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Abstract

Spin dynamics simulations are used to gain insight into important magnetic resonance
experiments in the fields of chemistry, biochemistry, and physics. Presented in this
thesis are investigations into how to accelerate these simulations by making them
more efficient.

Chapter 1 gives a brief introduction to the methods of spin dynamics simulation
used in the rest of the thesis. The ‘exponential scaling problem’ that formally limits
the size of spin system that can be simulated is described.

Chapter 2 provides a summary of methods that have been developed to overcome
the exponential scaling problem in liquid state magnetic resonance.

The possibility of utilizing the multiple processors prevalent in modern computers
to accelerate spin dynamics simulations provides the impetus for the investigation
found in Chapter 3. A number of different methods of parallelization leading to ac-
celeration of spin dynamics simulations are derived and discussed.

It is often the case that the parameters defining a spin system are time-dependent.
This complicates the simulation of the spin dynamics of the system. Chapter 4
presents a method of simplifying such simulations by mapping the spin dynamics into
a larger state space. This method is applied to simulations incorporating mechanical
spinning of the sample with powder averaging.

In Chapter 5, implementations of several magnetic resonance experiments are
detailed. In so doing, use of techniques developed in Chapters 2 and 3 are exemplified.
Further, specific details of these experiments are utilized to increase the efficiency of
their simulation.
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Chapter 1

Introduction

Elementary particles (and the compound particles constructed from them) have an

internal degree of freedom known as ‘spin’ [6]. This thesis deals with simulating the

dynamics of this degree of freedom.

The spin degree of freedom is constrained by the ‘spin quantum number’ of the

particle. This integer or half-integer number dictates the maximum absolute value

that the spin degree of freedom can take [6]. A particle with non-zero spin quantum

number will be referred to colloquially as a ‘spin’. All of the particles used in the

simulations presented in this thesis have spin quantum number 1/2 (they are ‘spin-

1/2 particles’). Specifically, the spin-1/2 particles used are electrons and the nuclei

1H, 15N, and 13C. The concepts presented will usually apply generally; it is explicitly

stated when a concept does not apply to higher-spin particles.

Experimentally, spin manifests itself through an associated magnetic moment

which gives rise to an energy level splitting in the presence of magnetic fields [7].

Transitions between these energy levels form the foundation of magnetic resonance

spectroscopy. Probing the transitions of nuclear spins is known as ‘nuclear magnetic

resonance’ (NMR) [7, 8], probing the transitions of electron spins is known as ‘electron

spin resonance’ (ESR) [7]. Magnetic resonance spectroscopy finds much use: medical

imaging [9], characterization of chemical structures [10], and protein structure deter-

mination [11] are just three.

The dynamics of a spin-1/2 particle are often modelled using a semi-classical

1



2 CHAPTER 1. INTRODUCTION

‘vector model’ [12]. We do not use this simplification here, as we wish to retain the

generality offered by quantum mechanical models. It is because we use quantum

mechanical models rather than classical models that the title of this thesis refers to

quantum spin dynamics simulation.

The motivations for simulating magnetic resonance spectra are many-fold; here

we mention just two. Simulations may be required to analyse spectra in cases where

simple models break down; the presence of strong coupling [8, 12] and sample spin-

ning [13] are two common causes of such a breakdown. Simulations can also be used

to improve existing experiments, e.g. by applying optimal control theory to magnetic

resonance experiments [14, 15].

This thesis considers how to render simulations of spin dynamics efficient. In the

present chapter we describe how spin dynamics simulations are performed and why it

is very difficult to simulate the dynamics of large spin systems (> 20 spins). Chapter 2

examines methods that have been developed that allow simulation of the dynamics

of large spin systems in the liquid state. Following this, Chapter 3 examines how

we can make use of the power of parallel computing to accelerate simulations. The

fourth chapter presents a method for dealing with spin systems which interact in a

time-varying manner, allowing use of tools developed for time-independent quantum

mechanics in time-dependent problems. Contained in the last chapter are descriptions

of how simulations of three magnetic resonance experiments have been implemented.

We show how we can use the specifics of these experiments, as well as the tools

discussed in Chapters 2 and 3, to improve the efficiency of their simulation.

It should be noted that all equations in this thesis are written in terms of units

where the reduced Planck constant ~ = 1.

1.1 Spin dynamics

The quantum mechanical systems that we shall deal with in this thesis are those

that can be described by a ‘spin Hamiltonian’. A spin Hamiltonian is a quantum
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mechanical Hamiltonian [6] which consists of operators that operate exclusively on

the spin degrees of freedom of the system; we shall call such operators ‘spin operators’.

Spin Hamiltonians are formally obtained by a second order perturbation expan-

sion of the full quantum mechanical Hamiltonian with respect to the spin operators,

followed by thermal averaging over all other degrees of freedom in the system [16]. The

approximations inherent in this definition mean that a spin Hamiltonian does not al-

ways exist. This thesis deals only with systems where assertion of a spin Hamiltonian

is valid, and so in the following, ‘Hamiltonian’ will always mean ‘spin Hamiltonian’

except where otherwise stated. Similarly, ‘operator’ will be synonymous with ‘spin

operator’.

An explicit representation which we can use to express the spin Hamiltonian is the

subject of Section 1.1.1, and a discussion of terms appearing in the spin Hamiltonians

found in this work may be found in Section 1.1.2. Section 1.1.3 defines the matrix

that we use to define the ‘state’ of a spin system, the ‘density matrix’.

1.1.1 Spin basis

A vector with 2Sk + 1 complex elements is sufficient to represent the state of a

spin-Sk particle [17, Chapter 6]. These vectors are defined in a space which we shall

call ‘wavefunction space’. Because this space is a Hilbert space [18], it is commonly

called ‘Hilbert space’ in the magnetic resonance literature [8]. However, in order to

avoid confusion with the more general mathematical concept, we do not call it that

here. The Hamiltonian of a system maps between elements of wavefunction space; a

Hamiltonian acting on a single spin can thus be represented as a (2Sk +1)× (2Sk +1)

matrix of complex elements [19].

A matrix of size N × N can be represented as a linear combination of N2 basis

operators (e.g. N2 matrices each with a single 1). We define an inner product [18,

19] for our basis operators, the Frobenius inner product [8, 20, 21]. Given two square

matrices A and B of equal size, this inner product is

〈A,B〉 = tr
{
A†B

}
, (1.1)
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where 〈 · , · 〉 is the notation that we use to express an inner product, superscript

† denotes Hermitian conjugation, and tr{ · } denotes taking the trace of the matrix

within the braces [19]. The value of this inner product is the complex conjugate of

that commonly used in linear algebra, given by tr
{
B†A

}
[20]. The choice of using

Equation (1.1) is made to match the usual definition used in magnetic resonance [8,

21]. The basis operators that we utilize in this thesis are chosen to be orthogonal [19]

with respect to the Frobenius inner product, i.e. given two basis operators Ŝi and Ŝj

〈
Ŝi, Ŝj

〉
= δij

〈
Ŝi, Ŝi

〉
, (1.2)

where δij is the ‘Kronecker delta’,

δij =

{
0 if i 6= j

1 if i = j.
(1.3)

The Frobenius inner product induces the Frobenius norm [20],

‖A‖ =
√
〈A,A〉 =

√
tr{A†A}. (1.4)

Our basis operators will not in general be normalized, i.e. in general ‖Ŝi‖ 6= 1.

Irreducible spherical tensor operators [22, 23] are a commonly used set of basis

operators in magnetic resonance simulations [8]. They are commonly used because

they generalize well to simulations containing high-spin particles [8] and their various

interrelations are very well tabulated [22, 23]. These operators are those used ‘under

the hood’ of the simulations presented in this thesis [24].

It is, however, usual to express the Hamiltonian of spin-1/2 particles in terms of

the longitudinal operator Ŝz and transverse operators Ŝx and Ŝy instead of irreducible

spherical tensor operators [8]. We follow this custom to allow direct comparison with

relevant literature. Linear combinations of Ŝx and Ŝy,

Ŝ± = Ŝx ± iŜy, (1.5)

represent the usual observable operators in phase- and frequency-sensitive) magnetic

resonance [12]. These two operators are Hermitian conjugate to each other, as may
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be verified from their definition and the fact that Ŝx and Ŝy are Hermitian [23]. The

operators Ŝ± may be used as basis operators instead of Ŝx and Ŝy.

While the operators Ŝx, Ŝy, and Ŝz are sufficient to represent the Hamiltonian of a

spin-1/2 particle, representation of more general spin-1/2 operators (e.g. the density

matrix, Section 1.1.3) requires inclusion of a fourth operator in the operator basis,

bringing the total number of operators to four. The operators Ŝz and Ŝ± are each

proportional to an element in the irreducible spherical tensor operator basis [8]; this

implies that the final element in the basis is proportional to the fourth element of

the irreducible spherical tensor operator basis. The fourth element of the irreducible

spherical tensor operator basis is I2/
√

2, a 2× 2 identity matrix [25] normalized with

respect to the Frobenius norm [8]. We omit the normalization in order to simplify the

following algebra; our last basis operator is thus I2.

The operator basis that we shall use for a system of N spins is the ‘product

operator basis’. An operator Ô acting upon the kth spin maps to the product operator

Ô(k) =

(
k−1⊗

j=1

I2Sj+1

)
⊗ Ô ⊗

(
N⊗

l=k+1

I2Sl+1

)
. (1.6)

The operation ⊗ denotes the Kronecker product [26], and IM is the M ×M identity

matrix. Operators defined in this way act on the wavefunction space containing all

possible correlations between spin degrees of freedom of the constituent spins of the

system. Instead of using the notation of different upper subscripts to denote product

operators acting on different spins (e.g. Î
(1)
z and Î

(2)
z ), we shall occasionally utilize the

convention common in NMR [8, 12] of denoting such distinct product operators by

different letters (e.g. Îz and Ŝz).

Product operators acting on more than one spin can be constructed by matrix

multiplication of single-spin product operators acting on different spins. This can

be shown by utilizing the useful relation involving Kronecker products that for four

matrices A, B, C, and D,

(A⊗B)(C ⊗D) = (AC)⊗ (BD) (1.7)
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when the respective matrices match in size such that the matrix multiplications on

each side are defined [26]. In the following, the number of non-identity single-spin op-

erators in a product operator will be referred to as the ‘spin-order’ of the operator [8].

There is a unique (up to normalization) product operator with spin-order zero; this

operator is constructed by taking the Kronecker product of the identity matrices of

all of the spins, and will be denoted I below.

Assuming the spin operator basis of spin k contains (2Sk + 1)2 orthogonal ele-

ments, one of which is (an operator proportional to) the identity matrix of appro-

priate size,
∏N

k=1(2Sk + 1)2 unique (up to a scalar pre-factor) product operators can

be constructed by formal matrix–matrix multiplication of single-spin operators. The

single-spin irreducible spherical tensor basis can be used to construct such a product

basis [22, 23], as can the spin-1/2 basis described above.

The orthogonality of the single-spin operators implies that elements of the prod-

uct operator basis are orthogonal to each other with respect to the Frobenius inner

product given above. This follows because the trace of a Kronecker product of two ma-

trices is the product of the traces of each matrix [27]. Respective orthogonality implies

linear independence, and thus product operators define a complete basis for repre-

senting complex-valued matrices of size
(∏N

k=1(2Sk + 1)
)
×
(∏N

k=1(2Sk + 1)
)

[20].

This result will be utilized in Section 1.3.1 in order to map these product operators

into vectors.

1.1.2 Spin Hamiltonian components

Within this thesis spin Hamiltonians are composed of just two sorts of terms: linear

one-spin terms resulting from coupling of the magnetic moment of the spin to some

external field, and bilinear two-spin terms due to coupling between two distinct spins.

We do not discuss couplings between distinct electron spins as the spin systems used

in this thesis do not contain more than one electron spin. ‘Quadratic’ coupling terms

that include the same spin twice cannot appear, as we deal only with spin-1/2 parti-

cles [8, 28]. The assumptions made in defining the spin Hamiltonian mean that terms
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involving three or more spins cannot be present.

We shall define our spin Hamiltonians in ‘rotating frames’. This definition al-

lows for a number of simplifications; these are described at appropriate points in this

chapter. For Hamiltonians that consist of electrons and nuclei, the rotating frame

transformation is only applied to the electrons. This is in keeping with the standard

Hamiltonian definitions in ESR spectroscopy [28]. For Hamiltonians consisting en-

tirely of nuclei, we will often make use of ‘multiply’ rotating frames. Formally, multiple

rotating frame transformations are applied to the Hamiltonian, each corresponding

to transformation with respect to a different set of spins. At the high magnetic fields

we use in our simulations, heteronuclei can be defined in different rotating frames, as

can weakly-coupled (see below) homonuclei.

A rotating frame transformation applied to the operator Ô with respect to a set

of spins K into a frame rotating with angular frequency ω0 takes the form [8]

Ôrot frame = e+iω0F̂
(K)
z tÔe−iω0F̂

(K)
z t, (1.8)

where we define the operator F̂
(K)
z by

F̂ (K)
z =

∑

k in K

Ŝ(k)
z . (1.9)

The summation is taken over all spins of the type that are to be moved into this rotat-

ing frame. While we explicitly denote operators defined in the rotating frame by the

subscript ‘rot frame’ here, this subscript is dropped when we define the Hamiltonian

terms below; they will be defined in an appropriate rotating frame unless otherwise

stated.

The transformation in Equation (1.8) contains two ‘matrix exponentials’. A matrix

exponential is formally defined by its Taylor series; given a square matrix A this series

is [29]

eA =
∞∑

k=0

Ak

k!
. (1.10)

Matrix exponentials arise frequently in this thesis. This is because they are needed in

the formal solution of Equation (1.30); see Section 1.5.
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Detection of observables in magnetic resonance spectrometers is usually performed

relative to a ‘spectrometer reference frequency’; this allows for the detection of fre-

quency differences, which are relatively small compared to the absolute frequen-

cies [12, 30, 31]. This form of detection is equivalent to performing detection of

observables in a rotating reference frame rotating at the spectrometer reference fre-

quency [12]. When applicable, we choose ω0 to be equal to the effective spectrometer

reference frequency in the simulations in this thesis in order to agree with experimen-

tal protocols.

If Ô commutes with F̂
(K)
z , then Ôrot frame = Ô. However, in general an operator

mapped into the rotating frame in the manner described by Equation (1.8) will pick

up time-dependence from the transformation. If it happens that

Ôrot frame = e+ipω0tÔ, (1.11)

where p is an integer, we say that Ô has coherence order p [12] with respect to the

set of spins K.

Importantly, the operators Ŝ
(k)
z and Î have coherence order zero as they both

commute with F̂
(K)
z , the operator Ŝ

(k)
+ has coherence order +1, and the operator Ŝ

(k)
−

has coherence order −1 [12]. These four operators are sufficient for expanding general

operators of spin-1/2 particles in terms of operators with defined coherence order.

More generally, irreducible spherical tensor operators can be used: elements in the

basis representing the kth spin have well-defined coherence order because of known

commutation relations of these elements with Ŝ
(k)
z [22, 23].

When it is well defined, the coherence order of the product of two operators is

the sum of the coherence orders of the separate operators, as may be shown in the

following way. Consider an operator P̂ with coherence order p and an operator Q̂ with

coherence order q. Inserting the product of these operators into Equation (1.8) gives

(
P̂ Q̂
)

rot frame
= e+iω0F̂

(K)
z tP̂ Q̂e−iω0F̂

(K)
z t. (1.12)

Noting that

e−iω0F̂
(K)
z te+iω0F̂

(K)
z t = I, (1.13)
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the identity matrix, we can rewrite the rotating frame product as

(
P̂ Q̂
)

rot frame
= e+iω0F̂

(K)
z tP̂ IQ̂e−iω0F̂

(K)
z t (1.14)

=
(

e+iω0F̂
(K)
z tP̂ e−iω0F̂

(K)
z t
)(

e+iω0F̂
(K)
z tQ̂e−iω0F̂

(K)
z t
)
. (1.15)

As the two operators have a well-defined coherence order, we can rewrite this as

(
P̂ Q̂
)

rot frame
= e+iω0ptP̂ e+iω0qtQ̂ (1.16)

= e+iω0(p+q)tP̂ Q̂, (1.17)

i.e. the product has coherence order (p+ q), as we set out to prove. The case in which

the resulting product operator does not have a well-defined coherence order is when

the product P̂ Q̂ is the zero matrix. Such a product cannot contribute to a calculation

in any meaningful way, however.

At the high magnetic fields usually used in magnetic resonance it is often a good

approximation to restrict the rotating frame Hamiltonian to just terms of coherence

order zero (with respect to all spins). This is because the magnitude of the frequency

ω0 is typically large enough that terms of the form shown in Equation (1.11) where

p 6= 0 average to zero over the time scales probed. This restriction is known as

the ‘secular approximation’ [30] or ‘high-field approximation’ [8] (we use the former

designator here), and is utilized in all of the simulations in this thesis.

We define all of the Hamiltonian terms below within the secular approximation,

with two exceptions. Firstly, in ESR simulations the Hamiltonian is not defined within

a rotating frame with respect to any of the nuclear spins; the secular approximation

with respect to the nuclear spins is thus not appropriate in these simulations. Sec-

ondly, radio- and microwave-frequency terms are usually rendered (approximately)

time-independent by the rotating frame transformation (see below). The averaging

argument is then not valid, and these terms are thus kept.

Zeeman interaction

The largest magnitude contributions to the spin Hamiltonians in this thesis are due

to coupling of the spin magnetic moments to an external applied magnetic field.
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This is the ‘Zeeman interaction’ [8]. In simple magnetic resonance experiments the

applied magnetic field is homogeneously oriented over the entire sample; the direction

of this field is conventionally taken as the z axis of the ‘laboratory frame’ [12]. This

field is also assumed to have homogeneous magnitude, B0, although additional ‘field

gradients’ are commonly applied as part of magnetic resonance experiments [12].

The form of the secular Zeeman term for a spin-1/2 nucleus k in a frame rotating

at frequency ωk is [8]

Ĥ
(k)
Zeeman = −B0

(
1− ωk

B0γk
− σk,z

)
γkŜ

(k)
z . (1.18)

Each nucleus has a specific magnetogyric ratio, γk [32]. The chemical shielding, σk,z,

includes local contributions that modify the exact size of the field felt by the spin [7].

We shall often talk of chemical shift rather than chemical shielding in NMR sim-

ulations; chemical shift δ is defined relative to some reference frequency ωref , and

expressed in the secular case as

δ = 106B0(1− σk,z)− ωref

ωref

, (1.19)

in units of parts-per-million (ppm) [12]. We use the standard NMR definitions of

reference frequencies for nuclei [32].

As mentioned above, if a spin system contains both electrons and nuclei, then

only the electrons will be moved into the rotating frame. This means that the secular

approximation is not applicable to the nuclei. The form of the Zeeman interaction for

a nucleus k is then [30]

Ĥ
(k)
Zeeman = −B0γk

(
−σk,xŜ(k)

x − σk,yŜ(k)
y + [1− σk,z]Ŝ(k)

z

)
, (1.20)

where σk,x, σk,y, and σk,z are chemical shielding components.

A slightly different form is conventionally used for secular Zeeman terms of the

Hamiltonian due to electrons [7]; for an electron l in a frame rotating at ωl the secular

Zeeman interaction is written [28]

Ĥ
(l)
Zeeman = B0

(
µBgl −

ωl
B0

)
Ŝ(l)
z . (1.21)
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The constant µB appearing in this equation is the Bohr magneton [28]. The ‘g-factor’,

gl, is similar to the chemical shift of nuclear spins in that it incorporates the effects

of fields local to a given spin [7].

In general, σk,x, σk,y, σk,z, and gl will contain both isotropic and anisotropic con-

tributions: variation of the position and orientation in space of the particle, e.g. by

rotation of the molecule which the particle is in, can vary the magnitude of the inter-

action. However, isotropic tumbling in solution averages all but the isotropic contri-

bution to zero [30]. Magic angle spinning (see Section 4.4) can be used to render the

anisotropic component of the secular Zeeman interaction unobservable in the solid

state [33].

Radio- and microwave-frequency field interaction

Radiofrequency (NMR and ESR) and microwave-frequency (ESR) fields are used to

perturb the dynamics of spin systems [8, 28]. Within the pulse sequences in this thesis,

these fields are applied in the form of short ‘pulses’ in the xy-plane relative to the

direction of the applied magnetic field.

A pulse applied at a frequency ω1 with magnitude B1 to spin-1/2 particles of type

K defined in a frame rotating at ω1 gives the Hamiltonian term [8]

Ĥ
(K)
pulse = −B1

∑

k∈K
γk

(
cos(φ)Ŝ(k)

x + sin(φ)Ŝ(k)
y

)
, (1.22)

where γk should be replaced with −gkµB in the case of electron-spin excitation [28],

and φ is the ‘phase’ of the pulse. Common pulse-phases include 0 (an ‘x’ pulse), π/2 (a

‘y’ pulse), π (a ‘−x’ pulse) and 3π/2 (a ‘−y’ pulse). An additional (time-dependent)

term that arises during the rotating frame transformation has been omitted as it only

contributes a small frequency shift; this is standard practice in high field magnetic

resonance simulations [8, 28]. We shall refer to this omission as the ‘rotating frame

approximation’. Use of multiple rotating frames allows us to express pulses applied

at different frequencies to different sets of spins in this time-independent form.

In principle, the summation in Equation (1.22) should be over all spins in the spin
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system. In practice, we do not include spins that are defined in a different rotating

frame within the Hamiltonian. This is because the terms corresponding to such spins

are not time-independent, and are assumed to be averaged to zero within the secular

approximation.

In NMR [30] and ESR [31] experiments, if a set of spins is detected, it is usual

for the excitation frequency of the pulse applied to that set of spins, ω1, to be equal

to the rotating frame frequency used for detection of that set of spins, ω0. When

appropriate, we have thus always chosen ω1 = ω0 in the simulations in this thesis for

consistency with experimental protocols.

Nuclear spin–nuclear spin couplings

Spin–spin couplings between nuclei arise via two different mechanisms, namely J-

coupling, and dipole–dipole coupling [8, 16, 30], which we shall now discuss. With

the definitions of these interactions given below, care should be taken not to ‘double-

count’ the interactions by including any pair of spins twice in the final Hamiltonian.

The J-coupling interaction between spins is mediated by the electrons in chem-

ical bonds [30]. This coupling provides much of the information obtained in NMR

spectroscopy [16, 30].

In the homonuclear case, the secular part of the J-coupling between two nuclei k

and l takes the form [30]

Ĥ
(k,l)
J coupling = 2πJkl

(
Ŝ(k)
x Ŝ(l)

x + Ŝ(k)
y Ŝ(l)

y + Ŝ(k)
z Ŝ(l)

z

)
. (1.23)

Between heteronuclei this reduces to [30]

Ĥ
(k,l)
J coupling = 2πJklŜ

(k)
z Ŝ(l)

z (1.24)

because (Ŝ
(k)
x Ŝ

(l)
x + Ŝ

(k)
y Ŝ

(l)
y ) does not have coherence order zero in the heteronuclear

case, and so is discarded as part of the secular approximation (see above). The pref-

actor Jkl gives the size of the coupling between the two spins. We assume that all Jkl

are isotropic in this thesis. While formally Jkl can contain anisotropic components,
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we ignore them as they are often small and hard to separate from the dipole–dipole

interaction described below [30].

Between every pair of nuclear spins there is a through space interaction known

as ‘dipole–dipole coupling’. This coupling arises from the interaction of the magnetic

moment of one nucleus with the magnetic field generated by the other [16]. The

coupling magnitude depends upon the distance between the two nuclei and their

orientation with respect to each other; the orientation is conventionally defined in the

laboratory frame.

The secular dipole–dipole coupling between two homonuclei l and k is [8, 30]

Ĥ
(k,l)
DD coupling =

1

2
bkl
(
3 cos 2(θkl)− 1

)
· (1.25)

·
(

2Ŝ(k)
z Ŝ(l)

z − Ŝ(k)
x Ŝ(l)

x − Ŝ(k)
y Ŝ(l)

y

)
,

and for heteronuclei it is [8, 30],

Ĥ
(k,l)
DD coupling = bkl

(
3 cos 2(θkl)− 1

)
Ŝ(k)
z Ŝ(l)

z . (1.26)

The angle θkl is the angle between the magnetic field vector and the vector joining

the two nuclei. The prefactor bkl is a function of the inter-spin distance, rkl, and the

magnitude of the magnetic moments of the two nuclei involved in the interaction.

Explicitly, this factor is [30]

bkl = −µ0

4π

γkγl
r3
kl

. (1.27)

The dipole–dipole coupling (and thus its secular part) has no isotropic component

and is averaged to zero by isotropic tumbling in solution [30]. This coupling can, how-

ever, give rise to a mechanism of relaxation (Section 1.3.2) in solution, thus affecting

the spectrum indirectly [34]. Dipole-dipole coupling can be observed directly in solid

state spectra (an example is given in Figure 4.1), but can be rendered unobservable

by magic-angle spinning [33]; see Section 4.4.

In the case that the chemical shifts of two homonuclei are substantially differ-

ent as compared to the magnitude of the coupling between them, Equations (1.24)

and (1.26) may be used to describe their interaction rather than Equation (1.23)
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and (1.25). This is the ‘weak coupling’ regime [8] and can simplify analytical solu-

tion of the equations of motion. It is important to note that if one tries to define

the Hamiltonian within separate rotating frames for two strongly-coupled spins, the

Hamiltonian becomes time-dependent. However, two weakly coupled spins can be

defined in different rotating frames within the Hamiltonian, while the Hamiltonian

remains time-independent within the secular approximation. This is important in

Section 5.3, where two different sets of 13C nuclei are irradiated independently.

Hyperfine couplings

Spin–spin couplings between an electron and a nucleus are utilized in the simulations

of Section 5.1. These couplings are known as ‘hyperfine couplings’ [28]. Details on the

mechanisms of interaction may be found in References [7], [16], and [28]. The form of

the hyperfine coupling term between a nuclear spin I and an electron spin S can be

written as [28]

Ĥ
(I,S)
HF =

(
BxÎx +By Îy + AÎz

)
Ŝz, (1.28)

where we use the secular approximation for the electron spin, and A, Bx and By are

coupling parameters. These coupling parameters will in general have both isotropic

and anisotropic parts.

1.1.3 Density matrices

While the state of a single N -spin system can be described in the product basis by

a vector with
∏N

k=1(2Sk + 1) elements, the state of an ensemble of systems is best

described by a ‘density matrix’ [35]. We make use of the density matrix formalism in

this thesis.

The expectation value [35] of an observable operator ŝ is obtained from the density

matrix of the system, ρ̂, using the relation [8]

〈ŝ〉 = tr{ŝρ̂}. (1.29)

While density matrices can be formally defined in terms of an ensemble of wavefunc-

tions, we choose to let this relationship formally define our density matrix, following
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Reference [36].

The size of ρ̂ is the same as the Hamiltonian of the system, it is Hermitian, and

it has unit trace [36]. The equation of motion of ρ̂ is the Liouville–von Neumann

equation [8, 36]

dρ̂

dt
= −i

[
Ĥ, ρ̂

]
, (1.30)

where [ · , · ] is a commutator [29]; expanding the commutator this equation is written

dρ̂

dt
= −i

(
Ĥρ̂− ρ̂Ĥ

)
. (1.31)

Solution of this equation is discussed in Section 1.5.

Usually we shall take the density matrix at the beginning of a simulation to be

the density matrix representing thermal equilibrium. At a temperature T , this density

matrix is given by [36]

ρ̂eq =
exp{−βĤ}

tr
{

exp{−βĤ}
} , (1.32)

where β = (kBT )−1, and kB is Boltzmann’s constant.

The thermal equilibrium density matrix in Equation (1.32) can be computed using

the Taylor series expansion of the matrix exponential, Equation (1.10). Convergence

of this expansion to machine precision (∼ 10−16 [37]) typically occurs within only a

few terms. The number of terms required is so low as a result of the smallness of

the energy gaps in the spin Hamiltonian compared to β−1 at usual temperatures and

magnetic field strengths. This observation gives rise to the ‘high temperature approx-

imation’, common in magnetic resonance, that truncates the Taylor series expansion

of Equation (1.32) after the second term [8, 28], i.e.

ρ̂eq ≈
Idim{Ĥ} − βĤ

tr
{
Idim{Ĥ} − βĤ

} . (1.33)

The smallness of the energy gaps also means that this density matrix is dominated

by the identity matrix term. Since solutions of Equation (1.30) preserve the trace, it

is often convenient to omit the identity matrix from the thermal equilibrium density
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matrix and formally renormalize to give the ‘reduced density matrix’

ρ̂′eq = −Ĥ. (1.34)

This renormalization increases the numerical values of the populations as compared

to those found in the density matrix of Equation (1.33), while retaining the ratios

of these populations. Increasing the absolute population values is beneficial as it can

help avoid numerical errors due to the finite precision arithmetic utilized in numerical

calculation [25, 37]. As the Zeeman interaction is the largest magnitude interaction

in the Hamiltonians used in this thesis (see Section 1.1.2), the Zeeman term will

dominate the reduced density matrix.

1.2 Exponential scaling problem

It is well-known that the computational resources required to simulate general quan-

tum mechanical systems scale exponentially with the number of particles [38]. General

spin dynamics simulations are no exception.

As an example of the resources required, we can consider the storage required for a

general density matrix. We first note that spin-1/2 particles have the smallest density

matrix representation (a 2× 2 matrix); the case of N spin-1/2 particles thus provides

a lower bound on representation size. The Kronecker product of N such matrices, as

required to represent an N -spin system, is a 2N×2N matrix, i.e. the matrix size scales

exponentially with the number of spins in the system. This provides a lower bound

on the size of the density matrix required to represent a general N -spin system.

This exponential scaling of computational resources with the number of spins, or

‘exponential scaling problem’, is severely limiting: a simulation with just 20 spins

would require a density matrix with size of the order 106 × 106. Actual spin systems

of interest can have thousands of spins (see Section 5.3).

Through the use of additional approximations and judicious choices of experiment,

magnetic resonance experiments can be used to analyse spin systems with hundreds

and even thousands of spins [11, 39]. These approximations are not always justified,
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however, and could lead to very large errors. Chapter 2 summarizes recently developed

methods that can mitigate (and even overcome) the exponential scaling problem in

simulations of liquid-state magnetic resonance experiments with the introduction of

only very small errors.

1.3 Liouville space

It is often convenient to work with the ‘Liouville space’ representation of the density

matrix [8, 21]. In this representation a density matrix becomes a vector with the

same number of elements as the density matrix. We refer to this vectorized density

matrix, |ρ̂〉, as a ‘state vector’. More generally, an operator Ô that has been mapped

into Liouville space to give |Ô〉 will be referred to as either a ‘vectorized operator’

or, more colloquially, a ‘state’. Operators which map between elements of Liouville

space are known as ‘superoperators’ [8, 21]. They are represented by square matrices

with size the square of operators on wavefunction space. Superoperators are denoted

in this thesis by upper-case letters in calligraphic font, e.g. L, P , R, S.

After the discussion of Section 1.2, the concept of mapping into a space which

requires even larger matrix representations may seem ridiculous. However, use of

Liouville space conveys a number of benefits. Firstly, it simplifies the inclusion of

relaxation theories; this is discussed in Section 1.3.2. Secondly, and most importantly,

the formalism allows for the use of ‘state space restriction’ methodology. As detailed in

Chapter 2, such methodology allows us to overcome the exponential scaling problem

in special cases.

The representation of Liouville space used in spin dynamics is commonly bestowed

with the following inner product [18, 19]: between any two vectorized operators |â〉
and |b̂〉

〈
â
∣∣∣ b̂
〉

= (|â〉)†
∣∣∣b̂
〉

=
∑

k

([|â〉]k)∗
[∣∣∣b̂
〉]

k
, (1.35)

where superscript † denotes Hermitian conjugation, superscript ∗ denotes complex

conjugation, and subscripted square brackets [ · ]k denote the kth element of the vector
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contained within them [8, 21]. This inner product is defined to be equivalent to the

Frobenius inner product, Equation (1.1) [8, 21]

〈
â
∣∣∣ b̂
〉

= tr
{
â†b̂
}
. (1.36)

Unfortunately, this inner product definition differs subtly from the definition of

the expectation value [8]. Comparing Equations (1.29) and (1.35), the expectation

value of an observable ŝ can be seen to be given in inner product form by

〈ŝ〉 =
〈
ŝ†
∣∣ ρ̂
〉
. (1.37)

We cannot use the expectation value to define our inner product, as it is does not

fulfil the required criterion of being non-negative [20]. In the case of Hermitian ob-

servable operators, ŝ = ŝ† and thus 〈ŝ〉 = 〈ŝ|ρ̂〉 [8]: there is no difference between

expectation values and inner products. However, it is usual in magnetic resonance

to detect using the non-Hermitian observable operators Ŝ± (Section 1.1.1), meaning

that the distinction between inner products and expectation values is important [8,

12]. We shall refer to a vectorized operator 〈ŝ†| which will be used to compute the

expectation value of ŝ as a ‘detection state’.

The Liouville–von Neumann equation in Liouville space is expressed in terms of a

superoperator called the ‘Liouvillian’, denoted by L. This Liouvillian has the property

that [8]

L|ρ̂〉 =
∣∣∣
[
Ĥ, ρ̂

]〉
. (1.38)

Examining Equation (1.30), the Liouville–von Neumann equation in Liouville space

is seen to be [21]

d

dt
|ρ̂〉 = −iL|ρ̂〉. (1.39)

One commonly used mapping into Liouville space is to define a vectorized operator

|Ô〉 by extending the matrix Ô into a column-vector row-wise. The Liouvillian operat-

ing on elements of this Liouville space can be shown to be related to the Hamiltonian

of the system by [8, 21]

L = Ĥ ⊗ I − I ⊗ ĤT , (1.40)
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where a superscript T denotes taking of the matrix transpose [19] and the identity

matrices are the same size as the Hamiltonian. The direct correspondence to the

original density matrix and Hamiltonian is convenient, but this is often not the best

way to define the representation. This is especially true when making use of basis

set truncation (Section 2.1). The mapping used for the Liouville space simulations

presented in this thesis is sketched-out in Section 1.3.1. Use of this mapping to gen-

erate the thermal equilibrium state vector directly in Liouville space may be found

in Section 1.3.3.

The vast majority of the simulations in this thesis have been computed using a

Liouville space formalism. The only exceptions may be found in Section 3.3.

1.3.1 Building superoperators

While it is possible to build operators acting on wavefunction space and then map

them into superoperators and state vectors [8], it is often more convenient to build

superoperators and state vectors in Liouville space directly. This direct construction

is especially useful when using basis set truncation (see Chapter 2), as the vectors

and matrices can be built directly in the truncated basis [40].

Reference [40] contains a general scheme for building superoperators without hav-

ing to build product operators that act on wavefunction space. This subsection con-

tains application of this method to construct the superoperator that effects multipli-

cation of Ĥ on the left of an operator Ô. The superoperator effecting multiplication

on the right can be constructed similarly; both superoperators are required to build

the Liouvillian, as may be confirmed by observation of the commutator structure

in Equation (1.30). The details of the construction are important for Section 1.3.3,

where we construct thermal equilibrium state vectors directly in Liouville space.

We begin with expansion of Ô in terms of a product basis as described in Sec-

tion 1.1.1. The nth element of this basis is here denoted Ŝn, and it should be recalled

that these elements are orthogonal with respect to the Frobenius inner product, Equa-
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tion (1.1). Expanded in this basis Ô may be written

Ô =
∑

l

olŜl. (1.41)

It is convenient to use a normalized basis; this is required such that the superoperator

we derive is Hermitian (see below). Normalization is performed using the Frobenius

norm, Equation (1.4), to give normalized basis elements

Ŝ ′l = Ŝl

∥∥∥Ŝl
∥∥∥
−1

. (1.42)

With the normalized basis, the expansion of Ô, Equation (1.41), becomes

Ô =
∑

l

(∥∥∥Ŝl
∥∥∥ol
)
Ŝ ′l. (1.43)

The product of Ĥ and Ô is then written

ĤÔ =
∑

l

Ĥ
∥∥∥Ŝl
∥∥∥olŜ ′l. (1.44)

The Hamiltonian can also be expanded in the product operator basis [40], although in

order to avoid unnecessary extra subscripts this expansion is not performed explicitly

here.

Product operators, as defined in Section 1.1.1, provide a complete basis. Therefore

Equation (1.44) can be written

ĤÔ =
∑

kl

Ŝ ′khkl

∥∥∥Ŝl
∥∥∥ol. (1.45)

Using the orthonormality of the product operators, the coefficients hkl may be found

by taking inner products:

hkl =
〈
Ŝ ′k, ĤŜ

′
l

〉
. (1.46)

With respect to the original (unnormalized) basis these elements are given by

hkl =
∥∥∥Ŝk

∥∥∥
−1∥∥∥Ŝl

∥∥∥
−1

tr
{
Ŝ†kĤŜl

}
. (1.47)

The expansion in Equation (1.45) implies that we may express the product ĤÔ

in terms of a vector with kth element

[
ĤÔ

]
k

=
∑

kl

hkl

∥∥∥Ŝl
∥∥∥ol. (1.48)
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This equation has the form of a matrix–vector product [25]

Lleft

∣∣∣Ô
〉

=
∣∣∣ĤÔ

〉
, (1.49)

where the (kl)th element of the matrix Lleft is

[Lleft]kl = hkl (1.50)

and the lth element of the vector |Ô〉 is

[∣∣∣Ô
〉]

l
=
∥∥∥Ŝl
∥∥∥ol. (1.51)

This is the desired matrix representation. Because of the Hermiticity of the Hamilto-

nian, it may be seen from Equation (1.47) that

hkl = (hlk)
∗, (1.52)

i.e. Lleft is Hermitian, as was alluded to above.

The definition in Equation (1.51) preserves inner products, as we shall now show.

With that definition of the elements, the inner product (see Equation (1.35)) of vec-

torized operators |â〉 and |b̂〉 is given by

〈
â
∣∣∣ b̂
〉

=
∑

k

∥∥∥Ŝk
∥∥∥

2

a∗kbk =
∑

k

tr
{
Ŝ†kŜk

}
a∗kbk. (1.53)

Linearity of the trace [19] allows us to write

〈
â
∣∣∣ b̂
〉

= tr

{∑

k

(
akŜk

)†
bkŜk

}
. (1.54)

Orthogonality of the spin operators Ŝk with respect to the Frobenius inner product

then means that we can use Equation (1.41) to re-express this as

〈
â
∣∣∣ b̂
〉

= tr

{[∑

k

(
akŜk

)†
][∑

l

blŜl

]}
= tr

{
â†b̂
}
, (1.55)

the definition of the Liouville space inner product, Equation (1.36).
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The right superoperator Lright can be derived in this basis by following the above

procedure beginning with the product ÔĤ instead of ĤÔ. The Liouvillian is then

defined by [40]

L = Lleft − Lright (1.56)

such that

L
∣∣∣Ô
〉

=
∣∣∣
[
Ĥ, Ô

]〉
. (1.57)

The coefficients hkl can be computed efficiently and stored for later computation, as

detailed in References [40], [41], and [42] This allows for efficient construction of the

Liouvillian, even in the truncated basis sets discussed in Section 2.1.

In Section 1.3.3 we utilize relations found above to demonstrate how the thermal

equilibrium state can be generated efficiently in this basis.

1.3.2 Relaxation

‘Relaxation’ is a blanket term used to denote processes that return a perturbed system

to thermal equilibrium. In Liouville space it is possible to include many relaxation

models by the introduction of a ‘relaxation superoperator’ R into the Liouville–von

Neumann equation [8, 21, 34],

d

dt
|ρ̂〉 = (−iL+R)|ρ̂〉. (1.58)

This corresponds to a simple modification of the Liouvillian, leaving the form of the

equation of motion unchanged. Such relaxation models cannot generally be included

in treatments utilizing wavefunction space operators without complicating the form

of the equation of motion, as we demonstrate using a simple example below. Being

able to include relaxation is important, as it allows for the use of basis set truncation

(Section 2.1) in a rigorous manner [2].

One of the simplest relaxation theories is T1 / T2 theory. This theory consists of

the assumption that relaxation processes cause exponential decay of the state popu-

lations of spin-1/2 particles, with the population of longitudinal states decaying with
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characteristic time T1 and the population of transverse states decaying with charac-

teristic time T2 [43]. Using this model, we can examine why inclusion of relaxation

is difficult when performing simulations using density matrices as opposed to state

vectors.

The density matrix of a single spin-1/2 particle can be written

ρ̂t =
1√
2
I2 + xtÎx + ytÎy + ztÎz. (1.59)

Assuming we are in a frame rotating such that the effect of the Zeeman interaction

is nulled, T1 / T2 theory implies that the equation of motion of this density matrix is

d

dt
ρ̂t = − 1

T2

(
xtÎx + ytÎy

)
− 1

T1

ztÎz. (1.60)

The right-hand side of this equation cannot be written in the form of a commutator as

in Equation (1.30); the inclusion of relaxation thus results in an equation of motion of

a different form to the Liouville–von Neumann equation. Such equations will become

more complicated as further spins are included in the simulation.

In contrast, in Liouville space we can write Equation (1.60) as

d

dt
|ρ̂t〉 =− 1

T2

(
|Îx〉〈Îx|
〈Îx|Îx〉

xt

∣∣∣Îx
〉

+
|Îy〉〈Îy|
〈Îy|Îy〉

yt

∣∣∣Îy
〉)

(1.61)

− 1

T1

|Îz〉〈Îz|
〈Îz|Îz〉

zt

∣∣∣Îz
〉
,

which simplifies to the form of Equation (1.58), with L = 0 and

R = − 1

T2

(
|Îx〉〈Îx|
〈Îx|Îx〉

+
|Îy〉〈Îy|
〈Îy|Îy〉

)
− 1

T1

|Îz〉〈Îz|
〈Îz|Îz〉

. (1.62)

This is illustrative of the general case: in the basis described in Section 1.3.1, inclu-

sion of T1 / T2 theory is effected by a diagonal relaxation superoperator that when

exponentiated gives the appropriate exponential decays.

Bloch–Wangsness–Redfield theory [44, 45] represents a more sophisticated relax-

ation model. It can be used to represent the major relaxation mechanisms arising

due to tumbling in solution [34, 46]; we use it for this purpose. The model is pa-

rameterized by an isotropic rotational correlation time, representing the ‘tumbling
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rate’ [34]. Simulations using Bloch–Wangsness–Redfield theory in this thesis utilize

relaxation superoperators constructed using an implementation due to Ilya Kuprov,

described in Reference [47]. We make use of the secular approximation (Section 1.1.2)

in the definition of this superoperator, with the same justification as was used for the

Hamiltonian.

The relaxation superoperators described here will damp the populations of states

to zero, not the true thermal equilibrium state [48]. We ignore this effect in many

simulations in this thesis, but methods to overcome this problem are discussed in

Section 1.3.3.

1.3.3 Equilibrium state vector

The Hamiltonian of a system is directly related to the energy [6]. This is not true of

the Liouvillian of a system. This means that it cannot be used in a manner similar to

Equation (1.32) to determine the thermal equilibrium state of the system [21]. One

could build this equilibrium state using Equation (1.32) and then compute the vector

elements in Equation (1.51) by taking inner products, but this will not be efficient. We

would also not be able to make use of basis set truncation during the construction. A

better way of building this equilibrium state is through use of the method described

below.

For the rest of this section, ‘I’ represents a product operator built from the identity

matrix elements of the operator basis of each spin in the system. This operator maps

into the vectorized operator |I〉, which we call the ‘unit state’. Acting on this state

with Lleft gives

Lleft|I〉 =
∣∣∣ĤI

〉
=
∣∣∣Ĥ
〉
, (1.63)

by construction (See Section 1.3.1). The state thus defined is the Hamiltonian rep-

resented as a vectorized operator. Further multiplication of Lleft on the left of Equa-

tion (1.63) will result in |Ĥ2〉, a further multiplication will give |Ĥ3〉, and so on. This
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suggests that we can compute the numerator of Equation (1.32) in Liouville space by

∣∣∣exp{−βĤ}
〉

= exp{−βLleft}|I〉. (1.64)

The inner product of Liouville space, Equation (1.55), implies that

〈
I
∣∣∣ b̂
〉

= tr
{
I†b̂
}

= tr
{
b̂
}
. (1.65)

Therefore the denominator of Equation (1.32) can be computed using

tr
{

exp{−βĤ}
}

= 〈I| exp{−βLleft}|I〉. (1.66)

The thermal equilibrium state in Liouville space may thus be constructed as

|ρ̂eq〉 =
exp{−βLleft}|I〉
〈I| exp{−βLleft}|I〉

. (1.67)

As was explained in Section 1.1.3, only a small number of Taylor series terms

will normally be required to generate the state vector in Equation (1.67). The same

arguments given there can be used to rationalize the following high temperature

approximation to the equilibrium state:

|ρ̂eq〉 ≈
|I〉 − βLleft|I〉
〈I|I〉 − β〈I|Lleft|I〉

. (1.68)

The ‘reduced state vector’ equivalent to the reduced density matrix of Equation (1.34)

is
∣∣ρ̂′eq

〉
= −Lleft|I〉. (1.69)

This thermal equilibrium ‘state vector’ is that which is used whenever we do not give

an explicit temperature for a simulation.

The method of building the equilibrium state described in this subsection is very

similar to that described in Reference [21], where the equilibrium state is built using

|ρ̂eq〉 =
exp{−β(Lleft + Lright)/2}|I〉
〈I| exp{−β(Lleft + Lright)/2}|I〉

. (1.70)

Use of either method must necessarily give the same result.
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It was noted in Section 1.3.2 that relaxation superoperators derived using T1 / T2

theory and Bloch–Wangsness–Redfield theory decay state populations towards zero,

not thermal equilibrium. In order to ensure that relaxation is to thermal equilibrium,

Equation (1.58) is commonly modified to give [8, 48, 49]

d

dt
|ρ̂〉 = −iL|ρ̂〉+R(|ρ̂〉 − |ρ̂eq〉). (1.71)

Unfortunately, this modified equation is inhomogeneous, making efficient solution

more difficult.

A number of methods have been described in the literature that modify R in

order to relax to thermal equilibrium without destroying the homogeneous form of

Equation (1.58) [21, 48, 49]. In this thesis we utilize a modification of the simple

method suggested in Section 3 of Reference [49] whereby the column of the relax-

ation superoperator corresponding to the unit state (normally all zeroes) is replaced

with [24]

−R|ρ̂eq〉. (1.72)

Solutions obtained using this modified relaxation superoperator in Equation (1.58)

are equivalent to solutions obtained from solving Equation (1.71) as long as the value

of the unit-state element of the state vector |ρ̂〉 is unity [24]. Relaxation superoperator

thermalization has been used in the simulation presented in Section 2.1.

The value of the element corresponding to the unit state in the state vectors

defined above will not be unity for state vectors corresponding to density matrices;

instead, the element has value ‖I‖−1. This may be confirmed by recalling that the

density matrix must have unit trace (Section 1.1), which implies that the prefactor

in front of the identity operator in the decomposition Equation (1.41) is

(tr{I})−1 = (tr
{
I†I
}

)−1 = ‖I‖−2, (1.73)

and recalling the definition of an element in the Liouville space vector, given by

Equation (1.51). However, we can define a modified state vector where this element

is unity:

|ρ̂′〉 = ‖I‖|ρ̂〉. (1.74)
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In order to preserve expectation values when using this modified state vector, we

must also modify the definition of the expectation value, Equation (1.37), such that

〈ŝ〉 = ‖I‖−1〈ŝ†
∣∣ ρ̂′
〉
. (1.75)

1.4 Sparsity

The discussion of Section 1.2 paints a grim picture. Assuming each element requires

only a byte of memory (a significant underestimate), storage of the Hamiltonian of a

20 spin-1/2 system would require 420 bytes of computer memory.

Fortunately, spin Hamiltonians and Liouvillians of large spin systems are sparse [3,

50, 51]: the number of non-zero elements is small as compared to the total number of

elements of the Hamiltonian. We prove in Sections 1.4.1 and 1.4.2 that the restriction

that only at most two-spin spin–spin couplings exist in the spin Hamiltonian (Sec-

tion 1.1.2) is sufficient to explain this sparsity, and place numerical bounds on the

number of non-zero elements that can be present.

Sparse matrices may be stored using much less computer memory than the size of

the matrix would suggest. The large number of zero-elements allows for compression:

storage of e.g. just the non-zero elements and their indices can require significantly

less memory than the full matrix. A large number of possible methods of representing

sparse matrices in a compressed way exist [52, 53]. The simulations in this thesis make

use of that invoked by Matlab’s sparse matrix library [54, 55].

Efficient methods exist for performing common matrix operations utilizing sparse

matrices [52, 53, 54]. Some of these methods are discussed in Section 2.2.3.

1.4.1 Hamiltonian sparsity

That the Hamiltonian contains only terms coupling at most two spins means that a

general operator appearing in the Hamiltonian may be written

I2S1+1 ⊗ · · · ⊗ Ŝk ⊗ · · · ⊗ Ŝm ⊗ · · · ⊗ ISN+1, (1.76)
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where Ŝk and Ŝm are operators from the operator bases of the kth- and mth-spins,

respectively. All omitted matrices are identity matrices; an omitted matrix in position

j is an identity matrix of dimension (2Sj + 1).

Consider the operator

I2S1+1 ⊗ · · · ⊗ J2Sk+1 ⊗ · · · ⊗ J2Sm+1 ⊗ · · · ⊗ ISN+1, (1.77)

where Jn is a matrix of size n × n with no zeroes and the omitted matrices are

again identity matrices of appropriate size. Any non-zero element of the operator

in Equation (1.76) must be a non-zero element of Equation (1.77); it represents the

densest form that a two-spin operator could take. The number of non-zeroes of an

operator of the form Equation (1.77) is thus bounded by the number of non-zeroes in

the operator of Equation (1.77), which is

(2Sk + 1)(2Sm + 1)
N∏

n=1

(2Sn + 1). (1.78)

This value is derived by noting that the number of non-zeroes of the nth identity

matrix is 2Sn + 1, the number of non-zeroes of a matrix Jn is (2Sn + 1)2, and the

number of non-zeroes of a Kronecker product is the product of the number of non-

zeroes of the constituent matrices. Simplification is then made of the product by

moving one (2Sk + 1)(2Sm + 1) into the product such that it ranges over all spins.

We obtain a bound on the total number of non-zeroes by summing over all possible

pairs of spins:

nnz
{
Ĥ
}
≤

N−1∑

k=1

N∑

m=k+1

(2Sk + 1)(2Sm + 1)
N∏

n=1

(2Sn + 1). (1.79)

We define the ‘density’ of a matrix as the number of non-zeroes divided by the number

of elements, in this case (
∏N

n=1(2Sn + 1))2. The Hamiltonian density is thus bounded

by

density
{
Ĥ
}
≤
∑N−1

k=1

∑N
m=k+1(2Sk + 1)(2Sm + 1)
∏N

n=1(2Sn + 1)
. (1.80)

This bound is tighter than that derived in Reference [3].
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The bound on the density becomes small exponentially fast as the number of spins

increases; this is important as it means that the actual amount of memory required

for storage of the Hamiltonian does not increase as quickly as would be expected from

the discussion in Section 1.2. This exponential smallness may be seen explicitly in the

case of N spin-1/2 particles:

nnz
{
Ĥ
}

= 2N(N − 1)2N , (1.81)

thus

density
{
Ĥ
}

=
2N(N − 1)

2N
. (1.82)

Consideration of Hamiltonian sparsity is used to justify the efficient method of

density matrix propagation derived in Section 3.3.

1.4.2 Liouvillian sparsity

If we use the mapping into Liouville space defined by Equation (1.40), sparsity of the

Liouvillian follows from sparsity of the Hamiltonian. However, we instead make use

of the Liouvillian mapping described in Section 1.3.1. This mapping does not have as

clear a relation to the underlying Hamiltonian, and so independent investigation of

the sparsity is required.

The statement that ‘only at most two-spin couplings are present’ can be refor-

mulated as ‘each column of the Liouvillian can transfer population between states

differing in only at most two spin operators’. Expressed in terms of explicit prod-

uct operators, this statement says that a column of the Liouvillian can only make

transformations of the form

Ŝ1 ⊗ · · · ⊗ Ŝk ⊗ · · · ⊗ Ŝm ⊗ · · · ⊗ ŜN (1.83)

↓

Ŝ1 ⊗ · · · ⊗ Ŝ ′k ⊗ · · · ⊗ Ŝ ′m ⊗ · · · ⊗ ŜN , (1.84)

where each distinct column will correspond to a distinct state, Equation (1.83), and

operators Ŝl and Ŝ ′l denote (not necessarily distinct) elements from the operator basis
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of spin l. Each transformation corresponds to a possible non-zero element in the

column.

The number of possible operators that Ŝ ′k can be is bounded by the maximum

number of elements in the operator basis of spin k, which is (2Sk+1)2 (Section 1.1.1).

An equivalent number holds for spin m, thus the number of states that a pair of spins

k and m could be mapped into is

(2Sk + 1)2 (2Sm + 1)2. (1.85)

We must take into account all possible pairs of spins; summing over all these pairs

gives the maximum number of non-zeroes in a column,

N−1∑

k=1

N∑

m=k+1

(2Sk + 1)2(2Sm + 1)2. (1.86)

There are
∏N

n=1(2Sn + 1)2 columns, therefore

nnz{L} ≤
(
N−1∑

k=1

N∑

m=k+1

(2Sk + 1)2(2Sm + 1)2

)
N∏

n=1

(2Sn + 1)2 (1.87)

which gives the density

density{L} ≤
∑N−1

k=1

∑N
m=k+1(2Sk + 1)2(2Sm + 1)2

∏N
n=1(2Sn + 1)2

. (1.88)

As was the case for the Hamiltonian in the previous subsection, Equation (1.88)

implies that the Liouvillian gets exponentially more sparse as the number of spins

increases. This may be seen simply in the case of spin-1/2 particles where, from the

above equations,

nnz{L} ≤ 8N(N − 1)4N (1.89)

and

density{L} ≤ 8N(N − 1)

4N
. (1.90)

The sparsity of the Liouvillian has an important consequence: it suggests that the

Liouvillian could be compressed. This is discussed further in Chapter 2.
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1.5 Spin dynamics simulation methodology

In this thesis we present methodology suitable for simulating an experiment that can

be described by a ‘pulse sequence’ [12] consisting of a pattern of ‘perturbation periods’,

‘precession periods’, and ‘detection periods’. By ‘precession periods’ we mean periods

where the spin system is allowed to evolve under the Hamiltonian in the presence

of just the applied magnetic field. ‘Perturbation periods’ introduce additional terms

in the Hamiltonian; within this thesis these additional terms will represent pulses

of radio- or microwave-frequency radiation [8, 28], or magnetic field gradients that

induce magnetic field inhomogeneity [9, 12]. The ‘detection periods’ in the pulse

sequences in this thesis are periods which vary in length. This length variation allows

measurement of the final observables as a function of the length of the detection

periods. We distinguish ‘direct detection periods’, in which expectation values are to

be computed from the density matrix at each time, from ‘indirect detection periods’,

in which we just calculate the density matrix at each time. In the pulse sequences in

this thesis direct detection periods occur exclusively at the end of the pulse sequence.

A simple pulse sequence is discussed in Section 1.6, and further examples are given

in Chapter 5.

Simulation of a pulse sequence in the time domain involves calculation of the

density matrix or state vector by solving the appropriate Liouville–von Neumann

equation. There is a separate Liouville–von Neumann equation for each period of

the pulse sequence, and the final state of each period is the initial state used to

solve the Liouville–von Neumann equation corresponding to the next period. The

experimentally measured observables can then be generated by taking expectation

values using Equation (1.29) or Equation (1.37). Conversion of this time-domain data

to the (conjugate) frequency domain using Fourier transformation [56] is then usually

performed in order to analyse spectra [8, 28]. Methods of generating spectra directly

in the frequency domain exist (see e.g. References [57, 58, 59, 60]), but will not be

discussed here.
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Solution of the Liouville–von Neumann equation can proceed numerically or ana-

lytically. In practice, even ‘analytical’ methods need to make use of some numerical

techniques as the spin system size grows.

Analytical methods have the benefit of allowing greater insight into the dynamics

of a simulation than can be obtained with brute-force numerical simulation. The an-

alytical relations rapidly become too complex to reasonably compute by hand, and

use of a computer algebra package is required. The spin dynamics simulation package

SpinDynamica makes use of the algebraic capabilities of Mathematica to simulate

spectra in this way, though it should be noted that some operations, such as pow-

der averaging, are carried out numerically [61]. Analytical methods are not immune

to the exponential scaling problem (Section 1.2), and they also have the downside

that the calculations will get slower as a pulse sequence proceeds: the terms that

have to be manipulated will get more complex and numerous. The Matlab pack-

age EasySpin [57, 62] utilizes analytical results to accelerate numerical simulations of

ESR spectra [63]. These analytical results are, however, constructed within a strict

set of assumptions, and as soon as those are violated a full numerical simulation must

be carried out.

Numerical solution is the method used by most general purpose spin dynamics

simulation packages, e.g. GAMMA [64, 65], SIMPSON [66, 67], Spinach [24, 68], and

SpinEvolution [51, 69]. Numerical solution benefits from generality and predictable

computational requirements.

All of the simulations in this thesis have been computed using numerical meth-

ods of solution. The majority of simulations in this thesis make use of the numeri-

cal methodology described in Section 1.5.1. If the Hamiltonian or Liouvillian of the

system is time-dependent within a period of propagation, then the methodology of

Section 1.5.1 cannot be used. The reason for this, and commonly used methods in

magnetic resonance to deal with this complication are discussed in Section 1.5.2; these

complications are discussed further in Chapter 4. The pulse sequence that we utilize

most often in this thesis is found in Section 1.6.
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1.5.1 Density matrix and state vector propagation

Within a period of a pulse sequence the Hamiltonian or Liouvillian may be a function

of time. The simulations in this thesis make use of the rotating frame approxima-

tion so Hamiltonian terms arising from radio- or microwave-frequency irradiation

are (approximately) time-independent (see Section 1.1.2). More complicated time-

dependences are discussed in Section 1.5.2 and Chapter 4; in this section we assume

that Hamiltonians and Liouvillians are time-independent.

The method of simulation used in this thesis is to solve the Liouville–von Neumann

equation numerically. This generates the density matrix (state vector) as a function of

time, which can be used to compute expectation values as functions of time through

Equation (1.29) (Equation (1.37)). Fourier transformation [56] then maps these time

dependent functions into the frequency domain for further analysis [8].

Equation (1.30), the Liouville–von Neumann equation for the density matrix, can

be formally solved to give [8]

ρ̂t+∆t = e−iĤ∆tρ̂te
+iĤ∆t, (1.91)

where ρ̂t is the density matrix at time t. We say that ρ̂t is ‘propagated under Ĥ’,

resulting in ρ̂t+∆t. We refer to the matrix exp{−iĤ∆t} as a ‘propagator’. Because

Hamiltonians are Hermitian [6], the matrix exponential acting on the right-hand side

of the density matrix in Equation (1.91) is the Hermitian conjugate of the propagator:

e+iĤ∆t =
(

e−iĤ∆t
)†
. (1.92)

The form of Equation (1.91) implies that we can compute ρ̂t+2∆t by

ρ̂t+2∆t = e−iĤ∆tρ̂t+∆te
+iĤ∆t, (1.93)

and thus implies that

e−iĤN∆t =
(

e−iĤ∆t
)N
. (1.94)

The Hamiltonians we shall deal with often consist entirely of terms with coher-

ence order zero with respect to all spins, i.e. they are secular with respect to all spins
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and contain no radio- or microwave-frequency fields (Section 1.1.2). Such a Hamilto-

nian conserves the coherence order of all types of spin that are present. This follows

from the fact that the coherence order of a product of operators is the sum of the

coherence orders of each of the operators, as shown in Section 1.1.2. The definition

of the matrix exponential, Equation (1.10), means that a propagator derived from

such a Hamiltonian has coherence order zero with respect to all spins, and so the

action of the propagator on a state according to Equation (1.91) must conserve co-

herence order with respect to all spins. If this is the case, then population cannot be

transferred between operators with different coherence orders by the Hamiltonian. It

should be noted that this argument also applies to the Liouvillians corresponding to

such Hamiltonians.

We make use of a simplification for propagators representing radio- or microwave-

frequency pulses. As discussed in Section 1.1.2, the presence of radio- or microwave-

frequency irradiation gives rise to additional terms in the system Hamiltonian. For

brevity in the following, we shall express the additional term arising from irradiation

applied to a set of spins K with magnetogyric ratio γ as

−B1γF̂φ, (1.95)

where F̂φ is given by a sum over the spins of type K:

F̂φ =
∑

k

(
cos(φ)Ŝ(k)

x + sin(φ)Ŝ(k)
y

)
; (1.96)

the parameter φ is the phase of the pulse. It should be noted that if we are exciting

an electron spin, then γ should be replaced with −gµB, as mentioned in Section 1.1.2.

With the above notation, we can then write the full Hamiltonian as

Ĥ = Ĥ0 −B1γF̂φ, (1.97)

where Ĥ0 is the Hamiltonian in the absence of irradiation. Application of a pulse of

length ∆t results in the density matrix

ρ̂′ = e−i(Ĥ0∆t+θF̂φ)ρ̂e+i(Ĥ0∆t+θF̂φ), (1.98)



1.5. SPIN DYNAMICS SIMULATION METHODOLOGY 35

where θ = −B1γK∆t is the ‘flip angle’ [8]. We shall refer to pulses by their flip angle;

common values are π/2 and π. Pulse lengths are usually very short as compared to

the time scales found in Ĥ0. It is thus usual to omit Ĥ0 from the propagator to give an

‘ideal pulse’ propagator [8, Section 4.2.2], exp{−iθF̂φ}, which is applied to the initial

density matrix in the same way as the ‘true’ propagator to give the approximation

ρ̂′ ≈ e−iθF̂φ ρ̂e+iθF̂φ . (1.99)

Ideal pulses have been assumed in all simulations in this thesis.

Solution of the Liouville–von Neumann equation in Liouville space follows a very

similar pattern to the above. Given the state vector at time t, |ρ̂t〉, we can obtain the

state vector at time (t+ ∆t), |ρ̂t+∆t〉, by solution of Equation (1.39) [8]:

|ρ̂t+∆t〉 = e−iL∆t|ρ̂t〉. (1.100)

If a relaxation superoperator is included (Section 1.3.2), then we must solve Equa-

tion (1.58), resulting in

|ρ̂t+∆t〉 = e(−iL+R)∆t|ρ̂t〉. (1.101)

The matrices exp{−iL∆t} and exp{(−iL + R)∆t} will both also be referred to as

‘propagators’. Similar arguments to those leading to the relation of Equation (1.94),

lead to the two relations

e−iLN∆t =
(
e−iL∆t

)N
, (1.102)

and

e(−iL+R)N∆t =
(
e(−iL+R)∆t

)N
. (1.103)

The justification of the ‘ideal pulse’ approximation in the Hamiltonian case is

equally valid for the Liouvillian case. Defining the superoperator Fφ by

Fφ|ρ̂〉 =
∣∣∣
[
F̂φ, ρ̂

]〉
, (1.104)

an ideal pulse is represented by the propagator exp{−iθFφ} such that

|ρ̂′〉 ≈ e−iθFφ|ρ̂〉 =
∣∣∣e−iθF̂φ ρ̂e+iθF̂φ

〉
. (1.105)
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There are many ways compute the matrix exponential [70, 71]. In this thesis

we use the Taylor series expansion of the exponential, Equation (1.10). For ‘short-

time’ propagators, propagators exp{A∆t} such that ‖A∆t‖ < 1, where ‖ · ‖ is the

norm chosen to determine convergence [25], the Taylor series representation of such

a propagator will converge to machine precision (∼ 10−16 [37]) in less than 20 terms.

If larger time-steps are required, then we normally use a procedure known as ‘scaling

and squaring’ [70, 71].

Scaling and squaring utilizes the property of the matrix exponential of a matrix

A that [71]

eA =
(
eA/N

)
N . (1.106)

This property is true for time-independent Hamiltonians and Liouvillians, as demon-

strated by Equations (1.94), (1.102), and (1.103). Using this property, it is possible

to choose N such that eA/N ,

eA/N =
∞∑

k=0

(A/N)k

k!
(1.107)

is a short-time propagator. We could then compute the propagator using N matrix–

matrix multiplications, as implied by Equation (1.106). However, if N = 2n, where n

is some positive integer, then

eA =
(
eA/N

)
2n =

((
eA/N

)
2
)

2n−1

=
(((

eA/N
)

2
)

2
)

2n−2

= · · · , (1.108)

which can be built from eA/N in just n squaring steps, i.e. only n matrix–matrix

multiplications. Where possible, we always choose N to be a power of two so that we

can take advantage of scaling and squaring.

The combination of scaling and squaring and Taylor series expansion has been

chosen for the numerical computation of propagators because it is fast, requires min-

imal storage, and is (relatively) simple. In principle this method can be subject to

pathological behaviour (‘humps’) [70, 71], but the matrices involved in spin dynamics

simulations seem to be well-behaved enough that we have seen no such issues.
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For Liouville space simulations, computation of propagators is often the most com-

putationally taxing part of simulating a pulse sequence. This is because whereas com-

puting the action a propagator on a state vector requires only involve matrix–vector

multiplications, generation of the propagator involves computing a matrix exponential

using matrix–matrix multiplications. Methods that avoid explicit computation of the

propagator are thus used for large spin systems; these are discussed in Section 2.2.3.

1.5.2 Time dependent Liouvillians

In this section we discuss complications that arise when Liouvillians are time depen-

dent, and methods commonly used in magnetic resonance to mitigate them. Further

methods may be found in Chapter 4. While the discussion in this section refers ex-

plicitly to ‘Liouvillians’, only minor modifications of the arguments presented are

required to apply them to Hamiltonians.

If the Liouvillian is time-dependent, then we express the Liouville–von Neumann

equation (Equation (1.39)) as

d

dt
|ρ̂t〉 = −iLt|ρ̂t〉, (1.109)

where Lt is the Liouvillian at time t. We can express the solution of this equation in

the form

|ρ̂t′〉 = P(t, t′)|ρ̂t〉, (1.110)

where P(t, t′) is the propagator taking |ρ̂t〉 into |ρ̂t′〉, and t′ > t. We cannot in general

use the methods of Section 1.5.1 to construct P(t, t′) because for t ≤ r < s ≤ t′ it

may be the case that

LrLs − LsLr 6= 0, (1.111)

meaning that the ordering of matrix–matrix multiplication operations in the solution

is important. In order to maintain proper ordering of operations, P(t, t′) is formally

written in terms of a time-ordered exponential [72]. The time-ordering requirement

results in calculation of this series being more complicated than calculation of the

usual matrix exponential, defined by Equation (1.10).
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If the time-dependence of the Liouvillian is discrete, i.e. the Liouvillian is piecewise

constant in time, then evolution from time t to time t+N∆t is generated by the much

simpler propagator

P(t, t+N∆t) = e−iLt+N∆t∆t · · · e−iLt+2∆t∆te−iLt+∆t∆t, (1.112)

where we have assumed for simplicity that the Liouvillian is piecewise constant over

time-steps of size ∆t. We have chosen the value of t taken by the Liouvillian during

the kth time-step (from [t+ (k − 1)∆t] to [t+ k∆t]) to be t + k∆t for definiteness,

although it can be chosen as any time within the kth time-step. Liouvillians with

continuous time-dependence can be approximated by a Liouvillian that is piecewise

constant over small time steps [8], allowing us to use Equation (1.112) to generate

an approximate propagator without having to consider time-ordering. This approxi-

mation is exact only in the limit as the time-step tends to zero. Unfortunately, the

number of time-steps required in order to obtain convergence of the propagator below

a desired tolerance may be very large, implying that a large number of propagators

would have to be built. This can be very time consuming, and so the ‘average Liou-

villian’ methods described below may be preferred.

It is useful to note that if Lt contains only terms of coherence order zero (with

respect to a subset of spins) at all t, the expression of Equation (1.112) will conserve

coherence order (of that subset of spins) via the arguments presented in Section 1.5.1.

This conservation will hold as the time-step tends to zero, thus time-dependent Li-

ouvillians containing only terms of coherence order zero (with respect to a subset

of spins) will conserve coherence order (of that subset of spins). Secular Liouvillians

without applied radio- or microwave-frequency fields are an important case where this

conservation occurs.

Like the matrix exponential (Equation (1.10)), the time-ordered exponential is a

series with an infinite number of terms. For numerical evaluation, this series must

be truncated at some finite number of terms. It is often desired that such truncated

series preserve properties that the true solution should have, such as unitarity [8],
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the property that [P(t, t′)]−1 = [P(t, t′)]† [73]. Scaling and squaring is not possible

for calculation of the time-ordered series, and so preservation of such properties to

a reasonable degree of accuracy is likely to require the calculation of many terms. It

is possible, however, to derive various rearrangements of this series that do preserve

these properties.

A useful method for deriving such a rearranged series is to think in terms of an

‘average Liouvillian’. An average Liouvillian Lt,t′ is a matrix defined by the relation

P(t, t′) = e−iLt,t′ (t′−t), (1.113)

where t′ > t. While a given average Liouvillian will itself generally be represented by

series with an infinite number of terms, methods have been devised (see below) for

creating them such that truncations of the series preserve certain important prop-

erties. Average Liouvillians can also allow larger time steps to be taken than in the

piecewise constant case above, reducing the number of propagators that need to be

built. Once the average Liouvillian has been constructed, we can then use scaling and

squaring to generate the propagator.

Average Liouvillians are normally constructed in magnetic resonance using a Mag-

nus expansion [8, 48, 74]. Other methods are known in the literature, e.g. Krylov–

Bogolioubov–Mitropolskii averaging [75, 76, 77], but will not be discussed here. The

Magnus expansion is an infinite series which must be truncated for numerical use.

If Lt is Hermitian (Lt = (Lt)†) for all t, the Magnus expansion has the benefit of

maintaining this Hermiticity at all levels of truncation of the series [74]. A matrix

exp{−iA} is unitary if the matrix A is Hermitian; this can be shown by examining

the Hermitian conjugate of the Taylor expansion of this matrix:

(
e−iA

)†
=
∞∑

k=0

(
(−iA)k

k!

)†
(1.114)

=
∞∑

k=0

(+iA)k

k!
, (1.115)

where the last equation is the definition of exp{+iA}, i.e. the inverse of exp{−iA}. As
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they conserve Hermiticity, truncated Magnus expansions thus also maintain unitarity

of the propagator.

1.6 Pulse–acquire pulse sequence

A very common pulse sequence is the ‘pulse–acquire’ experiment. We examine this

simple pulse sequence here because this thesis includes many simulations of the spec-

tra that arise from it.

The pulse–acquire experiment consists of a short radio- or microwave-frequency

pulse with flip angle π/2 applied to the spins of interest, followed by a detection

period [12]. The spin system is assumed to be at equilibrium at the beginning of

the experiment; the pulse transfers population to the transverse states of the spins

of interest. A direct detection period then allows detection of the population of the

transverse states as a function of time; this corresponds to computing the expecta-

tion value of either
∑

k ŝ
(k)
+ or

∑
k ŝ

(k)
− , where the summation runs over all detected

spins [12], as a function of time. Discrete Fourier transformation of this signal then

gives the ‘magnetic resonance spectrum’ [8, 12, 28]; an example may be found in

Figure 2.1.

There is a restriction on the largest time-steps that may be taken in the time-

domain during the detection period, important for the discussion of Section 3.3.1.

This restriction arises from a desire to avoid spectral artefacts due to ‘peak folding’.

Peak folding occurs when the time-step ∆t is larger than (2f)−1, where f is the

largest frequency appearing in the time-domain signal; this criterion is given by the

Nyquist–Shannon sampling theorem [8]. The peaks of an NMR spectrum arise at

the eigenvalues of the Hamiltonian [12]. As the 2-norm of a matrix, ‖ · ‖2, bounds the

eigenvalues of a matrix [78], by taking the time-step to be less than (2‖Ĥ‖2)−1 we can

obtain a bound on the largest frequency that will appear in the time-domain signal,

and be able to choose ∆t to fulfil the sampling theorem. In practice, the 2-norm is

expensive to compute. Upper bounds on its value can be obtained using other norms

with lower computational cost, however [25]; these upper bounds are those usually
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used to determine ∆t.

More complicated pulse sequences are described in Chapter 5.

1.7 Spinach

All of the work presented in this thesis utilizes the Spinach toolbox. This toolbox,

originating from the Kuprov group, provides tools for simulating general magnetic

resonance spectra [24], and is implemented in the computer language Matlab. Code

arising from the concepts presented in this and subsequent chapters has been incorpo-

rated into the Spinach toolbox; the Spinach source code, available from Reference [68],

at time of writing thus includes many of the files used to generate figures in this thesis.
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Chapter 2

State space restriction

As discussed in Section 1.2, the sizes of matrices and vectors required for general spin

dynamics simulations scale exponentially with the number of spins in the spin system.

This makes general spin dynamics simulations infeasible for large spin systems.

However, it has been demonstrated that many Liouville space magnetic resonance

simulations can be performed using matrices and vectors of vastly reduced size without

any significant loss of accuracy [79, 80, 81, 82]. The sizes of the matrices and vectors

in these simulations scale only polynomially with the number of spins [2]. This chapter

provides descriptions of several known methods for obtaining the smaller vectors and

matrices used in these simulations.

The matrix and vector sizes required for Liouville space simulation of spin dy-

namics are closely related to the number of operators in the product operator basis.

As each product operator in the basis corresponds to an element of our state vector

(Section 1.3.1), removing a product operator from the basis allows reduction of the

number of elements in the state vector by one. The Liouvillian can be similarly re-

duced in size by removing the column and row corresponding to this element. In the

following, we refer to elements of the product operator basis as ‘states’, and we refer

to the basis as a ‘state space’. We collectively refer to methods for determining which

states can be removed from the basis as ‘state space restriction’ (SSR) methods [79].

That the full state space will not normally be required may be argued by noting

the following significant features of magnetic resonance experiments:

43
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1. only at most two-spin couplings occur in spin Hamiltonians (Section 1.1.2).

2. experiments can only be run for a finite time.

3. dynamic experiments can only be measured at discrete time points.

4. usually only a small subspace is initially populated to a significant extent.

5. relaxation is usually significant over the timescales to be simulated [83].

The first point means that Liouvillians are sparse, as discussed in Section 1.4.2.

This sparsity implies that there is much room for compression of the Liouvillian. It

further implies that path tracing (Section 2.2.1) and Krylov methods (Section 2.2.3)

can be of use.

The second and third points together mean that the minimal number of linearly

independent vectors needed for a given simulation is less than or equal to the number

of time points in the simulation (Section 2.2.3). Unfortunately, in the general case,

such a minimal basis can only be found exactly after the full simulation has been car-

ried out. Zero track elimination (Section 2.2.2) attempts to approximate this minimal

basis after evolving the spin system for a very short time.

The fourth point above states that the majority of magnetic resonance experiments

begin with significant population of only a small subspace. This subspace consists of

very low spin-order states; the validity of the high temperature approximation (Sec-

tion 1.1.3) means that these are often single-spin order states, but experiments begin-

ning with significant population of two-spin order states are known, e.g. CIDNP [84,

85], or PHIP [86]. The population to any significant extent of states of larger spin-

order in the initial state is rare. This is beneficial for us: if a large number of states

were initially populated to an appreciable extent, then this large number of states

would be needed throughout the simulation.

The fifth point, the presence of significant relaxation in the system, can lead to

states of large spin-order never becoming populated to the extent that they would
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contribute to the spectrum. Such large spin-order states could thus be removed from

the basis. This forms one rationale for ‘basis set truncation’, discussed in Section 2.1.

Basis set truncation is a ‘basis level method’: it is applied before the basis is

built. ‘Trajectory level methods’, in contrast, are applied after the basis has been

built, but before any considerable evolution has been made under the Liouvillian.

The trajectory level methods used in the simulations in this thesis are discussed in

Section 2.2. A method that can lead to even greater reductions in state space size

when using trajectory level methods is presented in Section 2.3.

This chapter deals exclusively with Liouville space simulations. In simple cases

state space restriction can be applied to density matrix simulations (an example may

be found in Section 3.3.3). In general, however, a reduced Liouvillian will not corre-

spond to a reduced Hamiltonian [79]. Further, relaxation, which cannot in general be

included in a Hamiltonian (Section 1.3.2), provides the justification for several of the

restriction methods (see Sections 2.1 and 2.2.2). We thus do not discuss Hamiltonian

state space restriction here.

2.1 Basis set truncation

Reducing the number of elements in the product operator basis (Section 1.1.1) is a

very important way of making the formally-exponentially scaling memory require-

ments of spin dynamics simulations (Section 1.2) more manageable. Truncating the

basis such that it excludes all product operators of spin order (Section 1.1.1) greater

than a certain value can be shown to result in a state vector with a number of ele-

ments that scales only polynomially with the number of spins in the spin system [79],

a significant improvement over exponential scaling. Empirical investigation has found

this sort of truncation to be valid in several situations in magnetic resonance [79, 80];

an example is shown in Figure 2.1.

Figure 2.1 shows the 1H spectrum of strychnine, a spin system consisting of 22 1H

spins, simulated using a basis truncated such that no states of spin order greater than
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Figure 2.1: (a) NMR spectrum of the 22 1H-spin system of strychnine generated using the
IK–0(5) basis set. (b) Difference between spectrum of (a) and the spectrum generated using
the IK–0(4) basis set. Spectrum (b) is offset from (a) by −0.4 for clarity. Strychnine spin
system parameters are taken from Reference [87], a secular Redfield relaxation superoper-
ator [47] has been included with a correlation time [34] of 200 ps using the coordinates of
the ‘major’ conformer from Reference [88], and the magnetic field strength is 11.74 T. The
time-step was chosen to be 10/‖L‖1, where ‖ · ‖1 is the 1-norm [25], and (211−1) steps were
taken. Relaxation is to the thermal equilibrium state at 298 K. Trajectory level SSR was
not used in this simulation.

five are included. Within Spinach, truncated basis sets are used by specifying the basis

to be IK–0(n), where n is the maximal spin-order desired [24], i.e. this simulation was

computed using the IK–0(5) basis set. A secular Bloch–Wangsness–Redfield relaxation

superoperator [47] has been included (Section 1.3.2). This superoperator has been

modified in the manner described in Section 1.3.3 so that it relaxes the state of the

system to thermal equilibrium.

In order to see that this truncation is empirically valid, we can examine Figure 2.2,

a plot of the contributions that each set of spin-order states makes to the total square

norm of the state vector. Only the one spin-orders are populated to any significant

extent at the beginning of the simulation, in line with the high temperature approx-

imation (Section 1.1.3). The norm of the states of spin-order five can be seen to
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be negligible for the entirety of the simulation trajectory. Omitting these and larger

spin-order states from the basis results in quartic scaling of the basis set size with

the number of spins [2]; while this basis is still very large for the 22-spin system of

strychnine, the simulation is possible on a modern supercomputer. Calculation with

the full basis would not be possible at all. A more detailed analysis of this system

(with slightly different spin system parameters) may be found in Reference [2].

A rationalization of the validity of basis set truncation in spin dynamics simu-

lations that include significant relaxation processes due to Alex Karabanov can be

found in Reference [2]. The central concept is that relaxation can damp states ‘far

away’ from the initial set of states before they are populated to any significant extent;

in our case, the states ‘far-away’ from the initial set of states are the states of large

spin-order. Relaxation explains why spin-orders greater than five never get populated

to any significant extent in Figure 2.2 [2]. References [2] and [41] should be consulted

for details.

Intriguingly, simulations performed by Butler, et al. demonstrating the empirical

validity of basis set truncation include no relaxation processes [80]. These simulations

did, however, include powder averaging and magic angle spinning. An exploration

of how these inclusions could explain the validity of basis set truncation in such

simulations is presented in Section 4.4.5.

Uniformly restricting the basis by spin-order is not, in general, an optimal re-

striction. Relatively low spin-order states could remain unpopulated if they involve

spins at opposite ends of a large system, or a system may have localized clusters

of strongly coupled spins requiring large spin-orders only locally. A more optimal

restriction method would take into account such interaction connectivity [24].

The bases IK–1(n, k) and IK–2(k), used frequently in simulations in this thesis,

are examples of connectivity-adaptive restricted basis sets. Both bases contain all

product states of spins which are proximate in space (below a user-defined tolerance)

up to spin-order k. They differ in how many product states between coupled spins

are included: the IK–2(k) basis includes all product states between coupled spins,
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Figure 2.2: Figure demonstrating applicability of basis level state space restriction for sim-
ulation of the NMR pulse acquire spectrum shown in Figure 2.1(a). Plotted is the squared
norm of the state vector used to generate Figure 2.1(a) after subtraction of the unit state
(zero spin-order) part. State vector is normalized such that the unit state population be-
fore this subtraction is unity. This squared norm is further demarked by labelled lines into
contributions to this total from the various spin orders. Contributions from five-spin order
states are negligible for the entirety of the trajectory. The populations are tending towards
equilibrium at the end of the trajectory. As the perfect pulse assumed in the pulse acquire
experiment cannot cause mixing between states of different spin-order in this spin system,
the equilibrium values for the various norms are those seen at time zero. This simulation
thus implies that spin order states greater than five will not be populated to any appreciable
extent, and so states with spin-order greater than or equal to five can be omitted from the
basis with little decrease in accuracy of the simulation.
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whereas IK–1(n, k) only contains product states up to spin-order n between coupled

spins. For details see Reference [24].

2.2 Trajectory level methods

The Liouville space calculations in this thesis make use of trajectory level SSR meth-

ods unless otherwise stated. These methods are thus described briefly here. The de-

scriptions provided here are only intended to represent a general overview of these

methods; algorithmic and implementation details can be found in the original litera-

ture, cited at appropriate points in the following.

2.2.1 Path tracing

A Liouvillian that is represented by a K ×K matrix can be considered as the ‘adja-

cency matrix’ of a graph with K vertices [40, 52, 89]. The number of ‘edges’ of the

graph corresponds to the number of non-zeroes of the Liouvillian. Well-known ‘path-

tracing’ algorithms [40, 90] can then be used to investigate whether disconnected sub-

spaces exist in the Liouvillian. Such subspaces can arise due to conservation laws [24,

73, 91]. The sparsity of the Liouvillian (Section 1.4) makes the application of such

algorithms efficient. Path tracing was introduced into Spinach through the efforts of

Hannah Hogben and Ilya Kuprov; proofs of the relations given below may be found

in References [24] and [40].

If path tracing reveals N independent subspaces, then the state vector may be

split into N sub-vectors for propagation under the Liouvillian [24]. Propagation of

the sub-vector corresponding to the nth subspace, |ρ̂〉n, is performed by solving the

Liouville–von Neumann equation

d

dt
|ρ̂〉n = −iLn|ρ̂〉n, (2.1)

where Ln is the portion of the Liouvillian mapping between elements of this subspace.

The independence of the subspaces allows for parallelization; see Section 3.2. At the
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end of the propagation period, the full state vector can be rebuilt by recombination

of all of the individual subspaces.

A detection state 〈ŝ†| can be mapped into the smaller subspaces in the same

manner as the state vector to give N sub-vectors; we express the nth sub-vector as

n〈ŝ†|. We can then compute expectation values without rebuilding the full state vector

using [24]

〈ŝ〉 =
N∑

n=1
n

〈
ŝ†
∣∣ ρ̂
〉
n
. (2.2)

Both the storage and time required for Tarjan’s graph partitioning algorithm scale

linearly with the number of edges and the number of vertices of the graph to which it

is applied [90]. For a K×K Liouvillian, this means that asymptotically this algorithm

scales linearly with both K and the number of non-zeroes in the Liouvillian. Sparse

matrix–sparse matrix multiplication of the Liouvillian with itself, as is required to

build a propagator from the Liouvillian, also asymptotically scales linearly with the

number of non-zeroes of the Liouvillian (for a matrix of fixed size) [92, 93]. Assuming

that the subspaces are all of equal size and that the non-zeroes are distributed equally,

separation into N subspaces will reduce this scaling linearly. In general, then, use of

path-tracing algorithms is not guaranteed to present any benefit; it provides linear

computational savings for linear computational cost.

However, it may be the case that some of the sub-vectors are composed entirely of

zeroes (or numbers very close to zero); we can drop these vectors from consideration,

giving rise to a formal state space restriction. There are often many such unpopulated

subspaces at the beginning of a simulation. This is due to the sparsity of the state

vectors at the start of a pulse sequence, discussed at the beginning of this chapter.

Not having to calculate the propagator for these subspaces could result in super-linear

benefits, repaying the extra computation required in order to obtain the subspace

decomposition. In Section 2.3 we show that an even greater reduction in the number

of subspaces that need to be propagated can often be achieved by including analysis

of the detection state.
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2.2.2 Zero track elimination

‘Zero track elimination’ (ZTE) is a method of trajectory level SSR due to Ilya

Kuprov [94]. Implementation details, etc. may be found in Reference [94]; here we

just provide a brief outline of the concept.

If the population of a state remains identically zero when it is propagated for a

very short time, it can be shown, via Taylor expansion of the propagator, to remain

identically zero for the entirety of the simulation [94, Theorem 1]. The number of

such states is likely to be small, however, so the assertion made in ZTE is that a

state which remains below a population threshold εzte > 0 over a time period tzte will

remain below a threshold δ > 0 for the rest of the simulation (where choosing tzte

long enough and εzte small enough will be enough to make δ � 1).

The ZTE assertion is true if the norm of Lt is less than unity for the duration of

the simulation, a simple corollary of a theorem of Kuprov [94, Theorem 2]. It is also

trivially true if tzte is taken to be equal to the length of the simulation. Unfortunately,

neither of these cases are very useful for spin dynamics simulations.

Mazzi and Leimkuhler have shown that states could be pruned by ZTE that

would have eventually reached non-negligible magnitude [95]. This possibility appar-

ently contradicts empirical data demonstrating the validity of ZTE [94]. Mazzi and

Leimkuhler posited an explanation for this: relaxation had been excluded from their

analysis [95]. The simulations in Reference [94] included relaxation in an effective

manner through apodization [8] of the time-domain signal. Relaxation could possibly

reduce the population of these states before they reach any appreciable magnitude.

The dynamics of general spin systems are complicated; this is why we resort to

numerical calculations. Unfortunately, this means that despite best efforts, analytical

criteria for quantifying the error associated with a given choice of tzte and εzte over

the course of a simulation are still wanting. The implication of the work of Mazzi and

Leimkuhler is, however, that ZTE should be used with care, especially in the absence

of relaxation.
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2.2.3 ‘Krylov’ methods

In most cases in magnetic resonance one is not interested in a given propagator.

Rather, one desires only the state vector generated by the action of this propagator

on an initial state.

A propagator represented by a Taylor series truncated at the mth term acting on

a state vector |ρ̂0〉 generates dynamics that remain within a well defined subspace,

known as a ‘Krylov subspace’ [52, 96]. This Krylov subspace, Km, is defined by

Km(−iL∆t, |ρ̂0〉) = (2.3)

span
{
|ρ̂0〉,−iL∆t|ρ̂0〉, (−iL∆t)2|ρ̂0〉, . . . , (−iL∆t)m−1|ρ̂0〉

}
.

The ‘span’ of a set of vectors is the subspace generated by taking all possible linear

combinations of the vectors in the set [19]. The dimension of this space, the number

of vectors required to span the subspace, is ≤ m. If m is less than the number of

elements in the state vector, then mapping into this smaller subspace would result in

a reduction in state space size.

It is possible to explicitly exploit such ‘natural’ reduction via Krylov methods

which either implicitly or explicitly provide a basis set for this Krylov subspace [96].

These methods are particularly applicable when the matrices involved are sparse [52].

Use of such methods is well-known in frequency domain solutions of the Liouville–von

Neumann equation [58, 97]. Time-domain evolution using these Krylov methods may

be performed in Matlab by using the Expokit package [95, 98, 99].

Unfortunately, Krylov methods were found to be too slow for the sort of large-

scale calculations we wish to perform. However, we can still make use of the concept

of a Krylov subspace in the following way. As we are only interested in the final

state, and not the matrix exponential itself, we can generate the action of the matrix

exponential on the initial vector directly, and not the explicit matrix exponential.

Only matrix–vector multiplications are required, as may be shown by examination of

the Taylor series definition of the matrix exponential (Equation (1.10)) of a matrix
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X acting on a vector v:

eXv =
∞∑

k=0

1

k!
Xkv =

∞∑

k=0

ck, (2.4)

where we define the shorthand ck = (1/k!)Xkv. Examining the kth term ck, we see

that it may be written

ck =
1

k
Xck−1, (2.5)

i.e. as a matrix–vector multiplication.

The ‘Krylov’ method implied by Equations (2.4) and (2.5) can be applied to mas-

sively reduce the amount of computer memory required for propagation [24]. A similar

relation holds when the matrix exponential is represented as a Chebyshev series [100].

The ‘Krylov’ method does, however, preclude scaling and squaring (Section 1.5.1): be-

cause the propagator is not constructed explicitly, it cannot be squared. This means

that using the ‘Krylov’ method can result in much longer simulation times. This

‘Krylov’ method has been utilized to simulate the dynamics of the spin systems in

Sections 2.1 and 5.3.6.

The concept of a Krylov space can also be used to prove an important result

relating to the possibility of SSR, described in Reference [24]. When the Liouvillian

L is time-independent, the repeated action of the propagator on the initial state

vector |ρ̂0〉 is itself contained within a Krylov subspace. Denoting the propagator

exp{−iL∆t} by P , the Krylov subspace generated by taking m − 1 steps with this

propagator is given by

Km(P , |ρ̂0〉) = span
{
|ρ̂0〉,P|ρ̂0〉,P2|ρ̂0〉, . . . ,Pm−1|ρ̂0〉

}
. (2.6)

A corollary of this is that the number of linearly independent vectors required to

represent the trajectory is always less than or equal to the number of time points,

i.e. while the number of time points is less than the dimension of L a dimensional

reduction is always possible [24].
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2.3 Destination state screening

Destination state screening (DSS) is the concept that one can apply trajectory level

SSR tools to the detection state rather than (or in addition to) applying them to the

initial (source) state for the direct detection period at the end of a pulse sequence.

This concept, due to Matthew Krzystyniak, can lead to greater reductions in state

space size than application of these trajectory level tools to just the initial state, as

we demonstrate below and in Section 5.1. DSS and several examples of its utility have

been published [1].

That the application of SSR tools to the detection state is possible can be formally

deduced in the following way. As discussed in Section 1.5, time-domain Liouville space

simulations of the directly detected period of a pulse sequence are normally carried

out by propagating the state vector at the beginning of the period, |ρ̂0〉, to some time

t, followed by multiplication by a detection state 〈ŝ| to compute the expectation value

of an observable operator ŝ†. Explicitly,

〈
ŝ†
〉
t

= 〈ŝ|
(
e−iLt|ρ̂0〉

)
. (2.7)

However, equivalently, we could calculate

〈ŝt| = 〈ŝ|exp{−iLt}, (2.8)

and then compute the expectation value by multiplication by |ρ̂0〉, i.e.

〈
ŝ†
〉
t

= 〈ŝt| ρ̂0〉. (2.9)

This is the Heisenberg formulation of quantum mechanics [73]. This calculation is

strictly equivalent to performing the simulation ‘forwards’, even in the presence of

relaxation, meaning that the elements of |ρ̂0〉 that cannot be reached from 〈ŝ| never

contribute to 〈ŝ†〉t. The corresponding elements of the state vector can therefore be

removed, whichever way around the simulation is performed.

The detection state in magnetic resonance experiments often consists of a sum

of single spin-order, single coherence-order states (the transverse states of one sort
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〈ŝ|e−iLt|ρ̂0〉 =

( )













Figure 2.3: Schematic representation of the direct detection period of a spin dynamics sim-
ulation demonstrating how DSS can lead to greater reductions than source state screening.
The coloured blocks in the vectors and matrices represent non-zero matrix elements. As
is often the case in magnetic resonance (see Section 2.2.1), the propagator exp{−iLt} is
separable into non-interacting subspaces each of which can be propagated separately. After
a complicated pulse sequence, the source state |ρ̂0〉 is likely to have elements in many of
these subspaces; source state screening will predict that all of those subspaces need to be
propagated. However, inspection of the elements of the detection state 〈ŝ| shows that only
the central blue subspace needs to be propagated.

of nucleus) [12]; such a combination of states is sparse. The source state, |ρ̂0〉, will

often have been through a complicated multi-stage pulse sequence before reaching the

direct detection period; even if it were initially sparse, it is unlikely that it will have

remained so. The dimension of the subspace containing 〈ŝ| is therefore likely to be

smaller than that of |ρ̂0〉. This is shown schematically in Figure 2.3. Application of

existing trajectory level state space restriction tools to 〈ŝ| instead of |ρ̂0〉 would then

lead to a greater degree of reduction, speeding up the simulation.

Shown in Table 2.1 are examples of reductions found in several 2D NMR pulse

sequences. Further examples may be found in Reference [1]. Multi-dimensional pulse

sequences benefit greatly from the use of DSS as the pulse sequences are usually long.

The density matrix is thus very dense at the beginning of the detection period and

little reduction is possible using ‘source-state’ screening, as demonstrated in these

examples. Use of DSS results in significantly smaller subspaces.
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State vector length

Spin
system

Pulse
sequence

IK–2(1) Source Destination
state state state
space screening screening

Strychnine 1H NOESY 12,316 9,551 1,549

Sucrose 1H DQF-COSY 1,165 1,133 258

Table 2.1: Comparison of reductions using source- and destination-state screening during the
direct detection period of simulations of 2D NMR pulse sequences. See e.g. Reference [10]
for details of the pulse sequences, and the Spinach source code [68] for implementation
details. The IK–2(1) truncated basis set (Section 2.1) has been used, and the trajectory
level methods applied to the source- and destination-states are ZTE and path tracing. The

destination state is the detection state
∑

k |ŝ
(k)
+ 〉, where summation is over all 1H spins, in

both cases. A number of state vectors are propagated through the direct detection period,
sampling the indirect detection period of these pulse sequences. Source state screening is
applied to the mean state vector. The data presented differ from those presented in Refer-
ence [1] in two ways. Firstly, the implementation of trajectory-level state space restriction
has been improved due to the efforts of Ilya Kuprov. Secondly, only +1 coherence is retained
during the indirect detection periods [12]. Sucrose spin–spin couplings taken from a vacuum
DFT simulation performed by Ilya Kuprov using Gaussian 03 [101]; isotropic chemical shifts
taken from Reference [102]. Strychnine spin system parameters taken from Reference [87].
Magnetic field of 5.9 T used in both simulations.
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The application of DSS is not restricted to just the direct detection period at the

end of a pulse sequence. An example is given in Section 5.1 of the application of DSS

to an earlier precession period of a pulse sequence.

2.4 Conclusions

This chapter has described a selection of the state space restriction methods currently

in use in the field of spin dynamics. The advantages of utilizing these methods cannot

be overstated; they make simulations possible that would have been impossible just

a few short years ago. The following chapters give numerous examples of the utility

of these state space restriction techniques.

A particularly impressive example of the use of state space restriction is presented

in Section 5.3.6: a simulation of the HN(CO)Cα spectrum [103] of the protein ubiq-

uitin [11]. This protein contains over a thousand spins; the simulation would not be

possible without the use of state space restriction.

Intriguingly, state space restricted Liouvillians can still retain a large amount of

sparsity. This leads to the possibility that even further reductions are possible. ‘Tensor

trains’ provide a promising avenue of investigation [4, 104]; by expressing the state

vector as an explicit tensor product one can often obtain a reduction in effective

state space size. This effective reduction in matrix size may lead to an increase in

the speed of simulations, though obtaining such a speed increase is unfortunately not

trivial [104].
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Chapter 3

Parallelization

The methods of simulation presented in Chapters 1 and 2 have implicitly assumed

that calculations will be performed ‘serially’, as if by hand. Modern computers have

multiple processing units, which we refer to generically as ‘processors’. Each of these

processors is capable of performing computations independently of the others in ‘par-

allel’ [105].

In this chapter we discuss how we can make use of parallel computing to reduce

the time taken to perform spin dynamics simulations. For the sake of brevity, we

shall often refer to the ‘time taken to perform’ a simulation as the ‘run-time’ of a

simulation. The rest of this section introduces terminology and concepts utilized in

the rest of the chapter.

In order to take advantage of parallelism to accelerate a simulation, we must

separate the simulation into independent ‘tasks’ which can each be computed on a

separate processor [25, 106]. We shall refer to modification of an algorithm to split it

up into separate tasks to be run on separate processors as ‘parallelization’ [105].

If a simulation takes a time T to compute serially using a single processor, then

splitting the calculation between N processors is ideally expected to result in a run-

time of T/N . Such an analysis provides a useful benchmark, but ignores several very

important factors, the most important of which we shall now describe.

Computer memory can play an important rôle in the efficiency of a parallelization;

this is because computer memory is a finite resource. Further, not all memory types

59
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are equal: there is a hierarchy of memory types [105, 107]. We give here a model of

this hierarchy sufficient to explain the methods of parallelization in this chapter. More

sophisticated models can be found in References [105, 106, 107].

As a first approximation to the hierarchy, we can consider a parallel computer

which has a large amount of slow ‘main memory’ that every processor can access, and

a small amount of fast memory (‘cache’) associated with each processor which no other

processor can access [105, 107]. While processors can access their cache independently

of other processors, access to main memory provides a bottleneck, as normally only a

single processor can read or write to it at once. This breaks the independence of the

tasks, resulting in non-ideal scaling of the run-time with the number of processors.

In order to attain better parallel performance, it is thus beneficial to place all data

required by a processor in its cache. Two idioms for making efficient use of the cache

are ‘replication’ and ‘distribution’, which we shall now describe.

If a parallelization requires that each processor work on a separate non-intersecting

portion of a matrix or vector, e.g. in the case of a matrix, processor one needs the

first column, processor two the second column, etc., then each processor only has to

store this small portion of the matrix or vector in its cache. This matrix or vector is

then said to be ‘distributed’ among the processors.

Some matrices and vectors will be needed by all of the processors; in order to

maintain independence of the processors, it is convenient to ‘replicate’ such matrices

and vectors in each processor’s cache, meaning that each processor will have its own

local copy which it can access independently. This is infeasible for large matrices and

vectors because of the large amount of memory that would be required.

The time required for ‘communication’ between processors must be taken into

account in any thorough analysis of parallel algorithms. Communication is required

between processors when one processor has information that another processor re-

quires [106]. The algorithms utilized in this chapter result in tasks that are completely

independent, in the sense that results from the calculations on one processor will not

be required by another processor during the parallel calculation. However, commu-
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nication will still be required to distribute tasks to the processors at the beginning

of the parallel section of code, and then to combine the results of each individual

processor into the final result at the end of the parallel section of code [106]. This will

be seen to be important in analysis of the algorithm derived in Section 3.3.

Load balancing is also an important consideration when analysing parallel algo-

rithms. If the set of tasks to be computed in parallel can be split evenly between the

processors, the parallelization is said to be ‘load balanced’ [25, 106]. If this is not the

case, then deviations from ideal scaling will be observed. As a simple example, we

can consider a parallelization using two processors where one processor is given 99 %

of the computation, and the other is given just 1 %. The time taken to carry out this

computation in parallel is predicted to be 99 % of the time taken to carry out the

serial calculation. If we could instead distribute the computation equally between the

processors, making the parallelization load-balanced, we could theoretically finish the

computation in 50 % of the time taken for the serial calculation. If load balancing

becomes problematic, then load-balancing algorithms can be used [106], but we have

not investigated their use in the course of this work.

When performing parallelization to improve performance, we must bear in mind

Amdahl’s law. Amdahl’s law predicts that, unless the entirety of a computation is

parallelized, the non-parallelized portions of the calculation will eventually come to

dominate the run-time of the computation as the number of processors used is in-

creased [106, 108]. If we take the run-time of the non-parallelized portion of the

run-time to be tnp and the run-time of the serial calculation to be T , then assuming

the parallelized portion is ideally parallelized the run-time of the parallel algorithm

will be
T − tnp

N
+ tnp ≥

T

N
, (3.1)

where the right hand side is the predicted run-time given in the opening paragraphs

of this section. This law ultimately places a bound on the reduction in run-time that

we can hope to achieve using parallel computing.

The rest of this chapter deals with specific methods of parallelizing spin dynamics



62 CHAPTER 3. PARALLELIZATION

simulations. Section 3.1 deals with ‘embarrassingly parallel’ spin dynamics simula-

tions: simulations that can be trivially separated into separate tasks for the purposes

of parallelization. The way in which decomposition of the Liouvillian of a system can

allow for parallelization is discussed in Section 3.2. Parallelization of density matrix

propagation as given by Equation (1.91) to obtain expectation values is explored in

Section 3.3. This latter method has been published [3].

Implementations of the parallelizations given in this chapter utilize the Matlab

Parallel Computing Toolbox [109].

3.1 Embarrassingly parallel simulations

Some computational problems are inherently structured in terms of non-interacting,

approximately equally-sized tasks. Each of these tasks can be run independently on a

separate processor, allowing for trivial parallelization. These problems are known as

‘embarrassingly parallel’ [106, 110].

Examples of spin dynamics simulations that have embarrassingly parallel structure

are given below. In all of the examples the embarrassingly parallel structure emerges

as a loop over independent tasks. This independence allows them to be run in parallel

by using the Matlab command parfor [111].

It should be noted that running tasks in parallel in this fashion will require data

replication; memory can thus rapidly become a limiting factor on the number of

processors that can be utilized simultaneously. If this becomes an issue then other

parallelizations, such as those found in Sections 3.2 and 3.3, may be preferred.

3.1.1 Dilute nuclei

Study of a particular molecule by NMR will typically involve a sample that contains a

large number of these molecules [83]. These molecules will likely not all be identical,

as most nuclei have more than one naturally occurring isotope [112]. Importantly,

different isotopes of a nucleus can have different spin properties such as spin quantum

number and magnetogyric ratio [32].
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The most commonly used nucleus in NMR [113], 1H, constitutes almost all nat-

urally occurring hydrogen (99.9885 %) [32]; in this thesis we have thus ignored any

other isotopes of hydrogen. In general, though, when simulating NMR spectra we

must take isotopic abundance into account, simulating each possible combination of

isotopes in the molecule and combining the results with appropriate weights derived

from the relative abundances of the isotopes. The spectrum arising from each combi-

nation of isotopes can be simulated independently. Simulation of natural abundance

NMR spectra thus has embarrassingly parallel structure.

Because different isotopes can have different spin quantum numbers, the matrices

involved in the simulations of different isotopic combinations may be different sizes

(Section 1.1.1). The parallelization may thus not be well load balanced. However,

load-balancing is trivially achieved in a special case which we now discuss.

It can be the case that NMR-active isotopes of an atom, those with spin quantum

numbers greater than zero, have low natural abundance as compared to NMR-inactive

isotopes. A common example is carbon: 13C, the most abundant NMR-active carbon

isotope, has a natural abundance of just 1.07 % [32]; the major isotope, constituting

almost all carbon in nature, is the NMR-inactive 12C [112]. We shall refer to such low

natural-abundance spin-active nuclei as ‘dilute’ nuclei.

While in principle all possible isotopic combinations need to be simulated, in the

case of dilute nuclei the proportion of molecules with large numbers of the spin-active

isotopes is likely to be very small if natural-abundance samples are used. Explicitly,

we can consider a molecule with N nuclei. Assuming that the probability that any

one of these nuclei is spin-active is p, the probability that n of the N nuclei in the

molecule will be spin-active is given by a binomial distribution [56, 114]:

P (n) = pn(1− p)N−n N !

n!(N − n)!
. (3.2)

This probability may be so small for relatively large values of n that it is a reasonable

approximation to omit molecules with large numbers of the spin-active isotopes. If

the molecule is ‘small’ and the natural abundance of spin-active nuclei very low, then
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only simulations of molecules each with a single dilute nucleus may be required. As

each simulation will have the same number of spin-active nuclei, the simulation is nat-

urally load-balanced. A simulation computed taking advantage of the parallelization

opportunities afforded by the presence of dilute nuclei is shown in Figure 5.3.

It should be noted that the dilute nuclei arguments above do not apply to all

pulse sequences. As an example, the INADEQUATE pulse sequence [8, 115] contains

a double quantum filter that is designed to remove all of the contributions to a

spectrum from molecules with only a single dilute nucleus. In this case, for ‘small’

molecules only pairs of dilute nuclei need to be included.

3.1.2 Powder averaging grids

The Hamiltonian of a system may depend on orientation (see Section 1.1.2). ‘Powder’

samples are often used in spectroscopy; these are static samples with isotropically

distributed crystallites [116]. This is elaborated further in Section 4.4. In order to

simulate the spectra arising from such powders, we need to average over all the ori-

entations.

This averaging can be performed numerically by evaluating the spectrum at a

set of discrete points, and then combining with appropriate weights [116]. The set

of points is known as a ‘grid’ of points. The spectrum at each point can be calcu-

lated independently of each of the others: this numerical calculation is embarrassingly

parallel [117].

Section 4.4, later in this thesis, contains discussion of solid state powder-averaged

spectra. Within that section, both Figure 4.3(b) and the ‘static’ spectrum in Figure 4.1

have been computed using parallelization over independent grid-points.

3.1.3 Dimensions in multi-dimensional experiments

Experiments that generate multidimensional data are common in NMR and ESR [8,

28]. In this section we deal with cases where extra dimensions arise as a result of

generating the final observable as a function of two or more durations, labelled t1, t2,
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ρ̂N∆t → (Rest of pulse sequence)

↑
...

↑
ρ̂2∆t → (Rest of pulse sequence)

↑
ρ̂∆t → (Rest of pulse sequence)

↑
ρ̂0 → (Rest of pulse sequence)

N independent
tasks

Figure 3.1: Schematic representing simulation of a multidimensional experiment. The den-
sity matrix ρ̂0 represents that at the beginning of an indirect detection period. Firstly, a set
of density matrices corresponding to each desired value of t1 (t1 = ∆t, 2∆t, . . . , N∆t) must
be computed by propagation; this is represented by the portion of the diagram contained
within the box. The rest of the pulse sequence can then be computed independently for
each of these density matrices, allowing for parallelization.

etc. Examples of such pulse sequences may be found in Section 5.2 and 5.3. We shall

call the periods of the pulse sequence which correspond to these durations ‘detection

periods’. If there is more than one detection period, then we can make use of this to

parallelize the simulation [118], as we shall now show. It should be noted that while

we refer to density matrices here, this method can also be applied to state vectors.

Following the methodology of Section 1.5.1, at the end of the first detection pe-

riod we shall have the density matrix at a number of discrete time points, N . Each

of these density matrices must then be propagated through the rest of the pulse se-

quence. Propagation through the rest of the pulse sequence from each of these N

density matrices can be performed independently; there is thus embarrassingly par-

allel structure, allowing us to run the rest of the pulse sequence in parallel. This is

represented schematically in Figure 3.1.

Two multidimensional pulse sequences are discussed in Chapter 5: CLIP-HSQC

(Section 5.2), and HN(CO)Cα (Section 5.3). This method of parallelization is not used

in the simulations found in either section, however. In the CLIP-HSQC simulation of
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Figure 5.3, this is because parallelization over dilute nuclei (Section 3.1.1) is more effi-

cient in that case. For the HN(CO)Cα simulation, Figure 5.7, it is because we instead

use the parallelism arising from subspace decomposition, discussed in Section 3.2.

This parallelization is used because it has lower memory requirements.

3.2 Decomposition into independent subspaces

It is often the case that a Liouville space is decomposable into subspaces that are

‘closed’ under the action of the propagator exp{−iLt}. The subspaces are closed un-

der this action in the sense that this propagator cannot transfer population between

distinct subspaces. A general method for numerically performing such a decomposi-

tion (path tracing) was discussed in Section 2.2.1. Analytical decompositions can be

derived from conservation law- and symmetry-considerations [40, 73].

The closed nature of these subspaces means that they can be propagated indepen-

dently, i.e. the simulation has been rendered embarrassingly parallel by the decom-

position. Unlike the cases in Section 3.1, parallelization does not theoretically require

any more total memory than would be required to perform the non-decomposed sim-

ulation.

Unfortunately, the subspaces will often not be similarly sized. This results in

poor load-balancing. The speed-up obtained can, however, still be significant. For

this reason, unless other means of parallelization are present, Spinach (Section 1.7)

defaults to using this method of parallelization, with the subspace decomposition

performed using path-tracing.

3.3 Parallel observable computation

A general spin dynamics simulation will have no embarrassingly parallel structure,

and a general Hamiltonian must be assumed to be non-decomposable. In order to

parallelize a general spin dynamics simulation, then, we must look for opportunities

for parallelization in the equations used to perform the simulations.
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In this section, we describe investigations into the parallelization of computation of

the expectation values of an observable at a series of equispaced time points computed

using the density matrix formalism. Such a calculation is characteristic of the direct

detection period of pulse sequences investigated in this thesis; an example is found in

the pulse–acquire pulse sequence described in Section 1.6.

Computation of the expectation value of an observable at time t requires computa-

tion of the density matrix at this time (see Equation (1.29)). Given the density matrix

at some initial time (we take this time to be zero for simplicity), Equation (1.91) can

be used to give the density matrix at a later time t. This equation may be written in

the short-hand form

ρ̂t = P̂t ρ̂0P̂
†
t , (3.3)

where we abbreviate the propagator (Section 1.5.1) as

P̂t = exp
{
−iĤt

}
. (3.4)

Because the Hamiltonian commutes with itself, the propagator at time t is related

to the propagator at time (t−∆t) by (Section 1.5.1)

P̂t = P̂∆tP̂t−∆t. (3.5)

In order to generate the density matrix at a series of time points, we can therefore

iterate the following equation:

ρ̂n∆t = P̂∆tρ̂(n−1)∆tP̂
†
∆t. (3.6)

Examining Equation (3.6), we see that generation of density matrices at N time

points, given the initial density matrix and the propagator, will require 2N matrix–

matrix multiplications. We will also need to compute N expectation values, using

Equation (1.29), from these density matrices. In a typical magnetic resonance exper-

iment N will be of the order of thousands [87]. We therefore concentrate on paral-

lelization of the multiplications in Equation (3.6), as the large number of iterations

mean that such a parallelization is likely to significantly reduce the run-time.
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A very general method of parallelization would be to perform each of the iterated

matrix–matrix multiplications implied by Equation (3.3) using parallel matrix–matrix

multiplication algorithms, such as those found in Reference [25], followed by compu-

tation of the expectation values at the end of each iteration. Unfortunately, there are

a number of problems with this method. Firstly, these matrix–matrix multiplication

algorithms require communication at each step, slowing the calculation. Secondly,

sparse matrix–sparse matrix multiplication does not parallelize well [92]. We there-

fore do not use this method.

A method of parallelization that takes advantage of the symmetry found in Equa-

tion (3.3) is that due to Skinner and Glaser. They noted that if the density matrix

is diagonal, then the calculation of each iterative step, Equation (3.6), splits into

calculations that can be performed in parallel [119]. Diagonalization is not always

possible (Section 3.3.3), and so in Section 3.3.2 we develop a generalization of this

method of parallelization. This generalization can take advantage of the sparsity of

the propagator, discussed in Section 3.3.1. This work has been published [3].

Also noteworthy is a method of parallelization, known in the literature, developed

to efficiently compute density matrix propagation under time-dependent Hamilto-

nians. Computing such propagation efficiently reduces the run-time of simulations

involving the application of optimal control theory to spin dynamics [120, 121]. In

such simulations the Hamiltonian is assumed to be a piecewise-constant function of

time (Section 1.5.2). Many propagators thus need to be built, one for each piecewise-

constant step. In order to make storage requirements manageable, i.e. so that every

processor does not have to store a local copy of every propagator, only one copy of

each propagator is made; these propagators are then communicated between nodes in

an efficient manner after each multiplication step. This communication, unnecessary

for the solution of Equation (3.3), will make the method sub-optimal in our case; for

this reason it has not been utilized in the course of this work. This method should be

considered, however, for cases where the Hamiltonian is a function of time.
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3.3.1 Sparsity considerations

As quantified in Section 1.4.1, spin Hamiltonians are very sparse. Matrix–matrix mul-

tiplications are not guaranteed to conserve sparsity; this can be shown by considera-

tion of the definition of matrix–matrix multiplication [19]. The more multiplications,

the more dense the resulting matrix is likely to be.

In Section 1.5.1, the concept of a ‘short-time propagator’ was introduced. There

are relatively few matrix–matrix multiplications involved in the computation of such

propagators, and so they are likely to retain much of the sparsity of the Hamiltonian

from which they are derived. As discussed in Section 1.6, the time-steps taken in the

detection period of magnetic resonance experiments often fall within this short-time

regime in order to avoid spectral artefacts. This is the segment of a pulse sequence

which we wish to simulate in parallel, hence our propagators are likely be very sparse.

It is thus reasonable for a parallel algorithm to replicate the propagator.

The density matrix needed in order to compute expectation values using Equa-

tion (1.29) results from the repeated application of a propagator in the manner of

Equation (3.6). After a few iterations the density matrix is likely to be significantly

denser than the Hamiltonian, though it may be hoped for large spin systems that

conservation laws [40, 73] ensure that the density matrix does not become too dense

to store in main memory. This lead us to the conclusion that it is desirable that any

parallelization method distribute the density matrix among the processors.

3.3.2 Parallel algorithm

In this section we develop a parallel algorithm that generates the expectation values

of an observable at a number of equispaced time points. This algorithm is a general-

ization of that presented by Skinner and Glaser [3, 119].

We begin by decomposing the K × K density matrix at time zero, ρ̂0, into 2K

separate vectors. This decomposition is shown below to permit separation of the calcu-

lation of expectation values into K independent calculations, allowing parallelization.
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The form of the decomposition is

ρ̂0 =
K∑

k=1

pk
∣∣u(k)

〉〈
v(k)
∣∣, (3.7)

where each pk is a complex number, each |u(k)〉 is a row-vector with K complex ele-

ments, and each 〈v(k)| is a column-vector with K complex elements. A decomposition

of this form always exists, however we leave discussion of its computation until Sec-

tion 3.3.3 because that discussion is aided by knowledge of the algorithm derived

in this section. The decomposition corresponding to diagonalization is that used by

Skinner and Glaser in their parallel algorithm [119]. The product between vectors is

an ‘outer-product’ [25], that results, in this case, in a K ×K matrix.

Inserting the decomposition of Equation (3.7) into Equation (3.3) we obtain

ρ̂t = P̂t

(
K∑

k=1

pk
∣∣u(k)

〉〈
v(k)
∣∣
)
P̂ †t (3.8)

=
K∑

k=1

pk

(
P̂t
∣∣u(k)

〉)(〈
v(k)
∣∣P̂ †t
)
. (3.9)

We can abstract the structure of Equation (3.9) by defining the vectors
∣∣∣u(k)
t

〉
= P̂t

∣∣u(k)
〉
,
〈
v

(k)
t

∣∣∣ =
〈
v(k)
∣∣P̂ †t , (3.10)

such that Equation (3.9) can be written as

ρ̂t =
K∑

k=1

pk

∣∣∣u(k)
t

〉〈
v

(k)
t

∣∣∣. (3.11)

Inserting the decomposition of Equation (3.11) into the expectation value defini-

tion, Equation (1.29), gives

〈ŝ〉t =
K∑

k=1

pk tr
{
ŝ
∣∣∣u(k)
t

〉〈
v

(k)
t

∣∣∣
}
, (3.12)

where we have made use of the linearity of the trace operation [19]. The validity of

cyclic permutation under the trace [56] allows us to write this as

〈ŝ〉t =
K∑

k=1

pk tr
{〈

v
(k)
t

∣∣∣ŝ
∣∣∣u(k)
t

〉}
(3.13)

=
K∑

k=1

pk

〈
v

(k)
t

∣∣∣ŝ
∣∣∣u(k)
t

〉
, (3.14)
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where the trace operation has been dropped because it now contains a scalar. We

write this scalar for brevity as

〈
ŝ(k)
〉
t

=
〈
v

(k)
t

∣∣∣ŝ
∣∣∣u(k)
t

〉
, (3.15)

such that Equation (3.14) becomes

〈ŝ〉t =
K∑

k=1

pk
〈
ŝ(k)
〉
t
. (3.16)

In order to compute expectation values at a discrete series of time points, Equa-

tion (3.12) shows that we require all K |u(k)
t 〉 and 〈v(k)

t | at these points. Noting Equa-

tion (3.5), the definitions of the vectors in Equation (3.10) allow us to write
∣∣∣u(k)
n∆t

〉
= P̂∆t

∣∣∣u(k)
(n−1)∆t

〉
,
〈
v

(k)
n∆t

∣∣∣ =
〈
v

(k)
(n−1)∆t

∣∣∣P̂ †∆t, (3.17)

where we make the identifications
∣∣∣u(k)

0

〉
=
∣∣u(k)

〉
,
〈
v

(k)
0

∣∣∣ =
〈
v(k)
∣∣. (3.18)

This implies that each vector can be propagated independently, i.e. we could distribute

the vectors among the processors and propagate in parallel. If each processor also has

a copy of ŝ, which we assume to be sparse, then the local expectation values 〈ŝ(k)〉t
can be generated at the end of each iteration step. After all of the required local

expectation values have been generated in parallel, these values can then be combined

according to Equation (3.16) to obtain the desired expectation values.

A parallel algorithm utilizing the above ideas is shown in Algorithm 1. Section 3.3.4

contains tests of this algorithm. It should be noted that, in order to minimize mem-

ory requirements, only a single set of vectors is stored. These are overwritten with

the new vectors at each iteration step. Further, the propagator is replicated on all

processors. This is only optimal if this propagator fits within each processor’s cache.

The discussion of Section 3.3.1 suggests that ‘short-time’ propagators, as commonly

used for the detection periods of magnetic resonance pulse sequences, are likely to

be sparse; such propagators thus likely allow good scaling of this algorithm with the

number of processors. If the propagators are not sparse, then the algorithm is likely

to be non-optimal as compared to dense-matrix parallelization methods.
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Algorithm 1 Observable algorithm.

1. Compute P̂∆t.

2. Compute decomposition of ρ̂0, Equation (3.7).

3. Distribute |u(k)〉 and 〈v(k)| to processors.

4. Replicate P̂∆t and ŝ on each processor.

5. In parallel over k:

for n from 1 to N do

|u(k)〉 ← P̂∆t|u(k)〉.

〈v(k)| ← 〈v(k)|P̂ †∆t.

〈ŝ(k)〉n∆t = 〈v(k)|ŝ|u(k)〉.
end for

6. Generate 〈ŝ〉t for each t by recombining the appropriate 〈ŝ(k)〉t values according
to Equation (3.16).

3.3.3 Decomposition methods

Algorithm 1 is written so as to be agnostic to the particular method used to com-

pute the decomposition of the density matrix, Equation (3.7). Possible methods of

decomposition include diagonalization [119], singular value decomposition (SVD), LU

decomposition, and Cholesky factorization [25].

A particularly simple decomposition, which avoids all pre-computation, is to take

|u(k)〉 to be the kth column of the initial density matrix, and to define 〈v(k)| such

that the mth element is δkm. With this decomposition, which we shall refer to as the

‘decomposition requiring no pre-computation’, pk is unity for all k [3]. As an example,

the decomposition of the matrix
(

0 1/2
1/2 0

)
(3.19)

is
∣∣u(1)

〉
=

(
0

1/2

)
,
〈
v(1)
∣∣ =

(
1 0

)
, p1 = 1; (3.20)

∣∣u(2)
〉

=

(
1/2
0

)
,
〈
v(2)
∣∣ =

(
0 1

)
, p2 = 1. (3.21)
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Since a decomposition which does not require pre-computation exists, it may

näıvely seem that this decomposition should be used—time spent on pre-computation

would appear unnecessary. However, decompositions requiring pre-computation could

result in faster calculation if they reduce the time required for each parallel iteration

sufficiently. Two decompositions involving pre-computation which could fulfill such

a criterion are discussed below. Cholesky factorization and LU decomposition, two

decompositions that have efficient sparse implementations [54], do not provide any

such benefits [3], and so will not be discussed here.

Diagonalization is one way of computing decompositions of the form found in

Equation (3.7). This special case was used by Skinner and Glaser [119]. With diag-

onalization, pk are eigenvalues, and the respective eigenvectors are |u(k)〉 =
(
〈v(k)|

)†,
as may be confirmed by comparing Equation (3.7) with [119, Equation (3)]. The re-

lationship between the two sets of vectors means that only one of each pair |u(k)〉,
〈v(k)| needs to be stored and propagated, reducing both memory requirements and

computational requirements in the parallel stage of Algorithm 1 as compared to using

the method of decomposition requiring no pre-computation. The number of vectors

can be further reduced by at least one by suitable preconditioning of the density

matrix [119].

Despite the benefit of reducing the number of vectors that have to be propagated,

with concomitant reductions in the time required for the latter stages of the algorithm,

diagonalization has two large problems if the density matrix to be decomposed is not

initially in diagonal form.

Firstly, not every matrix we would be interested in propagating is diagonalizable.

In principle every density matrix is Hermitian and thus diagonalizable [36], but in

magnetic resonance simulations it is often useful to deal with non-diagonalizable ‘den-

sity matrices’ for reasons of computational efficiency. To demonstrate this, we shall

now give a simple example using a single spin-1/2 particle.

It is common in magnetic resonance to compute the expectation value of ŝ+ at

the end of a pulse sequence [12]. Expanded in terms of spin operators (Section 1.1.1),
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the density matrix of a spin-1/2 particle can be written in the form (Section 1.1.3)

ρ̂ = I2/
√

2 + a+ŝ+ + a−ŝ− + az ŝz. (3.22)

The expectation value of ŝ+ is (Equation (1.29))

〈ŝ+〉 = tr{ŝ+ρ̂}. (3.23)

Because ŝ+ = ŝ†− (Section 1.1.1), we can write this in terms of a Frobenius inner

product (Equation (1.1)):

〈ŝ+〉 = tr
{
ŝ†−ρ̂
}

(3.24)

= 〈ŝ−, ρ̂〉. (3.25)

The spin operators are orthogonal with respect to this inner product (Section 1.1.1),

and so upon inserting Equation (3.22) into Equation (3.25) and utilizing the linearity

of the trace operation [19] we obtain

〈ŝ+〉 = a−ŝ−〈ŝ−, ŝ−〉, (3.26)

i.e. only a− contributes to the desired expectation value.

In the absence of perturbing irradiation, the secular Hamiltonian cannot mix the

subspace corresponding to ŝ− with that corresponding to any of the other spin op-

erators; this is because they have different coherence orders (Section 1.5.1). We can

therefore omit all but the ŝ− term from the density matrix; this is the density ma-

trix equivalent of destination state screening as found in Section 2.3. The matrix

representations of the spin operators are [23]:

I2 =

(
1 0
0 1

)
, ŝ+ =

(
0 1
0 0

)
, ŝ− =

(
0 0
1 0

)
, ŝz =

1

2

(
1 0
0 −1

)
. (3.27)

This means that the above omission results in a reduction in the number of non-

zeroes. While this is not particularly important for the simple case here, when a large

number of spins are present in the spin system this reduction can be substantial. A

reduction in the number of non-zeroes can result in a reduction in the time required

for sparse matrix–sparse matrix multiplication [93], giving rise to better performance.
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Unfortunately, ŝ− is not diagonalizable; the reduction in the number of non-zeroes

has come at the cost of losing diagonalizability. Reducing the number of non-zeroes in

this manner could decrease the computation required to such an extent that it over-

comes the reduction in computation that would be gained from using diagonalization

as the decomposition method.

A second problem with diagonalization is that even when the density matrix is

theoretically diagonalizable, the computation and memory required in order to accu-

rately compute the diagonalization scale rapidly with an increase in spin system size.

Matrix sparsity can be utilized using iterative methods if only a few eigenvalues of a

sparse matrix [122, 123, 124] are desired, but such methods rapidly run into problems

with accuracy arising from a lack of orthogonality of the computed eigenvectors [122].

As such, the only general way to obtain accurate eigenvalues and eigenvectors is using

dense matrix arithmetic. This, however, suffers from large computation and storage

requirements: for a K×K matrix, the number of operations required by diagonaliza-

tion scales asymptotically as K3, and several dense arrays of size K2 are required to

store intermediate results [125]. These computation and storage requirements restrict

the applicability of full diagonalization to very small spin systems.

SVD solves the problem of non-diagonalizability: every matrix has an SVD [78].

SVD could also hold promise in reducing the amount of computation: some of the

scalars, pk, (the ‘singular values’) could be small enough that the vectors correspond-

ing to these scalars can be dropped from the subsequent computation [25, 78]. Iterative

sparse methods exist to compute the SVD of a matrix, but they are plagued by sim-

ilar issues with accuracy of the computed vectors as in the iterative diagonalization

case [126]. Dense methods to compute the SVD scale in the same asymptotic way with

matrix dimension as diagonalization [25]. This decomposition is thus also limited to

small spin systems.

Because both diagonalization and SVD are incomputable for all but small spin

systems, in the following we utilize the decomposition requiring no pre-computation.

Benchmarking of Algorithm 1 using this decomposition may be found in Section 3.3.4.
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3.3.4 Tests and benchmarking

This section presents tests and benchmarks of Algorithm 1. We utilize the decompo-

sition that requires no pre-computation discussed in Section 3.3.3. The spin system

used is that of the protons of 3-phenylmethylene-1H,3H-naphtho-[1,8-c,d]-pyran-1-

one, with NMR parameters taken from Reference [127].

Figure 3.2(a) shows the 1H spectrum of 3-phenylmethylene-1H,3H-naphtho-[1,8-

c,d]-pyran-1-one simulated using Algorithm 1. While the transformations of Equa-

tion (3.3) leading to Algorithm 1 involve no approximations, the re-ordering of oper-

ations could in theory result in different results due to the finite precision arithmetic

involved in the computation [25, 37]. Figure 3.2(b), a plot of the difference as com-

pared to a simulation of the same spectrum using serial density matrix propagation

(Equation (1.91)), shows that such effects are entirely negligible.

Table 3.1 contains the number of propagation steps performed per second when

applying Algorithm 1 to the detection period of a pulse–acquire experiment on 3-

phenylmethylene-1H,3H-naphtho-[1,8-c,d]-pyran-1-one. This metric is computed by

dividing the total number of steps taken (35, 378, a number of the same order of

magnitude as used in high-resolution magnetic resonance [87]) by the amount of time

(as measured by an external clock figuratively ‘on the wall’) taken to compute all of

the steps (the wall-clock time [105, 128]). If the time taken for a single step is tstep,

the time taken for N steps can be assumed in a simple analysis to be Ntstep. Ideally,

by using nproc processors we could hope to reduce this to Ntstep/nproc. In the ideal

case, then, the metric should scale as nproc/tstep, i.e. we should observe linear scaling

with the number of processors.

In Table 3.1, doubling the number of processors used results in almost double the

number of steps per second up to 8 processors; this is the ideal linear scaling. After

this point the speed-up becomes sub-linear with increasing processor count. While not

ideal, the scaling still remains good all the way up to the largest number of processors

examined, 128.
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Figure 3.2: (a) 1H spectrum of 3-phenylmethylene-1H,3H-naphtho-[1,8-c,d]-pyran-1-one sim-
ulated using the parallel algorithm described in Section 3.3.2. The spin system contains
12 spins. Using four Intel Xeon CPUs, on a computer with 32 of these CPUs and 700 GB of
RAM, this calculation took about 4.0 minutes. (b) Difference between the spectrum (a) and
the spectrum simulated using traditional serial density matrix propagation. The serial cal-
culation took about 15.5 minutes on the same computer. The spectral difference is entirely
negligible because it is much lower than the tolerance of 10−9 used when computing the
propagator. NMR parameters taken from Reference [127], and the magnetic field strength
is 14.1 T. The calculation used 2048 time steps, and the time-step was chosen to obtain the
spectral width observed in the plots.
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Number of
CPU cores

1 2 4 8 16 32 64 128

Time steps per
wall clock second

1.2 2.5 4.9 9.9 18.9 29.4 48.4 68.0

Table 3.1: Demonstration of the scaling of Algorithm 1. Bigger numbers are better. Bench-
marking was performed using a Matlab cluster running on 128 Intel Nehalem processors
(16 nodes, 8 processors each) with 1.09 TB of RAM. This computing power was provi-
sioned from the Amazon EC2 cloud service [129]. The conditions represent those used
to compute the detection period of a 1H pulse–acquire experiment on 3-phenylmethylene-

1H,3H-naphtho-[1,8-c,d]-pyran-1-one: the initial state is
∑

k L̂
(k)
+ , where the summation runs

over all spins. NMR parameters taken from Reference [127], and the magnetic field strength
is 14.1 T. 35, 378 steps were taken, and the time-step was chosen to be ‖Ĥ‖−1. These data
were collected by Ilya Kuprov and have been published previously in Reference [3].

The non-linearity can be explained qualitatively using Amdahl’s law, described

in the opening section of this chapter. In order to aid the qualitative application

of Amdahl’s law to this case, Figure 3.3 shows a schematic decomposition of the

wall clock time for Algorithm 1. We have omitted computation of the decomposition

(Step 2 of Algorithm 1) as we use the decomposition that requires no pre-computation

(Section 3.3.3). Calculation of the propagator represents a constant time cost as

it is performed serially. Communication requirements in Algorithm 1, both to dis-

tribute/replicate the matrices and vectors before the parallel portion (Steps 3 and 4),

and to generate the expectation values from the local expectation values at the end of

the parallel portion (Step 6), will increase as the number of processors used increases

because increasing the number of processors increases the number of messages that

have to be sent. It is possible to make use of some parallelism during communication

(see e.g. Reference [130]), but at best this will make communication a constant time

cost. As the number of processors increases, the contribution of the parallel portion

of the calculation to the total run-time will decrease such that the run-time will come

to be dominated by the propagator construction and communication portions of the

calculation, leading to sub-linear scaling in accordance with Amdahl’s law.

While the above implies that non-linearity will occur eventually as we increase the

number of processors, we can pinpoint why in this benchmark it happens when we
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Build P̂∆t Communication Parallel section Communication

Wall clock time

Figure 3.3: Schematic decomposition of wall clock times arising from use of Algorithm 1,
used for analysis of the data in Table 3.1. Evaluation of the computation runs from left
to right. The first communication step represents distribution of the |u(k)〉 and 〈v(k)| and
replication of P̂∆t. The second communication step represents construction of all of 〈S〉t at
each detected time from components on the separate processors.

increase the number of processors past eight. The processors in the cluster used in this

benchmarking are grouped into nodes of eight processors. Communication between

nodes will be relatively slow as compared to communication between processors within

a node; while the processors within a node will all be on the same chip, the nature

of the Amazon EC2 cloud service from which the computing power was provisioned

means that there is no guarantee of locality for separate nodes [129]. This means that

the communication portions of Figure 3.3 increase sharply in size as we increase the

number of processors past eight.

3.3.5 Discussion

With Algorithm 1, we have developed an efficient parallel method to generate expec-

tation values of an observable at a set of equispaced time points.

Examining Algorithm 1, it may be observed that at the end of the parallel section,

Step 5, we have a set of |u(k)〉 and 〈v(k)| that can be used to compute the density

matrix ρ̂N∆t using Equation (3.11). This implies that, as discussed in Reference [3],

we could omit computation of the expectation values within the parallel section of

Algorithm 1 and replace Step 6 with recombination using Equation (3.11); in this way

we would have an algorithm that computes ρ̂N∆t from ρ̂0 in parallel. The algorithm

derived in this way is shown in Algorithm 2.

While Algorithm 2 shares the parallel scaling characteristics of Algorithm 1 [3],

it is not a very efficient way of computing ρ̂N∆t. This may be seen when we con-

sider the use case for this algorithm. In order for this algorithm to be effective, the
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Algorithm 2 Final state algorithm.

1. Compute P̂∆t.

2. Compute decomposition of ρ̂0, Equation (3.7).

3. Distribute |u(k)〉 and 〈v(k)| to processors.

4. Replicate P̂∆t on each processor.

5. In parallel over k:

for n from 1 to N do

|u(k)〉 ← P̂∆t|u(k)〉.

〈v(k)| ← 〈v(k)|P̂ †∆t.
end for

6. Generate ρ̂N∆t by recombining all |u(k)〉, 〈v(k)|, and pk according to Equa-
tion (3.11).

number of steps taken, N , must be large such that the section to be run in parallel

(Step 5) will dominate the run-time (cf. Figure 3.3). However, instead of taking such

a large number of steps, we could instead build ρ̂N∆t in a much more efficient way

serially. This more efficient method consists of first constructing P̂N∆t using scaling

and squaring (Section 1.5.1), followed by use of Equation (3.3) to generate ρ̂N∆t from

this propagator and ρ̂0. For this reason we do not discuss Algorithm 2 further.

A modification of Algorithm 1 that computes and stores all of the components

required to build the density matrix at each step (e.g. for indirect detection periods

of multi-dimensional pulse sequences; see Section 1.5) is also possible. The modified

version of Algorithm 1 that achieves this is shown in Algorithm 3. Unfortunately,

testing by Ilya Kuprov has found this algorithm to be unsuitable for efficient paral-

lelization [3]. This is ostensibly because of the communication required to build all of

the density matrices from their constituent vectors at the end of the parallel section

of Algorithm 3 (Step 6); the costs involved in communicating 2N vectors are much

larger than those involved in Step 6 of Algorithm 1.

Work is on-going to attempt to apply methodology similar to that used in the de-
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Algorithm 3 Indirect detection algorithm.

1. Compute P̂∆t.

2. Compute decomposition of ρ̂0, Equation (3.7).

3. Distribute |u(k)
0 〉 = |u(k)〉 and 〈v(k)

0 | = 〈v(k)| to processors.

4. Replicate P̂∆t on each processor.

5. In parallel over k:

for n from 1 to N do

|u(k)
n∆t〉 = P̂∆t|u(k)

(n−1)∆t〉.

〈v(k)
n∆t| = 〈v

(k)
(n−1)∆t|P̂

†
∆t.

end for

6. Generate ρ̂n∆t for n from 1 to N by recombining all |u(k)
n∆t〉, 〈v

(k)
n∆t|, and pk

according to Equation (3.11).

velopment of Algorithm 1 to the detection of observables in Liouville space (i.e. par-

allelization of Equation (1.58) with detection using Equation (1.37)). These attempts

have so far not yielded any efficient method of parallel computation, meaning that

at present the subspace decomposition method discussed in Section 3.2 is the best

method for parallel Liouville space computation, in the absence of embarrassingly

parallel structure.

3.4 Conclusions

This chapter has revealed several instances of latent parallelism in spin dynamics

simulations. While utilization of this parallelism will never overcome the exponential

scaling problem (Section 1.2), it can accelerate simulations that are already possible.
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Chapter 4

Liouville space elevation

As discussed in Section 1.5.2, the presence of time-dependence in the Liouvillian

complicates magnetic resonance simulations. Section 1.5.2 also included descriptions

of a number of ways of overcoming these complications that are commonly used in

magnetic resonance; in this chapter we shall discuss a conceptually different method.

The method described in this chapter maps the Liouville space describing the spin

dynamics of the system into a much larger space. This mapping is performed in such

a way that the effective Liouvillian generating the dynamics in this space is time-

independent. The methods of time-independent quantum mechanics (Section 1.5.1)

can then be used to propagate the system. Following Pfeifer and Levine we shall refer

to this mapping as ‘elevation’ of the state space [131]. In practice, elevation is effected

by introducing additional coordinates into the simulation.

In general, elevation will result in an infinite dimensional state space. This problem

is not insurmountable in the cases treated in this chapter: judicious choice of matrix

representation allows for truncation to a finite dimensional space.

In the field of time-dependent quantum mechanics, several elevations are already

known: (t, t′) theory [131, 132], Floquet theory [133, 134], and stochastic Liouville

equation (SLE) theory [135, 136, 137]. In Section 4.1 a method of elevating the state

spaces of spin systems is derived that includes (t, t′) theory and Floquet theory as

special cases. This method has been published [4], and allows Liouvillians that depend

upon classical coordinates to be mapped into an elevated space. Relations between

83
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the new method and previously known elevation theories are discussed in Section 4.3.

Section 4.2 details the minutiæ involved in building a basis for the elevated state

space. These details are required in order to implement the method on a computer.

In Section 4.4 the method of elevation developed in this chapter is used to derive

a method for simulating MAS-powder spectra without requiring an explicit grid of

points. Further, in Section 4.4.5, it is shown how the novel viewpoint provided by

this method could give some insight into the experiences Butler, et al. have had with

basis set truncation [80].

4.1 Equation of motion in elevated space

In this section we derive the equation of motion for a state vector in an elevated space.

We start by supposing that the time-dependence of the Liouvillian results from

a parametric dependence on some set of N dynamic coordinates, which we express

as a vector ~x. We thus express the time-dependent Liouvillian as L~x. One of these

coordinates could be ‘time’; see Section 4.3.1. These coordinates must be independent

of spin. They must also follow classical trajectories [91], i.e. the motion must not be

stochastic [138].

Within the above assumptions, given a large enough set of coordinates, the coordi-

nates at time t are a function of t and the coordinates at some arbitrary zero-time, ~x0.

Allowing stochastic trajectories would mean that the trajectory could not be uniquely

specified by the coordinates at a single time.

The state vector generated by evolution under a Liouvillian with one set of initial

coordinates will likely differ from that generated by evolution under a Liouvillian

with a different set of initial coordinates. We label these individual state vectors with

the initial coordinates: |ρ̂t,~x0〉. The distribution of initial coordinates is given by a

probability density function [139], which we write P (~x0). The observed state vector

|ρ̂t〉 is then generated by averaging over the state vectors of all trajectories [139], i.e.

|ρ̂t〉 =

∫

V~x0

|ρ̂t,~x0〉P (~x0) d~x0 . (4.1)
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There are two important special cases of probability density functions. In the

‘single crystal’ case P (~x0) = δ(~x0 − ~x0
′), a δ-‘function’ [73, 140], thus

|ρ̂t〉 = |ρ̂t,~x0
′〉. (4.2)

In the isotropic case P (~x0) is a constant. This is the situation when performing ‘pow-

der averaging’ in the solid state; see Section 4.4.3. The density function is normalized,

so P (~x0) = (
∫
V~x0

d~x0)−1. The observed state vector is then

|ρ̂t〉 =

(∫

V~x0

d~x0

)−1 ∫

V~x0

|ρ̂t,~x0〉 d~x0 . (4.3)

With the above definitions, the Liouville–von Neumann equation for a single tra-

jectory is

d

dt
|ρ̂t,~x0〉 = −iL~x|ρ̂t,~x0〉. (4.4)

Unfortunately, even though the Liouvillian is not explicitly time-dependent, the im-

plicit time-dependence still complicates solution of the Liouville–von Neumann equa-

tion in the manner discussed in Section 1.5.2. We can, however, construct a solution of

Equation (4.4) without having to solve it directly using the elevation method derived

below.

To begin, we define an auxiliary state vector |σ̂t,~x0,~y〉 which is a function of N

auxiliary time-independent coordinates, written as the vector ~y. The nth coordinate

of this vector is ~yn. We shall eventually select the trajectory of |σ̂t,~x0,~y〉 where ~y = ~x.

The auxiliary state vector is a solution of the Liouville–von Neumann-like equation

d

dt
|σ̂t,~x0,~y〉 = (−iL~y + Γ~y)|σ̂t,~x0,~y〉 (4.5)

with initial condition

|σ̂0,~x0,~y〉 = |ρ̂0,~x0〉 (4.6)

for all ~y. In Equation (4.5) the ‘space operator’ Γ~y is defined by

Γ~y = − d~x

dt

∣∣∣∣
~x=~y

• ~∇~y, (4.7)
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where d~x/dt|~x=~y is the coordinate velocity with any residual dependence on ~x replaced

with a dependence on the static coordinates ~y;

~∇~y =




∂/∂~y1

∂/∂~y2
...

∂/∂~yN


; (4.8)

and ‘• ’ is the dot product operation [19]. In general this space operator will be

time-dependent. For simplicity we shall assume that it is independent of time; any

time-dependence could be formally eliminated by further elevation of the state space

(see Section 4.3.1). Equation (4.5) may then be solved to give the auxiliary state

vector as

|σ̂t,~x0,~y〉 = exp{(−iL~y + Γ~y)t}|σ̂0,~x0,~y〉; (4.9)

we note that no time-ordering considerations (Section 1.5.2) have been required in

obtaining this solution.

We assert that with the above definitions the state vector |ρ̂t,~x0〉 solving Equa-

tion (4.4) can be extracted from |σ̂t,~x0,~y〉 via the relation

|ρ̂t,~x0〉 =

∫
δ(~y − ~x)|σ̂t,~x0,~y〉 d~y (4.10)

= |σ̂t,~x0,~x〉, (4.11)

where the latter identity arises from contraction using the δ-‘function’. This assertion

is true by definition at t = 0 by virtue of Equation (4.6). At later times, it may be

seen that we are selecting the trajectory corresponding to ~y = ~x.

In order to prove the assertion found in Equation (4.10), we shall show that the

right hand side of Equation (4.10) satisfies the Liouville–von Neumann equation,

Equation (4.4), for all t. This manner of proof is similar to one which has been used

to prove the validity of the equation of motion of (t, t′) theory [132].

Using the chain rule [141, Section 9.6], differentiation of |σ̂t,~x0,~x〉 with respect to

time may be written

d

dt
|σ̂t,~x0,~x〉 =

∂

∂t
|σ̂t,~x0,~x〉+

d~x

dt
• ~∇~x|σ̂t,~x0,~x〉 (4.12)
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where ~∇~x is defined analogously to ~∇~y in Equation (4.8). Using the left hand side of

Equation (4.11), we may write this as

d

dt
|ρ̂t,~x0〉 =

∂

∂t
|σ̂t,~x0,~x〉+

d~x

dt
• ~∇~x|σ̂t,~x0,~x〉. (4.13)

We must now evaluate the derivatives on the right-hand side.

Examination of Equations (4.9) and (4.10) allows us to write the partial derivative

with respect to time on the right-hand side of Equation (4.13) as

∂

∂t
|σ̂t,~x0,~x〉 =

∂

∂t

∫
δ(~y − ~x) exp{(−iL~y + Γ~y)t}|ρ̂0,~x0〉 d~y, (4.14)

where we have also used the definition in Equation (4.6). The way we have written the

~y dependence of Γ~y in Equation (4.7) belies a difficulty: the effect of composition of

Γ~y with the δ-‘function’ is not well defined. This is because the ~y dependence actually

appears as the variable with respect to which partial derivatives are taken. When the

space operator is composed with a function, however, we may write that

∫
δ(~y − ~x)Γ~yf(~y) d~y = −

∫ (
δ(~y − ~x)

d~x

dt

∣∣∣∣
~x=~y

• ~∇~yf(~y)

)
d~y (4.15)

= −d~x

dt
• ~∇~xf(~x). (4.16)

The definition of the matrix exponential as a Taylor series (Equation (1.10)) reveals

that the action of the exponential of the space operator on the state vector can be

reduced to iterated application of the space operator in this way, hence we may define

the ‘space operator’

Γ~x = −d~x

dt
• ~∇~x (4.17)

and write

∂

∂t
|σ̂t,~x0,~x〉 =

∂

∂t
exp{(−iL~x + Γ~x)t}|ρ̂0,~x0〉. (4.18)

With the partial derivative in this form, it can be evaluated to give

∂

∂t
|σ̂t,~x0,~x〉 = (−iL~x + Γ~x) exp{(−iL~x + Γ~x)t}|ρ̂0,~x0〉 (4.19)

= (−iL~x + Γ~x)|σ̂t,~x0,~x〉. (4.20)
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Inserting Equation (4.20) into Equation (4.13) gives

d

dt
|ρ̂t,~x0〉 =

(
−iL~x + Γ~x +

d~x

dt
• ~∇~x

)
|σ̂t,~x0,~x〉 (4.21)

=

(
−iL~x + Γ~x +

d~x

dt
• ~∇~x

)
|ρ̂t,~x0〉, (4.22)

where the latter relation results from substitution of Equation (4.11). Noting the

definition of the space operator, Equation (4.17), the present equation reduces to

Equation (4.4), the Liouville–von Neumann equation.

We have thus proven that we can obtain the solution of Equation (4.4) in the

following manner:

1. Define |σ̂0,~x0,~y〉 by Equation (4.6).

2. Propagate this to the desired time using Equation (4.9).

3. Map |σ̂t,~x0,~y〉 into |ρ̂t,~x0〉 using Equation (4.10).

Performing these steps within a computer requires specification of a representation

of |σ̂0,~x0,~y〉. That is the topic of Section 4.2.

This procedure does not make calculating the ensemble average of |ρ̂t,~x0〉 over ~x0

(Equation (4.1)) any easier. Section 4.2 includes discussion of how the specification

of an explicit basis can make such averages more easily computable.

4.2 Expansion in basis functions

Equation (4.5) defines a time-independent effective Liouvillian, (−iL~y + Γ~y). In gen-

eral the coordinates ~y will be continuous: instead of just one continuous variable t,

our Liouvillian is now a function of many. The form of the equation of motion, Equa-

tion (4.5), is identical to that of the SLE (see e.g. References [136, 137]); we may thus

use the methods developed to solve the SLE to solve our equation. One method of SLE

solution approximates the continuous variables by a discrete set of points [85, 142],

another method expands the auxiliary state vector in a set of mutually-orthogonal

basis functions of the coordinates [136, 137]. We opt for the latter because, as we shall
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see in Section 4.4, the Liouvillians we wish to use are readily expressible in terms of

well-tabulated basis functions.

The manner of expanding the auxiliary state vector in basis functions is detailed

below. This results in a set of linear equations that can be represented in terms of

matrices and vectors suitable for numerical calculation using a computer. We demon-

strate the mapping into vectors and matrices explicitly. The derivation below bears

many similarities to the derivation of Section 1.3.1, where an expansion in basis ‘func-

tions’ was used to derive a Liouvillian mapping. The treatment in Reference [4] follows

the same lines as below, but only examines normalized basis functions.

In this derivation, the mth element of the set of basis functions will be denoted

g
(m)
~y . The result of differentiation of the basis functions with respect to elements of

~y is assumed to be expressible as a linear combination of the basis functions. We

also assume that the product of any two basis functions can be expressed as a linear

combination of the basis functions. The inner product [18] with respect to which the

basis functions are mutually orthogonal [19] is denoted by 〈 · , · 〉. This inner product

induces a norm [20], ‖ · ‖ =
√
〈 · , · 〉. While the summations will use a single index in

this section, a general set of basis functions will have multiple indices (e.g. the Wigner

D-functions used in Section 4.4.2). The single index used in this section should thus

in general be taken to be an appropriate linear index over all of the indices of the

basis functions.

Expansion of a Liouvillian L~y in the set of basis functions is written

L~y =
∞∑

m=0

g
(m)
~y Lm, (4.23)

where the ‘coefficients’ Lm are given by

Lm =
∥∥∥g(m)

~y

∥∥∥
−2〈

g
(m)
~y ,L~y

〉
. (4.24)

For the rest of this chapter it will be assumed that the number of terms required in

the Liouvillian expansion is finite, i.e. Lm = 0 for all m > L; judicious choice of basis

functions makes this true for all of the examples given in this chapter. The Liouvillian
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expansion will thus be written

L~y =
L∑

m=0

g
(m)
~y Lm. (4.25)

An expansion of the auxiliary vector |σ̂t,~x0,~y〉 in the set of basis functions is assumed

to exist; this expansion takes the form

|σ̂t,~x0,~y〉 =
∞∑

n=0

g
(n)
~y [|σ̂t,~x0〉]n, (4.26)

with

[|σ̂t,~x0〉]n =
∥∥∥g(n)

~y

∥∥∥
−2〈

g
(n)
~y , |σ̂t,~x0,~y〉

〉
. (4.27)

The ‘proof’ that this expansion is valid lies in the fact that it does not result in

any contradictions during the derivation below. In general this expansion requires

an infinite number of terms; whether this is a problem will depend on the specifics

of a given simulation. This is examined in more detail in the cases presented in

Sections 4.3.2 and 4.4.

In practice, we shall have to truncate the expansion in Equation (4.26) in order to

represent it on a computer. This is discussed for two specific cases in Sections 4.3.2

and 4.4.2.

We can now write Equation (4.5) in terms of these basis functions. Upon inserting

the expansion of Equation (4.26) into the left-hand side of Equation (4.5) we obtain

d

dt
|σ̂t,~x0,~y〉 =

∞∑

n=0

g
(n)
~y

d

dt
[|σ̂t,~x0〉]n, (4.28)

where we have made use of the time-independence of the basis functions. The right-

hand side of Equation (4.5) is a little more complicated: (−iL~y + Γ~y) can transfer

population between the elements [|σ̂t,~x0〉]n. We thus write

(−iL~y + Γ~y)|σ̂t,~x0,~y〉 =
∞∑

m,n=0

g
(m)
~y [Λ]mn[|σ̂t,~x0〉]n (4.29)

where [Λ]mn are block-matrix elements effecting this transfer. These elements are

defined by

[Λ]mn =
∥∥∥g(m)

~y

∥∥∥
−2〈

g
(m)
~y , (−iL~y + Γ~y)g

(n)
~y

〉
. (4.30)
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Specific examples are given in Sections 4.3.2 and 4.4. Equating the right-hand side of

Equation (4.28) and the right-hand side of Equation (4.29) in line with Equation (4.5)

yields the equation of motion

∞∑

m=0

g
(m)
~y

d

dt
[|σ̂t,~x0〉]m =

∞∑

m,n=0

g
(m)
~y [Λ]mn[|σ̂t,~x0〉]n. (4.31)

Equation (4.31) describes a set of linear equations. Taking the inner product of

both sides of Equation (4.31) with respect to a given g
(m)
~y (and then dividing by

‖g(m)
~y ‖2 gives the mth equation:

d

dt
[|σ̂t,~x0〉]m = [Λ]mn[|σ̂t,~x0〉]n. (4.32)

A set of linear equations is most conveniently represented as a matrix equation [19]

for numerical computation; we thus seek such a representation of Equation (4.31).

In order to express the set of equations implied by Equation (4.32) in terms of

explicit vectors and matrices we define an explicit vector basis; we shall write the nth

vector as |n〉, defined such that it has a ‘bra–ket’ product [140]

〈n|m〉 = δnm, (4.33)

where 〈n| = (|n〉)†.
In terms of this basis, the set of equations implied by Equation (4.32) become

d

dt

( ∞∑

m=0

|m〉 ⊗ [|σ̂t,~x0〉]m

)
=

( ∞∑

m,n=0

|m〉 ⊗ 〈n| ⊗ [Λ]mn

)( ∞∑

n=0

|n〉 ⊗ [|σ̂t,~x0〉]n

)
, (4.34)

where the sums within parentheses describe vectors and matrices:

|σ̂t,~x0〉 =
∞∑

n=0

|n〉 ⊗ [|σ̂t,~x0〉]n, Λ =
∞∑

m,n=0

|m〉 ⊗ 〈n| ⊗ [Λ]mn. (4.35)

These definitions contain Kronecker product operations as the ‘coefficients’ are not

scalars, but rather themselves vectors/matrices.
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The set of equations implied by Equation (4.32) can thus be written in the form

d

dt
|σ̂t,~x0〉 = Λσ̂t,~x0 . (4.36)

This equation can be formally solved to give

|σ̂t,~x0〉 = exp{Λt}|σ̂0,~x0〉. (4.37)

Assuming that the number of basis functions has been truncated such that Λ is a

finite matrix, the propagator in this equation may be built using the techniques of

Section 1.5.1.

The state vector |σ̂t,~x0〉 is mapped back into |σ̂t,~x0,~y〉 by multiplication on the left

by a ‘mapping operator’

F (~y) =
∞∑

m=0

g
(m)
~y 〈m| ⊗ I, (4.38)

where I is the identity matrix the same size as L~y, i.e.

|σ̂t,~x0,~y〉 = F (~y) exp{Λt}|σ̂0,~x0〉. (4.39)

This may be confirmed by comparing Equations (4.26) and (4.35), noting the defi-

nition of the bra–ket product, Equation (4.33), and the relation between Kronecker

products and matrix products given by Equation (1.7).

Equation (4.10) implies that generation of the desired state vector |ρ̂t,~x0〉 requires

contraction of |σ̂t,~x0,~y〉 with a δ-‘function’. Performing the contraction over Equa-

tion (4.39) gives

|ρ̂t,~x0〉 = F (~x) exp{Λt}|σ̂0,~x0〉. (4.40)

This implies that we can implicitly perform the contraction by using the mapping

operator F (~x) instead of F (~y); the former is thus the operator that we will use as the

‘mapping operator’ for the rest of this chapter. It should be noted that the ability to

perform the contraction in this implicit way is a result of the assumption made in our

definition of |σ̂t,~x0,~y〉, Equation (4.26).

As mentioned in Section 4.1, we also generally need to average over the initial

coordinates ~x0; having constructed an explicit basis, we are now in a position to
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evaluate such an average. Performing averaging according to Equation (4.1) does not

in general lead to any significant simplification:

|ρ̂t〉 =

∫

V~x0

F (~x) exp{Λt}|σ̂0,~x0〉P (~x0) d~x0 . (4.41)

However, in the case where |σ̂0,~x0〉 is independent of ~x0 the average becomes

|ρ̂t〉 =

[∫

V~x0

F (~x)P (~x0) d~x0

]
exp{Λt}|σ̂0,~x0〉, (4.42)

i.e. the averaging is performed over just the mapping operator.

For brevity in later sections we define an averaged mapping operator F by

F =

∫

V~x0

F (~x)P (~x0) d~x0, (4.43)

such that in the case where |σ̂0,~x0〉 is independent of ~x0, Equation (4.42) is written

simply as

|ρ̂t〉 = F exp{Λt}|σ̂0,~x0〉. (4.44)

Implicit contraction and averaging can thus be performed in this case by using F as the

mapping operator. Simplification arising from this is demonstrated in Sections 4.3.2

and 4.4.3.

4.3 Relation to other elevation methods

As mentioned at the beginning of this chapter, several elevations of the spaces involved

in quantum mechanics are already known: (t, t′) theory [131, 132], Floquet theory [133,

134], and SLE theory [135, 136, 137]. We shall discuss in this section how they relate

to the theory presented in Sections 4.1 and 4.2.

4.3.1 (t, t′) theory

In (t, t′) theory parameterization is made with respect to an auxiliary time-coordinate,

t′ [131, 132]. We can relate our theory to (t, t′) theory by choosing ~y to be this single

auxiliary time-coordinate. The auxiliary state vector is then defined by the relation

|ρ̂t,~x0〉 =

∫
δ(t− t′)|σ̂t,~x0,t′〉 dt′ . (4.45)
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Examination of Equation (4.7) reveals that the space operator is given in this case

by

Γt′ = − ∂

∂t′
. (4.46)

Inserting this space operator into Equation (4.5), we derive the equation of motion

of (t, t′) theory [132]:

d

dt
|σ̂t,~x0,t′〉 =

(
−iLt′ − ∂

∂t′

)
|σ̂t,~x0,t′〉. (4.47)

Proceeding in the manner described in Section 4.2 requires specification of a basis.

As an example, in Section 4.3.2 we use the equation of motion here derived and the

basis set of complex exponential functions to derive Floquet theory.

It should be noted that (t, t′) theory is limited in that coordinates that are in-

dependent of time cannot be treated within it: an integration would still have to be

taken numerically over any static coordinates. The more general theory presented in

this chapter is not limited in this way, as is demonstrated in Section 4.4.

4.3.2 Floquet theory

A time-periodic Liouvillian can, in common with any other periodic function, be

expanded as a Fourier series [56]. Fourier series expansions have complex exponential

functions as basis functions. Floquet’s theorem [143] implies that, in addition to an

expansion of the Liouvillian, there exists an expansion of the propagator in complex

exponential functions [144, 145]. The state vector can thus also be expanded in terms

of complex exponential functions.

Using the two expansions described in the previous paragraph, a method of el-

evation can be constructed that uses complex exponential functions as basis func-

tions [144, 145]. This method is known as ‘Floquet theory’ [133, 134], and is suitable

when the time-dependence of the Liouvillian is periodic.

It is well-known that Floquet theory can be derived from (t, t′) theory [132], the

theory derived in Section 4.3.1. Below, we perform a derivation of Floquet theory in

this way. This allows us to exemplify the techniques developed in Section 4.2.
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We express the nth complex exponential basis function in the general form

ein(ωt′+φ0), (4.48)

where ω is the angular frequency of the periodic time dependence, φ0 is an arbitrary

phase factor representing the ‘initial coordinates’, and t′ is the auxiliary time coordi-

nate of Section 4.3.1. This set of basis functions has an infinite number of elements:

the index n ranges from −∞ to +∞. The physical meaning of φ0 will depend on the

physical basis for the periodic time-dependence; see Section 4.4.4 for an example. The

complex exponentials thus defined are orthogonal and normalized with respect to the

inner product

〈f(t′), g(t′)〉 =
1

T

∫ T

0

f ∗(t′)g(t′) dt′, (4.49)

where the superscript ‘∗’ denotes complex conjugation. The upper limit of the integral

is the period, T = 2π/ω.

We wish to find the elements of the effective Liouvillian, as defined by Equa-

tion (4.30). The expansion of the Liouvillian in the basis of complex exponential

functions is assumed to be finite and will be written (see Equation (4.25))

Lt′ =
+L∑

m=−L
Lmeim(ωt′+φ0); (4.50)

taking the product of this with ein(ωt′+φ0) yields

Lt′ein(ωt′+φ0) =
+L∑

m=−L
Lmei(m+n)(ωt′+φ0). (4.51)

The space operator, as given in Equation (4.46), applied to the generic complex

exponential function defined in Equation (4.48) gives

Γt′e
in(ωt′+φ0) = − ∂

∂t′
ein(ωt′+φ0) = −inωein(ωt′+φ0), (4.52)

Following the prescription of Equation (4.30), the matrix elements of the effective

Liouvillian Λ are found by taking inner products with the linear combination of

Equations (4.51) and (4.52); using the inner product defined by Equation (4.49), this

results in

[Λ]mn = −i(Lm−n + nωδmn). (4.53)
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The effective Liouvillian built from these basis elements corresponds to that used in

Floquet theory [133, 134].

We write the auxiliary state vector at time t as |σ̂t,φ0,t′〉, with ‘initial coordinate’

φ0 and ‘static coordinate’ t′. The auxiliary state vector at time zero, as defined by

Equation (4.6), is independent of t′. We write this initial state as |ρ̂0,φ0〉. Following

Equation (4.27), taking the inner product of |ρ̂0,φ0〉 with each of the complex expo-

nential basis functions in turn gives the elements of the auxiliary state vector at time

zero:

[|σ̂0,φ0〉]n = δn0|ρ̂0,φ0〉. (4.54)

This initial state matches that commonly used in Floquet theory [133, 134]. Propaga-

tion of this initial state using Equation (4.37) and the representation of the effective

Liouvillian given above then gives the representation of the auxiliary state vector at

later times; we shall write the elements of this representation as [|σ̂t,φ0〉]n.

We note that the definition of the initial state representation given by Equa-

tion (4.54) implies that only a finite number of elements are non-zero at the beginning

of the simulation. Since the expansion of the Liouvillian contains only a finite number

of terms by assumption, and the complex exponential functions are eigenfunctions [18]

of the space operator (as the representation is diagonal), states ‘far away’ from the

initially populated state ([|σ̂t,φ0〉]n with |n| � 0) can become populated only slowly.

This implies that truncation of the infinite state space is possible. By truncation at

the nth ‘Fourier rank’ we shall mean that [|σ̂t,φ0〉]m is not included in the basis if

|m| > n, resulting in a vector with only a finite number of elements. Similarly, the ef-

fective Liouvillian is defined such that [Λ]mm′ is not part of the matrix representation

if |m| > n or |m′| > n, giving a matrix of finite size.

Finally, we define the mapping operator, F (t), as described at the end of Sec-

tion 4.2. In general, this mapping operator is given by

F (t) =
+∞∑

n=−∞
ein(ωt+φ0)〈n| ⊗ I. (4.55)

Assuming that |ρ̂0,φ0〉 is independent of φ0, Equation (4.44) implies that we can instead
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use the mapping operator

F (t) =
+∞∑

n=−∞

∫ 2π

0

P (φ0)ein(ωt+φ0) dφ0 〈n| ⊗ I, (4.56)

where P (φ0) is the probability density function of φ0 (see Section 4.1). In the case

that P (φ0) is isotropic, this mapping operator reduces to

F =
1

2π

∫ 2π

0

F (t) dφ0 = 〈0| ⊗ I, (4.57)

which is independent of t. The simplification that this gives has been noted previously

in the literature [146].

4.3.3 SLE theory

The stochastic Liouville equation (SLE) is an equation identical in form to Equa-

tion (4.5) [135, 136, 137]. Where the SLE differs from that equation is that the

coordinates on which the original Liouvillian depends, and which are used in the

elevation, are not deterministic variables. They are instead stochastic random vari-

ables [139, 147]. The stochastic nature of the coordinates complicates the derivation

of the SLE (see e.g. Reference [135]) as compared to the derivation in Section 4.1.

It is known that a ‘drift’ term representing deterministic motion can be included

in the SLE space operator, see e.g. Reference [148]. If such a term is included, then

taking the limit such that the probability of any stochastic motion tends to zero, if this

limit exists, will recover Equation (4.5). This relationship corroborates the validity of

the theory presented in this chapter.

4.4 Application to MAS-NMR simulations

Broad spectral peaks caused by anisotropic terms in the Liouvillian (see Section 1.1.2)

plague NMR experiments in the solid state [33]. Magic angle spinning (MAS) is

conventionally used to eliminate a significant proportion of this broadening from such

spectra [33]. MAS consists of spinning the NMR sample about an axis tilted at an

angle of ∼ 54.7◦, the ‘magic angle’, from the direction of the magnetic field.
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Spinning of the sample renders the Liouvillian time-dependent. If the spinning

is fast enough, and all of the anisotropic terms are secular (see Section 1.1.2), then

spinning fast enough to completely average the anisotropic interactions will effectively

reduce the Liouvillian to just its isotropic terms [33]. However, if the spinning is slower

than this, then sidebands appear in the spectrum [13]. Analysis of such sideband-

containing spectra is aided by spectral simulation [51, 66]. As an example, simulations

of the sidebands arising in a dipolar-coupled two-spin system at different spinning-

rates are shown in Figure 4.1.

In this section we shall use the formalism derived in Sections 4.1 and 4.2 to de-

rive a time-independent effective Liouvillian that we can use to simulate MAS-NMR

experiments. This method has been detailed previously in Reference [4].

A further benefit arising from the use of this formalism is presented in Sec-

tion 4.4.3. The formalism will be shown to allow for analytical averaging over all

of the initial coordinates, removing any need for the discrete grids normally used

to calculate such spectra [116]. This has been detailed previously in Reference [4].

It should be noted, though, that the simple parallelizability of discrete grids (see

Section 3.1) will still make them more appropriate in some situations.

The fresh view that this effective Liouvillian can give on the basis set truncation

experiences of Butler, et al. [80] will be discussed in Section 4.4.5.

4.4.1 Derivation of the space operator

The space operator that we require has been derived before in the literature [4, 149].

However, here we provide a different derivation which exemplifies a general scheme

for deriving such operators.

The Liouvillian of the spin system of a molecule depends on the orientation of

the molecule with respect to the laboratory frame (see Section 1.1.2). For simplicity,

we treat a molecule undergoing MAS as a rigid body rotating about an axis passing

through its centre of mass. Any molecule in the sample with the same initial orien-

tation must undergo changes of orientation at the same rate, and the Liouvillian is
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Figure 4.1: Demonstration of spinning sidebands in a dipolar-coupled spin system. Rotation
at a rate ω about the magic angle results in the static spectrum being split into spinning
sidebands. Rotating faster moves these sidebands outside of the observed window, such that
the spectrum tends towards the isotropic spectrum. The spin system consists of a pair of 1H
spins, with respective isotropic chemical shifts of 5 ppm and −2 ppm, a distance 0.39 nm
apart. The static (ω = 0 Hz) simulation makes use of a rank-131 Gaussian spherical quadra-
ture grid [116]. Powder-averaged MAS spectra (labelled by the magnitude of the angular
velocity of rotation, ω) have been simulated using the formalism presented in Section 4.4.
A Wigner rank (Section 4.4.2) of 9 was used for the faster rotation, a rank of 17 for the
slower rotation. These Wigner ranks were chosen such that the errors due to truncation,
quantified by comparison with a simulation with increased rank, are less than 10−3 over the
whole of each spectrum. The strength of the applied magnetic field is 14.1 T.
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assumed to be independent of absolute position in space; examining this special case

is thus sufficient.

The orientation of a molecule with respect to the lab-frame is adequately specified

by the set of position vectors of the atoms of the molecule; it is these vectors that we

shall use as our dynamic coordinates, ~x. We shall express the position vector of the

jth atom as ~q (j). We shall write the time-independent coordinates collectively as ~y;

the time-independent vector corresponding to the jth atom will be written ~y (j). With

such definitions, the general space operator of Equation (4.7) becomes

Γ~y =
∑

k

Γ~y (k) , (4.58)

where we define

Γ~y (j) =
d~q (j)

dt

∣∣∣∣
~x=~y

• ~∇~y (j) . (4.59)

In Equation (4.58) the summation is taken over all nuclei; this is true of all summa-

tions in this subsection. We shall begin by examining a single term of Equation (4.58);

subsequently we shall examine the linear combination of these terms that make up

the full space operator.

Inspecting Equation (4.59), we see that we need to determine the velocities of

the position vectors. We use the Hamiltonian formulation of classical mechanics [91,

Section 40] to determine these velocities.

Within the Hamiltonian formulation, velocities are given by the vector equation

d~q (j)

dt
= ~∇~p (j)H, (4.60)

where H is the classical Hamiltonian of the system and ~p (j) is the conjugate momen-

tum to ~q (j) [91, Section 40]. In order to calculate these velocities, we need the classical

Hamiltonian of the system.

The classical Hamiltonian of a rotating rigid body in the absence of any external

potentials contains just a kinetic energy term, which may be written in terms of the

angular velocity ~ω and the (moment of) inertia tensor I of the body [91, Section 32]:

H =
1

2
~ω • I • ~ω. (4.61)
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We express the angular velocity in terms of its components as

~ω =



ω1

ω2

ω3


 (4.62)

in the following. The inertia tensor is independent of the momenta and symmetric [91,

Section 32]. Therefore

∂H

∂~p
(j)
i

= ~ω • ∂

∂~p
(j)
i

(I • ~ω). (4.63)

We need to express the Hamiltonian, and thus I • ~ω, in terms of position vectors

and their conjugate momenta in order to perform the partial differentiation. Using

the identity [91, Section 33]

~M = I • ~ω, (4.64)

where ~M is the angular momentum vector of the body, and the definition of angular

momentum in terms of position vectors and momenta [91, Section 9]

~M =
∑

k

~q (k) × ~p (k) (4.65)

this derivative may be written

∂H

∂~p
(j)
i

= ~ω • ∂

∂~p
(j)
i

(∑

k

~q (k) × ~p (k)

)
. (4.66)

In these equations ‘×’ is the cross product [19]. Carrying out the partial differentiation

gives

∂H

∂~p
(j)
i

= ~ω • ~q (j) ×~ei, (4.67)

where ~ei is the unit vector

~ei =



δ1i

δ2i

δ3i


, (4.68)

so the velocities are (Equation (4.60))

d~q (j)

dt
=



~ω • ~q (j) ×~e1

~ω • ~q (j) ×~e2

~ω • ~q (j) ×~e3


. (4.69)
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Upon examination of Equation (4.59), we see that we need to obtain the vector

d~q (j)/dt
∣∣
~x=~y

from Equation (4.69); performing the appropriate replacements gives

d~q (j)

dt

∣∣∣∣
~x=~y

=



~ω • ~y (j) ×~e1

~ω • ~y (j) ×~e2

~ω • ~y (j) ×~e3


. (4.70)

Following Equation (4.59), taking the dot product of this vector with ~∇~y (j) gives the

jth space operator:

Γ~y (j) = ~ω • ~y (j) × ~∇~y (j) . (4.71)

The vector formed by the cross product on the right hand side is proportional to

the angular momentum operator (in the coordinate representation) used in quantum

mechanics [17, Section 2.2],

~S (j) = −i~y (j) × ~∇~y (j) , (4.72)

allowing for the simplification

Γ~y (j) = i~ω • ~S (j). (4.73)

Given the result of Equation (4.73), the space operator of Equation (4.58) becomes

Γ~y =
∑

k

i~ω • ~S (k). (4.74)

We can define a total ‘angular momentum operator’ by [17, 22, 23]

~S =
∑

k

~S (k) =



Ŝx
Ŝy
Ŝz


. (4.75)

Inserting this into Equation (4.74) gives

Γ~y = i~ω • ~S. (4.76)

This is the form of the space operator that we shall use.
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4.4.2 Expansion in Wigner D-functions

With the space operator defined by Equation (4.76), the equation of motion of an

auxiliary state vector |σ̂t,~x0,~y〉 is

d

dt
|σ̂t,~x0,~y〉 = −i

(
L~y − ~ω • ~S

)
|σ̂t,~x0,~y〉. (4.77)

As discussed in Section 4.2, we wish to write this equation in terms of a set of basis

functions in order to build a matrix representation. This will allow us to solve this

equation of motion computationally.

In SLE simulations of rotational diffusion [136], it is usual to use as spatial basis

functions the WignerD-functions [17, Chapter 4]. We shall denote the (klm)th Wigner

D-function by Dk
lm. The index k, referred to in the following as the ‘Wigner rank’ (or

just ‘rank’ when this not ambiguous) of the Wigner D-function, runs from 0 to +∞.

For a given rank k the indices l and m both range from −k to +k. We utilize these

Wigner D-functions as basis functions for two reasons. Firstly, the action of the terms

in the space operator of Equation (4.76) on these functions is well documented (see

e.g. Reference [17, Chapter 4]). Secondly, the Liouvillian of a mechanically rotated

spin system can typically be expanded in terms of such functions, as described below.

Unfortunately, manipulation of these basis functions is more complicated than

manipulation of the complex exponential basis functions used in Section 4.3.2; the

notation must likewise become more complicated. Typically, parameterization of the

Wigner D-functions is made with respect to three Euler angles [17, Section 1.4], α,

β, and γ; the inner product with respect to which these functions are orthogonal is

then written [17, Section 4.10]

〈f(α, β, γ), g(α, β, γ)〉 (4.78)

=

∫ 2π

0

∫ π

0

∫ 2π

0

f ∗(α, β, γ)g(α, β, γ) dα sin β dβ dγ .

These Euler angles are sufficient to describe rotations in 3D space [91]. The Euler

angle-arguments of the Wigner D-functions will normally be suppressed for brevity.
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As Euler angles provide a convenient complete parameterization of rotations, we

utilize them instead of the space coordinates implied in Section 4.4.1; we can do

this because application of our space operator to Wigner D functions expressed in

terms of such angles is well defined (as mentioned above). We define the Euler angles

(αt, βt, γt) to be the dynamic coordinates; this set of angles takes the special value

(α0, β0, γ0) at time zero. The time-independent coordinates will be written with no

subscripts: (α, β, γ).

Using the above definitions, we now proceed to generate the various components

detailed in Section 4.2 using these basis functions.

Effective Liouvillian

We split derivation of the effective Liouvillian, Λ, in this basis into two parts: the

first deriving a representation of L, the second a representation of Γ, where we omit

the subscript coordinate dependences for clarity. In line with Equation (4.30), the

elements of the effective Liouvillian are computed from these separate representations

by

[Λ]klm,k′l′m′ = −i[L]klm,k′l′m′ + [Γ]klm,k′l′m′ . (4.79)

A typical NMR Liouvillian can be written in spherical tensor form as [8, 33]

L = D0
00Liso +

+2∑

L,M=−2

D2
LMQLM , (4.80)

where Liso is the isotropic Liouvillian (consisting of terms not averaged to zero by

isotropic tumbling in solution), and Qkm are various second-rank anisotropic terms.

This corresponds to an expansion of the Liouvillian in Wigner D-functions. We shall

deal exclusively with Liouvillians that can be expanded in the form of Equation (4.80).

Rank one terms can exist, but their effects on spectra require special efforts to de-

tect [33], and so they shall be ignored here for brevity. We assume in the following

that time-dependence of the Liouvillian is exclusively due to MAS modulating the

Euler angles that the Wigner D-functions take as arguments.
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We need to compute the elements of L in the elevated representation. Examining

Equation (4.30) reveals that this is effected by computing

[L]klm,k′l′m′ =
∥∥Dk

lm

∥∥−2
〈
Dk
lm,LDk′

l′m′

〉
(4.81)

where
∥∥Dk

lm

∥∥ =
√〈

Dk
lm, D

k
lm

〉
. (4.82)

Inserting Equation (4.80) into Equation (4.81) reveals that the inner product will

involve products of Wigner D-functions.

The product of two Wigner D-functions is given by [17, Section 4.6]:

Dk
lmD

k′

l′m′ =
k+k′∑

K=|k−k′|

+K∑

M,N=−K
CKL
kl,k′l′C

KM
km,k′m′D

K
LM , (4.83)

where CKL
kl,k′l′ are Clebsch–Gordan coefficients [17, Chapter 8]. Inserting this into Equa-

tion (4.81), along with the Liouvillian as given by Equation (4.80), and making use

of orthogonality gives

[L]klm,k′l′m′ = Ckl
00,k′l′C

km
00,k′m′Liso +

+2∑

L,M=−2

Ckl
2L,k′l′C

km
2M,k′m′QLM , (4.84)

the representation of the Liouvillian part of the effective Liouvillian.

We now move onto computation of the space operator part of the effective Liou-

villian. Expanding the space operator Γ, derived in Section 4.4.1, into its components

gives

Γ = i~ω • ~S (4.85)

= i
(
ω1Ŝx + ω2Ŝy + ω3Ŝz

)
. (4.86)

The element [Γ]klm,k′l′m′ may thus be expressed as

[Γ]klm,k′l′m′ = i

(
ω1

[
Ŝx

]
klm,k′l′m′

+ ω2

[
Ŝy

]
klm,k′l′m′

+ ω3

[
Ŝz

]
klm,k′l′m′

)
. (4.87)

The three individual components may be conveniently built separately and then com-

bined to construct the space operator. We will deal with each of the components in

turn.
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The x component can be found by decomposing Ŝx into a raising and a lowering

operator: an operator that increases the value of l by unity, and an operator that

decreases the value of l by unity, respectively. Explicitly [17, Section 4.2],

ŜxD
k′

l′m′ =
1

2
(S+ + S−)Dk′

l′m′ (4.88)

=
1

2

√
k′(k′ + 1)− l′(l′ − 1)

2
Dk′

l′−1,m′ (4.89)

− 1

2

√
k′(k′ + 1)− l′(l′ + 1)

2
Dk′

l′+1,m′ .

We may thus write that

iω1

[
Ŝx

]
klm,k′l′m′

=
iω1

2
δkk′δmm′ · (4.90)

·
(√

k′(k′ + 1)− l′(l′ − 1)

2
δl,l′−1 −

√
k′(k′ + 1)− l′(l′ + 1)

2
δl,l′+1

)

by inspection.

The operator Ŝy is similarly decomposed [17, Section 4.2]:

ŜyD
k′

l′m′ =
1

2i
(S+ − S−)Dk′

l′m′ (4.91)

=
1

2i

√
k′(k′ + 1)− l′(l′ − 1)

2
Dk′

l′−1,m′ (4.92)

+
1

2i

√
k′(k′ + 1)− l′(l′ + 1)

2
Dk′

l′+1,m′ ,

to give the y component

iω2

[
Ŝy

]
klm,k′l′m′

=
iω2

2i
δkk′δmm′ · (4.93)

·
(√

k′(k′ + 1)− l′(l′ − 1)

2
δl,l′−1 +

√
k′(k′ + 1)− l′(l′ + 1)

2
δl,l′+1

)
,

again by inspection.

Wigner D-functions are eigenfunctions of Ŝz [17, Section 4.2]:

ŜzD
k
lm = −lDk

lm. (4.94)

Thus

iω3

[
Ŝz

]
klm,k′l′m′

= −iω3lδkk′δll′δmm′ (4.95)
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is the z component.

With the identification of this final component, we have completely described all of

the individual parts of the effective Liouvillian. Summation of the appropriate terms

according to Equations (4.86) and (4.79) then completes the construction.

It is often preferable to use normalized Wigner D-functions, which we shall here

write Dk
lm/‖Dk

lm‖, as basis functions. With such basis functions the matrix represen-

tation of the effective Liouvillian is Hermitian (cf. Section 1.3.1). The representation

of Λnorm, the effective Liouvillian in the normalized basis, can be derived from the

definition of the elements of Λ in the unnormalized basis. The definition of an element

of the unnormalized effective Liouvillian, Equation (4.30), may be rewritten as

[Λ]klm,k′l′m′ =
∥∥Dk

lm

∥∥−2
〈
Dk
lm, (−iL+ Γ~y)D

k′

l′m′

〉
(4.96)

=
‖Dk′

l′m′‖
‖Dk

lm‖
〈
Dk
lm/
∥∥Dk

lm

∥∥, (−iL+ Γ~y)
(
Dk′

l′m′/
∥∥∥Dk′

l′m′

∥∥∥
)〉
, (4.97)

where we have substituted in the specific basis functions used in this section. The

inner product on the right-hand side can be recognized as an element of Λnorm:

[Λnorm]klm,k′l′m′ =
〈
Dk
lm/
∥∥Dk

lm

∥∥, (−iL+ Γ~y)
(
Dk′

l′m′/
∥∥∥Dk′

l′m′

∥∥∥
)〉
. (4.98)

Elements of Λnorm are thus related to elements of Λ by

[Λ]norm
klm,k′l′m′ =

‖Dk
lm‖

‖Dk′
l′m′‖

[Λ]klm,k′l′m′ . (4.99)

Auxiliary state vector

Following Equation (4.6), the auxiliary state vector at time zero, |σ̂0,(α0,β0,γ0),(α,β,γ)〉, is

defined to be independent of (α, β, γ). Examining the definition of the inner product,

Equation (4.78), reveals that the result of taking the inner product of the initial state

with each Wigner D-function is zero with every function except the (000)th element.

Thus Equation (4.27) implies that the (klm)th element of the representation of our

auxiliary state vector at time zero is

[∣∣σ̂0,(α0,β0,γ0)

〉]
klm

= δk0δl0δm0

∣∣ρ̂0,(α0,β0,γ0)

〉
. (4.100)
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This initial state can then be propagated, as per Equation (4.37), to obtain the

representation of the auxiliary state vector at later times.

Mapping operator

The mapping operator at time t is given by

F (αt, βt, γt) =
∑

klm

Dk
lm(αt, βt, γt)〈klm| ⊗ I, (4.101)

as may be seen from inspection of Equation (4.38). Averaging of this operator over the

initial coordinates, as discussed at the end of Section 4.2, is examined in Section 4.4.3.

Truncation

As in the Floquet case in Section 4.3.2, the initial auxiliary state vector (Equa-

tion (4.100)) has only a finite number of non-zero elements. The space operator can

only map between elements of the same Wigner rank (see above), and the Liouvillian

is assumed to have a finite expansion in Wigner D-functions. This again implies that

truncation is valid for finite time simulations. By truncation at the nth Wigner rank

we shall mean that the (klm)th element of the auxiliary state vector,
[
|σ̂t,(α0,β0,γ0)〉

]
klm

,

will be omitted from the basis if k > n, giving a vector with only a finite number of

elements. Similarly, the effective Liouvillian will be truncated such that [Λ]klm,k′l′m′ is

absent from the basis if k > n or k′ > n, giving a square matrix of finite size.

4.4.3 Powder averaging

Many solid state spectra are of ‘powders’. A powder sample is a solid sample consisting

of isotropically distributed crystallites. It is usual to assume that the distribution of

orientations of these crystallites is continuous: powder averaging is then equivalent

to averaging over the initial coordinates with constant probability density function

P (~x0) = (8π2)−1 (Equation (4.3)), i.e. [116]

|ρ̂t〉 =
1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

|ρ̂t,α0,β0,γ0〉 dα0 sin β0 dβ0 dγ0 . (4.102)
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Integration over the initial coordinates for simulation purposes is conventionally

performed numerically as so [116]: a discrete grid is constructed, the individual crys-

tallite spectra at each point are simulated separately, and they are then summed

with the appropriate weighting. This method of integration is trivially parallelizable,

as discussed in Section 3.1.2. However, the number of points required to obtain con-

vergence to within a certain tolerance can be very large. Carousel averaging can be

used to perform integration over one angle analytically using the γ-COMPUTE [60]

or Floquet [146] formalisms, but even with this simplification two angles still have to

be treated numerically.

If the initial state is independent of the initial coordinates, then the present formal-

ism may be used to perform powder averaging analytically. Following the discussion

of Section 4.2, averaging over the initial coordinates is performed by averaging over

just the mapping operator, as described by Equation (4.43). The mapping opera-

tor in this case, Equation (4.101), is a linear combination of the Wigner D-functions

Dk
lm(αt, βt, γt). These functions can be thought of as the representation of two consecu-

tive rotations: first a rotation from (0,0,0), the arbitrarily defined origin, to (α0, β0, γ0),

the initial set of coordinates; then a rotation from (α0, β0, γ0) to (αt, βt, γt). The def-

inition of Wigner D-functions resulting from successive rotations [17, Section 4.7]

implies that at time t a given Wigner D-function, Dk
lm, will be a linear combination

of the initial Wigner D-functions of the same rank, k. As [17, Section 4.11]

1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

Dk
lm(α0, β0, γ0) dα0 sin β0 dβ0 dγ0 = δk0δl0δm0, (4.103)

powder-averaging over all initial coordinates in the mapping operator is equivalent to

using the averaged mapping operator

F = 〈000| ⊗ I. (4.104)

In the powder-averaged case the mapping operator thus becomes as simple as the

initial state, Equation (4.100), mirroring the simplification found in the Floquet case

(Section 4.3.2).
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We make the assumption for the rest of the chapter that initial state vectors are

independent of the initial coordinates. This allows us to use the mapping operator

defined by Equation (4.104) for powder averaging. As the present theory does not

require the use of discrete grids, it will be referred to as the ‘grid-free’ formalism in

the following. Example simulations making use of this grid-free formalism are shown

in Figures 4.1 and 4.2.

4.4.4 Comparison with Floquet theory

The periodic time-dependence of the Liouvillian due to MAS may be accounted for

in simulations using Floquet theory [13, 133, 134]. However, unlike with the grid-free

formalism, powder averaging in the Floquet case will still require numerical averaging

over a grid of points (see Section 4.4.3). It is pertinent to compare the grid-free and

Floquet methods for simulating powder-averaged MAS spectra.

Presented in Table 4.1 are matrix statistics of the Liouvillians involved in simu-

lations of the spectrum shown in Figure 4.2(a) using the Floquet and grid-free for-

malisms. The matrices are sparse (Section 1.4), and so we also give the number of

non-zeroes in these matrices. In the Floquet case, powder averaging over the Euler

angle γ may be performed analytically by identifying this angle with the initial phase

φ0 (see Section 4.3.2), meaning that only a two-angle grid is needed for powder av-

eraging [13]. The statistics for the three-angle simulation (which will be required in

general [116]) are also shown for contrast.

For the two-angle Floquet simulation the total state vector size (product of number

of grid points and state vector length at each grid point) is less than that required

for the grid-free approach; it is approximately half. Furthermore, the total number of

non-zero elements involved in the two-angle Floquet simulation is only approximately

one-tenth the number required in the grid-free approach. Comparison to the three-

angle case is much more favourable to the grid-free method: both total state vector

size and total number of non-zero elements are smaller in the grid-free case.

These comparisons of total size overlook some important facts, however. Firstly,
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Floquet
(two-angle grid)

Floquet
(three-angle grid)

Grid-free

Number of
grid points

194 4,656 1

State vector
length for
each point

6,016 6,016 2,358,272

Number of
nonzeroes at
each point

∼ 1.73× 105 ∼ 1.73× 105 ∼ 2.93× 108

Table 4.1: Comparison of the size of auxiliary state vectors involved in the simulation
of the 13C proton-decoupled powder-averaged solid state MAS spectrum of alanine [150]
shown in Figure 4.2(a). The spin system contains three 13C and one 15N, and the spin
system parameters are taken from a DFT calculation using Gaussian 09 performed by Ilya

Kuprov. The initial state is
∑

k |Î
(k)
x 〉, with the sum running over all 13C nuclei, representing

approximately the result of a π/2 radiofrequency pulse applied to the 13C nuclei at thermal

equilibrium. The detection state is
∑

k 〈Î
(k)
+ |, with the sum again running over all 13C

nuclei. The rate of rotation about the magic angle is 2 kHz, and the applied magnetic field
strength is 14.1 T. Transverse states of the 15N are not included in the basis as they cannot
be populated by the secular Liouvillian (Section 1.5.2). The Floquet and grid-free function-
bases are both truncated at rank 23 (Floquet and Wigner rank, respectively), the two-angle
grid is a rank 23 Lebedev grid, and the three-angle grid is a rank 23 Gaussian spherical
quadrature grid [116]. Other examples may be found in Reference [4].
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the Floquet method does not require that all of the matrices be generated at the

same time; this results in a large easing of the memory requirements not possible in

the grid-free case. It should be noted, however, that the use of ‘tensor trains’ can

overcome the large memory requirements of the grid-free method, at the possible

expense of a longer simulation time [4]. Secondly, the many separate simulations

required when using the Floquet method to generate powder averaged spectra can

be performed independently, allowing for efficient parallelization (at the cost of extra

memory requirements); see Section 3.1.2. Path tracing (Section 2.2.1) can be used to

parallelize the grid-free simulation, but such a parallelization is likely to be poorly

load balanced and thus inefficient (Section 3.2).

As such, for the simulation of MAS, Floquet theory will usually be preferred.

In principle, the grid-free method could be preferred for simulations requiring very

large Wigner ranks, for which no accurate grids exist [116]. Unfortunately, the larger

number of Wigner ranks that would be required would result in astronomically large

matrices, likely making the simulation incomputable.

The generality of the formalism presented in this chapter, however, allows it to

be applied to time dependent Liouvillians for which Floquet theory cannot be used.

This is the subject of future work. Further, the new perspective that the formalism

can cast on the dynamics of systems under time dependent Liouvillians may allow for

novel analyses of problems, as alluded to in Section 4.4.5.

4.4.5 Relation to basis set truncation

The large magnitude and number of couplings in the solid state [33] mean that states

with large spin-order (Section 1.1.1) can be populated very rapidly [2]. In the absence

of rapid relaxation of the system to equilibrium [2], basis set truncation (Section 2.1)

can only be expected to be valid for very short times [81], or when the magnitudes

of these couplings are effectively reduced by very fast MAS [82]. This would seem to

imply that the computational requirements for solid state simulations scale exponen-

tially with the number of spins in the system (Section 1.2), severely limiting the size
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of spin system that can be simulated.

However, simulations by Butler, et al. show empirically that basis set truncation

can be applicable to simulations of spin diffusion experiments including MAS and

powder-averaging [80]. Figure 4.2 implies that basis set truncation can be similarly

applied to powder-averaged MAS pulse–acquire experiments. These simulations ex-

tend outside ‘short’ times, there are no explicit relaxation processes, and the spinning

is not necessarily fast enough to reduce the coupling magnitude to the extent described

in Reference [82]. We shall show below that the combination of powder averaging and

MAS could provide a justification for the observed validity of basis set truncation in

these systems.

In order to investigate the validity of basis set truncation in the simulation pre-

sented in Figure 4.2, we can decompose the detected zeroth-Wigner rank element

of the auxiliary state vector into the contributions from individual spin orders. The

rationalization for only analysing the zeroth-Wigner rank is that only this block is

detected in a powder-averaged simulation (see Section 4.4.3).

Figure 4.3(b) shows the decomposition of the auxiliary state vector with the four

spin-order basis (full basis) up to the time propagated to in order to generate the

spectra of Figure 4.2. The negligibility of contributions from the three- and four-spin-

order states can be seen. This is to be contrasted with the single crystal MAS case,

shown in Figure 4.3(a). All the multi-spin orders become rapidly populated, and are

thus not negligible over the extent of the simulation. In this case contributions from

all Wigner ranks of the auxiliary state vector are included, weighted by normalized

Wigner D-functions using the mapping operator of Equation (4.101). As the powder

average spectrum is constructed as a combination of such single crystal spectra, it is

not immediately clear why the population of the multi-spin orders would be slower

in the powder-averaged case.

In order to try and rationalize the slower rate of population, Figure 4.4 presents

decompositions of the state vectors required to simulate spectra in two distinct states:

the isotropic liquid state in (a), and the anisotropic solid state in (b).
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Figure 4.2: Demonstration of the validity of basis set truncation in the simulation of a
solid state powder-averaged MAS spectrum. (a) Simulation of the 13C proton-decoupled
solid state MAS spectrum of alanine [150] using the full spin state space. (b) Plot of the
difference between the spectrum generated using the full spin state space and the spectrum
generated using only states with spin-order ≤ 2. The maximal absolute difference is 3.4 ×
10−2. (c) Plot of the difference between the spectrum generated using the full basis and the
spectrum generated using only states with spin-order ≤ 3. The maximal absolute difference
is 2.0× 10−3. Plots (b) and (c) are offset from (a) by −0.2 and −0.4, respectively, in order
to allow a clearer comparison. Spin system parameters are identical to those found in the
caption of Table 4.1. The Wigner rank is 23; with this choice the errors due to truncation,
determined by comparison to a simulation with higher Wigner rank, are less than 10−3 over
the entire spectrum.
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Figure 4.3: Spin order decomposition of the squared state vector norm of the state vectors
that would be used to simulate 2 kHz MAS 13C-NMR spectra of alanine [150] as (a) a
single crystal and (b) a powder. Spin system parameters are as of Figure 4.2. Both state
vectors have been generated using the elevation method described in Section 4.4. Spin orders
are labelled in (a); the same colouring applies to both plots. Only the subspace with +1
coherence with respect to 13C nuclei is shown as only this subspace is detected in Figure 4.2;
Liouvillian secularity restricts detectable population to this subspace (Section 1.5.2). In plot
(a), contributions from all Wigner ranks up to a maximum of 35 are included, weighted
by (normalized) Wigner D-functions. Only the portion of the trajectory over which the
total squared norm differs from unity by less than 10−3 is shown. Increasing the maximum
Wigner rank increases the amount of time over which the squared norm is conserved, with
concomitant increase in simulation time. The portion shown is long enough to demonstrate
the much faster increase in high spin order population as compared to (b). Plot (b) does not
have a constant squared norm because only the component of the state vector corresponding
to the detected zeroth-Wigner rank is shown. This is the decomposition of the state vector
used to generate Figure 4.2(a); the maximum Wigner rank is the same here as there. Low
population of larger spin orders explains the low maximal error due to basis set truncation
demonstrated in Figures 4.2(b) and (c).
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Examination of Figure 4.4(a), the isotropic case, reveals that for the times prop-

agated to in this case the three and four spin orders could be dropped on the basis

of the early time approximation [81]. It should be noted that in this case no Wigner

ranks other than the zeroth can become populated. The longer timescale of the dy-

namics in this case is due to the lower magnitude of the couplings relative to the

anisotropic case.

We may argue by analogy to the isotropic liquid state case as to why the population

of higher spin orders occurs much more slowly in Figure 4.2(b) than in Figure 4.2(a).

As the anisotropic interactions are secular in this system, the effect of magic angle

spinning of the powder is to average the anisotropic interactions [33]: the magnitudes

of these interactions tend to their isotropic magnitudes as the spinning rate increases.

Population of the higher multi-spin orders can thus be qualitatively argued to be

slowed, extending the region of applicability of the initial rate approximation regime

when simulating the system of Figure 4.2(a). Incomplete cancellation of the various

terms occurs in the single crystal case [151], resulting in the faster population of

multi-spin orders observed in the single crystal case, Figure 4.4(b).

The effect of powder averaging provides further qualitative justification for the

validity of basis set truncation in this system. Examining the decomposition of the

static powder state vector, Figure 4.3(b), we can see that the total square norm

decreases with time, giving the appearance of relaxation towards zero population for

all spin orders. This apparent relaxation derives from loss of population to higher

Wigner-rank states which are not detected. The short timescale over which dynamics

can actually be detected suggests that basis set truncation may be possible in general

solid state spectra: the states of large spin-order will never contribute to spectra if

they are damped before being populated to any significant extent.

It is important to note, however, that while larger spin-orders may not be popu-

lated, relatively large Wigner-ranks definitely do get populated in the simulation. The

simulation of Figure 4.4(b) used a rank 131 Gaussian spherical quadrature grid [116],

with smaller grids showing less damping. The decrease in matrix size due to basis
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Figure 4.4: Spin order decomposition of the squared state vector norms of the state vectors
that would be used to simulate the NMR spectrum of alanine [150] in the (a) isotropic
liquid and (b) anisotropic static powder states. The spin orders are labelled in (a), and
the same colour corresponds to the same spin order in each plot. Only the subspace with
+1 coherence with respect to 13C nuclei is shown as only this subspace would be detected;
Liouvillian secularity restricts detectable population to this subspace (Section 1.5.2). As
discussed in the text, the low population of the higher spin orders implies the validity
of state space restriction for these two simulations. Further, the MAS powder averaged
simulation in Figure 4.3(b) may be qualitatively argued to inherit the factors allowing for
state space restriction in these systems, potentially explaining the observed validity of basis
set truncation in that system. All spin system parameters are as in Figure 4.2. Only the
component of the state vector corresponding to the population of the zeroth Wigner rank,
computed using a rank 131 Gaussian spherical quadrature grid [116], is analysed in the solid
case, as only that component is detected.
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set truncation is thus overshadowed in the solid state by a much larger increase in

effective matrix size, as compared to liquid state simulations, due to the need for large

grids. This also implies that grid size, rather than spin system size, may turn out to

be the limiting factor. It should be noted that the large Wigner rank required meant

that the grid-free formalism could not be used in the static case; the matrices were

too large.

The damping of the squared-norm in the MAS case, Figure 4.2(b) is much less

pronounced than in Figure 4.3(b). This is likely because MAS partially averages the

anisotropic interactions [33], reducing their magnitude and thus slowing the rate of

population of higher Wigner ranks. This damping could prevent the population of

high multi-spin orders at longer timescales, however.

Despite best efforts, a quantitative description of the qualitative effects described

above remains elusive. We can, however, suggest some possible lines of investigation

utilizing the formalism of Section 4.4.

Use of the analogy to the isotropic liquid state allows an upper bound on the

population of multi-spin orders to be obtained by inserting the highest eigenvalue

of the effective Liouvillian into the formulæ presented in Reference [2]. This will, in

general, result in a very large overestimate of the number of spin-orders required.

Calculation of the ‘averaged’ coupling parameters (taking into account the extent to

which Wigner-ranks are populated) would be needed in order to obtain a more useful

criterion. Construction of average Liouvillians using the formalism of this chapter

could allow for a better estimate of these couplings, and thus a better upper bound

on the number of spin orders required.

Analogy to the powder case could be made quantitative by application of projec-

tion operator methods [152] to the grid-free formalism. Unfortunately, the develop-

ment of valid approximations that would allow computation of the integrals involved

has turned out to be non-trivial.

Investigation of these possibilities is the subject of further work in the Kuprov

group.



4.5. SUMMARY 119

4.5 Summary

In this chapter we have developed a general ‘elevation’ method for computing the

dynamics of a state vector under a time-dependent Liouvillian. It is assumed that the

time-dependence arises from a set of underlying time-varying spin-independent coor-

dinates; one of these coordinates could actually be time itself. While the matrices in-

volved in this method are formally infinite in size, truncation of these matrices, where

valid, can allow computation of the dynamics using the methods of Section 1.5.1. We

have also shown how this method relates to previously known methods of elevation,

and asserted how it could be used to help explain the validity of state space restriction

in solid-state magic-angle spinning NMR simulations.
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Chapter 5

Pulse sequences

While the spin dynamics simulation toolbox Spinach (Section 1.7) began its life as a

proof-of-concept for state space restriction (SSR) [24], it has become much more. For

examples of its growth, one need look no farther than the the previous chapters of this

thesis; all of the ideas and concepts therein have been incorporated into the Spinach

code base. This growth has been facilitated by the non-specificity of the underlying

algorithms; they are designed where possible to apply generally to spin dynamics.

Looking to the future, it may be hoped that this generality and growth will lead

to Spinach becoming an essential part of every magnetic resonance spectroscopist’s

toolbox.

In order to achieve this goal, the many different experimental protocols of magnetic

resonance must be implemented in Spinach; this has constituted a significant part of

my research. Miscellaneous fruits of this labour are presented in this chapter. The

unifying theme is utilization of ‘quirks’ of the experimental protocols and simulation

methodology to improve efficiency. The novel ‘tips and tricks’ given here for taking

advantage of these quirks will hopefully be of use to the future maintainers of Spinach.

5.1 ESEEM

Two-pulse Electron Spin Echo Envelope Modulation (ESEEM) is a simple Electron

Spin Resonance (ESR) pulse sequence (Section 1.5) for detecting coherence between

electrons and nuclei [28]. The pulse sequence is shown in Figure 5.1. Originally imple-

121
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τ τ

Figure 5.1: The two-pulse ESEEM pulse sequence [28]. Rectangles represent microwave-
frequency pulses applied to the electrons: the thin filled rectangle is a π/2 pulse, the wider
empty rectangle a π pulse (Section 1.5.1). These pulses have phase x (Section 1.1.2). The
curve represents the spin echo [28] that is detected at time 2τ . The intensity of the echo
peak is measured as a function of τ .

mented into Spinach by Ilya Kuprov, this pulse sequence is of interest to us here as it

provides a simple test bed for destination state screening (DSS); see Section 2.3 for a

detailed explanation of DSS. This application of DSS to ESEEM has been published

previously [1].

The pulse sequence of Figure 5.1 is expressed mathematically as

〈
ŝ†
〉
τ

= 〈ŝ| exp{−iLτ} exp{−iIxπ} exp{−iLτ} exp{−iIxπ/2}|ρ̂0〉 (5.1)

where exp{−iIxθ} represents an x pulse with flip-angle θ acting on the electrons (see

Section 1.5.1), 〈ŝ| is the detection state, and detection is performed at the echo max-

imum. It is possible to apply DSS to the latter τ -precession period in the manner

described in Section 2.3. We shall now show that in simulations of ESEEM experi-

ments we can also use DSS in the first τ -precession period.

The state

〈ŝ| exp{−iIxπ} (5.2)

represents a linear combination of the states that will be mapped into the detection

state by the π/2 pulse. This state can thus be used as the destination state for the

first precession period. It is possible that using DSS in this way during the first τ -

precession period can result in a greater reduction than when using the the ‘source

state’ exp{−iIxπ/2}|ρ̂0〉 for trajectory-level SSR; we provide an example below.

The detected observable is usually that represented by the detection state 〈Î+|.
This allows for collection of the complex data required for Fourier transformation

of the signal to obtain an ESEEM spectrum [28]. Taking the inner product of the
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destination state 〈Î+| exp{−iIxπ} and an arbitrary state |σ̂〉 gives 〈Î+| exp{−iIxπ}|σ̂〉.
Noting the definition of Equation (1.105), we write this inner product as

〈
Î+

∣∣∣e−iIxπ
∣∣∣σ̂
〉

=
〈
Î+

∣∣∣e−iÎxπσ̂e+iÎxπ
〉
. (5.3)

Expression of the inner product in terms of the trace (Equation (1.36)), and the

recollection that Î†+ = Î− (Section 1.1.1) permit us to write this as

〈
Î+

∣∣∣e−iIxπ
∣∣∣σ̂
〉

= tr
{
Î†+e−iÎxπσ̂e+iÎxπ

}
(5.4)

= tr
{
Î−e−iÎxπσ̂e+iÎxπ

}
. (5.5)

Cyclic permutation under the trace [19] results in

〈
Î+

∣∣∣e−iIxπ
∣∣∣σ̂
〉

= tr
{(

e+iÎxπ Î−e−iÎxπ
)
σ̂
}
. (5.6)

The operator in parentheses can be shown via product operator methods to be given

by [8, Equation 2.1.109]

e+iÎxπ Î−e−iÎxπ = Î+, (5.7)

thus

〈
Î+

∣∣∣e−iIxπ
∣∣∣σ̂
〉

= tr
{
Î+σ̂

}
(5.8)

=
〈
Î−

∣∣∣ σ̂
〉
. (5.9)

Since this is true for all |σ̂〉, our required destination state for the first τ -precession

period is
〈
Î+

∣∣∣ exp{−iIxπ} =
〈
Î−

∣∣∣. (5.10)

Examples of the extra reduction in state space size obtained by utilizing desti-

nation state screening in ESEEM are presented in Table 5.1. With DSS, the size of

the state space required in order to propagate the state vector through the two τ -

precession periods is seen to be a quarter of the size of the full state space. This can

be rationalized by noting that the high-field Liouvillian is secular with respect to the

electron (Section 1.1.2). It thus cannot mix states of different coherence order with
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State vector length

Radical
Full Source Destination
state state state
space screening screening

(15N-TEMPOL)• 16 16 4
(Methyl)• 256 147 64
(Phenyl)• 4096 2078 1024

Table 5.1: State vector size for the Liouville-space simulation of high-field single crystal
ESEEM spectra of several small radicals. The data presented here differ from those found in
Reference [1] because trajectory-level SSR was performed using an implementation improved
by Ilya Kuprov in the time since publication. For simplicity, no basis level SSR was used.
Quoted numbers apply to both τ -precession periods. Crystal orientation is [π/3, π/4, π/5].
The Hamiltonian coupling parameters (Section 1.1.2) were obtained from vacuum DFT
calculations performed by Ilya Kuprov using Gaussian 03 [101]. The chemical structure of
TEMPOL may be found in Reference [153].

respect to the electron; the +1 coherence with respect to the electron corresponds to

one quarter of the state space, as does the −1 coherence. The result of an ideal π/2

pulse applied to a spin-1/2 particle like the electron will be population of both +1

and −1 coherence orders [28]; source state screening will thus result in a space at least

double the size of that found by DSS. Table 5.1 reveals that source state screening

does not even result in this level of reduction.

5.2 CLIP-HSQC

Heteronuclear Single Quantum Coherence (HSQC) is a two-dimensional NMR exper-

iment that can be used to measure spin–spin couplings accurately [10, 12]. Spin–spin

couplings determined using HSQC are often used to help characterize molecules [10].

Spin–spin couplings can also contain structural information; analysis of such informa-

tion aids in the deduction of three-dimensional molecular structures [11]. There is thus

interest in using HSQC to accurately measure such structural information-containing

spin–spin couplings.

When performed on a liquid sample, HSQC experiments can give information on

only the isotropic J-couplings (Section 1.1.2), due to motional averaging of dipolar
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interactions [8]. Some structural information can be obtained from J-couplings [154],

but dipolar couplings are much richer in the structural information that they con-

tain [8]. In the liquid state, dipolar couplings give rise to a mechanism of relaxation

(Section 1.1.2), the effects of which can be observed through appropriate experiments,

but quantification of these effects requires the use of approximations that will not be

valid in general [11]. Measurement in the solid state retains dipolar information as

splittings of the spectral peaks, but leads to multiple overlapping broad peaks that

are difficult to analyse [83].

The ‘ideal’ situation would thus be to measure spectra in a state somewhere in

between ‘solid’ and ‘liquid’: the dipolar couplings would lead to observable splittings,

but not result in broad difficult-to-interpret spectra. To this end, measurements in liq-

uid crystals [155] and gels [156] are performed; these solvents partially restrict motion,

meaning that the sample is no longer entirely isotropic and thus partially-averaged

dipolar couplings may be observed. Such a partially-averaged dipolar coupling is

known as a ‘residual dipolar coupling’ (RDC); collectively, these couplings can be

used to determine the structures of molecules [157].

In simple cases the extent of this restricted motion can be described by a single

parameter, an ‘order parameter’ [155]. This parameter ranges from zero (completely

isotropic molecular tumbling) to unity (completely aligned molecules). It is this order

parameter that is used to define the extent of anisotropy in the simulations presented

in this section, but it should be noted that, due to the efforts of Ilya Kuprov, Spinach

can also incorporate anisotropies described by the more general Saupe matrix [155].

The ability to extract accurate couplings using HSQC may lead to the hope that

measurement of HSQC spectra in liquid crystals or gels would allow for accurate deter-

mination of these RDCs. Unfortunately, a number of problems arise when attempting

to measure RDCs using the HSQC pulse sequence, as discussed in Reference [158]. The

most significant is that in order to obtain high resolution spectra, the HSQC experi-

ment requires the time interval ∆ in the pulse sequence (Figure 5.2) to be matched to

the 13C–1H coupling strength [10]. RDCs broaden the range of couplings; this means
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Figure 5.2: The CLIP-HSQC pulse sequence, adapted from Reference [158]. The labels
1H and 13C at the beginning of the lines denote which nuclei the radiofrequency pulses,
represented by rectangles, are to be applied to. Thin filled rectangles are π/2 pulses, wider
empty rectangles are π pulses. Labels under pulses denote the phase (Section 1.1.2); labels
φk relate to the phase cycles shown in Table 5.2. The decaying sine curve at the end of
the pulse sequence represents the detected signal. The indirect detection period is labelled
with the period length, t1. Unlabelled pulses have phase x. Pulsed field gradients [12] are
shown on the line marked G (see Section 5.2.1); for experimental gradient parameters, see
Reference [158, Figure 2(c)]. Part of the simulation is run backwards in order to increase
efficiency (see Section 5.2.4); arrows below the pulse sequence show the separation into
forward and backward parts.

that matching ∆ to ‘the’ coupling strength in the presence of non-negligible RDCs

is infeasible. The effect of this on lineshapes can be seen in simulations presented in

Figure 5.3. Accurate couplings can still be determined from such spectra if one man-

ually phases each set of multiplets, but this is tedious, and automations are prone to

error [158].

To allow for the efficient determination of residual dipolar couplings, Andreas

Enthart, et al. suggested a modified HSQC pulse sequence, Clean In-Phase-HSQC

(CLIP-HSQC), that aims to compensate for the infeasibility of matching ∆ to the

coupling strength [158]. This CLIP-HSQC pulse sequence is shown in Figure 5.2 and

has been implemented into Spinach as part of a collaboration with the group of

Burkhard Luy. Such simulations could be used to determine accurate residual dipolar

couplings, and thus accurate molecular structures.

Several important Spinach implementation points are described below.
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Figure 5.3: Comparison of (a) HSQC [10, 12] and (b) CLIP-HSQC [158] simulated spectra
of sucrose. The zoomed-in portions allow for comparison of lineshapes observed using the
two pulse sequences. Positive signals are red, negative signals are blue. The simulation
parameters are the same in both cases: magnetic field of 14.1 T; order parameter [155] 10−3;
∆ = 1/(2J), J = 140 Hz; nuclear positions and isotropic couplings taken from a vacuum
DFT simulation performed by Ilya Kuprov using Gaussian 03 [101]; isotropic chemical
shifts taken from Reference [102]; restricted basis IK–2(3) (Section 2.1). The lineshape
in the zoomed-in portion of the HSQC spectrum is not well phased; in the CLIP-HSQC
spectrum a pure absorption signal may be observed, allowing for accurate determination of
RDCs [158]. The method detailed in Section 5.2.1 has been used in both simulations.
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Step φ1 φ2 φ3 φ4 Receiver

1 +x +x +x +x −
2 −x +x +x −x +
3 +x +x −x +x +
4 −x +x −x −x −
5 +x −x +x +x −
6 −x −x +x −x +
7 +x −x −x +x +
8 −x −x −x −x −

Table 5.2: Phase cycling of the CLIP-HSQC pulse sequence from Reference [158]. The φk
elements reflect the phase of the radiofrequency pulses (Section 1.1.2) in the pulse sequence
shown in Figure 5.2, and the Receiver elements reflect whether the signal resulting from the
step is to be added or subtracted from the total. Implementation of these phase cycles in
Spinach is detailed in Section 5.2.2.

5.2.1 Gradient implementation

The CLIP-HSQC pulse sequence, as shown in Figure 5.2, contains pulsed field gra-

dients (PFGs) [12]. The combination of these gradients and the pulses ensure that

all state population except that which has undergone a specific transfer between co-

herence orders (Section 1.1.2) is dephased such that it becomes unobservable [12].

Specifically, the only state population that is not dephased is in states with +1 co-

herence on the indirectly detected spins (and zero coherence order on all other spins)

at the end of the first detection period, and in states with −1 coherence on the

directly detected spins (and zero coherence order on all other spins) just after the

last pulse marked φ3 [158]. While efficient explicit simulation of PFGs is possible

(see e.g. References [159, 160, 161, 162]), we may take advantage of the knowledge

of which coherences are to be selected to speed up the computation. Selecting these

coherences at the appropriate times, which may be carried out efficiently in Spinach

because it uses a irreducible spherical tensor operator basis set (Section 1.1.2), emu-

lates the experimental coherence selection. It should be noted that as the gradients

are not being simulated explicitly in the simulations presented here, the delay δ (see

Figure 5.2) is set to zero.

The gradients also have another purpose. In high-resolution NMR experiments
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Figure 5.4: Contour plots of lineshapes discussed in the text. (a) Contour plot of
A1(ω1)A2(ω2) showing a Lorentzian lineshape in both dimensions. (b) Contour plot of
|[A1(ω1)+iD1(ω1)][A2(ω2) + iD2(ω2)]|. The parameters are Ω1 = Ω2 = 0, R1 = R2 = 1. It
may be seen that the lineshape in (a) is much narrower.

there are two important requirements for the spectra [12]:

1. Each signal should correspond to one frequency, i.e. the signal should not be

reflected in any of the axes.

2. Each signal should be phase discriminated, i.e. have a Lorentzian lineshape in

all dimensions (Figure 5.4(a)).

The gradients in the CLIP-HSQC pulse sequence can be used to obtain spectra that

achieve both of these requirements.

The first point is achieved in the directly detected dimension by taking the detec-

tion state to be
∑

k 〈ŝ
(k)
+ |, where k runs over the directly detected spins [12]. In the

indirectly detected dimension this can be achieved by selecting states of only either

+1 (or −1) coherence with respect to the indirectly detected spins during the indi-

rect detection period [12]. This selection is achieved by the pulse sequence element

containing the pair of gradients, as discussed above.

The detection scheme that achieves the first spectral requirement is not sufficient

for the second. We can see this by examining a typical 2D NMR signal. Following the
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notation of Keeler [12], such a signal can be written in the form

S±(t1, t2) =

{
S0e(±iΩ1−R1)t1e(+iΩ2−R2)t2 if t1, t2 ≥ 0,

0 if t1, t2 < 0.
(5.11)

This corresponds to calculation in the diagonal frame of the Liouvillian, with Ωk an

effective angular frequency, Rk an effective relaxation rate, and tk the time at which

detection is made within the kth detection period. Prior to each of the detection

periods (i.e. when either t1 or t2 is less than zero), the signal must be zero. The full

spectrum consists of a linear combination of such signals. The signal at t1 = t2 = 0,

S0, is assumed to be real, following the analysis of CLIP-HSQC in Reference [158].

The signal S+(t1, t2) corresponds to detection of the +1 coherence with respect to

the indirectly detected spins during the indirect detection period, while S−(t1, t2)

corresponds to detection of the −1 coherence during this period [12].

Denoting the Fourier transformation [56] which maps functions of the variable tk

into functions of the conjugate variable ωk by
FTtk−−−→, we may express the result of

Fourier transforming this signal sequentially with respect to t2 and t1 as [12]

S±(t1, t2)
FTt2−−−→ FTt1−−−→ S0[A1(ω1)± iD1(ω1)][A2(ω2) + iD2(ω2)], (5.12)

where

Ak(ω) =
Rk

Rk
2 + (ω − Ωk)2

, Dk(ω) =
Ωk − ω

Rk
2 + (ω − Ωk)2

. (5.13)

It should be noted that Ak(ω) describes a Lorentzian lineshape in one dimension [12].

Spin–spin couplings give rise to splittings in each of the dimensions of the spec-

trum; an example can be seen in the zoomed in portion of Figure 5.3(b). In order

to extract the coupling information from spectra, then, the lineshapes need to be

well resolved from one another. Figure 5.4(a) shows the spectral shape that would

be obtained if we had a double-Lorentzian lineshape, A1(ω1)A2(ω2). Figure 5.4(b),

in contrast, shows the absolute magnitude of the signal generated using the above

procedure. It should be noted that we must use the absolute magnitude of this sig-

nal as both the real and imaginary parts alone will have both positive and negative

components (as may be seen by inserting Equation (5.13) into the right hand side
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of Equation (5.12)), rendering them inappropriate for the purpose of determining

couplings. The narrow lineshapes arising from A1(ω1)A2(ω2) will allow much more

accurate determination of couplings, as the splittings will be much better resolved.

For this reason, the more convoluted procedure described below, which results in ex-

traction of A1(ω1)A2(ω2), is used to generate the final spectrum. This procedure is

well known in high-resolution NMR spectroscopy [12], but we show it explicitly here

for completeness.

This procedure requires that we repeat the experiment so as to obtain both

S+(t1, t2) and S−(t1, t2) [12]. Fourier transformation of these signals in the directly

detected dimension results in

S±(t1, t2)
FTt2−−−→ T±(t1, ω2) =

{
S0e(±iΩ1−R1)t1 [A2(ω2) + iD2(ω2)], if t1 ≥ 0,

0 if t1 < 0.
(5.14)

Combining the two transformed signals in the manner

U(t1, ω2) =
1

2
[T+(t1, ω2) + (T−(t1, ω2))∗], (5.15)

where ∗ denotes complex conjugation, results in

U(t1, ω2) =

{
S0e(+iΩ1−R1)t1A2(ω2), if t1 ≥ 0,

0 if t1 < 0,
(5.16)

i.e. we are left with just the A2(ω2) component in the directly detected dimension.

Fourier transformation of U(t1, ω2) with respect to t1 gives the result

U(t1, ω2)
FTt1−−−→ S0[A1(ω1) + iD1(ω1)]A2(ω2). (5.17)

The real component of this signal consists of S0A1(ω1)A2(ω2), allowing us to extract

just that component.

The above procedure is that used, both experimentally [158] and in the simulation,

to obtain phase discriminated lineshapes where each signal corresponds to only one

frequency.

5.2.2 Phase cycling

The CLIP-HSQC pulse sequence requires phase cycling to be performed. Phase cycling

consists of repeating an experiment with different phases for specific pulses, followed
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by linear combination of the results. Such a procedure is usually performed in order

to eliminate unwanted coherence order states [12]. The phase cycles involved in CLIP-

HSQC are given in Table 5.2. Reference [158] should be consulted for the justification

of these phase cycles.

Simulation of the CLIP-HSQC pulse sequence must necessarily represent these

phase cycles as faithfully as possible. Simplifications are, however, made possible by

taking full advantage both of the approximations inherent in the simulation, and of

the flexibility that simulation can offer over experiment. The simplifications that have

been made use of in the implementation of CLIP-HSQC are described below.

Ignore phase cycles of π-pulses

Within the phase cycle of CLIP-HSQC, φ2 is an independent cycle of a π-pulse using

the phases ±x. For spin-1/2 particles the effect of a perfect π-pulse about +x will

have the same effect as a perfect π-pulse about −x. As we make the assumption of

perfect pulses, we ignore this portion of the phase cycle. This halves the number of

phase cycles that have to be performed.

Avoid redundant computation of non-unique portions of cycles

When performing a simulation there is flexibility as to when the individual cycles are

begun. It is usually not the case that a full simulation has to be run for every cycle.

In the specific case of CLIP-HSQC (where mentions of ‘pulse labels’ relate to those

given in Figure 5.2):

• Up until the pulse labelled φ1 all the phase cycles are identical; this portion of

the simulation thus only need be run once.

• Ignoring the phase cycle on φ2, as discussed above, simulation of the portion

of the simulation between the pulse labelled φ1 and the first pulse labelled φ3

must be carried out twice: once for each value of φ1.

It is only after application of the first pulse labelled φ3 that four unique pathways
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exist. In the following we use the notation |ρ̂φ1,φ3〉, where φ1, φ3 = ±x, to discriminate

between state vectors generated from these four pathways.

It should be noted that the concept discussed here also applies to the emulation

of gradient selection described in Section 5.2.1. It is not necessary to repeat the

calculations before the coherence selection step for each individual coherence.

Combine phase cycles at the earliest possible point

There is also flexibility as to when the individual phase cycles are recombined. Unlike

when running the experiment, this does not have to be after the whole simulation has

been run.

In the case of CLIP-HSQC it is clear that the four individual cycles can be com-

bined before the direct detection period, after the pulse labelled φ4 in Figure 5.2.

This will result in a significant reduction in the computational requirements of the

simulation.

A greater reduction can be achieved, however. Just after the second pulse labelled

φ3 there are four unique states, but the phase cycle φ4 is identical to that of φ1 (see

Table 5.2). We can thus immediately define two linear combinations of states

|ρ̂+x〉 = −|ρ̂+x,+x〉+ |ρ̂+x,−x〉, (5.18)

|ρ̂−x〉 = +|ρ̂−x,+x〉 − |ρ̂−x,−x〉, (5.19)

and propagate them instead of the four separate states, halving the number of cycles

that have to be run of this portion of the simulation. At the pulse labelled φ4 a pulse of

phase +x is applied to |ρ̂+x〉, and a pulse of phase −x is applied to |ρ̂−x〉. Summation

of the results of the two cycles is possible after this pulse; the single linear combination

may then be propagated through the directly detected portion of the pulse sequence.

5.2.3 Dilute nuclei

HSQC is normally performed with 13C and 1H as the heteronuclei. As discussed

in Section 3.1.1, the low natural abundance of 13C means that simulations of the
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spectra of molecules with a ‘small’ number of carbon atoms can commonly be split

into simulations each with only a single 13C nucleus.

The spectrum simulated in Figure 5.3 is of sucrose, with 13C detected indirectly,

and 1H detected directly. Sucrose contains 12 carbon atoms. Using Equation (3.2)

and the natural abundance of 13C, 1.07 % [32], the probability that two 13C nuclei

are present in any given molecule is found to be 6.8×10−3. In contrast, the probability

that any given molecule contains a single 13C nucleus is found to be 0.11. We thus

see that this molecule is small enough that, for natural abundance spectra, omitting

the contribution of molecules with more than a single 13C nucleus to the spectrum

is a reasonable approximation. As previously discussed in Section 3.1.1, this allows

for efficient parallelization of the simulation, as used to accelerate both simulations

shown in Figure 5.3.

5.2.4 State space restriction

As the residual dipolar couplings are of small magnitude, the use of basis-level SSR

methodologies developed for liquid state simulations (Chapter 2) is still appropriate.

This leads to large reductions in the size of the state space and makes these simulations

possible.

Presented in Figure 5.3 is a simulation of the CLIP-HSQC spectrum of sucrose at

14.1 T with order parameter 10−3. Ignoring 1H nuclei that rapidly exchange with H2O

because they do not contribute to the experimental spectrum, each of the contribut-

ing simulations contains 15 spin-1/2 nuclei (14 1H and one 13C). The full state vector

for this system would contain 415 elements. Using the IK–2(3) approximation (Sec-

tion 2.1), this number of elements is reduced to less than 4× 103; the exact number

depends on which of the 12 13C nuclei is being included (Section 5.2.3).

Residual dipolar couplings, despite their weakness, reduce the effectiveness of

trajectory-level SSR techniques relative to liquid state simulations. During the first

few precession periods trajectory-level methods reduce the state space to about a

quarter of the size of the IK–2(3) basis; application of these methods to later preces-
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sion periods results in reductions to approximately one third of the size of the IK–2(3)

basis.

During conversations with Martin Koos, the idea was formed to improve the sit-

uation in the final stages of the pulse sequence by propagating the detection state

‘backwards’ rather than the state vector ‘forwards’. This evokes the methodology of

DSS (Section 2.3), but instead of just propagating the detection state backwards for

as long as is required for the trajectory-level SSR methods (Section 2.2.2), the detec-

tion state is propagated backwards for the entire precession period. The separation

of the CLIP-HSQC pulse sequence into forward and backward calculation is shown

by labelled arrows below the pulse sequence diagram, Figure 5.2.

The explicit splitting of the CLIP-HSQC pulse sequence into forward and back-

ward calculations is required for implementation, and is given here. The expectation

value of the observable operator ŝ† will be a function of the delays t1 and t2 and may

be schematically represented by

〈
ŝ†
〉
(t1, t2) = 〈ŝ|e−iLt2P2e−iLt1/2Me−iLt1/2P1|ρ̂0〉. (5.20)

The superoperators Pn represent the preparation pulses, delays, and coherence se-

lection steps in the pulse sequence, and M is the π-pulse in the centre of the first

detection period. Separation may be made into a partially-propagated state vector

|ρ̂(t1)〉, and a partially-propagated detection state 〈ŝ(t2)|:

|ρ̂(t1)〉 = e−iLt1/2Me−iLt1/2P1|ρ̂0〉 (5.21)

〈ŝ(t2)| = 〈ŝ|e−iLt2P2. (5.22)

The required expectation value is then computed by multiplying the two together:

〈
ŝ†
〉
(t1, t2) = 〈ŝ(t2)| ρ̂(t1)〉. (5.23)

The arguments used to explain the results of DSS in 2D NMR spectra (Section 2.3)

also apply here. Application of trajectory-level SSR methods to the detection state at

the beginning of each backwards propagated section reveal that only approximately
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8 % of the IK–2(3) state space is required during the portion of the simulation run

backwards. While not as significant as the orders of magnitude decrease in basis size

afforded by the use of the IK–2(3) basis set relative to the full basis, this decrease is

still very beneficial and ensures that simulations run in a reasonable amount of time.

5.3 HN(CO)Cα

NMR has become an essential technique in protein structure determination [163]. The

large number of NMR-active nuclei present in proteins (> 103) make simple NMR

spectra very crowded, and therefore hard to interpret. Multidimensional techniques

are thus vital: spreading the spectra out into multiple dimensions allows for analysis

of these complex spectra [11, 163].

A common 3D-NMR pulse sequence applied to proteins is HN(CO)Cα [103], shown

in Figure 5.5. The rather strange looking name, ‘HN(CO)Cα’, derives from the co-

herence transfer pathway employed. This pathway is intended to span the peptide

bond linking the amino acid residues of which proteins are comprised [150], drawn

schematically in Figure 5.6. The spins which make up the pathway are coloured and

have isotope labels in this schematic diagram, and the peptide bond is shown in bold.

The 1H is initially excited by a radiofrequency pulse; the excited population is then

transferred from 1H to 15N to the carbonyl 13C (‘CO’) to 13Cα, giving rise to the

name of this sequence, and then back again for direct detection of 1H. Detection of

just those spins combining to form the moiety of Figure 5.6 allows for mapping of the

amino-acid backbone of the protein, aiding protein structure determination efforts.

In this section we detail the implementation of the HN(CO)Cα pulse sequence

into Spinach. As an example simulation, the HN(CO)Cα spectrum of the protein

ubiquitin [11] is presented in Section 5.3.6. Use of SSR is essential in this simulation:

ubiquitin contains over 103 spins.
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τ2 t1 τ3 τ2 + τ3 τ2 + τ3 τ3 DEC15N

τ4 τ413CO

φ3

t213Cα

Forwards Backwards

Figure 5.5: The HN(CO)Cα pulse sequence, adapted from Reference [103]. Symbols are as
of Figure 5.2. As discussed in section 5.3.3, the phase cycles specified in that reference
are omitted in favour of explicit coherence selection, hence φ1 = y, φ2 = φ3 = x. The
block labelled ‘DEC’ denotes decoupling, performed analytically in the simulation (see Sec-
tion 5.3.4). Arrows beneath the pulse sequence denote the portion of the simulation run
backwards, leading to the increases in efficiency examined in Section 5.3.5. Indirect detec-
tion periods are labelled by tn; 15N states are detected during the first period, 13Cα states
during the second [103].

5.3.1 Approximate equilibrium state

In the absence of any other information, the system must assumed to be in thermal

equilibrium at the beginning of the HN(CO)Cα pulse sequence. For the large spin

systems we wish to simulate, building the thermal equilibrium state vector in the

manner described in Section 1.3.3 would be very computationally expensive, as the

left Hamiltonian superoperator would have to be built and then used to propagate

the unit state.

We avoid this computational expense by instead generating an approximate ther-

mal equilibrium state. Firstly, we make use of the high temperature approximation

(Section 1.1.3) so we do not have to compute a matrix exponential. Secondly, we note
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Figure 5.6: Schematic protein fragment showing the nuclei involved in the HN(CO)Cα coher-
ence transfer path [103]. The nuclei involved in the transfer path are coloured and labelled
by their mass number. During the HN(CO)Cα sequence the 1H nuclei are excited, giving
excited state population that is then transferred to the 15N, then to the carbonyl 13C, then
finally to 13Cα. This transfer is then reversed to allow for the final direct detection of the
1H nuclei transverse state population.

that Zeeman terms will dominate at the high fields we are interested in (Section 1.1.2);

we thus ignore couplings in the definition of this state. Thirdly, during the course of

the pulse sequence, it is population of the 1H states that is transferred through the

course of the pulse sequence [103]; the initial populations of 13C and 15N states can

thus be set to zero. Lastly, the differences in energy level splittings between the dif-

ferent 1H nuclear states, due to differences in chemical shift, will be much smaller

than the Larmor frequency at high field [8]. It is thus reasonable to approximate the

populations of the 1H nuclei to all be equal. We therefore arrive at the result that

|ρ̂eq〉 ≈
∑

k

∣∣∣Î(k)
z

〉
, (5.24)

where the summation is over all 1H nuclei.

5.3.2 Selective excitation of carbon moieties

An important requirement of the HN(CO)Cα sequence is that 13CO and 13Cα are

able to be excited independently. This is possible experimentally because the chemical

shifts of the two moieties are very different [164]. In a simulation, exciting the two
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sets of spins separately is simply a case of defining two separate operators that each

act on one of the two separate sets of spins.

5.3.3 Phase cycling

Having to repeat individual steps of the simulation many times in order to faithfully

represent phase cycles (Section 5.2.2) will extend the time required for already long

and time-consuming simulations. The purpose of phase cycling in this experiment is

to ensure that only populations of states of the desired coherence order are measured

during the indirect detection periods [12]. As was the case for the simulation of CLIP-

HSQC (see Section 5.2.1) that ‘desired coherence’ is +1 on the detected spin, such

that each resonance corresponds to a single signal [12]. In order to attain this we

analytically select just the +1 coherence on the spin being detected during each of

the indirect detection periods, skipping the phase cycling steps entirely.

It is not possible to phase discriminate the signal (Section 5.2.1) in this exper-

iment [103], so the absolute value spectra are plotted. Modifications of the pulse

sequence that allow for phase discrimination do exist [165], however, we have opted

to implement the original HN(CO)Cα pulse sequence for simplicity.

5.3.4 Decoupling during direct detection

The paper introducing HN(CO)Cα uses a WALTZ decoupling sequence [10] in order

to remove explicit couplings of 15N to 1H during the direct detection period [103].

This is represented in Figure 5.5 by the block labelled ‘DEC’. The intended result,

a reduction in the number of splittings observed in the 1H dimension, simplifies the

spectrum considerably.

In order to emulate this efficiently using Spinach, we decouple the 1H spins from

the 15N spins analytically in the Liouvillian used during the direct detection period.

We call this decoupled-Liouvillian Ldec in the following.

The implementation of the decoupling, due to Ilya Kuprov, operates by zeroing

the elements of L arising from couplings between 1H and 15N. This is equivalent to

subtracting a ‘coupling’ part from L.
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5.3.5 Backward propagation

Below the HN(CO)Cα pulse sequence diagram shown in Figure 5.5 are arrows showing

which portion of the pulse sequence is run backwards in the Spinach implementation.

As was the case for the implementation of CLIP-HSQC (Section 5.2.4) this makes

trajectory-based SSR more efficient. We describe decomposition into forward and

backward calculations explicitly below.

The state vector of a spin system at the end of a 3D NMR experiment such as

HN(CO)Cα is a function of the three delays t1, t2, and t3 [166], and will here be

written |ρ̂(t1, t2, t3)〉. The propagator taking the initial state |ρ̂0〉 to the final state

vector may be abstractly expressed as

|ρ̂(t1, t2, t3)〉 = e−iLdect3P3e−iLt2/2 · (5.25)

·M2e−iLt2/2P2e−iLt1/2M1e−iLt1/2P1|ρ̂0〉

where Ldec is the analytically decoupled Liouvillian discussed in Section 5.3.4; Pn
consists of preparation pulses, delays, and coherence selection steps; and Mn are

pulses in the middle of the indirect detection periods. This propagator is general:

it can represent any 3D NMR experiment consisting of perfect pulses, coherence

selection steps, and delays. The expectation value of the observable ŝ† is calculated

from the state vector |ρ̂(t1, t2, t3)〉 using

〈
ŝ†
〉
(t1, t2, t3) = 〈ŝ| ρ̂(t1, t2, t3)〉. (5.26)

Inserting Equation (5.25) into Equation (5.26), we see that the expectation value

may be rewritten
〈
ŝ†
〉
(t1, t2, t3) = 〈ŝ(t3, t2/2)| ρ̂(t1, t2/2)〉 (5.27)

where

|ρ̂(t1, t2/2)〉 = e−iLt2/2P2e−iLt1/2M1e−iLt1/2P1|ρ̂0〉, (5.28)

〈ŝ(t3, t2/2)| = 〈ŝ|e−iLt3P3e−iLt2/2M2. (5.29)
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We have thus split the 3D-simulation into two 2D-simulations, with a ‘dot product’

to stitch them together.

Conceptually, a 3D-experiment is the contraction of two 2D-experiments; it is

likely to be the rationale behind the design of any given 3D-experiment [166]. In

general, however, one cannot take advantage of this in an experimental setting [167];

only simulations of these pulse sequences can take advantage of this splitting.

It should be noted that the number of multiplications and additions of the ‘dot

product’ operation scales as the product of the number of steps taken for each de-

tection period, as well as linearly with the size of the state vector. The apparent

simplicity of this operation thus hides a lot of its computational complexity.

5.3.6 Protein simulation

Ultimately, the aim of implementing protein-NMR pulse sequences is to use them to

simulate the spectra of proteins [5]. To this end, the spin system of ubiquitin [11], a

protein with over 103 spins, was integrated into the Spinach codebase through the

work of Zenawi Welderufael and Ilya Kuprov; for details see Reference [5]. The spin

system is isotopically enriched: all the carbon nuclei are taken to be 13C, and all the

nitrogen nuclei are taken to be 15N. A simulation of the HN(CO)Cα spectrum of this

spin system is presented in Figure 5.7.

The ubiquitin spin system contains 573 1H, 374 13C, and 85 15N, giving a total of

1,032 spin-1/2 nuclei. The full state vector would thus have 41032 elements; this is an

infeasibly large vector to represent on a computer. We can use the power of basis set

truncation (Section 2.1) to render the dynamics of this spin system computable. The

coherence transfer pathway in HN(CO)Cα involves four spins; the minimal restricted

basis required is thus IK–1(4, 1) [5, 24]. We utilize a Redfield relaxation superoperator

in our simulation; this requires us to include product operator states corresponding

to spins that are proximate in space in order to obtain accurate dipolar couplings. It

has been found by Ilya Kuprov via comparison with experimental spectra that the

minimal basis set required to obtain an accurate liquid state relaxation superoperator
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Figure 5.7: Simulation of the HN(CO)Cα [103] spectrum of the protein ubiquitin [11] using
spin system parameters input into Spinach by Zenawi Welderufael and Ilya Kuprov [5]. The
IK–1(4, 3) restricted basis is used (Section 2.1), and the applied magnetic field strength
is 14.1 T. Relaxation is included using a Bloch–Wangsness–Redfield superoperator (Sec-
tion 1.3.2) with isotropic rotational correlation time 5 ns. The delays τn (see Figure 5.5) are
chosen to be those suggested in Reference [103].
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is the IK–1(4, 3) basis set [5]; this is the basis set that we use.

With the IK–1(4, 3) basis, the state vector has 2,080,828 elements. Trajectory level

methods (Section 2.2) reduce this number significantly. At the beginning of the sim-

ulation, trajectory level methods reduce the state space to ∼ 105, a small proportion

of the basis level restricted vector. As the pulse sequence transfers state population

along the coherence transfer path, significantly more of the IK–1(4, 3) state vector is

required, as is to be expected. The increases are punctuated by massive decreases due

to coherence selection steps (reducing the vector size to ∼ 54). Utilization of backward

propagation results in a similar pattern from the end of the simulation, where the

detection period itself functions as a coherence selection step.

The state vectors after SSR are still large, so ‘Krylov’ propagation (Section 2.2.3)

was utilized in order to reduce the amount of computer memory required for the sim-

ulation. Parallelization over the subspaces obtained by path tracing (Section 3.2) was

used to accelerate the simulation. With all of the above restrictions, approximations,

and optimizations, and 8 Intel Xeon processors, the simulation shown in Figure 5.7

took just under a week to run and required ∼ 160 GB of RAM.

The simulation of Figure 5.7 is unfortunately limited in an important way. Re-

laxation mechanisms arising from tumbling in solution are included using Bloch–

Wangsness–Redfield theory (Section 1.3.2), but it is assumed that the whole molecule

rotates as a solid body [83]. While this is often a good approximation for small

molecules, proteins are large and consist of many sub-domains which could rotate

with respect to one another. Any attempt to include relaxation accurately would

have to take this into account, e.g. by using the Lipari–Szabo model [168].

As a further caveat, it should be noted that for a protein, ubiquitin is quite

small [11]; proteins will usually have many more spins. However, this simulation,

as well as others presented in Reference [5], marks a decisive beginning; now such

simulations have been proved possible, they can only become faster and more efficient.
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[15] Zdeněk Tošner, Thomas Vosegaard, Cindie Kehlet, Navin Khaneja,
Steffen J. Glaser, and Niels Chr. Nielsen. “Optimal control in NMR
spectroscopy: Numerical implementation in SIMPSON”.
In: Journal of Magnetic Resonance 197 (2009), pp. 120–134.
doi: 10.1016/j.jmr.2008.11.020

[16] Jasper D. Memory. Quantum theory of magnetic resonance parameters.
McGraw-Hill series in advanced chemistry. McGraw-Hill, 1968.

[17] D. A. Varshalovich, A. N. Moskalev, and V. K. Khersonskii.
Quantum Theory of Angular Momentum: Irreducible Tensors, Spherical
Harmonics, Vector Coupling Coefficients, 3nj Symbols.
World Scientific Publishing Company, Incorporated, 1989.

[18] N. Young. An Introduction to Hilbert Space.
Cambridge mathematical textbooks. Cambridge University Press, 1988.

[19] Richard Kaye and Robert Wilson. Linear Algebra.
Oxford University Press, UK, 1998.

[20] Roger A. Horn and Charles R. Johnson. Matrix Analysis. Second edition.
Cambridge University Press, 2012.

[21] J. Jeener. “Superoperators in magnetic resonance”. In:
ed. by John S. Waugh. Vol. 10. Advances in Magnetic Resonance.
Academic Press, 1982. doi: 10.1016/B978-0-12-025510-8.50006-1

[22] A. R. Edmonds. Angular Momentum in Quantum Mechanics.
Second edition, with corrections. Investigations in Physics Series.
Princeton University Press, 1996.

http://dx.doi.org/10.1002/cmr.1006
http://dx.doi.org/10.1016/j.jmr.2011.07.023
http://dx.doi.org/10.1016/j.jmr.2008.11.020
http://dx.doi.org/10.1016/B978-0-12-025510-8.50006-1


BIBLIOGRAPHY 147

[23] M. E. Rose. Elementary Theory of Angular Momentum.
Dover books on physics and chemistry. Dover, 1995.

[24] H. J. Hogben, M. Krzystyniak, G. T. P. Charnock, P. J. Hore, and
Ilya Kuprov. “Spinach – A software library for simulation of spin dynamics
in large spin systems”.
In: Journal of Magnetic Resonance 208 (2011), pp. 179–194.
doi: 10.1016/j.jmr.2010.11.008

[25] Gene H. Golub and Charles F. Van Loan. Matrix Computations.
Third edition. Johns Hopkins Studies in the Mathematical Sciences.
Johns Hopkins University Press, 1996.

[26] Charles F. Van Loan. “The ubiquitous Kronecker product”. In: Journal of
Computational and Applied Mathematics 123 (2000), pp. 85–100.
doi: 10.1016/S0377-0427(00)00393-9

[27] Robert Piziak and P. L. Odell.
Matrix Theory. From Generalized Inverses to Jordan Form.
Chapman & Hall/CRC Pure and Applied Mathematics.
Taylor & Francis, 2007.

[28] A. Schweiger and G. Jeschke.
Principles of Pulse Electron Paramagnetic Resonance.
Oxford University Press, 2001.

[29] W. Rossmann. Lie Groups: An Introduction Through Linear Groups.
Oxford Mathematics. Oxford University Press, 2006.

[30] Malcolm H. Levitt. Spin Dynamics: Basics of Nuclear Magnetic Resonance.
Wiley, 2001.

[31] Michael Willer, Jörg Forrer, Jürg Keller, Sabine Van Doorslaer,
Arthur Schweiger, Rolf Schuhmann, and Thomas Weiland.
“S-band (2–4 GHz) pulse electron paramagnetic resonance spectrometer:
Construction, probe head design, and performance”.
In: Review of Scientific Instruments 71.7 (2000), pp. 2807–2817.
doi: 10.1063/1.1150697

[32] Robin K. Harris, Edwin D. Becker, Sonia M. Cabral de Menezes,
Robin Goodfellow, and Pierre Granger. “NMR nomenclature. Nuclear spin
properties and conventions for chemical shifts”.
In: Pure and Applied Chemistry 73.11 (2001), pp. 1795–1818.
doi: 10.1351/pac200173111795

[33] U. Haeberlen. High Resolution NMR in Solids: Selective Averaging. Vol. 1.
Advances in magnetic resonance: Supplement. Academic Press, 1976.

[34] Jozef Kowalewski and Lena Mäler.
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