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Abstract

One of the strengths of Bayesian analysis lies in its ability to incorporate
all relevant data into the analysis and address all uncertainties in the
model simultaneously. Evidence combination is a core aspect of statistical
inference, and the Bayesian approach is particularly well-suited for this
task. However, as model structures become larger and more intricate,
it becomes increasingly challenging for Bayesians to attempt to model
the true data-generating mechanism. Bayesian statistical inference loses

predictive optimality when generative models are misspecified.

The increasing complexity of modern applications in statistics has led to
an increased interest in multi-modular models. Unfortunately, these mod-
els are susceptible to model contamination, as the risk of misspecification
in each module accumulates as modules are added. The Cut Posterior and
Modularized Inference surged as an approach to address model misspecific-
ation by eliminating feedback from suspect modules. Unfortunately, the
understanding of such methods and available algorithms for them were

limited until recently.

This dissertation provides three major contributions to the growing field
of Modular Bayesian Inference. First, we introduce a generalized inferen-
tial framework that bridges the gap between standard Bayesian inference
and the Cut posterior by proposing an overarching methodology that we
call Semi-Modular Inference (SMI). Second, we develop novel algorithms
for the computation of the Semi-Modular Posterior, enabling the use of
Modularized Inference in large scale applications with thousands of model
parameters and multiple cuts. Third, we provide evidence of the benefits
of Semi-Modular Inference through several real-world applications, where
we outperform both the Cut and Bayes posteriors by efficiently tuning the

influence of modules using the Semi-Modular Posterior.
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Chapter 1

Introduction

1.1 Bayesian Inference in Multi-modular Settings.

The field of statistical inference has undergone significant developments in recent dec-
ades, with Bayesian Inference emerging as a central methodology for understanding
complex systems and making predictions based on uncertain data. The Bayesian
approach provides a coherent framework for modelling and performing inference by
incorporating prior knowledge through probability distributions, and updating this
knowledge in light of new observations. The versatility and ubiquity of Bayesian In-
ference is demonstrated by its wide range of applications across disciplines, including
natural and social sciences, engineering, computer science, linguistics, archaeology,
among many other fields. In particular, when dealing with multiple observation mod-
els and data sets, with some model parameters appearing in more than one observa-
tion model, a Bayesian multi-modular setting can be employed. This, in principle,
would allow for a more comprehensive understanding of the data, by incorporating
information from different sources and models simultaneously.

The increasing complexity of modern applications in statistics has led to an in-
creased interest in multi-modular settings in recent years. For example, the Coronavirus
Disease 2019 (COVID-19) pandemic has presented new challenges to conventional
statistical practice, and the concept of “statistical interoperability” has emerged as
an aspiration for the design of effective disease surveillance systems (Nicholson et al.,
2022; Richardson, 2022). Modularity is a desirable feature for building inter-operable
model structures, as it facilitates breaking down complex models into smaller, self-
contained modules that can be developed in parallel and updated as new knowledge
becomes available.

However, as model structures become larger and more intricate, it becomes in-

creasingly challenging for Bayesians to attempt to model the true data-generating



mechanism. Multi-modular models are susceptible to model contamination, as the
risk of misspecification in each module accumulates as modules are added. If any
module is significantly misspecified, it can undermine inference on the joint model.
The seminal article by Liu et al. (2009) analyses the dangers of model contamination,
and illustrate, with minimal examples, how misspecification in one of the modules
can harm inference in the model as a whole.

Model elaboration (Smith, 1986; Gelman et al., 2015) may tackle misspecification
in some cases, but in complex setting it could be impractical or at least very challen-
ging. Alternatively, one may consider “inference elaboration” and turn to statistically
principled alternatives to Bayesian inference which are robust to some types of mis-
specification and preserve a coherent update of beliefs (Zhang, 2006; Griinwald and
Ommen, 2017; Bissiri et al., 2016; Nicholls et al., 2022).

Modularized Inference (Liu et al., 2009; Plummer, 2015; Jacob et al., 2017) is one
such alternative approach which addresses contamination by eliminating feedback
from misspecified modules. This approach proceeds by estimating model paramet-
ers in multiple stages, sequentially updating beliefs by on a subset of parameters
at each stage. Modularized Bayesian Inference and the cut posterior have received
increasing attention in recent years, becoming an active area of academic research.
There is a plethora of new advances related to the cut posterior, including studies
on its asymptotic properties (Pompe and Jacob, 2021; Pompe, 2021) and improved
numerical algorithms for sampling from it using MCMC (Plummer, 2015; Jacob et al.,
2020; Liu and Goudie, 2022b), ABC (Chakraborty et al., 2023), and Variational In-
ference (Carmona and Nicholls, 2022; Yu et al., 2021). Different interpretations of the
Cut posteriors have also been proposed. An algorithmic interpretation was originally
proposed by Spiegelhalter et al. (2014), then Plummer (2015) characterised the Cut
posterior, Carmona and Nicholls (2020) analysed the cut posterior as a generalised
update of beliefs under the framework of Generalised Bayesian Inference Bissiri et al.
(2016), while Yu et al. (2021) gave it an interpretation as the solution of a constrained
optimisation problem.

Practical applications of modularized Bayesian analysis are numerous. Scientist
and practitioners across disciplines seem to have adopted the methods as part of their
inferential toolbox. A few examples of these applications in the natural sciences in-
clude ecological models of animal abundance (Besbeas et al., 2002; Brooks et al., 2004)
and forest dynamics (Ogle et al., 2013), pharmacological PK/PD models (Lunn et al.,
2009), epidemiological studies on air pollution (Blangiardo et al., 2011; Szpiro and
Paciorek, 2013), Human papillomavirus (HPV) (Maucort-Boulch et al., 2008), and



COVID-19 (Nicholson et al., 2022). In the social sciences we find political models for
voting preferences Jessee (2010), two-step econometric models linking unemployment
and money growth Murphy and Topel (1985), and anthropological studies on early

civilisations (Styring et al., 2017), among many more.

1.2 Semi-Modular Inference

In Chapter 2, we present our first major contribution: Semi-Modular Inference.
Conceptually, SMI can be viewed as a smooth interpolation between the stand-
ard Bayesian posterior and the Cut posterior, controlled by an influence parameter
n € [0,1]. This parameter regulates the feedback from a suspect module into the
overall inference process.

The original version of SMI is constructed as a two-stage procedure, which com-
bines principles of Bayesian Multiple Imputation (BMI) and Generalised Bayesian
Inference (GBI) in the form of the power-posterior (Bissiri et al., 2016; Holmes
and Walker, 2017). In the first stage, the imputation stage, we perform General-
ised Bayesian Inference (GBI) using the probabilistic model defined for the data by
incorporating a scalar n € [0, 1] to reduce the influence of the suspect module on
the joint model by raising the corresponding terms to the n power. This stage yields
the posterior distribution of link parameters that are shared across modules. Then,
in a second analysis stage, we relearn the distribution of module-specific parameters
conditioning on the “imputed” values from stage 1.

We demonstrate that the Semi-Modular Posterior (SMP) (and the Cut posterior
as a particular case) are order-coherent updates of beliefs in the sense of Bissiri et al.
(2016) and Nicholls et al. (2022).

We present a simple nested MCMC algorithm to sample from the Semi-Modular
Posterior, motivated by the two-stage algorithms for the cut posterior discussed in
Plummer (2015). Additionally, we propose choosing of the influence parameter 7
by maximising an utility function, U(n), defined by the analyst according to the
inferential goal of the study. We suggest using the Expected Log-pointwise Predictive
Density (ELPD) (Vehtari et al., 2017) when predictive performance is the goal.

We illustrate the usage of SMP with two (now classical) examples from the liter-
ature of Cut models: the synthetic biased data originally studied by (Liu et al., 2009),
and the Human papillomavirus dataset analysed by Plummer (2015). Additionally,

we revisit the analysis by Styring et al. (2017) for an archaeological application, and



show that SMI offers improved performance for imputation when compared with the

Cut model used in their analysis.

1.3 Computational Methods for Semi-Modular Inference

The Semi-Modular approach for inference poses computational challenges due to the
presence of intractable parameter-dependent marginal factors (Plummer, 2015). Pre-
viously, algorithms for modularized analysis were limited to MCMC methods. How-
ever, these methods, such as those outlined in Plummer (2015); Carmona and Nicholls
(2020); Liu and Goudie (2022b) suffer from double asymptotics and require conver-
gence of both the main chain and all conditional sub-chains. Recent developments,
such as the unbiased samplers introduced by Jacob et al. (2020) have alleviated some
of these challenges, but the scalability issues for MCMC in large-scale applications
remain a concern. These computational difficulties may discourage practitioners from
taking an exploratory approach to algorithmically “discover” the misspecified modules
in settings where multiple cuts are possible.

Our second contribution, in Chapter 3, aims to address these challenges by propos-
ing scalable variational methods for Semi-Modular Inference. We develop principled
and scalable algorithms that expand the reach of modularized analysis to large-scale
models, both in terms of the number of parameters and the number of candidate
cuts. To achieve this objective, we developed a variational framework that allows for
end-to-end training of the Variational SMP using modern tools for Automatic Dif-
ferentiation, as well as recent advances in Stochastic Variational Inference (SVI) and
Normalizing Flow (NF).

We define three properties that characterise a useful variational approximation of
the SMP. It is shown that the solution by naive minimisation of the Kullback-Leibler
Divergence (KL) to the SMI posterior does not satisfy these property as it “leaks”
information from the cut module. To circumvent this issue, we define a loss tailored
to our goal, and demonstrate that minimisation of such loss can be achieved in two
equivalent ways: 1) using a two-stage optimisation procedure, or 2) directly minim-
ising and overall loss using Stochastic Gradient Descent (SGD) in combination with
the stop-gradient operator. The second approach has the computational advantage of
enabling end-to-end training in a single optimisation loop. In concurrent independent
work Yu et al. (2021) also developed variational methods for the Cut posterior. Our
approaches match at the Cut posterior, just as SMI interpolates Cut and Bayes, so

variational SMI interpolates variational-Cut and variational-Bayes exactly.



Up to this point, we have used numerical algorithms that target the Semi-Modular
Posterior work for a single value of the influence parameter 7. Approximating the
posterior of a different value, say 7', would require the analyst to start afresh, without
making much use of the samples (or approximation) obtained before. Continuity of
the Semi-Modular Posterior on n presents an opportunity that can be exploited for a
more efficient exploration.

A contribution on this direction is given by our Variational Meta-Posterior (VMP).
The VMP is a family of variational distributions that simultaneously approximate an
entire family of posterior distributions by using on a single set of parameters. We
present two variants of the VMP: The VMP-map and the VMP-flow. In both cases,
the VMP is trained to produce samples from any arbitrary posterior indexed by 7,
without additional fine tuning. The VMP is not restricted to applications on Semi-
Modular Inference, as it could be used to any family of distributions indexed by a
hyper-parameter n € R%.

We illustrate the capabilities of our variational methods with two examples: the
Human papillomavirus dataset by Plummer (2015) and an extended version of the
synthetic random-effects data studied in (Liu et al., 2009). In both cases, we show
that the variational approximation is in good agreement with samples obtained from
an MCMC sampler, successfully approximating complex features in the posterior
distribution, such as multiple modes. In the second example we show how the VMP
can be used to algorithmically identify misspecified modules in a setting with thirty

possible cuts.

1.4 Applications of Semi-Modular Inference

In the second part of the thesis, we demonstrate the utility of Semi-Modular Inference
and the proposed methods in two substantial real-world applications.

In Chapter 4, we analyse data from archaeological excavations of three settlement
sites in northern Mesopotamia, the Aegean and south-west Germany to investigate the
relationship between agricultural intensity and population size. The main interest lies
in finding evidence for the hypothesis of agricultural extensification, which refers to an
expansive production strategy that is land rather than labour limited. Statistically,
this translates on testing for a negative effect due to population size in settlements
on the manuring used for their crops.

Manuring levels are not measurable from the archaeological remains and must

be inferred. A model for imputation is constructed using data from a modern ex-



perimental setting. the imputation model consists of a hierarchical regression model
relating manuring level and other covariates such as cereal species and irrigation levels
to a response variable measuring the concentration of an nitrogen isotope in the soil.
We compare frequentist and Bayesian methods for the analysis, obtaining agreement
between the various approaches.

There are two modules in this setting, a Proportional Odds model relating popu-
lation size with manure level, and a hierarchical regression model for the imputation
of manure levels. We use Semi-Modular Inference to control the influence of the
imputation module, and select the optimal value of n by maximising the predictive
performance measured by the ELPD. The overall conclusion of our analysis supports
the hypothesis of agricultural extensification, for the sites in Mesopotamia and the
Aegean, but not for the site in Germany.

Finally, in Chapter 4 we present a large-scale application of Semi-Modular Infer-
ence in the context of a problem in spatial statistics: The simultaneous reconstruction
of spatial frequency fields and sample locations. The general setting studied in this
chapter is an extension to the point-referenced data setting (Banerjee et al., 2014)
expanded to accommodate for joint inference of missing locations. This is a challen-
ging problem for conventional Bayesian Inference if the number of missing locations
is large and the generative model for the data is even slightly misspecified. Feed-
back between estimated fields and the imputed locations may become problematic
as incorrect locations may contaminate the fields posterior, which in turn worsen the
inference of locations. Semi-Modular Inference offers a solution by controlling the
feedback of imputed locations into the latent fields.

The motivating data for this application comes from a large corpus of medieval ma-
nuscripts known as The Linguistic Atlas of Late Mediaeval English (LALME) (McIn-
tosh et al., 1986; Benskin et al., 2013). These texts were written in England, parts of
Wales, and a small number from southern Scotland, and span a period between 1350
to 1450, approximately. Modern dialectological methods were applied to produce a
rich dataset displaying the continuum of linguistic variation in written English during
the period. The main inferential goal of the applied problem is to predict the proven-
ance of manuscripts with unknown locations (known as floating linguistic profiles)
based on its dialectic characteristics.

We develop a hierarchical model for the motivating data, which broadly consist of
a latent multi-layer structure of corregionalised Gaussian Processes and a categorical
observational model. Due to the large scale of the data and probabilistic model,

variational methods for Semi-Modular Inference are the only viable option we found



to perform inference over the entire dataset. We found it infeasible to use MCMC
when the number of floating profiles is at all large, as we could not get convergence
in a reasonable time. Nevertheless, by using a reduced subset of the data, we observe
good agreement between variational and Monte Carlo methods.

The optimal rate of influence n* is chosen by minimising the variational-posterior
MSE over a set of held-out profiles with known locations. As a final result, we provide
estimations for all the floating profiles and a formal quantification of uncertainty. We
found general agreement between our predictions and those established by subject-

matter experts.



Chapter 2

Semi-Modular Inference: enhanced
learning in multi-modular models by
tempering the influence of components

Abstract

Bayesian statistical inference loses predictive optimality when generative models are
misspecified. Working within an existing coherent loss-based generalisation of Bayesian
inference, we show existing Modular /Cut-model inference is coherent, and write down
a new family of Semi-Modular Inference (SMI) schemes, indexed by an influence
parameter, with Bayesian inference and Cut-models as special cases. We give a meta-
learning criterion and estimation procedure to choose the inference scheme. This
returns Bayesian inference when there is no misspecification. The framework applies
naturally to Multi-modular models. Cut-model inference allows directed information
flow from well-specified modules to misspecified modules, but not vice versa. An
existing alternative power posterior method gives tunable but undirected control of
information flow, improving prediction in some settings. In contrast, SMI allows tun-
able and directed information flow between modules. We illustrate our methods on

two standard test cases from the literature and a motivating archaeological data set.

2.1 Introduction

Consider statistical inference in a multi-modular setting. The model for the avail-
able data is assembled from several component modules. Each module describes a
probabilistic relation between observable variables (data) and unknown quantities

(parameters, latent variables, missing data). Modules may share parameters, missing



data and other latent variables. Figure 2.1 illustrates a simple two-module model
with a shared parameter ¢ (ignore the dashed line explained in section 2.2.1). The
first module has data Z and one parameter, ¢, while the second module has data Y

and two parameters, 6 and .

Module 1  Module 2

Z

Figure 2.1: Graphical representation of a simple multi-modular model.

In conventional Bayesian inference, parameters are jointly informed by the data
and model assumptions shared across the modules. As a consequence, large-scale
multi-modular analyses are particularly susceptible to problems arising from model
misspecification, as any bad module may distort inference in the model as a whole
(Liu et al., 2009).

This drawback has motivated alternative inferential approaches that modify con-
ventional Bayesian learning in order to regulate feedback between modules. Modular
inference (Liu et al., 2009; Jacob et al., 2017) also known as a Cut-model inference
(Spiegelhalter et al., 2014; Plummer, 2015) completely eliminates the contribution
from some modules to the posterior distribution of parameters in other modules (see
section 2.2.1). However, we may do better to moderate, rather than eliminate, the
influence of misspecified modules.

We give a new Semi-Modular Inference (SMI) which smoothly regulates the influ-
ence of modules on the overall inference. The procedure effectively expands the space

1in such a way that Bayesian inference and Cut-model

of candidate distributions
inference are particular cases.

When it comes to expanding the inference framework, an “anything goes” ap-
proach is clearly suspect. We stay within the class of inference schemes defined by
Bissiri et al. (2016). Those authors define and characterise coherent loss-based infer-
ence and note that Bayesian inference and the power posterior (Walker and Hjort,

2001) are coherent. We set out existing Cut-model and Power-posterior inference in

Hollowing Jacob et al. (2017), we refer to any distribution representing beliefs on parameters 6
(or ¢, or both) as a candidate distribution for the parameters



sections 2.2.1 and 2.2.2, introduce SMI in section 2.3 and then describe the encom-
passing framework of Bissiri et al. (2016) in section 2.4.1, where we show that SMI
and Cut-model inference are coherent.

The SMI posterior interpolates candidate distributions between the conventional
Bayesian posterior and the Cut-model posterior. Candidate distributions are indexed
by a continuous degree of influence parameter 1. This controls the contribution of a
module to the candidate distribution. When n=0 the candidate distribution is the
Cut-model posterior and when n=1 it is the Bayesian posterior. The SMI posterior
is not a scheme for model elaboration with an extra parameter. SMI-based inference
with any value of 1 other than n = 1 is not Bayesian inference.

In section 2.5, we apply SMI to model-based inference for simulated and real-world
datasets and evaluate its performance. It is easy to understand why it outperforms
Bayesian and Modular inference in these examples. The supplementary material
provides proofs and additional numerical experiments. All results are reproducible

using the accompanying R package?.

2.2 Background methods

2.2.1 Modular Inference: cut model

The Cut model is an alternative to Bayesian inference designed to remove unwanted
feedback from poorly specified modules. The OpenBUGS manual (Spiegelhalter et al.,
2014) describes the cut function with the words “The cut function acts as a kind of
valve in the graph: prior information is allowed to flow downwards through the cut,
but likelihood information is prevented from flowing upwards”. Cut model inference
is a form of Bayesian multiple imputation.

Consider again the two-module configuration of fig. 2.1. In standard joint or “full”
Bayesian inference, information from the two modules informs every parameter, so
in particular the values of Y will in general influence the posterior distribution of ¢.

The posterior distribution of (¢, 0) in Bayesian inference is

Pl 0] 2,Y) =ple| 2,Y)p(0 | Y, ). (2.2.1)

The marginal distribution of ¢ depends on Y.
Now, suppose that for some reason (usually because we suspect some model mis-

specification) we want the parameter ¢ to learn only from module 1, cutting the

’https://github.com/chriscarmona/aistats2020smi
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influence from module 2 on ¢. The cut is represented in fig. 2.1 by a dashed line on
the edge from ¢ to Y; it denotes an inference structure in which ¢ influences Y but
not vice versa (following Lunn et al. (2009)).

Under this modified scheme, the Cut-model “posterior” for (¢, 0) is

Peut(p,0 | Z,Y) =plo | Z)p(0 | Y, ¢). (2.2.2)

Notice that the marginal distribution of ¢ no longer depends on Y.

Cut-model inference is a form of Bayesian Multiple Imputation (Lunn et al., 2009;
Styring et al., 2017) in which we make multiple imputation of ¢ and then analysis of ¢
given the imputated distribution of ¢. The literature identifies potential advantages:
cut models may simplify inference (Cox, 1975); prevent unwanted feedback from sus-
pect models (Lunn et al., 2009); improve MCMC mixing (Plummer, 2015); reduce
the MSE in estimates (Liu et al., 2009); increase predictive performance (Jacob et al.,
2017); answer the need in some settings to make a sequential analysis in which the

data Z is not shared with the analyst carrying out inference for 6.

2.2.2 Power posterior

In the power posterior we raise the likelihood to a power, seeking to improve ro-
bustness under model misspecification (Walker and Hjort (2001); Bissiri et al. (2016);
Holmes and Walker (2017); Griinwald and Ommen (2017); Miller and Dunson (2018)).

Consider independent data Y = (Yi,...,Y},) generated from an unknown true
distribution f*(Y). Assume we have a data model f(Y'|f) and a prior distribution
p(0). For a fixed n € R, we define the n-powered posterior pyow,(0|x) as

f(Y]6)"p(6)
py(Y)

with p,(Y) = [ f(Y|0)"p(0)df the powered normalising constant.
The new parameter 7 is called the learning rate, following Griinwald (2012). The

Ppown(0]Y) = (2.2.3)

learning rate calibrates the influence of the prior relative to that of the data; if
n € [0,1] the prior is given more influence and the data less. When 1 > 1 the
data is given more prominence, and in the extreme case when n is very large the
posterior accumulates around the maximum likelihood estimate for the model. For
the misspecification we encounter, we tend to be interested in the case n € [0, 1].

A key point emphasised by Griinwald and Ommen (2017) among others is that
this is not simply model elaboration. We do not put a prior on n and learn it in the

usual Bayesian way. Roughly speaking the learning rate “corrects” Bayesian inference

11



and should not be chosen using Bayesian inference but according to other “external”
criteria, for example, a predictive loss on test data. Griinwald (2012) and Griinwald
and Ommen (2017) propose the SafeBayes algorithm to find the optimal learning rate.
In that work, the learning rate 7 is chosen to maximise the “sequentially randomised”
Bayesian marginal log-likelihood. This can be interpreted as measure of predictive
accuracy. In contrast Holmes and Walker (2017) choose the learning rate by matching
the prior expected gain in information between the prior and posterior. This gain in

information is quantified by the expected divergence in Fisher information.

2.3 Semi-Modular Inference

In this section, we define Semi-Modular Inference (SMI), a modification of
Bayesian inference in multi-modular settings which allows us to adjust the flow of
information between data and parameters in separate modules. Referring to the two-
module example in fig. 2.1, we allow the data from module 1 to dominate in inference
for ¢ without entirely discarding the joint structure provided by the full model.

Our approach is motivated by the observation in Plummer (2015) that cut-model
inference is Bayesian multiple imputation: we might expect to do better at the second
analysis stage of cut-model inference if we can more accurately impute missing values
in the first stage. A two stage analysis resembling Cut-model analysis, but using a
power posterior in the first stage delivers this. First, we update our beliefs about ¢
using a power likelihood, with power n € [0,1] on module 2. The power-posterior
improves Bayesian multiple imputation of ¢ at the expense of #. In the second stage,
we re-learn our beliefs on # conditional on the learnt distribution of ¢.The degree of

influence, 1, controls the contribution of the suspect module in the inference.

2.3.1 SMI distributions

Let p(Z|¢) and p(Y|e,d) denote the observation models for the two modules. We

introduce an auxiliary parameter 6, expanding the model parameters from (p,0) to

(¢,0,0).
We define the n-smi posterior as

Ponin (50,012, Y) = Dpown (0,01 Z, Y )p(0]Y, ) (2.3.1)

where ppowm(go,é | Z,Y) is the power posterior
Prown(,0 | Z,Y) o< p(Z|p)p(Y | ¢,0)" p(e,0). (2.3.2)

12



Expanding in terms of model elements (details in supplement),

psmi,n(sovga 9~|Za Y) O(p(Z | SD) p(Y | @70~>n p(Y | 90,0)

1 ~
X — 1 P 79707
v 1) M0

where p(Y' | ) = 5 [ p(Y | ©,0) plp, 0)db.
The n-smi posterior of the original parameters is just the marginal,

mmmmzn:/%mw@mzmw (2.3.3)

The posterior distribution psmi (¢, #|Z,Y") interpolates between the Bayesian pos-
terior and the Cut model posterior. When 1 = 1 the SMI posterior is the usual
Bayesian posterior (eq. (2.2.1)),

Psmi1 (9,01 2,Y) = p(¢]Z,Y)p(0]Y, ¢)
=p(p,012,Y),

whereas if n = 0, the SMI posterior of ¢ gives back the Cut model (eq. (2.2.2)),

Psmio (0, 01Z,Y) = p(p| Z2)p(0]Y, ©)
- pcut(@a ‘9|Za Y)

Semi-modular inference is defined for a fixed degree of influence n € [0, 1]. Each
value of 7 yields a different candidate distribution, pemin, which we call the SMI
posterior, representing posterior belief on (¢,6). Natural questions now are, how
to choose in a principled manner the “best” degree of influence, and how and why
does SMI help? The answer to the latter question is in a sense straightforward.
If a generalised inference scheme achieves a better score, according to some agreed
external criterion, we should use it, and not otherwise. This approach is taken in

Jacob et al. (2017). We answer the first question in the next section.

2.4 Analysis with (Semi-)Modular Inference

In this section we show that inference with the SMI posterior distribution at fixed n
is valid (in the sense of Bissiri et al. (2016)) and give an MCMC algorithm targeting
Psmin(©,012,Y). We give criteria and estimation procedures for choosing 7, and

comment on relations with cut-models and the power posterior.
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2.4.1 Coherence of (Semi-)Modular Inference

We apply the general framework for updating belief distributions in Bissiri et al.
(2016) to show that the SMI posterior - and hence also the cut posterior - are valid
and coherent updates of beliefs. This framework is based on a loss function I(6;y)
connecting information in the data to the parameters of interest. The log-likelihood
is one such loss, but Bissiri et al. (2016) give examples where other losses may be
relevant, and Cut-models and SMI prove to be further examples.

Bissiri et al. (2016) characterise a valid belief update. They list a number of
axiomatic requirements. We verify that our SMI-update satisfies these axioms in the
supplement. The most demanding of these conditions, in our setting, is the coherence
condition.

In Coherent inference we reach the same posterior distribution, whether we update
belief using all data simultaneously or update belief taking the data sequentially in
independent blocks. In our two-module setting, this applies in several ways: we can
observe responses from different modules one after the other (e.g. first Z, and then
Y'); we can observe sequential data fragments within the same module (e.g. first 7,
and then Z,, with Z = (Z;, Z3)); any mixture of these.

The generalised update of belief in Bissiri et al. (2016) follows a decision theoretic
approach. In single module notation, the generalised posterior distribution p;, arising
from aloss [,(6; y) in a family of loss functions indexed by p, is the probability measure
minimising a cumulative loss function L,(v; po, Y) over choices of probability measure
v,

p,(0|Y) = argmin L,(v;po,Y).

The cumulative loss function, L,(v;p,Y’) balances the expected loss in the fit to
data and the Kullback-Leibler divergence from the posterior to the prior distribution

(generically pg say), and is defined by

L,(v;po,Y) = /ZP(Q,Y)I/(CZQ) + dir(v,po).

Bissiri et al. (2016) show that the optimal, valid and coherent update of beliefs from

prior to posterior is given by

P, (0 ]Y) ocexp{—1,(6;Y) }po(0)

The canonical case in the single-module setting is the logarithmic loss function
1(0;Y) = —log f(Y | 6), which yields the conventional Bayesian update of beliefs
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given by the posterior distribution. The power posterior is obtained by taking the
loss function lpe, ,(0;Y) = —plog f(Y" | 6).
In the Supplementary material we prove that, for the model in fig. 2.1, the loss

function which yields the Cut model posterior is

lewt((9,0); (Z,Y)) = —logp(Z | p) —logp(Y | ¢,0) +logp(Y | »), (2.4.1)

and the loss function yielding the SMI posterior is

lamin((0,0,0); (2,Y)) = —log p(Z | @) — nlogp(Y | ¢,0) (2.4.2)
—logp(Y | ¢,0) +logp(Y | ).

The p(Y | ¢) terms in each expression are the loss-function expression of the idea of
cutting feedback from Y to .

We prove that both Cut-model inference and SMI are coherent when we update
using the correct associated loss function given above. Detailed proofs are given in

the supplementary material.

2.4.2 Targeting the Modular Posterior

Plummer (2015) and Jacob et al. (2017) explain that an MCMC algorithm that cor-
rectly targets the cut distribution cannot usually be implemented, due to the presence
of the intractable normalising constant p(Y | ¢). A SMI sampler faces the same issue.

In order to sample the SMI-posterior in a single MCMC run we need, refering to
eq. (2.3.1), a standard MCMC sampler for ppow., (0,0 | Z,Y) and an ezact sampler
for p(0 | Y,p). It is straightforward to check that the transition kernel given by a
two-stage update using these two conditional distributions satisfies detailed balance.
A proof is given in the supplement.

Exact simulation of p(f | Y, ) may be impracticable. In practice, there are
currently three options, nested MCMC, unbiased MCMC via couplings (Jacob et al.,
2020), and tempered transitions (Plummer, 2015).

Unbiased MCMC' via couplings simulates samples unbiased in expectation from
the Cut-model posterior. The approach uses coupled pairs of Markov Chains sharing
a common transition kernel, which almost-surely meet at some finite time 7 > 1 and
stay together thereafter. The same approach applies to SMI, though we have not
implemented this.

In our examples we use nested MCMC, described in algorithm 1: sample N;

draws from ppowyn(go,é | Z,Y); for each sampled value of ¢, run a sub-chain targeting
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Algorithm 1 Nested MCMC for SMI posterior eq. (2.3.1)

Input: influence n € [0, 1], Data (Z,Y) = {(Z;,Y:)}I,; observational models f(Z |
v) and f(Y | ,0); prior p(¢,0); run-lengths Ny and Nj.

Output: Samples {(6), o)}M distributed approximately according to the SMI
POSterior Pemiy(p, 0 | Z,Y) with influence parameter 7).

Stage 1
for s=1,...,N; do
Sample (é(s), 0 ~ Dypow(p, é]Z, Y'), using any standard sampler.
end for
Let {3 be samples after burn-in and thinning
Stage 2
for s=1,...,N; do
forr=1,..., N, do
Sample (0©7)) ~ p(0 | Y, ¢®)), using any standard sampler.
end for
Let ) = (=N2) (final state)
end for
return {(09, o)},

p(0 | ¢, Z) for Ny steps, where Nj is large enough to avoid initialisation bias; keep
only the last sampled value in this sub-chain. The resulting joint samples (¢, 0, 0) are
approximately distributed according to the SMI posterior. We typically ignore the
output for § as we target the marginal in eq. (2.3.3).

The validity of this algorithm relies on a double asymptotic regime in N; and
Ny (Jacob et al., 2020). Diagnosing convergence of the nested algorithm requires,

in principle, checking convergence of the chain in the first stage {(6), *))}M and

Ny |
r=1 ">

all sub-chains from the second stage {p*"} for s = 1,..., N;. This exhaustive
diagnostic may be simplified in practice if convergence of the MCMC targeting p(6 |
Y, ¢) is rapid.

In our experiment we evaluated convergence using standard multiple-chain-based
diagnostics. These include: visual inspection of the traces, checking R~1 using
split- and rank-based versions of R (Vehtari et al., 2021; Brooks and Gelman, 1998),
large effective sample sizes for the bulk and tail (Vehtari, 2021), auto-correlation plots,
among others (Robert and Casella, 2004; Gelman et al., 2015; Roy, 2020). For Stage 1
convergence is monitored as with any other generic sampler. For Stage 2, we start by
analysing a small subset out of the N; available subchains, and validate that the vast
majority of subchains are mixing well. Looking at the traces of subchains, we also

identify a reasonable value for N,, the step after which most subchains have reached
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the equilibrium distribution.

Another validation for the nested sampler is to compare samples of # with another
independent run using a larger value N) > Ny. The distributions should coincide.
For this comparison, we can use visual inspection of histograms and scatterplots, as
well as checking the first few moments of both sets of samples.

Further details of the Nested MCMC are discussed in section 2.7.4.1

2.4.3 Choosing the influence parameter

We work in a M-open setting (Bernardo and Smith, 2000), as model misspecification
is our motivation for Semi-Modular Inference. Conventional Bayesian inference is
optimal for prediction (for the objective defined below) under an idealised scenario of
correct model specification, full availability of data, and no computational restrictions.
In the M-open setting the conventional posterior may be outperformed by another
candidate distribution (Jacob et al., 2017).

The class of SMI candidate posteriors is indexed by 7, so we need to give a
procedure to choose a belief update operation from the set of candidate models
M = {Ppsmin:n € [0,1]}. Following (Bernardo and Smith, 2000), we should determine
n on the basis of expected utility, provided some utility function.

We consider out-of-sample predictive accuracy of the model as our utility function.

Our criterion is the Expected Log-pointwise Predictive Density (ELPD),

etpdy 1) = [ [ 570) g (v | 2. )dzdy, (2.43)

where p* is the distribution representing the true data-generating process and

Panin(2y | Z.Y) = / / (2 | 9.60) pami(,0 | Y, Z) dip db

is a candidate posterior predictive distribution, indexed by 7. See Vehtari et al. (2017)
for further discussion of this measure. We take the value, n = n* say, which maximizes
the estimated ELPD-function.

We expect this criterion to yield n ~ 1 when there is no model misspecification
and the data are informative of parameters. The ELPD is a KL-divergence, up
to a constant not depending on 7. If the posterior distribution of the parameters
concentrates on the true values, as it may when there is no model misspecification,
then psmin(2,y | Z,Y) coincides with p*(z, y) when n =~ 1 and this choice will minimise

the divergence, and maximise the ELPD.
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In practice, p* is unknown, so we use cross-validation and the WAIC estimator
(Vehtari et al., 2017; Watanabe, 2009) to approximate the ELPD at a grid of J values

of . This estimator is defined as
eTI;lwaic(n) = lg)a - ﬁwaic (244)

where 1&1 is the computed log pointwise predictive density, and iS Dyaic the estimated

effective number of parameters

Ipd(n) = Y log Eanin[p(zi: yi | ¢, 0) (2.4.5)
=1

Puaic(n) = > _ varguiy[log p(zi,y; | ¢.0)] (2.4.6)
i=1

We tried both ELPD estimators as a check, and found good agreement. Leave-
One-Out Cross-Validation (LOOCV) is natural but expensive. Other estimators are
available (Vehtari et al., 2017) and we are exploring these.

One consideration when using a predictive criterion in models with multiple re-
sponses is that it is not always obvious whether the criterion should be joint prediction
or focus on one of the responses. We may be interested in computing the ELPD to

choose 1 based on prediction of Y for example,

elpdy () = / P (y) 108 Pemin(y | Z,Y)dz (2.4.7)

with pai(y | Z,Y) = / / (5 | ©,6) Pamin(i2,0 | Y, Z) dip d6

The choice of criterion will ultimately depend on the application and the goal of infer-
ence. As noted by Jacob et al. (2017), this decision is clear in cases when prediction
of a specific response is final goal, but less clear in cases where prediction is not the
goal, but rather estimation of parameters in the model. An important challenge in the
context of misspecification is that there might be a missmatch in the interpratation
of parameters across models. The plan of action described by Jacob et al. (2017) can
be adapted to the context of SMI. We start by identifying the module for which the
meaning of the parameter of interest is in the intended specification, and maximize

the predictive score for that module.

2.4.4 The computational cost of SMI

We compare the computational cost, Wy, say, of SMI inference (using nested MCMC
at J values of n and determining 7*) to the cost, W, say, of doing regular Bayes-
MCMC on the original problem.
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The first stage of algorithm 1 uses the same MCMC updates as Bayesian MCMC
and a similar target, so it costs about W;,, = N; units. The second stage uses
the same f-update as Bayes-MCMC so costs no more than NyW,,,,. This is not
quadratic in N7 as Ny is chosen to ensure that the stage two sampler converges but
then produces just one draw from its target. The J nested MCMC runs determining
1™ parallelise essentially perfectly across cores, and estimation of the WAIC and n* is
in our experience a fast output analysis, so the overall cost is about Wy = Wiy, +
NoWi,.

A more careful analysis considering thinning of MCMC chains (run the second half
of Algorithm 1 on thinned output from the first half) shows that an overall SMI-cost
Wemi = KWy, with K ~ 10 should typically by achievable. This is justified in more
detail in the Supplementary Material where the mixing times of the chains are taken

into account.

2.4.5 SMI and the Power Likelihood

SMI is a two-stage procedure, fitting a power likelihood for ¢ and 0, and then recalib-
rating @ conditional on . Does the second stage improve the inference or should we
simply stick with 87 The answer depends on the purpose of the inference. If interest
lies purely in estimation of ¢, we should stay with the power posterior, as the second
stage has no effect on the posterior for . However, if we are interested in # or in
prediction of Z or Y, the best SMI candidate posterior may have a bigger ELPD and
be selected over the power posterior. In Sections 2.5.1 and 2.5.2 we give examples
where SMI improves prediction of new data (both sections) and mean square error
(Sec. 2.5.1, on synthetic data).

2.4.6 SMI and Bayesian Multiple Imputation

In a Bayesian setting missing observations are unknown quantities inferred jointly
with unknown parameters. However, in some circumstances, there is an advantage
in adopting different models for imputation and analysis, a situation known as un-
congeniality (Meng, 1994; Xie and Meng, 2016; Little and Rubin, 2002). This leads
to Bayesian Multiple imputation. Since SMI reduces to the Cut-model at n = 0, we
improve on multiple imputation (according to our criterion) if our procedure gives
1 > 0. Our analysis in Section 2.5.2 illustrates this.

SMI address a phenomenon known, in the sense of Knuiman et al. (1998)), as

"dilution”. This is associated with “imputation noise” from uncongenial models. This
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noise typically causes the analyst to shrink the estimated effect of interest towards
zero. Cut-model inference is multiple imputation and suffers from this problem. SMI
tends to reduce imputation-noise and dilution. This is picked up in the examples

below.

2.5 Examples

Here we present three reproducible examples. In the first two cases, candidate distri-
butions made available by Semi-Modular Inference outperform conventional Bayesian
inference and the Cut-model. In the last, the Cut-model, or Bayesian inference are
selected. These are special cases of SMI, so the extended inference is doing its job

and returning the inference schemes with the best predictive performance.

2.5.1 Simulation study: Biased data

This is a simple synthetic example in which the source of the “misspecification” is
a poorly chosen prior. Suppose we have two datasets informing an unknown para-
meter . The first is a “reliable” small sample Z = (Zy,...,2,), Z; ~ N(p,0?),
iid for + = 1,...,n distribution, with ¢, known; the second is a larger sample ¥ =
(Y1,...,Y,), Y ~ N(p + 9,05) iid for i = 1,...,m, with o, known. The “bias” 0 is
unknown.

This model was used by Liu et al. (2009) and Jacob et al. (2017) as an ex-
ample where modular/Cut-model approaches improve on Bayesian inference. We
show that Semi-Modular Inference outperforms these inference schemes (which are
special cases).

We choose true parameter values in such a way that each dataset offers apparent
advantages to estimate ¢. Omne dataset is unbiased but has a small sample size,
n =25, whereas the second has an unknown bias but more samples, m =50, and
smaller variance. Suppose the true generative parameters are p* =0, * =1, and we
know o, =2 and o, =1. We assign a constant prior for ¢, while 6 is subjectively
assessed to have a N(0,03) prior. We are over-optimistic about the size of the bias
and set gy =0.5.

We calculate the SMI posterior and predictive distributions for each € [0, 1]. The
data are synthetic, so we calculate the Squared Errors (SE) (4 — ¢*)? and (6 — 6%)?
between the posterior mean and truth, and —elpd as measures of performance. In the
left column of Fig. 2.2 we display these metrics for n € [0, 1], averaged across 1000
synthetic datasets.
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As noted in Liu et al. (2009) and Jacob et al. (2017), the cut model posterior
outperforms full-Bayes on average elpd (Fig. 2.2: point A<B). SMI offers new can-
didate distributions which (on average) outperform the cut model and full-Bayes on
prediction (point C v.s. A B), estimating ¢* (F v.s. D)E), and estimating 6 (I v.s.
G,H). The histogram of optimal n*-values, for each synthetic dataset, is displayed
top-right in Fig. 2.2. In 36% of the synthetic datasets, n* is not zero (cut model) or
one (full-bayes). The two histograms at lower right show the distribution of the SE
differences over datasets (the mean is the MSE difference), for estimating ¢*: SMI at
n* against cut model (middle right), and cut model against full-Bayes (bottom right).
SMI outperformed the cut model in 46% of datasets (smaller SE), equal in 53.8%,
and beaten in 0.2%, while the cut outperformed full-bayes in 61.7% of datasets. See
the supplement for further details.
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Figure 2.2: Model assessment for biased data example. Left column: average —elpd
and MSE for estimates under the SMI posterior with n € [0,1]. Top-right: Histo-
gram of optimal n* chosen for 1000 synthetic datasets. Bottom-Right: Histograms of
differences in MSE between SMI, cut and full-bayes.

2.5.2 Agricultural data

For our second example, we apply SMI to the agricultural dataset introduced by
Styring et al. (2017), and analysed using a Cut-model. The authors test for specific

agricultural practices in the first urban centres in Mesopotamia. Details of the model
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are given in Styring et al. (2017). We give a brief outline here with more detail in the
supplement, including a graphical representation.

The observation model has a normal response, Y, and regression parameters,
variances and random effects we collect together as a parameter vector ¢. It has
a three-level categorical variable “manure-level” M with the same dimension as Y.
Manure-level is missing data in roughly half the observations. The generative model
for the missing values in M is a proportional odds model with intercept parameters
(a1, ap) and the effect «y for a higher-level covariate, “site size”. Bayesian analysis sug-
gests that the proportional odds module is misspecified. The parameter of scientific
interest is ; the authors test for v < 0. In our notation M plays the role of ¢ above,
and v plays the role of 6.

In Fig. 2.3 we plot density estimates for the posterior distribution of v at a grid
of values of 7. The cut posterior is at the bottom (1 = 0). We can see the effect of
dilution (see Section 2.4.6) as the mean ~ drifts towards zero as n approaches zero.

The Bayesian posterior is at the top (n = 1).

I 1.00

) 0.75 AE

— -
0.25 L
E =

gamma_po_1

Figure 2.3: Posterior distribution of 7 in the PO module for different values of n €
[0,1]

The estimated ELPD, eq. (2.4.4), is plotted as a function of 7 in the top panel of
Fig. 2.4. The n-value minimising the negative ELPD is 0.82. The evidence for v < 0
is much stronger at the candidate posterior as it suffers less dilution than the cut
posterior. This is quantified in the lower graph in Fig. 2.4 where we plot the posterior
odds for v < 0 against 7. These odds are the Bayes Factor (BF) at n = 1, because
the prior for v is symmetric about zero. We see the evidence for v < 0 is far stronger
at the selected n-value (BF=117.11) than it is at the cut-model (BF=5.54).
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Figure 2.4: Top: Estimated ELPD as predictive criteria for choosing the value of
n € [0,1] The maximum is reached near to n = 0.8. Bottom: The Bayes Factor for
the hypothesis H, : v < 0

2.5.3 Epidemiological data

In our final example, we apply SMI to an epidemiological dataset introduced by
Maucort-Boulch et al. (2008), studying the correlation between human papilloma
virus (HPV) prevalence and cervical cancer incidence, revisited by Plummer (2015)
and Jacob et al. (2017) in the context of cut vs full Bayes models.

The model has two modules: in each population ¢ = 1, ..., 13, a Poisson response
for the number of cancer cases Y; in T; women-years of followup, and a Binomial
model for the number Z; of women infected with HPV in a sample of size N; from

the 7’th population,

Y; ~ Poisson(u;)
p; = T; exp(61 + O2;) (2.5.1)
Z; ~ Binomial(N;, ¢;).

In Fig. 2.5 we show the posterior distribution for the parameters 6, 6,. The left
panel shows posterior samples for the cut model posterior (n = 0) in black and the
Bayes posterior (n = 1) in yellow. The graph agrees with an equivalent plot appearing
in Jacob et al. (2017). SMI interpolates between these two distributions. The two
panels at the right of Fig. 2.5 show the approximate marginal SMI posteriors for the

two parameters.
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Figure 2.5: Joint SMI posterior for #; and 6, for the HPV model using MCMC on
the SMI posterior with 7 € [0, 1]

In fig. 2.6 we compare the underlying log-linear relation between the HPV preval-

ence p; and cancer incidence rate ¢; for the 13 groups in the study.
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Figure 2.6: Log-linear relation between HPV prevalence and cancer incidence for the
13 groups in the study. Left: Cut Posterior (n = 0), right: Bayes Posterior (n = 1)

Lastly, we follow Jacob et al. (2017) and evaluate the predictive performance of
the various SMI candidate distributions for n € [0,1]. Our criterion is the ELPD,
estimated using the WAIC, and plotted against n in Fig. 2.7. We show the estimated
ELPD for prediction of Z and Y separately. Our results expand on and support those
reported by Jacob et al. (2017): For the task of predicting the Binomial data (Z),
the cut model performs best (lower -elpd at n = 0 on the left panel of Fig. 2.7).
This is expected as the linear relation in the Poisson module is suspected of being
misspecified. Eliminating contamination improves prediction of Z. For the task of
predicting the Poisson module, full Bayesian analysis performs best (lower -elpd at
n = 1 in the right panel of Fig. 2.7) as the information contained in the Binomial

data is reliable and helps correct the misspecified module.
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Figure 2.7: Estimated ELPD from eq. (2.4.4) as predictive criteria for selection of
n € [0, 1] for the HPV model. The full model (n = 1) performs better for prediction
of the Poisson data, while the cut model (7 = 0) dominates for the Binomial.

2.6 Discussion

We have given an extension of Bayesian inference to a family of inference procedures
indexed by an influence parameter. Our inference procedures bring together Bayesian
inference and two qualitatively different inference schemes, power-posteriors and Mod-
ular inference/Cut-models, used to treat model misspecification. We show the new
family is coherent and falls within the larger loss-based inference framework of Bissiri
et al. (2016).

We gave a straightforward procedure for choosing the inference scheme according
to an external ELPD criterion, which we implemented using LOOCYV the WAIC. In
different examples this selects Bayesian inference, Cut-model inference and interpol-
ating candidate distributions.

When we encounter model misspecification we may consider model elaboration to

improve the fit, but we may alternatively expand the inference framework.

2.7 Supplementary Material

All figures and numerical results presented in the main text and this supplement can

be replicated using our R package, aistats2020smi, available on Github 3.

> # devtools::install_github("chriscarmona/aistats2020smi")

> library(aistats2020smi)

3https://www.github.com/chriscarmona/aistats2020smi
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Notation: For the sake of compactness in our derivations, the following expressions

are used henceforth,
W) = [ 9219 pl0) do
zm_// (Z 1) plY | £.0) pl.0) dip b

=// (Z16) p(Y | 9,0)" pl,0) dp db
Di= [ [ o 10,00 bl0.0) do di

Here are a few remarks on model misspecification. Classically, misspecification is
identified in goodness-of-fit checks as poor posterior predictive performance on held
out data. In this paper, a model is relatively more misspecified if it has relatively
worse performance in posterior predictive checks. Notice that this may be caused by
a misspecified observation model, as in the HPV example in the main text, but un-
representative prior assumptions may also lead to misspecification. This is illustrated
in Section 2.5.1. The example in Section 2.5.2 arguably suffers from both forms of
misspecification.

Like the power posterior (Walker and Hjort (2001); Bissiri et al. (2016); Holmes
and Walker (2017); Griinwald and Ommen (2017); Miller and Dunson (2018)), the
SMI procedure can alternatively be thought of as measuring misspecification. We
can measure a model’s goodness of fit using the n*-values of its modules. Using the
degree of influence as a measure of misfit has the advantage that it is defined on a
standard scale [0, 1] with n* = 1 corresponding to no evidence for misfit and n* = 0
indicating the module should be removed entirely when we estimate parameters in

the other modules, and indicating substantial misspecification.

2.7.1 Explicit formulae for cut posterior

Recall the graphical model analysed in the main text is shown in Figure 3.1.
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The conventional (full) posterior for this model is:

p(gp,@ | ZvY) :p(go | Z,Y) p(@ | Yﬂo)

1
—p(Z,Y,0,0) ——
p( © )p(ij)e

—p(Z | @) p(Y | 0.0) p(,0) ﬁ (2.7.1)

The cut posterior for this model is defined (Plummer, 2015) as:

Peut(0,0 | Z,Y) =ple | Z) p(0 Y, p)
_pZ]ep(e) p(Y | ¢.6) p(e,0)
p(2) (Y, ¢)o

=DZ 1) Y | 9.0) —5 —zp

Note the relation between the cut posterior and the conventional posterior

(p,0) (2.7.2)

pcut(@ve | Za Y) :p(Zv Y7<p70> P

2.7.2 Explicit formulae for SMI posterior

The n-smi posterior is defined as

psmi,n(gpa 0,5 | Z: Y) = ppow,n(spaé | Z’ Y) p(e | }/a 90)
_p(Z 1) p(Y | ¢,0)" p(e,0) p(Y | ¢,0) p(p,0)

=p(Z | @) p(Y | 0.0)"p(Y | ¢.6) p(Z Yn)glp(Y %)

9p<90,979~)
(2.7.3)

xp(Z | @) p(Y | .0)p(Y | ©,0) “ple.0, 0)

1
p(Y [9)o

In the penultimate step, we assume that ¢ and 6 are conditionally independent
given i in the prior, so p(,8,8) = p(8 | )p(8 | P)p() = p(,6) P(. 0) 5755

From here is easy to see two particular cases of the n-smi posterior: taking mar-
ginals over 6 in SMI, the cut model Psmin(p,0 | Z,Y) = peur(,0 | Z,Y) when n = 0;
and the conventional posterior psm,(¢,0 | Z,Y) = p(p,0 | Z,Y) when n = 1.

27



2.7.3 Coherence of (Semi-)Modular Inference

Coherent update of beliefs

In Bissiri et al. (2016), the conventional update of beliefs provided by Bayes theorem is
expanded, providing a generalised framework in which alternative inferential options
are justified beyond the conventional posterior.

Let’s use single-module notation in this Subsection 2.7.3, so we are aligned with
Bissiri et al. (2016). Denote newly observe data as Y and the parameter of interest
6.

The framework established by Bissiri et al. (2016) relies on the idea that an up-
date of beliefs must exist. This update of beliefs is performed, under a decision
theory framework, by a function v, which turns the prior into posterior beliefs by

incorporating new observed data y via a loss function [(6;y). that is:

p(0 | y) ={l(0;y),p(0)}

Such update 1) is Coherent if it ensures that we preserve the posterior regardless
of the order in which the data was observed. In other words, the posterior is the same
whether we update our beliefs by observing all data simultaneously or by observing

the data sequentially,

O{U(0; 22), p{1(0; 1), p(0) } } = ¢{1(6; 21) + 1(0; 22), p(0) }

The authors show that an optimal, valid and coherent update of beliefs is of the

form

Coherence of the SMI posterior

Back in our multi-modular setting, the flexibility of the framework allows us to analyse
the SMI posterior and the cut model posterior as valid schemes for the update of
beliefs, which differ from the traditional fully-Bayesian update.

In the proofs which follow we work with SMI at an arbitrary fixed 7. Since this
means the results hold at = 0, they hold for modular inference/cut models/Bayesian
multiple imputation, at least for imputation in the modular setting we consider.

From Eq. 2.7.2 we can see that the loss function underlying the update of beliefs

in the cut model is

lewt((0,0): (Z,Y)) = —logp(Z | ) —logp(Y | ¢,0) +logp(Y | ). (2.7.4)
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Similarly, from Eq. 2.7.3 we can derive the loss function underlying the update of
beliefs in SMI the posterior, eq. (2.4.2) in the main text.

Here we prove that the SMI posterior preserves multi-modular coherence. In
multi-modular settings, coherence must hold in two ways: 1) by observing responses
from different modules one after the other (i.e. first Z, and then Y); and 2) by
observing sequential fragments within the same module (e.g. first Z;, and then Z,
with Z = (43, Zs)).

The SMI posterior in Eq. 2.7.3 updates the belief distribution by observing the two
datasets simultaneously. Under coherent inference, we can also update by observing
data only from one module at a time, and still preserve the loss function in eq.2.4.2.

Say our current distribution of beliefs about (go,@,é) is p(go,&,é). Our updated
belief by observing only Z would be

Psmin(0,0,0 | Z) = ¥{l((¢,0,0); Z),p(¢,0,0)}

v ]ﬁp@, 0,0) (2.7.5)
1

B AT TOLE

similarly, if we observe only Y our updated beliefs are

p(p,0,0)

Psmi(0,0,0 | Y) = {1((¢,0,0);Y),p(¢,0,0)}
:p(Y | 907§>np<y | 9079) D

(e, 0,0) (2.7.6)

) Nl _ _ p(@) D
[ oY | 0,001 p(p.0) dp db [ p(Y | ¢,0) p(e,0) db

=p(Y | ¢,0)" p(Y | ¢,0 (¢

Coherence when observing data for different modules sequentially.

First, we show that the update from prior to posterior, is equivalent to updating

sequentially first Z and then Y. This is (a)=(b)+(c) in the following diagram:
(a)

p(§0>979) T psmi,n(@vevg | Z) T psmi,n(gpveve | Z? Y)

The update (a) is Eq. 2.7.3, updating beliefs by only observing both Z and Y

p(a)(gp,cg,é | Z7 Y) :psmi,n(@aeaé | Z7 Y)
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The update (b) is similar to Eq. 2.7.5, updating beliefs only with data Z.

p(b)((pv eaé | Z) = psnu',n(gov 970~ ’ Z) (277)
1 B
=p(Z | ) MP(SO,Q,Q)

=p(Z|¢ ! (0,0,0). (2.7.8)

) p
Jp(Z | ¢) p(p) dp
The update (c) is equivalent to Eq. 2.7.6 substituting the current beliefs with
Psmin (@, 0,0 | Z), and updating beliefs only with data Y.

; ~ Py (e | Z) ~
P+ (9, 6,6 [ Z,Y) ocp(Y [ ¢,0)"p(Y" | 90,9)fp(y e g; pw)(p, 0| Z) TgPw (90,01 2)
- 1 ~
< p(Z | p)p(Y | 0,0)"p(Y | ¢, G)WP(% 6,0).

The equivalence pe)1 (o) (¢, 0,0 |2,Y)= Dsmin (s 0,0 | Z,Y) is clear by comparing
the last formula with smi posterior in Eq. 2.7.3. For the last line, we used the following
identity

P (e | Z) _ [ [ ey, 0,0 | Z)dodo
oY 19.0) (0,01 2)d0 [ [p(Y | ,0) py(,6,0 | Z) dbdb
_ ffp(Z | ») fp(zw)lp(@ dwp(go,@,@)ded? N
I 10.0) p(Z | ¢) Tz marazp(e, 0,0) dodd

p(p)

(Y [ ¢,0) p(p,0) db
1

(Y [
Now, we want a similar result by first observing Y and then Z, i.e. (a)=(d)+(e)

in the following diagram
(a)
. T T .
p(<1079?9) T‘l)) psmi,n(@aeae ‘ Y) (—e)> psmi,n(@aeae ‘ Z, Y)
The update (a) is again given by Equation 2.7.3.
The update (d) is Eq. 2.7.6
_ _ 1 _
Py (@, 0,0 1Y) xpY | p,0)p(Y | ¢,0) —p(p,0,0). 2.7.9
@081 Y) Dl 0.0V [9,0) - tplp 0, (279
The update (d)+(e) is equivalent to Eq. 2.7.5 substituting the current beliefs with
p(d)(@v 07 0 ’ Y)

Play+(e)(9,0.0 | Z,Y) o< p(Z | @) pay(0,0,0 | Y)
1 -

= p(Z | SO) p(Y | ;s 9)77 p(Y | ()0’0) mp((pveae)'
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The equivalence pq)+ () (¢, 0,0|2Y)= Dsmin (@5 0,0 | Z,Y) is direct from comparing
the last formula with Eq. 2.7.3.

Coherence when observing data partitioned from the same module.

We now verify that the SMI posterior is coherent when observing a sequential portions

of the same module. Define the partitions Z = (7, Z,) and Y = (Y1, Y5).
First, we verify coherence for the partition of data Z. We want to check (b)=(b1)+(b2)
(b)
in the following diagram. p(yp, 0, é) m Psmin (s 0,0 | Z)
Update (b) is the same as defined above in Equation 2.7.7
Updates (bl) and (b2) are similar to Eq. 2.7.5, substituting the corresponding Z
and current state of beliefs
1 .

) o T () "9 00
1

) [ poeny(Za | ) pony (e | Z1) de
< p(Z1 | ¢) p(Za | ¢) pl,0,0)
= p(Z | 90) p(g&, 97 5)7

p(bl)<907070~ | Zl) :p(Zl | ¥

Py (. 0,0 | Zy)

Doty 2 (0, 0,0 | Z1, Zo) = p(Za |

clearly puiy+ (o) (9, 0.0 | Z1, Z2) = puy (9, 0,0 | Z).
Lastly, we verify coherence for the partition of data Y. We want to check (d)=(d1)+(d2)
in the following diagram.
(d)

~ m ~
p((tp>979) W psmi,n(@aeae | le) W psmi,n(907079 | Y)
Update (d) is the same as defined above in Equation 2.7.9

Updates (d1) and (d2) are similar to Eq. 2.7.6, substituting the corresponding Y
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and current state of beliefs

1 -
plp, 0,0
p(Y1)s p(Y1 | ©)o ( )

1 ~
_ 0.0
o [P 00

04 |0 04 | 20) oot 0.0)

P(d1)(90)
Tp(Ya [ ,6) pan (0, 0) d6" ¢

o (p(1 | .0) p(¥2 | £.0)) (p(Yi | 0,0) p(Y2 | 0.6) -

Jp(Ya | ,0) pary(p,0) ddp(Yr | p)e

(Y | 2.0D(Y | 2.0) ~—pli.0.6)

from here is clear that p(le(dg)(gp,@,é | Y1,Ys) = p(d)(go,ﬁ,é | Y). In the last step,

Py (. 0,0 | Y1) =p(Ya | ¢,0)"p(Y1 | ¢,0)

oxp(Ys | ¢, 0)"p(Y1 | ¢,0)

(¢, 0,0)

p(d1)+(d2)(907975 | }/17}/2) O(p(}/Q | 907§)77 p(Y2 | 3070)

we used the following identity
P(a) (@) _ ffp(dn(so,@,é)dedé
Jp(Ya | 9,0) pany(e,0) d0 [ [p(Ya |, 0) p(dl)(go,ﬁ 0) dode
x
JJp(Ya ], 0) (Y1 | o, 0) (Y1 | @, )W (90,9 0) dodd

75 (S 205 10, 070li,0)d0) (] p(Yi | ,0)p(c0,0)d0)

o5 (P [ 0.0)p(2.8) dB) ([ p(Y1 | 0,0)p(Y2 | .0) pls.6) dO)
K

here again, we assumed that 6 and 6 are conditionally independent given ¢ in the

prior, s0 p(¢,0,0) = ply.0) ple,0) 5.

2.7.4 Targeting the modular posterior
Detailed balance of SMI posterior

Here we show that the n-smi posterior (and cut posterior in particular) preserves the
detailed balance condition when we use the transition kernel implied by the two-stage

MCMC algorithm proposed in the main text.

L. Sample (2, 0) ~ ppoun(,0 | Z.Y) = p(Z | ¢) (Y | ¢,0)" ;755-p(¢,0)
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2. Sample 6 ~ p(9 | Y, 90) = p(Y ’ ©s e)p(Yllv)ep(e)

The first step updates (¢, 6) using the powered likelihood. It is not difficult to
target this posterior using traditional sampling methods.

The second term updates 6 exactly from its conditional posterior given data Y
from module 2, and a fized value .

The transition kernel for one iteration in this scheme is given by
K(,0,0 ] 0,0,0)=K(.0|p,0p0|Y,¢). (2.7.10)

By construction, the first stage of the update (using the powered likelihood) is in
detailed balance with the powered likelihood, i.e. satisfies

ppow,n(%é | Z, Y>K(90/aé/ | %é) = ppow,n(SDIaél | Z, Y)K(%é | Splaé/)

From here we see that the n-smi posterior in Eq. 2.7.3 satisfies detailed balance

with the transition kernel in eq. 2.7.10

pSmiﬂi(gp’ 0’ é | Z? Y)K(90/7 Qla é, | SDa ‘9a é)
= [Ppown (0,0 | Z.Y)p(0 | Y, )| K (¢, 0 | 0,0)p(0 | Y, )]

0 Ppow, /,él Z,YK ,QN ’,é’
= Dpown(: 0| Z,Y)p(0 | Y, )= (¢ 0| ZY)K (9,0 | ¢, )
ppow,n(@,e | Z, Y)

= Ppown (@0 | ZY)p(0 | Y, )K (0,0 | ¢, 0)p(0]Y, )
= psmi,n<§0/7 9/7 é/ ’ Z7 Y)K(QO, 97 é ‘ 90/7 9/7 é/)

p(0' Y, ¢)

2.7.4.1 Further details about Nested MCMC for SMI posterior.

Our implementation of MCMC targeting the SMI posterior is a two-stage sampler
described in Algorithm 1 in the main article. This is arguably the simpler approach
that has been discussed in literature about MCMC targeting a modular posterior (e.g.
Unbiased MCMC via couplings (Jacob et al., 2020)).

Algorithm 1 does not make specific assumptions about the class of MCMC sampler
that is used at each stage. The only requirement is to check convergence in both
stages. For the first step, sampling ¢, we proceed as any traditional implementation
of MCMC, running the chains until we have satisfied classical convergence test. The
second step, sampling #, we only need to guarantee that the last sample in every

sub-chain are taken after we reached the equilibrium distribution.
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Our examples in section 2.5 use standard MCMC at each step. The detailed
implementation of the MCMC sampler can be found in the accompanying packages
in R aistats2020smi and Python modularbayes, both available in GitHub *.

For the epidemiological data, we use Hamiltonian Monte Carlo, specifically the
The No-U-Turn Sampler (NUTS) (Hoffman and Gelman, 2014). In both cases we
performed multiple-chain-based diagnostics as described in section 2.4.2. We gener-
ated 4 parallel chains. For Stage 1 we generated N; = 10,000 samples. Traceplots
for the cut posterior (n = 0) of ¢ are shown in fig. 2.8. For Stage 2, we choose
Ny = 100 iterations as a conservative length that guaranteed the last iteration was
sampled from the equilibrium distribution. We compare these samples with a larger
value N; = 500 and found agreement between the two sets. Traceplots for the cut
posterior (n = 0) of # are displayed in fig. 2.9, the top panel corresponds to Ny = 100
and the bottom panel to N} = 200

For the agricultural data in Sec.2.5.2 we use random walk Metropolis-Hastings in

both stages.

2.7.4 Computational cost of SMI

Our baseline is standard Bayes-MCMC on the original full model. We suppose for
simplicity this was implemented using separate updates for 6|¢ and ¢|d, though these
need not be Gibbs updates. Let 7,4 be the Integrated Autocorrelation Time (IACT)
of Bayes-MCMC. If the Effective Sample Size (ESS) of the full Bayes-MCMC output
is N then we must have done T" = N7,y MCMC steps. If one Bayes-MCMC step
updating both 6 and ¢ has unit cost then the overall cost is Wy, = T'[time]. This
doesn’t parallelise.
The SMI posterior is

pn—smi(SOa éa 9|Y> Z) = ppowm(ﬂpa é’Ya Z)p(QIY, 90)'

If we use the same Bayes-MCMC updates to sample ppou (@, §|Y, Z) then the work
sampling (¢, é) at one 7n-value is Wgayes. Thin the ¢ samples every 7, ¢ steps to get an
ESS about N (this is rough, because the target changes with 7, but reasonable if we
allow for some tuning of the MCMC with 7 - we didnt need to tune in our examples).

We use the Bayes-MCMC update for p(0|Y, ¢) in SMI. Let 7y be the IACT. Typ-
ically, 79 < 7, (the target has lower dimension; illustrative proofs can be given in

simple special cases) so take 7p = 7, (conservative, and note that these “side-chains”

4R package: https://github.com/chriscarmona/aistats2020smi; Python package: https:
//github.com/chriscarmona/modularbayes
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Figure 2.8: Posterior samples of ¢ for the Cut Posterior (7 = 0) in the Epidemiological
model. Obtained in Stage 1 of the nested MCMC algorithm.

targeting p(A|Y, ¢) can be started close to equilibrium using the -value output from
sampling at the previous step). We run the f-sampler to equilibrium (initialise #)-run
with #¢~1). Suppose this takes K7y steps (K = 5 is reasonable).

In the following we assume simulation at different n-values is parallelized over
machines, while simulation of |¢ is parallelized over threads on a machine. Suppose
we have M, threads on each of M, machines. The §-sampling parallelizes with a small

communication overhead if the time to do K7, of the f|p-updates is significantly

35



-3.0 =25 -2.0 -15 -1.0
theta0

G4 22 3 P
0 15 \
20 s | 10
0 " 5
so 75 wo @5 mo  ws 20 25 0 o 200 a0 om0 w000

-3.0 =25 -2.0 =15 -1.0
theta0

B 22 20 B B B >
thetal thetal :
0 15
20 § 10
10 5
50 75 100 125 150 W5 200 225 250 0 2000 4000 6000 8000
(b) N} = 500

Figure 2.9: Posterior samples of 0 for the Cut Posterior (n = 0) in the Epidemiological
model. Obtained in Stage 2 of the nested MCMC algorithm. Each sample is the last
value of a subchain of lenght Ny. The top panel show samples with Ny = 100, while
the bottom panel confirm that the distribution is preserved in an independent run
with larger VJ, = 500.

larger than the communication time. The cost of the 8-update in the second stage of
SMI is no more than the cost of one update in the original Bayes-MCMC where both
f and ¢ were updated, so a runtime cost for #-updates equal one unit is conservative.

It follows that (6, ¢, #)-sampling at one n-value costs about
Wy = Wi (1 + K/M,).

We have to repeat this J times, sampling p,—sm: (¢, 0, 0|Y, Z) for each of J different
n-values spaced between 7 = 0 and n = 1 (J = 20 should be enough) using M,

machines. This larger task parallelises essentially perfectly. The total cost is
Wimi = W (1 + K/My) X J/M,,.

For eg if we assign resources as M, = J and M; = 1 (just parallelise over 1) the SMI
cost is not worse than about 10 times the cost of doing Bayes-MCMC. This reflects
our experience.

Finally, we compute and smooth the WAIC across the J runs at different n-values.
This part is fast output-analysis. The ESS must be big enough to get stable WAIC
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estimates, but WAIC is "nice” to estimate. Very roughly,
Wsmi = 1OVme

should be achievable without a great deal of work on top of the cost of implementing
and running standard Bayes-MCMC.

2.7.5 Further Details on Simulation studies: Biased data

Model: Priors:
2
Z|90NN(90a0-z) (‘ONN<O’O-3’)
Y |,0~N(p+0,0) 0 ~ N(0,02)
with o7 and o (and other o’s) known. 6~ N(0,52)

In our example on the main text, we know the generative parameters: (¢*, 6%, é*)
We compare these true values with the estimates arising from the n-smi posterior, for
different values of n € [0, 1].

SMI posterior

First, derive p(Y | ¢)g as a function of ¢

1
PV 190 = s [0 6.0 plon6) ds
(Y ¢ o) Y | ¢,0) (e, 0)
1.5 m — m
— [P (———) = 20(V
oc exp{—jly (m03+05) #( ma§+ag)”
Now we can obtain the n-smi posterior
. . 1 .
Psmin(0,0,0 | Z,Y) =p(Z | ) p(Y [ ¢,0)"p(Y | ¢,0 p(p, 0,0
n( 1 2,Y) =p(Z | @) p(Y [ ¢,0)"p(Y | )p(Z,Yn)ép(Yw)@( )
1,5 n m 1 m
OCGXP{—§ [p (_§+a_§(1+n)+a_g_a§+ma§>
m _
—20(— + —(1 —Y
Pyt g =¥ )
1 _
+0( 2+ ) —20(V D)
O'y 0'0 Jy
1 _
+0%(n— + =) —20(nY )
Ty 6 Yy
+ 200(—) + 200(n—)]}
Yy )



From here we see that the joint posterior distribution for (¢, 0, 0~) is a multivariate

normal distribution defined as:

psmi’n(go,e,é | Z,Y) = Normal(u, X), (2.7.11)
with .
Atgl+n-mimte & 13
z Yy m y ) ¥ m Yy 1 Yy
z= ot ataz 0
’%’L Y o m 1
Ui 0 Mz +s
Y Y 0
and _
o toa(l4n) =Y s
nY zz
Yy

The generative parameters described in the main text are as follows

n=25 # Sample size for Z
m=50 # Sample size for Y
phi =0

theta = 1 # bias

sigma_z = 2 # variance for Z

sigma_y

VvV VvV VvV VvV Vv Vv

1 # variance for Y

The true bias is 8 = 1. Assume we have an over-optimistic view of the bias, with
prior distribution centered in 0 and relatively small prior variance.

In Figure 2.10 we show posterior distributions (mean + std. dev.) for a randomly
generated dataset (Z =-0.0667; Y =1.0562) using the generative parameters described
in the main text. Note that the conventional bayes (n = 1) is the worst estimation

for the true parameters ¢ accross all posible candidates n € [0, 1].

> # Posterior for conventional bayes eta=1

> posterior = SMI_post_biased_data( Z=Z, Y=Y,

+ sigma_z=sigma_z,
sigma_y=sigma_y,
sigma_phi=sigma_phi,
sigma_theta=sigma_theta,
sigma_theta_tilde=sigma_theta,
eta=1 )

posterior = mapply('rownames<-',

+ vV + + + + +

posterior, MoreArgs=1ist(value=param_names))
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> # posterior mean

> posterior$mean

[,1]
phi 0.3511440
theta 0.6528197

theta_tilde 0.6528197

_ 0.501

i) ¥

o 0.251

2

a 000+

=

Q _0.251

-0.50 1 ; ; : :
0.00 0.25 0.50 0.75 1.00
eta

.E 1.2

9

2 L

o 0.91

o

s

é 064 -

034, : ; { ;
0.00 0.25 0.50 0.75 1.00
eta

8

o}

%]

o

o

[]

o

9|

2

= _05 T T T T T
0.00 0.25 0.50 0.75 1.00

eta

Figure 2.10: Posterior distribution of ¢, 6 and @ for a single dataset (Z,Y). A black
horizontal line shows the true generative value. The posterior mean is the solid red
line and we show intervals with + one posterior std. dev. using dotted blue lines.
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Mean Square Error (MSE)

From Equation 2.7.3, we can compute the Posterior Squared Error (SE) of estimates

arising from the SMI posterior ¢, 6 and , 0,

SE() =Sua + (pp — ¢")?
SE(@) = 2[272] + (,U[Q] — 9*)2
SE(0) = S5 + (g — 0°)?

In the first simulation study of the main text we display the Mean Squared Error
(MSE) for ¢ and 6, which is the result of averaging the posterior SE across datasets.
We show that we can reach smaller MSE with values of 1 other than 0 and 1. To
generate these plots, we produced 1000 synthetic datasets, computed MSE using
Eq. 2.7.3 on each one, with a grid of values of n € [0,1]. The MSE lines displayed

correspond to the average MSE across datasets, for each value of 7.
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Figure 2.11: Mean Squared Error of the two main parameters under SMI posterior.
Here we also show a comparison between 6 and 6. Figure 2.12 shows that 6 is

dominated by 6 in MSE. The comparison emphasises the convenience of SMI over

power likelihood discussed in section 4.4 of the main text.

Expected log pointwise predictive density (elpd)

The elpd is
elpd = //p*(za y) logpsmi,n(z7y | Z, Y)dZdy
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Figure 2.12: Comparison of the bias estimation under SMI (theta) vs powered likeli-
hood (theta tilde)

where p* is the distribution representing the true data-generating process and

psmi,n(z7y|Z,Y)Z//p(z,yw,@) Psmin (0,0 1Y, Z) dp df

is a candidate posterior predictive distribution, indexed by 7.

Let {a

b [;] = Cov(p,0| Z,Y)™! be the inverse of the posterior covariance matrix

of (¢,0), and {ﬂ = FE(p,0 | Z,Y) the posterior means.
Following straightforward Gaussian completion we can show that the joint pos-

terior distribution for ¢, 8, and new data z, and yq is:

psmi,r](z()v Yo, P, 9|Za Y) X p<207 y0|()07 9) psmi,n<907 9|Zv Y)

o< exp{—3 [Zo(a_g) + yo(a_g) +¢*(a+ o2t —5) +6%(c + U—§)+
1 1 1 1
_ 2Z090(§) - 23/0@(;) - 2y09(§) + 2¢0(b + ;)
z Yy Y y
— 2¢(ad + be) — 20(bd + ce)]}
So we have
Psmin (20, Y0, 0,0 | Z,Y") = Normal(y, %), (2.7.12)
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We know the true generative values p* and 6*, so we can compute elpd using Monte
Carlo samples from the true generative distribution p* and evaluate this values in the
log-density of the bivariate normal (zo,y|Z,Y") from Equation 2.7.12.

In Figure 2.13 we show the Monte Carlo estimation of the elpd. We select the
optimal 7 as the value that maximise the elpd. To generate this plot, we produced
1000 synthetic datasets, computed elpd on each one (using Monte Carlo), with a grid

of values of n € [0,1]. The elpd line correspond to the average elpd across datasets,
for each value of 7.
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Figure 2.13: ELPD under SMI posterior.

2.7.6 Further Details on Simulation studies: Agricultural data

The aim of the study, described in detail in Styring et al. (2017), is to provide stat-
istical evidence about a specific agricultural practice of the first urban centres in
northern Mesopotamia.

The hypothesis is that increased agricultural production to support growing urban
populations was achieved by cultivation of larger areas of land, entailing lower ma-
nure/midden inputs per unit area. This practice is known as extensification.

Our contribution goes into extending the methods used to perform Bayesian ana-

lysis in this adverse scenario of model misspecification and copious missing data.
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Data

The data consists of measurements of nitrogen and carbon isotopes for a collection
of crop remains. There are two datasets: archaeological and modern, which we will
denote by A and M, respectively. First, the Archaeological dataset A, consists of
data gathered from excavations of antique crop sites in the region of Mesopotamia.
Second, the Modern dataset, M, was gathered in a controlled experimental setting
in recent years. Further characteristics and description of variables on each dataset

can be found in the statistical supplement to Styring et al. (2017).

The model

We preserved the model stated in Styring et al. (2017). See Figure 2.14. The main
goal of that study is to test the hypothesis of extensification in the ancient urban
sites. This hypothesis can be condensed in analysing the strength of the effect of the
site size S; on the corresponding manure level M; for the records in the archaeological
data, {i € A}. The more negative the estimated effect, the stronger the evidence
supporting the extensification hypothesis.

However, there is no available information about the Manuring levels in the ancient
dataset. This is addressed by using a Data augmentation perspective, and consider
that all the corresponding values of the manure level in the Archaeological data are
missing.

The model consists of a two-module model, which integrates archaeological and
calibration data so the missing manuring levels can be inferred. The first module is a
Proportional Odds model (PO), with the missing Manure Levels in the archaeological
data as the ordinal response (M;;i € A). The second module consists of a linear
Gaussian model (HM), applicable to both datasets, with the Nitrogen level of the
crops (Z) as the response, and Manure levels as one of the predictors. The graphical
representation of the model is depicted in Figure 2.14

The model can be studied from a multi-modular perspective. Indeed, the sup-
plement of Styring et al. (2017) performs Bayesian Multiple Imputation (BMI) to
impute the missing manure levels with parameters learnt from the H M module, and
therefore cutting the influence from the PO module into this imputation. The para-
meters of the PO module are then inferred conditional on the imputed values and
other information in the archaeological data.

In Figure 2.15 we draw a simplified version of the complete model to clarify how

the SMI framework can be applied in this setting. The mapping of variables between
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Figure 2.14: Graphical representation of the model for the agricultural data. Squares
denote observable variables and circles denote unknown quantities (parameters and
missing data).The main interest of the study is on the parameter v (red circle), effect
of size S; (blue square) on Manure level M;. The dashed line indicates the cut where
SMI is applied for the imputation of missing manure.

the complete and simplified graphs is as follows: the missing manure levels will take
the role of ¢; the observed data in the HM module is Z, the parameters in the PO
module will be 6, and the rest of archaeological data in the PO module is Y.

Y|+ |z

Figure 2.15: Simplified representation of the model for the agricultural data.

The simplified version resembles our graphical model in Figure 3.1. From here
it is clear how the Bayesian imputation approach taken by Styring et al. (2017) is

equivalent to a cut model: first learn ¢/manure-level from the H M module, and then
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learning 6 (ie ) conditional on ¢ and Y. This scheme yields our known cut posterior
from Eq. 2.7.2.
Feut(,0| 2,Y) = P(p | Z) P(0 Y, )

We extend the Bayesian imputation approach in Styring et al. (2017) and apply

Semi-Modular Inference to their setting.
Pani2:0 | 2.Y) = [ Pron(i0.01 Z.Y) PO | Y. 0)a8

SMI allows us to expand the space of candidate posteriors in a way that we can
control smoothly, rather that eliminating the influence of the PO module in the
imputation of the missing Manure Levels.

In Figure 2.3 we display the collection of candidate distributions spanned by SMI
by considering a grid of values for n € [0, 1]. The distribution at n =0 is comparable
to the Bayesian Imputation approach in Styring et al. (2017).

To choose the optimal value, n* say, we maximise the Expected Log Predictive
Density or ELPD (Vehtari et al., 2017) to predict a new value of the response in the
HM module (Z;;¢ € A in the diagram). In Figure 2.16 we show the negative ELPD

as a function of 1. The optimal value is reached at n* =0.82.
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Figure 2.16: Choosing the best SMI posterior candidate by choosing the n-value
maximizing the ELPD.

The elpd changes dramatically over the range 0 < 7 < 1 and n* is clearly distin-
guished from 0 or 1. This impacts downstream inference: the Bayes factor of interest
changes from BF,,;o(y < 0) =5.54 in the cut model, to BF;082(y < 0) =117.11
in the optimal SMI posterior with n =0.82, a substantial shift in the strength of the
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evidence for the extensification hypothesis. In Figure 2.17 we show the comparison

of Bayes Factors accross values of n € [0, 1] for the hypothesis v < 0.
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Figure 2.17: Bayes Factor for the hypothesis v < 0 across all values of 7.
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Chapter 3

Scalable Semi-Modular Inference with
Variational Meta-Posteriors

Abstract

The Cut posterior and related Semi-Modular Inference (SMI) are Generalised Bayes
methods for Modular Bayesian evidence combination. Analysis is broken up over mod-
ular sub-models of the joint posterior distribution. Model-misspecification in multi-
modular models can be hard to fix by model elaboration alone and the Cut posterior
and SMI offer a way round this. Information entering the analysis from misspecified
modules is controlled by an influence parameter 7 related to the learning rate. This
paper contains two substantial new methods. First, we give variational methods for
approximating the Cut and SMI posteriors which are adapted to the inferential goals
of evidence combination. We parameterise a family of variational posteriors using a
Normalizing Flow for accurate approximation and end-to-end training. Secondly, we
show that analysis of models with multiple cuts is feasible using a new Variational
Meta-Posterior. This approximates a family of SMI posteriors indexed by 7 using a

single set of variational parameters.

3.1 Introduction

Evidence combination is a fundamental operation of statistical inference. When we
have multiple observation models for multiple data sets, with some model parameters
appearing in more than one observation model, we have a multi-modular setting in
which data sets identify modules. The modules are connected in the graphical model

for the joint posterior distribution of the parameters.
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Large-scale multi-modular models are susceptible to model contamination, as a
hazard for misspecification in each module accumulates as modules are added. If any
module is significantly misspecified, it may undermine inference on the joint model
(Liu et al., 2009). Model elaboration (Smith, 1986; Gelman et al., 2015) may be
impractical or at least very challenging. In this setting we may consider “inference
elaboration”, and turn to statistically principled alternatives to Bayesian inference
such as Generalised Bayes (Zhang, 2006; Grinwald and Ommen, 2017; Bissiri et al.,
2016). Some modular inference frameworks allow the analyst to break up the work-
flow, whilst still implementing a valid belief update (Bissiri et al., 2016; Nicholls et al.,
2022). This is discussed in Nicholson et al. (2022) in the broader context of modular
“interoperability”.

Modular Bayesian Inference (Liu et al., 2009; Plummer, 2015; Jacob et al., 2017;
Carmona and Nicholls, 2020; Nicholls et al., 2022) addresses misspecification in a
multi-modular setting by controlling feedback from misspecified modules (see sec-
tion 3.2). Recent applications of multi-modular inference note (eg. Nicholson et al.,
2022; Teh et al., 2021) and demonstrate (eg. Carmona and Nicholls, 2020; Yu et al.,
2021; Styring et al., 2022) the potential benefits of partially down-weighting the influ-
ence of modules, rather than completely removing feedback. Modular Bayesian Infer-
ence is characterised by a modified posterior known as the Cut posterior (Plummer,
2015). This removes feedback from identified misspecified modules. Semi-Modular
posteriors (Carmona and Nicholls, 2020) interpolate between Bayes and Cut, con-
trolling feedback using an influence parameter n € [0, 1]. This can be identified with
the learning rate parameter in a power posterior (Walker and Hjort, 2001; Zhang,
2006; Griinwald and Ommen, 2017). The Cut and SMI posteriors are valid belief up-
dates in the sense of (Bissiri et al., 2016), and part of a larger family of valid inference
procedures (Nicholls et al., 2022).

These approaches raise computational challenges due to intractable parameter-
dependent marginal factors. In the case of Cut posteriors, nested Monte Carlo
samplers are given in Plummer (2015) and Liu and Goudie (2022b) and used in
Carmona and Nicholls (2020) to target SMI posteriors. These samplers suffer from
double asymptotics, though work well in practice on some target posterior distribu-
tions. Jacob et al. (2020) give unbiased Monte Carlo samplers for the Cut posterior
and Pompe and Jacob (2021) analyse the asymptotics of the Cut posterior and give
two methods to target it: a Laplace approximation and Posterior Bootstrap.

Work to date on Modular Inference focuses on models with a small number of

modules and a single pre-specified cut module. We simultaneously adjust the con-
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tribution of multiple modules. This allows us to take an exploratory approach and
“discover” the misspecified modules. Dealing with multiple cuts and a vector of influ-
ence parameters is challenging, as each additional “cut” increases the dimension of n
and the space of candidate posteriors. One natural approach for selecting a candidate
posterior is to take a grid of n-values, sample each distribution (Importance Sampling
is not straightforward, as ratios of candidate posteriors are intractable) and evaluate
a performance metric on each distribution. This search strategy works for a single
cut, but is already inefficient and quickly becomes cumbersome when the number of
cuts increases.

In this work, we give a novel variational framework for SMI posteriors which scales
to handle multiple cuts. The usual Evidence Lower Bound (ELBO) training utility
is intractable, due to the same parameter-dependent marginals that make MCMC
sampling difficult. Moreover, the resulting approximation does not meet the original
objective of having controlled feedback between modules (see section 3.3). Our solu-
tion takes a variational family with a pattern of conditional independence between
shared, extrinsic and module-specific, intrinsic parameters that matches the SMI tar-
get, and uses the stop-gradient operator to define a modified variational objective.
The resulting variational framework gives good approximation, controllable feedback
and end-to-end optimisation. In parallel independent work, Yu et al. (2021) give vari-
ational methods for Cut-posteriors. Our approaches match at the Cut posterior: just
as SMI interpolates Cut and Bayes, so variational SMI interpolates variational-Cut
and variational-Bayes exactly.

One of the goals of SMI is to correct for model misspecification, so it is important to
get a good variational fit to the SMI-posterior and not make matters worse with a poor
approximation. We leverage recent work on relatively expressive variational families
using Normalizing Flows (NFs) (Rezende and Mohamed, 2015; Papamakarios et al.,
2021), as we get better uncertainty quantification than less expressive mean-field ap-
proximations. In particular, we take Flow-based models with universal-approximation
capabilities (see Huang et al., 2018; Durkan et al., 2019; Papamakarios et al., 2021)
as our default variational families. The conditional independence structure required
by the SMI posterior is achieved by defining the Conditioner functions of the flow.

We exploit the continuity of the SMI posterior with varying n and introduce the
Variational Meta-Posterior (VMP), a variational approximation to the entire collec-
tion of posteriors indexed by 7, using a single set of parameters. We train a function

that takes n as input and produces the variational parameters for the corresponding
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SMI posterior. We call this function the VMP-map. The Variational Meta-Posterior is
key to scalability (as illustrated in our example with 30 potential cuts in section 3.5.2).

The remaining task is to select an SMI posterior (ie, ) for downstream analysis.
The performance metric deciding the level of influence will depend on the inferential
goals. Selection criteria (Wu and Martin, 2023) developed for choosing the learning
rate in the power posterior, such as matching information gain (Holmes and Walker,
2017), and predictive performance (Vehtari et al., 2017; Jacob et al., 2017; Wu and
Martin, 2021) are relevant. Yu et al. (2021) leverage tractable variational distri-
butions to compute calibrated test statistics (Nott et al., 2021) measuring evidence
against Bayes and for Cut. We use the Expected Log-pointwise Predictive Dens-
ity (ELPD) (Vehtari et al., 2017), which scores predictive performance. Variational
methods commonly achieve predictive accuracy comparable with MCMC despite the
variational approximation (Wang and Blei, 2019) so this is a happy marriage. We
estimate the ELPD using the WAIC (Watanabe, 2012). Fast sampling is available
for the variational posterior density and this supports ELPD-estimation for multiple
cuts.

In summary, our contributions include:

e a variational framework for approximation of SMI posteriors suitable for mod-

ular Bayesian inference;

e approximation of SMI posteriors with Normalizing Flows, underlining the im-

portance of flexible variational families;

e the Variational Meta-Posterior (VMP), a family of variational posteriors in-
dexed by n which approximates a family of SMI posteriors using a single set of

parameters;
e cnd-to-end training algorithms using the stop-gradient operator;

e variational methods for identifying misspecified modules and modulating feed-

back which scale to handle multiple cuts;
e illustrations of the method on real and synthetic data.

We provide code reproducing all results and figures .

'https://github.com/chriscarmona/modularbayes

20


https://github.com/chriscarmona/modularbayes

3.2 Modular Bayesian Inference

In order to fix ideas, we illustrate multi-modular inference using the model structure
displayed in fig. 3.1. This structure is already quite rich, as more complex models
may sometimes be reduced to this form by grouping together sub-modules into nodes
appropriately. Our methods extend straightforwardly to more complex models in a

similar fashion to earlier work in this field.

Y

S e

Z

Module 1 Module 2

Figure 3.1: Graphical representation of a simple multi-modular model. Grey circles
denote unknown quantities to be inferred, and white boxes are fixed quantities. The
dashed red line indicates cut feedback from the Y-module into the Z-module. The
addition of the n symbol indicates modulated feedback via SMI.

This generic setting has two modules with data Y = (Y3,...,Y},), Y € Y™ and
Z = (Zy,....;Zm), Z € 2™ and continuous parameters ¢ € ¢ and 6 € Qg of
dimension p, and pg respectively. The generative models for parameters and data are
p(Z | ¢)p(e) and p(Y | ¢,0) p(p,0). The Bayesian posterior for this model can be

written

p(p, 0 Z,Y)=ple| Z,Y)pO| Y, ¢) (3.2.1)
x p(p,0,2,Y) (3.2.2)

where the last line is the natural form for further computation using the joint distri-

bution

p((p,e, Z, Y) :p(9070) p(Z | 90) p(Y | 9070) (323)

Equation (3.2.1) is given for contrast with the Cut model and SMI below. Note that,

plp | Z,Y) ocplp) p(Z | ) p(Y | ¢) (3.2.4)

and
p(Y [ ¢,0)

p(0 Y, ) ocp(f ] ) oV | )
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with
(Y | 9) :/p<Y [ .0) p(# | ) db.

In eq. (3.2.1) the value of ¢ informs 6. In eq. (3.2.4) the marginal likelihood p(Y" | ¢)
can be thought of as “feedback” of information from the ¥ module into the Z-module
(Liu et al., 2009; Plummer, 2015; Jacob et al., 2017). Any remaining normalising
constants depend only on the data Y, Z.

Cutting Feedback

Several different methods have been proposed to bring the generative models to-
gether in a joint distribution for the parameters given data. Besides Bayesian in-
ference itself, these include Markov Melding (Goudie et al., 2019) (which focuses
on settings where priors conflict across shared parameters) and Multiple Imputation
(Meng, 1994), which discusses inference for “uncongenial” modules, relevant here.
Nicholson et al. (2022) discusses the broader concept of “interoperability” of models
in multi-modular settings. In this paper we focus on Semi-Modular Inference (SMI)
defined in Carmona and Nicholls (2020) and Cut model inference (Plummer, 2015),
which is a special case.

Cut-model inference has proven useful in many settings, including complex epi-
demic models for the Covid pandemic (Teh et al., 2021; Nicholson et al., 2022) and
modular models linking isotope analysis and fertiliser use in Archaeological settings
(Styring et al., 2017), pharmaco-kinetic and -dynamic models (Lunn et al., 2009)
in pharmacological analysis, and health affects and air pollution (Blangiardo et al.,
2011).

Suppose the generative model p(Y | ¢, 0) p(¢,0) in the Y-module is misspecified
via p(@ | @) or p(Y | p,0). We hope to get a more reliable estimate of ¢ by “cutting”
the feedback from this module into the ¢-estimation. This is indicated by the dashed
red line in fig. 3.1. Operationally, we drop the factor p(Y | ¢). Following Plummer
(2015),

Peut(@, 0| Y, Z) =p(p | Z) p(0 ] Y, @) (3.2.5)
p(0,0,Y,7)
p(Y @)

Cutting feedback leaves the Cut posterior with the intractable factor p(Y | ¢). In-
ference with a Cut-posterior is a two-stage operation which can be seen as Bayesian

Multiple Imputation. In the first stage we impute ¢ ~ p(- | Z). This distribution
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of imputed ¢ values is passed to the second analysis stage where ¢ are treated as
randomly variable “imputed data” alongside Y, informing 6 ~ p(- | Y, ). Looking
ahead to SMI, this setup is shown graphically in fig. 3.2, where ¢ is imputed on the
left (appearing in a grey circle as a parameter) and then conditioned on the right
(appearing in a white square like Y'). In a Cut-posterior n = 0, and the é, Y elements
of the graph on the left are absent.

The Cut model posterior is a “belief update”, in the sense of Bissiri et al. (2016). It
is a rule ¢ for updating a prior measure of belief, py(y, 0) say, using a loss l(p,0;Y, Z)
connecting data and parameter (the -ve log-likelihood is a cannonical loss) to determ-
ine a posterior belief measure p; say. They write p; = (I, po). Bissiri et al. (2016)
require belief updates 1(l, pg) to be coherent: in our notation, if the data are all condi-
tionally independent given the parameters, and Y = (Y1) Y?) and Z = (Z(1, Z®)
are arbitrary partitions of the data in each module into two sets, then we should arrive
at the same posterior ¥ (I(¢,0;Y, Z), py) if we take all the data (Y, Z) together or if
we update the prior to an intermediate posterior using (Y, Z) and then update
that intermediate posterior using the rest of the data, (Y(Q), A (2)), that is,

(U0, 0;Y, Z),po) = ¥(1(p,0; YD, Z@) (10,0, YD, ZW), py)). (3.2.6)

They show with some generality that a valid belief update must be a Gibbs posterior

if it is to be coherent, that is,

V(l(p,0;Y, Z),po) < exp(—1(p,0;Y, Z)) po(p,0).

Bayesian inference is coherent because the corresponding loss lpayes = —log(p(Y |
©,0)) —log(p(Z | ¢)) is additive for independent data. Carmona and Nicholls (2020)
show that the belief update determined by the Cut-model posterior is coherent and
Nicholls et al. (2022) show it is valid. This is surprising, as the loss leut = lhayes +
log(p(Y | ¢)) is not simply additive. This holds because the “prior” appearing in the
marginal p(Y? | Y1) o) in the second belief update is the posterior from the first
stage and not po(6 | ¢).

The Cut posterior can also be characterised via a constrained optimisation (Yu
et al., 2021). Consider the class of all joint densities,

Feut = {a(p,0) : a(e) = ple | 2)},

for which the ¢-marginal ¢(¢) equals p(¢ | Z). Densities in F.,; are candidate Cut
posteriors. Yu et al. (2021) show that, among densities in F, the Cut posterior
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in eq. (3.2.5) is the best approximation to the Bayes posterior as measured by KL
divergence, that is,

Peut(, 0| Y, Z) = arg min Drr(q(p,0) || p(e,0]Y,2)). (3.2.7)

qEF

They use this characterisation to motivate a framework for variational approximation
of the Cut posterior. Our motivation for variational SMI starts from an equivalent
characterisation of SMI.

Statistical inference for the Cut posterior is challenging due to the marginal like-
lihood factor p(Y | ¢). Several approaches have been suggested. Plummer (2015)
gives a nested MCMC scheme: run MCMC targeting p(¢ | Z); for each sampled
¢ a separate MCMC run targets p(6 | Y, ¢); this yields (¢,0) ~ peu, at least ap-
proximately. Nested MCMC for Cut models suffers from double asymptotics but is
adequate in some cases (Styring et al., 2017; Teh et al., 2021; Moss and Rousseau,
2022). A recent nested MCMC variant (Liu and Goudie, 2022b) shows efficiency
gains for high dimensional targets. An exact unbiased variant of MCMC based on
coalescing coupled chains (Jacob et al., 2020) removes the double asymptotics of the

nested sampler.

3.2.1 Semi-Modular Inference

Semi-Modular Inference (SMI) (Carmona and Nicholls, 2020) is a modification of
Bayesian multi-modular inference which allows the user to adjust the flow of inform-
ation between data and parameters in separate modules. Cut models stop misspe-
cification in one module from causing bias in others. However, this often leads to
variance inflation. Semi-modular posteriors determine a family of candidate posterior
distributions indexed by an influence parameter n € [0, 1]. They interpolate between
the Cut and Bayesian posteriors, expanding the space of candidate distributions and

including Bayesian inference and Cut-model inference as special cases.

3.2.1.1 Modulating feedback from data modules

Cut models and SMI are typically presented using models like fig. 3.1 and cutting or
modulating feedback from the Y, ¢, # module into the Z, o module. However, some
effective applications of Cut models and SMI cut or modulate feedback from modules
that have no data (Jacob et al., 2017; Styring et al., 2017; Carmona and Nicholls, 2020;
Yu et al., 2021; Styring et al., 2022). We return to this below and in section 3.7.1.
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The SMI posterior for the cut in fig. 3.1 is defined as

Pemin (050,01 Y, Z) = Pown (0,0 | Y, Z)p(0 | ,Y) (3.2.8)

where ppowvn(go,é | Z,Y) is the power posterior
Poow (0,0 | Z,Y) < Ppowey (0,0, Z,Y) (3.2.9)
with
Poown(0:0, Z.Y) = p(Z | 9)p(Y | ¢,60)" p(p.6). (3.2.10)

Taking 7 = 1 in the n-smi posterior and integrating over g gives the conventional
posterior in eq. (3.2.1) so that psmii1(p,0 | Y, Z) = p(p,0 | Y, Z), while n = 0 gives
the Cut posterior in eq. (3.2.5), with psmio(0, 0 | Y, Z) = peut(9,0 | Y, Z).

The SMI-posterior in eq. (3.2.8) is motivated in a similar way to the Cut-posterior.
The extra degree of freedom 7 in the power posterior pyow,, down-weights the feedback
from the Y-module on ¢. It is chosen to give the best possible imputation of ¢ in
the first phase of the inference. The parameters 6 can be thought of as auxiliary
parameters introduced for the purpose of imputing ¢. This two-stage process is
represented in fig. 3.2. As for the Cut-posterior, p-values from the imputation stage
are treated as “imputed data” in the second stage, so they appear as random variables

(in a grey circle) on the left, and as conditioned data (in a white square) on the right.

Imputation stage Analysis stage

\_>s09

Z y'l VA Y

Figure 3.2: Graphical representation of the implicit two-stage inference process in
Semi-Modular Inference. Grey circles denote unknown quantities to be infered, and
white boxes are fixed quantities.

In sample-based inference for SMI, variants of nested MCMC (Plummer, 2015)
which target ppowm(gp,é | Y, Z) and then sample p(6 | Y, ) for each sampled ¢
have the same strengths and weaknesses as they do for the Cut posterior. Efficiency

considerations are discussed in Carmona and Nicholls (2020).
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SMI can be characterised in the same way as the Cut model in eq. (3.2.7). Consider

the class of joint densities,

]:smi,n = {q(SOa 0, 9) : Q(Spa é) = ppow,n(‘;paé | Z, Y)}’

in which the marginal ¢(, 0) equals the power posterior ppoww(gp,é | Z,Y). Densities
in Fymi,, are candidate SMI posteriors. At 7 = 1 this is a duplicated Bayes posterior,

psmi,n:1(§0707é | Yu Z) :p(@vé | Y’ Z)p(e | ch)u

in which both p(p,0 | Y,Z) and fpsmi,l(go,Q,é | 'Y, Z)d0 equal p(p,0 | Y,Z) in
eq. (3.2.1).

Proposition 1. The SMI posterior in eq. (3.2.8) minimises the following KL-divergence

over distributions in Fpiy,

Psmin(0,0,0 | Y, Z) = arg min Dg1(q(,0,0) || p(,0,0| Y, Z)). (3.2.11)

qe smi,m

Proof. The following is similar to the proof of the corresponding result for the Cut
model in Yu et al. (2021). For ¢ € Fymi,y, we have

Q<‘107 97 é) = ppOW,n(QO’ é | Y> Z)Q(9 | @, é)’

so it is sufficient to show that the KL divergence to the posterior is minimised by

q(0 | ,0) =p(0 | Y,p) (as that gives ¢ = pmi,,). We have,

DKL(Q(QO7Q~> Q(e ‘ 3079) H p(907e7§ | Ya Z)) = DKL(Q(Qoué) || ppOW,n<<p7é | }/7 Z))
+  EupDri(a@]¢,0) | p(0]Y,9))]
= Eppon,[Drcr(a(0 | ,0) || p(0 | Y, )],

and the argument of the expectation is non-negative and zero when ¢(6 | ,0) = p(0 |

Y, ), p € Q,, 0,6’~ € )y, SO ¢ = Psmi,, Minimises the original target. O

Modulating prior feedback

If a Cut is applied to a prior density p(f|¢), as in Liu et al. (2009); Jacob et al. (2017);
Styring et al. (2017) and we simply remove the prior factor at the imputation stage
then all that remains in the imputation posterior distribution is the base measure. A
detailed example is given in section 3.5.2. The “imputation prior” has been replaced
with a constant, and this may be inappropriate in some settings. However, we are

free to choose the imputation prior and we should use this freedom, as Moss and
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Rousseau (2022) illustrate. Here we outline how this is done in SMI. See section 3.7.1
for detail.

Consider the generative model ¢ ~ p(-), 6 ~ p(- | ¢) and Y; ~ p(- | ¢,0), i =
1,...,n. This model is shown in the leftmost graph in fig. 3.10 in section 3.7.1. The

posterior is
plp,0 1Y) o< p(Y [ ¢,0)p(e)p(0 | ¢).

The SMI-posterior is

Pemin (50,0 1Y) = ppown (0,0 | V)P0 | Y, ), (3.2.12)

where now
Ppowan (9,0 1Y) o< p(0)pn(0 | ©)p(Y | @, 0).

The imputation prior pn(é | ¢©) must satisfy pnzl(é | ¢) = p(0 | ). Like the Bayes
prior p(@ | ¢), the “Cut prior”, pn:O(Q~ | ©) = p(f) say, is a modelling choice. Typically
p(@ | ¢) is a Subjective Bayes prior elicited from physical considerations, but is
misspecified, and ﬁ(é) is a non-informative Objective Bayes prior.

This SMI-posterior belief update which cuts feedback in a prior is order coherent

in the sense of Bissiri et al. (2016) and Nicholls et al. (2022).

Proposition 3. The SMI posterior in eq. (3.2.12) with cut prior feedback is an order
coherent belief update.

Proof. This follows from the corresponding result for the Cut posterior which is given

in proposition 2 in section 3.7.1. O

Taking a normalised family p,(8 | @), 7 € [0,1] of interpolating priors ensures
that the marginal prior for p(p) in the imputation doesn’t depend on 7. An un-
normalised family such as p, (¢, 0) ﬁ(é)l_"p(é | ©)" has all the desired interpolating
properties, but the marginal p(¢) in the imputation stage will then depend on 7. In
some settings (for example when working with normal priors with fixed variance) the

two prior parameterisations may be equivalent as 7 scales the variance.

3.3 Variational Modular Inference

We define a variational approximation for modular posteriors based on the repara-
metrisation approach. Our strategy has an end-to-end training implementation which

avoids two-stage procedures, but converges to the same solution.
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3.3.1 Variational Inference and Normalizing Flows

Applications of Variational Inference (Jordan et al., 1999; Wainwright and Jordan,
2008; Blei et al., 2017) were initially focused on Mean Field Variational Inference
(MFVI). This class of variational approximations is competitive with MCMC for
prediction (Wang and Blei, 2019) but has disadvantages for uncertainty quantification
in well specified models, making it less appealing for Bayesian inference for problems
with small data sets where MCMC is feasible and well calibrated uncertainty measures
are important.

Advances in variational methods have been motivated by its use in generative
models in the Machine Learning literature and in particular in the context of Vari-
ational Auto-Encoders (VAEs) Kingma and Welling (2014, 2019) and applications in
machine vision. Variational families based on Normalizing Flows (NFs) (Rezende and
Mohamed, 2015; Papamakarios et al., 2021; Kobyzev et al., 2020) developed in that
context offer generative models which are much more expressive than MFVT and give
better calibrated measures of uncertainty. Adoption of NFs in applications of statist-
ical modelling and inference, where MCMC and MFVI are the de-facto approaches,
has been more limited. Stochastic Variational Inference (SVI) (Hoffman et al., 2013)
and Black Box Variational Inference (BBVI) (Ranganath et al., 2014) offer efficient
procedures to fit variational families which apply directly to NF parameterisations.
Recent advances include new methods for evaluating convergence and adequacy of
variational approximation (Yao et al., 2018; Xing et al., 2020; Agrawal et al., 2020;
Dhaka et al., 2020).

3.3.2 Variational Bayes in multi-modular models

We begin by giving a standard variational approximation to the Bayes posterior for the
multi-modular model. For concreteness, we use the multi-modular model in fig. 3.1.
Having established our methods on this class of models, extensions to other depend-
ence structures are straightforward, as we illustrate in section 3.5.2.

We take a parametrisation of the variational posterior in terms of a product

qs(,0) = g, (p)qs, (0 | ), (3.3.1)

with each factor using a disjoint subset 51 € Ay, By € Ay of a set of variational
parameters 3 = (01, 32), with 3 € B and B = A x Ay. Here A; = 1, Ay = RI2

and B = RM+L2 are typically high dimensional real spaces of variational parameters.
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Our notation implies a flow-based approach but captures a number of other para-
meterisations. Let € = (€1, €) be a vector of continuous random variables distrib-
uted according to a base distribution p(e) = p(ey, €2), with ¢ € RP¢ and ey € RPo.
We can for example take p(eq,€3) to be the ¢, 0-prior. Consider a diffeomorphism,
T : RPetPe — RPetPe defined by concatenating the two diffeomorphisms expressing o
and 6, so that

P(ore = Tiler; Br)
9(,3276) = Th(€9; o, €1)
T(e; B) = (Ti(ex; 1), Ta(€a; Bo, €1).) (3.3.2)

For flow-based densities, T3 : RP¢ — RP¢ and T, : 1P — RPe have properties listed in
section 3.7.3 (see Kobyzev et al., 2020, Sec. 3) which allow us to sample, differentiate
and evaluate the densities gg(p, 0) defined below. However, other familiar variational
families such as MFVI can be expressed using eq. (3.3.2). Note that T3 is a condi-
tional transformation that depends on €;, so it can express correlation between ¢ (g, ¢
and 6, (see section 3.7.4). In a normalising flow, 7} and 75 are compositions of
diffeomorphisms, each with their own parameters. This increases the flexibility of the
transformation.

The Jacobian matrix, Jp = 97'/0¢ is block lower triangular, so its determinant is
a product of determinants of Jy, = 97T /0¢; and Jp, = 915/0¢,,

|Jr| = [Jn| ||

with no cross dependence on (i, 52, so that Vg, log|Jn| = 0 and Vg, log|Jr,| = 0.

The joint variational distribution produced by the flow is then
q5(p,0) = pler, €2) ‘JT’_I
= 4p (Qp)qﬁz (9 ‘ 90>7

where

g5, (¢) = pe1) | Iz | 7", (3.3.3)
45,(0 | ¢) = plea | &) |Jn,| 7" . (3.3.4)

We need to be able to evaluate the determinants of the Jacobians Jp, and Jp,. This
works for a NF because the matrices are lower trianglular. However, other simpler

designs such as MFVT also admit straightforward evaluation.
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The optimal variational parameters minimise the KL divergence to the posterior,

but will not in general be unique. Let

and
B* ={f € B: Dgr(qs(¢,0) || p(,0 | Z,Y)) = Dy}, (3.3.6)

and let f* = (07, 83) € B* be a generic set of parameter values minimising the KL

divergence. The definition in eq. (3.3.6) is equivalent to maximising the ELBO,

ELBObayes = E(go,@)wqg(go,@) [logp(gp7 97 Z7 Y) - IOg Q5<()07 0)] (337)

Using the reparametrisation trick and expanding the joint distribution

ELBObayes = Ecp(e)[108 D(0(81,6), Oa,6), £, Y ) — 108 45(¢(51.6)5 O26))]
= Ecupo[logp(Z | 0(51.6) +10gp(Y | 9(81.6), 0(82.6)) + 108 D(0(51,0)5 O52.6))
— log p(€) + log | Jz|],

and the gradients of the ELBO with respect to the variational parameters (f;, 52) are

Vs, ELBOpayes = Eevp(e) [V {log p(Z | @) +1ogp(Y | ©,0) +1ogp(@)} Vs, {0}

+ Vg, log | Jr ], (3.3.8)
Vﬁ2 ELBObayes - Eewp(€) [VQ {logp<Y | P, 9) + 1Og p(@ | 90)} V52{0}
+ Vi, log [Jn|]. (3.3.9)

These gradients are used in Stochastic Variational Inference (Hoffman et al., 2013)
to obtain the optimal variational parameters $* € B* for approximation of the Bayes

posterior.

3.3.3 Variational SMI

In this section we define our variational approximation to the SMI posterior. For
this, we expand the variational distribution in eq. (3.3.1) to include the auxiliary

parameter 6. Again, we parametrise the variational posterior as a product,

0 (2,0,0) = ax, ()20, (0 | ©)ar, (0| ) (3.3.10)

where each factor has its own parameters, \; € A; and Ay, \3 € Ay where A; and A,

are defined above. Let A = (A, Ao, \3) with A € A and A = A; X Ay x Ay so that
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A = RE1+2L2 - The parameters of gy, (6 | ¢) and ¢y, (6 | ¢) both match the variational
Bayes parameterisation so we write (A1, A\2) € B and (A1, \3) € B. Let

Q = {q(,0,0); A € A}
denote the class of densities in our variational family.

3.3.3.1 The variational-SMI approximation and its properties

The purpose of SMI is to control the flow of information from the Y-module into
the posterior distribution for . This leads us to define three basic properties that a

useful variational approximation of the SMI posterior must possess:

(P1) (expresses Cut) at n = 0 the optimal variational posterior gy () is completely

independent of the generative model for Y, with

AL € {1 € Av: Dirlan (@) | p(¢l2)) = diy

and d?,, = miny, ea, Drr(an () || p(¢]2)).

(P2) (expresses Bayes) at n = 1 the marginal variational SMI posterior gx: xs (¢, 0) is
equal to the variational Bayes posterior, gs: s:(¢,0) in eq. (3.3.6), so (A}, \3) €
B,

(P3) (approximates SMI) for n € [0, 1], if psmi, € Q then the variational approxima-

tion is equal to the target SMI posterior, so gx+ = Psmi -

Properties (P1-2) require ¢y~ to interpolate a variational approximation to the
Cut-posterior (removing all feedback from Y into the variational approximation to the
distribution of ) and our original variational approximation to the Bayes posterior.
We will see that a standard variational approximation to the SMI posterior based
on the KL divergence between ¢\ and pgmi, cannot satisfy these properties. We
give a variational procedure based on the loss LE™ ()) in eq. (3.3.31), and show in
proposition 9 that if we take a variational approximation to psmi, minimising this loss

then our variational approximation satisfies properties (P1-3).

3.3.3.2 Defining the variational family

As in section 3.3.2, our notation it set up for flow-based approximation of the SMI
posterior, but captures other variational families such as MFVI. We expand the base

distribution and diffeomorphism to accommodate the auxiliary 8. The distributions
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p(e1) and p(ez | €1) and the transformations 7 and T, are unchanged from sec-
tion 3.3.2.

Let € = (€1, €9,€3) be the vector of random variables for our base distribution,
e ~ p(e), with €; and €5 as before and €3 ~ €3 so that e3 € RP?. Consider the extended

diffeomorphism 1" defined by the transformations,

Pone = Ti(er; A1)

9(/\2,6) = T2(€2; A2, 61)

é(/\g,e) = Th(e3; A3, €1)
T(e;A) = (Th (€15 A1), Tolea; Aa,€1), Toes; Az, €1)). (3.3.11)
See eq. (3.7.7) in section 3.7.4 for further details of these maps in a generic NF setting.
The Jacobian of the transformation, Jr = 97/0e¢, is block lower triangular as
before, so its determinant factorises |Jr| = |Jr, (€1)| |Jr, (€1, €2)| |Jry (€1, €3)] where we
draw attention to the different arguments in the Jacobian factors involving 75 but
omit the A-dependence. We give more details of the transformation 7" in section 3.7.3.
Our variational family approximating the SMI posterior pgy; , has variational para-

meters A = (A1, A9, A\3) and conditional independence structure
o (,0,0) = pley, €, €3) | Jr| (3.3.12)
= gx (9) 2 (0 | ©)ax (0] ©),

where ¢y, and ¢y, are given in egs. (3.3.3) and (3.3.4) (replacing § — ) and
0, (0 | ) = ples | &) [Jn,| . (3.3.13)

3.3.3.3 The standard variational loss does not satisfy Properties (P1-2)

A naive application of variational approximation to SMI would minimise the KL
divergence to the SMI posterior at \* = (A}, A5, A\j) where

A = argmin Dic1 (3 (#,0,0) | pania(,0,0 | Z,Y), (3.3.14)

(ignoring non-uniqueness for brevity). However, this presents two problems, one of
principle and one of practice.

The principle of SMI is to control the flow of information from the Y-module into
the posterior distribution for (. This is lost in this setup. The KL-divergence in
eq. (3.3.14) is

D1 (@ || Poming) = Drcr (@25 (9:0) || Poowa (0,0 | Y, Z))
+ Epugy [Drr(@n(0 ] @) | p(0 1Y, ¢))]. (3.3.15)
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The first term allows controlled feedback from the Y-module, as the Y-dependence
in the power posterior ppow, is controlled by n and vanishes entirely when n = 0.
However, the Y-module influences ¢y, (¢) when n = 0 through the second term and
so property (P1) cannot hold.

This variational approximation will not in general satisfy property (P2) either. In
order for property (P2) to be satisfied at n = 1 we must have (A}, \3) = (51, 53) for
some (07, f5) € B* whenever (A}, A5, \) satisfy eq. (3.3.14) for some \] € Ay, that
is, the marginal variational SMI distribution for (¢, #) must coincide with one of the

variational Bayes solutions. The optimal A* minimise eq. (3.3.15), so they maximise
the ELBO,

ELBOsmi naive — E(%é)NQM,AS (%é) [lOg ppow,n(gpa év Z: Y) - lOg X123 (()07 é)]
+ B 0)~an, , (0.0) 108 D(0,0,Y) —log g, (6 | ¢)] (3.3.16)
— Egan, (o) [log p(Y, 0)].

Since the \* parameters solve V,ELBOgminaive = 0 and the f* parameters solve
V3 ELBOpayes = 0, a necessary condition for (P2) is that Vj ELBObayes|ﬂ:(/\T’)\§) =0
(ie egs. (3.3.8) and (3.3.9) at 8 = (A}, \5)) at n = 1. However, using the reparamet-

erisation trick, the ELBOgpy;naive-gradients can be written

Vs ELBOuinaive = Eeup([Vs {log p(Z | 0) + nlogp(¥ | ,0) +logp(e) } Vi {7}
+ Vy, log |Jr, (€1)]
+ Vo, {logp(Y | 9,0) +logp(Y | ¢)} Va{e}], (3.3.17)
Vs ELBOsminaive = Eenp(e[Vo {logp(Y | ¢,0) +logp(0 | )} Va, {0}

+ V)Q IOg |JT2 (61, EQ)H. (3318)
v>\3 ELBOsminaive - IEefvp(e) [VQ {77 logp(Y ’ 2 é) + logp(é | 90)} V)\s{é}
—|—V>\3 10g|JT2(€1,62)|]. (3319)

If these equations and V3 ELBOypayes =0 all hold at at n = 1 then

‘B:(AT»/\S)

Ecupto [ Vo {logp(Y | 0,0) +logp(Y | &)} Vafe}] =0

Our variational framework has to satisfy (P2) for every target pemi, and every vari-
ational family Q. However, if we target the loss in eq. (3.3.14) then A* would have to
satisfy an over-determined system of equations at n = 1 and this will in general have

no solutions.
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We learn from this that the loss we seek for the variational SMI approximation
is not captured by the KL-divergence in eq. (3.3.14). However, there is a second
practical problem with carrying out Stochastic Variational Inference based on this
naive variational loss. In practice, in order to minimise eq. (3.3.15), we maximise
ELBOgminaive 10 €q. (3.3.16) using a Monte Carlo estimate of its gradients. The
last term in eq. (3.3.16) involves the intractable Ey.,, [log(p(Y; )], making the A;-

variation unrealisable in practice.

3.3.3.4 Objective functions for variational-SMI

One way to characterise variational SMI is by generalising the two-stage optimisation
approach given by Yu et al. (2021) for the Cut posterior. We will see that this
approach satisfies properties (P1-3), and that the optimal variational parameters are

given by minimising a customised variational loss. Let

d(q)\>~Fsmi,77) = qmin DKL(Q)\ || Q) (3320)

smi,n

define the divergence between the density ¢\ and the set of densities Fgui .

Proposition 4. The divergence defined in eq. (3.3.20) can be written

d(an Fomin) = Dicr(@r3 (95 0) | Prown(,0 | Y Z)), (3.3.21)
and hence does not depend on As.

Proof. See section 3.7.6. O

We now define the optimal variational parameters. These will minimise diver-
gence from distributions in Fgn,;, and otherwise approximate SMI. First, exploiting

proposition 4, (A;, A3) minimise eq. (3.3.21). Let

d5 . — in D ] (0,01, 2
mi = (1 Dicr (@332, 0) || Poown(,0 ] Y, 2))

Mgy = {0, %) € B2 Dcr(@nna(9,0) | Dpown(90,0 1Y, 2)) = dii}. (3.3.22)

Secondly, A is chosen for best approximation of psmi, at fixed (A}, Aj) € A7 5)- Let

Dgi(AT) = min Eqoy  [Dicr(0,(0 [ ¢) [ p(0 1Y, )]

Ao€EAo

Ay (A1) = {2 € Ag: By, [Dir(ax,(0 | ) || p(0 | Y, 90))] = Dis(A1)} - (3.3.23)

The following proposition shows that A\ € AE‘Q)()\{) targets a good fit to pemi -
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Proposition 5. The set Afy (\]) defined in eq. (3.3.23) is equivalently
D:mz<>\>{) = /\121'16111\12 DKL(Q()\’{,)\Q,A?;) || psmi,n)
(A1) = {X2 € Aot Drr(a0g 0009 | Psmin) = Dii( A1) }- (3.3.24)

Proof. Expand the KL divergence in eq. (3.3.24) using eq. (3.3.15) and substitute
(A1, A3) = (A7, A%). The first term does not depend on Ay and the second term gives
eq. (3.3.23). O

We now define variational SMI and show it satisfies (P1-3).

Definition 3.3.1. (Variational SMI) A variational SMI posterior density is a density
o (¢, 0, 9) parameterised in eq. (3.3.10) with \* € A* where

M= U {051, (3.3.25)

(ATAZEAT 5 \A3€AL)(A])
and A7) 5 and Af, (A7) are defined in egs. (3.3.22) and (3.3.23) respectively.
Remark. Our discussion in this section takes n fixed. As we vary 7 the target pymin

varies, so the set of optimal variational parameters A* depends on 7. Below we write

A*(n) when we need to emphasise this dependence.

Remark. The variational SMI parameters \* € A* are roots of the equations

V) Drr(@n s [l Poown) =0 (3.3.26)
Voo By, Drr(ax,(0 | ) || p(0 | Y, ) = 0 (3.3.27)
with positive curvature. We have not substituted A\; = A} in eq. (3.3.27). As a system,

any A; satisfying eq. (3.3.27) is required to be a root (with A}) of eq. (3.3.26) so the
system imposes this condition. This will allow us to solve these equations as a single
system using SGD on the loss £ in proposition 9 below, avoiding a two-stage

procedure.

Remark. Consider the variational family defined in eq. (3.3.12). Using the repara-
metrisation trick and expanding terms, egs. (3.3.26) and (3.3.27) are

0 = Byl V, {logp(Z | ) + nlogp(Y | 9,0) +logp() } Vi, {0}

+ Vi, log | Jr, (€1)]], (3.3.28)
0 =Ecp)[Vo {logp(Y | ¢,0) +logp(6 | )} V2, {0}

+ V., log |Jz, (€1, €2)]] (3.3.29)
0 = EeupioVa {nlogp(Y | ¢,0) +logp(d | ) } V1, {0}

+ Vi, log [, (€1, €3)] (3.3.30)
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Notice that the extra terms in eq. (3.3.17) are absent in eq. (3.3.28) so A* will not be

over-determined when we come to match variational Bayes at n = 1.

Theorem 1. Variational SMI in definition 3.3.1 satisfies properties (P1), (P2) and
(P3).

Proof. See section 3.7.6 where P1, P2 and P3 are demonstrated in proposition 6, 7
and 8 respectively. O

3.3.3.5 The overall loss targeted by variational-SMI

We have defined A* in two steps, egs. (3.3.22) and (3.3.23) with two losses, d(qx, Fsmi)
and Dgr,(qx || Psmiy)- We can bring this together into a single overall loss in two ways.
The first (eq. (3.3.31)) is formal and the more useful for computation. The second
(eq. (3.3.34)) is useful for mathematical understanding.

For computational purposes we define the loss £ targeted by variational SMI

using the stop-gradient operator, denoted as ¥/(-), acting on P(er) Let
E(smi,n)()\) = ELBOP0W777()\17 )\3) + ELBObayes/V(Lp)(Alv >\2) (3331)
where

ELBOjonn(At: A3) = B g 1108 Ppown (0,6 Z,Y) = log a5, (0, 0)] (3.3.32)

ELBObayes () (A1, A2) = E(p0)mgs, o, [108P(¥ (), 0, Z,Y) = log gr, 1, (¥ (), 0)]-
(3.3.33)

with the joint and powered joint distributions given as egs. (3.2.3) and (3.2.10).

The stop-gradient prevents the contribution of its inputs to be taken into account
for computing gradients. Operationally, ¥/(-) acts as the identity function in the for-
ward direction, that is, it returns its arguments unchanged. However, it prevents the
flow of gradients through that operator in the backward direction in automatic dif-
ferentiation. It does not prevent backpropagation altogether, but instead prevents an
individual tensor from contributing to the gradients that are computed for an expres-
sion. (See e.g. Bradbury et al., 2018). More formally, if we consider a differentiable
function f, the stop-gradient operator yields a modified function g = ¥(f) with the
properties of value preservation, g(x) = f(x), and gradient annihilation, Vg(x) = 0.

In eq. (3.3.31) we are in effect defining the function and its derivative separately
and so this loss is formal and cannot take the place of proposition 10 below in giv-
ing meaning to the variation. However it is convenient for implementation, as the
stop_gradient operator is directly expressed in the automatic differentiation frame-

work we use.
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Proposition 9. The set A* in definition 3.3.1 is the set of solutions of VyLE™M) = ()

corresponding to minima.
Proof. See section 3.7.6. O

An overall loss function can be given as follows. Let v > 0 and

‘C(v)()\) = d(Q)\a ‘Fsmi,n) +v- DKL(q/\ || psmi,n) (3334)

denote a weighted loss which allows varying levels of priority to be put on proximity

to Feminy and approximation of pmi -
Proposition 10. Let £*(v) = minyes L&(N) and
AM)={reA: LON) =L (v)).

Under regularity conditions on Fepiy and psmiy given in proposition 11, for every
solution \* € A* in definition 3.53.1 and all sufficiently small v > 0 there exists a
unique continuous function \*(v) satisfying A*(v) € A*(v) and

lim A*(v) = A™.

v—0

Proof. See section 3.7.6. O

The value of proposition 10 is that it allows us to interpret g -, A* € A* as
minimising a proper loss function £*) at small v (approximately). The minimum loss

L*(v) decreases as we expand the variational family Q and is zero when pgni, € Q,

*
smi

in which case ¢y« = psmi, for A* € A*(v). In contrast, although d; decreases as Q

expands, D .(A\}) may increase, though must eventually go to zero when Q expands
to include pgmin, by theorem 1. However, L") is not a viable optimisation target
at small v because the second term in eq. (3.3.34) is intractable, as we saw in our

discussion of eq. (3.3.16).

3.3.3.6 Stochastic gradient descent for variational-SMI

Algorithm 2 gives our Stochastic Gradient Descent method to target the SMI posterior
for a fixed value of the influence parameter, n. The algorithm is based on the loss
LEm0) in eq. (3.3.31) and consists of a single training loop, using the stop_gradient
operator to avoid two-stage optimisation procedures. This is given for understanding.
In section 3.4 and algorithm 3 we will train a “meta-posterior” approximating the

whole family of SMI-posteriors as a function of 7.

67



Algorithm 2 Variational Posterior approximation for pgmi

Input: D: Data. p(y,0,D): Multi-modular probabilistic model. g\ = (p(¢), T, \):

variational family. A
ule(s)

value of € [0, 1]: Influence parameter(s) for suspect mod-

Output: Variational approximation g (¢, 6, é) of the n-SMI posterior.

Initialise variational parameters A
while SGD not converged do
(Optional) Sample a random minibatch of data D®) ~ D.

for s=1,...,5 do

Sample the base distribution, €, ~ p(e).
Transform the sampled values (s, 05, 05) < T'(e5; \) as in eq. (3.3.11).

end for

Compute the Monte Carlo estimate of the loss £6™) in eq. (3.3.31) and its

gradients.

where

ELBO oy =

mﬁ (p) =

LEmD — ELBO oy, + ELBOg,) (3.3.35)

[logppow,n(%, 05, DY) —log q(is, 9})} (3.3.36)

Nl
]

s=1

[log p(¥(¢ps), 05, DY) —log q(¥(0s),6.)]  (3.3.37)

| —
E

s=1

Update A using the estimated gradient vector VL (smin)
Check convergence of g, (s, 05, 6;)

end whilp
return A\ = \

3.3.4 Selecting the SMI posterior

We now give a utility for selection of the influence parameter n. This will depend on

the goals of inference.

Recall that Y € Y™ and Z € Z". In the following we take

a predictive loss based on the SMI-predictive distribution for independent new data

(y,2) €Y xZ,

ro
psmi,n (?/ ) <2

Y, 2) = / (0 | 0, 0)pamin(0,0 | Y, Z) dipdo),

and a utility which is equivalent to the negative of the KL divergence to the true

generative model for the new data p*(v/, 2’). This utility is the Expected Log-pointwise
Predictive Density (ELPD) (Vehtari et al., 2017),

U(n)

— /p*(y’,z') log(psmin (v, 2 | Y, Z2)) dy'd=’".
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In our variational setting, these quantities are replaced by estimates based on our
variational approximation gy« to psmi,,. The variational parameters are A*(n) € A*(n),

per section 3.3.3.4. We define the variational SMI posterior predictive distribution

0y ) = / (. | 0.0)an0 (2,0) dipde, (3.3.38)

with corresponding utility

Un) = / P, ) log(a,(y, ) dy/ 2" (3.3.30)

We estimate U in eq. (3.3.39) using the WAIC (Watanabe, 2012), following Vehtari
et al. (2017). See section 3.4.3 for further details. When the variational SMI posterior
predictive distribution can be calculated in closed form, U(n) may be estimated using
leave one out cross validation. This is asymptotically equivalent to the WAIC, but
will in general be too computationally demanding to compute. In order to complete

the inference, we select the optimal influence parameter
n* = argmax U (n), (3.3.40)
"

and return the final selected variational SMI posterior, gx-(;+)(, ), for further ana-
lysis.

A number of other procedures have been given for selecting the influence in a
pure power-posterior setting. Wu and Martin (2023, 2021) introduce a new method
and summarise and compare a selection of methods, reflecting different priorities in
the inference and corresponding utilities. If our goal is parameter estimation, then a
utility that directly targets parameter estimates, rather than predictive distributions,
will be preferred. In recent work, Chakraborty et al. (2023) select 1 as the most
Bayes-like (i.e., the largest) value that does not show goodness-of-fit violation with
the Cut. Carmona et al. (2023) use a utility tailored to their inference objectives.
They have data in which 6 is a high dimensional vector, and some of the components
of # are directly measured. They use the posterior mean square error for prediction
of known f-components in a LOOCV framework to select n, linking 7-selection to

success in parameter estimation.

3.4 The Variational Meta-Posterior

In order to select a variational SMI posterior we estimate the selection criterion U(n)

in eq. (3.3.39) as a function of n and select an optimal n-value in eq. (3.3.40) and the
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variational SMI posterior ¢y(,+). For this we need the fitted parameters A*(n) as func-
tions of . When n € [0, 1] is scalar, we can fit the variational posterior independently
at a lattice of n-values, estimate the ELPD at each value, smooth the estimated ELPD
values over i € [0, 1] and select the n-value maximising this function. However, when
we analyse multi-modular models with multiple misspecified modules, the dimension
of  grows with the number of bad modules and so independent fitting is not feas-
ible. In this section we give two parameterisations of the Variational Meta-Posterior
(VMP), @r(ap) and gay. In the former, based on a “VMP-map”, the parameters A of
the NF are expressed as functions of 7 with parameters a.. In the latter, based on a
“VMP-flow”, n is an additional input to the NF with additional flow parameters p,
and a = (\, ).

3.4.1 Motivation and definitions

The SMI-posterior varies continuously with 7. Expanding the KL divergence at n+ 4,

Dict(pawin | Paicr5) = ~0 By (108(0(Y | 9,0)) + 108 ( Bponn(p(Y | ,0)%))

and this is continuous and has continuous derivatives in ¢ if the integrals exist. This

motivates parameterisations of qy(a,y) and ¢, which are continuous in the same sense.

3.4.1.1 The VMP-map

Continuity holds in a stronger sense. Under regularity conditions, a continuous se-
quence of solutions A*(n) € A*(n) passes through any point A\* € A*(n*). Applying the
Implicit Function Theorem (as in proposition 11 in section 3.7.6), to the n-dependence
of the roots of the functions on the LHS of egs. (3.3.26) and (3.3.27) we find that, for
every \* € A*(n*), there is a unique continuous function A*(n) satisfying \*(n) € A*(n)
for n in an open neighborhood of n* and satisfying A*(n*) = A\*. The regularity condi-
tions require the functions on the LHS of egs. (3.3.26) and (3.3.27) to be continuously
differentiable in A and 7, and the Jacobians of those functions (in (A;, A3) and A2) to
be invertible at A = \*.

This motivates a low dimensional reparameterisation of A which approximates

A*(n). Let Ma,n) = fo(n), where a € A is a vector of real parameters and let
fairH = A (3.4.1)

be a continuously differentiable mapping parameterised by a. We refer to f, as the

VMP-map and define a Variational Meta-Posterior as a family of distributions
Qta = {40 » n€E H}, acA (3.4.2)
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There is a question of how the o parameters should contribute to the different

components of A. We take oo = (o, g, cv3) and

fa(n) = (S ), £2 (), f2(m)

where féll) :H — Ay and f,%),féi’,) : H — Ay and set A\p(ay,m) = C(Jz)(n), k=12 3.
This gives f, : H — A as before, but breaks up the dependence as

(@ (arme)s Oosiazm,s Dosiasm.0) ~ Qam- (3.4.3)

Changing a; to improve the fit to the ¢ distribution at one 1 does not affect the 6
distribution at another n-value, though it will affect the ¢ distribution there.

A very expressive VMP-map may be undesirable due to a bias-variance trade off
in the estimation of A\*. The estimates A of \* output by algorithm 2 are estimated
independently over n and will not in general lie in A*(n). Reparameterising with f,
and estimating & for best fit across 7 € H smooths the output A(n) = fa(n), n € H
at the price of some potential bias. Properties (P1-3) hold only approximately on
both outputs.

3.4.1.2 The VMP-flow

When we parameterise the VMP with a NF, we model the n-dependence of the vari-
ational densities ¢. We can parameterise the function A\*(n) using a VMP-map. Al-
ternatively we can add an n-input to the maps 71, T (technically an extra conditioner,
like €1). The flow architecture is expanded with extra nodes and weight parameters
= (1, p2, pu3) with g € M say. The map T is continuous in its inputs so ¢ will be
continuous in 7. Let a = (a1, ag, a3) with ag = (Mg, px), £ =1,2,3 and o € A where
now A = A x M. The transformations 7,7, with input n are given in terms of the
conditioners and transformers of the NF in eq. (3.7.9) to eq. (3.7.11) in section 3.7.4.
Formally,

Plarme = Ti(er;an,m)
Oazme) = Ta(€2; 2, (1, €1))
Otosme) = Ta(es; as, (1, 1))
T(e;a,n) = (Th(er;a1,n)), Tolez; an, (n,€1)), Tales; as, (n,€1))) . (3.4.4)

We call this extended flow mapping 7" with input n a VMP-flow. In terms of the new
map, the variational densities are

Gon(0,0,0) = Qa0 (©)dasn (0 | ©)dasn(0 ] ), (3.4.5)
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simply replacing Ay < ag, k£ — 1,2,3 and making the n-dependence explicit as it
is a flow input. This gives a second Variational Meta-Posterior as the family of

distributions

QH@ - {qa,n , 1 € H}J ac A (346)

3.4.1.3 The VMP and SMI

Definition 3.4.1. The Variational Meta-Posterior for SMI is given by a pair (Psmi, Qn),
where Poni = {Psmiy : 7 € H} is the family of SMI posteriors indexed by 7 which we
want to approximate and Qp = UacaQp o is the family of all available Variational
Meta-Posteriors determined using the VMP-map in eq. (3.4.2) or the VMP-flow in
eq. (3.4.6).

3.4.2 Learning the Variational Meta-Posterior for SMI

In this section we give losses for estimation of a* in the VMP-map and VMP-flow.

Let m1.r = (0:)r=1,..r be a given lattice of n-values and let

o) = 5= > A ), w € A

r=1

The values in 7.z would ideally be concentrated around n*. As this isn’t known in
advance, concentrating them near the points 7.z € {0, 1} is a useful rule as \*(n)
often varies rapidly with 7 near Cut and Bayes. Adaptive sequential estimation and
maximisation of U(n) may be of interest in future work.

We take a meta-SMI loss weighted across n € 71.g. For the VMP-map this is
Llmmi=men) () = B, (£ (£, ()

R
_ %Z LEmI(F () (3.4.7)

where £ ()) is defined in eq. (3.3.31) and we have taken A = f,(n) in order to

enforce the parameterisation at each n € ny.g. For the VMP-flow the loss is
ﬁ(msmi —flow) (O./) _ ]Ean (ﬁ(msmi —flow,n) (a)) (348)

where £(msmi=flown) () is obtained by substituting ¢(a, .0 etc into L7 in eq. (3.3.31)
and is defined in detail in eq. (3.7.13) in section 3.7.4.
In the VMP-flow the optimal variational parameters A* don’t depend on 1 and

this seems to give relatively more rapid and stable convergence in SGD targeting
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Lwsmi—flow) (o) compared to SGD targeting in £(™s™=™aP) () (given in algorithm 3).
It is a relatively “lightweight” parameterisation, as the dimension of « in the VMP-flow
is quite a bit smaller than that of x4 in the VMP-map.

In order to estimate a* = arg minge 4 £™™) () (dropping the -map and -flow dis-
tinction, and ignoring non-uniqueness for brevity) and fit the VMP, we apply SGD,
simply replacing £ ()\) algorithm 2 with £™™) () in algorithm 3 in section 3.7.5,
and updating a with the gradient V,£™™) instead of updating A with the gradient
VALEmm - We implement this using Stochastic Variational Inference (SVI). We take
a continuous density p and sample a new batch 7.z of n-values at each pass of the
SGD algorithm. We approximate the family Pg,; in a single end-to-end optimisa-
tion, propagating the loss function gradients through the VMP-map or -flow using
automatic differentiation. See algorithm 3 in section 3.7.5.

When dim(H) = C (C influence parameters for C' cuts) we have vectors 7, =
(M sMow)s T =1, ..., R. We defined p for resampling purposes as 1., ~ beta(a, 1), ¢
1,...,C with a < 1 independently for each component of 7, for example a = 0.2. This

concentrates sampled 7 at the Cut boundaries of H as noted above.

3.4.3 Maximising the ELPD using the Variational Meta-Posterior

The VMP allows us to produce posterior samples for any given n € H efficiently.
This helps us find the best influence parameter n* (see section 3.3.4), as we can
estimate the utility function U(n) accurately in fractions of a second and compare it
across the family of SMI posteriors. In settings with a single cut, maximising U(n)
may be as simple as linear search, but in the case of many potential cuts, with a
higher-dimensional H space, we require more elaborate search strategies.

In our case the utility U(n) is the ELPD and we estimate this (its negative) us-
ing the WAIC estimator given in Vehtari et al. (2017) and minimise the WAIC over
n € H with SGD. Denote by ¢4, = (soa,n,e,ea,n,e,é&m,e) a full sample parameter
vector Yane ~ qan from a fitted VMP-flow evaluated at 7. Denote by ¥4,.,., a
set of J iid samples from ¢,, and let D = (Y,Z) denote the data. The WAIC is
a function —/elp?d(wd,wu, D) of the samples and data (Vehtari et al., 2017). In or-
der to implement SGD we need function evaluations and derivatives of —/ello?d(n)
wrt 1 (keeping only the 7 dependence). Function evaluations are very fast. In
our JAX/TensorFlow setup (Babuschkin et al., 2020; Dillon et al., 2017) we get 7-
derivatives using automatic differentiation through the functions in the ELPD and all

the way into v¥s4,, j =1,...,J. This can be seen in operation in our online code.
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The main difficulty (in our example in section 3.5.2 where n € [0,1]V) is that the
ELPD is clearly non-convex (from our plots), and quite flat when the n components
are all close to one. We therefore initialise SGD using an (informed) greedy backward
search. This uses backwards selection over cuts starting from Bayes, cutting the
module which gives the greatest reduction in —/elp?d and stopping when no decrease

is possible.

3.5 Experiments

Our experiments illustrate the following points: Variational-SMI with a NF and
without (definition 3.3.1) or with (definition 3.4.1) a VMP accurately approximates
SMI-posteriors at all n in the examples we consider; the VMP-framework allows us to
select an influence parameter vector n* € H, where H = [0,1]¢ and C is the number
of cuts, at values of C' which are completely out of reach for one-n-at-a-time MCMC
or variational-SMI. MCMC is fine if we want to check the VMP at a handful of n
values.

We use two examples which have become default test cases (e.g. Plummer, 2015;
Jacob et al., 2017; Carmona and Nicholls, 2020; Liu and Goudie, 2022b; Nicholls et al.,
2022). In the first epidemiological example taken from Plummer (2015), we show that
VMP agrees with variational-SMI and nested-MCMC (which serves as ground truth)
across a range of n-values and in particular at n = 0,1, Cut and Bayes. An expressive
variational family is needed, so while NFs are effective, MFVI fails. In the second
random effects example taken from Jacob et al. (2017), we illustrate variational-SMI
with multiple cuts, and compare different methods for estimating the utility U(n)
which we take as the ELPD throughout. In a companion paper, Carmona et al.
(2023), we give an analysis of a spatial model where MCMC at even one n-value
is infeasible. This (third) extended example illustrates careful choice of utility for
n-selection, as well as being of independent interest in the application domain.

Our variational family has Neural Spline Flow (NSF) transformers (Durkan et al.,
2019) with MLP conditioners in eight coupling layers (Dinh et al., 2016), with a
MFVI analysis for comparison. See section 3.7.4 for this terminology. We found
this arrangement gave an expressive transformation 7' = (71,75, T,) that was easily
trained and worked for both examples. Code to replicate all results in this section is

available as an open-source repository 2.

’https://github.com/chriscarmona/modularbayes
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Our implementation is based on DeepMind JAX Ecosystem (Babuschkin et al.,
2020) and TensorFlow Probability (Dillon et al., 2017). Experiments were carried out
using a single Cloud TPU machine type v3-8. Qualitative runtimes to approximate
a single SMI posterior for the Random Effects example using our favoured NF were
in the range of 10 minutes and sampling 10000 iid samples takes less than a second.
This total time is similar to the time to obtain one correlated sample of size 10,000
at one n-value using nested MCMC. Training the VMP required between 0.5 and 2
hours. However, this training time is compensated by a significant reduction in the
search for n*, as we can generate samples from any ¢s,,, and estimate U(n) (the WAIC)
in a fraction of a second. Optimisation using greedy initialisation and SGD requires
thousands of WAIC-estimates and took about 5 minutes using the VMP, whereas
each of these estimates would take 10 minutes using MCMC. Further, we cannot get

gradients by automatic differentiation in nested MCMC.

3.5.1 Epidemiological Model

We revisit the well-known epidemiological model for the correlation between Human
papillomavirus (HPV) prevalence and cervical cancer incidence (see Maucort-Boulch
et al., 2008; Plummer, 2015, for details). In this modular model a small “expens-
ive” prospective trial controlling sample selection from the target population gives
straightforward statistical modelling. A second much larger retrospective data set
contains information about population parameters, but was gathered with little con-
trol over sample selection bias. This sort of data synthesis appears frequently. For
example, the simplest Covid prevalence model in Nicholson et al. (2022), which brings
together sample survey data and walk-in testing results, belongs to this class.

The data consist of four variables observed from n = m = 13 groups of women
from n different countries. The model has two modules, a Binomial distribution for
the number Z;, ¢+ = 1,...,n of women infected with HPV in a sample of size N; from
the 2’th group and a Poisson distribution for the number of cancer cases Y; during T;

women-years of followup. That is,

Z; ~ Binomial(N;, ;).
Y; ~ Poisson(u;)
pi = Tiexp(0y + Oap;), i=1,...,13.

Following previous authors, the parameter spaces are 6 € [0,00)% and ¢ € [0, 00)"

and the priors are truncated independent normal priors with variance 1000.
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Our variational approximation takes an L = 17-dimensional independent standard
Normal p(e) = N(€;0,1;7) as our base distribution (L; = 13 elements for ¢, Ly = 2
for 6, and so also Ly, = 2 for 9~) The NF-conditioner in T5 (section 3.7.4) takes €1.13 as
an input, allowing correlation between ¢ and 6 and between ¢ and 0, and conditional
independence between # and given .

Samples from a VMP ¢y, (, fitted using VMP-NSF-MLP and a VMP-map are
shown in fig. 3.3 (at n € {0.001,0.1,1}, corresponding to the Cut, Bayes, and a
value of 7 “halfway” between the two ). “Ground truth” SMI distributions obtained
using nested-MCMC (Plummer, 2015; Carmona and Nicholls, 2020) are shown in
fig. 3.11 for comparison. Samples from the VMP ¢4, fitted using a VMP-flow and
samples from variational-SMI distributions g5, (estimating A*(n) separately at each
n without a VMP) are essentially identical to the variational g, (n) posteriors and
are omitted. The good agreement here to MCMC shows both that the training losses
LEmm) and £msm) we wrote down in section 3.3.2 and section 3.4 are doing their job
and enforcing a good fit t0 psmi, over all n € [0, 1], and at the same time interpolating
variational approximations with good inferential properties to the Cut (no Y-module
feedback) and Bayes (full feedback) posteriors.

In section 3.7.7 we include a comparison with MFVT (see fig. 3.12). This demon-
strates its failure, under-dispersed relative to the target psmi,, and demonstrates the
advantages of using an expressive flow-family. In this example we omit the final stage
of an SMI analysis, that is, we do not estimate the ELPD and select n* and pgmi -
As the variational posteriors match nested MCMC, this part of the analysis is the
same as that given in Carmona and Nicholls (2020) (though faster, as sampling our
flow is much faster than nested-MCMC).

3.5.2 Random effects model with Multiple Cuts

The example in this section illustrates the VMP with multiple cuts, demonstrating its
convenience in settings with more than two modules. The modules are all potentially
misspecified, which in this model gives thirty cuts. The influence parameter vector
n=(m,...,nn), n € H regulates the influence of each module. We take our random
effects model and synthetic data setup from Liu et al. (2009) and Jacob et al. (2017).

Denote by Y; = (¥i1,- .-, Yin,) the datain group ¢ = 1,..., N. We take N = 30 and

n; = 5 below. The hierarchical Gaussian model with random effects 8 = (5;)i=1,..n

3for illustration we take 0.1 instead of 0.5 because posteriors with 1 > 0.2 are very similar
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Figure 3.3: Samples from the Variational Meta-Posterior in section 3.5.1, obtained
using VMP-NSF-MLP. Rows correspond to influence levels n = (0.001,0.1,1). The
left column shows the relation between HPV prevalence (¢) and cervical cancer in-
cidence p; = 01 4 05p; colored by group ¢ = 1,...,n for the n = 13 groups in the data.
The right column shows how the joint distribution of slope (#;) and intercept (65)
varies with 7. All samples are produced using a single VMP-map.

and variances o = (0;);=1,.n is specified as follows:

Y;;j ~ Normal(;, af),

Bi

7 ~ Normal(0, %),

i=1,...

7

SN 9=1,...

y Iy



with o and 7 priors
p(o}) oco;”
1

5 -
2 L LNV 9

A graphical representation of the model and its cuts is displayed in fig. 3.4. The Bayes

p(7 | o)

\

(_groupi=1,....N )

Figure 3.4: Graphical representation of the model for random effects.

posterior is
p(o, B, 7| Y) ocp(Y | o, 8)p(B | T)p(T | o)p(0).

Since this is a study on synthetic data, we follow Liu et al. (2009) and take the number
of groups N to be large and the number of replications n; per group to be small as
this gives a strong distorting effect under the misspecified model. We simulate data
from the true observational model, p*(Y') = p(Y | 5%, ¢*), with two very large random
effects, 57 = 10 and ;5 = 5 and zero for the rest, 37 =0 fori=3,..., N. We take a
unit scale for all groups, o7 =1 for ¢ =1,..., N. The data are shown in fig. 3.5.
Our choice of how to divide the model into modules depends on how we plan to cut.
Liu et al. (2009) have two modules and one cut: Module 1 is the observation module
(Yi, Biy 0i)i=1...~n, while Module 2 is the prior module (3;, 0;, 7)1, ~. Those authors
discuss how the Bayes posterior is distorted when the underlying true random effect 3,
in a single group of observations is significantly different from the rest of the groups,
so the |7 prior is misspecified. They take a Cut posterior peu(o, B |Y'), replacing
the prior p(8|7) with an improper imputation prior $(3) oc 1. This eliminates prior
feedback as in section 3.2.1.1 and section 3.7.1 using an implicit imputation prior.
This prior is conjugate so the random effects § are integrated out to give, at the first
stage, peut(o | Y) = [, p(0;]Yi). At the second stage the Cut distribution of o|Y" is
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Figure 3.5: Simulated data for the random effects model of section 3.5.2. With
By =10,85 =5, =0fori=3,...,Nand of =1fori=1,...,N.

fed into the posterior p(3,7|Y, o), using the original prior p(f | 7) and conditioning
on the imputed ¢.

In contrast to this all (Bayes) or nothing (Cut) approach, SMI reduces the influence
of some of the groups that may be causing contamination of the posterior. Our
modules are for i = 1, ..., N the separate generative models for (Y;, 8;, 0;) and (5;, 0, 7)
so we have in effect 2N = 60 modules, and we work with the joint distributions
involving . The marginals would still be available, but the higher dimensional joint
distributions have interesting shapes and present more of a challenge. Our target SMI

posterior is

psmiﬁ](avﬁ77—7ﬁ~7% ’ Y) - ppO'lU,n(O-7B7% ’ Y) p(ﬁ77— | 0-7 Y)? (351>
where
~ ~ N ~
Prowan(0, 8,7 1Y) o< p(Y | B,0) p(7 | o) [ 50, (5: | 7), (3.5.2)
7,;1
p(B.7|0.Y) xp(Y | B.0) p(r | o) []p(B: | 7) (3.5.3)
i=1

Performing Semi-Modular Inference using eq. (3.5.1) entails a 30-dimensional influ-
ence parameter ) € H with H = [0,1]*°. The SMI imputation is

(0-7 Ba 7:) ~ ppow,n<o-7 B7 T | Y)a
and the analysis is
(8,7 |0) ~p(B,7|0,Y).

The modulated priors p,, used at the imputation stage are chosen to interpolate

between the same cut prior p(f) o« 1 and analysis priors as before. Following the
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discussion in section 3.7.1, we define the modulated imputation prior as a normal
density

P (Bi | 7) = N(B3;0,7/mi),
and p,(6 | 7) = [, B, (Bs | 7). This parameterisation gives the Cut prior (5 | 7) —
p(3) as n — 0 and the Bayes prior p,(3 | 7) — p(6]7) as n — 1.

Our goal is to optimally modulate the feedback from each group into the shared
distribution of the f’s. Accurate estimates of the utility U(n) in eq. (3.3.39) are
needed in order to locate the maximum-utility influence-vector n* in eq. (3.3.40). We
could approximate the modular posterior, using either nested-MCMC or variational
SMI, at a lattice of n-values in H = [0,1]", but this quickly becomes impractical
with increasing N. Instead we approximate the candidate SMI posteriors at all n
in a single function by learning gy, (, and gs,, the flow- and map-based Variational
Meta-Posteriors. We found we could do this fairly accurately with the essentially
same VMP-NSF-MLP meta-variational setup we used in section 3.5.1. The inputs to
the flow are ¢; ~ N(0,Iy) (these express o), e ~ N(0,Iy,1) (expressing 3,7) and
€3 ~ €y (expressing 37 7). Runtimes for algorithm 3 are manageable as simulation of
the VMP,

(0,8,7,8,7) ~ () (3.5.4)

at given a7 is fast: set (A1, A2, A3) = fa(n) and then compute o = T1 (A1, €), (8, 7) =
Ty(\a,€) and (B,7) = Ty(\3, €) using the deterministic flow mapping in eq. (3.3.11).
Simulation of g4, is slightly faster.

Our results at n = Oy, 1y are qualitatively consistent with the Cut and Bayes
analyses in Jacob et al. (2017, Sec. 4.4). We took two misspecified effects rather
than one, but in other respects the setup is the same. Samples from the exact pgmi
posterior produced via MCMC are shown in fig. 3.13 for a selection of variable pairs.
Comparing these with the corresponding distributions given by VMP-NSF-MLP in
fig. 3.6 using a VMP-map, we see good agreement across each of the three rows/n-
configurations, despite the highly irregular contour shapes. We emphasise that all
samples are produced from a single VMP ¢y, (), and we just plug in different n-values
to get different rows in fig. 3.6. The VMP-flow density g4, converged much more
rapidly to agreement with the ground truth than did the VMP-map density gy, ),
but Qp s approximates Pgy,; accurately in both cases. We omit the corresponding
VMP-flow plots as they are essentially identical.

Selected components of the VMP-map f4(n) are shown in fig. 3.7. The surfaces

in the top row show a complex structure across the two axes: varying influence
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parameters in the misspecified groups has a significant impact on the variational
posteriors. However, the surface in the bottom row of plots is almost constant with
n3: cutting one of these “good” groups with labels 3,...,30 doesn’t have a strong
impact on the variational posterior.

Producing nested-MCMC plots for comparison with the corresponding VMPs at
a few n-values is undemanding. However, this is where the contribution from MCMC
ends. Accurate estimation of the the utility U(n) = elpd(n) over n € H becomes
prohibitively expensive using two-stage nested-MCMC methods. The posterior pre-
dictive p(y, 2|Y, Z) in eq. (3.3.39) must in general be estimated using samples from
the VMP. Although the density ¢4, is available in closed form and can be sampled
independently, it is nevertheless a complicated function. However, as noted above,
the simulation in eq. (3.5.4) is fast. In fig. 3.9 we plot (negative) elpd(n)-surfaces
using the operational WAIC-estimator. We check this estimate using direct simula-
tion of synthetic data ¢y’ ~ p*(-). In the top row, reducing the feedback from the two
misspecified modules improves predictive performance (the ELPD is larger at smaller
N1, no-values). In the bottom row, where we vary (ny,7n3) € [0, 1], the rates for one
misspecified and one well-specified group, we see that the ELPD surface is relatively
flat for 73, the influence a well-specified group, though trending up with increasing
n3-

Figure 3.8 illustrates the initialisation stage for the minimisation of the WAIC.
The second SGD-stage on the WAIC target terminates quickly from this initialisation.

The estimated optimal values 7* (rounded the first decimal place) are
4" =(0,0,1,1,1,1,1,1,1,1,1,1,1,1,1,0.9,1,1,0.9,1,1,1,0.8,1,1,1,1, 1,1, 1).

This result shows the method is working as information from the first two modules is
cut while the rest are Bayes or close to Bayes. This is as expected as we have synthetic
data with modules 1 and 2 misspecified. The resulting /* gives a pgmi 4+ which is hard
to distinguish from the pgy;, posterior at n = (0,0,1,...,1) (shown in fig. 3.4) as the

SMI-posterior is insensitive to changes to ns, ..., ny close to Bayes values.

3.6 Discussion

We have given variational families and loss functions for approximating Cut- and
SMI-posterior distributions. Much of the presentation is agnostic to the details of
the variational family. However, we focus on parameterisation based on NFs as this

overcomes many well known weaknesses of variational inference. We saw no sign of
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Figure 3.6: Samples from the Variational Meta-Posterior of the Random Effects
model, obtained from a VMP-NSF-MLP architecture. Each graph shows the joint
distribution of a selected pair of parameters. Rows correspond to three modular feed-

back configurations between groups: (Top row) Bayes, n; = ... = n3g = 1; (Middle)
One Cut module, n; = 0, 72 = ... = 139 = 1; (Bottom) Two Cut Modules, n; = 19 = 0,
N3 = ... = n3p = 1. Compare MCMC in fig. 3.13.

underdispersion relative to an MCMC-baseline in our examples. In contrast MFVI
approximated the n-dependent mean of the pgyi, target well but was significantly
underdispersed.

The loss function we use (really two loss functions) in definition 3.3.1 is not the
standard KL divergence between the variational density and target, as that loss does
not allow control of information flow between modules. Our loss removes depend-
ence on cut modules when we impute parameters in well-specified modules at n = 0
(the Cut-posterior). Just as pgmi, interpolates between the Cut and Bayes posterior
distributions, so our variational approximation gy-(; exactly interpolates between a
variational approximation to the Cut due to Yu et al. (2021) and standard variational
Bayes. Although the optimized loss need not decrease as we enlarge the variational

family, it goes to zero, and we recover the exact target, as the family expands to
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Figure 3.7: Trained VMP-map \*(n) = fa+(n) for selected components of the vari-
ational parameter vector A(n), ¢ = 0, 50,100, 150,200 in a Neural Spline Flow. Here

n = (",n,-..,M30), and we vary two selected n-components at a time, while keeping
the rest constant. Top: vary (n:,72) € [0,1] (associated with the misspecified groups)
and set 3 = ... = n3 = 1. Bottom: vary (m,n3) € [0,1] (one misspecified group,
one well-specified) and set 7o =0, 1y = ... =139 = 1.
242
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L
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Figure 3.8: Greedy search algorithm to initialize SGD n*-estimation for the Random
Effects model. The red line is the trajectory of the negative ELPD obtained by
applying the initialisation algorithm in section 3.4.3. The blue dots represent the
—elpd of the “candidate” models at each step for the greedy search, produced by
cutting one (additional) module. The search stops after two iterations, cutting the
first and second modules, as expected. Each full step takes a fraction of second to
compute.

include the target.

In variational SMI our goal is to approximate distributions in the family Py =
{Psmin, m € H}. We gave a Variational Meta-Posterior Qp o = {¢a,, 7 € H} which
fits all the distributions in Pyy,; at the same time, by taking n as a conditioned quantity
in the NF. We called the modified NF the VMP-flow. The SGD in algorithm 3 finds

o which fits Qp o+ to Pyyi in a single joint optimisation for efficient end-to-end
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Figure 3.9: Predictive scores comparing performance of the SMI posterior for different
values of n in the Random Effects model. We show two approximations to the negative
ELPD. (Left column) ELPD estimated using draws from the true generative model.
(Right columns) ELPD estimated using the WAIC. These match the left column
which acts as a check. (Top row) varying the influence parameters associated with
the two misspecified groups, (n1,72) € [0, 1], fixing 7o = ... = 130 = 1. (Bottom row)
varying (m,n3) € [0, 1], the rates for one misspecified and one well-specified group,
fixing o =0 and 9y = ... =13 = 1.

training. We gave two parameterisations of the VMP. We favor the VMP-flow. Our
second parameterisation of the VMP, Qg . = {qx(a,y), 7 € H}, trains a VMP-map
fa(n) to output the optimal variational parameters A\*(n) as functions of 7. The two
approaches gave similar variational approximations, but training the VMP-flow was
faster, as SGD converged more steadily and rapidly with less tuning of optimisation
hyper-parameters.

One advantage of using the VMP is that is allows us to modulate feedback from
multiple modules at the same time. When we apply a Cut-posterior we have to
pre-identify misspecified modules in order to give the locations of cuts. We gave an
analysis in which we cut every data-module separately and estimated the associated
influence parameters. This allows us to discover rather than pre-identify the cut-
modules. Accurate estimation of the ELPD over n € H calls for SMI or variational-
SMI posterior samples at C-exponentially many 7 values for C' cuts, and this is
prohibitively expensive using one-n-at-a-time methods such as algorithm 2 or nested-
MCMC methods.
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The main weaknesses of our methods are first, a certain amount of experimentation
was needed to find flow architectures that worked well for our targets. However, hav-
ing found an architecture (with coupling-layer MLP-conditioners and rational spline
transformers) that worked well, it worked well for all targets. Further exploration is
needed to see if this holds more generally. Tuning of the initialisation and learning
rate in algorithm 2 and algorithm 3 were needed also. Another weakness is that the
final step of the analysis, after the VMP is trained and we have only to estimate and
maximise the ELPD and select the optimal influence parameters 7, is not straight-
forward, at least for high dimensional 7. The estimated ELPD is non-convex in 7.
Working with the VMP makes this step as easy as possible, as sampling the VMP is
very fast.

The VMP framework may be useful outside Semi-Modular Inference. Approxim-
ating a complete family of models indexed by a set of continuous hyperparameters
has potential applications in parameter selection for hyperpriors in standard Vari-
ational Bayesian inference. The marginal density g« , (¢, é), n € H gives variational
approximations to the power posterior distribution ppowm(go,é | Y, Z) at every n at
the same time, and this may be all we need if the power posterior rather than SMI is

the target.
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3.7 Supplementary Material

3.7.1 Modulating prior feedback

The material in this section does not address the main point of this paper, which is
to present variational inference for SMI. However, the issue we cover here does not
seem to have been addressed explicitly in the literature to date, and we need some
supporting theory for one of our main examples, in section 3.5.2.

In the standard Cut-model setup given above, a likelihood factor which is present
in the analysis stage has been removed in the imputation stage. For example, in
eq. (3.2.5), the likelihood p(Y | ¢, 0) is absent in p(p | Z) and present in p(6 | Y, ¢). In
some applications of Cut-posteriors and SMI, going back to Liu et al. (2009) and Jacob
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Figure 3.10: Graphical representation of Cut and SMI-posterior inference with a Cut
prior. Notation as fig. 3.2. (Left) Graphical model with prior p(f | ¢) indicated by
arrow ¢ — 0. (Mid) First (imputation) stage, auxiliary variable  introduced for ¢
imputation. Prior ¢|f modulated as indicated by the red dashed line. (Right) Second
(analysis) stage giving inference for 6, now conditioning on the Cut distribution of
olY.

et al. (2017), and including the archaeological applications in Styring et al. (2017),
Carmona and Nicholls (2020) and Styring et al. (2022), the misspecified module has
no associated data. In these examples the feedback within a prior module is cut. If a
Cut is applied to a prior density and we simply remove the prior factor at imputation
then all that remains in the imputation posterior distribution is the base measure.
We have effectively replaced the imputation prior density with a constant, and this
may be inappropriate in some settings. However, we are free to choose the imputation
prior and we should use this freedom. In this section we discuss Cut-priors as a special
case of Cut-posterior inference and point out that the choice of imputation prior must
be justified.

In order to see how this works, we take a simply structured example, as we did in

fig. 3.1. Consider a generative model of the form

¢ ~ ()
0 ~p(-|p)
Yi~p(c]e,0), i=1,..,n.

This is the model represented by the leftmost graph in fig. 3.10. The posterior is

p(p, 0 1Y) ocp(Y | ,0)p(0)p(0 | ©). (3.7.1)

Suppose we want to cut feedback from 6 into . In the Cut-posterior for imputation
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of ¢, the generative model for the data is

@ ~p()

0~ p(-)
Y ~p(-| @,é), i=1,..,n.

This model is represented by the middle graph in fig. 3.10. The new parameter 6 is an
auxiliary variable with Cut prior p(-). Some measure for 6 is needed in the imputation
of ¢ as 0 is unknown and present in p(Y | o, 5) Work to date takes volume measure
in the parameter space of ¢ without generally remarking that a choice had to be
made (for example Equation 17 in Jacob et al. (2017)). Exceptions include Moss and
Rousseau (2022), who take a carefully constructed Cut prior p, and Styring et al.
(2017) and Yu et al. (2021), who remark on the choice. The issue doesn’t arise when
we remove a likelihood factor, as any parameters enter the likelihood as conditioned

variables. In the analysis stage the generative model is

0~p(-|p)
Yi~p(o| @, 0), i=1,..n.

This model is represented by the rightmost graph in fig. 3.10. The Cut-posterior is

pcut((pu eaé | Y) = pcut(9079~ | Y)p(e | }/7 (p)a (372>
where
Peut (9,0 1Y) o< p(@)p(@)p(Y | »,0), (3.7.3)
and
p(Y | »,0)

p(0 Y, ) =p(0]¢) (3.7.4)

p(Y @)
The cut prior ﬁ(é) used for imputation in eq. (3.7.3) is a modelling choice, like the
Bayes prior p(€ | ¢) which appears in the posterior. Typically p(é | ¢) is a Subjective
Bayes prior expressing the relations linking # and ¢ available from physical consid-
erations, but is misspecified, and ﬁ(é) will typically be a non-informative Objective
Bayes prior.
The loss function .. (Y ¢, 0, 0, 7o) for which

pcut(go,ﬁ,é 1Y) o< exp(—leut (Y5 0,0, 0, 70)) 7r0(<p,9,9~)
is a Gibbs posterior is

lews (Y 0. 0,0, 7o) = — log(p(Y | go,é)) —log(p(Y | ¢,0)) +1og(p(Y | ¢)), (3.7.5)
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where mo(¢, 0,0) = p()p(0)p(# | @) is the prior which we must specify as part of the
loss as it appears in p(Y | ¢) and changes as belief is updated.

This Cut-posterior belief update which cuts feedback in a prior is order coherent
in the sense of Bissiri et al. (2016). This is known (Carmona and Nicholls, 2020) for
Cut-posteriors with the “standard” setup of section 3.2. However, the Cut-posterior

with imputation and analysis priors is qualitatively different.

Proposition 2. The Cut posterior in eq. (3.7.2) with Cut-prior feedback is an order
coherent belief update.

Proof. If we split the data Y = (Y, Y®) then the imputation prior my(p,0) =
p()p(0) is updated to m(p,0) = pewt(, 0 | YV) and the analysis prior mo(6 | ¢) =
p(6| ) is updated to (8 | ) = p(6 | », YV). The update is order coherent if

exp(—leu (Y5 ¢, 0,0,70))m0(, 0, 0) = exp(—lewt (Y ;5 0,0, 0,m))m (0,6, 0).
Expanding the RHS using the updated prior m; and applying eq. (3.7.5),
RHS = exp(—lout(Y®;0,0,0,m1))peu (0, 0,0 | YV)
; ; ; YW |, 0)
1 (Y 0 0.0 SO(Y D | 0. 01 P 19 0)
X exp(—len (Y5 0,0,0,m)) > p(@)pOpY [ 0,6) > p(0]9)= T

= eXp(_lcut(Y(Q); 2 07 é) 7T1) - lcut(Y(l); 2 9, éa WO))p(SO)ﬁ(é)p(e | 90)
=LHS

where the last step holds so long as
lcut(Y(z); @, 97 éa 7T1) + lcut<Y(1); P, 97 éa 7T0) = lcut(Y; @, 97 éa 7-[-0)-

This is the property Nicholls et al. (2022) call prequential additivity. It is easilly
verified here. By independence p(Y | ¢,0) = p(Y® | 0, 0)p(Y ™ | ¢, 0) so,

Lot (YP;0,0,0,71) + L (Y V5 0,0,0, 1) = — log(p(Y | ¢,60)) —log(p(Y | ¢,0))
+1og(p(Y? | ¢, Y1) +log(p(Y ™V | ¢))
with

(2) (1)
l%wwmwmwnﬂ%ww%w%*%@iaiéxﬁm

= log(p(Y | »)).

)H@mww@>
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When we do SMI with modulated priors we interpolate between the Bayes pos-
terior in eq. (3.7.1) and Cut posterior in eq. (3.7.2). Let p,(f | ¢) be a family of
probability densities indexed by 1 and satisfying pnzo(Q~ | ¢) = p() (modulated prior
equals Cut prior) and p,—1 (0 | ¢) = p(f | ) (modulated prior equals Bayes prior).
We take

Pemian(0,0,0 [ Y) = Ppow (0,0 | Y)p(0 | Y, ) (3.7.6)

where in this setting with a Cut prior

Poowa(0,0 | Y) o< p(Y | ©,0)p()p, (0] ),

and p(0 | Y, ) is given in eq. (3.7.4), so the second stage analysis is the Cut posterior
analysis. This ensures pgmio = Peut and pgmii gives the Bayes posterior. Taking
a normalised family pn(é | ©), m € [0,1] of interpolating priors ensures that the
marginal prior for p(¢) in the imputation doesn’t depend on 7. An un-normalised
family such as p, (¢, 0~) x ﬁ(é)l_"p(é | ©)" has all the desired interpolating properties,
but the marginal p(¢) in the imputation stage will then depend on 7. In some
settings (for example when working with normal priors with fixed variance) the two
prior parameterisations may be equivalent as 7 scales the variance.

SMI with modulated prior feedback is an order coherent belief update. We now
give proposition 3, stated in section 3.2.
Proposition 3. The SMI posterior in eq. (3.2.12) with cut prior feedback is an order
coherent belief update.

Proof. Replace ﬁ(é) — 107,(9~ | ¢) in the proof of proposition 2. H

In contrast to the tempered likelihood in eq. (3.2.10) used in Cut-likelihood SMI
in eq. (3.2.8), where the tempered likelihood is not normalised over Y, the modulated
prior p,(0 | ¢) is a normalised distribution over . However, SMI in eq. (3.7.6) with
a modulated prior is not simply Bayesian inference with a revised prior, as the priors

in the imputation and analysis stages are not the same (unless n = 1).

3.7.2 Variational families
3.7.3 Choice of transformations for SMI

The transformations 7; and T3 introduced in egs. (3.3.2) and (3.3.11) determine our
flow-based variational approximation to the SMI-posterior. We make a few standard

assumptions about these transformations:
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e They are diffemorphisms, meaning that they must be differentiable, invertible
and their inverse must be differentiable (needed as we wish to be able to evaluate,

differentiate and sample the density ¢ ),

e They map the domain of the base distribution onto the domain of the cor-

responding model parameter (e.g. if ¢ represents a probability, we need ¢ =

T(er) €10, 1)),

e They support fast sampling from the flow-based density, and fast computation
of the density at the sampled values. This allows efficient computation of the

forward transformation and the determinant of its Jacobian matrix.

Additionally, there are two attributes of 77 and 75 that are important for an accurate

approximation, but not strict requirements, namely:

e They are expressive transformations, ideally Normalizing Flows with the prop-

erty of being a universal approximator,

e T, is defined as a conditional transformation, so that correlation in the posterior

of ¢ and 6 can be represented.

These requirements are met by Normalizing Flows (NFs). There are now many
ways to define expressive flow-based transformations for 77 and 15 (see Kobyzev et al.,
2020; Papamakarios et al., 2021, for reviews). For our experiments in section 3.5, we
defined these transformations by the composition of multiple coupling layers based on
the Neural Spline Flow (NSF) (Durkan et al., 2019), followed by a last layer that maps
to the domain of the model parameters. In order to allow posterior correlation between
¢ and 0, we defined Ty as a conditional transformation, so that the elementwise

transformation from e, to A (and from ez to ) also depends on ;.

3.7.4 Normalizing Flows.

3.7.4.1 Conditioners and transformers in a general flow

We now define the maps T; : ®P¢ — RP¢ and Ty : ®PoTP¢ — NP9 in the normalising
flows in terms of their transformers and conditioners. The material in the section
is based on Papamakarios et al. (2021) and further detail may be found there. Let

x = (21,...,2,) and v = (vy, ..., v,) be generic real vectors and let

I{L = T(LUZ', hl)

90



transform x; using parameter vectors h; € €2, i =1, ..., p. Here
hi = ci(w<i;v,w;)

is the output of a conditioner parameterised by a vector w; with ¢; taking as input the
conditioning variables x.; = (1, ...,x;—1) and v. Note that the conditioner argument
ZT<; in ¢; changes dimension as we step through the components ¢ = 1, ..., p but all the
component updates condition on a common set of shared variables v. In our setting
the conditioners ¢; : R-179 — Q) are MLPs and w; are the weights in the i’th net.
The transformer is a strictly monotonic function. For example, if it is affine then
h; = (my, s;) and 7(x;, h;) = m; + s;x;. We experimented with a range of transformers
and settled on rational-quadratic spline transformers (Durkan et al., 2019).

One pass over the flow composes these maps
T = T(25,¢(viyv,wy)) fori=1,....p

to update all components x — 2/. Denote by g : 7 — RP, 2’ = g(z;v,w) a
map formed in this way, with w the set of all parameters present in the composition
of maps. We make multiple passes over the components, with independent sets of
parameters w, permuting the indices in order to get an expressive flow. The auto-
regressive dependence of z; on x.; and the monotone transformer ensure the map is
invertible,

T = g_l(x/; v, W)

given the values of the shared conditioning variables v and parameters w, with a
tractable lower triangular Jacobian.

In a variant of this setup we used a composition of coupling layer conditioners
(Dinh et al., 2016) to define g. These have the advantage that both density evaluation
and sampling are fast operations, important for fitting the flow to the target, and then
sampling the related flow to estimate the utility. In this case we set 2} = x;, i = 1,...,d

with d = |p/2] and
x, = 71(x5,h;), with  hy = ¢i(v<g; v, w;) fori=d+1,...p.

The Jacobian determinant from one application of the map is just [ [,. , |07 (x;, h;)/0x;|.
Again we compose the maps over different permutations of the indices of x (eight
times) so that each entry appears in the conditioner and as output from the trans-

former to get an overall map g(z; v, w).
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3.7.4.2 Normalizing flows for variational SMI
In variational-SMI in section 3.3.3, the NF has the form

O, = Ti(e; A1)
= 9(51;@)\1)

as \; parameterises the conditioners of ¢ with no additional conditioners,
Orno,e) = T2(€25 A2, €1)
= g(€a; €1, A2)
as 6 is conditioned on €; and hence ¢ and
é(/\g,e) = Th(e3; A3, €1)
= g(e3; €1, A3),
similarly 6, and together

T(E; )\) = (Tl(el;)\l)a TQ(EQ; )\2,61), Tg(Eg;)\g,Gl)). (377)

These equations define the maps in eq. (3.3.11). When we want to train this to

approximate pgnyi, we simply retrain at each n where gy«(,) is needed.

3.7.4.3 Parameterising the VMP-map

In the VMP, we consider two ways to parameterise the flow defining the meta-

posterior. In the first, in eq. (3.4.3) in section 3.4.2, we define a function (a MLP)

falm) = (fOm), £ ), fD(n))

in which the output components correspond to (A(n), A2(n), A3(n)) at any n € [0, 1]¢.

The corresponding mappings in terms of the NFs and their inputs are

Pon(arm.o = Tiler Ai(n))
= gle; 0, P (n))
Ora(azm .o = Ta(€2; Aa(n), €1)
= g(eo; €1, féﬁ)(n)
Oirs(asm.0) = Toles; Aa(n), 1)
= g(e3; €1, féi) (1))
T(eA(n)) = (Ti(er; M(n), Talex; Xa(n), €1), Tales; As(n), 1)) - (3.7.8)
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This keeps the conditioner-transformer relations unchanged from eq. (3.7.7), and
simply injects the right parameters A into the flow to express pgmi, at any partic-
ular 7.

A perfectly trained universal VMP-map f,(n) would inject an optimal set A*(n)
of parameters into the Normalizing Flow at every . We assume f, () is a continuous
function of 7, motivated by the discussion at the start of section 3.4.1. We require
fa(n) to be differentiable almost everywhere in a for the purpose of optimisation.
These are minimal assumptions. In order to get properties (P1-3) in this setting,
suppose we have A*(n) € A* where A*(n) is given in definition 3.3.1 (at 1) and f,(n)
is continuously differentiable in « at each 7. Referring to the loss in eq. (3.3.31), let

A" = {a € A L0 () = min L) )}

be the set of optimal a-values. If for some o € A, the VMP-map f,+(n) expresses
the function A*(n) perfectly at n € ny.g, that is if f,«(n,) € A*(n,), r =1,..., R then

A*={ae A: f.(n,) € N*(n.), r=1,...,R}

since these solutions in o and no others minimise £&™ at every 5 in the sum in
eq. (3.4.7). In this case we recover A\* € A* and (P1-3) at each n € ny.x.

For our examples in section 5, we found three Multi-Layer Perceptrons (MLPs) in
parallel, trained with input 7 and output féi)(n), k =1,2,3 expressed the non-linear
relationships holding between variational parameters, and scaled well with increasing
numbers of cuts (dimension of input n € H). We made experiments with VMP-maps
parameterised with Gaussian Processes (GPs) (Rasmussen and Williams, 2005) and
Cubic Splines (Hastie et al., 2001) which we do not report. These may be convenient
when the dimension of H is small.

We found in training f, that « should be initialised to output a constant function
fao(n) = Ao independent of 7. Here Ay are variational parameters obtained in a
“pre-training stage” using algorithm 2 for a fixed central value of 7. This strategy

significantly reduces training time and improves convergence.

3.7.4.4 Parameterising the VMP-flow

The other way we parameterise the meta-posterior is to modify the conditioner. Con-
sider the coupling layer setup. In order to express the 7-dependence (in say the

coupling layer conditioner), =} = x;, i = 1,...,d and
vp = T(@i hi), i = ci(r<aiv,wy) +d(wy), fori=d+1,..p.
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Here n enters via a second additive conditioner ¢ (which is not indexed by i as it
always takes the same conditioning variable n but has parameters w; which vary across
variables z;, i > d). Like v, 1 is a common conditioner in every transform. When we
compose this map to form the overall map, g(x; (v,n), (w,w")) say, each application
of the map has its own sets of parameters w; and w; for each i = d+1,...,p. When

we parameterise the meta-posterior we write o = (Mg, px), & =1,2,3 and

Plarme) = Ti(€1;01,m)

= g(e1; (0,m), (A1, 1)), (3.7.9)

O(azm.e) = Tal€2; 2, (1), €1))
= g(e2; (€1,1), (A2, p2)), (3.7.10)

é(as,n@) = Tr(e3; 3, (1, €1))
= g(es; (e1.m), (A3, 13), (3.7.11)
T(e;o,m) = (Th(er;00,m), To(er; g, (n,€1)), Toles; as, (1, €1)))- (3.7.12)

so that A = (A1, A2, A3) contain the w-parameters of the “old” conditioner ¢; in each
of the flows for ¢, and 0 respectively and p = (1, f12, u3) are the corresponding
w’-parameters of the new n-dependent conditioner ¢’. These are collectively the VMP
parameters a = (aq,ag,a3). We take up € M and o« € A with A = A x M. The
influence parameter 7 enters through the conditioner so it is associated with €; as a
conditioner for # and # and as a conditioner on its own for ©.

The family of variational densities ¢q , (¢, 0, 0) defined by the VMP-flow are given
in eq. (3.4.4). The optimal parameters a* = (A", u*), o* € A, minimise a loss
Lmsmi=flow) (o) which is closely related to L£™™~m%)(q) in eq. (3.4.7). In more
detail,

[ (msmi —flow,n)(a) = ELBOP0W7,7(CY1, 043) + ELBObayesV(@)(ala a2) (3713)

where

ELBO,ow (1, a3) = E(@’é)wqal,aw[log Poown (0,0, 2,Y) —108 Gay a5, (, 0)]
(3.7.14)

ELBObayes/V/(go)(alv Qg, 77) = ]E(SO,G)Nqal,aQ,n[log p(V((p), 0’ 27 Y) - log Qa1,a2,77<y(§0)a 0)]
(3.7.15)

The loss in eq. (3.4.7) given for the map becomes for the flow,

E(msmi—flow)(a) ) (E(msmi—flowm)(a)) ]

 nep
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In order to apply the reparameterisation trick, the expressions for ¥, n,e)s d(as,n,c) and
O(as.me) i ed. (3.7.9)-eq. (3.7.11) are substituted into eq. (3.7.14) and eq. (3.7.15) so
that gradients in («y, a3) and ay can be taken inside the expectation which is now

over € ~ p(-).

3.7.5 Optimisation of the VMP loss

Here we give the algorithm we use to estimate the the parameters « of the VMP-map
and -flow. Algorithm 3 gives SGD for the VMP-map loss £ =) () (notation

msmi —flow)(

L) () as the algorithm for optimisation of £ «) is similar).

3.7.6 Proofs for variational SMI properties

Proposition 4. The divergence defined in eq. (3.3.20) can be written

d(q)\afsmi,n) = DKL(QM,/\:% (90’ é) || ppow,n(%é | Y> Z))?
and hence does not depend on As.
Proof. Since ¢ € Fymiy it can be written (’j(gp,ﬁ,é) = ppowm(@,é 'Y, Z)q(0 | go,é)
where G(0 | ¢, 0) is an arbitrary conditional density. The divergence is

~min DKL(QA || q) = min~ DKL(qh,/\?,(SDvé)q}Q(e | 90) H ppowm((p?é | K Z)q~(6’ | 9075))

4€Fsmi,n i(6].0)

= DKL(QM,)\?,(SD’ é) H pPOWW(Sp?é | Y’ Z))

+  min By, [Drr(an(@ ] ¢) |40 ¢,0))]
q(0]#,0)

= DKL(QM)@(@? é) ” pPOWJ](QO?é | Y, Z))

as the variation over ¢(6 | ¢,8) is over all conditional densities with optimum G(é |

©,0) = qx,(0 | ) since the expectation is non-negative and zero in that case. O

Consider property (P1). If \* € A* with A* = (A}, A5, A}) are some generic fitted
variational parameters, then gy:(¢) cannot depend in any way on p(Y" | ¢,0) at n = 0,

as the power posterior in eq. (3.3.22) is

Poow—o(,0 | Y, Z) = plp | Z)p(0 | ¢).

The Y observation observation model doesn’t enter eq. (3.3.22) at n = 0. Under
an additional assumption on the variational family, we can remove any ]0(9~ | ©)-

dependence (so gy~ is “completely independent of the generative model” at nn = 0).
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Proposition 6. Variational SMI satisfies property (P1) at n = 0: If the set

3 ={\ €Ay %;(é L) =p@|e)}

1s non-empty and we set

Ay = {h € A Dirlan () [ (e | 2)) = diu}

with d*

cut

defined in (P1) then A7, 5 defined in eq. (3.3.22) satisfies
Mgy = Ay X Agy),
50 qxr does not depend in any way on p(Y | ,0) or p(6 | p) at n=0.

Proof. At 1 = 0, Ppowm—o(0,0 | Y,Z) = p(e | Z)p(d | ¢) in proposition 4. By
eq. (3.3.22),

*

owi = min Dicr(an o | 29[ 2) (0] )

= min(Dis(an () |90 | 2) + Bpmay, [Dxa(an, (0 0) | 20 | 2)))

= min Dir(an (@) | p(e | 2))
= d*

cut

as the expectation is zero (and hence minimised for every argument) when \j € A,
satisfies q,\§(0~ | ©) = p(f | ¢). Such a A} exists because Af3) 18 non-empty by the
assumption in the proposition. It follows that A\ minimises d(gx, Fsmiy) at n = 0 if
and only if (A, A3) € Afy) x Aj). O

The point here is that the auxiliary variable 6 is present only through its prior
in the power posterior at the Cut, n = 0, but this factor is perfectly expressed by
a corresponding factor in the variational approximation, and hence doesnt enter the
Ap-variation. The condition that there is A} € Ay such that q,\§(9~ | @) = p(0 | ¢) is
met by choosing €5, €3 ~ p(- | ¢), the prior distribution for 6 and 6. We can then
find A} to give Th(ez; A%, €1) = (€1, €3) equal to the identity map (possible in a flow-
parameterised map, but not in general in MFVI). At this Az-value, 6 = €5 and hence
q,\g(é | ©) = p( | ¢). If we have a cut prior as in section 3.7.1 then take e;, €5 ~ p(-),
the Cut prior.

The variational approximation to the Cut-posterior defined in proposition 6 is
similar to that given in Yu et al. (2021). We focus on flow-based parameterisations

of the variational density ¢, but apart from this our methods coincide at n = 0.
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Consider now property (P2). Taking n = 1, the power posterior is the Bayes
posterior, so egs. (3.3.6) and (3.3.22) are identical optimisation problems as the A-
dependence is the same. However, this shows that gxr x: (e, 9~) is variational Bayes at

n =1, and we have to check that gx: xs(¢,0) is variational Bayes.

Proposition 7. Variational SMI satisfies property (P2). Let

Ay= U ik

(VT ADEAT, )

The set of Bayes and SMI variational posteriors for v, 6 are the same, that is,

U U =5

AMTEAT) AEAL) (AT)
when n = 1.

Proof. When 1 = 1 the power posterior for gp,é is the Bayes posterior,

Poown=1 (9,0 | Y, Z) = plo | Y, Z)p(0 | Y, )

so eq. (3.3.22) is the same as variational Bayes as determined by eq. (3.3.6). Since
4 (0 | ©) and gs,(8 | ) have the same parameterisation, we have B* = A{j 3. For
any fixed A} € Afy, let

Aly(AD) = {23 € Ag s Dicr(axi 3o (#8) | Poown (0.0 1Y, 2)) = diyi}

so that

ty= U U {On )} (3.7.19)

)\16/\(1) )\36/\(3)()\1)
Fixing A} € A(l)7 and taking n =1,
DKL(Q)\{)@(QO’é) | Poown (0,0 | Y, Z)) = Dir(gx | p(e | Y, Z))
+ E‘P"’(b\’{ [Drr(a0 | ©) | p(0 Y, )]

and the target level is

dimi = Drr(an: | p(e | Y, Z)) + min wavqw [Dicr(a(0] @) || p(0]Y, )]
= Dirlgx || p(0 | Y, 2)) + D:ml()\’{),

so cancelling the common Dgp(gx: || p(¢ | Y, Z)) term,

Algy (A1) = {Xs € Aa: Epng,, [Dicr(ax (0 19) 1 (0] Y, )] = Dip(AD)}
— Aa)();{), (3.7.20)
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from eq. (3.3.23), so at n = 1,

U U {(A1, A2)} = U U {(A1,A3)}

MEAT) A2€AYy (A1) MEAT)) AsEAT (M)

by eq. (3.7.20), so the LHS is equal A>(kl,3) by eq. (3.7.19) and we saw that A>(kl,3) = B¥,
giving the set relation claimed in the proposition. We conclude from this that at
n =1, ¢y 2 (0, 0) is a marginal variational SMI posterior if and only if it is also a

variational Bayes posterior. 0

Proposition 8. Variational SMI satisfies property (P3). If psmin € Q then gy = Dsmin
for X* € A*.

Proof. This is usually immediate for standard variational methods but has to be
checked here. If pymi, € Q then there exist A;, A3 such that g\, », = Ppow,, and Ag
such that ¢,(0 | ¢) = p(f | Y, ) and since these choices minimise the KL-divergences

in propositions 4 and 5 they are the optimal values, so gy« = Psmi,y- O

Proposition 9. The set A* in definition 3.3.1 is the set of solutions of VALE™M) = ()

corresponding to minima.

Proof. Assuming the flow-based construction of the variational family ¢, defined in
eq. (3.3.12), the gradients of £L&™) are

Vo L) =B, o[V, {1og p(Z | o) +nlogp(Y | ¢,0) + logp(w)} Va{e}

+ Vy, log |Jr, (€1)]] (3.7.21)
Vo, L) = B[V {log p(Y | ¢, 0) +logp(d | ¢)} Vi, {6}

+ V., log |Jr, (€1, €2)|] (3.7.22)
VoL = E o[V {nlog p(Y | 0,8) +logp(d | 9) } V. {0)

+ V), log | Jr, (€1, €3)]]- (3.7.23)

Note that the derivation of the gradients incorporate the effect of the stop-gradient
operator.

The system of equations determined by VL™ = 0 is the same system defined
in section 3.3.3.4 for A*, namely, eqgs. (3.3.28) to (3.3.30). O

Proposition 10. Let £*(v) = minyey L&(N) and

Ay ={reA: LYV =L ()}
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Under regularity conditions on Fepiy and psmiy given in proposition 11, for every
solution \* € A* in definition 3.3.1 and all sufficiently small v > 0 there exists a

unique continuous function \*(v) satisfying \*(v) € A*(v) and

lim A*(v) = A",

v—0

Proof. Take the definition of £ (\) in eq. (3.3.34), use proposition 4 to replace d
and eq. (3.3.15) to expand Dy (¢ || Psmiy)- This gives

E(U)(A) = (1 + U)DKL(QM,)\?,(()Ov é) || pPOW,W(9079~ ’ Y7 Z))
+ U By [Drr(@n(0 | @) [ 2(0 1Y, 9))]

Minima A € A*(v) are stationary points of £®) so they solve V£ ()\) = 0 with
positive curvature. Using the reparameterisation trick these equations are, for v > 0,

0=Ecpol(l+0v)V, {1ogp(Z | o) +nlogp(Y | ¢,0)+ logp(sO)} Vel
+ oV, {logp(Y | ¢,0) —logp(Y | )} Vi, {w}

+ Yy, log | Iz, (e1)]] (3.7.24)
0 = Eevpo[Vo {logp(Y | ¢, 0) +1logp(0 | )} Va, {0}

+ Wy, log |z, (61, €)]] (3.7.25)
0 = Eepi[Vs {n1ogp(Y | ¢,0) +10gp(0 | ¢) } Vs, {6}

+ Yy, log | Iz, (1, €3)]] (3.7.26)

The system of equations eqs. (3.7.24) to (3.7.26) converges to the system of equations
egs. (3.3.26) and (3.3.27) as v — 0. Under regularity conditions set out in proposi-
tion 11 below, the solutions converge, in the sense that every point in A* is the limit

as v — 0 of some continuous sequence of solutions to V,£® = 0. O

We now state the regularity conditions and show solutions converge. Recall that
A = RE and Ay = RE2 with L = Ly + 2L, so that dim(A) = L. The system of
equations eqgs. (3.7.24) to (3.7.26) has the form F(\ v) = 0y, where

FAv)=fA) +v-g()

with f,g : RF — R and F : RET — R Equations egs. (3.3.28) to (3.3.30) are
equivalent to F'(A,0) = 0 which is just f(A) = 0. Now egs. (3.3.28) and (3.3.30)
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are the reparameterisation of eq. (3.3.26) and eq. (3.3.29) is the reparameterisation
of eq. (3.3.27) so we identify f = (fi, fa, f3) with

J1(A1,A3) = Va, Drer (@ x5 || Ppowy)
fo(A1, A2) = Vi Epg, Dii(ax(0 [ ) [ (0| Y, ),
f3(A1,23) = Vay D (@ xs || Ppow,y)

where f, : Rivtlz o RIv £ Rlatlz 5 Rl2 and fy 0 Rtz 5 Rlz,

Proposition 11. Assume A* is not empty and let \* € A* be given. Assume f and g
are continuously differentiable in A at A = X\* and the Hessians of Dcr(qa zs || Ppown)
(in A1, A3) and Epvq, Drr(@0n(0 | ) | p(0 | Y,9)) (in X2) are invertible at X = A*.
For every \* € A* there is § > 0 and a unique continuous function \*(v) satisfying

F(A\*(v),v) =0 for 0 < |v] < 3§ and \*(0) = A\* at v = 0.

Proof. If the Jacobian OF/0\ is invertible at A = A* then by assumptions of the
proposition and the Implicit Function Theorem, there exists 6 > 0 and a unique
continuous function \* : ® — R satisfying F(A\*(v),v) = 0 for 0 < |v] < 4. It follows
that every point in A* is the limit as v — 0 of some continuous sequence of solutions
to VAL = 0.

The Jacobian OF/OX = Of/OX at v = 0 since the additive term in g does not
contribute at v = 0. It follows that the Jacobian OF/0A is invertible at A = A* if
|0f /O ,_y« # 0. The Jacobian matrix 0f/0\ has a block structure,

8f [ afl/g)‘l 0L1><L2 8f1/(9)\3
o\ = | 0f2/ON Of2/ONs Opyxr,
L 8f3/8)\1 0L1 X Lo af3/8A3

-L1><L1 LIXLQ L1XL2
= LQXLl LQXLQ LQXLQ
_LgXLl LQXLQ LQXLQ

with block dimensions in the second line. It follows that the determinant is

Of| _ | 0fi/oM 9fi/oA
‘5 _‘ 3f;/8)\1 8f;/aA§ X [0fa/0s].

This is just the product of the determinants of the Hessians of Dgr,(ga, 2 || Ppows)
(in A1, A3) and Epeg, Drr(gr, (0 | @) || p(0 | Y, 9)) (in Ag), so OF/ON is invertible if

these Hessians are invertible at A = \*. O
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3.7.7 Further details of Experiments.
3.7.8 Epidemiological Data

MCMC samples from the posterior distribution of the epidemiological model in sec-
tion 3.5.1 are shown in fig. 3.11. Samples from the MFVI approximation fitted using
variational SMI separately at each n are shown fig. 3.12.

3.7.9 Random effects model

Samples from the posterior distribution of the Random Effects model, obtained via
MCMC are shown in fig. 3.13.
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Figure 3.11: Samples from the posterior distribution of the epidemiological model,
obtained via MCMC. Rows correspond to three rates of feedback from the Poisson
module, 7 = (0.001,0.1,1). In the left column, we plot the relation between HPV
prevalence (¢) and cervical cancer incidence (i) for the 13 groups in the data. In the
right column, the joint distribution of slope (6;) and intercept () of such relation.



Algorithm 3 Variational Meta-Posterior approximation for Psmi = {Psmin, 1 € H}

Input: D: Data. p(p,0,D): Multi-modular probabilistic model. ¢, = (p(e), T, \):
Variational family. f,(n): VMP-map. p: n-weighting distribution over H.

Output: VMP-map f5;(n) giving the Variational approximation for the Pyy,; family.

Initialise mapping parameters «
while SGD not converged do
Sample D®) ~ D (random minibatch of data).
Sample R values of n, ~p, r=1,..., R.
forr=1,...,R do
Obtain variational parameters A, = f (7).
fors=1,...,5do
Sample the base distribution, €, s ~ p(+).

Transform the sampled values (¢, s, 0,5, 0rs) < T, (€,5) as in eq. (3.3.11).

end for
end for
Compute the Monte Carlo estimate of the loss £™™) in eq. (3.4.7) and its
gradients.
Llmsm) — FLBO o + ELBO)(;M‘ (3.7.16)
where
i 1 e
msml . (b) . ~
ELBO = RS ; ; |:10gpp0w Nr 907' Ss 97‘ ER) D ) IOg Q(gor,s; 0r,s)i|
(3.7.17)
(msmi) 1 RS
ELBO/V = _ﬁ Z Z [1ng<y(gor,s>’ 0’/‘,87 D(b)> - log q(y/(gor,s)’ 97‘,8)]

r=1 s=1

(3.7.18)

Update «a using the estimated gradient vector vaﬂmsmi)
Check convergence of gy, () (¢, 6) for multiple n € H
end while
return & = «
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Figure 3.12: Samples from the variational posterior distribution of the epidemiolo-
gical model, obtained using a Mean-Field approximation. Plots are interpreted as in
fig. 3.11. We train one variational posterior for each rate n = (0.001, 0.1, 1) separately.
The approximations clearly underestimate posterior variance.
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Figure 3.13: Samples from the posterior distribution of the Random Effects model,
obtained via MCMC. Each graph shows the joint distribution of a selected pair
of parameters. Rows correspond to three modular feedback configurations between
groups: (Top row) Bayes, n; = ... = n39 = 1; (Middle) One Cut module, n; = 0,
Ny = ... =13 = 1; (Bottom) Two Cut Modules, 7y =1, =0, 73 = ... =130 = 1.
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Chapter 4

Statistical Analysis of the Agroecology
of Early ‘Cities’ in Northern
Mesopotamia, the Aegean and Central
Europe

Abstract

Agricultural extensification refers to an expansive, lowinput production strategy that
is land rather than labour limited. Here, we present a robust method, using the
archaeological proxies of cereal grain nitrogen isotope values and settlement size, to
investigate the relationship between agricultural intensity and population size at Neo-
lithic to Bronze/Iron Age settlement sites in northern Mesopotamia, the Aegean and
south-west Germany. We conclude that urban form—in particular, density of occupa-
tion—as well as scale shaped the agroecological trajectories of early cities. Whereas
high-density urbanism in northern Mesopotamia and the Aegean entailed radical ag-
ricultural extensification, lower density urbanism in south-west Germany afforded
more intensive management of arable land. We relate these differing agricultural tra-
jectories to long-term urban growth/collapse cycles in northern Mesopotamia and the
Aegean, on the one hand, and to the volatility of early Iron Age elite power structures

and urban centralization in south-west Germany, on the other.

4.1 Introduction

This document is the statistical supplement to “Urban form and scale shaped the
agroecology of early cities in northern Mesopotamia, the Aegean and central Europe”.

We test for an effect due to site size on manure level in the archaeological sites
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presented in the main paper. We consider new datasets from two archaeological
contexts for this test: one from Early Neolithic-Late Bronze Age Greece (the aegean
data), and a second from Early Neolithic-Early Iron Age south-west Germany (the
swgermany data). The results given in section 4.6.3 are reported in the main paper.
Our analysis follows the supplement to Styring et al. (2017) in substance. Those
authors test for the same effect in similarly structured archaeological data from urban
centres in northern Mesopotamia. We use methods from that source throughout this
document. However, we improve on the statistical methodology of Styring et al.
(2017) in the section 4.6.

The document is organised as follows. In section 4.2 we summarise the two new
archaeological datasets and the modern dataset we use for calibration. In section 4.4
we present a single imputation analysis, which introduces the statistical models in
a simple inferential framework. In section 4.5 we repeat the test using Bayesian
Multiple Imputation (BMI), which accounts for uncertainty in the imputation. Up to
this point we are using the same methods as Styring et al. (2017) !. One weakness of
multiple imputation, noted by Styring et al. (2017), is that it usually gives conservative
estimates for the strength of any effect. The effect is “diluted” in the sense of Knuiman
et al. (1998) due to “imputation noise”. This could be ignored by Styring et al.
(2017) as the effect-size of interest remained significant despite dilution. In section 4.6
we repeat the analysis using Semi-Modular Inference (SMI) (Carmona and Nicholls,
2020). This method is closely related to BMI. It measures model misspecification and
down-weights but does not remove misspecified model components at the imputation
stage. Down-weighting reduces dilution and gives a more accurate measure of evidence
than BMI.

Our analyses show a clear (negative) effect due to site size on manure-level in
the nmeso and aegean data, and a potential positive effect in the swgermany data.
Along the way we reproduce the results of Styring et al. (2017) using a completely
independent code base and get good agreement. The results in this supplement can
be reproduced using the accompanying scripts in R. Data and functions are bundled

in the agricurbayes package.

LOur model for Bayesian Multiple Imputation differs slightly from Styring et al. (2017), as we
incorporate the effect due to date in the PO module (See section 4.5). The conclusions and evidence
for extensification remain unchanged.
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4.2 Data description

4.2.1 Modern calibration data

The modern data consist of agricultural records gathered in experimental settings
in which manure level is an independent variable and nitrogen isotope ratio is the
measured outcome. This modern calibration dataset is the same as the one used
by Styring et al. (2017). The dataset has observations on 268 grain samples. Six

variables are of interest here.

normd15n : Measured cereal grain-sample nitrogen isotope ratio.

manure_level : The level of manuring treatment the cereal grain-sample received. A

YYRN14

3 level ordinal variable with levels “low”, “medium” and “high”.

site : The name of the site where the grain-sample was gathered. A 19-level categor-

ical variable.
year : The year in which the grain-sample was gathered.

category : The grain-sample cereal species. A 2-level variable with levels “barley”

and “wheat”.

rainfall : annual rainfall estimate for the cereal grain sample site, obtained by inter-
polation of average monthly local climate data for 1960 - 1990, taken from the
WorldClim database.

The data were gathered in experiments conducted under different conditions at
different times at different sites. Importantly, the manuring treatments vary qualitat-
ively and quantitatively from site to site. These manure-level records were mapped to
a 3-level ordinal scale with levels low, medium and high. In fig. 4.10 of section 4.8.1
we plot pairwise relations between key variables in the modern data. In particu-
lar, note the positive association between Nitrogen Isotope (normd15n) and Manure
levels (manure_level), and the negative relation between normd15n and rainfall levels.
These are further illustrated in fig. 4.1.

> mod.dat <- agricurb_data %>}

+ dplyr::filter( dataset=="modern" )
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Figure 4.1: Key relations in the modern Data. Left: Positive relation between Nitro-
gen Isotope (normd15n, y-axis) and manure_level (z-axis). Right: Negative relation
between normd15n (y-axis) and log(rainfall) (z-axis), with point shapes and col-
ours distinguishing different manure levels.

4.2.2 The Archaeological data

The aegean and swgermany datasets contain observations on 181 and 435 grain-
samples respectively. The variables are the same as those used in Styring et al. (2017)
in the Mesopotamian context. We include the Northern Mesopotamia dataset (nmeso,

269 observations) studied in Styring et al. (2017) for comparison in all analyses.
normd15n : measured grain-sample nitrogen isotope ratio.

site : site name for sample-context. A categorical variable with a level for each site

ID, (5 levels for nmeso, 6 for aegean, and 9 for swgermany).

phase : phase name for grain-sample context. A categorical variable with a level for
each phase ID, giving the temporal context of the sample (14 levels for nmeso,

31 for aegean, and 5 for swgermany).
date : date of grain-sample context.
size : size of context-site in hectares at sample-context date.

category : grain-sample species. A 2-level categorical variable with levels “barley”

and “wheat”.
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min_rainfall, max_rainfall : upper and lower bounds on rainfall at grain-sample con-

text at context date.
rainfall : estimated annual rainfall at sample-context at context-date.

Note the negative relation between normd15n and log(rainfall) in all datasets in
fig. 4.2. In contrast the relation between normd15n and site size shown in fig. 4.3
varies across datasets. For the nmeso and aegean datasets this relation is negative,
whereas for the swgermany dataset it may be slightly positive, if there is any relation
at all. In figs. 4.12 and 4.13 in section 4.8.1 we plot pairwise relations between all key

variables in the aegean and swgermany datasets.
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Figure 4.2: Negative relation between
levels of Nitrogen isotope and (log)
rainfall.  Color indicates a dataset.
Solid lines regress these two variables,

Figure 4.3: Relation between levels of
Nitrogen isotope and site size for the
three archaeological datasets. Solid
lines regress these two variables.

separately for each dataset.

4.3 Statistical Models

Our model definition follows the statistical supplement to Styring et al. (2017).

The model is composed by two modules. The first module takes the nitrogen
levels normd15n as the continuous response variable and uses four predictors: ma-
nure_level, grain category, rainfall, and the site of the crop. We use a Hierarchical
Gaussian Model for this module, and denote it as HM hereafter. The second module

takes manure_level as a 3-level ordinal response variable, and uses two predictors:
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size of the field, and site of the crop. We use a Proportional Odds model (McCullagh,
1980) for this module, and denote it as PO hereafter.

The HM module allow us to capture the relation between manure_level and
normd15n using the modern data, and to impute the missing Manure Levels in the
archaelogical data using this relationship. The PO module aims at discovering the re-
lation between the imputed archaelogical manure_level and the size of fields, which
is the main parameter of interest.

We use this multi-modular model across the following sections, performing in-
ference in three different ways: Single Imputation (section 4.4), Bayesian Multiple
Imputation (section 4.5), and Semi-Modular Inference (section 4.6).

An alternative model formulation could incorporate a continuos latent variable
for the manure_level. A common approach to model ordinal data with a latent
continuos variable is by introducing thresholds of cut-off points (e.g. Carmona et al.,
2019; Kottas et al., 2005). For each ordinal manure level m;, we define a latent
variable z; satisfying m; = k iff 41 < z; < 4 Jfor k = 1,2,3, where ~vq,...,73 are
fixed thresholds with 79 = —o0 and v3 = co. Under this formultaion, we would use the
HM to impute continuous latent manure levels, and the PO module would be modified
to accomodate for a continuous response, possibly a Gaussian linear model. One
disadvantge of this approach is that the estimation of parameters in the HM require

imputation of all latent manure levels, including those in the modern data.

4.4 Single Imputation Analysis

In this section we use single imputation to test for an effect due to site size on manuring
levels. The aim is to introduce the reader to the models and reasoning in a simple
inferential setting. The results here give a sanity check for the more sophisticated
analysis in the sections to follow.

Our analysis in this section follows Section 3 of the statistical supplement to
Styring et al. (2017).

Our plan is (Step 1) use the modern dataset to capture the relation between
manure_level and normdi5n. Then (Step 2), invert that relation to estimate the
missing manure_level-values in the archaeological data from their observed normd15n
values. This determines manure_level.imputed values for the archaeological data.
Finally (Step 3), we model the relation between the manure_level.imputed-values

and size, the size of the site associated with the grain-sample context.
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4.4.1 (Step 1) Select the model linking normd15n and manure_level

We first fit a model linking normd15n and manure_level. We have the same mod-
ern data as Styring et al. (2017) and the same model, a hierarchical normal linear
model, denoted HM, regressing normd15n on log(rainfall), with a random effect on
the intercept due to site, a random effect due to manure_level within site, and a
variance offset for wheat over barley. In R formula notation, (using the nlme package
(Pinheiro et al., 2019)):

> HMmodel <- nlme::lme( normd15n ~ log_rainfall + manure_level,

+ random="1[site/manure_level,
+ weights=varIdent (form="1|category),
+ data=mod.dat, method='REML' )

The variable-dependencies in this model were chosen using physical considerations,
deviance tests, goodness-of-fit plots and predictive testing as described in Section 3.2.1
and Appendix B of the statistical supplement of Styring et al. (2017). We include
our own calculations leading to the same model selected by Styring et al. (2017) in
our accompanying scripts. We fit this model to the modern data and estimate model

parameters.

4.4.2 (Step 2) Impute the missing manure_level values

Single imputation is carried out as described in Section 3.2.2 of the statistical supple-
ment to Styring et al. (2017). When we fix a value for an unknown manure level we
fix the fitted normd15n-value for that observation in the HM module. Imputed manur-
ing level values manure_level.imputed are chosen to minimise the sum of squared

differences between fitted and observed values for normd15n.

4.4.3 (Step 3) Test for an association between the imputed manure
level and site size

We can now estimate the effect of site size on manure_level.imputed in the ar-
chaeological data. We use a Proportional Odds model (denoted as PO hereafter)
(McCullagh, 1980) with 3-level ordinal response manure_level.imputed and size
as a potential explanatory variable. Proportional Odds models are GLM-like models
widely used for modelling the dependence of an ordinal response on categorical and
continuous covariates. See e.g. Agresti (2002) for more details of the model. HM and

PO are submodels or modules of the overall model.
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Figure 4.4: Observed normdi15n-values colored by imputed manure level for the
three archaeological datasets. Each panel shows the relation between normd15n
and log(rainfall); each point corresponds to a single cereal grain-sample. mod-
ern(Archaeological) data plotted with open(filled) circles. Colors correspond to
manuring level (red=low, green=medium, blue=high). For the modern data
the manuring levels are known, for the Archaeological data, these are the ma-
nure_level.imputed-values.

We carry out model selection on the covariates of the archaelogical data in order
to choose the model for PO. Physical considerations must play a role as there are many
models, and we need to avoid data-dredging. We compare models using information
criteria (BIC and AIC) and deviance tests. In (Styring et al., 2017) model selection
was carried out on the nmeso dataset. Effects due to date and random effects due
to phase must be investigated on physical grounds. However these effects were not
supported by the data in the nmeso case. The final selected model has a fixed effect
due to size, a random effect on the site id, and a logit link function. In R formula

notation (using the ordinal package (Christensen, 2010)),

PO_nmeso = ordinal::clmm( manure_level.imputed ~ scale(size) + (1[site

link = "logit",

>

+

+ data = agricurb_data 7>/

+ dplyr::filter( dataset=="nmeso" ) J>}
+ dplyr::mutate( site=as.factor(site) ) )
>

coefficients (summary (PO_nmeso))

Estimate Std. Error z value Pr(>lzl)

low|medium -1.5326947 0.4107875 -3.731113 0.00019063570
medium|high 1.6673236 0.4150418 4.017242 0.00005888314
scale(size) -0.4636204 0.1715456 -2.702607 0.00687980288
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The first two rows in the output table give the PO module intercepts separat-
ing the levels of manure_level.imputed, and fit the simple overall proportion of
manure_level.imputed-values in each level. The estimated coefficient for size, -
0.4636, is negative and significant (p-value=0.0069). This means that the probability
for a higher manure level tends to decrease as site-size increases, in agreement with
Styring et al. (2017), and supporting their main finding of agricultural extensification

in the nmeso dataset.

We applied the same reasoning to our two new datasets. For the aegean dataset,
we arrive at a similar model, with the difference that size is included on a logarithmic
scale for best fit.

PO_aegean = ordinal::clmm( manure_level.imputed ~ scale(log_size) + (1
link = "logit",
data = agricurb_data %>},

>

+

+

+ dplyr::filter( dataset=="aegean" ) 7>},

+ dplyr::mutate( site=as.factor(site) ) },>7
+ dplyr::mutate( phase=as.factor(phase) ) )
>

coefficients (summary (PO_aegean))

Estimate Std. Error z value Pr(>|zl)

low|medium -0.9288111 0.5528567 -1.680021 0.09295315
medium|high 1.6158724 0.5673630 2.848040 0.00439894
scale(log_size) -0.5076650 0.2335632 -2.173566 0.02973775

The estimated coefficient for size, -0.5077, is negative and significant (p-value=0.0297),
providing evidence that manure level outcome decreases with increasing site size at
this site as well.

We found no effect due to date in the aegean data. However, a model with random
effects on site and phase but not size performs as well as PO_aegean given above.
We have then to choose between size and phase. The experimental design in the
aegean data makes it hard to disentangle the two variables. This is due to colinearity
between size and site:phase: there are few observations at each level defined by
site:phase and they share the same value of size within each level. Any change in
the linear predictor associated with variation of the variable size can be reproduced
using a linear combination of the dummy variables associated with site:phase. We
kept size and dropped phase based on two considerations: 1) the results from the

nmeso data, where the experimental design allows us to separate the effects of the
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two factors,

and the high-level similarities between agricultural practices in the two

cultures; and 2) the higher dimension of the random effects for the categorical variable

phase make it possible for any effect attributable to the one dimensional continuous

variable size to be represented as an effect due to phase, but not in general vice-versa.

We accept the more parsimonious explanation.

In the swgermany data, we will see that size is not a significant explanatory

variable. If it is included, the associated coefficient is positive, but not significant.

The swgermany data also show qualitatively different covariate dependence to the

other datasets. The model selected using information criteria and deviance tests

includes random effects on site ID, but does not include size. We preserve log-size

in the model in later analysis as this effect is of interest. However we can expect the

associated parameter to be close to zero.

> PO_swgermany = ordinal::clmm( manure_level.imputed ~ scale(log_size) -
+ link = "logit",

+ data = agricurb_data 7>/

+ dplyr::filter( dataset=="swgermany" ) >/
+ dplyr::mutate( site=as.factor(site) ) )

> coefficients (summary (PO_swgermany))

Estimate Std. Error z value Pr(>|zl)

low|medium -5.4747248 0.7170897 -7.6346445 0.00000000000002264445
medium|high -1.1441110 0.4281816 -2.6720230 0.00753954827467872256

scale(log_size) 0.2503616 0.3679126 0.6804919 0.49619307069162338353

The estimated coeflicient associated with size in the swgermany data, 0.2504, is

positive but not significant (p-value=0.4962).

4.4.4 Conclusions from Single Imputation

The effect of site size on manure_level.imputed in the nmeso and aegean datasets

is significant at level 0.05 (respectively, p=0.0069 and p=0.0297). This agrees with

previous work on the nmeso data and supports the hypothesis of extensification in

the new aegean data. The effect due to size in the aegean data is hard to separate

from the effect due to phase. We report the test for the more parsimonious model.

The effect in the swgermany data is not significant (p=0.5), so we find no support for

extensification at the swgermany sites.
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Single imputation conditions on a single set of manure_level.imputed-values, so
it does not allow for uncertainty in imputed values. Our analysis above also ignored
uncertainty in rainfall values for Archaeological contexts. However, we will see that
the results from our most careful analysis (SMI, summarised in section 4.6.3) are in
good agreement, on all three datasets, with the conclusions of the simple analysis

given in this section.

4.5 Bayesian Multiple Imputation (BMI)

In this section we give a Bayesian analysis of the effect of site size on manuring levels
in the archaeological data. We account for essentially all sources of uncertainty in
this analysis. In section 4.5.2, we report that model misspecification undermines a
conventional full Bayesian approach to this particular problem. In section 4.5.3 we
use Bayesian Multiple Imputation (BMI), following the Styring et al. (2017) analysis
of the nmeso data. We expand the model used by those authors by including a possible
effect due to date in the PO module. The effect due to date was not found significant
in the single imputation analysis. We nevertheless include it in the Bayesian analysis
in order to make that analysis self-contained, and because it is has been raised as
a possible confounder. BMI is relatively robust to misspecification (see Lunn et al.
(2009); Plummer (2015) where it is referred to as a “cut model”). Thousands of sets of
manure_level.imputed values are sampled according to their posterior distribution
in the HM module. Each set of manure_level.imputed values determines a posterior
distribution for the size-effect. These distributions are averaged to get a posterior for
the effect of interest which allows for uncertainty in the unknown manure levels (and
rainfall).

Our full R-implementation of the methods used in this document is available via
the R package agricurbayes. Supplementary scripts replicate the results and figures

in this section using functions available in that package.

4.5.1 Common notation

We begin with the HM module introduced in section 4.4. Let Y,.., Ymoq be the
normd15n-values in the archaeological and modern data, respectively. Let M,,. and
R, respectively denote the unknown true manure and rainfall levels for the archae-
ological data. Here M,,. plays the same role as manure_level.imputed in the single
imputation above. Let 5 = (f1,...,8s4) be the four fixed effects in the HM module

associated with the intercept, R,.. and M,,. (three levels, so two offsets for medium
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and high levels relative to baseline which is low-level manuring). The sets of site-level
ID’s are

Sy = {s; s is an ID for a site in the modern dataset},

and
Sa = {s;sis an ID for a site in the archaeological dataset under analysis},

and let ¢ = ((s)sefsausy} be the mean-zero normal random effects for site-levels for
the modern and archaeological site, with variance 02. We make a separate analysis
for each archaeological dataset, so the site ID’s in S4, the dimension of (, and ag vary
from one analysis to another. Finally, let 02 be the variance of the normd15n response
given the value of its linear predictor. Denote by P(Y,,0q4 | 5, () the observation model
density for the modern data in the HM module, where manuring levels are known, and
by P(Yare | B, ¢, Myre) the same for the archaeological data, where they are unknown.

For the Proportional Odds module PO, let v denote the effect due to size on
manure level M,,. in the archaeological data under analysis. Let 7 denote the cor-
responding effect due to date. Let a = (ay, ) be the intercepts for our two-level
ordinal PO-response M,,... Let £ = (&5)ses, be mean-zero normal random effects due
to site on manure-level (only relevant for archaeological sites), with variance ag.
Let P(Mgy. | a,v,7,€&) be the (proportional-odds) probability mass function for the
missing manure-levels in the archaeological data.

Denote by ¢ = (a, 7,§, 0¢) all the variables of the PO module except . Denote by
0 = (5,¢,0,0¢, Rare) all the variables of the HM module except M.

Our parameter of interest is «, the effect due to size on manure level, which is

linked to the hypothesis of extensification.

4.5.2 Remarks on full Bayesian Inference and priors

In the following we take flat prior distributions, P(f5) o« 1, P(a,~,7T) o 1, subject to
conservative upper and lower bounds (a, v, 7) € [—5, 5]> on the PO module parameters.
These are justified below.

The prior for the variance of the random effects in both models is an inverse
gamma, o¢,0¢ ~ InvGamma(a = 2,4 = 1). This prior concentrates most of its
probability (around 70%) in values smaller than 1 and gives enough room for larger
values.

The prior for rainfall P(R,..) is Rare ~ U(min rainfall max rainfall) as these

bounds are fairly tight. The joint posterior distribution conditional on all observed
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data is

P(O{, 7T, 57 MaT’a Ba C7 Marc> Rarc | Ymoda Yarc) OCP(Ymod | ﬁa g) P(Y;zrc | ﬂa ga Marca Rarc)'
P(Rarc) P(C | UC) P(ﬁ,Uc)'

P(Mgye | o,, 7,8)P(& | 0¢) Pa, 7, T, 0¢).
(4.5.1)

Explicit expressions for these densities and probability mass functions are given in
Styring et al. (2017).

The parameters of the HM module are well-informed by the data, and any reas-
onable prior leads to the same conclusions, so we make no careful prior elicitation
for that module. However, (Styring et al., 2017) point out that, without a proper
prior for the parameters of the PO module, the posterior is improper (the normalising
constant is infinite).

This is related to the problem of linear separability in multinomial logistic regres-
sion (Albert and Anderson, 1984), where a maximum likelihood estimate need not
exist, and is compounded by our use of data-augmentation in the PO module, where
M, is missing data. Our conservative bounds make the prior proper and remove
this problem.

We have then to justify our choice of bounds. Firstly, values of o and v outside
[—5, 5] give models in which very little variation in manure-level is allowed at a site.
It may be argued that this is not completely un-physical. However, values as large
as +4, 45 are already strongly informative. Also, the outcome of our test is not
sensitive to the choice of bounds: we measure evidence for the hypothesis that v < 0;
the absolute value of v is not of interest. We have experimented with more extreme
bounds and find that the evidence for v < 0 in the nmeso and aegean data only
increases. However, although the dependence of the evidence on widening bounds
is understood, accurate MCMC estimation of the evidence becomes impractical for
significantly wider bounds. Further exploration was in any case uninteresting for the
reasons given above.

However, there is a further problem. There is model misspecification in the PO
module, at least for the nmeso and aegean data. This is discussed in Styring et al.
(2017) and motivated their use of misspecification-robust BMI. The most straight-
forward evidence for misspecification is found in the SMI analysis below, where the
control parameter 7 is a summative measure of misspecification. Our estimated values
show that misspecification is present. The model elaborations we explored to identify

and correct misspecification did not remove the problem.
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If we naively apply full Bayesian inference then we find the posterior for v puts all
its mass close to the lower bound v ~ —5 and follows the lower bound as it is moved
to lower values. This cannot be accepted as evidence that v is negative as the model is
misspecified. Repeating the analysis on synthetic data with the same covariates as the
real data, where there is no model misspecification, gives posteriors for v which cover
the fixed synthetic true value, with tails which go rapidly to zero, so that conservative
upper and lower limits on ~ play no practical role in the analysis. This qualitatively
different behaviour for synthetic data is further evidence for misspecification.

Continuing the reasoning of (Styring et al., 2017), we could impose strongly in-
formative prior distributions for parameters of the PO module or M,,. itself.

However, we have no concrete prior information justifying informative priors on
the PO-module parameters, or restrictions on M,,.. Styring et al. (2017) refer to the
literature on model misspecification in evidence combination. This treats misspecific-
ation by replacing full Bayesian inference with BMI, also known as “cut models”. This

is the approach we now apply.

4.5.3 Bayesian Multiple Imputation analysis

The analysis presented here follows the BMI-analysis for the nmeso data in Styring
et al. (2017). We make some slight revisions and extend the analysis to the aegean
and swgermany data. The analysis is applied to one dataset at a time (with the same
modern calibration data used throughout).

(Step 1) This is the imputation step. We sample the posterior for M,,. in the HM
module. In the full Bayesian analysis the PO module acts as a prior on M,,.. Here we
cut that feedback and take a flat prior, P(M,,.). Parameter priors, collectively P(#),

are otherwise unchanged. The imputation posterior is
P(Marcae ‘ Ymody%rc) 08 P(Ymodayarc ‘ eaMarc) P(O)P(Marc) (452)
In terms of the low-level variables,

P(Ymoda }/;ch ’ 67 Marc) = P(Ymod ’ B? C) P(Y:zrc ’ B? Cv Marm Rarc)a

as before (first line of eq. (4.5.1)).
(Step 2) We now treat M,,. as data in the PO module. All PO priors, collectively
P(¢), are unchanged. The PO posterior conditioned on M, is

P(M(ITC | ¢77) P<¢)
D(Maye) ’

P(’% ¢ | Marc) - (453)
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where D(M,,.) is an intractable normalising constant. In terms of the low-level

variables,

P<M(ZT"C | ¢7 7) - P(MGTC | a, 7y, T, 5)7
as in eq. (4.5.1).

Many of the model elements are unchanged from the deprecated full Bayes ana-

lysis. However, we now carry out MCMC targeting
PBMI(’Y: ¢7 Marm 0 | Ymoda YaTC) = P(’% ¢ ’ MaTC)P(Marw 0 | Ymod7 Ym’C)7 (454)

the revised BMI-posterior for ~.

The dependence on D(M,,.) may look awkward, but is straightforward to handle
using Monte Carlo methods. The M,,. distribution is determined by the posterior
in eq. (4.5.2), and then for any fixed M,,., we can sample from P(vy,¢ | M) in
eq. (4.5.3) using standard MCMC methods. This sampling scheme follows Plummer
(2015). The MCMC algorithm is outlined in Styring et al. (2017). The agricurbayes
package contains our independent implementation set out in detail in the supplement

to Carmona and Nicholls (2020). fig. 4.5 shows the posterior distribution of v under

PBMI-

2.0

0.0

gamma

D nmeso D aegean D swgermany

Figure 4.5: Posterior distribution of v, the effect due to size on manuring levels in
the archaeological data.

We measure evidence in favour of extensification (manure level outcome decreases
with increasing site size) using the posterior probability that the effect of size, v, is

negative.
0

P(’Y <0 ‘ Ymodyyarc) - / PBMI(’Y | Ym0d7 Yarc) d7 (455)

—inf
This probability is estimated using output from our MCMC algorithm targeting Pgas;
in eq. (4.5.4).
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> # Posterior probability of negative gamma #
> p_gamma_leq_0 <- apply( mcmc_gamma < O, 2, mean )
> p_gamma_leq_0O

nmeso aegean swgermany
0.8421000 0.6926333 0.4554000

The posterior probability for v < 0 in the nmeso data is 0.8421. The corresponding
posterior probabilities for the other datasets may be read off from the output table.
Our prior for v puts equal weight on the two hypotheses v < 0 and v > 0 so the
Bayes Factor (Kass and Raftery, 1995) B, ¢ comparing these two hypotheses is

B(BMI) _ PBMI(’Y <0 ’ YmodaYarc)
<0 PBMI(’Y Z 0 ‘ Ymod7 Y;wc) .

(4.5.6)

> # Bayes factor for negative gamma #
> BF_gamma_leq_0 = p_gamma_leq_0 / (1-p_gamma_leq_0)
> BF_gamma_leq_0O

nmeso aegean swgermany
5.3331222 2.2534432 0.8362101

The nmeso and aegean datasets give Bayes factors equal to 5.3331 and 2.2534
respectively, evidence for v < 0. This is in line with the findings in Styring et al.
(2017) and section 4.4. These Bayes factors are likely to underestimate the strength
of the evidence due to dilution from noise in the imputation. The swgermany data
gave a Bayes factor equal to 0.8362, close to 1, and indicating no evidence for a
negative v. The posterior distribution is centred around zero so the effect is not

significant here. This is all in line with our findings in section 4.4.

4.5.4 Conclusions from Bayesian Multiple Imputation

We find moderate evidence for a negative effect of site size on manure level in the

nmeso and aegean datasets (respectively, Bszg“) =5.33 and Bﬁgﬂ) =2.25). This

agrees with previous work on the nmeso data and does not contradict the hypothesis

of extensification in the new aegean data. We find no evidence for an effect in the

BBMI

<0 ) =0.8362) so no support for extensification at the swgermany

swgermany data (
sites. These measures allow for all major sources of uncertainty (including now any
possible confounding due to date). They are conservative due to the effect of dilution

in BMI
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4.6 Semi-Modular Inference

The strength of the evidence for v < 0, the effect of size on M,,., measured using
BMI in the nmeso and aegean datasets in section 4.5 is real but not overwhelming.
Recent work on evidence combination, in particular Semi-Modular Inference (SMI)

(Carmona and Nicholls, 2020), adjusts for misspecification without dilution.

4.6.1 Outline of SMI

Semi-Modular Inference (SMI) combines BMI (Liu et al., 2009; Lunn et al., 2009;
Plummer, 2015) and the power-posterior (Bissiri et al., 2016; Holmes and Walker,
2017; Griinwald and Ommen, 2017), two inferential procedures treating model mis-
specification in Bayesian inference. The contribution each module (here HM and PO)
makes to the inference is controlled by a parameter n so that misspecified modules
can be down-weighted. In a misspecified setting this may give more accurate imputa-
tion and hence better downstream inference than either of fully Bayesian inference
or BMI. It will not in general do worse. This is because SMI defines a continuum of
inference procedures, indexed by 7, interpolating between BMI (at n = 0) and fully
Bayesian inference (at n = 1). It includes these methods as special cases, and selects
the procedure with best predictive performance.

In our context, we impute M,,. using an n-tempered version of the full model,
which reduces (but does not eliminate) the influence of the PO module by raising its
likelihood to a power n € [0,1]. This setup is used in the imputation of M,... The
second stage of the analysis is the same as step 2 of BMI. In the notation of section 4.5

the SMI posterior for our model is

Py, 6,7, &, Mare, 0 | Yinod, Yare) = P(3,6 | Mare) By(7, 6, Mare, 9 | Yinod, Yare)-
(4.6.1)
Here 4 and ¢ are parameters used only at the imputation stage, P(v,¢ | Muye) is
unchanged from eq. (4.5.3) and

P’r](ﬁ/u an Marca 0 | Ymodu Y:lrc> OCP(Ymod | 57 C) P(Yarc | 57 Cv Marcy Rarc)'
P(RaTC) P(Q | U€> P(ﬁ,ac)-
P(Marc | a, 7, T, S)np(é ‘ 0—5) P(CY,’)/,T, Og). (462)

Note the similarity between eq. (4.5.4) (BMI-posterior) and eq. (4.6.1) (SMI pos-
terior). The two-stage inference set out in Plummer (2015) remains, but the BMI im-

putation posterior in eq. (4.5.1) is replaced in the SMI imputation posterior (eq. (4.6.2))
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by something very like the full posterior in eq. (4.5.1). The change is that the PO
module likelihood in eq. (4.6.2) is raised to a power 7 to reduce its influence. The
SMI-imputation step uses a power posterior.

We have finally to choose a value for 1. Following Carmona and Nicholls (2020),
we define the optimal n as the value n = n* say, which maximises the Expected Log
Predictive Density or ELPD (Vehtari et al., 2017) for the normdi5n-data. This is a
natural performance measure, accounting for uncertainty in unknown parameters. It
is equivalent to carrying out Leave-One-Out Cross-Validation (LOOCV) on held out
normd15n responses and selecting the n-value that minimises the mean square error
for prediction. It can be computed from the MCMC output. Further details of SMI
are given in Carmona and Nicholls (2020).

We use the priors given in section 4.5.2 and the observations models HM and PO

given in section 4.4.

4.6.2 Results from SMI

We use MCMC to sample P, in a two-step procedure similar to that outlined for

Ppur.
In fig. 4.6 we show the estimated ELPD as a function of € [0, 1].

nmeso aegean swgermany
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Figure 4.6: Estimated predictive performance measured by ELPD (y-axis) as a func-
tion of the control parameter n (x-axis) under SMI for each of the three datasets (see
panel titles). Vertical lines give the optimal values 7 = n* of the control parameter
for each dataset.

The optimal values for 7, denoted n*, are approximately 0.8 for nmeso, 0.55 for
aegean, and 1 for swgermany. The fact that * < 1 in the nmeso and aegean data is
evidence for misspecification. There is no evidence for misspecification in the swger-

many data where the optimal imputation scheme is full Bayes itself.
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We plot in fig. 4.7 credible intervals for the SMI-posterior of v, the effect of size

on manure level M., as a function of the control parameter 7.

nmeso aegean swgermany
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Figure 4.7: Posterior mean and credible intervals of v under Semi-Modular Inference.
The y-axis correspond to the value of 7, while the x-axis corresponds to values of the
degree of influence n € [0, 1].

The plots show the posterior mean (solid line) and the 95% and 50% credible
intervals (shades) at each n-value (ie each vertical slice). Panels correspond to datasets
nmeso (left), aegean (centre), and swgermany (right). The vertical lines give the
optimal value of 7 in each dataset. Our selected SMI posterior is the posterior given
by the credible intervals at this line and is shown in fig. 4.8 below. Referring to fig. 4.7,
the nmeso and aegean datasets (left and centre) support similar negative values for the
size effect v at all values of the control parameter 7, whereas the swgermany-posterior
is close-to or slightly above zero.

The posterior credible interval for v determined by BMI in section 4.5.3 (fig. 4.5),
and Styring et al. (2017) supplement Figure 7. (left) page 16, can be read off at
7 = 0 in the leftmost nmeso plot. Credible intervals shrink towards zero as n — 0
as imputation noise rises. The posterior diverges as n approaches n = 1 and we
move towards fully Bayesian inference. This is a consequence of the combined effects
of misspecification, linear separability and the conservative bounds used in our non-
informative priors, as discussed in section 4.5.2.

fig. 4.8 shows the posterior distribution of v at n = n* for each dataset. For the
nmeso and aegean datasets, the posterior distribution puts little weight on v > 0,
evidence of a negative effect of size on estimated M, .-values.

The evidence in favor of the agricultural extensification hypothesis is measured by

the posterior probability that the effect 7 is negative, P+ (v < 0 | Yiod, Yarc)-
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0.0

gamma

D nmeso D aegean D swgermany

Figure 4.8: Posterior distribution of v under SMI for the optimal degree of influence,

*

n.

> # Posterior probability of negative gamma #
> p_gamma_leq_O_smi <- apply( mcmc_best_smi_gamma < 0, 2, mean )

> p_gamma_leq_0_smi

nmeso aegean swgermany
0.9849333 0.8615000 0.1554333

The posterior probabilities for v < 0 is higher in nmeso and agean than we saw in
BMI, section 4.5 as dilution is reduced. Some evidence for v > 0 in swgermany now
appears.

The corresponding Bayes Factors for the hypothesis v < 0 are given by

Pn* (7 <0 | Ymoda Yarc)
1- Pn* (,-)/ <0 ’ Ymod7 Yarc)

B -

> # Bayes factor for negative gamma #

> BF_gamma_leq_O_smi = p_gamma_leq_O_smi / (1-p_gamma_leq_0O_smi)
> BF_gamma_leq_0O_smi

nmeso aegean swgermany
65.3716814 6.2202166 0.1840392

These Bayes factors (65 and 6) give strong support for v < 0 in the nmeso and
substantial support in the aegean data. The Bayes factor for v < 0 in the swgermany

data (0.184) gives substantial evidence for v > 0.
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4.6.3 Conclusions from SMI

We find evidence for a negative effect of site size on imputed manure level M, in the
nmeso and aegean datasets (respectively, ng& =65.3717 and BSZ(% =6.2202). This
improves on the conservative BMI estimate for the nmeso data (taking into account
any possible effect due to date) and provides clear evidence for the hypothesis of
extensification in the new aegean data.

There is some evidence for a positive effect in the swgermany data (BSZ& =0.184,
or in other words a Bayes factor of about 5.4 for the opposite hypothesis, that
is positive). The conclusion is less clear in this case, and not only for the reason
that the evidence is weaker. We entered the analysis aiming to measure evidence
for v < 0 and so there is no question, for the nmeso and aegean analyses, of our
changing the hypothesis on seeing the data. In claiming evidence for v > 0 in the
swgermany analysis we would be changing our hypothesis after seeing the data. This
undermines the analysis (see discussion in Cox (2006)) and, taken with the real but
not overwhelming strength of the evidence (Bayes Factor 5.4), we would be inclined
to leave this as undecided.

Finally, we visualise the size effect. In fig. 4.9 we show the relation between size

*

and manuring level estimated at n = n*. The pair of plots in each row share a
dataset, nmeso (top), aegean (middle), and swgermany (bottom). Plots in the left
column show, for each missing manure level in M,,., the posterior probability the
missing level takes the value low as a function of size. The right column shows
the posterior probability for the missing manure level to take either of the values
low or medium. Tighter credible intervals (shaded area) indicate a clearer relation
between estimated M,,. and size. The negative effect of v is evident for nmeso and
aegean: the posterior probability for lower manure levels grows as size increases.

For swgermany the effect is positive.

4.7 Overall conclusions

We reported results from three analyses of our data. Single imputation gives a simple
introduction to the models and inference problem and gave an easy-to-understand
check on the more sophisticated analyses which followed. Bayesian Multiple Imputa-
tion is a familiar method, allowed direct comparison with Styring et al. (2017), and
has much in common with Semi-Modular Inference.

All three analyses, single imputation (section 4.4), BMI (section 4.5) and SMI (sec-

tion 4.6) give consistent evidence for the hypothesis of extensification in the nmeso
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Northern Mesopotamia
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Figure 4.9: The posterior probability (y-axis) that a given archaeological cereal grain
sample has a manuring level equal m or lower is plotted against site size (x-axis). (a)
Manuring level m=low. (b), Manuring level m=medium. Shaded areas give 50% and
90% credible intervals for the probability. Each row corresponds to a dataset: nmeso
(top), aegean (middle), and swgermany (bottom). Colors distinguish different sites.

and aegean data. In the main paper we report the SMI measures reported in sec-
tion 4.6.3,as this is our favored analysis. It improves on single imputation as it allows

for all major sources of uncertainty and improves on BMI as it greatly reduces the
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dilution effect we saw in BMI (see in particular our comments on fig. 4.7).
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4.8 Appendix

4.8.1 Pairwise relation of variables on modern and archaeological
data
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Figure 4.10: Pairwise relation between key variables in the modern data
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Figure 4.11: Pairwise relation between key variables in the archaeological data from
Northern Mesopotamia (nmeso)
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the Greece (aegean)
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4.8.2 MCMC analysis for SMI

Here we show simple convergence plots for the MCMC of the SMI posterior under the

best n. The MCMC was ran for a total of 310,000 iterations, with a warm-up period

of 10,000 and a thinning of 10. fig. 4.14 show the traces for the main parameters in

the model, showing no sign of trending. Parameter correlations are displayed as a

heatmap in fig. 4.15.

259
0.0
254

-5.0

value
o

2.1

1.54
124

09

nmeso eta=0.800

aegean eta=0.550

swgermany eta=1.000

Now Ao

vibhboo
owmounom

(IR

alpha_po_1 alpha_po_1 alpha_po_1
24
0 37
24 44
44 ey
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000
alpha_po_2 alpha_po_2 alpha_po_2
4 41 57
24 3
24
0 21
0+ 1]
T T T T 21 T T T 01 T T T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
beta_hm_1 beta_hm_1 beta_hm_1
44 57
44
34 34
24 24
T T T T T T T T 1 T T T T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
beta_hm_2 beta_hm_2 beta_hm_2
J -1.04 04
1 151 14
4 -2.01 >
j 251 )
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
beta_hm_3 beta_hm_3 beta_hm_3
] 204 254
S 159 3 204
] = 104 T 154
f > 051 Z 101
T T . . 00+~ T . . 0.5+ T . T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
beta_hm_4 beta_hm_4 beta_hm_4
] 5.0 55
4 454 5.01
] 4.04 454
] 354 404
g 3.0 354
6 10600 20600 30600 6 10600 20600 30600 6 10600 20600 30600
gamma_po_1 gamma_po_1 gamma_po_1
14 5.0
04 254
“14
>l 0.0
T T T T 1 T T T 251, T T T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
gamma_po_2 gamma_po_2 gamma_po_2
2
14 “1
04 27
44 04
T T T T T T T T 21— T T T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
sigma_hm sigma_hm sigma_hm
244 14
1 2.0 124
1.64 1.04
124 0.84
T T T T 0.8 T T T T 0.6 T T T T
0 10000 20000 30000 0 10000 20000 30000 0 10000 20000 30000
Iteration Iteration Iteration

Figure 4.14: Trace plot of the Monte Carlo samples for the main parameters in the
model.
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Figure 4.15: Heatmap with correlations of the principal parameters in the model
(gamma_po_1 corresponds to 7, the effect due to size in PO, whereas gamma_po_2 is

the effect due to date, denoted by 7 in the text.)
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Chapter 5

Simultaneous Reconstruction of Spatial
Frequency Fields and Sample Locations
via Bayesian Semi-Modular Inference

Abstract

Traditional methods for spatial inference estimate smooth interpolating fields based
on features measured at well-located points. When the spatial locations of some
observations are missing, joint inference of the fields and locations is possible as
the fields inform the locations and vis versa. If the number of missing locations is
large, conventional Bayesian Inference fails if the generative model for the data is
even slightly misspecified, due to feedback between estimated fields and the imputed
locations. Semi-Modular Inference (SMI) offers a solution by controlling the feedback
between different modular components of the joint model using a hyper-parameter
called the influence parameter. Our work is motivated by linguistic studies on a large
corpus of late-medieval English textual-dialects. We simultaneously learn dialect fields
using dialect features observed in “anchor texts” with known location and estimate
the location of origin for “floating texts” of unknown origin. The optimal influence
parameter minimises a loss measuring the accuracy of held-out anchor data. We
compute a (flow-based) variational approximation to the SMI posterior for our model.
This allows efficient computation of the optimal influence. MCMC-based approaches,

feasible on small subsets of the data, are used to check the variational approximation.
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5.1 Introduction

In the conventional setting of point-referenced data (Banerjee et al., 2014), data are
vectors y, € Y, p € A, A ={1,2,...,N} measured at fixed locations z, € X in a
region X C R? collectively X4 = (z,)pea and Y4 = (yp)pea. Statistical methods
commonly assume that the locations are known and specify a hierarchical generative
model, assuming that data at x € X are generated conditional on the local value
®(x) of a multi-dimensional latent spatial field ® : X — R9. Allowing other global

parameters 6, the observation model has the form
Yp ~ P(:|®(x,),0) , p € A

Let ®(X4) = (®(zp))peca give the field values at the observation locations. A Bayesian
approach assigns prior distributions to the latent fields and global parameters, and

targets the posterior distribution conditional on these “anchor” data,
P(B(X4),01Y2) < P(YAD(X 1), 0)P(B(X.),0).

There is a large literature for this setting with known locations, covering different
specifications for the response vector and prior. However, few methods have been
developed to handle the situation in which some sample locations are missing and
estimation of these locations is the goal.

Suppose that we are given an additional set of M measurements y,, p € A, A =
{N +1,..,N + M} with unknown locations. We call these data “floating” data
Yi = (Yp)pea and the data y,, p € A “anchor data” and assume the floating and
anchor data are realisations of a common generating process. The observed data
is then X4,Yy,Ys. The missing locations of floating data, X7 = (x,),c4, enter as
unknown quantities in the model. Let P = AUA, let Xp = (X4, X ;) be the set of all
locations for observations, known and unknown and let Yp = (Y4, Y3). The posterior

distribution is now
P(O(Xp), 0, X4[Yp) o PYAI®(X4), 0) P(Yal®(X 1), 0)P(O(Xp),0, X ).

where ®(Xp) = (¢(xp))pep are the values of the multidimensional latent field at all
locations.

The first contribution of this work is to provide a statistical framework to estimate
the missing locations z, € A jointly with estimation of the fields ®. Bayesian infer-

ence for missing locations is explored in Giorgi and Diggle (2015). They develop an
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MCMC procedure to target missing locations in a rectangular region in R?, assum-
ing normally distributed observations with a single spatial field parameterising the
mean. They focus on cases where the number of floating observations is at most two.
One important challenge in our setting is the sparsity of the data vectors y,, p € P
and the high dimension of ®. In the model below, the fields ® are represented using
Gaussian Processes. Using a softmax transformation, each component field in ¢ para-
meterises the probability to select one level of one categorical variable. This is the
GP-Generalized Linear Model (GLM) modelling framework of Diggle et al. (1998);
Savitsky et al. (2011). We have observations of 71 categorical variables at each loca-
tion in our main analysis, and each categorical variable has many levels, so we have
hundreds of spatial fields.

This data-sparsity is a distinctive feature of the model: if we take measurements
of an additional categorical variable at each location, we add a set of fields for each
level of the new variable. If we add data in this way, we increase the dimension of the
parameter space significantly. However, if we add new anchor measurements x,, y, to
A, keeping the number of variables observed at each location fixed (so fixed dimension
for @), then under regularity conditions and in the well-specified setting we expect
the fields to concentrate on their true values. Consistency results for the unknown
locations X 4 of the floating observations are outside the scope of our work; we plot
marginal posterior distributions for locations based on the data we actually have.

When the fields are informed by sparse and indirect measurements, and just a
subset of those observations are anchors, the analysis is exposed to misspecification,
and this motivates our use of specialised methods for handling model misspecification;
extending these methods to work in our setting is a second contribution of this paper.
In a straightforward Bayesian analysis the posterior distribution for the unknown
locations X 5 and latent fields ®(Xp) appear in a single joint distribution conditioned
on the known locations X 4 and the response data Yp. In this setting response data
Y37 measured at unknown locations also inform, or “feed-back”, into the posterior
distribution for latent fields. If the number M of observations with missing locations
is large compared to the number N of observations with known locations, and the
model is misspecified, then this feedback can pose real problems: incorrect locations
may distort the field posterior, which in turn biases location estimates.

In an analysis of the same data, Haines (2016) gets around this problem by re-
stricting analysis to a subset of the data and reducing the number of float locations,

but this is unsatisfactory. Model elaboration (Gelman et al., 2015) helped, and we
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present here our best post-elaboration model, a significant improvement over that
given in Haines (2016). However goodness of fit problems remain as we show below.

Bayesian inference in the M-open setting, where the true generative model is not
in the class of models expressed by the prior and likelihood, has progressed a great
deal in the last decade (Zhang, 2006; Liu et al., 2009; Plummer, 2015; Bissiri et al.,
2016; Griinwald and Ommen, 2017; Carmona and Nicholls, 2020). The approach we
take, based on Bayesian Multiple Imputation (BMI), draws on this literature. BMI
can be understood as a two-stage inferential process. First, in an imputation stage,
the posterior distribution for the unknown spatial fields and background parameters
is formed using the anchor data alone. Then in a second analysis stage, the posterior
for float locations is conditioned on the measurements at those locations and the
imputed field distributions. The imputed fields are random variables passed from the
imputation to the analysis, hence the BMI designation. This two-stage approach to
estimation of missing observation-locations was taken in Wasser et al. (2004, 2007).
Although this approach has many Bayesian elements, it does not define a standard
Bayesian posterior.

In the Bayesian Multiple Imputation setup, feedback from float locations into field
estimates is “cut”, so we call the resulting joint “posterior distribution” a C'ut posterior
(Liu et al., 2009; Plummer, 2015). However, in mildly misspecified settings, com-
pletely cutting feedback may be unnecessarily conservative and some scheme allowing
some controlled feedback from floating locations into field estimates may do better.
In this paper we “select the inference” (Jacob et al., 2017) in a single overarching
framework called Semi-Modular Inference (SMI) (Carmona and Nicholls, 2020, 2022;
Nicholls et al., 2022). This includes Cut-model inference and Bayesian inference as
special cases. Sampling an SMI- or Cut-posterior using Monte Carlo methods is more
challenging than sampling the equivalent standard Bayesian posterior distribution
(Plummer, 2015; Liu and Goudie, 2022b), and may require two-stage MCMC meth-
ods (Jacob et al., 2020) or variational approximations (Yu et al., 2021; Carmona and
Nicholls, 2022).

The generative model we write down for for the float locations, background para-
meters, fields and observations is developed from the model given in Haines (2016).
That work introduces the data and develops models in more detail than we do here. It
gives comparisons with alternative methods including k-Nearest Neighbours. These
are not competitive with Cut posterior inference, though Nearest Neighbours shows

promise. We refer the reader to Haines (2016) for these experiments.
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5.2 The Linguistic Atlas of Late Mediaeval English (LALME)
Data

We now describe the data in detail. See section 5.9 in the Supplementary Material for
further background from the perspective of historical linguistics and Haines (2016)
for exploration of these data from a statistical perspective.

The Linguistic Atlas of Late Mediaeval English (LALME), originally published by
MeclIntosh et al. (1986) and later revised and supplemented by Benskin et al. (2013),
provides a corpus of lexico-grammatical data across a range of late mediaeval texts.
The Atlas is founded on inventories of spellings for 1511 texts written in England,
parts of Wales, and a small number from southern Scotland, and spans approximately
1350CE to 1450CE. At the time spellings were not standardised, and people tended
to “spell as they spoke”, so spatial variation in spelling reflects dialectical variation.
In order to map this variation, the Atlas contains data on the usage of differing forms
of words and grammatical inflexions in different texts.

The Atlas differentiates between different forms (loosely, different spellings, indic-
ated below by ()) of a corresponding item (loosely, different words, indicated by {}).
We expand on these definitions in section 5.9.3. For example, the item {AGAINST}
has 165 varying forms, including (AGEINST), (AYEINST), (AGAINz) and (TOYENST).
The variation between capitalised and non-capitalised letters represents the use of ma-
nuscript symbols, such as extra symbols and accented letters, rather than the presence
of capitalisation itself. A single item can have many forms, some as many as several
hundred. The Atlas authors start with a list of items. They have P texts and take
each text and go through each item in the list recording the forms of the item which
appear in the text. Each text document is then summarised by a record called a
Linguistic Profile (LP) recording for each item the forms it contains.

Denote by Z = {1,2, ..., I} the set of all item labels (distinct words and grammat-
ical concepts) and for each item i € Z let F; = {1,2, ..., F;} give the set of forms it
takes. For example if i € Z is the item label for {AGAINST} then each of the forms
listed above will have a corresponding label f € F;. As explained below, we focus on
I = 71 selected forms which we subject to re-registration in a linguistically informed
coarsening process detailed below and in section 5.9.4. There are in all dy = 25:1 F;
forms in these data. Let P = {1,2,..., P} give the set of profile labels, one for each
text. An observation y,; = 1 indicates that form f of item ¢ is present in the text

summarised by profile p, and y,; f = 0 is observed otherwise. Let y,; = (Ypi.f)fer
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and y, = (yp.:)icz, 50 that data y, € {0,1}% records the presence and absence of
forms for the LP for the text with label p € P.

The 1511 LPs are divided into two categories: 300 anchor profiles and 1211 floating
profiles. Anchor profiles are localised on the basis of non-linguistic evidence. In rare
cases, a scribe with known biography can be identified, but most anchors are legal
or administrative documents whose place of origin is explicitly stated. In this case
it is assumed (if there is no evidence to the contrary) to represent the local forms
of language. Mclntosh et al. (1986) deduce the location of floating profiles using a
sequential method they call the ‘fit-technique’. This is described in more detail in
section 5.9.2, what follows is an outline. For each form that appears in a floating
profile, anchor texts and previously located floating profiles are used to delimit the
region in which this form was used. The unknown profile location should lay in
the intersection of these regions across all the forms it displays. Further linguistic
considerations were used to resolve conflicts and select a location. The located float is
then treated as an anchor and the process continued until all the floats are positioned.
If someone wishes to locate a new text they treat it as the M + 1’st float and apply
the same method.

Statistical modelling of these data is challenging, as a given item can have hundreds
of forms, and many of these may be rare. In order to treat this a coarsened version
of the data was made. This coarsening is described in section 5.9.4. Forms with very
similar spellings were merged according to linguistic criteria developed by the authors
of the Atlas. The coarsened data contains, for the purpose of location estimation, most
of the information in the original data, but is significantly less sparse. In this paper
we analyse the coarsened data.

We focus on a rectangular region, displayed in fig. 5.1, spanning 200 km east-west
and 180 km north-south. The region contains N = 120 anchor profiles with labels
A={1,..,N}. A further M = 247 floating profiles with labels A = {N +1,..., Ny}
were assigned to this region using the fit-technique (so that P = 367 above). We
are assuming the Atlas float-locations are sufficiently accurate for this purpose. Our
analysis below supports this, so the selection rule and analysis results are at least
consistent. The data X4,Ys,Y; and missing data Xz are now as defined in the
introduction. There are in all dy = 741 forms in the coarsened data displayed in
the region of interest. As an example of dialectal variation, in fig. 5.2 we display the
locations corresponding to usage of coarsened forms of the item {SUCH}.

The third contribution of our work is our analysis of the Atlas data itself. We

estimate and quantify uncertainty in the location of floating profiles given the anchor
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Figure 5.1: The locations of the anchor profiles (red) and the locations of the floating
profiles estimated using the fit-technique (blue). We focus on a 200 km x 180 km

region, which is expanded in the bottom panel.

profiles. This is the same problem the Atlas authors faced. We get good agreement
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Figure 5.2: The anchor locations at which (SIC), (SLIK), (SWC) and (SWILC), the
four most common forms of the item {SUCH} are recorded.

between the credible regions we estimate for floating profiles and the Atlas locations
estimated using the fit-technique. Our approach is automated, and provides well-
calibrated uncertainty measures for location. The level of location precision achievable
with these data has been in question and this is not easily quantified using the non-
statistical fit-technique. Our analysis shows that location accuracy of order thirty
kilometres is possible, underpinning the value of the Atlas. One application of the
Atlas is to locate new floating profiles. We validate our method by treating anchors
as if they were floating profiles and predicting their locations. This demonstrates the

feasibility of locating new texts.

5.3 Methodology

5.3.1 Gaussian Processes for Latent Fields

Gaussian Processes (GPs) (Rasmussen and Williams, 2005) form a flexible prior over
functions and have been used to model latent spatial fields (Diggle et al., 2013; Lloyd
et al., 2015; Aglietti et al., 2019). Bayesian inference for indirectly observed latent
spatial fields using GPs gives well calibrated measures of uncertainty when the prior
and observation models are well specified.

We have a large number of spatial fields in our motivating problem, reaching
many hundreds. Moreover, fields representing different forms of a given item (some

particular word) are anti-correlated at each location: if one spelling of a word is
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common at some location then other spellings are typically uncommon. However,
frequencies of spellings of different words are expected to be correlated by shared
dialect: similar patterns of spelling preferences across different words recur at different
locations.

In order to capture correlation between intensity fields and improve scalability on
the dictionary dimension, we follow the Linear Model of Coregionalization (LMC)
(Journel and Huijbregts, 1978; Alvarez et al., 2012) in which a large number of fields
are given as different linear combinations of a small number of basis fields.

In order to improve scalability with increasing numbers of profiles and to make
variational inference more straightforward, we use a sparse approximation to the
fields via inducing points (Titsias, 2009; Bonilla et al., 2019; Quinonero-Candela and
Rasmussen, 2005). Inducing values augment the prior specification and serve as global
parameters that are convenient for approximating the posterior distribution of the
entire field via Stochastic Variational Inference (SVI) (Hensman et al., 2013, 2015).
We treat the field values at inducing points as random variables in the posterior and
marginalise (approximately) over the field values at floating profiles. Targeting a
posterior on the joint distribution of the floating profile locations and the field values
at those locations would be challenging for variational inference due to complex co-

dependence. By contrast, the inducing point locations are fixed.

5.3.2 Semi-Modular Inference

Cut models (Liu et al., 2009; Plummer, 2015) and Semi-Modular Inference (SMI)
(Carmona and Nicholls, 2020, 2022) are forms of Bayesian Multiple Imputation that
are useful in settings where some of the priors or likelihoods of the generative model
for the data are mispecified. The idea is to break the model up into “good” modules
(thought to be well-specified) and “bad” (misspecified) modules. These methods are
natural when there are several datasets in the analysis, each with their own observa-
tion model. In that setting one module may be associated with each dataset. Each
dataset defines a posterior distribution for the variables appearing in the observation
model for that dataset. This definition of a “module” has been formalised in Liu and
Goudie (2022a).

Consider for example a model with dependence structure illustrated in fig. 5.3.
The modules are {Y, 4,0} and {Z,¢}. The two posteriors are respectively p(¢|2)
and p(#,1|Y). Suppose the Z-module is trusted and the Y-module is not.
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5.3.2.1 Cut-Model inference

In Cut model inference, parameters shared between good and bad modules are “im-
puted” in a first stage analysis using only the information in the good module. In our
example the Cut-posterior for ¢ is just p(y|Z). Parameters in the bad modules are
then “analysed” in a second analysis conditioned on the imputed parameters from the
first stage. The idea is to stop mispecification in the bad module biasing the posterior
for parameters it shares with the good module. In the example above the joint Cut

posterior for 1, 0 is

Peut(¥,0|Z,Y) = p(¢|Z) p(0]1,Y) (5.3.1)

x p(Z[Y)p(eh) x Mym,ﬁ)}ffi'ff/})-

This is “multiple imputation” because the imputed parameters i) have a posterior

distribution from the first stage, and the second stage conditions on these random
variables. Yu et al. (2021) show that the Cut-posterior is the joint distribution of v, 6

minimising the KL-divergence to the Bayes posterior

p(¥,012,Y) = p(¥|Z,Y) p(0]y,Y)
x p(Z|Y) p(¥) x p(Y|¢,0) p(d])

over all distributions ¢(¢, ) with ¢¥-marginal ¢(¢)) = p(¥|Z). The Cut-posterior is
not a Bayesian belief update which uses the likelihood as a utility and does not have
frequentist coverage of the pseudo-true parameter asymptotically (Pompe and Jacob,
2021). However, Carmona and Nicholls (2020) show that the Cut-model belief update
uses a different utility and is coherent in the sense of Bissiri et al. (2016), and Nicholls
et al. (2022) shows that the posterior is valid for this utility.

5.3.2.2 Semi-Modular Inference

The setup in SMI is similar. However, in SMI some information from the mispecified
module is used in the imputation stage. The idea is to allow the misspecified module
to bias the posterior for shared parameters in order to reduce their variance. This
trade off is modulated by an influence parameter n. The posterior used for imputation

of the shared parameter v is the “power posterior” (Friel and Pettitt, 2008),

Poowa (¥, 012, Y) o< p(Z|1) p(Y |1, 0)" p(6, ). (5.3.2)

An auxiliary “copy” of the # parameter is needed in the imputation stage in order to

access information from the likelihood p(Y|1), ). In the analysis stage we condition
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on the marginal random variable 1) ~ ppow (1| Z,Y), so the full joint Semi-Modular
Posterior (SMP) can be taken to be

pSmiﬂ?<¢a 0, é | Z, Y) = ppow,n(¢7 é | Z, Y) P(GW, Y) (5.3.3)

This reduces to p.,; when n = 0 and gives standard Bayesian inference when n = 1
so the SMP uses the power posterior to give a sequence of distributions interpolating
Bayes and Cut (Carmona and Nicholls, 2020). Recent variants of SMI suggest altern-
ative interpolating sequences of distributions (Liu and Goudie, 2021; Chakraborty
et al., 2023; Nicholls et al., 2022) within the same framework.

5.3.2.3 Targeting the Semi-Modular Posterior

Targeting the SMP with MCMC is not straightforward due to the marginal factor
p(Y]¢) in eq. (5.3.1) and eq. (5.3.3). A form of nested MCMC (Plummer, 2015)
is straightforward and adequate for many simple problems (Carmona and Nich-
olls, 2020). For any given value of the influence parameter 7, we first obtain T}
samples (@ D)1 from the power posterior ppown(¥,0 | Z,Y) using MCMC.

In the second stage, for each sample 1)), we run a sub-chain (6¢7)72

t, 1o

, targeting
p(8]Y®,Y) to equilibrium, preserving only the last sample #®) = 9*72) of each sub-
chain. The samples returned by the two-stage sampler are (® 00 90T = This
can be done using standard MCMC algorithms. Asymptotically in 7} and T, the
triples (¥®,0®,0®) ~ pi, have the desired distribution. We found this worked
well on our problem if the number of items and floats in the data was small (of order
ten items and ten floats), but too slow on the full dataset. This motivates our use
of Variational SMI. Besides this nested MCMC, other Monte-Carlo methods (Jacob
et al., 2020; Liu and Goudie, 2022b) have been given for the Cut-model. These could
be used for SMI. However, although they remove the double asymptotics and provide
better guarantees on sample quality, they are in general slower than Nested MCMC
and we have not explored them here. Some further implementation detail is given in
section 5.6.2.

In Variational SMI, the aim is to find a distribution ¢,(1), 6, é) that approximates
the SMP in eq. (5.3.3). Straightforward minimisation of the KL-divergence loss to
the SMP over a variational family ¢y is neither feasible (on account of the intractible
marginal p(Y|¢) factor) nor in fact desirable (as we would loose control of the influence
of bad modules on parameters shared with good nodules). Recently, Yu et al. (2021)
and Carmona and Nicholls (2022) gave a variational loss for approximation of Cut-

models and the Semi-Modular Posterior that preserves control of information flow in
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Module 1 Module 2

Figure 5.3: A Cut-model with two modules. The first module has parameter ¢ and
data Z, while the second is defined conditionally upon ¢, with parameter # and data
Y.

the approximating posterior and is feasible to fit using Stochastic Gradient Descent

(SGD). We explain how this applies in our setting in section 5.6.3.

5.4 Model

In this section we give our statistical model for the LALME data described in sec-
tion 5.2.

5.4.1 Observation model

Imagine a medieval scribe writing text p € P. They use item ¢ € Z a certain number
of times, z,,;. Each time they use item ¢ they choose a form f € F; for the item to
take (informally, each time they write a word they choose a spelling). The probability
¢i f(xp) for them to choose any particular form depends on their location z, (recall,
location here is the source of the scribe’s dialect, for example, their place of schooling;
for anchor texts this is taken to be the place at which the text was created, in the

absence of evidence to the contrary). For x € X let

¢i(r) = (pir(z), ..., ¢ir (7))
give the vector of form-selection probabilities for item i at location x, with Zle ¢ f(x)
1. Suppose that, by the end of the text they use form f € F; in all z,; ¢ times so that

Zpi = Zfe]—'i Zpyi,f-
Some items represent words which express ideas which come up more often in

texts. For ¢ € Z let p; give the mean number of times item ¢ appears in any given

text, let = (u;)ier and

(2pi | pt;) ~ Poisson(y;) 1iid for p € P.
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This does not depend on location x, as the selection of items (which depends on the
topic of the text) is assumed to be location-independent. Let Z,; = (2pi1,- .-, 2piF;)-

If forms are chosen independently then

(2, | 2pis ®i(xp)) ~ Multinomial(¢;(z,), 2,;) iidforpe P andieZ

so the joint distribution for the count data Zp = (sz);g; is

bl @ (06n)) = T[] [T o eouten 2

Z.
pEP icT fEF; b !

where ®(Xp) = (¢(x,))icp collects the form frequencies for all items at all profile
locations. Here ®(Xp) € [0,1]% is a dp = Y, F; dimensional vector.

We now give the observation model for the observed presence/absence data y,; s €
{0,1}, pe P, I € Z, f € F;. We allow zero inflation in these records in order to
account for missing items, so we do not simply set y,; r = I(z,, 5 > 0). Also, texts
have topics, and this may preclude a given item appearing. Some “specialist” items
may appear frequently when on-topic and otherwise be absent. Let ( = ((;)ier, G €
[0,1] give the zeroing-probability parameters which vary from item to item. With

these
PWpip = 0| i, Gy Gip () = G + (1= §) e i?nslon),

and so the joint likelihood for the binary data is

p(Yp | 1, ¢, @ =TT 1I I pWeis | 1i: Gir i) (5.4.1)

peEP i€l feF;

= [T1I 1T ¢ = tpip) + (1 = G)Bis(xy)

peEP i€l feF;

where 3; ;(z,) = (1 — e Hi®us @) )pis (e=ri%is(@))1=Upis Haines (2016) includes an

additional outlier model which identifies some items within some profiles as unreliable.

5.4.2 Prior distributions

The parameters in the observational model in eq. (5.4.1) are the item intensities
p € [0,00)!, the zero-inflation parameters ¢ € [0, 1]} and the form-probability fields
®(Xp) at all locations Xp = (X4, X4). The unknown locations of floating profiles,
Xi = (X));eca, are also parameters of the model. In the following we assume an

independent prior for each of these quantities.
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We define the prior for the item intensity parameters p following prior elicitation
from an Atlas author. We use Gamma distributions with common shape and rate

parameters a = b = 3 so

p(p) = HGamma(,ui; a,b).

i=1
For the zero-inflation probabilities we use uniform priors so that
p(¢Q)=]JH0< ¢ <)
i€
This reflects the fact that we expect zero inflation events to be rather common. For the
missing locations p(X 5), we assume independent uniform priors over the rectangular
region of interest, rescaling easting x northing into X = [0, 1] x [0,0.9] and yielding

N+M
p(Xa) o [ Lz, € X).
p=N+1
It may be possible to elicit more informative priors for z,, p € A, for example, pro-
portional to population density if historical population density maps were available.
The latent linguistic fields giving form-usage probabilities have one field for each
form of each item, in total dy = Zle F; fields. Denote the collection of all probability
fields as ® = {¢; t(x) }iez, fer, wex. In building a model for these fields, three consid-
erations apply: first, at any given location x € X, the fields associated with item ¢
must sum to one, rer 9i, f(x) = 1; second, field values at nearby locations should
be correlated; and third, fields of different items should be correlated by substructure
in the population of speakers.
In order to satisfy the location-additivity requirement, we parameterise the prob-
ability fields ¢; s(x), i € Z, f € F;,x € X using a softmaxz transformation of intensity
fields v; ¢(z) € R such that

(bz' f(x) exp(/yl}f (ZE))

- Yper (g (@)

The second and third requirements are satisfied by using Gaussian Process (GP)
priors (Rasmussen and Williams, 2005) for the form intensity fields. Specifically,
we use a Linear Model of Coregionalization (LMC) (Journel and Huijbregts, 1978;
Alvarez et al., 2012) to induce correlation across locations and between items. Let
B ={1,..,B} and I' = {7(x)}+en, zex denote a collection of B independent GP

basis fields with common kernel,

() ~ GP(0,k(-,-)), b€ B,
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and define the intensity fields as a linear combination these basis GPs by using a set

of mixing weights and offsets,

Yip (@) = aip + Z V() Wi, g (5.4.2)

The use of LMC in a GP setting seems to be the key to the significant performance-
improvement we see over Haines (2016), who used an independent Markov Random
Field with a local L1 smoothness penalty for each field ¢; ;(x). Haines (2016) saw a
complete collapse in reconstruction accuracy as items and floating profiles are added
to a Bayesian analysis. The present model, in which B need not grow indefinitely
with increasing I, avoids this collapse.

Let a = (air)iez.fer, and W = (w; sp)iez,rerpes. We set independent Laplace

priors for the weights to induce sparsity, and Gaussian priors for the offsets

I F
= H Hp(ai7f) with a; ; ~ Normal(0, o,)
i=1 f=2
B F,
H H H Wi fp) with w; 7, ~ Laplace(0, o)

b=11i=1f

In order to avoid identifiability issues, we set the offset for the first form of each
item a;; to 0. In our experiments, we use a Squared Exponential Covariance for the
Kernel of the basis GPs. The kernel hyper-parameters were set via Hyper-Parameter
Optimisation (HPO) (described in section 5.6.4).

The Linear Model of Coregionalization not only induces prior correlation between
items, but also reduces the model dimension significantly. We only need B GPs priors,
instead of the Zle F; — I priors required if we set independent priors for forms within
an item. In our experiments, we find that a small number of basis fields (around
B ~ 10) are enough to capture the geographical structure of the linguistic fields (see
section 5.7). This is orders of magnitude smaller than directly setting a prior on
the hundreds of intensity fields. However, it is also desirable from a prior elicitation
perspective, as a basis field which contributes significantly may be interpreted as a
spelling “dialect”.

Let I'y(Xp) = (1(xp))pep be the vector of values taken by one basis field b € B at
all profile locations, so that T'y(Xp) € RY and let I'(Xp) = (I'y(Xp))pes be the vector
of all basis-field values at all profile locations, with I'(Xp) € RE*¥. In this construc-
tion, the prior for the probability fields ®(Xp) at profile locations is determined by
the GPs prior of the basis fields and the mixing coefficients, p(I'(Xp), a, W).
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5.4.3 Exact Joint Probabilistic Model

In this section we set out the joint model for the parameters and data, collecting all
the elements described above into a joint probabilistic model. In the next section we
will give an approximation to this distribution which is needed for tractability.

Given the deterministic relation between the probability fields ® and their con-
stituents (I', a, W) under the LMC, we rewrite the observational model from eq. (5.4.1)
as

p(Y’P | H, <7 q)(XP)) = p<Y'P|M7 Ca a, W7 F(X’P))
Let T'(X4) = (I'n(Xa))oes and T'(X z1) = (I'h(Xa))pes give the vectors of basis fields

at anchors and floats respectively. The exact joint probabilistic model of data and

parameters is

p(YP> 2 Ca a, VV7 F(Xp)a XA) :p(YA‘Ma Ca a, I/Va F(XA)) P(YA’M: C? a, W7 F<XA))
X p(L(Xa), D(X5) | X4) (5.4.3)
x p(Xa) p(p, ¢, a, W)

Exact inference on this probabilistic model becomes computationally infeasible
with a large number of profiles in the data. The joint distribution of the values I',(Xp)
taken by one basis field b € B at all profile locations, is a multivariate Gaussian of

dimension P = N 4+ M, with zero mean and covariance matrix Kp = (k(x;, x;)); jep,
[y(Xp) ~ Normal(0, Kp),

and we need to compute the inverse of Kp many times over when targeting the
posterior. This wont scale to the full LALME dataset, which contains thousands of
profiles P.

5.4.4 Sparsity in Latent Fields via Inducing Points.

In order to overcome the scalability challenge on the number of profiles, we introduce
a sparse approximation to the joint distribution in eq. (5.4.3) via inducing points
(Titsias, 2009; Bonilla et al., 2019; Quinionero-Candela and Rasmussen, 2005). Indu-
cing values augment the prior specification and serve as global parameters that are
particularly convenient in SVI (Hensman et al., 2013, 2015). There are two steps to
the approximation: we indicate the exact joint model by p() in eq. (5.4.3) and the first
and second stage of the approximation by p™® and p® in eq. (5.4.6) and eq. (5.4.9)

below.
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Consider a set of U inducing points, Xy = (24 )ueu, U = {1,...,U} and for b € B
let I'y(Xy) = (9(2w))ucu- Here I'y(Xy) is a multivariate Gaussian random variable

of dimension U, with zero mean and covariance matrix Ky = (k(x;, x;))i jeu,
I'y(Xy) ~ Normal(0, Kyy).

We call I'y(Xy) the inducing values of basis field b. Let I'(Xy) = (I'n(Xy))ves be the
vector of all inducing values for all basis fields.

In the sparse approximation the prior distribution for the basis GPs at profiles,
p(I'(Xp) = (I'(X4),['(X 1)), and inducing locations, I'(Xy,), is approximated by as-
suming conditional independence between fields values, T'(X4) and I'(X 3), at anchor

and floating profiles given the inducing values, that is

p(I'(Xp), N(Xy) | Xa) = p(T'(X4)),D(X3) [ T'(Xu), Xz) p(I'(Xy)
~ p(D(Xa) | T(Xw)) p(T(Xa) | T(Xu), Xa) p(T'(Xy))-

This is likely to be a better approximation than is often seen in inducing point ap-
proximations, as it retains correlation within the anchor group and within the group
of floats. One popular setup (Hensman et al., 2015) would take all fields at all profile
locations to be jointly independent given the inducing values.

In our experiments, we define a homogeneous square grid of inducing points along
the region of interest by dividing in 10 sections vertically and horizontally, for a total of
121 inducing points. The space between inducing points corresponds to approximately
20 km in the map which is somewhat shorter than the scale of variation we recover
(see fig. 5.15). Our approximation will be good if the inter-point spacing of inducing
points is smaller than the length scale for variation in the basis fields.

We now specify the factors appearing in eq. (5.4.4). In fig. 5.4 we display a
graphical representation of the model we are describing. The joint distribution of the
values of basis field b at anchor locations conditioned on the values taken by field b

at inducing points is
(To(Xa) | Tp(Xy)) ~ Normal(K 4y Ky 'Ty(Xy), Ka— KavKy'Klyy),  (5.4.5)

where K4 = (k(xp,x,))pqea is the covariance matrix between anchor locations, and
Kau = (k(xi,x))ica, jeu is the cross-covariance matrix between anchor profiles and
inducing locations. The conditional distribution (I'y(Xz) | I's(Xy), X 5) of the basis
field values at floating profiles locations X z is given by eq. (5.4.5) with A — A.
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By the prior independence of basis fields we have p(I'(Xy,)) = [1, p(Ts(Xy)), a

product of multivariate Gaussians of dimension U. Similarly,

p(P(Xa) [ D(Xw)) = [T o(To(Xa) | To(Xur)),

b=1
a product of multivariate Gaussians of dimension N. For the floating profiles,

p((X3) | T(Xu), X5) = [ [ p(To(Xa) | To(Xu0), X 4),

b=1

the factors each have dimension M. The approximate joint density after this first

factorising approximation is

PV (Yp, 1, ¢ a, W, T(Xy), D(Xp), X4) =p(Yal, ¢, a, W, T(X4)) p(Yalpr, ¢, a, W, (X 5))

x p(I'(Xa) | T(Xy)) p(T'(Xa) | T(Xu), Xa)
(5.4.6)

X p(XA) p(F(XZ/I)> p(“’? C? a, W)

We make an additional approximation in order to compute the joint log-probability:
we make an approximate integration over the fields at profile locations, following
Hensman et al. (2015),

logp(Ya | 11, ¢, a, W, T(Xy)) = log [Eprxarix) P(Yalp, ¢ a, W, T(X 4))]
> Epr(x)rx)) logp(Yalu, ¢ a, W, T'(X4))]

= 10gﬁ<YA | M7C7a7 W7F(XZ/{)) (547)
logp(YA ‘ M, Ca a, VV? F(XU)7 XA) Z ]Ep(F(XA)H‘(Xu)J(A) [IOgI)(YA“’Lu CJ a, VVJ F(XA), XA)]
=logp(Yi | p, ¢, a, W, T'(Xy), Xz). (5.4.8)

We approximate the likelihoods on the left with the lower bounds on the right, so
that the final approximated joint probability distribution is

P (Yp, 11, ¢, 0, W, T (Xer), Xa) = p(Ya | 11, C, a0, W, T (X))
xp(Ya | p, ¢ a, W, I(Xy), X5) (5.4.9)
x p(p, ¢, a, W, T'(Xy)) + log p(X 3).
Whenever we need to evaluate eq. (5.4.7) or eq. (5.4.8) we estimate their values
by drawing joint samples ['(X4) ~ p(- | I'(Xy)) and I'(X3) ~ p(- | T'(Xy), Xa)
and averaging. We found by experiment that 100 samples was sufficient for stable

downstream inference.
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Figure 5.4: Probabilistic Graphical Model for the Linguistic Data. Squares represent
observed data, circles represent model parameters. Global parameters are at the core
of the model, colored in grey, and the missing locations colored in red. Probabilistic
relationships are represented by solid lines, while dashed lines represent deterministic
relations. Plates denote multiplicity along sets.

5.5 Semi-Modular Inference for the LALME model

In the context of a different model for the spatial fields, Haines (2016) observes that
jointly inferring the spatial fields and the locations of all floating profiles yields poor
results, with floating profiles often clustering together at the borders of the region.
Model error in the field-prior is amplified by feedback from floating profiles and can
dominate information from anchors. This suggested a Cut Posterior setup (Haines,
2016, p. 125) in which the posterior distribution of the fields was estimated using
the anchor profiles alone, and then the posterior distribution of the floating-profile
locations was obtained by averaging over the field posteriors. This two-stage approach,

which eliminates information flow from the floating profiles to the spatial fields, out-
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performed Bayesian inference.

Reducing feedback between modules is an effective way to alleviate model con-
tamination (Liu et al., 2009; Jacob et al., 2017). A graphical representation of this
Cut in the LALME model is displayed in fig. 5.5. If we group together elements of

the probabilistic model in fig. 5.5 we get exactly the two-module model in fig. 5.3,
Z =Yy, Y =Y;,
. (5.5.1)
QEX/L ¢E (M7C7a7 W7F(XZ/I))

Module 1 Module 2

Figure 5.5: Probabilistic Graphical Model for the Linguistic Data. The plates are
omitted for simplicity. Notation is otherwise as fig. 5.4. The red dashed line indicates
the cut. In the cut-posterior, parameters on the left side of the cut are inferred
independently of any information from the right side. In SMI, information from the
right is downweighted.

We begin by giving the cut posterior and then extend the analysis to give the

SMP. Using our model specification, the cut posterior eliminating the feedback from

151



floating profiles into linguistic fields is given by

pcut(:ua Ca a, VVa F(XU)a X/i | YP) = p(l’[ﬁ Ca a, M/a F(XU) | YA) (552)
X p(XA ‘ 1, C7a7VV7F(XZ/I)aYA)7

which, when written in the notation of eq. (5.5.1), is identical to eq. (5.3.1). The
approximations given in eq. (5.4.7) and eq. (5.4.8) are needed in both stages, so that

p(:ua C,CL,I/V,F(XL{> ’ YA) OCﬁ(YA | 1y Ca%VVaF(Xu)) p(lu7<7aaVV7F(XU))a
p(XA | M7C7a7VV7F(XM)7YA) X ﬁ(YA|N7C7a7 W7F(XL{)7 7) p(XA),

where we omitted a factor p(Yj|u, ¢, a, W,T'(Xy)) in the second denominator. This
is constant for any fixed set of conditioning variables, and corresponds to p(Y|¢) in
eq. (5.3.1). This wont play a role in our MCMC or SVI due to the two-stage structure
they share.

We now extend the modularized analysis of Haines (2016) to Semi-Modular In-
ference (SMI) (Carmona and Nicholls, 2020). In order to define the Semi-Modular
Posterior in our setting, we simply drop the objects defined in eq. (5.5.1) into the
power posterior eq. (5.3.2) and SMI posterior eq. (5.3.3). We define a scalar influence
parameter 7 € [0, 1] which enters as a power on the likelihood factor for floats and

define the powered joint distribution

ppow,n(,u; <7 a, VV; F(XL{>7 XA ‘ Y'P) S8 ﬁ(YA|M7 CJ a, VVa F(XZ/{>>
x p(Yalp, ¢ a, W, I'(Xy), X4)" (5.5.3)
X p(M7 C? a, W7 F(XU)) p(XA)

We have replaced exact likelihoods p(Yal|u, ¢, a, W, T'(Xy)) and p(Yi|u, ¢, a, W, T'(Xy)
with the lower bound approximations given in eq. (5.4.7) and eq. (5.4.8). The notation
of eq. (5.5.1) identifies eq. (5.5.3) with eq. (5.3.2).

The Semi-Modular Posterior is obtained by using this power-posterior and creating

auxiliary copies of selected model parameters, namely § = X ;. The Semi-Modular
Posterior for the LALME model is then

psmi,n(:“a Cv a, W7 F(XU)u XA, XA | Y’P) X Ppow,n (Na Cv a, W7 F(Xu), XA ’ YP) (554)
x p(Xa | ¢ a,W,T'(Xy),Yz).

In the notation of eq. (5.5.1), eq. (5.5.4) is

Pemin (10, 0,0 | Ya, Y1) = Ppown (10, 8]V, Yz) p(8]1), Vi) (5.5.5)
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and so we can identify the Semi-Modular Posterior in eq. (5.5.4) for the model in
fig. 5.5 with the Semi-Modular Posterior in eq. (5.3.3) for the model in fig. 5.3.
The Semi-Modular Posterior in eq. (5.5.4) interpolates between the cut posterior

in eq. (5.5.2) and the (approximate) Bayes posterior in eq. (5.4.9).

5.5.1 Choosing the rate of influence

The selection of the influence parameter 1 will depend on the goals of inference. We
define a loss function V : [0,1] — R that measures success in the inference and chose

the influence parameter that minimises this loss,
n* = argmin V (n).
"

The SMP distribution corresponding to n* is used for downstream analyses.

In the context of the present problem, the loss function should measure the ac-
curacy of our X j-estimation as a function of the influence 7 of the float data Yz. We
do not of course know the true float locations, X% say, but we do have an obvious
proxy in the anchor locations X 4. We therefore take the Posterior Mean Squared
Error for predicting anchor locations as our loss. We treat K = 20 anchors as floats
and adjust n so that the posterior for their locations are concentrated on their true
locations using the posterior MSE as a loss encapsulating a penalty for the bias and
variance of location estimates.

Let K = {iy,...,ix} denote the indices of the “held out” anchors, so that K C Z,
and A\ K are the indices of the remaining anchors. Relabel the true locations of
the held out anchors X} and let X 5, € XM*5 denote all the locations we wish to
estimate in this cross-validation analysis and let X Auk be a second copy of the same

parameters. In this analysis the SMP in eq. (5.5.5) is

Péﬁ%(% XAUIC? XAUIC ‘ YP) = ppow,n(wa XAUIC’YA\IO YAUIC) p(XAUIC‘wa YAUIC)? (556)
and we have the standard SMI setup of eq. (5.3.3) with

Z =Yk, Y = Y,

(5.5.7)
05XAUK7 w = <M7C>Q7WF(XU>)-
Our loss function is then,
Vi) = K7 S B e [l X7, (553)

pEK
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where ||z, — X[ is Euclidean norm and for p € K, x, and X; are the posterior and
known true profile locations for the K = 20 held out anchors.

A design like this is discussed in Mao et al. (2022). If, for example, the pairs
(Zp, Yp)pep were exchangeable (so z,, p € A is unknown, but the missingness is
random) then the distribution of the “held out” anchor loss ||z, — X}||*, p € K at
any given 7 would be the same as the “ideal” loss ||z, — X7[|* for p € A a float, and
hence a good proxy for the ideal target loss. Exchangeability does not hold in our
spatial setting so this idealised. A form of local-exchangeability developed by Mao
et al. (2022) may hold. However, we have not explored this.

5.6 Implementation details

5.6.1 Data settings

Recall our description of the LALME data from section 5.2. The observations come
from a rectangular region spanning 200 km east-west and 180 km north-south. The
region contains N = 120 anchor profiles and M = 247 floating profiles. In these
profiles we have in all I = 71 items producing Zle fi = 741 distinct forms. We
consider four datasets in our experiments: the full dataset containing all data in the
region, a validation dataset obtained from the full dataset by treating twenty anchors
as floats, a medium dataset with all the floating profiles but just a subset of the items

and a small dataset with just a subset of floating profiles and items,
Full dataset: 367 profiles (N = 120, M = 247), I = 71 items, Zle fi = 741 forms,

Validation dataset: 367 profiles (N = 100, M = 267), I = 71 items, Zfil fi = 741

forms,
Medium dataset: 367 profiles (N = 120, M = 247), I = 8 items, Zi[:l fi = 79 forms,
Small dataset: 120 profiles (N = 120, M = 10), I = 8 items, Zfil fi =79 forms.

In table 5.1 we provide a count of the number of parameters required by the LALME
model for the small and full datasets. The small dataset is motivated as a baseline
to compare the estimation between MCMC and variational methods. We found it
infeasible to use MCMC when the number of floating profiles is at all large, as we
could not get convergence in a reasonable time. This is demonstrated using the
medium dataset.

We set the number of basis fields in the LMC model in eq. (5.4.2) to B = 10
in all analyses. The number of fields has to be large enough to allow the LMC
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model to express complex spatial structures over dialect fields. The B values selected
are “large enough”; in the sense that not all the basis fields are needed: the posterior
distribution for some basis fields concentrates on zero; the model has captured enough
geographical structure with the remaining fields to model the data and any increase
in B would just add redundant basis fields. In fig. 5.15 we show the B = 10 basis
fields for the full dataset and observe that some of the fields are practically flat over
the entire region.

The number of inducing points is U = 121 in all analyses. These correspond
to the vertices of a homogeneous rectangular grid dividing the region vertically and
horizontally into 102 sections of roughly 20 km?. This reflects a prior belief that 20
km is at or below the length scale over which dialectic variation occurs. With these
inducing points we could reconstruct variation on shorter scales if it were there, though
we would not accurately quantify uncertainty in such structures due to the nature of
the approximations we make. The variational setup would in principle allow us to
learn the inducing locations as one more parameter in the model. However, this would
be computationally demanding as it requires re-computation of covariance matrices

at each iteration.

Parameter Dimension Full dataset Small dataset

7 i 71 8

¢ I 71 8

a 7 741 79

w B> fi 7,410 720

T'(Xy) BU 1,210 1,210

Subtotal (global params) 9503 2018
X oM 494 20

Subtotal (with floating locations) 9997 2038
[(X4) BN 1,200 1,200

(X 4) BM 2,470 100

Total 13,667 3,338

Table 5.1: Number of parameters in the model. The parameters I'(X 4)andl'(X )
are integrated out of the final posteriors in eq. (5.5.4) and eq. (5.5.6) using Monte
Carlo and the approximation in eq. (5.4.9) (these are not output by the x trained
Normalizing Flow).
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5.6.2 Inference via MCMC

We use Markov chain Monte Carlo (MCMC) methods to perform inference for the
LALME model using the small dataset.

Our implementation follows the two-stage MCMC procedure to target the Semi-
Modular Posterior (Carmona and Nicholls, 2020) given in section 5.3.2.3. The two
stage approach is needed to deal with the intractable y-dependent normalising con-
stant in p(0v,Y) = p(Yily, (,a, W, T'(Xy,)). In order to compare SMPs across dif-
ferent values of the influence parameter 7, we repeat this over a grid of values of
n € 0,1].

In both stages, we use a standard No U-Turn Sampler (NUTS) (Hoffman and
Gelman, 2014) implemented in Blackjax (Lao and Louf, 2020; Lao et al., 2020). This
software is convenient for the implementation of the nested MCMC algorithm, as it
allows easily to parallelize the sub-chains in the second stage of sampling thanks to
the vectorization capabilities of Jax (Bradbury et al., 2018). Moreover, we can make
a reasonable comparison between the cost of inference using MCMC and variational
methods by using a shared implementation of the joint log-probability function.

We provide software in our supplementary material.

5.6.3 Inference via Variational Methods

We obtain an approximation to the Semi-Modular Posterior in eq. (5.5.4) at each
n € [0,1], using the variational methods given in Carmona and Nicholls (2022). In
this setup we learn a Variational Meta-Posterior (VMP) which parameterises an ap-
proximation to the entire family of SMI posteriors indexed by the influence parameter
n. This is similar in spirit to Giordano et al. (2018, 2022) who consider perturba-
tions of prior hyper-parameters in variational Bayes posteriors. In contrast we learn
the entire family of Variational Meta-Posteriors and vary the influence parameter 7
indexing the inference scheme. We use a VMP-flow (Carmona and Nicholls, 2022)
constructed by composing several 8 conditional coupling layers of Neural Spline Flows
(NSFs) (Durkan et al., 2019; Dinh et al., 2016) followed by a layer to map the flow
into the domain of the model parameters.
In order to construct a variational family for approximation of the SMP in eq. (5.5.5),

take ¥ = (u, (,a, W,I'(Xy)) as above, and write the joint variational posterior as

q>\1:3777(w7XA7XA> = QAlm(w) QAz,n(XA | 7»[}) q/\s,n(XA | w) (561)
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where A\1.3 = {1, A2, A3} are variational parameters which do not depend on 7 and
we use NSFs for each factor. The variational family in eq. (5.6.1) depends on 7
using the parameterisation given in Carmona and Nicholls (2022) which adds 7 to
the conditioner in our coupling-layer conditioner. The trained family of variational
densities g, 5,, 7 € [0,1] is called the Variational Meta-Posterior (VMP).

The optimal A-parameters A;, A» and A3 maximise a variant of the Evidence Lower
Bound (ELBO) as explained in Carmona and Nicholls (2022). A similar revised tar-
get utility is given in Yu et al. (2021). This modification of the usual variational
utility is needed in order to stop the variational approximation introducing uncon-
trolled information flow between modules. The utilities connecting the Semi-Modular

Posterior in eq. (5.5.5) to the variational family eq. (5.6.1) are

ELBOpow,n()‘h )‘3) = E(w,XA)Nq/\I’/\:i [log ppOw,n(dju XA: YA7 YA) - lOg X1 23 (1/}7 XA)]
ELBObayes(A1, A2) = E(¢7XA)NQA1,A2 log p(v, X4, Yz) — log qx, », (¥, X4)]

and the simplest two-stage variational scheme at a fixed n value would take

A 30— arg max ELBOpow. 5 (A1, As).
1,73

~

5\%77) — arg ]_’I%\aX ELBObayes(Agn)7 )\2) :
2

These 5\@ depend on 7 so this is not yet the VMP. As explained in Carmona and
Nicholls (2022), the two stage scheme can be implemented in a single end-to-end
scheme using the stop-gradient operator ¥(v). This “protects” its argument from
any derivative in any term in which it appears. The ELBO for the second stage

becomes
ELBObayes () (A1 A2) = E (g x g)man, 1, 108 POV (1), X1, Vi) — 10g a2, (W (¥), X 1)]
and the overall utility is
L (smi) (A1:3) = ELBOpow,y (A1, A3) + ELBOpayes () (A1, A2). (5.6.2)

In a VMP we learn the variational approximation at each n simultaneously. Fol-
lowing Carmona and Nicholls (2022) we take an auxiliary distribution p(n) over [0, 1]
and define

'C(msmi — flow) (/\1:3) - En~p(~) ('C(smi,n) ()\1:3))‘ (563)

The optimal variational parameters are then

5\1:3 = arg I{\laX £(msmi—ﬂ0w) (/\1:3)- (564)
1:3
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These Ap.3-values do not depend on n and define 45,.5.,» the VMP. The optimisations
are carried out using the reparameterisation trick and SGD.

We take p(-) to be Beta(1/2,1/2), reflecting our experience that accurate estim-
ation of the VMP near Bayes and Cut (n ~ 0,1) is important, because the utility
V(n) is often rapidly varying in these regions. We will estimate L (msmi — flow) using
samples n ~ p(-), so taking a continuous density with support on all [0, 1] but more
samples at the extremes is helpful for convergence of SGD over \i.3. However, NSF's
are relatively expressive, and if there exists ;\1;3 maximising E(Smi’n)()\l;:g) at every n
then \j.3 also maximises L (msmi — fiow) (A1:3) for any distribution p over [0, 1], so while
p defines the absolute utility of A;.5 it has less impact on the final fitted VMP.

In order to find the value of 7 maximising the utility V(1) in eq. (5.5.8), we
target the validation posterior in eq. (5.5.6). The variational family targeting the
validation-SMP in eq. (5.5.6) has the form

qgﬁf)n(iﬂ, XAUIQXAUIC) = Q) Gon(Xauk | ¥) q>\3,n<XAUIC | ).

Having estimated qg\izl)n

we choose 77 to minimise the loss in eq. (5.5.8). This loss function is approximated

as a function of 7 using the same methods as for g5, . ”

by taking the variational-posterior Mean Squared Error of the reconstructed anchor

locations,

V() = K ZEQW) ([l — X 117] (5.6.5)

pek A1:3:M

and then n* is estimated by simply evaluating this at a selection of n-values.

5.6.4 Hyper-Parameters Optimisation (HPO)

We used Hyper-Parameter Optimisation to select a few parameters used for training
the model. In particular, we selected four quantities: the decay factor and peak
value for the AdaBelief learning rate schedule (Zhuang et al., 2020), as well as the
amplitude and length scale for training the Exponential Quadratic kernel for the GP
prior of basis fields. The target metric to minimise was the Mean Squared Error
defined in eq. (5.6.5) using the validation data setting described above. Search was
performed via Bayesian Optimisation (BP) (Snoek et al., 2012) implemented in the
Syne Tune library (Salinas et al., 2022), and executed in 40 distributed training jobs
using Amazon SageMaker (Perrone et al., 2020). A pleasing observation during the
optimisation process was that the metric values stayed in a stable narrow range after

a few (= 10) iterations.
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5.7 Data Analyses

In this section we present our experimental results for the LALME model in sec-
tion 5.4.

Our discussion will proceed in an incremental complexity. We start with a conven-
tional Bayesian analysis which estimates the Bayes posterior on floating profiles using
the small dataset via MCMC. This is useful for comparison with our later analysis
on the full dataset. We then give the VMP and MCMC approximations to the SMI-
posterior in eq. (5.5.4) for the predicted locations of floating profiles using the small
dataset. We trust the MCMC to give a reasonable summary of this SMI-posterior at
any fixed 7 so this gives a check on the VMP: is our NSF sufficiently expressive, and
our ELBO-maximisation via SGD sifficiently accurate, to reproduce the ground truth
distributions given by MCMC on a dataset small enough to allow MCMC simulation
in reasonable time. We illustrate the difficulties with MCMC when the number of
floating profiles is too large using the medium dataset.

Having established our methods on the small dataset we then apply them to the
full dataset where MCMC is not feasible. We select the influence parameter 7 using
the validation dataset. The same analysis is used to measure the accuracy of our
location estimates for the held-out anchors. We then present the results of variational

inference on the full dataset with the Semi-Modular Posterior at the optimal n-value.

5.7.1 Conventional Bayesian Posterior on the Small dataset.

We start off with a small baseline to assess our model in a manageable setting. The
small dataset is obtained by taking 8 items, all 120 anchors and 10 floating profiles
from the full dataset. With fewer items we require fewer dialect basis fields, and this
gives a helpful reduction in parameter dimension. With a small number of floating
profiles, the fields are mainly informed by the anchor locations, reducing any damage
due to feedback between imputed locations for floating profiles and latent fields.

In this setting, MCMC on the conventional Bayesian posterior in eq. (5.4.9) (con-
ditioned on Yp) is satisfactory overall. We observe good mixing for the global para-
meters p and ¢ in fig. 5.6, comparing samples for four chains of the NUTS MCMC
sampler. The zeroing probabilities (;, ¢+ € Z are not small, ranging from around 0.3
to 0.7. The mean useage frequencies p vary from around 5 to 15. Marginal posterior
location-distributions for a subset of 10 representative floating profiles are displayed
(in blue) in fig. 5.7, and their corresponding traces for northing and easting coordin-

ates in fig. 5.8. We select 10 floating profiles which “cover” the window X (using
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Figure 5.6: Distributions and trace plots for

or equivalently 7 = 1 in eq. (5.5.4)) on the small dataset.
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Figure 5.7: Posterior samples (in blue) for the 2D locations of a subset of floating
profiles. The samples correspond to the Bayesian posterior on the small dataset. The
red cross indicates the Atlas location estimated using the fit-technique. Samples are
output from MCMC targeting eq. (5.4.9) or equivalently n = 1 in eq. (5.5.4).

the Atlas location estimates to guide our choice) as we expect different behaviour in
different sectors due to the uneven distribution of anchors (see fig. 5.1).

We observe some issues with convergence and mixing of some chains for the floating
locations even in this small-data setting. For example, chains for coordinates of
profiles 699 and 755 (last two rows from top in fig. 5.8 and bottom right corner of the
grid in fig. 5.7) move very slowly between different modes. The problem gets worse
if we increase the number of floating profiles or the number of items. We ran an
experiment using the medium dataset, including all floating profiles but still only 8
items. We display MCMC traces in fig. 5.16. These mixing problems with the floating
locations are related to the issues reported by Haines (2016), which may be caused
by misspecified feedback between floating profile locations X ;7 and linguistic fields .
Although the MCMC might of course be improved, the VMP offers other advantages
besides stable estimation. Separate runs at different n values are not required as the
VMP parameterises a smooth sequence of SMI-posteriors over 1 € [0, 1] in a single

end-to-end training scheme.

5.7.2 Variational SMI on the Small dataset.

We now expand the analysis to consider the Variational Meta-Posterior on the small
dataset. The purpose of this section is show that the Variational Meta-Posterior we
fit shows reasonable agreement to the MCMC ground truth for the SMI-posterior at

each n-value.
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We observe good agreement for global model parameters. Comparisons of the
SMP for ¢ and p determined by the VMP at n-values 0,0.25,0.75 and 1 are shown
in fig. 5.9 and fig. 5.10 respectively. The VMP concentrates on similar ranges for the
two methods, across items and along degrees of influence 7. The variational SMP is
narrower, as one would expect from variational approximations. Our approximation
based on Neural Spline Flow alleviates part of the underestimation of variance that
one would observe with less expressive families such as a Mean Field parametrisation.
The distributions of these global parameters are insensitive to 7, showing that they
get relatively little information from the floating profiles.

The approximation to the posterior locations of floating profiles is also good over-
all. In fig. 5.11 we overlay Highest Posterior Density (HPD) credible regions (with
levels 0.05,0.5,0.95) of the variational posterior for the locations of ten representative
floating profiles at n-values 1,0.75,0.25 and 0. The top grid of plots in fig. 5.11(a)
corresponds to the Bayes posterior (n = 1) and are identical to those in fig. 5.7. The
bottom grid of plots fig. 5.11(d) corresponds to the Cut Posterior (n = 0), which com-
pletely eliminates feedback from the floating profiles. Other values of 7 interpolate
between the Cut and Bayes posterior, allowing partial feedback from the floating pro-
files. The main posterior modes are recovered, with no evidence for under-dispersion,
and we find agreement even in complex multi-modal structures (for example profile
755, far right in the bottom row of grids a-d). However, there are also regions of
disagreement, (for example profile 699, second from right in the bottom row of grids
a~d, where a mode is missed) including regions frequently visited by the MCMC chain

where the variational posterior do not assign high probability.

5.7.2.1 Variational Inference on the full dataset

We now consider the analysis of the full data. This is done in two stages. First we
fit the validation dataset, visualise the results (in fig. 5.12) for prediction of held-
out anchors, and then select the optimal influence parameter n* to minimise the
variational-posterior MSE (in fig. 5.13). We then refit the VMP to the full dataset
using the utility in eq. (5.6.3)) and report selected posterior distributions for the loc-
ations of floats, predicted now using all the anchors and the optimal level of influence
(in fig. 5.14).

The comparison of our variational approximations in section 5.7.2 with MCMC
“ground truth” gave good results in general for the small dataset. The SMP distri-
butions for global parameters and many profile locations were well represented, and

the distributions of most profiles were accurately captured. It is important to bear in
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Figure 5.9: Comparison of the SMP distributions for ¢ on the small dataset across
different values of 77. We compare the MCMC samples (blue) with the Variational
posterior approximation (orange).

mu mu m mu mu mu
vpp vps13 against each much then there which

0 10 20 30 400 10 2 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 40

mu mu m mu mu mu
vpp vps13 against each much then there which

0O 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 40

mu mu mu mu mu mu
vpp vps13 against each much then there which

|
- I “‘ \ “ / \ | “ Al
ﬂ‘i; J.L\ N N /. k A /A

0O 10 20 30 400 10 2 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 400 10 20 30 40

mu mu mu mu mu mu

vpp vpsl3 against then there which
| — McMc I | \ I
| — v I | I \ I\
I I\ /L ‘ I\ Al

I\ |\ /L
L A{L /N A lo JRY
0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40 0 10 20 30 40

(d) n=0.0

Figure 5.10: Comparison of the SMP distributions for p on the small dataset across
different values of . We compare the MCMC samples (blue) with the Variational
posterior approximation (orange).
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mind that in the setting with a large number of floating profiles, multiple disconnec-
ted modes may be present in the posterior of imputed locations, which complicates
inference for both MCMC and VI. However, the VMP location distributions are in
pleasing agreement with the Atlas float-locations assigned by the fit-technique (as-
sociation of red crosses and contours in fig. 5.11) and this suggests the variational
approximation may give useful location predictions. We cant use Atlas locations for
floats for inference purposes. Fortunately, as discussed in section 5.5.1, we can use
held-out anchor profiles to quantify the accuracy of the SMP location distributions
estimated using the VMP.

In fig. 5.12 we plot (in the same format as fig. 5.11) the marginal distributions
qgf’)n(xp), p € K (see definition the end of section 5.6.3) of fifteen of the K =
20 held-out anchors for n-values 1,0.75,0.25 and 0. These n-values are chosen for
illustration as the estimated loss V(”“”(n) has a minimum at around n = 0.7. We
draw attention to three features of this figure. First, the locations of the held-out
anchors are clearly well-predicted by the marginal posteriors at each 7. Second, the
distributions tend to become more diffuse as we move down through the grids from
(a) to (d) becoming really quite diffuse in the cut model in (d). This shows that the
information in the floating profiles is informing the fields ® at larger n values where
some modulated feedback is allowed. Third, the distributions in fig. 5.12 are more
uni-modal in appearance than those those in fig. 5.11. We believe this shows the
usual concentration of the posterior with increasing data (here both I, the number of
items and M the number of floating profiles have increased). This means it is likely
that the variational approximations are more accurate than those in section 5.7.2 as
the target is more easily matched.

We now present results for the choice of . The loss V(*®) is estimated by sampling
(val)
q5\1:3ﬂ7
at left. It has a minimum at around 7 = 0.7. Given the generally uni-modal shape

(z,), p € K and averaging. The 7-dependence of V) (n) is plotted in fig. 5.13

of the marginal posterior location distributions in fig. 5.12, the posterior mean is a

reasonable estimator. At right in fig. 5.13 we plot

K=Y - X7 (5.7.1)

peEK

with 7, = ]Eq(mz) [z,]. This measures the distance between point prediction and truth,
5‘1:37"7

as it removes the effect of posterior dispersion present in V¥4

) but remains sensitive
to all the biasing effects of model misspecification. The resulting estimated average

misplacement distance for location prediction of the held out anchors is around 28
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kilometres and we take this as our estimate of the scale of the error for our prediction
of locations for floating profiles in fig. 5.14 below.

In the last stage of this analysis, we refit the VMP to the posterior in eq. (5.5.4)
for the full dataset and plot marginal posterior distributions for the locations of
selected profiles along with the atlas locations in fig. 5.14. This is the main “output”
result of this paper. The optimal influence n* lays somewhere between grids (b) and
(c). The distributions (in blue) are somewhat more concentrated than those for the
held-out anchors in fig. 5.12. This may reflect differences in the text-type. Anchors
are generally legal documents with locations indicated in the text. Unlocated texts
corresponding to floating profiles are more hetrogeneous. Also, the disagreement
between posterior distributions for float locations and Atlas fit-technique locations is
somewhat larger than that seen for held out anchors. However, the fit-technique is
itself subject to uncertainty so this is to be expected.

The VMP-means for the basis GP fields I' offer some insight on the real underlying
structure of the form-probability fields ®. These are plotted in fig. 5.15 at the same
selection of n-values. The scales given by the shading-bar to the right of each graph
are important here. For example, in the bottom row of plots, corresponding to the cut
at 7 = 0, the scales for graphs 1,3,4,5,9 (reading from left) show that the fields show
small or negligible variation across the region X. These basis fields could be dropped
from the analysis with relatively little loss in the quality of the fit. As we move down
a column we see the basis field evolves, though retains its basic form. The basis fields
have a label switching symmetry in the posterior, but VMP is helpfully breaking that
symmetry and identifying fields across n-values: the same set of A1s-values are used
in each posterior. Fields six and ten capture variations which are aligned roughly
north-south and east-west respectively. We conjecture that this reflects the imprint

of the population history of speakers in this region on the spatial patterning of dialect.

5.8 Conclusions

5.8.1 Main results

We have shown how to simultaneously estimate spatial fields and measurement loc-
ations using a set of anchored measurements. We selected an inference framework
(from Cut models and SMPs and the Bayesian posterior) which makes some allow-
ance for misspecification. This methodology is needed due to the high-dimension of

the missing data (the fields) and the difficulty of forming an accurate generative model

166



for the data. The selected value of the influence parameter is less than one. Refer-
ring to fig. 5.12, this makes sense: the posterior distributions clearly cover the true
held-out anchor locations more reliably at n values smaller than one. This confirms
that some down-weighting of the information from floating profiles is desirable.

Was it worth it? Does information from the floating profiles actually help? One
could simply infer the posterior distribution of the spatial fields from the anchors and
use this to predict float locations. This would be cut-model inference and corres-
ponds to the bottom grid in fig. 5.12 with n = 0. Whilst these marginal posterior
distributions do cover the true values well, they are clearly much more diffuse than
the distributions in the grid at larger 7, as they throw out all information from the
floats. This shows that allowing some feedback is useful.

One nice feature of the inference framework here is the possibility of using the
location error itself as a loss for selection of the influence parameter n. Previous
work used the elpd as a guide. This reflects that fact that the location parameters
T,, p € A are “physical” quantities, with a clear meaning independent of the model,
misspecified or otherwise. In fact a loss of this sort will be available in many problems
that have the form of supervised classification: if z, is the “class label” for observation
p and y, is a feature vector then z, are known in the training data p € A and
unknown in the unlabelled data p € A intended for classification. In our case the class
labels are continuous, but the physical meaning for the labels, and the possibility for
constructing a loss minimising the predicted classification error, remains.

Our final results in fig. 5.14 show our predictions for the locations of floating pro-
files. These profiles were selected to cover the region, and are representative of typical
performance. There is good agreement between our predicted locations and those es-
tablished using the fit technique. We provide a formal quantification of uncertainty
missing in that non-statistical method. The application we have given was selected
to demonstrate the effectiveness of our method and agreement with the Atlas. Our
methods could be used to predict the location of new profiles. From the perspective
of users this would be the main application of interest. In principle this should be
done by adding the new profile to the set of floats and repeating the simulation in
section 5.7.2.1. However, a single profile is unlikely to change the distribution to any
great degree, so treating the existing analysis as the first stage of a cut model for
Bayesian multiple imputation of ¢, and considering the posterior distribution of the
new profile location conditioned on its y,-values and the imputed (random) fields,

should lead to efficiency gains with little loss of accuracy.
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What really was the misspecification? The generative model given in this paper
is a significant improvement on that in Haines (2016), we believe because of the
reduction in field dimension due to working with basis-fields, and the natural way this
introduces correlation between fields. However, we ignored correlation between the
forms of an item selected by a scribe. They are unlikely to use multinomial sampling
of forms. Also, where a scribe is copying an extant text, they may sometimes copy the
spelling in that text. This may bring forms from far afield into the profile. Finally,
the locations will not be missing at random from the LPs as the anchor texts tend
to be legal documents while the floating texts are more heterogeneous. There are no
doubt other processes which we do not understand. The use of an inference framework
that accommodates these errors, rather than further model-elaboration, allowed us

to make progress without ultimately resolving these issues.

5.8.2 Future work

Our Semi-Modular analysis reduces the influence of all floating profiles homogeneously
by using a single commom influence parameter. Nevertheless, there are other possible
ways to modularize our probabilistic model for the LALME data. Two extensions
may be of interest for future exploration. First, we could reduce the influence of
individual profiles differently, replacing n — n,, p € A. This would be equivalent to
introducing multiple cuts in the model, and in practice could be achieved by imposing
different powers 7, on the likelihood of each profile. This would require an elpd-
style training loss for n selection. Second, we could reduce the influence of some
items. The geographical structure may be more marked for some items, they may
be more informative and associated observations more easily modelled. Some words
are clearly differentiated by region, while others may be used equally across regions.
We may find we can improve our location accuracy by reducing the influence of
unstructured or misspecified items. This case would also entail multiple cuts and
would be implemented by introducing a set of influence-parameters n;, i« € Z to
be applied as per-factor powers in the likelihood product over items. Carmona and
Nicholls (2022) shows how a loss on mutiple cuts may be optimised in a VMP setting
using SGD.
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5.9 Supplementary Material

Further background on the data

5.9.1 LALME

The Linguistic Atlas of Late Mediaeval English (McIntosh et al., 1986; Benskin et al.,
2013) is a survey of local variation in the written language for the period c. 1350 to
c. 1450. Its results are presented as separate maps for each of 62 selected items. Here
an “item” is a word or other linguistic category, such as a grammatical inflexion or an
etymological segment, here marked by {}; the variant realisations of an item are its
“forms”, marked by (). An item map displays all of the variant forms for that item as
recorded at the irregular grid of survey points shown as red and blue dots in fig. 5.1.
Additionally, and for the same survey points, twelve hundred dot maps report the
distributions of select variants or sets of variants for another 218 selected items, as
well as analyses of such distributions within the item maps.

The survey includes most of England and such few parts of Wales from which Eng-
lish writing is known, and provides token coverage of southern Scotland. Scotland
is now treated comprehensively by Williamson (2008). Ideally the period of survey
would be much less, to guard against interference from variation over time with vari-
ation over space, but the accidents of manuscript production and survival, and the
displacement of local usage by what was becoming a national written standard, would
leave large areas unrepresented if this time-span were much reduced (McIntosh, 1963;
MclIntosh et al., 1986). Even so, and in spite of the 1511 sources, coverage for England
remains geographically uneven; for parts of the north and the south-west it is very
sparse, whereas for East Anglia, the London area, and parts of the West Midlands, it

leaves little room for additional material.

5.9.2 Survey points and the fit-technique

The Leeds Survey of Modern English Dialects (Orton and Dieth, 1962) could choose
its three hundred survey points as more or less evenly spaced across the land, but a
survey of the mediaeval language has to make the best of what it can find. The At-
las’s ‘informants’ were its sample manuscripts, represented by 1511 linguistic profiles.
An additional challenge is that the local origins for the bulk of these informants were
at the outset unknown: the Atlas had to be constructed as an ever tightening taxo-
nomic matrix within which unlocalised informants could be placed. Since regional

dialect changes for the most part in an orderly way over space (that is, the regional
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distributions of dialectal features are for the most part cohesive), it follows that a
taxonomic placing within a geographically rooted irregular grid is an approximation
to a local origin, and the denser the grid, the more closely will that origin be defined;
informants so placed can be incorporated as additional survey points, and contribute
in their turn to the placing of others. This procedure — McIntosh’s ‘fit’-technique
(Benskin, 1991; McIntosh et al., 1986; Benskin et al., 2013) — defines relative placings
within a grid variously anchored by informants for which there is good non-linguistic
evidence of local origin. In rare cases, a scribe can be identified and his biography is
known, but most anchors are legal or administrative documents whose place of origin
is explicitly stated, and which (though it is not a foregone conclusion) can be trusted
at least provisionally to represent the local forms of language (Benskin, 2004). In one
or two cases, anchors found after the Atlas was published have confirmed placings
previously determined by ‘fit’.

The fit-technique is mechanical and cartographic, proceeding from a set of maps
each of which displays the geographical distributions of the variant forms for a single
item. A local dialect can be regarded as an assemblage of such forms, some few of
which may be confined to that assemblage, but most if not all of which are shared with
one or another of the neighbouring dialects; a local dialect is thus far an intersection
of the distributions of its constituent forms. The local usage in any of the Atlas
inhabited blank spaces is hence assumed to have been a sub-set of the aggregate of
the forms in the survey points that delimit that space, with few of its forms (if any)
that are not predictable from those delimiters. Conversely, when such a combination
is identified, it is assumed, in default of evidence to the contrary, to represent the
local usage proper to that space (McIntosh et al., 1986). The fit technique treats
dialectal distributions in terms of areas and overlaps, and proceeds by the cumulative
elimination, map by map, of all the areas which are documented but in which the
constituent features of the unlocalised dialect are not recorded. What remains is the
area which accommodates all its features as an assemblage; in the first instance it is a
taxonomic sector, and by implication the dialect’s area of origin. The present paper

considers a statistical alternative to this procedure.

5.9.3 Linguistic profiles

The core of the Atlas comprises some 1511 taxonomic inventories, whose contents are
the spellings elicited by a fixed-format survey questionnaire; a completed survey ques-
tionnaire is a linguistic profile (‘LP’) for an individual scribe. In all the forms of 623

distinct items were recorded. The items were unevenly surveyed over space. Details of
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how the list of recorded items developed are recorded in the Atlas. It should perhaps
be emphasised that the survey is not concerned with peculiar local vocabulary. The
choice of an item was governed by two considerations: (a) it must be represented by
at least two co-variant forms of philological interest, and (b) it must be in common
use, with a good chance of appearing in whatever text might be available. Most items
are hence commonplace vocabulary, like {THESE}, {SHE}, {WHICH}, {SHALL},
{IF}, {TOGETHER}, and {TWO}. Grammatical inflexions are almost by definition
of common occurrence; among those used in Atlas are the suffixes of the {present
participle} (so (~ING), (~YnG), (~AND), (~END), etc.) and the {noun plural}
(so (~ES), (~IS), (~US), etc.). The Atlas is in the first instance a survey of written
language: much of the variation it records corresponds to variation in the spoken
language, but some of it, like that between (~YnG)and (~ING), demonstrably does
not. The idea that any given word in English should have one and only one spelling,
even if its pronunciation was a constant, was alien to perhaps the majority of scribes;
spelling systems had their own generative logic, which could be developed in different
ways. Although some scribes were very consistent, it is not unusual to find in the
course of a long text that many words, perhaps even a majority, have several forms
in either free or conditioned variation. Since the Atlas was intended as a research
tool, all variants elicited by the questionnaire, regardless of their presumed signific-
ance for the spoken language, are separately recorded; transcribed from manuscript,
they are represented in raw state so far as conversion into ASCII characters allows.
The contents of the completed survey questionnaires are correspondingly prolific and

diverse.

5.9.4 Coarsening

The number of forms corresponding to a single item can be very large, commonly in
the range of 100-200; notorious is {THROUGH}, for which the Atlas records over
four hundred variants. After analysing this primary data, Haines (2016) adopted a
coarsened version, in which the forms of an item under consideration were classified
and treated as subsets. For experiments with multi-dimensional scaling as an al-
ternative to the ‘fit’-technique (Benskin, 1988), a segmentation dictionary had been
developed in course of making the Atlas. For each item, a template consisting of vowel
and consonant segments was devised from which all of its variants could be generated.
For example, the template for {THEM} is C14-V14C24V2+4C3. These can be seen
as slots into which particles can be dropped. In {THEM}, C1 can be null (in the
forms (AM) and (EM)) or H (so (HAM), (HEM), etc.) or TH (so (THEM), (THAIM),
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etc.) or the mediaeval ‘thorn’ (so (yEM), (yEIM), etc.) or mediaeval ‘yogh’ (for which
(zAM), (zEOM), etc.); V1 can be A, E, EE, EO, I, Y, O, OE, U, UE, EI, EY, Al,
AIE, AY; C2 is usually M, but often abbreviated (so (HEm), (THAm), etc.), rarely
MM (for example (HEMME)) or mM (for example (yAmME)), but can be S (seen
in (AS), (ES), (HIS), etc.) or N (as (HAN)) or NN (in (yENN)); V2 is usually null,
but may be E (as in (THAIME)); C3 is usually null, but may be M (in (HEMEM))
or N (in (HYMEN)). These do not exhaust the possibilities for the 116 different
forms (letters may be written superscript, as for example in (HA*M)and (Y™™)), but
are enough to demonstrate the principle. Via such a template, comparison of LPs
in respect of them can be confined to a single segment, and the number of variants
reduced to easily managed proportions by identifying different particles within a slot.
Thus for C1, a binary contrast of H versus TH and its mediaeval equivalent ‘thorn’
includes most by far of the 116 variants and so removing the distinction between H
and TH in C1 of {THEM} is a coarsening; the contrast is implicitly phonological, as
is that between M (including abbreviated m) and S for C2. Philological judgement,
by no means infallible, is called for at every stage, but such restrictions relieve the
input data of what is likely to be a great deal of noise.

For present purposes, the area investigated was also confined. We focus on a
rectangular area spanning 200km east-west and 180km north-south, as displayed in
fig. 5.1. This contains 120 anchor Linguistic Profiles (LPs) and a further 247 floating

LPs that have been assigned locations via the fit-technique.
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Figure 5.14: Posterior distributions of locations of ten randomly chosen floating LPs,
obtained using Variational Meta-Posterior with varying values of 7. Darker regions
denote higher probabilities on each plot, and red crosses mark location assigned by
the “fit-technique”.
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Figure 5.15: Visualization of the posterior basis GP fields I, represented by the level
plots of the Semi-Modular Posterior mean. Darker lines denote higher levels within
each plot. We set the number of basis fields equal to 10, but observe from the scale
bars that the posterior concentrates on a smaller number of effective basis fields,
leaving a few flat fields (eg. first field in every row).
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Figure 5.16: Distributions and trace plots for a subset of floating locations.

We

compare four MCMC chains for the conventional Bayesian posterior (n = 1) on the
medium dataset including all (247) floating profiles and 8 items.
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Chapter 6

Conclusions

In this thesis we presented multiple contributions to the field of Generalized Bayesian
inference, with a particular focus on evidence combination and the problem of model
misspecification.

The proposed framework known as Semi-Modular Inference has been well received
by the statistical community and have opened new frontiers for theory and practice
involving data integration. A number of extensions and related studies have been
published since the original article (Carmona and Nicholls, 2020). For example, al-
ternative versions of the Semi-Modular Posterior are studied in Nicholls et al. (2022);
Frazier and Nott (2022), novel sampling algorithms for SMI known as Posterior Boot-
strap for Modular Inference (PBMI) are proposed by Pompe (2021), procedures for
likelihood free inference using SMI are given in Chakraborty et al. (2023), and an
interpretation of SMI as a Geographically Weighted Regression (GWR) is discussed
in Liu and Goudie (2021).

We close this dissertation by summarising the main contributions discussing po-

tential future directions.

6.1 Summary of contributions

In Chapter 2, we introduced the Semi-Modular Inference framework, a generalisation
of Bayesian inference that brings together Bayesian Inference and two qualitatively
different inference schemes, power-posteriors and Cut models, used to treat model
misspecification. We show that the proposed scheme is an order-coherent update
of beliefs in the sense of Bissiri et al. (2016) and Nicholls et al. (2022). We give an
algorithm to sample from the Semi-Modular Posterior and suggest criteria for choosing
the influence parameter n according to an external utility function. Open-source code

and data are provided to reproduce our experimental results.
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In Chapter 3, we gave variational families and algorithms for approximating the
Cut- and SMI-posterior distributions. The proposed methods can be adapted to a
wide range of variational families, including Normalizing Flow to overcome known
limitations of variational inference such as under dispersion of the approximated pos-
terior. We showed that minimisation of the standard Kullback-Leibler Divergence
does not allow control of information flow between modules and propose a loss func-
tion tailored to modularized inference. We introduced Variational Meta-Posteriors
which is a new object capable of approximation an entire family of posterior distri-
butions using a single set of trainable parameters. Advantages of the VMP for the
efficient exploration of modularized distributions were discussed and illustrated with
two examples.

In Chapter 4, we applied Semi-Modular Inference on an archaeological application
to unveil agricultural practices in ancient civilisations. We provided three alternative
analyses of the multi-modular dataset, obtaining consistent evidence for the hypo-
thesis of extensification in urban settlements of Mesopotamia and the Aegean. The
analyses extended work by Styring et al. (2017) and provide improved estimations
with SMI, in particular, reducing the dilution effect observed for the Cut posterior.

In Chapter 5, we developed a new statistical framework for point-referenced data
that enables simultaneous reconstruction of latent spatial fields and imputation of
missing sample locations. We presented a hierarchical model tailored to the motiv-
ating linguistic dataset, but applicable to other applications where geographical vari-
ations are assumed. Point estimates and uncertainty quantification for the missing
documents were provided, matching estimations produced by subject-matter experts.
This application provided a substantial example where variational methods for Semi-
Modular Inference solves an unreachable problem for standard MCMC methods.

For all our methodological contributions, we provided open-source implementa-

tions, along with public data to facilitate reproducibility of our experiments.

6.2 Future work

The field of Modularized Bayesian Inference is an active area of research, with po-
tential for further developments and extensions to be explored in future studies. In
this context, we propose several research directions and open questions that warrant

further investigation.

e Facilitate adoption of Semi-Modular Inference for practitioners by implement-

ing friendly interfaces based on widely-used frameworks such as Stan, Pyro,
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TensorFlow Probability or BlackJax. Perhaps resembling the original interface
of the cut function from OpenBUGS.

Further studies on alternative versions of the Semi-Modular Posterior and their
properties. For example, those discussed by Nicholls et al. (2022) and Chakraborty
et al. (2023).

Further analysis of multiple cuts. In section 3.5.2 we provide one example where
SMI accommodates for multiple cuts, but further research is needed to extend

the framework to other scenarios, as it is discussed in Liu (2022).

Online learning for the Semi-Modular Posterior and dynamic choice of the rate

of influence.

Use of the Variational Meta-Posterior beyond Semi-Modular Inference. For
example, one could perform sensitivity analyses to the choice of prior hyper-

parameters.

Better understanding of the training process for the Variational Meta-Posterior.
For example, is there a “best choice” for the lattice p(n) mentioned in sec-
tion 3.4.27 Instead of a fixed lattice, perhaps an evolving algorithm that trading

off exploration and exploitation during training time.
Methods for assessing convergence of the Variational Meta-Posterior.

Further studies of the LALME dataset. For example, incorporating data outside

the rectangular region used for our analysis.
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