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Abstract

This thesis presents methods for producing and detecting gravitational waves
(GWs) and particles within or beyond the Standard Model. CHAP. 2 and
CHAP. 3 describe axion production from an accelerated electron within the
WKB approximation. In CHAP. 2, we consider an electron accelerated by a
time-dependent external potential and consider two trajectories: uniform ac-
celeration and oscillating motion in a standing wave created by two counter-
propagating linearly polarized laser beams. We calculate the spectrum and
total energy of the emitted particles. CHaAp. 3 generalizes the results of
CuaApr. 2 for an arbitrary electromagnetic field. We find that the rotation of
the electron spin follows the Thomas-BMT equation. We propose an exper-
imental setup for producing axions using laser beams and converting them
into photons to impose bounds on the axion-electron coupling constant. We
find that the addition of magnetic fields significantly increases particle pro-
duction. The projected bounds are similar to other laboratory-based exper-
iments for axion masses m, < 10 keV. CHAP. 4 discusses the Unruh effect,
which is essential to describe radiation from an accelerating charge in its rest
frame. We couple a classical source to a scalar field and derive the emission
rate and power. The latter agrees with the classical Larmor result for scalar
particles. In CHAP. 5, we generalize the results of Chapter CuAp. 4 and dis-
cuss emission of photons in the context of the Unruh effect. Finally, Crap. 6
is dedicated to the production and detection of GWs using high-energy pulsed
lasers through the Gertsenshtein effect. Whereas the strain of produced GWs
is too weak to be detected, we find that with today’s laser performances, one
could detect GWs of astrophysical origin with strains » > 1072 and in the
future, sensitivities of h > 1072% could be reached.

Overall, the thesis examines the plausibility to use high-energy lasers to pro-
duce and detect particles of spin 0, 1 and 2 (where for the spin 2 case, we
consider classical GWs instead of gravitons).
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INTRODUCTION

1.1 THE AXION SOLUTION TO THE STRONG CP

PROBLEM

The Standard Model (SM) of Particle Physics correctly predicts the outcomes
of most laboratory experiments with great precision. It is therefore one of
the most successful theories of fundamental physics. However, it possesses
a few defects. One of them is known today as the strong CP problem. The

quantum chromodynamics (QCD) sector of the SM written as

2

. 1 a apy a Svapy
Laco = (17" D — M)q — 7G3,G" — 9337T2 Ge, G (1.1)

does not exclude the third term which violates the charge-parity (CP) sym-
metry. ¢ are the quark fields, D, is the covariant derivative, M is the quark

mass matrix, and G, carries the gauge bosons. G* = %8’“/’)0(; oo 18 the dual

1



INTRODUCTION

field strength. The third term in EQ. (1.1) is a total derivative [6] and is
therefore not important for perturbation theory. Indeed, Gzyé“’w = 0, K"
and K* = et AL[GY, — 4 f*ALAS] with A% the gluon fields. Follow-
ing the discussion in Ref. [7], we consider for simplicity a theory of two
quarks u and d. In the massless limit, in which right- and left-handed quark
fields do not mix, QCD seems to be invariant under the symmetry group
SU(2)g x SU(2), x U(1)y x U(1)4. The appearance of quark condensates
(@q) # 0 breaks the SU(2)g x SU(2),, symmetry, and the associated Nambu-
Goldstone bosons are the pions.

On the other hand, quark condensates also lead to the breaking of the U(1)4
symmetry. The latter is the transformation ¢ — ¢*“475q. Contrary to the pre-
vious symmetry breaking, there are no associated Nambu-Goldstone bosons.
This is what Weinberg named the U(1)-problem [8]. A solution was given
by 't Hooft [9, 10] by considering the complicated structure of the true QCD

vacuum given by

+oo

0)= Y e"n) (1.2)

n=—oo

where 0 € [0,27), |n) are called the n-vacua and the associated integer n is
the winding number. The choice of |#) as the vacuum gives rise to the third
term in EQ. (1.1). Therefore, instead of considering this term as allowed by
the symmetry of the theory, one can view it as imposed by the nature of the
QCD vacuum. This term violates time reversal (T) and P but conserves C.
Thus, CP is not a symmetry.

In addition to QCD, the weak sector of SM contributes to the CP breaking
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term through the quark mass matrix. We can choose a basis in which, for two

quarks, M — diag(m,,, mdeiarg(det{M}))

. Performing a U(1) 4 rotation for the
d quark to obtain real masses gives an additional contribution to the third

term in EQ. (1.1). Thus, now the parameter of the CP violation is

0 =0 — arg(det{M}). (1.3)

EQ. (1.1) implies that the neutron carries an electromagnetic dipole moment
given by d,, = 2.4 x 10790 ecm [11-14]. Recently, in Ref. [15] an upper limit
on d, was found, which results in the bound § < 7.5 x 1071, A solution to
the CP problem would be to explain how two contributions, # and the quark
matrix, coming from two distinct sectors of the SM cancel with precision
< 10710,

Peccei and Quinn (PQ) proposed solving the CP problem elegantly by intro-
ducing an additional U(1)pg symmetry [16, 17]. Demanding the breaking of
the latter at a scale f, gives rise to a pseudo Nambu-Goldstone boson, the
axion [18; 19]. Consider the potential generated by QCD in the presence of
pions whose appearance is due to another symmetry breaking as discussed

previously [20]

4dm,m 0
02 2 . ulltd -2 (Y
V= mnfw\/l (110 + ma)? sin (2)7 (1.4)

where f, is the pion decay constant, m,, m, and mg are the masses of the
pion, up and down quark respectively. The minimum of the potential would

be at § = 0 but 6 is not dynamical. The PQ solution, by introducing the
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axion field, makes the argument of the potential dynamical. More precisely,
through the term

Lo - ;329 _Ge, G (1.5)

the argument of EQ. (1.4) is shifted as & — 6 + a/f,. Then, the axion
gets a vacuum expectation value at — f,# which sets the neutron electromag-
netic dipole moment to d,, o (6 + a/f,) = 0, thus solving the CP problem.
EQ. (1.5) is a dimension-5 operator and hence defines an effective field theory.

The axion’s coupling to SM particles is

d.a 1 :
f G+ A acy’1"15q + 790 aFw F* - (1.6)

1
L, = E(aua)z

where the last term describes the coupling between the axion and the elec-

tromagnetic tensor. Its coupling is gc(b(,)y) = 20‘;}“ E/N where E/N is the ratio of

the electromagnetic and color anomaly coefficients. These coefficients arise

from the current associated with the PQ symmetry [21]

2

Ng? ~ e ~
9, FIr = —Z_qgae Gaw F, F*. 1.7
w 1672 1672 * (1.7)

Pk is normalized such that N is a non-zero integer. It is possible to have
E = 0. Under the quark redefinition ¢ — exp{(i1;aQ./(2f.))}q, where Q,
is a two-dimensional matrix whose trace is equal to unity, the second term in

EQ. (1.6) is removed, but the quark mass term is now axion-dependent [22].
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The Lagrangian is then

oua

Ja

1 -
chfyu’)%q + Zgawa'Fm/FuV - QLMQQR + h.c. , (18)

1
Ea = 5(6,@)2 +

where

iv5aQa iv5aQa

Tr(Q,9Q%), M,=e 20« Me 2

(1.9)

Here, M is the quark mass matrix and Q = diag(2/3, —1/3). Taking Q, =

MY/ Tr(M™1), the axion-photon coupling is [22]

N 3md+mu

Yo (1.10)

 Qem | B 24mg+my | Qem | E 199
21 f, S 2nf, N T

The axion is a massive particle whose mass is related to f, via [21-23]

(1.11)

12
me = 5.7,ue\/<10 Ge\/) .

f
Different models give different values for some of the parameters discussed
above. The most popular models are named Kim-Shifman-Vainshtein-Zakharov
(KSVZ) [24, 25] and Dine-Fischler-Srednicki-Zhitnitsky (DFSZ) [26, 27]. For
example, in the first model E/N = 0, whereas in the second E/N = 8/3.
Another difference is that the KSVZ model does not predict a coupling be-

tween the axion and the electron at tree level. On the other hand, the DFSZ
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model predicts a coupling of the form

LD

(Oua)py" 59 - (1.12)

Gae
2m

The coupling g, in this model is proportional to the axion mass [21]

G = 1.8 x 1071°(2 cos? ﬁ)(fg{;) (1.13)

for 3 generations of quarks and leptons, and where ( is a free parame-
ter. The coupling g,, is expressed as a function of the axion mass in a
model-independent way (in any standard grand unified theory) as g,, =
1.45 x 1071%(m, /eV) GeV~! [21].

To clarify the terminology in what follows, we differentiate QCD axions from
axions. The former correspond to solutions to the strong CP problem and
for which EQ. (1.13) holds. For the latter, we consider the couplings ¢u.,, gae
and m, as independent parameters.

So far, there has been no experimental evidence for axions, and experiments
are limiting the axion parameter space. The CAST experiment is used to
convert hypothetical axions produced in the Sun into photons using a mag-
netic field [28]. However, predictions on axion production by astrophysical
sources can depend on the modeling of the star. Therefore, often purely
terrestrial experiments are of interest, such as OSQAR [29]. Other light-
shining-through-wall (LSW) experiments have been proposed [30, 31]. Ter-
restrial experiments have also been conducted to bound to the coupling g,e.

This can be done using a nuclear reactor to produce axions [32] or using the
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anomalous magnetic moment [33]. Another way to produce axions would
be through laser-accelerated electrons taking advantage of the progress of
laser technology, which is expected to continue in the near future (we note
that X-ray free-electron lasers can be used to put bounds on g,, [3], but we
will not consider this mechanism in the thesis). The motivation for using
this production mechanism is that we expect axion production to increase
with the electron’s acceleration (assuming a Larmor-type formula for axion
radiation), which, using today’s laser technology, can be large. In CHap. 2
and CHAP. 3, we study axion production through this mechanism using a
semi-classical description for the electron. In principle, accelerated electrons
can emit axions similarly to Larmor radiation for photons. To study the
latter, one can describe the electron through a classical current which takes
the form j* = qu*§® (x — x;,), where g, v*, X, are the charge, velocity, and
position of the electron, respectively. However, contrary to photon radiation,
we find that one cannot use a purely classical electron description for the
axion case. For this reason, the electron description we adopt will make use
of the WKB approximation, which is outlined in the next section. Depending
on the interaction Lagrangian used, we either need the zeroth or first order

of this approximation.

1.2 THE WKB APPROXIMATION

The WKB approximation is named after Wentzel Kramers and Brillouin,

who developed this method [34-36]. It provides an expansion in & to the

Schrédinger equation. Concretely, we write the wavefunction as 1) = e*5@)/h
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where for the time-independent case S(z) = S(x) — Et, with E the energy.
We then expand S(x) = Sp(x) + hSi(x) + .... In our case, the expansion in
h will be performed for the four component spinors which are solutions to
the Dirac equation in the presence of an external potential. For a systematic
WKB solution of the Dirac equation, see Ref. [37]. In what follows, the
expansion in & can be seen as an expansion in the dimensionless parameter
hk/m < 1, where k is the wave number of the emitted particle and m is

the electron mass. We start from the free Dirac Lagrangian of the electron

field

L =iy — mah, (1.14)

where m is the mass of the electron and the slash notation means @ = y#9,,.
As usual, 1 = 'y0. Here, we write explicitly & as we are using a semi-
classical expansion. The gamma matrices have multiple representations. In
what follows, we will use the Dirac representation, unless specified otherwise,

which is given by the choice
70: ) P)/l: ) , 1=1,2,3, (115)
where 1 is the 2x 2 identity matrix, Q is the 2x 2 null matrix and ¢%,7 = 1,2, 3

are the Pauli matrices. We also define the matrix 5 by

-1 O
v5 = i7"y 2% = - (1.16)
0 1
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From the Lagrangian, follows the Dirac equation (iA@ — m)y = 0. The free

spinor field is then expanded as

60 = [ o S b p)0a(p )+l (p)Ea(p )] (117

(2mh)3 po &

where pg = \/p?+ m? is the energy and the index o = 1,2 is the spin
index. The operators b, (p) and dJ,(p) satisfy the following anti-commutation

relations

{ba(p). Bh(p)} = 22 (27h)*6,56 (b — ).

(1.18)
{da(p). dy(p)} = 22 (271)5,50" (p ~ ')

and all other commutators vanish. The modes ®,(p,z) and V,(p,x) are

solutions to the Dirac equation and can be expressed as

Do(p,2) = ua(p)e P*" W,(p,z) = va(p)e?*/". (1.19)

Using the Dirac equation, we find that the functions u, and v, satisty the
Dirac equations in momentum space (p — m)u, = (p + m)v, = 0. The

solutions to these equations are given by

[po+m | Sa [po+m | poim Sa
U,a(p) = 2m o s Ua(p) = W pot . (120)
— S

po+m~¢ Sa

If the spin is along the axis z°, then the vectors s, are the eigenvectors of o°.
The choice o = 1, 2 corresponds to whether the spin in the positive direction

of 2% or the negative. Having treated the free spinor field, we now look at the

9



INTRODUCTION

field in the presence of an external classical potential V,,. In this section we
consider either time or space dependent potentials and their effect appears

through the covariant derivative
D,=0,+ ;VM : (1.21)
The Lagrangian in EQ. (1.14) is modified by the replacement 0,, — D,,:
L =ik Py — mynp (1.22)

and therefore the Dirac equation becomes

[z’hfy” <8M + %Vu) - m} =0, (1.23)

We note that taking the complex conjugate of the modified Dirac equation
will change the sign of the term involving the potential because of the ¢
factor. This sign change represents the opposite charge for the antiparticle
solutions. In what follows, we will not treat the potential perturbatively.
Instead, to obtain a semi-classical solution to the modified Dirac equation,
we will expand the solution as powers of 2. The WKB expansion for a time-
dependent potential has been treated in detail in Ref. [38]. Therefore, here

we only show the main results. We start by expressing ¢, as

Do () = o (t)eP/" (1.24)

10
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to separate the time and space dependence. By multiplying EQ. (1.23) by

B =~" we obtain
ih0y®, — [ - (—ithV — V) + fm]P, =0, (1.25)
where we defined o = «%4%. This leads to
ihOe — [ P+ Bmle =0, P(t)=p—V(t). (1.26)

The eigenvalues of the matrix e - p + fm are +E(t) = ++/p? + m?2. Since
we are considering the positive energy solutions we will only take +F as an
eigenvalue. The semi-classical approach consists in expanding () as powers

of h as follows

. _ (0) 1
Vo (t) = e w9 —e 5 v +h i + ... (1.27)

X x© X

To O(h) [38]

P, () =1/ %e_%seip'x/h

: (1.28)
o L E+m [E+m|—EEs(t)
x | (14 hg(t)ul® — in 0E)? o So.(® ;

where dot means derivative with respect to t, §(t) = p*/(8E?®), S = E, and

ul? is the zeroth order spinor, which for constant potential is EQ. (1.20) and

11
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in general is

E Selt
y0 = JEXm [ sl (1.29)

2m\ 5.t

The time dependent two-component spinors are s,(t) = U(t)s, with s, the

initial spinor and U(t) is a time-ordered unitary operator defined by

U(t) = T(exp [—@/Ot d¢ ; -((f)(C) X B(<)) ) . (1.30)

E(Q(E() +m)

Finally, the 2 x 2 matrix X is

o-p

Y= )
E+m

(1.31)

For a purely space-dependent potential, we show the derivation in App. A
and show the main results here. As previously, we start from EQ. (1.23). For

a mode ®, that satisfies the latter, we define
o, = ¢a($)e—%(pot—pyy—pﬁ) ’ (1.32)

where here x is one of the space coordinates. The Dirac equation, with gauge

choice V,, = 0, leads to

ihdshe = (Pov' 7" — Byy' Y — P y® — my ) (1.33)

12



1.2 THE WKB APPROXIMATION

Z

where pp = p® =V p, = p¥ — V¥ and p, = p* — V*. We expand as

previously

0 (
Yo (x) = 7 H5@/h R IS L I (1.34)

X I

We find that to zeroth order, similarly to the time dependent case

[bo+m | Sa(z) D2 z/ﬂ” TRV
o, = - d # (Pot—pyy—p=2)
om B-o Kp P 7 0 ChplC) e ’

ﬁo+m8a<x>

(1.35)
where k, = /p5—p2—p2—m? D = (kp, Py, py) and sq(x) = U(x)s,
with
Ul(x)

(v o (P (Po +m) — Pypy) — o (B (Po + m) — P.pp)
=T, | exps —1 dz _
2kp(Po +m)
(1.36)

where T, and prime mean “z”-ordering and derivative with respect to z,
respectively. In CHAP. 2, we will use the WKB expansion to describe axion
radiation from an electron that follows a one-dimensional trajectory focus-
ing mainly on time-dependent potentials. We generalize the results for the

emission amplitude to general electromagnetic fields in CHaP. 3.

13
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1.3 RADIATION IN THE REST FRAME OF THE

CHARGE

After having studied the emission of axions in the laboratory, we will focus
on the description of particle radiation as seen in the rest frame of the ac-
celerating electron. For simplicity, we will not consider pseudo-scalars such
as axions. Instead, we couple the accelerating particle to a scalar field in
CHAP. 4 and to the vector field in CHAP. 5. Through the equivalence princi-
ple, particle production due to acceleration is connected to particle produc-
tion in a curved spacetime which is a well-understood phenomenon [39-41].
It has led to the study of production mechanisms of dark matter in the early
Universe [42-44]. In particular, due to the large Hubble rate, the transition
between inflation and radiation domination epoch is a period of particular
interest [45-48]. Another example of gravitational production is the radia-
tion emitted by a black hole known as Hawking radiation [49, 50]. A few
years after this discovery, in 1976 Unruh [51] showed that in flat spacetime,
a uniformly accelerating observer in the usual vacuum “sees” a thermal bath
of particles with temperature proportional to the proper acceleration. This
result followed two observations. The first one, made by Fulling in 1973 [52],
states that the usual vacuum as seen from inertial observers does not coincide
with the vacuum associated with an accelerating observer. The second one,
made by Davies in 1975 [53], is about the fact that a uniformly accelerating
observer in flat spacetime would see an inertial mirror emitting thermal ra-

diation with temperature T' = ha/2mckp, where a is the proper acceleration.
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1.3 RADIATION IN THE REST FRAME OF THE CHARGE

The bath of particles seen by an accelerating observer is referred to as the
Fulling-Davies-Unruh (FDU) thermal bath. Its temperature is the same as

that found by Davies and given by

ha
27TC]€B ‘

(1.37)

TFDU =

The Unruh effect is a quantum field theory (QFT) result whose existence has
been questioned by some authors [54-56]. One of their arguments is about
the fact that the Rindler modes defined in EQ. (4.26) are not defined in all
of Minkowski spacetime. We will see how this fact does not compromise
the validity of the Unruh effect. In Ref. [57], it is pointed out that another
misconception is that the Unruh effect is a statement about the interaction
of a detector with the FDU thermal bath. This is not the case, as the Unruh
effect does not depend on the introduction of the detector concept [57]. On
the other hand, when studying uniformly accelerating detectors in their rest
frame, it is essential to account for the FDU thermal bath, which is what is
done in what follows. We will calculate the emission rate as well as the power
emitted in the rest frame of the charge. We first consider scalar particles in
CHAP. 4 because it is less laborious to derive the Unruh effect in their case.
The results of CHAP. 4 can be straightforwardly generalized to other types
of particles, which is the subject of CHAP. 5. As we shall see, the emission
rate and the power grow with the proper acceleration. The electron is the
simplest “detector” as large accelerations can be achieved in the laboratory
with high-intensity lasers [58—60]. As discussed previously, since we are not

considering pseudo-scalars, we can treat the electron classically without the
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INTRODUCTION

use of the WKB approximation. This is equivalent to taking into account

only O(hY) terms in the WKB approximation.

1.4 GRAVITATIONAL WAVES

A natural extension to the radiation of the aforementioned bosonic particles
would be to study the emission of gravitons from an accelerating electron,
either in the inertial or accelerated frame. The equivalence between the
Minkowski and Rindler descriptions in this case has been established [61].
We expect that gravitational production from particles will be weak due to
their small masses and instead consider production from high-energy pulsed
lasers. The latter can be described classically, which motivates us to consider

gravitational waves (GWs) instead of gravitons.

The first observation of GWs was made in 2015 by the LIGO and Virgo
collaborations [62] that measured a signal generated by a black hole (BH)
merger with a frequency from a few tenths up to a few hundred Hz. This
opened a new path for observing the Universe and obtaining important in-
formation about its early stages. Theoretically, there is no restriction on the
frequency of GWs. Detection of GWs in the low-frequency regime (which we
define as smaller than 10 kHz) is within the capabilities of current detectors
[63—66]. The latter cover the range from 10 Hz up to 10 kHz. Frequencies
below 10 Hz (and reaching 0.1 mHz) are targeted by LISA [67]. The high
frequency regime (defined as above 10 kHz) has not been explored but is

important [68]. High-frequency GWs are associated with phenomena in the
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1.4 GRAVITATIONAL WAVES

early Universe [69, 70]. Furthermore, GWs could be the only way to access
information about these events since they decouple immediately after being
created, maybe even before the emission of cosmic microwave background
radiation, contrary to electromagnetic waves. One production mechanism is
the evaporation of primordial BHs, which emit GWs in the form of Hawk-
ing radiation [71, 72]. The peak of the spectrum in this case is beyond the
THz regime. Unfortunately, detecting GWs in the high-frequency regime is
challenging due to the strong Big Bang nucleosynthesis (BBN) bound [73].
BBN accurately predicts abundances of deuterium and helium in the Uni-
verse without taking into account the energy density in the form of GWs.
Therefore, the addition of any form of energy, including the one of GWs,
should be constrained to avoid spoiling the predictions of BBN. The BBN

constraint on the GW energy density is given by [70, 74]

A7? s w
Qaw ( 4

2

where H is the Hubble rate of expansion today, w,/2m is the frequency of the
GW and h, is the characteristic strain, which is a dimensionless parameter
associated to the amplitude of the wave. We then see that as the frequency
increases, the strain should decrease appropriately. For frequencies beyond 1

THz, h, < 10733, which is beyond the sensitivities of today’s detectors.

In Cuap. 6, we study the production and detection of GWs using high-
energy lasers. For the first case, we find the polarization and amplitude of
the emitted GWs in terms of the laser parameters. In the second part of

the chapter, we study the conversion of an incoming GW into an electro-
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INTRODUCTION

magnetic signal through its interaction with a laser beam. Both processes
are described by the Gertsenshtein effect [75](for a simple derivation of the
latter, see Ref. [76]). The production and detection using this mechanism
have been studied extensively in the literature [77-82]. Existing facilities
whose purpose is not related to the detection of GWs can be used to impose
exclusion bounds on GWs. In Ref. [83], bounds on GW amplitude were found
using the ALPS I facility [84] or the proposed JURA facility [85]. In Ref. [86],
it was proposed to use axion haloscopes as GW telescopes. In the last part
of Cuap. 6, we propose using existing lasers to find exclusion bounds for
high-frequency GWs. In particular, since we are interested in GWs whose
frequency is of the same order of magnitude as the laser frequency, we pro-
pose to use THz, optical, and X-ray lasers, which allow us to study the range
10 — 10' Hz roughly. As will be shown, GWs of cosmological origin are
too weak to be detected, even with the most powerful lasers, because of the
BBN bound. Thus, the sources of interest will be astrophysical sources, and

in particular BH mergers.

The thesis is organized in the following way. CHAP. 2 discusses the pro-
duction of axions from an electron accelerated by a time-dependent external
electromagnetic potential. In CHAP. 3, we consider a general electromag-
netic potential to accelerate electrons and propose an experimental setup to
impose bounds on g,.. In CHAP. 4, we discuss the radiation of scalar parti-
cles from an accelerated electron in its rest frame using the Unruh effect and
calculate the emission rate and the power recovering the Larmor formula. We

generalize these results to the case of vector particles in CuAp. 5. Finally,
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1.4 GRAVITATIONAL WAVES

in CHAP. 6, we study the emission and detection of GWs using high-energy

lasers and discuss the potential sources that emit detectable GWs.

Throughout the thesis, natural units where ¢ = kg = ¢g = pup = 1 are
used. h is written explicitly in CHAP. 2 and the first parts of CHAP. 3 since
we are using a semi-classical expansion. It is set to 1 in the following chap-
ters. We also use the metric signature (4, —, —, —). Greek letters u, v, etc.,
are used to label spacetime indices, whereas Latin letters ¢, 7, etc., run over

space indices.
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PSEUDO-SCALAR
PRODUCTION IN A
TIME-DEPENDENT

POTENTIAL

In this chapter, we study the emission of pseudo-scalar particles from acceler-
ated electrons following a rectilinear motion. We will refer to these particles
as axions (and not QCD axions, as they do not necessarily solve the strong
CP problem and we do not assume a relation between the couplings and
the mass). The acceleration is achieved via a purely time-dependent classi-
cal potential, which generates an electric field. We discuss space-dependent
potential at the end of this chapter and generalize to an arbitrary electro-
magnetic potential in the next chapter. We calculate the emission amplitude

using a WKB approximation. Depending on the choice of interaction La-
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

grangian, either the zeroth or first order in the WKB expansion is needed,
but it is verified that both lead to the same result. This can be seen by com-
paring the factors of /& in the two interaction terms in EQS. (2.1) and (2.7)
and recalling that the WKB approximation is an expansion in powers of A.
In this chapter, we rigorously derive the axion emission amplitudes for the
simple case of one-dimensional trajectories. In CHAP. 3, we find, not fully
rigorously, the axion emission amplitude for an arbitrary electromagnetic
field. Thus, one of the goals of this chapter is to provide a verification of the
general results found in Cuap. 3. This chapter is based on work done by

Prof. A. Higuchi and the author.

We consider the coupling of a pseudo-scalar field given by

S h ae n
L5 = — 2 (8,0) 057" (2.1)

2m

We use the letter a for the pseudo-scalar field to avoid confusion with the
scalar field in the following chapters. g,. is the coupling constant between
the pseudo-scalar field and the electron. This is a dimension-5 operator
and therefore defines an effective field theory. Higher-order corrections will
contain higher-order derivatives. The interaction can be written in terms of a
dimension-4 operator using the Dirac equation in the presence of an external
potential EQ. (1.23). The first step is to integrate by parts the Lagrangian
EQ. (2.1) and obtain

S h ae - h ae T
o= aﬁu(mw"w)—@u( g aw'yg'y“w). (2.2)

2m 2m
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The quantity of interest is the action which is found by integrating the La-
grangian density over spacetime. Assuming that the fields vanish at the

boundaries, the total derivatives can be dropped. Then,

h ae I A . .
Line = 2g a(0, (V)" + Yysy0,10) + total derivative
" (2.3)
h ae 7 n . .
= 29 a(=0, (V)Y v5¢ + YysyH0,) + total derivative,
m
where we used v5v* = —v*~v;5. The Dirac equation with a non-zero potential
V,, is given by
o) = —i(V,y' +m)y. (2.4)

Taking the complex conjugate of this expression, we find

ha ! (v = it (V)T +m)
h 'y 1" = it (Vy "y + m) (2.5)
ha;ﬂ;’)/u = Z.YZ(’YHVM + m) )

where in the last step we multiplied by 7° on the right. Then, we can replace

the derivative terms of the spinor field by ones involving the mass and the

potential only. We find

L = g:; a(—=ith(Y*V,, + m)ys + ¥ys(—i) (V4" + m)) + total derivative

— gae
2m

a(—2imibyst — iV, 0 {y", 5}, ) + total derivative .

(2.6)
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

But since {7y*,75} = 0, we have

Efrsbt = —igaea@%ﬂ/}? (27)

where we drop the total derivative terms. In finding the equivalence be-
tween EQS. (2.1) and (2.7) we used the Dirac equation in the presence of the
potential but without taking into account the interaction terms (this also re-
moved the & factor). This is justified as we wish to treat perturbatively the
electron-axion interaction and EQs. (2.1) and (2.7) are equivalent to leading
order in ¢g,.. Removing the axion derivative coupling can also be done by
field redefinition. There is a vast literature on field redefinitions in effective
field theories; see, for example, Ref. [87]. For perturbative equivalence of
pseudo-vector and pseudo-scalar couplings, see Ref. [88] and literature on
sigma models for meson-nucleon interactions, such as Ref. [89]. We note
that admissible field redefinitions leave the S-matrix invariant. In what fol-
lows, we will calculate the interaction probability using both Lagrangians and
show that that they are equivalent up to a total derivative as it is expected.
Starting first with EQ. (2.7), we notice that since there are no derivatives

involved, the interaction Hamiltonian is simply HY®, = — £ . The free axion

nt nt*

field can be expanded in terms of creation and annihilation operators exactly

as a regular massive scalar field :

4’k " ,
_ —ik-x T ik-x
o) = [ Gl ™+ alge] (28)
where kg = \/k% + (m,/h)? and the creation and annihilation operators sat-
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isfy [a(k), a(K')] = (27)%2hko6® (k — k’). The initial state of the electron is

given by

= [ o[ ro, (29)

where py = /p? + m? is the energy of the electron and « is the initial
polarization state. The function f(p) is a distribution which we assume to

be peaked around some momentum p. Thus, we let

[f(p)|* = (277)*6) (p — p) . (2.10)

The final state is given to first order in perturbation theory by

i) )+ ) = i)~ 7 [ HZ@ ). (@)

and the interaction probability is given by P = (1laxion|laxion). Explicitly,

e dPp dE&p Bp”  dk mmm
e / d'z ( f(p)

1axion - T
| ) = h 27h)3 (2mh)3 (27h)3 2ko(27)3 \ po Pl Py

i | (2.12)
x Y By(p', w)r50, (p, 2)e™ bl (p)b, (p")b],(P)al (k) [0) -

Byy

For the spinor field we did not take into account the contribution from the
modes ¥, as we are not interested in positron emission. Using the anti-

commutation relations for b, (p”)b,(p) results in

//

by (6" )01,(0) [0) = L2 (271)?5.,6 (b — ") 10) (2.13)
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and the final state is

e dEp EBp Pk mm
—Jee / ! —f(p)

‘1axion> - -
h 2wh)3 (2wh)3 2ko(27)3 ) po i
(2mh)3 (2m1)? 2ko(27) | po Py (2.14)

% 57 By (b, 2)35Ba(p, 7)) (p')al () [0)
B

Axion emission can also be studied in terms of Feynman diagrams. The
relevant diagrams are shown in F1G. 2.1 and the calculation of the amplitude

is done in the supplementary material of Ref. [5].

F1G. 2.1: The Feynman diagrams for the axion emission: A, is an external potential. The
dot represents the interaction of the electron with the external potential.

2.1 PRODUCTION WITH TIME-DEPENDENT

POTENTIAL

In the first part of this section, we calculate the axion emission probability.

We start by considering a time-dependent potential, for which the modes are

(I)a — wa(tv p)ei

p-x
R

. Then,

@B(p’,x)%@a(p, x)e““"” = qﬁﬁ(p’,t)751/1a(p,t)eikoteix(ﬁ*f’k) . (2.15)
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2.1 PRODUCTION WITH TIME-DEPENDENT POTENTIAL

The space integral over the last factor will give (27h)30®)(p’ — p + hk).
This assures momentum conservation as it fixes the final momentum of the
electron to the initial one minus the momentum of the emitted axion. The

final state is then

Gae dgp d3k mm ikot
1 xion) = ¢ - o
axion) =7 / @ (2mh)3 2ko(27)3 \ po péf(p)e (2.16)
X Z &5(13 - hk? t)%@ba(P, t)b};’(p - hk)aT(k) |0> )
B

where now pj = /(p — hk)? + m?2. To find the probability, we compute the
quantity (laxion|laxion). The factor involving the creation and annihilation

operators is given by

(010 (B — hk)bf(p — Bk)a(k)a' (k) |0)

) , (2.17)
= ik (27)36®) (k — k) x L0(27h)36,556@) (P — p).
m
The probability is then
2 3 3
axion Yae d p d’k mim
Pt = =5 3 s —— (P’
hJ (2mh)? 2ko(27)3 po py
2 (2.18)

X Z’ / dt e*'4)4(p — Ik, t)y50a (D, 1)
B
As it will be shown in what follows, the product 1z(p — Ak, t)ys%a(P;t)

will be of order . Then we can let p, = py to leading order. Moreover we

assume that f(p) is peaked around some momentum p. Then, the probability
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

is

2

: d’k
% Z‘/dtelkot_w,@(p hk t)’y5¢a(p’ ) . (219)

Paxion —
h Qk’o 27T

Using the WKB approximation, the spinors are given by (see EQ. (1.28))

the = \/% Uuge ™ ACEQ) (2.20)

where F is the time dependent energy given by E = /(p — V(t))2 + m2. We

note that using exact or WKB solutions for the interacting Dirac equation
in S-matrix calculations is referred to as the Furry picture [90]. For plane
wave background fields, the WKB solutions become exact (Volkov solution
of the Dirac equation becomes “super-integrable”) [91]. The zeroth order in

h vanishes as

2m

a$)(p, )75 (p, 1) = sEUT()[S, — SIU(t)sa =0, (2.21)

where we used the definition EQ. (1.31) and the fact that the Pauli matrices
are hermitian. To simplify the notation, we use p = p—V(t) and p’ = p—hk

from now on. At O(h), we find

ug(p — hk, t)y5ua(p,t) = %U;(t)sg(q co)Uy(t)sa + O(R?), (2.22)
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2.1 PRODUCTION WITH TIME-DEPENDENT POTENTIAL

where

k-p i E
—k-——P 5t p- 2 p). 2.23
d E,(E,+m)" E (p Ep+mp> (2.23)

p

Here, dot means derivative with respect to ¢t. This expression can be sim-
plified if p is rectilinear (we will choose without loss of generality p to be
parallel to the z-axis). Then, by definition, using EQ. (1.30), U(¢) is equal

to the identity. The interaction probability is then given by

2

3 ,
paxion _ h.iae 2k:ko Z‘/ dt okt [ dC By e_%deE”(OST@q-USa
0 7T

(2.24)

The momentum p(t) = p— V(t) and energy E, = 1/p? + m? of the wave can
be identified as the classical momentum and energy of a sharply peaked wave
packet. The latter is sufficiently localized in space to follow a classical world
line but at the same time sufficiently spread out to be peaked in momentum
space. The latter condition is necessary to allow us to use EQ. (2.10). Then
the momentum of the wave packet can be identified with the one of a classical

particle. The exponent is therefore given by

zkot——/dC( hk)NZkot——i%/dCE< 1_2ﬁ;2'p>

Mkot—ik-/dgEﬂzzk-x(t),

p

(2.25)
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

where the velocity of the electron is found as dx(t)/dt = p/E, and we chose
the initial condition x(0) = 0. The proper time of the particle 7 is found as

dt/dr = E,/m. The interaction probability is then

axion hgge d’k ik-x T
P =15 / TNCTIE ;‘/dTe Spq " OS5 (2.26)

We choose the one-dimensional trajectory of the electron to be along the z
axis. Writing p, = p for simplicity, we find that ¢, = k, and ¢, = k,. For

the third component we use

2
P R N
Ep(E, +m) K,
i ) (2.27)
p— Epp :p(l_p—) —
E,+m E,(E,+m) E,
Then, we can write q as
T
m ..
q= (k‘x, ky, F(kz — zp/Ep)) . (2.28)
p

We also choose the polarization vectors to be eigenvectors of 0% with s, =
(1,0)T. The vector sz can be equal to s, or the second eigenvector of ¢*
with the eigenvalue —1. The two choices correspond to the cases where the
electron emits an axion and does not flip its spin and to the case where it
does flip its spin while emitting the axion, respectively. In terms of the S-
matrix, the matrix elements are (¢’,s',a| S |e, s), where s’ = £s. The total

probability is the sum of the two cases. The time integral of the spin-flip
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2.1 PRODUCTION WITH TIME-DEPENDENT POTENTIAL

case gives

(k:x+zk;y)/d7ek :(k:x+zk;y)/l,k'v£ek

:(—zkz—l—ky)/dre o

(2.29)

where we integrated by parts in the second step and defined v* = dz*/dr
and a* = d?z*/d7? the proper velocity and acceleration respectively. The ne-
cessity of the integration by parts will be discussed in the following chapters.

The non-flip time-integral is

/d” E(k ZEP)‘ “”/G‘Te [dT(E<k.v>)+E2]'

(2.30)

where we integrated by parts only the term o k, as the second one already
involves a derivative of the momentum. Before calculating the integrand, we
first connect the derivative of the momentum to the proper acceleration. We

calculate

2 2
gt~ L|(dp\ _ (dE
H m?2 |\ dr dr

Therefore, in the one-dimensional case, the acceleration is related to the

E2 ) . p2
= @(pQ — FE?) = ol (2.31)

time-derivative of the momentum as m?|a|? = p*, where |a]* = —a,a*. We
also find
1
k-v=—(koFE —k.p),
Tg (2.32)
k-a= ﬁ(kop —k,E).
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The integrand of EQ. (2.30) is thus p(kZ — k2)/(m?(k - v)?). The two proba-

bilities are then given by

hg? Pk,
Py = —22 k
fhip / 2ko(2m)3

i

, k-a
ik-x
/dT e i 0)?
hg d’k 4 w10l
P L ae ik-x
non-flip A2 / 2]{0(2#)3% /dTe (/{; ‘ U)2

where k3 = k2 4+ k. and x* = k7 4+ m/h*. We do not write the superscript

?

“axion” from now on to simplify the notation. From these expressions, we
can calculate the energy emitted for m, = 0. Let us start with the flip case

and multiply the integrand by a factor of hk. This gives

n-a(r) n-a(r’)
(n-o(r))? (n-v(r"))?
> /+OO dk kQGik-(x(T)fz(T’)) )

[e.9]

= —=3 /deTdT' (1—n?)
s
(2.34)

where we used spherical coordinates, n* = k*/k = (1,n) and extended the
k—integral to —oo by multiplying by 1/2. The last term can be calculated

as

+oo 2 e
/ dk k,2eik'($(7')—$(7'/)) _ 27 d 5(7— T) ‘ (235)

o n-o(t)n-v(r)drdr n-v

Now we integrate by parts and find

Eﬂip:%/dau—nﬁ)/(d—T[n-a—?’(”—'“)T, (2.36)

6472m? n-ov)7 n-v

where, from now on, dot means derivative with respect to 7. The same pro-

cedure is followed for the case of the non-flip energy. Then using EQ. (2.35),
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2.1 PRODUCTION WITH TIME-DEPENDENT POTENTIAL

we find

B2, / 4001 — 2y /( dr [dra|_3|ar<n-a> " (s

-flip —
PO G4m2m?2 n-v)" | dr n-v

The results derived for the emission probabilities and energies will be used for
different electron trajectories. The first one which we will study is the sim-
plest case of uniform acceleration. We note that relations between classical

and quantum radiation formulae can be found in Ref. [92].

2.1.1 UNIFORMLY ACCELERATED ELECTRONS

In this section, we consider uniformly accelerated electrons that emit ax-
ions through Larmor-type radiation. All quantities will be calculated in
the inertial frame. For uniform acceleration, we have t = a~!sinhar and
z = a 'coshar, while z(7) = y(r) = 0. a > 0 is a constant. Therefore,
—a,a” = a* and dla|/dT = 0. We define the rapidity ¢ as kg = r cosh a?)
and k* = ksinh a. The flip probability for fixed transverse momentum £k
is given by

) 2h 3 +o0 k}2
Puni-acc (kj_) g-ha / d19 1

2

/+oo d sinh CL(19 - T) efig sinha(9—7)

flip ~ 64mdm2 2| 7 cosh? a(d — 1)
ha? adk>2 +00 2i % cosha(¥—7)sinhao /2
= Maet L / dddrde — —
64m3m?2k? J_ (cosh® a(¥ — 1) + sinh® ac /2)?

x (cosh? a(¥) — 7) — cosh? ac/2),

(2.38)

where 0 = 7 — 7" and 7 = (7' + 7”)/2 and 7/, 7" are the proper times after

expanding the integrand. We notice that the integrand becomes 7—inde-
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pendent after the change of variables ¥ — ¥ = ¥ — 7. This corresponds to
using the rapidity in the rest frame of the electron as an integration variable.
Then, the rate is found by dividing the resulting probability by the total

(infinite) acceleration time T' = fj;o dr. Then, we can define sx = ¥ + 0/2

and find
Runi—acc<k ) tha?’ ki /+°° d sinh as eig sinhas |2
! _ g ML s
flip L 64713 m?2 K2 - COSh2 s (239>
167T3m2a 1 a )

where K, (z) is the modified Bessel function of the second kind. The same

procedure can be followed for the non-flip case and the rate is

2

uni-acc hgie 2 K
i) = gz | () 240)

We note that in both case, the total rate, found by integrating the above
expressions over k| is finite. This is also true when m, = 0. This is because
although the Bessel function K(x) diverges for small z, when multiplied by

23, the overall result is finite. We find explicitly for m, = 0,

hg?, a’ _ hgz.a’

uni-acc __
i T 8mem2 M

tot - 87r2m2

/0 T de e (Ko@) + [Ku(2)) _

(2.41)

where z = kj /a. To find the power emitted, we use the results for the

energies. For the flip case, we have that n - v = coshar — n,sinhar, n-a =
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a(sinhat — n, coshar), n-a = a*(n-v). Thus,

. h2g? a* , 3h%g?% a*
Egiacc = 22— [ drcoshar, o = ———— [ drcoshar.

flip 427Tm2 non-flip 707Tm2

(2.42)

The factor coshar is the Lorentz factor v. We note that dr coshar = dt.

The total power emitted is then

2.2 4

Suni—acc _ h gaea
tot - .

© 15mm?2

(2.43)

This is a Larmor-type formula for axion emission with suppression factor
(ha/m)?. Although it seems that the stronger dependence on proper accel-
eration (a* factor instead of a® for scalars and photons) would allow one to
increase significantly the power detected in an experiment, even the highest
accelerations that can be achieved today with laser beams are much smaller
than the electron mass. Moreover, the presence of h in the emitted power is
due to the fact that the leading order in the WKB expansion vanished exactly,
making the emission of pseudo-scalar particles from a charge a quantum pro-
cess. For scalars and photons, the power emitted can be found using either
a classical or quantum treatment. The scaling a*/m? appears similar to the
correction to Larmor for photons calculated in the context of the Unruh effect
[93]. The Larmor formula for photons can be written in terms of the Thom-
son scattering cross section as S = oy, x E?, where oy, = (87/3)a?/m? and
E is the electric field related to the acceleration by a = eE/m. We note that

o1y is akin to the prefactor g2, /m?. Tt is known [94] that the cross section in
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an intense laser background is of the form oxLo = onf(ag) = orn(1+0O(ad)),

where ag = eE /mw, with w the laser frequency.

Uniform acceleration is not the only electron motion that can be achieved in
the laboratory. We will now look at the case where electrons are accelerated

by two counter-propagating laser beams.

2.1.2 OSCILLATING MOTION IN LASER FIELDS

In this section, we consider the experimental proposal described in Ref. [95].
Electrons are accelerated by counter-propagating laser beams. The latter
are assumed to be plane waves with an angular frequency wy. The total

electromagnetic fields are given by

E. = Ey[coswy(t — ) + coswy(t + x)],
(2.44)

B, = —Ey[coswy(t — ) — coswy(t + )] .

Here, we assume that the beams are propagating in the x direction and that
the electric and magnetic fields are along z and y, respectively. We note that
the electromagnetic potential in this case is not only time but also space
dependent and therefore the results derived previously do not apply directly.
However, for electrons placed at the nodes woz = 2nm,n € N, the magnetic
field vanishes and the electric field becomes E, = 2FE, coswyt. The classical

equation of motion for an electron placed at x = 0 is

dp.
dt

—cE. (2.45)
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and all other components of the momentum vanish. The solution to this

equation is given by

VB = —2apsinwet, = \/1 + 4a sin® wot (2.46)

where ay = eFEy/muwy is the laser strength parameter. Today’s lasers can
achieve ay > 1, which implies that when sinwyt ~ 1, the electron becomes
relativistic. There is a period during each oscillation where the electron is

uniformly accelerating. For ag > 1 and 4a2 > cosh? 2agwqt [95]

1 1
sinwgt = — sinh 2agwgT, coswyz = — cosh 2agwyT . (2.47)
2@0 2@0

Within this approximation, the motion corresponds to uniform acceleration
with proper acceleration a = 2agwy (we note that for wyz close to —m/2, we
have wpz ~ —7/2 + cosh (2agwoT)/2a0). The additional additive constant
—m /2 does not change the results derived in the previous section because the
space dependence of the emission probabilities is in the factor e?**. Then, the
additional phase does not change the result because of the modulus square

of the time integrals.

Calculation of the energy

Although the authors in Ref. [95] were interested in uniform acceleration,
here we consider the complete oscillating motion of the electron. We will
first calculate the energy emitted in one oscillation of period 27 /wy. Starting

with the flip case, we use EQ. (2.36). To ease notation we will use 8 = .,
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since the velocity is one-dimensional. Then,

nev— 1 —n.pj3 n.a:(ﬁ_nz)ﬁl
V1-p52 (1—-p2)2" 548
.:1+352;4n26ﬁ,2+ B—mn, a (2.48)

(o T e

where prime means derivative with respect to ¢. The integrand of EQ. (2.36)

is then calculated (changing the integration variable to inertial time)

[ el dneary

— dt —-n " 1+ (1 — 352)57% + (452 - 3)77’3 /2
- / 01— mp) {“ S T T R N

2

(2.49)

In order to calculate the total energy, it is more convenient to calculate the
angular integrals first. Since the integrand does not depend on the angle ¢,
we simply have to calculate the integral over n, = cosf. After squaring the

expression above, we obtain for the terms 3”2 and 3* respectively

/1 by (A=n)(B-n)? 4

L= B (- ) (2,50
/1 b (=) (1-367)0n, + (487 =3)n2)? _ (1562 +4)
PR (1—B2)3(1 — n,B)° 21(1 — 32)6

For the cross term involving 8”3, we find

1 dn, (1—62)2(1 —n,p)3 (2.51)

184
©105(1 — B2)5°

/1 21— n2)(8 — n) (1 + (1 — 36%)Bn, + (462 — 3)n2)
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Then, the flip energy is

h2 2 dt 112 46 11 Q12 15 2+4 14
iy = ot | A 0 e B a1 B
24mm (1—=p%%] 5 35(1 — 5?) 7(1 - p?)?
The non-flip energy is found in a similar manner. We first note that
ﬂ/
la| = ——5373
1 — B2)3/2
( ﬂﬂ) 9 (2.53)
dal 8" 38
dr (1—p2)2 " (1—pB2)3°
which implies
h2 2 dt "2 16 11 Q12 3(9 2_|_1 14
By~ e [ g7 168575 308 D8] o
10mm2 J (1—p2)4| 3 7(1 - p?) 7(1 — p?)?

The expressions for the energy expressed in this way hold for any one-
dimensional trajectory. We will apply them for the oscillatory trajectory

described in EQ. (2.46). We define

w(t) = —2ag sin wyt , (2.55)
such that
f=—2 _  pg= A 8" — w” __ Buww”®
VIt w2 1+ w?)?2’ 1+ w?)?2 (1 + w22’
(2.56)
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Then, in terms of w, the energies are

h2g2, [*eo 1 4 4
Ei — ae de 1 =(1 2 "2 - 2,1 o
flip —247rm2/0 {5( + w?)w + gpwww’ + Zw

h2ga2e 2 fuo 1 2 "2 2 21 3 14
Eron-fiip = 107Tm2/0 dt g(1+w Jw —|—?ww w —1—?10 ,

where we integrated the emitted power over one period of oscillation. The

time-interals are now straightforward to compute. We find

292e 3( 2 4 2h2926 3( 2 4
Eﬂip = “o (0,0 + 11@0) ’ Enon—ﬂip = 15m2 Wy (CLO + 6@0) , (258)

30m?2

and the total energy is simply the sum of the two

2.2

hg
d ae
Bl = s wg (ag + Tay) - (2.59)

The average power is found by multiplying this expression by wgy/27. The
proper acceleration is given by |a| = 2ag| coswyt|. Then, for ag > 1, the
average power scales as ~ h?g2 |a|*/m?, which is the same scaling as for

uniform acceleration (see EQ. (2.43)).

Axion spectrum

Although we calculated the total energy emitted, we have yet to find either
the typical axion energy (or momentum since we assume that m, = 0 in
these calculations) or the axion emission rate. We expect the typical axion
energy in the rest frame of the electron to be of the order of the proper

acceleration, which scales as ~ 2ay. Since the Lorentz factor is v ~ 2ay,
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we expect the energy in the laboratory frame to be ~ 4adw,. Since we are
considering a periodic motion, we will be able to calculate the emission rate
using Fourier series. We start by expressing the flip probability in spherical

coordinates

d Pg; hg?, +oo
0 647T3m2/0 dk k(1 = n2)| iy (k)] (2.60)

where we defined

n-a ik-x d 1 7 —ikn,z
Iﬁip(k) = /dT (n-U)Qek = —/dt5<m)ekte kna (t), (261)

where z(t) is the position of the electron. Here, and in what follows, we

denote the frequency by ky = k. The function multiplying e*** is periodic
with period 27 /wy. The integral is then proportional to §(k — nwy), n € N.
Then, assuming that the time interval of integration is a multiple of 27 /wy,

the boundary term will vanish after integration by parts. Thus,

o d7 e . dr ike
Inip (k) —zk/dt e —zk/d§ dfe , (2.62)

where £ = t — n,z(t). For radiation integrals of this type, their infrared
divergences and Coulomb tails, see also Ref. [96]. The function dr/d¢ is

periodic in & with period 27 /wg as well. Thus, we write

— = Z anemw(’f, (263)
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where the Fourier coefficients are given by

Wo 27 Jwo dr Wo 27 Jwo e—inwo(t—nzz(t))

df _e—inwof _ 9 d

2 Jo d¢ 2m Jo \/1 + 4a3 sin® wot

(2.64)

Going back to the time integral, we can now express the integrand using the

Fourier expansion

+oo +oo
Inp(k) =ik Y a, / dg e o) = ik Y " a_,6(k — nwp),  (2.65)
n=1

n=—oo

where we used £ > 0. To calculate the probability, we must square I, (k).
The square of the delta function in the expression above gives a factor of 6(0).
The divergence is expected as we consider an infinite time of interaction.
However, we are interested in the rate, not the probability itself. Therefore,

we divide the resulting expression by the total time of interaction 7" = 274(0).

Then,
dRayp _ hggews 2 — 31 |2
_ a4 _ 2 2.66
10" = G =) e (2.66)
where we used |a,| = |a_,|. The position of the electron is

1 2(10 1 2aO
z(t) = —— arccos | ———==-coswyt | + — arccos | —= |, (2.67
) Wo ( 1+4a3 0) Wo (\/1+4a§> (2.67)

where the constant was chosen such that £(0) = 0 and £(27/wy) = 27 /wp. In
this way, the integral bounds in EQ. (2.64) are consistent. EQ. (2.66), apart
from giving the total rate, can also be used to find the spectrum for discrete

energies. As said previously, we expect a peak in the spectrum around 4a3wy.

42



2.1 PRODUCTION WITH TIME-DEPENDENT POTENTIAL

Now examining the non-flip rate we have

dpnon-ﬂip hg2 /+OO oo )
= ae dk k(1 — Lon-sin (K|, 9.
A 64mm? J, (1 = n2)?| Lontip (k)| (2.68)
where
Lion-fiip(k) = /dT o] ok — /dgd_T |a] ok (2.60)
p (n . U)2 df (n . 'U>2 )

lal

d&( v)?

where again & = ¢ —n.2(t). The function 4 is periodic in ¢ with period
27 /wy. Following the same procedure as for the flip-probability, the function
is also periodic in § with the same period and therefore I,y pip is peaked at

k = nwy. We write

dr |af
— iNw {
& = wp E nb, e (2.70)

n=—oo

where we multiplied by a factor of wy to make the coefficients b,, dimension-

less. The Fourier coefficients are

27 Jwo

wo dr a| 1

b, = — — 1 _eimwt 2.71
21 J, 6dé” (n-v)? ¢ wo (2.71)

Using t as the integration variable, we can write b, as

_ L 2/ w' —inwo (t—nzz(t))

b, = at e
2mn J, V1+w2(V1+w? —n,w)?
1 rfwo w

- dt —

2 Jo dt(\/1+w2—nz
. 27w
_ M_O 0 dt w efinwo(tfnzz(t))

27 J, 1+ w?

)e—inwo(t—nzz(t)) (272)
w

?

43



PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

where w was defined in EQ. (2.55), and the boundary term vanishes since

w(2m/wy) = w(0) = 0. The time-integral is then given by

]non ﬂlp = Wo Z TLb /d§ eZE k-i—nwo) = 27TCUO Z nb_ 5 — nwo)

n=—oo

(2.73)

where again k£ > 0. Dividing the probability by 27§(0), we find that the rate

is

anon- fli h.ggew
o P _ 3%%02 —n? Zn3|b 2. (2.74)

From the emission rates expressions, the power is found by multiplying the
integrand by a factor of hk. Here the energy is discrete and given by k£ = nwy.
Then,

dSaip thgewé 2 = 4 2
aQ  32m2m2 ! —nz)Zn ol
(2.75)

dSnon-ﬁip h292 C“-)O 4 2
=% (11— by
10~ 32l Z” bal”

We verify that the energy obtained by multiplying the above expression by
27 /wy which is the duration of a cycle is the same as EQ. (2.58). We use

Parseval’s theorem which states that if f is a periodic function of period 27

and if

1 21

Cp = — dw f(z)e™ (2.76)
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Then,
+o0 1 27
> lef =5 [ delf@P. 2.77)
= 2m Jo

Since inside the sums we are interested in, the Fourier coefficients are multi-

plied by n?*, we first observe that

1 [ .
n’c, = —— dz f"(x)e™™ (2.78)
2 Jo
which then implies
+oo 1 2
Sowllef =4 [ delf@P, (2.79)
n=1 T Jo
if |¢,| = |c—n|, which is the case for the Fourier coefficients a,, and b,, that we

calculated. Starting with the flip case,

inu

e up to a phase, (2.80)

Qn

1 /27T du
2m Jo  V1+w? —nw

where u = wy(t —n.z(t)). Then,

1 +oo
dn, (1 — ni) n4|an\2
/. 2

n=1
1 2 1 42 1 2
= — dx dn, (1 —n?
4 Jo /1 ( ) du? 1+ w? — nyw (2.81)
27 /wo
- 18% o (20w + dww™w” + 7(1 + w?)w'")

4
= Eaﬁ(l + 11a),
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where in the third line we changed the integration variable to ¢t and integrated
over n,. Replacing this result in EQ. (2.75) and multiplying by 27 /wy gives
the first expression in EQ. (2.58) as expected. The same can be done for the

non-flip case. There, the Fourier coefficients are given by

"% up to a phase. (2.82)

b 1/Wd d
n — §5_ Uu € )
2m Jo V1+w? —n,w

Then,

1
/ dn, (1 —n?) Zn4|b B

1

= dac/ dn, (1

40&)0 27 /wo

- 1057

16

,| d? w 2
du2 V1+w?—nw (2.83)

dt (9w + 6www” + 7(1 + w?)w"?)

Inserting this expression in EQ. (2.75) and multiplying by 27 /wy gives the
second expression of EQ. (2.58) as expected. Thus, we verified that the
expansion of the emission rate and power into Fourier series is consistent

with the expression for the energy derived previously.
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F1a. 2.2: Angular distribution of the flip and non-flip rates for one-dimensional electron-
trajectory for ag = 0.1 (top), ap = 1 (middle) and ag = 10 (bottom).

We now look at the angular distribution of the emission rate. Firstly, we
note that since both emission rates do not depend on the angle ¢, we only

need to consider the dependence on n, = cosf. Moreover, both differential
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rates are symmetric under exchange n, — —n,. To show this, it is sufficient
to show that it is the case for the Fourier coefficients a,, and b,,. Consider a,,

as a function of n,. Then,

o . /Qﬂ ; exp{—in (y — M, arccos <\/1210T.g cos y)) }
Ap(—Nz)| = 7 )
2m\Jo V1 +4aZsin?y

dy

or| ). V1 +4a2sin?y

) o exp{—in <y + n, arccos (ﬁ oS y)> }
fow
0

V1 +4aksin®y

exp{ —in( y + n, arccos | —2%2— cos
[ oo

= |an(n)|,

(2.84)

where in the second line we shifted y — y — 7 and in the third line we took
the complex conjugate and shifted back y — y + 7. The same is true for b,,.
Then, we only need to consider the interval 0 < n, < 1. In the next chapter,
we consider a circular motion and the Fourier coefficients will be written
in terms of Bessel functions as expected for synchrotron radiation [97]. In
Fic. 2.2, we show the rate distribution for the flip and non-flip cases. When
ag increases, the emission becomes centered around n, = 1 or § = 0. This
is expected as when ag > 1, the electron is relativistic (see EQ. (2.46)) and

axions are emitted along its trajectory.
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Fia. 2.3: Spectrum of the non-flip rate for one-dimensional trajectory for ag = 10 along
the direction where emission is maximal (n, = 0.999).
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FiG. 2.4: Spectrum of the flip rate for one-dimensional trajectory for ay = 10 along the
direction where emission is maximal (n, = 0.9997).

By summing over n = k/wy and integrating over the solid angle, the total rate

can be calculated as a function of ag. For large ag, we found that the energy
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scales as o< ag. Moreover, the typical energy of emitted axions is peaked

around around 4afwy. Then we expect the rate (and the number of axions)
to scale as a power law of ag with the power being around 2. Numerically,

we find that the number of axions during one oscillations is well described

by

2,2
GaeWo 22

2 w?
Yac“o rayt, g > 1, (2.85)

Paip, = 0.15 - a

2.2 _
0 > Pnon—ﬁip ~ 0.32

where P = R X 27/wy. As expected, the power is close to 2. This can also

be seen by looking at the peak in FiG. 2.3 and Fic. 2.4.

2.1.3 DIFFERENT CHOICE OF INITIAL POLARIZATION VECTORS

We now return to the general formula for the emission probability in EQ. (2.26).
After finding this expression, we assumed that the initial polarization vec-
tor was (1,0)" (the eigenvalue of the Pauli matrix o® with eigenvalue 1) for
simplicity, since one component vanishes. Would the result of the flip and
non-flip probabilities have been the same if we had chosen a different polar-
ization vector? We expect that a different choice should not change the final
result. To show this, let us first consider that the initial polarization vector
is s, = (1,7)T/v/2 (the normalized eigenvector of the matrix o?). Starting

from EQ. (2.26), and expanding the modulus square of the time-integrals we
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find

2 3
P = "gac /( dk /deT’ei’“'“(”‘x“'”qi*(T’)qj(T)sLa”'Zsﬁszﬂjsa
3

 4m? 27)32ky
hgge / d3k /d ik-x

g € ° O-Sa
am? | @mp2k|) T4

2

Y

(2.86)

where we used ZB 3532 = [5xo. Using

ik — ik
q-os, = |4 ( ) , (2.87)
V2
—iq, + ky + ik,

the time integral is

'/d’f ek q - os,

2

2
1 )
_ 5‘/& 6 (g, + i(k, — iky))

(2.88)

2

Y

1 .
+ 5‘/d7’ o'k® (q. —i(—ky —iky))

where in the second term we multiplied by an overall factor of 7. Now, since
this expression is integrated over k, we can make the substitution k, — —k,
for the second term. The term e”* is unaffected by this change since the
trajectory is along z. Finally by using the identity 3|a + b + ila — b> =

la|? + |b|* for a,b € C, we find

2
‘/dTeik'xq-asa = ‘/dTeik'” q- /dre“”

which is the expression found in EQ. (2.26). Therefore, we showed that the

2
+ k2

2

, (2.89)

total probability and thus the total radiated power do not depend on the
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choice of initial and final polarization vector. On the other hand, this is not

true separately for the flip and non-flip probabilities. We find

_ hg? d3k :
P?J PO.l — ae k2 /d ik-x
non-flip 4m2/(27r)32k0 4 Te

/ dretF®

P?J._pol _ hgge/ d3k k?2
flip 4m? | (2m)32ky | °©

2

9

2
+ '/dT eik'”qz

2] (2.90)

2.1.4 INTERACTION LAGRANGIAN EQUIVALENCE

In this section, we verify that the interaction probability is the same as the
one obtained by using the interaction Lagrangian in EQ. (2.1) which involves
a derivative of the axion field. We note that since this term involves a factor
of h we expect that the zeroth order in the WKB approximation will be
sufficient in the following calculation. Also, in this section we do not assume
that the trajectory is uni-dimensional. The first step is to find the interaction

Hamiltonian. The full Lagrangian is

ngqe

1 1
L= =0,ad"a+ —mla® — ==
2m

5 T Bpap sy (2.91)

where here a is the axion field not to be confused with the acceleration four-

vector. The canonical conjugate momentum is given by

h ae 7
= Oya — —29 ¢7570w. (2.92)
m
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Then, defining A\ = hg,./2m and J* = ¢y57*¢), the Hamiltonian density is

becomes
H = Waaoa - L
1 , 2,2
= T+ M) = 5 (M0 + AT+ AT (70 + M) + D] = T
1 o 0 i AN oy mad’
— §7ra + A, J” + Ao;ad + 7(J — SR
(2.93)

In Hamiltonian perturbation theory, we replace 7, by its free-field expression,

i.e. m, = Opa. The interaction Hamiltonian is then

)\2

= )\aw]“ + ?

int

(JO)2 (2.94)

We neglect the four-fermi interaction term because it is O(g%,). There-

fore,

ps _ NGac
int 2m

H

Ouathysy* 1, (2.95)

which is just —£

s although the interaction has a derivative of the axion

field (see also Ref. [88]). Also, since the two interaction Lagrangians differ
only by a total derivative, we expect the interaction amplitude found using
this Hamiltonian to be the same as the previous one up to a total deriva-
tive. The final state after the emission of a photon is found by making the
substitution ®5y5P, — hPsYskP,/2m in EQ. (2.14), where f = 4*k,. Then

the interaction probability is calculated in the same way as before, and we
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find

2

th d3k i m -
P et ae dt 7 ()t_ _ hk t t . 2
4m? / 2k (27)3 %:’ / € pOW(P )5k (P, t) (2.96)

We calculate the time integrand. As expected only the first order in the WKB

approximation is needed and we can safely set p — hk ~ p. We find

eikotpmolﬁg(p — Ik, ) y5kva (P, t)

E .
= ﬂe’lkx(t)

ko(p-o)  (p-o)(k-0)(p-0)
2K -

L) k-0 —2
sp(t) | k- o 7 tm (E +m)?

Sa(t) I

(2.97)
where $a.5(t) = U(t)sa.s and 2(t) = (£, x(t)). For the last term we note
(p-o)k-o)(p-o)=2(k p)p-o)-p’k- o). (2.98)
Then,
eik°t2%¢ﬂ(p — Ik, t)y5ka(p, 1)

M k() f k(o) (k-p)p-o)
%¢ sp(t) |k o - + T tm Sa(t).

(2.99)

We compare this last equation to the integrand of EQ. (2.24). Since the two
interaction Hamiltonians are equivalent, the difference between the two inte-

grands should be either zero or a total time derivative. Since the difference
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does not vanish, it must be the second case. We define the difference as

N gsg@[mpxp'a) ho(p- o) +1(p_ i p> .(,] oot

mFE m FE E+m

- [ E e s

m dt ESB
(2.100)
as expected, where the second line can be verified using
d i d
—Sap(t) = ————— (p X —p) - 0544(t)
dt ™ E(E dt ’
(E+m) (2.101)

2.2 PRODUCTION WITH SPACE DEPENDENT

POTENTIAL

In this section, we calculate the interaction probability for the emission of an
axion by an electron for a purely space dependent electromagnetic potential.
The procedure is similar to the time-dependent potential. The main differ-
ence is that the we will need to use the solutions to the Dirac equation in
the presence of a space-dependent potential. We will also use the interaction

Hamiltonian in EQ. (2.95) because we only need the leading order term in

95



PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

the WKB approximation. The one-particle final state is given by

Jae d3k d3p/ d3p m i
1axion == dz iky .
loson) = o, (27)32k, (27R)3 (27R)3 f Z bk

« /dtdydz e%(hkO*poerf))e%(pyfpg,*hky)e%(pz*p/thkz)aT(k)bg(p’) 0) .

(2.102)

The last factor gives

/ dtcyd s ok (o—pu+) o 3y, ) o 7 (= —1k)
(2.103)

= (2mh)*6(p}, — py + hky)d(p, — p. + hk.)d(py — po + hiko) .

We would like to write the last factor as a delta function in terms of p,.
For this we need to solve the equation pj = py — hko. Since the other two
delta functions fix p;, = p, — hk, and p/, = p, — hk., at zeroth order in h we
have

P, = +p. + O(h). (2.104)

Since the electron moves in either the positive or negative x direction, we

can disregard one of the solutions. Then,

L0500, — pe + OB)). (2.105)

|2

5(plhy — po + hko) —
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2.2 PRODUCTION WITH SPACE DEPENDENT POTENTIAL

Moreover, except in the factor @/_1/375}{7@% we do not need the first order in A.

Therefore, we have

Pk IPp m [m ,
axion/ — & d —_ ke
' = m | Y @k @y i\ e P

xZw )vskta(p)al (K)b)(p") |0) -

I1

(2.106)

Then, the probability is

@%75%%%9 zkzx

2 3
gmﬁ 4k §
P = <1axion‘1axion> = 4m2 27‘( 32/6(] '/dx

P2

(2.107)

The WKB solution in the case of a space-dependent potential was found in

the introduction. We copy the result here for convenience

0

2m B-
g o Sa()

(2.108)

where s, (7) = U(x)s,. From the delta functions pj = po — hko, P, = p, —hky,
. = p, — fik,. Then,

~OkO - ﬁyky - ﬁzkz

Ky — Ky = HE +O(R). (2.109)

Kp
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

We now use the point-particle description. We can thus substitute dz/k, =

dt/E where E' = py. The exponential factors in the modulus square are

e—ikxw exp{ / dC ( )} — e—ikwx eXp{i / dg pOkD - pyky - pzkz }
h 0 Kp
-~ FEky — kyp, — k,p, — k t d
—exp{i/ dt 0 — RzPx yPy zpz} _exp{ik:gt—i/ dtk _X}
0 E 0 dt

— eik-:c

(2.110)

Then, the probability is

2

2 3
g h d’k / ot ko (k-p)(p-o)
P = Jae dr etk k-o—
4m2 (2 32%2‘ Te - ot m(E +m) s

(2.111)

Thus, the result for the probability is the same as in the time-dependent case
apart from the spin rotation because the matrices U(x) and U(t) are not the

same at first sight. Using EQs. (1.30) and (1.36), the two phases are

. T ; T o-(p X :')
LA P S df_ﬁiﬁﬂ
2m Jq 2m Jq E+4+m
_ | arF@ (2.112)
2m J,

Z‘ T
= —— dr’ (az Dy — Y0P, — O
0

E+m E+m

By E Cﬂ@@E)
2m

where pt = p* — V# is the time (or space) dependent potential. To see how

they are connected, we will write the phases using the electromagnetic fields.
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2.2 PRODUCTION WITH SPACE DEPENDENT POTENTIAL

Firstly, if —e < 0 is the charge of the electron,

VO~ —eh. V= —cA, (2.113)

where A* is the electromagnetic classical potential. We recall that the electric

and magnetic fields are found from the potential as

A
B=VxA, E:—qu—aa—t. (2.114)

Then, we note

Mo @ (oI _(p (B PXE
F Trm (px 8t> eo <B Fim) (2.115)

where in the last line, we used B = 0 and V¢ = 0. For F?) we write,

F@ =eo - (VxA—l——pXVE) =eo - (VxA+pX(atA+V¢>>
E+m E+m

pxE
—o-(B-=-
7 ( E—i—m)’

(2.116)

where we used 0;A = 0 for a space-dependent potential. Therefore, the two
phases are derived from the same expression. The spin rotation for these two

cases 1is

dsq e pxE
F = —%0' (B— E—|—m)8a. (2117)
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PSEUDO-SCALAR PRODUCTION IN A TIME-DEPENDENT POTENTIAL

This corresponds to the Thomas-BMT equation for relativistic spin dynamics
98, 99] (see also Refs. [37, 100] and Refs. [101, 102] for an interpretation of
the cross-product term). Since this expression is valid for both ¢ and =
dependent potentials, we expect it to be true for arbitrary electromagnetic

fields. This is what is shown in the next chapter.
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PSEUDO-SCALAR
PRODUCTION AND

EXPERIMENTAL PROPOSAL

Continuing the discussion on axion production, in this chapter, we consider
a general electromagnetic field as a source for electron acceleration. We
find the WKB approximation for an arbitrary external potential and use
it to calculate the emission probability, energy, and spectrum of emitted
axions. For a systematic WKB solution of the Dirac equation, see Ref. [37].
We use the results to propose an experimental setup to impose bounds on
the coupling g,.. SEC. 3.1 is based on calculations performed by Prof. A.
Higuchi. The remainder of the chapter is based on Ref. [5]. The latter

contains contributions from all coauthors.
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

3.1 DIRAC EQUATION FOR THE GENERAL
ELECTROMAGNETIC FIELD AND AXION

PROBABILITY AMPLITUDE

In this section, we find the solutions to the Dirac equation within the WKB
approximation for an arbitrary potential. In terms of A,,, the Dirac equation

is given by
iy (ho, —ieA, ) —my =0. (3.1)
Applying [iv*(h0,, — ieA,) + m] on the left gives
[(ihd" + e AM)(ihd,, + eA,) — m* b + %ehv“”Fuﬂ/J =0, (3.2)
where we defined v = £[v*,~"]. We let
1 = Vexp (—%5’) : (3.3)
EQ. (3.2) thus becomes

[(0"S + eA")(8,S + eA,) — m*| ¥

+ m{z(aﬂs + eAM)D,T + [aﬂ(a“s +ed,) + gwﬂw] \1/} ~0,
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3.1 DIRAC EQUATION FOR THE GENERAL ELECTROMAGNETIC FIELD AND
AXION PROBABILITY AMPLITUDE

where we neglected O(h?) terms. We solve this equation order by order in h.

To zeroth order,

(0"S + eA")(0,S + eA,) —m2 = 0. (3.4)

To show that the solution S exists, we construct the classical world lines

2 ,
v pwdt (3.5)

dr2 m dr

We assume that A, = 0 in the past and on the hypersurface t = ¢;. Then
we consider the world lines with uniform velocity emanating from this hy-
persurface towards the future. We define 7 as the proper time along these
world lines measured from the ¢t = t; hypersurface. We also assume that
these world lines do not cross each other. Following the procedure for time

and space-dependent potentials, we write the following ansatz
S +eA, =my,, (3.6)

where v* = da# /d7r. Then, EQ. (3.4) is satisfied because v*v, = 1. EQ. (3.6)

can be solved for S if and only if eF},, — m(9,v, — d,v,) =0 or

(&

0,0, — Oyv, — EFW =0. (3.7)

Firstly, we note that EQ. (3.7) is satisfied at ¢ = t;, (or 7 = 0) because
F,, = 0 and v* is constant there. Thus, what we need to show is that

the proper time derivative of EQ. (3.7) is zero. To show this, we expand
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

(v 0y = d/dr)

v 0 <8Mv,, — Oyu, — %F,W)
— (8“1;)‘) (&;UA — O\, — %FM) — (0,0") (@Lv)\ — O\, — %FH,\>

- %M(@AFW + 0, F\ + 0,Fy,) . (3.8)

The last line vanishes by the Bianchi identity. Then, the unique solution to
this equation with the initial condition EQ. (3.7) at 7 = 0 is EQ. (3.7) for all
7. This implies that the solution S to EQ. (3.6) exists. Then, by inserting
EQ. (3.3) in EQ. (3.1) and using EQ. (3.6) we find to leading order in A,

(Y'pu —m)yp =0, (3.9)
where p, = mv,. Then,
(Ne' i (3.10)
Po—i—r:n(p

is the solution, where ¢ is a two-component spinor. To first order in A, using

the zeroth-order result,

dw e
- woy & —
2—+ (00" + = Fu )W = 0. (3.11)
We let
- 1 (7
U = Uexp (—5/ d¢ aﬂv“(f)) . (3.12)
0
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3.1 DIRAC EQUATION FOR THE GENERAL ELECTROMAGNETIC FIELD AND
AXION PROBABILITY AMPLITUDE

This definition allows one to remove the second term in the last equation.

Then,
——mWWFW‘T’ - . (3.13)
Thus, if we write

U= , (3.14)

which satisfies EQ. (3.10), then,

d e e (o-E)(o-p)
— (Voo ¥ — i—0o -Bypo + B Sl A 4
dT( Po + ) “om? Poms =5, Do + m o (3.15)
(=X _ )= -6 . EVoo + VS St A 4
dT( po—l—ms) 2m0 Po s ZZm Do +m 5

From the first equation, using py = —(e/2m)p - E, we find

ds e pxE

which is exactly the spin rotation we expected from the time- and space-
dependent calculations and corresponds to the Thomas-BMT equation [98,
99].cSee Ref. [100] for a simple derivation of the Thomas-BMT equation based

on covariance. The solution to this differential equation is
e [T p(7") x E(7)
S = T<6Xp{—% /7_0 dT, (B(T/) - m O 8(7'0) 5 (317)
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

where T here is the proper time ordering operator. Since p = —(e/m)(poE +
p X B), the second line in EQ. (3.15) can be verified using the first line and
the Thomas-BMT equation. Thus, the WKB solution to first order can be

written as

UV =+/Do+m p.j exp(—%/o df@,ﬂ)“(i)) exp (—%S) ,  (3.18)
potm

where 0,8 = mv, — eA, and mv, = p,. We note that

Py = 2mu* exp (— /T d¢ auv“(ﬁ)) : (3.19)

0

Then, to first order in the WKB approximation, the fermion current is con-

served d,(1¥y*¢) = 0. Fermion current conservation holds for the full solution

of the Dirac equation as well. We expand the electron field as

Y(z) = Z [u(pu) (@)b(p,a) + Vp,a) (x)dzp,a)] ) (3.20)

p?a

where

3x ! - 35 of —
/d X u(pvo‘)u(p’ﬁ) - /d X U(p,a)U(Pﬂ) - 50‘67

(3.21)
/d3x “zp,a)v(pﬁ) =0,

and {b(p@), bgp 6)} = {d(p@), de 6)} = 0op3, with all other anti-commutators
vanishing. We choose a wave-packet solution, w(p.«)(t,x) peaked near the

classical world line but approximately with a definite momentum and spin,
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3.1 DIRAC EQUATION FOR THE GENERAL ELECTROMAGNETIC FIELD AND
AXION PROBABILITY AMPLITUDE

as one of these basis states. (Thus, this wave packet behaves like a classical

electron). uep ) (t,x) can be written as (see EQ. (3.10))

Po+m Sa
Up,o) (£, X) = 4/ T G(t,x), (3.22)
— S

po+m “¢&

where the normalization was chosen in accordance with 11y = 2py and s,
satisfies EQ. (3.16). The function G(t,x) is peaked about a classical world

line and satisfies

/d3x IG(t,x)]* =1. (3.23)

That is, although G(t, x) is a smooth function, we may assume that |G(t,x)|?
is well approximated by 6 (x—x(t)). G(t,x) contains the exponential factors
in EQ. (3.18). Let b(pq) be the annihilation operator corresponding to the
wave-packet solution u(p o) (¢, x). The initial and final states are bzp,a) 0), and
aLpr’ 8 |0), where aL is the creation operator for the axion with momentum k.
We assume that the solutions corresponding to bzp’a) |0) and bzp’ 5 |0) are the
same except possibly for the spin states, (the momentum stays approximately
the same). That is, s, and sz may or may not be the same, but they have

the same spatial wave function. The final state is (dropping the momentum
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

index)

|1axion> - /d lent( )bL |0>
dSk 4 . — ikx Tt
2m / 21)32k, Z / Qo 55K U™ aiby 0) (3.24)

Yae d3k ik-x(7) 17T
=2 | 3%02 dr D575 kD, ¢ al bl (0)

where

Sa

Py =Ppa)=VD0o+m . (3.25)
po_
po+m ¢

The spinor @, transforms covariantly under Lorentz transformations (see

App. B). We have

_ k-p+mk
ByyshDo = 25, [mk o — pfﬁp o |8, (3.26)

Since <0|b(5)b{m |0) = 1 and [ax, ] = (27)32Rke0®) (k — k') we find the

probability for emission to be

Pem: / 27'(' 32]{7 Z‘Apkﬁa y (327)
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3.1 DIRAC EQUATION FOR THE GENERAL ELECTROMAGNETIC FIELD AND
AXION PROBABILITY AMPLITUDE

where

A(p,k,ﬁ,a) = gm /dT STB |:k o — ﬂp X 0.] S ezkw(r)

2 m(po +m)

1Gae d -1t k- P+ mk ik-z(T)
— - . k.o 2P

5 deT{(k v) 56[ o m(po—l—m)p O |54 pe

; T ik-x(T)
o tGae T
- om - d (lf )QSB(T)Q(T) ’ O-Sa(T)

(3.28)

During the derivation we defined

=V —(k-a)k— Vo — (k-a)k , 3.29
Q (k- a)k = [Vo = (k- a)ko] == (3.29)
where
e
e ‘/():_(kv)kEv
Vi = —(k-v)F™k, <« 7? (3.30)
" V= "(k-v)(kE+k x B).
m
We also define
E
F—i<B—p>< > (3.31)
2m Po+m
such that the spin rotation can be written as ds,/dr = —iF - s,. We also
used
d 2F —cE
—( P >: ey (3.32)
dr \po +m po+m
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

which is obtained using the equations of motion for the Lorentz-force

dp e
= o (WE+pxB),
4 m 3.33)
dpo e (
— =——p-E.
dr m

Having found a general expression for the emission amplitude, it is useful
to verify that the previous results (of uni-dimensional electron motion) are
recovered. In this case, consider an electric field E parallel to the z—axis and
B = 0. This implies that the electron’s momentum is parallel to the electric
field and therefore from EQ. (3.16) the spin is time independent. As usual,
we choose the initial spin to be in the z—direction, i.e. s, = (1,0)T. The

spin non flip amplitude is found using EQ. (3.28):

ot igae eik-x
Al = - dr & U>2Qz(7’) i (3.34)

Q. is found from equation (3.29). We have (k- v) = (poko — k.p.)/m and

(k-a) = p,(kop. — k.po) /mpo, where dot means derivative with respect to the

proper time. Moreover from the Lorentz-force equations p, = —epoE,/m.
Then,

Qz(7—> = _/i2a(7—) ) (335>
where the acceleration is defined as a(7) = —eF,/m as we are taking the

sign of the charge to be negative and /—a,a” = e|E,|/m. The emission

70



3.1 DIRAC EQUATION FOR THE GENERAL ELECTROMAGNETIC FIELD AND
AXION PROBABILITY AMPLITUDE

amplitude for the flip case is given by

; ik-x
Ay s = / ar G pl@e () + Q). (3.36)
where using EQ. (3.29)
Qu(7) +1Qy (1) = —(k - a)(ky + iky) (3.37)

as for this configuration V, =V, = 0 and p, = p, = 0. Inserting EQs. (3.34)
and (3.36) into EQ. (3.27) gives EQ. (2.33).

We now extend our description to a two-dimensional trajectory. Consider
an electric field in the (zz) plane (i.e. with vanishing y-component) and a
magnetic field in the y—direction. The motion of the electron is thus confined
in the (xz) plane. Moreover, the vector F defined in EQ. (3.31) is parallel
to the y—axis. Then, considering EQ. (3.17), we see that the proper-time
ordering operator will contain only the matrix o2. If we choose the initial
spin to be an eigenvector of the matrix o2 then the form of both s,, sg will

be significantly simplified. Labelling the eigenvectors of o2 as s; such that

0?sy = +s4, the solution to EQ. (3.16) is

) T zEm - :EE
su(7) = exp{q:%/ dr’ (By . w) }Si(To) . (3.38)
70

’Uo—l—l

For the spin non-flip case, this exponential factor will not appear since this
integrand of the emission amplitude is proportional to s};Q - 0S,. The emis-

sion probability is thus similar to the flip emission probability for the one-
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

dimensional case and given by

Pnf(2d) _ hg?ze/ d3k k2
o Am? | 2ko(2m)3 Y

2

(3.39)

- k-a
d ik-x
/ RCRE

Here, we notice that the factor k% is replaced by /{:5 since the perpendicular
direction to the electron trajectory is along the y—axis. When the spin of

the electron flips, the emission probability is

pied) _ hgge / d’k
em 4m? 2k0(2ﬂ)3

where f(r) =2 [ dr' F,(7') and

. , L +i0, |
/dT e’k'xeyf(ﬂ—@ iQ (3.40)

(k-v)* |

Q. +iQ, = —— (k- v)[ko(E, £iE,) + (ky F ik.)B,] — (k - a)(k, + iky)
m
v, v,
Vo + 1 ’

- [%(k-v)k-E— (k-a)ko]

In what follows, we will consider an electron accelerating by two counter-
propagating laser beams as described in EQ. (2.44). The electron is confined
in the (zz) plane. Therefore, the results derived here are applicable to this

case. Moreover, we can take FE, = 0.

3.2 TOTAL ENERGY OF EMITTED AXIONS

In this section we calculate the total energy of emitted axions using the

generalized emission probability found in EQ. (3.27). In this derivation, we
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3.2 TOTAL ENERGY OF EMITTED AXIONS

will take m, = 0. We define

~ T
Q=k2%Q, n'= IZ—, VE = (ko(k-v)e/m) 'VF = Frn, . (3.41)
0

Thus,

~ e ~

Q:E(n-v)V—(n-a)n— %(n-v)vo—(n-a)]

e (3.42)

The normalization is used to remove the dependence on the magnitude of the
momentum k from Q The energy is found from EQ. (3.27) by multiplying
the integrand by a factor hk. Then energy with initial spinor s, and final

spinor sg is given by

oo /
Gie 9 drdr
Egy = dQ dk k
647r3m2/ / / (n - v(7)2(n - v())?

% SHIQUT) - asa(T)sh (FIQ) - sp(7)e =]
(3.43)

Again, we define £ = ¢t — n - x to write the last term as e*€¢), Then

d¢/dr = n-v. We also have k2e*(¢-¢) = %jg,e“‘“(f_f/). Thus integrating by

parts

R , d [shQ() - 7sa(r)
Ba 6473 2/d /dfdf df[ (n-’l)(’/‘))3 ] (3 44)
A [sh(")Q(r) - ass(r) el
: dsf[ (- o(7)) ]/ o
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

Previously, we extended the bounds of the k—integral to —oo by multiplying
by 1/2. This could be done because of the symmetry of the integrand under
the exchange £ <> &'. Here in the case where 8 # « the integrand is not
symmetric under this exchange. Another way to extend the integral bounds
is to send £ — —k and then take the complex conjugate. This method works
if the factor multiplying e**(€—¢") is real, which is not the case here because of
the spin rotation in EQ. (3.16). On the other hand, summing over the final
spin and averaging over the initial one, the imaginary part vanishes and the

factor multiplying €€ becomes real. Thus, the average energy is

)= gt 00 [ 5]

Q) o)

(3.45)

where extending the range to (—oo, +00) was achieved by multiplying by 1/2

and integrating over k gave 2md(§ — ¢&'). Using ds/dr = —iF - o5,

i<52<7)g<7>.05a(7)) _ g( Q) - 050(7) +ish(7)[F 0, Q- 0 s(7)

= [ —2F><(§] c084(T) .
(3.46)
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3.2 TOTAL ENERGY OF EMITTED AXIONS

where we used [F 0,Q- 0'} = 2i(F x Q) - o. Then, the integrand of the

average energy is

1 ~

i@ o] = i g eal o

(3.47)

The modulus square of this expression contains the factor Y, s, (7)sl(7) = 1

for all 7. Additionally, using (S - o)? = S?1, the energy yields

) 1285%2 / / —82232(7)35(7)

hgz, / /
647‘(’ m2

. d ~ < ~
« | ;;1 Q- TS @ Q- 2r < Q).

(3.48)

We now verify that the term between brackets is Lorentz invariant. We start

with QQ and define

Ut =(n-an' ——(n-v)V* = %navu(F”an“ — FHonY), (3.49)

(&
m

where we used

at = — S prvy, (3.50)
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PSEUDO-SCALAR PRODUCTION AND EXPERIMENTAL PROPOSAL

Note that the last factor is antisymmetric in the indices (ur). Therefore

Utv, = 0. Then, we can write Q in terms of U* i.e.

~ mv ~ Po—m 9 mUyU - v
=-U+ Uy — 21U+ Up) —2——.
Q Do +m ° Q po+m( 0) Do +m
(3.51)
From U*v, = 0, we deduce mU - v = Uypy. Thus showed that
Q= -U,U", (3.52)

which is manifestly Lorentz invariant. Now we consider the term the third

term in the expression of the energy, i.e. ||Q — 2F x Q|2 Explicitly,

~ ~ dU P dU, eEU,
—2F = —— — 2F x U 3.53
Q xQ dT+po+de po+m+ X ( )

where we expressed Q in terms of U, and used EQ. (3.32). Following the
definition of F in EQ. (3.31) and using U - p = Uypo, we find

G-wxa-—| Y ‘uxBrup)|+ L (9, fy.g).
dr ~m po+m\ dr = m
(3.54)
As we did previously, we define
4w
e = WL gy (3.55)
dr m
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3.2 TOTAL ENERGY OF EMITTED AXIONS

We can write Q —2F x Q only in terms of H*. Explicitly

Q-2FxQ=-H+ H, . (3.56)

Po +m

where we used FUU; = E - U and F*U, = UyE' + (U x B)". Explicit

calculation leads to

=5 <Fﬂavﬁna — ", (n - v))

Zg (3.57)

+ —Q(ROCFO‘BFMWTL“ — (n-v)F*"F,on®).
m

Therefore contracting with v, gives H#v, = 0. Or, in other words, Hopy =

H - p. Then,
(3—2F><Q2——H2— H°)? = —H,H". 3.58
I

which is Lorentz invariant as well. Thus the energy can be written as

()~ e [ao [ ST

X [—HMH“ -

(3.59)

Because of n,n* = 0 as we are considering a massless axion and V#n, = 0,

we find,

UU" = ——(n- v)*n, F* F,n’ . (3.60)
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Similarly for H,H*", we find

2¢? d(n -
HuH“:—iQ(n-v) (n-a)
m

n“F“"FMn’\

(3.61)

2

€ ; € af puv € a v
—I—ﬁ(nm)Q(F#a—l—EFu@Fﬁa)n <F“ —i—EF“ F, >n1/-

We can verify that this result agrees with the formula for the energy in a one-
dimensional trajectory. We choose the electric field to be along the z-axis.
Then, Fy3 = —F3q are the only non-zero components of the electromagnetic

tensor. We find

”quFu,\nl\ = EX(1-n2),
n, F" F\FMn, =0, (3.62)

n, F* F\FMFoon® = EX1 —n?).

We insert these expressions into U, and H,, to find the average energy. Defin-

ing £, = ek, /m,

B R%g2, drdf) ) 5 de,
<E> T 64m2m2 / (n . 0)7(1 - nz) |:3(n . a) SZ — 6(n . (I)(?’L . ’U)gz .

+2n- m%sj +(n-v)? ((3‘%)2 _ 53)

We parametrize the velocity as v* = (v°,v*) = (V1 +w? w). Then the

(3.63)

acceleration and its derivative are

ww' \/W(ww” + (w')?)
. = . (3.64)

V14 w2 (1 + w?)w” + w(w')?
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3.3 MOTION IN A CONSTANT MAGNETIC FIELD

where as usual prime and dot mean derivative with respect to t and 7 re-
spectively. The two are related via dt/dr = 1+ w?. Writing EQ. (3.50)

explicitly as
m
. (3.65)

we find using the first line £, = —w’. Performing the angular integrals first
we find

2 8, 4
(B) = 5o / dt {510’4 + w4 (14w’ (3.66)
w™m

To compare with the oscillating field, we let w = —2ag¢sinwyt and after
integrating between 0 and 27/wy we recover EQ. (2.59). For the case of
uniform acceleration, w = sinhar, with ¢ > 0 a constant, w’ = a which

implies w” = 0. Thus, we also find EQ. (2.43).

3.3 MOTION IN A CONSTANT MAGNETIC

FIELD

We apply the results for the total energy to the case of a constant magnetic
field. So far, we have not studied a trajectory in a plane, and this is the
simplest case to consider, since relativistic motion in a constant magnetic
field is “super-integrable” [91]. The results we derive in this section, such as

the typical axion momentum, will also be used qualitatively for a trajectory
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inside laser fields. We assume that the magnetic field is parallel to the y-
axis. Using EQ. (3.65), a® = 0. Moreover, using EQ. (3.33), we see that the
energy py is constant. As a result, the Lorentz factor v° = aq is constant and
the proper time is related to the physical time via ¢t = ag7. We denote the
Lorentz factor by ag because the solutions to the equations of motions are
given by v* o coswot and v* o sinwgt, where wy = eB,/(mv°). Therefore,
here ag, as previously defined, coincides with the Lorentz factor, whereas in
the case of lasers ag is the strength parameter and can be less than one. By
definition, here ay > 1. The electron trajectory is (by choosing appropriate

initial conditions)

V1—ay?

2(t) = ~———— coswpt ,
o (3.67)
1—ap? .
z(t) = ~————sinwyt .
Wo
The integrand in EQ. (3.59), for constant electromagnetic fields is
(n-a)? n-a \ e , et 1 N
3 2 —n, F* Fnt — — FrF, n, FugFPn™.
( oy oy f A T L T B EEAT
(3.68)
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The only non-zero components of the electromagnetic tensor are Fi3 =

—F3; = By. Performing the angular integral (see App. C), we find

! / a1 Frop vp BB ) = 9 2_ 2

47 m* (n - v)® o Fyg B3’ = 2y | ag 3)’
1 3e* (n-a)? 8 4
— [ d0 = n " Ent =3 2D =a2 - = 3.69
47'(' m2 (n . ’U) )\n aowo( 0 ) 15a0 15 ) ( )
1 2¢* n-a Y 16 , 8
i ] 40 g Fon = 2l - ) (g - )

We note that after integrating over the solid angle, the result is time-independent.
Therefore, the emitted power is constant. The energy emitted during a cycle

of 27 /wy is found after summing all the contributions and yields

h2g% w 5 1
<E>circu1ar = i:; 0 <ag - Zag + gaé) . (370)

We note that for ag > 1 (i.e. a relativistic electron), the energy grows as
a§ which is much larger compared the energy emitted using an electric field
which only grows as aj. Therefore, the presence of the magnetic field in the

laser beams will increase significantly particle production.

Axion spectrum

In this section, we find the spectrum of emitted axions in the case of a
constant magnetic field. We proceed as for a purely electric field. This is
possible because the motion of the electrons is periodic with period 27 /wy.
Then the rate can be written in terms of Fourier coefficients, and the task will
be to calculate the latter. We start with the non-flip case. The amplitude can

be found from the first line of EQ. (3.28) (this is before integration by parts)
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by taking the initial spin to be along the positive y-direction. Then

A?}E,k,ﬂi&) = glnzky/dT eik.x(T) . (371)

We use t as an integration variable. Then, defining k¢ = k -  (where we

wrote k& = ko), the infinite probability amplitude is

hg? Bk 1 o dt
Pnf _ ae k2 _ d ik 7
M Am? / (2m)32ko Y ao/ se d¢

g (3.72)

Since the motion of the electron is periodic, we can write the time integrand
as

1 dt = e

—— = cpe” Mt 3.73

Qo df Z " ( )

n=-—oo

Integrating this sum over time will result 2w (k —nwy) >, c,. After squaring
we note the appearance of a factor 27§(0). We interpret this divergent factor
as the total time of emission T'. Finally, we divide by T to find the rate. The
explicit expression of dt/d¢ is not needed to find Fourier coefficients, but we
show it for completeness. We start by using spherical coordinates and define

the angles # and ¢ as

(ks kg, ky) = (ksin® cos g, ksinfsin g, kcosf) . (3.74)
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¢ can thus be expressed using EQ. (3.67). We find

V1—ay?

E=t— sin 6 cos(wot — ) ,
Wo
Q- 1 (3.75)
A€ 14 /1 —ag?sinfsin(wet — @)
The Fourier coefficients then are
27 Jwo 4 dt
¢, = wo / dg eznwoﬁ_
27TCLO 0 df
1 21 ) . ‘
_ / ds ezn[s—ﬁslnecos(s—cp)] (S _ th> (376)
271’(10 0

ine—inm/2
i (m/l ~ag? sine) .
Qo

where in the last step, we used equations 3.715.13 and 3.715.18 of Ref. [103],
and J,(z) is the Bessel function of order n. We note that the appearance of
Bessel function is typical for circular motion, i.e. synchrotron radiation [97].

The emission rate is

2

cos’fsinf.  (3.77)

hg? wd
nf Jae™0
Bem = 167m? Z / doJ

1 (im0

We also would like to have an expression for the emitted power to verify that

our treatment is consistent with EQ. (3.70). Since the energy is found from
the probability with an additional factor of Ak and the delta function fixes k
to nwg,n € N, we only to multiply the last expression by hnwqg to find

1y~

2

cos’fsinf. (3.78)

nf gaewo
Sem = Tomm2 167m?2 Z / a0\
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Using the integral representation of the Bessel function and Parseval’s theo-

rem as for the electric field case, we find

27 472 5992 64
Zn4|Jnoz2 o + 4720 + 5920° + 64)o”

256(1 — a2)13/2 (3.79)

Now, we can substitute a = y/1 — a;” sin § and perform the angular integral
in EQ. (3.78). Finally multiplying the latter by 27/wg, the period of one

oscillation, we arrive at

circular 8m?2

2R (1, 3, 4
grf = Jac (—a8 — b4 —ag) Wi (3.80)

Now we look at the spin flip probability. Using n, + in, = sinfe** and

p. £ip, = £imy/a — 1leF“o! the emission amplitude in this case is

1k-p—|—ml<;

Gae : t(wot— :
Al _ Jae /d L sin Qe Filwot—v) 2 _
(p.k,F,%) T smoe F1 g o Tm

Sy }e (3.81)

where =+ refers to the spin being in the positive or negative direction of the

y-axis. We notice that py = mag is constant and

/di pett = —zm/dT —ek T =0, (3.82)

by periodicity. Then, the amplitude simplifies to

ack -1, .. P
Agp,k,x,i) = :Fig2m { Zz 1 + i sin § e THwot “")] e dr. (3.83)
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We now change variables to £ and define the Fourier coefficients as

1 e
[ ZZ 1 + 4 sin PeTiwot—¢ } Z Egminwot (3.84)

n=—oo

Inverting this relation and using the integral representation of the Bessel

function as previously

. - N a - ].
aocfe*mgo =e ‘2 0 Jn (m/ 1-— a52 sin 9)
ag + 1

(3.85)
+ i sin fe "I FUT/2 ] (m/l—aﬁsinﬁ).
Thus, the rate and the power are given by
hg? wi n? ap— 1
Rb: = =20 /de,/ In 1— 0
em 167m2 Z ao ap + 1 n ao sin
) (3.86)
—sin0J,+1 (n\/ 1 — ay?sin 0) sin @,
and
h292 w4 > n4 ™ 1
f,+ ae™0 2.
Scm _WZQ_%/O' dé lJn(nul Qg 81116)
n=1 (3.87)

sinf.

ao
2
—sin6J,41 (m/ 1-— a52 sin 9)

We can use Parseval’s theorem again to calculate the energy emitted. We

cannot calculate separately the energy due to the flips (+ — —) and (— — +)

but we can take the average. This is because |cn = £ e jE)| but |c(Jr | = |57
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Then,

> > 2708 + 47208 4+ 5920 + 6402
24 (+))2 (—>2_Z 402 — _
ot n <|Cn | + ‘Cn | ) - n |Cn | - 256(1 . a2)13/2
4508 + 5600 — 480a* — 115202 — 128
— S
256(1 — a2)13/2

n=—oo

in?0

(3.88)
where again o = y/1 — ay >sinf. Then, the total energy is
play)  _ R2g2, (23 ¢ AT & 12 ,\ ,

circular ]m2 ?ao - ECLO + an Wo - (389)

Summing EQs. (3.89) and (3.80) we recover EQ. (3.70) as expected. The
latter was derived by averaging over initial and final spin states and there-
fore we lost information about separate contributions to the total energy.
Using the method of Fourier coefficients we find that the major part to the
energy (23/24 for ay > 1) comes from the spin flip case. This could be
because the typical axion energy is larger for this case. In order to verify
this we must study the spectrum of produced axions by calculating numeri-
cally EQs. (3.77) and (3.86) for different values of k/wy at the angle which

maximizes axion production as was done for a purely electric field.
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Fig. 3.1:

Fic. 3.2:

1000 2000 3000 4000 5000 6000 7000
n:w%eN

Spectrum of the non-flip rate in the case of a constant magnetic field (two-
dimensional trajectory) for ag = 10 at the angle § = 1.50 rad.
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Spectrum of the spin flip (from positive to negative direction with respect to
the y—axis) rate in the case of a constant magnetic field (two-dimensional tra-
jectory) for ap = 10 at the angle § = 1.58 rad.
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F1a. 3.3: Spectrum of the spin flip (from negative to positive direction with respect to

the y—axis) rate in the case of a constant magnetic field (two-dimensional tra-
jectory) for ag = 10 at the angle 8 = 1.58 rad.

We plot the differential rates as functions of the discrete energy n = k/wy
for the different spin cases. For large n, the rate decays exponentially. When
the spin of the electron flips, we must differentiate between the two cases
(+ — —), (= — +). Qualitatively, we notice that the peak of the distribution
is around ~ a for all cases. We also notice that the case that maximizes the
production of axions is the spin-flip case (+ — —). To find more precisely the
typical energy of the emitted axions, we divide EQ. (3.78) by EQ. (3.77) and
EQ. (3.87) by EQ. (3.86) for different values of ag. We find numerically

uf f(—+) f(4-)
em em em
RT ~ 2.9@3&)0, W ~ 1.9@8(#0, F ~ 3.6@3&)0 . (390)

Therefore, in fact, the typical axion energy scales as ~ aj for all three cases.
By comparing this result with the acceleration induced by a purely electric

field, we observe that the difference in total energy is due to the difference
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in typical axion energy (~ aj and ~ a}® in the magnetic and electric case
respectively) and the axion number (~ aj and ~ @3 in the magnetic and
electric cases respectively). In the next section, we will consider axion emis-
sion from laser fields given by EQ. (2.44). Even if the magnetic field is
non-constant but oscillating, we take the typical axion energy of the same
order as the one for a constant magnetic field. From the above calculations,

E,~k, ~ 4agw0.

3.4 EXPERIMENTAL PROPOSAL

In this section, we use the results of the production of axions from acceler-
ated electrons to propose an experimental setup which will be used to impose
limits on the coupling constant g,.. In particular, we consider an electron
gas jet accelerated by two counter-propagating laser beams whose electro-
magnetic fields have the form of EQ. (2.44). Once the axions are produced,
they cannot be detected directly and need to be reconverted into photons
first. Therefore, following LSW experiments, we propose to shield any form
of radiation other than axions (the latter pass through the wall as they are
assumed to be weakly interacting). Then, they interact with the electrons of
a solid material and are reconverted into photons through the Compton-like
process a + e~ — v+ e~ . The produced photons can then be detected (see

F1a. 3.4).
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Detector

F1a. 3.4: Diagram of the experimental proposal adapted from Ref. [5]. We assume that
there are enough detectors to cover a large solid angle.

Throughout this section, we put A = 1. The results of the previous section
are applicable only if the axion mass m, is much smaller than the typical

axion momentum.

The motion of the electron in the laser beams cannot be found analytically
except if they are at the nodes. Therefore, in order to find the energy emitted
during one period of 27 /wy we calculate the trajectories numerically and use
EQ. (3.59) to find the energy. This expression depends only on the fields
and the velocity and acceleration of the particle. We write the axion energy
emitted by one electron during one cycle as (E)@q) = g2,wim >N (ag) where
N (ap) is a numerically found number that depends only on ay and the initial
position of the electron. One can verify numerically that different initial

positions give similar values of N (ag) except if the electron is at the nodes

where N (ag) = a2(7a2 +1)/6 using EQ. (2.59).
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It is convenient to calculate the total number of particles, but this cannot be
done as for a constant magnetic field because the motion of the electron is
no longer periodic. As explained in the previous section, we take the typical
axion momentum to be k, ~ 4ajwy. Thus, the axion number is estimated
as NV = (E)2ay/(4ajwo). where the superscript (1) indicates that it is the
number for one cycle. We can account for multiple electron cycles as follows.
Consider that the laser beams meet at the point x = 0 and one electron is
placed at some point x. The number of cycles of duration 27 /wy it will feel is
given by v(1, —2|z|) where v = wy /27 and 7, is the duration of the pulse (we
can think of a laser beam as having length 7,). This implies that electrons
located at |z| > 7,/2 will not feel the effect of the two beams at the same
time. Then, instead of one electron, consider a number n, located near the
point x. This number is given by p.Adx where p, is the electron density and
A the beam cross section. To find the total number of cycles, we multiply

v(1, — 2|z|) by n. and integrate over x. This gives

Tp/2
peAV/ de (7, — 2Ja]) = w. (3.91)
—7p/2

Multiplying this result by the number of laser shots n,, we find the total

number of axions emitted as
1
Nt = §(peATp)(UTp)nSN(§1) : (3.92)

Since for relativistic electrons, axions are emitted along the trajectory, we

expect the latter to be in the (zz) plane. In this estimation, we assumed that
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emission does not depend on the position of electrons, which can be verified
numerically. The axions then interact with the electrons of the reconversion
material through the Compton-like process a + e — v + e~ with differential

cross section [104]

do  Zg}aFE, ( N AmPES 4mE,  4m2k*mE, sm29)

— - 3.93
dQ  8wm?k, y? Y Y3 (3.93)

where y = 2mE, + m2. « is the fine structure constant, E, is the energy of
the axion, m, its mass, and k, its momentum. The energy of the outgoing

photon is

E = ) ma—0 mka
7 2(m+ E, — k,cosf) " m+ kq(1 — cosf)

(3.94)

The total cross section in the case m, ~ 0 is given by

Zag?, (m 2k, 1+ 3k,/m
= Z%ac (M, (4 g~ Ofa/m . .
o 2 (ka n( + m) (1+2/{:a/m)2>’ mg — 0 (3.95)

We define the function f(z) as

F@) = Sn (14 22) — 24137

. AT (3.96)

to write the cross section as o = Zag?, f(k,/m)/4m?. For small x, f be-

haves as f(x) =~ %. For large x, f is suppressed as Inxz/x. Therefore,
f reaches its highest value when x = k,/m ~ 1. We calculate the num-
ber of photons emitted by the interaction of the produced axions with the

electrons of the material by considering an infinitesimal (spherical) volume
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dV = r?sinfdrd¢dd. The number of photons is related to the cross section
via
odN,,dN,

AN, = =" (3.97)

where dN,, and dN, are respectively the number of atoms of the material in
dV and the number of axions. d¥ = r%sin §d¢d0 is the surface of interaction.
Writing dN,, = p,,dV where p,, is the density of the material (considered to

be constant), we can write the number of photons as

AN, = op,drdN, . (3.98)

We also write dN, = d(l%. Taking the integral over a sphere, we have

dN, f'maz dN,
N, = /derapmd—Qa :me/ dr/dQ an. (3.99)

The last factor is just the total number of axions emitted (which we calculated

numerically). Then, defining Ar = 7,00 — Tinin, We have
N, = Tpm AT N (3.100)

The distance Ar should be at most of the order of the attenuation length
of the photons in the material so they can escape without being absorbed.

Inserting EQ. (3.92) into EQ. (3.100), we can express the total number of
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outgoing photons as

N, = %gie/\/ (a0) f(4“i”°>ns Pl eTpﬂAlg <0 Fns (3.101)
where Ej, is the laser energy per pulse found using A7, = 8raEl.s/(m2wia?).
This number corresponds to the number of detected particles only if the
detectors can cover a solid angle of 47 which is very challenging to achieve in
experimentally. On the other hand, if an important part of the solid angle is
covered by detectors, this difference account for an O(1) factor. The bounds
on gqe are found by requiring N, > 1 or IV, < 1 in the presence or absence of
photon detection, respectively. Then, taking the fourth root (since N,  g2.)
of this O(1) factor will have little impact on the final result. We note that
photons emitted inwards also will not reach the detector. Again, we assume

that this accounts for a O(1) factor.

The properties of the lasers are the following. The energy, wavelength, pulse
and beam diameter are given by Fj,s = 1 kJ, A ~ 1um, 7, = 107" s,
D ~ 10\. We also assume that the repetition rate is 10 Hz. Although a laser
of this type is not currently available, this is within current technological
capabilities. Then, ay ~ 30, and the photon and axion energies are given
by E, ~ k, =~ 133 keV. We also find numerically N'(ap = 30) = 10'3. We
verified this numerical result by averaging over ten oscillation periods and
with multiple initial electron positions. We note that for an electric field
N(ap = 30) ~ 10°, while for a pure magnetic field N'(ap = 30) ~ 7- 10"
Therefore, indeed the presence of the magnetic field significantly increases

particle production. The source of electrons is a hydrogen gas with density
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pe = 10?2 cm 3.

For reconversion, we use aluminum, and the attenuation length for these
photon energies is around Ar ~ 1 cm. After one week of measurement, in
the absence of photon detection, we find g, < 4.1 x 107°. Next-generation
lasers could reach F,s = 10% kJ, 7, = 107° and a repetition rate of 1 MHz.
This is not currently available, but with the rapid development of diode laser
technology, it could become in the future. Keeping the remaining parameters
identical and considering one year of measurements, go. < 8.5 x 1078, These

results are valid as long as m, < kg ~ 102 keV.

We compare these results with other purely laboratory experiments in F'1G. 3.5.
The authors in Ref. [33] used anomalous magnetic moment, whereas the au-
thors in Ref. [32] assumed axion production using a nuclear reactor for neu-
trino experiments. The bounds on g,. are valid for m, up to 10 keV. Current
laser technology allows us to find bounds similar to those found in the above-
mentioned techniques. Furthermore, a future laser system could probe the

parameter space of the DFSZ axion [26, 27] (see F1G. 3.5).

The axions can also be converted into photons through the process a+ Np —
v+ Np where Np is an atomic target. This process involves the coupling ¢ .
In the absence of photon detection, it allows us to impose upper bounds on

the product geegqy. We do not consider this conversion process.

The axions can also decay into photons before interacting with the electrons
of the material. The decay rate for this process is given by ['(a — vv) =

ge,my/(64m) [105]. The survival probability for the axion to reach the recon-
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Fic. 3.5: Bounds on g, of laboratory based experiments. The figure is adapted from
Ref. [5]. The red and black curves correspond to exclusion bounds imposed in
Ref. [32] and Ref. [33] respectively. For the next generation lasers, the duration
of measurement is one year instead of one week. A part of the parameter space
of the DFSZ axion [26, 27] is also shown.

version chamber at a distance ¢ is Py, = exp|—¢m,I'/k,] [32]. For £ <1 m,

Y

me < 10 keV and gqy S 107 GeV~! which follows from Ref. [32], Py, &~ 1.
Therefore, all axions reach the conversion chamber. The bound we used for

Jay is model-independent.
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THE UNRUH EFFECT AND

SCALAR PARTICLE EMISSION

After discussing particle emission from accelerating charges in the inertial
frame, we now look at radiation in the accelerated frame. To simplify cal-
culations, we will consider scalar fields in this chapter and vector fields in
CHAP. 5. The electron trajectory is uniform acceleration, which is well de-
scribed by the Rindler coordinates. To understand radiation from an accel-
erated charge in this context, it is necessary to take into account the Unruh
effect. This chapter is organized as follows. Firstly, we will look at general
concepts of QFT in curved space as they will be useful to understand the
Unruh effect itself despite the fact that it takes place in flat space. Later, we
show parts of the derivation of the Unruh effect, and finally we calculate the
emission rate of scalars by the charge as well as the power in the rest frame of

the charge. SEC. 4.1 and SEC. 4.3 are reviews based on Refs. [39, 57].
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4.1 QFT IN CURVED SPACE

Before we discuss QFT in a curved space, we will briefly describe the special
case of flat space. Our discussion will use scalar fields as an illustration, but
the results can be generalized to other types of fields. The fields are quantum
operators and are expanded in terms of modes. The modes are solutions to
the equations of motion and form a complete set with respect to a scalar
product that will be defined in what follows. We define positive frequency

~ihot " while negative frequency

modes as the ones that are proportional to e
modes are proportional to eT™*0! where ko > 0 is the energy of the given
mode and ¢ is the time parameter. The reason why we can always define the
Minkowski modes in this way is the following. Time translation is a symmetry
in flat space, which implies that the time parameter does not appear explicitly
in the equations of motion. However, they contain only a second derivative of
time. Therefore, in Minkowski spacetime, we can always choose the modes
to be proportional to e~#o! or to et™ot. The coefficient operators of the
positive-frequency modes are called annihilation operators, whereas the ones
of the negative-frequency modes are called creations operators. The vacuum,

which can be thought of as the absence of particles, is defined as the state

annihilated by all annihilation operators.

In a general spacetime with no isometries, one cannot choose the modes
as in flat space. By choosing different sets of modes, one chooses different
operators and, therefore, different vacuum states. As a consequence, the

concept of particles becomes difficult to define. There is, however, a special
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case of curved space where one can still define a preferred vacuum state: a
spacetime which is globally hyperbolic (i.e. it possesses a Cauchy surface)

and whose metric is of the form [57]

ds* = N(z)%dt* — G;j(w)dz’da?, (4.1)

where the functions N and G do not depend on the time parameter ¢. The
spacetime is said to be static. In this case one can choose the modes to be
proportional to e~™i’ where w; > 0 is interpreted as the energy of the mode.
Let us consider a general space time with metric g,,, and a free massive scalar

field. The Lagrangian of this theory is

‘Cscalar

V=9

1 1
= 5v,;pv#cb — 5m?<1>2. (4.2)

The equations of motion are given by

1

——0,(v/=9¢"0,®) + m*® =0, 4.3
— (V=99 ) (4.3)

where g = det(g,,). We define the Klein-Gordon inner product for two

solutions f; and f, to the equations of motion as [39, 57]

(1, o)k = i/zd?’x Vs (fi()V* f2(x) = fo(2) VP fi(2), (4.4)

where Y is a hypersurface of constant time parameter. gy is the metric
determinant restricted to ¥ and n, is a future-directed unit vector normal

to X. We assume that there is a complete set of solutions {f;, f*} that
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satisfy

(i fdxe = = e =05 (o f) e = i ik = 0. (4.5)

We labelled the modes using discrete indices for simplicity. The scalar field

can be expanded in terms of the set {f;, f*} as
o = Z [aifi + a}f{"} (4.6)
and we impose the commutation relations
[ai,a;] =0ij, |ai,aj] = [a},aﬂ =0. (4.7)

The operators a; and a! are the coefficients mentioned above that are associ-
ated to the modes and are known as the annihilation and creation operators,
respectively. The state annihilated by a; for all 7 is the vacuum state denoted
by |0). Since the choice of f; determines the operators a;, the vacuum state
depends on the choice of modes. Moreover, since in a general spacetime there
is no preferred way to choose the modes f; as is the case in Minkowski space-
time, a given vacuum state associated with a choice of modes may appear
to be a state containing particles for another choice of modes. To see this,
consider two complete sets of modes { fi(l)} and { f1(2>}. Since the two sets

are complete, there exist coefficients ay; and G;; known as the Bogoliubov
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coefficients such that [39]
f1(2) = Z [alifi(l) + 6Iifi(1)*} (4.8)

The Bogoliubov coefficients are found explicitly as

oy = <fi(1)’fl(2))KG = (f](2)7fi(1)>KG7

(4.9)
Bri = _<fi(1)*’fl(2)>KG - < }2)*’fi(1)>KG'

The relation between the modes of the two different sets leads to a relation
between the two sets of operators. To see this, we expand the scalar field

as
6= SR ] < [ ]
i I
By taking the inner product of EQ. (4.10) with fz-(l) we find

o) =3 [ana? + 57,0 (4.11)
I

Similarly, by taking the inner product of EQ. (4.10) with f1(2) we find
a(lz) = Z [oﬁiagl) — ’}ial(.m . (4.12)

If the Bogoliubov coefficients (5;; are non-zero, then creation and annihilation
operators of the two sets mix. We label the vacua of the two sets |0)) and

|0(2))- Then by definition agl) |0(1)) = 0 and a?) |0(2)) = 0 for all ¢ and /. The
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THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

number operators are defined as Ni(l) = agmagl) and N1(2) = agz)Ta?) with

no summation over the indices. One can calculate the following expectation

values

1 2
O NV 10@) =3 186l (0wl N2 10w) = > 18l (4.13)
I i

Thus, if the Bogoliubov coefficients 3;; do not vanish then the expectation
value of the number operator does not vanish if it is evaluated using the
vacuum state which is associated with a different choice of modes. However as
mentioned above, if the spacetime is globally hyperbolic and static, i.e. with
metric of the form EQ. (4.1), then there is a preferred vacuum, called static,

which is associated to the modes proportional to e ™t with w; > 0.

4.2 RINDLER WEDGES

The concepts we introduced in the previous section apply to the usual (flat)

Minkowski spacetime whose metric is
ds? = dt* — dz? — dy* — d22. (4.14)

Being a static and globally hyperbolic spacetime, it has a natural static
vacuum state. This is the familiar vacuum state used in QFT. Here, it is

denoted by |Oy).

To discuss QFT in the case of accelerated observers, we introduce the follow-
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ing coordinate transformation

1

t=a'e“sinhar, z=a"'e®coshar, (4.15)

where a > 0 is a constant. The Minkowski metric in EQ. (4.14) then takes

the form
ds? = e*¢(dr? — d€®) — da® — dy”. (4.16)

The coordinates (7,&) € R? only cover the part of Minkowski spacetime de-
fined by z > |t| known as the right Rindler wedge (RRW) (see Fic. 4.1).
Rindler coordinates are suitable for describing uniformly accelerating ob-
servers. In fact, the proper acceleration of world lines with &, x,y being
constants is given by ae™®. We note that a world line for which ¢ = 0 has
proper acceleration a. The non-vanishing Christoffel symbols in the RRW

are
[T, =Tg=T% =a. (4.17)
Similarly, one can define the coordinates (7,&) € R? as
t=a'e®sinhar, z=—a""¢®cosha7. (4.18)

The coordinates (7,£) € R? cover the part of Minkowski spacetime defined
by z < —|t| known as the left Rindler wedge (LRW). Both the RRW and the

LRW are static globally hyperbolic spacetimes. Therefore, they also have a

103



THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

natural vacuum state denoted by |Og). The regions ¢t > |z| and t < —|z| are
called expanding and contracting Kasner universes, respectively. We will not

discuss them in what follows.

F1a. 4.1: Spacetime diagram showing the Left and Right Rindler wedges (LRW and RRW,
respectively), bounded by the lightlike lines ¢t = +z.

4.3 DERIVATION OF THE UNRUH EFFECT FOR

SCALAR PARTICLES

The theory of a free massive scalar field is described by EqQ. (4.2). In
Minkowski coordinates we have \/—¢g = 1 and V, — 0,. In these coor-

dinates, the equation of motion is the usual Klein-Gordon equation.

(049, +m?)® = 0. (4.19)
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The quantized scalar field can therefore be expanded as

O(z) = / &k [akobk +aﬁ“¢§], (4.20)

where the modes ¢y are solutions to the equation of motion and are given

by
i) = [(2m) 2ko] 71/ Ze ol HIx, (4.21)

The normalization is found using the Klein-Gordon inner product in flat

pace
Fha = [ Ex (7 @)09() — g()0uf (@) (122)

and imposing for the Minkowski modes
(¢, de) = 6@ (k — K') . (4.23)

The operators ap! annihilate the Minkowski vacuum a [0y) = 0 and satisfy

the commutation relations

[aM at ] = 6@ (k — k'), (4.24)

105



THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

with all other commutators vanishing. In Rindler coordinates defined in

EQ. (4.15), /=g = €*®, and the equation of motion is of the form
(02 =07 — (02— 0, —m*)) @ =0. (4.25)

Since 0-, 0¢ and 9, are Killing vectors, the positive-frequency modes will be
proportional to e”®7 kL *L where k| = (k;, k) € R?, x; = (z,y) and w is
a positive constant. It corresponds to the Rindler energy and is not related

to the momentum variables via a dispersion relation. Explicitly the modes

[sinh Tw/a Ke®\ i o
’Uka(T7€7XJ_): Ta/Kiw/a< a )e +iky L, (426)

where k = /k? + m? with k;, = |k | and K,(z) is the modified Bessel

are [57]

function of the second kind. The prefactor guarantees that
(085 ) = o0 — Pk, — ). (427
The scalar field can be expanded in the RRW as
+oo R
df(z) = / dw/koL [afklvfh + avafﬁl : (4.28)
0
where the operators satisfy the commutation relation

|l all | = 0w —w)eP(k, — k) (4.29)
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and all other commutators vanish. The quantization of the scalar field in the
LRW proceeds in the same way. The orthonormal modes UbﬁkL (7,€,x,) are
obtained from the right ones v, (7,£,x1) in EQ. (4.26) by replacing 7 — 7

and ¢ — €. The field can be expanded in the two Rindler wedges as

P = " + oF

400
2 Rx Lx*
/ dw/d kL ka wkl“‘%kL wk | +awa_ ka WL%kﬂ’wkl ;

(4.30)
where the left operators also satisfy
[aﬁkﬂ aﬂkl } =6(w—w)oP(k, —K)). (4.31)

R

L
wa_7a

The Rindler vacuum is annihilated by the operators a b alb |0r) =

aly |0r) = 0. for all w and all k;. The operator in EQ. (4.30) is defined
only in the two Rindler wedges. Nonetheless, the modes v ok, and vwkl can
naturally be expanded to all of Minkowski spacetime as will be shown in
what follows. Then EQ. (4.30) is a mode expansion equivalent to EQ. (4.20).

To derive the Unruh effect we will express the Rindler modes as functions of

Minkowski modes.

’Ufkl = /d3k/ [ k'kﬁbk’ + ﬂwkfkﬁbk/] (4.32)

R R . . . R
where o and S, are the Bogoliubov coefficients. Since v — o

e’k >L we must have off, o 6@ (ky — K| ) and S5, o 6@ (kL +K)).

By naming the proportionality coefficients as %, _and Bh, x, respectively,
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we arrive at

ik X | [QR —ikot+ik,z +

wkzkle ikot—ik’zz} ’ (433)

Yok, = | “ a3 0 whky ©

V (27)32kg :
where we renamed the integration variable k. — k, to simplify notation. As
we will see the Bogoliubov coefficients do not depend on the direction of k|
but on its modulus. The same can be done for the left Rindler modes

ik x| L —ikot+ik,z L ikot—ik,z
[&wkzkle o+ Bk, © z } . (4.34)

i dk,
U, = | ————=¢
- V (2m)32kg
The left and the right Bogoliubov coefficients are related to each other. To see
this, we make the observation that from EQs. (4.15) and (4.18) it follows that

the relation between (7, &) and (t, z) is the same as the relation between (7, €)

R

ik, Dy the transformation

and (¢, —z). Therefore v), can be obtained from v

z — —z. It follows that

L R L R
Otk = Yw—kok, > Bwkzlu = Bw—kzlu . (4.35)

Then, it is sufficient to calculate only the right Bogoliubov coefficients. The
Bogoliubov coefficients are coordinate independent allowing us to find a con-
venient surface on which to evaluate the modes to simplify calculations. This
surface is the Killing horizon ¢t = 2z,t > 0 which corresponds in Rindler co-

ordinates to £ — —oo. The derivation of the Bogoliubov coefficients can be
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found in Ref. [57]. The result is

R . e—z’wﬂ(kz)
= = , 4.36
Qokky Qp—kky. \/27TCL/€()(1 Il e—27rw/a) ( )
where we introduced the rapidity
1. ko+k,
k) = — 4.37
v "y (4.37)
Inverting this relation gives
k., = ksinhad, ko= kcoshad. (4.38)
Similarly, the g-coefficients are
—mw/a—iwd(kz)
e e
ek, = Bk, = (4.39)

N V2maky(1 — e2mw/a)

What is important here is not the explicit expressions themselves but the

following relation between the o and 3 coefficients

R o —nw/a . L L _ _ —7w/a . Rx
wkok, — —€ ko ks ﬁwkzm = —¢€ Qokke | (4.40)

Since ayk,k, and Bk, are linked to positive and negative frequency modes
respectively and because of the linear relations of EQ. (4.40), there exists two

. . . R L .
linear combinations of v, —and v, ~that do not have a negative frequency
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contributions. These combination are

R —nw/a,,L* L —nw/a,, R*
kaJ_ + € Uwka_ kaJ_ + € ,Uwka_ (441)

w_ = w =
why V1 — e2mw/a ’ twk, V1 — e 2mw/a

where the factor (1 —e~27/¢)~1/2 is for normalization:

(Wt s Wi, ) oy = 0w — WP (k, —K)),

(ke whone, ), = =0 =3 (L = K)).

(4.42)

The modes wy i, are called purely positive-frequency because their expan-
sion involves only the Minkowski modes ¢y and not their complex conjugate

¢y Explicitly

oo dik,

Witwk . \/me ¢k ( )

This means that the full scalar field ® can be expanded in terms of these

modes as

+o00
(z) = / dw / d’k | [w—kaa(—,w,kl) F Wik, O(+wk, ) T h.c.] , (4.44)
0

with the operators a(_ k) and a4 .k, ) annihilating the Minkowski vacuum

|0y). They are related to Rindler operators as

-7 T T
aR _ a(fp.),kJ_) +e w/aa(+7w,*kj_) aL _ a(+,w,kl) +e a(77w77kL)

whky /1 — e—2mw/a whky /1 — e—2mw/a

—nw/a

(4.45)
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These relations can be inverted:

R _ —7w/a, Lt L ﬂw/a Ry
a/wa_ € awfkj_ awkj_ € w kJ_ (4 46)

Mok =T e 0 ) T T S

From here we can deduce that

wk | w k| wk | w k|

(aR — emmw/aght )]0M>—o (aL _ emmw/ag Rt )]0M>_0 (4.47)

Thus, the expectation values of the number operators can be calculated ex-

plicitly using EQ. (4.47) and the commutation relations EQs. (4.29) and (4.31):

1
e2rw/a _ |

(Om] at, o |On) = 0w — )P (ki — k), (4.48)

and the same holds for aoLJlT( aﬁ,k, . This result summarizes the Unruh effect.

The Minkowski vacuum appears to be a thermal state of temperature Ty =
a/2m in the Rindler wedges. The first factor in EQ. (4.48) is the Bose-Einstein
distribution with temperature 1y;. The relation between the Minkowski and
Unruh creation operators is the same as for the modes in EQ. (4.43) (see

App. D). Therefore,

+o0 dk )
T :I:zﬁ(kz)w M+t
Uity = 27rak0 a, . (4.49)

We also note that the modes the modes w4, x, were defined initially only on
the RRW and LRW. Thus they were note defined on the plane t = z = 0.
But using EQ. (4.43), we see that they can be expressed as distributions

over all of Minkowski spacetime. Then, the quantity defined by integrating
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the product of wy,x, with a compactly supported smooth function over all
of Minkowski spacetime is well defined. Moreover, the Wightman two-point
function is correctly reproduced if we use Rindler modes instead of Minkowksi

modes [57].

4.4 INTERACTION OF A CHARGE WITH THE FDU

THERMAL BATH

So far we have only discussed the presence of the FDU thermal bath for
accelerated observers. An accelerating charge, with proper acceleration a,
can interact with this bath by absorbing or emitting a Rindler particle (at

tree level). The interaction in the RRW can be described by the action

Siealer — / dhe gi(2)"(a) (4.50)

where ®% () is given by EQ. (4.28) and the scalar classical “current” is j(x) =
q0(€)6®(x,) where ¢ is the charge of the particle. The factors 6(¢) and
6@ (x,) ensure that the particle is uniformly accelerating along the z—axis
and located at the origin of the (zy) plane, respectively. In its current state,
the interaction EQ. (4.50) describes a charge that accelerates and interacts
with the FDU forever. It would be ideal to consider this interaction to be of
finite duration, but this would complicate the calculations. Instead, one can
consider a charging and de-charging process through a wire from £ = 0 to
+o00. To achieve that, we can make the charge time-dependent through the

replacement ¢ — ¢F'(7) where F'(7) is a smooth function. The scalar current
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then takes the form

j(x) = qF(7)5(€)8? (x.). (4.51)

F(7) has the following properties. We let F(1) = 1 for |7| < T where
2T > 1/a and F(1) = 0 for |7| > T + b where 1/a < b < T. The period
T < |t| < T +b corresponds to a smooth transition period between the two.
The behavior of F'(7) is shown in F1G. 4.2. We note that considering a finite
period of acceleration is essential to derive the Larmor formula classically

[106].

F(r)

H=

-r—-bv -T T T+b

F1G. 4.2: F(7). At the end of the calculation, we take T'— +o0o but keep b constant.

At tree level, the emission amplitude of a Rindler particle of energy w and

transverse momentum k| is given by

Afupe) = 1 (w ko] S§|0g) | (4.52)

113



THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

where |w, k) = afL |0r). Explicitly, using EQs. (4.50), (4.51) and (4.52),

we arrive at

e . A sinh(7w/a) K
Afox,) = —i1gF (W) —Kw/a(a), (4.53)

47dq

where F(w) is the Fourier transform of F(7) defined as
A +w .
F(w) = / dr F(1)e™T. (4.54)

The amplitude for the absorption of a particle of energy w and transverse

momentum —k; is

a : . sinh(rw/a) K
Cormier) = 1 (O] 81w, =1} = —igF(—w)| = T Ky (5) - (455)

We note that the amplitudes are related via the relation

A((vafki_) — ?fkai_) (4 56)
\/627rw/a -1 \/1 — e2mw/a ’ '

The total one-particle probability is found by integrating the squares of the
amplitudes over w and k| while taking into account the FDU thermal bath.

Explicitly,

2

Pscalar _ +ood ko ‘.Ae }2 1+ 1 . “A((ZQJ’*kJ_)
tot - ; w 1 (w,k1) e27rw/a -1 e27rw/a -1

(4.57)

The first term multiplying the emission amplitude corresponds to sponta-
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neous emission whereas the second corresponds to the induced one. The fac-
tor (e2™/@ —1)~! is the Bose-Einstein distribution of temperature Ty, = a/27
(see EQ. (4.48)). We notice that the total interaction probability can be writ-

ten as the norm squared of a one-particle final state given by

+o00 Aa an
2 w ( W kJ_) (wz_kL) (+7w7ki_)
|1scalar / dw / d ki [ /—1 — e—27rw/a + /—eQﬂw/a 1 |OM> .

(4.58)
It is straightforward to check that P = (1 .10|lscalar). We can use
EQ. (4.49) to write the total probability in a more convenient way:
+o0 A3k e—iﬁ(kz)wAe 5
Lscalar) = dw (k) CLMT Owm) , 4.59
where we also used EQ. (4.56). Then,
Ptb(ftalar = <1scalar|1scalar>
d3k +oo —219 kz)wAe(Uk
- [ == d L)
/27TCL]€0 / w v/1 — e 2mw/a (460)

2

2 +oo
= G [ Pt | [ dwe e o)

where we made the change of variables dv = dk,/aky. The modulus squared

can be written as

2

+oo
‘/ dwe —idw TW/QaKZw/a(Ii/CL)F(W)

+oo +o0
= ’/ dr F(T)/ dw e_iww—T)eW/QaKiw/a(/{/a)

(4.61)

2
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From equation 6.796 of Ref. [103], we have that

+oo
/ dw e_i“ye”w/QaKiw/a(z) — mae tFsinhay (4.62)
Therefore,
scalar __ a de do |Ascalar<k) 2 (4 63)
tot 16773 s ) .
where we defined the amplitude
+m . .
Ascalar(k) _ q/ d,]_F(,,_)e—m/asmha(ﬁ—T) ) (464)

As it stands, this expression is not convenient for identifying the power emit-
ted by the charge during the period of uniform acceleration. Firstly, we

write

= —¢€

kcosha(f —7)dr

F<T>efiﬁ/asinha(v977—) _ _ZF(T) d —ik/asinh a(9—1) ' (465)

We then integrate by parts to obtain

Ascalar(k) _ @ /+OO dr (F(T> sinh (I(ﬁ — T)

K cosh? a(¥ — 7)

F'(7) o—i(s/a) sinha(9—7)
acosha(y — 1) '

o0

(4.66)

The second term, which is proportional to F’(7), is subdominant in the limit
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T — +00. To show this, we write

o0

e—i(n/a) sinha(d-7) _ isinh a(19 o 7_)/ dz e—izsinha(ﬁ—T) 7 (467)

K

where we assumed a convergence term in the exponent sinha(d —7) —
sinha(¥ — 7) —ie,e — 0. We then use the following identity, with g(7)

a compactly supported smooth function and n a natural number

400 o8]
/ dTg(T) /{ %e—izsinh a(9—r)
- . (4.68)

_ 1\/+OO dTi g(T) /+OO dz e—izsinha(ﬁ—T)
a) . dr [cosha(d —7)] J= 27t

to write the term proportional to F'(7) as

—i +°°d d 1 d (F'(r)sinha(¥ — 1)
@ | . " dr \cosh a(@—7)dr \' cosh®a(¥ —7)

oo
+0o0 d
2 g _
X/ e izsinh a(Y 7')'
5

~2

(4.69)

The last factor is bounded as

9]
%e—iz sinh a(9—7)
K ZQ

*dz a
S//M — = (4.70)

Therefore, because of the exponential suppression in EQ. (4.69) and the form

of F'(7), this term is subdominant if || < T. The amplitude A" is then
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given by

ASCalar(k) ~ @ /""‘OO dr F(T) sinh CL(Q? - T) e_i(,{/a) sinh a(¥—7) if |'l9| < T.
oo cosh? (¥ — 7) ’

(4.71)

Aselar (k) 2 0 if || > T+b because of the exponential decay of the integrand.
We now consider the range 7' < || < T + b. We notice that since A% s
2

a continuous function, integrating | A%?r|2 with respect to ¥ between T and

T + b gives a finite result. The emission rate is then

Pscalar k
Rscalar(kL) — lim ¥
T—~+o00
+oo 2
— lim 1 / Slnha(ﬁ 7_) e—i(n/a) sinh a(9—7)
T Toteo 2T 16#3/12 cosh a(v — 1)

(4.72)

Expanding the modulus square in this expression, we obtain

/ 4 dr" F(r')F(r")sinha(¥ — 7') sinha(d — 7") o i% (sinha(9—') —sinh a(d—"))
cosh? a(¥ — 1) cosh? a (¥ — ")

(4.73)
Making the change of variables 7 = (7'+7")/2 and 0 = 7' — 7", we find
e2m/a cosh a(9—7) sinhac/2
drdo
/ (cosh® a(¥) — 7) + sinh® ac /2)? (4.74)

x F(1 4+ 0/2)F(1 — 0/2)(cosh® a(¥) — 7) — cosh? ac /2) .

For large T, the integral above is well-approximated by limiting the integral
bounds by |7| < T where F(7 + 0/2)F(1 —0/2) = 1 as long as [9| < T
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and |[J| —T| > 1/a. Then, we can make the change of variables introducing
¥ = 9 — 7 (the rapidity in the rest frame of the charge) and the integrand
becomes T-independent. The 7-integral results in a factor of 27". Therefore,

the emission rate is

2ik/a cosh a¥ sinh ac /2

Rscalar k — q /d'lgd _
(k1) T 7 (cosh? @t 4 sinh? ac /2)2 (4.75)

x (cosh? @ — cosh® ac /2) .

We verify that the emission rate agrees with previous results. Introducing

the variables sy = ¥ # ¢/2, we can simplify the above expression as

()

+oo 1 2 g
/ ds SRAS injasinhas|_ 4
N coshZ as 4dm3a

2

Y

2.3
scalar q a
7 (k) = 16m3K2

(4.76)

which agrees with Ref. [107]. The total emission rate is found by integrating
the result over k. The result can be found analytically in the case m = 0

and is

Rl — 2 — =0, (4.77)

When m # 0, the emission rate can be found numerically.
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1072 ¢

R (¢%)
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1074 * ‘ ‘
1072 1071 100 5

m/a

Fi1G. 4.3: Scalar emission rate as a function of the mass. The rate is suppressed when the

mass of the particle becomes similar to the proper acceleration. The suppression
: —2m/a
is~e .

In Fic. 4.3, we show the behavior of the emission rate for different masses.
We see that heavy-particle production is exponentially suppressed and the
rate is given by R = ¢2q(87)~te~2™/%. To find the emitted power, it is
convenient to go back to EQ. (4.75). The energy and momentum in the rest

frame of the charge are
ko = rcoshad, k.= ksinhad. (4.78)

To see why this is the case, we use the definition of ¥ = 1 — 7 where 7 is the

average proper time. Then

ko = vko —vBk=, k. =vk. — Bk, (4.79)

where we used EQ. (4.38) and recalled that v = coshar, f = tanhar are
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the Lorentz factor and the velocity, respectively, in the case of a uniformly
accelerating trajectory. Thus, ko and k. are the energy and momentum
boosted in the rest frame of the charge. In spherical coordinates, the total

emission rate is then

dRscalar +00 dk +oo - Sln 0 +m )
167T3 k2 + m2)5/2
e2zM sinh ao /2 k2 + m2 , (480)
x k2 sin? 04-m?2 2 (—2 2 5 cosh (10'/2) ,
(1+Tsmh ac/2)? k2sin“ 6 +m

where k = \/k2 + k? is the total momentum in the rest frame of the charge,
the angle 0 is defined as k, = ksin @ and d{Q is the solid angle element. From
here it is straightforward to find the emitted power by the accelerating charge

by multiplying the integrand by a factor of energy ko = V'k2 + m2.

dSscalar /+oo dk /+oo 1. SlIl 9 +m )
167r3 k2 + m2)?
y e217V’“;‘m sinh ao /2 k2 + m2 B COSh2 aa/Q (481)
(1 4 Esin®0im? Zﬁigj;mZ sinh? ag/2)2 \ k2 sin” 0 + m? '

The power can be calculated analytically in the massless case as

dSSC_alar — q2a2 /+OO do 1 —sin®¢ COS}f a0/2 /+OO dk e%é sinh ac /2
dQ 3273 (1 + sin? # sinh® ao/2)?

q*a? /+°°d 1 — sin? 0 cosh? ac /2 5(0)
— o
1672 (1 + sin® @ sinh® ac /2)?
22
= fﬁa2 cos®
77

(4.82)
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The total power is
goealar _ L8, (4.83)

We note that the emitted scalar power is half the value of the electromag-
netic power. This is due to the fact that scalar emission is longitudinal
(factor cos? @ in the angular distribution), while electromagnetic emission is
transverse, which allows for two polarization directions [108]. This result was
also found for a classical calculation in Ref. [107]. The main difference with
Ref. [107] is that the calculation of the power presented here is quantum.

The total power for massive scalars can be calculated numerically.

0.02 |

Sscalar (q2 (12)

0.01 |

10~° 10~4 1073 1072 1071 100

m/a

Fi1G. 4.4: Scalar emitted power as a function of the mass.

Similarly to the emission rate, the total power decreases when the mass of
the scalar particle increases for a given proper acceleration. This is the
case because, although the energy of each particle increases when the mass

increases, the total number of particles decreases more rapidly. The overall
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result can be seen in F1G. 4.4.

4.5 MINKOWSKI AMPLITUDES

The results derived using the Rindler description can also be found us-
ing a Minkowski description instead. The emission amplitude of a usual

(Minkowski) particle of momentum k is given by
A = i [ dta j)B(a) ow) (484

where |[k) = a,' ' |0y) is a one particle state with momentum k. Using the
commutation relations of the Minkowski operators we can write the ampli-

tude as

AM = z'/d‘*xj(x)qs;;. (4.85)

In Minkowski coordinates, the scalar current is given by

d(z — \/152—1—7)
avtZ+a2

j(@) = aF(£)6® (x1) (4.86)

where F(t) = F(7). The total probability of interaction is found by integrat-

ing the emission amplitude over all the momenta.
Pscalar _ /d3k ‘Aﬁ/[’2
Min

2 (4.87)
_ / a°k
2]{)0(27'[')3

kot—k:Vt2+a—2)

ei(

/+°° dt F(t)
oo V2 + a2
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THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

We make the change of variables t = a~! sinh a7 which physically corresponds

to changing from the inertial time to the proper time of the particle. We then

find with dt = avt2 + a—2d7 = cosh ardr

+o0 2
/ dr F(T)ei(ko sinh at—k. coshat)/a

[e.e]

d?k
Psc_alar — 42 4.88
Min q / Qko (27T>3 ( )

To recover our results found using the Rindler modes, we use the 1 as an

integration variable we arrive at

2

q2a +oo e
i = s [ | [ ar pioyeznhaes (489)

1673

By comparing this equation with EQ. (4.63) we see that the total probabil-
ity is the same whether we use the Minkowski or Rindler amplitudes. The
equivalence between the Minkowski and Rindler descriptions holds for an
arbitrary function j(z) whose support is in the RRW. It is straightforward
to show this using the identity in EQ. (4.62). We will show it explicitly for

the electromagnetic case in the next section.

In [109], it was shown that the emission of a particle in the inertial frame
corresponds to the emission or absorption of a particle to or from the FDU
thermal bath. We verified this result here using an explicit calculation by
finding the total probability in the two cases. In the accelerated frame, it was
necessary to sum the contributions from both the emission and absorption
amplitudes. Higher order processes include the absorption of a Rindler parti-
cle followed by an emission. In the limit where the time between absorption

and emission becomes arbitrarily small, the accelerated electron acts as a
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4.5 MINKOWSKI AMPLITUDES

scatterer. In the inertial frame this results in the emission of two particles

(or double Compton scattering for photons) [93, 110-112].

In this chapter, we studied the Unruh effect, which states that the usual in-
ertial vacuum is a thermal state for uniformly accelerated observers, and
focused on a free massive scalar field as an illustration. We showed by
calculating explicitly the Bogoliubov coefficients how one can define purely
positive-frequency modes as a linear combination of Rindler modes which
was essential in deriving the Unruh effect itself. We found, as expected, that
the temperature of the FDU bath was proportional to the proper accelera-

tion.

Using the Unruh effect, we then considered a uniformly accelerating particle
that interacts with the FDU bath. At tree level, the interaction consists of
two processes, the emission and absorption of Rindler particles to and from
the FDU bath. These processes are equivalent to the emission of a Minkowski
particle in the inertial frame. We verified that this is the case by explicitly
calculating the interaction probability in two different ways. The first was
to sum the emission and absorption amplitudes of Rindler particles in the
accelerating frame. The second was to consider only the emission amplitude
of Minkowski particles in the inertial frame. We find that both probabilities

are equal.

In finding the probability, the emission rate and power, we assumed that
the particle is interacting with the FDU only for a finite time. After having

identified the part of the radiation coming from uniform acceleration, we
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THE UNRUH EFFECT AND SCALAR PARTICLE EMISSION

took the infinite time limit. The final result for the emission rate agrees
with previous studies. Moreover, we found that the power is given by a
Larmor-type formula when the scalar particle is massless, thereby verifying
a classical result. We also found that when the mass of the particle becomes
comparable to the proper acceleration, both the emission rate and the power

are suppressed.

Although this analysis was done for scalar particles, the methods developed
here hold also for other types of particles, as will be seen in the next chap-

ter.
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PARTICLES

In this chapter, we generalize the results we found for scalar particles to the
more interesting case of spin-1 particles. Firstly, the photon field will be
quantized in the Rindler wedges. Then, we will couple a point particle via a
classical current to the photon field to calculate the emission and absorption
probabilities. Since we will be working in the rest frame of the particle, it
will be necessary to take into account the FDU thermal bath. We will verify
that the emission or absorption of a Rindler photon to or from the ther-
mal bath corresponds to the emission of a Minkowski photon in the inertial
frame, as was done for scalar particles. The additional difficulty that arises
when dealing with the photon field is the presence of different polarizations.
However, of the four polarizations only two are physical. Additionally, it will
be shown that only one physical polarization will couple to the current of

interest. SEC. 5.1 which discusses the quantization of the photon field is a
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review and is based on Refs. [113, 114]. SEC. 5.2 and SEC. 5.3, which discuss
the derivation of the Larmor formula, is based on Ref. [2] which contains con-
tributions from all co-authors. SEC. 5.5 shows the equivalence between the
Rindler and Minkowski descriptions and contains some elements of Ref. [4].
Finally, SEC. 5.6, which discusses particle emission in Minkowski space, is

based on work done by Prof. A. Higuchi and the author.

5.1 QUANTIZATION OF THE VECTOR FIELD IN

THE RRW

We consider a massless vector field in the Feynman gauge described by

L= —\/—_g(i PP 4 %(VQAQ)Q), (5.1)

where ¢ is the determinant of the metric (in usual Minkowski spacetime
g = —1). The last term in the Lagrangian fixes the gauge and allows for the

equations of motion to be
V,.V*A, =0, (5.2)

where we used the fact that V,V,A* = V,V A" in a space with vanishing
Ricci tensor. To quantize the vector field in the RRW, we use the expan-

sion

A +OO 4
Af(x) = /kol /0 dw Z[a&%kL)AfO"w’k”(x) +h.c], (5.3)

A=1
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5.1 QUANTIZATION OF THE VECTOR FIELD IN THE RRW

where, k| = (k;, k), the index A runs over the different polarizations and
aﬁw k) are the annihilation operators with respect to the Rindler vacuum
WK1

|Or). Since the equations of motion of the vector and the scalar fields are very

RAwki) -

similar, we can express A, in terms of the scalar RRW mode solution

vli defined in EQ. (4.26) with m = 0. A possible choice of independent

normal modes is given by [113, 114]

Aﬁ(l,w,kﬁ = C(I“Jkl)(() 0,k kay —k kal)v

Afltel) — c@ekd) (@l o008 0,0),

ka7 ka7

(5.4)

R(Gwk,) _ n(Guwk,) R
Au =C VoV,

Af@w,ku = @k (0,0, k vwkﬂ k vm)

where the constants C*+k1) will be fixed in what follows. In this notation,
A, = (Ar, Ag, Ay Ay). Tt is straightforward to see that the modes Af(l’w’k”
and A,]f(L’w’kL) are solutions to the equations of motion: their 7 and & compo-
nents are zero and their x and y components must satisfy the scalar equation

of motion, since the Christoffel symbols involving x or y coordinates are zero

(see EQ. (4.17)). But since these coordinates are proportional to v[y , they

are automatically solutions to EQ. (5.2). We notice that the mode A B(Guwky)
is a pure gauge. Therefore,
VOV Vol =V, VeVl =0. (5.5)

(Ilvw7kL)

Finally, for the mode A = II, we note that A} o £, V'0f  where

€uv 1s the antisymmetric tensor of the plane of Minkowski where x and y
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coordinates are fixed and with metric

ds? = dt? — d2? = e®(dr? — d€?) . (5.6)

We choose, in Minkowski coordinates, €,; = —¢;, = 1. In Rindler coordinates,
we have g¢; = —e,¢ = €2%¢. Then, as previously,

VoV Vb =u V'Vl =0. (5.7)

We define a physical mode as a mode that is not a pure gauge and satisfies

the Lorenz conditions V# A, = 0. Only Af®™*) and AF™*) are physical

R(G,w,kL) Lwk,
n

modes, since A is a pure gauge and Aﬁ( ) does not satisfy the

Lwk,

Lorenz condition. One can verify that both A,If(l’w’kl) and Af( ) satisfy

the Lorenz condition. Firstly
ARGk = gr ARGk gy ARG oc (0, — k0,08 =0, (5.8)

because vf o< ekt x4, For AfILkD) e use EQ. (4.17). Then

VH ARk oc o208 (g ARMlk) — g ATIRD)y — o (5.9)

where we used EQ. (5.4). Our next goal is to find the normalization for the
vector modes. We define the Klein-Gordon inner product as in [113, 114]
by

(AR(i),AR(j)) _ / s, E“[AR(i),AR(j)], (5.10)
%
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where (i) = (\,w, k) and (j) = (N,w', k). ¥ is a hypersurface of constant

7. The vector =Z* is given by

Su[ AR() ARG — _ Y (ARG _R(G)uv _ AR() R(i)*uv
ZH[ATY AT (A7 AV ), (5.11)

V=9
where the conjugates of the modes are given by

» oL , . ,
R(i)pv _ — VVAR(I);L . v,uAR(z)z/ . ,uuvaAR(z)a )
= B |~V ’ )

(5.12)

Calculating the divergence of the vector =Z* we find for modes satisfying the

Lorenz condition
V,EH[ARD AR = 4[ADV, vr A — Ay wrAU] =0, (5.13)

where in the last step we used the equations of motion. Therefore, the
inner Klein-Gordon product is 7— independent. Imposing the commutation

relations for the physical modes to be

R
a&wykl), a(/\T,7w,7k,L) = owo(w — w’)5(2)(k - k'), (5.14)

leads to the following normalization of the physical modes

(AR ARKID Y — G950 — )5 (k1 ~ K, ), (5.15)
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for A, N = I,II. The infinitesimal element is defined as d¥X,, = d¥n, where
in Rindler coordinates d¥ = dxdyd¢é and n* is a future directed unit vector:

n* = (1,0,0,0). For A = X =1, we find
X, EHARG) | ARO)] = dz‘g(l,w,kgf(w/ + w)v vR,kl(kxk; + kyk,) . (5.16)

wk | Yw

Integrating this expression over the coordinates x and y results in the ap-

pearance of a factor 6@ (k, — X/ ) because v o ¢®+*+ Then, the nor-

malization condition reduces to

sinh ™ sinh = /
’C(I’w’kL)fkﬁ_(W/ + CU)\/ a a em—(w—w )

mta?

+o0 k. o% k%
x/ dgKiw/a( L€ )Kw//a( 1 >:5(w—w'),
_ a

0o a

(5.17)

where we used the fact that the Bessel function Kj,(z) is real if v and z are

real and positive. Then, we use the result [114]

+o0 k al k a& 2
/ deiw/a< = )Kw/a( = )— T8 Sw—u). (5.18)

- : Tw
oo 2w sinh ¥

Then, we obtain the following normalization for the first physical mode
|Ctekn)] = |t (5.19)

Choosing the overall phase as Ct«k1) = jkT! is convenient in what fol-
lows. The constant Ct“¥1) was found in Refs. [113, 114] and is CTwki) =

kTt
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5.2 VECTOR UNRUH MODES

After having quantized the vector field in the RRW, it is straightforward to
quantize it in the LRW. We know from the scalar case that the left modes
vfki, which vanish in RRW, can be obtained from the right ones by the flip
2z — —z. This implies that by replacing 7 and & by 7 and £ respectively,

R

where (7,€) are the left Rindler coordinates, one can obtain v, from vl .

Then the left vector modes can simply be obtained from the right ones by
replacing v[i — [, . The Unruh modes are defined very similarly to the

scalar case by

R(Awk —rwla AL(Aw,—k)x
W(A7_7W»kL) _ AM( J.)+e /AM( 1)

H _ o 2mw/a ’
V1 — e (5.20)

A}I;()‘vkaJ_) + e—ww/aAﬁ(Avwﬁka_)*

W()\,-i-,w,kL) _

H - 1 — e 2mw/a

Both left and right Rindler physical modes can be written as

Aﬁ(l,w,kL) — Zkll(07 k'y’UL _kva 0) )

wa_7 wa_7

Aﬁ(ll,w,kﬂ — kll(ﬁva 0,0, 8tvL ) )

ka’ wkl

(5.21)

Aﬁ(l,w,kn — ik‘ll(o, k;yvf‘kﬂ —kxvgkﬂ 0) )

Ai{(ILw,kl) — kll(azvR 0, 0, ath ) 5

wk wk

in the notation A, = (A A, Ay, A,). The first physical mode stays un-

changed when going from Rindler to Minkowski coordinates as the 7 and &
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components are zero, whereas for the second we used the fact that

Al Rk — e, 0m (5.22)
Therefore, the physical modes can be written in Minkowski coordinates

as

W!EIiWkL) k (0 k yWtwk | 5 kmwiwklao)a

(5.23)
W}EII?i’w’kJ-) = ]{711 (azw:twa_J 07 O’ atQU:twa_) ’

where wy,x, are the scalar Unruh modes defined in EQ. (4.41). Then, using
the expansion of wy,k, in terms of the Minkowski scalar modes ¢y, we write

the vector modes as

oo dkz iu?

W(Li:w:kl) :Z ,
. —oo \/27TCL]€0 ( o (5.24)
+00 :
W/EH,i,w,kL) = dkz izﬂ (kz)w H( )¢k ’

vV 27T(l/€0

where ¥(k.) is the rapidity defined in EQ. (4.37) and e};"'(k) are the polar-

9= (0550
9= (00 1),

1 !
eV = oMW,

ization vectors defined by

(5.25)

Both polarizations satisfy k - e* = 0, and & The relation

between the Minkowski and Unruh modes is the same as the relation between
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Minkowksi and Unruh creation operators:

aT — e dk, e:l:iﬁ(kz)wbIT
(I,+,wky) e \/m k>

too dk
T . itk )wp
Cartwky) = Z/ et )wbk )

o V2makg

(5.26)

where bE, bET are the Minkowski creation operators with momentum k and

polarizations 5}“ 5}} respectively. They satisfy the commutation relations
[b{(,bﬂ,] - [b{j,b{jﬁ] — ik — K, (5.27)

with all the other commutators vanishing. These relations will be used to ex-
press the one-photon interaction probability starting from the Rindler modes
going to Minkowski modes. We now find the relation between the Unruh
and Rindler operator. The full vector field can be written in terms of Unruh

modes as

“+o0o
Au = / koL/ do Y (W™ ap o)
0 A

+W/E)\’+,w7kl)a(>\,+,w,kl) + hc] ,

(5.28)

where the operators a(y+ k) annihilate the Minkowski vacuum. The full
vector field can also be written in terms of the left and right Rindler modes

as

—+00
A'u - /d2kJ—/ﬂ dw Z [Ag(A7w7kl)a{§‘vkal) + A/I’:()\’w’kl)af)‘vkai) + hc] :
A

(5.29)
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From these two expansions, using the Klein-Gordon inner product, we deduce

that

—nw/a T
a()‘7_’w’kL) _'_ e a(A,—l—,w,—kL)

@lw:
WKL _ a—2mw/a ’
VI-e (5.30)

—nw/a T
a/()‘7+’w’kL) _'_ e a(A,—,w,—kL)

L —
a/()\,w,kL) - /—1 — e—27rw/a y

for A = I, II. As in the scalar case, the Rindler annihilation operators are a
superposition of annihilation and creation Minkowski operators. This implies
that |Om) and |Og) do not coincide and the Minkowski vacuum appears as a

state filled with particles to an accelerated observer.

5.3 RADIATION OF VECTOR PARTICLES IN THE

REST FRAME

In this section we will discuss the radiation of vector particles from an accel-
erated charge (an electron for example) in the same way as it was done for
scalar particles. The interaction between the charge located at { =z =y =0

in the RRW and the vector field is achieved via the following action

Sﬁ:_/&m£@Mﬂ (5.31)

where j# is a classical current associated to the charge. If the charge accel-
erates for an infinite duration, the form of the current is j7 = ¢d(£)6® (x,),
j& = j® = j¥ = 0. As shown previously for scalar particles, in order to find

the correct formula for radiation, one needs to consider a finite time of ac-
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celeration. This is achieved by smoothly turning on and off the charge. We
therefore make the substitution ¢ — ¢F'(7) where F'(7) is of the form shown
in F1G. 4.2. We assume that the current is still conserved, i.e. V,j* = 0.

The component j¢ can no longer be zero and the current then becomes
(5.32)

Since the z and y components of the current are zero, it will not couple to

ARGk and ARE“KD) - On the other hand, because of current conservation,

R(szykl)
n

the current will not couple to A either. Current conservation implies

that
V" = 0u3" + (F:£ + FEf)‘jg = 0uJ" + Qajf =0. (5.33)

Then by integration by parts

/d4l’ /__gjuAf(G,w,kJ_) OC/d4$ /_gjﬂauvfkl

(5.34)
- / A2 0, (v =gi" i, = — / d'z /=g (0" + 2050l =0,

where we used /—¢ = €?*. Therefore, we only need to consider the emission

and absorption of vector particles with polarization A = II. The emission
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amplitude is given by

A T w, k| SV |O0R) (5.35)

(kal_)
where [II,w, k) = agl’w’kﬂ |Or). We find explicitly using EQs. (5.31) and (5.32)

eIl PN sinh(rw/a)
A§w7kb = —iqF(w) e
(5.36)

kl wQ +oo kj_ea&j
Co (Y ek,
X |: zw/a( a) k:L/O § zw/a( a )

where prime means derivative with respect to the argument and F' (w) is the

Fourier transform of F'(7) as defined in EQ. (4.54). The absorption amplitude

is given by

A(a,II) = <0R| Syee |H,w, _kJ_> . (537)

(wvka_)

Using the same procedure as for the emission, we find

(@) .7 sinh(7w/a)
‘A(w,—ku = —iqF(—w) P
lﬁ_ w2 +o00 kLeaﬁ
: - - 7 d Kiw a .

(5.38)

The emission and absorption amplitudes are related by the following equa-

tion

(a,IT) (e,IT)
A(Wv_kl_) — A(_val_) (5 39)
\/627rw/a -1 \/1 — e2rw/a ’ '
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As in the scalar case, the total interaction probability is given by integrating
the modulus square of the emission and absorption probabilities while taking

into account the FDU thermal bath. Explicitly,

eII 2

N )A (a,II)
vec 2 > —ki)
ptOt‘ /d / 1 _ e—27rw/a + e27rw/a -1 : (540)

The factor associated to the emission amplitude is the sum of the thermal
factor of the FDU thermal bath and 1 which accounts for spontaneous emis-
sion. We notice that the probability can be also written as the norm square

of a one-vector final state, i.e. Py = (1yec|lyec), Where

+oo
_ 2 (eIl) Rt (a,1I) R
o) = [ [ SR ol + AL o] )

(5.41)

Expressing the Rindler operators as linear combinations of Unruh operators

using EQ. (5.30), we find

. e,I)
d2k - A wk) CLT
VeC L \/W (IL_?wakl)

(a,IT)
(w, kJ_) al |0M> '

+
/627“"1/& (II + w +ki

(5.42)

Now are able to express the one-vector final state in terms of regular Minkowski

momentum using EQ. (5.26).

0 (eIl)  —i(k.)w
d3k + » _A(w’k”e (

1T}
vec — '—27rak0 . ,—1 _67271‘0.)/(1 bk |OM> . (543)
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The probability is then expressed as

d3k
PVeC —
tot / 2rakg

The calculation to derive the rate and the emitted power will be analogous

o (eI  —i9(ks)w |
* d A(wzkl)e N

w e | (5.44)

to the scalar case. We show it here for completeness while using some useful
results we derived in the scalar case. Using EQ. (5.36), we can rewrite the

total probability as

+0o0
vec a 2 vec 2
P =t / a2k, / A9 (5.45)

using d¢ = dk,/(aky) and where

Avec<k) _ _i +Oodwﬁw(w>efiwﬁe7rw/2a

Ta
kl w2 +oo /{leaé
! - - 5 d Kz'w a .
X |: zw/a( CL) kj_/ov g / < a

(5.46)

—00

We express the integrand in terms of the variable 7 instead of w by using
EQ. (4.62). For the first term we differentiate EQ. (4.62) with respect to the

variable z to obtain

—+00

A(k) = ¢ / ar

—00

iF(7)sinh a(¥ — T)e_i(ki/“) sinh a(9—7)

- F”(T) /+OO %e—izsinha(ﬂ—ﬂ-)]
k

ak | z

(5.47)

1/a
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As in the scalar case the first term is not suited for identifying the period
of uniform acceleration. We will integrate it by parts by using EQ. (4.65).
Then, for the resulting terms involving a derivative of F'(7) we use EQs. (4.67)

and (4.68) to write the amplitude as
F(T)e_i(kl/“) sinh a(9—7)

Ao = 14 [
( )_E/OO ! cosh? a(¥ — 1)

— ii 1 i Fl(T) /+OO %e—iz sinh a(¥—7)
a3 d7t | cosh &(19 — 7’) d7 | cosh? a(ﬂ — 7-) k. Ja 22 )

(5.48)

The second term is exponentially decaying as [t} — 7| — +oo. Therefore it
is subdominant for || < T" where we recall that 27" is the period of uniform
acceleration. The rate for fixed transverse momentum, is given by (see the

discussion for the scalar case)

“+o0 +oo 2i(k, /a) cosh ad sinh ac /2
Rvec k’ d’l9 5.49
( 16 3/{:2 / / cosh ad + sinh® ao /2]?’ (5:49)

where ¥ = ) — 7 is the rapidity in the rest frame of the charge (7 in this case
is the average proper time). This expression will be used to find the emitted

power. It can be calculated analytically as

+o00 ei(kL/a) sinhas |2
/ ds 5
oo cosh” as

q2

4m3a

q2a3

REh) = form

(5.50)

2
F'l(kl>
a

We note that the total rate (obtained by integrating the above expression

over the transverse momenta k, ) is divergent due to the contribution of small

k. The rate with fixed transverse momentum is similar to the one for scalar
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particles. The only difference is the index of the Bessel function. As we will
see later, the index corresponds to the spin of the quantum field. The total
power is found by multiplying the integrand of the rate by a factor of k,

which is the energy in the rest frame of the charge. It is then

gvee —

q2a2 dzkj_d]%z +00 e2i(n/a) cosh a¥ sinh ao /2
=1 d (5.51)

o — :
k3 o [cosh? i) + sinh? ao /2]?

We use k = k| coshad and %k, = dQdkk? where k2 = ki+l_€§ to write

d.§vee q2a2 /+oo r ki +o0 1 o2i(k/a)sinhac/2 (5 52)
= _ g - . °
dQ 1673 J, k? ) o [1 + (k2/k2) sinh? ac /2]

We extend the bounds of the momentum integral to —oco by multiplying by

1/2 and find
vec 2.2 +o0 1020 400 i
ds _ q-a / do : 287111' 0 - / dE’ e2i(k/a) sinhao/2
dQ 3273 J_ [1 + sin®@sinhao/2)? J_
22
= 1q6a2 sin® 6 .
s

(5.53)

where the angle 6 was defined as k = k, sinf. We find the usual Larmor

formula by integrating over the solid angle:

2 2
q’a

SV = —— . 5.54
o (5.54)

The same result can be derived by doing the calculation in the inertial frame.
More precisely, it means that the interaction probabilities of the two refer-

ence frames are the same. This was shown for scalar particles previously,
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5.4 RADIATION OF MASSIVE VECTOR PARTICLES IN THE REST FRAME

whereas it was shown in the vector case in [113, 114] for the case of uni-
form acceleration, i.e. for the current choice EQ. (5.32) with F(7) = 1. In
SEC. 5.5, it will be shown that the equivalence between the two reference
frames holds for any choice of conserved current. We discuss the case of the

massive vector field in the next section.

5.4 RADIATION OF MASSIVE VECTOR PARTICLES

IN THE REST FRAME

In this section, we discuss radiation of massive vector particles from an ac-
celerating charge. Since part of this discussion is similar to the massless case,
we will refer to results of the previous sections without giving all the details
of the derivations. The main goal of this section is to study the effect of the
mass of the vector field on particle emission. The theory of a free massive

vector field can be written as
1 pv 1 2 A AF
L=+/—g _ZFWF + gMady : (5.55)

where m, is the mass of the field. The equations of motion are given by
V. F*™ +m?% A¥ = 0. Taking the divergence leads to V,A* = 0, since m? # 0
and V,V,F* = 0. The last identity holds because the Christoffel symbols
are constant in Rindler space. As a consequence, the equations of motion

are

(V. V¥ +m?)A” =0, (5.56)
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where we used the fact that V, V¥ A* = V¥V, A* for a metric with vanishing
Ricci tensor. Due to the constraint V, A" = 0, the massive vector field has
three degrees of freedom. We expand the field in the RRW as in EqQ. (5.3)
but only sum over the three physical polarizations. Using EQ. (5.4), the

physical polarizations can be written as
Aﬁ(lvw,kl) — C’(L%kﬁ(o7 0, kyvka7 _kmvgkl) ’

Af(ﬂ’w’kl) _ C(H,UJ,kL) (aEUR 87—UR O, 0) 7 (557)

wkl7 wklﬂ

Aﬁ(G,w,kL) — C(G,w7kﬂ(vuvfh +im?% (0,0, avfkl/km, ﬁvka/ky)) ,

where now vﬁkL is the solution to scalar Klein-Gordon equation with non-zero
mass (V,V* + mi)vka = 0 and o and § are some parameters to be deter-

mined. Then, following the same discussion as in the massless case, the three

polarizations are solutions to the equations of motions. We added a second

term for Aff(G’w’kL), since a pure gauge no longer satisfies the Lorenz condi-
tion as V*V,0fi = —miofi  # 0. Requiring V“A,If(c’w’k” = 0, results in

the condition o+ 8 = 1. Additionally, imposing (AR(I’“”kl), AR(G’”/’kU) =0,
we find k2o = k2. Then, a = k7 /k} and 8 = k. /k7. We note that since the
mass term in the Lagrangian does not depend on a derivative of the vector
field, the conjugate is the same both massless and massive cases. V,=Z" = 0,
also holds in the massive case. It is straightforward to verify that all po-
larizations are orthogonal to each other. Then, by imposing EqQ. (5.14),

EQ. (5.15) holds for A = I,II,G. This allows us to find the normalization
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5.4 RADIATION OF MASSIVE VECTOR PARTICLES IN THE REST FRAME

constants which are given by

ki

C(vakl) — ikll, C(H,w,kL) — /{—1
mak

C(G’,w,kL) _

(5.58)

bl

We quantize the field in the LRW and define the Unruh modes as in EQ. (5.20).
They can be expanded in terms of Minkowski modes. For the polarizations

A = LII, the expansion is given in EQ. (5.24) and for A = G,

oo dk, o
oo V2makyg

W/EG,i,w,kJ_) = —4 iiﬁ(kz)wgg (k)¢k , (5.59)

where the polarizations are (in Minkowski coordinates)

k k k kok? kg
gH“(k):<—Z,o,o,—0>, Gh(k) = —+ (k: roE k> (5.60)

o, 2 Ty
K K kma\ k2 k2

and the polarization vector (k) is the same as in the massless case. We

note that ¢* - eV = =™, &* . k = 0 and
. k,k,
> en(ken(k) = = + gl (5.61)
X A

as expected where the sum is taken over A\ = LII, G. We now couple the
vector field to the current j* via EQ. (5.31). As for the massless case, only
the polarization A = II couples to the current. We note that the term added
to the polarization A = G for the massive case, has only z and y non-zero
components and therefore does not couple to the current. Carrying out

the calculation exactly as for the massless vector case we find that the rate
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is

q2a3 +oo  ptoo eQi(n/a) cosh a¥ sinh ac /2
R¥°(k,) :—2/ dﬁ/ do——
16m3K2% J_ oo [cosh” a¥) + sinh® ao /2]? (5.62)

2 2
Sl6IE
a

q
Contrary to the massless case, the total rate found by integrating over k;

4m3q

is finite as the infrared divergence is removed by the presence of a non-zero
mass. For small masses the rate diverges logarithmically with leading term
x —Inma/a. In Fic. 5.1, the total rate is plotted as a function of the
particle mass. We note that when the mass is large, i.e. my > a, the
rate is suppressed exponentially. More precisely RV = ¢2a(87)te~2m4/e for
my > a exactly as for scalar particles. This is due to the fact that heavy

particles are less likely to be produced.

1071 |

1073 ¢

107° |

Ryt (q°a)

1077 ¢

1079 ¢

1072 101 100 10t

ma/a

Fia. 5.1: Total emission rate as a function of the mass of the vector particle.

As previously, we multiply the integrand of the rate by a factor of energy to
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find the power. It is given by

d.gvee 2.2 oo p2i2 oo 2i(ko/a) sinh ac /2
74 / dk -0 / © (5.63)
0 —

dQ 1673 kg 7 [1+ (k2/k})sinh® ac/2)2

o

The smooth limit m, — 0 can be taken in this integral, and we recover
the Larmor formula. This is because the difference between the theories of
massless and massive vector fields is that the latter describes an additional
degree of freedom given by the physical polarization A\ = G, which does
not couple to the current j#. The only polarization that couples to the
current is A = II, for which the limit m4 — 0 can be taken to recover the
massless limit. Similarly to the emission of scalar particles, the power is also
suppressed when the mass of the vector particles becomes comparable to the

proper acceleration.

5.5 EQUIVALENCE BETWEEN INERTIAL AND
ACCELERATED FRAMES FOR AN ARBITRARY

CONSERVED CURRENT

Here we consider a general conserved current j# and a massless vector field for
simplicity. The results can be generalized straightforwardly to the massive
case. The conservation of the current implies immediately it does not couple
to the nonphysical pure-gauge mode Aﬁ(G’w’kL). We additionally assume that

vavkL)

the current does not couple to the mode Aﬁ( . Unlike for the special

case of uniform acceleration, in general, the first physical mode couples to the
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general current. Then, we find that the absorption and emission amplitudes

for the two physical polarizations are given by

AEZ)I‘( )= <)\ w kL| ST |()R> i/d4x /__gjuAl(A)V%kL)*,

(@) (5.64)
A(w Dy = 1 O0R[ ST A w, —ky) = —i / d*x \/—_gj“Al(;\’wﬁkl) ’

for A = I, II. The one-vector final state is given by

e)\ a,\
vec Z /d2kL/ dw (wk.1) )\ka) +Agw,—)kl)ag\,w,—k1_)] |0M> .

A=LII

(5.65)

Then using EQ. (5.30) and the fact that the Unruh annihilator operators

annihilate the Minkowski vacuum, we obtain

400 AleD A(a D
o 2 ("JvkL) T _kL) T
[Tvee) = /d kJ_/ dw [—@ —wky) T \/m“(l,+,w,+kl)

A A
— e—2mw/a A1, wky) N (II+w,+k, )| VM/ -

(5.66)
Then the total probability can be found as
PtvoetC = <1veC‘1ve0>
N |? @ |2
v [ - AN . )A(w,fkl) (5.67)
_ e 2rmw/a e2rw/a _ 1 |’

A=LII
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where we used the inverse relation EQ. (5.30) given by

00 -sses 0 iy | = |80k By iy = I =)ok —KL),

T
[a(%—,w,kl)v QN+ w' K )] 0.

(5.68)

The total probability is the sum of emission and absorption amplitude for

both polarizations. By computing explicitly the amplitudes, we find

(a,\) (e;N\)

T~ Ve AL (5.69)

For the polarization A = I, this equality is achieved via the proper choice
of phase in EQ. (5.19). This allows us to write the probability in terms of

emission probabilities only as

<e N P

+oo wk
vec 2 1)
Pyr=3" /d k. / —1_8 TR (5.70)

A=LII

We repeat the calculation of uniform acceleration to obtain an integral over

all the physical momenta. We find

oo e_ww () |2

= THwky)

/1 — e—2mw/a

P = 71
=Y [ (5.71)

A=LII
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Explicitly, the amplitude of the first polarization is given by

(e,T)
‘A(w,kl)

. [sinh7w/a N . o ior—ik | x kie™
- W/d4$\/—gkf(ky] — kyjY)e L lKW/G( a )

(5.72)

Then,

o0 —’L’ﬂw (6,1)
- A S Aloi)

V1 — e 2mw/a

—1 . —ik | -x —iw(9—7) Tw/2a
= \/87T_4a/d4x\/—gjﬂeie k. L/doue (0=7) gmw/2 Kiw/a(

/ﬁ_ea£
a

(5.73)

The last integral can be calculated as

. ke .
/dw ezw(ﬁT)eﬂ’w/QaKiw/a( 1€ ) _ 7_[_aez(kgtszZ) 7 (574>
a

where we used the coordinate transformation t = a~'e® sinh ar, 2 = a~'e% cosh ar

and the definition of the rapidity k£, = k, sinh a1}, kg = k, cosh av). Then, we

find
. 2
400 e—u%dA(e»I) . 2
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where, by switching to Minkowski coordinates, \/—g = 1. We now calculate

the contribution of A = II in EQ. (5.71). The amplitude is given by

(e,IT) o 4 —ik | -x
A(w’kn— \/W/dx\/ gk e LxL

+o0 ) k a&
> [kaLe“E/ dwe—zw(ﬁ—‘r)emu/Qa Z(w/a< 1€ ) (576)

00 a

+oo ] k aé
—|—Z]€/ dw we—zw(ﬂ—T)ejrw/ZaKiw/a< J_; ):| ’

o0

and prime means derivative with respect to the argument. The integrals can

be calculated as follows

+o0 " ) kLeaf o
/ dw e Dem 20 = —imasinha(¥ — 7)e'Forh=2)

00 a

l i (9 2 kye® (hot—le
/ dw we™@0=)mw/ “Kiw/a = mak, e® cosh a(t) — 7)e! kol =F=2)

00 a

(5.77)

Then, we can write

+oo 711%.;./4 €, Ili )
L

VI 6‘2“‘“/ ‘ (5.78)
/d4[E e e’“k‘ ( " (kot — k.2) + 5 (koz — k:Zt)) )

3/2

~ VB

As with the A = I polarization, we wish to express the this integral using

the polarization 55. In order to do this, we express the current in Minkowski
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coordinates. j# transforms as a vector. Thus,

L P
Jt=azy" +aty - 2 _ 42
= CL(_f : ) . (5.79)
§* = atj” + azj® Y
= a(z? — t?)
We then find
40 —zﬁwA (e,11) 2
L) a 4 ika p I
‘/m vl CEe i

where as for the first polarization, we switched to Minkowski coordinates

where \/—g = 1. The total probability is then given by

2

vec d3k

A=LII

/ d4$ eik-a:j;ngl(LA)

A similar result for the emitted power was found in Ref. [92]. This probability
can be obtained by a Minkowski-frame calculation. The Minkowski emission

amplitude of a vector particle of polarization A and momentum k is given

by

AN — e A / ' 9 (2) Ay () [Ons) | (5.82)

where |k, \) = a*(k) |0y) and ¥ (k) is the Minkowski annihilation opera-

tor of momentum k and polarization A. Here A, is the full vector field in
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Minkowski space. It can be written as

A, = /(2:)—31{2]% Z(a’\(k)el’)(k)e_ik'x +h.c.). (5.83)

A=1

The operators a*(k) satisfy a*(k) |0y) = 0 as well as
[aA(k), a“(k')} — 2ky(27)* M 5(k — K') . (5.84)

For the physical polarizations, a*(k) is the same as by defined in EQ. (5.26)
up to a factor \/(2m)32ky. Then, the Minkowski amplitude is

AR — / 'z jied (k). (5.85)

By defining the total probability as

2

. d’k
Pun =N [ ALY 5.86
tot / (271')32/{70 AMm ) ( )

A=LII

we precisely recover EQ. (5.81). We verified explicitly that the interaction
probability between an accelerating charge inducing an arbitrary conserved
current and the vector field is the same for both the inertial and accelerated
frames. In the case of the accelerated frame two effects had to be considered.
The first is the presence of the Unruh thermal bath and the second is the
fact that the absorption and the emission of Rindler particles correspond to

the emission of Minkowski particles. We define the Fourier transform of j#,
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as

| PkdE~ s
J*(x) :/ o) G (k, E)ex—iEt (5.87)

Due to current conservation 9,j* = 0, we have
k" (k, ko) = 0. (5.88)
Then, expanding EQ. (5.81), we have

4’k 4,134, / m ik (z! —x'’
vec __ . Lk ik-(z'—2'") (A) ~(N)
P _/—<27T)32k0/d 'da” jH(a") g7 (2")e A:EIH% e (5.89)

For the second polarization vector we can make the substitution

m_

€ — €y F;fok“’ (5.90)

where because k - k = 0, the properties e'' - k = 0 and e - &' = —1 still hold.
Since the shift is proportional to k, the spacetime integral in EQ. (5.81) is

invariant due to current conservation:

/ Atz e® ik, = —i / d*z 9,6 it =i / d*xe*79,j" = 0. (5.91)
For massless vector field the following equation holds

Z eWeM = —eOel _ DO _y (5.92)
A=LII
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where 51(,3) and 5,(,0) are the nonphysical polarizations. We note that 5,(,3) x

k,. After integrating over the spacetime variables, the total probability be-

comes

vec d3k 0) (3 3) (0 - “wv
Py = —/(270—32]%(5L)51(/) +eDe® + ) 5" (k, ko)™ (K, ko). (5.93)

Since ¢ k,, the first two terms vanish, and we arrive at the known

formula (see for example Ref. [92])
vec d’k RTIAR
Ptot - - (27T)32]€0j (k)Jy(k) ) (594)

where we write j#(k, ko) = j*(k).

5.6 PRODUCTION OF VECTOR PARTICLES IN

MINKOWSKI SPACE

5.6.1 THE MASSLESS CASE

In this section, we will look at Larmor radiation using only a Minkowski
description. The main goal of this section is to give some physical intuition
behind the necessity of integration by parts for the interaction amplitude in

EQ. (5.47). Again, for simplicity, we consider a massless vector field given

A, (z) = / (2%—31{21%(%(@6%'“3 + aL(k)e”""x) : (5.95)
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We note that this expansion is equivalent to EQ. (5.83). EQ. (5.95) is more
convenient for the following discussion. The commutation relations for the

operators are given by
[a,(k), al(K)] = —2ko(27)*1,,6® (k — K') . (5.96)

We note that quantization of all four polarizations induces a negative norm
(see Gupta-Bleuer quantization for example in Ref. [115]). We consider a
point charge ¢ which follows the world line z*(7), where 7 is the proper

time. The current j#(x) induced by the charge is

7(a) = ¢8% (x —x(7)),

j'(z) = qv'o® (x = x(7)),

(5.97)

where v = dz’/dt and t = 2°(7). Here we put F(7) = 1 and will discuss this
choice at the end of the section. The current couples to the vector field via
the interaction Hamiltonian density H; = j*(x)A,(z). The state at time ¢

is given to first order in perturbation theory by

It) = [0) + [t:) = |0) —z’/_ dt’/d?’xj“(x)AM\O). (5.98)

Here |0) is the Minkowski vacuum. We drop the subscript M since we are

not considering the Rindler vacuum anymore. We define the amplitude of
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photon emission with momentum k at time ¢ as

t
At (k,t) = z/ d*z g (z)e™

e (5.99)
_ Zq/; d¢ We”m(t —n-x(7)) ’

where the unit vector n is defined as n = k/ky. Since we are considering a
massless vector, the energy is simply ko = |k|. With this definition, we can
express the state |t;) as

&P’k dat giko(t'—nx(r
It1) ——zq/ dt/ T ° iko (t ())aL(k)‘())

~ (5.100)
__ / A 0 0910)

Next, we calculate the expectation value (t| A, (x) |t) to first order. Out of the
four terms from the perturbative expansion, only two are non-zero. The term
(0] A,(x)|0) is trivially zero whereas the term (¢, A,(z) |t1) is zero because
it involves the terms of the form (0| a,a,al, |0) and (0] a,alaf, [0) which vanish

after using the commutation relations in EQ. (5.96). Therefore,

{t] A() [t) = (O] Au() [t1) + (ta] Au() |0)

= | Gy Pt 07 4 Al ],

(5.101)

This result will be useful in what follows. We write the amplitude A, (k,t)

as

Ak, t) = /t dt’ V—ui iko (t' —n-x(7)) (5.102)
S Fo(l—m-v)dir* ’ '

—0o0
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and then we integrate by parts assuming a convergence factor in the infinite

past to remove the past boundary term. We then have

qv” iko (t—n-x(7)) q ! d A iko (' —n-x(7))
nkt) = D ko 2t ——— et .
A = v ko ) A\T—n-v)©

(5.103)

We choose the motion to be one of constant velocity with respect to ¢, i.e.
x(t) = vt, where v is constant with respect to t. Then the expectation value
of the first term only using EQ. (5.101) is

1 d3k qvueik-(vat)
t| A¥(z) |t = h.c.
{t] A" (@) 1) boundary 9 / (27)3 [l{:g(l —n-v) * C]

3
— l/gﬂ 1 + 1 eik-(vat)
2) @2r)P k2 |1-n-v 14n-v

:/ d’k qvﬂ eik~(x—vt)
(27)3 k(1 = (n-v)?)

(5.104)

If we choose additionally a static charge i.e. v = 0, then the above integral

can be calculated in spherical coordinates as

+o0o 1
4 ikr cos
(1 A2 ol [y = 125 | b [ deosoire?
0 —1
q > dk

Jr
= 27r27"/0 ?Sinkr (5.105)

q

Amr’

which is the Coulomb potential. Therefore, the integration by parts and the
omission of the boundary term correspond to removing the Coulomb poten-

tial, which is not relevant for the radiation process we described previously
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in the context of the Unruh effect. For a discussion on Coulomb terms, see
also Ref. [96]. If the third component of v is non-zero we have, writing

Ve =,
ko(l— (- v)?) =kl + k2 4+ k2, (5.106)

where, as usual v = (1 — v?)7/2. The expectation value is then found to
be

0 _ 0
<t| AVZ:1)<'I> |t>boundary - ’y <t| A :0(I7 y? 7(2 - Ut)) |t>b0undary ) (5107)

<t| A\Z/Z:v (.T) |t>boundary =v <t| A?/:O (ZE, Y, ’7(2 - Ut)) |t>boundary :

The result is the Lorentz transformed Coulomb potential. Since we are in-
terested in radiation processes we can safely ignore the Coulomb potential
term in the interaction amplitude. We define the total amplitude by letting
t — +oo:

+oo ”w )
AMk) = lim A*(k, 1) = —-L / dti<m—m>e’k°“_“‘x(7)). (5.108)

oo dt\l—mn-v

We define £ = t — n - x(t). Then, the amplitude is can be simply written

as

+oo

At (k) = -2 d¢

20
_+ d_xeikoﬁ
ko J_o

1 (5.109)

Furthermore it is convenient to write the amplitude using the proper time

of the particle. The proper four-velocity v* is defined as v* = da*/dr. To
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change integration variables, it is useful to note that d¢/dr = n - v where

n* = k*/kq = (1,n). The amplitude is thus,

+o0
q d /drdz*\ 4.
Mk - _ d R 1K-T
A (k) . TdT(df dr)e

+oo d 0 )
_ —q/ dr — (kf‘" U) o'k (5.110)

e dr k-a »
- _ no_ n\ L ikx
q/oo k-v(a k:-vv>e ’

where a* is the proper four-acceleration defined as a* = dv#/dr = d?z*/dr>.

We calculate the total emission probability as

- | G A0 ).

(5.111)

where is the second line we used the commutation relations in EQ. (5.96).
The total energy emitted is defined as usual by multiplying the integrand of

the probability by a factor of energy. Thus

E:—%/(g;; A (1) A (k) (5.112)

The total emitted energy can be expressed in spherical coordinates follows

d%z* d%x , 5
_ 16 - / dQ / dedé ae dg?ﬂ / dkg e*0(6=8) (5.113)
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As before, it is convenient to extend the lower bound of the energy integral to
—oo0. For this, we notice that the exchange € <+ £ is equivalent to kg — —kq.

To compensate we have to multiply the result by 1/2. The integral over kg

is then simply 276(§ — £) and we find

2 2 2 “+o00
q ~d“zt d*x, / ko (6—E
E=— dQ [ ded = dkqet*oE=9)

G d?z+ d%x
T 1672 / ds / ds de2 dgzu
B 7> dr (n-a)vt (n-a)
g o) o
B q? dr (n-a)?

1672 /dQ/ (n-v)3 {_a“au (n- 0)2} ’

where in the last step we used the fact that v - v = 1 which implies that

(5.114)

a-v = 0. We can apply this result to recover the Larmor formula. Assuming a
uniformly accelerating particle with trajectory ¢(7) = a~'sinhar and z(7) =
a~'coshar, we find v° = coshar, v* = sinhar and a® = asinhar, a* =
a cosh ar where a here is the proper acceleration which is a constant. Then
using —a,a* = a?, we find

E = ﬁ /dT /1 dn, 1 ‘ B (sinhat —n, c9sh ar)?
8 -1 (coshar —n,sinhar)?  (coshar —n,sinhar)?

2.2

a
_ T d7 coshar,
67

(5.115)

which is the Larmor formula as expected. The presence of the factor cosh ar
in the proper time integral is due to the boost. We can write d7 coshar =

d(a 'sinhar) = dt. coshar is the Lorentz factor v = v° for the special case
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of uniform acceleration. More generally, it is straightforward to show that

for a trajectory along the z—axis

de vqta?
dr — 6n

(5.116)

where we defined —a,a" = a®. We now will link the vector amplitude A* us-
ing EQ. (5.110) with the amplitude scalar amplitude A" found in EqQ. (5.48)
in the context of the Unruh effect. Recalling that for a massless scalar the
the momentum can be written using the rapidity as k° = &, coshad and
k* = k, sinh a?), we obtain

k
k-x= f(cosh a¥ sinh ar — sinh ad cosh ar) = —;l sinha(d —71),

k- v = ky(cosh a cosh ar — sinh a¥sinh ar) = k| cosha(d — 1),

k- a = kja(coshadsinh ar — sinh a coshar) = —k  asinha(d — 7).

(5.117)

The non-zero components of A* read

400 T ‘
A’(k) = —q/ d—Q[(k )’ — (k- a)o°]er?

o (5.118)
__gasinhad /+°° dr e—ilkL/a)sinha(9—7) .
- ki 0 cosh? a(v —7) ’
and
AW =0 | Gl o = ot
o ; ~ 5.119
_ gacoshad /+°O dr ik /a)sinha(9—) (5.119)
B k1 oo cosh? a(¥ — 1)
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Since (ko/ky,k./ki) = (coshad, sinh a?)), we can write

Au(k) =

oo q —i(ky /a)sinh a(9—7)
_ﬂgll(k)/ e (5.120)

ki " o cosh®a(¥ —7)

where ]} (k) is the polarization vector defined in EQ. (5.25). We can establish
that using EQ. (5.48), A,(k) = —¢;/(k)A*(k) with F(7) = 1. To arrive
at the Larmor formula for both the Minkowski and Rindler point of view,
two different methods were used. In the non-inertial case we turned on and
off the interaction using the function F'(7). In the inertial calculation, we
identified the boundary term as the energy contribution coming from the
Coulomb potential and omitted it, as it is not related to radiation (see also
Ref. [96]). In the Rindler case, the function F'(7) allowed us to make the
integrals convergent. Since we did not introduce a function of this sort in the
inertial calculation, one might ask how the integrals are convergent in this
case. Taking the limit t — +o0 in EQ. (5.99) does not give a finite result. To
regularize the integral, in Ref. [116], a compactly supported cutoff function
was introduced, x(x) which has exactly the same form as the function F(r7).
We multiply the integrand of A*(k) by a factor of x(r¢) where 0 < r <1 is
a parameter that we will send to 0. Then,

' +oo Azt ; . +o00 dr* :
At (k) = ZCJ/ dg ——e™t — ZQ/ dg d—gx(ré)e o

q [T ¢ {dQI“ A2z

(5.121)
(1) + 1 X (r8) o

Since x(r€) is 1 for £ € [—c¢/r,c/r] where ¢ is some parameter, by sending

r — 0, then second term in the above expression vanishes and we recover
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EqQ. (5.109).

5.6.2 THE MASSIVE CASE

We now look at radiation of massive vector particles in Minkowski space.
The theory of the free vector field with mass m 4 in Minkowski spacetime is
given by EQ. (5.55), where y/—g — 1,V, — 0,. The equations of motion
are 0,F" + m3%A” = 0. Taking the divergence of this equation leads to
0, A" = 0 since my # 0 and F* is antisymmetric. Inserting this result back

into the equation of motions gives
(O+m?)A* =0. (5.122)

The last equation could had been obtained immediately by adding the Feyn-
man gauge fixing term —(9,A#)?/2 in the Lagrangian. The massive vector

field can be expanded as

d3k AA —ik-x
A, = /m;[aua (k)e ™ +h.c], (5.123)

where now kg = y/k? 4+ m? and the sum is taken over the three physical

polarizations. The polarization vectors satisfy EQ. (5.61) as well as 5“’\5;’\/ =

/ . .
—6"'. The non-zero commutation relations between the operators are

aM(k), M (K| = 6 (27)32k6 ) (k — K) . (5.124)

Similarly to the massless case we couple the massive vector field to the current

given by EQ. (5.97). Then to first order in perturbation theory, the one
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particle state at time t is

t)) = —/(2:)—31;]%,4“(& t)z/\jgl’)*a”(k) 0) , (5.125)

where A*(k, t) is given by the first line in EQ. (5.99) (we note that since the
particles have a mass, k/ko is not a unit vector). Then, using the complete-
ness relation of the polarization vectors, with [t) = |0) + |t1)

(t| A, |t) :/(dg—k [<Au(k, t) — w)e—i’” +h.c.] . (5.126)

ik-x

The amplitude A*(k, ) is an spacetime integral over j*e”*. By integration

by parts of k,j"e”** due to current conservation, only the boundary term
remains, which vanishes when t — +o00. Since in the end, we wish to take this
limit, we ignore the term proportional to k,.A"(k,t). We now wish to identify
the physical motivation for integrating the amplitude by parts. A*(k,t) is
given by EQ. (5.103) with replacement n — k/1/k2 + m?. Then, for a world

line given by x(t) = 0, the expectation value of the boundary term is

0 q +o00 kz 1 N ,
t| A7 _ t = = df —— d g ethr cos
< | —O(I) | >boundary 47T2 /0 ]{52 T mi /1 cosve

+oo
q dkk
= m/ mSlnkT (5127)
B qefmAr
 Apr

which is the Yukawa potential. This is expected, since in the massless case
the boundary term corresponded to the Coulomb potential. The interaction

probability given by taking the limit as ¢ — 400 of (t1]t;) is the same as
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in the massless case (see the second line of EQ. (5.111)). This holds for the
energy as well and the amplitude is given by EqQ. (5.110). Because of the
presence of a non-zero mass, we cannot integrate over the momentum as we
did in EQ. (5.114) to obtain a delta function. However, taking the limit as

ma — 0, in the expression of the energy gives the Larmor formula.
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(GRAVITATIONAL WAVE
PRODUCTION AND

DETECTION

In this chapter, we study the production and detection of gravitational waves
using high-energy laser beams. Contrary to the approach in previous chap-
ters, we do not quantize the field that describes the emitted particles, nor do
we consider emission from an accelerating charge. For spin-2 particles, this
was done in the context of the Unruh effect in Ref. [61], where the authors ex-
plicitly verified the agreement between the interaction rate calculated in the
uniformly accelerated frame and the emission rate in the inertial frame. The
treatment is similar to what was discussed in the case of spin-0 and spin-1
particles. For accelerated- and inertial-frame calculations to agree, the FDU
thermal bath needs to be taken into account. Moreover, both emission and

absorption of a Rindler graviton correspond to emission of a Minkowski par-
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GRAVITATIONAL WAVE PRODUCTION AND DETECTION

ticle. The emission rate to first order in perturbation theory is given by

[61]

2, (6.1)

2

R(spin—Z) (kJ_) _ M

8m3a

()

which is similar to the cases of spin 0 and spin 1 particles (see EQS. (4.76)

and (5.50)) and where y is the mass of the particle. In fact, the three results

can be combined for massless fields in the form

()

where s = 0,1,2 is the integer spin of the particle and ¢ is the coupling

2

, (6.2)

q2

4m3as!

R(ky) =

between the particle and the quantum field. Similarly to the electromag-
netic case, the total rate is infrared divergent because Ky(z) ~ 272 for small

zZ.

Gravitational radiation is more commonly discussed in the context of BH
binaries. In Ref. [117], the graviton field was quantized and coupled to an
Unruh-DeWitt detector which is able to make internal energy transitions
from F; to E; while simultaneously emitting a graviton. The purpose was
to study the recoil for gravitational radiation. The Lagrangian interaction
is schematically given by h,,T"" where h,, is the graviton field and T"" is
the stress energy tensor. The system in consideration (the Unruh-DeWitt
detector) is a BH binary, and the resulting power agrees with the classical

Peters-Mathews formula [118].
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6.1 GW FORMALISM

In this chapter, we will consider the production and detection of classical
waves. SEC. 6.1 is a review based on Ref. [119]. SEC. 6.3, which describes
the detection of GWs using high-energy lasers, is based on Ref. [1] which

contains contributions from all coauthors.

6.1 GW FORMALISM

The full General Relativity (GR) action includes the Einstein-Hilbert action
as well as a matter part which contains the stress energy tensor. The former

is given by

— 1 4
SEH* 16WG/d l’\/—gR, (63)

where R is the Ricci scalar. Varying the action with respect to the metric,

we find the Einstein field equations
1
R, — §Rg,w =87G T, . (6.4)

GWs are studied within the context of linearized gravity. This means that

the metric is written as

Gur = N + hyy + O(R?) . hy| < 1. (6.5)

169



GRAVITATIONAL WAVE PRODUCTION AND DETECTION

All relevant quantities are calculated to leading order in h. The first of them

is the Riemann tensor given by
1
Ruvpo = 5(8l,8phw + 0,0,hyp — 0,0,hue — 0,05hy) - (6.6)
EQ. (6.4) can be more easily written in terms of the tensor

- 1
Py = Py — énﬂyh, (6.7)

where the trace is h = n*”h,,, because indices are raised or lowered using the

Minkowski metric. Then, EQ. (6.4) is
Ok + 0,070 hyy — 0°0, b, — 0°0,hy,, = —167G T, . (6.8)

To proceed with the resolution of these equations of motion, we must choose
a reference frame. Choosing a frame breaks the invariance of GR under
coordinate transformation and allows one to get rid of nonphysical degrees
of freedom. Assuming that we chose a reference frame where EQ. (6.5)
holds, there is a residual gauge freedom. Indeed, GR is invariant under the

symmetry group of coordinate transformations
' — (), (6.9)
where the new set of coordinates z'* is a diffeomorphism, meaning that it

is bijective, invertible, differentiable and has a differentiable inverse. Under
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6.1 GW FORMALISM

the transformation EQ. (6.9), the metric transforms as

, o 0x'POx”
gNV(x) — guy(x ) = a.fl'“ ngo'<x) ' (610)

We now choose a particular set of transformations given by

ot — 't =t 4 (), (6.11)

where |0,£”| = O(h). Using EQs. (6.10) and (6.11), the perturbation h,,

transforms as

By () = () = () — O, — Dis. (6.12)

which is the residual gauge freedom we were looking for. One can see that the
slow varying diffeormorphism condition |0,£"| = O(h) was imposed to pre-
serve the smallness of the perturbation under the coordinate transformation.

We now use the gauge freedom to choose the Lorenz gauge

8 Ry =0 (6.13)

in the linearized field EQ. (6.8). The reason why it is possible to impose this

condition is the following. Using EQs. (6.7) and (6.12) we find that

" hyy — (0"hy) = 0" hy, — OE, . (6.14)
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Therefore, if the initial configuration was such that 6”7LW = fu(x), where f,
is some function of the coordinates, we choose the coordinate transformation
such that O¢,(x) = f,(x). This is always possible because the d’Alembertian
operator is invertible. In this new frame, therefore, the Lorenz condition in

EQ. (6.13) is satisfied. The Einstein equations now read
Oh,, = —167GT,, , (6.15)
or in terms of the original perturbation,
Ohy = —167G <TW - %T]W,T) , (6.16)

where T' =T, is the trace of T),,. Before discussing the different frames one
can choose to study GWs, we link the theory of linearized gravity with that
of a free spin-2 field. Expanding the action EQ. (6.3) to second order in h,,,

one obtains

1
647G

Spn = — / A*x [0, hapd"h™® — 0,h0"h + 20,h" 0, h — 20,h*0,h")] .

(6.17)

In the case of a spin 1 massless particle, for example the photon, one is
interested in a theory which is invariant under the transformation A, —
A, — 0,0, where « is some function of the spacetime coordinates. In the
case of a spin 2 particle, the generalization comes from assigning a Lorentz

index to the function a and requiring that the field h,, is symmetric after
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the transformation. Therefore h,, transforms as
huu — hw/ - augu - aljgu ) (618)

which is exactly the symmetry of linearized gravity EQ. (6.12). We want to
write a gauge invariant action quadratic in the spin-2 field. Since we consider
massless gravitons we do not write terms h?, h,, h*”. The most general action

is

Spp = / A% [a10,h,, 0P B + a30,hy, 0" B + asd, W™ 8,h + a40,h0"h] .

(6.19)

All terms of the form hOOh are related to the ones above by integration by
parts. Requiring that the action is invariant under EQ. (6.18), the coefficients
a; are all fixed apart from an overall normalization. One finds a; = —1a, =

2

%ag = —ay. Choosing a; = —1/2 for the energy to be positive definite,

1
Ser = —3 / A4 [D,hy 0P W™ — 8, hd"h + 20,h" O h — 20,h,,0" 7).
(6.20)

This is the Fierz-Pauli action [120] (ignoring the mass term). We see that

after rescaling

h (6.21)
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EQ. (6.20) is equal to EQ. (6.17) (the last term in EQ. (6.20) is the same
as the last in EQ. (6.17) after two integrations by parts). The theory of a
massless spin 2 field is equivalent to the geometric approach of the linearized
Einstein-Hilbert action. The coupling of the graviton field with other fields

is achieved via the term:
int 9 x uv . ( . )

To recover the Einstein equations, the coupling constant must be k = V327G

6.1.1 THE TT FRAME

To study the propagation of GWs, we are interested in the region where

T,, = 0, which is outside the source. In this case, EQ. (6.16) becomes
Ohy, = 0. (6.23)

Therefore, the form of the perturbation can be simplified by noticing that
the Lorentz gauge in EQ. (6.13) is not uniquely fixed. Indeed, to impose this
gauge condition, we chose the coordinate transformation in EQ. (6.11) such
that 0, (x) = 0”hy,. But the choice £ = &+ 4 ¢#, with OC* = 0 would still
impose the Lorentz gauge. Therefore, by performing an additional coordinate
transformation x# — x# 4 ¢* with 0J(* = 0, the metric perturbation A, in
EqQ. (6.23) transforms as h,, — h:w = hy — 0,¢, — 0,(,. Therefore, the

new metric still satisfies [hj,, = 0. We can now conveniently choose ¢*, to

impose four conditions on h;w (for convenience we drop the prime in what
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follows). ¢° can be chosen to fix h = 0 and the remaining ¢* are chosen to fix
h% = 0. Since h = 0, h,, = h,, and therefore the Lorentz gauge condition

EQ. (6.13) is valid also for h,,:

80h00 + 8Zh01 =0— (90h00 =0. (624)

Therefore, hgy is constant in time. Since the GW is time-dependent, this

means that hgy = 0. Overall we have:

RO = 0, h: =0, d'hij =0, Ohy; = 0. (6.25)

This defines the traceless-transverse (TT) frame. Of the 10 initial degrees of
freedom, 6 remained after imposing the Lorentz gauge. Furthermore, con-
veniently fixing the residual gauge, we removed 4 additional degrees of free-
dom. We notice that the T'T frame cannot be chosen inside the source where
T, # 0. EQ. (6.25) allows for plane-wave solutions h;; o< e** k = w(1,n),
where 71 is the direction of propagation of the wave. The condition 9'h;; = 0
becomes n'h;; = 0. Therefore, the non-zero components of h;; are in the

plane orthogonal to n.

Given a plane wave h,, propagating in the direction 7 in the Lorentz frame

but not yet in the TT frame, we can find i}, by introducing the following
transverse projectors:
. . 1
PU(TL) = (52']' — nmj s Aij’kl(n) == Pikle - ipijpkl . (626)
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The A tensor is traceless. The projectors satisfy
PyPyj =Py, n'Py=0, Njuliimn = Nijmn, n“Nju=0, (6.27)
where a =i, j, k, [. h};T and h;; (Lorentz frame) are related by

hT'T = Aij,klhkl y (628)

v

since by construction, the right-hand side is transverse and traceless in the
indices (i,7) and they satisfy the same equations of motion Oh;" = Oh;; =

0.

Physical interpretation of the TT frame

We consider a test particle in a curved background with metric g,,, in the
absence of external non-gravitational forces. Its equation of motion is the
geodesic equation:

A2zt da? da”

where 7 is the proper time of the particle. We assume it is at rest at 7 = 0.
Using EQ. (6.29),
d2z? , dz? dzv , dz® da®

o) A e v I e v AR )

7=0
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where in the second step we used the fact that the particle is initially at rest.

The linearized Christoffel symbol is:
[oo(7) = 5(50’101' — Oihoo) =0, (6.31)

as it can be seen from EQ. (6.25). Therefore, if the test particle is at rest
at 7 = 0, which implies dz’/dr = 0, then d*z'/d7? = 0 at 7 = 0 as well.
One can verify by induction that this is the case for higher order derivatives
of dz*/dr = 0 at 7 = 0 as well. Therefore, dz*/dr = 0 at all times. This
means that particles that were at rest before the arrival of the wave remain
at rest after its passage as well. Physically, the coordinates in the T'T frame
are stretched, such that particles that were at rest remain so even in the
presence of a GW. This does not mean that the GW had no physical effect,
rather it shows that we chose the coordinates in such a way that masses
at rest initially remain so. Instead, physical effects can be measured using

proper distances and proper times.

6.1.2 PROPER DETECTOR FRAME

Although the TT frame is convenient because of the simple form of the
metric perturbation, it is not usually used for experiments. A natural choice
of frame is the Proper detector (PD) frame which generalizes the idea of an

inertial observer to curved space-time. Moreover, the electromagnetic fields
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are defined in the PD frame. The metric in this frame is [82, 121, 122]

goo = 1-— 2(li$i — (aixi)2 + (w X X)2 — Yoo — 2((0 X X)i’)/()i
— (W x x)i(w x x);7i5,
(6.32)
goi = (w X X); —y0i — (w X X);7ij
gij = —0i — Yij »
with a’ being the acceleration (due to Earth’s gravity) and w' the angular

velocity with respect to local gyroscopes [119]. The coefficients ~,,, are

+oo 92

Yoo = Z% mf?ozcoz,ml...mnxkxlxml...xm"
X [(n+3) +2(n + 2)aiz" + (n + 1)(a;2")?],
=X 2 . (6.33)
0= 2 gy om0 (1 2) o+ D]
—+00
2(n+1) 4 T
Vij = nZ:; mRikjl,ml...mnw vt

where

0" R po

= 7 T 34
Ox™...0x™ | (6.34)

R;wpa,ml LMy,

For the Riemann tensor we use the linearized form in EQ. (6.6). For the in-
teractions considered, a;x' < 1, so we can keep only the first term in the first
two lines of EQ. (6.33). Additionally, (w x x); < 1 and we will be interested
in the part of the metric related to the Riemann tensor which contains the

GW contribution. Therefore, using EQ. (6.5), the metric perturbation in the
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PD frame is given by h,, = —7yu.-

6.2 GW PRODUCTION IN THE LABORATORY

USING HIGH ENERGY LASERS
The equations of motions for the graviton field in the Lorentz gauge are:
G K 1
thj = —5 T,ull - 577HVT . (635)
The electromagnetic stress energy tensor in curved space reads
af 1 aff po
T;w = L'uag FBV - Z_lg;chrag Fﬂpg ) (636)

and g, = N + /ihS’l,. Expanding, one has

1
Ohg, = —g <T[L - §mwT°> + O(K?), (6.37)

where the expression for TSZ, is obtained by using EQ. (6.36) and replacing
G With 1, Neglecting next to leading orders in x and noticing that 7° = 0,

one has:

a _ Fgo
OhS, = —2T, (6.38)

2

where both the metric perturbation and the stress energy tensor are in the

Lorentz frame. The electromagnetic tensor in the Lorentz frame is related to
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the one in the laboratory frame by the transformation

o0x'0 0z _,
W gk O 0

(6.39)

where the prime quantities are the laboratory frame. The two coordinate

systems are related by EQ. (6.11). Expanding, we obtain
Fu =F, +F, 0,8 +F, 08 +F;0,808. (6.40)

We assume it is a slow varying diffeomorphism, ie. 0, ~ O(h) as in
EQ. (6.11) in terms of the metric perturbation and therefore 9,¥ ~ O(k)
in terms of the graviton field. Since we are only keeping leading order terms
in xk in the computation, we can use the stress-energy tensor in the labora-
tory frame in EQ. (6.38). In terms of the metric perturbation, EQ. (6.38)
reads

Oh,, = —167GT.

pv

(6.41)

where now the right hand side is evaluated in the laboratory frame. We con-
sider the production of GWs from the interaction of two laser beams assumed
to be counter-propagating plane waves aligned with the z axis of frequencies
wr,ws. We denote the electric fields by Eq, Es. The electromagnetic tensor
F,, has two contributions, each coming from one laser: F),, = Fﬁ) + F,E?,)
Therefore, schematically, the stress energy tensor will have two square terms

in (FW)2 and (F®)? and one interference term F(I)F®?). Since the produc-

tion of GWs comes from the interaction of the two lasers, we consider only
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the contribution of the last term.

T2(212) _ —T?SQ) _ (ElZEQZ . ElyEQy)ei(wl_w2)t_i(w1+W2)z7
(6.42)

Tiy? = (Er. By + Eyy By, )el@1 —wlizilrten)s

where we are interested in wave frequencies w; — wy. All other components

vanish. The metric perturbation is (solving EqQ. (6.41)):

ei(o.n —w2)(t—|x—y|)—i(witw2)y1

Y

h22<t, X) = 167TG(E1yE2y — E12E22> /dsy 47T|X — y|

(6.43)

where the integral is taken over the overlapping volume of the two lasers
assumed to be a cuboid of cross section b and length L. The value of the

perturbation at r = [x| > |y]| is:

4G i(w1—w2)(t—T1) . .
hao(t,x) = © (Ery By — E1.Fy,) /d3y el(@rmwany—ilwrtea)yn
r
(6.44)
where n = x/r. Therefore
4Gei(w1—w2)(t—r) . b
h22<t7 X) = r (ElyEQy - EleQZ)b2L51nC <(w1 - w2)§n2)
. b ) L
xsinc| (wy — w2)§n3 sinc| ((wy —wa)ng — (wy + W2))§ .
(6.45)
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hoy is maximal for ny = n3 = 0 and ny = 1. Choosing Lwy = (2n+1) X 5,n €

N, one has

4G , 1
hQQ(t, X) = —hgg(t, X) = _<E1yE2y - Elezz)Vez(wl—wg)(t—r)_ 5 (646)
r Lwy
and V = b2L. Similarly
4G , 1
hos(t,x) = —— (B, By + By By, ) Vel mwat=r) (6.47)
r Lw,

Using EQ. (6.28), we can express the metric perturbation in the TT frame:

Rys = haa, hoyy =hog, hyy = has, (6.48)

and every other component vanishes. One notices that the polarization of the
laser beams allows one to control the polarization of the GW. If the two beams
are linearly polarized along the same direction, for example F,, = F,, = 0,
then hyy = 0 and the GW is + polarized. On the other hand, if the two
beams are polarized along different directions, for example £y, = Fy, = 0,
then hl' = his = 0 and the GW is x polarized. The strain in EQ. (6.46)

scales as:

10cm Fi. 1
hog ~ 3.3-107% a8 A4
107100 (Be) L (6.49)

where F),q is the energy per pulse of either laser. The result is proportional to
the laser energy, as T}, is quadratic in F,, which contains the electromagnetic

fields. The dependence on r comes from solving the equations of motion. For
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Es = 1IMJ, Lwy ~ 102, we find the strain hge ~ 1073?. The strain of the
GW (i.e. the amplitude of h,,) is thus very small to detect (as we will
see in the next section, detection of a GW using a high-energy laser can be
achieved today if h 2 1072°). We note that the production of GWs has also
been studied in Ref. [123]. The GW amplitude obtained by the authors was
stronger than the one shown here by some orders of magnitude but too weak

to be detected as well.

6.3 DETECTION OF HIGH-FREQUENCY GWs

USING HIGH-ENERGY LASERS

Since the strain of a GW produced in the laboratory is weak, we now in-
vestigate the plausibility of using high-energy lasers to convert GWs from
cosmological or astrophysical sources into a detectable electromagnetic sig-
nal. We adopt the geometric approach and treat h,, as a dimensionless
parameter. The incoming GW is a monochromatic plane wave of frequency
w, and interacts with a laser beam of frequency w. We assume that w, ~ w.
The two waves are counter-propagating, and we choose the coordinate system

such that they are aligned along the z-axis (see F1G. 6.1).
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b4
\ $ Laser
£

Detector

Generated
Photons
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F1G. 6.1: Diagram of the experimental proposal adapted from Ref. [1]. An incoming GW
interacts with the linearly polarized laser beam of frequency w. The scattered
electromagnetic wave propagates through the mirror and enters a detector ca-
pable of single-photon counting.

As will be shown in what follows, a resonance occurs only for the scattered
waves of frequency w, — w and more precisely for w, = 2w. To study the

resonance, we assume w, > w. The Maxwell action in curved space is

1
SMaxwell = /d4$ vV —3g (—Zg“agyﬁFW Faﬂ) . (650)

We linearize the action using EQ. (6.5) and find

1 1
SMaxwell = _Z_l /d43j F;w |:FIU/ + éhFuV + hVaFaM - h'uaFaV . (651)

By noticing the antisymmetry of the term between brackets, we can integrate

by parts, and find the equations of motion. They are given by
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1 L . .
SMaxwell = _5 /d4I Aﬂ(auFu + ]gff) T 8VF H= j(l:ff7 (652)

SAL

which are the Maxwell equations in curved space and where we defined the

effective four-current
1
Jte =0, <§hF’“’ + h" FH — h“aFa”) ) (6.53)

Combining the inhomogeneous Maxwell equations with Gauss’ law V-B = 0,

and Faraday’s law V x E + 0;B = 0 we obtain
OE = —0jer — Vi%, OB =V X jeg. (6.54)

We note that the current j%; is not invariant between frames even at O(h)
order. Therefore, a choice of frame must be made for the calculation of
the current and a convenient choice seems to be the PD frame which is the
preferred frame defined by the laboratory. The metric perturbation in this
frame is given by h,, = —7,, where 7,, is given by EQ. (6.33). Using
the fact that the Riemann tensor is invariant between frames at O(h), we
compute EQ. (6.34) in the TT frame for convenience for R, ,, oc ¢®s(t=2),

Computing the series in EQ. (6.33) to all orders, assuming a;2' < 1, the

185



GRAVITATIONAL WAVE PRODUCTION AND DETECTION

metric perturbation is given by

7 1 — efiwga:
hOO _ QhTTSUaxb +
“gltab Wy T (wgx)? )’
g g9
i e—ing 1 — g wem
he; = —w? [h-TTxxa — 5Z~thbTmaxb} - —1 ,
gl'%a a 2 3
2wer  (wyx) (wy)

hij = w; [(5ixh?aT + 5jxh;l;T)l’xa — h;l;T 2_ 5133(5] hg;;rl’al'b}

y 1+ efzng 0 1 — efiwga:
5 4l
(wgz)? (wgz)® )~

(6.55)

where a,b = y, z and hTT oc ¢t is the metric perturbation in the TT frame.
This result was first derived in Ref. [82]. For simplicity, we choose a linearly
polarized laser such that E, = 0. The only non-zero components of the
electromagnetic tensor are F2° = — 2! = Fye~®(+) Replacing EQ. (6.55)

into EQ. (6.53), one finds

(hiy + hocz) (We f1(u) + iw fa(u))

o = Epeterotiiony, | Tl RER | g
hy (fa(u) + (Ou — ) (u 2fl( )
B (fa(u) 4 (O — 1) (u? f1(u)))
where © = wyx and
fle) =l = L )
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The Maxwell equations read

OE, = Ege'@o %m0 (b y + hyz) {22—]3( )+ <1— —)fz( ) — f{(u)} ,
OE, = Eoei(wgfw)tfiwwath [—f1( —ifs(u _z( ) 0y — 1) (u?f1(u ))} ,
08, = B[ ut) — a0 — (1 - £ )@, - 02|,

OB, = IE?()e"(‘”g’“)t’i”wghX {zfg(u) + (E — 8u> (0 — 1) (W f1(u)) + fi (u)] ,

Wy

08, = ~ B, [if) + (22 - 0,) @, = D) + filw)|.

Wy

(6.58)

To simplify calculations, we consider an interaction region, which is a rect-
angular cuboid with sides of length b x b x L, with b < L and bw, > 1.
The side of length L is parallel to the z-axis. The solutions to the Maxwell

equations are of the form

w_TB(Y)

6.59
pm—, (6.59)

B, (t%) :/d3ye2 g —i0) (1—lx—y )~

where the integral is taken over the interaction region. The function fg, is the
the right hand side of the second line in EQ. (6.58) without the exponential
factor. We place the detector far from the interaction region such that |x| >

ly|. We can simply replace the denominator in the integrand by 4r|x|. For
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the exponent, assuming w, — w ~ w,

2 2 2 3
wy? whn-y)?* wyn-y whn-y)
vl = wR —wn - _ _
wx-yl=wh-—wn-y+op SR R oR?
4

wy

(6.60)

where R = |x] is the distance between the interaction region and the detector.
We assume that R is large enough to keep only the first two terms in this

expansion. In this case, taking the F, component as an example,

i(wg—u)(t=1) blw, — e
Ey(t,X) = _Eﬂwthre—bZSiHC (M>SIHC(M>

4mr 2 2
X /; du '~ mg)mumigg {fl(U) + i fa(u) + i(l a wi) (0= Z)(UQfl(u))} ,

2

(6.61)

where the components of the unit vector in spherical coordinates are given as
usual by n; = cos¢sinf, n, = sin¢sinf, ng = cosf. Under the assumption
b(w, — w) > 1, the sinc functions are maximized when ny,ng ~ 0. We
choose to place the detector along this direction. We therefore expand around
0 = m/2 and ¢ = 0, 27 neglecting second order terms. Then, n; ~ 1 and the
integral in EQ. (6.61) reads (for a = w/w, # 1/2)

2(1 —a)sin(alw,) 3 —2a
+
a 2a — 1

Sin((Qa - 1)%) + 2i(a — 1)(—2im + 2im)

(6.62)

where £ corresponds to a > 1/2 or a < 1/2 respectively. The above expres-

sion is O(1) for a # 1/2. When a — 1/2, the integral becomes O(Lw,) which
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is large by assumption. This is due to the second term in the last expression.

In what follows we assume w, = 2w to study the resonance. Then,

b
wn2>sinc( “’2”3) , (6.63)

and the same can be done for the other electromagnetic components. We

iw(t—r)

b
_ 2 2.
E,(t,x) = Ey y— wyhy Lb smc<

find
tw(t—r) b b
E,. = E()e w?hy Lb%sinc wn sinc il ,
dmgr Y 2
tw(t—r) b
B, =—E, wsthbQSinc< 2>sinc( wn3> )
r 2

2
N9 . bwng
S1nc 5 s (6 64)

iw(t=r) 1 b cos(2n2) — gine(n2
E, = By b w? <h+sinc( w2n3) (%32) (%52)
Wg

bwnso
bwnz\ _ : bwns
+hxsinc<bw2n2>cos( 34) — sine( 23)) .

2
bwns
2

The power reaching the detector is
P= /dQ Rn-S, (6.65)

where S = E x B is the Poynting vector. The integrand is highly peaked
around the direction n = (1,0,0). Therefore, assuming the detector is large
enough, we can integrate over the whole solid angle. We use the following

expansion to leading order in (bw)™!

4 2
/ dQ2 sin 6 cos ¢ sinc? <b7w coS 0) sinc? (%d cos ¢ sin 9) ~ (6.66)
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The same can be done for the longitudinal part. The power is then
P =2E cos*(w(t — R))V* (A + h%)(2L%w* + 1) . (6.67)

To find the energy emitted during one laser pulse we integrate this expression

fromt =0 tot= L. Thus
L
E, = / dt P~ ESbL(h% + h2)(2L%w* + 1), (6.68)
0

where we used Lw > 1. The second term in the last factor can be dropped
because of this condition. The laser energy per pulse is Fj,s = E2b*L/2.
Thus

E,, = 4Ens(h3 + B2%) LPw®. (6.69)

For w, # w, the energy of the scattered wave scales as E,, ~ Eps(h3 + h2).
The enhancement factor for the resonance is (Lw)?. The total number of
photons entering the detector is N, = nyFE,,/w where ny is the number
of shots during the experiment since the energy of the outgoing photon is
wg —w = w. Assuming single photon counting is possible we require that

N, > 1, which for hy, = hy = h gives

1

fin = e Wi
nsw las (670)
Wg — W

hmin ~ 4 ) 2w.
27/L5E11as wg 7& “
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6.3.1 PROJECTED BOUNDS

We can use the result in EQ. (6.70) for lasers operating in the THz, optical,
and X-ray regimes. For all, we assume that the duration of the experiment
is one day.

THz laser: We use the THz free electron laser [124] for which 7 = 1 ps,
ns = 1.7 x 10" (repetition rate of 200 kHz), Fi,s = 100 pnJ, and the frequency
is 1 THz < w/27 < 30 THz.

Optical laser: We use the National Ignition Facility (NIF) laser [125] which
has 192 beamlines. For each, 7 = 20 ns, ny, = 4, Fj.s = 9.4 kJ. The NIF laser
can operate at three wavelengths, 1053, 527 and 351 nm.

X-ray laser: We use the free-electron laser at the European XFEL or
the one at the SLAC National Accelerator Laboratory [126]. 7 = 0.1 ps,
ns = 8.6 x 10° (repetition rate of 10 Hz), and the frequency is in the range
5.8 keV < w/2m < 24 keV. Here, the energy depends on the frequency. Be-
tween 5.8 and 9.3 keV, E.s = 2 mJ, between 9.3 and 12 keV, Ej,s = 1 mJ,
and between 12 and 24 keV Ej,s = 0.5 mJ.

The main experimental challenge with the proposed setup in the resonant
case is making certain that photons coming from the laser do not enter the
detector as they cannot be differentiated from photons of the generated elec-

tromagnetic signal since the two have the same frequency.
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6.2: Sensitivity of existing detectors and the laser detectors discussed in this section.

The figure is adapted from Ref. [1]. LIGO [63] covers the low frequency regime
whereas ARCADE [127] impose exclusion bounds in the GHz regime. The
different laser sensitivities are shown. For the NIF laser, only three frequencies
are resonant. Regarding the sources, the BBN bound does not allow for GW
detection from cosmological sources. The sources shown here and BH mergers
located at the Innermost Stable Circular Orbit (ISCO). For the latter, the

characteristic strain and the GW amplitude are related by a factor of y/2f /f?
[128] which is of O(1).
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The bounds for each laser described are given by

[T _ g g qg-te( LT X 10 Y2 730 THz \ % ( 1ps /1001 /2
mne s w9/271' T Elas ’
port _ 15y 1020 ( A V2785 % 104 Hz\ 2 /20mns )\ /9.4kT\ /2
min s wQ/Qﬂ- T Elas ’

pXeay _ g 0ot ( 86 10° Y2114 %109 Hz\ Y2 /0.1ps /2m]
i ) N Wy T Eias ’

(6.71)

We compare the bounds of the laser detectors with other experiments in
Fic. 6.2. The NIF operates at fixed frequencies. Thus, the enhancement
in sensitivity coming from the resonance can be applied only to these fre-
quencies. This corresponds to the red peaks shown in F1G. 6.2. We can find
future bounds for optical lasers by assuming the 192 beams of the NIF can
be used for a total energy of 1.8 MJ. Taking a future repetition rate of 10

kHz, the bound becomes

PP — 6.3 % 10720 (—8'6 X 108)1/2 (8“—101%) v (20 ns) (1'8 M‘])m.

— Ng wy/2m T Elas

(6.72)

The sensitivity of the X-ray laser can be increased as well. Suppose that
the incoming laser beam enters a region separated by two crystal planes and
is reflected each time it reaches a plane. At the resonance, the scattered
electromagnetic wave has the same frequency as the incoming one and prop-
agates in the opposite direction, being reflected by the crystal planes. The
energy entering the detector is EQ. (6.70) multiplied by the number of re-

flections given by nf = /(7 cos0p) with 05 the Bragg angle. The distance
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separating the two planes is 7sinfg and [ ~ 1 m. The lower bound is then

X — 1.3 x 10718,

6.3.2 SOURCES OF GWs

Having found the bounds on the GW strain, we now consider the nature
of possible GW sources. The BBN bound takes the form [70, 74] h. <
107%3(27 THz) /w,. This is out of reach for today’s laser capacities. One
of the reasons for this is the small interaction time between the laser beam
of the GWs. For these sources, it is convenient to use constant magnetic
fields as in Ref. [83]. On the other hand, one can consider coherent sources
such as BH mergers provided that they are close enough to the detector,
since the GW strain is inversely proportional to the distance between the
source and the detector. The frequency of emitted GWs increases close to
coalescence and reaches its largest value on the Innermost Stable Circular
Orbit (ISCO) and is fisco oc m™t, where m is the total mass of the binary
[119]. For radial distances smaller than the ISCO radius, the trajectories
are not longer circular, and GW emission ceases. As a consequence, the
highest GW frequency is bound by the inverse of the sum of the BH masses.
Therefore, detecting high-frequency GWs can lead to the discovery of light
binaries.

In EQ. (6.70), we assumed that the frequency of the GW is constant for the
duration of the experiment, partly to satisfy the resonance condition w, = 2w.
On the other hand, for binary systems close to coalescence, GW frequency is
time-dependent. Assuming a small departure from the resonance condition,

the GW frequency is w, + dw,. From EQ. (6.62), it is clear that for the
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resonant condition to be valid, we must have

0 1
M« — <1, (6.73)
Wy Lw
The GW frequency is
5 3/8 )
w(t) =2 ——— GM)B |t < teon 6.74
o) =2 gy ) (M), <t (07

where M., is the chirp mass and t.., is the time to coalescence. We define At
as the time interval for the frequency to change from 2w to 2w + dw,. Then,

using EQs. (6.73) and (6.74),

5 10 daws [ L25) ((30THz W r10-22 pp, \ 3
~ 10 days N
(Gm)5/3 Lwt/3 7 2w/ 2w m ’

(6.75)

At
<o

where we considered the frequency of the THz regime and m is the total
mass of the binary (assuming equal masses). In this case, the binary mass
must be m ~ 107220, for the frequency to be constant during the duration

of the experiment.
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CONCLUSION

In this thesis, we studied the emission and detection of various particles and
waves. For particles of spin 0 or 1, the production mechanism we examined
was emission from accelerated charges. Starting with the case of spin 0 par-
ticles, we studied axion production from accelerated electrons in the inertial
frame. The goal of the two dedicated chapters (CHAP. 2 and CHAP. 3) was
to describe the radiation from the electrons in a possible experiment. Today,
one of the used techniques in electron acceleration is laser beams, which are
described by both electric and magnetic fields. Laser-accelerated electrons
can have complicated trajectories (except if they are accelerated by one laser,
which is a plane wave [91]). As a consequence, we first considered acceleration
from a purely time-dependent potential. Then, we generalized the results to
an arbitrary electromagnetic potential. Unlike scalar particles, axions couple
to electrons via the Yukawa interaction term in EQ. (2.7). The presence of
the 75 matrix in the dimension-4 operator cancels exactly the leading order

term in the WKB expansion for the one-axion final state in EQ. (2.14) (see

197



CONCLUSION

EQ. (2.21)), making the process quantum, which can also be seen by the
presence of a factor A for the interaction probability. We also verified that
the interaction term EQ. (2.7) is equivalent to EQ. (2.1) to lowest order in
Jae- We derived a Larmor-type formula for the uniform acceleration given in
EQ. (2.43) which exhibits a suppression factor of (ha/m)?. The results for a
time-dependent potential are also applicable for an electron in the presence
of a standing wave created by two counter-propagating laser beams.

We generalized the results of one-dimensional trajectories to an arbitrary
electromagnetic potential. The first observation is that the initial spin of the
electron rotates according to the Thomas-BMT equation. Then, we derived
the axion-electron interaction amplitude from which we expressed the total
energy emitted. We compared the cases of electric and magnetic fields and
found that axion production is significantly increased in the second case for
relativistic electrons. We propose an experimental setup shown schematically
in F1G. 3.4 in which emitted axions are reconverted into photons. Assuming
that single-photon counting is possible and that a large proportion of the to-
tal solid angle can be covered by detectors, we impose bounds on the coupling
constant g,. for axion masses m, < 10 keV. We find that for today’s laser
performances the bounds are comparable to other earth-based experiments.
However, as laser performances are subject to important enhancements, the
imposed bounds could become more stringent in the near future. If this is
the case, then the parameter space of the QCD axion could be explored for
purely laboratory-based experiments (we note that the bounds imposed by
other experiments where the axions are not produced in the laboratory are

significantly more stringent).
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We then studied particle emission from the point of view of the accelerating
charge. Instead of working with pseudo-scalar particles, we considered the
case of scalars for simplicity. Studying radiation in the accelerated frame
naturally led us to the Unruh effect. The latter states that the usual inertial
vacuum is a thermal state for uniformly accelerated observers, and we focused
on a free massive scalar field as an illustration. We showed using a Bogoliubov
coefficient description how one can define purely positive-frequency modes as
a linear combination of Rindler modes, which was essential in deriving the
Unruh effect itself. We found, as expected, that the temperature of the FDU
bath was proportional to the proper acceleration. We then showed how the

quantization in the Rindler wedges can be extended to the electromagnetic

field as well.

Using the Unruh effect, we then considered a uniformly accelerating parti-
cle that was interacting with the FDU bath. At tree level, the interaction
consists of two processes, the emission and absorption of Rindler particles to
and from the FDU bath. These processes are equivalent to the emission of a
Minkowski particle in the inertial frame (and scattering of Rindler particles
corresponds to the emission of two Minkowski particles [93, 110-112]). We
verify that this is the case by explicitly calculating the interaction probabil-
ity to first order in perturbation theory in two different ways. The first was
to sum the emission and absorption amplitudes of Rindler particles in the
accelerating frame. The second was to consider only the emission amplitude
of Minkowski particles in the inertial frame. We find by explicit calculation

that both probabilities are equal for an arbitrary classical current (in the
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electromagnetic case, the only assumption was current conservation). In a
recent manuscript sent for publication [4], this equivalence is extended to
the gravitational case. Since calculations were performed to first order in
perturbation theory, the radiation described in the inertial frame is classical.
Then, as expected, for the special case of a point charge, we find the Larmor
formula in EQs. (4.83) and (5.54) (we find that production is suppressed
exponentially for massive particles when the mass becomes similar to the
proper acceleration). Therefore, measuring classical radiation can be seen
as an indirect observation of the Unruh effect since taking into account the
FDU thermal bath was necessary to recover the Larmor formula. During the
calculation, a finite period of uniform acceleration was assumed by turning
on and off the coupling of the charge to the quantum field. The finite inter-
action is also necessary in a purely classical description [106]. We note that
recovering the classical limit of observables from scattering amplitudes has
been studied recently, see e.g. Ref. [129]. Observing the Unruh effect using

classical electrodynamics has also been proposed in Ref. [130].

In the last chapter of the thesis, we discussed the production and detection
of GWs in the laboratory. Firstly, through the Gertsenshtein effect, GWs can
be generated by the interaction of two high-energy counter-propagating laser
beams. We find that even for the most energetic lasers, the produced GWs
would be too weak to be detectable. The inverse process (conversion of a
GW into an electromagnetic signal using a high-energy laser) is also possible
and has the advantage of not having to rely on weak GW strains. Instead,

requiring that at least one photon is produced during the experiment, we are
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able to impose bounds on the strain. We found that the signal is resonant
when the GW frequency is twice the laser frequency and the enhancement
factor was of the order (w7)? where 7 is the laser pulse. The regime of GWs
with frequencies above 1 GHz can thus be explored. We derived the ex-
pression for the minimum strain and applied it to THz, optical and X-ray
lasers. Even if Ay, o< w2, the optical laser was the most sensitive with
Pin ~ 10729 because of the large energy and pulse. If the repetition rate
of the NIF laser increases significantly in the future (10 kHZ), the sensitiv-
ities can reach 10726, However, the inconvenience with this type of laser is
that it operates at three fixed frequencies. We find that GWs produced by
cosmological sources are not accessible because of the strong BBN bound.
For astrophysical sources, only light BH mergers or exotic compact objects
[131, 132] can emit in this frequency range, and we considered the former
because of the stronger GW strain. The highest frequency emitted by BH
merges is proportional to the inverse of its total mass. Moreover, the fre-
quency is constant only in the early inspiral phase. Thus, only very light BH
binaries must be considered, which in turn decreases the astrophysical reach

of the detector.

To conclude, the present thesis discusses the feasibility of using high-energy
lasers to explore physics within or beyond the SM through particle produc-
tion from accelerating charges and detection of GWs in the laboratory. In the
first case, radiation in the accelerated frame is discussed through the Unruh

effect as it is essential to reproduce the Larmor formula.
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WKB APPROXIMATION FOR
A PURELY
SPACE-DEPENDENT

POTENTIAL

In this section we assume that the potential is only space dependent. We
start from the Dirac EQ. (1.23). For a mode ®, satisfying the latter, we
define

o, = ¢a(x)e_%(p0t—17yy—?mz) , (Al)



WKB APPROXIMATION FOR A PURELY SPACE-DEPENDENT POTENTIAL

where here z is the space coordinate not to be confused with z* = (t,x).

Then,
(7°p0 — ¥2py — V°ps + ihy Oy — YV, — m)ha(z) = 0. (A.2)
We make the gauge choice V,, = 0. Thus,
(7' 0z + (po = V' = (py = V)" = (p: = VF)y* —m)i(x) = 0. (A.3)

We define py = po— V", p, = p,— V¥, D, = p,—V*. We also mean p, = p* and

py = p¥. Multiplying by —+' and using the fact that (y')? = —T14x4
ihdstba = (Poy' Y = Dyy' Y — 52"y — my ) a - (A4)
We now expand ¢, () as

RO e o)
()

o) = exp{ —%S
X(O) X(

which when inserted into the Dirac equation leads to

! ip,0° — ip,0?  —(Po + m)ot
svan|T | =™ (ot ) Y
/

X X —(po — m)ot ip,o® —ip,o® | \ x
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where prime means derivative with respect to x. The zeroth order in h

gives

g _ [Bs0* —ipe® —(Fotm)at ) [ A7)
X —(po —m)o' ip,o® —ip.o? | \ x

Therefore S’ is an eigenvalue of the matrix. But the two eigenvalues of the

matrix above are +x, = i\/ P — Py —p2 —m?. We choose the negative
value, i.e. S’ = —k,, because in the absence of potential K = p,, S = —p,z

iy
and we recover ® o< e #P*. Therefore

S:—/ dx/fp:—/ dx\/ﬁg—ﬁz—ﬁg—mz. (A.8)
0 0

We now wish to find the eigenvector. For that, we use

(ipy0° = ip=0* + 1,) 0" = (Bo + m)or' X" (A.9)

We multiply both sides by o' and use c'o® = —io? and o'o? = io? to
obtain

0) — L5 624+ 5.03)00 | A.10

X ﬁo—Fm(Epa + Dyo” + p.0 )90 ( )

We define for convenience p = (ky, Py, D») in order to write

©_ P T A1l
X Tt (A.11)
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We also have

(oMY iD,03 — ip.0% + Ky —(po +m)o? D)
(x™) —(po —m)at  ipyod —ip.o® +k, | \ XY

(A.12)

for n € N. We would like to find a matrix such that when applied to the
right-hand side of the equation above gives the null vector. This matrix is
given by

iPyo® — ip.0° — ky —(po +m)o’

(A.13)

—(po — m)o? Dy —ip,0* — K,

Note that this matrix is similar to the previous one with a sign flip for x,.

Therefore,
.~ 3 i 2 - (= 1 (n) ,
1Py0 p,0 K P +m)o )
y P (Po +m) (™) o A14)
—(po—m)o’ ip,0® —ip.o”® =y | \ (XM
In particular, for n = 0,
1/ (0)y/ 1 3 .. o Oy
o (¢ = — (ipyo” —ip.0° — Kkp) (X)) (A.15)
Po—m
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Multiplying both sides by ¢! we obtain

(@Y

7
+]5ya2—|—}5203—/1p01 d ( p-o )
Do —m dx \ po +m

Therefore,

iDy0> — Py + Ky (@) = Pyo® + P=0° — Kyo! d(po e (A7)
p’o +m 2K dx ]50 +m

We now apply ip,0° — ip,0% — K, on both sides and obtain

Oy — _Potm d [P o
(™) 2Ky de Do +m v
d Po+m (iUBﬁ; —i0?p)(Po +m) — (iUSﬁy — i0%p. )Py (0)
=|—|In — _ .
dx Kp 2k, (Do + m)
(A.18)
The solution to this differential equation is given by
RONS p“: "p, exp {—z/ i
P
7 By (Po +m) — pyplg) — *(PL(bo +m) — Ppp)
2kp(Po +m) +
(A.19)
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where C' is some constant we will fix. Defining U(z) in EQ. (1.36) and

Sa(x) = U(x)$,, the solution to the Dirac equation to zeroth order is

Po+m Sa () i

~ exp{ﬁ/ d< HP(C)}e_é(POt—Pyy—Pzz) )
o P g (x) 0

Po+m &

o, =0C

(A.20)

To match the free solution, we choose the coefficient C' to be C' = /|p.|/2m

and we arrive at EQ. (1.35).
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THE LORENTZ
TRANSFORMATION OF THE

THOMAS-BMT EQUATION

In this Appendix, it will be shown that the spinor @, o) defined in EQ. (3.25)
transforms covariantly under Lorentz transformations. It is straightforward
to show that it is covariant under rotations. Thus, it is sufficient to show
that this holds also for boosts along one direction. We choose the z-direction

without loss of generality. Under this boost, the transformation takes the

A
(I)(p@) — exp{ (570,}/1) }(I)(pﬂ)

A4 oD p A
(cosh 5 T potm sinh Q)SQ

form

(B.1)
— VFm

)

ap A inh 2
(p0+m cosh § + oy sinh 2>sa
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THE LORENTZ TRANSFORMATION OF THE THOMAS-BMT EQUATION

where A is the boost parameter and s, satisfies the Thomas-BMT equation.

We write the transformed spinor as

S/

exp(37°7") Pp.) = VDb +m , (B.2)

po s

py+m

where the transformed 4—momentum is (pf, pj, p.) with

Py = pocosh A + py sinh \ |
(B.3)

Py = posinh A + p; cosh A .

p1 and p) are the components of the contravariant vectors. By comparing

the top two components of EQS. (B.1) and (B.2), we find

s = p?+m cosh%—l—wsinh% Sa - (B.4)
p0+m po—i—m

We must verify that this relation is in agreement with the equation for the

lower components of EQs. (B.1) and (B.2) which is

o-p Ipo+m ([ o- .
: +p s = p? n ( +p COSh% + o1 sinh %) Sq - (B5)
PpTm Po M \poTm

We first verify that s'7s’ = sl s,. The inverse of EQ. (B.4) is

[po + o poy .
So = p? o cosh § + 7 P sinh 3 ). (B.6)
po +m Po +m

Then, replacing s, into the right-hand side of EQ. (B.5) we verify the equality.

What is left to show is that if s, satisfies the Thomas-BMT equation, then
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so does s':

ds,, ds’
i:—iF-asa — —S:—iF’-a's', (B.7)
dr dr

where F/ is composed of the Lorentz-transformed electromagnetic fields

Ei=FE, B;=D0B,

EY4 = Ecosh A + Bssinh )\,

Bj = Bscosh A + Eysinh A, (B.8)
E5 = E3cosh A — Bysinh A

B) = Bycosh A — Ezsinh \.
We define

Po +m

Py +m

010 - P

Po +m

W =

(cosh 2+ sinh %) : (B.9)

such that s’ = Ws,. In the notation (X - ), = X}, what we need to show

is

dw
(z‘d—WT> +(Wo -FWh, =F,, k=1,2,3. (B.10)
T k

EQ. (B.10) can be verified explicitly by using the transformed fields in the
right hand-side and the definition of W.

213






ANGULAR INTEGRATION OF

THE TOTAL AXION ENERGY

The goal of this appendix is to derive EQ. (3.69) starting with EQ. (3.59)
for the case of a constant magnetic field. The trajectory of the electron is

described by

ap .
vt =4/a3 —1 (—, cos wot, 0, — sin w0t> :
21

ao_

C.1
a" = agwor/ a2 — 1(0, — sinwgt, 0, — cos wot) , (C.1)

a* = ajwi/ a3 — 1(0, — cos wpt, 0, sin wot) .

The angular integral can be performed starting with the general result

1 NNy 1
i / dQ (n“ BE = 20,0, — gégvy + 690, + 0", (C.2)



ANGULAR INTEGRATION OF THE TOTAL AXION ENERGY

where we used v - v = 1. Then, for any tensor INV,,,

1 ntn" N, Y 1 Y
- / 40T = 2 Ny = (Not? + 0Ny £ 0N (C3)

To derive the first identity in EQ. (3.69), we choose N, = Fr*F,,F,zF?.
The only non-zero component of F),, is Fi3 = —Fi3. Thus, N,g = Ny, = 0.
We also have a” = 0 for a constant magnetic field. We calculate v*v” N, =

—B}(aj — 1) and N = 2B,.

Differentiating EQ. (C.2) twice gives

dQ(n-a)2HV B 8 0 i
/E(n-vyn n’N,, = (a-a) VY V"N,

1 2
+—(No,v” + V"N, + UON““)] + —[aa"v” + a®v*a” + v’a*a” N,

15 15 o
dQ n-a

& R N
/47? (n-v)ﬁnn w

16 2
=(v-a) {Evov“v”]\fw - g(Nol,v” + v* N, + 0" N,H)

2 -0 v 0-p, v 0, v 1 Ov ; . 0 -0
—g[a vHo” + oYat " 4+ vvta ]NW,+1—5(N a, + a,N*" +a’N,") ,

(C4)
where we used v-a = 0. In both cases, we choose N,, = M,\FA,/. Again,
N, = N,o = 0. For the first case, we have a-a = —aj(aj — 1)wj, v"v" N, =

B(aj — 1), N,/ = —2B; and finally a*a”N,, = af(aj — 1)wiB;. For the
second case, @’ = 0, v - a = ag(af — 1)wg and @v” N, = —ag(ag — 1) Bowg.

We then find the second and third identities of EQ. (3.69).
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MODES AND OPERATORS

Let us suppose that the positive frequency part of a scalar field can be ex-

panded in two different ways
¢ (@) =Y aifiz) = brgi(x), (D.1)
i I

where a; and b; are annihilation operators. We chose a discrete expansion
for simplicity, but the results can be generalized to a continuous case. The

operators satisfy the commutation relations
[ai, aj] = 51‘3'7 [b[, b]}] = 5[J. (D2)

Then, the sets {f;} and {g;} are orthonormal with respect to the same Klein-

Gordon inner product.

(fis fi)xa = 6ij,  {91,97)xa = d1J - (D.3)

217



MODES AND OPERATORS

The product is linear in the second argument and anti-linear in the first.
Suppose that the second set of modes can be expanded in terms of the first

as

9gr = ZUIifi7 (D.4)

for some operator U. We also assume that U is invertible. Then U is uni-

tary:

0rr = {91, 9)0xe = > _(Unifi, Usifi)ka = > UrUsi{fir fi)xa

" " (D.5)
=> UpUs:.

In other words U, = (U™');;. Then, from EQs. (D.1) and (D.4)

7

Z aifi(r) = Z brUrifi(z) . (D.6)
I,i
Applying EQ. (D.3),
a; =Y biUy — b=Y aU)y=> Upai. (D.7)
I i %
Then finally
bl = Z Upal . (D.8)

By comparing EQS. (D.4) and (D.8), we see that the relation satisfied by the

modes is the same as the one satisfied by the creation operators.
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