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This thesis considers a number of problems which are related to the study of
random fractals. We define a class of iterations (which we call random hier-
archical systems) of probability distributions, which are defined by applying
a random map to a set of k independent and identically distributed random
variables. Classical examples of this sort of iteration include the Strong Law
of Large Numbers, Galton-Watson branching processes, and the construction
of random self-similar sets.

In Chapter 2, we consider random hierarchical systems on R, under the
condition that the random map is bounded above by a random weighted
mean, and that the initial distribution is bounded below. Under moment
conditions on the initial distribution we show that there exists almost sure
convergence to a constant.

In Chapters 3 to 5 we consider the asymptotics of some examples of random
hierarchical systems, some of which arise when considering certain properties
of random fractal graphs. In one example, which is related to first-passage
percolation on a random hierarchical lattice, we show the existence of a family
of non-degenerate fixed points and show that the sequence of distributions
will converge to one of these. The results of some simulations are reported
in Chapter 7.

Part III investigates the spectral properties of random fractal graphs. In
Chapter 8 we look at one example in detail, showing that there exist lo-
calised eigenfunctions which lead to certain eigenvalues having very high
multiplicity. We also investigate the behaviour of the Cheeger constants of
this example. We then consider eigenvalues of homogeneous random fractal
graphs, which preserve some of the symmetry of deterministic fractals. We
then use relationships between homogeneous graphs and more general ran-
dom fractal graphs to obtain results on the eigenvalues of the latter. Finally,
we consider a few further examples.
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Part 1

Introduction



Chapter 1

Introduction and preliminaries

1.1 Random hierarchical systems

Given a space E, an index set R and a set of functions f, : E¥ — E;r €
R,k > 2, with some probability measure y on R, we can construct a random
hierarchical system by starting with a sequence X© = (ngo); j € N) of
independent identically distributed random variables, with distribution v(?
on E. We now take a family ZJ(-"); j € Nyn € N of independent random
variables on R distributed according to u. We iteratively construct sequences
xr) = (X](-n);j € N) for n € N by setting

x5 = T2 (XIE?j—IB)+1’ Xlgy(zj—ll))w e X,E;‘ V).

This defines a sequence of probability distributions (¢(™),cn on E, where
v(™ is the law of X{™, obtained by iterating a map from the space of such
distributions to itself. We will call this sequence a random hierarchical system
on E with index set R, index distribution p, functions f,;r € R and initial
distribution »(9.

We are interested in the asymptotics of this sequence: under what condi-
tions are there non-degenerate limiting distributions, if so whether there is



a unique such (up to some scaling) and if the limit is a point mass whether

the convergence of the random variables X 1(") is almost sure.

A trivial example is given by E = R, R = {1} and fi(z1,...,zx) = 2575k,
In this case almost sure convergence of X 1(") to a constant if EX fo) is finite
follows from the Strong Law of Large Numbers.

If we have E = N, R = [0,1,...,k], and fi(z1,...,2%) = Z;zlxj, with
X J(-O) = 1 for all j, then the distribution of Xl(") is the same as the distribu-
tion of the population size in the nth generation of a classical Galton-Watson
branching process with offspring size bounded by k. In this case the limiting
behaviour has been widely studied. If the branching process is supercritical
(i.e. the offspring mean p > 1), then there exists a non-degenerate lim-
iting distribution after normalisation (because the offspring distribution is
bounded), while if the branching process is critical or subcritical (i.e. p < 1)
then there is no non-degenerate limit and the branching process eventually

dies out with probability 1. Much information on branching processes can
be found in [4].

A generalisation of the branching process example is to consider functions
which are weighted sums of k£ random variables. The iteration here is of the
smoothing transformation. In [14] the case where E = Rt and R is some
subset of (R*)*, with, for (wy,...,wx) € R,

k
f(wl,...,wk)(xla s 7xk) - Z W;xq,
=1

is studied, and necessary and sufficient conditions for the existence of a non-
degenerate fixed point of the iteration are obtained under moment conditions
on the random weights. This is related to branching random walks. In [35],
the natural extension to sums ) w;z; is considered, and again necessary
and sufficient conditions for the existence of non-degenerate fixed points are
obtained under moment conditions on the random weights.

The construction of random self-similar sets is an example of such an iteration
where E is not a subset of R. In this case F is a set of subsets of R", and each
function f.(X1,...,Xk) = Uleqbr(X ;), where ¢; is a contraction on R™. The

initial measure () is usually taken to be a point mass on a particular subset.
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Examples, including the random von Koch curve, are given in Chapter 15
of [17], and the proofs of the existence of limiting distributions are given
in {16, 20, 38]. In [38] the Hausdorff dimension for a class of such random
fractals is obtained. The construction of random fractal measures is a further
example, where E is now a set of measures. Given a contraction condition,
the existence of a limiting random measure for classes of iterations is shown
in [27, 28]. The contraction mapping theorem is an important tool in the
proofs of these results.

Similar iterations are used when considering homogenisation on nested frac-
tals in [25, 32]. Here E is a cone of Dirichlet forms, R = {1} (for deterministic
fractals), and f; is a renormalisation map. Here the initial distribution v(©)
can be any distribution on E. The problem of finding a random Laplacian
on a random fractal is a similar problem, but with more general R and the
initial distribution a point mass.

Further examples arise naturally in the study of the renormalisation of net-
works of random resistors on hierarchical lattices, see for example [15, 45,
46, 52, 53]. Hierarchical models are studied in statistical physics because
they can often be solved explicitly and may provide insight into behaviour
on standard lattices. For a discussion see [7, 49] and for studies of some sta-
tistical physics models in the hierarchical setting see [13, 21]. Similar models
also occur in other situations arising in physics, such as modelling earth-
quakes and fibre strengths in [41]. A discussion of the relationship between
classical probability results such as the central limit theorem and renormal-
isation in physics appears in [29]. Fluctuation theorems for specific models

are obtained in [15, 45, 53].

An application to computer science is the study of the biased coin problem
considered in [3, 9] and related to the use of physical sources of randomness
with a small bias. A model of the above type is studied, with R = {1} and

s, = min (5 = 9oy -+ (5 + o, (5 + o + (5 = a2

Another example from the computer science literature, discussed in [2, 9, 10]
is concerned with the problem of a group of processors designating a processor
as a leader in circumstances where some of the processors are faulty. The
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processors are arranged as nodes of a binary tree and the aim is to elect a
non-faulty processor. Here R = {1,2} and the functions are

fl($1>1'2) = xl—;—xz
fo(z1,22) = min(zy,22)

with probabilities 1 — € and € respectively, where € is the probability of an
individual processor being faulty, with processors being faulty independently
of each other and of the initial sequence of random variables X®). The ran-
dom variables X J(-") represent the probability of electing a non-faulty leader.
Using an extended moment calculation, it was shown in [10] that, for € < Z,

there exists d; such that P(X J(") < 01) < 0, for n large enough, for any o, > 0.

In the case where R = {1} and f; is continuous, defined on D = [0, 1],
concave, positively homogeneous and increasing, convergence in probability
to a constant is proved in [48]. For one particular function obtained by
considering a specific lattice, almost sure convergence to a constant is proved
in [15]. Further work is in [33]. In Chapter 2 we build on this work to obtain
almost sure convergence to a constant for a subclass of iterations where F is a
bounded below and closed domain in R and the functions f, are all bounded
above by a weighted mean. Chapter 2 is based on [30].

In Chapter 3 we will consider random fractal resistor networks. These are
essentially a randomised version of the hierarchical lattices. We will con-
sider a specific example, which we call the series-parallel network, in some
depth, and consider the asymptotics of the resistance. We will also consider
a different property of this network, the distance between the two boundary
points. In Chapter 4 we will show that in some cases there is a family of
fixed points of a random hierarchical system describing this, and that the
distance converges in distribution to one of them.

In Section 3.3 we consider some further resistor networks, and discuss their
asymptotics. In Chapter 5 we will discuss another hierarchical system with a
non-degenerate fixed point. Our results on random hierarchical systems are
summarised in Chapter 6 and where there are open questions, the results of
some computer simulations are shown in Chapter 7.



1.2 Random fractal graphs

The hierarchical lattices already mentioned are examples of fractal graphs,
and the random resistor networks are examples of random fractal graphs. We
investigate further properties of such graphs, especially the spectral proper-
ties of their Laplacians.

The graphs that we will consider are related to self-similar fractals. Random
self-similar fractals are constructed in {16, 20, 38|, and random self-similar
fractal measures are constructed in [27, 28]. Random fractals are also dis-
cussed in Chapter 15 of [17]. A Brownian motion on a random Sierpinski
gasket is constructed using resistance-based methods in [23], and the asymp-
totic behaviour of its eigenvalue counting function is discussed in [24].

Homogeneous fractals related to the homogeneous graphs discussed below
are studied in [5, 22].

Self-similar fractal graphs are studied as approximations to geometric frac-
tals, and are used in the construction of Brownian motion on deterministic
fractals such as the Sierpiriski gasket, described in Chapters 2 and 3 of [31].
The relationship between large-scale structures such as fractal graphs and
the small scale of fractals is discussed in [50].

We will consider four different types of construction of random fractal graphs.
Homogeneous graphs have much of the symmetry associated with determinis-
tic fractals, while non-homogeneous graphs do not, but have averaging prop-
erties which may enable almost-sure results to hold. Associated with each of
these types is a construction by replacement, and also a construction by du-
plication. The replacement constructions are generalisations to the random
case of the construction described in Definition 5.2 of [37].

To allow a slightly more general class of graphs, we will allow our graphs to
have multiple edges. We fix M € N, and consider a cell to be a copy of the
complete graph on M vertices.

Given a graph G, let V(G) be the vertex set of G, and let E(G) be the edge
set. We will assume the following.
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Assumption 1.1. We have a connected graph G satisfying:

o There exist ¢(G) sets C1(Q),...,Cqc)(G) C V(G) of M vertices each.
e Eachv € V(G) € Cj(G) for at least one j.

o Given u,v € V(G), the number of edges in E(G) connecting u and v
is w(u,v) = [{j : u,v € C;(G)}|, the number of cells containing both u
and v.

o There is a set G € V(G) of M vertices, which we will call the bound-
ary of G.

For an example see Figure 1.1.

Definition 1.2. Given two graphs Gy and G, satisfying Assumption 1.1
(with the same M), to replace cell j of Gy with G, we define a bijection
n : C;(Go) — 0G1, and obtain the vertex set of a new graph Gy by taking
V(Go) UV (G,) and identifying each v € C;(Go) with n(v). The boundary
0G4 is the same as that of Gy.

We set ¢(Ga) = ¢(Go) + ¢(G1) — 1, and define cells

o Ci(Gy) = Ci(Gy), fori € {1,2,...,¢(Go)} \ {5}
e C;(Gy) = Cyc,)(Gr)
° CC(GO)_H'(GQ) = Cz(Gl) fOT”l: € {1, 2,.. .,C(Gl) — 1}

Then, if w;(u,v) is the number of edges connecting u and v in G;, we set

wa(u, v) = w1 (u, v) + wo(u, v) = Iupec;(Go))

so that the graph Go satisfies Assumption 1.1.

If the replacing graph G is not symmetric with respect to its boundary, then
the structure of the new graph depends on the choice of the bijection.
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The assumption that we only identify boundary vertices is a finite ramifica-
tion assumption, and excludes graphs related to non-finitely ramified fractals
such as the Sierpinski carpet.

We will consider a fixed set of graphs {I',;r € R}, satisfying Assumption 1.1,
for some finite index set R.

Definition 1.3. To form the homogeneous replacement sequence, we start
with a graph Fy consisting of a single cell. We have a sequence {Z,;n € N}
with values in R. We proceed inductively, constructing F,, from F,_, by
replacing each cell of the latter with a copy of I'z,.

To form the homogeneous duplication sequence we again start with a single
cell, F}, and we again have a sequence {Z,;n € N} with values in R. We
define F! by taking the graph I'z, and replacing each of its cells by identical
copies of F, _;

For the non-homogeneous sequences, we define a family of random variables
{Zj(n);n,j € N} on R. For the replacement sequence, GO is a single cell.

To construct G™ from G®™=1), we replace the cell Cj(G(”‘l)) with a copy of
FZ(n)-
J

For the duplication sequence, we define a family of graphs {ng);n,j € N}
and we start with Gg_o) being a single cell for all 5 € N. To form Gg-n) we

take the graph T ), let 0 be a random permutation of [1,...,c(T ,m)], and
J J
replace the cell Co;) (T ,m)) with GE?——ll))k-i-i’ where k = max,cg c(T).
J

We will take the sequence {Z,;n € N} and the family {Z](-");n, j € N} to
consist of independent identically distributed random variables.

The non-homogeneous duplication sequence can be considered as a random
hierarchical system, with E a space of graphs and the functions f, corre-

sponding to replacing the cells of the model graph I', with the input graphs.

The following two lemmas show that the graphs produced by the replacement
and duplication constructions generally have the same distributions.
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Lemma 1.4. If {Z,;n € N} are independent identically distributed random
variables, then the distributions of the graphs F,, and F, are the same for all
n.

Proof. This is true by definition for n = 0. Proceeding inductively, F, is
formed by replacing each cell of F,_; with a copy of I'z,. By the sta-
tionarity property, (Zn—m+1, Zn—m+2--->Zn) has the same distribution as
(Z1,Z3,...,Zy), and hence F, can be formed from F,_,, by replacing each
cell with a copy of a graph whose distribution is the same as that of Fy,.
Letting m = n — 1 tells us that F,, can be formed from F; by replacing each
cell by a graph of the same distribution as F;,_;. But F} has the same distri-
bution as I'z_, and hence if F;,_; has the same distribution as F,_; the same
follows for F;, and F;,. O

Lemma 1.5. If {ZJ(-"); n,j € N} are independent identically distributed ran-

dom variables, then the distributions of the graphs G™ and Gg-n) are the
same, for alln and j.

Proof. The proof is essentially the same as for the homogeneous case. That
is, G™ can be obtained by replacing the cells of G(®™) by independent
copies of G(™). We take m = n — 1 and use the fact that G(!) has the same

distribution as I' Z()- O
J

Examples of the deterministic version include nested fractal graphs such as
the Sierpinski pre-gasket. An early stage of the construction of the Sierpinski
gasket is shown in Figure 1.2. In this case M = 3, R = {1}, and the model
graph I'; is shown in Figure 1.1.

A randomised version of this corresponds to the random gasket described in
[23]. Here R = {1,2}, and the model graphs are the two shown in Figure
1.1. The graph I'; has 3 cells, and I'; has 6 cells.

An early stage of the construction of the corresponding random fractal is
shown in Figure 1.3.
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C1(T"1) Ca(T'1)

I Ly

Figure 1.2: The Sierpinski gasket
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Figure 1.3: A randomised Sierpiniski gasket

We will study the eigenvalues of the graph Laplacians of these graphs, with
the aim of comparing the behaviour of the spectra with the behaviour of the
spectra of deterministic fractals and fractal graphs.

For the definitions of the Laplacian and eigenvalues we follow [11].

Definition 1.6. Given a graph G (which may have multiple edges), we set
V(G) to be the set of vertices of G. Now for u,v € V(G) define §(v) to be
the degree of v in G, and w(u,v) to be the number of edges connecting u and
v. We now define the Laplacian L by

1 U=

_w(u’v) y
L(u,v) = T, WY adjacent
0 otherwise

and we will define the eigenvalues of G to be those of L.

These are the eigenvalues studied in [11], from which we see that if ) is an
eigenvalue then 0 < A < 2. There is always an eigenvalue 0, but 2 is an eigen-
value if and only if the graph has a non-trivial bipartite component. Note
that our graphs are always connected. For most of the non-homogeneous
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examples we discuss, they are not in general bipartite, although G™ may be
bipartite for small n. However homogeneous random fractal graphs will be
bipartite if the model graphs I'; are bipartite for all s.

Note that the Laplacian is sometimes defined slightly differently - for example
Definition 4.5 of [37]. However the spectrum differs by at most a simple
transformation. For example ) is an eigenvalue of the Laplacian as defined
above if and only if — ) is an eigenvalue of the Laplacian as defined in [37],
with the same multiplicity.

Also, different definitions of the eigenvalues of graphs are sometimes found,
such as those defined in [12] and those calculated in [18].

For a graph GG, we can now define a spectral measure by

_ |{X € A: X eigenvalue of L}
V(G)

(counting multiple eigenvalues) for subsets A C [0,2]. Given a sequence of
graphs G, we can study the sequence of spectral measures. In some cases
there will be a limiting spectrum, but if the sequence of graphs is random
the convergence may be in distribution.

pe(A)

We are particularly interested in the set of points A C [0, 2] such that, for A €
A, limsup,,_, . pc, {2} > 0 and in the question of when lim, o, pg,(A) =1,
so that for large n the spectrum is dominated by such eigenvalues. If this
applies then we will describe the limiting behaviour as pure point. In this
case any subsequential limit of (ug,)neny Will be a pure point measure as
defined, for example, in [43].

In the case of deterministic fractals, localised eigenfunctions were found for
the Sierpiriski gasket in the physics literature [42]. In the context of frac-
tals localised means that the eigenfunctions are strictly localised - they are
supported on a compact subset of the fractal. Elsewhere in the physics lit-
erature it usually means that the eigenfunction decays exponentially away
from a particular region.

The Sierpiniski gasket also has a property known as spectral decimation [42].
This allows many eigenvalues of G™ to be obtained as roots of R(z) = A,
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where A is an eigenvalue of G("~V and R(z) is a quadratic function. As
a result the limiting spectrum is closely related to the Julia set of R(z).
Further details are in Section 9.2. A rigorous mathematical treatment of this
is in [47]. In [51], it is shown that the Neumann spectrum of the Sierpinski
gasket is pure point. Spectral decimation needs strong conditions to work
for fractals other than the Sierpinski gasket - these are described in [37].

For fractal graphs, the existence of a pure point localised spectrum for many
two-point graphs (i.e. those where there are just two boundary points - in
our above notation M = 2) was shown in [36]. In [37] the method of spectral
decimation is developed to apply to a large class of highly symmetric graphs,
and the specific application to the graphs related to the Sierpinski gasket
(known as the Sierpiriski pre-gaskets) is described in detail in [51].

For nested fractals, a class of self-similar fractals with a strong symmetry
condition introduced in [34], the existence of a pure point spectrum generated
by localised eigenfunctions is shown in [44]. However, the conditions needed
for spectral decimation to give details of the eigenvalues are quite strong.
Examples where spectral decimation does not work include the pentagasket,
whose spectral properties are studied in detail in [1].

Some examples of graphs with spectra similar in some respects to those
found for fractal graphs, consisting of isolated points together with a set
derived from the Julia set of a polynomial, have been found for some graphs
associated with fractal groups. This is discussed in [6].

The graphs are also examples of random graphs, and we can compare the
spectral properties we find with those for other types of random graphs.
These are considered in [18], where the eigenvalues considered are those of
the adjacency matrix rather than the Laplacian of [11]. For Erd&s-Rényi
random graphs, there is a semi-circle law. In [18] this is contrasted with the
small-world model, for which simulations suggest that there can be sharp
local maxima in the spectrum, but there are no actual singularities similar to
those produced by localised eigenfunctions. Another example, also discussed
in [18], is the scale-free graph. In this case simulation of the spectrum of the
adjacency matrix shows a triangular form with a high number of eigenvalues
with small modulus. In [18] localisation of the eigenvectors is suggested as a
possible explanation for this.
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More on random graphs can be found in [8].

In Chapter 8, we concentrate on one example, the non-homogeneous series-
parallel graph, and show that its Laplacian has localised (specifically Dirichlet
Neumann, as used in [44]) eigenvalues, and we obtain lower bounds for the
proportion of the spectrum that they form. We also briefly discuss eigenfunc-
tions which are almost localised, in the sense that they are very close to zero
on a large part of the graph. This appears to be due to specific properties of
this graph. Finally we consider the Cheeger constants, which are related to
the eigenvalues and also to the connectivity of the graph.

In Chapter 9, we discuss how the methods of [37] can be applied to ho-
mogeneous fractal graphs, and describe what happens to the homogeneous
series-parallel graph.

In Chapter 10 we prove some general results about the asymptotics of the
spectra of non-homogeneous self-similar graphs. Finally in Chapter 11 we
discuss some specific examples and show results of some simulations of the
spectra. We also discuss an interesting deterministic fractal graph which
does not satisfy the conditions of [37].
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Part 11

Asymptotics for random
hierarchical systems
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Chapter 2

Almost-sure convergence

2.1 Introduction

In this chapter, we describe results on random hierarchical systems where
the functions f; are defined on a domain D C R, and prove that a subclass
of these iterations converges almost surely to a constant.

In the case where the function is continuous, defined on D = [0,1], con-
cave, positively homogeneous and increasing, convergence in probability to
a constant is proved in [48]. For one particular function obtained by con-
sidering a specific hierarchical lattice, almost sure convergence to a constant
is proved in [15]. The most general result to date is in [33] who at each
level n of the renormalisation considered a (deterministic) function f, of
k, variables. They assumed that the initial sequence of random variables
was stationary and m-dependent, i.e. the two collections {Xfo), e ,X,(LO)}

and {X,(fgm 41 X,S?Bm +2,-- -} are independent, and proved a weak law of large

numbers. Under stronger conditions they proved the following strong law
(Theorem 2.1(iii) of [33]).

Theorem. (Li and Rogers) Suppose that the f, satisfy the subadditive con-
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straint

k
1
(1, 2k) < E;xz for all (z1,...,x) € DF.

Then if D is bounded below, the f,, n > 1 are symmetric functions of k(>
2) real variables and X© = {XJ(O);j > 1} is a sequence of i.i.d. Tandom

variables such that
EIX?| < o0,

then for some A € D,
lim X\™ =\ a.s.

n—o00

We will develop a randomised version of the problem and extend the weak law
from [33] to this setting. In the randomised setting the symmetry condition
needed for the strong law is less rigid and we can then use this strong law
to weaken the conditions of [33] in the non-randomised model, giving the
following result.

Theorem 2.1. (a) If
k
flzy, ..., xx) < Zaixi
i=1

where the o; are positive constants with o; < 1 for each 1, Zle o; =1 and
E(1XU21x))) < o0

where
6 > 1 and L(z) = max{1,logz},

then there exists A € D with

x™ 5\ as.

(b) Further, if a; = ¢ for all i, then the conclusion holds under the weaker
condition that IEIXI(O)I < 00.
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Part (b) of this was originally claimed in [52].

The main results and their proofs are described in Section 2.2. Some lemmas
necessary to prove the results are included in Section 2.3.

For recent work on this problem in the Banach space setting, see [26].

2.2 The randomised model

We let X©@ = {X J(O); j > 1} be a sequence of independent identically dis-
tributed random variables with P(X(® € D) = 1 for some closed domain
D C R. We define {£ = inf{z : z € D}. (Note that £ may be —oo but
otherwise £ € D.)

Now let Z }n); Jj > 1,n > 1 be a set of independent (of each other and of X (0))
and identically distributed random variables taking values in some measur-
able space R. For each r € R let f, : D* — D be a real measurable function
of k variables, where k is a fixed integer, k > 1.

We now define a sequence {X™;n > 0} by

(n) _ (n—1) (n—1) (n—1)
Xjn —“fZJ(")(X(k-—l)j-}-l’X(:—1)j+2""’ij )’

x™ =R = (x5 >1}.

The leader election model of [2, 9, 10] has R = {1,2}, fi(z1,z,) = 8322,
fo(1,72) = min{z;, 7o}

Define o-algebras F,, = J(Xi(j); 0<j<m,i>1)and G, = J(Zi(");z' > 1).

The following result is based on Theorem 2.1(i) of [33] and the proof is largely
the same except for the use of conditional expectation.

Theorem 2.2. Suppose that we have non-negative constants a;,,1 < 1 <
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k,r € R, such that

k
ZO‘” =1 for allT and a;, < A for all i,7 and some constant A < 1.

1=1

Further suppose that for all T € R, we have the subadditivity constraint

k
fr(z, 2o, .. zk) < Zai,rfl?i-
1=1

If
E(X v 0) < oo,

then for some A € DU {¢},
EX™ | X as n— 0o and X™ —, A

Proof. Define

k
(n) _ § :
gJ (.'L']_,...,xk) - ai Z(n)x’i
)
1=1

and
hg-") (T1,...,Zpn) = gJ(-")(hg.l__ll))kH(a:l, ceey Tgn-1),
hg?:ll))k+2(xk"‘l+la ey Togn-1),. ..,
h§z—1)(x(k_1)kn—1+1, ey Tgn))
where h§0) (z) = z for all j.
Note that

n
hgn) (.’El, “oe ,.’Ekn) = Z dfg)xz

1=1
where dg;-) = O‘p,z;mdf;,z(;i)l)mq where i = (p — k™! + ¢ with 1 <p <k and
1 < g < k™. Inductively, we see that max; dz(ﬁ) <A™ = 0 as n — 0o. This

allows us to use Lemma 2.7 (with a,; = dgﬁ)) to give

kn
> dVx -, Ex{. (2.1)

1=1
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(with convergence to —oo if lEXl(O) = —00)

Now

(X" Fat,Gn) = Tzm (xrh o x )

k
(n—1)
< Z O‘z‘,Z{”)Xi
1=1

and using properties of conditional expectation and the i.i.d. property of
X1 we have

k
E(Xl(n)|gn) < Zai,an)E(Xi(n_l)lgn)
1=1
= E(X"|6n)

but Xf"“l) is independent of G,, so that ]EXf"),n > 1 is a non-increasing
sequence of real numbers, hence there exists A € [~00, 00) such that

EX{™ | X asn— oo. (2.2)
Then if]EXl(O) = —oo we have, using (2.1), that Xf") —p —00 and if]EleO)l <

oo then
lim P(X™ > EX? +¢) =0.

n—o0

Further,

k'n.
() (n){ (0
X I{X§"’2EX§°’+6} < Zdi,l |1 X; II{ZQ“;‘I dXOSEX® yep
=1

and for every M > 0,

kn
n 0
QY diV I (s, aipx@3ex+9)
i=1
k™ k™
< MO VX > EX{ + 9 +EQ dVIX N s o150 151y)
i=1 =1 ’ -
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which with E|X\?| < oo implies that

lim E(X{™T

" o0 {Xf")zlEX{°)+e}) = 0. (2.3)

Now we repeat these arguments but starting with X' () instead of with X (®.
The conditions on X® imply that E(X 1(n°) V0) < oo so they apply to X (™) as
well. So if for any ng, EX{™ = —co then X\™ —, —00 and if E|X"| < 0
then

lim P(X™ > EX™ 1+ ¢) =0

n=yco
and

B B ) =0 2
So if A = —oo then we have

Xl(") —, —00
and if A > —oo, for all € > 0,

lim P(X™ > XA+¢€) =0

n—oo
and
lim E(X{™I

n—00 {an)Z)\-f-e}

) =0. (2.5)
If A > —oo then
EQX™ = X) = E (X" = Ny 01
+E (X7 = Wl man ) +E (G = Voo anney)
so using (2.2) and (2.5)

liminf E ((Xl(") NI

n—00 {X£n)§>‘“f}

) > —limsupE ((Xl(n) - M1

n—o0

for all ¢ > 0, while obviously

linm_)s;}p]E ((Xl(”) — )\)I{an)g/\_e}) <0.
Hence o
Tim E ((X{" = NIy _y) =0 (2.6)
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and (2.5) and (2.6) give the result
XM 5 Xasn — oo

As in [33], the proof finishes by taking an a.s.-convergent subsequence to
obtain A € D U {£}. O

The next result is based on Theorem 2.1(ii) of [33] and gives a form of strong
law, but only for the lim sup. Again the proof is based on that in [33].

Lemma 2.3. With the hypotheses of Theorem 2.2 and additionally if D is
bounded below and we have

E(xO1L(xO))?) < 0

for some § > 1 then for some A € D the conclusion of Theorem 2.2 holds

and additionally

limsup X\™ = \ almost surely.
n—oo

Proof. With the hypotheses of Theorem 2.2 holding, we know that X 1(n) —p A
for some A € DU {¢}. However D is closed and bounded below, so £ € D,
hence A € D.

There exists a subsequence {n;;j > 1} such that

lim Xl(nj) = )\ a.s.

j—o0
and hence
lim sup Xl(nj) > ) a.s. (2.7)

j—o0

Now Xf”) < SF dgﬁ)Xi(O) as before. The condition 3% (dz(ﬁ))2 <ch™™(b >
1,c > 0) necessary to apply Lemma 2.8 is easy in our case (see Example 2.1
of [33]). So we have

k‘n
. n 0 0
'r}}-)ngo E dz(,l)Xi( ) = lEXl( ) as.
i=1
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and hence
limsup X\ < EX{® as. (2.8)
n—o0
As in the proof of Theorem 2.2, we now observe that the conditions on X
imply the same conditions on X(") for any integer ny (we need D to be
bounded below here, and also Jensen’s inequality). So we can use identical
arguments to those above to obtain

limsup X(™ < EX™ as. (2.9)
n—o0
and letting ng — oo,
limsup X{™ < X as. (2.10)
n—oo
Then (2.7) and (2.10) give the result. O

The next result is based on Theorem 2.1(iii) of [33] although the symmetry
condition is slightly modified. It gives strong-law convergence in a restricted
case.

Lemma 2.4. Assume the hypotheses of Lemma 2.3, and further the following
symmetry condition:

For all o0 € Sy, the permutation group on k elements, we have
]P’(fzgn) € E') = P(fzgn) 00 € E')

for all P-measurable subsets E of measurable functions of k real variables

(i.e. changing the order of the input variables does not alter the conditional
distributions of X1 and XM ).

Then for some A € D, we have

lim Xl(") =\ a.s.

n—oo

Further, if a;, = 1/k for alli,r, then the conclusion holds under the weaker
condition that E|X{”| < co.
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Proof. The hypotheses of Lemma, 2.3 apply so we know that there exists a
A € D such that
XM 0

and
limsup X(™ = X as. (2.11)

Similarly for every [ > 1 we have Xl(") —, A and lim sup Xl(n) = ) as.

Now set
k

Yy — Zx(n)

1=1

For n > 0, define o-algebras
Fl =o(YO:1>n).

Our symmetry condition gives that, for 1 < i < k,

E(XD e+ + X Fo) = E(Y®|FLL)
and hence ) ( )
E(Y®™|F., ) = (X + k s [Fri1)

We note that the symmetry condition implies that Eo, ey = 1/k and
25
further that ZJ("H) is independent of F, _,, and so

1
E(e; zoen | Frin) = 7

(n+1)

Hence conditioning on the Z and using the subadditivity of the functions

will give
. (Xl(") +or X
k

and similarly for the other X{"™| giving

n+1) > E('X n+1)| )

]E(Y(n)lfr,z+1) > E(X1(n+1) +oee Xlgn+1)|fr,z+1)

= Y@+ g5
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Hence the sequence {Y(™;n > 1} is a reversed time submartingale, so as in
[33] we can use the convergence theorem and the convergence in probability

to conclude that
liminf X{™ > ) as. (2.12)

n—oo

Then (2.11) and (2.12) give the result.

When «;, = 1/k we can use the Strong Law of Large Numbers instead of
Lemma 2.8 (as in the proof of Theorem 2.1(iii) of [33]) and so the final part
of the statement follows. O

The following result and its proof are based on Corollary 3.1 of [33].

Corollary 2.5. For any set of random variables X™ where X™ has the
same distribution as Xf") for all n,

XM 5\ s

Proof. Foreachn > 1, XQ(") is determined by the random variables {Xz-(o); K™+
1 <3i<2"}U {ZZ-(J); 1<j<nk"7+1<1i<2k"7}. But these sets are
independent for different n and so {XQ("); n > 0} is a set of independent ran-

dom variables. From the proof of Lemma 2.4 we have that XQ(n) — A a.s.
and so by Borel-Cantelli we have that
Z]P’(IXQ(TL) — Al > €) < oo for all € > 0. (2.13)
n=0

But, for each n, XQ(") and X {") are i.i.d. random variables. By the hypotheses
of the corollary, X(™ has the same distribution as Xz(n) and hence (2.13)
implies that

Z]P’(IX'(") — Al >¢€) < oo forall e > 0,
n=0

which, using Borel-Cantelli, gives the result. O

We can now use this to strengthen Lemma 2.4 by removing the symmetry
condition. Theorem 2.1 is a special case of the following:
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Theorem 2.6. (a) Under the hypotheses of Lemma 2.3 there exists A\ € D
with
X" 5\ as.

(b) If a;, = 1/k for all i,r then the conclusion holds under the weaker
condition that E|X\?| < 0.

Proof. We define

k
gr(T1, ..., 2k) = Za,—ﬂ.xi for all (zy,...,zx) € DF.

=1

Set R = R x Sk where Sy, is the kth permutation group. Then, for each r,0;
r € R,0 € S, define f ) : D¥ — D by

foo) (@1, 28) = froo(zy, ..., xx).

The condition on the f, ensures that, for all r,

—~

feoy (@, 2k) < oy (@1, - - -5 Tk)
=g, 00(x1,...,7x) for all (zy,...,z;) € D*.

We now consider a model with random variables Y;-("), based on the set
of functions {f7;¥ € R}. The symmetry condition of Lemma 2.4 will be
satisfied if we define the random variables Z\™ so that P(Z(™ € E x {o}) =
(1/EYP(Z™ € E) for measurable subsets E C R and o € Sk. So if we set
YO = x© and define i.i.d. sequences Y™ = {V;™ : i > 1} using our new
model, we can apply Lemma 2.4 to obtain Yl(”) — A a.s. for some A € D.

Now note that, as {Y;(”) : 4> 1} are i.i.d., the distribution of Yi(l) is indepen-
dent of Zz-(l). Hence it is the same as the distribution of Xi(l). We continue

inductively to see that X™ and Y™ have the same distribution for all n,
(although the joint distributions as n varies will not necessarily be the same).
We now apply Corollary 2.5 to obtain the result.
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To apply Lemma 2.4 we need E (}XfO)I(L(|X1(O)}))5) < 00, giving (a), except
when o; = 1/k when E|X\?| < oo is sufficient, giving (b). O

Theorem 2.1 is just Theorem 2.6 in the case R = {1}.

It is conjectured in [33] that an almost sure limit will exist for more general
iterations which may vary from stage to stage, and with the initial random
variables m-dependent rather than independent. In the case where k varies
the reversed submartingale argument of this chapter cannot be used and the
argument in Theorem 2.6 requires independence initially, so the methods
used here cannot be applied in their present form to this conjecture.

2.3 Required lemmas

The following results and their proofs are extensions of Proposition 3.1 of
[33] to the case with random weights.

A set of random variables {X; : j > 1} is said to be stationary and m-
dependent if for all n the sequence {X,; : j > 1} has the same distribution
as {X; : j > 1} and the collections

{Xl, . ,Xn} and {Xn—}-m-}-la Xn+m+27 .. }

are independent.

Lemma 2.7. Let {X,;n > 1} be a sequence of stationary and m-dependent
random variables on a probability space (0, F,P) and {anx; k > 1,n > 1}
an array of non-negative real random variables on the same probability space
independent of {X,;n > 1} such that, for all w € Q,

Zan,k =1 forn > 1.

k>1

If
supsupanx — 0 as n — oo
wel k>1
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and
E(Xl V 0) < 00,

then for each n > 1, ZkZI an Xk 15 @ well-defined [—o0, 00)-valued random

variable with
E (Z an,kxk) =EX;

and

Z an,ka —p EX;.
k>1

0 _ _
=

(with convergence to —oo if EX 00)

Proof. We define the o-algebra G, = o(an;k > 1). By conditioning on G,

it is obvious that
E (Z an,ka> =EX;.

k>1

For the second part, first assume that E(X; A0) > —oco. Then we know that
Elel < o0

from the hypothesis that E(X; V0) < co. Given € > 0 we choose 7 > 0 such

that
2

€
E(IX1Tgx>n) < 5
Now, for 7 > 1, define the following two random variables:
Yi(7) = Xilx;1cn — E(Xilx1<n)s
Zj(T) = Xj - EXl - }/J(T)

Then because ) .5, an, = 1 for all w € 2 and all n > 1, we have from the
definition of Z;(7),

Z an,ka —-EX; = Zan,kYk(T) + Z an,ka('r).

k>1 k>1 k>1
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Now

gn) < EE(
€

< 2D anE (121G

Now E|Zy(7)| < 2E(|X1|I(x,>-}) by the definition of Zi(7) so we use prop-
erties of conditional expectation to get

2
ZC) < E(IXallgxisn)

< e
We now use the stationarity and m-dependence of {X,;n > 1} to get
1
P ( 6—2' Var (Z a'n,kY;C(T) gn)
1

k>1
= 3 (Z ai,k Var(Yy(7)|Gn)

k>1

=
N——
IN

+2 Z Qn,i0n,j Cov(Yi(T), Y;(7)] gn))

- 1<i—j5<m

2 (m+1)3 a2, Var(Yi(r)| Gn)

<
T €
k>1

2(m + 1)72

S 2 Sup Gn, k Z Qn k
k21 k>1

2(m + 1)72

= > SUp G k-
€ k>1

Now remove the conditioning and use the condition on the a,; to obtain

P ( > ankYa(T)

26)—)Oasn—>oo.
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Hence

lim sup P (} Zan,ka - EX;| > 26) <,

k>1

from which we can deduce the result, when E(X; A0) > —oo. If E(X; A0) =
—00, for each M > 0, we truncate and apply the previous argument to
Xielox,>—my as in [33]. 0

Lemma 2.8. With the same framework as Lemma 2.7, and further that

¢t :ZZai,k <ch™ foralln > 1,w € )

k>1

for some constants b > 1 and ¢ > 0, and
E(|X1|(L(]X1]))°) < o0

for some § > 1, where L(z) := log(max{e, z}), then

e

n>1

Y ani X - EX)

k>1

26><oo, for all e > 0

and hence (via Borel-Cantelli) we have that

nlLIEOZan,ka =EX; a.s.

k>1

Proof. By subtracting EX; from the initial random variables, we can assume
E_Xl = 0

For each n > 1, define the following random variables:

Un = ) anp Xl (X<}

k>1

Vo= anp Xl {ixul>c}

k>1
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and define G = o(apk;n > 1,k > 1). Now

STB([Va—E(VI9) > e|G) < ~ Y E(|Va — E(Vil9)] )

n>1 n>1

1
= - ZE (|X1I{|X1[>Cn} — E(XII{IX1I>Cn},g)|‘ g)

n>1

by the definition of V,.
2
=2 E(IXIxp>c] 9)

n>1
by the triangle and Jensen’s inequalities.

IA

Now remove the conditioning to get

2
Y P([Va—EV,|>¢) < EZE(|X1II{|X1|>bn/c}))

n>1 n>1

< —ZZEP (¥ /c < | X1] < 11 /c)

n=1 j=n
j+1
—ZW P < |cX1| < b+)

j=1

2b

elogb
< 0.

< E(1X1|L(|cXy])

Now we use variance and covariance arguments again to get

BV ~ E(UA0) > dG) < — Var(U,|G)
m+1

IA

n g Var( X1 I(ix,1<c.}| G)

k>1
m—l—l

IN

(X1 Igx<cy| 9)-
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Now remove the conditioning to get

m+ 1 n
Y P(Un—EUp| > 6) < —5— > b Var(XiIyx|<en/c))
n>1 n>1
m-+1 - 2
< = ;cb E(X}I{jx,|<tm/c})
m+1 b" 1
= b (—O () E(IX1[(L(1X1]))%))
e ; ¢ (L(%))
1
- Yo
n>1
< ©o0Q.

Combining the results for U, and V,, we can now use the Borel-Cantelli
Lemma to get the result. O
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Chapter 3

Random fractal resistor
networks

3.1 Introduction

Many properties of non-homogeneous random fractal graphs can be studied
using random hierarchical systems. One example is obtained by considering
the graph as an electrical network where the edges are independent and
identically distributed random resistors.

As an example network we consider the non-homogeneous constructions
where I'; consists of a two-edge path and ['; consists of a pair of vertices
connected by two edges, as shown in Figure 3.1.

We set a parameter p € [0,1] and take the random variables Z](-”) to be 1
with probability p and 2 with probability 1 — p.

We will call this the series-parallel network with parameter p.
Considering the replacement construction, we now put a resistance of 1 on

each edge and define R(™ to be the resistance between the boundary points
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o e

Figure 3.1: The model graphs for the series-parallel network

in the graph G™. A typical graph at stage 5 with p = %— might look like that
in Figure 3.2.

Figure 3.2: An sample series-parallel graph, G

To investigate the resistance of this network, we consider a random hierar-
chical system {X J("); n,j € N} with R = {1, 2} and the two functions

fi(z1,22) = x4 29
I1Zo

T1,To) = .
f?( 1, 2) CL'1+$2

with the measure p, giving probability p on 1 and probability 1 — p on 2.

We set, XJ(O) = 1 for all 7. Then XJ(") is the resistance of the duplication
graph G’;n).
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Lemma 1.5 tells us that the random variables R™ and X J(”) have the same
distribution for all n,5 € N. Note however that the distribution of the
sequences (R™)pen and (X\™),en is not the same.

For a random fractal graph with the number of boundary points M = 2, we
can define the following processes:

Definition 3.1. Set C™ to be the number of individual edges whose removal
would disconnect G™. This behaves as a Galton-Watson branching process
with offspring distribution corresponding to the distribution of the number of
such edges in the model graphs.

Similarly set C™ to be the number w™(1,2) of edges connecting the two
boundary points of the network. This also behaves as a branching process.

Lemma 3.2. For the series-parallel network with p > %, there is a positive
probability of R™ — oo.

Proof. The branching process C™ is a lower bound for the resistance R™
(as each edge has resistance 1) and its offspring mean is 2p + 0(1 — p), so it
is supercritical for p > 2. O

This also shows a positive probability of a growth rate of at least 2p in this
case.

For the series-parallel network, the offspring mean of (C(™),cy is 2(1 — p),
so it is superecritical for p < 1.

Although these branching processes can be defined for any such sequence of
graphs, one or both will often be trivial.

3.1.1 A zero-one law

Note that, for n > 1, the graph G™ consists of k independent graphs
G G’,(c”_l) (where G§"—1) has resistance Rgn"l)), each equal in distri-
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bution to G~V connected together in a manner determined independently
by GO,

For the series-parallel network, consider an event A determined by the se-
quence (G™),en such that if G has a series connection 4 = A; U A

(where A; and A, are the equivalent events for the sequences (Gg”))neN and
(G en), and that if GO has a parallel connection then 4 = A;'N A,.

Lemma 3.3. If p # -;—, then any such event A must have probability 0 or 1.
This also applies if N and U are reversed in the above.

Proof. Let ¢ =P(A). Then ¢ satisfies

g=h(q)=p(l-(1-9% +(1—-pg®=(1-2p)g" +2pg

which has roots 0 and 1 unless p = %— when it reduces to ¢ = q.

The second statement follows by the same method. 0J

Corollary 3.4. We have R&”’ — 00 almost surely for p > %, and furthermore
2p as a lower bound on the exponential growth rate.

Proof. Both the events {R™ — oo} and {lim infp_o0(R™)% > 2p} satisfy
the conditions of Lemma 3.3. As we have already shown that they have
positive probability, they must have probability 1. O

Similarly we get

Corollary 3.5. We have R™ — 0 almost surely for p < %, with exponential
decay.

However the branching process argument does not help at p = % Also note
that because the sequences are different, almost sure convergence of R™ does

not imply almost sure convergence of Xf"). This will be proved in section
3.2. |
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A polynomial h(g) corresponding to (1 — 2p)¢® + 2pg can be constructed
for other networks. In the case where there is just one function (e.g. a
deterministic fractal lattice) then the polynomial h(q) is studied in [39, 40],
where it is shown that it has at most one fixed point in (0, 1) which will be
repulsive. It is also studied in [48]. These results do not apply to randomised
networks, but the fixed points of h(q) still provide useful information.

Also note that h'(0) is equal to the offspring mean of the branching process
C™ from Definition 3.1 and that A'(1) is equal to the offspring mean of the
branching process C™,

We will consider the equivalent results for networks based on model graphs
with 3 edges in section 3.3.

3.2 Asymptotics for the series-parallel net-
work

We now consider the series-parallel network from the last section and investi-
gate how the asymptotics depend on the parameter p. We will show that for
p < 3 we have X f") — 0 almost surely and that for p > £ we have an) — 00
almost surely, and that in both cases the convergence is exponentially fast.
When p = %— we will show that exponential growth and decay have probabil-

ity 0, but show that E(log Xl("))2 — 00. This suggests that there may not be
a non-degenerate fixed point.

3.2.1 Symmetry properties

Lemma 3.6. The distribution of X ](n) with parameter p is the same as the
distribution of 1/X J(") with parameter 1 — p.

Proof. Given X Jgn) we construct X }n) as follows:
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We set X XJ(O) —1

If X{L) f1( 2(? {),X(" Y then XM = f,(X57), X57Y),
n v (1 n—1 n—

If Xj = f2(X2j—1):X2j ) then X]( ) — f (XQ(J 1),X 1) )

Then X J(") with parameter p is distributed as X ](”)

But X](_O) =1/X J(_O) for all j. Assuming (induction hypothesis), that Xz(n_l) _
1/X™ for all I then if

with parameter 1 — p

XM= (x50, x5,
then

g ! :
j 1 -1 n—1 n
E=E S =R
and if
x® = p(x§d x5,
then ) . .
x™ = XD 4 xn o + =—
J 2j-1 2j Xz(;l:ll) X2(;l—1) XJ(TL)
So XJ(") = l/X](") for all k O

Corollary 3.7. Whenp = —;—, the distribution of Yl(n) = log X 1(”) 1S symmetric
about 0 for all n.

We will say that X }") is log-symmetric in this case.

3.2.2 Behaviour of log X\

We set Yj(") = logX](”) andg=1-p
Now note that

X2(;1"11)X(n 1) )
Xg )+ x5y
= (p— ) log(XTP + X0V + (TP + YY)

E(Y ™| Foo1) = plog(X5 P + X5Y) + qlog (
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When p = ¢ = £, this simplifies to

n 1 n— n—
E(Y;" 1 Fae) = 50557 +Yy), (3.1)

J

a property reminiscent of the martingale property. Because we are assuming
that the X J(-”) are i.i.d. for fixed n this gives

E(W") =EY")) =EM?) =o0.
Jensen’s inequality turns this into

E(X(") > F4™) = 1.

When p # 1 we get
E(Y,™) = 2¢E(Y" ™) + (p — 9)E(log(X{" ™ + X5" ™).
Now 1—-2¢g=(p+q)—2g=p—gq,so this is

EY™) = EY" )+ (0 - ¢E(og(X ™V 4+ X" Y) — log X" 7Y)

_ x(0-1 | x (-0}
= EY{")+(p-q)E (log< : X““”Z :
1

Lemma 3.8. If X; and X5 are independent and identically distributed posi-
tive random variables, then

X
Elog (X—I;———z) > log 2.
1

Proof. Let u be the distribution of X;. Then

X1+ X X1+ X
]Elog <—1)T2) =E (10g <_1_j(1_2) 1{X2>X1})

Xi+X X1+ X
+E (log (_'IX—Z) 1{X2<X1}> + E <10g (%) 1{X2=X1}>
1 1
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i + +
-/ 1og<1 “)du(x1>du<x2>+ / log<“ “)duwdm)
To2>T1 2<T1

+ log2 / dps(e1)du(2)

1+ 2
= [ g (ZER ) dutwdu(an
2> 2I1

2
_/ log( =2 )d,u(:cl)du(xz) + log 2
T2<T1

1+ T2

1+
= / log< . 2>du(x1)du(xz)
To>T1

2.’L’1
_/ lo< 201 )d(:c)d (z2) + log 2
To>T) © T1+ T2 HAETHE ©

by swapping variables in the second integral. This then becomes

2
Elog <Xl—+&> = log2 -l—/ log <(11£;2$L)> dp(zy)du(zs)
T2>T] 1

X1
> log?2
O]

Corollary 3.9. Forp < %, we have

E(Y{") = Elog(X{") < ~(¢ ~ p)nlog?
and for p > -;—, we have

E(Y\"”) = Elog(X{") > (p - q)nlog2.
In the latter case, Jensen’s inequality tmplies that

E(x{™) > 279,

Proof. This is immediate from the lemma and the previous work. O
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Given the martingale-type property (3.1) in the p = 1 case, we can look at
the variance of Y™ = log X{™ as follows:

yr-b 4y y{r-1) | y(n-1)
E(( 25-1 5 27 Y;(n)_ 25-1 ;_ 27 |~7:n—1

y (-1 4 y(n-1) y{r-1 | y 1)
:( 2j—1 5 2j E Yj(n)_ 2j—-1 2j I]:n—l _

2
(n=1)_ +(n=1) (n=1) 3 (n=1)
But the right hand side is zero, so Y;-(”) ~ By :Yzj and 2= ;YZJ' are
uncorrelated.
Hence
y (-1 4 y(n-1) y (1) 4 y(n-1)
Va,rY;-(") = Var ( 271 5 2 + Var Y}(n) St il 5 2 (3.2)

(3.3)

1 YD + v )
. .

— (n—1) (n) 2j—1
= —VarY;- + Var (Y} — 5

Theorem 3.10. Ifp = % then Var Yl(n) 1s a strictly increasing sequence.

Proof.

2
(n=1) | y-(n-1) (n)
e A G
\/X” x{"

-1 [ [ (10 %)Qdﬂn_uxl)dun-l(wm / (1o ﬂ)Qdﬂn-l(m)dun_mg)}

2
+z
' 2
(n—]_) X(n—l)
E(Y{) = (") +E | 1og | L2 -
\/X{n-nXén—l)
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Now

2

(n-1) | y(n-1)

X X mn— n— 1 n— -

log | T2 = (log(X{" D+ X{" "))+ (log x{" VX"V
\/X{n—l)Xén—l)

—log(X™ ™ + XD log(x TV X {M7Y)

We now take expectations, using the facts that Elog Xl(n—l) = 0 and that
X" and X{"Y are independent, getting

2

(n-1) (n—1) 1

E | log X+ = E(log(X{" M+ x{""))2+ 7E(log x {2y
\/ an) Xén—-l)

2 (log X§") 2+ LB log X{"VElog X§" —E(og (x{" -+ X{) log(x{" V(")
SO
2
E | log | 222 _E <log(X§”‘” +X§”‘1))log< oD
VXX x" x|
+ %Var VA
So

_ o _ X(n—l) +X(n—-1)
E(v,")? = B(Y{" ”>2+E(log<X£ D xfr ”)bg( T ) )
1 2

Now

(n-1) | 3(n-1)
(n—1) (n—1) X, T+ Xy
E (log(X1 + X5 ) log ( Xf"—l)Xén_l) ))

(n—1) (n-1)
B (n=1) |, +(n—1) Xy T4+ X
=E (log(X1 + X ) log ( X§n_1)X§n_1) ) 1{X§"_l_)>1}>
1

-1
X7+ ¢
log 2

1, (n-
XD _ 1 {x§"V>1)
X"

(-1 1
+E | log (Xl + X—én'_—l)

(n—1) (n—1)
vE (log(Xl T Xz )log ( X£n—1)X§n—1) ) I{Xé"'l)ﬂ})
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using independence of Xl("_l) and XZ("—1> plus the symmetry of the distri-
butions of the logs:

1
x5V =, .
So
(n-1) (n~1)
(n-1) | 3(n—1) Xy T+ X
E (log(X1 + X5 ) log ( Xl("gl)XQ("_l) ))

(n—1) (n—1)
(n—1) (n~1) Xy T+ Xy
>E ((log(X1 + X5 ) log ( Xf"-l)Xén—l) )

iy Xgn—l)Xén-l) +1 | an—l)Xén—l) +1 .
o XD o8 xY x> )

So we look at

1
v(x1, T2) = log(zy + x2) log (xl +x2> + log (mm : 1) log (xlm - ) -

T1Z2 T2 I

47



Expanding gives

v(z1,22) = (log(zy + z2))° — log(z122) log(z, + z2) + (log(z1z2 + 1))?
+(log z1)(log z2) — (log(z1z2 + 1) log(z172))

= (log(z1 + 22))* + (log(z122 + 1) (log(z125 + 1) — log(z122))

+(log z1)(log z2) — log(zyz2) log(zy + z2)

> (log(z1 + 22))* + log 1, log 75 — log(z12,) log(z1 + »)

= (log(z1 + 4))? + log z; log x5 — log z; log(z; + z5)
— log Io log(ml + .’EQ)

1 1
(log(z1 + 72))* + log 1 log 25 — E(log 11)? — —2—(log(a:1 + 13))?

1 1 T
1 2
(Og (331 +$2>)

—=(logz,)? - 5 (log(z1 + 72))* +
+=(log (xlafx2))2

2
< 2 ))2 — (logz; — log z,)°

l\DI»—l l\DIr—l

1+ o

(log
(lo — (1
g($1+$2)) (Og$1+xz

— log ToZy + $2)2

o (5755

(lo
& (331 + Zo

)7+
= (o) (e

This means that, for the case p = 3, if the distribution of long”_l) is
symmetric about 0, we have

E(log X{™)? > E(log X" ™)2,

l\DIP—‘ t\:)lr—l

L
T3
1
T3

) >Oif$1,$2>0.

[

Corollary 3.11. In the p = % case, if there ezists a symmetric distribution

Loo (in the sense that a random variable X with distribution pe, has X =4 %)
which is a fized point of the underlying map, then if X has distribution p,
then E(log X)? cannot ezist.
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3.2.3 Limiting behaviour for p # %

We can use recurrences for expectation to prove convergence to zero in some
cases, almost surely. The simplest version uses the following lemma.

Lemma 3.12. For all p, EX{" < ()",

Proof. We know that

-1 ~1
Xy Xay "

n—1 n—1)"
X9 4 x5y

E(X\|For) = p(X570 + XZ7) + (1 - p)

Using the inequality of arithmetic and harmonic means, this gives

n 1-— p n— n—
]E(XJ( )|]-‘n_1) < <p+ —4—) (X2(j_11) +X2(j 1))

Now (p+ :52) = 1 (2211) and we can remove the conditional expectation to

-

using the i.i.d property of XJ(") for fixed n. This immediately gives the
result. O

Corollary 3.13. Forp < %, the sequence (Xl("))neN converges almost surely
to zero.

Proof. From above we have

n 3 1\"
Elx™| < (i)

2

which using Markov’s inequality gives

_ 3p+1m 3p+1 n—m
o (5722 (%)
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Because 22 < 1 for p < 1 this gives convergence to zero exponentially fast

in probability. Because
=~ (3p+1\""
> ( P 2+ ) < 00

n=0

we can use the Borel-Cantelli Lemma to conclude that X 1(n) converges to zero
almost surely. O

Corollary 3.14. Ifp > % then Xl(n) converges almost surely to oo.

Proof. This is a consequence of Lemma 3.6 and Corollary 3.13. O

To extend this to the interval [£, ) we take an integer o and consider the
behaviour of

a X(n)

J
Now

1
n—1 n—1 o
X2(j—1)X2(j ) )

E({ X§">|fn-1)=p<X§;f”:P+X§;-‘*”>%+<1—p>(
XQ(]._I)+X§J- )

So if

R~

pL+ D) +(1-5) (1 )Zgwé)

l1+2

for some C' (depending on «) and for all z, then

E{/ XM <o,

so if C < 1 then { Xl(”) — 0 almost surely by the argument used in Lemma
3.13 for the p < % case, which corresponds to o = 1.

Hence we are interested in the supremum over z of

p(1+2)’ + (1-p) (%)
1+ z8

f(z,8,p) =
where 8= L.
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Lemma 3.15. When p < %— and o € N, the supremum of f(x,B,p) over x
18 attained at x = 1.

Proof. Differentiate f(z,5,p) to get

af(xa:B7p) IB - T p-1 1 2
oz =(1+:1:5)2 {(1+x5)(p(1+x)ﬂ 1+(1—p)(1+$> (1+:1:) >

s (p(l r2)f + (1= (5 jx)ﬂﬂ

B
(1+ zP)?

-0 () () (5|

p [ +2) 7+ (1 +2) 12"z - (1+2)] +

(1) () e

R xﬂ)jl T AP - 2"+ (1= p)2? (1 - 2]
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For z <1, (1 — 2%7!) < 0 (because 8 < 1) and similarly (1 — z?) > 0. The
opposite is the case for z > 1. So if we define

9(z,8) = (1 +2)¥(1 - 27 + 771 (1 - 2°)
then for p < 2 we have for 0 <z < 1

0f(2,8,p) B
oz~ 2(1+2P)2(1 +o)f+1”

(z, 6)

and for £ > 1 we have

0f(z,8,p) _ B
oz T 2(14+2f)2(1+x

)5+1g(x,b’)-

Hence the sign of W is the same as that of g(z, 8) for all x > 0. Now
g(z, ) =271 - 2*) - 1+ 2)? (1 - 2'7¥)]

and since 2 = (2a)f and 1 — 8 = (a—1)8 and 2 and a—1 are both integers,
we can take a factor of (1 — z#) out as follows:

9(z,8) = P11 -2P) U +2P +2P 4. 422V _(110)(1+2P +2% .. 4@ DB
= P11 -2P)1+2P +2%P + . 42081 42— (1 4 2)%F) + (@D 4 (218

So when o > 2 (and so 8 < 3),

g(z,8) > OwhenO0<z<1
< 0 when z > 1.

So f(z,B,p) is maximised over z by f(1,5,p). We already have the result in
the case @ = 1. n

1

Corollary 3.16. For allp < 3, we have Xl(n) — 0, almost surely.

Proof. Fix a > 2. Use Lemma 3.15 to get that { Xl(”) converges almost
surely to zero if f(1,1/a,p) < 1. Now

27(1,1/a,p) = p(¥/2) + (1 - p) (}Q)
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so we need )
(2a —p<2i™@ -1

which gives

< 1
p .
23 + 1
But
) 1 1

lim — = =

a—00 9% + 1 2
so the result follows. O

Corollary 3.17. For allp > %, we have Xl(") — 00, almost surely.

Proof. This follows immediately from Lemma 3.6 and Corollary 3.16. O

To get some more information about growth or decay rates, we take y € [%, 2]
and consider the random hierarchical system generated by the functions

Mz, 22) = p (1 +x2)

R

T + T2

which will give random variables X j(n’“ ) with the same distribution (for the

same value of p) as ,u‘”XJ(") where X J(”) is as in the original model (corre-
sponding to u = 1). We now define f(z, 8, p) as for Lemma 3.15 and define
¢(a) such that

1

5+ e(a) = sup{f(1, B,p) > f(z, B,p) for all z > 0}
P

where B = 1/a. Because f is continuous the supremum will be attained.

Lemma 3.18. Ifp < 7 +¢(a) and

p> (2f(1,2,p)"

for some a € N then
x50

almost surely and furthermore this applies to any sequence of random vari-
ables with these distributions.
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Proof. This follows from the fact that

B (x) < (wdra2n)

via the usual argument involving the Borel-Cantelli Lemma. O

We note that Lemma 3.15 implies that e(a) > 0 for @ € N. This is enough
to give the following:

Corollary 3.19. When p = %,

1 n
ﬁlogXl( ) 50 a.s. asn — oo.

Proof. Take p > 1. We require, for some o € N,

L[, of1 1

5 (\/i-l— \/;) < p

1 1\)
- - (3 [+ 7 - :1
3320(2(*/5+ z>) ’

so for sufficiently large o we will have ,u‘"XJ(") — 0 almost surely, from

but

Lemma 3.18. We use the symmetry properties to obtain, for u < 1, p™"X J(") —
0o a.s., which gives the result. O

Lemma 3.20. We have that

e(a) > 0 for all a € N.

Proof. We know that ¢(1) = 3. From the proof of Lemma 3.15 we see

that the function f(z, 8,p) = f(z,B,p) — f(1, B, p) is strictly negative when
p=3 B=1/a,a €N, except when z = 1. As this f(z, 8, p) is infinitely

differentiable in z and p (if z > 0), and f(1,8,p) =0 and af = 0 for all 3, p,
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to show that, for each a € N, f(z,1/a,p) < 0 for all z, for some p > 3, it
remains to show that

a2f<1ﬁ>

so that this second derivative will remain negative for p in a neighbourhood

1
of2.

Now we can calculate

83 = L= -5-0.

We know 6 f (1, B, 2) < 0, so we have the result as long as there are no
solutions of

B _
b=
+1
in (0,1). But
d (222 -1\ 2%+*2]og2
dg <22ﬂ+1) (226 4+ 1)2
and as +1)2 < 1 for y > 1 the derivative is bounded above by log2 in (0, 1),
giving the result. O

Corollary 3.21. a) For p > 3, there ezists a value A(p) > 0 such that,
almost surely,

1
(2p—1)log2 < - log Xf") < A(p) eventually.

Furthermore, A(p) = 0 asp | 3.
b) Forp < %

1 n
(2p—1)log2 > ElogXl( ) > —A(1 - p) eventually.

Proof. Upper bound of part a):
We use Lemma 3.18 to see that, if p < 3 + ¢() and

> (pi’/ﬂ(l—p)(g)
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then
p" XM 50 as. as n — co.

So we define

Alp) = inf alog(p\a/i—l—(l—p)al).

p<%+e(a) 2

Now we let p | -é— and use Lemma 3.20 to allow us to take the limit as o — oo.
The lower bound of part b) follows by symmetry.
Upper bound of part b):

a
Forallp < 2 and p > (p€/§+ (1-p)¢ %) we have " X™ — 0 a.s. asn —

0o. Take the limit of u as a — oo, using I’Hopital’s rule, to get the result.
The lower bound of part a) follows by symmetry. O

The proof of the following result uses a subadditivity technique:

Lemma 3.22. We have that lim,_ - log IEXI(”) exists.

DN~

Proof. We assume p >

We define the o-algebras
Onntm = J(Z,gj),k eNn<j<n+m)form>0.

Also for m > 0, we now define the random variables R""™™ as follows:
R(™™ =1 for all n, k.
RmmtmHl) - (Rrdm RUmtm) for m > 0,k € N.

Intuitively RU™™"™ represents the last m stages of the construction of the

network. If the initial random variables X\ are a.s. equal to 1 then R{™"*™

has the same distribution as X ,Em).

Now
X0 (X, X
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where a is a G, ,ym-measurable random concave function of 2™ variables,
such that a(1,1,...,1) = R{™™™.

Now

P(Xl(n) =Ty -- 7X2(Z) = .’Egm) - P(X(?i) =T1,... ,X(n)

o s(2m) = Zom) for all o € Sym

so if we take the 2 random variables {X\™, ..., X{™} in increasing order as
X xS X and define Hom = o(X,, XM X® ) then
we have

E(X"™ |Gy Hm) = &(X 501, XS0 o0 X5 0m)

where @ is the symmetric concave homogeneous function

. 1
CL(.T]_,...,.’L'2m) :—(27)' Z a-a(xl,...,xgm)

) UESzm
which will be bounded above by its linear approximation at (1,1,...,1) so
A pnmtm) 27
a(zy,...,2om) < 1_275_ ZX,E").
k=1

Hence we can conclude that
EX{™™ < ERMMEX™ = EXMEXM™

and so conclude the result, by the subadditivity of the sequence (log ]EX,(II)),LGN.
For p < % the result follows by self-duality. O

3.2.4 Another related hierarchical system

Another variation on the series-parallel network is to modify the functions
as follows:



The case u = 1 corresponds to the hierarchical system associated with the
resistance of the series-parallel network already investigated. In general we
can consider this as modelling the resistance of a sequence of weighted graphs
obtained by weighting the resistance of graphs connected in series by x and
of those connected in parallel by 1/u.

We note that the case yu = % has point masses as fixed point distributions
and that convergence to these will occur by the results of Chapter 2.

The arguments for convergence to 0 and co when p = 1 extend to p > %
generally.

The variance results (Theorem 3.10) work out somewhat differently. When
p = % the variance still satisfies

(n—1) + Y2(n—1)
2

VarY,\"” = 1Var Y,*™V 4 Var (Y1(n) - = 5

and

‘ (n=1) | y(n-1) x ()
Var (Yl(n) _ Yl ';' 2 ) - F log 1
n—1 n—1
XX

So the increment is

Ik ((log %L”_)) + (g ﬁ)) Ao (1) (z2)

_ / (log &%)2dun_l(xl)dyn_l(x2)

1+ T

N ) dvp_1(z1)dvn_1(z2)
+ / (log M)Z A (2) v (22).

= (log p)? +2/log,ulog(

A/ T122
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The last term here was analysed in the proof of Theorem 3.10, so assuming
the log-symmetry of the distribution we can conclude that

\/an (n—1)

x(=1) o x-1)
+E [ log(x™™V + xIY1og | 22 2 .
( ( 1 2 ) an—l)X2(n—1)

Var Y — Var Y" ™ = (log )2 + 2(log 1)E log

We know from the proof of Theorem 3.10 that the last term here is positive.
However the second term is negative (for u < 1). As Var Yl(") —0asn— o0
when p = -;— this expression must be negative for n sufficiently large. As, for
a given distribution, the expression is continuous in u this shows that it can
also be negative for some distributions and some u € (%, 1). This suggests

that in this case we may not have Var Y™ — co.

3.3 More examples of random fractal graphs

3.3.1 Introduction

We now consider some more complicated examples of random fractal graphs
where the model graphs I'; have three edges.

If a hierarchical system {X](.n)} is converted into another system {Y;(")} by

the substitution Y;.(") = (X J("))‘l then we will consider the systems to be
dual. For example the resistance of the series-parallel network is self-dual,

which is useful in analysing it.

As before, let G™ be the graph at stage n in the replacement construction
and let R™ be the resistance in G™ between vertices 1 and 2.

For all the networks below, we assume that X;O) = 1 for all 7 and that
the other random variables are defined iteratively by a random hierarchical

system with probability p on f; and probability 1 — p on f,.
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3.3.2 A non-self-dual network

The model graphs I'; and I'; are those in Figure 3.3 with probabilities p and
1 — p respectively.

o—0—0o—o 0<'\/0

Figure 3.3: The model graphs for network 3.3.2

The functions for the hierarchical system are now

fi(x1,22,23) = T4+ Zo+ 23
z1(xe + x3)
T+ T9+ T3

f2($1,$2,$3) =

As for Lemma 3.3, we note that if ¢ = IF’(Xf") — 00) then g satisfies

¢ = p(1-(1-¢)°)+1-p)(g(l-(1-q)?)
= p(3¢-3¢°+¢°)+(1-p)(2¢* — ¢*)

so that the polynomial

hg) =¢’(p— (1—p)) +¢*(2(1 —p) — 3p) + q(3p).

If h(q) = g then
- (1-p)+¢°2(1-p)—3p)+q(3p—1) =0
and so either ¢ = 0 or

¢*(2¢—1)+q(2—-5p)+ (3p—1) =0.
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If p = 3 then ¢ must be 0 or 1; otherwise

Bp—24 /4+25p2 —24p> —4+20p—20p Sp—2%p
4p — 2 - 4p-2

q:

which is 1 or 32 So if p > 1 then g follows a zero-one law; if p < 1 then the

value z is also a p0331b111ty Note however that this is a strictly decreasmg
function of p in this range, so it cannot be the probability of convergence to
oo for a range of p, as the latter is an increasing function of p.

The branching process C™, defined equivalently to in Definition 3.1 has an
offspring mean of 3p, so is supercrltlcal for p > z. This is enough to show
that R™ — oo almost surely for p > =. However the other branching process

C™ is never supercritical (it has oﬁsprmg mean 1 — p).

We now look at the behaviour of the hierarchical system, which gives the
following result.

Proposition 3.23. Forp < %, both Xl(n) — 0 and R™ — 0, almost surely.

Proof. To symmetrise the system, we replace f, with a probability % on
each of the functions

z1(zo + 3)

r1,T9,X =
f2,1( b2 3) el +$2 +.’IJ3
.’13'2(.1‘1 +.’113)

X1,T9,% =
f2’2( =2 3) Ty + 2o+ T3
z3(zo + x1)

T1,T9,T =
f2,3( 1,42, 3) T, + To + T3

and use this to construct a set of random variables (X J(”)) Note that

[\

1
§(f2,1($1,$2,373) + f2,2(331, xz,xs) + f2,3($1, 152,3?3)) < —(1‘1 + x5 + 333)

©

SO

. 9 o 7 2\
EX§">§(3p+3( p))EXY (3p+§>EX1( 2
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Tp+2
3

is exponential decay of the mean and hence almost sure convergence of X 1(")
to 0.

so the growth/decay rate in the mean is at most . Hence if p < % there

The exponential decay of the expectations allows us to conclude that this a.s.
convergence applies to any set of random variables with these distributions,
so that the original random variables Xl(”) — 0, and also that R™ — 0,
almost surely. g

Note that this technique can be used in general (for concave functions) to
show that the growth/decay rate is bounded above by EA ) where A; =
J

fi(1,1,1) and hence to find a region of a.s. convergence to zero.
Here A\; =3 and A\, = %

We now consider the dual to this network. This uses the following functions:

-1
1 1 1
f1($1,$2,$3) = <——+——|-——)
I ") I3
ToZ3
Ir1,T9,T = 1+
f2(1 ns) ' To + T3

which correspond to the network elements in Figure 3.4. Here A\ = % and

— o o —¢_ e

Figure 3.4: The model graphs for the dual to network 3.3.2

=3
=32

We calculate




so we have a.s. convergence to 0 when p > 2.

Hence we know that, for network 3.3.2, we have the following results

e When p < i, both R™ and xX™ converge almost surely to 0.

e When p € (3,2], R™ — oco almost surely. This gives a distributional

convergence for X l(n) but not necessarily almost sure convergence.

e When p > 2, both R™ and X™ converge almost surely to co.

e When p € [2, 7] the situation is unclear.

3.3.3 More rapid growth or decay

The model graphs I'y and I'; are those in Figure 3.5 with probabilities p and
1 — p respectively.

oo o o o e

Figure 3.5: The model graphs for network 3.3.3

The functions for the hierarchical system are now

1+ To2 + I3

(1 1 1)‘1
T T9 T3 )

fl(xh T2, I3)

f2($1, T2, $3)
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Here A\; = 3 and X\, = %— This model is self-dual, so results about its
behaviour with small p can be used to deduce results about its behaviour
with large p and vice versa.

The polynomial
h(g) = p(3¢ - 3¢ + ¢*) + (1 — p)¢*

so setting h(g) = ¢ gives either ¢ = 0 or ¢ — 3pg® + (3p — 1)gq = 0, with roots

¢ = 0,1 or 3p — 1. This last root is only in the range [0,1] if p € [3, Z].

The branching process C™, again defined analogously to Definition 3.1 is
supercritical for p > % as for network 3.3.2. Furthermore the other branching

process C(™ is supercritical for p < 2 (Note that these two ranges overlap).

This allows us to conclude that, for p < 1 R™ — 0 and, for p > g,

R™ — oo, almost surely. Furthermore for p e (3, £) we have that R™ — oo
with probability 3p — 1 and that C™™ — 0 with probability 2 — 3p.

Using arguments similar to Proposition 3.23 we see that, for p < ¢, EX] (n)
decays exponentially (because EA ) = 3p+ (1-p) = 87"”) Hence X )

1
0 almost surely for p < % and by duality Xf ™ _ 0o almost surely for p > Z'

In the intermediate range we only have a convergence in distribution result
(to a degenerate law).

3.3.4 Another self-dual example |

The model graphs I'; and I'; are those in Figure 3.6 with probabilities p and
1 — p respectively.

The functions for the hierarchical system are now

ToZ3
T2 + T3
z1(z2 + 23)
1+ Ty + T3

fi(z1,20,23) = x1 +

f2(.’111,$2,$3) =
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e <

Figure 3.6: The model graphs for network 3.3.4

Here \; = % and A\, = % Like model 3.3.3, this one is self-dual.

For this network, the branching processes C(™ and C™) both have offspring
distribution concentrated on {0, 1} so are never supercritical.

The polynomial h(g) here is
3 2
¢+ (p—2)¢" +pg,

with the roots of h(q) = ¢ being 0,1 and 1 — p.

We can calculate

__op+4
==

3 2
)\ n) — = oy 1_

so almost sure convergence of Xl(") to 0 occurs when p < ;23- Self duality
implies that almost sure convergence to oo occurs when p > £.
The methods used here leave several possibilities open for the range [2, 2]

including a non-degenerate limit either at p = % or in some larger interval,
but also degenerate limits with mass at 0 and oo or even some more complex

behaviour.
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Chapter 4

The length of the network

4.1 Introduction

Resistance is not the only property of random fractal graphs which can be
studied using random hierarchical systems. Another example is the graph
distance between the two boundary points (in a two point graph). Turning
specifically to the non-homogeneous series-parallel network and the replace-
ment construction, we label the vertices as follows: the initial vertices are 1
and 2, and new vertices are numbered in order of their insertion i.e. when
an edge a <+ b is replaced by two edges in series these are a <> ¢ and ¢ < b
with ¢ > a,b. We will define j(c) to be the stage at which vertex ¢ was added
to the graph i.e. j(c) = min,{c € V(G™)} and further define n(c) to be a
neighbour of ¢ in GU(®) i.e. n(c) = min,{a +» ¢ in GUEN}. We take n(1) = 2
and n(2) =1, and j(1) = j(2) = 0.

4.2 The map k,

Consider a replacement construction {G™},cn of a random fractal graph.
We define the distance d™ (a, b) to be the graph distance in G™ between a
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and b, for a,b € V(G™).

For a random fractal graph with just two boundary points, we now define
K™ = d()(1,2), the distance between the two boundary points. This can
be thought of as the ‘length’ of the network.

We now consider the behaviour of this length for the series-parallel network.

Lemma 4.1. a) If p > % then K™ grows exponentially quickly with proba-
bility 1.
b) If p < % then K™ has a finite limit K as n — oo, with probability 1.

Proof. Recall the branching processes defined in Definition 3.1.

For a), we use the branching process C(™ from Definition 3.1 to show that
the probability is positive, because K™ > C(™ and then use Lemma 3.3 on
the event K™ — oo to see that it must be 1.

For b), we use the other branching process C™ which is the number of edges
1 + 2. This is supercritical when p < %, so with positive probability we have
K™ =1 for all n. Now we use Lemma 3.3 again on the same event to get
the result. O

Corollary 4.2. When p < %, the hierarchical system with functions

filz1,22) = z1+ 9

fz(il?l, .’1')2) = min(:z:l, xg),

with probabilities p and 1 — p respectively, has a non-degenerate fized point.
Proof. The law of the random variable K gives such a fixed point. ]

Note that this gives a non-degenerate fixed point whenever we have a network
where the branching process C™ is supercritical and that there are no roots
of h(g) = ¢ in the interval (0, 1), where h(g) is the polynomial discussed after
the proof of Lemma 3.3.
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We will define k, to be the map on probability measures on R* defined by
the hierarchical system in Corollary 4.2, so that if the random variables K9
have law v(%), the random variables K™ have law " (v(?).

We will now investigate the properties of K further.
Lemma 4.3. Forp < %, if the law of K 1is a fized point on RY of k, then K

has tail probabilities P(K > ) = o(z™%) for s < —(% +1).

Proof. Let L be an independent copy of K. Then
P(K >z)=pP(K +L>z)+ (1 —p)PK > z)°

For p < py, we have p(1 +¢) < po(1 — €) for some € > 0. We will be able to
take z large enough so that (1— (1 - p)P(K > z)) ! <1+e

Now set,
P(K > 1)
r(z) = =73
! P(K > 2)
P(K + L > x) P(K > z)?
=P o+ (- z
< 2p+(1-p)P(K > z)ri(z)
using the inequality
P(K +L>z) <2P(K > 2). (4.1)

2
This gives 2p > r1(z)(1 — (1 — p)P(K > z)) and hence
2p 2po

< <
ri(z) < l1—¢ 1-—c¢
lo
for large enough z. So, when p < pg, we have that P(K > z) = o(a:('lprzQ“))_
This gives the result as stated. O

Corollary 4.4. If the law of K is a fized point (on RT) of k, then K has
finite mean iof p < i.

To improve this result to p < 3 we would need to improve the estimate (4.1).
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4.3 The fixed points of k,

We now consider the iteration of k,. For p < -;—, one fixed point is the

distribution v, of the random variable K found in Lemma 4.1. We will see
that for this range of p this fixed point is essentially unique while for p > %
there are no non-degenerate fixed points for distributions on R™.

We consider labelling the edges of the graph G with i.i.d. random vari-
ables on R* with distribution x(?9). We let L(™ be the minimum sum of the
labels on a route between the endpoint vertices. This describes first-passage
percolation on the graph G™.

Also let p™ = k2 (u®).

Lemma 4.5. The distribution of L™ is u™.

Proof. The proof is similar to that of Lemma 1.5. The statement is obvious
for n = 0. For larger n we assume the statement for n — 1 and note that
G™ consists of two i.i.d. graphs with the distribution of G(™=1) connected in
series with probability p and in parallel with probability 1 —p. In the former
case L™ is the sum of two independent variables with distribution (%)
and in the latter case it is the minimum of these variables. This describes
the map k, so proves the lemma by induction. O

We now investigate the sequence (L) cy. We define A to be the infimum
of the support of u©@ ie. A = inf{z : u(W(—o0,z) > 0}. Note that the law
L(AK) of K is a fixed point of «, for p < 3.

Theorem 4.6. Forp < 1, asn — oo,

'ng(,u(”)) — L(AK) (weak convergence).
Proof. We condition on the (replacement) sequence of graphs G™ . We know
from Lemma 4.1 that for n large enough the ‘length’ K (") = K. First consider

the case where K = 1. In this case the branching process C™ from Definition
3.1 grows exponentially almost surely. The value L™ is bounded above by
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the minimum label on these C™ edges. But this minimum value converges
weakly to A.

Similarly when K = k, we consider ng large enough that d(™0)(1,2) = k. We
consider the paths of length k between vertices 1 and 2 in G(™), and note
that K = k implies that one such path must be preserved in G™ for n > ny.
Now the self-similarity of the structure shows that each edge in this path has
a branching process associated with it, with the same offspring distribution
as C™, and also growing exponentially conditioned on survival. Hence the
number of edge-disjoint paths from 1 to 2 of length k grows exponentially,
and hence the weak convergence result holds.

This shows that P(L(™ > AK) — 0 as n — oo. Finally it is obvious that
P(L™ < AK™) = 0, completing the proof. O

This shows that these are the only fixed points and that starting with any
distribution on R* the sequence will converge to one of them.

Note that if A = 0 the limit is a point mass at 0.

For p > 1 the lower bound in the proof shows that if A > 0 then L™ — oo
because in that case K™ — oco. Furthermore if p > % then K™ grows
exponentially fast almost surely, which is enough to show that the only fixed

point is a point mass at 0.

In the p < % case this shows that in the limit first-passage percolation on
the series-parallel network loses all randomness except that coming from the
random structure of the network.
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Chapter 5

Another system with a
non-degenerate fixed point

5.1 Introduction

The following hierarchical system is in some ways more tractable than the
others we have studied because of the relatively simple functional equation
in Lemma 5.1. We consider the random hierarchical system generated by the

functions
fl (*’I;l) $2) =2 min(xl, 332)

and .
fo(z1,20) = §maX($1,xz)-
)

We will consider the (log-symmetric) case with equal probability on each
function.

The above defines a function v on the space of distribution functions. We
will investigate the possibility of the existence of a fixed-point distribution
for 4. Let F be a distribution function for such a fixed point.
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5.2 A recurrence

Lemma 5.1. The distribution function F' of a fized point satisfies

F(2a) = \/(F (g))z +2F(a) - 2F (g-)

Proof. For a € R,

Fla) = P(X{" <a)
(PUx” < S}U{x{ < 2+ PUX < 20} n{x(” < 20)))

<1 —(1-F (g))z + (F(2a))2) .
- £ ()} (rrr(3)),

Rearranging gives the result. O

1
2
!
2

If we set z, = F(2") for n € Z then we now have the recurrence

Tnia = V22 + 2(Tpi1 — Tn)- (5.1)

We note that if we set v, = 1 — z_, then y, satisfies the same recurrence,
and that, for any gq,

\/(7—q)2+2<%—(1—q))=\/q2-—2q+1-|-1-—2—|—2q=q,

so to find a solution to the recurrence it will suffice to find a solution for
positive n with initial conditions zg = %, z; = q and then to take z_,, = 1—x,.
This can give a probability distribution only if z, is increasing in n and
z, € [0,1] for all n.

We assume that z,, > Tm—1 and z,, < 1 for m < n + 1. This implies that
Tm>qforl1<m<n+1.
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Lemma 5.2. If g € (3, 2] there ezists a solution which gives a distribution
function.

Proof. Note that, by completing the square, (5.1) implies that

x
Tmt2 < Ty + ( mil _ 1)

Tom
so that
1
Tmt2 = Tm+1 < (Tma1 — Tm) <—— — 1) :

m

Hence for m <n+1

(Zmi2 — Tme1) (Tmt1 — 2m)(1/q - 1)

IA A

IN
N
(=}

i
DO =

Tm+2

IN
[\
Q)
B
—
/—\\_/
—
+
gk
L
N
N
|
—

(A
[\
Q)
B
—t
N
P
—t
I
—_
Q|.
(=}
N
N——
+
| —

Soif g € (%, %] then for m < n + 3 we have z,,, < 1. We now rearrange (5.1)

to obtain
2(x'n+1 - xn)

Tp+2 + Zn

Tpy2 — Tp =

SO

2
Tn+2 — Tpy1 = ($n+1 - $n) m —-1).
n—+ n

But we know that z, 2+, < 2, and by our induction hypothesis 2,41~z >
0, so we see that 49 — Tpe1 > 0.

Hence we have an increasing sequence (z,)ncz satisfying the recurrence with
zn, € [0,1] for all n. O

73



We now obtain a probability distribution function on R* which gives a fixed
point by setting F'(z) =z, for all z € [—\}—52”, V2 2M).

Note that if lim,_,o F'(z) < 1 then we can obtain a new log-symmetric fixed
point by conditioning on the random variable being finite and non-zero.

Numerical calculations suggest that for the finite non-zero case z; = F(2) =
v/3/2, but we have no proof.

The fixed point constructed by this argument is concentrated on points of
the form 2™+/2 (with m € Z) but the argument does not rule out other fixed
points.

5.3 Use of a metric

Consider the metric d on distribution functions defined by
d(F.G) = / F(e%) — G(e7)|da.
0

Lemma 5.3. The map v is non-expansive (and hence continuous) in d, i.e.
d(vF,7G) < d(F,G).

Furthermore equality holds only when

(F20)- G(20)) (F (5) -G (5)) 20 forallacR".  (5.2)
Proof. We see that
ool = |3 (rrear (5) £ () - -20(9) 2o (')

a a a

- l% ((F(za) ~ G(20))(F(2a) + G(2a)) + (F (5) -G (5)) (2 -F (5) -G (%)))

< %11:(2(1) — G(20)|(F(2a) + G(20)) + -;—IF &) -a(D)ie-r()-¢(2)
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with equality if and only if

(F(2a) - G(2a)) (F (g) e (g)) > 0.

So,

d(vF,vQG) < /Ooo %lF(2ex) ~ G(2e%)|(F(2e") + G(2€%))dz+

[ (5)-0(5) () -o()=

Now a change of variables to z — log 2 in the first integral and to z +log?2 in
the second integral gives

d(vF,7G) < d(F, G)
with equality if and only if (5.2) holds. O
So a set of distributions which is closed under v and compact in the metric
d will contain a fixed point of v using the Brouwer fixed point theorem. Fur-
thermore such a set is provided by those distribution functions F' satisfying

d(F, Fy) < C for any fixed point Fj and a constant C. The fixed point found
by the recurrence method provides a known example for Fj.

5.4 Properties preserved by ~

Lemma 5.4. The map 7y preserves Elog X, i.e. Elog X,r = Elog XF.

(6]



Proof. Tt X\ and X{” are iid. such that Elog X " exists then

Elog XV =

DN | —

1
(IE log 2min(X{¥, X{) + Elog 5 max(X (", X§0>)>

1 1
= E (-2—(log min(XfO),XQ(O)) +logmax(X ¥, X{”) + log 2 + log 5)

1
= E (—i(log Xfo) + logXéo)))
= ElogX{O)
]

Now let ¢(z) = log,z — |log, z| (where |a] is the integer part of a) so that
R* is mapped to a circle by ¢. We find that

Lemma 5.5. The distribution of ¢(X) is preserved by 7.

Proof.

P <o) = (Plomin(x®, x{) <)+ 2 (4 (Fmax(x,x{")) <a))

(P($(min(X?, X)) < a) + P(¢(max(XV, X)) < a))

NI =N = N -

P(p(X?) < a) + P($(X) < a))
= P((X{”) < a)
N

Note that if X has distribution function Fp, the fixed point already con-
structed, then the distribution of #(X) is a point mass at 3.

Corollary 5.6. If we take a distribution function F' satisfying d(F, Fy) =
C < oo then we consider the space Ar of distribution functions G satisfying:

1. d(G,F) < C.
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2. If Xy has distribution F and X, has distribution G, then ¢(Xo) and
#(X1) have the same distribution.

3. If Xq has distribution F and X, has distribution G, then Elog(X,) =
Elog(Xy).

then Ap contains a fized point of 7.

Proof. The set Ap is compact with respect to d and is closed under vy, so Ap
contains a fixed point of 7. O

This gives the existence of a large family of fixed points.

5.5 Convergence

First consider the case of a log-symmetric (i.e. X has the same distribution
as 1/X) distribution concentrated on points of the form 2n/2 for n € Z.
The constructed fixed point Fy is of this form. If F' is of this form, then the
symmetry implies that

(F(2™) — Fy(2")(F(2™") — Fp(27")) <0 foralln e N

and if F # F, then this quantity must be non-zero for some minimal n(F’) >
1. Because of the effect of the map 7, if n(F) # 1 then n(yF) = n(F) — 1,
hence n(y*F)-1F) = 1. But if n(F) = 1 then d(vF, Fy) < d(F, Fp) from
(5.2). Hence d(y"F, Fy) is a decreasing sequence, which is enough to prove
convergence to Fy. '

However more generally convergence to a fixed point may not happen. If
the initial distribution F is concentrated on points of the form 2?™a then
~?"F will also be, while y?"*1F will be concentrated on points of the form
92m+1g 50 no convergence can happen. Similar oscillating behaviour seems
likely in other cases as well when Xfo) is more likely to be near points of
one of these forms than the other. So in general the limiting behaviour may
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not be convergence to a fixed point. Behaviour such as a convergence to a
periodic point or even some more complex behaviour may occur.
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Chapter 6

Summary of results

The random hierarchical systems discussed show several different types of
limiting behaviour. In two cases, the ‘length’ random variable of section
4 and the min-max system of section 5, we have proved the existence of
non-degenerate fixed points of the map defined by the hierarchical system.
In the latter case we can show that a certain class of initial distributions
will converge to the fixed point but also we can see that some other initial
distributions will display more complicated behaviour.

For the hierarchical systems describing the resistance of random fractal net-
works, we have three different types of behaviour. Convergence to a point
mass at zero or infinity occurs for many parameter values. This appears to
be usually rapid enough (in fact exponential) to imply almost sure conver-
gence of individual random variables. For network 3.3.3 in section 3.3 we
have convergence to a distribution with atoms at each of zero and infinity
for a range of parameters. These results are obtained by a combination of
bounding processes with branching processes, zero-one laws based on the
network structure, and exponential decay of the mean resistance.

However for many parameter values (p = % for the series-parallel network,
and p € [, 1] for network 3.3.2 of section 3.3, for example) the questions of
the existence of non-degenerate fixed points and convergence to them remain

unsolved.
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Chapter 7

Simulation

7.1 Introduction

The following work has been done using a series of Java applets to simulate
the hierarchical systems. Due to the rapid growth of the number of random
variables needed to calculate to stage n we can only do this for relatively
small values of n.

7.2 Growth rates

We consider the series-parallel network of Chapter 3, and we take p >

%. In this case the branching process analysis of Section 3.1 shows that
lim infn_m(R(”))% > 2p almost surely, while the recurrence arguments on
the mean (Section 3.2) show that limsup, Pe(R™)m < 3—”21'—1 almost surely.
We investigated the actual distribution of (R(”))% for p = 0.6,0.7,0.8 and

0.9, taking samples at n = 10 and n = 20.
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p | Lower bound | Upper bound | Estimate n = 10 | Estimate n = 20
0.6 1.2 1.4 1.323 1.316
0.7 1.4 1.55 1.515 1.513
0.8 1.6 1.7 1.680 1.685
0.9 1.8 1.85 1.848 1.846

7.3 Increase of variances

In section 3.2.4 we considered a variation on the series-parallel network with
functions

fi(z1,22) = p(z1 + z2)

and

L1232
fo(z1,32) = ——
u(z1 + z2)
For % < p < 1 this is intermediate between the convergence to a point mass
at 4 = % (see Chapter 2) and the series-parallel network at u = 1 where

Varlog X\™ — oo (Theorem 3.10) for p = 2. In this case the variance

increment can be negative.

Estimates of Varlog X\™ (for p = %) were obtained using samples of size

500 for four values of y in this range, and also yu = 1 for comparison. The
estimates were:

g in=58n=10n=15|{n=20
0.6 | 0.077 | 0.082 | 0.084 | 0.081
0.7 0.307 | 0.377 | 0.393 | 0.387
0.810.735 | 0.964 | 1.102 | 1.096
0.9] 1248 | 1.985 | 2.473 | 2.908

1 | 1.978 | 3.646 | 4.312 | 6.092

The difference in behaviour here is quite noticeable. It appears that the
variance may be converging for the smaller values of 1 whereas we know that

it cannot for = 1.
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7.4 The three-resistor networks

For the resistance of the random fractal networks 3.3.2 and 3.3.4 from section
3.3 there are gaps between the range of p for which convergence to 0 has been
proved and that for which convergence to co has been proved. These were
investigated using the simulation.

First, the behaviour of Varlog Xl(") was investigated for network 3.3.4 and
p= % This is a log-symmetric system so we know that E log Xl(") = 0. The

following are estimated variances for samples of size 500.

This gives some evidence that the variance may not be converging to co.

Next, for p € [2,1), the behaviour of Elog Xl(") was investigated. The fol-

n | Estimated variance
2 0.253
4 0.366
6 0.353
8 0.404
10 0.427
12 0.380
14 0.419

lowing are estimated means based on samples of size 500.

p | n=3|n=6|n=9|n=12
0.42 | -0.190 | -0.446 | -0.609 | -0.858
0.44 | -0.162 | -0.271 | -0.440 | -0.575
0.46 | -0.101 | -0.201 | -0.334 | -0.468
0.48 | -0.026 | -0.076 | -0.091 | -0.201

This suggests that this mean is converging to —oco at a fairly steady rate for
each of these values of p, although larger values of n would give a clearer

indication.
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Similarly, for network 3.3.2, the behaviour of E log X f") was investigated for
D € [%, %] A further question here is, if there is not a range of p with a
non-degenerate limit, then where the transition from convergence to 0 and
oo occurs. The following are estimated means based on samples of size 500.
The values p = 0.14 and p = 0.34, where the behaviour is known, are included

for comparison.

p |n=3|n=6|n=9 |n=12
0.14 | -0.615 | -1.292 | -1.923 | -2.614
0.18 | -0.443 | -0.820 | -1.447 | -1.847
0.22 | -0.225 | -0.561 | -0.691 | -0.978
0.26 | -0.062 | -0.024 | -0.009 | -0.077
0.3 | 0.193 | 0.369 | 0.655 | 0.944
0.34 | 0.370 | 0.929 | 1.366 | 2.127

The evidence here is that the transition occurs close to p = 0.26. There is no
clear evidence of any of the other sequences of mean converging to a finite
limit.

7.5 The length of the network

Finally the behaviour of the hierarchical system studied in section 4 and
shown there to have a fixed point for p < % was simulated.

The tables give a rough estimate of the distributions of K fn) found (with 500
samples) for two values of p and n = 5, 10, 15, 20.

p=0.1 n=5|n=10|n=15|n=20
P(K"™ =1) | 0.850 | 0.888 | 0.882 | 0.906
P(K™ =2) | 0.114 | 0.092 | 0.094 | 0.076
P(K™ =3) ] 0.032 | 0.012 | 0.010 | 0.012
P(K™ = 4) | 0.002:] 0.006 | 0.012 | 0.006
P(K™ >5) | 0.002 | 0.002 | 0.002 | 0.000
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0.4 n=5|n=10|n=15|n =20

p =
P(K\™ =1) 0.414 | 0.380 | 0.360 | 0.334
P(K¥=2) |0.180 | 0.124 | 0.166 | 0.134
P(K\"” = 3) 0.096 | 0.106 | 0.100 | 0.100
P(K™ = 4) 0.038 | 0.082 | 0.074 | 0.062
P(5 < K™ <10) | 0.208 | 0.160 | 0.142 | 0.166
P(11 < K\” <20) | 0.032 | 0.104 | 0.092 | 0.124
P(20 < K;” < 50) | 0.000 | 0.044 | 0.054 | 0.060

P(K™ >51) | 0.000 | 0.000 [ 0.012 | 0.020

The convergence seems much quicker for p = 0.1 than for p = 0.4. The
estimates for P(K = 1) fit with the branching process theory which says that
this is the survival probability of the branching process C™ from Definition
3.1 which is (1 —2p)/(1—p) for p < . These values are § and 3 respectively.
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Part 111

Spectra of Laplacians of
random fractal graphs
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Chapter 8

Dirichlet-Neumann eigenvalues
in the series-parallel graph

8.1 Introduction

As an example of a random fractal graph, we will give a detailed analysis
of the spectral properties of the series-parallel graph. We will use both the
replacement and duplication constructions from Definition 1.3 and we will
use the Laplacian defined in Definition 1.6.

First we consider the two deterministic limits. At p = 0 G™ is just 27

parallel edges between two vertices, so the eigenvalues are just 0 and 2. At

p = 1 it is a path with 2" edges. The eigenvalues are 1 — cos g—,’f, (Example

1.4 of [11]).

Definition 8.1. We will call eigenfunctions x, such that z(¢) = 0 for bound-
ary vertices 1, Dirichlet-Neumann eigenfunctions.

As such eigenfunctions must satisfy (Lz)(i) = 0 for boundary vertices ¢ this
is similar to satisfying a Neumann as well as a Dirichlet boundary condition,

hence the name. This definition applies to graphs in general, not just the
series-parallel graphs.
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The following lemma provides a means of constructing Dirichlet-Neumann
eigenfunctions.

Lemma 8.2. Let Gy be a connected graph with m vertices, including distin-
guished endpoints 1 and 2, and let G be the graph formed by defining G, and
G to be two identical copies of Gy and connecting them in parallel by identi-
fying their endpoints. Then the Laplacian of G has m—2 linearly independent
Dirichlet-Neumann eigenfunctions.

The associated eigenvalues are the eigenvalues of the Laplacian Lg restricted
to the set {2j : 2 < j < m — 1} of vertices in Gs.

Proof. We label the vertices of Gy 1,2,...,m. Then we label the vertices in
G so that, for j > 3, vertex j in Gg corresponds to vertex 2j — 3 in G; and
vertex 27 — 2 in Gs.
Now consider the Laplacian Lg. For 2 < j,k < m — 1 we have

Ls(1,25 - 1) = Le(1,2)

Ls(2,2j - 1) = Ls(2,25)

Ls(25 — 1,2k - 1) = L(27, 2k)
Ls(25—1,2k) = L5(27,2k—-1) =0
and consider functions z satisfying
z(l) =z(2) =0
£(2j —1) = —x2j) for2<j<m-—1.

Now

m—1
(Lez)(1 Z (Le(1,25 — 1)z(25 = 1) + La(1,25)225)) =0
=2

and similarly (LGx)(2) = (, while

m—1

(Lez)(25—1) = > Lo(25—1,2k—1)z(2k - 1)
k=2
— =Y £ol25,2000(28) = (£aa)(2i).
k=2
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So the Laplacian Lg preserves vectors of this form, which form a vector space
of dimension m — 2, and it acts on them like the Laplacian restricted to the
interior vertices of G5. Asthe Laplacian is symmetric, there are m—2 linearly
independent Dirichlet-Neumann eigenfunctions of the Laplacian.

[

If G™ contains a subgraph G of this form, where the vertices of G other
than the endpoints have no edges linking them to G \ G, then we can
take a Dirichlet-Neumann eigenfunction z on G and extend it to a Dirichlet-
Neumann eigenfunction Z on G™ by setting

(v) = z(v) for v e V(G)
(v) = 0 otherwise

&

&

This holds for any Dirichlet-Neumann eigenfunction on a subgraph.

Corollary 8.3. If there are r identical graphs connected at the endpoints in
this way, we have (r — 1)(m — 2) linearly independent Dirichlet-Neumann

eigenfunctions.

Proof. Lemma 8.2 gives m — 2 eigenfunctions localised on each pair, and
there are 7 — 1 linearly independent pairs. O

The subgraph in Figure 8.1 provides a Dirichlet-Neumann eigenfunction with
eigenvalue 1, while that in Figure 8.2 provides two Dirichlet-Neumann eigen-

functions with eigenvalues 1 & 1/1/6.

The first structure occurs as G with probability p?(1 — p), while the second
(or its reflection) occurs as G®) with probability 2p*(1 — p)3.

We consider the duplication sequence of graphs Gg-"), where G{” = G© and

G\™ is obtained by connecting G ("=1) t6 an independent copy GV in series
with probability p and in parallel with probability 1 — p.
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Figure 8.1: A subgraph responsible for Dirichlet-Neumann eigenfunctions
with eigenvalue 1

Figure 8.2: A subgraph responsible for Dirichlet-Neumann eigenfunctions

with eigenvalues 1+ %
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The advantage of working with the duplication sequence in this context is
that the Dirichlet-Neumann eigenfunctions of ng_l) and ng“l) are preserved

in G,

8.2 A lower bound for the multiplicity of one
particular eigenvalue

We now consider, as an example, the structure in Figure 8.1. We set Ag") to
be the multig)licity of the eigenvalue 1 arising from subgraphs of this form in
G\, and B™ to be the multiplicity of the eigenvalue 1 arising from those
subgraphs whose endpoints are the endpoints of the graph.

We also set D§") to be the number of paths of two edges linking the two

boundary points. So B = D™ — | (D40}
1

Now, conditional on Gg”) having its input graphs connected in series
Agn) — Ag’n—l) + Agﬂ—l)
B™ = 0
while conditional on Gg") having its input graphs connected in parallel
AP = (AT = BE) + (4 — B 4 B
Now considering the branching process C™ from Definition 3.1 we see that
]EDgn) = pEC™Y = p(2 — 2p)"~!

and so
EBM™ = p(2 - 2p)"! — ¢n

where g, = P(D'™ + 0).
But E(B{™|G{™ series) = 0, so

qn
1-p

]E(B](.n)Ing) parallel) — 2p(2 _ 2p)n-2 _
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and so

Gn
1-p

E(B"|G" parallel) = 2EA™Y —2EB"Y 4 2p(2 — 2p)"~? —

dn

= 2]EA§n_1) + 2Qn-—l -
1-p

= 2EATY 4 2

n—1
because ¢, = (1—p)(2¢n_1—q>_,) for n > 2 by the definition of ¢,. Removing
the conditioning gives EA™ = 2EA™ 1 ¢2_. (1 — p) and hence

AN I
E 21n = Z —2—iq?_1(1 ~p)
1=2

(n)
which gives a lower bound for the limit lim,,_, IE%,% where l§”1) is the multi-

plicity of Dirichlet-Neumann eigenfunctions with eigenvalue 1.

8.3 Near-localised eigenvalues

The replacement construction of the series-parallel graph has the property
that the degree of vertices grows exponentially in n, because it follows a
branching process with offspring distribution concentrated on {1, 2}.

This makes the following lemma relevant:

Lemma 8.4. Consider a fixed graph Gy, with defined boundary vertices 1 and
2, and a graph G whose vertez set can be partitioned as {1}U{2}USUR, where
there are no edges between S and R, and the subgraph defined on {1}U{2}US
is 1somorphic to Gy with the boundary preserved.

We let {)\; : 1 <14 < |S|} be the Dirichlet-Neumann eigenvalues obtained in
Lemma 8.2 for two copies of Gy with boundary vertices identified, and we let
§1 and 6, be the degrees of the boundary vertices.

Then, for any €, there will be an eigenvalue A} of G such that X} € (A\; —
€, \; + €), assuming both §; and 0y are sufficiently large.
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Proof. Without loss of generality we label the vertices such that S = [3, ]S+
2|] and that the vertices have the same labels as in Gy.

We consider the Laplacian L5 of G. For s € S,r € R,
EG(T, S) = ,CG(S, ’I‘) = 0,

while

Le(1,8) = Lg(s,1) = :_3;_11_(%_"")

and similarly

—w(2,7)
ﬁg(Q, 8) = ﬁG(S, 2) = T
V 52 T
But note that m(1,s) = "f/%s) and m(2,s) = "f/%s) depend only on the
structure of GGy and hence are constants.
Hence
m(1,s)

Ls(1,8) = Lg(s,1) =

and similarly

p

m(2,s

N

,Cg(2, S) = ﬁg(s, 2) = (81)

So we now consider the eigenvalues of the matrix £’ with
L'(1,8)=L'(2,8)=L(s,1)=L(s5,2) =0
for each s € S, and £'(4,j) = Lg(i, ) otherwise.

Both L and £’ are symmetric matrices, so we can use the perturbation
theorem (2.44.9) of [54], which tells us that for each eigenvalue ¢; of £’ there
will be an eigenvalue ; of Lg so that +; € [a; + f1, @ + Bs], where f; and
By, are respectively the smallest and largest eigenvalues of L5 — L'.

But B

| <
\/min{(Sl, 52}

|61
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and similarly for |3,|, where B is a constant depending only on Gy, deriving
from (8.1).

Finally, the eigenvalues of £ contain each J);, because the block {Lg(s1, s2) :
1,82 € S} is the same matrix as that constructed in Lemma 8.2, and the
other entries in these rows and columns are zero.

O

In the context of the series-parallel graph G, the subgraph S isomorphic
to Gy is an m-cell whose boundary vertices have high multiplicity.

8.4 Simulation of eigenvalues for the series-
parallel network

Eigenvalues of samples of the non-homogeneous series parallel network were
taken using a Java program to construct the graphs and Maple VI to find
the eigenvalues. The plots are histograms showing the different eigenvalues
found for a sample of graphs.

The concentrations that appear on particular values (especially 1) appear to
be due to Dirichlet-Neumann and near-localised eigenfunctions. It is notice-
able that these concentrations seem to form a greater part of the spectrum
for smaller p. The distribution of the non-localised part of the spectrum is
also interesting - for p = 0.5 it seems to be close to uniform, and for p = 0.9
it is concentrated towards 0 and 2 (compare the eigenvalues 1 — cos ;"_% for
the path on n vertices [11], which is the special case p = 1.)

The eigenvalues of these random graphs show quite different distributions
to the semi-circle law found for Erdés-Rényi random graphs, and also those
found for small world and scale-free graphs discussed in [18].
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Cheeger inequality (proved in [11)):

2
hG(n)

2

2hG(n) 2 Al(G(n)) >

So bounds on the Cheeger constant can give bounds on the lowest positive
eigenvalue. We consider the asymptotics of the Cheeger constants of the
series-parallel graphs G(™.

Lemma 8.5. The Cheeger constant satisfies

1 1

—1 h/ n >]. )

o 0 gy = 108 9
Furthermore, if p > %, this bound is asymptotically tight, i.e.

1
lim —loghgm = log 1

n—oo N 2

Proof. As G™ is connected, |E(S, S)| > 1 for any subset S C V(G™). Fur-
thermore, vol G = 2"*! a5 there are 2" edges in G™. So min{vol S, vol §} <
2™, giving the lower bound.

To prove that it is tight, we consider the branching process C™ from Def-
inition 3.1, which is the number of 1-cuts (i.e. edges whose removal would
disconnect the graph). This is supercritical when p > % so with positive prob-
ability C™ — oco. So if we have a vertex set S™ C V(G™), there is positive
probability of the existence of descendant sets S(™ C V(G™), m > n, such
that S® C ™M) 3™ C 50m and |9S™)| = |9S™] for all m. Tt S® and S
both contain an interior edge then vol S{™ and vol S™ will both be at least
e2™ for some € > 0 so this is enough to show that there is positive probability
that limy_,o = log hgm = log 5. Now note that the existence of a set S (of
any one of the sets G™) with a sequence of S™) m > n satisfying the above
property is an event of the same type as convergence of R™ to oo; so by the
proof of Lemma 3.3 its probability must be 0 or 1. This gives the result. [

The intuition here is that when p > -;— the structure looks like a relatively
small number of long strands, so it is easy to make small cuts. We do not
expect this to be true for small p where the graph should be more connected.
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N |r—

The following gives an upper bound on the Cheeger constant when p <

Lemma 8.6. The sequence of Cheeger constants satisfies

1
lim sup — log hgm) < log
n

n—oo

almost surely.

Proof. Construct a sequence of sets of vertices S™ C V(G™);n € N as
follows: At stage 0 put vertex 1 € ™, vertex 2 € S(™. Then at stage n+1
consider each edge of G in E(S™ S™). The edge will be a > b with
a € S™ and b € 5™, If the edge is replaced by a pair of edges in parallel
a <+ b then keep a € S and b € S+ If the edge is replaced with a
pair of edges in series a <> ¢ and ¢ > b then keep a € S™ and b € S+D),
and place the new vertex ¢ € S with probability 1.

This ensures that i log(vol S™) — log2 and i log(vol S™) — log2, almost
surely, and further that |E(S™), S| behaves as a branching process with
offspring distribution 1 with probability p, 2 with probability 1—p, and hence
L1og|E(S™, §™| — log(2 — p) almost surely. This gives the result. O

Lemma 8.7. The sequence of Cheeger constants satisfies

1
liminf —loghgm) > —2plog?2.

n—o0 N

Proof We let S(™ be a subset of the vertex set such that

|E(S™, S™)]
vol S()

hatmy =

Note that we may assume that S™ forms a connected subgraph - this is

because %fg— > min(2, %) for positive a,b,c,d so a disconnected S™ will
always contain a connected component giving at least as good a Cheeger

constant.
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We define k™ = min{a € §™} and k(™ to be its neighbour in GU*™)_{e.
n(k(™). We consider the evolution of the edges replacing the edge k(™ « k(™)
in GUE™). (Note that no vertex ¢ with j(c) < j(k™) can be in 5™.)

The resistance R™ (k™ k) between k™ and k™ in G™ can be bounded
below by the reciprocal of the minimum cut between £ and k™, which is

1
at least Wﬂ So

IB(S™, 50y > 1
R (k) kn)

Because of the connectivity of S™ and the graph structure, the volume
satisfies

vol § < gn=ik™)+1
(any volume larger than this containing k™ will contain one of the two origi-
nal (i.e. in GUE™)) neighbours of k™, which are not in 5™ by hypothesis)

SO
1

on—j(k(M)+1 R(n) (,I}(n), k() '

hG(n) Z

Now
R™ (B k™) =, R=it™) —, x (r=3™))

n

in the hierarchical model. So we use the complete convergence results of
Lemma, 3.18 and Corollary 3.21 as follows:

By > !
G =d 2n—j(k(n))+1X£n—J'(k(")))
1 (n 1
2(2u)" I * Ny > ~ —

Using Corollary 3.21 we choose p > 2°P~1 so that

1

X — OO a.s.
,u"("_j(k(n))"'I)Xl(n_J(k(n)))

as long as n — j(k™) — oo a.s. This condition is satisfied because of the
bound above on the volume and the lim sup result for the Cheeger constant

in Lemma 8&8.6.
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So, for pu > 2%P71
(2/,L)nhg(n) > (2'u)n—j(k(”))hG(n) — X0

almost surely, because of the complete convergence in Lemma 3.18.

So log 24 + lim inf,,_,o L log hgmy > 0, which gives the result. O

We now put Lemmas 8.5, 8.6 and 8.7 together to obtain the following:
Theorem 8.8. When p > 1,

1
lim —loghgq = —log2

n—oo 1N

almost surely.

When p < %,
1
lim inf — log hgny > —2plog2
n—oo N
and ) )
limsup —log hgmy < log p’
n—oco N 2

also almost surely.

This gives a clear transition in behaviour as p passes through %—

Corollary 8.9. When p > %, the lowest positive eigenvalue A (G™) satisfies

1 1
lim inf = log A; (G™) > —5 log?2

n—oo T,
and
- L (n)
lim sup — log A1 (G'™) < —log 2.
n—oo T

When p < 3, it satisfies

lim inf—l—log A (G™) > —plog?2

n—oo0 M

and

1
lim sup — log A, (G™) < log

n—oo I 2
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Proof. This is immediate from Theorem 8.8 and the Cheeger inequality. U

Note that the large spectral gap predicted by this result for small p can be
seen 1n the simulation results for p = 0.1, seen in Figure 8.3.

100



Chapter 9

Eigenvalues of homogeneous
random fractal graphs

9.1 Eigenvalues of the homogeneous series-
parallel network

We first consider some properties of the homogeneous version of the series-
parallel network. As in section 1.2 F,, will be the stage n replacement graph
and F! will be the duplication graph.

It is easy to show that the resistance R, of F, is 2%» where (Xp)nen IS &
simple random walk on R with birth probability p and death probability
1 — p. Hence we see that for p < %, R,, — 0 almost surely and for p > %,
R, — oo almost surely, while when p = 1 we will have liminf, ;o R, = 0

and lim sup,,_,, Fin = 00.

However the branching process methods applied to the non-homogeneous
case do not work here at all - with probability 1 there will be no edges
connecting the endpoints or whose removal disconnects F;, for n large enough.

We define £,, to be the Laplacian of F), and v, to be the total number
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of eigenvalues of F, (including multiplicity) - this is obviously equal to the
number of vertices of F.

We now let [, be the number of linearly independent Dirichlet-Neumann
eigenfunctions of F!, i.e. those which are zero on the boundary vertices.

The following lemmas will be useful:

Lemma 9.1. If we take two identical copies G; and Gy of a graph G and
obtain a new graph H by identifying some pairs of corresponding vertices,
then the eigenvalues of G are included in the eigenvalues of H.

Proof. We label the vertices so that vertices corresponding to vertex j in G
are vertices 27 — 1 in G; and 2j in G, for 1 < j < kq, the number of vertices
of G. We then identify vertices 2j and 2j — 1 for j < kg, so H has no vertex
27, 7 < k.

We will consider the matrix M defined by M(j,7) = 1 and

(4, k)
d(j)

where e(7, k) is the number of edges in G linking vertices j and k and d(j)
is the degree of vertex j in G. Then M = T3 LT3 (where T is the diagonal
matrix whose entries are the degrees of the vertices) and so M and £ have
the same eigenvalues. Note that —M is the generator of a continuous time
random walk on the graph and both M and —M may also be referred to as

Laplacians.

M(])k) = _e

Let M' be the corresponding matrix for H. Then for &, j < ko,

M'(2k - 1,25 — 1) =M(k,j) for k, 7 < kg
and for k < kg but 7 > ko,
M'(2k —1,2j — 1) = M'(2k — 1,2§) = —;-M(k,j)
M'(25 — 1,2k — 1) = M'(25,2k — 1) = M(j, k).
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For j,k) > k(),
M'(2j —1,2k) = M'(2k,2j — 1) = 0

M'(2j 1,2k — 1) = M'(2],2k) = M (5, k).

We now take an eigenfunction z (with eigenvalue \) of M and define a new
function z’ by
£'(2j — 1) = z(§) for all j < k;

z'(25) = z(j) for all j with ky < j < ky.
For k < k‘o,

(MoK =1) = Y M)+ Y 25ME )2

j=ko+1

= Z M(k, j)z(j) = Az (k)

and for k£ > ko,

(M'z")(2k) = (M'z")(2k - 1)

ko k1
> Mk, Dz() + D Mk, j)x(5)

Jj=ko+1

I

= Z M(k,j)z(j) = Az(k).

So z' is an eigenfunction of M’ with eigenvalue A and hence ) is an eigenvalue
of H. So the spectrum of G is included in that of H. d

This enables us to obtain the following results for the homogeneous series-
parallel network (using the duplication construction):

Lemma 9.2. Conditional on F, being formed by a parallel connection, then

Up, 2Up_1 — 2
ln _>_ ln—l + Up-1 — 2

103



Proof. The vertex set of F, is the union of two sets Vn(i)l and Vﬁ)l, which
represent the vertex sets of the copies of F,_;. The intersection of these
sets is the boundary{1,2}. We label the remaining vertices in such a way
that the two vertices corresponding to vertex j of F,_; (j > 3) are vertices

2(j—1)—1e V¥ and 2(j — 1) e V&,

This implies that £, is obtained from £,_; in such a way that
L2(j-1)—-1,2(k=1)) = Oforall2<j,k<vp_1—1
La(2§ 1,2k —1) = La(2],2k)
= Lo1(+1L,k+1)forall2<jk<wvpq—1

1
- \/;Ln_l(l,j +1)for all 2 < j < va_g — 1
L£n(2,27—1) = La(2,29)

1
= \/;En_l(Q,j +Dforall2 <j < v — L.

The Laplacians used are symmetric and have ones on the diagonal, so this
defines L,,.

We now consider an Dirichlet-Neumann eigenfunction z of F,_;. We extend
this to an Dirichlet-Neumann eigenfunction % for F), by setting £(2(j — 1) -
1) = z(j) and £(2(j — 1)) = 0 for 3 < j < vn-1, and (1) = #(2) = 0. This
provides l,_; Dirichlet-Neumann eigenfunctions for Fy,.

Now we use Lemma 8.2 to obtain v,_; — 2 linearly independent Dirichlet-
Neumann eigenfunctions satisfying z(1) = z(2) = 0, and z(2j — 1) = z(2J)
for all j, which furthermore are linearly independent of those already found.
So at least l,,_; + vp—1 — 2 can be found. O

Lemma 9.3. Conditional on F being formed by a series connection, then

Proof. The proof is similar to above, but the two sets of linearly independent
Dirichlet-Neumann eigenfunctions are derived directly from the Dirichlet-
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Neumann eigenfunctions of F._,, each of which gives one linearly indepen-
dent eigenfunction Dirichlet-Neumann on each of the vertex subsets corre-
sponding to the input graphs. O

Theorem 9.4. The ratio l, /v, converges to 1 as n — 0o, almost surely.

Proof. We will define [, to be the number of Dirichlet-Neumann eigenvalues
of the graph F! which are constructed in the proofs of Lemmas 9.2 and 9.3.

We consider the difference

A~

In I
Un  Un-1
When the connection is series,
E _ In1 _ 2n—1ln-1 — (2Un-1 — 1)y
Up  Un—1 Un_1(2Vn—1 — 1)
ln—1

Un-1 (2Un—1 - 1)

and when it is in parallel

A ~ A~

ln ln—l _ (in—l =+ Up—-1 — 2)'Un—l - (2'Un—-1 - 2)ln—1

Un Un-1 Un—1(2vn-—1 - 2)

U%_l — Up—1 — Zn—lvn—l + Zn—l + ([n—l — Up—1)
2’lJn—l(’Un—l - 1)

1 in—]_ U’n—l - in—l
_ (12t -
2 Un—1 20n-1(Vp—1 — 1)

[ 1
> _1_ 1 — ln 1 -
- 2 vn—l 2,UTL—-1

So the ratio is strictly increasing in n. If we assume that the limit is ¢ < 1,
then for n sufficiently large (because v, — 00), the increments for the parallel
case will be at least %(1 — ¢) — € for any € > 0. As there will almost surely

be infinitely many of these increments (for p < 1) the limit must be 1.

As (by definition) l. <l,, this completes the proof.

105



O

We define [, 5 to be the Dirichlet-Neumann multiplicity of A in F!, i.e.
the number of linearly independent Dirichlet-Neumann eigenfunctions with
eigenvalue A.

Corollary 9.5. The ratio

ln,)\
—= 1 oo GS N — 00,

Un
for some random variable I, . This works for any homogeneous duplication
sequence as defined in Definition 1.3 under Assumption 1.1.

Proof. As in Lemma 9.3, given a Dirichlet-Neumann eigenfunction of F,_,,
we can obtain one Dirichlet-Neumann eigenfunction localised on each of the
(n — 1)-cells in F}, with the same eigenvalue A. So I, 5 > ln—1¢(Zy) (where
c(Zy,) is the number of (n — 1)-cells in F)). But v, < vp_1¢(Z,), so (l;‘—'*)neN
is an increasing sequence in [0, 1], giving the result. o

This shows that, for a homogeneous duplication sequence where lim,,_, % =

1, the sequence of spectral measures of F, converges to a pure point limit.

9.2 Spectral similarity

We will discuss the use of the technique of spectral similarity (or spectral dec-
imation), which provides information about the eigenvalues of deterministic
fractals, as described in [36, 37, 47, 51], to obtain similar results for some

homogeneous random fractal graphs.

We follow [37]. Let Ho C H be Hilbert spaces, and let H be an operator on
H and H, be an operator on Hy. We let P, be the orthogonal projector from

H onto Hy.
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If o and ¢; are complex valued functions defined on a set A € C, and

Po(H — 2)7' = (¢o(2)Ho — ¢1(2)) ™"

for all z € A where the expression is well-defined, then we say that H is
spectrally similar to Hy with functions ¢, and ¢;.

We set R(z) = $12.

We now let H; be the orthogonal complement to Hy and consider H in a
block structure with respect to the representation H = Ho ® Ha:

S X
a(5 %)
We define (Definition 3.5 of [37]) the ezceptional set £(H, Hy) of H and Hy
to be {2 : z an eigenvalue of Q or R(z) undefined.}.

Then Theorem 3.6 of [37] says that, if H is spectrally similar to H, and
z & E(H, Hy), then z is an eigenvalue of H if and only if R(z) is an eigenvalue
of Hy, and further that the respective multiplicities of z and R(z) are the
same.

Spectral similarity applies only to the replacement constructions of some
homogeneous random fractals. It does not apply for deterministic fractal
graphs without enough symmetry, such as the pentagasket (see [1]) and also
will not apply to related homogeneous random fractal graphs. However, if
the model graphs are symmetric enough, then the method can be used to
describe the limiting spectrum. This is done for the Sierpinski gasket in

(47, 51].

Assuming that the initial cell Fy is a complete graph, and that the model
graph I', is symmetric with respect to F as defined in Definition 4.1 of
[37] (i.e. any bijection Fy — Fj, can be extended to a graph automorphism
I'n — T'), then we can apply Lemma 4.7 of [37] to obtain the spectral
similarity of the Laplacian of F,, to that of F,,_;.

As an example of how this applies to homogeneous random fractal graphs
we now return to the homogeneous series-parallel network. The spectral
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similarity results do not apply directly but there is a closely related sequence
of homogeneous graphs to which they do apply. We consider the subsequence
(Fa(n))nen consisting of graphs where edges have been replaced by the two
edge path. Here a(0) = 0 and a(n) = a(n — 1) + K,,, where (K,)nen is
a sequence of i.i.d. Geometric(p) random variables. Now Fy ) is obtained
by taking F,(,—1) and replacing each edge by a model graph ', where [,
consists of 2™ ! two-edge paths with endpoints identified.

Lemma 9.6. The eigenvalues of Fyny are 1 — cos g—,’f fork=0,1,...,2™

Proof. Now, for all m, the Laplacian of I',,, is spectrally similar to that of the
single edge Fp, with the same function R(z) = 4z — 22% and exceptional set
{1}. Also the model graphs I',, satisfy the conditions of Lemma 4.7 of [37]
so we can use that lemma to see that F,p) is spectrally similar to Fy(n-1)
with this function and exceptional set.

This also applies to the sequence of paths of length 2™ (i.e. with 2" edges) -
indeed this is the special case where p = 1. So we see that the eigenvalues of
Fy(n) are the same as those of the path of length 27, i.e. they are 1 — cos g—,’f
for k=0,1,...,2" (see [11]). O

We will now investigate the multiplicities of these eigenvalues.

9.2.1 The multiplicities of the eigenvalues

We consider the multiplicities of the various eigenvalues of the Laplacian of

Fa(n) .
In what follows, e, is the number of edges of F;, and v,, the number of vertices.

If we consider an mth generation eigenvalue to be one which is a Dirichlet-
Neumann eigenvalue of Fy ) but not of Fy(m-1), then, for n > m, the spectral
similarity results tell us that the multiplicity of a given mth generation eigen-
value in the spectrum of Fy(y) is the same as the multiplicity of the eigenvalue
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1 (the only first generation eigenvalue) in Fypn_m41), S0 in what follows we
consider the multiplicity of the eigenvalue 1.

We know that Fy(,) is spectrally similar to F,,—1) with function R(z) =
4z — 2z* and exceptional set {1}. As z = 1 if and only if R(z) = 2, and
R(z) = ¢ has two distinct real roots for all { € [0,2), the multiplicity of
eigenvalues which are not 1 is 2(v4(n—1) — 1). So we will consider the ratio

Note that

and hence

So

2(Ua(n—1) — 1)

Va(n)
€a(n) = 2K €a(n-1)
Vo) = Van-1) + 25" egnon)
— 22?:11{

. YO | i
So the limiting distribution of the ratio -&—;—l)l is that of

a(n)

. -1
1+ :
( Dim12” 2= K )
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so the limiting proportion of eigenvalues which are 1 is

-1
1-2(1+ L :
>, 9= 2j=1Kj

_1—:"1)1
—1+/"\31

where
o0

Ky = Z 9= Y51 Kj
1=1
which is a random number in [0, 1] obtained by considering an infinite se-
quence of i.i.d. Bernoulli random variables as a binary expansion.

A similar result holds when the random variables K,, are not geometric, but
the digits of the random binary number «; will no longer be independent.

9.2.2 More general results

When we consider more general homogeneous random fractal graphs, as de-
fined in Definition 1.3, we will not generally have the property that the
exceptional set and the function R(z) will be the same for each model graph
['x. For each model graph I'x, we assume I'; to be spectrally similar to the
cell Fy (which is isomorphic to the complete graph on M vertices.) with
function Ry(z) and exceptional set &.

Lemma 4.7 of [37] tells us that it is sufficient for each model graph I’y to be
symmetric with respect to its boundary i.e. that each bijection 0y — 9T
can be extended to a graph automorphism I'y — I'k.

As in Definition 1.3, we let 'z, be the model graph replacing cells in the
formation of F,,. We also let £ be the set of eigenvalues of the cell Fj.

Then the spectral similarity tells us that the spectrum of F;, is contained in
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the set

5TZn U Rf:;n (Srzn_l) U R;zln Rf:;n_l (51"2"_2) U---U
r,, B, ---Rr, (ér;)URL, R, ...Rp, (€).

an le
In the limit the distribution of this will be the same as that of the random
set

€rz, U Ry, (ér;,) U Ry, Ry, (Erg,)URE, R, Rp, (E)U---.

An example is the random sequence of trees obtained by taking I'y to be a
two-edge path (where the boundary consists of the endpoints) and I'; to be
this path with an extra vertex, connected only to the midpoint (which is not
part of the boundary). These graphs are shown in Figure 11.1. The functions
R, (z) and Ry(z) are 4z — 222 and 6z — 32° respectively, and the exceptional
sets &y =1 and & = {1,1+ 1/\/5, 1-— 1/\/3}
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Chapter 10

Eigenvalues of general
non-homogeneous graphs

10.1 Relationships between homogeneous and
non-homogeneous spectra

Throughout this section we consider graphs defined by Definition 1.3 under
Assumption 1.1.

Consider a set of model graphs {I; : r € R} and homogeneous and non-
homogeneous random fractal graphs constructed according to some proba-
bility distribution on R, using the replacement construction.

Lemma 10.1. If, for some X\ € (0,2), there is a positive probability that the
homogeneous graph Fy, has a Dirichlet-Neumann eigenfunction with eigen-
value ), then there is also a positive probability that the non-homogeneous
graph G™ will have an eigenfunction with eigenvalue A, for all n > m.
Furthermore this probability converges to 1 as n — o0.

Proof. For all n > m, G™ consists of ¢™™ independent copies of G(™),
connected together according to the structure of G(™=™)  Now, if there is
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a positive probability that F,, has a Dirichlet-Neumann eigenvalue A, then
there is also a positive probability that G™) has a Dirichlet-Neumann eigen-
function with eigenvalue A. Finally, as ¢(®™™ — oo, we have the convergence
to 1. O

Note that non-homogeneous random fractal graphs can also have Dirichlet-

Neumann eigenvalues which do not occur as Dirichlet-Neumann eigenfunc-

tions of the corresponding homogeneous graph. The eigenvalues 1 + \/%

occurring in the graphs in Figure 8.2 are examples of this. In general this
can occur when a subgraph appears which resembles a homogeneous random
fractal graph with different model graphs.

The appearance of Dirichlet-Neumann eigenfunctions in non-homogeneous
graphs appears to be due to “areas of homogeneity”, where neighbouring
parts of the graph develop in the same way, which happens with positive
probability due to the random fluctuations in the non-homogeneous con-
struction.

10.2 Asymptotics for spectra of non-homogeneous
fractal graphs

We now consider some asymptotics for the spectra of non-homogeneous ran-
dom fractal graphs, as defined in Definition 1.3. Usin% the duplication con-
struction, let cj"’m) be the number of m-cells in Gg-n and let cg-") be the
number of cells in G§n).

(n)

Lemma 10.2. For fized m, %-m—) converges to a non-zero constant almost
¢’

surely, as n — Q.

m)

Proof. The graph ng) consists of c§"’ m-cells, which are independent graphs
with the same distribution as Ggm). So the total number of cells is the sum
of c§"’m> bounded (because the maximum number of vertices in an m-cell
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1s bounded) and non-zero independent identically distributed random vari-

ables, and as ¢{™ — oo as n — 0o, the result follows from the Strong Law
of Large Numbers. =

We now consider an individual eigenvalue A € [0,2] and define the multi-
plicity of Dirichlet-Neumann eigenfunctions in Gg-") with eigenvalue A to be
i)
I

Further we define l§.ﬁ\’m) to be the multiplicity of Dirichlet-Neumann eigen-

functions with eigenvalue ) in Gg.”) which are non-zero only in the interior of
some m-cell. We will call these eigenfunctions m-localised.

It is obvious that, if m > m/, then lg-ﬁ\’m) > ly;m')-

Lemma 10.3. For each m, the multiplicity of m-localised eigenfunctions

with eigenvalue A per cell

(n,
iy

c§")

converges to a constant ly ,, almost surely, as n — oo.

Proof. The numbers of m-localised eigenvalues localised on each m-cell are
bounded independent and identically distributed random variables, so be-
cause the number of m-cells ¢™™ — 0o as n — co we use the Strong Law
of Large Numbers to obtain that

L™

™

converges to a constant almost surely.

We now use Lemma 10.2 to obtain the result. O

~

The limit lim,,— o0 lm x provides an almost sure lower bound for the lim inf
(n)

multiplicity per cell, liminf,_, . <5.
C

n
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L(e)mma 10.4. The ratio of the number of vertices to the number of cells,
:4@, converges to a positive constant, O, in probability.

Proof. We switch to considering the replacement construction. The sequence
of the numbers of cells in G™, (¢™),cn, forms a branching process with
offspring distribution concentrated on N\ {0}, and hence, for i the mean of
the offspring distribution,

g™ 5 W,

almost surely, with W a random variable, by general branching process theory

[4].

Now, the structure of the graphs implies that the number of vertices v of
G™ satisfies

c(n—l)

J
i=1

and so is the sum of Y;_; independent and identically distributed random
variables, where Y, = >"" | ™ the total population of the branching pro-
cess up to time n.

Now the total population Y, satisfies u™"Y, — ﬁW, almost surely, as
n — 00, so another application of the Strong Law of Large Numbers gives

that
(™)

c(”)

converges to a constant, almost surely, which, by converting back to the
duplication construction, implies the result.

Because Ev, ) > 0, the constant o > 0.
j

This gives us the following:

Corollary 10.5. Given a duplication sequence (G’g"))neN, as defined in Def-
wnition 1.8, and some A which occurs as a Dirichlet-Neumann eigenvalue of
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G™)  for some m € N, with strictly positive probability, we have a strictly
positive deterministic lower bound lo x > 0 such that the limiting proportion

almost surely.

Proof. We set ZOO,A = sup,, l~,\,m'f1. Because A occurs as a Dirichlet-Neumann
eigenvalue of G™ with positive probability, [y, > 0, and, by Lemma 10.4,

A

v > 0, we have [y > 0. O

In the special case where the number of cells in a 1-cell (model graph) is
constant, we can go further.

Theorem 10.6. Given a duplication construction of a non-homogeneous ran-
dom fractal graph, where the model graph size ¢; = c for each t, the limiting
proportion of eigenfunctions which are Dirichlet-Neumann with eigenvalue A,

o’
converges to a constant, almost surely.

Proof. We note that the condition on model graph size implies that cgn) =c"

for all n, 7. Now
> Yl
Jj=1

and
oi™ < chj(."—l).
j=1

Now, we define o-algebras F, = U(Ggm);m > n). By the symmetry of the
input graphs ng—l) given F,, (lg"g /¢ )nen 1s a backwards supermartingale
with respect to (Fy), and similarly (UYL) /c")nen 18 a positive backwards sub-
martingale.
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Also, ZY;) < v and hence backwards martingale theory implies that

and

almost surely, where [, and ¥ are random variables.

So, for € > 0,

7
'CT—Z)\|<€

for n > n, (where n, is random), almost surely. Hence, for all n > n,,

LN

| pr | < 2¢,
almost surely.
But
(gl Yy fe—1
] L] J» n—
lcn__cn—llzjg2 cn—1 —ll,A < cn )

Hence ]P’(lgn—l) >, +€) = 0asn— oo, for all e > 0. As lg"_l) and l§”‘”

are independent and identically distributed, this shows that the limit must
be constant.

O

The series-parallel graph satisfies the conditions of Theorem 10.6, but many
other examples do not, for example the randomised gasket of Figure 1.3.
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Chapter 11

Some further examples

We consider some further examples of spectra of random fractal graphs.

11.1 A random tree

We consider random fractal graph structures with the two model graphs
shown in Figure 11.1. The graphs resulting from this are random trees.

I

Figure 11.1: The model graphs for the random fractal tree

For the homogeneous version, spectral similarity applies with the functions

Ri(z) = 4z — 22% and Ry(z) = 6z — 32%, exceptional sets & = {1}, & =
{1, 1+71-§, 1— '\}—g} So unlike the series-parallel case the functions are different
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for the two model graphs.

Considering the non-homogeneous case, we put a probability p on I'; and
1 —pon 'y, The case p = 0 again gives paths of length 2", while the case
p = 1 gives a tree whose eigenvalues can be studied by using the spectral
similarity methods of [37]. Because the degree of the map R,(z) is 2 and the
graph G(™ has 3" vertices, not all eigenvalues of G™ are obtained by spectral
decimation from those of G{™). The remainder must (by Theorem 3.6 of [37])
be contained within the exceptional set. So we expect high multiplicity on
some values within the exceptional set.

The histograms in Figures 11.2,11.3 and 11.4 show samples of the eigenvalues
for the non-homogeneous case, for small n. For p = 0.9 we seem to get a
largely point spectrum with large concentrations on the Dirichlet-Neumann
eigenvalues of the deterministic p = 1 case, while for p = 0.5 and p = 0.1
there seem to be fewer Dirichlet-Neumann eigenvalues, in a similar way to
the series-parallel graph for large p.

This is expected, because at p = 0.9 there will be a relatively high prob-
ability of a cell being identical to a corresponding cell in the p = 1 case,
i.e. a deterministic fractal graph. This is less noticeable as we approach
p = 0 because this deterministic limit (the path of length 2") does not have
Dirichlet-Neumann eigenfunctions.

The symmetry of these spectra is due to the fact that the random trees are
bipartite, which implies that if X is an eigenvalue then so is 2 — A, with the
same multiplicity [11].

11.2 Non-symmetric model graphs

The conditions on the model graphs in Section 9.2.2, and in [37], are rather
strong. Many examples of self-similar fractals are related to graphs which do
not satisfy the symmetry condition. These include the Lindstrgm snowflake
(Example 6.4 of [37]), and the pentagasket, studied in [1], where families of
eigenvalues and eigenfunctions are described, and the eigenvalues are shown
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Figure 11.2: Histogram of eigenvalues of random tree G(® with p = 0.1, 30
graphs sampled
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Figure 11.3: Histogram of eigenvalues of random tree G® with p = 0.5, 30
graphs sampled
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Figure 11.4: Histogram of eigenvalues of random tree G® with p = 0.9, 30
graphs sampled

to have high multiplicity, even though the spectral decimation method does
not, work.

A simple example of a graph that does not satisfy the conditions is one of the
model graphs in the network of Section 3.3.4. We will consider two random
self-similar graphs which use this as a model graph.

To precisely specify the construction of the graphs (see Definition 1.3), we
need to make it clear which orientation the model graph has. There are
several ways of doing this, but the following (replacement) construction has
interesting properties:

o GO consists of two vertices {1,2} and a single edge between them.

e Label each vertex added at stage m with an integer higher than any
used to label a vertex of G(~Y.

e Consider each edge in E(G™) as a > b with a < b and replace it with
a model graph, by identifying boundary vertices 1 and 2 of the model
graph with vertices a and b respectively.
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® The model graphs may be random or deterministic.

We will consider the model graphs I'; and I', shown in Figure 11.5, so that
I’y is the mirror image of I';.

1@ e e 16 » 92

Iy Iy

Figure 11.5: The asymmetric model graphs

These graphs are related to those considered in [15], where the resistance
(which does not depend on the orientation) was studied.

We first consider the deterministic sequence where the model graph is always
[;. The graph G™ here has v(™ vertices and e™ edges where v(® = 2,
e(® = 1 and e = 3eV ) = ¢y(n=1) 4 o(n~1)  Hence ™ = 3" and
oM = 1(3m 4+ 3).

We define maps f; : V(G™Y) — V(G™), i = 1,2, 3 mapping each vertex of
G to the corresponding vertex in each (n — 1)-cell. We will label these
so that f; and f, correspond to the two parallel cells.

Proposition 11.1. The graph G™ has at least -;—(3” + 3) — 2" — 1 linearly
independent Dirichlet-Neumann eigenvalues.

Proof. The model graph contains parallel edges, so G™ contains a subgraph
consisting of two copies of G("~1) with their boundary points identified as
in Lemma 8.2. This gives v(®~1) — 2 eigenfunctions. For each eigenfunction
z obtained thus, we have z(f1(v)) = —z(f2(v)) and z(f3(v)) = 0 for each
v € V(G),

Furthermore, given a Dirichlet-Neumann eigenfunction z of G™® 1) we can
obtain 3 Dirichlet-Neumann eigenfunctions zi,z,, 3 of G(™ by extending
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them from (n — 1)-cells to the whole graph i.e.
z;(f;(v)) = 6;;x(v) for all v € V(G("'l)), i,7=1,2,3.

However, we only obtain 2 linearly independent eigenfunctions, because the
linear combination z, — z, is of the form obtained using Lemma 8.2.

Hence, if /(™ is the number of Dirichlet-Neumann eigenvalues constructed by
these methods, it satisfies

I =91 4 %(3”‘l +3) —2

and I® = 1, which gives the result. O

Let the total number of Dirichlet-Neumann eigenfunctions of G™ be [ +

[™ so that {™ is the number which are not constructed by the methods of
Proposition 11.1

For this graph, we can also describe a set of non-Dirichlet-Neumann eigen-
functions.

Proposition 11.2. The graph G™ has 2" + 1 linearly independent eigen-
functions which are not Dirichlet-Neumann.

Proof. We consider the set of eigenfunctions z satisfying z(3) = 0 and,
for each v € V(G"Y), z(fi(v)) = z(f2(v)) = tz(fs(v)), a (V™D — 1)-
dimensional subspace. This is preserved by the Laplacian of G™, so we can
find v — 1 = 2(3"7! + 1) linearly independent eigenfunctions satisfying
these properties.

To exclude those which are Dirichlet-Neumann, this is equivalent to the con-
dition that (1) = z(2) = 0. So a Dirichlet-Neumann eigenfunction satisfying
the above conditions reduces to a Dirichlet-Neumann eigenfunction on each
(n — 1)-cell. Hence there are 1(3"~! + 1) — (("~1) — [(n=1) = gn=1 _ j(n—1)
non-Dirichlet-Neumann eigenfunctions satisfying the above conditions.

Now, given any eigenfunction z of G("~1), we can extend it to an eigenfunc-
tion 2’ of G™ by setting z'(1) = v2z(1), z'(2) = z(1), 2'(3) = V/3z(2),
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Z'(f1(v)) = z'(fa(v)) = 2'(f3(v)) = z(v) for v > 3, from the structure of
the graph. This means that each of the eigenfunctions constructed in Propo-
sition 11.2 for G™~1) can be extended to a non-Dirichlet-Neumann eigen-
function of G, which will be linearly independent of those already found

(because z'(3) # 0). Inductively, this also applies to those constructed for
G m > 1.

The graphs are bipartite, so eigenfunctions (which are zero nowhere) for
eigenvalues 0 and 2 exist as described in [11].

Hence the total number of linearly independent non-Dirichlet-Neumann eigen-
functions is at least 2" +1 — """ [ But we know that there are exactly
%(3” + 3) linearly independent eigenfunctions. Hence

1 n—lA 1 A
~(3" > 9N 1 — (m) S (qn n (n)
(3" +3) 221 I 4 2(37 +3) 2" — 1 4]

m=0

and so [(™ < S°77L (™) But [ = 0 for m < 2, and hence for all m.

Hence the eigenfunctions constructed are all that exist, and there are 2™ 4
1 linearly independent non-Dirichlet-Neumann ones, the remainder being
Dirichlet-Neumann. O

We note that these proofs also apply to the (different) fractal graph con-
structed using the model graph T's.

We now consider two random non-homogeneous fractal graphs related to
this graph. First, we consider the sequence obtained with the model graphs
I'y and I'y; above, with probabilities p and 1 — p respectively. This can be
considered as using the same model graph but with a random orientation for
each edge replacement. Samples of eigenvalues for p = 0.2 and p = 0.5 are
shown in Figures 11.6 and 11.7. In this example, the first level of localised
eigenvalues (which are all 1) is not affected by the random orientation, and
hence the multiplicity of 1 is large for both graphs. Apart from this, however,
there is more evidence of eigenvalues having high multiplicity for the p = 0.2
graphs. As for the random trees, the graphs are bipartite, so the spectra are
symmetric.
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Figure 11.6: Histogram of eigenvalues of random orientation graph G® with
p = 0.2, 30 graphs sampled. The total multiplicity of 1 is 1170.
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Figure 11.7: Histogram of eigenvalues of random orientation graph G®) with
p = 0.5, 30 graphs sampled. The total multiplicity of 1 is 1170.
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Finally we consider the graphs discussed in Section 3.3.4. The p = 1 extreme
1s discussed above, while spectral similarity applies to the p = 0 extreme
(which is not bipartite) with the simple function R(z) = 2z. The histograms
in Figures 11.8, 11.9 and 11.10 show samples for p = 0.2,0.5 and 0.8 respec-
tively. As before, the examples with high probability on one model graph
resemble the spectra of the deterministic graphs associated with that model
graph.
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Figure 11.8: Histogram of eigenvalues of graph 3.3.4 G® with p = 0.2, 30
graphs sampled
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Figure 11.9: Histogram of eigenvalues of graph 3.3.4 G® with p = 0.5, 30
graphs sampled
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Figure 11.10: Histogram of eigenvalues of graph 3.3.4 G®) with p = 0.8, 30
graphs sampled
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