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It is well-known that gauging a finite 0-form symmetry in a quantum field
theory leads to a dual symmetry generated by topological Wilson line defects.
These are described by the representations of the 0-form symmetry group
which form a 1-category. We argue that for a d-dimensional quantum field
theory the full set of dual symmetries one obtains is in fact much larger and is
described by a (d — 1)-category, which is formed out of lower-dimensional
topological quantum field theories with the same 0-form symmetry. We study
in detail a 2-categorical piece of this (d — 1)-category described by 2d
topological quantum field theories with 0-form symmetry. We further show
that the objects of this 2-category are the recently discussed 2d condensation
defects constructed from higher-gauging of Wilson lines. Similarly, dual
symmetries obtained by gauging any higher-form or higher-group symmetry
also form a (d — 1)-category formed out of lower-dimensional topological
quantum field theories with that higher-form or higher-group symmetry. A
particularly interesting case is that of the 2-category of dual symmetries
associated to gauging of finite 2-group symmetries, as it describes
non-invertible symmetries arising from gauging 0-form symmetries that act
on (d — 3)-form symmetries. Such non-invertible symmetries were studied
recently in the literature via other methods, and our results not only agree
with previous results, but our approach also provides a much simpler way of
computing various properties of these non-invertible symmetries. We describe
how our results can be applied to compute non-invertible symmetries of
various classes of gauge theories with continuous disconnected gauge groups
in various spacetime dimensions. We also discuss the 2-category formed by
2d condensation defects in any arbitrary quantum field theory.

1. Introduction

another involve the gauging of sym-
metries. The constructions applicable
in general dimension fall into three
broad categories: duality defects,'?!
outer-automorphism gauging?®* and
higher-gauging leading to condensation
defects.>7! The full physical impact of
these symmetries is yet to be uncovered,
but already numerous phenomenolog-
ical and other applications have been
studied.l®13]

All the above constructions rely cru-
cially on gauging of global symme-
tries in theories with invertible, pos-
sibly generalized, symmetries, i.e. 0-
form or higher-form™ or higher-group
symmetries.['>"7l A comprehensive un-
derstanding of the process of gauging a
generalized symmetry is therefore a pre-
requisite to uncovering the full symmetry
structure of a QFT.

The main catalyzer that lead to this
vast generalization of symmetries is the
insight that topological operators in a
QFT should be regarded as symmetry
generators.'*) In a given QFT, topologi-
cal operators are of varied dimensionality
and can have non-trivial inter-relations.
The fusion of these topological opera-
tors need not satisfy a group law — thus
the term “non-invertibility”. The math-
ematical structure that captures such a
collection of topological operators and
their fusion, is a higher-fusion category

Recent months have seen discovery and new constructions
of non-invertible symmetries in higher-dimensional Quantum
Field Theories (QFTs). There are by now various field theoreti-
cally motivated constructions — which however all in one way or
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(see e.g. [18-24]). The recent progress in non-invertible symme-
tries has pointed sharply towards the fact that higher fusion-
categories are the natural framework for describing symmetries
of QFTs. A slight bump on the road to fully developing this pro-
posal is that the jury is still out for the precise mathematical def-
inition of such higher categories. Nevertheless much can be un-
covered by motivating the constructions from a physics point of
view, see for examplel>>1820.25-28] for constructions in higher di-
mensional theories. This is the approach which we will take in
this paper.

The standard lore states that gauging a finite abelian 0-form
symmetry I'? in a d-dimensional theory implies a dual (d — 2)-
form symmetry, which is generated by topological Wilson lines.
As it turns out, this is only the tip of the iceberg, and we will
see that the most general dual symmetries arising from such a
0-form gauging are described by a (d — 1)-category, which has
topological defects of all dimensions up to codimension 1. This
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Figure 1. On the left hand side T is a d-dimensional theory with T'®© 0-form global symmetry stacked with a 1d TQFT T with T© 0-form symmetry,
which is specified by a representation R of I'©), After gauging the diagonal T'© these two formerly decoupled theories become coupled, and the 1d TQFT

becomes a topological line defect DgR) (topological Wilson line) of the d-dimensional gauged theory € /T'©). The topological line defect DgR) describes

a (dual) symmetry of T/T'(©).

(d — 1)-category is universal in the sense that it describes symme-
tries in any d-dimensional QFT that can be constructed by gaug-
ing the 0-form symmetry of another d-dimensional QFT.

The idea for this construction is very intuitive and physically
motivated. The simplest setup is a theory ¥ with a global 0-form
symmetry [0 Let us stack this theory with a 1d topological TQFT
T, which also has a global I'” 0-form symmetry, and gauge the
diagonal T©). This diagonal gauging has the effect of coupling
the d-dimensional and the 1-dimensional systems together, such
that T becomes a topological line defect D, i.e. a symmetry gener-
ator in the gauged theory € /T'". In particular, the d-dimensional
system T/T'® and the 1-dimensional system D, are no longer
factorized. This gauging is depicted in Figure 1.

This idea has a multitude of implications:

1. We can take T to be any TQFT of dimension p < d having T©
0-form symmetry. After the diagonal gauging, T becomes a
p-dimensional topological defect of the theory T /I'”, which
generates a symmetry of T/T0,

2. We can consider a QFT ¥ which has some other symmetry
S, which is either a higher-form or a higher-group symmetry.
Now a p-dimensional TQFT T with S symmetry gives rise to
a p-dimensional topological defect of the theory € /S, which
generates a symmetry of £/S.

In section 2 we make the case that there is a universal sym-
metry sector for a d-dimensional QFT with gauged higher-form
or higher-group symmetry S. This is a (d — 1)-category of sym-
metries arising as duals to gauging of S, and captures TQFTs of
dimension < d.

Central to this endeavour of constructing such universal sec-
tors in the symmetry category is a comprehensive characteriza-
tion of the TQFTs that carry symmetries S. We will carry out this
program for S either a 0-form, 1-form or 2-group symmetry and
for TQFTs of dimension < 2. This will construct a 2-category that
is a sub-category of the full (d — 1)-category of dual symmetries.
We devote section 3 to the classification of 2d TQFTs which carry
such symmetries, and discuss the fusion that the defects in these
categories have. Let us briefly summarize the type of 2-categories
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Table 1. Global symmetries S, the dual symmetry 2-categories that are
obtained after gauging S (or equivalently 2d TQFTs which have symmetry
S and interfaces between these) and where we discuss TQFTs with these
symmetries. We provide a physical interpretation in terms of TQFTs in the
sections linked.

Global Symmetry S 2-Category C; or 2d TQFTs Section
0-form symmetry I'©) 2Rep(I'©)) 3.2
1-form symmetry I'(") 2Vec G 33
2-group split (@, ', p) 2Rep(Cr0) (T, p)) 3.4
2-group with € H} (rO, ) 2Rep(Cr O, p)) 35

that arise for each type of symmetry: we denote the 2-category as-
sociated to a symmetry S by C5 . The cases we study in this paper
are summarized in Table 1. We will now provide some physical
intuition for the structures appearing in Table 1:

The Symmetries S:  these are p-form symmetries labeled by
finite groups ['?), and the 2-group symmetries. The data for a 2-
group includes a 0-form and 1-form symmetry with an action of
the former on the latter

p: TO 5 Aur®y, (1.1)

The split/non-split distinction is characterized by the
triviality/non-triviality of the Postnikov class which is an el-
ement in the p-twisted group cohomology w € H)(I'®, T").l!6:17]

The 2-Categories C;:  The 2-categories appearing in Table 1 are
2-categories of representations and 2-representations of S, which
we physically identify with 2d TQFTs with symmetry S. The ob-
jects in the 2-categories are mapped to 2d S symmetric TQFTs,
S-invariant interfaces between these 2d TQFTS correspond to
S-invariant 1-morphisms and point-junctions between 1d inter-
faces are S-invariant 2-morphisms. To uncover more structure of
this 2-category requires computing the composition and fusion
of these structures. To this end, we start by constructing minimal
2d TQFTs with symmetry S, corresponding to simple objects in
the 2-categories. We then map out the entire 2-categorical struc-
ture based on the physical construction.
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Table 2. Physical interpretation of the 2-category 2Rep(I"(?)) for 0-form sym-
metry given by a finite group S =T, A simple object is labelled by a

subgroup IO’ of ¥, together with an SPT phase a € H2(I'Q)', U(1)).

2Rep(I'©)

Module category
’

0)
MVecr(o) (r ’ (l)

2-Category TQFT Language
0
T, 2 rO-TQFT,
unbroken T’ with
r©'.SPT phase «

Simple Objects

1-morphisms Module functors I'@.invariant 1d interfaces

2-morphisms Natural transformations I'©-invariant point junction

In Table 2 this is exemplified for the case when S is a 0-form
symmetry given by a finite group I'®.. Minimal 2d TQFTs with
I'®-symmetry are characterized by an unbroken subgroup
% and an SPT phase a € H(I'"', U(1)). These are denoted
by Tror ., which correspond to indecomposable module cat-
egories My, (T, @). 1-morphisms are interfaces between
2d TQFTs, e.g. the interfaces between the Ty , and the trivial
-symmetric TQFT T, is simply the set of projective
representations of T with cocyle a. These in turn form a
1-category Rep, (I'¥').

Condensation Defects: In Section 4 we study the relation of
the above dual symmetries C; for S = I'% being a finite 0-form
symmetry to the condensation defects constructed using higher
gauging of other symmetries.[®’] In summary, the surface defects
that arise in the 2-category C} “ are condensation defects and their
fusion follows in a straight-forward way from our general analy-
sis.

In the same section, we also describe that the 2-category
formed by two-dimensional condensation defects in any arbitrary
quantum field theory ¥ is the 2-category Mod(Bg) formed by
module 1-categories of the braided fusion 1-category B, formed
by topological line defects of <.

Relation to Gauge Theories and Symmetry Categories:  Finally, in
Section 5 we also discuss the relation to gauge theories, where the
topological operators generate symmetries. Here, we are able to
connect to the non-invertible symmetries in gauge theories in any
dimension d. In particular we compare to recent constructions of
non-invertible symmetries including gauging of 0-, 1-form and
2-group symmetries and discuss how they fit into the universal
2-category subsector. We find agreement with the results in [3] for
d = 3,4 gauge theories with gauge groups Pin* (2N), PO(2N) and
Spin(8) X S;. The fusion of the non-condensation defects that are
computed in [3] are in full agreement, and using the methods in
this paper, extend the results to include the fusion of the conden-
sation defects that are present in these theories, and the fusion
of the line defects living on both non-condensation and conden-
sation defects.

An appendix A summarizes various categorical background
material, in particular for 2-categories, which the reader may find
useful. Finally in appendix B the case of S =T0 = Z, x Z, is ex-
plained, which is the simplest example with non-trivial SPT.

,a?

2. Dual Symmetries from TQFTs

In this section we argue that if one gauges a higher-form or
higher-group symmetry S in a quantum field theory < of space-
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time dimension d, then one obtains a (d — 1)-category of dual
symmetries in the gauged quantum field theory €/S. This (d —
1)-category describes topological quantum field theories (TQFTS)
of spacetime dimension less than d and topological junctions be-
tween them.

2.1. Wilson Lines

Let us begin with the case where S is a 0-form symmetry de-
scribed by a finite group I'®. When T'¥) is abelian, it is well known
that the theory ¥ /T, obtained after gauging the I'® 0-form sym-
metry, carries a (d — 2)-form symmetry described by the finite
abelian group ['®), which is known as the Pontryagin dual of ¥,
The elements of I'0) are irreducible representations of I'*), all of

which have dimension 1. The group structure of ro corresponds
to the tensor product of these representations. The generators of
the (d — 2)-form symmetry are identified with the Wilson line de-
fects for the gauged I'.

When I'¥ is non-abelian, we have irreducible representations
of dimension bigger than 1. Consequently, the tensor product
of irreducible representations forms a ring rather than a group.
Thus, the dual symmetry generated by Wilson lines is non-
invertible and is sometimes referred to as a non-invertible (d — 2)-
form symmetry. The information regarding this dual symmetry
can be captured in the fusion 1-category Rep(I'¥)), which is the
fusion category formed by all representations of I'?). For a sum-
mary of categorical notions see appendix A. For the special case
of abelian I'®), we have the identification

Rep(I'”) = Vec; , (2.1)

where the latter category Vecy is the fusion category formed by

['®-graded vector spaces. The structure of the category Vecry is

completely captured by the group I'® and it makes sense to re-
gard the dual symmetry as being described by a group, namely
the (d — 2)-form symmetry group.

The main point utilized in this paper is to note that the category
Rep(I'?) also describes 1d and 0d topological systems with T'©
symmetry. More precisely, we have the following identification:

1. Objects of Rep(I'?) = 1d TQFTs with I'® 0-form symmetry
2. Morphisms of Rep(I'®) = I'%-invariant topological junction
local operators between 1d TQFTs with I'® 0-form symmetry.

Indeed, a 1d TQFT is described by a vector space V which is
identified as the state space of the theory. Then, a 1d TQFT with
'™ 0-form symmetry is obtained by converting V into a repre-
sentation R for the group I'%. These are precisely the objects of
the category Rep(I"¥)). On the other hand, topological local oper-
ators between two 1d TQFTs associated to vector spaces V; and
V, are given by linear maps between the two vector spaces. Now,
I'%-invariant operators are those linear maps which intertwine
the T¥ actions between the two corresponding representations
R, and R,. These are precisely the morphisms of the category
Rep(T'®).

The above correspondence between dual symmetries obtained
after 'O 0-form gauging and 1d TQFTs with ['® 0-form symme-
try is quite intriguing. There is a neat physical explanation of this
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correspondence. Consider the original ungauged d-dimensional
theory  having I'” 0-form symmetry. One can stack on top of ita
1d TQFT T, with T® 0-form symmetry associated to a represen-
tation R of T©). So far the two systems are decoupled. Now, one
can gauge the diagonal I'” 0-form symmetry of the combined
system. This gauging procedure couples the two systems, and
T, becomes a topological line defect of the gauged theory T /T0),
which is then identified with the Wilson line defect in represen-
tation R. See Figure 1. Similarly, a I'® invariant local operator
between two 1d TQFTs with I'® symmetry becomes a topologi-
cal local operator between the corresponding Wilson line defects
in the theory T /T after gauging.

The above physical procedure suggests that Rep(I'”) is not
the full list of dual symmetries that one obtains in T /T'%. One
should also obtain, for every p < d, dual symmetries arising from
p-dimensional TQFTs having I'® 0-form symmetry that become
p-dimensional topological defects of the theory T /T'¥ after the
gauging. In total, as discussed in Section 2.3 below, the dual sym-
metries form a (d — 1)-category of which the 1-category Rep(I'”)
is only a small piece.

2.2. Wilson Surfaces

Now consider the case where S is a p-form symmetry for 0 <
p < d. Such a symmetry is described by a finite group I'P which
must be abelian. It is well known that the theory € /T'®), obtained
after gauging the I'?) p-form symmetry, carries a (d — p — 2)-form
symmetry described by the finite abelian group ro.

The generators of the (d — p — 2)-form symmetry 0 are p+
1)-dimensional topological defects, which can be recognized as
(p + 1)-dimensional Wilson surface defects that can be expressed
as

exp(eri/){(bp+1)> , (2.2)

where b,,, is the gauge field in T/I'?) obtained by promoting
the background field associated to p-form symmetry of T to a
dynamical field under the gauging process. Itis a (p + 1)-cocycle
on spacetime valued in the group I'?). On the other hand,

y: TV S R/Z (2.3)

is a homomorphism, which can be identified as an element of
). Thus, such Wilson surfaces are labeled by elements of ro.

In the previous subsection we observed that the Wilson lines
obtained by gauging T'© 0-form symmetry can be identified
with 1d TQFTs with I'® 0-form symmetry. Similarly, the (p + 1)-
dimensional Wilson surfaces obtained by gauging I'” p-form
symmetry can be identified with (p + 1)-dimensional TQFTs with
[P p-form symmetry. In particular, the Wilson surfaces can be
identified with (p + 1)-dimensional SPT phases protected by ')
p-form symmetry, which are (p + 1)-dimensional TQFTs with ')
p-form symmetry whose underlying (p + 1)-dimensional TQFT,
obtained after forgetting the I'P) p-form symmetry, is the triv-
fal TQFT.

Such SPT phases are labeled by elements y € '), which
describes the partition function Z (X,,,B,,;) on a (p+1)-
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dimensional manifold ¥, in the presence of a background B,
of the I'® p-form symmetry as

2,5y Byur) = exp(zm / x(B,m)). 24)
z +1

P

The identification between the SPT phases protected by ') p-
form symmetry and Wilson surfaces obtained by gauging I'?) p-
form symmetry works simply by identifying the character y of
re.,

The physical explanation for this identification is similar to the
one described in the previous subsection. Consider the original
ungauged d-dimensional theory ¥ having I'P p-form symme-
try. One can stack on top of it a (p + 1)-dimensional SPT phase
SPT, protected by I'?! p-form symmetry associated to a charac-
ter y of T®. So far the two systems are decoupled. Now, one
can gauge the diagonal I'P p-form symmetry of the combined
system. This gauging procedure couples the two systems, and
SPT, becomes a topological (p + 1)-dimensional defect of the
gauged theory /I, which is then identified with the (p + 1)-
dimensional Wilson surface defect associated to character y. See
Figure 2.

Again, as in the previous subsection, the above physical pro-
cedure suggests that Wilson surfaces valued in I'® do not com-
prise the full list of dual symmetries that one obtains in & /T"?),
One should also obtain, for every g < d, dual symmetries arising
from g-dimensional TQFTs having I'®) p-form symmetry that be-
come g-dimensional topological defects of the theory T /TP after
the gauging. In total, as discussed in Section 2.3 below, the dual
symmetries form a (d — 1)-category containing a subcategory de-
scribing the Wilson surfaces valued in .

2.3. Higher-Category of General Dual Symmetries

In the previous two subsections, we saw that the known dual sym-
metries arising from the gauging of a p-form symmetry can all be
identified with special types of TQFTs carrying the p-form sym-
metry. This perspective suggests that there are many more dual
symmetries, corresponding to allowing arbitrary TQFTs carrying
the p-form symmetry. In this subsection, we discuss the most
general dual symmetries obtained in this way.

Let us consider the general case where € is a d-dimensional
theory with a higher-form or higher-group symmetry S. Then,
the dual symmetries obtained in the theory T /S after gauging S
form a (d — 1)-category C;’ | which is comprised of the following
information:

1. The objects of C; | are (d — 1)-dimensional TQFTs with S
symmetry. Such a TQFT leads to (4 — 1)-dimensional topo-
logical defect of T /S, which is constructed by first stacking
the TQFT with ¥ and then gauging the diagonal S symmetry.
This situation is depicted in Figure 3.

2. The 1-morphisms of C; , are (d — 2)-dimensional topologi-
cal interfaces with S symmetry interpolating between (d — 1)-
dimensional TQFTs with S symmetry. Such a topological in-
terface leads to a (d — 2)-dimensional topological defect in
/S interpolating between (d — 1)-dimensional topological
defects of /S arising from (d — 1)-dimensional TQFTs with

© 2022 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH

B5UBD1T SUOWILIOD BAIERID 3|deot|dde 8uy AG paueA0b 88 Saplie O ‘8sN JO Sa|nJ o} A%eiq 1T 8UIIUO AB]1/ UO (SUOHIPUOD-PUR-SLLBY WD A8 | 1M Afe.d 1 [ou1|UO//Sd1Y) SUO RIPUOD pue W L 84} 885 *[£202/T0/TT] uo ARiqiiauliuo A8|IMm S8L Aq €¥T00220¢ do.d/Z00T OT/I0p/W00" A8 | M AReiq Ul uo//Sdny Wwoly papeoiumod ‘TT ‘2202 ‘8L6ETZST


http://www.advancedsciencenews.com
http://www.fp-journal.org

ADVANCED .
SCIENCE NEWS oFPhyses

www.advancedsciencenews.com www.fp-journal.org

T T /T®
r®
SPT, gauge 1 7, B

Figure 2. On the left hand side € is a d-dimensional theory with T(?) p-form global symmetry stacked with a (p + 1)-dimensional TQFT SPT, which is

an SPT phase protected by ') p-form symmetry associated to a character y of ['P). After gauging T'?), these two formerly decoupled theories become
(0

coupled, and the p + 1 dimensional SPT becomes a p + 1 dimensional topological defect D,ng

1 (Wilson surface) in the d-dimensional gauged theory
% /TP, which generates a dual (d — p — 2)-form symmetry of T/T').

. ) 2
S-TQFT T® DY,
T T/S
s 7(L® gauge S ) D((ll_)f)
1
S-TQFT TO Dy,

Figure 3. On the left hand side, we have an S-symmetric d-dimensional QFT T stacked with decoupled S-symmetric (d — 1)-dimensional TQFTs T,
along with an S-symmetric (d — 2)-dimensional topological interface Z(N@ between T(), where S is either a higher-form or a higher-group symmetry.

Upon gauging S diagonally, T®) become (d — 1)-dimensional topological defects Dg)_1 of the gauged d-dimensional theory /.S and Z(N becomes a

topological (d — 2)-dimensional defect D,(;,)éz)

S symmetry as above. The construction involves first stack-
ing the topological interface between TQFTs with ¥, and then
gauging the diagonal S symmetry. These 1-morphisms are de-
picted in Figure 3 as well.

of T/ living at the interface between defects Dg

)
—1"

4. The story is similar for higher-morphisms which are iden-

tified with S symmetric higher-codimensional topological
interfaces between TQFTs with S symmetry, and describe
higher-codimensional topological defects (in general interpo-

3. 2-morphisms of C} | are (d — 3)-dimensional topological in- lating between other topological defects) in T/S.

terfaces with S symmetry interpolating between (d — 2)-

dimensional topological interfaces with S symmetry interpo- Note that CPS is a sub-p-category of the (d — 1)-category C; | for
lating between (d — 1)-dimensional TQFTs with § symmetry.  p < d — 1. In Section 3 we study the 2-category C; in detail for
Such a topological interface leads to a (d — 3)-dimensional  various possible S.

topological defect in /S interpolating between (d — 2)-
dimensional topological defects in T /S interpolating be-
tween (d — 1)-dimensional topological defects of /S arising
from (d — 1)-dimensional TQFTs with S symmetry. The con-
struction involves first stacking the topological interface be-  In this section, we study the 2-categories C;’ of dual symmetries
tween topological interfaces between TQFTs with the theory  defined in Section 2.3. The objects of such a 2-category are 2d
<, and then gauging the diagonal S symmetry. TQFTs with S symmetry. As far as higher-form symmetries are

3. Dual 2-Categorical Symmetries
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concerned, 2d theories can only carry 0-form or 1-form symme-
tries. And as far as higher-group symmetries are concerned, 2d
theories can only carry 2-group symmetries. Thus, C; is non-
trivial only if S is one of the following:

1. O-form symmetry.
2. 1-form symmetry.
3. 2-group symmetry.

3.1.2d TQFTs

Classification:  2d TQFTs have a very simple classification, be-
ing classified! by a positive integer n. This integer characterizes
the number of vacua of the 2d TQFT.

For n = 1, we have the trivial TQFT which has a single vac-
uum. For general n, the theory is such that in each vacuum, it
behaves like the trivial theory. One can also represent this fact as
an equation of the form

T, = @ Trivial,, (3.1)
i=1

where T, denotes a 2d TQFT with n vacua, and Trivial; denotes a
copy of the trivial 2d TQFT, describing the behavior of T, in its
i-th vacuum.

Local Operators: The vector space of local operators of T, is
n-dimensional, with a distinguished basis given by operators id,
for 1 < i < n. The fusion of these operators is given by

idid; = 6d; (3.2)

which converts the space of local operators into an algebra. The
distinguished operator id; projects a generic operator to the i-th
vacuum, which justifies the fusion rule (3.2). Note that

id:= ) id, (3.3)

is the identity local operator.

Line Operators: The line operators of T, are described as fol-
lows. First let us discuss line operators with a single vacuum.
There is a line operator 1 for each i, which describes the iden-
tity line in the ith vacuum. There are also line operators 1; for
i # j, which describes an interface from the vacuum i to vacuum
Jj, and is interpreted as the domain wall between the two vacua.
The fusions of these lines are

1,0 1y =81, (3.4)

and
1= (3.5)

is the identity line for the full theory T,. More general line oper-
ators are constructed by taking direct sums of the above line op-
erators.

1 More precisely any unitary 2d TQFT is related to the 2d TQFTs we study
by adding local ‘Euler number’ counterterms.
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All line operators and local operators of T, combine to form a
multi-fusion category known as Mat, (Vec). For n = 1, the multi-
fusion category Mat, (Vec) is identified with the fusion category
of complex vector spaces, which will be denoted as Vec.

2-Category 2Vec Formed by 24 TQFT: 2d TQFTs sitin a fusion
2-category known as 2Vec, whose objects are ‘2-vector spaces’ i.e.
finite semi-simple 1-categories. This 1-category is the category
of boundary conditions of the associated 2d TQFT. For T,, this
1-category has n simple objects corresponding to the boundary
conditions 1; for each vacuum 1 < i < n.

The 1-morphisms from T, to T,, are topological interfaces be-
tween the two 2d TQFTs. Such 1-morphisms form a 1-category
which is the category of functors from a semi-simple 1-category
with n simples to a semi-simple 1-category with m simples. This
1-category of 1-morphisms can be recognized as Mat,,,(Vec),
whose objects are m x n matrices with elements being vector
spaces. Concretely, the simple objects of Mat,,, (Vec) are inter-
faces 1;, (having single vacuum) with 1 <i<nand 1<a<m
from vacuum i of T, to vacuum a of T,. The fusion category
Mat, (Vec) thus describes the category of 1-endomorphisms of T,,.

The composition of 1-morphisms works via fusion rules

a0 1y =g (3-6)

where 1;, goes from T, to T,,, 1, goes from T,, to T, and 1,
goes from T, to T,. This composition provides the monoidal
structure for the fusion category Mat, (Vec) of 1-endomorphisms.

The monoidal structure on the 2-category is obtained by stack-
ing TQFTs. We have

T,T,=T,,. (3.7)

The vacua of T,,,, are given by pairs (i, a) where i is a vacuum for
T, and a is a vacuum for T,,. For 1-morphisms, the fusion is

1a® 1 =Ny e (3.8)

where 1, , goes from T, to T,,, 1., goes from T, to T, and 1
goes from T, to T,

(i,%),(a,u)

3.2. 2d TQFTs with 0-Form Symmetry

In this section we construct 2d TQFTs, which have a 0-form sym-
metry '), and provide the 2-categorical structure, which is given
by 2Rep(I'”). See Table 2 for a summary of the basic ingredients
of this 2-category.

3.2.1. 2-Categorical Structure and 2Rep (I'?)

Making a 2d TQFT 0-Form Symmetric: Let T be a finite
group. A 2d TQFT T, characterized by an integer n acquires a
% 0-form symmetry if one specifies a monoidal functor

Cro — Mat, (Vec), (3.9)

where Cry) is the monoidal category defined in appendix A, see
also [29] sections 2.3 and 2.11. This means that we specify, in T,,,
a line operator L, for every y € I'” such that

LoL,=L, (3.10)

© 2022 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH
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and local operators O, , living at the junction of L, L, and
L., such that these operators satisfy an associativity condition
as shown in Figure 4.

2d SPT Phases Protected by T”):  Let us study 2d TQFTs with a
single vacuum and having I'”) 0-form symmetry. In other words,
we are studying a phase in which all of I'¥ is spontaneously pre-
served. These are known as 2d SPT phases protected by a T® 0-form
symmetry. In this case, we are studying monoidal functors

Cl"ﬂ” — Vec 5 (311)
which are known to be classified by elements of
H*(T, U(1)). (3.12)

Let us see quickly how this classification roughly comes about.
We must have

L=1, (3.13)

which is the identity line, for all y € T'). Each local operator O, .
is thus a local operator in the trivial theory, and hence can be iden-
tified with a non-zero complex number. The associativity condi-
tion imposes that these numbers describe a group 2-cocycle for
ro.

A slight extension of the above is provided by 2d TQFTs with n
vacua, but I'”) is spontaneously preserved in each vacuum. Such
a theory can be described as a direct sum

P srT., (3.14)
i=1

where SPT,; describes the SPT phase appearing in the i-th vac-
uum, which is labeled by an element o; € H*(I'0, U(1)).
Spontaneous Symmetry Breaking Phases: We can study more
general phases which involve spontaneous breaking of T 0-form
symmetry. Let us assume that we have a vacuum v in which a
subgroup I'?" < T'© is spontaneously preserved, while the rest
of [ /T symmetry is spontaneously broken. Then, the TQFT
must contain at least |T© /T©’| number of vacua related to v by
(action of) elements of I'® /T©)’. The spontaneously preserved
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Figure 4. Associativity condition satisfied by line operators L, and local operators O, /.

subgroup of I'® in a vacuum [y] - v obtained by acting on v by an
element [y] € 10 /T’ can be described as

yr0'y=1, (3.15)

where y € I'®) is a representative of the class [y] € ' /T©", Note
that [y~ is isomorphic to I'? even though it is a different
subgroup of T'®.

‘Minimal’ 2d TQFTs with 0-Form Symmetry: Consider a min-
imal TQFT which has precisely |[T'© /| number of vacua in-
cluding the vacuum v. Since, I'%)" is spontaneously preserved in
v, it can carry an SPT phase for I'? associated to an element
a € HA'®', U(1)). Butsince ' /T relates every other vacuum
to v, every other vacuum must also carry the same SPT phase de-
scribed by the element a. Thus, such a minimal TQFT having
% 0-form symmetry is described by the following two pieces of
data:

1. A subgroup I’ of T© up to conjugation by elements of I'©).
2. Anelementa € HX('®', U(1)).

The above discussed SPT phases for 'O provide examples of
such minimal TQFTs for which T© = 1),

The most general 2d TQFT with T'® 0-form symmetry can be
expressed as a finite direct sum

@ T, (3.16)

where T o denotes minimal TQFT specified by FEO), CI'® and
o; € H*("', U(1)). Such a TQFT has a total of

"= Z |r<°) /r§°>’| (3.17)

number of vacua.

2-Category of 2d TQFTs with O-Form Symmetry: 2d TQFTs
with T® symmetry are naturally objects of a 2-category. The 1-
morphisms in this 2-category correspond to I'® symmetric topo-
logical interfaces between 2d TQFTs with T'® symmetry, and 2-
morphisms correspond to I'” invariant local operators between
I'® symmetric topological interfaces.
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Figure5. The operators O, fory; € ro’ acting on the vector space carried
by the boundary condition need to describe a projective representation of

' because the junction local operator where lines L, meet contributes
the phase a, ., €UQ).

We can recognize this 2-category as 2Rep(I"?)), which is the 2-
category formed by module categories of the category Vecyq of
I'%-graded complex vector spaces. The identification between a
% symmetric 2d TQFT and a module category of Vecr goes via
the boundary conditions of the 2d TQFT as follows:

Let us consider the theory Ty ,. Recall that if we do not care
about symmetries, then its boundary conditions are described
by a finite semi-simple category with n = [[® /T'®’| number of
simple objects 1; labeled by the vacua of Tp . The I'® action
permutes all these simple objects into each other, and hence I'*)
invariant boundary conditions must be of the form

mé 1, (3.18)
i=1

for some positive integer m. Additionally, the m dimensional vec-
tor space carried by this boundary condition must form a projec-
tive representation of Q) lying in the class a. See Figure 5.

Such a boundary condition carrying an irreducible projective
representation describes an indecomposable module category of
Vecr. Moreover, the indecomposable module categories corre-
sponding to two different irreducible representations are equiva-
lent as module categories. Thus, an equivalence class of module
categories captures a 'Y symmetric 2d TQFT by recognizing it
as the equivalence class of its minimal I'® symmetric boundary
conditions. This is a rather neat example of what is known as
bulk-boundary correspondence.

It is possible to describe the full structure of this fusion 2-
category 2Rep(I'”)) by performing calculations in the underlying
2d TQFTs without I'® symmetry. We describe these computa-
tions and the resulting structure of 2Rep(I"?) below.

Fusion of Objects:  Let us describe the monoidal structure on
the objects of this 2-category, which is physically the operation of
obtaining a I'® symmetric 2d TQFT by stacking two I'® symmet-
ric 2d TQFTs. Let us begin with the case of abelian I'® for sim-
plicity. We want to determine the fusion of T O and Trw»’ . Let

i parametrize vacua of T g and a parametnze vacua of T 0

2
The resulting 2d TQFT has vacua parametrized by pairs (i, a) In
each such vacuum, only

0 ._ 0 )
' .=r%nr! (3.19)

!
is spontaneously preserved, while the rest of ¥/ 1"(102) is sponta-

!
neously broken. Thus each vacuum sits in an orbit of T® /F(loz)
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comprising of a total of [T /F(O) | number of vacua. There are a
total of
(0)! )/ ()’
/| x royrd| o) x o

NEEEH

Ny, = (3.20)

(0)/
R
number of such orbits. The SPT phase for " (102)/ is the same in
each vacuum and is described by the element

’
ay, =l + ol € H2<F12) , U(l)), (3.21)

'
where a|,, € H{([) ,

the pull-back map

U(1)) is obtained as the image of a; under

0)/ 0)
HZ(FE ", U(1)) N H2<F(12 , U(1)> (3.22)
associated to the inclusion map
0)/ 0)/
ry . (3.23)
Thus, the fusion can be summarized as

T (%) Tl_(zo',,az = }’llle_(loz'ryan , (324)

'
l"1 ,aq

where the right hand side describes n,, copies of T o/
12 412

The fusion rules for the case of an arbitrary, possibly non-
abelian, I'® can be deduced similarly. These fusion rules convert
the set of objects of 2Rep(I'”) into a ring, which can be identified
with what is known as the twisted Burnside ring, which we discuss
in Section 3.2.2.

Some general remarks can be made here. Ty , corresponding
to the trivial SPT phase of T”) is always the monoidal unit. On the
other hand, T,;, corresponds to the untwisted gauge theory with

gauge group I'® and has fusion
Tigo ® Trorg = Ir© F(O),I Tiao (3.25)
where [ is a subgroup of I'? and [T : 0’| is the index of
" in 7O

1-Morphisms: Let us discuss 1-morphisms in the category
2Rep(I'®). First of all, consider 1-morphisms from a minimal
' symmetric TQFT T, to the trivial I'© symmetric TQFT
Tro o- These are I'® symmetric topological boundary conditions
of Tro ,. We can describe such a boundary condition by a col-
lection of boundary conditions for each vacuum i of Ty . Since
each vacuum i carries the SPT phase corresponding to « for [0
the boundary condition for every vacuum must carry a topolog-
ical quantum mechanical system having I'©’ 0-form symmetry
with 't Hooft anomaly given by a. Such a quantum mechani-
cal system is described by its Hilbert space, which is a vector
space forming a projective representation of [’ of type a. More-
over, the projective representation for all vacua i must be the
same as all vacua are related by T'© action. The 2-morphisms
from a 1-morphism carrying a projective representation R to a
1-morphism carrying a projective representation R; correspond
to the T©'-intertwiners from R? to R%. Thus, 1-morphisms from
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Tror 10 Troo in 2Rep(I'@) are described by the finite semi-
simple category

Repa(ﬂm’) (3.26)

of projective representations of I'?" of type «, with the simple
1-morphisms being the irreducible projective representations of
this type. See again Figure 5.

It is easy to generalize the above analysis to determine 1-
morphisms from T o, 1o T O g in 2Rep(I'”). These are T

toT 0;’

comprised as collections of topological 1nterfaces between vacua
of the two TQFTs. Consider an interface from a vacuum i of

symmetric topologlcal mterfaces from T o’ and are

! !
Toor, toavacuum a of TF‘ZO,!M. Let 1"(103 ~ F(10) be the subgroup

' a
of T¥) preserved in vacuum i, and F(;L, =] F(ZO), be the subgroup of
' preserved in vacuum a. Then, the interface from i to a must
carry a topological quantum mechanical system carrying 0-form
symmetry

O ._ 0 0
g =T 0Ty (3.27)

with "t Hooft anomaly given by

X120 = ¥ l12i = % l12 (3.28)

(0)
where a,|;,; € HZ(FH'(W)

under the pull-back map

B U(1)) is obtained as the image of a,

!

B (Y, um) - 1 (1, ) (3.29)

and o, |,, € H2(rY ' , U(1)) is obtained as the image of a, un-

12,(i.a) ’

der the pull-back map
HZ(FM , U(1)> - Hz(r12 i U(l)). (3.30)

The interface for any other vacuum pair (i/, &’) related to the vac-
uum pair (i, a) by y action for some y € 'Y needs to carry the
same quantum mechanical system as the interface for the vac-
uum pair (i, ). The orbits of vacuum pairs are parametrized by
the double coset F(O),\F(O) / F(O)
category of 1-morphisms from T O toT o

. This completely determines the
'y I 2Rep(I'?). For

the special case of abelian ¥, the above category of 1-morphisms
from T o t0T o, 0" 1n 2Rep(I'?) can be described simply as
1 % 2

(0’
Ny, X Repniz r, ) (3.31)

that is as n,, copies of Rep,,. (F(l(;),), where F(loz)/ is given in (3.19),
1, is given in (3.20), and

0‘12 = oyl — ol (3.32)

where qa;|;, for i = 1,2 have been defined above.
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1d TQFTs with T'O 0-Form Symmetry and Wilson Line Defects:
Consider now 1-morphisms for the particular case of F(lo), =
F(ZO), =T and a; = @, = 0. This corresponds to studying T'®
symmetric topological interfaces from the trivial 2d TQFT to
itself, or in other words 1d TQFTs with I 0-form symme-
try. Indeed, we find that such 1-morphisms are described by
Rep(I'?). These 1-morphisms give rise to Wilson line defects
in a d-dimensional theory T /T” obtained after gauging I'® 0-
form symmetry.

Composition of 1-Morphisms: Let us now describe composi-
tion of morphisms for abelian T'®. For a general non-abelian
', the computation works similarly but is more complicated,
and we leave it to the interested reader to figure it out. We will
discuss a non-abelian example I = S; later on. Consider a 1-

. af . a
morphism {R,"} from Tr(lo,rm to TF'IO’/,az’ and a 1-morphism {R,’}

from Tr(zo)’ to Tr‘“ , where R?“ for 1 < I < n,, are projective

’
of type a;, and RZB for 1 < A< ny are

projective representations of l“(z(;)
1-morphisms takes the form

representations of 1"12

!
of type &),. The composition of

{R"} o (R} = {R}"}, (3.33)

o
13 o
where {R,*} denotes a 1-morphism from Tr'lo)/m to Tr‘3°",a3 , Where

!
of type
a},. Let us describe how R;” is computed for a particular orbit X.
Let (i, x) be a vacuum pair in the orbit X, where i is a vacuum of
T o andxisavacuumof T o . The underlying vector space
,q Iy

R:(” for 1 < X < n,, are projective representations of 1"(103)

V;“ carrying the representation R;” can be described as

v =@Vie v, (3:34)

a

. af, . .
where a parametrizes the vacua of TF‘ZO,!YUZ, Vi is the underlying

vector space for the representation R?(I;), where I(a) is the orbit

in which the vacuum pair (i, a) lies, and V:i;) is the underlying
vector space for the representation RZB where A(a) is the orbit
(@)
!
in which the vacuum pair (g, x) lies. An element of F(O) which
also lies in 1"( )" acts on each individual term V 0 | ® VAf;) in the
direct sum defining VX . On the other hand, an element of 1"]3
!
which does not lie in F(O) acts by permuting different terms in
the direct sum defining V| “s. In this way, the elements of F(O)

on VX13 and convert it into the required representation RX”.
Fusion of 1-Morphisms: The determination of the monoidal

structure on 1-morphisms is quite similar to the above

determination of the composition of 1-morphisms. Consider fus-

ing a 1-morphism 7, from T 0, toT o with a 1-morphism

1,, from T 0 to T O The resultmg 1-morphism from

Tr“)) RT 10»’ to T o’ ® T, is determined in terms of
1 PR

appropnate representatlons between pairs (ij, ab) of vacua be-

tween T o ® T o andT o ®T o whereijisavacuum
r, r 7 ey
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Of TF(O)’ ® Trqoy’
representatlon a351gned to (ij, ab) is obtained essentlally from the

information of the representation assigned to the pair of vacua
(i,a) by I, where i is a vacuum of T g and a is a vacuum
¥

OfT ‘g

of Vacua (] b) by 1,, where j is a vacuum of T

and ab is a vacuum of T, o T o, . The

tensored with the representatlon assigned to the pair
and b is a
’12

vacuum of T o
7y

3.2.2. Relation to the Twisted Burnside Ring

The fusion structure of the objects in 2Rep(I'”) that we encoun-
tered has an alternative representation-theoretic description in
terms of the twisted Burnside ring.*” Recall first the Burnside
ring Q(G)31-33] for G a finite (not necessarily abelian) group.

G-Sets: A G-setis a set where G acts by permutation. Any ac-
tion of G on a set can be decomposed into a union of transitive
actions. Any G-orbit is simply isomorphic? as a G-set to the set
of left cosets G/H, where H acts trivially on this orbit. So find-
ing (isomorphism classes of) G-orbit is the same as (conjugacy
classes of) subgroups H of G.

Burnside Ring: Analogous to the ring Rep(G) of representa-
tions of G, it is natural to consider the analogous representation
ring in the category of finite sets, which is the Burnside ring Q(G):

Definition (Burnside Ring). The Burnside ring Q(G) of a finite
group G is:

1. The elements are isomorphism classes of finite G-sets. A basis of
Q(G) is given by the set of all left cosets. Namely, as a Z-module,
any element of Q(G) can be written as

Y alH]l @€z, (3.35)

where the sum is over all conjugacy classes [H] of subgroups of G.

2. The additive structure® is disjoint union of G-sets.

3. The multiplicative structure is defined by the Cartesian product of
G-sets.

4. The additive identity is defined to be the empty set.

5. The multiplicative identity is the one element set [G], which has a
trivial G action.

Alternatively, we can simply say that for a finite group G, the Burnside
ring Q(G) is the Grothendieck ring of the monoidal category GSet of
finite G-sets.

The multiplication of two elements in Q(G) can be decomposed into
the basis (3.35), which is given by a Mackey-like formula as

[H] X [K] = [(Hn “K)]. (3.36)
HaKeH\G/K

2 Recall that given any (conjugacy class of) subgroup H of G, the set
G/ H of left cosets have a natural G-action by left multiplication, where
H acts trivially.

This definition of the addition as disjoint union only gives a semi-ring,
namely given a set S, we do not know what is —S. However, we do want
Q(G) to be a ring with additive inverse, which can be done by including
formal symbols like —S.

w
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Here*H := xHx™' and H* := x~! Hx. This follows by consider the bi-
Jjection between the set of double cosets H\G /K and G\(G/H x G/K)

G/Hx G/K - H\G/K (3.37)

(xH,yK) — HxyK. (3.38)

Now consider the double coset HaK. One of the pre-images is (H, aK).
Under the left G action, (H, aK) gets sent to (gH, gaK) therefore the
stabilizer of (H, aK) is H N “K. In other words, the G-orbit of (H, aK)
is G/(H N “K). Therefore, we find (3.36).

Computationally, the fusion in the Burnside ring can be extracted
straight forwardly from the knowledge of the marks mg(H). The
marks are the number of H-invariant elements in S. These satisfy
mys (H)ymys ((H) = myg s (H) for all H. Let
M; = myy)(H) = |[H]"| (3.39)

be the set of H; invariant elements in [H}], then the fusion coefficients
of the Burnside ring are computed from these using a Verlinde-like
formula

= Z M,, - M, - (M), . (3.40)

We will apply this in the case of T'O) = S; later on.

Twisted Burnside Ring and 2Rep(G): Here we are interested in
a twisted version of the Burnside ring which includes an R/Z-
cocycles, introduced in [30]. Elements of the twisted Burnside
ring are labeled by pairs H < G and u € H?(H, U(1)).

Theorem([30]. Let G be a finite group. The Grothendieck ring of the
2-category 2Rep(G) is isomorphic to a twisted version of the Burnside
ring, defined as follows. As a Z-module, the basis elements are labelled
by ((H), u), i.e. a subgroup H of G and [H] as above the isomorphism
class of G/ H G-sets, as well as a 2-cocycle y € H*(H, U(1)). The gen-
eralization of the multiplication structure (3.36) to the twisted Burn-
side ring is
([H], 1) x

(Klo)= D (Hn K] uc"). (3.41)

HaKEH\G/K
Here the cocycle 6 is defined as a map

6  “Kx°K - R/Z

(3.42)

(k1. k) = o(a ka,a'k,a).

This theorem identifies structure of 2Rep(G) for G =T'" can be
equally obtained from the structure of the twisted Burnside ring on
pairs of subgroups T and cocycles. The fusion that we discussed
in Section 3.2.1, in particular (3.24), agrees with the multiplicative
structure on the twisted Burnside ring where an element ([H), u) in
the twisted Burnside ring is identified with a 2d TQFT T, , defined
around (3.16).

3.2.3. Example: T = 7,

Minimal 2d TQFTs with Z, 0-Form Symmetry: Let us describe
minimal 2d TQFTs with T© = Z, 0-form symmetry. There are
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two choices for subgroup I'®" € T©, namely I'®’ = id and I'®’ =
Z,, where the former is the trivial group containing only the iden-
tity element id. For both values of ¥, the cohomology groups
H2(©', U(1)) are trivial. Thus, there are two minimal 2d TQFTs
with Z, 0-form symmetry

T, T@) (3.43)

that we label by the corresponding values of ['® /%), The theory
T(9) is the trivial Z, symmetric 2d TQFT, while T(?2) is non-trivial
and has two underlying vacua. In fact, T2 can be recognized as
the 2d Z, gauge theory, which has a dual Z, 0-form symmetry.

Fusion of Objects: T is the monoidal unit and the non-trivial
fusion rules are

T%2) @ T2) = 2T%) (3.44)

following from (3.24).

1-Morphisms: Let us now discuss the 1-morphisms. We have
two simple 1-endomorphisms of T corresponding to two rep-
resentations of '’ = Z,, which we label as
70, 16, (3.45)
where I(¢ corresponds to the trivial representation and
I0) corresponds to the non-trivial representation. These 1-
endomorphisms give rise to Wilson line defects in a d-
dimensional theory S/Z(ZO) obtained after gauging a Z, 0-
form symmetry.

We also have two simple 1-endomorphisms of T(%2) corre-
sponding to two orbits of vacuum pairs, which we label as

1@ 7@ (3.46)
where T'72) corresponds to orbit {(v,,v,), (v,, v,)} and T\727) corre-
sponds to orbit {(v;,,), (v,,v;)}. Finally, we have a single simple
1-morphism

709.2,) (3.47)
from T(9) to T(%2), and a single simple 1-morphism

1Z:)) (3.48)

from T(%2) to T(9, as in both cases we have a single orbit of vac-
uum pairs.

Composition of 1-Morphisms: Let us work out the composi-
tions of these 1-morphisms. The composition of 704 and 77 just
follows the tensor product of representations of Z,, leading to

T4 o 7ld) — 7(id) (3.49)
I0 0 10 = 709 6 76O = 70 (3.50)
I 010 =10, (3.51)

Therefore the 1-endomorphisms of the object T has the struc-
ture of a monoidal 1-category. Similar fusion rules are also obeyed
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by the 1-endomorphisms of T2, but now for reasons having to
do with compatibility of orbits

1@ o TW72) = T(22) (3.52)
T1Z2m) o T@) = T2 o TZ2m) = 727 (3.53)
1727) o T227) = 7(@2) (3.54)

These 1-endomorphisms are line operators and act on the bound-
aries of TZ2) as

70d) o 70d(Zy) — 7)o 7(d(Z2) = T([d).(Z5) (3.55)
1% o 709 = 71724 o T0) = T(#2)id (3.56)
112 o T2 = T(727) o T2 = T(22).(09) (3.57)
T4D) o T2 = Tid(Za) o TWZom) — 714(Z) (3.58)

Finally the compositions of the two boundaries are

T@0) o 7092 = 7Z) g 71Z27) (3.59)

10(22) o T(Z20d) = 7(d) gy TC) (3.60)
Fusion of 1-Morphisms: The monoidal product of 1-

endomorphisms of the identity object are the same as their
compositions:

109 @ 704 = 709 (3.61)
10 Q1M =7 g 1) = 70) (3.62)
I Q10 =10, (3.63)

Their product with 1-endomorphisms of T?2) are
10 @ 1% = 1% @ 10) = 7(%2) (3.64)
10 @ 1?27 = 1127 @ 1) = (@27 (3.65)

for i € {id, —}. Their product with the boundary conditions of
T(#2) are also the same as compositions

710 @ 1@ = 7(Z)0d) @ () = 7(Z2)(id) (3.66)
10 @ T[(22) = 7(.(Z2) & 7() = 7(4)(Z2) (3.67)

for i € {id, —}. The product of 1-endomorphisms of T%2) are

1%) @ 12 = I;le) ® Ié,zf) (3.68)
12 @ T12) = If;’ ® Iflz) (3.69)
159 1% =177 @ 1077 (3.70)
17 @ 71727 = Iﬁﬁ ® Ifzz'—) , (3.71)

© 2022 The Authors. Fortschritte der Physik published by Wiley-VCH GmbH

B5UBD1T SUOWILIOD BAIERID 3|deot|dde 8uy AG paueA0b 88 Saplie O ‘8sN JO Sa|nJ o} A%eiq 1T 8UIIUO AB]1/ UO (SUOHIPUOD-PUR-SLLBY WD A8 | 1M Afe.d 1 [ou1|UO//Sd1Y) SUO RIPUOD pue W L 84} 885 *[£202/T0/TT] uo ARiqiiauliuo A8|IMm S8L Aq €¥T00220¢ do.d/Z00T OT/I0p/W00" A8 | M AReiq Ul uo//Sdny Wwoly papeoiumod ‘TT ‘2202 ‘8L6ETZST


http://www.advancedsciencenews.com
http://www.fp-journal.org

ADVANCED
SCIENCE NEWS

Fortschritte
der Physik

Progress
of Physics

www.advancedsciencenews.com

where I 2 and 7 ZZ ) denote 1-endomorphisms of the i-th copy

of T%) ar1srr1g in the fusion T%2) @ T#2), In particular, Zl. : %) is the

Zz)

identity 1-endomorphism while Z,*"" is the non- identity simple

1-endomorphism. On the other hand 1 ZZ and I (ZZ ! are simple
1-morphisms from the first copy of T Zz) to the second copy of

T%), Note that in this case both Z 2 and I ) are on an equal
footing, and the naming we have adopted is s1rr1p1y a choice. The

two 1-morphisms T i,zﬂ and Ii,zz form a torsor over the Z, group
generated by 7, (ZZ) and 7, (Zz’_) under composition from the right
and a torsor over the Z, group generated by 7| (ZZ) and 7, (ZZ ) un-
der composition from the left. Similar remarks hold for Zz,i and
I;le’_) which are simple 1-morphisms from the second copy of
T to the first copy of T%2),

Some of the products of boundary conditions of T?2) are the
same as compositions

T4 @ TWZ:) = T2) gy T(Z>) (3.72)
100.2:) @ T2 = T(Z) g 720 (3.73)
The other products of boundary conditions of T!%2) are

I(id)y(zz) ® I(id):(zz) — Ziid)r(zzi o) Iéid)y(zz) (374)

1)) @ TZa)lid) = ZiZZ)'(id) ® I;ZZ)'(id) , (3.75)

(id),(Z3)

where T, is a simple 1-morphism from T to the i-th copy

of T2 and 7\ is a simple 1-morphism from i-th copy of T(*2)
to T4,

The products of boundary conditions of T
tors on T'%2) are

2) with line opera-

19 @ 1% = 10 @ 1177 (3.76)
109Z) @ 7(727) Iéﬁzr*) ® 1(‘)%;> (3.77)
10 @ 100 = 10 @ 1.7 (3.78)
Z,~ id),(Z,) — 7(Z27) (Z37)
177 @ T@(Z) — L, @1 (3.79)
1@0 @1 =10 @ 107 (3.80)
1@ @ 7(72-) = ZiZOz,—) ® IiZoZ) (3.81)
1% @ TZa)lid) = Iiz()Z) ® Iiz()Z) (3.82)
1727 @ TZM0d) = Iﬁ;"’ ® 1%2'*) , (3.83)

where 7, (z Z) and 7, (%27 are 51mp1e 1-morphisms from T'%2) to i-th

copy of T(Zz) and Z ZZ) and I ! are simple 1-morphisms from

i-th copy of T%2) to T(Zz)

Fortschr. Phys. 2022, 70, 2200143 2200143 (12 of 33)
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The underlying 2-category structure 2Rep(Z,) can be conve-
niently summarized into the following diagram

7094),(Z2) eVec

. o - ° 7 7
Rep(Z2)={Z09), T(-)} T o 1) Vec(Za)={T%2), T(Z2.:-)}

Z(22),(d) cVec
(3.84)

where 0-cells denote the objects, which are 2d TQFTs. 1-cells de-
note 1-morphisms, which are I symmetric topological inter-
faces. Note that from (3.31), the category of 1-morphisms from
T o T o g, differs from the category of 1-morphisms from
Tr‘z‘)’ to Tr‘o"
Therefore to reduce clutter, we can simply employ a left-right
arrow notation and the diagram above can be simplified to be

o

by flipping the sign of the Schur multiplier.

Vec

Rep(Zz2) — Vec(Zz2)

[ ]
id Z
T (i) T(Z2) os5)

In the physics literature, such a 2-category has appeared in the
studies of toric code, see e.g. [26, 28].

3.2.4. Example: TO = S,

Let us now consider 2d TQFTs with S; 0-form symmetry.
Presentation of S;: We represent S, as

S, ={1,a,d? b, ab, a’bh} (3.86)

where a is an order 3 element, b is an order 2 element and we
have the commutation relation

ba = a’b (3.87)
The subgroups of S; are

zb={1,b},

= {1,a%b}, (3.88)

Z,={1,a,d}, 7% ={1,ab},

along with the trivial subgroup and the whole group.

Minimal 2d TQFTs with S; 0-Form Symmetry: The minimal
2d TQFTs with S; symmetry are as follows. First of all, we have a
theory
T (3.89)

which has a single vacuum in which all of S, is preserved. Then,
we have a theory

T@) (3.90)
which has two vacua, both preserving the Z, subgroup; a theory

T, (3.91)
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which has three vacua, and in each vacuum v, a different Z, sub-
group Zg”h fori=1,2,3is preserved; and a theory

TIS) (3.92)

having six vacua and no subgroup is preserved in any of
the vacua.

Fusion of Objects: To compute the fusion, we follow the same
logic that led to the result (3.24) for abelian I'®, but now for non-
abelian I'® = S,. First of all, the fusion of T2) with itself is com-
puted in the same way as in the 9 = Z, example discussed pre-
viously

T @ T = 2T%) | (3.93)

Now consider T(%2) @ T(%). Since the intersection of the Z; sub-
group of S, with any of the Z, subgroups of S, is trivial, no non-
trivial element of S; is preserved in any of the six vacua of the
resulting theory. Moreover, these six vacua lie in a single orbit of
S;, leading to the fusion rule

T2 @ TW) = T @ T2 = T(S) | (3.94)

For TZ2) @ T!53), no non-trivial element of S, is preserved in any
of the 12 vacua, and these vacua form two orbits of six vacua each,
leading to

TZ2) @ T:) = T(S3) @ T(%2) = 2T(Ss) (3.95)

Now, consider T%) @ T3). We have 9 vacua, which we describe
as pairs (v;, v;), where such a pair describes the vacuum obtained

by fusing the vacuum v; of the first T2 the with the vacuum v,

of the first T®). In any of the three vacua (v;,v;), the Z;Hb sub-
group of S, is preserved, and these vacua lie in a single orbit. The
remaining six vacua (v;, v;) for i # j have no preserved symmetry
and form a single orbit. Thus, we obtain the fusion rule

TZ) @ T@) = T@) @ TS3) (3.96)

Following the same logic as before, the remaining fusion rules
are

T@) @ TS = T @ T@) = 3T(S3) (3.97)

T @ T(5) = 6T | (3.98)

Burnside-Ring Perspective:  Let us briefly comment on the re-
lated computation using the Burnside ring (there is no twist-
ing in this case). The isomorphism classes of S;-sets is given
by translating T(®/H) into [H]. Then e.g. we compute the fusion
[Z,] X [Z,] by applying the definitions. The G-orbit for [Z,] is sim-
ply a 3-element set acted upon by S, by permutations. Writing out
[Z,] X [Z,] explicitly, we can easily see this 9-element set consists
of two G-orbits, namely

(2,1 x[Z,] = [Z,] + [{e)]- (3-99)

Fortschr. Phys. 2022, 70, 2200143 2200143 (13 of 33)

www.fp-journal.org

From the table of marks my ,,; (H;) computed using [34], we can

immediately derive the fusion from (3.40) to be:

|ms3/Hl(Hj)”1|Zz|Z3|S3|

S,/1 |6

S./Z, |]3

S,/Z, (2]0]2
S./S, 111

XK K] 2] [IZ1](S))

B EECEECG

3(AN|Z,]+ (]| ()] |[Z] (3.100)
z

]
(Z;] [2[a)]] [e)] |2[Z;]
] K] (2] |[Z:]][Ss

These are in agreement with the fusions discussed above.
1-Morphisms: Let us first discuss the 1-endomorphisms.

1. The 1-endomorphisms of T are described by the category

Rep(S,) (3.101)
as both sides of the interface preserve the full S; and hence
we can dress the interface with a representation of S;.

2. The 1-endomorphisms of T?2) are described by the category
Rep(Z,) (3.102)
as both sides of any underlying interface preserve Z, and
hence we can dress the interface with a representation of Z,.

3. The 1-endomorphisms of T3 are described by the category

Rep(Z,) ® Vec, (3.103)

where the Rep(Z,) part comes from the vacuum pairs (v;,v;)
for which both sides of the interface preserve the same Z,
subgroup allowing us to dress it by a representation of Z,,
and the Vec part comes from the vacuum pairs (v, ;) for i #
j for which the subgroups preserved on the two sides of an
interface have no non-trivial intersection.
4. The 1-endomorphisms of T(%3) are described by the category

6% Vec, (3.104)

because there are no preserved symmetries and the vacuum
pairs form 6 orbits.

Other 1-morphisms involving the identity object are S; sym-
metric boundary conditions which can be described for various
cases as follows:

¢ 1-morphisms from T%) to T(9 and from T to T(%2) are de-
scribed by
Rep(Z;) (3.105)

as that is the subgroup preserved by T(%2).
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¢ 1-morphisms from T%) to T and from T to T%) are de-
scribed by

Rep(Z,) (3.106)

as that is the subgroup preserved by T(%s).
® l-morphisms from T(5) to T4 and from T to T3) are de-
scribed by

Vec (3.107)
as no symmetry is preserved by T(5:).
The remaining 1-morphisms are as follows:

e 1-morphisms from T%2) to T%3) and from T%3) to T(%) are de-
scribed by

Vec (3.108)

as the subgroups preserved on the two sides of an interface
have no non-trivial intersection, and all the interfaces lie in a
single orbit.

¢ 1-morphisms from T%) to T%) and from T(5) to T%) are de-
scribed by

2% Vec (3.109)

as the subgroups preserved on the two sides of an interface
have no non-trivial intersection, and the interfaces form 2 or-
bits.

® l-morphisms from T3 to T®3) and from T(5) to T%3) are de-
scribed by

3 x Vec (3.110)

as the subgroups preserved on the two sides of an interface
have no non-trivial intersection, and the interfaces form 3 or-
Dits.

The examples so farI'® = Z, or S, did not have any non-trivial
cocyles. In appendix B we discuss the structure of 2Rep(I'?)) the
simplest example with non-trivial cocycle, where 'O = 7, x Z,.
This 2-category is summarized in Figure 10.

3.3. 2d TQFTs with 1-Form Symmetry

Making a 2d TQFT 1-Form Symmetric: Let T) be a finite
abelian group. A 2d TQFT T, characterized by an integer » ac-
quires aI'™ 1-form symmetry if one specifies a monoidal functor

Cy(T") — Mat, (Vec), (3.111)

where Cy(I'") is the monoidal category defined in appendix A,
see also [29] sections 2.3 and 2.11. This means that we specify, in
T, alocal operator O, for every y € I'") such that
0,0, =0,, (3.112)
forally,y’ e T'™,

Classification of 2d TQFTs with 1-Form Symmetry and SPT
Phases:  We can project these local operators to local operators

Fortschr. Phys. 2022, 70, 2200143 2200143 (14 of 33)
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O, ; living in each vacuum i. These projected local operators also
satisfy group multiplication for I'M. Thus, we can describe any
'Y symmetric 2d TQFT as a direct sum of 2d SPT phases pro-
tected by T 1-form symmetry, which are IV symmetric 2d TQFTs
having a single vacuum. For such a phase, we have O, € C and
hence 2d SPT phases protected by 'Y 1-form symmetry are clas-
sified by the group ') of characters of IV,

A general 2d TQFT with T'™ 1-form symmetry can be ex-
pressed as

é SPT,,
i=1

where SPT, describes the SPT phase for 1-form symmetry appear-
ing in the i-th vacuum of the TQFT, which is labeled by an ele-
ment q; € .

2-Category of 2d TQF Ts with 1-Form Symmetry:  2d TQFTs with
') 1-form symmetry form the fusion 2-category 2Vec;, which

(3.113)

is the 2-category formed by ﬁﬁgraded finite semi-simple cate-
gories. The correspondence is again made via boundary condi-
tions. We write a 2d TQFT with 'V 1-form symmetry as

@ n.seT,,

where SPT, is the SPT phase associated to element o € o). Its

boundary conditions form a ro graded finite semi-simple cat-
egory, such that the finite semi-simple category in the grading
a has n, simple objects. The 1-morphisms of 2Vec; describe
topological interfaces invariant under 'Y 1-form symmetry. Such
topological interfaces connect vacua with the same characters.
Thus, there is a single simple 1-endomorphism of each SPT,,
while there is no 1-morphism from SPT, to SPT for a # .
Example: TV =7, x Z,: Let us describe minimal 2d TQFTs

with ') = Z, x Z, 1-form symmetry. The group of characters is

(3.114)

o~

Mm=z,x7,. (3.115)

We label these four characters by (+1,+1) where a +1 entry
means that the character for the corresponding Z, in T'W is trivial,
while a —1 entry means that the character for the corresponding
Z, in TW is non-trivial. Thus, there are four minimal 2d TQFTs

with Z, X Z, 1-form symmetry
T, TG, TO, TV (3.116)

corresponding respectively to characters (1, 1), (-1,1), (1, —1) and
(=1, =1). The fusion rules of these TQFTs follows the multiplica-
tion of these characters.

3.4. 2d TQFTs with Split 2-Group Symmetry

3.4.1. 2-Categorical Structure

A split 2-group symmetry comprises of a finite 0-form symmetry
group I'” and a finite abelian 1-form symmetry group TV, along

with an action

p: TO = Autr®) (3.117)
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OA OP”«’() ('Yl)

Y1

L., L

Figure 6. Permutation action of the lines L, on the local operators O, ,

Y0

where y; € T0). Here Py IS the permutation action of I'® on ().

of 0-form symmetry I'% on 1-form symmetry I'M. Such a 2-group
symmetry corresponds to the monoidal category Cro (I', p) de-
fined in appendix A, see also [29] sections 2.3 and 2.11.

Equipping a 2d TQFT with Split 2-Group Symmetry: A 2d
TQFT T, characterized by an integer n acquires a Crq (T, p) split
2-group symmetry if one specifies a monoidal functor
Cro(TY, p) — Mat, (Vec) . (3.118)
This means that we specify, in T,, line operators L, for all y, €
', local operators OYO:Y(’) living at the junction of L., Lyé and LW(,),
and local operators O, forall y; € 'V such that:

® The lines fuse according to the group law of the 0-form sym-
metry group 0

o =
L LV{) L/o 7

. (3.119)

® The junction local operators O, satisfy the associativity con-
dition shown in Figure 4.

® The local operators O, fuse according to the group law of the
1-form symmetry group 'V

OV] OV{ = Ohh’ (3120)

® L, lines permute O, local operators as shown in Figure 6.

2d SPT Phases Protected by Split 2-Group Symmetry: Let us
discuss 2d SPT phases protected by Cro (T, p) 2-group symmetry,
which are 2d TQFTs with Cr (I, p) 2-group symmetry having
only a single vacuum. Such a 2-group SPT is specified by the fol-
lowing data:

1. AnSPTphasea € HX(I'®, U(1)) for the T 0-form symmetry.

2. An SPT phase for the 1-form symmetry which is left invari-
ant by the I'” action. Such an SPT phase is specified by an
element

o~

p € Inv,(CD), (3.121)

where Inv;(l:a)) is the subgroup of I'0) left invariant by the
action p of I'¥) on I'D dual to the action p of I on T,
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Minimal 2d TQFTs with Split 2-Group Symmetry: Generaliz-
ing the above discussion, a minimal 2d TQFT with Cro (I', p)
2-group symmetry is specified by the following data:

1. A minimal 2d TQFT T , having I'® 0-form symmetry.

2. SPT phases SPT; for I'V 1-form symmetry, where 1 <i <
[T /T, arising in the various vacua of T ,. The SPT
phase SPT; must be described by an element

p, € Tnv,,(CD), (3.122)

where Inv,, (l:a)) is the subgroup of [0 left invariant by the

A~ !/
action p; of the spontaneously preserved subgroup FEO) =10’

— !
of I'% on I'V) dual to the action p/ of FEO) on I'M obtained by
!
restricting the action p of ¥ on W to T (io) C I'9. Moreover,
we must have

Bi=vb, (3.123)
where y; - §, is obtained from g, by acting by the element
y; € T, which is a representative of the class [y,] € [* /T’
relating the vacuum i to vacuum 1.

In other words, in a particular vacuum v of T ,, we choose
a 1-form SPT phase left invariant by the spontaneously pre-
served subgroup I'®’ of ¥, The 1-form SPT phase in any
other vacuum V' is obtained by simply acting on the SPT phase
realized in v by an element of I'” taking v to v/'.

Let us denote such a minimal Cr (I'W, p) symmetric 2d TQFT

as T, where {FEO),:ﬁi} is the list of preserved 0-form

T 5y
symmetries and 1-form SPT phases in each vacuum. Then, an
arbitrary 2d TQFT with Cro (T'W, p) 2-group symmetry can be ex-
pressed as

T o 0)’
@ F‘[) ,a,,[l"('l) Bri}

I,

(3.124)

by taking direct sums of the above minimal TQFTs.

2-Category of 24 TQFTs with Split 2-Group Symmetry: Such
2d TQFTs are expected to form the fusion 2-category of 2-
representations of the 2-group which we denote by

2Rep(Cro (I, p)) . (3.125)
In this paper, we do not describe the structure of this 2-category
in detail, but it can be determined as in other cases using the
knowledge of underlying TQFTs without symmetry.

Fusion of Objects: Let us illustrate this by describing the fu-
sion of objects in 2Rep(Cre (I'Y, p)) for abelian T'®. Consider
stacking two minimal TQFTs Teor, . and T, By where
we have labeled the vacua of first TQ FT’by i and the vacua of sec-
ond TQFT by 4, and we have dropped the labels F(l(?, and T’ (2(1, as
F(loz’ = F(lo), for all i and F(z(l)z, = F(ZO), for all a. Following our pre-
vious analysis, we learn that the resulting TQFT is a direct sum
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of n;, number of minimal TQFTs, where n,, is given in equa-
tion (3.20). We can thus write

M

T a1 © TH ) = @ LT (3.126)

where Ffl"z" is given in (3.19), ay, is given in (3.21), 1 <x <
T/ F(loz) | are the vacua of the I-theory, and g, are 1-form SPT
phases in these vacua which can be easily determined as follows.
As discussed earlier, the vacua of the I-th theory lie in a partic-
ular orbit of vacua {(i, 4)} under the 'O action. Pick a vacuum
x = (i, a) in this orbit. Then we have
Bria = Pri+ B (3.127)
1-Morphisms: Let us describe the 1-morphisms for abelian

rO from T o to T o . Such 1-morphisms form the
roay, 0, ot

{1} {8

1-category
0’
i, xRep,, (1)), (3.128)

where af, is given in (3.32), l"(loz)/ is given in (3.19) and n’, are
the number of orbits formed by vacuum pairs (i, ) with i being a

vacuum of Tr‘l"",al,{ pit and a being a vacuum of TF‘IO"Yaly{ hy such
that
Bri= Py (3.129)

This is because a Cro (I, p) symmetric interface needs to also
be I'™ symmetric, and hence can only arise between vacua car-
rying the same character for 'V, The composition and monoidal
product on 1-morphisms is determined in exactly the same way
as for 2d TQFTs with 'O 0-form symmetry.

3.4.2. Example:TO = 7,, T = 7, X Z,, p = Exchange

Consider a 2-group comprising of 0-form symmetry group I'® =
Z,, 1-form symmetry group ') = Z, X Z, and the non-trivial el-
ement of I'” acting on 'V by exchanging the two Z,s, while leav-
ing the diagonal Z, invariant.

SPT Phases: Let us first describe 2d SPT phases protected by
this 2-group symmetry. There is no non-trivial 0-form SPT phase
for Z,. On the other hand, the only characters in ro = Z,x7Z,
invariant under the I'® action are (1,1) and (-1, —1). Thus we
obtain two SPT phases that we denote as
T TV (3.130)
where T ig trivial 2-group SPT, while T) is a non-trivial 2-
group SPT.

Other Minimal TQFTs: Other possibilities for minimal 2d
TQFTs with this 2-group symmetry arise from the Z, gauge the-
ory discussed earlier, corresponding to choosing I'®’ to be the
trivial group. This theory has two vacua with no 0-form symme-
try preserved in either of the two vacua. Let us label these two
vacua as v; and v,. In vacuum v;, we can choose any SPT phase
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for 1-form symmetry. The 1-form SPT phase appearing in v, is
then obtained from the 1-form SPT phase in v; by acting by the
Z, action. Thus, we have four options:

. v, carries characters (1, 1). v, carries characters (1, 1).

. v, carries characters (—1, —1). v, carries characters (—1, —1).
. v, carries characters (1, —1). v, carries characters (-1, 1).

. v, carries characters (-1, 1). v, carries characters (1, —1).

AW N =

However, the third and fourth options describe the same TQFT
as can be seen by relabelling the vacua. Thus, we only need to
consider the first three options. We label the three resulting 2-
group symmetric minimal 2d TQFTs as respectively
T@) TVz) 60, (3.131)

Fusion of Objects:  Let us compute the fusion rules. All the fu-
sions are commutative, so we only display a single ordering of
the objects being fused below. First of all,
T @ TO = TO (3.132)
for any minimal TQFT T%. Fusion with the non-trivial SPT phase

changes the signs of all characters. As a consequence, the SPT
phases close under the fusion with

TV @ TV = T (3.133)
and we have

TV @ T@) = T(Vz,) (3.134)
TV @ TVz) = T(Z2) (3.135)
TV @ T = T@) | (3.136)

Now let us consider the fusion of TQFTs having 2 vacua. As
we know from before, we obtain two orbits. One of the orbits
is {(v1,v1), (v,,v,)}, while the other orbit is {(v,,,), (v,,v;)}. The
character associated to vacuum (v;,v,) is obtained by taking the
character for v; in the first theory and multiplying it with the char-
acter for v, in the second theory. This leads to the following fusion
rules

TZ) @ T@) = 2722 (3.137)
TV2) @ TZ) = 27(Vz,) (3.138)
T2) @ TV2) = 2T(%) (3.139)
TZ) @ TA) = 2T(59) (3.140)
TV2,) @ T59) = T80 (3.141)
T @ TO = T@) @ T(Vz,) | (3.142)
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1-Morphisms: The 1-morphisms are as follows. The simple
1-endomorphisms of T are
7, 70 (3.143)
with Z0 corresponding to the trivial representation of 1’ = 7,
and I corresponding to the non-trivial irreducible representa-
tion of 1©" = Z,. Similarly, the simple 1-endomorphisms of T(")
are
v, ") (3.144)
with () corresponding to the trivial representation of ' = Z,
and I corresponding to the non-trivial irreducible represen-
tation of I'©" = Z,. There are no 1-morphisms between T and

T because they carry different 1-form SPT phases.
There is a single simple 1-morphism

700.2) (3.145)
from T to T%2), and a single simple 1-morphism
yA L (3.146)

from T2 to T4 just as for 2d TQFTs with Z, 0-form symmetry.
Correspondingly, there is a single simple 1-morphism

Z0Yz,) (3.147)
from T) to T"2), and a single simple 1-morphism
72, (3.148)

from T("2) to T), There are no 1-morphisms between T and
T%) and between T(") and T?2). For similar reasons, there are
no 1-morphisms between T and T(59), and between T(") and
T(SC).

As for the case of 2d TQFTs with Z, 0-form symmetry, we have
two simple 1-endomorphisms
%), 1(%7) (3.149)
of T%), with T(%2) being the identity under composition. Simi-
larly, we have two simple 1-endomorphisms
1Vz), 70V2) (3.150)
of TVz) with 1("2) being the identity under composition. On the
other hand, we have a single simple 1-endomorphism

69 (3.151)

of T59) which is the identity under composition. This is essen-
tially because the two vacua of T carry different 1-form SPT
phases, unlike the vacua of T%2) and T"), Finally, there are no
cross 1-morphisms between T(%2), T(Vz2) and T(59),

The compositions and monoidal products of these 1-
morphisms can be figured out similarly to the case of 2d TQFTs
with Z, 0-form symmetry.
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3.4.3. Example: T® = 7,, T = Z,, p = Charge Conjugation

Consider now a 2-group comprising of 0-form symmetry group
% =27,, 1-form symmetry group I') = Z, and the non-trivial
element of T® acting on 'Y by exchanging the two generators of
Z,, while leaving the Z, subgroup of Z, invariant.

SPT Phases: Let us label the characters in ['0) = Z, as
{1,i,-1, —i}. The only characters invariant under the I'” action
are +1. Thus we obtain two SPT phases that we denote by
T, TM), (3.152)
where T is trivial 2-group SPT corresponding to the character
+1, while T) is a non-trivial 2-group SPT corresponding to the
character —1.

Other Minimal TQFTs: Other possibilities for minimal 2d
TQFTs with this 2-group symmetry again arise from the Z, gauge
theory. Again, in vacuum v;, we can choose any SPT phase for 1-
form symmetry. The 1-form SPT phase appearing in v, is then
obtained from the 1-form SPT phase in v, by acting by the Z,
action. Thus, we have four options:

. v, carries character 1. v, carries character 1.

. v, carries character —1. v, carries character —1.
. v, carries character i. v, carries character —i.

. v, carries character —i. v, carries character i.

A WN R~

However, the third and fourth options describe the same TQFT
as can be seen by relabelling the vacua. Thus, we only need to
consider the first three options. We label the three resulting 2-
group symmetric minimal 2d TQFTs as respectively
T@), TVz) T (3.153)
The reader can check that the fusion rules are the same as in the
previous example. The spectrum of 1-morphisms, their compo-
sitions and monoidal products are also the same as in the previ-
ous example.

3.4.4. Example: T® = S, T = Z, x Z,, p = Permutation

Next consider a 1-form symmetry 'Y = Z(ZS) X Z(zc), with the di-
agonal Z!"), and a 0-form symmetry I'%) = S; acting by p which is
permuting the labels {S, C, V}. An example of such a theory hav-
ing this 2-group symmetry is given by a pure Spin(8) Yang-Mills
theory in any spacetime dimension.

SPT Phases: A 2d SPT phase protected by this 2-group sym-
metry must arise from the trivial SPT phase for the S; 0-form
symmetry, which preserves all of S;. The Z, x Z, 1-form SPT
phase participating in such a 2-group SPT phase must be de-
scribed by the character (1, 1) as it is the only character that is
invariant under the full S, action.

Thus, we have only a single 2d SPT phase

T (3.154)

protected by this 2-group symmetry, which is the trivial
SPT phase.
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Other Minimal TQFTs:  Let us consider possible 2-group sym-
metric minimal 2d TQFTs arising from the 2d TQFT T%2) with S,
0-form symmetry. This theory has two vacua and in each vacuum,
the Z, subgroup of S; is preserved. Thus, the Z, X Z, character
carried by each vacuum must be (1, 1) as it is the only Z, invari-
ant character. Thus, we obtain only a single 2-group symmetric
minimal 2d TQFT which we denote by

TZ) (3.155)

Now consider 2-group symmetric minimal 2d TQFTs arising
from the 2d TQFT T%) with S; 0-form symmetry. This theory
has three vacua with each vacuum preserving a different Z, sub-
group of S;. One possible choice of characters is the trivial charac-
ter (1, 1) in each vacuum, leading to the 2-group symmetric min-
imal 2d TQFT that we denote by

T@) (3.156)

Another choice is to have character (-1, —1) in vacuum v;, which
is invariant under Z! as the element b exchanges the two char-
acters. This induces corresponding invariant characters (1,-1)
and (-1, 1) for the other two vacua. We are thus lead to another
2-group symmetric minimal 2d TQFT that we denote by
TISCW (3.157)
Finally, let us consider 2-group symmetric minimal 2d TQFTs
arising from the 2d TQFT T with S, O-form symmetry. We
again have the trivial choice of characters for each of the six vacua,
leading to the 2-group symmetric minimal 2d TQFT that we de-
note by

T (3.158)

Since no vacua has any non-trivial preserved symmetry, we can
also choose a non-trivial character in a vacuum. Then all the other
possible non-trivial characters arise in the other five vacua. So, we
have a single 2-group symmetric minimal 2d TQFT coming from
non-trivial choices of characters, that we denote by
TECVE) (3.159)

Fusion of Objects:  Let us compute the fusion rules. All the fu-
sions are commutative, so we only display a single ordering of
the objects being fused below. First of all,
T @ TO = TO (3.160)
for any minimal TQFT T. Moreover, the fusion rules of T\%2),
T#) and T(3) among themselves are the same as in Section 3.2.4.
We only discuss other fusion rules below. These fusion rules are
obtained by dressing the right hand sides of the fusion rules of
Section 3.2.4 by extra characters.

First of all, we have
TEY @ T#2) = TEV2) | (3.161)
To see this, note that every vacuum carries a non-trivial character
and there is a single orbit of vacuum pairs.
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Then, we have

T(SCV) ® T(Z;) — T(SCVZZ) @ T(SCV) i (3.162)
which can be understood by noting that any vacuum pair carries
non-trivial characters. Similarly, we find
TSEY) ® TEEY) = T(Zs) @ T(SCVZZ) , (3.163)
which can be understood by noting that a vacuum pair of the
form (v;,v;) carries trivial characters giving rise to T%3) on the
right hand side, and a vacuum pair of the form (v;, ;) for i # j
carries non-trivial characters giving rise to T*“"%) on the right
hand side.

Then, we have
TEV @ T = 3T6V2) | (3.164)
because we have a non-trivial character for each vacuum pair.
Similarly, we have
TEV @ TECVz) = T(5) @ 2Tz | (3.165)
This follows from the fact that two of the orbits of vacuum pairs
carry non-trivial characters, while one orbit does not.

Finally we have
T(5CVz,) ® TEVzZ,) = 2T(S3) 1) 4T(8CVzZ,) (3.166)
as four out of six orbits have non-trivial characters.

1-Morphisms: The 1-morphisms not discussed in Sec-
tion 3.2.4 are as follows:

e There are no 1-morphisms between objects T(¢V), T5<V2,) in.
volving non-trivial characters and other objects involving triv-
ial character.

e Let us discuss the 1-endomorphisms of T“Y). As discussed
in Section 3.2.4, the underlying S; symmetric 2d TQFT T(%)
has 1-morphisms given by Rep(Z,) coming from connecting
vacua (v;, ;), and 1-morphisms given by Vec coming from con-
necting vacua (v;, ;) for i # j. Once the characters are included,
we can make the connections (v;, v;), but not the connections
(v;, V). Thus, the 1-endomorphisms of T®") are described by

SCV)

Rep(Z,) . (3.167)
Let us denote the two simple 1-endomorphisms of T(5V) as
yARRY A (3.168)

These simple 1-endomorphisms form a Z, group under com-
positions, with Z(5%~) being the non-trivial element.

o Similarly, we can discuss the 1-morphisms between T(5Y) and
TCV2) The underlying morphisms between T%3) and T(5) are
3 X Vec, out of which only a single Vec survives once the char-
acters are taken into account. Thus, the 1-morphisms between
T(CY) and TEV2) are described by

Vec. (3.169)
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® Finally, in a similar way we find that the 1-endomorphisms of

TECV22) are described by

2 x Vec. (3.170)

Fusion of 1-Morphisms: In the remaining part of this subsec-
tion, let us describe how to compute monoidal product on above
1-morphisms. We will illustrate the procedure by computing the
products of the 1-morphisms Z(5V), 7(5¢V-),

The result of any such product is a 1-endomorphism of
T) plus a 1-endomorphism of TVz), since there are no
1-morphisms between T@) and T®Vz), The resulting 1-
endomorphism of T%) must lie in the Rep(Z,) part of the 1-
endomorphism category Rep(Z,) @ Vec since both TG") and
15¢¥-) connect v; with v;. For the same reason, the resulting 1-
endomorphism of T®'2) must lie in one of the Vec parts of the
1-endomorphism category 2 X Vec.

In more detail, we obtain

16V @ TV = 1) g 715Vz,) (3.171)
IV @ T1CV) = 1W@sm) @ 7(5CVz) (3.172)
IV @ T(CV-) = T2 @ 715CVz,) | (3.173)

where 71%), TZ57) are the simple 1-endomorphisms of T%) liv-
ing in the Rep(Z,) part, and °'2) is a simple 1-endomorphism
of TY2) living in one of the Vec parts. In particular, 7% and
ICV%) are the identity 1-endomorphisms under the composi-
tion of 1-endomorphisms. On the other hand, Z%s~) composes
with itself to give rise to 71%3),

As discussed at the end of the Section 5.3.2, the 2-category be-
ing discussed in this subsection arises as symmetry category of
pure 4d Spin(8) X S, gauge theory. This symmetry category was
discussed by other methods in [3], but it is quite difficult to com-
pletely determine the fusions of Z(5¢V), T(5¢%-) using the method
described there. On the other hand, we are easily able to compute
these fusions as described above. Moreover, we are able to include
the condensation surface defects and topological lines living on
them in these computations, which were not discussed at all in

(3):

3.5. 2d TQFTs with Non-split 2-Group Symmetry

A more general 2-group which is not split carries also a Postnikov
class

[w] € H} (I, 1), (3.174)
which is a degree three class in the group-cohomology of '
with coefficients in T, twisted by the action of p. Such a 2-
group symmetry corresponds to a monoidal category C7’, (", p)
defined in appendix A, see also [29] sections 2.3 and 2.11., where
w € Z(I'Y,T") is a representative cocycle for the Postnikov class
[@]. The categories C, (I'"), p) for different choices of representa-

tives w are equivalent. We make a specific choice of @ below, but
the results obtained for different choices of @ are equivalent.
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Equipping a 2d TQFT with Non-Split 2-Group Symmetry: A
2d TQFT T, characterized by a positive integer n acquires a
o o 4 . .
C; (TY, p) 2-group symmetry if one specifies a monoidal functor

()

Cw

T

(T, p) - Mat, (Vec) . (3.175)
This means that we specify, in T, line operators L, for all y, €
', local operators 0, living at the junction of L, , L, and L, .,
and local operators O, for all y; € I'") such that

® The lines fuse according to the group law of the 0-form sym-
metry group '

L OLy(;)zL

Yo

Yo7, (3.176)
® The local operators O, fuse according to the group law of the
1-form symmetry group 'V

OO!ZOr

nn nrn

(3.177)

® L, lines permute O, local operators as shown in Figure 6.

® The junction local operators Oy, satisfy the associativity con-
dition shown in Figure 7, which involves appearance of O,
local operators.

2d TQFTs with Non-Split 2-Group Symmetry: The above data
can also be summarized as follows:

1. Firstof all, each LJ/o permutes the n vacua in some way, giving
us a homomorphism
c: TO > s, (3.178)
from 0-form group I'” to the permutation group S, of n ele-
ments. This also provides an action of ¥ on the group (C*)"
of all local operators of T, as each C* subfactor of (C*)" cor-
responds to a particular vacuum.

2. The operators O, provide a homomorphism

1
g: TH - ()", (3.179)
which needs to commute with the action of IT'® on '™ and
(.

3. Finally, the junction operators O, , provide a % 2-cochain «
valued in (C*)". The associativity condition requires that
5,0 = ), (3.180)

where 8 a is the (C*)" valued I'®) 3-cochain obtained by acting

on a with the differential twisted by the action p and f(w) is

a (C*)" valued T 3-cochain obtained by applying the homo-

morphism g on the I'™ valued 'O 3-cochain w.

Thus, 2d TQFTs with €7, (I'Y, p) 2-group symmetry are speci-
fied by quadruples

(n,0, B, a) (3.181)
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Figure 7. Associativity condition satisfied by line operators L, and local operators OVWé for a non-split 2-group symmetry. On the right hand side, we

obtain an additional operator O, where yy = w(ro, Yo Vo) € rm,

satisfying the above conditions. Two TQFTs specified by quadru-
ples (n,0,p,a) and (v, ¢’, f', ') are isomorphic if the following
conditions hold:

1. n=n.

6’ = wox~! for some element z € S,

3. p' = p,(P) where p, is the automorphism of (C*)" obtained
from 7 acting on the n vacua.

4. ' +6,,c =p,(a)+6, c, where §, is the differential twisted
by the action p; of T© on (C*)", and ¢, ¢’ are (C*)" valued T'®
1-cochains.

N~

These 2d TQFTs with 7, ('Y, p) 2-group symmetry form
objects of the 2-category of 2-representations of the 2-group
Cfy (T, p), which we denote as

2Rep(C, (TY, p)) . (3.182)
The structure of this 2-category is discussed in [35], where the
classification of the objects also appears.
2d SPT Phases Protected by Non-Split 2-Group Symmetry:
In particular, the inequivalent 2d SPT phases protected by
Clly (TM, p) 2-group symmetry, or in other words single-vacuum
2d TQFTs with €7, (", p) 2-group symmetry, are specified by:
1. A 1-form SPT phase left invariant by the 0-form action, which
is specified by a character
B € Inv;([D) (3.183)
as in the previous subsection, satisfying the additional condi-
tion that
p(lw])) =0 € H*(I'Y, U(1)) . (3.184)
2. An analog of a 0-form SPT phase, specified by an equivalence
class [a] of U(1) valued T'”) 2-cocycles, such that any represen-
tative « of [a] satisfies

sa = p(w) (3.185)
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and two representatives a, ' of [«] are related by

o =a+dc, (3.186)

where ¢ is a U(1) valued I'¥) 1-cochain.

This slightly refines the classification of 2-group SPT phases ap-
pearing in [36].

4. Relationship to Condensation Defects

We have studied above a 2-category
1" = 2Rep(I"7) (4.1)

of dual symmetries arising in a d-dimensional theory T /T'® ob-
tained after gauging I'”) 0-form symmetry of a d-dimensional the-
ory . This 2-category contains a sub-1-category

M = Rep(I?) (4.2)

describing the Wilson line defects in the gauged theory T /I'0).

In this section, we argue that all the surface topological de-
fects associated to objects of 2Rep(I"”) are actually condensation
defects. That is, they can be obtained by performing a general-
ized gauging of the Rep(I'”) categorical symmetry associated to
Wilson lines on a two-dimensional surface in spacetime. This
procedure has also been dubbed as higher-gauging in the recent
literature.[®”]

This will be demonstrated explicitly for abelian ['®. We first
show that the 2d TQFT with T'® 0-form symmetry associated to a
simple object of 2Rep(I"”)) can be described as a 2d gauge theory
with gauge group

Gcro (4.3)
and discrete torsion given by an element

[ag] € Hz(é, U(1)) . (4.4)
The corresponding topological surface defect can then be ob-

tained by gauging the G subgroup of the ro (d — 2)-form symme-
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try generated by the Wilson line defects along a two-dimensional
surface, with the discrete torsion for the gauging specified by [ag].

For non-abelian T'%), we will not be so explicit, but rather use
some more mathematical ideas coming from category theory to
argue that every simple object of 2Rep(I"”)) is a condensation de-
fect.

Finally, we will use these mathematical ideas to describe two-
dimensional condensation defects in any arbitrary quantum field
theory €. We argue that the two-dimensional condensation de-
fects and topological interfaces between them in € form the fu-
sion 2-category Mod(/3;), namely the 2-category formed by mod-
ule categories of By, where By is the braided fusion category
(with trivial braiding for d > 3) formed by topological line defects
of T.

4.1. 2d TQFTs with Abelian I'® as Gauge Theories

In this subsection, we show that any minimal 2d TQFT Ty,
with abelian T 0-form symmetry can be described as a 2d gauge
theory with discrete torsion.

4.1.1. Revisiting SPT Phases Protected by 0-Form Symmetry

We begin by describing a 2d SPT phase protected by abelian
r'® 0-form symmetry in a slightly non-traditional language
following." Consider such an SPT phase associated to an ele-
ment

[a] € H*(TV, U(1)) . (4.5)
Leta € Z2(I'9, U(1)) be a representative of [a], and define

e(g, ) = a(g,g)a(g .8 ") - (4.6)

From the fact that « is a cocycle, we can deduce that € is a bi-
homomorphism

e: TOXTO - U(1) (4.7)
with the additional property

elgg) =e€lg ' g)- (4.8)

It can be checked that changing the representative a does not
change e.

Conversely, given a bi-homomorphism e satisfying (4.8),
we can pick a I'% 2-cochain « satisfying (4.6). The bi-
homomorphism condition on e implies that « is a cocycle, and
different choices of « lie in the same cohomology class. Thus,
in conclusion, a bosonic SPT phase protected by a finite abelian
0-form symmetry group I'” is specified by a bi-character e satis-
fying (4.8).

The data of ¢ is encoded beautifully in the spectrum of defects
of the SPT phase. We have topological line defects L, labeled by
group elements g € I'%. Moreover, we have a topological local

Fortschr. Phys. 2022, 70, 2200143 2200143 (21 of 33)

www.fp-journal.org

operator O, living at the end of L, satisfying the following condi-
tions

Ly ——>—— — L, = Ly —
O, Og-1
Lg
Opt o0—>—— 0y = L[} =----mmmmmmmo-e
(4.9)

where the dashed line is the identity line. The bi-character e cap-
tures the charge of the operators O, under the 0-form symmetry
9. That is, we have

Lf]\ L(/l
Ly, = e(91,92) X Lgp ———
()!/z ()</z
(4.10)
Now, the condition (4.8) follows from
Lf]l Lﬁl
Oy, Oy,
Oy, Oy,
L!?l
= 6(92—1’ gl) X
()(1\
Ly ——>——
Oy,
(4.11)

where the top configuration on the right hand side arises by mov-
ing O, across L, , and the bottom configuration on the right hand
side arises by moving O, across L, . Thus, the condition (4.8) can
be understood as requiring mutual locality of operators O,.

€(g;, g,) can also be understood as the partition function of the
SPT phase on a torus T? with a I'” background turned on such
that we have g, holonomy along the A cycle of T? and g, holon-
omy along the B cycle of T2. This can be seen from the moves in
Figure 8, where the last partition function on a bare T? is trivial
for an SPT phase.
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L!h
LQQ
Ly1
= €(g1,92) X Ly, —
ng Oqgl
L!h
= 6(91792) X
()g;]
= €(g1,92) % Ly,
Ogl

www.fp-journal.org

Lgl
— ng - |
O!}z 0951
Lg,
Ly,
= €e(g1,92) % ——
Oy;l ng
L.(h
= 6(91792) X Oy,
ngl
= €(g1,92) %

Figure 8. T2-partition function with insertion of two topological lines, with e the bi-character.

Similarly, one can compute the partition function of the SPT
phase on a Riemann surface X, of genus g and background
holonomies g, g” along cycles A; and B; respectively, to be

g
Z[5, g g =[] (s 8") - (4.12)

i=1

o~

4.1.2. 2d T'© Gauge Theories
Now, we shift gears a little bit and discuss 2d gauge theories

with [0 gauge group in a similar language as above. A 2d ro

Fortschr. Phys. 2022, 70, 2200143 2200143 (22 of 33)

gauge theory has two dynamical fields: a, which isa 0 valued 1-
cochain, and b, which is a I'©) valued 0-cochain. The action takes
the form

S= zﬂ/ul U 6b,, (4.13)

where the cup product is taken using the natural pairing 0 x

% —» R/Z. The theory has a I'® 0-form symmetry and a ro
1-form symmetry. The two symmetries have a mixed 't Hooft
anomaly due to the fact that the topological local operators gen-
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Lo(5.) = G2(0(

g2

O~

g1

=5, (0(5:)) x

Figure 9. Mutual locality.

erating IO 1-form symmetry are charged under the I'” 0-form
symmetry. That is, we have

L

g

(4.14)

where we have picked arbitrary elements g€ I'®, § e I0),
and g(g) € U(1) is obtained by applying the homomorphism
g: TO > U1)toger.

The corresponding anomaly theory can be expressed in terms
of the background fields B, and A, for the 1-form and 0-form

symmetries as

A= exp(eri/ B, UA1> .

Note that there cannot exist a non-zero local operator living at
the end of any topological line defect L, with g # 1, otherwise g is
forced to satisfy g(g) = 1 for all g, which is a contradiction. Below

we discuss a generalization where L, can end.

(4.15)
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03,
Lo
O;,
Lo () .
g2

The generalization involves turning on a discrete theta angle,
which modifies the action to

S= 27[/ (@, U by +a,U0(a)), (4.16)
where 6 is a homomorphism

6: TO 10 (4.17)
such that

8(0(8)) =87"(0(2)) (4.18)

for arbitrary g,,g, € ro),
The theta angle term forces the topological local operator O;
to live at the end of the topological line operator Ly,

L)

O3 (4.19)

while the charge of O; under g € I'” is still g(g) € U(1). From
the mutual locality condition shown in Figure 9, we recover the
condition (4.18) on 6.

Let us define

ro" :=1m@) cro. (4.20)
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Here, 9 is the subgroup of topological line defects that can end.
Moreover the topological local operators O; for g € 0/ ro’ c

IO are unattached to any L, line. In other words, I'*) JTO ig
the 1-form symmetry group of the gauge theory. The 't Hooft
anomaly between I'® 0-form symmetry and I'0/T®" 1-form
symmetry is

A= exp<2m'/ #(B,) U A1> ) (4.21)
where
#: OO’ - 10 (4.22)

is the inclusion map.

Now consider the special case I'" = '), Since 10 =10 for
finite abelian I'”, in such a case § becomes an isomorphism be-
tween [ and 0. All O; operators are attached to the ends of

L, lines, and all L, lines can end. Thus a o gauge theory with
theta angle 6 being an isomorphism must be a I'?-SPT phase.
The bi-character € of T©) associated to the SPT phase is obtained
by simply equating the charges under I'® 0-form symmetry of
the local operators living at the ends L, lines

elgg) =07'(g)@), (4.23)
where
07" : 10 - 10 (4.24)

is the homomorphism inverse to 6. The additional requirement
(4.8) on ¢ is obtained from the additional requirement (4.18) on
0.

It should be noted that we do not get all the T'O-SPT phases
this way. For example, in the trivial SPT phase, none of the local
operators living at the ends of L, lines are charged under I'),
while in a [0 gauge theory with 0 being an isomorphism, every
such operator carries a non-trivial charge under I'®.

The above [0 gauge theory can be understood as the theory
obtained after gauging 0 0-form symmetry of a IO SPT phase
associated to a bi-character

&: TOxT0 - U(1) (4.25)
associated to 0 via
8@1@2) =§2(0<§1)) . (4.26)

The additional condition (4.8) that € needs to satisfy then follows
from (4.18).

4.1.3. General 2d TQFTs with O-Form Symmetry

Consider a minimal 2d TQFT with T'® 0-form Symmetry de-
scribed by a subgroup ' of [® and an element

[a] € HZ(F(")’, U(l)) . (4.27)
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The choice of [a] is equivalent to the choice of a bi-character
e: TO' %10 S Uy (4.28)

satisfying the condition (4.8) with ['®) replaced by I'®". This bi-
character provides a homomorphism

¢: 7O L0 (4.29)

This theory has a T /T0’ 1-form symmetry group such that the
topological local operators generating it are charged under the
% 0-form symmetry as

Lg Lg
« = g(nle) x -
O; O;
(4.30)
where g € F(O/)/F))’ and
x: TO - 10 /10’ (4.31)

is the natural surjective map. The topological line defects L, for
h e can end. Consider a topological local operator O living
at the end of L. Its charge under I'® describes an element of the
coset

G, :=1"(¢(h) G, (4.32)
where
TG H (4.33)

is the surjective map Pontryagin dual to the inclusioni: H — G.
Fusing O with operators O, for g € Fw)' leads to other local
operators living at the end of L, whose charges under I'® are
associated to other elements of the coset é\w

We can describe the above theory as a ¢ gauge theory, where

C=THcrv;, fil=Im@g)cro (4.34)
The theta angle

0:C—¢ (4.35)
is specified as

O0=iod ol (4.36)

where ¢! is the inverse of the isomorphism

d: H->H (4.37)
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descending from the map ¢. Such a gauge theory naturally has
a G 0-form symmetry, but it can be treated as a theory with '
0-form symmetry by using the surjective map I'® — G Pontrya-
gin dual to the inclusion ¢ — IO The theta angle 6 in (4.35)
describes the discrete torsion [ag] € H(G, U(1)) involved in the

9 gauging.

4.2. 2d TQFTs with Non-Abelian T'” as Generalized Gaugings

Now we consider the case of non-abelian I'©). As we have seen in
Section 3.2, a minimal 2d TQFT with % 0-form symmetry can
be identified with an indecomposable module category of Vec .
Such an indecomposable module category can also be identified
with an indecomposable module category of Rep(I'®). This is re-
lated to the fact that the categories Vecy and Rep(I'®) are Morita
equivalent (see appendix A).

On the other hand, an indecomposable module category of
Rep(I'”) provides the information for performing a generalized
gauging of a 2d topological system carrying Rep(I"¥)) categorical
symmetry. Consequently, any minimal 2d TQFT with '® 0-form
symmetry is obtained by performing a generalized gauging of the
trivial 2d TQFT equipped with Rep(I'?) categorical symmetry.

We can also take the 2d topological system appearing in the
previous paragraph to be the identity 2d defect in a d-dimensional
QFT /T obtained by gauging ' 0-form symmetry of a d-
dimensional QFT ¥. The Wilson line defects in T/T® coming
from this I'® gauging naturally equip the identity 2d defect of
< /T9 with Rep(I'?) categorical symmetry.

Hence, any two-dimensional condensation defect arising from
gauging this Rep(I'?)) categorical symmetry is identified with an
indecomposable module category for Vecy, which in turn is
identified with a minimal 2d TQFT carrying I 0-form symme-
try. Hence, any 2d defect in the 2-category C1 = 2Rep(I'®)) of
dual symmetries obtained by I'” 0-form gauging is a condensa-
tion defect.

4.3. 2d Condensation Defects in Arbitrary QFTs

We can generalize the mathematical arguments of the previous
subsection to describe two-dimensional condensation defects in
an arbitrary d-dimensional QFT €, which may or may not arise
by gauging of some other d-dimensional QFT.

Such a two-dimensional condensation defect is obtained by
performing generalized gauging of the categorical symmetry By
localized on the identity two-dimensional defect. The category
Bg can be identified with the category formed by topological line
defects of . For d = 3, B, is a braided fusion category with a
possibly non-trivial braiding. On the other hand, for d > 3, since
two lines cannot link, By is a braided fusion category with a triv-
ial braiding.

Now, as discussed in the previous subsection, such generalized
gaugings are associated to module categories for By. Thus, we
expect the two-dimensional condensation defects in  to form
the 2-category

Mod(Bg), (4.38)
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namely the 2-category formed by module categories of the 1-
category By. Moreover, since By is a braided fusion category,
the 2-category Mod(Bg) carries a monoidal structure and forms
a fusion 2-category.’! This is a consistency check because
one should be able to fuse condensation defects and hence
the 2-category formed by condensation defects must carry a
monoidal structure.

In this paper, we have studied extensively the structure of
Mod(Bg) for By = Rep(I'?), in which case we have

Mod(Bg) = 2Rep(I'7) . (4.39)

We have not studied the structure of Mod(5B5) for other By in
more detail, and doing so would be an interesting topic for fu-
ture works.

5. Gauging Sub-Symmetries and Gauge Theory
Applications

In the previous sections, we discussed that the (d — 1)-category
C;, describes symmetries in a d-dimensional theory T/S ob-
tained after gauging S symmetry of a d-dimensional theory &,
where S is either a higher-form or a higher-group symmetry. We
studied in detail the 2-categorical piece C;’ of C; ,, which is non-
trivial only if S is either a 0-form, 1-form or a 2-group symmetry.

In this section, we discuss that these results for C;’ allow us to
describe non-invertible 2-categorical symmetries of gauge theo-
ries in various spacetime dimensions. Some aspects of such non-
invertible symmetries of gauge theories have been studied previ-
ously by other methods. Our description of C; is consistent with
these previous results, and vastly extends the body of known re-
sults regarding these non-invertible symmetries.

We also discuss gauging sub-symmetries of higher-form and
higher-group symmetries. In certain scenarios, the symmetry
structure obtained after such a sub-symmetry gauging can again
be described in terms of the higher-categories C; . This allows
us to describe in detail non-invertible 2-categorical symmetries
of many other kinds of gauge theories. Our results are again con-
sistent with previously known results, and vastly extend the body
of known results regarding these non-invertible symmetries.

5.1. 2-Categorical Symmetries of Gauge Theories by S Gauging

It is easy to obtain finite 0-form, 1-form and split 2-group sym-
metries in gauge theories of arbitrary spacetime dimensions. A
class of such symmetries is obtained as follows. Consider a d-
dimensional gauge theory with a gauge group G which is a prod-
uct of simply connected Lie groups with all matter fields being
scalars. The gauge theory has 1-form symmetry group I'Y which
is a subgroup of the center of G and a 0-form symmetry group
I'® descending from outer-automorphisms of the semi-simple
gauge algebra. The 0-form symmetry group I'® has an action p
on the 1-form symmetry group 'Y descending from the action of
outer-automorphisms on the center of the gauge group G, giving
rise to a split 2-group symmetry G.
Now we can discuss three types of gaugings:
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1. Gauging ' leads to a d-dimensional gauge theory with gauge
group G/T'M. We obtain dual symmetries given by

Crtli

17 (5.1)

whose 2-categorical piece I simply describes the dual (d —
2)-form symmetry given by the group M), which is the well
known magnetic (d — 2)-form symmetry of the G/TM gauge
theory.

2. Gauging I'O leads to a d-dimensional gauge theory with dis-
connected gauge group G X I'?, We obtain dual symmetries
given by

o)
Cd—l ’

(5.2)
whose 2-categorical piece C} “ can be understood in great de-
tail using the analysis presented in Section 3.2 of this paper.

3. Gauging G leads to a d-dimensional gauge theory with dis-
connected gauge group (G/TW) } T©. We obtain dual sym-
metries given by

CG

1 (5.3)

whose 2-categorical piece Cy can be understood in detail using
the analysis presented in Section 3.4 of this paper.

Out of these three cases, only the second and third contain
non-invertible symmetries. Moreover, as discussed in Section 4,
the two-dimensional topological defects associated to the objects
of C} “ are all condensation defects, i.e. all of them can be ob-
tained from the identity two-dimensional defect by gauging the
categorical symmetry described by Wilson lines. Thus all the in-
formation is contained in the Wilson lines for I'”, which form
the category CI'” = Rep(I'”)). The most exciting case is the third
one, as Cy contains objects that correspond to non-invertible two-
dimensional topological defects that are not condensation de-
fects.

Let us consider the following examples realizing the third type
of gauging discussed above.

Example 1: PO(4N) Gauge Theory: Consider d-dimensional
pure gauge theory with gauge group PO(4N). This can be ob-
tained by gauging the 2-group symmetry of the Spin(4N) gauge
theory, which has ') = Z, x Z, and T'® = Z, acting on ') by
exchanging the two Z,s. The 2-category C’ of symmetries of the
PO(4N) theory is described in Section 3.4.2. The object TV) gives
rise to an invertible topological two-dimensional defect in the
PO(4N) theory and T9) gives rise to a non-invertible topologi-
cal two-dimensional defect in the PO(4N) theory. Both of these
are non-condensation defects. On the other hand, T'%2) gives rise
to a non-invertible topological two-dimensional defect which is a
condensation defect. Finally, the object T"2) is a non-invertible
topological two-dimensional defect which is not a condensation
defect, but it can be obtained by performing a gauging localized
along TV,

Example 2: PO(4N+2) Gauge Theory: Consider d-
dimensional pure gauge theory with gauge group PO(4N + 2).
This can be obtained by gauging the 2-group symmetry of the
Spin(4N + 2) gauge theory, which has TV =7, and I'0 = 7,
acting on 'Y by exchanging the two generators of Z,. The
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2-category CY of symmetries of the PO(4N + 2) theory is de-
scribed in Section 3.4.3. The invertibility vs. non-invertibility and
condensation vs. non-condensation properties of the resulting
topological two-dimensional defects are exactly the same as in
the previous example.

Example 3: PSO(8) X S; Gauge Theory: Consider d-
dimensional pure gauge theory with gauge group PSO(8) X S;.
This can be obtained by gauging the 2-group symmetry of the
Spin(8) gauge theory, which has TW =7, x Z, and T = S,
acting on 'Y by permuting the three order 2 elements in
Z, %X Z,. The 2-category Cy of symmetries of the PSO(8) X S,
theory is described in Section 3.4.4. The objects T'%2), T(%3) and
T give rise to non-invertible topological two-dimensional
defects in the PSO(8) X S; theory which are all condensation
defects. On the other hand, T gives rise to a non-invertible
topological two-dimensional defect which is not a condensation
defect. Finally, the object T¥“V2) gives rise to a non-invertible
topological two-dimensional defect which can be obtained by
performing a Z, gauging localized along TV,

5.2. Gauging 0-Form Symmetry inside a (d — 1)-Group
5.2.1. General Analysis

Consider a d-dimensional theory € with a finite (d — 1)-group
symmetry comprising of a finite 0-form symmetry group ') and
a finite abelian (d — 2)-form symmetry group I'*2, along with an
action p of T© on I'#-2),

Let us gauge I'” resulting in the theory T /I'?. We claim that
this gauging procedure converts the (d — 1)-group symmetry into
a (d — 1)-categorical symmetry described by the (d — 1)-category

C’I:(\O)/

17 (5.4)
where
0 = 12 5, T (5.5)

is an auxiliary O-form symmetry group. The semi-direct product
X; is taken according to the action 5 of ') on I'®-2 dual to the
action p of T® on I'#-2),

This can be seen by performing the ¥ gauging in two steps:

1. We first gauge the (d — 2)-form symmetry I'“-?, resulting in
the theory ¥ /T@2. The theory T/I"*? has a dual 0-form
symmetry given by the group [6-2, which combines with the
already present 0-form symmetry given by the group I'?, to
form a combined 0-form symmetry group given by group ro),
No other dual symmetries are created as (4 — 1) is the mini-
mum dimension at which a theory (in particular a TQFT) can
have a (d — 2)-form symmetry.

2. Then we gauge the 0 0-form symmetry of the theory
% /T'%2), This leads to the desired theory T /T,

The construction of T/T'® as TO) 0-form gauging of /T2

makes it manifest that the (d — 1)-group symmetry of T becomes
a (d — 1)-categorical symmetry given by C", in the theory T /T'®),
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In particular, the 2-categorical piece

17 = 2Rep(() (5.6)

of the CI"" symmetry of T/T'® can be analyzed following the re-
sults in Section 3.2 of this paper.

We know from Section 4 that all the objects of €] " describe
condensation defects. So, all the essential information regarding

cr “is captured in the 1-categorical piece cr @ of Cdr'_oi which is
given by

" = Rep(I0)). (5.7)

5.2.2. Application to 3d Gauge Theories

The above general analysis can be applied to 3d gauge theories by
recognizing ['*2 = I'" as the 1-form symmetry of the gauge the-
ory. From the analysis of the previous subsection, we know that
gauging I'® symmetry in the gauge theory leads to a 2-category
€1 of dual symmetries in the resulting G X I'¥' gauge theory.
The analysis of this subsection describes what happens to the 1-
form symmetry I'Y) under the I'? gauging process. We learn that
1-form symmetry ') provides extra contributions that enhance
the 2-categorical symmetry C}’ “ to a larger 2-categorical symme-
try described by the 2-category CT o,

As we discussed above, all the essential information regarding
the 2-categorical symmetry C1'” of the 3d G X ') gauge theory is
captured in the 1-category of symmetries obtained by restricting
the 2-category C1"” to its identity object. A different method for
computing this 1-categorical part was described in [3]. The results
obtained there are consistent with our result (5.7).

Let us illustrate the above general procedure below via a few
examples. We also discuss the match with the results of [3].

Example 1: 3d Pin" (4N) Gauge Theory: Consider the pure 3d
gauge theory with gauge group Pin* (4N). This theory can be con-
structed by gauging Z, outer-automorphism 0-form symmetry of
the pure 3d Spin(4N) gauge theory. In this case we have

IO = (Z,x Z,) X Z, = Dy (5.8)

namely the dihedral group of order 8. Thus the symmetries of
the Pin*(4N) gauge theory are described by the 2-category

C,* = 2Rep(Dy) (5.9)
with 1-categorical part being
C;* = Rep(Dy). (5.10)
Indeed it was found in [3] that the categorical symmetry of pure
3d Pin*(4N) gauge theory is described by Rep(Dy).

Example 2: 3d Pin* (4N + 2) Gauge Theory:  Similarly, consider

the pure 3d gauge theory with gauge group Pin*(4N + 2). This
theory can be constructed by gauging Z, outer-automorphism 0-
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form symmetry of the pure 3d Spin(4N + 2) gauge theory. In this
case we have

[0 =27,x27,=Ds. (5.11)

Thus the symmetries of the Pin*(4N + 2) gauge theory are de-
scribed by the 2-category

C,* = 2Rep(D) . (5.12)
with 1-categorical part being
C;* = Rep(Dy). (5.13)

Indeed it was found in [3] that the categorical symmetry of pure
3d Pin*(4N+2) gauge theory is described by Rep(Dy).

Example 3: 3d Spin(8) X S; Gauge Theory: Consider the pure
3d Spin(8) X S, gauge theory, which can be constructed by begin-
ning with pure Spin(8) 3d gauge theory and gauging the ¥ = S,
outer-automorphism 0-form symmetry. In this case we have

T0 = (Z,XZ,) %S, =5,. (5.14)

Thus the symmetries of the Spin(8) X S, gauge theory are de-
scribed by the 2-category

C,* = 2Rep(S,) (5.15)
with 1-categorical part being
C* =Rep(S,). (5.16)

Itwas found in [3] that the fusion ring of the categorical symmetry
of pure 3d Spin(8) X S; gauge theory coincides with the fusion
ring of Rep(S,).

5.3. Gauging the 0-Form Symmetry inside a (d — 2)-Group
5.3.1. General Analysis

Consider a d-dimensional theory € with a finite (d — 2)-group
symmetry comprising of a finite 0-form symmetry group I') and
a finite abelian (d — 3)-form symmetry group I'“~3 with an action
o of T% on T'@-3),

Let us gauge I'® resulting in the theory T/T'0. We claim
that this gauging procedure converts the (d — 1)-group symmetry
into a (d — 1)-categorical symmetry C,_, containing the (d — 1)-
category

CG

) (5.17)

as a sub-(d — 1)-category, where G is an auxiliary split 2-group
comprising of an auxiliary 0-form symmetry T'© and an auxiliary
1-form symmetry

0 = [@-3) (5.18)

with the action & of [® on '),
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Moreover, the (d — 2)-category obtained by restricting the sym-
metry (d — 1)-category C,_; of T/T'¥ to its identity object is de-
scribed precisely by

cy,. (5.19)
This can be seen by performing the I'” gauging in two steps:

1. We first gauge the ['*) (d — 3)-form symmetry of the theory
¥, resulting in the theory /T3, We obtain a dual 1-form

symmetry described by the group [é-3), which combines with
9 0-form symmetry to form the split 2-group G. We also ob-
tain new codimension-1 topological defects, that we ignore in
the subsequent analysis. This is the reason why C7 | turns
out to be only a sub-(d — 1)-category of the symmetry (d — 1)-
category C,_; of /IO coming from the (d — 1)-group sym-
metry of T. However, C7 , describes the full symmetry (d — 2)-
category obtained by forgetting non-identity codimension-1
topological defects.

2. Then we gauge the 2-group symmetry G leading to the desired
theory T /T

This construction of T/T'% as G 2-group gauging of T /T3
justifies our above claimed results regarding the symmetry
higher-category of T /T,

In particular, the 2-categorical piece

CY = 2Rep(G) (5.20)

of the C7 | symmetry of T/T'¥) can be described in detail follow-
ing the analysis presented in Section 3.4 of this paper.
The 1-categorical piece of C7 | is

Cy =Rep(I'”). (5.21)

Some aspects of the 2-categorical piece were studied in detail in
[3] using other methods, in the context of 3d gauge theories, but
the calculation presented there is valid for any d. The results ob-
tained there are consistent with (5.7).

5.3.2. Application to 4d Gauge Theories

The above general analysis can be applied to 4d gauge theories by
recognizing ['*3) = 'Y as the 1-form symmetry of the gauge the-
ory. From the analysis of the previous subsections, we know that
gauging I'® symmetry in the gauge theory leads to a 2-category
" of dual symmetries in the resulting G X I'®' gauge theory.
The analysis of this subsection describes what happens to the 1-
form symmetry ') under the T'© gauging process. We learn that
1-form symmetry I'Y provides extra contributions that enhances
the 2-categorical symmetry C}’ “ to a larger 2-categorical symme-
try described by the 2-category CJ'.

A different method for computing some aspects of this 2-
categorical part was described in [3]. The results obtained there
are consistent with our result (5.20).

Let us illustrate the above general procedure below via a few
examples. We also discuss the match with the results of [3].

Fortschr. Phys. 2022, 70, 2200143 2200143 (28 of 33)

www.fp-journal.org

Example 1: 4d Pin* (4N) Gauge Theory: Consider the pure 4d
gauge theory with gauge group Pin*(4N). This theory can be con-
structed by gauging Z, outer-automorphism 0-form symmetry
of the pure 4d Spin(4N) gauge theory. In this case G is the 2-
group discussed in Section 3.4.2. Thus the 2-categorical part of
the symmetries of the Pin*(4N) gauge theory is described by the
2-category Cy discussed in detail in Section 3.4.2.

The object T gives rise to a topological surface defect in the
Pin*(4N) gauge theory which is non-invertible and is not a con-
densation defect. This defect and its fusion properties were dis-
cussed in [3], where this defect was labeled as D(ZSC). Its fusion
with itself appearing in (3.142) matches with the result obtained
in [3].

The object T(V) was also discussed in [3], where it was denoted
as D\"). Its fusion rules with itself and with T described in
Section 3.4.2 also match the fusion rules computed in [3].

Other objects T?2) and T!"%) can be obtained by performing
condensation on T and T() respectively, and are not discussed
in [3]. Our analysis provides fusion rules for these objects as well.

Example 2: 4d Pin* (4N + 2) Gauge Theory: Consider the pure
4d gauge theory with gauge group Pin* (4N + 2). This theory can
be constructed by gauging Z, outer-automorphism 0-form sym-
metry of the pure 4d Spin(4N + 2) gauge theory. In this case G is
the 2-group discussed in Section 3.4.3. Thus the 2-categorical part
of the symmetries of the Pin* (4N + 2) gauge theory is described
by the 2-category C¥ discussed in Section 3.4.3.

Example 3: 4d Spin(8) X S; Gauge Theory: Consider the pure
4d gauge theory with gauge group Spin(8) X S;. This theory can
be constructed by gauging S, outer-automorphism 0-form sym-
metry of the pure 4d Spin(8) gauge theory. In this case G is the
2-group discussed in Section 3.4.4. Thus the 2-categorical part of
the symmetries of the Spin(8) X S; gauge theory is described by
the 2-category C discussed in Section 3.4.4.

The object T5€Y) gives rise to a topological surface defect in
the Spin(8) X S; gauge theory which is non-invertible and is not
a condensation defect. This defect and its fusion properties were
discussed in [3], where this defect was labeled as D(ZSCV). Its fusion
with itself appearing in (3.163) matches with the result obtained
in [3].

Other objects can be obtained by performing condensation on
T4 and TV respectively, and are not discussed in [3]. Our anal-
ysis provides fusion rules for these objects as well.

Moreover, we are able to determine the fusion (monoidal prod-
uct, not composition) of lines living on the T¢Y) surface, which
is not easy to determine using the method of [3] and in fact is not
fully determined there®.

6. Conclusions and Future Directions

It is an irrefutable fact that higher-category theory is intimately
intertwined with symmetries of Quantum Field Theories. The
initial step towards this generalization was made in [14] by postu-

4 The fusion of lines described in [3] is incomplete in the following sense.
There the fusion is described in terms of a bimodule of an algebra. The
object underlying the bimodule is easy to compute and was computed
in [3]. However, the morphisms underlying the bimodule are more dif-
ficult to compute and were not computed explicitly in [3].
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lating that topological defects in a physical (not necessarily topo-
logical) QFT should be interpreted as symmetry generators. The
extension to higher-form and higher-group symmetries retains
the group-like composition, but recent insights have shown that
this is only a special subcase of a vastly larger symmetry structure
which naturally has a characterization in terms of a higher fusion
category: i.e. topological defects of different dimensionality, with
a fusion structure, and an intricate interconnection (e.g. in terms
of interfaces and boundary conditions).

This field of higher fusion-categories has seen progress not
only in the physics literature, where the approach — like in this
paper — has been more constructive, guided by the properties of
topological defects in QFTs. In tandem, the mathematics com-
munity has also been making strikes in developing a rigorous
mathematical foundation (see e.g. [19-21, 23, 24] for very recent
works).

In this paper we derived a universal 2-categorical subcategory
of the symmetry category, i.e. a universal sector of topological sur-
faces, lines and point operators. These arise whenever one gauges
a 0-form, 1-form or 2-group symmetry. We determine the com-
plete 2-category structures, including the fusion, and the inter-
relation between 2d defects, 1d interfaces and 0d junctions be-
tween interfaces.

We also proposed that more generally a gauging of a higher-
form or higher-group symmetry S (not restricted to 0-/1-form
and 2-groups) in a d-dimensional QFT should result in a full
(d — 1)-category, see Section 2. Obviously it would be very de-
sirable to construct this category. A systematic way to proceed
is to include a 3-category layer on top of the 2-category that we
determined here and subsequently increase the dimensional-
ity. In particular for 4d gauge theories, this 3-categorical layer
would complete the determination of the universal sector that
arises from the dual symmetry after gauging. However, in this
case, the 3d TQFTs, which would play the role of objects have
a much richer structure — in terms of modular tensor cate-
gories. It will be exciting to determine the symmetries that arise
when attaching such MTCs with global symmetries S to gauge
theories.

Another application of our work is to condensation defects,
which are another type of universal symmetries. There is a non-
trivial intersection between the two types of universal symme-
tries: namely the dual symmetries arising from gauging, and
the symmetries generated by condensation defects. In fact, we
showed that the objects of the 2-category of dual symmetries aris-
ing from gauging of a finite 0-form symmetry are all condensa-
tion defects. However, this is not true for objects of the 2-category
of dual symmetries arising from gauging of a finite 2-group sym-
metry. We also described the 2-categorical part of condensation
defects in any arbitrary quantum field theory in any spacetime di-
mension.

Appendix A: Categorical Matters

In this appendix we collect some background and definitions of
categorical nature. For in depth discussions of higher categories
see e.g. [29].

A 1-category C consists of a set ODbj(C) of objects and a set
hom(a, b) of morphisms for any two objects a, b € Obj(C). More-
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over, for any three objects a, b, c € Obj(C), one can compose the
morphisms

hom(a, b) X hom(b, c) — hom(a, c)
(A1)
fxgrmfog

such that the composition is associative, i.e. (hog)of =

ho(gof).
A monoidal category C is a category equipped with a functor

®: CxC-C (A2)

together with a monoidal unit. The monoidal product is associa-
tive up to a natural isomorphism

a(a,b,c): @®h)®c—a® (bxc). (A.3)
A category C is said to be linear if for any two objects a, b € C, the
set hom,(a, b) forms a vector space over C.

An object in C is said to be simple if its endomorphism algebra
is one dimensional. An object is said to be semisimple if it can be
written as a direct sum of finitely many simple objects. A cate-
gory is said to be semisimple if every object is semisimple. In par-
ticular, the endomorphism algebra of any object in a semisimple
category is semisimple.

We refer the readers to the textbook!?*! for a more careful ex-
position and [39, 40] for physicists-friendly reviews. We now list
the definitions of 1-categories that we encounter in this article.

Definition: Vec: Vec denotes the category of vector spaces,
whose objects are vector spaces (over C) and morphisms are
given by linear maps between them. The isomorphism classes
of the objects are labelled by the dimension of the vector spaces
and there is only 1 simple object given by the one dimensional
vector space C.

Definition: Ce (') and Vecpq: Let ' be a finite group and
I'™ be a finite abelian group. Cpo (I'") is a monoidal category (sec-
tions 2.3 and 2.11 of [29]) whose objects §, are labeled by elements
g of I, There are no nontrivial morphisms between different
isomorphism classes of objects, i.e. hom(, , 6, ) = 0, g, # g, and
hom(s,,6,) =T,  gerl. (A.4)
The associativity isomorphism is the identity. The monoidal
structure is given by the functor ® defined by §, ® 5, = §,, for
objects and a ® b = ab for morphisms.

IfTW is trivial, then we call the corresponding category Cro).
On the other hand, if T is trivial, then we call the corresponding
category Cy(T'V).

The special case

Cro (CY), (A.5)
can be given a C-linear category structure, often denoted as
Vec ), i.e. the category of finite dimensional G-graded vector

spaces. It is a pointed fusion category with the tensor product
® and the unit object C.
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Definition: 2-Group G: A (weak) 2-group G is a monoidal
category whose objects are all invertible (with respect to the
monoidal product ®) and all morphisms are isomorphisms.?”!
It is known that the equivalence classes of 2-groups are specified
by a quadruple

(0,10, p, w]), (A.6)

where I'0, referred to as 0-form symmetry group, is a finite group
and 'V, referred to as 1-form symmetry group, is a finite abelian
I'®.module, with the action p

p: TO 5 ATy, (A7)

Furthermore, [w] € H)(I'”, T") is a twisted 3-cocycle. A 2-group
G is said to be of split type if [w] is the trivial cohomology class.
Otherwise it is said to be non-split.

The corresponding monoidal category, denoted as C, (I, p)
(sections 2.3 and 2.11 of [29]), is a generalization of C (I'V) de-
fined previously, where

® the monoidal product of the morphisms is modified as follows:
ifa: 6, > é,andb: §, — §, then a ® b = ag(b), where g(b) :=
p(g)b.

o the associativity isomorphism is not the identity, but given by
a twisted 3-cocycle € Z(T¥, T).

Definition: Rep(G): Again let G be a finite group. Rep(G) de-
notes the category of representations of G. Namely, the objects are
finite dimensional linear representations of G and morphisms
are G-intertwiners. This is a monoidal category with the tensor
product given by the usual tensor product of representations and
the unit object is the trivial representation.

Definition: Module 1-Category: Let C be a semisimple
monoidal 1-category. A left module category over C, denoted by
M_, is a semi-simple 1-category equipped with an action of C,
i.e. a functor C X M, - M, and a natural isomorphism

Myyy  (X®Y)OM > XQ®(Y®M), X,YEC,MEM,,

(A.8)

satisfying the module associativity constraint (see e.g. [29]). In
particular, when C = Vec,, for a finite group G, indecomposable
semisimple module categories are known to be labelled by a pair
(H, «), with H is a (conjugacy class of) subgroup of G, and « €
H?(H, U(1)) is a 2-cocycle. We will denote such a module category
by MVec( (H’ a)'

Two categories C and D are said to be Morita equivalent if there
exists a module category M, over C such that D is the category
of C-module functors from M, to itself. In particular, it is known
that Vec(G) and Rep(G) are Morita equivalent for any finite group
G.

Definition: (Weak) 2-Categories: Another key definition are
(weak) 2-categories. Roughly speaking, a 2-category consists of
a collection of objects, a collection of 1-morphisms between ob-
jects and a collection of 2-morphisms between 1-morphisms.
More precisely, between any two objects A, B in a 2-category C,
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there is a 1-category hom, (A, B), whose objects are referred to
as 1-morphisms from A to B. Given any two 1-morphisms f,g €
hom, (A, B), we have a set homy,,, (45 (fg) of 2-morphisms.
Two 2-morphisms a, § € homy,,,, (4 p(f g) can compose vertically
a o f € homy,, (45 8)-

Furthermore, for any three object A, B, C € ODbj(C), there is a
composition functor

o, 5c : hom(A, B) x hom(B, C) — hom(A4, C) (A.9)

fxgw fog. (A.10)

Unlike 1-categories, this composition functor is not required
to be associative. Rather, for any three 1-morphisms f €
hom(A, B), g € hom(B, C) and h € hom(C, D) between four ob-
jects A, B, C, D, there is a 2-isomorphism

g, € homy ) ((f 0 g) o b f o (g o h)). (A-11)

Using the composition functor, one can also com-
pose the 2-morphisms ‘horizontally’, ie. given a, €
homhom(;(A,B)(fi’gl) and «, € homhomC(B,C)(fz’ 8), one get
a; o @, € homy,, a(fi © 5,81 © &)

A 2-category is said to be linear if sets of 2-morphisms are
all vector spaces over C. A linear 2-category is said to be locally
semisimple if all of its hom categories are semisimple."”) An ob-
ject X in a locally semisimple 2-category is said to be simple if
its identity 1-morphism 1, € hom, (X, X) is simple. Note that in
a 1-category, the endomorphism algebra of any simple object is
C and there are no nontrivial morphisms between inequivalent
simple objects. This is not the case for 2-categories and there can
be nontrivial morphisms between inequivalent simple objects. A
prototypical example is given by Mod(Vec(Z,)) to be defined be-
low and its 2-category structure is depicted in (3.84).

We will omit the technical details and again we will refer the
readers to [19, 41, 42] for a more careful introduction. Examples
of 2-categories that we will encounter in this article are as follows:

Definition: 2-Category 2Vec: 2Vec denotes the category of 2-
vector spaces, whose objects are given by finite semisimple 1-
categories, 1-morphisms are linear functors and 2-morphisms
are natural transformations.

Definition: 2-Category Mod(C) of Module Categories: The
2-category Mod(C) of module categories over a fusion cate-
gory C is a finite semisimple 2-category. Its objects are mod-
ule categories M defined above. In particular, given two mod-
ule categories M, and N, over C, it is known that the cat-
egory Homyoy) (M, Ne) is finite and semisimple.!””) If two
1-categories C and D are Morita equivalent, then Mod(C) and
Mod(D) are the same (more precisely there is a 2-equivalence be-
tween them).[?#] The 2-category 2Rep(G) we are mostly inter-
ested in is then defined as

2Rep(G) := Mod(Vec(G)) = Mod(Rep(G)) . (A.12)
Definition: 2-Representations of 2-Group 2Rep.(G): The ob-

jects in 2Rep.(G) are representations of a 2-group G on a 2-
category C, which is known!*! to be given by a quadruple
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(X, 0,8, a): Xisanobjectof C; o : T® - z,(Aut(X))and p: TV —
7, (Aut(X)) are group morphism to the homotopy groups of the
autoequivalences of X. Furthermore, a € C2(I'?, 7, (Aut(X)) is a
2-cochain such that

sa = p(w) — wy(0, 5, 0) (A.13)

with wy a 3-cocycle of Aut(X). The 2-category of 2-representations
of G will be denoted by 2Rep,(G). In the main text, we study G =
€y (T, p) and € = 2Vec. An object X € 2Vec is a semisimple
1-category specified by a nonnegative integer n. Furthermore, we
haves : T® - S , f:TW - (C*)" and 3-cochain « satisfies that

5.0 =p). (A.14)

The corresponding denoted  as

2Rep(CL, (1), p)).

2-category will be

Appendix B: Example: T® = 7, x Z, and
2Rep(l'® = 7, x 7Z,)

The simplest example with nontrivial second cohomology
groupis ¥ = 7, x Z,, realized as

M= (xy|x* =y =exy=yx). (B.1)

There are five subgroups up to conjugation id,{x),(y),{xy) and
I'®. The nontrivial cohomology group is

HYZ,x Z,, U(1)) = Z, (B.2)
with the only nontrivial 2-cochain

Hipx) = -1, (8.3)
There are 6 objects in the 2-category

T Tlds) TEO/C) TEO/G) OO ) T (B.4)

where again we label the TQFT by superscript [ /T0" and we
have a TQFT T4 corresponding to I'®" = I'® with nontrivial 2
cocycle u. The order of the double cosets is

|r<10>' \[© /1“<20>’ | ” id| (x) | W | (xp) |F(°) |

id 4[2]2] 21
(x) 2 111 (5)
) 2[1 (211
(xy) 21121
g 1[1]1]1
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The fusion of the objects are given by (3.41) (or equivalently
(3.24)) is:

| ”T(r@) |T(r<°'/<x>> |T(r<°'/<y>) |T<r'°>/<xy>)| Td) | Tlids) |
TOO) 4@ 7@ [ 57@@) [ 7@ T TIr®)
T/ ([0 @ /G| T0O) TEO) [T/ [T/ )

T (27O @@ [o7r@70n | 70O [T/ [ 700 /()

TG [T [ 1) TOO) OO/ Gep)) [T/ Gopd) [T /)
T(id) TEO) 7O/ |77 [ 700/ | Td) Tlid)
T [T [TTO7C) [0/ [ TEO/Gy) | Tilida) T(id)

Note that the table is symmetric so the fusion is commutative. In
particular, T is the monoidal unit.

1-morphisms are given by (3.31). Recall that 'O = 7, x Z, has
four inequivalent linear irreducible representations and one pro-
jective representation. Denote the category of linear rep of '
as Rep(I'¥) and category of projective rep with nontrivial Schur
multiplier u as Rep, (I'”). Note that usually two projective rep-
resentations are considered equivalent if they differ by a one-
dimensional representation, but we don’t make such identifica-
tion here. So both Rep(I'”) and Rep, (")) have four objects. The
2-category structure is then shown in Figure 10.

We exemplify some compositions of the morphisms:

Z60.00) o 7TO).fd) _

Z I(id),(id)(Rj) ) (B.6)

0
Rj€Rep(I'¥)

This is indeed, the direct analogue of (3.60) in 2Rep(Z,).

Next, the interface between T and T(4#) is labelled by a (pro-
jective) representation Rj_" of T¥, with j € Z, X Z, and a nontriv-
ial Schur multiplier —p, i.e. an element in Rep_, (I'%).

I(id),(id,u)(Rj—M) o I(id,y),(id,O)(R;:) — I(id,O),(id,O)(Rj—/‘ ® R:) , (B7)

where R* ® RY' is thought of as a (genuine) representation of
ro.

Next, look at the morphisms between TT”/¢) and T/(),
Both have two vacua and all four vacuum pairs are in a single
orbit of I'®), so there is a single morphism ZT"/¢).C"/4) from
T/ 10 T/, and a single morphism /M) in the
opposite direction. The composition of these two gives us an en-
domorphism in T/ which from (3.31) is an element in two
copies of Rep(Z,)

IO /GNTO/) o OO /)
(T /G0 /()
=y Y g’ “)(R), (B.8)
X=1,2 ReRep(Z,)

where X labels two different copies of Rep(Z,), corresponding to

two different orbits of vacuum pairs.
! ! ’
Itis also instructive to look at a case with F(l(;) ,F(l(;) ,Fg;) all being
trivial. For example, the category of 1-morphisms between any

two of TEW/¢) TOP/W) and TC?/9) ig Vec since all the vacuum
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Rep(F(O))
m/

|d)

Rep (Z2)

Rep(Za2)

Vi Vec(Za

(rO /(z)
2x Rep Z2 \

Figure 10. 2-category structure of 2Rep(I"©
labelled on the arrow.

pairs are in a single orbit. From (3.34), two vacua of T/ give
us identical compositions, and hence we have

OO/ o TOO/ENEO ) = 9 OO /GN, 0O/ () (B.9)

However, let us emphasize it is not true that one always gets a
sum of 1-morphism corresponding to the vacua of the TQFT in
the middle, as shown already in (3.57) and (3.58). Let us further
illustrate this by looking at the composition of 1-morphism be-
tween T and TC"/¢) and 1-morphism between T"/1) and
T, The former is labelled by a representation R of Z, = (xy)
and the latter is labelled by the orbits X of vacuum pairs, with
X =1, 2. The composition is a single copy of Z(@T) regardless
of the representation R and the orbit X:

I(id)»(rw)/<x)’>) (R) o I;w /(). (09 _ = 7ld,r “D))

VR € Rep(Z,),X =1,2. (B.10)
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