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Abstract

This thesis examines Lagrangian-mean flows induced by surface gravity waves, with
particular emphasis on the displacements associated with these flows. Stokes drift,
the small Lagrangian-mean velocity accompanying the orbital motion of particles
beneath surface waves, has been well-studied, and is proven to play a role in ocean
transport. However, Eulerian-mean flows induced by slow variation of the wave
field (divergence-driven), viscous effects, or geophysical effects such as density
stratification and planetary rotation, have received less attention. It is the aim
of this thesis to study these wave-induced Eulerian-mean flows, which must be
superimposed on the Stokes drift to obtain the correct Lagrangian-mean (or mass
transport) velocity induced by surface gravity waves. In Chapter 2, the effects of
wave directional spread and density stratification on the mean flow induced by
a surface gravity wavepacket in deep water are studied, and the corresponding
displacements are derived. Chapter 3 examines ‘Ekman–Stokes’ dynamics driven
by the Stokes drift and Coriolis force within the turbulent upper ocean boundary
layer, and uses buoy data to explore the impact these dynamics have on the drift of
a floating particle. Finally, in Chapter 4 I combine the insights of the two previous
chapters to develop an analytical model capable of describing both divergence-driven
and geophysically-driven Eulerian-mean flows induced by surface waves.
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Chapter 1
Introduction

1.1 Background

Though surface gravity waves are periodic, they induce higher-order mean flows

which can influence the transport of tracers and particles such as plastics (Onink

et al., 2019). As a fluid particle follows its periodic orbit beneath a regular periodic

surface wave, it experiences a net drift in the direction of wave propagation known

as the Stokes drift (Stokes, 1847). This small drift arises at second order in wave

steepness α = (ak) with a the wave amplitude and k the wavenumber and decays

rapidly with depth; for a plane periodic surface wave in deep water the Stokes drift

uS = cα2 exp(2kz) where c = ω/k is the wave phase velocity and z the vertical

coordinate measured upwards from the free surface. Despite being a nonlinear

quantity, it may be computed from the linear (O(α)) wave solutions. A suitable

definition of the Stokes drift is that it is the difference between the Lagrangian

and Eulerian velocities of the flow field,

uL = u+ uS, Lagrangian = Eulerian + Stokes. (1.1)

This quasi-Eulerian description was put on a more formal mathematical footing

by Andrews and McIntyre (1978) in their work on generalised Lagrangian-mean

1



1. Introduction 2

theory (GLM) (see Bühler (2014) for a review). The Lagrangian mean is computed

as the average along the actual trajectory of a particle, such that

φ
L = φ (x+ ξ, t) ≈ φ (x, t) + ξ ·∇φ (x, t) = φ+ φS, (1.2)

where x is the (Eulerian) mean path of the particle and ξ represents fluctuations

about this mean, with ξ = 0.

Though the effects of winds and currents on transport of marine litter in the open

ocean are relatively well understood (see e.g. Onink et al., 2019), surface wave effects

have only recently been incorporated into these studies. Stokes drift is important in

the accurate prediction of near-surface drifter and buoy trajectories (see Röhrs et al.,

2012) and indeed in the study of upper-ocean dynamics in general. Waves have been

shown by Christensen and Terrile (2009) to play a significant role in the transport

and spatial deformation of oil slicks and other surface contaminants, and the wave

environment must be taken into account in search and rescue operations, such as in

the MH370 plane crash in the Indian Ocean (Trinanes et al., 2016). More recently,

there has been a growing interest in the influence of waves on floating marine litter,

in particular plastics. Including the Stokes drift in such studies may help to capture

seasonal variation in transport of floating litter: Iwasaki et al. (2017) found that

in the Sea of Japan Stokes drift moves mesoplastics towards the Japanese coast,

particularly during winter. Delandmeter and van Sebille (2019) and Onink et al.

(2019) also found that Stokes drift pushed microplastics towards Arctic regions.

Since concentrations of mesoplastics (5mm-25mm) and macroplastics (> 25mm)

drop off sharply with depth, but microplastics (< 5mm) are found throughout the

water column (Reisser et al., 2015), near-surface wind- and wave-induced flows

will play a predominant role in the transport of these larger plastic fragments. In

this way, waves may result in size-dependent differential transport by ‘sorting’ and

displacing particles differently based on their size and buoyancy. Such size-dependent

transport is likely to be important towards the coast, where larger plastics are

broken down in the surfzone into microplastics (Laxague et al., 2018). Stokes

drift also fundamentally changes transport patterns in the South Indian Ocean by
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shifting the convergence regions to the west, causing leakage of plastics into the

South Atlantic rather than the South Pacific, as demonstrated by Dobler et al.

(2019) using the tracer advection equation. Waves may also allow particles to cross

strong currents and circumpolar winds (Fraser et al., 2018).

Crucially the above studies have, for the most part, simply superimposed the

Stokes drift obtained from measurements of the local wave field or from the output

of a third-generation wave model such as WAM (The WAMDI Group, 1988) or

WaveWatch III (Tolman, 2009) onto the Eulerian current field obtained from ocean

general circulation models or observations. In doing so, they have ignored the fact

that Eulerian flows can be generated and modified by surface waves. Wave-induced

mean flows can form due to coastal boundaries and varying bathymetry (Elgar and

Guza, 1985), spatial variation and mass divergence, and viscous and geophysical

effects (Craik and Leibovich, 1976). I focus specifically on deep-water conditions, in

which the water depth is much greater than the wavelength of the surface waves, in

this thesis. Hence I consider only the latter two types of mean flows – those driven

by spatial divergence, and those driven by viscous and geophysical effects.

1.2 Divergence-driven mean flows

Though Stokes derived the drift due to a plane monochromatic wave, realistic sea

states consist of a spectrum of waves possessing different frequencies and directions

of propagation. Kenyon (1969) showed how the classical expression for the Stokes

drift could be extended to an ensemble of random waves. Such a linear superposition

of waves with different frequencies and directions may equivalently be described

in terms of wavepackets (or wave groups) (e.g. Kinsman, 2002). Since the Stokes

drift depends on the square of the local wave amplitude, its magnitude varies from

zero at the edges of a wavepacket to a maximum at the spatial peak, causing its

associated mass transport to become horizontally divergent on the packet scale.

Longuet-Higgins and Stewart (1962) demonstrated that this divergence drives an

Eulerian-mean flow corresponding to the second-order frequency-difference terms

formed from interaction between the underlying linear wave components which make
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up the packet. While the Stokes drift transports particles forward at the surface,

the wave-induced Eulerian flow returns them backwards at depth, and is hence also

known as the Eulerian return flow. For surface wavepackets in infinitely deep water,

the Lagrangian-mean mass transport found by superimposing the Stokes transport

and mass transport by the return flow is zero (e.g. McIntyre, 1981). Recently,

van den Bremer, Whittaker, et al. (2019) used wavemaker-generated wavepackets

and particle tracking velocimetry to observe the return flow experimentally in a

wave flume for the first time. Further details on Stokes drift and its interrelated

phenomena, including return flows, may be found in the recent review by van

den Bremer and Breivik (2017).

When the wave spectrum is sharply peaked about a single frequency/wavenumber,

such that ∆k/kp � 1 where ∆k is the characteristic width of the spectrum and kp is

its peak, it is possible to make a quasi-monochromatic (QM) approximation. Under

this approximation the wavepacket may be treated as a single monochromatic

wave modulated by slow envelope functions in space and time. This leads to

simplified expressions for the Stokes drift — which retains its monochromatic form

c (|a(x, t)|kp)2 exp(2kpz) — and the Eulerian return flow which depends on ∆k, the

small wavenumber difference. Exploiting the QM approximation, van den Bremer

and Taylor (2015) and van den Bremer and Taylor (2016) applied the method of

multiple scales to the return flow problem; effects such as amplitude dispersion

appear at higher order in the multiple-scales bandwidth parameter ε = ∆k/k � 1

(the leading-order effects of dispersion appear at O(ε2)).

Though much of the literature surrounding return flows has concentrated on

irrotational wave theory, the Earth’s oceans are weakly density-stratified due to

variations in salinity and temperature throughout the water column. It was noted by

McIntyre (1981) that oceanic stratification would likely distort the structure of the

return flow due to a group of waves. The potential for surface waves to interact with

internal waves is explored in Olbers and Eden (2016), who described the generation

of an internal wave by a pair of surface waves as a resonant triad interaction.

Recently, Haney and Young (2017) examined whether a surface wavepacket and
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its induced return flow may energetically interact with internal waves. While they

conclude that groups of surface waves do not act as an appreciable source/sink of

energy for internal waves, they confirm that the presence of stratification significantly

alters the mean flow profile. A train of internal waves are always generated in

the packet’s wake by directionally-spread packets (referred to hereafter as 3D),

but oceanic stratification is generally too weak to excite internal waves in 2D (the

case of a spanwise-infinite wavepacket).

Mean flows due to surface wavepackets have also been explored by use of the

cubic Nonlinear Schrödinger Equation (NLS) and its higher-order extensions. Davey

and Stewartson (1974) extended the wavepacket problem to 3D and water of

arbitrary depth by deriving a nonlinear Schrödinger (NLS)-type equation, which

was later extended in the seminal paper by Dysthe (1979) to a modified nonlinear

Schrödinger equation (MNLS), valid in deep water, describing the coupling between

the return flow and free surface in deep water. Dysthe’s MNLS has since formed

the basis of many studies on stability of wave groups and emergence of freak waves

(e.g. Taklo et al., 2017; Steer et al., 2020).

1.3 Geophysical and viscous effects

Longuet-Higgins (1953) included the effects of thin viscous boundary layers near the

bottom and the free surface, showing that these have a considerable impact on the

mass transport in the interior of the fluid. Depending on the ratio a/δ where a is the

wave amplitude and δ is the thickness of the boundary layer, vorticity is eventually

transported from the boundary layers into the fluid interior either by conduction

(a/δ � 1) or convection with the mass transport velocity (a/δ � 1). For typical

wave periods and the molecular viscosity of seawater, δ ∼ O(mm). Consequently, the

conduction solution arises only for extremely small waves in very shallow wave flume

settings (Groeneweg and Klopman, 1998). The convection solution is of interest for

most realistic surface waves. Longuet-Higgins showed that when a/δ � 1, the shear

of the wave-induced Lagrangian flow at the base of the vorticity boundary layer is

twice that of the Stokes drift. In other words, the shear of the Eulerian current is
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equal to the shear of the Stokes drift near the surface. This ‘virtual wave stress’

corresponds to the momentum lost to the mean flow due to viscous damping of the

waves. The wave stress condition remains the same for waves maintained at constant

amplitude by e.g. wind or energy transfers between different wave frequencies which

constantly replace the momentum lost by the waves. This wave stress boundary

condition was disputed by Huang (1970), who pointed out that in water of infinite

depth the surface value of the steady mass transport velocity becomes infinite, a

result that became known as the ‘Longuet-Higgins paradox’ (Madsen, 1978). Huang

then imposed without derivation the condition that the shear of the Eulerian current

vanish at the free surface, and hence obtained a finite steady mass transport at the

surface. However, using Lagrangian coordinates Ünlüata and Mei (1970) verified

that Longuet-Higgins’ boundary condition is indeed correct, and that the infinite

value of velocity at the surface comes about by requiring a steady-state solution to

exist in infinite depth. The Longuet-Higgins paradox was successfully resolved by

Madsen (1978), who added the Coriolis force to the equations of motion. A steady

state in infinite depth is then possible, since the viscous shear of the flow can be

balanced by Earth’s rotation. Xu and Bowen (1994) and Seshasayanan and Gallet

(2019) have since rederived Longuet-Higgins’ wave stress condition in Eulerian

coordinates and studied the steady wave-driven currents which result from it.

In an inviscid ocean the Lagrangian drift induced by a periodic wave train must

be zero in a rotating frame, as an unopposed Stokes drift violates the conservation

of circulation (Ursell, 1950). It was later shown by Hasselmann (1970) that the

Coriolis force puts the horizontal and vertical velocity components out of quadrature,

inducing a stress on the Eulerian flow which acts perpendicular to wave propagation.

This Coriolis–Stokes forcing (as coined by Polton et al., 2005) causes the Eulerian

current to rotate with the inertial frequency and cancel the Stokes drift after a

quarter pendulum-day, so that the Lagrangian current becomes an inertial oscillation

and there is no net transport. In other words, the Coriolis–Stokes forcing drives

an ‘anti-Stokes’ flow which cancels the Stokes drift, up to a free inertial oscillation

which is a homogeneous solution to the momentum equations. An exact solution
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for Gerstner waves in the presence of rotation was derived at about the same

time by Pollard (1970), who found the Gerstner dispersion relation to be only

slightly modified by rotation. A novel feature of his calculation is the inclusion of

the ‘nontraditional’ horizontal component of the Coriolis vector; he showed that

particles move in closed inertial orbits in a plane slightly tilted away from the vertical.

The horizontal Coriolis component is widely neglected under the ‘Traditional

Approximation’ (TA), usually on the basis that the horizontal scales of the motion

are much larger than its vertical scale. As pointed out by Gerkema, Zimmerman,

et al. (2008) this may not always be valid, particularly when the traditional

Coriolis frequency f is small (at low latitudes near the Equator, for instance)

or when vertical velocities are non-negligible. The nontraditional component also

results in a modification to hydrostatic balance. Recently Thomas et al. (2018)

considered the mean-flow response to a surface wavepacket in rotating shallow

water, demonstrating that it consists of a superposition of a classic return flow and

a rotation-driven anticyclonic flow. With increasing rotation the anticyclonic flow

dominates, eventually confining the mean flow to the ‘footprint’ of the wavepacket

and quenching the Lagrangian transport.

Turbulence in the upper ocean boundary layer can act in conjunction with Earth’s

rotation to create additional Eulerian-mean flows. Assuming the turbulence could be

parametrised by a constant ‘eddy viscosity’, Ekman explained his PhD supervisor’s

observations of Arctic ice drifting at an angle to the right of the wind direction as a

balance between the turbulent shear and Earth’s rotation (Ekman, 1905). These

Ekman currents form an important part of the wind-driven ocean circulation. Many

attempts have been made to improve Ekman’s classical theory by changing the

parametrisation of the turbulent eddy viscosity or by adding wave effects. For

example, angles of deflection between the wind direction and Ekman current at the

surface are generally observed to be much less than the 45◦ predicted by Ekman’s

classical theory (Price and Sundermeyer, 1999). Madsen (1977) modelled the Ekman

layer using an eddy viscosity which grows linearly in depth, which more accurately

captures the logarithmic current profile observed near the surface and results in
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smaller deflection angles of the surface Eulerian current. When the wind stress at the

surface varies spatially, this gives rise to small vertical ‘Ekman pumping’ velocities,

which in turn create zones of convergence (downwelling) or divergence (upwelling) of

water masses and marine litter. Microplastic concentrations are generally higher in

regions of convergence and lower in regions of divergence (Onink et al., 2019). Other

authors (Xu and Bowen, 1994; Lewis and Belcher, 2004; Polton et al., 2005) have

added the Coriolis-Stokes forcing to Ekman calculations, finding that it influences

the current profile and mass transport throughout the Ekman depth ∝
√
ν/f . The

induced current contains an ‘anti-Stokes’ flow which only partially cancels the

Stokes drift, in contrast with the inviscid case in which exact cancellation occurs

(Polton et al., 2005). Although the Coriolis-Stokes forcing is increasingly included

in Ekman calculations and circulation models, the wave stress at the surface has

received less attention. Authors such as Madsen (1978), Xu and Bowen (1994),

and Seshasayanan and Gallet (2019) have pointed out that the wave stress is often

comparable in magnitude to the wind stress and can drive ‘Ekman-Stokes’ spirals.

Waves also affect upper-ocean dynamics through the so-called Stokes forces

(Craik and Leibovich, 1976; Suzuki and Fox-Kemper, 2016). The Stokes drift velocity

profile interacts with the wave-induced and background (non-wave) Eulerian-mean

flow through shear and vortex forces to give rise to Langmuir circulations through

the so-called Craik-Leibovich instabilities (Craik and Leibovich, 1976; Huang,

1979). In this way, surface waves play a potentially important role in upper-ocean

mixing, and indirectly influence the value of turbulent eddy viscosity through the

high-frequency portion of the wave spectrum.

1.4 Synopsis

The main body of this thesis consists of three main parts: the influence of directional

spread and stratification on the mean flow by surface wavepackets (chapter 2), wave-

driven Ekman-Stokes dynamics (chapter 3), and Ekman-Stokes pumping (chapter 4).

Chapter 2 is subdivided into two sections, the first examining the influence of wave

directional spread and the second examining the influence of density stratification.
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Throughout, I make use of perturbation methods and asymptotic techniques to

simplify the nonlinear governing equations and boundary conditions. I assume that

the waves are of limited (small) steepness, so that we may use a Stokes expansion

to separate the linear motions from the mean flow.

My aim is to develop a better understanding of the significance of wave-induced

mean flows in both wave and circulation models, and hence their importance in

particle transport. I neglect surface tension since our interest is in surface gravity

waves typical of fully-developed wind seas or swell.

Nonlinear effects (in amplitude) which are above the order of the wave-induced

mean flow are neglected, and so this thesis does not consider the instability of the

wave train through interaction with the induced mean flow. The Craik–Leibovich

instabilities which rely on the vorticity of the Stokes drift are important in some

conditions (Craik and Leibovich, 1976), but do not arise in the scenarios we consider.

1.4.1 Chapter 2

This chapter is based on a paper entitled ‘Lagrangian transport by surface gravity

wavepackets: effects of directional spread and stratification’ co-authored by T. S.

van den Bremer and J. Vanneste, and published in the Journal of Fluid Mechanics

(Higgins, van den Bremer, et al., 2020)

This chapter deals with the Eulerian-mean return flow driven by the divergence

of the Stokes mass transport caused by idealised wavepackets, and the net dis-

placements associated with this return flow. The return flow and its associated

displacements are examined for the case of an isolated wavepacket, first on an

unstratified ocean and then on a stratified ocean. Considering the net displacement

over long times yields some surprising results: the Eulerian-mean displacement

vanishes for a 3D wavepacket (directionally-spread, hence finite in the cross-wave

direction) but it is negative and constant in depth for a 2D packet (unidirectional

or spanwise-infinite, hence periodic in the cross-wave direction). However, the

3D displacement over finite time intervals is finite and nonzero: initially, the

displacement behaves as in the 2D case, but ultimately decreases to zero as the flow
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becomes 3D and begins to return around the directionally-spread packet as well as

beneath it. In the stratified case, the Fourier-integral approach I use is an alternative

to the mode expansions of Haney and Young (2017). Net displacements are again

zero in 3D, but oscillatory with depth in 2D. The behaviour and development

of the 3D displacement over time depends on the strength of the stratification

and the width of the packet.

I also examine the leading-order (O(ε2)) effects of amplitude dispersion on

the displacement, and the influence of the set-down of the mean surface on the

net displacement.

1.4.2 Chapter 3

This chapter is based on a paper published in Geophysical Research Letters entitled

‘Unsteady Ekman–Stokes dynamics: implications for surface-wave induced drift

of floating marine litter’ co-authored by J. Vanneste and T. S. van den Bremer

(Higgins, Vanneste, et al., 2020)

In this chapter I examine the surface gravity wave-induced Eulerian-mean

‘Ekman–Stokes’ flow which arises due to two main geophysical effects: the rotation

of the Earth and the turbulence in the upper-ocean boundary layer, the latter of

which can be related to the shear of the Eulerian-mean flow via an eddy viscosity.

As demonstrated by Longuet-Higgins (1953) and recent laboratory experiments by

Grue and Kolaas (2017), the O(mm)-thick viscous boundary near the free surface

gives rise to a wave stress, which is related to the vertical shear of the Stokes drift.

In turn this wave stress drives an Eulerian-mean Ekman–Stokes flow, which is

affected by Earth’s rotation, the Coriolis–Stokes forcing, and the upper-layer eddy

viscosity. I show that the Ekman–Stokes flow is given by a convolution between the

time-varying surface Stokes drift field and an ‘Ekman–Stokes kernel’ which encodes

the development of the Ekman–Stokes flow with depth. Using the convolution, I

compute the Eulerian-mean response to an idealised storm, and then to the Stokes

drift field computed from CDIP buoy data. Accounting for the Ekman–Stokes flow
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leads to differences in both magnitude and direction of the wave-induced Lagrangian

current, and to predictions of wave-induced drift of floating marine litter.

1.4.3 Chapter 4

Chapter 4 incorporates the previous two chapters into a model which examines and

links both the divergence-driven return flow and geophysically-driven Ekman–Stokes

effects. When the wave field is spatially-varying, the Ekman–Stokes dynamics in

the upper layer give rise to a weak vertical velocity. Analogously to how spatially-

varying wind stress gives rise to regions of Ekman upwelling and downwelling,

the weak wave-induced vertical velocity resulting from a spatially-varying wave

field gives rise to Ekman–Stokes pumping. At the base of the upper layer the

pumping velocity is given by the horizontal divergence of the leading-order wave-

induced Lagrangian mass transport, and provides a modified boundary condition

on the divergence-driven deep return flow. I examine the behaviour of the return

flow in several physical limits.
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Abstract

The Lagrangian mass transport by non-dissipating surface gravity wavepackets
consists of the Stokes drift and the wave-induced return flow. We examine how
directional spreading and density stratification affect this mass transport for an
isolated nondissipating wavepacket in deep water using a perturbation expansion.
For an unstratified ocean, we show that the net displacement by the return flow
is finite, negative, the same at all vertical levels and inversely proportional to the
depth for spanwise-infinite packets representing unidirectional (2D) seas, but zero for
spanwise-localised packets representing directionally-spread seas (3D). We resolve
this 2D-3D difference by demonstrating that a transition between 2D-like (finite)
and 3D-like (zero) displacement occurs on a time scale inversely proportional to
the degree of directional spreading. For a stratified ocean, we show that in 2D
the net displacement profile by the return flow oscillates slowly with depth, with
a wavelength dependent on the ratio of buoyancy frequency to the surface wave
group velocity, and infinite displacements are predicted when the surface wavepacket
resonantly excites internal waves. In 3D, the net displacement remains zero in the
presence of stratification, but finite-time displacements may be appreciably altered.



2.1 Introduction

The periodic motion of particles beneath surface gravity waves is subject to a small

Lagrangian-mean velocity in the direction of wave propagation, a phenomenon

known as Stokes drift (Stokes, 1847). In the ocean, this net motion provides a

significant contribution to the trajectories of drifters (Röhrs et al., 2012), and

must be accounted for in search and recovery missions such as for the 2014 MH370

airplane crash in the Indian Ocean (Trinanes et al., 2016). Stokes drift can be key

in the local modelling of oil spills (Christensen and Terrile, 2009; Drivdal et al.,

2014; Jones et al., 2016) and plays a potentially important yet largely unexplored

role in the near-surface mass transport and dispersion of plastic pollution (e.g.

Lebreton, Slat, et al., 2018).

Realistic sea states do not consist of regular waves but are made up from

wavepackets (Longuet-Higgins, 1984), a feature which is equivalent to a linear

superposition of waves with different wavenumbers and frequencies. Since Stokes

drift depends on the square of the local wave amplitude, its associated mass

transport becomes horizontally divergent on the packet scale. Longuet-Higgins

and Stewart (1962) demonstrated that a deep return flow forms in response to

this divergence. The total Lagrangian velocity is given by the sum of the Stokes

drift and the induced return flow (uL = u2 + uS, e.g. Bühler, 2014). For surface

wavepackets in infinitely deep water, the Lagrangian-mean mass transport is zero

(e.g. McIntyre, 1980). The Stokes drift is localised near the surface while the

return flow is more persistent with depth, so that packets induce a depth-dependent

mass transport (e.g. van den Bremer and Taylor, 2016). Due to directional

spreading of the underlying wave spectrum about a peak wavenumber, wavepackets

frequently exhibit localisation in the spanwise direction, which may considerably

reduce the magnitude of the return flow and its associated displacement (e.g. van

den Bremer and Taylor, 2015). Recently, Haney and Young (2017) examined the

propagation of a wavepacket on a stratified ocean, showing that density stratification

significantly distorts the return flow.
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In this paper, we investigate the Lagrangian transport associated with an isolated

spanwise-localised (or 3D) non-dissipating surface gravity wavepacket, considering

unstratified and stratified oceans in turn, and focussing on the net displacements

induced by the return flow. We emphasise that the model of an isolated wavepacket

we consider is mainly of theoretical interest and not directly applicable to the

real ocean. It is intended to provide general insight into subtle features of the

displacements and potentially provide a benchmark against which to test the codes

of more realistic sea-state models.

We assume throughout that directional spreading is relatively weak, so that the

packet’s width is greater than or equal to its length in the direction of propagation.

We examine wavetrains which are quasi-monochromatic, that is, with narrow-banded

spectra. We also assume the surface waves have wavelengths much smaller than

the water depth (i.e. are deep-water waves). We do not place such a restriction

on the packet’s characteristic length scale relative to the depth, and thus on the

scale of the return flow. For an unstratified ocean, we use perturbation methods to

demonstrate that the net displacement of particles by the return flow is finite and

depth-independent for a spanwise-infinite wavepacket (2D), but vanishes altogether

for a spanwise-localised (3D) packet. In doing so, we correct erroneous numerical

predictions by van den Bremer and Taylor (2016) of more complex 2D displacement

profiles and by van den Bremer and Taylor (2015) of small yet non-zero displacements

in 3D. We resolve this contrast between 2D and 3D by exploring displacements over

finite time intervals. While displacement underneath a 3D wavepacket is initially

2D-like (increasing in magnitude), an opposing part of the return flow brings a

particle back to its original position at later times. This opposing part of the flow

forms only in 3D, when the flow may return around as well as beneath the packet.

Reversal of the particle displacement occurs at a time that is proportional to the

packet’s width, hence much later for almost-2D packets.

For a stratified ocean, we show that the net displacement profile by the return

flow is a slowly oscillatory function of depth in 2D, with a wavelength depending

on the ratio of buoyancy frequency N to the surface wave group velocity cg.
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Large net displacements are predicted when the wavenumber N/cg is close to

an integer multiple of π/d (where d is the ocean depth), corresponding to an

exact resonance between cg and the phase velocity of an internal wave with zero

horizontal wavenumber. In 3D, the net displacement remains zero even in the

presence of stratification.

This paper is laid out as follows. First, §2.2 examines the unstratified case,

distinguishing net displacement in 2D (§2.2.2), 3D (§2.2.3), and studying the

transition between them over finite times (§2.2.4). Second, §2.3 addresses the

stratified case. We examine the implications of our results in §2.4 and draw

conclusions. Appendix .1 explores the influence of the second-order set-down of the

free surface on net displacement, and appendix .2 considers the otherwise neglected

impact of leading-order wave dispersion.

2.2 Unstratified flow

2.2.1 Governing equations

We begin by considering the unstratified case. A three-dimensional body of water

of depth d and infinite lateral extent is assumed, with Cartesian coordinates (x,y,z),

where x and y are the horizontal coordinates, and z the vertical coordinate measured

from the undisturbed water level upwards. Inviscid, incompressible and irrotational

flow is assumed; hence the velocity can be written as the gradient of the velocity

potential u = ∇φ. In addition to the no-flow condition at the bottom (∂zφ = 0 at

z = −d), the governing equation in the fluid interior (Laplace) and the kinematic

and dynamic boundary conditions are

(
∂2
x + ∂2

y + ∂2
z

)
φ = 0, ∂zφ |z=h = ∂th+∇Hφ|z=h·∇Hh, ∂tφ|z=h+gh+1

2 |∇φ|2 |z=h = 0,

(2.1a,b,c)

where the free surface elevation is denoted by z = h(x, y, t), g is acceleration due

to gravity, and ∇H ≡ (∂x, ∂y, 0) is the horizontal gradient.

The wave amplitude is assumed small: α ≡ a0k0 � 1, where a0 is the peak

amplitude of the surface elevation and k0 the wavenumber of the carrier wave. We
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solve the set (2.1) using a Stokes expansion and consider the first two orders, so that

φ = φ1 + φ2 + ... and h = h1 + h2 + ..., with the subscript denoting the order in α.

First-order solutions: O(α)

We assume that the ocean is deep with respect to the waves (k0d� 1), and that

the packet is quasi-monochromatic, weakly localised in the x and y directions, and

propagates along the x-axis, so that the first-order solution takes the form

h1 = Re
[
A0(εx̃, εRy, ε2t)eiθ(x,t)

]
+O(αε), (2.2a)

φ1 = Re
[
−iω0

k0
A0(εx̃, εRy, ε2t)eiθ(x,t)ek0z

]
+O(αε), (2.2b)

where θ = k0x − ω0t with ω0 =
√
gk0 the angular frequency, and x̃ ≡ x − cgt

is the coordinate in a frame moving at the group velocity cg = ω0/(2k0). The

amplitude scale a0 is taken as the envelope maximum, sup |A0|. Wavepacket scales

are captured by the bandwidth parameter ε ≡ (2k0σx)−1 � 1 and aspect ratio

R ≡ σx/σy, where σx and σy are the characteristic packet scales in x (length) and

in y (width), respectively. The limit ε→ 0 at fixed R recovers the case of a periodic

wave. Throughout this paper, we consider only 0 ≤ R ≤ 1, so that packets are

never longer than they are wide; a 2D packet corresponds to R = 0 and a round

packet to R = 1. The O (αε) terms in (2.2a,b) are not needed to compute the

leading-order wave-induced forcing, but must be examined when assessing effects of

wave dispersion arising on a timescale ε2t = O(1) (see appendix .2).

The Stokes drift is a wave property in the standard sense that it can be calculated

directly from the linear solutions (2.2) as

uS = ∆x1 ·∇u1 = k0

(
ω0|A0|2, 0,−

3
2εcg∂x̃|A0|2

)
e2k0z +O(α2ε2), (2.3)

where the overbar represents an average over the wave phase, and ∆x1 =
∫
u1dt.

Second-order solutions: O(α2)

The return flow is found by solving the wave-averaged governing equations at

second order in steepness. Expanding (2.1b,c) about the undisturbed level z = 0



2. Directional spread and stratification 18

up to quadratic terms and wave-averaging yields forcing equations for the Eulerian-

mean flow and wave-averaged free surface (cf. Longuet-Higgins and Stewart, 1962;

McAllister et al., 2018),(
1
g
∂2
t + ∂z

)
φ2 = ∇H · (u1h1)− 1

g
∂t

(
h1∂tzφ1 + 1

2 |∇φ1|2
) ∣∣∣∣∣

z=0
, (2.4)

h2 = −1
g

(
∂tφ2 +

(
h1∂tzφ1 + 1

2 |∇φ1|2
)) ∣∣∣∣∣

z=0
, (2.5)

where we focus on mean quantities only. The ∂th2 term in (2.1b) has been eliminated

using ∂t(2.1c). The first term on the right of (2.4) is the forcing due to the horizontal

divergence of the transport associated with the waves. In the Eulerian-mean

description used here, the transport is confined to the layer −h ≤ z ≤ h spanning

from the troughs to the crests of the waves, and is given by u1h1 = M , say, to

leading order. In the Lagrangian-mean description it is distributed over a deeper

layer of depth ∼ k−1
0 as the Stokes drift, again to leading order. Thus

M ≡ (u1h1) =
∫ 0

−d
uSdz. (2.6)

We refer to M in this paper as the Stokes transport. The second term on the

right-hand side of (2.4) can be understood as the effect of the set-down of the

wave-averaged free surface h2 on the return flow. In deep water (k0d � 1), this

set-down does not contribute to the forcing of the return flow to leading order,

because the linear polarisation relationships for deep-water waves imply that(
h1∂tzφ1 + 1

2 |∇φ1|2
)

= 0 at z = 0, (2.7)

to leading order, as can be seen by substitution from (2.2) after setting ε = 0.

Furthermore, the double time-derivative on the left of (2.4) can be ignored when

k0d� 1, so the return flow arises solely from the divergence of the Stokes transport

(a rigid-lid approximation, see also the discussion in appendix .1). Equation

(2.4) then simplifies to

∂zφ2 (x̃, y, 0) = ∂x̃M +O
(
α2ε2

)
, (2.8)

where M is the x-component of M .
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2.2.2 Unstratified flow in 2D

For two-dimensional flows induced by spanwise-infinite wavepackets, we make use

of the streamfunction ψ2, implicitly defined by u2 = ∇ × (ψ2ŷ) and satisfying a

Laplace boundary-value problem. The surface value of the streamfunction is the

Stokes transport, and the ocean floor is a streamline:

(
∂2
x̃ + ∂2

z

)
ψ2 = 0, ψ2 (x̃, 0) = M, ψ2 (x̃,−d) = 0. (2.9a,b,c)

We are interested in the net (or long-time) displacement by the return flow, defined

at any fixed value of x by

∆x =
∫ ∞
−∞

u2dt = 1
cg

∫ ∞
−∞

u2dx̃, (2.10)

where the second equality makes use of the translating reference frame of the packet.

We can compute the net displacement (2.10) without explicitly evaluating ψ2. First,

we integrate (2.9) over all x̃, noting that the vertical velocity ∂x̃ψ2 is zero at infinity,

which reduces (2.9a) to the ordinary differential equation

d2

dz2

∫ ∞
−∞

ψ2dx̃ = 0, with
∫ ∞
−∞

ψ2dx̃

∣∣∣∣∣
z=0

=
∫ ∞
−∞

Mdx̃,
∫ ∞
−∞

ψ2dx̃

∣∣∣∣∣
z=−d

= 0,

(2.11a,b,c)

as boundary conditions. The solution is

∫ ∞
−∞

ψ2 (x̃, z) dx̃ =
(
z + d

d

)∫ ∞
−∞

Mdx̃, (2.12)

and the net displacement is deduced by dividing by cg and taking the negative

z-derivative (using (2.10) and u2 = −∂zψ2),

∆x = − 1
cg
∂z

∫ ∞
−∞

ψ2 (x̃, z) dx̃ = − 1
cgd

∫ ∞
−∞

Mdx̃. (2.13)

We thus obtain the perhaps surprising result that the net displacement by the

return flow is independent of depth. The displacement is finite and negative, unless

the ocean depth is truly infinite (not just k0d� 1), when it goes to zero. Note that

(2.13) is valid for any narrow-banded, unidirectional Stokes transport M .
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The net Lagrangian displacement ∆xL ≡ ∆x+ ∆xS is depth-dependent, and is

obtained by integrating (2.3) with respect to time and adding to (2.13),

∆xL = α2√π
k0

(
2k0σxe

2k0z − σx
d

)
, (2.14)

where we have assumed a Gaussian packet A0 = a0 exp (−x̃2/(2σ2
x)), resulting

in the Stokes transport M = ω0a
2
0 exp (−x̃2/σ2

x) /2, and α = a0k0 denotes wave

steepness, as before. Lagrangian particles are displaced forwards above a certain

depth and rearwards beneath it. Depth-integrating (2.14) from −d to 0 gives

the total volume transported by the Lagrangian flow, which vanishes in the limit

k0d� 1 considered here. Whenever we assume Gaussian packets, displacements

scaled by α2√π/k0 will be denoted by a star,

∆x∗ ≡ k0∆x/(α2√π), ∆x∗S ≡ k0∆xS/(α2√π), ∆x∗L ≡ k0∆xL/(α2√π),

(2.15a,b,c)

so that ∆x∗ = −1/d∗ with d∗ = d/σx.

2.2.3 Unstratified flow in 3D

In 3D, we evaluate the net displacement in two different ways. First, we use a

double Fourier transform in x̃ and y to obtain the potential

φ2(x̃, y, z) = 1
4π2 Re

∫∫
R2

ikM̂√
k2 + l2

cosh((z + d)
√
k2 + l2)

sinh(d
√
k2 + l2)

eikx̃eilydkdl, (2.16)

where M̂(k, l) is the Fourier transform of M(x̃, y). To find the net displacement,

we take the x-derivative of (2.16) to obtain u2 and integrate over all time (here

x̃), resulting in a delta-function in k. This forces the integral to evaluate to

zero (unless l = 0):

∆x = − 1
2πcg

Re
∫∫

R2
δ(k) k2M̂√

k2 + l2
cosh((z + d)

√
k2 + l2)

sinh(d
√
k2 + l2)

eilydkdl = 0. (2.17)

This result is in stark contrast with the negative, depth-independent net displacement

in 2D (2.13). Second, we can also obtain this result from irrotationality of

the return flow,

∂yw2 = ∂zv2, ∂zu2 = ∂xw2, ∂yu2 = ∂xv2. (2.18a,b,c)
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Integrating (2.18b,c) over all time (equivalently, x̃), and assuming the velocity

components v2 and w2 decay far from the packet (|x̃| → ∞), we obtain the conditions

∂z∆x = 0, ∂y∆x = 0, (2.19a,b)

which together imply the net displacement ∆x is at most a constant. As we also

require the flow to decay as |y| → ∞, we immediately obtain the result that ∆x = 0.

Physical insight into this 2D-3D contrast may be obtained from mass balance

arguments. Depth-integrating the incompressibility condition (∇ · u2 = 0), and

using (2.6) and (2.8), we obtain in 3D

∂x̃

∫ 0

−d
(u2 + uS) dz = −∂y

∫ 0

−d
v2dz, (2.20)

where we have also used the boundary condition for w2 at the bottom and rewritten

M as the vertical integral of the Stokes drift, as in (2.6). Thus at each time

t, the divergence of the Lagrangian transport in the propagation direction is

counterbalanced by a gradient of transport in the y direction. In fact, the yz-

area integral of the Lagrangian velocity is zero at each t, which may be seen by

y-integrating (2.20) and again noting the decay at large |x̃| and |y|. Despite the

net return-flow displacement ∆x being zero at any point, its yz-area integral must

balance the yz-area integral of the Stokes drift displacement, which is nonzero since

the Stokes drift is depth-limited and inherits the envelope decay of the packet,

decaying rapidly in both y and z. Mathematically, the time and area integrals do

not commute – to put it more starkly,
∫ ∫

∆xdydz is essentially zero times infinity,

hence undefined. This result is independent of the functional form of M . We will

now explore displacements over finite time intervals.

2.2.4 Finite-time displacement and the 2D-3D transition

We define the symmetric finite-time return-flow displacement (finite-time displace-

ment, for brevity) as the following symmetric time integral evaluated at x = y = 0

over the time interval [−tI, tI]:

∆x (tI, z, d) =
∫ tI

−tI
u2dt = 1

cg

∫ cgtI

−cgtI
u2dx̃, (2.21)
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(a) (b)

Figure 2.1: Scaled finite-time displacement at various depths, obtained from numerical
integration of (2.23). Solid lines correspond to a 3D flow with R = σx/σy = 1/3, and
the dashed lines to a 2D flow (R = 0). Panel (a) shows the displacement for a shallower
return flow (d∗ = 0.5, on the left), and panel (b) for a deeper return flow (d∗ = 5, on the
right).

thereby examining a particle underneath the centre of the packet at t = 0. We

display the arguments (tI, z, d) on the left of (2.21) to distinguish the finite-time

displacement from its long-time limit, denoted as before by ∆x without arguments.

Recall that the long-time limit ∆x has no z-dependence, either in 3D when it is

zero at each (y, z), or in 2D when it is a nonzero constant. In this section we choose

the Stokes transport M , and thereby its Fourier transform M̂ , to be Gaussian,

M = ω0a
2
0

2 e−x̃
2/σ2

xe−y
2/σ2

y , M̂ = ω0a
2
0σxσyπ

2 e−k
2σ2
x/4e−l

2σ2
y/4. (2.22a,b)

Differentiating (2.16) with respect to x̃ to obtain u2 and integrating as in (2.21),

we obtain after moving to the nondimensional variables µ ≡ kcgtI and λ ≡ lσy,

∆x∗ (τ, z∗, R, d∗) = −1
2π3/2τ

Re
∫∫

R2

µ sin (µ)√
µ2 + (Rτ)2λ2

e−µ
2/(4τ2)e−λ

2/4

×
cosh

(
(z∗ + d∗)

√
µ2 + (Rτ)2λ2/τ

)
sinh

(
d∗
√
µ2 + (Rτ)2λ2/τ

) dµdλ, (2.23)

where we have replaced z by z∗ ≡ z/σx, d by d∗ ≡ d/σx, and tI by τ ≡ cgtI/σx, i.e.,

the half-interval tI scaled by the packet translation time σx/cg. As before, the aspect

ratio R ≡ σx/σy so that R→ 0 corresponds to 2D; and ∆x∗ is scaled as in (2.15a).
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(a) (b)

Figure 2.2: Scaled finite-time displacement by shallow unstratified flow: contour plot
as a function of aspect ratio R and half-interval τ , obtained by numerically integrating
(2.25) (panel (a)), and displacement obtained by numerical integration of (2.25) for three
aspect ratios (continuous black and dash-dotted blue and yellow lines, respectively) and
(2.28) (red dashed line) as a function of ζ = Rτ (panel (b)).

Figure 2.1 shows results obtained by numerical integration of (2.23) for particles

at various depths in a 3D flow (R = 1/3), and in a 2D flow (R = 0). We plot the

scaled finite-time return flow displacement d∗∆x∗ (τ, R, z∗, d∗) (for brevity, we refer

to this as the scaled finite-time displacement). The τ -axis is logarithmic to show the

behaviour for very small and very large τ . Behaviour for small τ is 2D-like, while for

large τ the continuous lines (3D) tend towards zero and the dashed lines (2D) to −1,

as previously discussed in (2.17) and (2.15a). The two panels compare a shallower

return flow (d∗ = 0.5) and a deeper return flow (d∗ = 5). Whereas the 2D finite-time

displacement is very nearly monotonic for shallower return flows, it can overshoot

near the surface for deeper return flows, reflecting strong negative displacement

underneath the centre of the packet being partly cancelled, subsequently, by positive

displacement near the surface at the packet’s leading and trailing edges. We have

been unable to convert (2.23) into a more insightful form, so we consider the limiting

case of a shallow return flow, corresponding to d∗ = d/σx � 1. In this limit, the

return flow’s vertical variation is negligible, and (2.23) takes the form

∆x∗ (τ, R) = − 2
d∗π3/2

∫ ∞
0

∫ ∞
0

µ sin (µ)
µ2 + (Rτ)2λ2 e

−µ2/(4τ2)e−λ
2/4dµdλ. (2.24)
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The integral over λ may be performed analytically, yielding a single integral over µ,

∆x∗ (τ, R) = − 2
d∗
√
π

∫ ∞
0

sinµ
µ

e−µ
2/(4τ2)f (µ/ (2Rτ)) dµ, (2.25)

where the function f(ξ) ≡ ξ exp(ξ2) erfc(ξ) for an arbitrary argument ξ captures how

the finite-time displacement varies with R; its relevant small and large Rτ limits are

lim
Rτ→0

f
(

µ

2Rτ

)
= 1√

π
, lim

Rτ→∞
f
(

µ

2Rτ

)
= 0. (2.26a,b)

We can split (2.25) into the sum of two integrals

∆x∗ (τ, R) =− 2
d∗
√
π

∫ ∞
0

e−µ
2/(4τ2) sinµ

µ

(
f
(

µ

2Rτ

)
− 1√

π

)
dµ

− 2
d∗π

∫ ∞
0

e−µ
2/(4τ2) sinµ

µ
dµ, (2.27)

the latter of which equals the 2D finite-time shallow return flow displacement. To

examine the long-time behaviour we take τ � 1, so that the second term approaches

−1/d∗ (cf. (2.15a)), and the Gaussian in the first can be set to 1. We examine

the regime R� 1, τ � 1, when the displacement becomes a function of a single,

O(1) parameter, ζ ≡ Rτ = cgtI/σy, corresponding to the half-interval tI scaled on

the packet width σy rather than its length σx. We obtain

∆x∗ (ζ) = − 2
d∗
√
π

∫ ∞
0

sinµ
µ

(
f

(
µ

2ζ

)
− 1√

π

)
dµ− 1

d∗
. (2.28)

Figure 2.2(a) shows contours plots of the scaled finite-time displacement by a

shallow return flow obtained by numerically integrating (2.21), demonstrating that

the maximum negative displacement occurs for τ ∼ 1. From (2.28) and (2.26), it is

clear that a transition between 2D-like behaviour (ζ � 1) and 3D-like behaviour

(ζ � 1) occurs when ζ ∼ 1 (tI ∼ σy/cg). 2D-like behaviour can thus persist for

arbitrarily large τ , given arbitrarily small amounts of localisation in y (small R,

or nearly-unidirectional packets). Figure 2.2(b) compares numerical integration of

(2.24) with numerical integration of its large-τ limit (2.28).

We note in passing that incorrect non-zero values of net return-flow displace-

ments obtained from numerical integration in van den Bremer and Taylor (2016)

(2D, infinite depth) and van den Bremer and Taylor (2015) (3D) resulted from

insufficiently large limits on the integrals; these limits may need to be as large as

τ ∼ 102 − 103 for the small R values used therein.
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2.3 Stratified flow

2.3.1 Governing equations

In this section, we consider propagation of surface waves on a stratified fluid.

To include density stratification effects, we decompose the varying density as

(Phillips, 1977)

ρ = ρ0

(
1 + 1

g

∫ 0

z
N2(z′)dz′ − b

g

)
, (2.29)

where b(x, y, z, t) = −g∆ρ/ρ0 is the buoyancy perturbation, and N is the buoyancy

frequency, which we assume to be constant. Invoking the Boussinesq approxima-

tion by neglecting density differences unless they result in a body force through

multiplication by g, the governing equations are e.g. Haney and Young, 2017

∇ ·u = 0, ∂tu+u ·∇u = −∇p+bẑ, ∂tb+u ·∇b+wN2 = 0, (2.30a,b,c)

where p is the departure from hydrostatic pressure. The system (2.30) must be

solved subject to dynamic and kinematic boundary conditions at the surface. Only

the dynamic boundary condition (ptot = 0 at z = h(x, y, t), where ptot is the total

pressure) is modified by density stratification, and we have, correct to second

order (Haney and Young, 2017),

w = ∂th+ uH ·∇Hh

∣∣∣∣∣
z=0

, p+ h∂zp = gh−N2h2/2
∣∣∣∣∣
z=0

. (2.31a,b)

We solve the set (2.30)-(2.31) using a Stokes expansion as before and consider

directly the 3D case.

First-order solutions: O(α)

Following Haney and Young (2017), we neglect the buoyancy force and the vorticity

it generates in the first-order equations. From the linearised equation (2.30c) and

boundary condition (2.31a), we have b1 ∼ −N2h1. Taking the curl of the linearised

(2.30b), we thus obtain for the non-dimensional vorticity

|∇× u1|
k0a0ω0

∼ | (ẑ ×∇H) b1|
k0a0ω2

0
∼ N2

ω2
0
, (2.32)
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from which it is evident that vorticity is small provided (N/ω0)2 is small. For

surface gravity waves in the ocean, (N/ω0)2 is at most O(10−3), and so the linear

waves may be treated as irrotational by ignoring the small b1 (see table 2.1 for

typical parameter values).

Second-order solutions: O(α2)

At second order we retain the wave-averaged buoyancy, and so the Eulerian-mean

flow is not irrotational. Wave-averaging the set (2.30), and defining the appropriate

Bernoulli function to be $2 ≡ p2 + |u1|2/2, the Eulerian-mean flow equations

are (Haney and Young, 2017)

∇ · u2 = 0, ∂tu2 = −∇$2 + b2ẑ, ∂tb2 = −w2N
2. (2.33a,b,c)

We have neglected u1 ·∇b1 in (2.33c); by (2.32) this is O((N/ω0)2) smaller than

the other terms. Taking propagation along the x-axis, and using (2.7) with p1 in

place of −∂tφ1 since the waves are irrotational, we may rewrite (2.31b) using

the Bernoulli function as

w2|z=0 = ∂th2 + ∂xM, $2|z=0 = gh2 −N2h1
2/2, (2.34a,b)

where M is the x-component of M defined in (2.6). We eliminate all variables in

favour of the vertical velocity w2, and make the rigid-lid approximation in (2.34a)

(as in (2.8)). The original problem (2.33) reduces to solving an evolution equation

for w2 subject to the surface forcing and no-flow bottom boundary condition,

(
(∂x̃ − η)2

(
∂2
x + ∂2

y + ∂2
z

)
+ q2

(
∂2
x + ∂2

y

))
w2 = 0, w2|z=0 = ∂x̃M, w|z=−d = 0,

(2.35a,b,c)

where cgη is a small, positive growth rate which we take to zero from above, ensuring

that any radiated internal waves appear in the packet’s wake, and q ≡ N/cg is

the buoyancy wavenumber. By assuming the packet amplitude has been slowly

growing from t = −∞ (i.e A0(x̃, y)ecgηt), in the packet’s reference frame we have
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∂t = −cg(∂x̃ + η). Throughout, we take q (hence N) to be constant. The vertical

velocity w2 is obtained from (2.35) as the Fourier transform

w2 (x̃, y, z, d, q) = 1
4π2 lim

η→0+

∫∫
R2
ikM̂

sinh ((z + d)|k|βη,q(k))
sinh (d|k|βη,q(k)) eikx̃eilydkdl, (2.36)

where we have adopted the compact notation

|k| ≡
√
k2 + l2, βη,q(k) ≡

√√√√(k + iη)2 − q2

(k + iη)2 . (2.37a,b)

To obtain the horizontal component u2 from w2 we first link vorticity generation to

the rotated gradient of buoyancy by taking the curl of momentum equation (2.33b),

∂t (∇× u2) = − (ẑ ×∇H) b2 = (∂yb2,−∂xb2, 0) , (2.38)

from which it immediately follows that the vertical vorticity component is time-

independent. Assuming this vanishes, ∂yu2 − ∂x̃v2 = 0; combining this with the

incompressibility condition (2.33a) leads to a Poisson-like equation relating u2 to w2,

−
(
∂2
x̃ + ∂2

y

)
u2 = ∂x̃∂zw2. (2.39)

This equation is vacuously true in unstratified flow when it reduces to Laplace (since

u2 = ∂xφ2 and w2 = ∂zφ2), but nontrivial for a stratified flow. The transform û of

u2 may be found from ŵ using (2.39) as û = ik∂zŵ/(k2 + l2). In physical space,

u2 (x̃, y, z, d, q) = − 1
4π2 lim

η→0+

∫∫
R2

k2M̂

|k|
βη,q(k)cosh ((z + d) |k|βη,q(k))

sinh (d|k|βη,q(k)) eikx̃eilydkdl.

(2.40)

Setting q to zero recovers ∂x(2.16). As η → 0+, the integral in equation (2.40) is

dominated by the region in wavenumber space where the denominator vanishes,

corresponding to ‘resonant curves’ see Haney and Young, 2017, eq. 3.12. These do

not lead to meaningful simplifications of (2.40); to find finite-time displacements

we integrate (2.40) numerically with η small but nonzero.

Due to the stratification-dependent square root βη,q(k) defined in (2.37b), delta-

function arguments for finding the net displacement, e.g.(2.17), become problematic:

it is unclear that û is well-defined at k = 0. Instead, time-integrating the z-

component of vorticity in (2.39) gives ∂y∆x = 0, so that the 3D net displacement
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is at most a function of z. Considering the subsequent limit |y| → ∞ forces ∆x

to be globally zero, which is borne out in figure 2.4, where we show contour plots

of finite-time displacements evaluated by numerical time-integration of (2.40). As

incompressibility holds, (2.20) indicates that the mass-balance argument is not

fundamentally altered by the presence of an internal wave wake in 3D. Nor is the

fact that the time and area integrals do not commute altered, so that the above again

depends on taking the time limit before the limit |y| → ∞, as explained below (2.20).

The special case of a 2D wavepacket is obtained by setting M̂(k, l) = 2πM̂(k)δ(l)

in (2.40) and performing the l-integral. For net displacements, the l-integral must

be performed before the time integral, as discussed in §2.2.4 (the integrals over δ(k)

and δ(l) do not commute). This gives |k|βη,q(k) = |k/(k + iη)|
√

(k + iη)2 − q2, and

the velocity integral becomes, following some small-η approximations,

u2 = − 1
2π lim

η→0+

∫ ∞
−∞

M̂(k)
√

(k + iη)2 − q2
cosh

(
(z + d)

√
(k + iη)2 − q2

)
sinh

(
d
√

(k + iη)2 − q2
) eikx̃dk.

(2.41)

Integrating over time results in a delta-function at k = 0, so for a Gaussian packet,

the net displacement is then given by

d∗∆x∗ (z/d, qd, d∗) = −qdcos (qd(1 + z/d))
sin (qd) . (2.42)

Unlike in the unstratified case, the net displacement is now a function of z and

the parameter qd = Nd/cg, which measures the ratio of ocean depth d to the

vertical scale (cg/N) of the k1 =
√
q2 − π2/d2 = 0 internal wave which would

be forced were the ocean deep enough. Depth-profiles of (2.42) are shown in

figure 2.3 for different qd-values. We now explore the role of the stratification

measure qd. As qd → 0, a Taylor expansion of (2.42) gives the dependence of

net displacement on weak stratification

∆x∗ = − 1
d∗

(
1 + q2d2

6 − q2d2

2 (1 + z/d)2 +O
(
(qd)3

))
, (2.43)

which recovers the unstratified result ∆x = −1/d∗ upon neglecting terms O((qd)2).

To leading order, the magnitude of net displacement is predicted to decrease above a

depth z/d = −(1−1/
√

3) ≈ −0.42, and increase below, as shown in figure 2.3(a)-(b).



2. Directional spread and stratification 29

Figure 2.3: Scaled net displacement d∗∆x by the return flow of a 2D packet in stratified
flow from (2.42) as a function of depth z/d for various values of the stratification measure
qd = Nd/cg,0.

If qd = π/2, the net return-flow displacement remains negative and monotonic

throughout the entire depth, but is zero at the surface,

d∗∆x∗ = −π2 sin
(
π

2
|z|
d

)
. (2.44)

This is illustrated in figure 2.3(c). The stratification is not yet strong enough

to support a wake of internal waves with phase speeds ≥ cg, but is sufficiently

strong to bring the near-surface displacement to zero. For somewhat greater

stratification π > qd > π/2, the net displacement becomes positive near the surface,

as illustrated in figures 2.3(d)-(f).

Only when qd > π are free internal waves generated in the wake of a 2D packet

(figure 2.3(g)-(i)). This corresponds to N > πcg/d. As qd traverses π (more generally

nπ), the displacement profile undergoes a sign change (cf. figure 2.3(f)-(g)). When

qd→ nπ, with n a positive integer, the displacement becomes singular (and very

large in close proximity, cf. figure 2.3(f)-(g)), corresponding to a resonance in which

cg matches the x-phase speed of a long internal wave with kn =
√
q2 − n2π2/d2 = 0.
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The Stokes drift is unaltered by stratification when the waves are treated as

irrotational, so the net Lagrangian displacement in 2D is obtained as the expression

∆x∗L =
(

2k0σxe
2k0z − 1

d∗
(qd) cos (qd (1 + z/d))

sin (qd)

)
. (2.45)

The depth integral of (2.45) from −d to 0 remains zero, so the return flow still

balances the transport M : density stratification alters the manner in which the

return flow transports mass without changing the vertically-integrated mass balance.

Finally, figure 2.4 summarises the combined effect of directional spread and

stratification by showing contours of scaled finite-time displacement as a function

of the stratification measure qd/π and aspect ratio R at different τ = 1, 10, 100. To

focus on what is realistic for the ocean, we take 0 ≤ qd/π ≤ 0.6 (see table 2.1), so

stratification generally reduces the magnitude of the displacement near the surface

and enhances it to become more negative at depth (cf. figure 2.3(a)-(d)). At small

τ = 1 (figure 2.4(a) and (d)), stratification does not have an impact at the surface

where the displacements reach their peak values, but its effects can be observed at

depth, despite the very small displacements here. At intermediate τ ∼ 10 (figure

2.4(b) and (e)), negative displacement near the surface is mainly reduced by the

influence of spanwise localisation, and only weakly by stratification. The contours

at depth resemble those at smaller τ ∼ 1 albeit with larger magnitudes, as particles

at the bottom begin to experience the flow but have not yet been affected by R. At

large τ ∼ 100, displacements have practically vanished for all but very small aspect

ratios, recovering the 2D long-time limit (2.42) as R→ 0 (cf. figure 2.3(a)-(d)).

2.4 Conclusions

We have examined the Lagrangian displacement induced by isolated non-dissipating

surface gravity wavepackets and, in particular, the displacement associated with the

wave-induced return flow, focussing on the effects of localisation in the spanwise

coordinate y (as a proxy for weak directional spreading) and density stratification.

For spanwise-infinite wavepackets (2D) on an unstratified flow, the net displacement

associated with the return flow — where ‘net’ means computed over an infinite time
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(a) (b) (c)

(d) (e) (f)

Figure 2.4: Contours of scaled finite-time displacement: panels (a)-(c) correspond to
z = 0 and panels (d)-(f) to z = −d. Moving from left to right, the half-interval τ is
increased sequentially by a factor of 10, from (a) and (d) plotted at τ = 1, to (c) and (f)
plotted at τ = 100.

interval as the packet propagates from x = −∞ to x =∞ — is independent of the

depth coordinate z. The net displacement is inversely proportional to the ocean

depth d, and therefore goes to 0 when d→∞, as dictated by mass conservation. In

the presence of any localisation of the packet in y, the net displacement becomes zero

at each (y, z), regardless of the depth d. Over a finite, symmetric time interval, with

the wavepacket starting a finite distance behind the x-origin and propagating to the

same distance ahead (see (2.21)), the return flow in 3D initially displaces particles

in the same manner as in 2D, but ultimately brings particles back to their original

positions as the flow returns around as well as underneath the packet. This 2D-3D

transition occurs on a timescale∼ σy/cg, where σy is the packet’s width (proportional

to the degree of directional spreading) and cg is the surface wave group velocity.

Density stratification alters the profile of the net displacement by the return

flow of 2D packets: the net displacement becomes an oscillatory function of z with a

wavelength dependent on the parameter qd, where q ≡ N/cg is the vertical buoyancy

wavenumber, d is the ocean depth, and N is the (constant) buoyancy frequency. For
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Parameter Range Typical value
α 0 − 0.3 0.05

d [m] 3× 101 − 1.1× 104 3.1× 103

ω0 [s−1] 2π/20 − 2π/1.0 2π/10
ε 0 − 0.15 0.04

σθ [deg] 0 − 30 5.0
R 0− 1 4.9× 10−3

N [s−1] 2π/ (2.0× 103)− 2π/ (1.3× 103) 2π/ (1.3× 103)
qd/π 0 − 1 0.6

Table 2.1: Realistic parameter ranges and typical values chosen (compiled from Haney
and Young, 2017; van den Bremer and Taylor, 2015; Ewans, 2002; Toffoli and Bitner-
Gregersen, 2017).

qd < π, as is typical for the ocean, stratification diminishes displacements near the

surface and enhances them at depth. When qd→ π (more generally, for qd→ nπ),

the net displacement becomes singular due to a resonance between cg and the phase

velocity of a long internal wave mode, while for qd > π, it is finite but of opposite

sign. In the presence of any localisation of the packet in y, the net displacement

again reduces to zero. Stratification may, however, appreciably alter the finite-time

displacement, with the signature of the internal wave wake generally present for

all times at depth, and only for larger times at the surface.

In order to obtain a quantitative estimate of magnitudes of the displacements,

we recall from (2.15) the displacement scale α2√πσx/(k0d), with α ≡ a0k0, by

which we multiply the colour scale in figure 2.4 to obtain dimensional displacements.

To consider how large this displacement scale can be, we take the largest possible

value of α = 0.3, the smallest value of k0d = 3 for the deep-water assumption

to still hold, and σx = (2k0ε)−1 = 3.1 × 102 m, corresponding to typical values

ω0 = 2π/10s, d = 75 m, ε = 0.04 (see table 2.1). We then obtain a displacement

scale α2√πσx/(k0d) = 17 m. For a more usual depth d = 3.1× 103 m, this reduces

to 0.41 m and even further to 0.011 m for the more typical steepness α = 0.05. For

unstratified flow in 2D, the displacement scale gives the dimensional net return-flow

displacement (times −1). We will now consider typical values of qd and R = σx/σy.
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2.4.1 Quantitative effect of directional spreading

In order to relate the value of the packet aspect ratio R to typical values of the

(root-mean-square) directional spreading of the energy spectrum σθ reported in the

literature (e.g. Ewans, 2002), we use the relationship R ≈
√

2εσθ, which is only

valid in the limit of weak directional spreading. Taking a value of σθ = 5.0◦ typical

of swell conditions (Ewans, 2002) and ε = 0.04, we obtain R = 4.9×10−3, increasing

to R = 1.9×10−2 for a very narrow-banded packet with ε = 0.15, and further to R =

0.11 for a highly directionally-spread packet with σθ = 30◦. The timescale on which

the transition from 2D-like to 3D-like behaviour occurs ∼ σx/(cgR) = (Rεω0)−1,

can thus be as large as 8.1× 103 s (R = 4.9× 10−3, ε = 0.04) or 3.6× 102 s (R =

0.11, ε = 0.15) for the typical ω0 = 2π/10 s−1 considered before, with corresponding

much shorter packet-translation times of σx/cg ≈ 40 s and 11 s, respectively.

2.4.2 Quantitative effect of stratification

Taking a typical ocean depth d = 3.1 × 103 m and a (constant) value of N =

2π/1333 s−1, we obtain qd/π = 0.6. The 2D net return-flow displacement is then

zero at z = −5.0 × 102 m (cf. panel (d) of figure 2.3). Net displacement at the

surface is positive, and its maximum (negative) value occurs at the ocean floor.

The behaviour predicted for larger qd values, including the resonance at qd = nπ,

is unlikely to arise in the real ocean, since stratification is generally too weak to

satisfy this resonance. Furthermore, the depth-variability of N observed in real

oceans (e.g. exponential, or piecewise-linear in a crude approximation) would likely

weaken the role of stratification predicted here, and prevent exact resonances. Large

displacements are also likely to be mitigated by viscous dissipation, and we expect

that, near resonance, transfer of energy from the surface wavepacket to the internal

wave wake may lead to disintegration of the packet.
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2.4.3 Neglected effects: wave dispersion, viscosity and the
earth’s rotation

In this paper, in addition to considering the abstract case of an isolated wavepacket,

we have ignored the effects of wave dispersion beyond leading order in ε, viscosity

(resulting in a non-dissipating wavepacket) and the earth’s rotation. We will explore

the potential consequences of these assumptions below. In terms of wave dispersion,

we have examined only leading-order solutions in the small bandwidth parameter ε;

at the next order, two effects need to be accounted for. First, we used the rigid-lid

approximation to neglect the set-down of the wave-averaged free surface h2 (given

by (2.5)) when calculating return flow displacements. In appendix .1, we show

that including the set-down results in multiplication of the net displacement by

at most a factor (1 − ε2σx/d)−1, with the largest correction occurring for a 2D

shallow return flow. Even for larger ε, this effect is small. Second, we have assumed

that the packet propagates without any change in shape. In appendix .2 we find

that, to leading order, the enhancement of displacement due to wave dispersion

is (1 + ε2/2), which again is small even for large ε.

Longuet-Higgins (1953) introduced viscous boundary layers, of the type studied

by Rayleigh (1883), in which mean vorticity is generated and then slowly diffused

into the fluid interior, eventually altering the mass transport profiles. The viscous

boundary layer thickness δ =
√

2ν/ω0, where ν is the kinematic viscosity of seawater

is generally of the order of millimetres. When a2
0 � δ2, the relevant case for a

wavepacket, vorticity diffuses into the fluid interior on a timescale ∼ σx/ (a2ωk) =

α−2ε−1ω−1
0 . This process takes multiple packet translation times, so vorticity will

not have had sufficient time to diffuse into the fluid interior before the packet has

propagated past. Nevertheless, the long-time behaviour may be affected.

On a rotating earth, Ursell (1950) demonstrated that a steady Stokes drift

would violate conservation of circulation, implying that the Lagrangian-mean

velocity accompanying a regular, horizontally uniform wavetrain must be zero in

the long-time average over many inertial periods. It follows that there must be a

long-time-average Eulerian-mean ‘anti-Stokes flow’ possessing vorticity, cancelling
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the Stokes drift. In an initial-value problem starting with an irrotational Stokes

wave with its Stokes drift - as with swell arriving in previously calm water - the

Coriolis force induces free inertial oscillations. Further aspects of this problem were

explored in Hasselmann (1970). As periods associated with the Earth’s rotation

are much longer than the translation timescale of a narrow-banded packet (see also

Herbers and T. Janssen, 2016), we anticipate that Coriolis effects can be neglected

when considering net displacements by the return flow. Two dimensionless numbers

may play a role: fσx/cg and fσy/cg. The first (fσx/cg) is only appreciably large

for a long, slow-moving packet, or for strong rotation. However, the second is

large for almost-unidirectional waves, leaving open the possibility that rotation

affects the mean flow, which we hope to examine in future work. We also note

that, when rotation and eddy viscosity are included together, the mean flow may

be appreciably changed over the associated Ekman depth ∼ (2ν/f)1/2, which in

real oceans is comparable to the Stokes depth ∼ (2k0)−1 (e.g. Xu and Bowen,

1994). We do not consider these effects herein.



Chapter 3
Ekman–Stokes dynamics

36



Abstract

We examine Stokes drift and wave-induced transport of floating marine litter on the
surface of a rotating ocean with a turbulent mixed layer. Due to Coriolis–Stokes
forcing and surface wave stress, a second-order Eulerian-mean flow forms, which
must be added to the Stokes drift to obtain the correct wave-induced Lagrangian
velocity. We show that this wave-driven Eulerian-mean flow can be expressed as a
convolution between the unsteady Stokes drift and an ‘Ekman–Stokes kernel’. Using
this convolution we calculate the unsteady wave-driven contribution to particle
transport. We report significant differences in both direction and magnitude of
transport when the Eulerian-mean Ekman–Stokes velocity is included.



3.1 Introduction

Floating marine debris, including plastic pollution, has rapidly become one of the

most pressing environmental problems (Eriksen et al., 2014), particularly for marine

ecosystems (Lavender Law, 2017). Although consensus exists about the longevity of

plastic in the marine environment (Andrady, 2011) and the relatively large buoyancy

of a significant share of plastic produced (Geyer et al., 2017), with both factors

contributing to their long-distance transport, the total plastic budget of the world’s

oceans is poorly understood. A significant mismatch exists between the estimated

amount of land-generated plastic that enters coastal waters (5-12 million tonnes

yr−1, Jambeck et al. (2015)) and the estimated total amount of plastic floating at

sea (less than 0.3 million tonnes, Cózar et al. (2014), Eriksen et al. (2014), and van

Sebille, Wilcox, et al. (2015)). Similarly, the amount of plastics measured at sea over

the last few decades (Lebreton, Egger, et al., 2019; Ostle et al., 2019; Wilcox et al.,

2020) has not kept pace with growth in global plastic production (Goldstein et al.,

2012; Geyer et al., 2017). To understand this mismatch, an improved understanding

of the physical processes governing transport and dispersion is required (van Sebille,

Aliani, et al., 2020). This letter focuses on one of these processes: surface waves.

As a particle undergoes its periodic motion beneath surface waves, it experiences

a Lagrangian-mean velocity in the waves’ direction known as Stokes drift (Stokes,

1847). More generally, Stokes drift is the difference between the average Lagrangian

velocity of a fluid parcel and the average Eulerian velocity of the fluid measured at a

fixed spatial location (e.g. Bühler, 2014; van den Bremer and Breivik, 2017). Surface

gravity waves on the open ocean are mostly caused by winds. At any location and

time, the wave field is a superposition of waves that have been generated by earlier

winds at another location. Wave models, such as WAM (The WAMDI Group, 1988)

and WaveWatch-III (Tolman, 2009), have been developed to predict wave fields and

thus Stokes drift (Webb and Fox-Kemper, 2011; Breivik, P. Janssen, et al., 2014).

A recent and growing body of literature is examining the role of Stokes drift

in the transport and dispersion of floating plastic pollution. Iwasaki et al. (2017)

showed that in the Sea of Japan, Stokes drift pushed microplastics closer to the
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coast. Delandmeter and van Sebille (2019) and Onink et al. (2019) report a

similar result in Arctic regions. Dobler et al. (2019) demonstrated that Stokes drift

fundamentally changes transport patterns in the South Indian Ocean by shifting

the convergence regions to the west, causing leakage into the South Atlantic rather

than the South Pacific. Waves may also allow particles to cross strong circumpolar

winds and currents (Fraser et al., 2018).

Crucially, the above studies have simply superimposed the Stokes drift obtained

from the local wave field onto the Eulerian current field obtained from ocean

general circulation models or observations. In doing so, they have ignored the

fact that the Eulerian flow is itself modified by surface waves: on the rotating

Earth, the Coriolis force associated with the Stokes drift drives an Eulerian-mean

current in the turbulent upper-ocean boundary layer (Ursell, 1950; Hasselmann,

1970; Xu and Bowen, 1994; Lewis and Belcher, 2004), as noted in Onink et al.

(2019). Together with the Stokes drift and the non-wave background flow, this

wave-induced Eulerian current forms the Lagrangian velocity with which marine

litter is transported. It is this wave-induced Eulerian current, which we call the

Ekman–Stokes flow, that this letter examines.

We derive a model for computing the unsteady Eulerian-mean Ekman–Stokes

response to a time-varying Stokes drift, taking into account the correct wave stress

boundary condition and the Coriolis–Stokes forcing. We do so for the case of constant

eddy viscosity in the turbulent upper-ocean layer and a quasi-monochromatic (or

narrow-banded) wave field, and zero initial wave-induced Eulerian-mean velocity

u = 0. The product of this letter is an Ekman–Stokes convolution kernel, which

can readily be used to predict the wave-induced Eulerian-mean flow in the turbulent

upper-ocean boundary layer and hence the Lagrangian transport of floating marine

debris. This kernel is a low-computational-cost alternative to fully-coupled general

circulation and wave models, which include the effect of waves in both the Coriolis–

Stokes forcing and the surface boundary condition (Breivik, Mogensen, et al.,

2015). Using sample wave field data from buoys, we show that accounting for the
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Eulerian-mean Ekman–Stokes response to a time-varying Stokes drift considerably

alters the trajectories of drifting objects.

3.2 Unsteady Ekman–Stokes flow

We consider a homogeneous (constant-density), incompressible ocean of constant

depth d, described by horizontal coordinates x and y, and a vertical coordinate

z measured upwards from the undisturbed water level. The governing equations,

divided through by the (constant) density ρ, are

∂tu+ u ·∇u+ f × u = −∇p+ ν∇2u, ∇ · u = 0, (3.1a)

w |z=η = ∂tη + uH|z=η ·∇Hη, n̂ · ↔τ · ŝ|z=η = 0, (3.1b)

w |z=−d = 0, (3.1c)

where z = η(x, y, t) denotes the free surface elevation, u is the three-dimensional

velocity vector, f the Coriolis vector, AH ≡ (Ax, Ay, 0) the horizontal component of

any A, and ↔τ the stress tensor with components τij = −(p− p0)δij + ν(∂iuj + ∂jui),

with p0 the atmospheric pressure divided by the (constant) density ρ and ν the

turbulent eddy viscosity, taken constant. The unit vectors n̂ and ŝ are normal and

tangential to the free surface respectively, so (3.1b) is a stress-free condition.

3.2.1 Wave-averaged mean-flow equations

We assume the wave steepness is small, α ≡ kA � 1, where A is the peak wave

amplitude of η and k the peak wavenumber, and solve (3.1) to O(α2) using a

Stokes expansion u = u1 + u2 + · · · , where the subscript denotes the order in

α. We focus on deep-water waves (kd � 1).

Linear wave dynamics arises at O(α), where we ignore viscous effects, neglecting a

thin vorticity boundary layer of thickness δν =
√

2ν/ω under the (generally satisfied)

assumption kδν � 1. Consequently, we ignore viscous damping of waves as they

propagate. In contrast, the Coriolis force must be retained since, as demonstrated

by Hasselmann (1970), O(f/ω) corrections put horizontal and vertical velocity

components out of quadrature, with impact on the wave-averaged dynamics.
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Integrating the O(α2) equations over a wave period, we obtain the wave-averaged

mean flow equations (e.g. Huang, 1979; Suzuki and Fox-Kemper, 2016)

∂tu− fvL = −∂xp+ ν∇2u, ∂tv + fuL = −∂yp+ ν∇2v, (3.2a)

∂tw = −∂zp+ ν∇2w, ∂xu+ ∂yv = −∂zw, (3.2b)

where the overbar denotes a time average, uL = u+uS is the Lagrangian (or particle-

transport) velocity associated with the waves, with u = u2 the wave-induced

Eulerian-mean velocity and uS the Stokes drift, and the horizontal component

of the Coriolis vector introduces only higher-order corrections to the flow. To

derive (3.2a) and (3.2b) we assumed that the non-wave background flow has small

Rossby number, |∇× uB|/f � 1. It follows that the corresponding Stokes vortex

force (∇× uB)× uS is negligible compared with the Coriolis–Stokes term, while

(∇× u) × uS is O(α4) since it involves only the wave-induced flow (Suzuki and

Fox-Kemper, 2016). The background uB can then simply be superimposed on the

wave-induced Lagrangian flow uL. Where the condition |∇× uB|/f � 1 does not

hold – for example, in a submesoscale front – a more complete treatment of the

governing equations is required (e.g. McWilliams and Fox-Kemper, 2013).

Without the shear and pressure terms, equations (3.2a) and (3.2b) reduce to

those considered by Hasselmann (1970). The horizontal momentum equations

include the Coriolis–Stokes forcing −f ẑ × uS (Hasselmann, 1970; Polton et al.,

2005) which drives an Eulerian ‘anti-Stokes flow’, cancelling the Stokes drift and

exciting inertial oscillations. The anti-Stokes flow explains Ursell (1950)’s prediction

of zero net drift for periodic waves in a rotating frame.

We focus on the horizontal momentum equations (3.2a) in the Stokes layer, that

is, the top O(k−1)-deep layer of the ocean where the Stokes drift and hence the

Coriolis–Stokes forcing are localised. One of the boundary conditions is provided

by averaging the condition of zero tangential stress in (3.1b) (Longuet-Higgins

(1953), Ünlüata and Mei (1970), Xu and Bowen (1994) and Seshasayanan and

Gallet (2019)); it is given by

∂zuH|z=0 = ∂zuSH|z=0. (3.3)
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Examining the viscous but non-rotating case, Longuet-Higgins (1953) showed that

vorticity is transported from the viscous boundary layers into the fluid interior,

affecting the mass transport profile (Ünlüata and Mei, 1970; Xu and Bowen, 1994;

Seshasayanan and Gallet, 2019). Within these boundary layers the flow is not

irrotational, resulting in a viscous stress upon the Eulerian-mean flow. Upon

expanding the second equation in (3.2bb) about z = 0, performing a momentum

budget, and averaging over a wave period, this leads to condition (3.3). Additional

Eulerian-mean wave-induced transport, known as boundary-layer streaming, occurs

in the boundary layer (e.g. Grue and Kolaas (2017)). The contributions of

Hasselmann (1970) and Longuet-Higgins (1953) (and the theory of wind-driven

currents of Ekman (1905)) were unified by Xu and Bowen (1994) into a model of

wave (and wind-) driven flow in finite-depth water.

In the Stokes layer, vertical gradients dominate over horizontal ones. It follows

from (3.2b) that the vertical velocity component and pressure gradient can be

neglected. Introducing the complex notation U = u + iv as in Huang (1979), we

obtain the Ekman–Stokes equations

(∂t + if − ν∂2
z )U = −ifUS(x, z, t), ∂zU = ∂zUS(x, z, t)

∣∣∣∣∣
z=0

, lim
z→−∞

U = 0,

(3.4a,b,c)

where the boundary conditions follow from (3.3) and the requirement that the

solution be matched to a weak Eulerian flow outside the Stokes layer. The Eulerian

Ekman–Stokes velocity solving (3.4) is driven by the Stokes drift in two ways,

via the Coriolis–Stokes forcing in the fluid interior (Polton et al., 2005) and via

the wave stress (3.4b).

Note that a wind stress could be added to (3.4b); by linearity, the wind-driven

Ekman velocity would be superimposed in convolution form on the wave-driven

velocity we obtain (e.g. Madsen (1978) Eq. (21) for linearly-varying ν(z)). In

a coupled oceanic-atmospheric model, Lewis and Belcher (2004) derive steady

solutions to (3.4) for non-constant viscosity, though they do not seem to include

the wave stress.
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3.2.2 Solution by Laplace transform

We solve (3.4) by Laplace transform, assuming that the Stokes drift US has a time-

independent vertical structure exp(2kz) corresponding to a quasi-monochromatic

wave field, but an otherwise arbitrary time dependence. Denoting the Laplace

transform by a tilde, with

g̃(s) = L{g(t)} =
∫ ∞

0
g(t)e−stdt, g(t) = L−1 {g̃(s)} = 1

2πi

∫ γ+i∞

γ−i∞
g̃(s)estds,

(3.5a,b)

where γ is a real number such that the contour path of integration is in the region

of convergence of g̃(s), we find that when U(t = 0) = 0

Ũ = 2k
(

1 + if

s+ if − 4k2ν

)
ŨSe

z
√

(s+if)/ν√
(s+ if)/ν

− if ŨSe
2kz

s+ if − 4k2ν
. (3.6)

This is the sum of a particular solution – the second term – which can be interpreted

as a partial anti-Stokes flow varying over the Stokes depth δS = (2k)−1, and a

homogeneous solution – the first term – varying over the Ekman depth δE =
√

2ν/f ,

which includes a contribution driven by the vertical shear of the anti-Stokes flow

through boundary condition (3.4b) (second term in the brackets in (3.6)).

A special case of (3.6) occurs if US approaches a steady value US as t→∞. Then

Ũ tends to the time-independent solution (cf. Seshasayanan and Gallet (2019))

U = (1− i)D
2 US

(
1 + 1

1 + iD2/2

)
e(1+i)z/δE − USe

2kz

1 + iD2/2 , (3.7)

where D ≡ δE/δS is the fixed ratio of Ekman to Stokes depths. In the limit D → 0+,

equation (3.7) approaches −US exp(2kz): up to an inertial oscillation this is the

so-called ‘anti-Stokes’ Eulerian-mean flow, predicted by Hasselmann (1970) to be

induced by periodic waves in a rotating, inviscid ocean. Viscosity acts to reduce the

shear in the anti-Stokes flow, so that a nonzero Lagrangian-mean velocity remains.

3.2.3 Ekman–Stokes kernel

We now use the Laplace convolution theorem to write the unsteady solution for the

Ekman–Stokes mean flow as a function of time for arbitrary Stokes drift as

U(x, z, t) = US|z=0 ∗K (z, t) , (3.8)
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Limit Behaviour Theory
t→∞ 2k

√
νe−ift/

√
πt [1− if/(4k2ν) (1− (1 + 2k2z2)/(4k2νt))] long-time limit

t→ 0+ 8νk2δ(z/δS)− ife2kz short-time limit
ν → 0+ −ife−ifte2kz Hasselmann (1970)
f → 0+ 2k

√
νe−z

2/(4νt)/
√
πt Longuet-Higgins (1953)

Table 3.1: Asymptotic behaviour of the Ekman–Stokes kernel K(z, t).

where ∗ denotes convolution in time and

K(z, t) = L−1

2kez
√

(s+if)/ν√
(s+ if)/ν

+ if

s+ if − 4k2ν

2kez
√

(s+if)/ν√
(s+ if)/ν

− e2kz

 . (3.9)

The convolution kernel K(z, t), which we will term the Ekman–Stokes kernel,

can be evaluated by deforming the integration contour involved in the inverse

Laplace transform to obtain

K(z, t) = 2k
√
νe−ift

e−z
2/(4νt)
√
πt

− ife(4k2ν−if)t∑
±

e±2kz

2 erfc
(√

4k2νt± z√
4νt

)
,

(3.10)

where ∑± denotes the sum of the plus and minus terms and the complementary

error function erfc(x) = 1− erf(x). An equivalent form emphasising dependence on

wave parameters uses the scaled error function erfcx(t) = et
2 erfc(t) and reads

K(z, t) = 2k
√
νe−ift

e−z
2/(4νt)
√
πt

− ife−ift e
−z2/(4νt)

2
∑
±

erfcx
(√

4k2νt± z√
4νt

)
.

(3.11)

The Ekman–Stokes kernel K captures the (Eulerian-mean) flow response to the

Stokes drift. The 1/
√
t describes the establishment of an Ekman spiral driven by

the wave stress; the if terms describe the impact of the Coriolis–Stokes forcing.

Note that the dimension of K(z, t) is time−1.

Several limits of the kernel are of interest; they are given in dimensional terms in

Table 3.1. The limits ν → 0+ and f → 0+ are best understood by rewriting (3.11)

in terms of the dimensionless parameters D = δE/δS, ζ = 2kz and τ = ft to obtain

K (ζ, τ) /f = De−iτ
e−ζ

2/(2D2τ)
√

2πτ
− i

2
∑
±
e−iτ−ζ

2/(2D2τ) erfcx
(
D

√
τ

2 ±
ζ√

2D2τ

)
.

(3.12)



3. Ekman–Stokes dynamics 45

Figure 3.1: Ekman–Stokes kernel K(ζ, τ) for D = 1 (with f = 1 × 10−4s−1): (a)
magnitude and (b) argument as a function of depth and time, and (c) hodograph at the
surface (ζ =0) with time (in days) shown in red. In panel (a) we have saturated the
colour scale, as the kernel is singular at (ζ, τ) = (0, 0).

When D � 1, e.g. because f → 0+, the Coriolis–Stokes sum term in (3.12) is

negligible and the flow becomes the Longuet-Higgins (1953) response to the wave

stress at the surface. In contrast, for D � 1, e.g. as ν → 0+, the anti-Stokes result

of Hasselmann (1970) is approached non-uniformly in ζ. This singular behaviour

arises since for any D 6= 0 the shear condition at the surface cannot be met by

an exact anti-Stokes flow, so in a thin layer of depth ∼
√
ν/f near the surface

cancellation of the Stokes drift is imperfect (e.g. Seshasayanan and Gallet (2019)).

Over long times τ → ∞, the Coriolis–Stokes terms decay on the viscous rather

than the inertial timescale, despite being caused by Earth’s rotation.

The magnitude and argument of the dimensionless kernel K(ζ, τ) are shown

in Figure 3.1 for D = 1. The magnitude is largest towards (τ, ζ) = (0, 0) due

to the singular behaviour discussed above. The kernel has the character of an

amplitude-decaying inertial oscillation with period 2π/f with an orientation in the

horizontal plane that oscillates with the inertial period. Equation (3.11) together
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Figure 3.2: Top: Time series of wave-induced velocities formed in response to an
idealised 24-hr Gaussian storm in the Northern Hemisphere showing the two components
and magnitude of the Stokes drift US (black), Eulerian-mean velocity U (blue) and
Lagrangian velocity UL (red). Bottom: Wave roses for US, U , and UL, with radial
distance representing the fraction of time during which the velocity has a given direction,
and colour indicating magnitude in m/s.

with the convolution in time (3.8) is the key result of this letter. Taking as inputs

a time series of Stokes drift and estimates of the peak wavenumber k, Coriolis

parameter f and turbulent viscosity ν, these equations produce a time series of the

associated (Eulerian-mean) Ekman–Stokes current at any vertical elevation z, which

can simply be added to the Stokes drift time series to give the Lagrangian-mean

current relevant for marine litter transport.

3.3 Sample calculations of the Ekman–Stokes flow

3.3.1 Idealised storm

To demonstrate the use of the Ekman–Stokes kernel, we calculate the Eulerian

response to an idealised Gaussian storm lasting approximately 24 hours. Specifically,

we set uS(z = 0) = u∗S exp(−(t − t∗)2/(σ2)) (and vS = 0) with σ = 6 hrs and

magnitude u∗S = 0.070 m/s being reached at t∗ = 24 hrs. Choosing f = 1.0× 10−4
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s−1 and ν = 1.0 × 10−2 m2s−1 (D = 1.1), we set U(z = 0, t = 0) = 0 and

evaluate the response for 1 week.

In figure 3.2 we plot the u and v components and magnitudes, respectively, of

the second-order currents over a week-long period. The sum of Stokes drift (black)

and Ekman–Stokes flow (blue) gives the Lagrangian velocity (red). Beneath, wave

roses are plotted for these second-order currents. The angular direction corresponds

to the angle of propagation of the flow (separated into 30 bins), the radius of

each bar represents the percentage of time during which the velocity has a given

direction, and the colour scale divides the data into velocity amplitude ranges. Fig.

3.2 shows that the Stokes drift is reduced by a (delayed) partial ‘anti-Stokes’ flow, a

transverse component arises on the same time scale, and damped inertial oscillations

are formed which remain after the storm has ceased. The resulting Lagrangian

current is deflected by the large transverse component of the Ekman-Stokes flow, to

the right in the Northern Hemisphere (and to the left in the Southern Hemisphere).

3.3.2 Buoy data

We use half-hourly records for the San Nicolas Island buoy (33.22◦ N, 119.88◦

W) obtained from CDIP (the Coastal Data Information Project) and estimate

the Stokes drift using the formula

US = g−1ω3
pA

2
p exp(2kz) exp (iθp) , where Ap = HS/

(
2
√

2
)
. (3.13)

where θp is the peak wave direction, Hs the significant wave height, and ωp

the peak frequency calculated from the peak period Tp. By making a quasi-

monochromatic approximation, we assume the wavenumber spectrum is peaked

about k = mean(kp) = mean(ω2
p/g), to leading order. We integrate (3.11) using

the Stokes drift (3.13) by a trapezoidal rule with time-step equal to the buoy

sampling time. From the short-time limit in table 3.1, it can be seen that

limt→0+ limz→0− K(z, t) = ∞ − if . To avoid this singular behaviour, we evalu-

ate the surface value of the kernel K(0, 0) with the limits in the reverse order,

limz→0− limt→0+ K(z, t) = −if .
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Figure 3.3: Top: Time series (14/05/00 15:41 − 22/05/00 09:41 UTC) of wave-induced
velocities computed from buoy data from San Nicolas Island (33.22◦ N, 119.88◦ W), with
colours as in Fig. 3.2. Bottom: Corresponding wave roses, as in Fig. 3.2.

As in figure 3.2, the top panels of figure 3.3 show u and v components and

magnitudes of the second-order currents. The largest Stokes drift at San Nicolas

Island over this time period is in a South-Southeasterly direction, though a share of

very small values arising from small-amplitude waves are also seen to propagate

West-Southwest (cf. bottom-left panel, figure 3.3). In contrast, the Ekman–Stokes

contribution is much more directionally-spread at all velocity amplitudes due to

excited inertial oscillations. Superimposing the two flows leads to a directionally-

spread Lagrangian drift which veers to the right of the Stokes drift.

To find the displacement associated with the unsteady flows, we take the

wavenumber and Stokes drift time series to be uniform in space, which is valid for

the relatively small accumulated displacements considered. Particle displacements

computed by time-integrating the velocities obtained from our Ekman–Stokes kernel

are plotted in figure 3.4. Panels (a) and (c) show displacements over one week in

February 2003 and (b) and (d) over a week in May 2000, with (b) corresponding

to velocities plotted in figure 3.3. Line colours are consistent with figures 3.2 and
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Figure 3.4: Particle paths at the surface (z=0) computed for the San Nicolas Island
buoy using our Ekman–Stokes convolution kernel. Columns: two different time samples.
Rows: different values of turbulent viscosity. Paths shown are obtained using the Stokes
drift (black), Eulerian-mean velocity (blue) and Lagrangian-mean velocity (red). Dashed
lines ignore time-dependence of the Stokes drift and show the steady response to the
average of the Stokes drift over the periods considered. All paths begin at (∆x,∆y) =
(0, 0). Numbers beside each line denote the number of days elapsed.

3.3. Straight dotted lines represent steady solutions, i.e. (3.7) multiplied by time

elapsed, with US = mean (US). Evidently, the steady approximation causes errors in

the prediction of net particle displacement. Instead of following the black trajectory

described by the Stokes drift alone, we predict the particle will follow the red

trajectory, being transported by the Lagrangian velocity, the sum of the Stokes

drift and wave-induced Ekman–Stokes flow. For both time samples, the Lagrangian

displacement is to the right of the Stokes displacement, as for the velocities (in

the Southern Hemisphere, it will lie to the left).

We anticipate that the realistic range for eddy viscosity is O(10−3)-O(10−2)

m2s−1, estimated from the vertical mixing coefficient SM = 0.30 in Mellor and

Blumberg (2004) by using the law of the wall. Comparing (c) and (d) with (a)

and (b), particle displacement is reduced and inertial oscillations more pronounced

for the smaller viscosity ν = 10−3m2s−1 in (c) and (d), since the anti-Stokes flow
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increases in magnitude as viscosity decreases. For the realistic range of ν the

displacement is significantly altered in both magnitude and direction when the

Ekman–Stokes flow is included.

3.4 Discussion and conclusions

Our analysis has demonstrated the need to add a so-called Ekman–Stokes flow to

the Stokes drift to properly estimate the wave-induced Lagrangian-mean flow which

transports floating marine litter. We have derived an Ekman–Stokes convolution

kernel which can readily be used to predict the wave-induced Eulerian-mean

flow in the turbulent upper-ocean boundary layer. It integrates three important

effects: the surface wave stress, the Coriolis–Stokes forcing, and unsteadiness

of the forcing and response.

We properly account for the viscous wave stress at the surface. This is often

neglected (e.g. Lewis and Belcher (2004), Polton et al. (2005), and Onink et al.

(2019)), though it may be of similar magnitude to the wind stress. Including

the wave stress should yield more accurate predictions of the Lagrangian drift,

particularly when wind and waves are misaligned. Our model also incorporates

the Coriolis–Stokes forcing which induces a partial anti-Stokes flow and alters

the response over the Ekman depth δE =
√

2ν/f (cf. Polton et al. (2005)). Our

results demonstrate that for realistic eddy viscosities 10−3–10−2 m2s−1 the Stokes

drift is only partially cancelled by an anti-Stokes flow. Perhaps most importantly,

our approach shows that unsteadiness of the Stokes drift and induced Eulerian

response can be readily incorporated into models of Lagrangian drift using a simple

convolution. As passage times of storms are typically O(1/f), accounting for time

variability is crucial for accurate predictions of drift.

Future work should improve our model in the following four ways. First, for

simplicity we have assumed a constant eddy viscosity, although our kernel approach

could be adapted for linearly-increasing eddy viscosity (Madsen (1977), Lewis

and Belcher (2004)), which provides a more accurate representation of turbulence

in the upper-ocean boundary layer. Second, Shrira and Almelah (2020) have
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presented a solution method incorporating time-dependence of the eddy viscosity

due to processes such as mixed-layer restratification or wave breaking (Price and

Sundermeyer, 1999). Parameterisations of turbulent viscosity should thus account

for both time and depth variation.

Third, while we have used a quasi-monochromatic assumption in our model, the

Ekman–Stokes kernel can in principle be applied to broad-banded spectra using

an additional integration over frequency. For typical broad-banded spectra, the

near-surface Stokes drift is more strongly sheared than for a monochromatic wave

corresponding to the peak frequency (Webb and Fox-Kemper, 2011). Therefore,

the wave stress dominates the forcing of the Eulerian-mean flow whose magnitude

is strengthened and whose direction becomes more aligned with that of the Stokes

drift, as we have confirmed in preliminary computations. We emphasise that the

wave stress is proportional to the fifth moment of the frequency spectrum and

hence ill-defined for most empirical spectra, whose high-frequency tails behave

like ω−4 or ω−5 (Breivik, Bidlot, et al., 2016). This indicates a high sensitivity of

the wave-induced mean flow to the spectral tail, suggesting the need for a careful

assessment of the form of this tail and of its impact on the Eulerian-mean dynamics.

We note that Seshasayanan and Gallet (2019) recently showed that the steady

Ekman–Stokes current is unstable to perturbations. Future work should consider

the importance of this instability in the real ocean and how it might interact with

unsteadiness of the wave-induced flow.

Fourth, ocean transport can be modelled using the tracer equation rather

than Lagrangian tracking methods (Dobler et al., 2019; Wu et al., 2019). Stokes

advection plays an important role in strong wind/wave conditions, and affects

up/down-welling in coastal regions (Suzuki and Fox-Kemper, 2016; Wu et al., 2019).

We anticipate that including the unsteady Ekman–Stokes flow will cause variations

in up/down-welling velocities over timescales & O(1/f) (§4(i) Hasselmann (1970)

and McWilliams and Restrepo (1999))
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Abstract

In (Higgins, Vanneste, et al., 2020), published in Geophysical Research Letters, an
expression was derived for the unsteady Ekman–Stokes flow driven by a time-varying
surface gravity wave field in the turbulent upper layer of a rotating ocean. This
wave-induced Eulerian-mean flow is given by a convolution between the surface
Stokes drift and an Ekman–Stokes kernel, which encodes information about the
evolution of the flow throughout the Ekman depth. Together with the Stokes
drift, the Ekman–Stokes flow constitutes the leading-order Lagrangian-mean flow
induced by the surface waves. In this chapter, I examine the higher-order Eulerian-
mean flows which arise due to the slow spatial variation of the wave field which
was neglected in Higgins, Vanneste, et al. (2020). By taking advantage of the
shallowness of the Ekman–Stokes layer with respect to the ocean depth, I apply
boundary-layer methods to explore these divergence-driven Eulerian-mean flows.
Spatial variation of the horizontal Ekman–Stokes flow drives a weak, ‘Ekman–Stokes
pumping’ vertical velocity in the upper layer, resulting in wave-induced downwelling
(upwelling) in regions of wave convergence (divergence). By matching the pumping
velocity at the base of the Ekman–Stokes layer to a weak Eulerian flow beneath
it, I derive an effective boundary condition which directly links the surface Stokes
drift to a divergence-driven return flow experienced at depth. The effect of rotation
on an unstratified, wavepacket-driven return flow is almost negligible, but weak
rotation can have a significant impact when combined with density stratification,
resulting in radiation of inertia-gravity waves in the packet’s wake. Though the
analysis presented here focusses on a single nondissipating wavepacket, I show
that the combination of Coriolis effects and spatial divergence of the wave field
may be significant over synoptic scales.



4.1 Introduction

Hasselmann (1970) demonstrated that the Coriolis force puts the linear velocity

components of surface waves out of quadrature, resulting in a stress perpendicular

to the direction of wave propagation. This Coriolis–Stokes forcing induces an

Eulerian-mean flow which cancels the Stokes drift and excites inertial oscillations.

In the presence of turbulent viscosity, this anti-Stokes flow does not exactly cancel

the Stokes drift, and the wave-induced Lagrangian velocity - the sum of the Stokes

drift and Eulerian-mean flow - is nonzero. The steady-state Ekman–Stokes flow was

recently examined in Seshasayanan and Gallet (2019) and extended to unsteady

wave fields by Higgins, Vanneste, et al. (2020), who found that it significantly affects

the magnitude and direction of marine litter transport by waves. The unsteady

Ekman–Stokes flow is computed by convolving the time-varying surface Stokes drift

with an ‘Ekman–Stokes kernel’, which describes the development of the flow over

the depth of the turbulent upper layer of the ocean.

There is growing interest in including the effects of surface waves in general

ocean circulation models, either by coupling a third-generation wave model such as

WAM (The WAMDI Group, 1988) to a circulation model, or by directly including

wave-induced effects such as the Coriolis–Stokes forcing in the momentum and

tracer advection equations (Breivik, Mogensen, et al., 2015). A seminal paper by

McWilliams and Restrepo (1999) examines how surface waves affect the basin-scale

ocean circulation. The authors find that waves modify the classical Sverdrup relation,

with impact on the deep circulation. However, their analysis does not account for

wave-induced Eulerian-mean currents which are driven by the virtual wave stress

(Seshasayanan and Gallet, 2019), and/or by the slow-scale spatial variation of the

wave field (van den Bremer and Taylor, 2015). This leads McWilliams and Restrepo

(1999) to conclude that waves have no influence on the Ekman pumping velocity.

By running an ocean general circulation model with sea-state dependent param-

eters and momentum fluxes estimated from WAM (The WAMDI Group, 1988), Wu

et al. (2019) determine that including wave effects improves agreement between the

model predictions of upwelling and observations in the North Sea. In particular,
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advection by the Stokes drift must be included in the tracer advection equation in

order to counteract unphysical coastal upwelling/downwelling by the Coriolis–Stokes

forcing (Breivik, Mogensen, et al., 2015). The authors argue that the low-frequency

swell is likely to have a more significant impact on upwelling than the local wind

sea, since remotely-generated swell is generally not aligned with the wind.

Examining the propagation of a surface gravity wavepacket over a stratified

ocean, Haney and Young (2017) find that the Eulerian return flow induced by the

packet disturbs the surfaces of constant density, generating internal waves in the

wake of the packet. Using Fourier modes in the vertical, Haney and Young (2017)

examine the energy flux from the surface wavepacket to the internal-wave wake,

finding this to be extremely small. However, extreme surface-wave forcing, such

as might be generated by a strong storm, may contribute to the near-N peak in

the inertia-gravity wave spectrum (Haney and Young, 2017).

In this chapter, I combine the effects of spatial variation of the surface wave field

with Ekman–Stokes dynamics in order to examine the second-order in steepness flows

induced by deep water surface gravity waves. In so doing, the analysis of Higgins,

van den Bremer, et al. (2020) and Higgins, Vanneste, et al. (2020) is integrated into

a single model which takes account of the turbulent upper layer of the ocean, the

Earth’s rotation, spatial variation of the wave field, and density stratification.

4.2 Governing equations

I consider an ocean locally described by a Cartesian coordinate system with x

measured positive Eastwards, y positive Northwards and z the vertical coordinate

measured from the free surface upwards. Incompressible flow is assumed in a rotating,

density-stratified ocean with a turbulent upper layer which can be parametrised

using an effective eddy viscosity. To account for stratification effects, I decompose

the density as ρ (x, y, z, t) = ρ0
(
1 + g−1 ∫ 0

z N
2(z′)dz′ − g−1b

)
: that is, a constant

density plus a mean z-dependent stratification profile described by the stratification
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frequency N , plus a small buoyancy perturbation b. The governing equations in

the interior of the fluid −d ≤ z < ζ (x, y, t) are given by

∂tu+u ·∇u+ f ×u+ ∇p−∇ · ↔τ − bẑ = 0, ∂tb+uH ·∇Hb+wN2, ∇ ·u = 0

(4.1a,b,c)

with ↔
τ the viscous stress tensor with elements τij = −(p− p0)δij + ν (∂jui + ∂iuj)

where ν is an eddy viscosity, p the pressure, and f = (0, f̃ , f) the (nontraditional)

Coriolis vector. These equations must be solved subject to kinematic and dynamic

boundary conditions at the free surface z = ζ(x, y, t), plus a no-flow bottom

boundary condition at the ocean floor

w|z=η = ∂tζ + u ·∇ζ, n̂ · ↔τ · ŝ|z=ζ = 0, w|z=−d = 0, (4.2a,b,c)

where n̂ and ŝ are unit vectors normal and tangent to the free surface, respectively.

To solve the system (4.1) subject to (4.2), I use a Stokes expansion in wave steepness

α ≡ Apkp, where Ap is the maximum amplitude of the free surface and kp the peak

wavenumber in the wavenumber spectrum,

u = u1+u2+O(α3), ζ = ζ1+ζ2+O(α3), p = p1+p2+O(α3), b = b1+b2+O(α3),

(4.3)

and the subscript denotes the order in α. I first consider the linear problem.

4.2.1 Linear dynamics

Linear wave dynamics arises at O(α), where I ignore viscous effects, neglecting a

thin vorticity boundary layer of thickness δν =
√

2ν/ω under the (generally satisfied)

assumption |kp|δν � 1 where kp = (k, l) is the peak wavenumber. Consequently,

I ignore viscous damping of waves as they propagate. I assume deep-water waves

for which |kp|d � 1. The linear equations then read

∂tu1+f×u1+∇p1 = 0, ∇·u1 = 0, w1|z=0 = ∂tζ1, p1|z=0 = gζ1, (4.4a,b,c,d)

where the linear buoyancy b1 = O(N2ζ1) has been neglected, which amounts to

discarding O(N2/ω2) corrections to the dispersion relation. Since these corrections
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do not alter the phase relationships between the linear variables, and hence do

not affect the wave-averaged Reynolds stresses at second order in wave steepness,

this is a reasonable approximation (cf. Haney and Young (2017) and Higgins,

Vanneste, et al. (2020)). In contrast, the Coriolis force must be retained since, as

demonstrated by Hasselmann (1970), O(f/ω) corrections put horizontal and vertical

velocity components out of quadrature, with impact on the wave-averaged dynamics.

Expanding the surface boundary conditions (4.2a,b) about the undisturbed level

z = 0 to second-order in wave steepness results in the two boundary conditions

w2|z=0 = ∂tζ2 + ∇H · (u1ζ1), ν∂zU|z=0 = ν∂zUS, (4.5a,b)

where the stress condition (4.5b) drives the horizontal Ekman–Stokes flow U =

u2 + iv2 with US = uS + ivS, and (4.5a) in conjunction with incompressibility governs

the weaker Ekman–Stokes pumping velocity w2. To leading order in the bandwidth-

like parameter ε ∼ (2kpσx)−1, where σx is the scale of horizontal variation of the

wave envelope, the divergence term can be identified with the Stokes mass transport,

(u1ζ1) = MS =
∫ 0

−∞
uSdz. (4.6)

I use the ‘rigid-lid’ approximation, which assumes the free surface appears locally

flat with respect to the induced Eulerian-mean flow, to neglect ∂tζ2. This formally

precludes any shallow-water solutions with c =
√
gd, which is valid for the deep-

water conditions considered herein. The term u1 ·∇u1 = |u1|2/2− u1 × (∇× u1)

may also be simplified using the linear solutions. Corrections of O(f/ω) to the

linear velocity field result in a small vorticity ω1 = ∇× u1, which gives rise to the

so-called Coriolis-Stokes forcing on the second-order mean flow,

u1 ·∇u1 = |u1|2/2 + f × uS. (4.7)

In an inviscid ocean, the Coriolis–Stokes forcing results in an Eulerian-mean flow at

second order in wave steepness which cancels the Stokes drift and excites inertial

oscillations (Hasselmann, 1970).
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Figure 4.1: Boundary-layer method for a wavepacket: viscous effects and Coriolis–Stokes
forcing are important over the Ekman depth δE ∼

√
ν/f and the Stokes depth δS ∼ k−1

p .
Spatial variation of the wave field over a scale σ drives a weak Ekman–Stokes pumping
velocity w2 in this layer, varying vertically over the ‘fast’ vertical coordinate z. In turn,
this pumping provides a boundary condition applied at the base of the boundary layer to
the deep return flow U beneath, which varies over the ‘slow’ outer coordinate Z.

4.3 Boundary-layer method for the mean flow

In the near-surface Ekman–Stokes layer, eddy viscosity and Coriolis rotation define

the Ekman lengthscale δE ∼
√
ν/f , and the Coriolis-Stokes forcing is distributed

over the Stokes depth δS ∼ (kp)−1, which is deeper than the Ekman depth for

quasi-monochromatic swell with Tp > 11 s. Large-scale variations in the wave field

define another scale σx on which spatial variation of the wave field occurs, which is

typically much larger than δS and δE. Provided σx � δE-S = max (δE, δS) and the

wave field consists of deep-water waves, a boundary-layer approach can be applied

to the problem. Without loss of generality, I define an ‘inner’ vertical coordinate

z (of scale δE-S = max (δE, δS)), upon which the Ekman–Stokes flow varies, and an

‘outer’ coordinate Z (of scale σ) upon which the divergence-driven return flow in

the outer layer varies. This allows simplified equations to be solved in the upper

layer, where viscosity and Coriolis–Stokes forcing are important and horizontal

derivatives are negligible, and hence a modified boundary condition to be derived
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which governs the deep flow beneath this layer. In the outer layer, stratification,

rotation and spatial variation are important.

4.3.1 Dynamics in the upper layer

The wave-averaged Eulerian velocity u in the upper layer obeys the Craik–Leibovich

equations with buoyancy (Craik and Leibovich, 1976)

∂tu+(∇× u+ f)×uL +∇
(
p+ 1

2 |uL|2
)
−∇ ·↔τ = bẑ, ∂tb = −u1 ·∇b1−wN2,

(4.8)

where p is the pressure divided by the constant reference density ρ0, and an overbar

denotes averaging over the wave phase. The total Eulerian-mean flow u = u2 +uB is

the sum of the wave-induced Eulerian flow u2 and the non-wave Eulerian background

flow uB. This permits the Lagrangian current uL = u + uS = uL + uB to be

decomposed as the sum of the wave-induced Lagrangian velocity uL = u2 + uS

and the non-wave Eulerian background flow uB.

When the background flow has a small Rossby number, (∇× uB) × uL is

negligible compared with the Coriolis terms. Under the small Rossby-number

assumption, the background flow decouples from the wave-induced flow, and the

interaction between these may be neglected. Since b1 has been neglected in the

linear calculations, b = −
∫
wN2dt. The incompressibility condition implies that

the vertical velocity is weaker than the horizontal Ekman–Stokes velocities by a

bandwidth parameter ε = (2kpσx)� 1, and therefore the effects of buoyancy in the

Ekman–Stokes layer can be ignored. Having made this set of approximations, the

governing equations are the ones solved in Chapter 3 which give rise to unsteady

Ekman–Stokes dynamics (Higgins, Vanneste, et al., 2020), namely

∂tu2 + f × uL + ∇p−∇ · ↔τ = 0 +O(α4), (4.9)

where the Stokes vortex force, (∇× u2)× uL, is O(α4) since it involves only the

wave-induced flow. The wave-induced flow may then be superimposed on the

background to obtain the correct mass-transport velocity at O(α2ε0). From Higgins,
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Vanneste, et al. (2020), the expression for the Eulerian-mean Ekman–Stokes velocity

in convolution form is given by

U(x, z, t) =
∫ t

0
US (x, t′) |z=0K (z , t− t′) dt′, (4.10)

where U = u2 + iv2 and US = uS + ivS, and K(z, t) is the Ekman–Stokes kernel

which encodes information about the development of U in the Ekman–Stokes layer

over time. The kernel is a function of z and t only; the Eulerian flow inherits its

spatial dependence parametrically from the surface Stokes drift field, via the wave

stress condition (4.5b). Incompressibility of the Ekman–Stokes flow indicates that

a weak vertical velocity arises when the Stokes drift varies horizontally,

∂xu2 + ∂yv2 + ∂zw2 = 0 ⇔ ∂zw2 = −Re [∂-U ] = −∇H · u2. (4.11)

Here I have defined the rotary gradient ∂± = ∂x ± i∂y and the horizontal gradient

∇H = (∂x, ∂y, 0) to make a connection with the complex notation used in (4.10).

This gives the vertical velocity, which is weaker than the horizontal Ekman–Stokes

velocities by an aspect ratio parameter ε = (2kpσx)−1, where σx is the scale on

which the wave field varies spatially and kp is the peak wavenumber,

w2(z) =
∫ 0

z
(∇H · u2) dz + ∇H ·MS. (4.12)

where the O(α2ε1) dynamic boundary condition (4.5a) was used. The rigid-lid

approximation has also been made, so ∂tζ2 is neglected. Taking the limit z/δE-S →

−∞ results in a matching condition between the vertical components w2 and W

of the inner and outer flow, respectively,

lim
Z/σx→0−

W = lim
z/δE-S→−∞

w2 =
∫ 0

−∞
(∇H · uL) dz = ∇H ·ML (4.13)

where ML = M+MS and M =
∫ 0
−∞ u2dz is the mass-transport driven by the Ekman–

Stokes flow. Hence the outer flow is forced by the divergence of the Lagrangian mass

transport over the upper layer. A formula for M in terms of US can be obtained

directly from the Ekman-Stokes equations, which read

∂tU + ifU = −ifUS + ∂z (ν∂zU) , ∂zU|z=0 = ∂zUS, lim
z→−∞

U = 0. (4.14a,b,c)
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Depth-integrating, defining the complex mass transportsM =
∫ 0
−∞ Udz andMS =∫ 0

−∞ USdz, and applying the boundary conditions (assuming that ν∂zU → 0 at depth)

(∂t + if)M = −ifMS + ν∂zUS|z=0. (4.15)

For a monochromatic Stokes drift profile, MS = US(x, t, z)|z=0/(2kp). Using the

integrating factor method, and assuming the Ekman–Stokes mass transport is

initially zero, the (complex) Ekman–Stokes transport is given by the simple

convolution integral

M =
(

2kpν|z=0 −
if

2kp

)∫ t

0
US(x, t′)e−if(t−t′)dt′, (4.16)

where ν|z=0 is the surface value of the eddy viscosity, which is in general a function

of z. As a special case, I consider the steady solution to (4.15). In the inviscid

analysis of Hasselmann (1970), a steady solution exists only in the sense of an

inertial average, but Madsen (1978) showed that when viscosity is introduced into

the problem, a steady-state is established as a result of balance between the Earth’s

rotation and viscous shear in the Ekman–Stokes layer,

M = −MS−i
ν0

f
∂zUS|z=0, w2 = ∇H·ML = ν0

(∂x∂zvS − ∂y∂zuS)
f

= ẑ ·∇× (ν0∂zuS|z=0)
f

,

(4.17)

where ν0 = ν|z=0, so the steady pumping velocity at the base of the mixed

layer w2(−∞) is proportional to the curl of the surface wave stress, entirely

analogous to how classical Ekman pumping is related to the curl of the wind

stress (McWilliams and Restrepo, 1999). This relationship should remain true

for any quasi-monochromatic US, and is independent of the eddy viscosity depth

profile (a surface roughness lengthscale is required for a linearly increasing ν(z), for

example, since otherwise ν(0) = 0). As with classical wind-driven Ekman pumping,

there is also no need to compute U to obtain the Ekman-Stokes pumping velocity w2.
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4.3.2 Dynamics in the outer layer

I assume that eddy viscosity is negligible in the outer layer. The mean flow is

then driven by the pressure field, density stratification, Coriolis force, and the

pumping boundary condition (4.13). Though there are no Stokes forces beneath

the Ekman–Stokes layer, the small-Rossby number assumption must be invoked

to neglect interaction between non-wave background flow and the O(α2ε1) return

flow. Denoting the return flow by U = (U, V,W ) and outer pressure by P ,

∂tU − fV + f̃W = −∂xP, ∂tV + fU = −∂yP, ∂tW − f̃U = −∂ZP + b2,

(4.18a,b,c)

∂tb2 = −WN2, ∂xU + ∂yV = −∂ZW. (4.19a,b)

Upon eliminating all variables other than the vertical velocity, the equation sets

(4.18) and (4.19) become

[
∂2
t∆ +N2∆H + (f ·∇)2

]
W = 0, with b.c.s lim

Z→0−
W = ∇H·ML and W |Z=−d = 0.

(4.20)

For simplicity, vertical variation of N is neglected, while noting that (4.20) allows

for more complex stratification profiles. Taking the curl yields the evolution of

the Z-component of vorticity ∂t (∂xV − ∂yU) = (f ·∇)W , which together with

the incompressibility condition implies the horizontal velocities are related to W

via a Poisson-like equation,

∂t
(
∂2
x + ∂2

y

)
UH =

[
f̃∂y∇⊥

H +
(
f∇⊥

H − ∂t∇H

)
∂Z
]
W, (4.21)

where UH = (U, V, 0) and ∇⊥
H ≡ Ẑ ×∇H = (−∂y, ∂x, 0). Interestingly, this vector

equation does not explicitly involve the buoyancy perturbation b or stratification

frequency N . When rotation is ignored (f = 0) (4.21) reduces to eqn. (2.39) in

Chapter 2. Upon also setting N = 0, (4.21) is just ∂t∇H of the Laplace equation.
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4.4 Application to a wavepacket

When the surface wavefield has packet-like structure, it is advantageous to use

axes corresponding to the co-moving frame of the packet. I can locally choose

the x-axis to be the direction of propagation, and define the co-moving coordinate

x̃ = x − cgt. Equation (4.15) takes the form

(−cg∂x̃ + cgη + if)M (x̃, y) =
(

2kpν0 −
if

2kp

)
US|z=0, (4.22)

where cgη is a slow growth rate which ensures that the solution for M obeys

the correct radiation condition. This equation can be solved by convolving the

right-hand side forcing with a Green’s function exp(irx̃)H(−x̃), where r = f/cg is a

rotational wavenumber and H(−x̃) is a Heaviside step function which results from

the slow-growth causal limit η → 0+. The Heaviside function ensures that radiated

inertial waves only appear in the wake of the packet. The Ekman–Stokes transport is

M (x̃, y) =
(

2kpν0

cg
− ir

2kp

)∫ ∞
x̃
US (x̃′, y) eir(x̃−x̃′)dx̃′, (4.23)

where x̃′ is just a dummy variable of integration. Note that taking US = constant

for ν0 = 0 results in an anti-Stokes Eulerian transportM =MS plus an inertial

oscillation, as found by Hasselmann (1970) for a regular wave train in an inviscid

ocean. For illustrative purposes, I choose a Stokes drift which is Gaussian in

the x̃-direction and modulated by an envelope function G(y) in the y-direction,

i.e. US = ωpkpA
2
p exp(−x̃2/σ2

x)G(y), which I also take to be Gaussian (G(y) =

exp(−y2/σ2
y)). The behaviour of the normalised, nondimensional Ekman–Stokes

transportM∗ = 2M/(ωp|Ap|2) depends on two dimensionless parameters,

r∗ = fσx/cg and ν∗ = 4k2
pν|z=0 (σx/cg) . (4.24a,b)

These parameters may be thought of as an inverse packet Rossby number ((4.24a))

and a ratio between the timescales of packet translation and viscous diffusion

((4.24b)). The integral (4.23) has a solution in terms of the Dawson function

D+(x) = exp(−x2)
∫ x

0 exp(t2)dt,

M∗ (x̃∗, y∗, R) = G(y∗, R) (ν∗ − ir∗)
(√

π

2 e−(r∗)2/4eir
∗x̃∗ − ie−(x̃∗)2

D+

(
r∗

2 − ix̃
∗
))

,

(4.25)
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where the narrow-bandedness parameter ε = (2kpσx)−1 as before, (x̃∗, y∗) =

(x̃, y)/σx, and R = σx/σy is the ratio between the characteristic packet lengthscales

in x̃ and in y. Since (4.23) expressesM as a convolution between the Stokes drift

and an inertial oscillation, the Lagrangian transport will contain a train of inertial

oscillations for negative x̃∗ of spatial period ∼ 2π/r∗. The amplitude of these

oscillations depends strongly on r∗, and to a lesser extent on ν∗.

Table 4.1 shows parameters typical of swell seas and environmental parameters

suitable for open-ocean conditions. I have chosen to examine swell with our

packet approximation, rather than wind seas, for several reasons. Swell is not as

directionally-spread as locally-generated wind seas (Ewans, 2002), allowing weak

directional spread to be modelled using a packet aspect ratio R = σx/σy. An

isolated swell sea can also be modelled using a narrow-banded wave spectrum

(Toffoli and Bitner-Gregersen, 2017). Additionally, swell has been observed to

propagate over extremely long distances without loss of energy or change in its

shape (Barber et al., 1948). Finally, I anticipate that since swell is generally not

aligned with the local wind, its effects will be most significant when superimposed

on the wind-driven Ekman pumping.

From figure 4.2 it is clear that for small r∗ and ν∗, the Lagrangian transport

is almost identical to the Stokes transport, albeit with a small-amplitude train

of weak inertial oscillations (most evident for the (normalised) transverse mass

transport Im (M∗
L)). The Ekman–Stokes mass transport represents a contribution

of approximately 5% to the magnitude ofM∗
L for the chosen value of r∗ though in

Chapter 3, I found that the Ekman–Stokes flow had an appreciable difference on the

Lagrangian displacement. There are two main reasons for this apparent disparity.

First, the buoy records used in Chapter 2 have frequencies characteristic of a wind

sea, while the swell conditions considered here have lower frequencies and hence a

higher group velocity cg = g/(2ωp). Secondly, the direction of the Ekman–Stokes

flow tends to spiral with depth (Seshasayanan and Gallet, 2019), such that when

it is integrated over depth the resulting Ekman–Stokes mass transport is small.

When r∗ is larger, as in figure 4.3 the magnitude and inertial behaviour of the
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Parameter Range for swell seas Chosen value
ωp [s−1] 2π/25− 2π/10 2π/15
Ap [m] 0.25− 4 4
σx [m] 1× 102 − 5× 103 2.5× 103

σy [m] 1× 102 − 5× 104 7.5× 103

ν [m2s−1] 10−6 − 10−2 10−2

N [s−1] 0− 2π/900 2π/2000
f [s−1] 0− 1.45× 10−4 1.45× 10−4

δS [m] 12.43− 77.65 28
δE [m] 0− 20.03 11.75
d [m] 75− 1× 104 5.25× 103

α 10−3 − 0.3 7.1× 10−2

ε 0− 0.15 1.1× 10−2

R 0− 1 0.33
q∗ 0− 2.24 0.67
r∗ 0− 0.1 3.1× 10−2

ν∗ 0− 4.2× 10−3 2.7× 10−3

D 0− 1.6 0.42

Table 4.1: Range of values for environmental and wave parameters suitable for open-
ocean swell (Toffoli and Bitner-Gregersen, 2017; van den Bremer and Taylor, 2015; Haney
and Young, 2017). The lower limit of swell frequency, 2π/25 s−1, is taken from Norwegian
Sea observations of Gjevik et al. (1988). The third column contains values selected to
produce figures throughout §4.4.2, plots of the 2D return flow in §4.4.1 use N = 2π/900
s−1, σ = 1650 m, and ωp = 2π/10 s−1. Since f → 0 towards the Equator, the maximum
δE and D are defined using the value of f at 20◦ latitude.

Ekman–Stokes mass transport become more significant, and the spatially-periodic

imprint of inertial oscillations on the Lagrangian flow becomes more prominent for

negative values of x̃∗. Adding the normalised Stokes transportM∗
S to (4.25), the

Lagrangian mass transport far behind the packet has the asymptotic behaviour

lim
x̃∗→−∞

M∗
L =
√
π (ν∗ − ir∗)

e−(r∗)2/4e−ir
∗|x̃∗| − 1

2
√
π

e−(x̃∗)2

|x̃∗|

 . (4.26)

In the far field, the mass transport therefore reduces to a pure inertial oscillation,

whose direction is set by both ν∗ and r∗. Though I include an eddy viscosity ν,

this is taken to be a vertical eddy viscosity, which does not cause damping in the

horizontal. This is similar to Haney and Young (2017, eq. (5.9)) for the 2D wake

far behind the packet. Ahead of the packet (x̃∗ →∞) the mass transport is zero,
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Figure 4.2: Mass transport components for rotational parameter r∗ = 3.1× 10−2 and
timescale ratio ν∗ = 2.7× 10−3, for a Gaussian packet of bandwidth ε = 1.1× 10−2 and
aspect ratio R = 1/3 (cf. third column of table 4.1). Panel (a) gives the (unidirectional)
Stokes transport, (c) the real component of the Lagrangian transport, and (b) and (d)
the real and imaginary components of the Ekman–Stokes transport, respectively.

as expected. The angle of the Lagrangian mass transport, as x̃→ −∞, is equal to

θ = arctan
(

Im [ML]
Re [ML]

)
= arctan

1 + D2

2 tan(r∗|x̃∗|)
D2

2 − cot(r∗|x̃∗|)

 , (4.27)

where D2 = 2ν∗/r∗ = δ2
E/δ

2
S = 4k2

p(2ν/f) for a constant eddy viscosity ν. Though

(4.26) reduces to a constant-amplitude inertial oscillation in the far-field, in real

oceans this oscillation will be slowly dispersed through processes such as damping by

horizontal eddy viscosity (which is not modelled here, since ν is a vertical eddy vis-

cosity) or interaction with background ocean circulation (e.g. Kafiabad et al., 2019).

When r∗ = 0, there is no Coriolis force to balance the shear in the mixed layer,

and hence no Coriolis–Stokes forcing. The waves therefore do not experience the

large eddy viscosity values within the mixed layer. Taking instead the molecular

viscosity of seawater, ν ≈ 10−6 m2s−1, can remedy the problem of enhanced

boundary-layer streaming near the surface (Huang, 1970; Grue and Kolaas, 2017),

which may not be physically realistic in the open ocean. For such a small ν, the
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Figure 4.3: Mass transport components for strong rotation r∗ = 3.1 × 10−1, so r∗ is
10 times larger than in figure 4.2; all other parameters are identical to those in figure
4.2. The Ekman–Stokes transportM has an appreciable impact on the Lagrangian mass
transportML due to large-amplitude inertial motion behind the packet.

Ekman–Stokes transport becomes negligible and the boundary condition on the

outer flow reads W |Z→0− = ∇H ·MS.

I neglect nontraditional effects of the Coriolis force in the outer layer, while noting

that these may be important in certain special cases. For example, the traditional

Coriolis parameter becomes small near the Equator, while the nontraditional

component becomes larger. For this reason, I restrict my calculations to lie outside an

Equatorial band spanning the latitude range 20◦S−20◦N. I also ignore the variation

of f with the meridional coordinate y, i.e. I do not consider β-plane effects. These

assumptions should be valid for the small (w.r.t. the Rossby deformation radius

cg/f) spatial extents considered, and below the critical latitudes at which inertia-

gravity waves are reflected; Gerkema and Shrira (2005) note that the nontraditional

Coriolis component allows sub-inertial waves to propagate beyond these latitudes.

Under the traditional approximation in which the horizontal Coriolis component

is neglected, the propagation direction can be arbitrarily aligned with the x-axis
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and the packet frame defined as x̃ = x − cgt. To enforce causality, it is assumed

that the packet has been slowly growing from t = −∞ at a rate cgη which is later

taken to zero through positive values. It follows that time derivatives may be

exchanged for (causal) spatial ones, ∂t = −cg (∂x̃ − η), and the vertical velocity

satisfies the inertia-gravity wave problem

[
∂2
x̃,η

(
∂2
x̃ + ∂2

y + ∂2
Z

)
+ q2

(
∂2
x̃ + ∂2

y

)
+ r2∂2

Z

]
W = 0, W |Z→0- = ∇H·ML, W |Z=−d = 0

(4.28a,b,c)

where cg∂x̃,η = −cg (∂x̃ − η) and q = N/cg and r = f/cg are the (dimensional) strat-

ification and Coriolis wavenumbers, respectively. By transforming to Fourier space

(x̃, y)→ (k, l), the Fourier-space solution to the boundary-value problem (4.28) is

Ŵ = ik · M̂L
sinh (m (Z + d))

sinh (md) , where m =
√
k2 + l2

√√√√k2
η − q2

k2
η − r2 , (4.29)

where k = (k, l) and kη = k + iη. To close the problem for the outer flow, I

find from (4.21) (with f̃ = 0) that the horizontal velocity components are linked

to W by the Fourier space expressions(
Û

V̂

)
= −k̂ · M̂L

[(
k̂

l̂

)
− ir

kη

(
−l̂
k̂

)]
m cosh (m (Z + d))

sinh (md) , (4.30)

where k̂ = (k, l)/
√
k2 + l2. In the absence of rotation (r = 0) m in (4.29) reduces

to the depth structure given by equation (2.39) in Chapter 2, and the return flow is

as described therein and in Haney and Young (2017). If N and f are both set equal

to 0, the unstratified potential flow results for which UH = ∇Hφ2 are recovered,

and (4.21) reduces to ∂t∇H of the Laplace equation.

The velocity in real (x, y)-space is found from (4.30) by taking the inverse Fourier

transform. As the causal growth rate cgη → 0+, the solution is concentrated about

‘singular curves’ in (k, l)-space, which are given by the zeros of the function

γn(k, l) = k −

√√√√q2 (k2 + l2) + r2m2
n

k2 + l2 +m2
n

, (4.31)

where mn = nπ/d. By rearranging γn(k, l) = 0, it can be seen that the resonant

curves correspond to a resonant matching condition between the x-phase speed
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of an emitted inertia-gravity wave with mode number n and the group velocity

associated with the surface wavepacket,

c2
g = 1

k2

(
N2 (k2 + l2) + f 2m2

n

k2 + l2 +m2
n

)
=
ω2

IG,n

k2 , (4.32)

where ωIG,n is the angular frequency of the nth inertia-gravity wave mode. For very

long inertia-gravity waves in 2D, k2 � m2
n and

c2
g ≈ f 2/k2 +N2/m2

n. (4.33)

Haney and Young (2017) found that there was a minimum value of stratification

frequency N required for radiation of internal waves by a 2D packet (N = πcg/d,

from the long-wave limit k → 0 of (4.33) with f = 0). Rotation acts to reduce

the minimum stratification frequency N required for the presence of a wake in

2D. Nonetheless, the change in radiation condition due to f is likely to be small,

except perhaps for very long packets.

The wake angle is found by matching the component of surface wave group

velocity to the inertia-gravity wave phase velocity perpendicular to the crest of the

inertia-gravity wave. Following the argument of Haney and Young (2017),

sin θn = 1√
k2 + l2 +m2

n

√
q2 + r2 m2

n

k2 + l2
. (4.34)

Assuming that the second term under the large square root is much smaller than

the first term, the leading-order wake angle correction due to f may be obtained,

sin θn = q√
k2 + l2 +m2

n

(
1 + r2

2q2
m2
n

k2 + l2

)
= N

cg
√
k2 + l2 +m2

n

(
1 + f 2

2N2
m2
n

k2 + l2

)
.

(4.35)

In Haney and Young (2017), the authors obtained the maximum wake angle by

maximising over wavenumbers, which amounted to setting k = l = 0. The inclusion

of f makes this impossible, since it acts as a singular perturbation: there are in

fact no stationary points of (4.34) for f 6= 0. Since the Coriolis correction in (4.35)

is positive, f acts to slightly increase the wake angle for each mode. For f = 0,

the wake angle decreases with an increase in the mode number n, however this

is not the case when f 6= 0, and (4.35) implies that inertia-gravity waves with a

higher mode number may be more influenced by Coriolis effects.
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4.4.1 2D return flow

I first examine the 2D case, in which the velocity field is independent of the

transverse y-coordinate and may be described in terms of a streamfunction, U =

(−∂Zψ, V, ∂x̃ψ),

ψ = 1
2π

∫ ∞
−∞

M̂L,x
m cosh (m (Z + d))

sinh (md) eikx̃dk, with m = k

√√√√k2
η − q2

k2
η − r2 . (4.36)

In figure 4.4, the (normalised) streamfunctions ψ∗ = 2ψ/ (ωp|Ap|2
√
π) are plotted

for various values of the (dimensionless) stratification wavenumber q∗ = qσx and

Coriolis wavenumber r∗ = rσx. The chosen wave parameters (amplitude Ap = 4m,

frequency ωp = 2π/10 s−1 and packet length σx = 1650 m) are characteristic of storm-

generated, large-amplitude, high-frequency swell. The ocean is of depth d = 3.2σx.

Setting r = 0 in (4.36) recovers the form of equation (2.37b) in Chapter 2 for

a stratified return flow. As noted earlier, the nonrotating limit implies that the

Ekman–Stokes transport is negligible, and the forcing on the return flow reverts

to W |Z→0− = ∇H ·MS. In the nonrotating case, the y-independent V component

of the velocity is zero. As established in Haney and Young (2017), internal wave

radiation in 2D requires qd > π, where d is the ocean depth. I choose a value of

N = 2π/900 s−1 which satisfies this condition (qd/π = 1.19).

The two bottom panels in 4.4 correspond to the unstratified and stratified

streamlines, respectively, in the presence of realistic rotation f = 1.4 × 10−4 s−1,

with the Ekman–Stokes boundary condition given by ψ|Z→0− = ML,x. As can be

seen from panel (c), realistic rotation has an almost negligible influence on the

unstratified return flow. By contrast, panel (d) shows that the stratified return

flow (N = 7 × 10−3 s−1) is significantly impacted by Coriolis effects. Rotation

induces a transverse velocity component, which are plotted in figure 4.5. The

rescaled transverse velocity, V ∗ = 2σxV/ (ωp|Ap|2
√
π), is practically negligible in

unstratified flow (top panel, corresponding to 4.4(c)), but may be of considerable

magnitude for a rotating, stratified 2D return flow (bottom panel, corresponding to

4.4(d)). Clearly, rotation has the greatest impact on the outer return flow when

density stratification is also present. This is the result of two separate but related
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Figure 4.4: Return flow streamfunctions in the presence of different effects. Top:
Streamfunctions without rotational effects (r∗ = 0), and neglecting the Ekman–Stokes
flow in the upper layer (ML,,x = MS,x). Panel (a) is unstratified and nonrotating,
panel (b) is stratified with q∗ = 1.49. Bottom: Streamfunctions with rotational effects
(r∗ = 3.1×10−2), for unstratified flow (panel (c)) and stratified flow (panel (d), q∗ = 1.49).
In panels (a) and (c), contours are spaced at intervals of 0.025. In (b) and (d), contours
are spaced at intervals of 0.075.

effects. First, stratification distorts the return flow by squashing it vertically and

elongating its scale in the x̃-direction. When stratification is large enough, a 2D

packet also drags along a train of internal waves behind it. As the spatial extent

of the return flow is increased by N , the return flow becomes more susceptible

to the effects of the Coriolis force. Second, the presence of rotation changes the

resonance condition between the surface wave speed and the wake of waves behind

the surface wave packet. Instead of internal waves, the surface wavepacket generates

inertia-gravity waves in the packet’s wake (c.f. (4.32)). Coriolis effects allow inertia-

gravity wave radiation in 2D for lower values of stratification frequency N than

in the stratified but nonrotating case. The rotational change to the resonance

condition may be seen by comparing figure 4.4(b) with 4.4(d): the train of waves

behind the packet switches from internal-wave modes to inertia-gravity modes,

with impact on the oscillatory form of the wake.
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Figure 4.5: Rescaled transverse velocity components in rotating flow (r∗ = 3.1× 10−2).
Top: Unstratified return flow, (contour interval 1.25× 10−3). Bottom: Stratified return
flow (q∗ = 1.49) (contour interval 1.25× 10−2).

For larger values of f , even the unstratified return flow is visibly distorted

by rotation. The primary reason for this is the intensification of inertial motion

within the surface forcing (cf. figure 4.3). In the strong-rotation limit (alternatively,

the large r∗ limit), the return flow becomes ‘delocalised’ from the packet, in the

sense that strong velocities are found far from the packet. In a stratified outer

layer for strong f , the train of strong inertial oscillations in the mass transport

ML for negative x̃ also force the layer below, acting as if they were packets (for

example, 4.6(c) and 4.6(d)). This forcing at regular spacing O(2πcg/f) can lead to

a superposition of inertia-gravity wave modes in a deep ocean, resulting in complex

interference patterns within the inertia-gravity wave wake, for instance in 4.6(d).

In fact, the strongest velocities are found far behind the packet.

4.4.2 3D return flow

Due to directional spread of the wave components about the mean propagation

direction, surface gravity wavepackets are also weakly localised perpendicular to
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Figure 4.6: Same as figure 4.4, but with a value of r∗ which is 10 times larger than in
figure 4.4. Contour intervals are the same as in 4.4

the propagation direction (e.g. van den Bremer and Taylor, 2015). Haney and

Young (2017) showed in a nonrotating ocean that, when the packet is 3D (i.e. it

is also localised in y due to nonzero directional spread), a wake of internal waves

is always present. This is because radiated inertia-gravity waves can satisfy the

required resonance (4.32) between their x-phase speed and the surface wave group

velocity by propagating obliquely to the packet’s propagation direction. In Haney

and Young (2017), the wake angle is set by the relative magnitudes of q∗ = Nσx/cg

and m∗n = nπσx/d. Though the influence of realistic rotation on the forcing at the

base of the Ekman–Stokes layer is rather weak, its impact on the outer-layer return

flow can be significant when combined with density stratification, as seen in §4.4.1.

In figure 4.7, the return flow towards the base of the upper layer (Z = −d/10)

is plotted for the choice of dimensionless parameters given in the third column

of Table 4.1, and figure 4.8 shows the flow at greater depth (Z = −3d/4). The

inertia-gravity wave wake is clearly visible at both depths, particularly for the V and

W velocity components. Though the rescaled x̃-component of velocity U∗ (panel

(a) in both figures) is almost symmetric about the x̃-axis, the transverse component
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Figure 4.7: Plan view of the nondimensional forcing at Z = 0 (two subpanels in panel (a))
and the velocity components at a level Z/d = −0.1 (b,c,d). Dimensionless parameters are
q∗ = 0.67, r∗ = 3.1×10−2 and ν∗ = 2.7×10−3, with the packet bandwidth ε = 1.1×10−2.
The ocean depth scale d∗ = d/σx = 2.5.

Figure 4.8: Plan view of the nondimensional forcing at Z = 0 (two subpanels in panel
(a)) and the velocity components at a level Z = −3d/4 (b,c,d). Dimensionless parameters
are the same as in 4.7.
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V ∗ and vertical component W ∗ are noticeably affected by Earth’s rotation. Though

V ∗ is quite small at Z = −d/10, the Coriolis effect breaks the anti-symmetry of

the inertia-gravity wake about y = 0.

The horizontal velocity components are stronger in figure 4.8, at depth, than

they are at Z = −d/10, while the vertical velocity is weaker. Comparing panel (c)

in figures 4.8 and 4.7 reveals a striking difference in the behaviour of the transverse

velocity V ∗: though the wake angle remains the same in both, the inertia-gravity

wave crests are deflected to the right of the packet propagation. Hasselmann (1970)

noted in his study of inertial wave generation by surface waves that the amplitudes

of induced inertial oscillations are generally larger near the ocean floor. This

is because, once the barotropic mode is subtracted, the oscillations (negatively)

increase in amplitude with increasing depth. This may partially explain the larger

magnitudes of U∗ and V ∗ at greater depth. The different modes seem to also be

affected differently by f and depth: the higher modes (mn = nπ/d with n = 3, 4, 5)

are stronger at Z = −3d/4 than at Z = −d/10, and appear to be more significantly

distorted by rotation (cf. (4.35)).

When the ocean is very weakly stratified, it may sometimes happen that N ≈ f

(for example, in some polar regions). The near-equality of N and f in such special

cases has a profound impact on the return flow. Examining the depth structure

m in (4.30), a peculiar cancellation occurs between the effects of f and N when

N ≈ f ; m reduces approximately to
√
k2 + l2, which is the depth structure of an

unstratified return flow. Recalling the dispersion relation for inertia-gravity waves,

ω2
IG,n = N2 k2 + l2

k2 + l2 +m2
n

+ f 2 m2
n

k2 + l2 +m2
n

. (4.37)

Therefore, in the weak-N limit all radiated inertia-gravity modes approach a single

frequency ωIG = N = f . When N → f , the effects of rotation and stratification

on the return flow cancel out: that is, the return flow becomes identical to one in

which f and N are neglected in the outer layer, but the updated forcing condition

(4.13) with f 6= 0 is used. Figure 4.9 compares the potential flow velocities to those

of a flow with q∗ = r∗. By taking the gradient of ωIG,n with respect to k, it can be

verified that the group velocity of the inertia-gravity waves vanishes when N = f .
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Figure 4.9: Comparison between velocity components of potential flow (left column) and
rotating, stratified flow with q∗ = r∗ = 3.1× 10−2 (right column) at a depth Z = −d/2.
The first row is the x̃-component, the second row is the y-component, and the bottom
row is the vertical component.

4.4.3 Synoptic-scale variation

In this chapter I have limited my analysis to packets of narrow-banded swell with

lengths of a few kilometres. Over these scales the Ekman–Stokes contribution to the

Lagrangian mass transport is small compared with the Stokes transport MS and the

main impact of f is on the return flow in the outer layer. The wave field in the open

ocean is also observed to vary over larger scales & 10 km (Gemmrich et al., 2016) on

the synoptic scale of passing storms. While a packet approximation is oversimplified,

I will model a large, slowly-varying storm-generated wave field as a packet with

length σx = 10 km, peak frequency ωp = 2π/20 s−1 and peak wave height Ap = 16

m. For such a long ‘packet’, d/σx � 1 and the return flow in the outer layer is

shallow. For simplicity, I neglect density stratification in this limit rather than

adopting e.g. the model of a two-layer stratified fluid. The hyperbolic functions

describing the depth-dependence of the velocity components can be replaced by the

leading term in their Taylor expansions and therefore U∗ and V ∗ are independent
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Figure 4.10: Lagrangian mass transport components (panel (a)) and velocity components
(b,c,d) for a synoptic-scale ‘packet’ with σx = 10 km. Stratification is neglected since
d/σx � 1, and r∗ = 0.14. W ∗ is plotted at Z = −d/10.

of depth (while W ∗ ∝ (Z + d)/d). The mass transport and velocity components

are plotted in figure 4.10. Though the x̃-component of ML maintains the Gaussian

shape of MS, there is now a very long, weaker inertial oscillation for negative x̃.

The normalised y-component is also large in magnitude, suggesting that the sea

state is generating inertial oscillations as it propagates.

The velocity component W ∗ is largely similar to the vertical velocity of an

unstratified shallow return flow. The inertial oscillation in the boundary-layer

forcing does however distort the U∗ velocity by strengthening its magnitude directly

behind the packet. Again, the most significant differences due to rotation are seen

in the transverse velocity component V ∗. The lobe of positive (Northwards) velocity

is shifted upward and stretched towards negative x̃ by rotation. As the outer flow

is shallow and significantly affected by rotation, the horizontal components are

more coherent and the return flow behaves increasingly like an inertial oscillation

as r∗ is increased. This is consistent with Hasselmann (1970), who found that a

spatially-varying surface wave field induced inertial oscillations, modulated in



4. Ekman–Stokes pumping 78

both amplitude and phase.

4.5 Discussion and conclusions

While the wave-induced Ekman–Stokes flow is driven by the Coriolis force and

turbulent viscosity in the upper ocean boundary layer, Eulerian-mean flows may

also be driven through slow-scale spatial variation in the amplitude of the surface

wave field. The characteristic scale of horizontal variation of the wave amplitude, σx,

is generally much larger than both the Stokes depth δS = (2kp)−1 and the Ekman

depth δE ∼
√
ν/f . I have taken advantage of this separation in scales, and the

depth-localisation of the Coriolis–Stokes forcing and the turbulent eddy viscosity

to the Ekman–Stokes layer, to pursue a boundary-layer approach to the problem.

Within the Ekman–Stokes (upper) layer of depth δE, the sum of the Stokes drift

and the horizontal wave-induced Ekman–Stokes velocity constitute the leading-

order Lagrangian-mean flow at second order in wave steepness, O(α2). A small

‘Ekman–Stokes pumping’ (vertical) velocity w2 results from the spatial variation

of the Ekman–Stokes flow, which is inherited parametrically through convolution

with the Stokes drift (cf. Higgins, Vanneste, et al. (2020)). Regions of positive

vertical velocity lead to upwelling of mass, while downwelling of mass occurs in

regions of negative w2. This ‘Ekman–Stokes pumping’ is given by the horizontal

divergence of the Lagrangian mass transport ML = M + MS, and is weaker than

the Lagrangian-mean velocity in the upper layer by a small bandwidth parameter

ε = (2kpσx)−1. An analogy with the more familiar wind-driven Ekman pumping

can be drawn in the steady case, since the Ekman–Stokes pumping velocity equals

the curl of the wave stress divided by f while the wind-driven Ekman pumping

velocity equals the curl of the wind stress over f (McWilliams and Restrepo, 1999).

Where winds converge/diverge, the associated local wind sea represents an

additional Eulerian-mean contribution to the downwelling/upwelling that is induced.

Long groups of large-amplitude swell may also play a role in upper-ocean mixing

over scales of a few kilometres, and their associated Ekman–Stokes pumping may

influence the zones of (predominantly wind-driven) convergence and divergence
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observed in marine litter studies (van Sebille, Aliani, et al., 2020). In particular,

wave-induced pumping may partly account for the observed time-variability of these

convergence zones and contribute to the leakage of plastic particles into/out of the

so-called ‘garbage patches’ (Lebreton, Greer, et al., 2012; Fraser et al., 2018). For

most realistic values of packet length and frequency for a swell sea, the Ekman–

Stokes pumping velocity at the base of the mixed layer is almost unaffected by

rotation. The contribution to ML due to M is about 5% of the magnitude of MS for

typical swell seas. However, by crudely modelling a wave field with synoptic-scale

variation ∼ O(105) m as a wavepacket, I speculate that the Ekman–Stokes transport

may have a significant impact on the Lagrangian transport ML over such scales.

By using boundary-layer methods to match the inner and outer components

of vertical velocity at the base of the Ekman–Stokes layer, I have shown that the

divergence of the Lagrangian mass transport ML (the sum of the Stokes transport

MS and Ekman–Stokes transport M) drives an additional Eulerian return flow

in the outer layer (van den Bremer and Breivik, 2017; Higgins, van den Bremer,

et al., 2020). Eddy viscosity beneath the Ekman–Stokes layer is assumed to be

negligible. Since the dynamics in this outer region are driven by pressure gradients,

the Coriolis force, and density stratification, the equation of motion for the vertical

velocity takes the form of an inertia-gravity wave equation. I solve this by taking a

Fourier transform in the horizontal variables and solving the Fourier-space ordinary

differential equation in the vertical coordinate Z, as in Higgins, van den Bremer,

et al. (2020), though the solution may also be expressed in terms of a set of vertical

modes (e.g. Haney and Young (2017)). The solution is concentrated about singular

curves in Fourier space, corresponding to a resonance between the surface wave

group velocity and the x-phase velocity of an inertia-gravity mode.

When stratification is ignored (N = 0), the effect of f on the return flow is

practically negligible for all but very strong rotation rates or very long packets. The

weak effect of realistic rotation on the unstratified return flow is most noticeable in

2D, where rotation induces a small transverse velocity component whose amplitude

scales as r∗ = fσx/cg, where f is the Coriolis frequency, σx the group length and
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cg the group velocity of the waves (also, the translation speed of the packet). In

the rapidly-rotating limit, a train of inertial oscillations may appear in the packet’s

wake due to resonance between the surface wave group velocity and the phase

velocity of a spatially-varying inertial mode. The forcing on the return flow also

contains a strong inertial signature in this limit, leading to periodic forcing of the

return flow at regular intervals of approximate length 2πcg/f .

Though the influence of the Coriolis force on the unstratified return flow is

practically negligible for weak rotation, it has an appreciable effect upon the stratified

return flow induced by a long wavepacket (σx & 103 m). Haney and Young (2017)

found that in 2D, a wake of internal waves is generated due to a resonance between

the surface wave group velocity and the x-phase speed of an internal wave mode, but

only when the stratification exceeds a minimum value. Due to the influence of f in

the presence of stratification, the minimum bound on N required for radiation of an

inertia-gravity mode is reduced. Additionally, a 2D return flow will be accompanied

by a y-independent transverse component V which has a comparable magnitude to

the x-velocity, rather than scaling like r∗ = fσx/cg as in the unstratified case.

Due to the extra degree of freedom, an inertia-gravity wake is always present

in 3D, though when N = 0 but f 6= 0, this is of such small amplitude and long

spatial period that it is negligible for realistic values of the Coriolis frequency.

Realistic rotation breaks the (anti-)symmetry of the transverse and vertical velocity

components V and W about the centreline of the packet. This is most noticeable

in the inertia-gravity wake and particularly at depth, where the horizontal velocity

components are stronger. In addition to increasing slightly the wake angle of

the radiated inertia-gravity waves, the Coriolis force deflects the wave crests in

the wake to the right of the packet in the Northern Hemisphere and to the left

in the Southern Hemisphere.

However, if the stratification and Coriolis frequencies happen to be almost equal

(N ≈ f), a peculiar cancellation occurs in 2D and in 3D between the effects they

induce. The return flow becomes almost identical in form to the return flow in an

unstratified, non-rotating ocean, and no inertia-gravity waves appear in the packet’s
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wake. The return flow still differs from the potential flow case, as it possesses a

small transverse component due to a nonzero Coriolis frequency.

4.6 Neglected effects and possible extensions

Haney and Young (2017) examined the energy transfer from the surface gravity

wavepacket to the internal-wave wake. Though they find that the energy flux

has a minuscule impact on the packet, they note that the forcing from extreme

large-amplitude, long-period swell (Ap = 4 m and ωp = 2π/20 s−1) is a significant

source of energy for near-N internal waves. Though typical values of r∗ = fσx/cg

are small, rotation can dramatically change the behaviour of the wake. Haney and

Young’s calculation of the radiation integral should therefore be extended to include

Coriolis effects. To make the computations as amenable as possible, it will probably

be necessary to pursue a solution in modes from the outset.

The quasi-monochromatic assumption is likely to become an over-simplification

for most realistic sea states. A broad-banded spectrum, or perhaps a bimodal

random sea with a swell peak and a wind sea peak, would provide a more realistic

representation of synoptic-scale variations in realistic sea states (Ewans et al., 2006).

Even for measured narrow-banded swell spectra, Lucas and Guedes Soares (2015)

found that a JONSWAP model was a better fit than a Gaussian spectrum. This

is primarily because the JONSWAP spectrum provides a better fit in the high-

frequency range of swell. Since the effects of f are most significant for long and

slow-moving packets, relaxing the quasi-monochromatic assumption represents an

important next step towards accounting for the influence of the Coriolis force

on surface gravity waves.

The calculation I have presented could, in theory, be performed without making

such a packet assumption. This would be equivalent to examining the flow induced

by, for example, a passing weather system which creates synoptic-scale spatial

variation in the wave field. An advantage of such a calculation would be that it

permits both non-propagating and co-moving flows, and could be viewed as an

extension to the phase-mixing analysis of Hasselmann (1970), who examined the



4. Ekman–Stokes pumping 82

generation of slowly-varying inertial oscillations by surface waves. In the presence

of stratification, these motions may form part of the important near-inertial peak

of the oceanic inertia-gravity wave spectrum.

In this chapter, the assumption of a small background Rossby number has

simplified some of the analysis but precluded investigation of possible interactions

between the return flow and motions not induced by surface waves, such as

geostrophic currents and submesoscale eddies. These features are of great importance

in general ocean circulation models, and future work should examine how they

interact with the return flow, in particular the 3D wake of inertia-gravity waves.



Chapter 5
Conclusions

In this thesis I have examined two main mechanisms through which deep-water

surface waves can induce additional Eulerian-mean flows. These are spatial

divergence of the wave field, which drives an Eulerian return flow (Longuet-Higgins

and Stewart, 1962), and viscous and Coriolis effects, which result in a so-called

Ekman–Stokes flow in the turbulent upper-ocean mixed layer, deflected to the

right of the Stokes drift in the Northern Hemisphere (to the left in the Southern

Hemisphere). In particular, I have considered the influence of directional spread

and density stratification on the divergence-driven return flow, and the role of

unsteadiness of the wave field on the Ekman–Stokes Eulerian flow in the upper

layer. In combination, the driving mechanisms of spatial divergence and viscosity-

and Coriolis-driven Ekman–Stokes dynamics lead to wave-induced Ekman–Stokes

pumping, inducing an additional deep return flow which radiates inertia-gravity

waves. These wave-induced Eulerian-mean flows must be superimposed on the

Stokes drift to obtain the correct wave-induced Lagrangian velocity relevant for

material transport and for ocean circulation models.

83
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5.1 Chapter 2: Directional spread and stratifi-
cation

The leading-order behaviour of the sea surface can be described as a superposition

of wavepackets, which is equivalent to the linear superposition of waves possessing

different frequencies and directions (Longuet-Higgins, 1984). For an isolated

wavepacket, the mass transport by the Stokes drift becomes horizontally divergent

due to the slow spatial variation of the wave amplitude on the scale of the packet.

Longuet-Higgins and Stewart (1962) demonstrated that the divergence of the

Stokes mass transport drives an Eulerian return flow, which is directed opposite

to the Stokes drift and is felt throughout the ocean depth. The return flow varies

horizontally and vertically on the lengthscale σ of the packet, whereas the Stokes

drift is localised near the surface. In this chapter, I have explored the role that weak

directional spread of the wavefield and density stratification of the ocean play in the

displacement induced by an isolated, quasi-monochromatic, non-dissipating packet.

In an unstratified ocean, I have derived the result that for a 2D (unidirectional)

packet, the net displacement by the return flow is negative, constant at all vertical

levels z, and scales as σx/d, where d is the ocean depth and σx is the length

scale of the packet. In real oceans, directional spread of the wavefield about

the mean propagation direction results in a finite packet width σy perpendicular

to propagation. The resulting wavepacket is then 3D (directionally-spread) and

its induced return flow depends on both horizontal coordinates and the vertical

coordinate. For a 3D packet, I have derived the perhaps surprising result that the

net displacement by the return flow is in fact zero everywhere in space. Examining

the displacement over finite time, for the simplified case of a shallow return flow

(d/σx � 1), provides some insight into this 2D-3D transition. Initially, particles are

displaced as if they were in a 2D return flow: the displacement grows from zero

to a maximum (negative) value attained at a time ≈ σy/cg, where σy is the packet

width and cg is the group velocity associated with the peak wave component of the

packet. After reaching this maximum value, the magnitude of the displacement

eventually decreases to zero. The physical reason for this is that on a timescale
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O(σy/cg) mass begins to return around the packet as well as beneath it, and the

flow around the packet induces a positive displacement which undoes the initially

2D-like negative displacement by the return flow. This timescale for transition

between 2D-like and 3D-like flow is inversely proportional to the degree of wave

directional spreading, captured by the aspect ratio parameter R = σx/σy. For a 2D

packet, σy →∞ (R = 0) and this compensating portion of the return flow never

forms, resulting in a negative net displacement for 2D packets.

When a packet propagates on a stratified ocean, the return flow disturbs the

surfaces of constant buoyancy and excites internal gravity waves in the packet’s

wake. In order for internal waves to be generated, a resonance condition between

the group velocity of the surface wavepacket and the phase velocity of the radiated

internal waves must be satisfied. Though realistic oceanic stratification is generally

too weak to support internal waves in the wake of a 2D packet, internal waves

are always generated by a 3D packet. For constant stratification, the 2D net

displacement becomes an oscillatory function of depth whose behaviour depends

on the parameter Nd/cg, where N is the Brunt–Väisälä frequency (a measure of

the stratification strength), d is the ocean depth, and cg is the surface wave group

velocity. For π/2 < Nd/cg < π, the displacement near the surface becomes positive

while the displacement at depth becomes more negative. When Nd/cg → nπ (with

n a positive integer), the displacement becomes extremely large, which corresponds

to a resonance between the surface wavepacket and an internal wave whose x-

wavenumber kn =
√

(N/cg)2 − (nπ/d)2 → 0.

The net displacement again vanishes for a 3D packet, despite the presence of

an internal wave wake for N 6= 0. The behaviour of the finite-time displacement

varies with the stratification strength N and the aspect ratio R. For realistic values

of N , the finite-time displacement is only weakly affected by stratification before

being reduced to zero by directional spread. At depth, the (small) displacement at

early times exhibits oscillatory behaviour due to stratification. Over later times it

intensifies in magnitude, as the flow has not yet felt the influence of R. Finally, over

very long times it also reduces to zero. The smaller R is, the longer that finite-time
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displacement persists, as found in the unstratified case. Though 3D packets are

most representative of conditions in the open ocean, the results I have derived

for 2D packets may be of use in wave tank/wave flume experiments. Indeed, van

den Bremer, Whittaker, et al. (2019) investigated the return flow associated with

wavemaker-generated 2D deep-water wavepackets on unstratified water in a series

of particle-tracking experiments, finding good agreement with the non-dispersive

2D unstratified net displacements derived in Chapter 2.

5.2 Chapter 3: Ekman–Stokes dynamics

The divergence-driven Eulerian-mean flow examined in Chapter 2 is generally much

smaller than the Stokes drift (even for d/σ . 1) and has a greater influence at depth.

However, in the presence of other effects, waves can induce mean flows of comparable

magnitude to the Stokes drift which are localised within the turbulent upper layer

of the ocean. By considering the thin viscous boundary layers at the free surface

and bottom of the fluid, Longuet-Higgins (1953) showed that vorticity can be slowly

advected or diffused into the fluid interior, and the mass transport profile is altered.

Just below the O(mm)-thick viscous layer at the free surface the wave-induced

Eulerian-mean flow experiences a wave stress, such that the shear of the Eulerian

flow matches the shear of the Stokes drift (Seshasayanan and Gallet, 2019). In an

inviscid, rotating ocean, Hasselmann (1970) demonstrated that rotation drives a

cross-wave ‘Coriolis–Stokes forcing’ (Polton et al., 2005), resulting in a so-called

anti-Stokes Eulerian-mean flow which cancels the Stokes drift and excites inertial

oscillations. By combining these models with an eddy-viscosity parametrisation

for the turbulent upper-ocean layer (e.g. Ekman (1905)), I have examined the

Ekman–Stokes Eulerian-mean flow driven by the Longuet-Higgins wave stress and

the Coriolis-Stokes forcing (Polton et al., 2005). Using the Laplace transform to

solve the Ekman–Stokes equation, I have shown that the solution for the Ekman–

Stokes flow is expressed as a convolution between the time-varying surface Stokes

drift and an ‘Ekman–Stokes kernel’. The Ekman–Stokes kernel has the character of

an amplitude-decaying inertial oscillation, and it encodes the development in depth
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of the Ekman–Stokes flow over time. This convolution is a low-computational-cost

alternative to running a coupled wave-circulation model and may be adapted for

linearly-varying eddy viscosity or for broad-banded spectra (see Appendix II).

The Ekman–Stokes flow is found to depend on a non-dimensional parameter D,

which is the ratio of the Ekman depth δE ∼
√
ν/f to the Stokes depth δS ∼ k−1

p ,

where ν is the eddy viscosity, f is the Coriolis frequency, and kp the peak wavenumber

of the wave spectrum. For small D � 1, the Eulerian dynamics is governed by

a (partial) anti-Stokes flow, which reduces the magnitude of the Stokes drift and

excites inertial oscillations along the path of a fluid particle. For larger D � 1, the

Ekman–Stokes flow intensifies in magnitude and its direction is more closely aligned

with the Stokes drift. Though Stokes drift is increasingly included in studies of

marine litter transport, these studies ignore the wave-driven Ekman–Stokes flow

(Iwasaki et al., 2017; Onink et al., 2019; van Sebille, Aliani, et al., 2020). By

evaluating the unsteady Ekman–Stokes flow for an idealised storm, and then for

buoy data obtained from CDIP (https://cdip.ucsd.edu), I have demonstrated that

for realistic values of eddy viscosity (ν ∼ 10−3 − 10−2m2s−1), the wave-induced

Lagrangian-mean flow differs significantly in both magnitude and direction to the

Stokes drift. As a result, the Lagrangian displacement of a floating particle is found

to be significantly affected by accounting for the Ekman–Stokes flow. Due to the

impact of the Ekman–Stokes flow on the wave-induced transport of floating marine

litter, as demonstrated in Chapter 3, marine litter studies should take this Eulerian-

mean flow into account. My calculations also show how important it is to factor in

the unsteadiness of the Stokes drift, and hence unsteadiness of the Ekman–Stokes

response: figure 4 of Chapter 3 shows that the assumption of a steady Lagrangian

flow can lead to significant errors in the predicted displacement of floating litter.

As the timescale of storms is O(1/f), unsteadiness of the flow is likely to play an

important role in the accurate modelling of particle drift. Including the wave-driven

Ekman–Stokes flow should also lead to better agreement with observations when

the wind and waves are misaligned, e.g. when a distantly-generated group of swell

enters a wind-sea of locally-generated waves. The wave-driven Ekman–Stokes flow
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may help to partially explain why deflection angles between the wind-driven Ekman

current and the wind are observed to be much smaller than predicted by current

theory (Lewis and Belcher, 2004; Polton et al., 2005).

5.3 Chapter 4: Ekman–Stokes pumping

I have combined the insights of Chapters 2 and 3 by focussing on the divergence-

driven flows which form in response to spatial variation of the Lagrangian-mean

flow in the upper layer. While the Ekman–Stokes flow arises at the same order

of perturbation as the Stokes drift, these divergence-driven flows are weaker by

a small bandwidth parameter ε = (2kpσx)−1 � 1 where σx is the characteristic

scale of horizontal variation of the wave amplitude and kp the peak wave frequency.

Using boundary-layer methods, I have separated the problem into two regions: the

Ekman–Stokes (upper) layer of depth δE ∼
√
ν/f , and an ‘outer layer’ beneath this,

in which the flow varies vertically on the packet scale σx. In the upper layer, the

divergence of the wave-induced Lagrangian-mean flow uL results in a weak vertical

velocity, which in turn causes slow upwelling and/or downwelling of mass over the

scale σx of wave-field variation. This ‘Ekman–Stokes pumping’ (vertical) velocity

is given by the horizontal divergence of the Lagrangian mass transport (depth

integral of ∇H · uL), and in the steady (time-independent) case is equal to the curl

of the wave stress divided by the Coriolis frequency f . The steady expression is in

conceptual agreement with the expression for steady wind-driven Ekman pumping,

which is given by the curl of the wind stress divided by f . This implies that a large

group of non-dissipating swell will induce weak downwelling as it approaches and

the wave amplitude increases, followed by weak upwelling as it passes by and the

wave amplitude decreases, while exciting weak inertial oscillations. Consequently,

sea states which exhibit group-like spatial structure may influence mixing in the

upper ocean. Where winds converge/diverge, the associated local wind sea will

contribute an additional weak wave-induced downwelling/upwelling. Though it

is often assumed that the wind and wave directions are closely aligned, this may

not always be true, for example in the case of distantly generated swell entering a
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local wind sea. Wave pumping due to swell may contribute to the unsteadiness and

‘leakiness’ of the plastic garbage patches, which roughly coincide with the centres of

large ocean gyres (Lebreton, Greer, et al., 2012; van Sebille, Aliani, et al., 2020).

A deep Eulerian return flow of the type explored in Chapter 2 of this thesis forms

in the outer layer in response to the divergence-driven Ekman–Stokes pumping

velocity w2. At the top of the outer layer, the vertical velocity component of

the outer flow is given by the divergence of the Lagrangian mass transport. The

Ekman–Stokes mass transport M is given by a convolution between the surface

Stokes drift and an inertial oscillation of spatial period 2πcg/f , and its amplitude

is set by two dimensionless parameters ν∗ = 4k2
pν0σx/cg and r∗ = fσx/cg. For

realistic wave parameters typical of swell seas, the magnitude of M is approximately

5% of the magnitude of MS, and so the Lagrangian transport ML is very weakly

affected by Earth’s rotation. However, when r∗ is appreciably large due to a strong

rotation rate or a synoptic-scale, slow-moving packet, M consists of a train of

spatially-periodic inertial oscillations of large magnitude, so that the Lagrangian

mass transport ML = MS + M is visibly affected by rotation.

Beneath the Ekman–Stokes layer the eddy viscosity is assumed to be zero,

so the dynamics are driven by pressure gradients, the Coriolis force, and density

stratification. When the nontraditional (horizontal) Coriolis component is neglected,

the equation of motion for the vertical velocity takes the form of an inertia-

gravity wave equation. This can be solved for constant stratification by taking a

Fourier transform in the horizontal variables and solving the Fourier-space ordinary

differential in the vertical coordinate Z. Alternatively the governing equation can

be projected onto a set of vertical modes, as done in the stratified, nonrotating

case by Haney and Young (2017).

When the stratification frequency N = 0, the impact of f on the return flow

is negligible for all but very strong rotation rates. The weak effect of realistic

rotation in unstratified oceans is most noticeable in 2D return flows, since rotation

induces a small transverse velocity component whose amplitude scales as r∗. In

the rapidly-rotating limit a train of inertial oscillations appears behind the packet,
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corresponding to a resonance between the surface wave group velocity and the

phase velocity of a spatially-varying inertial wave mode. Further complicating the

structure of the return flow for large r∗ & O(10−1) is the ‘delocalisation’ of the

boundary-layer forcing: when rotation is strong, the spatially-periodic (with period

2πcg/f) inertial imprint of the Ekman–Stokes transport M on ML becomes larger in

magnitude, and ML extends far behind the packet along the negative x̃-axis, where

x̃ is the comoving frame of the packet. This effectively results in a superposition of

packet-like forcing approximately regularly spaced at intervals of 2πcg/f , leading

to stronger return-flow velocities far behind the packet. In an unstratified or

very weakly-stratified ocean such that 0 ≤ N ≤ f , rotational effects only have a

meaningful impact on the 3D return flow in the strong-rotation limit r∗ & 10−1.

The Coriolis force has the greatest impact on the return flow induced by a

long packet (σx ∼ 103 m) when acting in conjunction with stratification (N 6= 0).

Instead of the group velocity matching the x-phase speed of an internal wave, as

in Haney and Young (2017), a resonance occurs between the surface wave group

velocity and the x-phase speed of an inertia-gravity wave mode. In a nonrotating,

stratified ocean, Haney and Young (2017) found that there was a minimum value

of N for which internal-wave radiation by a 2D packet can occur. The Coriolis

force allows 2D packets to radiate inertia-gravity waves for slightly weaker values of

stratification than the lower bound in Haney and Young (2017). Additionally, a

2D return flow will be accompanied by a y-independent transverse component of

comparable magnitude to the x-velocity. A wake of inertia gravity waves is always

present in 3D, since the extra degree of freedom permits inertia-gravity modes to

satisfy the resonance condition by propagating obliquely to the packet’s direction

of propagation. For a 3D return flow, realistic rotation introduces slight asymmetry

of the stratified inertia-gravity wave wake about the centreline of the packet, with

the greatest impact on the transverse and vertical velocity components at depth.

Rotation also slightly increases the wake angle, with the greatest impact on the

inertia-gravity waves with higher mode number. In the weak-stratification limit in

which N ≈ f , a peculiar cancellation occurs between the effects which rotation and
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stratification induce. The return flow becomes nearly identical in form to that of

a potential return flow which is forced not by the divergence of Stokes transport

condition in chapter 2, but by the Ekman–Stokes pumping condition, and no inertia-

gravity waves appear in the packet’s wake. This suggests that in polar regions where

the ocean is very weakly stratified and N ≈ f , the return flow can be approximated

by using the potential flow expressions of Chapter 2 with ML in place of MS.

5.4 Recommendations for future work

The work in this thesis should be built upon in the following six ways. First, future

work should investigate possible instabilities of the wavetrain and the induced

Eulerian-mean flow which are neglected herein. Second, predictions of the Ekman–

Stokes flow and Ekman–Stokes pumping are sensitive to the value of the surface

wave stress and the eddy-viscosity parametrisation of the turbulent mixed layer.

Developing improved eddy-viscosity models, and adopting a more careful assessment

of the high-frequency tail of empirical wave spectra, therefore represents important

future work. Third, calculations involving the Coriolis force should aim to include the

nontraditional (horizontal) Coriolis component, particularly when examining deep

Eulerian return flows. Fourth, the assumptions of weak background flow should be

relaxed, since doing so would permit an examination of the rich dynamics modelled

by the full Craik-Leibovich equations. Fifth, though this thesis has focussed on

deep-water conditions, the analysis presented herein should certainly be extended

to water of arbitrary depth. Finally, the results derived herein may be applied to

the case of a random sea state, which causes wave-induced dispersion of particles.

5.4.1 Instabilities

Though I have considered the leading-order effects of amplitude dispersion arising

at O(α2ε2) and found these to be small in Chapter 2, dispersive effects may still

play a role in the displacement induced by surface gravity wavepackets. Over

time, nonlinear interactions between the wave components in the packet will also

lead to the packet broadening in the cross-wave direction and contracting in the
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along-wave direction, causing the narrow-banded/quasi-monochromatic assumption

to break down after nonlinear focus of the packet (Adcock et al., 2015). Carrying the

quasi-monochromatic mean-flow calculation to O(α2ε3), the wavepacket develops an

asymmetry between its leading and trailing edges, indicative of the disintegration

of the wavepacket due to linear dispersion. For wave groups of finite steepness

α = Apkp, the governing equations must be considered to O(α3). At this order of

perturbation, the wavetrain becomes unstable to nonlinear perturbations of the

dispersion relationship by the Eulerian return flow, as shown by (Dysthe, 1979;

Taklo et al., 2017) using a modified nonlinear Schrödinger equation.

Seshasayanan and Gallet (2019) note that the steady-state Ekman–Stokes spiral

(described by equation 7 in Chapter 3) is unstable to wavelike perturbations. Shrira

and Almelah (2020) report a similar instability for the transient motions induced by

a suddenly-imposed constant wind or wave stress. Investigation of these instabilities

and how they interact with unsteadiness of the mean flow represents a largely

unexplored and important area of research.

5.4.2 Wave stress and eddy viscosity

For a broad-banded wave spectrum, the high-frequency (hence high-wavenumber)

content of the spectrum leads to a Stokes drift which is much more strongly sheared

near the surface and persistent at depth (Breivik, Bidlot, et al., 2016). As a result,

the Stokes depth δS is smaller and the value of D is larger. My analysis in Chapter

3 indicates that the Ekman–Stokes response to a broad-banded wave spectrum

will therefore be more closely aligned with the Stokes drift and less influenced by

rotation than for a monochromatic spectrum with an equivalent peak frequency ωp.

The Ekman–Stokes response to a general broad-banded spectrum can be calculated

by approximating the integral over wave frequency involved in broad-band spectra

(Kenyon, 1969) by a finite sum; the contributions to the Eulerian-mean flow are

calculated from the Ekman–Stokes kernel on a per-frequency basis, and these are

summed to obtain the complete response. However, most empirical wave spectra

have high-frequency tails that behave like ω−4 or ω−5. Since the shear of the Stokes
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drift is given by the fifth moment of the wave spectrum, it is therefore undefined

at z = 0, as noted in Breivik, Bidlot, et al. (2016). In appendix II I adopt a high-

frequency cut-off ωc � ωp to obtain a finite Ekman–Stokes response. I also find

that, for the very shallow Stokes depths which occur under broad-banded spectra,

the constant eddy viscosity assumption is likely to break down and a more realistic

linear viscosity model should produce more accurate results. The development of

improved models for the high-frequency tails of broad-banded spectra which allow

for estimation of the surface wave stress represents important future work.

Though the eddy viscosity is generally treated as constant in time, Price and

Sundermeyer (1999) note that the simplifying assumption of a time-independent

eddy viscosity is unjustified, since it neglects processes such as wave breaking and

restratification of the mixed layer due to diurnal cycling. Shrira and Almelah (2020)

have presented a solution method which can account for a time-dependent viscosity

ν(z, t), which should lead to better agreement with observations. As noted in

Chapter 3, unsteadiness of the flow is a crucial ingredient in accurate estimates of

the effect of wind and wave driven effects on drift of floating litter. Future studies

which include the wave-induced Ekman–Stokes flow should therefore also consider

the time-variation and depth-dependence of the eddy viscosity.

In the Ekman–Stokes pumping calculations undertaken in Chapter 4, I have

shown that the pumping velocity at the base of the mixed layer (which acts as a

forcing on the return flow) is independent of the viscosity profile, other than its

surface value ν(0). Accurate estimation of the eddy viscosity near the surface is

therefore important. A range of viscosities can be inferred from the Mellor-Yamada

2.5-level turbulence closure model by assuming the law of the wall (Mellor and

Blumberg, 2004), but improved eddy viscosity models are dependent on better

parametrisation of the turbulence in the upper layer. In addition, many eddy-

viscosity parametrisations often require the estimation of the sea-surface roughness

length scale z∗ in order to obtain a finite surface value of the induced mean flow

velocity. As noted by Drennan et al. (2005), different roughness length scale

parametrisations perform better in different sea states, so it may be important that
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the sea state is taken into account when creating a global model of Ekman–Stokes

pumping (c.f. studies such as McWilliams and Restrepo (1999)).

5.4.3 Nontraditional effects

In Chapter 4 I have derived the return flow and displacements under the Traditional

Approximation (TA) by neglecting the nontraditional Coriolis component f̃ ŷ, where

ŷ is the unit vector in the Northwards direction. The nontraditional Coriolis

component couples horizontal motion to vertical motion and is often neglected

using a thin-layer approximation, or by assuming that the vertical velocity is much

weaker than the horizontal ones. However, when the effect of density stratification

is incorporated into the return flow calculation, vertical velocities associated with

the inertia-gravity wave wake may be large enough to feel the effects of f̃ . Though

f̃ is largely neglected in calculations of surface wave-induced flows, Ekman–Stokes

pumping possibly represents a scenario in which nontraditional effects are important.

The impact of f̃ should therefore be carefully examined, potentially by solving

the fully nontraditional equations for the return flow components U , V and W

which I have derived in Chapter 4. In particular, I anticipate that the depth

structure and magnitude of the nontraditional deep return flow will depend on

the direction of the Lagrangian mass transport ML with respect to the (Eastward)

x-axis. This dependence on direction should also follow through to the net and

finite-time displacements: by time-integrating the momentum equations, one may

conclude that (small) nonzero displacements arise as a result of quasi-hydrostatic,

geostrophic balance for typical oceanic conditions.

5.4.4 Background flow

Throughout this thesis, I have ignored interactions between the Stokes drift, wave-

induced flow, and the non-wave background flow. This background flow consists

of a complex mixture of wind-driven Ekman currents, geostrophic and barotropic

flows, currents, turbulence, and mesoscale and submesoscale eddies. Though wave

effects, for example the Coriolis–Stokes forcing, are increasingly included in general
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circulation models, the interaction between the wave-induced Lagrangian-mean

flow and background (non-wave) circulation is less well-studied (McWilliams and

Restrepo, 1999; Onink et al., 2019).

Using perturbation methods, Craik and Leibovich (1976) derived a second-order

equation which accounts for interactions between the Stokes drift and the total

Eulerian-mean flow (the sum of the wave-induced and non-wave induced mean flows).

The Stokes vortex force, ∇× uS × u, describes how the interaction between the

vorticity of the Stokes drift and the wind-driven Ekman flow leads to the so-called

Craik–Leibovich instabilities, which result in the formation of Langmuir circulations

- long, parallel, counterrotating rolls between which debris accumulates. When

wind forcing is weak, the Ekman–Stokes flow should also drive Craik–Leibovich

instabilities at fourth order in wave steepness.

Though the Ekman–Stokes pumping calculation in Chapter 4 is presented in

the form of a wavepacket calculation similar to those in Chapter 2, it may be useful

to approach it without making a packet assumption. This would be equivalent to

examining the evolution of the mean flow within a fixed area in response to, e.g.

a synoptic-scale pressure variation, or to a storm surge associated with a slowly-

moving weather system. Relaxing the small-Rossby number assumption employed in

Chapter 4 would also allow for interaction between the Ekman–Stokes-driven return

flow and background geostrophic/barotropic motions, the latter of which which may

be as large as O(1) or O(α). The resulting calculation could be viewed as a viscous,

nonlinear extension to Hasselmann (1970)’s analysis of inertial wave-generation by

a periodic surface wave on a rotating ocean. I believe that such a calculation could

be of use to researchers who study near-inertial wave generation in the open ocean,

and could be incorporated into ocean general circulation models.

5.4.5 Finite depth

This thesis has focussed on deep-water conditions typical of the open ocean. It is

generally accepted that the majority of marine plastic pollution enters the ocean

from land-based sources (Andrady, 2011), though a significant share also originates
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from ocean-based sources. In order to improve our understanding of the distribution

of pollutants in the ocean, it is therefore crucial to accurately model the transport

processes and mean flows in coastal regions and waters of finite depth. Recent studies

have indicated an important role for Stokes drift in coastal upwelling/downwelling

(Wu et al., 2019), and since wave crests become asymmetric and sharper as waves

shoal while the troughs flatten and broaden (e.g. Elgar and Guza (1985)), the Stokes

drift also intensifies towards the coast. As waves move into coastal waters and start

to feel the seabed, they lose energy due to bottom friction. As Longuet-Higgins

(1953) demonstrated, this leads to streaming in the viscous bottom boundary layer,

which affects the mass transport profile. Work has already been done by Calvert

et al. (2019) to extend the unstratified, non-rotating return flow calculation and the

associated displacements to arbitrary water depth. This is a good starting point

for future work, which should focus on the wave-induced mean flows which form

in coastal regions, and how these affect mass transport and beaching of pollutants

released from land-based sources and beaches.

The wavepacket-induced return flow was examined in rotating shallow water

by Thomas et al. (2018), who used a Helmholtz decomposition to demonstrate

that the Lagrangian flow consists of a potential-flow component (described by a

divergent potential φL) and a Coriolis-induced anticyclonic component (described by

a rotational streamfunction ψL). In the strong-rotation limit, the anticyclonic flow

grows in magnitude, and the Lagrangian-mean flow is confined to the ‘footprint’

of the wavepacket. This has important implications for wave-induced particle

dispersion, which I briefly discuss below.

5.4.6 Dispersion

Herterich and Hasselmann (1982) demonstrate that random surface waves, through

the interaction of their associated Stokes drifts, can contribute to the random

dispersion of particles, although this is generally thought to be a small effect over

scales larger than a few tens of kilometres. Given a random ensemble of waves,

a particle will tend to follow the random Stokes drifts of each wave component,
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giving rise to a Brownian diffusion of the particle at fourth order in wave steepness.

The diffusion coefficient is given by the auto-correlation of the Lagrangian drift

uL evaluated at zero frequency, D(τ) = 〈uL(t)uL(t + τ)〉, where angle brackets

denote an expectation value. For an irrotational flow, the Eulerian return flow

does not contribute to the dispersion (this can be verified by taking ω1 = ω2 in

the second-order kernels of Herbers and T. Janssen (2016)). However, Bühler and

Holmes-Cerfon (2009) found that in rotating shallow water the Eulerian return

flow does affect the particle dispersion. In fact, in the strong-rotation limit when

f is large, the dispersion of Lagrangian particles is ‘choked’. This hints to the

potentially important yet largely unexplored role the Coriolis force plays in wave-

induced particle dispersion. Future work should evaluate the second-order kernels

for the Eulerian return flow in rotating water of arbitrary depth, and calculate

the dispersion that results. I anticipate that the Eulerian return flow will affect

the Lagrangian dispersion, and ‘choke’ it in the strong-rotation limit. Though

preliminary calculations suggest that constant stratification may not affect the

Lagrangian diffusivity, stratification may play a role when combined with rotation,

as noted in Chapter 4 of this thesis.
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.1 Appendix: Inclusion of the set-down

In this appendix, we consider how the set-down of the wave-averaged free surface,

h2, affects the net displacement by a 2D return flow. We have previously used the

rigid-lid approximation to neglect the set-down (given by (2.5)), which corresponds

to ignoring ∂2
t φ2 on the left-hand side of (2.4) when calculating the return-flow

potential. Up to O(α2ε3) the overbarred term in (2.4) is zero and the Stokes

transport M remains unchanged, so only the linear operator acting on φ2 is

altered by including the set-down,(
c2
g

g
∂2
x̃ + ∂z

)
φ2

∣∣∣∣∣
z=0

= ∂x̃M, (1)

where we have moved into the group frame x̃ ≡ (x− cgt). The solution to the

Laplace equation which obeys (1) and a no-flow bottom boundary is

φ2 = ω0a
2
0σxσy
8π

∫∫
R2

ike−k
2σ2
x/4−l2σ2

y/4

√
k2 + l2 − εc2

gk
2

g tanh(d
√
k2+l2)

cosh((z + d)
√
k2 + l2)

sinh(d
√
k2 + l2)

eikx̃eilydkdl.

(2)

This is similar to (2.16), but the denominator is now modified due to the set-down

term; since k2/ tanh
(
d
√
k2 + l2

)
is always positive, the set-down enhances the

return flow. As we have shown that the net displacement disappears in 3D (see

(2.17)) but is 2D-like for short times (see §2.2.4, tI < σy/cg), we will only consider

the 2D displacement here. The horizontal velocity in 2D is given by

u2 = −ωa
2
0σx

4
√
π

∫ ∞
−∞

ke−k
2σ2
x/4

1− εc2
gk

g tanh(kd)

cosh (k (z + d))
sinh (kd) eikx̃dk. (3)

Integrating over all time (all x̃/cg in the co-moving packet frame) results in a delta-

function at k = 0, so the net displacement (dimensional and scaled respectively) is

∆x = −ω0a
2
0
√
π

2cg
σx
d

1(
1− εc2

g/(gd)
) , ∆x∗ = − 1

d∗
1

(1− ε2/(2d∗)) , (4a,b)

with d∗ ≡ d/σx the ocean depth scale with respect to the packet length. Inclusion

of the set-down in 2D therefore results in multiplication of the net displacement

by (1 − εc2
g/gd)−1, which may alternatively be written as (1 − ε2/(2d∗)) using
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the definition ε ≡ (2k0σx)−1. Hence, when k0d � 1 and ε � 1 such that d∗ =

2ε(k0d)� 1, it is justified to make the rigid-lid approximation by neglecting ∂th2

in (2.1b) when calculating the leading-order return flow in deep water. We note

from (4b) that the effect of the set-down is largest when the return flow is 2D

(R = 0) and shallow (d∗ ≡ d/σx � 1); for a large bandwidth ε = 0.125 and a

depth scale d∗ = 1/2, the correction is about 3%.
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.2 The leading-order effect of wave dispersion

In this appendix, we explore the effect of wave dispersion on the net Lagrangian

displacement in unstratified flow, over times t satisfying ε2t = O(1). To do so, we

update the linear quantities (2.2) to include dependence on a slow timescale T = ε2t

in §.2.1 (see also e.g. Kinsman, 2002), and in §.2.2 we determine the mean-flow

forcing equation (2.4) at O(α2ε2) accordingly, examining the full 3D case.

.2.1 First-order solutions O(α)

From the combined linear boundary condition (∂2
t + g∂z)φ1|z=0 = 0, we obtain

an evolution equation for A0 in terms of the O(ε2) timescale and its Fourier-

space solution,

∂TA0 = i
c2
g

2ω0
∂x̃x̃A0, Â0(k, l, T ) = Â0(k, l)eik2γ0T/2, (5a,b)

where γ0 ≡ ∂2ω0/∂k
2
0 = −

√
g/k3

0/4 is the dispersive parameter. Assuming the

surface profile is Gaussian, inverting the transform (5b) shows that the surface

maintains its Gaussian shape, but now evolves on the slow, dispersive timescale,

A0 (x, y, T ) = aDisp
0 e

−x̃2/

(
2(σDisp

x )2
)
e−y

2/(2σ2
y), (6)

where the ‘Disp’ superscript denotes inclusion of leading-order dispersion, and

slowly-varying parameters are

aDisp
0 = a0

4
√

1 + γ2
0t

2/σ4
x

, σDisp
x = σx

√
1 + γ2

0t
2/σ4

x. (7a,b)

Dispersion is hence important for times & σ2
x/|γ0|. Over time, the packet decreases

in amplitude and widens as it translates at the group velocity cg. It is therefore

no longer steady in its own reference frame.

.2.2 Second-order solutions O(α2)

From appendix .1 the set-down contribution is O(ε2/d∗), so we include the ∂2
t term

on the left-hand side of (2.4), whilst emphasising that this term is due to the
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set-down rather than wave dispersion. It is found that O(α1ε1) terms in (2.2a,b)

do not contribute to the right-hand side of (2.4) at O(α2ε2); the wave forcing

obtained by multiplying O(α1ε1) terms by O(α1ε0) terms in (2.2) disappears under

wave-averaging. Consequently, we need only account for functional dependence

of A0 (see (5)) on T = ε2t = O(1) to calculate the updated M . At O(α2ε2),

the mean flow is still forced solely by the Stokes transport, which is now slowly

evolving. The boundary condition for φ2 is(
c2
g

g
∂2
x̃ + ∂z

)
φDisp

2

∣∣∣∣∣
z=0

= ∂x̃M
Disp. (8)

Solving (8) in Fourier space, we obtain

φDisp
2 = ω0|aDisp

0 |2σDisp
x σy

8π

∫∫
R2

ike−k
2(σDisp

x )2
/4−l2σ2

y/4

√
k2 + l2 − εc2

gk
2

g tanh(d
√
k2+l2)

cosh((z + d)
√
k2 + l2)

sinh(d
√
k2 + l2)

eikx̃eilydkdl.

(9)

The finite-time 3D return flow displacement is expressed as the triple integral (with

t̂ = cgt/σx dimensionless packet-time, κ = kσx and λ = lσy),

∆x∗,Disp (τ, R, z∗) = − 1
2π3/2

∫∫
R2

∫ τ

0

κ2e−λ
2/4e−κ

2(1+ε2 t̂2)/4
√
κ2 +R2λ2 − ε2κ2

tanh(d∗√κ2+R2λ2)
cos

(
κt̂
)

×
cosh

(
(z∗ + d∗)

√
κ2 +R2λ2

)
sinh

(
d∗
√
κ2 +R2λ2

) dκdλdt̂.

(10)

Using complex exponentials, we can first exactly evaluate the finite-time integral
∫ τ

0
e−

ε2κ2 t̂2
4 cos

(
κt̂
)
dt̂ =

√
π

2κ
e−

1
ε2

ε
Re

{
erf

(
εκτ

2 + i

ε

)}
. (11)

In the long-time limit, (11) is dominated by its behaviour near κ = 0 (e.g. the

delta-function result (2.17)), and so over long times we must expand the error

function for εκτ � 1/ε when τ � 1. Taking exp(−ε2κ2τ 2/4) ≈ 1, the dispersive

correction is O(ε2):
√
πe−

1
ε2

2ε Re
{1
κ

erf
(
εκτ

2 + i

ε

)}
= sin(κτ)

κ

(
1 + ε2

2 +O(ε4)
)
. (12)

The delta function results implies the condition εκτ � 1/ε, which suggests we must

expand the error function as in (12) to be consistent with the separation of scales.
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While the net displacement remains zero in 3D (sin(κτ)/κ → πδ(κ) as τ → ∞),

dispersion weakly enhances the finite-time displacement.
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Figure 1: Approximations to the Philips Stokes drift profile (on left) and Stokes drift
shear profile (on right) using a discrete number (200) of monochromatic wave components,
for different cut-off frequencies ω∗c . The small sub-panels show a zoomed-in view near
z = 0. In the right panel, the black line stops at z = −1, since the shear of the Stokes
drift becomes ill-defined near the surface. The black line is therefore obscured by the
purple, blue, and magenta lines.

.3 Appendix: Broad-banded spectra

Results for broadbanded spectra can be approximated by calculating the per-

wavenumber contributions to the Eulerian flow using the Ekman–Stokes kernel,

and then summing these to obtain the full response. However, most broad-banded

empirical spectra have ω−5 tails. Since the shear of the Stokes drift is given by

the fifth moment of the spectrum, the surface wave stress is therefore ill-defined,

as noted in Breivik, Bidlot, et al. (2016). In order to obtain a finite value, it is

necessary either to choose a high-frequency spectral cut-off ωc or to evaluate the

shear at some nonzero depth −k−1
p � z′ < 0.

Here I have adopted the cut-off approach for the purposes of illustration. Using

the idealised Gaussian storm and the same values for ν and f as in §3.1 of Chapter

II with a peak frequency ωp = 2π/10 s−1, the response to a (unidirectional) Philips

spectrum is found by evaluating the per-wavenumber contributions to the Eulerian

flow, and then summing up a finite number of these to approximate the complete

response. This is shown in figure 1, where I have summed 200 monochromatic waves



105

-2 0 2 4 6 8 10 12 14

-20

-18

-16

-14

-12

-10

-8

-6

-4

-2

0

Figure 2: Second-order displacements formed in response to an idealised 24-hr Gaussian
storm by waves following a Philips spectrum in the Northern Hemisphere, for a constant
viscosity value ν = 1× 10−2 m2s−1 for different high-frequency spectral cut-offs ωc.

with frequencies between the peak frequency ωp and the cut-off frequency ωc = ω∗cωp

to obtain the Stokes drift for a Philips spectrum. As the cut-off is increased, the finite-

sum approximation to the Philips profile clearly becomes better, particularly for

the Stokes drift depth profile. Monochromatic Eulerian and Lagrangian are plotted

in light blue and yellow respectively. The cut-off frequencies for the broadbanded

spectra are chosen to be 3ωp (dash-dotted; dark blue, magenta), 4.5ωp (dashed;

turquoise, maroon) and 6ωp (dotted; blue, red). It is clear that the Eulerian current

becomes extremely large as the cut-off is increased. This is unsurprising, since the

better the approximation to the Philips spectrum is, the more unphysically-large

the wave stress becomes. As the Stokes depth is much shallower for a broad-banded

spectrum (see e.g. Breivik, P. Janssen, et al. (2014)) the assumption of a constant

eddy viscosity likely breaks down, since as the cut-off frequency is increased and

the spectrum better approximates the Philips spectrum, the Stokes depth decreases.

This in turn implies that the waves don’t experience the larger eddy viscosity values

deep within the turbulent mixed layer. Adopting the more realistic model of an

eddy viscosity which linearly increases with depth would require the Ekman–Stokes

kernel to be rederived. However, an average Stokes depth for the frequency range
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Figure 3: Constant-viscosity approximation to a full linearly-increasing viscosity model,
dependent on the high-frequency spectral cut-off ωc. The z-values of coordinates where
vertical lines intersect the black line correspond to the average Stokes depth δS.

ω ∈ (ωp, ωc) can be found by evaluating δS = g/(2ω2), and a constant viscosity can

be chosen which is representative of the value of a more realistic linear model at

that depth. A linear viscosity model is ν(z) = −κu∗(z − z∗) where κ = 0.4 is von

Karman’s constant, u∗ is the friction velocity (linked to the wind speed at 10 m

above the sea surface by u∗ ≈ 0.04U10

√
ρair/ρwater) and z∗ is the surface roughness

lengthscale ∼ 0.04/30 m (Madsen, 1977). Using the peak frequency of the wave

spectrum ωp to fit ν
(
(2ω2

p/g)−1
)

= 1× 10−2 m2s−1 allows u∗ and hence ν(0) to be

determined. From this linear model, the constant viscosity value νc ≡ ν(δS) can be

found, where δS is the mean Stokes depth of the spectrum calculated for each choice

of spectral cut-off ωc. Evaluating the Ekman–Stokes kernel using this constant value

νc allows some of the realism of a linear model to be captured. The resulting Eulerian

current is much better-behaved, indicating that a linear eddy-viscosity model will

likely perform much better for a broad-banded spectrum. Notwithstanding the

improved prediction of the Ekman–Stokes flow using a linear viscosity model, lack

of knowledge concerning the behaviour of the high-frequency spectral tail remains

the largest obstacle to evaluating the wave-induced Eulerian-mean flow.
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Figure 4: Top: Second-order displacements formed in response to an idealised 24-hr
Gaussian storm by waves following a Philips spectrum in the Northern Hemisphere, for
a constant viscosity value taken from a linear profile ν = −κu∗(z − z∗) for different
high-frequency spectral cut-offs ωc.
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