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Abstract

Inspired by the theory of wide neural networks (NNs), kernel learning and feature learning have recently
emerged as two paradigms through which we can understand the complex behaviours of large-scale deep
learning systems in practice. In the literature, they are often portrayed as two opposing ends of a
dichotomy, both with their own strengths and weaknesses: one, kernel learning, draws connections to
well-studied machine learning techniques like kernel methods and Gaussian Processes, whereas the other,
feature learning, promises to capture more of the rich, but yet unexplained, properties that are unique
to NNs.

In this thesis, we present three works studying properties of NNs that combine insights from both
perspectives, highlighting not only their differences but also shared similarities. We start by reviewing
relevant literature on the theory of deep learning, with a focus on the study of wide NNs. This provides
context for a discussion of kernel and feature learning, and against this backdrop, we proceed to describe
our contributions. First, we examine the relationship between ensembles of wide NNs and Bayesian
inference using connections from kernel learning to Gaussian Processes, and propose a modification that
accounts for missing variance at initialisation in NN functions, resulting in a Bayesian interpretation to
our trained deep ensembles. Next, we combine kernel and feature learning to demonstrate the suitability
of the feature kernel, i.e. the kernel induced by inner products over final layer NN features, as a target
for knowledge distillation, where one seeks to use a powerful teacher model to improve the performance
of a weaker student model. Finally, we explore the gap between collapsed and whitened features in
self-supervised learning, highlighting the decay rate of eigenvalues in the feature kernel as a key quantity
that bridges between this gap and impacts downstream generalisation performance, especially in settings
with scarce labelled data. We conclude with a discussion, including limitations and future outlook, of

our contributions.
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Chapter 1

Introduction

Deep learning (DL) systems, and deep neural networks (DNNs) in particular, have achieved unprece-
dented success in recent years, driving advances in Machine Learning (ML) applications such as computer
vision (Krizhevsky et al., 2012), natural language processing (Devlin et al., 2018), and achieving super-
human performance in complex games (Silver et al., 2017), to name a few. At its core, a DNN is simply
a collection of small modular building blocks, with trainable parameters, that are composed in some
topology to form an expressive function of input data. From this basic recipe, recent progress in DL
has been facilitated largely through practical developments, like the availability of large-scale real world
training datasets (Deng et al., 2009; Panayotov et al., 2015; Raffel et al., 2020), and computational im-
provements in both the hardware (Owens et al., 2008; Lindholm et al., 2008; Jouppi et al., 2017) and
software (Rumelhart et al., 1986; Baydin et al., 2018; Paszke et al., 2019; Bradbury et al., 2018) that
we use to process data. As such, the success of DNNs has occurred to a large extent through empirical
validation, as opposed to theoretical verification.

Despite empirical progress thus far, advancing the theory of DL remains important in order to provide
a concrete framework for understanding the mechanisms behind how DNNs learn from data, and make
predictions or take actions based on that learning. In turn, an improved understanding is crucial for
further developing effective DL algorithms and realising the full potential that DNNs have to offer in
practice. Some potential opportunities that an improved understanding of DNNs would enable include
improving DNNs in areas where they traditionally underperform other ML approaches (Shwartz-Ziv and
Armon, 2022; Grinsztajn et al., 2022), or simplifying the complex design choices that a practitioner needs
to make when training a large-scale DL system (Shallue et al., 2019; Zhang et al., 2019b; Yang et al.,
2022a).

However, modern DNNs are afflicted by high-dimensional, non-convex and non-linear loss surfaces
in their parameter space (Dauphin et al., 2014; Li et al., 2018). This means that fundamental results
about the mechanisms of DNN training, i.e. the process by which a DNN makes use of available data, are
difficult to establish. As such, it is common for theoreticians to resort to simplified settings such as linear
(Saxe et al., 2013), single hidden-layer (Sirignano and Spiliopoulos, 2018; Mei et al., 2018; Allen-Zhu and
Li, 2020) and/or wide DNNs (Neal, 1996; Matthews et al., 2018; Lee et al., 2018a; Jacot et al., 2018;



Yang, 2019a) to be able to maintain analytic tractability.

In particular, studying the wide limit of DNNs has been fruitful within the research community in
recent years, not least because it has uncovered universal links that exist between DNNs and classical
ML methods like kernels and Gaussian processes (GPs) (Neal, 1996; Matthews et al., 2018; Lee et al.,
2018a; Jacot et al., 2018; Yang, 2019a), whose theoretical analyses are more mathematically convenient
and hence better understood. As a result, one key advantage of this so-called kernel correspondence
of wide DNNs is the analytic tractability that it allows (Lee et al., 2019), leading to groundbreaking
results in a range of areas pertaining to DNNs. These include the first proof of global convergence
and generalisation in DNNs (Allen-Zhu et al., 2019; Cao and Gu, 2019; Du et al., 2019), as well as
characterising the frequency bias in learnt functions (Ronen et al., 2019; Bietti and Mairal, 2019; Cao
et al., 2019; Tancik et al., 2020) and designing performant DNN architectures, including more efficient
ones without skip connections nor normalisation layers (Xiao et al., 2018; Martens et al., 2021; Zhang
et al., 2022; Zaidi et al., 2022), for example.

Following an initial excitement around kernel behaviour in wide DNNs, a consensus in the field has
emerged that the kernel correspondence is not sufficient to describe the entire behaviour of DNN training
(Chizat et al., 2019; Aitchison, 2020; Fort et al., 2020; Ghorbani et al., 2020; Allen-Zhu and Li, 2020; Yang
and Hu, 2020; Baratin et al., 2021). In particular, a core ingredient of DNNs that is incompatible with
the infinite-width kernel limit is the notion of feature learning, where the DNN flexibly adapts its internal
“representations” of data as it comes across new data during training. Though not fully understood,
it is widely believed that feature learning is crucial to explaining many of the complicated phenomena
that DNNs are capable of in practice, such as: the benefits of pretraining (Devlin et al., 2018), meta-
learning (Finn et al., 2017), knowledge distillation (Hinton et al., 2015) and ensembling (Hansen and
Salamon, 1990; Perrone and Cooper, 1992; Krogh and Vedelsby, 1994). While recent works have shown
the existence of theoretical regimes that exhibit feature learning in general wide DNNs architectures
(Yang and Hu, 2020; Bordelon and Pehlevan, 2022), these regimes lose the analytic tractability that the
kernel limit enjoys. As such, practical insights that one can derive from theories of feature learning have
so far been limited compared to the kernel regime, and reversing this trend is an active area of research

(Yang et al., 2022a).

1.1 Thesis Outline

The similarities and contrast between kernel and feature learning has provided a new lens through
which to view DNNs, and is central to the contents of this thesis. This is an integrated thesis, where
Chapters 3 to 5 are separated into self-contained papers that each explore one of, or both, kernel and
feature learning in DNNs. In Chapter 2 we first introduce background material on DNNs and kernel
methods, before reviewing recent literature that has connected these seemingly disparate ML algorithms
in the wide DNN limit. We then proceed to introduce feature learning as an alternative to kernel learning,
and discuss how various DL phenomena fit into this paradigm between kernel and feature learning, setting
the scene for the ensuing chapters.

In Chapter 3 (He et al., 2020a), we use the kernel regime to characterise the relationship between deep



ensembles (Lakshminarayanan et al., 2017) and Bayesian inference. This is a question of significance for
the Bayesian DL community because ensembling forms a very strong baseline in uncertainty quantifi-
cation (UQ) in DNNs, but was not originally proposed as a principled Bayesian approach to UQ. We
show that, in wide DNNs, deep ensembles are not Bayesian owing to missing variance at initialisation,
and provide a modification to correct for this, so that our trained ensembles approximate a so-called
Neural Tangent Kernel Gaussian Process (NTKGP) posterior in the infinite-width limit. On standard
regression and classification UQ tasks, we demonstrate that our Bayesian deep ensembles outperform
standard deep ensembles.

In Chapter 4 (He and Ozay, 2021), we combine feature learning with kernel learning by treating the
feature kernel, defined in Section 2.3, as a key object to target for knowledge distillation (KD) (Hinton
et al., 2015), which is a method that uses a teacher DNN in order to improve the performance of a
student DNN. By focusing on the feature kernel, our proposed Feature Kernel Distillation (FKD) has
the benefit relative to standard KD that it does not need the prediction spaces and training datasets
of the teacher and student to match. We extend the theory of Allen-Zhu and Li (2020) to show that
FKD can improve student NN test accuracy, whereas standard training without KD fails to generalise,
and further use our theory to motivate implementation considerations for FKD in practice. Finally, we
experimentally corroborate our theory in the image classification setting, showing that FKD is amenable
to ensemble distillation, can transfer knowledge across datasets, and outperforms both vanilla KD &
other feature kernel based distillation baselines across a range of standard settings in KD.

Finally, in Chapter 5 (He and Ozay, 2022), we explore the gap between collapsed and whitened features
in self-supervised learning (SSL), where DNNs learn useful features without labelled data. Avoiding
collapsed features, a degenerate state where the DNN produces constant output across all inputs, is
a common goal shared among different methods in SSL. To that end, whitened features have recently
been proposed as a alternative (Ermolov et al., 2021; Zbontar et al., 2021; Bardes et al., 2021) in order
to avoid collapse. We identify collapsed and whitened features as two extremes of a spectrum in the
features’ eigenvalues, and identify power-law decay, parameterised by exponent 5 > 0, as one way to
bridge between them. From this insight, we investigate factors that affect the degree to which features are
whitened in SSL, such as projection heads and regularisation strength, and highlight that downstream
generalisation performance is not necessarily monotonic in the amount of whitening, particularly in

label scarce settings. Motivated by our findings, we propose a method, Post-hoc Manipulation of the

Principal Axes & Trace (PostMan-Pat), which efficiently post-processes pretrained DNN features to
enforce eigenvalue decay rate with power law exponent 3, and find that PostMan-Pat delivers improved

label efficiency and transferability across a range of SSL settings.

1.2 Omitted work

In this subsection we mention projects we have been a part of, but have not included in this thesis,

mainly due to cohesiveness or space limitations:



Stable ResNets (Hayou et al., 2021a) In this work, we study and improve the behaviours of deep
residual networks (ResNets) at initialisation, using the signal propagation analysis we describe in Sec-
tion 2.2.2. Deep ResNet architectures have achieved state of the art performance on many tasks. While
they solve the problem of gradient vanishing, they might suffer from gradient exploding as the depth
becomes large (Yang and Schoenholz, 2017). Moreover, recent results have shown that ResNets might
lose expressivity as the depth goes to infinity (Yang and Schoenholz, 2017; Hayou et al., 2019). To
resolve these issues, we introduce a new class of ResNet architectures, called Stable ResNet, that have

the property of stabilizing the gradient while ensuring expressivity in the infinite depth limit.

Signal Propagation of Self-Attention layers in Transformers (He et al., 2023) We continue
the theme on signal propagation now in this project, which focuses on the self-attention layer and the
modifications needed therein, in order to remove skip connections and normalisation layers in deep trans-
formers. Skip connections and normalisation layers form two standard architectural components that
are ubiquitous for the training of Deep Neural Networks (DNNs), but whose precise roles are poorly
understood. Recent approaches such as Deep Kernel Shaping (Martens et al., 2021) have made progress
towards reducing our reliance on them, using insights from wide NN kernel theory to improve signal prop-
agation in vanilla DNNs (which we define as networks without skips or normalisation). However, these
approaches are incompatible with the self-attention layers present in transformers, whose kernels are in-
trinsically more complicated to analyse and control. And so the question remains: is it possible to train
deep vanilla transformers? We answer this question in the affirmative by designing several approaches
that use combinations of parameter initialisations, bias matrices and location-dependent rescaling to
achieve faithful signal propagation in vanilla transformers. Our methods address various intricacies spe-
cific to signal propagation in transformers, including the interaction with positional encoding and causal
masking. In experiments on WikiText-103 and C4, our approaches enable deep transformers without
normalisation to train at speeds matching their standard counterparts, and deep vanilla transformers to

reach the same performance as standard ones after about 5 times more iterations.

Uncertainty Quantification in Implicit Neural Representations for Computed Tomography
(Vasconcelos et al., 2022) Moving now towards uncertainty quantification and Bayesian deep learn-
ing (explored further in Chapter 3), we study the predictive uncertainty qualities of implicit neural
representations (INRs) (Mildenhall et al., 2020; Sitzmann et al., 2020; Tancik et al., 2020) in the setting
of underdetermined computed tomography. Implicit neural representations (INRs) have achieved im-
pressive results for scene reconstruction and computer graphics, where their performance has primarily
been assessed on reconstruction accuracy. As INRs make their way into other domains, where model
predictions inform high-stakes decision-making, uncertainty quantification of INR, inference is becoming
critical. To that end, we study a Bayesian reformulation of INRs, UncertalNR, in the context of com-
puted tomography, and evaluate several Bayesian deep learning implementations in terms of accuracy

and calibration. We find that they achieve well-calibrated uncertainty, while retaining accuracy compet-
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itive with other classical, INR-based, and CNN-based reconstruction techniques. Contrary to common
intuition in the Bayesian deep learning literature, we find that INRs obtain the best calibration with
Monte Carlo dropout, outperforming more expensive methods like Hamiltonian Monte Carlo and deep
ensembles. Moreover, in contrast to the best-performing prior approaches, UncertalNR does not require

a large training dataset, but only a handful of validation images.

Probabilistic fine-tuning of pruning masks and PAC-Bayes self-bounded learning (Hayou
et al., 2021b) In this work, we study an approach to learning pruning masks by optimizing the ex-
pected loss of stochastic pruning masks, i.e., masks which zero out each weight independently with some
weight-specific probability. We analyse the training dynamics of the induced stochastic predictor in
the setting of linear regression, and observe a data-adaptive L1 regularization term, in contrast to the
data adaptive L2 regularization term known to underlie dropout in linear regression. We also observe
a preference to prune weights that are less well-aligned with the data labels. We evaluate probabilistic
fine-tuning for optimizing stochastic pruning masks for neural networks, starting from masks produced
by several baselines (namely, magnitude pruning (Han et al., 2015), SNIP (Lee et al., 2018b), and random
masks). In each case, we see improvements in test error over baselines, even after we threshold fine-tuned
stochastic pruning masks. Finally, since a stochastic pruning mask induces a stochastic neural network,
we consider training the weights and/or pruning probabilities simultaneously to minimize a PAC-Bayes
bound on generalization error. Using data-dependent priors (Dziugaite et al., 2021), we obtain a self-
bounded learning algorithm with strong performance and numerically tight bounds. In the linear model,
we show that a PAC-Bayes generalization error bound is controlled by the magnitude of the change in

feature alignment between the “prior” and “posterior” data.

Effectiveness and Resource Requirements of Test, Trace and Isolate Strategies (He et al.,
2020b) The Royal Society DELVE initiative is a multi-disciplinary group, convened by the Royal So-
ciety at the start of the Covid-19 pandemic, to support a data-driven approach to learning from the
different approaches countries are taking to managing the pandemic. In the first of two projects with
DELVE, we use an individual-level transmission and contact simulation model to explore the effectiveness
and resource requirements of various test-trace-isolate (TTI) strategies for reducing the spread of Covid-
19 in the UK, in the context of different scenarios with varying levels of stringency of non-pharmaceutical
interventions. Based on modelling results, we show that self-isolation of symptomatic individuals and
quarantine of their household contacts has a substantial impact on the number of new infections gener-
ated by each primary case. We further show that adding contact tracing of non-household contacts of
confirmed cases to this broader package of interventions reduces the number of new infections otherwise
generated by 5-15%. We also explore impact of key factors, such as tracing application adoption and

testing delay, on overall effectiveness of TTIL.
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Spatial mapping of Covid-19 pandemic (Teh et al., 2021) In our second and final DELVE
project, we present a statistical model designed to capture the fine-grained spatial correlations of a pan-
demic, as it spreads through a larger region e.g. a country. The spatio-temporal pattern of Covid-19
infections, as for most infectious disease epidemics, is highly heterogenous as a consequence of local
variations in risk factors and exposures. Consequently, the widely quoted national-level estimates of
reproduction numbers are of limited value in guiding local interventions and monitoring their effective-
ness. It is crucial for national and local policy makers, and for health protection teams, that accurate,
well-calibrated and timely predictions of Covid-19 incidences and transmission rates are available at fine
spatial scales. Obtaining such estimates is challenging, not least due to the prevalence of asymptomatic
Covid-19 transmissions, as well as difficulties of obtaining high resolution and high frequency data. In
addition, low case counts at a local level further confounds the inference for Covid-19 transmission rates,
adding unwelcome uncertainty.

In this work we develop a hierarchical Bayesian method for inference of transmission rates at fine
spatial scales. Our model incorporates both temporal and spatial dependencies of local transmission rates
in order to share statistical strength and reduce uncertainty. It also incorporates information about
population flows to model potential transmissions across local areas. A simple approach to posterior
simulation quickly becomes computationally infeasible, which is problematic if the system is required to
provide timely predictions. We describe how to make posterior simulation for the model efficient, so that
we are able to provide daily updates on epidemic developments.

The results can be found at our website https://localcovid.info, which is updated daily to dis-
play estimated instantaneous reproduction numbers and predicted case counts for the next weeks, across
local authorities in Great Britain. We hope that our methodology and website will be of interest to
researchers, policy makers and the public alike, to help identify upcoming local outbreaks and to aid in
the containment of Covid-19 through both public health measures and personal decisions taken by the

general public.
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Chapter 2

Literature Review

In this chapter we review existing literature on which the work included in this thesis builds. We
first present an overview on kernel methods/Gaussian processes (GPs) and neural networks (NNs),
before delving into the rich theoretical connections that tie together these different ML methods. These
connections to kernels and GPs occur in certain wide limits of NNs, and characterise NN behaviour both
at initialisation and during training. We discuss the use and limitations of this so-called kernel learning,
which leads us to describe feature learning as an alternative paradigm for NNs. Finally, we discuss
concrete examples of NN behaviour: ensembling, knowledge distillation, and self-supervised learning, in

the context of kernel and feature learning.

2.1 Background and Notation

Suppose we are given some data D which we seek to use to train a model f. Unless specified otherwise,
in this thesis we consider supervised learning, where D = {x;, y; }_; is a set of input-output pairs, with
x € X C R and y € Y C RC representing inputs and outputs respectively. In this case, our model
f() : X = Y is a function that takes an unseen input-output pair (x*,y*) and outputs a prediction
f(x*) € Y that we hope generalises in some way to reflect y*. For regression tasks, we have y* is a
c-dimensional real-valued vector, and we seek to minimise the least squares distance || f(x*) — y*||3. For
classification tasks with c classes, y* € R¢ can be thought of as a one-hot encoding vector that has all
entries equal to 0 except for one, where it takes value 1 to denote the true class. In this case, a correct
prediction f(x*) satisfies argmax f(x*) = arg max y*.

Typically, we choose f(-) to be a parametric function f(-, 0), with parameters 8 € R?, and the training
process tries to learn @ from the available data D. In most circumstances, we learn a single parameter
point estimate 0 € RP to give predictions f(, é), but in Section 2.4.1 we also consider an ensemble of
learnt model parameters {0}, }/ | that give an ensemble of predictions {f(-, 8;)}K_,.

There are a variety of ways that we can choose to construct the parameter space of the function
f(-,0), and the choice that we make has important implications for the properties of our trained model.
We spend the rest of this section describing some different possibilities for f(:,8), starting with the

simplest and arguably most famous: the linear model.
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2.1.1 Linear models

In the linear model, we choose f(x,8) be a linear function in the input data x:
f(x,0)=x"6 (2.1)

for parameters @ € R?*¢. For simplicity, we assume output dimension ¢ = 1, though our exposition is
straightforwardly extended to settings with ¢ > 1.
In statistics, the linear model is commonly used in the regression setting, reflecting an assumption

that the output y is generated according to a linear dependence in « with some additive noise:

y=x'0" +¢ (2.2)

where € € R® represents random noise and 8* € R%*¢ is an unknown parameter value that we seek
to approximate.

If we assume our training data D = {z;, y;}7_, consists of n input-output pairs, let us define X € R"*4
and Y € R™*¢ to have row i equal to ] and y; respectively. Moreover, for now we assume that
XTX € R¥™ is invertible, which will be the case when n > d and X is full rank. Then, one way to

estimate @ is by least squares, which gives the following estimator, OLs:

015 == argmin {||Y — X0|3} (2.3)
o
=X"X)"xTy (2.4)

The tractability of Equation (2.4) owes to the fact that the least squares objective Equation (2.3) is
convex in the parameters 6, and the uniqueness of éLS owes to the invertibility of X T X.

Using éLs, we obtain predictions:

Yig = X(X'X)"'XTy (2.5)

which can be thought of intuitively as a linear projection of Y onto the column space of X.

Under the additional assumption that noise terms ¢; are zero mean, uncorrelated, and have constant
variance (homoscedastic) across inputs ¢ < n, it is straightforward to see that our estimated éLS is
unbiased ]E(éLS) = 0*. Moreover, the Gauss-Markov theorem tells us that the least squares estimator
éLS is the best linear unbiased estimator under our assumptions, such that for any other unbiased
estimator @ that is linear in Y, the variance of 0 is larger than the variance of éLS, in the sense that
Var(0) — Var(fyLg) is positive semi-definite.

Ridge regression When we have non-invertible XX, the optimisation problem is still convex but
now has an infinite hyperplane of solutions. One common solution to avoid this under-determined nature
is ridge regression (Hoerl and Kennard, 1970): we add Lo regularisation on parameters with strength

0% > 0, giving unique solutions regardless of the invertibility of X T X:
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6, := arg min {IlY — X635 +0%|10])3} (2.6)
o

=X"X+2N XY (2.7)

While the regularised objective, Equation (2.6), results in an biased estimator 6,, it can be shown that
ég actually outperforms the least squares estimator éLS for certain values of 02 (Hoerl and Kennard,
1970) as this bias is offset by reduced variance as the parameters are shrinked towards 0.

For our purposes, studying the fitted values, Yg, with ridge estimated parameters, Equation (2.7),

yields a new perspective on the linear model. Namely:

Y, =X(X"X 42Xy (2.8)
= XX"(XX" +o21)7 Y (2.9)
=N(S+o2)7Y (2.10)

where ¥ = XXT € R™*" is a Gram matriz that measures the linear pairwise similarities between
the different inputs {@;}. Thus, one can reinterpret the fitted values under ridge regression, Y,, as a
weighted average of training outputs Y, where the weights are determined by how linearly “similar”

different training inputs «;, x; are, in terms of their linear inner products :B;rwj

2.1.2 Kernel methods

Of course, the linear model only considers linear relationships in the input data, which may be
unnecessarily restrictive, and we may wish to model non-linear dependencies. An obvious extension that
bypasses linearity would be to first map our inputs through a nonlinear feature mapping ¢(-) : X — H,
for some inner product space H, before comparing linear similarities via inner products (¢(x;), ¢(x;)) in
feature space. This brings us now to introduce kernel methods.

A kernel k, Definition 2.1, measures some degree of similarity between two inputs x,x’. When the
kernel k(z,z’) € R is large it indicates that @ & ' are similar, and conversely when k(z,x’) is small

the two inputs are dissimilar.

Definition 2.1. A (positive definite) kernel k : X x X — H is a symmetric real-valued function such that,
for any collection of n inputs {x;}], for some n >0, the n x n matriz K with entries K, ; = k(x;, x;)

is positive semi-definite.

Examples We have already seen an example of a common kernel in Section 2.1.1: the linear kernel
k(x,x') = " x’'. As mentioned, an appeal to using kernels is that they can capture potentially non-linear
interactions in input space, with different choices of kernel leading to different notions of similarity. A

popular example of such a choice is the Gaussian kernel, defined as:

]2
k(z,2') = exp( - ||1’275232) (2.11)

which decays exponentially as the squared distance between x, ' increases, controlled by a length-scale

v > 0.
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Given a feature map ¢(-) : X — H, it is easy to construct a viable kernel k(xz, ') = (¢(x), p(x)).

On the other hand, the converse is also true, courtesy of the Moore-Aronszajn theorem:

Theorem 2.2 (Moore-Aronszajn (Aronszajn, 1950)). For any kernel k, there exists a feature map

() : X = H with H an inner product space, such that k(x, ') = (¢(x), p(x')).

In fact, the proof of the Moore-Aronszajn theorem allows us to construct such a feature map ¢(-):

with H defined as a vector space of functions of form:
n
i=1

for some n € N, with ; € X and o; € R Vi <n.
For two functions f,g € H, with f(-) = >." | auk(-, ;) and g(-) = Z;Zl:l Bjk(-,x}), the following
candidate (f, g)% satisfying

(f,9)n =o' Kxx/B, (2.13)

can be shown to define a valid inner product of f and g in H, where o € R™ has entries (a;)7 ¢, 5 € R™
has entries (ﬁj)?lzl and (Kx x)

on H:*

i = k(x;,x}). And in turn, the inner product (-, )% induces a norm

1£15 == (f, f)n = T Kx xa. (2.14)

Kernel ridge regression Recall that linear ridge regression corresponds to the solution of a norm
regularised least squares objective in parameter space (Equation (2.6)). Similarly, kernel ridge regression
(Saunders et al., 1998) can be obtained as the solution of a norm regularised least squares objective in

function space H, giving solution fa:

fo = argmin {[[Y — F(X)|3+ o2/ £I3,} (2.15)
feH

Though Equation (2.15) involves an optimisation problem over a potentially infinite-dimensional
space, using the representer theorem (Kimeldorf and Wahba, 1970; Schélkopf et al., 2001), it can be

shown that, at input @, kernel ridge regression gives prediction:

fo(@) = Ko x(Kx x +0°1)7'Y (2.16)

Much like how the linear kernel k(z, ') = "’ determines the Gram matrix that appears in linear
ridge regression (Equation (2.10)), the choice of kernel k determines the Gram matrix in the kernel ridge
regression predictor (Equation (2.16)). Thus, we note f, still constitutes a weighted average of training

outputs Y, but now with weights (and the notions of “similarity”) determined by the choice of kernel k.

1With some care concerning the completion of H, it can be shown that # is not just an inner product space but a

special type of Hilbert space known as a reproducing kernel Hilbert space (RKHS).
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2.1.3 (Gaussian Processes

While kernel methods can be thought of as allowing one to construct and optimise predictors over a
rich space of functions, in some cases we may wish to work with a probability distribution of functions.
Gaussian Processes (Rasmussen and Williams, 2005) can be thought of as an probabilistic extension of
kernel methods, that allow one to model uncertainty in predictions and perform inference over functions.

A Gaussian Process (GP), is a stochastic process (a family of random variables indexed over an input
space X), satisfying the property that the joint distribution of any finite collection of these random
variables is multivariate Gaussian. A GP, f, depends on a choice of kernel k, and mean function
X — R, with notation f ~ GP(u, k).

The choice of kernel k determines the covariance structure among the GP’s evaluations, and we
typically consider the mean function p(-) to be the constant zero function. More specifically, for any
set of inputs {x;}"_;, a GP f ~ GP(0,k) satisfies {f(x;)}?; ~ N(0,K), where K € R"*"™ has entries
K; ; = k(x;,x;). Since f(x) is defined over all possible values of x € X', we can think of f as establishing
a distribution over random functions on X', with kernel &k controlling the likelihood associated to different

functions.

GP posteriors for regression GPs are commonly used in Bayesian inference to model a prior distri-
bution, p(f), over functions. Given observed data D = (X,Y) = {x;,y;};, and an observation model
p(y|f(x)) of how likely an output y is for a specific input & and function f, we can apply Bayes’ rule to

compute the posterior:

p(fIP) o< p(Y'|f(X))p(f)- (2.17)

The Bayesian paradigm is popular across statistics and machine learning, owing to the fact that it en-
ables a principled way to update prior beliefs in light of observed data (Ramsey, 1926; de Finetti, 1931).
Unfortunately, the posterior, Equation (2.17), is often computationally prohibitive and intractable, es-
pecially over large parameter spaces or function spaces for GPs, in which case one needs to resort to
approximate inference (MacKay et al., 2003; Jordan et al., 1999; Andrieu et al., 2003).

However, one appealing property of GPs is that the GP posterior is analytic in the case of regression.
Recall in regression problems we seek to minimise the least squares objective || f(X) — Y||3 on training
data D = (X,Y), which is equivalent to maximising the likelihood of the Gaussian observation model
with independent noise p(Y|f(X)) ~ N(f(X),02I). It turns out with such a Gaussian observation
model, data D = (X,Y’), and a GP prior f ~ GP(0, k), the analytic posterior predictive distribution of

f(x) at a new input @ is:
f(@)|D ~ N (Ko x(Ex,x +0°1)7"Y, Kpo— Kox(Kx,x +0°1) ' Kx o) (2.18)

which can be derived by the fact that the joint distribution of (Y, f(x)) is Gaussian under our model,
and making use of Gaussian conditional distributions.

We note that the mean predictive of the GP posterior, K, x (Kx x + ¢2I)71'Y, is exactly the kernel
ridge regression predictor, Equation (2.16). Thus, the GP posterior for regression can be thought of

as taking the kernel ridge regression predictor and adding predictive uncertainty with variance K » —
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Figure 2.1: GP posterior predictive, with red crosses indicating observed data
Ky x(Kx x +U2I)_1Kx’w, which is determined by how similar the new input « is to the training inputs
X, in the eyes of kernel k. Intuitively, inputs that the kernel deems are more similar to the training inputs
will have smaller posterior variance, and vice versa. We plot an example of GP posterior predictive mean

and variances in Fig. 2.1, using the Gaussian kernel.

2.1.4 Random features

A key issue with both kernels and GPs is scalability: the n x n matrix inverses in the posterior predic-
tive, Equation (2.18), require O(n?®) computational complexity and O(n?) memory, which is prohibitive
for large dataset sizes n. One popular way to make kernels/GPs more scalable is to use random features,
which approximate the kernel computation k(x,z’) with a cheaper alternative.

Recall that the Moore-Aronszajn theorem (Theorem 2.2) gave us an abstract and uncomputable
feature map ¢(x) = k(-,x) € H from which we could evaluate the kernel k(x,2’) = (¢(x), d(z')).
The idea in random features is instead to construct an approximate feature map ¢(x) € R™, satisfying
k(z,x') ~ (¢(x), d(x')), that lies in a real vector space of finite dimension m < oco. Given a training
input set X € R"*?, we can compute and store the entire set of feature vectors ® = ¢(X) € R"*™  and
approximate the Gram matrix as Kx x ~ ®® .

Through a series of algebraic manipulations we can use random features to offset the cubic complexity
when computing the posterior predictives. For example, we can estimate the posterior mean/kernel ridge

predictor as

Kex(Kxx +02D)7'Y ~ ¢(x)®" (@0 +o21)7'Y (2.19)
= p(z)(®T D+ %) DY, (2.20)
which only requires inverting an m x m matrix and, at O(m? +nm?) computational cost, scales linearly

in n. Here m is a hyperparameter we choose, that typically controls the trade off between computational

complexity and approximation quality.
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Example For the Gaussian kernel, k(x, ') = exp ( — W), Rahimi and Recht (2007) constructed

the random fourier feature map:

d(x) = g (cos(Whiz +uy),...,cos(Wia + up)), (2.21)

where {W;}", NN N(0,v72I) and {u;}™, N Unif[—m, 7r]. From Bochner’s theorem (e.g. (Rudin,

1962), we know that E[¢(x) " ¢(x')] = k(x, ') with O() variance. This means that the approximation
quality (and computational requirements) increase with m, and in the m — oo limit, the random features
approximation becomes exact due to the law of large numbers.

We note that the random feature predictor, Equation (2.20), is equivalent to the linear ridge regression

predictor, Equation (2.10), but replacing input @ with the feature map ¢(x). That is to say, if we modelled

f as a linear model in features ¢,

f(z.0)=o(z)'0 (2.22)
with @ € R™*¢ and solved the regularised objective for parameters
6, := argmin {|Y — ¢(X)0]|3 + o(0]13} . (2.23)
GER’IHXC
we would end up with exactly the random feature approximation to kernel ridge regression, Equa-

tion (2.20). Combining these insights, we see that the random features approximation to kernel meth-

ods/GPs becomes exact as the number of parameters, dictated by m, increases to infinity.

2.1.5 Neural Networks

Both kernels and GPs are non-parameteric methods that construct predictive functions without a
fixed parameter space, and instead can be thought of as corresponding to an infinite number of param-
eters. On the other hand, the random features model is a parametric approximation to kernels/GPs, by
training the parameters of a linear model in some untrainable, but nonlinear, feature map ¢(-) : X — R™:
f(x,0) = ¢(x) " 0. Neural networks (NNs) are parametric models and similar in this regard to random
features, but with the key difference that the feature map ¢ has additional trainable parameters, and
hence isn’t fixed during training.

As the DL community has applied NNs to increasingly many tasks and data types in recent years, the
range of possibilities for how to construct the feature extractor, ¢, has grown too at a phenomenal rate.
All deep NN (DNN) architectures we consider in this thesis will have a feedforward structure, where for

some nonlinear operation F and depth L, an input « is propagated through the network recursively as:

ho(x) = x, (2.24)
hl(a:) = ]:(hg,l(iL‘),Hl), Vi<I<L (2.25)
f(@,0) = hp(x) 01, (2.26)
with trainable parameters 8 = {01,...,0511}.

Here, h;(x) can be thought of as “hidden” layers internal to the DNN, and the final feature extractor

¢ = hy, is the final hidden layer. The feedforward name comes from the fact that there is a hierarchy
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Figure 2.2: Example MLP architecture

output

of hidden layers that do not form a cycle, one feeding the next, from input to output. Particular
architectures of note include the residual convolutional NN (CNN) (He et al., 2016b), which is particularly
suited for image data, and the transformer (Vaswani et al., 2017), which has seen widespread success

but particularly excels at processing sequential data, like natural language.

Example The multilayer perceptron (MLP) (Rosenblatt, 1958) is one of the most basic and widely
used NN architectures. We will use it as a running example, though the results we discuss later have
extensions to general architectures. The MLP is a fully-connected feedforward network of different hidden
layers that are sequentially composed. For depth L, and a width d; € N for each layer [ < L (we take
dop = d and d41 = ¢ by default), an input, @, is propagated through the MLP as:

gi(@) = hi_1(x) Wi+ by, (2.27)

hi(x) = (gi(x)) V1 <1< L. (2.28)

Here, the activation, ¥ : R — R, is a non-linear function that is applied element-wise, and we have
trainable weights W; € Ré%-1%d and biases b € R% parameters, giving 6; = {W,, b;}. Popular activation
functions include ReLU, #(z) := max(0,z), or sigmoid, 1 (z) := (1 + e~*)~!. We plot an example
architecture with I = 2 hidden layers in Fig. 2.2.

For some weight and bias variances 012/[/7 Jg, we consider Gaussian initialised weights, T/Vl0 & b?, scaled

as

2

Tw 0 iid. 2
7fan—in)’ and b N(0,07), (2.29)

Wlo 1,1\51 N(07
where fan-in denotes the dimension of the incoming features (d;—; in our notation). This “fan-in” scaling
choice is standard (LeCun et al., 2012; He et al., 2015), and is necessary to preserve the variance of the
pre-activations, g;(x), to be ©(1) at initialisation, across layers .2

We see, in Equation (2.28), that the MLP feature map,

¢(x) = hi (), (2.30)

a(m)

2We use standard mathematical notation a(m) = ©(b(m)) such that 30 < k1, k2 < oo satisfying k1 < Bom) < ko, for

all sufficiently large m. Likewise, the “big-O” notation a(m) = O(b(m)) is the same, but allows for the case k1 =0
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is constructed through a composition of trainable linear and non-linear operations. This gives the
network flexibility to adapt ¢ during the training process, relative to say random features models, but at
the expense of losing the convexity and analytic tractability of training compared to the previous models
described thus far.

Instead of an analytic solution, NN parameters are typically initialised randomly (LeCun et al., 2012;
Glorot and Bengio, 2010; He et al., 2015) e.g. like in Equation (2.29), and iteratively updated with a
gradient-based local optimisation method (Bottou, 2012; Tieleman et al., 2012; Zeiler, 2012; Duchi et al.,
2011; Kingma and Ba, 2014; Martens and Grosse, 2015) to minimise some loss, such as the regularised

least-squares objective (Equations (2.6) and (2.23)):
£0) = {lY - fX,0)|3 +o*[6]3} . (2.31)

Due to efficient gradient computation using auto-differentiaton, NNs scale linearly both in model and
dataset sizes, and this scalability is crucial to their success. Given non-convexity in parameter space,
the initialisation of NNs becomes an important consideration in determining the final performance of a
trained model. In the next section, we investigate the implications of NN initialisation in the context of

large width, and review known connections to kernel methods and GPs.

2.2 Kernel Learning in Neural Networks

In Section 2.1, we presented kernel methods and GPs as (related) non-parametric methods that define
predictors in the space of functions, and effectively correspond to infinite-dimension parameter spaces.
We also saw how random features models are parametric approximations to kernel-based methods that
become exact as the parameter dimension increases to infinity. Surprisingly, it turns out that NNs also
become kernel-based methods under certain settings when the width (and hence number of parameters)
of the NN increases to infinity, as we describe in this section. Besides the useful analytic tractability
that one can obtain, studying the large-width setting for NNs is an interesting endeavour in its own right
as understanding the limiting properties for our models can inform us and shed light on the behaviours
of finite models. This is particularly the case for NNs, where a general trend appears to be that bigger
models perform better (Krizhevsky et al., 2012; Zagoruyko and Komodakis, 2016b; Belkin et al., 2019;
Huang et al., 2019; Bubeck and Sellke, 2021; Yang et al., 2022a).

2.2.1 Kernel Correspondence for wide Neural Networks

The connection between wide NNs and kernels/GPs dates back to Neal (1996), who observed that
if one initialises a single hidden layer MLP with i.i.d. Gaussian weights, then the induced NN function
converges in distribution to a GP in the limit of large width d;. Two concurrent works (Lee et al.,
2018a; Matthews et al., 2018) extended the GP correspondence for randomly initialised wide MLPs of
any depth.

Lee et al. (2018a) coined the term Neural Network Gaussian Process (NNGP) to describe the resulting

GP and its kernel,® and focused on the implications of their result in connecting SGD-trained NNs,

30ther works in the literature have referred to the NNGP kernel as the conjugate kernel (Daniely, 2017)
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Bayesian inference in NNs, and the NNGP posterior. Matthews et al. (2018) proved their result in a
more general and realistic setting, where the widths at deep layers grow wide jointly, as opposed to the
simpler setting where widths increase sequentially, one layer after another. Various other works extended
the NNGP correspondence for wide NNs to different NN architectures with some notion of large width,
including CNNs (Novak et al., 2019; Garriga-Alonso et al., 2019) with many channels and transformers
with either many attention heads (Hron et al., 2020b) or large model dimension (Yang, 2019b). In each
case, the NNGP kernel depends on the choice of model architecture, including the depth, as well as the
non-linear activation functions and weight initialisations used. We describe how the NNGP kernel can

be computed recursively in depth in Section 2.2.2.

Tensor Programs Yang (2019a,b, 2020a,b) presented a general framework, Tensor Programs (TP), to
automate and prove limiting behaviour in wide NNs of almost any architecture, including compatibility
with recurrent NNs (e.g. LSTMs Hochreiter and Schmidhuber (1997)), skip connections (He et al.,
2016a), and batch normalisation (Ioffe and Szegedy, 2015). The appeal of the TP framework is that it
is sufficiently powerful and general to encapsulate essentially all results concerning infinite-width DNNSs,
including the aforementioned NNGP limit, as well as later results on the Neural Tangent Kernel (Jacot
et al. (2018); Section 2.2.3) and feature learning (Yang and Hu (2020); Section 2.3).

To enable this, the authors introduced a general set of permissible computations, (e.g. matrix multi-
plication, elementwise non-linearities, linear combinations) corresponding to an NN computation graph
and show under general conditions that any NN that is expressible in terms of these permissible compu-
tations satisfies certain limiting properties in large width m — 00.* Such an NN computation graph is
referred to as a Tensor Program.

In particular, at any width m, the TP framework defines a set of N so-called G-vars, {g*}¥ ;"
which are particular vectors of dimension m that appear in the NN computation graph after a matrix
multiplication. Intuitively, a G-var has entries that can be thought of as being i.i.d. Gaussian as they
are a sum of many independent terms, which follows a central limit theorem if correctly scaled. For
example, in our MLP example (Equation (2.28)) the pre-activations g;(x), g;(2), for any layer [ and any
two training inputs x,«’, appear in the initial forward pass computations after a matrix multiplication
with random weights Wy, g;(x) = hy_1(x) " W; +b;, and are considered G-vars. The key technical insight
in TP is then to show that there is a single N-dimensional Gaussian distribution, A (i, ) with mean
i € RY and covariance ¥ € RY*N | that controls the behaviour of these N different m-dimensional
G-vars at large width. Formally, this is shown in the so-called TP Master Theorem (Yang, 2019a), which
we restate in Theorem 2.3.

The construction for the G-vars’ mean p and covariance ¥ depends on the precise NN computation
graph involved in obtaining different G-vars, as well as the distribution of the weights. The first TP paper
(Yang, 2019b) considers only i.i.d. “fan-in” Gaussian N (0, %) weights, which is sufficient for the NNGP
correspondence at initialisation. Subsequent TP papers extend both the permissible NN computations

and corresponding constructions of G-vars, e.g. Yang (2020a) allows backwards computation to obtain

4For simplicity of presentation we suppose that all layers have the same width m, which increases together across layers.
5Here, N € N is width-independent and finite, and is solely a function of the NN computation graph.
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gradients by considering weight matrix transposes, whilst Golikov and Yang (2022) permit non-Gaussian

initialisations.

Theorem 2.3 (Tensor Program Master Theorem (Yang, 2019a), informal). Consider any NN com-
putation graph that satisfies the requirements to be a TP, with associated G-vars, {g*}¥.,. Then, we
can construct an N-dimensional Gaussian distribution N (p, ), such that for any well-behaved function

£:RY 5 R, as width m — oo:

m

1 a.s. 1 2 N
Ezg(géuggmag(]xv) HEZNN(M,E)K(ZQ 7Zg 7'-'7Zg )] (232)

a=1

a.s.
where = means almost sure convergence.

Intuitively, the Master Theorem (Theorem 2.3) shows that the joint distribution of the m-dimensional
G-vars, {g¢}N ,, “sliced” at a particular dimension, «, can be thought of as being identically and in-
dependently distributed across o < m. This is in the sense that empirical averages converge to a limit
determined by N (u, ), akin to a law of large numbers. Thus, to compute any empirical average involv-
ing G-vars, it is sufficient to simply treat each a-slice as coming from the same distribution Z ~ N (u, X),
and track this distribution instead.

The TP master theorem (Theorem 2.3) is a powerful result, and many non-trivial results about wide
NNs drop out as simple corollaries. For example, it is straightforward to show that inner products of NN
feature maps ¢(-) = hr(-) = ¥(gL(-)) converge to a limit (the aforementioned NNGP kernel) by noting
that final layer pre-activations gr(x), gr(2’) are both G-vars. We present this in the case of an MLP

below:

Corollary 2.4 (NNGP kernel convergence of MLP feature map inner-products). Consider an MLP,
Equation (2.28), that is linear function of features ¢(-) = ¥(gr(+)). Then, for any two inputs x,x’, the

normalised inner product,

(6(x), %Z )t (@), (2.33)

has a determinstic kernel limit, K(z, '), as m — oco. K is known as the NNGP kernel.

From this NNGP kernel convergence, it is simple to show that the output function of a wide NN at
initialisation converges in distribution to a GP, f(x) ~ GP(0, ), with kernel that is the NNGP K. To
see this, we write f(z) = ¥ (gr(x))" W (omitting bias parameters for simplicity) for last layer linear

weights Wy, € R™*¢, and use the following proposition, again from Yang (2019b):

Proposition 2.5 (Convergence of output to Gaussian given convergence 2nd moments, Proposition G.4
of Yang (2019b)). For each m € N, consider a sequence of random vectors of length m, {¢*}7_,, for
somen € N that is independent of m. Suppose that as m — oo, %QSGT o 4 Ya,a for some deterministic
p.s.d. matriz X € R"™"  Va,a’ <n. Suppose further that at each m, Wi, € R"™*¢ is sampled with i.i.d.
entries from N (0, (:—31) and denote ® € R™ ™ to have row a < n equal to ¢ . Then, if we define

=W, e R"™, (2.34)
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we have that f A N(0,%7) as m — oo, where the covariance ¥/ = {25 b b Ja<nb<c,a'<n,b'<c Satisfies

030w b=V,

(Ef)a,b,a’7b’ = (235)

0 else.
Using Proposition 2.5, combined with the NNGP kernel limit for wide NN feature map inner-products
(e.g. Corollary 2.4 for an MLP), the convergence of a wide NN function at initialisation to a GP with
NNGP kernel £ (matching the earlier results of (Neal, 1996; Lee et al., 2018a; Matthews et al., 2018))

is easy to show:

Corollary 2.6 (NNGP function output convergence). A wide NN function converges in distribution to

a GP, with kernel that is defined by the NNGP kernel limit of last layer feature map inner products.

From a Bayesian perspective that treats NN parameter initialisation as inducing a prior distribution,
one can thus view the NNGP as the limiting function-space prior for a wide Bayesian NN. Adlam et al.
(2020) used this initialisation-time NNGP correspondence to study the uncertainty quantification of
infinite-width Bayesian NN, facilitated by the fact that the Bayesian NN posterior also converges to the
NNGP posterior with large width (Hron et al., 2020a). Other lines of work have studied different models
that combine aspects of GPs with DNNs (Damianou and Lawrence, 2013; Wilson et al., 2016; Aitchison
et al., 2021).

2.2.2 Signal Propagation in wide DNNs

We have seen in the previous section that despite distinct motivations, there are many ways to view
wide DNNs through the lens of kernels, such as the GP correspondence for DNN function outputs and
NNGP kernel limits for feature map inner products at initialisation. We now describe the efforts that
have been made to characterise and improve the behaviour of the NNGP kernel, particularly in terms
of the impact of large depth in a wide DNN, where certain issues arise if one is not careful. This is a
popular line of work that is known in the literature as signal propagation (Daniely et al., 2016; Poole
et al., 2016; Schoenholz et al., 2017). We begin by presenting signal propagation in the context of MLPs
(Equation (2.28)), before discussing extensions to other architectures.

In signal propagation, we are interested in studying the initialisation-time behaviour of the deter-
ministic “kernel” limit of normalised feature inner products dil(hl(w),hl(w' )) at different layers I. As
described in Section 2.2.1, these limits are shown formally to exist in Lee et al. (2018a); Matthews et al.
(2018); Yang (2019b), and we denote such limits in terms of a layer-dependent function ¢;(x, '), in the
sense that d%(h;(w), hy(x")) “3 gz, x') as dj — oo.

We sometimes refer to ¢;(x, ') as a covariance function, because each “slice” of the pre-activations
gi+1(+) can be thought of as an independent zero-mean GP with covariance related to ¢;: for the MLP
this is g41(")a ~ GP(0,0%q (") + of) for each o < dj41, as dy,da,...,d; — oo. By expressing
ﬁ(hlﬂ(:c), hit1(2)) in terms of ¢g;41(-) and noting the above, it follows that we can write ¢;41 recur-

sively in terms of ¢;. For the MLP (Equation (2.28)) with weights initialised according to Equation (2.29),
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we have:

Q1(z,2') =E

) [W(f (@) (f ()] (2.36)

f~GP (070‘2”(11(',')4-0?

with input layer go(x, ') = %:{:Tm’ + 0. We note that analytic formulas for Equation (2.36) writing
qi+1 in terms of ¢; exist for some activations, including the popular ReLU activation (Cho and Saul,
2009). The Neural Tangents library (Novak et al., 2020) in JAX (Bradbury et al., 2018) allows analytic
computation of infinite-width NN kernels for such appropriate activation functions.

Through studying the evolution of Equation (2.36) as depth [ increases, we can identify and ideally
mitigate several degeneracies that occur for NNs at large depth, at least in terms of initialisation. One
setting we must avoid is when the diagonal covariance values, g;(x, ), rapidly grow or shrink with depth.
This corresponds to pre-activations norms either exploding or vanishing, respectively, and can lead to
numerical errors. While uncontrolled pre-activations norms are relatively easy to prevent, e.g. using

“fan-in” initialisation, a second and arguably less straightforward issue is when the correlation function:

a(z, ')

oz, z') = (2.37)
q(z, z)q(x',z')
collapses to an input-independent constant, 0 < ¢* < 1, such that
lilm clz, ') =c*, Ve, o', (2.38)

and the DNN features lose all information corresponding to the geometry of input space, i.e. the relative
distances in feature space do not reflect relative distances in input space.

As argued by Schoenholz et al. (2017); Martens et al. (2021), collapsed correlations lead to DNNs
that either fail to train, or overfit to the training data; in both cases the DNN will fail to generalise
due to its degenerate initialisation. Thus, avoiding a collapsed correlation function is essential for DNNs
to be trainable. Martens et al. (2021) also further argue and provide empirical evidence that having
well-behaved correlation and covariance functions is sufficient for a DNN to enjoy rapid training. The
hope then is that by studying signal propagation, we can provide a set of rules and principles that aid

DL practitioners in designing new, high-performing models and architectures.

Mitigating signal degeneration Despite the widespread assumption that depth is crucial for optimal
performance in NNs (Simonyan and Zisserman, 2014; He et al., 2015), Poole et al. (2016); Schoenholz
et al. (2017); Martens et al. (2021) use the recursive kernel behaviour (Equation (2.36)) to show that
naively stacking layers (without architectural tools like skip connections and normalisation layers) will
lead to degenerate correlation functions ¢;(x, x’) as depth increases to infinity. These findings mirror the
observation that deeper NNs tend to be harder to train (Glorot and Bengio, 2010; Nielsen, 2015). Xiao
et al. (2020) use signal propagation theory, combined with NTK analysis (Section 2.2.3), to demonstrate
a tension between trainability and generalisation in deep wide NNs. Lou et al. (2022) examine the role
of signal propagation for understanding the feature alignment phenomenon that occurs during training
(Baratin et al., 2021).

The rate of convergence to collapsed correlations is determined through the choice of activation

function v, as well as the choice of weight and bias variances 0‘2,(,,05. At worst, convergence to the
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collapsed state c* is exponentially fast in depth [, though this rate can be slowed to be sub-exponential
in depth by using certain ¢-dependent choices of (03,,07), in a line of work known as the Edge of Chaos
(Schoenholz et al., 2017; Hayou et al., 2019).

Instead of considering the infinite depth limit, Martens et al. (2021) use the recursive kernel behaviour
to design modifications, including transformations to the activation function 1, aimed at controlling
and improving signal propagation in a fized, but potentially very deep, DNN architecture. The ensuing
framework, called Deep Kernel Shaping (DKS), adapts to the specific architecture at hand to ensure non-
degenerate signal propagation, and achieves impressive results training DNNs without skip connections
and normalisation layers on ImageNet classification (Martens et al., 2021; Zhang et al., 2022).

The key insight formalised in DKS is that collapsed correlations stem from a DNN being “too”
non-linear, and in order to control the total non-linearity in a deep architecture, each individual DNN
layer’s non-linearity (which is determined by ¢ in an MLP) must be transformed to be more linear and
“identity function like”. Recently, Li et al. (2022) considered a joint width-and-depth, rather than a
width-first-then-depth, limit and showed that instead of a deterministic recursion (Equation (2.36)), one
obtains a stochastic differential equation that governs the behaviour of the NNGP kernel at deep layers,
when using similarly transformed activation functions. Hayou (2022) study the infinite-depth limit for
finite-width residual networks at initialisation, and find that the individual neuron activations evolve
following a zero-drift diffusion process over depth.

A closely related line of work has studied the effect of various architectural tools like residual connec-
tions and normalisation layers, from a signal propagation perspective. Indeed, many works have noted

the benefits of explicitly downscaled residual connections,
hiyi(z) = () + N (lu(x)), (2.39)

where \; < 1 is some downscaling factor and ¢ is a non-linear layer (Hanin and Rolnick, 2018; Zhang
et al., 2018; Arpit et al., 2019; Zhang et al., 2019a; De and Smith, 2020; Huang et al., 2020; Xu et al., 2020;
Hayou et al., 2021a; Bachlechner et al., 2021; Martens et al., 2021; Touvron et al., 2021; Anagnostidis
et al., 2022; Wang et al., 2022). In Hayou et al. (2021a), we show that certain scaled residual NNs, which
we called Stable ResNets, have NNGP kernels that possess non-degenerate infinite-depth limits, both in
terms of diagonal covariance values ¢;(x, ) and also correlation functions ¢;(x, ).

One can think of a downscaled residual branch as another way of making a non-linear layer more
“linear”, much like a transformed activation function in an MLP. In fact, De and Smith (2020) show that
an implicit effect of using residual branches that have normalisation layers is precisely to downweight
the residual connection, which may partly explain the popularity of skip connections and normalisation

layers as two staples in most modern DNN architectures (Xiong et al., 2020).

Signal propagation for different NN non-linear layers While in theory the kernel recursion used
in signal propagation can be extended to arbitrary architectures that observe kernel limits, in the MLP
case (Equation (2.36)) the dynamics have the appealing property that they can be reduced to two single-
dimension systems (Poole et al., 2016; Martens et al., 2021), which is crucial for tractable analyses.

This means that extending signal propagation analyses to other non-linear layers like self-attention or
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convolutional layers may potentially be significantly harder than for MLPs. Having said that, we now
discuss extensions of signal propagation theory to different architectures beyond MLPs.

We note that DKS (Martens et al., 2021) was actually introduced not for MLPs but more generally
for CNNs, and the authors use the fact that an MLP can be viewed as a particular type of CNN with 1x1
filter size and feature height/width. For CNNs, a so-called “Delta-Orthogonal” initialisation (Balduzzi
et al., 2017; Xiao et al., 2018; Martens et al., 2021), which zeros out certain parameters to effectively
reduce the CNN to an MLP at initialisation, is necessary to prevent signal degradation at large depths,
and Xiao et al. (2018) in particular use this to train remarkably deep CNNs of up to 10000 layers! A
similarly motivated initialisation scheme is adopted by Zaidi et al. (2022) to enable compatibility of DKS
with graph NNs (Scarselli et al., 2008).

For attention-based transformers that process sequence data, Dong et al. (2021) showed that naive
stacking of attention layers without residual connections leads to a signal propagation phenomenon called
rank collapse, where all elements of the sequence have perfectly correlated features at large depths. Anag-
nostidis et al. (2022) showed that rank collapse leads to vanishing gradients for certain parameters in the
attention layers, thus hindering trainability, though downweighted residual connections, Equation (2.39),
can prevent this degradation. In He et al. (2023), we consider the signal propagation properties of the
self-attention layer directly, and derive modified versions of self-attention that enable deep transformers
to be trained without architectural props like skip connections and normalisation layers, for the first

time.

2.2.3 The Neural Tangent Kernel

So far, we have focused on the kernel properties of the forward propagation in wide DNNs at initial-
isation. This theory has highlighted particular issues that occur in DNNs are large depths, and shed
light on how we can correct them to improve the performance of DNNs in practice. However, DNNs are
typically trained through gradient-based methods, and so to fully characterise DNN training, we would
also, ideally, like to understand the backward propagation of signal. Seminal work by Jacot et al. (2018)
attempts to do this, by demonstrating kernel behaviour to the backwards pass too and allowing one
to treat the entire DNN training process as kernel learning. In doing so, the so-called Neural Tangent
Kernel (NTK) appears as a distinct, but closely related, kernel to the NNGP kernel we have discussed
so far.

The NTK naturally emerges by considering the gradient descent dynamics of a parametric model
f(-,0) on some loss function £(0) that depends on the model’s predictions, f(X,8), on some training
set X € R™"*4_ If we consider continuous time gradient flow, with learning rate 7, then our parameters

evolve as:®

6" = —nVeL(6) (2.40)
= Ve f(X,0") Vyx.nL (2.41)

by the chain rule. In turn, we can plug in the parameter dynamics to study how the model prediction

61In this chapter, for NNs we will use superscripts to index time, and subscripts to index layers
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f(x,0") at some test input x evolves in time:

f(x,0") = Vof(x,0)0 (2.42)
= —nVof(z,0)Vof(X,0") VjxeL (2.43)
= —nét(m, X)Vf(xﬂt)[: (244)

where

Ou(x,X) = Vof(x,0)Vef(X,0) e RI*"

can be seen to be computing a strength of “similarity” between input x and the training data X, and
updating f(x) based on training data function gradients Vy(x g¢y£ € R™"*¢, weighted by similarity. We
shall refer to ©; as the empirical NTK, as it can be seen to be defining a kernel with time-dependent
feature map ¢(x) = Vg f(x,0"). Note that the empirical NTK depends on the value of 8%, which in
turn depends on the random initialisation 8°. Hence, a priori we have that ©, is a random kernel, that

will vary during training.

NTK convergence For a feedforward architecture (Equation (2.24)), of depth L with trainable pa-

rameters in each layer @ = {0y, ...,0r1}, we can decompose the empirical NTK into contributions from
each layer:
Oy(x, @) = (Vo f(w,60"),Vof(a',6") (2.45)
L+1
= (Vo f(x,6"), Vo, f(z,0")) (2.46)

=1

If we inspect the contribution to the empirical NTK from the last layer parameters 641,

<V0L+1 f(:B, 0t)> VGL+1 f(IB/, 0t)>a

we find that it is precisely the inner product of last layer features, (hr(x),hr(x')), which we know
converges to the NNGP kernel (under rescaling) at initialisation, from Corollary 2.4. This can be easily
seen by noting that f(x,0) = hp(x) 041, so that Vg, f(x,0") = hr(z). Thus, we know (at a
minimum) that the contribution to the empirical NTK from the last layer parameters converges with
width at initialisation (if properly scaled), and that this limit is precisely the NNGP kernel.”
Remarkably, Jacot et al. (2018) proved that in the large width limit, using a so-called NTK parameter-
isation, an MLP’s entire empirical NTK not only converges to a deterministic kernel, ©, at initialisation,
but also stays constant throughout training, under regularity assumptions on the loss function. We state

this result in Theorem 2.7:

Theorem 2.7 (NTK regime training dynamics (Jacot et al., 2018), informal). Under the NTK parame-
terisation and regularity conditiions on the loss/activation functions, the empirical NTK, O, converges

to a deterministic kernel, ©, at initialisation t = 0, and remains constant at all times t < oo.

The limiting kernel, ©, was given the name the name Neural Tangent Kernel (NTK) by Jacot et al.
(2018), and we will refer to the setting where the NTK stays constant as the NTK or kernel regime. We

"This is what we refer to when we say that the NTK and the NNGP are closely related kernels.

29



note that the NTK regime and its implications also appeared in concurrent work (Li and Liang, 2018; Du
et al., 2018; Allen-Zhu et al., 2019) that demonstrated the convergence and generalisation properties of
overparameterised NNs. Jacot et al. (2018) showed Theorem 2.7 for MLPs in the limit dy,...,d;, — oo
sequentially, and Arora et al. (2019a) derived the NTK extension for CNNs in the large channel limit.
These results have been generalised to a joint width limit and all standard architectures in the Tensor

Program framework by Yang (2020a); Yang and Littwin (2021).

Different NN parameterisations To understand better the differences between the NTK setting
and the standard parameterisation (SP) (Equation (2.28)), as well as to feature learning regimes later
on in Section 2.3, we now introduce different ways to parameterise NNs, and their different scalings
with width. The NTK parameterisation (NTP), introduced by Jacot et al. (2018), can be thought of
as one such scaling that preserves the same forward computations as SP, whilst rescaling the gradient

computations in NNs to ensure that the empirical NTK,
ét(a’awl) = <v9f(w79t)ﬂv9f($/70t)>7 (2'47)

doesn’t blow up as the width increases, unlike in the SP case (Equation (2.28)).
For an MLP with constant width m across layers, we introduce a family of abc-parameterisations

(Yang and Hu, 2020), of which both the standard and NTK parameterisations are examples:®

1
gl(:l:) = p— hlfl(w)TWl, (2.48)
hi(@) = (gi(@)) V1 <1< L. (2.49)
with initialisations:
0 iid. 0124/
Wy T N(O ), (2.50)

(&

and per-layer learning rates nm~“. For now, we suppose that a;, b;, ¢; do not vary between layers and

take values a, b, ¢ respectively. Then, in an abc-parameterisation, “a” rescales the (pre-)activations, “b”
sets the initialisation scale of the weight matrices, and “c” controls how the learning rate scales with
width.

To see the effect of the abc rescaling on the NTK, consider the contribution to the (empirical) NTK
from the weight parameters W, in some layer I: (Vyw, f(z,0), Vw, f(2’,0)). From Equation (2.48), it is

relatively straightforward to compute that:
Vw, f(@,0) =m™*dg(x)h—1 () "
where dg;(x) = V,, f(x,0) are pre-activation derivatives. Thus, the contribution to the NTK from W;:

<szf($7 0)7 lef(33/7 0)> = m_2a<hl*1($)7 hlfl(w/» <dgl($)ﬂ dgl(ml»

2a

is scaled down by m™2%, and is independent of b and ¢. We can now state how standard and NTK

parameterisations fit into the abc framework:

8We omit bias parameters in our abc-parameterisation for clarity.
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e The standard parameterisation corresponds to setting a = 0,b = 0.5, which means there is no
downscaling of the NTK. As a result, it’s been shown that the learning rate needs to be downscaled,
with ¢ = 1, to counteract an exploding NTK and gradients at large widths (Park et al., 2019a;
Karakida et al., 2019; Sohl-Dickstein et al., 2020; Yang and Hu, 2020).

e The NTK parameterisation, on the other hand, is an abc-parameterisation that sets a = 0.5,b =
0. This has the effect of downscaling the NTK by a factor of m so that a constant learning rate

¢ =0 can be used, even at large widths.

Note that the NTP and SP lead to the same forward computations, so that the NNGP limit of
L (h(), hy(2')) is the same in the NTK parameterisation as introduced previously in Section 2.2.1.

Implications of the NTK regime One way to interpret the abc-scaling in the NTK parameterisation

2a 50 that in gradient-based optimisation

is that it scales down the gradients at each parameter by m
the parameters 8 stay close to their initialisations 6°. Lee et al. (2019) showed that an implication of
the NTK regime is that the difference between a DNN f(x, ) and its linearisation about 6°, fi"(x, 6),

vanishes as width increases to oo, where:
f™(,0) = f(x,6°) + Vo f(x,6°)A0, (2.51)

with A@ = 0—6° and Vg f(x, 8°) is the fived Jacobian feature map of the empirical NTK at initialisation,
Oo.

From this, we see that the NTK limit is an extremely powerful result, as it says that the previously
non-convex and intractable NN parameter landscapes become linear and well-behaved in the infinite-
width limit. Thus, we can apply all of our knowledge concerning random features/kernel methods/GPs
(e.g. Sections 2.1.1, 2.1.3 and 2.1.4) to study the convergences and training dynamics of DNNs. For
example, with gradient flow (Equation (2.40)) on the least squares loss given training data {X,Y}, it

can be seen that we will obtain the trained solution:
f™(@,050) = O (@, X)O0(X,X) 'Y + f(,0°) — Op(z,X)O0(X, X) ' (X, 6°), (2.52)

assuming the invertibility of ©(X,X), which closely approximates a trained wide DNN under NTK
parameterisation (Lee et al., 2019).

Because: i) f(x,0%) converges to a GP draw, GP(0,K) with NNGP K (Proposition 2.5), ii) the
empirical NTK converges to the limiting NTK in the infinite width, as well as iii) the fact that Equa-
tion (2.52) is linear in f(-,0°), we obtain an analytic GP distribution for fi" (hence f) that involves
both the NNGP, K, and the NTK, ©, in the large width limit. Lee et al. (2019) showed that this GP
distribution in Equation (2.52) has the form:

f~GP(u,X)

with mean:

n(@) = O, X)O(X,X) Y,
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which is simply kernel regression with the NTK, and covariance:
E((l?, CBI) = ICz,m’ + @m,XG;(?X’CX,X@;(?X@X,m’ - @m,X@;(?X]CX,Z’ - ]C%X@;(?X’CX@

using the subscript notation Ky o = K(z, ') for clarity. In Chapter 3, we study this limiting distribution

and its relation to a GP posterior.

Empirical performance of NTK methods Given the dramatic theoretical implications that the
NTK promises, it is natural to ask how the empirical performance of infinite-width NTK-based methods
(e.g. kernel ridge regression with NTK kernel) compares to their equivalent finite-width trained NNs.
On small tabular datasets, it has been observed that NTKs outperform finite-width NNs (Arora et al.,
2019b). However, the general consensus in the community is that NTKs underperform finite-width NNs
on tasks that NNs particularly excel at, e.g. CIFAR-10 (Krizhevsky et al., 2009) classification with CNNs
(Arora et al., 2019a; Shankar et al., 2020; Lee et al., 2020),° though this is somewhat exacerbated by the
fact that kernel methods are much less scalable than NNs, which enjoy efficient boosts in performance
from tricks like data-augmentation. Fort et al. (2020) observed a related phenomenon where the empirical
NTK, ©,, of NNs trained in practice with SGD performs better on CIFAR-10/100 image classification
at later times t.

While these findings may not be too surprising given that finite-width CNNs are designed to excel
on image data, they do cast some doubt on the capabilities of the NTK theory to explain the behaviour

of practical NNs, which we explore further in the next section.

2.3 Feature Learning in Neural Networks

In the previous section we saw that the NTK offers a valid mathematical regime to precisely charac-
terise the entire training trajectory of a wide DNN of any architecture or depth. In this limit, the NN’s
behaviour reduces to kernel learning dictated by two closely related kernels, the NNGP and the NTK,
which govern the NN’s output at initialisation and training dynamics respectively. Crucial to the NTK
regime’s analytic tractability is that the NTK, and hence NNGP, remain constant kernels throughout
training. Recalling that the NNGP kernel was derived as the limit of normalised feature inner products

L{hr(x), h(z)) in large width m, we also have that the so-called last-layer feature kernel kr(z,’):

kp(z,a’) = —(hr(x), hi (') (2.53)

1
m
not only converges to a deterministic limit (the NNGP) but also is constant during training in the
infinite-width NTK regime.

This lack of feature kernel evolution, combined with the relatively poor empirical performance of
infinite-width DNN kernels, has been a major source of criticism for the NTK regime as a theory to

describe the success of DNNs in practice, leading some to call the NTK “lazy learning” (Chizat et al.,

2019) due to the fact that the model can be described by its linearisation at initialisation, from which the

9We note that Shankar et al. (2020); Lee et al. (2020) in fact observed that in many cases the NNGP kernel (which
corresponds to only training last layer parameters in the infinite width limit) outperforms the NTK kernel in terms of

predictive accuracy.
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parameters do not move far away. Empirical findings support this criticism (Fort et al., 2020; Baratin
et al., 2021), demonstrating that the NTK changes significantly during training on practical networks,
particularly during the initial phases of training. We note that the classical methods we present in
Section 2.1 (kernels, GPs and random features), can be viewed as lazy learning methods, as the kernels
involved are by construction fixed throughout the learning process.

The alternative to the lazy or kernel learning regime is often colloquially referred to as feature learning
or representation learning,'® and though it promises to be a more relevant theory for DNNs than the
kernel regime, one could argue there isn’t a precise definition for feature learning in the literature. In this
thesis, we will refer to feature learning as being equivalent to feature kernel evolution i.e. when the feature
kernel (Equation (2.53)) changes during training, similar to considerations by (Aitchison, 2020; Yang and
Hu, 2020). In the infinite-width limit, Yang and Hu (2020) show that this definition is equivalent to
other definitions that consider the updates to individual elements of the features hy(z) € R™.

A number of works have derived extensions to the kernel regime to enable compatability of wide DNNs
with feature learning. These include using larger learning rates (Lewkowycz et al., 2020), higher-order
approximations to the training dynamics (Huang and Yau, 2020), joint depth-and-width limits (Hanin
and Nica, 2019; Li et al., 2021, 2022) and finite-width corrections (Dyer and Gur-Ari, 2019; Roberts
et al., 2021). These extensions mostly focus on demonstrating the possibility of feature learning and
leaving the kernel regime in DNNs, as opposed to providing tractable training dynamics.

One the other hand, a separate line of work, known in the literature as the mean-field regime, has
focused on a distinct non-kernel limit for wide NNs that is compatible with feature learning. The idea
in the mean-field limit is to study the infinite-width limit of the empirical distribution over neurons in a
hidden-layer and how this limiting distribution’s evolution during training can be tracked as the solution
of a non-trivial partial differential equation. Owing to these more complicated training dynamics, the
mean-field regime has predominantly been studied in the shallow setting, with most works focusing on
the single-hidden layer case (Chizat and Bach, 2018; Sirignano and Spiliopoulos, 2018; Mei et al., 2018;
Rotskoff and Vanden-Eijnden, 2018; De Bortoli et al., 2020). Having said that, several extensions to the
mean-field limit have been proposed for deeper NNs in certain settings (Aradjo et al., 2019; Fang et al.,
2021; Yang and Hu, 2020; Pham and Nguyen, 2021). In Section 2.3.2 we outline the extension of Yang
and Hu (2020), which is compatible with feature learning in any architecture/depth and introduces the
abc-parameterisations we described in Section 2.2.3 to provide insight on the connections and differences

between kernel and feature learning regimes.

Example (pre-training with linear evaluation) To intuitively see why a lack of feature learning
(as predicted by the NTK regime) is an issue in describing the success of DNNs, consider a setting
where we pre-train our DNN on a large pre-training dataset before throwing away the last layer, 0141,
and adding a new linear layer, 8"V, on top of fixed pre-trained features hy(-) for a downstream task.
That is, we train "% in our new model f"*¥(z) = hz(x) "% on the downstream task, while keeping

hr(x) fized from before. This is a popular setting for pre-training e.g. self-supervised pre-training on

10The opposite of kernel/lazy learning, which we call feature/representation learning, has also been referred to as “active

learning” (Chizat et al., 2019) or the “rich regime” (Woodworth et al., 2020) in the literature.
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ImageNet and downstream classification on CIFAR-10, and has been observed to significantly improve
performance on downstream tasks compared to using randomly initialised features without pre-training.

0"V e.g. when

Oftentimes, we will have that the downstream loss function is simple and convex in
using least squares loss or cross entropy. In these cases we will have unique solutions for f™¢V that
are ezactly defined by the feature kernel (c.f. Appendix A in Chapter 4). As a result, without feature
kernel evolution in pre-training, it is not possible to explain why the initial pre-training phase leads to a

dramatic improvement in performance on downstream settings. (Devlin et al., 2018; Brown et al., 2020;

Caron et al., 2020; Dosovitskiy et al., 2020)

2.3.1 Microscropic feature learning in the NTK regime

At first it may appear surprising that the NTK regime leads to any non-trivial behaviour at all
(besides simply learning a linear model on top of final-layer features hp(x)), given that the feature
kernel is not changing during training. To reconcile these two seemingly contradictory observations,
we highlight that there is actually feature learning occuring in the NTK regime, but that this feature
learning occurs at a “microscopic” scale, that vanishes as width increases to infinity.

For a randomly initialised NN in the NTK parameterisation with output dimension 1 (for simplicity),
we have: f(x,0°) = ﬁh%(w)TH%H, where entries of both A9 (z) € R™ and 69, € R™ are O(1) at
initialisation. Crucially, because the weights are randomly initialised, 69 41 and hY (z) are independent

at initialisation, and so
1 1 &
f(x,0%) = ﬁhg(fﬂ)TO%H = Jm Z he,(®)a (67 4+1)a (2.54)
a=1

observes central limit theorem behaviour and is correctly scaled (by ﬁ) to give an ©(1) GP output f.
If we now suppose that we take a gradient step for all parameters from 6° to @', but keep last layer
parameters 0,11 fixed at 67 ; then we will have updated features hj (x) = hY (x)+Ahy () with updates

Ahp(x), and an updated forward pass:

1

flz,0) = \/mhi(w)wgﬂ (2.55)
_ %(h%(m)TB%_H + Ahy(2)769,,) (2.56)
= f(x,0°) + %Am(m)ﬂs&rl (2.57)

This time around, Ahy(x) will be strongly correlated with 6% 41, which reflects the fact that the pa-
rameters in hy(xz) were updated with gradient descent, and 69 41 appears in any such gradient. As
a result, LmAhL(m)TO(i 41 observes a law of large numbers behaviour, and it is thus necessary for
Ahr(x) to have entries that are @(ﬁ) in order to have non-trivial and non-exploding function updates
f(x,0Y) — f(x,6°) with large m.

In this case, the new feature kernel after one gradient step:

Lk (@), B @) = (4 () + b (), B (2) + A () (258)
= -0 @). @) + O(—=) (259)
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which converges to the same initialisation-time NNGP limit as - (h9 (x), h9 (x)) for m — oo, i.e. van-

ishing feature learning.

2.3.2 Feature learning with infinite-width DINNs

Given that the NTK regime was the first theoretical result to characterise the training behaviour of
deep NNs, and in particular is specific to the infinite-width limit of NNs, a common conclusion in the
community after 2018 was that feature learning is a property specific to trained finite-width NNs. Such a
conclusion calls into question the merit of studying infinite-width NNs, which have important tractability
advantages compared to their finite-width counterparts, as a vehicle to understand NNs. This mirrors
the famous quote from MacKay (1998) regarding implications of the GP correspondence of shallow wide
NNs for Bayesian NNs (Neal, 1996): “Have we thrown the baby out with the bathwater?”. As we will
now see, recent works have demonstrated that this is not necessarily the case.

Going back to the previous example, we considered an NN in NTK parameterisation, f(x,0) =

\/%hL(m)TGLH, that outputs an inner product of last layer features hy(x) and linear parameters 07, 1.

With this setup, we saw how feature learning in the large-width NTK regime is not possible due to
the highly correlated interactions between initialised last-layer parameters 0% 41 and feature updates
Ahp(x). 69, has O(1) elements, which forces the learnt features updates Ahy(z) to have vanishing
O(ﬁ) elements in order to avoid an exploding function update. Similar conclusions can be made for
a wide NN in the standard parameterisation, f(x,0) = hr(xz)' 01,1, with initial last-layer parameters
69 ., having @(ﬁ) elements.

These insights shed light on how we can achieve well-behaved feature learning in infinite-width NNs:
by reducing the scale of initialisation of the last-layer weights 69 41, with an appropriately scaled learning
rate. For single hidden layer NNs with L = 1, this is akin to the aforementioned mean-field regime (Chizat
and Bach, 2018; Sirignano and Spiliopoulos, 2018; Mei et al., 2018; Rotskoff and Vanden-Eijnden, 2018).
For an arbitrary depth L, Yang and Hu (2020) generalise the mean-field regime to allow feature learning
in infinite-width NNs. The key idea is to use a new abc-parameterisation (Equation (2.48)), the so-
called maximal update or u-parameterisation, described below, which the authors show allows feature
learning even in the infinite width using the Tensor Programs framework. Intuitively, the idea is that in
order to encourage feature learning, we have to rebalance the size of parameters and updates in different
layers, so that the hidden layers receive larger updates relative to the last layer.

Recall that for an abc-parameterisation notation with width m, layer [ has preactivations g; that are

scaled as g;(z) = —L-hy_1(x) Wy, with initial weights W} RN N(0, oy ) and learning rate O(—--).

m2b1 mel

Then, the pu-parameterisation (Yang and Hu, 2020) is as follows:

2
1. The output layer has downscaled parameters W7, ; ~ N(0,2%), and a scaled learning rate
that is O(%) with width m, so that b4 1 = 1 and ¢py; = 1. One implication of this is that
feature learning DNNs in the infinite-width provably have output function that is identically zero

at initialisation, rather than a GP like in the standard parameterisation.

2. The hidden layers are unchanged from the standard parameterisation, i.e. W ~ N(0, %) for

1<i< L+1,s0b =0.5. An O(1) learning rate is used, which is larger than standard in order to
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counteract the downscaled last-layer, W9 41, and promote feature learning, so ¢; = 0.

3. (Optional) The input layer has upscaled learning rate O(m!), so that ¢; = —1. Like standard
2

parameterisation, we keep W7 ~ N(0, UTW) for fixed input-dimension d, so that by = 0. This is

optional in the sense that feature learning still occurs (i.e. the last layer feature kernel still evolves)

even if the input layer doesn’t have upscaled learning rate.

4. All layers have no explicit preactivation scaling, so a; = 0 VI. This makes use of a degree of freedom
in the abc-parameterisation, and so the version of u parameterisation presented here is the version

in Yang et al. (2022a), as opposed to the original version (Yang and Hu, 2020).

Implications of feature learning in infinite-width NINNs The discovery of the possibility for feature
learning in wide deep NNs with p-parameterisation is significant in many ways. To start with, it resolves
the apparent contradiction that deep NNs lose the key property of feature learning as they become
overparameterised. This is one of the implications of the NTK theory, and is at odds with the general
trends in DL of increasing model scale as one way to improve performance (Krizhevsky et al., 2012;
Zagoruyko and Komodakis, 2016b; Huang et al., 2019; Kaplan et al., 2020; Yang et al., 2022a). To get
by this issue, Yang and Hu (2020) introduce abc-parameterisations to show that while the NTK regime
is one valid mathematical limit for infinite-width NNs, an entire hyperplane of valid limits exist, some
of which (like the p-parameterisation) will lead to feature learning. This opens the door to a new and
deeper understanding of the unique properties of DNNSs, in both finite and infinite-width, and how they
relate to and differ from more classical methods like kernels and GPs.

Moreover, in any infinite-width limit for NNs, be it feature or kernel learning, the training dynamics
of the model can always be simplified to be viewed in terms of (potentially data-dependent) kernels that
are induced by inner products of some features ¢. In the feature learning limit, we consider the last-layer
feature kernel ky (z,x’) = L (! (x), ! (x')) that evolves during training to “acquire features”, and in
the kernel learning regime, we consider the empirical NTK O, (x, ') = (Vg f(x,0"), Vo f(x',0")) which
has a static limit. Likewise, in signal propagation we consider the evolution in depth of hidden-layer

feature kernels at initialisation k;(x, ') = L (h)(x), hY(x’)). In all possible limits, the training evolution

%
of the NN can be tracked by tracking such kernels, which evolve according to a set of rules, as detailed
in e.g. Yang and Hu (2020), without ever needing to instantiate or consider the NN’s parameter space.
Similar insights can be taken from other large-width feature learning limits (Bordelon and Pehlevan,
2022). From this shared property of kernel and feature learning regimes, it is thus somewhat natural
to think of NNs in terms of (possibly learnt) kernels, even at finite widths i.e. one can think of the
training process in terms of the data-dependent evolution (or lack thereof) of the feature kernel. All the
subsequent chapters in this thesis take inspiration from this viewpoint. For instance, in Chapter 4, we
study the role of the feature kernel for knowledge distillation in NNs.

Finally, there is hope that feature learning in wide NNs may lead to new theories of DL that can
offer insights into, and ultimately improve, the training dynamics of large-scale NNs in practice. Yang
et al. (2022a) provide an example of such a practical insight, by leveraging the p-parameterisation to

allow more efficient hyperparameter tuning in large models via transfer from smaller models. We note,
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however, that there is much that is still unknown regarding feature learning: these feature learning limits
for wide NNs have merely been shown to exist, and are non-convex thus significantly less tractable than
the NTK regime. Moreover, they have training dynamics that are more expensive to compute than the
kernel regime (which is already cubic in dataset size), which further limits their utility and our current

understanding.'’ This presents opportunity and challenge alike for the community.

2.4 Deep Learning Techniques through the lens of Kernel vs

Feature Learning

As discussed in Chapter 1, NNs have lead to huge advances in the way the we can process and make
predictions from large-scale complex data. A key reason for this is the fact that NNs are capable of
benefiting from many more training techniques and setups than other ML methods. Having introduced
kernel and feature learning as two alternatives whose contrast provides a new lens for the community to
view NNs through, in this section we now summarise the techniques: ensembling, knowledge distillation,

and self-supervised learning, that we study with this lens in the remaining chapters of this thesis.

2.4.1 Ensemble learning

Ensemble learning is an ML technique that combines multiple models to make improved predictions
compared to any individual model. The goal of ensembling is to improve performance by aggregating the
capabilities of multiple models. Unlike the other techniques we will consider in this section, ensembling
is popularly used both for NNs (Hansen and Salamon, 1990; Krogh and Vedelsby, 1994; Perrone and
Cooper, 1992; Zhou et al., 2002; Lee et al., 2015; Lakshminarayanan et al., 2017; Jumper et al., 2021)
and also more generally in ML (Breiman, 1996; Dietterich, 2000; Breiman, 2001; Opitz and Maclin, 1999;
Polikar, 2006; Rokach, 2010).

There are many ways in which one can form an ensemble of models. In our context, we will consider
a baselearner model f(-,0) with parameters 6, and an ensemble will consist of a set of multiple learnt
baselearners with parameters {ék}szl. Given some observation model p(y|f(x)) e.g. a Gaussian model
y ~ N(f(x),0?), we can use our ensembled parameters to generate an empirical distribution, p(-|z), of

predictions at any test input x:

1 K

Pilw) = 2= > p(1f (@, 61)) (2.60)
k=1
This distribution of predictions, Equation (2.60), can then be used both to make point predictions, e.g.
using the predictive mean of p(:|x), or obtain predictive uncertainties, e.g. using the predictive variance
of p(-|x) (for regression tasks).

Clearly, it is possible for the empirical distribution p(-|x) to give K identical observation models,

when all baselearners take the same parameter value. However, this ensemble wouldn’t be particularly

HSolving for the feature learning training dynamics exactly in (Yang and Hu, 2020) is (super-)exponential in training
time, and (Bordelon and Pehlevan, 2022) provide a monte-carlo based approximation that is cubic in both training time
and dataset size. This implies that using wide NN feature learning regimes is unlikely to be directly practical, but may
be useful in guiding finite-width NNs. (Yang et al., 2022b) show a form of projected gradient descent that can reduce the

exponential complexity in training time to a quadratic dependency.
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useful as one would obtain the same predictions with just a single trained model. Thus, it is necessary for
there to be diversity in the predictions among different baselearners, in order to fully utilise an ensemble.
In convex models like linear models or random features, this means that some form of baselearner
diversification is needed, such as baselearner specific regularisation (Hoffman and Ribak, 1991; Matthews
et al., 2017; Osband et al., 2018) or “bagging” i.e. dataset resampling (Breiman, 1996).

In NNs, it turns out simply independent initialisation and mini-batching for gradient computation
in the baselearners is sufficient in order to promote useful diversity: an ensemble of NNs provides
significant boosts to both the predictive accuracy (Lee et al., 2015; Szegedy et al., 2015; Allen-Zhu
and Li, 2020) and uncertainty (Lakshminarayanan et al., 2017) compared to a single baselearner. This,
combined with the simple and parallelisable nature of ensemble training, means that ensembling is a
very successful technique in DL, and in particular constitutes a state-of-the-art approach for obtaining
calibrated predictive uncertainties with NNs (Ovadia et al., 2019; Gustafsson et al., 2020).

There are various theories for explaining the success of ensembling for predictive accuracy and uncer-
tainty in DNNs. For improved accuracy, a popular non-DNN specific hypothesis is that ensembling helps
to reduce the variance of a single model (Dietterich, 2000; Mehta et al., 2019; Adlam and Pennington,
2020). In the case of NNs, this variance appears from random initialisations and batch ordering in the
training process, and is exacerbated by the non-convex nature of parameter loss landscapes. The variance
reduction explanation is consistent with the kernel perspective and GP correspondence of wide NNs: a
random initialisation in parameter space induces a random GP function at initialisation (Corollary 2.6),
which the NN learns to accommodate during training (c.f. Equation (2.52) and Chapter 3). Ensembling
can be seen to simply average away this random noise. On the other hand, Allen-Zhu and Li (2020) argue
that feature learning is a necessary consideration in order to explain the predictive accuracy benefits of
ensemble in NNs, and provide experimental evidence that both the variance reduction hypothesis, and
also considerations restricted to the kernel regime, are not sufficient in explaining ensembling in DNNs.
We discuss these arguments further in the next subsection (Section 2.4.2).

In terms of explaining the predictive uncertainty benefits of NN ensembling, a key debate concerns
the connection between deep ensembles and Bayesian inference, which arises because one can view the

posterior predictive distribution at a test input @ given training data D = {z;, y; }};:

P, D) = / p(1f(x,0))p(6D)d6

as an ensembled prediction, Equation (2.60), weighted by the posterior p(6|D).

While not originally presented as having a Bayesian interpretation (Lakshminarayanan et al., 2017),
Wilson and Izmailov (2020) argue that deep ensembles are a closer approximation to the Bayes’ posterior
than many Bayesian DL approaches due to their ability to capture different modes in the non-convex
parameter landscape of NNs (Fort et al., 2019). Many works have also derived updates to deep ensemble
training schemes that enable a Bayesian interpretation to NN ensembling (Pearce et al., 2018; Ciosek
et al., 2020; D' Angelo and Fortuin, 2021). Our work, in Chapter 3, provides a precise characterisation
of the relationship between deep ensembles and Bayesian inference in the infinite-width limit, making

use of the NTK and GP correspondences we described in Section 2.2.
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Other works have studied the benefits of, and differences between, ensembling compared to simply
training a single larger model (Lobacheva et al., 2020; Abe et al., 2022), while Wenzel et al. (2020); Zaidi
et al. (2021) explore the predictive uncertainty benefits of explicitly promoting diversity in baselearners,
by ensembling over different hyperparameters and architectures. Ortega et al. (2022) examine the inter-
play between diversity and generalisation in deep ensembles, and Schut et al. (2021) highlight the fact
that ensemble diversity vanishes for wide DNN ensembles that exhibit feature learning, owing to a lack

of function diversity at initialisation (c.f. Section 2.3.2).

2.4.2 Knowledge Distillation

Unlike ensembling, knowledge distillation (KD) is a technique that has enjoyed the most success in
DNNs. In KD, the goal is to transfer the “knowledge” learnt by a teacher model (that is usually large
and complex) to a student model (usually smaller and more efficient). The hope is that by doing so we
can create a student model that achieves similar or better performance compared to the teacher model,
while being faster and more resource-efficient to run.

The idea of compressing a large model into a smaller model first appeared in Bucilua et al. (2006),
and the seminal work of Hinton et al. (2015) introduced KD in the context of DNNs. The setting we
consider for KD involves two models: a teacher NN fr(x,67) and student NN fs(x,0s), and we focus
on KD for classification tasks. As we would like KD to be applicable even for different teacher/student
model architectures and parameter spaces, it becomes unclear what we even mean by the “knowledge”
contained in a model, and how it can be transfered across models.

In Hinton et al. (2015), the “knowledge” is taken to be contained in the predictions f7 and fs, and the
student learns from a teacher model by adding a regulariser R(fs, f7) to the student’s training objective,
that encourages the student to make more similar predictions to the teacher given the same input x.
The intuition for doing so is that there is “dark knowledge” contained in the teacher’s predictions that
can aid a student beyond simply the class label (in a classification setting), e.g. an image of a car is
much more likely to be predicted as a truck than a carrot. We refer to such prediction-based KD as
vanilla KD in Chapter 4.

Despite receiving considerable success and attention, vanilla KD is limited by the fact that it requires
the teacher and student to be trained on datasets which possess the same classes. If we denote our
teacher model fr(x,0) = hr(x)" W7 to have features hy(z) and student model fs(x,0) = hs(x) Ws
to have features hs(x), then one way to bypass this issue is to treat the features hy(x) and hs(x) as
“knowledge” and to regularise the student towards the teacher instead in feature space given the same
input @, R(hs, ht). Feature-based KD alternatives have also proven popular in the community (Romero
et al., 2014; Zagoruyko and Komodakis, 2016a), but have issues of their own including needing additional
parameters in order to map between potentially unmatched teacher and student architectures/feature-
sizes.

An alternative framework for KD, which enjoys the benefit of being agnostic to both architectures
and datasets, is to treat the “knowledge” in a model in terms of how “related” or “similar” different

pairs of inputs x,x’ are viewed. For example, Relational KD (RKD) (Park et al., 2019b) encourages
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Figure 2.3: Left: multi-view nature for car class, where headlights and windows are both identifying features.
Right: side image of car, which a model will only correctly identify if it has learnt the window feature (not just
headlight).

the student to preserve distances across inputs in feature space i.e. ||hs(x) — hs(z’)||3 to be regularised
towards ||hr(x) — hy(x')||% for any given pair x,x’. Related approaches like Similarity Preserving
(SP) (Tung and Mori, 2019) or PKT (Passalis and Tefas, 2018) encourage feature space inner products
(hs(x), hs(2')) and (h7(x), hr(2’)) to be close, across different pairs of inputs x, ’. These approaches
can be seen to be treating the teacher’s learnt feature kernel, defined in Section 2.3, as the key source of
“knowledge” in KD.

Though KD was originally proposed as a method to compress a large and computationally-expensive
teacher model into a smaller student, Furlanello et al. (2018); Zhang et al. (2019¢) demonstrated that
in fact it is possible to obtain improvements in the student’s generalisation performance even when the
teacher shares exactly the same NN architecture and training regimes as the student. This is a setting
known as self-distillation, and is a particularly interesting observation as it suggests that there are factors
beyond the student NN’s capacity that are needed in order to explain KD.

For vanilla KD, Allen-Zhu and Li (2020) provide the first step towards a formal study of the mech-
anisms for how “knowledge” is transferred in NNs from teacher to student, encompassing both KD and
self-distillation. They posit that KD is inherently a feature learning process, that is unexplained via
so-called feature selection methods like kernels, and is strongly linked to ensembling in NNs.

To do so, the authors hypothesise that real-world data like image data has a multi-view structure, in
that many useful features exist that can be learnt, but gradient-based training leads a single NN model
to only learn a subset of these features, which is enough for an NN to obtain zero training loss. In
this proposed setup, different initialisations will bias different NN models to learn different subsets of
features, and an ensembled model will learn the union of all features learnt in the constituent baselearner
models, which is useful when presented with unusual inputs that only exhibit certain features. Moreover,
Distillation helps in this case as we can think of KD as implicitly ensembling the student and teacher
models into the student’s architecture.

For example, the car class may be discerned by either the headlight or window features, but a student
model may only learn the headlight feature. When presented with a side-view image of a car (Fig. 2.3
right) that obscures the headlight feature, our student model may fail to correctly identify it as a car,
whereas an ensemble model that has learnt the window feature would have no issue. KD successfully
allows the single student to learn the window feature from the teacher.

In Chapter 4, we consider the theoretical properties of “similarity” or “relation” based KD by ex-

tending the ideas of Allen-Zhu and Li (2020) to the setting where the feature kernel is the primary
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source of “knowledge” to be transferred in KD. In our proposed Feature Kernel Distillation (FKD) we
demonstrate that independent parameter initialisations bias different models to learn different feature
kernels after training, and use our theoretical insights to motivate implementation considerations that
improve FKD in practice.

Other works that have focused on understanding the behaviour of KD include Phuong and Lampert
(2019) who theoretically studied the benefits of distillation in (deep) linear models, and Mobahi et al.
(2020) who propose that self-distillation regularises the solutions in a Hilbert space of functions to help
prevent overfitting. This connects to DL via the NTK regime for wide NNs, which has also been studied
for KD by Ji and Zhu (2020). Empirically, Stanton et al. (2021) highlighted the interplay between
student fidelity (i.e. how accurately the student mimics the teacher) and generalisation, whereas Beyer
et al. (2022) focus on identifying the specific KD training setups that result in best student generalisation

performance. Gou et al. (2021) present an excellent review of the literature surrounding KD.

2.4.3 Self-supervised learning

A popular data setting nowadays is where one has access to large amounts of unlabelled inputs X,
due to the higher cost associated with obtaining labels Y. Self-supervised learning (SSL) aims to learn
useful DNN feature representations from only unlabelled input data, that can later be used to improve
performance in some downstream task. SSL has proven to be an extremely effective paradigm in DL
systems, especially for natural language, where a popular approach is when a model is pre-trained on
unlabeled language data by predicting masked words in a large number of different sentences (Vincent
et al., 2008; Collobert et al., 2011; Devlin et al., 2018).

For vision data like images, SSL has also shown remarkable potential in closing the gap to standard
supervised settings, though masking approaches (Chen et al., 2020a; Dosovitskiy et al., 2020) are less
successful in vision (Chen et al., 2021), possibly due to the high-dimensional and real-valued nature of
e.g. image pixel space, compared to language, which is discrete and tokenisable. Instead, a popular
technique for SSL in vision uses so-called joint embeddings (Becker and Hinton, 1992; Bromley et al.,
1993; Goldberger et al., 2004; Chopra et al., 2005; Hadsell et al., 2006).

In the joint embedding approach, we consider two transformations, 71(x) and 73(x), of an image x
e.g. two different data augmentations like crops or rotations of the same image of a cat. Given some NN
feature extractor h(x), the aim is then to pre-train h such that the feature representations of 71 (x) and
Tz(x) are close in feature-space i.e. such that ||h(77(z)) —h(T2(x))||3 is small, across different unlabelled
images & € X. After this initial pre-training phase, the features h(-) are used as the backbone for a new
model that is trained on labelled data from a downstream task. For example, we could pretrain on the
larger ImageNet-1K dataset, and treat the smaller dataset like CIFAR-10 as the downstream task (e.g.
in Chen et al. (2020b)).

One clear issue with the joint embedding approach is that it is possible for the feature extractor
to make features of different input transformations to be close by “cheating” and making all inputs be
mapped to the same vector in feature space, h(x) = h*, Va. This is known as feature collapse and

is intimately linked to the signal propagation issues with deep NNs at initialisation we discussed in
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Section 2.2.2. With collapsed features, the feature extractor cannot discern between different inputs,
and is thus of no use for downstream tasks.

To get by feature collapse, a range of methods within the joint-embedding framework have been
proposed in the literature. These include: 1) contrastive approaches that encourage different inputs
to have distinct features (Chen et al., 2020b; He et al., 2020c); 2) non-contrastive methods that use
asymmetry between the joint embeddings (Grill et al., 2020; Chen and He, 2021); 3) clustering (Caron
et al., 2020) and 4) feature whitening (Ermolov et al., 2021; Zbontar et al., 2021; Bardes et al., 2021).
These different methods all share the same goal of prevent SSL training from reducing to the degenerate
state of collapsed features.

A range of works have studied the theoretical properties of joint-embedding SSL, with much attention
focused on demonstrating the generalisation benefits on downstream tasks in contrastive SSL (Arora
et al., 2019¢; Tosh et al., 2021; Nozawa and Sato, 2021; Awasthi et al., 2022). Wen and Li (2021)
study constrastive learning as a feature learning process to highlight the role of data augmentation, and
Balestriero and LeCun (2022) unify different joint-embedding approaches by connecting their solutions to
different spectral methods, like kernel CCA (Lai and Fyfe, 2000). Dubois et al. (2022) provide conditions
for ideal SSL-learnt representations, in terms of optimality on downstream tasks that are invariant to
the data augmentations used.

Tian et al. (2021) instead study factors behind the learning dynamics that prevent feature collapse in
asymmetric non-constrastive methods like BYOL (Grill et al., 2020) or SimSiam (Chen and He, 2021).
Key to their findings is a simplified deep linear setting where one can consider the dynamics of each
eigenmode (of the representations h(X)) independently, which sheds light on the roles of different hyper-
parameters like weight decay, learning rate, and momentum in avoiding collapse in practice. Halvagal
et al. (2022) extend the framework of Tian et al. (2021) to demonstrate that BYOL and SimSiam also
have an implicit variance regularisation effect, akin to the explicit regularisation in VICReg (Bardes
et al., 2021).

A related phenomenon to feature collapse in SSL is known as dimensional collapse (Hua et al., 2021),
which corresponds to partial collapse of the feature space during SSL training. More formally, if we denote
X € R™*? to be a large unlabelled dataset of n inputs, and an m-dimensional feature space h(X) € R"*™
with m < n, then dimensional collapse corresponds to the setting where 27 (X)"h(X) has fewer than
m non-zero eigenvalues. Jing et al. (2021) study the occurence of dimensional collapse in the context of
contrastive SSL, identifying factors like strong data augmentation and implicit regularisation as possible
causes. In Chapter 5, we study the properties of learnt features in SSL through the rate of decay in
their eigenvalues, identifying factors that affect this eigenspectrum and highlighting its importance for

downstream task performance.
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Abstract

We explore the link between deep ensembles and Gaussian processes (GPs) through
the lens of the Neural Tangent Kernel (NTK): a recent development in understand-
ing the training dynamics of wide neural networks (NNs). Previous work has
shown that even in the infinite width limit, when NNs become GPs, there is no
GP posterior interpretation to a deep ensemble trained with squared error loss.
We introduce a simple modification to standard deep ensembles training, through
addition of a computationally-tractable, randomised and untrainable function to
each ensemble member, that enables a posterior interpretation in the infinite width
limit. When ensembled together, our trained NNs give an approximation to a
posterior predictive distribution, and we prove that our Bayesian deep ensembles
make more conservative predictions than standard deep ensembles in the infinite
width limit. Finally, using finite width NNs we demonstrate that our Bayesian deep
ensembles faithfully emulate the analytic posterior predictive when available, and
can outperform standard deep ensembles in various out-of-distribution settings, for
both regression and classification tasks.

1 Introduction

Consider a training dataset D consisting of N i.i.d. data points D = {X,V} = {(xn, yn) 1,
with € R representing d-dimensional features and y representing C-dimensional targets. Given
input features a and parameters @ € RP we use the output, f(x,8) €RC, of a neural network (NN) to
model the predictive distribution p(y|x, @) over the targets. For univariate regression tasks, p(y|x, )
will be Gaussian: —log p(y|z, 8) is the squared error 515 (y — f(z, 8))? up to additive constant, for
fixed observation noise 02 €R . . For classification tasks, p(y|x, @) will be a Categorical distribution.

Given a prior distribution p(8) over the parameters, we can define the posterior over 8, p(60|D), using
Bayes’ rule and subsequently the posterior predictive distribution at a test point (x*, y*):

p(y*|z", D) = / p(y* |z, 0)p(6]D) d6 ()

The posterior predictive is appealing as it represents a marginalisation over 8 weighted by posterior
probabilities, and has been shown to be optimal for minimising predictive risk under a well-specified
model [1]. However, one issue with the posterior predictive for NNs is that it is computationally
intensive to calculate the posterior p(0|D) exactly. Several approximations to p(8|D) have been
introduced for Bayesian neural networks (BNNs) including: Laplace approximation [2]; Markov
chain Monte Carlo [3, 4]; variational inference [5-9]; and Monte-Carlo dropout [10].

Despite the recent interest in BNNs, it has been shown empirically that deep ensembles [11],
which lack a principled Bayesian justification, outperform existing BNNs in terms of uncertainty
quantification and out-of-distribution robustness, cf. [12]. Deep ensembles independently initialise
and train individual NNs (referred to herein as baselearners) on the negative log-likelihood loss

34th Conference on Neural Information Processing Systems (NeurIPS 2020), Vancouver, Canada.
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L£(0)= 25:1 L(Yn, f(xn, 0)) with £(y, f(x, 0))=—logp(y|x, @), before aggregating predictions.

Understanding the success of deep ensembles, particularly in relation to Bayesian inference, is a key
question in the uncertainty quantification and Bayesian deep learning communities at present: Fort
et al. [13] suggested that the empirical performance of deep ensembles is explained by their ability to
explore different functional modes, while Wilson and Izmailov [14] argued that deep ensembles are
actually approximating the posterior predictive.

In this work, we will relate deep ensembles to Bayesian inference, using recent developments
connecting GPs and wide NN, both before [15-21] and after [22, 23] training. Using these insights,
we devise a modification to standard NN training that yields an exact posterior sample for f(-, 0)
in the infinite width limit. As a result, when ensembled together our modified baselearners give a
posterior predictive approximation, and can thus be viewed as a Bayesian deep ensemble.

One concept that is related to our methods concerns ensembles trained with Randomised Priors
to give an approximate posterior interpretation, which we will use when modelling observation
noise in regression tasks. The idea behind randomised priors is that, under certain conditions,
regularising baselearner NNs towards independently drawn “priors” during training produces exact
posterior samples for f(-, 8). Randomised priors recently appeared in machine learning applied to
reinforcement learning [24] and uncertainty quantification [25, 26], like this work. To the best of our
knowledge, related ideas first appeared in astrophysics where they were applied to Gaussian random
fields [27]. However, one such condition for posterior exactness with randomised priors is that the
model f(x, 0) is linear in 6. This is not true in general for NNs, but has been shown to hold for wide
NN local to their parameter initialisation, in a recent line of work. In order to introduce our methods,
we will first review this line of work, known as the Neural Tangent Kernel (NTK) [22].

2 NTK Background

Wide NN, and their relation to GPs, have been a fruitful area recently for the theoretical study of
NNs: we review only the most salient developments to this work, due to limited space.

First introduced by Jacot et al. [22], the empirical NTK of f(-, 0;) is, for inputs x, x’, the kernel:
ét<w7w/) = <V9f(x70t>av9f(w/a0t>> (2)

and describes the functional gradient of a NN in terms of the current loss incurred on the training set.
Note that 8, depends on a random initialisation 6y, thus the empirical NTK is random for all ¢ > 0.

Jacot et al. [22] showed that for an MLP under a so-called NTK parameterisation, detailed in
Appendix A, the empirical NTK converges in probability to a deterministic limit ©, that stays
constant during gradient training, as the hidden layer widths of the NN go to infinity sequentially.
Later, Yang [28, 29] extended the NTK convergence result to convergence almost surely, which is
proven rigorously for a variety of architectures and for widths (or channels in Convolutional NNs) of
hidden layers going to infinity in unison. This limiting positive-definite (p.d.) kernel ©, known as the
NTK, depends only on certain NN architecture choices, including: activation, depth and variances for
weight and bias parameters. Note that the NTK parameterisation can be thought of as akin to training
under standard parameterisation with a learning rate that is inversely proportional to the width of the
NN, which has been shown to be the largest scale for stable learning rates in wide NNs [30-32].

Lee et al. [23] built on the results of Jacot et al. [22], and studied the linearised regime of an NN.
Specifically, if we denote as f:(x) = f(x, 0;) the network function at time ¢, we can define the first
order Taylor expansion of the network function around randomly initialised parameters @ to be:

in(x) = fo(x) + Vo f(x,00) A0, 3)

where A@; = 6; — 0y and fy = f(-,09) is the randomly initialised NN function.

For notational clarity, whenever we evaluate a function at an arbitrary input set X’ instead of a
single point ', we suppose the function is vectorised. For example, f;(X) € RN denotes the
concatenated NN outputs on training set X', whereas Vg fi(X) = Vo f(X,0;) € RNC*P_ In the
interest of space, we will also sometimes use subscripts to signify kernel inputs, so for instance

O, =06, X) e RN and ©,,, = O(X, X) € RVN*NC throughout this work.
The results of Lee et al. [23] showed that in the infinite width limit, with NTK parameterisation and

gradient flow under squared error loss, f}"(x) and f,(x) are equal for any ¢ > 0, for a shared random
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initialisation 6. In particular, for the linearised network it can be shown, that as t—oco:

(@) = fol) — Oo(@, X)Oo(X, X) 7 (fo(X) — V) @
and thus as the hidden layer widths converge to infinity we have that:
I8(@) = foo(@) = fo(@) — O, X)O(X, X) 7 (fo(X) ~ V) ®)

We can replace © (X, X')~! with the generalised inverse when invertibility is an issue. However, this
will not be a main concern of this work, as our methods will add regularisation that corresponds
to modelling observation/output noise, which both ensures invertibility and alleviates any potential
convergence issues due to fast decay of the NTK eigenspectrum [33].

From Eq. (5) we see that, conditional on the training data {X, Y}, we can decompose fo, into
Joo(x) = p(x)+~(x) where pu(x) = O(x, X)O(X, X)~1Y is a deterministic mean and y(z) =
fo(x)—O(x, X)O(X, X))~ fo(X) captures predictive uncertainty, due to the randomness of fo.
Now, if we suppose that, at initialisation, f 4 GP(0, k) for an arbitrary kernel & : Rex R — REXC

then we have foo () 2 GP(u(zx), S(x, ")) for two inputs x, x’, where:'
Y@, @) = kpp + OO krrOrvOrs — (042 O ikyy + hoc) (©)

For a generic kernel k, Lee et al. [23] observed that this limiting distribution for f., does not have a
posterior GP interpretation unless k£ and © are multiples of each other.

As mentioned in Section 1, previous work [15-21] has shown that there is a distinct but closely related

kernel /C, known as the Neural Network Gaussian Process (NNGP) kernel, such that f 4 GP(0,K)
at initialisation in the infinite width limit and /C # ©. Thus Eq. (6) with k=/C tells us that, for wide
NNs under squared error loss, there is no Bayesian posterior interpretation to a trained NN, nor is
there an interpretation to a trained deep ensemble as a Bayesian posterior predictive approximation.

3 Proposed modification to obtain posterior samples in infinite width limit

Lee et al. [23] noted that one way to obtain a posterior interpretation to f, is by randomly initialising
fo but only training the parameters in the final linear readout layer, as the contribution to the NTK ©
from the parameters in final hidden layer is exactly the NNGP kernel K.> f. is then a sample from
the GP posterior with prior kernel NNGP, /C, and noiseless observations in the infinite width limit i.e.
FoolX) N(K K35y Ky =K K35 Ky 30)- This is an example of the “sample-then-
optimise” procedure of Matthews et al. [34], but, by only training the final layer this procedure limits
the earlier layers of an NN solely to be random feature extractors.

We now introduce our modification to standard training that trains all layers of a finite width NN
and obtains an exact posterior interpretation in the infinite width limit with NTK parameterisation
and squared error loss. For notational purposes, let us suppose 8 =concat({0=%, 0L+ 1}) with
<L cRP—PL+1 denoting L hidden layers, and 87+ €RPL+1 denoting final readout layer L+1.
Moreover, define ©<L =0 — K to be the p.d. kernel corresponding to contributions to the NTK from
all parameters before the final layer, and (:)tSL to be the empirical counterpart depending on 8,. To
motivate our modification, we reinterpret fi in Eq. (3) by splitting terms related to X and ©<L:

() = folx) + Ve f(x,00)A0; 7! +0c + V<r f(x, 0) MG (7

K e-K

where 0 €RY is the zero vector. As seen in Eq. (7), the distribution of fi"(z)=fy(x) lacks extra
variance, < (z, x), that accounts for contributions to the NTK © from all parameters < before
the final layer. This is precisely why no Bayesian intepretation exists for a standard trained wide NN,
as in Eq. (6) with k=K. The motivation behind our modification is now very simple: we propose to

manually add in this missing variance. Our modified NN, f (-, 8), will then have trained distribution:
= d _ _
foo(X/) ~ N(@xw@xlxya @X’X’ _@X/X@Xiv@xm) (3)

!Throughout this work, the notation “+ h.c.” means “plus the Hermitian conjugate”, like Lee et al. [23].
For example: ©_ O3k, + hc. = 0,05k + 0, O35k,
2Up to a multiple of last layer width in standard parameterisation.
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on a test set X, in the infinite width limit. Note that Eq. (8) is the GP posterior using prior kernel ©
and noiseless observations fo, (X)=Y, which we will refer to as the NTKGP posterior predictive. We

construct f by sampling a random and untrainable function §(-) that is added to the standard forward
pass f(-, 0;), defining an augmented forward pass:

f(,0:) = f(-,0:) +0() ©)

Given a parameter initialisation scheme init(-) and, initial parameters Horc\izinit(-), our cho-
sen formulation for §() is as follows: 1) sample @~init(-) independently of 8y; 2) denote

6=concat({6=",0"*'}); and 3) define 8" =concat({0=%,0,,,,}). In words, we set the pa-
rameters in the final layer of an independently sampled 6 to zero to obtain 8*. Now, we define:

d(x) =Veof(x,00)0" (10)

There are a few important details to note about §(-) as defined in Eq. (10). First, 4(-) has the same

distribution in both NTK and standard parameterisations,® and also 6(-) | 8y Lgp (0, éEL) in the

NTK parameterisation.* Moreover, Eq. (10) can be viewed as a single Jacobian-vector product (JVP),
which packages that offer forward-mode autodifferentiation (AD), such as JAX [35], are efficient at
computing for finite NNs. It is worth noting that our modification adds only negligible computational
and memory requirements on top of standard deep ensembles [11]: a more nuanced comparison can

be found in Appendix G. Alternative constructions of f are presented in Appendix C.

To ascertain whether a trained foo constructed via Egs. (9, 10) returns a sample from the GP posterior
Eq. (8) for wide NN, the following proposition, which we prove in Appendix B.1, will be useful:

Proposition 1. §(-) 4 GP(0,05) and is independent of fo(-) in the infinite width limit. Thus,
; d

fo() = fo(-) +4(-) = GP(0,0).

Using Proposition 1, we now consider the linearisation of f;(-), noting that Vg fo(-) = Vg fo(-):

fin(z) = fo(x) + Vorsi f(x,00)A0F T +5(z) + Vo< f(z,00) A0 (11)

K 0-K

The fact that Vg f(-)= Ve fo(-) is crucial in Eq. (11), as this initial Jacobian is the feature map of
the linearised NN regime from Lee et al. [23]. As per Proposition 1 and Eq. (11), we see that §(x)
adds the extra randomness missing from fi"(z) in Eq. (7), and reinitialises fy as a sample from
GP(0,K) to GP(0, ©) for wide NNs. This means we can set k=0 in Eq. (6) and deduce:

Corollary 1. foo(X") & N (04, 207%Y, O s —O 1,2 O34 O 1), and hence a trained fu,

returns a sample from the posterior NTKGP in the infinite width limit.

To summarise: we define our new NN forward pass to give fi(x) = f:(x)+(x) for standard forward
pass fi(x), and an untrainable d(x) defined as in Eq. (10). As given by Corollary 1, independently
trained baselearners f., can then be ensembled to approximate the NTKGP posterior predictive.
We will call fo, trained in this section an NTKGP baselearner, regardless of parameterisation or
width. We are aware that the name NTK-GP has been used previously to refer to Eq. (6) with NNGP
kernel KC, which is what standard training under squared error with a wide NN yields. However, we
believe GPs in machine learning are synonymous with probabilistic inference [36], which Eq. (6) has
no connection to in general, so we feel the name NTKGP is more appropriate for our methods.

3In this work © always denotes the NTK under NTK parameterisation. It is also possible to model © to be the
scaled NTK under standard parameterisation (which depends on layer widths) as in Sohl-Dickstein et al. [32]
with minor reweightings to both 4(+) and, when modelling observation noise, the L?-regularisation described in
Appendix D.

*With NTK parameterisation, it is easy to see that 5(-) | 6o Lgp (0, (:)()SL), because =% ri./\/(O, Ip—ppi1)-
To extend this to standard parameterisation, note that Eq. (10) is just the first order term in the Taylor expansion
of f(x, 0y + 0), which has a parameterisation agnostic distribution, about .
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3.1 Modelling observation noise

202
our NTKGP training scheme for f gives a Bayesian interpretation to trained networks when we
assume noiseless observations. Lemma 3 of Osband et al. [24] shows us how to draw a posterior

So far, we have used squared loss £(y, f(x,0)) = 5tz (y — f(x,0))? for 02=1, and seen how

sample for linear f if we wish to model Gaussian observation noise y LN ( f (x,0),0?) for a2>0:
by adding i.i.d. noise to targets y/, 2 N (yn,0?) and regularising £(6) with a weighted L? term,
either ||49||i or ||6—0, ||i, depending on if you regularise in function space or parameter space. The
weighting A is detailed in Appendix D. These methods were introduced by Osband et al. [24] for
the application of Q-learning in deep reinforcement learning, and are known as Randomised Prior
parameter (RP-param) and Randomised Prior function (RP-fn) respectively. The randomised prior
(RP) methods were motivated by a Bayesian linear regression approximation of the NN, but they do
not take into account the difference between the NNGP and the NTK. Our NTKGP methods can
be viewed as a way to fix this for both the parameter space or function space methods, which we
will name NTKGP-param and NTKGP-fn respectively. Similar regularisation ideas were explored in
connection to the NTK by Hu et al. [37], when the NN function is initialised from the origin, akin to
kernel ridge regression.

3.2 Comparison of predictive distributions in infinite width

Having introduced the different ensemble training methods considered in this paper: NNGP; deep
ensembles; randomised prior; and NTKGP, we will now compare their predictive distributions
in the infinite width limit with squared error loss. Table 1 displays these limiting distributions,

foolt) 4 GP(u, ), and should be viewed as an extension to Equation (16) of Lee et al. [23]. In

Table 1: Predictive distributions of wide ensembles for various training methods. std denotes standard
training with f(x, @), and ours denotes training using our additive d(x) to make f(x, 6).

Layers Output

/
Method trained Noise plx) L(w,z')
NNGP Final  02>0 K,p(Kyp+o2D)~1Y Ko — Ky (K +020) " Ky
Deep 9 1 Kyw — (© o754k +h.c.)
All (std) o0°=0 CHVICINNY zx zx O xxNMxa
Ensembles o 0,103 Kx Ok Oxar
: (O (6 27y-1
Rangqmlsed AlGsid) 0250 O, (Oyp+o?D)1Y | (SEXEOXX +o g) /CXE,—Q-hé.c.) 1
rior 40,2 (Oxx+0° ) N Ky +0°I1)( Oy +0°1) 'O
NTKGP All (ours) 02 >0 ©,,(0+02I)71Y Opp — Opr Oy 4021710,

order to parse Table 1, let us denote IUNNGP, UDE; URP> UNTKGP and X NNGP, 2DE; 20RP> 2UNTKGP tO be
the entries in the p(x) and X (¢, ') columns of Table 1 respectively, read from top to bottom. We
see that upg(x) = untkep () if 02=0, and prp(x) = untkcp(x) if 02>0. In words: the predictive
mean of a trained ensemble is the same when training all layers, both with standard training and our
NTKGP training. This holds because both fj and fj are zero mean. It is also possible to compare the
predictive covariances as the following proposition, proven in Appendix B.2, shows:

PI’OpOSitiOIl 2. For 0'2:0, ENTKGP = EDE = ENNGP' Similarly, for 0’2>0, ENTKGP = ERP = ENNGP-

Here, when we write k1 > ks for p.d. kernels k1, ko, we mean that k1 — ko is also a p.d. kernel.
One consequence of Proposition 2 is that the predictive distribution of an ensemble of NNs trained
via our NTKGP methods is always more conservative than a standard deep ensemble, in the linearised
NN regime, when the ensemble size K —oco. It is not possible to say in general when this will
be beneficial, because in practice our models will always be misspecified. However, Proposition
2 suggests that in situations where we suspect standard deep ensembles might be overconfident,
such as in situations where we expect some dataset shift at test time, our methods should hold an
advantage. Note, wide randomised prior ensembles (¢ > 0) were also theoretically shown to make
more conservative predictions than corresponding NNGP posteriors in Ciosek et al. [26], albeit
without the connection to the NTK.
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3.3 Modelling heteroscedasticity

Following Lakshminarayanan et al. [11], if we wish to model heteroscedasticity in a univariate
regression setting such that each training point, (z,,, ¥y, ), has an individual observation noise o (., )
then we use the heteroscedastic Gaussian NLL loss (up to additive constant):

(12)

where y,, =y, +o(x,)e, and €, e N(0,1). It is easy to see that for fixed o?(z,), our
NTKGP trained baselearners will still have a Bayesian interpretation: )’ < »~3) and f(X,0) «

%2 f(X,0) returns us to the homoscedastic case, where X =diag(c2(X)) eRN*N . We will follow
Lakshminarayanan et al. [11] and parameterise o2 (x) =02 (x) by an extra output head of the NN,
that is trainable alongside the mean function jig () when modelling heteroscedasticity.’

3.4 NTKGP Ensemble Algorithms

We now proceed to train an ensemble of ' NTKGP baselearners. Like previous work [11, 24], we
independently initialise baselearners, and also use a fixed, independently sampled training set noise
€ €RNC if modelling output noise. These implementation details are all designed to encourage
diversity among baselearners, with the goal of approximating the NTKGP posterior predictive for our
Bayesian deep ensembles. Appendix F details how to aggregate predictions from trained baselearners.
In Algorithm 1, we outline our NTKGP-param method: data_noise adds observation noise to
targets; concat denotes a concatenation operation; and init(-) will be standard parameterisation
initialisation in the JAX library Neural Tangents [38] unless stated otherwise. As discussed by Pearce
et al. [25], there is a choice between “anchoring”/regularising parameters towards their initialisation or
an independently sampled parameter set when modelling observation noise. We anchor at initialisation
as the linearised NN regime only holds local to parameter initialisation [23], and also this reduces the
memory cost of sampling parameters sets. Appendix E details our NTKGP-fn method.

Algorithm 1 NTKGP-param ensemble

Require: Data D = {X, )}, loss function £, NN model fg : X — ), Ensemble size K € N, noise
procedure: data_noise, NN parameter initialisation scheme: init(-)
fork=1,...,Kdo

Form {X}, Vi } = data_noise(D)

Initialise 6), < init(-)

Initialise 6; < init(-) and denote ), = concat({0=",051Y))

Set 0} = conc:at({BkSL7 0,,..})

Define §(x) = Vo f(x, 0;)0;

Define fy(x,0;) = f(x,6;) + d(x) and set 6y = 6},

Optimise £(fx (X, 0:), Vi) + & [|8; — 8x|3 for 6; to obtain 8,
end for o
return ensemble { fx(-, 0;)} <,

3.5 Classification methodology

For classification, we follow recent works [23, 39, 40] which treat classification as a regression
task with one-hot regression targets. In order to obtain probabilistic predictions, we temperature
scale our trained ensemble predictions with cross-entropy loss on a held-out validation set, noting
that Fong and Holmes [41] established a connection between marginal likelihood maximisation and
cross-validation.

Because §(-) is untrainable in our NTKGP methods, it is important to match the scale of the NTK
O to the scale of the one-hot targets in multi-class classification settings. One can do this either
by introducing a scaling factor £ > 0 such that we scale either: 1) f — % f so that © %@, or
2) e. + ke, where e, € R€ is the one-hot vector denoting class ¢ < C. We choose option 2) for

SWe use the sigmoid function, instead of softplus [11], to enforce positivity on 03 (+), because our data will be
standardised.
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our implementation, tuning x on a small set of values chosen to match the second moments of the
randomly initialised baselearners, in logit space, of each ensemble method on the training set. We
found ~ to be an important hyperparameter that can determine a trade-off between in-distribution and
out-of-distribution performance: see Appendix H for further details.

4 Experiments

Due to limited space, Appendix I will contain all experimental details not discussed in this section.

Toy 1D regression task We begin with a toy 1D example y = zsin(x) + €, using homoscedastic

e L N(0,0.12). We use a training set of 20 points partitioned into two clusters, in order to detail
uncertainty on out-of-distribution test data. For each ensemble method, we use MLP baselearners
with two hidden layers of width 512, and erf activation. The choice of erf activation means that both
the NTK © and NNGP kernel K are analytically available [23, 42]. We compare ensemble methods to
the analytic GP posterior using either © or K as prior covariance function using the Neural Tangents
library [38].

Figure 1 compares the analytic NTKGP posterior predictive with the analytic NNGP posterior
predictive, as well as three different ensemble methods: deep ensembles, RP-param and NTKGP-
param. We plot 95% predictive confidence intervals, treating ensembles as one Gaussian predictive
distribution with matched moments like Lakshminarayanan et al. [11]. As expected, both NTKGP-
param and RP-param ensembles have similar predictive means to the analytic NTKGP posterior.
Likewise, we see that only our NTKGP-param ensemble predictive variances match the analytic
NTKGP posterior. As foreseen in Proposition 2, the analytic NNGP posterior and other ensemble
methods make more confident predictions than the NTKGP posterior, which in this example results
in overconfidence on out-of-distribution data.’

g

24 ] |
B ;e Train \ 4
N/ --- Test poog
L e T -a
\ \
\ NTKGP analytic NG (W L. N 5 N \_
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Figure 1: All subplots plot the analytic NTKGP posterior (in red). From left to right, (in blue):
analytic NNGP posterior; deep ensembles; RP-param; and NTKGP-param (ours). For each method
we plot the mean prediction and 95% predictive confidence interval. Green points denote the training
data, and the black dotted line is the true test function y = zsin(x).

Flight Delays We now compare different ensemble methods on a large scale regression problem
using the Flight Delays dataset [43], which is known to contain dataset shift. We train heteroscedastic
baselearners on the first 700k data points and test on the next 100k test points at 5 different starting
points: 700k, 2m (million), 3m, 4m and 5m. The dataset is ordered chronologically in date through
the year 2008, so we expect the NTKGP methods to outperform standard deep ensembles for the later
starting points. Figure 2 (Left) confirms our hypothesis. Interestingly, there seems to be a seasonal
effect between the 3m and 4m test set that results in stronger performance in the 4m test set than
the 3m test set, for ensembles trained on the first 700k data points. We see that our Bayesian deep
ensembles perform slightly worse than standard deep ensembles when there is little or no test data
shift, but fail more gracefully as the level of dataset shift increases.

Figure 2 (Right) plots confidence versus error for different ensemble methods on the combined test
set of 5x 100k points. For each precision threshold 7, we plot root-mean-squared error (RMSE)
on examples where predictive precision is larger than 7, indicating confidence. As we can see, our
NTKGP methods incur lower error over all precision thresholds, and this contrast in performance is
magnified for more confident predictions.

MNIST vs NotMNIST We next move onto classification experiments, comparing ensembles
trained on MNIST and tested on both MNIST and NotMNIST.” Our baselearners are MLPs with

®Code for this experiment is available at: https://github.com/bobby-he/bayesian-ntk.
7 Available at http://yaroslavvb.blogspot.com/2011/09/notmnist-dataset . html

51



NLLs for 0.0.d. test sets Error vs Confidence
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Figure 2: (Left) Flight Delays NLLs for ensemble methods trained on first 700k points of the dataset
and tested on various out-of-distribution test sets, with time shift between training set and test set
increasing along the x-axis. (Right) Error vs Confidence curves for ensembles tested on all 5x 100k
test points combined. Both plots include 95% ClIs corresponding to 10 independent ensembles.

2-hidden layers, 200 hidden units per layer and ReLU activation. The weight parameter initialisation
variance o3, is tuned using the validation accuracy on a small set of values around the He initialisation,
o%,=2, [44] for all classification experiments. Figure 3 shows both in-distribution and out-of-
distribution performance across different ensemble methods. In Figure 3 (left), we see that our
NTKGP methods suffer from slightly worse in-distribution test performance, with around 0.2%
increased error for ensemble size 10. However, in Figure 3 (right), we plot error versus confidence on
the combined MNIST and NotMNIST test sets: for each test point (x, y), we calculate the ensemble
prediction p(y = k|x) and define the predicted label as § = argmax, p(y = k|z), with confidence
p(y = gle). Like Lakshminarayanan et al. [11], for each confidence threshold 0 < 7 < 1, we
plot the average error for all test points that are more confident than 7. We count all predictions on
the NotMNIST test set to be incorrect. We see in Figure 3 (right) that the NTKGP methods vastly
outperform both deep ensembles and RP methods, obtaining over 15% lower error on test points
that have confidence 7=0.6, compared to all baselines. This is because our methods correctly make
much more conservative predictions on the out-of-distribution NotMNIST test set, as can be seen by
Figure 4, which plots histograms of predictive entropies. Due to the simple MLP architecture and
ReLU activation, we can compare ensemble methods to analytic NTKGP results in Figures 3 & 4,
where we see a close match between the NTKGP ensemble methods (at larger ensemble sizes) and
the analytic predictions, both on in-distribution and out-of-distribution performance.

- MNIST Test Error 70 MNIST+NotMNIST Error vs Confidence
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LR >
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2 40
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':,:, O 5 RP-fn
E 1.5 ;\3 —— NTKGP-param
S T 10 —— NTKGP-fn
2 --- Analytic NTKGP
1.3 w o
2 4 6 8 10 0.0 0.2 0.4 0.6 0.8
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Figure 3: (Left) Classification error on MNIST test set for different ensemble sizes. (Right) Error
versus Confidence plots for ensembles, of size 10, trained on MNIST and tested on both MNIST and
NotMNIST. ClIs correspond to 5 independent runs.

CIFAR-10 vs SVHN Finally, we present results on a larger-scale image classification task: en-
sembles are trained on CIFAR-10 and tested on both CIFAR-10 and SVHN. We conduct the same
setup as for the MNIST vs NotMNIST experiment, with baselearners taking the Myrtle-10 CNN
architecture [40] of channel-width 100. Figure 5 compares in distribution and out-of-distribution
performance: we see that our NTKGP methods and RP-fn perform best on in-distribution test error.
Unlike on the simpler MNIST task, there is no clear difference on the corresponding error versus
confidence plot, and this is also reflected in the entropy histograms, which can be found in Figure 8
of Appendix L.
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Figure 4: Histograms of predictive entropy on MNIST (top) and NotMNIST (bottom) test sets for
different ensemble methods of different ensemble sizes, and also for Analytic NTKGP.
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Figure 5: (Left) Classification error on CIFAR-10 test set for different ensemble sizes. (Right) Error
versus Confidence plots of ensembles trained on CIFAR-10 and tested on both CIFAR-10 and SVHN.
CIs correspond to 5 independent runs.

5 Discussion

We built on existing work regarding the Neural Tangent Kernel (NTK), which showed that there is
no posterior predictive interpretation to a standard deep ensemble in the infinite width limit. We
introduced a simple modification to training that enables a GP posterior predictive interpretation for
a wide ensemble, and showed empirically that our Bayesian deep ensembles emulate the analytic
posterior predictive when it is available. In addition, we demonstrated that our Bayesian deep
ensembles often outperform standard deep ensembles in out-of-distribution settings for both regression
and classification tasks.

In terms of limitations, our methods may perform worse than standard deep ensembles [11] when
confident predictions are not detrimental, though this can be alleviated via NTK hyperparameter
tuning. Moreover, our analyses are planted in the “lazy learning” regime [45, 46], and we have not
considered finite-width corrections to the NTK during training [47-49]. In spite of these limitations,
the search for a Bayesian interpretation to deep ensembles [11] is of particular relevance to the
Bayesian deep learning community, and we believe our contributions provide useful new insights to
resolving this problem by examining the limit of infinite-width.

A natural question that emerges from our work is how to tune hyperparameters of the NTK to
best capture inductive biases or prior beliefs about the data. Possible lines of enquiry include: the
large-depth limit [50], the choice of architecture [51], and the choice of activation [52]. Finally, we
would like to assess our Bayesian deep ensembles in non-supervised learning settings, such as active
learning or reinforcement learning.
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Broader Impact

We believe that our Bayesian deep ensembles may be useful in situations where predictions that are
robust to model misspecification and dataset shift are crucial, such as weather forecasting or medical
diagnosis.
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A Recap of standard and NTK parameterisations

For completeness, we recap the difference between standard and NTK parameterisations & initialisa-
tions [22, 23] for an MLP in this section.

Consider an MLP with L hidden layers of widths from ng=d to ny, respectively, and final readout
layer with ny; = C. For a given & € R%, under the NTK parameterisation the recurrence relation
that constitutes the forward pass of the NN is then:

o (z,0) = 2 (13)
a0+ (2, 0) = %W(l)a(l)(m’g) + opb® (14)
o (@,0) = (& (2, 0)) (15)

for I < L where @) and a(¥) are the preactivations and activations respectively at layer I, with
entrywise nonlinearity ¢(-). In the NTK parameteriation, all parameters W e Rm+1X™ and
b() € R™+1 for all layers [ are initialised as i.i.d. standard normal A/(0,1). The hyperparameters
ow and o}, are known as the weight and bias variances respectively, and are hyperparameters of the
infinite width limit NTK ©.

On the other hand, under standard parameterisation, the recurrence relation of the NN is:

0 (z,0) =z (16)
al ) (z,0) = WO (z,0) + b0 (17)
a(x,0) = 6(a" (z,0)) (1%)

with W;(lj) ~ N(0, -07y) and bg-l) ~ N(0,03) at initialisation. Commonly used initialisation
schemes like LeCun [53] or He [44] fall into this category.

Regardless of parameterisation, our notation from Sections 2 & 3 corresponds to f(x,0) =
aEHD(z,0), with @ = (WO bWV E o<t = (WO pO -1 and 9L+ = (W) p(E)},

We see that the different parameterisations yield the same distribution for the functional output
f (-, 0) at initialisation, but give different scalings to the parameter gradients in the backward pass.
Sohl-Dickstein et al. [32] have recently explored further variants of these parameterisations.

B Proofs
B.1 Proof of Proposition 1

Proposition 1. §(-) A GP(0,0<) and is independent of fo(-) in the infinite width limit. Thus,
; d
fo(-) = fo-) +4(-) = GP(0,0).

Proof. For notational ease, let us define two jointly independent GPs g(-) 2 GP(0,0<L) & h(-) £

GP(0,K). By independence, we have g(-) + h(:) L GP(0,0). Moreover, let §,,(-), 2 (-) and
0%, denote §(-), fo(-) and g respectively at width parameter m € N. The infinite width limit thus
corresponds to m — oco.

For our purposes, it will be sufficient to prove convergence of finite-dimensional marginals,
(B (X), F2.(X")) 5 (g(X), h(X")) jointly, for arbitrary sets of inputs X, X’. Note that previ-
ous work [16, 17] has already shown that £ (X”) 4 h(X").

The proof that (8, (X), f2(X")) 4 (g(X), h(X")) relies on Lévy’s Convergence theorem [54] and

the Cramér-Wold device (Theorem 29.4 of [55]). Using these results it is sufficient to show, denoting
px as the characteristic function of a random variable X, that:

Py, (t) = oy (1) (19)

58



where Yy, = w6, (X) + 0" fO (X)) and Y = u' g(X) + v h(X’), forall t € R,u € RI*IC and
v e RIY'IC, But:

oy, (t) =E[exp(itY,,)] (20)
=E []E [exp(itYm) ‘ 007m]] (21)
=Eg, . [exp( — tQU,Tééfn(X, X)u +itv" SL(X'))] (22)
=exp( — t*u' ©=F(X, X)u)Eq, ,, [exp(itv’ fO,(X")] +Tm (23)
—E[exp(itY)] (24)

where 7, defined as the difference between Egs. (23) & (22), can be shown to be 0,,(1) using the
Bounded Convergence theorem and the empirical NTK convergence results, and by noting that proofs
of NTK convergence [22, 23, 28, 29] are all done on a layer-by-layer basis.

The claim that fo(-) = fo(-) + (") 4 GP(0,©) then follows by setting X = X’ and v = u.

B.2 Proof of Proposition 2

PI’OpOSitiOIl 2. For 0'2:0, ENTKGP >~ EDE >~ ENNGP' Similarly, fOI‘ 0’2>0, ENTKGP ~ ERP >~ ENNGP'
Proof. We will prove the case for 02 > 0 as the case for 02 = 0 is similar, and one can replace
inversions of (X, X) and IC(X, X') with generalised inverses if need be.

Let X’ be an arbitrary test set. We will first show Ygp = Ynngp. It will suffice to show that
Srp(X7, X7) — Enngp (X7, X7) = 0is a p.s.d. matrix. But it is not hard to check that:

Sre(X, X)) — Sanep(X, X)) = U(K(X, X) + o2 U T (25)

which is clearly p.s.d, where U = (X', X)(O(X, X) + o21) 1 —K(X', X)(K(X,X)+02)" ! €
RIX' X1

Likewise, to show YNtk ~ Xrp We can check that:
Snt (X', X') = Srp(X', X') = Us + U2A(X, X)U; = 0 (26)
where
Uy =AX X)) — AX , X)AI (X, X)A(X, X' (27)

and A = ©=% = 0 is the contributions to the NTK from parameters before the final layer as before.
Finally, we need to define U, as:

Uy = O(X, X)(O(X,X) +0T)7F — A(X, X)AI(X, X) (28)

The notation AY9(X, X') denotes the generalised inverse. U; = 0 follows from standard properties
of generalised Schur complements, as does the fact that A(X’, X)AI(X, X)A(X, X) = A(X', X),
which is required for Eq. (26) to hold.

O

C Alternative constructions of NTKGP baselearners

To summarise the analysis in Section 3, the criteria for an NTKGP baselearner f (+,0) is that:

1) f(-,60) A GP(0,0) as width increases, while 2) preserving the initial Jacobian Vg fo(-) =
Vo fol).

A possible alternative construction would be if one could (approximately) sample a fixed

f*f‘iQP(O, ©), and set:

fi() = i)+ 17() = fo() (29)
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It is easy to approximately sample f* for finite width NNs using a single JVP, under either standard
or NTK parameterisation, by sampling 8 independent of 6y and setting:

f*(x) = Vo f(x,00)0 (30)

Note that Eq. (29) requires computation of two forward passes f; and fo in addition to a JVP
Ve f(x,8))6. For some implementations of JVPs, such as in JAX [3~5], the computation of fy will
come essentially for free alongside the computation of Vg f(x, 8))6, because the JVP is centered

about the same “primal” parameters 6 that are used for fy. Hence, this alternative f presented in
Eq. (29) may have similar costs to our main construction in Section 3, for certain AD packages.

A second valid alternative to f; would be to replace f; with fi which would give fi"(x,8,) =
Vo f(x,0)8, (where we swap 6 and 6, for notational consistency with other NTKGP methods, and
initialise at 8y). Because 0 is fixed, we see that f““(~, 6,) is linear in 8;. This gives a realisation of
the “sample-then-optimize” approach [34] to give posterior samples from randomly initialised linear
models, and ensures that f};g() is an exact posterior sample (using the empirical NTK Oy as prior
kernel) irrespective of parameterisation or width. Note though, of course, the linearised regime holds
for ft““ throughout parameter space, hence for strongly convex optimisation problems like regression

tasks with observation noise, the initialisation is irrelevant. We will call f};g trained in such a way an
NTKGP-Lin baselearner.

D Regularisation in the NTKGP and RP training procedures

As stated in Lemma 3 of Osband et al. [24], suppose we are in a Bayesian linear regression setting
with linear map go(z) = 2'6, model y = go(2) + € for € ~ N(0,0?) i.i.d., and parameter
prior @ ~ N(0,AI,). Then, having observed training data {(z;,y;)}}_;, solving the following
optimisation problem returns a posterior sample 6:

n

~ 1
6 iny " 55|
+ argér)mn Z 557

=1

2 1 5
— 1
|+ 55 1613 (3D

Yi — (90 + 96)(2:)

where §; ~ N (yi,02) and 8 ~ N (0, \L,).

We see that when there is a homoscedastic prior N'(0, AI,,) for 6 that the correct weighting of L?

regularisation is HOH?\ = 1676. In fact, even with a heteroscedastic prior 8 ~ N(0, A) with

pXp p

a diagonal matrix A € RY™” and diagonal entries {\;}/_,, it is straightforward to show that

the correct setting of regularisation is HOHi = 0" A=16 in order to obtain a posterior sample of
6. For RP-param or NTKGP-param methods, with initial parameters 6y, we have regularisation

|6 — 00||i = (6 —6y)TA71(8 — 6y), which can be seen as a Mahalanobis distance.

For an NN in the linearised regime [23], this is related to the fact that the NTK and standard
parameterisations initialise parameters differently, yet yield the same functional distribution for
a randomly initialised NN. In the standard parameterisation, A; will be a factor of the NN width
smaller than in the NTK parameterisation, but the corresponding feature map z will be a square
root factor of the NN width larger. Thus, solving Eq. (31) will lead to the same functional outputs
in both parameterisations, if the NN remains in the linearised regime. However, only with our
NTKGP trained baselearners f do you get a posterior interpretation to the trained NN because of the
difference between the NNGP and the NTK that standard training does not account for, and because
the linearised regime only holds locally to the parameter initialisation.

E Additional ensemble algorithms

Here, we present our ensemble algorithms for NTKGP-Lin (Algorithm 2) and NTKGP-fn (Algo-
rithm 3), to complement the NTKGP-param algorithm that was presented in Section 3.4.
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Algorithm 2 NTKGP-Lin ensemble

Require: Data D = {X, )}, loss function £, NN model fg : X — ), Ensemble size K € N, noise
procedure: data_noise, NN parameter initialisation scheme: init(-)
fork=1,..., K do
Form { X}, YV} = data_noise(D)

Initialise 6), < init(-)

Initialise 6, < init(-)

Define fi"(x,0,) = Vo f(x,8))0; and set 8, = 6,

Optimise £(f"(Xx, 0:), Vi) + 1116, — 65| for 6, to obtain 6},
end for . A
return ensemble {fi"(-, )} |

Algorithm 3 NTKGP-fn ensemble

Require: Data D = {X, )}, loss function £, NN model fg : X — ), Ensemble size K € N, noise
procedure: data_noise, NN parameter initialisation scheme: init(-)
fork=1,...,Kdo

Form {X}, Vi } = data_noise(D)
Initialise 6, < init(-)
Initialise 6, 4 init(-) and denote 0, = conc:at({ékSL7 é,f“})
Set 0} = concat({\@élfL, é,?“})
Define §(x) = Vo f(x,0;)0;
Define fi(x,0:) = f(x,0;) + 6(x) and set Oy = 6y,
Optimise £(f (X, 0:), Vi) + % HBtHi for 6; to obtain 0},
end for o
return ensemble { fx(-, 0)} <

In Algorithm 3 we seek to reinitialise fx (i, 8y) from GP(0, K) to GP(0,20) in the infinite width
limit, following the randomised prior function method of Osband et al. [24]. While there are many
ways to do this we choose to use only one JVP, with a reweighted tangent vector, for §(-) in order to
reduce extra computational costs. It would be similarly possible to model a scaling factor ( for the
prior function, like [24], using a single JVP with a differently reweighted tangent vector.

Note also that for the NTKGP-fn it is unreasonable to assume that the linearised NN dynamics will
hold true for the duration of training because, unlike in NTKGP-param (Algorithm 1) we regularise
towards the origin not the initialised parameters.

F Aggregating predictions from ensemble members

For completeness, we now describe how to aggregate predictions from ensemble members. Given
a test point (x, y), for each baselearner NN k < K, we suppose we have a probabilistic prediction
pr(y|x) obtained from the NN output. We then treat the ensemble as a uniformly-weighted mixture
model over baselearners and combine predictions as p(y|x) = & Zle pr(y|x). For our Bayesian
deep ensembles, we can view this aggregation as a Monte Carlo approximation of the GP posterior
predictive with NTK prior.

For classification tasks, this aggregation is exactly an average of predicted probabilities. For regression
tasks, the prediction is a mixture of normal distributions, and we follow Lakshminarayanan et al.
[11] by approximating the ensembled prediction as a single Gaussian with matched moments. That
is to say, if px(y|x) ~ N(ur(x),o%(x)), then we approximate p(y|z) by N (u.(z),o?(x)) for

po(@) = 72 3 (@) and 02 (x) = 7 32, (4 () — 2 (@) + o ().

G Comparison of memory and computation costs for ensemble methods

There is only a negligible training-time computational overhead for our NTKGP methods compared
to other ensemble methods [11, 24], for a training set of fixed size (e.g. MNIST, CIFAR-10). This
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is because one can obtain and store our fixed additive JVPs ¢ in a single pass over the training data.
For test-time constrained applications, one can employ ensemble distillation [56] for our NTKGP
ensembles as one would for standard deep ensembles.

For completeness, we include in Table 2 (left) the computational cost of different ensemble methods
when the modified forward pass f needs to be computed on the fly for new data, though we again
stress that this is not necessary for train nor test time, as described in the paragraph above. A rule
of thumb for a library offering forward-mode AD, like JAX [35], is that a JVP costs on the order of
three standard forward passes in terms of FLOPs. We use forward-mode AD to compute JVPs as
this is known to be more memory-efficient than reverse-mode AD for JVP computation. It is worth
pointing out that our methods share the same trainable parameters as standard deep ensembles, and
so do not incur any additional computational cost in the backward pass.

Table 2: Comparison of computational and memory costs of different ensemble methods per ensemble
member. Computational costs are specified per (modified) forward pass and represent a naive
worst-case scenario (presented for completeness); a more astute approach renders only a negligible
difference between ensemble methods, as discussed in this section.

Method Computational cost Parameter sets to store
Forward passes JVPs Train time Test time
Deep ensembles 1 0 1 1
RP-param 1 0 2 1
RP-fn 2 0 2 2
NTKGP-param 1 1 3 3
NTKGP-fn 1 1 3 3

In terms of memory, both NTKGP and RP methods require storage of extra sets of parameters in
order to compute the untrainable additive functions §(-) and regularise in parameter space, displayed
in Table 2 (right). However, the activations of the extra forward pass in the Randomised prior function
method need not be stored. And moreover, forward mode JVPs are composed alongside the primitive
operations that comprise the forward pass, so the memory requirements incurred by the extra JVP are
independent of the NN depth for our NTKGP methods. Note that the memory bottleneck for large
NNs is most often from the need to store activations for the backward pass [57] and not from storing
parameter sets, hence our NTKGP ensembles are not affected by the main memory bottleneck for
large NN, relative to standard deep ensembles.

It is worth noting that our Bayesian deep ensembles still retain the distributability of standard deep
ensembles. Moreover, our computational and memory costs still scale linearly in dataset size and
parameter space dimension, enabling us to work with large scale datasets like Flight Delays [43].

Finally, in this section we only compare the costs associated to different ensemble methods. En-
sembles methods are known to be computationally expensive and there has been recent interest
in the community to derive new methods [58, 59] that reduce such costs. However, at the time of
writing, deep ensembles [11] are state-of-the-art for uncertainty quantification tasks [12], and hence
we believe a comparison of costs between ensemble methods is most appropriate for this work.

H Scaling for one-hot targets in classification

As discussed in Section 3.5 and repeated here for completeness: because d(-) is untrainable in our
NTKGP methods, it is important to match the scale of the NTK © to the scale of the one-hot targets
in multi-class classification settings. One can do this either by introducing a scaling factor £ > 0 such
that we scale either: 1) f « % fand so © + %2@, or 2) e, <+ ke, where e, € R is the one-hot
vector denoting class ¢ < C. We choose option 2) for our implementation.

To set x, for each ensemble method we calculated the mean squared values of baselearner outputs at
initialisation, which we define for convenience as (y, on the training set for that particular ensemble
method, and tuned 2 (based on validation accuracy) on a small linear scale centered around C(,
where C' is the number of classes. This is in order to match the second moments of the random NNs
at initialisation with the scaled one-hot targets across the C' classes. For example, for NTKGP-param,
we set (o = IiélV\ >wex Oz, ) € RT,
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To illustrate the importance of «, in Figure 6 we present the corresponding results to Figure 5 where
instead of setting ~ dependent on the scale of each ensemble methods’ initialised baselearners, as
above, we set kK = ﬁ > zcx ©(x, )ER for all ensemble methods. This is the base « value for
NTKGP-param at initialisation, but note that we did not tune neither « (around this base value) nor
weight variance (set at UIQ,V = 2 like He initialisation [44], which has been optimised for standard
NN and hence standard deep ensembles) for Figure 6.

CIFAR-10 Test Error CIFAR-10+SVHN Error vs Confidence
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Figure 6: Figure 5 but where regression target scale « is constant across ensemble methods and set to
match the second moment of the NTK on the training set at initialisation. Error bars correspond to 5
independent runs.

In Figure 6 we see a different results to Figure 5, as here our NTKGP methods suffer slightly on in-
distribution performance but also outperform the baselines methods on out-of-distribution detection.
This highlights the importance of the regression target scale when considering classification tasks,
and moreover reflects a general theme in our experiments of the trade-off between more aggressive
predictions (that tend to perform better on in-distribution) and more conservative predictions (that
tend to perform better on out-of-distribution). In our classification methodology, larger x values tend
to lead to more confident predictions. We point out that this is an issue that affects all ensemble
methods and is not limited to our Bayesian ensembles.

I Experimental Details & additional plots

I.1 Toy 1d example

We set ensemble size K = 20, and train on full batch GD with learning rate 0.001 for 50,000
iterations under standard parameterisation in Neural Tangents [38], with oy = 1.5 & o, = 0.05, for
ow , oy defined as in Appendix A. In Figure 7 we evaluate the impact of the ensemble size on this
toy problem for different ensemble methods. We find that, of the two methods that approximate the
analytic NTKGP mean predictor (c.f. Table 1), the approximation of the analytic mean predictor for
NTKGP-param degrades compared to RP-param at small ensemble sizes, although the predictive
uncertainties are well matched even at small ensemble sizes. The degradation in mean predictor is
unsurprising as there is more (untrainable) noise in the initialised NTKGP baselearners. One simple
possible solution to this problem, which we leave for future work, is to use separate baselearners for
the mean and uncertainty predictions, like in Ciosek et al. [26].

1.2 Flight Delays

Our baselearners are MLPs with 4 hidden layers, 100 hidden units per layer and ReLU activations,
and we use standard parameterisation with oy = 1 & o, = 0.05, and choose ensemble size K = 5.
We train for 10 epochs with learning rate 0.001, batch size 100 and Adam [60]. For all experiments,
all ensemble methods apart from standard deep ensembles [11] are L? regularised according to
Appendix D, with weight decay strength set to 10~ for standard deep ensembles.

We use a validation set of size 50k that is sampled uniformly from the training set of size 700k, and
early stop baselearner NNs based on validation set loss. Inputs and targets are standardised so that
the training data is zero mean and unit variance.

I.3 MNIST vs. NotMNIST

For all image classification experiments, we use a 90—10% split for the train-validation sets needed
for temperature scaling.
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Figure 7: Comparison between ensemble methods (blue) and the analytic NTKGP posterior as the
ensemble size is varied on toy example.

Baselearners are MLPs with 2-hidden layers, 200 hidden units per layer and ReL.U activations. We
standardise data to have mean 0 and standard deviation 1 across flattened pixels.

For all ensemble methods, we use standard parameterisation with fixed bias standard deviation
ob = 0.05, observation noise o = 0.1 and tune weight variance o3, on a small linear scale around
O'W = 2. We set observation noise o = 0.1 for . We train for 20 epochs with batch size 100, learning
rate 0.001 and Adam [60]. We do not early stop for any classification experiment, and use the final
trained baselearners throughout.

For the analytic NTKGP results, we use the NTK in NTK parameterisation, and use the same
observation noise and bias variance as for ensemble methods. However, we fix 03, = 2 and also do
not tune target scale « (set to the base value described in Appendix A) due to computational resources.
We also use only half the test sets both for MNIST and NotMNIST due to resource requirements,
keeping the ratios of test sizes consistent in order for the error versus confidence plot Figure 3 (right)
to be comparable. To compute test and out-of-distribution predictions, having obtained the optimal
temperature scale 7 and analytic NTKGP predictions in logit space, p(:|X,)), we approximate
the softmax class probability predictions: [ softmax(z/T*)p(dz|X,Y), by a Monte Carlo ensemble
approximation with 100 samples.

For all classification ensemble methods, we temperature scale on validation cross entropy for 5
epochs with batch size 100 and learning rate 0.1, whereas for analytic NTKGP we temperature scale
for 1000 epochs on full batch size 6000. Like above, we approximate the analytic NTKGP validation
predictions (for temperature scaling) by a Monte Carlo ensemble, this time of size 10. We found the
various temperature scaling training hyperparameter considerations here to be unimportant to achieve
convergence, due to the fact that the temperature scale is a scalar value.
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1.4 CIFAR-10 vs SVHN

Baselearners are Myrtle-10 CNNs [40] with 100 channel width and ReLU activations. We use

=0. 01 and set observation noise o = 0.1. Like for MNIST we tune o3, on a small linear scale
around 0%, = 2. We train using SGD, with momentum parameter 0.9, for 100 epochs and learning
rate 0.001, which is decayed to 0.0002 after 80 epochs. In the first 5 epochs we raise the learning rate
in linear increments from 0.0001 to 0.001. We use batch size 125. During training we apply random
crops and horizontal flips before standardisation. We do not compare to the analytic NTKGP for the
Myrtle-10 CNN due to resource requirements.

Figure 8 displays entropy histograms for ensembles trained on CIFAR-10 and tested on in distribution
CIFAR-10 test data and out-of-distribution SVHN test data, corresponding to the same experiments
as in Figure 5. As we can see, there is a much less noticeable difference between ensemble methods
compared to the simpler MNIST vs NotMNIST case.

Deep ensemble RP-param RP-fn NTKGP-param NTKGP-fn
Ensemb\e size
20
oo = 10
@
2
- L “\_\ L L
s
0
Entrcpy valves * Entmpy values Entropy vaives * Entropy valves * Entropy values
Deep ensemble RP-param RP-fn NTKGP-param NTKGP-fn

Ensemble size
2
— B
25 — 10

Yo Nl T G ¥ N e N o

“Entropy values “Entropy values “Entropy values *Entropy values “Entropy values

Figure 8: Histograms of predictive entropy on CIFAR-10 (top) and SVHN (bottom) test sets for
different ensemble methods and for different ensemble sizes.
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FEATURE KERNEL DISTILLATION

Bobby He' 2T & Mete Ozay>
! Department of Statistics, University of Oxford
2Samsung Research UK

ABSTRACT

Trained Neural Networks (NNs) can be viewed as data-dependent kernel ma-
chines, with predictions determined by the inner product of last-layer represen-
tations across inputs, referred to as the feature kernel. We explore the relevance
of the feature kernel for Knowledge Distillation (KD), using a mechanistic un-
derstanding of an NN’s optimisation process. We extend the theoretical analysis
of Allen-Zhu & Li (2020) to show that a trained NN’s feature kernel is highly
dependent on its parameter initialisation, which biases different initialisations of
the same architecture to learn different data attributes in a multi-view data set-
ting. This enables us to prove that KD using only pairwise feature kernel compar-
isons can improve NN test accuracy in such settings, with both single & ensemble
teacher models, whereas standard training without KD fails to generalise. We
further use our theory to motivate practical considerations for improving student
generalisation when using distillation with feature kernels, which allows us to pro-
pose a novel approach: Feature Kernel Distillation (FKD). Finally, we experimen-
tally corroborate our theory in the image classification setting, showing that FKD
is amenable to ensemble distillation, can transfer knowledge across datasets, and
outperforms both vanilla KD & other feature kernel based KD baselines across a
range of standard architectures & datasets.

1 INTRODUCTION & BACKGROUND

A prevailing belief in the Deep Learning community is that feature learning, where data-dependent
features are acquired during training, is crucial to explaining the empirical success of Neural Net-
works (NNs) (Fort et al., 2020; Baratin et al., 2021). A comparison in this regard is often made to
kernel methods (Jacot et al., 2018), which can be thought of as feature selection methods from a fixed
data-independent set of features. This separation has been caricaturised as a distinction between fea-
ture learning and kernel learning regimes (Chizat et al., 2019; Yang & Hu, 2020; Woodworth et al.,
2020) of NN training. Though less amenable to theoretical analysis compared to kernel regimes,
feature learning regimes have the capability to capture more of the complex empirical phenomenon
that one can observe in NNs due to parameter-space non-convexity, such as: i) how ensembling
trained NN differing solely in their independent parameter initialisations can lead to improvements
in predictive accuracy & uncertainty (Lakshminarayanan et al., 2017; Allen-Zhu & Li, 2020), or
ii) the effectiveness of knowledge distillation with both single & ensemble teacher models (Bucilua
et al., 2006; Hinton et al., 2015). This implies that in order to understand ensembling & knowledge
distillation (KD) in NNs, we need to understand the mechanisms of NN feature learning regimes.

Ensembling can be loosely summarised as aggregating predictions from multiple models, & is used
widely across machine learning (ML) to improve performance (Dietterich, 2000; Breiman, 2001).
Conversely, knowledge distillation (KD), the idea of transferring knowledge from a teacher model
to a student model, has garnered the most attention with NNs. Remarkably, via KD it is possible to

TResearched  during  internship  at  Samsung  Research UK.  Correspondence  to
bobby.hel@stats.ox.ac.uk.
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significantly improve a single student’s generalisation with knowledge from a teacher model, or an
ensemble of teachers. This means that the single student’s model has enough flexibility to generalise
well (relative to the teacher), thus one must factor in the optimisation process (such as the parameter
initialisation) in order to explain the mechanisms of ensembling and KD in NNs.

To describe KD, suppose we have N input-target (¢, y)eR? xRS data pairs D={(x;, %)},
sampled i.i.d. (independent & identically distributed) from some distribution D, and a stu-
dent NN architecture fs(x) = Ws-hs(z,0s). Here hs(x,0s)ER™*! is a student-specific
feature extractor model (e.g. MLP, CNN, ResNet, or Transformer) with parameters 8s, and
Ws € REYX™ is a parameter matrix for the last layer. Assume also that we have loss:
L(0s, WS):% Zf\; L(fs(x;),y;) which we seek to minimise over 85, W in the hope that fs
can generalise to unseen (x, y) pairs. L is typically cross-entropy in the classification setting.

Vanilla KD (Hinton et al.,, 2015) distils knowledge from a trained teacher network
fr(x)=Ws-hy(x,07)ERET to a student by regularising student fs towards the teacher f7:

N
£(B5.Ws) = L8, Ws) + Mo > £(F5E) FTEi)) m

- T T
i=1

for temperature 7>0 & regularisation Agp>0 hyperparameters. Note, this is only valid if C+=C3s.

Following Hinton et al. (2015), many methods have been proposed using different quirks of NN to
distil knowledge from teacher to student. A relevant line of work involves encouraging the student to
match how similar/related the teacher views two inputs @, ' to be (Passalis & Tefas, 2018; Tung &
Mori, 2019; Park et al., 2019). These approaches have the benefit of being agnostic to teacher/student
architectures & prediction spaces Cr & Cg, but as of yet remain heuristically motivated. In this
work, we explore such approaches under the more general framework of NN feature kernel (the
kernel induced by the inner product of last-layer features h) learning, allowing us to provide the
missing theoretical justification. Moreover, we use our theoretical insights to introduce practical
improvements for FKD in Section 4, which we show outperform these previous works in Section 5.

Allen-Zhu & Li (2020) provide the first theoretical exposition of the mechanisms by which vanilla
KD and ensembling improve generalisation in NNs. To this end, the authors introduce the notion of
multi-view data, which is when a class in a multi-class classification problem has multiple identify-
ing features/attributes. For example, an image of a car can be discerned by i) wheels, ii) windows, or
iii) headlights. The key idea is that the NN parameter initialisation, and its random correlations with
certain attributes, will bias the NN to learn only a subset of the entire set of attributes pertaining to
a given class. When presented with single-view data lacking the class-identifying attribute that the
NN has learnt, the NN will not generalise. For example, an NN that has learnt to classify cars based
on if they have headlights will not generalise to a side-on image of a car that occludes headlights.

The implication then is that ensembling NNs works in part because independent parameter initiali-
sations learn independent sets of attributes, so more data features will be learnt across the ensemble
model. Moreover, it is argued that vanilla KD in NNs works because the features learnt by the
teacher model (or models) are imparted to the student via soft teacher labels that capture ambiguity
in a given data input (such as an image of a car whose headlights look like the eyes of a cat). This is
fundamentally different to ensembling in strongly convex feature selection problems, such as linear
or random features (Rahimi & Recht, 2007) models with ¢5 regularisation. In such cases, different
initialisations reach the same unique optimum, and additional noise must be added to ensure predic-
tive diversity in the ensemble (Matthews et al., 2017). These analyses suggest that it is not possible
to fully explain KD or ensembling in NNs without feature learning, thus motivating our study of
Feature Kernel Distillation, where one performs KD on NN features directly.

Our contributions Feature learning can be thought of as when the feature kernel, induced by the
inner product of last-layer representations in a NN, changes during training (Yang & Hu, 2020), and
kernel learning in NNs can be thought of as when this kernel is constant. In this work, we take a
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feature learning perspective of knowledge distillation (KD). We first highlight the importance of the
feature kernel by viewing trained NNs as data-dependent kernel machines, & use this to motivate
Feature Kernel Distillation (FKD). In FKD, we aim to ensure that the student’s feature kernel is
well suited for improved generalisation, using both the teacher’s data-dependent feature kernel as
well as an understanding of the student NN’s optimisation process. In Section 3, we adapt the
framework of Allen-Zhu & Li (2020) to show that FKD offers the same generalisation benefits as
found in vanilla KD in a multi-view data setting, and is further amenable to ensemble distillation.
We then derive practical considerations from our insights in Section 4, to improve FKD through
an understanding of the NN’s feature learning optimisation process, compared to previous methods
which implicitly used the feature kernel for KD. Finally, in Section 5, we provide experimental
support that our theoretical claims extend to standard image classification settings, by: verifying
that FKD is amenable to ensemble distillation; can transfer knowledge across datasets with different
prediction spaces (unlike vanilla KD); and outperforms vanilla KD & previous feature kernel based
distillation methods over a range of architectures on CIFAR-100 and ImageNet-1K.

2  MOTIVATION FOR FEATURE KERNEL DISTILLATION

One obvious limitation of vanilla KD
is that student fs and teacher fr
need to share prediction spaces, i.e.
Cs=C7. In many situations, we may
have a teacher network trained on a
dataset with a different number of
classes than the student’s dataset, and
it is not clear how one could apply
vanilla knowledge distillation. One
possibility could be to regularise directly in feature space by comparing hs and h element-wise,
but again this either requires same teacher-student last-layer sizes or additional projection layers.

Distill

Figure 1: Feature Kernel Distillation (FKD) from the feature ex-
tractor of a teacher A7 to that of a student h°.

To eschew such unnecessary complications, we take the perspective of NNs as data-dependent kernel
machines. Define an NN’s feature kernel to be:

Definition 1 (Feature Kernel). Suppose we have parameters 0 and last-layer NN feature extractor

h(-,0):R% s R™. For two inputs x;, x; € R™, the feature kernel k is the kernel induced by the
def

inner product of h(x;, 0) and h(x;,0), that is: k(x;, x;) = (h(x;,0),h(x;,0)).

At initialisation, it is well known that in the infinite NN-width limit, with appropriate scaling, the
feature kernel k converges almost surely to a deterministic kernel known as the Neural Network
Gaussian Process (NNGP) kernel (Neal, 2012; Lee et al., 2018; Matthews et al., 2018; Yang, 2019).
Yang & Hu (2020) show that there is a parameterisation-dependent dichotomy between kernel &
feature learning regimes for infinite-width NNs, where the feature kernel & is constant or changes
during training, respectively. It has been widely demonstrated that a crucial component of the suc-
cess of finite-width NNs is their ability to flexibly learn features, and indeed the feature kernel, from
data during training (Fort et al., 2020; Aitchison, 2020; Chen et al., 2020b; Maddox et al., 2021).

To see the importance of the feature kernel, note that for a fixed @ with many common loss functions
L, and some mild assumptions on strong convexity (which could be enforced e.g. with standard
{5 regularisation), the optimal W is uniquely determined and & determines the entire predictive
function f*(-). For example, with squared error, L(f(x),y) = || f(x) — y||§, and {5 regularisation
strength A > 0, a trained NN is precisely kernel ridge regression with the data-dependent feature
kernel k&, whose job is to measure how similar different inputs are. Thus, all teacher knowledge is
contained in its feature kernel, k7, so the feature kernel can act as our primary distillation target, as
depicted in Fig. 1. We show a corresponding result for cross-entropy loss in App. A.

Fig. 2 corroborates our claims. For a ResNet20v1 (He et al., 2016) ‘reference’ model trained on CI-
FARI10 with cross entropy, we plot test class prediction confusion matrices between said model and:
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vs Retrained last layer vs Independent init

i) a retrained version where all
but the last-layer parameters are
fixed (hence fully determined
by the reference model’s fea-
ture kernel as per App. A),
& 1ii) an independent model
trained from a different initial-
isation. As expected, there is
significantly more disagreement
across test predictions for mod- M L
els with different initialisations > :

than those which share feature

kernels. This suggests: a) differ- Figure 2: CIFARI1O0 test prediction confusion matrices between a fixed
reference model and a model with: (left) retrained last layer, and (right)
independent initialisation.

>
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Alternate model prediction
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N

Reference model prediction Reference model prediction

ent initialisations bias the same
architecture to learn different
features, and b) the feature kernel (largely) determines a model’s test predictions. Experimental
details and a breakdown of the predictive disagreements can be found in App. F.

Having described the feature kernel as a central object in any NN, we use this to motivate our
proposed FKD, where we treat the teacher’s feature kernel, k7, as a key distillation target for the
student’s feature kernel, k. Encouraging similarity across feature kernels shares useful features
that the teacher has learnt with the student, which we theoretically show in Section 3.

We define the FKD student loss function via an additive regularisation term between feature kernels:!

def

LIXD(O, W)= L(O,W) + Mo - D(kg, k) )

where A\xp > 0 is the regularisation strength, D is some (pseudo-)distance over kernels, and the
student feature kernel k5 = kg is written to make explicit the dependence on student feature extrac-
tor parameters 6. We stress that Eq. (2) does not require matching prediction (nor feature) spaces
between teacher and student, allowing us to apply FKD across tasks, architectures, and datasets.

We consider Eq. (2) with D set to:

D(kg, k7)) =E [(ko(z1,22) — k7 (@1, 22))"], (3)

T @2““'9@
with expectation approximated by an average over a minibatch. In this work we choose p = 2, so
that v/ID gives the Frobenius norm of the difference in feature kernel gram matrices over a batch.

3 THEORETICAL ANALYSIS FOR FKD

We now adapt the theoretical framework of Allen-Zhu & Li (2020), which is restricted to vanilla
KD, to demonstrate the generalisation benefits of FKD over standard training. Note that FKD distils
knowledge by comparing different data points, whereas vanilla KD compares a single data point
across classes: this core difference is reflected throughout our analysis relative to Allen-Zhu &
Li (2020). We first describe the multi-view data setting & CNN architecture we consider, before
recalling that standard training without KD fails to generalise well. We then provide our main
theoretical result, Theorem 2, which shows that FKD improves student test performance. Though
our theoretical results are limited to a specific scenario, inspired by real-world data (Allen-Zhu & Li,
2020), & NN architecture, we believe the setup we consider is apt: it is simple enough to be tractable,
yet rich enough to display the merits of FKD. Moreover, we find in Section 5 that our conclusions
generalise to standard architectures & image datasets. In the interest of space & readability, we
focus on providing intuition in this section, and fill in remaining details/proofs in the appendix.

"We will sometimes drop the student S sub/superscript where obvious for clarity, like in Eq. (2). Any
teacher specific object, e.g. k7 , will always have corresponding 7~ sub/superscript.
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Multi-view data. We consider the data classification problem introduced by Allen-Zhu & Li
(2020), with C classes and inputs & with P patches each of dimension d, meaning x € (R%)”.
For each class ¢, we suppose that there exist two attributes v¢, 1, Ve2 € R?. For « belonging to class
¢, the attributes found in patches of x will include v 1 and v. 2, as well as a random selection of
out-of-class attributes {ver 1 }er e ez 2 This denotes the multi-view nature of the data distribution.
In the true data-generating distribution D, we suppose that a proportion 1 of the data (, y) is single-
view, which means that only one of v. 1 or v, 2 is present in  when (x, y) is from class c. These
will be the data for which standard training fails to generalise. A precise definition of multi-view
data is presented in App. B.1.1. Allen-Zhu & Li (2020) argue that this multi-view setting provides a
compelling proxy for standard image datasets such as CIFAR-10/100 Krizhevsky (2009).>

Intuition: FKD on multi-view data

Suppose we have an image classification task, with cat & car just two out of many classes. For
the car class, v.,1 could correspond to headlights, whilst v. 2 could correspond to wheels. We
would then expect v, 1 to also appear in patches of an input image, @, corresponding to a cat
with headlight-like eyes. Allen-Zhu & Li (2020) show that a single trained model is biased to
learn exactly one of v. 1 or v, 2, depending on its parameter initialisation. W.L.O.G, suppose that
the student is biased to learn v o & not v, ;. If the teacher model has learnt v, 1, this means that
the teacher model knows there is a similarity between x., & any car image, X, that displays
headlights. Mathematically, we show that this corresponds to a large value for k7 (@cqr, Tear)-
Our FKD regularisation forces the student to also have a large value for ks (@car, ©car), €nsuring
that attribute v ; is also learnt by the student network. Without distillation, a student NN which
has learnt v » & not v, ; will not generalise to front-on images of cars that hide wheels.

Convolutional NN & corresponding feature kernel. Like Allen-Zhu & Li (2020), for our theo-
retical analyis we consider a single hidden-layer convolutional NN (CNN) with sum-pooling.* For
each class ¢ € [C], we suppose that the CNN has m channels, giving C'm channels in total. For

channel r and class c, we suppose that we have weights 8. , € R?. This gives output for class c by

P
fe(@) gzzﬁj(wcmmp» 4)

r=1p=1

where for ease of analysis ReLLU is ReLLU-like but with continuous gradient, see App. B.2.

Before we consider FKD, we must first define the feature kernel for this CNN f. To do so, we recast
f(x)=W-h(z,8), where h(zx, 0)cR™ and W €RC* ™ satisfying, for r € [m], c € [C], ¢ € [C]:

P
W(@,0), 4 (c—1ym = D ReLU((B., ), and W i1y = L{c =} (5)
p=1
Given that the feature kernel is k(x, ') & (h(z,0),h(x',0)), we now have that:®
C m P
k(@) =Y Y > ReLU((Bc.r, @p)) - ReLU((Bc.r, ). (6)

c=1lr=1p,p'=1
We first recall that standard training of the model f with gradient descent and cross entropy loss
fails to generalise on half the p proportion of data that is single-view.

21t is straightforward to extend to the case of more than two views per class if need be.

‘https://www.microsoft.com/en-us/research/blog/three-mysteries-in-deep—
learning-ensemble-knowledge—-distillation-and-self-distillation/

*1t is straightforward to extend our analysis for max-pooling.

>The feature kernel defined in Eq. (6) corresponds to the Global Average Pooling CNN-GP kernel in Novak
et al. (2018) in the infinite-channel limit, which captures intra-patch correlations unlike the vectorised CNN-GP,
which corresponds to vectorising the spatial dimensions to give C'm P rather than C'm channels.
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Theorem 1 (Standard training fails, Theorem 1 of Allen-Zhu & Li (2020)). For sufficiently many

classes C and channels m € [polylog(C),C], with learning rate n < m, training time

T = %(C), and multi-view data distribution (App. B.1.1), the trained model f") satisfies with
probability at least 1 — e~2(0¢”(O)).;

o Training accuracy is perfect: For all (x,y) € 25, Yy = argmax, féT*)(gc),

* Test accuracy is bad but consistent: Py ,\.p [y 7 argmax, fC(T)(ac)] € [0.494,0.51 ).

Now we are ready to show that regularising the student model towards the teacher model’s feature
kernel, as in FKD, improves test accuracy. We suppose our teacher model is an ensemble of £/ > 1
models {f.}£_;, each with corresponding feature kernel k., trained as standard on the same data
with independent initialisations 85. We average k. over e € [E] to obtain our teacher feature kernel:

1 E
br(z,z') = - > ke(w, @) )
e=1

This is akin to concatenating all features in {h.}£_; into a EC'm-dimensional feature vector, albeit
without the additional computational baggage. We then have our main theoretical result:

Theorem 2 (FKD improves student generalisation and is better with larger ensemble). Given an ar-

bitrary € > 0. For any ensemble size E of teacher NNs trained as in Theorem 1 and sufficiently many

classes C, for m = polylog(C), with learning rate n < m, and training time T = %(C), the

ensemble teacher knowledge can be distilled into a single student model fU") using only teacher
feature kernel k1, Eq. (7), such that with probability at least 1 — e~ Qlog”(0)).

* Training accuracy is perfect: For all (x,y) € D, y= argmax, fc(T*)(a:).
o Test accuracy is good: P (s 4)~p [y # argmax, fc(T*)(m)] < (g5 + €

Proof outline for Theorem 2, we first show, in Lemma 1, that a single trained NN’s feature kernel
(which we defined in Eq. (6)) can detect if two inputs share a data attribute that the NN has learnt
due to its weight initialisation. We extend this result to an ensemble teacher in App. C.2, showing
that the ensemble teacher feature kernel detects the union of all data attributes learnt by individual
{k.}Z_,. This simplifies our calculations when showing that our distillation regulariser, Eq. (3), is
effective for improved student generalisation. The full proof can be found in App. C.

Intuition: FKD with ensemble of teachers

To parse Theorem 2, suppose we have a single teacher i.e. F=1. Then, the test error is essentially
0.254 in Theorem 2. The explanation is that both the student & teacher networks independently
learn one of {v.;}7_, for each class c. Either vanilla KD (Theorem 4 of Allen-Zhu & Li (2020))
or our feature kernel approach allow the student to learn the union of the independent attributes
learnt by the student and the teacher, so for only a quarter of the single-view test data ¢, will
the student not have learnt the useful class attribute present in «,. For general ensemble size
E, the story is the same: the student & E teachers each independently learn one of the two
useful attributes {v. ;}1c2 for all ¢ € [C]. Distilling allows the student to learn the union of these
attributes, which means that the student will fail on only QE% of the single-view data.

4 FKD IN PRACTICE

Next, we highlight practical considerations for implementing FKD derived from our theory. Pseudo-
code and PyTorch-style code for our FKD implementation are given in Algs. 1 and 2 respectively.
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Correlation kernel.  We propose D(pg, p7) as a regulariser in FKD instead of D(kg, k1), where:
def k. (:c x')
V. (x,z)k.(x,z")

defines feature correlation kernel p,, corresponding to feature kernel k., for z€[E]U{6}.
The reason we use correlation kernels is that they normalise data, so that p(x,x)=1 Va,
which zeros diagonal differences in Eq. (3): we hope FKD allows the student to learn
from the teacher features shared between different inputs. Non-zero diagonal differences,
like in Similarity-Preserving (SP) KD (Tung & Mori, 2019), encourage the student to learn
noise as we show in App. D.1, and we hypothesise that this contributes to the improved
performance we observe of FKD over SP in Section 5. Moreover, this normalisation
helps balance individual teacher’s influence in an ensemble teacher, and ensures that FKD
does not need a temperature hyperparameter 7, which produces soft labels in vanilla KD.

c

and p7(z,x) :EZpea::c

p=(z,z')

Feat}lre regula;‘isation. One downsid§ to using the cor- T
relation kernel is that our FKD regularisation, D(pg, p7), . = FKD w.o. FR
becomes invariant to the scale of kg. For example, re-
placing kg¢(x,x’) with /M (x)M (x')kg(x,x’), for any
M (x):R%—R*, leaves the student correlation kernel un-
changed. This may lead to degeneracies when training 6,
& large variations in k(x,x) over & may harm generalisa-
tion (as evidenced by the fact that input normalisation is com-
mon across ML, from linear models to NNs). Moreover, our
proof of Theorem 2 is not quantitative, in that we only show oo 0z 04 o6 08 10
’ ~ . Normalised k(z,z) value
ko(x,x’) = O(1) in the number of classes C' up to poly- . } .
] . . , . Figure 3: Histogram of normalised fea-
logarithmic factor in C', when x#x’ share a data attribute (e, @)
.. ture kernel values, ——-~7—~, over
v, that has been learned by parameters 6. These insights max,, k(z’,2’)
motivate us to regularise the student feature  during FKD the CIFAR-100 test set.
training to control the norm of k(x,x) across inputs . We use an additive ¢5 regularisation
£ 25:1 Ih(xs, 0) ||§ =% 25:1 k(xy, xp,) with regularisation strength Agg >0, for each minibatch
{(zp,yp»)}£_,. Fig. 3 shows that using Feature Regularisation (FR) encourages a more even spread
of k(x,x) across inputs for a student VGG8 network trained with a VGG13 teacher model on
CIFAR-100. Corresponding plots for other architectures can be found in Fig. 7. Similar to Dauphin
& Cubuk (2021), we find that FR improves generalisation & provide ablations in Section 5.

Histogram Density

Algorithm 1 Feature Kernel Distillation with SGD.

Require: Maximum number of iterations T, batch size B, learning rate 7, teacher correlation kernel pr,
FKD regularisation Axkp > 0, Feature regularisation Agg > 0. Initialise student parameters 8¢, Wp.

for iterationt = 0,...,T" do
ii.d.

Sample minibatch (xZ, yZ)E2, "= D.

A 2
Compute loss £ = £ S0, L(f(@P), yP )+ 5250 55, (pe, (27, 2)—pr (a7, )"
Add feature regularisation £ = £ + A% SE |h(x?, 6:) z,

Update parameters 011 < 0 —nVeLl, Wit1 < Wi —nVw L.
end for
return {O7«, Wr+}

(optional).

5 EXPERIMENTS
Due to space concerns, App. F contains further experiments & any missing experimental details.

Ensemble distillation. We first verify that larger ensemble teacher size, F, further im-
proves FKD student performance as suggested by Theorem 2. This is confirmed in
Fig. 4, using VGG8 for all student & teacher networks on the CIFAR-100 dataset.
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We also plot the test accuracy of the ensemble teacher across
sizes F, whose predictive probabilities are averaged over indi-
vidual teachers, as well as the test accuracy of an undistilled stu-
dent model. We see that FKD consistently outperforms vanilla
KD, and both distillation methods outperform the teacher in the
‘self-distillation’ setting of E'=1 (Furlanello et al., 2018; Zhang

®

73 %
—— KD
72 —v— FKD

e Teacher
n ---- Student

C-100 Test accuracy (%)

et al., 2019). Moreover, FKD allows a single student to match "7 Teacherensemble size
teacher performance when E=2, before positive but diminish- Figure 4: FKD as teacher ensemble
ing returns with larger E relative to the teacher ensemble. size changes. Error bars denote 95%

confidence for mean of 10 runs.
Dataset Transfer. We next
show FKD can transfer knowl-
edge across similar datasets.

Table 1: Test accuracy (%) of FKD & baselines in a dataset transfer dis-
tillation setting. Error bars indicate 95% confidence for mean of 10 runs.

Dataset Student  RKD SP FKD w.o. FR FKD
From a fixed VGG13 teacher atase uden WO
C-100 » C-10 9156 91742000 92212007 92332007  92.61s0.07

network trained on CIFAR- (100 [STI10 72160 72861097 73880017 75174000  T5.4ds01
100, we distil to student C-100 — Tiny-I ~ 48.53  48.741017 48.734014 48.8510.00 50.67+0.12

VGG8 NNs on CIFAR-10,
STL-10 & Tiny-ImageNet. As no student dataset has 100 classes, unlike CIFAR-100, it is not
clear how one can use vanilla KD (Hinton et al., 2015) in this case. We thus compare FKD to other
feature kernel based KD methods: Relational KD (RKD) (Park et al., 2019) & Similarity-Preserving
(SP) KD (Tung & Mori, 2019). In Table 1, we see that FKD without feature regularisation outper-
forms both baselines across all datasets, and that feature regularisation (FR) further improves FKD
performance, highlighting the benefit of our practical considerations in Section 4. The improved
performance is particularly stark on STL-10 (which we downsize to 32x32 resolution), where FKD
improves student performance by 2.75%. STL-10 is well suited for FKD as it has only 5K labeled in-
puts but 100K unlabeled datapoints, which can be used in our feature kernel regulariser, D(pg, p7).

Table 2: CIFAR-100 and ImageNet-1K accuracies (%) comparing FKD with KD baselines. * denotes result
from Tian et al. (2020); FKD uses the same teacher checkpoints provided by the authors,’ with error bars
denoting 95% confidence for the mean over 5 students.

CIFAR-100 ImageNet-1K
Teacher ResNet32x4 VGGI13 ResNet32x4 ResNet50 ResNet34
Student ResNet8x4 VGG ShuffleNetV1  VGGS8 ResNet18
Teacher* 79.42 74.64 79.42 79.34 73.26
Student* 72.50 70.36 70.50 70.36 69.97

KD* (Hinton et al., 2015)  73.331000  72.98:017  74.0710.17 7381011 70.66
RKD* (Park et al., 2019) 71.90:&0_10 71.4810_04 72.28:&0_34 71.5(]io_gﬁ N/A

SP* (Tung & Mori, 2019)  72.94.¢.20 72.68+0.17 73.4840.37 73.3440.30 70.62
CRD* (Tian et al., 2020)  75.514016 73.941010 75.111028 74301012  71.17

FKD w.o. FR 74894004  73.081016  T4.661003  73.99i015  70.84
FKD 75.5740.22 T73.7840.17 75.0010.30 74.61i002s 71.23

Comparison on CIFAR-100 and ImageNet. Finally, we compare FKD to various knowledge
distillation baselines on CIFAR-100 and ImageNet, across a selection of teacher/student architec-
tures. We see in Table 2 that FKD consistently outperforms: vanilla KD (Hinton et al., 2015), RKD
(Park et al., 2019), and SP (Tung & Mori, 2019). Moreover, FKD either matches or outperforms
the high-performing Contrastive Representational Distillation (Tian et al., 2020). We use the exact
same teacher checkpoints used by Tian et al. (2020) and Chen et al. (2021) for CIFAR-100 and Im-
ageNet respectively to ensure fair comparison. We find, like in Table 1, that feature regularisation
consistently improves FKD performance and that even without feature regularisation, FKD outper-
forms all feature kernel based KD methods. This implies that using the correlation kernel to zero
out diagonal differences, as described in Section 4, indeed helps improve student performance.

® Apart from ImageNet-1K which used the pretrained ResNet34 from torchvision, like Chen et al. (2021)
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6 RELATED WORK

NN Knowledge Distillation. Following Hinton et al. (2015), there has been much interest in ex-
panding KD in NNs (Romero et al., 2014; Zagoruyko & Komodakis, 2016; Passalis & Tefas, 2018;
Zhang et al., 2018; Yu et al., 2019; Chen et al., 2020a; Tian et al., 2020). Most similar to FKD are
Park et al. (2019); Tung & Mori (2019) who also use relations between inputs to distil knowledge
(albeit not from the feature kernel learning perspective and without our theoretical justification), as
well as Qian et al. (2020) who focus on reducing computational costs of full-batch feature kernel
matrix operations. App. D highlights in more detail the differences of FKD compared to previous
pairwise feature kernel based KD methods. Allen-Zhu & Li (2020) made the first theoretical con-
nection using the mechanisms of ensembling in NNs to explain the success of vanilla KD in NN,
which we extend for feature kernel based KD.

Ensembling NNs. Ensembling NNs has long been studied for improving predictive accuracy
(Hansen & Salamon, 1990; Krogh et al., 1995) with particular recent focus towards uncertainty
quantification & Bayesian inference (Lakshminarayanan et al., 2017; Ovadia et al., 2019; Zaidi
et al., 2020; Pearce et al., 2020; He et al., 2020; Wilson & Izmailov, 2020; Wenzel et al., 2020;
D’ Angelo & Fortuin, 2021; Schut et al., 2021) and predictive diversity (Fort et al., 2019; D’ Amour
et al., 2020). On the topic of Bayesian inference, the feature kernel has also been studied under the
name of Neural Linear Model (Riquelme et al., 2018; Ober & Rasmussen, 2019), and extensions
treating features h as inputs to standard Gaussian Process kernels are known by the name of Deep
Kernel Learning (Wilson et al., 2016; Ober et al., 2021; van Amersfoort et al., 2021).

NN Feature learning. A recent flurry of work has focussed on characterising & understanding the
importance of feature learning in NNs (Chizat et al., 2019; Fort et al., 2020; Baratin et al., 2021;
Lee et al., 2020; Aitchison, 2020; Ghorbani et al., 2020), fuelled in part by the development that
wide NNs become (Neural Tangent) Kernel machines in certain regimes (Jacot et al., 2018; Lee
et al., 2019; Yang & Littwin, 2021), thus forgoing feature learning. The consensus in these works is
that there are gaps between NTK theory & practical NNs that cannot be explained without feature
learning. However, Yang & Hu (2020) proved that feature-learning is still possible with infinite-
width NNs, and also that feature learning is equivalent to feature kernel learning in infinite-width
NN . This motivates our study of the feature kernel as a key object for distillation. Regularising the
feature kernel to the true target covariance kernel was suggested by Yoo et al. (2021).

7 CONCLUSION

We have theoretically shown that the feature kernel is a valid object for Knowledge Distillation (KD)
in Neural Networks (NNs) by extending the analysis of Allen-Zhu & Li (2020), which focused on
vanilla KD (Hinton et al., 2015). Further, we used our theoretical insights to motivate practical con-
siderations when using feature kernels for distillation, such as using the feature correlation kernel
& using feature regularisation, to improve on previous feature based KD methods. We term our ap-
proach Feature Kernel Distillation (FKD), and note that FKD is more widely applicable than vanilla
KD, as it benefits from being agnostic to teacher and student prediction spaces. Experimentally, we
have demonstrated that FKD is amenable to ensemble distillation as suggested by our theory, is able
to transfer knowledge across similar datasets and that FKD outperforms vanilla KD & previous fea-
ture kernel based KD methods across a variety of architectures on CIFAR-100, and ImageNet-1K.

Limitations & future work. Though feature learning is central to our results, we stress that there
are still gaps between our theory & practice to understanding NN ensembling & KD, demonstrated
by the divergence between ensemble teacher & FKD in Fig. 4 for larger ensemble size. This could be
due to: the multi-view data setting not being able to capture the full complexity of real-world data,
the role of hierarchical feature learning between layers in a deep NN, or the importance of mini-
batching in stochastic gradient descent. Other future work could apply the multi-view data setting
to analyse uncertainty quantification in NN ensembles, assess the impact of different FKD regulari-
sation metrics in Eq. (3), or improve FKD further to compete with state-of-the-art KD methods.
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APPENDIX: FEATURE KERNEL DISTILLATION

A FEATURE KERNEL DEPENDENCE WITH CROSS-ENTROPY LOSS

Suppose, we have n data points with fixed feature extractor h = h(X) € R™*P, trainable last layer
weights W € RP*¢ and targets Y € R"*C,

In Section 2, we described how with Mean Squared Error loss the trained NN is precisely kernel
ridge regression using the feature kernel, when there is /5 regularisation on the last layer weights.
Hence, the feature kernel exactly determines the predictions. We now prove the same for cross
entropy loss. That is to say, we wish to show that given the feature kernel k, the predictive probabil-
ities/logits at the optimal WW* are independent of both W* and h.

We define the loss, for some regularisation A > 0 (purely to enforce strong convexity) by

n

A
LW) =Y~ CE(yi. W) + 5 [ W3,

i=1

where h; € R1*P is the i™ row of h and

efv

= )
D el €'

CE(y, f) = —log

is cross entropy loss.

Proposition 1. Let feature extractor h(-), training inputs X, training targets Y, {s regularisation
A > 0 all be fixed. Suppose we are given a test point x' with features h/, then the test predic-
tion logits W' W* at optimal W* can be expressed solely in terms of feature kernel evaluations

k(s )=(h(), h(-))-

Proof. 1f we differentiate £(1V) and set to zero we get:

n

AW5 = hig[Hys = 1} = pid] )
i=1
where p € R™*C is the result of applying softmax to each row of the logits h'W*.

Let h; denote the extracted features for training input &,. Now recall that (h;, h;) = k(x;, ;) is
the feature kernel evaluated at x;, ;. We multiply Eq. (9) by the test-data feature vector 1’ to give:

AW =" k(@ i) [1{y: = 1} — pid] (10)
i=1

but A'WW* are precisely the logits for test point x,, and likewise p;; is the vector of probability
predictions at training point ¢. Hence, we could solve Eq. (10) numerically for logits/predictive
probabilities given only the feature kernel (without A(-) or W*), and we see that the feature kernel
once again determines logit/prediction probabilities at the optimal last layer parameters like for
squared error loss, albeit this time implicitly for cross entropy loss. O
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B SETUP FOR TRAINING ON MULTI-VIEW DATA

Before we prove Theorem 2, which demonstrates the generalisation benefits of FKD theoretically,
we need to recall the data and training setup of Allen-Zhu & Li (2020) for completeness and self-
containedness. Unless otherwise stated, everything in this section (App. B) is a simplified version of
the setup in Allen-Zhu & Li (2020). Our results hold in the more general version too, but we present
the setup in a simplified setting here for readability and convenience, without sacrificing the key
messages and intuitions: our focus is for our theoretical and practical contributions to guide each
other and align as much as possible, as opposed to e.g. maximising the generality of our theory.

B.1 MULTI-VIEW DATA DISTRIBUTION

Recall that we consider a C-class classification problem over P-patch inputs, where each patch has
dimension d, so our inputs are described by = = (z!,..., ") € (R?)". For simplicity, we take
P = C? and d = poly(C)) for a large polynomial. Like Allen-Zhu & Li (2020), we use O, ©, Q) to
hide polylogarithmic factors in the number of classes, C, which we take to be sufficiently large.

We assume that each class ¢ € [C] has exactly two attributes Ve, 1, Ve,2 € R9, which are orthonormal
for simplicity,” such that:

V= {'Uc,la Uc,Q}ce[C’]
is the set of all attributes.
B.1.1 DATA GENERATING MECHANISM

Let our data distribution for a data pair (x, y) ~ D be defined as D = uDs + (1 — ) Dy, for multi-
view & single-view distributions D,,, & D; respectively. (x,y) ~ D are generated as follows:

1. Sample y € [C] uniformly at random.

2. Sample a set V'(x) of attributes uniformly at random from {v 1,ve 2}ery €ach with
probability & and denote V(X) = V'(x) U {vy,1,vy,2} as the set of attribute vectors used

in data . We take s = C°-2.

V'(x) correspond to the ambiguous attributes present in @, such as the cat whose eyes
look like car headlights. These V' are crucial in our proofs as the FKD regularisation
between ambiguous images ensures that the student learns attributes it would have oth-
erwise missed.

For each v € V(x), pick C}, (where C), is a global constant) many disjoint patches in [P]
uniformly at random and denote this set as P, (x). Denote P(x) = U,ey()Po(z): all
other patches p & P(x) will contain noise only.

4. If x is single view, pick a value [ = [ (x)e{1, 2} uniformly at random. I corresponds to the
attribute ) that is present in x, with Vy3j missing.

5. For each p € P, (x) for some v € V(x):

/
T, = Zpv + E Op ¥ +&p
v’ €V

"Asd = poly(C) for a large polynomial, this isn’t too far-fetched an assumption.
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where a0 € [0, %] represents feature noise and &, ~ N (O,af)Id) is independent
. . 1 . .
e S ————— > :
random noise, with oy, Vanolylog (0} The coefficients 2z, > 0 satisfy:

(a) If x is multi view,
* When v € {vy1,v0y2},

an

4 _
Zpeﬂ(a:) “p = 1

{Zpepv(m) zp € [1,2)

These conditions ensure that both attributes for class y are equally likely to be
learnt, averaged over different random initialisations of parameters.

* Whenv € V'(x),

ZpEPv(m) zp = 0.4 (12)
Zpepv(w) Z?; = 6(1)
(b) If x is single view,

* When v=v, ;, Zpgpq,(m) zp =1

* When V=V, 5 js Zpem(m) 7 =C70%

* Whenv € V'(x), Zpgm(m) zp =T

1
where I' = poyIog(C)

This is where the single view name comes from, as C %2 < 1 we see that Vy 3 j
is barely present in .

6. For each p € [P]\P,(x):
Tp = Z apor’ + &
v’ eV

for feature noise a, v € [0, m15) and &, ~ N(0, #;14) is independent random noise.

One can think of the zero feature noise setting «,, ,» = 0 Vp, v’ for simplicity. But the
general formulation above renders the problem unlearnable by linear classifier, as the
maximum permissible feature noise across patches dominates the minimum possible
signal: S5 = C%% > 1

Remark It is possible to allow more relaxed assumptions, e.g. on zp, as in Allen-Zhu & Li (2020).

Training data Recall we have D = uD; + (1 — 1) D,y, so that a proportion (1 — ) of the data is

multi-view. Our training data, D,is N independent samples from D. Letting D = D,, UD, denote

the split into multi and single view training data. We let 1 = polyl( o) and we suppose |N| = %

SO

that each label ¢ appears at least Q(1) in D.
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Figure 5: Comparison between ReLU & ReLU ,for o =0.2.

B.2 SMOOTHED RELU CNN

Our theoretical analysis considers a single hidden layer CNN with sum-pooling, f, such that for
class c:

fo(@) = 3" S ReLU((0e,r ), Ve € [C).

r=1p=1

For a threshold o = @) We define the smoothed ReLLU function as:

1
polylog
0 if 2 <0

ReLU(z) = { £z ifz€0,g]
z— %Q ifz>p

—~—

which has continuous monotonic gradient denoted as ReL.U .

B.3 HYPERPARAMETER VALUES IN SETUP

Hyperparameter values used in the theoretical setup are given in Table 3.

B.4 STANDARD TRAINING

We define our empirical loss by:

1
L= N Z L(f(xi),v:)
1€[N]
where L is the cross entropy loss defined in Eq. (8). We randomly initialise parameters
00, "N (0,02) for oF = L.

Standard training in the theoretical analysis comprises of full-batch gradient descent on the empirical

loss £ with learning rate n < WI(C) and for T' = %n(c) iterations.

C PROOF OF THEOREM 2

We restate Theorem 2, where recall &£ denotes the teacher ensemble size and C' is the number of
classes:
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Table 3: Hyperparameter values used in our theoretical analysis, corresponding to the setup of Allen-Zhu &
Li (2020). (*) denotes undefined in our presentation, but appearing in Allen-Zhu & Li (2020), because the
hyperparameter takes only one value in this work. We note that m is restricted to be polylog(C') in the setting
of Theorem 2.

Hyperparameter Description Value(s)

N Training set size %

L Proportion of single-view data m

d Input patch dimension poly(C)

P Number of patches per input C?

m Number of channels per class [polylog(C), C]
s Out-of-class attribute sparsity 002

o Parameter initialisation standard deviation (std) Cc—05

op Input patch additive noise std Wog(c’)
r Out-of-class attribute strength in single-view data. m

0 ReL.U threshold Wog(c)
q® ReL.U mid-section exponent 4

p (*¥) In-class weaker attribute strength in single-view data (02

Theorem 2 (FKD improves student generalisation and is better with larger ensemble). Given an ar-
bitrary € > 0. For any ensemble size I¥ of teacher NNs trained as in Theorem 1 and sufficiently many

classes C, for m = polylog(C), with learning rate n < m, and training time T* = %(C), the
ensemble teacher knowledge can be distilled into a single student model fT") using only teacher
feature kernel k1, Eq. (7), such that with probability at least 1 — e~ SUlog®(O)) .

« Training accuracy is perfect: For all (x,y) € D, y = argmax,, fc(T*)(a:).

o Test accuracy is good: P (4 ) ~p [y # argmax, fc(T*)(a:)] < (g8 + €
Outline of proof of Theorem 2

1. We first analyse the feature kernel k for a single trained model, in App. C.1.
2. We then extend our results to an ensembled teacher model feature kernel in App. C.2.

3. We next outline our kernel distillation training scheme and provide a key result concerning
how the student’s parameters become increasingly correlated with the teacher’s learnt views
in Apps. C.3 and C.4

4. We combine all threads to prove the final result in App. C.5.

C.1 FEATURE KERNEL FOR A SINGLE TRAINED MODEL

To prove Theorem 2, we first calculate the feature kernel k. for a single trained model with trained
parameters 0* from initialisation 8°. The point of this exercise is to show that the feature kernel
k. is able to detect whether two inputs x, x’ share a common attribute which is in the subset of
attributes that was learnt by the trained parameters 8*, due to random correlation with initialised
parameters 0°. This is formally shown in Lemma 1.
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Recall the definition of the feature kernel & for our CNN architecture:

ZZ Z ReLU((6.., @) - ReLU((B,.., /)

c=1lr=1pp=1

Let us first make a few more useful definitions. For [ = 1, 2, we have:
Definition 2. o
Zei(x) E Hues V(@) Y. %

pep’uc.l(m)

Ze (x) is a scalar constant describing the strength, in x, of the presence of attribute Ve, (Where ¢
may either correspond to true class y or to a different class; the latter has the effect of producing
‘soft labels’ when using vanilla knowledge distillation).

Definition 3.
of, = ST [(0E v
re[m]
Definition 4.
T E ST (6, ve)]
r€[m]

Y7, @, are both parameter-dependent, data-independent scalars that describe the amount that
attrlbute V¢, has been ‘learnt’ by the network parameters. Y7, appears in the feature kernel
whereas 7 ; appears in the function predictions fe directly, for our particular architecture in

Eq. (4) (Allen-Zhu & Li, 2020).

Lemma 1. We have, for ¢, x’ ~ Do,

k(z,x') = Z Y: Zey(x) Zey(x') :N:O(M) +0(==)

A el el ol polylog(C) :
(e,l):(e,3=)gM

where

sm(z,z') = {(c,]) : vey € V(x)NV(x')and (¢,3 —1) ¢ M}|
is the number of shared attributes of x and x', that are also members of the set of attributes learnt
by the single trained model with parameters 8*, and M is defined in Fact A.e below.

Proof. We have

C m P P
ko(m,x')=> )| ZReLU . ZReLU e T ))]

c=1r=1 p=1

First, define the hidden-layer activations for class ¢ and channel r to be:

Definition 5.

) & ZReLU E ).
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We know from Theorem C.2. of Allen-Zhu & Li (2020) that, for multi-view x € ﬁm and some
ce[C]:

Fact A.a Forevery p € P,_,(z) and for [ = 1,2, we have: (0} ., x,) = (6

c,r

Ve,1)2p £ 0(00)
Fact Ab Forevery p € P(z)\(P, , (2) UP,, ,(z)), we have [, z,)| < O(0)
Fact A.c Forevery p € [P]\P(x), we have [(0 ., x,)| < O(%)

c,r

Fact A.d Forevery r € [m]\ M2, every | € [2], it holds that (8} ., v.;) < O(oy), where:

MO déf{re[m]lam[2]:<eg,,,vc,l>>(1—0( 1 )).max[wgr,uc,ln*}.

log(C)"’" reim)
Note from Proposition B.1 of Allen-Zhu & Li (2020), that mg & |M?| = O(log?(C))
with probability at least 1 — e~ (02" (€)),

M denotes the key channels in [m] which have ‘won the lottery’ and are relevant for
class ¢, in that in the C' — oo limit the predictions for f. are the same as if one forgets
the other channels, as shown in Allen-Zhu & Li (2020).

Fact A.e Foreveryp € P,_,(z)and r € [m],if (¢,3—1) € M, then we have: [(8; ., ;)| < O(oy),
where:

def

ME {(C,Z)em x [2]

o, -max00,c+}
rem] 77 - logQ(m)) TE[m]K s Ve3—1)]

M denotes the data attributes v,; which are more likely to be learnt by the NN pa-
rameters (compared to their fellow class attributes v, 3_;) because of correlations of the
initial parameters with such attributes. So, Fact A.e is saying that if (¢,3 — 1) € M,
then the attribute (¢, ) is not learnt at all during standard single model training.

Thus,
2 —_——
Vor(@) =Y v  €V(@)}- Y. ReLU((6;,.,)) (13)
=1 pG'PUCJ (x)
+ 3 ReLU(O(00)) (14)
pEP@N\ U {Po, , (@)}
+ > ReLU(O(2)). (15)

Ve

First, note that [P, , , ()| = C) is constant Vc',1’. From Fact A.b, Eq. (14) can be easily seen
to be O(ofs) = O(C~1%) as o = & and s = C%2, and likewise Eq. (15) can be seen to be
O((%)‘*P) = O(C~?)as P = C?, by Fact A.c. We note here that summing these equations over
m and C will be bounded above by O(

pe[P\P(=)

SoTyTos(C))
polylog(C) /*
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Now, let’s consider Eq. (13). Let notation v 1,v.,2 € S denote either v. 1 or v. 2 € S for some set
S, and ve 1, vc,2 ¢ S denote neither v, 1 nor v, 5 € S.

There are three cases to consider:

1. If ve1,v02 ¢ V(x), then Eq. (13) is zero.

2. Else if 31 € [2] such that v.; € V(z) and (¢,3 —I) € M, then by Fact A.e, we have
Eq. (13) is O(ag)=0(C~2).

This setting is when only attribute (¢, ) appears in x, but attribute (¢, 3 — [) was domi-
nant at initialisation so (c, 1) has not been learnt by 6*.

3. Else, we have that:
2

Eq.(13) = 1{ve; € V(@)}- > ReLU((0%,,,)).

=1 PEPy, , ()

Putting this all together with Fact A.a, we see that

Z esm(@a)} Y ReLU ({67, ve.1) 2 + (ao))+0(m).

pE'Pch ()

Now, if r ¢ M2 (i.e. neuron r is not dominant at initialisation), and (c, 1), (¢, 2)€s (@, ), the by
Fact A.d, we have that \IJC’T(gg)ZO(C*LB).

On the other hand, recall p = and mo = O(log”(C)). And also, recall that if z > g, then

1
polylog(C’)
ReLU(z) = z 4+ O(p). Moreover, by Claim C.11 of Allen-Zhu & Li (2020) we know that 3/, [’
such that (0% ,,v.p) = Q(m%)) Hence, for any r € MY, we know that either:

c,r’

L e, (z) =37 1{(c,]) € spl@, )} ({82, ver) Zea(x) £ O(0)) + O(5ts), or

2. Uer(z) = 1{(c, 1), (¢, 2) € sp(z, 2)}O(0) + O i)

Moreover, ¥, . (x) = O(l) Vr, by e.g. Lemma C.21 of Allen-Zhu & Li (2020). And so it can be
seen, for p small enough we have:

> e ()W ()

2 e 2 o
- ; 1{(¢,3=1) gM}Ze1 () Zeu( )[; (67, ve)] T + O(Wg(c)ﬂ Lok
= Z 1{(c,3-1) %M}Zc,l(az)Zc,l(:c’)[T:’l + O(polylcl)g(C))] I O(C}s)
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where we also use Fact A.e above, such that it is not possible for both (0:7T,vc7l>+ and
(0(’;7“, Ve3—1)T to be large.® Note also from e.g. the proof of Allen-Zhu & Li (2020) Theorem
1, thatif (¢, 3 — 1) ¢ M, then max,.(8% ., v.;) = O(1).

c,r

Thus, we see that the contribution to k& from the m class-c¢ channels/neurons is:

ke(a, ') €3 W, (2) 0, (2) (16)
r=1
é(l) if (Cal)v(c’ 2) € SM(E,QS/)
=<7 17)
O(ers) else
Summing k. over [C] completes the proof of the lemma. O

We now use Lemma 1 to analyse k. and p.(x, ') = %
«(x,2)k. (',

First we look at Y7 ;. Recall that (07, v.,1) = O(1) forall ¢ € [C],1 € [2],r € [m], and likewise
so is M.

More specifically,

o If (¢,l) € M, then we have from the proof of Theorem 1 in Allen-Zhu & Li (2020) that
>2.(0% ., ve)T > Q(log(C)), and so max, (6 ., ve,) T = O(1).

* If neither (¢, 1) nor (¢, 2) are in M, then Claim C.10 of Allen-Zhu & Li (2020) shows us
that both max, (8 ., ve,1) ", max, (8} ., ve2) T are O(1).

Combining these facts, we have that:
2=0@1) if(e,3-1)¢M
and so from Lemma 1, we have:

/
k* T, xl - T: Zc X Z(; (I,‘/ + O M + O C*O.S (18)
| ) (c,z):(c,zss:z)gm teil@)Beal®) (POI)’IOg(C)) ( )

e ! SM(:E?:E/) s —0.8
ol Zer(@) Zey(a) £ O(ZL2Z )y | 5 19
( )(c,z);((;,zg:z)ggm H@)Ze(@) (p01y10g(0)) ( ) (19)

= O(sp(x, 2)) iO(M) +O(C™0%), (20)

Finally, we arrive at an expression for the correlation kernel p, of a trained single model by

n_ & sml@ ) v waa L
o) =0 @@ ! oiyion(c))) s e

where we define that spq(x) = sa(x, x) is the number of attributes in x that have been learnt by
the trained network 6*, and is s(1 & o(1)) with high probability.

8Unless neither (c, 1) nor (c,2) € M for a given ¢, but that only occurs in o(C) classes, and does not
change the order of e.g. sa(x, ') which is what we really care about.
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Compare p, in Eq. (21) to the ‘soft” probability labels p™ € R of Allen-Zhu & Li (2020) (Claim
F.4) with temperature 7 = IO%:
2?(C)
P () = ﬁ if v.,1 Or v 2 is in V(z)
0 else

where s(x) is the number of indices ¢ € [C] such that v, ; or v o is in V(x). Note, the setting
of Allen-Zhu & Li (2020) is with a large (1) ensemble, so every attribute is learnt (akin to M
being empty for us). In the case that M = {} being empty, if & # x’ and they share at least
one feature, then from App. B.1.1 with high probability they will share exactly one feature, so
that sy (x, ') = 1. Moreover, s(x) = sy (x)=sr ('), hence we see that Eq. (21) matches
roughly with p (x), but without the need for a temperature hyperparameter.

We see that vanilla KD learns new attributes by comparing a single data point & between classes,
and giving larger target labels to the classes where ambiguous attributes learnt by the teacher are
present in . On the other hand, p. gives higher values to data pairs @, x’ that share attributes
that have been learnt by the trained model, and as we will see later this is how FKD learns new
attributes in the student.

C.2 ENSEMBLED TEACHER

To summarise what we have done so far in App. C.1, we have seen in Eqs. (20) and (21) that it is
possible, for a single trained model 8*, to simplify both the feature kernel k. (x, ') and correlation
kernel p,(x,x’) in terms of the number of shared attributes between x, &’ which are also learnt by
the trained model. The set of attributes learnt by the single trained model is captured by the set

M = {(c,l) € [C] x [2]] max [(67,.,ve)] T > (1 #) - max [<92,T,Uc,3—z>}+}

+
r€[m] log? (m)” rem

where 6y was the random parameter initialisation for 8*. From Fact A.e, we know that if

(¢,3—1)eM, then the attribute v.; has not been learnt by the network.
Consider now an ensemble of £ = O(1) independently trained networks, {0 }Z_,, with an averaged

feature kernel:
1 E
n o * /
kr(x,x') = 5 ;—1 EX(x,x").

Suppose {0¢°}£_| denotes the corresponding independent parameter initialisations. Then, for each
e € [E], let us define:

max [(092 v, ;)] T > (1+

re[m] er?

log®(m)’ relm]

Note that these M, are completely independent sets due to the independent initialisations, and also
by Proposition B.2 of Allen-Zhu & Li (2020), we know that

P[(c,1) or (¢,2) € M| >1—o0(1) Ve € [Cl,e € [E].

Therefore,
C>|Mc|>C(1-0p(1)) Ve € [E].

92



Moreover, Eq. (11) & Proposition B.2 of Allen-Zhu & Li (2020) tell us that each of the two attributes
Ve,1, Ve,2 are equally likely to be in M. (and so learnt in the multi-view setup), This means that:

‘ ﬂ ME‘ = 9E-1 C(l - Op(1>)'

Define M = ﬂle M. From Eq. (19) and the definition of k-, we see that:

n_ A / SMT(:B7$/) ~(—0.
kr(z,2') = O(1) (Zl:) 1{(c,3 1) ¢ M7} Zoy(x) Zey(') + o(m) +0(C79%)

(22)

= é(SMT(w,gj’)) :I:O(M) +O(070.8) (23)

where for the reader’s convenience, we redefine:

smy(x, ') ={(c,1) : vey € V(x)NV(2)and (¢,3 —1) ¢ M7}.

We see that only for those attributes (c, ) such that (¢, 3 — 1) € M does the ensembled teacher

k7 miss the fact that we should have a strong ©(1) kernel value between «, ’. This is when
[V(z) N V(x')| = {vc,} is non-empty (or in other words, when s, (x, )£V (z)NV(2')]),
and hence there should be a large kernel value k(x, x').

So we see that only | M| of the attributes are not learnt by the teacher, which is a fraction

M;CT | = 5 (1 — o(1)) of all the attributes. These missed attributes are where the 7z test error
in Theorem 2 comes from (teacher ensemble of size E, and plus 1 for the attributes learnt from

the student’s initialisation too).

What’s more, we can decompose the teacher’s feature kernel k- = >__k/ into contributions k]
from each class ¢, like in Eq. (16). From Eq. (17), we see that the contribution to the teacher’s
feature kernel from class , for x # x’;

is able to decipher between whether or not &, &’ share an attribute from class c for all attributes apart
from those (c, ) such that (¢,3 — 1) € M.

C.3 TRAINING SCHEME FOR FKD

We note at this point that we are morally done in terms of proving Theorem 2, with Eqgs. (23)
and (24), our key results telling us that the (ensemble) teacher kernel k7 can identify when two in-
puts share common attributes that have been learnt by the (ensemble) teacher, and more specifically
that k7 can do so when said common attribute is from class c.

What remains is a repackaging of the proof techniques of Allen-Zhu & Li (2020) (particularly for
their Theorem 4 regarding self-distillation), that knowledge distillation (this time only using feature
kernels instead of temperature-scaled logits, and with explicit dependence on teacher ensemble size)
can improve generalisation performance of a student.
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For convenience, the theoretical analysis of Allen-Zhu & Li (2020) introduces some slight discrep-
ancies between the actual practical weight updates of vanilla KD Hinton et al. (2015), i.e. the

gradients of:
A 1 f(xi) (i)
L =L+ \— E L(i,l%

T T

and the weight updates in their theoretical exposition. Namely,

1. The authors assume that a temperature-dependent threshold caps the logits to give soft

labels:
emin{‘rzfc (2),1}/7

pe() = > jeqo) emm T @/

2. The authors truncate the negative part of the gradient of the KD regularisation to only
encourage logits to increase not decrease, with weight updates for 6. ,- on input x:

def ¢ 1 - T —
_Agz,r = ortz,r - Oij;l X Vec,rﬁ + nﬁ Z (pr (ilf) — Pc (m)) Voc,rfc(m)

i
where p™7 are the temperature-scaled teacher labels.

3. The authors scale the output of both student and teacher models by a (polylogarithmic)
factor, in order to ensure that both reach the threshold to give soft labels in Item 1. above.

4. Self-distillation (Furlanello et al., 2018; Zhang et al., 2019) distils a single teacher and
a single student of same architecture into the student, like an ensemble of size 2 (stu-
dent+teacher). Allen-Zhu & Li (2020) modify the training scheme for their theoretical
analysis of self-distillation so that the student is first trained on its own in order separate
learning its own attributes/features from those of the teacher. Our analysis covers a similar
scheme.

These modifications are justified in that they make the theoretical analysis more convenient, whilst
illustrating the main mechanisms by which KD works, which is to share ‘dark knowledge’ that is
held in the teacher (in the form of the multi-view attributes that have been acquired by the teacher
due to its parameter initialisation), with the student.

In the same vein, we now introduce some modifications to the practical implementation of FKD we
propose in Alg. 1 to aid our theoretical analysis, and describe the main mechanisms by which FKD
works, corroborating our initial analyses in Section 2 and App. A about how the feature kernel is a
crucial object in any NN and captures all the ‘dark knowledge’ that a teacher network could possess
in the multi-view data setting.

It is likely possible to extend our proof of Theorem 2 with different modifications/training schemes,
but given that the focus of this work is to introduce FKD as a principled alternative to vanilla KD
with certain advantages such as prediction-space independence, and that the multi-view setting we
consider is a plausible simplification of real world data (as demonstrated in Allen-Zhu & Li (2020)),
we leave this to future work. We stress that any simplifications to the update rule in Alg. 1 for this
section can be efficiently computed, only requiring access to pairwise evaluations of the student and
teacher feature kernels, if need be.

Modified training regime for FKD

1. We first suppose that the student is trained as standard (as in App. B.4) for 71 = w

steps, and learns its own subset of attributes M s, dependent on its initialisation 02, before
being trained with the FKD objective:

94



This mirrors the self-distillation setup of Allen-Zhu & Li (2020) Theorem 4. The idea
being that the student first learns M before picking up the other attributes that the
teacher has access to.

2. For a given feature kernel k, we threshold the feature kernel & based on value, to define a
modification k such that
5 . 1 ifk(m,a) > L
0 else

This condition delineates between the setting where @, x’ share common attributes
learnt by student parameters 7" in the initial phase of training (i.e. delineates between
whether s, (2, ') nonempty or empty).

To see this: note that if v.; € V() N V(z’) and (¢, 3 — 1) ¢ Mg then we know from
Allen-Zhu & Li (2020) that &7} > Q(log(C)).

Hence max,. (0

% V) = Q(log™*(C)) as the number of active neurons mg = |MQ2| =

O(log®C'), and so it’s easy to see that for large enough 7 we have k(z, z') > 2, via

Lemma 1.
On the other hand, if {v.;} = V(x) N V(2) and (¢, 3 — )€ M. then from Lemma 1
we know that k(z,z’) = O(C~9%) <« L5

3. Similar to Allen-Zhu & Li (2020), we also truncate our FKD regularisation to only en-
courage kernel values to increase, and not decrease. For any input pair 1, 2, we have
parameter update:

— A0, (1, 3) x (ke(@1,@2) — k] (T1,®2)) [ Y Verla;) Vo, , Ver(®s )]
jeq{1,2}
(25)
where recall
P —_
Ve, () € Y ReLU((0e,r,@p)) sothat Vg, e, ZReLU 6., x,))T,
p=1
and

m
ke(a, ') £ W (x) 0, (2)
r=1
were defined in Definition 5 and Eq. (16).

If the loss was
(ke(1,22) — k] (@1, 22))°
then the gradient with respect to 6., would be:

(kc(ml,wg) ml,wQ Z \chr w] \I]c,r(wi’)—j)]
je{1,2}

so the only differences with Eq. (25) are truncating (l%c(ml, Ta) — %Z(ml, :1:2))_ and
also the thresholding to obtain k.
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To summarise, after training the student on its own for 7 steps (such that we are in the setting of
Theorem 1) to reach parameters 871, we update for T = pOIY(C steps as (hiding S subscript):

AOQT: — By, gyp? [(I;C(ml,acz) INc (z1,22)) Z U, (z;)V \chr(mg_j)} (26)
je{1,2}

C.4 FEATURE CORRELATION GROWTHS

We now seek to analyse to what extent the attributes {1)57 1}, are learnt during our 75 FKD training
steps. The central objects describing how much v, ; has been learnt by parameters  are:

oL, E N[O, v and  @LE Y !
refm] le[2]
as well as U, ,.(x) as defined above.

®.; is a data-independent quantity that reflects the strength of correlation with feature v, ; by
parameters 6. On the other hand, U, ,.(x) is a data-dependent quantity that reflects the activation
of channel r for class ¢ with input .

Also recall that

Zei() € Mo e V(@)}) Y. 2

pepvc,l(m)

and define V, ,.;(x) (which is convenient for calculating the size of gradient updates for 6. ,.):
Definition 6.
def
Vera(@) = Lve, € V()} D> ReLU (6., )%

PEPy, (@)

Like how Lemma 1 simplified the feature kernel in terms of data-dependent Z,;(x) and data-
independent Y. ;, we have a result from Allen-Zhu & Li (2020) to simplify function predictions
fe interms of Z,. ;(x) and . ;:

Claim 1 (Claim E7 from Allen-Zhu & Li (2020)). For every t < Ty + Ty, every ¢ € [C], every
(z,y) € D (or every test sample (x,y) ~ D with probability 1 — e~ Ulog*(0)) ).

1

file) =" (L, x ZLy(x)) £ O(m

l€[2]

)

We also have the following facts from Allen-Zhu & Li (2020) regarding the correlation of gradient
Ve, V. .(x) with v, for (z,y) € D,l € [2] and r € [m]:

Claim 2 (c.f. Claim E.6 of Allen-Zhu & Li (2020)). For every t < Ty + T, for every (x,y) € D,
everyc e [C],r € [m]andl € [2]:

* Ifve,veo € V(x), then (Vo , V. (), ve1) > (Veri(@) — O(JPP))

* (Vo VL ver) < (1{(veg € V(@)}Veri(2) + O(C2))

* Foreveryi#c |(=Ve, V! (x),vi1)] < o(C—19)

c,r
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Disclaimer Technically, Allen-Zhu & Li (2020) only show Claims 1 and 2 for ¢ < 77 and one
would need to use similar proof techniques (such as their inductive hypothesis F.1) to show the case
for T7 <t < T5, which we skip for conciseness.

We now study the growth of the student’s @, ;, for those (c, ) which have been learnt by the teacher
but not the student:

Lemma 2 (Correlation Growth for attributes learnt by teacher). For every ¢ € [C],1 € [2], T, >
t > T, such that (c,3 — 1) ¢ M, suppose @, ; < ﬁ, then we have:

2 —~—
L1 ><I>tl+Q(C )- @ " ReLU (®L,)

Proof. For any c € [C],r € [m],[ € [2], we have from Claim 2°

(Aeﬁ,mvc,ﬁ—ﬁEml,wQN@z{(15?(1‘17962) — ke(z,x2) [ D0 ‘I’c,r(mﬁ(Vc,r,l(f’?S—j)O(Upp))}]
je{1,2}

Note that as p < y» We can suppose that both x1, 5 are multi-view data. Using Claim 2, we

poly(
have that
<A95 rvvc,l> 2 UEml’mQN)@z |:(EZ—(CU1,2E2) - ];’ 331,(132 Z \I]CT w] crl(wS j) O(Upp))]:|

je{1,2}

Let r = argmax,,c(,,;{(6} ., vc1)}, such that definitely (6., vc,l>zﬂ(<l>f:)l) because m =
polylog(C).
But if x is multi-view and v.; € V(z) such that ZPGPUN zy = ©(1), and also by Fact A.a we
have that:

Vera(@) > Q1) - ReLU ((6%,,v.1)) > Q(ReLU (&L,))

Ueo(@)> > ReLU((6!,,ve1)z — 6(00)) > (&L,
PEPy,

Now, we have assumed that (c,3 — 1) ¢ M, such that the teacher model has learnt attribute (c, [)
and satisfies k7 (x,x’) = 1 when v.; € V() N V(') (for large enough polylogarithmic ).

Also, it is simple to see that when ve,; € V(x) N V(@) & ve,3—1 € V() NV (a'), for large enough
m, that @, ; < 7 implies that k. (@, ') < -1 by Lemma 1, and so k.(x, ') = 0, i.e. the student
has not (yet) learnt v, ; .

So we see _there are  two more conditions that must be satisfied in order for
(k[(wl,xz)—kc(azl,xg)) =1>0:

1. vey € V(x1) NV (x2) so that k7 (1, @2) = 1

2. Ves_1 & V(x1) N V(x2) so that k. (x1, z2) = 0.
Going back to App. B.1.1, we know that these conditions occur with probability 5—22(1 —o(1)) for
independently sampled @1, x5 ~ D. Finally, putting everything together we have that:

<0t+1 'Uc,l>+ _ <9t

c,r ) c,r?

vt = 0% et RelU (0t
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summing over ' € [m] and noting (A" for

s Vet) > 0 V7', up to small error (as o), P =
a large polynomial), gives us our result.

1
poly(C)
O

Lemma 2 immediately gives us the following corollaries, because (I>CTll > Q(ao) from Allen-Zhu &

!
Li (2020) Induction Hypothesis F.1.g and ReLU is increasing.

Corollary 1. Define iteration threshold Ty = é(%) = é(%), then for every (c,l) such that
0

(¢,3—1) ¢ My we have:
1
pTt+T2 >
2U ~ 4m

But likewise, we can also bound the growth of ®;

Lemma 3. If (¢,3 — 1) € Ms\Mr, once ‘I)fé,z > %, it no longer gets updated (for large
C):

Proof. Recall Definitions 3 and 4 that @} ;=3", (.| [(6¢ . ve)| T and Y =37 [(6F ., ve )T
Hence by Cauchy-Schwarz we have:

loglog(C) S 2

t 2 t t
‘I)CJ < mTc,l = Tc,l > m2 = 0.42m2

for large enough C. Thus, if x1, 22 are both multi-view and v.; € V(z1) N V(x2), by Lemma 1 we
must have

1
kc(ﬁcl,xz) > W

It’s also not difficult to check that any other possible setting for @1, 2, and V(1) N V(x2) will
lead to (k] (x1,%2) — ke(@1, arJQ))+ = 0, and hence

(kZ(mlr mZ) - ];c<mlyw2))+ =0 le,mg

C.5 WRAPPING UP PROOF OF THEOREM 2

Proof. We are now ready to wrap up our proof. Recall from the proof of Theorem 1 in Allen-Zhu &
Li (2020), that after the initial phase of 7} steps of student training on its own:

®;t > Q(log(C)) Ve € [C],

and more specifically:

o If (¢,3—1) ¢ Mg, then
o1} > Q(log(C))

This gives us perfect test accuracy on the multi-view data, and 50% accuracy on the single-
view data, so 0.5u test accuracy overall without distillation, as per Theorem 1.
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* Moreover, we have that if (¢,3 — 1) ¢ M and (¢,3 — ) € Mg, then by Corollary 1 and
Lemma 3:

loglog(C) T+
m = el 4m

= +/loglog(C) > CIJClelJrT2

%
|

Y
|

We see that this change in <I>T1+T2 after FKD training is much smaller than Q(log(C')) and

so the student after FKD tralnlng still has perfect multi-view accuracy, as well as correct
predictions on any single-view data that possess the attributes learnt in the initial phase of
training.

On the other hand, for single-view data, we know that if we have data pomt x,y and
attribute v.; € V(x), such that ¢ # y, then Zpep @) = r = O(m) as
defined in App. B.1.1.

Hence for small enough I (« %) we have that if (¢, 3 — 1) ¢ M and the single view data
x is of class ¢ with [ (x) = [ then we have correct prediction, as per Claim 1.

Combining these means that we have correct prediction for any single-view data x of class ¢, and
l(x) =l such that (¢,3 — 1) ¢ My N M.

By the independence of these sets we have that M+ N M| = (27F)k(1 — o(1)) this means we
have test error less than (27F~1 4 ¢) for any € > 0, for large enough C as required.

O

D DIFFERENCES BETWEEN FKD & OTHER FEATURE KERNEL BASED KD
METHODS

In this section, we highlight how our FKD approach overcomes some of the shortcomings of previ-
ous feature kernel based KD methods which only use pairwise evaluations of the feature kernel: SP
(Tung & Mori, 2019) and RKD (Park et al., 2019). One advantage of FKD relative to these previous
works is that we have shown FKD is amenable to ensemble distillation. Moreover, it goes without
saying that Feature Regularisation, which arises naturally thanks to our feature kernel learning per-
spective in Section 4, is already a significant departure that improves FKD relative to SP & RKD.
However, even without FR we observe in Section 5 that FKD outperforms both RKD & SP across
different datasets and architectures, which warrants explanation.

D.1 IMPORTANCE OF ZERO DIAGONAL DIFFERENCES: SP (TUNG & MORI, 2019)

First, we consider diagonal kernel differences, £°(x, x) — k7 (x, ) for fixed x, and motivate using
zero diagonal differences, which is not present in SP (Tung & Mori, 2019) but is in FKD thanks to
our use of the correlation kernel. Fig. 6 displays this comparison between FKD & SP graphically.

Intuition: Downside of non-zero diagonal differences

The key intuition, which we detail below using our theoretical setup, is that non-zero diagonal
differences k(z, ) — k7 (x,z) # 0 encourage the student to learn noise in input , compared
to when we have zero diagonal differences k(x,x) — k7 (x, ) = 0. In the latter case, we only
have non-zero differences for k(x, ') — k7 (x,x') where = # x'.
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Figure 6: Comparison of (normalised) squared differences in k,, o+ = k(x, ') between student S & teacher
T, across a minibatch of size 64 of CIFAR-100 training data, for SP (left) and FKD (right). We see that whereas
FKD has zero diagonal differences, SP is largely dominated by non-zero diagonal differences. Note there is a
slight abuse of notation here, in that we plot squared differences in normalised kernels, so that FKD uses the
correlation kernel and SP uses row-normalisation (Tung & Mori, 2019).

0.0

Diagonal updates Consider our parameter update Eq. (25) when x, = x5 = x:
If we didn’t have zero diagonal differences and instead k,(z, ) — k7 (¢, ) = —1, then:

P
—_—~—
A, (x, @) = 2V, (@) Y ReLU (B, ),

Now suppose v = v 1 € V(). For each p € P, (x), recall (from App. B.1.1) that:
T, = 2pv + &,

where we assume zero feature noise for simplicity.
We then see that (c.f. Claim C.13 of Allen-Zhu & Li (2020)):

~ —_—~—

(Ab.(z,),&p) = 20(n) ¥, (x)ReLU ({0, xp)) + O(

Sl

as (v,&p) = O(%) with high probability.
But at the same time (by e.g. Claim F.6 of Allen-Zhu & Li (2020)):

(AO. ,(z,),v) =20V, () Ve r1(z)(1 £ 0(1))

and note that that V., 1 () < ©(1) by definition. Moreover, in order for the student network to
learn attribute v, 1, then eventually it must satisfy max, (0., ,v) = O(1) from Allen-Zhu & Li

—~—
(2020). Thus, for ¢ small enough, if r = argmax,., (0. ,+, v), we have ReLU ({0, ,,x,)) = 1.

Non-diagonal updates On the other hand, if &1 # x2 and we have v € V(x1) N V(z2):

P
!/
A (1,@3) =10 Y Ver(®;) D ReLU (B, T3—jp)) T3 s
j=1,2 p=1

and so if 1 = x and £, denotes the random noise in 1, then:

—~—

(A8, (1, 2),&p) = é(n)q}c7r(m2)ReLU ((Oc,rs 1)) + O(

e
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as (T2, &p) = O(ﬁ). But this time we have

(Ab,(x1,@2),0) = (Ve (1) Vo1 (@2) + Ve (22) Ve (21)) (1 £ 0(1)),

We see that whereas in diagonal updates A6, ,.(x,x) the increments for (Af. . (x,x),&,) and
(A, - (x,x),v) are 1:1, for non-diagonal updates Af. ,.(x1, z2) they are 1:2 respectively.

Thus, the parameter updates for 6., with non-zero diagonal differences in feature kernels are more
likely to learn noise, £,, compared to our zero diagonal updates which rely only on non-diagonal
AO, (1, x2) for &1 # xo. This is why we zero out diagonal differences for FKD, using the feature
correlation matrix in practice.

D.2 PROBLEM OF HOMOGENEOUS NNS IN RKD (PARK ET AL., 2019)

The distance-wise version of RKD (Park et al., 2019) is as follows: for x,x’, we calculate
Yr(x, ') = ||hr(x,07) — hy(x’,07)|,, where recall hy is the last-layer teacher feature ex-
tractor. Likewise, we also calculate ¢s(x, ') = ||hs(x,0s) — hs(x’,0s)]|,. The RKD loss adds
MeoEe o (V7 (x, ') — 1s(x, x'))?] to the student’s training loss.” While RKD (Park et al., 2019)
does ensure zero diagonal differences, i.e. that 7 (x, ) — ¥s(x, x) = 0, it suffers from a related
issue, due to the homogeneity of NNs that use ReLU nonlinearity, which is ubiquitous in image
classification tasks.

Suppose we take x and define ' = Mz for some M > 0. For example, think of taking a cat image
and multiplying all the pixel values by M. For ReLU (C)NNs without bias parameters, we have
that h(x, 0) is 1-homogeneous: h(x’,0) = Mh(x,0). This means that it is likely (depending on
the norms of the features hs and h) that we will have 7 (x, Mx) — s(x, Mx) # 0. But a cat
image multiplied by some scalar M is still a cat image, hence RKD runs into the same problems as
in App. D.1 of learning noise in .

On the other hand for FKD: correlation kernel ps(x, Mx)=py(x, Mx)=1, hence
ps(x, Mx)—pr(x, Mx)=0 Yz c R, M > 0.

E PYTORCH-STYLE PSEUDOCODE FOR FKD

In Alg. 2, we provide PyTorch-style Paszke et al. (2019b) pseudocode for the distillation and feature
regularisation losses in FKD. We note that FKD only requires pairwise computations of feature
(correlations) kernels. This alleviates the need for matrix multiplication/inversion operations with
batch-by-batch size matrices, which is beneficial for scalability.

F EXPERIMENTAL DETAILS AND FURTHER RESULTS

F.1 FIG. 2: PREDICTIVE DISAGREEMENT ACROSS INDEPENDENT INITIALISATIONS VS
RETRAINED LAST LAYER

All models are ResNet20v1 trained with standard hyperparameters:

* 160 epochs training time with batch size 128 and learning rate 0.1 which is decayed by a
factor of 10 after epochs 80 and 120.

* SGD optimiser with momentum 0.9 and weight decay of 0.0001.

“We do not consider the angle-wise RKD loss here, but there will be similar issues due to homogeneity.
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Algorithm 2 PyTorch-style pseudocode for Feature Kernel Distillation (FKD).

Batch size.
FKD: FKD regularisation strength.
FR: Feature regularisation strength.

_S: Student feature dimension.
_t: Teacher feature dimension.
s Student features B x D_s
_t: Teacher features B x D_t

mm: matrix-matrix multiplication

Compute student feature correlation kernel matrix s_c

_k = mm(f_s, £_s.T) # BxB
_k_diag_inv_sqrt = torch.diag(s_k) .pow(-1/2)
_k_diag_inv_sqrt = s_k_diag_inv_sqgrt.reshape (-1, 1)
_c = s_k diag_inv_sqgrt * s_k * s_k diag _inv_sqrt.T #BxB

00003 = S eSS
H Hh
+*
o
»
[y

# Compute teacher feature correlation kernel matrix t_c

with torch.no_grad():
t_k =mm(f_t, £t.T) # BxB
t_k _diag_inv_sqrt = torch.diag(t_k) .pow(-1/2)
t_k_diag_inv_sqrt = t_k_diag _inv_sqrt.reshape(-1, 1) # B x 1
t_c = t_k diag inv_sqrt * t_k * t_k_diag inv_sqrt.T # B x B

distil loss = ((t_c - s_c).pow(2)) .mean()
feat_reg loss = (f_s.pow(2)) .mean()

# FKD loss to be added to supervised loss
loss_fkd = L_FKD * distil_loss + L_FR x feat_reg loss

* CIFARIO data is normalised in each channel such that the training data is zero mean and
unit standard deviation. Random crops and horizontal flips used as data augmentation.

* All models are initialised with Kaiming initialisation He et al. (2015).

Out of 10000 test points, the predictive disagreements between a ‘reference’ model and either: in-
dependent initialisations (top row) or retrained last layers (bottom row) are depicted in Table 4.
We see two clear trends. First, the retrained last layer has much fewer disagreements with the ref-
erence model than an independent initialisation model, highlighting the importance of the feature
kernel. Secondly, the vast majority of disagreements between independent initialisations are where
one of the models is correct. This reinforces our intuition/theoretical analysis that ensembling NN
works because different initialisations bias the models to capture different useful features, and hence
ensemble distillation (via feature kernels) can improve student performance.

Table 4: Breakdown of predictive disagreements between reference and alternate models over 10000 CIFAR10
test points, in terms of which model (if any) was correct. Mean =+ standard deviations over 3 independent
initialisations for top row, and over 3 independent reference models for bottom row. All models achieved
between 8.0%-8.5% test error.

Alternate model Reference correct Alternate correct Neither correct Total disagreement

Independent Init 350 £ 14.6 383 £ 159 124 £3.7 857 +£29.8
Retrained LL 30£29 35+ 1.7 15£54 80 4.1

F.2 FiG. 3: ADDITIONAL FEATURE KERNEL HISTOGRAMS

In Fig. 7, we provide additional plots to Fig. 3 that depict the difference in distribution (over x) of
feature kernel values k(x, ), for FKD with and without Feature Regularisation (FR).
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Figure 7: Comparison of normalised k(x, x) values between FKD with & without Feature Regularisation
(FR), across different Teacher—Student architectures, on CIFAR-100 test set. We see, like in Fig. 3 that FR
encourages a more even distribution of k(a, x) across «, for all architectures.

Negative hypothesis. We originally hypothesised that FR could benefit FKD, in addition to bal-
ancing the distribution of k(x, x), as it could reduce the sparsity in the NN last-layer representa-
tion activations, which is consistent with the proofs of Theorems 1 and 2. Indeed, the NN predic-
tions are dominated by a select few neurons who ‘have won the lottery’ (Allen-Zhu & Li, 2020)
on account of being most correlated with one of the attributes {vc.i}e[2],ccjc) at random initial-

isation. In our analysis, as few as O(log”(m) out of m neurons could be inactive. From our
feature kernel learning perspective, this seems like a highly undesirable phenomenon, because if

k(x,x') = (h(x;0),h(z';0)) = Zrczml h.(x,0)h.(z',0) only has useful contributions from a
dominant minority of r € [C'm], then we are not utilising the full capacity of the model. FR seemed
appropriate to reduce this sparsity as o regularisation is known to promote non-sparse solutions
(Van Den Doel et al., 2013). However, we experimentally found the opposite to our hypothesis: that
FR trained FKD student had more inactive neurons relative to FKD students trained without FR.
This again highlights that, while (we believe) our results in this work provide compelling evidence
to highlight the validity of feature kernel based distillation, there are still gaps between our theory

and practice, and further questions to be answered in future work.

F.3 FiG. 4. ENSEMBLE DISTILLATION

All individual VGGS8 networks that made up the teacher ensemble were trained using the default
training regime from Tian et al. (2020), with independent parameter initialisations. Indeed, all of
our experiments in Section 5 used Tian et al. (2020)’s excellent open-source PyTorch codebase
(Paszke et al., 2019a).10

For student networks, we used the training regime for vanilla KD from Tian et al. (2020) for all
ensemble sizes. For FKD, we used the hyperparameters from our ResNet50— VGGS8 experiment in
Table 2 for all ensemble sizes.

F.4 TABLE 1: DATASET TRANSFER

The VGGI13 teacher checkpoint is provided by Tian et al. (2020). For both CIFAR-10 and STL-
10, all student networks are trained for 160 epochs with batch size 64 using SGD with momentum,
with learning rate decays at epochs 80, 120, 150. The student trained without KD used default
hyperparameters from Tian et al. (2020), which are indeed strong hyperparameters for standard
training. For FKD, RKD (Park et al., 2019) and SP (Tung & Mori, 2019), we tuned the learning

Yhttps://github.com/HobbitLong/RepDistiller
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rate, learning rate decay, and KD regularisation strength Agxp on a labeled validation set of size
5000 for CIFAR-10 and 1000 for STL-10, before retraining using best hyperparameters on the full
training(+unlabeled) dataset. We also tuned the FR regularisation strength, Az for FKD when FR
was used. All RKD and SP hyperparameters were tuned in a large window around their default
values from Tian et al. (2020), which were all author recommended. For FKD, we allowed Agp to
range in [1,1000], and Ag to range in [0,20]. All hyperparameters sweeps were conducted using
Bayes search.

For STL-10, we used a batch size of 512 for all KD methods’ regularisation terms, compared to
64 for the standard cross-entropy loss. This was due to the fact that STL-10 has only 5K labeled
datapoints, and we wanted to ensure that the student used as much of the unlabeled data as possible
for each feature-kernel based KD method’s additional regularisation term during 160 epochs of
training. 512 batch size was the maximum power of 2 before we ran into memory issues on a 11GB
VRAM GPU, which occured for the RKD method.

Both CIFAR-10 and STL-10 data are normalised in each channel such that the training data is zero
mean and unit standard deviation. Random crops and horizontal flips used as data augmentation.
STL-10 images are downsized from 96x96 to 32x32 resolution.

F.5 TABLE 2: CIFAR-100 AND IMAGENET COMPARISON

CIFAR-100. All networks were trained for 240 epochs with batch size 64, with learning rate decay
at epochs 150, 180, 210 using SGD with momentum. All teacher networks use the exact same
checkpoints as provided by Tian et al. (2020). Learning rate, learning rate decay, Agp, and Agg
(when used) were tuned as in App. F.4 on a validation of size 5000. All other hyperparameters
were set to the default values used by Tian et al. (2020). The CIFAR-100 data is normalised in each
channel such that the training data is zero mean and unit standard deviation, with random crops and
horizontal flips used for data augmentation. All results provided denote the test set accuracy at the
end of the 240 epochs of training.

ImageNet. The ImageNet dataset (ILSVRC-2012) consists of about 1.3 million training images
and 50,000 validation images from 1,000 classes. Each training image is extracted as a randomly
sampled 224x224 crop or its horizontal flip without any padding operation. All teacher networks
use the exact same checkpoints as provided by Chen et al. (2021). The initial learning rate is 0.1 and
divided by 10 at 30 and 60 of the total 90 training epochs. We set the mini-batch size to 256 and the
weight decay to 10™%. A\gp, and Az (wWhen used) were tuned as in App. F.4 on a validation of size
5000 except using Bayes search. All results are reported in a single trial. All other hyperparameters
were set to the default values used by Chen et al. (2021). All results provided denote the Top-1 test
accuracy (%). Accuracy of baselines were reported in Tian et al. (2020).

F.6 SENSITIVITY TO Agp

In Fig. 8, we plot the sensitivity of FKD to the strength of the distillation regularisation Agp in Eq. (2)
for the VGG13—VGGS experiment on CIFAR-100. We see that a well tuned Axp(~ 300 here) is
important for best student generalisation. Feature regularisation Agzx = 20 in Fig. 8.

F.7 TABLE 5: ANALYSES IN NEURAL MACHINE TRANSLATION

In this section, We performed analyses for a neural machine translation (NMT) task proposed by
Tan et al. (2019). In the analyses, we could only obtain data for En-De (from English to German)
translation since links to the datasets for other languages are broken. Therefore, we employed a
self-distillation method on a pre-trained English model for En-De translation as follows:
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Figure 8: Comparison of normalised k(x, x) values between FKD with & without Feature Regularisation
(FR), across different Teacher—Student architectures, on CIFAR-100 test set. We see, like in Fig. 3 that FR
encourages a more even distribution of k(a, &) across «, for all architectures.

* We train a single teacher transformer model on the IWSLT dataset for English (Tan et al.,
2019).

* We perform self-distillation on the teacher model for En-De translation (Tan et al., 2019).

* We did not search for optimal hyperparameters, and used default parameters of the code
provided by the authors of Tan et al. (2019). The results are given in Table 5.

Table 5: BLEU of the teacher model of (Tan et al., 2019) (Teacher), self-distillation of (Tan et al., 2019) (SD),
SD with KD of (Hinton et al., 2015), SD with FKD, and SD with FKD loss obtained by replacing distillation
loss (2) of (Tan et al., 2019) with FKD, in En - De neural machine translation tasks.

Teacher (Tan et al., 2019) SD (Tan et al,, 2019) SD with KD SD with FKD  SD with FKD loss
27.32 27.49 27.51 27.64 27.79

We first note that, we adapted vanilla KD and our FKD for sequential data in the KD loss (2) of
(Tan et al., 2019) in this task. More precisely, we first computed vanilla KD and FKD on token
probabilities, and added these loss functions to the KD loss (eq 2 of (Tan et al., 2019)) in KD and
FKD. In the results, aggregating vanilla KD with the KD loss (eq 2 of (Tan et al., 2019)) improved
accuracy from 27.49 to 27.51. However, FKD further boosted BLEU to 27.64. We then replaced KD
loss (Eq. 2 of (Tan et al., 2019)) with FKD for training. Remarkably, FKD further boosted the BLEU
to 27.79. These results suggest that the proposed FKD can be applied in NMT tasks, successfully.
We hope that these results will motivate researchers to employ FKD in various different NLP tasks
including but not limited to multilingual NMT, named entity recognition and question answering.

F.8 TABLE 6: ANALYSES IN AUTOMATIC SPEECH RECOGNITION

In this section, we used a CRDNN model (VGG + LSTM,GRU,LiGRU+ DNN) on the TIMIT
dataset. In this experiment, we used a distillation approach proposed by Gao et al. (2020) for ASR
tasks as follows:

* We train a single teacher model on the TIMIT dataset Ravanelli et al. (2021).

105



* We perform self-distillation on the teacher Gao et al. (2020).

* We did not search for optimal hyperparameters, and used default parameters of the Speech-
Brain Library.

* In this task, replacing CTC/NLL distillation losses with KD (Hinton et al., 2015) did
not converge. Additional investigation with hyperparameter search is needed. We used
phoneme error rate (PER) to measure accuracy of models.

Table 6: Phoneme error rate (PER) of methods in automatic speech recognition tasks.

Teacher Distilled Teacher (Gao et al., 2020) KD (Hinton et al., 2015) FKD
13.26 12.80 12.86 12.59

The results are given in Table 6. Similar to the NMT task, we adapted vanilla KD and our FKD
for sequential data as follows: We first computed vanilla KD and FKD loss functions on token
probabilities, and then added to the total loss (eq 7 of Gao et al. (2020)). In the analyses, Vanilla KD
(Hinton et al., 2015) increased the PER from 12.80 to 12.86. However, FKD further improved the
PER from 12.80 to 12.59. In this task, training models by replacing CTC/NLL distillation losses (eq
4 or 5 of Gao et al. (2020)) with KD (Hinton et al., 2015) and FKD did not converge. In conclusion,
these results propound that FKD can be applied for different tasks, i.e., image classification, NMT
and ASR, boosting accuracy of baseline distillation methods. We hope that these initial results will
motivate researchers in different communities (computer vision, NLP, and ASR) to further expound
and apply FKD in additional sub-tasks.
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Exploring the Gap between Collapsed & Whitened Features
in Self-Supervised Learning

Bobby He ' T Mete Ozay >

Abstract

Avoiding feature collapse, when a Neural Net-
work (NN) encoder maps all inputs to a constant
vector, is a shared implicit desideratum of various
methodological advances in self-supervised learn-
ing (SSL). To that end, whitened features have
been proposed as an explicit objective to ensure
uncollapsed features (Zbontar et al., 2021; Er-
molov et al., 2021; Hua et al., 2021; Bardes et al.,
2022). We identify power law behaviour in eigen-
value decay, parameterised by exponent 5>0, as
a spectrum that bridges between the collapsed &
whitened feature extremes. We provide theoreti-
cal & empirical evidence highlighting the factors
in SSL, like projection layers & regularisation
strength, that influence eigenvalue decay rate, &
demonstrate that the degree of feature whitening
affects generalisation, particularly in label scarce
regimes. We use our insights to motivate a novel
method, Post-hoc Manipulation of the Principal
Axes & Trace (PostMan-Pat), which efficiently
post-processes a pretrained encoder to enforce
eigenvalue decay rate with power law exponent
B, & find that PostMan-Pat delivers improved la-
bel efficiency and transferability across a range of
SSL methods and encoder architectures.

1. Introduction

As label procurement can be expensive relative to the avail-
ability of unlabelled data, self-supervised learning (SSL),
where a learning algorithm operates without access to la-
bels, has grown both in importance & interest in recent years.
Without labels, a general recipe that has produced impres-
sive results is: 1) learning NN features/representations that
are invariant to transformations of the same input, whilst
2) avoiding a completely collapsed representation, when all
inputs map to a constant feature vector.

TResearched while interning at Samsung Research UK.
"University of Oxford, 2Samsung Research UK. Correspondence
to: Bobby He <bobby.he @stats.ox.ac.uk>.

Proceedings of the 39" International Conference on Machine
Learning, Baltimore, Maryland, USA, PMLR 162, 2022. Copy-
right 2022 by the author(s).

A variety of approaches have been proposed to successfully
avoid feature collapse, including: contrastive learning (Chen
et al., 2020a; He et al., 2020b); clustering (Caron et al.,
2018; 2020); non-contrastive learning (Grill et al., 2020;
Chen & He, 2021); and kernel dependence maximisation (Li
et al., 2021). Of particular relevance to this work are feature
decorrelation/whitening SSL methods (Ermolov et al., 2021;
Zbontar et al., 2021; Hua et al., 2021; Bardes et al., 2022),
which promote whitened/decorrelated features as a sufficient
condition to avoid collapse.

Existing theoretical analyses into feature collapse & its
mechanisms in SSL have focused on explaining why it does
not occur in non-contrastive SSL (Tian et al., 2021; Zhang
et al., 2022) or how a related notion of dimensional collapse
(Hua et al., 2021), where features span a low-dimension sub-
space of the entire feature space, occurs (Jing et al., 2021).
In these works, (dimensional) feature collapse can be inter-
preted in terms of a binary outcome for each dimension of
the encoder NN: collapsed or uncollapsed. Thus, the size of
uncollapsed feature dimensions and the importance of their
rate of decay have so far been unexplored in SSL.

In this work, we examine the gap between collapsed &
whitened features, highlighting its significance by first iden-
tifying power law behaviour in eigenvalue decay as a bridge
between collapse & whitening in Section 2. We theoretically
& empirically study elements of SSL that affect eigenvalue
decay rate in Section 3, including projector head depth &
regularisation strength, before demonstrating that generali-
sation performance in SSL is non-monotonic in the degree
of feature whitening/collapse in Section 4. We show that the
extent of feature whitening has implications for generalisa-
tion in low-labelled data regimes in Section 4.1, & use this to
motivate our methodological contribution in Section 5: Post-
hoc Manipulation of the Principal Axes & Trace (PostMan-
Pat or PMP), which takes a pretrained SSL encoder and
enforces a power law in its feature eigenspectrum. In Sec-
tion 6, we show that PMP improves label-efficiency and
transferability of pretrained SSL encoders under linear eval-
uation & often outperforms semi-supervised finetuning. For
example, a pretrained Barlow Twins (Zbontar et al., 2021)
encoder is improved by over 1% top-1 accuracy (56.2% vs
55.0%) on ImageNet-1K with only 1% of labels.
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2. Background, Related Work, & Notation

Suppose we have a large unlabelled dataset X ={x,, }_,,
with IV samples of dimension d. We denote the empirical
distribution over X by p(x). The SSL setting we consider
is to learn a useful feature encoder NN, hg: R?—R% from
X, with trainable parameters 0, for downstream tasks. If
appropriate, we drop the 6 subscript for clarity.

Self-supervised representations are generally evaluated with
a labelled/supervised dataset of samples X gs€R%*¢ and
labels Ys€R5*C, We assume X5 are sampled i.i.d. from
the same marginal distribution p(x) as our unlabelled X,
and that there is an additional conditional ¢(-|x) such that
Ys|xs~q(y|xs). Typically the task is C-class classification,
& a linear layer Wo€R%*C is composed on top of the
encoder hg to give predictor f(x)=hg(x)Wec.

Evaluation is usually via: 1) non-linear finetuning by train-
ing both W & hg (finetuning) or, 2) linear training of W
only (linear probe). Linear probes train the following loss,
where [ is typically cross-entropy & %2 is weight decay:

‘C(WC) = Zl(f(ms)ays)+02‘|WC||g' (1)

s=1

As mentioned, recent approaches (Chen et al., 2020a; Caron
et al., 2020; Zbontar et al., 2021; Grill et al., 2020) all adopt
the idea of training @ to be invariant to a distribution of
R?—R? transformations 7 that preserves semantic content
(like random crops). In other words, given an image £€R?,

we have hg (T (x))~=he(T2(x)) for T7, T,"5T, where the
joint-embeddings T} (x) & T5(x) are known as a positive
pair. Figure 1 visualises this general approach.

Where these methods differ is in how they avoid
the trivial (& useless) solution of collapsed features:
he(z')2c, Va'cRY, for constant ¢ € R%. We highlight
two popular approaches to avoid collapse:

Contrastive SSI. methods avoid collapse by simultane-
ously encouraging representations of different images (neg-
ative pairs) x#x’' to be further apart in contrast to positive
pairs’ representations through the InfoNCE loss (Oord et al.,
2018). SimCLR (Chen et al., 2020a;b) demonstrates the
benefit of scaling to large batch sizes for contrastive SSL
& introduces several techniques that seem to improve SSL
performance in practice, such as stronger data augmenta-
tion, and the use of trainable (nonlinear) MLP projector
heads g(-) : R% — R, The projection g(-) takes en-
coder outputs hg(x) as input, so the InfoNCE loss actually
acts on projections z(x)2g(hg(x)), not encodings he(x).
It has been suggested that projectors serve to prevent en-
coder dimensional collapse (Jing et al., 2021) & ease the
encoder’s constraints on transformation invariance (Bordes
et al., 2021). We see in Section 3 that another effect of

Encoder hg
T
—>

Projector g

@_

SSL Objective

& O

Figure 1. Schematic of joint-embedding approach in SSL.

T

projectors could be to whiten representations. MoCo (He
et al., 2020b; Chen et al., 2020c) uses a memory bank to
ease the large batch size bottleneck of contrastive SSL.

Feature decorrelation SSL. removes the need for nega-
tive pairs (hence large batch size) instead by encouraging
whitened/decorrelated projections z(x) over ~p(x), as
a sufficient condition to avoid feature collapse. W-MSE
(Ermolov et al., 2021) uses an explicit Cholesky transfor-
mation to enforce an exactly whitened representation, by
which we mean that the empirical distribution of repre-
sentations {z(x,)})_, has mean 0 & identity covariance
$E&L2(X)T2(X)=14, xaq,. Hua et al. (2021) considered
dimensional collapse, where ¥ has m<d,, non-zero eigen-
values, as a milder but also undesirable form of collapse,
thus motivating their study of feature whitening SSL.

We see that the degree of (projection) feature whitening
or collapse can be defined through the eigenvalues of the
covariance matrix X: identical non-zero eigenvalues give
entirely whitened representations, whereas a collapsed rep-
resentation has all-zero eigenvalues (or a single non-zero
eigenvalue if the representation is uncentred). Between
these two extremes there is a spectrum of possibilities for
how the eigenvalues { )\i}?il of covariance X decay, which
we characterise as follows using power law behaviour:

Definition 2.1 (S-power law of eigenvalues). Let
¢(X) € RV*4 be arepresentation of X with feature-wise
covariance matrix ¢ € R% *4s and corresponding sorted
eigenvalues {Ai}?il. We say ¢(X) follows an eigenvalue
power law with exponent 3 > 0 if there exist' ©4, (1) posi-
tive constants a < b, such that Vi > 1: 1% <\ < Z%

Definition 2.2 (Whitened & collapsed representation). We
say a representation ¢( X ) is whitened if it follows an eigen-
value power law with exponent 8 = 0, & collapsed if it
follows an eigenvalue power law with exponent 5 = co.

Remark 2.3. Def. 2.1 is a potentially softer definition than
one where the eigenvalues follow a strict power law (i.e.
a = b > 0), and is found elsewhere in the literature, e.g. Jin
et al. (2021).

In Def. 2.1, ¢(X) can be any function of X. At various

"We presume d to be a large but finite feature dimension; in
an NN d; corresponds to the NN width.
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Collapsed (=) Whitened (B=0)

Figure 2. Toy illustration of the gap between collapsed & whitened
features as two extremes of a spectrum. The 2D feature covariances
above share eigenvectors, but have different eigenvalues.

points, we consider: the identity function; a hidden layer of
an encoder h; an encoder h; or an encoder h + projection
g. Figure 2 depicts a 2D visualisation of the range between
collapse and whitened features, which may be parameterised
by power-law exponent 3 in eigenvalue decay, as in Def. 2.1.

In lieu of explicit whitening, Barlow Twins (Zbontar et al.,
2021) introduces a regularised loss Lgr, with strength p>0
providing a soft constraint on feature correlation:

dp
-3 [0-crrgal o
i=1 i
where for z~p(x) & {Ta}ae[g]i'iw'd‘T, we have correlations:

~_  E[a(Ti(2)5(Tx(z)] 3
Y R[5 (T (=))?] - B[z (Te(x))?])

with z;(z) £ z;(z) —Eg~p[2i(x)] defined to be centred. In
practice, the expectations in Eq. (3) are estimated with mini-
batches & random transformations sampled from 7. Note
. . ¥z
that, up to input transformations, we have C”:ﬁ'
1,17 7,7
In Lgr, the on-diagonal elements of C' encourage z(x) to
be invariant to transformations of the same image, whereas
the off-diagonal contributions encourage the d,, individual
projection features to be pairwise uncorrelated across inputs,
preventing collapse (of both the encoder and projection).

Key takeaways: S-power law of eigenvalues in SSL.

* Power law behaviour, determined by exponent 5 > 0,
in feature eigenspectrum decay is one possible way to
bridge the gap between collapsed & whitened features.

3. Projection Layers Whiten Eigenspectra

Having highlighted the gap between collapsed and whitened
features, we now study the factors, such as projector layers
and choice of SSL method, that influence where a pretrained
encoder lies along this spectrum.

Intuitively, low Barlow Twins training loss results in
whitened projections, if individual neurons’ variance across
inputs satisfies X7, = ©(1) for i € [d,]. This is because if

Lyt is small, then ¥ is approximately diagonal, and we
can read off the eigenvalues {37 };, as follows:

Proposition 3.1. Suppose an NN encoder+projection

trained via Barlow Twins (Zbontar et al., 2021) achieves (i)

training loss Lpr = €, & ii) Ja < b positive constants such
2

that a < X5 < b ,Vi€[dy]. Then, if e < 5, the projector

has a whitened eigenspectrum.

From Proposition 3.1 (proof in Appendix A), a successfully
trained Barlow Twin encoder obtains a whitened projec-
tion eigenspectrum. Moreover, the larger the regularisation

2
strength p, the more likely the condition ¢ < % is to be
satisfied, so larger p leads to more whitened projector eigen-
spectra, which we later empirically confirm in Figure 4.

To justify our assumptions on feature variances, we note
that ensuring ¥7,=0(1), Vi€[d,], is one motivation for the
VICReg (Bardes et al., 2022) extension of the Barlow Twins
loss function Lpr. Having said that, we empirically ver-
ify Proposition 3.1 in Figure 3 (center left) for a Barlow
Twin ResNet-18 on CIFAR-10, where we plot (normalised)
projection eigenvalues by size as training progresses.

As seen in Figure 3, at initialisation, the projection eigen-
spectrum is dominated by one eigenvalue. Through training,
the relative size of smaller eigenvalues increases, such that
after 100 epochs, we have around 120 dominant eigenvalues
within an order of magnitude of the largest eigenvalue. We
note some dimensional collapse is still observed for Barlow
Twins projectors, as found for BYOL (Grill et al., 2020;
Tian et al., 2021) & SimCLR (Chen et al., 2020a; Jing et al.,
2021), as the encoder dimension is 512 with projector width
of 1024. We leave an exploration of dimensional collapse
in feature decorrelation methods like Barlow Twins for fu-
ture work, & focus here on the decay rate of the dominant
eigenvalues, both for Barlow Twins and in general in SSL.

This whitened eigenspectrum property of feature decorre-
lation SSL projections is somewhat at odds with findings
from neuroscience (Stringer et al., 2019), where it has been
observed empirically that neuronal population responses in
the visual cortex of mice follow an eigenspectrum power
law decay with S=1 in Def. 2.1. In all subplots of Figure 3,
we plot the line y = % for reference, observing that the
dominant projection eigenvalues decay much slower than a
=1 power law. However, in Figure 3 (left) we also see that
the eigenvalues for the corresponding encoder decay much
faster compared to the projector (noting the log-log scale).

To provide theoretical support for this observation that pro-
jection layers change the eigenspectra to encourage faster
eigenspectrum decay in encoder layers, we consider the
setting of a deep linear MLP, with widths d; at layer [ satis-
fying d; > d , VI € [L] (so that the MLP is wider than input
dimension). Under an additional assumption of alignment
between the first layer weight matrix W; € R9*4 and the
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Barlow Twins Encoder Barlow Twins Projection

SimCLR Encoder SimCLR Projection

Normalised eigenvalue
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Figure 3. Eigenspectra for features & projections of both Barlow Twins & SimCLR networks. Projector MLPs use ReLU & have depth 2.

input covariance matrix £ € R4*?, we show that changes
in the eigenspectrum decay between input and output layers
are evenly spaced amongst hidden layers in Corollary 3.4.

Definition 3.2. AcR**¢ & BeR**? are aligned if there
exist Singular Value Decompositions (SVDs) A=Us DAV}
and B=UBDBVBT such that VATUB:ICXC.

We note that this input-layer alignment phenomenon has
been shown for the top principal component for linear NNs
(Ji & Telgarsky, 2018), has been proven & observed em-
pirically for deep non-linear NNs trained on random labels
(Maennel et al., 2020), & that first layer alignment has been
exploited to design Bayesian NN priors that are robust to
covariate shift (Izmailov et al., 2021). Adjacent-layer align-
ment has been shown for contrastive SSL (Jing et al., 2021).

Proposition 3.3. Suppose we have an L-layer linear MLP,
flx)= Hlel W, - x € R, trained to convergence using
gradient flow & no bias terms on some loss L(f (X)) with
weight decay 1 > 0. Assume further that the first layer
matrix Wy € R"¥4 & input covariance matrix = € R¥*?
are aligned as in Def. 3.2. Then:

1. Adjacent layers’ matrices W; & Wi_1 become aligned
during training for 1 < | < L so that principal com-
ponents can be grouped together across layers. If \;
denotes the 70 eigenvalue of the empirical covariance
of features at layer |, then:

2. For any uncollapsed output eigenvalue j with Ay, ;>0
& any two layers 0<k<l (where k = 0 denotes the
input layer), we have:

—1
MNi=(Aeg) % (Ap) =%,

i.e. N\ ; is a weighted geometric mean between Ay, ; &
AL, j» with weighting specified by closeness to k or L.

The proof of Proposition 3.3 can be found in Appendix A,
& is largely inspired from previous work (Saxe et al., 2013;
Ji & Telgarsky, 2018; Tian et al., 2021; Jing et al., 2021).

However, it allows us to deduce that deeper projection MLPs
result in a faster decaying encoder eigenspectrum:

Corollary 3.4. In the setting of Proposition 3.3, suppose we
have a fixed encoder depth l., & that for some encoder layer
k < l., the feature eigenspectrum at layer k follows power
law decay with exponent 3 > 0. Then, deeper projection
MLPs result in faster encoder eigenvalue decay, if projection
outputs are whitened (as in Proposition 3.1).

Proof. Suppose the projector has depth /,, giving combined
depth L=I.+1,. We are given A\, j=j " & Ay j=1up to
constant, Vj (for simplicity of argument here we suppose
a = b in Def. 2.1). Applying Froposition 3.3 at the encoder

P
7L—k’6

layer, we conclude A;, j=j ,1.e. power law behaviour

: IpB
with exponent e

, which is increasing in [,,. O

Remark 3.5. We use power law behaviour in Corollary 3.4 as
a convenient medium to express eigenspectrum decay rate,
though our conclusion extends to representations without
an obvious eigenvalue power law (c.f. Figures 3 and 4).

‘We now justify our assumptions on eigenspectra in Corol-
lary 3.4. For hidden layers, there are at least two phenomena
that encourage hidden feature eigenspectra to decay in prac-
tice: 1) the fact that, at the input layer, natural images in-
herently possess such a power law decaying eigenspectrum
(Field, 1987; Ruderman & Bialek, 1994) and 2) it is well
known in the signal propagation/wide NN literature that
common NN initialisation schemes (e.g. Kaiming (He et al.,
2015)) converge to collapsed representations (with an at best
polynomial rate) in depth (Schoenholz et al., 2016; Hayou
etal.,2019; 2021; Martens et al., 2021). This is corroborated
by Figure 3, where both projection & encoders’ eigenspectra
are dominated by the largest eigenvalue at epoch 0.

For the output eigenspectrum, decorrelation SSL methods
are covered by Proposition 3.1 and Figure 3. However, we
note that Proposition 3.3 and Corollary 3.4 are agnostic to
the specific loss function £ & can also apply to SimCLR
with InfoNCE loss (Oord et al., 2018). In Figure 3, we em-
pirically observe for a SImCLR-trained NN that the biggest
normalised eigenvalues for projection features (right) are
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larger compared to the encoder eigenspectrum (center right),
although the effect is weaker for SImCLR compared to Bar-
low Twins, perhaps due to increased dimensional collapse
in the projector (Hua et al., 2021; Jing et al., 2021).

Key takeaways: Whitening and collapse in SSL.

 Trained Barlow Twins NNs have whitened projections.

e Whitened projections don’t imply whitened encoders,
especially for non-whitened inputs & deeper encoders.

* Deeper projector MLPs may result in more collapsed
encoder eigenspectra (empirically verified in Figure 4).

4. Whitened Features Affect Generalisation

In the previous section, we’ve seen theoretical & empir-
ical evidence that interactions exist between SSL design
choices (e.g. projection depth, or choice of method), and the
speed of eigenspectrum decay of encoder features. We now
demonstrate the rate of decay in the encoder eigenspectrum
is important for the quality of learnt SSL representations, in
terms of generalisation under linear evaluation. In particu-
lar, we show that the relationship between degree of feature
whitening & generalisation is not monotonically increasing.

We first seek a quantitative metric to measure how whitened
a feature representation is, beyond the power law exponent
B of Def. 2.1, as we wish to handle representations that do
not possess an obvious eigenvalue power law. Instead, we
consider the normalised eigenvalue sum (NESum):

Definition 4.1. Given a feature representation
¢(X)eRN*ds  with feature-wise covariance matrix
¥ € R%>4s and eigenvalues {)\i}filin decreasing order.
Then, we define the normalised eigenvalue sum to be:

d
NESum({\;}:) £ ) %
i1 1

with convention 2=0. NESum takes values in [0, dy), with
collapsed features having NESum=0, and NESum=d, cor-

responding to exactly whitened features.

Moreover, it is clear via a geometric series argument that for
power law decaying feature eigenspectra with exponent (3,
NESum decreases as J increases, so we view larger values
of NESum to denote whiter representations.

In Figure 4, we compare various ResNet-18 trained with
Barlow Twins on CIFAR-10, in terms of encoder NESum
against test accuracy under linear probe. For projection
MLP depths from 1 to 5 & a range of regularisation strengths
p (on a logarithmic scale from 0.001 to 0.05), we plot mark-
ers for NNs trained from three independent initialisations.
The different coloured lines denote splines interpolating
the three-seed averages across p for different depths. The
size of the markers correspond to regularisation strength p.
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Figure 4. Different Barlow Twins networks on CIFAR-10 with
ResNet18 encoder. Each marker corresponds to a trained NN, with
marker size denoting regularisation strength p. Different coloured
lines are spline fits split by projection MLP depth. We see that
test accuracy across all depths does not monotonically increase as
features become less collapsed.

As suggested by Corollary 3.4, we see that the deeper the
projection MLP, the lower NESum across different values
of p, indicating that encoder NNs trained with shallower
projectors are more whitened. Moreover, for each depth, we
see that too low NESum results in lower test accuracy, pre-
sumably because the features are too collapsed as expected
from previous works studying collapse in SSL.

On the other hand, we also see that too high a value of
NESum (which we see is due to larger p from the marker
sizes, as supported by Proposition 3.1) results in lower test
accuracy too. This might seem perplexing from the existing
feature decorrelation SSL literature where whitening is sim-
ply used as a mechanism to avoid feature collapse, and so
one might expect a monotonically increasing relationship
between NESum & test accuracy.

However, we note that this is somewhat unsurprising given
that eigenspectra in biological NNs such as a mouse’s visual
cortex are known to decay (Stringer et al., 2019). Thus, Fig-
ure 4 suggests that in SSL, we should not only seek to avoid
too collapsed feature representations, but also too whitened
representations. A corresponding figure with STL10 dataset
can be found in Appendix B, with similar conclusions.

Key takeaways: Whitening and generalisation in SSL.

* The relationship between extent of feature whitening &
generalisation performance in SSL is not monotonic.

¢ Lower Barlow Twins regulariser p yields more col-
lapsed features.

4.1. Insights for Generalisation on Low Labelled Data

To examine the impact of feature whitening in SSL theo-
retically, we turn to the setting of low labelled data, when
S < N in the notation of Section 2. We focus on lin-
ear evaluation, as opposed to semi-supervised finetuning.
Notwithstanding the fact that linear evaluation is one of the
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main benchmarks for evaluating SSL methods, nonlinear
finetuning in the setting of small labelled-data is vulnerable
to tampering with useful features acquired from large-scale
unlabelled data. Empirically, we demonstrate this in Sec-
tion 6 on small labelled-data ImageNet evaluation, where
we show that linear evaluation schemes can outperform
semi-supervised non-linear finetuning.

Moreover, linear evaluation of SSL lends itself more kindly
to theoretical analysis, particularly connections to kernel
methods/Gaussian processes (GPs) (Sollich, 1999; Sollich &
Halees, 2002; Sollich, 2002; Bordelon et al., 2020; Jin et al.,
2021; Cui et al., 2021). These works study learning curves
of kernel/GP regression, describing how generalisation error
changes with the amount of labelled data .S.

To this end, we define a kernel k(x, x)=(hg(x), ho(z'))
using the inner product of encoder features. If inputs are
assumed to have compact support e.g. normalised, then we
can use Mercer’s Theorem (Mercer, 1909) to decompose k:

de
k(@) = Niyi(x)ihi(x), )

i=1

with kernel eigenfunctions {i;}; & eigenvalues {\;};
(equivalent to the covariance eigenvalues we consider in
Def. 2.1) satisfying [ k(ax, z')i;i(x')p(x')de’ = N ().

We consider a single output C'=1 for simplicity, as the
results we use extend straightforwardly for C>1 (Borde-
lon et al., 2020). We also consider squared error instead
of cross-entropy, noting that solving classification tasks
with squared error (by treating labels as one-hot regression
targets) is often used due to the connection with kernels
(Lee et al., 2019; Shankar et al., 2020; Lee et al., 2020;
He et al., 2020a). In this case, we obtain trained predic-
tor fs(z)=k(w, Xs) (K x4, x5+0215) " Y from Eq. (1),
where Kx . x4 €R%*? is the Gram matrix of h(Xg).
Finally, let us assume we have noiseless observations
q(y|x)=0+(2)(y) & the true target function f* satisfies:

de
[H(x) = Zﬂiwi(m)- &)
i=1

Then, existing works have derived the learning curves
for generalisation error of fs, éSZEp(m) [(f(a:)—f* (w))z},
when k & f* both observe power law behaviour:

Proposition 4.2 (Bordelon et al. (2020); Jin et al. (2021)).
IFNi=0(i"") & p2=0(i=%) , Vi, with a>1 to ensure f*
square integrable, then as S— o0, we have c‘fg:@(SliTa ).

We see in Proposition 4.2 that if {\;}; & {u;}; observe
power laws, then so does the generalisation error &s. More-
over, for fixed f* (& o > 1), larger [ results in slower
decaying error as .S increases. This allows us to conclude:

Corollary 4.3. Let k' be defined like k in Eq. (4) but
with new eigenvalues {\,};, & corresponding general-
isation error £5. If N, ~ ©(i~%") Vi, then we have
logg—z ~c+ (1—a)(B~t = p'~Ylog(S), for some c.

- ---- Bl (more whitened)
~eo —— BT (more collapsed)

log(Gen. error)
I’

Less labelled data More labelled data

log(S)
Figure 5. Power law in S for generalisation error &s.

Figure 5 illustrates Corollary 4.3’s implications: kernels
with small § enjoy fast decaying error curves as S— o0,
but this means for low .S, the relative error is larger for
small 8. In Figure 5, we see that a more collapsed feature
eigenspectrum can perform better at low labelled data .S,
despite performing worse at larger .S. Though hypothetical,
Figure 5 shows that one can alter generalisation by simply
regulating eigenvalue decay, which we utilise in Section 5.

In Appendix A, we prove Theorem A.2, which shows that
kernels with whitened eigenspectra may perform relatively
worse at low S, compared to unwhitened eigenspectra, for
f* without power law assumptions.

Key takeaways: Generalisation and labelled data size.

* Decay rate in feature eigenspectra affects how gener-
alisation changes with labelled data size.

* More collapsed features may perform relatively better
than more whitened features on small labelled data.

5. PostMan-Pat: Post-hoc Manipulation of
the Principal Axes & Trace

In the previous section, we have seen that the degree to
which features are whitened has an impact on generalisation
error, particularly when one has varying amounts of labelled
data S. The motivation for our methodological contribution
is now clear: one can affect (& potentially improve) the
generalisation performance of SSL simply by explicitly con-
trolling the eigenspectrum decay of trained SSL methods.

Our method, named Post-hoc Manipulation of the Principal
Axes & Trace or PostMan-Pat (PMP), rescales the princi-
pal components of any encoder’s covariance Xy, after pre-
training to enforce a power law decay in the eigenvalues
{Ai}i, with exponent  acting as a hyperparameter. We do
so efficiently by estimating the encoder covariance matrix
Y, € Riexde using our unlabelled data X, from which
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we derive an untrainable rescaling matrix Wpyp € Rédexde
detailed in Alg. 1. Then, we redefine our pretrained encoder
by appending Wemp, hpmp(2)<—he () Wpmp, before train-
ing linear classifier W¢ in Eq. (1) as before. Pseudocode
for PMP is provided in Alg. 1.

Algorithm 1 PyTorch pseudocode for PostMan-Pat (PMP).

h: Pretrained encoder (with standardised neurons).
beta: Power law exponent.

base_rank: Rank from which to start power law.

B: Batch size.

N: Unlabelled data size.

D: Dimensionality of the encoder embeddings.
harmonic: D-dim tensor with the i"th element 1/ (i+1).
mm: Matrix-matrix multiplication.

eig: SVD operator (eigenvalues in decreasing order).

AN

class PMPEncoder (nn.Module) :
def _ init__ (self, encoder, W_pmp):
super () .__init__ ()
self.encoder = encoder
W_pmp.requires_grad = False # Fixed
self . W_pmp = W_pmp

def forward(self, x):
x = self.encoder (x) # 1xD
return mm(x, self.W_pmp) # 1xD

# Compute feature covariance matrix.
cov = torch.zeros (D, D)
for x in loader:

z = h(x) # BxD

cov += mm(z.T, z) / N # DxD

# Compute W_pmp.
eig _vals, eig _vecs = eig(cov)
eig_ratio = eig_vals[base_rank] / eig vals[base_rank:]
eig_rescaled = torch.ones (D)
eig_rescaled[base_rank:] = eig ratio * \
(base_rank * harmonic[base_rank:]) .pow (beta)

W_pmp_sqrt = eig_vecs x eig_rescaled.sqrt() # DxD
W_pmp = mm(W_pmp_sqrt, eig vecs.T) # DxD

# New PMP encoder for linear evaluation in Eq. (1).
h_pmp = PMPEncoder (h, W_pmp)

We next show that PMP does indeed result in a power law
decaying eigenspectra with exponent [3:

Proposition 5.1. The PMP encoder hpyp, as described in
Alg. 1, has i) a B-power law eigenspectrum, & ii) the same
left & right eigenvectors as h.

Proof. Let UD2VT be SVD of h(X), so that
Sp=2VDVT. We defined Wenp2V Rz V7 in Alg. 1, for
R diagonal & Rii:DD—::(g)B if i > r & 1 else, where r
denotes the base rank.

So if hpMp(m):h(iB)WpMp, then hPMP(X):h(X)WPMP

1
has SVD: UDj,pV?  where Dpyp — satisfies
(DPMP)”-:DTT(%)[; if ZZT & D” else. ]

As {y-regularisation/weight decay can be thought of
as minimising an unregularised version of Eq. (1),
Zf:1 I(f(xs),ys), subject to constraints on the o-norm of
W, we see that PMP can be viewed as an alternative to lin-
ear probes, but with eigendecomposition specific constraints.

We speculate this specificity allows PMP to outperform lin-
ear probes on complex datasets, like ImageNet in Section 6.

PMP can also be viewed as using a 2-layer linear MLP
classifier, instead of W in Eq. (1), but with fixed first layer.
Training both layers in a 2-layer MLP adds non-convexity
to the optimisation process: we compare PMP to a 2-layer
linear MLP classifier with all layers trainable in Section 6.

Implementation details PMP requires a single eigende-
composition of Xj, which is 2048 x 2048 for a ResNet-50,
so adds minimal cost to the standard ImageNet benchmark
for SSL. To compute X5, we need a single forward pass over
unlabelled data X, or we can estimate X, with a moving
average online. We standardise the d. neurons in A to have
zero mean and unit variance to avoid non-zero means result-
ing in a dominant largest eigenvalue. Though Corollary 4.3
and Figure 5 suggest larger values of 8 may be preferable
with smaller S, we stress there are interactions with /5 reg-
ularisation not covered by our theory (c.f. Figure 10), & it
is important to tune hyperparameters (as usual for complex
machine learning tasks), in PMP’s case 5 & W¢’s weight
decay, for best results.

6. Experiments

In interest of space, experimental details not covered in
the main paper can be found in Appendix C. In all PMP
experiments we start the power-law behaviour after the tenth
largest eigenvalue, in line with Nassar et al. (2020), who
studied importance of power-law decay in eigenspectra for
adversarial robustness in NNs.

Analysis of PMP on CIFAR-10 In Figure 6, we exam-
ine the efficacy of PMP on CIFAR-10 for Barlow Twins,
SimCLR and a pretrained supervised NN compared to stan-
dard linear probe evaluation. All methods use ResNet-18
encoder. On the leftmost column, we plot eigenspectra for
different values of power law exponent 3, compared to the
original encoder. The linear trends (after the 10th largest
eigenvalue) observed on log-log scale indicate that PMP
successfully induces a power law, with larger (3 resulting in
faster decaying eigenvalues. SSL methods on the left-most
column have projector depth 2.

In all other columns, we plot the relative change in test accu-
racy when using PMP compared to standard linear probe (on
the same pretrained encoder), as a function of the power law
(. Error bars indicate 95% confidence over 20 data splits
(if applicable) & 3 independent encoder initialisations.

We see that the performance of PMP is monotonically in-
creasing in [ for the lowest amounts of labelled data, achiev-
ing up to 4% higher test accuracy for Barlow Twins when
0.1% labelled data is available (i.e. 5 examples per CIFAR-
10 class), and that performance drops off dramatically for
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Figure 6. PMP eigenspectra (left) & CIFAR-10 test acc. relative to standard linear probe for varying labelled data sizes across methods.

low 8 when the features are more whitened. On the other
hand, when more labelled data is available, we observe drop-
offs in performance using PMP with larger 3, although with
a well-tuned 5, PMP always at least matches the standard
linear probe in test-accuracy across all settings. These ob-
servations are to be expected from Corollary 4.3: suppress-
ing the useful tail eigenmodes is helpful when not enough
labelled data is available to learn them, but can harm perfor-
mance when there is sufficient labelled data.

We also observe that encoders trained with deeper projection
layers benefit less from PMP in small S regimes. This is
again suggested by Corollary 3.4, as deeper projection layers
already have more collapsed encoder eigenspectra.

Finally, we note that PMP does not seem to be very effec-
tive for supervised encoders, which may be because we
observe in Figure 6 (bottom left) that supervised training
encourages the ResNet-18 encoder to have 10 dominant
eigenvalues (corresponding to the 10 classes of CIFAR-10,
c.f. Figure 8), and that increasing the size of the smaller
eigenvalues via lower /3 hurts performance, suggesting that
the smaller eigenmodes contain unuseful features.

ImageNet-1K For a given pretrained ResNet-50 encoder
hg, we compare PMP to other evaluation schemes on dif-
fering amounts of ImageNet-1K labelled data. We compare
PMP both to baseline schemes that are also linear in the
pretrained encoder hg: i) standard linear probe (LP), & ii)
replacing W with a 2-layer linear MLP (MLP) in Eq. (1),
as well as non-linear finetuning (NFT), where encoder hg is
also trainable. We use the same data splits for 1% & 10% as
provided by Chen et al. (2020a), and for 0.3%, we sample 3
independent subsets from the 1% split to provide standard
deviations. We use a validation split from the accessible

training labels to tune hyperparameters for all evaluation
schemes, c.f. Appendix C.

In Table 1, we see that PMP improves considerably over
other linear evaluations (LP & MLP) over a range of
labelled-data sizes & SSL methods: Barlow Twins, Sim-
CLR, & SwAV (Caron et al., 2020). Moreover, we see that
PMP consistently outperforms NFT with Barlow Twins &
SwAV encoders for smaller values of labelled data, despite
keeping hg fixed. For example, with 0.3% labelled data &
Barlow Twins encoder, PMP obtains 42.3% top-1 accuracy
compared to 40.7% for NFT. Likewise, for 1% labelled data
& SwAV, PMP beats NFT by over 2.5% in top-1 accuracy.
Our top-1 accuracy of 56.2% (obtained via PMP with Bar-
low Twins pretraining) is to our knowledge the best reported
result for an SSL-pretrained ResNet-50 encoder linearly
evaluated on 1% ImageNet-1K labels.

Interestingly, standard LP with SWAV can also outperform
NFT under label scarcity, where encoder updates may be
susceptible to intefering with the useful features acquired
during SSL pretraining. However, we also find that NFT
outperforms all linear evaluation schemes for SimCLR. Ad-
ditional experiments are provided in Appendix B includ-
ing: analysis of the effect of weight decay on PMP in low-
labelled data (Figure 10) and evaluation on the ImageNetV2
(Recht et al., 2019) test sets (Table 4).

Transfer Learning We next investigate the ability of
PMP to improve transferability of SSL features to new
datasets.  Using ResNet-50 encoders pretrained on
ImageNet-1K, we compare linear probing against PMP on
a variety of downstream image classification tasks: CIFAR-
100 (Krizhevsky, 2009), Stanford Cars (Krause et al., 2013)
and Oxford 102 Flowers (Nilsback & Zisserman, 2008)
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Table 1. ImageNet-1K validation accuracy (%) of PMP against
standard SSL evaluation schemes, across pretrained checkpoints,
with low labelled-data (0.3%, 1%, or 10% labels). Supervised
results are from Zhai et al. (2019). Top-1 accuracies with LP on
100% labelled-data are in brackets. 1% & 2™ best results per SSL
method & labelled-data level are bold & underlined respectively.

METHOD Tor-1 Topr-5
PRETRAIN EvAL 0.3% 1% 10% 0.3% 1% 10%
SIMCLR  LP 342+, 48.1 61.0 572,35 73.8 84.3
(69.3) MLP 31814 452 61.5 54.1+3 71.1 85.0

PMP 359.,, 509 625 579,, 76.6 852

NFT 39.8., 525 67.5 655., 78.9 88.7

SWAV LP 36.5, 5 53.8 682 61.8,; 78.8 8838
(74.7) MLP 34.6+4 52.0 67.5 593.L, 772 88.6
PMP 393,33 559 685 64.1., 79.7 89.1

NFT 324,3 53.6 70.8 578:5 79.1 90.5

BARLOW LP 399+, 550 632 63815 79.0 83.4
(73.5) MLP 37.6+; 53.0 663 615.; 769 872
PMP 423., 56.2 673 658.; 79.7 88.6

NFT 40.7., 553 70.0 658.; 79.6 89.9
SUPERVISED - 25.4 564 - 48.4 80.4

in Table 2. Across transfer datasets and pretrained SSL
encoders, we observe that our PostMan-Pat (PMP) outper-
forms linear probe (LP) evaluation. We use 100% labelled
training data from the transfer dataset in Table 1, demonstrat-
ing that while one motivation for PMP was for low-labelled
data (Section 4.1), PMP can still outperform LP on large-
labelled data settings.

Table 2. Transfer Learning: Comparison of top-1 test accuracies
(%) for PMP and LP across SSL methods and transfer datasets.

METHOD TRANSFER DATASET
PRETRAIN EvAL C-100 CARS FLOWERS
SIMCLR LP 65.26 46.88 84.65

PMP 66.13 47.83 85.88
BARLOW LP 74.19 69.36 92.29
PMP 75.10 69.67 92.54
SWAV LP 75.24  63.39 90.47
PMP 76.10 64.46 92.00

Different Architectures To assess whether PMP is able
to improve label efficiency across different encoder archi-
tectures, Table 3 shows compares linear probing and PMP
for a ViT-B/16 vision transformer (Dosovitskiy et al., 2020)
pretrained using MoCo-v3 (Chen et al., 2021) on ImageNet-
1K. We see that PMP consistently improves against LP for
ViT-B/16 with lower labelled settings, e.g. 55.2% vs. 54.0%
Top-1 on 0.3% labels, and 65.1% vs. 64.5% on 1% labels,
although the improvement is more modest on 10% labels.
Understanding better how the encoder architecture impacts
SSL features (beyond Corollary 3.4), and hence PMP’s ef-
fectiveness, is interesting future work.

Table 3. Different Architecture: PMP and LP ImageNet test ac-
curacies on 1% and 10% labels using ViT-B/16 with MoCo-v3.

Top-1 Top-5
EvaL 0.3% 1% 10% 0.3% 1% 10%
LP 54.0L3 64.5 723 78.0+3 86.6 91.2
PMP 55.2,, 65.1 724 787,, 86.8 912

7. Summary & Discussion

Inspired by work on feature whitening self-supervised learn-
ing (SSL) to avoid collapse, we explored the gap between
whitening & collapse in SSL. We identified power law be-
haviour in feature eigenspectra decay as a possible way
to bridge between these extremes, and studied the design
choices in SSL that affect the rate at which feature eigen-
values decay. We demonstrated theoretically & empirically
that weaker regularisation in Barlow Twins & deeper pro-
jector layers lead to more collapsed encoders. Moreover,
we found empirically that generalisation performance in
SSL is non-monotonic in the degree of feature whitening,
& highlighted the significance of considering feature eigen-
spectrum decay in label scarce settings. Finally, we used
our insights to motivate a novel post-processing method:
PostMan-Pat (PMP) that efficiently enforces a power law in
encoder eigenvalues, & demonstrated the ability of PMP to
outperform other linear schemes (consistently) & non-linear
finetuning (at times) across low labelled-data settings. We
hope that the improved label efficiency of PMP can be ap-
plied to practical settings of label scarcity. More generally,
we hope that our work leads to further progress in SSL by
highlighting both the spectrum that exists between collapsed
& whitened features, and that where one lies along this spec-
trum is significant for generalisation performance & label
efficiency.

We point out that although we provide empirical evidence
from practical settings to corroborate our theoretical results,
our theory has some non-standard assumptions to ease an-
alytical exposition, such as linear projector MLPs, much
like related theoretical work in SSL (Tian et al., 2021; Wang
et al., 2021; Jing et al., 2021). Moreover, we have not
studied the actual features acquired during SSL pretraining,
e.g. the impact of transformation choice, instead showing
that one can improve generalisation accuracy simply by
rescaling pre-defined features. Finally, compared to stan-
dard linear probes, PMP introduces a new hyperparameter
5 which needs to be tuned, although it is worth noting that
PMP has far fewer significant hyperparameters than non-
linear finetuning. For future work, it would be interesting
to design an SSL method that directly factors in the rate of
feature eigenvalue decay into the pretraining regime, & also
to study tuning schemes for PMP hyperparameters.
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A. Proofs & Additional Results

Throughout, we use o, O, © to denote standard mathematical notation for order size.

A.1. Proposition 3.1

We start by proving Proposition 3.1.

Proposition 3.1. Suppose an NN encoder+projection trained via Barlow Twins (Zbontar et al., 2021) achieves (i) training

2
loss Lpr = €, & ii) Ja < b positive constants such that a < X7 < b ,Vi€[d,] . Then, if ¢ < %, the projector has a
whitened eigenspectrum.

Proof. Because LgT = €, we see that the off-diagonal contribution to the loss satisfies:

ZZC,F
i=1 j#i

z

From Eq. (3), we see that C;;= up to transformations (see remark below), and from assumption ii), we deduce

z z
24 1271

that:

Thus, if diag(3*) denotes the diagonal version of 3%, then we see that

|diag(27) — £7[3 < %

. . . . . . 2
Recall that the squared Frobenius norm of a matrix is also the sum of its squared eigenvalues. So if H < a2, then we have

a whitened projection eigenspectrum of X%, with new constants a’ = /a2 — % and b/ = /b% + sat1sfy1ng Def. 2.1.
O

Remark A.1. Though it is not strictly true that C;;= due to the input transformations in C;;, we note that test-time

feature-averaging across transformations has been shown to be an effective method (at the expense of extra forward passes)
to improve generalisation of contrastive SSL (Foster et al., 2021).

In this case, we can replace features z(z) € R% with augmented features Z(z) € R%»*X, where Z(z); , = 2 (Tk()),

corresponding to K independently sampled transformations {7} }5_, E

Then, the natural covariance definition 7, = % 25:1 (Z(wn)Z(a:n)T)i ; does satisfy C;;= inthe K — oo

EZ
/>Z w2
ZHZJJ

limit.
A.2. Proposition 3.3

We next prove Proposition 3.3, restated below:

Proposition 3.3. Suppose we have an L-layer linear MLP, f(x)= Hl Wiz € R?, trained to convergence using
gradient flow & no bias terms on some loss L(f (X)) with weight decay 1 > 0. Assume further that the first layer matrix
Wy € R" X4 & input covariance matrix ¥* € R*? are aligned as in Def. 3.2. Then:

1. Adjacent layers’ matrices Wi; & W;_1 become aligned during training for 1 < 1 < L so that principal components can

be grouped together across layers. If \; j denotes the g eigenvalue of the empirical covariance of features at layer |,
then:
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2. For any uncollapsed output eigenvalue j with Ag, ;>0 & any two layers 0<k<l (where k = O denotes the input layer),
we have:

A=Ay TF (Ap,) =%,

i.e. \i ; is a weighted geometric mean between Xy, ; & Ar, j, with weighting specified by closeness to k or L.

Proof. If our linear MLP is f(x) = H1L:1 W, -  with weight matrices W; € R%*% -1 then gradient flow on loss £ with
weight decay > 0 yields dynamics (c.f. (Ji & Telgarsky, 2018)):

Wy = Wiy - WEX"WT - Wil — i, 6)
Vi > 1, where:
X = XTaL(f) e RIxdr, (7
Of l=px)
We see from Eq. (6) that:
W W+ nWI Wy = Wi Wisy + g Wik, ®)

and taking the transpose of Eq. (8) yields:

WEIW, + W W, = Wi Wiy +gWio Wik, 9)

Taking the sum of Egs. (8) and (9), and integrating both sides with respect to time gives us:

WZTWZ = WZ_1WZT,1 + Cle—277t’ (10)

for some constant matrix C;. Thus, we see that limtﬁo@WlTWl - Wl_lVVl:Cl = 0. If we let U;DZVZT denote the Singular
Value Decomposition (SVD) of W; in this limit, then (noting that SVDs are unique only up to permutations of the principal
components, so we are free to choose a permutation that ensures alignment) we see that:

® VZTUlfl :Idz—w Vi > 2.
. DL:"':Dl:Dl—lz"':D1~

This concludes the proof for 1).

For 2), recall we assumed that VI U, = I, where the empirical input covariance has SVD £% = U, D2UZ. For simplicity,
we can assume that the input distribution is centred % >, &n = 0 without loss of generality due to linearity, which ensures
that the empirical output distribution is too: + Y~ f(x,) = 0.

Thus by construction, the empirical input covariance is X% = % >, Taxl, so we can put everything together and calculate
the output covariance to be:

1
L __ T dr, xd
ot = N;f(wn)f(:cn) € Rixr (1n
=W Wy -2 Wl wfl (12)
L
= UL(HDf>D§ULT (13)
=1
=U,D¥D2UF (14)

Let us denote v; = (D1)? ; and Ao ; = (D4)3 ;, then we see from Eq. (14) that Az, ; = v/ Ao ;, such that ; = (i‘\ﬁJ )T.
) I 5J
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In a similar vein to Egs. (11) to (14), it is simple to calculate the empirical covariance at layer [ > 0 by

»' = U,D¥D2U}F. (15)
We thus conclude that \; ; = )\O.j(;\\ﬁ 9)E = (/\o,g) = AL, % VI, from which the result 2) follows easily, by noting that
- ’ 3J
N = N NS =
(”l> is constant in [: i.e. one can set < L ) = ( Bt > and simplify. O
AL)T (e )T (AL )T
A.3. Theorem A.2

Finally, we state and prove Theorem A.2. Suppose that we have two kernels k; and k5, with which we want to learn two
(potentially different) functions f; and f5 respectively using kernel ridge regression. If one kernel has whitened eigenvalues
but the other does not, then the whitened kernel has relatively worse generalisation error at a particular value of labelled
data S* < oo, under certain assumptions. Note Theorem A.2 does not require power law assumptions on f;, unlike
Proposition 4.2.

The intuition is that all eigenmodes are learnt as S — co, but at a large but intermediate value of S* (depending on ridge
parameter o2 and the level of imbalance in eigenvalue sizes), only the largest eigenvalues are learnt. As it is harder to learn
the smaller eigenvalues (in the sense that we need more data to learn the same size eigenmode 17 if eigenvalue )\; is smaller,
c.f. Eq. (20)) compared to larger eigenvalues, at this intermediate value of S* it is possible to have relatively lower error at
the small eigenmodes by not learning the small eigenmodes (and only learning the dominant eigenmodes), compared to
larger values of S:

Theorem A.2. For ac|2], let kernel k, have sorted (in decreasing order) eigenvalues {\, ; }= | & eigenfunctions {1, ;}%= .
Let f be such that El{pa,i}fil satisfying Eq. (5) with {14, }i, i.e. fi(x) = Z?il ta,i%a,i(T).

Suppose * AQ =0(1), Va € [2],i € [d4], and also that % = O(1) is fixed.

= M>0 and

Suppose also {2, }; are whitened, but {1 ;}; are not, in that Ji € [d],
A1,1=0(1).

If we try to learn f; with kernel k, via ridge regression with ridge parameter o2, and let E:'g denote the associated
generalisation error.

Then:

EL S—oo dy i n3
1. 5 ——C, where C > 0 satisfies > ;" )\%" sz 1 )\51.

82

2. Moreover; if M is large enough, then 3S* < oo depending on 0 and \; s.t. ig* <C.

Proof. For a = 1,2, let us define
Wq,i = Hasi

’ YV )\a,i ’
such that f*(x) = 2?21 Wa,iv/Na,iVa,i(x) and let é‘f g denote the generalisation error associated to mode ¢ for learning
function f, so that by orthogonality, we have:

2= Zé;fs. (16)

Then, from Bordelon et al. (2020) (Proposition 3), we have the following approximation:

R w2, /1 S —2 Sva(8) 7!
a a,t 1_0‘7 1
Es =, <Aa,ﬁaz+ta<s>> ( <02+ta<s>>2) 4
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where ¢,(S) is the solution to the implicit equation

d -1
= S

i=1

and 7,(5) is defined by

dg —2
. s
_Z< = 02+ta(s)) . (19)

Note that, 0 < ¢,(5) < Z?;l Aayi < 00, and likewise 0 < ~,(S) < Z “ )\2 < 0. Moreover, we have
7a(S) < ©(S72). Also note that t,(S) = o(1) as S — oo.

Then, as S — oo, we have from Eq. (17):

5o 04w2 i
s = gy (14 o() (20)
So from Eq. (16), we see that
51
Es 5200, Q1)
&3
where C satisfies
wi & ws ;
=0y 2 (22)
Z A1 ; A2
This concludes the proof for 1).
Now we are given that M Ay ; = A1 1 = ©(1) for large M.
Suppose that we have S* satisfying:
S*
1€« ——F——~ <M, Vac]|2]. (23)

o2 +1,(5%)

We know that such an S* exists as 02 < 02 + £,(S) < 02 + 3%, A < 00,5, a € [2].

Then, we have:

&l 2 . -2 . 2
A?S :w;z 1,1( 1 P S i ) ( 1 o S i ) 24)
gLS* wl,l)\u )\1’7; o —|—t1(S ) )\1’1 o +t1(5 )
2 2
wy i)\l,l A4S 1 S*
= ’ 1+0(—)+0(— 25
w%,l)\l,i(CfQ-i-tl(S*)) ( * (5*)+ (M)>’ =

and by construction, we have
A1 S

_ 1
Frh(e) S

so we see that:
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51 2
51:,5* wl,i)‘Ll

51 2 ;
Elge  WinAw

(26)

>

S

S

from Eq. (20) 27)

=limg_,

™
e
195}

2 2
wy 4 Hy

up to (1 + O(Sl) + O(Sﬁ)) multiplicative error, as = = o= ©(1) > 0 by assumption.

Likewise, for j ¢ {4, 1}, we know A1, < A1 (as eigenvalues are sorted so Ay q is the largest eigenvalue), so that from
Eq. (24) (replacing ¢ with 7):

>

! 2 1
E: S <w17j)\1,1

G5 < LT img 222 (28)
g Twiihiy o Els
On the other hand, for ks, as (A2;); are whitened, i.e. Ao ; = ©(1), Vi, we have:
E2,. £2
2 = im0 2o 29)
1,5 1,8
up to (1 + O( Sl ) multiplicative error.
Finally, we have the following ratio for the dominant eigenmode errors between k; and ko:
Elge widan[ 1 S* A 5% °
1,80 _ ;1 2,1 <+ ; . ) (_|_ . - ) X 30)
El g witha\A o 0%+ t1(S*) A2 0%+ ta(S¥)
<1_ 5™ (5") >1(1_ 5"72(5) ) 31
(02 +t1(S*))? (02 + t2(5*))2
(32)

but note that by construction in Eq. (23), S* satisfies t1(.5*),t2(S*) = 0(c?) as we recall 02 = ©(1). Moreover, as both
A1,1 and Ao 1 are ©(1), we have (up to (14 O(g=) + O(“(S)U%)) multiplicative error):

51 2
51,5* _wl,l)\zl

Gy 2
Elge  WaiAin

(33)

™,

1
1,8
T
51,5

=limg_; o

(34)

Putting this all together, for large enough M & S* satisfying Eq. (23) (such that all (1 + o(1)) multiplicative errors may be
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ignored):
N dy A
gé* _ Zm:l ngn,S* (35)
S T —dy 39
82* ijl ((/“7273*
. di Em,sx
&l g Lom=1 £l s
= . ’ y = (36)
* 2 j.S*
1S ijl &
A &
. £l Zm=1 &5
<limg_,o005~———3;— by Eqgs. (26), (28), (29) and (34) 37
&y v, G
’ Jj=1 éflzys
3
= limg_, o0 2> (38)
&3
= (39
as required. O

B. Additional Experiments

STL-10 analysis Figure 7 is akin to Figure 4, but trained with Barlow Twins on STL-10 dataset. Training hyperparameters
matched exactly the values in Figure 7, except slightly different data-augmentations (Color Jitter & Gaussian Blur) were
used for SSL pretraining, matching the default values of the codebase in Footnote 2. We observe similar trends in Figure 7
to Figure 4 where deeper projections have more collapsed encoder representations, and also test accuracy is not monotonic
in the degree of whitening.

78
YWoa Y
— @& _. 2o
X 76 kg ‘\
< % AL FERE S
> R
© 74 A 2 ‘\ AN
,5 / LT L ,\ *
V] / * *
O v y N
© 72 A AN
-t O /
g i
=70 ;A
S 7/ Projection MLP depth
/
'__', ! K === 1
A 68 f‘/ —_2
/ 3
66 4
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Normalised eigensum

Figure 7. Akin to Figure 4 but using STL-10 as unlabelled dataset for Barlow Twins training as opposed to CIFAR-10.

Gram matrices across methods In Figure 8 we plot feature Gram correlation matrices, with (7, 7)™ entry

(ho(zi), he(x;))
[he(x:)ll2]lhe(2;)|l2
over 1000 CIFAR-10 test points, for the 3 pretrained ResNet-18 (either with SimCLR, Barlow Twins, or Supervised)

displayed in Figure 6. We see that the NN trained with supervision has feature Gram matrix that is much closer qualitatively
to the classwise Gram matrix in R*000%1000 (which takes (7, 7)™ value 1 if input i and input j are from the same class, and 0
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else). As the classwise Gram matrix has exactly C' non-zero eigenvalues for C classes, this provides evidence that the feature
collapse in Figure 6 (bottom left) is due to the fact that the 10 dominant eigenvalues correspond to the 10 different classes in
CIFAR-10. This is consistent with the recently observed Neural Collapse phenomenon (Papyan et al., 2020). On the other
hand, without training labels, SSL methods do not have as obvious a correspondence between dominant eigenvalues and
classes.

CIFAR-10 Normalised eigenvalues Classwise feature gram matrix

Barlow Twins

=
®
IS

1 —— E-value size

Supervised

._.
?
IS

-

10 100 512
Eigenvalue rank

Figure 8. Feature eigenspectra and Gram matrices corresponding to Figure 6, over 1000 CIFAR-10 test examples.

ImageNet-1K with large labelled-data. In Figure 9 (right), we plot the performance of PMP with Barlow Twins
pretrained ResNet-50 encoder when given access to all 1.2 million training labels for evaluation. We see that PMP is able to
match the performance of standard linear probe of 73.5% at values of 8 = 0.8. This is unsurprising given Figure 9 (left),
which shows that the encoder eigenspectra (after rank 10) already approximately decays with exponent 0.9. Weight decay
0.0001 is used. It would be interesting to see if one can improve SSL in large labelled data regimes with more optimal tuning
of e.g. weight decay, but for this it would also be desirable to first design more efficient methods of PMP hyperparameter
tuning.

Interactions between weight decay and [ for low labelled data. In Figure 10, we plot the accuracy of PMP with
SimCLR, SwAYV and Barlow Twins pretrained ResNet-50 encoders with 1% training labels, for different values of weight
decay. For smaller values of weight decay, we see that larger 3, corresponding to more collapsed features, yield higher
top-1 accuracy. This is consistent with the findings of Corollary 4.3, Theorem A.2, and Figure 6, where suppressing the
smaller eigenvalues is useful in low labelled data regimes. However, we also find that for larger values of weight decay,
this trend is reversed, in that the best values of 3 are small, hence more whitened eigenspectra perform better. Indeed, the
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Figure 9. Barlow Twins eigenspectra plot (left) & ImageNet-1k validation accuracy using all 1.2 million training labels for PMP as a
function of /3 (right). We see that the best values of 5 match standard linear probe at the value of 5 = 0.8 which matches the rate of
decay of the original encoder. The encoder was pretrained with Barlow Twins and taken from the official implementation of Zbontar et al.
(2021). Weight decay 0.0001 was used at evaluation time.
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Figure 10. Accuracy in low labelled data setting as a function of PMP power law exponent 3 for different weight decay settings.

best performing hyperparameter setting chose a relatively large weight decay combined with small 5 (although we see that
too large weight decay also hurts accuracy, particularly for better performing encoders: SWAV and Barlow Twins). This
surprising observation is not covered by our theoretical results (which concern fixed weight decay), but does emphasise the
importance of where an encoder lies along the gap between collapsed & whitened features, and its decay rate of eigenspectra,
in determining its generalisation performance, particularly in low-labelled data settings.

B.1. ImageNetV2 results for PMP

To verify that our results in Table 1 are not overfit to the ImageNet-1K validation set, in Table 4 we provide corresponding
results for evaluating PMP in low-labelled settings (from the ImageNet-1K training set) on the ImageNetV2 test datasets.
We observe the same trends in Table 4 as in Table 1: PMP always outperforms LP; PMP often outperforms NFT; and LP
sometimes outperforms NFT on SwAV.

C. Experimental Details
C.1. Figure 3

Our SimCLR implementation was taken from an open-source codebase? & we used default hyperparameters provided like
0.5 temperature for InfoNCE; our Barlow Twins implementation used Alg. 1 of Zbontar et al. (2021).

Both Barlow Twins & SimCLR ResNet-18 encoders used projectors of depth 2, with ReLU & BatchNorm. Barlow Twins
used wide projector width 1024 & batch size 256 whereas SimCLR used smaller width 256 & larger batch size 512, which
are all standard hyperparameter choices. All networks were trained with SGD loss for 100 epochs with weight decay 0.0004,
momentum 0.9 & a cosine annealed learning rate.

Zhttps://github.com/facebookresearch/luckmatters
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Table 4. ImageNetV2 test evaluation: PMP top-1 % accuracy vs. LP & non-linear finetuning (NFT) on the 3 ImageNetv2 test sets:
Matched Frequency (MF), Threshold0.7 (T-0.7) & TopImages (Top-I), across low-label settings & SSL methods.

METHOD LABELS EvaL MF T-0.7 Top-1

BARLOW 1% LP 44.18 52.65 58.85
PMP 45.60 54.11 60.03

NFT 45.00 53.39 59.06

10% LP 51.62 60.40 66.32
PMP 55.36 6449 70.65

NFT 58.57 67.46 73.15

SIMCLR 1% LP 37.78  45.73  51.58
PMP 40.89 49.06 54.62

NFT 41.76 49.80 55.63

10% LP 48.62  57.77  64.15
PMP 49.77 59.26 65.72

NFT 54.80 64.00 69.70

SWAV 1% LP 4246  50.68 57.15
PMP 44.24 52.44 58.63

NFT 42.74 50.21 56.70

10% LP 55.68  64.76  70.88
PMP 56.44 65.29 T71.54

NFT 58.76 68.13 73.92

Factors such as learning rate and regularisation strength were chosen to ensure all networks achieved similar test accuracy
under linear probe (=85%). Learning rate was 0.32 for SImCLR & 0.25 for Barlow Twins, with p = 0.01. All methods
used the default data-augmentations on CIFAR-10 as described in Chen et al. (2020a).

C.2. Figure 4
All training details follow Figure 3 above, though we add that the values for p used were {0.001, 0.003,0.01,0.03,0.05}.

C.3. Figure 6

For all PMP experiments, we start eigenvalue decay power law after the tenth largest eigenvalue in PMP, Alg. 1. This is
consistent with Nassar et al. (2020), who studied importance of power-law decay in eigenspectra for adversarial robustness,
& the findings of Stringer et al. (2019). For the subsets of labelled data (including for 0.3% ImageNet-1K too), we sample
uniformly at random from the CIFAR-10 train set, ensuring that all classes have an equal number of examples (so that 0.1%
labelled-data corresponds to 5 examples per class). In all cases at evaluation time, for linear probe or PMP, we trained W¢
using SGD for 50 epochs with batch size 128, momentum 0.9, weight decay 0.001, learning rate 0.1 and cross-entropy loss.

The supervised NN was trained for 160 epochs using SGD+momentum with learning rate 0.05 and batch size 128. Weight
decay for supervised training was set to 0.0003 to ensure the NN also achieved similar CIFAR-10 test accuracy (85%).
To that end, standard data augmentation (random crops & flips) was not used to train the supervised NN, and the only
preprocessing of images was normalising before training.

C.4. ImageNet-1K evaluation: Table 1

Our ImageNet-1K implementation was based off the official Barlow Twins (Zbontar et al., 2021) implemtation®, which is
also where we obtained the ResNet-50 Barlow Twin checkpoint pretrained on ImageNet-1K. The SimCLR (Chen et al.,
2020a) & SwAV (Caron et al., 2020) ResNet-50 checkpoints were obtained from the VISSL library’s (Goyal et al., 2021)
model zoo. In particular, we selected the SImCLR checkpoint that was trained for 800 epochs, and the SWAV checkpoint
that was trained for 800 epochs with multi-crop setting: 2 x 224 + 6 x 96. These selections were based on the best top-1
accuracy performing checkpoints (under linear probe).

3https://github.com/facebookresearch/barlowtwins
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The top-1 accuracies under linear probe in Table 1 have slight discrepancies to those reported in VISSL (< 0.4% difference),
possibly reflecting slight differences in linear evaluation training schemes e.g. we use weight decay 0.0001 & normalise
each of the 2048 features to have zero mean and unit variance across the unlabelled ImageNet-1K dataset. Indeed, we
normalised neurons across all linear evaluation schemes & all labelled-data settings, in order to avoid the setting where
non-zero means result in a single eigenvalue that is orders of magnitude larger than others.

In all linear evaluation schemes: standard linear probe (LP); 2-layer linear MLP classifier (MLP); & our PostMan-Pat (PMP),
we train the classifier for 100 epochs using SGD & momentum 0.9, with a cosine annealed learning rate starting at 0.1, with
weight decay tuned in all cases (along with power law exponent 3 for PMP). For the linear MLP classifier we used single
hidden layer of width 4096.

For non-linear finetuning (NFT), we tuned followed the same training procedure, apart from additionally tuning the number
of training epochs (between 20 & 40, which is consistent with Zbontar et al. (2021)), as well as separate encoder & classifier
learning rates. In NFT, we did not use weight decay for the encoder, as this would remove the useful features learning in the
encoder during pretraining. However, we did tune weight decay for the linear classifier W¢.

Hyperparameter tuning data splits For any given set of labelled data, we split the data into 4:1 splits for the 1% or 10%
labelled-data setting, or 2:1 splits for the 0.3% labelled-data setting (as in the 0.3% setting we have only 3 labels per class).
Splits were chosen uniformly at random so that each class had an equal number of examples in the larger split, which was
then used for training. Top-1 accuracy on the smaller split was used for hyperparameter tuning.

C.5. Dataset Transfer: Table 2

We found it important to recalculate the PMP rescaling matrix Wpyp on unlabeled data from the new dataset, and all
hyperparameters were tuned on a 4:1 split of the training data. For Oxford Flowers, as there are only 1020 training images,
which would result in a low-rank approximation to Wpyp € R2048%2048 " for each training image we generate 10 data
augmented versions (using standard random crop and horizontal flips) to estimate the empirical covariance used in Wpyp.
All datasets were obtained from the Torchvision PyTorch library (Paszke et al., 2019)

C.6. Different Architecture evaluation: Table 3

All experimental details follow those in Appendix C.4, and the pretrained ViT-B/16 checkpoint was again obtained from
VISSL (Goyal et al., 2021).

D. Postman Pat

The Postman Pat abbreviation (which we further shorten to PMP) for our method, Post-hoc Manipulation of the Principal
Axes & Trace, was inspired by the now retired British children’s TV character: Postman Pat, pictured in Figure 11 with his
cat Jess (though in the Danish version Jess is renamed to Emil).

Figure 11. Postman Pat and his cat Jess.
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Chapter 6

Conclusion and Discussion

This thesis treats the dichotomy and similarities between kernel learning and feature learning as a lens
through which to view neural networks (NNs). In this lens, we place an increased focus on studying the
inner products of feature representations, (h(zx),h(x’)), formed by an NN, which is motivated through
theoretical insights from the training dynamics of wide NNs. In particular, we posit that we can un-
derstand the behaviour of NNs through understanding such inner products, both at initialisation and
throughout training. This forms an alternative to more traditional ways to reason about NNs, which
include understanding the finite width and depth expressivity of different architectures through circuit
theory (e.g. Le Roux and Bengio (2008); Martens et al. (2013), or studying networks on an individual
neuron level (Olah et al., 2017). This “kernel vs feature learning” perspective has both strengths and
weaknesses: it eschews permutation symmetric redundancies that exist in parameter and feature spaces
(Entezari et al., 2021), but, unlike parameter spaces, also requires some particular choice of inputs x to
produce features in the first place.

From this new lens, it is possible to view a trained NN as a (potentially data-dependent) kernel k,
which determines a notion of “similarity” between different inputs.! Whether or not this kernel is data-
dependent is determined by whether feature or kernel learning occured during training; valid training
regimes exist for both. As discussed, feature learning is strongly believed to be crucial to explaining the
success of DNNs, but kernel learning is perhaps better studied and has certain tractability advantages,
in existing literature.

The papers posing as chapters in this thesis can be thought of as attempts to demonstrate why this

“kernel vs feature learning” lens is an interesting and useful way to understand NNs, as we now discuss:

e In Chapter 3, we utilise the tractability of the kernel regime to precisely characterise the relationship
between deep ensembles and Bayesian inference, and identify missing variance in the NN function
at initialisation as the reason why there isn’t a Bayesian interpretation for wide NNs trained in
the kernel regime. Fundamentally, this missing variance arises due to the difference between the

NNGP kernel, which describes a wide NN at initialisation, and the NTK kernel, which describes

1For a trained NN (of any width), we can always simply retrain its last layer, and for common losses like cross-entropy

or least squares, the ensuing predictions will be determined entirely by its feature kernel, c.f. Appendix A in Chapter 4.
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its training dynamics. We propose to correct for this missing variance with an additive random
GP function 6(-) to our NN function that remains untrainable throughout training, and provide
a random features approximation to d§(-) that enables computation with finite-width NNs. In
doing so, our methods offer a practical way to build and train large-scale NNs with a Bayesian
interpretation, and when ensembled together, our modified NNs can be viewed as approximating

a Bayesian posterior, which we call the NTKGP posterior.

In Chapter 4, we view the “knowledge” of a trained NN as being contained in its feature kernel,
k(x,z') = (hp(x), hp(x')), induced from last layer representations hy, and treat the feature kernel
as the primary object for knowledge distillation. One key benefit in doing so is the fact that the
feature kernel is an intrinsic property of a model, that exists independent of dataset or architecture.
We demonstrate that an NN’s trained feature kernel is highly dependent on its parameter initiali-
sation, in the sense that different initialisations bias a trained NN to learn different features. This
allows us to theoretically show that targeting the teacher’s feature kernel is a principled method for
self-distillation and (ensemble) distillation, which we do by extending the multi-view data setup of
Allen-Zhu and Li (2020). Our theory further allows us to derive practical considerations, like using
the correlation kernel and feature regularisation, for improving the generalisation performance of
the student using feature kernels, which we demonstrate empirically across a range of distillation
settings. We note that Chapter 4 is perhaps the most closely aligned chapter with the overall

theme of this thesis in terms of combining kernel and feature learning in NNs.

Finally, in Chapter 5, we explore the gap between collapsed and whitened features that are learnt
in self-supervised learning (SSL). We view collapsed and whitened features as two extremes of
a spectrum of possible learnt features, and identify power law behaviour in the feature kernel’s
eigenvalues as a spectrum, parameterised by power law exponent 5 > 0, that bridges between
these two extremes. By considering the rate of decay of feature eigenvalues, our work stands in
contrast to existing work in the SSL literature, which tends to view each eigenmode of the feature
kernel as independent binary outcomes: collapsed or uncollapsed. Our insights highlight different
hyperparameters, like projection depth and regularisation strength, that affect the degree of feature
whitening, and moreover the importance of the decay rate of feature eigenvalues in determining

downstream evaluation performance, particularly in the context of scarce labelled data.

Through the different chapters in this thesis, we see that there is scope for our perspective to be

potentially relevant across a wide range of areas related to NNs. Given this generality, we believe

reasoning about NNs in terms of kernel and feature learning is a fundamental and insightful way to think

about DL systems.

6.1 Limitations

Having said that, we stress that the ideas we have covered are not without limitation. First and

foremost, the analytic nature of tracking NN training dynamics using inner products like the feature

kernel are only approximate outside of the infinite-width limit. Moreover, tracking feature learning lim-
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its for general architectures quickly becomes computationally infeasible (Yang and Hu, 2020; Bordelon
and Pehlevan, 2022), whilst the kernel regime has cubic complexity in dataset size, which is already un-
favourable relative to gradient descent with finite-width NNs. As a result, for all the analytic tractability
that kernel and feature learning regimes provide in infinite-width NNs, there is still a gap in our under-
standing to state-of-the-art finite-width DNN architectures.

In addition, Chapter 3 is restricted to the kernel regime, and is thus incompatible with feature
learning during training. In fact, a Bayesian interpretation for wide NNs that exhibit feature learning
is somewhat complicated, because a necessary implication of such feature learning regimes is that the
output function is identically zero at initialisation (Mei et al., 2018; Chizat and Bach, 2018; Sirignano
and Spiliopoulos, 2018; Rotskoff and Vanden-Eijnden, 2018; Yang and Hu, 2020; Bordelon and Pehlevan,
2022), which cannot be viewed as encoding some prior belief. This stands in contrast to the NNGP
output function limit (Corollary 2.6), which has often been interpreted as a functional prior for wide
Bayesian NNs (Neal, 1996; Matthews et al., 2018; Lee et al., 2018a); this discrepancy arises precisely
due to the output layer downscaling we described in Section 2.3.2 that is required for feature learning.
Schut et al. (2021) highlight the degradation in uncertainty quantification in wide deep ensembles that
exhibit feature learning as a result, and propose a modification to gradient descent to correct for this
degradation.

Outside of the kernel regime, we resort to different simplifications in order to gain tractability. In
Chapter 4 we are restricted to a single hidden-layer nonlinear CNN in our theory for feature kernel
distillation, and in Chapter 5 we consider the feature kernel of deep linear networks that exhibit alignment
across layers when trained with SSL. Though these assumptions are commonplace in other works in the
literature, they reflect an unsatisfying gap between settings where we can interpret training behaviours
mathematically, and settings that we use in practice.

Moreover, in Chapters 4 and 5, by focusing on the feature kernel (i.e. inner product of last layer
representations), we are essentially abstracting away the architecture of the backbone encoder hy,. This
has the obvious benefit that our findings extend across architectures, but at the same time is also a limi-
tation as it restricts what we can say about different choices in architecture, which is clearly undesirable.
The exception is our consideration of the impact of the depth hyperparameter L in Chapter 5, which is
possible due to the fact that we consider deep linear MLPs.

Chapter 4 highlights another consideration that is often overlooked in the literature: properties of the
data we use in deep learning. Indeed, the multi-view data construction (Allen-Zhu and Li, 2020) is crucial
to prove that the different ensemble members learn different features, which is reflected in the model’s
trained feature kernel in our case. Such a setting is motivated through intuition about image data, but
is likely a crude simplification of true behaviour in real-world data. At the same time, empirical results
in Allen-Zhu and Li (2020) suggest that training on datasets with different properties, e.g. Gaussian-like
inputs, will lead to different NN behaviours e.g. when ensembling. Further investigation into properties
of the data used, and how they interact with the training algorithms and models in DL, is an important
direction for future work, which mirrors the sentiment of Xiao and Pennington (2022).

This links nicely into a further limitation, this time for our work in Chapter 5, where we focus
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only on the relative weighting of eigenmodes in learnt features and its relevance for downstream tasks.
However, it is arguably more important (and difficult) to study what those learnt eigenmodes correspond
to, which holds signficance not only for the downstream generalisation of our models, but also related
questions like interpretability and robustness. Again, answering this question will likely depend on both
the dataset and models involved, but also in the case of Chapter 5, the data augmentations used in the

joint-embedding framework for SSL.

6.2 Outlook

We began this thesis with a discussion on the theory of DNNs, and its importance for our understand-
ing of the DL systems that are used in practice. Such has been the empirical success of deep learning,
that we note the purpose of theory in DL is actually something that is debated in the community. De-
tractors argue that deep learning has already come so far without a grounded mathematical theory, and
instead practical intuitions are sufficient for progress. Moreover, they contest that much of the theoretical
work in DL is irrelevant in practice, relying on unrealistic assumptions that either plainly do not hold,
or are contrived in order to explain some specific observed phenomenon in a specific scenario, thereby
restricting the generality of new insights.

While we are generally in favour of theory in deep learning, we sympathise with some of these views.
Ultimately, we believe that useful theory should be intertwined with practice, with both aiding the
development of the other. At its core, the fundamental question that we are interested in is improving
our understanding of the general behaviours of real-world NNs, and using this understanding to improve,
in some sense, the NNs we train in practice. We believe that both theory and empirical practice have
a key part to play in answering this question, and ideally should interact and evolve together in order
to do so. Oftentimes in DL, we see empirical observations driving theoretical research, but the value of
theory is arguably stronger in the opposite, less prevalent, direction.?

The theory of wide NNs, and of kernel and feature learning, is among the most successful and practi-
cally impactful mathematical frameworks for DL. Indeed, perhaps the area of NN training we understand
best mathematically is initialisation, where, as discussed in this thesis, connections to Gaussian Processes
have been known dating back to the 1990s (Neal, 1996). More recently, initialisation time infinite-width
signal propagation considerations have lead to significant advances in our understanding of different NN
architectures tools, like skip connections and normalisation layers, and our ability to train deep NNs
with or without such tools (Xiao et al., 2018; Hayou et al., 2021a; Martens et al., 2021; Zhang et al.,
2022). Despite this, we note that recent work has suggested even our understanding of initialisation is
incomplete, and more nuanced behaviour is possible depending on the choice of wide-and-depth limit (Li

et al., 2022; Hayou, 2022).

2As an aside, we note that one pragmatic alternative to this is so-called “empirical theory” (Nakkiran, 2021), which
starts by observing real world practice, and aims to simplify aspects of it into forms that we can quantitatively describe
(albeit not necessarily using fully rigorous mathematical justification). A nice example for DNNs is showing the linear
relationship between batch size and optimal training speed (Shallue et al., 2019; Zhang et al., 2019b). One potential issue
with empirical theory is that eventually its predictions may break down, and without a mathematical framework it becomes

unclear when this may be.
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Beyond initialisation, there are still many holes in our understanding surrounding the optimisation
of finite-width NNs in practice, not to mention generalisation. As discussed, both kernel and feature
learning infinite-width regimes have their own limitations in describing NN training dynamics: kernel
regimes are incompatible with feature learning, and feature learning regimes are significantly more com-
putationally expensive and complex to analyse. Moreover, a multitude of open questions exist, exposing
our incomplete understanding of NN optimisation. These include the advantages of skip connections
for training speed (Martens et al., 2021; Zhang et al., 2022) or the reasons why different optimisers are
preferred for different architectures (e.g. SGD with momentum for ResNets and adaptive optimisers for
transformers). Other exciting, but not yet fully understood, observations include the edge of stability
(Cohen et al., 2020) and neural collapse (Papyan et al., 2020).

In this thesis, we have taken a kernel and feature learning view of neural networks in order to study a
few different areas of DNNs, including ensembling, knowledge distillation, and self-supervised learning.
While we cannot guarantee that such an approach will always be fruitful in the future, one thing we can

be sure of is that there won’t be any shortage of interesting questions to investigate.
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