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Abstract

Simulating quantum many-body systems is essential for understanding
complex phenomena in condensed matter, chemistry, and materials science.
Quantum computing offers a way to overcome the limitations of classical
methods by operating directly in exponentially large Hilbert spaces. In
particular, classical methods often fail to capture the dynamics of strongly
correlated systems, which makes quantum algorithms a promising alternative
for exploring these challenging regimes.

This thesis uses quantum dynamics simulations to probe the behaviour of
many-body systems. We first introduce a spectroscopy-based protocol to
extract excitation spectra from the time evolution of observables and analyse
its performance on near-term quantum devices. We show that the protocol
requires only short evolution times and is resilient to errors, facilitating its
implementation on real hardware. Building on this, we simulate fermionic
excitation spectra using current quantum devices, introducing resource
optimisations — including an approximate free-fermion initial state, a unitary
quench without ancillae, and reduced Trotter steps — that significantly
lower circuit depth. These improvements enable simulations at system
sizes competitive with the state of the art, yielding results that match
classical benchmarks.

While most studies focus on unitary dynamics of isolated systems, open
quantum dynamics is increasingly relevant for describing non-equilibrium
processes across biology, materials science, and quantum control. We extend
our scope to systems coupled to an environment and governed by Lindbladian
evolution. By studying simulation complexity through physically meaningful
quantities — such as correlation length and mixing time — we explore whether
open-system dynamics can be as tractable as their unitary counterparts.
These findings provide insights into the computational complexity landscape
of open-system simulation and highlight regimes where quantum methods

offer a clear advantage.
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Introduction

The idea of utilising quantum mechanical systems to address computationally
challenging problems was first proposed by Richard Feynman in 1981 [1]. In
particular, he suggested using a controllable quantum platform, namely a quantum
computer, to simulate other quantum systems of interest. Quantum systems exhibit
a fundamental property: their Hilbert space grows exponentially with system size,
making their simulation intractable for classical computers. In contrast, quantum
computers are inherently suited to this task, as their computational states also reside
in exponentially large Hilbert spaces. This advantage is particularly evident in fields
such as chemistry, condensed matter physics, or materials science, where the aim is
to simulate quantum many-body phenomena, including electronic or spin systems.

The first idea behind quantum computing was important because it showed that
quantum information could be used for real-world applications. However, much
remained to be formalised, and there was a need for theoretical evidence of problems
that could genuinely benefit from this new paradigm. The next milestone came in
1985, when David Deutsch formalised the concept of a universal quantum computer
for the first time [2], a machine capable of simulating any physical system and
performing certain calculations faster than a classical Turing machine. Subsequently,
the Deutsch-Jozsa algorithm in 1992 [3] provided the first explicit example of a

quantum algorithm that is exponentially faster than any deterministic classical
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algorithm. Although the problem it solves is of little practical use, the algorithm
reveals the possibility of exponential quantum speed-ups.

However, it was Peter Shor’s algorithm in 1994 that demonstrated the first
concrete practical application of quantum computing [4], with an efficient quantum
method for factoring large integers. Shor’s algorithm has direct implications for
cryptographic systems, notably threatening the security of RSA! encryption making
it vulnerable to quantum attacks. Shortly afterwards, in 1996, Lov Grover introduced
a quantum search algorithm [5] that achieved a quadratic speed-up over classical
search methods. Grover’s algorithm allows for searching an unstructured database
of N items in only O(v/N) steps, compared to the classical O(N) scaling, and
applies to a broad class of problems beyond simple database lookup [6-9].

To run and study quantum algorithms, we require access to quantum computers
with sufficient scale and quality. By scale we refer primarily to the number of
available qubits and the maximum circuit depth that can be executed, while quality
encompasses qubit coherence times, gate fidelities, and measurement accuracy. This
requires addressing one of the main challenges in quantum computation: noise and
decoherence. Due to interactions with the environment, quantum systems are highly
susceptible to the loss of coherence, leading to errors in computation. Significant
effort must be invested in engineering such computers, including increasing qubit
counts and reducing error rates. At the same time, it is imperative to develop
theoretical tools to implement quantum algorithms in a fault-tolerant manner and
to understand the feasibility of different approaches in the presence of noise. The
first error-correcting code to address decoherence was developed by Shor in 1995 [10].
Subsequently, Alexei Kitaev [11] proposed using topological features of matter to
protect quantum computation against decoherence. This idea has led to one of the
leading approaches for realising a fully fault-tolerant quantum computer.

Note that although algorithms like Shor’s and Grover’s are proven to offer

quantum speed-ups over classical algorithms, resource estimates for practical

'RSA (Rivest, Shamir, and Adleman, 1977) is a public-key cryptographic system used for both
encryption and digital signatures. Its security relies on the assumed classical hardness of factoring
large integers.
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running times reveal that they would require an unreasonable number of physical
qubits for fault-tolerant implementation. Demonstrating quantum advantage with
these algorithms is therefore very unlikely in the near future. Despite significant
advances in the experimental realisation of quantum computers, the requirements for
implementing practical quantum algorithms remain far beyond what we can expect
to achieve in the coming decades. Current state-of-the-art processors comprise
on the order of 10% noisy physical qubits [12, 13], with two-qubit gate fidelities
typically between 99 and 99.9% and feasible circuit depths limited to a few hundred
operations before errors accumulate [14]. In contrast, large-scale fault-tolerant
implementations — such as Shor’s algorithm — are estimated to require millions
of physical qubits to encode thousands of logical qubits, with logical error rates
suppressed to around 1071 over trillions of operations [15]. For this reason, it is
imperative to reduce the resource costs of quantum algorithms and to explore new
techniques and problems where quantum computers could offer a clear advantage.

There are significant research efforts aimed at running quantum algorithms on
current hardware, known as Noisy Intermediate-Scale Quantum (NISQ) devices.
These devices are characterised by limited qubit counts, noisy gate operations, and
cannot yet do full error correction. The first claim of quantum supremacy? came from
Google’s 2019 experiment [17], in which they argued that their quantum processor
completed a calculation that would purportedly take classical supercomputers
approximately 10,000 years. This claim was later contested in Ref. [18], where the
same calculation was performed on a classical supercomputer in just a few days.
This situation highlights a common trend in quantum computing: initial claims of
quantum advantage often motivate improvements in classical methods which can
reduce or even close the gap for certain tasks. In any case, the circuit executed by
Google had no significant practical application beyond showcasing the capabilities of
their quantum hardware. Although further attempts have been made to demonstrate

a quantum speed-up on NISQ devices [19], these efforts have generally focused on

2Quantum supremacy is a term introduced by John Preskill [16] to denote the point at which
a quantum device can perform a computation that cannot be completed by a classical processor
in a reasonable time.
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tasks with little or no physical relevance. A pressing question remains whether there
exist problems of practical interest that can be run on NISQ hardware. For instance,
simulating quantum properties of microscopic particles, which is highly relevant in

fields such as materials science, high-energy physics, or quantum chemistry.

1.1 Quantum simulation of quantum systems

As discussed in the previous section, many research teams are actively seeking
quantum advantage, but current achievements in this direction often appear to
be tailored to highlight the strengths of specific quantum technologies rather
than addressing practical applications directly. This raises an important challenge:
applying quantum devices to genuinely useful problems, such as simulating quantum
mechanical systems [20, 21].

Exact solutions, such as determining the ground state energy or full dynamical
evolution of complex quantum systems, generally remain out of reach for classical
approaches due to the enormous quantum information processing required. However,
highly effective approximate classical methods have been developed. Density
Functional Theory (DFT) [22], for instance, is based on the idea that the properties
of a chemical system can be determined from its electron density, rather than its
wavefunction. On the other hand, tensor network methods, such as the Density
Matrix Renormalization Group (DMRG) [23, 24], capture quantum correlations by
compressing the quantum state into a manageable representation. These methods
are especially powerful when the system exhibits limited quantum entanglement,
for example, when computing low-energy eigenstates or near-equilibrium dynamics
of one-dimensional systems with local interactions.

Despite the effectiveness of these classical methods, their approximations can
limit accuracy, especially for highly correlated systems. Moreover, when simulating
more complex scenarios such as non-equilibrium dynamics and general time evolution,
they often suffer from exponentially growing computational costs. Quantum
hardware, conversely, naturally encodes quantum correlations and therefore holds

promise for simulating such complex scenarios without the same exponential scaling
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in memory. Near-term quantum hardware is believed to be capable of simulating
simplified models of solid-state materials [25], making some practical quantum
simulations within reach today. Quantum chemistry simulations, however, remain
more challenging since their computational complexity often scales unfavorably
with the number of electron orbitals. Nonetheless, with advancements in quantum
hardware, researchers anticipate that these more demanding simulations will also
become feasible.

While classical techniques have enabled major progress, key challenges in
quantum many-body physics remain unresolved, particularly for systems with
strong correlations or far-from-equilibrium dynamics. Quantum simulation offers a
promising complementary path, providing new tools to explore phenomena beyond
classical reach, guide experimental discovery, and benchmark or refine classical
methods as the field advances.

There are two primary approaches to simulating quantum systems with quantum
computers: analog and digital quantum simulation. Analog quantum simulation is
akin to building a physical wind tunnel to study aerodynamics. In this approach,
a controllable quantum system is engineered to directly mimic the dynamics of
a target system. Analog simulators can reach relatively large system sizes and
have already provided important insights in specific areas [26-28]. However, they
are limited in scope, their applicability is typically restricted to problems that
closely match the available hardware. The main quantitative limitation is the
calibration accuracy of the device, and, crucially, there is no straightforward
way to apply error correction. As a result, analog simulators are not broadly
programmable or universally applicable.

On the other hand, digital quantum simulation is analogous to modern digital
computing. Here, a discrete set of quantum gates is used to manipulate quantum
information, allowing for the simulation of a wide variety of quantum systems
and algorithms. Digital quantum computers are general-purpose machines [29],

with the key theoretical advantage that error correction can be implemented to
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counteract gate imperfections. This opens the path to eventually building fault-
tolerant quantum computers, capable of reliable large-scale simulations. Currently,
we are still in the NISQ era, where the number of qubits is limited and noise
remains a significant obstacle. Because of this, early demonstrations of quantum
advantage have typically involved problems tailored to the strengths and limitations
of specific hardware platforms. Achieving practical quantum advantage for real
scientific problems with NISQ devices remains challenging, as noise and error rates
limit both the depth and accuracy of implementable algorithms. While some
researchers argue that true quantum advantage will only be realised with fault-
tolerant devices, there is a substantial effort in the community to explore how
near-term quantum computers might still tackle meaningful problems, potentially
outperforming classical algorithms, or at least prompting further advances in
classical computational methods. Given these considerations, this thesis will
focus primarily on digital quantum simulation as a general and programmable
framework for quantum computation.

Previously, we have highlighted some of the key applications of quantum
computers in calculating properties of quantum systems. Broadly, these applications
can be categorised into two main types of problems: static and dynamic. The
static problem involves calculating the lowest energy eigenstate (ground state)
or specific excited states of a quantum system. The dynamic problem concerns
the time evolution of the system.

The static problem can be formally defined as finding the state |¢;) such that

H |ii) = E; |hi) (1.1)

where H is the Hamiltonian that governs the system, and F; are the energy
eigenvalues associated with each state, for i = {0,1,...,2Y — 1}, where N is the
size of the system (i.e., the number of particles). Typically, the static problem
is considered to be more manageable by classical computation, particularly for
systems with local interactions. In these cases, the relevant space of physical states

is much smaller than the full Hilbert space, allowing for compression and efficient
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sampling of only the relevant states. As a result, a wide range of sophisticated
classical algorithms has been developed across physics, chemistry, and materials
science, setting a high and constantly moving threshold for quantum advantage.
Nonetheless, classical simulation remains challenging for certain strongly correlated
models, such as the Hubbard model [30, 31].

In this thesis, we are interested in exploiting quantum computers to simulate
the dynamics of quantum many-body systems. The non-equilibrium dynamics (like
the ones in quantum quench experiments that we will explore in Chapter 2 and 3)
consist of initialising the quantum states and then letting them evolve with time.
The dynamics of an isolated system — represented by a pure state [1(t)) — can be
given by the time-dependent Schrodinger equation

dly(t))
dt

= —iH (1)), (12)

where we set A = 1. In this case, the time evolution enables the exploration of an
exponentially growing (with system size) number of states, which is, in many cases,
intractable for classical methods. For a closed system following the Schrodinger
equation, the solution at time ¢ is given by the unitary time evolution operator

applied to the initial state [¢(0)):

[%(2)) = e [¥(0)) - (1.3)

On another hand, quantum systems do not need to be isolated but can be
embedded in an environment, the so-called open quantum systems. Instead of
describing them with pure states, we now need a density matrix p to characterise

our mixed states:

p(t) =D pi(t) [¥a(1)) (Wu(B)], (1.4)

which can be interpreted as a mixture of pure states |1;(¢)) with probabilities p;(t).

The evolution of a quantum system interacting with a bath (in the Markovian®

3Markovian evolution lacks memory effects, meaning that the system’s dynamics depend only
on its current state, not on its history. This is typically modelled by assuming weak coupling to
the environment and fast environmental relaxation.
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case) is described by the Lindblad master equation

W~ ilH.A + L), (15
where L[p] = > 1 Yk (Lk,oL,Tg — %LLLk, p) is the super-operator describing the cou-
pling with the environment mediated by the operators L with coefficients ;. These
types of systems obviously add a different challenge since they have a non-Hermitian
part in the evolution* that we need to handle carefully. To simulate this with a
quantum computer, we need to run what is called an imaginary time evolution,

At is non-unitary and hence non-norm conserving. The

where the propagator e~
general strategy is to combine the action of the propagator with the normalisation
of the state to approximate the open quantum dynamics [32]. We will develop
this further in Chapter 4, where we explore the dynamics of correlations in open

quantum systems by simulating their Lindblad evolution.

1.2 Quantum dynamics simulations

Since Lloyd’s first proposal of a universal quantum algorithm for simulating quantum
dynamics [29], there have been significant advances in developing algorithms to use
quantum computers for simulating time evolution. These are commonly referred
to as Hamiltonian simulation algorithms. For real-time evolution, the task is to
efficiently approximate the time evolution operator U = e *#!. In most physical
systems, and for the algorithms discussed below, we typically assume that the
Hamiltonian can be written as a linear combination of Pauli strings H; (that is,

tensor products of Pauli matrices):

L
H:ZOLJ'H]‘, (16)
j=1

where «; are real coefficients and L is the number of Pauli strings in the decompo-

sition. The goal is to implement U with an error no greater than e,

le"Ht _ U] <. (1.7)

4Strictly speaking, the total Hamiltonian of the system plus environment is Hermitian. The
non-Hermitian contribution arises only in the effective description of the reduced system, e.g., in
the effective Hamiltonian Heg = Hi — iH>, as we will see in Chapter 4.
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While the focus here is on real-time evolution, many of the methods discussed can
also be adapted to simulate open quantum systems. This typically involves mapping
the problem via the substitution it — 7, resulting in the imaginary-time Schrodinger

A7 which requires careful handling

equation and a non-unitary propagator U = e~
of normalisation. We will return to the adaptation of these algorithms for open
quantum dynamics at the end of this section.

The first Hamiltonian simulation algorithm [29] uses a product formula approxi-
mation, also known as Trotterization [33, 34|, to approximate the exponential of

a sum of operators with a product of exponentials of individual operators. The

first-order approximation is given by

tﬁ@;:(IEef%%) (1.8)

where r is the number of Trotter steps. The error in the first-order product

formula is bounded by

(1.9)

e:nww—a@m:0<@M)»

r

where A = max; o;. More generally, the error can be bounded in terms of the

commutator structure of the Hamiltonian:

e (Z I, 11, | A0 ) | (1.10)

i<j r

The error can be reduced either by increasing the number of Trotter steps, thus
increasing the gate complexity and depth of the circuit, or by using a higher-order

Trotter decomposition. In particular, the second-order formula is given by

L _ [ "
Uy(t) == | [ em @™ T em st | | (1.11)
j=1 k=L

with an error upper bound

e:nww—@@nzoomw>. (1.12)

r2
More generally, the complexity of the simulation can be improved by using a

(2k)th-order product formula, which is defined recursively. Using this higher-order
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formula, the error scales as O (%) , but the gate count increases exponentially

with k, complicating the choice of the optimal Trotter order. The scaling of gate
complexity®, in terms of the number of steps needed to achieve a given error,
is O (%) . One of the main advantages of Trotterization is that, for most
physical problems, the dependence of the error on the commutator structure of
the Hamiltonian is very favourable, often reducing the scaling with the number
of terms L in practice [35]. This improvement has been demonstrated in many
practical applications, where the algorithm performs better than what is predicted
by the formal worst-case bounds [36-38].

Because of their applicability and simplicity, there have been a lot of efforts to
lower the gate count and improve the error scaling of the product formula methods.
For instance, randomly permuting the order of the product formula at each step
can reduce the error scaling [39]. In this same direction, the quantum stochastic
drift (¢DRIFT) protocol [40, 41] randomly samples individual hamiltonian terms
biased by their weights and can achieve a gate count independent of L.

There exist alternative approaches to product formulas whose performance can
be asymptotically more efficient. However, many of these methods come with trade-
offs: they often require additional ancillary qubits, and may not take advantage of
the commutator structure of the Hamiltonian. As a result, they may not be optimal
for simulating quantum systems on near-term devices with limited resources. One
of the main post-Trotter approaches is the linear combination of unitaries (LCU),
also known as the Taylor expansion method [42-44]. In this method, the propagator

is approximated by a truncated Taylor expansion:

N K (—itH)k K L tk L
U(t) :ZT:Z Z gO&jl...Oéjk<—1) Hj ...ij, (113)
where the Taylor series is expressed as a sum of unitaries. To implement this on

a quantum computer, techniques such as amplitude amplification are commonly

5The gate complexity (or total runtime) refers to the total number of elementary gate operations
required to implement a quantum algorithm, which directly relates to the overall circuit depth.
In the case of product formulas, this corresponds to the number of Trotter steps required to
approximate the time-evolution operator.
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used [44]. The complexity of the LCU method is reduced to O (At&%), at
the cost of introducing ancillary qubits. The number of extra qubits required scales
linearly with the truncation order K and with log(L), which can be a significant
drawback for near-term devices.

Moreover, advanced methods such as quantum signal processing (QSP) [45,

46] and qubitization [47] employ quantum walks [48] for Hamiltonian simulation.

log(e™!)

W) but requires

QSP achieves optimal, additive query complexity O (/~\t +
doubling the number of qubits due to the need to block-encode the Hamiltonian in
a larger Hilbert space. Qubitization further improves on this approach by block-
encoding the Hamiltonian in a way that maintains the optimal complexity while
reducing the ancillary qubit overhead to a constant.

In this thesis, we mainly focus on Trotter-like methods for Hamiltonian simu-
lation, motivated by their unique advantages in practical scenarios. For example,
for geometrically local Hamiltonians — those in which each degree of freedom
only interacts with nearby sites, as in most lattice models of condensed matter
systems — Trotter formulas remain among the most efficient available methods.
Their conceptual simplicity, flexibility, and lower constant overhead make them
particularly attractive. This simplicity enables straightforward compilation into
quantum circuits and makes them well-suited to near-term devices, where coherence
times and qubit counts are severely limited. In particular, in Chapter 2 and
3, we implement our algorithms on current hardware, requiring careful resource
management to obtain meaningful results. Furthermore, Trotter methods exploit
the nested commutator structure of the Hamiltonian, enabling us to make use
of commuting or nearly commuting terms, a key feature that is missing in other
approaches. While more sophisticated techniques may scale better in some cases
and could become preferable as quantum hardware improves, Trotter-based methods
offer a reliable and practical option for current experiments and near-term use.

As we have discussed throughout this chapter, many interesting problems in
quantum many-body physics extend beyond closed system dynamics to include

the evolution of open quantum systems, where interactions with an environment
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play a central role. Indeed, this will be the focus of Chapter 4 of this thesis.
Moreover, as briefly mentioned earlier, unitary quantum simulation techniques can
be adapted to tackle not only real-time (unitary) evolution but also imaginary time
evolution [49], which is widely used for ground-state preparation and thermal-state
approximation [32]. In particular, methods such as product formulas [50, 51] and
Taylor series [52, 53] expansions can be repurposed to approximate open dynamics.

Open dynamics can be explicitly simulated by adding additional degrees of
freedom that account for the interaction with the environment. Since the dynamics
are described by a master equation for the density matrix (see Equation (1.5)), the
use of additional qubits is necessary to obtain a suitable algorithmic representation.
This can be achieved via dilation theorems [54, 55|, which embed the open dynamics
into a larger unitary evolution, or through vectorisation of the density matrix [56,
57], which reformulates the problem in terms of a larger state vector amenable to
quantum simulation. The latter approach will be explored in Chapter 4, where we

discuss both quantum and classical methods for simulating Lindbladian dynamics.

1.3 Classical simulation of quantum systems

The Hilbert space describing a quantum system grows exponentially with the
number of constituent particles, resulting in an intractable computational challenge
for classical computers. For instance, representing the full quantum state of a
spin system with around 50 particles would already require more memory than is
available on any existing supercomputer. As a result, exact classical simulations of
generic quantum systems are restricted to very small system sizes. To address this
limitation, classical simulation methods employ strategies to compress or sample the
relevant regions of the Hilbert space. While this is generally impossible for arbitrary
quantum systems, efficient simulation is possible for specific classes of systems
that possess particular structure or limited entanglement. The most advanced
approaches in this context are based on tensor network techniques, which offer a

highly efficient representation for a broad class of quantum many-body states.
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In this thesis, tensor network algorithms are employed as a central tool for
the study, development, and benchmarking of quantum algorithms, including the
spectroscopy protocol introduced in Chapter 2 and explicitly implemented for
fermionic systems in Chapter 3. These techniques enable the simulation of small
systems or short-time evolutions, where classical resources are still sufficient. In
addition to providing insight into the conditions under which quantum protocols
may excel when realised on quantum hardware, these simulations help to identify
the boundaries of classical simulability (see Chapter 4 for a detailed discussion in
the context of open quantum systems). In some cases, this can reveal promising
avenues for future quantum advantage experiments, especially as quantum hardware
improves and larger systems become accessible, a topic explored further in the
context of fermionic excitation dynamics in Chapter 3. This chapter provides
a brief overview of the classical simulation methods used throughout this thesis,
with particular emphasis on one-dimensional tensor network architectures, which

underpin the majority of the numerical results presented.

1.3.1 Matrix Product States and Operators

A pure quantum state |¢)) of a system of N sites, each of them with finite physical
dimension d, can be written as

d—1

W)= Y iy i) lin), (1.14)

{i1...in}=0
i.e. an N-rank tensor, of dimension d, where the number of coefficients c;, _; ~ Srows
exponentially with system size N. The Matrix Product State (MPS) representation
can be derived naturally by recursively applying the singular value decomposition
(SVD) to the coefficient matrix. At each bipartition of the system, we obtain

the Schmidt decomposition, i.e.

D
[¥) = D" Aalol) @ [ol) (1.15)
a=1

where )\, are the Schmidt coefficients and ¢, are the orthonormal Schmidt vectors.

We apply this SVD successively, starting from the left. The first decomposition gives
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Figure 1.1: Tensor network representations. a Matrix product state representation
with bond dimension x of a quantum state v with physical dimension d. b Matrix product
operator representation with bond dimension y of O that also has physical dimension d.
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dV~! matrix. The SVD of such a decomposition

a coefficient tensor shaped as a d x
can give at most d non-vanishing singular values because the rank is bounded by
the smallest dimension of the matrix. The first MPS tensor has dimension d x D,
with D; < d. Next, we reshaped the tensor again to have dimension Dyd x d"V—2
before performing SVD. Then we will give a maximum number of singular values of
D, < d?. By successively decomposing the state across each site, we arrive at the

MPS form where the coefficients can be factorised as a product of tensors:

Ciy.iy = ZASI)’HA@)Q . A(N)iN (116)

a1 TTTan-—1?
{a}

where each tensor A® is the new basis from the SVD decomposition. The
bond dimension across each cut is the Schmidt rank of the bipartition across
the corresponding bond, with the largest possible value corresponding to the bond
closest to the centre, so that D < d™/2.

As illustrated in Figure 1.1 (a), a quantum state can be represented as a chain
of connected tensors in the MPS formalism. The bond dimension D determines
the amount of information retained in the MPS, and acts as a measure of the
entanglement that can be captured between subsystems. In practical simulations,
it is common to introduce a bond dimension cut-off x, which allows the state to
be represented more efficiently by truncating less significant Schmidt coefficients.

This truncation leads to an approximate, but much more compact, representation
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of the state. The amount of entanglement present in the system is reflected in the
required bond dimension: y = 1 corresponds to a product state (no entanglement),
while y = d"/? is sufficient to describe any state in the full Hilbert space of N
sites with physical dimension d.

The MPS formalism can be extended to mixed states and operators through the
Matrix Product Operator (MPO) representation, where each site is associated with
a rank-4 tensor. This is visualised analogously to the MPS, with two physical legs
(input and output) as shown in Figure 1.1 (b). Expectation values, traces and other
physical observables can be efficiently computed by contracting the relevant tensor
networks. In diagrammatic notation, this involves connecting the corresponding
physical and bond indices of the MPS and MPO tensors, resulting in a network

whose full contraction yields the desired quantity.

1.3.2 Tensor network algorithms

Most simulations presented in this thesis involve time-evolving quantum many-
body systems. A common prerequisite for such simulations is the preparation
of the system in a particular initial state, often the ground state of a model
Hamiltonian. For example, as discussed in Chapter 3, we require the ground state of
the Fermi-Hubbard model as the starting point for dynamical studies. While exact
diagonalisation methods can provide this for small systems, they quickly become
intractable for larger system sizes due to the exponential growth of the Hilbert space.
To overcome this limitation, we employ the Density Matrix Renormalization Group
(DMRG), a variational numerical algorithm designed to efficiently find ground states
of one-dimensional systems with local interactions. The DMRG method, originally
developed by Steven White in the early 1990s [58], has since become a standard
tool for studying strongly correlated quantum systems.

The central idea behind DMRG is to iteratively optimise each tensor in the
MPS representation of the wavefunction in order to minimise the energy (¢| H |1),
subject to a normalisation constraint (¢[¢)) = 1. The system’s Hamiltonian is

represented as an MPO acting on N sites. The optimisation at each site ¢ is carried
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out by minimising the cost function (| H [¢)) — A (]¢)), where X is a Lagrange

multiplier enforcing normalisation. The optimisation condition is given by

0
OAWT

(Y[ H [¢) = A (@ly)) = 0, (1.17)

where A® is the local tensor at site i. Diagrammatically, taking the derivative
with respect to AT corresponds to "punching a hole" at the position of the tensor.
This leads to a generalised eigenvalue problem for A®, where the optimal solution
is the eigenvector corresponding to the lowest eigenvalue, which can be efficiently
obtained using iterative algorithms such as the Lanczos method [59].

The DMRG algorithm proceeds as follows: starting from an initial guess for
the MPS (often random), the tensors are updated sequentially site by site, with
the rest of the MPS held fixed at each step. The initial MPS has a maximum
bond dimension y, which determines the accuracy and computational cost of the
simulation. The procedure is repeated by sweeping back and forth along the chain
until convergence is achieved. For a more detailed description of the algorithm
and its implementation, the reader is referred to comprehensive reviews on tensor
network methods, such as Ref. [60]

The following key step in simulating quantum states with tensor networks is the
application of time evolution. A widely used method for this purpose is the Time-
Evolving Block Decimation (TEBD) algorithm. This approach relies on the Trotter
decomposition, as introduced in Section 1.2. TEBD remains particularly popular for
Hamiltonians with nearest-neighbour interactions due to its simplicity and efficiency.
The core idea is to approximate the unitary time-evolution operator U = e™*#*

where the Hamiltonian can be expressed as a sum of at most two-local terms,
H=YH" +Y H?Y,, (1.18)

for a one-dimensional chain with N sites. The Hamiltonian can be further partitioned
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Figure 1.2: Diagram representation of a single step in the TEBD algorithm.
The even (F;) and odd (G;) terms of the Hamiltonian are applied consecutively to the
matrix product state (MPS) representing the initial state (shown in blue). The entire
diagram corresponds to one Trotter step of duration ¢/r.

into terms acting on even and odd bonds, i.e.,

H = Heven + Hoddy (]-]-9>

Heven - Z F; = Z (Hz(l) + Hi(il—l) ) (12())

Hoaa= Y Gi= > (Hi(l) + Hgll) : (1.21)
1 odd i odd

The individual even and odd terms commute among themselves, that is, [F}, Fj] =
[Gi,G,;] = 0, but in general [Heyen, Hoda] # 0. The Trotter decomposition then
allows us to approximate the full time-evolution operator using the first-order

(Lie-Trotter) product formula as

efi(HevenJrHodd)t ~ (efiHevent/refiHoddt/r)T 7 (1'22>

where 7 is the number of time steps. Importantly, since the terms in each exponential

—iHpt/r

e commute, they can be applied simultaneously, as illustrated in Figure 1.2.

—iFit/'I’ —iGit/’I’

Writing e or e in MPO form results in identity tensors with bond
dimension y = 1 everywhere except at sites ¢ and ¢ + 1, where the non-trivial
two-site gate is applied. After each application of a TEBD layer, a singular value
decomposition (SVD) is performed, with the state truncated to a maximum bond
dimension x to control computational resources. All these operations can be
carried out efficiently, but there are two primary sources of error. The first is the

Trotterization error, as quantified in Equation (1.9). The more significant limitation

for real-time evolution is the truncation error that arises from maintaining a fixed
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bond dimension. While MPS are known to provide accurate approximations for
ground states of local, gapped Hamiltonians (as discussed previously for DMRG),
this is generally not the case for time-evolved states, where the entanglement
entropy typically grows linearly with time. As a result, simulating long-time
dynamics incurs an exponential computational cost. Although several strategies
exist to extend simulation times [61], this remains a fundamental challenge. This
limitation underscores the potential of quantum computers to simulate quantum
dynamics that surpass the capabilities of classical tensor network methods.

In any case, there is an ongoing effort to develop more powerful and general
classes of classical simulation methods to compete with the capabilities of quan-
tum hardware. One such approach, which is not restricted to nearest-neighbour
interactions, is the Time-Dependent Variational Principle (TDVP) [62, 63]. TDVP
offers an alternative to the Trotter decomposition employed in TEBD, with the
primary goal of constraining the time evolution generated by the Schrodinger
equation to a specified manifold of MPS with a fixed bond dimension. Due to its
flexibility and effectiveness, this algorithm is also employed in certain parts of this
thesis. However, the technical details of its implementation are omitted here, as
they do not significantly contribute to the main discussion; for a comprehensive

account, we refer the reader to Ref. [63].

1.4 Thesis structure

The development of practical quantum algorithms requires constant progress in
adapting methods to the limitations of current hardware. Although large-scale,
fault-tolerant quantum computers remain out of reach, ongoing work on near-term
algorithms is essential: it both advances our ability to run meaningful computations
on existing devices and drives the refinement of classical techniques in parallel. The
work in this thesis contributes to this direction by aiming to simulate the dynamics
of quantum systems to characterise their behaviour. Specifically, Chapter 2 and 3
focus on extracting spectral information from quantum many-body systems, while

Chapter 4 explores correlation phenomena in open quantum systems.
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Starting with Chapter 2, we first introduce a spectroscopy-based protocol
designed to extract energy differences and excited state energies from observable
dynamics. The protocol involves sampling the system dynamics following an initial
perturbation of the state, known as a quench, at specific times determined by a
probability distribution. From the sampled data, frequency peaks emerge, allowing
us to identify energy transitions within the studied system. We then analyse the
maximum time complexity of the protocol, highlighting its logarithmic dependence
on the inverse of the desired precision. This is particularly advantageous as it
implies that short-time evolutions and relatively shallow quantum circuits are
sufficient, making it practical for implementation on quantum hardware. Following
the theoretical introduction, we present classical simulations to illustrate how
spectral accuracy scales with the evolution time, exploring various quantum systems,
including spin lattices and molecular models. Additionally, we showcase results
from implementing the protocol on actual quantum devices, demonstrating practical
feasibility for small-scale systems. Importantly, we also assess the protocol’s
robustness by evaluating its performance under realistic noise conditions, critical
for applications on near-term quantum devices. We find that employing simple
error mitigation techniques can significantly enhance accuracy without considerable
overhead. We support these findings through simulations designed to quantify the
efficiency of these error mitigation strategies.

Chapter 3 builds upon this foundation by applying the spectroscopy-based
approach to extract spectral information from dynamics in the Fermi-Hubbard model,
focusing specifically on the fermionic excitation spectrum, namely spinons. We
demonstrate the protocol experimentally on quantum hardware with a system size
of 15 fermions (30 qubits). This simulation scale is competitive with current state-of-
the-art quantum hardware dynamics simulations. We introduce an improved variant
called unitary quench spectroscopy, which carefully selects a unitary perturbation
which is applied to the initial state. This unitary perturbation significantly simplifies
implementation in unitary-based computations and enables the exact recovery of

the dynamical structure factor (DSF), directly related to the excitation spectrum.
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Additionally, we conduct classical simulations to investigate optimal initial state
choices and the effects of Trotterization approximation. We also detail a quantum
circuit implementation, providing resource estimations achieved by optimal encoding
of the fermionic system into qubits. Finally, we present experimental results
from hardware runs, successfully recovering the spinon spectrum with remarkable
accuracy, even when compared to classical estimates, achieved through minimal
error mitigation.

In Chapter 4, we investigate the complexity of simulating open quantum systems
(0OQS), focusing on how spatial and temporal resources scale with physically
meaningful parameters such as correlation length and mixing time. We approach
this question through both classical and quantum simulations. On the classical side,
we employ tensor network methods to quantify simulation cost via bond dimension
and operator entanglement. On the quantum side, we simulate local observables
governed by both time-dependent and nonlinear Lindbladian master equations, and
use the average correlation length as a proxy for algorithmic complexity. We show
that strong dissipation suppresses correlations, making long-time dynamics easier to
simulate quantum mechanically, while classical resources grow super-polynomially.
These results highlight regimes in which quantum simulations offer a potential
advantage over classical methods.

Finally, in Chapter 5 we discuss our results and suggest possible future re-

search directions.

1.5 Publications

Many of the results in this thesis have been published in the works listed below.
In each case, the author’s specific contributions are detailed at the beginning

of each chapter.

o Chapter 2 is based on work presented in
J. Sun, L. Vilchez-Estevez, V. Vedral, A. T. Boothroyd, and M. S. Kim,
“Probing spectral features of quantum many-body systems with quantum

simulators”, Nature Communications 16, 1403, 2025.
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o Chapter 3 is based on work presented in
L. Vilchez-Estevez, R. A. Santos, S. Y. Wang, and F. M. Gambetta, “Ex-
tracting the spin excitation spectrum of a fermionic system using a quantum

processor” Phys. Rev. B, 112, 045143, 2025.

o Chapter 4 is based on work presented in
L. Vilchez-Estevez, A. Yosifov, and J. Sun, “Direct probing of the simulation
complexity of open quantum many-body dynamics”, arXiv:2508.19959, 2025.

o During their DPhil, the author worked on the following publications that are
not included in this thesis:
N. Tibau Vidal, and L. Vilchez-Estevez, “Creation and annihilation operators
for 2D non-abelian anyons”; arXiv:2304.10462, 2023.
N. Tibau Vidal, V. Kunte, L. Vilchez-Estevez, M. Lal Bera, M. N. Bera, “En-
tanglement Asymmetry in non-Abelian Anyonic Systems”, arXiv:2406.03546,
2024.
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Probing spectral features of quantum
many-body systems

In this chapter, we present a technique to measure the energy spectrum of quantum
many-body systems using quantum simulators. By sampling system dynamics
at randomly chosen time intervals, our method acts like a built-in spectrometer
without requiring ancillary qubits. We show how this approach makes frequency
peaks appear naturally, allowing us to estimate energy transitions with only a
logarithmic increase in runtime as we demand higher precision. We then examine
how our protocol holds up against realistic noise, proving that its total runtime still
grows reasonably with accuracy. Numerical tests on spin lattice models confirm
the method’s scalability. Finally, we demonstrate the protocol on IBM’s quantum
hardware to illustrate its practical potential.

This chapter is based on a publication in collaboration with Jinzhao Sun, Viatko
Vedral, Andrew Boothroyd, and Myungshik S. Kim [64]. The author of this thesis
contributed to formulating the central idea and theoretical framework, developed
all computational code, performed all numerical simulations, and co-authored the
manuscript jointly with J.S. The theoretical aspects and derivation of the total

running time in Appendiz 2.A were performed by J.S. with input from the author.

23
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2.1 Introduction

Estimating spectral features of quantum many-body systems is a central challenge in
condensed matter physics and quantum chemistry. Such spectral properties encode
critical information about system dynamics, phase transitions, and excitations, which
are essential for understanding complex quantum phenomena. Several experimental
and theoretical methods have emerged to probe these properties, including various
spectroscopy techniques [65-70], as well as quantum simulation approaches based
on engineered quantum devices [71-79] and quantum algorithms [80-83]. However,
the complexity of accurately probing many-body systems remains significant,
typically requiring extensive resources. For example, experimental neutron scattering
spectroscopy needs high-intensity neutron beam facilities, while quantum algorithms
like quantum phase estimation demand long coherence times and precise quantum
operations [80, 81]. These limitations become particularly pronounced in the current
era of noisy intermediate-scale quantum (NISQ) devices [84].

This chapter lays foundational groundwork towards efficiently estimating spectral
properties using quantum computers, motivated by the need to overcome the
resource-intensive challenges outlined above. Instead of directly measuring eigenen-
ergies or conducting resource-heavy experimental spectroscopy, we leverage the
intrinsic relationship between spectral features and observable dynamics. Specifically,
spectral information can naturally be extracted by analysing the time evolution of
observables [73, 83, 85-88]. For instance, the dynamic structure factor (DSF), central
to many spectroscopy experiment, can be obtained by measuring the evolution of
certain correlation functions and it reveals clear peaks where energy and momentum
conservation conditions are simultaneously satisfied [66, 89].

One intuitive approach involves directly simulating spectroscopy experiments
with quantum algorithms, which typically requires evaluating unequal-time cor-
relation functions and thermal state preparation [79, 83, 90, 91]. Another com-
plementary approach focuses on extracting spectral features from post-processing
time-dependent signals [73, 85-88, 92-95], which generally reduces ancillary overhead.

For example, Zintchenko and Wiebe proposed a randomised unitary-based Bayesian
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inference method for spectral gap estimation [93], while Chan et al. demonstrated
how to efficiently extract spectral properties through Fourier transforms and classical
shadows [88, 96].

Nevertheless, these dynamical approaches typically face accuracy limitations
when restricted to short evolution times, raising the question of whether spectral
features can be probed accurately with fewer quantum resources. In response to
this challenge, this chapter introduces a spectroscopic method explicitly designed
to efficiently extract high-precision spectral features from short-time dynamics of
quantum observables. By carefully processing dynamics with strategically chosen
time intervals sampled from a predefined probability distribution, our method
significantly reduces quantum resource requirements.

We analyse the maximum time complexity of our protocol, demonstrating a
logarithmic dependence on the desired precision, under assumptions analogous to
those employed in eigenenergy estimation methods [97-99]. This efficiency allows
for precise spectral estimation even with relatively short-time evolutions. A crucial
requirement for our approach is the nonvanishing observation of target transitions,
which depends on the choice of initial state and observables.

Through classical simulations of spin systems and molecular models, we sys-
tematically investigate how spectral accuracy depends on the maximum evolution
time. Additionally, we evaluate the algorithm’s performance under realistic noise
conditions, highly relevant for near-term quantum hardware. Remarkably, our
simulations demonstrate that even simple error mitigation strategies significantly
enhance accuracy without substantially increasing the total runtime, which remains
polynomial in inverse precision. This approach offers clear advantages compared
to established methods such as quantum phase estimation or standard Fourier
transforms of time signals [85, 87, 88, 100]. We further quantify the efficacy of error
mitigation by incorporating both device and statistical noise into our numerical
analyses. Finally, we experimentally validate our method on small spin-system

simulations executed on IBM quantum devices, showcasing its practical feasibility.
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2.2 Dynamical structure factor

The primary objective of this chapter is to address the extraction of transition
energies and excitation spectra of quantum systems. Typically, this is achieved
by studying the system’s response to external perturbations in spectroscopic
experiments. A key feature of this approach is the emergence of frequency excitations,
which correspond to elementary transitions between eigenstates. Traditional pump-

probe spectroscopy usually imposes specific constraints:

1. The perturbed system p must be in equilibrium with its Hamiltonian, satisfying

[p, H] = 0.
2. The perturbation should be weak enough for linear response theory to hold.

Due to the lack of initial state coherence, where the density matrix p is diagonal
in the eigenbasis of the Hamiltonian ({(n|p|n’) = d,ne~?Fn), standard spectroscopy
methods can only probe equilibrium properties.

In the weak perturbation regime, the system’s response functions characterise
how energy is absorbed from or emitted into an external probe. These response
functions are directly connected to correlation functions known as dynamical
structure factors (DSF) [101]. We will examine this connection thoroughly in
the subsequent chapter, adapting the theoretical framework specifically to simulate
excitation spectra of fermionic systems. At this stage, it is sufficient to recognise that
DSFs, obtainable through spectroscopy, predominantly reflect energy resonances
between eigenstates |n') and |n) and can be expressed as follows:

Sap(w) = Z Apw By (B — B, — w) (2.1)
o
with O,y = (n|O|n’). In addition, the DSF is the Fourier transform of a two-point
unequal time correlation function (|A(t)B|y) in the equilibrium state v,

1

Sapw) = 5- [ WIAWBl) et (22)

A direct method to detect transition energies involves explicitly simulating the

spectroscopy procedure (see Refs. [79, 90, 91]). However, this approach tends to
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be computationally demanding, as the time complexity for obtaining the spectral
function S(w) is significant, and ancillary qubits are necessary for measuring unequal-
time correlators through a Hadamard-test circuit. Additionally, it requires preparing
a thermal equilibrium state p, limiting detection strictly to equilibrium properties.
This motivates the question of whether it is possible to reduce simulation runtime

without compromising accuracy, a key objective addressed throughout this chapter.

2.3 Framework

In this section, we develop a general framework for estimating the transition energies
between eigenstates of a quantum many-body system. Transition energies, or energy
gaps between eigenstates, are central to understanding the behaviour and excitation
spectrum of quantum systems. While conventional spectroscopic methods typically
rely on simulating or mimicking physical interactions with external probes, here we
take a computational approach that leverages the system’s native unitary evolution
under its own Hamiltonian.

A key advantage of our approach is that it avoids the need for ancillary qubits
or controlled operations, which are often unavailable or resource-intensive on near-
term quantum devices. Instead, we extract spectral information by monitoring
the time evolution of observables and processing these signals classically. The
essential idea is to encode spectral resolution through a frequency-selective channel
applied to the system’s initial state, followed by a measurement. We define a
frequency-resolved operator G(p,w), which encodes the contribution of transitions

with energy difference w present in the initial state p:

g(p7 w) = Z pn’n ’n/> <n|p‘r(En’ — B, — w)7 (23>

where p"™ := (n’| p|n) are the matrix elements of the initial state p in the energy
eigenbasis of the Hamiltonian H |n) = E, |n), and p,(+) is a frequency windowing

function that selects transitions with energy difference E,, — E,, ~ w. A typical



28 2.8. Framework

choice is the Gaussian function
pr(w) = exp(—12w?) (2.4)

which localises spectral weight around w = 0, with resolution controlled by the
parameter 7. Operationally, G(p,w) can be interpreted as the state p filtered
in the energy-difference domain, where coherences between eigenstates |n) and
In’) are weighted according to their transition frequency E, — E,. To extract
physically relevant information from this channel, we choose a Hermitian observable

O and define the following signal:
G(w) = Tr[G(p,w)O). (2.5)

By substituting the explicit form of G, we obtain:

Gw):= > Twup(r(Ew — B, —w)), (2.6)

n,n/>0

where we define the state-and-observable coherence Ty, 1= p""(n|O|n’), a time-
independent quantity that captures the spectral weight associated with the initial
state and the observable. Here, we arrange p,(w) = p(7w), such that 7 is coupled
with w. The expression above reveals that G(w) functions as a spectral detector:
for a suitable choice of p(-), each term in the sum contributes a peak centered
at the transition energy A, := E, — FE,, with intensity determined by I',/,.
Therefore, G(w) provides access to the spectrum of excitation energies. Moreover,
G(w) captures features analogous to those of the dynamical structure factor, yet, as
we shall show, it can be implemented with significantly reduced quantum resources.

We have now established that realising the quantum operation G and estimating
G(w) allows us to probe the energy differences of arbitrary quantum systems,
contingent on the presence of sufficient state-and-observable coherence. As indicated
from the beginning of this thesis, a natural and practical approach to obtaining
G(w) is via real-time dynamics, which are readily implementable on quantum

simulators. To achieve this, we consider the Fourier transform of G(w). Specifically,
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we need the dual representation of the frequency-windowing function p(-), defined

through its Fourier transform:

() = / T p(rw)e™td(rw), (2.7)

along with its inverse transform:

prw) = o [ gt (2.8)

2 —00

Since our goal is to construct a spectral detector that can effectively estimate
((w) = E[G(w)] using an unbiased estimator, it is essential to carefully normalise
the dual function §(t), ensuring it behaves as a proper probability distribution.
To accomplish this, we introduce a normalised function ¢(t) = [g(¢t)|/c, with
normalisation factor ¢ := [ |g(t)|dt. This normalisation introduces a time-
0

dependent phase factor defined by e := g(t)/|g(t)|, allowing us to rewrite the

function ¢(t) explicitly as

—+00

g(t) = 7/ p(Tw)e_wtethd(Tw), (2.9)

CJ—x

with its corresponding dual form given by

Is +o0 . .
p(Tw) / g(t)ee ™ qt, (2.10)

T 2r )

Inserting this Fourier representation of p(tw) into Equation (2.6), the spectral

detector takes the form

Gw) = % Z | . [m e_”(En’_E"_”)tg(t)eietdt

n,n'>0

C /OO ( Z <n/‘eiEn/tp€*iEnt ’n> <n]é]n’)) efirwtg@)eietdt (2'11)

2m n,n'>0

- ° /Oo G(rt)g(t)e®e™ dt
21 J—o

where we define G(t) := Tr[Op(t)] in the Schrodinger picture. Thus, Equation (2.11)

clearly shows that we can first measure the observable O on the time-evolved state
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p(7t), and subsequently reconstruct the spectral signal G(w) through classical post-
processing of the measured data. Since g(t) is normalised and thus interpretable as a
probability distribution, a single-shot unbiased estimator of G (w) can be defined as:

Glw) = -o(rti)e e, (2.12)

where the time ¢; is drawn from the probability distribution ¢(t), which is 7-
independent, and 6(7t;) is an unbiased estimator of the expectation value Tr[Op(7t)].
It can readily be verified that this estimator is unbiased, satisfying G(w) = EG(w),
where the average is taken over the probability distribution g(t). Note that, in
this formulation, we treat 7w collectively as a single variable in Equation (2.11).
Consequently, the probability distribution g(-) does not depend explicitly on 7, but
the total evaluation time, defined by the maximal required time evolution, is scaled
as 7t. This extension by a factor 7 compared to the original Fourier transform
defines the overall time complexity of our protocol. A notable advantage of this
approach is that it allows us to systematically evaluate resource requirements for
various choices of the windowing function p(-) within a unified and generalisable
framework, thereby avoiding case-by-case analyses.

There are two necessary requirements for inferring the transition energy A, ,

using the spectral detector in Equation (2.6):
1. a sufficiently large state-and-observable coherence I, ,,, and

2. a proper function p(w) (or equivalently its dual form g¢(t)) that ensures that

Ay, can be distinguished from other transition energies.

The coherence I, ,, is time-independent yet dependent on the state and the chosen
observable. In the next section, we discuss the selection of the initial state and
observables in order to satisfy the first condition.

The function p(-) plays a role as a spectral detector that can filter A,,,, out of the
other transition energies. In this work, we focus on the Gaussian function because
its rapid decay minimises truncation error, allowing high-precision gap estimation

from short-time dynamics. Alternative filter shapes may be used, and their resource
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costs can be assessed within the same unified framework. We stress that, while
our method reliably locates peaks in the excitation spectrum (hence determining
energy differences), the filter itself broadens each peak. Consequently, one cannot
infer intrinsic linewidths, such as quasiparticle lifetimes, or distinguish whether
observed broadening arises from the finite evolution time or from a continuous

spectrum, since both effects manifest as increased peak width.

2.4 Quench spectroscopy protocol

As stated previously, the success of the protocol relies on the coherence I, ,, being
nonzero. We now discuss how to choose the initial state and observable to guarantee
this. Several works have shown how to probe excitation spectra by engineering
controllable quantum systems [71, 86, 87, 102-106]. Here, we summarise the main
ideas and extend them to our general framework.

The basis of quench spectroscopy protocols is to prepare an initial state |iy)
that is a superposition of low-lying energy eigenstates: [i) = >, ¢;|j) where
H|j) = E;|j). Such a superposition can be generated by applying a quench
operator L to the ground state, o) = L |0). For a unitary L, the observable

coherence between the ground state and an excited state |n) is
(0|O|n) = ch GI(LHTOn), (2.13)

so one can ensure (0|O|n) # 0 by a suitable choice of L. In the common case that
L is unitary, choosing L = O immediately gives (0]0[n) = ¢,.
Next, we must ensure that the density-matrix coherences p"™ are also non-
vanishing. Before doing so, we recall momentum-selection rules: in a transla-
tionally invariant system, [H, f’] = 0, where P is the total momentum operator
satisfying P |n) = pn|n). Using the translation operator, a local observable at

position x is given by

O(x) = e~ P*0eP> (2.14)
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with O := O(O) Assuming the initial state breaks translation invariance, we
introduce the momentum-resolved signal by performing a Fourier transform in

space this time:

Gr(w) = /dxe_ikax(w)

=21 Y Tpap(t(Ey — E, —w))é(pw — Pn — k).

n,n'=0

(2.15)

This result shows that translational symmetry enforces both energy and momentum
conservation in any allowed transition: a term in G (w) survives only if F,, — E,, = w
and p,y — pn = k. This is the key element in spectroscopy detection, where
elementary excitations between eigenstates emerge when the selection rules of
energy and momentum are both satisfied.

Although in general a large coherence cannot be guaranteed (as this problem
is quantumly hard), there are certain cases where we can manipulate the system
to meet this requirement and allow for probing specific types of excitations. Let
us first focus on the case of weak quenches, where the low-energy excitations are
restricted to a manifold of single-particle (or quasiparticle) states [87, 102]. In
this regime, an excited state can be written as a single particle or quasiparticle
excitation above the ground state |0), i.e., [n) = 4f|0), where 4{ is the creation
operator for a quasiparticle with momentum q. The quasiparticles may be bosonic
or fermionic and satisfy the corresponding (anti)commutation relations.

To probe such excitations, we can consider an observable of the form
O =1 A + AA], (2.16)
p

which couples directly to the quasiparticle modes. The matrix element between
the ground and excited state then reads (0|O|n) = Aq, assuming q # 0, with the
ground state defined as the quasiparticle vacuum.

Intuitively, to excite such a mode, we can prepare an initial state containing
a small perturbation with momentum q, [¢y) ~ |0) + 8 |n) where § < 1 is a

small constant [107]. With this choice of initial state and observable, the total
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coherence becomes I',y = SAy # 0, ensuring the transition can be detected
in the spectral signal.

Such an initial state can be prepared by applying a perturbation of the form
L x I+ P, where P is an operator that couples the ground state to the relevant
excited states. This construction guarantees (0| L1]0) oc 1 and (0| LT |n) # 0, which

implies that the density matrix coherence is

P = (0fwbo) (toln) = (0] LT|0) (0 LT n) # 0. (2.17)

In the particular case of spin systems, the operator L will take the form of a
spin rotation of an angle # around the axis n, since it can be written as a linear

combination of the identity and a Pauli operator:
R, (0) = cos (g) I —isin (g) n-o. (2.18)
More generally, let us consider a Hamiltonian H that conserves either particle
or quasiparticle number. We denote its eigenstates by |n) and the vacuum (ground)
state by |0), and assume the system has N modes, either in real space or momentum
space. A single-particle excitation created by ﬂ, acting on the vacuum, i.e. ﬂ, |0),

can be expressed as a linear combination of energy eigenstates:

fAyE, 0) => cap|n), where ¢pp = (n]’yg,](» : (2.19)

Given that the quasiparticle picture holds, we can prepare an initial state as a

weak perturbation of the vacuum:

) = =5 (10 + 83 10)). (2:20)

where 5 < 1 controls the excitation strength.

The initial state coherence between the vacuum and an eigenstate |n) is given by

B <n|’A7;T;|O> o B Cnp
1_|_62 - 1+62

The transition amplitude observed by the annihilation operator on the p’th mode

Pno = (n|vo) (¥o|0) = (2.21)

is (0[4p'[n) = cpy .- Therefore the coherence observed by O is given by

o= 2 (2.22)

Col nCnp-
p/ 1+/82 P,
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In a similar fashion, one can probe transition energies between two excited states
|n) and |n’) that lie within the same particle-number sector. To do so, we prepare

an initial state containing two particles by creating two particle as

) = 1 (1 898) (1+ 83 o). (2.23)

Again, we can decompose the single-particle state ﬂ, |0) into the single-particle
eigenbasis of |n), and we denote the expansion coefficient (n|3]|0) := ¢, with
the normalisation condition Y, |¢,p|* = 1. We could find that in the case where
the number of possible excitations grows polynomially with respect to the system
size the coefficient will be nonvanishing.

Similarly, for the two-particle state, we can decompose it into the two-particle
2)

eigenbasis of [n?), and we denote the expansion coefficient (n(2)|‘yjfy;|0> 1= Cp o

If we simply wish to observe the transitions in the single-particle manifolds, we can
choose the observable O = > Aqu/ﬁﬂq/ that conserves the particle number. The
corresponding transition amplitude in this case can be approximated to (n|O|n’) =
Yaa Aqq'CnqCyq n» Where we have used the fact that the space of eigenstates
with different particle numbers is orthogonal, i.e. (n|4]|m) = 0 if m # n and
m # 0. This cannot be proved in general, but it holds for most cases where the
quasiparticle number is well-defined.

The transitions in the many-particle manifolds are more complicated; we may
deliberately choose the observable to infer the transition energy. In our case,

the initial state coherence is

62

p " = (n[4o) (tho|n) = m(%’,p’ + e p) (o + i)
To sum up, the coherence is given by
6214 , /Cn7 C*/n/ % %
Fn’,n = Z (ij_ ﬁ;);L (Cn’,p’ + Cn’7p)(cp’,n + Cp’,n)‘ (224)
9,9’

Since the Hamiltonian can be engineered, we can specifically engineer quantum
devices to detect the energy excitation spectra of various quantum systems. Typ-
ical transitions could be observed by preparing initial states consisting of the

desired superposition.



2. Probing spectral features of quantum many-body systems 35

The essential message of this section is that if we can uniquely identify the
eigenstates of a quantum system, tracking these labels over time allows us to directly
determine the energy gap between any two states. Systems supporting quasiparticles
inherently satisfy the condition of nonvanishing coherence. For instance, in Fermi
liquids, low-energy eigenstates are conveniently described by occupation numbers
np,s = 0,1, and interactions do not cause a single quasiparticle to decay immediately
into multiple quasiparticles [108]. Specifically, the overlap é,Tw, ’<¢k‘52,g|¢0> |2
between the quasiparticle state |¢) (with momentum k) and the ground state |tg)
remains finite in the thermodynamic limit for momentum values near the Fermi
surface. This overlap lies strictly between 0 and 1, reflecting that the quasiparticle
state [ix) is a superposition of momentum-k eigenstates. This finite overlap
ensures coherent, particle-like excitations. Even strongly interacting states such as
antiferromagnets can be interpreted within this quasiparticle framework [108].

In addition to the above example, spectroscopy protocols have demonstrated
that excitations can be effectively created in many quantum systems through
numerical simulation [86, 87, 109-111] or analogue quantum simulation [71, 85,
102] in cases of the Bose-Hubbard model [85, 86], spin chains [71, 76, 102], and
disordered systems [105]. It is worth mentioning how our method differs from
those of spectroscopy experiments. In spectroscopy experiments, for instance, the
externally injected neutrons act as a weak perturbation, which can probe the
intrinsic properties of materials in the equilibrium state. In global or local quench
spectroscopy, the eigenstates are assumed to be nearly unchanged after the quench,
which is similar to that in spectroscopy experiments, although the state will be
driven out of equilibrium. Here, the eigenstates are not assumed to be unchanged
after applying the perturbation, and thus our method holds for modifying the
initial states and the Hamiltonian, and is applicable for a more general quantum

many-body problem, given that the coherence is large.
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2.5 Error analysis and resource requirement

In this section, we briefly discuss the computational complexity associated with
estimating energy transitions. Our primary goal is to identify the transition energy
Ay 4. For this, the corresponding coherence I, ,, must be nonvanishing, specifically
bounded from below by a polynomial in the inverse system size N: I',, >
Q (Poly (%)) . This condition is naturally satisfied in the scenarios considered
previously. For instance, in particle-number-conserving cases, when the initial
state involves a collection of low-lying excited states, I',, y remains non-vanishing,
whereas I', ,/>1 becomes negligible at higher order. To simplify the analysis, we sort
transition energies A, , in ascending order and denote them as A;. Additionally,
we define the spectral gap resolution as v; := min(A; 1 — A, Ay — Aj_q).

Our objective is then to estimate each transition energy A; within a given
accuracy €, such that \AJ — A;| <e. Intuitively, A; can be identified by locating
peaks in the absolute value of the spectral function G(w) within the frequency
domain w. To illustrate this clearly, we rewrite G(w) as

Gw) =Tp(r(A; —w)) + Y _Tip (T(A; —w)). (2.25)

i#]
It is evident that for sufficiently large 7, the first term dominates, implying that G(w)
approaches its peak value I'; primarily when w is near A;. Moreover, around the

vicinity of A, specifically w € [ar, ag|, we observe that 8263(;) < 0. This negative

curvature can be understood by noting that around w = A}, the function G(w) is

dominated by a Gaussian term. To see this explicitly, consider that p(x) is a Gaussian
22 7'2(A -7w)2
function: p(xr) = e 202. Setting v = 7(A; — w), we have: G(w) ~ I';e~ P

The second derivative evaluated at the peak (w = A;) is:

82G(w) . Fj7'2

ow? N o2
UJ:AJ'

<0, (2.26)

confirming the concave-downward curvature at the peak. Thus, the spectral function
exhibits a clear and identifiable maximum at the transition frequency. This result

is general and applies not only to Gaussian functions but also to any filtering
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function p(x) that has a clear peak at x = 0 with negative curvature. Consequently,
the transition energy can be effectively estimated by identifying the peak of the

finite-measurement estimate G(w), given by:

A= argmaxwe[aLjaR”é(w)L (2.27)

In the following discussion, we leverage results from spectral filtering methods [88,
93, 97-99] to analyse the computational cost associated with our protocol. The total
running time (defined as the product of maximal evolution time and the number of
samples) in references [97] and [93], which similarly address the problem of eigenstate
preparation and spectral gap estimation, achieves the Heisenberg limit, i.e. an
optimal scaling on quantum computers, with complexity O(e!) for eigenenergy
estimation. However, these methods are sub-optimal concerning maximal time
complexity, a metric of greater practical relevance for near-term quantum devices
due to their limited coherence times. The maximal time directly corresponds to
circuit depth; thus, optimising this metric is critical, as deeper circuits are more
susceptible to errors in noisy quantum hardware.

We will outline only the core idea here and refer the reader to the Appendix
2.A for the complete proof of the complexity scaling for this protocol and extensive
technical details of the algorithm. Specifically, for 7 = O(v;" log%(s_l)), it can
be shown that:

A

L |G(w) = Ty| < a7?e?, V]jw — Aj| < 0.5¢;
2. |G(W) =Ty > eu72e2, Yw — Aj| € [¢,0.17;).

Here, ¢; and cy are constants independent of 7 and ¢, but dependent on I'; and
the spectral gap resolution ~; (see Lemma 1 in Appendix 2.A). These inequalities
indicate that the difference d = |T'; — G(w)] is directly influenced by the estimation
error |w — A;|. Thus, as the frequency w approaches the target transition A,
the associated peak in the spectral function becomes distinguishable from other
transitions. This argument inherently assumes that I'; remains nonvanishing;

otherwise, no distinct peak would appear.
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With these theoretical conditions satisfied, we first estimate G(w) using Equa-
tion (2.12), and subsequently determine A; by identifying the peak of G(w) across
frequencies w. Importantly, the estimation of G(w) only requires measurements of
Tr[Op(rt)] as given by Equation (2.12), while computing G/(w) itself is performed
purely classically and thus does not incur additional quantum resource costs.

We must also address the error introduced by the finite cutoff when evaluating the
integral in Equation (2.11). Ideally, the integral extends over (—oo, +00); however,
this is not feasible in practice, so we introduce a finite cutoff interval [T, +T].
Within our framework, it is straightforward to analyse the truncation error and
derive the requirement on 7". One can show that choosing T = O(log"/?(¢ 1)) suffices
to ensure that the cutoff error remains below . Consequently, the finite cutoft
only contributes a logarithmic factor to the overall circuit complexity. Considering
finite 7, a finite cutoff T" for the integral, and a finite number of measurements,
the algorithmic complexity can be summarised as follows.

Given a nonvanishing I';, to ensure that the estimate Aj approximates the true
value A; within error €, we require a maximum evolution time of O(v; ' log(1/e))
and a total number of measurements @(5_4F;2’y]3)1. As emphasised earlier, while
this protocol does not achieve Heisenberg-limited scaling in the total evolution
time — as attained by certain phase-estimation—based approaches — it does achieve
a maximum evolution time that scales only logarithmically with 1/e, which is the
relevant figure of merit for near-term, coherence-limited quantum devices. A rigorous
description of these results, along with detailed proofs, is provided in Appendix 2.A.

Finally, we comment on an important practical aspect: the measurement of
observable dynamics G(t), which in this protocol can be implemented using Trot-
terized product formulae without requiring ancillary qubits. It is therefore valuable
to discuss the error introduced when implementing this on a quantum computer.
We consider using the improved Trotter formula developed in Ref. [112] that uses
LCU (as introduced in Chapter 1) to compensate for the Trotter error. Suppose

the Hamiltonian can be decomposed into Pauli operators as H = Y7 | oy P, with

1Polylogarithmic dependence on ¢ is hidden within the @ notation.
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P, denoting Pauli terms and A = > lag]- The gate complexity for simulating time
evolution is O((At)+1/(¥1) ]og(e71)), where the small overhead in the exponent
depends on the order of the algorithm.

For lattice models with nearest-neighbour interactions, the asymptotic scaling is
O((Nt)1+2/@k+1D)=1/2k+1)) " with N being the system size. In cases where the evolu-
tion time is t = O(N~1), the gate complexity becomes O(N?+2/(2h+1) =1/ (2k+1) =1y
This scaling is particularly advantageous for lattice models, which are the primary
focus in this chapter.

However, in other settings — such as when locality is broken or in fermionic
systems (as explored in the next chapter, where fermionic operators must be encoded
into qubits) — the choice of encoding or the product formula may significantly affect
performance. In such cases, alternative encodings, operator orderings, or different
product formulae may be more beneficial. This adaptability highlights a key
advantage of our framework: the time evolution algorithm can be flexibly chosen
by the user without affecting the general theoretical predictions.

To summarise, this section has analysed the computational complexity of
estimating transition energies using our protocol. We showed that the time
complexity for transition energy estimation has only a logarithmic dependence on the
target simulation accuracy, making it highly favourable for practical implementations.
We also discussed the requirements on the number of measurements, finite cutoff
effects, and practical considerations for implementing time evolution on quantum

hardware using Trotterization.

2.6 Error effect in transition energy estimation

Finally, in this section, we analyse the effects of errors in the estimated energy
transitions before moving to simulation results. These errors, whether algorithmic
(e.g., from Trotterization) or arising from Hamiltonian imperfections, can be
effectively modeled as an additional term 0 H in the Hamiltonian.

For lattice models, the primary effect of Trotterization is a shift in the energy

spectrum, which can be understood within the framework of first-order perturbation
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theory. The perturbed Hamiltonian takes the form H, = H + 0H, where |n)
are the eigenstates of the original Hamiltonian (H |n) = E, |n)), and |v) denote
the eigenstates of the perturbed Hamiltonian H,. Importantly, this perturbation
preserves translation invariance, such that P |v) = p, [v). The expectation value

of a generic observable is then given by
W|Ox) V) = P =PIx (1|01 . (2.28)

The momentum selection rule remains valid, enforcing k = p,» — p,, for excitations
between the states |v) and [v/). When noise or additional perturbations are
introduced, the transition energies experience shifts. According to first-order

perturbation theory, the perturbed energies and eigenstates are given by

E, = E, + (n|dH|n) , (2.29)
V) = |n) + ; A [m) (2.30)

with A, = A} (m|§H|n). From the perturbed energies, it follows that the
energy differences become A, , = Ay, + (W|0H|n') — (n|0H|n). We can now
revisit the spectral detector G(w), considering its expansion up to first order

in perturbation theory:
Gw) = Z Lyoup(t(Ay, —w)), (2.31)

Consequently, the presence of error leads to a deviation in the resolved energy
differences from their ideal values, as the energy splittings are shifted by (n'|0 H|n') —
(n|0H|n). Moreover, we can derive the expression for the coherence after the
perturbation, which takes the form I',,, = I'yy, + 6I',,, where the coherence

deviation is given by
6Fl//,1/ = Qlp/p <n|é|n,> + ﬁn’npn/na (232>

and the coefficients are defined as

Qi = Y (A p™ ™+ AL p™™), (2.33)
Bun =Y (A (n|O]m) + A%, (m|O|n')) (2.34)

m
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which are related to the initial state and the observable. Compared to the
unperturbed case, certain eigenstates |m), which do not contribute under the
original selection rule, now also contribute to I',/,, thereby altering the spectral
weight observed by G(w). Furthermore, in the presence of a disordered term that

breaks translation invariance, the spectral peaks will become broadened.

2.7 Simulation results

We investigate the performance of our method for probing the energy excitation
spectrum of quantum many-body systems by numerical simulation and experimental
demonstration on IBMQ devices. We consider a local perturbation applied to the
initial product state, which generates a branch of low-lying excitations of the system.
Then the system is evolved under unitaries U = e~"7% with different times ¢; drawn

from the Gaussian distribution ¢(t), followed by measurement.

2.7.1 Numerical simulations

We first demonstrate how transition energies can be estimated. Let us consider a

one-dimensional (1D) Heisenberg model with an external field
H = JY (676700 + 06160 +6767,) + ha Y57, (2.35)

with the periodic boundary condition, where ¢ is the Pauli operator along the
« axis acting on the site ¢, J = —1 is the ferromagnetic coupling strength, and a
field A, is the external magnetic field. To break the ground state degeneracy and
make more excitations emerge, a small magnetic field h, = 1072J aligned in the
z-direction is applied. The state is first initialised in a product state |—|—>®N7 and then
a rotation is applied to the central qubit, which takes the form of 6% |[+)®", where
the qubit numbering starts from zero in this work. The observable is chosen as &7
on each site, which reverses the quench operation. The transition energy spectrum
of the Heisenberg model is shown in Figure 2.1(a). The peaks become sharper and

thus distinguishable with increasing time. We find that the transition energies for

the Heisenberg model are estimated very accurately because the dominant transition
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Figure 2.1: Transition energy spectra search of the Heisenberg model and
the LiH molecule. a The 7-site Heisenberg model. The dashed vertical lines show
the ideal transition energies whose coherence I',,,s is above a certain threshold, which
are calculated by exact diagonalisation (ED). Inset: FWHM dependence on varying 7.
The cutoff is chosen as Tiyt = 1. b The spectrum for LiH. The vertical lines show the
ideal transition energies A,/ calculated by ED. Inset: Estimation error for the dominant
transition energy indicated by the arrow with varying total time.

is distinguishable from the other ones. Figure 2.1 inset shows the full width of
the peak at half maximum (FWHM) with increasing time.

We then show results for estimating transition energies for molecular systems,
taking LiH as an example. The molecular Hamiltonian of LiH at the bond length
r = 5.0A is encoded into six qubits by Jordan-Wigner? mapping. The initial state is
prepared as a Hartree-Fock state. In the qubit representation, the Hartree-Fock state
corresponds to a computational basis state [ning - - - ny), where n; € {0, 1} encodes
the occupation of the ith spin-orbital, representing the single Slater determinant
that minimises the mean-field energy. The observable is chosen as a particle-

conserving operator égél + &l with fermionic (creation) annihilation operator

2The Jordan-Wigner transformation maps fermionic creation and annihilation operators to
strings of Pauli operators on qubits, thereby preserving the fermionic anticommutation relations.
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¢ (¢h), which considers the transitions between low-lying excited states, in order
to make (n|O|n’) non-vanishing.

The transition states are marked alongside the corresponding energy resonance
in Figure 2.1(b). In molecular systems, the excited states of molecular systems are
often closely spaced, resulting in interference between different transitions. As a
result, the visible peak appears as an addition of different peaks, making it difficult
to locate the true transitions from the peak. However, as time increases, the peaks
become sharper and more peaks appear, which allows for the distinction of the true
transition. The inset of Figure 2.1(b) shows the estimation error with increasing
time for the dominant transition. It is worth noting the initial state remains a
low-lying excitation above the ground state, and the first few low-lying excited
states are degenerate. As molecules become more complex, it is anticipated that
more near-degenerate low-lying states will emerge, leading to an increase in peak
interference and hence a more intricate spectrum. To distinguish small, adjacent

peaks, we need to increase the evolution time.

2.7.2 Implementation on a quantum computer

Next, we show how the excitation spectra of lattice models can be probed with the
IBM Kolkata quantum device. We consider the 1D Ising model H = 3, 6767, +
2% ;07 with nearest-neighbour interaction. The ground state is close to the
product state when the external field is large, and thus we consider the excitation
which is generated by a local perturbation. The initial state is prepared as
l1ho) = R, (%) -+ with the single-qubit rotation operation acting on the central
site 7. Similarly, we demonstrate the simulation of the 1D Heisenberg model in
Equation (2.35) with h, = 0 and J = 1.

The time evolution is simulated using the second-order Trotter formula (as
introduced in Chapter 1). After some initial tests on the available quantum devices,
the Kolkata device performed consistently for this task and thus was selected to

execute the quantum circuits. We selected up to 13 qubits with good readout
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fidelities and gate fidelities. The real-time dynamics are compiled into single-qubit
Pauli rotation gates and CNOT gates.

The excitation spectra of the Ising model and the Heisenberg model are shown
in Figure 2.2(a,b), respectively. The energy dispersions for both models are in good
agreement with the analytic results for infinitely long spin chains. The experimental
simulation errors for the observable dynamics and energy excitations are shown
in Figure 2.2(d,e), respectively. The experimental simulation involves over 350
CNOT gates, but the simulation error is maintained at an acceptable level, which
indicates the robustness of the method.

The maximum system size is restricted by the large noise and the available size of
the hardware. To further show the performance of our method for a relatively large
system, we numerically test our method with an increasing system size using tensor
network methods. In particular, we initialise the system in the ground state using
DMRG and then use TDVP for the time evolution with maximum bond dimension
x = 128. We show the simulation error with different system sizes up to 51 qubits
in Figure 2.2(f). The error is decreased by increasing 7 and is not increased with
increasing system size. In Figure 2.2(c), we show the excitation spectra of the 51-site
Heisenberg model for comparison with the experimental result in Figure 2.2(b). Note
that the examples studied here are classically simulable by using tensor networks
since the central aim is to test the performance of our method for known systems
under different conditions. We do not attempt to prove a quantum advantage over
classical computing or show its generality for solving arbitrary quantum systems.
Instead, we aim to show how the spectroscopic properties of many-body systems can
be probed using either analogue or digital quantum simulators as a proof of concept.

We remark that simulating general gapless systems is a widely believed challenge,
which poses great challenges to most existing algorithms, such as phase estimation
and quantum singular value transformation (QSVT) [46]. The difficulty is that the
energies are highly degenerate such that energy is not sufficient to distinguish these
states. By introducing other conjugate variables, we could label the states with

both the energy and the auxiliary characters (e.g. energy and momentum (FE, k))
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Figure 2.2: The energy dispersions of 1D lattice models through the demon-
stration on the IBM quantum devices (a,b,d,e) and tensor-network simulation
(c,f). a The excitation spectra G(w) of an 11-site Ising model. b The excitation spectra
of a 13-site Heisenberg model. The results are obtained from measurements on IBMQ
devices. The red lines in a and b represent the energy dispersions of infinite long spin
chains obtained by analytic calculations. The intensities at k = 0 have been removed.
¢ The energy dispersion for the 1D Heisenberg chain of length L = 51 with h, = 0 and
J = 1. The total time evolution is set as Ti,t = 7 = 5. d Experimental simulation
error for the measurement results of >, (67(¢)) /N under real-time evolution conducted
on IBMQ device, which are compared to results using noiseless Trotter formulae for
both the Ising Hamiltonian (red line) and the Heisenberg Hamiltonian (blue line). e
Experimental simulation error for the measurement results G(w) from IBMQ experiments
in the frequency domain averaged over different momenta. The results in d and e are
compared to those using noiseless Trotter formulae. The maximal time length is Tior = 5. f
Scalability analysis for the gapless Heisenberg chain. The numerical simulation results for
different values of 7 are compared with the approximately ideal case in which 7 — co. The
figure shows the maximum error of the intensity G(w) in the momentum space for different
time scales 7 and system sizes. The error is calculated as maxy |Gy (W) — G r—oo(W)]
where the averaging is over w.

such that the degenerated states can be distinguished. Therefore, this strategy may
be useful for analysing gapless systems with certain symmetry conservation, like
translation invariance. Although we only test for simple and specific examples in
this work, the results might shed light on the resolution of energy spectra of other
gapless systems. The spectroscopic method and the examples examined here could

stimulate further discussions on estimating the properties of gapless systems.
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2.8 Performance in the presence of noise

The main sources of error affecting our computations are algorithmic errors,
statistical uncertainty from a finite number of measurements, and imperfections in
quantum operations. In the preceding sections, we addressed the first two sources
and derived the resource requirements for circuit depth and measurement number
necessary to achieve simulation accuracy within precision e. In this section, we
analyse errors arising from device noise and discuss possible mitigation strategies.

This consideration is particularly important for near-term quantum hardware,
where noise remains a significant challenge. For many quantum algorithms, ac-
counting for error mitigation can make simulations substantially more difficult and
require much larger resources. Therefore, it is crucial to study noise-induced errors
and their mitigation to ensure the practicality of quantum simulation protocols

on current and near-future devices.

2.8.1 General stragedy

We first introduce a general quantum error mitigation (QEM) strategy, developed
in Ref. [113], based on probabilistic error cancellation, and discuss the associated
resource costs in the presence of noise. In our protocol, we primarily require the
implementation of e~*% for different time intervals ¢;. Assuming Markovian noise
arising from unwanted coupling between the device and its environment, the time
evolution can be described by the Lindblad master equation for the noisy state py (¢):

dpn(t)
dt

= —i[H(t), pn ()] + AL [ ()] (2.36)

Here, L[p] = %Zk(QLkaL — LiLyp — pLl Ly) is the noise superoperator with error
strength A, characterising the coupling to the environment. Common noise models,
such as dephasing and damping, can be represented by local Lindblad terms [21, 114].

The core idea of probabilistic error cancellation [115, 116] is to apply a recovery

operation to the noisy state to counteract the effects of noise. Below, we briefly
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outline the approach introduced in Ref. [113]. For a small time step dt, the

discretised evolution is given by

pa(t + 5t) = Ea(t)palt), (2.37)

where a = I, N and &, denotes the ideal (aw = I) or noisy (o« = N) channel evolving
the state from ¢ to ¢t + dt. A recovery operation £; can approximately map the

noisy evolution back to the ideal one up to first order:
Er(t) = EQEn(t) + O(6t%). (2.38)

To realise £g, one can probabilistically implement it as a linear combination of
physical operators B; (basis operators):

€ =) a;p;B;, (2.39)

J
where ¢ = 1 + O(6t), o; = £1, and p; is a normalised probability distribution.
Consequently, the ideal state after time T', p;(T"), can be approximated as a linear

sum of noisy states pg:(7T):

p1(T) = CZ azp;pe-(T) + O(T6t), (2.40)

J

where f: (J1,---+Jn-1) and C' = ¢". For further details on these derivations, see
Ref. [113]. The error mitigation scheme incurs a sample overhead of C?, which
scales as O(exp(AT)), where A is the noise strength. Thus, error mitigation is
only efficient as long as AT remains bounded. This means that, to effectively
implement QEM, the total simulation time must be kept short; if the maximum
time is limited, the number of measurements can be correspondingly bounded. Since
the maximum time complexity of our method is O(log(1/¢)), the overhead in the
number of measurements introduced by error mitigation is less severe compared to

other algorithms. As a result, the total runtime complexity remains O(poly(1/¢)).
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2.8.2 Error mitigation for global depolarising noise

In the following, we illustrate the error mitigation process using a simple noise
model: global depolarising noise. In this model, the global depolarising channel
acts uniformly on all qubits and, with probability Adt, replaces the entire quantum
state with the maximally mixed state, regardless of its initial configuration. With
probability 1 — A\dt, the state remains unaffected. This noise channel serves as a
simple but illustrative model for the loss of coherence in quantum systems. The

evolution under this noise can be described by
Est(p) = (1 — A6t)p + A6t Prix, (2.41)

where ppix = 2% is the maximally mixed state and [ is the identity matrix. To
model the total noisy evolution, we apply the noise channel after each unitary
evolution step, repeating this process until we reach the desired total evolution
time T' = mdt where m is the total number of steps in the evolution. By using

¥, we can derive the

the recurrence relation and noting that lim,, (1 + %)” =e¢
following expression for the noisy time-evolved state:
T

pl0) =TT 0 U)pw) = (1= 200 Ui o) + 1= (L= 200 o

= MT)"Ur(p) + (1 = MT) ™) praix

where we have defined U; := U(-)U" and A(t) = e*. To use the exponential

approximation, we require 0t — 0. The overall action can be described by
Eolhy(p) = At) UpUf + (1 = At) ™) prmix (2.43)

This can be understood by evolving the state under U followed by a noise channel
EC) = A)() + (1 — A(t) ") pmix. The effect of this process is equivalent to
global depolarising noise. Notably, the combined influence of the noise and unitary
evolution depends only on the total evolution time t. The expectation value

of a Pauli operator is

Ebnoisy(t) = Tr(€ oUs(p)) = A(t) " Edigear (t)- (2.44)
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This result indicates that under depolarising types of noise, the ideal expectation
value can be obtained by multiplying the factor A(¢) to the noisy result. In some
circumstances, the realistic circuit noise may be converted to a global white noise
by Pauli twirling [117, 118] and as studied in Refs. [119, 120], shallow quantum
circuits can scramble the noise into global white noise. We numerically verify
that the global white noise ansatz could be used to approximate physical noise in
certain circumstances, such as local depolarising noise, with simulation results
shown in the next section.

To have an estimate of A under the global noise model, we can fit the experimental
results in a similar vein to randomised benchmarking, which could be robust against
state preparation and measurement noise [118]. We run the circuit (4, JmOUy )™ =T
where U/, = U'(t/m)(-)U(t/m), which should be an identity channel in the ideal

case. In the presence of noise, it becomes
(Etym o Z;{t/m 0 Etym © Ut/m)m(P) = A(Qt)_lp +(1- A(zt)_l)pmix (2.45)

when the noise is gate-independent. We could run it by fitting the result undergoing
by the channel (&, o U, Jm © Etym © Uyy)™ with different ¢ and m.

Due to error mitigation, the variance of G(w) is amplified by a factor of
max; A(t). Consequently, to suppress the statistical error to within €, the number
of measurements must be increased by this factor. Importantly, in the presence of
noise, the number of samples required by this method remains polynomial in the
inverse of the desired precision. By contrast, other methods based on the Fourier
transform of time signals or quantum phase estimation require an exponentially
larger number of samples, scaling as O(exp(1/e€)). This protocol therefore offers
distinct advantages over existing approaches when considering device noise. In
the following, we further support this claim with simulation results incorporating

both device noise and error mitigation.
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Figure 2.3: Simulation data and exponential fit of the circuit evolution with
local depolarising noise. Numerical results of the squared circuit UUT implementation
of noisy spectroscopy protocol simulating the 7-site Ising model with h; = 2 and h, = 0.1
for different noise strength p. The depth refers to the repetition numbers. The solid lines
represent the best exponential fit for every p. All the regressions have a relative predictive
power R? = 0.99.

2.8.3 Numerical tests

In what follows, we incorporate both device and statistical noise into our simulations.
We numerically verify that the global white noise ansatz can approximate certain
types of physical noise, such as local depolarising noise, under appropriate conditions.
As discussed in the previous section, the total runtime complexity in the presence
of device noise remains polynomial, O(poly(e~!)), in order to achieve a given
precision. For global depolarising noise, the impact on observable estimation can
be derived analytically. With knowledge of the error model, it is possible to obtain
error-mitigated estimates of observables by fitting the noisy data accordingly.
We test the performance of the simple error mitigation strategy by considering
a more practical setup with a depolarising noise model. Specifically, we introduce
local depolarising noise after each gate, including both single- and two-qubit gates.
We numerically verify the behaviour of this noise model by emulating the noisy
quantum circuits. We run the circuit for a Trotter step with time interval d¢ followed
by its inverse: U(6t)UT(6t), which is just identity without noise, and repeat it for
different times. In Figure 2.3, we show the results of Y, (Y;) with an increasing
circuit depth. Figure 2.3 indicates that the noisy results can be well approximated

by an exponential decay function that aligns with Equation (2.44).
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For the noisy simulation and its error mitigation, we consider the 1D Ising
model considered in the previous sections with an additional term h, = 0.1. We
set the initial state the same as that in the main text, a maximum time evolution
of T'= 5 and the time interval 6t = 0.4. We mitigate the noisy measurement
outcomes by using the fitted exponential functions for each qubit. The results
under different conditions (noisy, ideal, and error mitigated) are shown in both
the time and frequency domains in Figure 2.4. We observe that even this simple
error mitigation strategy can improve the results, though error mitigation is still
needed for more general types of noise. As expected, the algorithm demonstrates
strong resilience to noise, allowing us to recover the spectrum even after noisy
evolution. This explains why the error is significantly smaller both in the frequency

domain and the momentum space.

2.9 Discussion

In this chapter, we introduce a spectroscopic method for probing transition energies
and excitation spectra of quantum many-body systems. The framework presented
in this work establishes a connection between spectroscopic techniques and quantum
simulation, and thus enables mutual benefits and advancements in both fields. The
key element is the realisation of frequency resonance, and one can detect systems
with certain symmetries by introducing additional momentum resonance. Our
method requires the implementation of short-time dynamics only with the time
length logarithmic in precision, and could be experiment-friendly for the current
generation of quantum simulators. Advanced measurement algorithms [121, 122]
(e.g. classical shadows [123]) can be directly employed to reduce the measurement
complexity in measuring observables within this framework.

To reduce the measurement complexity in measuring observables, employing clas-
sical shadow methods [123] is straightforward as proposed in Ref. [88]. The total time
complexity for measuring N, low-support observables is O (73~ *log(1/¢) log(N,)),
which is only amplified by a logarithmic factor. Advanced measurement algorithms

can be directly employed within our framework, such as Pauli grouping methods [121,
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Figure 2.4: Noisy and error-mitigated time dynamics of the spectroscopy
protocol. a Dynamics of the observable expectation value (Y;) at site ¢ = 1. The figure
shows the results of the noisy (with noise rate p = 0.005), the error mitigated (QEM)
and the ideal cases for a 7-site Ising model. b Root mean square error (RMSE) of the
noisy and the error mitigated results in the time domain. ¢ Error of the noisy and QEM
spectrum in the frequency domain. The green line represents the maximum value of the
error in the time domain to compare both results. d Error of the spectrum in the k-space.

122], whose efficiency in measuring qubit-wise compatible observables has been
verified for various examples.

We numerically test the scalability of the spectroscopic method for lattice
models including both gapped and gapless cases. The simulation results obtained
for gapless systems with translation invariance imply that our method may be useful
for analysing similar systems with certain symmetry conservation, and we leave it
to future work. We note that when the ground-state energy is known, finding the
transition energy between the excited state |n) and the ground state |0) is equivalent
to the problem of finding the eigenenergy of a quantum system. Therefore, resolving
the transition energy could be quantumly hard. Our method is efficient when the

state and observable dependent coherence is nonvanishing which could be satisfied
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in several quantum systems with the conservation of particle numbers. Though this
in general does not hold, we tested the coherence for molecules and lattice models.

On the other hand, we remark that although we do not expect that our method
can resolve the transition energy for general systems, the spectroscopic protocol
can find applications in simulating the energy excitation spectrum; in this task
the excitation is a collective behaviour and hence we do not necessarily require
resolving a specific energy transition. The simulation result suggests that the
spectral properties of several quantum many-body systems can be estimated with
high accuracy, even with increasing system size for lattice Hamiltonians considered
in this work and when statistical and device noise are present.

We also demonstrated how our method can be applied to probe the excitation
spectra of spin Hamiltonians on IBMQ devices. These results indicate that our
approach could serve as a quantum computing solution complementary to high-

intensity scattering facilities.
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Appendices

2.A Further derivation of the algorithmic error
and resource requirement

Recall that in the main text we define the spectral detector as

Gw):= > Twap(r(Ew — B, —w)), (2.46)

n,n'>0

which can be simplified as G(w) = 2, (L0 )p(7(Ey — E,, —w)). For simplicity,
we sort A,y ,, in ascending order and denote ordered energies as A; and the associated
coherence is denoted as I'; <» 2R(I',,,,) € R. The spectral detector can now be
expressed as G(w) = >, Tip(7(A; — w)).

Suppose we aim to estimate A; with a nonvanishing I';. Without loss of
generality, we take I'; > 0 so that G(w) is positive when w approaches A; (given
a large I';). Analogous results hold for negative I';. Intuitively, the spectral
information can be extracted from the peak in the intensity of |G(w)|, as formalised

in the following lemma.

Lemma 1. When 7= ——,/In ( 20 ) and € < 0.27, the two inequalities hold:

0.9+ e2T;
I, — G(w) <0.37%T;,V|w — A;] <0.5¢ (2.47)
and
[; — G(w) > 0.87%°T},V|w — Aj| € (£,0.17) (2.48)

Proof. When w is close to A; satisfying |w — A;| < 0.5¢, we have

Tj = Gw) < (1= p(r(A; — w))); + maxp(r(Ai — w)) (2.49)
i#j
< (1—e 7O, +0.057%%T; < 0.372°T;. (2.50)
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The second inequality uses the following fact that the inequality

mjxp(T(Ai —w)) < e (09 < 0.057%€%T;, (2.51)
i7#j
holds when 7 = 097 In (EQF ) and ¢ < 0.2y. Thus the first inequality by

Equation (2.47) holds.
On the other hand, the quantity I'; — G(w) can be lower bounded by

[j—Gw) > (1-p(r(A —wDW—ﬂg§M(&—w»
Z ( 77' £2 Fj o 677'2(0.97) (252)
> 0.857%¢°T; — 0.057%T; = 0.87%°T ;.

In the second inequality, we used the fact that |A; — w| > 0.9 for ¢ # j. The third
inequality e~ < 1 — 0.8572¢2 holds when 7¢ < 1/2, which can be achieved when
e <O(y(Inl; )~ 2). O

The above lemma guarantees that the distance d = |T'; — G(w)| is modulated
by the estimation error |w — A;|. Therefore, A; can be distinguished from the
other transitions when w approaches A;. The next step is to analyse the quantum
resources required to have a good estimation of G (w).

When evaluating the integral in Equation (2.11) in the main text, we set a finite
cutoff for the integral range from [00, 00| to [T, T] in practice. The truncated
estimator G(w) is defined as

G (w) = /i G(1t)g(t)e e™ dt. (2.53)

If a Gaussian operation is used, the truncation error has an upper bound
1GD(w) — G(w)] < 2 / t)dt = erfe(T/2) < exp(—T2/4)  (2.54)

which has been discussed in prior work [97, 99]. Therefore, the truncation error

can be bounded by
IGT(w) — G(w)| < ep, Vw €R (2.55)

when the cutoff time 7" > 24/In(1/e7).
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In the following, we consider the error due to a finite number of measurements.

A single-shot estimator of G™)(w) takes the form of

(2.56)

AT o(tty)eeimt |t < T

where the time length ¢; is drawn from the probability distribution g¢(t), which
is 7-independent, and 6(rt;) is an unbiased estimate of Tr[O(rt)p]. We can

estimate G(w) by

1 N
A g (2.57)

where Nj is the total number of samples. The transition energy is estimated by

A

Aj = argmax ea,_/o,8, 472G (). (2.58)
Note that it is assumed that I'; > 0. The result is summarised as follows.

Proposition 1. To guarantee that an estimation Aj of the transition energy
A; is close to the true value within an error e, with a failure probability, we
require that the mazimum time is O(y~Hog(1/¢)) and the number of measurements
@(5*417273 log(1/0)), where 7 is a chosen lower bound of the gap difference v <
min{A;; — A, A; — A 1

In this work we use the O notation where the polylogarithmic dependence is
hidden. Proposition 1 indicates that the maximum circuit depth is logarithmic
in precision. The result of time complexity also indicates that when we choose
to set a small v of order v = O(e) (that is, a large 7), our result is reduced to
algorithmic cooling, in which the total running time reaches O(¢~1), the so-called
Heisenberg limit. However, generally the total running time scales as @(8_4), in
contrast to the result established in Refs. [93, 97] which is O(¢~1). The cost of a
long total running time can be understood as follows. Recall that the target is to
estimate A; with accuracy ¢, i.e., |A] — Aj| <e. By the Taylor expansion, we have
IG(A;) — G(A)| = T;722 + O((7¢)*). Due to a finite number of measurements, we

can only have an estimate of either G(A;) or G(A;). According to the Chebyshev
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inequality, the sampling number required to achieve accuracy & scales as O(E72).
To ensure that the energy estimation error is up to &, we choose to set & = I';(7¢)?,
and consequently, the sampling number scales as Ny = (7)(5_4F;274).

The above result is guaranteed by the following lemma, which ensures the

efficiency of energy estimation.

Lemma 2. The estimation Aj is related to the true transition energy A; by
|A]~—Aj| < e. with a failure probability of 0, when T > ﬁ, /In (a%—gj), the cutoff T >
2\/2 In(v107~1e=t) and the number of measurements Ny > 200(e*I'?74)~" In(4/0).

Proof. Suppose we already have a rough estimation of A; which lies in the range of

(AL AF] with AF = Aj —~/2 and AF = A; + /2. Then we refine the grid and let

v(k—1)

wy = A — 0.5 + i

(2.59)

for k =1,2,..., M, and M = 2[y/e] + 1. It is worth noting that computing G™ (w)
with different values of w;. requires purely classical computing, and M is irrelevant
to the measurement numbers Ny. One can use a much smaller grid size without
demanding quantum measurements.

The following shows that the transition energy can be estimated within a certain
precision given the resources listed in Lemma 2. With the grid in Equation (2.59),

the estimation is determined by

A~

A; = argmax;, GD (wy). (2.60)

The question is whether the estimation has a bounded error satisfying |A] —Aj| <e.
The error due to a finite number of measurements can be bounded using the

Hoeffding inequality. The estimator G (w) is related to ideal G (w) by
IGD(w) — GD(w)| < Tye,, Yw €R (2.61)

with a failure probability §/2 when N, = 2(¢,I';)?In(3). Here we used the fact
that G;™)(w) < 1. Since the grid resolution is £/2, there exists k,,, such that

|wk,, — A < 0.5, (2.62)
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Combining Equation (2.53) and Equation (2.61), we have
Ly = GP(wy,) < (L = Glwr,) + G (wr,) — GD(wr, )| + 16T (@r,) = P (wr,)]

< 0.3T282Fj +erlj +Tje, < O.5T2€2Fj
(2.63)

with a failure probability §/2. In the last inequality, we have set &, = 0.172¢? and

er < 0.17%¢2. The latter condition can be satisfied by setting T > 2\/2 In(v/107~1e-1).
This indicates that

GM(A)) > D (wy,) > (1 - 0.57%)T;. (2.64)

On the other hand, if the estimator determined by Equation (2.60) fails to give
an accurate estimation up to e, that is, |A] — Aj| > ¢, then using Lemma 1 we have
r;— G(Aj) > 0.87%c%I';. We have

N

Iy = G4, < (T - GA) +[G(A) — MDA + (1GT(A,) — GT(A,)|

> 0.87%e°T; — erlj — e, > 0.67°°T;
(2.65)

with a failure probability /2. The truncated estimator thus can be bounded

GD(A)) <T;(1 —0.67%2), (2.66)
which violates Equation (2.64). Consequently, the assumption does not hold, which
proves that Pr(JA; — Aj| > &) < § with a failure probability at most 4. O

Proposition 1 naturally flows from Lemma 2. According to Lemma 2, it is
easy to verify that the maximum time is t = 7 x T" = O(y tlog(e™!)) and
N, = O(e~*y*I';?In(1/6)). The total running time scales as 7 x T x N, =
O(c749" log(e™") log(671)).
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Quench spectroscopy of fermonic systems

In this chapter, we continue exploring spectroscopy-based techniques to study
quantum many-body systems, now focusing specifically on low-energy excitations in
fermionic models. We examine the spin excitation spectrum of the one-dimensional
Fermi-Hubbard model using a digital quantum simulator. Our tailored protocol
begins with a specific quantum quench and efficiently reconstructs the retarded
spin Green’s function from simple time-evolved observables. By designing the
method to be resilient to perturbations in the initial state, we greatly simplify initial
state preparation, enabling us to devote most quantum resources to the accurate
simulation of time dynamics via Trotterization. The intrinsic robustness of our
protocol to noise ensures accurate spectral reconstructions even for large system
sizes. We demonstrate the experimental feasibility of our approach using up to
30 qubits on an IBM Heron r2 quantum device.

This chapter is based on a publication in collaboration with Raul A. Santos,
Sabrina Yue Wang, and Filippo Maria Gambetta [124]. The author developed and
optimised the algorithm with input from all co-authors, performed the classical
benchmarking and resource analysis, and carried out the numerical simulations
and hardware experiments. The DGA code was provided by S.Y.W., but executed
by the author, who also developed all other code. The manuscript was drafted by
the author and revised jointly with F.M.G.
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3.1 Introduction

A central theme of this thesis is the inherent potential of quantum computers
to tackle problems that are otherwise intractable with classical methods. While
there has been significant progress in demonstrating quantum advantage, these
achievements often involve carefully tailored problems with limited physical or
scientific relevance [17, 125, 126]. A different goal, however, is to use quantum
computers to address resource-intensive problems that have genuine scientific or
societal impact. A historically significant example is the simulation of quantum
mechanical systems. These problems are classically hard due to the exponential
growth of the Hilbert space with system size, the complexity of entanglement, and,
for fermions, the infamous sign problem [1, 127]. Quantum devices are believed
to be naturally suited to these tasks, as originally envisioned by Feynman, who
argued that quantum systems can efficiently simulate other quantum systems.
This capability is particularly relevant for simulating the dynamics of electrons
in materials and large molecules, which are central to many open questions in
physics and chemistry. As such, the simulation of fermionic systems is of great
value across a range of disciplines.

The characterisation of fermionic systems, especially through their dynamical
properties, is essential for understanding quantum materials. As discussed in
Chapter 2, extracting information from real-time dynamics enables the study
of spectroscopic properties of many-body systems. Of particular interest is the
dynamical structure factor, which encodes the system’s response to external
probes and describes how it absorbs or emits energy. The dynamical structure
factor is primarily determined by the excitation spectrum of modes that couple
to the applied perturbation. Experimentally, these quantities can be accessed
through measurements of the doubly-differential cross-section in inelastic scat-
tering experiments, such as inelastic neutron scattering (INS) [128], resonant
inelastic X-ray spectroscopy (RIXS) [129], and electron energy-loss spectroscopy

(EELS) [130]. The direct correspondence between theoretical predictions and
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experimental probes makes dynamical structure factors a powerful tool for testing
microscopic models of materials.

In this chapter, we adapt the quench spectroscopy protocol introduced previously
to investigate properties of fermionic systems. We show that, by carefully choosing
the quench operator, this approach gives access to the exact retarded spin correlation
function, and thus the dynamical spin structure factor, provided the initial state
does not break spin reflection symmetry. We apply this method to study the
spin excitation spectrum of the one-dimensional Fermi-Hubbard model on an
IBM digital quantum computer.

Despite their apparent simplicity, Fermi-Hubbard models are iconic prototypes
of strongly correlated electronic systems and have been identified as ideal candidates
for simulation on near-term quantum computers [131-143]. These models are widely
believed to hold the key to understanding high-temperature superconductivity in
cuprates [30, 144-150]. In this context, a detailed understanding of elementary
excitations is crucial, and the computation of dynamical (density and spin) structure
factors has proven to be an essential tool for their characterisation [151-155].

When implementing the quench spectroscopy protocol on a near-term quantum
computer, it is crucial to account for limited computational resources and the
presence of noise. Resource constraints, such as the number of available qubits,
the gate count, and circuit depth, must therefore be carefully optimised. The most
resource-intensive components of quench spectroscopy experiments are the initial
state preparation and the simulation of time evolution. In particular, preparing
non-trivial initial states, such as the ground state of the system, typically demands
significant resources and poses a major experimental challenge. In this work, we
exploit the remarkable robustness of the protocol to perturbations in the initial
state, which allows us to minimise the resources required for state preparation.
As a result, we are able to allocate the majority of computational resources to
the Hamiltonian simulation, which is implemented using a Trotter decomposition.
Additionally, we explore different fermion-to-qubit encodings to further reduce the

depth of individual Trotter circuit layers. Together, these optimisations enable us
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to perform time-dynamics simulations of Fermi-Hubbard models of up to L = 15
sites (corresponding to n = 30 qubits) on an IBM quantum computer, successfully

recovering all the features of the spinon spectrum.

3.2 Unitary quench spectroscopy

In the previous chapter, we discussed how standard spectroscopic protocols probe
the excitation spectrum of quantum systems by measuring their linear response
to weak, external perturbations. These methods, rooted in equilibrium physics,
ultimately provide access to the dynamical structure factor, a key quantity that
encodes both the energy and spectral weight of transitions between eigenstates.
However, implementing these traditional protocols on quantum computers presents
several challenges, which we address (or at least significantly improve upon) with
the protocol introduced in Chapter 2.

Here, we build upon the approaches discussed previously, as well as on existing
work in local quench spectroscopy [87], and introduce a slight modification: we
initiate the protocol with a tailored unitary perturbation. This adaptation makes
it possible to efficiently simulate fermionic systems, which is the primary focus of
this chapter, on quantum computers. By examining the dynamical structure factor
and its connection to the retarded Green’s function (i.e., unequal-time correlators),
we show that our protocol can exactly resolve the dynamical structure factor for
such systems. In contrast, earlier protocols based on the quench spectral function
(the Fourier transform of time-dependent expectation values) can generally only
approximate the dynamical structure factor (see discussion in Ref. [86]). While
such approximations are sufficient for resolving energy differences, as demonstrated
in the previous chapter, our approach places greater emphasis on the dynamical
structure factor itself, an object of fundamental importance for characterising
quantum many-body systems.

In a linear response theory setting, an external perturbing field (the probe)

couples linearly to a system’s observable B and generates a change in another
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observable A. The resulting system response is captured by the retarded Green’s

function (also referred to as the retarded linear response function) [156, 157]
Gap(t) := —i (V|[A(t), B]|V) witht >0, (3.1)

where |U) usually denotes the ground state of the system, [A, B] := AB — BA
represents the commutator, and A(t) is the operator in the Heisenberg picture
under the Hamiltonian H, namely A(t) := et Ac*Ht. For simplicity, we have set
h = 1 and omitted any explicit spatial dependence.

We can now focus on the important case where B = A, the fluctuation-
dissipation theorem connects the imaginary part of the Fourier transform of G 44+ ()
with the system’s dynamical structure factor Sy4t(w). The latter can be obtained
from inelastic scattering experiments [158] and is defined as the Fourier transform of
the correlation function Sy 4 (t) := (W|A(t)AT|¥). When working around the equi-

librium state (at zero-temperature) the fluctuation-dissipation theorem reads [156]
ImG 441 (w) = —27sign(w)S a1 (w). (3.2)

In particular, one can find that the spectral information about low-lying excitations
of the system that couple to the operator A can be obtained by looking at ImG 4 4+ (w)
for w > 0 [156, 157]:

ImG a1 (W) = =7 |Aou*[6(w — E,) — 6(w + E,)], (3.3)

where Ay, = (V|A|E,), with |E,) eigenstate of H with eigenvalue E,,. Note that
the ground-state energy Fy is set to zero.

We can now expand the operator B in Equation (3.1) as an expansion in
terms of a string of Pauli operators (i.e., B := ¥ ; oszj). So, we can focus on
Go(t) == i(V|[P,, A(t)]| V) for a Pauli string P,. Taking into account that Pauli
operators square to the identity, we obtain that

Go(t) = > o(Wleita A(t)e 0T | ). (3.4)
o=%
Examining this relation, we see that it describes the dynamics of the operator A

following a local quench of the state |¥) by the unitary operator e?*i=. Thus, the
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retarded Green’s function G 4 can be computed by measuring the time evolution of
A on the quenched state. This approach generalises the local quench spectroscopy
protocol introduced in Refs. [86, 87]. As previously discussed, this protocol enables
the recovery of the spectrum of low-lying excitations in many-body quantum
systems by tracking the non-equilibrium dynamics of single-particle observables
after a quantum quench, making it ideally suited for current quantum simulators [64,
83, 159-161]. The number of measurements required in this protocol depends on
the number of terms present in the expansion of the operator A.

We can optimise this further by considering the particular structure of the
problem. To this end, we specialise on spin observables in fermionic systems.
The spin operators are defined as bilinears in the fermion creation (annihilation)

operators ¢l (c;,) at site ¢ and spin o,
S¢ =3l S5, (3.5)
oo’

where S¢ is the a = x,y, 2z Pauli matrix. The retarded spin Green’s function

is then defined as

5e(t) i= —i{W|[SE(t), S57]|)  with ¢ > 0. (3.6)

Using the fermionic anticommutation relations, it is easy to prove that (5%)% = (5%)2

and (57)%**1 =S¢ From these relations it follows that
e =1+ (Sf)Q(COSQ — 1) +isin Ggf (3.7)

The action of this unitary operator on any state |¥) with local spin reflection symme-

try! is

¢i5 (W) = (cos @ + isin Hgf) |v) , (3.8)

!This is a very restrictive condition. In our case, we are interested in systems with global
spin-reflection symmetry instead. The derivation of the approximate dynamical structure factor
under this weaker assumption, as well as the precise conditions required to access the exact Fourier
transform of the retarded Green’s function, are discussed in the revised version of Ref. [124].
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where we have used that (S7)*|¥) = |¥). Defining the state |W) = e?5 |W) and

using Equation (3.7) and Equation (3.8) for § = 7/4, we can show that

i | Sz 1 - bz Oz - O
(U] SE (V) = S(W[(1 —i57)5% (6)(1 +157) |¥)
1 o - Ax oz - Ax bx dx S o
= §<\IJIS,€ (t) + Sk (1) S] — iS7SE(t) + S7 Sy (8)ST |¥) .
For any state with total fixed spin, the expectation of an odd number of S’f operators

is zero, as they raise or lower the spin by one. This means that

(VLIS W) = & (W][8E(1), 551 W) = Gl (3.9)

i
2

As discussed in the previous chapter, the quench spectroscopy framework makes
use of the space-time Fourier transform of the expectation value (S%(t)) measured on
the quenched state |\I/J%>, the so-called quench spectral function (QSF) in the original
local quench spectroscopy literature [87]. Generally, the QSF only approximates
the true dynamical structure factor, and extracting meaningful spectral information
depends on carefully matching the quench operator and the measured observable.
However, the unitary quench protocol described here, allows us to directly access
the retarded spin Green’s function for any fermionic system whose ground state
is symmetric under spin reflection. According to Equation (3.3), the spectral
properties of low-lying spin excitations are encoded in the imaginary part of the
Fourier transform, which, by the fluctuation-dissipation theorem of Equation (3.2), is
directly related to the dynamical spin structure factor. For consistency, throughout
what follows, we refer to the protocol presented here as the quench spectroscopy
protocol, and to the imaginary part of the space-time Fourier transform of (S%(t))
in Equation (3.9) as the QSF.

In what follows, we apply this protocol to the 1D Fermi-Hubbard model on L

sites with open boundary conditions and lattice spacing equal to 1, with Hamiltonian

L-2 L—1
HFH =—J Z Z(CI,UCH‘LU + hC) + U Z UZRR LN
i=0 o =0

= HO -+ Hinty (310)
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where J is the hopping strength, U is the on-site interaction parameter (or Coulomb
potential), and n;, = CLUCW is the density operator for the spin ¢ € {1,]} on
site 4. In this work, we will fix J = 1 and U/J = 3 unless stated otherwise. All
energies (times) will be measured in units of J (1/.J). Low-energy excitations of
the Fermi-Hubbard model can be generated through multiple mechanisms. When
the total number of electrons per spin sector is conserved, electron-hole pairs can
be formed. Charged excitations arise by either adding or removing particles with
spin-up or spin-down from the ground state. Here, we focus on spin excitations,
which are produced by flipping the spin of an electron and can be described in
terms of a pair of spinons [162]. The ground state of the 1D Fermi-Hubbard model
has definite total spin and is symmetric under spin reflection, meaning that we can
access their dynamical spin structure factor using Equation (3.9). Moreover, as
we will show in Section 3.3, for the values of the system parameters we consider
here one can recover the spectroscopic features of the low-energy excitations of the
Fermi-Hubbard model by applying the quench to the ground state of a free-fermion
model or even to a shallow circuit approximation of the latter (see Section 3.5).
Both states have definite total spin and are symmetric under spin reflection, which

means that Equation (3.9) still holds.

3.3 Classical benchmarking

The protocol outlined above consists of four main stages. First, initialise the system
to the ground state (or to a quantum state that closely approximates it). Second,
apply a local quench to introduce a low-energy excitation, whose spectrum is the
focus of our study. Third, evolve in time the perturbed state over a specified
duration t. Finally, measure the expectation value of the spin operator gf to
analyse the resulting dynamics.

As discussed in the previous section, the quench operator is given by

Q=i (3.11)
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To minimise the effect of the open boundary conditions, we apply the quench
operator to the central site j = | L/2]. After the quench, the state is evolved under
the time-evolution operator associated with Equation (3.10). Once the time-evolved
state |\D% (t)) = e Mt \‘P%} is constructed, we measure the expectation value of

the S*f operator for each site ¢ € {0,...,L — 1}.

3.3.1 Classical simulation

An example of the protocol for a system with L = 51 sites and long-time evolution is
shown in Figure 3.1. The simulation has been performed using the implementation of
the time-dependent variational principle (TDVP) algorithm [62, 63]. Here, we fixed
U = 3 and filling fraction n, := N, /L = 2/3, with N, = }*, , (n; +), the total number
of electrons in the initial state |¥). Here, (...), denotes the expectation value on the
Fermi-Hubbard model ground state, |¥). Once (8%(t)) = ((S%(t)), ..., (5%_,(t)))
(with (...) the expectation value on ]\II%)) is obtained for all the time steps t,, in
the time evolution (with m = 1,..., M and t);_y = T), the spin excitation spectrum
can be resolved by taking a space-time Fourier transform of (S%(¢)) and examining
the data in the momentum-frequency domain. This gives access to the QSF, as
discussed previously in this thesis. In this chapter, all Fourier transforms are
computed using the zero-padding technique [163] with respect to time, whereby

a number N/

camples — Vsamples Of zeros is appended to the original time signal. In

particular, N/

camples 15 chosen in such a way that 2Ngmples frequencies are present

in the frequency interval w € [0,6.J].

The presence of noise in current near-term quantum computers limits the
maximum evolution time that can be reached on a quantum computer and makes
long-time evolutions impractical due to the accumulation of errors. Therefore, we
aim to determine the shortest evolution time that still allows us to recover the main
properties of the spin excitation spectrum. For example, one peculiar feature of the
two-spinon excitation spectrum is the dome-shaped structure with zero-frequency
cusps at k = 0 and £ = +2kr = +mn., which can be used in experiments to

derive information about the doping of the system. Here, kp := 7mn./2 is the Fermi
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Figure 3.1: TDVP simulation of the quench protocol for the 1D Fermi-
Hubbbard model with L = 51 sites. a, ¢ Dynamics of the observable (S(t)) for
U = 3 and filling n, = 2/3 for total running times 7' = 10 and 7" = 3, respectively.
b, d Normalised absolute value of the corresponding quench spectral functions in the
momentum-frequency domain after applying a two-dimensional Fourier transform to the
space-time domain data. The maximum bond dimension for the TDVP simulation is
x = 128.

momentum. From Figure 3.1, we observe that although the resolution decreases
and the spectral lines broaden, a shorter evolution time of 7" = 3 is sufficient to
recover the spectrum. Shorter times result in greater uncertainty in features such as
the precise location of the zero-frequency cusps. However, we argue that this level
of accuracy is often sufficient and can significantly reduce computational resource
requirements. Furthermore, for smaller systems, the resolution is inherently limited
by the system size, meaning that increasing the total evolution time does not

necessarily lead to an improved spectrum compared with the thermodynamic limit.

3.3.2 Initial state preparation

To compute the QSF using the protocol introduced in Section 3.2, the quench
operator Qj should be applied to the ground state |¥) of the 1D Fermi-Hubbard
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model. However, preparing the ground state of interacting many-body systems
on a quantum simulator is a challenging problem on its own [164, 165] and, in
general, costly in terms of circuit implementation [136, 166-168]. On the other
hand, as discussed for the local quench spectroscopy protocol in Ref. [86], the
spectrum of a given low-energy excitation can be reconstructed by computing the
QSF on a different state |¥’) such that Q; |¥’) ~ > gk W), with 4 the creation
operator in momentum space associated with the excitation under investigation.
This holds if the state Q; |¥’) contains at most a single excitation. Note that
in our case, the low-energy excitations are pairs of spinons. Hence, the above
requirement becomes Q; |W') &~ ¥, o Zq(CL7¢0k+q,¢ + C;¢Ck+q,1‘) |W), where we used
the momentum space form of the spin operator Sf

Here, we examine the performance of the protocol when the quench operator is
applied to the ground state of the free-fermion Hamiltonian, |¢pr). This alternative
is well-suited for quantum computing, as it can be efficiently implemented using
Givens rotations [133] and can serve as a good approximation of the Fermi-Hubbard
Hamiltonian for small values of U. Remarkably, we find that this approximation
remains effective even in the presence of strong interactions.

As we can see in Figure 3.2 (a-b), the energy of the Fermi-Hubbard ground
state and the expectation value of Hry on the free-fermion ground state diverge
fairly quickly as a function of the on-site interaction strength U, suggesting that
the overlap between the two states decreases with increasing U. As can be seen
by comparing the blue and orange curves, the expectation value of Hpy on the
free-fermion ground state is larger than the energy of the state QL ry2) |¥) for U 2 2.
However, from panel (a) we can see that, for a system with L = 15, the state
QLL/Q | |Yrr) (orange curve) is within the energy range of the subspace of Hyn
containing at most a single excitation (shaded region) up to U < 4. This means
that, for larger values of U, QLL/Q | |¥pr) may contain more elementary excitations,
resulting in a QSF with reduced accuracy.

On the other hand, the structural similarity index measure (SSIM) [169, 170]

between the spectra obtained through the quench spectroscopy protocol starting
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Figure 3.2: Simulation of the quench spectroscopy protocol for a 1D Fermi-
Hubbard model initialized in the free-fermion ground state. a Energy per site
for different initial states in a system with L = 15 sites, setting the ground state energy of
the Fermi-Hubbard Hamiltonian Hgy to zero. The green curve represents the energy of
the state obtained by applying the quench to the Fermi-Hubbard ground state, QL L2 [¥),
the blue curve shows the expectation value of the Fermi-Hubbard Hamiltonian Hpy on
the free-fermion ground state |¢pp), and the orange curve corresponds to the energy of the
state obtained by applying the quench to the free-fermion ground state, QLL /2] [pR), all
as functions of the on-site interaction U. Also shown is the energy range (shaded region)
of the subspace spanned by |¥) and Qj |¥) with j = 0,...,L — 1, i.e., the low-energy
subspace of Hpy containing at most a single spin excitation. b Same as for (a), but for
a system with L = 51 sites. ¢ Structural similarity index measure (SSIM) between the
space-time signals obtained starting from the Fermi-Hubbard and free-fermion ground
state with L = 51 (blue curve) and their Fourier transforms (yellow curve) for a total
evolution time of T' = 10. Values of the SSIM close to 1 indicate that two images are
similar, with SSIM = 1 for identical signals.

from |¥) and |¢pr) remains close to 1 over a considerable range of U even for a large
system size (see Figure 3.2 (c)). We recall that —1 < SSIM < 1, with SSIM = 1 for
two identical images. This suggests that additional excitations does not significantly
affect the expectation value of S?(t), confirming the robustness of the quench
spectroscopy protocol against perturbations to the system’s ground state [86, 87]

and justifying the use of the free-fermion ground state in our simulations and
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subsequent implementation. For a more in-depth comparison between the QSFs
obtained initialising the system in the Fermi-Hubbard model and free-fermion
ground state see Figure 3.7 in Section 3.6.

We note here that initialising the protocol in the free-fermion ground state instead
of the Fermi-Hubbard model’s one can be interpreted in two different ways: Either
as the exact quenched non-equilibrium spin Green’s function, (Upp|[SZ(t), S'f]\\llpp),
or as an approximation to the equilibrium retarded spin Green’s function discussed
in Section 3.2. In principle, both contain important information about the nature
of the excitations of a many-body quantum system. For instance, in the second
interpretation, while the approximation is not formally controlled, it can still reveal
the breakdown of the quasiparticle picture, as it is always possible to compute the
phase space available to the quasiparticle excitations and compare it with the signal
extracted from a quantum computer. Furthermore, at the end of Section 3.5.1 we
will discuss how this approximation can be turned into a controlled one at the

price of a higher quantum computational cost.

3.3.3 Trotterization

To successfully implement the protocol on a quantum device and obtain the spin
excitation spectrum, we need to time-evolve the quenched quantum state. We do this
using a product (Trotter) formula, introduced in Chapter 1, which approximates the
time-evolution operator of a Hamiltonian H = }_ H; as a product of its summands
e~ it The evolution operator is thus decomposed into a product of Nyuester
small time evolution operators, U(t) = exp(—iHt) = U(dt)...U(dt), with dt =
t/Ntvotter- In the case of the Fermi-Hubbard model and using a first-order Trotter
formula, we can further discretise every U(dt) as a product of terms that can be

implemented simultaneously on a quantum device, i.e., a product of the interacting

part of the Hamiltonian Hj,, the hopping term on even sites H§'", and the
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Figure 3.3: Trotterized time evolution of the 1D Fermi-Hubbard model with
L =15, U/J = 3 and n. = 2/3, using the ground state as the initial state.
The latter has been obtained using the density-matrix renormalization group (DMRG)
algorithm. The exact simulation has been performed using the TDVP algorithm, while the
Trotterized simulations have been obtained with time-evolving block-decimation (TEBD)
and expressing the Hamiltonian as a product of the interacting part and the hopping term
on even and odd sites. DMRG and the time evolution algoritihms were executed with
maximum bond dimension xy = 64. Top: (a) exact and Trotterized time dynamics with
(b) three and (c) five fixed Trotter steps using the first-order Trotter formula. Bottom:
(e), (f), (g) absolute value of the QSF obtained by Fourier transforming and normalizing
the time-dependent signals in panels (a), (b), (c), respectively. In the last column, (d)
SSIM and (h) root mean square error (RMSE) between the QSFs obtained from exact
and trotterized time-evolution simulations are shown for increasing numbers of Trotter
steps. Both first- and second- order Trotter are simulated.

hopping term on odd sites Hg:

Z/l(t) _ ( e—iétHg"en e—mHgdd e—i&tHint)NTmtter

+0 <t2> . (3.12)

Nvotter
Since our main purpose is to find an optimal implementation of the quench
spectroscopy protocol in NISQ devices, we will avoid using higher-order Trotter
formulas due to higher gate counts and deeper circuits [171]. Hence, in the
following, we will only consider first- and second- order Trotter formulas. In
view of implementation, it is crucial to determine the number of Trotter steps
required to accurately resolve the spectrum. In some cases, a large number of steps
may be necessary to reduce errors below a certain threshold, or the required number

of steps might scale with the system size. Testing this is essential to ensure that
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the protocol remains viable for NISQ devices. In Figure 3.3, we show that the
Trotterization error in the spectrum reaches an acceptable threshold with just four
Trotter steps for a reasonably large system size. Notably, the first-order Trotter
method performs as well as (or even better than) the second-order method, allowing
us to justify its use to minimise the depth of the Hamiltonian evolution ansatz.
The number of Trotter steps naturally depends on the total evolution time. For
smaller systems, where long evolution times are unnecessary, the number of Trotter
steps can be reduced while maintaining the same level of accuracy. In the following,
the maximum number of Trotter steps that we use is Nptier = 6 (see Table 2).
In passing, we note that, alternatively, we could fix the Trotter step size, dt,
instead of the number of Trotter steps, Nrvotter- Although fixing ¢ may be beneficial
to improve the quality of the space-time signal, maintaining a consistent level of
noise across all time values is more effective when performing the Fourier transform.
This consistency ensures that, after normalisation, the Fourier transform removes
any constant damping factors in a given observable (see Section 3.6.3). For this

reason, we opted for the fixed Trotter steps approach.

3.4 Quantum circuit implementation

The encoding of fermions to qubits has an impact on the resources needed for
the simulation. In this work, we use the Jordan-Wigner (JW) encoding, which
maps every fermionic mode labelled by a site and spin index to one qubit. In this

encoding, the creation and annihilation operators become [136, 138]:

X; +1Y;

CZ'—>Z()...ZZ‘—;_Z,
. (3.13)

X, =i,

CI%ZOZzTZ,

where the index ¢ = 0, ...,2L — 1 now includes both the site and the spin degree of
freedom. The hopping term between qubits ¢ and j (with i < j) and on-site

repulsion thus become

1
clej + cle; — S(XiX; + YY) Zir . 2, .
o 1 (3.14)
ninj = c/c;cicj — Z(I — 7)1 - Z;).
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Figure 3.4: Complete circuit for a fermionic system of size L = 3. Note the
fermion-to-qubit ordering is changed after the initialisation with the Givens rotations. We
first encode all the spin up modes in the first L qubits and the spin down modes in the
last L qubits. We then move the qubits around with FSWAP gates (represented as swap
gates in red) to encode every pair of modes (i,1) and (4, ) next to each other. After this
reordering, the quench operator Qj is applied to the two central qubits, corresponding to
the spin up and down modes of fermion at ¢ = | L/2] site. The time-evolution operator
is implemented using a first-order Trotter formula, consisting of even and odd hopping,
and on-site interaction terms. Note that due to the (up, down)(up, down) JW ordering,
implementing each hopping layers requires 3 layers of FSWAP gates per Trotter step.
In the figure, only one Trotter step is shown. Finally, the unitary Bxy diagonalizing
the spin operator Sf is applied to each pair of qubits, which are then measured in the
computational basis.

HEVREVEI[E

A common choice to minimise the weight of the Pauli operators corresponding
to the hopping term of a fermionic Hamiltonian is to assign the first L values to
the modes with spin up and the last L to the modes with spin down. In what
follows, we will refer to this configuration as (all up)(all down). As we will show
below, this may not be the optimal choice.

As stated above, our simulation proceeds by the following steps. We start in
the ground state of the free-fermion model Hy (i.e., Equation (3.10) when U = 0)
for a given electronic occupation N, which can be prepared efficiently [133, 172].
As we discuss below, such a state can be prepared with a sequence of Givens
rotations acting on pairs of adjacent modes of the same spin sector [133]. A Givens
rotation is a general rotation operation in the two-dimensional complex subspace.
It is composed by a f-rotation to change the amplitude, and a ¢-phase operator.
However, since we are dealing with real Slater determinants due to the time-reversal

symmetry of the Hamiltonian, we can set ¢ = 0. The rotation matrix for two
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adjacent modes labelled 1 and 2 is then given by

1 0 0 0
|0 cosg —sin% 0 | _ i9x1va-viXa)
Go) = 0 sin? cos? 0 e '
0 0 0 -1

The operation above can be implemented on two qubits by the rotation
G(0) = e "7 N(0/2,0,0/2)e'5 %, (3.15)

with N(a, ,7) := el@X1XetfN¥etyZ12%2)  For 3 = 0, the two-qubit gate N (o, 3,7)
can be implemented using two CNOTs as [173, 174]

—] — R.(—2a)
N(a,0,7) =

a
A\

fan)
A\

Because the layers of Givens rotations are implemented to each spin sector
independently, for this step it is convenient to map the spin up sector to the first
L qubits of the JW encoding and the spin down sector to the remaining qubits,
i.e., choosing the (all up)(all down) ordering.

Next, we need to find an implementation of the quench operator defined in
Equation (3.11) and applied to the central site. The weight of this operator in
the JW encoding can be very sensitive to the specific ordering we choose for the
fermionic modes. Since we have chosen to start with an (all up)(all down) convention
(which is convenient to minimise the depth of the Givens rotations circuit), the
two qubits representing the spin up and down modes of the fermion at j = |L/2]|
are not next to each other. In this case, the quench operator would have weight
k = L + 1 and would require a decomposition into 2[log,(k)] — 1 two-qubit gates
to be implemented [175]. Moreover, while the weight of the encoded on-site term of
Hyy is not affected by the JW ordering (see Equation (3.14)), it is important to
keep in mind that in order to implement such interactions in a quantum computer
with local connectivity, such as the IBM device we employ in this work, the qubits
involved should be physically close to each other. In general, this is difficult to
achieve using the (all up)(all down) JW ordering. To address both the issues, we
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can rearrange the qubits to the configuration (up, down)(up, down), where the spin
up and spin down modes of each site ¢ are represented by consecutive qubits in the
JW encoding. We also establish that this is the most resource-efficient ordering
for our time-dynamics simulation (see Appendix 3.A for other possible orderings).
To switch from the (all up)(all down) to the (up, down)(up, down) ordering, we
introduce a fermionic SWAP (FSWAP) network layer after the Givens rotations
which rearranges the initial JW ordering such that the modes (7,7) and (i, ) are next
to each other [176]. Using IBM’s native gate set, each FSWAP can be decomposed as

4+

FSWAP =

Fan)
V

fan)
A\

[

After applying the FSWAP network, the quench operator is local in the (up,

down)(up, down) JW encoding and can be implemented in terms of qubit gates as

Qj = e%(XijJrIJFYij+1), (3.16)

for # = w/4 and j = |L/2]. This unitary operator can be implemented on a
quantum computer in the same way as the time-evolution operator of the hopping
term of the Hamiltonian, Hy5(0) := e (X1 XetiY2) — N(—6/2,0,—0/2) that, as
discussed above, can be done using 2 CNOT gates.

To implement the product formula of Equation (3.12), we note that the even
and odd hopping terms of the Hamiltonian Hy in Equation (3.10), H"*® and HZ
(defined by constraining the summation over sites in Equation (3.10) to even and
odd values of i, respectively), act on adjacent fermionic modes with the same
spin, which, in our (up, down)(up, down) JW ordering, are represented by qubits
that are one qubit apart. Consequently, we need an additional layer of FSWAPS
both before and after each H(f). On another hand, the time-evolution operator
associated with the on-site interaction part of the Hamiltonian, H;,, which act

between two qubits representing the two spin modes of the same fermion site, can
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be implemented with the onsite gate O(¢),

—O0@)— —e?—

which in terms of CNOT gates becomes

&— R.(-2) —— R.(%) —

Following the Trotter decomposition in Equation (3.12), we repeat the application
of the even and odd hopping terms, and the onsite term, Nryyoier times.

After the Trotterized time evolution, we need to make the necessary measure-
ments on the time-evolved state to infer the quantities of interest. The observable
(S7) = $ (XX, + Yi;Yi,) needs to be measured for each pair of fermionic modes
(7,7) and (i,)). Here, X,, and Y, denote Pauli operators acting on the qubit
encoding the fermionic mode (7,0). Recalling that these modes are next to each
other in the (up, down)(up, down) JW ordering of the qubits, we can apply the
following unitary before the measurement [136]

| _ —0—@—0—

BXY = )

N anY
I — € U

which can be implemented with 3 CNOT gates and diagonalizes S as [01) (01| —
10 (10|, allowing us to compute the expectation value of S¥ from the mea-
surement results.

Importantly, measuring the two-point correlators (X; X; 1 + Y;Yi;1) using the
above change of basis allows us to exploit the particle number conservation of
the Fermi-Hubbard Hamiltonian for post-selection as a simple error mitigation
technique [138]. In particular, since in experiments on real quantum hardware we
run many shots of the same circuit, we can retain only those bit strings containing
the correct number of fermions, providing an effective way to filter out noisy shots.

In Figure 3.4, we show a simple circuit with all the components discussed

in this section.
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3.5 Approximate free-fermion initial state prepa-
ration

In the previous sections, we initialised the quench spectroscopy protocol to the
free-fermion model ground state, as it provides a hardware-compatible alternative
to the Fermi-Hubbard ground state for the circuit ansatz. However, the circuit
to prepare the free-fermion ground state exactly with Givens rotations requires
O(L?) gates at depth O(L) [133]. In practical implementations, this depletes a
significant amount of quantum resources. We propose here the Dense Givens
Approximate state preparation scheme which is a simple, alternative approach that
reduces quantum resource requirements while maintaining the quench spectroscopy
algorithm’s performance. Here, the free-fermion ground state is approximated with
Niayers layers of Givens rotations. Each layer is maximally dense in Givens gates
whereby every qubit is connected to its two nearest physical neighbours. Note
that each layer has constant depth with respect to the system size. A schematic
of such a single layer is shown in Figure 3.5 for a single spin sector with L = 6
at half-filling. The Givens angles are obtained by using the Variational Quantum
Eigensolver (VQE) algorithm [139, 166, 177, 178] either by minimising the energy
with respect to the free-fermion Hamiltonian or by maximising the overlap fidelity
with the exact free-fermion ground state. For a desired occupation N., the fermions
are initially maximally spread across both sectors, and this choice intuitively comes

from the fact that the true ground state is homogeneous in particle density.

3.5.1 Practical implementation

The advantage of using the DGA scheme is that we can calibrate the number of
Givens rotation layers included in the approximation. Regardless of system size,
each layer adds a fixed two-qubit depth of eight. Naturally, adding more layers
improves fidelity, but our simulations show that for the system sizes considered in
this work, no more than three layers are needed to achieve a SSIM > 0.9 when
comparing the resulting spectrum to the exact one. This is shown in Figure 3.6,

where we compare the dynamics of (S§7(t)) and the QSF obtained starting the
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Figure 3.5: Approximate free-fermion initial state preparation for a Fermi-
Hubbard model with L =6 in a single spin sector at half filling (N, = 3) with
a single layer of the DGA state preparation scheme. The gates G(6;) are Givens
rotations whose angles are optimised via VQE.

quench protocol from the free-fermion ground state (panels (a) and (e)), with the
ones obtained using a DGA approximate state with nj,yes = 2 (panels (b) and
(f)) and njagers = 3 (panels (c) and (d)). This allows us to significantly reduce
the depth of the circuit without compromising the final outcome of the protocol,
making the DGA state an efficient choice.

To evaluate the quality of the initial state approximation, we also examine
the fidelity Fpga = | (¥paa|trr) |* between the approximate DGA state, [t)paa),
and the free-fermion ground state |ipp), across different system sizes. As can be
seen in Figure 3.6 (d), the fidelity for a given number of layers nijyers decreases
with increasing system size.

We observe a clear correlation between the fidelity of the initial state and the
SSIM of the resulting spectrum obtained at the end of the quench protocol: the better
the initial state approximation, the closer the resulting spectrum is to the exact one.

As a result of the observations above, the number of layers required to maintain
fidelity at an acceptable level increases with system size. However, this increase in
circuit depth is significantly smaller compared to the growth that would result from
using the full Givens rotation layers required for the exact free-fermion ground state

preparation. For these reasons, we conclude that the DGA approximation of the
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Figure 3.6: Trotterised time evolution with Nryotter = b Trotter steps of the
Fermi-Hubbard model with L = 15, U = 3 and n. = 2/3, using the DGA
approximation of the free-fermion ground state as the initial state. Top: time
dynamics starting with the (a) free-fermion ground state and DGA free-fermion state
with (b) two and (c) three layers. Bottom: QSFs corresponding to panels (a-c) obtained
after a space-time Fourier transform. In the last column, the fidelity of the approximate
DGA free-fermion state with respect to the exact free-fermion ground state is shown
for different number of DGA layers, njayers- The fidelity is shown as a function of (d)
the system size for a fermion filling fraction close to n. = 2/3 and (f) the electronic
occupation N, for a fixed system size L = 15. Data in panels (a-c) and (e-g) have been
obtained by an exact simulation of the quantum circuits with 4096 shots. Errors in the
SSIM are computed using the bootstrap technique with 10* instances [179)].

free-fermion ground state serves as an effective initial state for our protocol, as it
enables good (and, in some cases, better) results while requiring shallower circuits.

In Section 3.3 we have discussed how it is possible to retrieve a good approxi-
mation of the spin excitation spectrum of the 1D Fermi-Hubbard model using the
unitary quench spectroscopy protocol by replacing the ground state of the Fermi-
Hubbard model with the one of the corresponding free-fermion model. In this section,
we have introduced the DGA scheme to prepare a high-fidelity approximation of
the latter, allowing us to allocate the majority of the quantum resources to the
time-evolution part of the protocol. It is important to note that, in principle, the
state preparation part of the quantum circuit can be replaced by a VQE ansatz to
directly prepare an approximation of the ground state of the Fermi-Hubbard model.

This would make the initial state preparation a controlled approximation: as the
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number of VQE layers increases, the variational state is expected to converge to the
real ground state [136, 177, 178]. However, this approach would push the required
resources beyond the capabilities of current hardware. For example, implementing
the VQE algorithm to prepare the ground state of the Fermi-Hubbard model within
the framework of the Hamiltonian Variational Ansatz (HVA) requires initialising the
variational ansatz to the ground state of the corresponding free-fermion model [132,
136, 138]. Therefore, in the next generation of NISQ devices, one can consider
adding a few layers of the HVA after the DGA part of the circuit. We expect that

that this will improve the efficacy of our algorithm in the strongly interacting regime.

3.6 Results
3.6.1 Simulations with different protocols

In this section, we begin by presenting a comprehensive analysis of the two-spinon
spectrum for the 1D Fermi-Hubbard model obtained with different approaches and
on-site interaction strengths. The results are shown in Figure 3.7. Here, the first
row shows the QSF obtained starting the quench spectroscopy protocol from the
ground state of the Fermi-Hubbard model, |¥), as given by Equation (3.9). As
discussed in Section 3.3, one possibility to reduce the resources to implement the
protocol on a real quantum device is to apply the quench to the ground state of
the free-fermion model, |pr), in order to save computational resources for the
time-dynamics simulation. As discussed there, we expect this protocol to give a good
approximation of the system’s excitation spectrum if only a single spin excitation
(i.e., a single pair of spinons) is present in the quenched state, which occurs for
small values of U (see Figure 3.2 (a)). By comparing the first and second rows in
Figure 3.7, we can see that the QSF computed using the Fermi-Hubbard ground
state and the one obtained by applying the quench to the free-fermion ground state
are in excellent agreement for U < 4. Remarkably, the agreement between the two
QSFs remains good even for larger value of U, where all the main features of the
dynamical spin structure factor are still visible in the approximate QSF (such as the

softening of the spin excitations for large U and the cusp with w — 0 for k — £2kp).
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In particular, we notice that the main discrepancies arise for k — +2kpr. This is
expected since for these values of k spin excitations become gapless and many pairs
of spinons with k ~ +2kr can potentially be excited with a vanishing amount of
energy, leading to a breakdown of the quench spectroscopy protocol.

As discussed above, we can use the DGA state as an alternative to the free-
fermion ground state to further reduce circuit depth and number of two-qubit gates,
making it more suitable for near-term hardware implementations. As long as the
fidelity of the DGA state, |#)pga), with respect to the free-fermion ground state is
sufficiently high, the QSF computed using the DGA state captures all the key spectral
features of the spin excitation spectrum with an accuracy comparable with the QSF
obtained using the free-fermion ground state for U < 6. Note that in panels (k)-(t)
of Figure 3.7 we also incorporate the effects of Trotterization, which are the major
responsible for the loss of quality of the approximate QSF for larger values of U.

Finally, the last row of Figure 3.7 shows the QSF computed using the DGA
initial state and the parameters that we used in our experiments on IBM hardware,
described in Section 3.6.3 below. Here, in order to reduce circuit depth and two-
qubit gate counts, we run simulations up to 7' = 3 using six Trotter steps. These
parameters are sufficient to recover a satisfactory spin excitation spectrum for
U = 3 (see Figure 3.8). On the other hand, to access larger values of U more
Trotter steps and a longer time evolution are needed. These observations emphasise
the balance required between initial DGA state fidelity, circuit depth and two-
qubit gate counts, and time-evolution accuracy to optimise the performance of

the unitary quench protocol.

3.6.2 Resource estimation

Following the gate decomposition and circuit ansatz described in Section 3.4, we
can determine the gate count and circuit depth. These metrics depend on the
chosen qubit ordering. For example, operations like the quench must be applied
to adjacent qubits to avoid handling the JW string. Therefore, if the selected
ordering places modes (|L/2],71) and (|L/2],]) on distant qubits, as in the (all
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Figure 3.7: QSFs for various protocols and values of U. Panels (a)-(e) display
the QSF obtained by applying the unitary quench spectroscopy protocol to the ground
state of the 1D Fermi-Hubbard model, (f)-(j) show results for a quench from the free-
fermion model ground state, and (k)-(o) correspond to a quench from the DGA state with
Niayers = 3 using a Trotterized dynamics with Nryotter = 10 Trotter steps. All results in
(a)-(t) are obtained by taking the absolute value of the normalized Fourier transform of
(8= (t)) after a total evolution time T =5 on a system with L = 15. The final row (p)-(t)
shows the QSF obtained using the DGA approximate state, using T' = 3, njayers = 3
DGA layers, and Nryotter = 6 Trotter steps, matching the settings used for hardware
results discussed in Section 3.6.3. In all panels, the red dots denote the maximum of the
QSF for each value of k. Data in panels (a)-(j) have been obtained using the TDVP
algorithm with maximum bond dimension x = 128. Data in panels (k)-(t) are obtained
by simulation of the quantum circuit with 4096 shots.

up)(all down) encoding we discussed in Section 3.4, we need to introduce a layer
of FSWAPs to bring them together, which increases both gate count and circuit
depth. Specifically, each FSWAP layer adds a factor of O(L) to the depth.

As discussed, due to the constraints and characteristics of the IBM hardware,
we prioritise the (up, down)(up, down) ordering shown in Figure 3.4 to perform
the quench, the time evolution, and the measurement part of the unitary quench
spectroscopy protocol. However, we start from the (all up)(all down) ordering in
which the initialisation part of the circuit becomes straightforward, as the Givens
rotations are applied in independent layers to the spin-up and spin-down sectors.

Specifically, for the initialisation to the free-fermion ground state, |ipr), we have
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Ng = (L— N./2)N, gates [133]. This number is maximised at L?/2 in the half-filled
case, where N, = L. We use this maximum to establish an upper bound on the gate
count for any initial state. This gate block consists of L — 1 layers of Givens gates,
and since each Givens rotation can be implemented with a depth of 2 two-qubit
gates, this section of the circuit has a total depth of 2(L — 1). As discussed above,
we can instead use a npyers DGA approximation of the free-fermion ground state
that brings the depth of this part of the circuit down to 4njayers. We connect every
pair of fermions in every Givens layer (as in Figure 3.5) so the total number of
two-qubit gates in this case is 2(L — 1)njayers-

We then require an FSWAP layer consisting of (L? — L)/2 gates and a two-qubit
gate depth of 2(L — 1) to rearrange the qubits into the (up, down)(up, down)
ordering. The subsequent quench operator adds only a two-qubit gate depth factor
of two. Likewise, each Hamiltonian evolution gate has a depth of two. Each Trotter
step consists of three layers (even and odd hopping, and on-site interaction terms)
that can be implemented simultaneously. Taking into account the FSWAPs applied
before and after the each hopping term, the total two-qubit gate depth for the
time evolution part amounts to 12 Ntyotter-

Finally, the unitary operator Bxy, which diagonalises the spin operator S’f , 1S
applied to each pair of qubits. As Bxy can be implemented with three CNOT
gates, this final layer contributes a constant two-qubit gate depth of 3 and a
total of 3L two-qubit gates.

The advantage of the (up, down)(up, down) encoding is that it eliminates the
need to rearrange the qubits before measurement, as all modes associated with the
same fermionic sites are already paired adjacently. Additionally, in this scheme, the
on-site interaction gates are applied locally, meaning no additional CNOT layers are
required when compiling to a real device with local connectivity. Consequently, the
total circuit depth sums to 2L 412 Nyotter +4Nayers +3, and the number of two-qubit
gates is L? + L(10Nqyotter + 2nayers + 2) + (2 — 8 Ntvotter — 2Mayers)- Alternatively,
the gate count and depth of the (all up)(all down) encoding are presented in

Appendix 3.A, where they are found to be larger and therefore less resource-efficient.
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3.6.3 Quantum hardware results

In this section, we present the spin excitation spectrum of the 1D Fermi-Hubbard
model obtained using the unitary quench spectroscopy algorithm on IBM quantum
hardware. The circuit in Figure 3.4 is implemented starting from the approximate
free-fermion state obtained via the DGA scheme described in Section 3.5, with
Nayers = 2 for L € {9,11,13}, and njayers = 3 for L = 15. The number of layers
for the DGA scheme is chosen to ensure that the fidelity between the DGA and
the free-fermion ground state is close to a threshold of 0.9 (see Table 2 for details).
Interestingly, for certain system sizes, we find that even when the fidelity falls below
this threshold, the spectrum is still recoverable, yielding excellent results. Although
some spectral features may appear weaker when using a shallower DGA ansatz
with lower fidelity, they can often be enhanced by increasing the number of Trotter
steps as discussed in Section 3.6.1. After initialisation, we apply the FSWAP layer,
the quench operator, the Trotterized time evolution, and finally we measure in the
XX +YY basis, enabling particle number post-processing (see Section 3.4). In
order to mitigate noise in the quantum simulations, we employ techniques such
as an X X dynamical decoupling sequence [180, 181], and Pauli twirling on two-
qubit gates and measurements [117] as implemented in the Qiskit SDK [182]. In
particular, we expect the synergy between the quench spectroscopy protocol and
Pauli twirling to make the algorithm very robust to noise. Pauli twirling converts
coherent noise into Pauli noise [117, 183] which effectively acts on single-site Pauli
operators F; as a depolarising channel, (F;()),;, = [1 — pi(?)] (Fi(t)), with p;(t) a
time-dependent error rate. If we assume that p;(¢) = p, Vi, t, then the noisy space-
time signal retrieved from a quench experiment will be (gx(t))noisy ~ (1—p) (S=(t)),
since (S7(t)) consists of single-site Pauli operators. Since the QSF is normalised
so that the maximum of its absolute value is one, the constant damping factor
(1 — p) does not affect its features, regardless of the damping of the space-time
signal. To ensure that p;(t) is as constant as possible for the different values of

t, in this work we use the same number of Trotter steps V¢ € [0,7]. On the
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Figure 3.8: Simulation and hardware results from quench spectroscopy
simulations of the 1D Fermi-Hubbard model for system sizes L =9,11,13,15.
The circuit details and the parameters used in these experiments are reported in Table 1
and Table 2, respectively. a-d Spectra from noiseless simulations of the quantum circuits.
e-h Spectra from experiments. All the circuits are executed on the IBMQ device ibm_ fez
using a total of 108 shots and 8 Pauli twirling randomizations per circuit. i-1 Histograms
showing the distribution of counts across different fermion numbers at the end of the
computation for the same system sizes, with the initial fermion count N, highlighted
in orange. In panels (a-h), the theoretical position of the cusp of the spin excitation
spectrum at 2krp = +7n. is marked by a dashed line, while the red dots denote the
maximum of the QSF for each value of k. In panels (e-h) errors on the SSIM have been
computer using the bootstrap technique over 10* instances [179].

other hand, thanks to Pauli twirling, we expect p;(t) to be homogeneous on all
qubits to a good degree of approximation.

Figure 3.8 shows the results obtained from implementing the unitary quench
spectroscopy circuit on the IBM quantum processor ibm_ fez. The recovered spectra
are in excellent agreement with the theoretical predictions for all the system sizes we
considered, ranging from L =9 (with 18 qubits) to L = 15 (with 30 qubits). As the
system size L increases, errors in the computation due to hardware noise become
more apparent. As observed in the particle number histograms in panels (i-1),

computational errors can cause the inclusion of spectral signals from unintended
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SSIM exact: 0.64+0.02

SSIM circuit: 0.84+0.02
1

Figure 3.9: Hardware results without post-selection. Quench spectroscopy
simulations of the 1D Fermi-Hubbard model are presented for system sizes L = 9,11, 13,15
(from left to right). The circuit details and parameters are the same as in Figure 3.8 and
reported in Tables 1 and 2.

particle number sectors, potentially interfering with the reconstruction of the spin
excitation spectrum. The distribution of counts in the histograms is compatible
with noise driving the system to a maximally mixed state, where the bit strings
distribute as a Gaussian around half filling N, = L. On the other hand, readout
errors on short circuits, where the system state does not become fully mixed, could
explain the skewness of the distribution. In this work we exploit the particle number
conservation of the Fermi-Hubbard model to post-select only those bit strings
containing the correct number of fermions (see the orange bars in the histograms
in Figure 3.8 (i-1)). This results in an overall improvement of the quality of the
reconstructed spectra. However, we also note that the protocol has some intrinsic
resilience to bit-flip errors, which are the main responsible for the change in fermionic
particle numbers. As an example, in Figure 3.9 we show the hardware results of
panels (e-h) in Figure 3.8 with-out particle number post-selection. Intuitively, a bit-
flip error channel acting on the time-evolved density matrix induces a multiplicative
error in the QSF, which leaves its structure unaffected once normalised — analogous
to the behaviour observed earlier for Pauli twirling and the depolarising channel.
This fact makes this approach suitable even for trapped ions and neutral-atom
architectures, where collecting a large number of samples is often impractical due
to their inherently slower operation speed [140)].

Due to the nature of the noise and the small depth of the circuit, we expect
errors in the signal (S7(t)) to be localised in space and time. In this case, they

would mainly affect the short-wavelength /high-energy region of the spectrum, as can
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L N Depth Gates

9 18 89 043
11 22 105 797
13 26 109 977
15 30 117 1193

Table 1: Number of qubits, two-qubit depth and total number of two-qubit gates for the
experiments shown in Figure 3.8.

L T Ne nlayers FDGA N’I‘rotter
9 3 6 2 0.93 5
11 3 6 2 0.90 6
13 35 6 2 0.88 6
15 3 10 3 0.95 6

Table 2: System size L, maximum evolution time 7', fermion occupation number N,
number of Trotter steps Nryotter, nUmMber of DGA layers njayers, and fidelity between the
approximate DGA state and the free-fermion ground state for the experiments shown in
Figure 3.8.

be seen, for instance, from the vertical stripes at large momenta k ~ £ on the sides
of the L = 13 and L = 15 spectra in panels (g) and (h) of Figure 3.8, respectively.
Despite this, we can successfully recover the main features of the spin excitation
spectrum, such as correctly identifying the cusp for £ = +2kr and locating the
maximum of the (absolute value of the) QSF as a function of k. In addition to the
long-wavelength /high-energy noise, we also note some discrepancies in the position
of the maximum of the QSF in the recovered spectra for k ~ +2kp. In particular,
see the case with L =9 in panels (a) and (e) in Figure 3.8. These can be explained
by noting that even in the simulated results in panels (a-d) the QSF for k ~ +2kp
is spread over a large window of energy values. Therefore, we expect the position of
the maximum of the QSF to be sensitive to small fluctuations in the space-time
signal. Moreover, as discussed at the beginning of Section 3.6, in this region the spin
excitations are almost gapless and deviations from the two-spinon continuum are
more likely due to the presence of a potentially larger number of spin excitations.

Note that for the simulation with L = 13 we choose a smaller occupation number

N, because due to the limited momentum resolution even the spectrum obtained
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from a noiseless simulation does not match the one obtained from the corresponding
TDVP simulation. We expect this issue to become negligible for large system sizes.
On the other hand, we take advantage of this change in occupation number to
show how the protocol is capable of correctly capturing the softening of the spin

excitations at lower densities even when it is executed on quantum hardware.

3.7 Discussion

In this chapter, we introduced the unitary quench spectroscopy protocol which
allowed us to obtain the spectral properties of the spin excitations of a 1D Fermi-
Hubbard model from a digital quantum processor, without resorting to auxiliary
qubits or extra measurements. We exploited the intrinsic robustness of the protocol
to perturbations to the initial state to significantly reduce the resources required to
prepare the initial state. This has been achieved by introducing the DGA scheme to
prepare a high-fidelity approximation of a free-fermion ground state using a shallow
circuit with depth independent of the system’s size. Crucially, this allowed us to
save the majority of the resources for the time-dynamics simulations.

Since spectral properties of quasiparticle excitations are encoded into the peaks
of the corresponding retarded Green’s function, dynamical structure factor, or
quench spectral function, they can be extracted from normalized signals. This
makes it possible to effectively mitigate the effects of global depolarizing noise. In
this context, we demonstrated that the unitary quench spectroscopy protocol is
extremely effective when combined with simple noise-tailoring techniques, such as
Pauli twirling, which turns an unknown noise channel into a Pauli channel. All of
this, combined with a careful choice of the Jordan-Wigner ordering of the fermionic
modes, allowed us to extract useful information about the spin excitation spectra of
large instances of the 1D Fermi-Hubbard model [135, 138, 140, 142]. Moreover, the
two-qubit gate depth and count of the circuits we considered are not far from state-of-
the-art experiments implementing sophisticated error mitigation techniques [19, 184].
We have therefore established that even in the presence of noise, useful spectroscopic

information of fermionic systems can be extracted from noisy quantum devices.



92



Appendices

3.A (all up)(all down) JW ordering

In the main text, we employ the (up, down)(up, down) JW ordering to encode
fermionic modes into qubits. However, alternative encodings may be more efficient
depending on the hardware. For example, the (all up, all down) encoding can be
utilised not only during initialization (as discussed in Section 3.4 and shown in
Figure 3.4) but throughout the entire computation. In this scheme, all fermionic
modes with spin up are encoded in the first L qubits, while the spin down modes

are encoded in the remaining qubits.

01—} G H(t] B
Lt 1) N — (tJ) N Xy
G(02) Q H(tJ)

. ‘ -
0L —{x o] R A

X g H(t) — L
1) — T 19]
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Figure 3.A.1: Complete ansatz circuit for a fermionic system of size L = 3 in the (all
up)(all down) JW ordering, where we use we encode all the spin up modes in the first L
qubits and the spin down modes in the last L.

Here, the initialisation part of the circuit is straightforward because the Givens
rotations are applied in layers independently to the spin up and spin down sector.
This part of the circuit can be implemented with L — 1 layers of Givens gates.
Since every Givens rotation can be implemented with depth 2, this part of the
circuit has two-qubit gate depth 2(L — 1).

After that, we need a FSWAP layer to bring the modes (| L/2],1) and (| L/2],])

next to each other (both in the JW encoding and in the hardware) to implement

93



94 3.A. (all up)(all down) JW ordering

the quench operator. Then, the FSWAP layer is applied again to go back to the
original ordering. Every FSWAP layer contains L — 1 FSWAPs. If we assume
that the FSWAP gate and QLL/QJ = H(mw/2) can be implemented with two-qubit
gate depth 2, then the part of the circuit used to implement the quench will have
two-qubit gate depth 4(L — 1) +2 = 4L — 2.

Similarly, assuming all-to-all connectivity, every term of the Trotterized time
evolution has two-qubit gate depth 2. Each Trotter step consists of three layers
(odd hoppings, even hoppings, and on-site interactions) that can be implemented
simultaneously. Therefore, the circuit for a time evolution implemented using
a first-order Trotter formula with Nyyoer Trotter steps has overall two-qubit
gate depth 6Nryotter-

Finally, we need an extra FSWAP layer (this time consisting of (L? — L)/2
FSWAP gates, but still with two-qubit gate depth 2(L — 1)) to reorder the qubits
so that all pairs of qubits corresponding to fermionic modes on a given site ¢ and
opposite spin are next to each other. We then measure all of them in the (X X +YY)-
basis by applying the unitary Bxy to each pair of qubits. This is implemented
with constant two-qubit gate depth 3 and total number of two-qubit gates 3L. The
total two-qubit gate depth of the ansatz circuit will then be 8L + 6 Nyyotter — 3-
The total circuit is shown in Figure 3.A.1.

Alternatively, we can leave out the last FSWAP layer at the price of increasing
the number of circuits we need to run. That is, for every observable S;T"’ with
i €{0,...,L — 1}, we can consider a circuit where we measure the high-weight
Pauli strings (X;Z;41 ... Ziyr1Xirrp) and (Y;Z;q ... Ziip1Yiyr), and add them
together. Note that this strings arise as a consequence of JW encoding when two
fermionic modes are not adjacent to each other. In this case, the depth will be
6L + 6 Nyorter — 4 instead. However, the sampling overhead for this approach grows
with the system size and the expectation values (S’f ) are more sensitive to noise.
Moreover, since in this case one has to measure the two parts of (S?) independently,
post-selection on fermionic occupation number is not possible. For all these reasons,

we have not considered this approach in this work.
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Note that, using the DGA scheme to prepare an approximate free-fermion ground
state, the overall two-qubit gate depths become 4nj,yers + 6L 4 6 Nyorer — 1 and
4niagers + 4L 4 6 Nyoter — 2 with and without the last FSWAP layer, respectively.

Comparing these resource requirements with the one discussed in Section 3.4,
we can see that the (all up)(all down) encoding is more efficient in the presence of
small system size and large number of Trotter steps. For the values of L and Nyyoter
considered in this work (see Table 2), we have found that the (up, down)(up, down)
JW ordering is always the most convenient. Moreover, one has to keep in mind
that in order to implement the time-evolution operator associated with H;,; on a
device with local connectivity, as the one we consider in this work, the interacting
qubits must be physically close to each other. In the (all up)(all down) encoding,
this requires additional SWAP gates. On the other hand, the implementation in

the (up, down)(up, down) encoding is straightforward.



96



Quantum simulation of open system
dynamics

In this chapter, we investigate the computational complexity of simulating open
quantum systems, with a focus on two physically-relevant parameters, correlation
length and mixing time, and explore whether it can be comparable (or even
lower) to that of simulating their closed counterparts. Our results suggest that
dissipation reduces complexity, making open quantum systems easier to simulate
at long times. Moreover, we examine the classical complexity for tensor network
simulations of the open system and compare it with the required quantum resources
within the Lindbladian formalism. We observe numerically that in classical tensor
network simulations, classical complexity does not decrease with stronger dissipation,
revealing a separation between quantum and classical resource scaling.

This chapter is based on a publication in collaboration with Alexander Yosifov,
and Jinzhao Sun [185]. The author of this thesis contributed to formulating
the central idea and framework, developed all computational code, performed all
numerical simulations, and wrote the manuscript with contributions from A.Y.
and J.S. The author was also involved in the theoretical developments in Appendiz
4.B, while the derivation of the sampling complexity was carried out by J.S., with

input from the author.
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4.1 Introduction

In the previous part of this thesis, we focused on simulating the dynamics of
isolated quantum systems. Yet in reality, no system is truly closed: all quantum
systems inevitably interact with their surrounding environment [186, 187]. In this
final chapter, we therefore broaden our scope to study the resulting non-unitary
evolution, known as open quantum dynamics. Such dynamics have attracted
growing interest for their central role in modelling non-equilibrium processes across
a wide range of contexts, from biology [188, 189] and materials science [190], to
thermodynamics [191, 192] and quantum control [193, 194]. However, simulating
open quantum systems remains a significant challenge, as the coupling to an
environment induces non-unitary evolution governed by dissipative mechanisms
such as relaxation and thermalisation [195-198].

The most widely adopted methods for simulating open quantum systems
(OQS) rely on dilation techniques, such as Stinespring dilation [54, 199] and
purification methods [200]. These techniques generally recast the non-unitary
dynamics of an OQS into a unitary evolution within an enlarged Hilbert space that
explicitly includes the environment. By subsequently tracing out the environmental
degrees of freedom, one recovers the original non-unitary dynamics of the reduced
system. Such approaches have significantly advanced algorithmic design for OQS,
enabling simulations of noisy quantum channels [201] and facilitating ancilla-based
implementations on contemporary noisy quantum hardware [202|. However, dilation-
based methods can mask the intrinsic complexity of the reduced system’s evolution,
making it challenging to clearly differentiate inherent complexity from artifacts
introduced by the dilation process itself.

Recent research has also explored how dissipation impacts the complexity of OQS
dynamics. While dissipation typically leads to coherence loss and the suppression
of entanglement [203-206], it has been observed to increase complexity in certain
scenarios. Prosen and Pizorn [207], for example, identified that OQS interacting with
Markovian environments far from equilibrium can exhibit quantum phase transitions

which lead to extensive correlations in the non-equilibrium steady state, driving a
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linear increase in the operator-space entanglement entropy. Moreover, Aloisio et
al. [208] found that sampling from classical stochastic quantum processes involving
multiple time steps can match the computational complexity of sampling complex
quantum many-body states. Bhattacharjee et al. [209] further demonstrated that
dissipation’s effect on Krylov complexity in the SYK model involves a nuanced
interplay: an initial phase characterised by exponential complexity growth ultimately
transitions to a dissipative suppression phase, indicating significant intermediate
computational costs.

Thus, an essential open question is whether we can directly access and char-
acterise the intrinsic complexity of OQS dynamics and precisely determine how
dissipation contributes to complexity, using experimentally accessible and physically
meaningful parameters without relying on dilation-based techniques.

In this chapter, we address the issue of quantifying and understanding the
complexity of simulating OQS, focusing on physically meaningful parameters —
namely, the correlation length and mixing time — across both short- and long-time
regimes [210-213], as suggested in the context of quantum imaginary-time evolution
(QITE) algorithms [32]. We employ two complementary approaches: (1) classical
simulations using tensor networks (TNs), and (2) quantum simulations based on time-
dependent [214] and nonlinear Lindbladian master equations [215]. In the classical
case, complexity is quantified by the bond dimension and operator entanglement
entropy, which reflect the growth of correlations and the computational resources
required to efficiently represent system states. In the quantum context, we simulate
local spin observable evolution in dissipative spin chains, interpreting complexity
through the mixing time, defined as the duration for the OQS to reach a steady state
under specific simulation algorithms. This measure provides an upper bound for the
algorithmic complexity rather than directly characterising the inherent dynamics
of the system. We are particularly interested in how temporal computational
resources scale with respect to dissipation strength, temporal duration, and the

initial conditions of the system.
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We show both analytically and numerically that increasing dissipation reduces
the correlation length over time, indicating that OQS dynamics may be easier
to simulate at long times than the real-time evolution of Hamiltonian systems.
In stark contrast to the quantum case, we observe numerically that the classical
simulation complexity is not affected by the growth of dissipation. This suggests
the existence of regions, where quantum methods are advantageous over classical
techniques. Finally, we consider an extension to ground-state preparation under
time-dependent Lindbladians, where the jump operators are applied randomly
at different sites over time in contrast to the dissipative methods in Refs. [216,
217]. These results can help identify physically meaningful regimes where quantum

algorithms outperform classical methods in simulating OQS.

4.2 Methods
4.2.1 Formulation of open quantum dynamics

Many quantum processes can be captured by quantum Markov dynamics, where
the evolution is recast into a quantum dynamical semigroup that generalises the
Schrodinger equation. We consider a quantum system .S, described by Hamiltonian
H and density operator p, which are Hermitian in the operator space A(H) with
Hilbert space H; and suppose the evolution of S is monitored by a detector with
efficiency n € [0, 1], see Ref. [215]. The detector term is a new feature compared
to the Lindblad equations discussed earlier in this thesis. It introduces non-linear
behaviour, providing a more complete description of the open dynamics. The linear
form is recovered by setting n, = 0. Formally, the dynamics of S is governed by a

Lindblad master equation d;p = L[p]|, where the Lindbladian is given by
Llo] = —ilH, o] + N7, (4.1)

which consists of a unitary and dissipative components, denoted by —i[H, p]

and YN [p], respectively, and v € R* is the interaction strength which dictates
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the rate of dissipation. The detector efficiency implies a nonlinear term in the

Lindbladian. Explicitly

Nlpl = ay (—;{LLLk, p}+ (1 =) LupLf + i <LkLL>p P>7 (4.2)
!

where ||| = 1. The set of jump operators {L;} C A(H) describe the dissipation
in S, i.e., the decay of the off-diagonal terms of the positive semidefinite matrix p,
while {a;} € R are the corresponding decay coefficients; in the Markovian regime
ar > 0. Here, each term in Equation (4.1) is time-dependent and the coefficients
are omitted for notational simplicity. Unlike the linear case, this Lindbladian
can capture non-Hermitian dynamics and, from a computational perspective, its
formulation does not allow for straightforward vectorisation.

The nonlinear process can be described in several ways. One way is to formalise
it within a quantum instrument framework as p(t + dt) = E(p(t)), where £ =
> i &k denotes a family of dynamical maps [215]. Here, we consider an extended
Hilbert space S ® R, where R stores the classical record of the detector with
orthogonal labels {|0), |k, jp), |k, disc) }x, denoting the three possible outcomes at
step k: no jump, a detected jump, or a jump takes place but remains undetected,
respectively. Each of the three outcomes is associated with a corresponding operator

acting on S ® R. Specifically

1
Ko = 0)(0]z ® (]1 —iH 0t~ S Ll Ly 5t> ,
k

Kijp = |k, jp) (0lr @ \/ (1 — 1) 0t Ly, (4.3)
Ky gise = |k, disc)(0|p ® \/’m L.

It is easy to check that the reduced map on the system space A(ps) = Trr(>; K;(ps®
|O>(0|)K;) is CPTP up to first order of dt. Given S is in state p at time t, the

unnormalised post-selected state (labelled by r € {0} U {(k,jp)}) at t + ot is

p(t+6t) =p+ 5t( —i[H,p] +v)(1- nk)Dk[p]) +0(ot%),
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where Dy[p] = LipL} — %{LLL;C, p} is the dissipator. The corresponding success
probability is then preep = 1= Vak0t(LL L) +O(512). Normalising Equation (4.4)
yields the evolution given by Equation (4.2), where the last term is exactly the
nonlinear drift that appears solely due to the renormalisation after discarding
observed-click runs.

Another way to describe Equation (4.2) makes use of the fact that it admits
a natural interpretation in terms of quantum jumps [218-220]. We again use a
detector with efficiency 7, to monitor the occurrence of quantum jumps, where we
suppose that a fraction of the data (given by n;) is discarded as post-processing.
The role of 7, (and the post-selection) here is to interpolate the evolution between
the normal dissipative and non-Hermitian dynamics. Considering the normalisation,

L=m)0pk

a jump happens with probability (1—% o (1 —nx)dpg, whereas a “no jump” event

occurs with probability %

~ 1— (1 —1n)0pr. From here, it is easy to see that
this can be naturally described by a quantum jump process. A system S in pure
state |¢(t)) evolves for each small timestep 0t according to the stochastic dynamics:
with probability (1 —n;)dpk(t) the state jumps to Ly [¢(t)) /|| Lk [1(t)) ||, while with
probability 1 — (1 —1;)6px(£) it evolves to e~ 3ELER |y (£)) /|| e~ 3ERER3t 4 (1)) ||, where

Opr(t) = 6t Tr(LL Lyp). Tt was shown in Ref. [221] that this leads to Equation (4.2).

4.2.2 Simulating the open-system dynamics

Here, we present a stochastic Monte Carlo sampling method to simulate the
nonlinear, time-dependent stochastic Schrodinger equation in Equation (4.2), see,
e.g., Refs. [222-224]. We describe the algorithm below.

The jump time is computed classically based on the total jump probability
(related to ax and ng) using the sampling method in Ref. [225], where the key
task is to compute the probability that there will be no jump in a given time
period. The total jump probability in the short duration from t to t 4 07 is
Py(t) = 7>, (1 — mi)opr(t). Given the state undergoes a quantum jump at time ¢,
the probability that there will be no jump until ¢ + 07 is Q(t) = limg, o [1}/°7(1

t+7 N gt
P, (t +i0T)) = e Je Pt From this, we can compute the sequence of jump
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times t;, which in turn determines the ensemble of trajectories. In case there is no

jump in a given time period, the state continues to evolve under the effective operator

Ho=H+ % S (LhLx — (LLLY)) . (4.4)
k

where H is the Hamiltonian of S, and the subtraction of (L} L;) is due to the

L gt
normalisation after applying e~ 2LxExot,

This is the only part of the algorithm that
must be implemented on a quantum device. For each trajectory, we start from
an initial state |¢(0)) which we evolve under Equation (4.4) by using the QITE
algorithm [32] until the jump time ¢;. This process is repeated until the final
simulation time 7' is reached, generating a single trajectory. Observable quantities
are then estimated by averaging over many such trajectories. The complexity of
the simulation is mainly determined by the cost of simulating the non-Hermitian
operator H.g on a digital quantum computer.

Here, one can see that the vectorised Lindbladian in Ref. [56] takes a similar form
to Heg, which is divided into Hermitian and non-Hermitian parts. Quantum jumps
interrupt the dynamics only through interleaving with the jump operator Lj, which
has a singular value decomposition L = Uy DV} with unitaries U, and Vj, and a
diagonal operator Dy, = >, ax; |j) (j|. As shown in Ref. [225], the diagonal operator
can be realised by a nonunitary exponentiated operator that can be approximated
efficiently using the QITE algorithm as well. We remark that the average number of
jump events is O(yT Y ), which is linear in 7. For more information about this,
we again refer to Ref. [225]. The realisation of the jump integrates naturally with
the QITE framework. Therefore, in what follows, we primarily consider the cost
associated with simulating H.g¢ and consider a continuous evolution up to time 7.

To enable a fair comparison between open quantum system and unitary dynamics
later in Section 3.6, we introduce the operator Heg = Heg/||Hegl|, i.¢., a normalised
version of Equation (4.4). Explicitly, we divide Equation (4.4) into the Hermitian and
non-Hermitian part, Heg = A\ Hy — iAo Hy, where A2+ A3 = 1, and | Hy|| = || Ha| = 1.
By normalising the effective operator, the final time can be regarded as stretched

and we denote this rescaled final time by 7. Overall, the procedure involves
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decomposing H.g into Hy and H,, allowing the representation of the time-evolution
operator as a product of exponentials [1)(t)) = exp[—i(A Hit—iAaHot)] [1(0)). Using
Trotterization, the nonunitary dynamics is approximated by an alternating sequence
of unitary operations, generated by H;, and QITE-based steps that incorporate
the effects of Hy as |¢(t)) = [exp(—i\ H16t) exp(— o Ho6t)] 7% [1(0)) + O(T?/6t).
Here a first-order Trotter decomposition is applied as an example, while Kth-order
Trotter decomposition is used in deriving the analytical bound in Appendix 4.B.
The first part H; can be implemented on a quantum computer by applying standard
simulation techniques for Trotterization [50, 226]. In contrast, the nonunitary
component Hy cannot be directly realised on quantum hardware and is instead
simulated using QITE proposed in Ref. [32]. QITE-based simulations of dissipation
typically enlarge the effective support of the evolution operator, suggesting a higher
complexity compared to purely unitary dynamics. Still, this increase is not universal.
In the case of strong dissipation — where the dissipative term acts effectively like
a projector — the complexity is determined mainly by the projector’s support
and becomes independent of the total evolution time. Consequently, for a fixed
t, increasing ~ can, in fact, reduce the required support, and thereby lower the
QITE simulation complexity. Moreover, even for weaker dissipation, its effects
accumulate over time and can eventually dominate the dynamics, again leading
to reduced complexity. This supports our conjecture that there exists a timescale
beyond which the complexity of simulating open quantum systems is below that
of Hamiltonian systems. Yet, at very short times, the situation is more subtle:
the use of a unitary approximation to represent the nonunitary evolution can
temporarily increase the complexity.

Before continuing, we comment on another strategy for simulating the Lindbla-
dian master equation by density matrix vectorisation, where the density matrix is
mapped to a pure state in an extended Hilbert space [227]. The dynamics is then
simulated by applying the Lindbladian superoperator to this vectorised state [228].
As with the generalised evolution operator, the Lindbladian can also be decomposed

into normalised Hermitian and non-Hermitian parts. Our stochastic approach is
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different from the methods for open quantum systems proposed in Refs. [56, 229],
where the vectorised form of the system’s density matrix p is encoded in a larger
state vector. A key consequence is that they can only preserve Tr(p?), rather than
Tr(p). As a result, the observable expectation value is calculated by (O) / Tr(p),
with Tr(p) being measured at each timestep. Note that the complexity analysis of
the full evolution of the vectorised density matrix remains the same for the pure-state
evolution, as it adopts a similar form with unitary and nonunitary components.
In what follows, we assume the quantum device implements only the evolution
generated by H.g; however, the complexity analysis remains valid for the full
evolution of the vectorised density matrix. For further details about this approach,

see Appendix 4.A.

4.2.3 Physical measures of quantum algorithmic complexity

We now wish to analyse the quantum algorithmic complexity in terms of physically
interpretable quantities. It is well known that in the short-time regime, open quan-
tum systems exhibit growing spatial correlations due to information propagation,
which influences the computational resources required to simulate them [230, 231].!
For a quantum system S in state |¥), usually the following definition is adopted
(see Refs. [233, 234]): we say that |V,) exhibits {-exponential decay of correlations
if there exists a correlation length & > 0 such that for all pairs of disjoint regions
(A, B) with separation d(A, B) > ly, where [y € R7 is a fixed distance threshold,
and for all operators A € A(Ha), B € A(Hz), the bound

Cor(4, By < ||A||||B]| e ¢

holds. Here, £ corresponds to the slowest decaying correlation in S across all region

pairs and all times [235], and the correlation function reads

Cor(A, B) == (U,|A® B|¥,) — (U,|A @ I|¥, (T, [l ® B|T,),

n closed many-body systems, this growth is constrained by the Lieb-Robinson bounds [232].
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where for a pair (A, B) at distance d, one can always define a correlation length

Cap = —% < £ that satisfies the definition of correlation length for a

given choice of regions. This bound applies for a fixed state |¥y), i.e., fixed H.
In this work, we wish to establish a tighter bound that can track correlation decay

during the time evolution of S. Particularly, we consider a pair-specific, distance-

and time-dependent correlation length as a replacement of £. More formally, we

take C'4 5(t) to be the infimum over all such Cor(A, B)

Cap(t) =inf {C > 0:|Cor(4, B)| < |A|l|Bl|e~¢}, (4.5)

where C' controls how fast the correlations between A and B decay with d. From
all pair-specific correlation lengths, we can thereby recover £ as the worst-case
across all pairs of regions £(t) := sup, g CaB(1).

To define the average of Equation (4.5), let P; denote the set of all pairs of
regions (A, B) at distance d, then

—— 1
Cld,t):=—= Y. Cag(l). (4.6)
[Pl (A,B)EP,

From the concavity of the function f(z) = e~%* when x > d/2, and using Jensen’s

inequality, we find that Cor(d, t) < e~%4:5:|, _p_4 < e~ when min; C; > 1/2.

The average correlation length is introduced to capture the general case when Cy (%)
varies across different pairs of regions. The correlation length £(¢) captures the
worst-case behaviour, whereas the average behaviour is captured by C4 p(t) < £(2),
which gives a tighter bound for that pair as it is defined by the smallest value of C'
that satisfies the inequality in Equation (4.5). Physically, the decay of correlations
quantifies how rapidly local information is lost with distance under the system’s
dynamics. Fast correlation decay implies an effectively local description of the
state, whereas slow decay signals the build-up of long-range correlations, which is
known to significantly increase the difficulty of classical and quantum simulation.
In the context of our protocol, correlation lengths directly control the scaling of
the required resources, making them a natural quantity for characterising the

complexity of simulating open-system dynamics.
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These quantities will later be used to relate the error bounds and algorithmic
complexity. As we shall see later, the algorithmic complexity is mainly determined
by the average correlation length C. In Appendix 4.B, we detail its scaling, including
Trotter errors and the dependence of the total simulation error on C. In brief,
the sampling complexity of simulating the overall evolution for a total time T
can be expressed as the sum of the real- and imaginary-time contributions. For
the latter, the complexity scales polynomially with 7" and the inverse precision
¢!, and exponentially with C'. This formulation sharpens the dependence derived
previously in Ref. [32], since the averaged correlation C' can be much smaller than
max; C; for ¢ € {1, N}. The circuit depth, on the other hand, is simply determined
by the Kth-order Trotterization of the evolution and scales as T'TV/K and e /K,
as expected. In what follows, we explore in more detail how these correlations
behave with increasing time and dissipation strength, in order to gain a clearer
picture of the hardness of simulating such systems.

On the other hand, in the asymptotic long-time limit, S approaches a unique
steady state p.. Where the rate of convergence is controlled by the spectral gap
A of the Liouvillian £, and the mixing time satisfies: tmyixing ~ AL After L mixing
the quantum simulation no longer requires evolving time-dependent correlations.
The required ancilla size saturates to Chixing, and the number of steps becomes
independent of the initial state. Thus, the quantum complexity is saturated

up to a certain timescale.

4.3 Quantum spin chain system

We now turn to numerical simulations to explore how the complexity of open-system
dynamics depends on key physical parameters: dissipation strength v, evolution
time ¢, and system size N. As a concrete setting, we consider a quantum spin
chain system S with NV sites, described by a one-dimensional Ising Hamiltonian

with transverse and longitudinal fields

Hi=JY XiXip +he S Xi+h. > Zi, (4.7)



108 4.8. Quantum spin chain system

j=N-1
Ly
o
Y

Figure 4.1: Illustration of the system under study. The boundary-driven quantum
spin chain S is coupled with strength + to two baths at its edges, i =0 and j = N — 1,
and the set of jump operators { L} acts locally at the boundary sites. Spatial separation
of d = 1 means two sites are nearest neighbours with coupling J.

1=0
Ly,
WW
v " d=1
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where J is the nearest-neighbour coupling strength, and h, and h, denote the
magnetic fields in the X and Z directions, respectively. We set J = 1 and choose
h, = h, = —2, as in this regime the expectation values of the local operators
typically exhibit oscillatory behaviour, making the model suitable for testing our
conjecture about the Lindbladian evolution.

Here, S is in contact with an external environment, as described by the time-
independent version of Equation (4.1), see Figure 4.1. We couple S to two baths
(modelled as local Markovian reservoirs) at its two edges, i = 0 and j = N — 1,

and make a simple but common choice:

Li =0, a1 =(1+ p),
Ly=L} =0y, as = (1 — p),
(4.8)
Ly=o0}_4, as =y(1—p),
L4:L3_O]:f—1a 044:’7(1+M)a

where 7y is the system-bath coupling strength which determines the dissipation
rate, u is the driving parameter, and o* = 0 £ io¥. In Appendix 4.C we present
additional results with h, = 0.5 and h, = —1.05, corresponding to a chaotic regime.
The correlation length there exhibits the same trend, becoming increasingly damped
with growing dissipation strength and total evolution time, but more noticeably
than in the case studied in the main text.

We fix the driving part of the Lindbladian and are primarily interested in
how ~ impacts the dynamics of S. The jump operators {L;} are assumed to act

locally at the boundaries of the spin chain, leaving the coherent Hamiltonian-driven



4. Quantum simulation of open system dynamics 109

evolution in the bulk unaffected. Such boundary-driven setups are conceptually
appealing as they are analogous to classical nonequilibrium lattice models. While
a rigorous microscopic derivation of these local operators from weak system-bath
coupling typically yields nonlocal terms, this approach remains physically insightful.
It captures key features of non-equilibrium steady states, quantum transport,
and dissipation-induced dynamics. This makes the framework well-motivated
for exploring questions in quantum thermodynamics and boundary-driven open
quantum systems [236, 237]. In the simplest case of single-site boundary driving,
one typically introduces two Lindblad operators that flip a spin up or down with
different probabilities, thereby inducing a net magnetisation at the boundary site.

To simulate the open quantum system dynamics, the vectorised density matrix
is encoded as a matrix product state (MPS) with physical dimension 4 for each of
the N sites, corresponding to an extended Hilbert space of dimension (2V)? = 4%
(see Appendix 4.A for details). The Liouvillian superoperator Lis represented as a
matrix product operator (MPO) with the same enlarged dimension. Time evolution
is carried out using the time-evolving block decimation (TEBD) algorithm, where the
exponential Lot s approximated via a second-order Trotter—Suzuki decomposition
into sequentially applied local exponentials. The timestep 6t is dynamically adjusted
to ensure consistent numerical accuracy throughout the simulation. The classical
dependence is related to the bond dimension y, while to ensure the simulation

accuracy (i.e., the error converges with increasing x), we also need to keep track of x.

4.4 Quantum runtime analysis

In this section, we study the influence of dissipation on two physically relevant
parameters in both the short- and long-time regimes, which will inform us about
the quantum algorithmic complexity of simulating the system of interest S. In
particular, we will focus on the mizing time, which characterises how quickly S
reaches its steady state, and the correlation length, which quantifies the spatial
extent of quantum correlations within S. Both provide physical insight into the

dissipative dynamics and serve as key indicators for assessing the simulability of S.
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Figure 4.2: Time evolution of spin observables and trace distance for a
dissipative boundary-driven spin chain system S of size N = 25 under increasing
dissipation rates 7. a-c Expectation values of the local spin operators (o7 (t)), (d¥(t)),
and (oZ(t)), respectively, under Lindbladian dynamics for different values of . d Trace
distance between consecutive timesteps, D = ||p(t) — p(t — dt)||, indicating convergence
toward a steady state. In all panels, v € [0, 3], with step size of 0.05, where increasing
values are shown in progressively lighter shades of blue. Simulations were performed using
MPO methods with xy = 250.

We numerically analyse the dependence of simulation complexity on the dissipation
strength v, evolution time ¢, and system size N.

Before analysing global quantities, it is useful to first examine how dissipation
manifests locally in S. Local magnetisation observables offer a direct window into
the interplay between coherent dynamics and environmental noise: they reveal
how quickly local excitations lose their quantum character and relax towards
equilibrium. By studying their time evolution for different values of v, we can build
physical intuition for the mechanisms that ultimately determine the simulability

of S. Here, for each site r and spin component a € {X,Y, Z}, the expectation
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value is given by (0%(t)) = Tr[o%p(t)], where p(t) is the density matrix evolved
under Equation (4.1) with Equation (4.7) as the Hamiltonian. Figure 4.2(a)-(c)
show the time evolution of the expectation values of these local Pauli operators for
various . As expected, increasing ~ results in stronger damping of the oscillations,
reflecting how stronger environmental coupling suppresses coherent dynamics and
drives S towards a steady state at long times. In the closed case, oscillations persist
over long times, reflecting coherent spin exchange in the Heisenberg model. As
v increases, these oscillations decay more rapidly and their amplitude is strongly
suppressed, signalling the progressive loss of phase coherence and the dominance
of relaxation processes. Physically, this means that information about the initial
state is erased faster, S approaches a featureless steady state sooner, and the
dynamical complexity is reduced. In the broader context of simulability, such
damping hints at shorter correlation lengths and mixing times, which can make
long-time dynamics more accessible to classical methods and reduce the potential
advantage of quantum algorithms in this regime.

The damping of local magnetisation oscillations observed in Figure 4.2(a)—(c)
already suggests that dissipation accelerates the relaxation of .S towards equilibrium.
To quantify this effect in a more global and model-independent way, we turn to the
mixing time — the timescale over which S effectively reaches a steady state. This
provides a direct indicator of how long coherent or correlated dynamics persist, and
therefore how challenging the long-time regime may be to simulate. We quantify this
by computing the trace distance D(t) = ||p(t) — p(t — dt)|| between density matrices
at successive timesteps for various values of 7. Defining a small threshold ¢, S is
considered to have effectively reached its steady state when D < e. The results in
Figure 4.2(d) show that stronger dissipation leads to faster convergence, i.e., shorter
mixing time, consistent with the relaxation of local observables in Figure 4.2(a)-(c).

We then proceed to the relation between the correlation length and simulation
complexity. Spin correlations serve as key indicators of the required computational re-

sources as the presence of long-range correlations across distant sites generally means
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Figure 4.3: Evolution of spin—Z correlations in a dissipative boundary-driven
spin chain S with N = 25 sites as a function of v, ¢, and d. a Two-point correlation
Cj(t = T) at the final time 7" = 10, plotted for spatial separations d = 1,...,N — 1
(curves range from deep blue at d = 1 to deep red at d = 24); labels indicate the
shortest and longest distances. Inset showing the distance-averaged peak correlation
ﬁ Zévz_ll maxt‘C’j (t)] versus v. b Maximum correlation across distances as a function
of t. The data ranges for v € [0, 0.3] with step size of 0.05.

increased complexity [207]. Crucially, the correlation length bounds the number of

measurements. The spin correlation function encodes these spatial dependencies

¢ = Te(o7o%p) — Te(7p) Te(op),

where ¢ and j denote different sites. Figure 4.3(a) shows the correlation length
C5(t) at distances d € 1,..., N — 1 for a fixed long evolution time. The results
demonstrate a systematic decrease in C(t) as 7y increases. This behaviour indicates
suppression of long-range correlations, and consequently, a reduction in the complex-
ity of simulating strongly dissipative open quantum systems. Besides, to provide
a broader perspective, Figure 4.3 shows the average spatial correlations, which

more clearly highlight the reduction of correlation length — and hence simulation
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complexity — with increasing dissipation at fixed time. Here we present results at
relatively long times, where this behaviour is most pronounced, although a similar
(albeit less drastic) trend is already visible at shorter times. Since, according to
Section 4.2.3, the running time for simulating open quantum system dynamics on
a quantum computer is bounded by the maximum correlation length across all
distances at each timestep, we also compute this quantity throughout the evolution
of S for each +, see Figure 4.3(b). We note that correlations are not necessarily
suppressed by long-time evolution alone: due to the oscillatory behaviour of the
Hamiltonian, they can persist or even revive at later times. However, dissipation
introduces a damping effect that becomes increasingly dominant with time, leading
to a systematic reduction of correlations. This trend is consistent with the average
correlation results in Figure 4.3(a), where dissipation clearly shortens the correlation
length. Together with the analytical scaling in Section 4.2.3, which links time
complexity to the correlation length, these results indicate that dissipation effectively
reduces the simulation complexity — even if correlations themselves do not always

decay monotonically with total time evolution.

4.4.1 Time-dependent Lindbladian

In this section, we also investigate time-dependent Lindbladian dynamics, where
either the dissipation strength, the Pauli operators, or the sites on which the
jump operators act vary during evolution. Overall, we observe qualitatively similar
behaviour to the results discussed here, with no significant deviations. This further
supports the generality of our conclusions and provides motivation for applications
such as dissipative quantum state preparation, where time-dependent Lindbladians
are often required to engineer the desired steady state [216].

In the first protocol, the system evolves under a time-dependent Lindblad
equation, where the dissipation strength ~(¢) varies smoothly during the evo-

lution according to

sin< mt )’ (4.9)

7<t) = Ymax ;
total
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Figure 4.4: Dynamics under time-dependent and random-site Lindbladian
protocols for system S of size N = 11 and maximum bond dimension y = 150.
Top row: Time evolution of the local magnetization (0%, /z(t» at the center of the chain for
() Ymax = 0.1 and (b) ymax = 0.5. Bottom row: Connected correlation Cj y /9 (t) between
the ends and the center, for (¢) Ymax = 0.1 and (d) ymax = 0.5. Results are shown for
three cases: time-independent dissipation (7 = Jmax), time-dependent dissipation (),
and the random Lindblad protocol (random operators and sites).

Here, ymax sets the maximum dissipation rate reached during the dynamics. The
Lindblad operators are fixed as 0T acting at the two ends of the chain, as in
the previous section.

In the second protocol, we fix v to a constant value but randomise both the
operator type (choosing randomly from X, Y, or Z Pauli operators) and the
sites at which the Lindblad operators act. For each simulation run, two sites
are selected at random, and each is assigned a randomly chosen Pauli operator
as the Lindblad operator. Figure 4.4 displays the time evolution of the local
z

magnetisation (o}

(t)) at the center of the chain (top row) and the connected
correlation function Cf v »(?) (bottom row), for both protocols and for two values
Ymax = 0.1 and ymax = 0.5. For the correlations, we focus on the distance d between
site © = 0 and the centre of the chain, but note that the observed behaviour is
representative of other values of d as well.

These results highlight how both the temporal profile and spatial structure of

the dissipation channel can influence relaxation and steady-state properties of local
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observables in open quantum systems. Notably, we find that the time-dependence
of ~ in the first protocol does not lead to significant differences in either local
magnetisation or correlations when compared to the corresponding time-independent
case with v = ynax. This is expected, as the overall effect of v can be understood
as accumulating over time, but never exceeding ymax, S0 that both the relaxation
and steady-state behaviour are largely determined by 7y.x. The correlations show
a similar insensitivity to the time dependence of the dissipation, being primarily
controlled by ~ itself. This behaviour persists in different choices of d.

In contrast, the second protocol, where Lindblad operators act at random
sites with randomly chosen Pauli types, produces more noticeable and consistent
differences in the observable dynamics. Here, the randomness in the spatial and
operator structure of the dissipation can substantially alter the system’s relaxation
pathways, leading to a richer variety of dynamical behaviours in the observables,
depending on the particular realisation of the dissipative channel. Overall, we
observe qualitatively similar behaviour to the results discussed here, with no
significant deviations. At the same time, we find that randomised application
of jump operators can accelerate relaxation processes, for instance by enhancing the
decay of correlations, thereby modifying the system’s dynamical pathways. This
further supports the generality of our conclusions and highlights the potential of such
protocols for applications such as dissipative quantum state preparation, where time-
dependent Lindbladians are often required to engineer the desired steady state [216].

Finally, we wish to remark that while the discussion in this section has focused
on linear Lindbladian dynamics, nonlinear master equations could be even more
challenging to simulate classically, as their explicit matrix representation is already
difficult to construct. Importantly, the quantum algorithm we introduce in this
chapter can efficiently simulate both linear and nonlinear evolutions, making our

conclusions directly relevant to the broader setting.
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4.5 Classical runtime analysis

We now analyse the classical resource requirements — bond dimension and operator
entanglement entropy— and provide simulation results to illustrate how simulation
errors depend on time ¢, system size N, and bond dimension x. Generally, we expect
simulation accuracy to improve for larger x at the cost of increased computational
runtime. The objective here is twofold: (1) to determine whether the growth trend
differs between quantum and classical algorithms, and (2) to assess whether classical
algorithms exhibit rapid growth in complexity with increasing N and t.

Figure 4.5 illustrates the classical simulability of open quantum systems through
that accuracy-complexity trade-off. For smaller systems, we quantify simulation
errors by comparing results at finite y against the ground-truth solution computed
using a sufficiently large bond dimension, chosen here as x = 250 to ensure
convergence of the expectation values of the observable (see Appendix 4.C). The
accuracy of TEBD simulations at given x with respect to the ground truth is
measured via spin-spin correlation functions, with deviations quantified as the

correlation error

~ /
c— (Zz] (Cij_Cij)2>1 27 (410)

> G
where ¢; are the ground-truth correlations. In Figure 4.5(a), we show how the
correlation error € evolves over t for N = 25 and x € [50,225]. As expected, larger
X consistently yield better accuracy, especially at longer times. Since S eventually
reaches a steady state, € saturates to a constant value, which is why we think
the error remains bounded over long simulation times. In a similar manner, in
Figure 4.5(b) we fix ¢t = 3 and examine ¢ with respect to N for N € [10,25]. The
results confirm the linear growth observed earlier. The main contribution to the
complexity of the algorithm, however, arises from its scaling with y, as it determines
the fidelity between our MPS state and the evolved quantum state. In Figure 4.5(c),
¢ is plotted on a logarithmic scale as a function of x for N € [10,25] and fixed
t = 3. Evidently, for a given y, smaller systems exhibit smaller ¢, making them

easier to simulate. For practical purposes, in Figure 4.5(d) we set an error threshold
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Figure 4.5: TNs simulations for estimating the complexity of classical
simulations. In all panels v = 0.05. We compute the correlation error, indicative
of the classical simulability of S: (a) as a function of ¢ for N = 25 and x € [50,225], (b) as
a function of x for N € [10,25] and ¢ = 3; inset: growth of x over ¢, and (c) as a function
of N € [10,25] for x € [50,225] and ¢t = 3. (d) Minimum xmin to reach €, ;. < 0.05 as a
function of N € [10,25] for t € {3,4,5}.

€xmin < 0.05 and identify the minimal bond dimension xmin necessary to reach
that threshold for every N. Naturally, xni, depends on t, as errors consistently
increase with longer simulation times, illustrated clearly in Figure 4.5(d). Overall, as
expected, we see that larger y yield more precise results, progressively approaching
exact solutions. This confirms that dynamics can be approximated with arbitrary
accuracy given sufficiently large x. In our case, we find that x = 200 is sufficient to

reach the error threshold for the system sizes considered, so working with samples
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Figure 4.6: Operator entanglement entropy plot for N = 25, y = 250, and
~v € [0,0.3] with step size of 0.05. Each data point is obtained by calculating the
operator space entanglement entropy of the bipartition between the two halves of the
MPS.

up to x = 250 is well justified. This is consistent with the results in Appendix
4.C, where we observe clear convergence of the observables with increasing bond
dimension, further supporting that y = 250 provides a reliable estimate.

The classical simulability of TNs is known to be fundamentally constrained
by the entanglement entropy of the quantum state. To assess this limitation,
we analyse the growth of entanglement entropy as an indicator of computational
complexity. In Figure 4.6, we study the operator space entanglement entropy of
the time-evolved state. We find that although the entanglement entropy initially
increases, it then exhibits qualitatively different behaviour depending on . For ~
above a certain threshold, the entanglement entropy decreases over time, consistent
with our expectations and the results presented in Ref. [238]. However, when
considering simulation complexity, a more relevant metric is the bond dimension y
required to represent the state. Surprisingly, we find that y remains largely constant
across different values of . This result is somewhat counter-intuitive compared
to the behaviour of the entanglement entropy. The key difference lies in the fact
that the entanglement entropy characterises the final state, whereas simulating the
full dynamics requires tracking the entire evolution, which can be more demanding.

As a result, y does not decrease with t even for different values of ~.
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To give a brief definition of the operator entanglement, we define our density ma-

trix in MPO form as a Schmidt decomposition between the left L and right R block
p=> oMol (4.11)

where Tr(éEL/ A 6£-L/ R]) = 0;; and \; denotes the Schmidt coefficients. Then, define the
operator entanglement as Sop = — >_; A2 log(A\?). Sop is not strictly connected with
quantum entanglement between blocks but it is an important quantity nonetheless
that gives insights into the efficiency of the MPO representation. Recall that, for
the purpose of our simulation, we have encoded the density matrix MPO into
a MPS with double the quantum dimension. In this case, the operator entropy
of p is equivalent to calculating the entanglement entropy of the evolved MPS,
carefully handling the extra physical dimension.

A noteworthy observations is that the complexity of TNs does not decrease with ¢
and 7y in certain regimes, in stark contrast to the complexity associated with quantum
algorithms. This suggests there may exist a range of dissipation strength, where the

separation between quantum and classical computational complexity is maximised.

4.6 Discussion

In this chapter, we assess the algorithmic complexity of simulating open quantum
systems under the general conjecture that there exists a threshold timescale beyond
which open quantum systems within the Lindbladian formalism are computationally
easier to simulate than Hamiltonian systems. Instead of relying on dilation methods
[54, 199, 200] that can obscure the intrinsic complexity of the evolution of the
reduced system, we do so directly by focusing on two physically relevant parameters:
correlation length and mixing time. To make our analysis more comprehensive,
we employ two complementary approaches: classical TNs and quantum jump
representation via QITE. Methodologically, we present a quantum algorithm that
treats both linear and nonlinear Lindbladians in the same way, and allows for the
non-Hermitian dynamics to be simulated deterministically without the need for

extra ancilla; thereby we can perform stochastic simulations with no additional



120 4.6. Discussion

Trotterization cost by only sampling jump times. This stochastic simulation method
goes beyond existing methods that either need to introduce qubits each timestep
or can simulate nonlinear evolution only probabilistically. Moreover, we derived
a tighter bound for the correlation decay of a time-evolving system in terms
of its average value.

To test the conjecture, we numerically studied a boundary-driven dissipative
quantum spin chain system, analysing both local observables and global quantities.
We observe that increasing the dissipation strength reduces the correlation length
of local operators at long times and shortens the mixing time (the time it takes
a system to reach its steady state), indicating faster relaxation and suppressed
long-range correlations. These trends support the view that, under appropriate
conditions, long-time open quantum system dynamics is less complex to simulate
than real-time unitary dynamics. We further examined the relation between classical
and quantum resources. We show that in our classical simulations the runtime is
dominated by the bond dimension and displays super-polynomial growth with time
(at some fixed accuracy), whereas the quantum runtime scales linearly with time.
Interestingly, and in contrast with the quantum case, we observe that increasing
the dissipation strength did not affect the bond dimension needed for accurate TN
simulations, even though operator-space correlations tend to decrease, highlighting
a distinction between asymptotic correlation decay and the transient entanglement
that governs truncation error.

This chapter provides insight into how dissipation shapes both classical and
quantum algorithmic complexity via physically meaningful measures. These results
can pave the way for designing more efficient algorithms for simulating open quantum
systems, and identifying regimes where quantum algorithms can outperform classical
ones. Some interesting directions for future investigation emerge. In Section 4.4.1 we
highlighted the role of randomness in the steady-state properties of local observables.
A key question here is how to exploit that to algorithmically design randomised

dissipation protocols that systematically reduce mixing times. Achieving this can
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reduce circuit depth and gate count, enabling scalable preparation of complex many-
body states on near-term hardware with applications across quantum chemistry;,
materials science, and condensed matter physics. On a related note, it is also
worthwhile to determine whether the observed linear scaling of quantum algorithms
persists in realistic settings like those with nonlocal jump operators or strongly
correlated finite-temperature environments. We envision that physically relevant
measures, such as correlation length and mixing time, will see broader adoption
as reliable guides for estimating algorithmic complexity and informing the design

of efficient algorithms for open-system dynamics.
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Appendices

4.A Vectorisation of the density matrix

To simulate the quantum dynamics governed by a linear Lindbladian, we encode
the density matrix as a pure state through vectorisation. This transformation
allows us to represent mixed-state evolution in a form suitable for quantum circuits.
The same technique is also applied for classical TN simulations of open quantum
systems, as described in Section 3.6. The mapping sends p to a vector in an

extended Hilbert space
o) = X pulid 1)
Z?]

Under this transformation, the Lindblad master equation takes a Schrodinger-like

form
d A
el = L|p)),
P = Llp)
where the Liouvillian superoperator L acts linearly as

L=—il®H—-H &I
4.12
+ > (L ® Ly — $1® LLLy — SLLLy ). (4.12)
k

To compare open-system (y > 0) with unitary (v = 0) dynamics on equal footing,

we consider a normalised Liouvillian
L = —i(\MH; —i)H,), (4.13)

where ||Hy|| = ||Hs|| = 1 and A2 + A2 = 1, with H; and H, is the matrix represen-
tation of the superoperator. In analogy with the operator H.g in Equation (4.4),

the time evolution of the vectorised density matrix can be written as
p(1))) = exp[—i(AiHit — id2Hat)] |p(0))). (4.14)

123
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The derivation then proceeds by applying a first-order Trotter decomposition,

as an example

_ — i H10t _—XoHo0t T/(St O O ﬁ
(1)) = |e e p(0) +0(%)

which adopts the same form as in the quantum jump situation. In Appendix 4.B,
Kth-order Trotter decomposition is applied. The dynamics of the vectorised state is
then approximated as alternating applications of unitary operations and operations

derived from the QITE approach.

4.B Error bound of the evolution and the algo-
rithmic complexity

Below we analyse the simulation complexity of open quantum system dynamics.
We first divide the total time evolution T" into Ny segments of duration §t = T'/Nj.
For the non-Hermitian component Hs, non-commuting terms introduce a Trotter
error in QITE. To control Trotter error, we further divide each dt into N; sub-steps.
Here, we consider a Kth-order Trotterzation at all levels (with even K). The

number of sub-steps Nj is set by the condition

NQ()\Q(;t)K+1 B 3 B

where we decompose the total error € into three contributions: the splitting of the
evolution into Hermitian and non-Hermitian parts, the Trotter error in the real-time

evolution, and the unitary decomposition of the imaginary-time evolution operator.

Each contribution is controlled to be at most €, which gives

K+1

(AT)

N, =0 1
' ( Noe®

). (4.16)

The simulation error is governed by the average correlation length C. For the

effective non-Hermitian Hamiltonian H.g, we write

M,
Hy =) hy,. (4.17)
=1
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Following the argument in Ref. [32], let ¥,, denote the pure state at the pth step

oy e 0, )
" T e 19, ) |

(4.18)

with density matrix p, = |¥,) (¥,|. Consider a region R, consisting of all sites
within distance v of the support of h;. The distance between successive reduced

states satisfies

M, M, M,
ITrvk, pp = Trvr, ppallt <D0 I TT €24 ppa = T 2% pp s
=1  k=i+1 k=i (419>
My
< Z e G < Mke_%
i=1

Using the domain size derived in Ref. [32], but in this case using Jensen’s inequality
as introduced in the main text, we set v = O (é In (MkNgs’l)) . We can bound the
error from approximating the Lindbladian by a sequence of unitaries. The relevant
parameter here is the average correlation length C, rather than the maximal one.

The sample complexity per timestep for the non-Hermitian evolution is

dim

SNH(5t) = Ny My3mxv™ = O(Ny NoMgeC™ ™), (4.20)

where we make use of state tomography. Any quantum state can be decomposed
in the Pauli basis, which consists of the three non-trivial measurement operators
(X, Y, and Z). For a system of N, qubits, this yields 3"« measurement settings
that are informationally complete. Consequently, the sampling complexity scales
exponentially with the domain size as gmax v

At a higher level, Ns is fixed by the Trotter error between H; and H,

TK+1> c

— | == 4.21

€Trotter — @) <<A1A2)K+1 37

so that

sl MAT) %
¥=op )=o)

Thus the sampling cost due to the non-Hermitian part becomes

SYH(5t) = O (ME(AT) F 7 el 070)). (4.22)
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In many physically relevant cases, environmental interactions are described
by local Lindbladians with commuting terms in Hy. Then, no N; subdivision is

required and the complexity reduces to
SYH(T) = O (ME(MAT)* F O™ e 1450)). (4.23)

For the real-time part, the number of subsegments per dt is ()\1T)1+%N2_15’%,
leading to a gate complexity of ()xlT)H%a_%. Including both real- and imaginary-

time contributions, the total sampling and gate complexity is
Stet = O((A1T5‘1)1+°(1) + (A2T5-1)2+0<1>M;e@d‘““>. (4.24)

We note that the above expression characterises the total sample complexity
accumulated over all steps. It also reflects the computational complexity associated
with the stepwise growth of the circuit (with each block of duration dt).

Finally, note that C' < &, where ¢ is the universal correlation length of the system.
Physically, C' measures correlations at a fixed distance d with all possible operators,
whereas £ captures correlations at all distances. Our formulation sharpens the

dependence on correlation length, since C' can be much smaller than max; C;.

4.C Tensor network simulation results for chaotic
systems

Although the main text focusses on the Heisenberg model with oscillatory behaviour
in its Pauli observables, in Figure 4.C.1 we show the case for h, = 0.5, h, = —1.05,
corresponding to a chaotic regime. Here, the coherent oscillations present at weak
dissipation are rapidly suppressed as v increases, leading to faster relaxation towards
steady state. This behaviour illustrates how dissipation tends to erase the signatures
of chaos in local observables, effectively driving the system into featureless dynamics
at long times. Evidently, the correlation length exhibits the same trend, becoming
increasingly damped with v — more noticeably than in the case studied in the main
text — and with total evolution time, as shown in Figure 4.C.2. This confirms that

dissipation not only suppresses temporal oscillations but also washes out spatial
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Figure 4.C.1: Time evolution under Lindbladian dynamics of spin observables
for S of size N = 25 under increasing dissipation rates v € [0,0.3] with step size
of 0.05. a—c Expectation values of the local spin operators (o7 (t)), (c¥(t)), and (oZ(t)),
respectively.

correlations across the chain, reinforcing the picture that strong coupling to the
environment reduces the effective complexity of the dynamics.

On a different note, in this work, we set the bond dimension to y = 250 as
the ground truth. In Figure 4.C.3 we show that this choice is well justified, with
the observable dynamics clearly converging as y increases. The convergence is
particularly evident at intermediate times, where entanglement growth is more
pronounced, yet the difference between y = 200 and x = 250 remains negligible.
This validates our numerical accuracy and ensures that all qualitative conclusions

drawn in the main text are robust with respect to truncation errors.



128 4.C. Tensor network simulation results for chaotic systems

(@ o.15F

0.10

C3(t=10)

0.05

0.00 0.00 0.05 0.10 0.15 0.20 0.25 0.30

002900000 ?® g

Figure 4.C.2: Spin—Z correlations in a dissipative spin chain of with N =25
sites as a function of 7. a Two-point correlation Cj(t = T') at the final time T = 10,
plotted for separations d = 1,..., N — 1 (curves range from deep red at d = 1 to deep blue
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across distances as a function of ¢. Similarly, v € [0,0.3] with step size of 0.05.

e

[6,]

o
T

(ox(t))

]

Figure 4.C.3: Time evolution of spin observables for a system of size N = 25
for increasing bond dimension y. a-c Expectation values of local spin operators
(c¥(t)), (d¥(t)), and (o7 (t)), respectively, under Lindbladian dynamics for x € [50,250],
with increasing values shown in progressively darker shades of blue.



Conclusion and outlook

In this thesis, we have explored how quantum dynamics simulations can be harnessed
to probe the physical properties of complex many-body systems, with a particular
focus on regimes that are challenging for classical computation. This is a key
direction in quantum computing, as it represents one of the few areas where quantum
devices may offer a genuine advantage in solving practical and scientifically relevant
problems. However, current quantum computers are still small and noisy, making
such tasks highly non-trivial, and the search for practical applications in the NISQ
era remains elusive. The work presented in this thesis helps pave the way forward
by introducing efficient algorithms tailored for quantum hardware, studying their
implementation on real quantum devices, and, crucially, analysing their complexity

to validate their successful performance.

5.1 Summary of work

Since the overarching goal of this thesis is to simulate quantum many-body systems
in order to characterise their behaviour, we have examined both the dynamics
of isolated systems through unitary evolution and of open systems described by
Lindbladian dynamics. This dual focus is a distinctive feature of the work, as

relatively few studies in the literature address the characterisation of open-system
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dynamics in the context of quantum computing. Our results in Chapter 4 contribute
to laying the foundations for simulating open quantum dynamics on quantum
devices, indicating that in some cases these simulations can be less challenging than
their closed-system counterparts, while also offering insights that can guide future
algorithmic and experimental developments in this area. By contrast, Chapter 2
and 3 focus on unitary dynamics, exploiting dynamical properties to extract static
quantities, most notably the excitation spectrum of many-body systems, through
efficient spectroscopy-based protocols.

The first contribution of this thesis, presented in Chapter 2, is the development
of a protocol for probing transition energies and excitation spectra of quantum
many-body systems, establishing a connection between spectroscopic techniques
and quantum simulation that enables advances in both fields. The method detects
frequency resonances from short-time dynamics, requiring evolution times only
logarithmic in the target precision, making it well suited to current quantum

hardware. The main advances and contributions of this chapter are:

o Applicability. The protocol extends beyond existing spectroscopy or analogue
quantum simulation schemes, as it can probe spectral features of systems that

do not conserve particle number.

» Complexity advantage. We show that the circuit complexity is near optimal for
spectral property estimation, and that in the presence of noise the total runtime
(circuit depth x samples) scales polynomially with the inverse precision,
O(Poly(e™1)), in contrast to the exponential sample complexity O(exp(e~!)) of
previous methods. We support this theoretical claim with classical simulations
of noisy evolutions, demonstrating that the spectral information can be

recovered using only simple error-mitigation techniques.

o Versatility and implementation. We demonstrate the protocol on a range of
systems, including large-scale numerical simulations to study scaling with
system size, and real-device experiments on IBM quantum hardware to probe

the excitation spectra of spin Hamiltonians.
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In Chapter 3, we generalised the quench spectroscopy protocol to study spin
excitation properties of fermionic systems, showing that with a carefully chosen
quench operator it is possible to access the exact retarded spin correlation function
and dynamical spin structure factor when the initial state preserves spin reflection
symmetry. We apply this approach to the one-dimensional Fermi-Hubbard model
on an IBM quantum computer, leveraging the protocol’s robustness to initial state
perturbations to minimise state preparation costs and allocate most resources
to Hamiltonian simulation via a first-order Trotter formula. While higher-order
Trotter methods can in principle reduce discretisation error, they incur substantially
higher gate counts and circuit depths on NISQ devices [171]. Since our main aim
is an efficient implementation of the quench spectroscopy protocol, and because
we find that first-order Trotterization often performs as well as or better than
second-order formulas in practice, we restrict to the first order. With this choice
and by exploring different fermion-to-qubit encodings to reduce circuit depth, we
simulate systems up to L = 15 sites and recover the full two-spinon continuum
spectrum in close agreement with theoretical predictions. This implementation
would not have been possible without the following contributions and optimisations

developed in this chapter:

o Approximate free-fermion initial state obtained via a variational quantum
eigensolver, where the angles of a fixed number of Givens rotation layers are
optimised with respect to fidelity, yielding an efficient approximation to the

free-fermion ground state.

o Choice of a unitary quench operator, removing the need for block encoding or

ancillary qubits and reducing circuit complexity.

o Detailed classical simulations to analyse Trotter errors and total time evolution,
enabling extrapolation to larger systems and guiding optimal parameter choices

prior to hardware runs.

e Selection of the optimal Jordan—Wigner ordering when mapping fermions to

qubits, chosen from among many possibilities to minimise circuit depth.
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o Minimal but effective noise suppression techniques, including dynamical
decoupling and Pauli twirling. The latter is particularly successful here,
as it approximates coherent noise as Pauli noise, which transforms into a

constant factor in the Fourier domain and vanishes upon normalisation.

Finally, in Chapter 4, we shift our focus from isolated systems to open quantum
systems, investigating how the complexity of simulating open quantum dynamics
compares both to their closed-system counterparts and to classical simulation
methods. In particular, we explore the algorithmic complexity of simulating open
quantum many-body dynamics without resorting to dilation techniques, which often
obscure the intrinsic structure of the problem by embedding it into a larger unitary
evolution. Instead, we work directly in the Lindbladian framework, where the
relevant physical quantities, such as correlation length and mixing time, emerge
naturally as the key parameters controlling complexity. We propose a quantum
algorithm that enables the stochastic simulation of open-system dynamics and
provide numerical results that reinforce the theoretical predictions, specifically
demonstrating the decay of correlations and the acceleration of mixing time with

increasing dissipation strength. The main strenths of the work in this chapter are:

e Unified framework. We present a general quantum algorithm applicable
to both linear and non-linear Lindbladians, including time-dependent cases.
The approach requires only the quantum simulation of an effective non-
Hermitian Hamiltonian, achieved by applying QITE followed by standard

unitary dynamics.

o Computational complexity of open dynamics. We show that the damping of
correlations due to dissipation reduces the quantum simulation complexity at

long times, in contrast to the closed-system case.

o Tensor-network simulations of spin-bath models. We perform classical simula-
tions of spin systems coupled to baths with both fixed and time-dependent

couplings. We find that time dependence has little impact on complexity,
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except when the bath coupling site is randomly varied at each step, in which
case relaxation is accelerated through faster correlation decay. These results
support the conclusion that randomised dissipation can provide a more efficient

route to state preparation.

» Bridging theory and numerics. Large-scale tensor-network simulations serve
two purposes: (i) they support and extend the theoretical predictions, provid-
ing estimates of experimentally relevant timescales; and (ii) they expose the
limitations of classical methods, where bond-dimension growth and operator
entanglement entropy set clear boundaries. These limitations delineate the

regimes where quantum simulations can offer a genuine advantage.

Together, the methods and results presented in this thesis move us a step
closer to realising quantum simulation algorithms capable of providing a new and

meaningful understanding of complex quantum many-body phenomena.

5.2 Future research directions

In addition to the results presented in this thesis, several natural extensions and
open challenges arise. In what follows, we outline two main directions that represent
natural continuations of this work and that we expect to be of particular relevance
for the quantum simulation of many-body systems. These questions have been
present throughout the development of this thesis, and we hope that the results

obtained here will provide a foundation for pursuing them further.

5.2.1 Two-dimensional simulations

From the implementation of the quench algorithm on real quantum hardware in
Chapter 3, we were impressed by the quality of the results, even though several
approximations were required to reduce circuit depth. We managed to push
the simulation to 30 qubits (equivalent to 15 fermions), which represents one
of the largest demonstrations of fermionic time dynamics on a quantum device

to date [140, 141]. Of course, this was carried out in one dimension, a case that
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can still be efficiently simulated classically. A natural and pressing question is
whether such protocols can be extended to two dimensions while preserving the
error resilience observed in 1D.

There is currently great interest in exploring quantum advantage through real-
time dynamics of higher-dimensional quantum systems [137, 239, 240], where
tensor-network methods often become inefficient. However, careful attention must
be paid to implementation details. Hardware connectivity is a key factor: for
example, on IBM devices moving from 1D to 2D would require a large number
of SWAP operations, significantly increasing circuit depth and gate count. Other
platforms, such as Quantinuum’s H2 trapped-ion quantum processor, which provide
all-to-all connectivity, could therefore be promising candidates for carrying out
such experiments.

An interesting future direction is to exhaustively explore tensor-network methods
for simulating the dynamics of 2D systems, in particular fermionic models. This
would allow us to identify the regions where classical methods fail to achieve a given
accuracy, or where the maximum accessible evolution time decreases as a function
of the bond dimension. Once such regimes are mapped out, we can assess whether
they are within reach of current quantum hardware. Addressing this question would
involve several considerations, including the choice of encoding, circuit compilation
strategies, and the lattice topology supported by the device.

As an example, in Figure 5.1 we show a simulation of the quench protocol applied
to a two-dimensional spin model. Specifically, we simulate the time dynamics of a
J1 — Jo Hamiltonian which has been widely used in describing magnetism:

H=J]Y oio;+J Y, oio:+h) o, (5.1)

(i.5) ((i.9)) i
where o (v = x,y, z) are the Pauli matrices acting on site i. The coupling constant
J1 corresponds to nearest-neighbour interactions, summed over all adjacent pairs
(1,7) on the 2D lattice, while J, accounts for next-nearest-neighbour interactions,
summed over pairs ((,7)). In our simulations, we represent this model using a

MPS. From the tensor-network perspective, this is a rather naive approach, since



5. Conclusion and outlook 135

(a) 10 t=0]| 10 mm = (b)

o
o
G
w
o
)
IS

—154 T ¥ T 0.0
~0.10 (m,0) (m,m) (nf2,m12) (0,0) (m,0)
(kx, Ky)

Figure 5.1: Simulation of the J; — J5> model Hamiltonian applied on a square
lattice with L, = L, = 11, for coupling values J; = 1, J; = 0.5, and external
field h = 0.01. a Evolution of the expectation value of the spin operator (a7 (¢)). b The
normalised modulus of the spectral function.

the 2D lattice is encoded into a one-dimensional tensor train. Even with an optimal
site ordering, many local interactions in the Hamiltonian become highly non-local
in the MPS, requiring larger bond dimensions to achieve accurate approximations.
In some instances, a more natural choice for this task would be to employ Projected
Entangled Pair States (PEPS) [241]. PEPS generalise MPS to higher dimensions,
accommodating arbitrary geometries, while preserving the locality of interactions in
two dimensions. This makes them particularly well suited for representing strongly
correlated 2D systems, though at a significantly higher computational cost.

In the simulation, we can clearly observe the application of the quench at the
centre and the subsequent spread of the perturbation over time. After performing
the Fourier transform (now in two spatial dimensions), we obtain the spectral
representation. However, the additional spatial dimension comes with a limitation:
the momentum-space resolution is directly tied to the system size. In particular,
the number of accessible points in k, , is restricted by the number of qubits along
the L, , direction of the lattice, meaning that even for relatively large qubit counts,
the resolution in momentum space may remain coarse.

An exciting direction for further exploration would be to build upon this idea and

extend such simulations to fermionic systems, where understanding the interplay
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between dimensionality, tensor-network efficiency, and quantum resources could

shed light on regimes beyond the reach of classical methods.

5.2.2 Quantum simulation of radical pairs

Another fascinating extension of the work on open quantum dynamics in Chapter 4
is the simulation of radical pairs using quantum computers. Radical pairs, consisting
of two radicals each with an unpaired electron, play a central role in both biology and
technology. In biology, they are implicated in magnetoreception — the hypothesised
quantum mechanism behind the navigational abilities of migratory birds, mediated
by radical pairs in cryptochrome molecules [242, 243]. In technology, they underpin
phenomena such as dynamic nuclear polarisation in NMR [244], and strongly
influence the efficiency of OLEDs and photovoltaic devices [245], where their spin
dynamics determine performance. The dynamics of radical pairs are governed by
the interplay between their coherent spin evolution and spin-selective recombination,

which can be described by the Haberkorn master equation [246],

d . (AN A

2P = = [H, p(t)] = {K, p(t)}, (5.2)
where H is the effective spin Hamiltonian and K encodes recombination into
singlet and triplet channels. The Hamiltonian itself includes exchange and dipolar
coupling between the electron spins, Zeeman interactions with external magnetic
fields, and hyperfine couplings to surrounding nuclear spins. Importantly, these
couplings are modulated by molecular motion, leading to stochastic fluctuations
and spin relaxation [247].

Classically, such dynamics are typically simulated using the Stochastic Liouville
Equation or Lindblad-type formalisms. While these approaches have yielded insight,
they are severely limited by the exponential scaling of the nuclear spin Hilbert space,
as well as by approximations that obscure essential dynamical features. Stochastic
Schrodinger equation (SSE) techniques offer improvements, but still face challenges

in capturing the full non-linear, environment-driven dynamics.
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As we discussed in Chapter 4, quantum computers provide a route to efficiently
simulate open quantum dynamics. A prospective line of work would be to investigate
whether the open-system dynamics of radical pairs can be directly simulated on
quantum hardware [248, 249]. Algorithms such as quantum signal processing (QSP)
or QITE could be adapted to simulate Lindbladian or stochastic dynamics beyond
classical reach. A particularly exciting possibility is to explore connections between
non-linear Lindblad dynamics and stochastic spin models of radical pairs, and to
design quantum algorithms capable of faithfully capturing these processes. Given
the severe limitations of classical approaches, even small-scale quantum devices
could already provide valuable insights into these biologically and technologically
relevant systems.

To conclude, the field of quantum computing is advancing at an extraordinary
pace. While large-scale, fault-tolerant devices remain a long-term goal, current
NISQ processors already offer a valuable platform for testing and refining quantum
algorithms. Continued focus on algorithmic development is therefore essential: not
only does it allow us to extract the most from existing hardware, but it also prepares
the ground for applications of genuine scientific and technological relevance. In
particular, areas such as materials science and chemistry demand the ability to model
complex quantum behaviour, including open-system dynamics. By addressing some
of these challenges, the contributions of this thesis highlight both the opportunities
and the challenges that lie ahead, and point towards ways in which quantum

computers may ultimately deliver significant insights.
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