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Abstract

The main object of study in this work is the extension of the classical
characteristic function to the setting of path signatures. Our first fun-
damental result exhibits the following geometric interpretation: the path
signature is completely determined by the development of the path into
compact Lie groups. This faithful representation of the signature is the

primary tool we use to define and study the characteristic function.

Our investigation of the characteristic function can be divided into two
parts. First, we employ the characteristic function to study the expected
signature of a path as the natural generalisation of the moments of a real
random variable. In this direction, we provide a solution to the moment
problem, and study analyticity properties of the characteristic function.
In particular, we solve the moment problem for signatures arising from

families of Gaussian and Markovian rough paths.

Second, we study the characteristic function in relation to the solution
map of a rough differential equation. The connection stems from the fact
that the signature of a geometric rough path completely determines the
path’s role as a driving signal. As an application, we demonstrate that
the characteristic function can be used to determine weak convergence of

flows arising from rough differential equations.

Along the way, we develop tools to study cadlag processes as rough paths
and to determine tightness in p-variation topologies of random walks. As a
consequence, we provide a classification of Lévy processes possessing sam-
ple paths of finite p-variation and determine a Lévy-Khintchine formula

for the characteristic function of the signature of a Lévy process.
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Chapter 1

Introduction

A path can be regarded as a representation of an ordered sequence of events. On the
one hand, it is a sufficiently versatile and, at least on the surface, simple object, that
it has become ubiquitous throughout mathematics. On the other hand, even in the
simplest settings, the study of paths can become an extremely deep theory which can
be analysed from a wide variety of approaches.

In this work, we will be primarily concerned with paths taking values in a vector
space and which play the role of a driving signal in a differential equation. This is
of course an extremely diverse area of study in itself. For example, the extension
of differential calculus from bounded variation paths to rougher processes has been
one of central problems in stochastic analysis over the last century. However, even
for a smooth path, determining its effects on a differential equation can be far from
straightforward. It thus becomes of great value to find a simple representation of a
path which would describe its role as a driving signal.

For sufficiently regular paths, Chen [13] first demonstrated that such a description
was given precisely by the sequence of iterated integrals of the path, which has come to
be known as the path signature. Chen moreover showed that the set of path signatures
possesses a canonical group structure which respects the “concatenation product” of
the underlying paths. Many authors have since contributed to our understanding of
the signature and it has become one of the central objects of study in the theory of
rough paths.

We take a moment to consider the case of a one-dimensional path. The signature
of a bounded variation path x : [0,7] — R is given precisely by the sequence of the

powers of its increment

— 2 _ 3
S<X)O,T = <17XT — Xo, (XT 2'X0> 7 (XT 3|X0) .. ) ) (101)




We would like to mention three points about this expression. First, for a one-
dimensional path, S(x)or depends only on the increment of the path xr — xo; this
reflects the fact that flowing along a vector field for time ¢ in the first direction and
then for time s in the second direction, produces the same effect as first flowing for
time s in the second direction and then for time ¢ in the first direction. For multi-
dimensional paths, this commutative property no longer holds true, which reflects the
fact that when flowing along two different vector fields, order becomes important.
Second, observe the factorial decay of the terms in (1.0.1). If one considers a
Banach space W and a bounded linear operator M : W — W, it follows that the
series - . .
MS(x)oq] = $ M0 = X0) (1.0.2)

’ k!
k=0

converges rapidly to exp(M (xr — X)), which is nothing but the solution of the dif-
ferential equation

d@t = M(dxt) (¢] ®t7 (bo = IdW (103)

In turn, the corresponding linear map &7 : W — W is precisely the flow map, sending

the starting point y, to the endpoint yr, of the following differential equation
dy; = M(dx;)(yt), yo € W.

In contrast to commutativity, the factorial decay of the signature remains true
for any bounded variation path x : [0,7] — V taking values in a Banach space V.
It follows that for a linear map M : V + L(W), replacing (x7 — xo)* by the k-th
iterated integral of x in (1.0.2), and canonically extending M to a linear map defined
on the tensor algebra of V', the series M [S(x)or] remains a valid expansion for the
solution ®.

Furthermore, if one considers a linear map M : V — g taking values in a Lie
subalgebra g of L(R®), then &7 is precisely the Cartan development of x in the
corresponding matrix Lie group GG. The important observation here is that any linear
map M : V — g canonically induces a representation of the signature group on the
Lie group G.

For much rougher paths, the existence of a well-defined signature, as well as its
factorial decay, was first shown by Lyons [45] in his introduction of rough paths
theory. This decay property of the signature, particularly in connection with linear
differential equations, can serve as one of the first stepping stones into the theory of

rough paths.



Our final point about (1.0.1), is that if x is a random variable, then the classical

characteristic function of x; — xq is given by the expectation of

exp (IN(xr — Xg)) = Z (%) (X]Z!_ %) )

where \ varies across R. The point of view we emphasise, is that for every A € R,
i\ x — Az is a map from R into L(C) which takes values in the Lie algebra of
the unitary circle group T, and thus induces a unitary representation of the signature
group.

In the study of probability theory on algebraic structures, the natural extension
of the characteristic function to a random variable X, taking values in a topological
group G, is given by ¢x (M) := E[M(X)], where M is a unitary representation of
(. Under suitable conditions, particularly the existence of sufficiently many unitary
representations, ¢y is known to uniquely determine the law of X.

Given a linear map M : V +— u, where u is a unitary Lie algebra, it is the remark
that M induces a unitary representation of the signature group which serves as the

first step into our definition and study of characteristic functions of path signatures.

Layout

We take a moment to briefly summarise the structure of the document. At the
beginning of each chapter, we also provide a brief summary of its contents.

In Chapter 2 we introduce a universal topological algebra F(V') associated to a
vector space V, in which we embed the signatures of V-valued paths. The primary
motivation for a topology on the group of signatures is to make sense of what we
mean by a “random signature”. The induced topology, however, exhibits a natural
interpretation in terms of differential equations: a sequence of signatures converges
if and only if the solution to (1.0.3) converges for every continuous linear map M :
V= L(W).

In Chapter 3 we recall the fundamental results of rough paths theory. The main
link with Chapter 2 is that the signature of a rough path can always be identified with
an element of F(V). We highlight the recent work of Boedihardjo, Geng, Lyons and
Yang [4] on the classification of rough paths through their signatures, particularly
in connection with our work on the characteristic function and weak convergence of
solutions to rough differential equations.

Chapter 4 is devoted to the study of the expected value of the signature. The main

goal of this chapter is to emphasise the point of view that the expected signature is



the natural generalisation of the moments of a real random variable. In particular,
we explore solutions to the moment problem, study analyticity properties of the
characteristic function, and show a method of moments for convergence in law of
random variables. We demonstrate how signatures arising from classes of Gaussian
and Markovian rough paths fit into our framework.

In Chapter 5 we investigate problems concerning weak convergence of rough paths
and of rough differential equations. The primary problem we address is to determine
conditions under which RDEs driven by concatenations of geometric rough paths con-
verge in law. In passing, we investigate one of the systematic ways to turn cadlag paths
into rough paths, and ultimately apply our results to Lévy processes and stochastic
flows.

In Chapter 6 we collect several open problems relating to the current work which

we believe to be of interest.



Chapter 2

Universal locally m-convex algebra

The purpose of this chapter is to define the algebra E(V') and collect its basic topo-
logical and algebraic properties. The importance of the space E(V) comes from the
fact that the signature of a path can always be realised as an element of E(V'). This
connection will be studied in detail in Chapter 3.

In Section 2.1 we define E(V') as a locally convex space and record some of its
basic topological properties. In Section 2.2 we focus on probability measures on G(V),
the set of group-like elements of E(V).

In Section 2.3 we study representations of E(V'). Our first main result is Theo-
rem 2.3.8 which describes explicitly a family of representations of E(R¢) which pre-
serves unitary elements and separates the points. An immediate consequence is that
one is able to define a meaningful characteristic function for G(R%)-valued random
variables (Corollary 2.3.12).

For a large part of the later chapters, we will consider only the case V = R
However, throughout this chapter we work in the general setting of locally convex
spaces as we find this provides the most natural framework to interpret the topology
of E(V'). We shall make precise whenever finite dimensionality (or further properties)

of V' are required.

2.1 Definition and topological properties

Unless otherwise stated, we shall assume that all vector spaces are real and all algebras
are unital. For topological vector spaces V, W let L(V, W) be the space of continuous
linear maps from V to W, and denote L(V) = L(V,V) and V' = L(V,R). For

terminology and basic properties of topological algebras we refer to [47].



For a topological vector space V', a topological algebra A, and a topology on the
tensor algebra T(V) := @, V", consider the statement:

For all M € L(V, A), the extension M : T(V) — A is continuous. (2.1.1)

One may then topologize T'(V') by requiring that (2.1.1) holds for all topological
algebras A of a given category. We consider here the category of locally m-convex
algebras whose definition we review.

A family of semi-norms ¥ on a locally convex space V' is called fundamental if for
every semi-norm £ on V there exist v € U and € > 0 such that €€ < (note that by

a semi-norm we always mean a continuous semi-norm).

Definition 2.1.1. A locally m-convex algebra A is an algebra equipped with a locally
convex topology for which there exists a fundamental family of defining semi-norms
U such that for all v € ¥

V(zy) < v(@)y(y) Yo,y € A (2.1.2)

When a semi-norm + satisfies (2.1.2), we say it is sub-multiplicative. An locally
m-convex algebra A is called normed if there exists a single sub-multiplicative norm

||-|| which defines the topology of A.

Definition 2.1.2. Let V be a locally convex space. Let E,(V) = T(V) equipped
with the coarsest topology such that (2.1.1) holds for all locally m-convex algebras A
(or equivalently, all normed algebras A). Denote by E (V') the completion of E,(V).

Thus for any normed algebra A, the set Hom(FE,, A) of continuous algebra ho-
momorphisms is in bijection with L(V, A). For any M € L(V, A) we shall usually
denote by the same letter M the corresponding element in Hom(E,, A), but shall
write Mg € Hom(E,, A) whenever a clear distinction is needed.

Though in all later chapters we shall assume that V' is normed, most results in
this chapter are more easily understood for locally convex spaces and so unless stated
otherwise, for the remainder of the chapter we let V' denote a locally convex space.

In most of our notation, we shall drop the reference to V' when it is clear from
the context. It holds that F, and E are locally m-convex algebra ([47] p.14, p.22).
While most results in this section are stated for F, it is easy to verify which remain
valid for E,.

This method to obtain a universal topological algebra of a specific category is

very natural, and we note that this construction is not new; the same construction



(and essentially Proposition 2.1.4 below) appeared in [15] in relation to cyclic coho-
mology, while analogous constructions were investigated for locally convex algebras
with continuous multiplication in [58] and for commutative locally m-convex algebras

(particularly in relation to nuclear spaces) in [18] Section 6.4.

Remark 2.1.3. Tf we start with V as a general topological vector space, an easy
verification shows that we arrive at the same space F, as when we equip V' with the

finest locally convex topology coarser than its original.

For semi-norms v, £ on locally convex spaces V, W respectively, let v ® ¢ denote
the projective semi-norm on V@ W. Denote by V ®, W the projective tensor product
and VW its completion. For a normed space F, and M € L(V, F) denote v(M) =
SUp.,()=1 ||[Mv|| (possibly infinite).

For any collection of semi-norms W on V', define U* = {ny | n > 1,7 € V}. Define
the projective extension of a semi-norm v on V' as the semi-norm exp(y) = >, ,7%*
on E,. Remark that exp(y) is a sub-multiplicative semi-norm on E,. Moreover for
any normed algebra A, M € L(V, A), and a semi-norm 7 on V' such that v(M) < 1,
it holds that exp(y)(Mg) < 1. We thus readily obtain the following.

Proposition 2.1.4. Let V be a family of semi-norms on' V. Then V¥ is a fundamental
family of semi-norms on V if and only if exp(V*) is a fundamental family of semi-

norms on K.

Corollary 2.1.5. The space E is Hausdorff (resp. metrizable, separable) if and only
if V' is Hausdorff (resp. metrizable, separable).

Whenever we speak of a topological space, we shall henceforth always assume it

is Hausdorff. The following result identifies F with a subspace of P(V) := [],~, VEk,

For z € P, we write z* for the projection of z onto V&, so that z = (20, 2!, 22,...).

Corollary 2.1.6. Let ¥ be a fundamental family of semi-norms on V. Then E =
{zeP[Vye T3, (") < oo}

By noting the identification P2 = [Li 50 V", where Vi = V&) the same
considerations show that
E®? = {z € P®? | Yy € U, Z 2D (297) < oo}
i,j>0
Let p* : E — V& denote the projection p*(z) = 2* and 7% : E @520 V& the
projection 7%(x) = (2°,...,2%). The following result shall also be useful later and is

another consequence of Proposition 2.1.4.



Corollary 2.1.7. The operators T™ = Y reo ¥ E — E converge uniformly on

bounded sets to the identity operator on E.

When V is a normed space, we always equip V® with the projective norm unless
stated otherwise. For an element x € P define its radius of convergence R(z) as the
radius of convergence of the series 3, ., ||#*|| A*. Corollary 2.1.6 then implies that
z € E if and only if R(z) = oc. )

We now come to a more interesting property of the space E. For a semi-normed
space (W,~) denote the quotient normed space W, = (W/Ker(y),v) and W7 its
completion. For a locally convex space W and a Banach space A, amap M € L(W, A)
is called compact (resp. nuclear) if there exists a semi-norm v on W such that the
v(M) < oo and the induced map M, : /1/177 — A is compact (resp. nuclear). Recall
that W is called Schwartz (resp. nuclear) if every M € L(W, A) is compact (resp.

nuclear) for every Banach space A.

Proposition 2.1.8. The space E is Schwartz (resp. nuclear) if and only if V is

Schwartz (resp. nuclear).

We note that the case when V is simply Schwartz shall not be used later and is
recorded simply for completeness. Moreover nuclearity of E shall only be applied in
Section 4.3 to the case V = RY. However the equivalent statement for V = R? uses
essentially the same proof and thus we record the result in full generality.

Let ¥ be a fundamental family of sub-multiplicative semi-norms of a locally m-
convex algebra F'. Equipping W* with its natural partial order, (ﬁv)vellf* is a projective
system of Banach algebras and one obtains a dense topological algebra embedding
F — 1&176‘1” ﬁy known as the Arens-Michael decomposition (see [47] Chapter III).

As compact (resp. nuclear) operators form an operator ideal, we obtain the following.

Lemma 2.1.9. Let F be a locally m-conver algebra. Then F is Schwartz (resp.
nuclear) if and only if every continuous algebra homomorphism M : F +— A is compact

(resp. nuclear) for every Banach algebra A.

For a normed space V' and Banach space W, denote by N (V, W) the Banach space

of nuclear operators from V' to W with the nuclear norm |||,

Lemma 2.1.10. Let (V,7) be a normed space and A a Banach algebra. Let M €
N (V. A) with ||M||y < 1. Equip T(V) with the norm exp(y). Then the extension
Mg :T(V) = A is nuclear and ||Mg||y < (1 —[|M]]y)"".



Proof. Tt holds that product map M®* : V®* s A®~F i nuclear with nuclear norm
bounded by [|M][% (]32] Theorem 3.7 - the bound is clear from the proof therein),
and the multiplication map A®* — A has unit operator norm. It follows that M®* :
vk s A is nuclear with nuclear norm at most ||M|[% ([29] p.84). The conclusion
follows since Mp = > ;- M®* is an absolutely convergent series in N'(T'(V), A). O

For a semi-norm v on V, let B, = {v € V | v(v) < 1}, and for a subset B C V,
let T'(B) be the absolutely convex hull of B.

Proof of Proposition 2.1.8. The “only if” direction is clear. Let A be a Banach alge-
bra, M € L(V,A), and let ¥ be a fundamental family of semi-norms on V. For a
semi-norm 7 on V, recall that B,er = [(BS*) C V&

Suppose V' is Schwartz. Take v € ¥* such that M(B,) C A is relatively compact
and v(M) < 1. It follows that M(B,er) is relatively compact in A (|57] Propo-
sition 7.11). Since the unit ball Beyyy) is given by I'(U,sq Ber), we obtain that
M (Bexp(y)) is totally bounded in A. Thus E is Schwartz by_Lemma 2.1.9.

Suppose V' is moreover nuclear. Take v € ¥* such that the induced map M, :
V., — A is nuclear with ||M, ||y < 1. As (V) e and (V,)®* are isometrically iso-
morphic ([29] p.38), we have the natural identification T'(V)exp(y) = (T'(V5), exp()).
It follows that Mg : T'(V )exp(y) — A is nuclear by Lemma 2.1.10. Thus E is nuclear
again by Lemma 2.1.9. O

One may also ask when the extension map g : L(V, A) — Hom(FE, A) is continuous
under certain topologies. In the case of the strong topology when V' is normed, we

obtain a homeomorphism by the following proposition. First, remark that if ||z;|| < ¢

and ||z; —y,|| <eforzy,... 20, 41,...,yn € A, where A is a normed algebra, then
n n . .
o1 o xn —y1 o ynl] < Z (j)sjc”_J =(c+e)" =" (2.1.3)
j=1

Proposition 2.1.11. Let V' be a normed space and A a Banach algebra. The ez-
tension map g : M — Mg from L(V, A) to Hom(FE, A) is continuous (and thus a

homeomorphism) when one equips both sides with the strong topology.

Proof. Let (M;);>1 — M in L(V, A). Let v be a norm on V such that y(M) <1 and
y(M;) <1 forall j > 1.

Remark that for any bounded set B C E and € > 0, there exists k. > 1 such that
sup,ep v2F(2%) < e* for all k& > k. (if not, then take a sequence z, € B such that



YE"(x?) > ™. Then exp(cy)(x,) > "™ for any ¢ > 1 and n > 1, which is implies
that exp(cy) is not bounded on B for some ¢ > 1 which is a contradiction).

Remark that every bounded set in V®* is contained in I'( B, ®. . .® By,) for bounded
sets By,...,Br C V, and that the supremum of a convex function on a set is equal

to its supremum on the set’s convex hull. Together with (2.1.3), this implies that for

any fixed n,
sup Z HMZM(II“) — M®k(xk)H — 0.
*€B g<k<n
Hence
sup ||M; (z) — M ()| <sup > [|MF*(a*) — M= (a")]]
zeB reB 0<k<n
+ 2sup Z A Ok
z€B b>n
can be made arbitrarily small with sufficiently large n and j. O]

Remark 2.1.12. If we assume only that V is locally convex and M € L(V, A), where
A is a real (resp. complex) Banach algebra, applying the above proposition to the
semi-norm y(z) = ||M(z)|| on V implies in particular that the map A — (AM)g is
continuous from R (resp. C) to Hom(E, A), where the latter is equipped with the
strong topology.

2.2 Group-like elements

We briefly recall the Hopf algebra structure of 7'(V'). Define the linear map A : V —
T(V)®2 by Av=1® v+ v ® 1. By the universal property of T(V), A extends to an
algebra homomorphism A : T(V) — T'(V)®2.

Now define the linear map a: V +— V by a(v) = —v. Then «a extends uniquely to
an algebra anti-automorphism o : (V') + T(V) given by a(v; . .. vx) = (=1)*vg ... 03
for all vy ...v, € VO,

One can readily verify that T(V) is a Hopf algebra when equipped with its usual
product, coproduct A, and antipode « ([50] Proposition 1.10). We shall review certain
consequences of the Hopf algebra structure in Section 2.3.

Consider now V' a locally convex space. Since E®? is itself a locally m-convex
algebra ([47] p.378), and since A € L(V, E®*2), the extension A : E — E®2 is
continuous by the universal property of E. Moreover the antipode a extends to a

continuous linear map « : E +— E. This endows E with an “almost” Hopf algebra

10



structure (“almost” since E is not mapped to E®? under the coproduct A as for Hopf
algebras, but to its completion E®2).

Denote by U(V) ={g € E|a(g) =g '} and G(V) ={g € E| A(9) =g ® g,9 #
0} the groups of unitary elements and group-like elements of E respectively. Note that
since multiplication and inversion in E are continuous (and indeed in every locally m-
convex algebra, [47] p.5, p.52), U and G are topological groups when endowed with the
subspace topology. Moreover, U is closed in E since the map ¢ : z — (a(x)z, za(z))
from F into E x E is continuous and U = ¢~'{(1,1)}. Likewise G is closed in E since
g°=1forallg € Gand G = ¢~1{0}\{0} for the continuous map ¢ : z — zRx—A(z)
from E into E€2. Finally, note the inclusion G C U.

In this section we collect several results concerning measures on GG. While these re-
sults shall later be applied mostly to the case V = R?, we find making this assumption
does not simplify the proofs, and thus make most statements in full generality.

All measures (resp. random variables) are assumed to be Borel. Denote by P(S)
the space of probability measures on a topological space S endowed with the topology
of weak convergence on Cj(S, C).

Recall that for a locally convex space F', an F-valued random variable X is weakly
(Gelfand-Pettis) integrable, or that E [X] exists, if f(X) is integrable for all f € F’
and if there exists E[X]| := x € F such that E[f(X)] = f(x). Letting u be the
probability measure associated with X, we denote by p* = E[X] its barycenter.
Unless stated otherwise, we shall always assume that p is the measure associated to

X and that integrals are taken in the weak sense.

Definition 2.2.1. For an E-valued random variable X, we call the sequence

ESig(X) = (E[X°] ,E[X'],..)e P=]]V®

k>0

the expected signature of X whenever X* is integrable for all k > 0.

When V' is normed, define r1(X) as the radius of convergence of the series
k[T \F
D_E[[lx*|A
k>0

(setting 71 (X) = 0 whenever X* is not norm-integrable for some k > 0), and ry(X)

as the radius of convergence of the series

> [[E [T,

k>0

(setting ro(X) = 0 whenever X* is not integrable for some k > 0).

11



Note that ro(X) = R(ESig(X)). Remark also that r1(X) < ro(X) and that
Proposition 2.2.4 provides a partial converse when V = R? and X is G(R¢)-valued.

Note that ESig(X) exists whenever X is integrable as an F-valued random vari-
able. The following proposition now provides a converse when X is G-valued. Recall
that we identify E as a subspace of P (Corollary 2.1.6).

Proposition 2.2.2. Let X be a G-valued random variable. Then X is weakly inte-
grable if and only if ESig(X) exists and lies in E. In this case E[X]| = ESig(X).

In the case that V' is normed, note that in order to conclude that a G-valued
random variable X is (weakly) integrable (as an E-valued random variable), Propo-
sition 2.2.2 implies that one only needs to check that each projection X* is (weakly)
integrable and that H]E [Xk] H decays sufficiently fast as k — oo. Remark that this
is certainly not true for an arbitrary FE-valued random variable.

We observe that for any f € F’, it holds that f®20 A € E' and f(g)* = f®?(Ag)
for all ¢ € G. In particular, for all u € P(G), we have

u(f) < Vu(f?) = Vu(fe2 o A). (2.2.1)

This simple observation allows for very easy control of a measure through its barycen-

ter. For example, whenever p € P(G) and E [X] exists, it follows immediately that
for all f € E', the real random variable f(X) has finite moments of all orders.

The main idea behind the proof of Proposition 2.2.2 is that given the existence of
E [X*] for all k > 0, we wish to approximate E [f(X)] by >_7_ E [f(X*)]. Using the
estimate (2.2.1) and the grading of the coproduct A, we apply dominated convergence
to obtain E [f(X)] = >2,o o E [f(X")].

Proof of Proposition 2.2.2. The “only if” direction is clear. Assume that ESig(X)
exists and ESig(X) € E. As usual, let u be the measure on G associated to X.
We are required to show that f is p-integrable and that p(f) = (f, ESig(X)) for all
feF.

Recall the projection p* : E — V& Treating VE* as a subspace of E, for all
f € E' denote f*:= fop* € E'. Furthermore, we canonically embed (V@’k)’ into £’
by f s fopFforall fc (V®k)’. Observe that for all f € E’, by Corollary 2.1.7,
> n_o f* converges uniformly on bounded sets (and a fortiori pointwise) to f.

Remark that for any f € E', f € (V@“)’ if and only if f = f*. Recall that A
is a graded linear map from T(V) to T(V)®2. In particular, for all f; € (VEFY,
fo € (VO™ and x € T(V), it holds that

(f1® f2)A(x) = (f1 @ fo) A=) (2.2.2)

12



As T'(V) is dense in E, (2.2.2) holds for all x € E, from which it follows that (f; ®
f2) o A € (VEETm)Y

Let f € E' and note that u(f*) = (f*,E [X*]) for all k > 0. Since y has support
on G, it follows from (2.2.1) and (2.2.2) that

p (Z |f’“|> <D Vul(fHPeA) =) V(fF)PAE [X?]. (2.2.3)

k>0 k>0 k>0

Without loss of generality, we can assume that |f(1)] < 1. Let v be a semi-norm
on V such that exp(y) > |f| and £ a semi-norm on E such that & > exp(y)®? o A. Tt
follows that exp(y) > |f¥| for all £ > 0, and thus £ > |(f*)®? o A| for all k& > 0.

Since ESig(X) € F, it follows from Corollary 2.1.6 that » 7, . VE(E[XH]) is finite,

and hence (2.2.3) is finite. By dominated convergence, we obtain

p(f) = lim p (Z f’“) '
k=0

It then follows that u(f) = (f, ESig(X)) as desired since

Tim 41 (Z f’“) = lim » (f*,E[X"]) = (f,ESig(X)).
O

Corollary 2.2.3. Let V be a normed space and X a G-valued random variable. Then
E[X] € E exists if and only if ro(X) = oo, i.e., ESig(X) exists and has an infinite
radius of convergence. In this case E[X] = ESig(X).

We are moreover able to show explicit bounds between 7 (X) and r(X) when
V = R%. Suppose first that V is a normed space. Remark that ||Av|| = 2|[v|| for all
v € V, from which it follows that HA lan H = 2F and thus

||Az*|| < 2% |[|«*|| for all 2 € E. (2.2.4)

Let V = R? equipped with the ¢! norm from its standard basis e, ..., eq, and denote
er = €, ...e;, € VO for a word I = iy...i in the alphabet {1,...,d}. Then the
grading of A gives
2
B[] = || 3 Her X4 ) | < B |3 fer, x4
\T|=k \T|=k
=d" ) ef?AE [X?]
\T|=k
< d"[|AE [X*]]
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where the last inequality follows since (e; ® €)|rj=|sj=k is an (' basis for V®2*, Us-

ing (2.2.4) we now obtain the following.

Proposition 2.2.4. Let X be a G(RY)-valued random variable. It follows that
E |[|x*]*] < a2 ||B [x*]]].

In particular, r(X) < ry(X) < 2\/37"1<X)'

2.3 Representations

By an algebra of operators, we mean the algebra L(H) of linear operators A : H — H
for a Hilbert space H, endowed with the product AB := B o A. Remark that the
product may seem in reverse to the usual composition product considered on L(H),
however the two notions are completely equivalent (and can be made identical by
considering elements of L(H) as instead acting on the dual H’ via their adjoint
operators). We choose this product due to its simple relation with the signature
and linear differential equations, as shall be seen in Section 3.4.1.

Recall that for any Hopf algebra, one may define the tensor product and dual of
representations via the coproduct and antipode by M; ® Ms(z) := (M; ® My)A(x)
and M*(x) := M(a(x))*. By virtue of continuity of A and «, we observe that the
family of continuous representations of E over finite dimensional Hilbert spaces is

closed under tensor products and duals.

Definition 2.3.1. Denote by A(V) the family of finite dimensional representations
of E which arise from extensions of all linear maps M € L(V,u(Hy)), where Hy,
ranges over all finite dimensional complex Hilbert spaces and u(H,s) denotes the
Lie algebra of the anti-Hermitian operators on Hy. Denote by C(V) the set of
corresponding matrix coeflicients, i.e., the set of linear functionals M, , € L(E,C),
M, ,(x) = (M(z)u,v) for all M € A and u,v € Hy.

The family A possesses the desirable property that it is closed under taking tensor
products and duals of representations. Moreover, we see that A contains exactly
those finite dimensional representations of E which preserve involution, i.e., M (ax) =
M (z)* for all z € E. Tt follows that every M € A is a unitary representation of the
group U, and thus of G.

14



Observe that the tensor product M;® M, (of any representations M, My of E) co-
incides on GG with the usual group-theoretic tensor product of representations. More-
over, the dual representation M* of M € A can be identified on U with the conjugate
representation of M on U. It follows that C | forms a x-subalgebra of Cy(G, C).

Let S be a topological space and F' a separating x-subalgebra of Cy,(S, C). Recall
that for Radon measures p and v on S (see [5] Definition 7.1.1), it follows from the
Stone-Weierstrass theorem that p = v if and only if u(f) = v(f) for all f € F ([5]

Exercise 7.14.79). We now obtain the following from the above discussion.

Lemma 2.3.2. Assume that A separates the points of G. Then for tight Borel mea-
sures u,v on G, p = v if and only if p(f) = v(f) for all f € C, or equivalently,
w(M) =v(M) for all M € A.

We show in Theorem 2.3.8 that in fact A(R?) separates the points of F(R).

2.3.1 Separation of points

We investigate conditions under which algebra homomorphisms of E separate points.
Though ultimately we apply the theory to the case V' = R?, the arguments used in
the general case are exactly the same and we provide them here.

For a Banach algebra A and M € L(V, A), let (AM) denote the algebra homo-
morphism on E induced by AM € L(V, A) (X possibly complex if A is over C). For
A € R, let 6, : E — E denote the dilation operator dy(z%, z,...) = (\%2°% Azt ..))
(note that (AM) = Md, for A € R).

Lemma 2.3.3. Let V' be locally convex, A a Banach algebra and M € L(V, A). Let
x € E such that M(z*) # 0 for some k > 0. Then there exists ¢ > 0 sufficiently
small such that (e M)(z) # 0.

Proof. Since [[M(x)|| is a semi-norm on E, }, ., || (27)|| converges by Corol-

lary 2.1.6, from which the conclusion follows. O]

Let F be a field and A an F-algebra. A polynomial identity over F on a subset
@ C A is a polynomial in non-commuting indeterminates x1, . .., xx, with coefficients
in IF, which is non-zero (that is, not every coefficient is zero) and which vanishes under
all substitutions of variables 1,...,x; € Q. We refer to Giambruno and Zaicev [28§]
for further details.

Let V be a vector space with Hamel basis ©. Then the set of pure tensors O%F =
{vi... v | v; € ©,1 < j < k}isaHamel basis for V®*. Thus for every € V®* define
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O, as the finite set of vectors in © which appear in the representation of x in the basis
O% . Define f© the canonical formal non-commuting polynomial in indeterminates
O, associated with x. As O, is a finite set, the following is a consequence of the

Hahn-Banach theorem.

Lemma 2.3.4. Let V be a locally convex space with Hamel basis ©, A an algebra
which is a topological vector space, and Q C A a subset. Let k > 0 and x € V. The

following two assertions are equivalent.
(i) f© is not a polynomial identity over R on Q.

(ii) There exists a continuous linear map M : V > span(Q) such that M(z) is
non-zero and M(v) is in Q for all v € O,.

Remark 2.3.5. If one is not interested in the topological aspects, the same statement
holds if one replaces R by a field F, V' by a vector space over F, A by an F-algebra,

and drops the continuity assumption in (ii).

2.3.2 Polynomial identities over Lie algebras

From Lemmas 2.3.3 and 2.3.4, it is clear that to study how representations in A(R?)
separate the points of E(R?), we must look at polynomial identities in unitary Lie
algebras. Let m > 1 be an integer and denote by -° the symplectic involution on
My, (C), which we recall is an involution of the first kind (see [27]).

Recall the real Lie algebra sp(m) = {u € u(C*™) | u®* +u = 0} (sp(m) is the
Lie algebra of the compact symplectic group Sp(m)). A closely related complex Lie
subalgebra of gl(C*™) is sp(m,C) = {u € My, (C) | v* +u = 0}. Tt holds that
sp(m, C) is the complexification of sp(m).

We now illustrate our interest in the Lie algebras sp(m) and sp(m, C). From the
remark that sp(m,C) = {u — u® | u € My,,(C)}, we may reformulate a result due to

Giambruno and Valenti [27] as follows.

Theorem 2.3.6 (|27] Theorem 6). Let m > 2 and f(z1,...,xx) a polynomial identity
over C on sp(m,C) C Ms,,,(C). Then deg(f) > 3m.

The following is a slight generalization of [28] Theorem 1.3.2 and follows from

exactly the same inductive proof.

Lemma 2.3.7. Let IF be an infinite field, A an F-algebra and Q) a linear subspace of A.
If f is a polynomial identity over F on @, then every multi-homogeneous component

of f 1s a polynomial identity over F on Q.
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We remark that every multi-homogeneous polynomial identity over C (and a for-
tiori over R) on sp(m) C Ms,,(C) is also a polynomial identity over C on its com-
plexification sp(m, C). Thus if f is a polynomial identity over R on sp(m) for m > 2,
then by Theorem 2.3.6 and Lemma 2.3.7, every multi-homogeneous component of f
has degree greater than 3m. Together with Lemmas 2.3.3 and 2.3.4, we have the

following result.

Theorem 2.3.8. Let x € E(RY) such that 2% # 0 for some k > 0. Then for any
integer m > max{2,k/3} there erists M € L(R? sp(m)) such that M(x) # 0. In
particular, A(R?) separates the points of E(R?).

Remark 2.3.9. The necessity that V = R? only came into the above argument to en-
sure that VE* = V& If one was able to find an analogue of Lemma 2.3.4 for elements
T € V@’k, or an analogue of Theorem 2.3.6 for appropriate series of polynomials of
bounded degree but an unbounded number of indeterminates, then one could readily

extend Theorem 2.3.8 to the case when V is infinite dimensional.
Corollary 2.3.10. The group U(R?) is mazimally almost periodic.

Remark 2.3.11. For d > 2, the topological group G(R?) (and thus U(R?)) is not
locally compact. To observe this, let V' = R¢ and L(V) be the smallest Lie algebra
in T(V') containing V. Since every ¢ € L(V) satisfies A({) = 1@ (+(® 1 ([50]
Theorem 1.4), a direct calculation shows that exp(¢) € G.

Let u,v € V be linearly independent elements and W = span (u,v). Observe
that L(W) contains a non-zero element in W®* for every k > 1. In light of Propo-
sition 2.1.4, for any neighbourhood of zero B of L(I¥) one can construct a sequence
(€)n>1 € B such that y(exp(¢;) — exp({;)) > 1 for all ¢ # j and some semi-norm
v on E. Since exp : L(W) +— G is continuous ([1] Theorem 3), it follows that no
neighbourhood of the identity in G is contained in a sequentially compact set (the

same argument more generally applies whenever V' is metrizable).

It follows from Corollary 2.1.5 that E is Polish whenever V' is metrizable and
separable, and thus G, as a closed subset of E, is also Polish. As every probabil-
ity measures on a Polish space is tight, Lemma 2.3.2 and Theorem 2.3.8 imply the

following.

Corollary 2.3.12. For Borel probability measures i and v on G(R?), it holds that
= v if and only if u(f) = v(f) for all f € C(R?), or equivalently, u(M) = v(M)
for all M € A(R?).
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For a Borel probability measure u on G(RY), with associated random variable
X, we are thus able to define its characteristic function (or Fourier transform) by

¢x = [ = p|4, which uniquely characterizes pu.
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Chapter 3

Rough paths and signatures

In this chapter we present the fundamental definitions and results from the theory of
rough paths.

In Section 3.1 we define the space of p-rough paths Q,(V'). We point out that the
signature of a rough path can be viewed as an element of the space E(V). We also
show that the map from Q,(V') to E(V) sending the rough path to its signature is a
continuous map. In Section 3.2 we consider in more detail the finite-dimensional case
V =R9

In Sections 3.3 and 3.4 we review rough differential equations, their associated
solution maps, and the universal limit theorem. Lastly, in Section 3.5 we recall the
Euler scheme associated with an RDE.

The results of this chapter are mostly well-known with the exception of Sec-
tions 3.2.2 and 3.4.1. These two sections focus on convergence in law of reparametrised
rough paths and of RDE solution maps. We in particular highlight the recent work of
Boedihardjo, Geng, Lyons and Yang [4] on the classification of rough paths by their

signatures in relation to the characteristic function of the previous chapter.

3.1 Rough paths

Let T'> 0 and define A = {(s,2) | 0 < s <t < T}. We first recall the definition

of a control function.

Definition 3.1.1. A control on [0,7] is a non-negative continuous function w :

A1) — [0,00) for which
w(s,t) +w(t,u) < w(s,u)

forall 0 < s <t <u<T,and w(t,t) =0 for all t € [0,T].
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Let V' be a Banach space and T"(V) = @o<p<, VE* the truncated tensor algebra.
Remark that 7™ is equipped with a natural algebra structure (realised as the quotient
of P(V) by the ideal [],., V&) In particular, the (multiplicative) identity of T™ is
1, :=(1,0...,0).

Definition 3.1.2. Let p > 1. The space of p-rough paths €,(V') is the collection of
all maps x : A7) — T'?! satisfying

(a) x), =1 and x,;x;, = Xy, forall 0 < s <t <u < T, and

(b) for some control w one has

sup  ((k/p)18, |5, )7" < w(s, 1), ¥(s, 1) € Ao, (3.1.1)
1<k<|p]

where 3, is a constant that only depends on p.

If a map x : Ay — TP satisfies (a), we say x is multiplicative, while if x
satisfies (b), we say that the p-variation of x is controlled by w.
The map x may equivalently be viewed as a path xq. : [0, 7] — T ¢ — xq, of

finite p-variation, that is,
1/p

/k
)p <o, (3.1.2)

Xl arory = - sup | S ((k/p)15,

Xk:_ .
ZRZES
1<k<|p] [0.7] t;€D

where the sup is over all finite partitions D = (to, ..., t;) C [0, T], for which we define
ty+1 = T in the corresponding summation. Observe that the path x,. completely

characterizes x due to the multiplicative property (a) (noting that x,; is always

0 —
s,t —

invertible by x 1 and that x,; = x1x0,). Conversely, given a path x : [0,7] —
T'?! satisfying (3.1.2) and such that x° = 1, we may associate to x an element of €,
by setting X, := X, 'x;.

Let x € 0, satisfy (3.1.1) for some control w. A fundamental result of rough paths
theory is the following extension theorem, which allows one to uniquely extend x to

a multiplicative map of finite p-variation taking values in 7™ for all n > |p].

Theorem 3.1.3 ([42| Theorem 3.1.2). Let x € Q,. Then for all n > |p| there exists
a unique map Sp(x) : A+ T" such that (a) and (b) remain true for the same w

and with sup; ;< |, replaced by sup; <<, in (3.1.1).
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Theorem 3.1.3 allows us to embed the space €2, into 2, for any ¢ > p. In particular,
we shall often refer to elements x € €, which take values in 7" for some n > |p/, in
which case we are always referring to the multiplicative map S, (x).

An equivalent formulation of Theorem 3.1.3 is that there exists a unique lift to
the entire product space S(x) : A — P =[]0 V& such that (a) and (b) remain
true for the same w and with sup; ;< |, replaced_by sup;<, in (3.1.1).

An immediate consequence of the factorial decay in (3.1.1) is that the lift S(x)
takes values in the space E for any p > 1 (see Corollary 2.1.6).

Remark 3.1.4. While the value of 3, does not affect the definition of the space €2,,, its
existence is crucial to ensure the factorial decay arising from the lift. On this point,
we mention the work of Hara and Hino [31] who have resolved a conjecture on the

optimal possible value of 3,.

We thus make a canonical extension of the space (2,,.

Definition 3.1.5. Define the space (E, as the set of maps x : Ay — £ which
satisfy (a) and (b) with sup;;<|,| replaced by sup;; in (3.1.1).

It follows that the lift .S is a bijective map from €, to QLE,,, with inverse provided

by the |p]-th level truncation 7P} : (x0,, x!,,...) — (x0,,xL,, ... ,xg’jtj). The terms
X’;t are often called the iterated integrals of x.

The element S(x)or € E is called the signature of a rough path x € Q,. We
denote by Z, : 0, — E the signature map sending x — S(x)o7.

For 1 < p < 2, S(x)or is precisely the sequence of iterated integrals of the path
Xo,. : [0,T] — V taken in the sense of Young.

Remark 3.1.6. The only property of the projective tensor norm used above is that
the projective extension provides a sub-multiplicative system of norms. Completely
analogous results hold true if one equips 7'(V') with any system of sub-multiplicative
norms and defines £ as the completion of T'(V') under scalar dilations of these norms.
Note that in the case V = R? all these systems lead to identical definitions and

topologies on the space E.

The lift S moreover exhibits a natural continuity property with respect to the
p-variation topology on €2,. We first recall that each individual lift S,, exhibits the

following continuity property.

Theorem 3.1.7 ([42] Theorem 3.1.3). Let a > 0, w a control, and x,y € §, with

p-variation controlled by w. Suppose that

sup ((k/p)!Bpallx — yIDP* < w(s,t), V(s t) € Ao, 11- (3.1.3)

1<k<|p]
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Then for all n > |p], Su(x) and S,(y) satisfy (3.1.3) with sup,<;< |, replaced by
SUP 1 <k<n-

Now for x, (x(n))n>1 € €2, a control w and a sequence of positive reals (a,),>1
consider the statement

w controls the p-variation of x and x( ) for all n > 1, and

sup ((k/p 'ﬁpan HX st - XstH) < w<57t)7 V(S,t) € A[OvT]'
1<k<|p)

(3.1.4)

When (3.1.4) is satisfied for some control w and a sequence (ay,,),>1 such that a,, — oo,
we say that x(n) — x in the p-variation topology of §2,. One makes the same definition
for x, (x(n))n>1 € QE, with sup;;<|,| replaced by sup;;, in (3.1.4).

The following is an immediate consequence of Theorem 3.1.7.

Proposition 3.1.8. Ifx, (x(n)),>1 € Q, satisfy (3.1.4) for some w and (a,)n>1, then
S(x), (S(x(n)))n>1 € QE, satisfy (3.1.4) for the same control w and sequence (ay)n>1-
In particular, S : Q, — QE, is continuous (and thus a homeomorphism) when €,

and QF, are equipped with their respective p-variation topologies.

Corollary 3.1.9. The signature map I, : ), — E is continuous when 2, is equipped
with the p-variation topology.

We also recall another commonly used topology on €,. The (inhomogeneous)
metric p,var o0 2, is defined by

k/p
p/k

Ppvar(X,y) = sup  sup Z ) (3.1.5)

Xiitio ywﬁ, +1
1<k< |p| DC[O.T] e 3ot gt

The space (Q,(R?), ppvar) is a complete metric space with a coarser topology than
the p-variation topology, but for which convergence of a sequence p, yar(x(n),x) — 0
implies the existence of a subsequence x(n;) which converges to x in the p-variation
topology (see [25] Section 8, [42] Proposition 3.3.3, but note the differing notations
for homogeneous and inhomogeneous metrics in the two texts; we use the notation
of [25] and shall recall the corresponding homogeneous metric d, s in Section 3.2).

Using the fact that E is a metric space, we obtain the following refinement of
Corollary 3.1.9.

Corollary 3.1.10. The signature map L, : (Qp, ppvar) — E is continuous.
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3.1.1 Geometric rough paths

We now recall the space G€,(V') of geometric p-rough paths. We take a moment to
highlight the appearance of several different non-equivalent definitions of geometric
rough paths in the literature over the last two decades. Lyons [45] originally defined
GQ,(V) in the following way: for n > 1, let g"(V') be the smallest Lie algebra in 7"
containing V', and define G™(V') = exp(g"™). Remark that exp : g" — G™ is a polyno-
mial map with a polynomial inverse log : G +— g”, and is thus a homeomorphism.

Assume first that V' is finite dimensional. Then G™ is a nilpotent Lie group with
Lie algebra g" for which exp : g" — G™ is a diffeomorphism. For all x € €y, it holds
that S, (x) is the development of x into the space T™ whose derivative (defined for
almost all ¢ € [0,7]) lies in V' C g¢", and hence S, (x),; € G" for all x € ;.

When V is an arbitrary Banach space, care needs to be taken as then g" and
G™ are no longer closed in 7" due to the incompleteness of V®*; to obtain the same
conclusion one should replace g" and G™ by their closures and consider G™ as an
infinite dimensional Banach-manifold (this point was not addressed in [45]).

Lyons ([45] Definition 2.3.1) originally defined G, (at least for V' finite dimen-
sional) as the set of all x € Q, for which x,, € GI?) for all (s,t) € Ap .

In contrast, the monograph [42] avoids considerations of the group GP (or its
closure) by defining G€2,(V') as the closure in €2, of ©; under the lift S|,), i.e., as the
set of x € Q, for which there exist bounded variation paths x(n) : [0,7] — V such
that S|, (x(n)) — x in the p-variation topology (see [42] Definition 3.3.3, but remark
the non-standard use of the term “smooth” as simply possessing finite variation).

The Saint-Flour lecture notes [46] provide the same definition of GS, as in [42]
(see |46] Definition 3.13). Moreover, the space WGQ,(V') of weakly geometric rough
paths is defined in [46] as the set of all x € €, for which x,; € G for all (s,t) € A1
(again, at least for finite dimensional V).

A certain disadvantage of the definitions of G, found in [45], [42] and [46] is
that the space G2, is non-separable even for finite dimensional V' (indeed, the space
2;(R) is not separable under the metric py_yar, see [46] p.6, or [25] Example 1.26).

The conflicting definitions are clearly highlighted by Friz and Victoir [21]| and
the approach taken therein, is to define G2, as the closure in 2, of all smooth paths
C*>([0,77,V) under the lift S|,| (see [21] Definition 7, and [25] Definition 9.15, though
note that in [21] the authors claim this is the same definition as that in [42], which we
remarked above is not the case). We shall use the definition of Friz and Victoir [21]

here.
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Definition 3.1.11. For p > 1, define the space of geometric p-rough paths GQ,(V)
as the closure in €, of the image of C'°([0,77, V') under the lift S|, : Q1 — Q.

Define R,(V) = {S(x)or | x € GS2,} C E as the set of signatures of all geometric
p-rough paths.

Since a piecewise smooth path can be approximated in the 1-variation topology by
smooth paths (applying mollifications at the joining points), an equivalent definition
of GQ,(V) is the closure of piecewise smooth paths. It follows that R, is closed under
multiplication in FE.

Moreover for all x € G2, the inverse of S(x)or is given by S(%X)or, where
X ¢ G, is the time reversal of x defined by ?S,t = Xp_7—s. Moreover, S((Y)O,T
coincides with a(S(x)or), where a is the antipode of E defined in Section 2.2 (this
follows from the same proof as [42] Theorem 3.3.3). Thus R, is a subgroup of U =
{9€E|alg) =g}

Equipping R, with the subspace topology from E, we remark that R, is dense in

R, as a consequence of Corollary 3.1.9.

3.2 Finite dimensional case

In this section we consider V = R% Tt follows that P(R?) (resp. E(R%)) can be
identified with the algebra of non-commuting formal power series in d indeterminates
(resp. with an infinite radius of convergence).

We remark that the coproduct A of E(R?) is given by a locally finite formula
involving the shuffle product ([50] Proposition 1.8) and an element g € F(R?) is in
G(R?) precisely when (¢°, g', ..., g") is in the free n-step nilpotent Lie group G™(R?)
for all n > 1 (|46] Lemma 2.24).

A fundamental result of Chen [12] is that the signature of a smooth path in R? is
a group-like element of E(RY) (see also |[46] Section 2.2.5), and thus R;(RY) C G(R?).

As mentioned in Section 3.1.1, a closely related set to G€,(R?) is the space
WGQ,(RY) C Q,(RY) of weakly geometric p-rough paths, that is, those p-rough paths
x € Q,(R?) which take values in the free |p|-step nilpotent Lie group, i.e.,

(x°,, x! ...,Xﬁj) e GIPI(RY), V(s,t) € ANAR

8,0 st

We note the strict inclusions GQ,(R?) € WGQ,(RY) € GQ,y(RY) for any p' > p > 1
(]25] Section 8.5), and thus

WR,(RY) := {S(x)or | x € WGQ,(RN)} C R, (RY).
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Since G is closed in E, we obtain the inclusions for all p > 1
R,(RY) c WR,(RY) C R;(RY) C G(RY).

Both spaces G€,(R?) and WG, (R?) shall play an important role in the sequel;
GQ,(R?) is a Polish space (Theorem 3.2.1) and is thus convenient for the study of
random rough paths, while WGQ,(R?) is the natural space of paths for which one

can define solutions to rough differential equations (Section 3.3).

3.2.1 Homogeneous norms and the d, ., metric

Recall the so-called inhomogeneous metric p, .y, on €1, defined in Section 3.1. We
now introduce the closely defined homogeneous metric d, o, on WGQ,(R?).

A function |||-||| : G™(R?) + [0, 00) is called a homogeneous norm if
L. |||z||]| = 0 if and only if z = 1,,, and
2. ||loxx||] = [A| |]|z||] for all A € R,

where 1,, is the identity of G"(R?) and §y is the dilation operator defined in Sec-
tion 2.3.1.

A homogeneous norm is called symmetric if |||x7|| = |||z||| and sub-additive if
zyl|] < llz]|]+]]|y]]| for all 2,y € G™(R?). For a homogeneous norm |||-||| on G*(R?)
define the distance function d(x,y) := |||z~ y|||. Note that d is a left-invariant metric
whenever |||-||| is symmetric and sub-additive.

Recall that all homogeneous norms on G"(R?) are equivalent (|25] Theorem 7.44)
and thus give rise to equivalent distance functions d.

A simple choice for |[|-[|| is |||z]|| = max; <<y ||2*| ‘Uk (which is neither symmetric
nor sub-additive). However the norm most commonly used in the literature (and
primarily in [25]) is the Carnot-Carathéodory norm on G™(R?) defined in terms of

its sub-Riemannian structure. That is, the Carnot—Carathéodory norm is defined by

[l = w1 ooz | % € 1y Sa(X)or = 2}

Moreover, one readily checks that |||-||| is both symmetric and sub-additive ([25]
Proposition 7.40), and thus induces a metric d on G"(R?). Unless other stated,
we always equip G"(R?) with the Carnot—Carathéodory norm |||-||| and the induced

Carnot—Carathéodory metric d.
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For a general metric space (F, d), recall the space CP*"([0, T, E) of paths of finite
p-variation, that is, the continuous paths x : [0,7] — E such that
1/p
1%/ pyarsory = sup | D d(xe, %1, )P < 0. (3.2.1)
pco1) \ fop
For a set of paths taking values in G"(R?), we shall use the symbol o to denote the
subset of paths x whose starting point is the identity element of G™(R?). For example,
C,([0,T], G"(RY)) shall denote the set of all continuous paths x : [0,7] — G"(R?)
such that xy = 1,,.

Remark that by equivalence of homogeneous norms on G™(R?), ||x]|| is equiv-

pvar defined by (3.1.2). 11;1 particular,
in light of the discussion following Definition 3.1.2, WG, (R?) can be identified with
the space C*¥ ([0, T, GIP}(R?)).

On the space CP¥ ([0, T], G"(R?)) we define the homogeneous p-variation metric

by

alent, up to multiplicative constants, to |||x|||

1/p

dp-var;j0,1 (X, Y) = d(X0,y0) + sup Z A(Xi; 05005 Yigtgen) . (3.2.2)
DCl0,1] t,eD
When we consider elements x,y € C?V([0, 7], G*(R?)), note that the term d(xg,yo)
disappears. Unless otherwise stated, we always equip C?V¥ ([0, T, G"(R%)) with the
metric dp yar.
Recall the definition of p, . from (3.1.5). Remark that by replacing sup; <</,
with sup, <<, generalises the definition of p, . to a metric on C2Y*([0,T], G*(R?)).
A fundamental link between p, vay and dp.ya, is that both metrics induce the same
topology on CP¥3r ([0, T], G"(R?)) and give rise to the same notion of bounded sets.
In fact, for all n > 1, the identity map

Id: (C™ ([0, T), G"(R7)), dpvar) <— (C5*([0,T], G*(RY)), pprvar)

is Lipschitz continuous on bounded sets in — direction, and 1/|p|-Holder continuous
on bounded sets in < direction (|25] Theorem 8.10).
We define the space

Co ([0, 7], G"(RY)) := S, (C=([0, T], RY)) € C5*™ ([0, T], G"(RY)).

Observe that G2, (R?) is precisely the space COP¥2 ([0, T], GIP}(R)) and we have the
following strict inclusions for all 1 < p < p’ (|25] Corollary 8.24)

corvar((0, T, G"(RY) € €2 ([0, T], G™(RY)) € CoP= ([0, T], G™(RY)).
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The following result summarises the important completeness and separability

properties of these spaces.

Theorem 3.2.1 ([25] Theorem 8.13, Proposition 8.25). For all p > 1 and integers
n > 1, CPv([0,T], G*(RY)) is a complete non-separable metric space. Moreover
COPvar(10, T), GM(RY)) is a complete separable metric space, and thus Polish.

3.2.2 Holder reparametrisations

For a metric space (E,d) and o € [0,1], denote by C*H([0,T], E) the space of
a-Holder paths, that is, the continuous paths x : [0, 7] — FE such that

X 1. = Su
|| ||a-H01,[O,T] 0§s<$§T |t _ 8’04

For x € CP¥([0,T], E), define the continuous non-decreasing function \,x :
[0,7] — [0,T] by
Apx(t) = T |[x] |p var;[0,4] |[x] |p var;[0,77] *
We drop the reference to p and x when X is clear from the context.

Define the Holder reparametrisation function
P, : C7([0,T1, E) — CP™([0,T], E)

by Pp(x)aw = %¢ Observe that P,(x) is well-defined since, for all s,t € [0,T],
A(s) = A(t) implies x; = x; (cf. [25] Proposition 5.14).

Lemma 3.2.2. Let (E, d) be a metric space andp > 1. Then P, maps CPV*(]0,T], E)
into CYPHO([0,T|, E). Moreover, for all x € CP"([0,T], E), the function t
1P () varoq 8 linear int € [0,T], and

|’Pp(X)||1/p—H61;[O7T] < HXHp var;[0,T] T (3.2.3)

Proof. For t € [0,T], consider t' € [0,T] such that A(t') = ¢, and observe that

1P () [pvarso) = A X pvargo.ry /T = X vargozy /T

In particular, it follows that [|F,(x)|[; ..y, 18 linear in ¢ € [0, 7.
Furthermore, note that for all y € C***'([0, T, E)) we have

d(y87yt)p < Hpr var: [Ot] Hprvar Os] )

from which it follows that

A( By (X)s, Bp(x)s)? < (t = 9) %] [pvarory /T
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The importance of the map P, comes from the fact that for all p > 1, a € (0, 1],
and c,r > 0, the set

{X < Cg_var([oa T]u Gn(Rd)) | ||X||p-var;[0,T] < T, HXHa—HGl;[O,T] < C}

is compact in COPv2r([0, T, G*(R?)) for all p’ > p, which is a special case of an inter-
polation estimate and the Arzela-Ascoli theorem (|25] Lemma 5.12, Proposition 8.17).
As an application, we can show that WR,(R?), the set of signatures of weakly

geometric p-rough paths, is a o-compact subset of G(R?).

Proposition 3.2.3. Let p > 1. Then W R,(R?) is o-compact in G(R?). In particular,
W R,(R?) is a Borel set of G(R?).

Proof. For r > 0, consider the sets

Bl = {x € WGQ,(R) | [|x]] <7}

p-var;[0,7] =

and
C,={ve WGQp(Rd) | ||Y||1/p_H61;[0,T] <rT-YPy.

Note that C7 C BJ, and, due to (3.2.3), B, : By — C}. Let p’ > p be such that
[p'] = [p]. Tt holds that C7 is compact in (WGQy (R?), dy-var)-

Since Z, : (WGQy (RY), dpy_yar) — W R, (R?) is continuous by Corollary 3.1.10,
and Z,,(C})) = Zy(B,) by invariance of S,(X)or under reparametrisation of x, it
follows that Z,(By) is compact. Since WR,(R?) = U, Zy(By), it follows that

p

W R,(R?) is o-compact in G(R?). O

The following result will be heavily used in our study of convergence of RDEs and
of finiteness of p-variation of limiting processes.

For the remainder of the section, we adopt the shorthand notation GV := GV (R?)
and let all unspecified path spaces be defined on [0,7] and take values in G, for
example, CP shall denote C?V¥ ([0, T], GN (R?)).

We equip C, with the uniform metric d. Recall that (COP¥ d, \,.) and (C,, doo)

are Polish spaces. Observe that P, is a measurable function from C?V*" to Cy/rHon

Proposition 3.2.4. Let p > 1 and (X,,)n>1 a sequence of Cy-valued random variables

such that (||Xal|, varjo))n>1 48 @ tight collection of real random variables. Suppose

that X, B X as C,-valued random variables.

D

Then for every p' > p. | Xl uor) < 00 5. and Py(X,) B Py (X) as 09

p’-var;

valued random variables.
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For the proof of Proposition 3.2.4, we require the following lemmas.

Lemma 3.2.5. Let (X,,)n>1 be a sequence of C,-valued random variables such that
(11Xl var0 T])TLZl is a tight collection of real random variables. Then for every p’ > p,

(Py(X,))ns1 is a tight collection of COP V¥ -yalued random variables.

Proof. Let p’ > p and denote X, = P,(X,). Observe that

= ||X”| |p—var;[0,T} )

X

n
p-var; [OvT]

and, due to (3.2.3),

Hf( ‘ TV < (|, | T

< [[Xall,

p’-var;[0,7T p-var;[0,7]

1/p/-H81;[0,T]

Recall that for all ¢, > 0,

{x € ™ | 1l oy <7 1Kl i) < €

is a compact subset of CO?¥  Since (||X,, [|pvar: 0,7 )n>1 15 tight, it follows that

(5{”)@1 is a tight collection of C% ¥ _valued random variables. O

Lemma 3.2.6. Let ¢ > 1, x € C9, and (X,)n>1 a sequence in CIV* such that

t = ||xn]| | is linear for all n > 1. Suppose that lim,, ., dgvar(Xn, %) = 0. Then

g-var;[0,t

t— ||x][? | is linear.

g-var;[0,t

Proof. Observe that for all ¢ € [0, T

||X||q var; Ot} hm ||Xn||q var; [(] t] hm (t/T) ||Xn||q var; [(] T] (t/T> ||X||q var; OT]

[l
Denote by A the set of continuous non-decreasing surjections A : [0,7] — [0, 7.

Lemma 3.2.7. Let (E,d) be a metric space and x € C([0,T], E). Suppose there does
not exist a non-empty interval (s,t) C [0,T] such that x, = X, for all u € (s,t). Let
A :={xoA| A€ A}. Then Ay is closed in C([0,T], E) under the uniform topology.

Proof. Let A\, € A and x,, = x 0 )\, € Ay such that lim, , d(x,,y) = 0 for some
y € C([0,T],E). The proof of the lemma follows by exactly the same argument
as the proof of [3] Proposition 5.3. Indeed, to follow the notation of [3], we set
x =y, 2 = x, and 0, := \,. Observe that parts (1), (2) and (3) of the proof
of [3] Proposition 5.3 only require that z’ is not constant on any interval, and that
on 1 [0,T] — [0,7] is a continuous non-decreasing surjection. It follows from the
conclusion of the proof of [3] Proposition 5.3, part (3), that there exists a continuous

non-decreasing surjection o : [0,7] — [0, 7] such that x = 2’ o 0. O
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Proof of Proposition 3.2.4. Let p' > p and let X, = P,(X,). By Lemma 3.2.5,
(Xn)nzl is a tight collection of C%*_valued random variables. Recall that CO?-var
is a Polish space (Theorem 3.2.1).

Let X be a C(())’p""ar—valued random variable which is a weak limit point of )En, SO
that Xnk converges in law to X along a subsequence (g )k>1-

Consider the pairs Yy, := (X,,,, )’an) as O, x Cg’pl‘var—va]ued random variables (we
keep in mind that )”ink is a measurable function of X,,, ). The collection (Yi)r>1 is
tight, so let Y be a C, x C%"**"_yalued random variable which is a weak limit point
of Y along the subsequence (kp,)m>1-

Let y',y? denote the projections of y € C, x C%* onto C, and C%7"" respec-
tively. Then Y 2X and Y22 X. We claim that it suffices to prove

(1) Y!is in CP™ almost surely, and
(2) Y2 = Py(Y") almost surely.

Indeed, suppose (1) and (2) hold. Since Y! 2X, (1) implies that X takes values
in O almost surely. Moreover, since Y2 ZX, (2) implies that X 2 Py(X). Since
X was an arbitrary weak limit point of Xn, it holds that every weak limit point of 5(”
is equal in law to P, (X). Hence X, 2 Py(X) as COPV4"_valued random variables as
desired.

To complete the proof, it thus suffices to show (1) and (2). Since C, x CoPVar ig
a Polish space, by the Skorokhod representation theorem, there exist C, x COP-var_
valued random variables ?m and Y defined on a common probability space (2, F,P)
such that Y,, ngm and Y 2Y and such that lim,, . Y, (w) = Y(w) for P-almost
all w € Q. In particular, for P-almost all w,

Hm dyar (Y2, (W), Y2(w)) = 0.

m—ro0

~ P
Recall that for all m > 1 and w € €, ‘Y,Qn(w) 0 is linear in ¢ € [0,77]. Tt
p’-var;[0,t
~ p’
follows from Lemma 3.2.6 that for P-almost all w, ’ Y?(w) 04 is also linear in
p’-var;[0,t

t € [0, 7], from which it follows there does not exist a non-empty interval (s,¢) C [0, T
such that Y2(w), = Y2(w), for all u € (s, t).
For every m > 1, w € Q, and t € [0,7], define A5, (¢) = A, 51 ,(t) and

Zon (W) (1) = Y2(w)(A2 (¢)). Since Y2 (w) o X = YL (w) for all m > 1 and P-almost

all w, we have that P-a.s.
doo(Y2,Y?) = doo(YE | Z.).
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Since
lim doo(Y2 (w), YH(w)) =0 = lim duoo(Y2 (W), Y2(w))

m—ro0 m—0o0

for P-almost all w, we have

B doe(Zn(w), Y (w)) = 0 for P-almost all w € Q. (3.2.4)

m—r00

Since for all w € Q, by definition, Z,,(w) = Y2(w)o A for A2 € A, it follows from
Lemma 3.2.7 and (3.2.4) that for P-almost all w € Q there exists A € A such that
Y'(w) = Y2(w) o A* (note we make no claims about the measurability of X* with

. . 2 - /_ .
respect to w). In particular, since Y? is a C2P V¥ _valued random variable,

¥ ()

[

< 00,

p’-var;[0,T] p’-var;[0,T]

for P-almost all w, which proves (1).

Moreover for P-almost all w, since ¢ — Hﬁ??(w) is linear, it holds that for

p’-var;[0,t]
all £ € [0, 7]
H\Nfl(w) ’ :HYQ(W)OAW /
p’-var;[0,¢] p’-var;[0,t]
~ '
e
p'—VaI‘;[U,/\W(t)]
~ p’
— ()T ’YQ w ,
(A*(@)/T) || Y (w) P

which is equivalent to the statement that A“(f) = A, 5, (t). Thus Y2(w) =
P, (Y'(w)) for P-almost all w, which proves (2) and completes the proof. O

3.3 Rough differential equations

We now discuss the concept of a rough differential equation (RDE), which forms one
of the central topics in the study of rough paths. We shall follow the approach via
discrete Euler approximations, which was introduced by Davie [16] and adopted as
the main tool in studying RDEs by Friz and Victoir [25]. In doing so, we shall only
define and study RDEs in the finite dimensional setting V' = R

We note however that the original approach taken by Lyons [45], and presented
in [42] and [46], is focused around Picard iterations and allows to give meaning to
RDEs where V is a general Banach space. The two contrasting methods may be
compared to the difference between the Cauchy-Peano and Picard-Lindel6f existence

theorems.
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3.3.1 Lipschitz vector fields

We recall now a simplified definition of Lipschitz maps in the sense of E. Stein.
We stress that the following definition is less general than the standard definition
considered in the literature (e.g., [42] Definition 5.1.1, or [46] Definition 1.21), but it

shall cover all cases of interest to us.

Definition 3.3.1. For v > 0, normed spaces V and W, and an open set U C V,
amap f: U — W is called y-Lipschitz on U if f is in CI(U, W) (i.e., |v]-times
continuously differentiable on U) and if there exists K > 0 such that
sup sup||D*f(2)|| < K, and ||DW oo < K.
OSkSIE’YJ xeg |[D"f()]] < I fH(y—M)-Hol;U =

The smallest K > 0 for which this holds is denoted by ||f|[;;, ), the Lip’-norm of
fonU.

Let Lip”(U, W) denote the space of all v-Lipschitz maps on U, and Lip,. .(V, W)
denote the space of all f : V +— W which are in Lip”(U, W) for all open bounded
subsets U C V.

Remark 3.3.2. The k-th derivative of f is a map D*f : U — L(V®* W), so that for
x e U, HDkf(x)H depends implicitly on the tensor norm equipped on V®* (where
L(V® W) is equipped with the operator norm). When V is finite dimensional, all
such norms lead to equivalent definitions of the Lip”-norm. However in the infinite
dimensional setting, one should first fix an admissible norm on V®*, as different norms

in general lead to non-equivalent definitions of Lip” (see [42] Section 3.1).

Let F(R¢ R®) denote the vector space of functions mapping R® to R®. We call a
linear map f : R? — F(R® R¢), a collection of d vector fields on R®.

Note that f can be equivalently viewed as a map f : R® — L(R% R¢). When
L(R% R®) is equipped with the operator norm, we say that f is a collection of Lip”
vector fields if f € Lip”(R¢, L(R? R¢)).

3.3.2 Universal limit theorem

One of the fundamental results in rough paths theory is the universal limit theorem,
which, under sufficient regularity on the driving vector fields, asserts the existence,
uniqueness and continuity (in p-variation topologies) of solutions to the differential
equation

dy, = f(yi)dxs, yo=1y € R, (3.3.1)
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where f is a collection of d vector fields on R¢, and x is an element of WGQ,(R?) for
some p > 1.

To give meaning to an RDE, we first consider paths of bounded variation. For x €
Car([0,T),RY) and z € C([0,T], L(R?, R®)), recall the Riemann-Stieltjes integral

T
z.dx; ;= lim E Z (Xy. 4.
/Ov t t e300 tj< tj,t]+1)7

tjEDn
~ o— N n n 3
where, as usual, we denote X;,;,,, = Xy, — Xy;, and where D,, = ({g,...,t} ) is a
sequence of partitions of [0,7] such that lim, . maxi<j<p, [t] — 7| = 0. More-

over, recall that fOT z;dx; is independent of the particular sequence D,,. Furthermore

fOT z;dx; is independent of the starting point of x in the sense that

T T
/ thXt = / thih
0 0

where X := x; — xo. We shall thus restrict our driving signal x to have starting point
Z€ro.

A solution to (3.3.1) for a driving signal x € C1¥¥ ([0, T], RY), continuous vector
fields f € C(R¢ L(RY,R%)), and a starting point y € R¢, is a path y € C([0, T],R®)
such that yo = y and for all ¢ € [0, T

t
Vi = Yo +/ f(ys)dxs.
0

Recall that the classical Cauchy-Peano and Picard-Lindel6f theorems assert that if f
is continuous, then there exists at least one solution to (3.3.1), and if moreover f is
Lipschitz continuous, then this solution is unique.

Denote by s (0,y;x) : [0,7] — R® the unique solution to (3.3.1) for Lipschitz
continuous f (note that in [25] 7(5)(0, y;x) refers to the collection of all solutions in
the case that f is not necessarily Lipschitz continuous). More generally, for s € [0, T,
let 7(s)(s,y;x) : [s,T] — R® denote the solution with time-s initial condition y, = .
The map

(g 2 Co ([0, TLRY) x R = C([0,TLRY), (x,y) = m(5)(0, 55 %),

is called the It6 map.
We summarise the existence, uniqueness and continuity results concerning the Ito

map in the following theorem.
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Theorem 3.3.3 (|25] Theorems 3.4, 3.18). Let y € R® and x € Cva([0,T], R?).
If f € Cy(Re,L(RY, R?)), then there exists at least one solution to (3.3.1) and all
solutions are elements of C1([0, T, R¢).
If moreover f € Lip' (R, L(R? R®)), then the solution to (3.3.1) is unique, and
the Ité map
T O ([0, T],RY) x R — C™([0, T], R?)

15 uniformly continuous on every set of the form
{Hle—var;[O,T] < R} X Re? R> 07

when CV ([0, T],R?) and C*™ar([0,T],R®) are equipped with their respective dy_yar

metrics.

We are now ready to state what we mean by a solution to (3.3.1) where x is a

weakly geometric p-rough path.

Definition 3.3.4 (Rough differential equation). Let f € C(R¢ L(R% R®)) be a col-
lection of vector fields on R¢ and x € WGQ,,(R?). We say that y € C([0,7],R¢) is a
solution to (3.3.1) if there exists a sequence (x,),>1 in C}V¥([0,T], RY) such that

lim doo(S|p)(%n),x) =0 and SliI?HSLPJ (x4)|]

n—0o0

pvarfo1] < 0% (3.3.2)

and there are solutions y, € C™([0,7],R®) to (3.3.1) driven by x, with initial
condition y,(0) = y such that

lim doo(yn,y) = 0.

n—oo

We now state a version of the universal limit theorem which extends Theorem 3.3.3

to weakly geometric rough paths.

Theorem 3.3.5 (Universal limit theorem, [25] Theorem 10.14, Corollary 10.28). Let
y>p>1,y€Re and x € WGQ,RY). If f € Lip” (R, L(RY, R?)), then there
exists at least one solution to (3.3.1) and all solutions are elements of CPV** ([0, T, R¢).
If moreover f € Lip”(R¢, L(R%, R®)), then the solution to (3.3.1) is unique, and
the Ité map
() WGQ,(RY) x R — C ([0, T], R?)

15 uniformly continuous on every set of the form
{HXHp—var;[O,T] < R} X Re’ R> 07

when WGQ,(RY) and CP ([0, T], R¢) are equipped with their respective d,, v, metrics.
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3.3.3 Non-explosion

In connection with the characteristic function defined in Chapter 2, we shall be inter-
ested in RDEs driven along linear vector fields, which do not lie in Lip”(R¢, L(R?, R¢))
for any v > 0. We shall see however that RDEs driven along linear vector fields do ad-
mit solutions with a bound on their growth. This leads to the following non-explosion
definition (which a variation of |25] Definition 11.1).

Definition 3.3.6 (p-non-explosion). Let p > 1. We say that vector fields f €
C(R¢, L(R? R®)) satisfy the p-non-explosion condition if for every x € WGQ,(R?)
and y € R there exists at least one solution y € C([0,7],R®) to (3.3.1), and for

every ¢ > 0 there exists r > 0 such that if ||x]| |+ [yl < ¢, then every solution

p-var;[0,T
to (3.3.1) satisfies ||y 0 <7

Evidently, by Theorem 3.3.5, all vector fields f € Lip”(R¢, L(R? R¢)) for v > p
satisfy the p-non-explosion condition (in fact, all f € Lip” '(R¢, L(R% R¢)) satisfy

the p-non-explosion condition, see [25] Theorem 10.14).
Proposition 3.3.7. Let v > p > 1, f € Lip] .(R* L(R% R®)) satisfy the p-non-
explosion condition, y € R®, and x € WGQ,(R?).

Then there exists a unique solution (5 (0,y;x) to (3.3.1). Moreover (0, y;X)
is an element of CPV*([0,T],R®) and the It6 map

() s WGQ,(RY) x R — CP([0, T, R?)
s uniformly continuous on every set of the form
(U partorm < R} x {llyll < Re}. RuBa> 0.
when WGQ,(RY) and CP1 ([0, T], R¢) are equipped with their respective d,, o, metrics.

Proof. Consider a set A = {[|x[|, oror < F1} x {{[yl| < Ro}, for Ry, Ry > 0.
By the p-non-explosion condition, for all (x,y) € A, there exists 7 > 0 such that
every solution y € C([0,T],R®) to (3.3.1) (of which there is at least one) satisfies
1¥llcior <7

Let g € Lip”(R¢, L(R%,R®)) such that g = f on the set {||y|| < r + 1}. It follows
that for all (x,y) € A, every solution to (3.3.1) is also a solution to

p-var

dy: = g(y)dx:, yo=1y € R". (3.3.3)

However by Theorem 3.3.5, (3.3.3) admits a unique solution 7 (0,y;x), which is an
element of CPY"([0,7T],R®), and 7y : A — CPV* ([0, T],R) is uniformly continuous,

from which the desired result follows. O
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3.3.4 Linear vector fields

By linear vector fields we mean a linear map M € L(R® L(R? R¢)), which, as usual,
can equivalently be viewed as a map M € L(RY, L(RR¢)).

Note that every M € L(R% L(R®)) is in Lip].(R* L(R% R®)) but that M ¢
Lip?(R¢, L(R%, R¢)) (unless M = 0) for all v > 0, since M is a smooth and (globally)

unbounded map.

Theorem 3.3.8 (RDEs along linear vector fields, [25] Theorem 10.53). Let p > 1,
M € L(R¢ L(RY R?)), and x € WGQ,(R?). Then there exists a unique solution in
C([0,T),R?) to

dy, = M(y,)dx, yo =y € R". (3.3.4)
Moreover there ezists a constant C' depending only on p and ||M|| such that for all
0<s<t<T

15sel < O+ Ul 16l o 50 (CHXIE vagor) - (3:3.5)

Remark 3.3.9. A similar result holds for general Lipschitz continuous vector fields f
which are locally Lip” ([25] Exercise 10.56).

In particular, M satisfies the p-non-explosion condition for all p > 1, so the
uniqueness and continuity results of Proposition 3.3.7 apply to M. As before, we
denote the unique solution to (3.3.4) by m) (0, y;x) € CP¥* ([0, T, R°).

3.4 Flows of diffeomorphisms

Let x € WGQ,(RY) and f a collection of vector fields. Whenever the equation (3.3.1)
admits a unique solution for all y € R®, we denote by UF,_ : R® — R® the associated
flow map which maps y = yo — yr.

Recall that §s,t := X7_;7_s denotes the time-reversal of x € Q,(RY). For x €
Clvar([0,T),RY), f € Lip'(R*, L(R% R)) and y € R, let y = m(4(0,y;x). One can
readily check that 7 (0, yr; ?), the unique solution to

dzt = f(zt)d§t7 Zo =YT,

is precisely z; = yr_¢. It follows that for all x € Cv¥ ([0, T],RY), the flow map
UF_ oy — yr is a bijection of R® onto R®, and

U o= Us o). (34.1)
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For continuous paths x € C,([0,t], G"(R?)) and y € C,([t,T], G"(R?)), consider
their concatenation z := x xy € C,([0, T], G*(R?)) defined by z, = x, and z, = x;y,
for s € [0,t] and s € [t, T] respectively.

We extend the definition to arbitrary x!,...,x* € C,([0,T], G*(R?)) by letting

% € C,([(j — VT /k, T/, G"(RY), & =, .

where 9; is the unique increasing linear bijection from [(j — 1)T'/k, jT/k] to [0,T7,
and defining x! * ... xx* 1= (L. (X1 * %2) x...) x XF.

Observe that for x,y € C} ([0, T], R?), the flow map U _,, satisfies the algebraic
property

Uiy =U) o UF . (3.4.2)

Since the image of Q;(R?) under the lift S|, is dense in WG, (R?), it follows
that for all x € WGQ,(R?) and f € Lip] (R, L(R? R®)) which satisfies the p-non-
explosion condition, there is a well-defined bijective flow map UF,_, : R® — R°
Moreover, the identities (3.4.1) and (3.4.2) remain true for all x,y € WGQ,(R?).

Furthermore, by continuity of the It6 map () (Theorem 3.3.5), UF_ is a home-
omorphism. In fact, the uniform continuity of (s from Theorem 3.3.5 and Propo-
sition 3.3.7 implies that Uy, , : x — U¥_,, is a continuous map from WGQ,(R?) to
Homeo(R¢) when Homeo(R€) is equipped with an appropriate topology. We sum-

marise these properties in the following theorem.

Theorem 3.4.1. Let v > p > 1 and f € Lip], (R, L(RY R®)) satisfy the p-non-
explosion condition.

Then the associated flow map Uy, : WGQ,(R?) — Homeo(R¢) is continuous
when Homeo(R®) is equipped with the compact-open topology.

If moreover f € Lip”(R®, L(RY R®)), then Usj, , is continuous when Homeo(R®)
15 equipped with the uniform topology.

Remark 3.4.2. By requiring additional regularity on the vector fields f, one can more-
over show that Uy, , is a continuous map from WGQ,(R?) to Diff*(R®), the group
of C*-diffeomorphisms of R® (where k depends on the additional regularity of f and
Diff*(R¢) is equipped with the C*-topology, see [25] Section 11.2 and Corollary 11.14).

For simplicity, we only consider here the group Homeo(RR¢).

The following recent result of Boedihardjo et al. [4] establishes a fundamental
link between the signature of x € WG, (R?) and the solution map (s (0,y;x).
This result generalises the analogous theorem of Hambly and Lyons [30] for paths
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of bounded variation, which in turn is a generalisation of the work of Chen [13] on
characterisation of paths through their signatures.
The following theorem is a consequence of [4] Theorem 3 (this formulation was

pointed out to the author by H. Boedihardjo in a personal communication).

Theorem 3.4.3 (Boedihardjo et al. [4]). Let p > 1 and x,y € WGQ,(RY). Then
S(x)or = S(¥)or if and only if for all v > p, integers e > 1, y € R®, and
f € Lip.(R¢, L(R% R®)) which satisfies the p-non-explosion condition, it holds that
(1 (0,4 %) = 71 (0,43¥)T-

Recall that W R,(R?) denotes the set of group-like elements which arise as the sig-
natures of weakly geometric p-rough paths. Observe that S(x*y)or = S(x)orS(¥)o.r
and S(x)p 1 = S(X)or for all x,y € WGQ,(RY).

Moreover, observe that the “only if” direction of Theorem 3.4.3 implies that the
flow map Uy, , : WGQ,(R?) — Homeo(R®) factors through the signature. It follows
that for all f € Lip,. (R, L(R? R®)) satisfying the p-non-explosion condition, there
exists a well-defined “signature flow map” U : WR,(RY) — Homeo(R¢) such that
U* = U¥_, whenever x = S(x)o .

We now obtain the following result.

Corollary 3.4.4. Let v > p > 1 and f € Lip”(R¢, L(R? R®)) satisfy the p-non-
explosion condition. Then the flow map U : W R,(R?) — Homeo(R) is group homo-

morphism.

3.4.1 Flows induced by linear vector fields

In this section, we shall provide a concrete description of the flow map U" for linear
vector fields M € L(R® L(R¢, R9)).

Recall that every linear map M € L(R® L(R? R¢)) may equivalently be viewed
as a map M € L(RY, L(R®)), where L(R¢) is the space of linear operators on R®.

Observe that every linear vector field z € L(R®) induces a linear vector field
L, € L(L(R®)) by composition L, : z + z o 2.

Consider now a collection of linear vector fields M € L(RY L(R¢)). Tt follows
that M induces a collection of linear vector fields Ly, € L(R? L(L(R¢))) given by
Ly(x) = L)

For x € WGQ,(R?), we can therefore consider the unique solution z; to the RDE

dz; = Ly (z)dxy, 7o = Idge € L(R®). (3.4.3)
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The solution to (3.4.3) will play a central role in connection with the signature of x.
For all M € L(R¢, L(R)), define the map

M : WGQ,RY) — L(R®), M(x) = zr,

where z is the solution of (3.4.3).
Defining y; := z;(y) for some y € R, one readily sees that y is the solution to

dy: = M(y,)dx;, yo=y € R".

In particular, it follows that M (x) is precisely the flow map U¥, , : R® — R® associ-
ated with the vector fields M € L(R®, L(R? R¢)).

As a special case of the map Uy, , : WGQ,(R?) — Homeo(R¢), we remark that
M(X)=Mx)"!and M(x*y) = M(y) o M(x) = M(x)M(y), where we recall that
L(RR°) is equipped with the product AB := B o A. Furthermore, by continuity of the
It6 map m(z,,) (with respect to the driving signal x), we have that M is a continuous
map from WGQ,(RY) into L(RR?).

The following proposition establishes the connection between M (x), the signature
S(x)or € G(RY) of x, and the algebra homomorphism M € Hom(E(R?), L(R¢))
which was studied in Chapter 2.

Proposition 3.4.5. Let x € WGQ,(RY) and M € L(RY L(R®)). Then M(x) =
M(S(x)or)-

Proof. Consider first x € Q;(R?). Then for all k¥ > 0, the k-th term of the signature
S(x)§, (up to time ¢ € [0,T]) is given by the k-th iterated integral

S(X)g,t = / dx, @ ... ®dx, € (Rd)®k.
O<t1<...tp <t

Defining z, := M (S(x)o+) (as an absolutely convergent series), it is straightforward
to verify that z; is indeed the solution to (3.4.3) (cf. [46] Section 2.1).

For general x € WGQ,(RY), let x, € OQ;(R?) satisfy (3.3.2) so that the cor-
responding solutions z, to z in the uniform metric d,. In particular, we have
lim,, o M(x,) = M(x).

Moreover (3.3.2) implies that lim, o dpvar;j0,77(S|p| (Xn), %) = 0 for all p > p, so
by continuity of the signature map Z, : Q,,(R?) — E(R?) (Corollary 3.1.10),

lim S(x,)or = S(X)or.

n—oo
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As M : E(R?) — L(R®) is continuous, it follows that

lim M(S(Xn)()’T) = M(S(X)QT).

n—oo

However we have just seen that M(x,) = M(S(x,)or), so that indeed M(x) =
M(S(X)(),T). L]

Recall from Theorem 2.3.8 that the collection of algebra homomorphisms M €
Hom(E(RY), L(H)) arising from all linear maps M € L(R? u(H)), where H ranges
over all finite dimensional Hilbert spaces, separates the points of E(R?). Moreover,
recall that M sends U(R?), the group of unitary elements of E(R?) (which contains
G(RY)), into U(H), the group of unitary operators on H.

The following is now a consequence of Proposition 3.4.5 and Theorem 2.3.8.

Corollary 3.4.6. Let x,y € WGQ,(R?). Then S(x)or = S(y)or if and only if
M(x) = M(y) for all M € L(R¢,u(H)), where H ranges over all finite dimensional

Hilbert spaces. Moreover, every such M is a continuous map from WGQ,(R?) into
U(H).

We now demonstrate an application of the characteristic functions introduced in
Chapter 2 and the result of Boedihardjo et al. [4] (Theorem 3.4.3).

Theorem 3.4.7. Let v > p > 1 and f € Lip] (R, L(R? R)) satisfy the p-non-
explosion condition (resp. [ € Lip?(R%, L(R? R?))). Let Uy, o : WGQ,(RY) —
Homeo(R?) be the corresponding flow map.

Let X and Y be GQ,(R?)-valued random variables such that E[M(X)] = E [M(Y)]
for all M € L(R?, u).

Then UX, , 2 UY, , as Homeo(R?)-valued random variables, where Homeo(RY) is

equipped with the compact-open (resp. uniform) topology.

The two hard elements of the proof have already been established, namely that the
signature S(x)or completely determines the homeomorphism U¥, ; (Theorem 3.4.3,
Boedihardjo et al. [4]), and that the collection of maps M (X) completely determines
the signature (Corollary 3.4.6). One simply needs to address several measure-theoretic
questions to establish the desired probabilistic statement, which is done in the proof

below.

Proof of Theorem 3.4.7. Denote by p and v the probability measures associated to X
and Y on GQ,(R?) respectively. Recall the continuous signature map Z, : GQ,(R?) —
G(R?) (Corollary 3.1.10) and the set R,(R?) := Z(GQ,(R%))
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For the remainder of the proof, equip R,(R?) with the finest topology for which
T, : GQ, — R,(R?) is continuous. It follows in particular that the induced flow map
U : Ry(R?) — Homeo(R®) of Corollary 3.4.4 is continuous (under either of the stated
assumptions on the vector fields f).

Let us write Z8 : GQ,(R?) — G(R?) and ZF : GQ,(R?) — R,(R?) (note that
Z¢ and Z[ are equal as functions, but we use the superscript to distinguish the two
different topologies of the image space).

Let pup := po (Z[)~" and vg := v o (Z)~" be the pushforward Borel probability
measures on R,(R?). Tt holds that the measure associated to U, , and UY, , is the
pushforward of ur and vy respectively by the continuous map U". It thus suffices to
show that ugr = vg.

Since GQ,(R?) is a Polish space, it holds that y is a Radon measure (in the sense
of |5] Definition 7.1.1). Since pg is the pushforward of p by the continuous map
Il - GQp(RY) — R,(R?), it readily follows that jug is also Radon. Similarly, vg is
Radon.

Let F be the set of all functions h : R,(RY) — R such that there exists hy €
Cy(G(R?), R) for which hg |, rey= h. Observe that F'is a subalgebra of Cy(R,(R?), R)
which separates the points.

Let pg = po (Z5) ™" and vg := v o (Z5)~! be the pushforward Borel probability
measures on G(RY). Observe that E[M(X)] = E[M(Y)] for all M € L(R%u) is
equivalent to the statement that pug(M) = vg(M) for all M € A. It follows by
Corollary 2.3.12 that pug = vg.

However, for every h € F and hy € C,(G(R?),R) such that hg | re)= h, it holds
that h o I = ho o I, and thus

pr(h) = p(h o ) = pu(ho 0 I7) = pc(ho).

Similarly vg(h) = vg(hg). Since pug = vg, it follows that pr(h) = vg(h) for all h € F.

Since pup and vg are Radon measures on R,(R?), and F is a separating subalgebra
of Cy(R,(RY),R), it follows by the Stone-Weierstrass theorem that ur = vg ([5]
Exercise 7.14.79). O

We can now state the following consequence on weak convergence of flows associ-
ated with RDEs. Recall that Homeo(R®) equipped with the compact-open topology
is a Polish space ([17] p.51).
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Corollary 3.4.8. Let v > p > 1 and f € Lip, (R, L(RY R®)) satisfy the p-non-
explosion condition. Let Uy, o, : WGQ,(R?) — Homeo(R) be the associated flow
map. Equip Homeo(R®) with the compact-open topology.

Let (X,,)n>1 be WGQ,(RY)-valued random variables such that (11Xl |-varsfo.7)n>1

s a tight collection of real random variables.

(1) Suppose that lim,,_,.. E[M(X,)] exists for all M € L(R% u(H)). Then the

Homeo(R¢)-valued random variables U, converge in law.

(2) Suppose moreover that for some 1 < q < =, there exists a WGQ,(RY)-valued
random wvariable X such that lim, . E[M(X,)] = E[M(X)] for all M €
L(R%, u(H)). Then UXr, 3 UX .

Proof. Let p < p' <~ A (|p] +1). Denote X,, = Py(X,). By Lemma 3.2.5, (X )ns1
is a tight collection of G, (R%)-valued random variables.

By invariance of U¥, , under reparametrisation of x € G, (R?), it holds that
UX', EU%(:O for all n > 1. Moreover, since Uy, , : GQ,y(R?) — Homeo(RR¢) is con-

tinuous, it follows that (Ux",)n>1 is a tight collection of Homeo(R®)-valued random

0
variables.

Furthermore, one readily sees that every weak limit point of (UTeo)n>1 is the
pushforward by Us, , of some GQ,(R?%)-valued random variable X which is a weak
limit point of ()N(n)nzl.

(1) For two weak limit points X, Y of (X,)ns1, it holds that
E [M(X)} —E [M(?)}
for all M € L(R% u(H)). It follows by Theorem 3.4.7 that Uz)“i—o e UT<_0, and thus

all weak limit points of (U3",)n>1 are equal in law.
(2) Tt now holds that, for every weak limit point X of (X, )n>1,

E [M()’Z)] — E[M(X)]

for all M € L(R%, u(H)). Treating X and X as GQ,(RY)-valued random variables for
some pVq < ¢ <~y (replacing them by their lifts to G4/ (R?)-valued random variables
if either p < |¢'] or ¢ < |¢']), it follows again by Theorem 3.4.7 that U%((_O UF o
so indeed U™, 2 UX, . O
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3.5 Euler approximations

We end the chapter with a result concerning the FEuler approximation of an RDE.
Fix a basis ey,...,eq of R? and for x € TV (R?), let %% denote the coefficient, of
e1®...®e;, in x under the basis {e;, ®...®e;, |k €{0,... N}, ir,... i € {1,...,d}}
of TN (RY).

Fory e Re, z = (1,2,...,2") € GN(R?), and N — 1 times continuously differen-
tiable vector fields f = (fi,..., fa), fi € CV"L(R® R¢), define the Euler approxima-

tion

Eply.a)=>_ > aFi(f L f Tdge)(y),

where we treat f; as a first order differential operator.

We now recall the Euler approximation of the solution of an RDE.

Theorem 3.5.1 ([25] Corollary 10.15). Let v > p > 1. Then there ezists a con-
stant C = C(p,7y) > 0 such that for all f € Lip"(R¢,L(R% R?)), y € R®, and
x € WGQ,(RY)
N
Hﬂ-(f)<57y;x>5,t - g(f)(ya S\_’YJ (X>S7t’} < C <HfHLip'Y*1 ||XHp-var;[s,t]>
For linear vector fields M, ..., M) € L(R®), note that

(M, ... MpIdge)(y) = My o...o M(y),

where we treat M; as a differential operator on the left side (cf. [25] Exercise 10.50).
In particular, for the vector fields Ly, € L(L(R®)), Ly, : 2 — M, o z, it holds that

(L]\/jl c L]ijdL(]Re))(Z) = L]Wk ©0...0 LMI(Z) = Mk ©c...0 Ml o Z.

In particular, for vector fields M = (M, ..., M) € L(RY L(R®)), setting z = Idge
and recalling the product AB = B o A on L(R®), we have

N

g(LM)([dRe? 33) = Z Z xk;il """ ile,l . Mlk

k=11i1,....ipe{l,....d}

Extending M € L(R% L(R¢)) canonically to a linear map M € L(TV(R?), L(R¢))
by M(e;, ® ... ®e;,) = M(e;,)...M(e;) (but which we note is not an algebra

homomorphism), this relation is written simply as

5(LM)(IdR6,~T) = M(l’) — IdRe. (351)
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Lemma 3.5.2. Let M € L(RY L(R®)) and 1 < p < 7. Then there exist r,C > 0

such that for all x € WGQ,(R?) with ||x|| | <1, we have

p-var;[0,T

| ‘M(X) - M(S\_WJ (X)O,T) ’ | < C ||X| |;—var;[O,T] :

Proof. Fix a bounded neighbourhood W C L(R®) of Idge and consider vector fields
f € Lip”"(L(R¢), L(R?, L(R¢))) such that f = Ly; on W.
By Theorem 3.5.1, there exists Cy = Cy(p,) > 0 such that for all x € WGQ,(R?)

gl
| } (W(f) (07 IdR"ﬂ X>T - IdRE) - S(f) ([dRe7 SL’YJ (X)OzT)‘ ’ < 02 <‘ |f‘ |Lip"’_1 HX| |p—var;[O,T]> :
We can now choose r > 0 sufficiently small such that |[x[| .7 < r implies

T(f) (O, [d]Re, X)T = 7T(LM)<O, [dRe; X)T

and
Epdge, 51y (%)or) = Eway(Ldre, Sy (X)o,r)-
The desired result now follows from (3.5.1). O
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Chapter 4

Expected signature

Our main focus in this chapter is the expected signature of G(R?)-valued random
variables.

In Section 4.1, we study the analogue of the moment problem, that is, conditions
under which the law of a G(R?)-valued random variable is uniquely determined by
its expected signature. Our primary tool is the characteristic function defined at the
end of Section 2.3. Proposition 4.1.1 provides a general criterion under which the law
of a G(R?)-valued random variable is uniquely determined by its expected signature.
In turn, Theorem 4.1.3 provides a method to verify this criterion without explicit
knowledge of the expected signature itself. We demonstrate applications of these
results to Lévy processes studied in [24] and to families of Gaussian and Markovian
rough paths studied in [10] and [11].

In Section 4.2 we study analyticity properties of the characteristic function. The
main result is Theorem 4.2.5 (and its Corollaries 4.2.9 and 4.2.10), which provides a
criterion to establish analyticity of the characteristic function and solve the moment
problem within a restricted family of G(R%)-valued random variables. We demon-
strate an application to Markovian rough paths stopped upon exiting a domain.

In Section 4.3 we demonstrate a method of moments for weak convergence of
G(R%)-valued random variables (Theorem 4.3.5).

4.1 The moment problem

When V' is a normed space, recall from Corollary 2.2.3 that if X is a G-valued
random variable such that ESig(X) exists and has an infinite radius of convergence,
then E [X] exists as an element of E and is equal to ESig(X). Thus E[f(X)] is
completely determined by ESig(X) for all f € E’, and in particular for all M € A.
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The following is now a consequence of the uniqueness of probability measures from
Corollary 2.3.12.

Proposition 4.1.1. Let X and Y be G(R%)-valued random variables such that
ESig(X) = ESig(Y).

Suppose furthermore that ESig(X) € E, i.e., ESig(X) has an infinite radius of con-
D
vergence. Then X =Y.

Recall from Corollary 3.1.10 that the signature map Z, : (Qp, ppvar) — E is
continuous. It follows that the signature S(X)or of any Q,-valued (resp. G€Q,-
valued) random variable X is a well-defined (Borel) E-valued (resp. U-valued, or

G(R%)-valued in case V = RY) random variable.

Example 4.1.2. We apply Proposition 4.1.1 to the Lévy—Khintchine formula estab-
lished in [24]. Recall that every Lévy process in R? admits a lift to a G, (R?)-valued
random variable X for any p > 2 by adding appropriate adjustments for jumps
(see [59] Section 2, and [24] Section 9.1, Corollary 44; cf. Sections 5.3 and 5.4 in
the following chapter). Concretely, the lift is first constructed as a cadlag process in
G?*(RY) as the solution of a stochastic differential equation (in the sense of Marcus)
driven by the Lévy process, and then mapped to an element of G,(R?) by linear
traversals at the jumps.

Let (a, b, K) denote the triplet of a Lévy process in RY, X the associated GQ,(R?)-
valued random variable, and X = S(X)o r its signature. It follows from [24] Theo-
rem 43 that ESig(X) exists (as an element of P(R?) = [],-,(R%)®") whenever the
Lévy measure K has finite moments of all orders. Furthermoge, ESig(X) € F exactly

when

/ (Ml —1 — X1{|y|| < 1}||y]]) K(dy) < oo for all A > 0. (4.1.1)
R4

It follows by Proposition 4.1.1 that whenever (4.1.1) is satisfied, the expected signa-
ture of S(X)o7 uniquely determines the law of S(X)or as a G(R?)-valued random

variable.

Recall the radius of convergence r;(X) from Definition 2.2.1. Theorem 4.1.3 below
provides sufficient conditions to ensure that 7 (X) > 0 or r;(X) = oo without explicit
knowledge of ESig(X).
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For a subset B C A of an algebra A and n > 1, define B" = {z7...2, |
Z1,...,T, € B}. For an element © € A, define B(z) = inf{n > 1 | z € B"}
(taking B(x) = oo if z ¢ B" for all n > 1).

Note that for a topological algebra A with (jointly) continuous multiplication,
an A-valued random variable X, and a (Borel) measurable set B C A, B(X) is a
well-defined random variable in {1,2,...} U {oo}.

Theorem 4.1.3. Let V' be a normed space and X an E-valued random wvariable.
Suppose there exists a bounded, measurable set B C E such that B(X) has an ex-
ponential tail, i.e., E [e)‘B(X)} < 0o for some X > 0. Then ri(X) > 0. If moreover
E [e*XM)] < oo for all X > 0, then r1(X) = oc.

Proof. Equip E with the projective extension of the norm on V. For any r > 0 and
A > 0 such that sup,cz|[0,(2)]| < €, it holds that

SR [ XF|] = E{0.(X)]]) < E [P, (4.1.2)
k>0
where the inequality follows from the fact that 6,(X) = 6,(X1) ... 0,(Xp(x)) for some
X1,..., Xpo) € B.
Suppose first that E [e*?®)] < oo for all A > 0. Then since B is bounded, for all
r > 0 there exists A > 0 sufficiently large such that sup,.p ||6,(z)|| < €. Then (4.1.2)
implies that r1(X) > r. As r was arbitrary, it follows that r(X) = oo.
Suppose now that E [eAB(X)] < oo for some A > 0. By Proposition 2.1.11, the
functions §, converge strongly (that is, uniformly on bounded sets) to dy as r — 0 and,

in particular, uniformly on B. Thus there exists r > 0 such that sup, 5 |0, (2)|| < e*.
Then (4.1.2) implies that r;(X) > r > 0 as desired. O

We demonstrate how to apply Theorem 4.1.3 to random variables arising from
signatures of geometric rough paths whose expected signature is not directly known.
Let V' be a Banach space and p > 1. We note that for any x € Q,,, wx(s,t) :=
I|x][][2 | defines a control for which (3.1.1) is satisfied. Thus for all k& > 0, the lift

p-var;[s,t

S(x) : Apm — E satisfies

w(0,T)k/P

k
HS(X)O,TH < B,(k/p)l

We hence define
K, - {x € B | sup B, (k/p)! ||*]] < 1}
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and observe that S(x)or € K, for every x € €, with [|[x[[| .07 < 1. Observe

furthermore that K, is bounded (due to the factorial term (k/p)!) and measurable in
L.

For x € Q,, define k,(x) = K,(S(x)o,r), i-e., the minimum positive integer k for
which there exist xy, ...,z € K, such that S(x)or = 21 ... 2.

We briefly recall the construction of the greedy sequence and function NV, o 77,,(x)
introduced by Cass, Litterer and Lyons [10]. For x > 0 define the sequence of times
70 =0,

Tj+1 = mf{t > T | wx(Tj,t) > /ﬂl} AT,

so that wy(7;, 7j11) =k forall 0 < j < N = N, o1,(x) :=sup{j > 0| 7; < T} and
Wk (T, Tv41) < K (see [10] Definition 4.7, [23] p.158). Note that k,(x) < Ny jo,77,,(x) +
1.

Remark 4.1.4. For any p,q > 1 and x € Q,, note that the signature S(x)or exists
and so k,(x) is meaningfully defined. Moreover, in case ¢ < p, x can canonically be
viewed as an element of €, by its lift S|, ;x € €, and we have S(x)or = S(S|p X)o7

However, if ¢ < [p] and Ny jo77,(x) and the greedy sequence (7;)52, are defined in
terms of x (not its lift S|, x), then Ny g 1,(x) does not yield a deterministic bound
on k,(x) since the individual signatures S(x)
of K,,.

To obtain a bound on £,(x), one needs to consider Ny [o.1],(S5|,x) and (7;)
defined in terms of S, x € @, Then S(x),,, = S(Sx)
7=0,1,..., and so k,(x) < Ny jo.11,(S|px) + 1.

This point shall be revisited in Remark 4.2.8 and Remark 4.2.17 of Section 4.2.1.

741 Will in general fail to be elements

00
J=1

€ K, for all

T3sTi+1

Let K,(V) be the family of Q,-valued random variables X such that E [e*»)] <

oo for all A > 0. The following is a consequence of Theorem 4.1.3.

Corollary 4.1.5. Let V be a Banach space, p > 1 and X € KC,(V'). Then the expected

signature ESig [S(X)o.r] has an infinite radius of convergence.

Applying Proposition 4.1.1, we obtain the following result which allows us to
answer the moment problem for signatures arising from a wide range of random

geometric rough paths.

Corollary 4.1.6. Let p > 1 and X a G(RY)-valued random wvariable in K,(R?).
Then the law of its signature S(X)o7 is the unique probability measure on G(R?)
whose expected signature is ESig [S(X)o.r]-
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We now demonstrate two important examples of G€,(R?)-valued random variables
in K,(R?). Remark that a non-negative random variable Z satisfies E [eAZ} < oo for
all A > 0 whenever Z% has a Gaussian tail for some 6 > 1/2, ie., P [Z9 > z} <
C~'e= for all z > 0 and a constant C' > 0. In both of the following sections [0, T]

is a fixed time interval.

4.1.1 Gaussian rough paths

We recall first the definition of Gaussian processes and their lifts to geometric rough
paths. A Gaussian process X = (X!,..., X9) in R? defined on [0, 7] is a stochastic
process for which (X,fll, e ,X,f:) is a multivariate Gaussian random variable for all
finite collection of times ¢y,...,tx € [0,7] and indexes iy,...,4 € {1,...,d}. The
law of X is completely determined by the couple (u, R), where p : [0, T] — R? is the

mean function
pu(t); =E [Xﬂ ,

and R : [0,T)? — (R%)? is the covariance function

t

R() = [(X — u(s)) (X7 — u(t))].

The process X has independent components precisely when R; ; = 0 for all ¢ # j.
Moreover X is said to be centred if p = 0.
For a function R : [0, T)? — R<, denote

o) =) +2(0) - 2C) - #()

For p > 1, the 2D p-variation of R : [0, T])? — R? is defined by

) 1/p
Lis it
) Vi1

where, as usual, the supremum is taken over all finite partitions D, D’ of [0, 7).

| |R‘ |p—var;[0,T}2 = Sup Z

!
D,D'C[0,T] t€D,t, €D’

We recall that every centred continuous Gaussian process in R? with indepen-
dent components and covariance function of finite 2D p-variation for some p € [1,2)
admits a natural lift to a GQ,(R%)-valued random variable X for any p > 2p (|25]
Theorem 15.33). The lift may be realised concretely as the almost sure limit in p-
variation topology of the piecewise linear interpolation (or appropriate mollifications)

of the Gaussian process.
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We remark moreover that the covariance function of Brownian motion has finite
2D 1-variation (which corresponds to its lift as a G, (R?)-valued random variable for
any p > 2). Hence the range p € [1,2) allows one to deal with Gaussian processes of
far worse regularity that Brownian motion.

We recall now several results from [10] on estimates of the function Ny o1,
(see [10] Corollary 5.5, Theorem 6.3, and [23] Theorem 11.13).

Theorem 4.1.7 (|10]). Suppose that X is a centred Gaussian process in R? with
independent components whose covariance function has finite 2D p-variation for some
p € [1,3/2). Let X be its natural lift to a GQ,(R?)-valued random variable for some
2p < p < 3. Then Ny o11,(X)"? has a Gaussian tail.

Note that the covariance function of fractional Brownian motion B in R? with

Hurst parameter H € (0, 1) and independent components is

s Loon | om 2H

R y =5i,j§(t + s+ |t — 5] )
12

It readily follows that R has finite 2D p-variation for any p > 1/(2H). Thus for all
H > 1/4, BY admits a natural lift to a GQ,(R?)-valued random variable X for any
p > H~!. Observe that Theorem 4.1.7 applies directly to X only in the case H > 1/3.

However, one is able to exploit directly the structure of the Cameron-Martin space

of B¥ to obtain the following sharper result.

Theorem 4.1.8 ([10]). Let B be a fractional Brownian motion in R? with indepen-
dent components and H > 1/4. Let X be its natural lift to a GQ,(R?)-valued random

variable for some p > H'. Then Ny o71,(X)Y**V? has a Gaussian tail.

Since k,(X) < Ny jo.17,(X) +1 as remarked before, it follows that X is a G, (R?)-
valued random variable in K,(R?) in both of the above cases. Applying Corol-
lary 4.1.6, we obtain the following solution to the moment problem for signatures

arising from Gaussian rough paths.

Corollary 4.1.9. Let X be the GQ,(R?)-valued random variable in Theorem 4.1.7 or
Theorem 4.1.8. Then the expected signature of S(X)or uniquely determines the law
of S(X)or as a G(R?)-valued random variable.
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4.1.2 Markovian rough paths

We recall first the construction of Markovian rough paths in the sense of Friz and
Victoir [22], [25]. One of the main motivations behind the construction is to extend
the applicability of rough differential equations to Markov diffusions well outside the
scope of semi-martingales (see Remark 4.1.12). We review the construction in some
detail as we shall further study Markovian rough paths in Section 4.2.1. All the
material in this section, unless otherwise stated, is taken from [25] Chapter 16.

For n > 1, denote by g" := g"(R%) the Lie algebra of G" := G"(R?), which we
realise as the smallest Lie subalgebra of T"(RY) containing R?.

For A > 1, denote by Z™¢(A) the space of all measurable maps a : G* — L(R%)

such that a(z) is symmetric and
ATHER < (€ a()€) < AJ¢P? (4.1.3)

for all x € G™ and ¢ € R%

Let uq,...,uq denote a basis for R? viewed as a subspace of g". By definition, it
holds that wuy,...,uq generate the Lie algebra g", and we identify each w; with the
corresponding left-invariant vector field on G™.

Let C2°(G™) denote the space of smooth compactly supported functions f : G" —
R. For a € Z%%(A), define the carré-du-champ operator ' : C%°(G") x C>®°(G")
(G

d

L (f,q) = Z a; ju; fujg.

ij=1
Note that by symmetry of a, I'* is a symmetric bilinear map.

Denote by m the Haar measure on G" (which we recall is unique up to a positive
multiplying constant, is both left- and right-invariant, and coincides with the push-
forward of the Lebesgue measure on g by the exponential map exp : g" — G", [25]
Proposition 16.40). Define the corresponding symmetric non-negative definite bilinear
form £%: CX*(G™) x CX(G™) - R

Ef.g) = /nF“(ﬁg)dm-

One can check that for a sequence f, in C°(G™) for which f, — 0 in L?*(m) and
ENfn — fm, fn — fn) — 0 as n,m — oo, it holds that £*(f,, f,) — 0. It follows that
&? is closable with C2°(G") as a core and domain D(£%) defined as the closure of
C>(G™) in L?*(m) under the norm

f '_>ga<f7f) + <f7f>L2(m)
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Moreover £ satisfies the Markovian property, that is, for all f € D(E?), it holds
that g := (0V f) A1l is in D(E%) and £%g,9) < E%f,f). Hence &% defines a
regular symmetric Dirichlet form on L?(m). Furthermore, since the u; are first order
differential operators, £% is strongly local (£%(f, g) = 0 whenever f is constant on a
neighbourhood of the support of g).

Following the above construction, one may now define a Markov process X on
G™ which is symmetric with respect to m from the general fact that every regular
symmetric Dirichlet form gives rise to a symmetric Markov process (|26] Chapter 7
Theorem 7.2.1). Moreover, since £ is strongly local, the process X* is a diffusion.

However to study properties of X¢, particularly sample path regularity crucial to
rough path theory, we shall study (and may equivalently define) X using the heat
kernel associated to £%, whose main properties we now recall.

Recall first that for a non-positive self-adjoint operator £ defined on a dense
subspace D(L) of a Hilbert space H, using spectral analysis one may define the non-
negative operator v/—L on D(y/—L) D D(L) for which the associated (non-negative
definite) symmetric bilinear form E(f,g) = (vV—Lf,v/—Lg) is closed. Conversely,
every closed, densely defined, symmetric, non-negative definite bilinear form £ on H
arises in such a way from a non-positive self-adjoint operator £. Furthermore, again
by spectral analysis, one may define a strongly continuous contractive semi-group of
self-adjoint operators P, = e~ ** : H — H.

It follows that associated to the Dirichlet form £¢, there is a non-positive self-
adjoint operator £% defined on a dense subspace D(L£*) C D(£?) in L*(m), and a
semi-group P{ : L2(m) — L*(m).

Observe that the uniform sub-ellipticity of a in (4.1.3) implies that £% is quasi-

isometric to £ in the sense that

ATIENf, f) S E(f. ) < AEV(F 1),

where &’ is the Dirichlet form associated with T''(f,g) = ijzl u;fujg. Quasi-
isometry between £ and £ allows us to carry over many properties of P! to Pg,
in particular an ultracontractivity property P : L' +— L* (with operator norm

|| P 11, o decreasing in t) from which one can establish the existence of the heat
kernel p§ : G" x G" — [0, 00) for which

(Pef)(x) = . f)pe(x, y)m(dy)

for all f € L*(m). We remark for each fixed z € G", (t,y) — p%(x,y) is a weak
solution of Oyp = L%;(x, ).
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Finally, due to the Chapman-Kolmogorov equations satisfied by p{, one may re-
alise X* as the Markov process whose finite dimensional distributions are completely
determined by p¢ (|25] Proposition E.15).

The quasi-isometry between £ and £’ further allows us to compare the intrinsic
distance, and doubling and Poincaré constants associated to £ to those of £!, which
in turn leads to upper (and lower) bounds on p¢(x,y) (as well as Holder regularity
properties by the de Giorgi—-Moser—Nash theorem). The upper bounds on pf(z,y)
then imply that the sample paths of X* have almost surely finite p-variation for any
p > 2 ([25] Corollary 16.12).

Remark 4.1.10. The process X! associated to £ is readily seen to be the natural lift
of Brownian motion in R? given by its Stratonovich iterated integrals. The regularity
properties of X* may thus be interpreted as a statement about propagation of sample

path regularity of Markov diffusions through quasi-isometry.

Remark 4.1.11. Due to the sample path regularity of X*, we can associate to every
realisation X : [0,7] — G™ an element of GQ,(R?) which we denote by the same
letter X, as discussed in Section 3.1 following Definition 3.1.2. Note however that
the law of X depends in general on the starting point z := X§ € G", so we shall use

the notation X%* whenever we wish to emphasise the dependence on .

Remark 4.1.12. Taking n = 1 above and a € Z4¢(A), one obtains a Markov diffusion
in G*(R?) = R? of a.s. finite p-variation for p > 2. We then define its natural lift to
G?(R?) (to obtain a GQ,(R?)-valued random variable) as the process X", where we
recall p! : T?(RY) — R? is the natural projection onto the first level R¢, and remark
that a o p! € Z24(A).

We note that given a € =1¢(A) sufficiently regular, for example in C?, one may
realise X as the solution of an (Itd) stochastic differential equation, and is thus a
semi-martingale (see [25] Section 16.1). However in the case that a is only measurable,
X will not in general be a semi-martingale. Lifting the process X* to a rough path
thus allows us to define rough differential equations for Markov processes well outside
the range of semi-martingales.

Furthermore, the general case n > 2 corresponds to diffusions in R of finite
p-variation, p > 2, whose lifts to G(),-valued random variables are given by the
construction above and which are Markovian with respect to their first n iterated

integrals.

We now recall a recent result of Cass and Ogrodnik [11].
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Theorem 4.1.13 (|11] Theorem 5.3). Let A > 1 and a € Z"%(A). Let p > 2 and
X the GQ,(RY)-valued random variable associated to the Markov process X»*. Then

Nl,[o7T]7p(X)1*1/p has a Gaussian tail.

It follows that X is a GQ,(R%)-valued random variable in IC,(R?) for every p > 2.
Applying Corollary 4.1.6, we obtain the following solution to the moment problem

for signatures arising from Markovian rough paths.

Corollary 4.1.14. Let X be the GQ,(R?)-valued random variable in Theorem 4.1.13.
Then the expected signature of S(X)or uniquely determines the law of S(X)or as a

G(RY)-valued random variable.

4.2 Analyticity

In this section we investigate conditions under which the characteristic function is
analytic. We apply these results to situations where the expected signature does not

necessarily have an infinite radius of convergence.

Definition 4.2.1. Let X be an E-valued random variable, H a finite dimensional
Hilbert space, and M € L(V,L(H)). For A € C, define ¢x p(N) = E[(AM)(X)]
whenever ||(AM)(X)|| is integrable.

The above definition of ¢ x i does not introduce any new concept to the previously
defined ¢x and simply makes the results in this section easier to state.

Recall that for a real random variable X, if E [|e**|] < oo for all X € (—¢,¢),
then ¢x(A) = E [¢”¥] is well-defined and analytic on the strip |Im(z)| < e. This
property is known as the propagation of regularity (and similar results hold for C*
regularity of ¢x on R, see, e.g., [41]).

We start by showing that the analogue of this property is not in general true for
G-valued random variables whenever dim(V') > 2. The propagation of regularity for
real (or equivalently G(R)-valued) random variables relies crucially on commutativity
in E(R), and we show how the lack of commutativity prevents the same phenomenon
from occurring when dim(V) > 2. Recall the radius of convergence r1(X) from
Definition 2.2.1.

Example 4.2.2. Let V' be a normed space with dim(V) > 2. We construct a G-

valued random variable X such that

(1) r1(X) > 0, thus in particular, ESig(X) exists and ¢x s is analytic in a neigh-
bourhood of zero for all M € A,
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(2) there exists M € L(V,u(C?)) such that the set of A € C for which [A\| > 1 and
E[|[(AM)(X)]||] = oo forms a dense subset of {z € C| |z| > 1}, and

(3) ¢x . is nowhere differentiable on (1, 00).

Let eq, e5 be fixed linearly independent vectors in V' of unit length, s a non-negative
real random variable, and N a random variable in N = {0, 1,2, ...} independent of s.
Define the G-valued random variable X = exp(sfy), where fy = [eq,[..., [e1,€2] .. ]
with e; appearing N times.

Suppose there exists ro > 0 such that that E [e"™*] < oo for all 0 < r < ry. We claim
this implies (1). Indeed, remark that ||f,|| < 2", and thus ||6,X]|| < exp(2VrVs).
Denote p, = P[N = n]. It follows that for » > 0 sufficiently small

E(16,X]] < 3 o [exp(2°17s)] < o0,
n>0
which implies 71 (X) > 0 as claimed.

Let su(2) be the special unitary Lie algebra of dimension 3 with the standard
basis w1, ug, ug satisfying [uy, us] = us, [ug, ug] = w1, [ug, u1] = ug. Let M : V — su(2)
defined by e; — u; for i = 1,2 and arbitrary otherwise.

Suppose moreover that E [e"™] = oo for all r > ry and that N has unbounded
support. We claim this implies (2). Indeed, let v, = M(f,) (thus vy = ug,v; =
U3, Uy = —Uy, V3 = —Us, Uy = Vg, ...). Denote A = re® for r, 0 > 0, so that (AM)(X) =

exp(sr™VeMyy). We obtain

E[[[(AM)( an Hexp (sre™y )H]
n>1
1 .
= anE [exp (—]sr” sm(m9)|)} ,
n>1 2

where the last equality follows since iv,, is Hermitian with eigenvalues j:%.

Let D be any open subset of {z € C | |z| > 1}. We observe that there ex-
ists n > 1 sufficiently large and r > 1,60 > 0, such that p, > 0,7¢?? € D and
E [exp (3]sr™sin(nf)|)] = co. Thus (2) holds as claimed.

Finally, we make specific choices for s and N to obtain (3). Observe by Fubini’s
theorem that for all » > 0

= anE lexp(sr™vy,)] .

n>1

35



Suppose p, > 0 only if n = 4m for some integer m. Since

eit/2 0
exp(tug) = ( 0 it > ,

it follows that

E[(rM)(X)] =) pan ( o (i'r(’)4”8/2) exp (—?7“4”5/2) > '

n>0

It follows that ¢x ar has the same regularity at r > 0 as > . pan®s(ri™/2), where ¢,
is the characteristic function of s. )

It is now easy to find ¢, and p, such that the above series defines a nowhere
differentiable function on (1,00). For example, let ¢4(\) = (1 — q)(1 — ge**)~* for
any 0 < ¢ < 1, i.e., s is geometrically distributed with parameter 1 — ¢, and let p,
decay faster than any geometric sequence, i.e., for any «a € (0, 1) there exists n,, such
that p, < o™ for all n > n,. The statement of (3) then follows by Dini’s general

construction of a nowhere differentiable function ([37] p.24).

Remark 4.2.3. The random variable X constructed above is the exponential of a Lie
polynomial of degree N. Thus when V = RY, X is the signature of a random weakly
geometric N-rough path (|25] Exercise 9.17), and thus of a random geometric p-rough
path for p > N. Moreover, as the decay of HX'“H is exactly of the order (k/N)!71,
there does not exist a fixed p > 1 such that X is almost surely the signature of a
random geometric p-rough path.

One can however approximate each sample of X by the signature S(X)or of a
bounded variation path Xg. : [0,7] — R? in such as way that (1) and (2) in Ex-
ample 4.2.2 still hold for the G(R?)-valued random variable S(X)o 7 with the change
that the stated A in (2) will be dense in the annulus {z € C | 1 < |z| < R} for any
fixed R > 1 (where the random variable X depends on R).

Definition 4.2.4. Let V be a normed space. Denote by ®(V') the set of G-valued

random variables X which satisfy
(P1) r(X) >0, and
(P2) ¢x . is (weakly) analytic on R for all M € A.

The importance of the set ® is that when V = R? and X, Y € ®(R?) such that
ESig(X) = ESig(Y), we have X2Y. To observe this, remark that for V normed
and X an FE-valued random variable with r(X) =: ¢ > 0, it follows by dominated
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convergence that E[M(X)] = Y,., M®*E [X*] whenever [|[M|| < e. Hence for all
M € A, ¢xm(N) is completely determined by ESig(X) whenever || is sufficiently
small, and the claim follows by Corollary 2.3.12.

Theorem 4.2.5 is the main result of this section and provides a criterion to ensure
that X € .

Theorem 4.2.5. Let V be a normed space and X o U-valued random variable. Sup-

pose there exists a bounded, measurable set B C U such that B(X) has an exponential
tail, i.e., E [e*™)] < oo for some A > 0. Then (P1) and (P2) hold for X.

Proof of Theorem 4.2.5, (P1). This follows immediately from Theorem 4.1.3. ]
For the proof of (P2), we require the following two lemmas.

Lemma 4.2.6. Let F be a topological algebra, A a normed algebra, M € Hom(F, A),
B C F a bounded measurable set, and let ¢ = sup, .5 ||M(z)||. Let X be an F-valued
random variable such that ||M(X)|| and (c + &)™) are integrable for some £ > 0.

Then sup ey ||M'(X)|] is an integrable random variable, where
U={M" e Hom(F,A) |sup||M(z)— M'(z)|| <e}
€D

is an open subset of Hom(F, A) (under the strong topology).

Proof. By definition of the strong topology, sup,.z ||-(z)|| is a semi-norm on L(F, A)
and so U is indeed an open subset.

Moreover x +— sup;ey || M'(x)|] is the supremum of a family of continuous func-
tions, thus lower semi-continuous, and thus measurable. The claim now follows by a
direct application of (2.1.3). O

For a bounded complex domain D C C, denote by H,(D) the space of continuous
functions on D which are analytic on D. Recall that Hy(D) equipped with the uniform

norm is a separable Banach space.

Lemma 4.2.7. Let V be a normed space, A a separable Banach algebra and M €
L(V, A). Let X be an E-valued random variable. Assume that for a bounded domain
D C C, sup,p ||(AM)(X)|| is an integrable random variable. Then for every f € A',

the map A — E[(f, (AM)(X))] is in Hy(D).
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Proof. Let f € A’. For x € E consider the map ¢p () : A — (f, (AM)(x)), which is
an entire function on C.

We claim that the corresponding linear map ¢y 5 : E +— H(C), where H(C) is the
space of entire functions on C, is bounded when we equip H(C) with the compact-open
topology. Indeed, since A\ — (AM) is a continuous map from C into Hom(FE, A) by
Proposition 2.1.11, the collection of maps (AM )¢k is strongly bounded in Hom(E, A)
for any bounded set K C C. Thus for every bounded set L C FE, it holds that

sup sup [|(AM)(z)]] < oo.
zel \eK

In particular, this implies that ¢, (L) is a bounded subset of H(C) for every bounded
set L C E as claimed.
Since E is a Fréchet space (hence bornological), it follows moreover that ¢ s :

E — H(C) is continuous. Hence ¢y ¢(X)|5 is a norm-integrable Hy(D)-valued ran-
dom variable and thus possesses a barycenter h € Hy(D).
Let A € D. Since the evaluation map (-, \) : # + x()\) is in the continuous dual

of Hy(D), it follows that

h(A) = E[(¢ar5(X), N] = E[(f, AM)(X))] = (£, E[(AM)(X)]),

where the last equality follows since (AM)(X) is a norm-integrable A-valued random

variable and is thus weakly integrable by the separability of A. As h is in Hy(D), the

conclusion follows. O

Proof of Theorem 4.2.5, (P2). Let M € A. Since ||[M(g)|| = 1 for all g € U, one
obtains from Proposition 2.1.11 and Lemma 4.2.6 that there exists a domain D con-
taining 1 € C such that sup,.p ||(AM)(X)|| is an integrable random variable. The

conclusion now follows by applying Lemma 4.2.7. [

In light of the discussion following Theorem 4.1.3, we define
Ny = K,NU = {g € U | sup By (k/p)![|o"]| < 1}-

Observe that S(x)or € N, for every x € GQ,, with |[|x][| 407 < 1. As with K,
N, is bounded and measurable in E.

For x € G, define n,(x) = N,(S(x)o,r), i.e., the minimum positive integer n for
which there exist g1,..., 9, € N, such that S(x)or = ¢1...9,. Recall the functions
k, and Ny o7, from Section 4.1 and note that k,(x) < n,(x) < Ny o7,(x) + 1.
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Remark 4.2.8. As in Remark 4.1.4, we mention again that for 1 < ¢ < p, every
x € Gf), is canonically defined as an element of G(2, via its lift S|, x € GQ,.
However one cannot bound n,(x) in terms Ny o r),(x) computed directly in terms

of x; instead one has n,(x) < Ny jo.77,(S|px) + 1.

Let N,(V) be the family of GQ,-valued random variables X such that n,(X) has
an exponential tail. Note that if X € I, and is GQ,-valued, then X € N,. The

following is a consequence of Theorem 4.2.5.

Corollary 4.2.9. Let V' be a Banach space. Then for all p > 1 and X € N, the
signature S(X)or is a U-valued random variable satisfying (P1) and (P2).

In the finite dimensional setting, we obtain a result analogous to Corollary 4.1.6

but with weaker assumptions and a weaker conclusion.

Corollary 4.2.10. Let p > 1 and X € N,(RY). Then S(X)or € ®(R?). In particu-
lar, the expected signature of S(X)or uniquely determines the law of S(X)or amongst
all G(R?)-valued random variables in ®(R?).

Remark 4.2.11. For a random variable X € ®(R%), we cannot exclude the possibility
that there exists a G(R?)-valued random variable Y (which might arise as the sig-
nature of a geometric rough path) such that Y ¢ ®(R?) and ESig(X) = ESig(Y).
Whether this is possible currently remains unknown.

However, note that Corollaries 4.2.9 and 4.2.10 apply for all p > 1. Thus for
any p,q > 1 and random geometric rough paths X € N,(RY) and Y € GQ,(RY), if
S(X)or and S(Y)or are not equal in law (as G(R?)-valued random variables) and
ESig(S(X)or) = ESig(S(Y)or), then the lift S|,|'Y cannot be in N (R?) for any
q>q

4.2.1 Markovian rough paths stopped upon exiting a domain

We continue with the notation introduced in Section 4.1.2. Recall the result of Cass
and Ogrodnik [11] that Ny j77,(X%%)' /7 has a Gaussian tail for any p > 2 (Theo-
rem 4.1.13).

In this section we shall replace the fixed time T" > 0 by the first exit time of X%*
from a suitable set. In particular, we shall show in this case that N, jo17,(X*") has
an exponential tail and that this result is asymptotically sharp.

Throughout this section we fix A > 1 and n > 1. We shall find it notationally

convenient to identify G™ with its Lie algebra g := g"(R%) via the exponential map
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exp : g — G", which we recall is a global diffeomorphism (this identification is in fact
used throughout [22], |25] and [11]). For the remainder of the section, we shall thus
treat g as a Lie group.

Equip g with the Carnot—Carathéodory norm ||-|| induced by its identification with
G™ (see Section 3.2) and the corresponding left-invariant metric d(z,y) = ||z~ y|
(we stress that ||-|| is not a norm on g under its vector space structure and is certainly
different from the projective extension norm usually considered on T'(R%)).

For a continuous path h : [s,t] — g, define the Sobolev norm

Hh”le?;[s,t} = | sup ‘ MtH
DC[s,t] t,€D ’ Jj+1 J|
For x € g, we define the Sobolev path space W1?([s, ], g) as the set of all h : [s,t] — g
with |[h[|y2,,, < oo and starting point hy = z.

For a € [0, 1], define the a-Holder norm
[[h |
HhHa—Hbl;[s,t] = sup o

s<u<v<t ‘U - u‘a'

For z € g, recall the Holder path space CoM0!([s,#], g) as the set of all h : [s,t] — g
with [|h], gz, < 00 and starting point hy = z. On Cp™M([s, ], g) we introduce
the metric

d(Xu vs Yu v)
Aotisl(s (X, y) := sup ———————.
o-Hils.f (X, Y) S T e

Recall the p-variation norm ||| defined by (3.2.1). Remark that for any

p-var;[s,t]

continuous path h : [s,¢] — g and p > 1

Hthvar [s,t] = (t_s)l/ ||hH1/p Hol;[s,t] 2
and for o € [0,1/2]

[0 llosrgog < (= )7 [Iblprage

Similarly, recall the p-variation metric dpyars, defined by (3.2.2). Remark that for
all p > 1 and continuous paths x,y : [s,t] — g with xo = yo,

Qpvarifs) (X, ¥) < (t — 8)YPdy e (X, Y).-

Our first result is a slight extension of the support theorem [25] Theorem 16.33 of
X%* in the Holder topology. For 6 > 0 define the ball

We;x = {h S Wm1’2([07 1]79) | ||hHW1v2;[O,1] < 0}
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Lemma 4.2.12. For any o € [0,1/4), 6 > 0 and ¢ > 0, there exists 6 > 0 such that
P [da—Hﬁl;[O,l](Xv h) < C} >0
for all a € Z™4(A), starting points x € g, and h € Wi,

The proof is essentially the same as that in [25] and we defer it to the end of the
section. Recall now the greedy sequence (7;)52, associated with Ny o77,(X%®). For
ease of notation, we shall not stop 7; at T for j > N := N o7,(X*") (i.e., we do
not necessarily have 7,1 = T'). Note this causes no confusion since X;"* is defined
for all times ¢ > 0 as a diffusion on g.

Consider first X** : [0,1] — g. Taking h = z the trivial path, Lemma 4.2.12
implies that for any p > 4 and x > 0, there exists 0 > 0 such that

inf P [[1X ]y o < 5] >
It follows that

gég P n > 1] > gég P |:||X||1/p—H61;[0,1] < ’%} 2 0,

so by the (strong) Markov property of X** and properties of conditional expectation
P [Ny fo1)p(X) > k] = P> [1, < 1] < (1 = §)~.

That is, Ny [0,1],(X*") has an exponential tail (moreover § does not depend on = € g
or a € Z™4(A)).

While this argument yields a strictly weaker asymptotic bound than that of Cass
and Ogrodnik [11] (Theorem 4.1.13), the advantage is that by choosing appropriate
h in Lemma 4.2.12, a very similar argument gives upper and lower bounds on the tail
of Ny 0,11,,(X*"), where T" is now the first exit time of X** from a suitable open set.
We first show the lower bound.

For any r > 0 and z € g, define B,(z) ={y € g | d(x,y) < r}.

Proposition 4.2.13. Let p > 4, k,r > 0. Define T = inf{t > 0| X{"" ¢ B,.(x)} the
first exit time of X** from B,.(x). Then there exists § > 0 such that

for all a € Z¥4(A) and x € g.
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Proof. Let 6 > 0 sufficiently large such for all z € g and y € B, /s(x) there exists
h? € Wy,, such that hi = z, hi € B, 5(x) for all ¢t € 0,1}, and [[hY|[, . 101 > £+7/2
(for example, take ¢ — hy as a geodesic from y to = on [0,1/2] and then h{ = zhy; 4
for t € [1/2,1] for a fixed h € W*([0,1], g) with h; = 0, h; € B, 5(0) for all ¢ € [0, 1],
and [[B] oy > 5+ 1/2).

Since ||X|| oo = Y]] varo.) — diyprsso (XY, hY), we have for all z € g,
y € B,js(x) and a € Z™4(A)

p-var;

P X, € B, () for all ¢ € [0, 1], 1], a0y > # Xa € Br/g(m)]

> Py [dl/p_Hbl(X, hy) < T/Q} .

p-var

Applying Lemma 4.2.12 with ¢ = r/2 and « = 1/p, along with the (weak) Markov

property and conditional expectation, concludes the proof. O

Remark 4.2.14. Note that Proposition 4.2.13 deals only with the random variable
Ny, o,11p(X*%) and does not provide a lower bound on the tail of n,(X{7). In
particular, one cannot conclude that ESig[S(X**)q 7| does not have an infinite radius

of convergence.

We now show an upper bound on the tail of N, jo,7),(X**) which will imply that
S(X¥%)or € ®(R?) (see however Remark 4.2.17). For a subset D C g, consider the
following property:

There exist r,¢ > 0 such that sup inf d(zh,y) > cfor all z € D. (4.2.1)
he B, (0) YED

Note that every subset D C g which is bounded under the metric d satisfies (4.2.1).

Remark 4.2.15. For 1 < k < n, let 7% : g"(RY) — g"(R?) denote the canonical
projection. Then whenever the image 7*(D) satisfies (4.2.1) for some 1 < k < n (for
the respective metric on g*(R?)), then so does D (with a different choice of 7, c).
Indeed, on the one hand d(z,y) > d(7*(x),7*(y)) for all z,y € g"(RY). On the
other hand, for every r > 0, there exists R > 0 such that B,.(0) C 7*(Br(0)) C g*(R%).

k

The conclusion readily follows since 7% is a group homomorphism.

Proposition 4.2.16. Let p > 4, k > 0, and D C g be an open set satisfying (4.2.1)
for some r,c > 0. Define T = inf{t > 0| X{"* ¢ D} the first exit time of X** from
D. Then there exists 6 > 0 such that

P [Nejo1p(X) 2 k] < (1 - 0)*
for all a € Z4(A) and x € D.
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Proof. Let 6 > 0 be sufficiently large such that for every h € B,(0) there exists
h € Wy, such that h; = h. Note that it suffices to prove the statement for any fixed
k > 0. In particular, we may assume that x > 6 + c.

It follows that to every point x € D, we can assign h* € B,(z) and h* € Wy,
such that inf,ep d(h”,y) > ¢ and hi = h*. Then for all a € E"(A) and = € D

P [7_1 > 1 Z T] Z Pe® [HXH 0,1] < e—f—C, X1 ¢ D}

p-var;
> P [HXHl/p—Htil;[O,l} <0 +cdXy,h") < C}
> P [dl/p_Hal;[o,l} (X,h") < C} :

Applying Lemma 4.2.12 with o = 1/p, along with the (strong) Markov property and

conditional expectation, concludes the proof. O

Remark 4.2.17. The diffusion X% is constructed on the space g" = g"(R?) (or equiv-
alently on G"(R%)), and Proposition 4.2.16 gives an exponential bound on the tail
of Nijo,1,(X*") computed in terms of X** for any p > 4. Fixing 4 < p < 5,
Corollary 4.2.10 thus implies that S(X**), 7 € ®(R?) for n > 4.

One could extend this to the case n = 2 or 3 (recall for n = 1 we consider the
diffusion X" = on g?) if the analogue of Lemma 4.2.12 were true for all a € [0,1/2).
However such a support theorem is currently unknown.

Nonetheless, in light of Remarks 4.1.4 and 4.2.8, for n = 2 or 3 we can still show
that S(X*)or € ®(R?) by showing that Ny o77,(54X*") has an exponential tail.

To show this, note we can apply Proposition 4.2.16 to the diffusion X% on g*
and the open set (7%)~1(D) C g* (which indeed satisfies (4.2.1) due to Remark 4.2.15).
We thus obtain that le[of]’p(Xao’Tnﬂ) has an exponential tail, where T is the first
exit time of 7"X%™" ¥ from D.

To conclude that Ny 7,(54X*") has an exponential tail, it suffices to show that
YV = y % S4X8:,7r"y is equal in law to X%™ ¥ for all y € g* as processes on g*
(x denoting group multiplication in g*). This follows by a similar argument as [22]
Section 6: observe that the Markov process Y7 is the solution of an RDE with starting
point y € g* and driven by 72(X%™¥) (which is non-Markov in general) along the
(unbounded) canonical left-invariant vector fields w1, ..., uq on g*. Denoting by P;

the semi-group on Cy(g?) of Y7, it suffices to show that
lim(t ™ (f = Puf). g)ret) = €7 (f,9)

for all f,g € C>(g?).
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Consider f,g € C>°(g*) with support in a ball Bg(0) C g* and fix smooth vector
fields uf which agree with u; on Byr(0) and have compact support. Let YtR’y denote
the RDE driven by mo(X®™ ) along uf starting at Y2¥ = y. For all y € Bg(0)
and t € [0,1], we have Y/*Y = YY whenever YV € B,(0) for all s € [0,#]. The
probability that YY leaves Bog(0) in [0, 1] is bounded above by C~!exp(—Ct~2/?) for
any 2 < p < 3 and some C' = C(R,p) (which follows from Fernique estimates on
|1 X |1/p-H61;[o,1} ).

Defining PR f(y) = E [ f(Yf’y)], it follows readily that
lim (e~ (f = Puf).g) = lim(t™"(f = P/f). 9)-

t—0

Finally, the latter limit is now seen to equal £%°™" (f, g) following [22] Lemmas 26, 27
and the proof of Proposition 28 (note that one readily extends Lemma 27 to diffusions
on g" for n > 2, cf. [25] Proposition 16.20).

Following Remark 4.2.17, we may apply Proposition 4.2.16 to conclude that for
every ¢ > 4, the GQ,(R%)-valued random variable S,y |4 (X**) is in N (R?). Applying
Corollary 4.2.10, we obtain the following partial solution to the moment problem for

signatures arising from Markovian rough paths stopped upon exiting a domain.

Corollary 4.2.18. Letn > 1, A> 1, a € Z"4(A) and z € g. Let D C g be an open
set satisfying (4.2.1) and T = inf{t > 0 | X{"* ¢ D}. Let p > 2 and X denote the
GQ,(RY)-valued random variable associated to X** : [0,T] — g.

Then the expected signature of S(X)or uniquely determines the law of S(X)or

amongst all G(R)-valued random variables in ®(R?)
We conclude this section with the proof of Lemma 4.2.12.

Proof of Lemma 4.2.12. We mimic the proofs of [25] Lemma 16.32 and Theorem 16.33
while keeping track of constants.
For a € [0,1/4), h € W}2([0,1], ) and € > 0 define the set

B?;a ={xe Cg_Hél([Oa 1], 9) | HXHa_Hal <2 ||hHa-H61 +1,doo(x,h) < e}
We claim that for all a € [0,1/4) and £ > 0, there exists 6 > 0 such that
P [X e BR | >4

for all a € Z™4(A), z € g, and h € Wy,,.
Indeed, we follow the proof [25] Lemma 16.32 (we also mention here that, directly

as stated, [25] Lemma 16.32 contains the minor error that it fails to hold for the
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trivial path ||h||, 4 = 0; this is readily fixed by modifying the definition of their B
to our definition above; moreover the proof of [25] Theorem 16.33 then goes through
unchanged).

Using Step 1 of the proof of [25] Lemma 16.32, we obtain that for any 5 € («, 1/2),
P e [X € BE,] > Ay — Ay, where Ay = P**[d(X,h) < ¢] and

Do =P [|[X] |y > (1l + 1) (26)9%]

The claim will follow once we show that As/A; — 0 as € — 0 uniformly over
a € Z™%(A), z € g, and h € Wy,,.

By [25] Theorem E.21, we have log(A;) > —cie™? where ¢; = C(1 + ||h|j12)?
and C' is a constant depending only on the doubling and Poincaré constants of £¢,
which in turn depend only on A, n and d (|25] Proposition 16.5 and Theorem E.8).

On the other hand, the Fernique estimate in [25] Corollary 16.12 implies that

log(A2) < —co(|[hl, e + 1)2B/a52_26/a < —epet bl

where ¢y depends only on 5 and A. So for fixed a € [0,1/4), choose any /5 € (2a,1/2).
Since 2—25/a < —2, we see Ay /A1 — 0 as e — 0 uniformly over the desired variables,
which proves the claim.

To conclude, we follow the proof of [25] Theorem 16.33. By the dy/d., estimate
on g (|25] Proposition 8.15),

do(x,h) < O3, 1) + O (x, 1)/ (|[x[| , + [[a]| )",

where C' = C(n, d), and so by interpolation ([25] Lemma 8.16) we have for all € g,
x,h € Co19([0,1],¢) and 0 < o/ < o < 1/4 that

dor-pan (%, ) <(|[x]] e + ||hHa-H61)al/ad0<X7 h)l_a//a
<O (|l ocrgon + [ )
(oo (36, 1) + do (3, 1) /7 (|, + [ ) 7]
Since |[h| < |||, s < D]}z, it follows for all h € Wy, and x € BY, that
do i (x, 1) < e5(e + /™),

where c3 depends only on n,d, o, o’ and 6.
Choosing € > 0 so that cz(e + e'/")1=%/ < ¢, it follows that there exists § > 0
such that
P** [doms (X, h) < ¢ > P** [X € B, <] > 6

for all a € Z4(A), x € g, and h € Wj,,, which concludes the proof. O
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4.3 Method of moments

We conclude this chapter with a result analogous to the method of moments for weak
convergence of G(R?)-valued random variables. We work first with a slightly general

notion of coproduct spaces as this is the only structure of £ which we require.

Definition 4.3.1. A coproduct space (F,A) is a locally convex space F' and a con-
tinuous linear map A : F +— F®2 with the property that G(F) := {g € F | A(g) =
g®g,g# 0} is closed in F. Let Pg(F') be the set of (weakly) integrable probability

measures on G(F).

The condition that G(F) is closed in F' will only arise in Lemma 4.3.4 to ensure
that G(F) is Polish whenever F' is. Remark that (2.2.1) remains true for any co-
product space (F,A), f € F', and u € P(F) with support on G(F'). Recall that p*

denotes the barycentre of a measure p on F' (whenever it exists).

Lemma 4.3.2. Let (F,A) be a nuclear coproduct space and vy a semi-norm on F.
There exists a semi-norm & on F such that pu(vy) < \/&(p*) for all u € Pg(F).

Proof. Let ( be a semi-norm on F such that the canonical map I*A} — ﬁw is nuclear. In-
creasing ¢ by a scalar multiple if necessary, it follows that there exist (f,,),>1 € F’ such
that >, C(fn) <landy <> _, |fa]. The conclusion then follows from (2.2.1) for
any semi-norm ¢ on F such that 52 (C®?*) o A. O

Lemma 4.3.3. Let (F,A) be a Fréchet nuclear coproduct space. Let R C Pg(F') be
a family of probability measures on G(F') such that (1*)uer is bounded. Then R is
uniformly tight.

Proof. Let (v,)n>1 be a defining non-decreasing sequence of semi-norms on F. Tt
follows from Lemma 4.3.2 that there exists a sequence of semi-norms (&, ),,>1 on F such
that p(v,) < v/Ea(p) for all pu € P(F). Since (*),er is bounded, SUpep $n(p) <
oo for every n > 1.

Let B, = {x € F' | y,(x) < 1}. For any sequence of positive reals (\,),>1, the set
K :=1(),>1 A\nBy is bounded in H and thus relatively compact ([57] p.520). For all
pE Pg(F_) we have that

P(K) <> p{z [ @) = A}) <A () <A Ve (w).

n>1 n>1 n>1

Taking A, sufficiently large, it follows that sup,.p #(K°) can be made arbitrarily
small. O
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Lemma 4.3.4. Let (F,A) be a Fréchet nuclear coproduct space and let (p,)n>1 be a
sequence of measures in Pg(F') such that p' — x weakly for some v € F. Then there

exists 1 € Pa(F) and a subsequence (n(k))p>1 such that ji, 2>,u and x = p*.

Proof. Recall that a Fréchet Montel space (thus in particular a Fréchet nuclear space)
is always separable ([52] p.195), and hence Polish. As a closed subset of F'; G(F) is
also Polish.

The sequence (4)),>1 is bounded ([51] Theorem 3.18) thus there exists a conver-
gent subsequence i,y — £ for some probability measure ;o on G(F') by Lemma 4.3.3.

Let f € F'. Since sup,,>; fin(f?) = sup,>1 (f¥?)(Apus) < oo, the sequence of image
measures (i, '),>1 on R is uniformly integrable. Tt follows that f is p-integrable
and f(pr) = pn(f) — p(f) (5] Lemma 8.4.3). Thus z = p* and pu € Po(F). O

Recall that E is Fréchet and nuclear whenever V' is (Corollary 2.1.5 and Proposi-

tion 2.1.8). The following is now a consequence of Lemma 4.3.4 and Proposition 4.1.1.

Theorem 4.3.5. Let (X,,),>1 be a sequence of G(RY)-valued random variables such
that E[X,] € E(RY) exists (i.e., m9(X,) = 0o) for all n > 1. Suppose that E[X,,]
converges to some x € E(RY) in the weak topology of E(RY). Then there exists
a unique in law integrable G(R?Y)-valued random wvariable X such that X, 2 X and
r=E[X].

Remark 4.3.6. We remark that F' := P(R) = [[,5,(R)®* is also a Fréchet nu-
clear coproduct space under the product topology. Moreover the exponential map
exp : R — G(R) = G(F) is a homeomorphism. One may then directly apply
Lemma 4.3.4 to obtain a proof of the classical method of moments for real random
variables: if i, are probability measures on R with finite moments (m,(j));>1 such
that lim,_,. m,(j) = m(j) for every j > 1, then (m(j));>1 are the moments of a
probability measure y on R for which fi, ) K p along a subsequence (n(k))g>1 (if w

is moment-determined then in fact u, K ).
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Chapter 5

Random walks 1in path space and
Lévy processes

This chapter discusses several related topics concerning random rough paths with
stationary and independent increments, and their connection to weak convergence of
random walks.

In Section 5.1, we collect several results concerning Lévy processes in a general Lie
group, and develop tools which will be applied to the nilpotent Lie group GV (R?).
The primary tool of the section is Theorem 5.1.1, which is a special case of a theorem
due to Feinsilver [19], and provides necessary and sufficient condition for a random
walk to converge to a Lévy process in the Skorokhod topology.

In Section 5.2, the main question we address is the following: given a sequence
(X™),,>1 of random walks in G (R?), and p > 1, when is the collection of real random
variables (|[X"[|, ,..j01))n>1 tight? We provide a sufficient condition in Theorem 5.2.3,
and apply the result to show weak convergence in rough path topologies of “random
walks in path space” (concatenations of geometric rough paths).

Section 5.3 introduces the concept of a path function. This concept stems from
the ideas of Friz and Shekhar [24] and Williams [59] on a systematic way to turn
cadlag paths into rough paths. However our results are essentially new and single out
the important elements in the construction of a continuous (or rough) path from a
cadlag path.

Section 5.4 focuses on Lévy processes as rough paths, and constitutes the main

contribution of this chapter. The three main results are the following:

e For any given p > 1, an (almost) complete characterisation of the generators of

Lévy processes in GV (R?) possessing sample paths of a.s. finite p-variation.
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e A Lévy-Khintchine formula for the characteristic function (in the sense of Sec-
tion 2.3) of the signature of the rough path constructed from a Lévy process by
applying a path function.

e A sufficient condition for a random walk connected by a path function to con-

verge in law to a Lévy process in rough path topologies.

We apply the last of these results to weak convergence of stochastic flows in several
examples. Notably, we provide a significant generalisation of a result of Kunita [39]

and of a related result of Breuillard, Friz and Huesmann [7].

5.1 Iid Arrays and Lévy processes in Lie groups

All Lie groups considered are assumed to be second-countable, which in particular
implies they are Polish spaces ([35] p.59).

Throughout the section, we fix a Lie group GG with Lie algebra g, and an open
neighbourhood U C G of the identity 15 € G, such that U has compact closure and
exp : g — G is a diffeomorphism from a neighbourhood of zero in g onto U.

Let uq,...,u, be a basis for g. We equip g with the inner product under which
Uy, ..., Uy, is an orthonormal basis. When z is an element of a normed space, we
denote its norm by |x|.

Let & € C°(G,R) be smooth functions of compact support such that log(z) =
Yo &i(x)u; for all z € U (that is, & provide exponential coordinates of the first kind
on U). We denote & : G+ g,&(z) = 1", &(x)u;. For an element y € g we write

5.1.1 Iid Arrays

For an arbitrary set .S, an S-valued array of variables is a sequence of a finite collection

of elements (z,1, ... ,xnn)nzl, zn; € S. If each X,,; is a random variable, we call the
corresponding array #d when, for all n > 1, X,,1,..., X, are iid.
For an array Z,i,...,Zn, in a Lie group G, we denote by x™ : [0,1] — G the

associated walk defined by x}' = 1¢ for all ¢ € [0,n7"), and X} = T ... 1) for all
t € [n71,1]. In the case of an array of random variables X,,;, we call X" the associated
random walk.

Let X,; be an iid array of G-valued random variables with associated proba-

bility measures F,,. We call X,,; infinitesimal if for every neighbourhood V' of 1g,
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lim,, 0o P[ X1 € V] = 0. Unless otherwise stated, every iid array we consider on a
Lie group shall be infinitesimal.
For all n > 1, define

and for all 7,5 € {1,...,m}
Afm’j =E [&(an)fﬂan)} .

Note that since X,,; is infinitesimal, it holds that lim,,_, B, = 0 and lim,, o, A% = 0.

5.1.2 Lévy processes

For a Polish space F, recall the Skorokhod space D([0,T], E) of cadlag functions
x : [0,7] — E. We refer to |2] Section 12 for the basic properties of D([0,7], E'). We
recall in particular that D([0, 7], F) is a Polish space.

As usual, we shall use the symbol o to denote spaces of paths whose starting point
is the identity. For example D,([0,7T],G) denotes the subset of all x € D([0,7T],G)
such that xy = 1.

Recall that a (left) Lévy process in G is a D([0, T, G)-valued random variable X
such that

1. the (right) increments of X are independent, i.e., forall 0 <t; < ... <t, < T,
X{leltj+17 j €{1,...,k}, are independent,

2. X is continuous in probability, i.e., XX, Blgass—tforallte [0, 7], and

3. the increments of X are (right) stationary, ie., for all 0 < s < ¢t < T,
XX, 2X X, L.

We refer to Liao [40] for further details, or Kunita [39] for a concise summary.

Unless otherwise stated, every Lévy process X which we consider will take values
in D,([0,T],G), i.e., Xg = 1g a.s..

Recall that a Lévy measure IT on G is a o-finite (Borel) measure such that

(G \ U) +/U|§(:L‘)|2H(dx) < 00

(note that any choice of U and £ with the given properties leads to the same definition

of a Lévy measure).
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A Lévy triplet (or simply triplet) is a collection (A, B, II) of an m x m covariance
matrix (A;;)i%_;, a collection of reals (B;),, and a Lévy measure Il on G. We
equivalently treat B as an element of g, given canonically by B = > | B;u,.

Denote by C*(G) the space of twice continuously differentiable functions f : G
R such that f,u;f,wu;f € Cpo(G) for all 4,5 =1,...,m.

A classical theorem of Hunt [33] asserts that for every Lévy process X in G, there
exists a unique triplet (A, B, IT) such that the generator of X is given for all f € C?(G)
and x € G by

o EUEX) (@)
Lf(z) = lim t
— Z Bi(u; f)(z) + % Z A j(uiu; f)(z)

o,

Conversely, every triplet gives rise to a unique Lévy process.
Note that the values of A;; and B; in the triplet (A, B,II) associated to a Lévy

process X depend on our choice of basis uq, ..., u,,. Moreover, the values B; depend

flzy) — flz) — Zé}(y)(uif)(:v) TI(dy).

on our choice of local coordinates £&. When we wish to emphasise the role of &
and uq, ..., u,, we shall say that (A, B,II) is the triplet of X with respect to local

coordinates &1, ..., &n.

5.1.3 Convergence towards a Lévy process

In [19], Feinsilver established necessary and sufficient conditions under which the
random walk X" associated to a general infinitesimal array of independent G-valued
random variables X,,; (not necessarily identically distributed) converges in law (as a
D, ([0, T}, E)-valued random variable) to a specified Markov process X. Feinsilver’s
approach is based upon the characterisation of a Markov process by its associated
martingales. This method was initially developed by Stroock and Varadhan [53], [54],
and was successively employed in [55] to solve the analogous problem in the case that
the limiting Markov process X is a diffusion.

For the case of iid arrays, similar results to those of Feinsilver were obtained by
Kunita [39]. We note however that only sufficient (and not necessary) conditions were
established in [39] for convergence in law to hold. Furthermore, Kunita linked his re-

sults to convergence in law of flows of diffeomorphisms (to so-called Lévy flows) along
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collections of vector fields. We shall revisit, and, in a certain direction, substantially
generalise the results of [39] concerning convergence in law of flows in Example 5.4.9.

We remark moreover that Feinsilver [19] (as well as Kunita [55], and Stroock and
Varadhan [39]) work with a general system of local coordinates £ which differentiate
as exponential coordinates at the identity. We have chosen, purely for convenience,
to work precisely with exponential coordinates.

We shall use the following theorem as the characterisation of random walks which
converge to a Lévy process in G. Recall the notation introduced in Section 5.1.1

regarding an iid array X,; on G.

Theorem 5.1.1 (Feinsilver [19]). Let X,,; be an iid array of G-valued random vari-
ables and X™ the associated random walk. Let X be a Lévy process in G with triplet
(A, B,1I).

Then X" B X as D,([0, 1], G)-valued random variables if and only if

(1) lim, oo nF,(f) = II(f) for every f € Cy(G) which is identically zero on a
neighbourhood of 14,

(2) lim,, .., nB, = B, and

(3) foralli,je{1,...,m},

n—oo

We emphasise that Theorem 5.1.1 is only a special case of the main results in [19].
In fact, the results of Feinsilver hold in much greater generality, and contain signif-
icantly deeper consequences. In particular, Feinsilver was able to give a complete
characterisation of D,([0,7], G)-valued random variables having independent (not
necessarily stationary) increments, vastly generalising the aforementioned result of
Hunt.

While the implication is elementary, we explain in detail how the results in [19]
imply Theorem 5.1.1, as this may seem unclear at first. Note the following two

lemmas, whose proofs are elementary and we omit.

Lemma 5.1.2. Let (B,)n,>1 be a sequence in g such that lim, .. B, = 0, and let
B € g. Then exp(B,)" — exp(tB) uniformly in t € [0,1] as n — oo, if and only if

lim,,_,.o nB, = B.
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Lemma 5.1.3. Suppose that (1) and (2) in Theorem 5.1.1 hold. Let V' be a neigh-
bourhood of 1¢ which is a continuity set of Il. Then (3) in Theorem 5.1.1 holds if
and only if for alli,j € {1,...,m}

Jim nE [(6(Xn) — BL)(E(Xa) — BN € VY] = Ay, + / &(2)& ()T (dz).
(5.1.1)

Proof of Theorem 5.1.1. Observe that X is the unique D,([0, 1], G)-valued random
variable determined by the martingale property with parameters B(t) := tB, A =
tA and M(t,dz) = tll(dz), where we employ the definitions and notation of [19]
Martingale Characterization Theorem, p.80-81.

Defining the “mean” function m(t) := exp(tB) (treating B canonically as an ele-
ment of g), and the “centred” process Z; := Xym(t)™!, observe that by [19] Uniqueness
of Parameters Theorem, 2., p.81., Z, satisfies the martingale property of [19] Theo-
rem, 3., p.82-83. It follows that X; is the unique process having representation with
parameters (m, A, M) (again employing the notation of [19] Theorem, 5., p.83).

It thus follows from [19] Corollary, p.83, that X" B X as D,([0,1], G)-valued ran-
dom variables if and only if (1), (2’), and (3’) hold, where

(2") exp(B,)") — exp(tB) uniformly in ¢ € [0, 1] as n — ooc;

(3”) for some neighbourhood V' of 14 which is a continuity set of I1, (5.1.1) holds for
alli,7 € {1,...,m}.

However (2’) and (2) are equivalent by Lemma 5.1.2, and (3’) and (3) are equivalent
a

whenever (1) and (2) hold by Lemma 5.1.3, from which the conclusion follows.  [J

5.1.4 Scaling functions

For a subset W C G for which 14 is an accumulation point, a normed space F, and
functions f,h : W +— E such that h(z) # 0 for all x # 15, we shall use throughout
the chapter little-o and big-O notation to mean that f = o(h) if

)]

oolo [h(z)]
and f = O(h) if

)
S @)

If 15 is not an accumulation point of W, then we say that f = o(h) and f = O(h)
always hold for any pair of functions f,h: W — E.

< 00
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Definition 5.1.4 (Scaling function). A continuous bounded function 6 : G — R is

called a scaling function if
(i) 0(1c) =0,
(ii) O(x) > 0 for all = # 1g,
(iii) [£]* = O(0), and

(iv) there exists ¢ > 0 such that § > ¢ outside a neighbourhood of 14 with compact

closure.

Let X,1,...,X,, be an array of G-valued random variables. We say that 6 scales the
array X,; if

n

sup » R [0(X,,)] < oc.

n>1 =1

Definition 5.1.5 (Taylor expansion). Consider a scaling function 6 on G, a subset
W C G containing 1, a normed space E, and a function f : W — E. Let (b)),

and (a;;)i%_; be elements in £, and h : G+ E a function such that

F0) = F16) + 3 o0(a) + 3 D anb@g @)+ (:12)

ij=1
for all z € W. We call (5.1.2) a Taylor expansion of f on W of order 0 if h = o(0).

When W and 6 are clear from the context, we simply call (5.1.2) a Taylor expansion
of f. Observe that the existence of a Taylor expansion is entirely a local property
of f about 1g. Correspondingly, if f admits a Taylor expansion of order 6, and
1 : G — R is any function such that ¢|V = 9|V for a neighbourhood V of 14, we
shall equivalently state that f admits a Taylor expansion of order ¢. Note that every
f € C*(G) admits a Taylor expansion of order 6.

Note that in general a Taylor expansion is not unique, even when W = G. In
particular, if 15 is not an accumulation point of W, then, by definition, any choice
of (b;)i2; and (a;;)7%—, provide a Taylor expansion of f, for which one can choose h
identically zero on a neighbourhood of 1¢.

Furthermore, the possible coefficients a,b in (5.1.2) depend on the choice of basis
Uy, ..., Uy, and the local coordinates &1, ...,&,. However observe that the definition
of a scaling function and the existence of a Taylor expansion does not depend on this
choice.

We record a simple consequence of the convergence in (1) of Theorem 5.1.1 which

we shall use later.
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Lemma 5.1.6. Let X,,; be an iid array scaled by 0 such that (1) of Theorem 5.1.1
holds for some Borel measure 11 on G. Then
/ 0(x)I(dz) < limsupnE [0(X,;)] < cc.
G n—oo
Proof. Let (U;);>1 be a decreasing sequence of neighbourhoods which shrinks to the
identity in G. Let (6;);>1 be an increasing sequence of continuous functions such that
0; agrees with 6 on Uf and is identically zero on a neighbourhood of 15. Then (1)
implies that for all > 1
lim nE [0(X,)] = / 0,()T1(dx).
el

n—oo

Moreover, by the monotone convergence theorem,

/GHi(x)H(dx) /‘,-_mo/@(x)ﬂ(dx),

G

and for every n > 1
nE [0:(Xon1)] Moo nE[0(X01)],

from which the conclusion follows. O

The prototypical scaling function is given by the following: let ¢ be sufficiently
small such that W := {exp(y) | y € g, |y| < ¢} is contained in U. Then

0(z) == 1{x € U}(* A |€(2)]?) + *1{z ¢ U} (5.1.3)

is a scaling function. The following result explains the condition |£[*> = O(6) in
Definition 5.1.4 by ensuring that every iid array, for which the corresponding random

walk converges, is scaled by 6 in (5.1.3).

Proposition 5.1.7. Let X,,; be an iid array in G and X" the associated random walk.
Suppose that X™ converges in law to a Lévy process in G. Then 0 defined by (5.1.3)

scales the array X,;.

Proof. From (1) of Theorem 5.1.1, and the fact that II(f) < oo for any f € C,(G)

which is identically zero on a neighbourhood of 14, it follows that

sup nE [1{X,; ¢ W}] < .

n>1

Furthermore, from (3) of Theorem 5.1.1, it follows that
limsup nE [[€(Xu)P1H{ X1 € W}] < lim nE [[£(X)]*] < oo,
n—00 n—o0

which completes the proof. O
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5.1.5 Convergence towards the generator

The main result of this section is Proposition 5.1.8 which provides a condition under
which the limit lim,, . nE [f(X,1) — f(1g)] exists for a function f : G — R and an
iid array X,,; in G.

Let W C G be a closed subset containing 14, and 6 a scaling function on G. For

a collection of functions R C Cy(W), we say that R is uniformly controlled by 6 if
(U1) for every compact K C W, R is equicontinuous on K,
(U2) supjepsup,ew | f(z)] < oo,
and every f € R admits a Taylor expansion of order 6
f=rf(1c)+ zm:bffi + % i al ;& + 1 (5.1.4)
i=1 ij=1
such that
(U3) if 1 is an accumulation point of W, then lim,_,1, sup s [hf ()/60(2)| = 0, and
(U4) supjcp b7 < o0 and SUPfep |a£j| < oo foralli,j€{l,...,m}.

In particular, observe that for any f € Cy(W) which admits a Taylor expansion
of order 6, the singleton set {f} is uniformly controlled by 6.

For a Lévy triplet (A, B,II) and f with Taylor expansion (5.1.4), define the quan-
tity

L' = ;Bib{ + % > Ajjal +/

ij=1 w

flx)— f(lg) — Zb{@(@ I1(dx).

Note that in general L/ depends on the Taylor expansion of f.

Proposition 5.1.8. Let X,; be an wd array in G and X" the associated random
walk. Suppose that X,,; is scaled by a scaling function 0, and that X" converges in
law to a Lévy process X in G with triplet (A, B,1I). Let W C G be a closed subset
such that X,; € W a.s. for alln > 1, and supp(Il) C W.
Then for every R C Cy(W') which is uniformly controlled by 0, it holds that
lim sup ‘nE [f(Xn1) — f(lg)] — Lf} =0,

n—oo fGR

where LT does not depend on the Taylor expansion of f.

7



Remark 5.1.9. Remark that if W C G is a closed subset and X,,; is an infinitesimal
array in G such that X,,; € W a.s. for all n > 1, then 15 € W. In particular, f(1¢)

in the above proposition is well-defined.

The following lemma first considers the case that the coefficients of the Taylor

expansion of every f € R are zero.

Lemma 5.1.10. Use the notation from Proposition 5.1.8. Let R C Cy(W) satisfy
(U1), (U2), and

(U’) if 1g is an accumulation points of W, then lim, 1. sup,cp|f(z)/0(x)| = 0.

Then
=0.

lim sup
n—oo fEPL

nE [ (X)] — /W f(2)T(dx)

Proof. As II(U¢) < oo, by (1) of Theorem 5.1.1, there exists a sufficiently large
compact set K C W such II(W \ K) and sup, nF,(W \ K) are sufficiently small
so that, due to (U2), supsep [y i [ f1dIT and sup,>1 rer Jy g | fIndF, are arbitrarily
small.

It thus remains to show

lim sup [nE [f(X,1)1{ Xy € K}] — /Kf(x)ﬂ(dx)

n—oo fGR

— 0. (5.1.5)

Consider Ky := K \ {1¢} as a locally compact space and equip C.(Ky) and Co(Ky)
with the uniform norm. For a measure p on G, denote by p%° the restriction of u to
K. From (1) of Theorem 5.1.1, we have that nFXo(f) — ITI50(f) for all f € C.(Ky).

On G, define the measures v,(dzx) := 6(z)nF,(dz). Note that the statement
that 6 scales the array X,; is equivalent to sup,s; v,(G) < oo. Hence, by the
Riesz-Markov-Kakutani theorem, vX° are linear functionals on Cy(Kj) bounded in
norm, and thus equicontinuous in the (topological) dual of Cy(Kj). Since C.(Kj) is
dense in Cy(Ky) and vEo — 9150 pointwise on C.(Kj), it follows that X0 — GTTF0
uniformly on compact subsets of Cy(Ky) (|57] Proposition 32.5).

Observe that (Ul), (U2), and (U3’) imply that the set {(f/@)!KO | f € R} is
uniformly bounded, equicontinuous, and vanishes uniformly at infinity, thus is com-
pact in Co(Kp) by the Arzela-Ascoli theorem. Thus v© — OIT%0 uniformly on
{(]‘/9)‘[(O | f € R}, from which (5.1.5) follows. O

Proof of Proposition 5.1.8. By Theorem 5.1.1, we have

n—oo
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and

n—oo

Note that (U3) implies that (U3’) holds for the collection of functions (hf‘W)feR, SO
by Lemma 5.1.10

lim sup =0.

n—o0 fER

nE [h (X)] — / hY (2)TI(dx)

w

Since (U4) implies b/ and azf’j are uniformly bounded for f € R, combining (5.1.6)
and (5.1.7) with the definition of A/ from the Taylor expansion (5.1.4) yields the

conclusion. O

5.1.6 Maps between Lie groups

Consider an iid array X,,; in G such that the associated random walk X" converges
in law to a Lévy process X in GG with Lévy measure II. Let W C G be a closed
subset such that X,; € W a.s. for all n > 1 (which in particular implies 15 € W)
and supp(Il) C W.

Let H be another Lie group with Lie algebra h. Let vy, ..., v, be a basis for h and
o; € C(H), i€ {1,...,k}, be functions such that o := S_¥_ v;0; coincides with log

on a sufficiently small neighbourhood of 15 (so that o; play the same role in H as &;
in G).

Consider f : W +— H a continuous function such that f(lg) = 1lgp. Denote
Y,; == f(X,;) and the associated random walk Y" : [0, 1] — H. The following result

follows immediately by the characterisation of convergence in Theorem 5.1.1.

Proposition 5.1.11. Suppose that for all i,j € {1,...k}

D; = lim nE [o;(Y1)]

n—oo

and

n—oo

Ciy = lim nE [o,(Y)oy (Vo)) — /G o1 ()0 ()11 (dx)

exist.
Then Y™ converges to the Lévy process Y in H with triplet (C, D,Z), where = is
the push-forward of 11 by f.

Remark 5.1.12. Observe in particular that C' and D exist whenever X,,; is scaled by
0 and o; o f admits a Taylor expansion of order @ for all 7 € {1,..., k}.

79



5.1.7 Approximating walk

In this section, given a Lévy process X in G, we construct an iid array X,,; for
which the associated random walk X" converges in law to X. The array X,,; has the
advantage that it takes values in either the Lévy measure IT of X, or in a set which
shrinks to the identity as n — oo. In certain situations, this makes the walk X"
significantly easier to analyse than the increments of X, and will later help us deduce
several important properties about X itself. In particular, the walk X™ will be an
important tool in showing finiteness of p-variation of X and in the calculation of the
Lévy-Khintchine formula in Theorems 5.4.1 and 5.4.5 respectively.

Throughout this section, let X be a Lévy process in G with triplet (A, B,II). For
i€ {l,...m} define

I = {0 <y <2 / & ()| TI(dx) = oo} :
G
Define the sets of indexes
J={je{l,...,m}|A;; >0},

K={ke{l,....m}|1¢Ts}.
ForkElN(deﬁne
B= By~ [ &lo)Tl(da),
G

and let K = {k € K | B* # 0}.
For n sufficiently large so that II(U¢) < n/2, let

hy, = inf {h > 0| L ({|é(x)| > h} UU®) < n/2}.

Define U,, = {x € U | |{(x)| < h,,} and note that w, := [I{US} < n/2. Remark that
lim,,_,o h, = 0 which implies that U,, shrinks to 15 as n — oo.

Define on G the probability measure p,(dz) := w, '1{x € US}I(dz). Observe
that by Hélder’s inequality, for all ¢ > 1

1/q
e < e ( [lewman) . e

For every n > 1, let Y,, = Ylu; + ... Y™u,, be a g-valued random variable such
that for all k € K
bE=E[Yr] =(1- w,/n) "' B,

n n
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and for all k ¢ K
b =E[Yr] = (1—w,/n) 'n" (Bk - fk(x)ﬂ(dx)> ,
Us

and with covariances for all 4,j € {1,...,m}

E[(Y) —b,)(Y,] —b)] = (1 —w,/n)"'n"A;.

n

Remark that setting ¢ = 2 in (5.1.8) implies

lim n~! 1€ (z)|[II(dx) = 0,
Us

n—oo

from which it follows that sup,,~, n|b}| < co. Moreover, it holds that

lim E [(Y) — b)Y —b)] =0.

n—oo

It follows that we can choose Y,, such that exp(Y,,) has support in a neighbourhood
V,, of 14, such that V,, shrinks to 15 as n — oco. Denote by v, the probability measure
of the G-valued random variable exp(Y,,).

Finally, let X,; be the G-valued random variable associated to the probability
measure (w,/n)u, + (1 — w,/n)v,, and let X,o,..., X, be independent copies of
X1

Lemma 5.1.13. Let X" be the random walk associated with X,;. Then X" 2 X as
D,(]0, 1], G)-valued random variables.

Proof. One simply needs to verify the three conditions of Theorem 5.1.1.
(1) Let f € Cy(G) be identically zero on a neighbourhood of 15. Then f is
identically zero on U, and V,, for all n sufficiently large, and thus

lim nE[f(X,1)] = lim f II(dx) /f

n-»00 n—ro0
(2) Directly from the definition of s, and vy, one has for all k € K
T B[ X,)] = i o /() + (1 = wa/n)E [¥7]
= Jim [ &@n) + 5 [ awn

For k ¢ K, one replaces Jo &r(@)IL(dx) by [ &(2)II(dz) in the second line and

obtains the same conclusion.
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(3) Likewise, for all 4, j € {1,...,m}

lim nE [€(X,0)6 (X)) = Hm i (€6;) + (1 — w, /n)E [Y;Y]]

n—o0

= lim &(2)&;(2)T(dx) + A;j + n(l — w,/n)b b

n—00 Ue
— A+ [ &),
a
where the last equality follows since sup,,>, n|bl,| < oo for all i € {1,...,m}. O

Lemma 5.1.14. Let 0 < q1,...,qm < 2 be real numbers such that q; ¢ T'; for all
ie{l,....m}, ¢ =2 foralli € J, and ¢; > 1 for all i € K. Let 0 be a scaling
function such that 0(z) = Y10 |&(2)
the array X1, ..., Xpn.

% for x in a neighbourhood of 1. Then 6 scales

Proof. By the convergence X" 2 X from Lemma 5.1.13, we have

Z ‘fi(an)P] < 00.

It remains to consider the terms [(y)|% for ¢« ¢ J. For every i ¢ J, observe that
Yiis a.s. constant with value bi. Ifi ¢ J and i € K, orifi ¢ J and i ¢ K, then

1 < ¢ < 2. It follows that (5.1.8) with ¢ := g; implies that sup,,-, n|b},
thus

Z !fj(an)P] < Sup nlk

jeJ

sup nlE

% < oo, and

sup nlE [|&(Xn)

n>1

d

“=sup [ Je()PIdr) 4 (1 - w/m)E [,

< / 164(2) [#TI(dzx) + sup (1 — w, /n)|Bi|
G n

< 00.

Finally, if i ¢ J and i € K \ K, then Y/ is a.s. zero. Thus

sup nlE [|&(Xn1)|%] =sup [ |&(x)|%II(dz) = / |&i(z)|#1I(dx) < o0,
n>1 n>1 JUe G
which completes the proof. O

The following lemma will be particularly useful in the proof of the Lévy-Khintchine

formula in Theorem 5.4.5.
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Lemma 5.1.15. Let 0 be a scaling function on G which scales X,;. Let V be a neigh-
bourhood of 1, denote W = supp(I1)UV, and let f : W +— R be a bounded measurable
function such that f is continuous on supp(Il) and admits a Taylor expansion (5.1.2)
on W of order 0.
Then for all n sufficiently large, X,,; € W a.s. and
lim nE [f(Xu) — f(1a)] = L7,

n—oo

where LT does not depend on the Taylor expansion of f.

Proof. The claim that X,,; € W a.s. for all n sufficiently large follows immediately
from the fact that the support of exp(Y;,) is contained in V,, which shrinks to 14 as
n — oo.

Recall that h : W — R denotes the error in the Taylor expansion of f. Since h/0
is continuous on supp(Il) \ {1¢} and lim,_,;, h(x)/6(z) = 0, by the Tietze extension
theorem there exists A € Cy(G) such that h = h on supp(II) and k = 0(f). Define
f € Cy(G) by ) .

f=1re)+ sz’fz‘ + Z a; ;&5 + h.
i=1 ij=1

Then by Proposition 5.1.8,

lim nE [f(an) - f(1G)] — it

Note that
|f(z) = f(2)] = H{z ¢ supp(I)}|h(x) — h(z)],
and that . :
x x
T

Since X,,; € supp(Il) UV, for all n > 1, it follows that

Tim [E [F(Xa1) = f(Xa)]| < lim nE [1{X01 ¢ supp(I)}h(x) — h(a)]
< lim nE [0(X,1)] ¢,

n—0o0

=0.

Finally, observe that L =11 , from which the conclusion follows. O
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5.1.8 Infinite p-variation

The purpose of this section is to establish conditions under which sample paths of a
Lévy process have infinite p-variation, which will be used to complement our results
concerning finiteness of p-variation for Lévy processes in the Lie group GV (R?) (see
Theorem 5.4.1). The methods we use in this section are classical, however we provide
complete arguments for all the results.

Throughout this section, let X be a Lévy process in G with triplet (A, B, II). We
study first the scaling limit of the process log(X;) restricted to a neighbourhood of
zero in g. Recall that U is an open neighbourhood of 14 with compact closure on
which log is a diffeomorphism. Denote by X* the Lévy process X started at x € G
(which is equal in law to xX'¢). Let 7 = inf{t > 0 | X; ¢ U} be the first exit time
of X from U.

Fix a distinguished point yo € g\ log(U) and consider the Markov process Y in g
for which every point outside log(U) is absorbing, and such that for all y € log(U),

vV — log(XZPW) if ¢t € [0, 7)
FYY =y ift >

For £ > 0, define the Markov process Y¢ := ¢ %/2(Y,,) for t € [0,1]. Let B be a
centred Brownian motion on g with covariance matrix (A;;)7"%_; with respect to the
basis u1, ..., u, of g.

Equip Cy(g) with the uniform topology. Consider the generators L and Lg of

the semigroups on Cy(g) associated to Y€ and B respectively.

Lemma 5.1.16. Let f € C°(g). Then for all ¢ > 0 sufficiently small, f is in the
domain of LF, and L°f — Lgf in Co(g) as e — 0.

Proof. Denote by 0; the differential operator associated with vector u; € g (under the
Euclidean structure of g). Note that

Lp =Y Ay
ij=1
For every f € C®(log(U)) define f € C=(G) by f = fologon U and f =0 on
G\U.
We first claim that every f € C°(log(U)) is in the domain of Ly, the generator
of Y, and that Ly f(y) = Lxf(z) for all y € log(U) and z := exp(y). Indeed,
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since U¢ is closed and X is cadlag, we have X, ¢ U, from which it follows that
EV[f(Y,)] =E" [f(XMT)] In particular,

lim B [£(Y2) — 7 ()] = lim B | F(Xonr) = f ()]
= lim¢t'E” {/t 1{s < T}(fo)(XS)ds] .

t—0 0
Remark that by dominated convergence lim,_,q E* [1{5 < T}(fo)(Xs)} = (Lx f)(z)
for all x € G, so the claim follows by Fubini’s theorem.
For f: g+ R and £ > 0 define f¢(y) := f(e7'/%y) for all y € g. Observe that for
all y € g and all f: g+— R such that f¢ is in the domain of Ly, it holds that

lim B [£(Y7) = f(y)] = & lim(=) "B

t—0

VI (Ya) = fo(e?y)]
= e(Ly [7) ('),
so that f is in the domain of L? and (L°f)(y) = e(Ly f°)(c'/?y).
Remark moreover that if f¢ € C°(log(U)), then for all y ¢ log(U), Ly f¢(y) =0

In particular, we see that L°f € C°(g).
Recall that for all f € C°(G) and z € G,

m

Lxf(x) = Bi(uif)(x) + Y Ajiujuif)(x)

+/
G

Observe that there exist smooth functions c; € C>®(log(U)), i,p € {1,...,m},
such that for all f € C®(log(U)) and y € log(U)

f Zgz sz ( )

(ui f)(eY) :zm:c (5.1.9)

p=1

for which it holds that ¢/(0) = &;,,. We note also that

0, (i &0, f)

AW, )00pf (y) + ) (¥) 940, () 0p f (1)

NE
L

(ujusf)(e’) =

<
Il
—

(5.1.10)

NE

1

3
2
Il

85



It follows that there exist smooth functions C, D € C*(log(U)) such that for all
f e C*(og(U)) and y € log(U)

Z Bi(u; f)(e”) + Z Aja(uguif)(e) =Y CoW)Opf) ) + Y Dap(y)(Bpf) (),

for which it holds that D, ,(0) = A,,.
Let us now fix f € C°(g). Observe that for all y € g,

0(f) ) = e 2B ) (e ) = e (3, )" (), (5.1.11)

and therefore

Ogp () () = e 20,((0pf)7) (W) = & (D f)* (). (5.1.12)
Consider ¢ > 0 sufficiently small so that f© € C°(log(U)). It follows that f is in the

domain of Lf and

(L5 f)(y _51/220 1/2 Y)Opf(y ZDqP 2y )04 (y)

p,q=1

+/G€ [J’F*f(eXp(e”2 )z) — f*(exp(e'/?y) ZSZ )(uif%) (exp(e'/?y)) | T(da).
(5.1.13)

Since D, ,(0) = A, it suffices to show that the integral on the right side converges to
zero as € — 0. Indeed, observe that, due to (5.1.9) and (5.1.11), there exists C; > 0
such that for all ¢ sufficiently small, |u1j‘“v€|OO < C1e7Y2, and thus there exists Cy > 0
such that absolute value of the integrand on the right side is bounded above by Coe!/?
for all z € G. In particular the integrand converges to zero for all x € G as ¢ — 0.
To conclude by dominated convergence, it suffices to show that there exists C3 > 0
such that for all z in a neighbourhood of 14 and all ¢ sufficiently small, the absolute
value of the integrand is bounded above by Cs|¢(z)]2.

To this end, let h € C*(G), z € G, and define ¥(t) := h(ze!") for some Y =

Yiug + ... + Yu, € g with |Y]| = 1. By Taylor’s theorem,

1
[1(t) = (0) = 1" (0)] < S 10" llugypo £
Furthermore, note that ¢/(0) = Yh(z) and ¢"(s) = (YYh)(ze®Y) (|36], Proposi-
tion 1.88). Setting /& := f¢ and z := exp(e"/2y), we obtain

m

Fe(exp(e2y) exp(tY)) — Fr(exp(e ) — 3 8Yi(uef?) (exp(e/2y))

=1
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Lastly, due to (5.1.10), (5.1.11), and (5.1.12), there exists Cy > 0 such that for all €

sufficiently small,

Since ¢ = log on U, the desired bound on the integrand follows. O]

ujuifaH S 046_1.
o0

For the remainder of the section, we shall assume that the starting point at ¢ = 0

of every process in g and GG is 0 and 1 respectively.

Corollary 5.1.17. As e — 0, it holds that Y 3B as D,([0,1], g)-valued random

variables.

Proof. Since C2°(g) is a core for Lg (|34] Proposition 17.9), the statement follows from
the convergence L°f — Lgf in Cy(g) for all f € C°(g) ([34] Theorem 17.25). O

Proposition 5.1.18. Suppose A;; > 0 for some i € {1,...,m}. Then
P |limsup t~/2&(X,)| = co| = 1.
t—0

Proof. Let ¢ > 0. Corollary 5.1.17 implies that there exist d,cy > 0 such that for all
0<e<egg
P [e7'2|(X0)| > ¢] > 4.

Observe that, by the Campbell-Baker-Hausdorff formula, there exist a neighbourhood
V of 15 and a constant C' > 0 such that for all z,y € V

(=7 y)] < [&ly) — &G(@)] + ClE(@)* + ClE)I*. (5.1.14)
For all integers k > 1, let g, := 37%¢,. Corollary 5.1.17 implies that for all A > 0
Jim P[22 (160X + 60X, )) > A =0,
Hence, by the first Borel-Cantelli lemma, there exists a strictly increasing sequence
(k(n))n>1 such that

i {lim sup e, /2C (|§(X5k(n))\2 + |£(X5k(n)_1)|2> > ¢/2| = 0. (5.1.15)

n—oo

. D
Furthermore, since X, ., , = X;jXEki1 =X, ,—¢., We have for all £ > 1

P [(5k—1 - €k)_1/2|€i(X5k,5k;—1)| > C} > 5
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Note that (g,_1 — e,)" Y2 < 5,;1/2, and that the random variables (X, ., ,)k>1 are

independent. Hence, by the second Borel-Cantelli lemma,

=1

. —-1/2
P |:hm Sup <C:k:(n/) |§7:<X5k(n)7€k(n)—1)’ > c

n—o0
Since lim; o X; = 1¢ a.s., it now follows from (5.1.14) and (5.1.15) that

P [tmsup i F6(Xe ) — 6Ky ] > /2] =1

n—oo

Observe that 1/2|£z( Xerim) = &i(Xeyy_i)| > ¢/2 implies that either

—1/2
el 1&(Xe )| > ¢/4

or
—~1/2 —-1/2
e 16(Xe ) = V3ol 16X, ) )] > /4.
We thus obtain

P [limsup 5,;1/2|§,»( X )l =1

k—o0 ” 43 }

As ¢ > 0 was arbitrary, the conclusion follows. O

Corollary 5.1.19. Suppose A;; > 0 for some i € {1,...,m}. Then

P [ sup Z ’fi(thvtk+1)|2 = OO] = 1.

DC[0,1] toeD

Proof. By Proposition 5.1.18, limsup,_,, ¢ '&(X;)|? = oo a.s. whenever A4;; > 0.
Since X has stationary and independent increments, the conclusion follows from an
application of the Vitali covering argument (see [6] Proposition on p.68, or [25] The-
orem 13.69). O

The following is a form of the classical Blumenthal-Getoor index adapted to the

setting of Lie groups. Recall the definitions of I'; and K from Section 5.1.7.

Proposition 5.1.20 (Blumenthal-Getoor index). Let i € {1,...,m} and ¢ > 0.
Then

Pl sup D [&6(Xp )P =00 =1 (5.1.16)
DcClo,1] toeD

if either

(Z) q € Pi) or
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(i) 1 € K and q < 1.

Proof. Define f € C.(G) by f(x) =1 — exp(—|&(x)]?). We claim that (5.1.16) holds
whenever

limt'E[f(X;)] = oo. (5.1.17)

t—0

Indeed, observe that (5.1.17) implies that lim, o E [1 — f(Xi/,)]" = 0. But since X

has independent and stationary increments,

eXP( Z!é} 1 1) )

Since for all n > 1,
Sup Z |€Z th tk+1 | > Z |€Z ; ’

DCl0,1] toeD

=E [exp (16(X0.)1")| = E[1- £(Xi0)]".

?.

we obtain that

E

€Xp | — sup Z |§i<th,tk+1)‘q =0,
DcClo,1] teD

from which (5.1.16) follows.

It thus suffices to show (5.1.17) in either of the two cases.

(i) Let (¢n)n>1 be a non-decreasing sequence of non-negative functions in C*°(R)
such that lim,,_,, 1, (x) = |z|? for all z € R and such that ,, = 0 on a neighbourhood
V,, of zero.

For every integer n > 1, define f, € C(G) by fu(x) = 1 — exp(—1,(&(x))).
Note that there exists ¢ > 0 such that f,(z) > ¢, (&(z)) for all x € G and n > 1.
Furthermore, f,, is identically zero on a neighbourhood of 14. It follows that for all
n>1

it B LK) = [ £ (o)

> e /G (& ()11 (d).

Observe that 0 < f,, < f for all n > 1, from which it follows that

hm Hlf t_lE[ > SUPC/ ¢n Sz )
t—0

n>1

But since ¢ € I';, we obtain by the monotone convergence theorem that

lim wn(&< )) ( ):oo,

n—o0
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from which (5.1.17) follows.

(ii) Note that if A;; > 0 or if ¢ € I';, then the desired result follows by Corol-
lary 5.1.19 or by case (i) respectively. Thus suppose A;; =0 and ¢ ¢ T';.

Since ¢ < 1, for every integer n > 1 we can find ¢, € C*°(R) such that |, (z)| <
2|7 for all € R and such that ¢, (z) = nB; 'z for all 2 on a neighbourhood V,, of
zero.

For every integer n > 1, define f, € C°(G) by fu(x) = 1 — exp(—1,(&(2))).
Observe that

fu= B~ Sn BG4 OE).

Since A;; = 0, it follows that for all n > 1
limt'E [£,(X,)] = nB\B; + / [fn(x) - né;lfi(x)] 11(dz)
t—0 G

=n (1 +nt /G fn(x)H(dx)> :

Note that there exists C' > 0 such that | f,,(z)| < Cl,(&(x))| for allz € G and n > 1.

In particular, since ¢ ¢ T,

(5.1.18)

lim n- /G @) 1(d) < € lim 0™ /G 16 ()| TI(dz) = 0.

n—oo

Hence, by (5.1.18),
lim lim ¢t 'E [f,(X;)] = oo.

n—oo t—0

Observe now that f, < f for all n > 1, from which (5.1.17) follows. O

5.2 Random walks in path space

Unless otherwise stated, throughout this section we fix the time interval [0, 7] to be
0,1]. We adopt the shorthand notation GV := GV (R?) for N > 1, and let unspecified
path spaces be defined on [0, 1] and take values in G, for example, CP"¥ shall denote
Crer((o, 1], GY(RY)).

For a collection (x;)7_; of paths x; : [0,1] = GV such that x;(0) = 1y, recall

their concatenation x := x; * ... * X, : [0,1] = G given by

(t) = {1N itt=0
B x(j/n)xj(n(t—j/n)) ifte(j/n,(G+1)/n],7€{0,...,n—1}

Consider an iid array X,,; of WG, (R?)-valued (or equivalently CPVar([0, 1], GP))-

valued) random variables. In this section, we are interested in the question of when
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the sequence of concatenations X, := X,; * ... x X,,,, satisfies the conditions of

Corollary 3.4.8, namely, when is (]|X,]| n>1 & tight collection of real random

p-var;[0, 1])
variables, and when does the following limit exist for all M € L(R?, u)

lim E [M(X,)]. (5.2.1)

n—0o0

In the upcoming Sections 5.2.1 and 5.2.2 we shall give general conditions, appli-
cable to any iid array X,,;, which ensure that (||Xy|[, ap.0,1)n>1 Is tight (see Propo-
sition 5.2.1 and Theorem 5.2.3 below).

Note that the iid property of X,,; implies that E [M(X,,)] = E [M(X,)]" for all
M € L(R% u), so the existence and value the limit (5.2.1) depends entirely on the
behaviour of the (matrix-valued) quantity E [M (X,)] as n — oo. In Section 5.2.3 we
shall provide an example of a class of iid arrays X,,; for which (5.2.1) is guaranteed to
exist. In Section 5.4.3 we shall moreover investigate in detail the case when the rough
path X,,; depends entirely on its endpoint through a suitable path function (which will
be introduced in Section 5.3). In this case, we will show that reparametrisations of X,,
converge in law as rough paths, which a fortiori implies that the limit (5.2.1) exists.
Beyond this, however, we shall not investigate general conditions under which (5.2.1)

is guaranteed to exist.

5.2.1 Tightness of concatenations

For a collection of paths (x;)7_; in C2*, it holds that the p-variation of their con-

catenation X :=X; * ... * X, € C7"* is bounded below by

max ( ‘X Hpvar 0,1] Z H ]Hp var;[0, 1]) < HXHp var;[0,1] > (522)

where X' € D, is the walk associated with the elements x; := x;(1) in GV. The
main result of this section is Proposition 5.2.1 which establishes a partial converse
0 (5.2.2).

Proposition 5.2.1. Let p > 1 and let (xj) be a collection of paths in CTV3. Let
x' € D, be the walk associated with the elements x; = x;(1), and let X := Xy *. . .*X,, €
Ccrvar Then

||X||pvar [0,1] S (HX ||pvar [0,1] +Z||X]||pvar 01) ’

where C =1+ 2P 4 2.3~ 1,
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The proof of Proposition 5.2.1 will follow immediately from the following lemma,
which we shall use again in the sequel. We mention that the idea for the proof of the

following result was taken in part from Lemma 25 of [24].

Lemma 5.2.2. Let (E,d) be a metric space and x : [0,T] — E a function (not

necessarily cadlag). Let (I,),>1 be a countable collection of disjoint open subintervals
of [0, T) and set I := Uy>11,. Definey : [0,T] — E by y, =% fort € [0,T]\ I and
Vi =X, fort € (cy,dy) :=1I,. Then for allp > 1

HXHp var; OT] C+3p 1 Z HXHp var;[cn,dn) CHpr var;[0,T] »

where C =14 2P + 371,

Proof. Define the super-additive functions wx(s,t) = [[x|[_,.. s and wy(s,t) =
Y11 varfsg- Let D = (to, 1, ..., tx) be a partition of [0, T7.
Denote by J; = (a1,b1), ..., Jm = (@m, by) those intervals I,, which contain some

partition point ¢; € D, ordered so that b; < ajq for all j € {1,...m —1}. Call
a block a consecutive run of partition points ¢;,%;41,...,t, either all in J, for some
1 <r < m, in which case we call it red, or all outside I, in which case we call it blue.
We call a consecutive pair of partition points ¢;,¢;,1 € D which lie in different blocks
either red-red, red-blue, or blue-red depending on their respective blocks (note there
are no blue-blue pairs).

For a red block t;,%;41,...,t, in J, we have

Z d th 1 X < wx(a'rabr)

=741
For a blue block t;,t;41,...,t, between J,, J,,1 we have
Z dth 1,th Z dYtl 1>Ytl
i=j+1 i=j+1

S Wy<bra ar—i—l)-
For a red-blue pair t;,t;,1 with ¢; € J, and t;.1 between J,., J.,1, we have

d(xti’ Xti+1>p S 21)—1 [d(xti ) Xbr)p + d(Xbr7 Xti+1 )p}
S 217—1 [Wx(ara br) + wy(bm ti+1)] .
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Likewise for a blue-red pair t;,t;.1 with ¢; between J,., J,,1 and t;;1 € J,1, we have

d<Xt¢7 Xti+1 )p S 2p71 [d(xti ) Xa,,.+1 )p + d<Xar+1 ) Xti+1)p}

S 2p—1 [wy(tiy ar—l—l) + wx(ar—l-h br+1)] .
Finally for a red-red pair ¢;,t;,, with ¢; € J,. and t;,.1 € J,.,1, we have

d(Xti ) Xt¢+1 )p S 3p71 [d<th Xb,. )p + d(Xbrﬂ Xar+1 )p + d<Xar+1 ) Xti+1 )p}
< 3t [WX(ara br) + Wy(bra CLr+1) + mer-&-l’ br—l-l)] .

Splitting the sum Zle d(X¢(i—1), X¢(s))P into blocks and consecutive pairs in differ-

ent blocks, we obtain (denoting a,,+1 =T and by = 0)

k m m
Z d<Xti—1 ) Xti)p < Z Wx<a7’7 bT) + Z wy<bT7 ar—i-l)]
i=1 r=1 r=0
49— wa a,b,) + Zwy (b, ariq ]
Lr=1
m—1
po zwy<br,aT+l>+zwx<aT,br>]
L r=0 r=1
[ m m—1
+31 2 wa(ar, b.) + Z wy (by, ar+1)] .
L r=1 r=1
Since wx and wy are super-additive, the desired result follows. O

Proof of Proposition 5.2.1. This is an immediate application of Lemma 5.2.2 to the
open subintervals [; := ((j —1)/n,j/n) C [0,1], j € {1,...,n}, and path y :=x'. O

5.2.2 Tightness of the random walk

Consider now an iid array X,,; of C?"*-valued random variables with concatenations
X, = X1 *...x X,,. Let X" € D, be the random walk associated with the
array X, = X,;(1). It follows from Proposition 5.2.1 that in order to establish
tightness of (||X, [, var0.1))n>1, it suffices to show that (Z?Zl HXn]-HZ_W;[OJ]) and

n>1
(H an VaI‘ 0 1])n>1 are tlght

Note that > 7 |[X;l[? is a sum of n iid real random variables. Thus tight-

p-var;[0,1]
ness of (Z] L X 117 s 0, 1]) depends only on the tail behaviour of the random

variable ||X,1]| jasn— 0.

p-var;[0,1
The situation of the random walk X" is more interesting. The main result of this

section is Theorem 5.2.3 which provides a criterion for tightness of ([[X"[[} ,,.j0.1)n>1-
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In its simplest form, Theorem 5.2.3 implies that whenever X" converges in law to a
Lévy process in GV, and the iid array X,; is scaled by a scaling function 6, then
(||X"||§_Var;[071])n21 is tight for all p > x > 1, where s depends only on the scaling
function 6.

We mention also that Theorem 5.2.3 will also play a central role in our analysis
of Lévy processes in G". In particular, it will be used to show that the sample paths
of a Lévy process in G have a.s. finite p-variation.

Throughout this section, we use the shorthand notation gV := g"(R%), the Lie
algebra of GV. Recall that gV has a natural grading of the form g"v = @fj:l g, where
gV = R and gl = [g) |,RY for all k € {2,...,N}. Recall that p* : TV (RY)
(RY)®% denotes the k-th level projection, so that p* : gV — gl is the projection
associated with the grading of g". Let dj denote the dimension of g (note that
dy = d) and let m = "1 dj denote the dimension of gV.

Consider a basis ui,...,un, of gV such that wu;,...,uq is a basis of RY, and
Udyf.tdy+15 - - - » Udy .. +dy+dp,, 15 & basis for g for all k € {2,..., N} (note how this
agrees with the definition of the basis u, ..., uq of R? in Section 4.1.2). For every

i € {1,...,m}, the degree of u; is defined to be the unique integer k£ € {1,... N}
such that u; € g, denoted by deg(u;) = k.
Now let &i,...,&n € C°(GYN) and € : GV +— gV be smooth functions and U a

neighbourhood of 1y for which the conditions at the start of Section 5.1, with respect

to the basis uy,. .., Uy, are satisfied. We moreover equip g”V with the inner product
for which uq,...,u,, is an orthonormal basis.
Theorem 5.2.3. Let X,1,..., Xn, be an iid array of G -valued random variables.

Let X" denote the associated random walk in GN. For alli € {1,...,m}, let 0 <

¢ < 2 be a real number, and define

k = max{1, q; deg(uy),. .., qgm deg(um)}.

Then (X™),>1 is a tight collection of D,([0,1], GN)-valued random variables, and for
every p > K, (||X"[|,yar0,1))n>1 @8 a tight collection of real random variables, provided
that the following conditions hold:

(A) for every h € [0,1], (X%),>1 18 a tight collection of GY -valued random variables;
(B) for allie€ {1,...,m}, sup,>; n|E[&(Xn)]| < oo;

(C) the array X,y is scaled by a scaling function 0, where 6 = > &
neighbourhood of 1.

% on q
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Remark 5.2.4. Suppose that for a Lévy process X in GV, X" B X as D,-valued
random variables. Then evidently (X"),>; is tight and condition (A) holds trivially.
Furthermore, we have that condition (B) holds due to Theorem 5.1.1. Lastly, by
Proposition 5.1.7, condition (C) holds upon choosing ¢; = 2 for all i € {1,...,m}.

The remainder of the section is devoted to the proof of Theorem 5.2.3, which can
be split into three parts. The first part (Lemma 5.2.5 and Corollary 5.2.6) is a general
tightness criterion for p-variation of strongly Markov processes. This is entirely an
adaptation of the main result in [48] in which Manstavi¢ius gave an elegant criterion
to ensure that the sample paths of a strongly Markov process have a.s. finite p-
variation. The second part (Lemma 5.2.7), which is the most technical part of the
proof, involves establishing the required bounds to apply Corollary 5.2.6 for the case
p > N. The third part takes up the remainder of the proof over several lemmas
and involves adapting the argument to the case p < N. Roughly speaking, in the
third part we decompose X" into the lift of a walk in a lower level group, for which
the previous two parts apply, and a perturbation on the higher levels, for which the
p-variation can be controlled directly.

Let X be a strongly Markov process on [0, T'] taking values in a Polish space (F, d).
Define for all h,6 > 0 and s € [0, 7]

a(X, h,d,s) :=sup{P™* [d(X,X;) > ] |z € E,t €[0,T],s <t < s+ h}.

Recall that [48] Theorem 1.3 states that if there exist constants 5 > 1, and K, v,y > 0
such that for all h € [0, 7] and § € (0, o],

sup (X, h,d,s) < Kh—ﬁ, (5.2.3)
s€[0,T7 gl
then |[X[|, o0z < 00 as. for all p > /8.

We now state the result of [48] with two adaptations. The first is the observation
that uniform bounds of the form (5.2.3) for a collection of Markov processes, along
with tightness in the Skorokhod topology, leads to tightness of their p-variation. The
second, which is essentially trivial, accounts for processes which are a.s. constant over
fixed intervals of time.

For this purpose, for any D([0,T], E)-valued random variable X, we call a (deter-
ministic) open interval (s,t) C [0,T] stationary if P [Vu € (s,t), X, = X;] = 1. Welet
Zx C [0, T] denote the union of all stationary intervals, and let Rx = [0,7]\ Zx be its
complement. For example, for the random walk X", Rx» = {0,1/n,...,(n—1)/n,1}.
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Lemma 5.2.5. Let (X"),>1 be cadlag strongly Markov processes on [0,T] taking
values in a Polish space (E,d). Suppose that

(a) for all rational h € [0,T], (X} )n>1 @s a tight collection of E-valued random

variables, and

(b) there exist constants f > 1 and K,7,00 > 0 such that for alln > 1, h € [0,T],

and 0 € (0, ],
hB
sup (X" h,0,s) < K—.
sERxn 57

Then (X™),>1 is a tight collection of D([0,T], E)-valued random variables, and for

any p > /B, (X", varjo,r))n>1 @ @ tight collection of real random variables.

Proof. First, note that (b) applied to small h allows us to verify the Aldous condi-
tion for the sequence (X"),>1 (see, e.g, [38] p.188, though note one should restrict
attention to sequences of stopping times 7, taking values in Rx» a.s., which is a
trivial modification to the usual Aldous condition). Together with (a), it follows
that (X"),>1 is a tight collection of D([0,T], E)-valued random variables ([38] Theo-
rems 4.8.1 and 4.8.2).

It remains to show that ([|X"[| ,..j07)n>1 is tight. For x € D([0,T], E) and
b >0, define M(x) = sup;cpo 1} d(X¢, Xo) and

mp(x) = sup{k > 0| 3(t:)7E,, t1 <ta <ty < ... <log,d(Xpy,, Xpy, ;) > 0,1 < j <k}

As noted above, [48] Theorem 1.3 states that (b), with sup,c g, replaced by sup e 71,
implies that [|[X"[|, .07
the same proof as that of [48] Theorem 1.3 (taking into account that all stopping

] < o0 as. forall p> ~v/B and n > 1. In fact, exactly

times considered in [48] take values in Rx» a.s.) shows that (||X"|[, .07 n>1 i
tight provided that (M (X")),>1 and (1s,/2(X")),>1 are tight, and provided that the
uniform bounds in (b) hold.

However, M and n,, for fixed b > 0, are continuous functions on the Skorokhod

space, and since (X"),>1 is tight, the desired conclusion follows. ]

Unless otherwise stated, we henceforth equip GV with the homogeneous norm
||z|| := Zj\le |xj|1/ 7 and with a left-invariant metric d induced by some symmetric,
sub-additive, homogeneous norm on G¥ (recall that all homogeneous norms on G
are equivalent, see Section 3.2).

As the increments of a random walk associated to an iid array are identically
distributed and stationary, and the metric d on GV is left-invariant, the following is

now a corollary of Lemma 5.2.5.
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Corollary 5.2.6. Use the notation from Theorem 5.2.3 and suppose that (A) holds.
Suppose there exists K,y > 0 such that for alln > 1, k € {1,...,n} and § € (0, 1]

k:/n
Fe A

Then (X™),>1 is a tight collection of D,([0,1], GN)-valued random variables, and for

all p >y, ([[X"[|,varo.1))n=1 @ a tight collection of real random variables.

P[|[Xl] > 0] < K5

We now establish the crucial bounds needed to apply Corollary 5.2.6. For j €
{1,..., N}, define the set of indexes H; := {i € {1,...,m} | deg(u;) = j}.

Lemma 5.2.7. Use the notation from Theorem 5.2.8 and suppose that (B) and (C)
hold. Let v := NV K, and for j € {1,...,N}, let p; := maxjepy, ¢; and denote
by Y™ € D,([0, 1],g§\7) the random walk associated with the gév—valued wd array

Then there exists K > 0 such that for alln > 1, k€ {1,...,n} and § € (0,1]

k
P[||X}|| > 0] < K5~ /” (5.2.4)
and, for all j € {1,..., N} such that p; <1,
k
Plvin| >0 <K 5{)" (5.2.5)

Remark 5.2.8. It follows from Corollary 5.2.6 and Lemma 5.2.7 that conditions (A),
(B) and (C) imply that ([|X"|[, ,..10,1)n>1 18 tight for any p > NV and that (X")n>1

is a tight collection of D,([0, 1], GV )-valued random variables.

Proof. We first claim that it suffices to consider the case || X,,1|| < € a.s. for alln > 1,
where € > 0 may be taken arbitrarily small. Indeed, let € > 0 and note that there
exists ¢ > 0 such that 0(z) > ¢ for all x € GV with ||z|| > &. Since 0 scales X, it
follows that there exists C > 0 such that for alln >1

P{|Xoull > ¢ < B B(X)] < Ci/fn,
and hence
P | ol 2 | =1 (0= P10l 2 ) < Cufn
It follows that for all n > 1 and k € {1,...,n}

P{||X5,]| > 6] <P [HX,MH >0, max || Xoa|| < e| + Cik/n,
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and similarly for P HYZ/Jn

> 5}. Replacing X, by

, {Xnk i || Xl < e
Xk = :
1y  otherwise,
we note that (B) and (C) imply that the same conditions hold for the iid array X/,.
[t thus suffices to prove the statement of the lemma for the iid array X/, instead as
claimed.

We henceforth assume that || X,1|| < ¢ a.s., where ¢ > 0 is sufficiently small so
that = € U whenever ||z|| < &, where we recall that U is a neighbourhood of 15 on
which ¢|,, = log]|,.

We first show (5.2.5). Let j € {1,..., N} such that p; < 1. Then, due to (C),
there exists Cy > 0 such that for allm > 1 and k € {1,...,n}

E Z Z |§i(Xna)|pj < C2k/n (526)

iGHj a:l
Since ,
Py k & k
n,j |°7 )
NEAREE) ) SITE RIS B S ACI
1€H; a=1 1€H; a=1

it follows from (5.2.6) and Markov’s inequality that there exists K > 0 such that
(5.2.5) holds for all n > 1, k € {1,...,n}, and § € (0, 1].
We now show (5.2.4). For j € {1,..., N}, define the set of words of length j

Wj = {U“®®UZ} |Z'1,...,Z.j€{1,.‘.,d}}

and equip TV (R?) with inner product for which the set of all words W := Ujvzll/Vj is
an orthonormal basis. For all w,z € TV(R?), we denote z* := (w,z). For a word
w € W, let |w| denote the integer j € {1,..., N} such that w € W;.
Considering exp : g — GV as a polynomial map, note that (B) and (C) imply
that for all w € TV (RY)
supn |E [X}4]] < oo, (5.2.7)

n>1
and, applying the Cauchy-Schwartz inequality to terms of the form E [£;(X,,1)& (X)),
we have for all w € (RY)®7

sup nE [| X% 7] < oc. (5.2.8)

n>1

Observe that for any word w € W; and all zy, ...,z € TV (R?), we have

. w w1 AW w wi
(wyxq ... xk) = E xa1+§ E e SRS g E Tol Ty,

1<a1<k wi,w2 1<a1<a2<k wi,...,w; 1<a1 <...<a; <k
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where Zwl .., iIndicates the summation over all combinations of words wy, ..., w, €
W such that w; ® ... ® w, = w.
Since x — max;<;j<y |27|'/7 is a homogeneous norm on GV, it suffices to show
that there exists K > 0 such that
1/j K/
‘ n
P dooooXxm Xl >0 < K== (5.2.9)

1<ai<...<ar<k

forallj € {1,...N},re{l,...,7}, words wy, ..., w, € W such that |w|+...+|w,| =
j,n>1,ke{l,....,n}and 0 € (0, 1].

To this end, let us fix j € {1,...,N}, r € {1,...,7}, and words wy,...,w, € W
such that |wq| + ...+ |w,| = j. Consider first the case r € {2,...,j}. Define

v =g Vmax{g;deg(u;) |7 € {1,...,m},deg(w;) < j}.

By Markov’s and Jensen’s inequalities (observing that v; < 27)

1/j [ v3/3

w1 w —; w1 w

P S Xuo o Xe | > 8| <R S Xe X
1<ai1<..<ar<k 1<a1<...<ar<k

2 V523

—; w1 W

<5 IR S Xe X
1<ai1<..<ar<k

(5.2.10)

To bound the last expression, consider the following polynomial in & commuting

indeterminates x1,. .., xg

< > x:c) (5.2.11)

1<a1<...<ar<k

The expression (5.2.11) expands into a sum of monomials of the form ! ... x5,
where a; = 0,1 or 2. Call the simple degree of such a monomial the number of
a; > 0. The minimum simple degree is evidently r and the maximum is 2r, and
one readily sees that there exists C3(r) > 0 such that for all & > 1, the number of
monomials of simple degree s € {r,...,2r} is bounded above by Cs(r)k®.

Observe that for all words w € W, due to (5.2.7),

supn |E [ X1 ]| < Cy < o0.
n>1
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Moreover, due to (5.2.8) and the assumption that || X,|| < € a.s., we have for all

v,weW

sup k|, X35 [) < supnE [1X5]E [|1X37] < G5 < oo
Recall that X,1,..., X, are iid. Consider a monomial ' ...z of (5.2.11).
Using each term x¢ with a = 1 to represent a term of the form E [Xi], i € {1,...,r},

and each term x¢ with o = 2 to represent a term of the form E [ X% X"“»], i, h €
{1,...,r}, it follows that for alln > 1 and k € {1,...,n}

E( > X;f;l...X;”;T> < 3 Cy(r)k*(Ca/n)* > (Cs /)~

1<ai1<..<ar<k s=r

Since r > 2 by assumption and k/n < 1, there exists Cs > 0 such that the right
side is bounded above by Cg(k/n)? for all n > 1 and k € {1,...,n}. It thus follows
from (5.2.10) that for some K > 0

1/j

2v; /25
) gKW”) < gk

Xz - o’

w1 Wy
E Xy o X

1<a1<...<ar<k

where the last inequality is due to j < ; < . This completes the case r € {2,...,r}.
It remains to consider the case r = 1. Define now 7; := j(p,; V1) and let w € W.
It holds that
1/j
>0 <0 VE

p;V1
P> Xy

1<a<k

> X

1<a<k

Denote p, = E[X]. Then there exist C7, Cs > 0 such that

PVl p;V1
|| x| [—2|| T X
1<a<k 1<a<k
ijI

<GE|| S Xt — |+ o/
1<a<k

=0 (E D X =l +(k/”)ij1> |
1<a<k

where the second inequality is due to (5.2.7), and the final inequality is due to
the Marcinkiewicz—Zygmund inequality and the fact that p; < 2. It now follows
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from (5.2.7) and (5.2.8) that

p; V1
e Z X;fa = Cg (kE UX;fal |pj\/1} + k|/’!n|pj\/1 + (k/n)pj\/1>
1<a<k
< Ch (k/n + kn~ @iV (k/n)pj\/l)
< Chi(k/n).
Since y; < 7, this completes the case » = 1 and the proof of the lemma. -

As mentioned in Remark 5.2.8, we have now established the statement of Theo-
rem 5.2.3 for p > N. For the case p < N, the main idea is to apply Lemma 5.2.7
to the iid array formed by projecting X,; onto G}, and then successively add back

levels while controlling the p-variation.

Lemma 5.2.9. Use the notation from Lemma 5.2.7 and suppose that (A), (B) and
(C) hold. For all j € {1,...,N}, it holds that (YZ’j)nthe[O’H is a tight collection of

gé»v—valued random variables.

Proof. By Remark 5.2.8, note that (X"),>; is tight, from which it follows that
(max;<p<n |0’ log(Xuk)|)n>1 18 tight. We may thus suppose that |p/log(X,1)] < R
a.s. for some large R > 0 and all n > 1.

Consider the decomposition p log(Xuk) = Ank + Bk where

and

By = p'(log(Xnx))He < [[ Xkl < R}

We take here £ > 0 sufficiently small so that ||z|| < e implies z € U (recall that

U is an open neighbourhood of 1y for which £|U = log ‘U) It suffices to prove

..........

random variables.
Let C; = Cy(g) > 0 be such that C16(z) > p’(log(z))1{e < ||z|]| < R} for all
x € GV. Since 6 scales X,,, it holds that

k

> Bua

a=1

sup E
n>1,ke{l,...,n}

< sup C1nE [0(X,1)] < oc.

n>1

77777
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Now observe that (B) and (C) imply that sup,>; n |[E[A,]| < co. Moreover (C)
implies that there exists Co > 0 such that [&(z)]? < Cyf(z) for all z € GV and
i € {1,...,m}. Since App = V|| Xnal| < €} X icp, &i(Xna)ui, and Apy, ..., Ay are
iid, it follows that '

k 2 n
sup E (Z Am> <supn Z |E [AnaAns)| < 0.
n} a=1

n>1,ke{l,..., n>1 ab=1

,,,,,

Recall that for j € {1,..., N}, 7/ denotes the projection TV (R?) — T7(R?).

Corollary 5.2.10. Use the notation from Lemma 5.2.7 and suppose that (A), (B)
and (C) hold. Let p > k and define the D,([0,1], GPI"N)-valued random variables
Zn = glPINNX" . Then

(Z) (||Zn||p—var;[0,1])n21 is tZght: and

(ii) for every j € {1,...,N} such that p; < 1, (|[Y™||
p’ >pj-

0.1])n>1 is tight for all

p’-var;

Proof. (i) Observe that Z" is the random walk associated with the GP1"N_valued iid
array Zpy, := wlPIANV X, . Noting that ||Z7|| < ||X2|| for all h € [0, 1], we may apply
Corollary 5.2.6 and (5.2.4) of Lemma 5.2.7 (taking v = |p| Ak < p) to the array Z,,
from which it follows that (||Z"[|, ,../0,1)n>1 is tight.

(i) From Lemma 5.2.7, it suffices to check that condition (a) in Lemma 5.2.5 holds

for the processes (Y™7),>;. However this follows from Lemma 5.2.9. O

Recall that for functions z : [0,7] — GV and y : [0,7] — g¥, the function
x=2z+Yy:[0,T] — G is well-defined by x; := exp(log(z;) + y;)-

Lemma 5.2.11. Let z : [0,T] — GV and y : [0,T] — g¥ be functions, and let
x:=z+Yy. Then for any p > 0 there exists C' = C(p, N) > 0 such that

N
I8 varorry < € (1212 sargozy + I oz ) -

Proof. Recall that we equip GV with the homogeneous norm ||z|| := Zévzl |z7|Y/7. By
equivalence of homogeneous norms on GV, it holds that there exist C;,Cy > 0 such
that for all z,y € GV

Cr||oy|| < d(x.y) < Ca [[a 7yl
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Note that (x;'x;) = (z;'z;)’ for all j € {1,..., N — 1}, and

(Xs_lxt)N (Z Zt) +Yt _ys'

Thus for any partition D C [0, 7], we have

Z d(ti Xti+1>p S Cg Z (’ (Zt ' L+1) + ytz+1 - ytl

1/N N—-1 . p
+ Z |(Zt_ilzti+1)]‘ /]>

t;€D t,€D j=1
< Cg Z ( yijﬂ + Z ’ Zt th+1 j)
t, €D
o :
_ p 1/
<oppon Y [yzfﬂ " (Slea) |
t,€D
N
< 52D (1B sarory + i 12l e [OT)
L]
Lemma 5.2.12. Consider elements x1,...,z, € GV and let x : [0,1] — GV be the

associated walk. Let 1 <p < N and define z = wl?lx € D,(]0,1], GI?]).
Forj e {lp] +1,...,N}, let y' € D,([0,1],gY) be the walk associated with the

elements p/ log(z1), ..., p" log(z,) € g} .
Then there exists C = C(p, N) > 0 such that

p/j
||X|’pvar [0,1] < ¢ ||Z||pvar [0,1] + Z Hy ‘ p/j-var;[0,1]
=lpJ+1

Proof. Consider first the level N. Decompose each z; = exp(ly + yi' ) where y5 =
pN log(zy). Note that y is the walk associated with elements y1', ... yY € g.

Let wy, = exp(ly) € G and let w € D,([0,1], GV) be the associated walk. Since
y» is in the centre of g for all k € {1,...,n}, note that x = w + y.

Let Z, := 7" (zx) € GV! and let z € D,([0,1], G¥™') be the associated walk.
Note that z = 7V 1(x).

Consider m € C,([0,1], G¥7!) defined by

" gy exp(n(t — k/n)log(Z)) ift e (k/n, (k+1)/n],k € {0,...,n—1}.

Observe that my,, = 2;...%Z = Z/,. Moreover, it follows readily from Proposi-

tion 5.2.1 that Hmk/an vans[0,1] = < Ci(p, N) (12|, var, [0,1]"
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Furthermore, by construction of w, observe that the level-N lift of m satisfies
Sn(m)g/m = Wiy, and so |[Wl[, .01 < Ca(p, N) [[Sn(m)]|, yap.01) from which it
follows that

HWHpvar 0,1 = 03(p7 )||ZHpvar [0,1]

(remark also that w is the “minimal jump extension” of z in the sense of Friz and
Shekhar [24], and this bound can equivalently be derived from the proof of [24] The-
orem 23).

Thus, by Lemma 5.2.11, it follows that

N
HXHi—Var;[O,l] < Cu(p, N) <||Z||p var0,1] T Hy H p/N-var;[0, 1])

If N—1<p< N, then we are done. Otherwise, we proceed inductively and apply

the same procedure with z taking the role of x. O
We now have all the ingredients for the proof of Theorem 5.2.3.

Proof of Theorem 5.2.3. Observe that Corollary 5.2.6 implies that (X"),,>1 is a tight
collection of D, ([0, 1], GV)-valued random variables.

Let p > k, and define Z" as in Corollary 5.2.10, and Y™ and p;, for j €
{1,..., N}, asin Lemma 5.2.7. Observe that p; < p/j < 1lforallj € {|p|+1,...,N}.
It follows by Corollary 5.2.10 that (||Z"|], yupo1)n>1 and (Y]], 5 orio1)n>1 are
tight for all j € {[p| +1,...,N}.

However Lemma 5.2.12 implies that

N
XN o) < CO N 2o+ D (Y270
Jj=lp]+1

It follows that (|[X"[|, ,4.(0.1)n>1 18 tight as desired. O

5.2.3 Example - random walk connected by a rough path

Recall the shorthand notation GV := GV (R?), and let unspecified path spaces be
defined on [0,1] and take values in G". In this section we apply the results of the
previous two sections to a class of iid arrays of C?V*"-valued random variables.

More specifically, we consider a random walk Y in R? associated to an iid array
Y,;, and we wish to connect the points of Y" with independent and appropriately
scaled copies of a CP"*-valued random variable Z. We achieve this using the following

construction.
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Recall that every element h € L(R?) canonically extends to an algebra endomor-
phism (which we denote by the same letter) h : TV (R?) — TV (R?) which sends every
tensor 1 @ ... @z to h(z1) ® ... @ h(zg). Observe in particular that h maps G
to GV, and for the Carnot-Carathéodory norm ||-|| on GV, ||h(z)|| < |h|||z]| for all
x € GN (where |h| is understood as the operator norm of h as an element of L(R?)).

In particular, for all x € CPVa,

Hh(X)Hp—V&r;[O,l] < |h| ||X|‘p—var;[0,1} : (5212)

Let Y, be an array of R-valued random variables. Let p > 1 and fix a CPVar-
valued random variable Z, independent of the array Y,,;, such that Z(1)71 = z a.s. for
a constant non-zero element z € R%. For all n > 1, let Z,1, ..., Zy,, be independent
copies of Z. Let Q : R? — L(RY) be a measurable map such that Q¥(z) = y for all
y € R?, where we use the notation Q¥ := Q(y).

For every n > 1, consider the C?"¥-valued random variables X, := QY"*(Z).
Define the corresponding concatenation X,, := X,,; * ... x X,,,, which is likewise a
CPV¥ _valued random variable. Observe that the level-one projection p'X,,(k/n), for
k € {1,...,n}, coincides with the random walk Y}, = S Yo

Example 5.2.13 (Linear interpolation). Fix z € R? and let @ : R — L(R?) be any
map such that Q¥(z) = y for all y € R%. Define z € C1V41([0, 1], GV) by z; := exp(tz),
i.e., z is the level-NV lift of the linear path t +— tz.

Then for all y € R4, we have Q¥(z)} = ty, i.e., Q¥(z) is the level-N lift of the
linear path ¢ — ty. Hence, for an array Y,,; of R%valued random variables and Z = z
a.s., the C1™*_valued random variable X,, constructed above is precisely the level-N

lift of the piecewise linear interpolation of the random walk in R? associated to Y,

Example 5.2.14 (Dilation and rotation in R?). Let R? = R2 For all y = (y',9?%) €
R? define Q¥ € L(R?) on the standard basis vectors by Q¥(1,0) = (y*,y?) and
QY(0,1) = (—y*,y'). Observe that QY is the (unique) dilation and rotation about the
origin which sends (1,0) to y (note moreover that @ : R? — L(RR?) is a linear map).

Taking Y, an array of R%-valued random variables, p > 1, and Z any CP¥'-
valued random variable such that Z(l),l = (1,0) a.s., it follows that the C?*-valued
random variable X,, corresponds to the random walk associated with Y, connected

by independent, scaled and rotated copies of Z.

Theorem 5.2.15 is the main result of this section and allows us to determine when

the collection of random variables (X,,),>1 satisfies the conditions of Corollary 3.4.8.
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Note that its statement does not require that z € R? is non-zero and that Q¥(z) =y

for all y € R? as in the above discussion.

Theorem 5.2.15. Let Y, an iid array of R*-valued random variables and let Y™ €
D,([0,1],R%) be the associated random walk.

Letp > 2, N > |p|, and let Z be a C*"* -valued random variable independent of
the array Y.

Let Q : R — L(RY) be a measurable map. For all n > 1, define the CP* -yalued
random variable X, := QY"1 (Z). Let X, ..., X, be iid copies of X,,1, and denote
their concatenation by X, = X1 * ... % X,,,.

Then (|[Xonl |, var(o.1))n>1 i tight and lim, o E [M(X,,)] ezists for all M € L(R? u)
provided that the following conditions hold:

1) (Y")u>1 converge in law as D,([0, 1], RY)-valued random wvariables to a Léuvy

process in R?;
2) Q° =0, and Q is continuous and admits a Taylor expansion of order | - |?;

3) The endpoint of Z has an a.s. constant level-one projection, i.e., Zé,1 =z a.s.

for some constant z € RY;

4) The expected signature of Z has a strictly positive radius of convergence, i.e.,

R (ESig[S(Z)oa]) > 0;

p-var;[0,1]

5) E[sz' }<oo.

Before the proof of Theorem 5.2.15, we prove an intermediate result of independent
interest. Namely, define the iid array of GV-valued random variables X, := X, (1).
As usual, denote by X" the random walk associated to X,5. Remark that X"(k/n) =
X, (k/n) foralln > 1 and k € {1,...,n}.

Proposition 5.2.17 below, under weaker conditions than those of Theorem 5.2.15,
determines the limiting distribution of the random walk X". Consider the following

statement
4) Foralli € {1,...,N}, E[|p'log(Zo.1) "] < oo,
Remark 5.2.16. In fact, consider the statement

) E[|S(Z)§,]] < oo forall k> 1.
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Remark that 4) implies 4”). Observe moreover that, by the coproduct identity (or
equivalently the shuffle product identity) on the group-like elements G(R?), for all
integers k, ¢ > 1 and u € (R?)®* there exists n > 1 and a linear map v : T"(R?) — R,
such that ¢(7"z) = (u,log(r*x))? for all x € G(R?). Hence 4”) implies that for all
k> N, |log(Sk(Z)o.1)| has finite moments of all orders. In particular, 4) = 47) = 4’).

Proposition 5.2.17. Use the notation from Theorem 5.2.15 and suppose that 1), 2),
3), and 4’) hold. Let 0 be a scaling function on GN such that 0 = Y " |&|*/ dee(w)
in a neighbourhood of 1x. Define the iid array X, = Xux(1) and let X™ be the
associated random walk.

Then 0 scales X,,; and X™ — X as D,([0, 1], GV)-valued random variables, where
X is a Lévy process in GN.

Moreover, let 11 be the Lévy measure of the limiting Lévy process Y of Y™. Let u
be the probability measure on G associated to Z = Zo 1, and let = be the pushforward
of 1 ® p by the map R x GN — GV, (y,2) — QY(2).

Then for all z € G and i,j € {1,...,m}, the following limits exist

Li(z) := ILm nkE [&(QYMZ)} ,
Lij(2) = lim nE [6(Q™2)6(Q™2)]

and it holds that L;(Z) and L;;(Z) are integrable random variables, = is a Lévy
measure on GV, and the triplet of X is (C, D, =), where

Di =E[L(Z2)],
Ciy = ElLy(2)] - [ @)

Before the proof of Proposition 5.2.17, we derive several estimates in the following
lemmas, which will ultimately be used to justify dominated convergence arguments.
To fix notation, for all z € GV, define z; := (u;,log(x)), so that

T = exp(T1uy + . .. + Tplp).
Remark that 4’) is equivalent to E [|Z,~|2/deg(“i)] < oo forallie{l,...,m}.

Let Q1,...,Qq be a basis of L(R?), and let r; : R? — R be functions such that

d2

Q' => r(y)Q:.

i=1
Note that 2) is equivalent to the statement that, for all i € {1,...,d*}, r;(0) = 0,

and ; is continuous and admits a Taylor expansion of order | - |2. Observe that there
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exist functions ¢;; : R? — R, 4,5 € {1,...,m}, which are polynomials in ry, ..., 7z,
such that

Q'(x); = qu (y)i.

Observe that if deg(u;) # deg(u;), then ¢; ; = 0, and if deg(u;) = deg(u;), then ¢; ; is

a homogeneous polynomial of degree deg(u;) in r1,...,rge.

Lemma 5.2.18. Use the notation from Proposition 5.2.17 and suppose 1), 2), and
4’) hold. Then

E {sup nE [0 (Q™2) | z}] < .

n>1
Proof. We may suppose that 6(z) < 337 1A |a;[*/98%) for all z € GN. Observe
that for all y € RY, 2 € GV, and j € {1,...,m}

m 2/ deg(u;)

Z i ()i

=1

<C Z LA [z ()] 549,
i=1

LA (@), /=) = 1

Furthermore, since ¢; ; = 0 if deg(u;) # deg(u;),
LA Lz (P00 < (L 250 (1 A gy ()60,

Since ¢;; is a homogeneous polynomial in ry,...,742 of degree deg(u;), and, by 2),
each 7;(y) = O(|y]), it follows that |g;;(y)|?/ &) = O(|y|*). Hence, there exists
C > 0 such that 1A |g;;(y)|*/ 48®) < C(1 A |y|?) for all y € RY.

Then, by independence of Z and Y,,;, we have

sup nE [(1 \V ’Zi|2/deg(ui))(1 A |qi’j(yn1)|2/deg(uj)) ‘ Z]

n>1

< (1 | 7]/ deslui)) sgll)nE (LAYl

Observe that, by 1), sup,>; nE [1 A |[Y,1]?] < oo, and that, by 47), E [|Z;|*/ des()] <

00, from which the conclusion follows. m

Lemma 5.2.19. Use the notation from Proposition 5.2.17 and suppose 1), 2), 3),
and 4’) hold. Then for all j € {1,...,m}

E sglfn ’E 6(Q™2) | Z]|| < oo.
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Proof. Note that the case deg(u;) > 2 follows from Lemma 5.2.18. Consider now
deg(u;) =1, ie., j € {1,...,d}.
By 3), Z; = z; as. for all i € {1,...,d}. It follows that

& (Z %’,j(Ynl)Zi)] ‘ :

By 2),y —&; (Z?Zl qi7j(y)zi> admits a Taylor expansion of order |- |%. Hence, by 1),

supn }]E [@-(QY”IZ) ] Z]| =supn |[E
n>1 n>1

the following limit exists

d
7}1—>r{>10 nkE 1§ <Z1 qz',j(Ynl)Zi)] )
from which the conclusion follows. O

Lemma 5.2.20. Use the notation from Proposition 5.2.17 and suppose 2) and 4’)

hold. Then
/G O(@)=(dr) = E [ /R d Q(QyZ)H(dy)}

- [ Bl 2)ny)

< 0.

Proof. The equalities all follow by Fubini’s theorem. It remains to verify that one of
the integrals is finite. Indeed, we may suppose that 6(z) < 377", 1 A |z]?/ dee(wi) for
all x € GN. Tt follows that there exists C' > 0 such that

[ Bo@ @) <c [ SB[ AR 0w

i]l

<0 [ 5T UAB [l )

2,j=1
< 00,

where the second inequality follows since 1 A |- | is a concave function on [0, 00)
and that ¢;; = 0 if deg(u;) # deg(u;), and the final inequality follows since, by 4’),
E [|Z;/ 4] < oo for all j € {1,...,m} and, by 2), |g;;(y)[* ) = O(|y[*). O

Proof of Proposition 5.2.17. The claim that 6 scales X,,; follows immediately from
Lemma 5.2.18. Moreover, for all z € GV and 4,5 € {1,...,m}, note that, by 2), the
maps y — &(QY2) and y — &(QY2)&;(QY2) from R? to R are continuous and admit
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Taylor expansions of order | - |2, from which it follows, by 1), that L;(z) and L; ;(z)
exist.

Observe now that = is indeed a Lévy measure on G by Lemma 5.2.20. To show
that X"gX, we check the conditions of Theorem 5.1.1, and at the same time we
verify the integrability of L;(Z) and L, ;(Z).

(1) Let f € Cp(G™) vanish in a neighbourhood of 0. We claim that

lim nE [f(Q"™Z)] = lim nE [E [f(Q™Z) | Z]]

n—oo n—oo

—E [lim nE [f(Q"™Z) | ZH

n—oo

—5| [ r@zma)
= f(z)=(dx).
aN

Indeed, the first equality is obvious. The second follows from Lemma 5.2.18 and
dominated convergence since |f| < C8 for some C' > 0. The third follows from 1)
and that for every z € G, the map y — f(QYz) is in Cy(R?) and vanishes in a
neighbourhood of zero. The final equality follows from Lemma 5.2.20 and Fubini’s
theorem.
(2) Let i € {1,...,m}. We claim that
lim nE [&(Q"™ Z)] = lim nE [E [&(Q" 2) | Z]]

n—oo n—oo

—F [lim nE [&(Q™ Z) | ZH

n—oo

=E[Li(Z)].

Indeed, the first equality is obvious, while the second (as well as the integrability of
Li(Z)) follows from Lemma 5.2.19 by dominated convergence.
(3) Let i,5 € {1,...,m}. We claim that

Tim nE [6(Q™ 2)6,(Q* 7)) = lim nE [E [6(Q" 2)&,(Q* 2) | 7]]
= B[ lim nE [6(Q™ 2),(Q" 2) | 7]

=E[L;;(Z)].

Indeed, the first equality is obvious, while the second (as well as the integrability of
L, ;(Z)) follows from Lemma 5.2.18 by dominated convergence since |;£;| < C8 for
some C' > 0. [

The following is now a corollary of Proposition 5.2.17 and Theorem 5.2.3.
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Corollary 5.2.21. Use the notation from Proposition 5.2.17 and suppose 1), 2), 3),

and 4’) hold. Then (||X"[|, yup.01))n>1 8 a tight collection of real random variables.
We are now ready for the proof of Theorem 5.2.15.

Proof of Theorem 5.2.15. Note from Remark 5.2.16 that 4) in particular implies 4’).
Following Corollary 5.2.21 and Proposition 5.2.1, to conclude that (|[Xy][, .01 n>1
is tight, it suffices to show that (3°7_, [| X7 ., 0.1))n>1 is tight.

Equip GV with the Carnot-Carathéodory norm ||-|| and the associated metric d.
For all n > 1, let Zy;1, ... Z,, be iid copies of Z. From (5.2.12), we have

107 (Zoi) [y < 1Q7 N1 Zusl ] saron = Fus

p-var;[0,1]

Since X,,; are iid and X, 2 Q" (Z,;), it suffices to show that (Z?Zl Foj)n>1 1s tight.
Remark that for all K, R > 0

ZFW>K] <P

J=1

ZFm > K, max [Y] < R

7j=1

+P [max Y| > R]

It holds, by 1), that
lim supIP’[maX] \ZR] = 0.

R—00 >1 1<j<n

Moreover, by Markov’s inequality,

< K 'supnE[F,11{|Y,1 < R|}].

n>1

sup P

n>1

ZFnj > K, lrgja<>%|Ynj| <R

By 2), we have |Q"|” = O(|y[?) = o(|y|?). Thus, by 1), for every R > 0,

supnE [|QY"1{p 1{|Y,1 < R[}] < oc.
n>1

By 5), [HZHP vari| 01] < 00, so that choosing R and K sufficiently large implies

sup,>1 IP [Z jo1 g > K } can be made arbitrarily small. This proves the claim that

(Xl pvar;jo,1)n=1 is tight.
It remains to that lim, ., E[M(X,)] exists for all M € L(R%u). Fix M €

L(R? u(H)) and define the continuous bounded function f : R? — L(H),

fly) :=E[(MoQ")(Z)],

so that E[f(Y,1)] = E[M(X,,1)]. To show that lim,_.., E[M(X,)] exists, it suffices
to show that lim,, ., nE[f(Y,1) — Idy] exists. By 1) and Proposition 5.1.8; it thus
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suffices to show that f admits a Taylor expansion of order | - |?
R,

By 4), the expected signature of Z has a strictly positive radius of convergence.
Combined with Proposition 2.2.4, it follows that for A > 0 sufficiently small,

SV [[|S(@)54] ] < .

k>0

about the origin in

Let z¥ :=E [S(Z2)§,] € (R?)®*. It follows by dominated convergence that for y in
a neighbourhood of 0,

Fly) =) (Mo Q") (")

k>0
It follows that

fly) = Idy + M(QY(21)) + MP2((Q")*%2%) + O(lyl*),

where we have use that, by 2), each r;(y) = O(|y|). Remark that M(Q¥(z')) and
M®2((QV)®22?) are linear and quadratic polynomials in r1(y), ..., re(y) respectively.
%

Since, again by 2), each r; admits a Taylor expansion of order |- |*, it follows that so

does f(y), which completes the proof. ]

5.3 Path Functions

In this section, we introduce and study the concept of a path function, which shall
be used to systematically connect the jumps of a cadlag path.

Throughout the section, let (E,d) be a metric space and equip C([0,7], E) and
D([0,T], E) with the uniform and the Skorokhod metrics respectively.

5.3.1 Definition

Definition 5.3.1. For a subset J C E x E, we call ¢ : J — C([0,1], E) a path
function defined on J if

¢(l‘,y)o =z and ¢(m,y)1 =Y V(x,y) € J

A path function ¢ : J — C([0, 1], F) is called endpoint continuous if ¢ is continu-

ous and if
oz, x) =z, Y(x,x) € J, Vt € [0, 1].
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For p > 1, we say ¢ has finite p-variation if ¢(z,y) € CP¥([0,1], E) for all
(x,y) € J. Moreover, ¢ is called p-approzimating if for every r > 0 there exists
C = C(r) > 0 such that for all (x,y) € J with d(x,y) <r

’ ’¢($, y) ‘ ‘p—var;[o,l] S Cd(ﬂf, y)

When F is a Lie group, ¢ is called left-invariant if there exists a subset B C E
such that J = {(z,y) | z7'y € B} and

o(z,y) = 2o(1g, v y)s, V(x,y) € J, Vt € [0,1].

Note that for a Lie group G and a subset B C G, there is a canonical bijection
between functions ¢ : B — C([0, 1], G), for which

o(x)o = 1g and ¢(z); =z, Vo € B, (5.3.1)

and left-invariant path functions defined on J := {(z,y) | x"'y € B}. Henceforth
whenever we speak of a path function ¢ : B — C([0, 1], G) defined on a subset B C G,
we shall mean that ¢ satisfies (5.3.1), and we shall identify ¢ with the corresponding
left-invariant path function defined on J.

We mention that the endpoint continuous property of path functions is related
to the continuity of the connecting function on the space D([0,7], E) defined in
Section 5.3.2. The p-approximating property (as one might expect) is related to

p-variation properties of connected paths, and shall be discussed in Section 5.3.4.

5.3.2 The connecting function on the Skorokhod space

For a path x € D([0,T], E) and a time t € [0,T], we denote by Ax; := (x,—,%x;) €
E x E the jump of x at ¢, and ||Axy|| := d(x;—, X¢) the size of the jump. We call ¢ a
jump time of x if ||Ax,|| > 0.

For a subset J C E x E and £ > 0 define the subset of cadlag paths

J% = {x € D([0,T], E) | ¥t € [0,T], || Ax/|| > ¢ = Ax, € J},

that is, J° consists of all cadlag paths for which every jump of size greater than ¢ is
contained in J. In particular, x € J° implies that all the jumps of x are in J.

In the case that E is a Lie group and B C E, we set B® := J° where J := {(z,y) |
r~ 'y € B}.

For a path function ¢ : J — C([0,1], E), we shall now define the connecting

function x — x? as a map from J° to C([0,T], E) which serves to connect the jumps
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of x by ¢. The idea behind the construction is similar to that of Friz and Shekhar [24]
and Williams [59]; we add sufficiently many extra time intervals to [0, 7] over which
we traverse the jumps of x using ¢.

Fix a non-increasing sequence (r;)32; of strictly positive real numbers such that

Sooo i < 00.
Consider x € JY. Let t1,t,... be the jump times of x ordered so that ||Ax,,|| >
|AXy, || > ... with ¢; < tj. if ||Axy, || = [|Axt,,,||- Let 0 < m < oo be the number

of jumps of x. We call the sequence (tj)gnzl the canonically ordered jump times of x.
Define the sequence (ny)j-, by ng = 0, and for 1 < k < m + 1 let n; be the

smallest integer such that n, > n,_; and r,, < ||Axy||.

Remark 5.3.2. The choice to take r,, < ||Ax;, || will play a role only in Lemma 5.3.5
to show a desirable continuity property of the map x + x? from J° to C([0,T], E).

Let r := Y"1y, Define the strictly increasing (cadlag) function 7 : [0,7]
0,7+ r] by

T(t)=t+ Y 1o, 1{ty <t}
k=1

Note that 7(t—) < 7(¢) if and only if ¢t = ¢ for some 1 < k < m + 1. Moreover, note
that the interval [7(tx—), 7(tx)) is of length r,, .

We now define x € C([0,7 + r|, E) as follows. For every s € [0, T + ], if s = 7(¢)
for some ¢t € [0, 7] define X, = x;, and if s € [7(tx—), 7(tx)) for some 1 < k < m + 1,
define

Xy = Oy, X4, ) (5 = 7(th=)) 7y )-
Denote by 7. the linear bijection from [0,7] to [0,7 + r]. We finally define the

connected path
x? :=xor7, € C([0,T],E)

and the associated time change

T =1, to7:[0,T] — [0,T].

T

5.3.3 Measurability and continuity in the Skorokhod topology

We equip C([0,1], E), C([0,T], E), and D([0,T], E) with their respective Borel o-

algebras.

Proposition 5.3.3. Suppose E is a Polish space and J C E X E is measurable. Then
J¢ is a measurable subset of D([0,T], E) for all ¢ > 0.
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Let ¢ : J — C(]0,1], E) be a path function such that ¢ is measurable. Then the
connecting function -* : J*— C([0,T], E) is measurable.

Proof. Recall the notation of Section 5.3.2. Since FE is a Polish space, it holds that
the projection map x — x; from D([0,T], E) to E is measurable for every ¢t € [0, T
(2] Theorem 12.5). It readily follows that the map

X = (t1, oy s 2y Ty, - - -) (5.3.2)

from D([0,T], E) to RY is measurable.

As a consequence, the map x +— (Axy,, Axy,,...) from D([0,T], E) to (E x E)N
is also measurable (in case x has only finitely many m < oo jumps, we may choose
(Axy,, AXy,, . ..) to take a constant value (z,z) for some fixed z € E after m terms).
Since J is measurable, it follows that J¢ is a measurable subset of D([0, 7], E) for all
e > 0.

Since E is a Polish space, it holds that Borel o-algebra of C([0,T], F) coincides
with the o-algebra generated by the finite-dimensional projections ([|2| Example 1.3).
Hence to show measurability of -, it suffices to show that for every s € [0,7T], the
map x — x%(s) is measurable. Let us fix s € [0,7].

Observe that measurability of (5.3.2) implies that the map x +— 7(t) is also mea-
surable for every ¢ € [0,T]. In particular, the map x — r = 7(T") — T' is measurable,
and thus x — 7,(s) is also measurable.

Define ¢ € [0, 7] and n’ as follows: if 7.(s) = 7(¢) for some t € [0,T], we define
t' =t and n’ =0, and if 7,(s) € [7(tx—),7(tx)) for some 1 < k < m + 1, we define
t' =ty and n’ = ny. Observe that ' = sup{t € [0,7] | 7(t) < 7,(s)}, from which it
follows that x — (t',n’) is measurable.

It now follows by measurability of ¢ that

Xyt if n/ =0
X — .
O(xp—,x¢)((7(s) = 7(t'=)) /1) ifn >0
is measurable, where the right side is precisely x?(s). O]

We next show a continuity property of -¢ : J° — C([0,T], E), particularly in
connection with weak convergence of D([0,T], F)-valued random variables.

For a subset J C F x E and ¢ > 0, recall the definition of J¢ from Section 5.3.2.
We say that a path function ¢ : J — C([0,T], E) shrinks on the diagonal in J if for
every bounded set B C J and € > 0, there exists 6 > 0 such that for all (z,y) € B
with d(z,y) <6

sup d(¢($, y)t7y) <E€.
t€]0,1]
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Remark 5.3.4. Observe that every left-invariant, endpoint continuous path function

defined on (a subset of) a Lie group G shrinks on the diagonal.

Lemma 5.3.5. Consider J C E x E and a path function ¢ : J — C([0, 1], E) which
shrinks on the diagonal in J. Suppose that ¢ is endpoint continuous on K C J.

Let x € KY and a sequence x(n) € J° such that x(n) — x in the Skorokhod
topology as n — oo, and such that for every € > 0, there exists ng > 0 such that
x(n) € K¢ for all n > ny.

Then lim,, o doo (x(n)?,x%) = 0.

Proof. Let ¢ > 0. By uniform continuity of x?, there exists n > 0 such that
sup d(x?(t),x%(s)) < e.
[s—t|<n

Let t1,ts,... be the canonically ordered jump times of x, and denote [s;, u;) :=
[7x(ti—), Tx(t;)). For another element y € D([0,T7], E), let ¢}, 1}, ... be the jump times
of y and [s},u)) := [ry(ti—), 7y (t})). Let (ng)7, and (n}), be the corresponding
sequences for x and y respectively (where m and m’ are the number of jumps of x
and y).

Denote by A* the set of continuous, strictly increasing bijections A : [0,7] — [0, T
and let Id € A* be the identity map. Equip D([0,7], E)) with the metric

o(x,y) = Aiél/f* max{do (A, Id),ds(x0 N\, y)}.

Let § > 0 (which we shall send to zero), and suppose that there exists A € A*
such that dy(x 0\, y) < 6 and doo (A, Id) < 6.

Observe that there exists an integer k£ > 1 such that A\(¢}) = ¢; foralli € {1,...,k},
and, denoting by v; < ... < v (resp. v] < ... < v;) the same set of points as
t1,...,tg (vesp. t),...,t;) ordered monotonically, it holds that A(¢') € [v;,v;41) for
all ' € [vj,v{;). In particular, it holds that d(yy_,x;_),d(yy,x;) < ¢ for all
ie{l,...,k}.

Moreover, by choosing ¢ sufficiently small, we can assume that n; = n/ for all
i€ {l,...,k} and that k is sufficiently large so that, by making Z;’;Hl
small, it holds that |7y, (') — 7«(A(t'))] < n for all ¢’ € [v],v] ;) (this is where we have
used the condition 7, < HAth | ‘)

In particular, it holds that that for all ' € [v], v} )

r; sufficiently

) ¢ ¢ ol ¢ )
A(Y ey Xy @) < AV 0y Xreay) + AT ey Xy 1)
< d(yt’, X)\(t’)) + £ (533)
<d+te.
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This covers all points not in an interval [s;, u}) (note that no continuity assumption on

¢ was needed here except that ¢(z,y) itself is a continuous path for each (z,y) € J).
Now we let y = x(n) for some n. We may choose n sufficiently large, such that
o(x,y) < 0 and such that Ayy € K for alli € {1,...,k}.
Due to the continuity of ¢ : K — C([0,1], E) at Ax,, € K, it follows that for all
w' € [sh,u}) and ¢ € {1,...,k}, there exists w € [s;,u;) such that |w’ — w| < n and

d(x?2,y?,) < e, so that

d(y?,,x2) <d(y?,,x%) + d(x%,x%,) < 2.

w/

Finally, since ¢ shrinks on the diagonal, we may further decrease ¢ if necessary so
that for all w' € [s},u}) and j > k, it holds that |w’ — u}| < n and d(yi,,yfj,_) < e.
J

Now u/; = 7y (t') for some ¢’ € [0, 7], and thus, by (5.3.3),

d(Yiljxi/,) < 5 + €’
from which it follows that

dy?,x2) <d(y’,y%) +d(y? ,x%) +d(x%,x2,) < 6+ 3e.

’ ’ 1y Rt
J u] u]

Recall from Proposition 5.3.3 that the subset J° C D([0,T], E) and the map -¢ :
J? — C([0,T], E) are measurable provided that J C E x E and ¢ : J — C([0,1], E)
are measurable. Thus for any D([0, T], E)-valued random variable X such that X € J°
a.s., X? is a C([0, T, E)-valued random variable.

Proposition 5.3.6. Suppose that K C J C E X E are measurable sets and ¢ : J —>
C([0,1], E) is a measurable path function. Let X be a D([0,T], E)-valued random
variable such that X € K° a.s., and (X,,)n>1 a collection of D([0,T)], E)-valued ran-
dom variables such that X,, € J° a.s. and X, >X as D([0,T], E)-valued random
variables.

Suppose that for every € > 0, lim, . P[X, ¢ K| = 0, and that ¢ is endpoint
continuous on K and shrinks on the diagonal in J.

Then X9 B X% qs C([0,T], E)-valued random variables.

Proof. Use the shorthand notation D := D([0,T],FE) and C := C([0,T],E). By
Proposition 5.3.3, K¢ is a measurable subset of D for all € > 0.
The condition lim,, ., P [X,, ¢ K¢| = 0 for all € > 0 implies that

Y, = (X,,1{X, ¢ K'},1{X, ¢ K'/?},..)
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is a sequence of D x {0, 1}N-valued random variables which converges in law to Y :=
(X,0,0,...) (since the right term (0,0,...) € {0,1}" is constant, this is due to the
result that (A, B,) 2 (A, b) whenever A, 2 A and B3 b, where b is a constant).

Since D x {0,1}" is a Polish space, it follows by the Skorokhod representation
theorem that there exist D x {0, 1}-valued random variables Y, = (Xn, An1y A2,y - - -)
and Y = (X, ay, as,...) defined on a common probability space (2, F, Q) such that
Y, gYn and Y 2Y7 and such that for Q-almost all w € €,

nh_)rxolo Y, (w) =Y w).

Note that Y, 2Y, and Y 2'Y implies that a,, (w) = 1{X,,(w) ¢ K'/*} and az(w) =0
for all n, k > 1 and Q-almost all w. Moreover,

lim (1{X,(w) ¢ K}, 1{X,(w) ¢ KY?},...) =(0,0,...)

n—oo

is equivalent to lim,, I{Xn(w) ¢ K¢} = 0 for all € > 0. Thus, by Lemma 5.3.5,
1y, 00 doo (X (w)?, X (w)?) = 0 for Q-almost all w.

In particular, we have that Xﬁgf(d’ as C-valued random variables. However,
observe that X¢ gfiﬁ and X¢ 2 X? due to the fact that X, 2 X, and ng{, from
which the desired result follows. O]

5.3.4 p-variation

The main result of this section is Proposition 5.3.8, which shows the important
property that a p-approximating path function does not significantly increase the

p-variation of a cadlag path.

Lemma 5.3.7. Let p > 1, J C EXE, ¢ : Jw— C([0,T],FE) a path function, and
z € J°. Let r be the size of the largest jump of z and suppose there exists C > 0 such
that ||¢(z,Y)||,varo1) < Cd(z,y) for all (z,y) € J with d(z,y) < 1.

Then ||z?|| ) < Rlzllaro.) where

p-var;[0,T p-var

R=1+42"+31 1 OP(142F +2-371),

Proof. Let 0 < m < oo be the number of jumps and (;)72, be the canonically ordered
jump times of z. For 1 < j < m + 1 denote

I = (cj,dj) = (1a(t;—), 7a(t;))

and I := UJ",I;. Define x := z% and y, := x; for all t € [0,T]\ I and y; := x,; for all
te(¢,dj)and 1 <j<m+1.
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One readily sees that ||y]] | = ||z]| - Moreover

p-var;[0,T p-var;[0,T

m m
Z HX| |£—var;[6j,dﬂ S cr Z HAZtJ' ’ }p S cr ||Z| |Z—var;[O,T] ’
j=1 Jj=1

Applying Lemma 5.2.2 to y and x concludes the proof. [

The following result now follows immediately from Lemma 5.3.7 and from the

definition of a p-approximating path function (Definition 5.3.1).

Proposition 5.3.8. Let p > 1, J C EX E, and ¢ : J — C([0,T],E) a p-
approzimating path function. There erists a continuous function 1 : [0,00)
[0,00) such that for some R,e > 0, (x) = xR for all x € [0,¢), and such that

HXd)‘ ’p—var;[O,T] S w(HXHp—var;[O,T]) f07" all x € JO'

5.3.5 Path functions on GV (RY)

Proposition 5.3.8 of the previous section in particular implies that a cadlag path in
GN (RY) of finite p-variation, for some p < N+1, can be transformed into an element of
CPva([0,T], GN(R?)) by connecting the jumps with a p-approximating path function.
As a consequence, the resulting (p-rough) path can be used to drive an RDE. The
purpose of this section is to establish the notation and several preliminary facts for
linear RDEs driven by a path function.

We use the shorthand notation GV := GV (R?). Recall that any function ¢ : B
C,([0,1], GN) defined on a subset of B C G¥, for which ¢(z); = z for all x € B, can be
canonically identified with a left-invariant path function on J := {(z,y) | 7'y € B}

(see Definition 5.3.1 and the discussion thereafter).

Definition 5.3.9. Consider 1 < p < N + 1, linear vector fields M € L(R%, L(R¢)), a
subset B C GV, and ¢ : B — CP¥([0,1], GV) a path function of finite p-variation.
We denote by M, the map

M, : B — L(R®), z— M(¢(x)).

Remark 5.3.10. Suppose moreover that ¢ is p-approximating and endpoint continu-
ous. Then it holds that M is continuous. To see this, remark that, by interpolation
([25] Lemma 8.16), ¢ : B ~ CP-v*([0,1], GV) is continuous for all p’ > p, and recall
that the map M : WGQ, (R?) — L(R®) is continuous.
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We now demonstrate that My admits a Taylor expansion about the identity 1y,
provided that ||¢(x)
ular be used in the proof of the Lévy-Khintchine formula in Theorem 5.4.5.

Recall that every M € L(R? L(R®)) extends canonically to a linear map M €
L(TVN(R?),L(R°)) (which we note is not an algebra homomorphism). We follow

Section 5.2 for the remainder of notation.

|| var0,1] shrinks sufficiently fast as z — 1y. This will in partic-

Lemma 5.3.11. Let 1 < p <~y < N + 1, 0 a scaling function on GV, and B C GV
a subset for which 1y is an accumulation point.
Let @ be a collection of path functions defined on B such that

¢ var;
- bUlp|| (@) vario.1
1N PP 0(1’)

~0. (5.3.4)

Let M € L(RY, L(R®)). Then for all p € ®, My : B~ L(R®) admits the following

Taylor expansion of order 0
My(z) = Idge + f; €(2) M (w;)
3 i§i<x>§j<x>1{deg<ui> +deg(uy) < NYM(u))M(uy) + hy(a),
where i, 1, supyeq |hs(2)] /6(z) = 0

Proof. Note that (5.3.4) implies in particular that lim, 1, supgeq |[¢(2)|l, var0.1) = O-
It follows, by Lemma 3.5.2, that for all ¢ € ® there exists f, : B — L(R®) such that
My(x) = M(x) + fy(z) and

lim sup sup | fo()] < 0.

z—1ly o¢ed ||¢( )Hpvar [0,1]

Since &; are exponential coordinates around the identity 1y, we have

z) = Idge + Zfi(x)M u

+5 Z §i(2)&; () 1{deg(us) + deg(u;) < N M (us) M (uy)
1] 1
O(lg(@)[).
Since [£|*> = o(0), the desired result now follows from (5.3.4). O
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5.3.6 Globally continuous path function on GV (RY)

The main result of this section is Lemma 5.3.12, which demonstrates the existence of
a suitably nice l-approximating, endpoint continuous path function ¢ defined on all
of GN.

Equip GV with a symmetric, sub-additive, homogeneous norm ||-|| and the induced
left-invariant metric d(x,y) := ||z~ 'y|| (recall that all homogeneous norms on G are
equivalent, see Section 3.2).

Recall the space C110([0,1], GV) of Lipschitz continuous paths whose starting
point is the identity 1y, equipped with the metric di g0, Recall furthermore
that COM0L([0,1], GV) is the closure of the set of smooth paths lifted by Sy :
CH81([0, 1], RY) s CI1191([0, 1], GV) (see Chapter 3, and [25] Chapters 8 and 9).

Lemma 5.3.12. There exists a map ¢ : G — COM([0,1], GV) such that for all
reGY

(7’) ¢($)1 = Z,

(ii) the level-1 projection p' o ¢(z) : [0,1] — RY is piecewise linear,

0 o 1 < C|xl|] for a constant C > 0 independent of x, and
1-H815[0,1]

(iv) ¢ is continuous in the 1-Hilder metric, i.e., lim, o di-usijo11(¢(x), d(2n)) = 0

whenever lim,, ., d(z, x,) = 0.

Proof. Define the map ¢ : R™ — GV by ¥(\) = exp(Apti) - - . exp(Ajug). Observe
that (uy,,...,u;)is a (strong) Malcev basis of gV, and so ¢ is a global diffeomorphism
(see, e.g., [14] Proposition 1.2.7).

One readily sees that @ = () — S | N/ 48() is a homogeneous norm on
GN. Thus for some C; > C, > 0 and all z = ¢()\) € GV,

Oy el < 3 A/ 4500 < € ] (5.3.5)
i=1
For every i € {1,...,m}, let 75 € C*'M([0,1],GY) be a piecewise linear path
such that Sy(7;)(1) = exp(u;) and ~;(0) = 0 (such a path always exists by Chow’s
theorem, [25] Theorem 7.28). For A € R™ and ¢ € {1,...,m}, define the path
i€ COT([0, 1], GY) by

. A;/deg(ui)% it \; >0
BT (ca) Y deswd 5T f < 0,
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where 5;(t) := 7i(1 — t) — ~;(1) is the time reversal of ;.

For x = ¢()\) € G¥, define the piecewise linear path y(x) € C*([0, 1], R?) as
the concatenation of the paths v, ..., 77, parametrised so that 7 is traversed over
the interval [(m—1)/m, (m—i+1)/m]. That is, y(z) is defined uniquely by v(z) = 0,
and for all t € [0,1/m] and 7 € {1,...,m}

V(@) miy e = V() (meiyym + Vi (ML)

Finally, define ¢(z) := Sn(7v(x)) as the level-N lift of «(x). Observe now that (ii)
holds by definition of ¢.

Recall that for all & > 0 and v € C*([0,1],GV), Sy(ay) = 6,5x5(7), and
that Sy (5)1 = Sy(5)7". In particular Sy(ay;); = exp(a®®e®)y;) and Sy(a%;); =
exp(—adeeily,). Tt follows from the definition of 7;* that Sy (7)1 = exp(\uy).

As a consequence of the multiplicative property of the lift Sy (Chen’s identity),
it holds that ¢(x); = x, which proves (i).

It remains to show (iii) and (iv). Recall that y — [ y,dt is a Banach space isomor-
phism from L>([0, 1], R?) to C*1([0, 1], R?) (|25] Proposition 1.37). In particular,

A
||V($)H1-H61;[0,1] = 121%}; ‘ hi Hl-Hﬁl;[O,l] :

Since ¢(z) = Sn(v(x)), it follows that (|25] Theorem 9.5) for some C5 = C3(N) > 0

H¢(‘T)H1-H61;[0,1] < Cs H7<I>H1-H61;[0,l}

= 4l
= Cs 1%2; H% 1-H51;[0,1]

=4 max | g/ deel) il w0,y

< Call[l,

where the last inequality is due to (5.3.5). This shows (iii).
Remark now that %(t) = —7;(1 —t). Thus for t € [0,1/m] and ¢ € {1,...,m},

mAY 9B 5 (mt) if \; >0

i

—m(—)\l)l/dEg(u’)’Y@<1 - mt) if )\Z < O,

7($)(m—i)/m+t = {

(which is in fact a piecewise constant function in t since each ~; is piecewise lin-
ear), from which it follows that §(x,) — (z) in L>([0,1],R?%) as z,, — z. Due to
the Banach space isomorphism between L>([0,1],R%) and CTH8([0,1],R?) and the
continuity of Sy in the dj_gg-metric (|25] Corollary 9.11), we obtain (iv). O
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A particularly nice consequence of Lemma 5.3.12 is the following corollary, which
shows that the weak limit of certain D,([0,T], GV)-valued random variables possesses
sample paths of a.s. finite p-variation. In particular, we will apply this to Lévy
processes in the following section.

Note that ¢ from Lemma 5.3.12 corresponds canonically to a left-invariant path
function ¢ : GV x GN — C([0,1], GV) (which we denote by the same symbol). Recall
also the Holder reparametrisation map P, : CPV([0,7],GN) — CPv ([0, T],GN)

from Section 3.2.2.

Corollary 5.3.13. Let (X,)),>1 and X be D,([0,T], GN)-valued random variables.
Suppose that X, 5 X and that (Xl pvarfo.r)n>1 15 tight for some p > 1.
Then for all p" > p, it holds that ||X|[, .01 < 00 a.s., and

Fy(X2) = By (X?)
as C9Pvar ([0, T, GN)-valued random variables, where ¢ is taken from Lemma 5.3.12.
Proof. Applying Proposition 5.3.6 (in which we take K = J = G x G"; note also
that ¢ shrinks on the diagonal), it follows that X¢ 2 X? as C,([0,T], GN)-valued
random variables.
Moreover, since ¢ is l-approximating, and thus p-approximating, it follows by

Proposition 5.3.8 that (HXﬁHp_W,[O =1
from Proposition 3.2.4. O

is tight. The desired result now follows

5.4 Lévy processes

We continue using the notation of Section 5.2. Recall in particular the shorthand

notation GV := GN(RY), the basis u;,...,u, of gV, and the corresponding local
exponential coordinates &y, ..., &, € C(GV).

Throughout this section, we let X be a Lévy process in GV with triplet (A, B, II)
(with respect to local coordinates &, ..., &n)-

5.4.1 Finite p-variation of Lévy processes

The main result of this section is an (almost) complete characterisation, in terms of
the triplet (A, B,II), of the values of p > 1 for which ||X[|, .10,

Recall the definitions of I';, J, and K from Section 5.1.7. Furthermore, for ¢ €
{1,...m} define

] < o0 a.s..

B, = inf {o <s<2| [ el < oo} |
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Note that 3; = sup{I';} whenever I'; is not empty.
Theorem 5.4.1. Let X be a Lévy process in GN with triplet (A, B, 1I).

(1) Let p > 1 satisfy all of the following:

(i) p> 2deg(u;) for all j € J;
(11) p > deg(uy) for all k € K;
(111) p/ deg(u;) > B; for alli € {1,...,m}.

Then ||X]| | <00 a.s..

p-var;[0,1

(2) Let p > 0 satisfy any one of the following:

(iv) p < 2deg(u;) for some j € J;
(v) p < deg(ug) for some k € K;
(vi) p/deg(u;) € I'; for some i € {1,...,m}.

Then ||X]| 00 @.5..

p-var;[0,1] —
Remark 5.4.2. Note the strict inequalities in (ii) and (iii) of Theorem 5.4.1. Com-
paring these to conditions (v) and (vi) respectively, we see that Theorem 5.4.1 does
not completely determine all values of p for which [|X[| .. 01 < o0 as., that is,
we do not cover the values p = deg(uy) for k& € K, nor the values p = f3; for any
i€ {l,...,m} such that 5; ¢ I;.

The strict inequalities in the conditions of (1) are essentially an artefact of our
method of proof; we approximate X by a sequence of random walks X" for which
(1X™|varo,1])n=>1 is tight, and thus obtain ||X[[,,
lary 5.3.13. Note that this method of proof, which relies crucially on interpolation

Povars[0,1] < OO &-8. for p’ > p by Corol-
and the Arzela-Ascoli theorem ([25] Proposition 8.17), can only ever guarantee that

|1X1]var;o,1) < o0 for all p’ in an interval of the form (a, co).

p'-var;
Remark 5.4.3. We can compare Theorem 5.4.1 with known results for R; if X is a
Lévy process in R with triplet (0, B,0), then evidently [|X[], ,.j0 < o© a.s. for all
p > 1. Furthermore, if X is a Lévy process in R with triplet (0, B,II) and 1 < p < 2,
a result of Bretagnolle ([6] Theorem III) is that |[X[[, .10,
p ¢ I, that is, f\w|<1 |z|PTI(dz) < oo (note however how the result of [6] misses the
case p = 1).

] < 00 as. if and only if

We suspect that the condition p > 1 in (1) can be dropped, and that p > deg(uy)
in (ii) can be replaced by p > deg(uy), and that p/ deg(u;) > f; in (iii) can be replaced
by p/ deg(u;) ¢ T';, which would complete the characterisation.
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For the proof of Theorem 5.4.1, we require the following lemma.

Lemma 5.4.4. Let X be a Lévy process in GV with triplet (A, B,1I). Assume p > 1
satisfies (i), (it), and (iii) of Theorem 5.4.1.
Let X,,; be the associated itd array constructed in Section 5.1.7 and X" the asso-

ciated random walk. Then ([|X"|[, .. 0.1)n>1 is tight.

Proof. Let 1 < p/ < p such that p’ also satisfies (i), (ii), and (iii) of Theorem 5.4.1.
For all i € {1,...,m}, define ¢; :== 2 A (p'/ deg(u;)), and let 6 be a scaling function
on GV such that 0 =" |&

Observe that ¢; ¢ T'; for all i € {1,...,m}, ¢; =2 for all j € J, and g5 > 1 for all
k € K. Thus, by Lemma 5.1.14, 0 scales the array X,,;.

Moreover, by Lemma 5.1.13, X" B2 X as D,([0, 1], GN)-valued random variables.
It follows that the array X,,; satisfies the conditions of Theorem 5.2.3 with the above
0 and ¢, ..., qn (see also Remark 5.2.4). Since

% in a neighbourhood of 1.

p > k= max{l,q deg(uy), ..., ¢, deg(umn)},
it follows that ([|X"[| p0.1)n>1 is tight. O

Proof of Theorem 5.4.1. (1) Let X,,; be the iid array associated with X constructed
in Section 5.1.7 and X" the associated random walk. Let 1 < p’ < p such that p’ also
satisfies (i), (ii), and (iii).

By Lemma 5.4.4, (|[X"|| , uo1)nz1 i8 tight. Since X" 53X as D,([0,1],GV)-
valued random variables (Lemma 5.1.13), it follows that ||X]|
Corollary 5.3.13.

(2) Note that for any homogeneous norm ||-|| on GV, there exists C' > 0 such
that ||z||**™) > C|¢(2)] for all i € {1,...,m} and z € GV. The desired result now
follows immediately from Corollary 5.1.19 and Proposition 5.1.20. [

pvari0,1] < OO a.8. by

5.4.2 The Lévy-Khintchine formula

In this section we consider the C,([0, 1], G)-valued random variable X? obtained by
applying a path function ¢, and obtain a Lévy-Khintchine formula for the character-
istic function E [M(X?)] in the case that for some 1 <p < N +1, ||X]|

a.s. and ¢ is p-approximating.

p-var;[0,1] <

Recall that a Lévy process always has jumps in the support of its Lévy measure
(|40] Proposition 1.4), i.e.,

P [Vt € [0,1], X, X, € supp(Il) U {1n}] = 1.
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In particular, X takes values in supp(I1)® C D([0, 1], GV) a.s. (see Section 5.3.2).

It follows that for any (measurable) path function ¢ : supp(Il) — C,([0, 1], GV),
X?isa C,([0,1], GV)-valued random variable (where, as usual, we canonically identify
¢ with a left-invariant path function on {(z,y) | 27ty € supp(Il)}).

Moreover if for some p > 1, ¢ is p-approximating and [[X[|, .0, < 00 a.s., then
|X Hp_var;[()?l] < oo a.s. (Proposition 5.3.8).

Finally, for ¢ of finite p-variation and M € L(R? L(R¢)), recall the definition
of M, (Definition 5.3.9). Recall in particular that M, is continuous whenever ¢ is

p-approximating and endpoint continuous (Remark 5.3.10).

Theorem 5.4.5 (Lévy-Khintchine formula). Let X be a Lévy process in G with
triplet (A, B,11). Suppose that for some p < N + 1, ||X||
Let ¢ : supp(Il) — CPV¥([0,1], GN) be a p-approzimating, endpoint continuous

pvarif0,1] < 00 G-5..

path function defined on supp(II).
Then for all M € L(RY, u(H)), it holds that the function

My —Idy — Z M (u;)&; = supp(Il) — L(H)
i=1
15 1I-integrable, and
E [M(X?)] = exp (Ix(M)),

where
m 1 m
Ux (M) = Zl BiM (u;) + 5 jzl Ay M (u;) M (u;)

+/GN [ JdH—Z@ T1(dx).

Remark 5.4.6. Note that by Theorem 5.4.1 part (2), the condition ||X[[, .01
a.s. for p < N + 1 implies that for all ¢ such that deg(u;) > | N/2]|, we have A; ; =0
forall j € {1,...,m}.

]<OO

Proof of Theorem 5.4.5. Since ¢ is endpoint continuous and left-invariant, remark
that it shrinks on the diagonal. Let V' be a neighbourhood of 15 and W := supp(II)U
V. Extend ¢ to v : W ~ C([0,1],GY) in an arbitrary way such that ¢ = ¢
on supp(Il), and such that ¢ is p-approximating and shrinks on the diagonal (for
example, for all z € V' \ supp(IT), define ¢)(x) as the path function in Lemma 5.3.12).
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Let X,1,...,X,, be the array constructed in Section 5.1.7 associated to X, and
let X" be the associated random walk. Due to the shrinking support of the random

variables Y,,; from Section 5.1.7, observe that
for every ¢ > 0, P [X" ¢ supp(II)°] = 0 for all n sufficiently large. (5.4.1)

In particular, for all n sufficiently large, X" € W9 a.s., so that X™? is well-defined.

Observe that, due to (5.4.1) and Proposition 5.3.6, X" B X% as C,([0,1], G)-
valued random variables.

Let p < p” < p'. Since |[X]] .. 01 < 0oas., it follows (by Theorem 5.4.1 part (2))
that p” satisfies (i), (ii), and (iii) of Theorem 5.4.1. By Lemma 5.4.4, it follows that
(I1X™|,-yvar:0.1)n=1 is tight. Thus, by Proposition 5.3.8, (/]
tight.

It now follows from Proposition 3.2.4 that

p/-var;[o,u)"Zl is also

Py(X™*) B Py (X¥) 2 By (X?)

as COPv2r([0, 1], GN)-valued random variables, where the equality in law follows from
the fact that 1) = ¢ on supp(I) and X € supp(I)°? a.s..

For all ¢ € {1,...,m}, define ¢; := 2 A (p/ deg(u;)), and let € be a scaling function
on G such that 6 = >, [&]% in a neighbourhood of 1y. By Theorem 5.4.1 part (2)
and Lemma 5.1.14, it follows that 0 scales the array X,;.

Observe that for any ~ > p, there exist C';,Cy > 0 and a neighbourhood of 1,
Y C W, such that for all z € Y

Hw( )||p var; [(] ]_] < Cl ||‘TH’y < C2 Z |§ |7/deg(“z)

from which it follows that [[¢(-)[|, varo.1] = 0(0). In particular, taking p <y < N +1,
it follows from Lemma 5.3.11 that for all M € L(R? L(R¢))

My = Idge + Y &M (u
+ % Z §i&1{deg(u;) + deg(u;) < NYM (u;) M (u;) +0(0). (5.4.2)

,j=1

For M € L(R% u(H)), observe that My is a map from W to the unitary operators
U(H) (and is thus bounded) and is continuous on supp(IT). Combined with the Taylor
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expansion (5.4.2), it follows from Lemma 5.1.15 that

[M¢(x) —Idy — Z & (x)M (u;) | TI(dz)

where we have used the fact that M, = M, on supp(ll), and that A, ; = 0 whenever
deg(u;) > |N/2] (see Remark 5.4.6). In particular, this shows that My, — Idy —
Yoy M(u;)€; is I-integrable. Since the above quantities are simply finite-dimensional
matrices, it follows that

lim E [My(X,1)]" = exp(Ux(M)).

n—oo

Since the array X,,; is iid, note that for all n > 1
E [M(X")] = E [My(X,)]"-

Furthermore, M(Pyx) = M(x) for all x € WGQ, (RY). Since Py (X™*) 3 P, (X?),
and M is a continuous bounded function on WG, (R?), it follows that

E [M(X?)] = exp(Wx (M)).

5.4.3 Convergence towards a Lévy process

The following theorem provides a condition under which a random walk converges in
law to a Lévy process in rough path topologies when both are connected by a path
function.

The result in fact follows directly from the tightness criterion of Theorem 5.2.3,
and from Proposition 3.2.4, which we recall links convergence in C,([0, 7], G"), tight-
ness of the p-variation norm, and convergence in the p-variation metric of Holder

reparametrisations.

Theorem 5.4.7. Let X,,; be an @d array in G and X™ the associated random walk.
Let X be a Lévy process in GV such that X" 3 X as D,([0, 1], GN)-valued random
variables. Suppose that 0 scales X,;, where 0 =% " | |

% jn a neighbourhood of 1y

for some 0 < q; < 2.
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Let W C G be a closed subset such that supp(I1) C W and X,; € W a.s. for all
n > 1. Let p > max{1,q deg(uy),. .., qndeg(ty,)} and ¢ : W — CP¥¥([0,1],G") a
p-approzimating, endpoint continuous (left-invariant) path function.

< 00 a.s., and Pp/(X"’¢)2>Pp/(X¢) as

Then for every p' > p, pl-var;[0,1]

Corvar(10,1], GN)-valued random variables.

Proof. By Theorem 5.2.3, it holds that (||X"||
sition 5.3.8, (]|X™?| |p—var;[0,1])

Moreover, since ¢ is endpoint continuous on W, it follows by Proposition 5.3.6
that X™* 3 X¢ as C,([0,1], GN)-valued random variables. The conclusion now follows

from Proposition 3.2.4. O

pvars[0.1] Jn>1 is tight, and thus, by Propo-

n>1 1s also tight.

Recall the flow map U¥, , € Homeo(R®) for x € WGQ,(RY) associated with a
collection of vector fields f € Lip] (R, L(R? R¢)) which satisfy the p-non-explosion
condition.

As a direct consequence of the continuity of Uz,  : WG, (R?) — Homeo(RR¢) for
all p < v (Theorem 3.4.1), and the invariance of U¥, , under reparametrisations of
x € WGQ,(RY), we obtain the following corollary of Theorem 5.4.7.

Corollary 5.4.8. Suppose the assumptions of Theorem 5.4.7 are verified for some
p < N+1. Lety > p and f € Lip, . (R°, L(R% R®)) satisfy the p-non-ezplosion
condition. Let UieO be the associated flow map.

Then Uff_"(;b UX’, as Homeo(R®)-valued random variables when Homeo(R¢) is
equipped with the compact-open topology.

If moreover f € Lip"(R¢,L(R% R®)), then UX") = & UX’, when Homeo(R®) is
equipped with the uniform topology.

Typically, the conditions of Theorem 5.4.7 are only satisfied for some p > N + 1
(but observe they are always satisfied for all p > 2N). However, using the results of
Section 5.1.6, one may lift the walk to a higher level group so that Corollary 5.4.8
becomes applicable. We demonstrate this in the following examples, the first of which

extends a result of Kunita [39].

Example 5.4.9 (Linear interpolation, Kunita [39]). Let Y,1,..., Yy, be an iid array

in R? such that the associated random walk Y™ converges in law as a D,([0, 1], R%)-

valued random variable to a Lévy process Y in RY. Observe that 1 A |- |? scales the

array Y,;, so that in general, (||Y"|| n>1 is tight only for all p > 2.

p-var;[0,1] )
Consider the G?(R%)-valued iid array X,,; := e, where, as usual, we treat R? as

a subspace of g?(R?), and let X" be the associated random walk.
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Let N = 2, and recall the local coordinates &, ..., &, € C®(G*(RY)) about the
identity. By definition, for all z € R? in a small neighbourhood of zero,

o ) (g, z) if deg(u;) =1
&ie®) = {0 it deg(w) = 2.

In particular, for any scaling function § on G*(R%) such that § = 37 |¢? in a
neighbourhood of the identity, it holds that 6 scales X,,;.
Moreover, &; o exp are smooth bounded functions on R? (in fact of compact sup-
port), so the limits
D; = lim nE [§(X,1)]

n—oo

and

n—o0

Cij = lim nE [§(Xn1)E(Xm) / &i(e)E;(e”)(dx)

exist, where II is the Lévy measure of Y. It follows (Proposition 5.1.11, or equivalently
Theorem 5.1.1), that X" 5 X as D,([0, 1], G*(R%))-valued random variables, where
X is the Lévy process in G?(R?) with triplet (C, D, Z), where = is the pushforward
of IT by exp.

To consider the lift of the piecewise linear interpolation of Y™ to G?(R?), define

¢ : exp(RY) = C,([0,1], G*(RY)), ¢(e”); = €.

Clearly ¢ is a l-approximating, endpoint continuous path function on exp(R%).

It follows that X™? is precisely (a reparametrisation of) the lift of the piecewise
linear interpolation of Y.

Observe now that the conditions of Theorem 5.4.7 are satisfied for all p > 2,
from which it follows that P,(X™¢) 3 P,(X%) as Co7v ([0, 1], G*(R?))-valued random
variables.

In particular, taking 2 < p < 3, it follows that ODEs driven by the piecewise
linear interpolation of the random walk Y™ along Lip” vector fields, for any v > 2,

converge in law to the corresponding RDE driven by X? (Corollary 5.4.8).

Remark 5.4.10. The previous example extends the main result of Kunita [39] (Theo-
rem 4 and its Corollary). The main restriction of Kunita’s result is the assumption
that the vector fields fi,..., f4, along which Y™ drives an ODE, generate a finite
dimensional Lie algebra (also, Kunita only considers smooth vector fields and estab-
lishes convergence in law under a stronger topology on Diff(R®), but this discrepancy

is minor, see Remark 3.4.2). This assumption essentially allows one to reduce the
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problem to a random walk on a Lie group (see [39] p.340). Our approach, based on
convergence in law under rough path topologies, bypasses this problem, and provides

a natural interpretation of the limiting stochastic flow as the solution of an RDE.

Remark 5.4.11. We mention also a closely related result of Breuillard, Friz and Hues-
mann |7] who showed a result analogous to the above example in the special case
that the iid array Y,,; is given by Y,,; = n~/2Y, where Y is a fixed random variable
satisfying certain moment conditions. In this case, the limiting Lévy process Y is
of course Brownian motion and the effect of the specific connecting path function ¢
(which was taken to be linear interpolation in the above example) becomes negligible
in the limit, a point which was noted by the authors of [7].

The main difference between their result and ours is the method with which one
obtains tightness in rough path topologies; the Kolmogorov—Lamperti tightness cri-
terion is the main tool used in [7] to show tightness of (|[Y"[[, , 10,1 )n>1 for suf-
ficiently large p, which is far stronger than tightness of ([|Y"[,,.(0.1))n>1, Which is
what we show (and which we recall was established in large as a consequence of a
result of Manstavicius [48]). Note that tightness of (|[Y"(|,, ys.(01))n>1 Decessar-
ily implies that the limiting process is continuous, which automatically implies that
(I1Y™|]; /p-so10.1) Jn>1 cannot be tight if the limiting Lévy process has jumps. This
shows how the results of Theorems 5.2.3 and 5.4.7, even in the simple case of the
above example, are not merely a technical extension of classical tightness criteria to

cadlag processes.
In the following Example 5.4.12 we demonstrate how the situation in Exam-

ple 5.4.9 generalises to non-linear interpolations with essentially no extra effort.

Example 5.4.12 (Non-linear interpolation). As in Example 5.4.9, let Y,,; be an iid
array in R? such that Y" 3.

Let ¢ : RY — C9¥([0,1],R?) be a g-approximating endpoint continuous path
function for some 1 < ¢ < 2. Define the map f : R? — G?(R?) by

f(x) = Sa(¢(x))1.

Consider the iid array X,,; := f(Y,;).
Observe that there exist Cy, Cy, C5 > 0 such that for all ¢ with deg(u;) = 2 and
all z € R? within a neighbourhood of 0,

&(F (@) < CLllF @)1 < Coll@)lgvar o,y < Csll. (5.4.3)
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It follows that X,,; is scaled by any scaling function 6 on G*(R?), such that § =
S°% &% in a neighbourhood of the identity.
We now make the following assumption on ¢ and Y,;: for all i, 5 € {1,...m}

D; = lim nE [&(f(Yn1))]

n—o0

and
Cuy = lim nEIG( (V)& (F)] = | &(F)E (/) Nd)

exist. This occurs, for example, whenever every &; o f admits a Taylor expansion of
order |- |?,
how (5.4.3) only implies that & o f = O(| - |*), which is weaker than the existence of

a Taylor expansion).

but in general will depend on the array Y,,; and the path function ¢ (note

Under this assumption, it follows (Proposition 5.1.11) that the random walk X"
associated with the array X,; converges in law to the Lévy process X with triplet
(C, D, =), where = is the pushforward of IT by f.

Define now ¢ : f(R?) — C4¥ ([0, 1], G*(R?)) by

$(x) = Sa(¥(x1)).

It immediately follows that ¢ is a path function (by definition of f) and that ¢
is g-approximating. Moreover, considering 1) as a continuous map from R? into
Ca-var([0,1],RY) for some ¢ < ¢’ < 2, it follows that ¢ is endpoint continuous (by
continuity of Sy).

Exactly as in Example 5.4.9, it follows that for all p > 2, B,(X™%) 3 P,(X?) as
COPvar(10, 1], G*(RY))-valued random variables. Remark that X" is (a reparametri-
sation of) the lift of Y™, which in turn is (a reparametrisation of) the random walk
Y" interpolated by the path function .

It follows, taking 2 < p < 3, that ODEs (or RDEs if ¢ > 1) driven by Y™ along
Lip” vector fields, for any v > 2, converge in law to the corresponding RDE driven
by X¢ (Corollary 5.4.8).

Remark 5.4.13. McShane [49] considered non-linear interpolations of the increments
of Brownian motion and showed that the corresponding ODEs converge (in L") to the
associated Stratonovich SDE with an adjusted drift. We note that the interpolating
functions considered in Example 5.4.12 contain the non-linear interpolations consid-
ered by McShane [49] as a special case. In particular, one can readily verify that C; ;
and D; exist when Y, are the increments of a Brownian motion and when ) is the

interpolation function considered by McShane (see [49], p.285).
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In a similar way, the following Example 5.4.14 can be compared to the non-
standard approximation of Brownian motion considered by Sussman [56] (see [25]
Section 13.3.4 and [20] for a concise description of the results of [49] and [56] in the
language of rough paths).

Of course our results are of a different nature to those of [49] and [56|, as we do
not consider our random walk to be the increments of an underlying process, and

thus only consider convergence in law (and not in probability or L").

Example 5.4.14 (Perturbed walk). As in Examples 5.4.9 and 5.4.12, let Y,,; be an
iid array in R? such that Y" 3.

Let N > 2 and fix a path v € C1([0, 1], R?) such that Sy(v)o1 =: exp(v), where
v is an element of g"(R?) such that v* = 0 for all K < N (that is, v is in the centre
of g™ (R7)).

In this example we wish to consider the random path Z" € C'#7(]0, 1], RY) defined
by linearly joining the points of Y, and, between each linear chord, running along
the path n=1/Ny.

Define the closed subset

W = exp(R%) exp(R*v) = {exp(y) exp(A\v) | y € RY, X > 0} € GN(RY).

Note that for all z € W there exist unique y € RY and A > 0 such that x =

exp(y) exp(Ww).
Define correspondingly ¢ : W s C1V¥ ([0, 1], G¥ (R?)) by

 [exp(2ty) if t € [0,1/2]
pleply)expe)) = {exp(y)SN(A”Nv)%—l if ¢ € (1/2,1).

Consider the GV (R?)-valued iid array X,,; := exp(Y;;) exp(n~'v) and the associated
random walk X". Observe that X™? is (a reparametrisation of) the level-N lift of
the path Z" described above.
Observe that ¢ is endpoint continuous and that there exists C' > 0 such that for
all A e R
I AL/N

,y| ‘1_\,31;[0’1} = |A|1/N ||/y||1—var;[0,1] < C ||eXp(AU)|| )

from which it follows that ¢ is also 1-approximating.

We now claim that X" 3 X for a Lévy process X in GN(R?). A straightfor-
ward way to show this is to take local coordinates oy,...,04 € C®(R?) so that
o= Zle o;u; is the identity in a neighbourhood of zero. Write the triplet of Y as
(A, B,II) with respect to oy, ...,04.
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Define the function

fo it RE gV (RY), foly) = E(eve™).

Note that, since v is in the centre of gV (R?), there exists a neighbourhood of zero
V C R% and ng > 0 such that for all n > ng > 0

d
Falw) = oi(y)u; + (™) + ha(y),

where h,, = 0 on V. It follows that (f,),>1 is uniformly controlled by 1A |- |* (in fact
it is uniformly controlled by any scaling function on R%, see Section 5.1.5), and thus

by Proposition 5.1.8,

lim sup k |E [f,(Yi1) — £(e”/™)] — Qu| =0,

k—o00 n>1

where
d
Qn = ZBiui + /d hn(y)(dy) € gN(Rd).
i=1 R

Observe now that for all y € R%, lim,, .o hn(y) = £(e¥) — o(y), so that by domi-

nated convergence,

n—o0

d

lim @ = > B+ [ (") — o) 1(dy) = @ € 0" (RY),
i=1 R

from which it follows that

lim nk [fn(Ynl) - fn(o)] = Q.

n—oo

Since n f,(0) = v for all n sufficiently large, it follows that

D; := lim nE [£(X,1)]

n—oo

exists for all i € {1,...,m}.
Furthermore, letting = denote the pushforward of II by exp, one can show in

exactly the same way that
lim B (/X)) = [ f@)E(d)

for every f € Cyp(GY(R?)) which is identically zero on a neighbourhood of 1y, and

n—o0

C;; = lim nE [§(Xn1)&(Xn)] — /GN(Rd) &i(x)&(x)=(dr)
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exists for all 4,5 € {1,...,m}. It follows (Theorem 5.1.1) that X" 2 X as claimed,
where X is the Lévy process with triplet (C, D, Z).

Likewise, one readily checks that X,; is scaled by 6 where 0 = 2?21 1&)? +
> icmy 1§l in a neighbourhood of 1y, where we recall Hy = {i € {1,...,m} |
deg(u;) = N}

It now follows by Theorem 5.4.7 that for all p > N, P,(X™%) 5 P,(X%) as
COPvar(10, 1], GN (R?))-valued random variables. In particular, taking N < p < N+1,
it follows that ODEs driven by the random path Z" described above, along Lip” vec-
tor fields, for any v > N, converge in law to the corresponding RDE driven by X¢
(Corollary 5.4.8).
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Chapter 6

Several open problems

We conclude the document with a list of several open problems which we believe to be
of interest and which remain a subject of further research for the author. We group
the problems with the chapter of the current work to which they are most closely

related.

Chapter 2

e Characteristic function for infinite dimensional V. In Section 2.3.2, we
defined a characteristic function for probability measures on the group-like ele-
ments G(V') when V was a finite dimensional space. The finite-dimensionality
of V' was used only to ensure that G(V') was a Polish space (which remains
true whenever V' is separable and metrizable), and, more crucially, to show in
Theorem 2.3.8 that the points of G(V) were separated by a family of unitary
representations. This leads to the following question: if V is a (separable)
Banach space, are the points of G(V) still separated by the unitary representa-
tions induced by linear maps M : V +— u? An affirmative answer would allow
us to extend the characteristic function to G(V')-valued random variables. This
would in turn lead immediately to the same solutions of the moment problem

for G(V')-valued random variables as studied in Sections 4.1 and 4.2.

e Bochner’s theorem and the existence moment problem. In the one
dimensional case, Bochner’s theorem determines when a function ¢ arises as
the characteristic function of a probability measure p on R (or equivalently, on
G(R)). In the multidimensional case, we ask the following question: given a

map v, which sends every linear map M : R — u(H) to an operator in L(H),
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what are necessary and sufficient conditions for there to exist a probability
measure 4 on G(R?) such that (M) = pu(M)?

A related problem is to classify the elements of P(R?) = [],-,(R?)®* which
arise as the expected signature of a probability measure on G(R?). This is of
course the analogue of the classical “existence moment problem” for probability

measures on R (different from the “determinate moment problem” considered
in Chapter 4).

A special case for both of these problems, which still remains unsolved, is to
classify the elements of F(R?) (that is, the elements of P(R?) with an infinite
radius of convergence) which are the expected signature of a probability measure
on G(R?).

Chapter 3

e Recovering solutions to RDEs from the signature. Recall from Sec-
tion 3.4 that, due to the work of Hambly and Lyons [30] and later Boedihardjo,
Geng, Lyons and Yang [4], the solution map U¥,_, associated to an RDE driven
along vector fields f € Lip”(R¢, L(R¢ R¢)) depends only on the signature of
x. Equivalently, recalling that the signature determines the solution to a linear
RDE in terms of an absolutely convergent series, the result of Boedihardjo et
al. [4] states that it is enough to understand the effect of x on all linear sys-
tems to uniquely determine its effect on all non-linear systems. As it stands,
however, this correspondence is currently only theoretical and brings about the
following question: is there an effective method to determine U¥,_, directly from

the signature of x7

This question is closely related to the problem of recovering x itself from its
signature, which has been a long standing and difficult problem even in the

case of smooth paths, see Lyons and Xu [43], [44].

Chapter 4

e Densities of solutions to RDEs. Cass and Friz [8] first gave general con-
ditions under which an RDE driven by a Gaussian rough path along smooth
vector fields f € O (R¢, L(R?, R¢)) satisfying Héormander’s condition admits a

density in R®. Their work involved an elegant combination of Malliavin calculus
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and rough paths theory, which has since brought about further developments;
one of main applications of the greedy sequence and the function Ny o 7,(X)
introduced by Cass, Litterer and Lyons [10] has been to show smoothness of
densities for RDEs driven by Gaussian rough paths, a result recently achieved
by Cass, Hairer, Litterer and Tindel [9].

It is natural to ask whether one can show existence and smoothness of densities
for RDEs driven by non-Gaussian processes. A specific problem is provided
by Markovian rough paths. It can be shown that for all N > 1, the level-NV
lift of a Markovian rough path X® always admits a density with respect to the
Haar measure on GV (R?). However, to the author’s best knowledge, it is an
open problem whether the analogous result of Cass and Friz [8] holds in this
setting, that is: given smooth vector fields f € C°(R¢, L(R? R¢)) satisfying
Hoérmander’s condition, does the RDE driven by X* along f admit a density
in R°? A solution to this problem may help to further identify the important
elements needed in the study of densities for RDEs driven by more general

processes.
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