EPJ manuscript No.
(will be inserted by the editor)
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Abstract. Dense, active systems show active turbulence, a state chara-
terised by ow elds that are chaotic, with continually chan ging veloc-
ity jets and swirls. Here we review our current understandin g of active
turbulence. The development is primarily based on the theor y and sim-
ulations of active liquid crystals, but with accompanying s ummaries of
related literature.

1 Introduction

Active systems are states of matter that operate out of equilibriun. Examples, which
span a wide range of length scales, include cytoskeletal elementscsuas actin and
microtubule networks powered by molecular motors, cells and bactga, ocks of birds
and schools of sh [1, 2, 3]. In all these cases, energy is input locallgt the level of
the individual constituents, thus driving the system into a dynamic state. The local
driving di erentiates active matter from more traditional examples of non-equilibrium
systems where a driving force is applied externally, on the entire sysm or at the
boundaries. Active systems are not exclusively of natural or biologal origin; they
can be realised synthetically. Examples include granular rods vibratd on a solid
surface, Janus catalytic particles whose asymmetry causes selfgpulsion and light
responsive colloids [4, 5, 6].

Active particles convert energy into mechanical motion and, as theparticles move,
they can interact mechanically and hydrodynamically. As the number density of ac-
tive particles increases, the interactions become stronger and nyadominate over the
individuals' dynamics. This can result in states such as active, or messcale, turbu-
lence, shown in Fig. 1(a) for a dense suspension of bacteria. Theleeity eld set up
by the swimming bacteria has regions of high vorticity, with vortices on a length scale

ten times that of an individual bacterium (Fig. 1(b)). It is highly chao tic, with ow
vortices, swirls and velocity jets continually being created, and desoyed.

Active turbulence has been observed in several experiments. Wunal Libchaber [8]
reported that in two dimensional Ims of Escherichia coli, active turbulence caused
tracer particles to behave as if they were in a Brownian bath. The tacers showed a
crossover from super di usive to di usive behaviour with increasing time. Later, sev-
eral studies [7, 9, 10, 11, 12, 13, 14] measured the velocity stdiiss of active turbulence
produced by the collective motion of Bacillus subtilis. Velocity elds measured in a
monolayer of endothelial cells residing on a substrate showed longmge hydrodynamic
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Fig. 1. Active turbulence. Experiments: (a) Dense suspension of swimming bacteria. (b)
The associated vorticity eld. Red (blue) regions correspo nd to high positive (negative)
vorticity. After [7]. Simulations: (c) Active turbulence a t a smaller length scale showing a
wall. The bend deformation drives a velocity jet (black ow | ines, with arrows). (d) +1 =2
(red) and 1=2 (blue) topological defects. (e) Summary of the mechanismsunderlying active

turbulence.
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ows, again characterised by localised vorticity [15, 16, 17]. Experinents measuring
the velocity-velocity correlation function in suspensions of microttbule bundles and
kinesin molecular motors showed that the decay length of the cordations was insen-
sitive to the ATP concentration [18]. Moreover these experiments evealed another
important feature of active turbulence: Topological defects arecreated, transported,
and annihilated by the active stresses. Further investigations shaed that the topolog-

ical defects attained nematic order on reducing the system dengjt[19]. Con nement

of this active liquid on the surface of a vesicle showcased the dynansicof defects
constrained on a sphere [20]. All these examples can be classi ed asetiwsystems due
to the importance of hydrodynamic e ects. However, active-turbulent-like behaviour

and topological defects have also been observed in “dry' system&@re hydrodynamics
does not play an important role, examples include broblast cells [21] ad vibrated

granular rods [4].

Broadly speaking, there are two di erent theoretical approaches to describing ac-
tive turbulence. The rst considers collections of individual active particles or “swim-
mers' [3, 22, 23, 24, 25, 26, 27]. Each active entity can be approxiated as a force
dipole and generates a stresslet velocity eld. Simulations show howhe active par-
ticles interact hydrodynamically to mirror the collective behaviour and large scale
ow elds seen in bacterial suspensions. This literature also develop a kinetic theory
to yield governing equations that describe the probability distributio ns of the active
particles.

The second approach is active liquid crystal theory where the conhuum equations
of motion follow from symmetry arguments|[1, 2, 28, 29, 30, 31, 3233, 34]. The active
ow eld has nematic symmetry, so the most widely used form of the hydrodynamic
equations are those of nematic liquid crystals supplemented by an &we stress. Equa-
tions with polar symmetry have also been studied [1] and purely phenmenological
models can also produce the patterns observed in active turbulermc[7, 35].

The aim of this tutorial review is to describe the active nematic appraach to active
turbulence. We rst discuss in detail how the active stress is incorprated into the
equations of motion of the passive nematics, and then consider thbydrodynamic
instability of the active equations which gives rise to active turbulence. Numerical
solutions of the equations of motion allow us to describe active turblence in terms
of the cycle depicted in Fig 1E: hydrodynamic instability ) formation of walls in the
director eld ) topological defects generated at the wall§ defects move and annihi-
late restoring nematic order) which again undergoes the hydrodynamic instability.
We conclude by summarising related research and open questions.

2 Theory

We rst summarise the equations of motion of a passive nematic liquid cystal, follow-
ing the approach of Beris and Edwards. The nematohydrodynamic guations can be
derived from linear irreversible thermodynamics with phenomenologial models that
assume relation between elds and currents, or by using a Poissonracket formalism
[1, 28, 36, 37] .

The variable used to characterise the magnitude and orientation otthe nematic
order is a symmetric, traceless, second rank tenso®. If n represents the director
eld, Q = g(3nn 1) for uniaxial nematics where q is the largest eigenvalue ofQ
and | is the identity tensor. The nematohydrodynamic equations of motian, which
govern the evolution of Q, together with the two conserved variables, density and
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momentum density u, are
(@+ u@)Qj Sj = Hy; 1)
(@+ uk@)ui = @ jj; @u=0: )

Consider rst eq. (1) for the order parameter. S is the generalised nonlinear
advection term which describes how the nematic order responds teelocity gradients.
It takes the form

Si =(Ewk+ &)(Qx + k=3)+(Qik + Kk=3)(E g K )
2 (Qj + §=3)(Qu@u)) Q)

whereE; = ( @u; + @u;)=2 is the strain rate tensor, characterising the deformational

component, and j = (@Qu; (@u;)=2 is the vorticity tensor, characterising the
rotational component, of the ow eld. The vorticity vector is de ned as the curl of
the velocity eld, ! =r u and it is related to the vorticity tensor by jjx !k =

2 j where is the Levi-Civita symbol. The degree of coupling betweenQ and
the velocity gradients is controlled by the alignment parameter [37, 38]. For a
uniaxial liquid crystal with an order parameter of constant magnitu de g we can de ne
T~ =(3qg+4) =9q [29]. Particles with j7j > 1 align in a simple shear ow, whereas
those with j7j < 1 tumble in the ow.

The term on the rhs of eq. (1) describes the relaxation ofQ to the minimum
of a free energyF . This dynamics is driven by the molecular eld, the variational
derivative of the free energy,

F i F
Hi = —+ YTr— 4
! Qi 3 Qu “)
at a rate determined by the rotational di usion coe cient . The free energy is

usually taken to be of the Landau-de Gennes form. There is a bulk adribution
chosen as a truncated polynomial expansion in products of with scalar symmetry
[36, 37], together with a term in gradients in Q to model the elastic free energy that
arises from distortions in the director eld and changes in the magniude of the order
parameter.

A B C K
F= iQij Qji + §Qij Qjk Qi + Z(Qij Qi)+ 7(@Qij )2 (5)

where A; B and C are phenomenological coe cients which are functions of concen-
tration and temperature and we have written a single elastic constat (K ) approxi-
mation.

We now turn to eq. (2) which describes the evolution of the velocity eld. Written
in this compressed form it closely resembles the Navier-Stokes edtiens. The com-
plications that arise from the viscoelasticity of the nematic uid appear in the stress
tensor j . This includes the usual viscous stress,

i}/i’scous =2E i ] (6)

where is the Newtonian viscosity of the suspension. However account musalso
be taken of elastic stresses, often referred to as the “back- dwwhich arise because
changes in the orientational order generate forces on the uid:

passve = P 42 (Qj + §=8)(QuHK) Hik(Qq + i =3)

(Qk + k=3)Hy @Qu @I(:?n( + QikHy  Hik Qy (7)
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whereP = T %(@Qij )2 is the modi ed bulk pressure. The back- ow can a ect
the director dynamics, for example accelerating defect annihilatior{39] and modifying
the motion of active defects [31]. It is, however, usually small compeed to imposed
or active stresses.

These are the stress contributions in a passive nematic. The only neterm needed
in the hydrodynamic equations of an active nematic is an additional catribution to
the stress tensor .

feve = Qy; (8)

where is a measure of the strength of the activity. The active stress, intoduced
in [28], occurs because to leading order active particles act as foraBpoles. We will
derive this term in the next section.

More details about the equations of motion and their application to passive and
active systems can be found in [29, 36, 37, 40, 41, 42, 43, 44, 4B).4

2.1 Constitutive relation of a suspension of active particl es

Consider a suspension of identical active particles, and let) ; P and , respectively,
represents the velocity, pressure and stress eld in the active naium. In a volume,
V, containing a su cient number of active particles to perform averaging, the mean
value of the stress tensor may be written [47, 48]
1
k =y kdV )
Assuming the suspending uid to be Newtonian, we may split the total volume inte-
gral into contributions from the uid and from the particles,
z z

1 ; 1 X
= — P P «+ @J+_@u dVv + —

V oy Vo @x @x \ Vo
where V, is the volume occupied by each active particle and the sum is over actev
particles. We next de ne a volume averaged velocity gradient

z z
@u_1" @V_1 @v, 1X

@x Vv@—}(_vvpvo@—)ﬁ \ A,

that will contribute to the deviatoric part of the stress tensor, in the absence of active
particles, but with same velocity gradientr U in the uid regions. In the last step in
(11) the divergence theorem has been used to replace the volumetégral over each
particle by a surface integral.
We also have the following mathematical relationship: .
ij XknjdA = . @—@}(( i Xk)dV = “ %—;( Xk dV + " ik dV = . i dV
(12)

where we use@ ; =@y = 0, assuming that the active particles are rigid and not
accelerating. This allows us to rewrite the internal stress of each a@rticle as a surface
contribution.
Using egs. (11) and (12) the mean stress tensor in eq. (10) may beritten
z

ik ik dv (10)

UingdA (11)

ik @u_  Q@Qu
k = Pdv + —+ —
« Viov Py, @% @x
1 X
*y [ (Uing+ Ueni)+ 5 xenjldA: (13)
Ao
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The rst of the terms in eq. (13) is a purely isotropic contribution to the pressure. The
second term is proportional to the symmetric part of the velocity gradient tensor, and
hence is the Newtonian contribution to the stress tensor. For rigidactive particles, the
translational and rotational velocities are constants at any giventime and therefore
the third term integrates to zero. The nal term, that correspo nds to the rst moment
of the stress distribution, will give rise to the active stress introduced in eq. (8). The
symmetric part of this rst moment is known as a stresslet in the cortext of the
multipole expansion of the Stokes equation for a force distribution ating on a uid
[49].

We now calculate the stress contributed by the nal term in eq. (13) for a suspen-
sion of active particles. By de nition, active particles generate moton autonomously,
with no external forces acting. Therefore the simplest way to moel the force distri-
bution of an active entity is as a force dipole. We consider two co-lineg equal and
opposite forces f p that act at a distance dp apart, along an orientation vector p
that characterises the active particle. Then

z
ij Xknj dA = fd (pipx) (14)
Ao
and eq. (13) may be written
b @, @u 11X . 1
k = P+ axTax TV fd(ppc 3 i) (15)

P
where the contribution Vi fd % ik has been accommodated in the modi ed pressure
P. Since, by de nition,

V] Pi Px 3 ik ik
we may write the constitutive relation for an active suspension as
@u,  @u
L= P . ik 17
ik ik @K @x Q ik ( )
The activity coe cient, , determines the strength of the active stress. It can take

either sign, depending on the details of the force distribution exeréd on the uid by
the active particles. Systems with positive are referred to as extensile or pushers
whereas those with negative are referred to as contractile or pullers. Extensile rod-
shaped bacteria, such as Escherichia coli, pump uid outwards frontheir ends and
inwards towards their sides, whereas the contractile alga Chlamydmonas pumps uid
inwards towards its ends and outwards from its sides. Mixtures of malecular motors
and cytoskeletal elements also produce di erent types of stresd~or example, myosin,
dynein or kinesin generate contractile stresses as they move on tat laments or
microtubules. However, depletant molecules may cause the formatn of microtubule
bundles in a suspension and two-headed kinesin molecular motors cseithe laments
to slide past each other generating extensile stresses [18, 27]. CéiVision is another
source of extensile stress [50].

In the next section we show that the active stress leads to hydrognamic insta-
bilities that destabilise nematic ordering.

2.2 Stability analysis

To demonstrate the inherent hydrodynamic instability of the active nematohydro-
dynamic equations we follow the calculations in [51], but to simplify the aralysis
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Fig. 2. Schematic illustration of the hydrodynamic instability in  active nematics [51]. Ex-
tensile active particles are initially oriented in the y direction. A bend perturbation in the
director eld with wavevector along y generates ow along x. The resultant velocity gradi-
ents act to magnify the perturbation: the director eld in th e encircled region responds to
the shear by rotating counter clockwise.

we assume that the magnitude of the order parameter is constaneverywhere. This
substantially reduces the complexity of egns. (1) and (2) to

@ni+ui@ni = 1Ejnj+ jnj+ 1h;; (18)
(Qui +uj@Qui)=@ jj; @u;=0; (19)

whereh = Kr 2n is the molecular eld. The passive and active parts of the stress
tensor, (7) and (8), become

prese = jl(nihj +njhi) + %(nihi n; hi); (20)
= iy ) (21)
where 1= 382, 1= & and 1= 3 are modied coe cients [29].

We assume that, in the unperturbed state, the active constituens are ordered
along the y-direction and that the velocity eld is zero everywhere. We conside a
long wavelength bend perturbation to this aligned structure, with wavevector alongy,
that tilts the active particles slightly into the x-direction. The consequent imbalances
in the active ows will generate a velocity eld along x, u = uyx(y)R, as illustrated in
Fig. 2.

Considering only variations in the y-direction, eqgs. (18) and (19) simplify to

1 du
@ny = E( 1 1)_d; ny + 1hy; (22)
d’u 1
dyzx = 1@(nxny) @ El(nxhy + nyhx)+ E(nth nyhx) : (23)

Neglecting terms in the molecular eld, as higher order in derivatives,eq. (23) can
immediately be integrated and substituted into eq. (22) to give

@ny = (1 Dnyg (24)

L
2
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Fig. 3. Development of active turbulence: (a) Nematic order of the d irector eld (b) Onset
of the hydrodynamic instability (c) Formation of parallel w alls, lines of bend deformation
separating nematic regions (d) Decay of the walls to pairs of topological defects that move
apart along the walls (e) Wall bending, and the onset of fully developed active turbulence.
(After [57])

noting that, to linear order, ny = P 1 n2 1. For rod-like ( 1 > 1), extensile
(1 > 0) particles, eq. (24) predicts an exponential growth for bend pegurbations.
If instead we assume a splay perturbation in they-direction, which generates a ow
alongy, the nematic ordering of rod-like, contractile particles is unstable.

A uctuation will, in general, contain both splay and bend components and hence
this analysis shows that nematic ordering in a wet active system is inheently unstable.
This was rst recognised by [28]. Very similar calculations leading to the onset of
activity driven ow in a channel are presented in [52] .

2.3 Numerical approaches

The analysis in Sec. 2.2 showed that the nematic state of active paitles is hydro-
dynamically unstable. However, the complexity of the equations limitsthe feasibility
of analytical results, and therefore numerical solutions of the egations of motion
are needed to help understand the dynamical state of active turblence that is a
consequence of the instabilities. There have been several studie$ere the governing
equations were solved numerically in various contexts and geometrie[29, 46, 53].
The rheology of active materials has also been addressed [45, 54] lzss the role of
topological defects in active systems [31, 55, 56].

Di erent methods may be used to solve the active nematohydrodymmic equa-
tions. A hybrid lattice Boltzmann approach has proved particularly u seful, and has
been applied in several studies by us and other groups [29, 45, 463]5In this scheme
eg. (2) is solved using a standard lattice Boltzmann method. Eq. (1)is spatially dis-
cretised using a central di erence scheme, and the resulting setf@rdinary di erential
equations are integrated in time using an Euler approach. The solutias are coupled
at each time step by updating the order parameter eld to calculate the active and
passive parts of the stress eld and by updating the velocity eld in order to cal-
culate the convective and co-rotational derivatives. More detailsabout this hybrid
solution method can be found in [29, 32]. An alternative way to solve tle Navier
Stokes equations is the stream function{vorticity formulation described in [33].

To date, most experiments and numerical studies have consideredo dimensions.
We describe results from the simulations below.

3 The onset of active turbulence

Fig. 3 describes how the hydrodynamic instability of the nematic stak in an active
material develops into active turbulence. The panels in the gure slow snapshots
of the evolution in time of the director eld, calculated from numerical integration
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Fig. 4. () lllustration of a wall and a topological defect. The back ground colour illustrates
the value of r°r Q from yellow (high) to red (low).(b) A larger domain showing t hat the
quantity r/r Q highlights the walls and topological defects, shown in black (+1 =2) and
blue ( 1=2).

of the active nematic equations of motion (1) and (2) [57].In the hybrid lattice
Boltzmann approach used in [57], the following parameters have beensed, =
0:34A = 0:0,B = 03,C = 0:3K =0:02 =2=3 =0:7and = 0:0125
(extensile) . These parameters are reported in lattice units wherealiscrete time and
space steps are chosen as unitf'he simulation is started with the director eld in

a nematic state with slight perturbations as shown in panel (a). The perturbations
grow due to the hydrodynamic instability (panel b). These wave-like deformations
in the director eld localise to form walls as shown in panel (c). Walls are lines of
bend deformations which separate nematic regions. In panel (c)hey are parallel and
equidistant, but this is a transient state. The walls start to undulat e, and pairs of
oppositely charged, 1=2, topological defects are formed at the walls by a combination
of elastic and active stresses (panel d). Gradients in the nematiceld around a defect
generate active stresses and hence ow which separates the def pair. The defects
initially move along the wall but their dynamics, together with that of t he walls,
rapidly becomes chaotic. Hence defects of opposite charge meetdannihilate leading
to a steady state, the fully developed active turbulence shown in pael (e).

Fully developed active turbulence is described schematically in Fig. 1(e Hydrody-
namic instabilities give rise to walls that uctuate and decay into topolo gical defects.
Defects move apart, and annihilate with other defects, in a way tha tends to restore
nematic order. This cycle of the formation and destruction of nemaic regions (or
equivalently of walls and defects), driven by the activity, sustains the state of active
turbulence.

Fig. 1 (b-d) also illustrates the velocity and vorticity elds associated with the
defects and walls in the director eld. To relate the vorticity to grad ients in Q, we
neglect elastic stresses in the system (which are usually small), andatance the viscous
and active forces to give

u r Q: (25)

Taking the curl of both sides, and solving for the 2D vorticity ! ,
z

(r) = 5 Sr"r Q(rYInjr rYds: (26)
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Eq. (26) suggests that regions withr*r ~ Q 6 0 are the locations at which vorticity

is generated. Fig. 4 shows that this quantity is large at the walls and bpological
defects characterising deformations in the director eld. Thus wdls and defects can
be identi ed as sources of vorticity. The vorticity then di uses with in the domain

to generate active turbulence. By contrast, in high Reynolds numler turbulence,
vorticity is advected in the uid through mechanisms associated with the inertial

terms in the Navier Stokes equation [58].

4 Discussion

We have described the underlying mechanisms that sustain active tibulence, but a
predictive theory is still lacking. Scaling arguments relating the velogty, vorticity and
number of topological defects are given in [32]. Giomi [59] hypothesésl an exponen-
tial distribution of vortices to calculate both the spectral behaviour of the ow eld
and the mechanisms behind the dynamics of topological defects. Me@ver, whether
the ow, vorticity or director eld evolution should be considered th e primary driver
of active turbulence, and whether walls or defects are the primaryexcitations, remain
as open questions. Some recent studies have focussed on redgcihe complexity of
the equations to give minimal models [14, 34, 35]. Others [27, 60] aim tmcorporate
the microscopic mechanisms that yield an active stress, thus dirett taking the po-
lar nature of the active constituents into consideration. In all these approaches the
qualitative features of active turbulence remain unchanged.

At low activities, uctuating walls are still formed. However, there is insu cient
energy for them to decay into topological defects. Neverthelessince walls can gen-
erate ow elds, active turbulence is, in general, still observed. In smaller systems,
however, time-independent ow patterns can be stabilised [46, 5261, 62, 63]. For
slightly larger system sizes (or, equivalently, activities) the systemcan attain an os-
cillatory behaviour, with alternating directions of the walls [30].

It is of interest to ask which features of active turbulence are uniersal: there are
obvious visual similarities in experiments across a wide range of lengthcales, from
suspensions of laments and molecular motors and bacteria to ock of birds and
schools of sh. In the dry limit the mechanism of hydrodynamic instability that leads
to active turbulence is lost. However topological defects have beeobserved in exper-
iments [4] and simulations [64] on dry systems, possibly as a consequee of details of
the interactions between active particles. Recent simulations [65]fsow that substrate
friction, which screens the long ranged hydrodynamics [66], can beuhed to connect
the two limits of wet and dry systems. In the crossover regime, latices of ow vortices
and topological defects are stabilised as the hydrodynamic lengthcsle is reduced to
that of the vortex created by a defect. The stabilisation of vortices and order in the
microstructure opens a gateway to the design of micromachines tharness energy
from active systems.

We acknowledge funding from the ERC Advanced Grant 291234 MiCEWe thank
Andrew Balin, Matthew L Blow, Amin Doostmohammadi, Jorn Dunkel, Ra min Golesta-
nian, Mitya Pushkin, and Tyler Shendruk for helpful discussions.
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