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Abstract

Knowledge graphs (KGs) represent information in a simple, interlinked format and
are used in a variety of applications. Besides the standard reasoning tasks such as
query answering, there has been an increasing need for new types of analysis. One
such fundamental analysis task is entity comparison, i.e., determining what two
entities have in common and how they are different. The importance of such a task
can be seen in various applications such as product comparisons, and explainable
recommender systems. This thesis studies the problem of entity comparison over
knowledge graphs and presents a novel framework that models comparisons via
similarity and difference queries. It is the first declarative comparison framework
for linked data that treats both similarities and differences as first-class citizens.

We first define the syntax and semantics of various types of comparison queries,
motivating each type with examples and establishing important relations between
different query types. Next, we study the complexity of the two fundamental deci-
sion problems over queries, namely the existence and verification problems, for basic
comparison queries and for most specific similarity queries (MSSQs). We consider
two underlying fragments of SPARQL, with and without arithmetic comparisons,
and we show how they affect the complexity of the above problems, and which
types of data they suit most. We then study practical aspects of computing the
MSSQ. In particular, we establish an important uniqueness result for MSSQs and
propose an efficient approximation algorithm. We implement an algorithm for com-
puting acyclic similarity queries and evaluate its performance on large-scale KGs;
our empirical results demonstrate the practical feasibility of our algorithm.

iv



Publications

Alina Petrova. Comparing entities in RDF graphs. In: Proceedings of the VLDB

2017 PhD Workshop co-located with the 43rd International Conference on Very

Large Data Bases (VLDB 2017). CEUR-WS.org, 2017.

Alina Petrova, Evgeny Sherkhonov, Bernardo Cuenca Grau and Ian Horrocks.

Entity Comparison in RDF Graphs. In: Proceedings of the 16th International

Semantic Web Conference (ISWC 2017), pages 526–541. Springer, 2017.

Alina Petrova, Egor V. Kostylev, Bernardo Cuenca Grau and Ian Horrocks.

Query-Based Entity Comparison in Knowledge Graphs Revisited. In: Proceedings

of the 18th International Semantic Web Conference (ISWC 2019), pages 558–575.

Springer, 2019.

Alina Petrova, Egor V. Kostylev, Bernardo Cuenca Grau and Ian Horrocks.

Towards Explainable Entity Matching via Comparison Queries. In: Proceedings

of the 14th International Workshop on Ontology Matching co-located with the 18th

International Semantic Web Conference (ISWC 2019). CEUR-WS.org, 2019.

v



Contents

List of Figures viii

List of Tables x

1 Introduction 2

1.1 Knowledge Graphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.2 Comparison over Knowledge Graphs . . . . . . . . . . . . . . . . . . 4

1.3 Contributions and Thesis Structure . . . . . . . . . . . . . . . . . . . 6

I Preliminaries 10

2 Foundations 11

2.1 Computational Complexity . . . . . . . . . . . . . . . . . . . . . . . . 11

2.2 Formalisms and Query Languages . . . . . . . . . . . . . . . . . . . . 13

2.2.1 Decision Problems over Queries . . . . . . . . . . . . . . . . . 14

2.2.2 RDF Data Model . . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2.3 The SPARQL Query Language . . . . . . . . . . . . . . . . . 17

2.2.4 Conjunctive Queries . . . . . . . . . . . . . . . . . . . . . . . 22

2.2.5 Queries Used in the Entity Comparison Framework . . . . . . 26

2.3 Graph Theory and Homomorphisms . . . . . . . . . . . . . . . . . . . 28

vi



Contents

3 Related Work 31

3.1 Query Reverse Engineering . . . . . . . . . . . . . . . . . . . . . . . . 31

3.2 Least Common Subsumers . . . . . . . . . . . . . . . . . . . . . . . . 37

3.3 Explanations over RDF Graphs . . . . . . . . . . . . . . . . . . . . . 41

3.4 Other Relevant Approaches . . . . . . . . . . . . . . . . . . . . . . . 42

II Entity Comparison 45

4 Entity Comparison Framework 46

4.1 Main Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

4.2 Complexity of Basic Comparison Queries . . . . . . . . . . . . . . . . 56

4.2.1 Complexity of Similarity Queries . . . . . . . . . . . . . . . . 57

4.2.2 Complexity of Difference Queries . . . . . . . . . . . . . . . . 57

4.2.3 Complexity of Exact Similarity Queries . . . . . . . . . . . . . 68

4.2.4 Overview of the Results . . . . . . . . . . . . . . . . . . . . . 73

5 Most Specific Similarity Queries 74

5.1 Computing MSSQs . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5.2 Complexity of MSSQs . . . . . . . . . . . . . . . . . . . . . . . . . . 81

III Practical Considerations 90

6 Acyclic Similarity Queries 91

6.1 Acyclic Queries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92

6.2 Computing Acyclic MSSQs . . . . . . . . . . . . . . . . . . . . . . . . 94

6.2.1 Auxiliary Definition . . . . . . . . . . . . . . . . . . . . . . . . 94

6.2.2 The Compute Approx MSSQ Algorithm . . . . . . . . . . 101

6.2.3 Algorithmic Properties . . . . . . . . . . . . . . . . . . . . . . 106

vii



Contents

7 Implementation and Evaluation 110

7.1 Implementation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

7.2 Evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 114

7.2.1 Performance Analysis . . . . . . . . . . . . . . . . . . . . . . . 115

7.2.2 Query Specificity Analysis . . . . . . . . . . . . . . . . . . . . 117

7.3 Case Study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 120

IV Discussion 123

8 Conclusion 124

8.1 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

8.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127

8.2.1 Directions of Research . . . . . . . . . . . . . . . . . . . . . . 127

8.2.2 Potential Applications . . . . . . . . . . . . . . . . . . . . . . 131

Bibliography 134

viii



List of Figures

1 Comparison of different iPad models . . . . . . . . . . . . . . . . . . 6

2 Example RDF triple tex in graphical representation . . . . . . . . . . 17

3 Incidence graph for an example CQ Qa . . . . . . . . . . . . . . . . . 26

4 Movie database D . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

5 User examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6 Example RDF graph G . . . . . . . . . . . . . . . . . . . . . . . . . . 36

7 An example of a relation between target nodes that is explained by

connectedness, but not similarity . . . . . . . . . . . . . . . . . . . . 42

8 An example of a relation between target nodes that is explained by

similarity, but not connectedness. . . . . . . . . . . . . . . . . . . . . 42

9 Example RDF graph Gmov . . . . . . . . . . . . . . . . . . . . . . . . 46

10 Example graph G . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 53

11 Schematic illustration of the mappings h, g, fa, f−1
a , fb and f−1

b . . . 61

12 Schematic illustration of the reduction of Hom-Nohom . . . . . . . . 66

13 Example graph Gtwi . . . . . . . . . . . . . . . . . . . . . . . . . . . 77

14 Encoding of the universally quantified variables . . . . . . . . . . . . 86

15 Encoding of individual clauses . . . . . . . . . . . . . . . . . . . . . . 88

16 Incidence multigraph for the Qfollows query . . . . . . . . . . . . . . . 93

ix



List of Figures

17 Example graph Gex and two pair trees T1 and T2 . . . . . . . . . . . . 96

18 Architecture of the Compute Approx MSSQ implementation . . . 111

19 Schematic structure of the M out dictionary . . . . . . . . . . . . . . 113

20 Wikipedia infoboxes for actors Brad Pitt (left) and Tom Cruise (right)121

21 A fragment of data involving three concepts to be matched. . . . . . 132

22 Similarity trees rooted in two pairs of entities. . . . . . . . . . . . . . 133

x



List of Tables

1 Combined complexity of the query evaluation problem for different

fragments of SPARQL [13,92,103] . . . . . . . . . . . . . . . . . . . . 22

2 Example comparison of two models of iPhone . . . . . . . . . . . . . 54

3 Complexity of Verify X and Exists X problems for the three basic

types of queries in the framework, where c. denotes complete . . . . . 73

4 Overview of the YAGO, TWG and LUBM1 datasets. . . . . . . . . . 115

5 Runtime (in seconds) and output query size (in number of triples) of

Compute Approx MSSQ on the LUBM1, TFG, and YAGO graphs 116

6 Average number of answers (avg) and average percentage of all entities

in answers (%) to MSSQs and the approximating queries, computed

over acyclic (A) and cyclic (C) pattern graphs and evaluated on the

LUBM1, TFG, and YAGO graphs . . . . . . . . . . . . . . . . . . . . 118

7 Average accuracy of answers returned by the approximating queries,

computed over acyclic (A) and cyclic (C) pattern graphs and evalu-

ated on the LUBM1, TFG, and YAGO graphs . . . . . . . . . . . . . 120

8 Complexity of Verify X and Exists X problems for SQs, ESQs,

DQs and MSSQs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 126

xi



List of Abbreviations

KG knowledge graph

SQ similarity query

ESQ exact similarity query

DQ difference query

MSSQ most specific similarity query

MGDQ most general difference query

RA relational algebra

DL description logic

CQ conjunctive query

CQAC conjunctive query with arithmetic comparisons

AFC arithmetic filter condition

QRE query reverse engineering

lcs least common subsumer

TFG Twitter follower graph

1



Chapter 1

Introduction

1.1 Knowledge Graphs

Knowledge graphs (KGs) represent information in a simple, interlinked format and

are used in a variety of applications, such as search, question answering, product

comparisons, and explainable recommender systems. Knowledge graphs originated

from several important ideas [106]. On the one hand, KGs stem from earlier attempts

to represent human knowledge graphically in the form of semantic networks, frames

and conceptual graphs [67, 81, 99, 110], in which concepts were linked to each other

via some semantic relations. On the other hand, KGs draw on the area of Semantic

Web. The idea of linked data and Semantic Web belongs to Tim Berners-Lee [18,19]

and consists in enriching the World Wide Web with standardized, machine-readable

metadata about web pages. Collections of metadata about Web resources, and

later about other types of entities became independent data sources, e.g., KGs and

knowledge bases like DBpedia [68] and YAGO [114]. While there exists certain

ambiguity in the nomenclature, the terms ‘knowledge graph’, and ‘knowledge base’

are often used interchangeably, and since many KGs are published in the RDF format

[37], these are also called ‘RDF graphs’. The term ‘knowledge graph’ was first coined

2



Chapter 1. Introduction

in 1980s [59, 86], and it was popularized by Google in 2012 when introducing their

new semantic data resource that enabled searching for “things, not strings” [108].

The term has since been widely adopted to define graph-shaped data that describes

entities, their properties and relations between various entities [40,65,90]. Nowadays

there exist different types of knowledge graphs.

- The most common type is general-domain KGs, e.g., Freebase [22], YAGO [114],

DBpedia [68], Microsoft Concept Graph [61], and ConceptNet [83,111]. Such KGs

are usually crowd- and open-source, and consist of millions of entries. Proprietary

KGs like Google Knowledge Graph [108] and Microsoft’s Bing KG [85] are pri-

marily used for search, question answering and recommendations as well as for

artificial personal assistants [21].

- There also exist domain-specific KGs, e.g., in the areas of banking, healthcare,

commerce and retail [85]. Academic KGs, e.g., Microsoft Academic Knowledge

Graph [43] and DBLP [72], are also being created.

- Large companies such as Bloomberg, Amazon, LinkedIn or eBay create in-house

KGs in order to store enterprise data and use it for internal operations as well as

in client-oriented products [40,85].

- Finally, there exist comprehensive, web-scale KGs that are automatically popu-

lated via web crawling and scraping. They contain data not only about physical

entities, but also about articles, events, discussions, social media post, etc. The

largest such KG to date is Diffbot Knowledge Graph.1

Large-scale knowledge graphs are increasingly being used in applications, and

there is a growing need for tools that can effectively support users in analysis and

exploration. The canonical reasoning task over RDF data exploited in applications is
1https://www.diffbot.com/knowledge-graph/
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Chapter 1. Introduction

query answering, where SPARQL is the standard query language developed for that

purpose [52]. There is, however, an increasing need in many applications for non-

standard analysis tasks that do not directly correspond to SPARQL query answering.

One such important task is entity comparison — to describe in an informative way

the similarities and differences between two given entities as outlined in a knowledge

graph. This is in stark contrast to the computation of a similarity measure, where

the output is a number indicating how similar the given entities are likely to be

rather than a human-readable explanation.

1.2 Comparison over Knowledge Graphs

Entity comparison is used routinely across multiple domains and applications, from

online shopping to food and nutrition comparison widgets, to Facebook’s ‘see what

you have in common’ pages. Existing tools typically focus on a constrained appli-

cation domain (e.g., used cars) and provide a side-by-side comparison of the given

entities based on a fixed set of relevant attributes (e.g., price, engine size, or colour).

We are, however, interested in the generic entity comparison support in knowledge

graphs, in which case it is no longer possible to fix a relevant set of attributes or

relationships upfront.

Let us consider two example use cases. In the first one, a startup company is

developing a toolkit for analysing widely-used biomedical RDF repositories, such as

Bio2RDF [16]. The tool being developed should provide a drug comparison func-

tionality; in particular, when given two drugs described in an RDF graph from the

repository, such as Ibuprofen and Metamizole, the tool should be able to automati-

cally report that “both drugs are analgesics and can reduce fever; however, Metami-

zole can also act as a spasm reliever, whereas Ibuprofen has an anti-inflammatory

function”. The second use case concerns the development of an analysis tool on

4



Chapter 1. Introduction

top of IMDB data; such tool should allow users to compare arbitrary aspects of

movie-making, such as directors, producers, actors and so on. For example, when

comparing Quentin Tarantino to Martin Scorsese, the tool should report that they

are similar in that they are both male directors who won both an Oscar and a Golden

Globe and who have also acted in their own movies; in turn, they are different in

that Tarantino won the Palme d’Or at the Cannes Film Festival, while Scorsese won

an Emmy award, to which Tarantino was only nominated.

Entity comparison is conventionally seen in the Information Retrieval commu-

nity as a type of exploratory search [76, 127]. It is an important task which is

implemented in a wide range of tools and web portals, in domains as diverse as

hotels,2 cars,3 universities,4 online shopping,5 or social networks.6 Existing entity

comparison tools typically perform a side-by-side comparison of items based on a

fixed (often hard-coded) template of features to compare, e.g., price, size, memory

capacity and other technical parameters in the case of tablets (see Figure 1). Re-

lying on a fixed set of features is a reasonable solution for tabular, domain specific

data whose structure is relatively rigid and stable. It is even appropriate in the

context of graph data, provided that a limited set of relevant features can be speci-

fied beforehand; for instance, Facebook Friendship pages7 allow for the comparison

of two Facebook users by displaying their shared information based on a limited

set of features specific to social networks (e.g., “likes”, mutual friends, relationship

status). However, the approach is hard to be directly transferred to Linked Data,

namely to loosely structured knowledge graphs. Hence, a more flexible approach to

entity comparison over knowledge graphs is needed. Up to now, such approaches
2http://www.flightnetwork.com/pages/hotel-comparison-tool/
3http://www.cars.com/go/compare/modelCompare.jsp
4http://colleges.startclass.com/
5http://www.intel.co.uk/content/www/uk/en/products/compare-products.html
6https://www.facebook.com
7https://web.archive.org/web/20101030105622/http://blog.facebook.com/blog.php?

post=443390892130 (original announcement)
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Chapter 1. Introduction

have mainly been based on the structure of the graph, e.g., finding a path that

connects the two entities (see Chapter 3 for a discussion of related work). In this

thesis we study the problem of entity comparison in knowledge graphs, and propose

a novel declarative framework that treats comparison as a non-standard reasoning

task and enables automatic and informative comparison of entities. In the frame-

work, comparison is modelled via SPARQL queries. Given two entities in an RDF

graph, we differentiate between similarity queries that capture patterns common for

both entities in that RDF graph, and difference queries that reflect patterns in data

that fit only one of the two entities. Additionally, we study the most specific simi-

larity queries that correspond to the most comprehensive and informative patterns

describing both input entities, and we look at how such queries can be computed.

Figure 1: A comparison of different iPad models8

8A screenshot taken from http://www.argos.co.uk/static/ArgosPromo3/includeName/
apple-ipad-comparison.htm on September 5th, 2017.
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1.3 Contributions and Thesis Structure

This thesis presents a novel entity comparison framework for knowledge graphs.

Given a knowledge graph and two entities from it, the framework generates various

comparison queries that highlight in which respect the two entities are similar and

how they are different. It is the first declarative comparison framework for linked

data that treats both similarities and differences as first-class citizens. The results

of our work have been previously published in [93–96]. The thesis is organised as

follows. Part I outlines the theoretical background and a body of previous works

used in this thesis.

- Chapter 2 provides necessary preliminaries for the entity comparison frame-

work, covering formalisms and languages the framework is based on, namely

the RDF data model, the SPARQL query language, and the language of con-

junctive queries (CQs), as well as foundations of computational complexity and

graph theory. Additionally, in Section 2.2.5 we formally introduce the query

language of the framework, giving its syntax, semantics and key notions.

- Chapter 3 presents a survey of the existing works on explanations and compar-

isons over knowledge graphs, paying particular attention to relatedness-based

explanations, as well as gives a thorough overview of the areas that are related

to entity comparison, namely query reverse engineering (QRE) and query sub-

sumption. We recapitulate the classical definition of the QRE decision problem

together with its common variations, and cite complexity results of QRE for

several fragments of SPARQL and CQs.

Part II introduces the entity comparison framework and establishes key complexity

results.

- Chapter 4 presents different types of comparison queries, namely, similarity,

exact similarity, most specific similarity, difference, and most general difference

7



Chapter 1. Introduction

queries, motivating each type of queries with examples and with a practical

rationale. We introduce two main decision problems relevant for computing

comparison queries: the problem of verifying that a given query is of a par-

ticular type, and the problem of checking whether a query of particular type

exists for the given data input. Finally, we study these problems for similar-

ity, exact similarity and difference queries, and discuss their complexity. We

differentiate between queries with and without the arithmetic comparisons,

arguing that each type is more suitable for particular input data, and provide

complexity results for both types of queries.

- Chapter 5 focuses on the most specific similarity queries, or MSSQs. We argue

the MSSQs represent one type of the most informative explanations for the

given entities in an RDF graph, and show that MSSQs hold the uniqueness

property for a pair of entities and a dataset. We present a polynomial-time

algorithm for computing MSSQs, Compute MSSQ, which is able to generate

queries both with and without the arithmetic comparisons, and study the

complexity of existence and verification problems for MSSQs, illustrating how

the presence of arithmetic comparisons affects the complexity of the latter.

Part III focuses on the practical aspects of computing MSSQs over real-world data.

- Chapter 6 further improves on the algorithm from Chapter 5, addressing scala-

bility issues of the latter. We propose an approximation algorithm for comput-

ing MSSQs, Compute Approx MSSQ, which is guaranteed to compute a

similarity query that is not necessarily an MSSQ for the given input, but has a

high empirical approximation ratio with respect to the MSSQ. The algorithm

uses two novel data structures, pair trees and similarity trees, that are defined

and studied in the chapter. Finally, we discuss the notion of acyclicity with

regards to queries over knowledge graphs, and we show that the approximation

8



Chapter 1. Introduction

algorithm always outputs acyclic similarity queries defined in the chapter.

- Chapter 7 discusses the implementation details of the Compute MSSQ and

Compute Approx MSSQ algorithms, and reports on the evaluation exper-

iments that demonstrated the algorithm’s scalability over three large-scale,

real-world datasets, namely LUBM, YAGO and a subset of the Twitter fol-

lower graph. In addition, we compare the two algorithms in an indirect man-

ner, arguing that Compute Approx MSSQ reaches an approximation ratio

of over 90% on real-world data, making the algorithm suitable for practical

settings.

Finally, Part IV concludes the thesis by outlining future directions of research in the

area of declarative entity comparisons over knowledge graphs.

- Chapter 8 discusses the entity comparison framework and recapitulates the

contribution made in this thesis, as well as suggests further theoretical ex-

tensions of the framework and highlights practical problems of user-oriented

entity comparison.

9
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Chapter 2

Foundations

In this chapter we outline the theoretical background this thesis is based on, and

give the necessary preliminaries on computational complexity, on graph theory and

homomorphisms, and on several query languages and formalisms.

2.1 Computational Complexity

In this thesis we study the complexity of decision problems related to entity com-

parison over RDF graphs. While we assume some basic notions from the theory

of computational complexity whose definitions are beyond the scope of this work,

e.g., decision problems, (non-)deterministic Turing machines and boolean circuits,

we next restate several complexity classes that are relevant for query compari-

son [11,47,88,109].

Complexity Classes A complexity class is a set of decision problems of a cer-

tain resource-bound complexity, i.e., of problems that require a certain amount of

resources — time or space. The amount of time or space required is measured with

respect to the size of the input. For example, if a decision problem takes as input

an object of size n, we say that the problem can be solved in polynomial time, if it

11



Chapter 2. Foundations

can be solved in the amount of time that is polynomial to n, i.e., in nk for some k.

In what follows we define the complexity classes used in the original proofs of this

thesis, and we further assume the standard definitions of the Logspace, LOGCFL,

ExpTime, coNExpTime and PSpace complexity classes that are mentioned in

related work.

- The class AC0 contains problems that can be recognized by a boolean circuit

of constant depth and polynomial number of unlimited fan-in AND, OR and

NOT gates.

- The classes PTime and NP contain decision problems that can be solved on

a deterministic and nondeterministic, respectively, Turing machine in polyno-

mial time. The PTime problems are called tractable, or solvable in practice.

- The class coNP contains decision problems whose complements are in class

NP.

- The class DP contains decision problems that are intersections of a problem

in NP and a problem in coNP.

We can establish the following relationships between the classes mentioned above:

AC0 ⊂ PTime ⊆ NP ∩ coNP. Whether the inclusions of PTime into NP and

coNP are strict or not, and whether NP = coNP remain open problems; the

inclusions are commonly believed to be strict.

Polynomial Hierarchy Polynomial hierarchy is the hierarchy of complexity

classes that extend PTime, NP and coNP with oracle calls — calls to a black-box

Turing machine which can solve decision problems in a certain complexity class in

one step; the output of an oracle can be further used in the main computation [113].

In particular, the classes ΣP
2 and ΠP

2 contain decision problems that can be solved

on an NP and a coNP machine with an NP oracle, respectively. It holds that

12
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NP ⊆ ΣP
2 and coNP ⊆ ΠP

2 , although it is not known whether the inclusions are

strict.

Upper and Lower Bounds A (decision) problem P is said to be C-hard for a

complexity class C if any other problem P ′ in C can be reduced to P — if an instance

of P ′ can be transformed into an instance of P and solved using the algorithm or

the Turing machine for P . For example, the “prototypical” hard problems for the

classes of NP and coNP are the boolean satisfiability problem and its complement,

respectively [33, 71]. The classical hard problem for the class of ΠP
2 is ∀∃SAT —

the satisfiability problem for quantified boolean formulas of the form ∀x̄∃ȳϕ, where

x̄ and ȳ are sequences of variables and ϕ is a quantifier-free boolean formula [113].

Hardness results for C ∈ {NP,coNP,ΠP
2 } are achieved using polynomial reductions

— reductions that transform one instance into the other one in polynomial time, and

call the algorithm for solving the harder problem. Finally, a problem is C-complete,

if it is C-hard and it belongs to the class C. When proving that a problem is C-

complete, we often refer to the membership in C as the upper (complexity) bound

and to it being C-hard as the lower bound.

2.2 Formalisms and Query Languages

In this section we introduce the formalisms and query languages that are used in

this thesis, namely the RDF data model, the SPARQL query language, and the

language of conjunctive queries as well as the fragment of SPARQL used in the entity

comparison framework. We define the key decision problems for query languages

that are relevant for the current work, cover the syntax and semantics and discuss

the complexity results for the decision problems for every language.
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2.2.1 Decision Problems over Queries

In what follows we assume the standard definitions of a query and a database [1].

The three fundamental problems over query languages are query evaluation, query

containment and query equivalence problems [1, 64, 122]. We start with query eval-

uation. Without going into formal details yet, assume that when a query Q is

evaluated over a dataset D (a database or an RDF graph), a set of answers that

match the query in that dataset, denoted Q(D), is returned. Then the query eval-

uation problem consists in finding Q(D) for the given Q and D, and it is the main

problem in query processing. It can be formulated as a decision problem as follows:

Query Evaluation

Input: Query Q, dataset D, potential answer a

Question: Does a ∈ Q(D) hold?

When discussing the complexity of a decision problem, e.g., of the query evalua-

tion problem, one may consider data, query or combined complexity [122].

Data complexity is measured with respect to the size of the data, while the query is

fixed. Query complexity is measured with respect to the size of the query, while the

data source is fixed. Lastly, combined complexity is measured with respect to the

size of all inputs of the problem, i.e., the data and the query. As in real world appli-

cations it is very common that the size of the query is orders of magnitude smaller

than the size of the data, tractable data complexity plays a crucial role in the choice

of a query language. For most query languages data complexity is lower than com-

bined or query complexity. For example, query evaluation for Relational Algebra is

PSpace-complete in combined complexity and is in AC0 in data complexity [122].

We now move the decision problems that involve two queries, namely contain-

ment and query equivalence. Containment and equivalence are two notions that

help establish relations between queries. They play an important part in query pro-
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cessing, optimization and rewriting, since it is often necessary to transform a query

to an equivalent or a related one. They are defined as follows:

Definition 1 (Query containment and equivalence). Let Q1 and Q2 be two queries.

Then Q1 is contained in Q2, denoted Q1 ⊆ Q2, if Q1(D) ⊆ Q2(D) for any dataset

D. Analogously, Q1 is equivalent to Q2, denoted Q1 ≡ Q2, if Q1(D) = Q2(D) holds

for any dataset D.

Using the notions defined above we can now formulate two fundamental decision

problems over queries:

Query Containment

Input: Queries Q1 and Q2

Question: Does Q1 ⊆ Q2 hold?

Query Equivalence

Input: Queries Q1 and Q2

Question: Does Q1 ≡ Q2 hold?

Query containment and query equivalence problems are closely related to each other.

In fact, given two queries Q1 and Q2, it holds that

Q1 ≡ Q2 if and only if Q1 ⊆ Q2 and Q2 ⊆ Q1.

Moreover, for languages that allow conjunction, e.g., conjunctive queries, it also

holds that

Q1 ⊆ Q2 if and only if Q1 ∧Q2 ≡ Q1,

Since query containment can be solved using query equivalence, and vice versa, the

complexity of the two problems is the same for a given language. For example,
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both problems are undecidable in Relational Algebra [117] and are NP-complete for

conjunctive queries [25, 102].

2.2.2 RDF Data Model

The Resource Description Framework (RDF) is a widely adopted data model for

representing information about Web resources [37]. The information is kept in a

form of machine-readable statements about resources — triples — and the resources

are referenced using Internationalized Resource Identifiers (IRIs) and blank nodes.

IRIs act as unique string identifiers for resources, whereas blank nodes reference

anonymous Web resources and can be seen as existentially quantified variables.

Triples may also contain literals — data values like numbers, dates, text strings, etc.

We assume that literals include all integers. We refer to IRIs, literals and blank

nodes collectively as elements of an RDF dataset, and we refer to IRIs and literals

collectively as entities.

A triple is a tuple of the form (s, p, o) ∈ (U∪B)×U× (U∪L∪B), where U, L

and B be pairwise disjoint, countably infinite sets of IRIs, literals and blank nodes,

respectively. In our framework the first and the third positions in a triple are called

vertex positions. The elements of a triple are conventionally named the subject,

the predicate and the object. Each triple expresses a statement that the subject

resource is in some relation to the object resource, and this relation is specified by

the predicate resource. For example, a triple

tex = (http://en.wikipedia.org/wiki/Quentin_Tarantino,

http://xmlns.com/foaf/0.1/age, 54)

expresses a statement that Quentin Tarantino is 54 years old, the subject and the

predicate of the triple being IRIs and the object being a literal. IRIs have a specific

16



Chapter 2. Foundations

syntax [20]. Since their aim is to serve as unique identifiers, some of the IRIs

are lengthy and they share a common substring called a namespace IRI. In order

to improve readability of RDF documents, namespace IRIs are often abbreviated

as prefixes; a namespace-IRI-to-prefix pairing is given at the beginning of an RDF

document, and the prefix is used throughout the rest of the document. For example,

if we write the triple tex using Turtle [15], a common file format for expressing RDF

data, we may use the following prefixes:

@prefix wiki: <http://en.wikipedia.org/wiki/> .

@prefix foaf: <http://xmlns.com/foaf/0.1/> .

wiki:Quentin_Tarantino foaf:age 54 .

In this thesis we are going to use short IRIs, without the namespace part, e.g.,

Quentin Tarantino or age.

An (RDF) graph is a finite set of triples [92]. Indeed, an RDF dataset can be

represented as a directed labelled graph in which each triple is depicted as an edge,

with the subject (resp. the object) labelling the start (resp. end) vertices, and the

predicate labelling the edge itself. For example, the triple tex given above can be

graphically represented as in Figure 2.

wiki:Quentin_Tarantino 54
foaf:age

Figure 2: Example RDF triple tex in graphical representation

2.2.3 The SPARQL Query Language

SPARQL is the standard language for querying RDF graphs [52]. While SPARQL

provides a rich set of operators, its core component is a basic graph pattern — a non-

empty finite set of triple patterns of the form (U∪V)×(U∪V)×(U∪L∪V), where U,
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L and V are pairwise disjoint, countably infinite sets of IRIs, literals and variables,

respectively. A term is an element from U ∪ L ∪ V. By term(exp) and var(exp)

we denote a set of all terms and variables, respectively, occurring in some SPARQL

expression exp. Below we give a brief description of syntax and semantics for the

core fragment of SPARQL and outline its most important complexity results, and

we specify the subset of the core SPARQL that is going to be used in our framework

in the next subsection.

Syntax of Core SPARQL

We are now ready to define the full syntax of SPARQL, and we start with the type

of expressions called built-in conditions. Common approaches [8, 91, 92], restrict

SPARQL built-in conditions to boolean combinations of equalities of the form:

1. if ?X, ?Y ∈ V and c ∈ U ∪ L, then bound(?X), ?X = c and ?X = ?Y are

built-in conditions;

2. if R1 and R2 are built-in conditions, then (¬R1), (R1 ∨R2) and (R1 ∧R2) are

built-in conditions.

We consider another type of built-in conditions called arithmetic comparisons —

expressions of the form (?X C n), where ?X is a variable in V, n is an integer, and

C is a comparison symbol in {<,≤, >,≥}. A (arithmetic) filter condition is a finite

(possibly empty) set of arithmetic comparisons.

Built-in conditions can be part of graph patterns.

Definition 2 (Graph pattern [91]). The syntax of SPARQL graph patterns is de-

fined recursively:

- A basic graph pattern is a pattern.

- If P1 and P2 are graph patterns, then (P1 And P2), (P1 Opt P2) and

(P1 Union P2) are graph patterns.
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- If P is a graph pattern and R is a built-in condition, then (P Filter R) is a

graph pattern.

For example, a graph pattern (?X, isa, director) And (?X, age, ?Y ) Filter

(?Y = 54) Opt (?X, nationality, American) intuitively gives a description of an

entity that is a director whose age is 54, and whose nationality is American, in case

the information about the nationality if available in the RDF data.

Lastly, we consider SPARQL queries. Any SPARQL pattern can be viewed as a

query, and it returns a set of answers over all variables that appear in the pattern.

For example, given an RDF graph G, a pattern P = (?X, marriedTo, ?Y ) And

(?X, worksIn, ?Z) returns all possible answers in G over variables ?X, ?Y, ?Z.

However, in SPARQL one can also use four specific query forms, which are mani-

fested by four respective operators Select, Construct, Describe and Ask [92].

For example, the following is a Select query:

Select W Where P,

where P is a graph pattern and W is a finite set of variables. A pattern without any

specified query form is equivalent to a Select query where W contains all variables

in P , denoted Select ∗Where P .

SPARQL queries in which the Where clause consist only of triple patterns,

i.e., queries in which P is a basic graph pattern, correspond to Select-Project-Join

queries in Relational Algebra [25], and therefore to Conjunctive Queries [57] (see Sec-

tion 2.2.4). Such queries are sometimes called the conjunctive fragment of SPARQL.

Full SPARQL is equivalent in expressive power to Relational Algebra [3], however,

it is tailored to query RDF data, since in its nature SPARQL is a graph-matching

query language [9].
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Semantics of SPARQL

The semantics of SPARQL expressions is defined using valuation mappings, or val-

uations. A valuation of a finite set of variables ?X̄ from V is a mapping from ?X̄

to U ∪ L ∪ B. The domain of a valuation µ, denoted dom(µ), is a set of variables

on which µ is defined. Two valuations µ1 and µ2 are compatible, denoted µ1 ∼ µ2, if

µ1(?X) = µ2(?X) for all variables ?X ∈ dom(µ1)∩dom(µ2) [91]. A set of valuations

is commonly denoted by Ω. Four operations over sets of valuations we are going to

use next are join, union, difference, and left outer join:

Ω1 ./ Ω2 = {µ1 ∪ µ2 | µ1 ∈ Ω1, µ2 ∈ Ω2, µ1 ∼ µ2},

Ω1 ∪ Ω2 = {µ | µ ∈ Ω1 or µ ∈ Ω2},

Ω1 \ Ω2 = {µ ∈ Ω1 | ∀µ′ ∈ Ω2 µ � µ′},

Ω1 ./ Ω2 = (Ω1 ./ Ω2) ∪ (Ω1 \ Ω2).

Now we can define the semantics of a graph pattern, following its recursive nature.

Definition 3 (Graph pattern evaluation). Given an RDF graph G, an evaluation of

a graph pattern, denoted [·]G, is a function from graph patterns to sets of valuations

such that:

- [t]G = {µ | dom(µ) = var(t) and µ(t) ∈ G}, where t is a triple pattern;

- [P1 And P2]G = [P1]G ./ [P2]G;

- [P1 Opt P2]G = [P1]G ./ [P2]G;

- [P1 Union P2]G = [P1]G ∪ [P2]G;

- [P1 Filter R]G = {µ ∈ [P ]G | µ |= R}, where R,R1, R2 are filter conditions,

and µ |= R holds if:
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· R is bound(?X) and ?X ∈ dom(µ);

· R is ?X = c, ?X ∈ dom(µ) and µ(?X) = c;

· R is ?X = ?Y , ?X ∈ dom(µ), ?Y ∈ dom(µ) and µ(?X) = µ(?Y );

· R is ¬R1 and µ 2 R1;

· R is (R1 ∨R2) and (µ |= R1 or µ |= R2);

· R is (R1 ∧R2), µ |= R1 and µ |= R2;

· R is (?Y C n) and (µ(?Y ) C n), C being the comparison symbol.

Complexity of SPARQL queries

The query evaluation problem, defined in Section 2.2.1, can be instantiated for

SPARQL as follows [92]: given an RDF graphG, a graph pattern P and a mapping µ,

does µ ∈ [P ]G hold? The complexity of answering the evaluation problem depends on

the specific fragment of SPARQL and its expressiveness. The fragments are encoded

as SP[Λ] or s-SP[Λ], where s- indicates that the Select queries are allowed. The

symbol Λ ⊆ {A, F, O, U} denotes a set of the operators present in this fragment, the

letters corresponding to And, Filter, Opt and Union, respectively. For example,

SP[AO] is a fragment of SPARQL, in which graph patterns are constructed only

using And and Opt operators.

Table 1 lists the combined complexity results for various fragments of SPARQL.

In particular, it states that the evaluation problem for the core fragment of SPARQL

is PSpace-complete in the combined complexity. However, the SPARQL core frag-

ment (and all its subfragments) is in Logspace in the data complexity, when the

pattern P is fixed, which is an important result since the size of the input graph

is usually considerably bigger than that of P . Notice also that all fragments that

allow for the Opt operator are PSpace-complete.
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SPARQL fragments Complexity class

SP[A], SP[F], SP[U], SP[AF], SP[FU];
PTime

s-SP[F], s-SP[U], s-SP[FU]

SP[AU], SP[AFU];
NP-complete

s-SP[A], s-SP[AF], s-SP[AU], s-SP[AFU]

any fragment with OPT, including SP[O],
SP[AO], SP[AOF], SP[AOU] and the core frag-
ments SP[AOFU], s-SP[AOFU]

PSpace-complete

Table 1: Combined complexity of the query evaluation problem for different frag-
ments of SPARQL [13,92,103]

2.2.4 Conjunctive Queries

Conjunctive queries (CQs) are a query language that is a fragment of first-order

logic that has a fairly simple syntax yet high expressive power and some desirable

computational properties. CQs are one of the simplest and most common types

of queries that can be expressed over a relational database or an RDF graph [46].

They correspond to Select-Project-Join queries in Relational Algebra [25] and to the

conjunctive fragment of SPARQL. A conjunctive query is a function-free first-order

logic formula that is an existentially quantified conjunction of atomic formulae, also

called atoms: Q(x1, . . . , xk) = ∃xk+1, . . . , xm.A1 ∧ . . . ∧ An, where xj are variables

and Ai = Ri(c1, . . . , cl) are atoms, with Ri a relation and each cj either a variable

or a constant. A CQ is called boolean, if k = 0; it is called monadic, if k = 1.

Let D be some data source instance (e.g., an RDF graph or a database). The

semantics of a CQ Q(x1, . . . , xk) is defined using a valuation — a total mapping

from the variables of Q, denoted var(Q), into the domain of D, denoted dom(D).

An tuple t consisting of elements from D is an answer to Q over D if there exists a

valuation µ of var(Q) such that µ(x1, . . . , xk) = t, and for every atom Ai from Q it
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holds that µ(Ai) ∈ D.

Query containment and query evaluation problems are NP-complete for CQs

(with respect to combined complexity in case of query evaluation) [25, 102]. More-

over, data complexity of the query evaluation problem is in AC0 for CQs [122],

i.e., in Logspace. The aforementioned results hold both for queries asked over

relational databases and over RDF graphs, since RDF data can be viewed as a

relational database table with three columns: subject, predicate and object.

Unlike for Relational Algebra, query containment for CQs can be reduced not

only to query equivalence, but also to query evaluation [25]. This link is established

using the Homomorphism problem, a fundamental algorithmic problem that asks

for the existence of a homomorphism between two database instances (homomor-

phisms are formally defined in Section 2.3), and leads to an important result, the

Homomorphism Theorem [25], that says that following are equivalent:

· Q1 ⊆ Q2, and

· there exists a homomorphism from the canonical instance of Q2 to the canon-

ical instance of Q1,

where the canonical instance of a query Q is a database, in which variables and

constants from Q are elements and atoms are facts. It follows directly that in order

to prove query subsumption Q1 ⊆ Q2, it is sufficient to show query homomorphism

from Q2 to Q1, as defined in Section 2.3.

Some CQs are redundant in structure: they contain atoms that can be removed

from the query so that the updated query is equivalent to the original one. The

process of removing such atoms is called query minimization. There exists a well-

known procedure for minimizing a CQ Q: choose a query atom at random, remove

it from Q, obtaining a new query Q′; then check whether Q′ ⊆ Q holds. If yes,

repeat the process, using Q′; if not, try removing another atom from Q. Query
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minimization is an important step in many applications, as it makes sense first to

minimize the query and then to process it further. However, since the problem of

deciding whether a CQ Q′ is a minimal equivalent of a CQ Q is NP-complete, there

is no polynomial-time algorithm for computing a minimized CQ (unless P = NP);

the same holds for the queries used in our framework (see Section 2.2.5).

CQs with Arithmetic Comparisons

CQs with arithmetic comparisons (CQACs) is a larger query language that extends

CQs with comparison atoms. CQACs are equivalent to Select-Project-Join queries

in Relational Algebra that also include equality and inequality conditions, and they

are defined as follows [63]:

Definition 4. A CQ with arithmetic comparisons is a query Q of the form

Q(x̄) = ∃ ȳ.(C1 ∧ . . . ∧ Cm) ∧ (L1 ∧ . . . ∧ Ln), where:

· x̄ is a set of free (answer) variables,

· ȳ is a set of existentially quantified variables,

· Ci is an atom,

· Li is an arithmetic comparison of the form v θ c, where v ∈ x̄∪ ȳ is a variable,

c is an integer, and θ ∈ {=, <,≤, >,≥}.

The semantics of CQACs is defined similarly to that of CQs: a tuple t is an an-

swer to Q under a valuation µ if additionally µ(v) θ c holds for every arithmetic

comparison Li.

Query evaluation is NP-complete for CQACs. We are, however, particularly

interested in the problem of containment for CQACs, since we use the containment

complexity result in our work (see Chapter 5). Containment of CQs with arithmetic

comparisons is ΠP
2 -complete [63,121]. Such high complexity stems from the fact that,
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unlike for CQs, the homomorphism property does not hold for CQACs: instead of

checking the existence of only one homomorphism, one needs to check the existence

of all possible homomorphisms with respect to the query terms ordering. However,

we can extend the definition of the homomorphism between queries so that it be-

comes a sufficient condition for query containment: there exists a homomorphism h

from Q to Q′ if additionally the set of arithmetic comparisons from Q′ entails the set

of arithmetic comparisons from Q under h (see Section 2.3). Then Q′ ⊆ Q holds if

such a homomorphism exists [87]. Note that the converse proposition does not hold.

Some specific fragments of CQACs have lower complexity of the containment

problem. If we restrict θ to be either in {=, <,≤} or in {=, >,≥}, we get the lan-

guages of left semi-interval queries or right semi-interval queries, respectively, which

are fragments of the language of CQACs and for which the homomorphism property

holds, making the containment problem for these fragments NP-complete. If we

keep the full set of θ, but restrict the structure of CQs to be acyclic, in particular,

if we impose Berge-acyclicity on CQs, the containment problem is in coNP [107].

Acyclic CQs

There exists a type of conjunctive queries with a specific structural property —

acyclicity. Acyclic queries, while restricted in form, have favourable computational

properties, thus they are well researched and heavily used in practice [17,42,49,130].

In particular, while query evaluation and containment are NP-complete for arbitrary

CQs [25], they are LOGCFL-complete for acyclic CQs, therefore they allow for

efficient parallelisable algorithms [49].

There exist several definitions of acyclicity, Berge-acyclicity being the most re-

strictive. Let Q be a CQ, with var(Q) all variables in Q, and let EQ be the set that

contains, for each atom in Q, the set of variables appearing in this atom.

Definition 5 (Incidence graph). An incidence graph Inc(Q) is an undirected bipar-
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tite graph where var(Q) ∪ EQ is the set of its vertices, and {V, e} is an edge if and

only if a variable V ∈ var(Q) appears in a set e from EQ.

An incidence graph may contain cycles — a tuple of distinct vertices (v1, . . . , vk)

from Inc(Q), with k ≥ 2, such that for every pair of vertices vi, vi+1 there exists

an edge in {vi, vi+1} in Inc(Q) for 1 ≤ 1 < k, and there exists an edge {v1, vk} in

Inc(Q). A CQ is Berge-acyclic if its incidence graph is acyclic. For example, the

incidence graph corresponding to the following CQ Qa looks as depicted in Figure 3:

Qa(X) = ∃Y, Z.(X, isa, Y ) ∧ (Y, name, alice) ∧ (Y, friend, Z) ∧ (Y, colleague, Z).

X Y Z

{X,Y } {Y } {Y, Z}

Figure 3: Incidence graph for an example CQ Qa

2.2.5 Queries Used in the Entity Comparison Framework

In this thesis we are going to use a very specific fragment of core SPARQL. In

particular, we restrict built-in conditions to arithmetic filter conditions, and we use

the subset of SPARQL patterns that include:

- basic graph patterns, and optionally

- expressions of the form (P Filter R), where P is a basic graph pattern, and

R is an arithmetic filter condition.

Note that we restrict the filter conditions to only arithmetic comparisons between

variables and constants. This is justified by the fact that all other comparisons, such

as general inequalities between variables and IRIs, have very little meaning in the
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context of entity comparisons, and moreover may flood comparison queries hiding

the essential parts.

A basic graph pattern P is connected if for every two triple patterns p, p′ ∈ P

there is a sequence of triple patterns p1, . . . , pm in P such that p1 = p, pm = p′, and

for all 1 ≤ i < m there exists a term t appearing in a vertex position in both pi and

pi+1. We say that a query containing a basic graph pattern is connected if so is its

basic graph pattern. We concentrate on (SPARQL) queries of the following form:

Definition 6. A query is an expression of the form

Select ?X Where P Filter C

where P is a connected basic graph pattern, ?X ∈ var(P ) is the answer variable of the

query and C is an arithmetic filter condition, or AFC, satisfying var(C) ⊆ var(P ).

We are now able to redefine the semantics of our queries using valuations in a

simpler way: valuations applied to basic graph patterns and arithmetic comparisons

are defined as before. An element e from U ∪ L ∪ B is an answer to a query Q

over a graph G if there exists a valuation ν of var(P ) so that ν(?X) = e, ν(P ) ⊆ G

and ν(?Y ) C n holds for each comparison (?Y C n) in C, with ?Y ∈ var(C) and

var(C) ⊆ var(P ); such ν is called the satisfying valuation. We denote by [Q]G the

set of all answers to Q over G.

We are now able to instantiate the notions of containment and equivalence from

Section 2.2.1 for our queries using the notation in the framework. Note that query

containment is sometimes called query subsumption, and the two terms are used

interchangeably in this thesis. A query Q1 is subsumed by a query Q2, written

Q1 ⊆ Q2, if [Q1]G ⊆ [Q2]G for every graph G. Query Q1 is strictly subsumed by

query Q2, denoted by Q1 ⊂ Q2, if Q1 ⊆ Q2 and Q2 6⊆ Q1. Finally, Q1 and Q2

are equivalent, denoted by Q1 ≡ Q2, if Q1 ⊆ Q2 and Q2 ⊆ Q1. Subsumption and
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equivalence allow us to compare queries relative to their specificity, so we sometimes

say that Q1 is (strictly) more specific than Q2 if Q1 is (strictly) subsumed by Q2

(see Chapter 4).

Our queries correspond to connected monadic conjunctive queries with arith-

metic comparisons [63] (see Section 2.2.4), restricted to signatures over a single

ternary relation and using no comparisons between variables. If the filter condi-

tion C is empty, we use the simplified query notation Select ?X Where P ; such

queries without arithmetic comparisons correspond to monadic conjunctive queries

(see Section 2.2.4). From these language correspondences we can immediately con-

clude that query subsumption in our framework is NP-complete for queries with

an empty arithmetic filter condition [25], and it is ΠP
2 -complete if both queries con-

tain non-empty arithmetic filter conditions [63,121] (see Section 2.2.4). As for query

evaluation, it is NP-complete for queries both with and without the arithmetic filter

conditions [25].

2.3 Graph Theory and Homomorphisms

In this work we use formalisms and query languages, in which objects (RDF graphs,

queries) and their derivative structures (incidence graphs, pair trees) can be rep-

resented as graphs. In this section we present the key notions from graph theory

that are used in this thesis [23, 39, 126]. A graph is a tuple (V,E) where V is a

non-empty set of vertices, and E is a set of edges between pairs of vertices. A graph

is undirected if edges link two vertices symmetrically:

E ⊆ {{u, v} | u, v ∈ V };
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a graph is directed if edges link two vertices asymmetrically:

E ⊆ {(u, v) | u, v ∈ V }.

A subgraph of a graph G is itself a graph whose vertex set and edge set are subsets

of those of G. Both vertices and edges in a graph can be labelled.

The two fundamental relasionships between two graphs that we use in this thesis

are isomorphism and homomorphism. Given two undirected graphs G = (VG, EG)

and H = (VH , EH):1

- a homomorphism between G and H is a mapping f : VG → VH such that for

every edge {u, v} in EG there exists an edge {f(u), f(v)} in EH ;

- an isomorphism between G and H is a bijection f : VG → VH such that an

edge {u, v} in EG exists if and only if an edge {f(u), f(v)} exists in EH .

Isomorphisms and homomorphisms are sometimes called edge-preserving and

structure-preserving maps, an isomorphism being a type of a homomorphism. De-

ciding whether there exists a homomorphism between two graphs is an NP-complete

problem [55]. The problem of deciding whether there exists an isomorphism between

two graphs is in NP, however, it is not known whether it is NP-hard or it can be

solved in polynomial time.

The notion of a homomorphism can be straightforwardly adapted to queries.

Next we are going to define query homomorphism for the query language used in

our framework (see Section 2.2.5).

Definition 7. Let Q = Select ?X Where P Filter C and Q′ = Select ?X ′

Where P ′ Filter C ′ be two queries, with P, P ′ basic graph patterns and C,C ′

arithmetic filter conditions. A homomorphism h from Q to Q′ is a function from

term(Q) to term(Q′) such that
1The definitions for directed graphs are analogous.
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(a) entities are mapped to themselves,

(b) the answer variable ?X is mapped to the answer variable ?X ′,

i.e., h(?X) =?X ′,

(c) for every triple pattern (ts, tp, to) ∈ P there exists a triple pattern

(h(ts), h(tp), h(to)) ∈ P ′, and

(d) the set of arithmetic comparisons C ′ entails the set of arithmetic

comparisons C under h: C ′ |= h(C).

If both queries do not contain arithmetic filter conditions, the condition (d) can be

ignored. The definition can be straightforwardly adapted to CQs and CQACs.

Some graphs are homomorphic to their own subgraphs. The core of a graph

is its smallest subgraph which is also a homomorphic image [56]. The notion of a

core can be adapted to queries, e.g., to conjunctive queries: a core of a query is its

smallest subquery for which there exists a homomorphism from the original query.

Since taking the core of a query is the same as query minimization, the two terms

are used interchangeably in this thesis. For CQs and conjunctive SPARQL queries,

as well as for the queries used in our framework (see Section 2.2.5) the core of the

query is unique (i.e., all minimal queries are isomorphic).
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Related Work

In this chapter I give a state of the art overview of the areas that are relevant

for entity comparison, such as query reverse engineering, computing least common

subsumers, and relatedness-based explanations over graph data. In addition, in

Section 3.2 I give an overview of the latest research on logic-based similarity expla-

nations over RDF data.

3.1 Query Reverse Engineering

Computing comparison queries from two entities in an RDF graph can be viewed

as a special case of query reverse engineering. The problem of reverse engineering

a query given some examples originated in late 1970s and was first introduced for

the domain of relational databases [134]. Later it was extensively researched with

respect to different query formats: regular languages [4] [5] [6], XML queries [28]

[112], relational database queries [118] [119] [132], graph database queries [24] and

SPARQL queries [8].
Formally, query reverse engineering (QRE) is a problem of reconstructing a query

in some query language, given a database (or a dataset) and a set of examples,

such that the query returns the examples when evaluated over the database [119].
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Coen movies
movieId title year

1 “The Big Lebowski” 1998
2 “A Serious Man” 2009
3 “Hail, Caesar!” 2016

Lead actors
id actor
1 Jeff Bridges
2 Michael Stuhlbarg
3 George Clooney

Figure 4: Movie database D

Examples:
Jeff Bridges “The Big Lebowski”

George Clooney “Hail, Caesar!”

Figure 5: User examples

The corresponding decision problem is the problem of whether there exist such

a query, given input data. For instance, given a database D from Figure 4 and

a set of user examples from Figure 5, the following SQL query fits the examples

with respect to D:

SELECT actor, title

FROM Coen movies, Lead actors

WHERE Coen movies.movieId = Lead actor.id.

(3.1)

The problem has several different formulations, depending on the type of the

input and the conditions imposed on the output query:

• there may be only positive examples (e.g., the result table), or there may be

both positive and negative examples — answers that should not be in the

answer set of the query;

• the result table may consists of complete tuples [119] (e.g., table A), or it may

be a set of partial tuples (e.g., table B), or it may consist of keywords that

do not necessarily directly match values in the dataset, in which case QRE

transforms into the problem of keyword-based search [89] [131] (e.g., table C);
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A

person profession

Q. Tarantino director

U. Thurman actress

L. Bender producer

B

name company position

Andrew Ng Baidu

Peter Norvig

CEO Facebook

C

Hitzler Rudolph Semantic Web

Abiteboul databases

Russell artificial intelligence

• the result table may consist only of positive examples, or it may contain ad-

ditional tuples.

With multiple formulations of the QRE problem come different approaches and

different namings: query reverse engineering [119], query by example [134], query

by output [118], definability problem [7], instance equivalent query [118], etc.

Reverse Engineering CQs Query reverse engineering has been well-studied for

conjunctive queries over relational databases [14,115,128]. Barceló et al. [14] consider

two separate problems. Given a database instance D and n-ary relations S+ and S−

of positive and negative examples, respectively, decide whether there exists a query

Q such that:

- either Q precisely defines positive examples: Q(D) = S+ (definability prob-

lem), or

- evaluation of Q contains positive, but not negative examples: S+ ⊆ Q(D) but

Q(D) ∩ S− = ∅ (query-by-example problem).

33



Chapter 3. Related Work

Both problems are proven to be coNExpTime-complete [115, 128]. ten Cate et

al. [115] further restricts the definability problem, showing that the same complexity

result holds already for unary queries over a single binary relation.

Reverse Engineering CQs with Ontologies Gutierrez et al. [51] studied the

query-by-example (QBE) and definability problems of CQs and union of CQs (UCQs)

with the presence of Horn-ALC and Horn-ALCI knowledge bases. QBE is 2-

ExpTime-complete for Horn-ALCI and both CQs and UCQs. In case of Horn-

ALC ontologies, QBE is coNExpTime-complete for CQs and ExpTime-complete

for UCQs. The same results hold for the definability problem.

Reverse Engineering SPARQL Queries While QRE is fairly well studied for

the area of databases, there has been only one attempt to adapt QRE to RDF

data [8, 38]. Examples in the RDF setting come in the form of variable map-

pings, e.g., a set of mappings Ω = {{?X → Bruce Willis, ?Y → Uma Thurman},

{?X → Jeff Bridges, ?Y → Julianne Moore}} contains two example mappings

that provide information about two variables each ( valuation mappings are defined

formally in Section 2.2.3). The complexity of QRE with partial positive examples

in SPARQL is currently known for the well-designed fragments of SPARQL that

contain {AND}, {AND,OPT} and {AND,OPT,FILTER} operators; it is in PTime,

ΣP
2 -complete and NP-complete, respectively [8].

Reverse Engineering SPJ-Queries The work of Weiss and Cohen [125] studies

the problem of reverse engineering select-project-join (SPJ) relational algebra (RA)

queries from positive and negative examples. Given a class of queries L (i.e., a

certain fragment of RA), a database D and sets of positive and negative examples

E+ and E−, decide whether there exists a query Q ∈ L such that:

· schema(Q) = schema(E+) = schema(E−),
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· E+ ⊆ Q(D),1

· E− ∩Q(D) = ∅.

The work studies the QRE problem and the respective computational problem

(referred to as the learning problem) for various fragments of SPJ-queries, consider-

ing as parameters the size of the query (i.e., unbounded or bounded by a threshold),

the size of the database schema and the number of input examples. The parameter

values are treated either as constants or as variables, which leads to two types of

complexity results presented in the paper.

The paper aligns perfectly with our work on comparison queries since positive and

negative examples, in particular when |E+| = 2, can be viewed as inputs to similarity

and difference queries, respectively. However, it studies a different query language,

i.e., a different fragment of RA: Weiss and Cohen consider a fragment of RA that

allows for projection (π), selection (σ) and natural join (./). The selection condition

is a conjunction of comparison statements, the allowed operators being =, 6=,≤,≥.

We are going to call this set of operators OSPJ = {π, σ, ./}. We consider a fragment

that is equivalent to conjunctive queries (CQs) without inequalities, which in RA

(in the named perspective) corresponds to selection that only allows for equalities,

projection and natural join, as well as renaming (ρ) [1]. The two query languages are

incomparable: on the one hand, the language L1 in [125] allows for inequalities in

selection condition and is not restricted to monadic queries; on the other hand, the

language L2 that we consider contains renaming and generalized selection. However,

if we restrict L1 to monadic queries and selections without inequalities, this fragment

would be a strict subset of L2. Consider an RDF graph G from Figure 6 and two
1Note that this decision problem (referred to as satisfiability problem) differs from the classical

definability problem, where the condition is more strict: E+ = Q(D).
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Alice Bob

Amsterdam

Paris France

travelsTo livesIn

livesIn

locatedIn

Figure 6: Example RDF graph G

queries:

Q1 =Select ?X Where {(?X, livesIn, Paris), (?X, travelsTo, Amsterdam)},

Q2 =Select ?X Where {(?X, livesIn, ?Y ), (?Y, locatedIn, France)}.

Following the approach of Cyganiak [36], we can represent G as a graph relation (let

us call it Triple) with three attributes s, p and o (for subject, predicate and object):

Triple

s p o

Alice livesIn Paris

Alice travelsTo Amsterdam

Bob livesIn Amsterdam

Paris locatedIn France

If we allow generalized selection, i.e., arbitrary logical connectives in the selection

condition (instead of just the conjunction), the first query Q1 can be rewritten into

RA using only OSPJ as follows:2

πs(σ(p=′livesIn′ ∧ o=′Paris′) ∨ (p=′travelsTo′ ∧ o=′Amsterdam′)(Triple)).

2Note that if we restrict the selection condition to only consist of conjunctions of (in-)equalities,
Q1 cannot be rewritten using OSP J .
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The second query Q2 has a path-like structure, different from the structure of Q1,

and it cannot be rewritten using only OSPJ either, since it requires renaming:

πs(σp=′livesIn′(ρa/o(Triple)) ./ σp=′locatedIn′ ∧ o=′France′(ρa/s, p′/p(Triple))).

To sum up, there has been attempts to reverse engineer queries with arithmetic

comparisons and inequalities. However, they all differ from the problem we suggest

to study. Furthermore, reverse engineering of CQACs has not been studied yet,

either in general form, or in case of monadic queries.

3.2 Least Common Subsumers

Another problem that is highly relevant for this work is the problem of computing

least common subsumers (lcs) between concepts in Description Logics (DLs) [12].

The notion of lcs was first introduced in 1992 by Cohen et al. [29]. Formally, a lcs

for two concept C1 and C2 is a concept C that:

(1) subsumes both input concepts: C1 v C and C2 v C, and

(2) for any other concept D that subsumes C1 and C2 the following holds: C v D,

where the subsumption of DL concepts is defined in the classical way [12]. Finding

a lcs is one of the non-classical reasoning tasks in DLs. In particular, it is used

while building a knowledge base bottom up, which can be viewed as learning (an

ontology) from examples [120].

We could cast the problem of comparing two KG entities, and in particular

the problem of computing similarity and most specific similarity queries for two

entities in an RDF graph, as the problem of finding the least (i.e., most specific

modulo subsumption) DL concept that contains both entities as instances. An

important difference with respect to our setting is that DL concepts in logics such
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as EL and ALC can only capture conjunctive queries that are both constant-free

and tree-shaped. In this sense, our query language is more expressive, as it allows

for arbitrarily-shaped connected CQs. The additional expressivity turns out to be

critical: while a least DL concept may not exist (e.g., if the input graph has cycles

then the least concept could be infinite), we will show in Section 5.1 that a most

specific similarity query is always finite and can be computed in polynomial time.

We are not going to delve into the related work on lcs. However, in what follows

we will give an overview of several recent works which adopt the notion of lcs, but

define it over RDF data rather than DL concepts.

Common Subsumers in RDF Colucci et al. [30] view the task of computing a

lcs for two RDF nodes as a means of clustering web resources that presumably have

similar information content. While clustering of RDF resources has been mostly

done using statistical distance-based approaches, the authors seek to infer clusters

using the formal semantics of RDF. Taking into account the “hypothetically unlim-

ited” size of the web resources dataset, the authors focus on the problem of finding

a common subsumer (cs) rather than a least common subsumer.

One peculiarity of the work is that instead of operating over some arbitrary fixed

RDF graphs, the authors consider the whole Semantic Web, sometimes referred to

as “the Web” or “the Web of Data”. Hence, in order to specify which fragment of

the potentially unbound Web is involved in the computation of common subsumers,

the notion of a rooted graph, or r-graph is introduced: an r-graph is a pair 〈r, Tr〉,

where r is a IRI or a blank node and Tr is a subset of all triples with r as a subject.

Tr is assumed to be the subset of triples relevant to r with respect to some boolean

characteristic function σTr . A trivial example of σTr marks as relevant only triples

that belong to a specific RDF dataset, e.g., DBpedia. Intuitively, Tr is some relevant

subset of the neighbourhood of the node r (of depth 1) in an RDF graph. However,
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the neighbourhood excludes the “incoming links”.

The notion of common subsumers is defined inductively over rooted graphs:

Definition 8. Let 〈a, Ta〉, 〈b, Tb〉 be two r-graphs, and x,w, y be blank nodes.

The common subsumer (cs) is defined as follows:

- if 〈a, Ta〉 = 〈b, Tb〉, then the cs is 〈a, Ta〉;

- if Ta = ∅ or Tb = ∅, then the cs is 〈x, ∅〉;

- otherwise the cs for 〈a, Ta〉 and 〈b, Tb〉 is an r-graph 〈x, T 〉 such that:

· Ta, Tb ⊆ T ,

· ∃t1 = (a, p, c), T |= t1 and 〈w, T 〉 is the cs for 〈p, Tp〉 = 〈q, Tq〉, and

· ∃t2 = (b, q, d), T |= t2 and 〈y, T 〉 is the cs for 〈c, Tc〉 = 〈d, Td〉.

The tuple 〈x, T 〉 (where x is a blank node) can be interpreted as a unary con-

junctive query over an RDF graph presented as a graph relation Triple [36], with x

being the answer variable.

The properties of idempotency, commutativity and associativity are shown for

common subsumers defined over RDF graphs, and an anytime algorithm that com-

putes a cs for two RDF resources is presented [30]. The algorithm is very similar

to our algorithm of computing MSSQs: it computes a cs recursively, starting from

two input nodes and at each iteration trying exhaustively to compute a cs for all

possible pairs of triples for two input nodes. The authors extend their approach to

computing a lcs rather than a cs in [31].

Learning Commonalities in RDF Another relevant work by El Hassad et al.

[41] attempts to compare two Web resources using RDF data and the notion of least

general generalization, or lgg. An idea of inductively learning a concept from a set

of instances has been studied since the 1970s [82], and a framework for learning lggs
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was proposed by Plotkin [97]. El Hassad applies the framework of Plotkin so that

finding commonalities between resource descriptions “amounts to computing a least

general generalization (lgg) of such descriptions” [41].

Given two RDF entities a and b, or rather graph neighbourhoods of a and b

treated as two separated RDF graphs Ga and Gb, the lgg of Ga and Gb is defined via

RDF(S) entailment rules [53]. Formally, given a set R of RDF(S) entailment rules,

the following notions can be defined:3

- A saturation of an RDF graph G wrt R is another RDF graph G∞ obtained

from G by adding all implicit triples that can be derived from G using R. A

saturation is always finite and unique up to blank node renaming.

- An RDF graph G entails an RDF graph G′ wrt R, denoted G |=R G
′, iff there

exists a homomorphism h from blank nodes of G′ to values (IRIs, literals and

blank nodes) of G such that h(G′) ⊆ G∞.

- An lgg of RDF graphs G1, . . . , Gn is an RDF graph G such that for 1 ≤ i ≤ n

· G |=R Gi, and

· for all G′ such that G′ |=R Gi: G |=R G
′.

An lgg of RDF graphs always exists and is unique up to entailment, i.e., semanti-

cally unique, although it may have multiple syntactic forms due to redundant triples.

It is shown that computing an lgg of n RDF graphs can be done iteratively, irrespec-

tive of the order of the graphs: lgg(G1, G2, G3) = lgg(G1, lgg(G2, G3)). Hence, the

paper focuses on the functional problem of computing an lgg for two input graphs.

The computation of lgg is done using the notion of a cover graph: given RDF

graphs G1 and G2, their cover graph G is an RDF graph constructed as follows:

(s1, p, o1) ∈ G1 and (s2, p, o2) ∈ G2 iff (s3, p, o3) ∈ G, where
3any subset of RDF(S) entailment rules defined by the RDF Standard [53]
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- s3 = s1 if s1 = s2 and s1 is not a blank node, otherwise s3 is a fresh blank

node, and

- o3 = o1 if o1 = o2 and o1 is not a blank node, otherwise o3 is a fresh blank

node.

Intuitively, a cover graph is a generalization of its input graphs since each of

its triple (s, p, o) is a most general unifier of a pair of triples from input graphs.

Formally, an lgg of two RDF graphs G1 and G2 wrt some R is the cover graph of

their saturations wrt R.

El Hassad criticizes Colucci et al. [31, 32] for having a limited approach to the

problem and in turn uses RDF(S) entailment when finding commonalities between

two nodes in an RDF graph. The commonalities are also expressed in a form of an

RDF graph rather than a higher-level graph pattern, as compared to our approach.

To the best of our knowledge, while utilizing RDF(S) entailment rules, this work is

the first step taken so far towards integrating ontological knowledge into computing

similarities for RDF resources. However, our approach can easily accommodate

RDF(S) statements by first materializing the graph and then applying the same

algorithms for computing comparison queries. Furthermore, the work of [41] does

not consider differences between the resources.

3.3 Explanations over RDF Graphs

There is a growing interest in techniques for discovering and explaining relationships

between entities in an RDF graph [26,54,69]. These approaches are typically based

on computing paths in the input graph connecting the input entities. Such paths are

first computed via standard graph traversal algorithms, and then ranked according

to certain structural and statistical measures [26]. We note that the problem of

finding connections between entities is orthogonal to that of computing similarity
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and difference queries for them. The two approaches are intended to capture different

relations between nodes: the former explore possible paths that link the two nodes

together, while the latter seek to find commonalities in the neighbourhoods of the

input nodes.

Figure 7 illustrates an example of a connectedness explanation that does not

correspond to any similarity query: while there is a path from Alice to Bob that

connects these two target nodes, it cannot be captured by any query in our frame-

work containing both nodes in the answer set.

Alice Jack John Bob
follows follows follows

Figure 7: An example of a relation between target nodes that is explained by con-
nectedness, but not similarity

Conversely, Figure 8 is an example of a situation when the two nodes discon-

nected in a graph are nonetheless similar, which can be described by a similarity

query Q = Select ?X Where {(?X, follows, ?Y )}.

Alice Jack John Bob
follows follows

Figure 8: An example of a relation between target nodes that is explained by simi-
larity, but not connectedness.

Furthermore, as already argued, the natural adaptations of such techniques to our

setting do not enable entity comparison at a sufficiently high level of abstraction.

3.4 Other Relevant Approaches

Finally, it is worth mentioning that there has been a lot of work on similarity mea-

sures for computing a numeric score that estimates how similar two entities in a

graph are [27, 58, 133]; this has applications, for instance, in discovering entities

that are similar to a given one (i.e., those with the highest similarity score). Please
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note that we are considering a very different problem since our focus is on describing

similarities and differences in a declarative way. Declarative comparison, and in par-

ticular declarative similarities have considerable advantages over numeric similarity

scores. Firstly, describing similarities declaratively, e.g., as queries, leads to overall

explainability and interpretability of the system that uses these similarities. Declar-

ative comparison is also very useful for catching errors as some of the similarities

might be drawn mistakenly, and these errors are hard to debug and understand from

numeric scores only. Lastly, declarative similarities and differences give a whole new

perspective on the data both to the end users and to the data engineers, as they

answer the question why two entities are (dis-)similar, which can lead to further

data exploration insights.

One last area of research that is relevant for entity comparison and that we

are going to cover in this thesis is link discovery, also known as entity linking or

entity matching [48, 77]. Given two data sources S and T , e.g., DBpedia4 and

LinkedGeoData,5 and a relation R, e.g., dbo:actor, link discovery is the problem of

finding all pairs of entities (s, t) ∈ S × T such that R(s, t) holds [84]; the resulting

pairs are called links or mappings. When these mappings are computed, it is quite

common to utilize some numeric similarity measures, either to pre-select candidate

entity pairs or to actually compute the pairs [2, 44].

Entity comparison and link discovery are two orthogonal problems, yet there

exists a certain synergy between them. Both problems investigate the relationships

between entities in the data. Link discovery focuses on creating mappings across

different data sources, while the default setting of the entity comparison framework

involves a single data source. However, it is also straightforward to use two or more

knowledge graphs in our framework: one would take the first entity from one KGs,
4http://dbpedia.org
5http://linkedgeodata.org
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the other entity from the second KGs, and run entity comparison over the union of

the two data sources. This way we would be able to compare entities across several

KGs, with the aim to either investigate common and dissimilar patterns, or to find

very similar entities that could refer to the same thing, which can be a step in the

link discovery pipeline [96]. A use case of entity comparison complementing entity

linkage is presented in Section 8.2.2.

Entity comparison lies at the intersection of several diverse areas of research

and development. From the theoretic perspective, it draws from query reverse en-

gineering, database theory and graph mining, while from the practical perspective

it converges with information exploration, relationship explanation and discovery,

and similarity measures. Finally, declarative entity comparison can contribute to

other data processing tasks and applications, from explainable machine learning and

natural language processing, to link discovery, to recommendations, since it offers a

unique, comprehensible view of the data that other approaches miss. We will look

at the advantages entity comparison can offer to other frameworks in Section 8.2.2.
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Entity Comparison
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Entity Comparison Framework

In this chapter, we present our entity comparison framework and its main definitions,

discuss properties of the main types of comparison queries and motivate our choice

of modeling and query formalisms. As a running example, we are going to use a

small RDF graph about the movie industry Gmov depicted in Figure 9, which is a

subset of the YAGO graph [114]. In our example, we would like to compare Quentin

Tarantino and Martin Scorsese. The graphGmov contains relevant information about

the two entities Q Tarantino and M Scorsese and is suitable for entity comparison.

maleQ Tarantino M Scorsese

Palme d′Or Emmy AwardAcademy Award

Golden Globe Award

I Rossellini

Reservoir Dogs Taxi DriverH Keitel

hasGender hasGender

wonPrize wonPrize

wonPrize
wonPrize

wonPrize wonPrize

marriedTo

directedactedIn directed actedIn

actedIn actedIn

Figure 9: Example RDF graph Gmov

46



Chapter 4. Entity Comparison Framework

How can we formalise and automate entity comparison? We argue that in order

to compare two entities, the user would like to find similarities and differences be-

tween these entities, that is, what information is common for both entities and what

information discriminates one of them from the other. By inspecting Gmov we can

observe, for instance, that Tarantino and Scorsese are similar in that both of them

are male, they both won an Academy Award and a Golden Globe Award, and they

both acted in some of their own movies. In turn, they are different in that Tarantino

directed Reservoir Dogs, whereas Scorsese directed Taxi Driver ; furthermore, unlike

Scorsese, Tarantino also won the Palme d’Or at the Cannes Film Festival, while

Scorsese won an Emmy award, to which Tarantino was only nominated.

How can we define and automatically identify such similarities and differences?

There has been significant recent work in the literature on discovering relationships

between entities in an RDF graph [26, 54, 69]. Existing approaches describe such

relationships by means of explicit paths in the graph, which are then grouped and

ranked. Using such an approach, we could view a similarity between entities as

paths originating in those entities and converging into the same node; for instance,

we could justify as a similarity the fact that both Tarantino and Scorsese are male by

two paths leading to the node for male and starting from the nodes for Scorsese and

Tarantino, respectively. In turn, we could justify a difference through the absence

of such paths; for instance, the node for Emmy Award is reachable from the node

for Scorsese but not from that for Tarantino. An important limitation of existing

approaches, however, is that they cannot capture comparison at a higher level of

abstraction; for instance, we cannot justify by means of explicit converging paths

in a graph the fact that both Scorsese and Tarantino participated in a film as both

actors and directors, where the specific names of those films are irrelevant.

In our framework we propose to capture similarities, differences and other types

of comparisons using queries rather than explicit paths, where the presence of vari-
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ables allows us to represent information at a higher level of abstraction. In our

framework we are going to use SPARQL queries of specific form, since SPARQL is

the standard language for querying RDF data and can be straightforwardly adapted

for our purposes. While SPARQL does not fully accommodate navigational queries,

it is an excellent query language to capture graph patterns of various degree of

abstraction [9], which makes it a natural choice for an underlying formalism that

compares entities using arbitrary, rather than path-based patterns. As we have al-

ready mentioned in Section 2.2.5, we use the fragment of SPARQL that allows for the

AND and SELECT operators, and optionally for FILTER operator over built-in condi-

tions of the form ?Y C n, where ?Y is a variable, n is an integer, and C is one of the

inequality symbols <, ≤, > or ≥. As has been discussed in Chapter 2, such queries

without the FILTER operator correspond to conjunctive queries, while queries with

the FILTER operator correspond to conjunctive queries with inequalities (in both

cases the corresponding CQs contain only atoms of arity 3). The choice of this query

language is motivated both by the compatibility of the SPARQL syntax with RDF

data and by known advantages of CQs, e.g., their favourable computational proper-

ties and rich expressive power. Once we introduce the main definitions of the frame-

work, we are going to illustrate the rationale behind using the two versions of query

languages, i.e., with and without AFCs. In general, arithmetic comparisons are nec-

essary for some types of the input data, for which they yield much more informa-

tive results, while excluding AFCs has computational advantages for some types of

comparison queries.

Finally, in Section 2.2.5 we impose two important syntactic restrictions on the

queries in our framework, and we are now ready to motivate them. First, we require

all queries to be monadic, i.e., containing precisely one SELECT variable. SELECT

variables determine the structure of the query answers, and since we are interested

in queries matching (or not matching) individual entities in an RDF graph, only one
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answer variable per query is required. Secondly, we require the queries, or rather

their basic graph patterns, to be connected. Two triple patterns are considered

connected in our framework if they share a term appearing as subject or object

in both triple patterns. This is done because we are comparing entities using the

information about them in an RDF graph, which essentially means the triples that

lie in the immediate “neighbourhood” of each entity in the graph. Whenever we

evaluate a comparison query, we want all parts of the query to match data that is

relevant to the entities under consideration, not random parts of the graph. For

example, when using Gmov we may be interested in persons that won both an Oscar

and an Emmy (a connected query), whereas a pattern than matches directors who

won an Oscar, and all movies of Harvey Keitel (not a connected query) is of little use.

The remainder of this chapter is structured as follows: in Section 4.1 we introduce

all main definitions of the entity comparison framework, and in Section 4.2 we study

the complexity of basic types of comparison queries.

4.1 Main Definitions

We start by formalising similarities. Given two entities in a graph, we view a simi-

larity as a query having both entities as answers.

Definition 9. A query Q is a similarity query (SQ) for entities a and b in an RDF

graph G if {a, b} ⊆ [Q]G.

For instance, the following queries Q1–Q3 are similarity queries for Tarantino
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and Scorsese in our example graph Gmov:

Q1 = Select ?X Where {(?X,wonPrize,Academy Award)};

Q2 = Select ?X Where {(?X, hasGender ,male),

(?X,wonPrize,Academy Award)};

Q3 = Select ?X Where {(?X, directed, ?Y ), (?X, actedIn, ?Y ),

(H Keitel, actedIn, ?Y )}.

These similarity queries can be interpreted as follows: Q1 says that both Scorsese

and Tarantino received an Academy award, whereas Q2 additionally states that they

are both male; in turn, Q3 states that both are directors who acted in their own

movies, in which Harvey Keitel was also part of the cast.

We next formalise the notion of a difference. Intuitively, given two entities in an

RDF graph, a difference is a query having one of the entities as answer, but not the

other.

Definition 10. A query Q is a difference query (DQ) for an entity a relative to an

entity b in an RDF graph G if a ∈ [Q]G but b 6∈ [Q]G.

For instance, the following queries Q4–Q5 are difference queries for Scorsese rel-

ative to Tarantino in Gmov. Note that unlike SQ, the notion of a difference query

is asymmetric: a DQ for a relative to b cannot be a DQ for b relative to a. An

immediate consequence is that the sets of DQs for each entity relative to the other

one are non-overlapping.

Q4 = Select ?X Where {(?X,marriedTo, ?Y )};

Q5 = Select ?X Where {(?X,wonPrize,Academy Award),

(?X,wonPrize,Emmy Award)}.

50



Chapter 4. Entity Comparison Framework

As we can see from the aforementioned examples, there may be multiple (even

infinitely many) similarity and difference queries for a given pair of entities. Some of

them are, however, more informative than others. In the case of similarity queries,

it is natural to expect more specific queries to be more informative; for instance,

it is natural to prefer our example query Q2 over Q1 since it better differentiates

Tarantino and Scorsese from other directors, by ruling out those who won an Emmy

but are female. In contrast, in the case of difference queries it is natural to favour

more general queries over more specific ones; for instance, Q4 is more informative

than the following query Q6 since it conveys the information that Scorsese is married,

but Tarantino is not (or at least not known to be):

Q6 = Select ?X Where {(?X,marriedTo, I Rossellini)}.

There exists a formal way of measuring the relative specificity/generality of

queries – using query subsumption. We now define the notions of most informa-

tive similarity and difference queries formally, using subsumption.

Definition 11. Query Q is a most specific similarity query (MSSQ) for a and b in

G if Q is a SQ for a and b in G, and there is no SQ Q′ for a and b in G such that

Q′ ⊂ Q.

As an example, consider the following query, which is subsumed by the SQs

Q1–Q3; it can be checked that it is an MSSQ for Scorsese and Tarantino in Gmov:

Q7 = Select ?X Where {(?X, hasGender ,male),

(?X,wonPrize,Academy Award), (?X,wonPrize,Golden Globe Award),

(?X, actedIn, ?Y ), (?X, directed, ?Y ), (H Keitel, actedIn, ?Y ), Gmov}.

Note that the query Q7 contains in its basic graph pattern P7 triple patterns that
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correspond to all triples from Gmov. For brevity, we denote them by Gmov.

We will show in Chapter 5 that while there can exist multiple MSSQs for the

given entities and a graph that are syntactically different, they all are unique modulo

query equivalence. Intuitively, given two similarity queries Q and Q′ for the same

pair of entities, their conjunction is also a similarity query that is more specific than

both of them. Indeed, a query Q8 = Select ?X Where P7 ∪ {(?X, actedIn, ?Z)}

is also an MSSQ but it is equivalent to Q7.

The notion of MSSQ relies on query subsumption, which is a data-independent

relationship between queries. It would clearly also make sense to look for similarity

queries that are as discriminating for input entities a and b as possible over the

specific input graph G at hand—that is, those similarity queries that return only a

and b as answers when evaluated over G.

Definition 12. A query Q is an exact similarity query (ESQ) for entities a and b

in a graph G if {a, b} = [Q]G.

For instance, queries Q1–Q2 are not only SQs, but also ESQs in the example

graph Gmov because Tarantino and Scorsese are the only film directors represented in

the graph. However, as already discussed, these queries are not MSSQs because they

are not minimal with respect to subsumption. Furthermore, if we were to consider

the whole of YAGO instead of our example excerpt, queries Q1–Q2 would certainly

no longer be ESQs since YAGO contains many other film directors, including those

that received the Academy awards. So, MSSQs and ESQs are incomparable in

general. However, as we will see in Chapter 5, there is still a connection between

the two types of queries.

Finally, we can define the most informative difference queries using the notion

of query subsumption, analogous to the most informative similarity queries.

Definition 13. Query Q is a most general difference query (MGDQ) for a relative
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Figure 10: Example graph G

to b in G if Q is a DQ for a relative to b in G, and there is no DQ Q′ for a relative

to b in G such that Q ⊂ Q′.

Unlike MSSQs, most general difference queries do not have the uniqueness prop-

erty: for two entities in an RDF graph there may exist multiple MGDQs. For

example, both query Q4 and the following query Q9 are both MGDQs for Scorsese

relative to Tarantino, incomparable with respect to subsumption:

Q9(X) = Select ?X Where {(?X, ?Y,Emmy Award)}.

Moreover, in some cases the number of MGDQs is even infinite, and the size of

MGDQs is not bound by the size of the input RDF graph or any other parameter.

Consider an example in Figure 10. There exist infinitely many MGDQs for a relative

to b in G of the form Select ?X Where P , where the basic graph patterns are of

the form:

{(?X, ?R1, a)},

{(?X, ?R1, ?Y1), (?Y1, ?R2, a)},

{(?X, ?R1, ?Y1), (?Y1, ?R2, ?Y2), (?Y2, ?R3, a)},

{(?X, ?R1, ?Y1), (?Y1, ?R2, ?Y2), (?Y2, ?R3, ?Y3), (?Y3, ?R4, a)},

etc.

While there is no unique MGDQ for the given input, we cannot exhaustively list

all MGDQs either. Moreover, as we will see in the next sections, difference queries
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are computationally harder than similarity queries, and MGDQs are expected to be

harder than MSSQs. Therefore, it is unlikely to get tractable results for MGDQs.

In this thesis we are going to focus on one type of most informative comparison

queries, namely on MSSQs.

So far we only used the examples without arithmetic filter conditions. However,

many real-world datasets and resources contain rich numeric information: prices,

sizes, technical parameters, etc. Consider a dataset in Table 2 with a typical side-

by-side comparison of two models of iPhone; for brevity we present it in tabular

form, but the dataset can straightforwardly be converted into the RDF format. It

would be useful to be able to handle similarities and differences over all numeric

values from the dataset.

iPhone SE iPhone 5s
Camera 12MP 8MP
Bluetooth 4.2 4.0
RAM 2Gb 1Gb
Battery 1642 mAh 1560 mAh

Table 2: Example comparison of two models of iPhone

Without arithmetic comparisons it is still possible to compute similarity and

difference queries for iPhone SE and iPhone 5s, however such queries would be quite

uninformative. For instance, an MSSQ would express the fact that for both smart-

phone models there is some information available about their cameras, bluetooth,

RAM and battery:

Qsim = Select ?X Where {(?X, camera, ?Y ), (?X, bluetooth, ?Z),

(?X, ram, ?W ), (?X, battery, ?V )}.

Difference queries, on the other hand, state the exact parameter values for RAM,
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battery, etc., thus simply reciting the information from the dataset in Table 2:

QSE = Select ?X Where {(?X, camera, 12MP ), (?X, bluetooth, 4.2),

(?X, ram, 2Gb), (?X, battery, 1642mAh)},

Q5s = Select ?X Where {(?X, camera, 8MP ), (?X, bluetooth, 4.0),

(?X, ram, 1Gb), (?X, battery, 1560mAh)}.

Hence, without the AFCs the entity comparison framework generates rather

uninformative similarity and difference queries which are arguably suboptimal in

terms of readability, as compared to tabular representation. On the other hand,

adding AFCs to the query language solves both the problem. A possible similarity

query in the extended language would look as follows:

Q′sim = Select ?X Where {(?X, camera, ?Y ), (?X, bluetooth, ?Z),

(?X, ram, ?W ), (?X, battery, ?V )}

Filter { ?Y ≥ 8MP, ?Y ≤ 12MP,

?Z ≥ 4.0, ?Z ≤ 4.2,

?W ≥ 1Gb, ?W ≤ 2Gb,

?V ≥ 1560mAh, ?V ≤ 1642mAh },

and possible difference queries would be:

Q′SE = Select ?X Where {(?X, camera, ?Y ), (?X, ram, ?Z)}

Filter { ?Y ≥ 9MP, ?Z ≥ 2Gb},

Q′5s = Select ?X Where {(?X, camera, ?Y ), (?X, ram, ?Z)}

Filter { ?Y ≤ 8MP, ?Z ≤ 1Gb}.
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We have now introduced the entity comparison framework and the five types of

comparison queries: SQs, ESQs, DQs, MSSQs and MGDQs. We conceptually divide

them into two groups: the basic comparison queries, consisting of SQs, ESQs, and

DQs, and the most informative comparison queries, i.e., MSSQs and MGDQs. In

the next section we are going to study the complexity of the basic comparison queries

and establish some fundamental relationships between different types of queries.

4.2 Complexity of Basic Comparison Queries

When talking about the complexity of comparison queries, we are going to focus

on two main decision problems Exists X and Verify X , where X ranges over

all basic and most informative comparison queries, i.e., SQs, DQs, ESQs, MSSQs

and MGDQs. Each problem exists in two versions: for queries without arithmetic

filter conditions,1 and for queries with non-empty arithmetic filter conditions. While

we always specify which version of the problem is being studied, it holds for both

Exists X and Verify X that given a query type, the two versions of the problem

yield the same results, with the exception of Verify MSSQ (see Section 5.2).

Exists X

Input: Entities a and b in an RDF graph G

Question: Does there exist a query of type X for a, b and G?

Verify X

Input: Query Q, entities a and b in an RDF graph G

Question: Is Q a query of type X for a and b in G?

In this section we will study the complexity of the two problems for SQs, DQs and

ESQs. We will see that adding or removing arithmetic comparisons will not affect
1or with empty ones
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the complexity in case of basic queries. However, we will later observe that this is

not the case for MSSQs.

4.2.1 Complexity of Similarity Queries

We start by studying similarity queries. It is not difficult to see that a similarity

query exists, provided the input entities appear at the same position (i.e., subject,

predicate, or object) in the input graph. For example, if both a and b appear

as subjects in some triples in G, the query Select ?X Where {(X, Y, Z)} is a

similarity query for a and b in G. Checking that both entities appear in the same

triple position in a graph can be done using a simple boolean circuit of depth 2.

Therefore, the Exists SQ problem is in AC0 for both query languages, i.e., for

queries with or without the arithmetic filter condition.

The complexity of the verification problem for SQs both with and without the

arithmetic filter conditions can also be shown in a straightforward way. Verifying

whether a given query Q is a similarity query for a and b in G is in fact a variant

of the evaluation problem for conjunctive queries: given a data source G, a unary

query Q and two answers a and b, decide whether {a, b} ⊆ [Q]G. Query evaluation

is known to be NP-complete for CQs and CQs with arithmetic comparisons (see

Section 2.2.4). Therefore, Verify SQ is NP-complete for similarity queries with

and without the arithmetic filter condition.

4.2.2 Complexity of Difference Queries

We now turn our attention to difference queries, and we start by studying the

Exists DQ problem. In contrast to the case of similarity queries, it is unlikely that

there exists a polynomial-time algorithm for computing a difference query. In fact,

we show that the associated decision problem of checking whether a difference query
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exists is coNP-complete. This result stems from a characterization of existence of a

difference query in terms of (non-)existence of homomorphisms. A homomorphism

h between two queries Q and Q′ is a function from term(Q) to term(Q′) such that

IRIs and literals are mapped to themselves, answer variables of Q are mapped to

answer variables of Q′, and for every triple pattern (ts, tp, to) ∈ Q there exists a

triple pattern (h(ts), h(tp), h(to)) ∈ Q′ (see Section 2.3).

Complexity of Exists DQ

We first look at Exists DQ for queries without the arithmetic filter condition. We

introduce a type of basic graph pattern that we call a snapshot graph of the RDF

graph G and a distinguished entity e. Intuitively, for each triple in G there exists one

or more corresponding triple patterns in the snapshot graph that preserve IRIs and

literals, substitute blank nodes with variables, and either preserve or substitute the

distinguished entity with a fresh variable. From such a snapshot graph we are going

to construct two queries of particular shape, and we are going to show the connection

between the existence of a difference query and the non-existence of a homomorphism

between these queries. This connection will be the key step in proving the complexity

of Exists DQ. We start by formally defining the snapshot graph.

Definition 14. A snapshot graph of G and e, denoted Sne(G), is largest basic graph

pattern such that a triple pattern (ts, tp, to) is in Sne(G) if a triple (s, p, o) is in G,

and for each term tc, with c ∈ {s, p, o}, it holds that

tc =



c, if c ∈ U ∪ L \ {e},

?Xc, if c ∈ B,

?X or e, if c = e.

Using Definition 14 we construct two snapshot queries Qa = Select ?X Where
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Sna(G|a) and Qb = Select ?X Where Snb(G) for two entities a and b in G, with

G|a being the connected component of G containing a. The following result holds

for the snapshot queries.

Lemma 1. A difference query for a relative to b in G exists if and only if there is

no homomorphism from Qa to Qb.

Proof. (⇐=). The following properties hold for Qa: it is connected and a ∈ [Qa]G

(witnessed by the satisfying valuation ν = {?X → a} ∪ {?X :c → :c | :c is a blank

node in G|a}). We now prove that b 6∈ [Qa]G. Suppose b ∈ [Qa]G, then there exists a

satisfying valuation µ over var(Qa) s.t. µ(Qa) ⊆ G and µ(?X) = b. But then there

exists a homomorphism h from Qa to Qb:

h(t) =



t, if t ∈ U ∪ L ∪ {?X},

µ(t), if t ∈ var(Qa) \ {?X} and µ(t) /∈ B,

?Xµ(t), if t ∈ var(Qa) \ {?X} and µ(t) ∈ B,

which is a contradiction. Hence, a ∈ [Qa]G, while b 6∈ [Qa]G. Thus, Qa is a difference

query for a relative to b in G.

(=⇒). LetQ be a difference query for a relative to b inG. By definition, a ∈ [Q]G,

while b 6∈ [Q]G. It implies that there is a satisfying valuation µ over var(Q) for Q

in G s. t. µ(Q) ⊆ G and µ(?X) = a. Then there exists a homomorphism h from Q

to Qa:

h(t) =



t, if t ∈ U ∪ L ∪ {?X},

µ(t), if t ∈ var(Q) \ {?X} and µ(t) /∈ B,

?Xµ(t), if t ∈ var(Q) \ {?X} and µ(t) ∈ B.

Now for the sake of contradiction, suppose there is a homomorphism h′ from Qa to
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Qb. Taking the composition of two homomorphisms, we get a new homomorphism

f = h′◦h from Q to Qb (since both h and h′ map IRIs and literals to themselves, map

the answer variable ?X to itself, and map variables to other terms in a structure-

preserving manner). Let f |var(Q) be the restriction of f to the variables in Q. By

construction of the snapshot query Qb it holds that b ∈ [Qb]G, witnessed by the

satisfying valuation µ′ = {?X → b} ∪ {?X :c → :c | :c is a blank node in G}.

But then we can construct a valuation µ′′ = µ′ ◦ f |var(Q) of a query Q for which it

holds that:

- µ′′(?X) = µ′(f(?X)) = µ′(?X) = b, and

- for every triple pattern T from Q: µ′′(T ) = µ′(f(T )) = µ′(T ′) = t for some

triple pattern T ′ from Qb and some triple t ∈ G.

Thus, µ′′ is a satisfying valuation for Q in G mapping the answer variable to b, a

contradiction to the fact that Q is a difference query for a relative to b in G.

Since homomorphism checking is a well-known NP-complete problem [55], the

following result follows.

Theorem 1. The problem Exists DQ of checking whether a difference query with-

out the arithmetic filter condition exists for a relative to b in G is coNP-complete.

Proof. It is known that checking existence of a homomorphism is in NP [55]. To-

gether with Lemma 1 it implies that existence of a difference query can be checked

in coNP. We show the lower bound by reduction of the homomorphism problem

for graphs to the complement of our problem.

Construction:

Let G1 = (V1, E1) and G2 = (V2, E2) be directed unlabelled graphs which we can

assume to be disjoint and connected. We treat elements in V1 and V2 as blank

nodes, and we introduce two fresh blank nodes a and b. We then construct an
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RDF graph G over the set of blank nodes V1 ∪ V2 ∪ {a, b} and IRIs {e, e′}, where

{e, e′} ∩ Vi = ∅, i = 1, 2, as the following set:

G = {(u, e, v) | (u, v) ∈ E1 ∪ E2} ∪ {(a, e′, u) | u ∈ V1} ∪ {(b, e′, v) | v ∈ V2}.

Let Qa and Qb be snapshot queries for a and b in G. It is easy to show that there

exists a homomorphism from G1 to G2 if and only if there is a homomorphism from

Qa to Qb. Lemma 1 implies that this is equivalent to non-existence of a difference

query for a relative to b in G.

Correctness:

First notice that when we construct G, for every vertex v ∈ V1 ∪ V2 we create a

unique blank node :v in G, and we add two more blank nodes a and b. Furthermore,

when we construct the snapshots of G and subsequently the queries Qa and Qb, for

every node in G we create a unique variable. Therefore, we can define two pairs

of bijective functions fa, f−1
a and fb, f−1

b that unambiguously map original vertices

into query variables and back.Finally, let there be two mappings h : V1 → V2 and

g : term(Qa)→ term(Qb) such that:

g(t) =



?X, if t =?X,

t if t ∈ {e, e′},

fb(h(f−1
a (t))), if t ∈ var(Qa) \ {?X}.

All mappings are illustrated in Figure 11.

We claim that h is a homomorphism from G1 to G2 if and only if g is a homo-

morphism from Qa to Qb. Since g maps the answer variable to itself and maps IRIs

to themselves, it remains to prove that (s, p, o) ∈ Qa implies (g(s), g(p), g(o)) ∈ Qb

if and only if (u, v) ∈ E1 implies (h(u), h(v)) ∈ E2.
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Figure 11: Schematic illustration of the mappings h, g, fa, f−1
a , fb and f−1

b

Suppose h is a homomorphism, and (u, v) ∈ E1 implies (u′, v′) ∈ E2 where

u′ = h(u) and v′ = h(v). This holds if and only if (u, e, v), (u′, e, v′) ∈ G with u, v, u′

and v′ blank nodes in G, by constructing of G. This in turn holds if and only

if (?X, e′, ?Xu), (?X, e′, ?Xv), (?Xu, e, ?Xv) ∈ Qa and (?X, e′, ?Xu′), (?X, e′, ?Xv′),

(?Xu′ , e, ?Xv′) ∈ Qb, by construction of the snapshot graphs of G and a or b. Using

the bijective functions, the triple patterns can be rewritten as follows:

(?Xu′ , e, ?Xv′) = (fb(u′), e, fb(v′)) = (fb(h(u)), e, fb(h(v))) =

(fb(h(f−1
a (?Xu))), e, fb(h(f−1

a (?Xv)))),

(?X, e′, ?Xu′) = (?X, e′, fb(u)) = (?X, e′, fb(h(u))) = (?X, e′, fb(h(f−1
a (?Xu)))),

and analogously for (?X, e′, ?Xv′). This is equivalent to saying that for any triple

pattern in Qa of the form (?Xu, e, ?Xv) (resp. (?X, e, ?Xu)) there exists a triple

pattern in Qb of the form (g(?Xu), g(e), g(?Xv)) (resp. (g(X), g(e), g(Xw))), since g is

the identity function on ?X, e and e′. This makes g a homomorphism from Qa to Qb.
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So, Exists DQ is NP-complete for difference queries without the arithmetic

filter conditions (AFC). In what follows we will show that adding AFCs to the

query language does not change the complexity of the existence problems, since a

DQ without the AFC exists for a given input if and only if a DQ with the AFC

exists for this input. One direction of this statement holds trivially since any query

without AFC can be represented as a query with an empty AFC. It remains to prove

the other direction of the statement.

Lemma 2. If a DQ containing AFC exists for entity a relative to entity b in an

RDF graph G, then a DQ without AFC exists for a relative to b in G.

Proof. Let Q be a difference query for a relative to b in G that contains an arithmetic

filter condition: Q = Select ?X Where P Filter C. If C = ∅, the lemma

holds trivially. Assume C is not empty: C = {(?Y1 C n1), . . . , (?Yk C nk)} for

k ≥ 1. Since Q is a DQ, it holds that b /∈ [Q]G, and therefore there is no valuation

according to which b is the answer to Q: @µ : var(Q) → U ∪ L ∪ B such that

µ(?X) = b, µ(P ) ⊆ G, and µ(?Yi) C ni for 1 < i ≤ k. However, since a ∈ [Q]G

there must exist a valuation ν such that ν(?X) = a, ν(P ) ⊆ G, and ν(?Yi) C ni

for 1 < i ≤ k. Let C ′ ⊆ C be a set of all arithmetic comparisons from C containing

some variable ?Yi from C: C ′ = {(?Yi C n1
i ), . . . , (?Yi C nmi )} with m ≤ k. C ′

is consistent with respect to G since there must exist an element e ∈ U ∪ L ∪ B

such that ν(?Yi) = e and e C nji for 1 < j ≤ m. Let Q′ be a new query of the

form Q′ = Select ?X Where P ′ Filter {}, with the basic graph pattern P ′

being computed from P by replacing each occurrence of ?Yi with the element e:

P ′ = P |?Yi→e. It holds that a ∈ [Q]G, since there exists a valuation ν ′ = ν|var(Q′)

such that ν ′(P ′) ⊆ G and ν ′(?X) = a. It remains to prove that Q′ is a DQ for a

relative to b in G, i.e., that b /∈ [Q]G. Suppose b ∈ [Q]G. Then there must exist

a valuation µ′ that witnesses b as an the answer to Q over G: µ′(?X) = b and

µ′(P ′) ⊆ G. But then µ′ ∪ ν|?Yi
would be a satisfying valuation for Q such that
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b ∈ [Q]G, which is a contradiction. Thus, Q′ is a AFC-free difference query for a

relative to b in G.

The following two results immediately follow.

Corollary 1. A DQ Q containing AFC exists for entity a relative to entity b in an

RDF graph G if and only if a DQ Q′ without AFC exists for a relative to b in G.

Theorem 2. The problem Exists DQ of checking whether a difference query with

the arithmetic filter condition exists for a relative to b in G is coNP-complete.

Proof. The upper bound follows from the equi-existence of DQs in the two query

languages. The lower bound can be shown by a trivial reduction of Exists DQ for

queries without AFC.

Complexity of Verify DQ

We now move to the Verify DQ problem of verifying whether a given Q is a

difference query for the given input, and we start with the upper bound.

Lemma 3. The problem Verify DQ of checking whether Q is a difference query

for a relative to b in G is in DP.

Proof. The membership in DP follows easily from the complexity of the existence

problem for similarity queries. Let L1 and L2 be two languages such that L1 =

{(G, a, b,Q) | a ∈ [Q]G} and L2 = {(G, a, b,Q) | b /∈ [Q]G}. Then the language

L = L1 ∩ L2 is exactly the language of difference queries for given inputs. Since L1

is in NP (evaluation problem) and L2 is in coNP (its complement) for queries with

and without the arithmetic filter condition, L is in DP.

For the proof of the lower bound we need to introduce two auxiliary decision

problems over graph homomorphisms. We use the first problem as a stepping stone
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to prove the complexity of the second problem, and we use the reduction of the

second problem to show the lower bound of Verify DQ. We start by formally

defining the two intermediate decision problems.

Definition 15. Given four undirected unlabelled graphs H1, H2, H3 and H4, let

Hom-Nohom be the problem of deciding whether H1 is homomorphic to H2, and

H3 is not homomorphic to H4.

Given three undirected labelled graphs D,D1 and D2 with pairwise disjoint sets of

node labels, let Label-Hom-Nohom be the problem of deciding whether D is ho-

momorphic to D1, but not to D2.

The two aforementioned problems are modifications of the classical graph homomor-

phism problem (or the H-colouring problem) Hom: given two undirected, unlabelled

graphs G and G′, decide whether G is homomorphic to G′. Hell et al. [55] showed

that Hom is NP-complete.

Homomorphism for unlabelled graphs is conventionally defined as a mapping

h from a graph G = (V,E) to a graph G′ = (V ′, E ′) such that for every edge

{u,w} ∈ E it holds that {h(u), h(w)} ∈ E ′ (see Section 2.3). Homomorphism for

labelled graphs is defined as a pair of functions (hv, hl), one for graph vertices and

the other for vertex and edge labels: given two graphs G = (V,E) and G′ = (V ′, E ′)

and their labelling functions l and l′, there is a homomorphism (hv, hl) from G

to G′, if for each {u,w} ∈ E there exists an edge {hv(u), hv(w)} ∈ E ′ such that

hl(l(u)) = l′(hv(u)), hl(l(w)) = l′(hv(w)), and hl(l({u,w})) = l({hv(u), hv(w)}).

We first prove hardness results for the two auxiliary problems.

Lemma 4. The Hom-Nohom problem is DP-hard.

Proof. In order to prove hardness, we need to show that there is a polynomial-time

reduction R of an arbitrary problem L in DP to Hom-Nohom: L ≤p Hom-Nohom.
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Since L ∈ DP, it holds that there exist two languages L1, L2 s.t. L = L1 ∩ L2,

L1 ∈ NP and L2 ∈ coNP. Since Hom is NP-complete, there exists a reduction

r1 : L1 ≤p Hom such that x ∈ L1 ↔ (r1(x) = 〈H1, H2〉) ∈ Hom for some undirected

unlabelled H1, H2. Similarly, Nohom is the complement of Hom, hence it is coNP-

complete, hence there exists a reduction r2 : L2 ≤p Nohom such that x ∈ L2 ↔

(r2(x) = 〈H3, H4〉) ∈ Nohom for some H3, H4. Hence, L ≤p Hom-Nohom by the

reduction r := (r1, r2).

Lemma 5. The Label-Hom-Nohom problem is DP-hard.

Proof. The proof is by reduction of Hom-Nohom. Given (H1, H2, H3, H4) ∈ Hom-

Nohom, construct an input to Label-Hom-Nohom in polynomial time as follows:

· label each node in H1, . . . , H4 with a unique node label;

· label each edge in H1 and H2 with an edge label R;

· label each edge in H3 and H4 with a edge label S;

· let D be the union of labelled graphs H1 and H3;

· let D1 be the union of labelled graphs H2 and H3;

· let D2 be the union of labelled graphs H1 and H4.

Figure 12: Schematic illustration of the reduction of Hom-Nohom

Parts of D and D1 corresponding to H3 are trivially homomorphic. Therefore,

D is homomorphic to D1 iff the part of D corresponding to H1 is homomorphic

to the part of D1 corresponding to H2, i.e., iff there is a homomorphism between
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the original graphs H1 and H2. Parts of D and D2 corresponding to H1 are also

trivially homomorphic. Then D is not homomorphic to D2 iff the part of D cor-

responding to H3 is not homomorphic to the part of D2 corresponding to H4, i.e.,

iff the original H3 is not homomorphic to H4. Note that other mappings are not

possible, i.e., the part of D corresponding to H1 cannot be homomorphic to the part

of D1 corresponding to H3 since the two parts have different edge labelling. There-

fore (H1, H2, H3, H4) ∈ Hom-Nohom iff (D,D1, D2) ∈ Label-Hom-Nohom, and

hence Label-Hom-Nohom is DP-hard.

We are now ready to prove hardness of the verification problem for difference

queries without the arithmetic filter conditions.

Lemma 6. The problem Verify DQ of checking whether Q is a difference query

without AFC for a relative to b in G is DP-hard.

Proof. The proof is by reduction of Label-Hom-Nohom. The idea of the reduction

is, given the input graphs D,D1, D2 and their labelling functions l, l1, l2, to first

introduce two new nodes with labels a and b, then to convert D1 and D2 together

into one RDF graph, then to covert D into a query and finally to check whether it

is a difference query for a relative to b. In particular, we do the following steps.

1. Introduce a fresh node labelled a to D1, connecting it to each node in the

graph, except to itself, with an edge labelled r. Repeat the same step with D2

and a fresh node labelled b.

2. Take the union of D1 and D2 and convert it into an RDF graph G by turning

each edge {v, u} ∈ E(Di) into two triples (li(v), li({v, u}), li(u)) and (li(u),

li({u, v}), li(v)), for i ∈ {1, 2} .

3. Introduce a fresh node labelled X to D, connecting it to each node in the

graph, except to itself, with an edge r.
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4. Generate a query Q = Select ?X Where P Filter {} from the graph D by

adding 2 triple patterns (?Xl(v), ?Xl({v,u}), ?Xl(u)) and (?Xl(u), ?Xl({v,u}), ?Xl(v))

to P for each edge {v, u} ∈ E(D), where ?Xi’s are variables. Node labelled X

is translated into the variable ?X. Note that the resulting query is connected,

since the node labelled X is connected to every other node in the original

graph D.

Then (D,D1, D2) ∈ Label-Hom-Nohom iff Q is a difference query for a relative

to b in G. Hence, the difference query checking problem is DP-hard.

Theorem 3. The problem Verify DQ of checking whether Q is a difference query

for a relative to b in G is DP-complete.

Proof. Completeness for difference queries without arithmetic filter conditions fol-

lows directly from Lemmas 3 and 6. Lower bound of the verification problem for

DQs with AFCs can be shown by trivial reduction of that for DQs without AFCs.

Together with Lemma 3 this makes Verify DQ DP-complete for all types of dif-

ference queries.

To sum up, problems involving difference queries are inherently more difficult

than those involving similarity queries: verifying a similarity query is an NP-

complete task, while verifying a difference query is a DP-complete task, and checking

whether a query exists can be trivially done in AC0 for similarity queries, while the

problem is coNP-complete for difference queries.

4.2.3 Complexity of Exact Similarity Queries

Lastly, we are going to study the complexity of exact similarity queries, again con-

sidering queries with and without the arithmetic filter conditions, and we start with

the Exists ESQ problem. Unlike difference queries, ESQs with and without AFCs
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do not have the equi-existence property. Consider a simple social RDF graph Gsoc

consisting of three triples. It is not possible to construct an ESQ for Anna and Bob

without using arithmetic comparisons; as a result, both Q10 are similarity queries,

but only Q11 is an ESQ for the two entities in Gsoc.

Gsoc = {(Anna, age, 26),
(Bob, age, 27),
(Carla, age, 32)}

Q10 = Select ?X Where {(?X, age, ?Y )}
Q11 = Select ?X Where {(?X, age, ?Y )}

Filter {(?Y ≤ 27)}

The problem of deciding whether an ESQ exists for the given input is coNP-

complete for queries with and without AFCs. In this chapter we are going to include

the hardness result, leaving the membership proof to Chapter 5. Once we study the

complexity of MSSQs, the proof of the upper bound of Exists ESQ will follow

naturally.

Theorem 4. The problem Exists ESQ of checking whether an exact similarity

query exists for a and b in G is coNP-hard.

Proof. The lower bound is obtained by reduction of the coNP-complete problem

of checking whether there exists a difference comparison-free query Q for an entity

a relative to an entity b in an RDF graph G. The reduction goes as follows: given

G, a, and b as an instance to the difference existence problem, consider the graph

G′ = G∪{(a, r, c), (b, r, c)} for fresh entities r and c not occurring in G. Then there

exists a difference query for a relative to b in G if and only if there exists an ESQ

for a and a in G′, i.e., an ESQ for the entity a and its copy in G′.

(=⇒) Let Q = Select ?X Where P Filter C be a difference query for

a relative to b in G. Then there must exist a valuation µ over var(P ) such that

µ(?X) = a, µ(P ) ⊆ G, and all arithmetic comparisons from C are satisfied by µ. Let

Q′ = Select ?X Where P ′ Filter C be a query obtained from Q by adding one

more triple pattern to P : P ′ = P ∪ {(?X, r, c)}; note that var(P ) = var(P ′). Then
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the valuation µ also satisfies Q′ over G′, since µ(P ∪ {(?X, r, c)}) ⊆ G∪ {(a, r, c)}.

Moreover, any other valuation that satisfies Q′ over G′ must map ?X either to a

or to b, by construction of Q′ and G. But we know that no valuation over var(P )

satisfying Q over G maps ?X to b, hence no valuation satisfying Q′ over G′ will

either. Thus, a is the only answer to Q′ over G′, or alternatively Q′ is an ESQ for

a and a in G′.

(⇐=) Let Q′ = Select ?X Where P ′ Filter C ′ be an ESQ for a and a in

G′. Then there must exist a valuation µ satisfying Q′ over G′ with µ(?X) = a,

and no valuation satisfying Q′ over G′ that maps ?X to b. Let V = {?V1 . . .?Vk}

be all the variables in var(Q′) such that µ(?Vi) = r or µ(?Vi) = c, for 1 ≤ i ≤

k. Finally, let P ′′ ⊆ P ′ be a set of all triple patterns in P ′ containing variables

from V . Then µ(P ′′) ⊆ {(a, r, c), (b, r, c)} and µ(P ′ \ P ′′) ⊆ G′ \ {(a, r, c), (b, r, c)}.

Since G′ \ {(a, r, c), (b, r, c)} = G, then µ(P ′ \ P ′′) ⊆ G. Note that P ′ \ P ′′ is

not empty, otherwise Q′ would have b as one of its answers over G′. Let Q =

Select ?X Where P Filter C be a new query obtained from Q′ by removing

from P ′ all triple patterns in P ′′ (P = P ′\P ′′) and by removing from C ′ all arithmetic

comparisons containing variables in V . The valuation µ satisfies Q over G, hence a

is an answer to Q over G. We claim that Q is a difference query for a relative to

b in G. Suppose this is not the case, i.e., b is also an answer to Q over G. Then

there must be a valuation µ′ satisfying Q over G such that µ′(?X) = b. Then let

µ′′ be another valuation obtained from µ and µ′: µ′′ = µ′ ∪ µ | V . By construction

µ′′(?X) = b and µ′′(P ′) ⊆ G′, which makes Q′ not an ESQ. This is a contradiction,

hence Q is a difference query for a relative to b in G.

The above proof work equally fine for both queries with empty and non-empty

arithmetic filter conditions C and C ′, therefore the Exists ESQ problem is coNP-

hard both for comparison-free ESQs and ESQs with comparisons.

We conclude this chapter with the complexity of the ESQ verification problem.
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The lower bound is once again proven by reduction of the corresponding verification

problem for DQs. In fact, difference and exact similarity queries are similar in

nature: both types of queries imply that there exist certain valuations but not the

other ones.

Theorem 5. The problem Verify ESQ of checking whether Q is an exact simi-

larity query for a and b in G is DP-complete.

Proof. To establish the upper bound, we use the query evaluation problem, which

is in NP for queries with or without AFCs. Given two entities a and b, an RDF

graph G and a query Q, consider a non-deterministic algorithm that checks in NP

that both input entities are answers to the query on the input graph, and checks in

coNP that there are no other answer. The algorithm then decides whether Q is an

ESQ for a and b in G, hence the problem is in DP.

The lower bound is obtained by reduction of the verification problem for comparison-

free difference queries, which is now proven to be DP-hard. The reduction is

similar to the one presented in the proof of Theorem 4: let G, a, b and Q =

Select ?X Where P Filter {} be an instance of the difference verification prob-

lem. Moreover, let r be a fresh entity and :c and :d be fresh blank nodes in G,

and ?Y be a fresh variable in Q.

· In polynomial time check whether there exists a triple in G with the entity a

as a subject. If yes, construct an RDF graph G′ = G ∪ {(a, r, :c), (b, r, :d)}

and a query Q′ = Select ?X Where P ∪ {(?X, r, ?Y )} Filter {}.

· Otherwise check whether there exists a triple in G with the entity a as an

object. If yes, construct an RDF graph G′ = G ∪ {( :c, r, a), ( :d, r, b)} and a

query Q′ = Select ?X Where P ∪ {(?Y, r, ?X)} Filter {}.

· Otherwise return the answer no, since there does not exist a query for which

a is an answer in G.
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Then Q is a difference query for a relative to b in G if and only if Q′ is an ESQ for

a and a in G′. Observe that this reduction establishes the lower bound for queries

with and without the arithmetic filter condition.

(=⇒) Without loss of generality assume that there exists a triple in G with

the subject entity a. Let Q = Select ?X Where P ′ Filter {} be a difference

query for a relative to b in G, with P ′ = P ∪ {(?X, r, ?Y )}. Then there must

exist a valuation µ satisfying Q over G such that µ(?X) = a and µ(P ) ⊆ G. But

then µ(P ′) = µ(P ∪ {(?X, r, ?Y )}) ⊆ G ∪ {(a, r, :c)} ⊆ G′. Therefore a is an

answer to Q′ over G′. Moreover, we know that there does not exist a valuation

µ′ satisfying Q over G such that µ′(?X) = b (premise). Therefore, if a valuation

µ′ maps ?X to b, then µ′(P ) * G (since the filter condition is empty). Suppose

there exists a satisfying valuation µ′′ for Q′ over G′ such that µ′′(?X) = b. Then

µ′′(P ′) = µ′′(P ∪{(?X, r, ?Y )}) = µ′′(P )∪µ′′({(?X, r, ?Y )}) = µ′(P )∪{(b, r, :d)} *

G ∪ {(b, r, :d)} ⊆ G′. Thus µ′′(P ′) * G′, and b cannot be an answer to Q′ over G′.

But since {(?X, r, ?Y )} enforces any valuation to map ?X either to a or to b in G′,

a is the only answer to Q′, and Q′ is an ESQ for a and a in G′.

(⇐=) Without loss of generality assume that there exists a triple (a, e1, e2) in

G with the entity a as the subject and with an entity e1 and an entity or a blank

node e2. Let Q′ = Select ?X Where P ′ Filter {} be an ESQ for a and a in

G′. Then there must exist a valuation µ satisfying Q′ over G′ with µ(?X) = a and

µ(P ′) ⊆ G′.

Claim. Let G,G′, Q,Q′, a and b be as defined above. If Q′ is an ESQ for a and a

in G, then there must exist a valuation µ satisfying Q′ over G′ such that µ(?X) = a

and µ(P ′) ⊆ G′, but also µ(P ) ⊆ G, with P ′ = P ∪ {(?X, r, ?Y )}.

Proof. Suppose this is not the case. Then for any valuation ν there must exist a

triple pattern t ∈ P such that ν(t) ⊆ G′ \ G = {(a, r, :c), (b, r, :d)}. Since r is an
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SQ ESQ DQ
Exists X in AC0 coNP-c. coNP-c.
Verify X NP-c. DP-c. DP-c.

Table 3: Complexity of Verify X and Exists X problems for the three basic types
of queries in the framework, where c. denotes complete

entity not appearing in G, the triple pattern t can be of one of the following forms:

(a, ?R, ?V ), (b, ?R, ?V ), (?X, ?R, ?V ) or (?V ′, ?R, ?V ). But then it can be mapped

to another triple (a, e1, e2) from G, which is a contradiction.

Let ν the valuation that satisfies Q′ over G′, maps ?X to a and ν(P ) ⊆ G. Then

ν satisfies Q over G, and hence a is an answer to Q over G. Since Q′ has only

one answer a over G′, there does not exist a valuation µ′ such that it satisfies Q′

over G′ and maps ?X to b. It implies that if µ′(?X) = b, then µ′(P ′) * G′ (the

filter condition of Q′ is empty). Suppose that there exists a valuation µ′′ satisfying

Q over G: µ′′(?X) = b and µ′′(P ) ⊆ G. Then µ′′(P ) = µ′′(P ′ \ {(?X, r, ?Y )}) =

(since r is not in G) = µ′′(P ′) \ µ′′({(?X, r, ?Y )}) = µ′′(P ′) \ {(a, r, :c), (b, r, :d)} *

G′\{(a, r, :c), (b, r, :d)} = G. Hence, no valuation satisfying Q over G and mapping

?X to b exists, and b is not an answer to Q over G. Therefore, Q is a difference

query for a relative to b in G.

4.2.4 Overview of the Results

In this chapter we introduced the main notions of the entity comparison framework

and illustrated them using a running example from the movie domain. We stud-

ied the complexity of two fundamental types of decision problems – existence and

verification – for the three basic types of queries: similarity, exact similarity and

difference queries. In case of basic comparison queries the complexity results are

the same for queries with and without the arithmetic filter conditions, and they are

summarised in Table 3. Moreover, we showed that multiple similarity and difference
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queries for the same two entities in a graph can be partially ordered using the sub-

sumption relation, and that such ordering produces two new types of queries that

we consider to be the most informative ones. In the following two chapters we will

focus on most specific similarity queries, and we will study their properties, their

complexity (which this time will be different for the two query languages), and we

will propose ways of efficiently computing them.
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Most Specific Similarity Queries

In this chapter we are going to study the first type of the most informative com-

parison queries — most specific similarity queries, or MSSQs. MSSQs are similarity

queries for the two given entities in an RDF graph that are minimal with respect

to subsumption. They represent the most comprehensive graph pattern that corre-

sponds to both input entities, and thus finding MSSQs is one of the key problems

of our entity comparison framework.

5.1 Computing MSSQs

In this section, we present an algorithm that computes an MSSQ, if one exists, and

reports failure otherwise. The algorithm has an optional part that is responsible for

dealing with arithmetic comparisons; without this part, the algorithm produces a

comparison-free MSSQ, while adding this part allows the algorithm to compute an

MSSQ with the arithmetic filter condition. We also show how a simple modification

of this algorithm can be used for computing an ESQ, which we use to show the

upper bound of the Exists ESQ problem discussed in Chapter 4.

Our algorithm relies on the notion of the (tensor) product graph, which is com-
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monly exploited in Graph Theory and in Databases (under the name of direct prod-

uct [115]). Given two RDF graphs G1 and G2, the product G1 × G2 is a graph

whose vertex set is the cartesian product of the vertices of G1 and G2, and where

two vertices in the product graph are connected by an edge if and only if their com-

ponent elements are also related by an edge in the original graph. We next adapt

the standard notion of product to RDF graphs.

Definition 16. Given triples τ1 = (s1, p1, o1) and τ2 = (s2, p2, o2), the product of

τ1 and τ2, denoted τ1 × τ2, is the tuple of the form

(〈s1, s2〉, 〈p1, p2〉, 〈o1, o2〉).

The product graph G1 ×G2 of two RDF graphs G1 and G2 is the set

{τ1 × τ2 | τ1 ∈ G1, τ2 ∈ G2}.

For example, the self-product Gmov×Gmov of our example graph Gmov introduced

on page 44 contains tuples such as the following:

(〈Q Tarantino,M Scorsese〉, 〈wonPrize,wonPrize〉, 〈Palme d ′Or ,Emmy Award〉),

which is the product of triples (Q Tarantino,wonPrize,Palme d ′Or) and

(M Scorsese,wonPrize,Emmy Award). Intuitively, given entities a, b and an RDF

graph G, the connected subgraph of the product G × G of G with itself represents

the “largest common pattern” in the neighbourhoods of a and b. Next we are going

to use the notion of the product graph in the computation of an MSSQ.

Algorithm Compute MSSQ (given in Algorithm 1) accepts as input a graph

G, and entities a and b in G. First it computes the product graph G × G (line 1)

and checks whether the node 〈a, b〉 occurs in some tuple in G×G (line 2). If it does
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Algorithm 1: Compute MSSQ
Input: graph G, entities a and b in G
Output: MSSQ for a and b in G, or fail

1 compute G×G;
2 if 〈a, b〉 is not in a tuple in G×G then
3 return fail;
4 compute the connected component G× of 〈a, b〉 in G×G;
5 let P be the pattern obtained from G× by replacing each pair 〈c1, c2〉 with

either variable ?Xc1,c2 , if c1 6= c2 or c1 ∈ B, or with c1 otherwise;
6 if a = b then
7 add to P all triple patterns obtained from triple patterns already in P

by replacing at least one occurrence of a with ?Xa,a;
8 create an empty set C;
9 (optional) let C be {(?Xn1,n2 ≤ max(n1, n2)), (?Xn1,n2 ≥ min(n1, n2)) |

?Xn1,n2 ∈ var(P ); n1, n2 ∈ Z};
10 return Select ?Xa,b Where P Filter C.

not, then the algorithm determines that a similarity query, and hence an MSSQ,

for a and b in G does not exist, and reports failure (line 3). In contrast, if 〈a, b〉

occurs in the product graph G × G, then the algorithm computes the connected

component G× of 〈a, b〉 in the product graph (line 4). Note that G× is computed

in a graph-like manner, i.e., two tuples are deemed connected if they share the

first or the third “vertex” component. Then the algorithm constructs the output

query based on it (line 10). Specifically, it computes the pattern P in the query

by replacing each element of a product triple in G × G with either a constant or

a variable uniquely associated with the element (lines 5–7). Finally, in case we are

computing an MSSQ with arithmetic comparisons, the algorithm also performs an

additional step of computing the filter condition C by adding suitable inequalities for

those variables representing pairs of numeric literals in the product graph (optional

line 9). Alternatively, if we are computing a comparison-free MSSQ, the value of C

is set to an empty set (line 8).

Let us demonstrate how the Compute MSSQ algorithm works on a simple

RDF graph Gtwi from Figure 13 representing who follows who on a social network.
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Anna Bob

Carla Dan

follows

follows follows

Figure 13: Example graph Gtwi

Suppose Compute MSSQ takes as input Gtwi and two entities Anna and Bob.

First the algorithm computes the product graph of Gtwi with itself which is

{(〈Anna,Bob〉, 〈follows, follows〉, 〈Carla,Dan〉),

(〈Anna,Bob〉, 〈follows, follows〉, 〈Bob,Dan〉),

(〈Anna,Anna〉, 〈follows, follows〉, 〈Bob, Carla〉),

(〈Anna,Anna〉, 〈follows, follows〉, 〈Carla, Bob〉),

(〈Bob,Anna〉, 〈follows, follows〉, 〈Dan,Carla〉),

(〈Bob,Anna〉, 〈follows, follows〉, 〈Dan,Bob〉)}.

The tuple 〈Anna,Bob〉 is clearly present in the product graph, hence the algorithm

proceeds to the next step and computes the connected component of the product

graph, consisting of two tuples (〈Anna,Bob〉, 〈follows, follows〉, 〈Carla,Dan〉) and

(〈Anna,Bob〉, 〈follows, follows〉, 〈Bob,Dan〉), and then translates it into a graph

pattern P = {(?XAnna,Bob, follows, ?YCarla,Dan), (?XAnna,Bob, follows, ?YBob,Dan)}.

Since there are no numeric values in the input graph, the arithmetic filter condition

C is assigned an empty set. Finally the output query Select ?XAnna,Bob Where P

Filter C is constructed.

Clearly, the algorithm works in polynomial time. In particular, its most com-

putationally expensive step is getting the product graph G×G, which is quadratic

in the size of G, hence computing an MSSQ both with and without the arithmetic

filter conditions can be done in polinomial time. Correctness is established by the
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following theorem.

Theorem 6. Compute MSSQ is a quadratic time procedure that returns an MSSQ

for its input entities and graph, if it exists, or fail otherwise.

Proof. First, as already mentioned, all steps can be done in quadratic time.

Second, recall that a similarity query of entities a and b in a graph G exists if

and only if both a and b appear in the same position in triples in G, which happens

precisely when 〈a, b〉 appears in a tuple in G × G by construction. So, if Com-

pute MSSQ returns fail in line 3 then there is no MSSQ for a and b.

Third, let us prove that the output query Q is a similarity query for a and b in

G such that any similarity query Q′ for a, b and G is homomorphically embeddable

into Q. We first show that {a, b} ⊆ [Q]G. Define two valuations over var(Q), ν1

and ν2, as follows: for every variable ?X〈c,c′〉 in Q it holds that ν1(?X〈c,c′〉) = c

and ν2(?X〈c,c′〉) = c′. We now show that G satisfies Q under both ν1 and ν2.

Let (?X〈s1,s2〉, ?X〈p1,p2〉, ?X〈o1,o2〉) be in Q, then it follows by definition of Q that

(〈s1, s2〉, 〈p1, p2〉, 〈o1, o2〉) ∈ G × G. By construction of G × G we know that both

(s1, p1, o1) and (s2, p2, o2) ∈ G. We then obtain that by definition of ν1 and ν2:

(νi(?X〈s1,s2〉), νi(?X〈p1,p2〉), νi(?X〈o1,o2〉))) ∈ G, for i = 1, 2. Hence, ν1 and ν2 are

satisfied for Q in G. We have ν1(?X〈a,b〉) = a and ν2(?X〈a,b〉) = b. Therefore,

{a, b} ⊆ [Q]G.

Let Q′ be an arbitrary similarity query for a and b. There are two satisfying

valuations ν1 and ν2 over var(Q′) for Q′ in G that map the answer variable ?X of Q′

to a and b respectively. We define ν(?Y ) = 〈ν1(?Y ), ν2(?Y )〉 for ?Y a variable and

ν(e) = 〈e, e〉 for e an entity. Since Q′ is connected and ν(?X) = 〈a, b〉, the image of

Q′ under ν is a connected subgraph in G × G, and thus is contained in G×. Since

G× and Q are isomorphic, ν can be considered as a homomorphism from Q′ to Q.

It is a well-known result that such a homomorphism guarantees that Q ⊆ Q′ [25].

Therefore, the algorithm returns a comparison-free MSSQ (with the filter condition
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C being empty), if the optional step in line 9 is omitted. Finally, if the step in

line 9 is to be performed, the algorithm additionally computes the filter condition

C which contains arithmetic comparisons for all possible numeric variables in the

pattern P , and these comparisons are constrained in the tightest way possible by

the integer values. Hence, Compute MSSQ returns an MSSQ for the languages

with and without the arithmetic comparisons.

As we have discussed in Chapter 4, there can be multiple syntactically different

MSSQs for a pair of entities in a graph. We next show, however, that MSSQs are

unique modulo equivalence, i.e., if Q and Q′ are MSSQs for a and b in RDF graph

G, then Q ≡ Q′. Intuitively, this is the case because the conjunction of similarity

queries is also a similarity query.

Proposition 1. MSSQs are unique up to equivalence.

Proof. Let a and b be entities in a graph G. Consider two arbitrary MSSQs Qi =

Select ?X Where Pi Filter Ci, i ∈ {1, 2}, for a and b in G. Then the query

Q = Select ?X Where P1 ∪ P2 Filter C1 ∪ C2

is a similarity query, and it is more specific than both Q1 and Q2. Note that P1∪P2 is

connected because P1 and P2 are both connected, and both mention ?X. Therefore,

Q1, Q2, and Q are all equivalent MSSQs.

The uniqueness result for MSSQs helps us establish an important link between

two types of comparison queries, namely MSSQs and ESQs.

Proposition 2. If Q is an MSSQ for entities a and b in a graph G such that

[Q]G 6= {a, b}, then no ESQ for a and b in G exists.

Proof. Let Q′ be an ESQ for a and b in G—that is, Q′ is a similarity query with
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Algorithm 2: Compute ESQ
Input: graph G, entities a and b in G
Output: ESQ for a and b in G, or fail

1 if Compute MSSQ returns fail on a, b and G then
2 return fail;
3 let Q be an MSSQ for a and b in G computed by Compute MSSQ;
4 compute the set [Q]G of all answers to Q over G;
5 if [Q]G = {a, b} then
6 return Q;
7 else
8 return fail.

[Q′]G = {a, b}. So, Q′ is a similarity query that is not subsumed by the MSSQ Q,

which contradicts Proposition 1.

Finally, we next observe that the Compute MSSQ algorithm can be easily

modified to compute an ESQ, if one exists. Indeed, let algorithm Compute ESQ

(given in Algorithm 2) be the same as Compute MSSQ except that it additionally

evaluates the constructed query at the end, and returns the query only if the result

is precisely a, b, and fail otherwise.

Theorem 7. Compute ESQ is a procedure that returns an ESQ for its input

entities and graph if it exists, or fail otherwise.

Proof. If the algorithm returns a query Q, then Q is an ESQ for the input entities a

and b in the input graph G since this is explicitly checked in the last step. Assume

now that the algorithm returns fail; we argue that no ESQ exists. If it returns

fail in line 3, then by the correctness of Algorithm 1 we can conclude that no

similarity query (and hence no ESQ) exists for a and b in G. In turn, if the algorithm

returns fail in the last step, we know that the constructed query Q is not an ESQ.

Furthermore, by the correctness of Algorithm 1, we know that Q is an MSSQ for a

and b in G, so, by Proposition 2, no ESQ exists.
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Using the Compute ESQ algorithm we can finally establish the upper bound of

the Exists SQ problem of deciding whether an ESQ exists for the given input, that

was missing from Chapter 4. Note that the evaluation step in Compute ESQ does

not work in (deterministic) polynomial time for queries neither with, no without

arithmetic comparisons.

Proposition 3. The problem Exists ESQ of checking whether an exact similarity

query exists for a and b in G is in coNP.

Proof. The result follows from the Compute ESQ algorithm: first it computes,

in polynomial time, a candidate query Q, and then universally guesses an entity

different from a and b verifying that it is not an answer to Q. The last can be done

in coNP by usual query evaluation algorithms.

From Proposition 3 and Theorem 4 the next result directly follows.

Corollary 2. The problem Exists ESQ of checking whether an exact similarity

query exists for a and b in G is coNP-complete.

5.2 Complexity of MSSQs

In this section we are going to study the complexity of existence and verification

problems (introduced in Chapter 4) for most specific similarity queries. The correct-

ness of the Compute MSSQ algorithm established by Theorem 6 implies that an

MSSQ is always guaranteed to exist whenever a similarity query exists for the given

input. Furthermore, checking whether a similarity query exists for the given input

can be efficiently done in AC0. From this follows that the problem Exists MSSQ

of checking whether an MSSQ with or without the arithmetic filter condition exists

for two input entities a and b in an RDF graph G is in AC0.
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We now move to the verification problem for MSSQs. Unlike in the case of basic

comparison queries, i.e., SQs, DQs or ESQs, the complexity of verifying that a query

is an MSSQ is different for queries with and without the arithmetic filter conditions.

The difference in complexity stems from the internal containment check that needs

to be done in order to ensure that the input query is indeed an MSSQ for the given

input, i.e., that it is equivalent to the MSSQ computed be the Compute MSSQ

algorithm. The containment problem is NP-complete for CQs [25], while it is ΠP
2 -

complete for CQs with arithmetic constraints [63, 121], and these theoretic results

underpin the complexity of the Verify MSSQ problem.

Theorem 8. The problem Verify MSSQ of checking whether a query Q without

arithmetic comparisons is an MSSQ for a and b in G is NP-complete.

Proof. The upper bound follows from the fact that the MSSQ for a given G, a, b is

unique up to equivalence (see Proposition 1), hence it is sufficient to compute an

MSSQ Qmssq using the Compute MSSQ algorithm (in PTime) and then to check

whether the input Q is equivalent to Qmssq (in NP).

The lower bound is proven by reduction of the Verify SQ problem, which

is NP-complete. Given the input G, a, b and Q = Select ?X Where P , let

Qmssq = Select ?X Where Pmssq be the MSSQ for a and b in G computed by the

Compute MSSQ algorithm in polynomial time, omitting step 9, i.e., not adding

any arithmetic comparisons to the query. Without loss of generality assume that

all variables in Qmssq excluding ?X are renamed apart from the variables of Q:

var(Q) ∩ var(Qmssq) = {?X}. Furthermore, let Q′ be the conjunction of Q and

Qmssq: Q′ = Select ?X Where P ∪ Pmssq. Then Q is a similarity query for a

and b in G if and only if Q′ is the MSSQ for a and b in G. The correctness of the

reduction is proven as follows.

(=⇒). Let Q and Qmssq be an SQ and an MSSQ for a and b in G, respectively.

It holds by construction of Q′ that there exists a homomorphism h : Qmssq → Q′,
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where h is the identity function. Then by the classical Homomorphism Theorem [25]

it holds that Q′ ⊆ Qmssq. On the other hand, Qmssq ⊆ Q′ holds since Pmssq is part

of the basic graph pattern of Q′. But then Q′ ≡ Qmssq, which makes Q′ an MSSQ

for a and b in G.

(⇐=). If Q′ is an MSSQ for a and b in G, then it is trivially a similarity query for

a and b in G. Therefore there exist two valuations ν1 and ν2 over var(Q′) such that

ν1(?X) = a, ν2(?X) = b, and νi(P ∪ Pmssq) ⊆ G for i ∈ {1, 2}. Since without loss

of generality we can assume that all variables in P and Pmssq are renamed apart,

except for ?X, each νi can be represented as a union of two valuations v′i and v′′i

(vi = v′i ∪ v′′i for i ∈ {1, 2}) such that:

ν ′1 ∩ ν ′′1 = {?X → a},

ν ′2 ∩ ν ′′2 = {?X → b},

ν ′i is a valuation of var(P ), and

ν ′′i is a valuation of var(Pmssq), for i ∈ {1, 2}.

And since valuations ν ′1 and ν ′2 satisfy the input RDF graph, i.e., ν ′i(P ) ⊆ G for i ∈

{1, 2}, a and b are answers to Q, which makes Q a similarity query for a and b in G.

Verifying an MSSQ that contains arithmetic comparisons is a computationally

harder problem that lies one level higher in the polynomial hierarchy.

Theorem 9. The problem Verify MSSQ of checking whether a query Q with

arithmetic comparisons is an MSSQ for a and b in G is ΠP
2 -complete.

Proof. For the upper bound, we construct an algorithm for checking whether a query

Q is an MSSQ for entities a and b in a graph G that proceeds in two steps. First,

we apply Algorithm 1 to obtain (in polynomial time) an MSSQ Qmssq for a and b
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in G. By Proposition 1, Q is an MSSQ if and only if it is equivalent to Qmssq. In

the second step we check equivalence of Q and Qmssq. Since the two queries can be

seen as CQACs, the check is feasible in ΠP
2 [63].

For the lower bound proof, we use the following characterisation for verifying if a

query is an MSSQ. A query Q is an MSSQ for a and b in G if and only if a, b ∈ [Q]G

and Q ⊆ Qmssq. Note that the size of Qmssq is polynomial in the size of G. The proof

is by reduction of the ∀∃3SAT problem, the prototypical ΠP
2 -hard problem. While

it initially seemed reasonable to us to use the reduction of the query containment

problem for CQACs, since both query containment and Verify MSSQ are “query-

based” problems, the fundamental ∀∃3SAT problem evetually proved to be more

suitable for the task at hand.

Let ϕ = ∀x1, . . . , xm∃y1, . . . yk(γ1∧. . .∧γn) be a quantified boolean formula where

each γi is a 3-clause. Using the above characterisation it is enough to construct an

RDF graph G and a query Q both of polynomial size in the size of ϕ such that ϕ is

a valid formula if and only if a, b ∈ [Q]G and Q ⊆ Qmssq. Construction of an RDF

graph G and query Q is split into two parts: encoding of the universally quantified

variables xi and encoding of the satisfaction of each clause γj. We start with the

first part.

For each i, 1 ≤ i ≤ m, graph G contains the subgraphs Ga
i and Gb

i defined as

follows:

Ga
i = {(a, ei, lai ), (lai , di, 4), (lai , si, rai ), (a, ei, rai ), (rai , di, 5), (rai , ti, xai )},

Gb
i = {(b, ei, lbi ), (lbi , di,−1), (lbi , si, rbi ), (b, ei, rbi ), (rbi , di, 10), (rbi , ti, xbi)}.

Note that Qmssq is then equivalent to the query Select ?Ans Where Pmssq
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Filter Fmssq such that Pmssq contains a subpattern

Pmssq
i = (?Ans, ei, ?Li), (?Li, di, ?Ui),

(?Li, si, ?Ri), (?Ans, ei, ?Ri), (?Ri, di, ?Vi), (?Ri, ti, ?Xi),

and Fmssq contains comparisons

Fmssq
i = (?Ui ≥ −1), (?Ui ≤ 4), (?Vi ≥ 5), (?Vi ≤ 10).

Next, for the query Q = Select ?Ans Where P Filter F , P contains the pattern

Pi = (?Ans, ei, ?Li), (?Li, di, ?Ui), (?Li, si, ?Mi),

(?Ans, ei, ?Mi), (?Mi, di, ?Wi), (?Mi, ti, 1), (?Mi, si, ?Ri),

(?Ans, ei, ?Ri), (?Ri, di, ?Vi), (?Ri, ti, 0),

and F contains the comparisons

(?Ui ≥ 2), (?Ui ≤ 4), (?Vi ≥ 7), (?Vi ≤ 9), (?Wi ≥ 3), (?Wi ≤ 6).

The defined parts of graph G, Qmssq and Q are better illustrated in Figure 14.

The above construction is enough to encode the universally quantified variables xi

by connecting an arbitrary variable assignment V : {x1, . . . , xm} → {0, 1} with a

satisfying valuation ν of Q in G as follows:

- V (xi) = 0 iff ν(?Wi) ≤ 4,

- V (xi) = 1 iff ν(?Wi) ≥ 5.

This is well defined since for any RDF graph G′ satisfying Q, a satisfying valuation

of Qmssq in G′ maps the variable ?Xi in Qmssq to exactly either 0 (when it maps ?Ui
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Ga
i :

lai

4

rai

5

a xai

di
si

di

ei ei
ti

Gb
i :

lbi

−1

rbi

10

b xbi

di
si

di

ei ei
ti

Pi:

?Li ?Mi ?Ri

?Ui ?Wi ?Vi

?Ans
1 0

di di di
si si

ei ei
ei

ti ti

Pmssq
i :

?Li

?Ui

?Ri

?Vi

?Ans ?Xi

di
si

di

ei ei
ti

Figure 14: Encoding of the universally quantified variables

to the image of ?Wi in G′) or 1 (when it maps ?Vi to the image of ?Wi in G′).

Note that in order for a and b to be answers of Q over G, we need to add to G new

sets of triples, called G′a and G′b, that are isomorphic to all Pi. In turn this requires

patterns P and comparisons F of Q to contain new patterns and comparisons to

ensure that in any model of Q, the subquery in Qmssq obtained from the product

of triples in G′a and G′b is satisfied as well. Crucially, such additions still satisfy the

requirement that for any model G′ of Q with valuation µ, and satisfying valuation

ν of Qmssq in G′ either ν(?Ui) = µ(?Wi) or ν(?Vi) = µ(?Wi) holds.

Let us move to the encoding of satisfaction of each clause γj, 1 ≤ j ≤ n. We

demonstrate it on the example clause γj = (x2 ∨¬x4 ∨ y3). We require the graph G
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to contain the following subgraphs

Ga
γj

= {(a, pj, gaj ), (gaj , qj, zaj ), (zaj , first, xa2), (zaj , second, xa4), (zaj , third, ya3)},

Gb
γj

= {(b, pj, gbj), (gbj , qj, zbj), (zbj , first, xb2), (zbj , second, xb4), (zaj , third, yb3)}.

Because of these subgraphs, the pattern Pmssq of Qmssq contains the subpattern

Pγj
= (?Ans, pj, ?Gj), (?Gj, qj, ?Zj), (?Zj, first, ?X2),

(?Zj, second, ?X4), (?Zj, third, ?Y3).

Next, we require the pattern P of Q to contain the pattern

P ′ = {(?Ans, pj, ?Gj), (?Gj, qj, ?Z1
j ), . . . , (?Gj, qj, ?Z7

j )} ∪ P ′′,

where P ′′ encodes all the combinations of variable assignments of x2, x4 and y3 that

make γj true:

P ′′ = {(?Z1
j , first, 0), (?Z1

j , second, 0), (?Z1
j , third, 0)}∪

. . .

∪ {(?Z7
j , first, 1), (?Z7

j , second, 1), (?Z7
j , third, 1)}.

The constructed patterns are depicted in Figure 15. Intuitively, the image of a sat-

isfying valuation of variables ?X2, ?X4 and ?Y3 in a model of Q encodes a satisfying

variable assignment for x2, x4 and y3 for γj. In order for a and b to be answers of Q

over G, we additionally require G to contain the canonical RDF graph for pattern

P ′. Note that adding this set of triples will also imply adding the new patterns in

Pmssq which however can be homomorphically mapped onto P , the patterns of Q.

We are ready to prove correctness of the reduction. By construction we have
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0
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Figure 15: Encoding of individual clauses

that a, b ∈ [Q]G. Thus, it is enough to show that ϕ is valid if and only if Q ⊆ Qmssq.

(=⇒). Let ϕ be valid. That is, for every variable valuation Vx : {x1, . . . , xm} →

{0, 1} there is a variable valuation Vy : {y1, . . . , yk} → {0, 1} such that ϕ is assigned

to true under Vx ∪ Vy. Let G′ be an RDF graph such that c ∈ [Q]G′ . We show

that c ∈ [Qmssq]G′ by constructing a valuation µ of variables of Qmssq in G′ with

µ(?Ans) = c. Let ν be a valuation of variables of Q in G′ with ν(?Ans) = c.

The valuation µ can be defined depending on the value of ν(?Wi). In particular,

the patterns Pmssq
i are preserved under µ, µ(?Ans) = ν(?Ans) = c and we have

that µ(?Xi) = 0 if ν(?Wi) ≤ 4 and µ(?Xi) = 1 if ν(?Wi) ≥ 5. This defines a
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variable assignment Vx with Vx(xi) = µ(?Xi). Hence, there is a variable assignment

Vy : {y1, . . . , yk} → {0, 1} such that ϕ is true under Vx ∪ Vy. We thus can extend µ

by assuming µ(?Yi) = Vy(yi). Moreover, since every γj is true under Vx ∪ Vy, every

pattern Pγj
can be mapped to the corresponding image of a pattern from P ′′. Thus,

µ witnesses the fact c ∈ [Qmssq]G′ .

(⇐=). Let Q ⊆ Qmssq, and Vx : {x1, . . . , xm} → {0, 1} be an arbitrary variable

assignment. We define the RDF graph G′ to be canonical for Q such that the

canonical image of ?Wi is defined according to Vx: ν(?Wi) = 4 if Vx(xi) = 0 and

ν(?Wi) = 5 if Vx(xi) = 1. Since c = ν(?Ans) ∈ [Q]G′ , it holds that c ∈ [Qmssq]G′ . Let

µ be a satisfying valuation of variables ofQmssq inG′. Note that µ agrees with Vx, i.e.,

µ(?Xi) = Vx(xi). Furthermore, µ defines a variable assignment Vy : {y1, . . . , yk} →

{0, 1} as follows: Vy(yi) = µ(?Yi). It can be seen from the construction that every

pattern Pγj
must map onto the image of P ′ in G′ which implies that γj is assigned

to true under Vx ∪ Vy. Thus it shows that ϕ is valid.

We have now studied most specific similarity queries that are the most infor-

mative SQs for two given entities in an RDF graph. While an MSSQ always exists

as long as a similarity query exists for the given input, computing an MSSQ takes

quadratic time in the size of the input graph, which is impractical for real-life RDF

graphs. Therefore, in the next two chapters we will consider a possible approxima-

tion of MSSQs that is feasible to compute yet retains a high degree of specificity.
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Practical Considerations
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Acyclic Similarity Queries

In the previous chapter we have introduced the Compute MSSQ algorithm that

computes a most specific similarity query for the given input. However, despite

running in polynomial time, the algorithm is impractical. Indeed, real-life RDF

graphs tend to contain millions of triples, and the algorithm explicitly computes

the product graph G × G, which is of quadratic size in the size of G. For exam-

ple, the size of the commonsense YAGO knowledge base is over 120 million facts

(triples) [75, 114]; an RDF dump of the DBLP bibliographic record base contains

over 1.2 million entries [73]; ConceptRDF, an RDF presentation of the ConceptNet

knowledge base, consists of over 21 million records [83,111]. The Compute MSSQ

algorithm is unsuitable for all of these knowledge bases because of their size. Not

only is the algorithm unable to process these input data sources in reasonable time

(see Chapter 7), but also the queries it outputs are proportionate in size to the size

of the product graph generated by the algorithm, i.e., they are of size quadratic in

the size of the input graph. Large MSSQs are incomprehensible, and therefore are

not useful for practical entity comparison.

Hence, it makes sense to design an approximation algorithm, which, on the one

hand, constructs reasonably specific similarity queries and, on the other hand, can
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scale to large input graphs. In this chapter we devise one such algorithm. We

propose a practical algorithm that computes an acyclic similarity query for two

entities in a graph (if one exists). Although the query computed by the algorithm

is not guaranteed to be an MSSQ, we will verify empirically in Chapter 7 that

it is a reasonable approximation in practice. Finally, we discuss practical aspects

of the algorithm, its restrictions on the input entities as well as its computational

advantages on large, real-world datasets.

6.1 Acyclic Queries

We start by defining acyclic comparison queries. In Section 2.2.4 we have out-

lined different types of acyclic conjunctive queries. For our queries we are going

to use the definition of acyclicity that is similar to Berge-acyclicity, but that uses

a different underlying incidence structure, namely the incidence multigraph. Let

Q = Select ?X Where P Filter C be a query, with P the set of all triple

patterns, and var(P ) = var(Q) the set of all variables occurring in P .

Definition 17 (Incidence multigraph). An incidence multigraph of a basic graph

pattern P , denoted Inc(P ), is an undirected bipartite multigraph, in which var(P )∪P

is the set of vertices, and for every triple pattern p in P , for every occurrence of a

variable ?V in p, there exists a distinct edge {?V, p}.

For brevity we say that a multigraph is the incidence multigraph of a query Q,

denoted Inc(Q), if it is the incidence multigraph of the basic graph pattern of that

query. For example, for a query

Qfollows = Select ?X Where P Filter {},

with P = {(?X, follows, ?X), (?X, follows, ?Y ), (?Y, follows, ?X)}
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?X ?Y

(?X, follows, ?X) (?X, follows, ?Y ) (?Y, follows, ?X)

Figure 16: Incidence multigraph for the Qfollows query

its corresponding incidence multigraph is depicted in Figure 16.

Cycles in an incidence multigraph are defined analogous to Berge cycles [17]:

a tuple of vertices (v1, . . . , vn) from Inc(Q) is a cycle, with n ≥ 2, if for ev-

ery pair of vertices vi, vi+1 there exists a distinct edge {vi, vi+1} in Inc(Q), for

1 ≤ i < n, and if there exists a distinct edge {v1, vn} in Inc(Q). Note that

unlike in Berge cycles, vertices in the tuple are not required to be distinct. An

incidence multigraph is acyclic if and only if it contains no cycles. For example,

the incidence multigraph depicted in Figure 16 is cyclic, since it contains multiple

cycles, e.g., (?X, (?X, follows, ?X), ?X, (?X, follows, ?Y ), ?Y, (?Y, follows, ?X) or

(?X, (?X, follows, ?X)).

We are now ready to define the notion of query acyclicity used in our framework.

Definition 18 (Acyclic query). A query is acyclic if and only if its incidence multi-

graph is acyclic.

For example, Qfollows is cyclic, while the following query is acyclic:

Q′follows = Select ?X Where P Filter {},

with P = {(?X, follows, ?Y ), (?Y, follows, ?Z)}.

Our notion of acyclicity is stricter than that of Berge-acyclicity (and therefore

of other conventional definitions of acyclic queries, see Section 2.2.4), and it is mo-

tivated by the graph nature of RDF data. In a setting where queries are evaluated

over RDF data, the definition of Berge-acyclicity (adapted to SPARQL syntax in
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the straightforward way) can sometimes yield counter-intuitive results, when sev-

eral triple patterns in a query contain the same set of variables, or when a vari-

able appears multiple times in a triple pattern. Consider a simple RDF graph

G = {(a, r, b), (b, r, a)} and three basic graph patterns:

P1 = {(?X, r, ?Y ), (?Y, r, ?X)},

P2 = {(?X, ?R, ?Y ), (?Y, r, ?X)},

P3 = {(?X, ?R, ?Y ), (?Y, ?R, ?X)}.

The three queries Qi = Select ?X Where Pi, for 1 ≤ i ≤ 3, match the cyclic

RDF data and have the same answer sets {a, b} over G. However, queries Q1 and

Q3 are Berge-acyclic, while Q2 is not. All the three queries are not acyclic in

our framework. Another query Select ?X Where {(X,R,X)} is Berge-acyclic,

although it matches any self-loop in the data; it is also acyclic in the comparison

framework.

6.2 Computing Acyclic MSSQs

6.2.1 Auxiliary Definition

Our algorithm relies on the notion of a similarity tree for entities a and b in a graph

G, which we define next. Roughly speaking, a similarity tree is a labelled directed

tree, where each node is labelled with a pair of sets of entities (appearing in subject

and object positions in G), with the first set in a pair corresponding to a and the

second to b; the root node is labelled with the pair ({a}, {b}). Each edge in the tree

is labelled with two sets of entities (appearing in the predicate position in triples

from G) and a direction of triples. Furthermore, we require that the tree is consistent

with the structure of G in that each edge in the tree is justified by corresponding
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triples in G.

Definition 19. A pair tree is a rooted labelled directed tree such that

– each node v is labelled with a pair (V1, V2), where each Vi is a non-empty set

of entities satisfying either V1 ∩ V2 = ∅ or V1 = V2 = {c} for an entity c; if

V1 = V2 = {c}, then v must be a leaf;

– each edge e is labelled with a tuple (E1, E2, dir), where each Ei is a set of

entities satisfying either E1 ∩ E2 = ∅ or E1 = E2 = {c} for an entity c, and

where dir ∈ {→,←}.

An edge e = (v, v′) in a pair tree T is justified in a graph G if the following properties

hold for both i = 1, 2, where (V1, V2), (E1, E2, dir), and (V ′1 , V ′2) are labels of v, e,

and v′, respectively:

– for each entity c ∈ Vi there is a triple justifying e in G for c— that is, a triple

(s, p, o) such that p ∈ Ei and either s = c and o ∈ V ′i when dir is →, or s ∈ V ′i

and o = c otherwise.

Pair tree T is a similarity tree for entities a and b in a graph G if the root is labelled

with ({a}, {b}) and all edges in T are justified in G.

Consider Figure 17, where a graph Gex and two pair trees T1 and T2 are depicted

(for brevity, George, follows, and retweets in the trees abbreviate ({George},

{George}), {follows}, {follows}, and {retweets}, {retweets}, respectively). Note

that the roots in both trees are labelled by ({Ana}, {Bob}). In T1 the edge between

the root and the node labelled ({Claire}, {David, Ellen}) is justified: for both Ana

and Bob there exists a triple in G that has this entity as the subject, follows as the

predicate, and Claire and David (or Ellen), respectively, as the object. However,

neither of the other two edges in T1 is justified, because of the {David, Ellen} com-

ponent in the parent node label: there are no triples (George, retweets, Ellen) and
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Gex:

Ana

Bob

Claire

David

Ellen

George

follows

retweets

retweets

follows

follows

follows

follows

T1:

({Ana}, {Bob})

({Claire}, {David, Ellen})

George ({Ana}, {David})

(follows,→)

(retweets,←) (follows,→)

T2:

({Ana}, {Bob})

({Claire}, {David}) ({Claire}, {Ellen})

George ({Ana}, {David})

(retweets,←)
(retweets,←)

(follows,→) (follows,→)

Figure 17: Example graph Gex and two pair trees T1 and T2

(David, follows,David) in G. In contrast, every edge in T2 is justified, and hence

T2 is a similarity tree.

Similarity trees are relevant since they have corresponding similarity queries.

Definition 20. Let T be a similarity tree for entities a, b in a graph G. For each

node or edge u in T labelled with (L1, L2) or (L1, L2, dir), respectively, let tu be

– a variable ?X, if u is the root of the tree;

– the entity c, if L1 ∩ L2 = {c}; or

– a fresh variable otherwise.

The query corresponding to T is Select ?X Where P Filter C with
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– P containing, for each edge e = (v, v′) in T , the triple pattern (tv, te, tv′) or

(tv′ , te, tv) if e is labelled with → or ←, respectively; and

– C containing, for each node v in T labelled (V1, V2) with each Vi consisting of

only numeric values, the arithmetic comparisons (tv ≥ min) and (tv ≤ max),

where min and max are the minimal and the maximal, respectively, values

in V1 ∪ V2.

If we use the query formalism without arithmetic comparisons, we leave C empty.

For example, the query corresponding to the similarity tree T2 from Figure 17 is

Qsim = Select ?X Where {(?X, follows, ?Y1), (George, retweets, ?Y1),

(?X, follows, ?Y2), (?Y2, follows, ?Y3)}.
(6.1)

The following proposition establishes that the query corresponding to a similarity

tree is indeed a similarity query having an acyclic structure.

Proposition 4. The query corresponding to a similarity tree for entities a and b in

a graph G is an acyclic similarity query for a and b in G.

Proof. Let T be a similarity tree for a and b in G. The following holds for T :

Claim. For every node v in T labelled (V1, V2) and for every entity in its labels

c ∈ Vi , for both i = 1, 2, it holds that in every child node v′ connected to v with an

edge e = (v, v′) (where (E1, E2, dir) and (V ′1 , V ′2) are labels of e and v′, respectively),

there exist at least one entity d ∈ V ′i and one entity r ∈ Ei that form a justifying

triple in G with c: (c, r, d) if dir is →, or (d, r, c) if dir is ←.

Proof. Since T is a similarity tree, it follows from Definition 19 that each edge

e = (v, v′) in T is justified in G, i.e., for every entity in its labels c ∈ Vi there exist

at least one entity d ∈ V ′i and one entity r ∈ Ei such that (c, r, d) if dir is →, or

(d, r, c) if dir is←. Let c be an entity in Vi, and let v1, . . . , vk be all child nodes of v.
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Then it follows straightforwardly that there exist an entity in the ith label of each

child node and an entity in the ith label of each edge connecting v with that child

node, so that the entities form a triple justified in G.

Now let us first traverse T from the root to the leaves and recursively associate

each node and edge in T with a pair of entities such that the first entity is from the

first component of the label of the node or edge and the second entity is from the

second component, and the following holds:

– the root is associated with (a, b), and,

– for each edge e = (v, v′) with v associated with (ca, cb), e and v′ are associated

with pairs of entities (da, db), and (c′a, c′b), respectively, from the labels of e and

v′ such that the triples (ca, da, c′a) and (cb, db, c′b), if e is labelled by →, or the

triples (c′a, da, ca) and (c′b, db, cb) otherwise, justify ca and cb, respectively, in G

(these triples exists by the claim above).

Let Q be the query corresponding to the similarity tree T . Consider the val-

uations µa and µb that send ?X to a and b, respectively, and every other variable

?Y of Q to the entities ca and cb, respectively, in the pair associated to the node or

edge u such that tu is ?Y according to Definition 20. It is immediate to check that

valuations µa and µb justify a and b as answers to Q, as required, satisfying both

the basic graph pattern and the arithmetic filter condition of Q.

It remains to prove that Q is acyclic. We need the following auxiliary result.

Claim. Let (v1, . . . , vn) be a cycle in an incidence multigraph Inc(Q). By σ we

define a subset of edges from Inc(Q) that “support” the cycle: σ = {{vi, vi+1}|1 ≤

i < n} ∪ {{v1, vn}}. Then each vertex vi must be part of at least two distinct edges

in σ.
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Proof. Each vertex vi for 1 < i < n appear in edges {vi−1, vi} and {vi, vi+1}. Vertex

v1 appear in edges {v1, v2} and {v1, vn}. Vertex vn appear in edges {vn−1, vn} and

{v1, vn}.

Let λ be the translation function that assigns a term tu to each node or edge u

in T , as described in Definition 20. The proof is by induction on the size of T , i.e.,

on the number of edges in T .

Base: Let T consist of one edge e = (v, v′). Then v is the root of T , with λ(v) =?X,

and λ(e), λ(v′) are either entities or fresh variables. Then Inc(Q) is trivially acyclic,

hence a query Q corresponding to a similarity tree of size 1 is always acyclic.

Hypothesis: Q corresponding to a similarity tree of size k is always acyclic.

Step: Let T be of size k + 1, and let v be a leaf node in T with an incoming edge

e = (w, v). Without loss of generality e is labelled with (L1, L2,→). Furthermore, let

Tk be a similarity tree obtained from T by removing v and e. Trivially, Tk is of size

k. Moreover, let Qk be a query corresponding to Tk, with an incidence multigraph

Inc(Qk). Finally, let P be the countably infinite set of all possible tuples formed of

vertices from Inc(Qk). Since Qk is acyclic under the induction hypothesis, no tuple

in P is a cycle.

It holds by construction of Q that P = Pk ∪ p, where p = {(λ(w), λ(e), λ(v))},

and P and Pk are basic graph patterns of Q and Qk, respectively. The term λ(w)

must be a variable ?W , and λ(e), λ(v′) are either entities or fresh variables, by

definition of λ. Let us consider 4 cases:

- both λ(e) and λ(v′) are entities

Then Inc(Q) is Inc(Qk) extended with a new vertex p and a new edge {?W, p}.

Inc(Qk) is acyclic, and so is Inc(Q): the new vertex appear only in one edge

in Inc(Q), and therefore it cannot be part of any cycle, as its σ would need to
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have at least two edges with p. Since no tuple of vertices containing p can be

a cycle, and all other tuples are the same as tuples in P , Q is acyclic.

- λ(e) is an entity and λ(v) is a variable ?V

Then Inc(Q) is Inc(Qk) extended with new vertices ?V and p, and new edges

{?W, p} and {?V, p}. A potential cycle cannot contain the vertex ?V , since

its σ would only have one edge with ?V . But then it cannot contain p either,

since without ?V the σ set would contain at most one edge with p. Therefore,

all potential vertex tuples are the same as tuples in P , so Q is acyclic.

- λ(e) is a variable ?E and λ(v) is an entity

The case is similar to the previous one, except Inc(Qk) is extended with ?E

and {?E, p} instead of ?V and {?V, p}.

- λ(e) is a variable ?E and λ(v) is a variable ?V

Then Inc(Q) is Inc(Qk) extended with new vertices ?V , ?E and p, and new

edges {?W, p}, {?V, p} and {?E, p}. A potential cycle cannot contain the

vertices ?V or ?E, since ?V and ?E appear in precisely one edge each. Then

in turn a cycle cannot contain p, since without ?V and ?E the σ set would

contain at most one edge with p. Therefore, all potential vertex tuples are the

same as tuples in P , so Q is acyclic.

This concludes the introduction of the definitions necessary for computing ap-

proximated MSSQs, and we now move to the algorithm that computes one such

query for the given input.
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Algorithm 3: Compute Approx MSSQ
Input: graph G, entities a and b in G, depth dep
Output: acyclic similarity query for a and b in G

1 let T0 be a pair tree with a single root node v0 labelled ({a}, {b});
2 let Tgen := Generate Tree(T0, v0, G, dep);
3 let Tsim := Uncouple Nodes(Tgen, G);
4 return the query corresponding to Tsim.

6.2.2 The Compute Approx MSSQ Algorithm

We are ready to present algorithm Compute Approx MSSQ (given in Algo-

rithm 3), which computes an acyclic similarity query of a given depth dep (a natural

number) for given entities a and b in a given graph G according to the three steps

described next. In the first step (line 2), we create a preliminary pair tree Tgen.

For example, for the input graph Gex from Figure 17, for the entities Ana and Bob

in that graph and for depth 2 the pair tree Tgen is T1. As in this example, Tgen

may not yet be a similarity tree. Hence, in the second step (line 3), we uncouple

some of the nodes in Tgen, making all edges in the tree justified, and thus creat-

ing a similarity tree Tsim. For example, we uncouple the node from T1 labelled

({Claire}, {David, Ellen}) into two new nodes, labelled ({Claire}, {David}) and

({Claire}, {Ellen}), respectively. The former becomes the parent node for the

node labelled George, while the latter becomes the parent node for the node la-

belled ({Ana}, {David}). As the result, in this example Tsim is T2. Finally (in

step 4), we turn Tsim into an acyclic similarity query corresponding to this tree;

for example we turn T2 into Qsim from 6.1.

Let us look at each of the steps in more detail. In the first step (line 2), the

algorithm constructs, by means of the recursive subroutine Generate Tree (Al-

gorithm 4), a pair tree Tgen of depth at most dep. In particular, in lines 1–2 of

Compute Approx MSSQ a root labelled ({a}, {b}) is created and passed to the

recursion. When a node v in T labelled (V1, V2) is received in a recursive call of Gen-
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Algorithm 4: Generate Tree
Input: pair tree T , node v in T labelled (V1, V2), graph G, depth dep
Output: pair tree of depth dep

1 foreach dir ∈ {→,←}, c, and d with (ci, d, c)dir ∈ G for ci ∈ Vi, i = 1, 2 do
2 add to T an edge labelled ({d}, {d}, dir)
3 from v to a new node labelled ({c}, {c});
4 foreach dir ∈ {→,←} and c with (ci, di, c)dir ∈ G for ci ∈ Vi, i = 1, 2 do
5 let Ei := {di | (ci, di, c)dir ∈ G for ci ∈ Vi} for each i = 1, 2;
6 if E1 \ E2 6= ∅ and E2 \ E1 6= ∅ then
7 add to T an edge labelled (E1 \ E2, E2 \ E1, dir)
8 from v to a new node labelled ({c}, {c});

9 foreach dir ∈ {→,←} and d with (ci, d, c′i)dir ∈ G for ci ∈ Vi, i = 1, 2 do
10 let V ′i := {c′i | (ci, d, c′i)dir ∈ G for ci ∈ Vi} for each i = 1, 2;
11 if V ′1 \ V ′2 6= ∅ and V ′2 \ V ′1 6= ∅ then
12 add to T an edge labelled ({d}, {d}, dir)
13 from v to a new node v′ labelled (V ′1 \ V ′2 , V ′2 \ V ′1);
14 if dep > 0 then let T := Generate Tree(T , v′, G, dep− 1);

15 foreach dir ∈ {→,←} do
16 let Ei := {di | (ci, di, c′i)dir ∈ G for ci ∈ Vi} for each i = 1, 2;
17 let V ′i := {c′i | (ci, di, c′i)dir ∈ G for ci ∈ Vi and di ∈ Ei \ E3−i} for each

i = 1, 2;
18 if E1 \ E2 6= ∅, E2 \ E1 6= ∅, V ′1 \ V ′2 6= ∅, and V ′2 \ V ′1 6= ∅ then
19 add to T an edge labelled (E1 \ E2, E2 \ E1, dir)
20 from v to a new node v′ labelled (V ′1 \ V ′2 , V ′2 \ V ′1);
21 if dep > 0 then let T := Generate Tree(T , v′, G, dep− 1);

22 return T .

erate Tree, the following extensions are performed, where (s, p, o)→ and (s, p, o)←

denote (s, p, o) and (o, p, s), respectively:

– first, for each direction dir ∈ {→,←} and each pair of entities c, d such that, for

both i = 1, 2, there are triples (ci, d, c)dir ∈ G with ci ∈ Vi, a new edge labelled

({d}, {d}, dir) from v to a new node labelled ({c}, {c}) is added to T ;

– second, for each dir ∈ {→,←} and each entity c such that, for both i = 1, 2, there
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exists (ci, di, c)dir ∈ G with ci ∈ Vi the sets

Ei = {di | (ci, di, c)dir ∈ G for ci ∈ Vi}

are considered; if the sets E1 \ E2 and E2 \ E1 (i.e., the sets of edge entities not

covered in the previous case) are both non-empty, then an edge labelled (E1 \

E2, E2 \ E1, dir) from v to a new node labelled ({c}, {c}) is added;

– third, for each dir ∈ {→,←} and each d such that, for both i = 1, 2, there are

triples (ci, d, c′i)dir ∈ G with ci ∈ Vi the sets

V ′i = {c′i | (ci, d, c′i)dir ∈ G for ci ∈ Vi}

are considered; if V ′1 \ V ′2 and V ′2 \ V ′1 (i.e., the sets of not covered node entities)

are non-empty, then an edge labelled ({d}, {d}, dir) from v to a new node v′

labelled (V ′1 \ V ′2 , V ′2 \ V ′1) is added; moreover, if the depth of v is non-zero, then

Generate Tree is recursively called for v′;

– finally, for both dir ∈ {→,←} the sets

Ei = {di | (ci, di, c′i)dir ∈ G for ci ∈ Vi} and

V ′i = {c′i | (ci, di, c′i)dir ∈ G for ci ∈ Vi and di ∈ Ei \ E3−i}

are considered for both i = 1, 2; if the sets E1 \ E2, E2 \ E1, V ′1 \ V ′2 , and V ′2 \ V ′1

are all non-empty, then an edge labelled (E1 \ E2, E2 \ E1, dir) from v to a new

node v′ labelled (V ′1 \V ′2 , V ′2 \V ′1) is added; moreover, if the depth of v is non-zero,

then Generate Tree is called for v′.

After all these extensions, T is returned to the previous level of recursion.

As mentioned above, the resulting Tgen is a pair tree; however, it may not be a
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Algorithm 5: Uncouple Nodes
Input: pair tree T , graph G
Output: a pair tree

1 let dep be the depth of T ;
2 for i := dep− 1 to 0 do
3 foreach node v labelled (V1, V2) of depth i do
4 foreach node v′ labelled (V ′1 , V ′2) with (v, v′) labelled (E1, E2, dir) do
5 add to T a node v∗ and an edge (v∗, v′) labelled (V ∗1 , V ∗2 ) and

(E∗1 , E∗2 , dir), respectively, for maximal V ∗i ⊆ Vi and E∗i ⊆ Ei,
i = 1, 2, with (v∗, v′) justified by G;

6 if i > 0 then
7 add to T an edge (u, v∗) labelled as the incoming edge (u, v)

to v;

8 merge each set of v∗ with the same label;
9 remove v with adjusted edges from T ;

10 return T .

similarity tree for a and b, since some edges may not be justified in G. So, in the

second step (line 3) of Compute Approx MSSQ, pair tree Tgen is refined from

the leaves upwards using subroutine Uncouple Nodes, which ensures that each

edge in the tree is suitably justified, and hence yields a similarity tree Tsim for a

and b in G. In particular, this subroutine considers nodes of its input pair tree T

from leaves to the root, and for each node v under consideration and each child v′

of v—that is, a node with an edge e = (v, v′)—the following is performed, where

(V1, V2), (E1, E2, dir), and (V ′1 , V ′2) are labels of v, e, and v′, respectively:

– a node v∗ and an edge (v∗, v′) labelled (V ∗1 , V ∗2 ) and (E∗1 , E∗2 , dir), respectively, are

added to T , for maximal sets V ∗i ⊆ Vi and E∗i ⊆ Ei, i = 1, 2, with (v∗, v′) justified

by G;

– if v is not the root, then an edge (vp, v
∗) labelled as the incoming edge (vp, v) to

v is added to T ;

– when all children of v are processed, each group of children with the same label

are merged to one, and v is removed.
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Note that, by construction, the resulting Tsim is a pair tree as well; moreover, we

will see that, contrary to Tgen, it is a similarity tree.

Finally, in the last step (line 4), algorithm Compute Approx MSSQ con-

structs the query corresponding to the similarity tree according to Definition 20,

which is guaranteed to be an acyclic similarity query by Proposition 4.

Overall, we arrive to the following correctness theorem.

Theorem 10. For each positive integer dep, Compute Approx MSSQ computes

an acyclic similarity query for entities a and b in a graph G.

Proof. From Proposition 4 it follows that a query corresponding to a similarity tree

for entities a and b in a graph G is an acyclic similarity query for a and b in G.

It remains to prove that Compute Approx MSSQ computes a similarity tree at

step 3, i.e., that (i) a pair tree T computed at step 3 has a root node labelled with

({a}, {b}), and (ii) each edge in T is justified in G.

In order to prove (i), let us look at the construction of T . At step 1, an initial

pair tree T0 with a root node labelled ({a}, {b}) is constructed. At step 2, T0 is

populated with additional nodes by the recursive subroutine Generate Tree. At

each of all Generate Tree new nodes may be added, but the already existing

nodes and their labels are not modified. Thus, the pair tree Tgen obtained at step 2

has the root node labelled ({a}, {b}). Finally, at step 3 the T is obtained from the

subroutine Uncouple Nodes using Tgen.

Claim. If a pair tree T ′ is obtained from Uncouple Nodes and another pair tree

T , then the root node in T ′ is labelled with the same pair of singletons ({c1}, {c2})

as the root node in T .

Proof. Let dep be the depth of T . The subroutine Uncouple Nodes iterates over

nodes at various depth, starting with dep − 1 and up to depth 0. The root node

v of T is not modified by the subroutine up until the last iteration of the for-loop
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in step 2, when nodes at depth 0, i.e., the root node itself, are considered. Then

all child nodes of v are ‘uncoupled’ in steps 4–7, and for each child node a new

parent node v∗ labelled (V ∗1 , V ∗2 ) is created; only the entities from ({c1}, {c2}) that

are justified in G are left in (V ∗1 , V ∗2 ). Let e = (v, v′) be an edge labelled (E1, E2, dir)

between the root node v and its child node v′ labelled (V ′1 , V ′2). It has been created

in the Generate Tree, in line 2, 7, 12 or 19. In either case, for both i = 1, 2, Ei

and V ′i are populated from the triples (ci, p, o)dir ∈ G, for some p and o. Therefore,

(V ∗1 , V ∗2 ) = ({c1}, {c2}) for all newly created nodes v∗, and therefore all of them are

merged into a single node labelled ({c1}, {c2}) in line 8. This node becomes the new

root of T in line 9.

Hence, the root node of T is labelled ({a}, {b}).

In order to prove (ii), we also reverse-engineer the construction of T . Let e =

(v, v′) be an edge labelled (E1, E2, dir) between a node v labelled (V1, V2) and a

node v′ labelled (V ′1 , V ′2) in T . It has been first created in the Generate Tree

subroutine, in line 2, 7, 12 or 19, and then ‘uncoupled’ in the Uncouple Nodes

subroutine, in lines 3 − 9. In Generate Tree, an edge e is created if one of the

conditions in lines 1, 4, 9 or 15 is met. Each condition requires that for both i = 1, 2

there exist some entity ci ∈ Vi such that a triple (ci, di, c′i)dir exists in G; di and c′i

are then added to Ei and V ′i , respectively. Then each edge e = (v, v′) is updated in

Uncouple Nodes into a new edge e∗ = (v∗, v′), where v∗ and e∗ are labelled with

maximal V ∗i ⊆ Vi and E∗i ⊆ Ei such that for all entities ci ∈ V ∗i there exists a triple

(ci, di, c′i)dir in G with di ∈ E∗i and c′i ∈ V ′i ,for both i = 1, 2. Hence, each edge in T

is justified by G.

6.2.3 Algorithmic Properties

In this section we are briefly going to discuss some of the practical aspects of the

Compute MSSQ and Compute Approx MSSQ algorithm, leaving the detailed
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qualitative and quantitative analysis to Chapter 7.

Restriction on Input Entities

The theoretical framework and the exact algorithm Compute MSSQ treat sub-

jects, predicates, and objects in the same way; however, in practice we are mostly

interested in comparing subject and object entities, e.g., persons, locations or ar-

tifacts. Predicates, on the other hand, are typically considered as relations that

link subject and object entities together. Indeed, it is common in practical research

on RDF to assume that entities in RDF graphs are split into disjoint sets of node

entities, which can appear only in subject and object positions of triples, and edge

entities, which can appear only in predicate positions. As we focus our interest on

comparing node entities, our approximation algorithm assumes that the compared

entities appear in the graph either both as subjects or both as objects at least once

(and hence an MSSQ exists).

Depth of Approximation Queries

One crucial difference between Compute MSSQ and Compute Approx MSSQ

is that the former algorithm does not have the depth parameter dep. Intuitively,

instead of comparing the neighbourhoods of two input entities in an RDF graph,

Compute MSSQ considers the whole graph and all patterns common for the two

target entities that it contains. This, however, proves to be neither feasible, not

practically useful: we would much rather be interested in the information that is

directly related to the two entities in question, than in the information known about

an entity that is related to an entity, that is in turn related to an entity, etc., that

is related to the input entities.

In turn, the approximation algorithm Compute Approx MSSQ only com-

pares two entities with respect to their immediate neighbourhoods of a certain depth
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dep in the graph, i.e., it considers only the triples that can be reached in the graph

by at most dep hops from the two entities, in the bread-first search manner [101].

This enables us to explicitly control how much of the input data we would like to

consider in order to compare the two entities, and how deep the comparison process

should go.

Formally, a sequence of triples (resp. triple patterns) (p1, . . . , pk) from an RDF

graph (resp. from a query) is called connected, if for every pair pi, pi+1, 1 ≤ i < k,

it holds that e ∈ pi ∩ pi+1, with e appearing in vertex positions in both pi and pi+1.

By Nd
e we denote a neighbourhood of an entity e of depth d in an RDF graph G,

which includes all triples reachable from e by connected sequences of triples of up

to length d:

Nd
e = {t | t ∈ G and ∃(t1, . . . , tk) connected triple sequence in G

s.t. e ∈ t1, t = tk and k ≤ d}.

Moreover, a query Q is said to be of depth d, if for every triple pattern p ∈ Q there

exists a connected sequence of triple patterns (p1, . . . , pk) with k ≤ d such that ?X ∈

p1 and p = pk. Then for the input a, b, G and dep the Compute Approx MSSQ

algorithm computes queries of depth dep over neighbourhoods Ndep
a and Ndep

b of G.

Running Time

Finally, we briefly discuss the running time of the algorithm. One execution of the

Generate Tree subroutine runs in O(ρ · |G|), where ρ is the number of different

entities appearing in the predicate position in triples from G. Generate Tree is

recursively called at most (2ρ)dep−1 times, hence the full runtime of these calls is

O(ρdep · |G|). Then the subroutine Uncouple Nodes performs a check on O(ρdep ·

|G|) pair tree nodes, each check being inO(|G|). Hence, Compute Approx MSSQ
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runs in O(ρdep · |G|2) in the worst case. Note that ρ for a graph G is typically much

smaller in practice than the number of triples in G (e.g., ρ = 128 for full YAGO),

and the checks in Uncouple Nodes are made for all triples in G containing the

current entity, which usually constitute only a small fraction of G. This makes the

algorithm suitable for real-case scenarios, which we will demonstrate in Chapter 7.
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Implementation and Evaluation

In this chapter we are going to discuss the implementation of the two algorithms,

Compute MSSQ and Compute Approx MSSQ, and the evaluation of the latter

on synthetic and real-world datasets. We will illustrate why Compute MSSQ

is not suitable for practical use, and perform an indirect comparison of the two

algorithms in a limited setting that allows us to estimate how close the outputs

of the two algorithms in terms of query specificity are. Finally, we will discuss

possible optimisations of Compute Approx MSSQ that would further improve

its scalability.

7.1 Implementation

We have implemented both algorithms in Python.1 While the implementation of

Compute MSSQ was necessary in order to (a) validate that the algorithm is com-

putationally infeasible in real settings, and (b) perform comparative evaluation of

the two algorithms (see Section 7.2.2), it is of little value as a standalone implemen-

tation. Therefore, in this section we are going to focus on the implementation of
1The source code of the implementation can be found at https://github.com/chinmusique/

entitycomparison.
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Figure 18: Architecture of the Compute Approx MSSQ implementation

Compute Approx MSSQ.

We have chosen Python since it is one of the best high-level programming lan-

guages for prototyping and implementing proof-of-concept ideas. If we were to

develop an end-user entity comparison tool, we might have used a different pro-

gramming language that allows for more performance optimisation, however, in the

scope of this thesis we focus on the initial development of the comparison algorithms.

The implementation can be used through the command line. It takes as input an

RDF graph, two entities from it, and a predefined parameter depth, and computes

the acyclic SQ that is returned to the user through the standard output. The work-

flow of the implementation can be divided into two stages: the preprocessing stage

that handles the input graph and loads it into the memory, and the main stage for

computing the approximated MSSQ. We next describe each stage in more detail,

while the architecture of the Compute Approx MSSQ implementation can be

found in Figure 18.

Data Preprocessing The implementation stores the input RDF graph in memory

and does not use third-party triple stores. Instead, it reads the input data from one
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of the selected formats (.ttl, .tsv or .mtx), splits it into triples, and loads it into two

dictionaries that group triples by common subjects, predicates and objects.

The computation in Compute Approx MSSQ is based on generating the sim-

ilarity tree, which in turn is based on grouping triples sharing the same subject and

predicate, or the same object and predicate. To facilitate the retrieval of such triples

for a pair of sets of labels, we transform the input graph G into two dictionaries,

M out and M in, that are structured as follows: every element, i.e., an entity or a

blank node, appearing as a subject (resp. object) in G is mapped to all elements

that co-appear in the same triples with it as predicates; every such predicate element

is in turn mapped to all elements co-appearing as objects (resp. subjects) in the

same triples with it and the subject (resp. object) element. A schematic structure

of M out is depicted in Figure 19; the structure of M in is analogous. For example,

for the Gsoc RDF graph the dictionaries will look as follows:

Gsoc = {(anna, likes, bob),
(anna, likes, carla),
(bob, likes, carla),
(anna, follows, carla)}

M out = {anna : {likes : {bob, carla},
follows : {carla}},

bob : {likes : {carla}}}

M in = {bob : {likes : {anna}},
carla : {likes : {anna, bob},

follows : {anna}}}.

The process of generating the M out and M in dictionaries runs in time linear

to the size of the input graph. In turn, generating child nodes from a given node

labelled with (L1, L2) in a pair tree boils down to three steps:

- query M out with every element in L1 and collect all relevant predicate and

vertex elements (O(|G|)×O(1) = O(|G|));

- do the same for L2;

- do the intersection of two sets of predicate elements (O(|G|)).

113



Chapter 7. Implementation and Evaluation

M out : subj {rel1, rel2, . . . , reln}

{obj1, obj2, . . . , objm}

{obj1, obj2, . . . , objl}
. . .

{obj1, obj2, . . . , objk}

Figure 19: Schematic structure of the M out dictionary

Hence, generating a new set of child nodes using the precomputed M out and M in

has linear time complexity.

We deliberately chose to load the full RDF data dump in memory for the proof-of-

concept implementation; as the performance analysis shows in Section 7.2.1, current

implementation can efficiently process RDF graphs of up to 1 million triples. How-

ever, loading very large graphs of hundreds of millions of triples could be unfeasible.

To this end, two workarounds could be suggested: either loading the data partially,

e.g., only the triples that are in the neighbourhoods of the target nodes in the graph,

or using a SPARQL endpoint.2 In the latter case, the code should be modified so

that the M out and M in dictionaries are incrementally computed in the course of

constructing the initial pair tree by several calls to the endpoint.

Query Computation The main phase of the computation closely follows the

pseudocode presented in Algorithm 3. An object of class TreeNode is created, and

it represents the root node of a pair tree to be computed. Each TreeNode node

has four properties: two sets of labels, a set of references to child nodes, and a

reference to the parent node. The root node created initially has as labels singletons

containing the two input entities, and contains no parent or child node references.

Next comes the “forward pass” of the computation, in which a pair tree Tgen is
2e.g., DBpedia SPARQL endpoint: http://dbpedia.org/sparql
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created. The actual implementation of the Generate Tree procedure described

in Algorithm 4 is done in two steps: firstly, a pair tree is computed in which each

TreeNode node has property values for the labels and the child nodes; secondly,

the pair tree is traversed one more time, and each non-root node is updated with

the parent node information. The depth of Tgen is predefined by a numeric input

parameter depth. After Tgen is computed, it is used as input in the “backward

pass” of the computation, in which the pair tree is traversed from leaves to root,

and some nodes are uncoupled as per the Uncouple Nodes procedure described

in Algorithm 5; the updated pair tree is a similarity tree Tsim. The “backward

pass” is the most computationally expensive step in the whole process of generating

an acyclic SQ. Finally, Tsim is rewritten into a corresponding acyclic SQ Q by a

recursive procedure that follows Definition 20. The tree is traversed from root to

leaves, and each edge is translated into a triple, while each node or edge pair of

labels is translated into a term. Additionally, for each node that is labelled only

with numeric values and that cannot be translated into a numeric literal, a pair of

arithmetic constraints is created.

Optimization Remarks To further improve the scalability of the algorithm, and

in particular, to speed up the bottleneck step of the computation, i.e., the “back-

ward pass”, we could introduce two more input parameters, max label size and

max child nodes, which would set the upper limit on the number of elements in

each label and on the number of child nodes for each non-leaf node, respectively.

The two parameters would be used during the generation of the pair tree Tgen, and

in case a node had too many elements in its label or too many child nodes, only the

allowed number of randomly chosen such elements and nodes would be kept in the

tree, while the rest would be ignored. Such optimization would establish a tradeoff

between how specific the output queries are and how fast the computation is, while
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preserving the correctness of the algorithm: the output queries would still be acyclic

SQs for the given entities in a graph.

7.2 Evaluation

We evaluated the performance of our implementations and estimated to what extent

the similarity queries computed by algorithm Compute Approx MSSQ approxi-

mate MSSQs computed by algorithm Compute MSSQ in practical cases. We used

the following three RDF graphs (datasets) in our experiments:

– the synthetic graph LUBM1 [50] consisting of 100, 543 triples over 26, 437

entities, out of which 17 appear in the predicate positions;

– a subset of the anonymised Twitter follower graph (TFG) [100] consisting of

713, 319 triples over 404, 719 entities, only one of which (i.e., entity follows)

appears in the predicate positions; and

– a subset of YAGO graph [114] consisting of 1, 069, 072 triples over 604, 905

entities, out of which 42 appear in the predicate positions.

The graphs are different in size and nature: YAGO has a rich set of property enti-

ties, while TFG uses only one; LUBM1 has a regular structure and resembles data

typically encountered in databases, whereas YAGO is more heterogeneous. The

summary of the datasets is presented in Table 4.3

All experiments were performed on a MacBook Air laptop with macOS 10.14,

1.6 GHz Intel Core i5 processor, and 16 GB 2133 MHz LPDDR3 memory.
3The three datasets used in our experiments are available for downloading at https://zenodo.

org/record/3685288.
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number of entities number of triples number of predicate types
YAGO 604, 905 1, 069, 072 42
TFG 404, 719 713, 319 1
LUBM1 26, 437 100, 543 17

Table 4: Overview of the YAGO, TWG and LUBM1 datasets.

7.2.1 Performance Analysis

We start by analysing the performance and scalability of the two algorithms. Due

to the computational bottleneck of building a product graph of the input RDF

graph (see Chapter 6), Compute MSSQ timed out on all inputs. On the other

hand, Compute Approx MSSQ yielded decent performance results on all three

datasets, which we will report next.

We evaluated the runtime of our implementation of Compute Approx MSSQ

for increasing values of the depth parameter. For this, we randomly selected 100

pairs of entities in each graph and, for each such pair, we ran the implemented al-

gorithm for values of the depth parameter ranging from 1 to 4. For each graph and

each depth value, we recorded the average, median and maximum runtime as well

as the average number of triple patterns in a query among all the selected pairs of

entities. We limited the maximum depth to 4, since queries beyond that depth are

very difficult to comprehend due to their size and structure; indeed, psychologists

established precise limitations in the human capacity to store and process infor-

mation, where experiments show that most people would have trouble keeping in

memory chains of related pieces of information longer than 4 [35].

Our results for LUBM1, TFG, and YAGO are summarised in Table 5.

We can observe that our similarity queries can be computed efficiently with sub-

second average running times in most cases; in contrast our implementation of exact

Compute MSSQ timed out in all cases. The average runtime becomes larger for

depth 4 for larger datasets, such as TFG and YAGO; in case of YAGO the algo-
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RDF graph depth runtime size
avg median max t-outs avg

LUBM1 1 0.000851 0.000346 0.006910 − 1.88
2 0.002690 0.000971 0.036051 − 11.25
3 0.072132 0.001389 2.101702 − 463.00
4 0.348439 0.002058 8.558924 − 3235.02

TFG 1 0.000811 0.000356 0.045334 − 0.75
2 0.001115 0.000373 0.045334 − 3.54
3 0.058080 0.000415 3.540030 − 592.86
4 67.203592 11.308518 352.100547 − 35904.21

YAGO 1 0.000918 0.000327 0.056005 − 0.73
2 0.006476 0.000338 0.175918 − 7.81
3 8.318439 0.000347 461.952534 − 149.63
4 84.950921 0.640530 488.342738 3 1287.67

Table 5: Runtime (in seconds) and output query size (in number of triples) of
Compute Approx MSSQ on the LUBM1, TFG, and YAGO graphs

rithm reached 3 timeouts for 500 seconds threshold. However, we can also observe

that output queries tend to become very large (and hence difficult to interpret, ver-

balise, and comprehend) for depths greater than 3. Therefore, it is only practical

to consider approximated MSSQs of depth up to 3 for the selected RDF graphs, for

which our algorithm can always compute a similarity query.

7.2.2 Query Specificity Analysis

In this section we report the results of an experiment that aims to estimate how

different the similarity queries computed using Compute Approx MSSQ are from

the actual MSSQs. Unfortunately, our implementation of Compute MSSQ timed

out and hence failed to produce a query for all inputs in our datasets; thus, a direct

comparison of the answers to the similarity queries produced by the algorithms is not

feasible. To circumvent this limitation, we have designed an experiment consisting

of the following steps for each of the LUBM1, TFG, and YAGO graphs:

1. we first created 40 random connected graphs, called pattern graphs, such that
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each of them consists of 4 triples; among them 20 pattern graphs were acyclic,

and 20 contained cycles;

2. for each pattern graph G, we created its copy G′ with all entities renamed

to fresh entities (except TFG, where the only property entity is used in both

copies);

3. we then picked an entity a from each such G at random and the corresponding

a′ in the copy G′, and ran both algorithms on G ∪G′ as a graph and a, a′ as

input entities; the approximation algorithm was run for depths 1 to 3;

4. finally, we evaluated the resulting queries on the considered graph (LUBM1,

TFG, or YAGO) and compared the answers.

Intuitively, each pattern graph G represents a ‘pattern’ that may occur in the real

data (and hence a pattern that will be reflected in the MSSQ). The approximation

algorithm Compute Approx MSSQ constructs an acyclic query (i.e., a tree-like

query in which variables in the predicate positions of triple patterns occur at most

once), and hence the query returned by Compute Approx MSSQ on a graph

G ∪ G′ may not faithfully reflect the data pattern encoded by G. By evaluating

the resulting queries in step 4 we are assessing (a) how faithfully the approximated

query reflects the pattern, as well as (b) how common each pattern is in the graph,

based on the total number of answers to the MSSQ.

Our results are summarised in Table 6. Firstly, acyclic patterns are much more

common than patterns containing cycles in all three RDF graphs. This runs in ac-

cordance with the comprehensive study of queries over RDF data by Arias et al. [10],

which concluded that most real-world SPARQL queries have a very simple structure.

This validates the acyclicity condition of the Compute Approx MSSQ algorithm.

Moreover, as can be seen from the average percentage of entities contained in query

answer sets, similarity queries computed by Compute Approx MSSQ become

119



Chapter 7. Implementation and Evaluation

RDF graph
MSSQs Approximations

dep = 1 dep = 2 dep = 3
avg % avg % avg % avg %

LUBM1 A 7983.15 30.20 12157.45 45.97 10360.35 39.19 10332.05 39.08

C 33.65 0.13 6697.00 25.33 2960.45 11.20 2522.35 9.54

TFG A 156566.47 38.69 161958.50 40.02 161345.60 39.87 156566.47 38.69

C 42838.20 10.58 83284.95 20.59 82541.10 20.39 78122.65 19.30

YAGO A 147284.37 24.51 207236.80 34.26 175541.00 29.02 169331.26 27.99

C 7175.25 1.19 83641.85 13.83 44372.90 7.34 41518.15 6.86

Table 6: Average number of answers (avg) and average percentage of all entities
in answers (%) to MSSQs and the approximating queries, computed over acyclic
(A) and cyclic (C) pattern graphs and evaluated on the LUBM1, TFG, and YAGO
graphs

more specific and closer to MSSQs as the depth grows. Unsurprisingly, the approxi-

mating queries evaluated on the TFG graph are almost identical to MSSQs, since the

graph contains a single relation. It should be noted that in general we cannot hope

to have theoretical guarantees of a constant approximation ratio for any approxima-

tion algorithm that outputs an SQ that is not an MSSQ, since it is always possible

to find an example where the approximating SQ has arbitrary many answers while

the MSSQ has just two (i.e., the input entities) over some input graph. However the

empirical approximation error demonstrated by our experiments consistently goes

below 10% for both cyclic and acyclic pattern graphs for depth 3 on all datasets, as

can be seen from the percentage for MSSQs and approximated queries of depth = 3.

This makes Compute Approx MSSQ suitable for real-world applications of en-

tity comparison.

If we are to put the results from Table 6 in information retrieval terms, then it

makes more sense to talk about accuracy rather then precision and recall, since the

recall value (i.e., the ratio of answers returned by an MSSQ that are also returned

by thee approximating query) is guaranteed to be 1 for any experimental setting,

since Compute Approx MSSQ always computes a similarity query. The accuracy
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RDF graph Average accuracy, %
dep = 1 dep = 2 dep = 3

LUBM1 A 84.21 91.01 91.12
C 74.80 88.93 90.59

TFG A 98.67 98.82 100.00
C 90.01 90.19 91.28

YAGO A 90.09 95.33 96.36
C 87.36 93.85 94.32

Table 7: Average accuracy of answers returned by the approximating queries, com-
puted over acyclic (A) and cyclic (C) pattern graphs and evaluated on the LUBM1,
TFG, and YAGO graphs

rates for all three datasets are given in Table 7. As expected, accuracy grows with

the increase in the depth value, and it is lower for cyclic patterns as opposed to

patterns without cycles. The accuracy values consistently reach above 90%, and

the average accuracy across all depth values and both cyclic and acyclic patterns

amounts to 86.77%, 94.83%, 92.88% for LUBM1, TFG and YAGO, respectively.

7.3 Case Study

As a proof of concept of effective entity comparison, we ran the Compute Approx

MSSQ algorithm on a fragment of DBpedia [68] that captures the information

corresponding to Wikipedia infoboxes and analysed the types of similarity patterns

we were able to compute. The analysis was initially published in [94].

Wikipedia infoboxes are tables with a fixed structure used in Wikipedia to

present the key information about entities in a concise and structured way.4 In-

foboxes are located on the right-hand-side of Wikipedia pages that belong to certain

categories, such as people, organisations or geographical locations. For these cate-

gories entity comparison in Wikipedia could be implemented by directly comparing

the entities’ infoboxes; such a tool would provide functionality analogous to that in
4https://en.wikipedia.org/wiki/Help:Infobox
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Figure 20: Wikipedia infoboxes for actors Brad Pitt (left) and Tom Cruise (right)

existing comparison tools in Web portals (see Chapter 1), in the sense that the fea-

tures to compare would be considered fixed. However, since data from all infoboxes

forms an interconnected graph, the comparison can go beyond two given infoboxes,

by recursively comparing entities mentioned in the infoboxes, and thus producing

similarity queries beyond depth 1.

Figure 20 displays side by side the infoboxes for two actors Brad Pitt and Tom

Cruise.5 We can observe similarities such as their occupations and country of birth,

or the fact that they have both been married and have children. Both infoboxes are

fairly well populated, therefore the two corresponding entities form a suitable input

for the Compute Approx MSSQ algorithm.

We ran our algorithm on Brad Pitt and Tom Cruise and the aforementioned

fragment of DBpedia. We observed that the computed MSSQ provided much richer

information than what can be obtained by direct inspection of the infoboxes. Since

the resulting MSSQ is rather large, we concentrate on its subqueries, i.e., fragments

of its basic graph pattern and arithmetic filter condition, of special interest. First,

we notice that we generated all the similarities that could be obtained by manual
5Screenshots were made on July 24th, 2017.
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inspection of the infoboxes. In particular, with ?X being the answer variable, we

automatically found that both Brad Pitt and Tom Cruise:

- are both actors and producers, as witnessed by the subquery

{(?X, occupation, actor), (?X, occupation, producer)};

- were born in the U.S., as witnessed by

{(?X, birthplace, ?Y1), (?Y1, country, us)};

- were married, have at least three kids, and have relatives, as witnessed by

{(?X, children, ?Y2), (?X, spouse, ?Y3), (?X, relatives, ?Y4)}, with (?Y2 ≥ 3).

However, the computed MSSQ also contains plenty of additional useful informa-

tion. For instance, both Pitt and Cruise:

- were married to U.S. actresses, as witnessed by

{(?X, spouse, ?Y3), (?Y3, nationality, us), (?Y3, occupation, actress)};

- were married to actresses who were also married to musicians:

{(?X, spouse, ?Y3),(?Y3, occupation, actress),

(?Y3, spouse, ?Y6), (?Y6, occupation,musician)}.

To sum up, even using only DBpedia data capturing Wikipedia infoboxes, we are

able to significantly enhance the explicit contents of fairly comprehensive infoboxes
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and exploit the graph nature of the data to discover “deeper-level” similarities be-

tween the entities of interest. We envision that our approach could even be more

useful if the whole of DBpedia had been considered, especially in the case where the

infoboxes corresponding to the entities of interest are rather minimalist and hence

do not provide sufficiently many features to compare, as well as for categories of

entities which do not currently have infobox information.
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Conclusion

In this chapter we are going to give a brief overview of the research presented in this

thesis and to summarise main results that have been achieved. We will also discuss

directions of future research in the area of declarative entity comparison, as well as

a number of potential practical applications of the entity comparison framework.

8.1 Summary

In this thesis we studied the problem of comparing entities using knowledge graphs,

and we presented the first declarative, query-based entity comparison framework

over knowledge graphs [93,94]. The framework exploits the information from a KG

that is directly or indirectly related to the target entities, and automatically com-

putes meaningful, informative comparisons that have certain guaranteed properties.

It is the first framework that approaches comparisons over KGs in a declarative way,

and handles differences in an independent way rather than as a by-product or the

absence of similarities.

In particular, in this thesis we modeled comparisons as SPARQL queries, and

we introduced basic comparison queries — similarity, exact similarity and difference
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queries — as well as proposed the notion of the most informative comparison queries.

Query informativeness in the framework is measured using subsumption, and most

informative similarity and difference queries are defined as the most specific and

most general such queries with respect to subsumption [94].

We considered two SPARQL fragments that underlie the framework, namely

conjunctive SPARQL queries with or without arithmetic comparisons. Arithmetic

comparisons are particularly useful when comparison is done over KGs with rich

numeric information: price, size, age and other quantitative parameters. We specif-

ically fixed the form of comparisons to be between a variable and a numeric value,

excluding comparisons between variables, since the latter is of little use in the con-

text of entity comparison: it would yield a lot of incomparable cases when, e.g.,

an age value is compared with a price value. We discussed the advantages and

disadvantages of the two query languages, and showed the tradeoff between their

complexity and expressive power.

We introduced two fundamental decision problems for queries, namely the exis-

tence and verification problems, following the approach by Arenas et al. [8]. The

existence decision problem Exists X checks whether, given two entities and an

RDF graph, there exists a comparison query of type X that satisfies the input data.

The verification problem Verify X checks whether, given two entities, an RDF

graph and a query, the query is a comparison query of type X for the given input.

We studied the computational complexity of both problems for similarity queries

(SQs), exact similarity queries (ESQs), difference queries (DQs) and most specific

similarity queries (MSSQs). The complexity is not affected by the presence of arith-

metic comparisons, except for the case of verifying MSSQs, which is NP-complete

for the queries without the arithmetic filter condition (AFC), and is ΠP
2 -complete

for the queries with AFC [95]. Similarity queries appeared to be the easiest type

of comparison queries from the computational perspective: verifying an SQ is an
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NP-complete task, while checking for the existence of an SQ can be efficiently done

in AC0. Exact similarity queries (ESQs) and difference queries (DQs) are similar

in nature as they both require two checks, one for the presence of an answer in the

answer set and one for the absence of an answer; in fact the complexity of ESQs is

shown through the reduction of the corresponding problems for DQs. The existence

of both type of queries is a coNP-complete task, while verifying both ESQs and

DQs is a DP-complete task. Finally, an MSSQ exists if and only if an SQ exists

for the given input, hence the existence problem for MSSQs is in AC0. The full

overview of the complexity results for the existence and verification problems can

be found in Table 8.

SQ ESQ DQ MSSQ
Verify X NP-c. DP-c. DP-c. NP-c. / ΠP

2 -c.
Exists X in AC0 coNP-c. coNP-c. in AC0

Table 8: Complexity of Verify X and Exists X problems for SQs, ESQs, DQs
and MSSQs

We studied procedures for computing different types of similarity queries: a

simple AC0-time check for SQs, the Compute ESQ algorithm for ESQ, and the

Compute MSSQ algorithm for MSSQs. Furthermore, we demonstrated that if

there exists an SQ for two entities in an RDF graph, there must exist a unique

MSSQ (modulo query equivalence) for the given input. Lastly, in order to make the

computation of MSSQs scalable, we came up with an approximation condition for

computing MSSQs and proposed the Compute Approx MSSQ algorithm that

can scale up to RDF graphs consisting of millions of triples. We evaluated Com-

pute Approx MSSQ on two real-world datasets YAGO [114] and Twitter follower

graph [100], and on the LUBM1 synthetic dataset [50], and demonstrated that Com-

pute Approx MSSQ provides both an efficient and accurate way of computing

MSSQs, reaching the empirical approximation ratio of over 90%. Finally, we illus-

trated the usefulness and expressivity of the framework on numerous examples and
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a use case involving Wikipedia infoboxes.

8.2 Future Work

8.2.1 Directions of Research

Declarative entity comparison over knowledge graphs is a novel area of research

with numerous potential applications, and not surprisingly it lends itself to multiple

additional directions of further research. While this thesis lies foundations for query-

based entity comparison, the following research directions are worth investigating

from the theoretical perspective.

- One immediate step in extending the framework is to study most general dif-

ference queries (MGDQs), their properties and computational complexity. We

have demonstrated that there could exist infinitely many MGDQs for two given

entities in a knowledge graph. Whether or not the existence and verification

problems are decidable for MGDQs remains an open problem. Additionally,

one might want to study acyclic MGDQs; the complexity results for them

are likely to be decidable. Finally, in order to have a comprehensive entity

comparison implementation, it is important to devise efficient algorithms for

computing full or approximated MSSQs.

- Another possible extension for the framework is adding the ability to compare

non-numeric literals, primarily text strings, but also dates, times, geographic

coordinates, etc. Dates and times may be treated similarly to numeric values,

i.e., they can be compared using the “earlier than” and “later than” relations

that are semantically close to proper numeric comparison operators ≤, <, ≥

and >. Text strings, on the other hand, require different comparison methods,

e.g., textual similarity methods used in the areas of Natural Language Process-
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ing and Information Retrieval [27,34,58,79,80]. For example, given two triples

(book1 , title, ′Artifical Intelligence Basics′) and (book2 , title, ′Foundation

of AI ′), a useful similarity query would state the two books are on Artificial

Intelligence. Geographic coordinates can be compared using distance mea-

sures, so that the smaller the distance between two coordinates is, the more

similar the two coordinates are.

- Additionally, one might want to study the data-dependent versions of the

most informative comparison queries. Our framework uses the notion of data-

agnostic query subsumption in the definition of most informative queries:

MSSQs and MGDQs are defined as SQs and DQs, respectively, that are min-

imal and maximal, respectively, with respect to query subsumption. Such

modeling, as opposed to the one that uses data-dependent query subsumption,

was chosen due to the fact that (web-based) knowledge graphs are inherently

incomplete. If we were to use modified definitions of MSSQ and MDGQ in

which queries are required to be maximal or minimal with respect to subsump-

tion over the given RDF graph, such MSSQs and MGDQs may no longer be

the most informative queries, once the data in the graph is partially modified,

added or lost. However, data-dependent MSSQs and MGDQs are nevertheless

of considerable interest as they correspond to the patterns that best describe

or discriminate the two entities using a particular dataset. Therefore, an-

other potential direction of research is to study the complexity and theoretical

properties of such queries.

- Furthermore, the proposed entity comparative framework is not exhaustive in

terms of possible types of comparative queries. One could think of additional

query types that are relevant for practical entity comparison. One such type

is difference queries modulo similarity proposed in [94]: let Q′ be a similarity
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query for a and b in G, then, we say that Q is a difference query modulo

Q′ if Q is a difference query for a relative to b, and it holds that Q ⊆ Q′.

Such DQs are interesting since are relevant to an identified similarity, in the

sense that they distinguish the entities based on an aspect that they have

in common. For example, given two triples (Ana, studies, computer science)

and (Bob, studies, biology), one possible similarity is that both persons are

students, and differences relevant to this similarity are that Ana studies com-

puter science, while Bob studies biology. Together these SQ and DQ queries

offer a relevant, informative comparison of the two entities.

- Finally, to the best of our knowledge, this thesis presents the first declarative

entity comparison framework for KGs. However, there have been numerous

attempts to come up with similarity measures, including the structural ones

that take into account the graph structure of the data, that would probabilis-

tically estimate how similar or dissimilar two entities (objects, text strings,

images, etc.) are and produce a numeric score [60, 62, 70, 78, 116, 133]. While

such score-based similarities are orthogonal to the way we approach compar-

ison, it would nonetheless be interesting to consider a hybrid framework in

which, e.g., certain numeric predictions are integrated into the declarative,

query-based comparison. For example, one could statistically predict which

nodes should be kept while pruning the similarity tree (see Section 7.1) so as to

reduce the size of the output query. And the other way around, one could use

the entity comparison framework inside a larger statistical similarity model,

e.g., by using comparative queries as features in a machine learning model, or

use comparison queries as declarative explanations as to why a pair of entities

produced a certain similarity score.

From the practical, user-oriented perspective the entity comparison framework
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poses several interesting challenges. In order to create a comprehensive and conve-

nient entity comparison tool, the following things need to be taken into account.

- The most important question is how to present comparison queries to the

user and make then readable, concise and reasonably sized. In particular, the

following questions may arise.

· A practical implementation of the tool would effectively address the prob-

lem of large-sized comparison queries, in particular MSSQs, and how they

can be presented to a user in an easy-to-read manner. One possible solu-

tion would be to split the output MSSQs into comprehensible subqueries

Such subqueries can then be sorted and ranked according to their in-

formativeness, e.g., using the ranking techniques from the Information

Retrieval community [98,104].

· Another open problem is output representation. One could use the formal

query notation, e.g., the SPARQL syntax or the syntax of CQ. Another

solution would involve partially or fully verbalizing MSSQs into natural

language explanations. For example, a query Q = Select ?X Filter

{(?X, livesIn, London), (?X, friendsWith, ?Y ), (?Y,worksAt,Oracle)}

could be transformed into a natural language explanation “Both input

entities live in London and are friends with someone who works at Ora-

cle”.

- Finally, when addressing all the aforementioned problems, one should think

about how query usefulness and informativeness can be measured and evalu-

ated in practice.
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Figure 21: A fragment of data involving three concepts to be matched.

8.2.2 Potential Applications

Apart from a standalone entity comparison tool which could be used for data explo-

ration and visualisation, declarative entity comparison can be used as an auxiliary

module in other tools and applications.

- Entity comparison can be used in ontology and KG matching, in particular for

debugging and validation purposes [96]. One way to facilitate entity matching

across datasets is to provide human-readable explanations that highlight what

the two entities have in common, as well as what differentiates the two entities.

For instance, the Compute Approx MSSQ algorithm and the underlying

similarity tree can be adapted for such purposes. Suppose there are three

entities, Emma Watson, Emily Watson and E Watson, that need to be either

matched or disambiguated, and a data fragment given in Figure 21. Then the

similarity trees produced by Compute Approx MSSQ over Emma Watson

and E Watson, and over Emily Watson and E Watson will look as depicted in

Figure 22. Each path in a similarity tree can be treated as a separate simi-

Figure 22: Similarity trees rooted in two pairs of entities.

larity query, in which each edge is encoded as a triple pattern, and each label

(L1, L2) is encoded as either a fresh variable (if L1 6= L2) or an entity l (if L1 =
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L2 = {l}). For example, a query Q1 = Select ?X Filter {(?X, actedIn,

Ballet Shoes)} is a similarity query for Emma Watson and E Watson, while a

query Q2 = Select ?X Filter {(?X, actedIn, ?Y ), (?Y, year, ?Z)} is a simi-

larity query for Emily Watson and E Watson. Moreover, each query branch and

sub-branch involving non-entity labels can also be treated as a difference query,

if instead of variables we take entities from one of the label sets. For example,

Q3 = Select ?X Filter {(?X, actedIn, Little Women), (Little Women,

year, 2019)} is a difference query for E Watson relative to Emily Watson. Both

types of queries can assist in explaining why the two entities should or should

not be merged: while Q1 gives a good enough reason to match Emma Watson

and E Watson into one entity, Q2 is not specific enough to match the other

pair, and in fact Q3 can act as an indicator that the two movies named Lit-

tle Women are indeed two different movies, and Emily Watson and E Watson

are two difference persons.

- As we have briefly mentioned in Section 8.2.1, comparison queries can provide

additional, alternative explanations as to why two entities, e.g., items in an

online shop or movies in a recommender system, are considered to be statis-

tically similar. The explainability of complex machine learning-based systems

is an open problem and an active area of research, and semantic technologies,

in particular knowledge graphs, lend themselves for the task [45, 105, 123]. It

has been partially implemented in social networks like Facebook or LinkedIn,

which suggest users their potential acquaintances motivating the suggestions

by something the two users have in common, e.g., friends, a university, a

workplace or a hometown. Using the full expressive power of formalisms

like SPARQL or CQs would considerably enrich such explanations and add

transparency to any system. However, integrating declarative explanations

into machine learning-based systems does not stop at social networks. Quite
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the contrary, explainable predictions, suggestions and generated content can

greatly benefit, respectively, financial forecasting, e-commerce, as well as dialog

systems, news summarisation and artificial personal assistants, to name a few.

Explainable results are especially important in the domains like biomedicine,

jurisprudence, insurance or public policies, where the decisions of an artificial

system affect people’s lives and can be critical. This is why hybrid systems

that combine traditional statistical methods with symbolic representations and

that offer higher degrees of explainability, interpretability and trust are the

very likely future of AI [66,74,124,129], and entity comparison offers one way

of integrating explanations into statistical reasoning.
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