
θ ∈ Rd, and has density (with respect to some base measure, say Lebesgue),

pθ(x) = exp
(
θ>s(x)−A(θ)

)
,

A(θ) = log

∫
exp

(
θ>s(x)

)
dx.

The log partition function A(θ) is convex and finite on the natural domain of the exponential
family,

Θ := {θ : A(θ) <∞} ⊂ Rd,

which is a convex subset of Rd.
Associated with any distribution p and the d-dimensional sufficient statistics function

s(x) is a mean parameter,

µ := Ep[s(x)],

where Ep denotes the expectation operator with respect to p. The set of valid mean param-
eters M is a closed convex set, which we refer to as the mean domain,

M = {µ : ∃ distribution p with µ = Ep[s(x)]} ⊂ Rd

Given a natural parameter θ ∈ Θ, the exponential family member pθ is also associated with
a mean parameter µ = Eθ[s(x)] (where Eθ denotes the expectation with respect to pθ),
which we can write as a function of the natural parameters, µ(θ). If the exponential family
is minimal1, then the mapping θ 7→ ∇A(θ) is one-to-one and onto the interior of M, and
maps θ to the mean parameter, µ(θ) = ∇A(θ).

We will assume that our exponential family of interest is minimal.

The convex conjugate of A(θ) is,

A∗(µ) := sup
θ∈Θ

θ>µ−A(θ).

Evaluated at the mean parameter µ(θ), the conjugate is the negative entropy of pθ,

A∗(µ(θ)) = Eθ[log pθ(x)].

1. The exponential family is minimal if the d 1-dimensional functions making up the sufficient statistics
function s(x) are linearly independent, i.e. θ>s(x) = 0 for all x implies θ = 0.
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Conversely, we have

A(θ) = sup
µ∈M

θ>µ−A∗(µ)

and that the natural parameter associated with µ is θ = θ(µ) = ∇A∗(µ). In the following
we will make extensive use of the duality between A and A∗ and between θ and µ described
above.

It is useful to write down formulae for the KL divergence between two exponential
family distributions, parameterized by natural and mean parameter pairs θ, µ and θ′, µ′

respectively:

KL(pθ‖pθ′) = Eθ[log pθ(x)− log pθ′(x)]

= Eθ[θ>s(x)−A(θ)− (θ′)>s(x) +A(θ′)]

= µ>(θ − θ′)−A(θ) +A(θ′)

= A∗(µ) +A(θ′)− µ>θ′

= A∗(µ)−A∗(µ′) + (µ′ − µ)>θ′. (1)

We will write KL(θ‖θ′),KL(µ‖θ′) etc. to refer to the same KL divergence between the same
two distributions.

As an example, for a diagonal covariance Gaussian of dimension d/2, we have

p(x) =

d/2∏

j=1

1√
2πσ2

j

exp

(
− 1

2σ2
j

(xj − uj)2

)

= exp



d/2∑

j=1

(ujσ
−2
j )(xj) + (−σ−2

j )(1
2x

2
j )− 1

2(u2
jσ
−2
j + log(2πσ2

j ))




So the sufficient statistics are xj and 1
2x

2
j , mean parameters are µj1 = uj and µj2 =

1
2(u2

j + σ2
j ), natural parameters are θj1 = ujσ

−2
j and θj2 = −σ−2

j , and

A(θ) =

d/2∑

j=1

1

2
(u2
jσ
−2
j + log(2πσ2

j ))

A∗(µ) =

d/2∑

j=1

−1

2
(1 + log(2πσ2

j ))

The conversions between natural and mean parameters are:

uj = µj1 = −θj1θ−1
j2 θj1 = µj1(2µj2 − µ2

j1)−1 µj1 = −θj1θ−1
j2

σ2
j = 2(µj2 − µ2

j1) = −θ−1
j2 θj2 = −(2µj2 − µ2

j1)−1 µj2 =
1

2
(θ2
j1θ
−2
j2 − θ−1

j2 )

We will use a diagonal covariance Gaussian as our exponential family in most of our exper-
iments, due to the high-dimensionality of the models used.
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2.2 Distributed Bayesian Learning

We assume that our model is parameterized by a high-dimensional parameter vector x. Let
the prior distribution p0(x) be a member of a tractable and minimal exponential family
distribution, with natural parameter θ0 ∈ Θ ⊂ Rd, sufficient statistics function s(x) and
log partition function A(θ0). Specifically, we will take p0(x) to be a diagonal covariance
Gaussian. We refer to this exponential family as the base exponential family.

We assume that our training data set is spread across a cluster of n compute nodes or
workers, with log likelihood `i(x) on compute node i = 1, . . . , n. For example, if we let
{Si} be a partition of the data indices, each compute node i could store the corresponding
subset of the data Di = {yc}c∈Si , so that the log likelihood `i(x) is a sum over terms, each
corresponding to the log density of one data point stored on node i,

`i(x) =
∑

c∈Si

log p(yc | x).

Covariates and input vectors can be easily incorporated in the above. The target posterior
distribution is then,

p̃(x) := p(x | {Di}ni=1) ∝ p0(x) exp

(
n∑

i=1

`i(x)

)
. (2)

Using neural networks as an example, x corresponds to all learnable weights and biases in a
network, log p(yc | x) gives the probability of the class of data item c given the corresponding
input vector, and the Gaussian prior corresponds to weight decay.

The learning task is then to compute the posterior distribution. For example, we may
want to estimate the posterior mean or variance of the model parameters x, or we may
want to draw samples distributed according to p̃(x), using these to predict on test data
by averaging the predictive densities over the samples as a Monte Carlo estimate of the
marginal predictive density. In the rest of the paper we will aim to obtain these efficiently
but approximately.

3. Variational Inference in an Extended Exponential Family

In general, the likelihood functions are intractable and approximations are necessary. In
this paper we will formulate the learning task as variational inference in an extended ex-
ponential family. In particular, we will consider a class of variational methods known as
power expectation propagation (power EP) (Minka, 2004).

3.1 Extended Exponential Family

To start with, we may trivially formulate the target posterior distribution as an extended
exponential family distribution with sufficient statistics s̃(x) := [s(x), `1(x), . . . , `n(x)] and
natural parameters θ̃ := [θ0,1n] where 1n is a vector of 1’s of length n:

p̃(x) = exp
(
θ̃>s̃(x)− Ã(θ̃)

)
.

7
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The extended log partition function Ã(θ̃) is (up to a constant) the log marginal probability
of the data,

Ã(θ̃) = log

∫
exp

(
θ̃>s̃(x)

)
dx = log

∫
exp

(
θ>0 s(x) +

n∑

i=1

`i(x)

)
dx

= logEθ0

[
exp

(
n∑

i=1

`i(x)

)]
+A(θ0)

= log p({Di}ni=1) +A(θ0).

Denoting the convex conjugate by Ã∗(µ̃) and the extended mean domain by M̃ ⊂ Rd+n,
the problem of posterior computation can be expressed as the following concave variational
maximization problem:

max
µ̃∈M̃

θ̃>µ̃− Ã∗(µ̃). (3)

For example, if the prior exponential family is a diagonal covariance Gaussian, then the
optimal mean parameter is µ̃∗ := [µ∗, ν∗1 , . . . ν

∗
n], where µ∗ := Eθ̃[s(x)] ∈ Rd corresponds to

the posterior means and variances of the model parameters x, while ν∗i := Eθ̃[`i(x)] is the
posterior expectation of the ith log likelihood `i(x). Hence the extended mean parameters
capture the important aspects of the posterior distribution.

3.2 Power Expectation Propagation

In this section we derive another class of variational approximations corresponding to a
generalization of expectation propagation (EP) (Minka, 2001) called power EP (Minka,
2004). The derivation is a straightforward generalisation of the variational formulation of
Wainwright and Jordan (2008) from EP to power EP.

For each worker node i let βi > 0 be a given positive real number. Typically, we take
βi = 1 which corresponds to standard EP, while βi → ∞ corresponds to variational Bayes
(Wiegerinck and Heskes, 2003, Minka, 2004). In the formulation of Wainwright and Jordan
(2008), EP involves two approximations; both associated with simpler exponential families,
which we refer to as locally extended exponential families (or sometimes local exponential
families). For each i, let the ith locally extended exponential family be associated with
the sufficient statistics function si(x) := [s(x), `i(x)]. Let Θi, Mi, Ai, A

∗
i be the associated

(local) natural domain, mean domain, log partition function and negative entropy respec-
tively. A distribution in this locally extended exponential family with natural parameter
[θi, ηi] ∈ Θi has the form

pθi,ηi(x) = exp
(
θ>i s(x) + ηi`i(x)−Ai(θ, ηi)

)
, (4)

which is a distribution obtained by tilting a tractable distribution with density proportional
to exp(θ>i s(x)) by a single intractable likelihood exp(`i(x)) raised to the power of ηi. This
family can be thought of as treating the ith likelihood term exactly, while approximating
all other likelihood terms by projecting them onto the tractable base exponential family,
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the hope being that this family is still tractable while being closer to the true posterior
distribution p̃(x).

For the first approximation, the extended negative entropy Ã∗ is approximated using a
tree-like approximation constructed using only the locally extended negative entropies,

Ã∗([µ, ν1, . . . , νn]) ≈ A∗(µ) +

n∑

i=1

βi(A
∗
i (µ, νi)−A∗(µ)).

This approximation is related to the Bethe entropy of loopy belief propagation (Yedidia
et al., 2001) and fractional belief propagation (Wiegerinck and Heskes, 2003). Secondly, the
extended mean domain M̃ is approximated by a local mean domain,

L := {[µ, ν1, . . . , νn] : [µ, νi] ∈Mi for all i = 1, . . . , n}. (5)

The local mean domain is an outer bound, L ⊃ M̃. Intuitively, the constraints described by
M̃ are replaced by the weaker constraints described by the local mean domains. We assume
that working with the local exponential families in these ways will be more tractable than
working with the full extended exponential family.

Let µ0 ∈ M be a mean parameter in the base exponential family. For the ith local
exponential family, we denote a mean parameter by [µi, νi] ∈Mi, and require the marginal-
ization constraint µi = µ0. The power EP variational problem, which is not in general
concave, is,

max
µ0,[µi,νi]ni=1

θ>0 µ0 +

n∑

i=1

1 · νi −A∗(µ0)−
n∑

i=1

βi(A
∗
i (µi, νi)−A∗(µi))

subject to µ0 ∈M
[µi, νi] ∈Mi for i = 1, . . . , n

µ0 = µi for i = 1, . . . , n

(6)

Note in particular that the entropy and mean domain in the original variational problem
(3) have been replaced by their respective approximations.

3.3 Deriving EP and Power EP Updates

In this section, for completeness’ sake, we derive the updates for EP and power EP as fixed-
point equations that solve the variational problem. Readers familiar with this derivation
can skip ahead to section 3.4.

First we introduce Lagrange multipliers λi for the equality constraints µ0 = µi, so that
the above is equivalent to,

max
µ0,[µi,νi]ni=1

min
[λi]ni=1

θ>0 µ0 −A∗(µ0) +
n∑

i=1

(
νi − λ>i (µi − µ0)− βi(A∗i (µi, νi)−A∗(µi))

)

︸ ︷︷ ︸
=:L(µ0,[µi,νi,λi]ni=1)

subject to µ0 ∈M
[µi, νi] ∈Mi for i = 1, . . . , n

(7)
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where the domain of λi is Rd. Let the Lagrangian above be denoted by L(µ0, [µi, νi, λi]
n
i=1).

The Karush-Kuhn-Tucker (KKT) conditions of the above variational problem have to be sat-
isfied at an optimum, and simply involve setting the derivatives with respect to µ0, µi, νi, λi
to zero:

dL

dλi
= 0 : µi = µ0 (8a)

dL

dµ0
= 0 : θ0 −∇A∗(µ0) +

n∑

j=1

λj = 0

θ0 +
n∑

j=1

λj = ∇A∗(µ0) (8b)

dL

dµi
= 0 : −λi − βi∇µiA∗i (µi, νi) + βi∇A∗(µi) = 0

θ0 +
n∑

j=1

λj − β−1
i λi = ∇µiA∗i (µi, νi) (8c)

dL

dνi
= 0 : β−1

i = ∇νiA∗i (µi, νi) (8d)

Equation (8b) shows that an optimal µ0 has to be the mean parameter corresponding to
a (base) exponential family distribution with natural parameter θ0 +

∑n
j=1 λj . Specifically,

the posterior distribution can be approximated as,

p̃(x) ∝ p0(x) exp




n∑

j=1

`j(x)


 ≈ exp





θ0 +

n∑

j=1

λj



>

s(x)


 . (9)

In other words, we can interpret λj as the natural parameter of an exponential family
approximation to the likelihood factor exp(`j(x)).

Further, from (8c) and (8d) above, we see that the optimal [µi, νi] is the mean parameter
associated with the local posterior distribution,

pi(x) ∝ exp





θ0 +

n∑

j=1

λj − β−1
i λi



>

s(x) + β−1
i `i(x)


 . (10)

For standard EP, where βi = 1, we get,

pi(x) ∝ exp





θ0 +

∑

j 6=i
λj



>

s(x) + `i(x)


 .

The above local posterior distribution is known as the tilted distribution in EP, with the
term (θ0 +

∑n
j=1 λj −β−1

i λi)
>s(x) corresponding to the cavity distribution with (the β−1

i th
power of) the exponential family approximation to the ith likelihood removed, and replaced

10
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by (the β−1
i th power of) the likelihood factor itself. Each step of EP involves first computing

[µi, νi] as the mean parameter of the tilted distribution, then updating λi, using (8a) and
(8b):

λnew
i = ∇A∗(µi)− θ0 −

∑

j 6=i
λj , (11)

where we recall that ∇A∗(µi) computes the natural parameter corresponding to the mean
parameter µi in the base exponential family. The EP update ensures that the expectation of
the sufficient statistics function under the tilted distribution pi(x) and under its exponential
family approximation (with natural parameters θ0 +

∑n
j=1 λj−β−1

i λi+β−1
i λnew

i ) match. At
convergence, this ensures that the expectations under all the tilted distributions and under
the approximated posterior distribution (9) match.

Note that the (power) EP updates are derived as fixed point equations and have no
guarantees of convergence. In practice, damped updates can be used to avoid oscillations
without affecting the fixed points:

λnew
i = αλi + (1− α)


∇A∗(µi)− θ0 −

∑

j 6=i
λj


 . (12)

where α ∈ [0, 1) is a damping factor. Another potential issue is that λnew
i as computed may

not lie in the natural domain Θ, in which case higher damping factors ensuring that it does
can be used, or the update can be discarded.

3.4 Computing Mean Parameters

Assuming that the base exponential family is tractable, the above steps of EP involve ad-
ditions, subtractions, and conversions between mean and natural parameters so are easy to
compute. The only difficulty is in the computation of the mean parameters (expectations
of the sufficient statistics function) of the tilted distributions, which involve the log likeli-
hoods `i(x). In typical applications of EP to graphical models, these are either obtained
analytically or using numerical quadrature.

In more complex and general scenarios, both analytic or quadrature-based methods are
ruled out. A successful and common class of methods for calculating expectations under
otherwise intractable distributions is Monte Carlo. A number of papers have proposed such
an approach, including Barthelmé and Chopin (2011), Heess et al. (2013), Gelman et al.
(2014) using importance sampling and Xu et al. (2014), Gelman et al. (2014) using Markov
chain Monte Carlo (MCMC). In addition, Heess et al. (2013), Eslami et al. (2014), Jitkrittum
et al. (2015) use learning techniques to speed-up the process by directly predicting the
natural parameters given properties of the tilted distribution.

We have explored the sampling via moment sharing (SMS) algorithm (Xu et al., 2014)
in the context of distributed Bayesian learning of deep neural networks. Unfortunately,
the SMS algorithm did not work even for relatively small neural networks and data sets,
partly because of the high dimensionality and partly because the Monte Carlo estimation
is inherently stochastic, both of which we found affected the convergence of the EP fixed
point equations.

11
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4. Stochastic Natural-gradient Expectation Propagation

In this section we will derive a novel convergent stochastic approximation based alternative
to EP and power EP, which optimises the same variational objective but is significantly
more tolerant of Monte Carlo noise. Our algorithm is derived using a modified variational
objective with additional auxiliary variables but with the same optima as the original prob-
lem, and solving the dual problem using a stochastic approximation algorithm (Robbins
and Monro, 1951). In the following we will use “EP” to refer to both EP and power EP for
simplicity.

4.1 Auxiliary Variational Problem

For each i, we introduce an auxiliary natural parameter vector θ′i ∈ Θ, and introduce
a term −∑n

i=1 KL(pµi‖pθ′i) into the variational objective (7), where pµi and pθ′i are the
base exponential family distribution given by mean parameter µi and natural parameter θ′i,
respectively. This results in a lower bound on the original objective and is reminiscent of
the EM algorithm (Dempster et al., 1977, Neal and Hinton, 1999) and of typical variational
Bayes approximations (Beal, 2003, Wainwright and Jordan, 2008). Plugging the relevant
formula for the KL divergence (1) into (7), we have the resulting variational problem

max
µ0,[µi,νi,θ′i]

n
i=1

θ>0 µ0 −A∗(µ0) +
n∑

i=1

(
νi − βi

(
A∗i (µi, νi)− µ>i θ′i +A(θ′i)

))

subject to µ0 ∈M
[µi, νi] ∈Mi for i = 1, . . . , n

θ′i ∈ Θ for i = 1, . . . , n

µ0 = µi for i = 1, . . . , n

(13)

Maximizing over θ′i while keeping the other variables fixed will simply set θ′i = ∇A∗(µi), so
that the KL terms vanish and resulting in the original problem (6). On the other hand, the
constrained maximization over the original parameters µ0, [µi, νi]

n
i=1 requires introducing

Lagrange multipliers,

max
[θ′i]

n
i=1

max
µ0,[µi,νi]ni=1

min
[λi]ni=1

θ>0 µ0 −A∗(µ0) +
n∑

i=1

(
νi − λ>i (µi − µ0)− βi

(
A∗i (µi, νi)− µ>i θ′i +A(θ′i)

))

subject to µ0 ∈M
[µi, νi] ∈Mi for i = 1, . . . , n

θ′i ∈ Θ for i = 1, . . . , n

(14)

We can solve this inner constrained optimization by transforming to the convex dual. Notic-
ing that the Lagrangian is concave in µ0, [µi, νi]

n
i=1 and that Slater’s condition holds, the

12
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duality gap is zero and we have,

max
[θ′i]

n
i=1

min
[λi]ni=1

max
µ0,[µi,νi]ni=1

θ>0µ0 −A∗(µ0) +
n∑

i=1

(
νi − λ>i (µi − µ0)− βi

(
A∗i (µi, νi)− µ>i θ′i +A(θ′i)

))

subject to µ0 ∈M
[µi, νi] ∈Mi for i = 1, . . . , n

θ′i ∈ Θ for i = 1, . . . , n

(15)

Now maximizing over µ0, [µi, νi]
n
i=1, we have the equivalent dual problem, whose objective

function we will denote with L([θ′j , λj ]
n
j=1),

max
[θ′i]

n
i=1

min
[λi]ni=1

A

(
θ0 +

n∑

i=1

λi

)
+

n∑

i=1

βi
(
Ai
(
θ′i − β−1

i λi, β
−1
i

)
−A(θ′i)

)

︸ ︷︷ ︸
=:L([θ′j ,λj ]nj=1)

subject to θ′i ∈ Θ for i = 1, . . . , n (16)

In summary, our algorithm is coordinate maximization of (13), where we alternate be-
tween maximizing [θ′i]

n
i=1 given µ0, [µi, νi]

n
i=1, and maximizing µ0, [µi, νi]

n
i=1 given [θ′i]

n
i=1. To

solve the second maximization, we transform to the dual and minimize (16) with respect to
the Lagrange multipliers [λi]

n
i=1. This requires an inner iteration loop involving stochastic

natural gradient descent, which is described next. The structure of our derived algorithm
is the same as the convergent double loop EP algorithm of (Heskes and Zoeter, 2002). Our
derivation is interesting and useful in that a single global variational problem is described,
rather than a sequence of variational problems each obtained by minorizing around the
current parameters and then maximizing, as in the minorization-maximization (MM) algo-
rithm) (Hunter and Lange, 2004) and the CCCP algorithm (Yuille, 2002). Our algorithm
is also different in the choice of stochastic natural gradient descent inner loop.

4.2 Stochastic Natural Gradient Descent

The gradient of the dual objective L([θ′j , λj ]
n
j=1) is,

dL

dλi
= ∇A


θ0 +

n∑

j=1

λj


−∇θiAi

(
θ′i − β−1

i λi, β
−1
i

)
(17)

where we used the notation ∇θiAi for the partial derivative of Ai(·, ·) with respect to its
first (d-dimensional) argument. While this gradient is the direction of steepest descent in
a Euclidean geometry it does not take into account the geometry of the base exponential
family. In other words, the gradient is not covariant2 (MacKay, 1999) and the corresponding
gradient descent algorithm is not expected to perform well.

2. A covariant gradient descent algorithm roughly means that the size of the gradient in a direction positively
covaries with the length scale in that direction hence with the desired step size. An example of a non-
covariant gradient descent algorithm is steepest descent with standard Euclidean geometry, say for a 2D
quadratic loss function that is long in the x-axis and short in the y-axis. The gradient will be close to
pointing vertically up or down, but the best descent direction points horizontally instead.
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A better approach is to use natural gradient descent (Amari et al., 1996, Amari and
Nagaoka, 2001) or, equivalently, mirror descent (Beck and Teboulle, 2003, Raskutti and
Mukherjee, 2015) instead. These methods treat the parameter space as a Riemannian man-
ifold where the metric tensor is given by the Fisher information. The direction of steepest
descent in this geometry is given by the gradient preconditioned by the inverse metric. Nat-
ural gradient descent has appealing theoretical properties as it incorporates second order
information to be more covariant. As we will see below we can take advantage of natural
gradient descent at no additional computational cost by reparametrising. As noted in the
previous section, the Lagrange multiplier λi can be interpreted as the natural parameters of
the base exponential family approximation to the likelihood exp(`i(x)). Reparameterising
using the corresponding mean parameter γi instead, with λi = ∇A∗(γi), the gradient is,

dL

dγi
=
dλi
dγi


∇A


θ0 +

n∑

j=1

λj


−∇θiAi

(
θ′i − β−1

i λi, β
−1
i

)



= ∇2A∗(γi)


∇A


θ0 +

n∑

j=1

λj


−∇θiAi

(
θ′i − β−1

i λi, β
−1
i

)

 (18)

The appropriate metric in the mean parameter space is simply ∇2A∗(γi), so that its inverse
cancels the∇2A∗(γi) term (Raskutti and Mukherjee, 2015), and the natural gradient update
is simply,

γ
(t+1)
i = γ

(t)
i + εt


∇θiAi

(
θ′i − β−1

i λ
(t)
i , β

−1
i

)
−∇A


θ0 +

n∑

j=1

λ
(t)
j




 (19)

where the corresponding natural parameter is given as a function of the mean parameter,

λ
(t)
i := ∇A∗(γ(t)

i ), and εt is the step size at iteration t. These updates can be performed in
series or parallel fashion. In our distributed Bayesian learning setting they are performed
in an asynchronous distributed fashion (Section 5).

Recall that derivatives of the log partition function compute the mean parameters from
the natural parameters. Hence the first term of the natural gradient step is the mean
parameter of the current local tilted distribution,

p
(t)
i (x) = exp

(
(θ′i − β−1

i λ
(t)
i )>s(x) + β−1

i `i(x)−Ai(θ′i − β−1
i λ

(t)
i , β

−1
i )
)
, (20)

while the second term is the mean parameter of the current exponential family approxima-
tion to the global posterior. Their difference gives the update for the mean parameter of
the likelihood approximation. The gradient is zero when both terms are equal, precisely
the condition from which the EP fixed point equation is derived.

In general, the first term cannot be obtained in closed form, and we instead use a
Markov chain Monte Carlo (MCMC) estimate, leading to a stochastic natural-gradient

descent algorithm. Specifically, let Ki(· |x; θ′i − β−1
i λ

(t)
i , βi) be a Markov chain kernel with

previous state x whose invariant distribution is the local tilted distribution (20). Let x
(t)
i be
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the state of the Markov chain at iteration t. The next state x
(t+1)
i is obtained by simulating

from the Markov chain, using the current values of the parameters,

x
(t+1)
i ∼ Ki

(
· | x(t)

i ; θ′i − β−1
i λ

(t)
i , βi

)
. (21)

In summary, the stochastic natural gradient update is,

γ
(t+1)
i = γ

(t)
i + εt


s
(
x

(t+1)
i

)
−∇A


θ0 +

n∑

j=1

λ
(t)
j




 (22)

We refer to the resulting algorithm as “Stochastic Natural-gradient EP”, or SNEP for short.
Technically, the stochastic natural-gradient descent requires unbiased estimates of gra-

dients, and the mean parameter estimates obtained using MCMC updates are only unbiased
if the Markov chain equilibrates in between gradient updates. In practice, we find that using
MCMC samples works well regardless, an observation consistent with past experiences with
stochastic approximation algorithms in machine learning (Neal and Hinton, 1999, Tieleman,
2008).

The stochastic natural gradient descent algorithm above serves as the inner loop of our
double loop algorithm, and solves for the constrained maximization of the mean parameters
µ0, [µi, νi]

n
i=1 given auxiliary parameters [θ′i]

n
i=1. Returning now to the outer loop update,

maximizing θ′i involves simply setting it to be∇A∗(µi), the natural parameter corresponding
to the mean parameter µi of the local tilted distribution (see the discussion after Equation
13). Assuming that the inner loop has converged, this and the mean parameters of all other
tilted distributions would be equal to µ0, so that the t′th outer loop update is,

(θ′i)
(t′+1) = ∇A∗(µi) = ∇A∗ (µ0) = θ0 +

n∑

j=1

λ
(∞)
j (23)

where λ
(∞)
j is the converged value of the dual parameters in the inner loop. In practice,

we simply perform the outer loop update infrequently (and before the inner loop has fully
converged). In our experiments we do not see instabilities resulting from this, an observation
also consistent with past experiences with double loop algorithms (Teh and Welling, 2002,
Yuille, 2002, Heskes and Zoeter, 2002).

In the extreme case where the outer loop update is performed after every inner loop
update, we can roll both updates into the following update,

γ
(t+1)
i = γ

(t)
i + εt


∇θiAi


θ0 +

n∑

j=1

λ
(t)
j − β−1

i λ
(t)
i , β

−1
i


−∇A


θ0 +

n∑

j=1

λ
(t)
j




 (24)

It is interesting to contrast the above with a damped EP update, which in our notation is
given by,

λ
(t+1)
i = λ

(t)
i + εt


∇A∗


∇θiAi


θ0 +

n∑

j=1

λ
(t)
j − β−1

i λ
(t)
i , β

−1
i




−


θ0 +

n∑

j=1

λ
(t)
j






(25)
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Note that ∇A∗(·) converts from mean parameters to natural parameters, so that the first
term in parentheses can be read as first computing the moments (mean parameters) of the
tilted distribution then converting into the corresponding natural parameter. Hence each
term in the damped EP update is obtained by converting the corresponding term in (24)
from mean to natural parameters, i.e. applying ∇A∗(·). In other words the update (24) can
be thought of as a mean parameter space version of a damped EP update. When mean
parameters are estimated with Monte Carlo noise, updating using mean parameters rather
than natural parameters leads to more stable behaviour; see Section 6.1 for empirical results
supporting this claim.

4.3 Discussion and Related Works

While we developed SNEP in the context of distributed Bayesian learning, it is clear that
it is generally applicable, since the distribution (2) targeted is simply a product of factors,
each of which is approximated by a factor in the base exponential family, precisely the
setting of EP. SNEP can therefore be used in place of EP in situations where Monte Carlo
moment estimates are used, including graphical models (Heess et al., 2013, Eslami et al.,
2014, Jitkrittum et al., 2015, Lienart et al., 2015), hierarchical Bayesian models (Gelman
et al., 2014), and approximate Bayesian computation (Barthelmé and Chopin, 2011).

Since Minka (2001), there have been a substantial number of extensions and alternatives
to EP proposed. Stochastic EP (Li et al., 2015) and averaged EP (Dehaene and Barthelmé,
2015) assume that all factors can be well approximated by the same exponential family
factor via parameter tying. This saves memory storage and was shown to work well. This
is an orthogonal idea to our work, and it is possible to apply it to SNEP as well in the
future, although in the distributed learning setting considered in this paper each worker
must keep a copy of the parameters anyway, which means it would not reduce memory
requirements. Convergent EP (Heskes and Zoeter, 2002) is also a double loop coordinate
descent algorithm with convergence guarantees but SNEP differs in that the inner loop
is a stochastic natural-gradient descent which is more robust to the use of Monte Carlo
estimated moments. We note here that stochastic natural-gradient descent has also been
used in Stochastic Variational Inference (Hoffman et al., 2013).

SNEP can be considered a black-box variational inference algorithm, as the only require-
ment on the model is the existence of MCMC samplers targeting the tilted distributions.
Black-box methods have recently been developed for variational Bayes (Ranganath et al.,
2014, Black-box Variational Inference or BBVI) and for power EP (Hernandez-Lobato et al.,
2016, Black-box Alpha or BB-α). BB-α and SNEP are both methods for Bayesian learn-
ing based on power EP and both operate in the mean parameter space. BB-α uses the
parameter tying idea of stochastic and averaged EP to construct a further approximated
objective function which is then optimised using a convergent single-loop algorithm. As a
result the fixed points of the algorithm are different from power EP. Single loop algorithms
are generally preferrable as it is well known that double loop algorithms can be slow if the
inner loop is run until convergence. In our experiments, we do not run the inner loop of
SNEP until convergence, and have found empirically that even a single iteration of the inner
loop per outer loop update does not affect convergence or stability. In fact, on a two-layer
feedforward neural network, SNEP converges in less than one tenth of the number of epochs
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and a fraction of the running times of those quoted by Hernandez-Lobato et al. (2016). In
both BBVI and BB-α, naive Monte Carlo estimators are used, with samples drawn from
the approximating distribution. The resulting estimators can have high variance, requir-
ing techniques for variance reduction. In contrast, SNEP uses MCMC samplers targeting
the tilted distribution. It is generally accepted that, in high-dimensional settings, MCMC
samplers often have lower variance than naive Monte Carlo and as a result work better,
with the tradeoff being that MCMC samplers need to equilibrate and produce correlated
samples.

Our application of SNEP to distributed Bayesian learning applies one exponential fam-
ily approximation per subset of data on each worker node. This contrasts with typical
applications of EP and variational inference in general, which applies one approximation
per data item. This is made possible due to the black-box flexibility of our approach, since
the likelihood associated with a data subset is more complex than for a single data item. In
cases where the subset is itself quite large, and the Bernstein-von Mises theorem holds, the
likelihood will be close to a Gaussian, so that if we use a (full-covariance) Gaussian as the
base exponential family, the approximation will introduce negligible biases. For a recent
study of EP in the large data limit, see (Dehaene and Barthelmé, 2015). We can think of
our approach as a hybrid which interpolates between a pure variational approach (when
n = N) and a pure MCMC approach (when n = 1), with smaller n corresponding to less
bias introduced by approximations but higher variance/computational costs.

In our experiments, we apply SNEP to deep neural networks. Deep learning has been
extremely successful in a large number of different domains. However, one drawback of
neural networks trained by stochastic optimisation techniques is that they do not provide
uncertainty estimates. Both black-box variational methods and stochastic gradient MCMC
methods can be applied to neural networks yielding uncertainty estimates. Probabilistic
backpropagation (Hernandez-Lobato and Adams, 2015, PBP) relies on assumed density
filtering (ADF), a sequential form of EP. Other approaches are based on mean field varia-
tional inference, which optimises a lower bound of the marginal likelihood. Graves (2011)
proposed an algorithm using a biased Monte Carlo estimate of this lower bound to opti-
mise it. More recently, this approach has been extended by Blundell et al. (2015, Bayes
by Backprop) who obtain unbiased Monte Carlo estimates of the same objective using the
reparametrization trick (Kingma and Welling, 2014).

5. The Posterior Server

Our development of SNEP is motivated by the problem of distributed Bayesian learning
outlined in Section 2.2, where each log likelihood term `i(x) corresponds to the log probabil-
ity/density of the data subset on worker node i. Using SNEP, each worker node iteratively
learns an exponential family approximation of `i(x), with a master node coordinating the
learning across workers. We call the master node the posterior server, as it maintains
and serves the exponential family approximation of the posterior distribution, obtained by
combining the prior with the likelihood approximations at the workers.

In more detail, the posterior server maintains the natural parameter θposterior := θ0 +∑n
j=1 λj of the global posterior approximation, while each worker node i maintains the mean

and natural parameters γi, λi of the likelihood approximation and the state of the MCMC
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sampler xi. It also maintains the auxiliary parameter θ′i used in the outer loop. Learning at
the worker proceeds by alternating between the MCMC (21) and inner loop updates (22),
with periodic outer loop updates (23). These updates require access to the data subset at
the node, as well as the cavity distribution, with natural parameters θ−i := θ0 +

∑
j 6=i λj ,

which is obtained by getting θposterior from the posterior server and subtracting the local λi.

Communication between the worker node and the posterior server involves the worker
first sending the posterior server the difference ∆i := λnew

i −λold
i between the current natural

parameters λnew
i and the one during the previous communication with the server, λold

i . The
posterior server updates its global posterior approximation via θnew

posterior = θold
posterior + ∆i,

and sends the new value θnew
posterior back to the worker. The worker in turn uses this to update

the cavity, θnew
−i = θnew

posterior − λnew
i .

The pseudocode for the overall algorithm is given in Algorithm 1. Note that all commu-
nications are performed asynchronously and in a non-blocking fashion. In particular, Steps
11-17 are performed in a separate coroutine from the main loop (Steps 7-18), and Step 15
can happen several iterations of the main loop after Step 14. This is so that compute nodes
can spend most of their time learning (Steps 8-10) and do not have to wait for network
communications to complete. However, this means that the previous copy of the natural
parameter λi used when the last message was sent to the master (Step 13) needs to be
stored, in addition to the most recent one. We also note that faster compute nodes need
not wait for slower ones since they each learn their own separate likelihood approximation
parameters. It would be interesting for future research to explore adaptive methods to allow
faster compute nodes to increase the data subsets that they learn from, and slower ones to
decrease, to balance the learning progress across compute nodes more evenly.

5.1 Discussion and Related Works

Our naming of the posterior server contrasts with that of the parameter server (Ahmed
et al., 2012) which is typically used for maximum likelihood (or minimum empirical risk)
estimation of model parameters. Note however that our algorithmic contribution is effec-
tively orthogonal to (Ahmed et al., 2012), who proposed a generic and robust computational
architecture for distributed machine learning. We believe it is possible to implement our
algorithm using the parameter server software framework.

One of the difficulties of the parameter server architecture is that learning happens at
the level of parameters, with a single set of parameters being maintained across the cluster.
Since the data subsets on workers are disjoint, the learning on each worker tends to make
the local copy of the parameters diverge from those on the parameter server and on other
workers. As a result, frequent synchronisation with the parameter server is necessary to
prevent stale parameters and gradients. As an example, in the DistBelief method (Dean
et al., 2012), experiments were conducted where the communication with the master was
performed after every iteration, which can significantly slow down the learning process. On
the other hand, one of the interesting aspects of the posterior server is that it lifts learning
from the level of parameters to the level of distributions over parameters. As a result each
worker can maintain a distinct parameter set in the MCMC sampler and a distinct likelihood
approximation (since the likelihoods on different workers are indeed different as they have
different data subsets) without requiring frequent communication with the posterior server.
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Algorithm 1 Posterior Server: Distributed Bayesian Learning via SNEP

1: for each compute node i = 1, . . . , n asynchronously do

2: let γ
(1)
i be the initial mean parameter of local likelihood approximation.

3: let λold
i := λ

(1)
i := ∇A∗(γ(1)

i ) be the initial natural parameter of local likelihood
approximation.

4: let θ−i := θ0 +
∑

j 6=i λ
(1)
j be the initial natural parameter of cavity distribution

5: let θ′i := θ−i + λ
(1)
i be the initial auxiliary parameter.

6: let x
(1)
i ∼ pθ−i+λ

(1)
i

be the initial state of MCMC sampler.

7: for t = 1, 2, . . . until convergence do
8: update local state via MCMC:

x
(t+1)
i ∼ Ki

(
· | x(t)

i ; θ′i − β−1
i λ

(t)
i , β

−1
i

)

9: update local likelihood approximation:

γ
(t+1)
i := γ

(t)
i + εt

(
s(x

(t+1)
i )−∇A

(
θ−i + λ

(t)
i

))

λ
(t+1)
i := ∇A∗(γ(t+1)

i )

10: every Nouter iterations do: update auxiliary parameter:

θ′i := θ−i + λ
(t)
i

11: every Nsync iterations asynchronously do: communicate with posterior server:

12: let ∆i := λ
(t)
i − λold

i .

13: update λold
i := λ

(t)
i .

14: send ∆i to posterior server.
15: receive θposterior from posterior server.
16: update θ−i := θposterior − λold

i .
17: end for
18: end for
19: for the posterior server do

20: let θposterior := θ0 +
∑n

j=1 λ
(1)
i be the initial natural parameter of the posterior ap-

proximation.
21: maintain a queue of messages from workers.
22: for each message ∆i received from some worker i do
23: update θposterior := θposterior + ∆i.
24: send θposterior to worker i.
25: end for
26: end for
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The only role of communication here is for the cavity distributions, which can be thought
of as a way for the system to focus the learning happening on the workers on the relevant
regions of the parameter space (Xu et al., 2014). Empirically, the precise parameterisation
of the cavity distribution is not very important. For an extreme example, suppose both
the prior and likelihood terms are close to being Gaussians and the tractable family is
also Gaussian. Then the likelihood approximation will not in fact depend on the cavity
distribution at all, and will converge to the true likelihood on each worker independently.
See also Zhang et al. (2015a) for elastic-averaging SGD, a similar idea of allowing each
worker a separate parameter vector, using an ADMM-like methodology.

6. Experiments

In this section we present our experiments on SNEP and the posterior server. Our imple-
mentation, which is available at http://bigbayes.github.com/PosteriorServer, is in
the Julia3 technical computing language. In our setup, the master and workers are run on
separate system processes (that is, in separate memory spaces) on a many-core computing
cluster, making use of the high-level parallel programming abstractions provided by Julia.
Other architectures are possible; for example, multiple threads sharing an address space,
multiple GPUs, or nodes communicating over a network using MPI. For the MCMC sampler
on workers, we chose an adaptive version of stochastic gradient Langevin dynamics (SGLD)
(Welling and Teh, 2011) related to Adam (Kingma and Ba, 2015), which is more computa-
tionally scalable to larger neural network models and data sets than standard MCMC (see
Appendix B for details). Our neural network models are implemented in the Mocha4 deep
learning Julia package.

6.1 Comparison to SMS on Bayesian Logistic Regression

In this section we compare SNEP against Sampling via Moment Sharing (SMS) (Xu et al.,
2014), a related algorithm for distributed Bayesian learning whereby each worker has a
separate MCMC sampler and coordination across workers is achieved using plain EP. SMS
was originally proposed to scale up MCMC methods and as such it assumes that MCMC
chains can be run for many iterations to convergence in between communications with the
master. SMS uses the MCMC iterates to estimate the moments required for EP updates
and so, as discussed in the introduction, requires a large number of iterations to produce
the low Monte Carlo noise for EP updates to work properly.

We illustrate below the differing dynamics of SMS and SNEP when applied to a Bayesian
logistic regression model with simulated data. We took a similar setup as in the SMS paper
(Xu et al., 2014), generating a dataset D = {(zc, yc)}Nc=1 where covariates zc ∈ Rd and
response yc ∈ {0, 1}. The conditional distribution of yc given zc and weights x is

p(yc = 1 | zc, x) = σ(z>c x) (26)

where σ denotes the logistic function. We used a Gaussian prior p0(x) = N (x; 0d, 10Id) on
x and the aim is to construct an approximation to the posterior p(x | D). We generated

3. http://julialang.org.
4. https://github.com/pluskid/Mocha.jl.
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N = 50000 data points with d = 50 using iid draws for the covariates, zc ∼ N (µ,Σ) where
µ ∈ [0, 1]d and Σ = PP> with P ∈ [−1, 1]d×d, with entries drawn uniformly at random for
both P and µ. The generating weight vector x∗ is drawn from the prior N (x; 0d, 10Id). The
labels yc are then sampled according to the model.

Both algorithms were run with three workers each with one third of the data. SNEP
is run with 1 inner loop iteration per synchronisation with the master (for the purpose
of comparing against SMS). Varying numbers of MCMC samples per inner loop iteration
were used for both algorithms, to investigate the effect of Monte Carlo noise on the per-
formances of the algorithms (low number of samples meaning high noise and both lower
performance and lower computational cost). The damping for SMS and the learning rate
for SNEP were tuned for best performances. As the base exponential family, we used a full-
covariance Gaussian. We compared the predictive RMSE

√∑
c |p̂c − yc|2/N obtained with

both methods over time where p̂c = σ(zTc x) where x is the currently estimated posterior
mean. We also compared the relative difference between the estimated posterior mean and
that estimated from a long run of the No-U-Turn sampler (Hoffman and Gelman, 2014) as
implemented in Stan (Carpenter et al., 2017) with 4 chains and 50000 iterations.

Figure 2 illustrates the performances of both algorithms and how they are influenced
by the number of MCMC samples used per iteration. It can be observed that SNEP is
more robust and better performing than SMS in the presence of noise. In general, we found
that the number of samples needed for SMS to perform well grows with the dimensionality
of the problem. In models with very high dimensionality and multi-modality (e.g., neural
networks), the number of samples needed per step is very large leading to iterations that
are computationally impractical, whereas SNEP can afford to use many fewer samples.

6.2 Bayesian Neural Networks

In this section we report experimental results applying SNEP and the posterior server to
distributed Bayesian learning of neural networks. We have found that the SMS algorithm ex-
hibited significant instabilities and was not suitable for these larger scale problems. Instead
our aim here is to explore the behaviour of SNEP when varying various key hyperparame-
ters. We used diagonal covariance Gaussians as the approximating exponential family due
to computational cost considerations. While a diagonal Gaussian approximation can be
quite poor for the full Bayesian posterior, past works have shown that they can produce
good predictive performances (Hernandez-Lobato and Adams, 2015, Blundell et al., 2015,
Kirkpatrick et al., 2017). Hence our aim is to evaluate the predictive performance of SNEP,
treated as a distributed learning algorithm for neural networks, and comparing it to Adam
(Kingma and Ba, 2015), a state-of-the-art stochastic gradient descent (SGD) algorithm
with access to the whole data set on a single computer, as well as several state-of-the-art
distributed SGD algorithms: asynchronous SGD (A-SGD) (Dean et al., 2012) and elastic
averaging SGD (EASGD) (Zhang et al., 2015a).

In our experiments we used stochastic gradient Langevin dynamics with an precondi-
tioning scheme reminiscent of Adam as the MCMC sampler. The preconditioning scheme
is the same as the one proposed by (Li et al., 2016) except for the addition of a debiasing
reminiscent of Adam. We found that sometimes this adaptive scheme lead to large injected
noise, especially at the start of training which was detrimental to learning. To mitigate
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Figure 2: (left) Comparison of the predictive RMSE obtained with SMS (dashed-lines)
and SNEP (full lines) versus the time on the master node when varying the number of
MCMC samples per iteration (numbers reported in the legend). When too few samples
are used for the moment estimates, SMS becomes unstable whilst SNEP does not suffer
from this. SNEP is also consistently faster and more accurate than SMS. The accuracy
obtained with the posterior mean estimated with a long run of Stan/NUTS is also displayed
as comparison (horizontal line). (right) Relative difference between the posterior means
estimated using Stan/NUTS and using SMS (dashed lines) or SNEP (full lines). Each
coloured line corresponds to an average over several runs (represented in light grey).

this effect we limited the standard deviation of the injected noise to be at most ε in our
experiments. For further details see Appendix B.

6.2.1 MNIST, Two Layer Fully Connected Network

In this section we look at training a fully connected neural network on the MNIST data
set5, which consists of 60000 training images of handwritten digits of size 28×28 and 10000
test images, the task being to classify each image into one of ten classes. The network has
two hidden layers with 500 and 300 rectified linear units (ReLUs) respectively and softmax
output units.

In the first set of experiments, we varied a number of hyperparameters of the learning
regime while keeping the rest kept at default values, to investigate the sensitivity of the
learning to these hyperparameters. The default values were chosen by hand in a rough
initial round of experimentation as follows: the minibatch size is 100, the learning rate
for SNEP was 0.02 and step size for the adaptive SGLD sampler was 0.001, the number of
inner loop iterations per communication with master is Nsync = 10, the number of inner loop
iterations per outer loop update is Nouter = 10, and the parameters were initialised with the
popular Xavier initialisation (Glorot and Bengio, 2010). We set a minimum variance of 0.01
for the likelihood approximations, as we found that the estimated variances are otherwise
too small due to the diagonal Gaussian approximation. Unless otherwise stated, we used
four workers to explore the distributed behaviour. Test curves were produced by evaluating

5. http://yann.lecun.com/exdb/mnist/.
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Varying the communication interval
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Varying β

Figure 3: Results on a two-layer densely connected model on MNIST varying the parameters
of SNEP and comparing against SGD, A-SGD, and EASGD. Four workers were used in
the distributed methods in the experiments that held the number of workers fixed. This
demonstrates that SNEP is insensitive to the full convergence of the outer loop, is robust
to large communication intervals, that convergence is faster for a lower β (on this data set),
and that SNEP produces competitive results quickly. Detailed analyses of sub-figures (left
to right, top to bottom) are reported in the main text.

networks based on the approximate posterior means at the master. Each reported curve in
the figures is an average over ten repetitions. In our experiments we used one CPU core
per worker process. See Figure 3 for the results of this set of experiments.

First, we examined the behaviour of SNEP as Nworker is varied. We see that two workers
perform significantly better than one worker or Adam. However, performance deteriorates
as the number of workers is increased further. This is possibly due to smaller number of
data items per worker which makes the variational approximation more severe. Another
factor we found is that because we imposed a minimum variance in for the likelihood
approximations, using more workers gives tighter cavity distributions which can affect the
scale of the natural-gradients and slow convergence significantly.
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Power SNEP - Varying the number of workers

Figure 4: Results on a two-layer densely connected model on MNIST for power SNEP
(β = 1/Nworkers) varying the number of workers. There is a clear improvement in terms of
convergence speed and final accuracy for more workers.

Second, we investigated the effect of varying Nsync and Nouter. Figure 3 demonstrates
that SNEP is insensitive to these hyperparameters over reasonably large range of values.
Note in particular that infrequent communications with the posterior server (up to once ev-
ery 100 iterations in this experiment) did not significantly deteriorate the learning process at
all. In fact, the related SMS algorithm (Xu et al., 2014) effectively involves communications
with the master once every thousands of iterations.

Third, we investigated the effect of varying the β parameter. Interestingly, lower values
of β sped up convergence significantly. The literature on power EP links the β parameter
with locally minimising α−divergences (where β = 1/α). Lower values of β correspond
to local approximations that are likely to capture more of the full posterior rather than
matching one mode (Minka, 2005). Another factor is that given the minimum variance
setting, lower values of β increase the variance of the cavity distribution allowing for more
local exploration. Generally, In our experiments we found that a heuristic of setting β =
1/Nworkers worked particularly well for MNIST. We call the resulting algorithm power SNEP
(p-SNEP). With this parameter setting we see a clear advantage for more workers (see figure
4). More workers give better results in terms of the test error and convergence is fastest for
eight workers. Note that eight workers reach a test error of 1.5% after about two epochs,
which is much faster than our experiments with β = 1.0.

Finally, we compared SNEP with two distributed SGD algorithms, asynchronous SGD
(A-SGD, also known as Downpour) (Dean et al., 2012) and elastic averaging SGD (EASGD)
(Zhang et al., 2015a). Our implementations differ slightly from those given in the papers.
For A-SGD, both the workers and master performed Adam updates with independently
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Figure 5: Results on a two-layer densely connected model on MNIST comparing SNEP and
p-SNEP to asychronous SGD and elastic averaging SGD.

chosen step size constants. The authors of EASGD do not address the case of distributing
the data among the workers. Nonetheless, we found this posed no problem to the algorithm.
All hyperparameters were tuned to optimise performances. We used the same length of
communication intervals Nsync = 10 and four workers for all algorithms. As shown in figure
5, SNEP (with β = 1) and p-SNEP (with β = 1/Nworkers) achieve performances comparable
to these state-of-the-art methods, both in terms of speed and final test accuracies. SNEP
is comparable to Adam and better than A-SGD. p-SNEP outperforms A-SGD, Adam and
SNEP, and is slightly faster initially than EASGD but achieves slightly higher test errors.
It is important to note that we are tackling a harder problem with SNEP/p-SNEP, that of
Bayesian learning rather than optimisation.

6.2.2 MNIST, Very Deep Fully Connected Network

Deeper models pose a much harder learning problem—as the depth increases, the number
of saddle points increases exponentially (Dauphin et al., 2014). Moreover, learning often
gets stuck not at critical points but in large plateaus of the error surface (Lipton, 2016). It
is, therefore, interesting to evaluate (p-)SNEP against standard methods on a deeper fully-
connected network, and we chose the architecture from Neelakantan et al. (2016), which
has 20 hidden layers of 50 units each.

The experimental setup was similar to the previous section. The distributed methods
used a communication intervals of Nsync = 10 and a varying number of workers. For p-
SNEP, we optimized the prior variance, scaling of the injected noise, learning rate, step
size, and beta hyperparameters by a course grid search over five orders of magnitude.
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Figure 6: Results on deep narrow model for MNIST. (a) Comparing distributed methods
for 8 workers. p-SNEP attains an extra percent of accuracy with less variability in the runs.
The solid line is the average over 10 runs. (b) Varying the number of workers, averaged
over 10 runs. The dashed line indicates result with no prelearning phase for A-SGD and
EASGD, whereas for those methods the solid line indicates an Adam pre-learning phase of
a third of an epoch.
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Similarly, for A-SGD we optimized the Adam step size constants, separately on the workers
and master, for EASGD the moving rate and Adam step size constants, and for SGD the
Adam step size constants and scaling of injected noise, from no noise to three orders of
magnitude. All methods were initialized by the Xavier method, and run with and without
a non-distributed pre-learning phase of a third of an epoch. We found that pre-learning
was essential for EASGD, while it was unnecessary for A-SGD and p-SNEP. In fact, for
SNEP, too long a pre-learning phase is actually harmful to the final solution reached, which
we suggest is due to the reduced exploration between workers. We only report results for
p-SNEP without pre-learning (as per the previous section).

The same Adam step size constant was found to be optimal across all methods, 0.00065.
For p-SNEP, the prior variance was set to 0.05, β to 1/8, and the learning rate to 0.04.
For EASGD, the moving rate was set to 0.25. For A-SGD, the worker step sizes were set
to 0.00065 and the master step size to a third of this; it must be slower to account for the
staleness of the parameters. For SGD, we discovered that a small amount of noise, the same
constant as is optimal for p-SNEP, reduces the variance of the runs around their mean by
helping some runs avoid getting stuck in bad solutions. However, SGD did not converge to
within the plot limits within the time set for experiments and so is omitted in the results
shown in Figure 6a.

p-SNEP was found to significantly outperform A-SGD and EASGD, obtaining an extra
percent of accuracy relative to other methods after fifty epochs for 8 and 16 workers. From
the perspective of traditional neural network learning, our algorithm has two advantages
for learning deep models: the addition of noise, and a principled method of regularizing
the parameters. As in Neelakantan et al. (2016), we found it was important to add noise
to the SGD methods. Although with a good initialization, added noise only improved the
worst runs and not the best, smoothing out convergence. We conjecture that the added
noise helps learning escape the difficult saddle points and plateaus. For this model, a strong
prior variance was found to be important for p-SNEP to extract the full capacity of the
model. We conjecture that this allows the gradients to flow back through the network more
easily by forcing the parameters of the top layers to be small. Surprisingly, we found L2
regularization did not help with A-SGD and EASGD. p-SNEP also clearly benefits from
additional workers in this setting, in contrast to A-SGD and EASGD (see Figure 6b).

It is interesting to note that this model has about one sixth the parameters of the
previous two layer model. Yet, due to the deeper architecture and ability to successfully
navigate the difficult learning landscape, p-SNEP is able to obtain similar test accuracies.

6.2.3 CIFAR-10, Convolutional Network

We also experimented with distributed Bayesian learning of convolutional neural networks,
applying these to the CIFAR-10 data set (Krizhevsky, 2009) which consists of 50000 train-
ing instances and 10000 test instances from 10 classes, each instance being a 32x32 colour
natural image. The network used is the one described in Alex Krizhesky’s CIFAR tutorial6

and consists of 8 layers: a first convolutional layer followed by max-pooling and local re-
sponse normalization, a second convolutional layer also followed by max-pooling and local
response normalization, and a third convolutional layer followed by a fully connected layer.

6. https://code.google.com/p/cuda-convnet/wiki/Methodology
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Figure 7: Learning curves varying the number of workers (averaged over three runs). The
green line shows Adam with default parameters for comparison. Best viewed in colour.

For SNEP, we used the following settings: Nsync = 10, Nouter = 10, mini-batch size
100, weights initialised with the Xavier initialisation, and SNEP learning rate and adap-
tive SGLD step sizes of 0.02. We did not investigate improving performance by building
in invariances using data perturbations or having multiple learning phases with different
learning rates. Learning curves averaged over 3 runs are shown in Figure 7. All distributed
algorithms are shown with hand-tuned optimal hyperparameter settings. On this data set
SNEP outperforms other distributed algorithms. It converges as quickly as EASGD and
p-SNEP but reaches a better final test accuracy. p-SNEP converges very fast but to a worse
local optimum. It is not clear why p-SNEP performed better on previous experiments but
not here; understanding the optimal choice of β is an interesting area for future research
as we have observed that this parameter has a strong influence on the performance of the
algorithm.

7. Discussion

In this paper, we have proposed a novel alternative to expectation propagation called
stochastic natural-gradient expectation propagation (SNEP). SNEP is demonstrably con-
vergent, even when using Monte Carlo estimates of the moments/mean parameters of tilted
distributions. Experimentally, we find that SNEP converges more efficiently and more sta-
bly than other methods considered, particularly when Monte Carlo noise is high. Using
SNEP, we have proposed the posterior server architecture for distributed Bayesian learn-
ing using an asynchronous non-blocking message-passing protocol. The architecture uses a
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separate MCMC sampler on each worker, and SNEP to coordinate the samplers across the
cluster so that the target distributions agree on the moments which characterise the base
exponential family. In contrast with typical maximum likelihood parameter server archi-
tectures, the posterior server allows each worker to learn separate variational parameters,
and as a result requires less frequent synchronisation across the cluster. We believe that
this insight can allow for significant advances to distributed learning, although more work is
still needed to make this reality. Finally, we applied SNEP and the posterior server to dis-
tributed Bayesian learning of both fully-connected and convolutional neural networks, where
we showed performances on par with or better than state-of-the-art distributed and non-
distributed optimisation algorithms. In conclusion, we have demonstrated that Bayesian
learning of large complex models can be achieved efficiently and effectively in a distribut-
ing computing setting, and can achieve state-of-the-art performances on learning neural
networks.

Our work leaves open a number of interesting avenues of future research, which we have
discussed throughout the paper. It would be interesting to develop other novel convergent
alternatives to EP with potentially faster convergence (e.g. using a single loop instead of
double loop algorithm), and to apply such methods to other settings where Monte Carlo
estimates are used within EP. It would also be interesting to further investigate combining
SNEP with ideas from other projects such as the parameter tying idea of stochastic and
averaged EP. We also believe that further explorations of learning regimes and hyperpa-
rameters, as well as of larger data sets, is called for, and will demonstrate further improve-
ments to the method. These explorations can include using samples obtained at workers
to form predictive probabilities, evaluating the algorithms using test log probabilities and
on their abilities to quantify uncertainties, understanding the role of the β parameter, and
combining SNEP with simulated annealing for optimisation. Another interesting area for
application is on-device machine learning which falls naturally into our distributed data
set-up. It would be interesting to compare SNEP to existing approaches such as feder-
ated learning (McMahan et al., 2016) We have also noted that our application of SNEP
to neural network learning necessitates a diagonal covariance Gaussian approximation for
computational reasons. Further work can consider richer posterior approximations, such as
block-diagonal covariances or the use of matrix variate Gaussian distributions (Louizos and
Welling, 2016). Ultimately, we believe these explorations will demonstrate the utility of a
distributed Bayesian approach to learning.
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Appendix A. Relationship of Ideal Variational Problem in the Extended
Exponential Family to Variational Inference

As expected, the ideal variational problem in the extended exponential family in (3) is
intractable and approximations are needed for tractability, with different approximations
leading to different variational approaches. For readers unfamiliar with this framework,
it might be illuminating to link the above framework to standard mean field variational
inference, which corresponds to approximating the mean domain M̃ by the set of moments
achievable by some family of factorised distributions q over x. The standard evidence lower
bound on the log marginal probability (also known as the variational free energy) is,

p({Di}ni=1) ≥ Eq[log p(x, {Di}ni=1)− log q(x)]

= Eq

[
θ>0 s(x)−A(θ0) +

n∑

i=1

`i(x)

]
− Eq [log q(x)]

= θ̃>µ̃−A(θ0)− Eq [log q(x)]

where we have introduced µ = Eq[s(x)] and νi = Eq[`i(x)] as the moments of q, and we
have used the definition of the extended natural and mean parameters θ̃, µ̃. The second
term is a constant not dependent on q, while the third term above is the negative entropy,
so that the above is equivalent to (3) except that the optimisation is only over a family of
factorised distributions q.

Appendix B. Additional Techniques for Bayesian Neural Networks

In our experiments we investigated the use of SNEP and the posterior server for distributed
Bayesian learning of neural networks. To get the method working well on the notoriously
complicated posterior distributions for neural networks, a number of additional techniques
are needed, which we describe here.

B.1 Adaptive Stochastic Gradient Langevin Dynamics

Most of the computational costs associated with the algorithm involve the MCMC updates
to the state xi. When the number of data points stored on each compute node is large,
standard MCMC updates are infeasible as each update requires computations involving
every data point. In our experiments we used the stochastic gradient Langevin dynamics
(SGLD) algorithm proposed by Welling and Teh (2011) which scales well to large data sets.

SGLD uses mini-batches of data to provide unbiased estimates of gradients which are
used in a time discretized Langevin dynamics simulation whose stationary distribution is
the desired tilted distribution (20). SGLD injects noise in every step. As the discretization
stepsize decreases the noise due to the stochastic gradients is eventually dominated by the
injected noise and hence neglibible. Likewise the discretization introduces errors which
tend to zero as the discretization step sizes decreases to zero; see (Teh et al., 2015, Vollmer
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et al., 2016). Recall that the data points on compute node i is Di = {yc}c∈Si , and the log
likelihood is

`i(xi) =
∑

c∈Si

log p(yc | xi).

Let B(t) ⊂ Si be a mini-batch of data, chosen uniformly at random with fixed size. Each
SGLD update is,

x
(t+1)
i = x

(t)
i + κt(M

(t))−1


∇s(x(t)

i )>(θ′i − β−1
i λ

(t)
i ) + β−1

i

|Si|
|B(t)|

∑

c∈B(t)

∇ log p(yc|x(t)
i )


+ ηt,

ηt ∼ N (0, 2κt(M
(t))−1). (27)

The term inside the parentheses is an unbiased estimate of the gradient of the log density
of the tilted distribution (20), κt is the discretization step size, M (t) is (an adaptive) diag-
onal mass matrix, while ηt is an injected normally-distributed noise, which prevents SGLD
from converging to a mode of the distribution and distinguishes it from stochastic gradient
descent. See Welling and Teh (2011) for details.

In (27), M (t) is a mass matrix which effectively controls the length scale of updates to
each dimension of xi. It is well known that in neural networks the length scales of gradients
differ significantly across different parameters and adaptation of learning rates specific to
each parameter is crucial for successful deployment of stochastic gradient descent learning.
We have found that this is the case for SGLD as well, and used an adaptation scheme for
the mass matrix reminiscent of Adam (Kingma and Ba, 2015). The adaptation scheme is
the same as the one proposed by (Li et al., 2016) except for the addition of a debiasing
reminiscent of Adam. At iteration t let gt be the stochastic gradient estimate in (27). We
use a diagonal mass matrix Mt that is updated according to the following update equations:

vt = βvt−1 + (1− β)gt � gt
diag(Mt) =

vt
1− β2

,

where � denotes the elementwise product. We used β = 0.999 in our experiments. The
actual adaptive stepsize is then given by

κt =
ε√

Mt + δ
,

where ε = 10−3 and δ = 10−8 is added for numerical stability. We found that sometimes
this adaptive scheme lead to large injected noise, specially at the start of training which
was detrimental to learning. To mitigate this effect we limited the standard deviation of
injected noise to be at most ε in our experiments. An alternative solution to this problem
could be the approach proposed by Lu et al. (2017).

B.2 Shifting MCMC States After Communication with Posterior Server

After each communication with the posterior server, the target distribution of the MCMC
sampler on the worker, say i, is changed, because of θ−i being updated in Step 16 of
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Algorithm 1. Assuming that the MCMC sampler had previously converged, it will now
not be so anymore because of this shift in the target distribution, and a number of burn-
in iterations may be needed before the mean parameter estimates can be used for SNEP
updates again.

For Gaussian base exponential families, we can shift the MCMC state along with the
target distribution when θ−i is updated in the following way. Suppose µold

i , Σold
i , µnew

i ,
Σnew
i are the means and covariances of the approximate Gaussian posterior before and after

the update to θ−i (with natural parameters λi + θold
−i , λi + θnew

−i respectively where λi is the
current natural parameter of the Gaussian likelihood approximation). Suppose xold

i is the
MCMC state before the update. Then we shift the MCMC state as follows:

xnew
i = µnew

i + (Σnew
i )

1
2 (Σold

i )−
1
2 (xold

i − µold
i ). (28)

The idea is that xnew
i should be at the same location relative to the new Gaussian approxi-

mation to the posterior as xold
i is relative to the old Gaussian approximation. We have found

that no burn-in is needed with this shift in the MCMC state after each communication.
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ABSTRACT

We present a new approach to assessing the robustness of neural networks based
on estimating the proportion of inputs for which a property is violated. Specifi-
cally, we estimate the probability of the event that the property is violated under
an input model. Our approach critically varies from the formal verification frame-
work in that when the property can be violated, it provides an informative notion
of how robust the network is, rather than just the conventional assertion that the
network is not verifiable. Furthermore, it provides an ability to scale to larger net-
works than formal verification approaches. Though the framework still provides a
formal guarantee of satisfiability whenever it successfully finds one or more viola-
tions, these advantages do come at the cost of only providing a statistical estimate
of unsatisfiability whenever no violation is found. Key to the practical success of
our approach is an adaptation of multi-level splitting, a Monte Carlo approach for
estimating the probability of rare events, to our statistical robustness framework.
We demonstrate that our approach is able to emulate formal verification proce-
dures on benchmark problems, while scaling to larger networks and providing
reliable additional information in the form of accurate estimates of the violation
probability.

1 INTRODUCTION

The robustness of deep neural networks must be guaranteed in mission-critical applications where
their failure could have severe real-world implications. This motivates the study of neural network
verification, in which one wishes to assert whether certain inputs in a given subdomain of the net-
work might lead to important properties being violated (Zakrzewski, 2001; Bunel et al., 2018). For
example, in a classification task, one might want to ensure that small perturbations of the inputs do
not lead to incorrect class labels being predicted (Szegedy et al., 2013; Goodfellow et al., 2015).
The classic approach to such verification has focused on answering the binary question of whether
there exist any counterexamples that violate the property of interest. We argue that this approach
has two major drawbacks. Firstly, it provides no notion of how robust a network is whenever a
counterexample can be found. Secondly, it creates a computational problem whenever no coun-
terexamples exist, as formally verifying this can be very costly and does not currently scale to the
size of networks used in many applications.
To give a demonstrative example, consider a neural network for classifying objects in the path of an
autonomous vehicle. It will almost certainly be infeasible to train such a network that is perfectly ro-
bust to misclassification. Furthermore, because the network will most likely need to be of significant
size to be effective, it is unlikely to be tractable to formally verify the network is perfectly robust,
even if such a network exists. Despite this, it is still critically important to assess the robustness of
the network, so that manufacturers can decide whether it is safe to deploy.

∗Author for correspondence at info@stefanwebb.me
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To address the shortfalls of the classic approach, we develop a new measure of intrinsic robustness
of neural networks based on the probability that a property is violated under an input distribution
model. Our measure is based on two key insights. The first is that for many, if not most, applications,
full formal verification is neither necessary nor realistically achievable, such that one actually desires
a notion of how robust a network is to a set of inputs, not just a binary answer as to whether it is
robust or not. The second is that most practical applications have some acceptable level of risk, such
that it is sufficient to show that the probability of a violation is below a certain threshold, rather than
confirm that this probability is exactly zero.
By providing a probability of violation, our approach is able to address the needs of applications such
as our autonomous vehicle example. If the network is not perfectly robust, it provides an explicit
measure of exactly how robust the network is. If the network is perfectly robust, it is still able to
tractability assert that a violation event is “probably-unsatisfiable”. That is it is able to statistically
conclude that the violation probability is below some tolerance threshold to true zero, even for large
networks for which formal verification would not be possible.
Calculating the probability of violation is still itself a computationally challenging task, correspond-
ing to estimating the value of an intractable integral. In particular, in most cases, violations of the
target property constitute (potentially extremely) rare events. Consequently, the simple approach
of constructing a direct Monte Carlo estimate by sampling from the input model and evaluating
the property will be expensive and only viable when the event is relatively common. To address
this, we adapt an algorithm from the Monte Carlo literature, adaptive multi-level splitting (AMLS)
(Guyader et al., 2011; Nowozin, 2015), to our network verification setting. AMLS is explicitly de-
signed for prediction of rare events and our adaptation means that we are able to reliably estimate
the probability of violation, even when the true value is extremely small.
Our resulting framework is easy to implement, scales linearly in the cost of the forward operation
of the neural network, and is agnostic both to the network architecture and input model. Assump-
tions such as piecewise linearity, Lipschitz continuity, or a specific network form are not required.
Furthermore, it produces a diversity of samples which violate the property as a side-product. To
summarize, our main contributions are:

• Reframing neural network verification as the estimation of the probability of a violation,
thereby providing a more informative robustness metric for non-verifiable networks;

• Adaptation of the AMLS method to our verification framework to allow the tractable esti-
mation of our metric for large networks and rare events;

• Validation of our approach on several models and datasets from the literature.

2 RELATED WORK

The literature on neural network robustness follows two main threads. In the optimization com-
munity, researchers seek to formally prove that a property holds for a neural network by framing it
as a satisfiability problem (Zakrzewski, 2001), which we refer to as the classical approach to ver-
ification. Such methods have only been successfully scaled beyond one hidden layer networks for
piecewise linear networks (Cheng et al., 2017; Katz et al., 2017), and even then these solutions do
not scale to, for example, common image classification architectures with input dimensions in the
hundreds, or apply to networks with nonlinear activation functions (Bunel et al., 2018). Other work
has sought approximate solutions in the same general framework but still does not scale to larger
networks (Pulina & Tacchella, 2010; Xiang et al., 2018; Huang et al., 2017b). As the problem is
NP-hard (Katz et al., 2017), it is unlikely that an algorithm exists with runtime scaling polynomially
in the number of network nodes.
In the deep learning community, research has focused on constructing and defending against adver-
sarial attacks, and by estimating the robustness of networks to such attacks. Weng et al. (2018b)
recently constructed a measure for robustness to adversarial attacks estimating a lower bound on the
minimum adversarial distortion, that is the smallest perturbation required to create an adversarial
example. Though the approach scales to large networks, the estimate of the lower bound is often
demonstratively incorrect: it is often higher than an upper bound on the minimum adversarial distor-
tion (Goodfellow, 2018). Other drawbacks of the method are that it cannot be applied to networks
that are not Lipschitz continuous, it requires an expensive gradient computation for each class per
sample, does not produce adversarial examples, and cannot be applied to non-adversarial proper-
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ties. The minimum adversarial distortion is also itself a somewhat unsatisfying metric for many
applications, as it conveys little information about the prevalence of adversarial examples.
In other work spanning both communities (Gehr et al., 2018; Weng et al., 2018a; Wong & Kolter,
2018), researchers have relaxed the satisfiability problem of classical verification, and are able to
produce certificates-of-robustness for some samples (but not all that are robust) by giving a lower-
bound on the minimal adversarial distortion. Despite these methods scaling beyond formal verifica-
tion, we note that this is still a binary measure of robustness with limited informativeness.

3 MOTIVATING EXAMPLES

To help elucidate our problem setting, we consider the ACASXU dataset (Katz et al., 2017) from
the formal verification literature. A neural network is trained to predict one of five correct steering
decisions, such as “hard left,” “soft left,” etc., for an unmanned aircraft to avoid collision with a
second aircraft. The inputs x describe the positions, orientations, velocities, etc. of the two aircraft.
Ten interpretable properties are specified along with corresponding constraints on the inputs, for
which violations correspond to events causing collisions. Each of these properties is encoded in
a function, s, such that it is violated when s(x) ≥ 0. The formal verification problem asks the
question, “Does there exist an input x ∈ E ⊆ X in a constrained subset, E , of the domain such that
the property is violated?” If there exists a counterexample violating the property, we say that the
property is satisfiable (SAT), and otherwise, unsatisfiable (UNSAT).
Another example is provided by adversarial properties from the deep learning literature on datasets
such as MNIST. Consider a neural network fθ(x) = Softmax(z(x)) that classifies images, x, into
C classes, where the output of f gives the probability of each class. Let δ be a small perturbation
in an lp-ball of radius ε, that is, ‖δ‖p < ε. Then x = x′ + δ is an adversarial example for x′ if
argmaxi z(x)i 6= argmaxi z(x

′)i, i.e. the perturbation changes the prediction. Here, the property
function is s(x) = maxi 6=c (z(x)i − z(x)c), where c = argmaxj z(x

′)j and s(x) ≥ 0 indicates
that x is an adversarial example. Our approach subsumes adversarial properties as a specific case.

4 ROBUSTNESS METRIC

The framework for our robustness metric is very general, requiring only a) a neural network fθ,
b) a property function s(x; f, φ), and c) an input model p(x). Together these define an integration
problem, with the main practical challenge being the estimation of this integral. Consequently,
the method can be used for any neural network. The only requirement is that we can evaluate the
property function, which typically involves a forward pass of the neural network.
The property function, s(x; fθ, φ), is a deterministic function of the input x, the trained network fθ,
and problem specific parameters φ. For instance, in the MNIST example, φ = argmaxi fθ(x

′)i is
the true output of the unperturbed input. Informally, the property reflects how badly the network is
performing with respect to a particular property. More precisely, the event

E , {s(x; fθ, φ) ≥ 0} (1)

represents the property being violated. Predicting the occurrence of these, typically rare, events will
be the focus of our work. We will omit the dependency on fθ and φ from here on for notional
conciseness, noting that these are assumed to be fixed and known for verification problems.
The input model, p(x), is a distribution over the subset of the input domain that we are con-
sidering for counterexamples. For instance, for the MNIST example we could use p(x;x′) ∝
1 (‖x− x′‖p ≤ ε) to consider uniform perturbations to the input around an lp-norm ball with ra-
dius ε. More generally, the input model can be used to place restrictions on the input domain and
potentially also to reflect that certain violations might be more damaging than others.
Together, the property function and input model specify the probability of failure through the integral

I [p, s] , PX∼p(·) (s(X) ≥ 0) =

∫

X
1{s(x)≥0}p(x)dx. (2)

This integral forms our measure of robustness. The integral being equal to exactly zero corresponds
to the classical notion of a formally verifiable network. Critically though, it also provides a measure
for how robust a non-formally-verifiable network is.
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5 METRIC ESTIMATION

Our primary goal is to estimate (2) in order to obtain a measure of robustness. Ideally, we also wish
to generate example inputs which violate the property. Unfortunately, the event E is typically very
rare in verification scenarios. Consequently, the estimating the integral directly using Monte Carlo,

P̂X∼p(·) (s(X) ≥ 0) =
1

N

∑N

n=1
1{s(xn)≥0}, where xn

i.i.d.∼ p(·) (3)

is typically not feasible for real problems, requiring an impractically large number of samples to
achieve a reasonable accuracy. Even whenE is not a rare event, we desire to estimate the probability
using as few forward passes of the neural network as possible to reduce computation. Furthermore,
the dimensionality of x is typically large for practical problems, such that it is essential to employ a
method that scales well in dimensionality. Consequently many of the methods commonly employed
for such problems, such as the cross-entropy method (Rubinstein, 1997; De Boer et al., 2005), are
inappropriate due to relying on importance sampling, which is well known to scale poorly.
As we will demonstrate empirically, a less well known but highly effective method from the statistics
literature, adaptive multi-level splitting (AMLS) (Kahn & Harris, 1951; Guyader et al., 2011), can
be readily adapted to address all the aforementioned computational challenges. Specifically, AMLS
is explicitly designed for estimating the probability of rare events and our adaptation is able to
give highly accurate estimates even when the E is very rare. Furthermore, as will be explained
later, AMLS also allows the use of MCMC transitions, meaning that our approach is able to scale
effectively in the dimensionality of x. A further desirable property of AMLS is that it produces
property-violating examples as a side product, namely, it produces samples from the distribution

π(x) , p(x | E) = p(x)1{s(x)≥0}
/
I [p, s] . (4)

Such samples could, in theory, be used to perform robust learning, in a similar spirit to Goodfellow
et al. (2015) and Madry et al. (2017).

5.1 MULTI-LEVEL SPLITTING

Multi-level splitting (Kahn & Harris, 1951) divides the problem of predicting the probability of a
rare event into several simpler ones. Specifically, we construct a sequence of intermediate targets,

πk(x) , p(x | {s(x) ≥ Lk}) ∝ p(x)1{s(x)≥Lk}, k = 0, 1, 2, . . . ,K,

for levels, −∞ = L0 < L1 < L2 < · · · < LK = 0, to bridge the gap between the input model
p(x) and the target π(x). For any choice of the intermediate levels, we can now represent equation
(2) through the following factorization,

PX∼p(·) (s(X) ≥ 0) =
∏K

k=1
P (s(X) ≥ Lk | s(X) ≥ Lk−1) =

∏K

k=1
Pk,

where Pk , EX∼πk−1(·)
[
1{s(X)≥Lk}

]
.

(5)

Provided consecutive levels are sufficiently close, we will be able to reliably estimate each Pk by
making use of the samples from one level to initialize the estimation of the next.

Our approach starts by first drawing N samples, {x(0)
n }Nn=1, from π0(·) = p(·), noting that this

can be done exactly because the perturbation model is known. These samples can then be used to
estimate P1 using simple Monte Carlo,

P1 ≈ P̂1 , 1

N

∑N

n=1
1{s(x(0)

n )≥L1} where x(0)
n ∼ π0(·).

In other words, P1 is the fraction of these samples whose property is greater than L1. Critically,
by ensuring the value of L1 is sufficiently small for {s(xn) ≥ L1} to be a common event, we can
ensure P̂1 is a reliable estimate for moderate numbers of samples N .
To estimate the other Pk, we need to be able to draw samples from πk−1(·). For this we note that
if {x(k−2)

n }Nn=1 are distributed according to πk−2(·), then the subset of these samples for which
s(x

(k−2)
n ) ≥ Lk−1 are distributed according to πk−1(·). Furthermore, setting Lk−1 up to ensure

this event is not rare means a significant proportion of the samples will satisfy this property.
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Algorithm 1 Adaptive multi-level splitting with termination criterion

1: Input: Input model p(x), sample quantile ρ, MH proposal g(x′|x), number of MH steps M , termination
threshold log(Pmin)

2: Sample {x(0)
n }Nn=1 i.i.d. from p(·)

3: Initialize L← −∞, Lprev ← −∞, log(I)← 0, k ← 0

4: while L < 0 do
5: k ← k + 1

6: Evaluate and sort {s(x(k−1)
n )}Nn=1 in descending order

7: Lk ← min{0, s(x(k−1)

bρNc )} . Updating the level

8: P̂k ← #{x(k−1)
n | s(x(k−1)

n ) ≥ L} /N
9: log(I)← log(I) + log(P̂k) . Updating integral estimate

10: if log(I) < log(Pmin) then return (∅,−∞) end if . Final estimate will be less than log(Pmin)

11: Initialize {x(k)
n }Nn=1 by resampling with replacement N times from {x(k−1)

n | s(x(k−1)
n ) ≥ L}

12: Apply M MH updates separately to each x
(k)
n using g(x′|x)

13: [Optional] Adapt g(x′|x) based on MH acceptance rates
14: end while
15: return ({x(k)

n }Nn=1, log(I))

To avoid our set of samples shrinking from one level to the next, it is necessary to carry out a rejuve-
nation step to convert this smaller set of starting samples to a full set of size N for the next level. To
do this, we first carry out a uniform resampling with replacement from the set of samples satisfying
s(x

(k−1)
n ) ≥ Lk to generate a new set of N samples which are distributed according to πk(·), but

with a large number of duplicated samples. Starting with these samples, we then successively apply
M Metropolis–Hastings (MH) transitions targeting πk(·) separately to each sample to produce a
fresh new set of samples {x(k)

n }Nn=1 (see Appendix A for full details). These samples can then in
turn be used to form a Monte Carlo estimate for Pk,

Pk ≈ P̂k , 1

N

∑N

n=1
1{s(x(k−1)

n )≥Lk} where x(k−1)
n ∼ πk−1(·), (6)

along with providing the initializations for the next level. Running more MH transitions decreases
the correlations between the set of samples, improving the performance of the estimator.
We have thus far omitted to discuss how the levels Lk are set, other than asserting the need for
the levels to be sufficiently close to allow reliable estimation of each Pk. Presuming that we are
also free to choose the number of levels K, there is inevitably a trade-off between ensuring that
each {s(X) ≥ Lk} is not rare given {s(X) ≥ Lk−1}, and keeping the number of levels small to
reduce computational costs and avoid the build-up of errors. AMLS (Guyader et al., 2011) builds
on the basic multi-level splitting process, providing an elegant way of controlling this trade-off by
adaptively selecting the level to be the minimum of 0 and some quantile of the property under the
current samples. The approach terminates when the level reaches zero, such that LK = 0 and K is
a dynamic parameter chosen implicitly by the adaptive process.
Choosing the ρth quantile of the values of the property results in discarding a fraction (1− ρ) of the
chains at each step of the algorithm. This allows explicit control of the rarity of the events to keep
them at a manageable level. We note that if all the sample property values are distinct, then this
approach gives Pk = ρ, ∀k < K. To give intuition to this, we can think about splitting up log(I)
into chunks of size log(ρ). For any value of log(I), there is always a unique pair of values {K,PK}
such that log(I) = K log(ρ) + log(PK), K ≥ 0 and PK < ρ. Therefore the problem of estimating
I is equivalent to that of estimating K and PK .

5.2 TERMINATION CRITERION

The application of AMLS to our verification problem presents a significant complicating factor in
that the true probability of our rare event might be exactly zero. Whenever this is the case, the
basic AMLS approach outlined in (Guyader et al., 2011) will never terminate as the quantile of the
property will never rise above zero; the algorithm simply produces closer and closer intermediate
levels as it waits for the event to occur.
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To deal with this, we introduce a termination criterion based on the observation that AMLS’s running
estimate for I monotonically decreases during running. Namely, we introduce a threshold probabil-
ity, Pmin, below which the estimates will be treated as being numerically zero. We then terminate
the algorithm if I < Pmin and return I = 0, safe in the knowledge that even if the algorithm would
eventually generate a finite estimate for I, this estimate is guaranteed to be less than Pmin.
Putting everything together, gives the complete method as shown in Algorithm 1. See Appendix B
for low-level implementation details.

6 EXPERIMENTS

6.1 EMULATION OF FORMAL VERIFICATION

In our first experiment, we aim to test whether our robustness estimation framework is able to ef-
fectively emulate formal verification approaches, while providing additional robustness information
for SAT properties. In particular, we want to test whether it reliably identifies properties as being
UNSAT, for which I = 0, or SAT, for which I > 0. We note that the method still provides a formal
demonstration for SAT properties because having a non-zero estimate for I indicates that at least
one counterexample has been found. Critically, it further provides a measure for how robust SAT
properties are, through its estimate for I.
We used the COLLISIONDETECTION dataset introduced in the formal verification literature by
(Ehlers, 2017). It consists of a neural network with six inputs that has been trained to classify
two car trajectories as colliding or non-colliding. The architecture has 40 linear nodes in the first
layer, followed by a layer of max pooling, a ReLU layer with 19 hidden units, and an output layer
with 2 hidden units. Along with the dataset, 500 properties are specified for verification, of which
172 are SAT and 328 UNSAT. This dataset was chosen because the model is small enough so that the
properties can be formally verified. These formal verification methods do not calculate the value of
I, but rather confirm the existence of a counterexample for which s(x) > 0.
We ran our approach on all 500 properties, setting ρ = 0.1, N = 104, M = 1000 (the choice
of these hyperparameters will be justified in the next subsection), and using a uniform distribution
over the input constraints as the perturbation model, along with a uniform random walk proposal.
We compared our metric estimation approach against the naive Monte Carlo estimate using 1010

samples. The generated estimates of I for all SAT properties are shown in Figure 1a.
Both our approach and the naive MC baseline correctly identified all of the UNSAT properties by
estimating I as exactly zero. However, despite using substantially more samples, naive MC failed
to find a counterexample for 8 of the rarest SAT properties, thereby identifying them as UNSAT,
whereas our approach found a counterexample for all the SAT properties. As shown in Figure 1a,
the variances in the estimates for I of our approach were also very low and matched the unbiased
MC baseline estimates for the more commonly violated properties, for which the latter approach
still gives reliable, albeit less efficient, estimates. Along with the improved ability to predict rare
events, our approach was also significantly faster than naive MC throughout, with a speed up of
several orders of magnitude for properties where the event is not rare—a single run with naive MC
took about 3 minutes, whereas a typical run of ours took around 3 seconds.

6.2 SENSITIVITY TO PARAMETER SETTINGS

As demonstrated by Bréhier et al. (2015), AMLS is unbiased under the assumption that perfect sam-
pling from the targets, {πk}K−1k=1 , is possible, and that the cumulative distribution function of s(X)
is continuous. In practice, finite mixing rates of the Markov chains and the dependence between the
initialization points for each target means that sampling is less than perfect, but improves with larger
values of M and N . The variance, on the other hand, theoretically strictly decreases with larger
values of N and ρ (Bréhier et al., 2015).
In practice, we found that while larger values of M and N were always beneficial, setting ρ too high
introduced biases into the estimate, with ρ = 0.1 empirically providing a good trade-off between
bias and variance. Furthermore, this provides faster run times than large values of ρ, noting that the
smaller values of ρ lead to larger gaps in the levels.
To investigate the effect of the parameters more formally, we further ran AMLS on the SAT
properties of COLLISIONDETECTION, varying ρ ∈ {0.1, 0.25, 0.5}, N ∈ {103, 104, 105} and
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Figure 1: (a) Estimate of I for all SAT properties of COLLISIONDETECTION problem. Error bars
indicating ± three standard errors from 30 runs are included here and throughout, but the variance
of the estimates was so small that these are barely visible. We can further conclude low bias of our
method for the properties where naive MC estimation was feasible, due to the fact that naive MC
produces unbiased (but potentially high variance) estimates. (b) Mean AMLS estimate relative to
naive MC estimate for different ρ holdingM = 1000 fixed, for those properties with log10 I > −6.5
such that they could be estimated accurately. The bias decreases both as ρ and the rareness of the
event decrease. (c) As per (b) but with varying M and holding ρ = 0.1 fixed.

M ∈ {100, 250, 1000}, again comparing to the naive MC estimate for 1010 samples. We found
that the value of N did not make a discernible difference in this range regardless of the values for
ρ and M , and thus all presented results correspond to setting N = 104. As shown in Figure 1b,
we found that the setting of ρ made a noticeable difference to the estimates for the relatively rarer
events. All the same, these differences were small relative to the differences between properties. As
shown in Figure 1c, the value of M made little difference when ρ = 0.1,. Interesting though, we
found that the value of M was important for different values of ρ, as shown in Appendix C.1, with
larger values of M giving better results as expected.

6.3 CONVERGENCE WITH HIGHER-DIMENSIONAL INPUTS AND LARGER NETWORKS

To validate the algorithm on a higher-dimensional problem, we first tested adversarial properties on
the MNIST and CIFAR–10 datasets using a dense ReLU network with two hidden-layer of size 256.
An l∞-norm ball perturbation around the data point with width ε was used as the uniform input
model, with ε = 1 representing an l∞-ball filling the entire space (the pixels are scaled to [0, 1]),
together with a uniform random walk MH proposal. After training the classifiers, multilevel splitting
was run on ten samples from the test set at multiple values of ε, with N = 10000 and ρ = 0.1, and
M ∈ {100, 250, 1000} for MNIST andM ∈ {100, 250, 500, 1000, 2000} for CIFAR–10. The results
for naive MC were also evaluated using 5× 109 samples—less than the previous experiment as the
larger network made estimation more expensive—in the cases where the event was not too rare. This
took around twenty minutes per naive MC estimate, versus a few minutes for each AMLS estimate.
As the results were similar across datapoints, we present the result for a single example in the top
two rows of Figure 2. As desired, a smooth curve is traced out as ε decreases, for which the event E
becomes rarer. For MNIST, acceptable accuracy is obtained for M = 250 and high accuracy results
for M = 1000. For CIFAR–10, which has about four times the input dimension of MNIST, larger
values of M were required to achieve comparable accuracy. The magnitude of ε required to give a
certain value of log(I) is smaller for CIFAR–10 than MNIST, reflecting that adversarial examples for
the former are typically more perceptually similar to the datapoint.
To demonstrate that our approach can be employed on large networks, we tested adversarial prop-
erties on the CIFAR–100 dataset and a much larger DenseNet architecture (Huang et al., 2017a),
with depth and growth-rate 40 (approximately 2 × 106 parameters). Due to the larger model size,
we set N = 300, the largest minibatch that could be held in memory (a larger N could be used by
looping over minibatches). The naive Monte Carlo estimates used 5 × 106 samples for about an
hour of computation time per estimate, compared to between five to fifteen minutes for each AMLS
estimate. The results are presented in the bottom row of Figure 2, showing that our algorithm agrees
with the naive Monte Carlo estimate.
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Figure 2: [Left] Estimates for I on adversarial properties of a single datapoint with ρ = 0.1, and
N ∈ {10000, 10000, 300} for MNIST/CIFAR–10/CIFAR–100 respectively. As in Figure 1, the error
bars from 30 runs are barely visible, highlighting a very low variance in the estimates, while the
close matching to the naive MC estimates when ε is large enough to make the latter viable, indicate a
very low bias. For CIFAR–100 the error bars are shown for the naive estimates, as well, from 10 runs.
[Right] The difference in the estimate for the other values of M from M ∈ {1000, 2000, 2000} for
MNIST/CIFAR–10/CIFAR–100, respectively. The estimate steadily converges as M increases, with
larger M more important for rarer events.

6.4 ROBUSTNESS OF PROVABLE DEFENSES DURING TRAINING

We now examine how our robustness metric varies for a ReLU network as that network is trained to
be more robust against norm bounded perturbations to the inputs using the method of Wong & Kolter
(2018). Roughly speaking, their method works by approximating the set of outputs resulting from
perturbations to an input with a convex outer bound, and minimizing the worst case loss over this
set. The motivation for this experiment is twofold. Firstly, this training provides a series of networks
with ostensibly increasing robustness, allowing us to check if our approach produces robustness
estimates consistent with this improvement. Secondly, it allows us to investigate whether the training
to improve robustness for one type of adversarial attack helps to protect against others. Specifically,
whether training for small perturbation sizes improves robustness to larger perturbations.
We train a CNN model on MNIST for 100 epochs with the standard cross-entropy loss, then train the
network for a further 100 epochs using the robust loss of Wong & Kolter (2018), saving a snapshot
of the model at each epoch. The architecture is the same as in (Wong & Kolter, 2018), containing
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Figure 3: (a) Variation in I during the robustness training of on a CNN model for MNIST for three
different perturbation sizes ε. Epoch 0 corresponds to the network after conventional training, with
further epochs corresponding to iterations of robustness training. The solid line indicates the median
over 50 datapoints, and the limits of the shaded regions the 25 and 75 percentiles. Our measure is
capped at Pmin = exp(−250). We see that while training improves robustness for ε = 0.2, the initial
network is already predominantly robust to perturbations of size ε = 0.1, while the robustness to
perturbations of size ε = 0.3 actually starts to decrease after around 20 epochs. (b) Comparing the
fraction of 50 datapoints for which Wong & Kolter (2018) produces a certificate-of-robustness for
ε = 0.1 (“W&K”), versus the fraction of those samples for which I = Pmin for ε ∈ {0.1, 0.2, 0.3}
(“AMLS”). Due to very heavy memory requirements, it was computationally infeasible to calculate
certificates-of-robustness for ε = {0.2, 0.3}, and ε = 0.1 before epoch 32 with the method of Wong
& Kolter (2018). Our metric, however, suffers no such memory issues.

two strided convolutional layers with 16 and 32 channels, followed by two fully connected layers
with 100 and 10 hidden units, and ReLU activations throughout. The robustification phase trains the
classifier to be robust in an l∞ ε-ball around the inputs, where ε is annealed from 0.01 to 0.1 over
the first 50 epochs. At a number of epochs during the robust training, we calculate our robustness
metric with ε ∈ {0.1, 0.2, 0.3} on 50 samples from the test set. The results are summarized in Figure
3a with additional per-sample results in Appendix C.2. We see that our approach is able to capture
variations in the robustnesses of the network.
As the method of Wong & Kolter (2018) returns the maximum value of the property for each sample
over a convex outer bound on the perturbations, it is able to produce certificates-of-robustness for
some datapoints. If the result returned is less than 0 then no adversarial examples exist in an l∞ ball
of radius ε around that datapoint. If the result returned is greater than 0, then the datapoint may or
may not be robust in that l∞ ball, due to fact that it optimizes over an outer bound.
Though we emphasize that the core aim of our approach is in providing richer information for SAT
properties, this provides an opportunity to see how well it performs at establishing UNSAT properties
relative to a more classical approach. To this end, we compared the fraction of the 50 samples from
the test set that are verified by the method of Wong & Kolter (2018), to the fraction that have a
negligible volume of adversarial examples, I = Pmin, in their l∞ ε-ball neighbourhood. The results
are presented in Figure 3b.
Our method forms an upper bound on the fraction of robust samples, which can be made arbitrarily
tighter by taking Pmin → 0. Wong & Kolter (2018), on the other hand, forms a lower bound on the
fraction of robust samples, where the tightness of the bound depends on the tightness of the convex
outer bound, which is unknown and cannot be controlled. Though the true value must lie somewhere
between the two bounds, our bound still holds physical meaning it its own right in a way that Wong
& Kolter (2018) does not: it is the proportion of samples for which the prevalence of violations is
less than an a given acceptable threshold Pmin.
This experiment also highlights an important shortcoming of Wong & Kolter (2018). The memory
usage of their procedure depends on how many ReLU activations cross their threshold over per-
turbations. This is high during initial training for ε = 0.1 and indeed the reason why the training
procedure starts from ε = 0.01 and gradually anneals to ε = 0.1. The result is that it is infeasible
(the GPU memory is exhausted)—even for this relatively small model—to calculate the maximum
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value of the property on the convex outer bound for ε ∈ {0.2, 0.3} at all epochs, and ε = 0.1 for
epochs before 32. Even in this restricted setting where our metric has been reduced to a binary one,
it appears to be more informative than that of Wong & Kolter (2018) for this reason.

7 DISCUSSION

We have introduced a new measure for the intrinsic robustness of a neural network, and have val-
idated its utility on several datasets from the formal verification and deep learning literatures. Our
approach was able to exactly emulate formal verification approaches for satisfiable properties and
provide high confidence, accurate predictions for properties which were not. The two key advan-
tages it provides over previous approaches are: a) providing an explicit and intuitive measure for
how robust networks are to satisfiable properties; and b) providing improved scaling over classical
approaches for identifying unsatisfiable properties.
Despite providing a more informative measure of how robust a neural network is, our approach
may not be appropriate in all circumstances. In situations where there is an explicit and effective
adversary, instead of inputs being generated by chance, we may care more about how far away the
single closest counterexample is to the input, rather than the general prevalence of counterexamples.
Here our method may fail to find counterexamples because they reside on a subset with probability
less than Pmin; the counterexamples may even reside on a subset of the input space with measure zero
with respect to the input distribution. On the other hand, there are many practical scenarios, such as
those discussed in the introduction, where either it is unrealistic for there to be no counterexamples
close to the input, the network (or input space) is too large to realistically permit formal verification,
or where potential counterexamples are generated by chance rather than by an adversary. We believe
that for these scenarios our approach offers significant advantages to formal verification approaches.
Going forward, one way the efficiency of our approach could be improved further is by using a more
efficient base MCMC kernel in our AMLS estimator, that is replace line 12 in Algorithm 1 with a
more efficient base inference scheme. The current MH scheme was chosen on the basis of simplicity
and the fact it already gave effective empirical performance. However, using more advanced infer-
ence approaches, such as gradient-based approaches like Langevin Monte Carlo (LMC) (Rossky
et al., 1978) and Hamiltonian Monte Carlo (Neal, 2011), could provide significant speedups by
improving the mixing of the Markov chains, thereby reducing the number of required MCMC tran-
sitions.
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APPENDIX

A METROPOLIS–HASTINGS

Metropolis–Hastings (MH) is an MCMC method that allows for sampling when one only has ac-
cess to an unnormalized version of the target distribution (Gilks et al., 1995). At a high-level, one
attempts iteratively proposes local moves from the current location of a sampler and then accepts or
rejects this move based on the unnormalized density. Each iteration of this process is known as a
MH transition.
The unnormalized targets distributions of interest for our problem are γk(x) where

πk(x) ∝ γk(x) = p(x)1{s(x)≥Lk}, k = 1, 2, . . . ,K.

A MH transition now consists of proposing a new sample using a proposal x′ ∼ g(x′ | x), where
x indicates the current state of the sampler and x′ the proposed state, calculating an acceptance
probability,

Ak(x
′ | x) , min

{
1,
γk(x

′)g(x | x′)
γk(x)g(x′ | x)

}
, (7)

and accepting the new sample with probability Ak(x′ | x), returning the old sample if the new one
is rejected. The proposal, g(x′ | x), is a conditional distribution, such as a normal distribution cen-
tred at x with fixed covariance matrix. Successive applications of this transition process generates
samples which converge in distribution to the target πk(x) and whose correlation with the starting
sample diminishes to zero.
In our approach, these MH steps are applied independently to each sample in the set, while the only
samples used for the AMLS algorithm are the final samples produced from the resulting Markov
chains.

B IMPLEMENTATION DETAILS

Algorithm 1 has computational cost O(NMK), where the number of levels K will depend on
the rareness of the event, with more computation required for rarer ones. Parallelization over N
is possible provided that the batches fit into memory, whereas the loops over M and K must be
performed sequentially.
One additional change we make from the approach outlined by Guyader et al. (2011) is that we
perform MH updates on all chains in Lines 12, rather than only those that were previously killed off.
This helps reduce the build up of correlations over multiple levels, improving performance.
Another is that we used an adaptive scheme for g(x′|x) to aid efficiency. Specifically, our proposal
takes the form of a random walk, the radius of which, ε′, is adapted to keep the acceptance ratio
roughly around 0.234 (see Roberts et al. (1997)). Each chain has a separate acceptance ratio that is
average across MH steps, and after M MH steps, for those chains whose acceptance ratio is below
0.234 it is halved, and conversely for those above 0.234, multiplied by 1.02.

C ADDITIONAL RESULTS

C.1 VARYING M FOR FIXED ρ ON COLLISIONDETECTION

Whereas the exact value of M within the range considered proved to not be especially important
when ρ = 0.1, it transpires to have a large impact in the quality of the results for larger values of ρ
as shown in Figure 4.

C.2 PER-SAMPLE ROBUSTNESS MEASURE DURING ROBUST TRAINING

Figure 5 illustrates the diverse forms that the per-sample robustness measure can take on the 40
datapoints averaged over in Experiment §5.3. We see that different datapoints have quite varying
initial levels of robustness, and that the training helps with some points more than others. In one
case, the datapoint was still not robust add the end of training for the target perturbation size ε = 0.1.
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Figure 5: Convergence of individual datapoints used in forming Figure 3.
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6
Conclusions

To recap, we have presented three original pieces of work in this thesis. The common theme

has been that neural networks and deep learning are crucial for scaling Bayesian inference on

generative models, and conversely that traditional Bayesian inference is important for quantifying

uncertainty in NN discriminative models. In this chapter, we summarize our contributions

and suggest directions for future work.

6.1 Achievements
In Ch 3, we presented the NaMI algorithm for designing the structure of inference networks and

demonstrated superiority of NaMI inverses on several models. A review was given in Ch 2 of

the other parts of the NaMI framework assumed in Webb et al. [2018a], namely amortized

VI and NN density estimators.

In Ch 4, we presented a novel framework for distributed Bayesian learning based on a

modification of the standard EP algorithm. We provided evidence that our method was able to

efficiently perform distributed learning of Bayesian NNs, suffering less from the stale-gradient

problem of (non-Bayesian) distributed SGD algorithms, and outperforming all other methods

in learning feedforward networks with many layers of depth.

In Ch 5, we developed a novel statistical measure of neural network robustness based on a

traditional inference method and demonstrated its low bias and variance, and improved scalability

relative to formal verification methods.

6.2 Future work
6.2.1 A statistical approach to assessing neural network robustness

When our method is applied to adversarial properties, it produces a measure of robustness on the

NN for a given image. However, it would be desirable if we could produce a metric that measures

overall robustness of the neural network, averaging over the data distribution. We believe this is an

interesting and easy extension that could be accomplished by modifying the robustness metric to,

I[p, s] ,
∫
X×X ′

1{s(x;x′)}≥0p(x | x′)pD(x′)dxdx′,
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where the input model, p(x,x′), can be broken up into two terms: the data distribution pD(·), and a

uniform perturbation around the input, p(·|x′). The property function s(·) now becomes a function

of the sampled input, x′. Our algorithm based on AMLS would then be modified to perform the

MH sampling over the modified input distribution—effectively the only change is performing

approximate sampling from a distribution with double the dimension of the per-sample case.

A second extension is the investigation of improved sampling from the intermediate distri-

butions, {πn(·)}. The simple Metropolis–Hastings (MH) scheme was found to be very robust

and produce low bias/variance estimates in our experiments. However, it may not scale in the

dimension, D, of larger datasets such as IMAGENET. Even for CIFAR-10 (with around 4000

dimensions) the required mixing time was found to be quite large in our experiments, being

around M = 2000 steps to obtain satisfactory convergence to the target distribution. This

becomes all the more important with larger models as well, for which both the constant factor of

running the forward pass increases, and the number of Markov chains, N , that can be processed

in parallel is reduced (due to limited GPU memory).

To improve the mixing time, and thus be able to reduce M without introducing unacceptable

bias, we propose to replace the simple MH scheme with Langevin Monte Carlo (LMC) [Neal,

2011]. Theoretically, the computational time to reach a nearly independents sample scales as

O(D2) for MH, whereas for LMC it scales as O(D4/3). LMC can be understood as Hamiltonian

Monte Carlo (HMC) with a single leapfrog step, or alternatively as a random walk that is informed

by gradient information. The computational cost to reach an independent sample does scale

slightly better for HMC, as O(D5/4), although this is heavily outweighed by the increase in the

constant factor due to the many more forward passes of the NN required during the leapfrog steps.

We suggested in a previous version of Webb et al. [2018b] that the adversarial samples

produced by our algorithm may be of interest for adversarial training. However, it takes

several minutes in typical usage to pass through all the levels to obtain samples from the final

πK . While it may not, therefore, be practical to directly use the samples from our algorithm

for robustness training, we believe that a robust training method could be formed from the

fundamental idea of our work, of sampling adversarial, or near-adversarial, samples by MCMC

methods. Let us elaborate.

Many robust training methods can be understood as approximations to the following variant

of empirical risk minimization [Madry et al., 2017; Tramèr et al., 2017],

f ∗ = argmaxf∈FE(x,y∗)∼D

[
max

||x′−x||∞≤ε
s(x′; f,x, y∗)

]
,
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where y∗ is the true class label. For instance, the iterative fast gradient-sign method (I-FGSM)

[Goodfellow et al., 2014b] approximates the inner max term by starting from x and taking k steps

of size α = ε/k in the direction of the sign of the gradient of the property function, clipping where

necessary to keep within the l∞ ε-ball and the valid range of pixels. In another method [Kolter

and Wong, 2017; Wong et al., 2018], a convex outer bound, E ⊆ {x′ | s(x′; f,x, y∗) ≥ 0}

is produced and the max performed over x′ ∈ E.

As pointed out in [Tramèr et al., 2017], if the approximation to the max term is poor, that is,

s(x∗; f,x, y∗)� max
||x′−x||∞≤ε

s(x′; f,x, y∗)

where x∗ is the sample produced by the approximation method, then the adversarial training

degrades the quality of adversarial samples generated by the model, which then degrades the

quality of subsequent adversarial training. The result of this is that the model reaches an

equilibrium during training where it can effectively defend against white-box but not black-box

attacks, those where the adversarial samples are transferred from another model.

The authors suggest a new method for adversarial training in which they decouple adversarial

training from adversarial generation, and use samples from an ensemble of additional source

models that are held constant during the adversarial training of the target model (adding a small

amount of random noise to each). In this way, the adversarial training does not influence the

generation of samples used for the training. This relies on the heuristic that adversarial examples

often transfer across models. However, it does seem unsatisfactory in that we are no longer directly

solving the objective, and it may not be the case that examples do transfer across all architectures

or that the transferable examples are representative of all adversarial examples on the model.

We propose to modify the objective to,

f ∗ = argmaxf∈FE(x,y∗)∼D
[
Ex′∼p(·|x) [s(x′; f,x, y∗)]

]
,

where, for instance, p(x′|x) ∝ exp(s(·|x))1{||x′−x||∞≤ε}. We can draw approximate samples from

p by LMC.

This method has several advantages. Firstly, we can produce multiple proposal samples per

data point directly from the model in question, as opposed to only a single proposal sample

from the model like in the I-FGSM method and that of Kolter and Wong [2017], or a number of

samples per data point from surrogate models, like Tramèr et al. [2017]. Also, by the reliability

of the sampling process, we can ensure that the proposals are diverse and are adversarial or

near-adversarial, thus avoiding the poor equilibrium discussed before. As argued in Webb et al.
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[2018b], in many cases it makes more sense to define robustness in terms of the prevalence of

adversarial examples in the vicinity of a data point rather than the distance to the nearest one, and

for this reason we would expect a training algorithm that trains on multiple and diverse adversarial

examples per data point to be more effective in reducing our measure of robustness. Our proposed

method is also fast, requiring only a few extra gradient steps per minibatch over the I-FGSM.

6.2.2 Faithful inverses for effective amortized inference

A very worthy outstanding challenge of Bayesian statistics is that of producing universal

automated inference. Such a hypothesized inference scheme is said to be universal in that it

would be applicable to higher-order probabilistic programs, those with recursion, other stochastic

control flow mechanisms, and high-order functions, and, automated in that it would not require

any intervention by the user after having specified the model and the query of interest in the

details of how inference is applied.

A universal inference scheme based on amortized VI and the Anglican PPL [Wood et al.,

2014] was attempted in Le et al. [2017]. Their method used particle-based inference with a data

driven proposal to learn to perform inference in a universal PPL. As noted by the authors, it

suffered from two shortcomings. Firstly, the method did not perform model learning, and as

discovered in the experiments on CAPCHA solving, it is difficult to program a correct model

ab initio. Secondly, the inference network conditioned on all previous random choices, not only

the relevant ones (from the PGM perspective of Webb et al. [2018a]). As demonstrated in our

work, this slows learning considerably and leads convergence to a worse solution.

We believe this important work is based on the most promising approach for universal

automated inference, that of amortized VI, and that it can be further developed to overcome

the hurdles the authors discovered. Firstly, new learning algorithms have been developed that

would be suitable for probabilistic programs, with their seqential nature. For instance, filtering

variational objectives, in a sense, can differentiate through particle-based inference algorithms in

order to perform model learning [Maddison et al., 2017a; Le et al., 2018; Naesseth et al., 2018].

Secondly, the development of the NaMI algorithm provides an intelligent way to automate the

design of the structure of the inference network. Currently, either the modeler must design the

inference network by hand, or use an unstructured fully connected one (e.g., see the existing

autoguides of Pyro [Bingham et al., 2018]).

We intend to integrate the NaMI algorithm into the Pyro PPL for designing the structure of

an inference network, and use heuristics for designing the parametrization based on normalizing
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flows. PPLs provide the necessary abstractions, in this case poutines, to manipulate a representa-

tion of the model in order to operate the NaMI algorithm and choose an appropriate factorization.

At first, we intend to demonstrate inference compilation on models with a fixed structure,

such as traditional BNs. We believe the importance of a structured inference network increases in

the scale of the model—an heuristic approach diverges more from the posterior as the number of

variables increases, and a fully connected approach suffers the curse of dimensionality. Some

traditional factor graph BNs, for example, those used for medical diagnosis, have thousands of

variables, and would be suitable for this experimentation. Performing fast inference in these

models is very important in industry.

Some challenges in automating the design of inference networks include automating the

design of the NN encoder and decoder architectures and selection of hyperparameters like the

learning rates. It is likely that meta-learning approaches are necessary, which learn from their

past successes and failures and are able to generalize to novel scenarios.
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