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1. Introduction T is the system’s relaxation time, and o determines the noise
level in the network. To prohibit the activity level from becoming

negative, a no-flux boundary condition is prescribed at s = 0:

+00
(<D (/ Wi(x —y)/ sp(y, s, t)dsdy + B)
Td 0

We establish the existence of noise-driven bifurcations from
the spatially homogeneous steady states of the partial differential
equation (PDE)

9 9 +00 P
22— 2o / W(x—y)/ sp(y, s, t)dsdy + B ) — x p(x,s, t)—Ul(X,S, t)) =0,
at as Td 0 ds 5=0
82p for all (x,t) € T x R,. Last, we make the assumption that
X p(x, s, t) +0§7 the neurons are distributed homogeneously in space, thereby
(1.1) imposing that any initial datum p° satisfies
’ +o0
1
which aims to describe a network of noisy neurons. In this non- Vx e T, / 0°(x, s)ds = Tk (1.2)
0

linear Fokker-Planck type model, p(x, s, t) is at time t the prob-

ability density of neurons at location x € T¢, with activity level
s € [0, +00). Here, T¢ is the d-dimensional square torus of length
L endowed with the quotient topology, T? := E%/uzy, as the
neurons activity levels are assumed to be spatially connected on
a toroidal geometry. The interactions between the neurons are
modelled through the periodic connectivity function W weighting
the averaging in space of the mean activity levels of the neurons.
The network of neurons is assumed to receive a constant external
input through B, and the total input signal to each neuron is then
controlled through the modulation function @. The parameter
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Since there is no movement of neurons in space and owing to the
no-flux boundary condition, it can be checked that for any smooth
solution this property propagates in time to the density p(x, -, t).

Our results also apply to the following generalisation of (1.1):

B 258
' _ ﬁ([q>ﬂ(x,t)_s]pﬂ)+aap (13)

"ot T T as P

where @#(x, t) is given by

1 4
PP(x, 1) = ® ZZ/

o0
p=1"T 0

w8 (x — ) / so” (v, s, t)dsdy + BE(t) |,
d

(1.4)
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for B = 1,2, 3,4, with corresponding no-flux boundary and
mass normalisation conditions. In the case d = 2, (1.3) models
a network of noisy grid cells [1]. Grid cells, discovered in [2], are
neurons which play a pivotal role in spatial representation by fir-
ing (emitting spikes) in a hexagonal pattern as a mammal moves
around in an open environment, see [3] for a short summary. In
addition to the mechanisms already incorporated in (1.1), (1.3)
also splits the neurons into four different groups, each having
their orientation preference in physical space: § = 1,2,3,4
(north, west, south, east). To model the observed behaviour of
grid cells, an orientation preference dependent shift r# is included
in the connectivity W(x —y) = W(x —y — r#), and (1.3) is
connected with the movement of a mammal through the ori-
entation and time dependent input Bf. We note however, that
time dependent behaviour is beyond the scope of the present
manuscript. In the rest of the manuscript we therefore assume
B?(t) = B, where B is a constant, as was done in [1].

In [3] understanding the effects of noise on networks of grid
cells was emphasised as a challenge, and this sparked the devel-
opment and initial study of (1.3) in [1]. The model (1.3), which
is based on the ODE models of [4,5], has been rigorously shown
to be the mean-field limit of a network of stochastic grid cells
with Gaussian independent noise [6] by adapting Sznitman’s cou-
pling method [7]. Furthermore, novel evidence pointing towards
a toroidal connectivity for grid cells has recently been provided
in [8] by using topological data analysis tools.

The authors in [1] showed the existence and uniqueness
of spatially homogeneous stationary states for any given noise
strength o > 0 to Egs. (1.1) and (1.3) under suitable assumptions
on the model parameters. Notice that (1.1) and (1.3) share the
same spatially homogeneous solutions. This one-parameter fam-
ily of spatially homogeneous solutions will be denoted by (o, «)
where « = 1/o for ease of notation. The main contribution in [1,
Theorem 3.6] implies a linear stability criteria for p/, as a solution
to (1.1). More precisely, p is linearly asymptotically stable in
12(T% x Ry) for (1.1) as long as
W(k) - 1
OK) L3 (@Y [°(s — L1pL, ok ds
for all k € N with (@) = ®'(Wop%, + B), p5, the mean in s of
o, Wo the integral of W over T, and W(k) the Fourier mode of
the periodic connectivity kernel W. Here, ®(k) is a normalisation
factor for the Fourier coefficient of a periodic function in L?(T)
whose precise definition is found in Section 2. Moreover, [1,
Section 4] provides numerical evidence of the existence of bi-
furcation branches emanating from the curve (pf,, «) for (1.3)
leading to hexagonal patterns in the case of a radially sym-
metric connectivity kernel W, which are reminiscent of similar
stationary patterns for the Wilson-Cowan equations [9], see [10].

In this work, we obtain sharp conditions for the appearance
of local bifurcation branches from (p%, ¥) based on the Fourier
modes of the connectivity kernel W for both (1.1) and (1.3). Our
main result, stated in Main Theorem 2.2, shows that for any value
of k such that there exists a unique Fourier mode k* of W with

(1.5)

W(k*) i} 1
= q(pg, &) = - 1 o ,
L2(@8y | = —L9p%, | o, — =2 )«
0 Ld Poo | Poo Ld

(1.6)

leads to a local bifurcation branch of spatially in-homogeneous
stationary solutions to (1.1). This result is illustrated in Fig. 1 for a
particular choice of the parameters in the model, see Section 5 for
more details. We will show in Section 2 that q(pX_, «), the right
hand side of (1.6), coincides with the right hand side of (1.5). As
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a byproduct, Main Theorem 2.2 shows that the linear asymptotic
stability condition (1.5) is sharp under suitable assumptions for
a large family of connectivity functions W. In particular, we only
require that the connectivity kernel W is coordinate-wise even
as opposed to the common assumption of a radially symmetric
kernel in neural field models. The study of kernels being less
symmetric is relevant from a neuroscience perspective as connec-
tions between neurons can deteriorate, or be locally disturbed by
activity outside the network.

Analogous results with a slightly different condition than (1.6),
involving the shifts r#, hold for (1.3), see Section 4. More pre-
cisely, we show that a rigorous study of the bifurcations of the
one component model (1.1) is sufficient to understand the bifur-
cations of the four component model (1.3), and that the condi-
tions leading to bifurcations for (1.3) are a simple modification of
the conditions for (1.1).

The local bifurcation analysis is obtained by adapting the
strategy of [11] developed for nonlinear nonlocal McKean-Vlasov
equations on the torus. The authors in [11] used the classical
approach of Crandall-Rabinowitz local bifurcation theorems in
the right functional setting to show branching from constant
stationary states. However, in our setting we have to deal with
spatially homogeneous steady states that are not constants in s.
We therefore apply Crandall-Rabinowitz arguments to the aver-
ages in the activity level of stationary states instead. We will see
that the stationary states p%_ implicitly depend on the bifurcation
parameter k, which leads to cumbersome expressions for the
required Fréchet derivatives.

Another difficulty is that there is no gradient flow structure
for (1.1), or in other words, no variational formulation in terms
of steepest descent of free energies as in [11]. Therefore, although
the numerical bifurcation diagrams of [ 1] suggest the existence of
discontinuous phase transitions, we cannot adapt the tools of [11]
to rigorously discover them. We thus mainly focus on obtaining
all local bifurcation branches emanating from the family (p%, )
in this work.

The strategy of [11] does enable us to establish the con-
dition leading to bifurcation points (1.6) and the existence of
certain branches, but is not sufficient for characterising multiple
branches emanating from the same point when the bifurcation
problem is equivariant, for example when the connectivity kernel
is radially symmetric. For this, we need the equivariant branching
lemma (see for example [12, Theorem 2.3.2] and the classification
of 2D and 3D planforms in [13]). A recent relevant paper in this
direction is [ 14] where bifurcations with respect to a gain param-
eter of a Wilson-Cowan-type equation [15,16] for the primary
visual cortex are studied.

Let us finally mention that noise driven patterns and bifur-
cations in related computational neuroscience models have been
studied by several authors [17-25], see [26,27] for noise in the
connectivity, largely from a stochastic viewpoint. Moreover, a
rigorous derivation of mesoscopic models by coarsening from
stochastic differential equations via mean-field limits have also
been developed in [18,22,26,28-30]. These works deal with spa-
tially extended systems of neural networks modelled by their
voltage with random connectivity interactions using large devi-
ation principles [31,32].

The outline of the manuscript is as follows. We start by in-
troducing the setting in Section 2, before providing a summary
of the main results concerning the bifurcations of (1.1). We end
the section by linking it to the linear stability condition provided
for (1.3) in [1]. Section 3 is devoted to proving the main results,
which includes establishing some results on the spatially homo-
geneous stationary state itself. An outline of the generalisation of
the main results to the four component model (1.3) is provided
in Section 4. The theoretical results are then illustrated through
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Fig. 1. Plots illustrating Main Theorem 2.2 for the same choice of parameters as in the left plot of Fig. 2. Left: illustration of the bifurcation condition (1.6) as
crossings between the Fourier modes W(k*)/®(k*) of the connectivity function W (black, horizontal lines) and the function q(p,, «), right: corresponding bifurcation

points (red dots) along the spatially homogeneous branch (black line).

a series of plots in Section 5, before providing a set of future
perspectives in Section 6.

2. Preliminaries, main results, and relation to stability

In this section we set the stage for establishing the existence
of noise-driven bifurcations of (1.1) and (1.3). First, we provide
details concerning the spaces we will work in, before stating
the main result for (1.1) in Main Theorem 2.2. We also discuss
how these results are linked to the stability conditions for the
Mckean-Vlasov equation in [11] and the grid cell model in [1].

2.1. Characterisation of the stationary states

Henceforth, we denote N = {0, 1, ...}, R} = (0, +00),

+o00
s = [ sptnsies
0
the activity average of p at x € T% and
Wy = / W (x)dx.
Td

By setting the left hand side of (1.1) to zero and integrating
with respect to s, we obtain that the stationary states satisfy

0dsp(x, ) = — (s — @ (W = p(x) + B)) p(x, s),

using the no-flux boundary condition. Here, uxv : x — de u(x —
y)u(y)dy denotes the convolution of u and v on T Thus, the
stationary states must solve

(_ (s—oW *,b(x)+B))2>

p(x,s) = Zlexp (2.1)

P 20

with, owing to (1.2),

+o0 _ 5 2
Z, = Ld/ exp (— (s -0 W o9 +B) ) ds.
0 20

For the sake of simplicity, let us denote

1
k=—. &%) =P(Wxpx)+B) P (x) = @' (W * p(x) + B).
Then, any stationary state must be a zero of the functional
1 o)’
g(p7 K) =p— ;€ 2 )
Zﬂ
with

+oo (s—a)f)z
Z,= Ld/ e 2 ds.
0

Consequently, the average x — p(x) is a zero of the functional

- St ()
Gg(p,k)=p— = se™ 2 ds, (2.2)
Z/) 0

+oo (s—25 2
Z, = Ld/ e 2 ds.
0

A quick check will confirm that we can fully characterise the
stationary states of (1.1) through considering the zeros of the
functional for the averages, G(p, k).

Finally, the short calculation

+o00 ap +o00
o 0= [ Lousits = [ (= @stptx.sids
0 S 0

+o0 +oo
= K(/ sp(x, s)ds —Q>,—)(x)/ px, s)ds),
0 0
~— ———

N——
=p(x)

Bl

yields the following relation between the value at s = 0 of the
stationary states and the mean values,

¢_
M&m=(mm— ﬁ”)x

(2.3)

This relation will appear throughout the manuscript.
2.2. Hilbert spaces and Fourier bases

Throughout this manuscript, we use either the space L*(T¢) or
the Hilbert space Lg(’}l‘d ) of coordinate-wise even L?>-functions on
T := B%/uz), L > 0, that is to say

LT = { u e [X(T | Vie [1.d], ulx,...
CXiy....Xg) ae.in T}

s =Xi, ..., Xq)

= u(xq, ..

Similarly, for any m € N, we define the coordinate-wise even
Sobolev space H(T9) = H™(TY) N L4(T%). Following the reasons
stated in [14, Section 2.2], we will consider a connectivity kernel
W e HS”‘(’JT"), with 2 m > d. The advantage is twofold. First, the
smoothing property of the convolution and Sobolev embeddings
imply that W « h will be continuous for all h € [*(T9). Second, it
avoids pathological connectivity kernels with singularities.

While working in the space L(T), we use the Hilbert basis
(@) gend defined by

A (k d
o0 = 29 [T

d
L2 i,

(2.4)
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with

2mk;
cos (Tlx,- if ki >0,

1 ifkj =0,
d

and Ok =[]v2-do.

i=1

wi(X) =

where the Kronecker delta §;; is 0 if i # jand 1ifi = j.
We assume that the connectivity function W lies in Lg(Td). The
Fourier modes of W are

Wk)= (W |wx) = / W(X)w(x)dx, ke N,
rﬂ‘d

Moreover, since W € L4(T%), for all g € L¥(TY),

d

L2

W g(x > WRERwx(x).

l/Wx—mmw—@m
keNd

In particular, for all k € N¢,

W s wy(x) = 7)
When we work in the larger space [*(T¢), we extend the

above Hilbert basis to multi-indexes in Z%: we consider the base
(wi)eze defined by (2.4),

SW(k
LY()MM- (2.5)

2mk;
cos (%xi if k > 0,
ox)=1 1 if k; = 0,

2mk;
sin( 7; lx,-) if kj <O.

d

and Ok =[[v2- ko

i=1

The formula for the convolution with basis vectors then becomes

N\n.

L2W(|k
W oyx) = U%”kux|m=0hunJmu (26)

2.3. Assumptions and main theorem

We assume the following in order to perform the bifurcation
analysis.

Assumption 2.1 (On @, W and B). There exists m € N, such that

2m>dand W € HS’”(T”’). The function @ is continuous on R, C3

on R*, increasing on R, and ¢ = 0 on R_. Moreover, B > 0 and
fﬂ‘d dy < 0.

We remind the reader that the existence and uniqueness of
spatially homogeneous stationary states of (1.1) was proven in [1,
Prop. 3.1] and hold under (less restrictive assumptions than)
Assumption 2.1.

Let p& : s — pl(s) be the constant in space steady state
associated with the parameter « > 0. Note that in particular
G(p%,, k) = 0. Whenever necessary, the dependence on « of ps
will be highlighted with a superscript «. Otherwise we will drop
it. Denote

@y = P(Wops, + B),
(@g)" = @"(Wops, + B).

(@) = @'(Wops, + B),

Physica D 449 (2023) 133736

Then, applying (2.3) to the spatially homogeneous steady state
o = ps,, we get the relation

K K ¢K

This relation is used throughout the manuscript.
We are now ready to state the main result of this work. The
different parts of the proofs are found in Section 3.

2.7)

Main Theorem 2.2. Grant Assumption 2.1, and let

K* € (% —i—oo). Assume that there exists a unique k* € Nd
such that
W(k* 1

(k) = (2.8)

@(k*) - d . 1 q;l(* ’
L2(®8"y L—d—Ld,ogg - L‘; K*

Assume also that (@ )" > 0. Then (L. , k*) is a bifurcation point

of G(p, k) = 0. Moreover, in a neighbourhood U x (k* —¢, k*+¢) of
(pg;‘, K*)in Lg('JI‘d) x R%, the average of the stationary state is either
of the form (p%,, k) or on the non-homogeneous solution curve

{ (Putz), €(2)) | 2 € (=8, 8), (Pe(o), (0)) = (Pl k™), §> 01,
with

Pe)(X) = P + zwpe(x) + 0(2),  x €T

The uniqueness condition on k* can be relaxed: if the bi-
furcation problem exhibits symmetries and k* is unique up to
appropriate geometrical transformations, equivariant bifurcation
theory provides the same result. We treat this general case in
Section 3.4.

More information about the shape of the branch can be found
in Theorem 3.11 for the case of a unique k* and in Section 3.4 for
the case where it is unique up to symmetries. A relaxed convexity
assumption on @ can be found in Remark 3.10.

The right hand side of (2.8) is strictly positive, as stated in the
following lemma.

Lemma 2.3. We have the relation
1 4 (. & 1 K.
b\ P )= B\ 2% )

2 exp(=n*) [ 1 exp( 2)
fl—t—erf [fl—i—er f(n) }

with n = \/g &(. Furthermore, the function n — g(n) is increasing
and for all n € Ry,

2
1-—<gn) <1
T

The function erf(z) is the standard error function, erf(z) :=
% foz e‘szds, and the proof of the lemma can be found in the
appendix. As the right-hand side of (2.8) is positive, there exists
no bifurcations of the form described in the main theorem if
all the Fourier modes of W are negative. A similar conclusion
was drawn in [11] for the McKean-VIlasov equation, however
with opposite sign. They introduce the notion of H-stability: a
function W e [*(TY) is said to be H-stable if all its Fourier
modes are non-negative. The authors of [11] prove, under mild
assumptions, that for H-stable potentials there exists a unique
stationary state which is globally asymptotically stable. In the
setting of this manuscript, if —W is H-stable, the hypotheses of
Main Theorem 2.2 cannot be satisfied. Proving that the constant
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in x stationary state p,, is asymptotically stable for the time-
dependent system (1.1) when —W is H-stable is an open question
and the energy method utilised in [11] is not applicable here.
However, there exists a result on the linear stability of (1.1).

2.4. Linear stability

In [1, Theorem 3.6] it is shown that the homogeneous in space
stationary state pf, is linearly asymptotically stable in L?(T¢xR.,)
as long as
(k) < T ! (2.9)

k(D YLZ [ (s — L9pK, )2 pk ds
for all k € N. In the following lemma, we show that when
replacing the inequality with an equality in (2.9), yielding the
value of ¥ where p. is no longer linearly asymptotically stable,
(2.9) is identical to the bifurcation condition (2.8). For many prob-
lems, linear stability of a stationary state p., is equivalent to the
spectrum of D;G(poo, ) being located in the left complex half-
space (see the discussion in [33, Sec. 1.7]). For some equations, for
example semilinear equations, it is even possible to get nonlinear
stability out of the study of the spectrum of D;G(pe, k). However,

s (1.1) is both nonlinear and non-local, we cannot apply this
general theory. The rigorous connection between the eigenvalues
and linear stability for (1.1) is provided in the following lemma.

Lemma 2.4. The linear asymptotic stability of ps in L*(T? x R.)
is lost at the smallest « for which there exists a k € N such that

O(k)
Proof. The result follows by checking that the right hand side
of (2.9) is identical the right hand side of (2.8). Remember that

Jo. Poods = 7g. Then, the denominator of the right hand side in
(2.9)is

LgK/ (s — LBoo )’ pocds
0

d o0 o0
L2k ( spoods—ZLd,Z)oo/ spoods+L2dp§o/ poods)
0 0
L2 <K/ s ,ooods—Ld/c,?)go>
0

o0
(2/0 (5 — D)’ poods + k2Pf Poo — T ( ) LdK,OOO)

;1

[

=1L

Remembering the expression for p., in (2.1) and for p.,(0) in
(2.7), we compute the integral as follows:

o0
2/ (s — D5 )’ poods
0
21 (J7 N K .
=\/=5 (zp (1 +erf( s )) —2\/;¢Opoo(0))
I O R v ]
= 1d 2 0\ P T T

K2

1 ok
=@~ %ok (P g )
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da (1 d- B of
=12 E_L o poo—LT K],

which, when multiplied by (&)’ is identical to the denominator
of the right hand side of (2.8). O

Note that under Assumption 2.1, if —W is H-stable, py, is a
linearly stable stationary state of (1.1) for any « > 0.

3. Bifurcation analysis

This section is devoted to proving the Main Theorem 2.2.
We start by assuming that the connectivity W is coordinate-
wise even on the square, and look for coordinate-wise even,
non-homogeneous in space stationary states following [11]. In
Section 3.4 we consider possible additional symmetries of W. But
first we provide results concerning the asymptotic behaviour of
the homogeneous in space stationary state.

3.1. Asymptotic behaviour of the homogeneous in space stationary
state

Lemma 3.1. Grant Assumption 2.1. Then, we have
ve e (o 2|Wo|? . 1 /2

K y 51 5 | s = =1/ >

47 B P = TV ex
B

Poo 2 —, @5 = (5) =0.

<7 Wl oo
and

|Wol? . B
Vk € , oo |, < —.
ke <L2d B2 Poo |W0|

Proof. For a given value «, by Proposition 3.1 of [1], we know
that there exists a unique stationary state which is constant in
space and thus a unique associated mean value pf,. If

2|Wo?
= [2d7 B2’
then we have

1 /2 B 1 /2

> — and o |\ Wg—,/— +B)]=0.
I |[Wo| LY «m
Then, if @5 =0,

+00
/ se5%ds
- V T LdV

Poo = L4,/ (1 + erf(0

Hence, if (3.1) holds, then the unique constant in space smooth
stationary state satisfies

(3.1)

iy 1 /2
Ps = 4\ ==+

LY g

2
Now, let k¥ € (leggz , +oo>. Assume that

_ B
Poo = 7o

<7 Wl

Then @§ = 0 and we have

S e

which is a contradiction. O

LZdT(Bz
2w, T wol’
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Lemma 3.2. Grant Assumption 2.1. Then the function k +— pso iS
differentiable and for all ¥ € (0, +00),

. _ %
dpos 1 (1 +Ld®°p°°'()<p°°_ Td)

(k)= —— .
1 Df
e 2 (1 — (@) (L—d ~ Lpx (/300 - L—;’) x) Wo)

Proof. The mean p., of the constant stationary state is a solution
to

G(poos k) =0,

where for all y € R

B 1 [+ (s—oWoy+B)*
Gy, k)=y— 7 / se™* ? ds,
» Jo

+00 (s—qf’(Woy+B))2
z, =1 / e " 2 ds.
0

We have

86 = Ky 1 d= - qjg
0= (10 (5 =9 (32 = 5 ) ) o).

and
aG _ 3G _ 1 ) ) s
&(poos K) = a(pom k)= ﬂ(l + Ld(pgpocl{) <poo - T;) .
By the implicit function theorem, if
3G _
8*()000, K) 5& 0,
y
then
3G _
dpeo 37(1000, K)
Hy=-2€
dx G _
37(1000’ K)
y

But by Assumption 2.1, Wy < 0 and by Lemma 2.3,

1 d- _ D5
E_L 00 Poo—LT k>0,

3G
SO @(ﬁm, k) > 0. Hence the result. O

Lemma 3.3. Grant Assumption 2.1. Then, there exists a value
p* € RY such that for all k« € RY, ps, > p* and lim,_, p5, = p*.

Proof. Assume there exists a sequence «, such that

lim ps" = 0.
n——+o00 poo

Then we have

lim &5 = &(B) > 0.

n—+o00

But recall that

_ o
Pg(o) = (ng - Lg )Kn~

For n large enough, p%(0) < 0 which is impossible. Moreover,
by Lemma 3.2 the function k +— p% is decreasing. Hence the
result. O

Le;nma 34.
%o
Ld

Grant Assumption 2.1. Then, the quantity po. —

converges exponentially fast towards 0 when « tends to +oo.
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Moreover, there exists @, > 0 such that lim,_, ;o @5(k) = &, and
o5 e 3%
L4 k—>+oo [d 27k ’
Proof. By (B.1),
o V33

T g (14 e () o

Since &g is bounded, we have

VA
lim_ (poo - Ta) —0. (33)

If liminf,_, ;o ®§ = 0, then liminf,_, ;. poc = 0, which contra-
dicts Lemma 3.3. Therefore, the convergence in (3.3) is exponen-
tially fast.

Last, by Lemma 3.2, p is decreasing, thereby & is non-
increasing. But we also know that @; is bounded from above by
@(B). Hence, there exists a positive limit @, > 0 for ¢ when
k — —+o0. Using this fact and the properties of the error function
in (3.2), we obtain the desired equivalent. O

Poc —

Remark 3.5. Since @, = LYp*, given a function & it may be
possible to find those values explicitly. For example, if &(x) =
max(x, 0) is the ReLU function, then

Wop* + B = L%p*,
and thus

B LB
UL+ (Wl

*

P w
3.2. Fréchet derivatives of the functional

In order to establish the existence of bifurcating branches from
the branch of the spatially homogeneous stationary state, we
need to compute a few Fréchet derivatives.

Lemma 3.6. Grant Assumption 2.1. Then G is C3 Fréchet differen-
tiable on L*(T%) x (0, +00). Let hy € [*(T9), the first order Fréchet
derivatives of G at a point (p, k) are

D;G(p, k)lhi]
/ 1 d(= S0 = - ¢,0
= hl_‘p/} E—L(p—g(p,lc)) p—L—d K W*h]
and
D35, k) = — (& 1)+ (1 + 190, (5 — G(5 5 o
(6P ) = 5GP )+ (14 195 (5 — G(p. ))r) —Td) .
(34)

Let p%, be a smooth constant in space steady state of (1.1) associated
with a parameter «. Then,

S50 =K Ky 1 d=k —K QDE){
ng(poo, K)[hl] = h1_(¢0) ﬁ —L Iooo poo - LT K W*h],
and

_ 1 _ _ DL
D67 ) = 51 (1+ Begin) (75— T2 ).

Proof. To prove smoothness of the functional, let us remark first
that by Taylor expansion of @, which is C3, we have for all
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h e [2(T?),
1
qn(w*(p+h)+3)=q>ﬁ+q>/ﬁw*h+5q>g(w*h)2
1 " 3 3
+ 5@ (W xh) +o(|(w=h?]).

Note then, that for alli € N, i > 1, since W, W x h € H¥T¢) c
L>°(T%) and

2i
[(W s hy],, = \// (/ W(x—y)h(y)dy) dx
d Td

<MW lpeo IRl < L2 Wl [1RI -

Hence the map p — ®(W >|<2,5 + B) is C3 Fréchet differentiable.

, (=2)" .
Denote J(p, k|s) = e 7, Since, by Sobolev embedding and
properties of the convolution, W x p € C°(T¢) and

_ - d _
W s pllgee < Wil Il < L2 [Wilgee 1212,
then for any s, x € R, the functional J(-, «|s) is locally bounded

in [*(T%) and thus the functionals

+00 +o0
(5. ) > / J(p.)ds and (B, k) / J(p. k)ds
0 0

are Fréchet differentiable by dominated convergence. Hence, G

is C3 Fréchet differentiable by arithmetic operations where all

products and quotients involve strictly positive C> functions.
Note that

+00 _ = 2
l[ sexp (—K(s ¢(W*p+3)) )ds:,b—g_(,b,/c).
Zp 0

2

Let hy € [*(T¢). The first derivative in p is

(=25

] IR
D;G(p, )] = hy — J/ se™ 2
Zy, Jo

k(s — @3)ds W * hy

_ @L too (-0p)7
L5 — G5 k)22 / e P (s — @ )ds W hy
Zy Jo
By integration by parts

+00 (=052 7
/ se 7 k(s — @p)ds = L—Z,
0

and by direct integration
too (S*d’ﬁ)z _kp2
e T2 k(s—Pp)ds=e 275,
0

Hence, using that

5% 5(x)
e S(x

= p(x,0) = [ p(x) — -2 ,

Z, p(x,0) (p(X) T ) K
we obtain
DsG(p, k)[h1]

1 o _ @
= h—-o; <L7 —Ld(p—g(p,lc))< - T;)K> W x hy

The first derivative in « is

- 1 T mop?
D, G(p, k) =—(f Ee’” 7 (s— %)st
0

+oo 4 . (50,

- (-G [ e

0

(s— d>,3)zds>.
We can write it in the form

1 [T°  sopwP 5 df= ==
- / e T (s — dp(x)) (s —L (,0 - 34(p, K)))d5~
22, Jo

D.G(p. k)
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By integration by part, we have

b _ 1 _ (s—abﬁ(x))z @ Ld - S/ = e
— —e T2 (s — P- — -
G = 57 ([ e (s = @;(0)(s —~ L(p gipvk)))]o
+oo (s—@5(x)7 dr- ==
+ [ e ¥ 2 (25 — (1)'5()() —L (,O - Q(P, K)))ds)
0
Moreover,
1 (=007 S "
Z[_u P (s— @) — L5 — G(p, K)))]
) 0
- = e 550
= L'®;(0(p — G(p, k) —5—
]

= Ld¢lb(X)(Z) - g_(ﬂ_)s K)),O(X, 0)

= L'o(x)(p(x) — G(p, K )(X)) (b(x) - ‘pji"))K,

and using the definition of Z,,

1 +00 (s—5)? -
7/ e 2 (25— @; — L'(p — G(p, «)))ds
Z, Jo

1

=2p — —(®; +L%p — G(p. )))

Ld
D5
We obtain
_ - _ [oR
DG(p, k)= — (Q(p,KHp—Tf

If we apply the first order derivatives on the constant station-
ary state (pk,, k) we obtain

- 1 e = DPE
D;G(pls, k)hi] = hy — (&f) (Fd — L5, (pw - L—;’) K> W hy,

and

Sr =K 1 K =k -k Dy
D, G(pS,, k) = 7 (1+ qu§0poc/c) (poo — L—;) .0

We continue by differentiating the formula (3.4) with respect
to p in order to obtain the cross derivative D%Kg(ﬁ, K).

Lemma 3.7. For all hy € L*(T%), the second order Fréchet cross
derivative of G at a point (p, k) is

- 1 _
D?,KQ(;@ K)h] = o <D,39(/3, K )[h4]
DL
+ (1 +1D5(p — G(p, K))K) (h1 - T;W * h1>
+ Ll (@5(p = G(b, k)W Iy

+ @5(hy — D;G(p, k)[hi])) ( - %) > :
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Let p%, be a smooth constant in space steady state of (1.1) associated
with a parameter «. Then,

_ 1 _
D3 G(pS. k] = - (Dﬁg(ﬁ;, il + (1+ L5 picr)

¢/
X (h] — T;)W % h])
+ L (®§) PEW * hy
_ D
+ @5 (hy — D;G(B,, <)1) (ﬁ;o - L—;))
In the same way, we can compute the second and third order

derivatives in p. Denote
q)g = @"(W % p +B),

o) = @"(W % p + B), and

(¢6)// — @N(Woﬁgo + B)
(@5)/// — ¢/H(W + B)

We have the following lemma.

Lemma 3.8. Let pf, be a smooth constant in space steady state of
(1.1) associated with a parameter . Then, for all hy, hy, h3 € [*(TY),

Dg‘ G(pS.x )1, hy]
K\ 1 d- K _x @g
—(@g) L?_L Poo = 1a ) ¥ W xhi W x hy
kypd 50K - ¢K
+ ((DO)L (hz - D;,Q(,Ooo, K)[hz]) p _ LT

¢K
+ 0% (hz (LO)

W*hz))l(w*hl,

and

D3;559(P5%: )lh1, ha, hs]
111 1 d=« —x ¢K
(¢0) Ld LPOO ,OOO_LT W*h]W*th*h3
o1 (s — D263~ omha]) (55 — 20
+ (%g) (hs — DpG(ps,. k)lhs]) P10
e (@Y
+ Poo <h3 — LO
o1 (hy — D65~ ) (55 — 20
+ (@5)'1" ( (h2 = DpG(p%, K)Mha]) | B — 7

e (P5)
+ 'Ooo (hz — LO

W*h3>>KW*h]W*hz

W*hz))KW*h]W*h3
kyrd 2 5ok (Dg
+(®O)L [_D" (10007 )[h27h3]( _LT>
5y
- LY
+ (hs — DpG(p%,. x)lhs]) (hz L Lg) w *h2>

e (055)

+ (hz — DzG(pL., K)[hz]) <h3 -

W*th*hg]KW*h].

Proof. For all hy, hy, hs € [*(T9), the second and third order
Fréchet derivative in p of G at a point (p, k) are

D%pg_(b’ k)hy, h]
” 1 df/- =, - - CD
= — @] Lq—L(p—g(p,K)) p—LT W s hy W x hy

+ o)L ((hz — DpG(p. 1)[hy]) (_
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+ (p—3d(p.x)) (hz - wa*h2>)KW*hl,
and
D3..G(p, k)[hi, hy, hs]

1
— o (E —L%p — G(p, «))

¢,
(p—L—;’>/<> W s hy W s hy W % hs

@.
—

_ <15/
_,_(Iz)_g( ))<h3 LdW*hg))KW*I’hW*hz

+ o)1 ((h3 — DpG(p, k)[h3]) (

+ @71 (hy — D;G(p. k)[h]) (
s yd 2 - (D/—]
+ ¢'5L < D"g(p! )[hZ! h3] (p - Ld)
_ Pl
+ (ha = D3G(p. «)[h3]) (h3 - L—; W h3>) K W x hy

@/1(p — G(p h d)‘%Wh WxhWxh
+ @51 — G(p, k) 2= qa Wokha e Wk Woschs

2
_LTW*hZ

_ (p—g(p,K))LfW*hZW*m)KW*hl.

+ /L ((h3 — DpG(p. «)[hs]) (hz

"

Letting p = pf, yields the result. O

3.3. Proof of the main results

We are now ready to rigorously state and prove the main
results stated in Main Theorem 2.2. For convenience, the main
theorem is split into two parts: Theorem 3.9 concerning the bifur-
cation points, and Theorem 3.11 characterising the corresponding
bifurcation branches. The case of higher dimensional kernels of
the p first derivative and additional symmetries is discussed in
Section 3.4.

We define the functional

H: LT xR
(P, &)

2(md
- L (35)
GRS, + B k).

which is the one we will apply the Crandall-Rabinowitz theorem
to. For completeness, the Crandall-Rabinowitz theorem in the
present context is stated in the appendix (Theorem A3) Note
that for all k € R*, #(0, x) = 0 and that for x > A% OILZ' owing
to Assumption 2. l the functional H satisfies all the smoothness
hypotheses required. The Fréchet derivatives of H are

DyH(p. k) = D;G(ps, + p. k),

D H(p, k) = DcG(pS, + P, k) + D3G(pS, + b, ) [CZfO(K)} ,
D2 H(p. x) = D2,G(pk, + p. k) + D2;G(p, + B :c)[d(%(;c), }
DpsH(p. k) = D25G(p, + B k),

D;ppH(p, k) = Dp,)pg(pgova,K).
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In particular, we have

D;H(0, k) = D3G(pk,, k),

D H(0, k) = DcG(pl,. k) + DpG(p%,. k) [dﬁo(lc)] ,

2 H(0, k) = D%, G(pk,. k) + D2,G(pk,, k) [df;o (), ] . (36)
D;5H(0, k )—D?—g'(ﬁ;,x),

D;;5H(0, k) = Df),,pg'(bgo, K).

2
Theorem 3.9. Grant Assumption 2.1. Let k € (Lzzll‘f:f;z +oo). If
there exists a unique k* e N? such that

W(k*) 1

Ok a 1 _ (.. P '
L3(@Y (ﬁ — Lips, (pgo - )«

and (®§)" > 0, then (p%,, «) is a bifurcation point of G(p%,, k) = 0.

(3.7)

Proof.
(i) We first rewrite
D;H(0,k)=1—T,

with T : L3(S) — L2(S) defined by

1 _ (22
Th, :(d)g)/(L Ldpoo <pgo L‘;))K) W * h;.

First, we have to check that the operator D;#(0, x) is not the
identity, that is to say T # 0. We know that (®§) # 0 by
Assumption 2.1 and Lemma 3.1. Hence, by Lemma 2.3, T # 0.

(ii) Let the basis of LZ(T”’) be as described in Section 2.2. By
(2.5), for all k € N¢, we have

2
e _. P W(k)
(#5) (L—d - L'p5 (pm - L—;’) x) ol )
%o

2
ITexlls =

Hence, the Hilbert-Schmidt norm
1Tl = > ITexl3,
keN

is finite and T is a Hilbert-Schmidt operator. Therefore, D;#(0, «)
is a Fredholm operator.

(iii) Note that the mapping z + I+zW - is norm-continuous;
indeed, for all z;,z, € R,

I+ 2W ) = (T + W )l = |z — 2z [W s -]

Hence, taking

1 o
(o - 8)-),

and applying the invariance by homotopy of the index of Fred-
holm operators, we have Ind(D;#(0, «)) = Ind(I) =

(iv) We now diagonalise D;#(0, x) with respect to the or-
thonormal basis defined in Section 2.2:

D (0. )il (x)
d 1 _ Df
1-L3(@g) (L—d — L5 (poo ¥ ) K) W,

- 2 F(k @K
(1 LO’ZI(<;) (7 - L% (Z’go - LT) >> wi(x),  otherwise,

if k=0,
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with F(k) = (@5 )’W(k), Since Wy < 0, and by Lemma 2.3,

d 1 _ D5
1—L2(PLY (fd —L9p" (pgo— Td) /{) W, > 0.

By assumption (2.8), the kernel of D;#(0, «) is thus one dimen-
sional.

(v) Last, we need to check that if v € Ker(D;#(0,«)) and
vl = 1, then D3, #(0,x)[v] ¢ Im(D;H(0,«)). Since W is
symmetric, the operator I —T is self-adjunct. Then, since Im(I —T)
is closed, we have

Im(I — T) = Ker((I — T)*)* = Ker(I — T)*.
As a result, we just need to check that
(D2 #H(0, k)[v] | v ) #0.

According to (3.6),

] ) dpsc
2 (0, )[v] = D2, G(p%. )[v] + D2, 37 &) [cfk(”’ v] :

Applying the formula in Lemma 3.7, and noticing that v €
Ker(D;G(p%,. k)), we obtain

1 J (@LY

3¢ 1+ LiPg 5k )(v— W
I8 i} _
+ () DEW * v+ DFv) <ng

D2, (k. )[v] =

Since v € Ker(D5G(poo, k), we have

Wxv= v.

Hence,

1 (KY
K(l—i—qu>0pOO )(v— Lg W*v)

1
= (—i—depOpoo) - v
2k d 1 d Ak K (DO
(3.8)
_ _ Df
¢ (-7
= 2(1-|-qu““)1 A
_ _qd kY
T Lpéo(pgo Ld>K
and
4 . ol
5((@) W*v+q>0)(pgo—L—d>
Ld pK K - K g
o (- )

Collecting (3.8) and (3.9), we obtain

_ 1 p +Ld o
D2,.G(pk,. )] = > ﬁ°° ( (pzp“ + &)
_ Ld/_)K (ﬁk _ 70> K
L4 o\ 14
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. dp
2 K o0
D3,9(p%- «) [d;c (), v}

/! 1
= (@) (ﬁ -

d_ -
L pgo (pgo - 1d

D oo
—0> K) ngL(/c)W * v

=Aq

Ky yd 50K —K @g —K 4
+ (5L (v — DpG(pL,, k)v]) Po—Ta ) ¥ A% v —

Box 1.

_ Lap 1 L4(p%, )k
2 l — [dpk HK ig K
%o
X 1000 — LT V.

On the other hand, we have the equation given in Box |
where

(P5)"Wo dpso

Al =— —=(x),
1 (CDS)’ drc (k)
and
@K K\
Ay = (@8)1¢ <<z>go - L—j) v+ Pl <v S g) w *v))
d5
X K Wo&(/c)
dk
— (- _ P
o HES (Poo - Td) «
= (ogyL? </5§o — Lg ) v+ D5 oF
o~ L (bgo - L—;) «
5
X K Wo&(/c)
dk
Ld —K )2
= (@p1' | 1-~ (P
- - 0
o (- )
P dp
x (”50 - Tg> 0 g WY
Therefore,

(P5)'Wo dpso

D2, H(0, =\|- 3.10
5 H(O, k) [v] (@F) de (x) (3.10)
<0
K do Ld —~K \2
+ 14 <7°+(¢5)/wo%(x)> 1- GO
K ,_id_Ld/_)go (Ibl( Tg),c
>0
=iA3

10

Hence, if A3 is of negative sign, then D%KH(O, «)[v] # 0. Moreover,
A3 < 0if and only if
5
)

If we denote n = \/gég, then by Lemma 2.3,

_ 1 _ _
L(ps, Vi > T L5, (péo

0
4’

1 exp(—n?)
VT 1+ erf(n)

2
+n>.

_ (1 exp(=n?) 2 exp(—n*) 1
o = =1 Vet 1) (J7 1 Lat *1) ~ 3

where the function w is the same as defined in (B.2). In the proof
of Lemma 2.3, we obtained that
2

1 1 2 exp(—n?)
_ﬁ( _ﬁ1+erf(n)[
and by (B.1),

])-

d(—l(

P 2 ( 1 exp(—)

1\ /7 1+ erf(n)

Hence, A3 < 0 if and only if

)

N —

and that w is an increasing function on R,. Therefore A3 < O,
which in turn implies

(D240, )] |v)#0. O

Remark 3.10. The assumption (®§)” > 0 in Theorem 3.9 can be
relaxed. Indeed, in (3.10)

(D) Wo djn

Ay =
4 (PE)  di

(x)
oF dp oF
d 0 ’ {e'9) _ 0
+L (7 +(2@5) Wow(@)"‘z» (pgo - LT> <0,
is sufficient for D (0, x) [v] # 0. By Lemma 2.3 and (B.1),

A =2(1_ (f(n)+n)2) <2<1_f(0)2) _
2 g(n)

T —4
=2

2 g0
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as it can be checked that WLX)Z is an increasing function in 7.
Thus,
(@5)'Wo dp.
Ag = ———~— oo( )
(Pg)

PE dpoo . P\ m-—4
=2 + (@)W, -2
+ (2+( o) odK())(poo 7 -
LY Wo dp Pk PE\ T —4
M&(K)Jrﬂ?o (ﬁﬁo _ Tg) i

(@5) di T2’
as, from the expression of in Lemma 3 2, 60
—o0 to 0. By writing out the remammg

can range from
, gathermg terms, and

remembering that < Poo — T—é’) > 0in the above inequality, we

find that

(P5)'Wo 1 (1 + LAPg pk k) P —4
(®5Y 21 _(<p6<)/wo% 2 7 —2
(P5YWo 1 (14 L'D§pl k) Ldggn

N (¢g), 2K-l (p)WO(‘l_f) 2 m—-2

D —4
2 m—2

(@K)//WO Ld (1 —+ @g (@gl( + ./ %))
<= +14
(®5) 26 19— (PEYWp (1 2)

<0
will yield A4 < 0. For the first inequality we again used the lower
bound on g(n) in Lemma 2.3, and for the second the relation (2.3)
together with a maximum of p% (0). By inserting the lower bound
of k¥ from Lemma 3.1 and rearranging, we see that requiring
L A= DE(DEY LY — (PE YW, (1— 2)
(®6)" > 275 Tairpe wp

g ™ot ( T o \)

is sufficient for D2,

H(0, k) [v] # 0.

Theorem 3.11 (Characterisation of the Branch). Let the assump-
tions of Theorem 3.9 hold. Then at the bifurcation point (,agj, K*),
there exists a continuously differentiable curve of non-homogeneous
solutions to G(pX,, k) = 0 (G is defined in (2.2)),

*), § >0},
(3.11)

{ (Pez)s k(2)) | 2 € (=8, 8), (Pu(oys k(0)) = (B,

such that, for all x € T¢,
Be@)(%) = P52 + zwpe (%) + 0(2),

where o(z) € span(wy+)*. In a neighbourhood U x (k* — &, k* + ¢€)
of([)go*, K*)in Lf(’]l‘d) x R%, all the solutions are either of the form
(p%,, k) or on the non-homogeneous curve (3.11). Moreover, the
function z — «(z) satisfies ¥’(0) = 0, and

1K

3Ky’

:< _(@6{)///

(@)

[ (2utek)
W(k*)

05,(0) <(¢S)”
(P5)

K//(O) —

+2(®§)'1K3p,(0) + (D5 ) 1°

[} d
G pspynd

Frde K dw(k*)z
— oL IC3poo(0)> ]) L Uy

+

||CL)*
K kel

11
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g\fv(/*)

O(k*)
and Ky = ( D2 H(0, k) [wi] | wis ) < O, where D2,
is defined in Eq. (3.10).

K3 =1—Lp k(PE)YL

0,

H(0, ) [wp]

Proof. Let us now characterise the branch of the bifurcation by
computing «’(0) and «”(0). We drop the star in k* for the sake of
readability and denote by wy the element spanning the kernel of
D;G(pk,, «). Recall that

1

1 -
(@5 (Fd - Lp, (péo
and that, as obtained in the proof of Theorem 3.9,

W wy = e =: Crag,

195 ok EOK
(¢K)/ Poo | Poo Ld K
— Y Wy = — wk=—C2wk,
L4 1 d= _ @5
T T
with C; a positive constant. According to Lemma 3.8 and denoting
again
Ld —K 2K
Ay=1— (P5) <o,
1 = _ o
TR G
we obtain
(@8)

D2,G(ps, o, il = [— + BLA; (pgo -

¢I(
T‘;)) K] C1a)i

(Dq)
We have

< a),f | wy ) = f a),f(x)dx =0.
Td
Therefore, { D2.G(poo. )@k, @i] | @ ) = 0 and

1( D2,H(0, K)ok, o] | oy )
2 {D2H(0, )[ex] | )
1{D2,6(p5. lww, ] | o)
T2 (D2 MO, )l | ok )
This result was expected as it was unlikely that the bifurcation

would be transcritical.
Now, let us compute «”(0). We are going to use the formula

1 D350, 6w, o ] | e )

3 (D2 H(0, k)ax] | o )

from Theorem A.4. To compute the third order derivative term,
we start with the general expression in Lemma 3.8 and we use the
facts that D%EPH(O,K)[wk,wk, w] = Df;ppg(ﬁgo,lc)[a)k, i, wi]
and that D;G(p%,, k)[wk] = 0:

K'(0)=—

K”(O) —

pppg(poo’ )[a)kv Wi, Cl)k]
K\ 1 d- K —K ¢(’)( 3
= _(¢0) Ld —L'p Poo — LT Kk | (W x wy)
+ 2(0¢)'1° (a)k (pgo
(@)
d

+ /_)go (wk -
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+ (®§)1 |: —D2,G(pk, 1)k, @] <,5§o -
(pl( /
0 ) W % wk)

Ld
W*ka*a)k]KW*wk.

%o
Ld

+ 2wy (a)k -

. (45/()//

[ee} Ld

Hence, we obtain

( Dpppg(pgov K)[(l)k, Wi, wk] | Wk )

=< (¢ )///
(D5
+ (®f)1! [ —(2G + pi(@§)'C?)
e P (@)

" <p°° ) Td) (@5)/

%)) o) o 1

¢K
G2 + 2(®L ) L AsCy? (z;go - L—é’) K

— ®)LA;

d
C L2 A= 1— Ld—x oF /C
1 2 o) 3 Pk (Pg ) C1
@K @K /W ]
and G=1- (%) G = (‘;)7(0
L Lz O(k)
Thus,
( D255G(B5 K)o, s ] | @y )
(¢K)/// o B @6
= 2ADL) L [ e — -2
( (@) +2(®g) s\ P =0 )¥
d ~
2L20(k) (D) | - a W(k)
ol /Ld _ - _9 0 € (BEY'L
+(9p) |: ( Wk) Id + P5.(Pp) 2@(}())/(
_ 294 p
o~ Td 5Lk
+<p°° Ld)<(¢6’ (@5

2
20

X <,Z)K

where

()(k

(k
(k)

Finding the sign of «”(0) (which determines whether the
bifurcation is subcritical or supercritical) is hard as the formula
involves a several terms, some of them being of unpredictable
sign and scale, like (&g )"”. However, for certain choices of @,
this convoluted formula can be simplified, like we show in the
following remark.

=

[N

O

Ky =1—Lp k(PEYL

)

Remark 3.12. In the case of the ReLU function @(x) = (x)*, the
expression for K; simplifies and we can obtain the asymptotic
sign of «”(0) for bifurcations happening close to x = +o00. More
precisely, using the notation for constants in the previous proof,

we have
o< \?
—2G, + LYAs| | pr. — =2
”(0) ey 22+ 3|<p°° L")
K = —
3 ( D2, #(0, k)ax] | oy )

and we know that C; > 0 and (D2 H(0,«)[wi] | @) < O
according to the proof of Theorem 3.9. Hence, the sign of «”(0)
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depends on the sign of

d —K ¢K
L" [ |As] | P — T — Pk C

with C; > 0, and so it depends upon the sign of

_ DS _
|As3] (Pgo - LT(’)) — Poo

The positive term tends to 0 exponentially fast (Lemma 3.4) when
k tends to 4+oo and the negative term tends to —oo linearly
(because C; and p., tend to a finite positive limit by Lemmata
3.3 and 3.4). Therefore, past some threshold value for «, all the
bifurcations are subcritical. It is then likely that past this value,
the bifurcation branches are nonlinearly unstable. This could ex-
plain why they were not witnessed in the numerical study of the
bifurcation branches in [1], and strengthens the hypothesis of the
existence of a hysteresis phenomena as suggested by the authors.

KC].

3.4. Higher dimensional kernels and equivariant bifurcations

In order to satisfy the hypotheses of Main Theorem 2.2 for
some value «x, we need to ensure not only that for some k* the
equality (3.7) holds, but also that this k* is unique, that is to say:
for all k e N\ {k*},

Wk*)  W(k)
ok 7 ek

This is because the hypotheses of the Crandall-Rabinowitz the-
orem (Theorem A.3) require that the kernel of the Fredholm
operator D;H(0, k) = D5G(poo, k) is one-dimensional.

However, when the kernel of the operator D;G(p, k) is of
dimension higher than one, a bifurcation can still arise. In the
previous results, the choice of the space Lﬁ(Td) of coordinate-wise
even functions was already playing two roles: to quotient out the
symmetry implied by W € Lg(Td), and to avoid the problem of
translation invariance of the stationary states.

As noted in the introduction, a natural generalisation of this
procedure is to use equivariant bifurcation theory [12-14] to
take full advantage of all the symmetries of W. This can be
applied to coordinate-wise even kernels, but it is particularly
useful for radially symmetric ones. The approach is as follows.
First, a closed subgroup of the Euclidean group E; acts from the
left on a function space by

n - h(x) = h(n~"(x)).

Here, the Euclidean group E, refers to the set of all affine isome-
tries in RY. We still denote by % the same functional as in the
previous subsection, but defined on L2(T%), where T¢ is the square
torus with length L, or a restriction of it. Given a lattice £ on T¢,
we denote I the largest subgroup of E;4 that acts on £-periodic
functions such that (-, ) is equivariant under the action of I,
ie.

Vne ', Yh e [(T),

H(n - h,k)=n-H(h, k).

Now, define

Vv = Ker(D;H(0, k)) C L*(T%).

For any isotropy subgroup X for the action of I" on V, denote
Fixy(X)={h € Vsuch that Vn € X, n-h = h}.

Then, up to technical conditions, whenever dim(Fixy,(X)) = 1,
by the equivariant branching lemma [12, Theorem 2.3.2], there is
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a unique branch of steady-state solutions of (1.3) whose averages
p have the symmetry X.

An important consideration is that the fundamental cell of the
lattice £ must satisfy two matching conditions: the periodicity
condition associated with the flat torus of length L on which (1.1)
is posed and the symmetry of the convolution on the torus with
the kernel W. The easiest way to ensure both is to choose a square
lattice adapted to the length L of T¢.

Theorem 3.13. Grant Assumption 2.1. Consider £ the trivial d-
dimensional cubic lattice of the flat torus generated by the vectors
(L,0,...,0),...,(0,...,0,L). Let I" be a subgroup of E;. Assume
H is I'-equivariant on [*(T%) and that there exists a multi-index
k* e N such that

W(k*) 1
O(k*) - 4 1 _ _ o~ ’

L2(@F) (L—d — L4pE, (pgo - L—f) K>
where k € R* and (®§)" = 0. Denote V = Ker(D,—,H(O,K)) C
L*(T%). Then, for all isotropy subgroups X of T,
such that dim(Fix,,(X)) = 1, there exists a unique branch of

stationary states of (1.1) bifurcating from the trivial curve and whose
average p in s has the symmetry of X.

Proof. In order to prove the result, we check the hypotheses
of the equivariant branching lemma as stated in [12, Theorem
2.3.2]. The regularity required for the map # can be deduced
from Lemma 3.2. The fact that 0 is an isolated eigenvalue with
finite multiplicity stems from the same arguments as in the proof
of Theorem 3.9. Let us now consider the functional (3.5) on the
bigger space L*(T%). We prove that it is a Fredholm operator from
[%(T) to L*(T?) in the same way, and diagonalise D;#(0, «) on
the Hilbert basis of L*(T¢) defined in Section 2.2; this time we
use (2.6) for the convolution. Similar computations show that the
kernel V is generated by all Fourier modes wy(x) associated to a

multi-index k € Z¢ such that
¢K
—K 0
_ 0 =0,
) (p“’ L )K>

where k| = |(ki,...,kq)] = (|kil, ..., |kq|). The proof of the
second order condition can be done in the same way as in the
proof of Theorem 3.9. O

| Li@5)W(k) (1 _

Notice that, for a chosen W, the kernel V is now higher dimen-
sional than when we were diagonalising in L_%(’H‘d). Note also that
a particular case of Theorem 3.13 is Theorem 3.9 when the only
symmetries are reflections on each coordinate. The dimension of
the Fix criterion then comes down to the uniqueness of the index
k*. The general result of Theorem 3.13 does not indicate whether
the bifurcation is saddle-node, transcritical or pitchfork, but for a
specific choice of symmetries of W and of the isotropy group X,
it is possible to check the needed hypotheses of Theorem 2.3.2
in [12] to specify the type of bifurcation. In all the cases we have
checked at hand, the bifurcations are of pitchfork type like in
Theorem 3.11.

Remark 3.14. In Theorem 3.13, we consider the lattice gener-
ated by the vectors (L,0,...,0), ..., (0,...,0,L) for the sake
of clarity. Indeed, it allows us to obtain the same bifurcation
condition (2.8) as in Theorem 3.9.

The fact that additional bifurcation points are not appear-
ing when we consider a finer lattice generated by the vectors
(L/n,0,...,0),...,(0,...,0,L/n), n € N* is not obvious due
to the nonlinear aspects of the condition. However, thanks to
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Lemma 2.3, we can rewrite the L-dependency in a clearer form:
1
= 7(056 Vg

d 1 d- _ Df K
L2(®g) (L—d—Lpgo<p§o—L—d K I E(I)g .

Hence, taking a smaller square lattice of length L/n would in-
troduce a factor n% in the right-hand side of (2.8). The corre-
sponding rescaling of the Fourier modes (note that since the
integration area is smaller in the computation of ®@§, W has to be

. d . .
rescaled), introduces a factor n2 in the left-hand side too. Hence,
the bifurcation condition remains unchanged.

Remark 3.15. In the spirit of [11, Remark 4.6], we can do
another interesting particular case at hand. Let &4 be the group
of permutations of {1, ..., d}. Introduce the equivalence relation
in N¢, k ~ 1 if and only if there exists { € &4 such that k = (1),
and denote [k] the equivalence class of any k € N Define the
space of exchangeable coordinate functions

L2(T%) = {u € LX(T%) | V¢ € &4, Vx € T, u(x) = u(¢(x))},

endowed with the Hilbert basis (i) cnd,. defined by wy(x) =
ﬁ > eg @i(%), where N/~ denotes the associated quotient
set containing all the equivalence classes.

Then, there is a bifurcation point whenever condition (2.8) in
Theorem 3.9 is satisfied on a unique equivalence class [k*] and
(@§)" = 0 holds. In this case, the shape of the branch is given by

k(z)

Pr()(X) = Pl z € (-8,6),

1
+ Zm Z w|(X) + o(z),

le[k]

with the same values «’(0) = 0 and «”(0) as defined in Theo-
rem 3.11.

The most interesting case in our application frameworKk is di-
mension d = 2. In this case, the Euclidean group associated with
the trivial lattice on the torus is the compact semi-direct sum
of the Dihedral group D4 and the compact group of translations
on T?, Dy + T?, see for example [13]. If we assume that W is
radially symmetric, then % is I'-equivariant with I = D, + T2
In order to classify the patterns we can obtain with Theorem 3.13,
the procedure developed in [13,34] consists of writing the kernel
Vv C I*T% as a direct sum of I'-irreducible subspaces V
V1 @ --- @ V,, which in turn implies, for any isotropy subgroup
Xof I,

FIXV(Z) = FiXV](E) H---D FiXVn(E).

Hence, it comes down to classifying I'-irreducible representa-
tions of V depending on its dimension. In dimension 2, this
work has already been done, for example in a general context
in [13,34] or in the context of deterministic neural field models
in [14,35]. Our spectral computations in the proofs of Theorem 3.9
and Theorem 3.13 indicate that if W is radially symmetric and
W(k)/®(k) are unique up to permutations of k, then dim(V) = 4
or dim(V) = 8. In dimension 8, the full classification of isotropy
subgroups of I' acting on a 8-dimensional representation can
be found in [34, Table 3], with dimensions of the Fix set for
each case. In dimension 4, there is a unique translation free
irreducible representation. The reader can also find in [13, Table
3] a general table relating planforms (patterns arising through
equivariant bifurcations) to the type of lattice, the dimension of Vv
and the isotropy subgroups. As explained in [13, Section 2.a], it is
possible to consider only translation free subgroups by lowering
the dimension if necessary, which we will show below in an
example for stripes.

Therefore, we can use our previous analysis of bifurcation
points in terms of the Fourier modes of W, combined with [13,
Theorem 2.3], in order to conclude that when the bifurcation
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conditions of Theorem 3.13 are satisfied, there are branches of
stationary states from the spatially homogeneous one with the
following symmetries: stripes, also called rolls [1, Figure 4];
simple squares [13, Figure 1]; squares [13, Figure 2]; and anti-
squares [13, Figure 3]. In Section 5 we comment on some of these
patterns and numerically explore their presence and stability in
the setting of (1.1).

In order to make the abstract procedure above more explicit,
let us take L = 1 and detail two examples for the setting in the left
plot of Fig. 2 in Section 5. Numerical results indicate that the first
bifurcation points in this case are associated to the multi-indexes
k=1(4,0), k= (4,1)and k = (3, 3).

Example 3.16. Consider the bifurcation point «* associated to
the mode k = (4, 0). Then V is generated by the functions

@(4,0) = \/icos(Serl), W(—4,0) = «/Esin(Snxl),
w(0,4) = \/ECOS(STZXz), w(0,—4) = \/iSiI](SJZXz).

The subgroup X generated by the rotation of angle 7 and the
circle S of torus translations on the x; axis (respectively the x,
axis) fixes only the span of w 4) (resp. of w4,0)), SO we can apply
Theorem 3.13. The branch having the symmetry of X, consists of
horizontal (resp. vertical) stripes. Since this planform arises from
a subgroup which is not translation free, it was expected that it
would have a one dimensional shape. Another way to obtain this
pattern is to apply Theorem 3.13 in LZ(T?) instead of L*(T?); then,
the kernel V is only two-dimensional, containing the cosines, and
the subgroup generated by the reflection on x; (resp. on x1) fixes
only a one dimensional space and generates the horizontal (resp.
vertical) stripes.

The translation free subgroup X D, fixes wa,0) + w(0.4)
and the branch with this symmetry consists of simple squares,
see the left plot in Fig. 3. Note that this branch could also be
found with the approach of exchangeable coordinates outlined in
Remark 3.15.

Example 3.17. Consider the Fourier mode k = (3, 3). The kernel
V is now generated by

w(3,3) = 2 C0S(67X1) COS(67X;), w3 —3) = 2cos(6wxy)sin(6mwxy,),
®(—3,3) = 2SIiN(67X1) cOS(67X2), w(—3—3) = 2sin(6x)sin(6mrx;).

The translation free subgroup X' = D fixes only a3 3), and hence
gives rise to a bifurcating branch with the symmetry of simple
squares, see the right plot in Fig. 3. This branch matches the
pitchfork bifurcation in L2(T?) which Theorem 3.9 yields.

Remark 3.18. Finally, we highlight the following:

1. If Fixy,(X') is of higher dimension than 1, there could still
be a bifurcation point there, but it is not detectable with the
equivariant branching lemma.

2. When W is just component-wise even, we can still apply
Theorem 3.13, but I", and correspondingly the number of isotropy
subgroups, will be smaller compared to the case where W is
radially symmetric.

3.5. Study of the bifurcations given a connectivity kernel

Another important question is to determine, given a connec-
tivity kernel W, how many continuous bifurcations will arise
from the constant stationary state and for which values of the
parameter. Under a convexity assumption on @, we can provide
some answers.

Theorem 3.19 (Bifurcations given a Connectivity Kernel W). Grant
@" > 0 and Assumption 2.1. For all k € N¢\ {0} such that
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W(k)/@(k) is unique up to permutations of k, if
W(k) L5
> s
Ok) @' (Wyop* + B)

where p* = lim,_, o poo, then there exists a unique « such that
(p%,, «) is a bifurcation point.

(3.12)

Proof. According to Lemma 2.3, the bifurcation condition can be
re-written in the form

Wik) L5
Ok (25)g (V/595)

with the function g being increasing and satisfying for all > 0,

lim g(n)=1.

n—>+00

2
1——=g(0) <gln) <
T

By Lemma 3.2, po is decreasing, and thus & is increasing. Since

we assume @” > 0, @' is increasing and thus (@§) is also

increasing. We deduce from all this information that the function
L3

(@52 (V525)
is decreasing. By continuity of @’ and Lemmas 3.1 and 3.3, we
have

VK

(NS

L
lim ¥(k)= 400 and  lim ¥()= ——
K—> K¢ K—~+00 QI)/(WOp* + B)
2
where k. = LZZ'Z':T";Z and p* = lim,_, 4o Peo. Note that the function

¥ is not defined on (0, «.) since (®5) = 0.

Hence, for all k € N? satisfying the hypotheses, there is a
unique intersection up to permutations of k, between the hor-
izontal line ‘2)/((,’:)) and the decreasing function ¥ for some value
k € (k¢,+00). We can then apply either Theorem 3.9 or the
discussion in Section 3.4 to prove that there is a bifurcation for
this value of k. O

Remark 3.20. If @ is not a C! function at point 0, for example
the ReLU function @ = (x)*, then the function

d
L2

(@) (V525)

does not satisfy lim,_,,. ¥(x) = 0. However, if we have a left

¥k

limit @/ = lim,_,o+ ®'(x), and if " exists on R*, we can still
state a similar result with
Ik W(k) 7Ls
< <
@'(Wop*+B) Ok) (m—2)P,

in lieu of (3.12).

Corollary 3.21 (Characterisation of the First Bifurcation). Grant
@” > 0 and Assumption 2.1. Let k* € N be such that

W) o | Y0 e
ek — O(k) |
If
W(k*) L
>
ek*) = @' (Wyp* + B)
and if for all k € N9\ {k*}, either ‘(/‘)’((,’::)) % or k is a permutation

of k*, then there exists k™ such that (,Z)g: , k*) is the first bifurcation
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point and «* is the unique positive number such that

W(k*) 1

ok 1 o :
Li(ogy | g — L (s — o |«

Notice that the value «* characterised by (3.13), that yields
the first bifurcation point in the above corollary, coincide with
the very point where the PDE system looses its linear stability, as
we discussed in Section 2.4.

(3.13)

4. Bifurcations of the full four component model

Utilising the details derived during the bifurcation analysis of
the one component model (1.1), we now sketch the procedure for
finding bifurcation points of the full four component model (1.3).

First, note that when B is constant in (1.3), the PDEs for the
four different directions 8 = 1, 2, 3, and 4, have the same right
hand side. With W € LE(Td), one can check that this system
has the same spatially homogeneous stationary states as (1.1).
However, our study of the functional for the mean for the one
component model (2.2) does not fully characterise the bifurca-
tions for the four component model (1.3). This is due to the fact
that the argument of @ now is different: W * p(x) is replaced by
m(x) := 3 >, WP x pP(x), see (1.4).

To be more specific, each component p', p%, p3 and p*, will
satisfy the calculations in Eq. (2.1), giving

_ 1 [T s—om? too —o(meB)?
pﬂ = 7 se 2 ds, Z,= 4 e " 2 ds,
0

(4.1)

for each B. As a consequence, the stationary states are equal,
ol(x) = p*(x) = p3(x) = p*x), since the value of @(x)
@(m(x)+ B) is identical in the four different directions. Assuming
no spatial dependence of the stationary state and periodicity of W
then yields p? = ps, which is the unique spatially homogeneous
zero of the functional §(p, «) for the mean in the one component
case (2.2). For spatially dependent stationary states, however,
®(m(x) + B) in (4.1) and @(W * p + B) when G(p, k) = 0 in
(2.2) are not identical, which leads to minor modifications in the
bifurcation conditions as we now show.

We are only interested in bifurcations from the spatially ho-
mogeneous solutions, so it suffices to consider bifurcations of
the spatially homogeneous stationary states of the sum m. The
stationary states of m are zeros of the functional

1 [t s—@(m+5)2
Q(m,x):m—ZWﬁ*<Z—f se"‘< S ds).
[ 70

We define the functional V(m, k) o(m+ m,, k) = Q(m +
Wopk,, k), where mg, Wopk, is the spatially homogeneous
stationary state for a given «. Like in the one component case, we
wish to apply the Crandall-Rabinowitz theorem (Theorem A.3) to
V(m, k). This can be done by following the proof of Theorem 3.9
step by step, and making the necessary adjustments. Note that
keeping the assumptions on W, it makes sense to consider the
same space and basis as in the proof of Theorem 3.9. Let hy, hy €
Lg(Td). By following the calculations leading up to, and in the
proof of, Theorem 3.9, one can check that

D V(0, k)[h1] = Dy Q(Woﬁgo, «)[h1]
(®y)

/
1
0
—
e (i

:h1—

(4.2)
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and
D%, V(0, k)[hy]

= D2, Q(m’,, k)[hy] + D2, Q(m¢

+Wodﬁ( )[ (qi‘z)”g (V525)

(4.3)

with g(n) as defined in Lemma 2.3,

1 K K 1 d=«x —-K qu
RN PAC) AT )

Now, as in the proof of Theorem 3.9, we let h; = wy, where wy is
in the orthonormal basis of Lﬁ(?l‘d), in (4.2). Using the fact that W
and the shifts r? are coordinate-wise even, we calculate

d
Zwﬂ*wk:Z/ W(x—y—rﬁ)%")ncos(z’ik" A>dy
5 g T 12 i

—Z Wx— —rfyek

d
L2
< [1

i=1

rf — x,-)) cos (2?‘"

(%

)
= sin (20 4+ 1 = x) sin (Z(x — ) ] dy
—Z
« Tleo (2
—Z / W(x—y —rP)
y ncos(zf;kx el ) a2
x Hco s (%0s = 11))
[mm,)m(zﬂk )

[ cos (qu (i +

Wix—y—r")eg
L2

i + r - xi)) cos (2”"1 (x; — rf)) dy

=

d
2

where the last step follows due to the shifts being coordinate-
wise even. Then, comparing the resulting expression with the
bifurcation condition (3.7), we arrive at the slightly modified
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Fig. 2. Bifurcation points represented as the crossing of Fourier modes (the black horizontal lines) and the right hand side of (2.8) as a function of « (the blue line). The

red line represents the critical x-condition in Lemma 3.1, and the vertical dashed line the condition in Lemma 2.4. Here, L = 1, B = 3, ®(x) = 0.5x (1 + X ) s

A/x2+0.1
and W(x,y) = —0.005 - 24 (1 + tanh (10 — 504/ax? +y2)>. Left: a = 1 (radially symmetric), right: a = 2 (coordinate-wise even, but not radially symmetric).

assumption 5.1. The bifurcation condition

W(k*) 1 1

Nk enN st (k)1 Z Hcos (2”"1' r,ﬂ) Theorems 3.9, 3.13, and 3.19 give us sufficient conditions for

Okr) 4 < ] b bifurcations, but since the right-hand side of the condition (2.8)

(4.4) depends nonlinearly on «, it is not easy to locate the bifurcation

_ 1 points theoretically. Thus, we plot in Fig. 2, for a choice of @ and

L (kY (l a5 (ﬁk 3 %) K) two choices of W, the right-hand side of this condition in blue

0 Ld o0 \ oo d as a function of « and the left-hand side as horizontal lines rep-

. iy . . . . . resenting Fourier modes. Each crossing between the decreasing
for (m, x) = (Wops,, «) being a bifurcation point. Setting h, = e curve and the horizontal lines yields a possible bifurcation
ve Kzer(DmV(O, k) in (4.3), we find that the assumptions needed point as described by Theorem 3.9 and Theorem 3.13. A zoom of
for D, V(0,k)[v] # 0O are exactly the same as for the one  the Jeft plot of Fig. 2 was presented in Fig. 1 in the introduction.

component model (cf. (3.10)). With h; = v in (4.2) one can easily In all the plots, the vertical dashed line represents the lin-
check that v € Ker(D (0, «)) has to satisfy ear stability condition from [1], recalled in Section 2.4, which
1 1 coincides with the location of the first bifurcation (see Corol-
2 Z Wk = 1 ox v, lary 3.21). The red line represents the critical value . = fz‘g‘/"f‘;

B (D5 (L—d — Lpx, (,Z)go - Tg) K) (see Lemma 3.1): no bifurcation can occur for ¥ < k. for the ringt—

hand side of the condition (2.8) has the constant value +oc0 on
such that (0, k¢l

The left plot in Fig. 2 shows the case of a radially symmetric
connectivity kernel. Here, each crossing yields a bifurcation point.
The crossings with the dashed black lines denote that there is a
unique branch in Lg(’}l‘d ) at that point according to Theorem 3.9.
Note that this does not imply that this branch is the only branch
in I2(TY) at that point or that there are no coordinate-wise
. 1 d even patterns at the other bifurcation points. As described in
W(k*)Z Z HCOS (2”Tk’f,ﬁ) . Section 3.4, each crossing in the left plot of Fig. 2 gives rise to

B i=1 multiple branches, each with their square symmetry, emanating
from the bifurcation point. It can be seen in the right plot of Fig. 2
that a lot more bifurcation points in Lg(Td) are detected with
Theorem 3.9 when W is in Lg(']l‘d), but is not radially symmetric,
compared to the case of the radially symmetric connectivity to
the left. Note that also in this case Theorem 3.13 yields additional
bifurcation branches, see Remark 3.18.

Finally, we note that the only change of the plots in Fig. 2 in
the case of the four component model (1.3) is that the Fourier
modes are re-scaled by a shift-dependent factor according to the
bifurcation condition (4.4) in Section 4.

D2, V(0 k)[v] = D2 H(0, k)[v],

where D%KH(O, «)[v] can be found in (3.10). Hence, Theorem 3.9
is valid, under the same assumptions on &, for the four compo-
nent model (1.3) when W(k*) in (3.7) is exchanged with

As highlighted in Section 2.4 for (1.1), this condition coincides
with the linear stability threshold obtained in [1, Theorem 3.6] in
the two dimensional case d = 2 when the shifts are coordinate-
wise even.

Similarly, the higher order derivatives needed to characterise
the shape of the branches in Theorem 3.11 are the same as
in the one component case. Thus, Theorem 3.11 holds without
modification. Finally, this can straightforwardly be extended to
Theorem 3.13 with the slightly modified bifurcation condition.

5. The bifurcation condition and patterns in two dimensions
5.2. Patterns and numerical exploration of stability

We now present supplementary insight about the location and
shape of the bifurcations described theoretically in the previous Here we plot examples of patterns along some of the bifurca-
sections in the case of two spatial dimensions (d = 2). We tion branches and numerically describe the loss of stability of the
also provide a brief comment on the stability of the spatially spatially homogeneous state of (1.1) through a simple bifurcation
homogeneous state and on the stationary hexagonal pattern for diagram in the case of the radially symmetric kernel of Fig. 2. We
(1.1) and (1.3) with radially symmetric kernels (see also [1]). do not provide colorbar scales for the plots in this section as we

16



JA. Carrillo, P. Roux and S. Solem

‘)'Sv.v. .v. r‘ ‘ - _w ! .‘
> e - -
LR

P® & » -
LR R R J ®

ol A A o5 I
5.

-0 0

).5 -0.5

- =

L.

Physica D 449 (2023) 133736

. _1
q
' %

i

o o @
A AL A A A

&
Lo

0.5

Fig. 3. Patterns in Lg(TZ), emerging along a bifurcation branch according to Theorem 3.9 and Remark 3.15 at each of the three first bifurcation points. The setting
is as in the left plot of Fig. 2. Left to right (first to third bifurcation point): k* = (0, 4) and (4, 0), k* = (1, 4) and (4, 1), and k* = (3, 3).

Fig. 4. Time-transient patterns of the mean by solving the PDE (1.1) numerically with x = 55 (close to the first three bifurcation points) and r = 10 ms and otherwise
keeping the settings as in the left plot of Fig. 2. From top left to bottom right, moving horizontally, snapshots at t = 40, 220, 1500, 1810, 2190, and 2400 ms.

are only interested in the qualitative shape of the patterns, and
not the quantitative aspects.

In Fig. 3 the three functions w(x) corresponding to the leftmost
(first) crossings in the left plot of Fig. 2 according to Theorem 3.9
and Remark 3.15 are depicted. They correspond to the values or
equivalence classes [k*] = ((4, 0), (0, 4)), [k*] = ((1, 4), (4, 1)),
and k* = (3, 3) (from left to right in Fig. 3). Keeping L = 1, the
functions that we plot are

1
wy(4.0(x) = —=(cos(8mx) + cos(8ry)),
[(4,0)] ﬁ( )
w(1,4(x) = cos(8mx) cos(2mx) + cos(2mwx) cos(8mx),
and
(3,3)(X) = 2 cos(6mx) cos(6my).

Note that the existence of these patterns could also be deduced
from Theorem 3.13, see Examples 3.16 and 3.17.

As remarked in Section 3.4, the shape of the patterns along
the different branches have been characterised in two dimen-
sions [13], and, as already noted, with a square periodic lattice,
there will be branches with patterns consisting of rolls/stripes,
simple squares, super squares, or anti-squares. Restricting the
functional (3.5) to the square lattice defined by the periodicity of
the problem as we did in Section 3.4, the characteristic hexagonal
pattern obtained through time evolution of the PDE system (1.3)
in [1] in the case of a radially symmetric connectivity kernel
will thus not appear along any of the corresponding bifurcation
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branches. This can heuristically be explained by the fact that a
hexagonal pattern cannot be fitted periodically on the square
while at the same time preserve any square symmetries—the
ratio between the inradius and circumradius of a hexagon is ‘/75
A simple Fourier decomposition of a hexagonal pattern which
periodically fits on the square [—0.5, 0.5]° is

@"*(x1, X)) = cos(67rx1) cos(67x5)
+ cos(8mwxq)cos(2mwx;) + cos(2wx1) cos(8wx,)
+ sin(6rx1) sin(6wx,) — sin(8wx1) sin(27wx,)

— sin(27xq) sin(8mx,),
(5.1)

but this is not symmetric with respect to the corresponding peri-
odicity lattice. One can check that this pattern is coordinate-wise
even with respect to axes rotated clockwise by 5.

To illustrate that the hexagonal pattern numerically appears as
a stable stationary state of (1.1), a typical time evolution for the
PDE (1.1) can be found in Fig. 4. Here p(x, t) is plotted at different
times for a k close to the three leftmost bifurcation points of the
left plot in Fig. 2. The time series is obtained by introducing a
machine precision perturbation of spatially homogeneous initial
data at one position and then using the same numerical method
asin [1] on a 64 x 64-grid. We observe that at first the patterns
are coordinate-wise even and go through different shapes before
stabilising into the bottom left pattern of Fig. 4. The solution
stays close to this pattern for some time. Eventually a symmetry
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Fig. 5. Bifurcation diagrams with the settings of the left plot in Fig. 2 showing the loss of stability of the spatially homogeneous state p5, to the hexagonal state
(see bottom right plot of Fig. 4). Left: maximum and minimum over x, right: the L*(T?)-norm. The continuation algorithm is computed both for increasing (12r) and

decreasing (r2l) «. The red dot marks the point of loss of linear stability.

breaking event happens (bottom centre of Fig. 4) and the solution
stabilises into a hexagonal pattern (bottom right of Fig. 4) which
numerically has the same coordinate-wise even symmetry axes
as (5.1).

As pointed out in [ 1], numerical experiments indicate that this
pattern does not occur continuously as a stable bifurcation branch
at a point on the spatially homogeneous branch, see Fig. 5. Fig. 5
shows bifurcation diagrams with respect to «. The diagrams are
created as in [1] for (1.3) by numerically evolving (1.1) up to
stabilisation to a steady value for a given «. Then, the stationary
states for increasing or decreasing « are recursively computed for
smaller (r21) or larger (12r) values of k by taking as initial data the
already computed steady state.

Indicated by a sudden jump in the difference between
max, p(x) and min, p(x) in the left plot of Fig. 5, there is what ap-
pears to be a discontinuous phase transition between the spatially
homogeneous steady state and the hexagonal steady state. This is
also apparent in the bifurcation diagram of || ||;2(y2) to the right.
Also note the different positions of the jumps for decreasing and
increasing «, which indicates a hysteresis phenomenon. Finally,
the loss of linear stability (see Lemma 2.4) is to the right of both
jumps (indicated by a red dot). This was also remarked in [1] for
(1.3).

6. Perspectives

Although having taken a crucial step towards understanding
the patterning of the stochastic neural field models under consid-
eration, we have only touched the surface of what this framework
allows to explore. One direction is to be even less restrictive with
the symmetry assumptions on the connectivity kernel W.

A further understanding of the bifurcations is needed to fully
understand the emergence and stability of the hexagonal station-
ary state for (1.1) and (1.3) in the case of radially symmetric
connectivity kernels. From the discussion in the previous section,
it is clear that the systems possess numerically stable hexag-
onal steady states, and that no hexagonal steady states could
be proven to exist when utilising the square periodicity of the
problem. Two plausible explanations stand out regarding the
emergence as the noise parameter o is varied. One is that there
could be other bifurcations occurring along the spatially non-
homogeneous branches leading to the hexagonal pattern. This
conjecture is supported by the bifurcation diagrams in [35, Figure
1] for a related neural field model. This is in no way evidence
that this has to be the case for (1.1) as the model and bifurcation
parameter in [35] do differ from (1.1). Furthermore, the stable
patterns with square periodicity displayed in [35] are only almost
hexagonal. The second is that the hexagonal pattern does in fact
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numerically appear as a local branch bifurcating continuously
from the spatially homogeneous branch. A first thought is to again
follow the approach of Dionne [13], but this time restrict the
functional to a hexagonal lattice. This is however complicated due
to the convolution in (1.1), which leads to the hexagonal pattern
in Fig. 4, having square periodicity.

Regarding the time-dependent system (1.1), we have yet to
provide a complete existence and well-posedness study, which
is challenging due to the nonlinear boundary condition. Fur-
thermore, nonlinear stability is a completely open and tough
question. Finding a solution is crucial to fully understand the
dynamics, and this process will require sophisticated analytical
tools. Finally, to extend the PDE models considered here to a more
realistic setting, an investigation of space correlated noise and
time delays is pertinent as well.
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Appendix A. General results in bifurcation theory

This appendix is adapted from the material contained in [33]
and is meant as a brief introduction to the bifurcation theory
utilised to prove Theorem 3.9. The corresponding equivariant
bifurcation theory needed in the proof of Theorem 3.13 can be
found for example in the book by Chossat and Lauterbach [12].

Let X, Y, Z be three real Banach spaces, U C X,V C Y be two
open sets and consider a continuous mapping F : U xV — Z. We
provide in this appendix some abstract results about the problem

H(x, k) =0, xeU, keV. (A.1)

We see X as a state of configurations for a system and Y as a set
of parameters. Given a solution (X, ko) to (A.1), we want to know
when a small change of the parameters around « entails a signif-
icant change in the configuration. This can happen only when the
implicit function theorem cannot be applied, for example when

DXH(X(), K()) X =7

is not bijective.

Let us consider the case of a one dimensional parameter space,
V C Y = R. We make assumptions on the existence of a “trivial”
branch of solutions to (A.1) and on the smoothness of .

Assumption A.1.
H(0,k)=0.

The open set U contains 0 and for all « € V,

Note that if the branch is of the form (x(s), «(s)), with x(s)
non-constant, it is possible to rescale the functional % to obtain
a trivial branch like in the assumption. It is what we do in the
beginning of the proof of Theorem 3.9.

Assumption A.2. We assume that # € C3(U x V, Z). For some
value kg € V, we assume that #(-, ko) is a Fredholm operator of
index O such that

dim (ker(DyH(0, ko))) = codim(range(DyH(0, ko)) = 1

We now state a result about the existence of a second branch
of solutions crossing the trivial branch for some value «o € V of
the parameter, which is one of the core results that we use in this
article. It can be found in [33, Th 1.5.1.].

Theorem A.3 (Crandall-Rabinowitz Theorem). Grant Assumptions A.1
and A.2. Assume that

ker(Dy#(0, ko)) = span(awy), wo €U, |laxll =1
and
D3 (0, ko)[wo] ¢ range(DxH(0, ko).

Then there exists a nontrivial continuously differentiable curve
through (0, ko)

{ (x(s), k(s)) | s € (=4, 8), (x(0), «(0)) = (0, x0), 8 >0},
such that
Vs € (=6, 8),

(A2)

H(x(s), k(s)) = 0,

and in a neighbourhood U; x V1 C U x V of (0, ko), all the solutions
to (A.1) are either on the trivial solution line or on the nontrivial
solution line (A.2).

We call the intersection (0, ko) of these two curves a bifur-
cation point. Note that the second order derivative DfKH(O, Ko) :
w + D% H(0, kp)[w] while applied to the point (0, «o) lies in

L(X, Z) the set of bounded linear operators from X to Z.
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With more derivatives of #, it is possible to harvest more
information about the local behaviour of the nontrivial curve of
solutions. We state here a particular case of the general results
from [33, Secs. 1.5-6].

Theorem A.4 (Characterisation of the Branch). Assume the hypothe-
ses of Theorem A.3, that H € C3(U x V, Z), and that X is a Hilbert
space endowed with a scalar product { - | - ). Then, the function
s — k(s) is twice differentiable. The tangent vector to the nontrivial
curve at the bifurcation point (0, ko) is (wo, «’(0)), which means that
there exists a bounded continuous function r : span(wp) X V. —
L2(T?) such that r(0, 0) = 0, and

lI(s wo, k(s))l

——— — =0.
=0 [3] + [ie(s) — (0)]

X(s) = swo + (s wp, k(5)),

The value «’'(0) is given by

1 < D2 #(0, ko)[wo, wo] | wo >

k'(0)=—=
2 (D2H(0, ko)lwol | wo )
Moreover, if k'(0) = 0, then

1 < D3, H(0, ko)lwo, wo, wol | wo )

" 0)= ——
<O ( D2.24(0, Ko)[wo] | wo )

3
and
x(s) = swo +o(s),  se€(=8,38).

When «’(0) # 0, the bifurcation is called transcritical. If
«'(0) 0, it is called a pitchfork bifurcation, which is called
subcritical when «”(0) < 0 and supercritical when «”(0) > 0.

Appendix B. A supplementary proof

Proof of Lemma 2.3. Notice that by (2.3),
Lo (/soo -
and using the expression for the stationary state (2.1), we have

v 2ice”2(% ?
)

Lz (1 + erf( 20V
+o0
f e-56-0fPqs — | & <1 + erf(
0 2k

V2
Moreover, using that
we compute

)
3

1 _
Ld ) k= I Ldpoopoo(o)v

Poo(0)

)
v2 )
+oo K K2 +oo K K2
/ (s — dF)e 25" %0) ds + &f / e~ 206=%) g
0 0

+oo K K\2
Ldf e"26=%)"gs
0

(o)

e,%((pg)Z D5
= + —
a [ —L(s—of L
kL e 2°" %ol ds
0
V2e 5(#7 P«

(B.1)

d 8 Kk Ld
14 /mk (1 + erf(—‘\’f2 ))
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Hence,
1 . (. @
o 199 (= 0 )0
1 2 e 59 1 e 3@ K
= [7 + _¢0

_ﬁl—}—erf(%) ﬁl—l—erf((p‘il/;) 2

] K K
= £ (1/59%).
Let us denote
1 exp(—n°)
fn)=—=—]-—-—-
J7 1+ erf(n)
Since the error function erf(n) is differentiable on R and satisfies
2

erf () = %e*ﬂ ,

then f has the following property:

') = =2f(m)F(n) + ).
It follows that, for all n € Ry,

g'(n) =2f(m [2(F(m) + n)2f () +n) — 1].
Let us denote

w(n) = (F(n) + n)(2f(n) +n)
for all n € Ry,

w'(n) = (1=2f)If(n) + n])2f(n) + n)
+ (Fn) + n)(1 = 4f(m)If () + n)
=gm)2f(n) + n) + (2g(n) — 1)(f(n) + n)
= (4g(n) — 1f (n) + (3g(n) — n.
We have

(B.2)

2 1
= — > -,

b4 2
so g’(0) > 0 and by continuity of g’, g is increasing on a neigh-
bourhood of 0. Assume by contradiction that g is not increasing
on R.. Let 7 = inf{n € (0, +00) | g'(n) = 0}. For all n € [0, /] we
have,

w(0)

4g(m)—1 > 3gn)—1 > 3(1—%)—1 > 0.
Therefore, w is increasing on [0, i]. But then,

) =4 (i) - 3 ) = 4760 (w0) - 5) =0,
which constitutes a contradiction.

Therefore, g is an increasing function on R . As a consequence,
for all n € Ry,

2 .

1-—=g(0) <gn < lim gn)=1 0
T n—>+00
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