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Slip strengths of hai basal, hai prism, and hc+ai pyramidal systems in commercially pure zirconium have
been determined using micro-cantilever testing. A range of single crystal cantilevers 0.5 lm to 10 lm
wide, oriented for single slip were prepared using focused ion beam (FIB) machining and subsequently
deflected using a nanoindenter. The critical resolved shear stress (scrss) was found by fitting a crystal plas-
ticity finite element model to the experimental load–displacement data for these micro-bending tests. All
the three slip systems in a-Zr show a marked size effect in bending described well by sCRSS(W) = s0 + AWn,
where W is the cantilever width, s0 is the CRSS at the macro scale and n = ��1. The exponent, n, of near
�1 is in good accord with hardening caused by the back stress generated by dislocations piling up at a
diffuse barrier caused by the reduction of stress near the neutral axis. The macro scale CRSS values were
used to successfully simulate deformation of a conventional macroscopic compression test.
� 2015 Acta Materialia Inc. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
1. Introduction

Zirconium is widely used in the nuclear industry as nuclear fuel
rod cladding in water reactors, due to its low neutron cross section,
good corrosion resistance and reasonable mechanical properties.
To provide an adequate safety case and ensure safety during oper-
ation and shutdown, the mechanical performance of these poly-
crystalline components must be well known. Zirconium alloys for
this application typically contain predominately the a-Zr (hcp)
phase which exhibits pronounced anisotropy in both its elastic
and plastic properties at the single crystal level. During processing
strong and complex crystallographic textures are generated [1–3]
which result in macroscopically anisotropic mechanical properties.
Design and operation of a reactor must involve selection of appro-
priate materials, processing routes and textures to provide ade-
quate strength for in-service operation. One such property is the
critical resolved shear stress (CRSS) which describes the critical
stress for plastic deformation to occur on a given slip system.

A physical understanding of conditions required for crystallo-
graphic slip is of clear importance when discussing the processes
involved in deforming a polycrystalline aggregate. Unfortunately
the reverse problem, extracting these physical properties from
macroscopic tests is difficult due to competition between exter-
nally applied stresses and local constraint, due to networks of
grains and other microstructural features which must deform
together in order to accommodate plasticity. This problem is espe-
cially exacerbated when there are many ‘soft’ grains (i.e. hci axis
perpendicular to applied stress) which deform extensively while
neighbouring ‘hard’ grains (hci axis parallel to applied stress)
develop higher stresses but limited plastic strains. In these situa-
tions there is strong heterogeneity in the stress and plastic strain
fields at the granular and intra-granular length scales. This hetero-
geneity or strain localisation has a significant role on the early
stages of material failure processes.

The most direct route to determining CRSS values is to grow
large single crystals that can be oriented so as to preferentially slip
on the desired slip system during conventional tensile or compres-
sive testing. This is a technically difficult undertaking especially for
alloys and most results are from quite early work and are limited to
pure Zr. In an extensive testing campaign Soo and Higgins [4] used
strain rate jump tests to study the effects of oxygen content and
temperature on the plastic flow of a-Zr oriented for prism slip.
Near room temperature they found that increasing the oxygen
content from 135 ppm to 2000 ppm caused the CRSS to increase
from �24 MPa to �120 MPa, with a corresponding decrease in
the activation volume from 312b3 to 40b3. Akhtar and
Teghtsoonian [5] also made CRSS measurements for prism slip in
high purity 100–200 ppm oxygen Zr single crystals. Further
measurements on samples oriented for basal slip [6] were only
able to generate CRSS values above �850 K since at temperatures
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Fig. 1. (a) Polarised light optical image of Commercial pure Zr with indentation
marks (b) crystal orientation map of the area shown in (a) indicating the orientation
of the crystal with respect to the surface normal.
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below this slip on prism planes or deformation twining was preva-
lent before activation of basal slip. At this low oxygen content the
CRSS for basal slip was only slightly larger than for prism slip at
temperatures above 1000 K but the CRSS increased on lowering
temperature much more significantly for basal slip than prism slip
so that basal slip was twice as hard as prism slip at �900 K and the
divergence continued to lower temperatures. Akhtar also con-
ducted compression tests of hci axis aligned Zr single crystals and
obtained much higher CRSS values for hc+ai pyramidal slip while
using slip traces to establish the slip plane was {10 �11}. Growing
large single crystals for alloys is rarely possible and alternative
strategies in which a combination of mechanical testing of a poly-
crystal while recording X-ray or neutron diffraction patterns cou-
pled with modelling has typically been adopted. For example
Skippon et al. [7] use a genetic algorithm to fit a Voce hardening
law to neutron diffraction data obtained for in situ compression
testing along different macroscopic axes of highly textured
Zircaloy-2 alloy. The validity of the material property parameters
obtained is dependent on the fidelity of the simulation used to
model the deformation process.

Developments in focussed ion beam machining and
micro-mechanical testing offer unique insight into deformation
processes, as this approach enables micron and sub-micron scale
single crystal specimens to be readily fabricated from polycrys-
talline samples. Unfortunately significant physical issues exist with
testing on the small scale, as often the physics of local boundary
conditions (i.e. high strain gradients [8,9]) and the scarcity of dis-
location sources lead to increased strength and stochastic plastic
flow [10]. This makes careful extraction of the properties more dif-
ficult, but provided adequate testing is performed and the physical
basis of the size effect is understood then this is clearly possible
[11–13]. Previously, we have implemented micro-cantilever tests
to investigate the anisotropic elastic [14] and plastic properties
[15] of titanium single crystals and devised suitable modelling
routes for back calculation of key mechanical constants. In this
study, we applied the method to study slip properties of single
crystal commercially pure a-Zr. hai Prismatic, hai basal and hc+ai
1st order pyramidal slip systems were selectively activated in var-
ious sizes of micro-cantilevers. Crystal plasticity finite element
analysis (CP-FEA) procedures were developed to extract CRSS val-
ues for different slip systems from the micro-tests. The size effect
in micro-cantilever tests was determined for all the three slip sys-
tems. CRSS values extrapolated to the bulk were extracted by sub-
tracting the size effect terms. These bulk CRSS values were then
used within a CP-FEA simulation to predict the stress–strain
response of a polycrystal deformed in compression, which was
found to be in good agreement with experiment.
2. Experiments

A large bar of commercially pure Zr (99.2 wt.%) was purchased
from Goodfellow (Goodfellow Cambridge Ltd, http://www.goodfel-
low.com). The specific chemical composition is given in Table 1.
This material was heated to 750 �C, which is just below the a/b
transus temperature, for 24 h in a vacuum furnace and then fur-
nace cooled to grow grains, reduce defect populations and relieve
residual stresses. After the annealing, the grain size increased to
�70 lm as shown in Fig. 1a. Micro-cantilevers were prepared
within single Zr grains using focussed ion beam (FIB) machining.
Table 1
Chemical composition of the commercially pure Zr sample.

Zr C
(ppm)

Hf
(ppm)

Fe
(ppm)

Cr
(ppm)

N
(ppm)

O
(ppm)

H
(ppm)

Balance 250 2500 200 200 100 1000 10
An indentation array was made to mark the area of interest.
Cantilevers were fabricated far enough away from indents to
exclude any residual effects associated with the indented volume.
EBSD mapping was performed to characterise the local grain orien-
tations, as shown in Fig. 1b. Individual grains, selected for single
slip orientations, were chosen from EBSD grain orientation maps
such as those in Fig. 1a and b.

Micro-cantilevers were prepared on a Zeiss NVison 40 dual
beam FIB system, using a final step of 40 pA at 30 kV to minimize
the FIB damage. All cantilevers tested in this work have triangular
cross-section, which provides the flexibility to prepare
micro-testing pieces in an arbitrary grain with the long axis of
the beam pointing in any direction with the sample surface plane
(i.e. two degrees of freedom). A series of tests were performed
for each slip system with cantilever widths ranging from 0.5 lm
to 10 lm. Care was taken to maintain the cantilever beam length
to cantilever beam width ratio at 6:1 and to maintain this aspect
ratio for all beam sizes. The 6:1 ratio was used so that the beams
were neither too short to deviate strongly from simple beam the-
ory [16] but nor were they too long so as to require prohibitive
time for FIB machining. Fig. 2a is an example of 5 lm wide,
30 lm long micro-cantilever. Cantilever beam dimensions were
carefully measured using the FEG SEM column of the NVision
instrument.

Hexagonal materials have a number of slip systems, and there is
considerable anisotropy in the single crystal plastic behaviour.
Selective activation of each slip system was achieved by testing
particular crystal orientations and micro-cantilever alignments
within the a-Zr grains [15]. The basic rule for such a test is to max-
imise the Schmidt factor on the target slip system while minimiz-
ing the resolved shear stress for all the others. The precise
geometry adopted for each slip system was as follows:

2.1. hai type

h11 �20i{10 �10} – prismatic slip: micro-cantilevers were pre-
pared with the hci axis in the surface plane perpendicular to the
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Fig. 2. (a) An example of 5 lm wide, 30 lm long cantilever with the triangular
cross-section; (b) an AFM scan image of a 5 lm wide cantilever; and (c) finite
element model geometry, showing built in end.
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cantilever length with a prismatic plane at 45� to the cantilever
axis (Fig. 3a). Schmidt factor for the selected hai prism system is
0.5 (and the next highest, also an hai prism system, is 0.25).
h11 �20i{0001} – basal slip: The basal plane and one hai direc-

tion were at 45� from the beam’s length direction (Fig. 3b).
Schmidt factor for hai basal is 0.5 (and the next highest, an hai
prism system, is 0.25).

2.2. hc+ai type

1/3h11 �23i {10 �11} – 1st order pyramidal: The long axis of the
cantilever was along the hci direction with an hai direction perpen-
dicular to it within the surface plane. The hc+ai slip direction and
slip plane is not 45� from the beam’s length direction yet have
the highest Schmidt factor of 0.40 while the resolved stress for
the other hai type slip systems is zero. The precise activation of
1st order pyramidal slip was confirmed after the test with slip line
trace analysis.

The bulk sample was transferred to a nanoindenter platform for
testing of each cantilever in turn. An Agilent G200 nanoindenter
was used with the high resolution Dynamic Contact Module 2
head, which has a load and displacement resolution better than
0.1 lN and 0.1 nm, respectively. This nanoindenter system oper-
ates principally in load control, however with a fast feedback loop
it was operated in a pseudo-constant displacement rate mode. This
displacement rate was varied with cantilever size so as to obtain
the same maximum strain rate of �5 � 10�4 s�1 for all cantilever
sizes. Precise load point location was achieved by using
pseudo-AFM imaging with a piezo nano-positioning stage and
the indenter tip as the contact probe which was kept at a constant
load of 0.5 lN. Fig. 2b is an example AFM image of a 5 lm wide
cantilever.

For comparison compression tests were also undertaken on
bulk polycrystalline samples measuring 2 mm in cross-section
and 4 mm long. These were tested at a quasi-static strain rate of
5 � 10�4 s�1, which matches the maximum strain rate that occurs
in the spatially varying strain field of the micro-cantilever tests.
Strain was determined from the displacement of the cross-head
after a correction for the compliance of the load frame and com-
pression rig. The stress–strain response from the compression test
was compared to CP-FEA simulations undertaken using CRSS data
obtained from the micro-cantilever tests, and texture from EBSD
measurements of a representative area.
3. Crystal plasticity finite element modelling

To extract the properties of each slip system, a crystal plasticity
finite element model (Fig. 2c) was built to simulate the bending
behaviour of a beam in the tested crystal orientation. The model
was constructed such that the cantilever size, boundary and load-
ing conditions match the experimentally made cantilevers. A bulk
volume is attached to the root of the cantilever to capture the
behaviour of the ‘substrate’ near the fixed end as an accurate
boundary condition. The size of this volume was optimised to cap-
ture bulk effects in the minimum computational time and to accu-
rately represent the experiment. In practise, a calibration step was
performed whereby the size of the bulk region was increased until
there were no significant changes in mechanical response of the
model.

The constitutive equation is from Dunne’s physically-based
crystal plasticity modelling [17,18] in which the slip rates on indi-
vidual slip systems are summed to give the local plastic velocity
gradient Lp:

Lp ¼
X

j

qb2m exp
�DF
kBT

� �
sinh

ðs j � s j
cÞDV

kBT

 !
s j � n j; ð1Þ

where q is the density of gliding dislocations, b is the magnitude of
the Burgers vector, v is the jump attempt frequency of dislocations
trying to pass energy barriers, kB the Boltzmann constant, T the
absolute temperature, DF the Helmholtz free energy, DV the activa-
tion volume, sj the unit slip direction and nj the unit normal to the

slip plane of the jth slip system which has a CRSS of s j
c , and is under

a shear stress of sj. In all sizes of the micro-cantilever tests, the max-
imum strain rate is �5 � 10�4 s�1; this occurs at the bottom of the
cantilever near the built-in end. At this relatively slow strain rate
the flow stress of Zr is relatively insensitive to the strain rate at

room temperature [19,20], and leaves s j
c as the single material

parameter to be determined. Although relatively irrelevant to the
CRSS values determined, care was taken to choose and check the
parameters , v, DF and DV for the constitutive equation. For
instance, according to Akhtar’s work [5,6] the activation volume
ranges from 55b3 to 80b3 for 1000 ppm oxygen for Zr in hai prism
slip while for hc+ai slip the results are not so clear but suggest a
much smaller activation volume. The present simulations were
run at both 13b3 and 80b3 for DV but this only generates a change
of less than 1 MPa in the best fit hai prism CRSS value. Table 2 lists



Fig. 3. Crystal orientation of (a) hai prismatic; (c) hai basal; and (e) hc+aimicro-cantilevers. A close-up view of deflected (b) 5 lm wide hai prismatic; (d) 5 lm wide hai basal;
and (e) 2 lm wide hc+ai pyramidal beams (with inset showing features on side wall and dashed line indicating the expected alignment of the trace of first order pyramidal
slip plane).
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all the parameters for Eq. (1). The CRSS values s j
c are determined by

a reverse process of fitting the model response to the experimental
load–displacement data of the beams as has been described in [15].

In triangular micro-cantilevers, the bottom side of a beam
develops larger stresses and is the first to yield. To extract the com-
pressive CRSS, we limited the fitting process to small deflections
where plastic strain is limited to the lower (compressive) part of
the beam.

Besides CRSS, the elastic modulus along the length axis of a can-
tilever can be extracted in the FE model by fitting the initial slope
of the load–displacement curves. The method to measure anisotro-
pic elastic properties of hcp crystals using micro-cantilevers was
detailed in [14].

A CP-FEA simulation was also used to predict the compression
behaviour of a polycrystalline test piece using the same constitu-
tive law in ABAQUS, implemented using a user element
Table 2
Constants for the constitutive equation.

q (m�2) b (m) m (/s) DF (J) DV

1.0 � 1010 3.2 � 10�10 5.0 � 1019 11.2 � 10�20 13b3
sub-routine (UEL). The model used consisted of a simple cubic
array of 729 reduced quadratic elements (20 node hexahedral)
with periodic boundary conditions. All these elements are 70 lm
cubic unit, the dimensions of which match the grain size of macro
commercially pure Zr. Each element was ascribed a different grain
orientation selected from a list generated using experimental EBSD
measurements. The constitutive law described by Eq. (1) was used
with the parameter values given in Table 2 and CRSS values
obtained directly from the micro-cantilever results extrapolated
to bulk size (i.e. s0 from the micro-cantilever scaling law).
4. Results

4.1. hai prismatic slip system

Three 5 lm wide hai prismatic cantilevers were tested to a max-
imum displacement of 4 lm at a constant displacement rate of
20 nm/s (maximum strain rate �5 � 10�4 s�1). The indenter was
brought into contact 27 lm from the built-in end, and in the mid-
dle of the beam’s width. The load–displacement responses of one
beam are shown as the green curves in Fig. 4. There is clearly a
yielding response at �1 lm defection after which the curve tends
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to become flat. Before the yielding, the beam has the linear
response, corresponding to the elastic deformation, which can be
used to assess Young’s modulus in the beam length axis direction
by fitting the slope at the initial elastic deflection period [14].
The elastic modulus of a-Zr in the tested h11 �20i direction was
determined to be 95 ± 6 GPa (with the error being the standard
deviation of three measurements), which has a good agreement
with the single crystal data of various experimental measurements
of 98 GPa [21], 117 GPa [22] and theoretical calculation of 95 GPa
[23], 122 GPa [24]. These elastic modulus results demonstrate that
micro-cantilever tests are accurate.

Fig. 3b shows a close-up view of a deflected 5 lm wide beam,
revealing substantial amounts of plasticity towards the built-in
end. The alignment of slip bands on both the top and side surfaces
confirms that the slip steps formed are due to the targeted hai
prism slip inclined at 45� to the top free surface.

In the deflection process of a micro-cantilever, stresses concen-
trate towards the built-in end of the beam. The top and bottom
sides of the built-in area have tensile and compressive stress along
the beam length direction, respectively. There is a neutral plane
where the longitudinal stress is zero, which is a third of the thick-
ness from the top surface for this triangular cantilever cross sec-
tion. There is clear evidence shown in Fig. 3b that slip developed
separately on either side of the neutral axis. Due to the triangular
cross section, the stresses in the compression region are larger than
the tensile region and therefore plasticity occurs first on the under-
side of the beam (compressive region). The onset of plastic defor-
mation in the tensile part of the beam thus occurs only after
considerable deflection of the cantilever and originates from
sources near the top surface where the tensile stress is greatest.

For these hai prismatic cantilevers the slip features seen on the
side surfaces reduce in intensity from the outer (top and bottom)
parts of the cantilever as the neutral plane is approached (indicat-
ing the presence of local strain gradients). Similar observations
were made in hai basal and hc+ai cantilevers.

Due to the heterogeneous nature of the bending behaviour,
especially when coupled with the stochastic nature of slip on the
small scale, it is difficult to directly assess the yield point on these
load–displacement curves. Instead we use crystal plasticity FEM to
simulate the bending behaviour of a micro-cantilever, and used a
reverse fitting method for the load–displacement curves to extract
slip properties.

The best fit of the CP-FEA simulations for these 5 lm wide hai
prismatic beams is also shown in Fig. 4 (pink curves) which fits
the experimental data well. These simulations necessarily smooth
Fig. 4. Load displacement curves of 5 lm wide hai prismatic (green), hai basal (blue)
and hc+ai pyramidal (red) cantilevers along with the best crystal plasticity finite
element fitting curves (pink). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)
out the discrete nature of plasticity at the small scale. The average
CRSS value obtained from the simulations is 206 ± 20 MPa for the
5 lm hai prismatic case where the error is the standard deviation
of the three measurements as indicated in Table 3.

Fig. 5 shows load–displacement data for hai prismatic can-
tilevers of different widths, cut within similar grains selected to
activate hai prismatic slip (shown in Fig. 3a). The maximum deflec-
tion and deflection rate were scaled to match the maximum
applied strain and strain rates for all cantilever sizes (i.e. the dis-
placement rate is 2 nm/s, 4 nm/s, 8 nm/s and 40 nm/s for 0.5 lm,
1 lm, 2 lm and 10 lm wide cantilevers respectively).

As expected the larger cantilevers require larger loads to deform
and the small load fluctuations appear to be less pronounced for
the largest cantilevers. Based upon macroscopic beam bending cal-
culations, the yield load would be proportional to the square of the
beam size, assuming the aspect ratio of the beam is kept constant.
However the experimental curves in Fig. 5 obviously do not follow
this behaviour. This has been demonstrated by taking the CRSS
value obtained from the 5 lm wide cantilevers and calculating
the equivalent load–displacement curves using the CP-FEA model
for the 0.5 lm, 1 lm, 2 lm and 10 lm wide cantilevers. Use of
the 5 lm CRSS results in an �84% smaller yield load compared to
the measured load–displacement curve for the 2 lm wide can-
tilever. There are also discrepancies between simple simulations
of the loads using CRSS determined from the 5 lm wide cantilevers
and the experimental data for the 0.5 lm, 1 lm and 10 lm wide
cantilevers. Higher CRSS values are required to account for the load
displacement curves for smaller cantilevers.

CRSS values extracted from the CP-FEA simulations are given in
Table 3 and plotted as a function of micro-cantilever size in Fig. 6.
Matching to each curve results in an obvious increase in the CRSS
at smaller cantilever widths whereas no obvious change in elastic
modulus was seen for all size of these cantilevers. Each cantilever
was examined after testing and alignment of slip bands indicates
that hai prismatic slip systems were exclusively activated as
expected.
4.2. hai basal slip system

Tests were conducted to activate hai basal slip with the loading
conditions and strain rate matching those for the hai prismatic
case. Fig. 4 shows the experimental load–displacement data (blue
curve) for a 5 lm beam along with the best fit FEA simulations
(pink curves). The elastic fitting gives the average modulus of
90 GPa, which again is in good accord with the literature [21–
24]. Comparing with the hai prismatic of beams, the yield loads
are slightly higher. CRSS values extracted from fitting the FEA sim-
ulations give an average value of 235 ± 9 MPa for two 5 lm wide
hai basal cantilevers (error encompassing the data range) com-
pared to an average CRSS of 206 MPa for hai prismatic ones (see
Table 3). Fig. 3d shows the built-in area of one 5 lm wide beam
after deflection. In contrast to the hai prismatic slip systems slip
bands are not readily observed within the tensile (top) region.
However, slip bands are visible on the side surfaces, where their
alignment fits activation of hai slip on the basal plane.
hai basal cantilevers of different sizes (0.5 lm, 1 lm, 2 lm and

10 lm wide) were tested with the scaled displacement rate and
load point conditions. Again the variation of load–displacement
curves with beam size does not follow macroscopic engineering
approaches for cantilever deflection. Fitting each tested cantilever
independently reveals a similar ‘smaller is stronger’ size effect in the
CRSS values for hai basal slip as was seen for prism slip. The CRSS
data are presented in Table 3, and plotted against cantilever size
in Fig. 6, where it is seen that hai basal slip is consistently slightly
harder than hai prism slip.



Table 3
Critical resolved shear stress of hai prismatic, hai basal and hc+ai slip for commercially pure Zr micro-cantilever beams.

Sample type hai prism hai basal hc+ai

Size CRSS (MPa) No. beams CRSS (MPa) No. beams CRSS (MPa) No. beams

Mean Std dev Mean Std dev Mean Std dev

0.5 lm 745 18 3 792 2 1306 35 4
1 lm 507 49 3 618 2 1050 12 4
2 lm 324 21 3 383 2 791 53 4
5 lm 206 20 3 235 2 575 36 3
10 lm 182 5 3 322 2 501 22 4

Fig. 5. Load–displacement curves for hai prismatic cantilevers of different width: (a) 0.5 lm beam width; (b) 1 lm beam width; (c) 2 lm beam width; and 10 lm beam
width. Thick black curves are the experimental results. The dash purple line is CP-FEA fitting for each size, respectively. The red curve is the simulation using CRSS from 5 lm
hai prismatic beams.

Fig. 6. CRSS vs. size (the beam width) for hai prismatic, hai basal and hc+ai
commercially pure Zr cantilevers. Dash lines showing fit to sy = s0 + Aw�1.
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4.3. hc+ai slip system

The testing geometry has been selected to keep the resolved
shear stress on hai basal and hai prismatic to be zero while applying
shear stress to the hc+ai pyramidal slip system.

Load–displacement data for some 5 lm wide cantilevers are
given in Fig. 4 (red curves), which also shows data for similarly
sized hai prismatic and hai basal cantilevers for comparison. The
pink lines show the best fit FEA simulations to the load–displace-
ment data. The elastic modulus along hci axis is determined to be
127 ± 8 GP based upon three beams. It can be seen that the yield
load for these beams is �600 lN, which is considerably higher than
the hai prismatic and hai basal beams (180–220 lN). The CRSS fit-
ting for the first order hc+ai slip is 575 ± 36 MPa (with the error
given from the standard deviation of three measurements) com-
paring with average values of 206 MPa and 235 MPa for hai pris-
matic and hai basal slip, respectively. In effect, these three testing
geometries result in testing Zr with beam lengths orientated at
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0�, 45� and 90� from the hci axis and demonstrate significant plastic
anisotropy in a-Zr.

Fig. 3f shows an SEM image of a hci axis aligned
micro-cantilever after testing and it can be seen that slip features
are less marked than for the prism slip case (Fig 3b). Slip features
on the top surface are observed to run perpendicular to the length
of the cantilever which is consistent with either first order pyrami-
dal planes f10 �11g, or basal planes {0001}, but inconsistent with
either prism planes f10 �10g for which slip features would be
expected to run parallel to the length of the cantilever, or second
order pyramidal f11 �21g planes for which slip features should be
inclined to the axis of the beam. The inset to Fig. 3f shows the
inclined side face of the cantilever with contrast altered to better
reveal slip features which are seen in both the compressive and
tensile parts of the test piece. The alignment of the trace of first
order pyramidal planes f10 �11g on the image was calculated from
knowledge of the sample tilt and crystallography and is shown by
the dashed line in Fig. 3f to agree well with the observed features.

FEA simulations were again used to extract CRSS values from
load–displacement curves obtained for the range of cantilever
sizes. Consistent with previous examples a ‘smaller is stronger’ size
effect was observed, however the difference appears less marked
for this stronger cantilever orientation than it was for either hai
prismatic, or hai basal slip. CRSS values determined by fitting sim-
ulations to experimental load–displacement data are given in
Table 3 and plotted in Fig. 6.

4.4. Polycrystal compression behaviour

The stress–strain response determined for the macroscopic
polycrystalline sample deformed in compression is shown in
Fig. 7a. Simulations were undertaken using the CP-FEA modelling
scheme described above. No attempt was made to properly capture
the grain morphology and instead a cubic array of grains was used
Fig. 7. (a) Experimentally determined stress–strain response of polycrystalline
commercially pure Zr sample compared to CP-FEA simulation results using CRSS
obtained from micro-cantilever data presented in Fig. 6 and extrapolated to bulk
size. (b) {0001} pole figure showing the compression axis indicating the texture
measured by EBSD and used as input to the CP-FEA simulation.
with periodic boundary conditions, but the texture was taken
directly from EBSD measurements of crystal orientation. The
CRSS values in this model were based upon values extracted from
Fig. 6, as extrapolated to bulk single crystals with: hai prism
153 MPa, hai basal 204 MPa, and hc+ai pyramidal 532 MPa. No
adjustment was made to any other parameters in the constitutive
law. The level of agreement between the simulation and experi-
mental measurement is very good.
5. Discussion

This extensive study of all the slip systems in commercially
pure a-Zr for micro-cantilever tests shows that there are a few fac-
tors to consider when trying to determine the engineering proper-
ties of materials using micro-mechanical testing. For all three slip
systems ‘smaller is stronger’ (Fig. 6). Cantilevers of smaller widths
(and also lengths) have higher critically resolved shear stresses
when analysed using the physically based crystal plasticity mod-
elling route.

In addition to quantitative analysis of strength at the small
scale, the nature of plasticity can be directly observed from the
post-test slip lines. In particular, slip traces for hai prismatic beams
are clearly observed on the top tensile surface of the cantilevers
whereas hai basal ones do not show visible traces, consistent with
prior work in Ti [15]. This indicates the difference is due to slip
behaviour of the two systems in hexagonal materials. Akhtar [6]
noted that basal slip features were wavy on the surfaces of large
single crystals deformed in tension. Similar observations have been
reported for Ti [25] and the wavy nature is associated with
cross-slip onto the prism plane for which dissociation into partials
is more favoured.

For hc+ai slip the slip trace analysis was consistent with slip on
the f10 �11g planes on both the tensile and compressive parts of
the micro-cantilevers. On the lower compressive part of the can-
tilever the slip tended to be dominated by a larger band intersect-
ing the point where the lower apex of the beam joined to the bulk
of the sample, while on the tensile part deformation tended to be
dispersed over more slip features of less intensity. Previous macro-
scopic testing has also identified f10 �11g planes for hc+ai slip in Zr
under both tension and compression loading with Akhtar [26]
using slip trace analysis on single crystals compressed along hci
at temperatures in the range 800–1100 K while Numakura et al.
[27] reported TEM analysis for hc+ai dislocations in polycrystalline
Zr deformed in tension at room temperature. Tension–compres-
sion asymmetry of yielding has been reported for both Zr and Ti
alloys eg [28–30] Jones & Hutchinson particularly associated asym-
metry with hc+ai slip and recent TEM observations by Ding et al.
[31] of Ti–6Al–4V micro-cantilevers deformed in hc+ai slip show
significantly more cross-slip on the compressive side of the beam.
The strains are larger in the compressive part of the beam and
deformation here is thought to dominate the early stages of can-
tilever bending that have been used to extract the CRSS values
reported.

The size effect data can be explored in significantly more detail,
and ‘smaller is stronger’ has been seen previously in bending for
titanium [32,33] and copper [34,35]. The physical basis of this
effect, for the cantilever geometry, is the soft pile-up at the neutral
axis, associated with the transition between a compressive lower
portion of the beam to the tensile top face. A pile-up of dislocations
at the neutral axis presents a back stress which inhibits further dis-
location motion (and source activation) and therefore generates
significant hardening. Our primary interest with this approach is
extraction of macroscopically relevant mechanical properties,
which can easily be inserted into design and lifing codes for reactor
designs. The physics of this problem is also interesting and must be



Fig. 8. Effect of oxygen equivalent concentration on CRSS value for hai prism slip in
commercially pure Zr, and zircaloy-2.
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tackled to generate the ‘macro’ CRSS for models at the longer
length-scale (though the presence of strain gradients, related to
this issue are gaining significant traction in the modelling commu-
nity when exploring weakest link failure modes, such as in dwell
fatigue in Ti alloys [17,36]).

Our previous analysis of titanium data [33] indicated that the
experimental data were well represented by a modification of
the simple power law to include a size independent term s0 to rep-
resent the CRSS of a bulk single crystal:

sy ¼ s0 þ Awn
; ð2Þ

Furthermore the exponent n was found to be �1.1 [32] for com-
mercially pure Ti, and �1.14 for Cu bent to high surface strain by
Motz et al. [12]. These exponent values are considerably higher
than would be anticipated from using the GND density required
to support the beam curvature within a Taylor hardening model
which would lead to an exponent of �0.5. However, as is clearly
evident in the post-test micrographs a Taylor hardening law arising
from forest hardening is not applicable as these beams deform in a
single slip mode and result in much more ordered slip (and a finite
slip spacing). The deformed structures in these Zr micro-
cantilevers more likely consist of dislocation arrays piling up
towards the neutral axis where the low stresses provide a barrier
to further slip as has been observed in TEM for similar Ti–6Al–4V
cantilevers [31,37]. Motz et al. [12,38] have shown that the back
stress generated by such dislocation pile-ups leads to an exponent
of �1 which is in good accord with this (and other Ti [32], Cu [34])
experimental data. Recent simulations of micro-cantilever bending
that couple discrete dislocation dynamics and FEA have been made
by Tarleton et al. [39]. Comparison was made to some of the hai
prism micro-cantilever data presented here and the n = �1 size
exponent was evident in the simulation results. Fig. 6 shows that
the CRSS data extracted for all three slip systems are well repre-
sented by Eq. (2) with n forced to �1.

With the scaling exponent forced to �1, we find the constant A
which represents the strength of the size effect to be 300 ± 30 Pa m
for hai prism, 311 ± 66 Pa m for hai basal, 413 ± 55 Pa m for hc+ai
slip, where the error bars indicate a 95% confidence interval.
Although greater stress is required for the harder hc+ai slip test
the extent of bending (i.e. deflection) is controlled by the number
(and magnitude of Burgers vector) of dislocations within the
pile-up. Hence for a given deflection of a beam of given dimensions
the broadly similar dislocation density levels and back stresses are
expected so that the physics is still consistent with an exponent of
�1. The constant A however is modified somewhat by anisotropy
of shear modulus and magnitude of the Burgers vector. The magni-
tude of the Burgers vector is 0.32 nm for the two hai type slip sys-
tems for which A values are found to be similar and larger at
0.61 nm for hc+ai for which a larger A value is found. This suggests
that Burgers vector length has a key impact in controlling the
strength of the size effect in micro-bending tests.

Cantilevers were made with over a decade in size to enable
extrapolation to bulk values with reasonable certainty and using
fitting as presented in Fig. 6, the bulk CRSS values are
153 ± 30 MPa for the hai prismatic, 204 ± 66 MPa for hai basal,
and 532 ± 58 MPa for the hc+ai slip, where errors indicate a 95%
confidence interval. Fig. 6 shows as dashed lines that this proce-
dure gives a good fit to the data.

The bulk hai prismatic and hai basal CRSS values determined
here appear to be significantly higher than other values in the lit-
erature [4–7,40,41]. It is well known that CRSS is strongly depen-
dant on alloy content (even in ‘commercially pure systems’)
which makes direct comparisons difficult as changes at trace levels
can cause significant differences. Fig. 8 compares the result
obtained here for the CRSS of hai prism slip with other values in
the literature for Zr at different equivalent oxygen contents. The
results obtained here are some �50 MPa higher than expected
from interpolation of values in the literature which forces a critical
examination of why this should be so.

Testing at the small scale has some known concerns, including
damage induced during sample manufacture where ion beam cut-
ting (FIB damage) can introduce radiation defects and local harden-
ing (e.g. in the strength of nano-pillar tests [42]). For our study,
cantilevers are typically not ‘nano’ and a surface ‘skin’ of radiation
damage a few tens of nanometers deep is considerably smaller
than our micro-cantilevers of 0.5 lm to 10 lm wide with the 6:1
length-to-width ratio. Furthermore, when considered properly
the strength of micro-cantilevers is size dependent and shows a
significant deviation only at the smaller scale.

The constitutive law employed in the simulations used to
extract the CRSS values contains no hardening term despite tests
continuing to maximum strain levels of �7.5%. Comparing the best
fit simulation results to the experimental load–displacement data
for the hai prism and basal slip cases it is noticeable that the exper-
iments deviate from linearity slightly earlier than the simulated
curves (as shown in Figs. 4 and 5). The slight hardening present
in the experimental data is thought to come from the gradual
build-up of back stresses from the pile-ups which evolve during
beam deflection but is not captured by the simulation. This is a
more obvious effect for the smaller cantilever sizes, where the back
stress from the pile up plays a larger role. The CRSS value used in
the simulations is therefore likely to be increased to compensate
for the lack of hardening while still capturing the saturation of
the load–displacement data at the larger displacements when the
pile-ups are more densely populated.

There is an agreement that hai prismatic slip has the lowest
CRSS, and therefore is most easy to be activated. By comparison
to hai prism slip the hai basal slip has a CRSS that is only slightly
(�33%) higher while for hc+ai slip the increase is very significant
(�350%). This demonstrates the strong anisotropy in the single
crystal behaviour of a-Zr. The ratio here is up to 3.5, which is in
good agreement with other values in the literature of 2.6 [40]
and 3.3 [41].

Although the CRSS for hai prism slip seems elevated compared
to other literature values when considering effective oxygen con-
tent it is clear that there is good consistency between the CRSS val-
ues obtained from the micro-cantilever tests and the bulk stress–
strain response of a polycrystalline of the same material.
6. Conclusions

The hai prism, hai basal, and hc+ai on the first order pyramidal
plane slip systems of commercial pure a-Zirconium were selec-
tively investigated by testing particular crystal orientations using
various sizes of micro-cantilever tests. Slip properties were
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determined by a reverse fitting approach based on a crystal plastic-
ity finite element model. The macro CRSSs were extracted by
extrapolation of the size effect data, using a simple scaling law
based upon 1/width. The main results can be summarised as:

(1) For all slip systems the increase in CRSS s with reducing can-
tilever width w is well represented by the model s ¼ s0 þ A

w ;

s0 is the CRSS for an infinite sample and A is a constant
reflecting the strength of the size effect. This model is well
accounted for by the increased back stress generated by dis-
locations piling up at the neutral axis. The parameter A is lar-
ger for hc+ai slip for which the magnitude of the Burgers
vector is also higher.

(2) hai prismatic slip is the most easy slip system with the
macro CRSS determined to be 153 ± 30 MPa (with ±30 MPa
95% confidence interval). Its size effect parameter A is
300 Pa m (with ±30 Pa m 95% confidence interval). Slip
bands for this system are clear and the most planar among
the three systems.

(3) For hai slip on the basal plane a macro CRSS of 204 MPa
(with ±66 MPa 95% confidence interval) was determined.
This is�30% higher than for hai slip on prism planes. The
scaling parameter, A, of 311 Pa m (with ±63 Pa m 95% confi-
dence interval) is comparable to that for hai prismatic. No
intense planar slip bands could be seen on the top surface
of these beams suggesting that basal slip involves more
cross-slip.

(4) Slip trace analysis showed that hc+ai slip occurred on first
order pyramidal planes. The macro CRSS was determined
to be 532 MPa (with ±58 MPa 95% confidence interval), a fac-
tor of 3.5 times harder than for hai slip on prism planes. hc+ai
slip also has the strongest size effect term with A being
413 Pa m (with ±55 Pa m 95% confidence interval), consis-
tent with a scaling of A with Burgers vector.

(5) The CRSS values extracted from the micro-cantilever tests
for the individual slip systems were used within a CP-FEA
simulation of a polycrystal under compression. The agree-
ment between the predicted stress–strain curve and that
experimentally determined was extremely good adding con-
fidence to the micro-cantilever test data.
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