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Nanostructures are promising building blocks for quantum technologies due to
their reproducible nature and ability to self-assemble into complex structures.
However, the need to control these nanostructures represents a key challenge.
Hence, this thesis investigates the manipulation and creation of quantum states
in certain nanostructures. The results of this thesis can be applied to quantum
information processing and to extremely sensitive magnetic-field measurements.

In the first research chapter, we propose and examine methods for entangling
two (remote) nuclear spins through their mutual coupling to a transient optically
excited electron spin. From our calculations we identify the specific molecular
properties that permit high entangling power gates for different protocols.

In the next research chapter, we investigate another method to create entan-
glement; this time between two remote electronic spins. This method uses a very
sensitive magnetic-field sensor based on a crystal defect that allows the detection
of single magnetic moments. The act of sensing the local field constitutes a two-
qubit projective measurement. This entangling operation is remarkably robust
to imperfections occurring in an experiment.

The third research chapter presents an augmented sensor consisting of a nitrogen-
vacancy centre for readout and an ‘amplifier’ spin system that directly senses tiny
local magnetic fields. Our calculations show that this hybrid structure has the
potential to detect magnetic moments with a sensitivity and spatial resolution
far beyond that of a sensor based on only a nitrogen-vacancy centre, and indeed
this may be the physical limit for sensors of this class.

Finally, the last research chapter investigates measurements of magnetic-field
strength using an ensemble of spin-active molecules. Here, we describe a quantum
strategy that can beat the common standard strategy. We identify the conditions
for which this is possible and find that this crucially depends on the decoherence
present in the system.
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Chapter 1 Introduction

1.1 Motivation and outline

These days nanostructures are having more and more impact on our everyday

life. For example, they are used in cosmetics, in pharmaceuticals and most

excitingly in information processing. Therefore it is very important to under-

stand nanostructures more thoroughly. As these structures are by definition

very small – on the atomic length scale – the physics of choice to describe them

is quantum physics. With quantum physics one can define a new way of comput-

ing, called quantum computing. This way of computing will probably be much

more powerful than ordinary computers are and ever will be. However, rigorous

proofs for this claim are still missing. Quantum computers process quantum

states for their computations, and therefore the question of how to successfully

manipulate quantum states within nanostructures is of great importance. Many

theoretical concepts have been developed to build a quantum computer, but for

its realisation there is still a long way to go. For this reason, now, the focus

should be on understanding small quantum systems. Present and near-future

experiments have already to cope with many – sometimes too many – technical

limitations. On the one hand, what we learn from these experiments can then

be used to design experiments with larger quantum systems. On the other hand

one can incorporate small quantum systems into a quantum technology with a

real-world application. For example, as we see in this thesis, small quantum sys-

tem can be used for very precise sensing of small magnetic fields. The research

effort connected with the development of quantum technology based on small

quantum systems will then promote the construction of a quantum computer.

We begin this thesis, in this chapter, with a broad introduction to various topics

on which the research chapters are based. First, we introduce the basic concept

of quantum information processing (QIP) by following its historical roots. We
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1.1 Motivation and outline

will see in this context that the quantum phenomenon of quantum entanglement

is very important and we will motivate this term in the succeeding section.

Although the theoretical concept of a quantum computer is well understood,

its technical implementation is very difficult. The main reason for this is that

a quantum computer is a quantum system and such a system is always coupled

to its environment. The environment causes negative effects that ultimately

destroy the calculations run by a quantum computer. Fortunately, quantum

computers can tolerate a fair amount of information degradation by using clever

techniques, called quantum error correction. To understand the causes of the

errors a quantum system always needs to be described in combination with its

environment. In this case the quantum system is called an open quantum system.

We very briefly review important terms in this field in another section.

As mentioned before, another very useful application of entangled quantum

systems is parameter estimation. Measurement devices with entangled states are

fundamentally superior to conventional technologies. In Section 1.5, we introduce

the relevant ideas in this field, in particular the quantum Fisher information.

We conclude the introduction with a section about the properties of two prom-

inent quantum systems, buckminsterfullerenes and nitrogen-vacancy (NV) de-

fects in diamond because the ideas of three research chapters can perhaps be

realised with these nanostructures.

In the first research chapter, Chapter 2, we propose and examine methods

for entangling two (remote) nuclear spins through their mutual coupling to a

transient optically excited electron spin. From our calculations we identify the

specific molecular properties that permit high entangling power gates for different

protocols.

In Chapter 3, we investigate another method to create entanglement, this time

15



Chapter 1 Introduction

between two remote electronic spins. This method uses a very sensitive magnetic-

field sensor based on a crystal defect that allows the detection of single magnetic

moments. The act of sensing the local field constitutes a two-qubit projective

measurement.

In Chapter 4, we present an augmented sensor consisting of an NV centre for

readout and an ‘amplifier’ spin system that directly senses tiny local magnetic

fields. Our calculations show that this hybrid structure has the potential to

detect magnetic moments with a sensitivity and spatial resolution far beyond

that of a simple NV centre, and indeed this may be the physical limit for sensors

of this class.

Finally, in Chapter 5 we investigate measurements of the magnetic-field strength

using an ensemble of spin-active molecules. Here, we describe a quantum strategy

that can beat the common classical strategy. However, this depends crucially on

the form of decoherence present in the system.

Each of the research chapters contains its own conclusion in which we sum-

marise the key results and discuss possible future work.

1.2 Introduction to quantum information processing

1.2.1 Historical background and motivation

These days we store information digitally: This means that we map all types of

information to ones and zeroes and store this information on a hard disk, CD,

DVD, etc.. Quantum information is a generalisation of the term (digital) inform-

ation and its definition is based on quantum mechanics, the most fundamental

description of all physical systems at the atomic level. Devices that process

16



1.2 Introduction to quantum information processing

quantum information are called quantum computers. Historically there are two

motivations for building such a device that became apparent in the beginning of

the 1980s.

First, computer manufactures at that time wanted to achieve a significant

reduction of the amount of energy consumed by computers. Computers dissipate

energy because most of the operations, like for example the AND gate or OR

gate, are irreversible. The irreversibility implies a loss of information. Landauer

found that at least kBT ln(2) (here T is the temperature of the computer and

kB is the Boltzmann constant) of energy is needed in order to delete one bit

of information [107]. In the year 2000, a computer manufacturer brought the

energy consumption down to about 500kBT ln(2) for one logical operation [143],

which is still far away from the theoretical minimum. In contrast, a reversible

gate dissipates (almost) no energy, and for that reason, IBM researchers and

others were concerned with reversible logic [21, 68]. As the dynamics in quantum

mechanics are time-invariant, i.e. reversible, they started thinking about using

quantum mechanics for reversible quantum computation.

Second, another motivation for developing a quantum computer goes back to

Feynman, who wanted to simulate quantum mechanical solid state systems with

a computer. He found that our computers are in principle not designed to solve

this task, and, for this purpose, he suggested building a new computer based on

quantum mechanics [65].

In the following years, Deutsch generalised the Turing machine [189], i.e. a

model with which computers can be formally described, to a quantum Turing

machine [55] and thereby created the theoretical concept for a quantum com-

puter. In 1994, Shor achieved a major breakthrough in the field of quantum in-

formation processing (QIP) by proposing a quantum algorithm [174, 177], which

can factor an integer n in polynomial time: O(n2 log(n) log log(n)). The best

17



Chapter 1 Introduction

classical algorithm is based on the number field sieve [111, 110], whose running

time is O(exp(c[log(n)]1/3[log log(n)]2/3)), i.e. exponential. Thus, the quantum

algorithm runs exponentially faster than the best know classical algorithm.

Besides the prospect of exponential speed-up, many authors writing about QIP

motivate the construction of a quantum computer by also referring to the fact

that the current computer technology will reach its limits in a few years (Moore’s

law [131]). In 1965 Moore predicted more or less correctly that the number of

transistors per processor chip can be doubled about every 24 months1 and in the

same period, the processing performance of microprocessors doubles. Obviously,

the miniaturisation reaches a limit, when the building blocks are so small that

quantum mechanical effects dominate, and thus an inherently new technology

is needed. At the moment it is not obvious that the only way to overcome the

emerging difficulties is to build a quantum computer.

Obviously, to build a quantum computer is a highly desirable aim, and, unfortu-

nately, it seems that it will not be achieved soon, as its technical implementation

is still too difficult. But, research in the area of QIP is very important and signi-

ficant for understanding counter-intuitive quantum mechanics more thoroughly.

Hence, QIP should be considered as both a fundamental research area as well

as an emerging technology. Moreover, it is crucial to pay more attention to the

current technical limitations in proposals for experiments in order to realise a

quantum computer sooner than it was previously thought.

1Originally, Moore predicted a doubling every 12 months [131]. Ten years later, at a SPIE
conference (The International Society of Optical Engineering), he changed his prediction
to every 24 months.
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1.2 Introduction to quantum information processing

1.2.2 Qubits, gates and quantum circuits

A quantum computer is different from a conventional computer because it does

not process bits, rather it processes quantum bits. A conventional computer can

use quantum mechanical effects to process its information, but for this reason

alone it does not merit the title quantum computer. It depends on the inform-

ation that is processed! A quantum bit, qubit for short, is simply a quantum

mechanical two level system [169], and a state of a qubit is a superposition of the

corresponding two levels. Let us label these levels by |0⟩ and |1⟩, then a state of

the qubit is described by the wave function |ψ⟩

|ψ⟩ = a |0⟩+ b |1⟩ , with |a|2 + |b|2 = 1 and a, b ∈ C . (1.1)

Examples of a qubit are a photon with its two polarisation directions (horizont-

ally polarised, vertically polarised), two electronic states in an atom/ion (excited

state, ground state), or a spin-1/2 particle (spin up, spin down). Graphically,

the state of a qubit is often depicted as a point on the so-called Bloch sphere as

Eq. (1.1) can be rewritten by using two angles θ and φ and neglecting a global

phase that is physically irrelevant:

|ψ⟩ = cos
(
θ
2

)
|0⟩+ eiφ sin

(
θ
2

)
|1⟩ and θ, φ ∈ R .

A quantum computer is then a device operating on a register of qubits. Well

known operations on a qubit are the rotations Rn̂(θ) about the real unit vectors

n̂ = (nx, ny, nz) in three dimensions. The most prominent ones are the rotations

about the x, y and z axis. If we identify

|0⟩ =

1

0

 and |1⟩ =

0

1

 ,
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Chapter 1 Introduction

then the matrices representing these rotations in the {|0⟩ , |1⟩} basis are given by

Rn̂(θ) := exp(−iθn̂· σ⃗/2) = cos
(
θ
2

)
I − i sin

(
θ
2

)
(nxσx + nyσy + nzσz) ,

where σx, σy and σz are the Pauli matrices:

σx =

0 1

1 0

 , σy =

0 −i

i 0

 , σz =

1 0

0 −1

 and

I is the identity matrix.

These rotations play an important role in QIP because one can easily show that

an arbitrary unitary transformation U on one qubit can be reduced to rotations

about two nonparallel axes n̂ and m̂, like for example the y and the z axis, i.e.

there are real numbers α, β, γ and δ, such that

U = eiαRn̂(β)Rm̂(γ)Rn̂(δ) .

Typically transformations on qubits are depicted by directed graphs, which are

called quantum circuits, in analogy to ordinary circuits for classical computers.

The direction of increasing time of the graph is defined from left to right, and,

hence, arrows are usually neglected. Each edge represents a qubit and each

node is an operation on the incoming edges (qubits) and hence called gate. In

contrast to classical circuits, there is no branching of edges (FANOUT operation)

because according to the no-cloning-theorem [201, 57] a quantum state cannot

be copied. For an example of a quantum circuit see Fig. 1.1. Here, H stands for

20



1.2 Introduction to quantum information processing

|q1〉

|q2〉 T T

|q3〉 H T T T T H

Figure 1.1: Example of a quantum circuit operating on three qubits.

the Hadamard transformation H = 1√
2
( 1 1
1 −1 ), and T stands for the π

8
gate

T =

1 0

0 exp
(
iπ
4

)
 . (1.2)

The gates operating on two qubits will be explained soon.

The power of a quantum computer may arise from the fact that the space

of states for n ∈ N qubits is given by the n-folded tensor product of C2, i.e.

(C2)⊗n ∼= C2n . Hence, the matrices representing the unitary transformations

U(2n) on this space are exponentially large in n. It is easy to see that we cannot

decompose a unitary of U(2n) into unitaries of U(2), i.e. single qubit operations.

But fortunately, we can decompose it into unitaries of U(4), i.e. two qubit gates,

and U(2). An important two qubit gate in this context is the controlled NOT

gate (CNOT gate), which operates on two qubits (C2 ⊗ C2)

CNOT =



1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0


;

|0⟩ ⊗ |0⟩ 7→ |0⟩ ⊗ |0⟩

|0⟩ ⊗ |1⟩ 7→ |0⟩ ⊗ |1⟩

|1⟩ ⊗ |0⟩ 7→ |1⟩ ⊗ |1⟩

|1⟩ ⊗ |1⟩ 7→ |1⟩ ⊗ |1⟩

.

We see that the second qubit called the target qubit is flipped when the first

qubit called the control qubit is in the state |1⟩. If the control qubit is in the

state |0⟩, then nothing happens to the target qubit. In a quantum circuit the
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Chapter 1 Introduction

|c〉

|t〉
Figure 1.2: CNOT gate; top qubit = control qubit, bottom qubit = target

qubit.

CNOT gate is depicted as in Fig. 1.2.

The CNOT is so famous because together with single qubit rotations, we get an

universal set of quantum gates, i.e. a n-qubit gate can be represented by CNOT

gates and rotations Rx, Ry and Rz. This was first shown by Barenco et al. in

Ref. [14]. Up to now, several methods for this decomposition have become known

[193, 137, 172, 188], and the minimum number of CNOTs needed to implement

an arbitrary n-qubit operations is in the leading order 5
6
4n [25]. So, in general,

one needs a number that is exponential in n of elementary gates in order to

implement an arbitrary n-qubit gate.

1.2.3 Quantum algorithms

When people talk about quantum computers, they often get excited because of

the enormous, predicted computing power. Some people working in this field

sometimes push this too far by building the illusion that a quantum computer

could solve all current problems within seconds, including NP-hard problems

like the boolean satisfiability problem (SAT) [50], the graph colouring problem

or the traveling salesman problem [96]. The truth is that up to now there are

(mainly) four known classes of algorithms, in which the algorithm runs faster

on a quantum computer than on a classical computer. For all other (classical)

algorithms, there is currently no (quantum) speed-up known but their existence
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is possible in general. Moreover, a quantum computer cannot solve problems

that are impossible to solve with a classical computer. That is, both, a classical

and a quantum computer can solve the same kind of problems, but a quantum

computer solves certain problems faster. For the rest of this section, we consider

the four classes.

The first class is given by all types of algorithms that are related to the effi-

cient simulation of quantum mechanical systems [65, 116, 117]. With a classical

computer, we need an exponential effort2 in the size of the system, that is to say,

increasing the size of the simulated system by a factor of N would require 2N

times more effort. With a quantum computer, we need only a polynomial effort

in N . These algorithms will probably enable us to understand small quantum

mechanical systems better.

The second group is given by all algorithms that are based on the quantum

Fourier transformation. Algorithms in this class are for example the Deutsch-

Jozsa-algorithm [56], Shor’s algorithm for efficient factorisation and calculations

of the discrete logarithm [174, 177] and the polynomial-time algorithm for the

Abelian stabiliser problem [99]. A possible reason for the hype about quantum

computers is given by the fact that with Shor’s algorithm it would be possible

to decode ciphers that are encrypted with the RSA algorithm [156]. This is

possible because RSA is based on the fact that a classical computer needs a man’s

lifetime and longer to factorize very large numbers. At the moment RSA has

many applications, and it is used for certificates (X.509 certificates), for secure

communication protocols like IPSec, TLS and SSH and for email encryption

(PGP and S/MIME). All these areas would be vulnerable with the existence of

an adequate quantum computer.

2The effort is given by the amount of resources, by the duration of the calculations or by
both.
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The third class comprises problems that are based on Grover’s algorithm for

the (quantum) search of an entry in a list of length N [82]. The running time for

Grover’s algorithm is O(
√
N), where a classical algorithm has to look through

the whole list in the worst case, i.e. N steps are necessary in the worst case. It

has been shown that this quadratic speed-up of Grover’s algorithm is optimal

[22] , i.e. there is no other algorithm that could solve the same problem faster.

These three classes of algorithm are very well-known in the field of QIP and

often discussed in the literature. The fourth class of algorithm comprise all sorts

of algorithms that can approximate the Jones polynomial of braids or links for

certain roots of unity [69, 70, 8, 198]. The AJL-algorithm (Aharonov, Jones

and Landau) approximates the Jones polynomial of an n-braid with m-crossings

at any primitive root of unity ei
2π
k , where the running time of the algorithm

is polynomial in m,n and k. Moreover, Aharonov and Arad showed that this

algorithm solves a BQP-complete problem (for k > 4, k ̸= 6, 10) [6, 7]. By

definition, the complexity class BQP is the class of decision problems solvable

by a uniform family of polynomial-size quantum circuits with a maximum error

probability of 1
4

[26, 46, 4]. BQP can be thought as the class of all feasible

problems for a quantum computer. A problem L is said to be BQP-complete

if the problem L is in BQP and every problem in BQP can be reduced to L

with polynomial overhead. In summary, the algorithms in this fourth class of

quantum algorithms provide an exponential speed-up compared to the classical

analogues, and these problems make maximal use of the power of a quantum

computer.

The question why these quantum algorithms are much faster than their classical

analogues has not yet been answered satisfactorily [95]. In general, it is believed

that entanglement is one reason for the power of a quantum computer. For this

reason we will discuss this term in more detail now.
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1.3 Entanglement

1.3 Entanglement

1.3.1 Definition and quantification

Entanglement, first recognised by Einstein, Podolsky and Rosen [61] and Schrö-

dinger [168], is one of the most astonishing features of quantum physics. It

implies a measurement correlation between two systems that is stronger than

can exist in the classical world. Let HA and HB be the two Hilbert spaces

describing the states of the systems A and B. A state of the composite system

|ψAB⟩ ∈ HA ⊗ HB is said to be separable if it can be written as a product of

states in A and B, i.e. |ψAB⟩ = |ψA⟩⊗|ψB⟩ with |ψA⟩ ∈ HA and |ψB⟩ ∈ HB. The

two systems are said to be entangled when there is no such decomposition. For

example, the singlet state |ψ−⟩ = 1√
2

(
|01⟩ − |10⟩

)
of two qubits is an entangled

state. Similarly, one defines two ensembles A and B to be separable [196], when

the density matrix3 ρAB describing the state of the two ensembles, can be written

in the form ρAB =
∑

i piρ
i
A ⊗ ρiB, where ρiA and ρiB are density matrices of the

systems A and B and pi is a probability distribution. If two ensembles are not

separable, then they are said to be entangled.

In order to show that a state is entangled, one uses an entanglement criterion

or applies an entanglement measure to the given state rather than using the

definition directly. But unfortunately, up to now, there exists no characterisa-

tion of entanglement for an arbitrary mixed state. As we will see soon, with

entanglement measures we have similar problems.

According to Refs. [153, 39], one can distinguish operational entanglement cri-

teria, like the partial transposition criterion [150, 127] or majorisation criterion

[144], from nonoperational criteria. A criterion is called operational when one

3For a definition of a density matrix see Section 1.4.2 on page 31.
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applies the same procedures to any density matrix and the output of the proced-

ures tells us whether the state is entangled or not. An example for a procedure

would be the calculation of the eigenvalues of the density matrix. For two qubits

the partial transposition criterion is a complete characterisation of entanglement.

This is in contrast to nonoperational criteria in which the procedure that one

applies to the density matrix depends on the state that one wants to analyse.

An example is an entanglement witness of a state ρ, which is a functional that

separates the separable states from ρ. So if you have prior knowledge of a dens-

ity matrix of an experiment, then one can construct an entanglement witness

for this state and detect entanglement experimentally by performing some local

measurements [85, 84, 38].

Another approach to detecting entanglement is to quantify it with an entan-

glement measure. An example is the entanglement entropy Eentropy [23]. For a

state ρAB it is defined to be the von Neumann entropy Tr(−ρA log2 ρA) of the

reduced system ρA = TrB ρAB. This measure only makes sense for pure states,

as for example Eentropy(|ψ−⟩ ⟨ψ−|) = 1 = Eentropy(
1
2
|01⟩ ⟨01|+ 1

2
|10⟩ ⟨10|).

Since there are many entanglement measures, it is useful to state the proper-

ties that such a measure should have. In general, an (axiomatic) entanglement

measure E for a bipartite system is a mapping from the set of density matrices

describing the bipartite system to the positive real numbers with certain reason-

able properties [153, 39]:

• E(|ψ−⟩ ⟨ψ−|) = 1 (normalisation condition)

• For a separable state ρAB it holds that E(ρAB) = 0.

• E(ρAB) does not increase under local operations and classical operations.

• For a pure state |ψAB⟩ ⟨ψAB| the measure reduces to the entanglement
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entropy:

E(|ψAB⟩ ⟨ψAB|) = Eentropy(|ψAB⟩ ⟨ψAB|) .

A prominent example of an entanglement measure is the entanglement of forma-

tion EF [200, 24]. For a given mixed state ρ, this measure is the minimal possible

average entanglement (measured using entanglement entropy) over all pure state

decompositions of ρ, i.e.

EF = inf{
∑
i

piEentropy(|ψi⟩ ⟨ψi|) | ρ =
∑
i

pi |ψi⟩ ⟨ψi|} . (1.3)

To calculate this quantity is in general very difficult, but for a two qubit system

there are straightforward formulae.

To summarise the current knowledge about entanglement, one has to admit

that there has been a lot of research in this field, but up to now for mixed states

there are still many open questions and problems. For example, there is no unique

measure for mixed states because the entanglement measures defined above are

in general not linearly ordered, i.e. for two entanglement measures E1 and E2,

there are states ρ1 and ρ2 with E1(ρ1) < E1(ρ2) and E2(ρ1) > E2(ρ2). Another

important open question in this field is to decide whether the entanglement of

formation is an additive measure, i.e. EF(ρAB ⊗ ρAB) = EF(ρAB) + EF(ρAB).

These questions and many others need to be solved in order to understand the

term entanglement completely. In the field of QIP a lot of effects, methods and

ideas rely on entanglement. Hence, it is crucial for QIP to develop a theoretical

characterisation of entanglement. To show this, we consider a publication of

Zanardi et al. [207]. These authors consider unitary operations and want to

quantify their power of entangling two systems. For this purpose, they define the

entangling power e of a unitary operation UAB with respect to the entanglement
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measure E and the probability density p to be

e(UAB) = E(UAB |ψA⟩ ⊗ |ψB⟩)
ψA,ψB

, (1.4)

i.e. the average value of the entangling measure over all product states |ψA⟩⊗|ψB⟩

that are distributed according to p(|ψA⟩ ⊗ |ψB⟩). Obviously, the success of their

approach, i.e. the entangling power, heavily depends on the chosen entanglement

measure. In this way, the lack of a satisfactory entanglement measure affects

many papers and their results in QIP.

1.3.2 Entanglement in experiments

From the experimental point of view, there are a lot of systems demonstrating

entanglement. There are experiments with entangled photons [147], entangled

atoms [86], entangled ions [157], an ion entangled with a photon [29], a single

atom entangled with a single photon [197] and so forth. There is even evidence

that in living organism like birds, entanglement is used for magnetic-field sensing

[76, 40]. Creating and controlling entanglement is a delicate task and people

think about different ways in order to create entangled states. So far, three

general ways of creating entanglement have been identified [32]. The first one

is to use the decay of a system into two parts. An example would be a spin

zero particle that decays into two indistinguishable spin-1/2 particles. Because

of the conservation of the spin, the bipartite system is in the singlet state |ψ−⟩.

The second possibility is to use the interaction between two systems in order

to build up an entangled state. This interaction can be a direct interaction,

like in most experiments, or an indirect interaction mediated by a mediating

system or the environment [77, 126]. The third possibility is given by the fact

that a measurement can project a state onto an entangled state. An example
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would be a Bell state measurement [32]. Note that for entanglement it is not

necessary that the two spatial separated systems are close to each other. For

instance, there is an experiment where the systems are one metre apart [129].

Here, Moehring et al. use a probabilistic scheme in order to entangle two distant

atoms by projection. Unfortunately, the success rate is very low; they report

only 30 successes per 109 attempts [129] and a 13-fold improvement of this rate

in Ref. [124] but there are ideas that would help to increase this number [41].

1.4 Decoherence and quantum master equations

1.4.1 Decoherence and error correction

The Hilbert space of one qubit is isomorphic to C2 and the state space of n qubits

is isomorphic to (C2)⊗n ≃ C2n . The last identity could be another explanation

(besides entanglement) for the power of quantum computers. It means that the

state space of n qubits is exponentially large in the number of qubits but for

processing the information one only acts on n qubits. The general state of such a

register is a superposition of 2n basis states. For quantum computation, it is ne-

cessary to maintain the coherence of this superposition. When this superposition

is disturbed or even worse destroyed, one speaks of decoherence. The cause for

decoherence is the unavoidable interaction of the system with the environment.

In the beginning of quantum mechanics, one never spoke about decoherence be-

cause one only considered closed (isolated) quantum mechanical systems, and it

was enough to struggle with the measurement problem. Only afterwards, one

began to understand that it is essential to consider a quantum system together

with its environment. Thus, the correct context in which to think of quantum

system is as open quantum systems.
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From a phenomenological point of view, one can distinguish roughly two types

of decoherence [143]. First, the excited level in a qubit usually has a finite

lifetime, i.e. an excited state relaxes to its ground state. The corresponding

characteristic timescale is called the relaxation time or spin-lattice time and

usually labelled T1. The term ‘spin-lattice time’ originates from NMR, see

[179, 1, 112, 183]. By definition a relaxation process always dissipates energy

to the environment. In a solid, this is usually a lattice of atoms around the con-

sidered system. Second, the other decoherence effect, which in contrast is energy

conserving, is the degradation of the phase information between the basis states

of a given superposition. The characteristic time for this process is usually called

spin-spin relaxation time or just dephasing time T2. The terminology was again

coined by researchers in NMR. When one considers an ensemble of spins, then

the cause for this decoherence process is that every single system in the ensemble

experiences a slightly different environment than the other spins.

We have seen that a quantum system, especially a quantum register, must

be considered as an open quantum system. This implies imperfection of the

quantum state that is used for the calculation. In addition to that, an application

of a gate analogously also introduces an imperfection. In a classical computer

one can detect and eliminate imperfection by introducing redundant information

about the states. The redundant information can be a repetition, a checksum

or the parity of the information. In more sophisticated schemes the information

and redundant information is encoded with certain codes, like the binary Golay

code or the Reed–Solomon code. Then from time to time one verifies whether the

information is still consistent with the redundancy. If the encoding allows it and

the encoded information is not corrupted too severely, then one can recover the

original information with the redundancy. There are a whole range of different

encoding methods and for a review see [100, 130].
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However, in a quantum computer one cannot analogously apply these methods.

One reason is that it is not possible to copy any quantum state. This is known as

the no-cloning theorem [201, 57]. Moreover, a measurement of the qubit would

destroy the superposition. Fortunately, Shor [175, 176] and Steane [181] found

schemes that correct the ubiquitously occurring errors, and these schemes were

developed further thereafter. Here, the basic idea is to change the basis in which

the information is stored. This is usually done by defining a logic qubit to be a

whole register of physical qubits, and the calculation is performed on the logic

qubits. Obviously, there is a lot of overhead required by this method but the

benefit from this is that it has been shown that when the error rate is below a

certain number, typically 10−5 to 10−4, then all the errors during a computation

can be corrected and one computes the correct result [143]. To achieve gates or

qubits with such a low error rate is quite demanding.

1.4.2 Quantum master equations

To consider decoherence quantitatively, one typically uses quantum master equa-

tions. Before we introduce those, we first gather some facts about quantum mech-

anics and closed quantum systems [170]. A state of a closed quantum system is

given by a vector in a Hilbert space. It has been shown that there is an alternative

description of states that uses density matrices [194]. A density matrix is a pos-

itive Hermitian operator of trace-class 1. There is a one-to-one correspondence

between states and density matrices. The advantage of using density matrices

over state vectors is that with density matrices one can also describe an ensemble

of systems. This works as follows: Let us assume we have an ensemble of systems,

e.g. a lot of qubits. Further, we assume that all these systems are in one of the

states |ψi⟩ (i = 1, . . . , n) and let pi be the relative proportion of systems in state

|ψi⟩, i.e.
∑n

i=1 pi = 1, then the quantum mechanical density matrix describing
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the state of the system is given by ρ =
∑n

i=1 pi |ψi⟩ ⟨ψi|. The time-evolution of

the ensemble is given by the von Neumann equation iℏρ̇(t) = [H, ρ(t)], which

is the analogue of the Schrödinger equation. To describe the dynamics of one

subsystem that is part of a composite system, one traces out the complementary

systems. A consequence of this procedure is that the dynamics of the subsystem

is usually not unitary, although the dynamic of the whole system is unitary.

This is the fundamental principle for dealing with open quantum systems and

master equations. Very useful references and the standard text books for master

equations which we consider now are [42, 72, 36].

Typically, one starts with the system of interest, adds a bath that represents

the environment and adds a coupling between the bath and the system. Thus

one considers a large system, which is described by the Hamiltonian:

Ĥ = ĤS + ĤB + ĤI ,

where ĤS is the system Hamiltonian, ĤB the Hamiltonian describing the bath,

e.g. an electromagnetic field and ĤI is the Hamiltonian that describes how the

bath interacts with the system. To get the exact dynamics of the system of

interest, the problem is solved for Ĥ first, and then the environment is traced

out. For most systems this is not possible, and, usually, several assumptions and

approximations are used to describe the system. A typical assumption is that

the environment has no memory of the past. This assumption is the so-called

Markov approximation. For that reason, a master equation, i.e. an equation

that fully describes the time-evolution of an open quantum system that uses this

approximation is called a Markovian master equation. It can be shown that every

Markovian master equation that satisfies some further (technical) conditions can
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be written as a master equation in Lindblad form, i.e.

ρ̇S(t) = − i

ℏ
[ĤS, ρS(t)]

+
∑
i

γi

(
LiρS(t)L

†
i −

1

2
(L†

iLiρS(t) + ρS(t)L
†
iLi)

)
, (1.5)

where Li are the so-called Lindblad operators and ρS is the density matrix of

the system of interest. We see that the von Neumann equation is extended by

terms that describe the decoherence. Here, each Lindblad operator represents

a different decoherence mechanism, or channel. For example, pure dephasing

can be described by the Lindblad operator L = σz. Hence, the Lindblad master

equation can often help to understand the decoherence mechanisms of a system

by its illustrative form.

1.5 Parameter estimation

So far in this introduction, we have motivated the study of quantum states in

nanostructures with the prospect of building a quantum computer. However,

this is not the only possible application of the research described in this thesis.

Another promising application that has the potential to be implemented in the

near future is to use quantum systems as probes for sensitive measurements.

For example, we will see in Chapter 4 that with crystal defects in diamond tiny

magnetic fields can be sensed.

In this section, we analyse this in an abstract way, and our presentation is

based on the references [101, 34, 149]. In general, a measurement of a continuous

variable always implies an uncertainty in the results. Here, we would like to find

the fundamental limits for this uncertainty. For this purpose, we consider the

measurement of a continuous variable as a three-step process: First, we prepare
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a quantum system in a certain known initial state ρ0. Second, this system acts

as a probe for an effect that we would like to observe and evolves to the state

ρλ. Third, we measure the quantum system in order to learn about the effect

characterised by the parameter λ that acted on the system. Obviously, the choice

of the initial state and the method of measuring the final state tremendously

affect the information that we learn about the parameter λ. Here, we only

consider the uncertainty that originates from the uncertainty in the measurement

process. We describe the measurement as a POVM (positive operator valued

measure) [143], i.e. a set of Hermitian positive semidefinite operators {Πx} each

associated with the measurement outcome x. The probability of measuring x

when the system is in the state ρλ is given by the Born rule

p(x|λ) = Tr[Πxρλ] (1.6)

with
∫
dx Πx = 1. As the measurement outcome is probabilistic, we need

to repeat the experiment including the measurement over and over again and

then estimate the value of the parameter λ by using the measurement outcomes

x1, . . . , xN . We call the estimator Λ = Λ(x1, x2, . . . , xN). An appropriate meas-

ure for the uncertainty δλ for estimating λ is given by

δλ :=
Λ∣∣∣d⟨Λ⟩dλ

∣∣∣ − λ , (1.7)

where we the average is understood to be

⟨Λ⟩ :=
∫
dx1 · · · dxN p(x1|λ) · · · p(xN |λ) Λ(x1, . . . , xN) . (1.8)

Now, we derive a lower bound for the uncertainty in λ.
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1.5.1 Fisher information and Cramér-Rao bound

For this purpose, we define

δΛ := Λ− ⟨Λ⟩ (1.9)

and, hence, it is true that

0 =

∫
dx1 · · · dxN p(x1|λ) · · · p(xN |λ) δΛ . (1.10)

If we take the derivative of this equation with respect to λ, we get

∫
dx1 · · · dxN p(x1|λ) · · · p(xN |λ)

(
N∑
n=1

1

p(xn|λ)
∂p(xn|λ)

∂λ

)
δΛ

− d ⟨Λ⟩
dλ

= 0 . (1.11)

We can rewrite this as

d ⟨Λ⟩
dλ

=

∫
dx1 · · · dxN p(x1|λ) · · · p(xN |λ)

(
N∑
n=1

∂ ln p(xn|λ)
∂λ

)
δΛ (1.12)

=

⟨(
N∑
n=1

∂ ln p(xn|λ)
∂λ

)
δΛ

⟩
=

N∑
n=1

⟨
∂ ln p(xn|λ)

∂λ
δΛ

⟩
(1.13)

Now, if we apply the Cauchy-Schwarz inequality, i.e. |⟨f, g⟩|2 ≤ ⟨f, f⟩ ⟨g, g⟩ to

this equation we get

∣∣∣∣d ⟨Λ⟩dλ

∣∣∣∣2 ≤ N∑
n=1

⟨(
∂ ln p(xn|λ)

∂λ

)2
⟩⟨

(δΛ)2
⟩
= NF (λ)

⟨
(δΛ)2

⟩
(1.14)

where

F (λ) :=

∫
dx p(x|λ)

(
∂ ln p(x|λ)

∂λ

)2

=

∫
dx

1

p(x|λ)

(
∂p(x|λ)
∂λ

)2

(1.15)
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is the Fisher information. We can relate ⟨(δΛ)2⟩ to the mean square error ⟨(δλ)2⟩

by

⟨
(δΛ)2

⟩
=
⟨
(Λ− ⟨Λ⟩)2

⟩
=
⟨
Λ2
⟩
− ⟨Λ⟩2 = (1.16)

=

∣∣∣∣d ⟨Λ⟩dλ

∣∣∣∣2 (⟨(λ− δλ)2
⟩
− ⟨λ− δλ⟩2

)
= (1.17)

=

∣∣∣∣d ⟨Λ⟩dλ

∣∣∣∣2 (⟨(δλ)2⟩− ⟨δλ⟩2
)

(1.18)

and, eventually, find by using Eq. (1.14)

⟨
(δλ)2

⟩
=

⟨(δΛ)2⟩∣∣∣d⟨Λ⟩λ ∣∣∣2 + ⟨δλ⟩2 ≥ 1

NF (λ)
+ ⟨δλ⟩2 ≥ 1

NF (λ)
. (1.19)

The right-hand side of this inequality is called the Cramér-Rao bound for the

mean square error ⟨(δλ)2⟩. If the estimator Λ is unbiased, i.e. ⟨Λ⟩ = Λ, then

there is no systematic error ⟨δλ⟩2. From Fisher’s theorem [67, 51] we know that

for asymptotically large N , a maximum-likelihood estimator is unbiased and

achieves the Cramér-Rao bound, i.e. the estimator is efficient.

Note, in this subsection, we determined the Cramér-Rao bound for one par-

ticular way of measuring the quantum system. If we measure the system in a

different basis, then the probabilities are different, and we find another bound.

We generalise this bound in the next subsection by deriving a bound that is

independent of the measurement.
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1.5.2 Quantum Fisher information

First, we introduce the symmetric logarithmic derivative (SLD) Lλ. It is the

self-adjoint operator that satisfies the following equation

Lλρλ + ρλLλ
2

=
∂ρλ
∂λ

. (1.20)

If we write the density operator in its eigenbasis decomposition

ρλ =
∑
n

ρn |ψn⟩ ⟨ψn| , (1.21)

then we find that

Lλ = 2
∑
nm

⟨ψm| ∂λρλ |ψn⟩
ρn + ρm

|ψm⟩ ⟨ψn| , (1.22)

where the sum only include terms for which ρn+ ρm ̸= 0. With the SLD, we can

also rewrite the Fisher information (1.15)

F (λ) =

∫
dx

ℜ(Tr[ρλΠxLλ])
2

Tr[ρλΠx]
, (1.23)

as ∂λp(x|λ) = Tr[∂λρλΠx] = ℜ(Tr[ρλΠxLλ]).

By using the Cauchy-Schwarz inequality again, this time in the form
∣∣Tr[A†B]

∣∣2 ≤
Tr[A†A]Tr[B†B] applied to A† =

√
ρλ
√
Πx/

√
Tr[ρλΠx] and B =

√
ΠxLλ

√
ρλ, we

estimate the Fisher information F (λ) of any quantum measurement by
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F (λ) ≤
∫
dx

∣∣∣∣∣Tr[ρλΠxLλ]√
Tr[ρλΠx]

∣∣∣∣∣
2

(1.24)

=

∫
dx

∣∣∣∣∣Tr
[ √

ρλ
√
Πx√

Tr[ρλΠx]

√
ΠxLλ

√
ρλ

]∣∣∣∣∣
2

(1.25)

≤
∫
dx Tr[ΠxLλρλLλ] (1.26)

= Tr[LλρλLλ] (1.27)

= Tr[ρλL2
λ] (1.28)

This inequality can be rewritten as follows

F (λ) ≤ H(λ) := Tr[ρλL2
λ] = Tr[∂λρλLλ] , (1.29)

where we defined the quantum Fisher information H(λ). It can be shown that

Lλ represents the optimal POVM to estimate the parameter λ. With Eq. (1.22),

we derive the following formula for the quantum Fisher information

H(λ) = 2
∑
nm

|⟨ψm| ∂λρλ |ψn⟩|2

ρn + ρm
. (1.30)

We summarise the result of this subsection in one inequality

⟨
(δλ)2

⟩
≥ 1

NH(λ)
, (1.31)

where the right-hand side is known as the quantum Cramér-Rao bound. This

inequality states that even for the best choice of the POVM the mean square

error of λ is bounded from below by the quantum Cramér-Rao bound.

Another way of looking at the quantum Fisher information is to interpret it

as a measure for the distinguishability of quantum states with respect to their
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capabilities for parameter estimation. It can be shown that the proper measure

on the manifold of quantum states is proportional to the quantum Fisher inform-

ation, i.e. gµν = 1
4
Hµν(λ). This means that if you slightly change the parameter

of a state with a large quantum Fisher information, i.e. a state with optimal

estimability, then this state is far away from the original state.

1.5.3 Examples: standard quantum limit and Heisenberg limit

We conclude this brief introduction to parameter estimation by considering two

examples. First, we calculate the quantum Fisher information for the case where

we are given N qubits each in the state |+⟩ = 1√
2
(|0⟩ + |1⟩). Suppose each of

these qubits experience a phase shift λ, then each qubits evolves to

|λ⟩ = 1√
2
(|0⟩+ eiλ |1⟩) . (1.32)

For example, each qubit is probing a magnetic field B that is causing the phase

shift λ. As ρλ = |λ⟩ ⟨λ| possesses the eigenvectors |λ⟩ and |λ2⟩ = 1√
2
(|0⟩−eiλ |1⟩)

with the corresponding eigenvalues 1 and 0, the quantum Fisher information is

given by

H(λ) = 2

( ∣∣ i
2

∣∣2
1 + 0

+
0

1 + 1
+

∣∣ i
2

∣∣2
0 + 1

)
= 2

2

4
= 1 . (1.33)

From Eq. (1.31) we infer that the statistical deviation for λ scales as 1/
√
N . This

scaling behaviour is generally know as the standard quantum limit (SQL) [152].

Now, we compare this to the situation where we entangle the N qubits: The

qubits are initially in the state

1√
2
(|00 . . . 0⟩+ |11 . . . 1⟩) . (1.34)
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If each qubit experience again a phase shift of λ, then the state of the N qubits

is

|λN⟩ =
1√
2
(|00 . . . 0⟩+ eiNλ |11 . . . 1⟩) . (1.35)

Note, ρλN = |λN⟩ ⟨λN | has only four nonzero terms. For the sum in the formula

for the quantum Fisher information we only need the eigenvectors |λN⟩ and

|λN,2⟩ = 1√
2
(|00 . . . 0⟩ − eiNλ |11 . . . 1⟩) with eigenvalue 1 and 0. We get

H(λN) = 2

(∣∣Ni
2

∣∣2
1 + 0

+
0

1 + 1
+

∣∣Ni
2

∣∣2
0 + 1

)
= 2

2

4
N2 = N2 . (1.36)

Now, the statistical deviation for λ scales as 1/N , i.e. it is a factor of
√
N smaller

than in the first situation. This scaling behaviour is called the Heisenberg limit

[78, 79].

1.6 Nanostructures

We conclude this introduction with brief reviews of two nanostructures that play

an important role in the research chapters below. We begin with the nitrogen-

vacancy (NV) centre in diamond.

1.6.1 Nitrogen-vacancy centres

Nitrogen-vacancy centres are colour centres in diamond. Diamond comprises sp3-

bonded carbon atoms that crystallise in a faced centre cubic (fcc) lattice. On each

vertex there are two carbon atoms. As diamond is a semiconductor with a band

gap of 5.5 eV, it is transparent for visible light. However, the crystal structure is
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1.6 Nanostructures

not perfect, it is interrupted by crystal defects. A special type of these defects is

the nitrogen-vacancy centre, NV centres for short. The NV centre consists of a

substitutional nitrogen impurity and a nearest-neighbour lattice vacancy. It is a

colour centre with trigonal C3ν symmetry. There a two types of NV centres, one

is negatively charged and thus called NV− centre and the other one is neutral and

called NV0 centre. Usually, an NV centre is considered to be an NV− centre and

we will follow this convention throughout this thesis. The NV centre possesses

an associated electron spin, which ground state is a spin triplet S = 1 and an

optical transition allowing the measurement of a single defect with a confocal

optical microscope [83].

The level structure of an NV centre is depicted in Fig. 1.3. The ground states
3A and the excited states 3E of the electron are spin triplet states with sub-levels

ms = 0,±1. External magnetic fields can lift the degeneracy of the sub-levels.

Without an external field the sub-levels ms = ±1 are degenerate, even for the

excited state, because the defect has a C3ν symmetry. The ground and the

excited spin triplet have a strongly allowed dipole transition, which permits the

optical detection of single NV centres. Moreover, the level structure has two

important features. First, the ms = ±1 (excited state) can decay nonradiatively

to the ms = 0 (ground) state, while the ms = 0 (excited state) preserves ms = 0.

With this property one can polarise the spin rapidly by optical pumping [92].

Second, the fluorescence strongly depends on the electron spin, hence the spin

can be read out by observing the photoluminescence intensity. By using these

two properties Jelezko et al. demonstrate in Ref. [92] that they are able to

coherently manipulate the electron spin.

The coherence properties of the electron spin are extraordinary and therefore

interesting for quantum computing. At 1.9 K Harrison et al. report a value

of T1 = 265 s [87]. Even at room temperature, Gaebel et al. show that the
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Figure 1.3: Energy level structure of the NV centre in diamond.

T2 = 350 µs [71]. They achieved this high value by eliminating a major source of

decoherence, namely the presence of other nitrogen atoms in the diamond [97, 62].

Hence, Gaebel et al. used an ultra pure (type IIa) diamond and implanted

nitrogen in order to create the NV centre. With this diamond they estimate

that 104 Rabi flops (transitions between spin states) can be accomplished before

the electron spin decoheres [71]. Three years later room temperature coherence

times as long as 1.8 ms [13] and 2.4 ms [139] have been measured in ultra-pure

diamond.

In addition, it is shown in Ref. [28] that NV centres can be used as a single-

photon source. Hence, it is in principle possible to entangle to remote NV

centres by performing a path erasure experiment [16]. Barrett and Kok out-

line in Ref. [16] that NV centres are good candidates to implement the ideas of

distributed measurement based quantum computing. Here, it is even possible

to use two or three qubits at one location because Gaebel et al. demonstrated

the coupling of two close NV centres and implemented a two qubit gate [71].

Likewise, the entanglement of the NV centre with surrounding 13C atoms has

been demonstrated [141, 118, 142].

However, there are some difficulties with NV centres, too. For example, the

readout process is rather complex and there are several possibilities for reading
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out the electron spin. At low temperature the readout of the NV centre spin

can be done resonantly in one shot [202]. Although one cannot use such reson-

ant measurements at higher temperature, a single shot measurement has been

demonstrated at room temperature with the help of a nuclear spin in the vicin-

ity of the NV centre [140]. Neumann et al. have transferred the information

of the electron spin onto the nearby nuclear spin via a CNOT gate and have

performed projective measurements by using a quantum nondemolition scheme.

Alternatively, at room temperature, it is possible to utilise a nonresonant tech-

nique with many measurement cycles that reveals only little information in one

cycle [185]. All these methods have in common that they suffer from the poor

detection efficiency in current experiments.

Nevertheless, considering all these facts, the NV centre remains a very valuable

nanostructure for QIP and is very advantageous for implementing various ideas

in QIP. In this thesis, we are mainly interested in the NV centre’s capability of

detecting the strength of very small magnetic fields through an induced Zeeman

splitting [185, 125, 12, 53, 163] see Chapter 4.

1.6.2 Buckminsterfullerenes

Other nanostructures that are very exciting and that have a big potential for

QIP are buckminsterfullerenes, or buckyballs for short. Buckyballs are hollow

carbon molecules that form a closed cage. The most prominent buckyball is the

molecule C60, which looks like a football, see Fig. 1.4. It consists of 12 pentagonal

and 20 hexagonal faces. Other examples of buckyballs are the molecules C70, C80

or C94.

The existence of buckyballs was predicted by Ōsawa in Ref. [145] and in the

final chapter of Ref. [205]. His prediction was not noticed by a broad audience
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Figure 1.4: Buckyball C60.

because it was written in Japanese; for an English version see [146]. Fifteen

years later Kroto et al. discovered C60 without knowing about its predicted ex-

istence, this led to a great increase in the popularity of buckyballs [104]. The

molecules were named buckminsterfullerene after the American architect Buck-

minster Fuller, who popularised the geodesic dome that resembles the buckyball.

In the following years, a remarkable amount of research about buckyballs began,

aided by the fact that they were simple to produce by a technique developed by

Huffman and Krätschmer. This method uses an electric arc between two graph-

ite rods in a helium atmosphere in order to vaporise carbon. Then one dissolves

the condensate in organic solvents and gets crystals of C60 [105]. For their role

in the discovery of buckyballs Kroto, Curl and Smalley were awarded the Nobel

Prize in Chemistry in 1996.

At first, the applications for buckyballs where unclear. Now, there are a range

of promising applications in different fields. For instance, Ref. [31] lists several

applications in biology. For example, it is known that C60(OH)n is an excellent

antioxidant. As radicals are considered to be responsible for ageing, there are

anti-ageing cremes that uses antioxidants based on C60. Another exciting ap-

plication is that it is demonstrated in Ref. [159] that buckyballs inhibit certain

allergic responses in vitro and anaphylaxis in vivo. Although these biologic ap-

plications are promising, they are controversial because the toxicology of bucky-

balls is unclear and requires further investigation [49]. Recent toxicology studies
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suggest that buckyballs can enter cells, can alter the functions of cells and can

cross the blood-brain barrier; for some references see Ref. [199]. Therefore one

cannot state yet that buckyballs are harmless particles. Obviously, their toxicity

will have a major influence on their future applications.

Finally, buckyballs are also extraordinary molecules for QIP. A buckyball can

be regarded as one of the smallest cages on earth within which atoms, ions and

even molecules can be trapped. Such complexes are called endohedral fullerenes

and the fact that a molecule is encased is typically symbolised with an @ in the

chemical formula, as in N@C60. In general, one distinguishes nonmetal doped

fullerenes from endohedral metallofullerenes. Examples of the latter are La@C60

and La@C82 [44]. Examples of nonmetal doped fullerenes are He@C60, Ne@C60

[160] and N@C60 [9]. N@C60 is a good example of the possibilities arising from

endohedral fullerenes. A nitrogen atom is normally highly reactive, but within

the C60 cage it can be shielded and analysed in detail. It is an aim to harness these

fullerenes in order to implement qubits. For example, Morton showed in his DPhil

thesis how one can use electron spins in fullerenes as qubits [133]. A long-term

aim is to build a whole quantum register that encapsulates fullerenes in a single-

walled nanotube (SWNT) [17]. One calls a nanotube with encapsulated fullerenes

a peapod. Peapods have been synthesised for example (Gd@C82)n@SWNT or

simply (C60)n@SWNT [89], but of course controlling the fullerenes in a peapod

separately is still challenging.

1.7 Conclusion

In this introduction, we have seen that a quantum computer is a very powerful

device and discussed how it could be realised in principle. Moreover, we saw that

on the atomic length scale the environment of a quantum system has a major
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influence on the considered system. Hence, it is very demanding to control

a nanostructure, like an NV centre or a buckyball. For that reason, building a

quantum computer is still extremely difficult. In order to construct such a device,

one needs to thoroughly understand single quantum systems in combination with

their environment. A first step in this direction is the crucial task of creating

and manipulating quantum states in nanostructures.
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using an optical degree of freedom
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In the pervious chapter, we have seen that molecular nanostructures are prom-

ising building blocks for future quantum technologies. However, this requires that

methods of harnessing their multiple degrees of freedom (DOFs) can be identified
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and implemented. Due to low decoherence rates, nuclear spins are considered

ideal candidates for storing quantum information while optical excitations can

give rise to fast and controllable interactions for information processing. In this

research chapter, which is based on the Refs. [162] and [165], we propose meth-

ods for entangling two nuclear spins through their mutual coupling to a transient

optically excited electron spin. Our presentation comprises a detailed theoretical

framework, showing that these methods are in fact applicable to a wide class of

molecular structures.

2.1 Introduction

Employing molecular systems as ‘quantum hardware’ [182, 17] offers the advant-

ages of high reproducibility, chemically engineered system properties and the

potential for self-assembly into more complex functional units. In general, nuc-

lear spins are widely considered to be the most promising quantum bits (qubits)

for a quantum memory in solid-state systems, since they have remarkably long

coherence times [106]. However, they are also hard to manipulate on a fast time

scale, as nuclei are usually only weakly coupled. Hence the key challenge for

nuclear spin-spin entanglement is achieving fast and switchable control over the

interactions between adjacent qubits.

Several previous publications have proposed the introduction of a mediator

spin, whose mutual coupling to the qubit spins provides a route for a controlled

entangling operation [184, 18, 20, 11, 77]. In these studies the mediator spin

is usually of the same type as the qubit spins and possesses a spin of 1/2, so

the system comprises either three electron or three nuclear spins. However,

employing a mediator spin of the same kind as the qubit spins often does not allow

for operation times that are many orders of magnitude shorter than the coherence

48



2.1 Introduction

time of the qubits. By contrast, many molecular structures possess transient

optically excited triplet states (i.e. states with spin-1 character) that could be

used as mediators for nearby nuclear spins [204, 180, 59, 209, 191]. In this chapter

we show how fast controlled entangling operations with a high fidelity are possible

in suitable structures of this type. This constitutes an instance of a so-called

hybrid approach to quantum computing [134], where the advantages of different

qubit systems are combined to improve overall performance. In fact, the systems

we consider here possess three distinct degrees of freedom: an optical, an electron

spin and a nuclear spin one. We believe that a future quantum processor will

also likely harness a similar hierarchy of different degrees of freedom, providing

additional motivation to probe the interplay between different degrees of freedom

beyond the immediate purpose of this work.

A hybrid approach such as the one considered here offers several further ad-

vantages besides achieving fast gating times. For example, the presence of the

optical excitation in this class of system may facilitate dynamic nuclear polarisa-

tion [120, 15]. Further, recent experiments have shown that the principal deco-

herence mechanism for nuclear spins that are controlled through their interaction

with electron spins is caused by that very same interaction [136]. However, for

the entangling operations that are the subject of the present chapter, the electron

spin is transient and only exists as long as the system is in its optically excited

state, which should therefore be beneficial for the nuclear spin coherence time.

Finally, the fact that the interaction is controllable implies that we do not rely

on dynamic decoupling schemes to switch off the interactions.

This chapter is organised as follows: in Section 2.2 we introduce the most gen-

eral Hamiltonian for our system and discuss several possible physical implement-

ations. Section 2.3 analyses the Hamiltonian for certain symmetry assumptions

and for the general case. The symmetry considerations lead us to simplified
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effective Hamiltonians, whose dynamical properties are more easily accessible.

We proceed by presenting appropriate protocols for the controlled generation of

entanglement for different parameter regimes in Section 2.4. We also benchmark

the performance of these protocols with respect to the predominant decoherence

mechanisms. Finally, Section 2.5 contains a summary and discussion of our res-

ults. Throughout this chapter, we closely relate our general ideas to the recent

experiments [162, 66] which have motivated our analysis, but we would like to

point out that our results are more widely applicable and not limited to these

specific systems.

2.2 Model

For our model we consider a structure comprising three integral components:

two nuclear spin qubits, labeled n and n′, and a mediator spin system with an

optical degree of freedom. We denote the ground state of the mediator as |0⟩

and the first excited state as |e⟩. Further, |0⟩ is assumed to be spin-silent, while

|e⟩ possesses an electronic spin-1 character. The spin-1 (quasi)particle is thus

created upon optical excitation of the mediator system. Importantly, the two

spin qubits do not directly interact with each other, yet both are coupled to the

excited state of the mediator with an isotropic Heisenberg interaction as depicted

schematically in Fig. 2.1. The Hamiltonian for such a three-particle system in

an external magnetic field is then given by

H = −ωnSz,n − ωn′Sz,n′ + |e⟩
(
ωeSz,e + ω0

)
⟨e|

+ |e⟩
(
ASn · Se + A′Sn′ · Se +DS2

z,e

)
⟨e| , (2.1)
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ground state excited state

(a) (b)

Figure 2.1: (a) There is no coupling between the mediator and the two nuclear
spins in the ground (or vacuum) state |0⟩. (b) The excited state of the mediator
(e.g. an electron-hole pair) has spin-1 character and couples to both nuclear
spins. In general, the mediator state Tj is a mixture of the triplet states T−,
T0 and T+.

where ωn/n′ denotes the Zeeman splitting of the two qubits and ωe > 0 that

of the central spin-1 particle; D is the uniaxial zero-field-splitting, A and A′

are the isotropic Heisenberg coupling constants and ω0 denotes the (typically

optical) excitation energy of the mediator. Here, Sz,n/n′/e and Sn/n′/e are the

usual component and total vector Pauli spin operators, respectively.

The Hamiltonian (2.1) can describe many different nanostructures, in partic-

ular, a range of optically active molecules, in which case the mediator ground

(excited) state corresponds to the absence (presence) of an electron-hole pair.

The transition between these two states can be induced by a short laser pulse

of frequency ω0; moreover, the excited state will decay naturally through spon-

taneous emission. By contrast, an NV− centre in diamond surrounded by two
13C atoms [141] is an example of a system in which the spin-1 mediator is not

susceptible to decay and is ever-present. Many of the results discussed in this

chapter are equally valid for this kind of system. However, the following discus-

sion primarily focuses on the example case of the molecular system consisting of

a functionalised C60 molecule with two functional groups as depicted in Fig. 2.2.

In what follows we will first analyse Hamiltonian (2.1) for two different cases:

that of a symmetric and that of an asymmetric system. In order to understand
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Figure 2.2: A functionalised buckyball with two satellite atoms [far left and far
right (blue) spheres]. In reality the functional groups are likely much larger
than a single atom, but for simplicity we depict here only the two relevant
atoms with a nuclear spin-1/2, for example, 13C, 15N, or 31P. Note that the
two satellites (or, rather, functional groups) are not necessarily both the same
and that the system may thus be ‘asymmetric’.

the system properties and dynamics, we will determine the eigensystem using

perturbation theory. We next present suitable protocols for the controlled gen-

eration of nuclear spin entanglement for both cases. We conclude this chapter

with a brief summary and a discussion of our results.

2.3 Eigenspectrum and effective Hamiltonian

2.3.1 Symmetric system

By definition, the symmetric system consists of two nuclear spins with ωn = ωn′

and equal hyperfine coupling constants A = A′. In the presence of the electronic

excitation, i.e. after the application of a suitable laser pulse, the Hamiltonian
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governing the spin dynamics is given by

Hsym = ⟨e|H |e⟩ = −ωnSz,n + ωeSz,e − ωnSz,n′

+ A (Sn · Se + Sn′ · Se) +DS2
z,e , (2.2)

where we have neglected the term ω0, which is proportional to the identity and

unimportant for the dynamics. Since the electronic Zeeman splitting ωe is typic-

ally the largest energy scale of the system (and, in particular, much larger than

ωn), it is safe to assume that

|ωn| , |D| , A≪ ωe . (2.3)

Based on the above assumption, we employ degenerate perturbation theory to

determine the eigenspectrum of Hsym. We begin by partitioning the Hamiltonian

as follows

Hsym = H0,sym +H ′
sym , (2.4)

where

H0,sym = −ωnSz,n + ωeSz,e − ωnSz,n′ +DS2
z,e (2.5)

will be treated exactly, and the perturbation is given by

H ′
sym = A (Sn · Se + Sn′ · Se) . (2.6)

As H0,sym is diagonal in the computational basis (defined as {|en1n2⟩ | e =

T±, T0 and n1/2 =↑, ↓}) and ⟨↓↑|H0,sym |↓↑⟩ = ⟨↑↓|H0,sym |↑↓⟩, degenerate per-

turbation theory is required. However, since ⟨TjY |H ′
sym |TlZ⟩ = 0 for j, l =
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−, 0,+ and Y, Z =↓↑, ↑↓, the degeneracy is not removed in the first order. To

find the correct zeroth-order wave functions, we need to solve the corresponding

secular equations to second order [166]. Making use of assumption (2.3) we then

get the following second-order eigenenergies,

Ej,1 = Ej,3 − ϵj , Ej,2 = −jωe + |j|D , (2.7)

Ej,3 = Ej,2 − δj , Ej,4 = Ej,2 + ϵj , (2.8)

with the corresponding eigenvectors up to first order (see Fig. 2.3):

|Ej,1⟩ = |Tj ↓↓⟩ , |Ej,2⟩ =
1√
2

(
− |Tj ↓↑⟩+ |Tj ↑↓⟩

)
, (2.9)

|Ej,4⟩ = |Tj ↑↑⟩ , |Ej,3⟩ =
1√
2

(
|Tj ↓↑⟩+ |Tj ↑↓⟩

)
, (2.10)

and where we have defined the following quantities for compactness:

ϵ− = ωn − A+ 2a− , ϵ0 = ωn + 2a+ , ϵ+ = ωn + A , (2.11)

δ− = −2a− , δ0 = −2a0 , δ+ = 2a+ , (2.12)

a± =
1

2

A2

∓D + ωe + ωn
, a0 = a+ − a− . (2.13)

As we will see below, aj (j = −1, 0, 1) can be seen as the effective coupling

constant between the two nuclear spins if the excitation is in the state |Tj⟩.

Based on this spectrum, we now approximate Hsym in the following way to

obtain an effective Hamiltonian:

Hsym ≈ V †diag(E−1,1, . . . , E1,4)V =: Hsym, eff , (2.14)
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Figure 2.3: Eigenspectrum of a symmetric system up to second order of per-
turbation theory (eigenvectors not normalised). Our basis states obey the
following relations Sz,e |T±⟩ = ∓ |T±⟩, Sz,e |T0⟩ = 0, Sz,n |↓⟩ = |↓⟩ and
Sz,n |↑⟩ = − |↑⟩.

where V is the matrix of the approximate eigenvectors (see Fig. 2.3)

V = (|E−,1⟩ |E−,2⟩ · · · |E+,4⟩) . (2.15)

In the computational basis, Hsym, eff consists of three blocks with the following

structure:



×

× ×

× ×

×


; × denotes a nonzero entry , (2.16)

where each block belongs to one of the three spin states T−, T0, or T+. Cor-

respondingly, we define the three subspaces Tj spanned by the vectors |Tj ↓↓⟩,

|Tj ↓↑⟩, |Tj ↑↓⟩ and |Tj ↑↑⟩ with j = −, 0,+. In this chapter, the index j will

denote the electronic spin state of the excitation, whereas the letter i always

indexes the four nuclear spin states.

In writing Eq. (2.14) we have neglected all matrix elements between the sub-

space Ti and the subspace Tj (i ̸= j); the effect of these matrix elements is

negligible because the electronic Zeeman splitting ωe is much larger than the
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nuclear Zeeman splittings. The dynamics in each of the Tj is therefore closed

and can be described by an effective 4× 4 Hamiltonian of the form given above.

We shall now analyse the nuclear spin dynamics arising from each of those ef-

fective subspace Hamiltonians. A term in the Hamiltonian that is proportional

to the identity has no effect on the dynamics within the subspace, so we can

subtract D + ωe + a−, a0, and D− ωe − a+ from the subspace Hamiltonians for

T−, T0, and T+, respectively (thereby neglecting unimportant phases that are

common to all states in each block). We can simplify the resulting Hamiltonians

Hsym, eff, j further by transforming to a suitably chosen rotating frame through

the transformation

H ′
sym, eff, j = UjHsym, eff, jU

†
j + iUj

dU †
j

dt
, (2.17)

where

Uj(t) = Rz,n

(
ϕjt
)
⊗Rz,n′

(
ϕjt
)

(2.18)

and

ϕ± = −ωn ∓ A− a± , (2.19)

ϕ0 = −ωn − a− − a+ , (2.20)

Rz,i(ϕ) = exp(−iSz,iϕ) . (2.21)

In this rotating frame we obtain the following Hamiltonians

H ′
sym, eff, j = k(j)2aj(Sx,nSx,n′ + Sy,nSy,n′) , (2.22)

where k(j) = 1, 1,−1 (with j = −, 0,+, as it will be throughout the chapter).

Each of these effective subspace Hamiltonians therefore induces the dynamics of
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2.3 Eigenspectrum and effective Hamiltonian

a direct XY-coupling of the two nuclear spins, with a time evolution correspond-

ing to Rabi flopping between the nuclear spin states |↓↑⟩ and |↑↓⟩. The Rabi

frequency aj depends on the spin state j of the optical excitation. According to

Eq. (2.13), we expect a+ to be fairly similar to a−, whereas, in comparison, a0

will be much smaller.

We will return to the symmetric case to discuss entanglement generation in

Section 2.4.1, but first complete our analysis of the Hamiltonian for nonsymmet-

ric cases.

2.3.2 Asymmetric system

Next we consider an asymmetric system with unequal nuclear Zeeman splittings

and/or unequal nuclear-electronic excitation hyperfine coupling. The excited

state Hamiltonian is then given by

Hasym = ⟨e|H |e⟩ = −ωnSz,n + ωeSz,e − ωn′Sz,n′

+ ASn · Se + A′Sn′ · Se +DS2
z,e . (2.23)

For the purpose of applying perturbation theory, we consider the nuclear-spin-

mediator coupling as the perturbation and split the Hamiltonian as follows:

H0,asym = −ωnSz,n + ωeSz,e − ωn′Sz,n′ +DS2
z,e and (2.24)

H ′
asym = ASn · Se + A′Sn′ · Se . (2.25)
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Chapter 2 Creating nuclear spin entanglement using an optical degree of freedom

For the asymmetric system we shall assume that the parameters A and A′ and

ωn and ωn′ differ sufficiently to fulfil the following two inequalities

1

2
|A′ − A± (ωn′ − ωn)| ≫ |a±| ,

∣∣a′±∣∣ , (2.26)
1

2
|ωn′ − ωn| ≫ |a0| , |a′0| , (2.27)

where aj and a′j are as defined in the previous section, with the latter using

ωn′ and A′ rather than ωn and A. Under these assumptions, nondegenerate

perturbation theory can be used for calculating the eigensystem. The state

corrections to first-order perturbation theory then introduce a small mixing of

computational basis states with corrections of magnitude

1√
2

A

D ± (ωe + ωn)
and 1√

2

A′

D ± (ωe + ωn′)
, (2.28)

which are negligible for A,A′ ≪ ωe. The eigenstates of Hasym thus coincide with

those of H0,asym (which are simply the computational basis states) to a very good

approximation.

Analogously to our approach in the symmetric case, we proceed by analysing

individual effective Hamiltonians for the subspaces Tj (j = −, 0,+). After adding

a suitable constant to each subspace, we obtain three diagonal Hamiltonians

Hasym, eff,j = ϕ′
jSz,n′ + ϕjSz,n , (2.29)

where ϕ′
j and ϕj are as defined in Eqs. (2.19) and (2.20) and the prime denotes

that ωn′ and A′ are used for the expression, instead of ωn and A. All three

effective Hamiltonians are local, meaning that there is no direct coupling between

the two nuclear spins.
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2.3 Eigenspectrum and effective Hamiltonian

2.3.3 Crossover between a symmetric and an asymmetric system

In a certain region of parameter space neither the symmetric nor the asymmetric

analyses are justified. In this section we consider this ‘crossover’ regime, so that

in the later discussion we will be able to interpolate between those two cases.

We start with the approximated symmetric Hamiltonian Hsym,eff and treat the

asymmetry as the perturbation H ′
co, i.e.

Hco = Hsym,eff +H ′
co , (2.30)

H ′
co = −∆1ωnSz,n′ +∆2ASn′ · Se , (2.31)

where ∆1 is the fractional difference between the two nuclear Zeeman splittings,

∆1 =
ωn′−ωn

ωn
and ∆2 is the fractional difference between the two coupling con-

stants, ∆2 =
A′−A
A

.

We begin with the vectors |Ej,i⟩ and values Ej,i (j = −, 0,+; i = 1, . . . , 4) from

Section 2.3.1 as the eigenstates and eigenvalues of Hamiltonian Hsym,eff. As in

the other two cases, we can still neglect those terms of Hco which couple different

projections of the excitation spin with strength ∆2K/
√
2 since the relevant states

differ in energy by about ωe, yielding an effective crossover Hamiltonian Hco,eff

with the eigenvectors

∣∣∣Ẽj,1⟩ = |Tj ↓↓⟩ ,
∣∣∣Ẽj,2⟩ =

1√
2

(
αj,2,1 |Tj ↓↑⟩+ αj,2,2 |Tj ↑↓⟩

)
, (2.32)∣∣∣Ẽj,4⟩ = |Tj ↑↑⟩ ,

∣∣∣Ẽj,3⟩ =
1√
2

(
αj,3,1 |Tj ↓↑⟩+ αj,3,2 |Tj ↑↓⟩

)
, (2.33)

where

∣∣αj,2,1/2∣∣2 = ∣∣αj,3,2/1∣∣2 = 1

2

1± sgn(aj)fj√
a2j + f 2

j

 (2.34)
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Chapter 2 Creating nuclear spin entanglement using an optical degree of freedom

and

f± =
1

2
(∆2A±∆1ωn) and f0 = −1

2
∆1ωn . (2.35)

The corresponding eigenvalues are

Ẽj,1/4 = Ej,1/4 ± k(j)fj (2.36)

Ẽj,2/3 = Ej,2 + k(j)
(
aj ∓ sgn(aj)

√
a2j + f 2

j

)
, (2.37)

where k(j) is again 1, 1, -1 for j = −, 0,+, respectively.

It is easy to see that the eigenstates reduce to those of the symmetric case

for a vanishing perturbation (fj = 0), whereas they tend to the computational

basis states for a larger perturbation as required for the asymmetric system

(|fj| ≫ |aj|).

2.4 Controlled generation of entanglement

The contrasting analyses presented in the previous section suggest that the dy-

namics of the system will vary significantly depending on its parameters. There-

fore, different approaches for achieving controlled entanglement between the two

nuclear spins will be required. In this section, we will show how to do this in

each case; we begin with the symmetric system introduced in Section 2.3.1.

2.4.1 Symmetric system: Entangling time evolution

For the symmetric system, we shall exploit the effective XY-coupling between

the spin states |↑↓⟩ and |↓↑⟩ for the generation of entanglement. The fact that
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2.4 Controlled generation of entanglement

the magnitude of this coupling depends on the spin state of the excitation will

allow us to control the interaction.

The free time evolution in any of the subspaces Tj takes suitable initial product

states of the nuclear spins to entangled states at certain subsequent points of

time. In order to quantify the performance of the desired operation, we consider

the entangling power of the unitary operator that describes the time evolution

of the system. Here, the entangling power is defined as the mean linear entropy

produced by the unitary operator acting on a uniform distribution of all (pure)

product states [see Eq. (1.4)] [207]. A maximally entangling two-qubit gate, e.g.

the CNOT or the CPHASE gate, possesses an entangling power of 2/9.

For the symmetric system the entangling power of the free time evolution

Uj(t) = exp(−iH ′
sym,eff,j t) is given by the following simple expression for each of

the three subspaces Tj:

ej =
1

9

(
3 + cos(2ajt)

)
sin2(ajt) . (2.38)

The entangling power ej is only a function of the coupling strength aj between

the states |Tj ↓↑⟩ and |Tj ↑↓⟩, becoming maximally entangling at times that are

odd-integer multiples of tmax = π/(2aj). However, the characteristic time scale

over which entanglement builds up differs significantly between the subspaces,

since a±/a0 = ωe/(2D) to leading order, and this ratio is typically much larger

than one. Hence, e0(t) ≈ 0 for t < π/(2a±) when |D| ≪ ωe as we have assumed

so far. Fig. 2.4 shows the entangling powers e+ and e0 for a typical ratio of

a+/a0 = 32.

Based on these observations, we can formulate a protocol for the controlled

generation of entanglement. Consider a system that is initially in its ground

state (i.e. there is no excitation coupling to the nuclear spins). A laser pulse
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Figure 2.4: Entangling power e+/0 of the time evolution operators U+/0(t). Here
a+ = 32a0 (see text).

creates the excitation, which will, in general, be in a mixture of the three spin

states |T−⟩ , |T0⟩ , and |T+⟩. For the present discussion, we will assume it to be

in the state |T0⟩; the discussion of an mixed initial state will follow later. A

short microwave pulse allows us to flip the state of the excitation selectively to

either the |T+⟩ or the |T−⟩ state since the transition frequencies are split by the

zero-field splitting. The entangling dynamics proceeds much faster in these outer

subspaces, reaching the first entangling power maximum after a time t = π
2a±

.

We can now apply another microwave pulse to flip the excitation back into the

|T0⟩ state, where the further evolution is much slower and entanglement can be

preserved.

There are, however, a few subtle points worth pointing out. First, similar to the

case of applying the maximally entangling CNOT operation, only suitable initial

states will evolve into entangled states. Second, certain particular separable

input states can reach maximal entanglement in less time than π
2a±

; for example,

the time evolution U( π
4a+

) takes |T+ ↓↑⟩ to a maximally entangled state.

Finally, the (optical) excitation, whose natural lifetime τ is assumed to be

longer than the time it takes to build up the entanglement π
2a±

< τ , needs to be

destroyed quickly enough such that no further (slower) evolution unwinding the

achieved entanglement occurs in the T0 subspace. This can be achieved either

62



2.4 Controlled generation of entanglement

with a coherent optical π pulse, or alternatively by simply waiting for the system

to decay back to its ground state if the following hierarchy of time scales exists

in the system

π

2a±
< τ ≪ π

2 |a0|
. (2.39)

However, in contrast to the de-excitation with a coherent laser pulse, it is not

immediately obvious that the nuclear spin entanglement can survive the optical

decay process; we will therefore now take a small diversion to analyse this decay

process in detail.

2.4.1.1 Decoherence due to the optical decay process

In general, the optical decay of the mediator induces decoherence on the nuclear

spins. In order to quantify this, we will make use of the quantum optical master

equation (for a full derivation see e.g. Ref. [36]):

d

dt
ρ̃(t) =

∑
ω,ω′

ei(ω
′−ω)tΓ(ω)

(
A(ω)ρ̃(t)A(ω′)†

− A(ω′)†A(ω)ρ̃(t)
)
+ H.c. , (2.40)

where ρ̃ denotes the density matrix in the interaction picture, Γ(ω′) is the rate

for a transition with frequency ω, and H.c. is the Hermitian conjugate. The sum

is taken over all optical transitions of the system with transition operators A(ω)

as defined by

A(ω) =
∑

E′−E=ω

Π(E)DΠ(E ′) , (2.41)
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Chapter 2 Creating nuclear spin entanglement using an optical degree of freedom

where E and E ′ are eigenvalues of H that differ by ω and Π(E) denotes the

projection onto the eigenspace belonging to the eigenvalue E. D denotes the

system’s optical dipole operator. The symmetric system features twelve optical

transitions |eTj ↓↓⟩ → |0 ↓↓⟩, |eTj⟩ 1√
2

(
∓ |↓↑⟩ + |↑↓⟩

)
→ |0⟩ 1√

2

(
∓ |↓↑⟩ + |↑↓⟩

)
,

and |eTj ↑↑⟩ → |0 ↑↑⟩ for j = −, 0,+. We make the additional assumption that

the optical decay rates are all equal and can thus be characterised by a single

optical lifetime τ .

Equation (2.40) can often be simplified by applying an instance of a rotating-

wave approximation (RWA), based on the assumption that fast-oscillating terms

average out [36], giving this more common form of the quantum optical master

equation:

d

dt
ρ̃(t) =

∑
ω

Γ(ω)
(
A(ω)ρ̃(t)A(ω)† − A(ω)†A(ω)ρ̃(t)

)
+ H.c. . (2.42)

However, the RWA is only justified when |ω − ω′|−1 is small compared to the re-

laxation time of the system τ . Under the assumptions of Eq. (2.39) this is fulfilled

except for the two transition frequencies ω1 = E0,2 +ω0 and ω2 = E0,2 +ω0 − δ0,

which corresponds to the transitions |eT0⟩ 1√
2

(
∓ |↓↑⟩ + |↑↓⟩

)
→ |0⟩ 1√

2

(
∓ |↓↑⟩ +

|↑↓⟩
)
. Therefore, we can safely apply the RWA to all remaining frequencies,
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obtaining:

d

dt
ρ̃(t) =

∑
ω,ω′∈S

ei(ω
′−ω)tΓ(ω)

(
A(ω)ρ̃(t)A(ω′)†

− A(ω′)†A(ω)ρ̃(t)
)
+
∑
ω ̸∈S

Γ(ω)
(
A(ω)ρ̃(t)A(ω)†

− A(ω)†A(ω)ρ̃(t)
)
+ H.c.

(2.43)

=
∑
ω

Γ(ω)
(
A(ω)ρ̃(t)A(ω)† − A(ω)†A(ω)ρ̃(t)

)
+ e2a0it

1

2τ

(
2A(ω1)ρ̃(t)A(ω2)

†

− A(ω2)
†A(ω1)ρ̃(t)− ρ̃(t)A(ω2)

†A(ω1)
)
+ H.c.

(2.44)

where S = {ω1, ω2} and, using phenomenological decay rates,

Γ(ω) =


1
2τ

if ω > 0

0 if ω < 0

. (2.45)

This definition of decay rates describes the typical situation of only spontaneous

emission occurring, since stimulated emission or absorption of photons is pro-

portional to the negligible power density of thermally activated photons in the

environmental modes.

Rather than solving the above master equation for the entire Hilbert space of

our system, we are interested here only in the 4× 4 density matrix ρf of the two

nuclear spins after the decay has occurred:

ρf := ⟨0| ρ̃(t = ∞) |0⟩ . (2.46)

Limiting the following discussion to this nuclear spin subspace, it is easy to see

that only a small number of elements of ρf can be populated by the decay process.

These nonzero elements are ρfa,b with a = b =↓↓, a = b =↑↑, and a, b ∈ {↓↑, ↑↓}.
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The final nuclear spin state after the optical decay can be compactly written as

ρfa,b = ⟨eT0a| ρ̃0 |eT0b⟩+
1

2

∑
j=±

(
⟨eTja| ρ̃0 |eTjb⟩+ ⟨eTja| ρ̃0

∣∣eTjb⟩) , (2.47)

where ρ̃0 = ρ̃(0) is the full system’s density matrix in the interaction pic-

ture before the decay process and the bar on top of the nuclear spin states

denotes that these are flipped, i.e. ↓ =↑ and ↑ =↓. Hence the coherences

between |eT± ↓↑⟩ and |eT± ↑↓⟩ do not necessarily survive, but all the coherences

between |eT0 ↓↑⟩ and |eT0 ↑↓⟩ survive the optical decay, reflecting the fact that

no RWA approximation has been made for the transitions |eT0⟩
(
± |↓↑⟩+|↑↓⟩

)
→

|0⟩
(
± |↓↑⟩+ |↑↓⟩

)
. Physically, this means that these two transitions produce in-

distinguishable photons due to overlapping emission spectra. In the absence of

other decoherence processes, the spectra are simply given by lifetime broadened

Lorentzians [122]:

L(ω) =
1/τ

(ω − ωi)2 + (1/τ)2
for i = 1, 2 . (2.48)

The photons emitted in all other ten transitions can, in principle, be distin-

guished, so that we are effectively dealing with eleven distinct, incoherent decay

channels. It is worth noting that there are three decay channels which populate

the |0⟩
(
± |↓↑⟩ + |↑↓⟩

)
states, one each for the excitation spin projections T0,±,

but only the decays from the T0 subspace preserve coherence.

In Fig. 2.5 we plot the purity Tr(ρ(t)2) = Tr(ρ̃(t)2) to illustrate the decoherence

induced by the optical decay for three different initial density matrices ρi(0) =

|ψi⟩ ⟨ψi| with

|ψ1⟩ = |eT+ ↑↓⟩ , |ψ2⟩ = |eT0 ↑↓⟩ , and

|ψ3⟩ =
1

2
|eT0⟩

(
|↓↓⟩+ |↓↑⟩+ |↑↓⟩+ |↑↑⟩

)
.

(2.49)
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Figure 2.5: Evolution of the purity Tr(ρ(t)2) of a system initialised in an excited
state during the optical decay process. The three different initial states shown
are defined in (2.49), and τδ0 = 0.05 ≪ π.

Solving the master equation (2.43) analytically, we then obtain the following final

density matrices of the nuclear spins after the decay:

ρf1 =
1

2

(
|↓↑⟩ ⟨↓↑|+ |↑↓⟩ ⟨↑↓|

)
, (2.50)

ρf2 =
1

2 + 2δ20τ
2

(
δ20τ

2 |↓↑⟩ ⟨↓↑|+ iδ0τ |↓↑⟩ ⟨↑↓|

− iδ0τ |↑↓⟩ ⟨↓↑|+ (2 + δ20τ
2) |↑↓⟩ ⟨↑↓|

)
,

(2.51)

ρf3 =
1

4

(
1 + |↓↑⟩ ⟨↑↓|+ |↑↓⟩ ⟨↓↑|

)
, (2.52)

with the corresponding purities

Tr(ρf1)2 = 1/2 and Tr(ρf3)2 = 3/8 , (2.53)

Tr(ρf2)2 =
2 + δ20τ

2

2 + 2δ20τ
2

(2.39)
≈ 1− δ20τ

2

2
. (2.54)

At first it may seem surprising that an initial state |eT+⟩ |↑↓⟩ can end up

in a complete mixture of |0⟩ |↓↑⟩ and |0⟩ |↑↓⟩. This is due to the assumption

(2.39), which underpins the optical master equation (2.43). This means that we
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Chapter 2 Creating nuclear spin entanglement using an optical degree of freedom

have implicitly included the fast Rabi oscillations between |↓↑⟩ and |↑↓⟩ in the

T+ subspace while the system is waiting for the decay. In contrast, in the T0

subspace the inherent dynamics is much slower so that the final result depends

on the relative magnitudes of δ0 and τ .

Perhaps surprisingly, decay due to the spontaneous emission of a photon does

not act as a source of decoherence if two conditions are met: (i) the system

decays from the subspace spanned by the two states |T0 ↓↑⟩; and |T0 ↑↓⟩, and

(ii) τδ0 ≪ π, i.e. the energetic splitting of these two states is small compared to

the inverse natural lifetime. This property can be turned into a powerful feature

for suitable molecular systems, which we shall exploit in the following.

2.4.1.2 Dealing with a mixed electronic excitation

So far, we have assumed that the creation process yields a completely polarised

excitation, enabling the simple protocol for the generation of entanglement de-

scribed in a previous section. Motivated by recent experimental data from a

promising candidate molecule [162], we now analyse the implications of having

an initial mixture of the states |T0⟩ and |T±⟩. Experiments on a 13C-labeled

methano-carbon of the diethyl malonate mono-adduct (DEMF) reveal that the

population of the electronic excitation in a sample oriented along the z axis are

equally distributed between |T+⟩ and |T−⟩. In this case the lifetime of the excit-

ation also depends on the state of the excitation, being much shorter for the |T0⟩

state compared to |T±⟩.

In the following we shall demonstrate how the generic protocol presented earlier

can be adapted to accommodate for the properties of the specific system presen-

ted in Ref. [162]. After a short laser pulse for the optical excitation, the subspaces

T0,± were found to be populated as follows p− = 0.49, p0 = 0.02, and p+ = 0.49
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with associated lifetimes τ− = 0.57 ms, τ0 = 0.02 ms, and τ+ = 0.57 ms. We shall

assume that the nuclear spins are initialised in the state |↓↑⟩.

The basic idea of putting the system into the |T±⟩ states to let the free time

evolution generate entanglement, followed by (mostly) switching off the inter-

action in the T0 subspace, remains unchanged. As before, switching between

different electronic states is accomplished using microwave pulses that are fast

on the time scale of the nuclear spin evolution. The adapted protocol proceeds

in two stages following the optical excitation. First, we let the desired entangle-

ment build up in the T+ subspace by waiting for the time t = π
4a+

. We then swap

the populations of |T0⟩ and |T+⟩ and wait until the entangled populations have

decayed. The difference in decay rates 1/τ0 ≫ 1/τ± means that the population

of |T−⟩ largely survives once the majority of |T0⟩ has decayed to the ground state.

Second, population in the T− subspace is maximally entangled at times that are

odd-integer multiples of π
4a−

. We pick the first such point of time after the |T0⟩

has emptied out and apply another microwave π pulse to swap the populations of

|T0⟩ and |T−⟩. Once more, |T0⟩ will quickly drain into the ground state, meaning

there is now no more excited population left. Ideally, we are left with an almost

fully entangled nuclear spin state.

However, the success of the above-described protocol is predicated on the coup-

ling strength A of the nuclear spins to the excitation. In particular, for a very

small coupling strength A it takes a long time to entangle the nuclear spins

t ≈ πωe

4A2 , so that there may be a substantial probability of the optical decay

having occurred before the nuclear spins can become properly entangled. In this

case the left-hand inequality of Eq. (2.39) is violated. On the other hand, if the

coupling strength A assumes very large values, then the right-hand side of the

inequality (2.39) is violated. In the latter case the photons resulting from the

transitions |eT0⟩ 1√
2

(
∓ |↓↑⟩ + |↑↓⟩

)
→ |0⟩ 1√

2

(
∓ |↓↑⟩ + |↑↓⟩

)
become distinguish-
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Figure 2.6: Entanglement of formation of the nuclear spins after applying our
protocols as described in the text for different initial polarisations of the
excitation: ρpolarised = |T0⟩ ⟨T0| (solid line) and ρcrystal = 0.49 |T−⟩ ⟨T−| +
0.02 |T0⟩ ⟨T0| + 0.49 |T+⟩ ⟨T+| (dashed line). For the first case we used the
simple protocol described first in this section; the switching time used is π

4a+
.

In the second case we use the enhanced protocol described at the end of this sec-
tion; switching times here are π

4a+
and 3π

4a−
. The nuclear spins for both curves

are assumed to be initially in the state |↓↑⟩; for the parameters we use the
values found in a recent characterisation experiment [162]: D = −296 MHz,
ωe = 9.6 GHz, ωn = 3.7 MHz, τ− = 0.57 ms, τ0 = 0.02 ms, and τ+ = 0.57 ms.

able and the decay is hence no longer coherence preserving. In Fig. 2.6 we regard

the hyperfine coupling A as a tuneable parameter and plot the entanglement of

formation [200] of the final state of the two nuclear spins. We consider two dif-

ferent initial states for the mediator spin: a completely polarised state and the

mixed state reported in Ref. [162].

2.4.1.3 Robustness to imperfections in the symmetry of the system

The previously described protocol for the controlled generation of entanglement

assumes a perfectly symmetric system. In the following we will analyse the degree

of imperfection in the symmetry that may be tolerated. We already know that the

crossover between the symmetric and the asymmetric case is not entirely abrupt.

In Section 2.3.3 we have found expressions for the eigenstates and eigenvalues

that can fully interpolate between the symmetric and the asymmetric case. In

70



2.4 Controlled generation of entanglement

this crossover case, the effective Hamiltonian still consists of three distinct blocks

each corresponding to the spin state of the excitation |Tj⟩ (j = −, 0,+), and

matrix elements connecting the blocks are negligible due to the large energy

difference ωe ≫ |ωn|. This allows us to assign a separate entangling power ẽj to

the effective Hamiltonians describing each of the blocks.

We now give an easily provable lemma which will enable us to write the relevant

analytic expressions of the entangling powers ẽj for all three subspaces:

Lemma. Let H be the time-independent Hamiltonian of two spin-1/2 particles

with the following two properties:

1. |E1⟩ = |↓↓⟩ , |E2⟩ = −a |↓↑⟩+b |↑↓⟩ , |E3⟩ = b |↓↑⟩+a |↑↓⟩ , and |E4⟩ = |↑↑⟩,

with |a|2 + |b|2 = 1, and a, b ∈ R are eigenvectors of H.

2. The eigenenergies of H satisfy E1 − E2 − E3 + E4 = 0.

Then the entangling power of U(t) = exp(−iHt) is given by

e(b, β) =
16

9
(b2 − b4) sin2

(
β
2

)
− 32

9
(b2 − b4)2 sin4

(
β
2

)
, (2.55)

where β = |E3 − E2| t. In addition we have e(a, β) = e(b, β).

Applying the above lemma to our effective Hamiltonians for the crossover case

gives three expressions ẽj = e(cj, βj), with

βj = 2t
√
a2j + f 2

j and c2j =
1

2

1 +
fj√
a2j + f 2

j

 . (2.56)

It is easy to see that the parameter aj now directly competes with the strength

of the perturbation fj in the expression for the entangling power. With the
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Figure 2.7: Entangling power ẽj of the free time evolution for an asymmetric
system, when the excitation is in the state |Tj⟩ for different strengths of the
asymmetry χj.

following measure for the asymmetry

χj =

∣∣∣∣fjaj
∣∣∣∣ (2.57)

we can write the entangling power compactly as

ẽj =

(
3 + 4χ2

j + cos
(
2ajt

√
1 + χ2

j

))
sin
(
ajt
√
1 + χ2

j

)2
9
(
1 + χ2

j

)2 . (2.58)

We plot ẽj for different asymmetries χ in Fig. 2.7. Not surprisingly, the entangling

power decreases with increasing asymmetry χj. The maximum of the entangling

power, which is achieved for βj = kπ, where k is an odd integer, is given by

mj =
16

9
(c2j − c4j)−

32

9
(c2j − c4j)

2 =
2

9

1 + 2χ2
j

(1 + χ2
j)

2
; (2.59)

this expression is plotted in Fig. 2.8. There is no significant reduction in the

achievable entanglement power as long as χj < 1/2, but the maximum drops

quickly outside this regime. We note that for equal hyperfine couplings (∆2 = 0)
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Figure 2.8: Maximally attainable entangling power mj of the free time evolu-
tion, when the excitation is in the state |Tj⟩ with respect to the strength of
the asymmetry χj.

but unequal nuclear gyromagnetic ratios

χ0

χ±
=

a±
|a0|

≈ ωe
2 |D|

≫ 1 , (2.60)

meaning that the T0 subspace’s entangling power ẽ0 is much more affected by

the asymmetry than ẽ±. Fortunately, the dynamics in this subspace is also the

slowest, so that it can still conveniently serve as a shelf for entangled states gen-

erated in T+ or T− until the optical excitation has been de-excited or decayed.

Importantly, Eq. (2.59) implies that our scheme is robust against the small de-

viations from a perfectly symmetrical system which one might expect in real-

world experiments. Further, intentionally introduced small differences between

the frequencies ωn and ωn′ (e.g. a chemical shift caused by different surrounding

environments) may actually be useful for individual control and tomography of

the nuclear spins, while a high-fidelity entangling operation is still possible.

So far we have discussed the behaviour of the entangling power in terms of

the parameter χj. While the dependence of mj on χj is universal across the

three subspaces Tj, we obtain qualitatively different results when considering

plots that are based directly on the ∆1/2 asymmetry parameters. Fig. 2.9 shows

the entangling power as a function of ∆1 and ∆2. We see that the behaviour
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Figure 2.9: Maximal attainable entangling power m−,m0, and m+ as a function
of the asymmetry in the Zeeman splitting ∆1 =

ωn′−ωn

ωn
and hyperfine coupling

asymmetry ∆2 =
A′−A
A

. Other parameters are: A = 2.5 MHz, ωn = 3.7 MHz,
D = −296 MHz and ωe = 9.6 GHz. The entangling power mj only reaches its
maximum limit of 2/9 for certain values of ∆1 and ∆2. See the text for a more
detailed discussion.

is indeed quite different in each of the three subspaces: In the T− subspace we

obtain a ridge along which an asymmetry between the nuclear Zeeman splittings

and the hyperfine coupling constants completely cancels out, meaning that a

perfect operation is possible even for a system that is quite far removed from

being symmetric. In contrast, the asymmetries add up in the T+ subspace, so

that the error tolerance is much reduced in this case. Finally, the T0 subspace is

only sensitive to ∆1, i.e. the difference in the nuclear Zeeman splittings without

any dependence on the hyperfine constants [see Eq. (2.35)].

The entangling power vanishes completely in the limit of an entirely asymmetric

system (which we take to be defined by the inequalities (2.26) and (2.27)). In this
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case χj ≫ 1, and the eigenstates consequently coincide with the computational

basis states, and the eigenvalues are such that the free time evolution no longer

generates any entanglement (this result can be obtained by applying the above

lemma). We shall analyse this situation in the following section.

2.4.2 Control methods for the asymmetric system

For an asymmetric system we cannot rely on the system’s free time evolution for

the generation of entanglement; this is a direct consequence of the Hamiltonian

being decomposable into local Hamiltonians [see Eq. (2.29)]. Therefore, we need

to apply a suitable sequence of radio-frequency and microwave control pulses

to accomplish our aim of creating an entangled nuclear spin state. Hence, we

proceed by analysing the dipole-allowed transitions of the asymmetric system

(see Fig. 2.10).

The asymmetric system possesses six (different) nuclear spin transitions on the

radio-frequency scale, one per nuclear spin for each of the three spin states of

the excitation. Referring to Section 2.3.2 we obtain these from the second-order

eigenenergies:

ωrf,j = |−jA− ωn − a−(δj,− + δj,0)− a+(δj,0 + δj,+)| , (2.61)

ω′
rf,j =

∣∣−jA′ − ωn′ − a′−(δj,− + δj,0)− a′+(δj,0 + δj,+)
∣∣ , (2.62)

where δk,l is the Kronecker delta, and as before, j indexes the spin state of the

excitation |Tj⟩. Further, ωrf,j denotes the transition frequency of the first nuclear

spin, and ω′
rf,j the transition frequency of the second nuclear spin. In general, all

six of these frequencies may be distinct.

Conversely, the spin state of the electronic excitation can be flipped conditional
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Figure 2.10: Microwave (dashed line) and radio-frequency transitions (solid
line) of the asymmetric system. The computational basis states are eigen-
states of the system Hamiltonian (assuming that Eqs. (2.26) and (2.27) are
fulfilled).

on the nuclear spin state using a suitable microwave pulse. With four nuclear spin

states and two excitation spin transitions, this gives a total of eight microwave

frequencies taking the excitation from |Tj⟩ to |Tj′⟩ with (j, j′) = (+, 0) or (j, j′) =

(0,−) or vice versa. These are:

ωj↔j′

µw,↓↓/↑↑ = ωe + (−1)jD ± 1

2
(A+ A′) , (2.63)

ωj↔j′

µw,↓↑/↑↓ = ωe + (−1)jD ± 1

2
(A− A′) . (2.64)

Here we have neglected second-order perturbation theory shifts proportional to

aj and a′j, as these are typically very small when compared to A and D.

Several possibilities exist for exploiting this rich transition spectrum in order to

realize an entangling operation. In the following we shall discuss three methods in

more detail: a single microwave 2π pulse, a pulse sequence of radio and microwave

pulses, and, finally, an adiabatic following method.
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2.4 Controlled generation of entanglement

2.4.2.1 CPHASE gate through a selective 2π pulse

Simply applying a selective 2π pulse with the frequency of any of the microwave

transitions given in Eqs. (2.63) and (2.64) naturally implements a CPHASE gate

by imparting a phase of eiπ = −1 to only one of the four nuclear spin states

[143].

If the lifetime of the transition were infinite (and in the absence of other spin

dephasing mechanisms), the 2π pulse could be made perfectly selective, achieved

by a pulse that is long in the time domain and, accordingly, spectrally narrow

in the frequency domain [27]. However, in practice, the optical lifetime will be

finite and this may limit the selectivity and thus the amount of entanglement

that can be achieved. The challenge is to find the right balance between a fast

pulse that is only partially selective and a slow pulse during which the system

suffers from the decoherence induced by the decay. We proceed by analysing the

trade-off that arises from these constraints in the following.

Suppose we are given an initial state that is an equal superposition of the

computational basis states and a fully polarised state of the excitation,

|ψinitial⟩ =
1

2
|T0⟩ (|↓↓⟩+ |↓↑⟩+ |↑↓⟩+ |↑↑⟩) , (2.65)

and then apply a 2π microwave pulse with power Ω0 and with a frequency ωD

corresponding to the energy difference between the levels |T+ ↑↑⟩ and |T0 ↑↑⟩.

To describe the dynamics of the excited system we use either the effective asym-

metric or the more general effective crossover Hamiltonian, whichever is more

appropriate for the precise combination of system parameters in question. In

particular, Hasym,eff,j is adequate whenever the eigenvectors closely coincide with

the computational basis states, whereas Hco,eff,j is used otherwise. We apply the
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following criterion for discriminating between the two cases:

Heff,j =


Hasym,eff,j |αj,2,1|2 ≤ 0.001 or |αj,2,1|2 ≥ 0.999 ,

Hco,eff,j 0.001 < |αj,2,1|2 < 0.999 ,

(2.66)

with αj,2,1 as defined in Eq. (2.34). In addition to the effective system Hamilto-

nian Heff, we also need to model the microwave pulse (in the usual RWA), so

that the total Hamiltonian during the pulse is given by

Hµw = |0⟩ (−ωnSz,n − ωn′Sz,n′) ⟨0|+ |e⟩Heff ⟨e|

+ |e⟩ (Ω0Sx,e − ωDSz,e) ⟨e| . (2.67)

As this Hamiltonian is time independent, we can use a quantum optical master

equation like the one defined in Eq. (2.43) to model the decay of the excita-

tion in the interaction picture. The transition operators A(ω) are as defined

by Eq. (2.41), with appropriate projectors onto the eigenspaces of Hµw. In our

calculations we perform the RWA in the master equation (remember that this

RWA is different and independent from the RWA for the driving) whenever the

difference of two frequencies differs by more than 30τ−1, where τ denotes the

lifetime of the excitation.

While optical decay during the application of the pulse may preserve some

coherence between the nuclear spin states for specific parameter combinations,

this is no longer the case once the pulse has finished: the decay to the ground state

for an asymmetric system in the absence of microwave driving invariably destroys

the nuclear coherences. Therefore, we must use a different approach for taking

the system back to its ground state. The first possibility is de-excitation using

a resonant optical π pulse. Another option would be to significantly ‘speed up’

the decay process, e.g. by exciting the system into a different metastable excited
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state which is known to quickly decay to the ground state. Provided the lifetime

of this metastable state is short enough, the wave function of the emitted photon

does not carry information about the nuclear spin state, so that the nuclear spin

coherence will be preserved. We shall assume that such a coherence-preserving

de-excitation can be accomplished.

As mentioned above, the system is susceptible to potentially harmful decay

events during the application of the 2π pulse, such that the final nuclear spin

state ρnuc is a mixture of a population that has spontaneously decayed and the

remaining population to which the control sequence has been fully applied. Since

we are now dealing with mixed states ρnuc, the entangling power is no longer a

suitable measure for the quality of our operation, and as before we employ the

entanglement of formation [200] as an alternative benchmark.

Assuming a simple top-hat pulse profile in the time domain, the pulse duration

for a 2π pulse is t = 2π√
2Ω0

, where Ω0 is the applied microwave power. For

optimal performance the right balance must be found between pulse selectivity

and duration for each combination of system parameters and lifetime τ . We thus

maximise the achievable entanglement of formation by varying Ω0 to obtain

E∗
F = max

Ω0

EF (ρnuc) . (2.68)

As an example we choose τ = 10 µs to plot the quantity E∗
F in Fig. 2.11 as a

function of A and A′. Larger hyperfine coupling constants allow a faster selective

pulse, and the optimised entanglement of formation of ρnuc hence increases with

A and A′. Remarkably, even for a lifetime as short as 10 µs, a high entanglement

of formation can be obtained with only moderate hyperfine coupling strengths.

Finally, we note that the currently presented protocol also works for the sym-

metric system, where the entanglement operation then only takes a time t =

79



Chapter 2 Creating nuclear spin entanglement using an optical degree of freedom

(a)

(b)
1 5

10
15

20

1
5

10
15

20

0.7

0.8

0.9

1

EF
 a

fte
r 2

 p
ul

se
D

ur
at

io
n 

of
 2

 p
ul

se
 (

s)

15
10

15
20

1
5

10
15

20

0

1

2

3

4

Figure 2.11: (a) Maximised entanglement of formation of he nuclear spins after
the 2π pulse with respect to the two hyperfine coupling strengths A and A′.
(b) Optimal duration t∗ = 2π√

2Ω∗
0

of the microwave 2π pulse with respect to the
two hyperfine coupling strengths A and A′. We use the illustrative lifetime
τ = 10 µs while the other parameters used in this plot are motivated by
Ref. [66]: D = −320 MHz, ωe = 9.7 GHz, ωn = 5.97 MHz, ωn′ = 14.74 MHz.

π
2a±

≈ πωe

A2 , which is much faster than our protocol discussed in Section 2.4.1. For

a short optical lifetime this approach may thus be advantageous, assuming that

a spectrally narrow highly selective 2π pulse can be implemented.

2.4.2.2 Combined microwave and radio-frequency pulse sequence

In the previous section we have discussed a simple implementation of the CPHASE

gate that is maximally entangling for suitable system parameters. However, other

methods for creating maximally entangled states also exist, and these may be
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Figure 2.12: Pulse sequence for the creation of the Bell state 1√
2

(
|T0 ↓↓⟩ +

|T0 ↑↑⟩
)
. Black energy levels are populated and gray levels are empty. Dotted

arrows denote a coherence between the adjacent energy levels. Only relevant
spin levels are shown.

more advantageous if a particular final state is required. Here we shall briefly

discuss an alternative control method that employs a sequence of microwave and

radio frequency pulses instead of a single microwave pulse. Let us assume that

we have the initial spin state |T0 ↓↓⟩ and would like to create the entangled Bell

state 1√
2

(
|T0 ↓↓⟩+ |T0 ↑↑⟩

)
. It is impossible to perform this operation with only

radio-frequency pulses. However, we can achieve our aim by ‘shelving’ parts of

the population in one of the other electronic spin states. An example of how this

approach works in detail is depicted in Fig. 2.12.

Of course, the microwave and radio-frequency pulses also need to be suffi-

ciently selective for this approach, which imposes a minimal overall pulse se-

quence duration. Once more, we refrain from discussing sophisticated pulse

shaping techniques [27], instead considering Rabi’s instructive formula for the

transition probability of a driven two-level system,

P1→2(t) =
Ω2

Ω2 +∆2
sin2(

√
Ω2 +∆2t) , (2.69)

where Ω denotes the strength of the pulse, and ∆ the detuning. We apply this to
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the closest neighbouring transitions of the (resonantly driven) target transition

and demand that Ω2/(Ω2 +∆2) ≪ 1 for all neighbouring transitions, allowing a

rough estimation of the duration required for each pulse in the sequence.

We take the example of a recent characterisation experiment on an asymmetric

system (phosphine oxide fullerene; DMFPH) [66], where the two nuclear spins

of interest are provided by a hydrogen and a phosphorus atom in the functional

group attached to the fullerene. The hyperfine coupling and the zero-field split-

ting were measured as

A ≈ 6 MHz, A′ ≈ 11 MHz and D ≈ −320 MHz (2.70)

at an external magnetic field of B = 0.346 T. Setting an upper bound of 0.01 for

the unwanted transition probabilities, the four required pulses can all be applied

in less than a 1 µs for typical nuclear gyromagnetic ratios. The duration of the

pulse sequence is thus short compared to the expected optical lifetimes in can-

didate molecules, so that a high-fidelity entangling operation using this protocol

should be feasible. However, we refrain from performing a more detailed ana-

lysis as in the previous section, since the results are similar and little additional

insight is gained.

2.4.2.3 Implementation of a CPHASE operation with adiabatic following

The last method discussed in this chapter for creating entanglement in our system

relies on the adiabatic following of system eigenstates, similar to the protocol

described in Refs. [77, 75]. Here, it is implemented by slowly modulating the

intensity of a microwave pulse that is close to resonance with one or several

of the microwave transitions of the excitation spin. Prior to the application

of the pulse, the (asymmetric) system is prepared to be in a superposition of
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computational basis states as follows:

|ψinitial⟩ = |T0⟩ (a1 |↓↓⟩+ a2 |↓↑⟩+ a3 |↑↓⟩+ a4 |↑↑⟩) , (2.71)

with normalisation
∑4

i=1 |ai|
2 = 1. Starting from this state, the microwave

power is then varied such that adiabatic following of instantaneous eigenstates

occurs. Once the power is decreased again, all populations return to the com-

putational basis. During the pulse, the eigenstates are energetically shifted and

thus pick up a dynamic phase. However, the precise shifts of the states differ due

to the the hyperfine coupling, so that, in general, each of the four states acquires

a different dynamic phase. This gives rise to an overall combination that can be

nontrivial and entangling [75].

Consider applying a microwave field with frequency ωD whose power envelope

is changed gradually following a Gaussian function Ω(t) = Ω0 exp[−(t/σ)2]. We

apply this Gaussian microwave pulse from an initial time t = −3σ to t = 3σ and

choose the frequency ωD in such a way that the pulse is off-resonant with all mi-

crowave transitions in the system. The diagonal form of the system Hamiltonian

Hasym,eff permits a description of the dynamics of each state in the superposition

of Eq. (2.71) with a Hamiltonian connecting all three excitation states of the

form

Hi(t) = ⟨i|H |i⟩ =


∆i,1

Ω(t)√
2

0

Ω(t)√
2

0 Ω(t)√
2

0 Ω(t)√
2

∆i,2

 (2.72)

written in the basis {|T−i⟩ , |T0i⟩ , |T+i⟩} for i = {↓↓, ↓↑, ↑↓, ↑↑} with detunings

∆i,1 = ω0↔−
µw,i − ωD and ∆i,2 = ω+↔0

µw,i − ωD. Note that the usual RWA has been
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performed. Choosing ωD such that, for each i,

Ω(t)√
2

≪ ∆2,i (2.73)

then enables us to write an approximate Hamiltonian for each of the nuclear spin

states (valid to first order in perturbation theory) as

Hi,app(t) =


∆i,1

Ω(t)√
2

0

Ω(t)√
2

0 0

0 0 ∆i,2

 . (2.74)

To achieve adiabatic following, the eigenenergies need to be varied slowly to sup-

press Landau Zener transitions between different eigenstates. Following Ref. [77,

74], this can be accomplished under the following conditions:

Ω0

∆2
1,i

≪ σ for i = {↓↓, ↓↑, ↑↓, ↑↑} . (2.75)

As we have mentioned above, the net effect achieved by the adiabatic pulse is

the acquisition of a phase θi for each of the nuclear spin states. The ‘right’

combination of control parameters σ,Ω0, and ∆1,i gives rise to an operation that

is locally equivalent to a CPHASE gate if the following condition is met [77]:

π = θ1 − θ2 − θ3 + θ4 . (2.76)

In terms of the evolution of the nuclear spins, the state |ψinitial⟩ has then evolved

to

|T0⟩ (a1eiθ1 |↓↓⟩+ a2e
iθ2 |↓↑⟩+ a3e

iθ3 |↑↓⟩+ a4e
iθ4 |↑↑⟩) , (2.77)

corresponding to a local phase on each nuclear spin in addition to the application
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of a CPHASE gate.

We shall now address the question of how the optimal combination of control

parameters may be found. The dynamical phase that is acquired by a state

during the pulse is directly determined by the eigenenergy of the state |T0i⟩,

yielding

θi = −
∫ 3σ

−3σ

1

2

(
∆i,1 −

√
∆2
i,1 + 2Ω(t)2

)
dt (2.78)

=
Ω0σ

2

∫ 3

−3

√(
∆i,1

Ω0

)2

+ 2 exp(−2x2)dx . (2.79)

Imposing the condition (2.76) and solving for σ = σ(ωD,Ω0) yields

σ =
2π

Ω0

(∫ 3

−3

∑
i

√(
∆i,1

Ω0

)2

+ 2 exp(−2x2)dx

)−1

, (2.80)

where the sum is taken over the four nuclear spin eigenstates. To mitigate the

effect of decoherence caused by the decay of the excitation we minimise the

duration of the pulse under the constraint that the conditions in Eqs. (2.73),

(2.75) and (2.76) are fulfilled, thus obtaining an optimal σ∗.

We incorporate the decoherence caused by the optical decay by modelling the

time evolution with the following Schrödinger picture master equation

d

dt
ρ(t) = −i[Happ(σ

∗), ρ(t)]

+
∑
ω

Γ(ω)
(
2A(ω)ρ(t)A(ω)† − {A(ω)†A(ω), ρ̃(t)}

)
(2.81)

in Lindblad form [36]. Γ(ω) is as defined by Eq. (2.45) and the Lindblad operators

A(ω) are determined by (2.41), where the projectors project onto the eigenspaces

of Hasym,eff instead of Happ. This simplification gives twelve (constant) incoherent

decay channels, rather than considering time-dependent Lindblad operators and
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re-evaluating the validity of the RWA at every instance in time (as would be

required for the time-dependent Hamiltonian). Effectively, our approach then

overestimates the destructiveness of the optical decay, thus giving a lower bound

for the entanglement of formation of the nuclear spins.

Fig. 2.13 shows the results of a simulation that applies such an optimised

Gaussian pulse with a pulse duration σ∗. For weak coupling strengths A and

A′, this approach achieves a somewhat lower value of the entanglement of form-

ation than the dynamic 2π pulse discussed earlier. However, a similarly high-

fidelity entangling operation is possible for stronger hyperfine coupling. The

term ‘adiabatic following’ can invoke the impression that the desired operation

will be much slower than a dynamical implementation. It is therefore astound-

ing that our adiabatic pulse takes only about twice as along as the dynamic 2π

pulse. Finally, we note that the adiabatic method (where the pulse is applied

off-resonantly rather than having to hit a specific resonance) is inherently robust

against pulse imperfections. This could be a significant advantage for exper-

iments with ensembles of identical molecules. In this case, static and driving

field inhomogeneities will inevitably lead to an over- or under-rotation of some

of the ensemble spins when a dynamical pulse is applied (leaving the wrong ex-

citation subspace populated), whereas the adiabatic approach ensures that all

populations end up back in the correct spin levels.

2.5 Summary and discussion

In this chapter, we have given a detailed analysis showing how a transient optic-

ally excited state can be harnessed for the controlled generation of entanglement

between two remote nuclear spins. We have identified control methods applic-

able over a wide range of system parameters and studied their performance with
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Figure 2.13: (a) Optimal duration of the adiabatic pulse 6σ∗ optimised over ωD
and Ω0. (b) Entanglement of formation after applying a Gaussian pulse whose
duration is characterised by σ∗. As in Fig. 2.11, other parameters are: τ =
10 µs, D = −320 MHz, ωe = 9.7 GHz, ωn = 5.97 MHz and ωn′ = 14.74 MHz.

regard to the predominant decoherence mechanism. For the symmetric system

consisting of two identical nuclear spins as qubits, the free time evolution is

naturally entangling, but the characteristic time scale of the dynamics depends

on the state of the excitation and can vary over several orders of magnitude,

opening up the possibility of effectively switching the interaction on and off. For

an asymmetric system, a different route needs to be taken and we have presen-

ted one adiabatic and two dynamic methods for creating entanglement in this

case. We have also included a discussion of the crossover regime between the

asymmetric and symmetric system to establish the robustness of the symmetric

operation.
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We have shown that the symmetric control method can be remarkably robust

against uncertainty or fluctuations in the coupling constants and nuclear Zee-

man splittings. As another advantage of the symmetric system, the system can

decay back to the ground state without destroying the nuclear spin coherence.

Conversely, for the asymmetric system additional control is required for the de-

excitation step, yet it is easier to address the nuclear spins individually for single

qubit operations, initialisation and readout.

Interestingly, the active control methods proposed for the asymmetric system

are much faster than waiting for the free time evolution in the symmetric case,

and they can also be applied to the symmetric system if a short optical lifetime

makes this approach advantageous. Finally, we note that the adiabatic control

method is intrinsically more robust against control pulse and static field inhomo-

geneities, making it uniquely suitable for experiments with ensembles of identical

systems. Astonishingly, the time required for such an adiabatic operation is only

about twice as long as for its dynamical counterpart. At the moment of writing,

experiments are performed with asymmetric molecules, and preliminary results

suggest that the dynamic approach (CPHASE gate through a selective 2π pulse)

gives rise to promising results [66]. In future experiments it will be exciting to

see how these results compare to the adiabatic method proposed in this chapter.
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Quantum entanglement distribution
using a magnetic field sensor
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In the previous chapter, we have presented methods for the creation of entangle-

ment between remote nuclear spins. In this research chapter, which is based on

Ref. [161], we present another scheme for creating entanglement but this time

for electronic spins. This method involves a very sensitive magnetic-field sensor.

As we will see in Chapter 4, sensors based on crystal defects, especially nitrogen-

vacancy (NV) centres in nanodiamond, can achieve detection of single magnetic

moments. Here, we show that this exquisite control can be utilised to entangle

remote electronic spins for applications in quantum computing; the mobile sensor

provides a ‘flying’ qubit while the act of sensing the local field constitutes a two-

qubit projective measurement. Thus, the tip mediates entanglement between
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Chapter 3 Quantum entanglement distribution using a magnetic field sensor

an array of well-separated (and thus well controlled) qubits. Our calculations

establish that such a device would be remarkably robust against realistic issues

such as dephasing, inaccurate timing and both positioning errors and multimodal

vibrations in the sensor tip. Interestingly, the fact that this form of flying qubit

is readily measurable allows one to convert certain classes unknown errors into

heralded failures, which are relatively easy to deal with using established QIP

techniques. We also provide calculations establishing the feasibility of performing

a demonstrator experiment with a fixed sensor in the immediate future.

3.1 Introduction

One possible architecture for a quantum computer is based on the idea of distrib-

uted quantum information processing [48]. Individual qubits (or small groups of

qubits) are physically well separated from one another, thus affording ease of

control. The challenge is then to accomplish entanglement; it is known that

suitable optically active qubits can be entangled by measurements on emitted

photons [16, 114, 19]. In this chapter, however, we show how one can use the

dipole-dipole interaction between electronic spins in conjunction with optical de-

tected magnetic resonance (ODMR) to create entanglement between remote spin

qubits that need not be optically active. The NV centre defects in diamond are

very suitable for ODMR and QIP as these possess a long-lived spin triplet elec-

tronic ground state with the levels |0⟩ and |±1⟩ that can be easily initialised with

a laser, manipulated with microwave pulses and readout optically [203, 92]. This

exquisite control enables observation of their coupling to adjacent nuclear spins

[71, 60] and the measurement of a nearby nuclear spin [140]. A very promising

application of NV centres is their capability to detect the strength of very small

magnetic fields through an induced Zeeman splitting [185, 125, 12, 53, 163]. We
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will show how this sensitivity can be used to entangle remote electronic spins in

a remarkably robust fashion. Indeed because of the measurement-based nature

of the operation, certain classes of experimental imperfection including finite de-

coherence time in the NV centre and both timing and positioning errors, can

be probabilistically mapped to a far higher fidelity operation (with the other

outcome being a heralded outright failure). Since it is established that QIP is

possible with very high heralded error rates exceeding 90% [113], this is therefore

a very powerful approach.

Ultimately, our proposal is to move an NV centre sensor between remote spins

to entangle them. We begin by outlining a simpler experimental scenario, which

could be tested in the immediate future. Suppose we are given two electronic

spin qubits and we can measure the field of these two spins by using a crystal

defect in a nanodiamond, which is placed in the middle of the two qubits [see

Fig. 3.1(a)]. If each qubit produces a field of strength bz at the site of the NV

centre, then the NV centre experiences either −2bz, 0 or 2bz depending on the

spin orientation of the qubits: the field is 0 if the two spins are in the state

|↑↓⟩ or |↓↑⟩ and ±2bz if the two spins are in the state |↓↓⟩ or |↑↑⟩. Given

a sufficiently large external magnetic field, we can prepare the NV centre in

the state |+⟩NV = 1/
√
2
(
|0⟩ + |1⟩

)
. Over time t, this state collects either a

phase of ±2bzµNVt/ℏ ≡ ω±t or 0 depending on the qubits, where µNV denotes

the magnetic moment of the NV centre. Measuring this phase will implement a

projective two-qubit measurement. For example, suppose the two qubits are each

prepared in the state |+⟩1/2 = 1/
√
2
(
|↓⟩+ |↑⟩

)
and we let the NV centre precess

for the time τ = π/ω+, before measuring it in basis |±⟩NV = 1/
√
2
(
|0⟩ ± |1⟩

)
. If

the measurement results in |+⟩NV, then the two qubits will be in the Bell state

1/
√
2
(
|↓↑⟩+|↑↓⟩

)
. Similarly, the outcome |−⟩NV leaves us with 1/

√
2
(
|↓↓⟩+|↑↑⟩

)
.

Thus, a deterministic parity projection is realised, which is very robust to errors
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(a) static NV centre (b) flying NV centre

Figure 3.1: (a) An NV centre in a nanocrystal is placed in between two adjacent
electronic spins qubits. (b) An NV centre is initially close to one qubit and
then it is physically moved over to a second qubit that is remote from the
former. In both cases the dipole-dipole interaction allows us to perform a
projective two-qubit measurement.

as we will show in this chapter. Moreover, we will show that for other times τ the

procedure still achieves a probabilistic parity projection, known to be sufficient

to implement the entanglement needed for full QIP [16].

3.2 Basic scheme

We now show how robust this general idea is with respect to the translations

and vibrations of the NV centre. First, we look at a configuration where the

two qubits are located at the origin and at z = 2∆ while the NV centre, which

is oriented along the z-direction, is placed in the middle of the two qubits [see

Fig. 3.1(a)]. The interaction between the three particles is given by the dipole-

dipole coupling:

HD,ij = Ci,jd
−3
i,j

(
3(x̂i,j · Si)(x̂i,j · Sj)− Si · Sj

)
; (3.1)

where Si is the spin-operator of the particle i, x̂i,j is a unit vector pointing from

spin i to spin j, di,j is the distance between the spins i and j and Ci,j = −µ0
4π
µiµj =

C is a constant [112]. Here, µ0 is the magnetic constant, µ1/2/NV = 2µB are the

magnetic moments of the spins, and µB denotes the Bohr magneton. In an
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external magnetic field B in z-direction, the whole system can be described by

the following Hamiltonian:

Hstatic = H0 +HDIP with (3.2)

H0 = −µNVBSz,NV +DNVS
2
z,NV − µ1BSz,1 − µ2BSz,2 (3.3)

HDIP = HD,NV1 +HD,NV2 +HD,12 , (3.4)

here, DNV = 2.87 GHz is the zero-field splitting (ZFS). We transform this Hamilto-

nian to a rotating frame with respect to exp(iH0t) and neglect fast oscillating

terms originating from a sufficiently large external field and the ZFS (rotating

wave approximation). This gives us:

H̃static,RWA = HD,app,NV1 +HD,app,NV2 +HD,12 , with (3.5)

HD,app,ij = 2Cd−3
i,j Sz,iSz,j . (3.6)

Using a standard master equation [36] as follows we now evaluate the effect of

dephasing upon our basic proposal:

ρ′(t) = −i[H̃static,RWA, ρ(t)]

+
∑

j=1,2,NV

2

T2,j

(
Sj,zρ(t)S

†
j,z −

1

2
{ρ(t), S†

j,zSj,z}
)

. (3.7)

We assume the three particles to be initially in the state

|ψi⟩ = |ψ(0)⟩ = |+⟩1 |+⟩NV |+⟩2 . (3.8)

After time t, we measure the NV centre in the |±⟩NV-basis. The readout can be

implemented in several ways. At low temperature the readout of the NV centre

spin can be done resonantly in one shot [202]. Although one cannot use such res-
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onant measurements at higher temperature, a single shot measurement has been

demonstrated at room temperature with the help of a nuclear spin in diamond

[140]. This experiment involved transfer of information from the electron onto

the nuclear spin via a CNOT-gate and employed projective measurements by

using a quantum nondemolition scheme. Alternatively, at room temperature, it

is possible to utilize a nonresonant technique. Here, due to the limited detection

efficiency in the current technology, a single shot measurement is not possible,

and therefore the entangling operation needs to be repeated many times [185].

The statistics of the repetitive entangling operations will eventually determine

which parity between the static qubits is present. Fortunately, the nature of

the operation we seek to perform, i.e. a parity projection, is such that an arbit-

rary number of repetitions will not change the state after the first application.

Regardless of the implementation of the measurement, the qubits are after the

measurement then, depending on the outcome, either in the state ρ+ or ρ−. This

holds for both with the probability

p± =
(
1± exp(−t/T2,NV) cos2(αt/2)

)
/2 , (3.9)

where α = 2C∆−3. Within the limits of infinite dephasing times, ρ± = |ψ±⟩ ⟨ψ±|

are pure, where

|ψ+⟩ = n+

(
e−iαt |↓↓⟩+ |↑↑⟩+ 2ei

3α
32
t

1 + eiαt
(|↓↑⟩+ |↑↓⟩)

)
(3.10)

|ψ−⟩ = 1/
√
2(−e−iαt |↓↓⟩+ |↑↑⟩) (3.11)

and where n+ is a normalisation factor. We find that the entanglement of form-

ation [200] is given by

EF(ρ−) = 1 and EF(ρ+) = H

(
1

2
+

1

2

√
1− η

)
, (3.12)
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Figure 3.2: Static NV centre: mean EF with respect to the measurement time.
For the nonsolid curves: T2,NV = 2 ms. The distance between the NV centre
and the qubits is ∆ = 10 nm.

where

η =
5− 4 cos( 3

16
αt)(1 + cos(αt)) + cos(αt)(2 + cos(αt))

(3 + cos(αt))2 . (3.13)

Hence, whenever we measure the outcome |−⟩, the qubits are maximally en-

tangled. Note, for QIP, we could simply discard ρ+ retaining ρ− which represents

a perfect parity projection if we know t.

In order to quantify the amount of entanglement between the qubits that we

obtain after measuring the NV centre at time t, we calculate the mean EF, i.e.

⟨EF(t)⟩ := p−EF(ρ−) + p+EF(ρ+) , (3.14)

which we then plot with respect to the time of the measurement in Fig. 3.2. This

figure displays the expected oscillatory behaviour due to the phase that the NV

centre collects. In addition, one can show that the distortion of the oscillation is

a result of the qubit-qubit coupling in Eq. (3.5) and as these terms are relatively

small, they have negligible effect on the first maximum of the mean EF. Finally,

we conclude that the effect of dephasing for the first maximum of the mean EF is
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also small given large coherence times. At room temperature, in bulk diamond,

coherence times of about 2 ms have been demonstrated [13, 139]. However, cur-

rently, due to impurities in and on the surface of nanodiamonds, these values are

degraded to the order of microseconds [125, 186] and further investigations need

to be carried out to improve these values. In this context decoupling techniques

like in [139, 64] are very valuable, and these can be analogously applied on our

spins. Another possibility of improving these values is to employ an amplified

NV centre sensor scheme [163]. Here, an amplifier spin is attached on the surface

of the nanodiamond so that the NV centre can be effectively brought closer to

the static qubits. Thus, the NV centre can be placed in a larger nanocrystal,

which can increase the coherence time of the NV centre.

3.3 Tolerating poor NV decoherence times

In addition, for short dephasing times of the NV centre, we can simply repeat

the entangling operation in order to increase the amount of entanglement. Since

we need to obtain measurement results of the same parity at each entangling

operation, such repetitions tend to decrease the success probability. However,

such repetitions drastically increase the fidelity of the entanglement under the

effect of the dephasing of the NV centre. We quantify this idea by considering

two qubits with infinite dephasing times and an NV centre with a short dephasing

time. We repetitively apply our entangling operation, where each operation lasts

for the time t = π/|α|. If we measure the NV centre k times and consecutively

obtain the outcome |−⟩, then we call the state of the two qubits ρ−,k. The

success probability for such an event to happen also depends on the dephasing

time of the NV centre. In Fig. 3.3, we plot the entanglement of formation for

this state ρ−,k and the success probability with respect to the dephasing time of
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Figure 3.3: (a) Entanglement of formation of the two qubit state that we obtain
after the entangling operation is performed k times in a row and each time
the NV centre is found to be in the state |−⟩. We plot the EF of the two
qubits with respect to the dephasing time of the NV centre. (b) The success
probability for such an event to happen is p−,k, which we plot with respect to
the dephasing time of the NV centre. In both plots we choose each entangling
operations to last for the time t = π/|α| and set ∆ = 10 nm.

the NV centre. We see that the repetitions substantially increase the amount of

entanglement.

The static qubits can be embodied by various sorts of spins. Mainly, these need

to be stable under the optical illumination while the NV centre spin is readout.

For this reason, Sc@C82 that has an unpaired electron spin with a coherence

time of 200 µs [132, 37] or the electron spins bound to donors in silicon are

suitable. For the latter, coherence times of several seconds have recently been

demonstrated at low temperatures [190]. It is remarkable that the NV centre

spin can also be used to initialise and readout the qubits acting analogously to

the read and write head in a classical Turing machine.

3.4 Implications of tip vibration

In a complete QIP system, the nanocrystal bearing our NV sensor would be

mounted on an AFM-tip thus enabling it to move between various sites with
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atomic resolution [88]. This mobility comes at the price of limited controllable

vibrational modes of the AFM-tip, with typical frequencies varying between

50 kHz and 500 kHz [206] and amplitudes up to 1.5 nm [88]. To characterise

the consequences of these vibrations for our entangling operation, we consider

first the effect of the NV centre oscillating between the two qubits in a single

mode, i.e. dNV,1/2(t) = ∆± δ cos(ωt + ϕ); where δ denotes the amplitude, ω the

frequency and ϕ the phase of the oscillation1. As above, we derive a rotating wave

approximation Hamiltonian and end up with the time-dependent Hamiltonian

H̃vib,RWA(t) = HD,app,NV1(t) +HD,app,NV2(t) +HD,12 . (3.15)

We can consider this vibrational scenario as a perturbed static case and thus we

expect a maximum of the mean EF at around π/|α| (similar to Fig. 3.2). Note,

for larger times the qubit-qubit coupling and the dephasing become relevant. For

this reason we define the maximal achievable mean EF M to be

M =M(δ, ω, ϕ) = max
0≤t≤2π/|α|

⟨EF(t)⟩ . (3.16)

We are interested in how the introduction of many modes with various parameters

(δ, ω, ϕ) affect this maximal achievable mean EF, and, in particular, for which

parameter regime M is close to 1. For this purpose, we analyse the effect of

many modes that share the common parameter p on M and define

ρp(t) =

∫ ∞

−∞
D(p) |ψ(t, p)⟩ ⟨ψ(t, p)| dp (3.17)

1For a given amplitude δ, vibrations perpendicular to the axis connecting the qubits would
change dNV,1/2(t) less dramatically than the on-axis vibrations. Taking all vibrations to
lie along the axis connecting the qubits is therefore adequate to capture the worst case;
moreover this assumption then admits analytic treatment.
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as the mean density matrix with respect to the distribution D(p) of the parameter

p; where |ψ(t, p)⟩ is the solution of the Schrödinger equation for H̃vib,RWA(t). We

find an analytic approximation of this solution as follows. First, we neglect the

qubit-qubit coupling in H̃vib,RWA(t)

H̃vib,RWA,app(t) = HD,app,NV1(t) +HD,app,NV2(t) . (3.18)

We then transform this Hamiltonian to an interaction picture and expand it in

a power series with respect to δ(t) = δ cos(ωt+ ϕ). This gives:

HI(t) = exp(iH̃static,RWAt)H̃vib,RWA,app exp(−iH̃static,RWAt) (3.19)

=
∑
j=1,2

2C

∆3

(
(−1)j3

δ(t)

∆
+ 6

δ(t)2

∆2
+O(δ(t)3)

)
Sz,NVSz,j .

Finally, we apply time-dependent perturbation theory:

ρI(t) = ρI(0)− i

∫ t

0

[HI(t
′), ρI(0)]dt

′

+ (−i)2
∫ t

0

∫ t′

0

[HI(t
′), [HI(t

′′), ρI(0)]]dt
′′dt′ , (3.20)

where ρI(0) = |ψi⟩ ⟨ψi| and get an analytic approximation of the solution of the

Schrödinger equation for Eq. (3.15). The first order approximation in δ reads:

ρI(t) = ρI(0) + i
6C

∆4
δ

sin(ωt+ ϕ)− sin(ϕ)
ω

× [Sz,NVSz,1 − Sz,NVSz,2, ρI(0)] . (3.21)

This approximation allows us to understand the effect of many modes. First,

we analyse the effect of many vibrational modes with different frequencies. In

Fig. 3.4(a), we compare our approximation with the exact solution for (3.15) by

plotting the maximal achievable mean EF for ρω (in both cases) with respect
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to the vibration frequency ω for different amplitudes and for a particular phase.

For the average ρω in Eq. (3.17), we use a truncated normal distribution on

[0,∞) with mean ω and standard deviation σ = 0.01ω. In the static case,

we have seen that the mean EF is maximal when we wait about time π/|α|

before we measure the NV centre. First, assume the NV centre is initially in

the middle of the two qubits (ϕ = π/2). If the NV centre oscillates for 1/2 + k

periods (k periods) before it is measured, where k is a non-negative integer, then

the asymmetry in the system is maximal (minimal) and we get a low (high)

mean EF. Obviously for a large k, this effect is less pronounced. The minus

sign in the commutator in Eq. (3.21) describes exactly this asymmetry which

decreases for large frequencies and thus the perturbative solution (3.21) explains

the characteristics of Fig. 3.4(a). We note that analogous plots where we increase

and decrease the width of the frequency distribution are not very sensitive to the

width of the distribution which is in agreement with the rate in Eq. (3.21).

Second, we can repeat this analysis by averaging over the amplitude instead of

the frequency, i.e. by considering ρδ. Again we see from Eq. (3.17) that averaging

over a reasonably narrow truncated normal distribution on [0,∞) has little effect,

and hence, we get the same plot as in the analysis before.

Third, we analyse the effect of many vibrational modes with different phases.

Thus, we assume a uniform distribution of phases on [0, 2π]. With Eq. (3.20),

we obtain in second order in δ the following density matrix

ρϕI (t) = ρI(0)− i6
C

∆5
δ2t[Sz,NVSz,1 + Sz,NVSz,2, ρI(0)]

− 18
C2

∆8
δ2
1− cos(ωt)

ω2

× [Sz,NVSz,1 − Sz,NVSz,2, [Sz,NVSz,1 − Sz,NVSz,2, ρI(0)]] .

(3.22)

Again we compare this approximation with the exact solution for (3.15) by plot-

100



3.5 Moving NV centre between remote locations

0.0 0.5 1.0 1.5 2.0

1.0
0.9
0.8
0.7
0.6
0.5
0.4
0.3

(b)(a)
1.00

0.95

0.90

0.85

0 100 200 300 400 500

Figure 3.4: (a) Maximal achievable mean EF for vibration modes where the
vibration frequencies (amplitudes) are distributed according to a truncated
normal distribution on [0,∞); with mean ω (δ) and standard deviation 0.01ω
(0.01δ), i.e. ρω (ρδ) with respect to the mean (common) vibration frequency
ω/2π for different common (mean) vibration amplitudes δ and ϕ = π/2. (b)
Maximal achievable mean EF for vibration modes where the phase is uni-
formly distributed, i.e. ρϕ with respect to their common vibration amplitude
δ for different common vibration frequencies. In both plots the solid lines
are calculated from the numerical solution of the von Neumann equation for
H̃vib,RWA(t) and the dashed lines are calculated by using the approximations
discussed in the text. Here ∆ = 10 nm.

ting in Fig. 3.4(b) the maximal achievable mean EF with respect to the vibration

amplitude for different frequencies and find a good agreement between the two

solutions, especially for small amplitudes. We see that the last term in Eq. (3.22)

can be seen as a (time-dependent) decoherence rate and explains why higher fre-

quencies and smaller amplitudes are less disturbing to our entangling operation.

In summary, we conclude that oscillations of the NV centre do not cause a

substantial adverse effect for our entangling operation provided that they are

relatively fast and of low amplitude.

3.5 Moving NV centre between remote locations

Having established that the measurement of a static NV centre can entangle two

nearby spins, and having further determined that the realistic issues of dephasing
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and oscillation do not present fundamental difficulties, we can now characterise

our full protocol with two remote spins and a moving, or ‘flying’, NV centre.

Therefore, we consider a distance D ≫ ∆ between the two qubits and propose

that the NV centre should now fly from one qubit to the other, i.e. from z = z0

to z = D − z0 with velocity v. Hence, the NV centre interacts first with qubit 1

and then with qubit 2 before it is measured at tM = (D−2z0)/v [see Fig. 3.1(b)].

As above we derive with the time-dependent distances dNV,1(t) = tv + z0 and

dNV,2(t) = D− tv− z0 the following rotating frame approximation Hamiltonian

H̃flying,RWA(t) = HD,app,NV1(t) +HD,app,NV2(t) , (3.23)

where we neglect the qubit-qubit coupling due to the large distance between the

qubits.

Again, we initialise the three spins in the state |Ψi⟩ = |ψi⟩ [see Eq. (3.8)]. The

Schrödinger equation determines the state |Ψ(tM)⟩ when the NV centre travelled

from one qubit to the other. The measurement of the NV centre in the |±⟩NV-

basis projects the qubits to one of the states

|Ψ−⟩ = (−eiβ |↓↓⟩+ |↑↑⟩)/
√
2 or (3.24)

|Ψ+⟩ = N+

(
eiβ |↓↓⟩+ |↑↑⟩+ 2eiβ

1 + eiβ
(|↓↑⟩+ |↑↓⟩)

)
(3.25)

with the probability:

pfly,− = sin2(β/2)/2 and pfly,+ = (3 + cos(β))/4 , (3.26)

where β = C
(
(D − z0)

−2 − z−2
0

)
/v and N+ is a normalisation factor. The EF

of the first state is 1 and that of the second state is given by the binary entropy
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Figure 3.5: Flying NV centre: EFs, mean EF and success probabilities as a
function of the inverse velocity v−1 when the NV centre has moved from one
qubit to the other. Parameters: D = 100 nm, z0 = 5 nm.

function H

EF(ρ+) = H
(1
2
+

1

2

√
1− ξ2

)
with ξ = 1− cos(β)

3 + cos(β) . (3.27)

Hence, whenever β = π mod 2π, the entangling operation is maximally en-

tangling. Again, for very fast velocities, we could discard ρ+ retaining ρ− and

still achieve a (probabilistic) maximally-entangling parity projection. In Fig. 3.5,

we plot the EFs and probabilities around the velocity for which β(v) = π.

3.6 Robustness – imperfections in the phase acquisition

We conclude this chapter by discussing a very remarkable robustness property,

originating from the fact that we measure the NV centre. For this analysis, we

consider the special case in which we aim to implement a parity projection that

is deterministic, i.e. t = π/(2|α|) in the static case and β = π mod 2π for the

flying NV centre scenario. The interaction part of the entangling operation can

effectively be described by two unitaries acting on the system. These unitaries
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are

U1/2 = exp
(
−iπ

2
(1 + δ1/2)SNV,zS1/2,z

)
, (3.28)

where δ1/2 denotes the (relative) imperfection in the phase acquisition. A typical

example of an error, for which then δ1/2 ̸= 0, is given by timing errors due to

imprecise knowledge of the physical distances in the system. Another example

is an uncertainty in the speed of the flying NV centre.

As we have seen before, the measurement of the NV centre implements a parity

projection on the qubits. It is determined by the general measurement operators

M±(δ1, δ2) = ⟨±|NV U2U1 |+⟩NV . (3.29)

In the computational basis of the qubits, these operators have the following

representation

M± =
1

2

 ±1−e−
1
2 iπ(δ1+δ2) 0 0 0

0 ±1+e−
1
2 iπ(δ1−δ2) 0 0

0 0 ±1+e
1
2 iπ(δ1−δ2) 0

0 0 0 ±1−e
1
2 iπ(δ1+δ2)

 . (3.30)

Again, we assume that the two qubits are initially in the |+⟩ |+⟩ state, and the

measurement of the NV centre yields the two qubit state ρ±. In Fig. 3.6(a), we

plot the entanglement of formation of the state ρ− with respect to the relative

errors δ1/2. We see that even for errors of several percent, the resulting state

posses an entanglement of formation that is greater than 0.99, and therefore our

method is very robust with respect to errors.

Even more worthy of attention is that, in case the errors are systematic (i.e. the

same in consecutive applications of the entangling operation), a simple repetition

of the entangling operation significantly increases the entanglement of formation
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Figure 3.6: (a) Entanglement of formation of the two qubits, after the entan-
glement operation described in the text projected the NV centre onto the |−⟩
state, with respect to the relative errors δ1/2 in phase acquisition. (b) En-
tanglement of formation of the two qubits, after two successive applications
of the entanglement operation described in the text projected the NV centre
each time onto the |−⟩ state, with respect to the relative errors δ1/2 in phase
acquisition.

if the measurement outcome of the second round is the same as in the first round.

Note that the probability to measure |±⟩ in the first round is about 1/2 and the

probability to measure |±⟩ again in the second round is close to unity as long as

the dephasing of the NV centre is negligible. In Fig. 3.6(b), we consider the case,

where the outcomes of two successive measurements is {|−⟩ , |−⟩}, and we plot

the entanglement of formation of the resulting state ρ−,2 with respect to the two

relative errors δ1/2. We see that the second measurement drastically increases

the robustness of our scheme, and therefore, it easily tolerates errors of more

than 10 percent.

3.7 Summary and discussion

In summary, for this chapter we present an entanglement operation that is based

on sensing small magnetic fields. Our calculations establish that this opera-
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Chapter 3 Quantum entanglement distribution using a magnetic field sensor

tion can be performed within the coherence time of the qubits. Repetitions of

the entangling operation compensate the effect of dephasing of the NV centre.

Moreover, imperfections in the scheme caused by vibrations of the NV centre are

tiny for high frequencies and low amplitudes. A particular strength of the scheme

is its enormous robustness with respect to timing errors. Especially, repetitions

of the entangling operation mitigate the effect of systematic errors. Eventually,

remote qubits can be entangled by physically moving the NV centre mounted,

for example, on an AFM-tip between the two qubits – making the entangling

operation of high value for a distributed quantum computer architecture.

To implement our proposal, several experimental challenges need to be over-

come. The first task is to synthesise a small nanocrystal (a diameter of 20 nm is

enough) that embeds a single NV centre with a long enough dephasing time. As

we have shown in this chapter, over the course of several microseconds a large

amount of entanglement can be obtained. For an NV centre in a nanocrystal

with diameter of 7 nm a dephasing time of 1.4 µs has been measured [186]. The

small dephasing time is related to the small size of the nanocrystal as for NV

centres in bulk diamond dephasing times of milliseconds have been measured

[13, 139]. Hence, for a bigger nanocrystal that we require in our scheme a larger

dephasing time can be expected.

Another challenge that QIP with NV centres faces is the loss of photons while

the NV centre is readout. A perfect measurement could be performed in about

20 ns [186]. However, severe photon loss in current experiments increases this

time significantly and would harm the success of our entanglement operation.

There are several approaches for increasing the detection efficiency, for example

by using a tapered fibre or a plasmonic waveguide [45]. A successful implementa-

tion of these ideas for NV centres in nanodiamonds would be highly beneficial for

more or less all technologies based on nanodiamonds with NV centres including
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magnetic-field sensors that we discuss in the next chapter. Therefore, we can

expect much experimental progress in this respect.
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Spin amplification for magnetic
sensors employing crystal defects
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As outlined in the introduction of this thesis, quantum computing is not the

only application of QIP. For example, in the previous chapter, we came across a

very sensitive magnetic-field sensor based on crystal defects in diamond. In this

chapter, which is based on Ref. [163], we propose an augmented sensor consisting

of an NV centre for readout and an ‘amplifier’ spin system in order to map the

magnetic properties of a surface at the single (nuclear) spin level. This proposal

brings the sensor ‘effectively’ closer to the sample, as the sensing is done with

the amplifier spin and the detection with the NV centre. Our calculations show

that this hybrid structure has the potential to detect magnetic moments with a
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Chapter 4 Spin amplification for magnetic sensors employing crystal defects

sensitivity and spatial resolution far beyond that of a simple NV centre.

4.1 Introduction

A key objective for future sensor technologies is the detection of weak magnetic

fields at molecular length scales. There are numerous potential applications in

materials science, medical science and biology. An ambitious goal would be to

detect the field due to single nuclear spins, in order to gain direct information

about the structure of a molecular complex deposited on the surface. This would

require unprecedented combination of sensitivity and spatial resolution.

Among the most sensitive magnetic field sensing devices are Hall sensors [155],

SQUID sensors [90], force sensors [154], and potentially NV centres in diamond

[125, 185, 12, 53, 208]. Experimental work has progressed rapidly, enabling,

e.g., real-time imaging via frequency locking [167] and nanoscale electric field

detection [58]. The sensitivity of NV-centre-based magnetometers is steadily

improving [119], and a field-gradient allows spatial resolution almost approaching

the nanometer scale for proximal spins [80]. Very recently, the detection of spins

evidently on the nanocrystal surface has been reported [81].

In this chapter, we propose a significant improvement of the NV centre sensor

by coupling it to an amplifying spin system (see Fig. 4.1). We show that the

improvement in magnetic moment sensitivity can be expected to be of about

three orders of magnitude; indeed the augmented NV centre may have the highest

in-principle performance of any such device.
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rNV
rA

(a) (b)

Figure 4.1: (a) Conventional sensor structures: an NV centre (red sphere) is
embedded in the middle of a diamond nanocrystal that is attached to an
AFM-tip (yellow cone). The strength of the magnetic field generated by local
spins (green spheres) can be inferred by measuring the NV centre through
optical means and manipulating it with microwaves. (b) Amplified NV centre
sensor: the surface of the nanodiamond is decorated with an another spin
system (blue sphere) that couples to the NV centre inside the diamond. This
additional spin system has an amplifying effect and enormously increases the
magnetic field sensitivity of the sensor and its spatial resolution.

4.2 Magnetic moment sensitivity of a single spin

We begin with a general discussion of measuring an unknown magnetic field using

two energy levels of a probe spin s system (2s ∈ N), the underlying principle of

the NV centre sensor. Let the probe spin be governed by the Zeeman Hamiltonian

H = −µPrb(B0+B)Sz, where µPrb is the magnetic moment of the probe spin, Sz

is the usual spin operator, B0 is a known external field applied in the z-direction,

and B corresponds to the magnetic field (also in the z-direction) that we wish to

estimate. Consider two eigenstates |0⟩ and |1⟩ of H whose z-projections differ by

an integer m. The field estimation then proceeds as follows: we start by creating

the superposition |+⟩ [here |±⟩ = 1/
√
2(|0⟩ ± |1⟩)], for example, by using a

suitable microwave or radio-frequency pulse sequence. This state evolves in time

to |ψ(t)⟩ = 1/
√
2(|0⟩+ exp(imµPrb(B0+B)t/ℏ) |1⟩), and therefore, by successive

measurements of the spin, we can infer the strength of the magnetic field. In
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any real-world experiment the state |ψ(t)⟩ will also be affected by decoherence

processes, typically dephasing is predominant [171]. In this case, the coherence

between |0⟩ and |1⟩ decays as exp(−γ(t)) for a positive nondecreasing function

γ(t). The time evolution of the two level system’s density matrix ρ(t) is then

fully described by

ρ(t) =
1

2

 1 eiϕt−γ(t)

e−iϕt−γ(t) 1

 with ϕ = mµPrb(B0 +B)/ℏ . (4.1)

The uncertainty of estimating B is limited from below by the quantum Cramér-

Rao bound (CRB), i.e. even for an ideal system and perfect measurements the

uncertainty in δB cannot become smaller than bCR [see Eq. (1.31)]. The CRB

is given by the inverse square root of the quantum Fisher information F with

respect to B [34, 149], yielding the following inequality

δB ≥ bCR =
1√
F

=
eγ(τ)ℏ

mτ |µPrb|
, (4.2)

where τ is the duration for which the spin has experienced the magnetic field.

Repeating the measurement many times gives a further reduction in the uncer-

tainty of the unknown field. Assuming the preparation of the |+⟩ state takes the

time tp, the lower bound for the uncertainty δB after N = T/(τ + tp) repetitions

within a total time T is given by

bCR =
1√
NF

=
eγ(τ)ℏ

√
τ + tp√

Tmτ |µPrb|
. (4.3)

As an example, we set γ(t) = t
T2

. Minimising the CRB with respect to τ yields

the optimal sensing time for each run of the protocol:

τ ∗ =
1

4

(
T2 − 2tp +

√
T 2
2 + 4tp (3T2 + tp)

)
. (4.4)
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It is easily seen that τ ∗ ≈ 1
2
T2 in the limit of weak dephasing (T2 ≫ tp), in

contrast to τ ∗ ≈ T2 when the dephasing time is comparatively short, T2 ≪ tp.

Since a magnetic field smaller than bCR cannot be resolved, the CRB provides a

natural limit of the sensitivity of a magnetic field sensor. Interestingly, this limit

does not depend on the actual value of B. However, a naïve intuition is that the

proximity of the probe spin and the sample will be an important characteristic of

a practicable sensor, since it determines the strength of the measured magnetic

field as well as the sensor’s spatial resolution. To quantify this intuition, one

can ask the question: how long does it take until the sensor spin detects the

magnetic moment associated with an electron or a nuclear spin? In the following,

we introduce a magnetic moment sensitivity (in units of T/
√

Hz) as a suitable

figure of merit for this question: the magnetic moment sensitivity S of a sensor

is given by the number of proton magnetons that can be resolved within the time

window
√
T for a distance r between the probe spin and the sample. The dipole

field originating from a proton with magnetic moment µp at the position of the

probe spin is of order b = µ0
4π

2µp
r3

(where µ0 is the vacuum permeability), so we

obtain

S =
minτ (bCR)

√
T

b
. (4.5)

For example, once again assuming γ(t) = t
T2

and employing Eq. (4.4) gives the

following magnetic moment sensitivity

S =
2πℏ
µ0µp

e
τ∗
T2
√
τ ∗ + tpr

3

mτ ∗ |µPrb|
. (4.6)

We briefly introduce the NV centre as a system for field sensing before de-

scribing the inherent limitations of this approach and presenting our proposal

for improving the characteristics of this class of device. An NV centre in dia-
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Magnetic field sensitivity
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Figure 4.2: Performance of various state-of-the-art and proposed magnetic field
sensors (figure adapted from Ref. [52]). The plot shows magnetic sensitiv-
ity (per

√
Hz) (horizontal) versus a typical tip-sample separation. The data

points are reported sensitivities from experiments: force sensors [158, 54, 121],
Hall sensors [30], SQUID sensors [98, 73, 90], and NV centre sensors [125].
The diagonal lines sketch the boundaries for the magnetic moment sensitivity
[see Eq. (4.5)] required to detect 1, 103, 106, or 109 protons (solid black) and
a Bohr magneton (blue dash dotted) within one second. The potential of our
proposed preamplified NV centre is illustrated by the dark green ellipse.

mond possesses spin-1 with the three levels |0⟩ and |±1⟩. The levels |±1⟩ are

degenerate in the absence of an external field and shifted from |0⟩ by a zero-

field splitting (ZFS) of about 2.87 GHz. For the purpose of sensing the mag-

netic field, various two level manifolds can be used, for example, {|0⟩ , |±1⟩} or

{1/
√
2(|1⟩+|−1⟩), (1/

√
2(|1⟩−|−1⟩)} [185]. In the first case the energy levels are

split by D ∓ 1
2
gµBB and in the second case by gµBB (for g ≈ 2). Under the as-

sumption of equal dephasing rates, this implies that the sensitivity of the second

pair of levels is twice as large as the sensitivity of the first pair [see Eq. (4.3)].
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4.3 Sensitivity of the amplified NV centre sensor

4.3 Sensitivity of the amplified NV centre sensor

Figure 4.2 shows the magnetic moment sensitivity of various classes of sensors.

Clearly, NV centres hold the promise of a high field sensitivity combined with

a fairly small probe to sample separation. However, in order to further improve

the spatial resolution and obtain an even better magnetic moment sensitivity

(according to the definition in Eq. (4.5)) the NV centre must be brought even

closer to the sample. Due to the cubic dependence of S on r even a modest

reduction in the separation leads to a large gain, and for this reason NV centres

have been embedded in smaller and smaller nanocrystals [12, 125]. However, the

size of the diamond crystal surrounding the NV centre cannot become arbitrarily

small without severely affecting the remarkable coherence time (and thus the

sensitivity) of the NV centre. In 12C isotopically enriched bulk diamond the room

temperature coherence time can be as long as 1.8 ms [13], increasing up to 2.4 ms

with dynamic decoupling [139]. On the other hand, the best reported coherence

time for a nanodiamond with a diameter of 7 nm is reduced to 1.4 µs [186].

Smaller crystals with a diameter of only 5 nm have been studied in Ref. [33],

however, the properties of enclosed NV centres are even further degraded in this

case. A miniaturisation of the crystal hence leads to a reduced field sensitivity

in exchange for a smaller separation between the probe and the sample.

We propose to overcome this trade-off situation by bringing the NV centre

‘effectively’ closer to the sample without reducing the size of the nanocrystal.

This is achieved by attaching an additional spin system on the surface of a

nanocrystal, which relays the sample magnetic field to the NV centre through the

dipole coupling (see Fig. 4.1). In the simplest implementation, a single electron

spin serves as the amplifier. There is a large set of stable S = 1/2 organic radicals

with coherence times up to 200 µs, which could be attached to the nanocrystal
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surface [93, 115, 195, 37]. Further improvements may be possible by using higher

spin systems such as N@C60 (which has T2 = 80 µs at room temperature) [135]

or a molecular magnet [123, 47]. It may even be possible to make use of more

sensitive entangled states with suitably engineered molecular systems [94, 164].

For simplicity, we consider an S = 1/2 electron spin as the amplifier in the

following. The NV centre and the amplifier spin are dipole coupled, and we

assume the vector connecting the two spins is aligned with the z-axis. Both

spins experience a (known) homogeneous external magnetic field B0 = (0, 0, B0)

and a small magnetic field whose z component B at the position of the amplifier is

to be measured. In comparison to the amplifier spin the NV centre experiences a

weaker sample field cB where the factor c < 1 depends on the relative separations.

The Hamiltonian thus reads:

H = −µNV(B0 + cB)SNV,z +DNVS
2
NV,z − µA(B0 +B)SA,z

− d(2SNV,zSA,z − SNV,xSA,x − SNV,ySA,y) , (4.7)

where d = µ0
4π

γNVγAℏ
∆3 is the dipolar coupling constant; γNV and γA are the gyro-

magnetic ratios of the spins, ∆ is the distance between the NV centre and the

amplifier spin, and DNV denotes the NV centre’s ZFS constant. Our protocol

assumes that the influence of cB on the NV centre is much smaller than its

coupling to the amplifier spin; this will certainly be justified if the amplifier is an

electron spin and the sample field is due to nuclear spins. In addition, we assume

that flip-flops between the spins are heavily suppressed and can be neglected, for

example, because DNV represents the largest energy in the system, yielding the

following effective Hamiltonian

H ≈ −µNVB0SNV,z +DNVS
2
NV,z − µA(B0 +B)SA,z − 2dSNV,zSA,z , (4.8)
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NV centre NV + amplifier spin

(b)(a)
3E

1A

Figure 4.3: (a) Level structure of an NV centre. The ground state is a spin
triplet with zero field splitting and the excited state has a manifold of levels.
Following excitation with green light the dominant decay is spin preserving.
However, spin is not always conserved due to an additional decay path to
|0⟩ via a metastable state, so that continuous excitation eventually results in
a polarised state. (b) Eigenspectrum of H for an amplifier spin-1

2
system.

In this diagram we used the convention: SNV,z |i⟩ = i |i⟩, SA,z |↑⟩ = |↑⟩ and
SA,z |↓⟩ = − |↓⟩

whose level structure is schematically depicted in Fig. 4.3.

The field sensing protocol now proceeds as follows. Initially, the system starts

in a completely mixed spin state, 1
6
16, so that it needs to be polarised with laser

and microwave pulses. As a first step we polarise the NV centre by illuminat-

ing it with green light, after about 1 µs the NV centre will have relaxed to the

state |0⟩ with high probability [185], leaving the combined system in the state

|0⟩ ⟨0| ⊗ 1
2
12. Next, we apply a selective microwave π pulse on the transition

|0⟩ |↓⟩ ↔ |1⟩ |↓⟩. For a distance ∆ = 10 nm between the NV centre and the amp-

lifier, this transition is split from the neighbouring |0⟩ |↑⟩ ↔ |1⟩ |↑⟩ transition

by 2d = 2
µ0gNVgAµ2B

4π∆3ℏ ≈ 0.65 Mrad/s (i.e. 104 kHz). A highly selective π pulse is

beneficial for the presently discussed protocol. For this reason we now establish

the conditions under which imperfections in the pulse selectivity can be con-

sidered negligible. Assuming Lorentzian line broadening of both transitions with

a FWHM of 2/T2,NV (T2,NV is the coherence time of the NV centre), a detailed
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analysis1 shows that a linewidth overlap of up to 10% of the common area under

the two lines meets this requirement and translates into T2,NV > 10 µs. The

product of pulse duration and frequency passband T ×∆ω is typically between

2 and 5 [27]. Taking T = 4/∆ω and allowing the passband to overlap with the

area of unwanted transition’s Lorentzian by at most 5% (allowing us to neglect

imperfect pulse selectivity), we thus obtain τπ = 4
2(2d−cot(0.05π)/T2,NV)

for the dur-

ation of the desired selective π pulse (reducing to τπ ≈ 1/d in the limit of long

T2,NV).

Finally, the state of the NV centre is measured. There are several ways of per-

forming this measurement. At low temperature, the |0⟩ state can be resonantly

excited, and hence a single-shot readout is possible [202]. However, at room

temperature the excitation with a laser can only be done nonresonantly, and

therefore, the entire triplet ground state is always excited at once. In this case,

the NV centre exhibits spin-dependent photoluminescence, before ultimately be-

ing pumped into the |0⟩ state. For the foreseeable future, experiments will only

detect a tiny fraction of the emitted photons [185]. Therefore many repetitions

may be necessary for conclusive measurements. As each readout cycle pumps the

NV centre spin into the |0⟩ state, we either continuously reiterate the selective π

pulse described above after each measurement or employ a nearby nuclear spin

analogously to Ref. [140]. For now, we consider the case, where the NV centre is

read out nonresonantly and the selective π pulse is repeatedly applied after each

measurement cycle, and refer to the appendix of the this chapter for the other

two ways of reading out the NV centre spin. As it turns out, all three ways of

reading out the NV centre spin show a similar performance. Independently of

1In general, a reduced π pulse selectivity gives rise to two types of error: firstly, a mixed
initial state, resulting in a correction factor of (1 + p)/(1 − p) for the sensitivity SA,
where p describes the proportion of the population flipped in the unwanted transition.
Secondly, a degradation of the Fisher information entailing an additional correction factor
of
√

(1 + p)/(1− p). Both factors are very close to 1 as long as the pulse remains highly
selective.
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the measurement, the system is left in one of the well-defined states |0⟩ |↓⟩ or

|0⟩ |↑⟩.

Without loss of generality we assume the system is in the state |0⟩ |↓⟩, ready for

the magnetic field estimation through several repetitions of the following sensing

cycle: A microwave π
2

pulse creates the superposition 1/
√
2(|0 ↓⟩ + |0 ↑⟩). It is

safe to assume that the amplifier spin can be rotated fast and with high fidelity

as long as the unknown field corresponds to the smallest energy scale of the

system, as can be accomplished with a modest external field. After a sensing

time τ , the amplifier spin acquires a relative phase proportional to B. The phase

is first mapped onto a population difference between |0 ↓⟩ and |0 ↑⟩ with another
π
2

pulse, and then entangled with the NV centre spin state with a selective π

pulse in the same way as in the initialisation process. The NV centre spin state

is now read out (also initialising it for the next sensing cycle).

4.4 Benchmark of the amplified NV centre sensor

Having described the protocol, we now benchmark the sensitivity improvement of

the amplified system over a conventional single NV centre sensor. Obviously, the

performance of both sensors depends on the decoherence model, which we assume

to be fully characterised by γ(t). Different forms of γ(t) occur corresponding

to different predominant dephasing mechanisms, however, typically γ(t) can be

written as (t/T2)
n for n = 1, 2 or 3 [186, 185].

For our comparison, we consider the levels |0⟩ and |1⟩ of an NV centre in

the middle of a nanocrystal with radius 10 nm and a control and measurement

duration of tp,NV ≈ 1 µs per cycle. For the traditional NV centre sensing scheme,

the fact that the vast majority of photons emitted is lost in typical experimental

settings implies that we need to repeat the measurement many times to detect a
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Figure 4.4: Preparation time necessary for the amplifier spin NV centre sensor
with respect to the dephasing time of the NV centre T2,NV. Parameters: tp,NV =
1 µs, R = 0.2, η = 0.05 and ∆ = 10 nm.

sufficient number of photons to allow any inferences about the spin state of the

NV centre. We can account for this photon shot noise limitation by modifying the

magnetic moment sensitivity given in Eq. (4.5) as Soff = S/(R
√
η), where R is the

measurement contrast and η is the detection efficiency [3, 2]. Recent experiments

with single NV centres found values of R ≈ 0.2 and η ≈ 0.001 [13, 12, 125].

However, with a tapered fibre or a plasmonic waveguide the detector efficiency

could be improved to about η = 0.05 [45]. In contrast, using the electron spin

on the surface of the augmented sensor entails an additional control overhead of

about τπ in each measurement cycle, i.e. tp,A ≈ N(tp,NV + τπ), where N is the

number of cycles: N = 1
R2η

. Here, we have assumed that the T1 time of the

amplifier spin is much longer than tp,A. In Fig. 4.4 we plot tp,A as a function of

the dephasing time T2,NV of the NV centre.

For the ratio of the magnetic moment sensitivity of both methods we obtain

SNV

SA
=

1

R
√
η

exp(γNV(τ
∗
NV))

√
τ ∗NV + tp,NVτ

∗
A

exp(γA(τ ∗A))
√
τ ∗A + tp,Aτ ∗NV

r3NV
r3A

. (4.9)

In order to fairly compare both methods, we assume the same dephasing mech-
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anism for the NV centre and the amplifier spin. We consider the three cases

γi(t) =
(

t
T2

)i
for i = 1, 2, 3. By assuming that tp,A ≫ T2,A and tp,NV ≪ T2,NV,

we find that the optimal sensing times in Eq. (4.9) are given by τ ∗A,1 = T2,A,

τ ∗A,2 = 1√
2
T2,A and τ ∗A,3 = 3−1/3T2,A and τ ∗NV,1 = 1

2
T2,NV, τ ∗NV,2 = 1

2
T2,NV and

τ ∗NV,3 = 6−1/3T2,NV, where the index i = 1, 2, 3 labels which of the γi is used as

the dephasing model. Under these assumptions, we can derive an approximation

for the ratio in Eq. (4.9)

SNV

SA
≈ Ci

T2,A√
T2,NV

√
tp,NV + τπ

r3NV
r3A

, (4.10)

where only the prefactor depends on the choice of the dephasing model as follows:

C1 =
√
2/e, C2 = e−1/4 and C3 =

(
2
3e

)1/6. Interestingly, this ratio does not

depend on the measurement contrast R nor the detector efficiency η. This means

that both strategies are affected by the imperfect measurement in the same way.

Figure 4.5 shows the (exact) ratio SNV/SA with respect to the amplifier coher-

ence time T2,A for several illustrative values of T2,NV. The red regions of the inset

show the parameter space for which our protocol is not necessarily advantageous,

either due to excessive line-broadening preventing a highly selective π pulse on

the transition |0⟩ |↓⟩ ↔ |1⟩ |↓⟩, or because T2,NV is so much larger than T2,A that

it more than compensates the benefit of the amplifier spin. Figure 4.5 impress-

ively demonstrates that the magnetic moment sensitivity can be enhanced by up

to three orders of magnitude for T2,NV ≈ T2,A with realistic parameters. Further

improvements may be feasible by substituting the electron spin amplifier with a

high spin system or molecular magnet.

We now turn to another important consideration: Given a sensor that can re-

solve magnetic fields at the level of the single Bohr or even nuclear magneton, its

spatial resolution is vitally important for many applications such as mapping the
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Figure 4.5: Ratio SNV/SA as a function of the amplifier spin coherence time
T2,A for T2,NV = 100 µs (black), 30 µs (red) and 15 µs (blue). This ratio gives
the factor by which the amplified sensor outperforms a conventional NV centre
sensor. Here, γ(t) = t/T2, but we note that the curves for γ(t) = (t/T2)

2,3 differ
approximately only by a prefactor, see Eq. (4.10). Other parameters: rA =
1 nm, rNV = 11 nm,∆ = 10 nm, tp,NV = 1 µs, tp,A = 1/(R2η)(tp,NV + τπ), R =
0.2, η = 0.05. Inset: excessive line-broadening or a significant mismatch in the
coherence times prevent a sensitivity enhancement in the red region (see text).

constituent molecules and nuclei of complex organic molecules. Unsurprisingly,

it is highly beneficial to be able to move very close to the sample in order to

reliably distinguish individual magnetic moments. Figure 4.6 shows the z com-

ponent (i.e. the measured component) of the magnetic field for a regular array of

protons at two different heights above the surface. If the probe sample separa-

tion is of order the distance between individual dipoles, the nuclear spins can be

unambiguously resolved (given the required field sensitivity). On the other hand,

the field is almost indistinguishable from that of a single stronger dipole if the

sensor is scanning at z = 10 nm, even with the ability to sense small magnetic

fields of order 1 nT.
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4.5 Summary and discussion

Figure 4.6: The z component of the magnetic field of a regular array of protons
calculated in two planes z = 1 nm and z = 10 nm. The 36 dipoles with the
magnetic moment of a proton are placed in the z = 0 plane, pointing into the
z-direction as indicated by the red arrows. The field range of the contour plots
spans 43.2 nT in the z = 10 nm plane and 2.61 µT for z = 1 nm. Individual
dipoles are easily resolved at z = 1 nm, but at a distance of 10 nm their field
looks similar to that of a single stronger magnetic moment. Spatially resolving
individual spins at this distance requires a sensitivity that goes far beyond the
amount of detail reflected in this plot.

4.5 Summary and discussion

In summary, we have proposed a practical way of enhancing NV centre based

magnetic field sensor with a preamplifier system. Such an augmented sensor

possesses a magnetic moment sensitivity that is capable of resolving individual

protons, both in terms of their field strength as well as spatially on an atomic

scale. The sensor consists of two essential parts: the NV centre for optical readout

coupled to an entirely spin-based system for the magnetic field detection in close

proximity to the sample. Despite this partitioning of tasks, the fundamental

complexity of this improved sensor design is similar to that of existing proposals
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Chapter 4 Spin amplification for magnetic sensors employing crystal defects

and implementations.

The experimental state of the art is that for the first time it has been demon-

strated in Ref. [81] that it is possible to detect spins that are outside the nano-

crystal (here the conventional sensor is used), and there is evidence that these

spins are located on the surface of the nanocrystal. The challenges to implement

our amplified sensor scheme are first, that a nanodiamond with an embedded NV

centre of long enough coherence time needs to be synthesised. For this purpose,

it is necessary to understand the reason for the short dephasing times currently

observed in non-bulk diamond. A more technical challenge will be to gain good

control of the amplifier spin with microwave pulses.

Appendix 4.A Other measurement strategies

4.A.1 Resonant readout of the NV centre spin

At low temperatures the |0⟩ state can be excited resonantly (selectively) enabling

single-shot readout. The resonant excitation takes about 5 ms [202], which of

course implies that the T1 time of the NV centre spin needs to be longer than

this time. We plot the ratio for this case, which is

SNV

SA
=

exp(γNV(τ
∗
NV))

√
τ ∗NV + tp,NVτ

∗
A

exp(γA(τ ∗A))
√
τ ∗A + tp,Aτ ∗NV

r3NV
r3A

(4.11)

in Fig. 4.7.

Again, we can find an approximation for the ratio in Eq. (4.11). As tp,NV ≈
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Figure 4.7: Resonant readout of the NV centre spin. Main plot: the ratio
SNV/SA as a function of the amplifier spin coherence time T2,A for T2,NV =
100 µs (black), 30 µs (red) and 15 µs (blue). This ratio gives the factor by
which the amplified sensor outperforms a conventional NV centre sensor. Here,
γ(t) = t/T2, but we note that the curves for γ(t) = (t/T2)

2,3 look almost
identical. Parameters: tp,NV = 5 ms, tp,A = tp,NV + τπ rA = 1 nm, rNV =
11 nm,∆ = 10 nm. Inset: excessive line-broadening or a significant mismatch
in the coherence times prevent a sensitivity enhancement in the red region (see
text).

5 ms, it holds that tp,NV/A ≫ T2,NV/A, yielding

SNV

SA
≈ T2,A
T2,NV

r3NV
r3A

√
tp,NV

tp,A
=

T2,A
T2,NV

r3NV
r3A

√
tp,NV

tp,NV + τπ
, (4.12)

which is entirely independent of the choice of γi(t).

4.A.2 Readout using a local memory

A third way of reading out the electron spin of the NV centre is given by em-

ploying a nuclear spin (with a long T1 time) in the immediate vicinity of the NV

centre as a temporary memory. The amplifier spin state is here transfered to

this nuclear spin, e.g. via the NV centre electron spin. This can also be accom-

plished at room temperature. A projective measurement is now possible using a
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Chapter 4 Spin amplification for magnetic sensors employing crystal defects

quantum nondemolition scheme in the way described by Ref. [140]. Like in the

previous section tp,NV ≈ 5 ms and we thus obtain similar results.
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Quantum metrology with molecular
ensembles
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In this last research chapter, which is based on Ref. [164], we investigate the meas-

urement of the magnetic-field strength using an ensemble of spins, whereas in the

previous chapter we only considered an individual spin system. As multiple spins

are utilised for sensing, a measurement device can be built that is fundamentally

superior to conventional technologies. Specifically, when quantum entanglement

is harnessed the precision achieved is supposed to scale more favourably with the

resources employed, such as system size and the time required. In the following

analysis, we will see that for an ensemble of spins another essential resource needs

to be considered: the change in ensemble polarisation (entropy increase) during

the metrology experiment. Accounting for this resource enables a fair compar-

ison of the two standard strategies in quantum metrology: a classical strategy
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Chapter 5 Quantum metrology with molecular ensembles

where spins are used individually and a quantum strategy where an entangle-

ment operation is performed on the spins. In this comparison, we incorporate

the special nature of the measurement of spin ensembles. We shall find that the

performance for sensing of both strategies depends crucially on the decoherence

present in the system. In particular, we identify the parameter regime, where

the quantum strategy can beat the classical strategy.

5.1 Introduction

Quantum metrology deals with the physical limits to measurement. Typically,

one prepares a probe system of size K in a suitable initial state; this system

acquires information about the quantity of interest, and then the probe system

is measured. The process may be repeated either with a series of probes over

time or, as in the present analysis, with multiple probe systems simultaneously.

In Section 1.5.3, we have seen that the way in which the probe is prepared

is closely related to the uncertainty of the parameter estimation: if prepared

in a non-entangled state then the minimal uncertainty achievable scales with

1/
√
K [152], the standard quantum limit. However, this limit can be beaten

if we allow arbitrary states for the preparation of the probe system (i.e. if we

include entangled states), as demonstrated in recent experiments [109, 138, 151,

5]. In idealised cases, the minimal uncertainty achievable scales with 1/K –

the Heisenberg limit [78, 79] – which can be achieved by making use of special

entangled states such as Greenberger-Horne-Zeilinger (GHZ) states or maximally

path-entangled 1√
2
(|N, 0⟩+ |0, N⟩) (NOON) states [108].

In optical quantum metrology, the probe system is a particular state of K

photons, for example, a NOON state, which is a superposition of ‘all K photons

in channel A’ with ‘all photons in channel B’. When an optical element indu-
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5.2 Magnetic field sensing

cing an unknown phase shift is placed in channel A, then the probe acquires an

internal phase K times as great as that which would be acquired by a single

photon, and information about this phase is measured through an interference

effect. In the present analysis, we consider an analogous experiment involving K

atomic spins in a large molecule, which probes the strength of an external mag-

netic field. An essential difference is that we consider a large ensemble of probe

molecules, which are necessarily prepared, exposed to the field, and ultimately

measured collectively [94, 178] – that is, addressing of individual probe molecules

is impossible.

The dynamics of an ensemble is typically observed by measuring the free-

induction decay (FID) spin signal. Monitoring the FID can be seen as a con-

tinuous and simultaneous measurement of two non-commuting observables [63].

Here, the observed system is barely altered by the measurement, as the number

of spins in a typical sample is usually so large. This type of measurement has not

yet been analysed in the context of quantum metrology. Rather, recent studies

have looked at the effect of temperature on the Fisher information of three types

of states [128] and waveform estimation and its implications for quantum sensing

[187].

5.2 Magnetic field sensing

In this chapter, we compare two strategies for measuring a small shift δB of a

probe magnetic field from a reference field in a spin ensemble setting [94, 178].

This problem is equivalent to measuring the Larmor frequency δ = δB
γ

of a pre-

cessing spin in the probe field, where γ is the gyromagnetic ratio. In the quantum

strategy, we consider a macroscopic ensemble of N sensor molecules each con-

sisting of K spins where each molecule is prepared in a very sensitive entangled
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Figure 5.1: (a) Schematic of a sensor molecule with five satellites. (b) Quantum
circuit employed in the quantum strategy.

state (see Fig. 5.1). This state senses the field for a wait time Tw by acquiring

a phase KδTw. We then map the phase onto one spin of the molecule from

which it can be read out by observing the FID. As a performance benchmark,

we compare this to the classical or standard strategy, where we determine the

Larmor frequency by observing the FID of the same number of uncoupled spins.

We will focus on the resources consumed by the two strategies and on the impact

of decoherence.

The role of decoherence is very non-trivial. In the absence of decoherence

and for a perfect projective measurement, the lowest achievable uncertainty in

estimating δ scales with 1/K
√
N for the quantum strategy and 1/

√
KN for the

classical strategy [78, 79]. Hence, the discrepancy in the precision of the two

strategies increases with the size of the entangled state K. However, the spins

will be subject to decoherence in any real-world experiment, and the sensitive

entangled states will decohere faster than separable states whenK becomes larger

[171, 91]. This increased effective decoherence rate competes with the enhanced

precision, making it difficult to predict the performance of the quantum strategy.

In the following, we shall determine lower bounds for the uncertainty of the

parameter estimation from a measured FID for both strategies. First, we must

generate a suitable entangled state to obtain enhanced sensitivity with the quantum

strategy, meaning we require some amount of quantum control over the mo-
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5.2 Magnetic field sensing

lecules. The details of how this is accomplished are unimportant, and we will

in following, consider the example shown in Fig. 5.1; molecules with this star

topology have been employed in recent experiments [94, 178]. Each molecule

consists of one central spin A and K−1 non-interacting satellites of type B. The

satellites interact with the central spin through an Ising type interaction, leading

to the following Hamiltonian in an external magnetic field (in natural units, i.e.

ℏ = 1):

HK = γδσAz + δ
K−1∑
j=1

σBj
z + J

K−1∑
j=1

σAz ⊗ σBj
z , (5.1)

where σz denotes the usual Pauli matrix with eigenvalues ±1
2
. δ denotes the

Zeeman splitting of the B spins and γ = γA
γB

denotes the ratio of the gyromagnetic

numbers of A and B, and we assume γ ≈ 1. J describes the Ising interaction

strength and is only necessary for implementing the multi-qubit gates in the

quantum strategy, not for the sensing process. δ is the parameter to be estimated.

We focus on the fundamental comparison between classical and quantum strategy

given a fully polarised initial state of the sample:

ρ0 = |0⟩A ⟨0|A ⊗ |0 . . . 0⟩B ⟨0 . . . 0|B = |00⟩ ⟨00| , (5.2)

where the underscore denotes the state of the K−1 satellite spin register. For the

example molecule shown in Fig. 5.1(a), the entangled state can be constructed

from this initial state by applying the pulse sequence shown in Fig. 5.1(b), i.e.

first a Hadamard gate on the central spin and then a CNOT gate (control qubit =

central spin, target qubits = satellites). The resulting GHZ state 1√
2

(
|00⟩+ |11⟩

)
freely evolves for a time Tw, acquiring phase K times faster than a single spin
1. However, at the same time, it is also more vulnerable to decoherence. In

1Strictly, this is only a GHZ state for K > 2 and a Bell state for K = 2. In Ref. [94], this
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practice, the dephasing rate of an individual spin α = 1
T ∗
2
> 0 is limited by

inhomogeneous broadening [112], thus, we can neglect spin flip processes. Of

course, the dephasing rate of the GHZ state β > 0 is related to α, and we will

discuss this dependence later. The state of the system, after the wait time Tw is

then:

ρ3 =
1

2

(
|00⟩ ⟨00|+ |11⟩ ⟨11|+ e−KδTwi−βTw |00⟩ ⟨11|

+ eKδTwi−βTw |11⟩ ⟨00|
)

. (5.3)

To measure the acquired phase KδTw, we map the GHZ state onto the central

spins by applying a CNOT gate. These spins are then measured by observing the

decay of the transverse magnetisation atM ∈ N discrete points in time, separated

by the sampling time ts. The observed signal xm at time mts (m = 0, . . . ,M−1)

can be modelled as a sum of Gaussian distributed noise bm and the ideal signal

x̂m = ⟨X + iY ⟩ (mts) [43]

xm = x̂m + bm = ceKδTwi−βTweδmts−αmts + bm , (5.4)

where c is a proportionality factor that depends on the number of molecules in

the sample. A simulation of the FID is shown in Fig. 5.2.

A suitable metric for the precision of the measurement is the Cramér-Rao

bound (CRB) [43], which essentially offers a lower bound on the uncertainty

(standard deviation) σpℓ of an estimated parameter pℓ (ℓ = 1, . . . , P ):

σpℓ ≥ CRBpℓ =
√

(F−1)ℓℓ . (5.5)

Here, F denotes the Fisher information [192] given by the real part of a complex-

state is referred to as a NOON state because it describes a superposition of N spins up and
N spins down.
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5.2 Magnetic field sensing

Figure 5.2: Simulation of the free induction decay (FID) of the classical (up-
per) and quantum strategy (lower); see Eqs. (5.9) and (5.4). The simulated
measurement points (crosses) were chosen randomly from a Gaussian distri-
bution with a standard deviation of 0.05. In the classical strategy, we observe
uncoupled precessing spins, and the strength of the probe field is given by the
oscillation frequency. In the quantum strategy, a GHZ state senses the field
for a time Tw without producing a signal, but acquiring phase K times faster
than a single spin and dephasing at a rate β. The acquired phase is mapped
onto the central spin, and the FID is measured. The strength of the magnetic
field can be now estimated from the phase and the oscillation frequency.

valued matrix product

F =
1

σ2
ℜ(D†D) , (5.6)

where Dij =
∂x̂i
∂pj

, and the partial derivatives are evaluated at the parameters that

we are going to estimate. In our case, the parameters are c, α and δ. σ = σr = σi

denotes the standard deviation of the real (imaginary) part of the noise. Inverting

the 3x3 Fisher information matrix, we obtain:

CRBδ,GHZ =
eβTw√

M−1∑
m=0

(
KTw +mts

)2 exp(−2αmts)

σ

c
. (5.7)
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Next, we determine the CRB for the classical strategy. Here, we are given

N ·K identical and uncoupled spins. We obtain the relevant signal by rotating

the initial state ρ0 into the xy-plane with a global Hadamard gate followed by

measuring the transverse magnetisation. The resulting density matrix evolves as

ρ(t) =
1

2

 1 eiδt−αt

e−iδt−αt 1

 , (5.8)

giving rise to a measured signal of the following form

x′m = c′eδmtsi−αmts + b′m . (5.9)

Analogously to Eq. (5.7), we obtain the CRB for this signal:

CRBδ,STD =
1√

M ′−1∑
m=0

(mts)2 exp(−2αmts)

σ′

c′
. (5.10)

This expression is a lower bound on the uncertainty for independent spins against

which we shall benchmark the quantum strategy. As the signal-to-noise ratio

(SNR) c′

σ′ scales with the square root of the number of spins in the sample, we

get the same scaling behaviour as for the SQL. For a high SNR achieved by

a sufficiently large number of molecules N , there exists an efficient estimator

which matches the accuracy predicted by the CRB [35]. Hence, we can directly

use Eqs. (5.7) and (5.10) to compare the two strategies.
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5.3 Observation of the entire free induction decay

5.3 Observation of the entire free induction decay

First, we need to specify a fair comparison with the same resource allocation for

both strategies. For conventional quantum metrology with projective measure-

ments, the challenging question of a fair resource comparison has recently been

addressed in Ref. [210]. In the present case of ensemble quantum metrology, we

will, at first, allow both strategies to observe the entire FID while consuming

the von Neumann entropy of 1·N spins. As we have defined it, the quantum

strategy consumes one spin per molecule (the central spin A) in the measure-

ment, and all other spins remain pure. This implies that we must also only

measure 1·N spins instead of K ·N spins for the classical strategy, meaning

that the SNRs of both measurements are equal c′

σ′ =
c
σ
.

At first sight, this way of counting resources may look biased towards the

quantum case, as we do not seem to take the satellite spins into account. Non-

etheless, our comparison is fair: The K − 1 satellite spins act as an antenna to

pick up phase more rapidly, yet they are not ‘consumed’ (this is a direct con-

sequence of the dephasing model of decoherence). After the quantum strategy is

complete, the central spin is measured (its polarisation is lost), but all satellite

spins are back in the pure state |0⟩ and could be recycled to obtain a further

parameter estimate. The accuracy of such an estimate, made using any sensible

protocol on these remaining (K−1)N spins, can be no worse than that obtained

using the standard strategy. This observation validates the classical resource

count stated in the previous paragraph.

The ratio of Eq. (5.10) and Eq. (5.7) can be approximated by an integral
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expression (assuming the sampling rate resolves the decay, i.e. ts ≪ T ∗
2 ):

R∞ : =
CRBδ,STD

CRBδ,GHZ
≈

√∫∞
0
(KTw + t)2 exp(−2αt) dt

e2βTw
∫∞
0
t2 exp(−2αt) dt

(5.11)

= e−βTw
√

1 + 2KαTw(1 +KαTw) . (5.12)

Whenever R∞ > 1, the quantum strategy outperforms the classical strategy with

respect to the precision of the parameter estimation.

So far we have not yet specified how the dephasing rate β of the GHZ state

relates to the dephasing rate α of a single spin, and now, we will discuss a number

of different decoherence models for the GHZ state.

First, we consider β = α, implying that the GHZ state does not decohere

faster than a single spin; this is expected for a given macroscopic magnetic field

inhomogeneity. In this case, there is, for any K > 1, a wait time Tw, for which the

quantum strategy surpasses the classical one. Conversely, completely correlated

or collective noise over each molecule has the most aggressive effect on the GHZ

state [173, 148]. Here, the noise can be described with a single Lindblad operator∑K
j=1 σz and β = K2α, while, for uncorrelated noise β = Kα [10]. In general,

we consider a power-law dependence of β on α, i.e. β = Kpα, where 0 ≤ p ≤ 2.

In recent experiments the decoherence rates for highly correlated solid-state spin

states were obtained experimentally [102, 103], revealing p ≈ 1/2. The authors

attributed this to non-Markovian correlated noise. A significantly smaller value

for p was found in Ref. [178], where the T ∗
2 time of a single spin was determined

to be 0.37 s and that of a 13-particle GHZ state to be 0.28 s, which can be

interpreted as a factor of p ≈ 0.11.

The performance of the quantum sensor depends critically on the value of p.

One can easily check that, for 1 ≤ p ≤ 2, R∞ < 1 for any Tw > 0, and R∞ = 1

only for Tw = 0. Therefore, we conclude that the precision of the quantum
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Figure 5.3: The maximal R∞ for a given K as a function of K and p, where p
is given by β = Kpα. R∞ > 1 implies that the quantum strategy outperforms
the standard strategy.

method never outperforms the precision of the standard method, if 1 ≤ p ≤ 2.

In contrast, for p < 1, there is an optimal non-zero, K-dependent, wait time Tw

for which R∞ > 1. Specifically, calculating the optimal waiting time Tw that

gives rise to a maximum of R∞ (for a given K and p < 1) yields

R∞ = max
Tw

R∞ =
K

1
2
−p
√
K +

√
K2 −K2p

exp
[
1
2

(
1−Kp−1 +

√
1−K2p−2

)] , (5.13)

which scales like
√
2
e
K1−p to leading order (see Fig. 5.3). Therefore, the standard

strategy can indeed be beaten with a quantum strategy if the decoherence of the

GHZ state is not too aggressive, i.e. for p < 1. Moreover, we see that, under this

condition, the precision of the estimation improves monotonically as K increases.

As a special case, we consider p = 0, here, R∞ increases linearly in K; this means

that the uncertainty of the parameter estimation with the optimised quantum

strategy scales as 1/K, analogously to the Heisenberg limit.
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5.4 Restricted process time

So far, we have neglected time as a resource, focusing instead on system size and

the consumption of initial polarisation (maximising the von Neumann entropy of

one spin per molecule). It is interesting to extend our analysis to a restricted pro-

cess time, meaning only a part of the FID can be observed. Since the first part of

the FID contains most information, this would enable a ‘better’ sensor by a series

of repeated runs in a given time window Ttot if one had the ability to instantly

reset the spins to their initial state after time T , for example, with an optical

switch. For a first comparison, both strategies are allocated the same amount of

time T = M ′ts < ∞ implying M = (T − Tw)/ts, where M/M ′ are the number

of measurements in the quantum/standard strategy [see Eq. (5.7)/(5.10)]. As

before, we compare measurements of the same number of spins, i.e. c′

σ′ =
c
σ
, and

the ratio of the CRBs can again be approximated by an integral expression:

RT :=
CRBδ,STD

CRBδ,GHZ
≈ e−βTw

√√√√∫ T−Tw0
(KTw + t)2 exp(−2αt)∫ T
0
t2 exp(−2αt)

. (5.14)

We have not been able to find an analytic expression for the maximal ratio

RT := maxTw RT , and the optimisation over Tw was done numerically in Fig. 5.4.

However, one can show that limK→∞RT |p<1 = ∞ and limK→∞RT |1<p≤2 = 1.

This implies that for any p ∈ (1, 2] there is a specific Kp for which the quantum

strategy assumes a minimal uncertainty for the parameter estimation, while any

other size of the sensor produces a higher uncertainty (note that CRBδ,STD is

independent of p and K). When p < 1 the uncertainty in the parameter estim-

ation decreases monotonically with increasing K. It is worth pointing out that

in contrast to the time-independent comparison, the quantum strategy now also

beats the standard strategy in the region 1 < p ≤ 2. Moreover for p < 1 the at-

tained ratios are higher than in the first comparison and these become higher for
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(b)(a)

Figure 5.4: The maximal ratio RT as a function of K and p. The total time
available for the first/second comparison is T = 0.1T ∗

2 and T = 0.001T ∗
2 .

smaller T . In summary, adding time to the resource count thus always favours

the quantum strategy over the classical strategy.

We can improve both strategies by also optimising over the duration T of each

cycle. For this purpose we consider the uncertainty of the parameter estimation

of a series of Ttot/T repetitions. It is given by

1√
Ttot/T

CRBSTD/GHZ =:
1√
Ttot

SSTD/GHZ . (5.15)

Obviously one would choose the length of a time slice T optimally, i.e. in such

a way that the uncertainty per
√

Hz, i.e. SSTD/GHZ is minimal. For the classical

strategy, we find by using the integral approximation for the CRB from before

and numerical optimisation that

S∗
STD := min

T
SSTD = κ

√
tsα

3/2σ
′

c′
, (5.16)

with κ ≈ 3.21
√

s, which is attained for the optimal time T ∗ ≈ 1.69T ∗
2 .

In the quantum strategy, SGHZ also depends on Tw, the amount of time for

which the spins are in the GHZ state. In contrast to the classical strategy, the

minimum here depends on the system parameters K and p. We have not been
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(a)
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Figure 5.5: (a) Minimal (optimised over T and Tw) uncertainty of the para-
meter estimation for the quantum strategy per

√
Hz, i.e. S∗

GHZ/(
√
tsα

3/2 σ
c
) in

dependence of K and p. (b) The corresponding optimal times T ∗ (upper sur-
face) and T ∗

w (lower surface) as units of T ∗
2 for which the minimum in (a) is

attained in dependence of K and p.

able to find an analytic expression for S∗
GHZ := minT,Tw SGHZ; and, we therefore

performed a numerical optimisation with the results displayed in Fig. 5.5. As

in our first comparison, we assume that the SNRs for both strategies are equal.

If aggressive noise is affecting the GHZ state, the optimal quantum strategy is

basically the optimal standard strategy, as T ∗ → 1.69T ∗
2 and T ∗

w → 0, when

p → 2. For small p and large K, however, the quantum strategy significantly

outperforms the standard strategy. Again, the quantum strategy can now beat

the optimised standard strategy for values p that are slightly larger than 1.

5.5 Summary and discussion

In conclusion, we have presented a framework for analysing the performance of

quantum metrology using spin ensembles. This framework incorporates the spe-

cial nature of the non-projective measurement process, and leads one to consider

the polarisation change during the protocol as kind of a resource consumption.

We find that the decoherence model plays a defining role in this framework, and

we have identified the parameter regime where a certain quantum strategy can
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beat the standard classical strategy.

We have seen in this chapter that the framework presented here is based on the

fact that in NMR/EPR the measurement does not usually alter the system, as

there are so many spins in a typical sample. However, it would be very interesting

to see how the results in this chapter change once there is a back-action onto the

system induced by the measurement. Such an analysis is an open question and

would require a generalisation of the free induction decay as a first step.
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