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Abstract

We prove that there exists a constant ¢ > 0 such that the vertices of every strongly
¢ - kt-connected tournament can be partitioned into ¢ parts, each of which induces a
strongly k-connected tournament. This is clearly tight up to a constant factor, and it
confirms a conjecture of Kiihn, Osthus and Townsend (2016).

1 Introduction

A classical result of Hajnal [2] and Thomassen [7] asserts that for every integer k > 1
there exists an integer K such that the vertices of every K-connected graph can be
partitioned into two sets inducing k-connected subgraphs. There is now a whole area of
combinatorial problems concerned with questions of this type; namely, to understand
whether for a certain (di)graph property any (di)graph which strongly satisfies that
property has a partition into many parts where each part still has the property. In this
paper, we consider the analogue of Hajnal and Thomassen’s results for tournaments.

A digraph D is said to be strongly connected if for every u, v € V(D) there is a
directed path from u to v, and it is strongly k-connected if |D| > k+ 1 and D \ Z
is strongly connected for every subset Z € V(D) of size at most k. Recall that a
tournament is an orientation of a complete graph. Thomassen asked (see [6]) if for
every sequence k1, . . ., k; of positive integers there exists K such thatif T is a strongly
K -connected tournament then there is a partition { V1, ..., V;} of V(T) such that T[V;]
is k;-connected for every i € [t]. Denote the minimum such K by f;(ky, ..., k;) (and
put f;(kq, ..., k) := oo if there is no such K).

Itis easy tosee that f;(k, 1, ..., 1) < k+3r—3. Chen, Gould and Li [1] proved that
every strongly #-connected tournament on at least 8¢ vertices can be partitioned into
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t strongly connected tournaments (this is clearly optimal, apart from the assumption
on the number of vertices). The existence of f>(2, 2) remained open until the work
of Kiihn, Osthus and Townsend [5] who proved that f;(ky, ..., k;) is finite for all
positive integers ki, ..., k;. Specifically, they showed f;(k, ..., k) = O(k’t*) and
conjectured f;(k, ..., k) = O(kt) (which would be tight up to the implicit constant
factor). More recently, Kang and Kim [3] proved a better upper bound on f;(k, ..., k)
showing that any tournament on n vertices which is O (k*)-strongly connected can
be partitioned into ¢ strongly connected tournaments where each part has a prescribed
size provided all sizes are €2 (7). Our main result proves the conjecture of Kiihn, Osthus
and Townsend.

Theorem 1.1 There exists a constant ¢ > 0! such that for every positive integers k and
t, if T is a strongly c - kt-connected tournament, then there is a partition {Vy, ..., V;}
of V(T) such that T[V;] is strongly k-connected fori € [t].

We give an overview of the proof in Section 2, state a few simple probabilistic tools
in Section 3, and dive into the proof of Theorem 1.1 in Section 4. We conclude the
paper in Section 5 with some open problems.

Throughout the paper, when we say a tournament is k-connected we mean that it is
strongly k-connected, and by a path we mean a directed path. We will omit floor and
ceiling signs whenever it does not affect the argument.

2 Overview of proof

Let c be a large constant, and let G be a ¢ - kt-connected tournament. We start the proof
by finding 2 (k¢) pairwise disjoint ‘gadgets’ U («), with « € A for some index set A,
with special sets ST (a), S™ () € U (a), such that the following properties hold: for
every u € S™(a) and v € ST (a), there is a directed path in U (o) from u to v; most
vertices in G have an out-neighbour in all but at most k¢ sets S~ («); and similarly for
in-neighbours in S*(«) (see Sect.4.1). We note that similar gadgets are constructed
in [5]. One new ingredient allows us to obtain the following additional property: there
is a vertex s*(a) € ST(«) such that almost every in-neighbour of s* () is also an
in-neighbour of u, for all but O (1) vertices u € U («); and there exists s~ (o) € S~ (&)
with the analogous property for out-neighbours.

To sketch the remainder of the proof, let us pretend that all vertices have out-
neighbours in all but at most k7 sets S~ (o) and in-neighbours in all but at most kt sets
S (). We now proceed in four steps.

In the first step (given in Sect. 4.2) we remove some of the gadgets, deterministically
and randomly, so that every vertex u in a surviving gadget U («) has €2 (kt) out- and
in-neighbours that are either in U (o) or are not in a surviving gadget. Here it is crucial
to have the latter property regarding s () and s~ (c), because effectively this means
that we need to guarantee that u satisfies the above property for O (1) vertices u in
U (), even if U () itself is large.

In the second step (see Sect. 4.3) we find ® (¢) disjoint groups of ® (k) gadgets, such
that every vertex u in one of these gadgets U («) has €2 (k¢) out- and in-neighbours

Iyt probably suffices to take ¢ = 10100,
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(either in U (@) or outside of these gadgets), each of which has an out-neighbour in
S~ (B) for all but at most ¢ gadgets in U ()’s group, and an in-neighbour in S™ () for
all but at most ¢ gadgets in the same group. To achieve this, we randomly partition the
collection of gadgets from the previous step into ® (¢) parts, and then remove some of
the parts and some of the gadgets.

The third step (see Sect.4.4) finds ¢ disjoint k-connected sets, each containing at
least 10k gadgets. To do this, we first randomly assign each of the vertices not covered
by the gadgets described in the previous paragraph into one of the groups of gadgets,
and show that with positive probability, many of these augmented groups of gadgets
contain a k-connected set.

Finally, in Sect.4.5, we assign each uncovered vertex u to a k-connected set U
found in the previous paragraph which has at least k in- and out-neighbours of u. (The
assumption that each group contains at least 10k gadgets helps here.)

Recall, though, that this proof sketch assumed that every vertex has an out-neighbour
in all but at most kt sets S~ () and similarly for in-neighbours. This need not be the

case, however, and that complicates each of the above four steps. Let Vg 4 be the set
of vertices that have out-neighbours in all but at most k¢ sets S~ («), and define VgoOd

similarly. In the first step, instead of aiming for €2 (k?) out -neighbours not covered
by gadgets, we aim for either €2 (k¢) out-neighbours in V. Ood NV, .4 or Q(kt) out-

good’
each of which has 2 (kt) in-neighbours in 78 s00d NV_ . etc. We

neighbours in V, 00d?

. good” .
make similar adjustments in other steps.

3 Notation and preliminaries

In this section we state a few probabilistic results. The following is a corollary of
Hoeffding’s inequality.

Proposition 3.1 Let ny, ny satisfy n1 > 4ny > 0 and suppose that my, ..., m, €
[0, nal] satisfymy+...+m, > mL. If X1, ..., X, are independent random variables
such that X j takes values 0 and mj and P[X; = m ;] > 1/2, then

PIX1+ ...+ X, =2 ml] = 1 —exp(—=n1/8n2).

Proof Write X := X + ...+ X,. By Hoeffding’s inequality,

P(XSHQE)SIPOE[X]—XE%E—M)SJP’(JE[X]—XEWTM>

- 2(n10)°
sexpl———=——
163 iepr) m;
e m10)? exn 1L
= exp 8 nt 20)2 P 8m )’
e - (120

O
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The next proposition is a simple probabilistic observation that we will use many
times.

Proposition 3.2 Let X1, ..., X, be 0, 1-random variables. Suppose that P[X; = 1] >
1 — n? foreveryi € [r]. Then

PXi+...+ X, > (1 —nr]>1—n.

Proof Write X := X|+...+ X,. By assumption, E[X] > (1—n?)r and X < r. Write
p=PX>U-nr].ThenE[X]<p-r+ 1A —p)-(1=mr=1-n1-p)r.It
follows that (1 — n?)r < (1 — (1 — p))r, implying n(1 — p) < n*,ie. p > 1—1,
as claimed. O

To conclude the section, we state Chernoff’s bounds, which we will use extensively.

Lemma 3.3 Let X be the sum of independent random variables taking values in {0, 1},
and write  := E[X]. Then the following holds for § € [0, 1].

P[X < (1 —8)u] < exp(—8%11/2)
PIX > (1+8)u] < exp(—87u/3).

4 The proof

In this section we prove our main theorem, Theorem 1.1.

Proof of Theorem 1.1 Observe that it suffices to prove the existence of a suitable
constant ¢ such that for large enough k and every t+ > 2, the vertices of every
¢ - kt-connected tournament can be partitioned into ¢ sets which induce k-connected
tournaments. Throughout our proof we indeed assume that & is large enough.

Pick constants p, o1, 03, 03, T1, T2, T3 as follows.

p=10" ;=10 o =10* o3=10.

ey
k>11> 1> 1> p,01,02,03.
Let T be a t1kt-connected tournament with vertex set V. Our aim is to find a partition
{V1, ..., V;} of V such that T[V;] is k-connected for every i € [¢]. This will be done
in five steps.

4.1 Building gadgets

The first step in our proof is the construction of o1kt gadgets, which are the sets
U (o) obtained by the following proposition. The construction of the gadgets is done
similarly to [5] (see page 6), with several differences. First, the size of the sets S~ («)
and ST (@) (corresponding to A; and B; in [5]) is much smaller than in [5]. Second,
we construct o1kt gadgets, which is quite a lot more gadgets than we need (10kt) for
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the partition, to allow for some flexibility (in later steps we will discard some of the
gadgets, randomly and deterministically). Third, a minimality assumption on the paths
P (ar) which join the sets S~ (a) and ST (a) (see the three paragraphs before Fig. 1)
allows us to find a small set X () as in (G4). Finally, to compensate for the smaller
size of S~ (&) and ST («) we need to consider sets Viaq and VbJ;d, which are relatively
small sets of exceptional vertices. The third point is probably the most crucial new
ingredient here.

Proposition 4.1 There exist sets of vertices ST (a), S™(a) C S(a) € U(a) € V and

X(a) C V, indexed by a set Ay of size o1kt, and vertices sT(a), s (o) € S(a),

satisfying the following properties.

(G1) The sets U(), with a € Ay, are pairwise disjoint.

(G2) |S(a)| < pand | X(a)| < poikt, for a € Aj.

(G3) Foreverya € Ay, u € S™(a) and v € ST (), there is a path in T[U («)] from
utov.

(G4) Every in-neighbour of st () in U(a) \ X () is also an in-neighbour of every
vertex in U(a) \ S(), for a € Ay. Analogously for s~ (a) with respect to out-
neighbours.

Let Vokay = V \ Ua S(a), let Vngd be the set of vertices in Vokay that have no
out-neighbours in at least kt sets S~ (a), and let V4 be the set of vertices in Vokay
that have no in-neighbours in at least kt sets ST (a).

(G5) Every u € Vokay satisfies d*(u) > 10'2 - |V,;F | and d=(u) > 1012 - |V,_,I.

Proof Let AT be the set of o1kt vertices in V with largest out-degrees (breaking ties
arbitrarily), and let A~ be the set of o1kt vertices in V with largest in-degrees (note
that |T| > 201kt, so we may assume that AT and A~ are disjoint). We define sets
S*(a), fora € A*, and sets S~ (a), fora € A~ as follows.

Let ay, ..., ajs+ be an arbitrary ordering of the vertices in A™T. Having defined
St (ay), ..., ST(ai_y), let U[.+ = VNATU A~ UST(a) U...UST(ai_1)), so
Ul.+ is the set of vertices that are currently unused. Pick a sequence u; o, ..., U; m; as
follows. Set u; o := a;. Having defined u; o, ..., u; j—1, let U;rj be the set of vertices
in Uf’\{ui,l, ..., uj j—1} that do not have an in-neighbour in {u; o, ..., u; j—1}, and
take u; ; to be the vertex of maximum out-degree in T[Ui‘f’j]; if U:'j is empty or if
j > p/10, set m; := j — 1 and define S*(a;) := {uio,...,uim}. We have thus
defined sets ST (a) fora € A™.

Note that |Ui‘f1 | < d™(a;) and u; ; has out-degree at least (|U1Tj| —1)/2inU; j, for
i € [|[AT|]and j € [m;](usingthat T is atournament). It follows that |Ul.4"j| <2-G=D.
d~ (a;), implying that the number of vertices in Ul.‘fH that have no in-neighbours in
St (a;) is at most

) @ 4@ @)
2010 = pea+ 20710 = fea+ 1012 . oy’
using that p = 10%, o1 = 100 and 2'° > 103 (see (1)). Also observe that ST (a) is
a set of size at most p/10 that induces a transitive tournament whose sink is a, for
aecAt.
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We now pick sets S™(a), witha € A, similarly. Letay, ..., el be an ordering
of the vertices in A™. Having defined S~ (a1), ..., S7(a;—1), define U;" to be the set
of unused vertices, namely

Um =V ( U S*(a))UA+UA*us*(al)u...US*(a,-_l)

acAt

Letv; o, ..., Vi m; bechosen as follows. Take v; ¢ := a;. Havingdefined v; o, ..., v; j—1,
let Uijj be the set of vertices in U; \{vj 1, ..., v;,j—1} which do not have an out-
neighbour in {v; 0, ..., v; j—1}. Take v; ; to be a vertex of maximum in-degree in
T[Ul.jj]. It U;j is empty or j > p/10, define m; := j — 1 and put S™(a;) =
{vi.0, ..., Vim,}. As above, the number of vertices in U;_ ; that have no out-neighbour
in S~ (a;) is at most the maximum of d+(a)/101201 overa € A7, and S”(a) is a
set of size at most p/10 that induces a transitive tournament whose source is a, for
aeA".

Denote S := (J,cq+ ST(@) UUuen- S™(@); then |S| < poikt. Because T is
T1kt-connected and 71 > poj (see (1)), there is a collection P of o1kt pairwise
vertex-disjoint paths, each of which starts at the sink of S~ (a) for somea € A~ and
ends at the source of ST (a’) for some a’ € A™, and which do not contain any vertices
of S\(AT U A™). We will assume that P is minimal, meaning that for every collection
P’ of paths with the above properties, the number of vertices covered by paths in P’
is at least as large as the number of vertices covered by paths in P.

To denote these paths and the corresponding pairing of sets S*(a) with sets S~ (a’),
let A; be a set of size o1kt, which will serve as the set of indices, and for each a € Aj,
let P(«x) be one of the paths above, let s~ («) be the start vertex of P(«) and let
st () be the last vertex in P(«). Let at(a) € A1 and a—(«) € A~ be such that
s7(a) € S (a"(a)) and sT(ar) € ST(a™(«)). We abuse notation slightly by denoting
ST () == ST(at (o)) and S~ (o) := S~ (a~ (@)).

Define U(x) = ST(a) U S™(a) U V(P(«)), and take S(x) to be the union of
ST () U S~ (o) with the first three and last three vertices in P («), or with the whole
of V(P (x)) if it has at most five vertices (see Fig. 1 for an illustration of these sets
and vertices sT (@), s~ («)). For a subset A C A, write U(A) := Ugea Ule). O

Take X () to be the set of vertices u such that u is an in-neighbour of s+ () but an
out-neighbour of some vertex in U(«) \ S(«) or u is an out-neighbour of s~ («) but
an in-neighbour of some vertex in U (&) \ S(x).

Claim4.2 Let o € Ay. Then all but at most poikt/2 out-neighbours of s~ (a) are
out-neighbours of all vertices in U() \ S(«). Similarly, all but at most po1kt/2 in-
neighbours of s™ (&) are in-neighbours of all vertices in U(a) \ S(a). In particular,
[X(a)| < poikt.

Proof Write s = s (), P = P(a) and let u € U(a)\S(«). Then u is a vertex in
P (a) which is not one of the first three vertices.

First note that all edges both of whose ends are in V (P), and which are not edges
of P, are directed ‘backwards’, namely if P = (x1...x;) andif 1 <i < j—1 <1,
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S(a)

sT () a* (@)

a” ()

S(a)

Fig. 1 The sets U(a), ST (), S~ (), vertices s T (), s~ () and path P ()

Tt Ty Tt
Tt—1 Tt—1 Tt—1
Y3
u u
Y2
T3 T3 hn T3
Yy
Z2 Z2 T2
xr1 =S5 xr1 =S5 xr1 =35

Fig.2 Contradiction to minimality in the proof of Claim 4.2

then x;x; is a directed edge in T'. This is due to the minimality assumption on P; if
instead x;x; is an edge, then P can be replaced by (x; ...x;x;...x;), contradicting
minimality (see the leftmost part of Fig.2). In particular, s has no out-neighbours in
V (P) other than the second vertex in P.

It is easy to see that every out-neighbour of s which is not in U(A) is also an
out-neighbour of u. Indeed, suppose to the contrary that y is an out-neighbour of s
which is an in-neighbour of u. Then P can be replaced by syu P,_. (where P,_, is the
subpath of P that starts at u and follows P to the end), contradicting the minimality
of P (see the middle part of Fig.?2).

Finally, consider 8 € A; \ {«}, and write Q = P (). We claim that all but the
last two out-neighbours of s in Q are out-neighbours of u. Indeed, otherwise there
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are three out-neighbours yi, y2, y3 of s in Q, that appear in Q in this order, such that
y1 is an in-neighbour of u. Replace the paths P and Q by the following two path:
Oy yiuPy_, and sy3 0y, (where Q_, is the subpath of Q that starts as in Q and
ends at y, etc.). The vertices of these new paths are in V(P) U V(Q), but avoid y,
contradicting the minimality of P (see the rightmost figure in Fig. 2).

To summarise, the number of out-neighbours of s that are not out-neighbours of
some vertex in U () \ S(«) is at most

te204 =0+ | U st@)|+| U 5760| = @ +20/10001k < porke/2,
BeA BeA

as claimed. An analogous argument can be used to prove the second part of the obser-
vation. O

To complete the proof it now suffices to verify that properties (G1) to (G5) hold.
Item (G1) follows directly from the choice of sets U («). It is easy to see that the first
part of (G2) holds; indeed, |S(a)| < |ST(a)| + |S™ ()| +6 < 20/10 + 6 < p; the
second part follows from the last observation. To see that (G3) holds, let u € S~ (&)
and v € ST (). Then us™ (a) P(x)st()v is a path from u to v in T[U (ar)]. Next,
notice that (G4) holds by definition of X ().

It remains to prove (G5). We form an auxiliary bipartite graph H, with parts A
and W := V\ Ua S(a), where aw (with @ € A; and w € W) is an edge if w has no

in-neighbours in St (). Write A~ := max,cs+ d ™~ (a). By (2), du(a) < 1()A‘_2_01' It

follows that e(H) < | A;] - 012_01 < k]tOA . Recall that a vertex w isin V, ifw € W
and dy (w) > kt, implying that |V, ;| < e(H)/kt < W As every vertex w in W

satisfies d~(w) > A~ (by choice of A~ and A™), we have d~ (w) > 1012|Vbad|. A
similar argument shows that d*(w) > 1012|Vb+ad|, establishing (G5). O

Let S(a), ST (), S™(a), sT (@), s~ (), U(a), with & € Ay, be as in Proposition
4.1. For a subset A C A, define

SA) =] S@, UW=|JU@, WWA:=V\U@).
acA acA

Let Vokay, Vb‘;d and V,, be defined as in Proposition 4.1, namely,

Vokay = V\ [ S@)
acA;

beid = {u € Vikay : 4 has no out-neighbours in S~ («) for at least k¢ indices « € A}

Viad = 4 € Vokay : u has no in-neighbours in ST (@) for at least kt indices « € A;}.
Define also

oyt - + +
Voad = Voud M Voad>  Veood = Vokay \ Viaas

Vg?)od = Vokay \ Vb;d’ Vgood = V good N Vgood
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Without loss of generality, we assume that |V, 4| > |Vbtd|. The following claim
establishes additional properties of the sets defined above. (Note the difference between
(G7) and (G8), which is due to the assumption |V, 4| > |Vngd|.)

Claim 4.3 The following properties holds.

(G6) |Vg00d| >n/2

(G7) E\jrery vertex in Vokay has at least max{lO“lVbtdL T1kt /2} out-neighbours in
Vgood'

(G8) Every vertex in Vokay has at least max{10“|Vb;d|, T1kt/2} in-neighbours in
Vgood-

(G9) Every vertex in V has at least max{10'1|V \ Vokayl, T1kt/2} out- and in-
neighbours in Voyay.

Proof To see (G6), note that (G4) implies that |V,!, ], [V,4] < n/10'?. Additionally,
[V\Vokayl < poikt < 71kt/10 < n/10 (using (G2), r1 > p, o1 and that T has
minimum out- and in-degree at least 71kt.) Altogether we have |V \Vgood| = | Vpad| +
[V\ Vokayl < |Vb';d| + [Viaal + 1V \Vokay| < n/2, with room to spare. It follows that
[Vgood| > 1/2, as claimed.

Note that by (G5) and because T has minimum out-degree at least 71k, every vertex
in Vokay has atleast max { 1012 Vngd |, T1kt} out-neighbours. Note also that |V\Vng0d| <
ISCAD| + [Vl < potkt + [Vt | < 3 max{10'2|V,F |, 71k} (using 71 > p, 01).
Property (G7) follows.

A similar argument implies (G8). Indeed, by (G5) and the minimum degree assump-
tion on T, every vertex in Vikay has in-degree at least max{10'2| Viaal» T1kt}. Thus
[V \Veood| < [SCADI+ Vel +Viogal < poikt +2|Viyl < 5 max{10'2 |V, Tike),
using |V, 41 > |Vbtd|, and (G8) follows.

Finally, if u € V and v € {+, =} then [N"(u) N Vokayl > 11kt — 010kt >
max {10 |[V\ Vokay|, T1kt/2} (using V\Vokay = S(A1)), proving (G9). O

4.2 Many available neighbours

Our aim in the next few steps is to form ¢ pairwise disjoint sets, each consisting of 10k
gadgets U () as well as some additional vertices, and each inducing a k-connected
set. The simplest way to form such a set is to let U be a union of 10k gadgets, let W
be a set of vertices which have out- and in-neighbours in all but at most k£ gadgets in
U, such that each vertex in U has at least k out- and in-neighbours in W. In practice,
this requirement on W is a bit too strong, e.g. because of the existence of vertices that
have out-neighbours in few of the sets S~ («). In this subsection we trim the collection
of gadgets so that each vertex in each remaining gadget U («) has many out- and in-
neighbours that are good candidates for being in such a set W for a set U as above
that contains U («). Below, we give a formal definition for this notion and then state
Proposition 4.4 which formalises this assertion.

Givenasubset A € Aj, anelementa € A and a vertex u, we say that u is available
for a with respect to A if one of the following holds, where W := W (A\{«}); namely

W= (V\Upca UB) UU(a).
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(Al) u e Vgood nw.

(AZ) ue (V good \ good

(A3) u € (ngod \ good) N W and u has at least 1okt out-neighbours as in (Al) or
(A2).

(A4) u € Vpag N W and u has at least 1okt out-neighbours as in (A1) or (A2), and at
least tpkt in-neighbours as in (A1).

) N W and u has at least 1okt in-neighbours as in (Al).

Our goal in this subsection is to prove the following proposition.

Proposition 4.4 There is a subset Ay C Ay of size okt such that s has at least Tkt

out- and in-neighbours that are available for o with respect to Ay, for every a € A;
and s € S(a).

We break down the proof of Proposition 4.4 into three lemmas. Before stating them,
we need some notation. Define ¢g, ¢1, @2, ¢3 as follows.

T _ %o _ N =2
W= S ae T g g BT g

Note that, as 71 > 12, we have ¢3 > 15. For a vertex u, write

okay(u) =Ntw)n Vokay No_kay(u) = N7 (u) N Vokay
good(u) =NtwnvV, good good(u) = N7 (u) N Vgood
(Note the difference between N s00d (u) and N__ s00d (u)). Then |N Okdy (u)| > t1kt/2 for

everyu € Vandv € {4+, -}, and |N,

gOOd(u)| > 11kt /2 for every u € Vikay and
u € {+, —}, by (G7), (G8) and (GY).

Lemma 4.5 There is a subset C; C A; of size at least | Ay |/36p* such that [N

okay(s)m
W(Ci\{a})| = @ikt for everya € Cy1, s € S(a) and v € {+, —}.

Lemma 4.6 Let Cy be as in Lemma 4.5. Then there is a subset Cy C Cy of size at least
[C11/6%0* such that, for every a € Ca, s € S(at) and v € {+, —)}, the set N, kay(s) N
W (Co\{a}) contains at least prkt vertices u satisfying | good(u)ﬂW(Cz\{oz}H > okt
f()r/"l’ € {+7 _}

Lemma 4.7 Let Cy be as in Lemma 4.6. Then there is a subset C3 C Cy of size at least
|C2|/64/04 such that for every a € C3, s € S(a) and v € {+, —} thefollowing holds:

okay (s) N W(C3\{a}) contains at least g3kt vertices u for which NH g00d () NW(C3\
{a}) contains at least g3kt vertices v such that |Ng00d(v) N W(Cs\{a})| > @3kt, for
12 € {+’ _}

Proof of Proposition 4.4 using Lemma 4.5to 4.7 Let Cy, C; and C3 be as in Lemma 4.5,
Lemma 4.6 and Lemma 4.7, respectively. Define A, := C3. Then

A kt
Col > sl 5 M
36 2 64 4 64 4 610 10

| Az | = > ookt.
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(using p =0 = 10* and o7 = 109))

Fixa € Ay and s € S(«) and write W := W (A \{«a}). We claim that every vertex
u € W, such that Ngood (u) MW contains at least 7okt vertices v with |Ng7)0d wyNwW| >
Tokt, for u € {+, —}, is available for @ with respect to A;. To see this, we need to
show that one of (A1) to (A4) holds for .

o If u € Vgood then (A1) automatically holds.
o Ifue Vngod \ Vg:md then, using |N,_ () N W| > 12kt, we see that (A2) holds.

0! good
e Suppose that u € ng)od \ Vg-god‘ Note that every vertex v € N;)od(“) N W with

|Ng_00d(v) N W| > 1kt satisfies one of (A1) or (A2). Then, since u has at least
Tkt such out-neighbours v, it satisfies (A3).

e Suppose now u € Vp,q. The reasoning from the previous item shows that u has at
least T2kt out-neighbours satisfying (A1) or (A2), and the reasoning from the sec-
ond item show that u has at least 7okt in-neighbours satisfying (A1). In particular,

(A4) holds.

Recalling that @3 > 12, it follows from the choice of C3 that s has at least 7okt out-
and in-neighbours that are available for o with respect to A,. We conclude that A;
satisfies the requirements of Proposition 4.4.

We now prove Lemma 4.5 to 4.7.

4.2.1 Proof of Lemma 4.5

Proof In order to find an appropriate set Cy, we will find subsets C{”, C{' € C] € Co
and use them to define C;. The set C| will be taken to satisfy the properties of the
following claim. O

Claim 4.8 ThereisasubsetCy < Cy of size at least |Col/9p? such that for everya € C,
if forsomes € S(a) andv € {+, —} there exists B € Ci\{a} with |N(‘;kay(s)ﬂU(,B)| >
@1kt, then there exists y € Co\C} with |N(‘)’kay(s) NU(y)| > @ikt.

Proof Fix an arbitrary ordering < of Cy. First, run the following process. Start with
X1 = Y1 = 0. As long as the set Cp \ (X1 U Y1) is non-empty, take o to be the
first element this set (according to <) and put it in X . Then, for each s € S(«) and
v e {+, -}, if |N(‘)’kay(s) NU(B)| > ¢kt for some B € Co\ (X U Y| U {a}), put one
such g in Y7.

Next, we run a similar process on X . Start with X, = Y> = . As long as the set
X1\ (X2 U Y») is non-empty, let « be the last element in this set (according to <) and
put @ in X5. Then, for every s € S(x) and v € {+, —}, if |N(‘)’kay(s) NU(PB)| > @ikt
for some B € X1\ (X2 U Y> U {a}), put one such g in Y>.

Now set C} := X,. We claim that this choice satisfies the requirements of the claim.
To see this observe first that | X{| > |Cp|/(2 maxy |S(a)| + 1) > |Co|/3p, because
{X1, Y1} is a partition of Cy and for each element o which is put in X, at most 2|S(«)|
elements are put in Y;. Similarly, |X2| > |X1|/3p > |Col /9p2. Next, suppose that
for some o € X5 there exist s € S(x), v € {+,—} and B8 € X>\{«} such that

|N(‘jkay(s) NU(B)| = g1kt. If o < B then by choice of X there exists y € Y; such
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that |Ngkay (s)NU(y)| = p1kt. Similarly, if 8 < « then there exists y € Y> such that
|Ngkay(s) NUWY)| = gikt.

Take Cj' to be a subset of Cj, chosen uniformly at random, and let C{” be the set of
elements « in C| such that |N(‘jkay(s) N W(C{ \ {a})| = @ikt for every s € S(a) and
vef{+, -}

Claim 4.9 Pla € C|"] = 1/2 for every a € C}.

Using Claim 4.9, which we prove below, we find that each of the events {o € C{'}
and {o € C{"} occurs with probability at least 1/2, for every o € C}. Noting that these
events are independent for o € C}, it follows that E(|C{ NC{"|) > |C}|/4 = ICol /3602
Take an instance where the intersection C{' N C{” has size at least |Co|/ 3602, and set
C; to be this intersection. So C; has the required size and the desired property that
|N(;’kay(s) N W(Ci\{a})| = ¢kt forevery a € C1, s € S(o) and v € {+, —}. O
Proofof Claim 4.9 Fix a € C{, s € S(«) and v € {4, —}. Write C' := C{\{a},
W= W(C), W := W(C{\{e}) and N := N, (). Let E,, be the event that
INNW”| > @ikt. We will show that P[E; ,] > 1 — exp(—¢o/8¢1). This will imply
that

Pla € C{'1 =P [ﬂ Ex,vi| > 1=2|S(@)] - exp(—¢o/8¢1) = 1 —2pexp(—8p) = 1/2,

s,V

as claimed (using @o/¢1 = 2%p).

We now estimate P[Ej ,]. Recall that |N| > t1kt/2. If [N N W'| > ¢kt, then
P[E; ] = 1 (using W C W”) so suppose this is not the case. We claim that [N N
U(B)| < g1kt forevery B € C'. Indeed, if [N NU(B)| > ¢kt for some B € C’, then
by choice of C} there exists y € Co\C such that [N N U(y)| > ¢ikt. In particular,
[N N W'| > ¢kt, a contradiction to the previous assumption.

For each B € C’ write mg := [N N U(B)| and let X be a random variable which
ismg when B ¢ C{ and 0 otherwise. Set X := Z,s Xg,sothat X = [N N (W"\W')|.
By the previous paragraph, mg < @ikt forevery B € C'and } zmpg = [N\W'| >
T1kt/2— @1kt > 11kt /4 = @okt. Thus, by Proposition 3.1, P[E; ] > P[X > ¢1kt] >
1 — exp(—¢o/8¢1), as claimed.

4.2.2 Proof of Lemma 4.6
The proof of Lemma 4.6 will follow from two applications of the following lemma.

Lemma4.10 Let D1 C Cy, u € {+, —} and 61 < ¢1, and write 0, = 91/27,0. For
eacha € Dy, s € S(a) and v € {+, =}, let M (s) be a subset of Voxay of size at least
O1kt. Then there is a subset Dy C Dy of size at least |D1|/36p> such that for every
o € Dy, s € S(a) and v € {+, —} there are at least 62kt vertices u € MV (s) such
that |Ng”00d(u) N WD, \ {a})| = 6rkt.
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The proof of Lemma 4.6 follows easily from Lemma 4.10. Indeed, first apply
the latter lemma to C; with u = + and 6 = ¢j, where, for « € Cj, we define

MV(s) := N okay (s) N W(Ci\{c}); denote the resulting set C5. Now apply the lemma
again to C} with u = — and 6 = ¢1/2" p, where for « € C, we take M" (s) to be the
set of vertices u in N(‘)’kay(s) NW(Ci \ {a}) for which [N s00d (u) NW(EC\ {a})| = Okt
(note that [M"(s)| > 61kt for every s € S() and v € {4, —} by the choice of C});
take C» to be the set resulting of the latter application. Then |C>| > |C;]/36%p* and

for every @ € Cp, s € S(«) and v € {+, —}, the set N}, (s) N W(C1\{«}) contains

okay
at least (¢1/2'%p?)kt = @pkt vertices u satisfying | gOod(u) NW(QEC\ {a})| = pakt
for u € {4, —}, as required for Lemma 4.6.

Proof of Lemma 4.10 We proceed similarly to the proof of Lemma 4.5, first picking a
subset D), C D as in the following claim.

Claim 4.11 There is a subset Dy C D of size at least |D; |/9p? such that for every
a €D, s e S andv € {+, -}, lfthere exists B € Dy\{a} for which M"(s)
contains at least 6Lkt vertices u with |N, Ood(u) NU(B)| = 6rkt, then there exists

y € D1\ D} with the same property.

Proof The proof is very similar to that of Claim 4.8. We pick an ordering < of C;
and find partitions {X1, Y1} of C; and {X>5, Y»} of X as before, namely that after
adding an element « to X1, for each s € S(«@) and v € {+, —}, if there exists 8 in
Ci\(X1 UY; U{a}) such that MV (s) contains at least 6kt vertices u with | N 200d (w)N
U(B)| = 6,kt, then we move one such 8 to Y. A similar modification is done when
defining {X», Y>}. Take Dé := X, and analyse as before. O

Take DY to be a random subset of D), chosen uniformly at random, and let D’
be the set of elements « € D), such that for every s € S(a) and v € {+, —}, the set
M? (s) contains at least 0kt Vertlces u for which |N’00d(u) N W(D;\ {a})| = Orkt.
As above, the next claim implies that there is a sultable choice of D, with |D;| >
|D}1/4 = |D1]/36p7. o

Claim 4.12 Pla € D'l > 1/2 for every a € Dj,.

Proof Fix o € D), s € S(a) and v € {+, —}. We define the following notation.

D' =D\ {a}, D" :=Dj\ {a}.
W = W (D", W’ .= W(D").

Additionally, we define

M = M"(s), N'(u) := N Ood(u) foru e M.
Let E be the event that M has at least 6okt vertices u for which [N'(u) N W”| > 0kt.
We will show that P[E] > 1 — exp(—61/166>), which will suffice to prove the claim.

Define f : M — D’ U {oo} as follows: for u € M, if there is B € D’ such
that |[N'(u) N U(B)| > Orkt, set f(u) := B (there may be several such B, pick one
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arbitrarily); otherwise, set f(u) := o0o. Define Moo :== NN f ~1(00). We consider
two cases: |Mqso| > 262kt and | M| < 205kt.

Consider the former case. Given u € M, we claim that |N'(u) N W”| > 0kt
holds with probability at least 1 — 2exp(—6;/862). Indeed, this event holds with
probability 1 if |N'(u) N W'| > 6kt, so we assume |N'(u) N W'| < 6,kt. Denote

= |[N'(w) N U(B)| for B € D', and let Xg be a random variable which takes
value mg when B ¢ Dj and is 0 otherwise. Set X := } 5 Xg. Then mg < 6kt for
every B € D’ (because u € M) and Z,s mg = |N"(w)\W'| > 11kt /2 — 62kt > 01kt
(by assumption on |N'(«) N W’| and using |N'(u)| > 1kt /2, which holds for every
u € Vokay)- By Proposition 3.1 and definition of X, we have [N'(u) "W”| > X > 6kt
with probability at least 1 — exp(—61/86;). It follows from Proposition 3.2 that, with
probability at least 1 — exp(—6;/166,), the event |N'(u) N W”| > 6kt holds for
at least 0kt values of u € My, (using the assumption |Mso| > 26>kt). This proves
P[E] > 1 — exp(—61/166,) in this case.

Now consider the latter case, where |Mso| < 26kt. Then |M N f_l(D’)| >
(01 — 202)kt > 01kt /2. If there is B € D’ which is the image of at least 6,kr vertices
u in M, then P[E] = 1 by choice of D}. So suppose that every g in D’ is the image of
at most 0kt vertices u in M. Let Xg be the random variable which is |[M N f*1 (2]
if B ¢ D” and 0 otherwise. Setting X := ) p Xp, we have X > 0hkt with probability
at least 1 —exp(—#6;/166,), by Proposition 3.1. Note that X lower bounds the number
of vertices u € N for which |N’(u) N W”| > 6,kt, as each vertex in M is counted at
most one time. Thus, this implies P[E] > 1 — exp(—0;/166,), as required. O

4.2.3 Proof of Lemma 4.7

As above, we prove Lemma 4.7 by twice applying the following lemma.

Lemma4.13 Let D1 C Cp and 01 < @), and write 0, = 91/28,0. For each o € Dy,
s € S(a) and v € {4, —} let MV (s) be a set of size at least 01kt such that each
u € MV (s) is associated with a subset My, (1) of Vokay of size at least 61kt. Then there
is a subset Dy C Dy of size at least | D |/36,02 such that for every a € Ds, s € S(x)
and v € {+, —} there are at least Okt vertices u € M" (s) such that My (1) contains
at least Orkt vertices v with |N Ood(v) NW( Dy \ {a})| = O2kt.

Before proving Lemma 4.13, we show that it implies Lemma 4.7. Write W, =
W(Cy \ {a}) here for brevity Indeed, first apply the former lemma to C, with 6; = ¢,
where My (1) := N, Ood(u) N W, and M" (s) is the set of vertices u in Okay(s) N W,
for which |N, goOd(u) N Wl > 01kt for u € {4+, —} (so |[M"(s)| > 61kt for o € C,
s € S(w)andv € {+ —1}). Denote the resulting set C; and apply the same lemma to
Cj, with 6 = ©2/28 p, where now M, (1) := Ngood(u) N W, and M" (s) is the set of
vertices u in N(‘;kay(s) N W, for which | N, 0Od(u) N Wy| > 61kt and N, Ood(u) N Wy

contains at least 01kt vertices v with |N, Ood(v) N W\ {a})| = O1kt. Take C3 to
be the set resulting from the latter apphcatlon Then C3 satisfies the requirements of
Lemma 4.7.

Proof We pick a subset D), C Dj as in the following claim, which can be proved
similarly to Claim 4.8 and Claim 4.11. O
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Claim 4.14 There exists D, C D of size at least | Dy |/9p? such that for every a € D,
s € S(a) and v € {+, =}, if MV (s) contains at least 0>kt vertices u such that My (u)
contains at least Okt vertices v with |Ng700d W)NU(B)| = b1kt, for some B € D))\ {a},
then there exists y € Dy \ D) with the same property.

As usual, let D’2/ be a random subset of D’2, chosen uniformly at random, and let
D7’ be the set of elements o € D) such that for every vertex s € S(a) and v € {+, —},
the set M"Y (s) contains at least 0kt vertices u for which M (1) contains at least 6>kt
vertices v that satisfy |N;)0d(v) N W(D’z’ \{a})| > 0,kt. Again, as usual, it suffices to
prove the following claim. O

Claim 4.15 Pla € D5'] > 1/2 for a € Dj.

Proof Fix a € D), s € S(a) and v € {+, —}. We define the following notation.

D:=Di\{a}, D :=Dj)\{a}, D' :=Dj\la}.
W= W(D), W= W(D), W = W(D").

Additionally, let M” (v) := N go0d (V) M'(u) == My(u) and M := MV (s).
Let E be the event that M has at least 6.kt vertices u for which M’(u) contains at
least 62kt vertices v such that |M”(v) N W”| > 6kt. As before, it suffices to prove
P[E] > 1 — exp(—61/326;).
Define functions f|, f2, f3, f4 from subsets of V to D" U {0}, as follows.

. Forw e V,if w € U(B) with 8 € D', put f1(w) := B; otherwise f(w) := oo.

. For v € Vikay, if there exists 8 € D’ such that f1(w) = B for at least 9,k vertices
w in M" (v), put f>(v) := B (there may be several suitable choices of 8, pick one
arbitrarily); otherwise f>(v) := oo.

3. Foru € M, if there exists 8 € D’ such that f>(v) = B for at least 6>kt vertices v

in M’ (u), put f3(u) := B; otherwise f3(u) := oo.
4. If there exists B8 € D’ such that f3(u) = B for at least 6,kr vertices u in M, put
fa(s) := B; otherwise f1(s) := oo.

N =

We draw the following conclusions regarding the above functions.

o Letv € Vo satisfy fo(v) = oo. Then |[M”(v) N W”| > 6kt with probability at
least 1 — exp(—061/865), by Proposition 3.1 (using |M" (v)| > 11kt /2).

o Letu € M satisfy f3(u) = co. We claim that M’ (u) contains at least 6kt vertices
v with |M" (v)NW”| > 6,kt, with probability at least 1 —exp(—0;/166,). Indeed,
if |M'(u) N f{l (00)| = 267kt, this follows from Proposition 3.2 and the previous
item, and, otherwise, it follows from Proposition 3.1, using |M'(u)| > 0,kt.

e Suppose that fi(s) = oo. We claim that, with probability at least 1 —
exp(—01/320,), the set M contains at least 0kt vertices u for which M’(u) con-
tains at least 9kt vertices v with |[M” (vV)NW"| > 0.kt . If |Mﬂf3_1 (00)| > 265kt,
then the claim follows from Proposition 3.2 and the previous item. Otherwise, it
follows from Proposition 3.1 (using |M| > 61kt).

In particular, if f1(s) = oo then P[E] > 1 —exp(—#61/326,), and, otherwise, P[E] =
1, by choice of Dj. O
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4.3 Partition with many eligible neighbours

In this subsection, we obtain a collection of pairwise disjoint sets of 10k gadgets,
such that every vertex in each of these gadgets has many out- and in-neighbours
that are candidates for connecting the gadgets in its set. Here is a definition of such
candidates, and in Proposition 4.16 we state the main result of this section, which
proves the existence of a collection as described.

For subsets A € A; and W C V, we say that a vertex u is eligible for A in W if
one of the following holds.

(E1) u € Vgooa M W and u has an out-neighbour in all but at most k sets S~ () with
a € A and an in-neighbour in all but at most k sets ST (a) with a € A.

(E2) u € (Vngod \ Vg;Od) N W and u has an out-neighbour in all but at most k set S~ («)
with ¢ € A and at least 3kt in-neighbours that satisfy (E1).

(E3) u € (ngmd \ Vngood) MW and u has an in-neighbour in all but at most k sets S (c)
with « € A and at least 3kt out-neighbours that satisfy (E1) or (E2).

(E4) u € Vhag N W and u has at least t3ks in-neighbours that satisfy (E1) and at least

73kt out-neighbours that satisfy (E1) or (E2).

We remark that this definition is similar to that of an available vertex, with the main
difference being that whenever a vertex is required to have out-neighbours in all but
at most kt sets S(«) with o € A for it to be available for A, here it is required to have
out-neighbours in all but at most k sets S(«) (and similarly for in-neighbours).

Recall that st () and s~ («) are vertices in S(a) and X («) is a set of size at most
po1kt such that all out-neighbours of s¥(a) in V\X () are also out-neighbours of
every vertex in U («)\S(«), and similarly for in-neighbours of s~ («).

Proposition 4.16 There is a subset A3 C A and a partition {By, ..., Bsy} of A3,
such that

e |B;| = 10k for everyi € [o3t].

e Foreveryi € [o3t], @ € B; and u € S(a), the vertex u has at least t3kt out- and
in-neighbours that are eligible for B; in W (A3\B;) \ X («).

e For every i € [o3t], there are at least n/10 vertices in Vgooq N W(A3) that are
eligible for B;.

Proof Lety = 1603;50¢ = 160. We partition A into ¢t sets {C1, . . ., Cy;}, uniformly
at random. For @ € A, let i () be the (random) index in [¢?] such that o € C;(q), and
write Wy := W(A\Ci)\ X (@). O

Claim 4.17 Let o € A, and let u be a vertex which is available for o (with respect to
Ai). Then Plu is eligible for Ci ) in Wy] > 1 — 3exp(—k/12¢).

Proof Write C := Cj(y) and W := W,. We consider four cases, according to the four
possible scenarios in the definition of an available vertex.

First, suppose that u € Vgooa N W; so u has in-neighbours in all but at most kt
sets ST(B) with B € A, and similarly for out-neighbours in S~(8). Denote the set
of elements 8 € A \ {a} for which u does not have an in-neighbour in S () or an
out-neighbour in §~(8) by X'; so | X'| < 2kt, and the expected size of C N X is at most
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2k /. It follows from Chernoft’s bounds (see Lemma 3.3) that |C N X'| < 4k/¢p < k
with probability at least 1 —exp(—2k/3¢). In particular, u is eligible for C (in W) with
probability at least 1 — exp(—2k/3¢).

Next, suppose that u € (Vg‘gOd \ ng)od) N W, so u has out-neighbours in all but
at most kt sets ST (B) and it has at least okt — |X(«)| > 12kt /2 in-neighbours in
Vgood N W (using 72 > p, o1); denote this set of in-neighbours by N. First observe
that every element in N is eligible for & with probability at least 1 —exp(—2k/3¢), by
the previous paragraph. By Proposition 3.2, with probability at least 1 — exp(—k/3¢),
atleast (1 —exp(—k/3¢))|N| > 13kt elements of N are eligible for « (using 7o > 13
and that k is large). Similarly to the previous paragraph, with probability at least
1 —exp(—2k/3¢) the vertex u has out-neighbours in all but at most k sets S~ (8) with
B € C. It follows that u is eligible for @ with probability at least 1 — 2 exp(—k/3¢).

The next case is when u € (Vg;Od \ VngOOd) N W. Then u has in-neighbours in
all but at most k¢ sets ST(B) and it has at least T,k /2 out-neighbours as in (A1) or
(A2). Similarly to the above, with probability at least 1 — 2 exp(—k/6¢), at least a
(1—-2exp(—k/6¢))-fraction of u’s out-neighbours that satisfy (A1) or (A2) are eligible
for u. Also, u has in-neighbours in all but at most k sets ST (), with probability at
least 1 — exp(—2k/3¢). Altogether it follows that u is eligible for o with probability
at least 1 — 3 exp(—k/6¢).

Finally, if u is as in (A4), then, using arguments as in the previous two paragraphs,
with probability at least 1 — 3 exp(—k/12¢) it has at least 73k¢ out- and in-neighbours
that are eligible for o. O

We claim that the following three events hold simultaneously with positive proba-
bility.
(a) For all but at most ¢ values of @ in Ay, every u € S(«) has at least 73kt out- and
in-neighbours that are eligible for C;q) in Wy,
(b) All but at most ¢ values i € [¢f] satisfy |C;| > 10k.
(c) For all but at most 6¢ values of i in [¢?], there are at least n/4 vertices that are
eligible for C; in W(C;) N Vigood-

Fix @ € Aj and s € S(«). Recall that by choice of Ajy, the vertex s has at least 7okt
out- and in-neighbours in W (A3 \ {«}) that are available for « (with respect to A3),
and so the number of out- and in-neighbours of s in W, that are available for « is at
least (1o — pop)kt > 12kt /2 (using W (Az\{a}) \ Wy C X ()). Thus, by Claim 4.17
and Proposition 3.2, s has at least (1 — 2 exp(—k/24¢)) 12kt /2 > T3kt out-neighbours
that are eligible for C; (o) in Wy, with probability at least 1 —2 exp(—k/24¢). A similar
statement holds for in-neighbours of 5. By a union bound, every s € S(«) has at least
73kt out- and in-neighbours that are eligible for C;(y) in W, with probability at least
1 — 8p exp(—k/24¢). It follows from Proposition 3.2 that, with probability at least
1 —3pexp(—k/48¢) > 1/2, for atleast (1 —3p exp(—k/48¢))|Az| > | Az| —¢ values
of « in A, every s € S(«) has at least 73k out- and in-neighbours that are eligible
for C;(y) in W,. Thus (a) holds with probability larger than 1/2.

By Chernoff’s bounds (Lemma 3.3), |C;| > 02k/2¢ > 10k (using ¢ = 160 and
oy = 10%) with probability at least 1 — exp(—onk/8¢), for every i € [¢t]. It follows
from Proposition 3.2 that |C;| > 10k for all but at most exp(—o2k/16¢)pt < t values
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of i € [¢t], with probability at least 1 — 2 exp(—o2k/16¢) > 1/2. So (b) holds with
probability larger than 1/2.

Let H be a bipartite auxiliary graph, with parts Vgooq and [¢?], such that ui (with
u € Vgood and i € [¢t]) is an edge in H if u has no in-neighbours in at least k sets
S* () with o € C;; or u has no out-neighbours in at least k sets S~ () with @ € C;;
oru € U(C;). Then e(H) < 2t - [Vgood| + 1 < 3t - |Vgood| (using that | Vgooa| > n/2;
see (GY5)). Thus all but at most 6¢ values of i in [¢?] satisfy dg (i) < |Vgoodl/2. Given
such i, at least | Voood|/2 > n/4 vertices u € Vgooq are in W(C;) and are eligible for
C;. This shows that (c) holds deterministically.

To summarise, the above three properties hold simultaneously with positive proba-
bility. Fix an instance of {C1, ..., Cy} for which (a), (b) and (c) all hold. Let / be the
set of elements i in [¢t] such that: for every a € C;, every s € S(«) has at least tz3kt
out- and in-neighbours in W, that are eligible for C;; |C;| > 10k; at least n/4 vertices
in W(C;) N Vgooq are eligible for C;. Then |I| > ¢t —8t > ¢t /2. Let J be a subset of 1
that consists of the |1]/8 > /16 = o3t elements i in I for which U (C;) is smallest;
SO | UjEJ U(Cj)| <n/8.Foreach j € J,let C’ be a subset of C; of size exactly 10k.
Let ji, ..., joyr € J be distinct, let B; := C forz € [o31], and set A3 := |; B;.

The sets A3z, By, ..., By, satisfy the requ1rements of the proposition. Indeed,
clearly |Bi| = 10k fori € [o3t]. The second bullet holds because W (A3\5;)\ X («) €
W(ANC)H\X (o) = W, fori € [o3t] and « € B;. Finally, because |U (A3)| < n/8
and by (c), there are at least n/8 vertices in Vgooq N W(A3) that are eligible for B;,
fori € [o3t]. O

4.4 Many connected sets

We now find a collection of ¢ pairwise disjoint k-connected sets with some additional
properties that will later allow us to add the unused vertices into these sets while
maintaining k-connectivity.

Proposition 4.18 There exist pairwise-disjoint sets V1, ..., V; such that
e 2k <|Vi| <n/tfori € [t].
e T[V;]is k-connected fori € [t].
e Each V; contains at least 10k sets U (a) with a € As.
o Let Z:=V\(V1U...UW,). Foreveryi € [t], there are at least n/100 vertices

in Z N Vyood that have at least k out- and in-neighbours in V;.

The next notion, of helpful vertices, will aid us in the proof of Proposition 4.18.
Given subsets A € Az and W € W(A3\.A), we say that a vertex u is helpful for A
in W if one of the following holds.

(H1) u € Vgooa N W and u has out-neighbours in all but at most k sets S~ () and
in- neighbours in all but at most & sets ST () with o € A.

(H2) u e (V. s00d \ vg;od) N W and u has out-neighbours in all but at most k sets S~ («)
with ¢ € A and at least k in-neighbours as in (H1).

H3) ue(V,_ 200d \ V. 0Od) N W and u has in-neighbours in all but at most k sets S (a)
witha € A and at least k out-neighbours as in (H1) or (H2).
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(H4) u € Vhaga N W and u has at least k in-neighbours as in (H1) and at least k
out-neighbours as in (H1) or (H2).

The following claim illustrates how helpful vertices can be used along with sets
U (A) to form k-connected sets.

Claim 4.19 Let A C A3 be a set of size at least 3k, and let W € W (A3 \ A). Suppose
every vertex in S(a) has at least k out- and in-neighbours in W\ X («) that are helpful
for Ain W, for every a € A. Then there is a set Y suchthatU(A) CY C WUU(A)
and T[Y] is k-connected.

Proof Let W’ be the set of vertices in W that are helpful for A in W. Set ¥ :=
W’ U U (A). We will show that T[Y] is k-connected. To do this, we need to show that
for every subset Z C Y of size at most k — 1 and every u, v € Y\ Z, there is a directed
path in T[Y\ Z] from u to v; fix such Z, u, v. Let A" C A be the set of elements « in
A such that U («) is disjoint of Z; so |A'| > 2k.

First suppose that u, v € W’. It is easy to check, by definition of helpfulness and
by choice of A’, that there is a path in Y\ Z from u to all but at most k sets S~ () with
a € A, and from all but at most k sets St () with o € A’ to v. In particular, there
exists & € A’ such that there is a path from u to S~ («) and from ST () to v. Since
U (o) is disjoint of Z, and there is a path from any element of S~ («) to any element
of $T(a) in U (a), it follows that there is a path from u to v in T[Y’], as required.

Next, if u ¢ W', then u € U(a) for some a € A. Since every vertex in S(a) has
at least k out-neighbours in W’ \ X («), the same holds for u by choice of X («) (see
(G4)), and so u has an out-neighbour «’ in W'\ Z. Similarly, if v ¢ W' then v has an
in-neighbour v’ in W\ Z (if v € W', put v/ = v). Since, by the previous paragraph,
there is a path from u’ to v in Y\ Z, it follows that there is a path fromu tovin Y \ Z,
as required. O

The next claim will allow us to find many helpful vertices for a subset A C A3.

Claim 4.20 Let A C A3, let Z be a random subset of W(A3) N Vokay, obtained by
picking each vertex with probability at least 1/100t, independently. Then every vertex
u € W(A3\A), which is eligible for A, is helpful for A in Z U {u}, with probability
at least 1 — 3 exp(—r3k/105).

Proof Let W’ be the set of vertices in W (A3) N Vokay that are eligible for A, and
let Z' := Z N W’. We think of Z’ as the union of Z;, Z, Z3 and Z4, which are
random subsets of Vgood N W', (ng)od\ng)od) nw’, (Vggod\Vngod) NW’and Vpaga N W',
respectively, each obtained by including each potential vertex with probability 1/100¢,
independently. We consider four cases, according to the definition of a helpful vertex.
It will be useful to note that if u is helpful for A in a set S, then it is helpful for A in
any set that contains S.

If u € Viooa N W’, then u is helpful for A in {u}. In particular, u is helpful for A
in Z' U {u} with probability 1.

Ifue (Vg‘gOd \ Vg;od) N W', then u has at least 73kt in-neighbours in Vggoq N W'.

By Chernoff, at least rgk/IO3 > k of them are in Z, with probability at least 1 —
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exp(—rgk/103). In particular, u is helpful in Z; U {u}, and thus in Z’ U {u}, with
probability at least 1 — exp(—13k/103).

Next, suppose that u € (Vg;Od \ Vgtod) N W', so u has at least T3kt out-neighbours
in Vg_god N W’; denote the set of such out-neighbours by N, and write Ny = N N Vgood
and N = N\Nj. If |[N1| = |N|/2, then by Chernoff, with probability at least 1 —
exp(—13k/10%), at least |N1|/103t > t3k/2000 > k of the vertices in Ny are in Z,
and so u is helpful in Z; U {u}, with probability at least 1 — exp(—13k/10%). Now
suppose that |N2| > |N|/2. By the previous paragraph, every v € N is helpful for A
in Z| U {v} with probability at least 1 —exp(—13k/103). Thus, by Proposition 3.2, with
probability at least 1 — exp(—r3k/104), at least (1 — exp(—t3k/104))|N2| > 13kt /4
vertices v in N, are helpful in Z; U{v}. Conditioning on Z; satisfying this property, by
Chernoff, there are at least t3k/ 10* > k vertices in N, that are in Z, and are helpful
in Z1 U Z,, with probability at least 1 — exp(—13k/10%). It follows that u is helpful
in Z1 U Z5 U {u}, with probability at least 1 — Zexp(—r3k/104).

Finally, suppose that u € Vpaq. Then u has at least t3k¢ out-neighbours in Vg_god N
W' and at least T3kt in-neighbours in Veood N W’; denote these sets of out- and in-
neighbours by N* and N~. By Chernoff, at least 73k/103 vertices in N~ are in Z1,
with probability at least 1 — exp(z3k/103). By the previous paragraph and Proposition
3.2, at least k vertices in N are helpful in Z; U Z, U Z3, with probability at least
1 — 2exp(t3k/10°). It follows that u is helpful in Z’ U {u} with probability at least
1 — 3exp(—13k/10°).

To summarise, we showed that every u € W’ is helpful in Z’ U {u} with probability
atleast 1 —3 exp(—13k/10%), where Z’ is a random subset of W’ obtained by including
each vertex with probability 1/100z. The same thus holds for Z, which is a random
subset of W (A3) N Vokay, obtained by including each vertex with probability at least
1/100¢, because we can couple the two random sets so that Z' C Z. O

Proof of Proposition 4.18 Let By, ..., B, A3 be the sets produced by Proposi-
tion 4.16 (recall that o3 = 10). Let W := W(A3). We partition W into sets
Y, Wi, ..., Wi by putting each vertex in Y with probability 1/2, and otherwise
in one of Wy, ..., Wi, uniformly at random, independently. We claim that the fol-
lowing properties hold simultaneously with positive probability.

(a) Forevery i € [10¢], there are at least /100 vertices in ¥ N V004 that have at least
k out- and in-neighbours in U (5;).

(b) For at least 5¢ values of i, there is a set Z; such that U(B;) C Z; C U(B;) U W;
and T'[Z;] is k-connected.

Fix i € [10¢]. By assumption on 3;, there is a set W, C Vigooa N W of size at least n/10
whose vertices are eligible for 53;, namely they have at least k out- and in-neighbours
in U (B;). By Chernoff, | W, N W| > n/100 with probability at least 1 —exp(—n/100).
Thus, by a union bound, (a) holds with probability at least 3/4.

Fixi € [10t], « € B; and s € S(«). Let N be the set of out-neighbours of s in
(W U U (a))\ X («) that are eligible for B;; so |N| > t3kt by the assumptions (see
Proposition 4.16). Let p € (0, 1) satisfy (1 — p)? = 1 —1/20¢;s0 p > 1/40r. Let w!
and W/ be two random sets, obtained by including each vertex in W with probability
p. independently. Notice that every vertex in W is in W/ U W with probability 1/20z,
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so we may generate the sets ¥, Wy, ..., Wyo, by taking W; to be W/ U W/, then put
each vertex in W\ W; in Y independently with probability (1 — 1/20¢)/2, and then put
each of the remaining uncovered vertices in one of Wy, ..., W1, Wiy1, ..., Wios,

independently and uniformly at random.

By Claim 4.20 and Proposition 3.2, the set N’ of vertices u in N that are helpful for
B; in W/ U {u} has size at least | N|/2, with probability at least 1 — Zexp(—t3k/106).
Conditioning on this occurring, by Chernoff, [N" N W/'| > IN|/103t > 13k/10% > k
with probability at least 1 — exp(—|N|/103t) >1-— exp(—t3k/103). It follows that
s has at least k out-neighbours that are helpful for B; in (W; U U(w))\X (), with
probability at least 1 — 3 exp(—173k/10°), and similarly for in-neighbours of s. A union
bound, combined with the assumption that |B;| = 10k, shows that, with probability
at least 1 — 60pk exp(—rgk/los), forevery o € B;, every s € S(«) has at least k out-
and in-neighbours that are helpful for B; in (W; U U (a))\ X («).

It follows from Proposition 3.2 that the latter property holds for at least 5¢ values
of i € [10¢], with probability at least 3/4. By Claim 4.19, property (b) holds with
probability at least 3/4.

This completes the proof that (a) and (b) hold simultaneously with positive probabil-
ity. Itis now easy to prove Proposition 4.18. Indeed, fix an instance of Y, Wy, ..., Wyo,
such that (a) and (b) hold. Let I be the set of indices i € [10¢] for which (b) holds
(so|I| = 5t). Fori € I, let Z; be as in (b). Note that |Z;| < n/t for all but at most ¢

indices i € I. It follows that there are distinct iy, ..., i; € I such that |Zi/.| <n/t for
J € [t]. Take V; := Z;;. It is easy to see that the properties in Proposition 4.18 hold.
O

4.5 Partition into connected sets

We are almost ready to complete the proof of Theorem 1.1. The following proposition
does most of the remaining work.

Proposition 4.21 Let Z, Y, Vi ..., V, bedisjoint subsets of V that satisfy the following
properties.

|Vi| > 2k fori € [t].

e T[V;]is k-connected fori € [t].

e Everyvertex in Y has at least k out- and in-neighbours in at least 3t /4 sets V; with
i€ [t].

o Forevery i € [t], there are at least n/103 vertices in Y that have at least k out-
and in-neighbours in V;.

e Everyvertex in Z either has at least k out-neighbours in V; for at least 3t /4 values

of i € [t), or has at least max{10'°| Z|, 100kt} out-neighboursin Y UViU...UV;;

similarly for in-neighbours.

Then there is a partition {V{, ..., V/}of ZUY U Vi U... UV, such that V; C V/
and T[V/] is k-connected, fori € [t].

Proof For y € Y, let I(y) be the set of elements i € [¢] such that y has at least k
out- and in-neighbours in V;; so |I(y)| > 3t/4 for every y € Y. Let I;(y) be the set
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of indices i € I(y) with |V;| > m and write I;(y) = I(y) \ I¢(y). We form a
random partition {Y7, ..., Y;} of Y as follows: for each y € Y, independently, put y

in ¥; for some i € I(y) so that the following holds.

T i L) =Por Ii(y) =10
P(ye¥) =} s if 1), Ii(y) # P andi € Ie(y)
s i LeO), Is(y) # Pand i € I(y).

Observe that T[V; U Y;] is k-connected for every i € [¢].

We show that, with positive probability, for every z € Z there existsi € [¢] such that
z has atleast k out- and in-neighbours in V; UY;. If true, there is a partition {Z1, . . ., Z;}
of Z such that every z € Z; has at least k out- and in-neighbours in V; UY;, fori € [f].
Then T[V; U Z; UY;]is k-connected, and so we can take Vl.’ = V,UZ; UY; fori € [t].

Fix z € Z. We will show that z has at least k out- and in-neighbours in some set
V; UY; with i € [¢], with probability larger than 1 — 1/|Z|. This, combined with a
union bound, would prove Proposition 4.21, as explained in the previous paragraph.

Let I be the sets of indices i € [¢] such that z has at least k out-neighbours in
Vi, and define I~ analogously for in-neighbours. Note that z has either at least k out-
neighbours or at least k in-neighbours in V;, for each i € [¢] (as | V;| > 2k), implying
ITUI~ = [t]. Thus, without loss of generality, |/ ™| > ¢/2. Note thatif IT NI~ # ¢
then z satisfies the above event with probability 1. So we may assume |/ ~| < /2,
which implies, by assumption, that z has at least max{10'%| Z|, 100k} in-neighbours
mYUViu...UV.

Let N* and N~ be the out- and in-neighbourhoods, respectively, of z in Y. We
consider two cases, according to the size of N ™.

Suppose first that [N7| > min{% max{10'°|Z|, 100kz}, n/10*}. Given a vertex
u € N7, itisin | J;c;+ ¥; with probability at least 1/8 (because |7 (u) N IT| >1t/4
and, foreachi € I(y), the vertex u isin ¥; with probability at least 2\+(y)|)' It follows by
Chernoff that |N_ N Uieﬁ Yi| > |N7|/16 > kt (using n > t1kt), with probability
at least 1 — exp(—|N~|/64) > 1 — exp(—min{n/lOG, |Z]}) > 1 —1/|Z]|. Hence z
has at least k in-neighbours in some set ¥; (and at least k out-neighbours in V;) with
i € I'", with probability larger than 1 — 1/|Z|, as required.

We now assume that [N ~| < min{§ max{10'°|Z|, 100kt}, n/10*}. Then z has at
least % max{10'°|Z|, 100k} — | Z| in-neighbours in UJ; Vi and INT|>|Y|—=|N"| >
Y| —n/10%

For I € I, let N'(I) be the set of vertices # in N that have at least k out- and
in-neighbours in V;, for at least |I|/1O4 values j € I. We claim that [N'(1)| > n/104.
To see this, form an auxiliary bipartite graph H with parts N and I, such that uj
(withu € N and j € I)is an edge of H if u has at least k out- and in-neighbours in
V;. Then, by assumption on Y and N*, we have e(H) > |I]- (n/10° —n/10%). Since
e(H) < |N'(D)| - |I| +n-|I|/10% we find that [N'(I)| > n/10%, as claimed.

@ Springer



Combinatorica (2025) 45:34 Page230of25 34

. - 1010 log |Z] . . S s s .
Now, if [/7| > —— ==, since every vertex in N'({7) is in Ujel* Y; with

probability at least |/ ~|/10°¢, the following holds
IN'UDI -] onll]
106¢ 1010

’N/(I_)ﬂ U Yj‘ >

jel—

> kI,

(using n > t1kt) with probability at least

n|l—|
1 —exp (— 1010t> > 1 —exp(—log|Z|) =1-1/|Z].
In particular, [N'(I7) N Y;| > k for some j € I~, with probability larger than
1 —1/|Z|. Since IN'(I7) NY;| = k and j € I~ imply z has at least k out- and
in-neighbours in Y; U V;, the requirements are satisfied in this case.

10
Suppose thus that |[17| < w. Then, there is ip € I~ such that Vj, has at
least the following number of in-neighbours of z.

3 max{10'°|Z|, 100k} — |Z| — kt - 1101012 + 1 - 100kt — |Z| — kt

1| - 1010t log | Z|
n

q> 24ktn - nk
U= 10107 10g1Z] = 100 logn”

In particular, |V;,| > m, and thus every u € N'({ip}) satisfies ig € I;(u),

implying that u € ¥, with probability sz > W Hence, the following holds

n
N'{ioh NY;| > ——— >k
IN' Qo)) 0 Yl 2 570>

with probability at least

n 1 1
1—CXP(—W> zl—exp(—logn)zl—; zl—m.

As before, this shows that z has at least k out- and in-neighbours in Y;, U V;,, with
probability at least 1 — 1/|Z], as required. O

Consider sets Vi, ..., V; as in Proposition 4.18. Let Z := V\(V U ... U V}),
and write ¥ := Z 0 Vaoods Z1 = Z N (Vgod\Vaood)s 22 = Z 0 (Vgooq\Vood)>
Z3 := Z N Vpug and Zy := Z\Vokay. Let (Y1, Y2, Y3, Y4} be a random partition of Y.
We claim that the following properties hold simultaneously with positive probability.
(a) Every vertex in Y has at least k out- and in-neighbours in V;, for at least 3¢/4

values i € [¢].
(b) Atleastn/ 103 vertices in ¥; have at least k out- and in-neighboursin V;, fori € [4]
and j € [f].
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(c) Every vertex in Z; either has at least k out-neighbours in at least 3¢ /4 sets V;, or
has at least max{10'°|Z;|, 100kz} out-neighboursin Z; U...UZ;_1UY, U...U
Y; U Vi U...UV;; similarly for in-neighbours.

Note that (a) holds deterministically. Indeed, given y € Y = Vjygoq, it has out-
neighbours in all but at most kt sets U («). Since each set V; contains at least 10k
sets U (@) (this follows from the assumption that each V; contains a set 3;, which in
turn contains at least 10k sets U («)), it follows that the number of indices i € [t]
for which y has fewer than k out-neighbours in V; is at most k¢ /9% = t/9. An anal-
ogous argument holds for in-neighbours of y, showing that y has at least k out- and
in-neighbours is at least 7¢ /9 > 3¢ /4 sets V;.

Recall that, for every j € [t], there are at least n/100 vertices in Y that have at least
k out- and in-neighbours in V;. Thus, by Chernoff and a union bound, (b) holds with
probability at least 1 — 4z exp(—n/10%) > 3/4.

We now show that (c) holds with probability at least 15/16 for i = 1. Similar
arguments can be used to show that the same holds for every i € [4], proving that (c)
holds with probability at least 3 /4.

Fix z € Z;. Since z € Vg'god, it has at least k out-neighbours in at least say
3t/4 sets V;, similarly to a paragraph above. Because z is in Vikay and by (G8),
IN~(2) N Vgood| > max{10'"|V, |, T1kt/2}. Denote V' := V; U... U V;. Then
Vaood S Y U V' Thus,as Z; €V, ,,

IN" (@) N (Y U V)| = max{10"|V,_, |, 1k#/2} > max{10'"|Z;|, 1000kt}.
It follows, using Chernoff, that |N_(z) Ny, u V/)| > max{10'°|Z,|, 100k¢} with

probability at least 1 —exp(— max{10'°|Z;|, 100kz}). Thus, (c) holds with probability
at least 1 — | Z1| exp(— max{10'°|Z{|, 100kz}) > 15/16, as claimed.

Apply Proposition 4.21 four times: first with Zi, Y1, Vi, ..., V;, then with
Z5, Y5, V{,...,V/, where V|, ..., V/ are the sets resulting from the first applica-
tion of the claim, and so on. We end up with a partition {Uy, ..., U;} of V where
T[U;] is k-connected for i € [¢], as required. O

5 Conclusion

Recall that f;(kq, ..., k) is the minimum K such that the vertices of every strongly
K -connected tournament can be partitioned into ¢ sets, the i™ of which induces a
strongly k;-connected tournament. We showed that f;(k, ..., k) = O(kt), which is
tight up to the implicit constant factor. It would be interesting to evaluate f; (k1, . . ., k)
when possibly ki, ..., k; vary significantly.

Question 5.1 Is it true that f;(ky, ..., k) = O(k1 + ...+ k;)?

Note that it would be enough to show that for every k; > k> one has that f>(k, k2) =
k1 4+ O (k2).

It would also be very interesting, but probably very hard, to determine if the analogue
of fi(ky, ..., k) for digraphs (which are not necessarily tournaments) holds.
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Question 5.2 (Question 1.3 in [5]) Is there a function g such that, for every positive
integer k, the vertices of every strongly g (k)-connected digraph can be partitioned into
two sets inducing strongly k-connected subdigraphs?

Finally, we remark that Kim, Kiihn and Osthus [4] proved that for every integer
k > 1 there exists K such that if 7 is a strongly K-connected tournament, then
there is a partition {Vj, V,} of V(T) such that T[V1], T[V>] and T[V;, V;] are k-
strongly connected. Denote the minimum such K by A (k). Their proof shows h(k) =
O (k%logk). It would be interesting to determine the correct order of magnitude of
h(k).

Question 5.3 Is h(k) = O (k)?
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