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ABSTRACT

In a seminal 2001 paper on the optimal execution of portfolio transactions, Almgren
and Chriss defined the optimal trading strategy to liquidate a fixed volume of a sin-
gle security under price uncertainty. Yet there exist situations, such as in the power
market, in which the volume to be traded can only be estimated and becomes more
accurate when approaching a specified delivery time. During the course of execution
a trader should then constantly adapt their trading strategy to meet their fluctuating
volume target. In this paper we develop a model that accounts for volume uncer-
tainty and we show that a risk-averse trader benefits from delaying their trades. More
precisely, we argue that the optimal strategy is a trade-off between early and late
trades in order to balance risk that is associated with both price and volume. By
incorporating a risk term related to the trading volume, the static optimal strategies
that are suggested by our model avoid the blowup in the algorithmic complexity
usually associated with dynamic programming solutions while yielding competitive
performance.
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1 INTRODUCTION

The optimal execution problem refers to the problem of finding the best trading strat-
egy to ensure the transition from one portfolio to another within an allocated period
of time. A trading strategy consists of buy and sell orders that are exchanged on the
dedicated market. This problem of optimal execution is germane to markets where
liquidity is insufficient. Indeed, in insufficiently liquid markets, price dynamics are
sensitive to large trades. Hence, a rational trader should take into consideration the
impact of their own trades, which is assumed to be adverse to their trading position
in the sense that it increases their trading cost. In their seminal paper on optimal exe-
cution, Almgren and Chriss (2001) proposed a model that captures both the inherent
random evolution of the prices and the effect of trades on the price dynamics. By
adopting the risk—return trade-off defined by Markowitz (1952) for portfolio hedg-
ing, Almgren and Chriss (2001) added the nuance of risk that was missing from the
optimal order execution problem stated in Bertsimas and Lo (1998). Almgren and
Chriss showed that the more risk-averse a trader is, the quicker the acquisition of the
desired position should be carried out in order to avoid the risk associated with the
price dynamics. These strategies are static and time consistent: they are determined
in advance of trading in the sense that they depend only on the information available
prior to the start of the execution period. Also, if a trader recomputes the optimal
strategy mid-course, the future trading plan remains unchanged, since future price
fluctuations are assumed to be independent of the past realizations. Nevertheless, if
a trader defines as part of their initial strategy a mid-course updating rule, aggressive
in-the-money strategies in the sense of Kissell and Malamut (2005) lead to better
risk—return trade-offs (Almgren and Lorenz 2007; Lorenz and Almgren 2011). As
the variance penalizes both advantageous and adverse trading cost outcomes with-
out any distinction, other risk measures have also been used in the literature, such
as the expected utility (Schied and Schoneborn 2009; Schoneborn 2016) or the o-
conditional value-at-risk (CVaRy) (Butenko et al 2005; Feng et al 2012; Krokhmal
and Uryasev 2007).

In the abovementioned papers, the total volume of securities to be traded is deter-
ministic and is given as a parameter. However, in many situations a trader only dis-
poses of an estimate of this volume, which varies throughout the course of execution;
there is thus a need for a model that combines the risk associated with both the price
dynamics and the uncertainty of the volume target. For example, the manager of an
open-ended investment fund may issue or redeem shares to avoid the asset—liability
mismatch that could ensue if shares were only traded in the secondary market. Orders
are usually collected and aggregated during the trading day, and the issue or redemp-
tion of the net share order creates the need to acquire or dispose of a certain volume
of the fund’s investment assets, typically over the next two trading days. Our model
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allows the fund manager to front-load some of these trades and execute orders closer
to the time they are first placed, before all share orders are netted out at the end of
the day, thus greatly increasing the market liquidity for the fund’s investors. Another
example is the clearing of power futures markets, which must result in an outstand-
ing volume close to the realized demand in every given delivery period, as the spot
market has limited liquidity due to the physical constraints of the power plants used
for generation.

To the best of our knowledge no previous model considers both these sources of
uncertainty. Related papers are Cheng et al (2017, 2019) and Bulthuis et al (2017),
which investigate the optimal strategy with uncertain order fills, ie, the risk for an
order to be filled either incompletely or in excess (the latter being considered mainly
for mathematical rather than practical reasons). In significant contrast to our situa-
tion, in their setting the magnitude of the uncertainty of the order fills is assumed to
be either constant or proportional to the order size. In our case the uncertainty is inde-
pendent of the trader’s decisions: the updates in the volume forecast depend exclu-
sively on extraneous variables. Our model consequently assumes that both sources
of uncertainty (ie, the price dynamics and the forecast updates of the volume target)
are inherent to the market and independent of the trader’s trading strategy. Moreover,
the model presented in this paper allows for more flexibility than the approaches
adopted by Cheng et al (2017, 2019) and Bulthuis et al (2017), as it does not rely on
the assumption that the trading periods are homogeneous; for instance, it allows for
the asset’s liquidity to vary over the course of the execution period. Finally, unlike
the alternative approaches, the strategies obtained with our model are static, and their
computation avoids relying on a computationally intensive dynamic programming
approach.

The rest of this paper is structured as follows. In Section 2 we propose a model
that incorporates the volume uncertainty in the CVaR,, equivalent formulation of the
risk—return trade-off model by Almgren and Chriss (2001). We establish the rela-
tionship between the viability of the market and the uniqueness of a convex set of
optimal trading strategies. We also adapt models from the literature to our problem
and compare their relative advantages. Section 3 provides numerical evidence that
our model achieves significantly better mean—-CVaR, trade-offs than when volume
uncertainty is neglected, and it compares our approach against the current alterna-
tives. We then illustrate how our model can be applied to power trading in Great
Britain,' where power wholesalers exchange power future contracts to hedge against
the risk associated with the volatility of the power demand. Finally, Sections 4 and 5

' The National Grid does not cover Northern Ireland, which is part of a single electricity market
with the Republic of Ireland.
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discuss the results, propose avenues for further research on this subject and state the
conclusions of the paper.

2 MODEL

In order to fit into the framework described in the introductory examples, we formu-
late the optimal execution problem from the point of view of a trader who desires
to acquire their position within a fixed time horizon; this is equivalent to the liqui-
dation problem presented in Almgren and Chriss (2001) up to a change of sign in
the temporary and permanent impacts that are induced by the trades, as presented
hereinafter.

2.1 Optimal execution under price uncertainty

We use the following notation: d7 > 0 is the total volume to be traded by time 7 over
m execution periods, Sy is the initial security price and t; is the length of the trading
period between the two consecutive discrete decision times #;—; and #;; with slight
abuse of notation we also use 7; in the sense of the i th trading period. Like Almgren
and Chriss (2001) we consider that the price dynamics follows an arithmetic random
walk, where the price step between decision times #;_; and ¢#; varies according to the
distribution of a random variable ;. Finally, if, additionally to these assumptions,
the temporary and permanent market impacts induced by the trades are inserted into
the price dynamics, we find that the prices evolve as follows fori € {1,...,m}:

"
Si=Si-1+&+ Tig(t—f),

1
Si = Si— +h(ﬁ),
Tj

where S; is the security price at decision time #;, n; is the volume of securities traded
during trading period t; (bought if n; > 0 and sold if n; < 0), S; is the effective

2.1

security price for the trades executed during trading period t;, and g and & respec-
tively model the permanent and temporary price impacts as a function of the average
trading rate over the trading interval. The liquidation cost is then a random variable
given by (2.2), here formulated from a buyer’s perspective:

G(n) = Znigi —dTS()

i=1

= i (Ei + ”‘g(%)) (dT — : nk) + inih(’z—:), (2.2)

i=1 k=1 i=1
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where n = [ny,...,n;,]" is the vector of the trade volumes n; of period ;. Given
the mean—variance framework of Markowitz (1952) and given a risk aversion that
is parameterized by Ay, = 0, the optimal trading strategy deriving from the model
by Almgren and Chriss (2001) is obtained by solving the following optimization
problem:

minimize E[C(r)] + Ava Var[C(n)]
n (2.3)
subject to 1"n =dr,

where 1 is a vector of “17s, ie, [1,..., 1]T.

Gatheral and Schied (2013, Corollary 1) proved that the continuous formulation of
this model is free of price manipulations, which is tantamount to the market viability,
if the following conditions are satisfied:

(i) g is a linear nondecreasing function, ie, g(v) = yv with y = 0; and
(ii) the function f: x +— xh(x) is convex.

These conditions are observed empirically, as shown in Almgren et al (2005). For
the discrete formulation of Almgren and Chriss (2001), Proposition 2 in Huberman
and Stanzl (2004) provides the following necessary conditions for a market with
time-independent price-impact functions to be viable:

(i) the function g is linear; and

q —-q q

where ¢ is the volume traded and 7 is the length of each trading period, ie, for
alli € {1,...,m}: 1; = t; an interpretation of this condition is provided later
on.

(i1) we have

Almgren and Chriss (2001) assume linear permanent and temporary impact func-
tions. We make similar assumptions for our model. However, we allow for the lig-
uidity parameters to vary over time. Hence, we have time-dependent price-impact
functions. The permanent and temporary impact functions g; and /; that are related
to the trading period 7; are noted as follows:

gi(v) = yiv,

2.5
hi(v) = € sgn(v) + n;v,

where v is the average trading rate over trading period 7;. This choice of functions
is relevant in that parameters €; and 7; might be considered as the fixed and variable
costs of trading. A reasonable estimate for ¢; is the sum of half the bid—ask spread
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and the trading fees (Almgren and Chriss 2001). The parameter n; can be interpreted
as the gradient of a linear model for the volumes of orders in the limit order book as
a function of the deviation from the best limit order; we assume that this parameter
is the same when taking either short or long positions. As a consequence of the
temporary impact, any market participant incurs an additional cost of

12
nh; (i) — el + 22 2.6)

T T

for trading n units of the security during the trading period ;.

2.2 Incorporation of the uncertainty of the volume target

In the case where dr, the total volume to be traded by time 7', only becomes fully
deterministically known during the execution period, (2.3) must be adapted in order
to ensure that the trader acquires the right number of units of the security. For this
to happen we make the assumption that the volume target is perfectly known at the
start of the last trading period t,,. Henceforth we will denote the volume target by
a capital letter, ie, Dr, to emphasize the fact that it is a random variable, unlike in
Section 2.1.

In this paper we consider that the uncertainty associated with the total volume to
be traded is defined as follows: for a given delivery time T, let D; be the forecast at
time #; of the total volume to be traded by time ¢, = T':

D; :=E[Dr | Fi]. 2.7)

where (¥;)7_, is the filtration of sigma algebras that represent the information avail-
able at time #;. Let us assume that two successive forecasts differ by a continuous
random variable §; for i < m. At decision time #,,—; the volume target is assumed to
be perfectly known. Hence, the forecasts of Dt evolve as follows over course of the
entire execution period:

D; =D;_1+6; ifi e{l,...,m—l},

(2.8)
Dy, = Dy,

where D, = Dr, the total volume to be traded by time 7.

Obviously, in the presence of volume uncertainty, the mean—variance constraint
in optimization problem (2.3) cannot be enforced, since only a rough estimate of
the total volume to be traded is known at time ?¢, ie, Do. Nonetheless, the model
by Almgren and Chriss (2001) may be useful as a planning tool when deployed
in conjunction with a systematic recourse whenever an update on the volume tar-
get becomes available. A trader would then, at each trading period, recompute and
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update their strategy based on the newest available volume forecast. The main flaw in
this approach is that a trader is unable to define a static strategy at time ¢ that ensures
the satisfaction of constraint in (2.3). Indeed, the volumes to be traded in each trading
period must constantly be updated. To get around this issue, we subsequently propose
a new way of defining a trader’s strategy. Further, to avoid a blowup in the algorith-
mic complexity of numerical evaluations of the model, we want to avoid approaches
based on dynamic programming and to focus on models that account for the impact
of recourse actions via the incorporation of a risk term.

First, unlike Almgren and Chriss (2001), who define a trader’s strategy as the
volumes to be traded in each trading period, we define a trader’s strategy as the
proportion y; of the total volume D7 to be acquired over the course of each trading
period t;. Naturally, the following constraint must hold to enforce the distribution of
the entire volume target over all the trading periods:

Y oyi=1L (2.9)

i=1

As a consequence, in the ideal situation where D7 is perfectly predictable, a trader
would acquire y; D units of the security during trading period ;. Obviously, this
definition must be adapted in the situation where D7 is uncertain, as a trader
should take recourse in order to satisfy the constraint in (2.3). As a starting point
we assume that a trader respects their initial strategy by trading during each trad-
ing period t; the planned proportion y; of D;_y, ie, the best estimate of the vol-
ume target Dp available. This only partially solves the problem engendered by the
forecast updates, since past decisions cannot be modified a posteriori, which means
that > ;- , i Di—1 # Dr. Indeed, if we denote by 8, k < m, the forecast update
reported at the decision time #, then the forecast error related to §; due to the past
decisions amounts to §; := &g Zle yr. This corresponds to the additional volume
(which may be positive or negative) that needs to be traded over the remaining trad-
ing periods in order to match with Dy. We predicate that, when an update on the
volume target occurs, the trader adjusts their strategy by redistributing the forecast
error over the remaining trading periods according to a fixed distribution independent
of the decision variables. Considering these corrections upfront allows us to partially
account for future recourse actions without having to compute a costly dynamic pro-
gramming simulation. In our approach we redistribute this additional volume over
the future trading periods according to fixed proportions. We treat these fixed pro-
portions as model parameters, and we leave the learning of optimal parameter values
to future work. Let B; denote the proportion of the forecast error §; to correct for at
trading period ;. Evidently, i, = 0ifi <k and ) ;_; ., Bk; = 1 forall k < m.
We will refer to B := (Bk.;) € R™ 1™ as the redistribution matrix.
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In the case where the volume target is uncertain, we define the cost of a trading
strategy as the difference between the trading cost incurred at the end of the execu-
tion period by following the initial trading strategy under the consideration of the
rough model on their recourse determined by the redistribution matrix 8 and the
trading cost ideally obtained in an infinitely liquid market where the entire posi-
tion D is traded at the start of the execution period. With these considerations, a
trader’s trading cost relating to a strategy y = [y1, ..., ym]" is the following random
variable:

C(y) =Y ni(»)Si — DrSo
i=1

=Z[(§,+ g ,( (fy)))(Do-l-Z(gk—an(y))]
=1 k=1
£ mh (”’f”) (2.10)
i=1

1

where n; (y) is arandom variable representing the volume to be traded during trading
period t;:

i—1 i—1 k
ni(y) = yiDi-i + Y Bridi = yiDo+ Y & (yi + Br.i Zyr). (2.11)
k=1 k=1 r=1

The number of positions n;(y) to be traded at trading period 7; is composed
of both the proportion y; of the best volume estimate D;_; and the position
adjustments related to the previous volume forecast updates. We now have that
if, for all i € {1,...,m}, n;(y) is defined as in (2.11), then 1Tn(y) = Dr,
where n(y) := [n1(y)....,nnm(y)]". From (2.11) we observe that, given any out-
come w of the sample space §2, and thus any realization of the forecast updates,
ie, §(w) = [81(w)....,8m—1(w)]", the realization of the volumes to be traded,
n(y;o) = [(n1(y)(@),...,(nm(»))(@)]T, can be expressed as a linear combi-
nation of the decision variables y. Formally, this mean that, for all ® € £2, we can
find a (lower triangular) matrix L (w) such that

n(y;o) = L(w)y. (2.12)
Moreover, if Dy # 0, L(w) is nonsingular, as all elements on the diagonal are

nonzero (ie, L;; (w) = Dy for all i). In the rest of the paper C(y; ) is shorthand for
(C(y))(w), the trading cost of executing strategy y given the outcome w.
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Finally, we consider that if a trader is guaranteed to not pay excessive prices in
adverse times, the variance of their trading cost is not of the foremost importance. We
thus consider that a risk-averse trader is more interested in minimizing their expected
trading cost conditional on a quantile of worst-case scenarios than in minimizing the
variance of their trading cost over all scenarios. We therefore quantify the risk of a
trader’s strategy with the CVaR,, risk measure:

CVaR4[C ()] = ﬂi fg C(y: w) dB(w), 2.13)
y ¥y

where By, = P[C(y) = Varg[C(y)]], £2y = {w € £2: C(y;w) = Varg[C(y)]} and
Vary[C(y)] = min{y € R | Fey(y) = 1 —a}, (2.14)

where
Fey)(y) = PlC(y) <] (2.15)

is the cumulative distribution function (CDF) of G(y). The CVaR,, is a coherent
risk measure (Artzner et al 1999; Rockafellar and Uryasev 2002) that focuses on the
proportion « of extreme costs and that can be interpreted as the expectation of the
costs conditional on them exceeding the threshold Var, [C(y)]. Given a risk-aversion
parameter Acvar € [0, 1], a trader thus tries to minimize the mean—-CVaR, trade-off
of the total trading cost:

minimize gz (y) 1= (1 = Aevir) E[C(y)] + AcvarCVaRa[C(y)] o6
subjectto 1Ty = 1. .

Note that in optimization problem (2.16) a trader’s recourse is estimated upfront
rather than being simulated via dynamic programming, to avoid the curse of dimen-
sionality that plagues stochastic optimization. Nevertheless, in contrast to the model
by Almgren and Chriss (2001), model (2.16) is well defined since it adapts to the
total volume variability and is thus guaranteed to satisfy the constraint that the total
traded volume equals Dr.

2.2.1 A necessary condition for market viability

As previously mentioned, Huberman and Stanzl (2004) provide the necessary con-
dition (2.4) for a market to be viable if the trading periods are homogeneous (ie, a
market with g; = g, h; = h and t; = 7 for every trading period 7;,7 € {1,...,m}).
In the case of linear impact functions (ie, (2.5)), condition (2.4) then becomes

(e sgn (Q) + r](c—l)) - (e sgn (_—q) + n(_—q)) E yq forg E 0. (2.17)
T T T T
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This condition intuitively means that the temporary cost incurred by buying and
reselling any same amount g of shares on different trading periods should always
be greater than the cost-saving opportunity engendered by the price shift caused by
the permanent impact. For any vector € := [e1, ..., €;,]T such that ¢, > 0 for all k,
condition (2.17) is equivalent to n > %)/‘E, which is the sufficient condition for having
a unique optimal trading strategy in the model by Almgren and Chriss (2001).

With the rationale that the market should not allow any price manipulation, which
we define as a round-trip strategy with negative expected cost, condition (2.17) can
be generalized in the more general framework where the impact functions g; and ;
depend on the trading period t;.

DEFINITION 2.1 (Round-trip strategy) A round-trip strategy n is a strategy where
the sum of all the trades executed during the execution period equates to zero,
ie, 1Tn = 0.

Note that a round-trip strategy is defined in terms of the volumes to be traded dur-
ing each trading period rather than the proportions y. Indeed, in the case where the
total volume to be traded D is certain and equals zero, the only round-trip strategy
based on the proportions of Dy would be equivalent to a no trade; hence, defining a
round-trip strategy in terms of n offers more flexibility. Based on Definition 2.1 and
on the price manipulation definition from Huberman and Stanzl (2004, Definition 1),
we define a price manipulation as follows.

DEFINITION 2.2 (Price manipulation) A (risk-neutral) price manipulation is a
round-trip strategy n with a strictly negative expected cost, ie,

E[C(n)] < 0. (2.18)
LEMMA 2.3 If a market is free of price manipulation, then the matrix
M:=E-T

is positive semi-definite, ie, M > 0, where

_Zﬂ + 20m  2Nm 20m T
71 - T T
20m
= Tm
E : 21m
Tm
2Nm 20m  2Mm—1 n 2Mm
L Tm o Tm Tm—1 Tm
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and
2y » Yi Ym—1 |
Y2 212 : :
I =
Yi . . 2)/1
_ym—] 2)/m_1_

PROOF To prove Lemma 2.3, we show that if matrix M is not positive semi-
definite, then we can find a price manipulation. Given an outcome w € 2, the trading
cost of a round-trip strategy n is given by

m i m

cmo) =3[+ pmo = Xm) |+ 3 (el + ™ ) 219)

i=1 k=1 i=1

As n defines a round-trip strategy, the trading cost can be expressed in terms of the
first m — 1 components of n by using the fact that Y ;- ,n; = 0 = n, =

_Zz—l n:
m—1 i
cmo) = Y |G 4y - Lo
1

i=1

k=
nin}
+Z(Et|”|+ )+(€m

i=1

m 1
i=1

Um(Zz_l ni )

Tm

(2.20)

This trading cost can be split into two parts: Lin(n; ), which grows linearly with
n and depends on the uncertainty outcome w; and a quadratic term in n that is
independent of w,

m—1 i
C(n;w) = Lin(n; w) + Z (771 ’) nm(z’_l i) Z (yini(an))

i=1 i=1 k=1
= Lin(n; w) + E”[l:m—l]M”[lim—ll’ (2.21)

where n[;.;,—1] is the vector of the first m — 1 components of a. If matrix M is not
positive semi-definite, there exists a direction d € R™~! along which the quadratic
form is concave for every w € §2, as M is independent of w; any normalized eigen-
vector associated with one of the negative eigenvalues of M is such a direction. In
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the following let {~ be a negative eigenvalue of M and let v be an associated nor-
malized eigenvector. As a consequence, there exists a k € R, such that the round-trip
strategy

= [kvi,... . kUm_1, —k(1T0)]T

is a price manipulation. Indeed, we can find a k € R such that C(n; w) < 0 for
all w € £2, which implies that 72 is a price manipulation (ie, E[C(n)] < 0). The
existence of such a « is justified by the fact that when k — oo, and thus when
|72]2 — oo the trading cost is dominated by its quadratic part (ie, C(n;w) =~
;~[T1 m—1 MR [1m—1] = K387 <0). 0

2.2.2 Set of optimal strategies

Analogously to model (2.3), we can prove that the objective function (pACV“R

of opti-
mization problem (2.16) is convex on its feasible set Y := {y € R™ | 1Ty = 1}if
the market excludes any price manipulation. The convexity of the objective function
on Y for any value of Acvar € [0, 1] is equivalent to the simultaneous convexity of
both functions f;: R” — R;y > E[C(y)] and f2: R™ — R;y > CVaR,[C(y)]

on Y.

LEMMA 2.4 If the permanent and temporary impact functions are given by (2.5)
and if M > 0 (respectively, M > 0), then function fi: R™ — R,y — E[C(y)] is
(respectively, strictly) convex on Y.

PROOF By definition we have E[C(y)] = [, C(y;w)dP(w). Hence, if for any
outcome w € £2 function C(-;w): R™ — R;y — C(y;w) is (strictly) convex in
y, then Lemma 2.4 holds since the expectation of C(y) can be seen as a nonnegative
weighted sum of the C(y; ). Given (2.10), C(y; w) is written as follows:

crim) =Y [(si(w) t g (M))(Do £ ) - an(y;w))}
i=1 ! k=1 k=1

+Zn (v: )h; (” (i ‘”)) (2.22)

1
Since for any w € 2 there exists a linear transformation between y and n(y; ) as

shown in (2.12), proving the convexity of C(-;w) in y is equivalent to proving the
convexity of C(-;w) in n(y; w) (Boyd and Vandenberghe 2004), where, using (2.5),
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C(-;w) is given by

m

éniono) = Y[ @@+ pmtrion( Do+ Y80 - Ymvio )|
k=1 k=1

i=1

o5 e

i=1

- Zsi(w)(DT(w) - an(y;a») + L pmr Do)

+ 3 eilni(y: w>|—2wn (¥; w>(an<y w>)

i=1 i=1

+ Z nin; (ya C()) 7 (2.23)

T
i=1 !

where D7 (w) := Do + > j—; 8k (»). It is straightforward that the first three terms
of (2.23) are convex in n(y; w); the last two can be combined in a similar manner as
in the proof of Lemma 2.3, ie,

—Z%n (v; w)(znk(y w)) im
i=1 i=1 !

m—1

= %”Fl;m_l]Mn[l:m—l] —Vm (DT((U) - Z ”i(y;w))DT(w)

i=1
n m—1
+ 2 Dr () (DT(O)) —2y n,-(y;w)), (2.24)
tm i=1
where n[1.m—1] := [11(y;®), ..., nm—1(y;)]". Hence, the quadratic part of the

trading costs is (respectively, strictly) convex if M > 0 (respectively, M > 0); this
completes the proof. O

LEMMA 2.5  If the permanent and temporary impact functions are given by (2.5)
and if M > 0 (respectively, M > 0), then function f,: R™" — R;y
CVaR,[C(y)] is (respectively, strictly) convex on Y.

PROOF Any real-valued coherent risk measure o: R” — R;y +— o[C(y)] as
defined in Artzner et al (1999) can be expressed in its dual representation, ie,

olC(y)] = sup E*[C(y)], (2.25)
WED
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where D is a convex subset of probability measures on §2 (Shapiro et al 2009, The-
orems 6.4 and 6.6). As a consequence, as CVaRy, is a coherent risk measure (Rock-
afellar and Uryasev 2002, Corollary 12), the desired result is shown by combining
the (respectively, strict) convexity of C(-;w) for any @ with the fact that a function
that is defined as the pointwise supremum of (respectively, strictly) convex functions
is (respectively, strictly) convex (Boyd and Vandenberghe 2004). (|

THEOREM 2.6  If the permanent and temporary impact functions are given by
(2.5), if Acvar € [0, 1] and if M > O (respectively, M > 0), then the objective func-
tion of optimization problem (2.16) is (respectively, strictly) convex on its feasible

set Y.

PROOF The proof is straightforward, based on Lemmas 2.4 and 2.5. O

Similarly to model (2.3), the convexity and the nonemptiness of the feasible set Y
and Theorem 2.6 imply, under the conditions that Acyv,r € [0, 1] and that M > 0,
the existence and uniqueness of a convex set Y* C Y of optimal execution strategies
for the model defined in (2.16). If M > 0, the set of optimal strategies is a singleton
(e, Y* = {y*}).

In other words, the necessary condition M > 0 for the absence of price manipula-
tion, and thus for having a viable market where no trader has interest in impacting the
price dynamics with artificial trades, is tantamount to the convexity of optimization
problem (2.16), and thus to a convex set of optimal strategies for a trader, considering
both price and volume uncertainty (PVU).

2.3 Comparison with other approaches
2.3.1 Mean—variance with recourse

In the case where the volume target is uncertain, the model by Almgren and Chriss
(2001) can be deployed in conjunction with a systematic recourse whenever a fore-
cast update on the volume target becomes available. We will show that such a strategy
can be reproduced in our model with an appropriate choice of y and B. Similarly to
model (2.16), a trading strategy n in model (2.3) can be equivalently expressed as the
proportions y; of the fixed volume target dr to be traded during each trading period
‘[,',i € {1,...,m}.

LEMMA 2.7 If§,i €{l,...,m}, are draws from independent random variables
each with zero-mean (ie, E[§;] = 0), if the permanent and temporary impact func-
tions are given by (2.5), and if the temporary impact parameter €; is constant over
(ie, independent of) all trading periods (ie, for alli € {1,...,m} such that €; = €),
then the optimal strategy y* of optimization problem (2.3) expressed in terms of the
proportions of dr is independent of dr.
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PROOF Based on (2.2) the expectation and variance of the trading cost are given
by

i m 2
E[C(n)] = ZV’"’(dT_Z ) +Z(€|”z|+ )
i=1 =1 i=1

=S v (1- Zyk)dT + 3 (ebdrl + 2 udr?)

i=1 i=1

Var[C(n)] = ZVar &i] (dT — Z ) ZVar &i] (1 — Z yk) d?.
i=1 k=1 i=1
Moreover, if we assume without loss of generality that dr > 0, then the opti-
mal volumes »* of optimization problem (2.3) are positive (Almgren and Chriss
2001). Therefore, adding the nonnegativeness constraint on the decision variables
n to optimization problem (2.3) does not alter its optimal solution. Hence, we can
replace Y -, €|n;| with Y /" | e€n; = edr. As a consequence, all the terms in the
objective function of optimization problem (2.3) that depend on the decision vari-
ables y are multiplied by d2, which means that d7 has no impact on the optimal
solution y*. O

Lemma 2.7 implies, that under PVU, the strategy of a trader that consists in
deploying the model by Almgren and Chriss (2001) in conjunction with a systematic
recourse whenever an update on the volume target becomes available is time consis-
tent. More precisely, given the optimal strategy y*-™ of (2.3) computed at time 7,
if we recompute the optimal strategy y*'i—1 of (2.3) at a subsequent decision time

fti—1,1 €{2,...,m},it would simply be the continuation of y*:® from time #;_ to
time t,,, ie,
) 1
Sli—1 *,0— JgGi—11T *, 1
P = (e it 02
r=i
where y[l m] : [yl s oo y0]T. Note that the rescaled proportions y*%i-1, i €

{2,...,m}, are independent of past realizations (price moves and forecast updates)
and can consequently be computed beforehand at the start of the execution period,
ie, at time fo. If n™° := [n¢, ..., n"]" denotes the traded volumes of a trader who
updates their strategy by solving (2.3) whenever an update on the volume target
occurs, then the volume 7} traded on trading period 7;, i € {1,...,m}, is equal to
the proportion y; ©fi=1 of the best volume target estimate D;_; minus the volumes

already traded, ie, n* = y""='(D;_; — Y02 nee).

LEMMA 2.8  If&;, i € {1,...,m}, are draws from independent random variables,
each with zero-mean, ie, E[§;] = 0, if the permanent and temporary impact functions
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are given by (2.5), and if the temporary impact parameter €; is constant over all
trading periods, ie, for alli € {1,...,m} such that €; = €, then there exist a strategy

Rm—lxm

¥ and a redistribution matrix B 1= (Br.i) € such that the trading volumes

rec

given by (2.11) are equal to n

PROOF Let us define y := y* > 0, the optimal solution of optimization prob-
lem (2.3) at time #o, and define ﬂ = (,Bk,,) e R™~1Xm a5 the redistribution matrix
implied by y*0, ie, the matrix whose components are defined as follows:

0 ifi <k,
Brei(y*) = yro 2.27)

+75 Otherwise.
0
Zr =k+1)r

Then, y and B are such that the trading volumes given by (2.11) are equal to n'°.
Indeed, using the fact that Y ;- , y; 10 — 1, we have that the volumes n™¢ are given
by

rec

_yl ODO»

*,t0
Yy *,
nE = 2o (Do + 81 — 31" Do)
Zr 2
- y;to 1=y YDy +8 £ Dy "
= 2 (L= y{") Do + 81) = y; +

R
1=y 1- y;’to 1

*,t0 *,10
V3 *,t, %t Y2
n;ecz—(D0+81+52_y ’ODO_y ’ODO_—SI)
Z:.n:?, y:,to 1 2 1_y;,t0

_y3 OD +

*,10 *,t0

Y3 Y3
1— y;,t()Sl + 1— *,10 *,t0 82’

Y1 — )

*,10
rec_ *l
"Dy -1-2(—2 *t0)5k.

r=1Jr

Using the definitions of y and 8, we obtain

i—1 k =\ = = k =
3 -3 5O

n;ec — inDO + (( Zr_l yr)ylk+ y_l (Zr—l yr))(sk
= 1= Vr

i—1 k
=JiDo+ ) (y‘i +Bri ) y‘r)ék, (2.28)
k=1 r=1
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which is exactly the expression of the traded volumes in (2.16) for the strategy y and
the redistribution matrix f (see (2.11)). O

Lemma 2.8 implies that if we were to optimize (2.16) on the set of strategies % and
the set of redistribution matrixes 8 := { € R™~ 1™ | B; . = 0ifi < k and Vk €
{1,....m—1}: Y/, Bki = 1}, then there exists a strategy (y,B) € Y x B
such that the volumes traded by following this strategy are the same as those of a
trader recomputing the optimal strategy in the mean—variance framework whenever
an update on the volume target is released. Hence, a wisely chosen redistribution
matrix § can mimic the action of taking recourse. A sensible choice for the redistri-
bution matrix § would be, for instance, the matrix implied by the optimal risk-neutral
strategy y*”O’AVaf:O in the mean—variance framework (optimization problem (2.3))
at time ?¢ (ie, the matrix defined as in (2.27) but with y*”O’AV“lf:O).

2.3.2 Exponential utility and mean—quadratic variation

The uncertainty of the volume target has, to the best of our knowledge, not yet been
considered in the literature. Some papers deal with a conceptually similar problem
to ours but rely on assumptions that are discarded in our model, allowing for greater
generality as explained hereinafter. Cheng et al (2017, 2019) incorporate in the opti-
mal execution problem the uncertainty related to order fills, which is the risk for an
order to be under- or overexecuted. Bulthuis ef al (2017) extend this model by includ-
ing, additionally to the market orders, limit orders with uncertain fill rates. They also
add penalties to tailor the orders’ sign and magnitude. For comparison, we consider
the model by Cheng et al (2017), as we make similar assumptions on the market;
the model is formulated here as a liquidation problem (ie, from a seller’s perspective
rather than the buyer’s perspective adopted earlier).

Their model is as follows. Let x; denote the number of shares the trader holds at
atime ¢t € [0, T'] during the execution process, and let xo denote the initial amount
of shares. Similarly to Almgren and Chriss (2001), the fair price S; is driven by the
stochastic differential equation

dS; =ydx; + udt + odW, <= S; = So — yxo + yx: + ut + oW, (2.29)
and the transacted price S; is given by
Si = Si —nvs, (2.30)

where W; is a Brownian motion, v; denotes the rate at which the trader is scheduled
to trade at the instant ¢, u parameterizes the price drift, and yx;, y = 0, and —nvy,
n > 0, refer to the permanent and temporary impacts of the trades, respectively. To
take into account the uncertainty regarding the order fills, Cheng et al (2017) add
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to the dynamics of the position x; a noise driven by another Brownian motion Z;
(potentially correlated with W;), ie,

dxt = —V¢ dr + m(vt) dZt, (231)

where the diffusion m(v;) characterizes the magnitude of the uncertainty of order
fills. At each time ¢t € [0, T], the profit and loss (P&L) I1,(x) generated by the
strategy x until time ¢ is

t
I (x) = x¢(S — So) — /0 (S — So) dxa. (2.32)

The first term on the right-hand side of (2.32) represents the change in fair value of
the positions that still have to be transacted (it is beneficial for the trader if S; >
So), whereas the second term is the cost incurred due to the price risk and the price
impact of the shares traded up to time ¢. Using (2.29) and (2.30), the P&L can be
reformulated as

t
() = e =x0) g+ W) = [ (G = x0) + e+ W = ) i

’ 2.33)
To discourage any residual positions at the terminal time 7', a penalty term f: x7 —
—Bx%, B = n > y/2, is added to [T7(x), which gives the final P&L Ir(x) =
M1 (x) + f(x7). In the case where the magnitude of the uncertainty of order fills
is constant (m(v;) = mg) and where there is no drift (u = 0), Cheng et al (2017)
provide closed-form expressions for the optimal trading rate v} and the liquidation
trajectory x; of a risk-averse trader that assesses risk in two distinct ways, on the one
hand by maximizing the expected utility of the final P&L (ie, sup, 4 E[U (1 (x))]
with exponential utility (EU) function U(x) = 1 — exp(—6gyx)/6gy), and on the
other hand by maximizing the expected P&L penalized by its quadratic variation
(QV) (Forsyth et al 2012), sup,c 4 E[T7(x) — AgvQV[IIr(x)]]. In both cases, 4
denotes the set of admissible controls. The risk-aversion parameters are given by
By > O (respectively, Aqy > 0); the larger the gy (respectively, the Aqy), the more
risk-averse the trader.

Based on the optimal trading rate v} given by Cheng et al (2017), it is straight-
forward to obtain the optimal trading rate of the execution problem formulated from
the perspective of a buyer perspective desiring to acquire an uncertain amount of
shares Dr. Indeed, the fluctuations in the number of positions of the trader due to
the uncertain order fills can be seen as fluctuations in the uncertain volume target.
Hence, if the dynamics of the volume target forecast D, := E[Dr | %] is given
by dD; = modX,, where X; is a Brownian motion and (¥7);¢[o,7] is the filtration
of sigma algebras, representing the information available at time ¢, if w; denotes the
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trading rate at the instant ¢, and if z, denotes the number of shares left to be traded
in order to match the current forecast D, on the volume target, then the dynamics of
z; is given by

dz; = —w, dt + modX,, (2.34)

where the initial amount of shares to be traded, zy, is equal to Dy := E[D7 | %o].
Note that, in contrast to v, a positive value for w; corresponds to the acquisition
and not the liquidation of shares. Consequently, the impact of the trades on the price
dynamics and the transacted price coincides with that of Cheng et al (2017) up to
a change of sign, and similarly for the price drift, the rationale being that a positive
price drift in a liquidation program has a similar beneficial effect in terms of costs as
a negative price drift in an acquisition program. The fair S; dynamics, the transacted
price S; and the P&L IT,(z) are then given by

dS; = —ydz; — pdt — o dW¥;

< S;=So+y(zo—2z;) — ut —oWs, (2.35)

Se = St + nw, (2.36)
t

IT(2) = 24(So — Sp) — / (So — ) dzu. 2.37)
0

Similarly to (2.32), the first term on the right-hand side of (2.37) represents the
change in fair value of the positions that still have to be acquired (it is beneficial
for the trader if S; < Sg), whereas the second term is the cost incurred due to the
price risk and the price impact of the shares traded up to time ¢. Using (2.35) and
(2.36), the P&L can be reformulated as

Iy (z) = z,(y(z¢ — 20) + put +oWy)

t
- / (y(zu — 20) + pu + oWy — nwy,) dzy. (2.38)
0

‘We observe that (2.33) and (2.38) are similar. Therefore, if a risk-averse trader max-
imizes either the expected utility of the final P&L (ie, IT7(z) = 1 (z) + f(zr)) or
the expected P&L that is penalized by its quadratic variation, then the optimal trading
rate w; in an acquisition program subjected to an uncertain volume target will be the
same as the optimal trading rate v; in a liquidation program subjected to uncertain
order fills. If, in addition, we assume the absence of price drift and that any remain-
ing positions are prohibited (ie, ©# = 0 and 8 — 00), then the continuous execution
problem formulated above essentially tackles the same problem as model (2.16) in
the absence of a fixed cost (ie, for all i € {1,...,m} such that ¢; = 0), when the
price shifts & and the forecast updates §;,i € {1, ..., m}, follow a zero-mean normal
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distribution of variances 7;02 and timg (ie, & ~ N (0, 7;02) and §; ~ N (O, rim%)),
respectively.

To conclude, there are many advantages of our approach. First, we showed in
Lemma 2.8 that the traded volumes resulting from the strategy of recomputing the
optimal strategy in the mean—variance framework whenever a volume target update
becomes available can be reproduced in our model with an appropriate updating rule
B. Second, our model is significantly more versatile than that of Cheng et al (2017).
Indeed, to provide closed-form expressions for the optimal trading rate, Cheng et al
(2017) rely on the assumptions that both the price dynamics and the uncertain order
fills are modeled with Brownian motions and that the price volatility (o), the volatil-
ity of the updates on the volume target () and the price impact parameters (y
and 7) are constant over the entire execution period. All these considerations are
not needed in our model, which allows us to consider a wider range of situations,
such as the case where the liquidity profile is not constant over the course of the
execution period or where the forecast updates on the volume target are correlated.
In these situations finding closed-form expressions of the optimal trading rate for
the model proposed by Cheng et al (2017) would be significantly more challenging.
Alternatively, the optimal rate could be obtained by using a dynamic programming
approach. However, this would result in a significantly higher computational cost
than our approach. Finally, as we will show in Section 3, despite the fact that the
CVaR,, risk measure is not time consistent (which may lead to suboptimal strate-
gies (Rudloff er al 2014)), the strategies obtained with our model have competitive
performance compared with the optimal solution provided by the dynamical pro-
gramming approach suggested in Cheng et al (2017). This suggests that integrating
the uncertainty related to the volume target in the estimate of the trading cost of a
strategy (see (2.10)) and taking partial recourse via a predetermined rule § lead to
intuitive and competitive trading strategies while avoiding the computational cost of
more convoluted approaches.

3 NUMERICAL RESULTS

In this section we analyze the influence of incorporating the uncertainty related to the
volume target into the trade execution problem. We provide some numerical evidence
that, when the uncertainty related to the volume target is considered, a trader should
adapt their execution program by delaying their trades. To illustrate the results we
apply our model in two distinct test cases. In both cases it is assumed that the market
has a single stock with an initial price Sy = 50 and a median daily trading volume
V of 5 million shares.

CASE 1 (Constant bid—ask spread) We assume the market liquidity remains con-
stant over all the trading periods; we also a bid—ask spread b; equal to 0.25% of the
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initial asset price Sy for each trading period 7; (ie, for all i € {1,...,m} such that
b; = 0.125).

CASE 2 (U-shaped intraday bid—ask spread profile) Previous papers (see, for ex-
ample, Chan et al 1995) suggest that the traded volumes and bid—ask spreads of New
York Stock Exchange stocks often follow a U-shaped pattern over the trading day,
the trading activity being concentrated at the market opening and closure. Conse-
quently, the price-impact slopes (ie, n;) are larger in the first and last periods than
in the middle periods (Huberman and Stanzl 2005). To capture such behavior let
us assume the following profile for the bid—ask spread over the five trading peri-
ods: b := [by,...,bs]T = [0.15,0.125,0.125,0.2,0.25]7, corresponding to 0.3%,
0.25%, 0.25%, 0.4% and 0.5% of the initial asset price Sp.

For both cases we assume that the volatility o of the asset is constant during the
entire execution period and is equal to 0.95, and that the price shift &;,i € {1, ..., m},
follows a zero-mean Gaussian distribution of variance t;02 (ie, & ~ N(O, 7;02)).
For the temporary impact, the fixed cost factor €; is assumed to amount to one-half of
the bid—ask spread (ie, ¢; = 0.5b; foralli € {1, ..., m}). Additionally, Almgren and
Chriss (2001) suggest that a trader incurs a price impact equal to one bid—ask spread
for every percent of the daily volume (ie, n; = b; /(0.01V) for alli € {1,...,m}),
which we also adopt in our paper.

As for the permanent price impact, Almgren and Chriss (2001) assume that the
price effects become significant when 10% of the daily volume is traded. In this
application we suggest that the effect is significant if it corresponds to five times the
bid—ask spread of the trading period, whereas Almgren and Chriss (2001) consider a
price shift equal to one bid—ask spread to be significant. This increase in scale allows
us to illustrate more clearly the contribution of volume uncertainty to the risk adopted
by the trader, but it is also not completely unrealistic for illiquid assets. We therefore
set y; = 5b;/0.1V for all i € {1,...,m}. For smaller values of y;, the impact of
volume uncertainty is slightly smaller, but due to the cumulative effect of sequential
trades, even small savings in the trading cost make a large difference over time.

Finally, we assume for both cases that the initial volume target Dy amounts to
0.5 million shares and that for each trading period t; except the last one the forecast
update follows a zero-mean Gaussian distribution of variance 7;v2, with v being
equal to 10% of the initial volume target (v := 0.1Dy) (ie, foralli € {1,...,m—1}
such that §; ~ N (0, 7;v2)). As suggested in Section 2.3, we assume the residual
volumes to be traded due to the forecast updates are redistributed over the future
trading periods based on the matrix B implied by the risk-neutral optimal trading

20, Avar=0

strategy y™* in the mean—variance framework (optimization problem (2.3))
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computed at time 7o, ie, B = (Bx; (y *0*=0)) € R~ with

0 ifi <k,

,Bk,i (y*,to,/lvﬂr=0) = *,10,Avar=0 3.1

y )
L otherwise.
m *,10,Avar=0
Zr=k+l Yr

In practice the exact distributions of the price moves and the forecast updates are
unknown and are estimated from historical data (see, for example, Section 3.4). In
the following we denote by * any trader’s estimation of the ground truth parameter.
For example, t; ﬁiz is the trader-estimated value of t; viz, the variance of the forecast
update released after trading period ;. Table 1 summarizes the market details of
both cases.

3.1 Optimal strategies and impact of the liquidity profile

Given the market parameters of Table 1, the condition M > 0 of Theorem 2.6 is
verified, which means that for any risk-aversion parameter Acvar € [0, 1] the optimal
trading strategy in the mean—CVaR framework is uniquely defined. Parts (a) and (b)
of Figure 1 depict, for both liquidity profiles, the optimal strategies of model (2.16)
when only price uncertainty (PU) is considered, whereas parts (c) and (d) depict the
optimal trading strategies when both sources of uncertainty are taken into account
(ie, PVU). The difference between the optimal strategies in these two situations is
represented for both cases in parts (e) and (f), respectively,. This difference illus-
trates how the optimal strategies under PU should only be adjusted when a trader
additionally takes into account the uncertainty related to the volume target.

The impact of considering the uncertainty related to the volume to be traded on the
optimal strategies is consistent with intuition: if the volume to be traded is uncertain,
waiting to receive a more precise estimate of this volume is advantageous in terms of
risk reduction. Indeed, we observe that a trader should mitigate their traded volume
of the first trading period and spread it over the next periods. Moreover, the more
risk-averse the trader, the bigger the impact on their optimal strategy.

These plots also illustrate that the impact of considering volume uncertainty on the
optimal execution strategy is nonmonotonic due to two different subsets of extreme
events: those in which volume forecasts are increased in late trading periods and
those where volume forecasts are downsized. The first situation requires carrying out
enough early trades to avoid having to upsize the traded volume in the latest stages to
a level that is strongly affected by liquidity constraints. The second situation makes
it necessary to avoid overtrading in the early trading periods and having to trade out
of these positions later. The two effects tend to counterbalance each other, with the
result of reallocating some of the early trades to the middle section of the trading
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FIGURE 1 Optimal trading strategies under different assumptions for both test cases.
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in part (c) and those in part (a). (f) Case 2: the difference between the strategies represented in part (d) and those
in part (b).

period. This effect is picked up due to the incorporation of recourse estimates and
the use of the CVaR, measure that focuses on extreme events.

The liquidity profile has an impact on both the optimal strategies and the adjust-
ments to the strategies when considering the uncertainty related to the volume target
in addition to the PU. First, compared with the situation where liquidity remains
constant, a risk-neutral trader should shift their trades from less liquid to more liquid
periods. This is not as simple for risk-averse traders, since the more risk-averse a
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trader is, the greater the impact of adversarial scenarios on their objective function,
and consequently the more the trader factors in the impact of market liquidity in con-
junction with uncertainty. The decreasing influence of market liquidity is observed in
parts (b) and (d) of Figure 1, as the shape of the risk-neutral strategy gradually van-
ishes with increasing risk-aversion parameter in favor of front-loading to cope with
PU. Second, the liquidity profile also impacts the adjustments to the strategies when
introducing volume uncertainty into the model, as illustrated in parts (e) and (f) of
Figure 1 and in Figure 2; the latter depicts the adjustments to several other liquidity
profiles as well as the optimal strategies under PVU.

To cope with volume uncertainty, a trader has to consider the two different subsets
of the extreme events described above. On the one hand, the less liquid the last trad-
ing periods, the more sensitive the trader is to the risk of having to upsize the traded
volume of the last trading periods, and therefore the smaller the planned proportions
of the volume to be traded over these periods. On the other hand, a risk-averse trader
considers the risk of overtrading by mitigating the trading quantity of the first trading
period and redistributing it over the following periods. The less liquid the market is
during these next trading periods, the greater the risk of overtrading and therefore the
more beneficial the decrease in the trading quantity of the first trading period in terms
of risk reduction. Figure 2 also shows that the adjustment in the trading proportion of
the first trading period is redistributed into the next trading periods according to the
liquidity profile: the more liquid one trading period is relative to another, the more
favorable it is to increase its planned trade volume allocation rather than that of the
other periods.

3.2 Model performance

In this section we analyze the impact of considering volume uncertainty as part of
the model on the strategy performance in case 1; similar observations can be made
for case 2. We compare the performance of the strategies obtained when minimiz-
ing the mean—CVaRy ; trade-off in two distinct cases. The first case corresponds to
a trader that wrongly assumes that the total volume to be traded is fixed and will
not change this assumption in the course of the execution of their strategy (ie, for
all i € {1,...,m — 1} such that 9; = 0). As a consequence, the corresponding
strategies are those obtained if the trader considers that uncertainty only arises from
the price dynamics (see Figure 1(a) and Table 2(a)). The second case corresponds
to the situation where the trader correctly estimates the variability of the volume
target forecasts, ie, for all i € {1,...,m — 1} such that D; = v;, and takes it into
account when defining their trading strategy (see Figure 1(c) and Table 2(b)). Table 2
reports for both cases the expectation, the CVaR,, for ¢ = 0.1, 0.05 and 0.01 and the
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Optimal trade execution with uncertain volume target

TABLE 2 Performance of the strategies obtained by solving (2.16) for different risk-
aversion parameter values AgyaR.

(a) Price dynamics

Expectation CVaRy; CVaRggs CVaRgg;  Variance <p3_‘1:"a“
Acvar  (USS$) (USS$) (US$) (USS) (US$?) (USS)

0.00 2.973 x 10° 1.351 x 10° 1.586 x 108 2.093 x 108 3.085 x 10'! 2.973 x 10°
0.25 3.412x10% 1.062 x 10° 1.242 x 108 1.641 x 108 1.334 x 10'! 5.216 x 10°
0.50 4.303x 10° 9.445x 10° 1.088 x 10% 1.419 x 10% 6.393 x 10'° 6.874 x 10°
0.75 5.268 x 10° 9.320 x 10° 1.055 x 10° 1.349 x 10° 3.930 x 10'° 8.307 x 10°
1.00 6.273 x 105 9.833 x 10% 1.096 x 10° 1.368 x 10° 3.143 x 100 9.833 x 10°

(b) Price dynamics and total volume to be traded

Expectation CVaRy; CVaRggs CVaRgg;  Variance <p3_‘1:"a“
Acvar  (USS$) (US$) (US$) (USS) (US$?) (USS)

0.00 2.973 x 10° 1.353 x 10° 1.589 x 108 2.096 x 108 3.096 x 10'! 2.973 x 10°
0.25 3.331 x 105 1.084 x 10% 1.268 x 10° 1.676 x 10 1.464 x 10" 5.210 x 10°
0.50 4.015x10° 9.638 x 10° 1.113 x 10® 1.456 x 108 7.877 x 10'° 6.826 x 10°
0.75 4.586 x 10° 9.274 x 10° 1.058 x 10% 1.366 x 10° 5.474 x 1010 8.102 x 10°
1.00 4.982 x 10° 9.211 x 10° 1.041 x 10° 1.330 x 10° 4.502 x 10'° 9.211 x 10°

In part (a) a trader considers the only source of uncertainty to be the price dynamics (strategies under PU only
depicted in Figure 1(a)). In part (b) a trader considers that the uncertainty arises from both the price dynamics and
the total volume to be traded (strategies under PVU depicted in Figure 1(c)).

variance of the trading cost incurred when following the strategies that are obtained
by solving model (2.16).

Figure 3 compares the probability density functions (pdfs) of the trading cost of
both situations. The more risk-averse a trader, the more pronounced the difference
between the densities is. Table 2 and Figure 3 clearly illustrate the benefit of includ-
ing the uncertainty related to the volume target in the equivalent CVaR, formulation
of the risk—return trade-off model by Almgren and Chriss (2001): a trader that cor-
rectly assesses the uncertainty of the volume target achieves better mean—CVaRy ;
trade-offs.

3.3 Comparison of the performance of the different frameworks

In the previous section we noted that a trader who correctly assesses the volume
uncertainty achieves better mean—CVaR ; trade-offs at the expense of a greater vari-
ance in their trading costs. In this section we compare our model with the ones in the
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FIGURE 3 Comparison of the pdfs of the trading cost when the uncertainty related to
the total volume to be traded is or is not taken into account in model (2.16) (the pdfs are
estimated based on 108 realizations of the underlying processes).
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(@) Acvar = 0.25. (b) Acvar = 0.5. (¢) Acvar = 0.75. (d) Acvar = 1.0.

literature. To evaluate the relative performance of each framework, we decided to
use as comparison criteria the expectation and the CVaR, of the trading costs, the
variance not being of utmost importance, as justified hereafter. Additionally, we also
compare the pdf and the CDF of the trading costs of the different frameworks.

3.3.1 Mean—variance with recourse

First, as mentioned previously the mean—variance framework from Almgren and
Chriss (2001) is in practice not directly applicable in the presence of an uncertain
volume target due to the constraint of optimization problem (2.3). However, a natural
solution to circumvent this issue is to use it in conjunction with a systematic recourse
at every trading period. Since the objective function in the mean—variance and mean—
CVaR,, frameworks differs, it is not straightforward to compare the performance of
the two models as we do not have a mapping between Ay, and Acv.r. However, the
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Optimal trade execution with uncertain volume target

TABLE 3 Performance of the strategies derived from the mean—variance framework with
recourse for different risk-aversion parameter values Ays;,.

Avar Expectation CVaRg CVaRg g5 CVaRg 01 Variance
(1/US$)  (US$) (USS$) (USS$) (USS$) (US$?)

00 2974x10° 1.351x10% 1.587x10% 2.094 x 10° 3.087 x 10"
107  3.626x10° 1.016 x10% 1.182x 10° 1.554 x 10 1.076 x 10"
107>  5.616x10° 9.336x 10° 1.042x10% 1.302x 10% 3.335x 100
107*  6.716x10° 9.935x10° 1.088 x 10° 1.319 x 10° 2.722 x 1010
— 400 6.912x10° 1.008x 108 1.102x 108 1.328 x 10° 2.698 x 100

optimal strategy in the mean—variance framework converges when the risk aversion
increases. Hence, the parameter values Acy,r = 1 and Ay, — +00 both correspond
to a trader that is exclusively risk focused; these values enable us to compare the
performance of both models. The strategy of such a risk-focused trader in the mean—
variance framework with recourse consists of trading the entire initial forecast of the
total volume to be traded during the first trading period and then, during the subse-
quent trading periods t;, i € {2,...,m}, trading an amount of shares §;_;, which
corresponds to the forecast update unveiled at time #;—;. This strategy can be repro-
duced in our model by choosing y = [1,0,...,0]" and B = (Bi;) with Br; = 1
if i = k + 1 and O otherwise. The last rows of Table 2(a) and Table 3 report the
performance of an exclusively risk-focused trader in both models; note that in both
situations the trader only integrates PU into their estimate of the trading cost, but the
actual trading costs are evaluated based on a market that is subjected to both sources
of uncertainty. The last line of Table 2(b), which uses the same value of Acyyg, illus-
trates the benefit of factoring in the trade volume uncertainty: both the expectation
and the CVaRy ; of the trading cost are significantly reduced. The standard devia-
tion of the trading cost slightly increases from 1.773 x 10° to 2.122 x 10>, but this
is irrelevant: indeed, Figure 4, which depicts the probability densities of the trading
cost for both models, shows empirically that the random variable that represents the
trading cost in the mean—variance framework with recourse is first-order stochasti-
cally dominant over the trading cost of the strategy that results from model (2.16). As
a consequence, a trader who is driven by profit should adopt the strategy proposed
by model (2.16), as the increased variance is due to increased downward risk, which
is beneficial.

3.3.2 EU and mean-QV

We have previously seen that the model proposed by Cheng et al (2017) could be
slightly transformed in order to tackle a similar problem to ours in continuous time.
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FIGURE 4 Comparison of the pdfs and CDFs of the trading cost of a risk-averse trader
computing their strategy with the mean—variance framework with recourse for Ay, — oo
and with the mean—CVaRy 1 (PU and PVU) framework (model (2.16)) for Agyar = 1.
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The pdfs are estimated based on 10° realizations of the underlying processes.

In their model Cheng et al assume that a risk-averse trader maximizes either the
EU of their final P&L ITr (z) or the expectation of the final P&L that is penalized
by its quadratic variation. In both situations they provide closed-form expressions
for the optimal trading trajectory z; when no residual volume is tolerated (ie, when
B — 00). When allowing enough trading periods (eg, m = 10?), the discrete approx-
imation of the strategy derived from the model by Cheng et al (2017) has nearly
exactly the same final P&L as that of the continuous strategy. Hence, to compare
their model with ours we consider case 1 described in Table 1, with the difference
being that we assume one trading day (77 = 1) divided into 100 trading periods
(m = 10?). Note that the final P&L IT7(z) of a strategy z is equivalent to minus its
trading cost.

Cheng et al (2017) first argue that the strategy resulting from the EU maximiza-
tion can be regarded as a version of an adaptive Almgren—Chriss strategy. When
the uncertainty of the volume target disappears (ie, mo — 0), the optimal strategy,
given the risk-aversion parameter Ogy obtained via the EU framework, recovers the
classical Almgren—Chriss strategy with parameter value Av,, = Ogy/2. Hence, we
can consider that a risk-averse trader with risk-aversion parameter Ay, in the mean—
variance framework would have a risk-aversion parameter gy equal to 24y, in the
EU framework; this provides a mapping between Av,, and fgy that allows the com-
parison of both frameworks across the range of risk-aversion levels. By comparing
parts (a) and (b) of Table 4 we observe that the EU framework produces results of
the same order as the mean—variance framework with recourse.
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TABLE 4 Trading cost comparison of the trading strategies for the different frameworks
studied with an execution period subdivided into m = 102 trading periods.

(a) Mean-variance with recourse

Avar Expectation  CVaRg 4 CVaRg g5 CVaRg o1 Variance
(1/US$) (US$) (US$) (US$) (US$) (US$?)

0 8.133x10° 1.411x10%° 1.532x10% 1.784x10° 1.006 x 10"
1076 8.154x10° 1.399x10° 1.519x10% 1.765x10% 9.557 x 100
107° 9.155x 105 1.409x10° 1.510x10% 1.722x10% 6.792 x 1010
1074 2.071 x10% 2424 x10° 2.496x10° 2.647 x 10° 3.547 x 100
— +00  6.311x107 6.330 x 107 6.334 x 107 6.341 x 10’ 9.803 x 10°

(b) EU
Expectation CVaRy 1 CVaRy g5 CVaRy o1 Varianzce
0euy (USS$) (US$) (US$) (US$) (US$)
-0 7.861x10° 1.264 x10° 1.348x10° 1.512x 108 7.423 x 1010
2x107® 7.883x10° 1.252x10° 1.334x10% 1.493x10% 7.002x 100
2x107° 9.354x10° 1.313x10%° 1.379x10° 1.510x10°% 4.631 x 1010
2x107* 3.466x10° 3.640x10° 3.670x10° 3.730 x 10° 9.814 x 10°
— 400 2.780x107 2.794x107 2.797 x 107 2.802x 107 7.081 x 10°
(c) Mean—QV
Aqv Expectation = CVaRg 4 CVaRg g5 CVaRg o1 Variance
(1/US$) (US$) (US$) (US$) (US$) (US$?)
-0 7.860 x 10° 1.263x10% 1.346x10° 1.508 x 10° 7.389 x 1010
1076 7.885x10° 1.255x10° 1.336x10% 1.495x10% 7.075x 100
1072 8.791 x 105 1.276 x 10° 1.346 x 10 1.482x 10® 5.133 x 1010
1074 1.637x 108 1.902x 108 1.948x 108 2.038 x10® 2.282x 101°
— +oo 2534x10% 2741 x108 2777 x10% 2.848 x 108 1.393x 100
(d) Mean-CVaRg 1 (PVU)
Expectation CVaRy 1 CVaRy g5 CVaRy o1 Varianzce
AcvaRr (USS$) (USS$) (US$) (US$) (US$%)
0.00 8.132x10° 1.409x10%° 1.530x10% 1.780x 108 1.001 x 10"
0.25 8.153x 105 1.398 x 10 1.517x10% 1.764 x 108 9.529 x 1010
0.50 8.206 x 10° 1.387 x10° 1.503x 10% 1.742x 10° 9.035 x 100
0.75 8.286 x 10° 1.382x10%° 1.495x10% 1.729x 108 8.597 x 1010
1.00 8.396 x 105 1.380 x 10° 1.491 x 108 1.722x 10® 8.186 x 1010
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While Cheng et al (2017) employ the EU for the sake of tractability, they also
provide, in the special case where the uncertainty of order fills is modeled with a
diffusion process, a closed-form solution of the optimal trading rate in the mean—-QV
framework by solving the dynamic program analytically. They motivate the use of
the quadratic variation, since, as pointed out by Almgren (2012), it captures the bulk
of uncertainty. The optimal trading rate in this model can be regarded as an adaptive
Almgren—Chriss strategy, with the difference that the characteristic timescales of
liquidation are slightly different due to the uncertain order fills (Cheng et al 2017).
When mo — 0, the optimal strategy given the risk-aversion parameter Aqy recovers
the classical Almgren—Chriss strategy with parameter value Ay, = Aqy. This pro-
vides a mapping between Ay, and Aqy. The performance of the strategies derived
with this model, given different risk-aversion parameter values Aqy, is presented in
Table 4(c): the more risk-averse the trader, the smaller the variance of their trading
cost. Compared with the two previous models (mean—variance with recourse and EU
maximization), for large risk-aversion parameters we observe a gain of one order of
magnitude for both the expectation and the CVaRy ; of the trading costs, whereas the
variance remains (approximately) the same order.

Finally, we consider the model presented in this paper, where a trader considers
the uncertainty arising from both the price dynamics and the updates on the volume
target (ie, the mean—CVaRy ; (PVU) framework). The performance of the strategies
obtained with this model is shown in Table 4(d).

In a first step, as a sanity check, let us consider a risk-neutral trader (ie, Ay, = O,
Oy — 0, Agv = 0 and Acvar = 0). In this case all the frameworks minimize
the same objective function, ie, the expectation of the trading costs. The first row
of parts (a) and (d) of Table 4 shows that the mean—variance with recourse and the
mean—CVaRy ; (PVU) frameworks produce nearly identical results; this is coherent
with Lemma 2.8. Indeed, since the redistribution matrix 8 was chosen as that implied
by the risk-neutral strategy of the mean—variance framework computed at time ¢ (see
(3.1)), the optimal strategy in the mean—variance framework with recourse belongs
to the feasible set of strategies of the mean—-CVaRy ; (PVU) framework. Besides,
we observe that the EU and mean—QV frameworks perform better than the two pre-
vious frameworks. Since both frameworks solve the same dynamical program, the
discrepancy between the values reported in parts (b) and (c) of Table 4 for a risk-
neutral trader can be attributed to numerical errors. This better performance arises
from the fact that these frameworks solve the dynamic program and consequently
reach the optimal trading strategy. We can therefore estimate the suboptimality gap
of our model to (8.129 x 10° — 7.861 x 10°)/7.855 x 10° ~ 3.5%. This can be seen
as the price to pay for taking only partial recourse via a predetermined rule.

In a second step we compare our model with the mean—QV framework for an
exclusively risk-focused trader, which can be modeled by taking Aqy — +o0 and
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Optimal trade execution with uncertain volume target

FIGURE 5 Comparison of the pdfs and CDFs of the trading cost of a risk-averse trader
computing their strategy with the mean—QV framework proposed by Cheng et al (2017)
for A\qv — oo and with the mean—CVaR 1 (PVU) framework (model (2.16)) for Acyar = 1.
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The pdfs are estimated based on 10° realizations of the underlying processes.

Acvar = 1. Parts (c) and (d) of Table 4 illustrate that if a trader allows for a large
variance of their trading cost, then a significant reduction in the expectation and
the CVaR,, of the trading costs can be achieved by using our new model compared
with the mean—QV framework. Similarly to the comparison with the mean—variance
framework with recourse, we observe empirically in Figure 5 that the random vari-
able representing the trading cost in the mean—QV framework is first-order stochas-
tically dominant over the trading cost of the strategy resulting from model (2.16).
Again, letting the variance increase enables our model to shift the distribution of the
trading cost to smaller values, which is beneficial. In fact, the increase in variance is
due to a larger spread in lower trading costs.

Finally, Table 4 reports that a risk-neutral trader in the mean—QV framework
achieves a smaller value for the CVaRy ; of the trading costs compared with a trader
that exclusively aims to minimize CVaRy ; in the mean—-CVaRy ; (PVU) framework
(ie, Acvar = 1). This may call into question the advantage of our model. However,
two important points should be brought to the reader’s attention. First, despite the
apparent better performance of the mean—QV framework, we should keep in mind
that the analytical solution to the dynamic program in order to obtain the optimal
mean—QV trading rate is available only for special well-behaved cases. In the gen-
eral case, obtaining an analytical solution to the dynamic program would be more
challenging, if not impossible, and obtaining a numerical solution would be signif-
icantly more computationally expensive than our approach. Second, the quadratic
variation fails to correctly take into account the risk aversion of a trader. Indeed, as
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FIGURE 6 Comparison of the pdfs and CDFs of the trading cost of a risk-averse trader
computing their strategy with the mean—QV framework proposed by Cheng et al (2017)
for different risk-aversion parameter values.
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The pdfs are estimated based on 108 realizations of the underlying processes.

represented in Figure 6 and reported in Table 4(c), we generally observe that the
greater the risk-aversion level of the trader (ie, Aqv), the greater the expectation and
CVaRy ; of their trading costs. Hence, the decrease in the variance of the trading
costs is coupled with a shift in the distribution of the trading costs to greater values,
which is a rationale that would not be encountered in practice.

In conclusion, our model is significantly more versatile, as it does not rely on any
assumptions on the underlying distributions that model the uncertainty related to the
price dynamics and the forecast updates of the volume target. It is also computa-
tionally cheaper than the alternative approaches, and it coherently models the risk-
aversion level of a trader: the expectation of the worst-case trading costs decreases
as the risk-aversion level of the trader increases.

3.4 Real-world application: power trading

One of the main advantages of our model is that it does not rely on any particular
assumptions on the distributions of the price moves and forecast updates. It can con-
sequently be applied to a wider range of applications than the models of Almgren and
Chriss (2001) and Cheng et al (2017). Here, we show how our model can be applied
to power trading, where for each half-hourly settlement period power wholesalers
(respectively, producers) trade power future contracts with the objective of achiev-
ing a contractual net position that matches the expected power (respectively, power
generation) demand of their end-consumers.
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FIGURE 7 Power trading time line and modeling assumptions.
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In Great Britain for every given settlement period the market participants can trade
down future contracts from several years ahead until market closure, which occurs
one hour before the start of delivery (ie, the start of the settlement period). For any
given settlement period starting at time 7', a wholesaler aims to achieve a final net
position close to the realized power demand Dt of their end-consumers. If they sup-
ply power to a fraction p of the population, the power demand of their customers
is here assumed to be given by Dy = pV7, where Vr denotes the national power
demand during the settlement period. Any residual volume resulting from the dis-
parity between their contractual position against the realized demand D7 is charged
at the imbalance price, which results from the balancing mechanism operated by the
system operator after the market closure. For any half-hour settlement period, there
is consequently no obligation for a market participant to balance their contractual
positions against the expected demand (or generation). However, the exposure to
this imbalance price drives the incentive to avoid any residual volume.

Here we investigate how a risk-averse power wholesaler in Great Britain should
acquire power positions ahead of a given settlement period in order to minimize
their costs while factoring in risk as suggested by our model (2.16). The market
is modeled as follows. The settlement period is one half-hour long and starts at the
delivery time 7'. The trading window spans from 2 to 48 half-hours ahead of delivery
time; the initial trading time is denoted by #y. The trading window is subdivided into
46 half-hour-long trading periods. For consistency with the notation introduced in
Section 2.2, the ith trading period is denoted by t; and corresponds to the half-hour
period that starts 48 —i 4 1 half-hours ahead of the settlement period (see Figure 7).

To make their trading decisions, the market participants use the operational data
relating to the electricity balancing and settlement arrangements in Great Britain
published by the Balancing Mechanism Reporting Service. Using the data from the
past five years, Figure 8 shows the trend in the forecast updates of the national power
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FIGURE 8 Analysis of the forecast updates
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demand in Great Britain: part (a) illustrates the mean of the relative forecast error,
which is computed as |V; — Vi |/ Vr, where Vr denotes the realized national demand
and V; denotes the demand forecast unveiled after the ith trading period t; (ie, at
decision time ¢;). Part (b) represents the probability p; of having a forecast update
of the power demand at time #;. Conditional on there being a forecast update, parts
(c) and (d) of Figure 8 respectively represent the mean m; and the standard devia-
tion s; of the relative forecast update given by (V; — V;_1)/ Vr. For all graphs we
have fitted a polynomial approximation of the data points; let p;, 71; and §; denote
the value of the polynomial approximating the probability, the mean and the stan-
dard deviation of the forecast update that comes to the trader’s knowledge at time ¢;,
respectively. Based on these values we assume that, for each trading period 7; with
i < 45, a wholesaler estimates the distribution of the related forecast update on the
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power demand of their customers as follows. First, there is a probability p; of hav-
ing a forecast update. Second, conditional on a forecast update occurring, the fore-
cast update §; is assumed to follow the normal distribution N (772; D7, s2D2 7), where
Dt = pVr and Vr denote the average realized national power demand. Finally,
because the market closure happens one hour before the start of delivery, a trader
cannot take into consideration in their trading strategy any forecast update that is
released after the decision time t45. Therefore, the residual volume that should have
been traded and that will be exchanged at the imbalance price is given by the random
variable p(V7 — V45). This is taken into consideration in our model by assuming
that the forecast update 846 of the last trading period follows the normal distribu-
tion N (LD, (§§r5r)2DT) where /3% and 537 are, respectively, the estimates of
the average and standard deviation of the relatlve forecast error at decision time #45,
ie, (Vr — Vas)/ V7. In addition to these 46 trading periods, we add a virtual 47th
trading period, which corresponds to the balancing period after the market closure.
Note that during this balancing period we artificially assume that there is no forecast
update on the demand, as it has already been taken into consideration in the forecast
update distribution of t46. To incentivize the trader to trade the entirety of their posi-
tion before the balancing period t47, we penalize any outstanding volume by fixing
a larger temporary impact parameter 747 for the balancing period 747 compared with
the other trading periods; a value three times larger is used here (see Table 5). In a
similar vein as the penalty term that is parameterized by 8 in the model by Cheng
et al (2017), the larger the 747, the more any outstanding volume is penalized. As
suggested in Section 2.3, we assume that the residual volumes to be traded due to
the forecast updates are redistributed over the future trading periods based on the
redistribution matrix B8 that is implied by the risk-neutral optimal trading strategy
y*10-Mar=0 ip the mean—variance framework.

From the perspective of the price distributions we consider an initial price So of
90. For the sake of simplicity (the data not being publicly available) we assume that
the volatility o of the asset is constant during the entire execution period and is
equal to 0.9 and that for each trading period 7; the price shift &; follows the normal
distribution .V (0, 7;02). The rest of the parameters are fixed as follows: the average
realized national power demand V7 equals 3 x 10* megawatts (MW). The wholesaler
provides power to p = % of the population, has an initial position of zero and has
an initial estimate of the power demand of the end-consumers equal to Dy = D1 =
oVr = 10*. Finally, the bid—ask spread of each trading period is assumed to be
equal to 0.25% of the initial asset price Sy (ie, for all i € {1,...,m} such that
b; = 0.225); the values used for temporary and permanent impact parameters can be
found in Table 5.

Similarly to Figure 1, Figure 9(a) depicts the trading strategies returned by
our model for a risk-averse wholesaler in Great Britain when they consider the
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FIGURE 9 Trading power in Great Britain.
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uncertainty related to both the price dynamics and the power demand of the end-
consumers. For different risk-aversion levels Figure 9(b) depicts how the trading
strategy is modified compared with the situation where the wholesalers wrongly
assume that the power demand of the end-consumers is perfectly known at the start of
the execution period. The difference in performance of the trading strategies obtained
in both situations is listed in Table 6. When we consider the uncertainty related to
the power demand, better mean—CVaR ; trade-offs are achieved for any risk level.
We do not analyze the results further, as similar comments can be made compared
with the previous test cases (see Sections 3.1 and 3.2).

4 DISCUSSION

Our choice to use the CVaR, as a risk measure in model (2.16) was guided by its
widespread use and ease of interpretation, despite the controversy that this risk mea-
sure may lead to time-inconsistent optimal policies: the policy obtained by optimiz-
ing the model at an intermediate stage of the execution period is not necessarily
equivalent to the continuation of the optimal policy computed at the initial time, #¢
(Rudloff et al 2014; Shapiro 2009). In Section 3, however, we saw that, due to the for-
ward planning of recourse with a predetermined trade volume reallocation rule, our
model competes favorably with established alternatives, yielding lower trading costs
in expectation and CVaR,. Our merit function accounts for the trade-off between
the partially conflicting goals of lowering the expectation and the CVaR,, of trad-
ing costs, and it is computationally cheaper than either taking recourse under the
mean—variance framework whenever forecast updates on the volume target become
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TABLE 6 Trading power in Great Britain: performance of the strategies obtained with
(2.16) for different risk-aversion parameter values AcvaR-

(a) Price dynamics

Acvar Expectation CVaRp; CVaRggs CVaRggy Variance (pg_‘j"a“
(1/Us$)  (US$) (US$) (US$) (US$) (Us$?) (US$)

0.00 6.102x 10* 7.572 x 10* 7.945 x 10* 8.841 x 10* 5.558 x 107 6.102 x 10*
0.25 6.103 x 10* 7.566 x 10* 7.938 x 10* 8.832 x 10* 5.503 x 107 6.469 x 10*
0.50 6.105x 10* 7.562 x 10* 7.933 x 10* 8.825 x 10* 5.449 x 107 6.834 x 10*
0.75 6.109 x 10* 7.559 x 10* 7.929 x 10 8.819 x 10* 5.396 x 107 7.196 x 10*
1.00 6.114 x 10* 7.559 x 10* 7.928 x 10* 8.818 x 10* 5.345 x 10 7.559 x 10*

(b) Price dynamics and power demand

Acvar Expectation CVaRgq CVaRggs CVaRggq Variance w(’}_‘;"a“
(1/Us$)  (US$) (Us$) (US$) (US$) (Us$?) (US$)

0.00 6.101 x 10* 7.606 x 10* 7.993 x 10* 8.922 x 10* 5.751 x 107 6.101 x 10*
0.25 6.110x 10* 7.531 x 10* 7.885 x 10* 8.737 x 10* 5.282 x 107 6.465 x 10*
0.50 6.122 x 10* 7.510 x 10* 7.850 x 10* 8.668 x 10* 5.094 x 107 6.816 x 10*
0.75 6.134x10* 7.503 x 10* 7.837 x 10* 8.638 x 10* 4.988 x 107 7.161 x 10*
1.00 6.144 x 10* 7.502 x 10% 7.832 x 10* 8.623 x 10* 4.914 x 107 7.502 x 10*

(a) A trader considers that the only source of uncertainty is the price dynamics. (b) A trader considers that the
uncertainty arises from both the price dynamics and the power demand.

available or solving a dynamic program in order to optimize the mean—QV trade-off.
These advantages of our model outweigh the disadvantage that the time inconsis-
tency of the mean—CVaR, risk measure may lead to suboptimal strategies (Rudloff
et al 2014).

The model proposed in this paper should thus be considered as an alternative to
the traditional methods for its competitive performance, its ease of interpretation and
its relatively cheap computational cost. If we desire to take full recourse in order to
further improve the performance of our model, we could replace the CVaR, term
with the dynamic coherent risk measure (Riedel 2004) induced by the CVaRy, risk
measure. Lin et al (2015) explored such an approach in the context of the traditional
trade execution problem under PU only. An extension to the case with volume uncer-
tainty would imply the applicability of the dynamic programming principle, which
guarantees the time consistency of the optimal strategies but at the cost of a greater
computational time. This would be a useful extension of our work, and it is left for
future research.
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Among the parameters for our model we need to specify a redistribution matrix to
decide how any residual trading volumes that become apparent after forecast updates
are redistributed over future trading periods. In the numerical section of this paper we
chose this redistribution matrix according to the trade volume proportions implied by
the risk-neutral optimal trading strategy y *>0-Avar=0 ynder the mean—variance frame-
work of Almgren and Chriss (2001). This choice is not guaranteed to be optimal,
and we could optimize over the redistribution matrix as well. Although we do not
address this issue in the present work, we believe it is of interest for future research.
The numerical simulations we carried out suggest that mild additional cost savings
can be achieved.

Finally, in this paper we assumed that the random variables that model forecast
updates are identically distributed. In practice this assumption is often not justified,
such as in power markets, where empirical data show that the standard deviation
of forecast updates is time dependent and follows a “N” pattern over the trading
window: forecast updates at long time horizons are relatively small, since they are
mainly based on the seasonal trend. At shorter timescales, that is, for time horizons
ranging from a couple of weeks to several hours ahead of the delivery time, the
forecast updates are more significant, since weather forecasts are available and are
steadily becoming more precise. Finally, the last forecast updates represent slight
adjustments to ensure that the market clearing constraint is satisfied. Another exam-
ple where inhomogeneous forecast updates occur is in open-ended funds, where the
fund manager — if notified as and when share remissions and purchases are ordered
during the trading day — could proactively trade in the underlying assets on the trad-
ing day itself rather than on the next day, so as to increase the liquidity of the fund.
In this case the standard deviation of the updates on the volume target often follows
a “U” profile instead. Further investigation is thus needed to analyze the impact of
the forecast uncertainty profile on the performance of our approach relative to the
model by Almgren and Chriss (2001). Since the optimal redistribution coefficients
depend on the profile of the standard deviation of the forecast updates, these two
points should be jointly addressed in further investigations.

5 CONCLUSION

In this paper we considered the optimal trade execution problem in a setting where
price uncertainty grows in time, but unlike what is assumed in the existing literature,
the required trade volume is also uncertain and only becomes known at the end of the
execution period. We assume that forecasts of increasing accuracy become available,
so that volume uncertainty decreases over time while price uncertainty increases.
The model presented in this paper is designed to manage both uncertainties via risk
terms, so as to make them precomputable and to avoid the combinatorial blowup of
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dynamic programming approaches. We have demonstrated that the model has desir-
able convexity properties, guaranteeing the existence and uniqueness of a convex
set of optimal strategies. We show that it produces significantly lower transaction
costs than classical trade execution approaches, even if the latter allow for recourse
whenever a new forecast becomes available.

DECLARATION OF INTEREST

The authors report no conflicts of interest. The authors alone are responsible for the
content and writing of the paper.

ACKNOWLEDGEMENTS

We thank the anonymous reviewer for their careful reading and constructive feed-
back; their input allowed us to improve our paper substantially. The work of Julien
Vaes was supported by the Alan Turing Institute under a Turing Doctoral Stu-
dentship (grant TU/C/000022). The work of Raphael Hauser was supported by the
Alan Turing Institute under the Engineering and Physical Sciences Research Council
grant EP/N510129/1.

REFERENCES

Almgren, R. (2012). Optimal trading with stochastic liquidity and volatility. SIAM Journal
on Financial Mathematics 3, 163—181 (https:/doi.org/10.1137/090763470).

Almgren, R., and Chriss, N. (2001). Optimal execution of portfolio transactions. The
Journal of Risk 3(2), 5-39 (https:/doi.org/10.21314/JOR.2001.041).

Almgren, R., and Lorenz, J. (2007). Adaptive arrival price. Trading 2007(1), 59-66. URL:
https:/guides.pm-research.com/content/iijtrading/2007/1/59.full.pdf.

Almgren, R., Thum, C., Hauptmann, E., and Li, H. (2005). Direct estimation of equity
market impact. Risk 18(7), 58—-62. URL: https:/api.semanticscholar.org/CorpusID:1831
2213.

Artzner, P., Delbaen, F, Eber, J. M., and Heath, D. (1999). Coherent measures of risk.
Mathematical Finance 90(3), 203—228 (https:/doi.org/10.1111/1467-9965.00068).

Bertsimas, D., and Lo, A. W. (1998). Optimal control of execution costs. Journal of
Financial Markets 10(1), 1-50 (https:/doi.org/10.1016/S1386-4181(97)00012-8).

Boyd, S., and Vandenberghe, L. (2004). Convex Optimization. Cambridge University
Press (https:/doi.org/10.1017/CB0O9780511804441).

Bulthuis, B., Concha, J., Leung, T., and Ward, B. (2017). Optimal execution of limit and
market orders with trade director, speed limiter, and fill uncertainty. International Jour-
nal of Financial Engineering 40 (2-3), Paper 1750020 (https:/doi.org/10.1142/S2424
786317500207).

Butenko, S., Golodnikov, A., and Uryasev, S. (2005). Optimal security liquidation algo-
rithms. Computational Optimization and Applications 32(1), 9-27 (https:/doi.org/10
.1007/s10589-005-2052-9).

Journal of Computational Finance www.risk.net/journals



Optimal trade execution with uncertain volume target

Chan, K., Chung, Y. P., and Johnson, H. (1995). The intraday behavior of bid—ask spreads
for NYSE stocks and CBOE options. Journal of Financial and Quantitative Analysis
30(3), 329-346 (https:/doi.org/10.2307/2331344).

Cheng, X., Di Giacinto, M., and Wang, T. H. (2017). Optimal execution with uncertain order
fills in Almgren—Chriss framework. Quantitative Finance 17(1), 55-69 (https:/doi.org/10
.1080/14697688.2016.1185531).

Cheng, X., Di Giacinto, M., and Wang, T. H. (2019). Optimal execution with dynamic risk
adjustment. Journal of the Operational Research Society 70(10), 1662—1677 (https:/
doi.org/10.1080/01605682.2019.1644143).

Feng, Y., Rubio, F., and Palomar, D. P. (2012). Optimal order execution for algorithmic
trading: a CVaR approach. In Proceedings of the IEEE 13th International Workshop on
Signal Processing Advances in Wireless Communications, pp. 480—484. |EEE Press,
Piscataway, NJ (https:/doi.org/10.1109/SPAWC.2012.6292954).

Forsyth, P. A., Kennedy, J. S., Tse, S. T., and Windcliff, H. (2012). Optimal trade execu-
tion: a mean quadratic variation approach. Journal of Economic Dynamics and Control
36(12), 1971-1991 (https:/doi.org/10.1016/j.jedc.2012.05.007).

Gatheral, J., and Schied, A. (2013). Dynamical models of market impact and algorithms
for order execution. In Handbook on Systemic Risk, Fouque, J.-P., and Langsam,
J. A. (eds), pp. 579-599. Cambridge University Press (https:/doi.org/10.1017/CBO978
1139151184.030).

Huberman, G., and Stanzl, W. (2004). Price manipulation and quasi-arbitrage. Economet-
rica 72(4), 1247-1275 (https:/doi.org/10.1111/j.1468-0262.2004.00531.x).

Huberman, G., and Stanzl, W. (2005). Optimal liquidity trading. Review of Finance 9(2),
165—-200 (https:/doi.org/10.1007/s10679-005-7591-5).

Kissell, R., and Malamut, R. (2005). Algorithmic decision-making framework. Journal of
Trading 1(1), 12—21 (https:/doi.org/10.3905/j0t.2006.609171).

Krokhmal, P., and Uryasev, S. (2007). A sample-path approach to optimal position liqui-
dation. Annals of Operations Research 152, 193-225 (https:/doi.org/10.1007/s10479
-006-0143-3).

Lin, Q., Chen, X., and Pefa, J. (2015). A trade execution model under a composite
dynamic coherent risk measure. Operations Research Letters 43(1), 52-58 (https:/
doi.org/10.1016/j.0r.2014.11.005).

Lorenz, J., and Almgren, R. (2011). Mean—variance optimal adaptive execution. Applied
Mathematical Finance 18(5), 395—422 (https:/doi.org/10.1080/1350486X.2011.5607
07).

Markowitz, H. (1952). Portfolio selection. Journal of Finance 70(1) 77-91 (https:/doi.org/
10.1111/j.1540-6261.1952.tb01525.x).

Riedel, F. (2004). Dynamic coherent risk measures. Stochastic Processes and Their
Applications 112(2), 185-200 (https:/doi.org/10.1016/j.spa.2004.03.004).

Rockafellar, R. T., and Uryasev, S. (2002). Conditional value-at-risk for general loss dis-
tributions. Journal of Banking and Finance 26(7), 1443-1471 (https:/doi.org/10.1016/
S0378-4266(02)00271-6).

Rudloff, B., Street, A., and Valladao, D. M. (2014). Time consistency and risk averse
dynamic decision models: definition, interpretation and practical consequences. Euro-
pean Journal of Operational Research 234(3), 743-750 (https:/doi.org/10.1016/j.ejor
.2013.11.037).

www.risk.net/journals Journal of Computational Finance

79



80 J. Vaes and R. Hauser

Schied, A., and Schéneborn, T. (2009). Risk aversion and the dynamics of optimal liqui-
dation strategies in illiquid markets. Finance and Stochastics 13(2), 181-204 (https:/
doi.org/10.1007/s00780-008-0082-8).

Schoéneborn, T. (2016). Adaptive basket liquidation. Finance and Stochastics 20(2), 455—
493 (https:/doi.org/10.1007/s00780-016-0290-6).

Shapiro, A. (2009). On a time consistency concept in risk averse multistage stochastic
programming. Operations Research Letters 37(3), 143-147 (https:/doi.org/10.1016/j
.0rl.2009.02.005).

Shapiro, A., Dentcheva, D., and Ruszczynski, A. (2009). Lectures on Stochastic Program-
ming: Modeling and Theory. MOS—SIAM Series on Optimization. SIAM, Philadelphia,
PA (https:/doi.org/10.1137/1.9780898718751).

Journal of Computational Finance www.risk.net/journals



