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ABSTRACT

Modular Origami-inspired Kinematic Metamaterials

Y unfang Y ang, Magdalen College, Oxford

A dissertation submitted for the degree of Doctor of Philosophy at the University of Oxford

This dissertation proposed a kinematic-based construction method for reconfigurable
mechanical metamaterials. This was achieved by entrenching kinematic mechanisms with
predefined motion paths within the unit cells of the metamaterial and connecting the units
according to carefully chosen topology pattern. The developed metamaterials are able to
perform complex transformation between different configurations, which brings superior
tuneable physical properties. The major findings of thisdissertation are in following four areas.

First, thisresearch built a bridge between mechanism networks and mechanical metamaterials.
The theories of planar and spatial mechanisms were utilised to analyse and program the
behaviour of metamaterials. Various interesting metamaterials were developed, including
materials whose expansion ratio, volumetric strain and porosity are programmable; structures
with multiple deformation paths due to their built-in kinematic bifurcation; and metamaterials
with constant negative Poisson’s ratios that can be programmed by the parameters of the
building blocks. The kinematic-induced design strategy paves the way for a new class of
metamaterials that can perform reliable large deformation along predefined motion paths.

Second, different strategies to construct three dimensional (3D) kinematic metamaterials were
investigated. While most current origami metamaterials focus on thin shell planar structures,
this thesis endeavoured to explore 3D materials. A tilting unit method was proposed for single
layer 3D metamaterial, whereas a spatial mechanism-entrenched design strategy was
developed for more general 3D metamaterials. The topology and transformation of the unit
cells were obtained using the kinematic analysis so that the tuneability of the material became
abuilt-in feature of these metamaterials.

Third, an application of kinematic metamaterials as frequency selective surfaces has been
investigated. The metamaterials were designed to have multi-stable states so that it can be
locked mechanically in various configurations corresponding to specific passband. The
metamaterials were fabricated and tested in electromagnetics experiments to validate their
functionality.

Finally, the fabrication strategies of various kinematic metamaterials were explored. Laser
engraving technique was mainly used for planar metamaterials. For 3D metamaterials, amulti-
material 3D printing method wasinvestigated for millimetre-scal e samples, and amulti-process
lamination method was developed for meso-scale paper prototypes. These methods provided
rich and useful experience for the development of functional metamaterialsin the future.

Keywords. mechanical metamaterial, kinematics, linkage mechanisms, modular origami,
shape morphing, reconfigurable metamaterial.
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Chapter 1

Introduction

1.1 Mechanical metamaterial

Materia is the fundamental media for people to interact with the world. Recent devel opments
in computational and manufacturing technology enable researchers to create metamaterials
with carefully designed structures that lead to novel physical properties (Zadpoor, 2016;
Bertoldi et al., 2017). The application of metamaterials ranges from acoustic, electromagnetic
and photonic fields such as cloaking (Buckmann et al., 2015), superlens (Pendry, 2000) and
super-directive antennas (Radkovskaya et al., 2018). Of particular interest is a family of
mechanical metamaterials, which exploit shape-changing behaviour to tune their mechanical
properties. These physical properties are superior to those of natural materials, such as high
stiff-to-weight ratio (Zheng et a., 2014), low therma conductivity (Boatti et a., 2017),
negative Poisson’s ratio (Babaee et al., 2013), advantages in energy absorption (Schaedler et
a., 2014), as well as good wave propagation property (Coulais et a., 2017). Usualy, the

features are primarily defined by their designed microstructures rather than their chemical



composition. The shape-morphing structures can be categorized by various construction
methods, such as foam-like auxetic structures, instability-based structures, mechanism-based
materials, etc. Among them, origami/kirigami-inspired structure is a popular method that
belongs to mechanism-based metamaterials. Origami permits complex folding motion along
pre-determined creases, and this process can be analysed using kinematic principles. The
reconfiguration of origami arises exclusively from their underlying kinematics, independent of
the constituent material, and thus ailmost all materials can be used to fabricate origami-based

metamaterials.

Most origami-inspired metamaterials are case-by-case studies without a systematic approach.
Typical origami is a two-dimensional structure, and the fabrication options are limited
considering the material thickness. Advanced multi-task applications such as soft robotics and
wearable devices would demand three-dimensional metamaterials, which require an in-depth
understanding of the spatia structural kinematics. However, hardly any three-dimensional
metamaterial has been designed using a kinematics approach despite that kinematic

deformation is commonly more precise and achievable.

This thesis tries to propose a kinematic-based strategy to design mechanical metamaterials,
which would open up awide design space for the tunability and programmability of multiple
physical properties, leading to new avenues of multi-functional materials research. The
geometry variation of kinematic metamaterials can largely influence its acoustic,
electromagnetic, wave propagation performance, therefore, exciting engineering applications
such as optical devices (Liu et a., 2018), medical implants (Kolken et al., 2018) and soft

robotics (Rafsanjani et a., 2018) can be achieved accordingly.



1.2 Modular origami and kinematic mechanisms

In order to modify the origami models with consideration of thickness, we focus on a branch
of origami art called modular origami, where one first constructs identical units by multiple
pieces of paper, then interlock the units with each other to result in one assembly. The main
reason for studying modular origami is that the units can be assembled in a structural
mechanism way. Generally speaking, the foldability of rigid origami can be modelled
kinematically, if we assume the paper panels asrigid bodies and the creases as revolute joints.
For asingle vertex origami, the axes of the revolute joints meet at one vertex, and the structure
is modelled as a spherical linkage. Correspondingly, modular origami structures with
polyhedron bodies can be modelled as spatial linkage mechanisms. By designing the shape and
connection arrangement of polyhedron units and analyzing them according to mechanism

theories, the modular origami models can be designed to reconfigure into various shapes.

Equivalent to the construction of the linkage mechanism network, we can construct an
unlimited extension of the material network by tessellating the modular origami units. Different
from other construction methods based on a limited number of known origami/kirigami
patterns, this study aims to build the bridge among mechanisms networks, origami structures

and mechanical metamaterial using modular origami.

1.3 Scopeand aim

The am of this dissertation is to construct kinematics-induced mechanical metamaterials
inspired by modular origami. It has been achieved to analyse metamaterial s using the kinematic
principles, and the focus of thisthesisisto initially construct 2D and 3D metamaterials from
the viewpoint of linkage mechanisms and explore their possible applications. Three primary

research aims are detailed as follows.

1) Construction of metamaterials using kinematic mechanisms



This research aims to design kinematic metamaterials from the construction of mechanism
networks. Planar and spatial mechanisms are adopted to design the kinematic units and the
connection arrangements among units. Moreover, tessellating the connected units in space or
linking different assemblies together can produce metamaterials that switch from one shape to

others.

2) 3D metamaterials with complex transformation

While most to-date origami metamaterials adopted thin shell planar patterns, this research
endeavoursto explore 3D metamaterial construction. By introducing the structural mechanisms
into metamaterial construction, numerous spatial linkages can be adapted to connect origami
units. The second part of Chapter 3 demonstrated the transition of planar material to 3D
material through tilting the unit cells; Chapter 4 presented models constructed by the Sarrus
linkage, planar 4R linkage, spherical linkage and the Bricard linkage. Some of the proposed
metamaterials have bifurcated motion paths which enable them to transform into multiple
configurations. Following this path, a great number of 3D metamaterials are remained to be

explored.

3) Electromagnetic functionality of mechanical metamaterias

To date, the construction of metamaterials with a given functionality remains challenging, and
many designs rely on luck and intuition. In this research, we propose an application of
kinematic metamaterials on frequency selective surfaces (Chapter 5). The proposed kirigami
pattern has been designed to be bistable to lock in specific configurations, manufactured for
experiments and optimized by numerical analysis. Although a systematic approach of rational
design is yet to be examined, the cases shown in the thesis proved that the proposed

metamaterials have great potentials in other multi-functional applications.



1.4 Dissertation layout

The thesis structure consists of four chapters as follows. Chapter 2 is a literature review
encompassing research in mechanical metamaterial, linkage mechanisms and modular origami
structures. The metamaterial background includes the construction methods, applications of
mechanical metamaterials in acoustic, electromagnetic and photonic fields, as well as their
manufacturing techniques. A further discussion on current origami-inspired mechanical
metamaterial is aso presented. The mechanism review illustrates the kinematic analysis of
rigid origami and introduces several typica overconstrained linkages. Finally, some modular

origami structures and tessellation patterns are also demonstrated.

Chapter 3 is devoted to the construction of kinematic metamaterials based on planar
mechanisms and reconfigurable tilings. Some modular origami made by prism units can be
regarded as anetwork of planar mechanisms. During the transformation, the shape of the voids
will change, and the tiling pattern of origami units is geometrically compatible at any
configuration. The first part of Chapter 3 focuses on reconfigurable tilings with quadrilateral
voids. The voids are modelled as planar four-bar linkages (4R linkage), and the
reconfigurability of this linkage network is analysed kinematically. This is followed by a
discussion on assemblies consisting of more than two types of units, the orientation variation,
duality and expand ratio of the structure. The second part is evolved from the reconfigurable
tiling, where the cube units are tilted into rhombohedrons, and the connecting edges are no
longer perpendicular to the tilting plane. Consequently, the structure folds into a spatial
configuration during the deployment. This derivative metamaterial preserves the planar
mechanism network of the first example. A series of reconfigurable structures with various
gpatial shapes, twists and permeability features are constructed by programming the tilting

angle, tilting direction and basic shape of the unit. In addition, a multi-layer three-dimensional



metamaterial is proposed. The volumetric strain has been analysed and shows the metamaterial

has a massive deformation ability and programmable porosity.

Chapter 4 focuses on the design of 3D metamaterials based on spatial and planar mechanisms.
Cubes and prisms building blocks are connected edge-by-edge to form modular origami
assembly. The assembly is transformable under the condition that the connection edges are
arranged in particular spatial positions. We link the prisms according to spatial linkage
mechanisms such as the Sarrus linkage and the Bricard linkage to form a kinematic unit, then
tessellate the unit into ametamaterial. Some kinematic units have multi-mode reconfigurability
arises exclusively from their underlying kinematics, leading to transformation into different
shapes under various stimuli. Based on this approach, a series of spatial mechanisms induced
kinematic metamaterials are developed, including materials with tuneable multi-channel
permeability, tuneable porosity and programmable constant negative Poisson’'s ratio. By
changing the connection arrangements, prism shapes and numbers, we can program the output

behaviour of the metamaterial.

Chapter 5 is a study of the electromagnetic application of mechanical metamaterials. Planar
reconfigurable metamaterials that could deform into different patterns for the purpose of
frequency selection are developed. Two types of metamaterials are designed and analysed
kinematically. Due to their multistable properties, the structures could transform into specific
configurations and maintain the shape after the actuation force is removed. This provides
convenient mechanical switching among several passbands. Simplified energy modelsare built
and compared with finite element simulations. The kirigami frequency selective surfaces are

fabricated and tested for their electromagnetic responses to validate the application.

Conclusions and discussion on future work are given in Chapter 6, which concludes the

dissertation.



Chapter 2

Literature Review

2.1 Mechanical metamaterial

Metamaterials are artificial composites with carefully designed microstructures that lead to
unusual physical properties (Kadic et a., 2019). These properties are largely defined by the
microarchitecture of the metamaterial, rather than the based material. This concept wasinitially
proposed for electromagnetic applications such as perfect lenses (Pendry, 2000), ‘invisibility
cloaks' (Schurig et al., 2006), super-directive antennas (Radkovskayaet al., 2018) and wireless
power devices (Stevens, 2014). Today the functionality of metamaterials has extended towards
many aspects of solids, ranging from optical, acoustic to mechanical properties. Most of these

metamaterials have unique structures that designed for a specific goal.

Recent research provokes a new trend on the metamaterial design that incorporates tuneability
and programmability. The tuneability is an ability for the material’s properties to be tuned
through deformation controlled by the embedded actuation or externa stimuli. The

programmability of ametamaterial requires the behaviour of materialsto be adjustabl e through



the selection of design parameters. A recent branch known as mechanical metamaterial opens
up awide design space for tuneable and programmable material (Bertoldi et al., 2017). They
are consisted of tailored structural cells that can buckle, deform or change their shapes and
elastic energy in response to mechanical stimuli. Tuning the geometry of metamaterial
structures can create novel mechanical properties include negative Poisson’s ratio, negative
elasticity and negative compressibility (Zadpoor, 2016), cause frequency shifts and loss
changes in electromagnetic waves (Nauroze et al., 2018), and induce anisotropy and chirality
property for tuneable photonic application (Frenzel et a., 2017; Jiang and Li, 2018). These
advances enable an unprecedented level of flexibility of the metamateria properties, making

them ideal for multi-functional and multi-task applications (Zhu et al. 2017).

2.1.1 Construction method

The structural design of unit cells is crucia for the reconfigurability of mechanical
metamaterials. Generally speaking, the design of unit cells can be categorized into the

following strategies:
1) Foam-like auxetic materials

Many natural materials with a cellular structure, such as honeycomb with planar packing cells
or foam-like sponge with aspatial array of polyhedral cells, have high stiff-to-weight ratio, low
thermal conductivity or advantagesin energy absorption (Gibson, 2005). While the mechanical
features of most natural materials span alimited range, it isdesirableto design auxetic materials
that can avoid the weakness of natural materials and exhibit a chosen set of physical properties.
Auxetic cellular solids are the most widely studied mechanical metamaterial (Evans and
Alderson, 2000; Yang et al., 2004). In 1987, L akes discovered the first negative Poisson’ sratio
polyurethane (PU) foam using re-entrant structures (Lakes 1987). Since then, the study on

auxetic materials has held a major interest. The researches mainly focus on designing new



structures using tessellation and deployable mechanisms, and on manufacturing the
metamaterial in micro- or nano- scale. For instance, the micro-lattice structures shown in
Figure 2.1 are comprised of regular space-filling structures that evolved from the honeycomb
and Kevin foam. The porous samples are manufactured by the projection of micro-
stereolithography, a layer-by-layer additive micro-manufacturing technology. Micro-lattice
materials can be ultra-light, ultra-strong or capable of large-scale deformation (Schaedler et al.,
2011; Bauer et a., 2014), and these features are valuable in applications such as robust shock
absorbers in automotive fields (Schaedler et a., 2014) fasteners, body armors and aerospace

(Valdevit et ., 2011).
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(a) Reentrant honeycomb (b) Planar honeycomb
(Evans et al., 1994) (Restrepo et dl., 2016)
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(c) 3D honeycomb aircraft wing (d) Micro-lattices of Kevin foam

(Saito et d., 2016) (Zheng et al., 2014)
Figure 2.1 Micro-lattice honeycomb metamaterials.

2) Instability-based metamaterial

Specialy designed slender elements can generate large deformations under small external

forces, leading to strong geometric nonlinearities. These materials are known as buckling-



induced metamaterials. A typical example of buckling-based metamaterial is an elastomer
sheet embedded with circular holes, shown in Figure 2.2 (Mullin et al., 2007; Bertoldi et al.,
2010; Zhang et al., 2008). The structure can be regarded as an array of rigid blocks connected
by slender ligaments. When applied with uniaxial load, the ligaments tend to buckle, leading
to the transformation of rigid blocks, and the holes will shrink correspondingly. The
transformation of the rigid blocks follows the rules of hinged square mechanism, while the
ligaments deformation follows the mechanical behaviour of beam elements. This
transformation is reversible and repeatable. The structures will recover to the initial
configuration when external load is removed. The slender ligament design is widely used in
mechanical metamaterials, including materials with negative Poisson’s ratio (Babaee et al.,
2013), negative swelling ratio (Liu et al., 2016), switchable chirality (Kang et al., 2013),
meaning the handedness property of the material pattern can be tuned by the deformation. The
transformation of buckling induced metamaterials is also applied in photonic metamaterials

(Bertoldi and Boyce, 2008) and colour displays (Li et a., 2012).

Figure 2.2 A buckling-induced metamaterial with circular holes (Bertoldi et al., 2010).



Another branch of instability-based metamaterials is bistable materials (Figure 2.3). Some
elastic structures can perform a rapid, irreversible snap-through behaviour. The phenomenon
exists because the geometry of the metamaterial unit cell is designed in such a way that it
favours several stable states with lowest elastic energy. The metamateria tends to lock in its
stable states and will not recover to the initial state after unloading (Fargette et al., 2014,
Pandey et al., 2014). Because of this energy absorption ability, these designs are widely used
in energy-trapping metamaterials (Figure 2.3(a)) (Haghpanah et al., 2016; Shan et al., 2015).
Moreover, the bistable unit cells are used to construct ‘ mechanical logic gate’ (lonetal., 2017).
For example, in Figure 2.3(b), the behaviour of the programmable metamaterial istuned by the
combined configuration of its bistable unit cells. Programmable metamaterials can pass the

message of external load through deformation or adapt itself to various environmental stimuli.

signal )
transmission

(a) 3D multistable metamaterials (b) Metamaterial door lock
(Haghpanah et al., 2016) (lonetd., 2017)
Figure 2.3 Multistable architected materials.

The design of mechanical logic gate leads to more advanced architected materials with
aperiodic patterns. Most current mechanical metamaterials are constructed in a periodic

tessellation; however, more complex metamaterials require aperiodic patterns so that they can
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vary their functionsin different positions or transform to arbitrary shapes. Figure 2.4(a) shows
elastic textures with unit cellsin different stiffness (Panetta et a., 2015). With a combinatorial
design from shape optimization, the deformation rate for different part of the metamateria is
tuneable upon compression. Therefore, the material can present a smiley face or crying face.
Figure 2.4(b) is a 3D textured mechanical metamaterial (Coulais et a., 2016). Researchers

designed a series of buckling-induced cubic building blocks that can deform anisotropically.

(a) Elastic textures (b)V oxelated metamaterial
(Panetta et a., 2015) (Coulaiset al., 2016)
Figure 2.4 Buckling-induced aperiodic metamaterials.

3) Mechanism-based metamaterial

Kinematic mechanisms are assemblies of rigid bodies linked by flexible hinges following a
specific arrangement, and they are able to perform predictable zero-energy motion. By
designing the geometry of connection position and direction, the mechanism can perform

different transformations. It is an efficient tool for the construction and analysis of shape-
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morphing metamaterials. A typical example is the hinged square mechanism (Figure 2.5(a)).
The rigid square panels are hinged at the corner to form an auxetic planar structure. The
parallelogram void between four adjacent squares functions as a planar four-bar linkage.
During transformation, the void will be distorted and gradually disappear, and the structure can
uniformly contract into a solid panel or expand to a porous grid. This design inspired a large
number of mechanical metamaterials (Mullin et al., 2007; Coulais et a., 2015; Overvelde et
a., 2012; Tang et al., 2015; Yang and You, 2018). More complex mechanism motions are
designed to program the internal microstructure of 3D printed metamaterials (lon et al., 2016).
With embedded interlinked planar linkages, the metamaterial in Figure 2.5(b) can deformin a
well-defined way to achieve particular macroscopic movement, such asadoor latch or walking
robot. A similar aperiodic design named Kinetix can deform into afolding box or ahelmet (Ou

et al., 2018).
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(a) Hinged squares (b) Metamaterial door latch (c) Metamateria helmet
(lonet al., 2016) (Ouetad., 2018)

Figure 2.5 Hinged square mechanism induced mechanical metamaterials.
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An important branch of mechanism-induced metamaterial is origami and kirigami inspired
structures (Figure 2.6). In Japanese, ‘ori’ means fold, ‘kiri’ is cut, and ‘kami’ is paper. These
paper arts have long been inspiring for engineering applications, such as deployable structure
(Miura, 1985), flexible medical stents (Kuribayashi et al., 2006) and expandable solar panels
(Badagavi and Chinta, 2017). In recent years, origami, particularly rigid origami that does not
cause deformation during the transformation, are utilized for constructing metamaterials,
ranging from 2D sheets with pre-defined crease patterns (Tachi and Miura, 2012; Wei et a.,
2013) to 3D packing of 2D sheets (Schenk and Guest, 2013) and 3D cellular metamaterials
(Overvelde, 2016). The most famous patterns include Miura-ori structure (Lv et a., 2014;
Dudte et a., 2016; Silverberg et a., 2014), square twist (Silverberg et al., 2015), waterbomb
(Chen et a., 2016) and box-pleat tiling (Hawkes et a., 2010). These patterns can be tuned to
fold into different shapes by carefully designing the angle and geometry of the creases.
Moreover, people have further studied the bending energy of the creases to produce multi-

stable and programmable metamaterials (Coulais et a., 2018).

(a) Multi-layer miura-ori metamaterial (Eidini and Paulino, 2015)

A 2D silicon membrane partially assembled 3D structure 3D structure experiment

- = 4 ¥ ||

(b) Kirigami nanomembrane (Zhang et a., 2015)

Figure 2.6 Origami and kirigami inspired metamaterials.
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The kirigami metamaterials introduce arrays of cuts into the sheet material, which allows
extremely large deformation (Gatt et al., 2015). It is widely used in reconfigurable graphene
sheets (Blees et a., 2015), nanomembranes (Zhang et al., 2015), flexible electronics (Zhu et
al., 2017) and stretchable lithium-ion batteries (Song et al., 2015). By combining origami and
kirigami arts, researchers further expand the design space and generate more complex

reconfigurable structures (Eidini and Paulino, 2015; Sussman et al., 2015).

A tricky issue in mechanism-based metamaterial is that the perfect mechanism performs zero-
energy motion, while in redlity, the bending of a thin ligament does not function as a
mechanical hinge, and there is an energy cost to realize reconfiguration. To tackle with this
issue, some researchers have proposed a compliant rolling-contact architected material (Shaw
et a., 2018). Thedesign utilized flexure strapsto guide the rolling motions of rigid cams rather
than buckle the slender beam to achieve shape morphing, enabling the metamaterial to have

large deformation without notably increasing the strain energy of internal stress.

4) Other construction methods

Bio-inspired structural cell is another construction method for mechanical metamaterials. For
instance, researchers gain inspiration from glass sponges with regular circular beam structure,
which is beneficial for its structural and hydrodynamic performances (Figure 2.7(a)) (Bauer et
a., 2014). Materials with similar reinforced beam structures can resist buckling better without
compromising stiffness. A drawback of bio-inspired structuresisthat most researches are case-

by-case study, and it is difficult to generalize the construction method.

Mathematicians tried to tackle the problem from pure uniform tessellations in 3D space
(Conway et a., 2001). Current works include the Bucklicrystals, which follows the finding
that cubic crystal system pattern can generate auxetic behaviour through elastic buckling

(Babaee et al., 2013) (Figure 2.7(b)). This study on crystal framework can also be applied in
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micro-lattice design (Borcea and Streinu, 2014). Moreover, topological optimization has been

used to further analysis and improve the performance of the proposed structures.

Machine learning approach is recently tried in the metamaterial field and is getting popular in
the 2D material construction (Wilt et al., 2020). To overcome the challenges of limited number
of design and the dependence on designer’ s prior experiences, researchers have used the GAN
(generative adversarial networks) model to generate 2D patterns that can achieve certain
configuration or properties (An et al., 2019). The future work for machine learning-based
metamaterial lies in solving the problem of small data learning problem and using it in more

complex structures.
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(a) Glass sponge for bio-inspired (b) Bucklicrystal from crystal systems
metamaterials (Babaee et d., 2013)

Figure 2.7 Other construction methods.

2.1.2 Rigid origami/kirigami inspired metamaterial

As briefly introduced in the mechanism-based construction method in the previous section,
origami and kirigami structures emerge as important inspirations in mechanical metamaterial
for their great deformation capacity. As the focus of this thesis is mainly related to rigid

origami-inspired kinematic metamaterials, further introduction on this construction method
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will be provided in this section. The foldability of rigid origami can be modelled kinematically

using linkage mechanisms. The strengths of kinematic construction method include:

1) Compared to instability-based deformation, the kinematic motions of rigid origami
structures require little energy to generate, which extends the tuning range of shape morphing

and metamaterial stiffness.

2) Origami structures with bifurcation features can be used to construct metamaterials with

multiple deformation paths, each with a different final configuration.

3) One can combine different origami cells together using linkage mechanisms to switch the

metamaterial from one irregular shape to another, which produces new mechanical features;

4) Because of the scale-free geometric character of origami, the structures can be realized in
micro- and nano- scale for reconfigurable microsurgery tools or manufactured in the meter-

scale to build transformabl e architecture material .

Some current researches are illustrated in the following. To date, most origami-inspired
mechanical metamaterials use a pattern known as the Miura-ori (Figure 2.8(a)). Thisis aone
degree-of-freedom (DOF) mechanism, and we can stack layers of Miura-ori in a synchronized
pattern. One focus of Miura-ori metamaterial is on designing the angles of its crease patterns
so as to activate different stiffness, locking and pop-through features. For instance, Silverberg
et al. created a pop-through defect on a partially folded Miura-ori by using localized reversed
unit cell (Silverberg et a., 2014). In such a case, the compressive stiffness can be tuned by the
number and location of such defects. Another focus is on designing Miura-ori tubes as the
building blocks and linking them to form cellular solids or cylindrical materials as shown in
Figure 2.8(b) (Filipov et al., 2015; Cheung et a., 2014). Tomohiro et al. proposed a series of
Miura-ori tube metamaterial and manufactured samplesusing 3D printing (Cheung et al. 2014).

Degspite this, the material printed by plastic cannot deploy flexibly as the kinematic model.
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Another weakness of Miura-ori packing is that most bistable features and local defect designs
are limited to surfaces made from a single sheet. The compatibility of layered Miura-ori

prevents the metamaterial from forming local deformation.

(a) Miura-ori pattern (b) Cellular assembly of Miura-ori
(Filipov et a., 2015)
Figure 2.8 Miura-ori based mechanical metamaterial.

This lack of configuration is made up by another metamaterial study inspired by snapology, a
type of modular origami (Overvelde et al., 2016; Overvelde et al., 2017). Snapology uses
paper ribbons to create complex extruded polygons and links them together to form one
assembly. As shown in Figure 2.9, Johannes et al. presented a series of 3-DOF transformable
metamaterial with periodic structures. Firstly, the extruded cubes are used to form origami
units; then, the units are connected according to a space-filling tessellation. The metamaterial
is fabricated and tested to show its ability of deformation into numerous specific shapes
through embedded actuation. One potentia application for guiding and radiating acoustic

energy along predefined directions is discussed (Babaee et a., 2016).
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Figure 2.9 Reconfigurable snapology inspired metamaterials (Overvelde et a., 2016).

Kirigami structures also bring about numerous metamateria designs (Figure 2.10). Most
kirigami studies investigate planar patterns made out of a single sheet. For instance, Robin et
al. proposed aone-layer shape morphing kirigami metamaterial (Nevilleet a., 2016), and Tang
et al. studied a series of planar kirigami metamaterial with tiling patterns (Tang et a., 2017).
A few pieces of research have tried to design 3D kirigami reentrant cells and connect them in
agrid pattern: Ruikang et al. and Ahmad et al. presented several kirigami-inspired 3D folding
patterns that can transform from single-layer structures (Xie et a., 2015; Rafsanjani and
Bertoldi, 2017). Nan et a. suggested a design strategy combining modular origami and
kirigami for mechanical metamaterial (Yang and Silverberg, 2017). By varying the module
parameters, the metamateria is ableto form varioustopological shape. The design of aperiodic
kirigami pattern becomesincreasingly popular due to the demand of designing arbitrary shape
and programming the material properties at different positions (Celli et al., 2018; Konakovi¢-
Lukovi¢ et al., 2018). As shown in Figure 2.10(c), by combining different kirigami cells, the
metamaterial deforms into an arbitrary 3D shape according to the arrangement of its pattern.

This can be an inspiring direction of next-generation programmable smart materials.
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(c) Non-periodic kirigami cut pattern (Celli et al., 2018).

Figure 2.10 Kirigami metamaterials.

In conclusion, to construct rigid origami/kirigami metamaterial in multi-layers with tuneable
configurations and programmable mechanical properties, a thorough study on more origami
structures, spatial kinematic mechanisms, and tiling patterns for unit arrangement is needed.

These will be introduced in the section 2.2-2.4.
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2.1.3 Multi-functional metamaterias

The reconfiguration of mechanical metamaterials not only produces novel mechanical
properties, but also influences other physical properties. When the dimension of structural cell
ismuch smaller than the wavel ength, the metamaterial can be treated as a homogeneous media
with effective parameters. This leads to the studies of negative index metamaterials. When the
dimension of the unit cell is rather large, other theories should be applied to understand
mechanical wave propagation. The geometry of mechanical metamaterial is critical in
determining its physical properties, and various multifunctiona metamaterials have been
developed. Categorized by the length scale, there are acoustic, electromagnetic and photonic

metamaterials.

1) Acoustic metamaterial

Acoustic metamaterials are designed to manipul ate the propagation of sound waves. Band gaps
can be designed and tuned through generating local resonance in a structural cell. Unique
tuneabl e acoustic properties such as cloaking (Cheng et al., 2008; Chen and Chan, 2007) and

superlens (Ambati et a., 2007) have been demonstrated building on this concept.

Changing the geometry dynamically to control the bandgaps leads to a number of tuneable
acoustic metamaterials (Babaee et al., 2016; Benouhiba et al., 2017). As shown in Figure
2.11(a), the buckling of connection beams changes the stiffness and the natural frequency of
the unit cell structure, leading to a shift of resonance frequency (Wang et al., 2014). The
acoustic band gap decreases under compression of the material, and further splits and closes

due to the rotation mode.
2) Electromagnetic metamaterial
Electromagnetic metamaterials tailor the electric and magnetic response of materials by

negative permittivity and permeability. A typical example of tuneable el ectromagnetic material
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is shown in Figure 2.11(b) (Tao et al., 2009). The split Au rings create resonant LC circuits
that can generate large local magnetic dipole moments. Placing the split ring in a periodic
pattern leads to a large positive magnetic permeability. In this example, the unit cells are
attached to a temperature-responsive substrate through cantilever legs. When apply thermal
stimuli, the unit cells perform out-of-plane deformation and create a dynamic electric and
magnetic response. Mechanical stimuli can also be exploited to tune the electromagnetic
metamaterials. In a pre-stretch substrate method, the metallic honeycomb frames can form a
wavy surface. During the release of the pre-stretch film, the orientation and geometry shape of
the honeycomb will change, which leads to three additional split resonant modes (Lee et al.,
2012). The Buckliball with six circular holes and metallic insertion in a sphere unit cell is
explored for its electromagnetic performance (Zéarate et al., 2016). The axia compression
causes structural instability of the buckliball, leading to an increased structural chirality and

circular dichroism.
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(a) Tuneabl e acoustic metamaterial (b) Electromagnetic metamaterial
(Wang et d., 2014) (Tao et al., 2009)
Figure 2.11 Tuneable acoustic and el ectromagnetic metamaterials.
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3) Photonic metamaterial

The photonic metamaterial exhibits desired transmission and reflection spectra. The
modulation of its chirality can be used for tuning light polarization. For instance, the gold
helices structures arranged in a square tiling pattern are capable of blocking circular polarized
light while transmitting the others over a broad frequency range (Figure 2.12(a)) (Gansel et al.,
2009). Flexible photonic metamaterials can be manufactured by coating nano-gating structures
with Au particlesimmersed colloids on the unit cells (Zhang et al., 2014). To dynamically tune
its photonic performance, researchers create spatial variation in temperature to trigger non-
uniform deformation at the interface. The reconfigurable unit cells bend according to

temperature changes, leading to an increased transmission in higher temperature.

4) Stretchable electronics

Reconfigurable structures provide new methods to enable brittle metal materials with
stretchabl e properties. As shown in Figure 2.12(b), awidely used method isto laminate afilm
into a pre-stretched soft elastomer (Sun et al., 2006; Cheng et a., 2014). The release of the
elastomer creates forces to deform the film into awavy structure. Another strategy is inspired
by origami and kirigami patterns. For instance, the polyethene terephthalate glycol modified
(PETG) sheet is cut and folded into 3D solar cells (Lee et al., 2016). With dynamic tuning of
the orientation angle according to the incident angle of light, the array of solar cells achievesa
450% increase in energy output. Origami patternsare also used in foldablelithium-ion batteries

for their large expansion ratio (Song et a., 2014).

Kirigami patterns are widely used in flexible circuits (Xu et a., 2015, Figure 2.12(c)).
Integrated systemsincorporating various sensors, antenna, LED, and batteries can be fabricated
in a soft skin-like film to attach to the human body (Kim et al., 2011). These types of

multifunctional devices provide real-time assessment of individual health. Moreover, the
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stretchabl e electronics can be used to design soft robots. Integrating micro flexible electronics
into soft materials can improve the functionality of soft machines (Yoon et a., 2014; Morin et

al., 2012 99 100).
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(a) Photonic metamaterial (b) Flexible electronics
(Gansel et al., 2009) (Sun et al., 2006)
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(c) Kirigami-inspired flexible circuit (Xu et al., 2015).
Figure 2.12 Tuneable photonic metamaterials and flexible electronics.

2.1.4 Manufacturing of metamaterials

1) Conventional manufacturing method

The manufacturing method and base material of the metamaterial can influence its mechanic

properties dramatically. Traditionally, the auxetic honeycomb foams composed of reentrant
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cells with dimensions greater than 1 mm are made by thermo-mechanical processing. The
process consists of the compression of original open cell foam into a mould, the heating of the
specimen above the softening edge of the foam material, and the cooling of the new structure
(Yanget al., 2004). The composition material isusually metal because the honeycomb structure
is widely used as sandwich panel cores. Numerous methods for fabricating metal structures
using the solid, liquid or vapour phase have been devel oped. They can be categorized as either
a stochastic or a periodic method (Wadley 2002; Wadley et a., 2003). A typical stochastic
foaming method is to inject gas into a melt composition. Unlike other metal manufacturing,
stochastic foaming is highly dynamic and sensitive to many process parameters. Because the
pores generated are in random size and arrangements, this method is not suitable for
mechanical metamaterial fabrication. Periodic method has many branches, such as investment
casting, sheet crimping process, constructed trusses and metal textiles (Wadley et al., 2003).
These manufacturing methods are mostly suitable for truss structures or uniform tiling
materials that are packed by layers of metal sheets. The samples are usually used for bearing

load or energy absorption, but they are not good at recoverable deformation.

2) Additive manufacturing

Additive manufacturing is a more suitable solution for structures undergoing recoverable
deformation. The rapid prototyping technology is widely used for direct manufacturing of
centimetre-scale parts, and the layer resolution of a desktop 3D printer can reach 0.1 mm
(Castles et d., 2016; Pei et al., 2015). Caroline et al. fabricated a metamaterial inspired by
butterfly gyroid using a Stratasys Polyjet 3D printer (Pouya et al., 2016). The principle of
Polyjet printer is similar to inkjet printer: photopolymer drops feeds through a nozzle to a
building tray. When exposed to UV light, the polymer solidifies and accumulates layer-by-
layer according to the pre-sliced geometry pattern of the model. The layering process repeats

to manufacture the whole part. The advantage of Polyjet over other 3D printersis that it has
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many base material options, including flexible rubber-like materials that are ideal for printing
living hinges. AsFigure 2.13(a) shows, the metamaterial has complex microarchitecture which
is difficult to fabricate by traditional manufacturing method, and the printed model can be
compressed repetitively to perform deformation. Recently years, new multi-material Polyjet
printers are able to allocate different materials at various positions (Tibbits 2014; Kokkinis et
a., 2015; Ge et a., 2016). The Stratasys's Connex series provide multi-material printing with
a large variety of materia properties, such as different stiffness and colours. The materias
share similar base resins, making it possible to bond one material with another. The limit of
Polyjet 3D printing includes the scaling of parts: if the structure is too small, e.g., severa
millimetres or microns, it will be very difficult to remove the support materials, and the

assembly is fragile because the scale of the unit cell is comparable to the layer thickness.

3D Printed Flexible Gyroid

(a) 3D printed polymer gyroid (b) Structures fabricated by PuSL
(Pouyaet al., 2016) (Sun et al., 2005)
Figure 2.13 Additive manufacturing of metamaterials.

Micro additive manufacturing methods with a higher accuracy such as x-ray lithography, deep
UV, LIGA and soft lithography are used to build micro- or nano- structures. A common
building process of micro-lattice is as follows: first, making polymer templates using a photo-

polymerization process that involves an array of intersecting self-propagating waveguides (or
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using direct laser writing (DLW) and two-photon lithography); then, thin-film materials are
deposited, and the polymer template is removed by chemical etching (Jang et al., 2013;
Maloney et al., 2013). These methods can build high-quality microstructures, but they are
rather expensive due to the large quantity of sacrificial material. A new technology called
Projection micro-stereolithography(PuSL) combines the high throughput capability of mask
lithography with the design flexibility of serial processes (Figure 2.13(b))(Sun et al., 2005). An
image corresponding to each layer is projected onto amonomer resin by UV light. Thisinduces
apolymerization reaction that transformsthe liquid-state resin into a solid layer in the shape of
the projected image. The polymerized layer isthen lowered into the resin bath, and anew liquid
resin layer isformed on top of the polymerized layer to be crosslinked into the identical shape.
This process is repeated until the desired number of layers has been fabricated. Xiaoyu et al.
introduced the design of projection micro-stereolithography system (PuSL) and showed that
thisis astraightforward method for micro-scale tetrakaidecahedron construction (Zheng et al.,
2012). More varieties of photo-sensitive materials are yet to be devel oped, and the mechanical
properties of the synthesis material are yet to be examined. In conclusion, these achievements

pave the way for large scale micro- and nano- manufacturing.

3) Lamination

The proliferation of new technologies surrounding layering manufacturing such as Micro
Electro-Mechanical Systems (MEMS), Smart Composite Micro-structures (SCM) and
Printable robotics opens exciting opportunities to build origami-inspired mechanisms in a
micro-scale. Lamination refers to the creation of mechanisms from primarily planar processes
such as cutting and folding, and then laminating flat sheets of various materialstogether. Daniel
et a. introduced the pop-up laminating process in detail (Aukes et al., 2014). Preparation
includes definition of the various material additions, removal and lamination operations, and

setting rules of physical constraints. A software suite called PopupCAD has been developed
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for the design. The manufacturing process is as follows (Figure 2.14(a)): 1) layer cutting and
surface preparation; 2) bulk material addition, which may include structural layersand flexible
layerstogether to create kinematic joints; 3) selective material addition and component addition
for complex layering design; 4) lamination, where thermoset adhesives are usually adopted;
and 5) releasing cutting and scrap removal. Lamination manufacturing can create a variety of
mechanical elements, including structural elements, living hinges, rigid connections, and
springs. These mechanical elements are especially useful for origami structures that contains a
number of flexible creases. Some flexible hinges built by self-folding materials can transform
into complex 3D geometries under external stimuli. Flexible hinges also have a significant
advantage over rods connected by rotational joints in micro-lattices structures, because the
latter is challenging to fabricate in a very small scale. Laminated mechanisms cover a wide
range of length scales from ‘wood skin’ architecture material (WOOD-SKIN, n.d.), self-
assembled micro robots (Felton et a., 2013)(Figure 2.14(b)), to active origami by 4D printing
(Ge et al., 2014; Zhao et a., 2017). The combination of lamination manufacturing and 3D

printing is a promising method for future origami-inspired metamaterial construction.
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(8) The lamination process of a micro robot.
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(b) Devices built by lamination.

Figure 2.14 Lamination manufacturing (Aukes et al. 2014).
2.2 Linkages and over-constrained linkages

2.2.1 Rigid origami modelling

Rigid origami is atype of deployable structure that does not cause deformation or creates new
creases during the transformation. The transformation of rigid origami can be modelled
kinematically by linkage mechanisms. A kinematic linkage refers to an assembly consisting of
rigid bodies that are interlinked by lower pair joints, where direct contact between the surfaces
of two rigid bodies happens at every point of the connection surface segments (Y ou and Chen,
2011). If we assume the paper panels in a rigid origami as rigid bodies and the creases as
revolute joints (R), the structure can be treated as a linkage. For a single vertex origami, the
axes of the revolute joints meet at the vertex; therefore, the structure can be modelled as a
spherical linkage (Figure 2.15). Spherical linkages are spatial mechanisms where the rigid
bodies are constrained to rotate about the same fixed point. If the thickness of the origami panel
is considered, the axes of revolute joints may not intersect at one point to form a spherical
linkage. Under such circumstances, more complex spatial linkages are used to model the

transformation. Thiswill be introduced in the thick panel origami section later.
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Figure 2.15 Rigid origami modelling of six-crease folding patterns (Chen et al., 2015).

2.2.2 Mobility of linkages

The number of degrees-of-freedom, also known as the mobility of a mechanism, isthe number
of input forces required to determine the position of all rigid bodies with respect to the ground.

Given the number of links n, joints j, and the degree-of-freedom of each joint f.(i=12,..., ]),

the mobility m can be calculated by the Grubler-Kutzbach mobility criterion (Hunt 1978):
j
m=6(n—j—1)+Zfi (2.1)
i=1

Here we focus on linkages formed by n links connected by n hinges (also known as revolute

jointswhere fi = 1). Using Eq. (S1), it can be found that
m=n-6 (2.2)

In general, n must be greater than 6 to enable mobility. If nisless or equal to 6, the assembly
iseither arigid structure or an overconstrained mechanism, atransformable mechanism where
m, calculated using Eq. (S1), is less than 1 (You and Chen, 2011). The overconstrained
mechanism exists usually under special geometrical conditions. Its motion can be analysed

using the matrix method with the Denavit and Hartenberg notation (DH notation) (Beggs 1966).

Weillustrate the geometric features of two adjacent linksin Figure 2.16. &, isthelength of
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linki(i+1), o, isthetwist angle between jointsi and i+1, R isthe offset of joint i, and 6; is

the rotational angle of the linkage i. For a linkage consisting of n links in a loop, the closure

equations are

Tl Tu=1y (2.3)

where |4 is the 4x4 unit matrix, and Tig+1) (1 =1, 2, ..., n. If i+1 > n, it isreplaced by 1) isthe

transformation matrix with the following form.

coso, siné. 0 I T
- —C0SQ;;,, SING,  COSqy i,y COSO,  SiNg;,;, —Rsing,, (2.4
D oy, SnG, —singyg,, €06, €OSay,, —R €OSe '
0 0 0 1

If one of the kinematic variables @ can change freely while the others always fulfil the Eq.

(2.3), the linkage has mobility one.

Figure 2.16 Coordinate systems for the links connected by revolute joints.

2.2.3 Overconstrained linkages

1) The Sarrus Linkage
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The first published overconstrained mechanism was presented by Pierre Frédéric Sarrus
(Sarrus, 1853). It isasix-bar mechanism linked by two sets of parallel hinges, and the direction
of the two sets of hinges must be different. As shown in Figure 2.17(a), joints 1, 2, 3 and 4, 5,
6 are parallel to each other while the two sets are not paralel. Joints 3,4 and joints 6,1 are in
the same plane. Under these conditions, the Sarrus linkage can perform a rectilinear motion

with respect to the base link 3 and 4. Its geometric conditions are as follows:

Oy =0y = Qs = Qg =0, azy = (a0, 20,7, 27),

(2.5)
Q, =8y =35 =85 =, as4za61:O'
Two sets of solutions can be obtained using Eq. (2.4), which are
95
91:—5, 02:95, 03:01_77:, 04:01, 06:93’ (26)
and
05

91:? 0,=2r-0,, 0,=n-6, 6,=6, 0, =10, 2.7)

Thisindicates that the Sarrus linkage has a bifurcation point when 6> = 5= .

2) The Bennett Linkage

The Bennett linkage is an exception of common 4R linkages (Figure 2.17(b)). It is a skewed
linkage where the four bars have axes of revolute joints that neither parallel nor concurrent

(Bennett 1903). There are three geometric conditions to construct a Bennett linkage:

Two links with the same length and the same twist, i.e.

812:613423.,82328.41:b (2-6)

Quy = 0lay =Q, 0y =0y = f (2.7)

L engths and twists should satisfy the condition
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sna _sinp

2.8
1 b (2.8)
Offsets are zero, i.e.,

R =0(=1234) (2.9)

Furthermore, the angles should satisfy the following conditions during the motion:

0,+6,=2r,0,+60,=2r
.1

o g SN > (0 +a1y,) (2.10)

tan2tan—-2 = 1
S.né(azs_alz)

T,

(c) Construction of the Bennett linkage grid (Chen and Y ou, 2005).

Figure 2.17 Overconstrained linkages.
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The Bennett linkage is the only spatial 4R linkage with a single DOF. Most researches focus
on the construction of hybrid mechanisms using the Bennett linkage, and a few studies
discussed the possibility for the construction of mechanisms network. Yan et al. presented a
geometry method to build a mobile grid using the Bennett linkage as Figure 2.17(c) shows

(Chen and Y ou, 2005). The layout pattern is similar to aregular square tiling.
3) The Bricard Linkage

Bricard proposed a series of mobile 6R linkages in 1927. It includes six different types: three
octahedral cases (Bricard 1897), the line-symmetric case, the plane-symmetric case and the
trihedral case (Bricard and Cinématique, 1927). A particular example known as kaleidocycle
(or three-fold symmetry type) is a linkage made from identical tetrahedral module. Figure
2.18(a) shows the linkage mechanism and Figure 2.18(b) is an alternative form of the Bricard
linkage as afoldable frame (Chen et al., 2005). Each tetrahedron is linked to its neighbouring
one along an edge, and the ring can be turned through its centre in a continuous motion. In
order to form aclose ring, at least six tetrahedrons are required (Schattschneider and Walker,
1977), and the geometrical properties of the six-bar linkage are as follows:

a12=a23=a34:a45:a56=a61:h,

Oy =Olyy =COlog =0, Olpg =0l =0l =27 — 0, (2.11)

R=0(=12..,6),

where h and o are known constants. Substituting Eqg. (2.11) into Eq. (2.4) yields

(2.12)

and
cos’ a +8in” a(cos, +cosb,) + (1+cos’ o) cosh, cosh, —2cosasing, sind, =0. (2.13)
Another wide-used typeisthe plane-symmetric Bricard linkage (Figure 2.18(c)); the geometric

conditions are as follows:



Oy + Qg = 27, Qyy + Qg = 27T, 0, + Oy =270,

Ay, = 8g1,Qp3 = g, gy = Qyg,y (2.14)
R=R=0R =-R,R =-R.

(a) Three-fold symmetry Bricard linkage (b) Alternative form of the Bricard linkage
(Chen et al., 2005)

(c)The plane symmetry Bricard linkage (Qi et al., 2017)
Figure 2.18 The Bricard linkages.

2.3 Thick panel origami and modular origami

2.3.1 Thick panel origami
Most origami-inspired engineering applications are based on the thin shell models where the

thickness of materialsis neglected. In order to apply origami to applications such asroofs, solar

35



panels and foldable shelters, the models need to be modified with consideration of thickness.

Many approaches have been suggested on this (Figure 2.19):

1) Hoberman proposed a hinge shift approach where the hinges are shifted on the top or bottom
plane of the panels depending on the folding direction (Hoberman 2010). Thisstrategy canfold
the panels without clearance, but the working space of the mechanism is restricted compared
to the zero-thickness model, and the strategy is difficult to adopt in comparatively complex

assemblies.

2) The tapered material technique proposed by Tachi keeps the hinges on the same plane to
preserve the kinematic motion (Tachi 2011). Each panel is trimmed according to the folding
dihedral angle to avoid self-intersection during transformation. The drawback of this strategy
isthat neither can the structure be deployed to itsfully flat state nor can it be folded into avoid-

free compact state.

3) The offset panel method shifts the panels to a distance equal to the material thickness to
avoid intersection (Edmondson et al., 2014). Rigid extensions are required for connection
between adjacent panels. This design keeps the zero-thickness kinematic motion and achieves
afull range of motion, yet the extension parts are vulnerable to break, and the structure cannot

achieve the fully flat state.
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Figure 2.19 Thickness accommodation techniques (Morgan et a., 2016).
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These methods provide many inspirations to build thick panel origami models, but they are

difficult to be generalized and applied to more complex origami patterns.

Chen proposed a general method using spatial linkages to model each origami vertex (Chen et
a., 2015). The spherical linkage around each vertex is replaced by spatial linkages where the
revolute joints are placed a distance apart because of the thickness. The foldability conditions
are: 1) each loop of therigid bodies must be aspatial linkage, 2) the assembly of these linkages
retains mobility. Typical origami patterns usually have four, five, six creases intersecting at a
vertex, so the corresponding mechanisms for thick panel origami are spatial 4R, 5R and 6R
linkages. It is possible to design thick panel models based on the zero-thickness pattern using

the overconstrained linkages introduced previously.

For instance, for afour-crease origami pattern, the mathematic model can be built asa spherical
4R linkage. The thick panel version can be designed by shifting one hinge on the top surface
of panels and three on the bottom, as shown in Figure 2.20, a2, azs, as, as1 are distances
between fold lines. The shift distance is designed according to the geometry condition of the
Bennett linkage, which is the only spatial 4R linkage. It can be proved that the relationships
among the dihedral angles in zero-thickness spherical linkages are identical to those in the
Bennett linkage (Chen et a., 2015). Therefore, the spherical 4R and the constructed Bennett
linkage are kinematically equivalent. The equivalent spatial 5R and 6R linkages are constructed
for fiveand six creaserigid origami cases using the same method. The spatial linkage kinematic
method for thick panel origami provides the inspiration for constructing metamaterial through

mechanism networks. This strategy is adopted in this research.
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Figure 2.20 Thick panel origami construction using spatial linkages (Chen et al., 2015).

2.3.2 Modular origami

As Figure 2.21 shows, modular origami refers to using a certain number of paper-folded
polyhedron unitsto assemble an integrated structure. Paper-folding polyhedron units have been
studied by many artists (Mukerji, 2007; Tarnai et al., 2012; Simon et a., 2012). The basic
strategy to construct a unit is to fold one single piece of paper into the shape and tuck extra
material into the polyhedron. Other strategy includes the snapology, which uses paper stripsto
fold and wrap in a two-way weaving method. While folding a single unit is rather simple,

combining them in a transformable pattern requires delicate design.

Transformable modular origami can be regarded as a special type of thick panel origami. The
paper polyhedron units have a certain thickness, and they are connected in a network that can
kinematically transform into different shapes. By designing the shape and connection
arrangement of polyhedron units and analysing them according to the kinematic principles, we

can program the modular origami models to transform into various shapes.
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Figure 2.21 Modular origami models.

2.4 Tilings and space-filling

After discussing the spatial mechanisms for constructing reconfigurable unit cells, we further
investigate the way to assemble multiple units in a network without frustration, which is also
essential in metamaterial construction. As shown in Figure 2.22, tiling is the most useful tool
for designing aregular grid network. Regular tiling refersto filling aplane using regular convex
polygonal tiles. There are only three regular tiling patterns, including equilateral triangles,
sguares, and hexagons (Grinbaum and Shephard 1986). The square tiling pattern is widely
used in stretchable metamaterials. Various samples with different cutting strategies, materials
and manufacturing methods have been studied (Figure 2.22) (Yang et al., 2016; Tang and Yin,
2017; Tang et a., 2015; Yang €t a., 2016), including bistable tessellations (Rafsanjani and
Pasini, 2016) and patterns that can transform in multi-steps due to the connection ligament
design (Coulais et a., 2018). The Poisson’s ratios variation have been studied in some
researches (Mitschkeet al., 2013). Other semi-regular tilingsrefer to patternswith regular tiles
of more than one shape, and every vertex corner isidentically arranged. Thetiling patterns can

be made transformable by extruding some tiles to form flexible voids; extruding square tiles
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will lead to voids that can be modelled by planar 4R linkage, and hexagon voids can be
represented by 6R linkage. The difficulty of designing transformable tilings lies in the control
of the multi-DOF mechanism. For instance, a hexagon void modelled as a planar 6R
mechanism has two DOF and including multiple such mechanisms in a system leads to
numerous mobility, which means the transformation will be highly unsynchronized. Special
symmetric patterns can be designed to constrain the DOF to synchronize the deformation

(Mitschke et al., 2013).
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(a) Hierarchical cubetiling (b) Stretchable auxetics
(Tang et al., 2015) (Rafsanjani and Pasini, 2016)
Figure 2.22 Tiling patterns in metamaterials.

2.5 Summary

The research in mechanica metamaterials is bringing about many new applications and

possibilities with the rapid development of computational tools, digital fabrication techniques
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and theoretical breakthroughs. Rigid origami and kirigami patterns are widely used in the
design of metamaterialsin recent decades. However, many origami-inspired designs are based
on case-by-case pattern and hard to be generalized. The material thicknessisrarely considered,
leading to the difficulty in realization of theoretical models and the combination of fabrication
techniques. Besides, the reconfigurable range of most instability-based metamaterials is still

limited.

The demands for future applications include:

1) More complex 3D metamaterials with multiple deformation paths;

2) Spatially textured metamaterials with aperiodic microstructures for arbitrary shape

transformation;

3) Metamaterials with more complex energy landscapes such as snap-through behaviour;

4) The rational design of multi-functional metamaterials with a targeted property;

5) Manufacturing multi-material structures using a combinatorial strategy of several

manufacturing methods such as 3D printing, laser cutting and two-photon lithography.
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Chapter 3
Planar Mechanism Based Kinematic

Metamaterial

This chapter is devoted to the construction of kinematic based metamaterials using planar
linkage mechanisms. When the connection edges of modular origami units are parallel to each
other, the assembly can be modelled as a network of planar linkage mechanisms. In addition,
if the building blocks of these modular origami are prisms, the structure can be regarded as a
two-dimensional transformable tiling pattern, in which both the polygon units and the voids
are seen as tiles. The first part of this chapter focuses on reconfigurable tilings with
guadrilateral voids. The quadrilateral voids are modelled as planar four-bar linkages (4R
linkage), and the reconfigurability of the system isanalysed using the principles of mechanisms.
Thisisfollowed by a discussion on assemblies consisting of more than two geometry types of
unit cells, their orientation variation, duality and expansion rate. In the second part of the
chapter, the metamaterial with planar mechanisms is further modified to perform three-
dimensional transformation. By tilting the prism units into rhombohedrons, a series of
kinematic metamaterials with different spatial shapes, twist angles and permeability features

are constructed.
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3.1 Introduction

Many modular origami models are made by cubes and prism units connected by parallel edges.
Some of these structures can present planar transformations. If we see them from the top plane
whichisnormal to their connection edges, the structures can be regarded astransformabletiling
patterns with voids inside. During the transformation, the shape of the voids will change, and
thetiling patternisgeometrically compatible at any configuration. These voids can be modelled
as planar linkage mechanisms. For instance, the cubic modular origami model shown in Figure
3.1(a) is proposed by Ron Resch in 1977 (Resch, 1977). It can transform from a close-packed
state to aporous grid. The model can be seen as a planar transformable tiling shown in Figure
3.1(b), which is widely used in mechanical metamaterials. A question of whether there are

other similar transformable tilings is naturally raised.

(@) Modular origami model

(b) Planar transformable tiling

Figure 3.1 Reconfigurable cube tiling.
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To model the transformation, the cubes (or other shaped prisms) are treated as rigid bodies and
the voids are seen as planar four-bar linkages (4R linkage). Hence, the assembly of nine cubes
could be regarded as nine rigid bodies interlinked by four 4R linkages. The mobility of the
assembly is determined by the topological and geometrical information of the linkage system.
This kinematic analysis can be further extended to mobile assemblies composed of arbitrary

prisms and rhombohedrons.

3.2 Geometry of reconfigurable quadrilateral tilings

To begin with, the 3D modular origami model is simplified as a 2D pattern where the cubes
become sguares and the connection edges refer to connection vertices. We can replace the
sguare units by arbitrary quadrilaterals of which the side lengths are a, b, ¢ and d. All
quadrilaterals in the assembly are identical. To maintain the mobility of the structure, specific
geometrical conditions are imposed to the quadrilaterals to form aloop of 4R linkages which

will be compatible to each other during the transformation.

3.2.1 Arrangement 1

First consider an arrangement of the unit cells shown in Figure 3.2. This pattern is made of
three shapes: the rigid quadrilateral unit cell and two quadrilateral voids. one with side lengths
a, a, cand c, and the other b, b, d and d (Thetile isdrawn in a parallelogram shape to make the
structure geometrically compatible at the open state). The angles for the quadrilateral unit cell
and voids are marked in Figure 3.2. Note that the two opposite angles of the voids, marked as
03 and 01, are aways identical because of the shape of the voids.

Next, we shall find the conditions under which thistiling is transformable.

Geometrically there are



Figure 3.2 An arrangement of the identical quadrilateral unit cells.

h+o,+d+¢, =2r,
20,+0,+0, =2r,
20,+0,+05=2r.

At each point where quadrilateral unit cells are connected, there must be

Therefore, we have

O +¢,+0,+0, =2r,
o+¢,+6,+6,=2rm,
&, +¢,+0,+6, =2,
¢ +¢,+6,+6, =2m.

G=2n—¢—¢,— ¢, ,
0,=0,,
05 =¢ + ¢, —0;,

(3.1)

(3.2)

(3.3)
(3.4)
(3.5)

(3.6)



96 :¢1+¢2_03’ (3.7)
and 0,=2r—-¢,—¢,—0,. (3.8

The edge lengths are also related by the following relationships.

a:Sin(¢1+¢2+¢3) dSin¢1 dsin¢2

. _ —-C)+—=—, (3.9
sing, sin(¢, + ¢,) sin(¢, + ¢,)
b:dSin¢1_.CSin(¢1+¢2) ’ (3.10)
sing,
asinﬁzcsin%, (3.11)
2 2
and bsin%=dsin&. (3.12)
2 2

The latter two equations are obtained by considering the geometry of the voids. Now

substituting Eq. (3.3-10) into Eqg. (3.11) and (3.12), there are

sphit®t htd, 6, Sng; sin(g, +¢,) +

5 tang, =
Sng, cos(gy + ¢,) +sing,
. (3.13
sin¢1sin—¢1+¢22_93_ sin—¢1+¢§ 03+
. . O+, +0, . G +9;+0; Sn(g +¢,)
smgbssmT sin 5 ( tang, +CoS(¢, +¢,))

If ¢ +¢, =7 and ¢ +¢,=n, both sides of Eq. (3.13) become zero regardless of &s. This

indicates that under this condition, Eq. (3.13) holds for any #s, which means 6z is not uniquely

determined by ¢,, ¢, and ¢, . That is to say, this assembly becomes transformable if the

guadrilateral unit cells are a parallelogram.
From Eq. (3.4-5) and (3.7), we have ¢, + ¢, =6, +6;,, and ¢, + ¢, =60, +6,. Hence, 6, +6, ==

and 0,+6;=n . This indicates that only when the quadrilateral voids are made of
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parallelograms, the tiling pattern can be transformable. This conclusion prompts us to consider

arrangements with arbitrary tiles and parallelogram voids, which are presented next.

3.2.2 Arrangement 2

Consider now an arrangement with a set of nine quadrilateral unit cells shown in Figure 3.3(a).
Thisis atiling pattern made of five shapes. the quadrilateral unit cells, two types of rhombic
voids with side lengths a and c, respectively, and two types of parallelogram voids with side
lengths b and d. The voids are classified as different types because their angles could be

different.

Now take fg as an input, the following angular relationships can be established geometrically.

¢, =2n—¢,—d,— s, (3.14)

0,=2n—¢,—¢,—0,, (3.15)

0, =¢+¢;+6; -7, (3.16)

0, =m0, (3.17)

0, = 31 — 24, — 2¢, -0, (3.18)

0, =24, +2¢,+0, - 2r (3.19)

0, =27 — ¢, —,—0, =0, (3.20)

and O, =+, +0,—1=0,. (3.21)

The quadrilaterals units must not overlap with each other, so the interior angles of the

parallelogram voids are only alowed to be between 0 and 7. Applying 6, [0, 7](i =1~ 7)
to Eq. (3.15-19) yields

0<6,<m,
=~ <0, <21 —¢ — ¢, (322
21 —2¢, — 2¢, < 0, < 31 — 2¢, — 2¢.,.
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With further simplification we obtain the range of the quadrilateral angles, whichis

N w

%s¢l+¢3§ . (3.23)

Were this condition not met, the quadrilateral would overlap during transformation. The
parallelogram voids completely closewhen 6, = 0. If therhombic voids close at the sametime,

0, =21 —¢,—¢,—0=r, and thus,

h+d,=m. (3.24)

(d) Mathematical model

|

(b) Trapezium assembly (c) Arbitrary quadrilateral unit cells assembly

Figure 3.3 The second arrangement of identical quadrilateral unit cells.
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Thisindicatesthat the assembly based on this arrangement can only be compactly packed when
two opposed edges in the quadrilateral are paralel to each other, i.e., the quadrilateral has to
become a trapezium. Figure 3.3(b) shows such a trapezium assembly, whereas a general case

consisting of arbitrary quadrilaterals that cannot be close packed is given in Figure 3.3(c).

3.2.3 Arrangement 3

The third arrangement is shown in Figure 3.4(a). The pattern consists of three shapes. a

quadrilateral and two parallelograms voids.

Geometrically the angular relationships are

G, =21 =~ — s, (3.25)
0, =21 —¢,— 0, (3.26)
0,=¢,+¢+0, -7, (3.27)
0,=n—0, (3.28)

0, =7 —¢,+¢,— 0, (3.29)
0,=¢ — ¢, +06;, (3.30)
0, = 2, 0, (3.31)

0, = 7 +0,— 2¢,. (3.32)

where g istreated astheinput. Since 6, [0, =|(i=1 7),applyingitto Eq. (3.26-3.32) gives

0<f,<m,
Q+d,—T<O<¢+9,,

Q=9 <O <m+¢,—¢,
20, —m <0, <29,.

(3.33)

Further ssmplification of the above inequalities yields
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0<¢,+¢, <2,
|¢1_¢4| <, (334)
0<¢,<m.

In order to pack the unit cells compactly with thistiling pattern, theremustbe 6, =7, 6, ==

when g = 0, which gives

T
=9, = E : (3.39)

Hence, the quadrilateral must have two opposite right internal angles. Figure 3.4(b) shows
such an example and Figure 3.4(c) is an assembly made from general quadrilateral unit cells

that cannot close pack.

(a) Mathematical model

(b) Quadrilateral units with opposite right angles (c) Arbitrary quadrilaterals

Figure 3.4 The third arrangement of identical quadrilateral unit cells.
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A total of 56 tiling patterns of quadrilaterals exist (Griinbaum,1986), but most of them are not
transformable even if parallelogram voids are introduced. By having parallelogram or rhombic
voids, we have found ten arrangements of arbitrary quadrilaterals that are transformable. Let
the edge lengths of aquadrilateral be a, b, ¢, and d, we express arhombic void with edge length
of a asa* and a parallelogram void with lengths of a and b as a?b?. We obtain Table 3.1 that
summarises al transformable arrangements. The schematic diagrams of part of the
arrangements are also given in the table. Note that Arrangement 1 discussed earlier is a special
case of the first transformable type in the table, where the quadrilateral unit cells must be
parallelograms, i.e., a = ¢, b = d, and the voids parameters become (a%), (b%), (&%) and (b%).
Arrangement 2 is actually type 3 in the table which refers to an arrangement with two squares
and two parallelogram voids. Arrangement 3 belongs to type 10 in the table which has four

parallelogram voids.

So far, we have found a family of reconfigurable tilings. However, applying the Kutsbach
criterion to these assemblies yields no positive number. For instance, for a nine-unit assembly,

the mobility mis
j
m=3(n-j-0)+Y_ f =39-12-1)+12=0 (3.36)
i=1

where n, j and fi are number of unit cells, the number of joints and the degrees of freedom of
each joint, respectively. Thisindicates that the assembly is an overconstrained mechanism, and
the existence of mobility in it is due to the special geometry. The entire motion of four

interlinked 4R linkages are synchronised to transform with a single degree of freedom.
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Table 3.1 Arrangements of arbitrary quadrilaterals that are transformable.

Number and shapes of the Type and parameters of the ~ Schematic diagram of part
voids voids of the arrangements
S
4[] 1. (&%) (b%) (c) () ‘9:4;»:
QIR
3 D 1 D 2. (a°c?) (b*) (¢ (0% ‘%‘é‘
3. (a%c?) (b (c?@?) (d%)
L1 [T
2 2 4. (a°c?) (b’d?) (c*) (d
L1 /7
1 3 5. (a2c?) (b’d?) (c%a?) (d%)
6. (a%c?) (b?d?) (c%a?) (d?b?)
7. (a°k?) (b%a?) (c?b?) (d?a?)
4[] 8. (a2h?) (b?a?) (c%?) (d?c?)

9. (a20?) (b%8?) () (d?a2)

10. (a20?) (b28?) (C2P) (d2c?)

3.3 Analysis of reconfigurable quadrilateral tilings

3.3.1 Alternative shapes of unit cells

Thereconfigurabletilings shown so far include only some specific quadrilateral unit cells. One

may wonder if they can be replaced by more genera shapes, e.g., shapes with curved edges.

The answer is positive. The reconfigurable tilings can accommodate such alternative unit cells
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if the following two conditions are met. First, the corners of aunit at which the connections to
its neighbouring units are located must be identical to those of the original quadrilateral unit
arrangements;, second, the edges of the alternative unit cells must piece together when they are

compacted folded. Two examples that satisfy both conditions are given in Figure 3.5.

To enable an aternative unit to match with its identical neighbours while retracted, its shape
should have certain symmetry. If the unit isamirror symmetry pattern, the assembly can only
close in one direction. For instance, the fan shaped unit shown in Figure 3.5(a) has mirror
symmetry, the unit cellsaround the central unit are only capabl e of rotation anticlockwise about
the central unit to 90° at most. At the fully expanded state, the mechanism cannot move any
further because the edges of unit cells in the other direction will collide with each other.
However, if aunit has rotational symmetry, as demonstrated in Figure 3.5(b), the assembly of
the propeller shaped unit cells can transform both ways because the unit has rotational

symmetry. These unit cells can transform to 180° and fold completely in both directions.

(b) Unit cells with rotational symmetry

Figure 3.5 Reconfigurable tilings made from alternative unit cells.
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3.3.2 Orientation and duality

It isinteresting to note that the orientations of the unit cells alter when they rotate around each
other. To examineit, we mark each unit with an arrow, and make all arrows pointing upwards
in the initial state when the structure is close packed. As shown in Figure 3.6, while rotating
anticlockwise around the central unit, the directions of the arrows on those units that are not
directly connected to the central unit remain unchanged, indicating they translate without any
rotation. The rest of the unit cells turn. In the fully opened configuration, the arrows on the
trandating unit cells remain the same direction whereas the turning unit cells have rotated by
90°. Inthefinal configuration, the unit cells are close packed again. The turning unit cells have
now rotated by 180°, whilst the translating unit cells never change their orientations. The
orientation variation isaparticularly useful feature asit could be used to design programmable
acoustic or electromagnetic metamaterials. The switch between geometric states could be used

to alter the wave directions.

K ! L t
C s -« -«
Fad
o R 4 AT L] A L t
IERE WAY Y < -
fly t

Figure 3.6 Orientation of unit cellsin areconfigurable tiling and its dual.

Whilst the orientation changes with motion, the dual shape of the tiling pattern remains the
same no matter how it transforms. Two patterns are called a dual to each other if it is possible

to set a one-to-one correspondence between the unit cells, edges and vertices of the first tiling



and those of the second one. The way to draw adual of an arrangement is to connect the centre
of each unit with those of its neighbour’s. Take the arrangement given in Figure 3.6 as an
example. It can be shown that the dual of thistiling with square unit cellsisin the same shape
as itself during transformation, and the size of the dual varies to reflect the overall dimension
change of tiling patterns. The dual of atransformable tiling is a basic topology feature which
can be used to distinguish the tiling from others.

3.3.3 Paired unit cells

Earlier we touched upon the alternative shapes of the unit cells, e.g., those shown in Figure 3.5,
and all the unit cells are kept identical. This section discusses the strategy to have paired units

which are not necessarily identical to each other.

Figure 3.7 shows two examples of paired unit cells that is based on Arrangement 1 of Table
3.1. Figure 3.7(a) is a jigsaw puzzle tiling where shape A and B are called a pair, and the
parameters of Arrangement 1 pattern are given asa = b = ¢ = d. We draw dotted straight lines
among the connection points of the unit cells, and in such way we can obtain the original square
shape pattern again. The motion of the pattern isthe same asthat of the Arrangement 1. Despite
that the two unit cells have different shapes, they bit into each other in the fully compact
configuration.

We can a'so produce reconfigurable tilings with two types of unit cellsin different sizes. The
example shown in Figure 3.7(b) isatiling pattern of two types of square tiles: one big and one
small. The sguares are connected according to Arrangement 1. Because of the different edge
length, the voids are parallelogramsinstead of rhombuses. When the pattern isfully expanded,
the parallelogram voids become rectangles instead of squares. Its dual is the same as the

Arrangement 1(Figure 3.7(b)), so the motion of this pattern isthe same as previously discussed.

The concepts of paired units and unitsin different sizes can be merged to produce more general

assemblies. For instance, if we use apair of unit cells where one being a four-pointed star and
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the other being asquare, atiling pattern shown in Figure 3.8(a) is obtained. The star and square
unit cells form a grid once fully open, and the former tightly surround the latter when fully
folded. Thisresultsin atransformable tiling pattern with an expansion ratio much greater than

that of the one made from sgquare unit cells. The expansion ratio is calculated as follows.

I
ng

7N

/A\
X

(b) Pair of square unit cellswith different sizes
Figure 3.7 Paired unit cells based on the arrangement of Arrangement 1.
The star and square are defined by parameters a and as. The fully expanded length Ie can be

obtained as
lc = J2a+ 4\/§asin% (3.37)

When the structure isin its packed state, the length |ps becomes

T—-Qa

2

a

los = 4asin%+ asin 25 (1-tan %) (3.38)

Thus, the expansion ratio is
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x/§+4\/§sin%

A . — (3:39)
s 4sin%s 1 sin% @—tan T —%)
> 7 2

Becauseo, € [% ,7] , the maximum and minimum values of r are 0.5+~/2 and /2 , respectively.

If we replace the star unit with a square, as shown previously in Figure 3.7(b), then as

becomes r (denoted by aso) and r is 5v/2a, so the original p

ackaged length lro becomes
IPO:4asina—;’+asina—;°(1—tanﬂ_7a&°):4a+a:5a. (3.40)

The expansionratio ro is

r,=v2. (3.41)
2
1.9142 — Star tiling
—— Square tiling

- 1.6
1.414
1.2
N4 ml2 a m
(a) Parameters of two assemblies (b) Expansion ratios of two assemblies

Figure 3.8 Expansion ratios of assemblies with paired unit cells.

Therefore, for the paired square tiling pattern, the expansion ratio is fixed to+/2, but using the
star tiling pattern, the expansion ratio can be tuned by varying the width of the star arm. The

value of r in star tiling and paired square tiling is given in Figure 3.8(b). It can be concluded
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that, the ‘dlimmer’ the star is, the larger the expansion ratio is. This star and square design can

be adopted to other types of transformable arrangements.

3.3.4 Fabrication

The reconfigurable tilings are fabricated using two methods. The first one utilises 3D printing
to make each tiles, and connects them with tapes. Figure 3.9 shows the corresponding models
for the structures in Figure 3.5(a)(b) and Figure 3.8. The advantage of taped samples is that

they can transform smoothly as kinematic mechanisms.

(d) Model in Figure 3.5a (b) Model in Figure 3.8 (c) Model in Figure 3.5b

Figure 3.9 3D printed samples.

While the assembled structures are difficult to make manually when they are scaled down, a
second fabrication method is proposed to laser cut the pattern in one piece. A 2.3mm thickness
laserable rubber sheet is cut according to the close pack pattern. This processis similar to the
way artist make kirigami models. As shown in Figure 3.10, when stretch the cut sheet, the thin
ligaments for connection will deform in accordance with the mechanism transformation. It
should be noted that if the pattern contains a lot of unit cells, those cells at the boundary will

not behave perfectly as those in the middle due to the accumulated error.
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(b) Paired pattern

Figure 3.10 Deformation process of the laser cut samples.

3.4 Other planar reconfigurable tilings

Thisstudy so far confinesto assemblies made from quadrilateral unit cellsand their alternatives,
each of which has four connection points. Moreover, there are transformable tilings that are
made from shapes other than quadrilaterals. For example, the tiling pattern with hexagon and
triangletilesin Figure 3.11(a) isreconfigurableif it contains rhombus voids. Thetiling pattern
with triangle, hexagon and trapezium shapes in Figure 3.11(b) is also reconfigurable if it has

rhombus voids inside. The key lies in the construction of planar 4R linkages for the voids.

If the transformation is the main design objective whereas the number of DOF is less of a
concern, other shaped voids could be used. The triangle tiling pattern shown in Figure 3.11(c)
has voids which are 6R linkages, each of which has 3 DOFs. An assembly based on the tiling
pattern shown in Figure 3.11(d) would also have many degrees of freedom because the voids

are either 4R or 6R linkages.
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(a) Triangles and hexagons (b)Triangles, trapezium and hexagons

)4
AL

(c) Triangles (d) Squares and triangles

Figure 3.11 Other transformable tiling patterns with various polygon tiles.
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3.5 Reconfigurable tilted cuboid metamaterial

Most studies on planar reconfigurable metamaterials are based on single layer structures with
in-plane deformation capability. 3D structures with multiple layers have rarely been explored.
Based on the transformable tilings study in the previous section, atilted cuboid metamaterial
similar to the original modular origami model is proposed: in the folded configuration, the
structure is consisted of interlinked polyhedron solids; in the deployed configuration, the dlits
among the polyhedron solids are transformed into parallelogram voids. Differently from the
planar transformable tilings, the polyhedron units that form the cuboid tessellation are neither
cubes nor prisms, but they are polyhedrons with sloped surfaces, e.g., rhombohedrons.
Consequently, during the transformation the structure folds into a spatial configuration.
Designing the tilt directions and angles of the polyhedron can customize the configurations of

the structure, making some of them form voidsin thefinal stateswhile others are close packed.

The unit cell of the tilted cuboid structure isfirst constructed by tilting a prism along the long
diagonal line. Figure 3.12 shows the tilting process and the parameters of the rhombohedron
unit. The top and the bottom faces are identical parallelograms with side lengths a and b. The
shape of the top and bottom faces is defined as the basic shape of the unit. We define the tilt
direction aong the longer diagonal line of the parallelogram, which is marked by ared arrow.
The angle between this diagonal line and the side with length ais y. Denote by h the distance
between two parallel surfaces, which isalso known asthe unit height, and by « thetilting angle
between the inclined edge of the rhombohedron and the longer diagonal line of the bottom. The

inclined edge length wis

w=_"_ (3.42)
sSna
The corner angle of the side parallelogram plane f is related to other angles by
COSf3 = COSa COSy (3.43)



Figure 3.12 The Rhombohedron unit cell from atilted prism.

Now connecting nine rhombohedron unit edge-by-edge using parallel rotational jointsformsa
structure shown in Figure 3.13. The configuration of the structure can be uniquely determined
by the moving angle 4. Starting from afolded state where 6 = Q°, the structure is close packed;
then rotate the surrounding units around the central unit by the rotationa joints, the structure
will open to a deployed state. Finally, when 6 = 180° the side planes of adjacent units contact

with each other and the structure locks in a grid pattern as the final configuration.

Figure 3.13 Tilted cuboid structure and its configurations during transformation.

When the structure is projected to a plane perpendicular to itsjoints, a 2D pattern consisted of
shaded parallelograms and voids is obtained on plane P (Figure 3.14). This pattern, same as

the Arrangement 1 in previous section, has been proved to be transformable with single DOF.

3.6 Configuration analysis of the tilted cuboid metamaterial

In the structure shown in Figure 3.13, each of the rhombohedron unit is determined by edge

lengths a and b, angle y, tilt angle ¢, unit height h and the tilt direction. These parameters can
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be tuned to acquire a series of tilted cuboid metamaterials that deploy to different shapes with
various orientations, cover areas and permeability. The features of different models are

compared along with their motion.

Figure 3.14 Projection of the tilted cuboid structure.

3.6.1 Tilt direction

The rhombohedron unit can betilted in any directionstheoretically. Apart from thetilt direction
in Figure 3.13, if the side edges between top and bottom parallelogram faces are tilted along
the shorter diagonal line of the parallel ogram, the structure shown in Figure 3.15(b) is obtained.
Moreover, if thetilt direction is perpendicular to an edge on the top plane, the structure made
from such units is shown in Figure 3.15(c), where the angle between edge FG and edge EF is
90°. Let us name the structure in Figure 3.13 as Modd 1, and the other newly obtained
structures as Model 2 and 3, respectively. All three models have the same parameters a=b =

20mm, h =10mm and y = 22.5°. For thetilting angle, Model 1 has a = 40.62°, Model 2 has a

=51.34°, and Model 3 has a = 26.57°.
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(c) Model 3

Figure 3.15 Transformation processes of models with different tilt directions.



It can be noticed that for different tilt directions, the configurations of the cuboid structures are
very different during the transformation. For instance, by fixing the centre unit, Model 1 will
rotate around the centre polyhedron and form an oblique square grid in its final configuration
in Figure 3.15(a); for Model 2, the structure forms an oblique square grid in the halfway, and

the final configuration is along and narrow parallelogram grid (Figure 3.15(b)).

Denoted by plane P’ (marked in blue in Figure 3.16(a)), the upmost surface of the structure
initially contains all the parallelogram planes of the units. During transformation, P’ contains
the upper edges of every unit, which are marked in red in Figure 3.16(a). Let ¢ be the angle
between plane P’ and the upper plane of the central unit (marked in orange). During the

transformation, o defines the twist of the structure.

If we connect the centre points N, M, O and P of the four units at the corners, and name the
intersection angle between two neighbouring edges of the parallelogram NMOP as  (Figure
3.16(b)), we can use the twist angle ¢, intersection angle # and area of NMOP as the indices

to describe the spatial configuration. These quantities are plotted in Figure 3.16-3.17.

Consider ¢ versus 6 in Figure 3.16(a). Model 1 has the biggest variation between the original
configuration and final configuration, and the slope of ¢ versus 6 remains steady throughout
the transformation. Model 2 and 3 have a greater tendency to rotate at the beginning, yet the
tendency slows down gradually. The 7 versus 6 relationships are given in Figure 3.16(b).
Models 2 and 3 have the largest # of around 90° when 6 = 90° whereas the largest n = 75.6°
for Model 1 happens at 6 = 150°. In other words, models 2 and 3 first transform to a square
profile then close to a parallelogram profile, and the fully open states take place when 6 = 90°.

Model 1 keeps approaching a square shape but cannot fully open to = 90°.

Models 2 and 3 have similar plane area variation (Figure 3.17). When 6 = 90°, these two

model s have the longest edge length and the biggest intersection angle, which lead to the largest
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cover areas. Model 1 has the longest edge length at & = 90° as well, but the intersection angle

n keeps increasing hereafter, so the largest areais reached when 9 = 100°.

/2

——Model 1 i
——Model 2
———Model 3

/

(b) Intersection angle

Figure 3.16 Structure parameters analysis of Model 1-3.
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——Model 1!
—— Model 2i ;
Model 3; !

0 72 T
0

Figure 3.17 Plane area variation of Model 1-3.
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3.6.2 Tilt angle and permeability

Next, we consider the influence of tilt angles. Three models are constructed with a = 52.46°
for Model 4, a = 40.62° for Model 5 and a = 33.07° for Model 6. Besides the tilt angle «, the

units of the models share the same basic pattern wherea = b = 20mm andy = 22.5°, h = 10mm

and their tilt directions are same as Model 1. Figure 3.18 shows ¢ versus 6 and the cover area
versus 6. It can be seen that starting from the same value for all three models, the twist angle
o of thefinal configuration is smaller for Model 6, meaning that the unit with more distortion
will twist more during the transformation. In contrast, the cover areais larger with abigger «,
so an obtuse unit will lead to a bigger cover area when fully opened. It can also be observed
that o only influences the range of twist angles and structure cover areas without changing the

model configurations during the transformation.

i
2500
Nﬂ"-
£
o /2 £
(0]
O 1131
— Model 4 < — Model 4
—— Model 5 —— Model 5
Model 6 Model 6
0 : 0
0 w2 T 0 w2 T
0 0
(a) Planetwist angle (b) Plane area

Figure 3.18 Structure parameters analysis of the models with different tilt angles.

Previously we treat the units as rigid bodies and the voids as planar 4R linkages. When the
cuboid structures are folded into the final configuration where 8 = 180°, for some models,
every 4R linkage has an accessible void in the central. For instance, in Figure 3.19(a), the
structure has four voids with two different orientations. These structures are defined as

permeable metamaterials. The orientation of the void is regarded as the direction perpendicul ar

67



to the voids plane (e.g., plane CDEF in Figure 3.20). Another case is that, half of the 4R
linkages have accessible voids while the other half don’t. In Figure 3.19(b) the model has two
voids with the same orientation, and the other two 4R linkages do not form voids. This is
defined as semi-permeable. The last situation is that all of the 4R linkages of the model don’t
form accessible voids. Then the structure is impermeable. Figure 3.19(c) shows an example

where no void exists.

(a) Permeable structure

(c) Impermeable structure

Figure 3.19 Permeability of tilted cuboid structures.

The permeability is determined by several geometry parameters of the unit cell. Because of the
symmetric nature of the structure, the 4R linkages on each diagonal line are the same, leading
to two sets of voids with different orientations. In Figure 3.20, consider one 4R linkage that
includes verticesC, D, E, F. Inthefinal configuration where 8 = 180°, the side planes of each

unit are in contact to its neighbour’s. Therefore, edge CD, DE, EF, FC are in the same plane.
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If the diagonal DF is longer than the unit side edge GF, the structure will have voids in plane
CDEF. Given the parameters of a unit, the side edge length w and angle 5 can be derived from
Eq. (3.41-42).
Since all of the units are the same, thereis

CD=DE=EF =FC=a. (3.44)
Hence diagonal length can be calculated:

|, =2a008p3. (3.45)

For the other set of 4R linkages, |> can be derived as well. The conditions of permeability are:
If 1. >w N l2>w, the structureis permeable; if [1 >w N I <wor e <w N |2 > w, the structure

is semi-permeable; if [1 <w N |2 <w, the structure is impermeable. The range of 3 is (0°, 90°).

When the tilt direction is perpendicular to one edge, e.g., in Figure 3.19(b), thetilt directionis
perpendicular to edge CF, on the side plane angle = 90°. In the fina configuration, FC is
perpendicular to FG and 11=0. In such case, edge FC will coincide with CD, and EF coincides
with DE. This set of voids arefully closed. Note that under the given condition, no matter what
basic shape of the units are, tilt angle and unit height are, the permeability of one set of voids

isonly corresponding to the perpendicular tilt direction.

Figure 3.20 Parameters of atilted cuboid structure.

69



3.6.3 Basic shapes design

All tilted cuboid structures discussed above use rhombohedron units. Other polyhedron units
with various basic shapes can be utilized as long as the projection of the structure, i.e., the
projection onto plane P as shown in Figure 3.14, fulfils the geometry conditions in planar
transformable quadrilateral tilings. For instance, Figure 3.21(a) shows a structure consisted of
polyhedron units with rectangle shape that can close pack uniformly in the final configuration.
In Figure 3.21(b) the basic shape of polyhedron units is a pair of squares in different sizes.
Figure 3.21(c) shows a curve edge structure in which the basic shapeisapropeller. It may have
advantages in resisting shear forces. The projections of all three models are shown on the | eft

and they fulfil the geometry conditions for transformable tiling patterns.

(a) Rectangle shape

iR g

(b) A pair of squaresin different sizes

(c) Curved edge propeller shape

Figure 3.21 Tilted cuboid structures with units with other basic shapes.
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3D printed samples of Model 1 and a structure with a square basic shape are fabricated
(Raise3D N2 printer). Figure 3.22 showstheir original configurations, open configurations and
close packed configurations. The models are printed in one piece by aflexible filament called

Ninjaflex, and they can deform to different configurations with the inbuilt living hinges.

Figure 3.22 3D printed models and their different configurations.

3.7 Multilayer tilted cuboid metamaterials

3.7.1 Stacking method of the tilted cuboid tilings

Thetilted cuboid structure can be extended to alarger scale by including more unitsin asingle
layer. To extend the structure spatially, amethod to stack multiple layersis proposed. In Figure
3.23, a 2x2 cuboid structure with units L1-L4 is utilized as the lower layer. Then we duplicate
the structure and name the units as U1-U4 for the upper layer. As Figure 3.23 shows, when the

two layers are opened simultaneoudly, it can be observed that the edges of the upper layer and
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lower layer coincide with each other in a zigzag pattern, as marked in the black lines. We can
connect these coincide edges by rotational joints, e.g., the top edge of L 1 is connected with the
bottom edge of Us; L3 is connected to Uz and L4 connects to Us. During the transformation, the

motion of upper layer is synchronized with the lower layer.

Figure 3.23 Stacking of multiple layers of thetilted cuboid structure.

The same principle applies to other structures with different tilt directions. Figure 3.24(c)
shows the double-layer stacking of Model 1-3 which are introduced previously. We define the
edges opposite to the tilt direction as the back edges of aunit. The side planes adjacent to these
edges cannot be seen from the top view of the unit. Figure 3.24(a) shows the back edges
(marked in red) of units in different tilt directions. To stack multiple layers, each unit in the
lower-layer is connected to an upper-layer unit along the back edges. The red linesin Figure
3.24(b) indicate the positions of hinges in the lower layer. For different tilt directions, the
hinges are always arranged in a repetitive zigzag pattern. In Figure 3.24(c) the hinged edges

are marked in black.

Other metamaterials with different basic shapes and tilt angles can be constructed. Figure

3.24(d) shows a piece of metamaterial whose basic shape is a rectangle, the tilt direction is
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perpendicular to one edge and other parameters are as follows: a = 20mm, b = 10mm, h =

10mmand a = y = 45°. Intheinitial configuration, itisatilted cubic solid block. Along with

the transformation, the material becomes permeable and fully opens to a multi-layer grid
structure with the largest volume. Then it folds in another direction and eventually becomes

another solid tilted cuboid with uneven surfaces.

TN D [N

(a) Back edges of unit cells

(d) A Rectangular metamaterial

Figure 3.24 Packing method of cuboid structures with different tilt directions and shapes.
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3.7.2 Volumetric strain

For a single layer tilted cuboid structure, we use twist angle and planar shape variation to
analyseits configuration change. Considering a piece of metamaterial, we adopt the volumetric
strain to evaluate its reconfiguration capacity. For the 3x3x3 metamateria (each layer is a
Model 2 structure) in Figure 3.25(a), we connect the centre of each corner unit to form a six-
sided chamber, and we define the internal area of the chamber as the volume of the
metamaterial. The volume can be calculated by multiplying the area S of NMOP (plotted in
Figure 3.17(c)) with the distance h between plane NMOP and N'M'O’'P’ (Figure 3.25(c)). The

change of distance his shown in Figure 3.26(a). The volumetric strain can be derived as

o AV _hS-hs

3.46
Voo oo B 549

We compare the height h and volumetric strain of the 3x3x3 metamaterials based on Model 1-
3. The units of the structures have the same basic shape and height. The difference of them lies
in the tilt direction of the units, as described previoudly. It can be seen that Model 2 has the
biggest height and volumetric strain throughout the transformation process: its largest volume
is three times to its original volume. Model 3 has the same tendency. Model 1 has the least
height variation and a smaller planar cover area, and the volumetric strain is comparatively the
lowest. The biggest volumetric strain happens at & = 120°, for the biggest cover areaisat 0 =
100° (Figure 3.17(c)) and biggest height is at & = 150°. The volumetric change shows that the
metamaterial has alarge deformation, e.g. the maximum volume of Model 2 can be 4 times of
its packed volume. By changing the tilt direction and other parameters, we can program the

volume change, which will also lead to the variation in material density.
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(c) The volume and the height of the metamaterial initsfinal configuration

Figure 3.25 The volumetric variation of Model 2 in different configurations.
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Figure 3.26 The height and volumetric strain of models with different tilt directions.

3.8 Conclusion

This chapter has demonstrated a series of reconfigurable metamaterials based on planar
mechanisms. In the first part, the kinematic analysis helps to expend the family of

transformable tilings. The main findings include:

1) Thereconfigurable conditions for quadrilateral tilings (each tile is connected to others by
four vertex) isthat the shape of the internal voids are all parallelograms.

2) Ithasbeenfound that during the transformation, the orientation of thetileswill be changed.

3) Theidentical quadrilateral unit cells could be replaced by alternative or paired unit cells,
which maintains the ability of reconfiguration. A special type of star tiling has a tuneable
expandable ratio which can be programmed by the shape of stars.

4) Transformable tiling patterns using other polygons are analysed according to the planar
linkages inhibited within the patterns.

In the second part, despite that the attention hereis paid on 2D patterns, the quadrilateral prisms

can be conveniently tilted in onedirection to form transformable 3D metamaterials. Thesetilted

cuboid structures can be further stacked to create multi-layer metamaterials. The metamaterial
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has alarge planar cover area variation and volumetric strain change, making it suitable for the

design of large deformation devices and structures. The main achievements include:

1) A numerica parametric study on the tilt direction and tilt angle has been done to achieve
the programmability on the plane shape, twist angle and volumetric change.

2) The permeability of the metamaterial can be designed by the tilt direction, tilt angle and
the unit height.

3) The paired shape tilings and irregular shape tiles can be adopted in the tilted cuboid
metamaterials, similar to the planar transformable tilings.

4) A multi-layer stacking method is provided, along with the analysis on shape
transformation and height variation.

For both sections, 3D printed models are designed and manufactured. For planar materials,

laser cut samples are also demonstrated. The linkage model of the tilted cuboid structure is

similar to the transformabl e tiling structure. The crucial feature that enables the tilted structure

to have spatial transformation is that, the connecting hinges are not perpendicular to the top

plane of the structure. Following this inspiration, we can develop other structures whose

kinematic modelsvary largely from their physical models. These structures can transform from

planar patterns to complex spatial configurations, and can be used to develop metamaterials,

devices or architectures with variable shape, stiffness and volume.
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Chapter 4
Spatial Mechanism Based Kinematic

Metamaterial

A majority of the current metamaterial research focus on 2D structures. 3D metamaterials with
the capacity of large deformation in a predefined path are challenging to design. This chapter
proposes a kinematic-based design strategy to create tuneable and programmable 3D
mechanical metamaterials. Spatial linkage mechanisms with unique, predefined and reliable
deformation paths are entrenched within the units of the metamaterial. Then we connect the
kinematic units in a symmetric way using planar mechanisms and tessellate the structure in
Space to obtain a 3D metamaterial. During the construction, the building block shapes,
connection arrangements and entrenched mechanisms can be programmed to provide the
metamaterials with various behaviour. Some carefully chosen units have inherent kinematic
bifurcations, enabling the metamaterial to switch from one deformation path to another. By
utilizing these underlining deformation features, we obtained metamaterials with tuneable
multi-channel permeability, tuneable porosity and programmable constant negative Poisson’s

ratio.

78



4.1 Introduction

Recent research provokes a new trend on the 3D metamaterial design that incorporates
tuneability, an ability for the material’s properties to be tuned through deformation, and
programmability, where the properties can be adj ustabl e through sel ection of design parameters.
Both properties are mostly studied in 2D metamaterials with single predefined deformation
path (Yu et a., 2018; Coulais et al., 2018). Existing examples include auxetic metamaterials
demonstrated in previous chapters, cellular materials with re-entrant cells (Lakes, 1987) or
porous 2D geometries (Bertoldi et a., 2010), designed using symmetric tessellation (Mitschke,
2013) or topology optimization approach (Schwerdtfeger, 2011). Some of them presents co-
existent multiple deformation paths (Overveldeet a., 2017), making the control of deformation

rather complex.

3D metamaterials with reliable large deformation are difficult to design. A few 3D
metamaterials were reported inspired by origami, kirigami and biological structures. These
structures usually exhibit large deformation obtained through the mechanism motion with
compliant revolute or pin joints, however, none of them were initially designed from the
viewpoint of mechanisms. Hence, a number of problems arose including multiple degrees of
freedom (Overvelde et al., 2017), unexpected bifurcations (Gillman et a., 2018), sensitive to
the boundary conditions (Javid et a., 2016), and properties coupling with the instantaneous

shapes they perform (Silverberg, 2014).

In order to achieve robust programmability and tuneability for various physical properties, a
strategy based on constructing mobile assemblies of 3D mechanisms is developed to design
kinematic metamaterials with predefined deformation paths in this chapter. To begin with,
cubes and prisms building blocks are connected edge by edge, and they are capable of rotation

with respect to each other along their connection edges. The mobility of the connected modular
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origami structure depends on the condition that, each loop of prisms forms a linkage
mechanism which retains mobility. Unlike most of the known metamaterials that employ only
the 2D patterns such as the rotating square mechanism (Grima and Evans, 2006) and scissors
mechanisms (lon et a., 2016), in this approach, spatial kinematic mechanisms such as the
Sarrus linkage and the Bricard linkage are entrenched within the construction unit of the
metamaterial. In addition, some units can deform into various desirable shapes through their
inherent kinematic bifurcations. Then these unit cells are subsequently tessellated in three
directions to create metamaterials, whose topology is guided by the kinematics so that the
tuneability is strictly maintained. Using this approach, we developed a series of 3D kinematic
metamaterials whose deformation paths are uniquely defined, enabling them to transform

precisely into different shapes under simple stimuli.

This chapter gives three examples of 3D kinematic metamaterials with different properties. In
the first example, the metamaterial provides single or multiple open channels in one or more
of the orthogonal directions, which can be used to regulate air or fluid flows or to direct sound
waves. In the second, we obtain a group of metamaterials that possess negative constant
Poisson’ sratiosin three dimensions, independent of the strains, and are programmabl e through
selecting geometry parameters of the kinematic units. The last family of metamaterials has
large tuneable porous architecture. By tuning the pore shapes, sizes and topology during
transformation, the elastic and acoustic feature of the metamaterials will be influenced

dynamically.

This research paves the way for a new class of 3D kinematic metamaterials that can perform
complex reconfiguration with superior physical properties, bringing metamaterials closer to

multi-tasks applications.
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4.2 Sarrus linkage based kinematic metamaterial

4.2.1 Construction strategy

To begin with, six cubes are connected edge-by-edge to form a close loop, and the cubes are
ableto rotate with respect to each other along the connected edges. Generally speaking, spatial
close loop six-body structures are unable to move because their degrees-of-freedom (DOFs)
given by mobility formula is less than one. However, when connected following the
arrangement of overconstrained linkages, the structure can have one DOF. To achieve that, the
six cubes are constructed to form a Sarrus linkage. The connection edges are divided into two
sets facing different directions, and the three edgesin each set are parallel to each other. Under
such arrangement, the six-cube assembly can perform arectilinear motion, that is to say, the
cube 1 can move vertically up and down relatively to the cube 4, as shown in Figure 4.1(a).
This assembly is taken as our kinematic unit. For convenience, let us refer the top and bottom

cubes as end blocks, and the blue middle cubes as tie blocks.

The kinematic analysis of the Sarrus linkage has been provided in Chapter 2.2.3. The Sarrus
linkage has a single DOF and a bifurcation point leading to two motion paths. For the unit
shown in Figure 4.1(a), the dihedral angles 6x and 6y can be expressed as 6x = 65 —x, Oy = 62 —
7 (62 and 0s refer to the anglesin Figure 2.17(a) in Chapter 2). Eq. (2.6) and (2.7) then give

6x = Oy and 6x = 2 — by, (4.1)
respectively. Noting that the motion range for 6y and 6y is [0, z] when physical interference of
the tie blocks is taken into account, we obtain the motion path shown in Fig. 4.2.
A kinematic module is obtained by connecting four such units by joining the parallel edgesin
the pair of tie blocks with the corresponding edges of those in the adjacent unit. The
parallelogram void formed in between two units functions as a planar 4R linkage. The module,
shown in Figure 4.1(b), always has asquare void at its centre. It will have single DOF, because
the rectilinear motions of al units are synchronized. Looking from any of the x-, y- and z
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directions, the outline of the module isin arectangular shape. Therefore, we can tessellate the
module in a grid pattern in three directions to construct a 3D kinematic metamaterial. This
kinematic metamaterial having a single deformation path as that of its unit. Its volume can

increase from the fully close state due to the change in void sizes.

Sue

(a) Construction of a kinematic unit following the kinematic criteria of the Sarrus linkage

(b) Connecting units to form a kinematic module and tessellate it to create a metamaterial.

Figure 4.1 Construction of Sarrus mechanism-based reconfigurable metamaterials.

*#

Figure 4.2 The angle relationship of 6x and 6.
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4.2.2 Alternative connection method

There is another way to connect the unitsto construct the module. The adjacent units can share
the same tie blocks (Figure 4.3(a)), and there are only two ties between adjacent units. The
behaviour of two adjacent units are reversed in this connection method, which is determined
by the number of planar 4R linkages between two units. Following this rule, the four tie blocks
in the first connection method can be replaced by atessellation of ties which forms a series of
planar assemblies of 4R linkages. Figure 4.3(b) shows two examples of the kinematic modules
where the original planar 4R linkage with 2x2 cubes is replaced by assemblies with 3x3 and
4x4 cubes, respectively. It can be seen that when the number of cubes in the planar assembly
iseven, the motions of neighbouring units are synchronied and the module forms a square tube
when closed. If the number of cubesin the planar assembly is odd, the neighbouring units will
have reversed motion, and the closed state of the module will have uneven top and bottom
surfaces because the end blocks pop up or down symmetrically. By changing the number of

columns of planar 4R linkages, we can program the behaviour and the size of the modules.

For instance, if the kinematic units are connected following a mixed method, some units will
have reversed motion with respect to others, as shown in Figure 4.3(c). Using the combinatorial

design of the tie block number, the spatial textile of the metamaterial can be programmed.

4.2.3 Poisson’sratio analysis

Back to the kinematic metamaterial shown in Figure 4.1(b), it has a single mode of
reconfiguration: the material generates voids in x- and y- directions and increases its volume
during transformation, indicating it has negative Poisson’ s ratio. The Poisson’sratio is usually

defined as

Vyy = 4.2)
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(a) Connection method with reversed motion of adjacent units.

aef

(b) Comparison of odd and even number of tie blocks.

(c) Combinatorial design of the connection methods.
Figure 4.3 Different connection method of units.

where y is the direction of applied force and x is the orthogonal direction, and ex and &y are
strainsin x- and y- directions. One can use either the engineering strains e or true strains '°9 to

calculate the Poisson’ sratio. The former is

e=bi™ ol (4.3)




where L; isthe current length and L istheinitial length. And the latter is
= (44)

If the loading step is small enough, both are equivalent.
These strains are, however, more related to the starting conditions of the measurements and do

not reflect the instantaneous conditions. The Poisson’ s ratio can aso be calculated using

g =— (4.5)

which is more appropriate for highly nonlinear material.

The experiment results in this research were obtained by acquiring dimensional variations of
the metamaterial prototypes, and then calculating the engineering strains. This has proven to
be effectivein validating the theoretical expressions of dimensiona change during deformation.
Once the theoretical expressions were verified, we use them to calculate the instantaneous
Poisson’ s ratios. For the kinematic metamaterial shown in Figure 4.1(b), let the dimension of
the cubes be a, the number of kinematic modules in each direction be n, and the rotational
variable 6y varies between 0 and z. When loading along the z- direction, the total length along

each direction and their initial lengths can be calculated:
.6 0 . 6
L =L, =(n+Da+2na(d nEX+cosEX), L= 2na(l+smEX) (4.6)

If we take the fully compact configuration asthe initia state,
Ly =L =(n+l)a+2na, L =2na (4.7)
Hence, the engineering strains and Poisson’ s ratios are

10
(s'n&+cose—zx—1), g =6,6= L-L :sjn9—2X (4.8)

AL L - 2n
L8 3+l 2 L
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The instantaneous Poisson’sratio is
.0, 0, . 0
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Xz int )
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|4
Both sets of Poisson’s ratios are plotted in Figure 4.4. It can be noticed that the trends of
engineering Poisson’ s ratios differ from that of instantaneous Poisson’ s ratios. However, both

engineering and instantaneous Poisson’ sratiosin x- and y-directionsare —1. They are therefore

decoupled with the strains.
10 " 0
, D @-0.5
& N
0 -1
-1
0 0.5 1 0 0.5 1
e, e,
(a) Instantaneous Poisson’ s ratios (b) Engineering Poisson’ s ratios

Figure 4.4 Poisson’ s ratios of the metamaterial in Figure 4.1(b).

In figure 4.5(a), a kinematic metamaterial prototype consisting of 2x2x2 units was fabricated
using multi-material additive manufacturing with flexible material for connection hinges
(2 mm thickness) and stiffer material for cubes (edge length 8 mm). The details of fabrication

process and experiments will be explained in the next section.
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It was then mechanically tested under uniaxial compression in z-direction using a transparent

loading plate. The theoretical and measured results of three Poisson’ sratios as afunction of the

axial engineering strain e; are given in Figure 4.5(b). The metamaterial has v,, = -1 dueto the

symmetry in x- and y-directions, and vz = v which varies between — 0.57 and 0. The trends

of experimental results correlate well with the theoretical predictions.

€,

(b) Poisson’ sratios of the 3D printed metamaterial.

Figure 4.5 Poisson’ s ratios of the metamaterial.
4.3 Fabrication and experiments of prototypes

4.3.1 Multi-process technique

Two manufacturing methods are developed for the kinematic metamaterial. The first method
isamulti-process technique involves 3D printing and laser cutting. As shown in Figure 4.6(a),
we first print each plane of the cube building block with snap-fit clips (two male panels and
four female panels), and laser cut 0.05mm mylar sheet into small pieces with holes

corresponding to the clip. Then we attach the mylar pieces on the male panels at the edges
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where we want to connect with another cube. Next, using the snap-fit clips, we mechanically
hold the mylar pieces between two panels. Following this method, the mylar pieces are clamped
by two adjacent cubes and work as kinematic hinges. Finally, we clip the cubes one by one to
assemble the metamaterial prototype. Using this method, the structure transforms exactly as
the kinematic model, because the cube building blocks are rigid and the mylar hinges are thin

and strong enough to mimic the perfect revolute joints.

Screenshot

(b) A multi-material printing technique.
Figure 4.6 Two fabrication techniques.
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4.3.2 Multi-material additive manufacturing technique

Although matches well with the theoretical model, the first fabrication technique requires
manually assembling different parts. To improve this, we utilized an additive manufacturing
technique to print the metamaterial. We used a multi-material 3D printer (Stratasys J735) to
fabricate the metamaterial in one piece. In Figure 4.6(b), rigid materia (Verocyan RGD841,
Young's modulus E=2000-3000MPa, Tensile strength 50-65MPa) is used for cube solids
(8mm) and flexible but durable material (Agilus30 Clear FL X935, Tensile strength 2.4-3.1MPa)
is adopted for the hinges. A parametric study of the hinges has been done and the optimized
dimensions of the hinges arew =1mm for thickness and | =1.5mm for length. This method was
used to produce all prototypes that are tested for the Poisson’s ratio. They were made in the
intermediate state with 6x = /2 to prevent the blocks from sticking together during the -3D

printing.

4.3.3 Experiment setup

As shown in Figure 4.7, the metamaterial models are placed between a metal board on the
optical table and an acrylic board which can move up and down by the guiding rails. For the
assembled models, thereislittle friction between itstop and bottom surfaces and the two plates,
so the prototype can shrink or expand freely under compression. For multi-material printed
samples, however, the friction could be considerable, which would prevent the prototypes to
deform in the predicted manner. To reduce the friction, we embedded a number of 2mm

diameter steel balls on the top and bottom surfaces of the end cubes, as shown in Figure 4.7(a).

In our experiments, al of the 3D printed prototypes were placed at their initial printed
configurations to start with. The acrylic board was then slowly lowered by compression in z-
direction, and the deformation of the metamaterial was recorded by avideo camerain x-, y-, z-

directions. Each prototype was tested three times. Then the videos were processed as a series
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of snapshots, and the length variations in z-direction and x- or y-directions were measured by
post-processing the images. Finally, the engineering strains were calculated, which were then
used to obtain engineering Poisson’ s ratios.

Some of the deformation paths required an increase of overall height of the prototypesin z
direction, meaning that stretching of the prototypeisrequired. Since our loading setup does not
allow tensile loading, an aternative loading regime, involving compression of the prototype
laterally in x- direction, was used. For example, the metamaterial shown in Figure 4.5(a) was
tested in two loading regimes. the prototype was compressed from a partially open
configuration where 6y = z/2 to fully closed configuration along z-directions, and then the
sample was turned by 90° clockwise and compressed to its fully open configuration where 6x
= . Thisisfeasible because, for thismaterial, adecreaseinitsoverall dimension in x-direction
isaccompanied by an increase in dimension in z- direction. An identical approach was applied

to other metamaterial prototypes that have this deformation characteristic.

(b) Compression progress of the metamaterial with multi-directional permeability.

Figure 4.7 Experimental setups.
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Figure 4.8 shows a comparison of the performances between the assembled prototype and the
multi-material printed prototype. It is apparent that the experimental results of assembled
prototype match more closely with those of theoretical ones. Thisis because the hingesin the
3D printed prototype had finite width, whereas the hinge width of the assembled prototype was
much narrower (which is the reason why we produced the assembled prototype). Wider width
led the hinges to twist dlightly during deformation. Moreover, the hinges in 3D printed
prototype stored the strain energy when the prototype deformed, whilst the energy stored in

mylar sheets of the assembled prototype is almost negligible in comparison.
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Figure 4.8 Comparison of the assembled model (left) and the multi-material printed model

(right) for the Poisson’ s ratio of the metamaterial in Figure 4.1.

4.4 Metamaterials with multi-path reconfigurability

4.4.1 Construction strategy

The volumetric variation of the metamaterial makes it possible to be used as a tuneable
permeable material. However, the directions of the flow channels are coupled, leading to the
difficulty of regulating the flow. Next we shall demonstrate an alternative unit which can give

rise to ametamaterial with tuneable directional permeability.
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In Figure 4.9, we separate the two sets of tie blocks from the end blocks, then in one of thetie
blocks, use edge CC’ instead of AA’ to reconnect with the edge OO’ in the end block. To avoid
collision of the ties, we use rectangle prisms as the top and bottom blocks of the Sarrus
mechanism. In this new unit, the virtual diagonal plane across edge BB’ and CC’ forms one

equivaent arm of the Sarrus mechanism.

Figure 4.9 Reassembling the unit using different edges of the tie blocks.

Using the same construction method as that for the first unit, we obtain our second module
made from four units. The new module and its kinematic deformation paths are displayed in
Figure 4.10 together with their corresponding shapes. In general, it has one degree of freedom.
However, when the angles between the two adjacent tie blocks, 6« and 6y, become #/2, the two
tiesare no longer required to swing together, i.e., itispossiblefor 6x < 7 /2 whilst 6, > 7 /2, or
vice versa, which leads to two different deformation paths. This particular configuration is a
kinematic bifurcation point. A tiny disturbance at the bifurcation point will guide the module
to transform into different shapes. Kinematic bifurcation is different from multi-DOF
assemblies because the former can only switch its motion paths at the bifurcation point. After
a specific path is chosen, the motion can again be fully described by a single input. The first

kinematic module in Figure 4.1 does not have this feature.

92



Figure 4.10 Two motion paths of the bifurcated kinematic module.

4.4.2 Multi-path behaviour and related properties

Now tessellate the module in three orthogonal directions without merging the end blocks.
Instead, we place them side by side. A periodic metamaterial is obtained. Figure 4.11 shows
an example of such metamaterial with 2x2x2 modules. The reason for not merging the end
blocks is because the bifurcated kinematic module requires more space to deform without
physical collision. The kinematic module has four deformation paths intersecting at one
bifurcation point, and the 2x2x2 bifurcated metamaterial has nine deformation paths which are
controlled by the 6y angle in each unit. To show these paths more clearly, we plot them with
respect to the engineering strainsin two orthogonal directions x and y. During the deformation,
it is observed that in the same row along the x-axis of one layer, the width alterations of each
module are always the same. Likewise, the width of each module of the same row aong y-
directionisalwaysequal. Therefore, starting from the bifurcation point X, the metamaterial can,
for instance, become fully packed without any voids (1), expand only four modules of same
column forming two open channels in x-direction (I1), or expand al eight modules in both

columns while keeping y-direction firmly shut (I11). In total, the metamateria can realise nine
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digtinct final states, | — X, which are displayed in Figure 4.11. To transfer from one final shape

to the other, it is necessary to pass through the singular state X of bifurcation.

Thefinal states have the following two distinctive features. First, open channels can be created
column by column, which is evident by Il and I11 with channels accessible in x-direction only,
and 1V and VII where channels appear in y-direction. This feature can be extended to states
where orthogonal channels appear such asin V, VIII, and VI, IX. Secondly, Il and I1l provide
open channels in x-direction while no voids appear in y- and z-directions, which indicates that
creation of open channels in x-directions is completely decoupled with those in y- and z
directions. However, the appearance of channels in y-direction, as shown in IV and VII, is
accompanied by channels in z-direction, meaning that y and z are coupled. In the bifurcating

state X, there are open channelsin all three orthogonal directions.
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Figure 4.11 The dependence of transverse engineering strain e and ey of the nine motion

paths in 2x2x2 bifurcated kinematic metamaterial.



The creation of open channels indicates that this kinematic metamaterial offers muilti-
directional and controllable permeability through varying the number of open channelsand their
directions. The switch amongst states can be activated by external stimuli such as global force
or triggered by built-in actuations such as shape memory polymers (Felton et a., 2013), heat
driven (Breger et a., 2015) or pneumatic hinges (Sun et a., 2015). For instance, if we want to
tune the material from state X to X, we can apply instantaneous tensile force in both x- and y-

directions at configuration X.

The 2x2x2 experimental prototypeisfabricated in the bifurcation position using multi-material
printing, so we regard X asthe initial configuration where ex = ey = 0. While keeping the state
in y- direction and changing the unit states in x- direction, the relationship between e, and e,
does not change, so some modes share the same curve respectively. Figure. 4.12(a) shows the
experimental results match with our theoretical predictions.

To quantify the permeability of the metamaterial in three orthogonal directions, we also
calculate its void fraction fy, fy and f;, the ratio between the cross-sectional areas of the void and

the entire metamateria in x-, y- and z-directions, respectively.

Ay L
f; :1—% (,j=xy,zandi #])., (4.11)

—ij
in which Asij denotes to the surface area of the solid building blocks, and Avij the total surface
area of the metamaterial in the xy, zx or yz planes. Thisterm is mainly used in gas-liquid two-
phase flow, and here we adopt it to demonstrate the permeability in three orthogonal directions.
For an nxnxn module metamaterial, along each path, denote g and p as the numbers of columns
in x-direction and y-directions that contain open channels, respectively. In x-direction, let 6y be
the dihedral angle in g columns, and the rest of the columns that are closed will have dihedral

angle = — 6y. Similarly, iny- direction, let 6« be the dihedral anglein p columns, the rest of the

95



columns that are closed will have dihedral angle = — 6x. Note that 6« = 6y. The surface area of

the solid building blocks can then be calculated as

A wpq = 2nal, +2(n—q)tan 9—2ya2 +2q(2—tan 9—2y)a2,
A, =2nal,+8na’, (4.12)
A ,, =2nal, +2nal, —4na’,
The total surface areais simply
A;=L-L{,j=xY,2 (4.13)
where the dimensions of the metamaterial Ly, Ly, L, are given by

w—0,

),

.0, :
L, =4na+ p-2asmE+(n— p) - 2asin(

ﬂ—@

0
LX:2na+q-2asin?y+(n—q)-2asin( ), (4.19)

L, =2na+2na(sin H—ZX + cose—zx)

Once the surface areas are found, substituting them into Eqg. (4.11) gives the void fractions.
Theresultsare given in Fig. 4.12(b). Aswe discussed before, the void fractions at nine terminal
states| and I X are most interesting. For example, at statell, fx= 0.2 whereasfy, =f,=0, indicating
that there are only channelsin x-direction. At state 1V, fx = 0, and fy = f, = 0.18, which means

channelsin y- and z-directions co-exist.
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(a) Theoretical engineering strain (solid curves) and experimental validation (dots).
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(b) Void fractionsin x-, y- and z-directions
Figure 4.12 Evolution of the engineering strain, volumetric strain and void fractions vs. the

transverse strains.

Should the number of modules be increased, the number of distinct states will increase, but the
fundamental behaviour remains unchanged. For instance, for a metamaterial with m x n x k

module (in x-, y and z-directions), there will be (m+1) x (n +1) distinct final states.

4.4.3 Alternative structures

The unit used to create the second kinematic metamaterial is not unique. Other possible unit
designs, which can also be used to construct metamaterials with smilar features, are introduced
asfollows. In the kinematic metamaterial in Figure 4.11, the formation of directional channels
in x- direction is decoupled with those in y- and z- directionsin the ninefinal states, whilethose
iny- and z- directions are coupled. The latter indicates that, if the metamaterial deformsinto a
state with open/close channels in y- directions, the channels will open/close in z- direction

(Figure 4.13(a)).

The coupling or decoupling of formation of directional channels can be tuned by changing the
shape of end blocks. For instance, if we adopt the end blocks twice of the size of the current
one in Figure 4.13(b), the formation of channelsin z direction is coupled with either x- or y-
directions, and those in x- and y- directions are decoupled. This indicates that the creation of

channels in either x- or y- directions will also lead to channelsin z- direction. If the units are
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arranged in a module by rotational symmetry, Figure 4.13(c), there are always channelsin z-
direction, which is decoupled with the formation of channelsin either x- or y- directions. The

formation of channelsin x- direction is decoupled with that in y- direction, and vice versa.
(@) Coupling in y- and z-directions.
(b) Coupled permeability in z- and x-, y- directions.

(c) Decoupling in x-, y- and z-directions.

Figure 4.13 Coupling and decoupling of the formation of directional channels.
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4.5 Metamaterials with constant negative Poisson’ s ratio

4.5.1 Construction strategy

The first kinematic metamaterial has already been demonstrated to have constant negative
Poisson’ sratio, albeit only for wy=—1. Itispossible to obtain constant negative Poisson’ sratio
in two or three orthogonal directions with a modified unit after appropriate use of symmetry.
To redlise such feature, we expand the design space by using other prism shapes as the building
block of the kinematic unit. A close examination of the cubic tie blocks of thefirst metamaterial
unit reveals that only three edges on each cube have been used for connection. This makes it
possible to remove half of the cube without altering the kinematic behaviour of the unit, which

resultsin the unit shown in Figure 4.14.

Figure 4.14 Construction of a kinematic module with constant negative Poisson’ sratio.

We connect four unitsto form amodule in the same fashion aswedid previously (Figure 4.14).
The kinematic behaviour of the module can be modelled using three angles: 6y, 6x2 and 6y1.
This modul e has three deformation paths: path 1 isgiven by 0y1 = 27 — 6x1, 6x2 = Ox1 — #/2, path
2 by Oy1 = Ox1, bx2 = Bxa — /2, and path 3with 6y1 = 6y, x> = 0. The paths and the corresponding
configurations at the ends of each path are given in Figure 4.15. Noticeably two bifurcation
points exist. At (x, n/2, ) paths 1 and 2 meet, whilst paths 2 and 3 cross over at (7/2, O, 7/2).
Because the end blocks don’t provide enough space for both tie blocks to swing toward each
other simultaneously, path 2 is confined between 6x1 = z/2 and 7. Two terminal points of path

2, corresponding to configurations Il and VI, are effectively bifurcation points. At
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configuration |1, the distance between end blocks reaches the maximum, and thus, the unit has
the largest volume. At configuration VI, the long edges of two adjacent tie blocks coincide.
Along path 3, these pairs of tie blocks remain bonded together and rotate as one. At
configurations V and V11, which are two terminal configurations of path 3, the end blocks are

not at the same level in z-direction.

Figure 4.15 The module has two bifurcation points, leading to three transformation modes.

Tessellating the modules and merging the adjacent end blocks results in the third kinematic
metamaterial. Without loss of generality, we focus on a 2x2x2 module metamaterial whose
various shapes are shown in Figure 4.16. To avoid collision of prismsin adjacent layers, there
must be a > 2| cos(z/4) where a is the edge length of the end cubes, and | is the length of the
shorter edges of the triangular prism. We use configuration Il with the maximum height as the
initial state. Therelation of transverse engineering strain e and e; showsthat, when the material
is compressed along z-direction from theinitial state, it can choose either path 1 or path 2 at the
beginning since it is a bifurcated configuration. If it follows path 2 to reach configuration VI,
which is the other bifurcation point, the metamaterial can then switch to follow path 3 to either

reach one of the two final configurations, which have the minimum length in x-direction.
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Figure 4.16 Transverse strain in x- direction vs. strain in z- direction for a 2x2x2 module

metamaterial and seven salient states.

4.5.2 Poisson’s ratio analysis

For an nxnxn unit sample, along paths 1 and 2, the dimensions are (Figure 4.17(a))
L=L,=L,= (n+])x/—2a+2nasin(0—; . (4.15)
Take state |1 astheinitial state,
L0=1%=L%=(n+1)+2a+2na. (4.16)

The engineering Poisson’ s rations are

9=y =-1 (4.17)
Along path 3, taking the longest distance between the top and bottom surfaces as L, we have

L.=L, =(n+Dv2a+ na(sin%+cos%),

(4.18)

2%
2

0,
asm?—acos

L, = (n+1)v/2a+na(s n%ﬂcos%) +
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Theinitial stateis state |1 to be in accordance with the first two paths, which gives
LS =L =(n +1)v/2a+2na, L% =(n+1)/2a+2na (4.19)

Hence,

sine—ﬂ+cos&—2
v — e 2 2 W9 =1 (4.20)

Xy
sin%+cose—"1—2+1 sine"l —cos%
2 2 2

The instantaneous Poisson’s ratios along paths 1 and 2 are the same as engineering Poisson’s

ratio. Along path 3, the v 'X';t isequivalent to v, while those in the other two directions are

6 . 6
cos7X1—sm—X1

via =—( 2 )L+

0 .0 1 . 0
cos—=L —sin =L + Zjcos—L 4+ sin XL
2 n 2 2

. 0 0
sin—=L —cos 2"1

)

VAl
(n+1)/2 + n(cosezXl +sin 92“) (4.21)

(@) Dimensions of the metamaterial

15 . , . 0.5
- % T Vg =V, Path 1
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% Vi Yoo | ©
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& 0? ny All Paths
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(b) Instantaneous Poisson’ s ratios (c) Engineering Poisson’ s ratios

Figure 4.17 Poisson’ s ratio calculation.
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Figure 4.17(b-c) shows the relationship of Poisson’s ratio versus rotational variable 6y1. The
evaluation of Poisson’s ratio as a function of the axial strain e; is plotted in Figure 4.18. The
result indicates that, along deformation paths 1 and 2, the Poisson’ sratios, vi; or v, are always
—1 due to the symmetric pattern of the metamaterial. On path 3 the values remain negative, but
they are no longer constant and decrease because the transverse strain keeps decreasing while
the axial strain recovers. The experimental results and the theoretical curves match well except
along path 3. Thisis due to few reasons. First, along path 3, the pair of tie blocks are bonded
together and rotate as one block, which requires|arger moment for them because the connection
ismade of two hinges. Besides, the uneven top and bottom surfaces perpendicular to z-direction,
as shown in the shapes of V and V1I, make it difficult to compress the material in z-direction.
Finally, the test requires both tensile and compression forces since e, gets smaller and then
larger from VI toV or VII, see Figure 4.16. The strength of this structure isthat, the increasing
of module number doesn’t bring more reconfiguration modes, and the metamaterial achieves
constant negative Poisson’s ratio in two modes. The only deficiency is that mode 3 still have

variable Poisson’sratio v,,,v,, .

-0.5

T V=V P Yy, =y, P2
.?3/ P ;4 . e Vg™ Vyz P3 Vy y All Paths
= ¢ ‘e : Viz P1exp. Vy, P1exp
cg . Vyy Plexp. * V.7 P2exp
8 A5 I/yz P2 exp. ny P2 exp.
g Ve, P3 exp. I/yz P3 exp

ny P3 exp.
“0 005 01 015

Strain e,

Figure 4.18 Poisson’ s ratios along three deformation paths.
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4.5.3 Optimized design

The metamaterial obtained has only partial constant negative Poisson’s ratio aong its
deformation path. To overcome this shortcoming, we come up with the fourth design by adding
tie blocks on top and bottom surfaces of the module shown in Figure 4.14(b). Doing so results
in a module that is orthotropic, as shown in Figure 4.19(a). The additional ties remove the
bifurcation, making the module has a single deformation path along which it folds and unfolds

in arotational symmetry pattern (Figure 4.20).

(8 A module with Sarrus linkages in orthogonal directions. (b) The constructed metamaterial.

Figure 4.19 Kinematic metamaterial with constant negative Poisson’ s ratio.

Figure 4.20 The angle relations of the kinematic module.

4.5.4 Programmabl e constant negative Poisson’ s ratio

In particular, the expansion ratios of the unit in x-, y- and z-directions always equal to 1 dueto

the symmetry. Using such modules, the kinematic metamaterial created in the same way as
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previous ones will have constant negative Poisson’s ratios. v = Wz = vy =—1. Hence, the
resultant metamaterial isorthotropic (Figure 4.19(b)). Asshown in Figure 4.20, the engineering

strains and Poisson'’ s ratios of the kinematic metamaterial are calculated:

2nasin &— 2na

_ 2 C
8= (n+1)a+2na =%y 2), (4.22)

The initial state is set as the fully open configuration where the dimensions in orthogonal
directions are maximum, which happens when 6, equalsto . Subsequently we have

Vi =1 (4.23)

ij
This indicates that the metamaterial can shrink or expand at the same rate in three orthogonal
directions. The experiment measurements in Figure 4.21 achieves good agreement with the

theoretical results. The kinematic motion range for the dihedral angle variantsis between 0.5z

and 1.57 at which the tie blocks start collision, giving an overall maximum strain of 0.15.

0
— Vxz
= Vyz
-0.5 _u,
: o
i Vxzexp.
-1
.« Vyzexp.
© Vxyexp.
-1.5 ! l
0 -0.05 -0.1 -0.15

€

Figure 4.21 The orthotropic metamaterial with a constant negative Poisson’sratio v; =-1.

The Poisson’ s ratio can aso be programmed by altering the dimensions of triangular prism tie
blocks. Here we denote by a the edge length of the end cubes and by Iy, ly, and |, the edge

lengths of the tie blocks, as shown in Figure 4.22. Using the dihedral angles of the unit, we

have 6, =6, —m,6, =7 —6,( 62 and 05 are defined in Chapter 2). Although the origina Sarrus
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linkage has two motion paths, only the path where 65 = 27— 6- is possible without physical

interference, which resultsin 6, = 6, . Similarly, we can also show that 6, = 6,. Therefore

0,=0,=06,

. =06,=0, (4.24)
This indicates that the module has one DOF. The motion range of 6x (6y or 6-) is constrained
by the interference of triangular prisms. The deformation terminates when middle connections

of the tie triangular prisms collide. For the module in Figure 4.19, 0.5z < 6y (or 6y, 67) < 1.5x.

Figure 4.22 Programmable metamaterial with constant negative Poisson’ s ratio.

For the module of Figure 4.22, assuming that |y, | and Ix are in ascending order,

7 —2arctan (:—VJ <0,(oro, 0, <2r- {7[ —2arctan {min (:L :—ZJH (4.25)

X z X

As shown in Figure 4.22, Iy = 0.53, |, = a, Ix= 2a, therefore, 0.844x < 6« (or 6x, 67) < 1.295x.
Hence, the corresponding strain rangesare —0.077 < ex< 0,-0.042< ey < 0and-0.058 < e, < 0
using Eq. (4.26) that appears|ater. The relations of rotation variables are shown in Figure 4.23.
Tessellating n x n x n modules aswe did previously, anew kinematic metamaterial is obtained.
The initial state is taken as the open state when 6« = n. Hence, the engineering strains and

Poisson’'sratio are

_2En0/2-)
~ (n+Ddar2nl, (1=xy.2), (429
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e (/a)n+lrand,/a)
T T Ta(nT 1T 2n(, T a)

(,j=xy,zandi#]) (4.27)
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Figure 4.23 The angle relations of a programmable kinematic unit.

It becomes apparent that vij is independent of the deformation because it does not contain
kinematic variable ¢ which defines the motion. vij is always negative and is predetermined by
the ratios amongst edge lengths of end cubes and tie blocks. When n is sufficiently large, vij
converges to li/l;. When n = 2, the Poisson’s ratios are vy, = —0.7, v, = =1.273, vyy = —1.818.
The measured results of a 3D printed prototype are shown in Figure 4.24(a), which validates

our findings.

We can also calcul ate the instantaneous Poisson'’ s ratios:

[l
_ Ii(l+1)+2"sin92"
- fi a : (4.28)

Ll
|1+ >)+2-Fsn*
n a 2

The two results are compared in Figure 4.24. Although the instantaneous Poisson’ s ratios are
related to the angle 6y, they remain approximately constant for the entire deformation range
(fluctuation range 3.6%). Therefore, we conclude that both engineering and instantaneous
Poisson’s ratios have the same constant negative values, which can be programmed by
changing the dimensions of construction blocks.
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Figure 4.24 Constant poisson’ s ratios of the programmable metamaterial.

The dependence of v;; on li/a and lj/awhen n=2isgiveninacontour plot in Figure 4.25, which

provides the critical geometrical parameters to tune the value of Poisson’ s ratios as desired.

2 T T VU T T
S o /
N %
1 5 r <) ,Q 90.) \ % - T
' 0 A 4 ]
1F L A 2 /
A8
1 Al — |
0 5 / : '1 82—’—
0.5 1 1.5 2 2.5 3 3.5
l;/a

Figure 4.25 The dependence of Poisson’sratio vs. the dimensions of triangular prism tie

blocks.
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4.6 Metamaterials with tuneable porosity

4.6.1 Construction strategy of Bricard mechanism-based metamaterials

So far, we have demonstrated that, using units formed by kinematic mechanisms, a series of
reconfigurable metamaterials with distinctive mechanical features can be obtained. However,
the kinematic mechanism used is not confined to Sarrus linkage with rectilinear transformation.

Many more elaborate mechanisms can be adopted, which further broaden our design space.

To illustrate this, we introduce another mechanism consisting of six identical equilateral
triangular prisms of height h and base edge a, each of which is connected to its two neighbours
via edges to form a three-fold Bricard linkage, as shown in Figure 4.26(b), with three planes
of symmetry and asingle DOF. Itsrepresentation using DH notation isgiven in Figure 4.26(a).

The geometric conditions are

B, = 8y = 8y, = ys = Bys = 8y = N,
Oy =0y =0lgg =0, Qpg =0y =0 =27 —Q, (4.29)

R=0(i=12..6),

where h and o are known constants. Substituting Eq. (4.29) into Eq. (2.3) in Chapter 2 yields

(4.30)

and
o8’ o+ a(00s, +0086,) +(1+008” or) aosb, cosh, —200sang,sind, =0.  (4.31)
In the unit shown in Figure 4.26(b), a = 7 /3. If we use ¢ and v, the dihedral angles between

two neighbouring prisms, to replace kinematic variables, we have 9 = 61— 7and w = 6> — 7.

Eq. (4.31) then becomes

l—\/é(GBqH-CCBW) +5005¢pcosy —49npsny =0 (4.32)
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which is plotted in Figure 4.26(c). 0< ¢ < 7 /3 whereas 0< w < r if physical interference
between two adjacent prisms during motion is taken into account. No deformation bifurcation

is detected within the motion range.

It can be noted that the dimensions h and a of the prisms do not appear in the relationship, and

thus, these parameters can be chosen without altering the kinematic behaviour of the unit.

(@) The three-fold symmetric Bricard linkage  (b) Coordinate systems under DH notation

Yy oT/2 @

0 /6 /3
%

(c) Kinematic relationship between dihedral angles

Figure 4.26 Kinematic analysis of the Bricard linkage-based kinematic unit.

When two units are connected by a pair of edges highlighted in Figure. 4.27(a), these edges,

plus the edges between the pairs in each of the units, are always parallel, which then forms a
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planar four bar linkage. Hence, the single DOF of the yellow unit is passed on to the red unit.
The assembly remains to have mobility one. The same is true when more units are joined in
the sameway, resulting in the one DOF assemblies shown in the bottom right of Figure 4.27(a).
If we have two identical assemblies, they can then be connected via spherical joints at the
coplanar vertices of the prismsin these two assemblies, forming atwo layered assembly. The
top view of the resultant assembly is shown in Figure 4.28(a), with these spherical joints being
highlighted. It can be noted that the coplanar spherical joints take a tessellation pattern
consisting of a series of hexagons shown in green. Assuming that the single DOF of a unit is
frozen, the edge lengths and the shape of the small hexagonswill cease to vary. Since the small
hexagons are triangulated via the longer edges, these lengths will aso cease changing with the
frozen DOF. Therefore, we can conclude that the two layered assembly cannot change its shape.
In other words, the two layered assembly has only one DOF, the same one as that of the unit.
We can extend this approach to indefinite number of layers, leading to a metamaterial that can
possess as many units as required whilst maintaining the single DOF.

A variant of thismetamaterial can be obtained by modifying the building blocks. Figure 4.27(b)
shows units consisting of six truncated equilateral triangular prisms, each of which has one
corner sliced off by an equilateral triangle of side length c. The six corner points of the unit,
marked by black dots, remain co-planar, but the three pairs of parallel edges, marked by white
lines, are, created by the slicing. The remaining construction method isidentical to those of the
original assembly. The corresponding diagrams are given in Figure 4.27(b) as well as Figure

4.28(h).
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(a) Two units of the original metamaterial connected along two edges.

(b) Two units of the variant metamaterial connected along two edges.

Figure 4.27 Connection of multiple units by edges.
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(@) The original metamaterial (b) The variant metamaterial.

Figure 4.28 Connection of multiple units by vertices.

4.6.2 Tuneable porosity of Bricard mechanism-based metamaterials

Both Bricard linkage-based metamaterials have a completely packaged configuration without
any voidswhen ¢ = 0. If viewed from top, two types of pores, one with hexagonal and the other
with triangular profiles, appear with ¢ increases (we ignore the little parallelogram shaped
voids emerging in the variant metamaterial), as shown in Figure 4.29(a)-(b). Denoting by do

and d the diameters of the inscribed circles of pores, and by do and d; for those of the variant.

<] <]
S <
<§”§ 0
EE bl

p=0 @ =m/3 =0
(a) The original metamaterial (b) The variant metamaterial.

Figure 4.29 Pore diameters of the metamaterial.
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To calculate the porosity and pore diameter of the original metamaterial and itsvariant, wefirst
define a representative volume element (RVE) of the metamaterial and then obtain the
analytical results geometrically. For the original metamaterial of Figure 4.27(a), we set up a
global coordinate system xyz whose origin O is at the centre of the element shown in Figure
4.30, i.e., the centre of triangle BiIMN, the y-axisis parallel to A7A1, whilst z-axisis normal to
the plane B1M N. When this element appearsin the metamaterial assembly, itisshownin Figure
4.31(a). In addition, with the DH notation, we also set up six coordinate systems by placing z

(i=1,2,...,6) adong the axis of each of the joint.

Viewing along z-axis, the top area of the RVE is obtained by connecting the centre points of
adjacent pores. The height of RVE is defined as the distance between two adjacent planes
where spherical joints are. The resultant RVE is an equilateral triangular prism of edge length
L and height H, as shown in Figure 4.31 where the cyan shaded area is the RVE. The porosity
can therefore be expressed as

P=1- Vo =1- 2o
VRVE/2 \/4-§L2H

(4.33)

where Vo and Vrve are the volumes of a triangular prism building block and a representative
volume element, respectively.

L and H of the RV E can be derived from the coordinates of the prism corners. In the subsequent
derivation, we use the vector form of a point to represent x, y and z coordinate system of that

point. For instance, (A,), is point Az in coordinate system 2 (X2, Y2, ), where as A, is z

coordinate of point A1 in globa coordinate system (X, y, z). Geometrically, we have

V3

L = BZ,x + 2[Cl,x - Bl,x]’ H = Z[Bz,z - Al,z] _[Bl,z - Cl,z]’ Vo = Tazh- (4-34)

for the original metamaterial. Therefore, we can calculate the porosity of the material as long

as we have the coordinates of A1, B1, C1 and Ba.
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Figure 4.30 Coordinate systems of the kinematic unit using DH notation.

For some prisms, it isrelatively straightforward to find the coordinates of some relevant points

in particular.
0 0 0 h
(A), = @ ,(By),=|0],(C),=| 0 |,(B,),=| 0|, (4.35)
0 -a 0
_a
L 2
0 0
(M), =|0|, (N)s=|0|, (4.36)
0 0
h 0 h 0 -h
3a 3a
(A3);=| 0 |, (A, = \/_7 , (As)s =] 0 |, (Ag)s = \/_7 v (A7) =| 0 | (4.37)
a a a a a
. 2] L 2.

The Bricard linkage satisfies the geometrical conditions given in EqQ. (4.29). Substituting it the
into Eq. (2.4) yields the transformation matrix Tig+y (1=1,2,...,6, and if i+1>6, it is

replaced by 1), with which we have
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(a) The original metamaterial (b) The variant metamaterial

Figure 4.31 Representative volume elements of the metamaterials.

M )2 = T2_31T3:11(M )4’ (N)z :T12T61(N)6’
(A3)2 =T2_31(A3)3’ (A4)2 =T2_31T3:11(A4)4’ (AS)Z =T12T61T56(A5)5! (438)
(A6)2 =T12T61(A6)6’ (A7)2 :le(A7)1-

For the coordinate system xyz, itsorigin O is at the centre of triangle BiMN. Hence,

_2 (M), +(N), (B,
(0)2—3 > g (4.39)

If we express the unit vector along X, y and z in coordinate system 2, we have

_ (M),(0),x(N),(0), ’
" M),(0), x(N),(O),

()

_ (A,
anA),)

(ez)Z = (ey)Z x (ex)Z'

e) (4.40)

Therefore, the transformation matrix from the fixed coordinate system xyz to coordinate

system 2, Top, is
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(ex,x)z (ex,y)z (ex,z)z (OX)Z
_ (ey,x)z (ey,y)z (ey,z)z (Oy)z

oz (ez,x)Z (ez,y)z (ez,z)Z (02)2 '
0 0 0 1

(4.41)

Therefore
A1 = Tzo (A1)2' Bl = TZO(Bl)Z’ Cl = Tzo (C1)2' Bz = Tzo (82)2' (4-42)
where T, = T,5 . Substitute Eq. (4.42) into Eq. (4.34) and then Eq. (4.33) yields the porosity

of the original metamaterial.

For the variant metamaterial, EQ. (4.33) still holds, but now

L=D, +D, ,H=D,+D,,—2A,,V, =—3a2h—£c3. (4.43)
’ ’ ’ ’ ’ 4 12
Geometrically,
0 H —h
J3a - Jx
(A1)2 = T ) (D1)2 =1 0|, (Dz)z = 7 . (444)
a —a c
— —-a
L 2] 12

The transformation from the fixed coordinate system xyz to coordinate system 2 is as same as
that given in Eq. (4.41), and thus,

A =T,(A), D,=T,(D,),, D, =T,(D,),. (4.45)
Substituting Eq. (4.45) into Eq. (4.43) and then Eqg. (4.33) yields the porosity of the variant
metamaterial.

The pore diameters can be derived by the coordinates as well. For the original metamaterial

d, = 2\/(Bl,x)2 + (Bl,y)2 = 2(2C1,x —A- Bl,x)' (4.46)

For the variant metamaterial

dy=2/(B,,)? +(B,,)?, d, =2(L—/(C,,)* +(C,,)?) (4.47)
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As shown in Figure 4.32, the pore diameters and porosity of the metamaterials are dependent

upon theratio of hto a. The larger h/a is, the bigger the voids. The larger pores of the variant

are significantly greater than those of the original. For instance, when c/a = 2/3 and h/a = 2,

the maximum dx2/ais6.229 at ¢ = = / 4, whist the maximum di/ais 1.732 at ¢ = = / 3. Note that

do exceeds d1 when h/a = 2. Even so, the maximum do/a is 2.309, reached at at ¢ = 7 / 3.

For both metamaterials, the porosities are higher when h/a islarge, and they increase sharply

when 6x changes from O to #/6, and then decrease slowly after passing the peaks because the

overall height reduction of the material is accompanied by an increase in surface areas. When

h/a = 2 the maximum porosities of the original and variant reach 86.29% and 93.90%,

respectively, at ¢ = 0.1787.

— hla=0.5 |
6-— hla=1
== hla=2

Diameter / a

(a)Pore diameter of the
original metamaterial

Porosity

— hla=0.5
0.2 === hla=1
—=hla=2

0 /6 /3
®

(a) Porosity of the original metamaterial

Figure 4.32 Pore diameters and porosities of the metamaterials.
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4.7 Other spatial mechanism-based metamaterials

The Sarrus linkage and Bricard linkage-based units provide a replicable method to construct
3D mechanical metamaterials. Following this approach, a systematic method can be
summarized: first, the kinematic units are designed with entrenched spatial mechanisms. The
shape of the prism building blocks can be tuned to fulfil the connection position of spatial
mechanisms. For instance, Figure 4.33 shows examples of the Bennett 6R linkage-based unit.
In Figure 4.33(b), the shape of the cube building block is changed to triangular prisms. Two
units are connected by planar 4R linkage to form an assembly that can transform from a cube
to a rectangular prism. Other units can be constructed using this method, and they can be
categorized according to the transformation behaviour such as elongation, expansion, bending

and twisting, as shown in Figure 4.34.

Bl <A

(a) A Bennett 6R linkage-based unit

I o~

(b) An assembly of the units

Figure 4.33 Bennett 6R linkage-based reconfigurable unit.

The second step is to connect the kinematic units with planar 4R mechanisms. Designers can
program the physical output of the module/assembly by varying the number of prism blocks
and the connection position of units. Finaly, different modules are connected to form an

integrated metamaterial that performs a specific behaviour, such as curling, extension, rotation
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or the combination of above. Different unit cells can be placed at various positions in a non-

periodic pattern with the consideration of the material functionality.

v 64

Expansion Cell Bending Cell 1(Diagonal)

S &

Elongation Cell Bending Cell 2(Straight)

Figure 4.34 Various kinematic unit cells with different transformation behaviours.

One advantage of the kinematic-based metamaterials lies in the rich programmabl e variables:
the selection of unit cells, the number of tie blocks, the tessellation pattern, the shape of
building blocks, etc. This family of metamaterials can be applied in future modular robots,

foldable furniture and interactive systems with integrated sensors and actuators.

4.8 Conclusion

This chapter mainly focuses on a kinematic-based design strategy to create 3D tuneable and
progranmable metamaterials. The construction units of our metamaterials are carefully
entrenched with spatial mechanisms, and these metamaterial s obtained by tessellating the units
have predefined and reliable deformation paths inherited within the unit cells. The main

findings include:

1) A systematic approach to construct 3D metamaterials using spatial mechanisms: first
construct kinematic units embedded with spatial linkage mechanisms; then, connect units

using 4R mechanisms and tessellate the structure to form metamaterials. The spatial

120



2)

3)

4)

5)

mechanisms, connection method, and tessellation pattern can be programmed during the

design process.

Multi-mode reconfigurability through kinematic bifurcation. The bifurcated kinematic unit
has a number of deformation paths, arisen exclusively from the underlying topology and
geometry, and thus, its deformation along each path can be precisely described
mathematically and realized in real prototypes. The deformation paths coincide at a
kinematic bifurcation state, enabling the metamaterial to switch from one path to another.
These unique properties of the metamaterial are achieved without external synchronization.
The only steering required is at the bifurcated state, which can be achieved by external
forces, thermal or magnetic-induced actuation. The prototypes fabricated by mechanical

assembling and 3D printing with multi-materials have been used to validate our concepts.

Metamaterial with programmable constant negative Poisson’s ratios in three dimensions,
determined solely by geometric dimensions of the prism blocks of the metamaterial. Such
metamaterials can be readily utilized in real engineering applications because the constant

Poisson’ s ratios are decoupled from the strains.

Metamaterials with large tuneable porous microarchitecture. The pore shapes, sizes and
topology of the metamaterial can be programmed by the geometry parameters of the prism
blocks. This tunability of pore architecture can influence the elastic and acoustic feature

of the metamaterial dynamically.

Multi-process and multi-material fabrication method. The motion of multi-process method
is in good accordance with the theoretical model. The multi-materia printing provides

effective proof of concept for evaluation of their mechanical performance.

The kinematic metamaterials are scale and base material independent, and they utilise only

flexible rotational connections amongst construction blocks, making it possible to fabricate
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them in a wide range of scales and base materials. The stiffness of our materials through the
deformation phase is provided by the stiffness of rotational connections. Asthe deformation of
metamaterial followsthe kinematic motion path, it offers highly reliable performance with very
low sensitivity to both base material and manufacture errors. The proposed design strategy for
kinematic metamaterial with entrenched kinematic behaviour that can be turned on/off, or
changed by external stimuli can have many applications, ranging from transformabl e structures
in architecture, tuneable acoustic insulation materials, to advanced multi-task applications in

soft robotics and wearable devices.
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Chapter 5

Functional Kinematic Metamaterial

The final part of this thesis is a study of the electromagnetic application of reconfigurable
metamaterial. The rapid development of radio frequency (RF) components requires smart
multifunctional materials that can adapt their physical shapes and properties according to the
environment. While most current reconfigurable systems provide limited flexibility with high
manufacturing cost, this chapter proposes a kirigami-inspired kinematic metamaterial that
could deform and lock into different configurations for the purpose of frequency selection.
Two types of kirigami patterns are designed and analysed kinematically and dynamically. Due
to their multistable properties, the structures could maintain in several configurations with
minimum strain energy after the external load is removed. This provides convenient
mechanica switching among different passbands. Simplified energy models are built and
compared with finite element simulations. The kirigami metamaterials are fabricated by laser
engraving and coated by metal paint. The electromagnetic responses of the samples are tested

and analysed to validate the application.
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5.1 Introduction

To date, the rapid development of electromagnetic metamaterials requires low-cost
reconfigurable structures for the design of tuneable antennas, frequency selective surfaces, and
other components. Conventional reconfigurable antennas can tune the operational frequency
by placements of slots and pins to modify the effective electrical length of the antenna or use
the multi-layer structure with specialized mechanical support (Li et a., 2016; Taylor et al.,
2011; Ghosh & Srivastava, 2017; Vallecchi et al., 2017), yet in the cases for high-frequency
applications, the dielectric loss and resistive losses could largely influence the performance of
these devices. In this chapter, mechanica metamaterials with superior flexibility, low
electromagnetic loss for millimetre wave and comparatively |ow fabrication cost are devel oped

to tackle with the issue.

Some attempts of origami-inspired reconfigurable metamaterial (Nauroze et al., 2018; Fuchi et
al., 2012) and auxetic structures (Ciobanu, Damian, and Casian-Botez, 2010) have been used
for this application. These kinematic mechanisms usually have a continuous motion; therefore,
it requires precise control to deploy the structure to a specific configuration to present the given
resonance frequency. Achieving arobust and stable switching among severa configurationsis
very challenging, which usually requires a pre-stressed state to be maintained in the structure
(Amendola et al., 2018). To solve this problem, we develop a multistable structure that can
repeatably lock into several configurations, corresponding to different frequencies. Multistable
structures have more advantage over continual motion structures for switchable materials,
because they have multiple equilibrium states where the potential energy reachesloca minima,

and the structure would automatically tend to stay in these configurations.

A genera approach for bistable structure construction is to create geometry discrepancy

between two stable states to trap strain energy (Rafsanjani and Pasini, 2016; Haghpanah et al.,
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2016). To have severa switchable configurations, we devel op a multistable design inspired by
kirigami art. By tuning the cut length and geometry parameters of the patterns, we can program
the topologies and shapes of different configurations. The simplified energy model and finite
element simulation results are provided to illustrate the influence of critical parameters on the
structural bistability. Finally, the electromagnetic experiments are conducted to validate the

functionality of proposed kirigami metamaterials.

5.2 Structure design

5.2.1 Triangle model

We create the metamaterials by making cutting pattern on a sheet material, similar to the
kirigami art. In the first triangle model shown in Figure 5.1(a), the unit of the cutting patternis
consisted of eight triangles connected to each other at their vertices via thin ligaments. When
the unit is stretched horizontally, the thin ligaments act as flexure hinges, and the triangles are
capable of rotating about the connection vertices with respect to the adjacent ones. This
deployment generates three quadrilateral voids inside the unit cell and six quadrilateral voids
between the unit cell and its neighbouring units. When the unit cell is stretched to a specific
configuration, it is able to lock in the open state. To recover the unit cell to its original
configuration, one needs to compress the unit cell to make it snap-through to the close state.
Tessellating the unit cell in two orthogonal directions creates a metasurface, as shown in Figure
5.1(b). The unit cells in the same column will have equivalent motions because their width is
constraint by the adjacent top and bottom units; on the other hand, in each row, the unit cell
can lock in different configurations. In this way, we can generate metasurface with different
topologies by deploying specific columns. Figure 5.1(c) shows a 10x16 metamaterial made by

laser engraving.
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(c) A laser cut sample of the metamaterial

Figure 5.1 Structure design of the triangle model.

The transformation of the metamaterial can be modelled by planar linkage mechanisms. If we
assume the thickness of the flexure hinges is zero, in other words, the triangles have an ideal
vertex-to-vertex connection, the transformation of the structure can be regarded asarigid body

motion. The mobility of the close chain linkage is given by

m=3(n-1-j)+>.' f =38-1-10)+10=1 (5.1)
The motion can be described in three steps, as shown in Figure 5.2:
1) When applying transversal load on the close structure, triangles1 & 2,3 & 4,5& 6and 7

& 8 first stick together as squares and move as integrated bodies. The neighbouring squares

rotate around the connection vertices with respect to each other and form a planar 4R linkage.
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2) When the hypotenuses of the triangles in the top and bottom squares become collinear, the
structure can choose from two motion paths: either continue the rotation as one part or separate
the triangles and form new parallelogram voids within. Because we apply transverse load on
the structure, it tends to open up further and separate the triangles. Therefore, two new 4R
linkages are generated within triangles 1-4 and 5-8. Triangles 1,4,5,8 change their rotation
direction from clockwise to anti-clockwise, or vice versa

3) Finally, the structure reaches the fully open state where its transversal dimension is
maximized. The three parallelogram voids morph into two square voids, and triangles 1, 4
contact with 8, 5.

However, in the real material transformation, the structure does not have perfect hinges at the
vertex. The flexure hinges will be bent and compressed during the transformation. At acertain
point, the energy cost to bend the middle ligaments is higher than the cost to compress them.
Therefore, in real structure motion, the model will not reach the configuration where the
hypotenuses of the top and bottom triangles become collinear; instead, the pattern will snap
from the close to open state and compress the middie ligaments severely because of the

geometry discrepancy during transformation, as shown in the second row of Figure 5.2.

(=)

PP DTN g
0 bb L.

Rigid body motion

J

Figure 5.2 Kinematic analysis of the structure
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5.2.2 Star model

Another star model is constructed based on similar principles. As shown in Figure 5.3(a), the
cut pattern generates eight small triangles connected with a four-pointed star. Kinematically,
the structure is not able to deploy. However, if we carefully design the parameters of the thin
ligaments, the pattern is transformable through a snap-through process. A quarter of the unit
cell is similar to the connection arrangement of the triangle pattern: the two small triangles
compress the middle ligament to rotate outwards, and the star restricts the distance between
two vertices of these triangles. If the unit is stretched from its four corners, it snaps into an
isotropic open pattern. If the unit is stretched along one diagona line, it will deform into an
anisotropic pattern where the pair of triangles along the stretch direction is pulled open, and
the other pair keeps undeployed. The structure is only geometrically compatible at the close
state, open state and semi-open state, as shown in Figure 5.3(b). During the deformation, the
ligaments between two triangles are severely compressed until the structure reaches one of the
stable states. When tessellated in the plane, the geometry of the unit is coupled with its

neighbours, therefore, the metamaterial has four stable states regardless of the number of units.

5.3 Simplified elastic energy model for bistability analysis

5.3.1 Energy model of the triangle pattern

Why is the total energy cost to bend the middle ligaments higher than the snap-through
behaviour? This bistable phenomenon can be explained by a simplified elastic energy model
of the structure. The total potential energy I1, is the sum of the elastic strain energy U stored in
the deformed body and the potential energy of the applied load V associated with the applied
forces. The systemisin equilibrium if an infinitesimal change of the position does not change
the total potential energy:

SIT=8U +V)=0 (5.2)
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(c) A laser cut sample of the metamaterial

Figure 5.3 Structure design of the star model.

To be ableto free stand at the stable states, the potential energy of the applied load at the stable
state is zero. Therefore, the derivative of strain energy U is aso zero to make the system in

equilibrium. This indicates that the stable states happen when the strain energy reaches local
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minima. In the triangle model, the elastic strain energy U is mainly consisted of the energy in

the bending ligaments by pure moment

2
U=["Mg-Elge (5.3)
0o 2Bl 2L

Where the area moment of inertia | can be derived as

3
| = % (5.9
For each unit, the strain energy of the bending hinges can be calculated as
& El &1
U.=> —1de?=>"=kde? 55
3
kBt (5.6)

125
ki can be seen as the equivalent stiffness of the flexure hinge, and it is determined by the
geometry of the hinge according to Eqg. (5.6). Asshownin Figure 5.4, b; denotesto the thickness
of the sheet material, ti is the width of the hinge i, a;is the length of the hinge. The length of
hinge & is hard to define; here we use an approximate value measured from real sample
behaviour. E isthe modulus of elasticity. The dimension of the unit is | and one acute angle of

theright triangleis a. Here we use isosceles right triangles so a = n/4.

Z,
v e

t 1 t} \5
A2
\<——*7 /

Figure 5.4 The parameters of triangle model unit cell.

We assume the bending arc of each flexure hinge is tangent to the adjacent triangle edges.
Therefore, the bending angle of the hinge is equal to the intersection angle of two adjacent

triangle edges on the same side. Especially, hinge 3 and 6 are compressed severely during the
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snap through, so they tend to have bigger curvatures. Their bending angle is calculated by

adding the intersection angle and alocal rotational angled) .

RO =9,i=36 (5.7)
.6
2R smE'=a1. (5.8
Therefore
o ‘
Z%Sin%‘= a (5.9)

Here, a’isthe original length of the thin ligament and & is the distance at the vertex between
two triangles connected by hingei. R isthe radius of the local arc corresponding to6; .

The void inside the hinge 2,3,6 needs to fulfil the physical constraint:
% ++/2l cos, +a, cosh, = /2l cosé, + % .0, € (0, %) (5.10)

According to Figure 5.4, we can list the bending angle of each hinge:

do, =de, =do, =20, - ) (5.11)
do, = 2(6, - a) (5.12)
do,=0,-0,+6, (5.13)

do, =20, —a) + 6, (5.14)
0,<€(0,0),6, € (—a,a) (5.15)

Sum up the bending energy of each hinge we have the following equation:
< 1 2 1 2 2 2 1 2 4 1 2 2
U= Zni EKdQ = 2><§(k2d9l +k,do, +k6d96)+4><5k3d03 +§X§(k1d9“ +k,d67) (5.16)

ni is the number of identical hingesin asingle unit. By scanning the whole parameter space of

0,,6,,0,,6;, we can plot the minimum energy of each corresponding 6, in Figure 5.5.
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During the deformation, 6, will first decrease from a to a certain angle, then recover to a in the
end; 6 will decrease al aong until the limit. Therefore, the energy in hinge 1,2 and 4 will
increase in the beginning to reach local maxima and decrease afterwards, while the energy in
other hinges will keep increasing during the motion. The energy variation in hinge 1,2,4 raises
the bistability, so we can tune the property by changing the stiffness of these hinges. According
to Eq. (5.5)-(5.6), ki can be seen as the equivalent stiffness of the flexure hinge. For hinge 1,4,5
the hinge length can be seen as the cut width a =tc =~ 0.3mm, i = 1,4,5; for hinge 2,3,6, the
length is much bigger than cut width, which is approximately a = 5t;, az=as = 3tc. The
dimension of theunit cell is| = 12mm to ensure that the resonance frequency of the metasurface
is within our measurement range. The maximum length for t1 and t4 is 6mm, which is half the
size of aunit cell. Under such cases, there will be not cut between the adjacent unit cells. When
increasing t2, we keep a unchanged. This influences the dimension of the structure and result
in awider unit. There is no maximum length for t2. The limits of hinge widths are summarized

t. =0.8mm(i =35,6),
t. = 0.3mm, (5.17)
t,,t, €[0.5mm,6mm],

t?

Ll (5.18)
a

K oc
5.3.2 Parametric analysis of the triangle pattern
It can be noticed that the width of the hinge largely influences the hinge stiffness. Therefore,
we use the width of hinge 1,2 and 4 to tune the el astic energy. Theinitial setting for other hinge
widths is ti = 0.8mm. Figure 5.5 plots the influence of these parameters on the strain energy.
Figure 5.5(a) shows that the width of hinge 1 influences the strain energy the most. When t;
reaches the maximum, the cuts at the two sides of the unit cell disappear. This design directly

constrains the deformation of the four triangles at the corner and make 6, a constant value of
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n/4. Therefore, the bistability of the pattern reaches the extremum. Hinge 4 has the same effect

as hinge 1(Figure 5.5(c)).
: : : 3
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Figure 5.5 The elastic energy as afunction of the rotational angle 6, with different hinge

parameters. The initial values of these parameters are: ti =0.8 (i=1,2,3,4,5,6).

Hinge 2 can tune the stability as well, but not as effective as hinge 1 and 4 works. Although
the stiffness of hinge 2 islargely increased, the geometry discrepancy is not very obvious and
thetrianglesarefreeto transform. Thus, we did not choose this parameter to tune the bistability.
The evolution of strain energy versus ti shows that the thickness of other hinges has limited
influence on the bistability. From another hand, ti tunes the minimum energy of the second
stable state. The thicker the hinges are designed, the harder the structure can stay stably at the

open state. Thisdoes not indicate athinner hinge will give better bistable performance because
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they are more likely to break after repetitive deployment. We found that when t; = 0.8mm, the

pattern achieves a good balance between the stability and strength of the thin ligament.

5.3.3 Energy model of the star pattern

For the star pattern, the elastic strain energy U, consisted of the energy in the bending ligaments,
can also be calculated using Eqg. (5.5). It should be noted that hinge 2 in Figure 5.6 undergoes
severe deformation during the snap-through. We calculate the bending angle of hinge 2 using

the method adopted for hinge 3 and 6 in the triangle structure.

(5.19)

Figure 5.6 The parameters of star model unit cell.

The bending angle 6, is related to the distance a; between two neighbouring triangles. ajis

the original length of hinge 2. Assuming the edge length of the star arm is I, the length of the
triangle edge which is adjacent to the star is |, the star pattern should fulfil the following

relation during transformation:

|
o 22 (5.20)

s T«
AVRY
a
=l -—2— (5.21)
cos~ %)
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T

I, c086, 7 +7) (5.22)

I
= 2 —_—
a, =2 N
o denotes to the angle of the star arm, | denotes to the dimension of the unit, and 6 refers to

the rotating angle of hinge 1. We can list the bending angle of each hinge in Figure 5.6:

do, = 2(d6)) (5.23)
do, = 2(d6,) +6, (5.24)
do, = 2(d6,) (5.25)
0, (o,% —q) (5.26)

Sum up the bending energy of each hinge we have the following equation:

6
U=>n %I@def _ Sx%kldef +4x%k2d922 +§x%k3d932 (5.27)

ni is the number of the identical i hinges in a single unit. By scanning the parameter space of

61, we can plot the minimum energy of the structure during transformation.

5.3.4 Parametric analysis of the star pattern

Among the three hinges, hinge 2 has the biggest deformation and contributes the most to the
bistability behaviour. When 61 equals to «/2 or n/2-a/2, the length of a, will return to its
original length a, which means the deformation of hinge 2 reaches the smallest, leading to the
reduction of elastic energy. Again, we can tune the strain energy landscape by changing the
stiffness of the hinges through varying their width. Figure 5.7 shows the influence of t1, t> and
star angle a.

As expected, t> determines the bistability of the pattern, while t; has rather small influence in
the performance. tz have similar performance ast, so we did not plot thefigure here. It isworth
noting that the increase of t> will raise the overall strain energy of the open stable state. If the

energy istoo high, the structure will tend to snap back to the original close configuration. Hence,
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the pattern does not become more bistable with the increase of t after certain value We found

that when t> = 0.7mm, the pattern can free stand at the stable states.
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Figure 5.7 The elastic energy as afunction of the rotational angle 61 with different hinge and

angle parameters. The initia values of these parameters are: ti =0.7mm (i=1,2,3), a = /6.

Another parameter that has influence on the bistability is the star arm angle o. The smaller o
is, the distance between the star armsis shorter, indicating the deformation of hinge 2 becomes
larger. Figure 5.7(c) shows the comparison of the elastic energy of patterns with different star
arm angles. Itstuning capability is more moderate than the hinge width to. The smaller a is, the
more bistable the pattern becomes. This angle will aso constrain the working space of 61

according to Eq (5.26).
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5.4 Finite e ement simulation

5.4.1 Triangle model

A nonlinear FE analysis was conducted to explore the bistability of the structure. The
simulation was performed with ABAQUS Standard Implicit Dynamics solver with moderate
dissipation which improves convergence when self-contact is present (Figure 5.8). We use the
Neo-Hooke method for the hyperelastic feature of rubber sheets, and the geometric
nonlinearities were taken into account. The models were discretized with CPS8R and CPS6.
For single unit cell models, periodic boundary conditions were applied. A ssmplified contact
law was assigned to the model with hard contact for normal behaviour. A parametric model is
created using the Python scripting interface of ABAQUS to further investigate the role of
different geometrical parameters on the response of the designed mechanical metamaterials.

The size of the unit cell is| = 12mm, and the thickness of the cut is 0.3mm.

(a) The tuned parametersin a unit cell. (b) Tessellation of the pattern.

&d B4 00

(c) Deformation process of the structure.

Figure 5.8 Finite element simulation of the triangle model.

As shown in Figure 5.8, the deformation process of the FE analysis is in accordance with the

theoretical results and the rea deformation. Here we mainly analysis the influence of hinge
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thickness t1, which is proved to be the driven parameter of the structural bistability, and the
thickness t of other hinges. The initial setting of these two parameters are: t1 = 6mm (there is
no vertical cut between two adjacent unit cells), t = 0.8mm.

The results are plotted in Figure 5.9. Firgt, t1 largely defines the bistability of the structure. If
the ligament is very long, the pattern will perform very snappy behaviour; if the hinge is as
short as t, the structure will not have a second stable state. On the other hand, even with the
bistable design where t; reaches the maxima, the increasing thickness of t will lead to more
elastic energy of the structure, which may eventually eliminate the bistability. Therefore, a
balance in choosing t; and t isimportant to realize the structural bistability.

Moreover, in a multi-column structure, we can tune t; to control the open sequence and
topology of the pattern. For instance, each column can have adifferent t; value. The smaller t;
is, the earlier that corresponding column will open when applied force. If we don’t want to
deploy certain column, it can be realized by eliminating the bistability in the column — the

pattern will open up when applied force, yet when released, that column cannot free stand in

the second stable state.
1500 | —— 1,/1=0.50 | 1500 11=0.06
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Figure 5.9 Bistable behaviour of the unit cells obtained from FE simulations.
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5.4.2 Star model

The star model is simulated using the same approach. We apply horizontal and vertical load at
four corners of the unit cell. Figure 5.10(a) shows the main control variables t; and a. The
initial settings of the parameters are: the size of the unit cell is| = 12mm; the thickness of the
cut is0.3mm; t2= 0.7mm and o =24°. Figure 5.10(c) shows the deformation process of the star
model. As observed in reality, the pattern will open symmetrically at the beginning, then two
pairs of the triangles along the diagonal line tend to open further while the other two pairs
collapse to the original close state. When the first two pairs of triangles reach the open state,
the other two pairs of triangles begin to deploy again, and eventually, every pair isfully open.
The FE results are plotted in Figure 5.11. In accordance with the theoretical results, the
thickness of hinge 2 has a great influence on the bistability of the structure: the thinner hinge
2 is, the lower elastic energy the structure has at the second stable state, indicating it’s more
likely to have bistable behaviour. However, we cannot make the hinge too thin because the
connection will be too fragile after several rounds of deployment. The minimum thickness of
the hinge is 0.5mm using the laser cutter. The structure will have an extra stable state at the
semi-open configuration in Figure 5.10(c), because the model is also geometrically compatible
at this configuration, as we illustrated earlier in Figure 5.3. This is evident when t = 0.5 ~
0.7mm, and the semi-open state happens around 30% of strain. For samples with a thicker
hinge 2 width, the elastic energy istoo high at the deployed configurationsto make the structure
free stand at these states. Therefore, for t2= 1.1mm, neither of these bistable states exist.

The angle of the star arm « is tuned and the results are plotted in Figure 5.11(b). The angle
does not influence the el astic energy at the second stable state; instead, it determinesthe energy
difference of the highest elastic energy and the energy at the stable state. A smaller o leads to

abigger difference, indicating the structureis snappier. Moreover, a determines the strain when
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the bistability takes space. The smaller a is, the bigger the strain is, and the structure can deploy

to agreater extent.

1)

2N

(8) The tuned parametersin aunit cell. (b) Tessellation of the pattern.

(c) Deformation process of the structure.

Figure 5.10 Finite element simulation of the star model.
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Figure 5.11 Bistability behaviour of unit cells obtained from FE simulations. Resistance force

versus strain for different (a) t2 and (b) a.
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5.5 Fabrication

5.5.1 Conductive paint coating method

The samples arefabricated by perforating the designed patternsinto |low odour laserable rubber
sheet (A4 size, 2.3mm thick, shown in Figure 5.12(a)) using a laser cutter. The cut width is
around 0.2-0.4mm. We tested that the sufficient thickness for the hinge to be fabricated and
bearable under repeat loading is 0.5mm. For the triangle model, the size of the unit cell is
12x12mm, which brings the resonance of the metasurface around 10-12GHz (the measurement
range is about 8-14 GHz). The angle « is n/4. The ligament width for the hingesisti= 0.8mm
(i = 2-6). To achieve strong bistability, we make t; = 6mm, meaning there is no cut between
two neighbouring unitsin one row. The metamaterial iscomposed of 17 unitsin each direction,
and the total dimension of the sample is 204x228mm. For the star pattern, the size of the unit
cell is 14x14mm and the star angle « is 24°. To make the structure have robust bistability, we
design the hinge width to be ti= 0.7mm (i = 1,2,3). The metamaterial is composed of 15 units
in each direction with a dimension of 210x210mm.

To coat the sample with metal, we pre-processed the rubber sheets before laser cutting. First,
we clean and polish the rubber surface thoroughly and brush metal paint (Copper conductive
paint, Caswell) onit. The paint is coated three times to make sure the conductivity on the rubber
sheet is good. Then the coated sheet is cut with the designed pattern. After this, the cut sheet is
cleaned and painted again for two times to keep the conductivity at thin ligaments. Finally, we
tested the surface resistivity of the copper paint coating by using the four-probe method and a
source meter (Keithley 2400). The conductivity of the applied copper paint was measured to
be afactor 10* smaller than that of pure copper. If the sample has no defect, it is ready to be
measured as a Frequency Selective Surface. The whole fabrication process and the fabricated

samples are shown in Figure 5.12.
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(a) The laserable rubber sheet (b) Sheet coated by metal paint (c) Engraving the rubber sheet
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(d) The fabricated samples of the triangle and star models.

Figure 5.12 Fabrication process of the Frequency selective surface.

5.5.2 Other metalizing method

Although the conductivity of the metal paint coating is sufficient for measurement, it may not

beideal for acommercialized device. Toimprovethis, wealso tried other metal coating method.
Thefirst one, known asthethin-film metal coating, iscarried out by physical vapour deposition.
The principle is that the coating metal is heated and evaporated in a vacuum, which will

condense the base material mounted at the top of the process chamber. The coating metal layer
is around 0.1pm. The fabricated sample shown in Figure 5.13(a) has a smooth finish, however,

the conductivity is worse than the metal paint. A possible reason could be that the thin

ligaments are not coated densely, and some part of the hinges lose continuity of the

142



conductivity after deformation. The second method we tried is to fabricate a flexible printed
circuit board, laser cut the Kapton substrates then glue the PCB on rubber sheet (Figure 5.13(b)).
This method achieves good measurement results. The weaknesses lie in the difficulty to glue
the PCB smoothly on the rubber sheet, and the problem of structure reconfiguration. The
copper hinges are much stiffer than rubber ligaments, so they tend to have wrinkles or out-of-
plane twist during the transformation, which will largely influence the functionality. Finaly,
we decided to adopt the metal paint approach to fabricate the reconfigurable metamaterial asa
proof of concept and produce rigid PCB boards engraved with different stable configurations

to validate the response.
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Figure 5.13 Other fabrication methods.

5.6 Tenslletest

5.6.1 Tensile test setup

We fabricated the triangle model specimens with 2x2 unit cells. The unit cell has adimension
of 14mm and there are 8mm of extra rubber at both ends of the specimen so as to be fixed on
the frame(Figure 5.14). The force was measured during loading with a displacement speed of
1 mm/min. We tune the value of t; and t to observe the bistability of the structure. The results

are shown in Figure 5.15.

143



5.6.2 Mechanical response of the triangle model

From Figure 5.15, we can note when t is 3.5mm and 7mm, the structure reaches negative force

at the second stable states, when t1 is 0.8mm the force is always positive. The influence of tis

very obvious in changing the strain energy of the structure. Eventually, the structure will not

be bistable because it cost too much energy to stay in the second stable state.

Figure 5.14 Tensile test specimens
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Figure 5.15 Mechanical response of triangle pattern specimens with different parameters.

Because of the gravity, the top column will deploy first and generate the first local minima of

force. The results will also be influenced by out-of-plane deformation: it has been observed

that the more out-of-plane deformation happens, the more difference will there be between the

two loca minima. The out-of-plane behaviour is undesirable because it causes more
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deformation in the hinges, which accelerate the speed to failure. We can optimize the
experiment set up by adding an acrylic board for guiding lateral expansion. In conclusion, the

tensile test results generally agree with the FE simulations and the simplified energy model.

5.7 Electromagnetic response of the Metamaterial

5.7.1 Triangular metamaterial

The designed kinematic metamaterials could be used as Frequency Selective Surfaces (FSS).
The electromagnetic (EM) response of the FSSs in the closed and open triangle kirigami
structures have been simulated with CST Microwave Studio (MWS) using asingle unit cell of
the kirigami pattern with doubly periodic boundary conditions. We initially aimed at using
standard low cost printed circuit technology to validate simulations, so the conducting layer is
assumed to be formed by a 0.035mm-thick sheet of pure copper (ccu= 5.96x10" S/m) placed
on top of an RF laminate with ¢ = 4.3 and tan ¢ = 0.025 (glass-reinforced epoxy, FR4). The
metasurface with multiple columns of unit cells can be stretched horizontally and deploy any
number of columns. Here, we only focus on its closed and fully open states because the semi-
open ones do not provide any interesting functionality. The simulated reflection and
transmission coefficients of the open and closed triangle FSSs at normal plane wave incidence

are shown in Figure 5.18.

The printed circuit FSS prototypes displayed in Figure 5.16 have been manufactured by Copper
Clad FR4 Laminates in static versions of the closed and open kirigami configurations. The
specimens are experimentally characterized by measuring their transmission coefficient. The
measurements were conducted in an anechoic chamber with the setup shown in Figure 5.17.
The FSS circuits werefitted in ametallic frame placed between two standard pyramidal horns,
connected to a vector network analyser (VNA). The diffraction by the frame window was

calibrated out first by characterizing the fixture without samples.
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(a) Close state triangle pattern (b) Open state triangle pattern

(c) Close state star pattern (d) Open state star pattern  (€) Semi-open state star pattern
Figure 5.16 FSS prototypes printed on FR4 laminates to reproduce the different states of

triangular and star kirigami models.

Figure 5.17 Experimental setup in an anechoic chamber.
The measured transmittances for different polarizations are superimposed with the
corresponding simulation resultsin Figure 5.18. It can be observed that the agreement between

measurements and simulations is good, especially around the FSS fundamental resonance. In

146



the simulation results, it is interesting to note that for the horizontal polarization, the FSSin
the open state is substantially opaque to the incident field at the frequency around 7.9 GHz at
which the closed FSS exhibits its fundamental passband resonance; while for the vertical
polarization, there is a similar situation but with roles reversed (i.e., at the fundamental
resonance of the FSS in its open state (around 7.8GHz), the closed FSS is screening most of
the incoming radiation) Therefore, this structure enables the realization of bistate anisotropic
FSS, whose response can be switched on/off by mechanical transformation of the pattern.
Overall, these measurements of actual finite-size FSS samples confirm predictions based on
the smulation of the corresponding ideal infinite periodic structures and prove that
transformable kirigami patterns hold the potential to enable anew class of reconfigurable FSSs
not relying on any electronic components for their operation. However, an actual
implementation of this concept requires the metallization to be applied directly on top of the
laserable rubber sheets from which the kirigami are fabricated by using alaser cutter and that

the deformability of the structure is preserved in the process.
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Figure 5.18 Simulated and measured responses of the PCB triangular kirigami FSS.

Therefore, another triangular kirigami FSS prototype was realized by coating the rubber sheets
with copper paint. The transmittance of these FSS prototypes was measured by the same
method used for the PCB samples. In Figure 5.19, the measurements and simulation results are

obtained by assuming the copper paint layer has a conductivity around 6 = ccy/ 5 X107 = 103
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S/m. We also include the simulation results of the case assuming the rubber sheets are coated
with pure copper for a reference. The agreement between simulations and measurements is
satisfactory when the FSS is in the open state. However, the transmission at the fundamental
passband resonance of the FSSin the close state undergoes significant attenuation (-6 dB) due
to the poor conductivity of the copper paint. For the FSS in the closed state, measured
transmittance differs significantly from the corresponding simulated data. Thisis attributed to
the conductive paint penetrating the slots of the kirigami pattern and covering their internal
walls; as aresult, when the FSS is closed, the slots are partially obstructed and short-circuited
by these amounts of copper paint, which leads to increased reflection as well as larger
attenuation, and thus lower transmission, across the entire frequency range than that predicted
by simulations. As aresult, in the closed state the triangular kirigami FSS tends to behave asa

uniform lossy conductor screen.
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Figure 5.19 Simulation of the triangular kirigami FSSs made by coating the rubber sheet.
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5.7.2 Star kirigami FSS

The star kirigami FSS are simulated, fabricated and measured using the same method. The
simulated transmission and reflectance coefficients of the three different configurations at
normal plane waveincidence are shown in Figure 5.20. The measured transmission coefficients
of the printed circuit FSS prototypes are superimposed with the corresponding simulation
results. The responses of the closed and fully open patterns are substantially isotropic due to
the four-fold rotational symmetry of their unit cells. Therefore, only the transmittance at one
incident polarization are presented in Figure 5.20 (@) and (b). When the kirigami unit cells are
closed, the FSS exhibitsits fundamental passband resonance at about 6.7 GHz, whereasfor the
open pattern the resonance occurs at 7.8 GHz. In other words, in principle, a 15% shift in
frequency of the FSS fundamental passband response can be obtained by mechanically
transforming the kirigami structure, although the change of state does not result in a substantial

attenuation of transmission at the frequencies of each FSS passband.

The FSS corresponding to the semi-open state of the star kirigami pattern features an
anisotropic response. Itstransmittance and reflectance at normal incidence of both horizontally
and vertically polarized plane waves are displayed in Figure 5.20 (c) and (d), respectively. The
fundamental resonance occurs at about 5.5 GHz for this configuration, and since the principal
axes of anisotropy are rotated 35° with respect to the axes of the four-point star at the centre of
the unit cell, for the considered incident polarizations, cross-polarized components are

nonnegligible.
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Figure 5.20 Simulated reflectance and transmittance of the star kirigami FSSs at normal plane

wave incidence in its three stabl e states.

We manufactured the second set of FSS by coating the rubber sheets with copper paint. As

shown in Figure 5.21, the results of the measurements and simulations with a conductivity of

copper paint around ¢ = ccy/ 5 X107 = 10° S/m are presented, together with the reference of

jpure copper.
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Figure 5.21 Simulated reflectance and transmittance of the star kirigami FSSs made by coating

rubber sheets with copper paint.

The agreement between simulations and measurements is satisfactory when the FSSsisin the
open and semi-open states. For the closed state, measured transmittance differs significantly
from the corresponding simulated data, attributed to the conductive paint penetrating the slots
of the kirigami pattern and covering their internal walls. To highlight the effect of the short-
circuits formed by extra copper paint, the modified closed star unit cell is displayed in Figure
5.22(a), which includes a distribution of little metallic notches along the edges of the pattern.
This model is simulated assuming the metal layer on top of the rubber sheet to be pure copper.
In the closed state, these notches short-circuit the slots, while in the open pattern, it is not
significantly modified by their presence. As shown in Figure 5.22(b), the effect of these short-
circuits is to shift upwards in frequency the fundamental resonance associated with the slot
pattern in the closed state, reducing the level of transmittance in the frequency range. This
approach could indeed be used to realize a bistate mechanically switchable FSS, with the FSS
being practically opague to the incident field in the closed state at the frequencies where the

open pattern exhibits its passband resonance.
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Figure 5.22 Modified star unit cell which illustrate the short-circuits effect of the copper paint.
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5.8 Conclusion

This chapter demonstrated the electromagnetic application of the kirigami kinematic

metamaterial. A triangle and a star bistable structures are designed to lock the metamaterial at

several designed patterns. The electromagnetic responses are ssmulated and measured to

validate the idea. The main findings include:

1)

2)

3)

The bistability property of the structure can be designed and tuned by incorporating the
geometry discrepancy into the mechanisms. By changing the connection thickness of the
kirigami patterns, we constrain the distance between two vertices of the triangles, therefore
generating the bistability. The snap-through behaviour can be programmed by the
connection hinge thickness.

The kirigami metamaterials are utilized as frequency selective surfaces. Simulations and
measurements have been conducted on both patterns to show that, when the structures are
closed, the FSS could be opague to the incident field (with the short-circuit effect) or
exhibit a fundamental passband resonance; when the structures are open, the FSS exhibit
another passband resonance. This frequency shift is obtained by mechanically tuning the
structure without any lossfrom the dc control circuits, which usually happensin traditional
tuneable FSS.

A preliminary manufacturing technique has been devel oped by coating the laser cut rubber
sheet with metal paint. Although the conductivity of the samplesis measured to be afactor
10* smaller than that of pure copper, the agreement between the simulations and

measurements is satisfactory.

In conclusion, the presented application shows a proof of concept of the unite of mechanical

and electromagnetic metamaterials. Thelargetopology changein reconfigurable metamaterials

providesabig tuning rangefor the diel ectric properties and EM responses of tuneabl e antennas,
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filters and other components. This project could be extended to more electromagnetic
applicationsin the future using continuous-changing structures or three-dimensional kinematic

metamaterials.
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Chapter 6

Conclusion

6.1 Summary of achievements

This thesis is mainly concerned with the development of mechanical metamaterials using
kinematic principles, including findingsin 2D and 3D metamaterials. The major achievements

are summarized in three aspects, followed by an attempt to identify necessary future work.

6.1.1 Design strategy of mechanical metamaterials using kinematic mechanisms

The main effort of this research is to build the bridge among mechanisms networks, modular
origami structures and mechanical metamaterial. Researchers have tried to analyse and
construct reconfigurable metamaterials using basic planar mechanisms previoudly, yet it has
never been systematically studied to construct metamaterials using spatial mechanism
networks with a synchronized motion. Thiswas achieved step-by-step in this thesis. Chapter 3
presented designs and optimization of a series of 2D metamaterials modelled by planar 4R
linkages and proposed atilted method to construct 3D metamaterial s that constructed by planar
linkages. Based on this, Chapter 4 further proposed to use spatial linkages to construct
kinematic units and utilized planar mechanisms to connect the units into a kinematic module.
Tessellating the kinematic module in three directions leads to 3D metamaterials whose

topology is guided by the entrenched spatial mechanisms, so that the tunability of the unit cell
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is strictly maintained. By programming the connection of units and network topology, the
mechanical metamaterials can achieve complex transformation without frustration. This

kinematic-induced construction method provides several novel properties:

1) A systematic way to construct 3D mechanical metamaterials

While most current mechanical metamaterial research focus on 2D patterns, 3D reconfigurable
metamaterials are more difficult to design due to their structural complexity. This thesis
provides two methods to build 3D material network. The first one described in Chapter 3
programs the shape of building blocks to generate spatial configurations of the metamaterial.
The second method in Chapter 4 claims to entrench spatial mechanisms into the unit of
metamaterials and tessellate the kinematic units in three directions. Both methods can be
universally adopted while constructing a 3D network of kinematic metamaterial. Following

this path, a great number of 3D metamaterials are remained to be explored.

2) Programmabl e kinematic metamaterials with large optimization space

The programmability of a metamateria requires the behaviour of materials to be adjustable
through the selection of design parameters. This can be conveniently achieved in kinematic
induced metamaterials. The motion of akinematic chain islargely defined by the position and
orientation of the kinematic joints. As long as the linkage joints are determined, the geometry
of the rigid bodies can be tuned into random shapes without influencing the transformation
behaviour. The shape of the building blocks determines the working space of the mechanisms
and sometimes generates kinematic bifurcations. The kinematic metamaterials designed in this
research inherited this property. As Chapter 3-5 shows, by combining different kinematic units,
one can program the output behaviour of the metamaterial; by tuning the geometry of building
blocks, one can program the shape, working space of the metamaterial. Therefore, the

kinematic metamaterials provide alarge optimization space for varies mechanical properties.
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3) Metamaterials with multiple reconfiguration modes

Most mechanical metamaterial systems have only one mode of reconfiguring, meaning it can
only deform along a predefined path between two final configurations. This research proposed
a series of metamaterials with built-in kinematic bifurcations which enables the materia to
switch from one deformation path to another (Chapter 4). The designed structure has a
particular bifurcation point where it can be guided by global forces to choose from different
transformation paths. Once it left the bifurcation point, its motion is uniquely defined by the
chosen path. In such away, amechanical metamaterial can perform various responses adaptive
to external stimuli, leading to an exciting avenue towards responsive smart material with

multiple functionalities.

6.1.2 Development of electromagnetic functionality of mechanical metamaterials

To date, the design of reconfigurable metamaterials for tuneable functionalities remains
challenging, and many designs rely on luck and intuition. In this thesis, an application of
kinematic metamaterials on frequency selective surfaces is introduced in Chapter 5. The
proposed kirigami patterns are designed to be bistable to lock in severa configurations
corresponding to specific passband. The metamaterials are manufactured and tested to validate
the simulations. The cases shown in this thesis proved that the proposed kinematic

metamaterials have great potentials in other multi-functional applications.

6.1.3 Advanced fabrication strategy of mechanical metamaterials

Advanced manufacturing techniques have played a crucial role in developing mechanical
metamaterials. Sometimes, the complexity of the porous structure and mechanical
requirements of connection joints make it difficult to fabricate prototypes using a single
manufacturing technique. Chapter 4 described two methods to fabricate the metamaterials and

compared their strengths and weaknesses. The combinatorial strategy that uses strong materials
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for hinges and rigid materials for building blocks leads to good performance of the proposed
metamaterial. Chapter 5 introduced a method to fabricate metal-coated kirigami metamaterials
using laser engraving and metal paint coating, which demands low fabrication cost and time
requirement. These methods provide rich experiences for the manufacturing of functional

metamaterials in the future.

6.2 Future works

This dissertation has established preliminary results for kinematic mechanism induced

metamaterials, which opens up a multitude of potential research paths.

Firstly, from the design aspect, more work is needed to flesh out the notions of mechanism-
based aperiodic material and bifurcation-induced multi-path properties into a coherent theory.
Preliminary results in Chapter 4 showed that these intuitive attempts could be realized, yet
many questions still remain open. For aperiodic structures, the difficulty lies in the design of
transition mechanisms. It is not clear how to generalize the rule to design materials that can
morph into severa predefined random 3D shapes. For multi-path metamaterials, the arisen of
bifurcation paths is highly related to the symmetric shape of the unit cell. How to generate a

bifurcation path in more generalized shapesis yet to be explored.

Secondly, new applications will arisein smaller and larger scales of current designs. Although
in mechanism theories the transformations are essentially homogeneous and scale-free, there
still remainslarge correlation between structure dimensionsand thereliability of their functions.
For instance, in smaller scales (mm size), the rigidity of building blocks is hard to improve,
and in larger scales (m size), the difficulty liesin the reduction of the accumulative error from
network connections. To what extent do defects change the properties of multiscale kinematic

metamaterial s requires further exploration.
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Thirdly, the fabrication of ideal reconfigurable metamaterialsis till very challenging. Many
current techniquesincluding 3D printing, lithography and lamination need further optimization
to produce reliable motion structures. For each technique, the applicable base materials are
different. While kinematic-induced metamaterials have different preference of materials for
different parts, how to allocate these materials in preferable location is a big challenge. The
study of combinatorial strategy is in demand to improve the performance of mechanical

metamaterial.

Finaly, the actuation of kinematic metamaterials is rarely explored. Current metamaterials
require passive activation from external compression or stretching. Future metamaterial can be
used for robotics or drug delivery applications if it can be activated by externa fields,
temperature or motors. Moreover, the corresponding behaviour of the material can transmit the
environmental information. The integration of sensing with actuation will open the door to

truly responsive smart metamaterials.
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