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Abstract

Representing and quantifying uncertainty in physical parameterisations is a
central challenge in weather and climate modelling, and approaches are often
developed separately for different time-scales. Here, we introduce a unified
framework for analysing uncertainty in parameterisations across weather and
climate regimes. Using the Lorenz 1996 system as a testbed for simplified
chaotic dynamics, we quantify uncertainties in a subgrid-scale parameterisa-
tion using a Bayesian neural network (BNN). This allows us to disentangle
aleatoric uncertainty, arising from internal variability in the training data,
and epistemic uncertainties, arising from poorly constrained parameters dur-
ing training. At runtime, we sample uncertainties in line with stochastic
approaches in weather models and perturbed-parameter methods in climate
models. On weather time-scales, aleatoric uncertainty dominates, underscoring
the value of stochastic parameterisations. On longer, climate time-scales and
under changing forcings, accounting for both types of uncertainty is necessary
for well-calibrated ensembles, with epistemic uncertainty widening the range of
explored climate states, and aleatoric uncertainty promoting transitions between
them. Constraining parameter uncertainty with short simulations reduces epis-
temic uncertainty and improves long-term model behaviour under perturbed
forcings. This framework links concepts from machine learning with tradi-
tional uncertainty quantification in earth system modelling, offering a pathway
towards seamless treatment of uncertainty in weather and climate prediction.
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1 | INTRODUCTION

1.1 | General circulation models

General circulation models (GCMs) simulate the earth’s
atmosphere, ocean, land surface, and sea ice. They con-
sist of a dynamical core which solves the governing
equations of fluid motion on a 3D grid for the earth, and
physical parameterisations or closures, that represent
unresolved subgrid-scale processes, such as radiation,
convection, clouds and aerosol microphysics, atmo-
spheric gravity waves, ocean eddies, and land surface
processes (Christensen & Zanna, 2022). Parameteri-
sations are typically based on simplified equations or
empirical relationships and make several assumptions
which can introduce a large source of uncertainty into
GCM output.

Recently, machine learning (ML) and artificial intelli-
gence (AI) approaches have gained popularity for learning
subgrid-scale parameterisations (e.g., Behrens et al., 2022;
Christensen & Zanna, 2022; Heuer et al., 2024; Rasp
et al., 2018; Souza et al., 2020; Ukkonen & Chantry, 2025;
Yu et al., 2024; Yuval & O’Gorman, 2023). However, while
uncertainty quantification (UQ) has long been a crucial
aspect of parameterisation development (e.g., Berner
etal., 2017), it is often overlooked in ML-based approaches
(Christensen et al., 2024). This paper explores UQ meth-
ods that could be leveraged as we transition towards
Al-enhanced GCMs. We examine the roles of epistemic
(model) and aleatoric (data) uncertainty and how they
fit in with the traditional view of uncertainties in GCMs.
We advocate that UQ should remain an essential part of
parameterisation development, regardless of whether it is
physics-based or data-driven.

1.2 | Uncertainties in general
circulation models

Understanding and communicating uncertainties are
an essential part of weather and climate prediction
(Gigerenzer et al.,, 2005). Meteorological agencies, gov-
ernments, energy providers, the agriculture sector,
insurance companies, among others need to make deci-
sions based on GCM output. For instance, public weather
forecasts rely on probabilistic predictions (Gneiting
& Katzfuss, 2014). These are especially important for
low-probability but high-impact events, such as heavy
rainfall and flooding (Cloke & Pappenberger, 2009).
These may require advanced warnings or even govern-
ment action to reduce the impact on society. On longer
time-scales, GCMs are used to generate projections of

future climate change projections that are essential for
policy-makers developing long-term strategies for climate
adaptation (e.g., Calvin et al., 2023; Stainforth et al., 2005).
Furthermore, scientific studies that predict climate
model response to different forcings, physics, or geog-
raphy, must also consider potential uncertainties before
making conclusions (e.g., Forster et al., 2013; Murphy
et al., 2004).

1.2.1 | Weather forecasting

On weather prediction time-scales, uncertainty in the
initial conditions become amplified due to the chaotic
processes in the atmosphere. This is initial condition
uncertainty and can be captured by perturbing the input
state and running ensembles (Slingo & Palmer, 2011).
There are also uncertainties associated with the model
formulation, particularly in the choices and assump-
tions made when developing parameterisations. This is
known as model uncertainty (Slingo & Palmer, 2011).
Usually, this term refers to uncertainties in the struc-
ture and parameters of the model or parameterisation.
When developing parameterisations, there is also the issue
that for a given resolved state, there can be many possi-
ble unresolved states. This is the subgrid variability and
can be dealt with through stochastic parameterisations
(Berner et al., 2017).

Deterministic parameterisations assume that, given
resolved state variables, the tendencies from unresolved
processes can be estimated with a deterministic func-
tion derived from the mean grid-box behaviour. This
assumption is valid when there is a clear-scale separa-
tion between resolved and unresolved processes (Berner
et al., 2017; Christensen & Zanna, 2022; Palmer, 2019).
However, as model resolution increases and more pro-
cesses become partially resolved, this scale separation
breaks down. In these ‘grey zone’ regimes, the processes
are not explicitly resolved but too few subgrid-scale pro-
cesses exist within a single grid cell to define the mean
grid-box behaviour. For instance, this occurs at around
the order of 10s-100s of km for atmospheric organised
moist convection (Christensen & Zanna, 2022). Instead
of taking the average over many subgrid-scale processes,
we must sample a single realisation of that subgrid-scale
process, creating stochastic parameterisations (Berner
et al., 2017). An example of implementing this in practice
is the stochastically perturbed parameterisation tendency
(SPPT) scheme, which combines a deterministic estimate
of the most likely subgrid-scale tendency with a stochastic
perturbation to represent its variability (often correlated in
time and space, Buizza et al., 1999).
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1.2.2 | Climate change projections

In contrast, on climate time-scales we are generally inter-
ested in climate change projections, where we predict the
climate response to a forcing. This is a boundary condi-
tion problem rather than an initial condition problem.
Initial-condition uncertainty is not considered a large
source of uncertainty on these time-scales (Slingo &
Palmer, 2011), as we are interested in climate statistics.
Furthermore, subgrid variability may be less pronounced
due to the larger scale separation. Instead, the main three
types of uncertainty are internal variability (which causes
natural variations on decadal time-scales), model uncer-
tainty (in model structure or parameters, which define
how different models respond differently to the same
forcing) and scenario uncertainty (our lack of knowledge
about the future forcing itself) (Hawkins & Sutton, 2009).
Internal variability can be captured by repeating cli-
mate forcing experiments with different initialisations
for the ocean state to capture variations in the response
that occurs on decadal time-scales. In contrast, the lat-
ter two types are more relevant on longer, centennial
time-scales. Here, we will not consider scenario uncer-
tainty, which requires running simulations under several
possible future pathways, and instead focus on model
uncertainty.

Similarly to NWP, climate model uncertainty arises
from the different modelling choices that can be made
during model development. One approach to represent
model uncertainty is to consider multimodel ensembles
from many different modelling centres (e.g., multimodel
coupled model intercomparison project [CMIP] simula-
tions [Eyring et al., 2016]), which captures uncertainty
regarding the model structure and parameterisation
assumptions (structural uncertainty [Rougier, 2007]).
Within a given model, there are also uncertainties
around the model parameters that define parameteri-
sations, which we call parametric uncertainty. These
can be quantified by running ‘Perturbed Parameter
Ensembles’ (or ‘Perturbed Physics Ensembles’, PPEs)
which involve sampling model parameters according to
domain expertise and running ensembles of simulations
(e.g., Christensen et al., 2015b; Eidhammer et al., 2024;
Murphy et al., 2004, 2007; Sengupta et al., 2021; Stainforth
et al., 2005).

1.3 | Reducing uncertainties in general
circulation models

While uncertainties can never be fully eliminated, para-
metric uncertainties can be reduced in a process known as
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calibration, a key aspect of UQ and model development of
both weather and climate models (e.g., Carslaw et al., 2013;
Dunbar et al., 2021; Sengupta et al., 2021; Souza et al., 2020;
Williamson et al., 2017). Calibration focuses on reducing
parametric uncertainty, by constraining parameters based
on past observations. Techniques that leverage PPEs are
often used to eliminate parameter values that produce
model output inconsistent with observations, through his-
tory matching (Couvreux et al., 2021; King et al., 2024;
Raoult et al., 2024; Williamson et al, 2013), approxi-
mate Bayesian computation (Watson-Parris et al., 2021),
or ensemble Kalman methods (Dunbar et al., 2021; Mans-
field & Sheshadri, 2022). Many of these methods are aided
by machine-learning emulators such as Gaussian process
emulators, which reduce the number of expensive GCM
integrations required. In contrast to this, initial-condition
uncertainty, subgrid variability and internal variability are
internal properties of the earth system and our observa-
tions of it and therefore cannot be reduced through model
development.

1.4 | Therisein machine-learning
parameterisations

Over the last few years, we have witnessed a rise
in ML-based parameterisations, which are trained on
existing physics-based parameterisations (e.g., Chantry
et al., 2021; Espinosa et al, 2022; Ukkonen, 2022),
cloud-resolving models embedded within GCM grid cells
(e.g., Hu et al., 2025; Rasp et al., 2018; Yu et al., 2024),
coarse-grained high-resolution GCM simulations (e.g.,
Giles et al., 2024; Grundner et al., 2022; Henn et al., 2024;
Heuer et al., 2024; Morcrette et al., 2025; Ross et al., 2023;
Watt-Meyer et al., 2024; Yuval & O’Gorman, 2023), or
observations (e.g, Miller et al., 2025). There has been
substantial interest in stochastic ML-based parameterisa-
tions, which includes stochasticity in a similar manner
to described above (Christensen et al., 2024). Stochas-
tic ML schemes are primarily used to improve model
skill (e.g., Gagne II et al, 2020; Giles et al., 2024;
Guillaumin & Zanna, 2021; Nadiga et al., 2022; Perezhogin
et al., 2023) but some studies also focus on their use for
UQ (e.g., Behrenset al., 2025; Mansfield & Sheshadri, 2022;
Miller et al., 2025). Here, we argue that while AI is
becoming increasingly used in weather and climate mod-
elling, evaluating and quantifying uncertainty remains
critical for ensuring trust and credibility in predictions
(Haynes et al, 2023; McGovern et al., 2022). As we
demonstrate here, probabilistic ML methods, such as
Bayesian deep learning, also provide a natural framework
for UQ.
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1.5 | This study

In this study, we quantify uncertainties in a subgrid
parameterisation, decomposing them by source and across
different time-scales. We use the Lorenz, 1996 (1.96) model
as a case study to demonstrate how UQ should be car-
ried out and to compare different approaches to sam-
pling uncertainties. We use L96 because it simulates both
large- and small-scale variables and their interactions and
exhibits chaotic properties similar to that of the real atmo-
sphere but can be run at a significantly lower computa-
tional cost than a full GCM. This makes it a suitable testbed
for parameterisations. It has been used to test stochas-
tic parameterisations (Arnold et al., 2013; Wilks, 2005)
and machine-learning parameterisations (Chattopadhyay
et al., 2020; Gagne 1I et al., 2020; Parthipan et al., 2023;
Rasp, 2020) for numerical weather prediction. It has also
been used to explore the uncertainties associated with
parameterisations on climate time-scales, for instance, in
PPE studies (Christensen et al., 2015a). Although a sim-
plified model, we can use it to draw analogies to more
complex GCMs, while considering a range of prediction
time-scales.

In Section 2, we discuss the framework of uncertain-
ties commonly used in the ML community that describe
aleatoric uncertainty, coming from the data, and epistemic
uncertainty coming from the model, and how these fit
in with the traditional uncertainty viewpoint used in the
weather and climate communities. In Section 3, we out-
line model and methods used, including the Lorenz 1996
model and how a deterministic neural-network parame-
terisation can be used in place and how we quantify uncer-
tainties using Bayesian neural networks (BNNs), including
an assessment of uncertainties in an ‘offline’ setting (i.e.,
data pre-generated). In Section 4, we analyse the uncer-
tainties once the parameterisations are coupled back in
the Lorenz 1996 model, which we refer to as ‘online’.
We consider these on weather forecasting time-scales and
in Section 5, we consider these on a climate time-scale.
Finally, Section 6 draws conclusions and discusses how we
can assess uncertainties in weather and climate models
that use ML parameterisations going forward.

2 | BACKGROUND
2.1 | Types of uncertainties in machine
learning

Here, we approach UQ from a machine-learning per-
spective, where we categorise uncertainty into two
types: aleatoric uncertainty and epistemic uncertainty
(Hillermeier & Waegeman, 2021).

The term ‘aleatoric’ comes from the Latin word alea,
meaning ‘game of chance’. Aleatoric uncertainty is used
to describe the variability in a system that is due to inher-
ently random effects (Haynes et al., 2023; Hiillermeier &
Waegeman, 2021). It represents the statistical or stochas-
tic nature of a system, such as flipping a coin or rolling a
dice and this type of uncertainty cannot be reduced. In the
ML literature, aleatoric uncertainty refers to uncertainty in
the data. This could include data generated from a stochas-
tic process, but it can also include data originating from
unobserved variables, which means there is no longer a
one-to-one mapping from inputs to outputs.

The term ‘epistemic’ comes from the Greek word
epistéeme, which means knowledge or understanding. Epis-
temic uncertainty is caused by a lack of knowledge about
the best model for a system. This can be thought of as a sys-
tematic uncertainty and can be reduced with more knowl-
edge or understanding of the system which can come
from more data. In the ML literature, epistemic uncer-
tainty refers to uncertainty in the ML model. This includes
uncertainty in model structure (i.e., model architecture
and number of layers and neurons), and uncertainties in
model parameters (i.e., weights and biases).

2.2 | Aleatoric and epistemic
uncertainties in general circulation models

We can broadly relate these types of uncertainties to
those used by the earth system modelling community.
Initial-condition uncertainty and internal variability can
be viewed as both forms of aleatoric uncertainty, as they
arise from the chaotic nature of the earth system. Here,
we will also treat subgrid variability as aleatoric uncer-
tainty because it arises from the internal variability that
can occur within a grid box. From an ML perspective, this
can be interpreted as uncertainty in the training data that
arises when knowledge of the large-scale state, X, does
not uniquely define the subgrid-tendency, U. This type
of uncertainty is irreducible given the task is to learn the
U from X alone. In contrast, we will consider structural
and parametric uncertainties as epistemic uncertainty,
because they are modelling choices made during model
development. We also consider scenario uncertainty pre-
dominantly as a form of epistemic uncertainty, as it comes
from lack of knowledge in the appropriate external forc-
ing. We emphasise that this distinction is not sharp, and
many quantities may contain both aleatoric and epistemic
components, for instance, initial-condition uncertainty
arises from first, lack of knowledge of the initial condi-
tions, combined with the chaotic nature of the atmosphere
and sensitivity to these conditions. These classifications
help organise our thinking about uncertainty, rather than
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approach used in weather and climate.
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Types of uncertainties in GCMs on varying time-scales, whether they are aleatoric or epistemic, and the traditional

Time-scale Type of uncertainty in GCMs Aleatoric Epistemic Typical approach

‘Weather Initial condition X Perturbed IC ensemble (atmosphere,
derived from observations)

Weather Subgrid variability (informs X Stochastic parameterisation

parameterisations, i.e.,
training data)

Seasonal to decadal Internal variability X Perturbed IC ensemble (for longer
time-scales, perturbed sea surface
temperatures)

All Structural uncertainty X Multimodel ensemble

Climate Parametric uncertainty X Perturbed-parameter ensemble

Climate Scenario uncertainty X Multiscenario ensemble

Abbreviations: GCMs, general circulation models; IC, initial condition.

act as strict divisions. These types of uncertainties, the
time-scales they generally dominate on, and the typi-
cal approach used to estimate them are summarised in
Table 1.

2.3 | Aleatoric and epistemic
uncertainties in general circulation models
that use machine-learning
parameterisations

Machine learning is becoming increasingly used for
parameterisations in GCMs. We expect ML-based param-
eterisations to have similar associated uncertainties to
physics-based schemes. In the ML framework, the goal is
to learn the relationship between the large-scale variables
and the subgrid variables from the training data. The sub-
grid variability creates a noisy dataset and can be viewed
as the uncertainty in the training data, in other words, the
aleatoric uncertainty.

Epistemic uncertainties also exist within ML-based
parameterisations that are analogous to the types of
uncertainties discussed previously for conventional
parameterisations. While physics-based parameterisa-
tions typically only contain a handful of parameters that
lead to parametric uncertainty, ML-based parameterisa-
tions have a large number of parameters to learn. This
means the parametric uncertainties and the relationships
between them are likely more complex. Structural uncer-
tainties are also present for ML-based parameterisations,
since there are choices to make regarding ML algorithms,
architectures, and number of parameters.

Furthermore, the use of ML gives rise to another form
of epistemic uncertainty that isn’t traditionally considered
in UQ: ‘out-of-regime’ or ‘out-of-sample’ uncertainty. This

occurs when an ML algorithm is trained on data that is
generated by one distribution but is applied to a dataset
that was generated by a different distribution. ML algo-
rithms are known to perform poorly during extrapolation,
especially if they have a large number of parameters and/or
have been overfit. This could be an issue for climate mod-
elling, where training data may come from present-day
climate, but the ML parameterisation could be applied
under a different future climate scenario.

In this study, we quantify epistemic and aleatoric
uncertainties in an ML parameterisation. We use BNNs
to capture both epistemic uncertainty, which represents
parametric uncertainty and out-of-regime uncertainty,
and aleatoric uncertainty, which represents the subgrid
variability. BNNs provides us a with a way to clearly dis-
tinguish between these two forms of uncertainty. Note that
within epistemic uncertainty, we consider only parame-
teric uncertainty given a fixed neural-network architec-
ture. This means we do not consider structural uncertainty
which arises from different modelling choices, or model
discrepancy which arises from the fact that the neural net-
work is a surrogate model that may not be able to perfectly
represent the true underlying dynamics. Within aleatoric
uncertainty, we assume that the training data are fixed and
do not consider data biases that could exist within this
limited dataset.

3 | METHODS

3.1 | The Lorenz 1996 model

We adopt the two-layer L96 system as a simplified model
of chaotic dynamics to explore UQ methods for ML param-
eterisations (Lorenz, 2006). It can be viewed as toy model
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FIGURE 1

Schematic showing the two-layer L96 setup with
K = 8 large-scale variables, X, and J = 32 small-scale variables, Y,
coupled to each X variable and cyclic boundary conditions.
Reproduced from Wilks (2005).

for mid-latitude atmospheric dynamics around a latitude
circle. In the one-layer version, the variables are X; where
k=1, ... ,K, with periodic boundary conditions, that is,
Xk+1 = Xj. The variables evolve following

% = —Xp1(Xk—2 — Xiy1) =X + F, Y]
where F is an external forcing. This can be solved with a
choice of numerical methods, such as the Euler method.
The two-layer version extends this to include
large-scale variables, X, and small-scale variables, Y,
defined from j =1, ... J, between each of the large-scale
variables (Figure 1) (Wilks, 2006).

kI

dX; —hc
— = X1 (X2 = X)) =X+ F+ == 3 Y,

dt b .

J=Ie=1+1
(2

dy; he
d_tj = —cbYj(Yie2 = Yjo1) — Y + 7 Xintlj-1/71+15 (3)

where the int. notation refers to the integer value of the
term inside the brackets (i.e., the closest X variable) and
b, c, and h are user-defined parameters of the system that
describe the spatial scale ratio, the temporal scale ratio
and a coupling constant, respectively. Following Arnold
etal. (2013) and Wilks (2005), weuse K = 8,J = 32,b = 10,

¢ =10,h =1and F = 20. The term highlighted in red is the
subgrid-scale term that couples the small-scale variables to
the large-scale variables.

Since the two-layer system must solve for the
small-scale variables, it usually requires more advanced
numerical methods such as fourth-order Runge-Kutta
Scheme (RK4), used here with a timestep of At = 0.001.
This motivates the task of replacing the small-scale vari-
ables with a parameterisation, allowing a coarser timestep
and cheaper numerical scheme to be used.

To reduce computational cost, we can replace the
coupled system of equations with a single equation that
describes only the large-scale variables with an additional
parameterisation term, Uy = f(X}), as follows:

B = X1 (Kies = Xieo) = X+ F 400 (@)
This is the ‘forecast model’. This parameterisation
term aims to capture the small-scale variables, Y, without
explicitly evaluating Equation (2). The function f can be
learned from a training dataset. This can then be solved
with a cheaper numerical method such as RK2, and with
a coarser forecast timestep, Af; = 0.005 = 5At, reducing
computational burden by around five times, assuming the
function f is cheap to evaluate.

3.2 | Training a neural-network
parameterisation

To learn the function, f, we can train a neural network.
Training data can be generated by simulating the two-layer
coupled system and to use these Xy terms to learn Uy =
f(Xy) in the forecast model (Equation 4). Rather than
directly storing the subgrid-scale term (_Thczjki](k_l) Y
in Equation 1), as done in Balwada et al. (2024) and
Rasp (2020), we estimate the subgrid-scale term from the
Xk, as done in Arnold et al. (2013), Gagne II et al. (2020),
Parthipan et al. (2023), and Wilks (2005). Given a dataset
X from the two-layer model, stored at intervals Aty, we can

rearrange Equation (4) to obtain.

[(Xiclesat, — [Xkle
Aty
= [ X1 KXk—2 = Xi+1) — Xk + Fl;. (5)

[Ukl; =

This is representative of how parameterisations are trained
on high-resolution datasets, where the subgrid tendencies
are not available and instead must be estimated through
carrying out a coarse-graining in space (e.g., Heuer
et al., 2024; Morcrette et al., 2025; Watt-Meyer et al., 2024;
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Training data
= Deterministic NN

-5 0 5 10 15
X
FIGURE 2 Training data where the X-axis shows the
large-scale variables (inputs to neural network) and the Y-axis
shows the subgrid tendency (outputs of neural network). The black

solid line shows the prediction from the deterministic neural
network. The histogram shows the distribution of the data.

Yuval & O’Gorman, 2023). ML parameterisations typically
use only variables from a single vertical column, since
information from neighbouring grid cells is unavailable.
Consistent with this approach, our goal is to predict Uy as a
function of X, alone. We will treat all K points on the circle
as separate data points. For the training dataset, we select
100 independent data points from a time series over a span
of T = 1000 model time units (MTU), equivalent to around
114 ‘atmospheric years’, estimated by considering the
error-doubling time in the system (Wilks, 2005). Including
the spatial dimension with K = 8, this gives 800 samples
for training, shown in Figure 2. Other ML parameterisa-
tion studies typically use O(10° —107) samples to train
networks with O(10° — 10°) parameters (e.g., Grundner
et al., 2022; Ukkonen & Chantry, 2025; Yu et al., 2024),
giving comparable sample-to-parameter ratios.

We start with a basic deterministic fully connected neu-
ral network with two hidden layers, each with 16 nodes
and ReLU activation functions, (the same architecture as
Rasp, 2020, but with 16 rather than 32 nodes per layer).
A small network is suitable given past studies show a lin-
ear regression or cubic polynomials also perform well on
this dataset (e.g., Arnold et al., 2013; Parthipan et al., 2023;
Wilks, 2006). We write a neural network as: U = f3(X),
where X are the inputs, U are the outputs and 6§ are the
network weights. We train the network to minimise mean
squared error. The black line in Figure 2 shows the result-
ing neural-network fit. This neural network does pick up
the general trend, but it is evident that there is noise within
the data coming from the subgrid variability that cannot be
captured by the deterministic neural network. In the fol-
lowing section, we train a BNN to capture this as a form

Royal Meteorological Society

of aleatoric uncertainty, as well as quantifying epistemic
uncertainties from uncertainty in the model parameters.
We use the same architecture as the deterministic neural
network.

3.3 | Learning uncertainties using a
Bayesian neural network

To quantify and separate the sources of uncertainty into
epistemic and aleatoric, we use BNNs. BNNs extend tra-
ditional neural networks with a Bayesian treatment of the
neural-network parameters (the weights and biases, 8). We
use this approach because in recent years, neural networks
have become the primary choice of machine-learning
parameterisations (e.g., Hu et al, 2025; Ukkonen &
Chantry, 2025; Yuval & O’Gorman, 2023), due to their flex-
ibility, simplicity to implement, and widespread use in the
machine-learning community. We will write a Bayesian
neural network (BNN) as: U = f(X|6).

Instead of learning fixed weights, BNNs treat the
weights as probability distributions and use Bayes’
theorem to update these distributions based on observed
data (Goan & Fookes, 2020). This captures uncertainty in
the parameters or parametric uncertainty, a form of epis-
temic uncertainty. Since this approach is probabilistic, the
approach to training differs from standard neural-network
training. Rather than seeking parameters that best fit the
data, 6, we seek probability distributions, p(6|X, U) that
are most likely to generate the dataset (X, U). To do this,
we must define prior distributions on 6 and carry out
Bayesian inference to learn the posterior probability distri-
bution. Here, we specified a zero-mean isotropic Gaussian
prior for each 6, and used variational inference to learn the
posterior distribution, which provides a computationally
efficient approach for sampling (Blei et al., 2017; Ran-
ganath et al., 2013). This approximates the posterior with a
variational distribution, here a multivariate Gaussian with
a full covariance structure across all network parameters
(Barber & Bishop, 1997; Hinton & van Camp, 1993). See
Supplementary Text S1 for a full description of variational
inference.

Once we have learned the parameter probability distri-
bution, we can evaluate our BNN at new data points, X*,
to obtain the posterior predictive distribution,

plf&X"] = / pl[fx*10)] p(61X, U) d, (6)

where we integrate over all the possible values for 6.
Figure 3 shows a simplified schematic of the BNNs

used here. The distributions on the connections between

nodes highlight that all parameters (weights and biases)
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N(u,02)

FIGURE 3

Schematic of Bayesian neural network. All network weights are assumed to have associated probability distributions,

represented by the normal distributions on the nodes in this diagram (epistemic uncertainty). The output layer is also assumed to be a

normal distribution with mean y and variance ¢ which represents the noise in the data (aleatoric uncertainty). The BNN in (a) learns 62 as a

fixed scalar, independent of input values (known as ‘homoscedasticity’) while in (b) the BNN directly outputs 62, allowing it to depend on the

inputs (known as ‘heteroscedasticity’). Note that this is a simplified representation of the BNN used here, as we use more nodes within each

hidden layer and the weights are treated as multivariate normal distributions to capture correlations between the weights.

have associated probability distributions. This directly cap-
tures parametric uncertainty. We can also treat the model
output as a probability distribution, allowing us to capture
inherent noise in the dataset, or aleatoric uncertainty. This
means the BNN, f(X|#), predicts not just a single value,
but a probability distribution representing the dataset.
Here, we represent the data with a Gaussian distribution,
with mean y and the variance ¢2. Figure 3a shows that
the output layer predicts this mean y and we separately
learn o2 as a fixed parameter across the entire dataset.
This does not consider that some regions of the input
space may be associated with increased subgrid variability,
which should be represented as higher aleatoric uncer-
tainty. Figure 2 above shows that this may indeed be case,
as there is increased noise for larger values of X. Allow-
ing the aleatoric uncertainty to vary with X is known as
heteroscedasticity, and is a common challenge in Bayesian
machine learning (Kendall & Gal, 2017). We will consider
a heteroscedastic version of the BNN by learning the vari-
ance on the output layer as a function of the inputs, shown
in Figure 3b. The BNN uses the same architecture but now
predicts two values as outputs instead of just one: the mean
u and the variance ¢2. We refer to this the heteroscedas-
tic BNN. This approach is more complicated because the
aleatoric uncertainty now depends upon the parametric
uncertainty within the BNN, meaning there is not such a
clear separation between the two forms of uncertainty.

3.4 | Sampling epistemic and aleatoric
uncertainties offline

Once the BNN is trained, we can sample from the param-
eter distributions to estimate epistemic and aleatoric
uncertainties. For a given value of X, we must sample the

parameters 6 from the posterior distribution and evaluate
the neural network for each 0, to obtain (U|X, 0). Then we
can use the law of total variance to decompose uncertainty
into epistemic and aleatoric components (Valdenegro-Toro
& Mori, 2022):

Var(U|X) = E,[Var(U|X, )] + Var,(E[U|X,6]). (7)

v '
Aleatoric Epistemic

To sample epistemic variance, we compute the variance
across the mean component of the output layer, (u | X, 6).
Alternatively, we can sample aleatoric variance by comput-
ing the mean over the variance component of the output
layer (¢? | X, 6).

We first assess the uncertainties in BNN predictions
in an offline setting, meaning the input X data has
already been generated by the full two-layer system in
Equations (1) and (2) (Bracco et al., 2025). Figure 4 shows
the BNN mean prediction across the domain and the shad-
ing shows two standard deviations uncertainty obtained
when sampling from aleatoric, epistemic or both sources
of uncertainty as described above. The points show the
training data (same as Figure 2). Figure 4a shows the
results of homoscedastic BNN that assumes fixed aleatoric
uncertainty across the entire dataset (Figure 3a), while
Figure 4b shows the heteroscedastic version where the
BNN also predicts the variance as a function of the input
data, allowing the aleatoric uncertainty to vary with X
(Figure 3b). The latter appears to better capture the vari-
ations in the data. Both show epistemic uncertainty to
be lower in the centre of the dataset where the param-
eters are more constrained but increase as towards the
edges of the dataset where there is increased out-of-regime
uncertainty, although overall, epistemic uncertainty only
has a small contribution to the total uncertainty. For the
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Offline results for aleatoric, epistemic, and total uncertainty, where shading shows two standard deviations away from

mean. (a) Aleatoric uncertainty is learned as a scalar parameter that is fixed across the entire dataset (homoscedastic). (b) Aleatoric

uncertainty varies across the dataset (heteroscedastic) by setting the Bayesian neural network (BNN) up to predict two outputs: a mean and a

variance. The grey histogram shows the distribution of the data.

rest of the paper, we use heteroscedastic BNN because
it appears to capture aleatoric uncertainty better, unless
stated otherwise.

We explored different training approaches and found
the BNN to be robust against different choices of priors
(Figure S1). Increasing the size of the training dataset
also did not significantly reduce epistemic uncertainty
(Figure S2). For the variational distribution, we found
that a mean-field approximation (i.e., treating all param-
eters as independent) would not be sufficient as there
are significant covariances between neural-network
parameters (Figure S3). We also compared variational
inference against direct Bayesian inference using Monte
Carlo Markov chain, where we found similar total predic-
tive variance but variational inference estimates higher
epistemic uncertainty (Figure S4). This may reflect approx-
imation error from assuming that the variational family
(here, a multivariate Gaussian) can approximate the true
posterior distribution, While still a form of epistemic
uncertainty, this reflects uncertainty in the methodology
rather than parametric uncertainty (Valdenegro-Toro &
Mori, 2022). Although we acknowledge this additional
uncertainty, we continue to use variational inference for
pragmatic reasons, as it simplifies sampling during online
simulations which would make it more suited for use in
full GCM simulations.

4 | ONLINE COUPLING ON
WEATHER TIME-SCALES

After training, we couple the machine-learning parameter-
isation back into the one-layer L96 through Equation (3)

where f(X) is the trained ML algorithm. This is used to
update the state X at the next timestep, which in turn is
used to estimate f(X) at the following timestep. This cre-
ates a feedback between the large-scale dynamics and ML
prediction of the subgrid-scale physics. We call this online
evaluation (Bracco et al., 2025).

4.1 | Sampling epistemic and aleatoric
uncertainties online

Ultimately, we are interested in how epistemic and
aleatoric uncertainties influence the output of the coupled
dynamical system, Xi(¢), rather than only the parameter-
isation output U. To quantify this, we use the BNN as a
stochastic parameterisation and generate ensemble mem-
bers under three configurations:

i. Total uncertainty: at each timestep, we draw 6 from
the posterior distribution; evaluate the BNN to obtain
[, 6%1X,0]; then sample U ~ N (u, 6?).

ii. Epistemic uncertainty: we draw 6 from the posterior
distribution; evaluate the BNN, but only use the mean
prediction u, ignoring the variance term 2.

iii. Aleatoric uncertainty: we fix 6 at the posterior mean
values, 0 (obtained from the variational distribution,
see Supplementary Text S2 for details); then evaluate

the BNN to estimate [;4,02|X, 5], then sample U ~
N ( U, 62).

We use ensemble spread in the three configurations to
measure total, epistemic and aleatoric uncertainty, respec-
tively. Note that these differ slightly from the offline
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decomposition. For epistemic uncertainty, we use just one
sample at each timestep, but over the duration of the simu-
lation we expect to sample the full posterior so that ensem-
ble spread in the trajectory represents Varg(E[Y|X,6])
in Equation (7). This is representative of Stochastically
Perturbed Parametrisations (SPP) which treat uncertain
parameters as a stochastic process and sample them
throughout a forecast to capture model uncertainty (Lang
et al., 2021). To sample aleatoric uncertainty, we do not
directly estimate estimate Eg[Var(U|X, 6)] in Equation (7).
but instead use Var(UIX,@) to represent aleatoric vari-
ance, where 6 is fixed at the mean values throughout
the duration of all simulations. This is done for consis-
tency with both operational weather parameterisations,
such as SPPT (Buizza et al, 1999) and with previous
stochastic ML-parameterisations studies (e.g., Guillaumin
& Zanna, 2021; Zhang et al., 2023). The philosophy of these
frameworks considers parameters to be deterministic, with
appropriate perturbations added to capture subgrid vari-
ability. It is also a pragmatic approach because repeat-
edly sampling 8 would be computationally prohibitive in
an operational weather or climate model. Figure S5 con-

firms that [02 X, 5] is generally a good approximation of

the true aleatoric variance, Ey [02 X, 9] across most of the
input space; however, towards the edges of the input space
when X < -5, [0'2 X, 5] underestimates Ep [0|X, 0]. This
is because some parameter settings predict a very high
variance, given the limited training data in this regime,
indicating that larger epistemic uncertainty can lead to
larger aleatoric uncertainty. This highlights the challenges
of cleaning separating these sources of uncertainty. We
note this as a limitation of our approach, although in prac-
tice, in this L96 setup, X rarely drops below 5 (less than 4%
of the training data), so this should not have a major effect
on our results.

For the weather forecasting problem, we use the BNN
to forecast trajectories that sample epistemic, aleatoric and
total uncertainty. We compare these to a ‘truth’ experi-
ment that uses the two-layer L96 model, initialised with
the state at the end of the training dataset and run for T =
1000. We identify Nj,;; = 100 initial conditions from the
truth dataset, separated by T = 10 (which corresponds to
about 50 atmospheric days, more than sufficient for the ini-
tial conditions to be uncorrelated), and generate Neps = 50
ensemble members for each configuration.

4.2 | Independent noise at each time step

At each time step, to estimate U in Equation (3) with
the BNN, U = f(X|0) we must sample the weights . This
creates a stochastic parameterisation where we obtain a

different outcome each time we estimate U for a given X.
To estimate uncertainties, we must run multiple ensem-
ble members, here using N = 50. We run the BNN in
three configurations: ‘aleatoric’, where the model param-
eters are kept fixed at their median values but we sample
from the output layer (N (y, %) in Figure 3b), ‘epistemic’,
where the model parameters are sampled and the output
layer is deterministic (4 in Figure 3b), and ‘both’, where
we sample from the model parameters and the output
layer. Here, the sampling methods are entirely indepen-
dent at each time step (i.e., a white noise process). This
means that, unlike most stochastic parameterisations (e.g.,
SPPT, Buizza et al., 1999), the random component of the
subgrid-scale prediction is not correlated in time.

Figure 5a,c,e shows the trajectories of one variable
given one initial condition under each of these settings. We
find that the ensemble members start to diverge from each
other after T~0.6. They diverge from the truth slightly ear-
lier, after T~0.4, indicating poor skill. The epistemic uncer-
tainty is significantly lower than the aleatoric uncertainty
and takes longer for the ensemble members to diverge.
‘Both’ appears to follow the aleatoric uncertainty more
closely.

4.3 | Including temporal correlation
Figure 5a,c,e show the ensemble members diverge from
the truth before they spread out from each other.
Unlike many stochastic parameterisations used in oper-
ational weather forecasting models (Buizza et al., 1999;
Shutts, 2005), there is no temporal correlation between
Uk. Many studies have found that temporal correlation is
essential in stochastic parameterisations to both improve
skill and the spread of a forecast (Arnold et al, 2013;
Berner et al., 2017). In Figure 5b,d.f, we include temporal
correlation following an Auto Regressive Order 1 (AR1)
process, similar to the method used in Arnold et al. (2013).

The AR1 approach assumes that the stochastic
parameterisation can be broken down into two parts: a
deterministic component (here, the neural network with
weights fixed at their median values) and a random-noise
component (Wilks, 2006). To maintain correlation with
the previous time step, the random component combines
the noise from the previous time step with a new noise
term, known as the innovation. We use the autoregressive
parameter, estimated from the lag-1 correlation (0.985)
to enforce a suitable correlation between successive time
steps, giving a correlation time-scale of 0.33 MTU. To
define the innovation to be added at each time step, we
estimate the variance associated with the aleatoric or
epistemic uncertainty for the input, X;. Full details are
provided in the Supplementary Text S2.
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Trajectories for variable X, generated by the one-layer L96 model with the stochastic parameterisation where each line

represents a different ensemble member and the black line shows the true, two-layer L96 model. The parameterisations sample (a,b) aleatoric

uncertainty only, (c,d) epistemic uncertainty only and (e,f) both types of uncertainty. Panels on the left (a,c,e) show parameterisations that

are sampled independently at each time step, while panels on the right (b,d,f) use an Auto Regressive Order 1 (AR1) process to include

temporal correlations.

Figure 5b,d,f show the trajectories that use the AR1
parameterisation for aleatoric, epistemic, and both sources
of uncertainty, respectively. As before, simulations that
sample both types of uncertainty have similar spread to
those that sample aleatoric uncertainty only. For all simu-
lations, using an AR1 sampling approach leads ensemble
members to diverge faster than with independent sam-
pling. The ensemble members spread out enough to cap-
ture the truth over much of the simulation, showing a
major improvement in the reliability of the forecast. Note
that we see similar results when using the homoscedastic
BNN, although adding the AR1 process increases aleatoric
uncertainty more significantly (Figure S6).

We test how well the ensemble members agree with
the truth more robustly by repeating simulations with
multiple different initial conditions. Figure 6 shows the
overall RMSE and spread against time in solid and dashed

lines respectively. These are computed as the square root
of the sum of the squared error (RMSE) and variances
(spread) over 100 simulations with different initial condi-
tions. Figure 6a shows that when we sample independent
noise at each time step, the spread is consistently smaller
than the RMSE, indicating underdispersive ensembles.
When AR1 noise is introduced, Figure 6b shows that the
spread and error match well and grow at similar rates.
The errors also grow more slowly. Note this is not the
case for the homoscedastic ensembles, where including
aleatoric uncertainty leads to an overdispersive ensem-
ble (Figure S7). In all cases, the spread in the aleatoric
ensembles is almost identical to the spread in the ensem-
bles that sample both forms of uncertainty. This suggests
that they are not distinct, independent sources of uncer-
tainty and that the contribution from epistemic uncer-
tainty is small enough to ignore on these time-scales.
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simulations for (a) independent noise and (b) AR1 noise.

This confirms the validity of past studies on ML stochas-
tic parameterisations for weather time-scales, where only
aleatoric uncertainty from the subgrid variability is cap-
tured by the ML scheme (Behrens et al., 2025; Guillaumin
& Zanna, 2021; Perezhogin et al., 2023).

4.4 | Reliability

The reliability of a forecast refers to how well predicted
probabilities align with observed probabilities (Arnold
etal., 2013; Leutbecher, 2009; Leutbecher & Palmer, 2008).
For ensemble forecasts, the ensemble spread should be
an indication of the error in the ensemble mean. This
is known as statistical consistency. We test for statistical
consistency by considering spread against error for the
100 independent forecasts, evaluated at the same time
(t = 0.5MTU, approximately 21/, atmospheric days). Fol-
lowing Leutbecher (2009), we compute the ensemble
mean and variance for each sample. We sort the samples
by increasing variance and partition them into bins of size
100. Root mean squared (r.m.s.) spread is defined as the
square root of the mean ensemble variance within each
bin and r.m.s. error is defined as the square root of the vari-
ance of the ensemble mean error within each bin. Figure 7
shows the r.m.s. spread on the X-axis against r.m.s. error
on the Y-axis for (a) the independent noise simulations
and (b) the AR1 simulations. Points lying in the upper left
triangle of the plot indicate underdispersive ensembles,
where spread is less than error, whereas the points lying in
the lower right triangle are a feature of an overdispersive
ensemble, where spread is larger than error. Points lying
along the y = x line indicate a well-calibrated ensemble.
Figure 7a shows all independent noise simulations fall
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Root of the sum of the squared error (RMSE) (solid line) and spread (dashed line) both averaged over 100 different

within the upper left triangle, indicating underdisper-
sive ensembles, while Figure 7b shows that using the
ART1 process increases the spread significantly. Although
the epistemic ensembles are still underdispersive, when
aleatoric uncertainty is included, the ensembles appear
better calibrated, falling closely along the y =x line.
Figure 7c,d shows a similar story for the homoscedas-
tic BNN but the constant aleatoric uncertainty leads to
slightly overdispersive ensembles when including the AR1
process. This suggests that a heteroscedastic treatment
of aleatoric uncertainty is important for well-calibrated
ensembles.

5 | ONLINE COUPLING ON
CLIMATE TIME-SCALES

5.1 | Climate simulations

For climate prediction, we are interested in long-term
statistics, so for this we run a long simulation with T =
1000, corresponding to around 14 years. Figure 8a shows
that over these time-scales, the distributions of X for all
simulations match the truth closely but they all slightly
underestimate the tails of the distribution, highlighted by
the lower panel which shows the difference between the
distribution and the true distributions. There are no major
differences between any sampling approaches. The deter-
ministic parameterisation performs well and behaves very
similarly to the epistemic parameterisation, likely because
the epistemic uncertainty introduced is small (especially
when using the AR1 process, which has a short correlation
time-scale [~0.33 MTU] and therefore its effect averages
out over longer time-scales). This highlights the need for
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FIGURE 7 Root mean squared (r.m.s.) spread against r.m.s. error for (a) independent noise simulations and (b) AR1 simulations for

the Bayesian neural network (BNN) that samples aleatoric (green), epistemic (purple) and both (grey) uncertainty. Each point represents a

bin of 100 samples, over which the r.m.s. spread and r.m.s. error are calculated. The black dashed line shows the y = x line, which represents

a well-calibrated ensemble.

more sophisticated diagnostics beyond long-term proba-
bility distributions.

5.2 | Climate change scenarios

On climate time-scales, GCM users are typically interested
in climate change given a change in forcing or emissions
scenario. Here, we simulate a climate change experiment
by perturbing the forcing, F, in Equation (3). The baseline
climate that is used to generate the training data is F = 20
for all cases. Figure 8b shows the distribution over X for
a decrease in forcing, where F = 16 and Figure 8c shows
the distribution over X for an increase in forcing where
F = 24. We do not see significant improvements in the dis-
tributions when moving from a deterministic forecast to
a stochastic one that includes uncertainties. This suggests

that on these time-scales, deterministic parameterisations
may be sufficient.

53 |

Perturbed-parameter ensembles

It is worth considering how epistemic uncertainty is usu-
ally treated by the climate modelling community. For a
conventional parameterisation, parametric uncertainty is
typically estimated through ‘perturbed-parameter ensem-
bles’ (PPEs), where uncertainties on the parameters are
defined based on domain knowledge. For each ensemble
member, parameter values are sampled once and are fixed
for the duration of the simulation. PPEs are used to quan-
tify and, where possible, reduce parametric uncertainty
by further constraining parameter values (Karmalkar
et al., 2019; Murphy et al., 2007; Sexton et al., 2021). Here,
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we carry out a PPE by sampling the BNN weights once for
each ensemble member and holding them fixed through-
out the simulation. We expect this to be a more realis-
tic representation of epistemic uncertainty, which should
remain constant across time-scales, rather than fluctu-
ating on time-scales associated with correlations in the
subgrid residual (as in the AR1 based approach). These
simulations are also shown in Figure 8 by the purple
dashed lines, but again, do not show consistent differ-
ences from the deterministic forecast. The grey dashed
line shows simulations that combine a PPE with AR1
sampling for aleatoric uncertainty. These show slight
improvements in capturing the tails of the distributions
in the climate change simulations, but the differences
are minor.

5.4 | Modes of variability

When considering long-term climate, we are usually con-
cerned with obtaining the correct modes of variability. We
typically measure these using scaler metrics, which either
measure the phase of an oscillation or characterise phe-
nomena using long-term statistics. Examples in the real
world include the El Nifio—Southern Oscillation (ENSO)
occurring on time-scales of 3-5years which is quantified
by NINO3-4 indices (Wang et al., 2017); the North Atlantic
Oscillation (NAO) which is quantified by the NAO index
(Hurrell et al., 2003); and the Quasi-Biennial Oscillation
(QBO) in stratospheric winds, which can exist in an east-
erly or westerly phase and can be characterised by their
period or amplitude (Schenzinger et al., 2017).
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(e,f) F = 24. The black dashed line shows the truth and the grey shading around this shows the standard deviation across a 10-member
ensemble of true simulations initialised with different initial conditions. The light blue line shows the mean from the deterministic
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(approximately three atmospheric years) and after (b,d,f) T =1000 MTU (approximately 14 atmospheric years).

Lorenz noticed that the L96 model exhibits oscilla-
tory modes with similar properties to these climate modes
of variability (Lorenz, 2006). The spatial patterns over
X over the circular domain can fall under two possible
regimes: one which has a single wave (wavenumber k = 1)
or one with two waves (wavenumber k = 2). Following the
same method as Christensen et al. (2015b), we identify
these regimes using principal component analysis (PCA,
or empirical orthogonal functions, EOFs). Applying PCA
decomposition over the truth time series highlights four
modes of variability which explain 78% of the variance.
The first two modes show a wavenumber k = 1 pattern
which dominates 38% of the time, while the second two
modes show a wavenumber k = 2 pattern which domi-
nates 62% of the time. The two modes for each pattern exist
because they are out of phase. We will compare whether
the neural-network parameterisation simulations exhibit
the same ratio of time spent in each regime.

We explore the PPE simulations here to see if paramet-
ric uncertainty can lead to systematic biases and different
climate states. Here, we will consider a different climate

state to be one that has different preference for either the
k = 1 regime or the k = 2 regime. We run the simulations
for T=1000 MTU, each with 50 ensemble members. We
also repeat this for 10 different initial conditions, to reduce
the influence of the starting point.

Figure 9 shows the distributions across all ensem-
ble members in the ratio of time spent in the k=1
regime. The black dashed line shows the true ratio of
time spent in the k =1 regime, with the grey shading
showing the standard deviation in this value across the
10 different initial conditions. When F = 20, Figure 9a
shows a mismatch between the deterministic prediction
and the truth, making any uncertainty estimate benefi-
cial over a deterministic approach. The aleatoric uncer-
tainty is narrower than epistemic uncertainty after time
T =200 (about three atmospheric years). As the simu-
lation continues out to T=1000MTU (about 14 atmo-
spheric years), Figure 9b shows that aleatoric uncertainty
becomes even narrower, while the distribution represent-
ing the epistemic uncertainty remains similar. Here, the
aleatoric simulations are overconfident, with the peak of
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the distribution lying to the left of the truth, indicating
most ensemble members underrepresent the time spent in
the k = 1 regime.

This narrow aleatoric uncertainty arises because it
reflects instantaneous subgrid variability which fluctu-
ates rapidly, on time-scales associated with the AR1 pro-
cess (~0.33 MTU). These short-term fluctuations do not
affect the long-term ratio of time spent in each regime. In
contrast, fixed-parameter perturbations derived from epis-
temic uncertainty can induce persistent shifts in regime
behaviour (Christensen et al, 2015a). Some ensemble
members remain in either the k = 1 or the k = 2 regime for
extended periods. This leads to the large uncertainty that
remains constant across the simulation. While this ensem-
ble does capture the truth, the persistent regime behaviour
is not realistic. The ensemble sampling both aleatoric
and epistemic uncertainty shows that introducing stochas-
tic variability from the aleatoric component can promote
transitions between regimes, preventing members from
remaining in a single state for too long. This shows that
including short-term stochasticity can improve regime
behaviour, consistent with results from GCM experiments
(Dawson & Palmer, 2015). Together, these results highlight
the importance of jointly considering both epistemic and
aleatoric uncertainty.

Figure 9c-f shows the distributions for the climate
change experiments, with Figure 9c,d corresponding to
F =16 and Figure 9e,f to F = 24. Although the BNN was
trained on F = 20, it successfully reproduces the direction
of the shift in regime preference under different forc-
ings. This generalisation is encouraging for climate change
applications, assuming the behaviour holds in a full GCM.
As before, the aleatoric ensemble is overconfident and
fails to capture the truth, particularly for F = 16. Here,
introducing parameter perturbations increases ensemble
diversity enough to capture the truth, indicating the poten-
tial benefit of including epistemic uncertainty in climate
change experiments.

5.5 | Reducing model uncertainty

A key part of UQ lies in reducing model uncertainty in
a process known as calibration. Calibration aims to con-
strain parameter values based on past observations and
therefore focuses on reducing epistemic uncertainty. Here,
we highlight a simple approach to calibration that uses
the PPE we have generated. From the F =20 simula-
tions, at T=200MTU (about three atmospheric years),
we select ensemble members that fall within one stan-
dard deviation of the truth (the grey shading in Figure 9a).
This gives us six ensemble members from the epis-
temic ensemble, or 10 from the ensemble sampling both

uncertainty types. These parameter choices are better
constrained and less likely to produce persistent regime
behaviour. Figure 10 shows the resulting constrained
ensembles at T=1000 MTU (~14 atmospheric years) in
bold for (Figure 10a,b) F = 20, (Figure 10c,d) F = 16, and
(Figure 10e,f) F = 24. For (Figure 10a,b) F = 20, the con-
strained ensembles are centred on the truth and the spread
is reduced significantly. This shows the potential to con-
strain parametric uncertainty once a parameterisation in
coupled online, which could be particularly valuable for
full GCMs. The constrained ensemble that samples both
uncertainty types agrees particularly well with the truth
(Figure 10b). This suggests an additional benefit of includ-
ing aleatoric uncertainty during calibration, as it cap-
tures subgrid variability and reduces regime persistence.
If reproduced in full GCMs, this approach could improve
calibration of physics-based and ML parameterisations
(Hourdin et al., 2017; Williamson et al., 2017).

For the climate change experiments, the epistemic dis-
tributions (Figure 10c for F = 16 and Figure 10e for F =
24) move closer to the truth with reduced uncertainty, even
though they have been constrained on the F = 20 simula-
tions. This demonstrates potential for improving climate
model parameterisations through online fine-tuning of
parameters. For the ensemble that samples both uncer-
tainty types, when F = 16 (Figure 10d), the constrained
ensemble slightly underestimates the truth, although it
still provides an improvement upon the unconstrained
ensembles, especially those that sample aleatoric uncer-
tainty alone (Figure 9d). We do not see major improve-
ments in the reduced ensemble that samples both for
F = 24 (Figure 10f). Calibration based directly on the cli-
mate change simulations (F = 16, F = 24) is expected to
improve performance and would be recommended for cli-
mate change applications in full GCMs, if available.

This simple approach highlights how we could poten-
tially constrain parameter values based on observations
and reduce model uncertainty. The constrained ensemble
size could be reduced further, for instance, by constrain-
ing over longer periods of time or with stricter targets. This
type of approach draws parallels with ‘history matching’,
where PPEs are used to identify regions of the param-
eter space that agree best with observations in the past
(Williamson et al., 2013). History matching takes this fur-
ther by using emulators that predict a target variable given
the parameter values, allowing us to fully probe the param-
eter space and to predict another ‘wave’ of parameter val-
ues for the next PPE. The tuning is repeatedly carried out
until reaching sufficient accuracy or until exhausting com-
putational resources. History matching and other calibra-
tion techniques are usually designed for problems where
there are O(10) parameters. However, neural-network
parameterisations typically have O(10° — 107) parameters.
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within one standard deviation after T=200 MTU in the F = 20 simulations (grey shading in Figure 9a).

There is a need for further exploration of advanced calibra-
tion methods that constrain neural-network parameters
once coupled online.

6 | DISCUSSION AND
CONCLUSIONS

Using a Bayesian neural network, we have shown how
we can identify epistemic (model) and aleatoric (data)
uncertainties in parameterisations, including modelling
aleatoric uncertainty as a function of the input data
(heteroscedasticity). On short, weather time-scales, the
dominant source of uncertainty is aleatoric uncertainty
which arises from the subgrid variability. This validates
stochastic machine-learning approaches that capture
this form of uncertainty by training on probabilistic
loss functions (e.g., Behrens et al., 2025; Guillaumin &
Zanna, 2021). On longer, climate time-scales, however,
it is crucial to consider epistemic uncertainty. This is
because including subgrid variability mostly influences
short-term fluctuations and should not affect long-term
climate statistics, whereas parameter choices remain fixed

within a model and can alter the simulated climate. We
find that model uncertainty remains approximately con-
stant across long time-scales, in agreement with previous
GCM studies (Hawkins & Sutton, 2009). Furthermore,
neglecting parametric uncertainty can lead to overconfi-
dent responses to changing forcings and should therefore
be accounted for in climate change simulations (e.g.,
Forster et al., 2013; Murphy et al., 2004).

We find that the approach to sampling uncertainty is
also an important consideration when building stochas-
tic parameterisations. For aleatoric uncertainty, including
temporal correlations on time-scales associated with the
subgrid variability, for instance through an AR1 process, is
essential for producing well-calibrated ensembles in which
spread and error are correlated (Arnold et al., 2013). More
reliable ensembles can also be achieved by representing
aleatoric uncertainty as input-dependent (heteroscedastic-
ity), which can be learned by the neural network. For epis-
temic uncertainty, keeping parameters fixed throughout
the simulation better represents the constant parametric
uncertainty we aim to capture (Hawkins & Sutton, 2009).

We also explored how PPEs can be used to fine-tune
parameter values. While PPEs traditionally focus on O(10)
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parameters, we extend this to a small neural network with
about 500 parameters. We showed how the parameters
can be crudely constrained based on observations and
how this led to improved mean behaviour and reduced
model uncertainty. This also held up under changing forc-
ing experiments. Importantly, we found that including
aleatoric uncertainty through the stochastic parameterisa-
tion improved the success of parameter calibration. If this
behaviour holds in full GCMs, it could prove valuable for
both physics-based and ML parameterisations, particu-
larly given the potential for compensating errors that can
arise during calibration - for example, from the interac-
tion between resolved and unresolved atmospheric gravity
waves (Cohen et al., 2013; Mansfield & Sheshadri, 2022) or
from competing radiative effects of clouds (Ma et al., 2022;
Zhao et al., 2022). These challenges, often referred to as
‘overtuning’, can limit the broader adoption of calibration
techniques (Hourdin et al., 2017; Williamson et al., 2017).
To extend this research to full GCMs, more advanced cal-
ibration should be explored, such as history matching,
ensemble Kalman methods, or Bayesian optimisation
(Dunbar et al, 2021; King et al., 2024; Watson-Parris
et al., 2021; Williamson et al., 2013). There is also the
question of how to scale up PPE to neural-network param-
eterisations with O(10° — 107). For this, it may be worth
considering sampling approaches to improve computa-
tional efficiency and reduce redundancy in the ensemble,
for instance by sampling the full parameter space or
increasing parameter diversity (Karmalkar et al., 2019;
Sexton et al., 2019, 2021).

This work provides insights into which types of uncer-
tainty to target and how best to sample them across
time-scales. Here, we used a simplified dynamical system
as a toy model of the Earth’s atmosphere. The next step
is to explore how well this holds up in a more realistic
GCM. In doing so, we expect that computational cost could
become a bottleneck, since BNNs require frequent sam-
pling of high-dimensional distributions and running large
member ensembles to capture online uncertainties. Fur-
ther exploration of cheaper approaches to capturing epis-
temic and aleatoric uncertainties may be required, such
as evidential deep learning (Schreck et al., 2024), infor-
mative priors for BNNs (Krishnan et al., 2020), or Monte
Carlo dropout (Gal & Ghahramani, 2016). The approaches
outlined here serve as a starting point and we hope that
this contributes to a growing emphasis on UQ for ML
parameterisations.

Here, we have described a framework linking differ-
ent uncertainties in weather and climate models to epis-
temic and aleatoric components (Table 1). However, it
is possible that model parameters carry both forms of
uncertainty. For instance, in convective parameterisations,
parameters controlling entrainment can be influenced

by unresolved variability (aleatoric) as well as lack of
knowledge (epistemic) (e.g., Lock et al., 2024). This blurs
the distinction between these components. In weather and
climate modelling, we typically use practical approaches to
separate aleatoric and epistemic uncertainty, for instance,
through stochastic perturbations to tendencies to capture
subgrid variability (Buizza et al., 1999) or through PPEs
where parameter uncertainty is determined by domain
knowledge (e.g., Sexton et al, 2021). Methods devel-
oped in engineering could offer systematic ways to treat
mixed forms of uncertainty, such as probability boxes
which model both forms through a range of cumulative
probability distributions (Bi et al, 2023; Duran-Vinuesa
& Cuervo, 2021) and stochastic kriging methods (Gaus-
sian processes, J. Hu et al, 2021). These approaches
also have been shown to improve efficiency of model
calibration (Bi et al., 2023; Faber, 2005; Kiureghian &
Ditlevsen, 2009).

Although aleatoric uncertainty alone may suffice
for weather prediction, our results suggest that models
designed for seamless prediction across time-scales (such
as the Met Office Unified Model, Brown et al., 2012)
must sample both aleatoric and epistemic uncertainty.
These results are obtained in a highly idealised system,
yet they highlight fundamental mechanisms likely rele-
vant to more complex models. If similar behaviour holds
in full GCMs, then both sources of uncertainty should be
incorporated into parameterisation development intended
for use across time-scales. More generally, earth sys-
tem prediction (whether fully data-driven models, hybrid
GCMs, or entirely physics-based) should represent both
aleatoric and epistemic uncertainty to capture the full
range of possible outcomes across weather and climate
regimes.
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