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Abstract

Theory of Specialisations
Stkrii Ugur Efem - Merton College
Submitted for the degree of DPhil, January 2017

This thesis aims to develop a theory of specialisations for Zariski struc-
tures. The main question this thesis is centred around is when is a spe-

cialisation is k-universal?

In Chapter 3 we look at the case of algebraically closed fields and Zariski
structures definable in these. We show that any specialisation of an al-
gebraically closed field defines a residue map of a valuation ring, and
moreover we show that any residue map induces a k-universal specialisa-
tion whenever the algebraically closed field is x-saturated over the residue
field.

In Chapters 4 and 5 we look at the x-universal specialisations of finite and
infinite covers of Zariski structures. Under some natural assumptions we
show that a specialisation of a cover of a Zariski structure is k-universal
if and only if it extends a k-universal specialisation of a base Zariski

structures and satisfies a simple axiom.
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Chapter 1

Introduction and Overview

1.1 Introduction

In algebraic geometry one considers an algebraically closed field K, and the Zariski
topology, which is given by the algebraic varieties; which are determined by the
vanishing sets of polynomials over K. In the model theoretic language, algebraic
varieties are obviously definable in the structure (K, +,-). A natural way to study
these objects is to obtain geometric information by using model theoretic properties
of (K, +,-), in which the varieties live. Unfortunately, as Hodges pointed out in [12],
this approach does not provide us with new geometric information about varieties.

Hrushovski and Zilber developed another approach [16]. In which, loosely speak-
ing, one forgets about the polynomials and their zero sets and starts with a set M,
equipped with a collection of subsets of M{ for each n € N, which satisfy certain
Zariski type topological axioms. In other words, in this approach one studies the
object (Mg, 7) where 7 is the mentioned collection of subsets of arbitrary powers
of My, and for any n the subsets of M{ in 7 gives a Noetherian topology on M{
(therefore 7 is often referred as the collection of topologies). The tuple (My, T) is
also equipped with a good notion of dimension on definable subsets, in the case of
algebraic geometry which corresponds to Krull dimension.

A very important tool in this theory is a map called specialisation. A specialisation
is a partial homomorphism 7 : M — M, where M is an elementary extension of
M with respect to a relational language £ such that the elements of 7 are given
by positive quantifier free L-formulas. Specialisations are analogous to Robinson’s
standard part map in model theory and places or specialisations in algebraic geometry.
Initially Hrushovski and Zilber used specialisations to prove the main theorem of the

paper [16], which is known as the Classification Theorem (Theorem 4.0.3).



Later, Onshuus and Zilber attempted to give a first order axiomatisation of the
theory of universal specialisations [25]. A specialisation is called k-universal if, given
any M' = M > My, any A C M’ with |A| < k and a specialisation 74 : M UA — M,
extending 7, there is an elementary embedding o : A — M over M N A such that
TalA=moo.

They proved some preliminary results such as a partial quantifier elimination and
model completeness in [25]. Although I will not repeat these results here, and will
not try to follow their route to give a first order theory of universal specialisations,
this preprint is the major motivation behind the main question I tried to answer in
this thesis (which I will explain below).

In modern algebraic geometry, specialisations made an early appearance during
the formative years of the subject (see e.g. [41, 42]). In classical algebraic geometry
over C, continuity, and more generally the usual (analytic) topology of the com-
plex field provide very useful tools. However in abstract algebraic geometry over
an arbitrary (algebraically closed) base field, one does not have the luxury of con-
tinuity or more generally (analytic) topological arguments one has in the classical
case. Specialisations in abstract algebraic geometry provide an arithmetic analogue
for the mentioned continuity and (analytic) topological arguments. In other words
in algebraic geometry over an arbitrary base field, specialisations can be seen as an
arithmetic (and abstract) substitute for the complex topology.

The aim of this thesis is to develop a theory of specialisations for Zariski struc-
tures. In particular we are interested in universal (and more precisely in r-universal)
specialisations. Similar to the situation in algebraic geometry, in the setting of a
Zariski structure (Mo, 7), it is a well known fact that any universal specialization of
My can be replaced with the collection of topologies 7 (see Fact 2.1.64).

In other words, universal specializations in the setting of Zariski structures is a
model theoretic substitute for continuity and topological arguments such as “taking
limits”. Therefore it is a meaningful task to develop a theory of specialisations for
Zariski structures. For the same reason it is natural for this theory to be centred
around universal specialisations. This thesis is mainly centred around the question

when non-trivial specializations of a Zariski structure is universal?



1.2 Overview

Chapter 2 lays the setting of this thesis and introduces the basic concepts we will be
working with. Many of the concepts, definitions and facts recalled in this chapter are
already present in the literature, in particular they can be found in [16, 18, 19, 44].
As mentioned in the introduction, the most important notion in this thesis is that
of a specialisation and x-universal specialisation (Definition 2.1.50). Another notion

introduced in this chapter, which plays role is mazimal specialisation:

Definition 2.1.68. Let M, be a Zariski structure, M > My and w : M — M, a
specialisation. We say that Dom() is maximal or m is mazimally defined if there

are no specialisations 7’ : M — M, extending 7 non-trivially.

In Section 2.2 Zilber’s Ladder Theorem for uncountably categorical structures
is recalled. Ladder Theorem does not involve Zariski structures naturally, and is
stated in the general context of uncountably categorical structures. It says that any
uncountably categorical structure can be constructed in finitely many steps, starting
with a strongly minimal structure and taking a cover at each subsequent step (see
Theorem 2.2.3).

On the other hand theories of the Zariski structures related to Quantum Harmonic
Oscillator, and Quantum Zariski Geometries [35, 46] are uncountably categorical.
They are also constructed as covers of strongly minimal Zariski structures.! In terms
of the Ladder Theorem, they can be seen as single step ladders, where the cover is
also a Zariski structure. This motivates the study of Zariski cover structures and
their specialisations as the main step in understanding the general case.

In Chapter 3, I consider the specialisations of algebraically closed fields and, show

that essentially they are residue maps of valuations:

Theorem 3.1.2. Let k be an algebraically closed field and K > k. Given a spe-
cialisation m : K — k, it defines a residue map, res : K — k of a valuation ring

0.
Two main result in this chapter are the followings:

Lemma 3.1.15. Let (N, Ny, res) be a k-saturated model of Th(K)"* (in the language

T,00

7r (P)), then res : N — Ny is a k-universal specialisation.

Theorem 3.1.16. Let (M, My, res) be a model of Th(K)™*. Then (M, My, res) is

elementarily equivalent to a model (N, No, res) such that res : N — Ny is k-universal.

Lin fact, they will be Zariski cover structures.



Theorem 3.1.16 builds on the fact that Th(K)™* (which is a theory of algebraically
closed valued fields) has quantifier elimination in a certain language (Lemma 3.1.14).
Quantifier elimination for various theories of pairs of valued fields is well known in
the model theory literature. The main argument used in our proof is very close to
Hrushovki and Kazhdan’s proof of quantifier elimination in [15, Lemma 6.3]; and also
to Leloup [21].

As a next step, it is natural to consider non-locally modular Zariski geometries and
ask the following question: Let M, be a non-locally modular Zariski geometry and
M = My. Assume M is k-saturated over My, and let 7 : M — M, be a specialisation.
Is it true that 7 is a k-universal specialization?

If My is one dimensional, by the Classification theorem it is a finite fibration of
P! (k) for some algebraically closed field k.

In Chapter 4, we consider the specialisations of finite fibrations of Zariski struc-
tures, and investigate the relation between the specialisations of the finite fibration
and specialisations of the base. In Section 4.1, we consider finite fibrations with the
following natural topological structure:

Let My be a Zariski structure and pr : Cy — Mj be a surjective n to one map. For
any closed relation R of My, denote by Ry, its pull back via pr (i.e. R, = pr(R)).
Then, consider Cy as a structure of the language L£,, whose basic relations are R,
for each closed relation R of Mj. Declare the sets definable by positive quantifier free
formulas with parameters to be closed. We showed that this defines a Noetherian
topology on all Cartesian powers of Cy (Lemma 4.1.2 and Lemma 4.1.6).

The aim was to prove that if a specialisation 7o : C' — C of a finite fibration
pr: Cy — M, of My, projects to a k-universal specialisation my; : M — M, of the
Zariski structure M, then it must be k-universal. However, the desired result is not
true for arbitrary finite fibrations, and a family of counterexamples is constructed in
Section 4.2 (Propositions 4.2.1, 4.2.2).

These counterexamples seems rather pathological, and are not encountered nat-
urally in the literature. The reason such counterexamples can be constructed is the
lack of structure on the fibres. However, in natural examples where the fibration is
also a Zariski structure there is a rich structure on the fibres. See the first example
of a non-algebraic ample Zariski geometry constructed by Hrushovski and Zilber in
[16], Quantum Harmonic Oscillator considered in [35] and the Quantum Zariski Ge-
ometries considered by Zilber in [46]. These examples will be Zariski cover structures
(see Definition 5.1.1).



In Subsection 4.3.1, we show that an arbitrary finite fibration can be enriched in
such a way that the conclusion of Theorem 4.4.7 holds. In order to do it we introduce
a new predicate, called the “restricted inequality predicate”, which induces additional
topological structure on the fibres. The new language which contains the restricted
inequality predicate as a basic relation is denoted by L,,.,. I show that finite fibrations
enriched with the restricted inequality predicate are Noetherian topological structures

(more precisely, they become L,,.,-topological structures).

Theorem 4.3.3. Consider Cy as an L,,.,-topological structure. If 7o : C — Cy is
a mazximal specialisation which projects to a specialisation w : M — My then wo is

k-uniwversal if T is.

Although we have considered fibrations of Zariski structures as topological struc-
tures in this section, a more natural approach would have been considering them as
Zariski structures. A natural way of defining the dimension of definable sets of the
fibration is as follows:

Let pr : Cp — M, be a finite fibration and Cj be an L,-topological structure.
Let S C C§" be closed, we define the dimension of S as dim S := dim pr(.S). Then we
extend dim to constructible sets in the usual way: For a constructible () C C{' define
dim @ := dim Q. By the quantifier elimination dim is defined on all definable sets.

Note that however, this notion of definition does not satisfy the Strong Irreducibil-
ity property of the Zariski structures. The inverse image of the diagonal in MZ is an
irreducible and closed subset of C§, and the diagonal in C7 is a closed and irreducible
proper subset of the inverse image of the diagonal in M. But both of these sets have
dimension one. Hence Strong Irreducibility fails.

In fact this argument shows us that we need the restricted inequality predicate
added to the language L, as a part of the topological structure on Cj if we wish to
consider it as a Zariski structure with the above notion of dimension.

Section 4.4 is a case study of the Zariski structures constructed in relation to the
first example of a non-algebraic Zariski geometry in [16] by Hrushovki and Zilber. We

show that this pathology does not occur for these structures:

Theorem 4.4.7. Let g : C — Cy be a mazximal specialisation. If the specialisation

7w : O/~ — My induced by m¢ is k-universal, then m¢ is k-universal.

Where C is a Zariski structure constructed from M, by the method described
in the process of constructing the first example of a non-algebraic ample Zariski

geometry constructed by Hrushovski and Zilber in [16].



Section 4.4 and in particular the proof of Theorem 4.4.7 should be seen as a
prelude to Chapter 5, in the sense that we aim to extend Theorem 4.4.7 to certain
covers of Zariski structures. Which is achieved for a special case; i.e. under some
additional assumptions (see Theorem 5.2.14 below). Before this, in Section 5.1, we
also extend the analysis carried out in Section 4.4 to Zariski cover structures.

The Ladder Theorem and the Zariski structures constructed in [16, 35, 46] in
relation to the first example of a non-algebraic Zariski geometry, Quantum Harmonic
Oscillator, and Quantum Zariski geometries are the main motivations for considering
covers of Zariski structures, and their specialisations. In this chapter we consider
specialisations of a special type of cover of Zariski a structure. Namely Zariski cover

structures.
Definition 5.1.1. Let C := (C, M, pr) be a two-sorted Zariski structure such that

(i) There is a Zariski topological group G in C acting morphically and freely on C

with Zariski continuous bijections

(ii) M is interpretable in C' as a topological sort and pr : C' — M denotes the

canonical quotient-map. It is a (-definable surjection.

(iii) For each m € M, the fibre pr~!(m) is an orbit of an element in C', i.e. pr—!(m) =

G - x for some x € C.

(iv) The group G is a Zariski topological group in M (in particular G is interpretable

as a topological sort in M)
Then C := (C, M, pr) is said to be a (two sorted) Zariski cover structure.

The covers of Zariski structures possibly arising from the Ladder Theorem are not
always expected be Zariski cover structures. However, as the known natural examples
(see [35, 16, 46]) of covers of Zariski structures are actually Zariski cover structures,
the study of their specialisations is meaningful.

Zariski cover structures capture the nice -but often complicated- structure of the
covers constructed in relation to the first example of a non-algebraic Zariski geometry,
Quantum Harmonic Oscillator, and Quantum Zariski geometries (respectively in [16,
35, 46]).

In this chapter we start with an analysis of Zariski cover structures. Most impor-

tantly, we study the (closed) relations between fibres. The study concludes in showing



that these relations (or connections) are functions from the cover structure to cer-
tain imaginary sorts (Theorem 5.1.16 and Corollary 5.1.17). We call these functions
connecting functions.

While dealing with arbitrary fibrations of Zariski structures, we realised that one
may need strong assumptions in order to ensure the specialisations behave nicely.
The notion of Zariski cover structure and the Continuous Connections assumption
of Chapter 5 (introduced in paragraph 5.1.18) provides us with natural assumptions
which help to ensure the behaviour of the specialisations of the cover is nice. A valu-
able achievement of this chapter is the identification of Zariski cover structures and
Continuous Connections property for dealing with specialisations of covers. Although
Quantum Harmonic Oscillator and Quantum Zariski Structures motivated the notion
of Zariski cover structures, unfortunately at this point we are unable to prove whether
they satisfy Continuous Connections assumption or not.

After the study of Zariski cover structures, we analyse their specialisations. The
main result of this section (Section 5.2) is a characterisation of universal specialisa-
tions Zariski cover structures (under some additional assumptions, given in detail in

this chapter), which explains its relation to the specialisations of the base structure.

Theorem 5.2.14. Let Cy = (Cy, My,pr) X C = (C,M,pr) be two Zariski cover
structures satisfying the Continuous Connections Assumption. Let m : C — Cy be a

specialisation. Then the following are equivalent:
(i) 7 is No-universal;

(i) the restriction wy + M — My is Ro-universal and © : C — Cy is a mazximal

specialisation,

(iii) the restriction wp : M — My is Rg-universal, : C — Cy is a mazximal speciali-

sation, and the following holds

Vm € Dom(w) J¢ € Dom(7) pr(c) =m

An important aspect of Zariski cover structures is that the “binding groups” are
the same for each fibre. Which is an essential part of our passage from the Ladder
Theorem to Zariski cover structures, along with adding the topology. In more general
notions of cover (such as the ones defined in [14] and [1]) one allows different groups
to act on different fibres. Also the mode of interpretation of the “binding group”
in Zariski cover structures is rather specific. We assume they are interpreted as

Zariski topological groups. Which is stronger then saying they are Zariski groups
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(so manifolds). For this reason it is a natural question whether one can prove the
results of Chapter 5 when the “binding groups” are Zariski groups (manifolds) rather
than Zariski topological groups (topological sorts)? We will not attempt to make this
generalisation in the thesis; and it will be considered as future work.

The main Theorems 4.3.3, 4.4.7, mentioned above can be seen to have a “down-
ward direction” in the sense that in all of them one starts with a specialisation on
the cover and shows that to decide its universality it is enough to project it to spe-
cialisation of the base structure and show that it is universal.

The other direction, I.e. starting with a k-universal specialisation 7 : M — M, of
the base and showing that one can lift it to a x-universal specialisation ¢ : C' — Cj
of the cover is equally important. The results in this direction, in a similar sense as
above, can be thought to have an “upward direction”.

In this direction, I proved the following “upward direction” statement:

Proposition 4.4.6. Let 7 : M — My be a specialisation. Then w can be lifted to a
specialisation ¢ : C' — Cy such that if ¢ € Dom(m¢), then the orbit of ¢ under the
action of the finite group H is contained in Dom(mwc). Moreover, if w is a mazximal

specialisation then so is mwyy.

Note that Proposition 4.4.6 covers the case of finite covers which arises from
the construction of the first example of a non algebraic Zariski geometry given by
Hrushovki and Zilber in [16].

Note that Proposition 4.4.6 is proved for maximal specialisations. As it is proved
in Proposition 2.1.69, universal specialisations are maximal. Therefore, the results
mentioned above are also valid for lifting k-universal specialisations. In other words
one, can replace maximal with universal in the result mentioned above. In their
current form, these statements are more general.

These results resonate well with an important theme in the theory of specialisa-
tions in abstract algebraic geometry. Namely the extension of specialisations. The
main result for this theme in abstract algebraic geometry is equivalent to the exis-
tence of resultants in the elimination theory. These results can be seen as a natural
attempt to extend this theme to Zariski structures.

Although there is a very well established theory of specialisations and valuations
in algebraic geometry, in non-commutative algebraic geometry the issue of special-
isations and valuations is far from being well understood. Some non-commutative
algebro-geometric objects can be seen as Zariski geometries, as one can see at [35, 45,
46).



Developing a theory of specialisations for Zariski geometries will contribute in
particular to understanding specialisations and valuations of the non-commutative
algebro-geometric objects considered in [35, 45, 46]. In a broader perspective, an
important aim is to represent non-commutative geometry in terms of Zariski geome-
tries. From this perspective, a theory of specialisations for Zariski geometries has
the potential to improve our understanding of specialisations and valuations in non-

commutative geometry.



Chapter 2

Preliminaries

2.1

Zariski Structures

Let £ be a language and M be an L-structure. The closed subsets of M™ for alln € N
are defined as follows: The subsets defined by primitive relations of £ are (definably)

closed, and moreover the sets which are given by positive quantifier free £-formulas

are closed.

Equivalently they can be defined by the following topological axioms:

1.

2.

7.

8.

Finite intersection of closed sets is closed;

Finite unions of closed sets are closed;

. M is closed;

The graph of equality is closed;

. Any singleton in M is closed;

Cartesian products of closed sets are closed;

The image of a closed set under a permutation of coordinates is closed;

For a € M* and closed S C M**! the set S(a, M!) is closed.

In the rest of this thesis I will refer to these axioms as the topological axioms, and

when referring to a specific one I will state its number clearly in the form “topological

axiom z” where z = 1,...,8. An L-structure that satisfies the topological axioms

will be called an L-topological structure. 1 will sometimes drop £, and say topological

structure when it is clear from the context.
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A constructible set is defined to be a boolean combination of closed sets. In other
words they are nothing but sets defined by quantifier free L-formulas. A set S is said
to be irreducible if there are no proper relatively closed subsets S, Sy C S such that
S = S1US,. A topological structure is called Noetherian if it satisfies the descending
chain condition (DCC) for closed sets.

Remark that in Noetherian topological structures any closed set S can be written
as S = S1U...US, where Sy,...,S5; C S are distinct and relatively closed; moreover
they are unique up to ordering. They are called irreducible components of S.

A topological structure is said to be semi-proper if it satisfies the following con-
dition:

(SP) Semi Properness: For a closed irreducible S € M™ and a projection pr : M™ —

M™, there is a proper closed subset F' C pr(S) such that pr(S) \ F' C pr(S)

The dimension, denoted by dim is a function from definable sets of Noetherian

topological structure to natural numbers which satisfies:
(DP) Dimension of a Point: dim(a) = 0 for all a € M,

(DU) Dimension of Unions: dim(S; U Ss) = max(dim(5}),dim(S2)) for closed Sj,
and So;

(SI) Strong irreducibility: For any irreducible S C, U C,, M™ and any closed
S1 ¢S, dim(S;) < dim(S);

(AF) Addition Formula: For any irreducible closed S C; U C,, M™ and a projection
pr: M"™ — M™,
dim(S) = dim(pr(5)) + mi(r}g)(pr_l(a) n.S)
acpr
(FC) Fibre Condition: Given S C, U C,, M™ and a projection pr : M" — M™,
there is a relatively open V' C,, pr(S) such that, for any v € V
min (dim(pr~*(a) N.S)) = dim(pr ' (v) N S)
a€epr(S)
A Noetherian, semi-proper topological structure together with a dimension func-
tion which satisfies the above conditions is said to be a Noetherian L-Zariski Struc-
ture. When the language L is clear from the context, I will usually drop it; moreover,

since all Zariski structures in this thesis are Noetherian I will also omit this, and

simply write Zariski structure when there is no ambiguity.
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Note that classically the dimension is taken to be the Krull dimension in [16].
This axiomatic definition of dimension makes it possible to work with other notions
of dimension. However, unless specifically stated otherwise, I always assume that I
am working with the Krull dimension.

A (Noetherian) Zariski structure is said to be complete if it satisfies:

(P) Properness: projections of closed sets are closed. I.e. For any closed S C M,

Driy i (S) s closed.
It is called quasi-compact if:

(QC) Quasi-compactness: M is complete and for a finitely consistent family C of

closed subsets of M™, NC is not empty.
It is pre-smooth if:

(PS) Pre-Smoothness: For any closed, irreducible Sy, Se € M™, any irreducible com-
ponent of S; N Sy has the dimension at least dim S; + dim S5 — n.

Example 2.1.1.

An algebraically closed field K in language L£,,, for algebraic varieties (which only
has predicates for Zariski closed subsets of K" for n € N) together with the Krull
dimension is a Zariski structure.

Furthermore, let P*(K) be the projective line over K in the language which only
has predicates for projective Zariski closed subsets of (P'(K))™ for all n € N. together
with the Krull dimension is a Zariski structure.

Details for both cases can be found in [34, chap. 1-4].

Definition 2.1.2. Let M be a Zariski structure, and A be a constructible set. A
is said to be pre-smooth (with M) if for any relatively closed irreducible subsets
S1,9 Cyq A™ x M™, any irreducible component of S; N Sy has dimension at least
dim S + dim Sy — dim(A™ x M™).

A Zariski structure M is said to be a Zariski geometry if it satisfies

(SPS) Strong Pre-Smoothness: For any constructible irreducible A C M™, there is
a definable open subset A° C,, A which is pre-smooth.

Fact 2.1.3. A Zariski Structure M has quantifier elimination. In more geometric

words, every definable set is constructible.
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2.1.1 Manifolds

Following [16] it is now convenient to give definitions of “manifolds” and “morphisms”.
Let M be a Zariski structure and D C M™ be an irreducible definable (i.e. con-
structible) subset. Let £ C D x D be a closed equivalence relation on D. Then
D/E is an imaginary sort. By p: D — D/FE we will denote canonical quotient map
(sometimes we will add a subscript to p). One can naturally consider the Carte-
sian powers (D/E)™, moreover observe that (D/E)™ can be identified with D™/E™
where (ay,...,a,)E™(by,...,by) if and only if a;Eb; for all i. Now we can equip
D/E together with all its Cartesian powers (D/FE)™ with the corresponding quotient

topologies via the natural projection maps from D and its Cartesian powers D™.

Definition 2.1.4. The imaginary sorts D/E, where D C M" is an irreducible de-
finable subset and E is a closed equivalence relation on D x D as described above,
together with the collection of closed subsets of its Cartesian powers is called a topo-

logical sort.

Fact 2.1.5 (Lemma 3.7.2 in [44]). Topological sorts satisfy the topological azioms 1-8,
hence they are topological structures. Moreover they are Noetherian, and satisfy (SP).

If M is complete then so are its topological sorts.

Observe that if N;/E; and No/E, are two topological sorts in a Zariski structure
M, then N1 x N/ E1 X Fs is also a topological sort. It is identified with Ny /E; X N/ Es.
Hence product of two topological sorts in M is a topological sort in M.

Therefore a Zariski structure M together with all the topological sorts in it will

form a multi-sorted Zariski structure.

Proposition 2.1.6. If E is a closed equivalence relation on D and E' a closed equiv-
alence relation on the topological sort T' = D/E, then T /E' is a topological sort which

can be represented also as D/E" for some closed equivalence relation E" on D.

Proof. Let T = D/E be a topological sort and £’ C T x T be a closed equivalence
relation on 7. So E' C D x D/E x E = D/E x D/FE is closed.

Let E” := p;'(E'). Tt is clear that E” C D x D is a closed subset. We will show
that E” is an equivalence relation.

Let d € D. Since E’ is an equivalence relation on 7', [d|E'[d] where [d] denotes
the E-equivalence class of d. Then p;'(d) x p;'(d) C E”. In particular (d,d) € E".

Via similar arguments one can show E” is symmetric and transitive. Since the

arguments are straightforward (and only a little more tedious), we shall skip them. [
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Dimension of closed sets of a topological sort D/E can be defined as follows: Let
T C (D/E)* be a closed irreducible set and S = p~(T). Define

dim(7T") = dim(S) — min {dim(p~*(¢)) : t € T}

For a closed set, define its dimension as usual to be maximum of the dimensions of

its irreducible components.

Remark 2.1.7. Lemma 3.7.5 in [44] shows that S in definition of dimension above

can be taken to be any closed irreducible set such that p(S) =T.

Fact 2.1.8 (Lemma 3.7.7 in [44]). A topological sort with the dimension notion as
defined above satisfies (DU), (SI), and (DP).

Note that a topological sort with the dimension defined as above does not nec-
essarily satisfy (AF) and (FC). If a topological sort is a Zariski structure it will be
called a Zariski set or a Z-set.

Topological sorts does not necessarily satisfy (PS). An example of a topological
sort not satisfying (PS) is given in [16]: Let M be a Zariski geometry and E be the
closed equivalence relation which has a unique equivalence class of cardinality two
and all other classes are singletons. Therefore the natural projection M — (M/E) is
generically one to one, with a single fibre of size two. Then (PS) fails for M? x M/E.

However, one can still talk about definable (and actually interpretable) sets in M
satisfying (PS):

Definition 2.1.9. Let M be a Zariski structure and 7" a topological sort in M. Let
A be a constructible set of T'. We say that A is pre-smooth with T if for any relatively
closed irreducible S;, Sy C A* x T™, and any irreducible component S of S; N S,

dim S > dim S; + dim S, — dim(A* x T™)

Remark 2.1.10. This is a minor generalization of the definition of a set pre-smooth
with an ambient Zariski structure given in [44]. In the original definition the topolog-
ical sort T is not involved. However, since we will be considering imaginary sets (and
in particular topological sorts) it is important to make this distinction and give the
definition as it is stated above, although in practice it will not make any difference.
In the definition above if one is to take T' to be a subset of M then one gets the

definition of a set pre-smooth with M as it is given in [44].
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Lemma 2.1.11 (Closed Graph Theorem). Let U and V be pre-smooth topological
sorts. Let f U — V be a function such that its graph I' C U X V is closed. Then f

18 continuous.

Lemma 2.1.11 is originally proved by Hrushovski and Zilber in [16] (Lemma 5.5).
Their formulation is for one dimensional Zariski geometries and, U and V' are assumed
to be irreducible regular subsets of special sorts. However, these differences in the
setting does not affect the proof. The proof given in [16] is also valid for the above

lemma.

Definition 2.1.12. Let 77 and T, be two topological sorts of a Zariski structure M.
A Zariski morphism (Z-morphism or simply morphism for short) isamap f : T} — Ts
such that f xid : Ty x M™ — Ty x M™ is continuous for all n € N.

Defining Zariski morphisms this way is due to Junker [18]. Initially Hrushovski and
Zilber [16] (and later Zilber [44]) defined Zariski morphisms as maps between topo-
logical sorts with closed graphs. Without pre-smoothness maps with closed graphs
are not necessarily continuous. In the original approach in [16] the pre-smoothness is

taken for granted. In which case two definitions coincide (see Lemma 5.5 in [16]).

Remark 2.1.13. Let T} and 75 be two topological sorts; and f : 17 — T3 a morphism.
Let ¢ (y,Z) be a positive quantifier free formula defining a closed subset of T x M™.
Since the map f xid : T} x M™ — Ty x M™ is continuous, Jy f(x) = y A (y,Z) is
equivalent to a positive quantifier formula; as it defines the pre-image of the closed set
defined by (y, z), which is closed. We will often write ¢ (f(z),Z) to mean Jy f(z) =

yAY(Y,2).
The following facts are immediate:
Fact 2.1.14. Graphs of Zariski morphisms are closed.

Fact 2.1.15. Let T := D/E be a topological sort. The quotient map pr : D — T is

a morphism.

Fact 2.1.16. Let f : Ty — T and g : Ty — T3 be morphisms, then their composition
go f: Ty — Ty is a morphism.

Fact 2.1.17. Let Ty,T5, T3 and Ty be topological sorts, and f : Ty — Ty and g : T3 —
Ty be morphisms, then f x g : Ty x T3 — Ty x Ty is a morphism.
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Fact 2.1.18. Let f : T7 — T be a morphism between the topological sorts Ty,T5.
Let Ef be the closed equivalence relation given by the pre-image of = under f, and
Im(f) C T, be the image of Ty under f. Then f factorises through T /E and Im(f)

as follows:
T —% T /By~ Im(f) Ty
where f is a bijective morphism, and i is the inclusion map.
Fact 2.1.19. Let T} and T be two topological sorts, and f : Ty — Ty be a morphism.

(i) If V C Ty is a definable irreducible subset, then f, : V — Ty is a morphism.

(i1) If E is a closed equivalence relation on Ty such that f is constant on equivalence
classes of E, then f induces a morphism f/E :T\/E — T,.

Corollary 2.1.20. Let Ty and Ty be topological sorts, and f : Ty — Ty a surjective
morphism. Let E(x1,x5) be the equivalence relation f(x1) = f(x2) onTy. Then Ty /E

is a topological sort and f induces a homeomorphism between Ty /E and Ts.

Definition 2.1.21. Let 7' = N/E be a topological sort. If E is an equivalence
relation with finite fibres, then T is called and eq-fold.

Definition 2.1.22. Let 7' = N/E be an eqg-fold, if there is a finite group H acting
on N and if E is given by the action of H (i.e. for z,y € N, xFy if and only if there
is an h € H such that h -z = y), then T is called an orbifold. Furthermore, if N is

pre-smooth with M, then T is called a special sort.

Remark 2.1.23. In [16] special sorts defined in a different way: Let N be a one
dimensional Zariski geometry. Let H be a subgroup of the symmetric group Sym,,.
Consider the natural action of H on N™. Then N"/H is a special sort in the sense
of [16].

Note that the natural action of H on N" is by Zariski continuous bijections. In

our setting the action of H defines the closed equivalence relation
xEyy if and only if 3h € H(h -z = y)

Then N"/H = N™/Ey. Hence special sorts in the sense of [16] are also special sorts

in the sense above.
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It is also relevant and necessary to discuss finite sorts; although briefly, they will
appear in Chapter 5. Let M be a Zariski structure, and D be a definable subset of
M™. Let E C D x D be a closed equivalence relation. To construct a finite sort as a
quotient D/FE one needs to allow D to reducible. A detailed discussion on the sorts
of the form D/FE where D is not necessarily irreducible is given in [19, Sect. 3.2].
Here we will only discuss the case when D/FE is finite.

For a reducible definable D C M™, and a closed equivalence relation £ C Dx D, let
p: D — D/E be the canonical quotient map, and suppose that D/FE is finite. Then
the corresponding quotient topologies on the Cartesian powers (D/E)™ are discrete.
All the results we proved and recalled above for topological sorts immediately extend
to these finite sorts. In particular, a finite sort D/E where D is definable and F is
closed satisfy topological axioms 1-8, and (SP), and they are Noetherian.

One can similarly introduce dimension on D/E. Let T' C (D/E)™ be a closed
irreducible set, and S = p~'(T). Then T = {t} is a singleton set, because of the

discrete topology, and S = p~*(t). Now, as before we can define
dim(7T) = dim(S) — min{dim(p~*(¢)) : t € T}

Clearly, dim(S) — min{dim(p~'(¢)) : ¢t € T} = 0, and hence we get dim(T) = 0 as
needed. One can also see that the dimension axioms (DP), (DU), (SI), (AF), and
(FC) hold trivially.

For this, we wish to consider such finite sorts as topological sorts, but will still
make a distinction and call them finite topological sorts. This distinction is to em-

phasize that they are not irreducible.

Definition 2.1.24. Let X be a set interpretable in a Zariski structure M. Call X a
manifold if there are finitely many sets U;, ..., U, such that:

1. Each U; is an irreducible open subset of some topological sort T; and, each U;

is pre-smooth with T;.

2. For each i = 1,...,k there is an injective map f; : U; — X and, X = f,(U;) U

3. For each i, j the set {(z,y) € U; x U; : fi(z) = f;(y)} C U; x U; is closed and

irreducible. Moreover, its projections to U; and U; are non-empty open subsets.

On a manifold X one can define a topology in the natural way: A set S C X™ is
said to be closed if f;'(S) is closed in U; for each i. Condition 3 in the definition of
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manifold and Lemma 2.1.11 guarantees that each f; is a homeomorphism. It is easy

to see that this topology is Noetherian.

Remark 2.1.25. This definition agrees with the definition of manifold in [16]. The
definition of manifold given in [16] is actually a special case of the definition of mani-
fold given here. I.e. manifolds as defined in [16] are also manifolds in the sense of the
thesis. It is enough to show that an irreducible regular subset U of a special sort N
in the sense of [16] is an irreducible open subset of a topological sort 7" in the sense
of the thesis, and that U is pre-smooth with 7.

Since U is regular, it is open in its closure C'. Since U is irreducible, C' is also
irreducible. Recall that the special sort (in the sense of [16]) is a quotient N =
D"/H where H = Sym(n), and D is a Zariski geometry. Consider the natural map
pr: D™ — N. Since C is closed in N, by definition, pr~!(C) is closed in D™. Put
S :=pr~1(C), then S is closed in D". Also, C' = S/H. Therefore C' is a topological
sort in the sense of Definition 2.1.4 (In particular C' is a special sort in the sense of
Definition 2.1.22). So, U is an open, irreducible subset of a topological sort (in the
sense of Definition 2.1.22).

Take T := C. Now it follows from Lemma 5.4 in [16] that U is pre-smooth with
T.

Fact 2.1.26 (Lemma 3.7.16 in [44]). Let X be a manifold, then X is an irreducible
Z-set satisfying (PS).

Definition 2.1.27. Let X; and X5 be manifolds. A map f : X; — X5 is said to be

a Zariski morphism (or a Z-morphism) if its graph is a closed subset of X; x Xs.

Remark 2.1.28. One can define morphisms of manifolds in a similar way to the
morphism of topological sorts, as given in Definition 2.1.12. Since manifolds sat-
isfy pre-smoothness (see Fact 2.1.26), Fact 2.1.11 implies that morphisms between

manifolds are continuous.

As there is no danger of confusion, we will often drop the prefix as we did in the
above remark, and say morphism instead of Zariski morphism both for topological
sorts and manifolds.

As before the following fact is immediate.

Fact 2.1.29. Let X1, X5, X35 and X4 be manifolds and f : X1 — Xs and g : X3 — X4

be morphisms. Then:
1. their product f x g: X1 X X3 — Xy X Xy is a morphism, and
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2. if Xo C X3, their composition go f : X1 — X4 is also a morphism.

For a one dimensional Zariski geometry M, in [16], Hrushovski and Zilber showed
that any set X interpretable in M can be piecewise given the structure of a manifold
such that the sets U; are from special sorts. This property is called “elimination of
imaginaries” in [16], we will keep this terminology.

It is desirable to have a similar “elimination of imaginaries” in higher dimensional

Zariski geometries. More explicitly one would hope for the following claim to hold.

Claim 2.1.30. Let X be set interpretable in a Zariski geometry M. Then X can
be piecewise given a manifold structure. In particular, the sets U; described in the

definition of manifold can be chosen to be subsets of special sorts.

“Elimination of imaginaries” for one dimensional Zariski geometries depends on

the following unpublished result by Pillay and Lascar:

Fact 2.1.31. Let M be a strongly minimal set such that acl(}) C M is infinite, and let
S be an imaginary sort. Then there is a partition of S into finitely many 0-definable
sets X; and, there are special sorts S; and O-definable injective maps f; : X; — S;.

The hypothesis M is strongly minimal is essential. Therefore it is not immediate
to generalise “elimination of imaginaries” to higher dimensional Zariski geometries as

they are not necessarily strongly minimal.

2.1.2 Multi-Sorted Zariski Structures

Multi-sorted Zariski geometries are already considered in [16] and also implicitly in
[18]. Later Zilber considered them in [43] where one of the aims is to view Zariski
structures from a category theoretic perspective.

Indeed in latter chapters (especially Chapters 4 and 5) of this thesis I will work
in the setting of multi-sorted Zariski structures. I will follow both [16, 43] and recall
some basics about multi-sorted Zariski geometries. One should also note that the
category theoretic perspective will not be of any concern in this thesis.

Most of the multi-sorted Zariski structures considered in this thesis can be given
as H® constructions for a suitable Zariski structure H. Therefore, unless otherwise
is stated, multi-sorted Zariski structure we consider contains a “home sort” H in the

sense that any other sort M; is interpretable in H.

Definition 2.1.32. Let H be a Zariski structure. A multi-sorted Zariski structure

M with the home sort H consists of a collection of sorts (M;);c; such that:
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(i) M is a multi-sorted structure with a multi-sorted language L.
(ii) Each M; is a topological sort in H; and there is an ¢ such that M; = H.

(iii) Each M; is an £;-Zariski structure where £; is the natural language for the sort

Mi and El C L.
(iv) If M; and M; are sorts in M then their product M; x M, is also a sort in M.

If all sorts M; of M are pre-smooth, then M is called a multi-sorted Zariski

geometry.

Remark 2.1.33. (i) As the sorts M; are topological sorts in H, the dimension on
each of them is induced from M as discussed for topological sorts in general in

the previous subsection.

(ii) In the same discussion about topological sorts, we showed that for any two topo-
logical sorts M; and Mj, their product M; x M; is also naturally a topological

sort. For any two sorts in M we are also including their product as sort in M.
k

Therefore, for any sorts M, ..., My of M, the product H M, C M is a sort in
i=1

M.
(iii) Although we called M a multi-sorted Zariski structure (or a multi-sorted Zariski

geometry if all sorts are pre-smooth), it is not necessarily an £-Zariski structure!

As L is a multi-sorted language, all of the syntactic conventions about multi-sorted
languages are in force. Most of the arguments in this thesis do not rely on the syntax
of £, but it is important to keep this in mind.

More importantly, I will use multi-sorted versions of notions such as definability,
type, elementary embedding, parameter set, algebraic and definable closure in the
natural way.

When M is a multi-sorted Zariski geometry with a home sort, in [16] it is assumed
that for any closed S of any sort M; there is n and a closed set C' C H™ x S such that
for any two points a, b in a dense open subset of S, there is e € H™ with C(e) passes
through a but not b. I.e. C separates a and b. I will call this property multi-sorted

ampleness.

Proposition 2.1.34. Let M be a multi-sorted Zariski structure with a home sort H.
Then any sort M; of M is stably embedded.
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Proof. Since H is stable, H¢ is also stable. Therefore any sort interpretable in H is
stably embedded. O

A simple corollary of the proposition above is the following:

Corollary 2.1.35. Let M be a multi-sorted Zariski geometry with the home sort H.

Then any sort M; is an ample Zariski geometry.

Example 2.1.36. An immediate example will be quasi-projective varieties. Let V C
P™ and W C P™W be quasi-projective varieties with dimV = ny and dim W = ny,
in their natural Zariski languages £y and L. One embeds V' x W into PV via the
Segre embedding (where N = (ny +1)(ny +1) —1). Then V' x W becomes a variety
with the induced Zariski topology from PY. Therefore V x W is a Zariski structure
in the natural Zariski language Ly xyy .

Let M = |_| VE x W where V¥ x WO = V¥ and V° x W' = W'. In other
k,leN
words V,W,V x W,..., V¥ x W' ... are the sorts of M and the language of M is

L2 Lyraw

kJeN
Remark 2.1.37. Since the product of two abstract algebraic varieties are again an
abstract algebraic variety, the same example can be repeated more generally with

abstract algebraic varieties.

Most definitions in the thesis are given for one sorted Zariski structures, however
they can be considered for multi-sorted Zariski structures in a natural way. I will
clearly state when working with multi-sorted Zariski structures. If it is not stated, it

will always be a one sorted Zariski structure.

2.1.3 Groups Interpretable in Zariski Structures

Let G be a group interpretable in a Zariski structure M. The following is proved
in [16] and the proof is similar to Weil’s Group Chunk Theorem.

Fact 2.1.38 (Lemma 5.11 in [16] and Theorem 2.6 in [24]). Let M be a one dimen-
sional Zariski geometry and G a group interpretable in M. Then G can be given a

manifold structure such that multiplication and inversion are Z-morphisms.
Such groups are called Zariski groups (or Z-groups for short). More precisely:

Definition 2.1.39. A manifold G together with a closed ternary relation P C G*
such that P is the graph of a binary group operation on G is said to be a Zarisk:
group (or a Z-group).
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Therefore, Fact 2.1.38 says that groups definable in one dimensional Zariski ge-
ometries are Zariski groups.
In fact for a simple group GG which is non orthogonal to a strongly minimal non-

locally modular Zariski geometry one can say more:

Fact 2.1.40. Let M be a Zariski geometry, let G be a simple group definable in
M such that G is non-orthogonal to a strongly minimal non-locally modular Zariski

geometry. Then G is an algebraic group.

2.1.4 Groups Interpretable as Topological Sorts

In Section 5, we will consider a stronger mode of interpretation. Specifically we will
work with groups interpretable as topological sorts. In this subsection we will consider

some general theory of such groups.

Definition 2.1.41. Let C be a Zariski structure, and GG be a group that is a topo-
logical sort or a finite topological sort in C' such that multiplication m : G x G — G
and inversion ~! : G — G are morphisms. Such a group G will be called a Zariski
topological group in C (or topological group for short). Whenever the underlying sort

is a finite topological sort, we often say finite topological group to emphasize this.

Remark 2.1.42. The main difference when the underlying sort is a topological sort
or a finite topological sort is that the resulting group will be connected (for topological
sorts) or that it will be not connected.

It is possible more generally to consider non-connected groups as topological
groups. This will require a more detailed study of topological sorts which are built
on definable sets which are not necessarily irreducible. A detailed discussion on both,
can be found in [19].

Although this would be more general, and give a more uniform approach, in our
considerations (especially in Chapter 5), non-connected groups only appear as finite

groups. For this reason we choose only to include finite groups as topological groups.

Fact 2.1.43 (Proposition 5.6 in [19]). Let G be a Zariski topological group, and H < G
be a subgroup (not necessarily definable!). Then the closure H is also a subgroup. If H

is normal, then so is H. Moreover, a definable submonoid of G is a closed subgroup.

Definition 2.1.44. Let C be a Zariski structure and G be Zariski topological group
in C'. Let A C C be a constructible set.
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(i) We say that G acts morphically on A if the action

O:GxA — A

(g:0) = g-a
is a morphism. Frequently we will use - to denote the action instead of ©.
(ii) We say that the action is proper if the equivalence relation
Eg(x,y) defined by 3g € G (y = g - z)
is closed in C' x C.

(iii) We will say that the action of G is free, if it is proper, and the action Gx A — A

is invertible in the sense that there is a morphism
Eq -G
(a,9-a) —g

Unless stated otherwise, we will always assume that Zariski topological groups act

morphically.

Fact 2.1.45 (Lemme 5.16 in [19]). Let T be a topological sort and let G be Zariski
topological group acting on T'. Let S C T be a closed subset and let X C T be any

subset (not even necessarily definable).
(i) {g€G:g9-X C S} isa closed subset of G.

(i1) For allt € T the stabilizer subgroup Gy = {g € G : g-t =t} is a closed subgroup.
In particular, Gx -={g€ G:g-t=1t forallt € T}

(iii) For all g € G, the set Fixp(g) :={t €T : g-t =t} of all elements of T fized by
g is a closed subset of T. Moreover, Fixp(G) :=={t €T :g-t =t for all g € G}

15 closed.

Fact 2.1.46 (Propositions 5.17 and Corollaire 5.18 in [19]). Let T' be a topological
sort and G be a Zariski topological group acting on T'. Then

(i) The orbits of the action of G are locally closed.
(i) The closure of an orbit X := G - x, and its border 0X are unions of orbits.

(11i) The orbits of minimal dimension are closed.

23



Lemma 2.1.47. Suppose G is a Zariski topological group acting freely on a definable
set D and H < G is a definable normal subgroup. Then G/H is a Zariski topological
group, D/H is a topological sort, and G/H acts morphically, properly and freely on
D/H.

Proof. By the Fact 2.1.43 we can assume H is closed. First let us show that the
quotient D/H is a topological sort. Since the action is free there is a morphism
E¢ — G defined by (a,g - a) — g. Let Eg be the pre-image of H under this map.

Clearly, Ey is a definable equivalence relation on D given by
zEpyy <= 3dhe H(h-z=1y)

Since H is closed its inverse image Fy under this morphism is closed in Eg. Hence
Ey is a closed equivalence relation on D. Therefore D/H is a topological sort.
Next, we sill how that G/H is a topological group. The closed normal subgroup

H defines the equivalence relation
a~b:=abt e H
for all a,b € G. Observe that ~ is the pre-image of H under the morphism

GxG — G

(a,b) +— ab”!

Since H is closed, ~ is closed. Hence G/~ = G/H is a topological sort in G. To see
that multiplication on G/ H is a morphism observe that pyom : GxG - G — G/H
is a morphism. Moreover H x H is a closed equivalence relation on G x GG, such that
the morphism py o m is constant on its classes. By Fact 2.1.19, multiplication is a
morphism. A similar argument will show that inversion is also a morphism.

By Proposition 2.1.6, G/ H is also a topological sort in C', and the group operations
are again morphisms.

Next, let us consider the action of G/H on D/H. The action © : G x D — D

and the quotient map py : D — D/H are morphisms. Therefore their composition
pgo®:GxD—D— D/H

is a morphism. Moreover py o © is constant on equivalence classes of the closed

equivalence relation defined by H x H on G x D. Therefore
ppo©/HxH:GxD/(HxH)— D/H

is a morphism. Since G x D/(H x H) ~ G/H x D/H, the action of G/H on D/H

is a morphism. O
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Lemma 2.1.48. Let H be a finite Zariski topological group acting freely on a definable
set D and T = D/H be a topological sort, let pr : D — T be the canonical quotient
map. Let Q C D be a closed subset. Then pr(Q) C T is also closed.

Proof. Note that
pr' (@) =H-Q=|J"n-Q

heH

Since subsets h - () are closed, the statement follows. n

Remark 2.1.49. Let G be a Zariski topological group acting morphically on D. We

will also assume that the action is proper. l.e. the definable equivalence relation
Eg(z,y) > 3geGy=yg-2)

on D will be closed. However, in general E¢ is not necessarily closed in D x D.

Junker proved that the equivalence relation Eg has the following nice property
[19, Lemme 5.20]: For any constructible subset @ C D, which is Eg-saturated !, its
closure () is also Fg-saturated.

Junker calls such (definable) equivalence relations “admissible”. Although the
imaginary sort D/FEg where Eg is admissible, may not be a topological sort, it has
many properties in common with topological sorts. But certainly not all. In particular
for the graph of = to be closed in the quotient topology on D/FEg, it is sufficient and

necessary that Eg is closed.

2.1.5 Specialisations

Definition 2.1.50. Let M, be a Noetherian topological structure and M an elemen-
tary extension of M. Let m be a (partial) function 7 : M — M, such that w(m) = m
for all m € My; and for every formula S(Z) over (), defining an My-closed set and for
every @ € M™ (which is also in the domain of 7), M = S(a) implies M, | S(7a).
Such a function is said to be a specialisation. We will also call the tuple (M, 7) a
specialisation.

A specialisation is said to be k-universal if, given any M’ = M > M,, any
A C M’ with |A| < k and a specialisation 74 : M U A — M, extending 7, there is an
elementary embedding o : A — M over M N A such that m4|A =moo.

An Ng-universal specialisation is said to be universal.

'the word saturated here is not related to the model theoretic use of saturated. For an equivalence
relation F on a set D, a subset Q C D is said to be F-saturated if a € QQ and bFa, then b € Q.
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In other words specialisations are L£-homomorphisms from substructures of M
to My. The following lemma, originally due van den Dries [38] and proved more
generally for first order structures, gives a description of Mj-closed sets in terms of

specialisations.

Lemma 2.1.51. For each model M of Th(My), and each specialisation m: A — M
with A C M, if T(x) is an L-formula such that M = T(a) implies My = T(7(a))
then, there is a positive quantifier free formula S(x) such that Th(My) & T'(z) <—
S(z).

Remark 2.1.52. Let 7 : M — M, be a specialisation and let a € Dom(r). Instead
of m(a), I will sometimes write a™ to mean the same thing (i.e. a™ = w(a)). If

a=(ay,...,a,)is a tuple from Dom(7), then @™ := (aJ,...,al).

We defined specialisations and rk-universal specialisations for one sorted Zariski
structures however it makes sense to consider these notions for multi-sorted Zariski
structures. (even for the ones without a home sort, but I will assume they have a

home sort).

Definition 2.1.53. Let M be a multi-sorted Zariski structure with sorts S. Let
N be an elementary extension of M. A (partial) specialisation 7 = (mg,,...,7s,) :
Ng, X ... X Ng, — Mg, x ...x M, is a map such that each 7, : N;, — M,, is a
specialisation.

It is said to be k-universal if, given any N’ = N = M, any A,, € N{ ,..., A, C
N;, with |A,,| < & for each i and a specialisation 74 = (74, ,...,7a,, ) Ny UAg X
XN UAg, — Mg, X...x M, extending m = (7, ..., 7, ), there is an embedding
0= (0g,...,05,) Agy X ... X Ag, — M over (Ng, X ... x N )N (As X ... x Ag,)

such that w4, |As, = 75, 0 05, for each i.
7

In the rest of this subsection I will give the key properties and definitions about
specialisations. All of them are given for a one sorted Zariski structure. However, it
is clear how one can generalize them to multi-sorted case when needed.

Let C be a Zariski structure and C" = C. Let D, and R be definable sets in C. By
D(C") and R(C’) we denote the C' points of D and R respectively; i.e. the subsets
of C' which are defined by the formulas defining D and R. Similarly D(C) and R(C)
denote their C points.

Lemma 2.1.54. Given a Zariski morphism f : D — R, any specialisation mp :
D(C") — D(C) with Dom(mwp) C D(C’'), there is a unique extension to mgr : R(C') —
R(C), with Dom(mr) = f(Dom(7p)), given by mr(f(x)) := f(mp(x)).
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Proof. In order to prove that the extension is a specialisation we need to show that
for any positive quantifier free formula ¢ (y, z), for any xy,c C Dom(7p), xy € D and
Yo = [f(@o),

E ¥y, c) = F(yp", ™)

where yg® = f(z5”). Equivalently,

F ¢(f($0), C) = F ¢<f(ng)7 CWD)

which readily follows from the fact that ¢( f(z), z) is equivalent to a positive quantifier
free formula (see Remark 2.1.13). O

Remark 2.1.55. The statement and the proof of Lemma 2.1.54 will be the same
when we consider a multi-sorted Zariski structure C. In fact, in Chapter 5, we will
apply this lemma in the multi-sorted setting. Actually, we would like to be able
consider topological sorts instead of definable sets. This motivates the following mild

generalisation.

Lemma 2.1.56. Let D and R be topological sorts in a Zariski structure C. Let
f D — R be a morphism, and let mp : D(C') — D(C) be a specialisation with
Dom(mp) € D(C'). Then mp induces a unique extension to mg : R(C') — R(C),
with Dom(wgr) = f(Dom(wp)), given by nr(f(x)) := f(np(x)). Moreover, mg X 7p :
R(C") x D(C") — R(C) x D(C) is also a specialisation.

Proof. This is similar to Lemma 2.1.54. Let ¢(y) define a closed subset of R(C’) (over
). We need to show that for any xzo C Dom(wp), and yo = f(x),

F () = F (™)

where yi® = f(xy”). Equivalently,

F O (f(w0)) = F (f(257))

which follows from the fact that ¢(f(z)) = Jy f(z) = y A ¢(y) is the pre-image of
¥(y) under f, hence closed in D(C').
For the moreover part observe that f xid : D x D — R x D is a morphism. Then

one can repeat a similar argument with f x id in place of f. O]

Remark 2.1.57. Let (M, ) be a x-universal specialisation, then M is k-saturated.
Indeed, let p(z) € S1(B), for some B C M with |B| < k. Suppose a realises p(z) in
some elementary extension M’ of M, and put A = BU {a}. Hence by k-universality

of m, there is an embedding o : A — M over B such that o(a) realises p(z) in M.
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The following facts are Proposition 2.2.7 and 2.2.15 in [44]. The first one is due

to more general results of Weglorz [40].

Fact 2.1.58. Let M be a quasi-compact, and complete Zariski structure, and M' »
M. Then there is a total specialisation m : M’ — M. Moreover, any (partial)

specialisation of M can be extended to a total specialisation.

Fact 2.1.59. Let M be a Zariski structure, and M’ = M. Then there is a k-universal
specialisation (M',w). Moreover, if M is quasi-compact, then w is a total specialisa-

tion.
The following is one of the natural examples of a specialisation.

Example 2.1.60. Let K be an algebraically closed valued field, and k the residue
field. Suppose k = K as fields. Consider K with the language L,,.(k) for algebraic

varieties defined over k. Then the residue map res : K — k where k is a specialisation.

However, note that res is a partial specialisation in this example. One can easily

give an example of a total specialisation.

Example 2.1.61 (Example 2.2.4 in [44].). Let *R be the hyperreal numbers. Then
the standard part map from *R to R (which is a partial map) induces a total special-
isation 7 : PI*R — P'R. Note that *R interprets an elementary extension *C of C,
therefore one can consider 7 : P1*C — P!C in the same way, and show that it is a

total specialisation.

Specialisations can be thought as replacements to the topology given by the pos-

itive quantifier free formulas. This remark can be made precise in the following:

Definition 2.1.62. Let m : M — M be a specialisation, a definable relation S C M

is said to be m-closed whenever 7(*S) C S where *S is the interpretation of S in M.

Fact 2.1.63 (Exercise 2.2.9 in [44]). The family of w-closed sets satisfies the topolog-
ical axioms (1)-(8).

Fact 2.1.64 (Proposition 2.2.24 in [44]). If 7 : M — My is a universal specialisation
then any definable relation S C My is closed if and only if it is m-closed.

Important tools related to specialisations are the notions of infinitesimal neigh-

bourhood and neighbourhood a point.
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Definition 2.1.65. An infinitesimal neighbourhood with respect to @ of a € M™ is
the set VT = 71(a). When 7 is clear from the context, I will drop it and write V,,

and say wnfinitesimal neighbourhood of a.

Definition 2.1.66. A neighbourhood with respect to @ of a € M"™ is the type
Nbdl (y) = {-Q(C,y) : Q is a closed set, My = —Q(co,a) where ¢ € V(cp)}. When
there is no ambiguity about m, I will write Nbd,(y).

The following fact from [44] explains the relation between these two notions:
Fact 2.1.67 (Lemma 2.2.21 in [44]). Let m: M — M, be a specialisation,
1. V, = Nbd,(y) N Dom(m).

2. Assume 7 is k-universal. If b € M and p(y) is a type over b then there is an

a € Ve, satisfying p(y) if Nbda,(y) U p(y) is consistent.
As specialisations are partial maps, an important notion is “maximality”.

Definition 2.1.68. Let M, be a Zariski structure, M = My and 7 : M — M, a
specialisation. We say that Dom(7) is mazimal or m is mazimally defined (in short

7 is mazimal) if there are no specialisations 7’ : M — M, extending 7 non-trivially.
Proposition 2.1.69. An Xg-universal specialisation is maximally defined.

Proof. Let My be a Zariski structure and M = My and © : M — My be an Ny-
universal specialisation. Assume 7 is not maximally defined. Then there is an element
m € M \ Dom(w) such that there is a specialisation 7y : {m} U Dom(w) — M,
extending 7. Then, since 7 is universal there is an embedding o : {m} — M over
{m} N M such that T}y = 70O Since m € M, we have o(m) = m. But then this
implies 7(m) = 7ymy(m). In particular it means 7 is defined on m. A contradiction
to the choice of m. O

The converse direction is not true! Examples of maximal but not s-universal
specialisations (even if one assumes saturation) are constructed later in section 4.2.

One of the aims of this thesis is to find conditions under which the notions of
maximality and universality coincide. One can see in Section 4.2 that this is not
always the case.

However, the main aim as it is already pointed in the Introduction, is to answer

when is a specialisation is k-universal?
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2.2 Ladder Theorem

In this section I will give a brief introduction of Zilber’s Ladder Theorem. Ladder
Theorem states that an uncountably categorical structure can be built up starting
with a strongly minimal structure and taking covers. In its full generality the Ladder
Theorem is not about Zariski structures. Therefore in this section I will work with
an uncountably categorical structure which is not necessarily a Zariski structure.
Towards the end of this section I will consider Ladder Theorem in the setting of
Zariski structures.

At this point this section may seem rather irrelevant to specialisations. However
at the end of Chapter 5, it will enable us to generalize the results from the previous
parts to some uncountably categorical Zariski structures in the non-locally modular

case. It will also point towards a Ladder Theorem for specialisations.

2.2.1 Definitions and the Main Statement

Let M be an uncountably categorical structure throughout this section unless stated

otherwise.

Definition 2.2.1. Let X C M. An X-atom of M is an X-definable subset A of M™

for some n, such that A does not contain any proper X-definable sets.?

Definition 2.2.2. Let A and N be (-definable sets in M, and A be an N-atom.
The Galois group of A over N, denoted Gal(A/N) is the group of all N-elementary
automorphisms of A. We also call Gal(A/N) the binding group (of A to N ).

In its full generality the Ladder Theorem is as follows:

Theorem 2.2.3 (Ladder Theorem, Theorem 5.0.1 in [47]). Let M be an uncountably
categorical structure and My a strongly minimal set definable in M. Then there
are ()-definable (in M*®1) sets My, ..., My such that M = M and for each M;-atom
A C My for any i = 0,...,k, the binding group Gal(A/M;) is definable together
with its action on A; and there exists an M;,1-definable group G with G C dcl(M;)
and an M;1-definable isomorphism between G and Gal(A/M;).

Remark 2.2.4. In fact one can replace M with a set definable in M*“? in the Ladder
Theorem, and the statement would still be true. Actually, in the original statement
of the Ladder Theorem in [47], M and M, are taken to be interpretable sets in an

uncountably categorical structure.

%in other words, if F,,(X) is the boolean algebra of X-definable subsets of M", then atoms of
F,(X) are called X-atoms.
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2.2.2 Key Steps of the Proof

The proof of the Ladder Theorem is based on a detailed study of sets and groups of
automorphisms interpretable in M. The proof constitutes most of the Chapter 5 in
[47]. T will not repeat the full proof here. I will only repeat the key steps in the proof,

which will also be relevant in this thesis.

2.2.2.1 Rank-Degree

Definition 2.2.5. Let A be a definable (in M¢?) set. By RM(A) I will denote the
Morley Rank and by dM(A) the Morley Degree of A as usual. Let X C M and @ a
tuple in M, then we define as usual RM(a/X) := RM(tp(a/X)) and dM(a/X) :=
dM(tp(a/X)). If X =0, I write RM(a) and dM(a) respectively.

The pair (RM(A), dM(A)) is called the Rank-Degree of A, and will be denoted by
RD(A). Similarly, RD(a/X) is defined to be RD(tp(a/X)).

Definition 2.2.6. Let A and N be (-definable sets and Z be a finite subset define
rdz(A/N) := {min{RD(z/YNZ)}: x € A, Y C A,z is independent from Y over Z}
If Z = () write rd(A/N) instead of rdy(A/N).

Fact 2.2.7 (Lemma 5.1.2 in [47]). If Z C N, then rdz(A/N) = rd(A/N).

Fact 2.2.8 (Lemma 5.1.3 in [47]). There is a tuple @ C A such that for all v € A
independent from @, we have RD(z/aN) =rd(A/N).

Definition 2.2.9. Let @ C A be tuple satisfying Fact 2.2.8, Y a finite set and x € A.
The binary relation E4 y is defined by: xE4 yz if and only if there is a is finite tuple
7 |= tp(@) such that x and z are independent from y and

{t:ip(t/yN) = tp(z/yN)} = {t : tp(t/yN) = tp(z/yN)}
Following the notation in [47], I will denote {¢ : tp(t/yN) = tp(x/yN)} by xv.

Fact 2.2.10 (Lemma 5.1.6 in [47]). E4 N is a an equivalence relation on A, and it is

(-definable.

Fact 2.2.11 (Lemma 5.1.7 in [47]). Let x € A be independent from § and tp(y) =
tp(@). Then RM(zE4 N \ 2¥) < RM(zE4 n) and RM(2Y \ 2E4 n) < RM(zY). More-
over, for allx € A, RD(zE4 n) = rd(A/N).

31



2.2.2.2 Binding Groups

For an N-atom A the binding group Gal(A/N) acts transitively on A. Zilber showed
that if rd(A/N) = (0, 1), the binding group Gal(A/N) is definable in M. Here I will
recall this proof and some more properties about definable groups of automorphisms.

Let A* be an N-atom defining the type tp(a/N). A* is definable over some finite
subset. However, since by Fact 2.2.7 it will not change the rd(A/N), we will add
this finite set as a set of constants to the language and consider A* to be ()-definable.

Moreover, clearly Gal(A/N) acts transitively on A*.

Fact 2.2.12 (Lemma 5.2.3 in [47]). There is a O-definable group G and a O-definable
action & @ A* x G — A* of G on A* such that G C dcl(N) and the action of G on

A* is sharply transitive.

The following fact explains the relation between the groups Gal(A/N) and G. In
particular it shows that Gal(A/N) is ()-definable.

Fact 2.2.13 (Lemma 5.2.4 in [47]). Let T € A*. Then there is a unique group anti-
isomorphism pz : G — Gal(A/N) such that for all g € G, pz(g) - T =Ty

Moreover, if T = v - T for some v € Gal(A/N), then pz(g) = vpz(g9)y~ .

However, note that the definability of the action of Gal(A/N) does not follow from

the above fact. For the definability of the action, one needs the following facts.

Fact 2.2.14 (Proposition 5.2.5in [47]). LetT € A*. Then the group Gal(A/N) and its
action on A is T-definable in the following way: Gal(A/N) is interpreted as (G, X)
where X is the anti-multiplication given in the Fact 2.2.13 (i.e. for any g,h € G,
g X h:=hg), and the action of Gal(A/N) on A is interpreted as the T-definable map
(9,9) = pz(9) - y-

Moreover, if Gal(A/N) is abelian it is isomorphic to G, and it is O-definable with

its action.

Fact 2.2.15 (Proposition 5.2.6 in [47]). Let B be a -definable N-atom. Suppose that
Gal(B/N) is definable with its action and Gal(B/N) C dcl(N). Then there is a tuple
b C b such that B C dcl(bN) and Gal(B/N) and its action are b-definable.

2.2.2.3 Proof of the Ladder Theorem

Fact 2.2.16 (Lemmas 5.3.1 and 5.3.2 in [47]). Let RM(a) > 1. Let N be a ()-definable
set, and assume that if RM(N) < RM(A/0), then a & acl(N). Then there is a (-
definable set N such that:
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1. 0 < RM(N) < RM(a)

2. There is an element b € dcl(a) NN and a b-definable set A which is an N-atom
such that a € A.

3. For any b-definable equivalence relation Ey, on A, either aEy is finite or RM(aE,) =
RM(A).

Moreover, assuming conditions 2 and 3 above, one can find a and an N -atom A such
that & € A with acl(a) = acl(a) and

4. 1d(A/N) = (0,1).

Fact 2.2.17 (Lemma 5.3.3 in [47]). Let M be a (-set with RM(M) > 1. Then there
are (-definable sets M and N such that

~

1. M Cacl(M).
2. RM(M) > RM(N).

3. If A C M is an N-atom, then Gal(fl/N) is definable, its action is definable,
and Gal(A/N) C dcl(N).

Proof of the Ladder Theorem. First of all assume that M C acl(M') for some defin-
able M’'. In this case any M’-atom is finite. Then Gal(A/M’) is definable with its
action and Gal(A/M’) C dcl(M’). Hence, for M almost strongly minimal the theorem
is proved.

We proceed by induction on RM(M). Suppose RM(M) < 1 and M ¢ acl(M,).
Then there is an My-atom A with RM(A) = 1 (otherwise, M C acl(My)). Since
RM(M) < 1 there are only finitely many My-atoms of Morley rank 1. Therefore
their union is (-definable. We may also assume their union is equal to M. This
would imply there is a (-definable equivalence relation £ on M with finitely many
equivalence classes. Hence M/FE is a finite (-definable set. Put M; := My U M/E.
Then, observe that if A is an M;-atom it is b-definable for some b C Mj.

Use the last part of Fact 2.2.16 to construct

M= U{A\ A C M is an M-atom}

Clearly M is (-definable, M C acl(]\/i) and RM(M) = RM(]\/Z) = 1. Moreover, all
M atoms in M are of the for A as described above. The group Gal(A/M;) and its
action are definable and Gal(ﬁ/Ml) C del(My).
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Therefore My, My, My := M , M3 := M gives us the desired ladder.
Next, assume RM(M) > 1 and the Ladder Theorem is valid for (-definable sets

of lesser rank. Use Fact 2.2.17 to construct

M, =N, M, := ]\/4\, M, o =M
By inductive hypothesis for N where N is as in Fact 2.2.17, there is a ladder My, My, ..., M,.
Therefore My, My, ..., My, M, 11, M, is the required ladder. O

2.3 Ladder Theorem in the Setting of Zariski Struc-
tures

The Ladder Theorem, as recalled above is given in the general context of uncountably
categorical structures. In this general setting, there is no need for the additional
topological structure which is provided by Zariski structures.

However, the Zariski structures related to Quantum Harmonic Oscillator [35], and
Quantum Zariski geometries [46] are the main examples of the Ladder construction.
From the explicit description of these structures one can see they satisfy certain
geometric assumptions.

In addition, an attempt to study the specialisations of a general two sorted Zariski
structure (D, N,pr) where pr is a surjective morphism has shown us without such
assumptions, behaviour of the specialisations can be wild.

When considering the Ladder Theorem for Zariski structures we need to restrict
to the case where the rungs My, ..., M, = M satisfy certain geometric assumptions.
These assumptions are of the kind structures in [35, 16, 46] satisfy. In addition,
a further restriction is necessary for our considerations in Chapter 5. Namely, we
restrict our consideration to the case where there is only one binding group acting on
the fibres, instead of a family of groups as it were the case in the general setting of
the Ladder Theorem.

The assumptions we will make in this thesis are formulated as Zariski cover struc-

tures, and defined in Chapter 5.
Definition 5.1.1. Let C := (C, M, pr) be a two-sorted Zariski structure such that

(i) There is a Zariski topological group G in C acting morphically and freely on C'

with Zariski continuous bijections.

(ii) M is interpretable in C' as a topological sort and pr : C' — M denotes the

canonical quotient-map. It is a (-definable surjection.
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(iii) For each m € M, the fibre pr~!(m) is an orbit of an element in C, i.e. pr=*(m) =

G -z for some z € C.

(iv) The group G is a Zariski topological group in M (in particular G is interpretable

as a topological sort in M).
Then C := (C, M, pr) is said to be a (two sorted) Zariski cover structure.

From now on, in the remaining of the thesis, by cover we will mean Zariski cover
structure unless otherwise is stated.

In the considerations of Chapter 5 we will work under an additional assumption.
Which is named Continuous Connections (see paragraph 5.1.18). As already noted in
the introduction, unfortunately at this point we are unable to prove whether Quantum
Harmonic Oscillator and Quantum Zariski Structures satisfy Continuous Connections

assumption or not.
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Chapter 3

Specialisations and Algebraically
Closed Fields

3.1 Specializations and Algebraically Closed Val-
ued Fields

In this chapter we will consider the structure (K, k,res) where K is an algebraically
closed valued field, k its residue field and res : K — k is the residue map as a
specialisation. For this consideration we are forced to make some restrictions. As we
need to have k < K, we restrict ourselves to the case Char(K) = Char(k). Given
that we are in the equi-characteristic, both K and k are algebraically closed fields
over the same prime subfield. Then one can (uncanonically) embed k into K, also one
can choose this embedding in such a way that res is identity on k (by replacing the
isomorphic copy of k in K with k if necessary). But then by quantifier elimination
(Fact 2.1.3) this embedding is elementary, and we have k < K.

We will work with the relational language L,.., which only has predicates for
varieties in k™ (all n € N), whose relations are Zariski closed subsets of k" (all n € N),
and with the expanded language £ := L,, . U{res} where res will be interpreted as
the residue map. Note that k is £ definable in K by the formula Jz(res(z) = y).
From now on K will always be an algebraically closed valued field, k the (definable)
residue field, res : K — k the residue map, O the corresponding valuation ring, and
M the valuation ideal.

Let L4, = {+,—,-,0,1,|} be the ring language augmented with a binary relation
| which is interpreted as x|y if and only if v(z) < v(y). Recall that ACVF is the

complete theory given by the following sentences:

1. K is algebraically closed.
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2. Valuation axioms.
3. There are z,y € K* such that v(z) < v(y), where v is the valuation on K.
4. Characteristic of k and K.

in the language L4, and also in various other languages due to Robinson’s analysis
of algebraically closed valued fields [22, 31].

It is easy to see that one can write sentences 1, 2 and 4 in the language £"°*, one
can also write 3 but it takes a bit more effort. First observe that O is £ definable,
by the formula Jy(res(z) = y). Then define Res : K x K — k as follows:

[ res(zy™t) if v(z) > o(y)
Res(z,y) = { 0 otherwise

So Res is L™ definable by the formula
V(x,y,2): (wy ' € ONz=res(xy™)) V(zy ' € ON2z=0)

Now sentence 3 can can be written as Jx3y(Res(x,y) = 0). Therefore, one can indeed
consider the theory ACVF to be living inside the theory specialisations (with some
restrictions).

We start with a standard fact.

Lemma 3.1.1. Let K be an algebraically closed field in the language L,,. Iftr.d(K) =
k then K is k-saturated. Conversely, if K is k-saturated, then K has infinite tran-

scendence degree.

In the next theorem I will show any specialisation can be extended in such a
way that its domain is a valuation ring. This is basically due to Chevalley’s Place
Extension Theorem. However the essential arguments are already present in Weil’s

Foundations of Algebraic Geometry [41].

Theorem 3.1.2. Let k be an algebraically closed field and K > k. Given a spe-
cialisation m : K — k, it defines a residue map, res : K — k of a valuation ring

0.

Proof. Let R = Dom(7). Clearly we can assume R is a ring containing k (if not,
take R to be the ring generated by Dom(w). Then 7 naturally extends to a ring
homomorphism from R to k which is a specialisation extending 7 to R). Then 7 is

a surjective ring homomorphism with Ker(7) = V4. Hence Vy < R is maximal, and in
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particular prime. Then by Chevalley’s Place Extension Theorem, there is a valuation
ring O to which 7 extends.
Let us denote the extension of 7 to O by res and write res : O — k. Then Ker(res)

is the unique maximal ideal (i.e. the valuation ideal) of O and O/ Ker(res) ~ k. [

Hence the specialisation denoted by res with the domain O above is a residue

map coming from a valuation of the field K with residue field k.

Remark 3.1.3. If 7 : K — k is a specialisation of algebraically closed fields, by the
above theorem we can consider its extension to a residue map res : K — k. Therefore
whenever we have a specialisation m we will consider the residue map res it defines
instead of it. In other words one can always consider the structure (K, k,res) where

res is a residue map as a specialisation on an algebraically closed field.

Remark 3.1.4. Recall that the infinitesimal neighbourhood of any element b in K
is Vj, = res~'(b). Note that in this setting Vy is just the valuation ideal M. Hence
for any b € k, the infinitesimal neighbourhood V), is just the coset b 4+ M. Moreover,
since oo is in k in the usual way, we will also consider the infinitesimal neighbourhood

of oo and write V4.

3.1.1 Some Facts on Extensions of Valued Fields

I will recall some well known facts on extensions of valued fields. They are widely
available in the literature on valued fields, e.g. in [38]. In this subsection, and also
in the next one (subsection 3.1.2) we will consider a valued field as a tuple (F, OF)

where [ is a field and Op is a valuation subring of F. If F'is algebraically closed we
call (F,Op) an algebraically closed valued field.

Definition 3.1.5. Let (F,Op) and (L,Op) be two valued fields. A valued field
embedding i : (F,Op) — (L,Op) is a field embedding i : /' — L such that i(Op) =
Or.

Fact 3.1.6 (Corollary 3.16 in [38]). Let (F,Or) be a valued field. Let F“ be its
algebraic closure and Opay C F™ be a valuation ring which dominates Op. Then
any valued field embedding i : (F,Or) — (L,Or) to an algebraically closed L can be
extended to a valued field embedding (F*, Opay) — (L, Or).

Fact 3.1.7 (Lemma 3.22 in [38]). Let (F, Op) be a valued field, let x be transcendental
over F' and let L = F(x). Then there is a unique valuation ring Op C L with

Or C Oy, such that x € O and res(x) is transcendental over the residue field Ly.
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Furthermore, Ly = My(res(z)) and I'r = T', where I'r and 'y, are the corresponding

value groups.

Fact 3.1.8 (Lemma 2.23 in [38]). Let (F,Or) be a valued field with valuation v :
F* — T'p, let x be transcendental over F' and let L = F(x). If h is an element of an
ordered abelian group extending I'p such that nh & U'p for alln > 1, then v extends
uniquely to a valuation w : L* — U'p + hZ. Also Fy = Ly.

Fact 3.1.9 (Lemma 3.30 in [38]). Let (F,Or) C (L,Or) be a valued field extension
with My C Lg, also denote the valuation of L by v. Let mq,...,m, € M and x €
L\ M. Suppose v(x —m;) € vM* for alli = 1,...,n. There there is an element

m € M such that for alli=1,...,n, v(m—m;) =v(x —m;).

3.1.2 Quantifier Elimination for Th(K)

Let k be an algebraically closed field considered as a Zariski structure in its natural
Zariski language L,... Let K = k, we will consider the structure (K, k,n) in the
language £7.°(P) := L., U {P, 7,00} where P is a unary predicate interpreted as
k, m is a function symbol which will be interpreted as a specialisation 7 : K — k,
and oo is a new constant to be interpreted as a new element added to k. For dealing
with substructures in a natural way we will also assume that the language £7°(P)
contains function symbols + and - to be interpreted as addition and multiplication.
Let Th(K)"* be the theory given by the following:

1. Th(K), the L,,, theory of K.

2. oo will be a new element added to the residue field:

P(oo) AVa(P(a) = (co+a=a+00=00Aa-00=00-a=00)).

3. res is a non-trivial residue map:

Va(res(x) # oo Vres(x™t) # o0) A Jz(—P(2))

4. The axiom scheme saying res is a specialization:
{Var,...,x,(S(z1, ..., 2n) = S(res(xy,...,x,))) :neN,S e L,,.}

5. res is identity on the residue field:
Va(P(z) — res(x) = z)

Let (M, My, res) be a model of Th(K)™*. Then res : M — My U {oo} is a place.

So res corresponds to a unique valuation ring, denote it by Oy;. Therefore (M, Oyy) is
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a non-trivial valued field. For the sake of notation, when there is no risk of ambiguity,
instead of res(m) (given that res is defined on m), I will write m. L.e. whenever res
is defined on m € M we define m := res(m). This convention will only be valid in
this chapter.

We will use the following fact from [11] for proving Th(K )" admits quantifier

elimination, in the language £7..°(P).

Fact 3.1.10 (Theorem 5.7 in [11]). For a theory T in a language L with |L| = k, the

following are equivalent:
1. T admits quantifier elimination.

2. For any two models M and N of T where |M| < k and N is k" -saturated, and
for any proper substructure S of M whit an embedding i : S — N, one can
extend 1 to an embedding j : S" — N for some proper substructure S’ of M

strictly containing S.

Remark 3.1.11. Quantifier elimination for various theories of pairs of algebraically
closed valued fields are already well known in model theoretic literature (see [2, 9, 22,
39] for example).

The main arguments we use in our proof of quantifier elimination (Lemmas 3.1.12,
3.1.13 and 3.1.14) are very close to Hrushovksi and Kazhdan’s proof of quantifier
elimination for a pair of algebraically closed valued fields in [15, Lemma 6.3]. And

also close to Leloup [21].

Lemma 3.1.12. Let (S, Sy, res) and (L, Ly, res) be two valued fields where L is an
algebraically closed field. Consider the extension (S, S5, res) of (S, Sy, res) where
S is the algebraic closure of S. Then any L7 (P)-embedding i : (S, So,res) —
(L, Lo, res) extends to an L7,°(P)-embedding (5™, S, res) — (L, Lo, res).

Proof. First we will prove that there is an £7..°(P)-embedding
J1: (SS5%, Sg'®, res) — (L, Lo, res)

extending 1.

Observe that Sy is relatively algebraically closed in S. So S is a purely transcen-
dental extension of Sy. Therefore S and S3*® are linearly disjoint over Sy. Moreover,
S ®s, S5¢ is a field since S3* is an algebraic extension of Sy. Hence the compositum
S5 is isomorphic (as fields) to the tensor product of fields S ®g, Sg*.
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We know that ¢ embeds S into L and Sy into the algebraically closed field L.
Extend 7 to a field embedding jo : S§'® — Lo. Then, j0(S5%) = i(Sp)™s. As above,
i(So) is relatively algebraically closed in i(.S). Therefore i(S) and jo(S5*) are linearly
disjoint over i(.Sp).

Then there is an isomorphism j; : SS§® — (5)70(S5*) such that ji(z) = i(x)
for all x € S and j1(y) = Jjo(y) for all y € S5 It is clear that j; preserves P as
Ju(S3%) = i(So)s € L% = P(L).

Clearly S*= is an algebraic closure of SS3®. Extend j; to a field embedding
j: 5™ — L. Since j extends ji, it maps S3® into Ly = P(L). Hence j preserves P.
Moreover, j71(QOp) is a valuation ring of S*¢ lying above Og. Since S™¢ is normal
over S, there is a 0 € Aut(S™#|S) such that j71(Or) = 0(Ogax).

Since SS§® is a normal extension of S, o fixes SS§® setwise. Moreover o fixes S§®
setwise. Indeed, since S;*® is algebraically closed in SS§®, any automorphism of SSg®
over S fixes Si* setwise. Hence o fixes Si* setwise.

Then jo : (S, Ogas) — (L, Of) is a valued field embedding which maps S3* into
Ly, and hence preserves P.

Next we will show that jo preserves the map res. Let b € Ogae. If b € M gaie, then
res(b) = 0, and also jo(b) € My. Therefore jo(res(b)) = jo(0) = 0 = res(jo(b)).
Now assume that b € Ogaie \ Mgaig, i.. v(b) =0. Then b = % = % for
some f(z),g(z) € S™¢[z] \ {0} with v(f) = v(g). Furthermore we may assume that
v(f) = v(g) = 0. Indeed, if this is not the case, divide all coefficients of f and g by
a coefficient of ¢ which has minimal valuation. Then, in particular, all coefficients of
f(z) and g(z) are in Oga.

Then

j(res (£)) = itresf(@)g@@) ™) =

i(res((fo+ fiz + ...+ fuz™)(go + 1z + ... + gmz™) ™))
res(fo+ fix + ...+ fox™)(res(go + g1z + ... + gmz™)) )
(fo+ fiz+ ..o+ fu2™)(Go + iz + ...+ Gua™) "))
(fo+ fiz+. ...+ fu2™)i(@ + iz + ...+ Gmr™) ™))
o) +i(f)y + ...+ i(f)y")i(@) + i@y + .. +i(Ga)y™)

fo) +i(f)y + . +i(fu)y")(i(g0) +i(g1)y + - .. +i(gm)y™) )

<.<fo+f1x+...+fna:")>
= res | J
Jo+ g1z 4+ ...+ gpax™
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Now assume b € S*#\ Ogas. Then res(b) = oo and jo(res(b)) = jo(oo) = oco. On
the other hand j(b) € i(S)(y) \ Oi(s)()- Therefore res(j(b)) = oo. Hence j(res(b)) =
j(50) = 00 = res(j(b). a

Lemma 3.1.13. Let (M, My, res) and (L, Lo, res) be two models of Th(K)"™* with
(L, Lo, res) is |M|"-saturated. Let (S, So,res) be a substructure of (M, My, res) and
i:(S,So,res) — (L, Lo, res) be an L3 (P)-embedding. Then there is an extension
J o (F F§Y res) — (L, Lo,res) of i where F is the field generated by S.

Lemma 3.1.14. The theory Th(K)™* admits quantifier elimination in the language

L% (P). Moreover the theory Th(K)" is complete.

Proof. Let (M, My, res) and (N, Ny, res) be two models of Th(K)™* such that (N, Ny, res)
is |M|"-saturated. Let (S, Sy, res) C (M, My, res) be a proper substructure and sup-
pose i : (S, Sy, res) — N is an embedding, we will show that we can extend ¢ to an
embedding j : (S', Sp, res) — N of some substructure S C M properly containing S.

By the above arguments it is enough to consider the case where S is a proper
algebraically closed subfield of M, and i : (S, Sy, res) — (N, Ny, res) is an embedding.

Casel. Sy # My. Let z € My \ So. Then res(x) = z is transcendental over Sy as Sy
is algebraically closed. Moreover x ¢ S, and hence x is transcendental over S. Since
(N, Ny, res) is saturated there is a y € Ly with res(y) = y and res(y) & i(So).

Therefore res(y) is transcendental over i(Sp) and y is transcendental over i(.S). The
isomorphism i : S — i(S) extends to a field isomorphism j : S(x) — i(S)(y), where
j(z) = y. Moreover, by Fact 3.1.7, j : (S(x), Og@)) — (i(S

)W), Oi(s)(y)) is a valued
field isomorphism and j(res(z)) = j(x) =y = res(y) = res(j(x)).

Also, observe that j maps Sp(x) to i(Sp)(y). Therefore it preserves the predicate P.

Next, for any b € S(z), we will show that j(res(b)) = res(j(b)). First assume that
b € Ogu). If b€ Mg, then res(b) = 0, and also j(b) € M;s)). Therefore

j(res(b)) = j(0) = 0 = res(j(b)). Now assume that b € Og) \ Ms(s), i.e. v(b) = 0.
Then b = m)) % for some f(z),g(xz) € Slx] \ {0} with v(f) = v(g).
Furthermore we may assume that v(f) = v(g) = 0. Indeed, if this is not the case,
divide all coefficients of f and g by a coefficient of g which has minimal valuation.

Then, in particular, all coefficients of f(z) and g(x) are in Og.
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j(res (£)) = itresf(@)g@@)™) =
= jlres((fo+ fix + ...+ foz™)(go + g1z + ... + gmz™) ™))
res(fo+ fir+ .+ far")(res(go + g1 + .+ gma™)) ")
(fot+ frot 4 Fa™) (G0 + Gz + -+ Gua™) )
(ot frzt o+ Fux)i(G0 + G+ - 4 Guz™) 7))
(Fo) +i(f)y + - +i(F)y") @) + i@y + - +i(@n)y™)
fo) +i(f)y +. +Z(fn))y”)(i(go) +ilg)y + .. +ilgm)y™) )
_ os <j<f0+f1x+ —i—fna:”))
go+ T+ ...+ gnx™
Now assume b € S(z) \ Og(). Then res(b) = oo and j(res(b)) = j(oo) = co. On

the other hand j(b) € Z(S)( ) \ Oi(s)(y)- Therefore res(j(b)) = co. Hence j(res(b)) =
J(00) = 00 = res(j(b)).

Case2. SN My = My and vS* # vM*. Let g € vM* \ vS*. Since (N, Ny, res)
is |M|"-saturated, vN* is |M|"-saturated as an ordered abelian group, moreover
vN* is non-trivial. Also, vi(S*) and vS* are divisible groups. Therefore, there is

h € uN* \ viS* such that for all s € S, g < v(s) if and only if A < v(i(s)).

Hence the isomorphism vS* — vi(S*) extends to the following ordered abelian group

isomorphism

vS* +gZ — vi(S*)+ hZ
v(s)+gn — v(i(s)) + hn

Now pick elements z € M* and y € L™ with valuations g and h respectively (i.e.
v(r) = g and v(y) = h). Clearly, x € S and y ¢ i(S). Therefore, z and y are
transcendental over S and i(S) respectively.

Let " := S(x), R:=i(S) and R :=i(S)(y). We can extend i to a field isomorphism
j:S"— R'. Moreover, by Fact 3.1.8 j is a valued field embedding. Therefore j maps
Qg isomorphically to Ogr/, and Mg to Mpg. Hence we can extend j naturally to
j : Os//Ms/ — OR//MR/.

Let Sy := P(S") = MgnN S" = My and R}, := P(R') = NynS" C Ny. Then j maps
P(S") to P(R') since it extends i, and i maps M, into Ny. Hence j preserves the
predicate P.
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It follows that j preserves the map res from the same argument in Case 1 above.

Therefore j is also an L] (P)-embedding.

Case 3. SNMy = My and vS* = vM*. We may assume vS* = vi(S*) by identifying
(S, S N My, res) with its image under i. Let v € M\ S. Let f(z) € S[z] be a non-
zero element. Then f(x) = uH (x — s;) for some u,s; € S. Therefore v(f) =

i

) + Z x — s;)). Hence the valuation vy, : S(z) — vS is determined by
Ul :S—H}S and S — vS* given by s +— v(x — s).

By Fact 3.1.9 and saturation there exists an element y € L\ i(S) such that v(y —s) =
v(z — s) for all s € S. Next, extend the isomorphism i to a field isomorphism
j:S(x) = i(S)(y) by j(z) =y. Then j is a valued field embedding.

Asin Case 2, P(S(z)) = MyNS(xz) = My and P(i(S)(y)) = NoNi(S)(y) C Ny. Then
j maps P(S(z)) to P(i(S5)(y)) since it extends ¢, and ¢ maps M, into Ny. Hence j

preserves the predicate P.

Again, it follows that j preserves the map res from the argument used in Case 1

above. Therefore j is also an L] (P)-embedding.

This establishes quantifier elimination for Th(K)™.

For completeness, consider (k, k,id) where id : kU {ococ} — kU {oo} is identity.
Take an element ¢ which is transcendental over k£ and adjoin it to k. This is a prime
substructure of the theory Th(K)™ (i.e. it embeds into any model of Th(K)™*).
Hence this theory is complete, as a theory with quantifier elimination and a prime

structure is complete. ]

Lemma 3.1.15. Let (N, Ny, res) be a k-saturated model of Th(K)™* (in the language

L77(P)), then res : N — Ny is a k-universal specialisation.

Proof. Let N' = N as Lz structures, and A C N’ with |A| < k. Let res’: AUN —
Ny be a specialisation extending res. We may assume that res’(a) € A for each
a € A (if not, we can add those elements from Ny to A, the resulting set will still
have cardinality less than k).

We need to show that there is an elementary embedding o : A — N over AN N
such that resTA =resoo.

Enumerate A\ N as {b; : i < A}. Let Ay = ANN, and 0¢ :=id = ANN — N, and
let A; = Ao U {b; : j < i}. By induction we will build a chain of partial elementary
embeddings o; : A; — L such that o; C o; for i < j and resTAi = res o ;.
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Let ¢ =j+ 1 and 0; : Aj — N be a partial elementary embedding. Consider the

L. (P) type
p(x) = {p(z,0;(@)) : N' = @(bj+1,a),a € A;}

Since |A;| < K, by k-saturation of (N, Ny, res), the type p(x) is realised by some
¢; € N. Then define o;(b;) = ¢;. To see that res'(b;) = res(o;(b;)), observe that
res'(b;) € Ao. Then res'(b;) =  for some € Ay. Then the formula res(z) = (5 is in
p(x). Hence res(o;(b;)) = res(¢;) = B;. Since o, is a partial elementary embedding,
it follows that o; is partial elementary.

If 7 is a limit ordinal, let o; := Uaj. Then define o := U oj: A— N. Clearly,

j<i F<A
o is an Lza partial elementary map, and moreover res’|4 = res o o. O

The following theorem follows from the completeness of Th(K )™ and Lemma 3.1.15.

Theorem 3.1.16. Let (M, My, res) be a model of Th(K)™*. Then (M, My, res) is

elementarily equivalent to a model (N, Ny, res) such that res : N — Ny is k-universal.

Proof. Let (N, Ny, res) be a k-saturated model of Th(K)"*, then by Lemma 3.1.15

Tes

the specialisation res : N — Ny is k-universal. Since the theory Th(K)™* is complete,

(M, My, res) = (N, Ny, res). O

Remark 3.1.17. The symbol co in the language £7..°(P) is for convenience. Espe-
cially to consider res as a map defined on the whole structure; in terms of valuation

theory, to consider it as a place in the proper way.

However, we can consider the language £7 (P) without the oo symbol, and con-
sider res as a partial map. The theory Th(K )" with the exception of axiom 2 can
be stated in £] (P). This axiom only specifies how oo will be treated. Moreover,
all the arguments in the proofs of Lemmas 3.1.14 and 3.1.15 are valid for L] (P)
(with keeping in mind that res is a partial map in this setting, and being cautious

accordingly). Theorem 3.1.16 will follow in the same way.

In Theorem 3.1.2 T have shown that any specialisation of an algebraically closed
field can be extended to have a valuation ring as its domain. In other words, it can
be extended to a place. It is easy to see that valuation rings are maximal domains for
specialisations of algebraically closed fields. In other words, for algebraically closed
fields maximally defined specialisations are places. On the other hand places are
naturally identified with the equivalence classes of valuations. Therefore maximally
defined specialisations K — k are in one to one correspondence with the equivalence

classes of valuations v : K — I with the residue field k.
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In particular if we consider a specialisation 7 : P1(K) — P!(k), then 7 can be
extended to total specialisation. Which will again be a place res : PY(K) — P!(k)
such that res™!(k) is a valuation ring R and res™'(o0) = P!(K) \ R. In this case
all total specialisations P'(K) — P!(k) are in a one to one correspondence with the
equivalence classes of valuations v : K — I' with residue field k£ as above. A longer,

but more geometric and constructive proof of this fact is given by de Piro [3].

Remark 3.1.18. For complete Zariski structures any specialisation can be extended
to a total specialisation. Hence the notion of maximally defined specialisation coin-

cides with total specialisation in this case.

The notion of maximally defined specialisation will be relevant to prove similar

results in the rest of this thesis.

3.2 Specialisations over Algebraic Varities

In this section we will consider the universality of specialisations of algebraic (quasi-
projective) varieties.

In this section G will denote an algebraic (quasi-projective) variety defined over
a field k£ which is a subfield of an algebraically closed field K. G(K) -K points of G-
can be thought as a Zariski structure in a natural way in the language L£,,.., which
only has predicates for k-definable subvarieties of G(K)" (all n € N).

It is a well known fact that G(K) is bi-interpretable with K where K has the
structure of an algebraically closed field together with named elements from k. This
bi-interpretation induces an isomorphism between Aut(K) and Aut(G) [27, Chap. 3,
Prop. 1.4. part (ii)]!, hence we may think that Aut(K) acts on G in the same way
Aut(G) does.

Let A C G(K). Since G(K) is k-definably covered by (quasi) affine varieties we
can consider the subfield generated by A and k, which, we will denote by k(A). To
be more precise k(A) = k(a : [a] € ANU;) where [a] is the homogeneous coordinates
of a point and U; = {[a] : a; = 1}.

Lemma 3.2.1. Let A C G(K), then aclg(A) = G(k(A)™).

Proof. g € aclg(A) <= g has finitely many conjugates under Aut(G/A)
<= ¢ has finitely many conjugates under Aut(K/A) <= g € G(k(A)™®). O

!'Note that in the proposition referenced here it is actually proved that two countable, w-
categorical structures are bi-interpretable if and only if they have homeomorphic automorphism
groups. However the direction we required above is true without assuming countability and w-
categoricity, as it can be seen from the proof.
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3.2.1 Specialisation Induced by the Residue Map

Let res : K — k be a specialisation as in Section 3.1, and let G' be an algebraic variety
defined over k. Then, res gives rise to a specialisation Res : G(K) — G(k). In the
case G = P! we have already seen this specialisation in the Example 2.1.61. Here I will
recall this example in more detail and generalize this construction to quasi-projective
varieties .

Recall that P' = Uy U Hy where Uy = {(zg : 1) : 7o = 1} and Hy = {(x¢ : 1) :
xo = 0}. Then H, consists of a single point, denoted by oo, and Uy is isomorphic to
Al via (1:2) — 2.

Therefore we can write P!(K) = A'(K) U {oo} = K U{co} and similarly P!(k) =
k U {oc}. Then one can define Res : P}(K) — P(k) for (1 : z;) € Up(K) as
Res(1 : x1) = (1 : res(xy)) given z; € Dom(res). One can extend Res to the whole
of P}(K): Define Res(co) = oo, and for all (1 : x;) € U; with z; & Dom(res), define
Res(1: z1) = oc.

Next we will consider P". Recall that P" = Uy U... U U, where U; = {(z¢ : ... :

x,) : x; = 1} for ¢ = 0,...,n. Here, U; is isomorphic to A" via (zg : ... : z,) —
(X0 ey Ty Tig 1y e o vy T

Therefore define Res : P"(K) — P"(k) as follows: For (z¢ : ... : z,) € U;y(K)
define Res(xq : ...:x,) = (res(xg) : ... :res(zi_q1) : 1:res(xipy) : ... res(xy,)).
Remark 3.2.2. For any (29 : ... : z,) € P*(K) there is a A € K such that
AZg, ..., Ax, are in the valuation ring Dom(res) but not all of them are in the valu-
ation ideal, i.e. there is some j such that res(Az;) # 0. Hence (Az;)~" € Dom(res).
Then(xoz...:mn):()\xo:...:)\xn):(%:...:%:1:%:...:%):(%:

:x;—;l:1:x;—?l:...:i—’;)and5;—2,...:%7%—?1,...,J§—?ED0111](7“63). ] ]

Therefore, any point € P"(K) has can be written in homogeneous coordinates as
r=(xo:...:xj_1:1:xjq ... x,) € Ujforsome jwithzo,...,x;-1,1,2j41,...,2, €
Dom(res). It immediately follows that Res is defined on every point of P"(k), i.e.
Dom(Res) = P"(K).

Next, as we define Res separately on each of the sets U;, we need to check that
it is well defined on the intersection of such sets. This will be immediate from the

following remark:

Remark 3.2.3. One can alternatively define Res : P*(K) — P"(k) as follows. Let
(o : ...,x,) € P"(K). There is a A € K such that Az, ..., Az, € Dom(res) such
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that res(A\x;) # 0 for some i = 1,...,n. Then define Res(zg : ..., x,) = (res(Azo) :
—orres(Axy)).

The definition of Res as given above does not depend on A. For if 4 € K is an
other element such that uxo, ..., px, € Dom(res) with res(ux;) # 0, it follows that

(res(Axg) = ... res(Axy,)) = (res(uxg) : ... res(uxy,)).

Clearly, Res defined in the remark above coincides with the map Res defined
separately on each U;. Moreover, the map Res, is well defined on the intersections
U;NU; for all 4, j by the same remark.

Next, we need to check that Res : P*"(K) — P"(k) is a specialisation. Since
res : k — k is identity, Res : P"(k) — P"(k) is also identity. Let, S C (P™(K))™
be a closed subset and let T € Dom(Res) NS. Write T = (z1,..., 2z,) where z; =

(zio : -..: zip) for all i = 1...,m. There is a finite set of homogeneous polynomials
{fi(Zor,-- s Zons- s Zomos -y Zon) Y < k[Zo1s-- -y Zons -y Zmos - - -y Zmn) such that
fi(Z01y -y Z0ns« -+ s Zm0s - -+ Zmn) = 0 forall i =1,... m.

Since res : K — k is a specialisation, f;(res(z)) = 0 for all 7, where Z =
(2015« -+ Z0ms - -y Zm0s - - - » Zmn)- Lherefore, Res(T) € S.

3.2.2 Specialisation Induced on the Field from a Variety

In this subsection I will show that a maximal specialisation on G comes from a
maximal specialisation mx : K — k. The first main statement of this subsection is

the following:

Proposition 3.2.10. Let G be an affine variety defined over k. Let ng : G(K) —
G(k) be a mazximal specialisation. Then there is a maximal specialisation 7 : K — k
such that Dom(mg) = G(K) N (Dom(wg))™ and for any T € Dom(rng), its image

1e(T) = (275, ..., aTx).

To prove Proposition 3.2.10, one first needs some preparation. Let k be an al-
gebraically closed field (seen as a Zariski structure) and K > k. Let G an affine
variety over k and mg : G(K) — G(k) be a specialisation. We can interpret & in
G(k) (and similarly K in G(K)) via the projections pr; : G(k) — k for i =1,... n.
Clearly pr;(G(k)) = k \ X; for some finite X; C k. Moreover, the equivalence rela-

tion ~; on G for each i, defined by (z1,2,...,2,) ~; (24,2, ..., 2)) if and only if
pr;(z1, xa, ..., x,) = pr;(z), xh, ..., x}) is closed.

rn

For each i = 1,...,n, we define m; : K\ X; — k\ X; as follows: first, de-
fine Dom(m;) := pr;(Dom(mg)). Second, for any = € pr,(Dom(ng)) define m;(x)
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as follows: Pick an element (zy,2y,...,7,) € pr; (z) N Dom(mwg). Then define

mi(z) = pry(ng(z1,xa,...,2,)). It is clear that m; is well defined for each i, since

~; is a closed equivalence relation. Next we will show that 7; is a specialisation.
Note that, K\ X; and &\ X; are quasi-affine varieties, and we will consider them

with the natural Zariski topologies on their Cartesian powers as Zariski geometries.

G(K)

-

K=K\ X, 2k =

Proposition 3.2.4. For eachi € {1,...,n}, m; : K; — k; is a specialisation.

Proof. Let S be a closed set of K; := K \ X; and @ € S N Dom(m;). We want to
show that 7;(@) € S. Since pr; is continuous, 7 := pr; *(S) is closed, and since
@ € Dom(m;), there is @ € Dom(m¢) such that pr;(@) = @. Then G(K;) = T(«), and
since 7¢ is a specialisation, G(k;) = T'(7ma(@)).

Then, by definition of pr;, we have pr,(7g(a)) € pr;(T") = S. Therefore, by

definition, m;(a@) € S. Hence 7; is a specialisation. O

Therefore we can think of 7¢ : G(K) — G(k) in terms of the specialisations
..., M. Let T € Dom(ng), and say 7¢(T) = me(r1, ..., 2n) = (Y1,.--,Yn). By

construction m (z1) = pry(76(T)) = y1,...,m(xn) = pry(76(T)) = yn. Then we can
write mg (21, ..., 2,) = (274, ..., 20").
Proposition 3.2.5. For any i,j € {1,...,n}, the specialisations m; and m; are

the same on the intersection Dom(m;) N Dom(r;) of their domains; i.e m; = m; on
Dom(m;) N Dom(7;).

Proof. First of all observe that since Dom(m;) N Dom(7;) 2 &\ X; U Xj, it is not
empty.

Let z € Dom(7;) N Dom(r;). Then there are tuples T = (z1,...,%,...,%,) €
Dom(rg) and ¥ = (y1,. .-, Yj,--.,Yn) € Dom(mg) such that x; = y; = 2.

Define

Cij ={(@.7) € (G(K))* : 2 = y;}

Then 7,7 € C' N Dom(7g). Clearly C is a closed subset of (G(K))?. Then, since ¢
is a specialisation, 7¢(Z), 7¢(y) € C. Then m;(x;) = 7;(y;). Hence m;(2) = m;(2). O
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Define D := Dom(m;)U...UDom(m,). Next we will define a common extension of
the specialisations 7y, ..., 7, to D. Define 7% : D — k\ X where X = X;N...NX,
as follows: let x € D, then by definition there is an ¢ = 1,...,n such that x €
Dom(m;). Define 7% (z) = m;(x). Since my,...,m, are the same on the intersection
Dom(m;) N ... N Dom(m,), this is well defined. We now need to show that 7% is a

specialisation.
Proposition 3.2.6. 7% : D — k\ X is a specialisation.

Proof. Let S be a closed set of K \ X and let Z = (21,...,2,) € D" be such that
= S(z1,...,2,). We will show that = S(zf%, . ,z,f?‘)

For each i = 1,...,n there is a j; € {1,...,n} such that z; € Dom(r;,), since
Z € D". Then for all i there is a tuple T; = (v;,...,%j,...,2Tn;) € Dom(mg) such
that z; = xj;.

Next, look at the set

C={(T1,...,Tn) € GK)": S(xj1,....2jn)}

Then C' is a closed subset of G(K)". Therefore, since mg is a specialisation, =

C(@°,...,73¢). Recall that T;¢ = (z},...,2;/",...,2}7). Then in particular,
Sz, .. ). But, S(ai', ... 25" = S(ac;r%, o ,x;:%), since 7Y is a common
extension of all 7y,...,m,. Then S(zf?‘,...,zz(}‘) as z; = xj. Hence 7% is a
specialisation. O

The specialisation 7% : D — &\ X is not defined on the finite subset X C k.
However, as X C k and since any specialisation K — k must be identity on £ we
can canonically extend 7% to a specialisation 7% : K — k simply by defining it to be
identity on X.

From now on, whenever we write 7% : K — k, it will always refer to the specialisa-
tion of K with domain DU X, and range k (so that 7% : DUX — k is onto). Further,
the specialisation 7% : K — k induces a specialisation 7% : G(K) — G(k) in the nat-
ural way: Define Dom(7d) := G(K) N (Dom(7%))", and for all T = (z1,...,x,) €

Dom(7%), define () := (:v;r%, o ,mZOK)

Proposition 3.2.7. The specialisation & : G(K) — G(k) induced by 7% : K — k

is an extension of the specialisation 7¢ : G(K) — G(k), and 7 = mg on Dom(7g).

Proof. Let 7% : G(K) — G(k) be the specialisation induced by 7%. Then by con-
struction, Dom(7%) = G(K) N (Dom(7%))", and for all T = (z1,...,z,) € Dom(72),

0 0
7o (T) = (z1%, ..., 225).
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Next, we will show that Dom(ng) € Dom(n%). Let T = (x1,...,2,) € Dom(7g).

Then z; € Dom(w;) for all ¢ = 1,...,n. Then zy,...,z, € Dom(n%), since 7% is
a common extension of all of the specialisations 7y,...,m,. Hence (z1,...,z,) €
Dom(72).

Last, we will show that 7% = m¢ on Dom(7g). Let T = (1,...,x,) € Dom(7g).
Then z; € Dom(m;) for all ¢ = 1,...,n. Therefore m¢(Z) = (27",...,20") =
(xf% e ,xf}() = 7o (T). Hence 74 is an extension of mg. O

Note here that if 7¢ : G(K) — G(k) is a maximal specialisation we will have
Dom(mg) = Dom(72) and 72 = 7¢.
At this point we are ready to prove Proposition 3.2.10. However, before proceeding

to the proof of Proposition 3.2.10, we will prove another result.

Proposition 3.2.8. Let ng : G(K) — G(k) be a maximal specialisation. If the
specialisation % : K — k induced by mg (as defined before Proposition 3.2.6) is

k-universal, then wg is k-universal.

Proof. Suppose that 7% is s-universal. We will show that 74 is also k-universal. Let
G(K') = G(K), and A C G(K') with |A] < k. Let m¢r : G(K)U A — G(k) be a
specialisation extending 7.

By Propositions 3.2.4, 3.2.5, 3.2.6, m¢ induces a specialisation 7%, : K — k such
that mgr(xq, ..., 2,) = (x;r?{', . ,xz%').

Next, we claim that 7%, extends 7% . Indeed, let a € Dom(7%). Then a € Dom(m;)
for some i. Therefore there is a tuple (aq,...,a,...,a,) € Dom(ng).

By construction of 7%, we have

W(I)( 9 71'9(
malar, ..., a,. .. a,) = (@™, ... d™ . an™)
Similarly
0 0 ¥
— K’ ™ K’
we(ar, ... a,. .. a,) = (... d"& o a”)
But nee(as, ... a,...,a,) = wg(as,...,a,...,a,), since mg extends wg. Therefore
0 0 0 0
TK 9 TR _ (K 0 Tt
(@™, . ..;a"™% oo an™) = (e, o a™ K an™)

Hence 7%, (a) = 7% (a) as desired.

Since 7Y is k-universal, there is an embedding ox : B — K such that 7% =
7%, 0 o on B where B = Upri(A). Define 0 : A — G(K) as o(xy,...,2,) =
i=1

(ok(x1),. .., 0k(xy)).
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Next, we will show that 7¢r = 7g oo on A. Let (aq,...,a,) € A. Then

ror(ana) = (@, aR) = (e, (oxlan) ™)
= 7g(ok(ar),...,0x(a,)) =7mgoo(ay,...,ay)

]

Remark 3.2.9. Let G be an affine variety defined over k. Let res : K — k be a
k-universal specialisation. The specialisation Res : G(K) — G(k) induced by res
is k-universal: Dom(Res) = (Dom(res))” N G(k), and for any @ € Dom(Res), we
define Res(a) = (res(ay),...,res(a,)). Clearly, the specialisation Res% : K — k
induced by Res is a restriction of res. Since res is maximal, Res) = res. Then Res

is k-universal.

Proposition 3.2.10. Let G be an affine variety defined over k. Let ng : G(K) —
G(k) be a mazximal specialization. Then there is a maximal specialisation 7 : K — k
such that Dom(mg) = G(K) N (Dom(wg))™ and for any T € Dom(rng), its image

1a(T) = (275, ..., aTx).

Proof of Proposition 3.2.10. Let mg : G(K) — G(k) be a maximal specialisation.
Look at the coordinate projections pr; : G(K) — K \ X; as before and define
m o K\ X; = k\ X; as follows: Domain of 7; is pr;(Dom(ng)) and for any
x € pr;(Dom(7g)) there is an element (71,...,2,) € pr; '(z) N Dom(ng). Define
mi(x) = pr;(mg(x1, ..., x,)). By Proposition 3.2.4, m; is a specialisation for all 7.

Let D := Dom(m;)U...UDom(m,). We define 7% : D — k\ X as follows: for any
x € D, there is an ¢ = 1,...,n such that z € Dom(m;). Then define 7% (z) = m;(z).
By Proposition 3.2.5, 7% is well defined and by Proposition 3.2.6 it is a specialisation.

Extend 7% to X by defining 7% (z) = z for all € X. Then we get an extension
of % to a specialisation 7% : K — k.

If 7% is a maximal specialisation, take 7 to be 7%. Then, by Proposition 3.2.7
and the observation following it, we are done.

So suppose 7% is not maximal. First, by extending 7% to the ring generated

by Dom(7%) we may assume that Dom(n%) is a ring. In this case 7% is a ring
homomorphism. Then by Chevalley’s Extension Theorem, we may extend 7% to a
residue map, call it mg. It is clear that mx is a maximal specialisation on K.

Next, let 7, : G(K) — G(k) be the specialisation induced on G(K) by m.
Le. Dom(rn}) = G(K) N (Dom(mg))", and if T = (21,...,2,) € Dom(w), then
75 (T) = (275, ..., 2TK).

’rrn
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Then again by Proposition 3.2.7 and the observation following it, Dom(ng) =
Dom(7}) = G(K) N (Dom(ng))" and ng = 7. Therefore 7q(7) = 7/(z) =
(7%, ..., 2rx) for any T € Dom(7g). O

Next, we will consider the case where G is a quasi-projective variety defined over

k. Therefore GG is an open subset of some closed projective set X C P". Let A? :=
n

{(z0,...,2n) : 2z # 0}. We know that P" = UA? Also A7 is isomorphic to A™ for

. i=0
all 7 via
h; + A — A"
Z z
(205 .-y 2n) > (—O,...,—n)
Zi Zi
where the tuple (2—0, e ) does not contain the i** coordinate.

It follows that G = U U; where U; = A? N G. Clearly each A7 is an open subset

of P". Therefore each Uj; 1% an open subset of G. Moreover one can see that each U is
a locally closed subset of A'. Since A7 is isomorphic to A", each U;, via restriction of
h;, is isomorphic to a locally closed subset of A,,, call it V;. So each U; is a quasi-affine
variety. The sets U; are called affine pieces of G, and a particular U; will be called

the ¢** affine piece.

Proposition 3.2.11. Let G be a quasi-projective variety, and ng : G(K) — G(k)
be a specialisation. Then g induces a specialisation my, : U;(K) — U;(k) for each i
where U; is the i affine piece of G.

Proof. Define my, : U;(K) — U;(k) as follows: 7y, is not defined on U; \ Dom(7¢). Let
z € U;(K) N Dom(ng). If mg(x) € Ui(k), define my,(x) := ng(z). If ng(x) € Us(k),
then 7y, will not be defined on x. Hence Dom(7y;,) = {z € Dom(7¢g) : mg(x) € U;(k)}.

Next, we will show that my, : U;(K) — U;(k) is a specialisation. Since g is
identity on G(k), it is clear that my, is identity on U(k). Now, let S be a closed
subset of (U;(K))™, and suppose U;(K) = S(a) for some @ € Dom(my;,).

Let S be the closure of S in (G(K))". Then G(K) | S(@). Since g is a
specialisation, 7g(a) € S (i.e. G(k) = S(ng(@))). Since a € U;(K), we know that
Ta(a@) = 7y, (@). Therefore my, (@) € Us(k) N S(k) = S(k). O

Remark 3.2.12. Let a € U;(K) N Dom(ng) with a := ng(a) & Ui(k). So, mg(a) €
U,(k) for some j # i. Then o € U;(K). Suppose not, i.e. suppose o ¢ U;(K).

Then «; = 0. But this is a Zariski closed relation, and since 7g is a specialisation, it
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must be preserved by mg. Therefore, a; = 0. However, a € U;(k) means exactly that
a; # 0. Which is a contradiction. Hence a € U;(K).
Moreover, as o € Dom(7g), it will be in the domain of 7y, : U;(K) — U;(k),

which is constructed as in the above proof.

As already remarked above, the affine pieces U; of G are locally closed in A7, and
A? is isomorphic to the affine space A", via h;. Then U; is isomorphic to a locally
closed subset V; C A™ via h,.

Proposition 3.2.13. Let U; be an affine piece of G. Then the specialisation my, :
Ui(K) — Uj(k) induces a specialisation vy, : V;(K) — V;(k).

Proof. Define 7y, := h; o my, o h; ', and let Dom(my,) = h; '(Dom(7y,)). First, let us
verify that 7y, is identity on V;(k). Let a € V;(k), then h='(a) € U;(k). Since mp, is
identity on U;(k), we get mp,(h; *(a)) = h; '(a). Then

my,(a) = hi o my, o hi () = hi(my, (h; ' (a)) = hi(h; " (a)) = a

Next, let S be a closed subset of (V;(K))", and suppose V;(K) = S(a) for some

@ € Dom(my;). Let T := h;*(S). Since h;' is a homeomorphism, T is closed in
(Us(K))". Then, since 7y, is a specialisation, 7y, (h; '(@)) € T. Then my (a) =
hi(my, (h; ' (@))) € hy(T) = S. Hence 7y, is a specialisation. O

We can repeat the argument we used to construct the specialisations 7; in Propo-
sition 3.2.4. Consider the coordinate projections pr; : Vi(k) — k foreach j =1,...,n.
Then pr;(Vi(k)) = k \ Xi; for some finite X;; C k. Define 7y, : K\ Xy — &\ Xj; as
before: First we define Dom(my,,) := pr;(Dom(my;)). Then for any x € Dom(y;,),
to define my, (r) pick an element (zy,...,z,) € prj_l(x) N Dom(my;), and define
v, (7) = prj(my,(T1, .., 20)).

As proved in Proposition 3.2.4, my, @ K \ Xi; — k\ Xj; is a specialisation for
each j =1,...,n. Also, for each j,k =1,...,n, the specialisations 7y, and my;, are
equal on the intersection Dom(my;,) N Dom(7y;, ) of their domains (Proposition 3.2.5).
Moreover there is a common extension 7% : D, —> k \ X; of the specialisations
TV, - - -, Ty, Where D; = U Dom(mry;,) and X; = ﬂ Xi;; (Proposition 3.2.6). Since

j=1 j=1
X,; C k, and since any specialisation K — k must be identity on k, we can extend

70 to a specialisation 7% : K — k with Dom(7) = D; U X;. Therefore, for each i
we have a specialisation 7% : K — k.

The proposition below immediately follows from the Proposition 3.2.7.
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Proposition 3.2.14. The specialisation 7y, : V;(K) — V;(k) induced by 7l : K — k

is an extension of the specialisation my, : V;(K) — Vi(k) for all i, and ), = my, on

Dom(my;).

s 0 0
Remark 3.2.15. Asaresult of the proposition above, 7y, (z1, ..., x,) = (2, ..., 2p™)
for any (x1,...,2,) € Dom(my;), for each i. By definition vy, (z1,...,2,) = h;omy, o
hiY(xy,...,2z,). Write h; *(21,...,2,) in homogeneous coordinates as (2 : ... : 1 :
.1 zp) where zo = X1, ..., 21 = Xj, Zir1 = Tig1,- .- 2n = Ty and z; = 1.

Therefore
ok oK -1
(™, ap™) =hjomy, oh; (x1,...,xn) =hjomy, (200 ... 010t zy)
a0 0 o, 20
Then 7y, (20 : ... 1ot zy) = hy (2™, o xn™). Write by (2%, ..., 2n'") in
homogeneous coordinates as (:BT?K U ZL‘Z?K). Moreover (LU?OK U
x;r?K) = (ZS?K U - zZ?K). Therefore
o, (z0: ... 1 ...:zn):(zg?K : ...:1:...:22?K)

If 7% : K — k is not maximal, we can extend it to a maximal specialisation
mix K — k as before. Therefore, we can say that on each affine piece U; of G, the
specialisation 7, induced by the specialisation mg : G(K) — G(k), can be given in
terms of a maximal specialisation m;x : K — k.

n
By construction, mg = U my,. Hence, the specialisation g can be given in terms

i=0
of maximal specialisations ;i for ¢ = 0,...,n on the corresponding affine pieces.

3.2.3 Zariski Groups in Non-Locally Modular Zariski Ge-
ometries

Let G be a Zariski group interpretable in a non-locally modular Zariski geometry.

Here I will make an analysis of the specialisations of such Z-groups of the following

types:
1. G is a definably simple non-abelian group.
2. G is an abelian group with no definable infinite subgroups.

This analysis comes as a consequence of the Classification Theorem and the results
of the previous sections of this chapter.
It is reasonable to restrict to these cases as the binding groups in the Zilber’s

Ladder Theorem are exactly of these two types. If one considers an uncountably
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categorical Zariski geometry, the binding groups in the Ladder Theorem becomes
Zariski groups.
As a result of the Classification Theorem, Zilber proves that Z-groups satisfy the

algebraicity conjecture. More precisely the following theorem:

Fact 3.2.16 (Theorem 4.4.6 in [44]). A definably simple Z-group G with (EU) such
that some one dimensional irreducible Z-subset C' in G is pre-smooth is Zariski iso-

morphic to an algebraic group G(K) for some algebraically closed field K .

Therefore, as G can be taken to be an algebraic group, the analysis carried out in

previous section (in particular Remark 3.2.15) gives the following result:

Proposition 3.2.17. Let G be a definably simple, Z-group. Then G is (isomorphic
to) an algebraic group G(K). Let Res : G(K) — G(k) be the specialisation induced
by res : K — k. Let Uy,...,U, be the affine pieces of G. Then there are maximal

specialisations mi : K — k for each of the affine pieces such that Res(zg : ... : z,) =
(20 oo 2K for (zo 1 ... 0 zy) € Dom(Res) NU{(K). In particular m;x = res for
all 1.
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Chapter 4

Specialisations of Finite Fibrations
of Zariski Structures

In this chapter we start with considering finite fibrations of Zariski structures. In
particular, we will construct a fibration Cy of P*(k) such that a given s-universal
specialisation 7 : P!(K) — P!(k) can be lifted to a specialisation 7¢ : C' — Cy which
is not k-universal. This will also show that maximality of a specialisation does not
need to imply universality.

The main motivation for considering finite fibrations is the Classification Theorem
of one dimensional pre-smooth Zariski structures given by Hrushovski and Zilber
in [16] (see Theorem 4.0.3 below). Where they show that any pre-smooth, ample
Zariski structure is a finite fibration of P!(K) for some algebraically closed K.

In the last section, we turn our attention to a specific case. The Zariski structures
we will consider in this section were constructed in the processes of producing the
first example of a non-algebraic Zariski geometry in [16, sect. 10]. We show that
universality of the specialisations of these structures are controlled by the universality
of the specialisations on the base Zariski structure. This section can be seen as
a prelude to Chapter 5. Where we aim to extend the discussions of this section,
and particularly Theorem 4.4.7 to Zariski cover structures. Which is achieved under

certain additional assumptions.

Definition 4.0.1. Let M, be a Zariski structure, and Cj a topological structure.
Then a map pr : Cy — M, is called a finite fibration of M, when the following

conditions are satisfied:
(i) pr: Cy — My is surjective and continuous, and |[pr~!(x)| is finite for all z € M,.

(ii) There is a (-definable equivalence relation ~ on Cj such that the fibres of pr

are ~-equivalence classes.
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(iii) The two sorted structure (Cy, My, pr) does not induce new structure on My. Le.
the (-definable subsets of M{ for all ¢ in the two sorted structure are (-definable

in the structure M,.

When it is clear from the context we will often omit pr and say that Cy is (finite)
fibration of M.

Definition 4.0.2. Let C' be an one dimensional Zariski Geometry. A plane curve
over C'is an irreducible one dimensional subset of C?. A family of plane curves is a
closed irreducible subset X C T x C?, where T is a closed irreducible subset of C™,
such that X(¢) is plane curve for ¢ € T. A one dimensional Zariski geometry is said
to be ample if there is a family X C T x C? of plane curves such that for generic
a,b € C? there is a t € T with a,b € X (¢) (i.e. X(t) passes through a,b).

The following theorem is one of the main results in [16], and it is the main mo-
tivation to consider specialisations of finite fibrations of Zariski structures. A more

general version of this result in a broader context is Theorem 4.4.1. in [44].

Theorem 4.0.3. (Theorem B in [16]) Let C be a pre-smooth, irreducible and ample
Zariski geometry. Then there is a surjective, finite (i.e. with finite fibres) Zariski map
pr: C — PYK) for an algebraically closed field K ; further pr maps constructible sets

to constructible sets. Moreover, there is a finite subset F© C C' such that pr is closed

on C'\ F.

Then, one sees that C interprets P'(K) and hence the algebraically closed field
K. So, P}(K) C C*. In the following results, the notions “algebraic over”, and “acl”
are to be considered in C®. (' is prime over P!(K) has a slightly different meaning
than the usual notion; it means that whenever C’ = Th(C') such that C’ interprets,
(and hence C"* contains) an isomorphic copy of P!(K), then C' embeds elementarily
into C".

Lemma 4.0.4. Let C be an ample Zariski geometry, and pr : C — PYK) be the
finite Zariski map in Theorem 4.0.3. Then C is algebraic over P*(K); hence it is

also prime over P1(K).

Proof. Let E,, denote the inverse image of the graph of = on P'(K). Then E,, is a
definable (in fact closed) equivalence relation on C. Moreover each equivalence class
is finite. Hence, each equivalence class of E,, is algebraic over P'(K). Therefore C,

being the union of E,-equivalence classes, is algebraic over P!(K).
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Suppose B = Th(C), and P!(K') embeds elementarily into B/ E,,. Then acl(P'(K))
embeds elementarily into acl(B/E,,). Hence, C' embeds elementarily into B.
O]

Let Cy be an ample Zariski Geometry, C' > Cj, and 7 : C' — C} a specialisation.
By Theorem 4.0.3 there are finite Zariski maps pr : C' — P!(K) and pr, : Cy — P(k).
There is also the specialisation Res : P!(K) — P!(k) induced by the residue map from
K to k. Moreover we know that there is a k-universal specialisation " : ¢ — Cj.
Similarly there are finite Zariski maps pr’ : ¢’ — P'(K’) and pr, : Co — P'(k); and
Res' : PY(K') — P!(k) which is induced by the residue map between K’ and k. In

this case we have the following pictures:

C—"—Cp ' —"
Lpr lpro jpr’ lpro
PU(K) P (R) P P (R)

One may aim to show that essentially two pictures can be identified if Res :
P!(K) — P!(k) is k-universal; proving 7 : C' — Cj is s-universal. By Lemma 4.0.4
there is an embedding o of C' into C'. Moreover, we know that o extends to an
embedding of C*? into C", we will again denote this extension by o. One can see
that for any two elements of C' which are in the same fibre of pr, their images under
o are in the same fibre of C’. Furthermore, for any a € P'(K), the fibre over a in C
maps to the fibre over oa in C".

Consider the special case K = K’ and Res = Res’. Under this assumption, by
Lemma 4.0.4, C and C" are isomorphic as Zariski geometries (Hence are C*? and
C’°?). Again, call this isomorphism o. Remark that o is an isomorphism of Zariski
geometries. However, it does not necessarily preserve specialisations.

In the next section, I will consider finite fibrations of Zariski structures and in
section 4.2 T will give an example of a specialisation 7 : C' — Cy where C and C)
are fibrations of P'(K') and P'(k) respectively such that 7c is not k-universal but it

is a lifting of a k-universal specialisation 7 : P}(K) — P'(k).

4.1 Finite Fibrations of Zariski Structures

Let My be a Zariski structure, Cy a non-empty set and pr : Cy — My be an n to one
function (i.e. for each x € Mj the fibre pr~!(x) has n elements). The topology of M

can be lifted to C, as follows:
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Say R is a closed relation of My, we will lift R to a relation R, of Cy by declaring
Co = Ry (@) if and only if My = R(pr(@)). In other words, for any closed relation R
of My, the relation Ry, is its pull-back via pr. Hence, Cy becomes a structure of the
language whose basic relations are Ry, for each closed relation R of Mj; denote this
language by L,,. Next, declare the sets definable by positive quantifier free formulas

with parameters to be closed. Closed sets can be described more explicitly.

Lemma 4.1.1. Let F; = {pr=1(S) : S C M} is closed}. Then F; is closed under

finite unions and finite intersections and has the descending chain property.

Proof. 1t is clear that F; is closed under finite unions and finite intersections. Let
Fy D F, D ... 2 F D ...bea descending chain of elements of F;. Then pr(F;) 2
pr(Fy) D ... D pr(F;) D ... is a descending chain of closed subsets of M{. Since M|
is Noetherian, it stabilizes. Then the chain F} D Fy, O ... D F; D ... must stabilize
as well since they are pre-images.

O]

In particular the topology given by F; on Cj is known as the weak topology with
respect to pr. However, note that the collection F; in the above lemma does not
include many closed sets; most importantly the graph of = (i.e. diagonals). Let
A(z,y) be the graph of =.

Lemma 4.1.2. Let F2 be the collection of subsets of Ct defined by the formulas

Fi(l’l, ce ,ZEt) A /\ A(ZL’Z, Ij)
i<j<k
for some F; € F; and some k < t (note that k can be 0). Also let F~ include
the formulas obtained by permuting the coordinates of the formulas described above.
Then F2 has the descending chain condition. Moreover F2 is closed under arbitrary

ntersections.

Proof. Let T1 D Ty O ... be a descending chain of elements of }"tA. Then each T; can

be written as
Ti(z1,...,x) = Fy(zq,...,24) A /\ Az, x;)
i<j<k
We may assume that if 7; O Tj, then F; O F}. Clearly, since T; C F; we have
F; NT; = Tj;. Therefore by replacing F; with F; A F; in T; we may assume F; D F.

Therefore we have a descending chain F; O F; D ... of elements of F;. But we know
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that F; has the descending chain condition. So there is some m such that for any

v > m, we have F, = F,,. Hence for any v > m the set T, is of the following form

To(z1,...,2) = Fy(xq,...,2) A /\ A(zy, xj)

1<j<ky
Next, observe that one can have finitely many non-empty sets of this form. Hence
the descending chain 77 2 T, O ... must stabilize.
For the second part, it is clear by construction that F2 is closed under finite inter-
sections. Then, since 72 has the descending chain condition, any infinite intersection

reduces to a finite one. O

For any ¢, a closed subset of C can be written as a finite disjunction of the form
Sl(dl,xl, PN ,.’L’t) V...V Sl(al,l‘l, ce ,ft)

where @; are tuples (possibly of different lengths) from Cy and S; € Fi3,, for all i and
k; is the length of the tuple @;.

By Lemma 4.1.2 this is a Noetherian topology on each Cf. Moreover pr is con-
tinuous, open and closed. Also observe that M is (homeomorphic to) the quotient

topology with respect the map pr.

Proposition 4.1.3. Any (-definable subset of Ct projects to an O-definable subset of
M.

Lemma 4.1.4. Let S C C¢ be a closed irreducible set. Then

S(gjl7 . ’xt) = Tpr(xg(l), - ,.iljg(t)) A\ /\ A(itg(i), xg(j))

i<j<k

where o € Sym(t) a permutation of the coordinates, T C M is a closed irreducible

subset, and Ty, is its pull back under pr.

Proof. Let S be a closed irreducible subset of Cf. Then S is a finite union of some

elements of F2. In fact, since S is irreducible it must be of the form

Sz, .., m) = Tpr(xg(l), o ,L,(t)) A /\ A(L,(i), IL‘U(]-))

i<j<k

for some closed T' C M{ with the inverse image T, under pr.
Next, we will show that T is irreducible. Suppose not. Then T = F U () for some
closed subsets F,Q C M} such that FF Z Q and Q € F.
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Therefore

S(:L’l, - ,l‘t) = [F(:L‘U(l), . ,Ig(t)) V Q($J(1), e ,xa(t))] A /\ A(fL‘U(i), $a(j))
1<j<k1
= [F(:L‘U(l), e ,$g(t)) VAN /\ A(SBU(Z-), Z’U(j))] V [Q(:Eg(l), e ,$g(t)) AN
1<j<ki
N Ao, o)l
1<j<ki

Which contradicts with the assumption that S irreducible. Therefore T must be
irreducible. O

Lemma 4.1.5. Theory of Cy admits quantifier elimination in the language L.

Proof. Consider a formula ¢(y) : 320(z,y) where O(z,7y) is a conjunction of atomic
and negated formulas. We may assume that O(x,7) is a conjunction of formulas from
FAU=FA (where ~FA = {—p: ¢ € FA}).

Since FA is closed under finite conjunctions, we may assume that only one of the
conjuncts of (%) is from F2 and all of the other conjuncts are elements of =F2.

It is enough to prove that we can eliminate the existential quantifiers in the for-

mulas of the form

o(@) : Imy(Flay,..a) A N\ Al ;)

i<j<k
and
V(@) Jo(Flan,. o) A\ A, ay))
i<j<k
where 7 is the tuple (x1,...,2;,...,2¢) (where #; means that the coordinate z; is

omitted from the tuple).

In the first case, let us first assume that /\ A(z;, ;) does not involve the quan-
i<j<k

tified variable z;. Then it is enough to show that the formula Jz;(F(xy,...,x;)) is

equivalent to a quantifier free formula. Let R denote the set defined by the formula

dx;(F(xq,...,2)). Observe that pr(R) is defined by the formula 3z(S(z1,...,zx)

where S is the closed relation on M which lifts to F' (i.e. F = S, as defined

at the beginning of this subsection). Since M, eliminates quantifiers it is clear

that 32,5(21,...,2) is equivalent to some quantifier free S’(z1,...,2;). Therefore,
31 (F (21, ..., 1)) is equivalent to S) (21,...,41,...,7,). Now it follows that ¢ is
equivalent to S) (1,..., 3, ...,2,) A /\ Az, x;).

i<j<k
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Now, suppose that the part /\ A(z;,z;) involves ;. In this case the formula

i<j<k
x; = x; for some j > k appears in the formula ¢. Therefore ¢ is equivalent to
(F(21,. Ty Xy, Ty) A /\ Az, x;)).
i<j<k
For the second case, let us rewrite (Z) as =V (F(xy,...,2) A /\ A(zy, ).

i<j<k

We may assume that the part /\ A(z;, z;) does not involve the quantified variable
x;. Therefore, it is enough to szligf that the formula Va,(F(zy,...,2:)) is equivalent
to a quantifier free formula.

Let T denote the set defined by Va;(F(z1,...,2;)). Observe that the set pr(7)
is defined by the formula Vz(Q(z1,...,2)) where @ is the closed relation on M}
which lifts to F'. Le. F' = @), as defined in the beginning of this section. Since we
can eliminate quantifiers in M, the formula Vz(Q(z1,...,2)) is equivalent to some
quantifier free formula @Q'(z1,...,2). It follows that Va;(F(z,...,x:) is equivalent

to Q.(z1,...,7;). Therefore the formula (%) is equivalent to the quantifier free

formula Q) (z1,...,7) A /\ Az, x5)). O
i<j<k

Let F2 be the collection of sets which are definable by positive quantifier free

L -formulas.
Lemma 4.1.6. (Cy, F2) is a Noetherian topological structure.

Proof. The topological axioms 1-5 and 7 follow immediately. To show Axiom 6 holds:
Let T C Ck and R C C} be basic closed sets (i.e. T € F2 and R € FA), then
there are closed Fy € Fj, and, Fy € F; such that T'(zy,...,25) = Fi(xy,...,2) A

Nicj<r Axi, z5) and R(yr, ..., u1) = Fa(yn, - 91) A Niej<y AW, y5)- Then, clearly

i<j<k i<j<l
Since F1(T) X F5(y) € Fruy, clearly T x R € Ff,
Next, let T C CF and R C C} be arbitrary closed sets. So, T = T} U ... UT;
and R = Ry U...UR, for some T,..., T, € F2 and Ry,...,R, € F”. Then,

t,r
TxR= U (T; x R;), where by the previous case, T;x R; € F&,;. Hence Tx R C C§*!
ij=1
is closed.

Axiom 8 is also straightforward: Let T C Ci*' be closed and ¢ € Cf. Then
S = pr(T) € My is closed, and S(pr(c), M}) is closed. Then by the construction
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of the topology on C¥ the set T(c/,C}) is closed for any ¢ € pr—(pr(c)). Hence
T(c,Ch) is closed.
The descending chain property follows from Lemma 4.1.2.

]

By Lemma 4.1.2 and Lemma 4.1.6, Cj together with the collection of sets which
are definable by positive quantifier free £,,-formulas with parameters as closed sets
is a Noetherian topological structure.

One can consider M, as the quotient Cy/E,, where E, is the inverse image of =
under pr; hence a closed relation. One can consider the quotient topology on each
Cartesian power MY = (Cy/E,;)*. So My is a topological sort in Cy. Moreover, by
the construction of Cj, the quotient topologies on Cartesian powers of M are exactly
the topologies coming from the Zariski structure on M.

Also observe that the structure (Cp, F2) is definable in (My, 7) where 7 is the
union of Noetherian topologies on all Cartesian powers of My: Let X = M, x
{mg,...my_1} for some mg,...m,_ 1 € My. Then X is definable in My. For any
relation R, C Cf of Cy consider the definable relation Rx := {(Z1,...,Tf) € X" :
(11, X1, - .., k1) € R} where x;1 is the first coordinate of the tuple 7; fori = 1,... k.
Clearly Ry is a definable (in M;) relation of X. Moreover the structures (Cp, F2)
and (X, 7x) are isomorphic where 7x is the collection of set o the form Ry as defined

above.

4.2 A Family of Counterexamples

Let My = P!(k) for some algebraically closed field k. Let Cy be a non-empty set and
pr : Cy — Mj be a finite to one map such that Cy is in n to one correspondence
with P! (k) via pr. The topological structure on P! (k) can be lifted to C as discussed
in the previous section. So pr : Cy — M, becomes a finite fibration (with fibres of
cardinality n).

Let C' be an elementary extension of Cjy. Then C' can also be made a topological
structure. Let E,, denote the inverse image of = on P!(k). It is a closed equivalence
relation on Cj, hence it is also closed on C. It is easy to see that each £, class in
M has n points. Hence the quotient M/E,, will have the structure of P'(K) with its
Zariski topology for some K > k, via an extension of pr to C, which I will call pr
again abusing the notation. I.e. there is an algebraically closed field K > k such that

C is in n to one correspondence with P!(K) via (an extension) of the Zariski map pr.
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Consider a specialisation 7 : P!(K) — P!(k). By definition 7 is identity on P! (k).
Let 7o : C'— Cy be a specialisation which is a lifting of 7, then m¢ must be identity
on Cj again by the definition of specialisation.

Consider a fibre ¢ in C, i.e. ¢ = pr~!(z) for some x € P}(K). Assume z ¢ P'(k)
and = € Dom(7). Since 7¢ is lifting 7, it must map this fibre to the fibre over 7(z),

say pr1(m(z)) = ¢. This could be possible in the following two ways:

1. mc(€) € &. Le ¢ is not a bijection. In this case I will say m¢ degenerates the
fibre €.

2. mc(¢) =¢. Le. ¢ is a bijection on the fibre €.

Proposition 4.2.1. Let 7o : C' — Cy be a specialisation. Assume that on any fibre
in C'\ Cy, mc is not bijective (i.e. m¢ satisfies first condition on all fibres in C'\ Cp).

Then o cannot be k-universal.

Proof. Let PY(K') = PY(K) and pr : C" — P!(K’) be a fibration with fibres of size
n of PY(K’). Then C” can be seen as an L,-structure. Moreover it is a Noetherian
topological structure, and C’ = C.

Let ' : PY(K’) — P!(k) be a specialisation extending 7 : P!(K) — P'(k). Lift
7’ to a specialisation wo : C' — Cy as follows: On C, define m¢or = 7o so that it
extends m¢. On C'\ C define 7er, as explained above, by lifting the specialisation
7'« PYK') — P(k) to the fibres in C’ such that for a fibre ¢ C C’\ C, we have
() # mer(e;) for any distinet ¢;,¢; € € (L.e. mer is a bijection on every fibre in
'\ O).

Now take any subset A of C” of cardinality smaller than x. Then it is clear that
there is no embedding of A\ (ANC) into C which respects m¢ as any embedding also

needs to preserve fibres. O

One can follow the second possibility described above to construct a similar

counter example:

Proposition 4.2.2. Let ng : C — Cy be a specialization lifting © : PY(K) — PY(k).
Suppose that on any fibre over any element of Dom(w), the specialisation wc is a

bijection. Then mo 1s not k-universal.

It is important to note that the counterexamples considered here shows that the
condition 7 : PY(K) — P!(k) is maximally defined is not enough to achieve univer-

sality. In the examples here maximally defined will coincide with 7 : P}(K) — P!(k)
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is a total specialisation. It is clear from above that even under this assumption one
still gets the counterexamples as constructed above.

Also note that as remarked in the previous section the structure Cj is defin-
able in P!(k); hence it is interpretable in ACF. On the other hand Cj is not bi-
interpretable with P!(k): Let Aut(P!(k)) be the automorphism group of P!(k) (as a
topological structure). Then one can compute Aut(Cy) to be Z/nZ Wry Aut(P!(k)).
Clearly these two groups are not homeomorphic, which implies Cy and M, are not

bi-interpretable.

4.3 Additional Topological Structure

Remark that in the construction above there are no relations between the points a
given fibre. But in many natural examples of Zariski geometries there is a structure on
the fibres. Particularly in all examples of Zariski geometries constructed in [16, 46, 35]
there is a finite group H acting transitively on each fibre of Cj. I will show that for
the examples given in [16] counterexample above cannot be constructed, but before I

will consider a simpler situation.

4.3.1 Restricted Inequality Predicate
4.3.1.1 One Sorted Construction

To the language £, we add the definable predicate

J(z,y) :x #yANxELy

This predicate will be called the restricted inequality, Let L., = L U {J(x,y)}.
Then one defines a richer topology on each Cartesian power of Cjy: Declare the sets

defined by positive quantifier free formulas of L., to be L. -closed.

Lemma 4.3.1. Cy is a Noetherian L,,.,-topological structure.

ineq

Proof. For an L,-closed subset S of Cj consider
S(xzy,-+ ) A /\ J(xi, @) A /\’J(xt,at)
i<j<k t<l

for some k,l € N. Since we are keeping the L,-closed sets, k and [ can be zero.

Denote the collection of sets of this form by §, for each n.

Claim 1. The collection §, has the descending chain condition for all n.
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Proof. Let Fy D F5 O --- be a descending chain. Each Fj is of the form

Fi(xy,...wp) = Si(x1, ..oy xn) A /\ J(xs,xi) A /\’J(xt,at)
i<j<k t<l

for some a; € Cj.

Observe that, if F; O F; we can assume S; 2 S;. Indeed, since F; C S; we have
S; N F; = F;. Hence we may assume that if F; O F; we have S; O S; by replacing Fj
with S; A F; if necessary.

Therefore S; 2 Sy O ... is a descending chain. Since L,-topology is Noetherian,
there is some m such that for any v > m, we have S, = S,,. So, for v > m the sets

F,, are of the form

S (1, ooy ) A /\ J(xi, @) A /\ (x4, a;)
1<j<ky t<ly
Observe that one can only have finitely many non-empty sets of this form. Hence,
the chain F; D Fy D --- stabilizes. O

It is clear that, by construction, the family §, is closed under finite intersections;
and since §, has (DCC), it follows it is closed under intersections. Moreover, as
the closed subsets of C} are the sets defined (with parameters) by positive boolean
combinations of predicates in L., they can be written as finite unions of sets form
S$» and singletons. Hence the £,,.,-closed sets give a Noetherian topology on Cf.

The topological axioms easily follow from the characterization of closed sets given
above. Remark that the predicate J is definable in the language L, and we have
quantifier elimination in L, hence we also have quantifier elimination in the ex-
panded language L,,.,.

]

Lemma 4.3.1 shows that when we enrich the structure of Cy with the restricted
inequality predicate, it still will be a Noetherian topological structure (with a richer
topology). With the restricted inequality predicate the specialisations of Cy have the
following property:

Proposition 4.3.2. Let C' = Cy and w : C — Cy a specialisation. Then mw is a

bijection on pr—t(m).

Proof. Let ¢, € pr=t(m). Suppose 7(c) = 7(c’) but ¢ # . Then J(c, ). Since T is
closed, J(m(c), (). Which implies 7(c) # w(c’). A contradiction. O
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Even if we consider Cj as an L,-topological structure, a maximal specialisation
o C'— Cy must satisfy the following property: Let m: M — My be the projection
of ¢, then for an m € Dom(7) we have pr—!(m) C Dom(m¢).

When Cj is enriched with the restricted inequality predicate, and considered as
an L;,.,-topological structure, the observation above with Proposition 4.3.2 gives the
following: For a maximal specialisation 7o : C' — Cj and its projection 7w : M — My,

if 7(m) = myg, then ¢ maps the fibre pr='(m) to the fibre pr=!(my) bijectively.

Theorem 4.3.3. Consider Cy as an L,,.,-topological structure. If 7o : C — Cy is
a mazximal specialisation which projects to a specialisation w : M — My then wo is

k-universal if T is.

Proof. Let C" = C, and A C C with |A| < k and 14 : CUA — Cj be a specialisation
extending mo. Then its projection 7’ : pr(A) UM — M, is a specialisation extending
7. Since 7 is k-universal, there is an embedding o : pr(A) — M over pr(A)N M such
that mo o = 7’ on A.

One can lift ¢ to an embedding 04 : A — C as follows: First observe that one
can assume A contains full fibres. I.e. one can assume that if pr=(m) N A # 0
then pr='(m) C A. Therefore, one can also observe that pr(A) \ (pr(4) N M) =
pr(A\ (ANC)); call this set Y. Enumerate its image under 7’ as 7'(Y') = {y; : i < k}.
Then, {Y NV, : y; € 7'(Y)} is a partition of Y.

Let D = A\ (ANC), and Dy = ANC. On Dy define o9 : Dy — C as id.
Let D;, = DN prfl(V;;/). Let x € pr(D)NVY,, = Y NV,. Since 7 is k-universal,
7'(x) = w(o(x)). Moreover the fibre pr=t(w(o(z))) is the bijective image of pr=!(z)
under 74 by Proposition 4.3.2, and of pr~(¢(z)) under m¢. So pr~!(o(z)) needs to
be the bijective image of pr—!(z) under o;.

Consider pr~!(m(c(z))) as an ordered tuple, denoted by ¢. Since m4 maps the
fibre pr~*(z) to pr~(w(o(x))), one can consider pr~!(z) as an ordered tuple ¢/ € V4.
Similarly pr~'(c(z)) can be considered as an ordered tuple ¢ € V.

Define 0;(c’) = ¢. Repeating this process for all z € pr(D) N V;_' one can define
o, : D; = C. Hence 04 :=J,0; : A — C is an embedding over A N C such that

TA = TC OO04. ]

One can summarize the result achieved in this subsection in the following corollary
of Lemma 4.3.1 and Theorem 4.3.3.

Corollary 4.3.4. Let My be an L-Zariski structure, and Cy be a finite fibration of
My with the L,,-topological structure. Then if L,,., is the definitional expansion of L,
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with the (definable) restricted inequality predicate, Cy can be seen as a L,,.,~topological
structure. Moreover, if C' = Cy are Ly.-topological structures and e : C' — Cy is a

mazimal specialisation such that its projection m : M — My is k-universal, then so is

TC.

Remark 4.3.5. Let pr: Cy — My be an n to one function where Cy # (). Consider
Co with the £, topological structure on it. Hence pr : Cy — M, becomes a finite
fibration. One may naturally wish to consider Cy as an Lp,-Zariski structure. A
natural candidate for dimension is the following: Let S C C§* be closed, define the
dimension of S as dim S := dim pr(S). Then we extend dim to constructible sets in
the usual way: For a constructible Q C C? define dim Q := dim Q). By the quantifier
elimination dim is defined on all definable sets.

Note that the inverse image of the diagonal in Mj is an irreducible and closed
subset of C?, and the diagonal in Cj is a closed and irreducible proper subset of the
inverse image of the diagonal in M,. Both of these sets have dimension one. Hence
Strong Irreducibility fails for this notion of dimension.

In fact this argument shows us that we need the restricted inequality predicate
added to the language £, as a part of the topological structure on Cj if we wish the

consider it as a Zariski structure with the above notion of dimension.

4.3.1.2 Two Sorted Construction

Alternatively one can consider the same construction in the setting of multi sorted
structures: Consider the L-topological structure M, and the £,,-topological structure
Co where L, is the language whose predicates are pull-backs via pr of closed set of
M.

Let £ = LUL,U{pr}. The aim is to prove that (M, Cy) is a 2-sorted L-structure.
I will do this in several steps.

Let F' be the following closed subset of (My x Cp)™:

F:=85(xy,...,x,) NT(u1,...,u,) A x(T, 1)
Where

- x(T, ) : /\(pr(uz) = :L‘j)/\/\(pr(c) = xi) /\/\(pr(ul) =a) with a € My, c € Cy

17]
and 0 < j, k4,1 < n.

- SC Mg and T C Cf are closed.
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Let €, denote the collection of the sets of the form given above.
Lemma 4.3.6. The family €, has descending chain condition (DCC).

Proof of the lemma above follows from an argument similar to the one used to
prove §, has DCC in Lemma 4.3.1. Next, I will show that (M, Cy) admits quantifier

climination in the language L.
Lemma 4.3.7. The L structure (My, Co) admits quantifier elimination.

Proof. The proof is similar to the proof of Lemma 4.1.5. For that reason I shall be
brief. Let ¢ be a formula with a single existential quantifier where the quantifier free

part is a formula from the collection &€,. There are three cases to consider:

- If ¢ is of the form 3z, (S(z1,...,2,) AT (uy, ..., un) A x(T,@)). Since the parts

T(uy,...,up) and /\(pr(ul) = a) does not concern the variable z, it is enough
!
to consider 3z, (S(x1,...,2,) A X (Z,u)) where \'(Z,u) : /\(pr(ul) = z;) A

1,
/\(pr(c) = zy,). If 2, does not appear among the variables in x/(7,u) then this

k
follows from Lemma 4.1.5. Otherwise either pr(u,) = x, or pr(c) = z, appears.
Then ¢ is equivalent to the formula S(x1,...,2,) AT (uy,. .., uy) Ax(T,w) with
x, either replaced by pr(u,) or by pr(c).

- If ¢ is of the form Ju,(S(z1,...,2,) AT (us,...,u,) A x(T,w)). In this case ¢

will be equivalent to the formula

S(x1,...,xn) Apr(T)(pr(uy),...,pr(u,)) A x(Z,))

where pr(u,) is either replaced by z, for some v or for some a € M, depending

on which of the expressions pr(u,) = x, or pr(u,) = a appears in the formula

@.

Lemma 4.3.8. (M, x Co)" is an L-topological structure.

Proof. Topological axioms 1-8 hold by definition. Moreover closed subsets of (M U
Co)™ can be written as a finite union of elements of &, for any n. By construction &,
is closed under finite intersections, since it has (DCC), it is also closed under arbitrary

intersections. Therefore €, gives a Noetherian topology on (Mg x Cy)™. O
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To this language we add the following (definable) predicate

Iz, y,2)myepr (z) &z #y

We will call this predicate the restricted inequality. Let L., = LU{I(z,y,2)}. Then
one can define a topology on (Cy x My)™: Declare the sets defined by positive formulas

of Lieq as Li,.-closed.

Lemma 4.3.9. (Cy, My) is a multi-sorted structure with respect to L,,.,. Moreover,
the new topology induced on the Cartesian powers of Cy from the L,,., -topology makes

1t a topological structure.

Proof. For an L,-closed subset S of Cj define

F(S,Z)=8S(x1, -+ ,x,) A /\ I(zi,xj, 2i5) N /\I(xi,ai,zi)
i<j<k i<l
for some k,l < n.
Observe that, if F'(Sy, Z;) 2 F(Ss, Zs) we can assume S; O S,. Otherwise replace
Sy with S; N Sy, and we get F(Ss, Z3) = F(S1 N Ss, Z3).

Claim 1. Every descending chain of the sets F'(.S, Z) stabilizes.

Proof. Let F(S1,7Z1) 2 F(Ss,Z3) 2 -+- be a descending chain. By the observation
above we can assume S; 2 Sy D ---. Since L,-topology is Noetherian, there is some
m such that for any ¢t > m, we have S; = 5,,.

Therefore, for t > m the sets F'(S;, Z;) are of the form

Sm<x17"' an)/\ /\ I(xiaxjaztij>/\/\I(Iivaiazti>

1<j<k i<l
Observe that one can only have finitely many non-empty sets of this form. Hence,

the chain F(Sy, Zy) D F(Sa, Zs) 2O - - - stabilizes. O

It is clear that, by construction, the sets F(S,Z) are closed under intersections.
Moreover, as the closed subsets of CJ are the sets defined (with parameters) by
positive boolean combinations predicates of L,.,, they can be written as a finite
union of sets of the form F'(S,Z) and singletons. Hence the L., closed sets give a
Noetherian topology on C.

The topological axioms easily follow by the characterization of closed sets as finite
unions of F'(S, Z) and singletons. Remark that the predicate I is already definable in
the language L, and we have quantifier elimination in £, we also have quantifier
elimination in the expanded language L.

]
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The topology on Cj described here is the same topology that is considered in
Lemma 4.3.1. Therefore one can prove Theorem 4.3.3 again in this setting. I will
state the Theorem for the sake of completeness, but without proof since the proof is

similar to the proof of Theorem 4.3.3.

Theorem 4.3.10. If 7o : C' — Cy is a mazimal specialisation which projects to a

specialisation m: M — My then w¢ is k-universal if m is.

The reason for repeating the same constructions in a slightly different setting
is because it became apparent that there is value in studying multi-sorted Zariski
structures. Especially to deal with the more sophisticated Zariski structures such as
the ones presented in [35, 46]. Also in the next chapter, we will mostly work in the

multi-sorted setting.

4.4 First Example of Non-algebraic Zariski Geom-
etry

Next, as mentioned at the beginning of this chapter, we will consider a case where
there is a finite group H acting on Cjy and the action of H on fibres in () is transitive.
Also the additional topological structure on Cy will come from this action.

For this subsection, let My be a one dimensional Zariski geometry and G be a
group acting on M, such that for any g € G the graph of g -as a binary relation- is a
closed and irreducible set. Further, we assume that the action of G is semi-free (i.e.
if g # 1 and gx = x then ¢’x = z for all ¢’ € ). Recall the following fact from [16].

Fact 4.4.1. (Proposition 10.1 in [16]) Let My be a one dimensional Zariski geometry,
G a group acting on My with a semi-free action (i.e. if g # 1 and gr = x then g’z = x
for all ¢ € G). Suppose p : G* — G is a homomorphism with a finite kernel H, then
there is a Zariski geometry Cy on which G* acts semi-freely and there is a surjective
Zariski map pr : Co — My such that pr(g*m) = p(g*) pr(m) for all g* € G* and all

m € Cy. Moreover if My is complete then so is Cy.

I will sketch the construction of Cj in the proof given in [16] as it will be useful for
some future arguments. First I will fix some notation: Let Fixy;, (G) denote the set
{r € My : gv =z for all g € G} and for g € G define Fixy, (9) := {z € My : gx = x}.
Note that, by the definition of semi-free action, if x is a fix point for some g € G\ {1},
then it is a fix point for all elements of G. Hence for any g € G, Fixy, (9) = Fixpy, (G).
Which, in turn implies that Fixy, (G) is a closed subset of M.
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Let Cy be a set such that G* acts semi-freely on it in the same way G acts on M,.
Le. |Fixp,(G)| = |Fixe, (G*)|, and the number of non degenerate G* orbits is the
same as number of non degenerate GG orbits. Furthermore, we may also assume that
Fixy, (G) is finite. Indeed, if it is infinite then Fixy,(G) = M. Then we can take
Co = My and G* with a trivial action on Cj.

For m,n € Cy define m ~ n if and only if there is an h € H such that hx = y.
Clearly ~ is an equivalence relation invariant under the action of G*. Moreover ~
is closed (hence definable). So H acts trivially on the quotient Cjy/~, and hence
the action of G* will give an action of G on this quotient. By construction Cy/~ is
isomorphic to My as G-sets, say via a map pr. This map pr can be extended naturally
to pr : Cy — My so that pr(Fixe,(G*)) = Fixy, (G) and pr(g*m) = p(g*) pr(m) for
all g* € G*.

Then Cj is made into a Zariski geometry by defining pull-backs of the closed sets of
M via pr and graphs of elements of G* as basic relations (of an associated language)

and declaring the Boolean combinations of these predicates as closed sets.

Remark 4.4.2. As () is stable, M, is stably embedded in (Cy, My). By construction
pr: Cyp — M, is a continuous surjection. And lastly, the finite group H (interpretable

in M) is acting regularly on each fibre.

Next, let C' be a k-saturated elementary extension of Cy. Then C'is a one dimen-

sional Zariski geometry, and G* acts semi-freely C':

- Fix¢, (G*) is algebraic over (). Hence it does not change in elementary extensions.
So FiXCO(G*) = FIXC(G*)

- Let 2 € C'\ Fix¢,(G*). Then z cannot be fixed by any ¢* # 1. Hence G* acts
freely on C'\ Cpy, and hence semi-freely on C.

- Let z € C'\ Cy, then H -2 N Cy = 0 (where H -  is the orbit of x under the
action of H).

Therefore one can consider ~ as an equivalence relation on C' in the same way.
One can make C'/~ a Zariski structure. Topology on (C/~)" for all n is defined
via the natural projection map: Let T be a subset of (C'/~)", it is closed if its pre-
image under the natural projection pr : C' — (C/~)" is closed in C". Clearly these
topologies are Noetherian. Dimension of a closed irreducible set is defined as follows:
First remark that the natural projection C' — C'/~ is continuous, open and closed

with respect to the topology on C'/~ defined as above (Lemma 3.7.3 in [44]). Now,
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let T C (C'/~)" be closed and irreducible, then 7" = pr(.S) for some closed irreducible
S C M™. Then the dimension of T is defined as

dim (T/S) := dim (S) — min {dim (pr~'(a) N S) : a € T}

Note that at first sight the definition of dim (7'/S) depends on S. It is proved by
Zilber (Lemma 3.7.5 in [44]) that if one chose another closed irreducible S C C™ with
pr(S) =T, then dim (7/S) = dim (7'/S"). Hence it is independent from the choice of
S, so I will denote dim (7°/S) by dim (7).

Since the topologies on each (C'//~)™ are Noetherian, any closed set 7" has a unique
irreducible decomposition. Then for an arbitrary closed set 7', its dimension dim (7")

is defined as the maximum of dimensions of its irreducible components.

Fact 4.4.3. C'/~ with the topologies on its Cartesian powers and dimension as defined
above is a pre-smooth Zariski structure. Moreover, since C' is essentially uncountable,

so is C'/~; hence it is a Zariski geometry.

With the obvious interpretations C'/~ is a structure of the language associated to
My (this is the language which has a predicate for every closed set of My). Moreover
the G-set isomorphism pr=! : My — Cjy/~ gives an elementary embedding of M into
C/~. Hence; (by replacing Cy/~ with M) C'/~ can be thought as an elementary
extension of My. Therefore talking about specialisations of C'/~ into M, makes sense.

Remark that if 7 : C'/~ — M, is a specialisation and a € C'/~ is fixed under the
action of G (i.e. if a € Fix¢/(G)), then its image 7a is in Fixyg, (G). Although, for
an element a € C'/~ N Dom(7) which is not fixed under the action of G, its image
7(a) can be a fixed point of the action of G in M.

This observation motivates the following definition.

Definition 4.4.4. Let M, be a Zariski geometry and G a group acting semi-freely
on My and M = M, so G acts on M semi-freely. Let w : M — M, be a specialisation
and a € M \ Fixy;(G). Then 7 is said to degenerate a (with respect to the action G)
if 7(a) € Fixpg, (G).

Proposition 4.4.5. Let ¢ : C'— Cy be a specialisation lifting m and a € Dom(7).

1. If m € pr'(a) N Dom(nc), then nc(m) € pr-i(m(a)). Further, if m,n €
pr~t(a) N Dom(we) then mo(m), mc(n) € prt(n(a)).

2. If pr~Y(a) C Dom(nc) and if © does not degenerate a, then wc must be a

bijection on pr—(a).
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3. Let mg : C' — Cy be a specialisation. Then it is a lifting of a specialisation
O/N — M.

Proof. 1. Let m € pr*(a) and say mc(m) = mg. By the definition of lifting,
c(m)/~ = m(m/~) = m(a). So, my € pr~'(r(a)). Since ~ is a closed equiva-
lence relation, if n ~ m then 7o (m) ~ mo(n). Hence (together with the previous

argument) 7o (m), 7o(n) € pr-i(n(a)).

2. Suppose pr—!(a) C Dom(w¢), but 7¢ is not one to one. So, 7¢(m) = wo(n) for
some m,n € pr-'(a). But there is an h € H such that hm = n. Recall that
the graph h is a closed set. Hence hmeo(m) = mo(n) = me(m). So me(m) €
Fixy, (G*). By the previous part m¢(m) € pr-!(r(a)). But then m(a) must be
fixed point under the action of G by the construction of Cjy and since 7mo(m) €
Fix¢, (G*). Which contradicts with the assumption that 7 does not degenerate

a.

3. Consider the set Dom(7¢)/~. Clearly Dom(m¢) contains Cy, hence Dom(7w¢)/~
contains My. Now define 7 : Dom(m¢)/~ — M, as follows: For a € Dom(7¢)/~,
there is m € Dom(m¢) such that pr(m) = a. Say m¢(m) = mg, and pr(mg) = ao.
Define 7(a) := ag. It is clear that 7 is a specialisation and 7¢ is lifting 7.

[

Proposition 4.4.6. Let 7 : C'/~ — M, be a specialisation. Then 7 can be lifted to a
specialisation 7o : C'— Cy such that if m € Dom(n¢), then the orbit of m under the
action of the finite group H is contained in Dom(mwe). Moreover, if m is a maximal

specialisation then so is mc.

Proof. By Proposition 4.4.5, if a € Dom(7) then any specialisation lifting 7 must
map the fibre over a to the fibre over 7(a).

Let B = pr—!(Dom(r)). Enumerate B as {b; : i < A} where \ is the cardinality of
B. Let By = Cy and mp = id : By — Cy. Let B; = By U {b; : i < j}. We will extend
this to a specialisation 7o : B — Cj.

Suppose j =141 and m; : B; — Cj is a specialisation. To extend m; to B; look at

p(z) = {o(z,mi(a1), ..., mi(an)) : ©(bj,ay, ..., a,) € Diag" (b;B;)}

Let m; = pr(b;), we will show that there is a realization of p(x) in pr=(7(m;)).
Let Spe(z, mi(a1), ..., mi(an)) € p(z) be the pull-back of a closed set S of Mj. Since
C = Sp(bi, a1, ...,a,), by construction C/~ = S(m;,pr(ai),...,pr(a,)). Then, as 7
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is a specialisation, My | S(mw(m;), m(pr(ay)), ..., m(pr(a,))). Since m; is a partial lift-
ing of the specialisation 7, we observe 7(pr(a;)) = pr(m;(a;)) for i = 1,...,n. Hence
S(m(m;),pr(mi(ar)), ..., pr(mi(ay,))). Therefore, by construction, Cy = Spe(c, mi(a1), ..., mi(ay,))
for any ¢ € pr=t(m(m;)).

The remaining formulas in p(x) are of the type ¢*(z) = m;(a;) for some g* € G*
such that ¢*(b;) = a;. Next, one needs to show that the partial type {g;(z) = m(a) :
gi € G* and g;(b;) = a;} has a realization in pr—!(m(m;)).

Note that this is a finite type, and in particular we have

C = (g7) M) =... = (g7) " (ay,)

Since 7 is a specialisation

Co = (91) " (mi(aw,) = ... = ()" (mi(a,))

Therefore (g7)~*(m;(a,)) realizes p(z).
Next, we will show that (g7) ™ (m;(a;,)) € pr—!(m(m;)). By construction

pr((g7) " (mi(ar,))) = p((g7) ™) - (pr(mi(ay,))) (4.1)

Also by the same argument,

m; = pr((g7) " (a,)) = p((g7) ") - (pr(ay,)) (4.2)

Recall that, since the graph of (gi)~! is a closed set, its projection is also closed.
Also observe that projection of the graph of ((g;)™!) is the graph of p((¢;)™!) € G.
Hence the graph of p((g)™') is a closed set of C'//~. Therefore by (4.2) one sees
m(m;) = p((g1)~") - (pr(mi(a,))). Hence by (4.1), (g7) " (mi(ar,)) € pr~"(m(m;)).

Together with the previous argument we observe that (g7)~!(m;(ay)) is a real-
ization of p(x) in pr-!(m(m;)). Now define 7; : B; — Cy as m; = m on B; and
i (bi) = (g1) " (mi(aw,)).

If 7 is a limit ordinal then take m; = Um. Clearly, each 7; : B; — M, for j < A

i<j
is a specialization, and partially lifts 7. Finally, define ¢ := U mi B = Cy. Itis
J<A
clear that 7o : B — () is a specialisation lifting 7 to C'. O
Theorem 4.4.7. Let o : C' — Cy be a maximal specialisation. If the specialisation

7 :C/~ — My induced by m¢ is k-universal, then m¢ is k-universal.
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Proof. Let C" = C' and A C C" with |A| < k; let mer : AUC — Cj be a specialisation
extending mo. Moreover, we can assume that if a € A, then H-a C A (in other words
we can assume that if a € A, then b € A for all b such that pr(a) = pr(b)). By part
(3) of Proposition 4.4.5 there is a specialisation 7’ : Dom(m¢r)/~ — My which lifts to
mer. Clearly 7" extends 7. Since 7 is k-universal, there is an elementary embedding
o:A/~— C/~over A/~ NC/~ such that 7’ =71 o0 on A/~.

We will lift ¢ to an embedding 04 : A — C such that 7cv = 7¢ 004 on A.
Enumerate A\ C' = {a; : i < A} where A < k. Also assume that the enumeration
is done in a way so that all elements of any given fibre lying inside A \ C' is listed
consecutively before listing an element from a different fibre. Let Ag = AN C and
define og :=1id : Ay — C. Let A; := AgU {a; : i < j}.

Next, let 7 =4+ 1 and assume that there is an embedding o; : A; — C' such that
e = e o 0; on A;. We will extend this embedding to an embedding o, : A; — C.

Look at the type

p(z) = {o(z,0i(b1),...,0:(by)) : ¢(a;, by,...,b,) € Diag(a;A;)}

Let m; := pr(a;), we will show that p(z) has a realisation in pr=!(o(m;)) in several

steps. There are four types of formulae in p(z):
1. Sp(z,04(b1), ..., 0i(by)) where S, is the pull-back of a closed set S of C'/~
2. =Ty (x,0:(b1), . ..,0i(b,)) where T, is the pull-back of a closed set 1" of C'//~
3. ¢*(x) = 0;(b;) where ¢* € G
4. g*(z) # o;(b;) where g* € G

We will show that there is an element in pr=*(o(m;)) that realises all types of the
formulas in p(z) as described above.

Let Sp(z,0i(b1),...,0i(b,)) € p(x) be the pull-back of a closed set S of C/~.
Since C" = Sp(a;,by,...,b,), by construction C'/~ = S(m;,pr(br),...,pr(b,)).
Since o : A/~ — C/~ is an embedding we have C'//~ = S(om;, o pr(by),...,opr(b,)).
Since o; : A; — C'is a partial lifting of the embedding o, and since by, ...,b, € A;, we
observe that o(pr(b;)) = pr(o;(b;)) for all = 1,...,n. Hence one can write C/~ |=
S(om;, pr(o;(b1)), ..., pr(ei(b,))). So, by construction C' |= Sp.(c,0:(b1), ..., 0i(b,))
for any ¢ € prt(om;).

Next, let =Ty (z,04(b1),...,0:(bs)) € p(z), where T}, is the pull-back of some
closed set T of C'/~. Then C' |= =T (a;,b1,...,b,). So, by construction C"/~ |=
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=T (my,pr(b1),...,pr(b,)). Otherwise, if C"/~ = T'(m;,pr(b),...,pr(b,)), then by
definition C" = Ty, (t, b1, ..., by) for all t € pr=*(m;). In particular, this would mean
C" = T(ai b, ..., by).

Since 0 : A/~ — C/~ is an embedding, it preserves negated atomic formulas.
Hence we have C/~ |= =T (om;, o pr(by),...,opr(b,)). Since o; partially lifts o, we
have o(pr(b;)) = pr(o;(b;)). Therefore C/~ = =T (om;,pr(o;(b1)),...,pr(o:(bn))).
Hence C = =Ty, (¢, 04(b1), ..., 0i(by)) for any ¢ € prt(om;).

The remaining formulas in p(x) are either of the type ¢g*(z) = o;(b;) or of type
g*(x) # o;(by). First, we will deal with the formulas of the type ¢*(x) = 0;(b;) in p(x).

We will show that the partial type

q(z) = {gr(x) = 0i(by) - g5 € G* and gy (a;) = bi}

has a realisation in pr—!(om;). First, let us assume that this partial type is finite.

Then, in particular we have

C" = (g) o) = - = (g7) " (bu,)

Since o; : A; — C'is an elementary embedding

C = (g1) Hoi(b)) = - = (1) (oi(bn,))

Therefore (g7)~'(0;(by,)) satisfies the partial type ¢(z) assuming that it is finite.
Hence, we showed that any finite subset of ¢(x) has a realisation. Hence, by
compactness, this type itself has a realisation, call it d. By saturation d € C. Also,
there are gf € G* and b, € A; such that, gf(d) = o;(b;,). So we can write d =
(g5)"Y(0:(Dy,)). Therefore (g7)~'(o;(ly,)) realises the partial type g(z).
Next, we will show that (¢g7)~'(o;(b;,)) realises the partial type

r(z) = {fi(z) # oi(b) : fy € G" and fi(a;) # bi}

Suppose that (¢*)~'(o;(b;,)) does not realise this partial type. Then there is fF €
G* and by, € A, such that f+(z) # ai(b,,) € () and £2((g7) " (ou(br,))) = o:(by.).
Rewrite this equality as (g;) "' (0y(b;,)) = (f¥)'oi(b,,). Since o; in an elementary

embedding, (g7)~*(b.) = (f¥)*(b,). On the other hand, we know that (¢)~*(b;,.) =
a; and (f7)7'(b,) # a;. Which leads to a; # a;, hence a contradiction. Therefore
(g7) "1 (0i(by,)) realises the partial type r(z) as required.

Now, we will show that (g*)~!(o;(b;,)) is in pr='(om;). By construction

pr((g7) " (oi(br,))) = p((g7) ") - pr(oi(by,)) (4.3)
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Similarly,
m; = pr((gy) " (b)) = p((g;)"") - pr(b,) (4.4)

From the proof of Proposition 4.4.6, we know that the graph of p((g})™') is a
closed set. By (4.4), since ¢ is an embedding, o(m;) = p((g?)~!) - pr(os(b;,)). Then
by (4.3), we have (¢7)~(o;(b,)) € prt(o(m;)). Then (g*)~*(o;(b;,)) is a realisation
of the type p(z) in pr=!(c(m;)).

Define 0 : A; — C as 0; = 0; on A; and 0;(a;) = (g5) ' (0i(b;,)). By construction
oj: Aj — M is an elementary embedding. It remains to show that 7o = 7 0 0; on
A;. By the induction hypothesis, mc» = m¢ 0 0; on A;. So, we only need to show that
mer(a;) = e o oj(a).

If there is a g* € G* and b, € A; such that ¢* - a; = b;, then since mcr is a
specialisation,

9" me(a;) = mer(b) = me(oi(bi)) (4.5)

On the other hand, since o, : A; — C'is an embedding, ¢ - 0;(a;) = 0;(b;). Since 7¢

is a specialisation and the graph of g* is a closed set,

9" - meloj(ai) = me(oi(br)) (4.6)

Therefore, by equations (4.5) and (4.6), mor(a;) = me(o;(a;)).

Now, suppose that such g* and b, € A; does not exist. Then a; must be the first
element from the fibre pr=!(m;) we embedded, i.e. there is no b; € pr=*(m;) N A; with
b # a;. Otherwise, if there is an element b, € pr—!(m;) N A; with b; # a;, then there
is an element h € H C G* such that h-a; = b;. Hence we fall into the case considered
in the previous paragraph.

Let a € pr—t(m;) with a; # a. Then there are no g* € G and b; € A; such that
g* - a = b;. In other words, if a; is not sent into A; under the action of G*, then any
element of the fibre pr=!(m;) cannot be sent into A; under the action of G*. Then
m; cannot be sent into pr(A;) under the action of G. Therefore, om; cannot be sent
into o(pr(A;)) under the action of G. Which implies that the fibre pr~!(om;) cannot
be mapped into o;(A;) under the action of G*.

Note that in this case the type p(z) does not contain any formulas of the type
g*(x) = o;(b;). And as we showed in the above paragraph, the partial type {f;(x) #
oi(b) : fif € G*and f(a;) # b} C p(x) is realised by all elements in the fibre
pr~t(om;). We have also shown that other formulas in p(z) are realised by all elements
in pr!(om;). Moreover, we claim that there exist an element a € pr~!(om;) such

that mc(a) = mer(a;).
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First, suppose that 7 (a;) € Fixe, (G*), then 7'(m;) € Fixy, (G). Then, since o
is an elementary embedding with 7' = 7 o ¢ on pr(A), we have w(om;) = 7'(m;) €
Fixys, (G). Then, ¢ maps pr—!(om;) onto 7o (a;), as it lifts . Therefore, in this case
any element of pr~!(om;) realises the type p(z), and furthermore we have mo(a) =
mcr(a;) for any a € prt(om;). Thus, we pick an element a € pr—!(om;) and define
o(a;) = a.

If mor(a;) € Fixe, (G*), then mer does not degenerate the fibre pr—!(m;). Moreover,
m(om;) = 7' (m;) € Fixp, (G). Hence, T does not degenerate the fibre pr=*(om;).
Then by Proposition 4.4.5 (2), m¢ is a bijection on the fibre pr*(om;). Hence,
there exists an a € pr—!(om;) such that mc(a) = mer(a;). Then, in this case define
o;(a;) = a. It is clear that o; : A; — C'is an embedding with 7y (a;) = 7 (0;(a;)).

If j is a limit ordinal then define o; := U oj: A = C. Clearly 0; : A; — C'is an

i<j
elementary embedding such that 7o = 7¢ 0 0;.

To finish the proof, define o4 = U o; - A; = C. By construction o4 is an

J<A
elementary embedding satisfying 7o = ¢ 0 04 on A. [
Corollary 4.4.8. Let My := My(k) be an elliptic or a rational curve over an al-

gebraically closed field k of characteristic zero, and Cy is constructed as above. Let
C = Cy, then M := C/~ = My(K) for some K = k (i.e. C'/~ is the set of K-points
of the same curve My). More importantly the specialisation Res : M — My where
Res(b) = (res(by),...,res(by)) for the residue map res : K — k lifts to a mazimal

specialisation wo : C'— Cy. Also, if Res : M — My is k-universal, then so is .
Proof. By Theorem 4.4.7, it lifts to a k-universal specialisation 7o : C' — Cj. O]

In the examples given in [16, 44], M, is again a rational or an elliptic curve with
G < ZAut(M,), and G* and H satisfies:

- G is nilpotent,

- There is an integer u such that G* has a non-abelian subgroup with index at

least .
- H does not split, i.e. there are no subgroups T' < G* such that H - T = G*.

and Cj is constructed as described above. In this case it is shown (by Theorem C
in [16] and Lemma 5.1.15 in [44]) that Cj constructed in this way is a non-algebraic

Zariski geometry (i.e. it is not interpretable in an algebraically closed field).
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Chapter 5

Specializations of Zariski Cover
Structures

In this chapter we will consider finite and infinite covers of Zariski structures in a
more general setting. This should be seen as a natural next step to Chapter 4.

In the first section we analyse Zariski cover structures. They are a certain type of a
cover of Zariski structures. The natural examples of covers constructed in [35, 16, 46]
are all Zariski cover structures.

Second section studies specialisations, and particularly universal specialisations of
Zariski cover structures. The main result is a characterisation of Ng-universal special-

isations of Zariski cover structures under a certain assumption (Theorem 5.2.14).

Remark 5.0.1. Before we start let us make the following convention. Let C' be a
Zariski structure together with its natural Zariski language £,... We will assume that

L,.. contains names for all elements of C.

5.1 Zariski Cover Structures

Definition 5.1.1. Let C := (C, M, pr) be a two-sorted Zariski structure such that

(i) There is a Zariski topological group G in C acting morphically and freely on C'

with Zariski continuous bijections.

(ii) M is interpretable in C' as a topological sort and pr : C' — M denotes the

canonical quotient-map. It is a (-definable surjection.

(iii) For each m € M, the fibre pr=!(m) is an orbit of an element in G, i.e. pr=t(m) =

G -z for some z € C.
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(iv) The group G is a Zariski topological group in M (in particular G is interpretable

as a topological sort in M).
Then C := (C, M, pr) is said to be a (two sorted) Zariski cover structure.
Remark 5.1.2. Since (' is stable, M is stably embedded in C.

Proposition 5.1.3. The action of G on each fibre of pr is transitive and free (i.e.

reqular).
Proof. Immediate from the definition. m
Lemma 5.1.4. Let C = (C, M, pr) be a Zariski cover structure. Then

(i) the map pr: C — M is a morphism;

(i) M is isomorphic to C/G; i.e. there is a bijective morphism C' /G — M.

Proof. (i) The map pr is the natural quotient map. Hence it is a morphism (see
Fact 2.1.15).

(ii) Since the action of the group G is free, it is also proper by definition (see
Definition 2.1.44, (ii) and (iii)). Therefore the equivalence relation E¢g defined
by

cEqd if and only if 3g € G (g - c = d)

is closed. Hence C'/Eg is a topological sort. Moreover, pr is constant on the
classes of Eg. By Definition 5.1.1 (iii), Eq is the pre-image of = under pr. Then
pr/Eq: C/G — M is an isomorphism.

m

Remark 5.1.5. Clearly pr induces a natural projection pr : C™ — M" for any n,
for which we use the same notation. Since it is a product of morphisms, it is also a

morphism.

Remark 5.1.6. The notion of Zariski cover structure is compatible with the more
general notion of cover given by Hrushovski in [14] and repeated by Ahlbrandt and
Ziegler in [1]. The notion of Zariski cover structure has some additional topological
properties coming from Zariski structures, and as the main perspective is to estab-
lish a theory of specialisations; which requires the topological structure. One main
difference is that, in Zariski cover structures the same group is acting on fibres. For

general covers, there is more flexibility, different groups are allowed to act on different

fibres.
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Example 5.1.7. One can consider a special case of the construction we discussed in
Chapter 4, of covers related to the first example of a non-algebraic Zariski geometry.
This case is considered in [44] and it is also shown there that a similar example of a
non-algebraic Zariski geometry can be produced following this case. It is easy to see
that these covers are Zariski cover structures.

Also from the detailed description of their closed sets, it is easy to see that the
covers related to the Quantum Harmonic Oscillator, and Quantum Zariski geometries
are Zariski cover structures. All the necessary ingredients are already present in

papers these structures are first presented ([35, 46]).

Next, we proceed to analyse the relations between the fibres. This analysis will
be important in the next section, where we consider specialisations of Zariski cover

structures. The following definition is essential for our considerations.

Definition 5.1.8. Let b = (by,...,b,) € C™, and pr(b) = (my,...,m,) = m. Let
A C C. We say b is strongly independent in fibres over A if

loc(bh/MUA)={ceC":prc=m}
where loc(b/M U A) is the locus of b over M U A.

Lemma 5.1.9. Let C = (C, M, pr) be a Zariski cover structure, and m C M. Suppose
there is b' € pr(m) strongly independent in fibres over A for some A C C. Then

every b € pr=t(m) is independent in fibres over A and is generic over AU M.

Proof. If b is dependent, it satisfies for some a € A, and m’ € M a positive quantifier
free formula Q(m’, a, b), with dim Q(m/, a,y) < dimpr=!(m). Then V' € g-Q(m’, a,C)

for some g € G(M), which gives a similar formula for &' O

Lemma 5.1.10. Suppose C <X C', where voc \ C, and ]l_)/| = n; also let b be
strongly independent in fibres over A C C. Let m' := pr(b'). Then

(i) the locus of b' over AU M’ is of the form S(y, m') where
S(y,z) = = pr(y)

(ii) the locus of 'm’ over AU M is of the form S(y,z) & R(x,a) for some a C M,

and R(y, z) a positive quantifier free formula over ().

Proof. (i) Immediate from the definition.

83



(ii) Let Q(y,z,z) be a positive quantifier free formula such that Q(y,z,c) is the
locus of &'m’ over AU M, where ¢ C AU M.

Let R(x,a) be the locus of m' over AUM, where a C AUM. Since M is totally
transcendental and stably embedded in C, we may choose a C M. Since M is

a submodel of M’; the locus R(z,a) is irreducible. We may assume a C ¢ and
Qly,x,2) =Qy,x,2) & R(x, 2).

For m € M™, let S,,(y) be the formula S(y, m); which is equivalent to pr(y) =
m. Let S, be the fibre in the respective model. Set

R(M,c)={m e M":S,NQ(C,m,c) # 0}

as the projection of Q(C,m,c) C C™ x M™ on M™.

Note that R°(M, c) is a dense subset of R(M,c), since m’ is a generic point in
the M’ versions of both.

We now consider the action of g € G™ on the set C™ x M™
(b,m) — (g-b,m)

By our assumptions it is continuous, and thus g - Q(C, M, ¢) is closed.

By (i), Q(C’',m/, c) = S,, and this is a generic fibre. Hence G™ acts transitively
on the generic fibre Q(C’,m/, ¢). So for any g € G(M),

g-Q(C",m,c) =Q(C",m,c)
Hence, in C, for any g € G and any m € R%(M, c), if m is generic over g, ¢, then
g-Q(Cym,c) =Q(C,m,c)
By the addition formula, for a given g € G(M),

dimg-Q(C,M,c)NQ(C,M,c) >
> dim G" 4 dim{m € R°(M,¢c) : g- Q(C,m,c) = Q(C,m,c)} > dim Q(C, M, c)

and hence, since Q(C, M, ¢) is irreducible,
g- Q(Ca M7C) = Q(Ca M7C>

for all g € G(M). This proves that every fibre Q(C,m,c) is stable under the

action of (G, hence
Q(C,m,c) = S,,(C) for all m € R°(M,c)
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Then pr—! R°(M,c) = Q(C, M, c) and Q(C, M, c) is a closed G-invariant set. By
definition, the image R°(M, c) is closed in the sort M™. Clearly then R°(M,c) =
R(M,a) and thus S(y,z) & R(z,a) = Q(y,x,c).

[

Corollary 5.1.11. If Q(y, z, z) is the locus of (b,m,c) over ) and Q(C,m,c) = S,
then Q(C,m/, ') # O implies Q(C,m’, ) = Sy for any m', .

Proof. By assumption G" acts transitively on the generic fibres Q(C,m’,¢’). So for

any g € G(M) we have
g-Q(C,m' d)=Q(C,m' ).

Hence, in C, for any g € G and for any generic m/, ¢ satisfying 3y Q(y, =, z) we have
g-Q(C,m' d)=Q(C,m' ).

As all elements of C are named by convention (see Remark 5.0.1) it is the prime
model. In particular that elements of M are named. Therefore, m/, ¢’ is generic over
any g € G(M). Then, g - Q(C,M,C) N Q(C,M,C) contains the original generic

element bme. Hence, since Q(C, M, C) is irreducible,

for all g € G(M). Which shows that every fibre Q(C,m/, ') is invariant under the
action of G(M). Hence

Q(C,m', ) = S,y when Fy Q(y,m', ).
0

Corollary 5.1.12. Under the assumptions of Corollary 5.1.11, Iy Q(y,x, z) defines

a closed set.

Proof. The topology on the sort M x M x C' can be defined from the sort C'x M x C'

by the equivalence relation (y,z,z) ~ (g - y,x, z) and the corresponding action of G,
C/Gx MxC~MxMxC.

Corollary 5.1.11 together with Lemma 5.1.10 proves that () defines a G-invariant
closed subset of C' x M x C. Hence /G is closed. This is homeomorphic to the set
defined by Jy Q(y, =, 2). O
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Lemma 5.1.13. Under the assumptions of Lemma 5.1.10, let b/ be strongly indepen-
dent over A C C' and m' = pr(b'). Then Sp(y) defines a complete type (an atom of
the Boolean algebra) over M' U A.

Proof. Suppose that the formula S(y, m’) does not define a complete type over AUM’.

Then there is a positive quantifier-free Q(y, z, z) over () such that for some a C
M UA,

Edy Q(y,m' a) & S(y,m') & -Q',m',a).

Let b satisfy Q(b”,m’,a). We may assume that () and a are such that Q(y,z,a) is
the locus of ¥"m’ over M' U A. So Q(C",m',a) C Sy

Since G(M’) acts transitively on the fibres, ' = g - b” for some g € G(M’). Hence
g-Q(C',m';a) C Sy, and g - Q(C’',m/,a) is Zariski closed set defined over M’ U A.
Since b’ is strongly independent in fibres over A, it follows that ¢g-Q(C’,m’,a) = S,.
Hence Q(C",m',;a) = S,». A contradiction. ]

Lemma 5.1.14. Let b € C™ be strongly independent in fibres over 0. Let m’ C M'™®
and Q(y, ', x, z) is a positive quantifier free formula and mw C M, m = pr(b), such
that Q(y, ', m,w) is the locus of bm' over mw. Then there is a positive quantifier

free formula R(2',x, z) over O such that

Qy, o', x,2) = R(2',x,2) & = pr(y)

Proof. Let R(2',x, z) be the formula 3y Q(y, 2, x, 2).
Claim 1. Q(y,2',z,2) = R(2',x,2) & x = pr(y).
Indeed, the implication from left to right is obvious. To see the inverse we need

to prove that for any (d’, b, a, c)

FVy (Q(b,d a,c) & a=rpry) — Qy,d, a,c)

But this formula immediately follows from Lemma 5.1.13. This proves the claim.
The claim implies that the closed subset Q of C™ x M!, some [, is saturated with
respect to the equivalence relation on C™ given by the action of group G™. Moreover,
the subset R defined by R(2/,, z) in the topological sort M is closed by the definition
of the topology (see Definition 5.1.1). Hence R(z', z, z) is positive quantifier free. [

For the rest of this chapter, especially for the next section, where we will consider
the specialisations of Zariski cover structures, we are making further restrictions. We

are making the following assumptions, which are to be valid for the rest of the chapter:
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- (G is definably almost simple (i.e. proper definable normal subgroups are finite);
and any definable normal subgroup H <G* (for any k € N) is definable without

parameters.

- The group G is definable in M, so that G C M! is a definable subset for some
l.

- The fibres pr~*(m), for all m € M, are atoms over M.

It is important here to note that generally the definition of definably almost simple
requires the group to be non-abelian, and (definably) connected. In our version we
are not making this restriction. In other words, we are allowing abelian groups, and
groups which are not connected to be definably almost simple (e.g. finite groups are

automatically definably almost simple).

Lemma 5.1.15. Let b = byby, where by = (by1,...,b1,) € C™ is a tuple and by
is a singleton such that by, ..., bi,, by, is not strongly independent in fibres over ().
Assume also that the locus ¢(by,C) of by over Mby is a proper subset of the fibre
containing bs.

Then there is a finite, O-definable H <G such that

H - b2 = @(bho)

and o(by, C) is an atom over M U {b,}. Moreover, for any by =5 by there is by such
that

Proof. Note first that under the assumptions, pr—!(my) is an atom over M.

Let (b1, C') be the locus of by over Mb;. Observe that ¢(by, C') is an atom over
Mb;. If not we may assume that there is a proper Mb-closed subset ¥ (by,C) C
©(b1,C). There is a g € G such that by € g- (b, C). But g- (b, C) is Mby-closed.

Define a binary relation Ej,, on pr=*(msy) as follows:
By (z,y) = 3g€G (x€g-9b,0) &ye€ g ob,C)).

Ey, is an Mb;-definable equivalence relation on pr—!(my). All equivalence classes are
shifts of ¢(by,C) by elements of G.
Reflexivity and symmetry of Ej, is obvious. We need the following claim to prove

transitivity:
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Claim 1. Let g1, g2 € G, and assume g;-¢(by, C) N ga-p(b1, C) # 0. Then g1-¢(by,C) =
g2 - (b1, O).
Proof. Suppose y € g1 - p(b1,C) N go - ¢(by,C). Then there is an h € G such that
h -y =by. Then, by € hgy - ©(by,C) N hgs - (b1, C). Since ¢(by, C) is the locus of by
over Mb;

hgy - (b1, C) = hgs - ¢(b1,C) = @(by, C) = loc(by/Mby).
Then it follows that g; - ¢(by,C) = g2 - ¢(b1, C). This proves the claim. O

Next we will show that Ej, (y, z) is transitive. Let Ey, (z,y) and Ey, (y,2). Then
there are g1, g, € G such that

r€ g1 pb,C) &y € g b, C)
Y€ g p(b,C) & 2 € gy p(by, C).

Observe that g; - (b1, C) N g - (b1, C) # 0, namely y is in the intersection. Then
by the previous claim

g1+ (b1,C) = g2 - p(b1, C).
Therefore z € g9 - (b1, C). Hence Ey, (z, 2).

Claim 2. Ejy, is M-definable.

Proof. Let b} =p; by. Then (b}, C) is the locus of some b, over Mb). Then by
repeating the argument above one sees that Ej, defined in the same way, is an
equivalence relation whose classes are shifts of (b, C'); which is an atom over Mb.
In particular, by € g - ¢(b}, C) for some g € G. Since b} = f - by for some f € G", we
see that g - (b}, C) is Mb-definable and hence, g - (b}, C) = (b1, C). It follows,

Ey, and Ejy, have the same classes, and thus are equal. The claim follows. O

Let E := Ej,. Define the subset H C G as follows:
geEH < qg-bye (P(bl,C)

Then H is actually a subgroup: First note that g - (b1, C) = (b1, C). Then it is
immediate that product of two elements of H is again in H. It also follows from
this observation that H is closed under inversion; let h € H and by := h™' - by.
Then by, € h™' - p(by, C)). By definition of H we also know that by € h™! - (b, C).
Since h™! - (b1, C) N @(by,C) # 0, we know that h™! - o(by,C) = ¢(by,C). Hence
by ="h""-by € @(by,C). Moreover, H - by = ¢(by, C).
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Claim 3. For any ¢ € pr—!(my) we have E(c,C) = H - c.

Proof. The set
{cepr(my): E(c,C)=H-c}

is M-definable (as M is stably embedded in C') and contains by. Hence, it must be

equal to pr=!(msy) since the latter is an atom. This proves the claim. ]

It follows that E(x,y) = 3h € H y = h -z, that is F is induced by the action
of the definable subgroup H. By Fact 2.1.43, H is a closed subgroup. Then by the
proof of 2.1.47, E is a Zariski closed subset of pr=!(ms) x pr—!(msy).

Also, H is normal. Indeed, any E-class has the form H - ¢, and for any g € G we
have a class H - (g-c¢). On the other hand, by definition of F, we know that the action
of an element of GG takes an equivalence class to another equivalence class. Therefore
g-(H-c)=g-(c/FE) is an equivalence class. Moreover, we have g-(H -¢) = H -(g-¢)
which implies

gHg™' =H

Since G is assumed to be definably almost simple, H is finite. Also, H is (-
definable by assumption on G. O]

Theorem 5.1.16. Let b = byby, where by = (by1,...,b1,) € C™ is strongly inde-
pendent in fibres over U and by = (boy, . .., bay) is such that by, ..., by, by, for each
i=1,...,k is not strongly independent. Let my = pr(by), and my = pr(by).

Then there are B-definable normal finite subgroups H; <G fori = 1,...,k, a 0-
definable subgroup H < Hy X -+ x Hy, and a positive quantifier free formula o(y1,ys)
over UM such that

E (b1, by) and H - by = @(by, C*)

and ¢(by, C*) is an atom over M U {b;} U U.

Proof. First, let us consider the case U = (). For any by;, its locus ¢;(by, C') over M,
is a proper subset of pr=(my;). For i = 1,...,k, let H; be the finite, (-definable
normal subgroup of G given by Lemma 5.1.15. Let ¢(by, C*) be the locus of by over
Mb;. Then

@(b1,C*) C (Hy x -+ x Hy) - by

Observe that, similarly to the proof of Lemma 5.1.15, ¢(by, C*) is an atom over
Mb,. From a similar argument it follows that there is an Mb;-definable subgroup
H < G* such that o(b;,C*) = H - by. In fact, H < H; X --+ X Hy. Therefore H
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is finite. In particular, it is a finite subset of the prime model; hence (-definable as
elements of the prime model are named. This proves the theorem in case U = ().

In the general case we may assume that U = v C C' is a finite subset, and thus
b} = ub; would satisfy the assumptions we used for b1bs in Lemma 5.1.15 and its

application. O

The parameters used from M in the formula ¢ in Lemma 5.1.15 and Theo-
rem 5.1.16 are hidden for the sake of brevity. Let b = biby be a tuple split into
its maximal strongly independent and dependent parts as above, with pr(b;) = my

and pr(by) = mg. The parameters involved in ¢ from M are mq, my and some s, C M.

Corollary 5.1.17. Given b = biby is as in Theorem 5.1.16, there is a U-definable
function f, : D, — C*/H, where {symimy} x pr=(my) C D, and my = pr(by), such
that

fu(sp,mi,mo,by) = H - by = by € pr-t(my)/H

Proof. fu(z,x1,22,11) = 2 is given by the formula

3%(@(%%@%91&2) &z=H- y2)

D, is defined by

(xwxlam%yl) € Du = Ely2 {(pu(xaxlax%yl?yQ) &vyé ((pu(xamlax%yl?y;) — y; € HyQ)}
]

5.1.18. Continuous Connections (CC).
We assume that for every b = biby, and U as in Theorem 5.1.16, there is a

finite s, C M and a function f, as in Corollary 5.1.17 such that, in notations of
Corollary 5.1.17:

- There is a closed u-definable subset D2 of M'x C™ (where | = |sp| + |mq |+ |ma|)
containing (sp, my,ms,by) such that f,(x,x1,ze,y1) is defined and f : D? —
C'™2l/H is a morphism.

- There is a closed u-definable subset DI of M! x C* x C*2/H (where t =
Ima| + |ma|, ki = |b1| and ky = |by|) containing (mq,ms, by, by) and a morphism
fi:Dl — M.

- If ($,$1,$2;y1) € Dg and fu(x,xl,b;%) = o, then (901,1‘2,%73)2) S DL and
fT(xhxzayh?b) = Z.

90



Lemma 5.1.19. Let C = (C, M, pr) be a Zariski cover structure satisfying the Contin-
uous Connections assumption, then every model of Th(C) is a Zariski cover structure
and satisfies (CC).

Proof. Let D |= Th(C). First let us check that D is a Zariski cover structure. It
is clear that D is a two sorted Zariski structure. We will write D = (D, N). The
interpretation of the topological Zariski group G gives a Zariski topological group B
interpretable in N. Also B will act morphically and freely with Zariski automorphisms
as all of these are first order properties. This is enough to see that D is a Zariski

cover structure. By construction, D satisfies (CC). O

Remark 5.1.20. In general, showing a certain Zariski cover structure satisfies (CC)
seems to require “efficient” quantifier elimination. Omne, in particular, which will
enable us to describe closed relations between fibres as easily and explicitly possible.

We conclude this section with a preliminary analysis of (CC) for a special case of
the covers related to the first example of a non-algebraic Zariski structure. We will
consider the following special case. Let us briefly recall the construction.

Let M be a one dimensional Zariski geometry, and B < ZAut(M) be a group
acting freely on M by Zariski automorphisms. Let B* be a group extension of B with
a finite kernel G:

l1-G—-B"—-B—1

Let C' be a set such that B* acts freely on it in the same way B acts on M. Le.
the number of B* orbits is the same as number of GG orbits.

For ¢,d € C define ¢ = d if and only if there is an h € G such that h-c = d.
Clearly = is an equivalence relation invariant under the action of B*. Moreover
= is closed (hence definable). So G acts trivially on the quotient C'/=, and hence
the action of B* will give an action of B on this quotient. By construction C'/= is
isomorphic to M as B-sets, say via a map pr. This map pr can be extended naturally
to pr : Cy — M, so that pr(g*c) = p(g*) pr(c) for all g* € B*, where p : B* — B is
the group homomorphism.

Then Cj is made into a Zariski geometry by defining pull-backs of the closed sets of
M via pr and graphs of elements of G* as basic relations (of an associated language)
and declaring the Boolean combinations of these predicates as closed sets.

Let b = (by,...,b,) € C™. Then b is strongly independent in fibres over () if and
only if b; is not in the orbit of b; for any 1, j.

Now let b € C™, write b = byb, where by is maximal strongly independent in
fibres over () and b, is the rest. Let ¢(by, C*) be the locus of by over Mb;. By
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Corollary 5.1.17, there is a (-definable function f : D — C*/H where H < GF,
{spmims} x pr=(m;) C D, my = pr(by),my = pr(by) and s, C M is a parameter.
The function f is defined as

33/2(90(557551;5527%;3/2) &z=H yQ)

and D is defined as

(z,21,22,y1) € D < Jys {p(x, 1, 22, Y1, y2) & Yy (p(x, 21,2, y1,5) — Y5 € H-yo)}

In the next paragraph we will see that the parameter s, is actually unnecessary.
Later in the analysis, we will even conclude that my, my are also not necessary as
parameters.

We claim that the locus o(by, C*) is the singleton {by}. Write by = (b1y,...,bi,)
and by = (bay, ..., bo). Since byby;, for all i = 1,...  k, are dependent in fibres, there
is a by; € by and a g;; € B* such that g;; - b1; = by;. The pair g;; and by; uniquely
determine by;. Therefore, by is in the definable closure of b;. Moreover, as the graphs
of elements of B* are closed sets, we see that {by} is a by-closed set (i.e. it is a closed
set only using b; as a parameter). Hence the locus ¢(by, C*) of by is the singleton
{by}. Hence the only subgroup H of (B*)* such that H - by = ¢(by, C*) is the trivial
subgroup.

From the analysis above, we see that

): YV, x1, T2, Y1, Yo (@(%131,372;3/171/2) — /\gij(ylj) = y2z‘)-
4,J
Which implies
=V, 21, 22, y1 Yo (@2, 21, T2, Y1, y2))-

With this observation, Corollary 5.1.17 yields that there is a (-definable f : D —
CFk given by o(x,z1,79,y1,1y2) and D = M! x C™ where t = n + k + |z|. Since D
and C* are pre-smooth, and f has a closed graph, by the Closed Graph Theorem
(Lemma 2.1.11) f is continuous. Hence a morphism. For further reduction, one can
take D° := {symimy} x pr—'(my), which is a finite, and hence a closed subset of
M?! x C™. And directly show that f xid : D% x C™ — C™ x C™ is continuous for all
n. Hence, again a morphism.

Furthermore, as it is evident from the above analysis, the parameters s;, mq, mo

are not essential. As we have shown Mb;-locus of b, is the same as the locus of by
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over b;. But the b;-locus of by is given by /\ 9i5(y1;) = y2;. Which defines a function
4,3
cm — CO*

b1|—>b2

where by; are obtained from the corresponding by; and g;;. As the parameter s, is not
needed in this case, it seems that the function f' will not play a role. Indeed, as it is
done in the proof of Theorem 4.4.7, the analysis of the relevant relations of the type

9i(y1;) = yo; is enough to obtain the result without using fT.

5.2 Specialisations of Zariski Cover Structures

In this section we analyse the specialisations of Zariski cover structures. The first
two results (Lemma 5.2.1 and Theorem 5.2.2) are however, not restricted to Zariski
cover structures and are valid for the more general setting of (multi-sorted) Zariski
structures. It was certainly possible to include them to the general discussion about
specialisations in Chapter 2. However, it is more appropriate to present them here, as
they are directly related to the analysis of specialisations of Zariski cover structures,
and will be used in many of the results in this chapter. For this reason, although
they are stated for the general case, it is helpful to keep in mind they will be applied

in the setting of Zariski cover structures in the rest of this chapter.

Lemma 5.2.1. Let C be a Zariski structure which is prime and minimal over an
(-definable subset M. Then C is atomic over M U A for any A C C.

Proof. The theory is Th(C) is w-stable. Then there exists C’ = C which contains
M U A and is atomic over M U A.

Since C is prime and minimal over M, we get C* = C. Hence C is atomic over

MUA. [l

Following Lemma 5.2.1, a useful characterisation of Np-universal specialisations
can be given. The following equivalence will certainly be useful for the analysis of ¥g-
universal specialisations of Zariski cover structures (in particular see Theorem 5.2.14).
Note that the second condition of the Theorem 5.2.2 below implies “m is an Ng-

universal specialisation”.

Theorem 5.2.2. Let Cy < C be a Zariski structure and its Rg-saturated extension,
7 : C — Cy a specialisation. Suppose also that there is a D-definable subset M such
that for every A C C, C is atomic over M U A.
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Then the following are equivalent:

(i) For any finite ¢ C M U Dom(r), any finite tuple ¥ € C' = C, and for any
specialisation
7 CVY — O
extending 7, there is b C Dom(7) such that b =,V and 7(b) = «'(V').
(ii) For any finite a C C, any finite tuple b/ € C' = C, for any specialisation
' CV — O

extending m, there is b C Dom(m) such that b=, b" and w(b) = n'(V).

Proof. We only need to prove (i) implies (ii). Suppose for a contradiction that (ii)
fails for some 7', @ and b'. Then, a cannot be a subset of Dom(7), as we are assuming
(i).

Let p = tp(a/M U Dom(r)). By assumption, C is atomic over M U Dom().
Therefore p is principal; so it is equivalent to a formula P(z) over some ¢ C M U
Dom(m).

Let ¢(z,y) = tp(a, b’ /D) and

ty) = N\ 32 P(2) & Q(z,)
Qeq
By construction, ¢ is a type over c. Clearly, V' realises t. By (i) there is b € Dom()
realising ¢, and 7(b) = 7'(b'). Then {P(2)} U q(z,b) is consistent, and by saturation
must have a realisation in C. Since P is complete (is an atom) over M U Dom(r),
we have P(z) F q(z,b). It follows F ¢(a,b), and b =, /. A contradiction to our

assumptions. O

At this point, it is reasonable to repeat the assumptions made towards the end
of the previous section. The following are standing assumptions for the rest of this

chapter:

- G is definably almost simple (i.e. definable normal subgroups are finite); and
any definable normal subgroup H < G* (for any k € N) is definable without

parameters.

- The group G is definable in M, so that G C M! is a definable subset, for some
l.
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- The fibres pr=!(m), for all m € M, are atoms over M.

Proposition 5.2.3. Let Cy < C be a Zariski structure and its extension, letw : C — Cg
be an Wo-universal specialisation. Assume that M is a sort in C and pr : C'— M is
a Zariski cover structure satisfying (CC).

Let wpp © M — My be the restriction of m to the substructure. Then my; is Ng-

universal.

Proof. Let M' = M, and n’ C M’ be a finite tuple. Let 7y, : M’ — M, be a
specialisation extending mp : M — My with n’ C Dom(7},), and 7),(n’) = ny.

We claim that 7}, U 7 is a specialisation extending 7. This will imply that the
type of n’ over a finite subset of M is realised in C, and so in M, by some n such that
7m(n) = ng. In other words, that 7, is Ng-universal.

Consider a positive quantifier free formula Q(z’,y) in C such that Q(z',b), for
some b in Dom(7), is the locus of n’ over Dom(7). Let n := pr(b). Then it follows
n € Dom(m).

Let b = b1by be the splitting of b into by, which is maximal strongly independent

in fibres over (), and b, such that
62 = f(slhmla ma, b1)7 Sp = fT<m17 ma, b17 82)

where m; = pr(b;) and mgs = pr(by). Note that m;, my € Dom(w), since by, by €
Dom(7).
We have by, € Dom(), since by € Dom(r). Then s, € Dom(x), since fI is a

morphism. Now we replace Q(z’,y) with the formula
Q" (2, x,w,y1) = Jyo Q@ 1y2) & [ = fw, 2,91)]
where [J2 = f(w,x,y1)] is the positive quantifier free formula (see 5.1.18)
(w,2,31) € D° & (x,9192) € D' & G2 = f(w, x, ).

In particular §, = H -y, € C'®l/H  where H is the finite group given in relation to
by by Theorem 5.1.16.
We claim that Q* defines a Zariski closed set. Let k = |2'zw| and t = |y| = |y192]-

Define the function
idxp: MFxCt— MFx Ol x clel/g

by id x p(a'zwy1ys) = (2'zwyids); ie. it is identity on M* x Ol and p : Clv2l —
Cll/H is the canonical quotient map. The image M* x Cl x Clv2l/H can be
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identified with the sort (M* x C*)/H by taking the action of H on M* to be trivial.
Since H is finite, (M* x C')/H is an orbifold; and id x p becomes the canonical
quotient map.

It follows that Q*(2',x,w,y;) is the image (in the orbifold (M* x C')/H) under
id x p of the closed set defined by

Q(xlayl?ﬂ) & [@2 = f(wvx7y1)]

Then by Lemma 2.1.48, Q*(2', z,w,y;) is closed.
Next we claim that Q*(z’,n, sy, b;) defines the locus of n’ over Dom(w). It is

enough to prove that

Q" (M',n,sp,b1) C Q(M',b)

Note that by the construction of formula Q*,
EQ (n",n, sy, b)) = EQ(n",bb,) for some b, € by

where by = H-by. By Theorem 5.1.16, H-b, is an atom over M’by. Hence £ Q(n”, byb)
if and only if F Q(n”, b1bs). This completes the proof of the claim.
Clearly,

= Q*(n/7 n, Sp, bl)

and Q* (2, z,w, y;) satisfies assumptions of Lemma 5.1.14. Hence, splitting = 12,

|z1| = |y1| (in correspondence with n = mymsy) we get by Lemma 5.1.14
Q*(x/7 L1&2,W, yl) = R(xlu L1, T2, 'LU) & Ty = pr(yl)

for some positive quantifier free formula R.
This implies that the locus of n’ over Dom(7) is determined by the formula

R(z',my, ma, sp), where my, ma, s, C Dom(my,). Since 7),(n’) = ng we get
= R(no, m(ma), m(ma), w(sp))

and hence
Q(no, (b))

This proves that 7, U7 preserves positive quantifier free formulae over Dom(7) and

hence is an extension of specialisation 7. O
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In the rest of this section we will study specialisations on Zariski cover structures.
Let Cy = (Cy, My, pr) be a two sorted Zariski cover structure pr : Cy — M. Let
L denote the Zariski language for the two sorted Zariski structure (Cp, Myp). Let
C = (C,M,pr), such that C = Cy and let 7 : C — Cy be a maximal specialisation
such that its restriction m,; : M — M, is an Ng-universal specialisation. This sets the
context for the rest of this section. For all of the results, the assumptions made here
on (C,Cy, ) are valid; most importantly, that 7 is maximal and ), is Ng-universal.

By L™ we denote the language £ expanded with a symbol 7 which will be inter-
preted as the specialisation. In fact, we will consider M, along with the definable
Zariski topological group G as assumed previously. We will write G(Mj) to indicate
the realisation of G in the Zariski structure My. Therefore the elementary exten-
sion M will be considered with the corresponding definable Zariski topological group
G(M). Often we will also consider my, as a specialisation G(M) — G(M,) of the

Zariski topological groups in the natural way.

Lemma 5.2.4. Let Cy be a Zariski cover structure, and C = Cy be an extension. Let
T = D/H be an orbifold where H < G is a finite O-definable subgroup acting freely on
a constructible set D C C. Let m : CUT(C) — CoUT(Cy) be a mazximal specialisation,
and let t € T(C) N Dom(r). Then p~'(t) C Dom(r).

Proof. Consider an a € p~!(t) and a positive quantifier free formula Q(y, z), such

that for some ¢ C C, the formula Q(y, ¢) is the locus of a over Dom(w). Denote

Q(.T,y72> = Q(y7Z) & pT(y) =7

By Lemma 2.1.48 we see that the formula Jy Q(z,y, z) defines a closed subset
which by construction contains (¢,¢) and so does contain (7(t),7(c)). The latter

means that
Co F 3y(Q(y,m(c)) & pr(y) = 1)
Let ag satisfy the formula Q(y, 7(c)) & pr(y) = t.

Now it is clear that setting 7(a) := ao we will have extension of the specialisation
7 to a. Since 7 is maximal, ¢ must be in Dom(7).

Since H is a substructure of the prime model, H C Dom(n). Recall that p~!(t) =
H -a. By Lemma 2.1.54, H - a C Dom(m). O

Lemma 5.2.5. Suppose that every Ny-saturated model of the L™-theory Th(C,Cy, )

18 No-universal. Then every rk-saturated model of the theory is k-universal.
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Proof. Let (D, Dy, ) be a k-saturated model of the theory Th(C, Cy, 7). So in partic-
ular it is Ng-saturated. Hence by assumption 7 is Np-universal. Let D’ =D, A C D’
with |A| < k and 7’ : AUD — Dy a specialisation extending w. Let Ay := AND, and
A= A\ Ag. Also, for any element of A, without loss of generality we may assume
that its image under 7’ is in A.

Let o’ C A’ be an arbitrary finite tuple, and B C Ay be an arbitrary finite subset.
Let 7'(a’) =: ap. We need to show that the L™-type

pa(2/B) :=tp(d'/B) U{m(x) = ap}

is satisfiable in D, where tp(a’/B) is the L-type.
Since a’ is finite and 7’ is Wg-universal, there is an embedding o : a’'B — D over B
such that 7'(a’) = w(oad’). Set a = o(a’). Then, a |= tp(a’/B), and 7(a) = ag = 7'(a’).
By compactness, the type
U pu(z/B)
Bed,
where a’ ranges over all finite tuples in A" and B ranges over all finite subsets of
Ay is realisable in some elementary extension of (D, Dy, 7). But since (D, Dy, ) is

r-saturated, in fact there is a realisation of this type in (D, Dy, 7). O

We will study Ng-universal specialisations of Zariski cover structures. We will
consider C" > C, a finite subset A C M U Dom(r), and a finite tuple ¢’ in C', a
specialisation 77" : C U {b'} — Cp extending 7 : C — Cy. We aim to show that there is
a b in C such that

7(b) = 7'(V') and tp(b'/A) = tp(b/A) (5.1)

Lemma 5.2.6. Let C' = C, A C M UDom(n) be a finite subset, b C C' be a finite
tuple, and 7' : Cb' — Cqy be a specialisation extending w. Suppose b’ C M'. Then we
can find b C M such that w(b) = «'(b') and tp(b'/A) = tp(b/A) (i.e. property (5.1)
holds).

Proof. Since M’ is totally transcendental and stably embedded in C’, there is a finite
Apnp € M, such that tp(V/ /Ayp) F tp(b'/A). Since the restriction 7y, : {b'}UM — M,
of 7’ is a specialisation extending 7, and since 7y, is Ng-universal, there is b € M
such that 7(b) = 7'(0') and tp(0'/Anr) = tp(b/Anr). Property 5.1 follows. O

From here on we will assume that M is Ny saturated.
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Lemma 5.2.7. Let C' = C and b/ C C' be a finite tuple. Let ' : Cb/ — Cy be a
specialisation extending w, and A C M U Dom(r) be a finite subset. Suppose that
pr(t’) = pr(a) for some a C CNDom(xw). Then there is b C C such that w(b) = 7'(V)
and tp(V'JA) = tp(b/A) (i.e. property 5.1 holds).

Proof. Since b’ and a are in the same fibre, ¥ = ¢’ - a for some unique ¢’ € G(M’).
Since the group action is free, we may assume ¢’ is in the domain of 7). If not, using
Lemma 2.1.54, one can extend 7}, to a specialisation M’ — M, which is defined on
¢'. With the abuse of notation we will again denote this extension by 7, : M" — M,
and also write ¢’ € Dom(7},). Let ag := 7w(a), by = ©'(V), and gy = 7, (¢').

It follows that 7, is an extension of the specialisation 7. Since 7,/ is Np-universal
there is g € G(M) such that tp(g/Aa) = tp(¢'/Aa) and mp(g) = go-

Let b := g - a. By this definition, tp(b'/Aa) and tp(b/Aa) are determined by
tp(¢'/Aa) and tp(g/Aa) respectively. So we have tp(d'/Aa) = tp(b/Aa). Finally,
again by freeness of the group action, 7(b) is defined. Then 7(b) = 7(g)-7(a) = go-ao,
that is 7(b) = by. Hence our choice of b satisfies property 5.1.

O

Remark 5.2.8. Below, in the proofs of Lemma 5.2.9, Lemma 5.2.10 and Proposi-
tion 5.2.12 we make a case distinction between GG being infinite and finite. This may
look strange at first. As already mentioned in Chapter 2 (see Remark 2.1.42) the
main difference here is between GG being connected and not connected. The only non-
connected case in our setting is when G is finite. By definition, when G is infinite it
is irreducible; as G is a group, that means it is connected.

In addition, we keep the case distinction between finite and infinite to emphasize
that these cases also correspond to the situation where the fibres of the cover are

infinite or finite.

Lemma 5.2.9. Suppose G is infinite. Let m € M"™ N Dom(7), with mg = w(m), and
bo € prt(mo) NCY. Let C' = C. Then, for any b € C'™" N pr~'(m) generic over

Dom() there is a specialisation ©' : Cb' — Cy extending m such that ©'(b") = b.

Proof. Note that since G is connected, so is G™; and hence pr—'(m) is irreducible.
Let b € C'" be an element of pr~!(m) which is generic over C'.

Consider a positive quantifier free formula Q(y,x, z) over () and a tuple ¢ from
Dom(m) such that F Q(bV,m,c). We may assume without loss of generality that

Q defines the locus of V', m,c over (). By the genericness assumption, Q(y,m,c) =

pr(y) = m.
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Hence the assumptions of Corollary 5.1.11 are satisfied. Then by Corollary 5.1.12
Jy Q(y, x, z) defines a closed set.
It follows

Q(Co,m(m),m(c)) # 0 and Q(Co, m(m), 7(c)) = S,

Hence F Q(bg, mg, 7(c)) for any such Q(y, z,c).

Set 7'(b") = by. By construction 7’ is a specialisation extending . O

Lemma 5.2.10. Let Cy = C be a Zariski cover structure and its extension. Suppose
m € M™N Dom(r). Then there is b € pr='(m) N Dom().

Proof. 1t is enough to prove the statement for each coordinate of m, so we can assume
n = 1. We write pr—'(m) in C as C,,.

When G is finite the statement follows from Lemma 5.2.4. Assume G is infinite
and let C' = C such that C" is | Dom(7)|*-saturated. We will consider the following

two cases.

Case 1. Thereis b’ € C!, independent in fibres over Dom(7). Then, by Lemma 5.1.9,
every b € C,, is independent in fibres and is generic over Dom(7). By Lemma 5.2.9

there is an extension 7" such that b € Dom(n’). But 7 is maximal and so 7'(b) = m(b).

Case 2. Any I/ € C/, is dependent in fibres over Dom(w). Choose 0/ € C, generic

over Dom(7). By Lemma 5.2.9 there is an extension 7', and b € Dom(7’).

Since b’ is a singleton, according to notations of the paragraph 5.1.18, we have b = ()
and b’ = b,. Further, there is s in M" and u € Dom(7) such that

fu(sb’am) = B/a f;r(ma B/) = Sp

The second equality together with the fact that fT is a morphism implies that 7/ can
be extended to sy. With an abuse of notation we will write s, € Dom(7’). Consider
the restriction of 7’ to M’ and denote it by 7}, : M’ — M,.

By Lemma 5.2.6, there is a s, € M such that tp(sy/mu) = tp(sp/mu) and 7'(sy) =
(sp). Set b= fu(sp,m). Then b is an element of the topological sort C'/H where
H < G is finite (see Theorem 5.1.16), and by continuity of f,, we have b € Dom(r).
Hence by Lemma 5.2.4 applied to the sort C'/H, there is a b € Dom(7) such that
b=H -b.
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Corollary 5.2.11. Suppose m € M"™ N Dom(n), and A C C with |A] < Wy. Suppose
there is ' € pr=t(m) in C' and 7' extends 7 so that Y/ € Dom(x’). Then there is
b € prt(m)NDom(7) such that w(b) = 7'(V') and tp(b'/A) = tp(b/A). In other words
property 5.1 holds.

Proof. Follows from Lemma 5.2.10 and Lemma 5.2.7. O

Next we will consider property 5.1 in more detail. Let us recall that we are

considering C' = C, a finite subset
A C M UDom(r), (5.2)

a finite tuple ¢/, and a specialisation 7’ : CU{V'} — Cy extending 7 : C — Cy. Suppose
b’ satisfies property 5.1. Le. there exist a tuple b € C such that

7(b) = 7'(V') and tp(b'/A) = tp(b/A)

Split &' = bb, € C"™* so that b, € C'" is maximal strongly independent in fibres
over Dom(7) and b is the rest.

Then by Continuous Connections,

~

b/2 = fu<8b'7m/17ml27b/1) and Sy = fi(mllam/%b/hgé) (53)

for the morphism f, over a finite v C Dom(w), for some tuple s, in M’ where
m), = pr(b,), and m}, = pr(b,). And b, = H - b, is an element of C"*/H with H an
()-definable finite subgroup of G™ (see Theorem 5.1.16 and Corollary 5.1.17).

Proposition 5.2.12. Let C' = C. Assume b’ € C'" is strongly independent in fibres
over Dom(w), m’ = pr(V/), sy € M’ and ' : C' — Cy a specialisation, defined on
sym'lt, extending w. Let A C M UDom() be of cardinality less than Xo. Then there
is symb C Dom(m) in C such that

m(symb) = 7' (sym't’) and tp(symb/A) = tp(sym't' /A)

Proof. Since 7y is Ro-universal, there is sym C M NDom(w) such that tp(sym’/A) =
tp(spm/A) and 7'(sym') = w(spm’) =: somy.
Case 1 If G is finite. Then, by Lemma 5.2.4, we get pr—!(m) C Dom(r).

Since the sizes of fibres are equal and 7 preserves the discrete Zariski topology on the
fibres,

m(pr~(m)) = pr~ (mo)
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and 7 is a bijection on pr='(m). In particular, there is b € pr~!(m) such that
W(b) = bo.

We claim that tp(sym'd’'/A) = tp(symb/A). This follows from the fact that tp(sym’/A)
expresses that S(y, m’) is an atom over sy A, and hence, by equality of types, S(y, m)
is an atom over s,A. (Here S(y,z) = x = pr(y), see Lemma 5.1.10).

Case 2 If G is infinite. Then By Lemma 5.2.9, for any b” € pr—!(m) that is generic
over C there is an extension 7” of 7 such that 7”(0") = by. Note that tp('/Am’) is

generic.

By Corollary 5.2.11, there exists b € pr—!(m) N Dom(7) satisfying the generic type
over Am in pr—!(m) with m(b) = by. The type tp(b'/Am’) is generic in pr—!(m') by
assumption on b'. Also tp(m’/A) = tp(m/A) by the above choice, hence tp(d'/A) =
tp(b/A).

]

Corollary 5.2.13. Let A C M U Dom(7) be of cardinality less than R,. Assume
that C satisfies the Continuous Connections assumption. Then property (5.1) holds
for any b € C'"" N (Dom(n’))", where C" = C and 7' : C" — Cy is a specialisation

extending .

Proof. Write b' = )b, where 0] is maximal strongly independent in fibres over A, and
by is the rest. We need to find b € C such that

7(b) = 7'(1') and tp(b/A) = tp(b'/A)
Let pr(b}) =: m/, pr(b}) =: mj. By Continuous Connections,
612 - f’u(sb’v m/17 m/27 bll)

for a morphism f, over a finite u, and s,y C M’ is some finite tuple. We may assume
that m{, mj, sy € Dom(n’).
Now, taking Au instead of A in Proposition 5.2.12 and repeating the same argu-

ment for sym\mbb)| gives
tp(sp, M1, ma, by JAu) = tp(sy, my, my, by /Au)
and

ﬂ-(sbvmhm%bl) = 7T-/(Sb’ﬂn/lvr"n/%bll) (54>
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Set by = fu(Sp, m1, ma, by). It follows from the equality between types, that
tp(b1by/Au) = tp(b,b,/Au)

By applying Lemma 2.1.56 to fi, and (5.4) we get m(by) = 7' (b)).
The set 132 = H - by is an atom over AMb; by Theorem 5.1.16 . So any choice of

such a by satisfies
tp(b1be/Au) = tp(by, b/ Au)

By Lemma 5.2.4 we can choose by such that 7(by) = 7'(b}). O

All of the analysis of specialisations of Zariski cover structures carried in this
section yields the following theorem. Which gives a characterisation of Ny-universal
specialisations of Zariski cover structures satisfying the Continuous Connections as-

sumption.

Theorem 5.2.14. Let Cy = (Co, My, pr) = C = (C, M, pr) be two Zariski cover struc-
tures satisfying the Continuous Connections assumption, and C is an Wy-saturated

extension. Let m: C — Cy be a specialisation. Then the following are equivalent:
(i) 7 is No-universal;

(i) the restriction my + M — My is Ro-universal and © : C — Cy is a mazximal

specialisation,

(7i) the restriction wy : M — My is Ro-universal, 7 : C — Cqy is a mazimal speciali-

sation, and the following holds

Vm € Dom(w) 3¢ € Dom(7) pr(c) =m (5.5)

Proof. First we note that C and M satisfy the assumptions of Lemma 5.2.1. Hence
we may use Theorem 5.2.2(ii) as the criterion for universality. So, in order to prove
((ii)=(i)) we need to satisfy property (5.1) for A € M U Dom(n). This is Corol-
lary 5.2.13.

((i)=(ii)) follows from Proposition 5.2.3, since any Ng-universal specialisation is
maximal.

((ii)=-(iil)) is proved in Lemma 5.2.10.

((iii)=(ii)) Immediate. O

Remark 5.2.15. Under the assumption 7 : C — Cy is maximal and its restriction
vt M — My is No-universal, (5.5) implies that 7(S,,(C)) = Szm)(Co), since to-
gether with ¢ we have G(My) - ¢ C Dom(7) N S,,(C).
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Theorem 5.2.16. Under assumptions of Theorem 5.2.14 consider the structure (C, Co, )
in the language of specialisations and its substructure mwy : M — My. Suppose
m: C — Cp is maximal, and any k-saturated model of the theory of specialisations of
v s M — My is k-universal.

Then any k-saturated model of the theory of specialisations of m : C — Cy is

Kk-universal.

Proof. Consider the theory of specialisation 7 : C — Cy. Pick a k-saturated model
of the theory. By Lemma 5.1.19 we may assume it is 7 : C — Cy. Then, by our
assumptions, my, : M — M, is k-universal. Now by Theorem 5.2.14 we get that 7 is

No-universal. Lemma 5.2.5 completes the proof. O

5.3 An Easy Example

Let K be an algebraically closed field. Let p = Z/27Z written multiplicatively as
{=1,1}. Set C':= K x p. Consider the natural action of ; on C given by
©:CxZ/]2Z — C
((m,e),1) = (m,e)
((ma 8)7 _1) = (m> _5)
where ¢ = +1.
Let £ be the language with names for elements for C, a predicate for pr=!(S)

for every closed S C K", and a function g which will be interpreted as the element

—1 € p, as a function through its action.

Proposition 5.3.1. C is a Noetherian L-topological structure. Le. positive quantifier
free L-formulas give a family of Noetherian topologies on C™ all n. Moreover theory

of C' admits quantifier elimination.

We will omit the proof as this is immediate and very similar to the discussion in
Section 4.1.

Proposition 5.3.2. The function g : C' — C is a morphism with respect to the
L-topology.

Let £7 be the language £ expanded with another function symbol f to be inter-
preted as

f:C—=C
(k,e) — (k+1,¢)
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Proposition 5.3.3. The collection of positive quantifier free L-formulas gives a
Noetherian topological structure on C. Moreover the L -theory of C' admits quantifier

elimination.

Proposition 5.3.4. The functions f : C' — C and g : C — C are morphisms with

respect to the Lf -topological structure.

Proof. We will prove this for f. A similar argument will work for g. One needs to
show that f xid : €' x C" — C x C™ is continuous. Let () C C' x C™ be a closed
subset. Then

(f xid)7'Q = {(c,d) € C x C": Q(f(c), d)}
Which is closed by the description of closed sets in £/-topology. O]

With the Krull dimension, C' will be a £f-Zariski structure. Observe that the
equivalence relation
cEd < Jh € psuch that h-c=d

defines a closed equivalence relation on C?. Hence M := C/u is a topological sort;
and with the induced dimension it will be a Zariski structure. The natural quotient
map pr : C — M is a morphism, and the group p is definable in M as a Zariski
topological group. It is also immediate that the action of u on C'is morphic and free.

Hence C = (C, M, pr) is a Zariski cover structure.

Proposition 5.3.5. Quantifier free L -formulas are boolean combination of formulas
of the type P(pr(y1),...,pr(yn)) = 0 and y; = t;jy; where t is a term built from f
and elements of u, and P € K[Xy,...,X,].

From Proposition 5.3.5, it follows that all non-trivial closed relations between
fibres can be expressed in terms of compositions of f and elements of p. Which will

be morphisms. Hence C satisfies Continuous Connections.

105



Bibliography

1]

G. Ahlbrandt, M. Ziegler, “What’s So Special About Z/47" Arch. Math. Logic,
31. pp.115-132, 1991.

F. Delon, “Elimination des Quantificateurs dans les Paires de Corps
Algébraiquement Clos ”, Confluentes Mathematici, Vol. 4, No. 2, 2012.

T. de Piro, “A Non Standard Approach to the Theory of Algebraic Curves 7,
unpublished, available at

http://www.magneticstrix.net/webl7.pdf)

O. Engler, A. Prestel, “Valued Fields”, Springer Monographs in Math., Springer,
The Netherlands, 2005.

M. Fried, M. Jarden, “Field Arithmetic ”, (Rev. 3rd ed.), A Series of Modern
Surveys in Mathematics, Springer-Verlag, Berlin, 2010.

7

A. Grothendieck, “Torsion Homologique et Sections Rationelles ”, Expose 5,
Séminaire C. Chevaley, Anneux de Chow et applications, 2eme année, IHP, 1958.

available at http://www.nundam. org)
J. Harris, “Algebraic Geometry ”, Springer-Verlag, New York, 1992.
R. Hartshorne, “Algebraic Geometry ”, Springer-Verlag, New York, 1977.

D. Haskell, E. Hrushovski, D. Macpherson, “Definable Sets in Algebraically
Closed Valued Fields: Elimination of Imaginaries ”, J. Reine Angew. Math.,
597, 175-236, 2006.

D. Haskell, E. Hrushovski, D. Macpherson “Stable Domination and Independence
in Algebraically Closed Valued Fields ”, Lectures in Logic, vol. 30, Association
of Symbolic Logic, IL, Chicago, 2008

106



[11]

[12]

[13]

[14]

[15]

[16]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

C.W. Henson, “Spring 2010 Class Notes for Mathematics 571: Model Theory”,
available at http://people.math.sc.edu/mcnulty/modeltheory/Henson. pdf,
2010.

W. Hodges, “A Shorter Model Theory 7, Cambirdge University Press, Cam-
birdge, 2002.

W. Hodges, “Model Theory ”, Encyclopedia of Mathematics and Its Applica-
tions, Cambirdge University Press, Cambirdge, 1993.

E. Hrushovski, “Unidimensional Theories ”, In Studies in Logic and Foundations
of Mathematics (ed. H. D. Ebbinghaus ), Logic Colloquium, pp. 376, North
Holland, Amsterdam, 1987.

E. Hrushovski, D. Kazhdan, “Motivic Poisson Summation”, Mosc. Math. J.
Vol.9, No.3, p. 569-623, back matter, 2009.

E. Hrushovski, B. Zilber, “Zariski Geometries ”, J. of the American Math. Soci-
ety, Vol.9, No.1, January 1996.

J. E. Humphreys, “Linear Algebraic Groups 7, Graduate Texts in Mathematics,
Springer-Verlag, Michigan, 1998.

M. Junker, “Completeness in Zariski Groups ”, Israel J. of Math.,109 pp. 273-298
1999.

M. Junker, “Géométries de Zariski et Groupes de Zariski 7, PhD Thesis, Uni-
versité Denis Diderot-Paris VII, 1996.

S. Lang, “Algebra 7, (Rev. 3rd ed.), Springer-Verlag, New York, 2002.

G. Leloup , “Theories completes des paires des corps valués henseliens 7, J.
Symbolic Logic, Vol. 55, p.323-339, March 1990.

D. Macpherson, “Model Theory of Valued Fields ”, Lecture Notes, 2008.
http://wwwl.maths.leeds.ac.uk/pure/staff/macpherson/modnetvalé.pdf

D. Marker “Model Theory: An Introduction ”, Springer Graduate Texts in
Math., Springer, New York, 2002.

D. Marker, “Zariski Geometries ”, in Model Theory and Algebraic Geometry
(editor: E. Boucaren), Springer-Verlag, Berlin, Heildelberg, 1999

107



[25]

[33]

[34]

[35]

A. Onshuus, B. Zilber, “The First Order Theory of Universal Specializations 7,
preprint, (No.355 in Modnet preprint server:
http://www.logique. jussieu.fr/modnet/Publications/Preprint,

20server/)

E. Pastori, “On Finite Covers, Groupoids and Finite Internal Covers 7, Rendi-
conti di Matematica, Serie VII, 31, p. 1-21, 2011.

A. Pillay, “Geometric Stability Theory ”, Oxford University Press, 2002.

A. Pillay, “Model Theory of Algebraically Closed Fields ”, in Model Theory and
Algebraic Geometry (editor: E. Bouscaren), Lecture Notes in Mathematics, Vol.
1696, Springer-Verlag, Berlin Heidelberg, 1998.

B. Poizat, “Groupes Stables 7, Nur al-mantiq wal-Ma’rifah, Villeurbanne, 1987.

B. Poizat, “Paires de Structures Stables 7, The Journal of Symbolic Logic, Vol.
48, No. 2, pp. 239-249, 1983.

A. Robinson, “Complete Theories ”, North-Holland, Amsterdam, 1956.

A. H. W. Schmitt, “Geometric Invariant Theory and Decorated Principal Bun-

dles 7, Zurich lectures in advanced mathematics, European Mathematical Society

Publishing, Zurich, 2008.

Y

J. P. Serre, “Espaces Fibres Algebriqués 7, Expose 1, Séminaire C. Chevaley,
Anneux de Chow et applications, 2eme année, IHP, 1958.

available at http://www.nundam. org)
I. Shafarevich, “Basic Algebraic Geometry 1 7, Spriger-Verlag, Berlin, 1994.

V. Solanki, D. Sustretov, B. Zilber, “The Quantum Harmonic Oscilator as a
Zariski Geometry 7, Annals of Pure and Applied Logic., 165, pp. 1149-1168.
2014

D. Sustretov, “Non-algebraic Zarsiki geometries 7, PhD Thesis, University of
Oxford, 2012.

K. Tent, M. Ziegler “A Course in Model Theory ”, Lecture Notes in Logic, vol. 40,
Association of Symbolic Logic, Cambridge University Press, Cambridge, 2012.

108



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

L. van den Dries, “Some Applications of a Model Theoretic Fact to (Semi-)
Algebraic Geometry 7, Indagationes Mathematicae (Proceedings), Volume 85,
Issue 4, pp. 397-401. 1982

L. van den Dries, “Lectures on the Model Theory of Valued Fields”in Model
Theory in Algebra, Analysis and Arithmetic (Cetraro, Italy 2012), (editors: D
Machperson, C. Toffalori), Lecture Notes in Mathematics, Vol. 2111, Springer-
Verlag, Berlin Heidelberg, 2014.

B. Weglorz, “Equationally Compact Algebras (I) 7, Fund.Math., 59, 289-298,
1966.

A. Weil, “Foundations of Algebraic Geometry ”, Colloquim Publications vol. 29,
American Math. Society, USA, 1989 (Reprint).

O. Zariski, “The Fundamental Ideas of Abstract Algebraic Geometry ”, Pro-
ceedings of the International Congress of Mathematicians, Vol. I, Conference in
Algebra, Conference in Analysis, Conference in Applied Mathematics, Confer-
ence in Topology, 1950.

available at http://mathunion.org/ICM/ICM1950.2/)

B. Zilber, “Lecture Notes on Zariski Geometries ”, Lecture Notes, 2015.
http://people.maths.ox.ac.uk/zilber/Zar2015.pdf

B. Zilber, “Zariski Geometries ”, London Mathematical Society Lecture Note

Series, vol. 360, Cambridge University Press, Cambridge, 2010.

B. Zilber, “Non-commutative Zariski Geometries and Their Classical Limit”,
Confluentes Mathematici, v.2,issue 2 , pp. 265-291. 2010

B. Zilber, “A class of Quantum Zariski Geometries ”, in Model Theory with
Applications to Algebra and Analysis I and II (editors: Z. Chatizidakis, H.D.
Macpherson, A. Pillay, A.J. Wilkie), Cambridge University Press, Cambridge,
2008

B. Zilber, “Uncountably Categorical Theories 7, Translations of mathematical
monographs, Vol. 117, American Math. Society, USA, 1993

109



Index

action (of a topological group) orbifold, 16, 97
free —, 23 -
morphic —, 23 pre-smooth,
— with, 12, 14
proper —, 23 t y
regular —, 73, 82 strong —mness,
semi-free —, 72 Quantifier Elimination, 12
ACVF, 36, 37 .
algebraic group, 56 residue
atom, 30 — field, 36
— map, 36

binding group, 30, 55
special sort, 16

Chevalley’s Place Extension Theorem, 37 gpecialisation, 25, 26

Closed Graph Theorem, 15 k-universal —, 25, 26
connected group, 99 No-universal —, 25, 29, 93, 95
constructible set, 11 maximal —, 29, 46, 48, 97
Continuous Connections, 90 total —, 46

t ly ind dent (in fib 83
definably almost simple group, 87 strongly independent (in fibres),

definably simple group, 56 topological sort, 13
dimension, 11 finite —, 17
eq-fold, 16 topological structure, 11
luati
finite sort, 17 vatation
— ideal, 36, 38
irreducible component, 11 — ring, 36, 37

valued field, 38
— embedding, 38
algebraically closed —, 36, 38

Ladder Theorem, 30
linearly disjoint, 41

manifold, 17 extension of —, 38
morphism, see Zariski morphism variety
affine —, 48

110



algebraic —, 46

quasi-affine —, 49

quasi-projective —, 47, 53
affine piece of —, 53

weak topology, 60

Zariski

— cover structure, 35, 82

— geometry, 12
ample —, 58
multi-sorted —, 20

— group, 21, 55

— morphism, 15, 18

— set, 14

— structure, 11
finite fibration of —, 57
complete —, 12
multi-sorted —, 19

— topological group, 22

111



