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Chapter 1

Abstract

The prevailing aim and flavour of this thesis, is to establish a link between Lyons’ theory of Rough
Paths and more conventional notions of non commutative harmonic analysis. Three different directions

represent the lines of investigation.

The first is a generalization of an algebraic formalism, pertaining to classical pictures of the analysis
of functions on groups. The structures of Hopf algebras reveal an algebraic role of geometric rough paths

in relation to the shuffle algebra of one-forms.

The second direction examines path-space on Lie Groups and a generalization of the notion of rough
paths. It is shown how to approximate the length of a twice differentiable curve in two dimensions
through the iterated integral sequence and an analysis of curves in two dimensional hyperbolic space.

The formula is given in terms of the asymptotics of the iterated integral sequence.




The third and final direction, was motivated by an attempt to enlarge the definition of the Ito map
to non-geometric rough paths. It is shown how random geometric rough paths can be used to interpret
backward Ito multiplicative functionals. Some ideas regarding the extent to which the center of mass of

a distribution on geometric rough paths actually determines the distribution itself, are presented.

1.1 Notation

The following notation will be defined and used consistently through the thesis and is presented here in

an attempt at making referencing easier.

V' is unless otherwise stated a finite dimensional vector space

V* is the dual of V

T (V) is the Tensor algebra built over V, T(V) = @32,V

T™ (V) is the truncated Tensor algebra built over V, T™ (V) = @}_,V®/

T (V) = V®", the component of T(V) of homogeneous degree n

L(V) is the Free Lie algebra built over V, L(V) =V & [V,V]® [V,[V,V]|®---

L™ (V) is a truncated Free Lie algebra V', L™ (V) =L(V)NT™ (V).

L™ (V) is the component of L(V) of tensorial degree 7,

L™ W)y =Lv)n T™ (V)




T (V*) =Uo (EB?:O (V*)®i) is the graded dual of T'(V)
P (M) is the collection of piecewise smooth paths v : [0,T,,] — M, where M is C* differentiable
Py (M) is the collection of bounded variation paths «y : [0,T,] — M, where M is a metric space

X (7) € T(V) will be the signature or full iterated integral sequence of v (independent of time param-

eterization)

Xt (7) €T(V) is the iterated integral sequence of the path v between times s and ¢ for an implicitly

chosen time parameterization

X%, (v) €T™ (V) is the iterated integral sequence of the path ~ between times s and ¢, truncated to

T (V)
ng} (7) € V®* is the ’th iterated integral of the path v between times s and ¢
I'r is the set of ordered pairs of times,
IPp=1{(st):0<s<t<T}
It’s topology is that of the Euclidean topology of R?

C (I'r; W) is the collection of functions from I'r to a topological space W, which are continuous in

both time parameters

A, is the collection of dissections § of the time interval [s,t] into finitely many intervals, 6 =

{s=1tg <t;1 < - <t, =t}, in which case |§| =n < oo is the size of the dissection




Q (V)P is the collection of multiplicative functionals of finite p variation in 7% (V)
Q (V)P is the collection of rough paths of finite p variation in a vector space V

X rli®® denotes the element of 2 (V)P that extends some X7 € Q (V)P

Xsté € T(V), the signature of X!?1 € Q (V)?, is given by Xg’é = X(Lf%;:pj

QG (V)? is the closure of P, (V) in Q (V)P under the p variation topology

QG (V)P = NgpQG (V)P

Tn @ (Unsn T (V))UT(V) — T (V) is a projection of an element of either a truncated or non-

truncated tensor algebra, off the ideal generated by tensors of degree n + 1 and greater

Tn) * (Umen T (V))UT (V) — V@™ is the projection of tensor onto the component of degree n, so

that m(,) = 7, — 71 where defined




Chapter 2

An Overview of Rough Path Theory

‘Atomic Motions’

“An image, a type goes on before our eyes, present each moment; for behold whenever the
sun’s light and the rays, let in, pour down across dark halls of houses: thou wilt see the many
mites in many a manner mixed amid a void in the very light of the rays, and battling on, as
in eternal strife, and in battalions contending without halt, in meetings, partings, harried up

and down.

For thou wilt mark here many a speck, impelled by viewless blows, to change its little
course, and beaten backwards to return again, hither and thither in all directions round.”

An extract from ‘De Rerum Natura’ Titus Lucretius Carus, circa 50 B.C.




2.1 The First Points Of Rough Path Theory

This section is largely a review of the work presented by Lyons in [28] and follows the development there,
though also draws on parts of [29], particularly for what is known as the ‘Universal Limit Theorem’.

More emphasis is put on the analytic aspects of the theory, while an algebraic perspective is left to the

following chapter.

Perhaps the central achievement in [28] is to link a family of topologies on continuous paths in a
vector space which have an associated metric, with the construction of solutions to a family of differential
equations. The map from path to solution is known as the Ito functional. The topology on paths is
known as the p variation topology and for the constructed solutions, the Ito map is continuous from
input path to the output solution path. Subsequent work gives a specific form for p variation metrics

that characterize the p variation topologies.

The key objects that are investigated are a class of functions on continuous paths called iterated
integrals. It turns out that these functions are intrinsic to the definition or construction of what are
rough paths. In the case of smooth paths, or piecewise smooth paths, the definition of these functions
is unambiguous and natural, lying firmly within the capabilities of Riemannian Integration. For paths
which have less regularity or more ‘roughness’, this first notion of Riemannian integration is not robust
enough. A probabilist will recognize an aspect of this in the difference between Stratonovitch and Ito

integrals of semi-martingales. Yet a more subtle approach yields a way of understanding these functions.




2.1.1 Paths in a Vector Space

In the course of the discussion, v will always be a continuous path in a C* differentiable space, or a
metric space M, v : [0,T,] — M where 0 < T, < co. The set of all continuous, bounded variation
paths in a metric space M is denoted by P (M), while P (M) is the set of all continuous, piecewise
smooth paths in M, a C space. Let M be a vector space V (with the Euclidean metric). The iterated
integrals of elements of Py (V) are a collection of functions {X(™ : n € Ny} from P, (V') to the collection

of continuous functions from the set of pairs of times
I, ={(s5t):0<s <t <T,},
to V®", They are defined by

XM Py(V) = UrsoC (Tr, V™)

XM (y) e ©(Tr,, Vo)

// dVuy ® AYuy ® -+ ® dyy,,s
s<uy<uz < - <un<t

V®" being the n-fold tensor product of V' with itself, always understood to be over R and where C (Tr; W)

X" (y)

is the collection of continuous functions from I'r to a topological space W. Take the notation 7" (V) =
7 _oV® for the truncated tensor algebra of V of degree n. T (V) is an algebra which is inherited from

T(V) by quotienting by tensors of degree greater than n.
In 77 (V), the sum of the first n iterated integrals, provides a function

X" : Py (V) = UpsoC (I'p; T (V)




n
X2 (1) =3 X (7).

m=0
In [9], Chen first noted a multiplicative property of the iterated integral sequence of any piecewise

smooth path which is known as Chen’s identity:

Xow (M@ XL, (7) = X3, (), 21

V(s,1),(t,u) € I't,. A generalization of this property of tensor multiplication and iterated integrals gives

a more general definition of a multiplicative functional:

Definition 1 A Multiplicative Functional of degree n denoted X™, is an element of C (Dry..; T™ (V)
that satisfies
X5 ® Xy, = X7

s,u7

V(s,t), (t,u) € Iy, -
The collection of such multiplicative functionals is denoted Q (V),,.
By capturing the multiplicative property of concatenated path segments of elements in P, (V) in this

way, a larger class of functionals in T™ (V) are admitted to £ (V). than those due to Py (V). For now,

these are treated equally, though an important question is how to interpret one set in light of the other.

2.1.2 Rough Paths

In [28], Lyons studied functionals taking values in the truncated tensor algebras that also satisfy Chen’s

identity. They are associated to paths that are no longer piecewise smooth but according to Wiener {see

8




for references), are paths of finite p variation for some 1 < p < co. While in the case of piecewise
29

smooth paths the higher order iterated integrals are defined according to Riemannian Integration, the

notion of an iterated integral for general p variation paths is ambiguous. Lyons looked at multiplicative
functionals which extend the first iterated integral processes of p variation paths in an analytically
consistent manner. The notion of p variation is extendable to these objects called Rough Paths and
induces a topology or sense of continuity for the set. The raison d’étre of the whole construction is that
one can define a notion of solution to a class of differential equation driven by rough paths, which is

continuous with respect to the p variation topology.

p Variation and multiplicative functionals

Wiener’s notion of the p variation of a segment of a path -y : [0, TW] — V between times 0 < s <t < T,

where V has a metric dv (-, ), is

18]

sup Y dv (v (), (t-1))", (2.2)
§EA, 1;|6]l<o0 j=1

where A;; is the set of finite dissections of [s, ¢],
Dpi={0={ti}jly st s =to<t1 < <ty =t, 6| <oo}.

Clearly the p variation could be infinite for a given path and given p.

Definition 2 For X € C(I'ry;W) where W is a normed space with norm |-||, define the function

Py, (X) € C(Try; R)
18

Ppis (X) = sup > X s
it j=1

P (2.3)

2

9




(5,t) € I'rx.

Remark 3 If a path has finite p > 1 variation, then it has finite p’ variation for any p’ > p: Let

z= sup [ Xsq.
(s,t)€lTy

Since I'ry 15 compact, x < oo and also X.. : I'r, — W is uniformly continuous, so pick T > 0 such that

[t—s| < 7= || Xl < 1. Then V8 € Aoy,

,
al Zﬂl,tjeé;ltj—tj-ll« ”X%'-Mj “p

Z ”th—l»tj”p,

Jj=1t;€6

Il

’
+ E’jf—i_l,tjea;jtj—tj*llzr ”th—lvtj ”p

9]

Tx
P
< Z ([ Xt |7 + Tmp
J=1,t; €85t —tj—1|<T
TX U
< Pporx (X) + Tfﬂp

which is a bound independent of the dissection 6 € Ag 1y

The picture that Lyons revealed, is that the rough paths, at least for p > 2, encode non-trivial
non-linear information that defines a finer topology associated to p variation paths. The notion of a
rough path thus incorporates - again at least when p > 2 - additional paths that in themselves are not
uniquely determined functions of the graph of the path itself. It is not the case either a priori, that
such extending rough paths can be associated to a given p variation path and it is also not the case that
extensions are unique. Rough paths are multiplicative functionals which determine the whole iterated
integral sequence, just as in the case of bounded variation paths where higher iterated integrals can be

constructed canonically from the path itself.

10




Lyons showed that it is possible to uniquely extend a multiplicative functional of degree n if the known

iterated integrals satisfy an analytic decay property. To quantify the decay, any system of norms on each

18" can be used that satisfies a consistency condition between differing tensorial degrees:

€<l < lEIC vEeVer,cevem (2.4)

Two well known examples of such norms are the injective and projective systems:

(e1®e® - ®ey)ol

= sup VE e VO 2.5
1€lins =, 30 Tl ool el 25)
N
= inf v violl - v VE e VO, 2.6
il = g 06 S ualall ol v (2.6)

Through the thesis, it is assumed that any system of norms will satisfy this property. At this point,
no more properties of the norm are necessary, although to define solutions to differential equations, an

additional property of symmetry is required, but this will be stated later.

A functional device called a control is used to express the decay.

Definition 4 A control is a function w : Tt — R, which satisfies

w(s,t) +w(t,u) <w(s,u),

V(s,t),(t,u) € I'r, that is continuous near the diagonal and such that

w(t,t) =0 YO<t<T

The p variation function is analogous to a control since it is also sub-additive:

Prisu (1) + Poju,t (1) < Ppysyt (7) -

11




The formal definition of a multiplicative functional of finite p variation can now be given:

Definition 5 X" € Q(V),, is said to have finite p variation controlled by w, if it has the property that

(5,t) € T'ryn =

w(s,t)7

] <

vl < 1 < n where Xg’l is the component of X¢, which lies in V®i and B is a positive constant specified

below. A based multiplicative functional also has an initial base point XZ € V and hence defines a

continuous path in V,

X" : [0,T,]—V

il

Xy §+XG,

Denote the collection of such based multiplicative functionals by Q (V)P.
The following example is straightforward:

Example 6 FizT and letu € V®*. Then X%, = 1+ (t — s) u is multiplicative in T™ (V). If p > n then

setting

p (5,8)= (8¢5l (g)!)%

defines a control and with any base point, defines an element of Q (V)2 for any p > n.

u®7

In fact, any tensor u € T"(V)\R defines a multiplicative functional X7, = Y=o (= s)! T €

T™ (V), which has finite p variation if p > n. The form for controls are less concise and are given in the

appendix as Lemma (119).

12




Remark 7 Foranyq > p, Q(V)E C Q (V). This follows from the facts that the function z! is increasing

and that if w (-,+) is a control, w (-, ¢)* is also a control for any o > 1 (w(-,-)® is also sub-additive and

regular).

According to this definition, if p > n and X €Q(V)?, then each X® € C (I'r; V®), 1 < i < n, has

finite Z variation : if (s,t) € I'ry, § € A,, then

8] ] 2 1 18]
Z “Xgilwtj C < o NANE Z w (tj-1,t;)
Sij=1 (5 (%)!) b sg=1

w{s,t)

AN

which is an upper bound independent of 4, hence

Pr 4 (X(i)> <

The following key theorem reveals why a control is an appropriate device for an element of (V)]fp |-
They yield an unique extending multiplicative functional in the full tensor algebra that matches the
analytic form for the decay of the homogeneous tensor components or iterated integrals. That is, it
produces an unique element of Q (V)go. The theorem thus says that all the essential information about
such finite p variation multiplicative functional extensions is bound up in the first |p| lower order iterated

integrals.

Theorem 8 (Lyons) Let X!P!l ¢ Q (V)pr | be a multiplicative functional of finite p variation with control

w. There exists an unique multiplicative functional X™ of finite p variation for any n > |p| that extends

13




x P!, In particular, the iterated integrals Xff% of the eztension satisfy the inequality:

x| < L2 (5,07
5G)
i > p provided B is taken large enough:
B> (p) =p? <1+2(‘lipm (C (Q—iﬁ@) —1>> (2.7)

suffices.

Naturally, the proof of this theorem is inductive and here a sketch is presented. Taking X™ € Q (V)P
for some n > p, Lyons shows that higher order iterated integrals can be induced from the lower ones

through Chen’s identity. The inclusion map
in: TV (V) - TV (V)
is an embedding of X" into C (I’Txn; T+ (V)) whose n + 1’st tensor component is identically zero.

This itself will not produce a multiplicative functional. To do this, take any (s,t) € I'ry.. For a given
increasing sequence of dissections of (s,t), 8, C 8,41, with mesh size approaching zero, Lyons shows that

the limit
Xot! = lim ®yesnin (X000 )
exists in T7°+! (V). Moreover, a maximal inequality shows that the limit is independent of the sequence

of dissections. By construction, X"*! € Q(V)? 41, 1-e. the same analytic decay or control, is passed on.

The analysis in the proof hinges on establishing an interesting “neo-classical binomial inequality”:

14




Lemma 9 (Lyons) Letn €N, z,y >0, p> 1. Then

<1)2“ 2y _(@+y)?

) EHE 0

This inequality in turn leads to the form (2.7) for 8 (p) permitting the decay of the iterated integrals

2
in relation to the control w for the higher levels. However it is thought that a larger value than (%)

would suffice for the factor in the left hand side, entailing a larger value for 5 (p) and closer control on

the decay rate for the iterated integrals.

A formal definition of what is meant by a rough path can now be given together with some notation:

Definition 10 A Rough Path in a vector space V has a roughness p € [1,00) and is a based multiplicative

functional XP1 € 0 V)
Notation 11 The set of Rough Paths in a vector space V of roughness p is denoted by Q(V)P.

Remark 12 Unsurprisingly, products of rough paths are rough paths when the product can be defined.

As is with two elements v1,v% € Py (V) where the object y'+?

')’1’)’2 . [o, Ty +Ty, -V
1
1.9 _ Yt te {O’ T’Yl]
(’Y v )t -
"Ytz te [T’Y1’T’71 +T"/2]

makes sense as an element of Py (V) iff fyr}ﬂ = ¢, two elements X!P1, YPl ¢ Q (V)P can be multiplied

together when X%P):m = Y(%p ! Lemma 120 in the Appendiz provides a form for the control of the product.

15




Sijgnatures

Having seen that for an element X" € Q (V) , n > |p] that there is an unique extension X™ € Q (V)?,
of X7, for any m > n, the signature of a rough path is defined to be the full iterated integral sequence

over the whole time interval, of the extension of the functional to the whole tensor algebra:

Definition 13 Let Xl € Q(V)P. Set X211 1o be the unique extension due to Theorem 8 of X?! to

a multiplicative functional taking values in T (V),

Xlphee e Q(VE .

In addition, define the signature Xg’é e T(V):
s,

In chapter 5 there is a brief discussion as to the capacity and sense of the signature of a rough path

to completely define the path itself.

For finite dimensional vector spaces, differing norms affect the control for the decay of the iterated
integrals of a rough path, though not actually the objects in the completion. So the value of differing
norms relates to the analytical context. In infinite dimensional contexts, the choice of a norm really does

seem to affect the analytical existence of higher order iterated integrals, see (7] for example.

16




2.1.3 The p variation metric

o far, there has been no thought of a notion of continuity or distance related to multiplicative functionals.

To achieve this, there is a distance function in Q (V) and in particular on Q (V)?.

Definition 14 Let X", Y"eQ (V)" . The p variation metric
dp (X", Y"),

is defined by

dp (X" X") = 3 Pror (X0 =Y0)" 4 sup (- v (2.8)
=1 u 4

where T' = max (Tx~, Tyn) and where for any Z"™ such that T > Tyn, then Z"€Q (V)" is defined by

augmenting the definition to set Z7,

nt =0 fort>Tgn (ie. Z} =73, ). (See equation 2.3).

This distance function does specify a metric in Q (V)? and hence in Q (V))", though that used in [28]
p.253 does not. Both however define the same topology with equivalent Cauchy sequences and according

to Lyons, the spaces Q (V)? are complete.

Geometrically, a very important subspace of Q (V') is the closure of the bounded variation paths with

respect to the metric dp. Recall that if v € P, (V), then v € (V)" and hence the functional
X" (7)€ Q(V),

is well defined. Denote this map by

X" Py (V)= Q(V)LE.

n

17




In the process of extending iterated integrals of elements of 2 (V') to elements of 2 (V) , there is a

bound for the modulus of continuity of the difference in norms in terms of the p variation distance. The

following corollary is quoted from [28].

Corollary 15 (Lyons) Suppose XP1, Y!Pl € Q (V)P are controlled by w and n > |p|. Suppose further

that for some € <1 that Vi < n,

w(s,t)”
- il= Gy

Then if o > 3p? (1 + 2(lel+1)/p (C (lﬂ:‘#) - 1)), then Vi < oo

X ¥4

w(s,t)*

()

Notation 16 The closure of the image under the map XP1, of Py, (V) into Q (V)b)J with respect to the

ngim - ng“ <e

p variation topology, is called the collection of geometric rough paths of finite p variation and is denoted

QG (V)P.

This space is examined more closely later. At the moment, a subtle aspect of this definition is worth

clarifying.

Remark 17 Some rough paths belong to each set Q(V)?, ¢ > p but not in Q (V)P itself. The typical
example is that of Brownian motion with the associated Lévy area process 2.1.4, which defines elements
of QG (V)P ¥p > 2 rather than QG (V)? itself. In fact, Brownian paths have infinite 2 variation almost
surely, however a sequence of dissections which achieve the infinite value, will be path dependent. When
P > 2, these objects lie in QG (V)?, the completion of Py (V') with respect to dp,. In fact, there is a family

18




of rough paths indezed by n, called straight rough paths and investigated in section (5.1.4), which lie in

Q (V)" NQG (V)? Vp > n but do not appear to belong to QG (V)" itself.

As a consequence, the following notation is used:

Notation 18

QG (V)P = Ngsp QG (V)P

As far as a path in a vector space of finite p variation is concerned, constructing an element of Q) (V)Zo

to match the first iterated integral process, requires constructing an extension only to € (V)’L’p e

2.1.4 A review of processes susceptible to a rough path analysis:

There are many examples of stochastic processes which with probability one define paths with finite p
variation. The issue of whether they are amenable to a rough path analysis, concerns finding a regime

for associating the |p| requisite iterated integrals. The following examples have been established:

Lévy processes Lévy processes with were studied by David Williams [43] and [44] and generically

found to be processes of finite p variation for some p < 2.

Brownian Motion The motivating example of a rough path must surely be Brownian motion. Vp > 2,
almost surely, a sample path of Brownian motion has finite p variation. Lévy [27] constructed through

Fourier analysis, a process which now generically takes his name, which is the stochastic integral corre-

19




sponding to the anti-symmetric part of the second iterated integral of Brownian motion. The important
point of subtlety is that as geometric rough paths, these multiplicative functionals are in QG (V)2+ and

not in QG (V)Z.

The most extensive treatment of this object appears in [26], where Banach Space valued Brownian
Motions are considered. The regime of piecewise linear approximation over dyadic partitions is treated
to obtain a notion of canonical Lévy area process and an analysis appears of the merits of the injective

and projective tensor product norms for differing applications.

Free Brownian Motion was studied in [7] where the Lévy area was successfully constructed in the
non-commutative probability setting and leads to a notion of geometric rough paths and solutions of

differential equations.

Fractional Brownian motion Coutin and Qian investigated the construction of geometric rough

paths for fractional Brownian motion of Hurst parameter ;i— < h< %

The result, announced in [14] and proved in[15], uses piecewise linear approximation for a dyadic
regime, constructing a Lévy area and third iterated integral also. (Vp > %, sample paths of F.B.M.

almost surely have finite p variation).

Fractals The first study of random processes on fractals with regards to rough paths was in [23],
where a Levy area for Brownian motion on the Sierpinski gasket was established. This specific case is

subsequently covered in [6], where both nested fractals and Sierpinski carpets fall within the scope of the

20




results presented in the paper.

Reversible Processes In [6], it is shown how for any continuous, reversible Markov process X :
(0,77 — V of finite p variation where p < 4 that satisfies the following Hélder condition:
Condition 19 for some H > 1/4, there are constants Cp, p > 1 such that
H
E(|X: — Xs|°) < Cp(t —s)P V(s,t) e 'y,
then piecewise linear interpolation on dyadic intervals, produces an approximation scheme for an area
process that converges almost surely in p variation, providing an element of QG (V)5.

Vaccarro, [45] has extended this work and shown that for any (s,t) € I'r, there exists a null set off
which a piecewise linear regime on dyadic division of the interval [s, ¢], constructs an area process on [s, t]

that agrees with that of [6]’s construction on [0, T] when restricted to [s, t].

2.2 The Ito map

The TIt6 map is the name given to the functional that solves a differential equation

dys = f(ye)dzy (2.9)

Yo = U,
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and W are vector spaces, with

f:W — Hom (V,W).

defining a map from a continuous driving signal z. : [0,7] — V to a solution y. : [0,7] — W, where V

Typically solutions to such a system need not be unique or in fact exist. The principal value of Lyons

theory [28], is in using the interpretation of signal and solution as geometric rough paths, to construct

new, unique solutions to a particular class of differential equations. Within the context of the p variation

metric, this enlarged definition of the Itd map is a uniformly continuous functional.

It is probably impossible to explain concisely and carefully the whole of the route to construct the

solutions that Lyons found. The original exposition is in section 4 of [28] but for a more accessible source,

chapter 6 of [29] is significantly more amenable. In this section, the aim is to explain where the solutions

come from, where the solutions are limited and to outline some intuitive concepts about the integration

procedure.

2.2.1 Integrals and almost multiplicative functionals

The first step towards defining a solution is to define an integral of a 1-form. Specifically, let

0:V — Hom (V,W)

and consider the differential equation

dy: 6 (x¢) dz;
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For Riemannian integration of a bounded variation path z., the required integral, f(f 0 (zy)dz, can
be constructed through an approximation regime. A sequence of dissections of the time interval with

successively smaller mesh size, specify approximating paths (which are dependent on points of evaluation).

For example, take a continuous bounded variation path in a vector space z. : [0,1] — V and let
§ = {ti}ﬂo € Aoy fi(t) =sup{i:t; <t} and s = {s,;}L‘s:IO—1 is a sequence with ¢; < s; < t;41, then a

candidate approximation to a solution is given by

Yol =gt z 0 (xs;) (Teiyy —32,) + 0 (Tsyoy) (T2 — Tigry) -
0<i<i(t)

If 9 is Lip (o), @ > 0, then as mesh (8) = sup; |ti+1 — t;| — 0, the values yf £ converge to y;, independently

of the choices s; and the function y; is continuous.

To illuminate the point a little, this convergence works because € is Lipschitz (in the sense of Stein);
V.’El, Ty € V,

0 (z1) — 0 (z2) = R(z1,x2) (x1 — T2),

for some R: V x V — Hom (V, Hom (V,W)), with
IR (21, 22)|| < M |lo1 — 2o
and some M < oo. As a result, it is possible to show that there is a value y; such that,
Y=y +o (mesh (6)1+°‘) (2.11)

and thus for a sequence §" € Ag,1 with mesh (6™) — 0, the candidate solutions yf " converge t0

which satisfies the o.d.e. They converge uniformly for ¢t € [0, 1] and independently of both the s™ and of

23




sequence of dissections 6™. The crucial point is that if s < u < t, then there is the inequality
(0 (@s) (Tu — T5) + 0 (z0) (T4 — 20))

—0(zs) (¢ — x5)

(60 (z5) (2w — 5) + 0 (z5) (T — 70)) +

R (24, %s) (T4 — z5) (T — 2y) — 0 (z5) (Tt — T5)
R (zu, Zs) (Tu — 25) (2 — @) |

IA

M sup [, -zt (2.12)

u,vE[s,t]

from which the relation (2.11) follows eventually.

Why is this important 7 The answer is that control of comparative approximations of the form (2.12)
alone, guarantees that a solution exists for a bounded variation path z;. This nugget is the essential

point of almost multiplicative functionals.

Definition 20 An almost multiplicative functional of finite p variation with control w, is a functional
X" : Iy =T (V) such that V (s,t) € T'ryn, j <,

w (s, t)%
g

and that there ezists k > 1 and K such that V (s,u), (u,t) € Pryn, j <1

%%

| <

Xz, oxz,-X2) 7| < Ko (50"

The last condition in the definition is the almost multiplicative aspect. Whilst this is an abstract

definition, the previous discussion for bounded variation paths contains an example. Namely, take

Xi’t = (1,9(353) (/: d$u>)
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and the control w (s,t) = sup,¢(s 4 [|#v — ||, with £ = 1+a. Also, any multiplicative functional of finite

P variation is clearly an example.

So what now 7 Lyons proved that each almost multiplicative functional of finite p variation, is ‘close’

to an unique element of Q (V)®, through an approximation regime analogous to constructing Riemann

integrals.

Theorem 21 (Lyons) Let X™ be a bounded, almost multiplicative functional with control w. Then there

is an unique multiplicative functional X € Q (V)E, controlled by Ciw such that ¥ (s,t) € T'ny.., Vi < n,

- (3)
“(X?,t - g,t) H < Chw (s,1)",

for some constants C1,C,.

Remark 22 The objective of the proof is to confirm the existence of the limits

lim (x’;’tl OX}, @ - @XD _l,t) £ %9,
L ISTA 1ol
mesh(§)—0

which in actual fact for n = 1, amounts to precisely the Riemann integration procedure in the ezample

above, where this time the control w replaces the h in the error o(h).

There are uniform continuity properties for this map from almost multiplicative functional to multi-
plicative functionals of finite p variation that are not stated here. Note too that for n > p, the multi-
Plicative functionals obtained will be rough paths. The conclusion is thus that to produce an integration
scheme with the aim of obtaining a rough path, an appropriate definition of an almost multiplicative

functional of finite p variation, will entail the existence of a rough path of finite p variation.
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Approximation ideas therefore play an important réle for this form of integration. To approximate

a solution to a differential equation such as (2.10) where 6 is a smooth 1-form, an n’th order method of

approximation is given by the formula

t t
[ = 06 ( / dxu)w‘” (z2) ( /I dzu1®dxu2) (2.13)
s ] s<uySua<lt
oo+ 007 () (// dxu1®---®d$“f)‘
0<u1 oS <t

For a bounded variation path it is correct to order o ((t —s)? ) , meaning as before that j = 1 suffices as an
approximation for bounded variation paths . For rougher paths, the forrmula shows ‘that more terms will
be needed in order to get a o (¢ — s) approximation, which is how Lyons proceeded to construct an almost
multiplicative functional. Specifically, take X!?! € QG (V)Pand let 6 be a Lip () 1-form, a > p— 1. If
(2.13) is used to define the function Y : 'z, — W by
lpj—1
Y= 3 09 () (X)), (2.14)
3=0
then the higher order iterated integrals Yi’t) , 1 < j < |p] can be defined by using a differential form of

(2.14)

Ygg = // ,{YSL@...@dYS&j
s<up <--Suy <t

lp]-1
= Z 0% () ® - - - @ 9K ()

k1 k=0
(ki +1) | kj+1)
/ / dX D gx (B,
sSu1 <Ly <t
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All that remains to be proved is that the function YL?) T, — TPl (W) given by

PR e
st’t = E stt
=0

defines an almost multiplicative functional of finite p variation.

Now the form 6 has a Taylor series like approximation, in terms of the derivatives 89, 0 < i < lp] —1:

lp]-1—i ®j
) o To— X
0(") ($2) (’Ui, . ;UO) = Z 0(1+‘7) <(—'2—““;!—}")"_) (Z TR ,'U())
§=0
+R§ (z2,21) (vis -+ yv0),

where each 8¢9 (z) and R} (z,y) are bounded in operator norm as elements of Hom (®4V,W). However,
provided that each EEJE}& is replaced by the j’th iterated integral of a geometric rough path, the
operator norm bound of Rg (z,y) remains the same according to Lyons. This point, although glossed
over, is absolutely crucial. It means that different points where each function #® are evaluated, can be
compared in terms of iterated integrals and hence why iterated integrals are good functions to look at.
As a result, Y,L’;J is an almost multiplicative functional controlled by some multiple of w. Or in other

words, for each 1 < j < |p] and V (s,u), (u,t) € T'ryn,
(9
H (Y o vy —vl))" ll < Kw(s,)".

Excruciatingly, the theory is stuck at the point of handling geometric rough paths only as driving signals
for differential equations, since this contractive property only arises because Taylor’s theorem is applicable

for geometric rough paths.

Remark 23 A technical point concerns the system used to extend a norm on V to norms on V™. In

order to control an important estimate, Lyons found that it is sufficient that the norm of a tensor is
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invariant under permutations : let o € Sy, be a permutation of n elements and v1 ®---Qv, € VO™, Then

o defines an element of H om (V& Vo) by
c(V1®:  ®Un) =1s(1) ® " ® Ug(n)-
It extends linearly to the whole of V®™ and the consistency that should be satisfied is Vo € S, Yv € V®",

lle @Il = llull-
Lyons’ integration theorem for geometric rough paths is stated

Theorem 24 (Lyons) Let X7l € QG (V)P have control w and
0 € Lip(y — 1) (V, Hom (V,W))
be a 1-form with v > p. Then the sequence
¥ = (1%, v )

8,t

is an almost multiplicative functional of finite p variation and is controlled by a multiple of w (the constant

is dependent upon 7, p,0 and w). The integral is the associated rough path Y €QG (W)? and is written

Yo = / 0(X,)6X.
s<u<t

o
<
i

9 (X)X

In addition, the integral which acts on elements of QG (V)P and 1-forms that are Lip (y — 1), is

continuous so that the image lies in QG (W)P.

28




Remark 25 This remark is about the construction of higher order iterated integrals that sit above a finite

p pariation path in a vector space V. First, a definition.

Definition 26 An element X™ € Q(Vi®@ Vo ®--- ®Vy)),, is said to have finite p = (py,pa,. .. .Pd)

variation controlled by w providing X(t1:-4) the process that is the component of X&) § < n, given by
X(rid) € O (Dryn, VI © -+ - @ VEH)

where i = i1 + -+ + iq, satisfies
(S t)il/P1+-~+id/Pd
o) ()

Such processes would be denoted by Q (V1 @ Va @ - - @ Vy))E. Uniqueness of extension arguments follow

llx(ll, id)

similarly to Theorem 8.

Now let

(p,p/2,-..,p/ p})

Xl e q ((V@ V2g ..o V@’“’J))LpJ

Then, X Pl defines an element Xlel e Q (VeVe---& V))pr 15 through extending the natural inclusions
of Q (V®i)p/i € Q(V)*. Now X7l defines an element Y'P! € Q (V)P through what amounts to taking

the integral

syl = g(f(LpJ)(;)N(LPJ

vyl — / o (Xip) oXLr)
’ s<u<t

where @ is the smooth 1 form
6 : (EBLPJV) — Hom (EBLpJV,V)
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G(Ula"'avl_p_‘) (dxl;—'-,dl'tpj) = (’U1 -+ "'+ULPJ) (d.’l:l +...-}~d:v[pj)

What relevance does this have for constructing higher order iterated integrals? The element of Q(V)?
given by projecting X!P) onto the Vi, 1 <1 < d components, are elements of Q(V)P. The first iterated
integral is not identically zero only for i = 1 and then it’s first iterated integral agrees with that of Yol
Hence, any Y!P! due to such a construction, is a different extension of the path in V' defined by this
first iterated integral. As such, there is no way to reconstruct the path X!P! from the Y'P!. However,
should there exist a regime to construct higher order iterated integrals through, say dyadic approzimation
procedures utilized in [6] or [26] for example, there would be a bijection between such processes and the
decomposition, thus giving a characterization procedure. It should be born in mind that this means that

the information of each description is equivalent.

2.2.2 Solving a differential equation

The last part of the theory presented in [28], is the construction of solutions to the differential equation
(2.9). This step is achieved by augmenting the solution space to include the driving signal. In this setting
it is possible to integrate geometric rough paths against an appropriate 1 form, before embarking on a
procedure of Picard iteration which gives convergence to a solution to (2.9) through the boundedness of
the integral operator. So let h be the 1-form defined on the Banach space V & W, (with a suitable choice

of norm on each (V @ W)®™), so that
dz dz

h(z,y) =
dy f(y)dz

30




An element ZlPl € QG (V @ W)P that satisfies

62 = h(Z)6z>
T

Zy =
a

will be said to define a solution to (2.9). The principle is that only knowledge of both Ystij (the projection
of ZE}J onto T'(W)) and the mixed iterated integrals with the driving signal, will be the whole, real content

of a solution. The ‘Universal Limit Theorem’ as first stated in [28] is

Theorem 27 (Lyons) Suppose that f : V — Lip (v, V,W) is a linear map into Lipschitz vector fields.

Then consider the Ité map X — (X,Y) defined for smooth paths by

ay, = f(¥)dX,
Yo = a
Define the 1-form h by
X dX
h(z,y) = h(y)
dy dy
dX
fy)dX

For any geometric multiplicative functional X\PleQG (V)P with 1 < p <y there is ezactly one geometric
maultiplicative functional ertension
X lrl
zPl = € QG (Ve w)y?

\'ard
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such that if Y = Y((,ft) + 10, then ZIPl satisfies the differential equation
0ZPl=p, (v;) 6Z!P! .

Moreover, this solution to the rough differential equation is constructed by Picard iteration. The Itd map

is uniformly continuous and the map XP1— Z?! s the unique continuous extension of the It6 map

QG (V)P — QG (V& WP .

The iteration scheme is quite an involved process and most clearly presented in [29]. For an element
X Pl () where v € Py (V) it constructs a sequence of elements
xLp]
K"l (n)=| ylrl n) | € VeWwaew)?,
Dlrl (n)
starting at the point KPl (1) € QG (V @ W & W)” given by the solution to
§X1 ()

KW= 1 o) oxtol () |-

£ (y0) 6X 171 ()

and proceeds with the iteration scheme
§X Pl (v)
K (n +1) = £ (¥1) (n)) 6X12) ()
g (prJ (n),prJ (n) — Dl (n)) (DU’J (n)) sXxlrl ()
where g : W @& W — Lip(y— 1,W ® V, W) is specially chosen with regards to f in order that D!P! (n)
is the difference
Dlrl (n) =Y (n) - Y7 (n—1).
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Lyons shows that at any time point, there is a neighborhood dependent only on f, p, the Lipshitz

constant of f and the control of X!PJ (), such that through the iteration scheme, the K7 (n) converge
in the p variation topology on this neighborhood, to what will be an element of QG (V @ W & W)P.
This limit is shown to be unique and the projection onto the third component shows that the difference
D!P! (n) converges to zero. To construct the whole solution for the signal X!?J (), uniform estimates
allow the concatenation of a sequence of solutions, to produce a solution on the whole time interval. The

projection of the limiting object onto the element ZP1 of QG (V @ W)? thus satisfies
SZPl=h (v;) 677},
and defines a solution to the differential equation 2.9.

Crucially, the map from P, (V) to QG (V & W)? is continuous for the p variation topology. Hence by
continuity, it extends to a map of the whole of QG (V) to QG (V & W)P and this function is known as

the It6 map.

Remark 28 The fact that Lyons’ integrals are only defined for elements of QG (V)?, mapping into some
QG (Vo W)P, strikes a chord with conventional geometrical interpretations of integration of 1 forms,
which say perhaps that they should always be thought of as developing a path into a Lie group - as will be

explained, geometric rough paths are closely related to a particular Lie group.
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Chapter 3

Algebraic Structures

3.1 An introduction

The first section contains a discussion of and an abstract dissection of the tensor algebra associated to a
vector space V, the space in which one defines the signature of a rough path. The second section pertains
to the object to which the tensor algebra is the dual space, a particular collection of functions on paths in
V. It is explained how this linear space in fact can behave like an algebra, where the product is naturally
induced from an action on a special class of signatures of rough paths in V. Taking the picture on, the
aim is to show how to recover the class of signatures from this space of functions. The procedure is
revealed through the machinery of Hopf algebras, providing a classical mathematical picture of duality

between groups and functions on the group. Following on is a description of an interpretation of T(V)
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M®id,
ABA®A » ARA

4P M M

A® A

I

Figure 3.1: This diagram describes the associativity rule for an algebra

as a collection of differentiations and a construction that generalizes to provide a space of differential
- operators. To a significant extent, the ideas presented are heuristic and conceptual - it is an attempt to

outline a picture from non-commutative harmonic analysis in the context of rough paths.

To start and with a view towards clarity, recall the abstract definition of an algebra.

Definition 29 An algebra (A, M,u) over a field F is a vector space over F with a multiplication M :

A®r A — A that is associative and an unit u : F— A that is unitary:

Mo(ida@M)=Mo(M®ida) : associative
, (3.1)
Mo (idgaQu)=Mo(u®ids) =1idy : unistary

where ids : A « is the identity map.
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3.2 The Tensor Algebra

3.2.1 Universal Algebra

It was described in (chapter 2), how the truncated tensor algebras 7™ (V) are natural spaces for the
description of processes that reflect many useful aspects of the evolution of paths in a vector space. The
full tensor algebra provides a space for the object known as the signature of a rough path, which is the
unique multiplicative object in the tensor algebra to extend a rough path whilst retaining the decay rate

of the iterated integrals.

In this section, V' will be a finite dimensional vector space.

V)

The tensor algebra T'(V) is the associative algebra, unique up to isomorphism, with the property that
for any linear map ¢ from V to an associative algebra A, there exists an unique algebra homomorphism
¢ extending ¢, that maps T(V) to A so that ¢ = $ o4, where i is the inclusion mapping of V into T'(V).

A model for this object is given by

T(V) =& V",

where V®% = R and the tensor product is taken over R. The product for the algebra is just the tensor

product ®, while the unit u : R — T'(V) is the identification of R with V®0, giving the algebra structure
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(T(V) ,®,’U,)-

To clarify what is meant by the formal infinite direct sum, a sequence t = Z;’ozo t(™ is an element of
T (V') where each t™ € V®n. A sequence {t,,}oc_, € T(V) is said to be summable if for each n, all but

a finite number of the ™) are zero tensors. The sum ¢ = S 1M € T(V) is thus well defined, where
#m =00t

The tensor algebra itself has various relevant structural properties, foremost being a natural relation

to the free Lie algebra of the set V.

L(V)
A Lie algebra is a vector space L with a product [-, -], which is anti-symmetric:
(l1,02] = = [lo,la] Vh,la €L

and satisfies the Jacobi relation

(U1, (l2, la)] + 2, [3, la]] + [Is, [l1,12]] = O Viy,lo,13 € L.

A Lie algebra L and a map i : V —L is said to be free for V if for any function f : V —Lg where Ly

is a lie algebra, there is a homomorphism of lie algebras 1 : L— Lq such that the maps commute.

In T(V), let us define the bracket of two tensors uy, ug to be
[u1, uz] = u1 ® uz — U2 ® us.
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The free Lie algebra of V, L(V) has a model in T'(V) characterized as being the smallest subspace of

T (V') containing V' and closed under the bracket [-,-]. The notation for iterated bracketing sequences is:

Notation 30 Let u; € T(V) , 1< i< n, then the iterated bracket is denoted by

[u17u27u37"'1u’n] = [Ul,{“z,{ﬂ?,,"' ,[U;n_l,un]"'”]
= [ul,[UQ,U'g,"‘ aun—-lvun}]
= [Ul,UQ,U3,'-- 7{un—-17un]"']-
An observation due to Dynkin implies that the span of elements in the form [vy,vs,...,v,] is the

component of L(V') of homogeneous tensor degree n, denoted by L(™ (V).

Proposition 31 (Dynkin) For u € V®" define the linear map ¢ : T (V) « through

PV ®ua®-+-®vp) = [V1,V2,...,U],

forv; € V, 1 < ¢ < n and the linear extension of ¢ first to the whole of V®" and then to the whole of
T (V). Then

ue L™ (V) & ¢ (u) = nu,

so that the subspace LM (V') is the eigenspace of ¢ with eigenvalue n.

This justifies the expression L™ (V) = [V, [V,---[V,V]-..]] where V appears n times and hence the
extended expression
LVy=VeVVieV,[V\V]e---.
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U(L(V))

The Universal Enveloping algebra of a lie algebra L, U(L), is an associative algebra. It is characterized
by the property that to any homomorphism ¢ of L to an unital associative algebra A, there is an unique
extension of ¢ to an algebra map from U(L) to A. It is unique up to isomorphism and a model for it is
given by

U(L)=T(L)/J (D),

where J (L) is the 2-sided ideal of T'(L) generated by elements of the form I3 ® Iy — la ® I; — [I1, l2] where

l1,12 €L.

In fact, T(V) & U(L(V)) since almost by definition, both associative algebras exhibit the necessary
properties for both V' and L (V) (there are algebra maps from one to the other which when composed

together are the identity).

A theorem of Poincaré, Birkhoff and Witt shows how an ordered basis for L can be used to con-
struct a basis of U{L). However, there is a slightly more natural way to construct a basis system for
U(L(V)), through a symmetric representation. Given a collection of tensors ly,ls, ... ,l, €L, denote the

symmetrized product in U(L)

1
(1,2, .. ln) = ] Z loylo@) " lown)s (3.2)
og€S,

where S, is the set of permutations of n elements. For each n, there is a subspace of U(L) denoted Uy, (L)
as the linear span of the (I1,1l2,...,1,); I; €L. U, (L) is equivalently generated by the n’th powers in U (L)

of elements of L (See [33] p.57). Then Uy (L) = R, Uy (L) = L and there is a direct sum decomposition
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of U(L) (See [33] p.13):

U(L) = Bn>0 Un (L)

In addition, with any ordered basis of L, {;};°,, this provides a basis system of U(L) in terms of

elements of the form (4,,4,,..., L, ) where i1 <ip <+« <y

In the case of T(V'), the isomorphism i : U(L(V)) — T(V) given by i (lyle- - lp) =11 @ L ® - - ® 1,
induces the corresponding direct sum decomposition T(V) = @p>0t (U, (L(V))). The decomposition
is sometimes referred to as canonical. The projections onto the subspaces U, (L(V)) in T(V) (with an
abuse notation suppressing the map i) were first described by Solomon in [38] and can be found in [16] for
example, however perhaps more elegantly, [33] relates them to the Hopf algebra setting which is described

later.

The next comment concerns basis sets for T'(V). With basis sets for each L(") (V), it is possible
to produce an ordered basis for L(V), {L};°, say, with [ e L(d) (V) and d; < d;41 Vi for simplicity.
For the spaces denoted by U (L(V)) = U, (L(V)) N V®™ there is a basis generated by all tensors

(hy, bigy ..., k) where i) <ig < --- < i, and Z;n=1dij =n.

3.2.2 Exponentials and Logarithms

An intrinsic object in the construction is the collection of exponentials of Lie elements, a generalized

group in some sense. Recall the definition of the exponential and logarithmic maps, exp (-) and log (+).
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Definition 32 The ezponential map is a well defined function

exp : T(V)\V® - T(V)

o0
y®m

€xp (.1.).) = Z —7_71";

n=0
where the convergence of the sum is assured since the component of degree zero of v is zero, powers p®*
have a non-zero component of lowest degree at least n, so that only a finite number of terms in the infinite

sum contribute to any given tensorial degree.

Definition 33 The logarithmic map is the function defined by

log : 1@ (T(V)\V®) - T(V)\V®

(_’l_)_ _ 1)®2 (11_ _ 1)@3

log(v) = (2—-1)— y —tT

which is again well-defined since only a finite number of terms contribute to any given tensor degree.

Each of the maps exp (-) and log (-) are bijections for which one can verify algebraically that

exp(log(-)):1&® (T(V) \V®O) A

is the identity map, as is

log (exp (1)) : T(V)\V® .

"The cornerstone of any analysis of the exponential map is the formula that relates products of exponen-
tials, known as the Campbell-Baker-Hausdorff formula 6.1. It expresses how to take the logarithm of

the product of two exponentials of elements v,,v, € T(V)\V®’. The formula is an infinite series with
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one well known expression due to Dynkin (see [36] for example), though here the expansion up to fourth

order terms is specified:

log (exp (v;) ® exp (vy))
= U;+U+ % [v1, vs] + “112‘ (w1, (w1, vall + [, [U2, 21]])

452% [v1, [vg, [wg, m]]] + - - -

3.3 The Shuflle Algebra

Denote the dual to V' by V* and the set of finite linear combinations of tensors in V* by 7 (V*), so that

TV = U, (ko (V™)
= Unlo ( i=0 (V®i)*) '
Note that at least when V is finite dimensional, there is the identification T'(V) = 7 (V*)*, so that there

is the inclusion T (V*) C T(V)", T (V*) is known as the graded dual of T'(V') where the grading is with

respect to tensorial degree in T(V).

Hence, to any element w € 7 (V*), by letting w act on the signature of the path X, (), a function
is defined on the collection of piecewise smooth paths in V, P (V) : if w € (V*)® is of the form

Y=w Qs ® - ®w; with w; € V*, then

[ =00 o) = (8 m)
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wi (dy (wn)) wa (dy (uz))
:/.--‘/0< Cn< o<y <1 | (3.4)
<wrSup< Sk < wi (dy (us))

with an abuse of notation in the sense that the natural inclusion of w in T'(V)" is considered.

The definition extends naturally by linearity to the whole of 7 (V*). At the same time, these linear
functions on T'(V) generate a commutative algebra due to the following curious property, occurring when
the action of these linear maps is restricted to signatures of piecewise smooth paths. In this case, the
product of two elements of 7 (V*) (and also linear functions on T'(V)) is expressible as another element
of T (V*) itself. The form of the multiplication is expressed in terms of the so called “shuffle product”
and essentially represents an extended integration by parts formula. For v € Py (V), v:[0,1] — V and

an element of the form w=w) Qo ® --- Quw; f7 w is an integral over the n-simplex
An(tla7tn)={(t1a7tn)7ostl StZSStnsl},

see equation (3.4). The product of two such simplices, A" (t1,...,t,) and A™ (tp41,...,tnm) IS €x-

pressible as the union of a collection of n + m-simplices in the variables ¢1, ..., th41m!

AP (f1, oo b)) VA™ (gt -+ boem)

= UaESh(n,m)An+m (ta—l(l)a oe - )ta‘l(n—I—m)) )

where Sh (n, m) is the subset of the permutations of the set {1,2,...,n + m}, such that the relative order

43




of the indices is preserved :

ol <o (@< - <o (n),
o€ Sh(n,m) &

cln+1) <o t(n+2)< <o (n+m)

Thusifw=w1 Qw2 @  Qwp, W =wpt1 QwWa ® ++ ® Wntm

/ / wy (dy (t1))
a n(tlv-‘ytn)mAm(tn-Fl7---’tn+m)

* Wnym (A7 (Entm))

wi (d7 (to-1(1)))

- ¥ /

AT (E 00 bt
o€Sh(n,m) (tee (r4m) © Wptm (d’)’ (ta-l(n+m)))

Z / / We(1) (dy (t1)) -+
B ARty m) ’

cE€Sh{n,m) - Wo(ngm) (d’y (tn-}-m))

where the second equality is true precisely because the Lebesgue measure of the intersection of any pair of
sets in the union is zero and the paths are bounded variation. Probabilists clearly would have an issue of
definition of integral for this equality to hold when Brownian paths were the integrators. This equality is
an intrinsic property of the geometric rough paths since they are limits of Cauchy sequences of piecewise
smooth paths under the p—variation metric. These functions are continuous functions of the signature

and hence of the paths.

The last equality explains how to define a product on 7 (V*) that describes the effect of multiplying
these functions on the space of signatures of bounded variation paths, for if in the case above with the

definition
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sh(w,w') = Z We(1) ® We(2) @+ & Wo(ntm)
oc€Sh(n,m)

then regardless of the piecewise smooth path -« the following equation is an identity

[yg~/7u’=[ysh(g,u’).

This kind of relation is reminiscent of properties of how characters in group representation theory multiply.

Clearly the definition of sk (-, -) is bilinear and hence can be extended to the whole of 7 (V*) @7 (V*)
as a commutative product. The unit, which is just the inclusion map v : R — 7 (V*), completes the

algebra structure, (7 (V*), sh,v).

The reason for the naming as the shuffle product arises when with the picture of w and W' as two
packs of cards - any riffle shuffle then merges the decks and preserves the order of the cards of w and v’

respectively. The shuffle product is now the sum over all possible riffle shuffles.

3.4 Coalgebras, Bialgebras and Hopf Algebras

This section sets out the abstract definitions of a Hopf algebra in a self-contained manner, developing an
example of the structure being defined for the case of trigonometric functions. The purpose is to clearly
explain these algebraic structures and offer some intuition, before utilizing them in the case of rough

paths.
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B A A

C®C

O

Figure 3.2: The diagram describes the coassociativity rule for a coalgebra

A coalgebra is more or less a dual object to an algebra, so in relation to diagram 3.1, it is described

by pictures with arrows that ‘go the other way’.

Definition 34 A coalgebra (C,A,e) over a field F is a vector space over F with a comultiplication

A :C — C @ C that is coassociative and a co-unit € : C — F that is counitary:

(ide ® A)o A = (A®idg) o A : coassociative

(e®idc)o A= (ido ®e) o A =ido : counitary

where idg : C « is the identity map.

Figure 3.2 describes the coassociativity rule - again, the arrows commute.

In general, the dual A* of an algebra A is not a coalgebra because the map dual to the multiplication,
M* maps A* — (A® A)* ¢ A* ® A* in general. There is in fact a well defined substitute to A* often
denoted by A°; [41] ch. 6 is a good reference for details. It is however the case that the co-product always

induces an algebra structure on the dual object because A*is defined on (C ® C)* 2 C* @ C*.
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A simple example of a coalgebra is given by the algebra of trigonometric functions:
Example 35 Let C be the vector space spanned by the functions cos(x) and sin(z). Then the double
angle formulae produce the coproduct

Afcos) = cos®cos—sin®sin

A(sin) = sin®cos+cos®sin,
with the co-unit defined by evaluation at 0:
efcos) = 1

e(sin) = 0

Very often, notation due to Sweedler is used : A (c) = ¢(1) ® ¢(2) which is taken to mean an expression

for the coproduct of an element in terms of a sum over the index i. The coassociativity rule becomes

c) ® (0(2))(1) ® (0(2))(2) = (C(l))(1) ® (c(l))(z) ® cq)

i

(1) ® €(2) Q C(3),

where the second line is hence unambiguous. A coalgebra is said to be co-commutative when 7 (A (¢)) =
A(c) where 7 : C ® C « is the twist map 7(c; ® c2) = ¢z ® ¢;. Clearly trigonometric coalgebra is

co-commutative.

Definition 36 The set of elements in a coalgebra that satisfy the property

Afc)=c®c,
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are called the group-like elements of the coalgebra.

Remark 37 Paraphrasing [4{1], the set of group-like elements in a coalgebra are linearly independent -

this in fact is relatively easy to see through linear algebra.

While not being in a position as of yet to explain any use for this definition, introduce the notion of

a bialgebra. :

Definition 38 A Bialgebra (H, M,u, A, €) is an object which has both an algebra and a coalgebra struc-

ture such that one of the following equivalent properties holds :

1) M and u are coalgebra maps.

2) A and £ are algebra maps.

Definition 39 The set of elements of a coalgebra that satisfy
A(C)=C®1+1®C;

are said to be primitive.

Remark 40 In any Bialgebra, the primitive elements form a Lie algebra with Lie bracket [cy,cy] =

M (c1,¢3) — M (c,¢1)

Example 41 The ezample above generates a bialgebra structure for the algebra H of polynomials in the

functions cos and sin. Then the coproduct is an algebra map, so that in general

A ((cos)" (sin)™) = (A (cos))" (A (sin))"™,
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which gives for example

2 . . N2
A ((cos) ) = (cos® cos — sin ® sin)
- 2 2 . . -2 2
= ¢0s° ®cos” —2cossin ® cos sin + sin” ® sin

and so a functorial expression for cos(z + y)z:

) cos (z)? cos (y)? = 2 cos () sin () cos (y) sin (y)
cos(z+y) =
2

+sin () sin (y)
Taking the field to be C, the linearly independent group-like elements are identifiable as integral powers

of the element

cos+isin,

giving an algebraic interpretation of Fourier series.

The final structural component of a Hopf algebra is a map called an antipode. The definition requires
an examination of an algebra of linear operators with a product which comes from the bialgebra structures.
In general, for a coalgebra C and an algebra A, the set of linear maps from C to A, Hom (C, A) has an
algebra structure, the convolution product x, which is constructed through the coproduct and product of

C and A. If o, € Hom (C, A), define

prtp=Mgo(p®Y)oAc. (3.6)

Definition 42 A Hopf Algebra (H,M,u,,e,n) over a field K is a bialgebra with an antipode 1 €

Hom (Hg, Hy) which is a two-sided inverse in the algebra Hom (Hc,Ha) for the identity map id :
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Hg — Ha under the product x, meaning that

idxny = nxid=
Mo(id®n)oA = Mo(n®id)oA

= UOE,

where Ha, Ho are H as an algebra and coalgebra respectively.

Example 43 For the algebra H of polynomials over the reals in the functions cos and sin and the unit

being the inclusion map to the constant function 1, the trigonometric bialgebra becomes a Hopf Algebra

whose antipode is defined as

n(cos) = cos
n(sin) = -—sin
n(1) = 1

Example 44 The trigonometric Hopf algebra is a particular case of a commutative Hopf algebra of

functions on a group, the group being [0, 27| with the group multiplication of modular addition.

Remark 45 A good reference for examples of Hopf algebras is [21]. Any algebraic group furnishes an
exzample of a Hopf algebra, through looking at what is known as the representative functions on the group.

They provide a good analogy for the setting of Rough Paths.
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3.5 Hopf Algebras and Rough Paths

Each of the tensor and the shuffle algebras, have natural Hopf algebra extensions. One is the formal
dual of the other and both coproducts are derivable from this property alone, though here a different

interpretation is presented.

3.5.1 The Shuflle Hopf Algebra

The analogy to articulate comes from a general kind of Hopf algebra associated to continuous functions
on groups. Given a group G such as an algebraic group with a collection R (G) of continuous functions
that separate the points of G, (known as representative functions for an algebraic group), there exists an

identity of the form
F9192) =) fia (1) fuz (92)

where f € R (G) for some functions f;; € R (G) and any elements g;,92 € G. The induced coproduct

0:R(G) — R(G) @ R(G) reflects this identity:

Il

5 (f) me ® fi2

fay ® f2)»

using Sweedler’s notation. The evaluation of the function at the identity e € G represents the counit:

€(f) = f (e) and the antipode 7 : R (G) « is defined through group inversion:

nf) @) =r(g").
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Take 71,72 € Py (V). By definition, the signature of the concatenation of the paths X,iq (v172) is
just the product of the signatures: Xsig (7172) = Xsig (71) ® Xsig (72)- The algebraic relation is Chen’s
identity and the signatures of elements of P, (V') form a group, though this group is not finite dimensional

so not in this case actually algebraic. At the level of iterated integrals,

stg 7172)( D= ZX ’Yl) @ &® X ('72)(i—j) 3

sothat f w =w; QW@ - Qu; € (V*)®i, here being thought of as a function on the group of signatures,

then

w (Xsig (1172)) w (Xsig (71'72)@)

Z Xsig (’71)(]) Q Xsig (72)(i—j)
j=0

i (W1 ® - ®w;)o (xsig (71)(”) |

=0 X (Wj+1 X ® UJ,‘) o (Xsig (’)’2)(1—1))

producing the definition of the coproduct on elements w = w; Qw2 ® - - - Q wj:
i
0 (w) =Z(w1®-~®wj)®H (Wjp1 ® - @ wy),
§=0
where ®prepresents the tensor product of Hopf algebras over R. The definition extends linearly to a
non-cocommutative coproduct on the whole of 7 (V*) = U3 ( ? o (V*)®i). The mape: 7T (V*) =R

defined by € (w) = w (1) is the evaluation at the identity path (that is to say the path which moves nowhere)

and is seen to be the counit. Finally to derive the antipode n7: T (V*) «— againlet w = w; Qw2 ® - - @w;
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and 7 € Po (V). Then

(W) (Xsig (7))

il
€
~—~
>

2.
S
2
|
_
~——

/
= /m/ogulsuzs---guiﬁl wi (dy ™ () - - (dy ™ (ws)

(=1)" w1 (dy (1 = w)) - -wi (dy (1 - w))

/
= v [ wr (dy (42)) i (A (8)
/

so that 1 extends linearly to the whole of T (V*) through the formula
Nwi@ws ® - Qw;) = (-1)'w; ® - @ wy.
The structural axioms (3.1),(3.5),(38) and (42) can clearly be verified and show that (7 (V*), sh,v,d,¢€,7)

is a Hopf algebra, however that is spared from this discussion.

Remark 46 The book, Hopf Algebras [{1] has much relevant information on the shuffle algebra as re-
gards being the pointed, irreducible component of a dual hopf algebra to T (V). Although there is no

interpretation regarding continuous paths, there is much relevant information on general Hopf Algebras.
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A perspective of duality:

(T (V*),sh,v,4¢, 7)) is now a well-defined commutative Hopf algebra of functions on bounded variation
paths in V. A kind of Hopf algebra duality theorem or principle for the general Hopf algebra of continuous
functions on a group, captures how to recover the group from the Hopf algebra H. An element g of the
group specifies an algebra map ¢, : H — R through evaluation of functions at g, ¢4 (f) = f(9)-
Considering the set © of algebra maps, shows that the coproduct in H provides a way of multiplying

these homomorphisms, so inducing a product structure on ®:

(¢#9) () = (s24)o6(n

= ¢(fw) ¢ (fw)
using Sweedler’s notation.

The counit by definition provides an algebra map, which is a neutral element for this product. To see

that it is a left unit:

() () = e(fw)¢ ()
= ¢(e(fw) f)
= ¢((e®I)0d(f))

= ¢(f),

and the right unit property is checked in much the same way.

The fact that there is an antipode ensures that ® has a group structure: set 77 (¢) so that 1 (¢) (f) =
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o0 (f)). Then

(¢-n(¢)) (f)

¢ (Fy) n(9) (f2)
= ¢(fw) ¢ (1 (f2)))
= ¢ (fun(f))

= ¢((id®n)0d(f))
= ¢(uoce(f))

= e(f)e(1) =¢(f),

implying ¢ is the unit, (1 is the constant function so that as ¢ is an algebra map, ¢ (1) = 1). Thus ® has

a natural group structure.

The theorems which are known as Tannaka-Krein duality, concern on the one hand conditions for
which it is possible to recover the original group through this construction, while on the other hand, how
from starting with a commutative Hopf algebra, it is possible to associate a group in a Hopf algebra that

is the group algebra or possibly the measure group algebra, before then recovering the Hopf algebra.

Remark 47 The issue that the theorem deals with is whether or not the collection of functions separates
the points of the group. In the case of compact groups or locally compact groups even, the answer is in
the affirmative with the former case equivalent to an application of the Stone-Weierstrass theorem. The

situation is closely related to theory of C* algebras and notions such as the Carrier space. See for example

[20] or [87].

With the aim of identifying the group, here is an examination of the algebra homomorphisms of the
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shuffle algebra 7 (V*). Each such homomorphism is a linear map and hence defines an element of T'(V),
the dual of 7 (V*) though due to the induced group law, it will lie in some group G (7 (V*)). Ree showed
[32] that a series in T'(V) defines a homomorphism of the shuffle algebra if and only if the series has
a logarithm which lies in the free Lie algebra L (V). This follows on from Chen’s observation that the
set of piecewise smooth paths define homomorphisms and have signatures whose logarithms lie in L (V).
It is known that all the signatures of geometric rough paths have logarithms in L (V) since they are
approximable by smooth paths, so it is possible to interpret more of these homomorphisms within this
context, although not all of the homomorphisms : see chapter (5.1). The group multiplication manifests
itself through concatenation in T'(V) as follows: let g; = exp (;) € G (T (V*)), with [; € L(V), then the

Hopf algebra structure implies that the product g; x go satisfies

g1 X g2 = g1 & g2.

The Campbell-Baker-Hausdorff formula confirms that the logarithm of this product will lie in L (V') (122).

The Hopf algebra structures of T'(V') will be explained in the next section.

Remark 48 Define the element p € Hom (T (V),T (V)) to be the reversal of tensors map:
P ®VU®  QuUy) =V, QU1 @ - vy, (3.7)

The fact that p entails a second action of T (V) on T (V*) is not necessarily remarkable in itself, however
it defines a map on rough paths themselves: take v € P (V). The differential of the ‘“inverse’ path v~}

satisfies

dy~ (t) = —dy (Ty — ).
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The ‘transpose’ path 7 : [0,T,,] — V whose differential satisfies

& (t) = dy (T, - 1),

has signature p (X (). With the pairing induced by p:

vo,w=w(p),

vw € T (V*), v € T(V), the group action on the algebra homomorphisms becomes g1 X, g2 = g2 ® g1.
For the ‘sense’ of paths, Chen and Lyons utilize the first multiplication to represent following the path

due to g1 before the path of ga, although the choice is arbitrary.

3.5.2 T(V) as a Hopf algebra of differential operators

T(V) as the dual space to 7 (V*) has a dual Hopf algebra structure studied in [33]. The interpretation of
this Hopf algebra is less clear than the shuffle algebra, even though the dual pairing makes them equivalent
- the multiplication, comultiplication, antipode etc. of each Hopf algebra are encoded in the other (See
[41] for example). One route of interpretation is through considering the set of left G (T (V*))-invariant

derivations of the shuffle algebra.

Definition 49 A derivation of the shuffle algebra is a linear map

de Hom (T (V*), T (V")),

such that Vw,w' € T (V*)

d(sh(w,&)) = sh(d(w),) +sh(w,dW)). (38)
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For an element g € G (7 (V*)), there is a map l; € End (7 (V*)) defined in the sense of functions so

that Yw € T (V*), Vh € G(T (V*)), Iy (w) (h) = w(gh). In Sweedler’s notation, Iy (w) = w1y (9) wy)-

Definition 50 A derivation d is left G (T (V*))-invariant if

dolyg=lgod VgeG(T(V")).

(The multiplication is the usual composition of linear maps, not as might have been thought, that through

the product x). Denote the set of left G (T (V*))-invariant derivations by Dy, (V*).

Reutenauer [33] shows that an element [ € L (V) defines a derivation of 7 (V*) through the map
of € Hom (T (V*), T (V*)),
O] (w) = wayw(z (), (3.9)

and is seen to equate to the expression,

(w(g xexp () ~w(g))

O (w(9) = lm

t—0 t
(g(l) (9) weoy (exp (t])) — w(ry (9) wio) (1))
= t—0 t
(s (exp (1)) — weay (1)

= wau(9) tll_rf(l) m

= waqy(@we O,
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which is well-defined since w € 7 (V*) has finite degree. The maps 8] are left G (7 (V*))-invariant due

to the cocommutativity property of the coproduct:

by (aLT (‘*—))) = (Q(l)) wg) ()
= (@.(1))(1) (9) (2(1))(2) wz) ()
= wa) (@) wews O
= wq)(9) (&(2))(1) (_Q(Q))(z) (I) coassociativity
= W) (9) az_r (92(2))
= 9 (lg(w)-

(Defining the map
8} (w) = way D wg, (3.10)

entails a right G (7 (V*))-invariant linear operator, relating to the paths of (48))
A set Dy, (V*) of derivations, will generically form a Lie algebra with the standard Lie bracket
o1 7] = opof — opy.,
where the product is just repeated composition of linear maps but it is also the case that the map
0" : L(V) — Dr,(V*) is a Lie algebra isomorphism, i.e. it is not only a Lie algebra map
[‘9f : [’} = O,

but also that ker (8") = 0 and all elements can be expressed as such i.e. the set of left G (7 (V*))-invariant

derivations are isomorphic to L (V') through the map 8”. This fact is an extension of Theorem 1.4 [33].
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Products of two non-trivial elements of Dy, are not derivations since they do not satisfy the Leibnitz

type derivation identity (3.8). They are however elements of the associative algebra Hom (T (V*), T (V*))
that are left G (7 (V*))-invariant with the product that is repeated composition. 9" extends to an alge-
pramap 0" : T (V) — Hom (T (V*),T (V*)) in an unique way, which equates to a similar expression to

(3.9):
611;1®"'®’Un (Q) = 8'17;1 o 8’41)‘2 0---0 a;‘n (ﬂ)

= W) (V1) Wint1) (Vn)

WiWe) (V1 ® - ®vy)

— o lim J 2O (exp (tv1 ® -+ ® vn)) — w(a) (1)
- =M t—0 t

and more generally for v € T(V),

Weoy (exp (tv)) — wioy (1
a;(g)=w.(1)}i_r}5{‘(2)( p(t‘t)) =L )} (3.11)

In this sense, T(V) = U(L(V)) can be interpreted as a collection of left G (7 (V*))-invariant differ-
ential operators on the shuffle algebra where the decomposition of &, into operators of different orders
corresponds to the decomposition of v in terms of the components U, (L(V)). It is also a collection of

continuous functions on G (7 (V*)) and as a set includes the signatures of geometric rough paths in V.

Hopf algebra structures for T(V)

To summarize, (T(V), ®,u) thought of as differential operators is isomorphic to the algebra generated by

the derivations of 7 (V*). Repeated composition of derivations corresponds to tensor multiplication ® in
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T(V) and the unit u : R — T(V) corresponds to the null or constant operator. By definition, derivations
obey the identity (3.8) which represents how to differentiate products of functions. For v € LM (V) this

induces amap A :V — V @V defined by
AW)=v1+1Quw, (3.12)

A extends to a mapping T(V) — T(V) ®y T'(V) in an unique way as an algebra map due to the uni-

versality of T(V) and that T (V) @y T(V) is an associative algebra with component wise multiplication:
A(vvg-up) = Avy) A(ve) - A(vy),
so that for example:

Awvy) = (n®pl+1®gv) (120 1+1®Hv2)

= NV Qg l+v Qpve+v2Qyv1+ 1Ry v1v2.

It reflects a rule for how higher order differential operators act on products of functions. In this sense,
it ought to be possible to use A to characterize the left G (T (V*))-invariant derivations or elements of
L (V) as the set of tensors v € T(V) such that A (v) =v®p 1+ 1®g v. This characterization of L (V)

is shown in [33], more precisely if v € T (V') then
vel(V)©A@)=v®u1+1Qnu

In coalgebraic terms, this is just saying that an element is primitive if and only if it is in L (V).

Remark 51 It is easy to show that those elements v € T (V) that satisfy

Alv)=v®@ul+1®nuy,
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form a Lie algebra and that since L (V') is generated by V in this manner, one direction is easy. The

harder part, proving the converse direction, requires a more involved argument as explained in [33].

Remark 52 The identification of T (V) as the universal enveloping algebra of L (V') and the associated
decomposition in terms of the Uy, (L (V) has the interpretation as representing elements of T (V) in

terms of n’th order differential operators, a grading associated to T (V') different to tensorial degree.

The map
e : T{V)-R (3.13)
e(w) = E(Zy_“)> , o e v
i=0
— O (3.14)

which projects a tensor onto it’s degree zero component can be seen to act as a counit. In the context of
derivations, the interpretation of ¢ (v) is the application of v to the constant function 1 € 7 (V*). Again

the computation to confirm that (T(V),®,u, A, ¢) is a bialgebra is omitted, though it appears in [33].
This is the calculation for the antipode p € Hom (T(V), T(V)) : p should be defined on L (V') so
that if [ € L(V) then Vj > 0,

(idx ) (199) = (uxid) (1)

o((id@p) o A¥)) = ®o((u®id)oA ()

’U l®]
{ 0 Vi>0
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since by the symmetric decomposition of T'(V') in terms of U(L (V)), this defines 1 on the whole of T'(V).

However

AI®) = AW =(18gl+10y)®
j .
Z (i)£®k QK L®<j_k)?
k=0

so that if u({) = —[ for any [ € L(V), then this implies

(’id*,u,) (L®j) - i (i)l@k ®M(£)®(j—k)

k=0

(-0%

i It
7~
=
*
o,
QU
p—
g

®
<.
p—

0 >0

as required. p is defined on simple tensors v; ® -+ ® Uy, v; € V as the anti-homomorphism of algebras

pn® - ®vp)=(-D"v, ® - Qs (3.15)

so that V1 < m < n,

p1® @) = (U ® - ®uy) @u(VI @ @ Up).

Proposition 53 V]l € L(V), u(l) = —L.
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Proof. Use induction on the statement V] €L™ (V), u(l) = —LFor | = v; € V, the statement is

clearly true. So assume (1) = —1 VI €L™ (V) and take [vq,va,...,vnpq1] €LY (V). Then

p (v, va, .y Unga]) = p(v1 ® [vay .., Ung1] = [V2,- ooy Uny1] @ v1)
H([U27"':vn+1])®/l’(vl)

—i (Ul) ® /1,(['02, ca ;'Un—i-l])

= [vz,...,vn+1] R vy ——’U1®[’02,‘..,'Un+1]

- [’Ul, [’Uz, e ,vn+1]]

by the induction hypothesis. Since tensors of the form [v1,vg, ..., Un41] span LD (V) LPH (V) =

L™ (V) @ L&Y (V) and p is linear, the proposition is true by induction. m

The conclusion is that u is the desired antipode to make a Hopf algebra (T(V),®,u, A, e, ).

Primitives and Group Like Elements As noted above, the primitive elements of (T(V), ®,u, A, &, 1)
are the Lie elements. The group-like elements, i.e. series S with A (S) = S®py S are, apart from the zero
series, those series which are exponentials of Lie elements (see [33]). In other words, a series is group-like
if and only if belongs to G (7 (V*)), i.e. it is a homomorphism of the shuffle algebra. Thus the signature
of any geometric rough path is a group-like element of 7(V). Though mentioned elsewhere, the remark
(37), can be used to infer that the elements of G (7 (V*)) and hence the signatures of geometric rough
paths, are either linearly independent or identical. In fact, Chen proved this fact without the machinery

of Hopf algebras in [11].
The primitive elements of 7 (V*) are shown in [41] to be just the elements of V* and are the functions
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on P» (V) that are additive. (Note that this collection does not include a length function, which would

be additive if a time parameterization was incorporated to spell out retraced parts of paths).

Hopf Algebra Duality In addition to defining a collection of linear maps of 7 (V*) through
derivations, T(V') acts as the dual space of 7 (V*). Unsurprisingly, the two actions are related. The
dual action of v € T(V) on w € T (V*) can be thought of as the composition of the action of y as the
differential operator & (3.11) on 7 (V*) with the functional evaluation of 9y (w) on the zero path in V,
ie.

Qog:e(%@)>,

where ¢ is the counit of the shuffle algebra.

To evaluate an algebra map of 7 (V*) due to g = exp(l) € G (7 (V*)), the linear map has the

expression

gow = €(lyw))

(e
N
w2,
——
E

2 (w)

As the operators 8! and 8" commute and the derivations are left-G (7 (V*)) invariant, thinking of 7 (V*)
as a collection of functions on G (7 (V*)) entails the interpretation of T'(V) as a collection of left-
G (T (V*)) invariant distributions on 7 (V*). This heuristic parallels the universal principle due to
Berezin for a Lie group G with Lie algebra g. U(g), as the collection of operations which are evaluation
at the identity, of invariant differential operators on functions on the group, can be interpreted as the

collection of distributions on G supported at the identity.
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There is no classical Lie group in this setting, though in G (7 (V*)) there is a candidate, which is

universal for connected Lie groups of dimension dim (V') (see [12]).

Reutenauer [33] looks at the Hopf algebras T (V) and 7 (V'*), using the natural pairing to deduce each
Hopf algebra’s structural maps. To specify the meaning, he obtains the equalities : for any v € T (V),

wy,wg € T(V7),

vosh(w;,wy) = A(v)o(w; ®nw,y)

= Z (Qu) 0%1) (2(2) ng),

so that A is the adjoint of sh.
For any v;,v, € T (V), w e T (V*),

(®o(v,2))0(w) = (v, ®muy)od(w)

_ Z (ﬂl og(1)> (22 OQ@)) ’

so that ¢ is the adjoint of ®.

ForanypveT (V) and w € T (V*),

pow = won(w)
vol = e(v)
low = e(w)

These relations amount to saying that through the non-degenerate pairing

o:T(V)®T (V") - R,
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7 (V) and T (V*) are dually paired Hopf algebras.

3.6 Semi-direct products and vector fields

To understand T (V') as a Hopf algebra, 7 (V*) was thought of as a left T'(V) module.

Let A be a unital algebra and B a bialgebra. According to Sweedler [41], if there is a left action of B

on A, i.e. Ais aleft B module, that satisfies the properties

bo(alag) = b(l)alb(g)aQ (3.16)

bo(l) = e(b)1, (3.17)

for any b € B, a1,a2 € A, ( € is the counit of B and 1 the unit of A), then the smash or semi-direct
product of A with B, AfB, is defined to be the algebra which is the set of elements A ® B with the

product X given by

(afh) x () = a (b @) § (b2)b) - (3.18)

The application of this picture here is described in the following example of differential operators on

a Lie group.

Example 54 Let G be a Lie group with Lie algebra g and for the formalism above, set A = C* (G),

B =1U(g). Take f € C*®(G) and v € g. Then C® (G) is a left U(g) module through the action of U (g)
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as the left G-invariant differential operators on C* (@) defined by

Il

@nw = {LrGem e} (3.19)

e=0

~ Joy @ { Lo (e}

e=0
and with the natural algebra extension to U (g). (3.16) is true as it is an ezpression of Leibnitz’s identity
while (3.17) refers to (3.5.2), so the semi-direct product ezists. To understand the product X, note that

if fH(05, -+ 05 ) € C®(G)§U (g), then (3.18) implies that

i

@, ---05) (f1) x (14 (85, ---95.))

(FH1) x (1405,) x -+ x (148} ),

s0 it is enough to understand X for elements of this factored form. Firstly (8.18) implies

(FH41) x (£241) = (£F1%41),

ezplained as the pointwise multiplication of functions,

(148;) < (fH1) = (B 1) #1) + (f49;) ,

using the coproduct (3.12) to give the application of application of the vector field due to v on the differ-

ential operator fi1 (1 is the constant differential operator) and

(1405,) > (103,) = (14 (25,95,))

the composition of left-invariant differential operators. So the product (8.18) for C*° (G) U (g) formally
expresses how differential operators on G form an algebra - application of two operators is equivalent to

the application of the smash product of the operators.
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With regards to the algebraic setting for rough paths, 7 (V*)§ T (V) is the analogous object.

(T (V*),sh,v) takes the role of the algebra A, a commutative algebra of functions which are functions on
signatures of geometric rough paths. (T'(V),®,u, A, ) is the bialgebra B, the left G (T (V*))-invariant
differential operators on 7 (V*), so that 7 (V*) is a left- T(V) module according to (3.11), which mirrors
the example above and (3.19). 7 (V*) 4T (V) is an algebra, not a Hopf algebra, consisting of differential
operators and the functions they act on as sub-algebras. However the Hopf algebra structures of T (V*)
and T(V) can be reconstructed from 7 (V*)}§T(V), so it is a fundamental object for the two Hopf

algebras presented.

The principles of the smash product construction and the interpretation and application for the
case of a specific lie algebra g are well known. In [34] for example, a further interesting application
is developed. Very briefly, U(g) is typically subject to a deformation by a parameter ¢ in some way,
incorporating a non-commutative aspect and becoming a Hopf algebra that is known as a quantum
group. Paired with the dual Hopf algebra, which is thought of as the functions on the quantum group
(although it is no-longer commutative), the resulting algebra is thought of as the differential operators
on the quantum group and the functions that they act on. The motivation for studying quantum groups
through different deformation regimes and parameters, is to construct non-commutative geometries in
order to help understand quantum effects i.e. physical phenomena outside the realm of continuum

geometry.
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3.7 For reference

The material presented comes from a wide source of texts. It is hard to identify precisely which is the

best source for the appropriate sections, though the following were useful in a wide context.

Reutenauer [33] provides the most comprehensive discussion of the algebraic structures applicable to
Rough Paths. Texts like Dixmier [16], Gelfand and Manin [19], Hochschild [21], Serre [35] and Serre [36]
provide context for how these concepts interact with lie algebras generally and information about Hopf
algebras. The classical texts on Hopf algebras are Abe [1] and Sweedler [41], giving thorough explanations
of the fundamental concepts. For more recent geometrical and physical applications of Hopf algebras,

there are sections in [20] and [37].
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Chapter 4

Lie Groups and Length

‘The Long and Winding Road’
“..., don’t keep me waiting here,
lead me to your door.

Yeah yeah yeah, yeah.”

The Beatles, 1969

This chapter is an attempt to try to draw together some of the constructions of chapters 2 and 3 in
the context of paths in a Lie group. One aim is to make clearer how the collection of signatures in the
infinite dimensional Lie group, exp (L(V)) € U(L(V)), is a model for paths in connected Lie groups of
dimension dim (V). The full iterated integral sequence of geometric rough paths, define group-like points

in the enveloping algebra of the Lie algebra g of the Lie group U(g), at least in the case of matrix lie
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groups .

The first part concerns a definition of iterated integrals for a connected Lie Group. On one level,
the first part is purely an exercise in solving an ordinary differential equation and an application of the
material in chapter 2. The idea is therefore to show some natural structures which permit a formulation

of rough paths within this context.

The second part contains an example of how realizing a C? path in R? in a particular Lie group,
g

reveals information about the length of the C? path.

4.1 Connected Lie Groups

Iterated integral sequences of paths in a connected Lie group G, can be defined by looking at objects in
the tensor algebra of the Lie algebra g of the group, or perhaps more accurately, the tensor algebra of Vj,
which is g as a vector space and forgets the lie algebraic structure. A vector space is a particular example as
a commutative Lie group for which the powerful theories defining rough paths were constructed. Any v €
P (G) defines an iterated integral sequence in T'(V;) through using either of the left or right connections.

1

The left and right Maurer-Cartan forms, g~! - dg and dg - g~ respectively, define piecewise smooth paths

(multiplication and inversion are smooth maps) I; () and r; () in V; through the differential relations:

d , _
dlt(’)’) = E(% 1’)’t+s) fszo (4-1)
= 7y t-dy
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d _
dre(v) = s (Vo457 1) ls=o

= dy -t

For the standard iterated integral sequence and the left connection, the n’th iterated integral Xg’ft) :

P (G) — V2" is defined

XM (y) = / / dluy () @ dly, (V) ® -+~ Qdly,, (7)
<up<ue< - <Lun<t

and Chen’s formula applies
X3 ) Z X2, X ()Y (s,9), (ut) € Iry
However for the right connection, the reverse iterated integral sequence

XM (7) = / / dru, (1) ® - ® dry, (1) ® dru, (1),
s<uy <ug < <uUup <t

which satisfies the tensor multiplication
H(n) ZXH(z) (1) ® X+-<(n 1) (y) V(s,u),(u,t) € I,
turns out to be more appropriate for purposes of evaluation. Either viewpoint contains the same content.

Since V; is a vector space, a norm on V; (or g) with any system of norms on Vg®i that satisfies the
consistency condition (2.4), entails a p variation distance function Dy, , for multiplicative functionals
X", Y7 e Q(Vy),

Doy p (X™,Y™) pr o (X(’) Y(”) ’
i=1
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which allows the definition of Q (G)? by way of based multiplicative functionals.

In addition, there is an associated metric on G, dg (-, -), given by

dg (9,h) = |7 |- (4.2)

inf /
YEP(G)vo=g9,v1,=h 0<t<T,
See the appendix 6.4 for details. G is complete for this metric. This means that there is a notion of
continuous paths of finite p variation in G according to Wiener (see 2.2), hence in particular bounded

variation paths Py (G).

Definition 55 Define the p variation distance in Q(G)? to be

Deyp (X" Y™) = Y Peor (X0 = YO)? + dg (X3, YE). (43)
i=1

This definition is not entirely satisfactory unless it implies control of the term

sup dg (X}}’J,Y}ﬂ) . (4.4)
u€[0,T]
In the vector space situation, to each element X7 € (V)?, there is a continuous path in V defined by

xP =xP 4 x{) ev,

although an alternative formulation simply relates this additive property to a multiplicative property

through the exponential map for Lie groups. Let {e;}~, be a basis for V, and {er};~, a dual basis. For
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ease put m = 2, so that

- et (x}”i) 0
o e (xi)
. et (X“’J) 0 o et (xglg) 0
o o (x) o a(xf)
= exp ei{ (X(‘ipj ’ Xg}t)) ’ )
0 es (X +x{))

since the group is commutative.

However, even for a smooth path v € P (G), the first iterated integral does not locate the element
of the group corresponding to the point of the path at time ¢ through the exponential map (when it is

defined). Formally, let I be the identity map
Ij:Vy—g.

Then normally it is the case that

exp (—7 (/Ot dly ('Y))) #% e

To recover the path for a general element of P (G), the requisite information is inextricably bound up
in the full iterated integral sequence. Equivalently if logs are taken, it lies in the free Lie algebra L (V}).

An exception are the nilpotent Lie groups of degree n, where L™ (V) suffice.

At this point it is possible to see how different choices of extensions of the multiplicative functionals

beyond the first iterated integral fcf dly, that remain within the class of geometric rough paths, relate
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to different paths in the Lie group. This is not quite the case for a vector space. For example, see the
straight rough paths of section 5.1.4. Typical examples of straight rough paths in a vector space V,
exhibit behaviour such as accumulating area say, but as paths in V' they remain at the base point. The

associated behaviour in G is more complicated.

As stated before, to give an intrinsic definition, the formulation of the p variation topology should
necessitate control of the term (4.4) which does not appear in (4.3), where X! ¢ ¢ ([0, Txipi] — G) is
some associated function. For a vector space this control is clearly a result of the definition of the metric.

So, does control of the distance (4.3) entail the additional control (4.4) ?

The issue is resolved through a local analysis of a differential equation. In addition, for the case
of connected finite dimensional matrix Lie groups (covering most possibilities) there is a well defined

evaluation map. For X!P) € QG (V)P this map locates points on a path
xtel . [0,Tx -] — G.

Primarily, this is a consequence of Lyons theory for paths in the vector space Vs

4.1.1 A differential equation in L(V)

Consider a vector space V with a norm which extends to each V®i in a manner consistent with equation
2.4. Then for any

le I*(V) C (&},V®),
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[ has an expression
where 1) € V® 50 define

l(i)

n
Moy =3 |
g=1

Ve
and hence a norm on Up2, L™ (V). Then define L* (V) to be the completion of U ; L™ (V) with respect

to the norm ||-||, on U, L™ (V) given by

oo = Jim 1 nyy -

Then (L°° V)l oo (V)) is a Banach space and in addition, a Lie algebra: if [;,1, € L (V),
. i—l .
Lk =3 [V, 67,

n=1

so that

i—1
0 < H () (i—n) “
it < N5
ST (i-n)
n t—n
< 221 e 12" [l etan
e
by the consistency condition 2.4. Therefore [I;,1,] € L (V):
_ 5 @
RATNEEID ] [ M5
e (m)
n m
< 2 Z__llll yen b ”v@m
< 2|l Mall oo -
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The Campbell Baker Hausdorff formula
H (a,b) = log (exp (a) exp (b)),
see equation (6.1), has a representation in terms of series of homogeneous degree i in b, H; (a,b):
(o}
H(a,b)=> H;(a,b).
=0
According to [33] for example, the forms of the first two series are

HO (CL, b) = a

H1 (a, b)

EACCED M THOIO

- (Brams)®

where the B, are the Bernoulli numbers and if |z| < 2, satisfy

> B, . T
E ==
= exp(z)—1

Now if ¢ (s) is the Riemann zeta function, the B, satisfy (see [5])

2 (2n)!
(27T)2n

|Ban| =

hence there is the operator bound on H; (a,b) :

V@) < lblla + 2 e, Bl 2'32"‘

ad ()" ) _

C(

o 1blloq

A

< lblloo + llalloo 1Bl +2Z
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Asn — 00, ¢ (2n) — 1 (again see [5]), hence ||Hi (a,-)|| < oo for ||a||,, < m. Indeed, define the vector

field f: L= (V) = Hom (L* (V),L* (V)) by
f(a) () = Hi(a,").

f is then smooth for ||a||, < 7 (see the appendix Lemma 6.3), hence it is possible to solve this differential
equation driven by geometric rough paths in L% (V) in this neighborhood of 0. The idea is to use this
formulation to solve the differential equation in L (V') for the logarithm of the signature of a rough path

X7l € QG (V)?, a possibility since V c L™® (V).

For a bounded variation path in a vector space v € Py (V'), assume that for ¢ small that the logarithm

of log (Xo.¢ (7)) exists. Then,

2 (log (Xou (2))
= lim % (log (Xo,¢45 (7)) — log (Xot (7))
= lim 5 (B (log (Xo,: (1)) , 1og (Xe.005 (1) ~ Iog (Xo.t (1))
5 H, (108 (Ko (1) 108 (Xeins (1))

= i (s (o (). ).

Thus, for m; €L (V), |jmyl|, < 7, the solution to the differential equation

dm; = f(my) (dye),

satisfies m; = log (Xo,t ()
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So take XP) € QG (V)?P, X(L)p } = 0 with control w (,-). Then Theorem 27 implies that there is an

unique solution to

dm, = f(m)(axP),

while ||my]| ., < 7. In addition, the solution will be a rough path of finite p variation in L* (V') and have

control kpw (-, ) for some 0 < K, < 0co. Thus,
[l 1S, < #pw (0,2)
where this solution is defined, which can thus be taken to include the set of values of ¢ such that
P
w(0,8) < .
Kp
On this set, the logarithm of Xgﬁj = XttpJ is well defined and
log (Xg’f’tj) =m; € L® (V).

This clearly does not show that log (Xg’tj) € L® (V) for any (s,t) € I'r |, /. However locally, in

particular if w(s,t) < 3—3, this statement is true since log (X!?)) is then a solution to an equivalent
Kp g 3,t

differential equation to 4.5 started at time s.
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The equation in g

In a particular lie group G, the equivalent formulation provides a local solution to equation 4.5, describes
the evolution of the logarithm of a curve (where the logarithm is defined). The following lemma is a

standard part of Lie group theory, see for example Hochschild [22].

Lemma 56 If G is a finite dimensional lie group, the exponential map, Exp : g — G, is an isomorphism
of some open connected neighborhood of 0 € g, Wy say, onto an open connected neighborhood Ug of

1eG.

So let g be the lie algebra of a finite dimensional lie group and pick a norm on g, ||-|,. The linear
map ad : g — Hom (g, g) is bounded since g is finite dimensional: there exists 0 < |lad|| < co such that
for all @,b € g,

e, blllg < lladll llallg |Ibllg -

As before, the 1 form f: g — Hom (g,9)

F@®) =b+3lal+ > o5 @) 0)
n=1 :

is smooth, this time on a neighborhood V; of 0 € g,

y§ = 0

dyd = f(v§) (axi).




oxist and are unique for elements of Xlrl € QG (V,)? in V; and have finite p variation with control

g W (5 ) for some kg, > 0, (where w (-, ) is a control for X[P1). The solutions are also continuous with

respect to the p variation metric on QG (V3)?, hence the solutions converge uniformly on Vj.

To map these solutions to G, restrict them to the neighborhood W; NV, (see Lemma 56) where the

exponential map is well defined. Let Ng = {y ylly < e} and define

dg= sup ¢
NECWgNnV,

To which end, the continuous paths

Ezp(y®):[0,7) = G

ss {t > 0}, provide solutions to the differential equation in G

where 7 = inf
yf €N, g

Ezp (y§) (4.6)

il
®

|

d(Exp (v9)) Ezp (y?) o dX[*!
for X!P) € QG (V;)P. Since Hyf”g < Kg,pw (0,1), this is the case for ¢ € [0, T s ]| such that

1)
w(0,t) < —2-.
Kg,p

In the case of v € P, (G), the solution of (4.6) Exp (y}?) coincides with the ordinary differential

equation

dg: = giodys.
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In general, the solutions can be extended beyond the interval [0, 79) where

1 27
Ts = sup <t>s:w(s,t) < —— min (5 ,————)) ,
’ Kg,p " Jlad]|

to a global solution by concatenating a finite number of local solutions. Since, the solutions in g have
finite p variation locally, the form of the metric in G, equation (4.2), implies that the local solutions
in G have finite p variation, which is in turn implies the global solution has finite p variation since it
is the concatenation of a finite number of local solutions (see Lemma 120). Indeed, the local uniform
convergence at the level of the lie algebra, entails uniform convergence for the concatenated global solution

in G with respect to the p variation topology. In other words, the control (4.4) is guaranteed, as required.

4.1.2 Evaluation maps I

The name evaluation ig for the following reasons. Signatures of geometric rough paths in a connected lie
group G, are group-like elements of the Hopf algebra T'(Vj), which can also be thought of as U (L (V})),
the universal enveloping algebra of the free lie algebra L (V). As such, freeness of L (V) means that the
formal identification of V; in g,

I:Vg—g,

entails an unique lie algebra map of L (V;) to g and indeed an unique map
I:U(L(Vg)) — Ula),

which is a Hopf algebra itself. The image of group like elements of T'(Vy) = U(L (V;)), are group like in

U(g). As previously remarked, the role of U(g) as relates to G, can be similar to the object that would
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be the group algebra. The idea is that the evaluation map is a composition of maps on certain group like

elements of U(L (Vj)), to group like elements of U(g) and onwards into the group G itself.

So in this section, g C M« (the n X n real matrices) will be the lie algebra of a connected matrix lie
group G C Mpxyn. The aim is to look at an evaluation map that recovers a path in G from the iterated
integrals and initial point alone, corresponding to a given geometric rough path of finite p—variation.
This evaluation map thus locates the element of G that pertains to the endpoint of a path (c.f. [12]).
For X!Pl € QG (G)?, this group-like element XSU;J can be mapped into G to give an incremental group

element g, (X1 ).

Matrix Lie Groups

Take I : Vg — g C My xn to be the embedding of Vg into M, x,(an associative algebra). The freeness
of L(Vy) implies I extends to a lie map from L (V) — M,x, uniquely. It is not clear however, that
this map is defined analytically with a degree of confidence on infinite series. In the case of a geometric

rough path X!Pl € QG (Q)?, it is certainly true that XL{';J;‘” =exp (I

L, ) for some I, , € L(Vy). However,

typically there is no analytic control on the homogeneous components of | s,¢ from rough path theory to
understand how I acts on the tail of these lie elements. Known methods of extending norms beyond V

to V®™ that are consistent with (2.4), do not globally provide tractable bounds on the lie components.

Instead, it is possible to look at I acting on the whole iterated integral sequence at once. Through
associating a differential equation, Lyons’ result (Theorem 8) applies and confirms that the map of the

incremental full iterated integral sequence of a geometric rough path, is into G.
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Definition 57 For m € M, «,, define the algebra norm

Imllas,y,, = sup lIm(€)lgn - (4.7)

Elipn S

where ||-||g~ s the Euclidean norm on R™ and for v € Vj, set
R 9

vlly, = I (@)

nxn

Let V; have a norm ||-[|,, and endow each component V2™ with the projective norm ||| ,.,.(2.6). For

proj

an infinite series S € T'(Vj), define the L! type extension of the projective norm :

proj

o0
8oy = > 8
n=0

The next Lemma shows that when a series S has finite norm, ||S|| < oo, the object I(S) is a well

proj

defined element of the associative algebra M, xy.

Lemma 58 Let G be a connected matriz lie group with lie algebra g CMuyxn. If S € T (V) satisfies

[18]lpr0; < 00, then I(S) exists and |1 (S)]l,y, . < 0.

proj

Proof. M, «, is a Banach algebra for this norm, hence for any decomposition of the component of §

of degree n, S = E;\Ll 55,1 ®8j2® @ Sjn,

()

N
= ZI(Sj,l)I(Sj,Z) o I (84,8)

Mo 7=t Mpxn
N
< Y M (55 lg, e M (552 g, 1T (85 g -
Jj=1
But | (4)lly,, = lelly, and hence |7 (@)| < [s9]| o that 2, |1 (89)], <
% Mpxn proj Mpxn

and I (S) is a well defined element of M,,x,. &
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A full iterated integral sequence of any rough path X7 € Q (G)* with the projective norm, is of this
type because the norms of the tails of the sequence decay in a pseudo-exponential manner. The following

Lemma describes and confirms this and that the evaluation map is well defined.

Lemma 59 Let G be a connected matriz lie group with lie algebra g CM,xy, and XP1 € Q(G)P. Then,

V(s,t) € p, || XBhe

< 00
proj

and

I (X.L,I.)J’oo> eC <FTXLPJ ;Mnxn) .

< w(s,t)%
proj — A(%)!

Proof. Since there is a control w such that V(s,t), “thj,(n) , define the sequence

X

)1

the relation

o

€

(s,
A(

, n > 1. Stirling’s formula gives the asymptotic approximation, z! ~ z*t3e~%/2n giving

w3

Rl

~ L= 7t 9
W (s,t)

Tn

tiJ,OO

so that —% — 0 as n — oo and so the sequence {z,},-, is summable and thus { oif < 0.

proj

The map I is an algebra map so since X.Lf.’J’oo satisfies Chen’s identity, the map is multiplicative : i.e.
I (X&f’tj’(’o) =1 (ng’g*"") xI (ng’m) Y(s,u),(u,t) € ', . The regularity of the control w (u,t) — 0

as t | u, implies that I (X}f £°°) ~+ idy %y, the identity matrix as ¢ | u, hence the map is continuous. m
This does not quite mean that the paths X! € QG (G)? define incremental elements of G, rather in

M. First consider I applied to the full iterated integral sequence of an element v € Py (G).

Lemma 60 Lety € Py (G). Assume that it is parameterized at unit speed and pick 0 < s < T,. Consider

86




the continuous paths gs (-) : [s,Ty] = Mpxn

gs (t) = I (X$5 (7)) -

Then Vt € [, T4, gs (t) = v; 'y € G.

Proof. Clearly the equality holds for ¢ = s. To show it holds V (s,t) € I'r,, it suffices to check that

gs (t) is the solution (which will be unique), to the differential equation

dgs (t) = g5 (t)dl,
9s(s) = idnxn
First :
1(X% () = iz (X9 ). "
Then
}%I (X% (7))6—1 (X2, ()
= I(XZ% M) lim ! (X (7))5” I(X5 ()

gs () lims o 1 {321 (X85 ) ~1() -1 ()}

+8, (¢) lims_ L I( -+ dz)

di
= g5(t) hm E:I<X§Jt)_,_(S (v ) + Bs (¢) d;
B dl;
= gs (t) dt )

since as I, € P (V,), there is the bound on the iterated integrals

(el <
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giving

i A 2 (<us ), =0

So, for any s € [0,T), the function g,,. (v) € C ([s,T] — G) is the solution to the differential equation

in the vector space M, ., :

gs,s(’Y) = Inxn

dgs: () = gs(t)dls.

Lyons theorem (27) now says that for the p variation topology, the map from driving path to solution is

continuous for the p variation topology.
Corollary 61 Let X!P) € QG (G)P. Then I (x?}.’l’“’) € C(Try,:G)-

Proof. One route to show this is rather crude and makes use of the estimate of the modulus of
continuity (15). It shows that if {y,} -, is a sequence in P, (G), Cauchy with respect to Dg, and

converging to X P!, then in M, for any (s,t) € FTprJ

lim 7 (X% () =1 (X))

n—o0

Since G is closed, I (Xst’tJ’w) €qG.

Alternatively, section 4.1.1 shows that for connected matrix lie groups, the map I is uniformly con-

tinuous with respect to the p variation topology. Hence if {'yn} -1 is as before, the sequence converges
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uniformly to a continuous path in G of finite p variation and hence the limiting path takes values in G.

As a conclusion, elements X!?) € QG (G)? where G is a finite dimensional connected lie group, define
signature paths Xleleo ¢ (FTva r T(Vg)) which when evaluated through the function I, give elements
of C (FTpr ] ,G) of finite p variation. If two elements of QG (G)? are close for the p variation topology,
their extended iterated integral sequence of their signature, are close in the way quantified by Lyons for
paths in a vector space. At one level, the conclusion is a confirmation of a version of Lyons quoted result
Theorem 27 for solving a differential equation in a Banach algebra. However there is also a natural way
to develope the rough path in the lie algebra into the lie group. The reason for this approach is to discuss
how the iterated integrals are somehow elements of the tensor product of a tangent space, which in the

case of lie groups has a global interpretation through the natural left (or right) connection.

For the right connection and the iterated integral sequence X;;(") (v) of a path v € P (G), the
existence of the evaluation map I is checked in exactly the same way. However, the evaluation is now of
the form

I(X52 M) =wv:

in accordance with the reverse tensor multiplication. It is not the case that this reversal of tensors of the
iterated integrals is the only reason why the evaluation map produces v;; * as opposed to v; 1 for the

left connection. The evaluation would be related to the transpose path (Remark 48), a different path in

G.

Remark 62 Given that any rough path can be developed into any connected matriz Lie group G as a well
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defined function of the iterated integrals, a natural question to ask is how a distribution on rough paths
interacts with the distribution of the developments of the rough paths in the Lie groups. For ezample,
is there a natural way to characterize fractional Brownian motion in a Lie group. What implications
are there for choices of higher order iterated integrals say for Wiener motion in order that the developed
paths correspond with a notion of Wiener motion in the lie group ? In particular, there could be specific

information to say that area process should concur with Lévy’s distribution [27].

Remark 63 For the case of a connected matriz lie group G C Mpxn, the evaluation map applied to
Q(G)? generally produces a path in Mpxn, not in G. In the case of a vector space, the first iterated
integral alone maps to a path of finite p—variation in V, however it seems a hard problem to construct
a well defined map that associates an unique element of QG (G)? to non-geometric rough paths. One

method of projecting lie algebras is mentioned in the appendiz and shown not to work, section 6.6.

4.2 The shuffle algebra revisited

Parallel to the construction above, there is an analogous shuffle algebra analysis for paths in a connected
Lie group. There is a canonical way of constructing a left-invariant 1-form on G from an element of

*

g". The subset of the cotangent bundle generated by these canonical extensions, define a collection of

functions which relate to paths in G in the same sense as the shuffle algebra structure of section 3.3.

Notation 64 Toke w € Vy =T, (G) the dual space to Vy identified with the cotangent space of G at the
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identity e. Then w defines an element & in the whole of the cotangent bundle of G by

where v € Ty (G), which is the tangent space to g € G. Denote the set of 1-forms in the image of this

map by T~ (G).

Now take w € (V;)®n of the form

13

[
&
®

with w; € V. If v € Py (G), then

@ (Xsig (7))

_ / / wi (dly, (7)) -+ wp (L, (7))
0<uy <up <+ Lun KTy

= // W1 (Yo @vay) * - wn (Vi AV,
0<us Su < Lun <,

DS“IS“ZS"'SunST'y

The action of such w on QG (G)", extends to an action for the whole of 7 (V) on QG (@)', which at

the same time is mirrored by an action on Py (G) by 7 (T%~ (G)).

As with 7 (V*), the shuffle product applies in T(VQ*) to represent how this collection of linear
functions on QG (G)1 multiply together to produce in exactly the same fashion, or equivalently the

multiplication of 7 (T*™ (G)) as functions on P, (G).

An aspect to discuss is related to the set of signatures that can appear in the tensor algebra T'(V)

for rough paths in a vector space as compared to T'(Vy) and rough paths in a Lie group G under an
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jsomorphism between V' and V;. The set is the same because the elements of P; (G) are thought of as
paths in V; through a smooth correspondence : the map of differentials from T., (G) to Te (G) produces a
bounded variation path [, = fot dls € V. Given this fact, the paths I, € V; that could possibly appear as
signatures through isomorphic correspondence of the V;’s for different Lie algebras, are the same. Hence

the objects in the completion with respect to the p variation topologies are the same.

For the right-connection and right invariant vector-fields, the appropriate extension of w € g* to an

element of T* (G) is given by @ (dz) = w (dzg™!).

The duality ideas of 7 (V) and T(V;) carry through also - this time, T'(V;) is thought of as the

tensor algebra of left-invariant vector fields on G.

Generally, there is a shuffle algebra based on A (G), the smooth 1-forms on G, 7 (A (G)). As in fact
with the above construction, any element of P, (G) defines a homomorphism of the shuffle algébra of
forms 7 (A (G)). In fact, the construction exists for 7 (A (M)) for any smooth manifold. The set of
algebra homomorphisms though, contain objects which are no longer identifiable with paths though. For
example, let M have a Riemannian metric, ¥ € P, (M) and f be a bounded measurable function on M.

Define ¢ : 7 (A (G)) — R by

¢’f,'y(w1 ®w2®"'®wn)

- // £ (u) 1 (Yons dos) -+ F () e (Yo A, )
0<us Sup<--Sun<T,

where w; (2;-) : T, (M) — R. ¢y, is an algebra homomorphism of the shuffle algebra built over 7 (A (G)),

though does not correspond to a path itself. For the case of a Lie group and v € P (G), this action of
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multiplying the differential v~ 1dy by such an element f, does produce another path, that will be of
pounded variation. Tavares examines a similar construction, a space of generalized loops on a smooth
manifold, in [42]. The Hopf algebra formalism induces a group structure for these loops which have

applications to construct a formalism for gauge theories and quantum gravity.

4.3 Paths in 2-dimensional hyperbolic space

Let G be an n—dimensional connected matrix lie group with lie algebra g and let M = G/K, where K is
a compact subgroup of G. Extending further the picture of rough paths of finite p—variation as elements
of QG (V4)?, the graphs of rough paths on manifolds M = G//K, can be identified as being the graphs of

the image in M of the signature process of rough paths on G under the quotient map

qg:G— G/K.

Let X!?! QG (G)P start from the point
g= X(L,p lea
and let I be the evaluation map. Then the curve

Yt =4q (9 -1 (ngg;o,t))

defines a path in G/K which is the image of the geometric rough path in G. Riemannian manifolds
that are globally symmetric are diffeomorphic to spaces which fall into this category. A family of such

examples are the hyperbolic spaces.
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This section is an analysis how a C? curve in R? can be identified with a path in 2—dimensional

hyperbolic space. The aim is to show how the end point is a function of the iterated integral sequence
and the start point. Through a scaling procedure, it is possible to use the curvature of hyperbolic space
to deduce length information about the original curve. It is a function of the limit of the scaling and the
hyperbolic distance between the beginning point and the end point. Hence, using the relationship to the
iterated integral sequence, length information is obtained through a kind of non-commutative harmonic

analysis of the iterated integrals of the path.

The first objective is to show that in 4, the upper half-plane model of hyperbolic space, curves of
constant curvature are segments of circles which intersect the real axis at an angle which is a function of

the curvature of the curve alone.

The second objective is to show that if the magnitude of the curvature of a C? curve, is bounded
above by a constant k£ < 1, then the image of the developed path in 4 is restricted to a given subset. As

k — 0, the subset centers around a geodesic from z = i, so confining the development.

The final part involves developing scaled versions of a C? curve 7 to deduce information about it’s

length from it’s iterated integral sequence.
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4.3.1 Cartan development

The Upper half-plane model of hyperbolic space, i

The following stated properties of 4 are all well known - they are used in the calculations afterwards.

SL(2,R) /SO (2) is isomorphic to the upper-half plane model of hyperbolic space

U={z=z+1iy:z,y e R,y >0},

under the continuous action ¢: SL(2,R) — U~ SL(2,R) /SO (2)

o b _ai+b
? T ci+d
c d
5 0
With the metric g = , Y is a Riemannian manifold with constant negative curvature x = —1.
0 %

Ify(t) =z (t) + iy (t), t €[0,1] is a C! curve in 4, then the length of the curve I (7) is thus given by the

T 2 2
@ (%) )z
l(fy):/ dt:/ Ldtlge.
0 Y o Y

Geodesics are given by curves which are semi-circles centered on the real axis. Denote by wg the set

formula

of points on the geodesics that pass through z = i that subtend an angle § with the imaginary axis
(see diagram 4.4). Straight lines parallel to the imaginary axis are included in this description, being

semi-circles whose center is at infinity.

Suppose v : [0,T,] — i is a C? curve, vz = =z + iy € 4, that is parameterized by arc length.
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According t0 [18], the vector

pe = (ug,m)
72 yz
.. 29‘3155% . ( t t)
= Ty — , +

' Yt ve Yt

Ty
is orthogonal to the curve at each point in the sense that the inner product p:g = 0. Then

Yy

the generalization of the Euclidean curvature of the curve is given in relation to the inner product by
Vient

For two points z1, 22 € U the hyperbolic distance d (21, 22) can be expressed:

2
cosh (d (21, 22)) = 1+ 2—(-;3(1;3;—%2—) (4.9)
The subgroup PSL (2,R) defined as
/ \

a,bc,de R
a b

PSL(2,R) = ad—bc=1
¢ d

a>0

\ 7

SL(2,R) /{*I2},

12

has lie algebra

a b
psl(2,R) = a,b,c,d e R
c —a
PSL (2,R) acts on 4 by
a b az+b
— .
cz+d
c d
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with this action, PSL(2,R) is the set of isometries of . The following two important subgroups of

PSL(2,R) § = {sx: A e R},

R={rg:0€(0,m)}=280(2)/{+L},

generate the whole group:

A2 0 exp (A/2) 0
8\ = exp = AeR,
0 —X/2 0 exp (—A/2)
acts by on i by multiplication, z — exp () z, fixing the geodesic which is the imaginary axis and moving

points on it a distance |A| either away from or towards the origin if )\ is either positive or negative.

Diagram (4.4) shows sy (i) = ie* for some X > 0.

0 -—6/2 cos (6/2) —sin(6/2)
Te = exp = 6elo,n),
6/2 0 sin (6/2)  cos(6/2)
acts on Y by “rotation” about the point z = i: the point z = i is fixed while a geodesic which subtends

an angle o with the imaginary axis in a clockwise sense, is shifted by an angle 8 in a clockwise sense at

the point i. The diagram also shows how wy is transformed by 74 to we.

Note that R >~ SO (2) / {£I2}, that rg (3) =1 Vrg € R and that

PSL(2,R)/ (SO(2) / {£L5}) ~ U.

So define the quotient map ¢ : PSL(2,R) — U which effects this isomorphism by

ai+b
_ , 4.10
q citd (4.10)
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Figure 4.1: The diagram shows the geodesics wy and wy in U and indicates the action of s,

and rg.

Figure 4.2: A description of the orientation of the vectors e;,e; and vy in R2.
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4.4 Paths in

Let ¥ €Pb (Rz) where R? has orthonormal basis e, ey for the Euclidean metric with the orientation of

diagram 4.2. The family of lie algebra maps
¢)\ : R2 - pSl(2a R) ’

by

A
o (ze1 + yez) = 3 . (4.11)
T -y

Using the Lemmas of section 4.1.2, the family of evaluation maps
{I (¢} ¢>\|)\ > 0} ,

define paths in PSL (2,R),

Io¢y: P(R?) — P(PSL(2,R)).

Application of the continuous function g : PSL(2,R) — il hence gives a family of continuous paths
%A € P(Y4). The aim of the following section is to show that the paths in 4l are the so called developments

of the path vy € P(R?) into hyperbolic space under different scalings within R?.

4.4.1 Cartan development in i1

For an abstract discussion of developing paths into a Riemannian manifold, [40] provides detailed de-

scription of how to realise the motion in the orthonormal frame bundle. This particular type of manifold
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requires less technology through the additional geometric properties of being a two dimensional symmetric

space.

Consider elements v € P) (R?) = {y € P, (R?) : 4o = 0}, with the Euclidean metric with orthonormal
basis e1,e2 as in diagram 4.2. To develop the simple path moving in a straight line at unit speed in a

direction

vy = sin(f)e; +cos(f) ey € R?

% (0) = tu,

consider the iterated integral sequence X% (v (6)) = exp (¢ — s) vy) and the identification ¢ of R? with
psl(2,R) as in the paragraph above. With the norm |||, . on psi(2,R), ¢, is continuous and ¢ || = A,

so Vp > 1 extends to a map

¢x 1 Q°G (R*)? — Q°G (PSL(2,R))?, (4.12)

where

Q°G (PSL(2,R))” = {XI") e 09G () : X = g}

The evaluation map

I:9°G(PSL(2,R))” — UrsoC (U, PSL(2,R)), (4.13)

turns tensors in 7'(psl(2,R)) to matrix multiplication in Msyx2 and hence provides the form for the
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incremental group elements:

9ot =1 (o (X2 (7(6))))

I

T (¢ (exp ((t - 5)2p)))

_ i (A (t:S))jI(qSl (28%))

— !

i (/\ (t _ S) /2)] CcOos ((9) sin ((9)

=0 sin(f) —cos(6)

cosh (A(t —s)/2)+
sin (8) sinh (A (t — 5) /2)

cos (A} sinh (A (t — s) /2)

cosh(A(t—s)/2)—
sin (f) sinh (A (¢t — s) /2)

cos (6) sinh (A (¢ — s) /2)

cos (8/2) —sin(6/2) exp(A(t—3s)/2) 0

sin (6/2)  cos(6/2) 0 exp (=A{t —s)/2)

cos (8/2) sin(6/2)

—sin(6/2) cos(6/2)

It

TOSA(t—s)T—0- (4.14)

Clearly this element of C (T'z, , PSL (2,R)) satisfies
g 095 =gty V(ts),(s,r) €T,

The action of evaluation at z = i, given by the quotient map q : PSL (2,R) — il (4.10), applied to the

path g, = gg:t)‘ , describes a curve in il from the point 4. From the decomposition (4.14), the effect is to
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preserve the geodesic wy and to shift points on it through a distance At.

Remark 65 Note however that since r_g € R, 7_g (i) = i, so the image of the curves g (gf”\> =
q(rosaer—o) and q(rgsxs) are the same in 4. The difference is described in figure 4.4.1 which shows that
the orientation of the frames (denoted by the tangential arrow) at the point q (gf ”\> is correct for the left

hand picture but wrongly aligned for the right hand picture.

This demonstrates that it is necessary to take a little care to find the correct path in 4 to describe
the path development, which is really a path in the orthonormal frame bundle of {{ (see [40]). A heuristic
for thinking about the 3 dimensional lie group PSL(2,R) as the collection of isometries of i, is as the
set of rotations R which parameterize the orthonormal frames at z = i, with the translations to different

Points of 4{. The next proposition demonstrates the evaluation map is in fact correct for this purpose.

Proposition 66 Let v €P (R?). The path g; (i) = q (g:) where
ge=T0¢1 (X3 (7)), (4.15)
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e

€4 .

is the path of the development of v into U from the point z = i, where the tangent spaces at vy and z = ¢

are identified according to 4.11 and figure 4.2.

Proof. Certainly go = so that gg (¢) = i. Without loss of generality, assume that -y is
01

parameterized at unit speed and denote by 6, the angle that +; makes in a clockwise sense with ey (see

figure 4.3).

Elements of PSL(2,R) map geodesics to geodesics and are conformal maps, hence preserve angles.
Being isometries, they preserve the metric so if for any ¢ € [0,T,,], the differential of the curve g; (i)
is infinitesimally tangent to the geodesic g; (wg,) then at all times, g; () is moving at an angle 8; with
respect to the frame defined by g; and also at unit speed. In other words it is enough to check that the

differential equation

dgs (I (exp (due,)) () lso= dgiys (i) lso
dé - dé =

since ps = Iy (exp (6wy,)) (3) is a path moving along we, at unit speed. But gi15 = g¢ 0 I1 (X,‘fzw (’y))

and

2 (1 (X335 ) im0 D 25,)
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= Hd—é (11 (exp (62g,))) ls=0 ,

by definition of 8;, hence the equality holds. (c.f. Lemma 60) The curve g; (i) thus corresponds to the

curve 7 rolled onto without any slipping, i.e. it is the development of 7 into . =

As a corollary to the proposition, there is a description of the development of scaled paths.

Corollary 67 If v €P(R?), then scaling R? by a constant factor X > 0 produces a curve in R?, which

developed into 8 follows the curve g} (i) where g = I o ¢x (X&, (7))-

Proof. This is immediate from the proposition above and the definition of ¢y 4.12. =

Developing a C? path in Hyperbolic Space

Having established how to develop paths from R? into i, the aim now is to investigate the following
effect. Developing a path into negatively curved spaces, has the effect of straightening the path because
the curvature offers resistance to the path curving back on itself. As the strength of the curvature

increases, the resistance is more successful at inhibiting the curving effect.

Suppose one has a C? path «y in R? of finite length [ () starting from the origin. There are various
ways to parameterize the curve but think of a pedal parameterization, in other words, move along the
curve at unit speed and let 6; be the angle that a tangent line to the curve at time ¢, makes in a clockwise

sense with the e; vector as in figure 4.3. The path 6. : [0, ()] — [0,27) parameterizes :

t
v o= / (sin (65) eq + cos (0,) e2) ds,
0
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as does knowledge of 8y and 6, = Ztyy — Y&y the curvature at ;. This is the parameterization used in

what follows.

The next proposition describes curves of constant curvature in {1

Proposition 68 In i, curves with constant curvature § are circles or segments of circles whose center
lies in UUR. If 10’ > 1 the circles do not touch the real azis, if .Gl = 1 the circles touch the real azxis
once and if lﬂl < 1 the circles intersect the real azis twice. In the latter case, the angle o ( ) which is
exterior to the circle and between thev circle and the real azis is an invariant of the curvature. It is given

by cos (a ( ) ] ‘ so that 0 < l )} < /2 and the center of the circle is in 4.

Proof. Take the following differential equation in terms of 8 for an element of PSL (2,R) :

1 -4
dhl = bl o ‘;t : (4.16)
6 1
The solution for kY : [0,T] — PSL(2,R), is ht = exp . The curve zf = hf (%) has the

form:

2 =

é(cosh t\/l__0~> 1 1~02> |
(cosh <t 1—0) V1-4 s (M:E ))

zt 2
6

In fact zf is a curve of constant curvature : elements of PSL (2,R) preserve the metric, hence since

(4.17)

Ir—t

and after computation, zt satisfies

h§+t (1) = hg (hf (z)), the curvature at any two points is the same. To check that this curve has curvature
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g, it is only necessary to compute the curvature at ¢ = 0, i.e. to show that 4/ uggugt = IG and that the
y

cense of curving matches that of the circle in R? with curvature 6.
zp = Ty + WY,

<o the form (4.17) enables the evaluations

20=0 do=0 =0

Yo=1 go=1 Ho=1

and the calculation pg = (0, 0) which gives \/m = l@‘ The fact that the center of the circle that z

lies on is 1 + i ensures that the sense of curving is preserved.
]

In the case that 191 > 1, the circle does not touch the real axis. If |0| < 1 however, it does. Since
elements of PSL(2,R) are Mobius transformations of C which preserve angles between lines and fix the
real axis, the exterior angle subtended with the real axis and a circle (when ]0} < 1), remains constant
under the action of PSL(2,R). The circle given by 2; above subtends the angle o with the real axis,

cos (a (9)) = ]9' as t — 00, clearly only when '0] < 1, hence this is an invariant for when !0] <l m

Remark 69 It is interesting to tie up why a different form to (4.15) for the evolution of the C? curve y

comes from the proposition. The form of (4.15) is

1 0
go =

0 1
dg: = gioli(dy)
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Figure 4.3: 3 circles in R? are developed into 4, C,,,Cy and C,,of radii p; <1, 1 and pz > 1

respectively, have images 591,6’1 and 592. The latter make angle o (;12—> with the real axis

and satisfies cos (a (l)) = L
P2 P2
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and hence gt (%) is the developed curve, whereas the form of (4.16) is

cos (6p/2) —sin(0y/2)

ho =
sin (6p/2)  cos(60/2)
1 -6
dt t
dht = ht o —2— .
6, -1

and hy (1) is also the developed curve. The relationship between the two curves is mentioned in remark 65

: cos (0:/2) —sin(6:/2)
and boils down to a difference in frames. In particular, g; lhy = =19, €R

sin (6:/2)  cos(6:/2)
which reflects how 4.14 leads to the differential equation 4.16: the initial point for hg is taken care of but

the final adjusting rotation is not.

The next lemma uses the knowledge of curves of constant curvature in i to describe a bounded set

in i of points through which curves of low bounded curvature can pass through.

Lemma 70 Let 0 < k < 1 be a bound on the curvature of a C? curve v in R? which moves in direction
—~e2 at t = 0. Define U, (z,8) C U to be the closed set that is bordered by the real azis and the pair of
circles centered which have constant curvature k in Y and pass through the point z making a tangential
angle of B with the imaginary azis ( in a downwards sense), so that ., (2, 8) is bounded by the circles
centered at £k~ + 1 of radius k' and includes the points pi, 0 < u < 1. Then, if v is developed into i
from z at the initial angle B according to the identification ¢, (4.11), the image of the development lies
in Uy (z,8). The two bounding curves themselves, parameterized by unit speed, describe the points which

minimise the hyperbolic distance from z =i for curves developed for the same amount of time under the
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Figure 4.4: A description of i, (¢,0) and a curve v developed to path p(v).

bounded curvature condition. This distance p, (t) is given by

cosh (tv1 — K2) — K2

cosh (g () =

Proof. When « < 1 the previous proposition states that a curve of constant curvature 6 = & intersects
the real axis at an angle o (k) where cos (a (k)) = k. The development of v, p; (7) € U satisfies po (7) = i

and pg (y) = —1, remaining in i (3,0).

To show that p; (7) = = (7) + iye (7) € Ui (4,0) V¢t € [0,T,], consider the two points Ly (2,8) <
R, (z,) where z € Uy and B8 € [—m, 7] is an angle representing a tangent direction for curves at z, the
angle being measured anti-clockwise from the imaginary axis towards zero. L, (z,8) and R, (z, 3) denote
the left and right intersection points with the real axis, of curves of maximal curvature developed from

the point z at the angle 8. Simple trigonometry implies

, y(eos(8) —sin(a(x)))
(cos (e ()] — sin (3))

y (cos (B) — sin ()
(cos (a (k) +sin (8))
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— 3
Rb:(pt(y)i Bt)

L (BB

0

Using the fact that cos (o (5)) = 3¢ for a curve developed with constant curvature s, the angle 8; = 8, (v)

satisfies the differential equation

B = (9t — sin (,Bt)) .

With & fixed, the aim is to show that the functions

I

R, Ry (pt (7) ,Bt)

Lt Ln (pt (7) 7:6t) 3

respectively satisfy
<Rt < 0) with equality < (ét = Ii)
(Zt > 0) with equality < <ét = ~/~c) ,

Figure 4.4.1 represents how the region §, (pt (), By) and the functions R; and L, depend on the point

Pt () and the angle ;.

Take the calculation for R;, L; being a similar computation:
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2 i Gt (v) (cos (B) —sin (a (k) | Beys (7) (1 —sin (a (k) + B))
B =2 () + (cos (a (k)) —sin (Bt)) * (cos (a (k) —sin(By))®

From the metric g (7)* +&: (7)? = y: (7)” and hence @ (v) = y; (v)sin (8, G (7) = —vs (7) cos (B)

which implies

: — cos(B) (cos(By)—si
- sin (5,) + ~=5Lolodisplalo))
R, = y (’Y)

(6. —sin(B,)) (1—sin(a(x)) cos(8;) —cos(a(x)) sin(B:))
+ (oos(a(x))—sin(B0))?

e (7) (0 — cos (o ())) (1 — sin (@ () + )
= , 5 <o.
(cos (e (k)) —sin (Bt))

From a similar calculation

e () (8. + cos (@ () (1 — sin (a () — B2)
; >0
(cos (@ (k)) + sin (Bt))

t = )

since —k = — cos (@ (k)) < §; < cos (a (k) = k.

Therefore, when x < 1, a developed path p. () cannot move out of i, (,0): if one did, then clearly
one of the functions L; or R, would decrease or increase respectively at some time, which from the
differential inequalities is impossible. So indeed, the developed path from a point z at an angle G as

described with curvature bounded by & < 1, will lie in the region il (z, 8).

It remains to be proved that for a given time/length t, out of all possible C? curves, the minimising
distance from the starting point after time ¢ is given by travelling along a curve of maximal curvature.
For this, consider the unit disc D as a model for hyperbolic space as it is easier to understand the metric.
Precisely the same characterization is true of curves of a given curvature é going through any point in D,
hamely they subtend the angle o (10‘) at the boundary (the transformation of { to D is conformal). In
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WUz

the left part of Figure 4.4.1, the region i, (z, 8) has been mapped conformally from i to f, (. (2, 3)) C D

where f, is one of the Mobius transformations for which f, (z) = 0.

For a point ¢ € D, the hyperbolic distance § from the origin to < is given by |¢| = tanh(§). A
contradiction is obtained if it is supposed that there is a C? curve which develops into D so that at
time ¢ it is closer to the origin than for the curve of constant maximal curvature. For a given point
of a development ¢ € D with A = |c|, there is a set of feasible angles that can be subtended with the
radial line from the origin. By symmetry, these angles are characterized as precisely those which permit
development back to the origin by a path of curvature bounded by k. That is, the image of {l,; in D for

development from z initially at the given angle, must contain the origin.

In figure 4.4.1, the right hand disc shows how at a point ¢, it is not feasible that a developed path
can pass through ¢ at angle vy, since the previous part of the development is restricted from the origin,

Whereas v, is the critical angle of feasibility.
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For t e [0, T»y], let

& = filpe(7)

Ay <3

Jt tanh—l (At) ,

o that d; is the hyperbolic distance between the start and endpoint of the development p; (7).
s

Consider a path .. : [0,00) — D of unit speed and constant curvature x with g0 = 0. Then

low,r| /1 as T — co. Take t € [0,T,] and let 7 (t) be the unique value such that

IQK,,T(t)I - At-

Then

A 6]9:-: 'rI
A > oatdet ALY R ,
=" lr=rte

since if not, the angle at ¢; on the developed curve made with the straight line from the origin is greater
than that which the curve g, , makes at 7 = 7 (t), which means that this angle is infeasible for the

development ¢, to have come from the origin. This implies 7 () > ¢ and hence that |g, ;| < A; Vt € [0,T3].

That is

|ex,¢l < [fi (pe (7))] = tanh (3;) V¢ € [0,T;].

Hence to calculate the minimum distance p, (t) = tanh™ (Jox+|) using the form (4.9), it suffices
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(according to (4.17)) to evaluate and simplify the equation to produce the desired form:

cosh (px (t))

(% (cosh (tv/1 = K?) — 1))2 +

1 —cosh (tv1 — k%) + V1 — k?sinh (tvV1 — &
Vv ) ++/ p] 7)) 2

2 (cosh (tv1 — k%) — k% — v/1 — kZsinh (tV1—k2))
- cosh (tv1 — &2) — 1

1— K2
_ cosh (tv1 = K2) — K2
- 1— k2 '

4.4.2 Relating motion in R?, PSL(2,R) and U

The aim of this section is to connect together the understanding of motion of a twice differentiable path
in R?, with the motion in PSL (2,R) given by (4.12) and (4.13) on the one hand and the development of
the path into i on the other. The result is that the iterated integral sequence can be used to find the

length of the path.

Take a C? path in R? of finite length parameterized at unit speed, 7. : [0,1(v)] — R? with vy = 0.

Use the orientation of figure 4.3 and the description

Y =z () e1 + Yt (7) ez
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hen tan (6:) = z—:%—; and the curvature 6; () has the form

05 (v) = & (V9 (7) — G (V) 8 (7)

and is bounded in magnitude since I () < 0o. Set

Define the set of scaled paths v* : [0, Al (7)] — R? by
% =X
so that

1Y) = N

b (’Y/\) = )\_191:/,\ ")

and thus

|
Kyr = Ay Ky

the path v*. If A > k., then

K &
1 4f1- () < 2 <,
therefore
d’\
L = Al.i_)ngo _)\l
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my:inf{nl K> lét('y)l,ogtgl(fy)}.

(4.18)

Proposition 71 Let~y be a C? path of length 0 < 1 () < oo in R? and ~* be the paths defined in equation

(4-18). Define d?‘y to be the hyperbolic distance between the start and the endpoint of the development of




Proof. We may assume that v is parameterized by unit speed. Since k, < oo, when A > k.,
= % < 1. By rotational symmetry, we may assume that 43 = —ez so that lemma (70) applies. This

ﬁry)‘ﬂA"'

gives the lower bound for the distance dJ), of

ey (M) < d) <N (),

cosh (/\l (M y1- (%)2) - (%)

1- (%)
cosh ()\l (M)/1- (%’1)2)

and the upper bound is due to the length of the developed path being Al (). Therefore for A > &,

cosh (pe,, (N (1)) =

Y

2 g
1= (F) < F <), (4.19)
as required. The final statement of the proposition follows on. m

In order to relate d,); to the iterated integral sequence ngl(v) (v), consider a general element g of

PSL (2,R). Then there is the following form for the distance between ¢ and g (4):

Lemma 72 Letg = € PSL (2,R). The hyperbolic distance between i and g (i), p (i, g (¢)) has

the form :
p (3,9 (7)) = log (a +va?-— 1) ) (4.20)

where

2 2 2 2
M il ’;C &) (4.21)
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Proof. Set z =i and w = 238 — (—%)iﬁ in equation (4.9) to obtain

(bd +ac)® + (1 — (2 + d2))?
2(c®2+d?)

(bd + ac)® + 1 + (2 + d2)*

2(c? +d?)
a2c® + B2d2 + 2abed + 1+ (2 + d2)*

2(c2 +d?)
a?c® 4+ b2d? + a®d? + b2c? + (2 + d2)2
2(c2 + d?)

(a® +b% + ¢ + d?)

5 ,

coshp(z,w) = 1+

to which end, the given form for p (¢, g (¢)) > 0 is obtained. m

Remark 73 In the context of i being a symmetric space and with reference to [30], the following propo-
sition is more widely applicable as an interpretation of the distance between the quotient of the identity

and the guotient of a group element g. Without saying any more, it concurs with the formula (4.20).

Proposition 74 The distance formula (4.20) also has the form

tr ((1og (99)?)

pleg) = 5

Proof. Take the decomposition

a®+8 ac+dbd

ac+bd 2+ d?

a+vVa?—1 0
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in terms of the eigenvalues of the symmetric matrix gg*, where U is an orthogonal matrix and « is given

by (4.21).Then

Y s P S
a+va? -1
and so
2
log (@ + Va? - 1) 0

tr ((log (ggt))z) = tr
0 log (o — Va? — 1)

= 2log (a—l—my,

which proves the proposition. =
Remark 75 In this example, it is possible to see that evaluating a path v at it’s endpoint to an element
g € G say and taking its transpose matriz g relate the transpose paths of remark 48: let v be the

transpose of 7y, then gt is the evaluation of v*. An interesting problem may be to see how these actions

on paths of evaluation and transposition are generally related for the setting of symmetric spaces.

As a corollary to the previous proposition and lemma, there is a form for the length of a C? path in

terms of the iterated integral sequence:
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Corollary 76 Let y be C? path of length 0 < 1(7y) < oo in R? and set

g = Iog (X?fz(v) (’Y))

o]

= S Nlog (xg{gw) (7))
j=0
ad b
- | 7, (4.22)
A A
ey d7

where I o ¢y is defined by (4.18) and (4.12). Then p (i, g} () = d) and I () ,the length of v satisfies

log ((a3)” + (8)° + ()" + (&)
)= )\l—i—»nc}o ( A ) '

If A\ > Ky then

exp (Az (1)4/1 - (%\1)2> <ot +1/(a2)’ —1 <exp (N (7)),

o @) )+ () + (@)
v 2

Proof. df‘/ is the distance between the point i and g;\ (%), the endpoint of the development of v into

il so the lemma (72) implies

d) =log (c@ + 14/ (oz:})2 - 1) :

Then proposition 71 implies that as A — oo, df‘/ — 00, SO a%‘ — 00 also. Proposition 71 also states

A
o) =i

log (af; + (o@)2 - 1)
= lim
A—+00 A

lim log (20@)
A—00 A

?

as required and the inequality follows from equation (4.19). m
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4.4.3 Evaluating [ o ¢, for an iterated integral sequence

Having seen that I () is a function of the full iterated sequence if v is a C? path, it remains to show

A pA
a, b
Y
how to evaluate the form of g,)y‘ = . The following computation indicates how to make the
A A
¢, dy

evaluation for any element of the tensor algebra T'(R?) and in particular for vy € P (R?). It is not the

most revealing computation.

With the choice of orthonormal basis of R?, e1, ez, a basis of T(R?) can be constructed from the

collection of all ‘words’ in ey, s, i.e. tensors of the form
Wizeil Rep Q- Be,,
with ¢ = {i1,72,...,in} € {1,2}", n > 0. A basis for (R2)®n is given by the set of tensors
wr={w;| ie{1,2}"}.
Proposition 77 If W; € W™, then W; has an unique minimal representation W; = ei@jl ® e?’“ -

eéek"‘ where jp, kn > 0. Set

a(i): Z jm1km2

my<mg

and ||j|| = S0 dp, kil = ey kp. Then with I o ¢y defined by (4.13) and (4.12)

roon () = (-1 1 () 1 (o)
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and hence

Proof. Since

Io ¢1 (WL)

(—1)°® (%
(—1)°@ (%

(—1)°® (%

(=1)7® (%

Io ¢1 (61

) lla]|+1Eh
) 21|+ 11H

) )1+ 11l

) ]|+l

®62) =

10
if |||l is even, ||E| is even
01
1 0
if “«l” is even, |lk|| is odd
0 -1
0 -1
if ||| is odd, ||kl is odd
1 0
01
if ”l” is odd, ||k| is even.
1 0
1 01 y 1 0
4
1 0 0 -1
110 -1
4
1 0

—To¢i(e2®e1),

the general form I o ¢, (e?i ® & ) =(-1)YTo¢ (ei@j ® e%z”) applies and induction implies that

Loy (W) = (1)@ To g, (elllill> 1y ().
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Observe that

Togy (ef?) =1Tog¢ (e5%) = - ,

so the 4 identities above follow. m

Take v € P, (R?) with a representation v; = vle; + y2ez to provide the following representation of

the n'th iterated integral:

Wo- S [ enesim
W;ewn 0fur <o Lun LT,y

W™ splits into two subsets according to whether the index set i satisfies H J H = #{m|iy, = 1} is odd

or even. The map I; acts on W; € W accordingly, so denote the following subsets:

Notation 78 Define the subsets:

wme {Wi e W ||j|| is even}

wo

i

{wie W™ ||j]| is odd} .
Then the evaluation of the n’th iterated integral defines a collection of co-ordinates:

Proposition 79 For y € P, (R?) define the co-ordinates €2 (7),€ (v) :

En(’y) = Z Eﬁ// dfyil...dfyi"
) wiewne 2 0<ur <o < “ o

. (=)@ i e
ey = > o ) fcue dyyy o dng -

WiEW"'O
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Then the iterated integrals satisfy

e (1) —e ()
Togy (XPP (1) = x

& () ()

et () e (y)
Togr (XE () = Azt

e () —enti(y)

Proof. The proof is immediate from Proposition (77). =

Corollary 80 For vy € Py (R?), g3 =Io ¢y (XS?TW (’y)) has the form

N €e ()‘77) + 0 ()‘77) —€o ()‘77) + 0, (/\77)
g’y = I3

€o ()" 7) + 0o ()" ’Y) €e (’\9 ’7) — O¢ (/\1 'Y)

where the series are given by

ee(My) = Y A (y)
n=0

eo(N7) = D Xt (y)

n=0
0

0c (A7) = Y AP ()

n=0
o

0 (N7) = DN (7))

n=0

Proof. The statements follow from the summation

2 =D (X5, () = -1 (X3, ()
n=0
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Finally, it is possible to tie in this to the computation in Corollary (76) to give an estimate for the

length I () when 7 is twice differentiable:

Corollary 81 Let v € P, (R?) be twice differentiable. Then

o = (ec (M 7)* + (€0 (A 7)) + (0e (A, 7)) + (00 (A, 7)) (4.23)

(ee (A M) + (60 (A, 7))
log | 2

+(0e A7) + (00 (A1)
A

1) =,

and for A > K.,

exp ()\l (1)1/1 - (%)j < +4/(e2)? 1< exp (N (7). (4.24)

A bA
A . A ary R
Proof. o is given by g7 = and
A A
¢y dy

But matching this with the form of Corollary (76) implies the formula (4.23). The last pair of statements

come from Corollary (80) m

Conclusion 82 To conclude the section briefly, it has been shown how to use iterated integrals of C?
paths in R? to obtain length information. There are many criticisms of the conclusions and ways in
which it would be desirable to improve it with more time and motivation. To state some of them, one is

to ascertain how the formula extends to bounded variation paths, or piecewise C? paths. Another regards
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eztending the picture to paths in R™. Another would be to examine more closely the inequality (4.24)
and extract finer information about the magnitude of the higher order iterated integrals of these paths. In

addition, many directions clearly exist for developing the principles for p variation rough paths
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Chapter 5

Rough Paths and T (V)

‘L’Homme révolté’

“What is a rebel ? A man who says no : but whose refusal does not imply a renunciation.
He is also a man who says yes as soon as he begins to think for himself. A slave who has
taken orders all his life, suddenly decides he cannot obey some new command. What does he
mean by saying ‘no’ 7"

Albert Camus, 1951.

This final chapter is concerned with the réle of the group-like elements of the Hopf algebra T'(V') with
regards to rough paths. It contains a collection of observations which seem to gather together as part of
a discussion on the free lie algebra and analytic properties of signatures of geometric rough paths. The

first section concerns some group aspects and observations about the free lie algebra. The second is about
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measures on geometric rough paths and how they relate firstly to a kind of moment generating function

or Laplace transform and secondly how they relate to non-geometric rough paths. It is hoped that the
latter leads to a route to extend and interpret an It6 integration theory for a class of non-geometric rough

paths.

5.1 Groups and Signatures in T (V)

In this section the idea is to look at objects in the full tensor algebra instead of truncated tensor algebras.
Initially there are some definitions related to the signature map. Some results regarding the analytic
meaning of the logarithm of the signature of a geometric rough path are presented, before a discussion

of a particular kind of geometric rough paths, christened ‘Straight rough paths’.

5.1.1 Some Definitions

Recall definition 13, the definition of the signature of a rough path in a Banach space:

Definition 83 Let X!Pl € Q (V)P . Set X|P):>° to be the unique extension due to Theorem 8 of XIP1 to

a multiplicative functional taking values in T (V),
Xlrloo e (V)P

In addition, define the signature xPl e (V):

sig

lp} _ xlp)ioo
Xsig - XO’TxLPJ °
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fnite p variation:

sig + UpmQ(V)], — T(V)

sig(XLpJ) = x

sig "

(3) w (0, TprJ)% .
X < ————————ﬂ (%)! 1> 1.

stg

Define the following collections of subsets of T'(V):

Definition 84 For any p > 1, the sets &, (V) and G, (V') are given by
( 3

S € T(V) such that there ezists a C < oo with

15l < L_—;l— foralli>1
6, (V) = o) Y

where S =3 20 S; with So =1, §; € V!

and § > p?

\ 7

G, (V) ={S €®,(V) st log(S)eL(V)}.

Gp (V) as follows:
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The signature thus defines a function sig from the collection of rough paths into T'(V). Tt is inde-

. endent of the base point of the path, so that in effect, sig acts on baseless multiplicative functionals of

In addition, an analytic property holds for any Xlel e (V)’L’p | which has control w:

Thus the image of (V)’L’p y under the map sig is a subset of &, (V). Define the image in &, (V') and



Definition 85 For any p > 1, define the sets &, g (V) and G, g (V)

sig (QVIY,) = @pr(V)
sig (G (V) = Gpa(V)

There is a kind of generalized p variation function P, (-), which quantifies the rate at which the norms
on the tensorial component of elements of &, (V') behave overall and represents a lower bound for any p

variation control pertinent to the signature:

Definition 86 For S € &, (V), define the function P, : &, (V) — R*,

n - (o (31l

Thus if § € &, (V) then,

i

G
IO

o

Elements of three out of four of these families of sets typically constitute a group, while the fourth is

a semi-group. This is expressed more precisely in the next lemma:

Lemma 87 For anyp > 1, 8, (V) and G, (V) are semigroups. If IIl| satisfies
“U1®...®Un” = |n® - ®@u1] (5.1)
= llo(m®- &u)l

Yui,...,u, € V then Gy, (V) is a group. In addition, both of &p.r (V) and Gp r (V) are groups.
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Proof. Take 5,5 € &, (V), then S ® § satisfies (S ® 5’)0 =1 and using Lemma (9),

[(s03))] = s s
=0
P9+ 5 (8)° | R ()P R, (S)L_”l
TR PE ()
P, (S)% + B, (s)% N 2 (B +5 (5))_
= 8 (%) (1‘3)+Z2 (2):
< PP(S)%+PP(S)%+(P,,(S)+P,,(S>)%

B
(P,, (5)% + P, ()" + (B (8)+ P, (S»—)

: 5(2)

and the first statement follows. To show Gy (V') is a group, consider S = exp (I) € G, (V), I = Y22 1;,

l; € L) (V). Then

S™1 = exp(-l)

= exp(u(l)

p (exp (1))

where 4 is the anti-homomorphism of algebras of (3.15), so that (S71), = 1 (S;) = (—1)" p(S;) where pis
the reversal of tensors map (3.7). Therefore, if the system of norms satisfies (5.1), then I (S’l)i” = |15l

and S~1 € G, (V) as required. Clearly 1 € G, (V), so G, (V) is a group.

Both QS}E (V) and Gﬁ (V') are groups by Corollary 121 in the appendix: the issue is to show that
inverse multiplicative functional have finite p variation, which entails that the inverse of the signature

has the required control of the norms of the various components. m
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Remark 88 The sets &, (V) contain elements which are without inverses in &, (V). Simply takev € V
and observe that 1 —v € &, (V) for each p. The inverse is then formally given by Y > v®". The n’th
level component is then v®" and for typical norms systems, like the projective or injective systems, the

decay matches no exponential rate.

The final definition is of a family of subsets of the free lie algebra, the sets Ly, (V) and L, g (V).

Definition 89 Let L, (V) and L, g (V') be the subsets of the free lie algebra whose exponential series lie

in Gp (V) and Gp g (V) respectively:

Il € Ly(V)eexp(l)e Gy (V)

Il € Lpr(V)eexp(l)eGpr(V).

It is not known whether Ly, g (V) is a strict subset of L, (V), although it does seem unlikely that the
sets are equal. The question essentially concerns whether the exponential of a general element of L, (V)
(ie. a typical element of G, (V)), can be factorized in G, (V) in some ‘sensible’ way or not. If this is
possible, then Lyons’ theorem (8) implies that the first |p| tensorial components define a geometric rough

path and hence the log of the signature is in L, g (V).

A different possibility is that an element of L, (V) not in L, g (V), could belong to Ly r (V) for some
g > p. This possibility is intriguing : it is demonstrated later on however, that for the injective system of
norms, for any n > 0, there exist elements of L, (V) which belong to L, g (V) for every p > n. Whether

the function P, (-) plays a characterizing role in the matter is unclear.
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5.1.2 The kernel of sig

While working with signatures, it is important to understand the kernel of the map of multiplicative
_ functionals to signatures. For each value of p > 1, the restricted action of sig to either of Q (V)’L’p | or
QG (V)’fp ) is a homomorphism into &, g (V) or G, g (V) respectively. The kernel, being the subgroup
of N (V)’L’p |» or QG (V)pr | such that sig (XIP)) = 1, essentially defines the collection of rough paths of
fnite p variation which cannot be distinguished by the collection of functions generated by the canonical

1 forms on V (or on a lie group if that is the context).

Recently, in [24], Lyons and Hambly extended a result in [10] of Chen, related to signatures of piecewise
smooth paths on lie groups, to bounded variation paths. They show that the kernel of sig : QG (V)1 —

Gy (V) is a collection of so called treelike paths.

This set is described in [24] with analogy to free groups as follows. Consider a collection of bounded

variation paths in a vector space, {7i};—, and their inverses {'yi‘ l}j Formally, products of these

=1"
paths generate paths which can be described by ‘words’ in the letters which are the indeterminates

{v}y U {7 t};,, for example,
s s e or vivs tvaysys

In the free group, vi7y; 1 =1 for 1 < i < n, so the second of these paths is formally ‘contractible’ to 1,
while the first is not. Note the representation of these two paths in figure 5.1.2. The pertinent difference
between the left and right hand picture, is that in the right hand one, the curve retraces itself exactly.

ThllS, the graph of the path resembles a tree whose branches and leaves are visited in turn before returning
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to the trunk and eventually the base of the tree at the end.

Chen’s Lemma and the fact that sig (y1y2) = sig (v1) sig (72), imply that if in the free group, a word

yELyEL .. 4EL s contractible to 1, then

sig (Vi) = 1,

in other words, these paths are in the kernel of sig. The authors of [24] show that the kernel of sig is

completely characterized by a continuous version of this phenomena. This set of paths are named treelike.

For general rough paths, there are clearly examples of this type of tree-like phenomena. It is necessary
to take into account the higher order processes, such as the area process, which can make their own
excursions or treelike behaviour. As a path in a vector space, this type of excursion is not possible to
detect in the graph of the path (see section 5.1.4). However in a Lie group, the excursions can be exhibited
(see chapter 4). It is possible that within the context of canonical 1 forms on nilpotent lie groups, an
extension of an uniqueness theorem exists for the iterated integral sequences of geometric rough paths.

An intrinsic and different difficulty to handle is that the p variation of these rougher paths, seems to
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entail a different flavour of argument than that used in [24].

The conclusion is that at least in the case of the set G1 g (V'), elements can be uniquely associated to

a reduced path of minimal length and without treelike excursions, which is parameterized at unit speed.

5.1.3 The Free Lie Algebra

Very little is known about how to identify the collection of elements of the free lie algebra that correspond
to geometric rough paths of finite p variation, i.e. how to characterize the sets L, (V) in L (V) itself. It is
possible to exploit the differential equation in L™ (V'), (4.5) for the logarithm of a geometric rough path
of finite p variation X! € QG (V)?, to show that in L (V), any such series behaves something like the
series expansion of an analytic function. A suitable weighting ensures that the series always has analytic

meaning within L* (V). Consider again the differential equation of section 4.1.1:

dmt

Il

£ (my) (dXt“’J> .

The vector field

f(m) () € Hom (L% (V), L* (V)

is smooth in a neighborhood of the origin, ||m|| < 7 (see section 6.3), hence Theorem 27 implies that
there are local solutions in L™ (V') to the differential equation (5.2) for the logarithm of the signature of

a geometric rough path of finite p variation.
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In particular, pick § < 7, p > 1 and let M; be the |p| + 1 Lipschitz norm of f on

Us = (m € L (V)| |m]l, <3}

According to chapter 6 of [29], this means precisely that for any C' > 0, there exists a constant x = K¢, p, u,
such that if X!?) € QG (V)P has control w and if w (0,t) < C, then there is an unique solution m, to
equation (5.2) which is a geometric rough path of finite p variation in L* (V') while it remains in the set

Us and it has control sw. Immediately this implies that

2, < 20:8) (5.3)

5(3)!
while m; € Uy, that is

[l < 8.

So for a given choice of § and C, inequality (5.3) implies that the solution m; = log (X%{’tj;“g ) remains

in Us at least for the set of times ¢t > 0 such that

56 (1)!

w (0,t) <min | C,
K'C)p)Mé

While it is possible to maximize the right hand side over C for a given choice of §, the content of the

conclusion of the calculation remains the same. It is, that is that the logarithm of the signature of a

geometric rough path of finite p variation in V, is itself locally a geometric rough path of finite p variation

in I (V).

Proposition 90 Let p > 1 be fized. Then for any XP1 € QG (V)P, there exists constants Cp > 0,

Kc,p > 0 such that for pairs of times (s,t) € I'r |, withw (s,t) < Cp wherew is a control for XIP}, the
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logarithm of the signature of X!Pl) is a geometric rough path log (XLPJ;‘X’) € QG (L*® (V)P with control

KCppW-

Proof. From the preceding discussion, this is true for s = 0 and extends to any time point s €

[0, TxL» 1] through finding a solution to equation (5.3) starting from time s. m

While these solutions produce local estimates for the logarithm, it is possible to think about the global
solution for the logarithm, as a series solution in L™ (V') with a quantifiable radius of convergence. First
observe that scaling a rough path in V' by some real factor A > 0, provides a new rough path with an
associated scaled control:
Lemma 91 If X!?l € Q(V)? has control w, for A > 0, define the scaled rough path *X!P} € Q (V)P by
AXO =xx0 1< < |p)

s,t 3,t — v = .
Then *X!?) has control *w where

A =
w (Syt) = Nw (S7t) V(S, t) € 1-‘TxLGJ :

Proof. This is immediate from the following : if (s,%) € FTpr |

(e
Mw(s,t)

2
7

[ty ()

Now it is clear how to proceed to obtain a weighted series solution. Through a scaling, the weighted
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solution will exist for all times as a geometric rough path in L* (V) and the scaling interacts simply with

the logarithms according to tensorial degree.

proposition 92 Fiz p > 1. Then for any geometric rough path
Xlrl e oG (V)P
that has control w, there exists a constant A > 0 such that for any (s,t) € I'r,,,,

‘m,, = i X log (x‘s{’tﬁ‘”) D e V).
2=1

In addition, *m, ; is a geometric rough path of finite p variation that belongs to QG (L™ (V))? and has

control WP k¢, pw, where C, and kg, p are as in Proposition 90.

Proof. Set

1

C H

A= ______P___) ,
(w(O,TprJ)

so that *w (0, T »s) = Cp. Then Proposition 90 implies that
*m, ; = log (AXLf’tJ;w)

is a rough path of finite p variation that lies in QG (L™ (V'))* with control fié‘pmw = APKg, pw and it is
clear that

log ()‘XLT’B;“’)“) = Xlog (Xﬁf’tj;w)(i) i>1

In addition *m, ; is a rough path of finite p variation so that for all (s,t) € 1

k)g( )(>

> < Nrg, pw (8,1)

P, = (3
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5.1.4 Straight Rough Paths

The set of formal series, L1 r (V) does not form a vector space in the conventional sense. The Campbell
Baker Hausdorff formula, (see theorem 122), expresses a product which makes L, r (V) into a group,
put the natural scaling of L, g (V) is by a factor A%, i > 1 for the component of tensor degree i. The
reasoning that L; g (V') is not a vector space is the following. If it was, then for I € Ly g (V) say, scalar
multiples Al, for all A € R correspond to bounded variation paths through the exponential map. Thus
for any n > 1, such a path has an n’th root for any n, so it’s graph should be an n fold repetition of
some sub path. Now, as described in [24], signatures of bounded variation paths are unique modulo an
equivalence relation for treelike excursions. So for a bounded variation path whose graph clearly cannot
be factorized n times into reduced paths, an n’th root cannot exist. A similar deduction about Ly r (V)

is contingent on extending the result of [24] to finite p variation geometric rough paths.

The bounded variation paths which do have this property of n’th roots for any n > 1, are straight
lines. Straight rough paths are a similar nature of construction. This section mostly uses simple analytic
manipulations of the definitions of rough paths. It is shown that exponentials of elements of L (V) which
have finite tensorial degree, correspond to the signatures of a particular nature of geometric rough paths.
These paths are analogous to straight lines for various reasons. One reason is that when developed into a
Lie group, the associated path in the Lie algebra follows a straight line and hence the path in the group
follows a straight line. Another is that it is possible to take any real power of the path. The third relates
to the theorem on establishing the uniqueness of extension of the iterated integral sequence and requires

a little elaboration. The heuristic is that geometric multiplicative functionals in any truncated tensor
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algebras T™ (V) can be thought of as defining paths in the truncated Lie algebras L™ (V). At an abstract
Jevel, to approximate to a geometric rough path, with a given time partition, the appropriate regime is to
use straight rough paths between time points. This corresponds to the regime for linear approximation
to bounded variation signals and that it works is an interpretation of Theorem 8 for the case of geometric

rough paths.

Construction of straight rough paths

There is a class of rough paths whose logarithms of signatures form finite dimensional vector subspaces
of the free Lie algebra, namely those paths with logarithm which is of finite degree. This section con-

structively shows it is possible to construct corresponding geometric rough paths with these logarithms.

Recall the Campbell-Baker-Hausdorff formula which expresses the group structure that the free Lie

algebra inherits from the group structure of exponentials (see 122): if g is a Lie algebra and a, b € g, then
H{a,b) = log(exp(a)R@exp(h))
1 1
= a+b+ 3 la,b] + —= ([a, [a, b]] + [b, [B,a]]) + .. ..

12

The following simple extension is used in what follows.

Lemma 93 Let H (+,-) be the Campbell-Baker-Hausdorff product. Then
H (H (a,b), H (—a, —b))
= log (exp (a) ® exp (b) ® exp (—a) ® exp (~b))

= [a,b]+ 0O (3)
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where O (3) means tensors of order 3 and higher in a and b combined.

Proof. Just compute:

H (H (a,b),H (—a, b))
- H<a+b+%{a,b]+0(3),—a-b+-;-{—a,—b]+0(3)>
1 1 1
= a+b+§[a,b]—a—b+§[a,b]+§[a+b,—a——b]+0(3)

= [a,b]+0(3)

The aim is to show that it is possible to associate a geometric rough path for a signature whose
logarithm follows a straight line in a truncated free lie algebra. Since the Lie bracket of two such
elements will have finite degree, there is also a sense of a lie algebra. The Lemma above enables the
process to be initiated - through concatenating particular sequences of paths, it is possible to achieve
certain values of logarithm in a truncated lie algebra. A scaling routine then enables the construction of

a Cauchy sequence for the p variation metric, which converges to the desired value of logarithm.

V will be a finite dimensional vector space. To start, two preliminary propositions offer firstly an
analytic control of the p variation of a repetitively looping path and secondly a way to relate particular

bounded variation paths to algebraic quantities.

Proposition 94 For a bounded variation loop v : [0,1] — V, v(0) = v (1), where V has norm I-l, the

D variation of ¥", the loop traversed n times, grows asymptotically in a linear fashion foranyp>1. In
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particular there exist ¢y (), c2 () > 0 such that for all n,

Ppjo,n (X(l) (’Yn)) <

~ ez (7)

a(y) <

Proof. Denote by 4" the loop +y traversed n times,

v OV

() = y(t-m) te[mm+1].

Py (X® (y™)) is the p—variation of such a n-fold loop.

P
Set Dy () = sup(s,¢)er, ngt) ('y)“ and consider a dissection § € Agp, § = {tj}ljio.

Form=1,...,n—1, set j,, = inf;,>n 5. Then
P
18] E|.5| o “X(,l) A (,Yn)“
P 1=1;i#jm,me{1,..n—~1} ti-1,t;
Z “Xt(il.)l,ti (7 ) =
i=1 n— N
+Zm=11 llXt(jljb_l,tjm (v )I]
< nPyoa (XV () +(n—1) Dy (7)
< n(Ppot (XD () + D, (1)

since each term in the second sum is bounded above by D, () and the first sum is separable into n
dissections of 7. This bound is independent of the dissection chosen, hence it bounds the supremum over
all dissections and the p variation of the loop. The lower bound Ppo.n (X (7)) > nPpo1 (X (7)) is

trivial, resulting in the inequalities
nBpo1 (XV (1)) < Prowm (XD (7)) < (Prox (X ) + D5 ()

which concludes the proposition. m
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Now it is possible to start looking at paths and algebra interacting.

Proposition 95 For any 1 < n < oo and any sequence v; € V, ¢ = 1,...,n, n < o0, there exists
Vio1,v2,-va] € Po (V) whose signature

Xsig ('7['01,02,"‘,Un])

has logarithm which projects onto L™ (V) to be [v1,va,...,Un].

Proof. Use a simple inductive argument..

For n = 1, the straight line v, : [0,1] — V, v, () = tv; suffices. It has first iterated integral process

th) (Yo, ) = (t — 8) v1 and in fact extends to
X5 () = exp ((E - s) v1)
as an element of QG (V)}x)

For general n, take a piecewise smooth path 7}y, v,,,, of which the projection of the log of the

signature
Xsig (V[vQ,...,vn+1])
into L+ (V) is
[va, ..., Uny1] +€(V2,. ., Uny1),
where € (v, .. .,Vpy1) €LY (V). Take the straight line v, and concatenate paths to form the path

—1 -1
’7[111,...,1)"4_1] é 7’017[112,...,1)1;.}.1] (7’111) (’Y[vz,...,v"+1])
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The signature of Y[y, ... v,,,] 0 T+ (V) is then :

Xn+1 (’)’[

vl,...,vn+1})

= X" (1) X" (Yug,...vmpa)

- -1
®Xn+1 (7v1) ! ® Xn+l (7[v2,‘..,vn+1})

= (exp (vl))””'"1 ® (exp ([va, . .., Unt1] + € (v, ... ,vn+1)))"+1
® (exp (—v1))"' ® (exp (= [v2, ., Ung1] — € (2, ..., vnp1)))™H
Lemma (93) implies
X (Yyonga) = (€30 (U1, o2, -, vna]])"
= (exp([v1,va,... ,'Un+1]))n+1

as required, completing the inductive step of the proposition. m

From here, the next step is to use these propositions to show the existence of an element of QG (V)n"'

whose signature has a logarithm which is a straight line in a component of L™ ).

Proposition 96 Let V be a finite dimensional vector space and
1WeL™ (v).

There is a geometric rough path X" (L(")) € QG (V)™ with Tx~ = 1 say, whose extension to QG (),
Xnioo (L(")), has the form
X7 (1) = exp ( (¢ — ) 1)

V(S,t) eI’.
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Proof. First of all use the proposition 31 to express L(") as a sum of lie elements of the form

['[)1,’02, . ,’Un],

where v;; € V and N (I) < oo - this is possible since V is finite dimensional which implies L™ (V') is finite
dimensional. Denote by = a key path that is the concatenation of the IV (L(n)) paths y; = 7[vi1,vi2,---,vin]
given by proposition 95 and where a concatenation order is chosen once and for all; what follows is
independent of this initial choice however. Without loss of generality, we may assume that the time

parameterization has T', = 1. Then Chen’s identity, equation (2.1), implies that the signature of ~ is the

product of the signatures of the V (L(")> paths v;:
X (7) = 917X (n)

The log of this signature projected onto L™ (V), is ™ by the Campbell-Baker-Hausdorff formula (6.1),

since when restricted to tensors of degree n or less, in this case H (-,-) is additive.

Take the following sequence of paths, ¥* € Py (V), k = 0,1,2,... which are based on this key path
and which have the property that the log of their signatures converge to L(") in £ (V). First set v° =
and consider the maps ¢, : Py (V) < which effect a scaling and concatenation:

¢n (7) (t) = Zy@): te03)
2_1%_'7(2t—-1): te[%,l]

So define the sequence of paths v* = ¢, (v*71).

As a consequence, the iterated integrals of the 4* are given recursively by:

"E%Xf(x)%(’r’“ N ote [07—],1.<_1Sn

ol
N
—
2
B
~—
!
-
Nl
+
o
—~
2
Eo
~—
I

2
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and more generally:

(®) k (%) . k .
X#,Jﬁt(v) X e (1) te[ﬂ,—],ogﬂ -1,1<i<n (5.4)

@ ky _ (h) (i—h)
XO,—;;;-{—t ") = ZX ®XJE S+t (")

= X5 (4 (5.5)

What remains to be proved and is less clear is that {’yk}:_)___o is Cauchy with respect to d, Vp > n, and

that the iterated integrals converge as k — oo according to :
XO () =0 1<i<n-1

X{ (%) = (= )1,

The point is to show that the sequence d, (X ('yk ) , X (’yk+1)) is bounded by a summable geometric series.

Recall the definition of d, :

d, (XLpJ’YLpJ) Zp,, o (Xu) _ Ym)% + sup me Ym“

=1 u€[0,T)

Compare the i'th iterated integrals of the two paths v* and 4**+!. For i < n, each iterated integral
X (’yk)(i) is a path in V® which loops 2* times (at least) according to (5.4),(5.5) and the fact that

0,¢

X (+1) 6 , = 0 for i < n. This implies also that the difference X(z) (+*) - X(()i,)t (v**1) is also a path in
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Y@ which loops at least 2F times for i < n. In addition for 1 <i < n:

(%) k (%) k
on,—jg+t (7 ) - XO,;%—H (7 +1)

F (X6 0) =Ko (01) + te 03] 05221

Each difference of an n’th iterated integral, X(") (%) - Xé’ft) (v**1) € V®" is also a path which loops : the
path 4% = v is constructed so that ngl) (7°) = 1™ and the iteration defined in order that X((;fl) () = 1™

too.

Therefore, for 1 <4 < n, X(()qi?g (v*) — Xéf)t (v**1) is identifiable as the loop X(’) (%) - X((f; (1)

repeatedly run 2 times with the space scaling in V of 2= or in V® of 2= . Now let p > n and turn to

X (%) - X8 (v

look at P, /i0,1 of these differences of i’th iterated integrals. Set s¢; = sup, er,

Then from the bound of lemma (94)
Pyjion (X(i) (v%) — x® (,.yk+1)) »

{25 (2% Byson (X9 (1) = X0 (4)) + (202%) ")}

= 2G-3) (Pp/z';o,l (X(i) (%) - x® (71)) +(220)" )

3 e

IA

oki(3-%) .

T

where the values C; = P, /50,1 (X(i) (%) - X® (7')) +(25¢;)" are constants and p > n, so that 2(G—%) <

1. For each 1 < i < n, equation (5.6) thus defines a summable geometric series over k.
Looking at the bound

dp (XLPJ (,yk) X ) (,},k+1)) _ tg[%%} “Xgl) (,yk) _ x§1) (,yk+1)ll <
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provides the inequality

Lp]
dp (X0 (74, X (#41)) < pom + ) 2GR

1=

which as required is finitely summable.

To check that the limit X™ (g(m) € QG (V)" of 4* with respect to dp, has the form X7, (ﬁ")) -
(exp ((t —8) L(")>)n for (s,t) € I';, (5.4) implies that the 1 < i < n iterated integrals Xff% (v*) converge
to 0 uniformly over time pairs 0 < s <t < 1 as k — o0o. The n'th iterated integral X(ji}g) ia (’yk) by

2k 72
construction equals @—ngil—)i(”) for s and t dyadic rationals and as in the case of the lower order iterated
integrals, the relation of equation 5.4 implies uniform convergence. To conclude, the limiting rough

n
path of finite n* variation, has signature in T% (V), X7, (L(")) = (exp ((t —s) L("))> , which by the

uniqueness of extension has the form

X352 (1) = (exp (= 9)1™) ) € T(V).

As a helpful device, a sequence of paths are constructed to facilitate the final step in this section which
is to combine a collection of homogeneous lie elements together in the free lie algebra to get a geometric

rough path, the logarithm of whose signature moves at a constant rate in the direction of the sum of the

lie elements.

Lemma 97 Define the subsets of [0,1], Am = U?ZO"l t: -2—% <t<: 22;";11 }, the paths

¢
gt (m) = 2/ 1a,, (u)du

147




and ast = (t — 8). Then for any § > 1, a(m) — «a in & variation.

Proof. So take § > 1,

il { sup_ 3 o, (m) — as,tl“} =0

Now

as,t (m) —ast = (ao, (M) — app) — (os (M) — o,s)

and the curve (ag: (m) — ap:), t € [0,1] has just a saw-tooth diagram of height gim repeated 2™ times.

Since & > 1, the maximizing dissection picks out the 2™11 largest increments, so

s 1
sup Y o (m) — ol = 27 50
[Al<oo "7

and the lemma is proved. m

Corollary 98 For any p > 1, the functions

J
; 0t (M
o) (m) = (as,t F' )
, 5!
with o, 4 (M) as above, converge in p variation to (—t%,s—)i

Proof. To see this, use the following inequality:

()

j=1
j—k—1

> e (m)* (- s)

k=0

(t—s)
7!

. ; P
o} im) - 5

P

|

il

(5) taws )~ -
( 1

G-

o

IA

) lawatmy— =P
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since for 0 < s <t <1, a6 (m) <1, (t — s) < 1. So the convergence of ozgt) (m) to (i}flj- in 17 variation,

is implied by the convergence of o+ (m) to (¢t — s) in 11 variation. =

To round off the section, it is possible to combine homogeneous lie elements of differing tensorial

degrees and produce a geometric rough path.

Proposition 99 For any1 <n < 0o and anyl™ € L™ (V), i.e. I" is an element of the truncated free Lie
Algebra to tensorial level n, there exists X" (I") € QG (V)", whose extension to QG (V)::’ Xmiee (M)
satisfies

XE® (") =exp((t—s)I"): (s,8) €Ty

Proof. For an inductive hypothesis use the statement of the lemma for fixed n to obtain such paths

at level n + 1. To approximate a level n + 1 signature, the time interval [0,1] is divided into dyadic
segments at a given depth m in order to define a sequence of elements in QG (V)(n+1)+. This sequence
is shown to be Cauchy for the metric d;, where p is any p > n + 1, hence since each of these QG (V)? are

complete metric spaces, the sequence is convergent in QG (V)P for all p > n + 1.
When n = 1, Lemma 96 applies.

So in general, it is sufficient to show that for

n-+1
=S 0 e 10 (v,
te=1

there is a Cauchy sequence of geometric rough paths that converge with respect to the p variation metric

(2.8) for any p > n + 1 to the rough path X"+! (L"‘Ll) given the inductive hypothesis for n.
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From the hypothesis, take the geometric rough path X" (I*) € QG (V)" where [ = 31, 1@ and

from Lemma 96, the element

xn+l (L(n+1)) € QG (V)(n+1)+

to construct a sequence X! (I"*';m) € QG (V) D+ > 1 defined as follows:

2 ) = o) (089 2023

ST 2

IA

IA

Xl t (ln—i—l;m) = exp <2L(n+1)) S 2i+1 t< i+1
2m+17

- Toom+l om
for ¢t € [0, 1], so alternating on dyadic times §;n~7—_q between following each of the two paths at twice their

speed. Lemma 120 implies Vm > 1, X™+! (I""1;m) € QG (V)("+1)+.

Take the sets A,, of Lemma 97. Then in the free nilpotent lie group of degree n + 1, g5+ =

X2 (1" m) satisfies the differential equation

95495, = 2 ((1Am t) (L(” +o L‘"))) + (1[0,1]/Am ) L("“’)) dt

Thus the form of the sequence in QG (V)("HH' is

n+1

X0 (17 m) = | exp (2 [i1a, () du) (L(l) +ee +£(n)>
st ym) =

+ (2} 1oy, () du) 1Y

and this exists purely by construction - the contribution in v+l is a mixture of that inherited from lower
order lie elements due to the path for [, with that due to the path for the lie element L("H) € vl
In general, this additive property is not true since the Campbell-Baker-Hausdorff formula introduces ad-
1O 4 ) gD

ditional brackets to contribute. However these non-commuting terms start with [_ ]

and only contribute to tensors of higher order than n + 1.
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Define the collection of tensors y; ; € U; (L(V)=V®NU;(L(V)),0<j<i<n+1 as follows :

() ((L(l) T +l(n+1)>®j>

= Z %) & ... g k)
E:|lkll=1;|k|=4

yi 7j

The iterated integrals are now expressible in terms of the tensors y; ; as follows:

sk
3
I

Z a(J) (m) yii

(25 1 () ) (19 -+ 1)

+ (20 1o/, (w) du) 1D

I

(@) | exp

for 1 <1 < n where the expression for a(J ) (m) is

<u1£u2S"‘SUjSt

( 1) (m))

7!

and the (n + 1)’st iterated integral is

n-+41
X0 (1 Za(y) 1) Yy g + G (m) 10D

where
N(l) ¢ (m) = 2/ [0,1]/ A, () du

Thus the difference between the i’th iterated integrals between consecutive steps is as follows. For

151




q

XQm) =X m+1) = 3 (o) m) —al) m+1)) uiyg
j=1
: 1 J
[ (@ om) - (o m 1))
= Yi,j
i=1 gt

and fori =n-+1

i1 (a§”<m)) ( ) (m+1)’

Yn+1,5

+ (@82 (m) =& (m+ 1)) 1+

So now the aim is to show that the geometric multiplicative functionals X, ; (m) converge in p variation

if (n + 1) < p. The decomposition above implies the following control for 1 < i <n :

Pyio, (X8 (m) =X (m+ 1))’

(¥ (m T (aM (m I ;
Z zm({ ( )) ( ( +1)) }yi,j)

7!

i W e g
ngm(“ (m)” = (m“))) o

7!

and a similar estimate for P_z_ 1 (X +D) (m) — X+ (m 4 1)) a . Now, X{! (m) = x{M (0) Vm, so

that there is the crude estimate:

sup (X7 (m) = XP (m+ 1) = sup X6 (m) = X} (m + 1)
0<t<1 0<t<1

8 =

IA

Pyo,1 (XD (m) =X (m + 1))

Since p > n+ 1 > i, Lemma 98 implies the (2) variation convergence of each (a(V (m))j and hence
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the finite summability of

dp (X" (m), X" (m + 1))

proving the convergence of the sequence X! (m) in QG (V)? Vp > n + 1 with respect to dy. Clearly

the limit is the multiplicative functional X7+ (I"*1).

Note that a control for such geometric rough paths is given in the appendix in Lemma 119. m

Remark 100 Although this is not actually proved here, it is believed that the straight rough paths define

elements of Q (V)" and QG (V)™ but not QG (V)" and hence relates to remark 17.

It is possible to return briefly to the discussion of whether the function P, (-) typically characterizes

the p variation of a rough path. For straight rough paths it does:

Corollary 101 For any Banach space V' and for any n > 0 there ezist geometric rough paths
X €QG (V)™ for the injective norm system (see equation 2.5) and constants ¢ such that for infinitely

many t,

i

cn

(%

[bs¥

2

p—

Proof. Pick (™ eL(™ <1~/) where V C V is a finite dimensional vector subspace of V. Then the
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element X™ (L(")) of Proposition 96 is in QG (V)" and

gl

e (), = [0

ing

ingj
R
(t—s)? (e1®er®: - ®epi) 0 (L("))
= - sup
il e evri<i<ni lleall llezll - - - lens]|
(t—s)' (1®e20+ Ben)o (1)
= n sup
il e €EV*1<j<n lleall llell - - llex]

l(n)

<(t ~°) m)

il ’

as required. m

5.2 Measures and T (V)

The motivation for looking at rough paths stems largely from the fact that they provide pathwise solutions
to differential equations. Not only did Lyons extend the It6 map by constructing solutions to the class of
differential equations driven by rough paths (Theorem 27) but he also showed that the map from driving
path to solution is continuous for the p variation metric topology. Since a large class of continuous
random processes in a vector space V have finite p variation, a task for probabilists is to lift the process
by constructing higher order iterated integral processes and so produce a measure on elements of QG (V).
The questions examined here are related to how much the expectation of the signature random variable

specifies the distribution of the signature itself.

As previously mentioned, Chen first remarked that in T'(V'), the iterated integral sequences of piece-

wise smooth paths are linearly independent or the same. This is a statement also about grouplike elements
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of a Hopf algebra as was mentioned in section 3.5.2 and hence this property extends to the collection of

signatures of geometric rough paths.

This chapter concerns issues about when there are uniqueness statements concerning the center of
mass of the measure on the signature of geometric rough paths and some related issues for rough paths.
In particular some possible ideas about extending the It6 map. It is shown how to cast the center of
mass problem in terms of a moment uniqueness question, a problem that classically has motivated much
research and has strong connections to classical harmonic analysis. It seems however that there are

additional issues entailed that muddy these waters.

A motivating example is a Wiener process in R¢. For any 2 < p < 3, there exists an extension of Wiener
space (O ([0,1],R%),B(C ([0,1],R%)),u®?), to a probability space (G (R%)”,B(QG RH?Y, pa,c)

such that the expectation of the signature has the form,

E#d,c (wi,too) = €xp <(t;18

 NE (A
- Z bd, G ws,t
n=0

M-
(8™
N——

where (s,t) € T'; and where e;, 1 < ¢ < d form an orthonormal basis for R?. In fact this means that
Eipc (wit) itself is a rough path, an element of Q (V)P Vp > 2, which permits an interpretation as a
Backward It6 multiplicative functional associated to driftless path. It would be useful to be able to
say, possibly through interpreting a moment problem, that there is an unique distribution on group-like
elements of T'(V) as an Hopf algebra, that gives this center of mass. It appears that the techniques of
the moment problem say that it could be a false claim and do not seem to resolve the issue. The aim of

this chapter is to outline the issues involved in this kind of problem.
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5.2.1 Some Measure spaces

The idea is to look at a measure space of signatures and logarithms of signatures due to geometric rough
paths of finite p variation. So consider G, g (V) and Ly g (V) with topologies due to a distance function

induced by the p variation metric in the following manner:

Definition 102 Let p > 1 and S1, 52 € Gy g (V). Then define the distance dg, vy (S1,52) to be

da, n(v) (51,52) = Jof o (X1,Xs),

i<ip

where d,, is the p variation distance function and I, (S) is the set

I, (S) = {X“’J € QG (V)P st X2

sig =9 and Xgpj’(l) = 0} .

In addition, define the distance dyr(v) () on Lp,r (V) by

di, n(v) (I1,l2) = dg, n(v) (exp (I1) ,exp (I2)) -
Remark 103 In the case of bounded variation paths, there is an unique path of minimal length that is
parameterized at unit speed associated to some S = exp () € Gy, g (V) wherel € Ly g (V) (see [24]). By

taking this path to define the distance function, the distance in fact defines a metric that is complete, so

in this way, G1,r (V) and Ly g (V) have the possibility of a complete metric space topology.

Using these distance functions, there are measure spaces associated to the sigma algebras generated

by the topologies due to the open sets.

Notation 104 If O (Gp r (V) and O (Ly r (V)) denote the open sets associated to the topologies due to
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da, r(v) () and dy, o(v) (,-) in Gp,r (V) and Ly, g (V) respectively then let

B(Gpr(V)) = 0(0(Gpr(V))

B(Lpr (V) = o(O(Lpr(V))

be the Borel extension sigma algebras generated by these classes of open sets.

For any p > 1, (Lp,r (V) ,B(Lp,r(V))) and (Gpr (V),B(Gp r (V))) are both well defined measure

spaces.

To construct a sigma algebra for each QG (V)?, recall that the spaces of geometric multiplicative
functionals of finite p variation are a subsets of the continuous functions from some simplex I'r to
Tip] ),

QG (V) cC (uT>0rT; Tir) (V)) .

So for m > 1 let C,, (V') be the m—system of cylinder sets generated by such continuous functionals:

4 A

(X1 € A} (m;;l {ngtm € Ai})
Cn (V)= st.n<00,0<t; <ty < - <tp=Txm, (°

VO<i<n, A € B(T™(V))

)

where B (T" (V)) is the standard Borel sigma algebra on the vector space 7" (V). Define the following

sigma algebra:

Notation 105 For p > 1, denote by B(QG (V)?) the Borel extension of the class of sets C|,) (V)

B(QG(V)P) =0o (Cppy (V) -
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Then for any p > 1, (QG (V)?, B(QG (V))) is a well defined measure space.

Example 106 If2 < p < 3, then (C ([0,1];R?),C (C ([0,1];R?)) , u®9), the probability space of Wiener
measure, extends to a probability space denoted by (QG (IR.d)p ,B(QG (IRd)p) v#a,c). The route of the
extension is to define an area process through a regime which takes piecewise linear approximations at
dyadic time points, on an element w € C ([0, 1] ;Rd). p®¢ almost surely, such a routine converges. (See

[26] for examples of related work).

Remark 107 The action of sig(-) (see definition (13)) when it is restricted to QG (V)?, is continuous

with respect to the p variation topology and hence is a measurable function:
sig : (G (V)P B(QG (V)")) = (Gp,r (V) , B(Gp,r (V))),

since the sigma algebra generated by the p variation topology, is contained in B (QG (V)F). In addition,
the function P, : Gp p (V) — R given by definition (86) is measurable with respect to B (G, g (V) due to

Corollary 15.

5.2.2 A Moment problem

For any p > 1, the composition of functions log (sig (-)) is continuous from of (QG (V)?, B (QG (V)P)) to
(Lp,r (V) ,B(Lp,r (V))), because sig itself is continuous. So, with a slight abuse of notation, define the

measurable function 1, (it will always be clear which p is taken at a particular point):
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Definition 108

1 = (QG(V),B(QG(V)") = (Lpr(V),B(Lpr (V)

lw) = log(sig(w)).

Take a probability space (QG (V)?,B(QG (V)?),P). Then Ep (sig (w)) is a version of the moment

generating function of 1:

Ep (sig (w)) Ep (exp (1(w)))
o Ep (1 (w)®j)

!

I

Jj=0

Since both maps log and exp are bijections, the random variable 1 (w) seems to be the best description
of sig (w) as far as information content is concerned (certainly it is true algebraically). 1(w) represents
how, for want of a better description, a rough path w contributes to differing geometric aspects of its
course. The component in V is a total linear increment, or displacement from start to finish, while the
component in [V, V] has an interpretation as a tensorial representation of the area the curve makes when
projected onto two dimensional subspaces of V. A full description of what all these components represent
remains unknown however. It does not appear that the components are entirely independent though, as
discussed in section 5.1. These issues aside, the random variable 1 (w) seems to be a pertinent description

of the signature sig (w).

For a probabilist, a natural question relating to moment generating functions, is whether the point

Ep (sig (w)) € T(V) is a defining point of the measure. When can there exist two probability measures,
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]P)la PQ with

E]P). (87;-9 (w)) = E]pz (Sig (w)) ’

but whose distribution functions are different ? The problem is a form of what is known as the Hamburger
moment problem and as such, a complete solution is not known. It is clearly related to Laplace transforms
and so to Choquet simplicies. Take for example a set K of signatures that is metrizable and compact.
Then Choquet’s theory of simplicies [13], says that points in K, the convex hull of K, are uniquely
specified by a measure supported on K, the extreme points of K. In other words, the barycenter of the
measure specifies the measure itself. The measures involved here typically are not supported on some

compact set unfortunately.

The Hamburger Moment Problem

There are two conventional issues of probability related to moment sequences with the following data. Let
X be a random variable defined on a probability space (§2, F, P) and set my = Ep (X*). The first issue
is to ascertain when there exists a random variable with moments that are a given sequence of numbers
my. The second issue concerns uniqueness and when can random variables with different distributions
have the same moment sequence. Or to put it another way, if a moment sequence can arise from different
distributions. While the first issue is resolved, the second and relevant problem is not. Perhaps the most
useful or powerful criteria currently known comes from research in harmonic analysis in the 1930’s by
Torsten Carleman. It is stated as follows for what is known as the Hamburger case, where the support

of the distribution is the whole of the real line:
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Criterion 109 Let F' () be a probability distribution function of a random variable on R and set m (k) =
ffooomde (). I
[o.0)
2 E ™
=1 M (Qk 2k

then there is no other distribution function than F with moment sequence m (k).

The gap in the understanding is to find a necessary condition for the conclusion to hold although
other sufficient criteria do exist. For example a condition of Krein exists for when there is knowledge of

the form of the density function.

For a joint distribution function F'(z1,...,%,) of a random variable on R", the Carleman condition

for uniqueness of the joint distribution becomes

> 1
— = 00 (5.7)
,; (ma (2k) + - - +my (2k))%F

where m; (2k) = [p«zFdF (z), see Prohorov and Rozanov [31].

A distribution on an infinite dimensional random variable is harder to characterize in terms of it’s
moments. The tack here is to examine finite collections of linear functions of the random variable, to see

if these joint distributions can be characterized by the moment sequence.

Next is a description of how to obtain such moment sequences from a point Ep (sig (w)) € T(V).

Symmetric Decomposition of T'(V).

The relationship between T'(V) and U(L(V)) provides a route to identify the mixed moments of a

distribution on some L, (V) by way of the symmetric decomposition of U(L (V)) described in section
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3.2.1. Consider L£* (V), the graded dual of L (V).

Definition 110 The graded dual of L (V') is the collection of linear functions on L (V) that belong to the

dual space of some truncated free lie algebra:

L7 (V) = Unz1 (L™ (V)"

If {v;};y € £L* (V) and | € L, g (V), the values
n O™ v (O Gy dn) € NT

are linear functions of exp (I) € G, g (V). The next proposition illustrates this and shows how using
n

the symmetric decomposition, enables the extraction of the random variables {v; (1)},_; € R™ from

Ep (exp (1)), if 1 is a random variable taking values in some L, g (V).

First recall the convolution product % for the algebra Hom (H, H) of a Hopf algebra H (3.6), the
coproduct A : T(V) — T(V) @y T(V) of equation (3.12) and the counit £ defined by equation
(3.13). Additionally, in section 6.5, the projection II; : U(L(V)) — L(V) is specified as an element

of Hom (T'(V), T(V)).

Proposition 111 Take a probability space (2, F, P) and a measurable function
m: (Q, F) = (Lp,r (V),B(Lp,r (V))) .

Suppose that (v1,vs,...,vn) € (L* (V)" and take i = (iy,...,in) with ||| = > j=1tj. By viewing the
map

violly € Hom (T (V),R)
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as an element of Hom (T (V) , T (V)), it’s possible to express the mized moments of

(1 (m@)),---svn (m(w))) by

Ep (v (m(w))---vir (m(w)))
= ¢ ((v1 oI0;)*™ % -+ % (v o I )*™ o Ep (exp (m (w))))
((1/1 o H1)®’”1 Qu - Qx (v 0 H1)®Hi") o

= £
(AUEI=1) 6 Ep (exp (m (w))))

Proof. Section 6.5 implies that the linear maps
P o AU=D : T(V) — T(V)®H

obey

im®Hi j =k
H?Hj o AU-D (m®k) — J J ,

0j#k

for any m € L(V). Hence,

177 0 AU=D (Ep (exp (m (w))))

Ep (i I&HI o AG-D (EL;’I)_E’C))

k=0

= Ep (m (w)®Hj> c T(V)®Hj,
so that
(v 0 )™ k- (0 0 )™ o B (exp (m ()

= (1% @ ®v®) oIPH 0 AU (Ep (exp (m ())))

= Ep (1 (m@)®" & ® vy (m ()"
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and the proposition is concluded. m

This proposition confirms the réle of Ep (sig (w)) as the moment generating function of 1(w) for a
measure space (QG (R%)”,B(QG (R%)"),P). The methodology of this proposition is not particularly
easy to use in practice to evaluate the moment sequences or examine it’s behaviour. The following
example avoids this problem because the moments are known in the literature. The example is that of
the distribution on L, r (V) for 2 < p < 3 generated by geometric rough paths associated to Wiener

processes with the Lévy area process.

Proposition 112 Take (QG (R%)",B(QG (RY)’), pa,c) to be the probability space of example 106.

Then the distribution of the random variable
I (w) = m (1{w)) € L? (RY)
is determined by

]Elld,c (sig (w)) = Eud,c (exp (1 (UJ))) .

Proof. Proposition 111 explains how to obtain the mixed moments of the random variables. Now

12 (w) decomposes in terms of an orthonormal basis {ei}le as follows

12 (w) - Z w; (w) e + Z Ai,k (w) [67,27;"7] ]

1<i<d vd 1<i<k<d
For 1 < i < d, each W; has the same distribution as a normal random variable W ~ N (0,1). For
1 < ¢ <k £d, A, has the distribution of the total area of the process which is the almost sure

limit of the area processes associated to piecewise linear approximations at dyadic time intervals to a 2
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dimensional Brownian motion. So all A;j are identically distributed according to the same Lévy area

random variable A. The even moments of W and A are given by

E(W%) = (29)!

The first form is well known while the second is due to Lévy [27], in which the characteriztic function of

the area random variable is found.

According to equation (5.7), it is sufficient to show that .- a; = oo, where a; are given by

27

Y Bpo (W) + Y B (4%)

a; =
1<i<d 1<i<j<d
i
_[d@) | 2d(d—1)(2))! i (-1)" E
129 @2i+1) & (@n+1)PH!

There is an uniform bound on the sequence of sums C; = 3 >0 ————g-q_-r(_l)n . Denote it C, so that it
J n=0 (2n+1)%

gives the inequality

1 d  2d(d-1) \"%
: (2f+ @j+1) C)

v

v

(2>

for some constant C > 0. Stirling’s formula then says that as 7 — oo,

‘»—-

=
1]

3

|

(@))F ~ (@) e Vor)

%
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so that

for some other constant C > 0. Thus equation (5.7) is satisfied and the distribution of 12 is determined

by it’s moments which in turn are functions of E,, ., (exp (1(w))) by Proposition 111. m

It is not known whether components of tensorial degree greater than 2 of the distribution of 1(w)
due to (QG (R%)”,B(QG (R?)”), pa,c) are determined by theirs moment sequences. For i = 1,2, v €
(L(i) (Rd))*, my() (2j)§17 ~ j%. If this continues for i > 2, then Carleman’s criteria will not hold. It
is worth bearing in mind that if v, € (L(l) (Rd))*, then ¥ = v; (1)> has a moment sequence that is
matched by a random variable with a different distribution. This means that if 3 € (L(?’) (Rd))*, then
if the moments of v3 (1) behave like those of Y, they will not satisfy Carleman’s criteria. However, just as
the distribution of v, (1) is determined and hence that of Y is also, possibly a similar effect holds for v3 (1)
also: the random variables for different components themselves are not independent and only through

knowing the whole sequence of 1(w) is it possible to tell if 1(w) € Ly ¢ (R%).

A different way of looking at the problem is through the random variable P, (-) of Definition 86.
Consider a probability space (G, (V) ,B (G, (V)),P). If the moments of P, satisfy Carleman’s condition,

then so is the distribution of the first |p| components of £* (V). To start, a preliminary lemma. is proved:
Lemma 113 Suppose that X > 0 is a random variable on a probability space (Q, F,P) whose moments
mx (k) = Ep (X*) satisfy Carleman’s criteria (109). Then if
k(3
Y (w)| < Z'BiX (w)* almost surely,
i=1
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where 0 < on < g < -+ < ap < land §; > 0 for 1 < i < n, then the moments of Y, my (k) = Ep (Y’“)
also satisfies Carleman’s criteria (109). In addition the constant C = n . |B:| is such that if for all

k>1, mx (2k) <1, then

¥

my (2k) * < C,
or if not, then there exists kg > 0 such that k > kg,

my (2k)% < Cmy (2k)% .

Proof. Observe the inequality:

" 2k
my (2k) < Ep (ZﬁiX(w)‘“>
=1

< n%i B Ep (X (w)**)
i=1

< n%i BFmx (2k)* .
i=1

Suppose now that for all £ > 1, mx (2k) < 1. Then there is a bound independent of k:

n 7
()
g==1
=1

my (2k) 7

IA

IA

which immediately implies Y’s moments satisfy Carleman’s criteria.

If not then observe that for 1 < 5 <k,

mx (2K)% < mx (25)% ,
so if it isn’t true that for all £ > 1, myx (2k) < 1, then set

ko = inf {k| mx (2k) > 1},
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so that k > ko means myx (2k) > 1. Then, since 0 < o; < 1, for 1 < ¢ < n, if k > kg =

inf {k| mx (2k) > 1}, then mx (2k)* < mx (2k) and so

my (2k)7F

IA

(ene)’

nz |8l mx (2l<:)5175

g=1

IA

and hence

1
"—1 > Bi —_— =
k>zko my (2k)* <nZ| ) k;co mx (2k)%* >

so that Y also satisfies Carleman’s criteria (109). m

Proposition 114 Let V be a Banach space and (Gp g (V) ,B(Gp,r(V)),P) a probability space such that

the random variable P, (w) satisfies Carleman’s criteria (109). Then for any
(v1,V2,...,Vn) € ((L“’J (V))*>n
the joint distribution of the random variable U given by
U (w) = (v1 (log (w)) , v2 (log (w)) , .- -, ¥n (log (w))) € R,

has a distribution determined by Ep (w).

Proof. Consider the continuous linear maps
I |ye: : VO - LO(V) Vi > 1,
due to section 6.5. They are bounded linear maps, hence have operator norms 0 < p; < 0o:

I lve: (@) < pillull Vo€V, ¥i> 1.
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By definition the components of w € Gy g (V) satisty

T E BOY sy,
8(8)
so that
[roe ) = mive: ()]
< pipp(w)%

*
Now if v € (LLPJ (V)) , there is the decomposition

L)
v= i v where v ¢ (L(’ (V))

i=1
and v has norm |[v9|| < co. Combining this,

lp}

blog )] < 3 2 (t0g @))]

IA

IN
n'M
>

satisfy Carleman’s criteria.

Itm,, (k) =Ep (ui (log (w))k), 1< i< |p|thenby (\:ondition (5.7), to prove that the joint distribution

of ¥ is determined by Ep (w), it is sufficient to show that

S ! e

o1 (my, (2k) + -+ +m,,, (zk))ﬁ
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Lemma (113) also guarantees this since if for all k > 1, mx (2k) < 1, then there exist constants C; such
that m,, (2k) < C?* for 1 <i < n and so

£

(Mo (26) + - +my, (2k)F < (C ... C2)%

< Cit--+Cn,

or if not, then for k > kg,

Mg (2K) + -+ + 1y, (2K)F < (CPF 4 4 CFYF g (2k) %
1 1 n
< (Ci+- +Cn)mx (2k)F

Hence either way, the inequalities ensure that the mixed moments of ¥ guarantee that there is an unique

joint distribution with ¥’s moment sequence. ®

The constraint on the random variable P, in this proposition seems a reasonable property to check
for distributions, however there has been no attempt to use it in fact. The first distribution to examine
would be do due Wiener measure, though this has not been achieved. If true, it does not add to the

conclusion of Proposition 112.

One thought to bear in mind if investigating this problem further, is that a non-uniqueness of measure
{

of the distribution at any finite dimensional level may be prohibited either in the infinite limit or if not,

by insisting that the measure is supported on G, g (V'), which is hard to determine.
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5.2.3 Other developments

The original purpose of looking at measures on geometric rough paths was that they can provide an
interpretation of some non-geometric rough paths. One hope is that for rough paths which are expressible
in an unique way as an expectation of geometric rough paths, a corresponding It6 integral can be defined

and interpreted in some way as an expectation of integrals of geometric rough paths.

While the above discussion concerns looking at the full iterated integral sequence in one chunk, a
weakened version of an uniqueness statement does exist for the case of the whole rough path. To start,
take the simple case of Wiener motion in R? and calculate the expectation of the first two iterated
integrals. By independence of increments, the result should be a multiplicative functional. In addition,

it has finite 2 variation.

Lemma 115 Take again (QG (R?)”, B (QG (RY)") , ua,c) to be the probability space of Example 106.

For (s,t) €Ty set X2, =E,, . (w?,). Then X2 € Q(V)? and ¥ (s,t) € Iy

$,t

I
ot
L

—

o~
!
w
~—
=
3}
®
[l

where e1,...eq form an orthonormal basis for RY.

Proof. For any (s,t) € I'y,

W@us t Wi's i ®2
1+3 <i<a “'—\/"g(ﬂei +3 (Zlgigd ”'—\/"g(”@ei>
Ws t =

Ay I\:;s,t(w) eiiek]
+ 2 i<icked PR
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where Wi st ~ N (0,(t —s)), 1 < i < d are independent normal random variables and A; k., : (w) are
Lévy Area random variables (see [27]) associated to the pair (Wi, Wjs:) 1 < i < j < d for a time

(t — s). Hence

E.Ud,c Z Wi;s,t (w) €; = 0
1<i<d
®2 d
Euie Z Wiis,t (W) € = (t—s) Z 6?2
1<i<d i=1
€, ek

E#d,c Z Ai,k;s,t (w) [ 12 ] =0

1<i<k<d

for1 <7< k<dandso

(t=3)
LS (wg,t) = (1’0’ 2d Ze?2> )

i=1
Clearly the functional X? is multiplicative and if

(t—s)
2d

d
®2
>,

g=1

w(s,t)=p

then w is a control for X2 when p > 2, so that X2 € Q (V) m

This extends to give a form for the expectation of the signature process with regards to the extension

of X2 due to Theorem 8.

Proposition 116 The extension X% € Q (V)io of X2 from the previous lemma has the form

(t—s) -
200 __ — ®2
Xst = exp ('—2-3‘-' ?:1 € )

2;00
Ep. o (ws,t )
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Proof. Clearly X% is multiplicative and agrees with X? when projected to Q (V)?. Theorem 8
implies that the extension of X? to Q (V)io will be unique and that the behaviour of the norms of higher
order iterated integrals will be influenced by the control of X2. Hence all that needs to be checked is the
control of the norms of the higher order iterated integrals. If n is odd, the n’th iterated integral of Xi’fo

is zero. So consider the norm of the 2n’th iterated integral:

2:(2n — 8
e - (5 (5

=1

(52 ()

< w(s,t)" < w (s, t)"
- gral Bnl ’

n

IA

which is as required since 8 > 5(2) > 1.
Now Chen’s identity for geometric rough paths, equation (2.1), means that the functional
Epue (‘*’?,;-oo) 1T — T(V),

is multiplicative: for all (s,7), (r,t) € Iy,

oo
; 2;
Eﬂd,c (w.f,fo) - Z]Elld,(}' (ws,t(n))

(i 2:(n—j
Eud,c (w\z,’ﬁj) ®wr,t(n J))

3
i
=)

I
NgE
NE

3

i
(=]
<

il
[}

I
NIE
NIE

By (wf’ﬁ")> @K, (wf,;t(m))

3
I
)
3
I
)

Il
=

2;00 2;00
Hd, G (ws:r ) ® Eﬂd,G (wT:t ) .

Since E,, (w.zf.z) agrees with X%, the multiplicative extensions will agree if E,,, . (wifo ) has finite
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2 variation, which is confirmed by Lemma 117. Hence the equality

200 (t—3s) : ®2
Eud,c (ws:t ) = exp Tod Z € :
t=1

The following lemma confirms that the norms of the tensorial components of E,, (wf,fo ) behave

like a finite p > 2 rough path.

Lemma 117 Consider the probability space (QG (R?)”, B (QG (RY)"), uac). For any n > 0 and any

(S,t) (S Pl,

2;(2n-1
Eud,c (ws,t( " )> = 0

2;(2 2(2)) ||
2;(2n) HEM,G (ws,g )) (t—3)" |[Epso (WO,§ ))H
E ws’ < = .
“ ra,G ( sit )[' - n! n!

T

Proof. First observe that the distribution of the n’th iterated integral scales with time according to

t%. Therefore, for all n > 0,

[Brse (2] = €9 [Busc (w257)])

so it is enough to prove the statement for (s,t) = (0,1). So for n > 0 set
H]EM'G (wgﬁn))u = C, < o00.

The statement is true m = 1, so assume it is true for any m < n. Then using the scaling property of

the distribution, Chen’s identity, the independence of increments for the measure p4 ¢ and the induction
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hypothesis,

Cons = [ (477

2nA-1

jgo Euso (w ( 2; (])) REu, ¢ ( 21(12"+1—j))
2n41 |
j;) “Eud,c ( 2 (J))“ “Eudc ( 2%(12 +1_J>)“

e (25 ) + [ (557)]

< 2170y,

IA

IA

which gives C5,41 = 0. Then for the 2 (n + 1)’st iterated integral,

C2n+2 = “Eud,c (w(2)§ n+2)) “
n+1 24 % )
2 —
< 2B (G5 [Bue (53]
i=0
n Cn+1
< 27"Cpyg+ 27 Z——“——
Hn =)
3 9- (n+1)Cn+1
S 2 n02n+2 + ——(—7';—_*__1.)2'——- (2n+1 — 2) ,
which can be rearranged to give the sought after
C’n+1
C < 22
M= T+ )

completing the induction. m

An uniqueness of measure statement is now possible for the non geometric rough path X2 of Lemma
115. Among all measures n on QG (V)2+, the following statement says that there is only one which
satisfies the condition

E, (wﬁj;”) = XXV (s,t) € Ty,
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in other words, knowledge of all the moments over all times and that the functional X2 extends to an
element of Q) (V)z, means that there is an unique measure on geometric rough paths of finite p > 2

variation whose center of mass simulates the functional XZ,

Proposition 118 Let X2 €N (V)iO be as in Lemma 115. There is an unique measure 1 = (4, on the
measure space (QG (R?)”, B (G (RY)P)) for any 2 < p < 3, such that n almost surely, w € QG (V)**
wo = (1,0,0) and V¥ (s,t) € 'y

2;00\ 2;00
]Eﬂ (ws,t ) - Xs,t

Proof. For 2 < p < 3, the sigma algebra B (G (R%)”) is generated by the  system of cylinder sets
C, (]Rd) (see section 5.2.1). Hence, if a measure 7 on a cylinder set is uniquely specified by the functional

X2, it is uniquely specified on the whole of B (QG (R%)"). So pick 4 € Cz (R?),

A= ((40),(A1,(0,t1)),..., (An-1, (ta-1,1))).

Then

n(4) = p({((1,0,0),wo;, .., wt,_y,1) € (Ao, 41, ..., 4n-1)}),
so that if the multidimensional random variable ((1, 0,0),wotyy--, wtn_l’l) has a distribution determined
by it’s moment sequence, then 71 (A) is specified. If ey, ...,eq is an orthonormal basis of R?, then for
j=1,...,n,

t G
P (we,_ie) = D \/ J —Wijei + Z J 2y Ak, [ ex]

1<i<d 1<i<k<d

where each W;; has a N (0,1) distribution and each A;j ; has a Lévy Area distribution. The cal-

culation in Proposition 112 now applies in exactly the same way to specify that the distribution of
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(12 (wo,t,) . --,12 (we,_,,1)) and hence ((1,0,0),woy,,.-.,wt,_,,1), is uniquely determined by the mo-
ment sequences of the 12 (ws ¢) in the evaluations X2 ,. The measure pq,c concurs on Cz (R¢), so by the

previous argument, 77 = pgg. W

The proposition amounts to a characterization of Wiener measure along the same lines as Lévy’s
classical characterization, as being a martingale whose quadratic variation is the time parameter. The
additional content is that it says that among all geometric rough paths with independent increments,
there is only one whose area increment has zero expectation. In this context, it is a characterization of

the Lévy area random variable.

There are several ways to extend this Proposition, increasing it’s generality. The germ of the idea
came from an observation about rough paths of finite 2 < p < 3 variation. For such paths, it is always
possible to aésociate a geometric rough path of finite p variation as follows: if Y2 € Q (V)?, then for all
times (s,t) € I'r,,,

1 1
logy (Y2,) = Y0 + Y - oYl @ Y{) e Ve ve

This element projects to an element of L? (V') by ignoring it’s symmetric component in V®2. The result
is an element of L? (V'), whose exponential in fact defines a geometric rough path of finite p variation.

The symmetric component can be understood however, as a sum

} : ®2 ®2
Vs tyi — Us 2200
i
where each v+, ust; € V. The positive part can now be interpreted as a diffusive component, while

the negative component as an anti-diffusive component (the difference is a sense of backward in time

or forward in time diffusions). Suppose now there is no forward diffusive component, then the question
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is does the rough path locally define an unique measure on geometric rough paths, whose expectation

matches the extended rough path Y2,

So to extend the idea, one direction to pursue is to whether for any X? € QG (Rd)p where 2 <p < 3
(and assume Tx2 = 1), there exists yi4,c almost surely, a perturbed version X? (w) € QG (R%)”, such
that for all (s,t) € I'y,

d
t—s
E(X2,(w)=X2,+ ET) Z e®2.

Another qualitative investigation would be into perturbing simple geometric rough paths of finite
p > 3 variation in this manner, like straight rough paths. Indeed, it is possible to think of diffusions in

any direction which defines a straight rough path and so define higher order measures.

With regards to an algebraic context, geometric rough paths have signature whose logarithm lies in
the free lie algebra, which according to section 3.5.2, have an interpretation as first order derivations of

d ®2
=1 G

the shuffle algebra. The interpretation of the element is as a simple second order derivation,
but it would be interesting to see how far the viewpoint can be taken, particularly for higher order
operators and indeed if the current understanding of rough paths is sufficient. In [46], there already

exists interesting progress in exploiting this very viewpoint to construct approximate solutions to such

problems.
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Chapter 6

Appendix

6.1 Some calculations for controls

Lemma 119 Let u € T" (V)\R. Then for X" (u) € Q(V),,, the multiplicative functional given by
n n , Z&®j
X3, (w=) (t—s) € ™ (V)
— !

for (s,t) € T'ryn,,, has finite p variation if p > n and thus belongs to Q(V)r. (Note that T" (V) =

7n (T (V) where m,, quotients T (V') by the ideal generated by tensors of degree m > n, so that X§, (u) =

T (exp ((¢ = s) w)))-

Proof. Let u = Z?zl u where u?) € V®I, Then,

J
X9 () =3t — ) uy
k=1

179



for some constant vectors, u; z, 1 <k < j <n. Sofor 1 < j < n define the controls w¥) (.) € Tryng, — R

wﬁwaw={6(%)(55Mam>mw{“—ﬁ’@—@4}
k=1

ka3
7

so that clearly

()

IIXEJ,Q) (u)“ <
So set w (+) € I'ryn,, — R to be
j .
w()=Y e ()
k=1

and then w is a control for X" (u) in n variation, hence X" (u) € Q(V). =

Lemma 120 The concatenation of two rough paths X2, Xlel e 0 (V)P with controls w,& respectively,
o . =~ Lp] ~ N
also lies in Q(V)? and is denoted by (XX) . Let T =Tx1p), T =Tk - Then (XX) is controlled

by w’ as follows:

W' (s,t) = wi(st) 0<s<t<T
w(s, )" +&(0,t —T)7 _
W (s,t) = 0<s<T<t<T+T
F(w (s, T)+@(0,t—T))*

W(st) = G(s—T,t—T) T<s<t<T+T

Proof. The product is defined

i

(XX~) = Xg¢ 0<s<t<T

s,t

(xX) .= Xer@Xopr 0<s<T<t<T+T
8

(XX) = Xerur T<s<t<T+T
s,t
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XX is clearly a multiplicative functional so all we are required to check is that ' (s,t) is a control for
time pairs (5,8) with 0 < s < T <t < T+ JN“, since for all other time pairs, the original controls suffice.
For0<s<T<t<T+T,

(Xi) = X1 @ XosT

8y

so that

()

Zx(J) Ot r
e ()

>[5 |[Xoila]
j=0

(w(s,T)‘% +w(0,t—T)%)
ae]

(by the neo-classical inequality Lemma (9)) and continuing on,

IA

P

+§w sT)Pw(O t—-1T)"
j=1

»()(=)

(w(s 17 +@ 0t -1)7) L @D 450t -T)
5(3)! 6 (%)

(w6 1)F +50,1-1)%) + @ (1) +3(0,t - 1))

w' (s,t)%

()

~\ lp] .
Thus «’ is a control for (XX) as claimed since it is sub-additive, continuous near the diagonal and

()

e

IA

zero on the diagonal. =

Corollary 121 For any p > 1, the signatures of the collection § (V)’fp ) of baseless multiplicative func-
tionals of finite p variation forms a group &% (V).
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Proof. Lemma 120 shows that 2 (V)’L’p y is a semi-group which clearly has a unit. To see that the set

contains inverses, let x € 1@ (@7, V®). The inverse function
invy 1 1@ (@7, V®) — 1 (], V®)
is given by composition of functions
inv, (X) = exp,, (—log,, (x)).
where log,, and exp,, are polynomial functions:

log, : 1@ (®?=1V®j) — @?=1V®j

log, (x) = log, (1+x<1>+...x<n>)

™ ((x(l) +...+x<n>)®j)

= j};l(~1)J 7

exp,, EB;’ Ve 1@ (@?ZIV@)
exp, (x) = exp, (1 + x4 x("))

Hence if for 1 <1 < n,

and then there exist constants k;, y;, 1 <¢ < n,

Ol < kiw (s,t)i

Nlogn (x)

and then

Ol < pw (s,t)% .

|expn (—1og, (x))
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Thus there is a constant v, such that

(Unw (5,1))7
5 (3)!

Now if X12) € Q (V)P ), just define X (P! by imvX [Pl = X,E,f)’jm , Tinoxto) = Tx1o1

<

“expn (—log, (x))(i) ,1<i<n.

X8 v (XE n ) V(80 €TT -

Then, if w(s,t) is a control for X!PJ then v,w (s,t) is a control for ™ X?) and vX!(?l has finite p

variation. Moreover for all (s,¢) €'t .

Xgﬁj ®inv X lp]

=1
Tytp) —t:Tx|pj =

and X P! is thus a form of inverse to X P} (though not unique in an important respect). It means that

both sig (XLpJ) and sig (prJ)—l belong to 6{} (V) as

sig (XL”J)_1 = gig (m”XLpJ) .

6.2 Campbell-Baker-Hausdorff

A formulation of the Campbell Baker Hausdorff formula due to Dynkin [17], in terms of the operation

ad (z) (y) = oy — yx
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Theorem 122 (Campbell-Baker-Hausdorff-Dynkin)

H(a,b) = log(exp(a)® exp (b)) (6.1)

(_1)k—1 P1 q1
= Y ey ae) (ad(2)” (ad (8) - (ad (5)) "

k>1

where

1 1
Pt dpta++a)ploplal gl

(P, Phr Qs 5 Q) =

and where p1,-+ Pr,q1, -+ ,qr > 0 and p; +¢; > 0 fori =1,... k. (Hence either g =1 or p;, = 1 and

a =0.)
The first five terms are given in [39] by:

H(a,b) = a+b+ % [a,b] + Tli {la, [a,b]] + [b, [b,a]]} + i [a, [b, [b, al]]

[a" [a7 [a’ [a'v bm] -2 [b’ {a” [a" [a" b]m

*56 —6 [a’ [a‘? [b’ [b’ a']]]] —6 {bv [b’ [a'7 [a" bm} tee

-2 [a’ [b’ [ba [b’ am] + [b7 [ba [b’ {b’ a’]m

\ 7
Nicolas Victoir passed on the reference [39] in which there is calculated a large number of the terms
for the series. It is a beautiful object to study and from the point of view of quantization, has been

interpreted in terms of Bernoulli numbers, graphs and weights in [2] for example.

184




6.3 A Smooth Vector Field

For a Banach space V, take a system of compatible norms on the tensor products V&, i > 1, according

to (2.4). Define the norm |||, on Upsy L™ (V) through for 1" = 377, 19 10) e LY (V),

Pl =319
=1

and define the Banach space L= (V') to be the completion of U1 L™ (V) with respect to the norm ||-||

Lemma 123 Let Hy (a,b) be the component of H (a,b) (6.1) of degree 1 in b. Define the vector field

f:L® (V) — Hom (L (V),L® (V) by
f(a) (b) = Hi(a,b).

Then f is smooth for |lal|,, <7

Proof. According to [33] for example,

fa)(®) = Hi(a,b)

= Z * (ad (a)) )%™ (b)
= > fala)(d)

where
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and for n > 1, |Bay,| = (%f;—% (2n). Therefore

Ifon @ Ol = |22 (o
2 (2n)
(27T)2n

2 <2n)

oa (@) )

oo

(ad (@) )] _

IA

lallce 160

Now for 1 < i < jlet v; € L™ (V) and set u; = v;. Then put u; = a for j +1 < ¢ < 2n. This gives the

following form for derivatives of the vector fields fa,, j > 1:

2 @ 0) ) = oy 2, [otwy e tiots B
so that
£ @ vs,- o )| < @7% EZS: ITttowys -+ s oty 8] o
< TPl ol ol Pl
By setting

2¢ (2n) (2n)! o,

there is firstly a bound on the norm of the fQ(i), n>1,

@ (@5, ) 2 L2 (V) = Hom (1 (V)™ Hom (L (V), L (V)

“ (J) (a;- - ,)” < can,j (Jlall o) -
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Using d’Alembert’s ratio test,

. Cony2j (@) 20 (2n+2) (2n+2)la? 277 120 (20 — §)!
lim ——=———+ = lim - -
n—oo  Con j (Ol) n—00 ront? (27’L +2— ])' 2¢ (2TL) (2”)!042"—]
~  lm (2n+2)(2n+1)a?
T n—oo (2n+2-7) (2n+ 1 — j) w2

aZ

w2’

the sums of these norms are finite if ||a]| < 7

Cj (llallo) Z con,j (llall oo

Therefore, since él) =0, f(l) (a;v1) = 2ad (vy) and f(]) = 0 otherwise,

> |

“f(j) (a;'vl,... ,’Uj) (b)”oo < ,Uj) (b)Hoo
=1
1+ Cr(a) vl Iblloe 7=1
<
o) [[V1ll oo 1Wsll oo 0l 7 > 1

and hence f is C when |afl <7. m

6.4 A metric for a connected Lie group

Let G be a finite dimensional Lie group with lie algebra g. Suppose there is a norm on the lie algebra,

[lll4- For any two points g, h € G, denote
Por(G)={v€P(V) st. 70 =g,71, = h}
and define the length of such paths,

l(v)=/0< o [l el -
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Then there is the following Lemma

Lemma 124 Let G be a connected finite dimensional lie group whose lie algebra g has norm ||-|| o The
functiondg (-, ) :GxG—=R

de(g,h)= inf I
a (g, h) . ()

defines a metric on G.

Proof. Clearly dg (g,h) > 0 for all g,h € G.

To check that dg (g, h) = 0 if and only if g = h, suppose that there are elements g # h such that
dg (g,h) = 0. Then without loss of generality, g = e, the identity since the definition implies that
da (g,h) = dg (e,g71h) for all g,h € G. Now in a neighborhood V of 0, log : G — g is a well defined
analytic bijection (see section 3 of [22] for example) with inverse Ezp : g — G. Since g # e, there exists
§ > 0 such that if V5 = {Hlllg < 5} ,then Vs C V and g ¢ Ezp (V5). Then since Exp (Vs) is a closed set

in G,

T : G-+Hom(g,g)

T = g7,

T is a smooth function, whose image restricted to Vj is bounded below in norm. i.e. there exists x5 > 0

such that Vg € Ezp (Vs), |lg7* (0)]| = s |11l
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Take any v € P. 4 (G) and consider the path m; = log () for v; € Exp(Vs). Then

14 > / ~14
/0@@”% wly = [ il
> 14
> /Wmu% |,
> ns [,
t:{v:€Vs}
> Oks > 0.

Thus dg (e, g) > 0 as required.

The triangle inequality, follows immediately since if gy, 92,93 € G, any paths from g; to g2 can be

concatenated with a path from g, to g3 to give a path from gy to g3. =

Lemma 125 For such a metric dg (-,-) as above, G is complete.

Proof. Using a similar technique to the lemma above, the issue of completeness can be reduced to
an issue in the lie algebra for the norm ||| ; which is complete. In fact it is possible to show that there

exists a constant ¢ > 1 such that in a neighborhood of 0 € g,
¢ 'dg (e, Ezp (1)) < ||l < cdg (e, Ezp (1)) -

Since Ezp : g — G is continuous, G is complete. m

189




6.5 Some More Algebra

Define the elements id, 1,€ Hom (T (V), T(V)) by

1(v) = voe(y)

Vv € T (V) so that 1 is just the projection operator of T'(V) onto V®°. In addition, consider 7'(V)
as the universal enveloping algebra U(L(V)) and let II; be the projections II; : U(L(V)) — U; (L) .

According to [33], the maps II; as elements of Hom (T(V'), T'(V)), satisfy the relation

with respect to the product % (3.6), with the deduction that

oo

I = y'm
3=0

= exp(Ily).

Consequently, there is the following form for IIyin Hom (T'(V), T(V))

I, = log(I)

In [38] it is shown that II; evaluates on simple tensors to

nl(m@---@xn):Xn:(—nm—l—l—(”)—l S [Totre s Ton]

nm
m=1 o€Gn,m
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for any z1,...z, € L(V) in fact, where the G, ,, are particular subsets of permutations of n elements
as follows. Take o to be a permutation of {1,...,n} and denote the set of intervals {p,p+1,..., q} of
{1,...,n} where op < o(p+1) < --- < 0gq, by C,. Then let D, be the maximal elements of C,. Set Ghn,j

to be the permutations ¢ of {1,...,n} where Card D, = j.

In general, let B, ; be the set of sequences (Py,..., P;) of disjoint non-empty subsets of {1,...,n}

with union {1,...,n}. Solomon showed that II; evaluates to have the form

1
Li@®--0w)== Y L@z oh{fz)
J: (Pl,..‘,Pj)EBn,j

where if P = {i1,...,i, }then

Pr=Pz1Q Q®xpn) =i @ - Qxj,.

Using this formalism, it is possible to express a remark about the tail of the signature of a geometric

rough path.

Lemma 126 Let [ € L (V) so that exp (1) € T (V). Then it is possible to reconstruct the lower order
iterated integrals purely from knowing the tail of exp (1), so that the information of a signature of a rough

path is completely contained in the tail.

Proof. Let the given information be the sequence {exp (L)(i)}oo where exp (L)(i) = 7(;) (exp ().

i=n

Then to identify the element

I= {:}“’,
i=1
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the notation above gives simply if ¢« > n that

L(i) — Hloexp(L)(i)

= Ijo (1) (exp (1)) .

So it remains to show how to identify the lower order lie components. For 1 < i < n, it is possible to
i) ®m
identify (L(l ) for any m > Z:

1@

®m
E:Tn)!__ = (M om)™ o (exp (D(im)) ,

N\ ®m
where x is the convolution product of (3.6). If m is odd, there is an unique m’th real root of (ﬁ”)
which can be identified using a basis system such as that due to Poincaré, Birkhoff and Witt. Hence the

tail of the iterated integral sequence contains the information of the head of the sequence also. =

6.6 No ‘Lie’ map

Non-geometric rough paths have signature processes which do not have logarithms that lie in a free Lie
algebra but a larger Lie algebra

L(V) =@, Ve

As such, it is tempting to try to find a geometric rough path by projecting the path of the logarithm in
£(V) into L (V) and ascertaining whether the exponential of this path defines a geometric rough path.
Unfortunately, this procedure appears not to be a group homomorphism. To expand on this putative

procedure, take X(P) € @ (V)!?). Then the hoped for geometric rough path & (X\?)) € QG (V) 7} would
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take the form

o ()., - o (1 (e ()

1

(in the algebra ied (V). However this map is not multiplicative in general, that is

o(x), 08 (x0),_Fo(x)

s y s,u

To see this, consider 4 < p < 5, 1,22 € V and

XSU;J = exp((t—s) xfm)

Xgﬂ = exp ((u —1t) :c%w)

Then II; (z£%) =0, so

) (X“’J)” ) (XLPJ) —1.

) tu

But

bl = oxp (= 9028 + (u—)af? + E D= (092,07

and so

(t ) 2P + (u—t) 25”
i) (XL"J) = exp|IL;

S,
+ (t——s)z(u—t) [wi@z, x?z]

o (£2222))

So it is necessary to evaluate IT; ([27?,25%]). Sparing the algebra of the calculation, it evaluates to

i

I ([mi@2,$§® ]) = H:L‘?’ [xlvmzﬂ 7m1] .

=

Thus & (X)) = exp (wé“_t) ([z2, [z1,z2]] ,xl]) # 1 and the procedure does not extend in the

required fashion.
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