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Abstract

In this thesis we prove several different results about the number of primes represented by
linear functions.

The Brun-Titchmarsh theorem shows that the number of primes which are less than x
and congruent to @ modulo ¢ is less than (C + o(1))x/(¢(q) log x) for some value C depend-
ing on log x/log g. Different authors have provided different estimates for C in different
ranges for log x/ log g, all of which give C > 2 when log x/ log g is bounded. We show in
Chapter 2 that one can take C = 2 provided that log x/ log g > 8 and ¢ is sufficiently large.

Moreover, we also produce a lower bound of size x/(g'/?

#(q)) when log x/ log g > 8 and is
bounded. Both of these bounds are essentially best-possible without any improvement on
the Siegel zero problem.

Let k > 2 and Il(n) = Hf.‘zl(ain + b;) for some integers a;,b; (1 < i < k). Suppose
that I1(n) has no fixed prime divisors. Weighted sieves have shown for infinitely many
integers n that the number of prime factors Q(I1(n)) of I1(n) is at most r;, for some integer
rr depending only on k. In Chapter 3 and Chapter 4 we introduce two new weighted sieves
to improve the possible values of r, when k > 3. In Chapter 5 we demonstrate a limitation
of the current weighted sieves which prevents us proving a bound better than r;, = (1 +
o(1))klog k for large k.

Zhang has shown that there are infinitely many intervals of bounded length containing
two primes, but the problem of bounded length intervals containing three primes appears
out of reach. In Chapter 6 we show that there are infinitely many intervals of bounded
length containing two primes and a number with at most 31 prime factors. Moreover, if
numbers with up to 4 prime factors have ‘level of distribution’ 0.99, there are infinitely
many integers n such that the interval [n,n + 90] contains 2 primes and an almost-prime

with at most 4 prime factors.
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Chapter 1

Introduction

The central problem of prime number theory is to understand the distribution of the prime
numbers. Specifically, given a set S of integers (or integer vectors), we would like to

estimate the number of primes in S (or vectors in S with all components prime).

Unfortunately, we are unable to obtain a satisfactory answer for most sets S which we
would like to consider. In this thesis we will restrict ourselves to the case when elements

of § are defined by linear equations.

Problem. Let L,,...,L; be distinct linear functions with integer coefficients. How many

integers n are there, such that Ly(n), ..., Li(n) are all primes which are less than x?

By ‘linear function’ we mean L;(n) = a;n + b; with a; # 0 for each i. We note that if the
product function [1(n) = Hf-‘zl L;(n) has a fixed prime divisor, then there can be at most k
values of n for which L;(n), ..., Ly(n) are simultaneously prime. We therefore concentrate

on the case when I1(n) has no fixed prime divisor.

If I1(n) has no fixed prime divisor, then we call the k-tuple {L,, ..., L;} of distinct linear
functions admissible. 1t is conjectured (see [25]) that there should be infinitely many inte-

gers n for which L(n), ..., Li(n) are simultaneously prime if {Ly, ..., L} is an admissible
k-tuple.
Conjecture (Hardy-Littlewood prime k-tuple conjecture). Let £ = {Ly,..., L} be an ad-
missible k-tuple. Then, as x — oo,
#n<x:Ln),..., L) all prime ) ~ S(L£)—— (1.0.1)
(log x)*

where

—k
S(L) = ]_[ (1 - vﬁlgp))(l - %) , ve(p)=#{1<n<pn) =0 (mod p)}. (1.0.2)
P



The prime k-tuples conjecture has far-ranging consequences, as it almost completely de-
scribes the ‘small-scale’ structure of the primes. We note that the famous twin prime con-

jecture is the special case £ = {n,n + 2} of the prime k-tuples conjecture.

The current state of our knowledge of the conjecture is very different in the case k = 1

compared to the case when k > 1.

1.1 Thecasek =1

In the case k = 1 we are simply counting primes in an arithmetic progression a (mod g)
with (a, g) = 1. It is a classical theorem of Dirichlet [11] that there are infinitely many inte-
gers n such that L,(n) is prime (provided that L, has no fixed prime divisor), and (1.0.1) is
established by the Siegel-Walfisz theorem [49]. The reason we are able to obtain an asymp-
totic estimate in this case is because Dirichlet L-functions can be used to count primes in
an arithmetic progression, and this allows us to use powerful tools from complex analysis

to study the problem.

We would like to be able to obtain the asymptotic (1.0.1) with some uniformity in the
coeflicients a;,b; of L;(n) = a;n + b,. The Siegel-Walfisz theorem establishes this in the
range a; < (logx)¢ for any fixed C > 0, and it would be a major breakthrough if this
uniformity could be extended to a wider range. Unfortunately, if we wish to establish such
a result we would need to rule out the possible existence of so-called ‘Siegel zeros’; these
are real zeros of the Dirichlet L-function L(s, y) to modulus a; which are very close to 1.
This seems to be beyond our current techniques, and so we can only hope to prove upper

or lower bounds when we consider values of a; outside of the range a; < (log x)°.

In Chapter 2 we consider this problem further, and improve the known upper and lower
bounds for the number of primes less than x and congruent to a (mod g) in the range
x > ¢%. In this range these results are essentially the best we can hope to prove without

excluding the possible existence of Siegel zeros.

1.2 Thecasek > 1

When k£ > 1 the problem becomes much harder. The L-function method which gave an
asymptotic in the case k = 1 fails in the case k > 1. There is no known k-tuple with k£ > 1

which is known to represent infinitely many primes.



The most promising techniques to the problem come from sieve methods. One can obtain

upper bounds for the number of n < x such that L;(n), ..., Li(n) are all prime, with the

upper bound being of the correct order of magnitude. For example, by [24, Theorem 5.7]

one has

#{n<x:Li(n),...,L(n) all prime} < 2%k1(1 + 0(1))6(£)L. (1.2.1)
(log x)*

Although we cannot prove that there are infinitely many integers n such that the L;(n) are
simultaneously prime, using sieve methods we are also able to show that there are infinitely
many integers n such that L;(n), ..., L;(n) are almost prime infinitely often, in the sense that

their product has only a few prime factors.

For example, [24, Theorem 10.5] shows that there are infinitely many integers n such that
the number of prime factors Q(I1(n)) of Il(n) satisfies Q(Il(n)) < r;, for some constant

r, = klog k + O(k) depending only on k.

In Chapter 3 and Chapter 4 we improve on the best known values of , when 3 < k£ < 10,
and in principle our method should produce the best bounds for £ > 10. This improves on

every case where we don’t already have the best results we expect current methods produce.

1.3 [L-function methods

We briefly summarise the role of L-functions in counting primes in arithmetic progressions.
We let y be a Dirichlet character to modulus g. By orthogonality of Dirichlet characters,

we have

2, A= To D @ Y KA, (131

mod n<x
n=a (mod q) x 9

where A(n) is the Von-Mangoldt function (defined to be log p when n = p™ and 0 other-

wise). Using Perron’s formula we obtain

1 2+jco [ s
> xmAm) = - f2 (Z A(n)X(n)n_sJ x?ds. (1.3.2)

n<x o \n=1

In the region R(s) > 1, we define

x(n) X))
Z ﬂ( ps) : (1.3.3)

=1
where the product expression follows from the fundamental theorem of arithmetic. We
can then extend L(s, y) to a meromorphic function defined on the entire complex plane by

analytic continuation.



It is the fact that L-functions have this ‘Euler product’ expansion which means that they
encode multiplicative properties of their coefficients. However, it is also this multiplicative
structure of L-functions which means that they cannot easily be used to answer problems
when we introduce non-multiplicative conditions, such as in the case of k > 1 of the prime

k-tuples problem.
‘We now observe that

L -
zﬂ&x):—;;AU&wmn*, (1.3.4)

and so, substituting this into (1.3.2) we obtain

1
> wam == [

n<x 2—ico

2+ico ’
L x°
——(s, x)—ds. (1.3.5)
L s
It is the fact that 1,=; (mod ¢)(m)A(n) (Where 1,=, moa 4 () 1s the characteristic function of
integers which are congruent to a (mod g)) can be written as a linear combination of co-
efficients of an L-function in this way which makes estimating the number of primes in an

arithmetic progression amenable to the L-function technique.

By truncating the line of integration in (1.3.5) and moving it to [-U —iT,-U + iT] we
pick up residues at zeros of L(s, x), at s = 0, and, if y is a principal character, at s = 1.
Estimating the size of these terms (and the errors introduced) gives the ‘explicit formula’

bt 1 —— O ¥ x(log x)z)
An)= —+ — —+0|——|, 1.3.6
2, A= g X0 ( T (150

n<x
n=a (mod q)

where the sum 3, on the right hand side is over all zeros p of L(s, x) with 0 < R(p) < 1
and |J(p)| < T.

The explicit formula allows us to gain an asymptotic expression for the number of primes
in an arithmetic progression if g is small. Since each zero p contributes a term of size
approximately x*® we find that to obtain an asymptotic which is uniform in ¢ we need to

exclude the possibility of some zeros p having real part very close to 1.

The Generalised Riemann Hypothesis asserts that all non-trivial zeros of L(s, y) have real

part equal to 1/2. If this were true, then we would obtain

> Am = W);) + 0, (x'7), (1.3.7)

n=a (mod q)

for any € > 0. This would give an asymptotic formula whenever g < x!'/>~¢.



1.4 Sieve methods

Sieve methods are a set of techniques which have been developed to provide a very versatile
means of attacking certain problems about the distribution of primes. In particular, they aim
to be able to provide estimates in problems where the L-function method does not work,
such as in the case k > 1 of the prime k-tuples problem where we have additive restrictions

on the primes we wish to consider.

The basic aim of sieve methods is to estimate S(A,z) = #la € A : pla = p > z}, which
counts the number of elements in the set A with no prime factors less than a bound z.
This is done by using a smoothed version of the inclusion-exclusion formula together with
estimates for the number of elements of A in arithmetic progressions. It is typically not
possible to obtain an asymptotic for S(A, z), but instead we obtain an asymptotic estimate

for some weighted sum which is an upper or lower bound for S(A, z).
We assume a set (A satisfies
Aj=#HaecA:a=0 (mod d)} = g(d)#A + ry, (1.4.1)

for some multiplicative function g(d) and some error term r;. (We note that the error term
r4 used here is different to the constant r; used earlier. Which quantity we refer to should

be clear from the context.)

Then, for any choice of the coeflicients 4, € R satisfying 4; = 1, we have

S(ﬂ,z)sZ( > Ad)2 = > A )1

acA dla d,e acA

pld=p<z plde=p<z d,ella
=#A Adaeg([d,e]>+0( > Mdnﬂenr[d,eﬂ). (1.4.2)
d,e de
plde=p<z plde=p<z

If we have good estimates for Ay, then r,; will typically be small, and so the final term
will be small. We can often obtain an asymptotic estimate for the first sum for a suitable
choice of 4,, which then gives an upper bound for S(A, z) which is of the correct order of

magnitude.

More complex sieve methods then combine various different weighted upper and lower

bounds for S(A, z) to count primes or almost-primes in the set A.

The most appealing feature of the above estimate is that it only required that A, be reason-
ably well approximated. This is true of many of the sets we would like to investigate, and

in particular the set of values of I1(n).



Unfortunately, this flexibility means that estimates of this type alone are unable to prove
directly that the set A contains primes - this is an obstruction known as the ‘parity phe-
nomenon’. This is a reason why sieve methods typically have to be combined with other
techniques or only prove results about the existence of ‘almost-primes’ instead of primes

in a set.

1.5 Small gaps between primes

One important approach to the prime k-tuples question is based on the sieve method of
Goldston, Pintz and Yildirim. This has been most spectacularly applied by Zhang [53]
who has shown that for any admissible k-tuple with £ > 3500000, at least two of the
functions in the k-tuple are simultaneously prime infinitely often. In particular, the k-tuple
Li(n) = n+prigy+i—Paty+1 With k = 3500000 is admissible, since at p,-1 ;.1 €ach function
1s coprime to all primes < k, and the k-tuple clearly cannot have a fixed prime divisor larger

than k. Therefore we have that
iminf(pps — pa) <7 - 10", (1.5.1)

The method of Goldston, Pintz and Yildirim considers the sum

k 2
s= > (Zm@xn»— 1][2 ad] : (15.2)

N<n<2N \ i=1 d|I1(n)

where y.; is the characteristic function of the primes, and A, are real numbers which we

are free to choose.

The idea is to show that S > O for a suitable choice of A, and for all large N. If we know
that § > O then there must be at least one term in the sum over n which has a strictly
positive contribution to S. However, since the A, are reals, we have (3, A2)? > 0, and
so the first expression in parentheses must be greater than 0. This is the case precisely when
at least two of L;(n) are prime. Therefore if § > 0 for all large N, there must be infinitely

many integers n such that at least two of the L;(n) are prime.

We note that the Goldston, Pintz Yildirim method manages to avoid some problems as-
sociated with the parity phenomenon, since it doesn’t directly attempt to produce a lower
bound for the number of primes in the set of points represented by the k-tuple. Instead it
uses the pigeonhole principle to deduce the existence of pairs of numbers which are simul-

taneously prime. The parity phenomenon in this context only indicates that the ‘main term’



contribution from each y<(L;(n)) term can be at most the contribution from the constant
term 1/2.

In order to produce a suitable lower bound for §, the 4, need to be chosen such that the
weights (X A4)* are concentrated on n for which many of the L;(n) are prime. If we
can only obtain accurate estimates (on average) for the number of primes in an arithmetic
progression mod g with ¢ < N¥, then in order to estimate S accurately we need to restrict
the support of A, to d < N, This restricts the flexibility with which we can choose our A,
and correspondingly the weights (3, 4a)* are less concentrated on n for which many of

the L;(n) are prime if 6 is smaller.

The Bombieri-Vinogradov theorem shows that on average we have a good estimate for the
number of primes in arithmetic progressions mod ¢ for ¢ < N'/?7¢. It turns out that as
k — oo this just fails to produce a positive lower bound for S. The breakthrough of Zhang
was to extend earlier ideas of Bombieri, Friedlander and Iwaniec [1],[2],[3] to show that
we can take g of size up to N'/2*1/5%8 (provided g only has small prime factors). This allows

us to obtain a positive lower bound for § when k is sufficiently large.

We consider this application further in Chapter 6, where we show that there are infinitely
many intervals of bounded length containing two primes and a number with at most 31

prime factors.



Chapter 2

On the Brun-Titchmarsh theorem

2.1 Introduction

We let n(x; g, a) denote the number of primes less than or equal to x which are congruent
to a (mod ¢g). As mentioned in Chapter 1, it is a classical theorem of Walfisz [49] based
on the work of Siegel that, for any fixed N > 0, uniformly for ¢ < (log x)" and (a,q) = 1,
as x — oo we have

n(x; q,a) ~ (2.1.1)

X
¢(q) log x’
It is generally believed that this asymptotic holds in a much wider range of ¢. If we assume
the Generalised Riemann Hypothesis (GRH), then the asymptotic (2.1.1) holds uniformly
in the much larger range ¢ < x'/?>7° for any fixed § > 0. Montgomery [35] has conjectured
that (2.1.1) holds uniformly in the even larger range ¢ < x'7°. Friedlander et al [14] have

shown for any A, the asymptotic formula (2.1.1) cannot hold for all ¢ > x/(log x)*.

Any improvement in the range of g for which the asymptotic holds would exclude the possi-
bility of the existence of zeros of Dirichlet L-functions in certain regions, but unfortunately
such a result seems beyond our current techniques. Without this type of improvement,

however, we cannot hope to prove results stronger than

X 2x
O(Wlogx) <n(x;q,a) < m (2.1.2)

when log x/ log g is bounded.
Linnik [32], [33] gave a non-trivial lower bound for n(x; g, a) for a wider range of ¢g. He

showed that there is a constant L > 0 such that, whenever x > ¢* and g is sufficiently large

there is at least one prime in the arithmetic progression {n < x : n = a (mod ¢)} for any a



with (a, ¢) = 1. Pan [40] showed that one can take L < 10, 000. This has subsequently been
improved by many authors including (in chronological order) Chen [4], Jutila [30], Chen
[6], Jutila [31], Chen [7], Graham [22], Wang [50], Chen and Liu [8], and Heath-Brown
[26]. The best known result is due to Xylouris [52] (improving upon [51]), which shows
that we can take L = 5.

Titchmarsh [48] used Brun’s sieve to show that for ¢ < x we have the upper bound

n(x;q,a) < (2.1.3)

. x
P(q)log (x/q)

The implied constant can be made explicit, and has been estimated by various authors.
The strongest result of this type which holds for all ranges of ¢ is due to Montgomery and

Vaughan [36], who used the large sieve to obtain the following result.

Theorem 2.1 (Brun-Titchmarsh Theorem). For x > g we have

2 X
7(x:4.4) < ( 1 —logg/log X) ¢(q)log x’

The constant 2/(1 —log g/ log x) of the Brun-Titchmarsh theorem should be compared with

the constant 1 + o(1) which Montgomery conjectures for x > ¢'*°.

Since it appears unlikely that we can prove an upper bound with a constant less than 2 with
the current techniques, any improvements are likely to reduce the factor 1/(1—-log g/ log x).
Several authors including Motohashi [38], Goldfeld [16], Iwaniec [29] and Iwaniec and

Friedlander [15] have made improvements of this type for different ranges of ¢. If we put

3 logg

g = , (2.1.4)
log x
then we have © M)
+o(1))x
n(x;q,a) < W, (2.1.5)
where
2 - (1 -6)/4%/(1-06), 2/3 <6,
C=1:8/(6-170), 9/20<60<2/3,
16/(8 — 36), 6 <9/20.

This improves the Brun-Titchmarsh bound of C = 2/(1 — 0) slightly throughout the entire

range of g. We note that in all cases we still have C > 2 for 6 > 0.

It has been known as a folklore amongst specialists that for 6 less than some fixed constant
we should be able to take C = 2. In this chapter we establish this, and give a quantitative
bound for the range when this happens. We show that provided ¢ is sufficiently large we
can take

c=2 if0 <1/8.



2.2 Notation

We will let p represent a generic prime. We will consider the arithmetic progression where
all terms are < x and are congruent to a (mod g). We will assume that g is larger than
some fixed constant throughout, and so may not explicitly say that we are assuming g to
be sufficiently large for a given statement to hold. We let y denote a Dirichlet character

(mod ¢g) and y, denote the principal character.

For the purposes of this chapter we shall define an ‘n-Siegel zero’ to be a real zero p of a

Dirichlet L-function L(s, x) which lies in the region

n
log g

1- <R < 1.

2.3 Main results

We improve on the Brun-Titchmarsh constant for some range of ¢. Instead of using sieve
methods to count primes in arithmetic progressions we will use the analytic techniques

developed in the estimation of Linnik’s constant.

In Linnik’s theorem one counts primes with a smooth weight, and estimating this requires
estimating corresponding weighted sums over the zeros of Dirichlet L-functions. In the
most successful work on Linnik’s theorem only zeros of the form p = 1 + O(1/1ogq)
make a significant contribution. In this problem we wish to count primes weighted by the
characteristic function of the interval [0, x], however, and this means we must consider all
zeros p = B+ iy with y < 1 in the corresponding weighted sums over zeros. Thus the zero
density estimates of Heath-Brown [26] are insufficient, and we need to extend them to this

larger range.

Theorem 2.2. There exists an effectively computable constant q,, such that for g > q, and

x > q® we have
2 Li(x)

P(q)

n(x;q,a) <

We note that without excluding the possible existence of -Siegel zeros for some 1 > 0 this

is the strongest possible bound which we can hope to prove for log x/ log ¢ bounded.

We also obtain lower bounds which are essentially the strongest possible for log x/ log g

bounded without excluding the existence of an n-Siegel zero.

10



Theorem 2.3. There exists an effectively computable constant g, such that for q > q, and

x > ¢® we have

log g X
q'* \¢(q)log x

Theorem 2.4. Let € > 0. There exists an (ineffective) constant qs(€) such that for g > q3(€)

) < n(x; q,a).

and x > g we have
—€

9
$(q)log x

Theorem 2.5. Assume that there exists a constant n > 0 such that there are no n-Siegel

< n(x; q,a).

zeros. Then there exists an effectively computable constant q4 such that for g > g4 and
x > q® we have

— < n(x;q,a) < 2—x

P(g) log x P(g) log x
Thus the number of primes in an arithmetic progression is close to the order predicted by
GRH, provided log x/log g > 8 and q is sufficiently large. If there are no zeros exception-

ally close to 1 then the number of primes has the same order as the asymptotic predicted by
GRH.

In order to establish Theorems 2.2, 2.3, 2.4 and 2.5 we prove the following proposition.

Proposition 2.6. There are fixed constants € > 0 and n > 0 such that:

There exists an effectively computable constant qs, such that if there is an n-Siegel zero

o1 = 1= 4,/logq to modulus q > qs then for x > q' we have

(1 - A)x
#(q)

There exists an effectively computable constant q¢ such that if there are no n-Siegel zeros
7.999

-

to modulus q > qe then for x > g we have

X ‘ < (1-e)x
¢(q) ¢(q)

‘tﬁ(x; q,a) —

We now establish Theorems 2.2, 2.3, 2.4 and 2.5 assuming Proposition 2.6.

By partial summation we have, for any constant 7 < A < 8, we have

0(x; q,a) +f 0(t; q, a)
log x > tlog’t

O(x; ot 7' o(t; a o(t;
log x # tlog? ; 2 tlog? t 2 tlog? t

11

n(x;q,a) =




Trivially for ¢ < ¢*> we have 6(t; g, a) < tlogt. By the Brun-Titchmarsh Theorem, in the

range ¢> < t < ¢ we have

0(t; ¢, a) < (log Dt g, a) < @.

We also note that 8(x; g, a) = Y(x; g, a)+O(x'/?). Thus, uniformly forx > ¢g® and 7 < A < 8,

(2.3.2)

we obtain

. X . A
n(x;q,a):M+f w(t’q’a)dt+0(x”2+q—). (2.3.3)
log x # tlog’t #(q)
This gives
Li(x) 1 x “ et q,a) — t/p(q)]
Lq,a) - < Lg.a) — — d
) R e L 7] I P ET P
A
ox q—). 234
rofes G 224

If there is an n-Siegel zero (where 7 is the constant from Proposition 2.6) then we choose

A = 7 and by Proposition 2.6, uniformly for g > gs and x > ¢® we have

. Li(o)| _ (1-A)x f -4 (1/2 q7)
s Y - — —d 0 YN
D= | = s@iogx Ty w@rog O\ v
(1 — ) Li(x) x'/8 )
<V iol=—). 235
=T wo (¢(q) (233

By Pintz [42, Theorem 3] we have that A, > log ¢/q'/? (with the implied constant effec-

tively computable). Thus for ¢ sufficiently large the error term in (2.3.5) is at most

gql;(i;;‘). (2.3.6)
Thus for ¢ sufficiently large and x > ¢® we have
xloggq A1 Li(x) (2-4,/2)Li(x) 2Li(x)
<n(x;q,a) < , 2.3.7
ologs = 20 ST 0 < THe .

with all constants effectively computable.

By Siegel’s theorem [46], given any € > O there is a constant C(€) such that if g > C(e) we

have 1, > 2q~¢. Here the constant C(e) is not effectively computable. In this case, we have

xq € < A1 Li(x)
P(g@)logx — 2¢(q)

< n(x;q,a). (2.3.8)

12



If there is no n-Siegel zero then we instead choose A = 7.999. By Proposition 2.6 and
(2.3.4) there exists an € > 0 and g such that uniformly for x > ¢® and for g > g¢ we have

) Li(x) (1-e)x fx l—e ( " 779% )
s Y - S —d 0
T4 ) ¢(q) = #(q)log x " 79 d(q) ]0g2 ¢ P+ O+ #(q) log x

1 -l 1-1/10,000
_ (-9 , O(X_) (23.9)
$(q) ¢(q) log x
Thus for g sufficiently large and x > ¢® we have
X X
— < n(x;9,a) < ———. (2.3.10)
dtogx YT gg)logx

Theorems 2.2, 2.3, 2.4 and 2.5 now follow immediately from (2.3.7), (2.3.8) and (2.3.10).

2.4 Case 1: Siegel zeroes

We first consider the case when there are zeros very close to 1. For this section we assume

that n-Siegel zeros exist for some small constant 7 > 0.

In order to establish Proposition 2.6 we will make use of the analytic techniques developed
in the estimation of Linnik’s constant. In particular, there are three main results which we

use:

Proposition 2.7 (Zero-free region). There is a constant ¢y > 0 such that, for q sufficiently

large, the function

]_[ L(o +it,y)

x (mod ¢)
has at most one zero in the region
C1
l-—<o.
logg(2 + 1))
Such a zero, if it exists, is real and simple, and the corresponding character must be a

non-principal real character.

Proposition 2.8 (Deuring-Heilbronn phenomenon). There is a constant ¢, > 0 such that, if
the exceptional zero p1 = 1 — A;/(log q) from Proposition 2.7 exists, then for q sufficiently

large, the function

n Lo +it, )
X (mod ¢)
has no other zeros in the region
o log(A;h) co<l
log g(2 + |1)

13



Proposition 2.9 (Log-free zero-density estimate). There are constants ¢z > 0 and C3 > 0

such that, for T > 1, one has
D, N, T.x) < C(gT)y* ™.
x (mod q)

Here

N T.x) =#p: Lip,x) =0, R(p) 20, [Ip)l<T}

We recall that for the purposes of this article we are defining an n-Siegel zero to be a real

zero p of some Dirichlet L-function in the region

n
log g

1-—

<p<l, (2.4.1)

for a fixed small positive constant 7.

We will choose n < ¢;/2, so by Proposition 2.7 an n-Siegel zero, if it exists, must be
simple, and the corresponding character must be a real character. Moreover, there can be at
most one such zero. We label this exceptional zero p; = 1 — 4,/(log g) with corresponding
character y;. Thus we have that 1; < r. We will also make use of the fact that 4, >, g~!/?-¢
(with the implied constant effectively computable), which follows from Dirichlet’s class

number formula.

By [23] and [26, Equation 1.4] we can take the constants ¢, and c¢; appearing in Proposition

2.8 and Proposition 2.9 as
¢, =2/3-1/1000, c3 =12/5+1/1000, (2.4.2)

provided i < ¢4, some suitably small absolute constant.

We wish to prove

(1— A)x

243
#(q) ( )

g

We have

> A(n))((n)] . (2.4.4)

n<x

1 -
vrga = ), Aw=m ) x(@

n<x mod
n=a (mod q) x !

We use the explicit formula (see, for example, [9]).

1 2
X A = s - e - 3 21 o MEL) @as)
P1 P T

n<x P

14



where £;(y) and &,(y) are defined by

1’ X = XO,
e = 2.4.6
1) {O, otherwise, ( )
1, X 1s a character corresponding to the possible
ey = exceptional zero p; of [], L(s,x), (2.4.7)
0, otherwise,

and the sum 3}, is over all non-exceptional zeros p = B + iy of L(s, x) in the region {0 <

B < 1,ly| < T}, counted with multiplicity.
We choose T = g(log x)*/A; so that the last term is o(1;x/¢(q)).

Recalling that p; = 1 — A,/ log g, we have

X1 1
— = Xxexp (—/ll e
P1 logg

Substituting (2.4.5) and (2.4.8) into (2.4.4) we obtain

X X log x 1
cgra) - ——| < 2 exp[-2 L
$x ) ¢(q>‘<¢<q> exp ( llogq)+¢(q) 2 2

x (mod gq) p

> ‘%p‘ . (2.4.10)

x (mod gq) p
1/3000

) + o(4;x). (2.4.8)

xp
P

/llx
—. 2.4.9
o (¢<q>) (249

‘We now bound the sum

We first consider the case when log x > ¢

Since A; > ¢ '/?>711% we have T < ¢***"'%(log x)* <« (log x)*®. By Proposition 2.7

(and recalling R(p) > A,/ log g for all p) each zero in the sum (2.4.10) contributes at most

exp((R(p) — 1) log x) log x )
<x <
R(p) loglog x

for some constant ¢ > 0. By Proposition 2.9 the total number of zeros in the sum is

X

ol

(2.4.11)

X exp (—c

< (TP < (log x> (24.12)
Therefore
X 1
> ‘— < x(log )2 exp [—c—2 ) = (2, 0). (2.4.13)
x (mod q) p P log log X

Thus we see that for x sufficiently large and log x > ¢'/3%% the right hand side of (2.4.9) is

x log x (1—-A)x
— -1 )] < ———, 2.4.14
$(q) (eXp( Hog 61) +ol 1)) ) 41D

15



as required.

—1/2—1/1000’ we

We now consider the case when log x < ¢'/*%°. In this case, since 4; > ¢

have T < g?/2*2/1000,

We begin by considering the contribution to the sum (2.4.10) from zeros in the rectangle

m+1

- <R <1-—2 n<|9p)<2n, (2.4.15)
logg logg

where 1 <n < T and m < 0.4loggq. Recalling that m < 0.41og g, by Proposition 2.9 with
c3 = 12/5 + 1/1000 there are

1

< n2.41m/ log qq2.4lm/ log g < n0.97 exp (241”’[) (24 16)

zeros in the rectangle. By Proposition 2.8 with ¢, = 2/3 — 1/1000 there are no zeros in the

rectangle unless

2 1 log g 1
N log A
"= (3 1000)(10gq(2 N T)) %64

> 0.266log ;. (2.4.17)
If (2.4.17) holds then we see that each zero contributes
‘xp'<xe log x X log x 1 . ( m )
—| < —exp|-m = —exp|-m - ——||exp|—=—=
o= 7 P\ ogq) ™ 7 P\ \logq ~ 0.266)) P\ 70,266

pl I
< 2 exp (—m( OEX _ 3.76)) . (2.4.18)
n log g

Thus zeros in the rectangle give a total contribution of

1 0.97 1 Pl 1
<2 exp (—m( 8L 376 - 2.41)) < exp (—m( R 6.17)). (2.4.19)
n logg n" log g

We now sum this bound over n = 2/ with j € N, and over m > 0.266 log /11‘1. We see that
provided ¢®!® < x, the contribution to the sum (2.4.10) from all non-exceptional zeros in
the region
0.6 <R <1, 1<[8pI=<T (2.4.20)
is
< A1xexp(=0.02661og 4,7 < A, x exp(—0.0266 log 7). (2.4.21)

Therefore, provided 7 is sufficiently small, this is at most 4, x.

Similarly we consider the contribution to the sum (2.4.10) from zeros in the region

m+1
logg

| <RE)<1-—2  |9pl<l, (2.4.22)
log g

16



with m < 0.4log g. As above, each zero contributes

I
< A xexp (—m( 08X _ 3.76)). (2.4.23)
log g

The number of zeros in the rectangle is < exp(2.41m). Therefore the contribution of all
such zeros is <« A;xexp(—0.0266 log ) < A,x for n sufficiently small.
Finally we consider zeros in the rectangles

0 < R(p) < 0.6, 0<I3()| < VT (2.4.24)
0 < R(p) < 0.6, VT < |3(p)| < T. (2.4.25)

By symmetry of zeros around the line R(s) = 1/2 we have that R(p) > A,/ logq for all

such p. Thus, since 4; > ¢~ !/>71/1% and x > ¢, each zero satisfying (2.4.24) contributes
P R 06
—| < <« X, (2.4.26)
pl R

and similarly every zero satisfying (2.4.25) contributes

'xp 0.6
P

<X (2.4.27)

T

By Proposition 2.9 there are < (g VT)'*!/1%% < 4176 zeros satisfying (2.4.24), and there
are < (qT)'"1/19%0 < 4176 \T zeros satisfying (2.4.25). Thus the combined contribution is

77
< 104170 <« /llx(ﬂ). (2.4.28)
)

We see this is at most A;x for x > ¢® and ¢ sufficiently large.
Since we have now covered all possible zeros in our sum, we see that for n sufficiently

6.18
> ‘%p‘ <3x. (2.4.29)

x (mod g) p
Substituting this into (2.4.9) we obtain

small and x > ¢”'° we have

X X log x
v(x;q,a) — ——| < —— (ex (—/l —) + 42 ) (2.4.30)
‘ 6@~ o)\ T\ Mogg) T
We note that if x > ¢’ and 7 < 1/10 then
1
exp (—/11 ng) 4L < 1- Ay, 2.4.31)
log g

17



since the function 1 — e™"" — 5¢ is zero and increasing at 0, has a unique turning point and is

positive at 1/10.

Thus we have shown that for 7 sufficiently small, x > ¢’ and log x < ¢'/**® we have
X (1-2)x
(x;9,a) — < , (2.4.32)
T TPy

as required.

2.5 Case 2: No Siegel zeroes

We now consider the case where there are no 1-Siegel zeros for some small fixed constant

n > 0. In this case we have 1, > n for all zeros p with [J(p) < ¢*.

Following the
method in the previous section and using this zero free region, we can establish Proposition
2.6 if log x/ log g is sufficiently large. To obtain an explicit lower bound for the range of
log x/ log ¢ in which this holds, however, would require us to estimate the constant C; in

Proposition 2.9, and would likely produce a very large bound if done directly.

We will follow the work done on the estimation of Linnik’s constant to obtain an explicit
lower bound for log x/log g for which the result holds. This section follows closely the
method of Heath-Brown in [26, Section 13].

We define the following quantities which we shall use for the rest of the chapter:

1
M= lgi’; L=logg, ZW=lp: Lo =00<Rp <1}, (251
1 cube-free or ord(y) < log g,
¢y = {‘1‘ 1 . () < logg (2.5.2)
3 otherwise.
2.5.1 Weighted sum over primes
We wish to investigate
vrga)= Y Aw. (2.5.3)

n<x
n=a (mod q)

18



We fix a small positive constant € > 0 and let

0, t<1/2
PEX(r-1/2), 1/2<t<1/2+¢€/logx

fo =11, 1/2+¢€/logx <t <1 (2.5.4)
-2 -1), 1<r<1+e€/logx
0, I+e/logx <t

The Brun-Titchmarsh theorem for primes in short intervals (see [36], for example) states
that

2y
m(x;q,a) = n(x = y;q,a) < F ) logy/a (2.5.5)
We replace the sum
D Am (2.5.6)
n=a (mod g)

with the weighted sum N

> Amf (log n) (2.5.7)
n=a "(mod g

By the Brun-Titchmarsh theorem for primes in short intervals and for € sufficiently small,

the error introduced by making this change is

< D> A+ DL AWm) < (log xe)(n(xe; g, @) - 7(x; ¢, @) + O(x'/?)

x<n<xe€ n<e€xl/?
n=a (mod q) B
4ex
< — (2.5.8)
P(q)
Thus in order to prove
X (1-e)x
Ww(x;q,a) - ' < , (2.5.9)
s o~ )
it is sufficient to prove that
N 1 1-5
' > A(n)f( Og”)— x | (d=Sex (2.5.10)
o logx/ ¢(q) ¢(q)

n=a (mod q)
‘We also note that

= 1 1
> A(n)f(ﬁii)zr Z X(a)(ZA(n)f( )(n)] 2.5.11)

n=1 n=1
n=a(mod q)
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We now replace y in the inner sum with the primitive character y* which induces it. This

introduces an error

< ¢(—161)ZZ Z logp<<Zlogx

X plg x!/2<pe<xec Plg
< ¢“logx < ex (2.5.12)

(recalling that x > g).

Therefore it is sufficient to prove that

= 1
> %@ Y Ay’ () f(ﬂ) — x| < (1 - 6e)x. (2.5.13)
~ — log x
2.5.2 Sum over zeroes
We let F be the Laplace transform of f. Hence
F(s) = f exp(—s1) f(t)dt
0
1- o) 1 —exp( OEXS)
— ( expls/ ))( Loz ]exp (— < s) . (2.5.14)
—s T log x
From the Laplace inversion formula we have
1 1 2+ico
f (ﬂ) - o8t f n~ F(—slog x)ds. (2.5.15)
log x 210 Joico

Therefore, for y # yo we obtain

© 1 l 2+ico L/
ZA(H)X*(n)f(Ogn)= i f2 (—z(s,x*)) (F(~slogx)ds
n=1

log x 210 Joico

_logx

~1/2+ic0 1 ps
= f (—z(s,/\(*)) (F(-slogx))ds

2mi 1/2—ico
~logx Y F(-plogx) (2.5.16)

P

where ), indicates a sum over all non-trivial zeros of L(s, x).

On Rs = —% we have (see, for example, [9, Chapter 19] for the estimate for L(s, y*))

Ll
z(s, X)) < log(g(1 + |s])), F(-slog x) < x '*s|(log x)~". (2.5.17)
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Hence, recalling that g < x,

—1/2+ico ,
e f (_Z(S,)(*)) (F(=slogx))ds = O(x""*log x). (2.5.18)

27i 1/2ico

Thus

— 1
> Ay () f (%)

n=1

2,

X#X0

<logx Z Z |F(—plog x)|

X#Exo P

+ O(cpc_”4 log x)
<logx > IF(-plogx)| + ex. (2.5.19)

XEX0 P

We now consider the case y = yo. We note that y; is identically 1. Hence by the prime

number theorem we have

< 3ex. (2.5.20)

- logn

> Awwinf (li) —x

o og x

Thus, putting together (2.5.19) and (2.5.20), we have
_ - . logn

;)((a) Z Ay’ (n)f (1og x) - x‘

¢ 1
> A f (%) - x
n=1

<dex+logx ). > |F(-plogx)|. (2.5.21)

X#xo p

< )

X#X0

¢ 1
> Ay f (lgi Z)

n=1

In particular it is sufficient to prove that

logx > > |F(~plogx)| < (I - 10€)x. (2.5.22)
X#EX0 P
We now consider the contribution from the other characters where y # y,. We first consider
all zeros p = 8 + iy of all L-functions L(s, y) (with y # o) in the rectangle

m+1
1 <B<1-

Clogg ~U T logq’

n<lyl<2n (2.5.23)

forn > 1.

From Proposition 2.9 with ¢; = 3 (and using the fact that the zeros are symmetric about
o = 1/2) we have
Z N(o.x.T) < ¢ (1+T72). (2.5.24)

X
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Thus there are < " (1 +n’/ 2) such zeros in the rectangle. Each zero contributes

exp(—miZX)

log x |F(—plog x)| < x logg (2.5.25)

en?

to the right hand side of (2.5.21).

Thus, provided M = log x/ log g > 3, there is a constant R (depending only on €) such that

the contribution of all zeros in the rectangles with max(m, n) > R is at most ex.

Similarly, we consider zeros in the rectangle

1 1
max(—,l mx )s,Bs -2 <l (2.5.26)

27 logg logqg’
There are < ¢>” such zeros, and each zero contributes

xp(-mieE)
LK x—mmMM—. (2.5.27)
€

Therefore, provided M > 3, the contribution from all zeros in rectangles with m > R is

< Eex.

We now consider the final rectangle
1
0<B< 7 Iyl < 1. (2.5.28)

There are < ¢*/? zeros in this rectangle. All zeros must have 8 > ¢~ '/>71/1% for 4 suffi-
ciently large (by symmetry of zeros about the critical line and the non-existence of Siegel

~1/2-1/100

zeros which are within g of 1). Therefore each zero contributes < x!/2¢*/'% /¢

Thus the contribution from these zeros is

1/2 ,3/2+1/50
<« T (2.5.29)

€
Thus at a cost of 3ex we only need to consider the contribution of zeros p satisfying

11— R(p)| <, L J) <. 1. (2.5.30)
logg

For such p, and for € sufficiently small and ¢ sufficiently large, we have

1 — x /2
|(L)efp <1+3e (2.5.31)
0
Also, for any z € C with R(z) > 0 we have
1 — p 2
‘ <. (2.5.32)
Z

22



Thus, putting R(p) = 1 — A,/ log g, we obtain

10gx|F(—p log x)| = xexp(—(1 — p)log x)

( 1 )7—p/2) ( 1 e—sp)
e
P €p

1
< xexp (—ap%)(l +3¢)

= xexp (-M,) (1 + 3e). (2.5.33)
Thus we have shown that
X X X a
(g, a) — ——| < 12e—— + (1 + 3€)—— ~Ma,), 2.5.34
b - 55| < 125 4 307 2,2, ewMy). 253

*

where Z represents a sum over all zeros of L(s, y) in
R
R= {Z 11— ——<R(@<1,3(@) < R}, (2.5.35)
logg

with R a constant (independent of x and g).

2.6 Zero density estimates

We wish to estimate the sum
Z Z exp(—MA,). (2.6.1)
X#x0 peRNZ(y)
We do this by obtaining a zero density estimate for zeros in R by means of different
weighted sums over zeros of L(s, y). We note that by the log-free zero density estimate
given in Proposition 2.9 this sum is finite for any M € R. We specifically wish to show that
the sum is < 1 when M = 7.999.

Similar sums have been looked at in the estimation of Linnik’s constant. We will broadly
follow the approach of Heath-Brown in [26], but most of the estimates must be extended to

cover a region where J(p) < 1 instead of J(p) < L.

We split R vertically into smaller rectangles each with height 1/£. We put
m—1/2 m+1/ 2}
7 .

R := {z: 1 —% <R@ =<1, < 3@l < (2.6.2)

We label our non-principal characters (mod g) as x'V, x¥, ... in some order with y; = yV.
For each character y'”, and for each rectangle R,, for which L(s, x') has a zero in R,, we

pick a zero of L(s, x)) with greatest real part, which we label pU™.
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We introduce the notation
(jim)
Gmy _ Y

p(]?m) — ﬁ(]»m) + i’)/(J’m), 1 _ﬁ(./’m) — , — .
log g log g

(2.6.3)

We also specifically label special zeros p;, p] and p,. We let p; be a zero of [], L(s, x)
which is in R and has largest real part. We let y; be the corresponding character. We let p,
be a zero of [], ,,, v, L(s,x) which is in R and has largest real part. We let p| be a zero of
L(s, x1) which is in R and is not p; or p, but otherwise has largest real part. If p; is not a

simple zero we simply have p| = p;.

For simplicity we argue as if p, o}, p, all exist. Our argument is simpler and stronger if

any of these do not exist.

We now wish to estimate separately a weighted sum over rectangles and a weighted sum

over zeros in any such rectangle. Specifically we wish to prove the following three lemmas:

Lemma 2.10. For any 6 > 0 any m € Z and any constant K > 0 we have for q > qo(6) that

D B <%

PERANZ (D)
where
(1 - exp(—-K D))’
Bi(1) =
(@) 2+1/4
¢ (1 —exp(=2KA)) 2KA—1+exp(-2KQ)
A) = :

Lemma 2.11. We have

2

Jom

(jorm) (jm) (jim) (jrm)
[e3.245/l + 62.826/1 61.240/1 + 61.128/1

-1
<1l .
0.21 ¥ 0.056 J < 119288

We actually prove a slightly more general result than Lemma 2.11. Let (y),; be a set of

characters (mod ¢g). Then for any 6 > 0 and g > g¢(6) we will prove

Z B,(1"™) < C, (2.6.4)
meZ,iel
where
2031 4 p24%0 20u1 . p24ug -1
Bg(ﬂ):(e T ) , (2.6.5)
X1 — Xo U — Uy
+ — —
C, = (22N VM LG+ (2.6.6)
2w(v —uy)
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Here G, will be defined in (2.6.58), and xy, xo, v, u;, ug, w are all positive constants satisfy-

ing
X] > Xo, Xo>v+w+1/3, V> u, up > U, up > 2w+ 1/3.  (2.6.7)
Lemma 2.11 is this with xy, xo, v, uy, ug, w given by (2.6.73) and (2.6.74).

Lemma 2.12. Let g : [0, 00) — R be a non-negative continuous function which is supported
on [0, xy) for some xo > 0, is twice differentiable on (0, xo) and has a bounded second
derivative on (0, xo). Moreover, assume the Laplace transform G of g satisfies R(G(z)) = 0

for R(z) > 0.

Let 0 < A1 £ A1 and 0 < A <2 be such that
G- A1) > g(0)/6 and  (G(A—- A1) - 8(0)/6)* > G(=11)g(0)/6.

Then for any 6 > 0 and q > qo(9, g) we have

Z 1< G(=411)Gs + 6.
(G(A—211) — 8(0)/6)* — G(=2;1)8(0)/6

Jom
AUm <)

Here

Gs = sup Y (|B (G(=dus + i) =y - g(0)/6).

Jrm “oE

In particular, we have the zero density results given by Table 2.1.

We will now proceed to prove each of these Lemmas in turn.

We note here that we can easily ensure the L given in [26, Lemma 6.1] satisfies R <
L< ll—oL rather than just L < 11_0L by following exactly the same argument but with this
restriction. This means that all the results of Heath-Brown [26] and Xylouris [51] which

consider zeros in the region
-———— <0<, lf| < L (2.6.8)

also apply to the zeros which we consider in R.

2.6.1 First zero density estimate

We now consider zeros within one of the rectangles R,,. We follow almost identically the

argument of Heath-Brown in [26, Lemma 13.3].
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We put

(o) = {(s)i,nh(K/l ~ 1), (t) : 1t< ’s K 2.69)
Hi(2) = fo " ey (i = %(;TZ ¥ j_mz - ife_;) (2.6.10)
- 2
Hy(z) = (1 _Ze KZ) : 2.6.11)
for some constants K € R and A € C, which will be declared later.
We note that K[| g2 ok
R(H,(it)) = > F == |Hy(A + it)] . (2.6.12)

Since H,(z) and H,(A + z) tend uniformly to zero in R(z) > 0 as |z — oo, and R(H(2)) =
AeXYHy(A + 2)|/2 when R(z) = 0, by [26, Lemma 4.1] we have

KA1

2

R(Hi(2)) 2 |Ha (A + 2)] (2.6.13)
whenever R(z) > 0.

We fix a character y = y) # yo and take A = AY™. Therefore L(s, y) has no zeros in the
region {o > 1—-A/L}NR,.

Thus
KA

2
D IHN(( = p+im/£)L)| < D R(H (s -p) L), (2.6.14)

PERNZ(x) PERLNZ(x)

where s =1-A/L+im/ L.

By [26, Lemma 5.2] and [26, Lemma 5.3] we have (recalling that |m| << £ so |J(s)| < L
for g sufficiently large), for any given 6 > 0 and g > ¢(6) the upper bound

hy(0 &
Rit(s - p0 < 00 4 £ AR (X2 (£ o)+
PERLNZ() 2 =1 n
MO, < Xo(n) »
ST-F.E ;A(n)(n%(s))]’h(.ﬁ 10gn)+6
hy(0
< i€ 2)¢* + [H i ((R(s) = DL)| + 26. (2.6.15)
This gives
_ ,—KA—iK(m—y, L) |? 1 — ¢—2K4 _ —2KA
P o edle ) KIS T s 266)
ik | Ao +im =y, L) 224 24
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Since p € R,,, we have [m — y,L| < 1/2. Thus, recalling that y = ¥ and 1 = 2™, we

obtain

2 (1—e®b)y ¢ (1= K™y pgum _ | 4 g 2K
<

< . + : + 20. 2.6.17
/lg +1/4 2 A0sm) 2(A0m))2 ( )

[)ER,,, QZ(X(D)

Hence Lemma 2.10 holds.

2.6.2 Second zero density estimate

We now prove Lemma 2.11. The proof uses ideas originally due to Graham [22]. We
follow the method of [26, Section 11], but extend the result to a weighted sum over zeros
rather than just characters. We do this by using integrated exponential weights instead of

exponential weights, an idea originally due to Jutila [31].

We adopt similar notation to that of [26, Section 11]. We put
Uo=q"Ui=q"X0=q".X1=q",V=q"W=q" (2.6.18)
with constant exponents 0 < w < uy < u; < v < xy < x; to be declared later. We put
U=q¢"X=¢q" (2.6.19)

with uy < u < uy and xy < x < x; parameters which we will integrate over.

We define
(), 1<d<U
Yo = ud)gis, Ur<d<V (2.6.20)
0, d=V,
and

log W (2.6.21)

o pd)=E 1 <d<w
7o, d>W.

We wish to study the sum

T 1= i ) [Z ‘[’”’) [Z Hd]»c(n)n-p(""’)j(n), (2.6.22)

n=1 \ dn d|n

where

X1 ul( -n/X _ _n£2/U)d d
jn) = (f”’ f”" ‘ ‘ i x] (2.6.23)

() — up)(x1 — xo)

and w;,, are some non-negative weights.

We start with the following weighted-sum result.
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Lemma 2.13. For xo > w + v + ¢, we have:

- im N
W < (14 0L P )

Proof. The argument of [26, Pages 317-318] shows that for xo > w +v + ¢,

L+0(L™) = i (Z w") [Z Gd})(”)(n)n‘*’“”") (X = emEIY). (2.6.24)

n=1 \ dn d|n
We note that in [26] the definition of ¥, is slightly different (it is defined with constants
labelled U and V rather than U; and V as in our case), but this does not affect the argument

in any way since U; > U.

Multiplying the above expression by weights w;,, and integrating over x € [xo,x;] and
u € [ug, uy] gives
Wwin = (1+ 0L NI X7, (2.6.25)

Squaring both sides of the above expression gives the result. m|

We sum the expression of Lemma 2.13 over all zeros p%™. We let Z denote this sum.
Jam

Thus
Do, < +0L) > e, WP (2.6.26)

Jam J.m

We now use the duality principle (see, for example, [9, Chapter 27]).

Lemma 2.14 (Duality Principle). If

§ E A, jinCjm

n | jm

2

< BZ il
J.m

for all choices of the coefficients Cj,,, then

2.[ 2 aninb

Jom n

2
<B) b

for any choice of b,,.

‘We wish to use Lemma 2.14 with

G jm = Wiy (o2 (Z Hd] jm'?, (2.6.27)
din
bn = [Z ‘/’d} 2" (2.6.28)
dln
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to bound this sum. We note that

D @b = T D). (2.6.29)

n=1

First we evaluate Y, b2.

Lemma 2.15. For xq > v we have:

(o)

DI = (1+0(L " log £))

n=1

X1 +Xo—Uy—v
2(v —uy)

Proof. The argument leading to equation (11.14) of [26, Page 319] shows that provided

x > v we have

- 2
> (Z wd] (e — e LIV = (1 + 0(L log L))w. (2.6.30)

an v —uyp)

n=1
(We recall that our definition of ¥, used parameters U; and V rather than U and V.) Since

we have x > xo > v this holds in our case.

Therefore, integrating with respect to x € [xo, x;] and u € [ug, u;] and dividing through by

(x1 — x0)(u1 — up) gives

>[5

n=1 \dn

uo

2 YoM /X _ ,-nL2U
} n—leO (e e Ydudx

(x1 = x0)(u1 — uo)
X1 +Xo—Uu;y—v

= (1+0(L " log £)) o —u) (2.6.31)

Hence the result holds. O

Therefore in order to use Lemma 2.14 we want to find a bound B such that

§ A, jinCjm

Jm

2

(o)

2,

n=1

<BY [Ciu| (2.6.32)
Jm

for any possible choice of C;,,.

Expanding the left hand side, terms are of the form

M

QAn, ji,m1 An, jo,my le Jmy Cjz,mz

BN
Il
—_

o0

2
— . (i _plitm _=(jomp) .,
= Ciom C oW Wi, ) {Z ed] X0 yn' P . (2.6.33)

n=1 \dln
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To ease notation we let
(j1.m1)
b

by =p pe) = pP", (2.6.34)

and correspondingly define x ), x2), B1), B2)> A1y» A2)s Y1), Y2)-

We first deal with the terms when x (1) # x2). We let

F(sx) = ) O by ([wr, wah)lwi, wal ™. (2.6.35)

wi.wr<W

(Here [a, b] denotes the least common multiple of a and b).

By the inverse Laplace transform of the exponential function we have

o 2
— PO n sl
Z [Z Qd) X(l)(”))((z)(”)nl Pl P(z)(e /X _ e L /U)
dln

1 1+ico

" 2ni L(s + pay + Py = LxaX o)X = (UL
1—ico

n=1

X T()J2(s + pay + Py — LLxapX)ds
1 z—ﬂ(l)—ﬁ(z)—l /k+loo _ . )
— L(s + pay + Py — 1aX(1)X(2))(XS (L")

2mi 2-Bmy—Bay—1/k—ico
where k£ > 1 is a fixed constant (to be declared later).

We now bound each of the terms in the integration along the line R(s) = 2—-8,— B2 — 1/k
and for y # yo. By [26, Lemma 2.5] we have

L(s +pay + Py = Lox) <e g1+ 1), (2.6.37)

where we recall that ¢, = 1/4 or 1/3 for each y. Moreover, we also have the bounds

[(s) < e, (2.6.38)
(s +pay + Py = L) < D w1 < Y 7 R dmy?
n<w?
< Wk 3, (2.6.39)

Thus, letting ¥ = x(1)X(2), We obtain
1 1—ﬁ(])—ﬁ(2)—l/k+ioo

o L(s +pay + Py~ LOTSIX® = (UL ) als + piy + Py — Lx)ds
T J1-Bay—Bay—1/k=ico

< (q¢XW2U_l£3)1/kq1/kZLZ(UL_Z)Z_'B(D_'B(z)
< (WU g, (2.6.40)
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(We recall that 1 — ;) and 1 — B(») are o(1).)

This is O(L™") provided that k is chosen sufficiently large and (remembering that ¢, < 1/3
for all y) provided that
up > 2w+ 1/3. (2.6.41)

The terms with 1) # x(2) therefore contribute

2
<L (Z IC julw 1] <L [Z wim] > ICP. (2.6.42)
Jm Jm Jom

We now consider terms with y(1) = x(2). Such terms are of the form

o 2
CarCawawe) {Z Hd] Ko P07 j(n). (2.6.43)

n=1 \_dn

Lemma 2.16. For x > v we have:

I 2
2 (Z 9d] Xo(mn! #4177 jn)
n=1

din

(1+0(L 'og L))
wL 2~ pa) = Pay)?

<

Xlz_p(])_ﬁ(z) - Xg_p =P Uf—l)(l)—ﬁm _ Ug—p(l)_@ .
’ - +0(L™).
X1 — Xo U — o
Proof. We observe that

00 2
Z (Z Qd] )(o(n)nl—pu)—f)(z) (e_"/X _ e—n.Cz/U)
n=1 \ dln

= Z Hdl HdeO([dl, dZ])[dl, dz]l_ﬁ’(l)—f)(z)

di.dy
X Z kl—pu)—f?(z))(o(k) (e_k[dladz]/X _ e_k[dl,dz]ﬁ/U) . (2.6.44)

k=1

Again, by the inverse Laplace transform of the exponential function we have

ZX o)k PP (g MaLUX _ o=KL BIL /Uy
k=1

1 1+ico ¥ s U

= — L(s + + 0y — 1’ T I Y

270 1 Zio (s +pay + Py = L xo)l'(s) (([dl,dz]) (lﬁz[dl,dz]

We again move the line of integration to R(s) = 2 — Sy — By — 1/k, and by exactly the

) )ds. (2.6.45)

same reasoning, we have that the integral over this contour is negligible when u, > 2w. We

encounter a simple pole at s = 2 — p1y — 0(5), however, which contributes

@ _ = X \Froe ~ (L)Z—Pm—ﬁ(z)
p I'(2 - pa P(z))((—[ a dz]) YN : (2.6.46)
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Thus

S0 s
n= din
¢(Q) 2— (1) =D, —2\2—0(1y—D, gdlgdg)(o([dl»dZ]) —1
= T2 - — Do) (XFPOP0 — (U L72)> PP + 0L,
q po P(z) ( )d]Zdz [d,, d>]
(2.6.47)
We now perform the integrations with respect to x and u. We have
! f | f | (x>0 — (UL P00 dudx (2.6.48)
(x1 = x0)(u1 — up) x0 Jug
2-p(1)~P, 2-p(1)-p 2-p()-p 2-p()-P
_ Xl (1) (2)_X0 (1) (2)_U1 (1) (2)_U0 (D~™P2) 1
X1 = Xo Uy — Uy L2 - pay—Pay)
Thus
> (Z ed] Xo(mn' e ()
n=1 \dn
¢@) |TC =P ~Pe)| |51 Oabaxolldr, o))
— Lq | 2-pa) P = [d,, d>]
Xzfﬂ(l)*ﬁ(z) _ XZ*PU)*.EQ) U2*P(1)*.5<2) _ U2*.0(1>ﬂ5(2)
X |— 0 - 0 +O0(L™). (2.6.49)
X1 — Xo Uy — U
We now estimate the sum over d;, d,. This gives
Z 04,04, [d1, o] xo([dr, do))| = — Z 9d19d2(¢( ) Z 1+0(61))‘
dy,dr<W dy,dr<W [dl dz]ln
(n q) 1
2
q 2a7-1
= — O + O(qW-"N"")
Pp(@)N ;V (; )
(n,g)=1
+ O(gW*N™). (2.6.50)
¢<q> Z;[dz ”’]
Graham [21] has shown that for N > ¢g>W?
C oL™
+ _
N7! 0| = ———=. 2.6.51
5[5 -1 265
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Hence, for N > ¢°W?, we have

Z 04,04,1d1, 2] xo([dy, do))| <

(20 +olr)

R 20

di,d» n<N \ din
_(1+0(LY)g
P(g) log W
q
. (2.6.52)
P(gwL
Thus
2
- _ 1+0(L™M) T2 -pay—Pp)
Z Z@d Xo(n)nl‘P(n—P(z)j(n) < ( £2(£ ) 5 PO _P(z)
n=1 \ dpn w — P TP
2—p(1)—P, 2—p(1)—P, 2—p(1)—P, 2—p(1)—P,
X] PP _ Xo PP U1 PH=PR) _ Uo PP »
X - +O0(L). (2.6.53)
X1 — Xo up — Uy

We recall the Weierstrass product expansion of I'(s):

-1

ﬁ (1 ; %) e, (2.6.54)

n=1

Since 2 — B — By = O(L ' log L), we see that when s = 2 — p(j) — p,, we have

—ys

I(s) =<

_’y%(s) Ky -

€ e R(s)/n
rel< = ]—1[ 1+ 3
1+ O(L 110g£) sP\(S) - R(s)/n
s 1—[( ) ‘

- 1+0(L llcigL) ﬁ( (%(s)))
12 = pa) = P

n=1
1+0(L ' og L)

< —_—. (2.6.55)
12 = pay = Pl
This completes the proof. O
To simplify notation we put
1 XZ—a—E _ X2—a—z U2—a—5 _ U2—a—z
ja(a,b) := — |~ 0o _ 0 (2.6.56)
_[:2(2 —a-— b)2 X1 — Xo Uy — Uy
Thus the sum over all the terms of the form (2.6.43) with (1) = y(2) is
(1 + 0(-5_1 log -E)) . jm j,m.
< W ' Z |Cj,m1Cj,m2 Wj,mle,mzh(pu l)’p(]’ 2))|
J> my, my
O(L—l Z |Cj’mlCj’;nZWj’m1Wj’m2)|). (2.6.57)

J, my, my
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We put
G2 - SupZ |W/mlem2] (p(jml) (/mg))|

Iy

Since 2|C(1)C(2)| < |C(1)|2 + |C(2)|2, we have

. i, , 2
Z |Cj,mlCj,mzwj,mlWj,mg]Z(p(Jml),p(JmZ))l < GZ Z |Cj,m| .

Jomi,my Jom

Combining (2.6.42) and (2.6.59) we have

i Zan,m m Gz( 1+0(L 110g£))+0[(1: ijm)}]ZIC,m
=1

Jm
for any choice of the coeficients C;,,

2
<

Therefore, by (2.6.26), Lemma 2.14 and Lemma 2.15 we have

ijm_ 1+0(£110g£))[—+0[ _lzwim]](xl_;()i?—;l)_v)’
— Ul

Jim

which gives

Zw 1+0(L 1logL))(

X1 +Xo— U —v
G
2w(v — uy) ) 2

(2.6.58)

(2.6.59)

(2.6.60)

(2.6.61)

(2.6.62)

We are therefore left to choose suitable weights w;,,, bound G, and choose suitable con-

stants w, ug, U1, v, Xo, and xj.
We note that, using Cauchy’s inequality, we have

XZ—P(I)—ﬁ(z) _ Xz—P(l)—ﬁ(Z) UZ—P(I)—E(z) _ UZ—P(I)—E(z)

1 0 1 0

X1 — Xo Uy —Up

e(/l(l)+/1<2))xl + e(/l(l)+/1(2))xo e(/l(l)+/1(2))u1 + e(/l(l)+/1<2))uo
< +

X1 — Xo Uy —Up

2Ax 4 p2dmx 2 4 p2dmu\ 2 [ 200 | p200m0  p2Aem | p2d0u \/2

< + +
X1 — Xo Uy — U X1 — Xo Uy — U

Also

1
L72Q2-pay - pa)”’
Z | PO~ P2 Z (Aay + A2)* + vy = vp)?

P2) P2)

1
<2 ,
mZ:O (/1(1) + /1(2))2 + m?
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since |J(pWmM)) — F(pUm))| > (lmy — m,| — 1)/ L by our choice of the rectangles R,,.

Motivated by these observations we choose

(2.6.65)

(Gjom) (jum) (o) Gomy 112
e24Mx 4 p229Mxg 200y 240 ug
Wim = +

X1 — Xo Uy —ug

We assume from here on that we are only considering zeros p“*™ with A%™ > A, for
some fixed value of A,,,.

We now wish to estimate G, and so bound ., , [waywe) j2(0a1), P)l- We assume p(p) is in
arectangle R, and then consider the contributions G, . from zeros in rectangles R,,, where
lm; — my| = ¢ € Z (since we have picked a fixed zero in each rectangle, there are at most 2

zeros corresponding to each choice of ¢).

We first consider ¢ = 0. In this case pp) = p(1) (and there is only one zero). This contributes

at most
. 2
G0 < sup| (o, pay)We)|
P(1)
2-2, 2-2, 2-2, 2-2,
Xl Bay _ Xo Bay U1 Bay _ Uo Bay
= sup -
P1) X1 — Xo Uy —Up
2-2 2-2 2-2 2-2 -1
Xl By + Xo By U1 B + Uo By R
X + (2/1(1))
X1 — Xo Uy — Uup
e2x1/l(1) _ 62)(()/1(1) e2u1/l(1) _ e2u0/l(|)
= sup -
A2 Amin X1 — Xo Uy — U

) (2202 (2.6.66)

X +

X1 — Xo Uy — Up

We now deal with the case 1 < ¢ < 6. This means that ¢ — 1 < [J(p)) — T(pp)| < c+ 1,

and there are at most two zeros p(»). These zeros contribute at most

62x|/l(1) +e2xo/l(1) ezul/l(]) +62u0/l(1) -1/2
2 sup +
A1),A2) = Amin X1 = Xo Uy — U
c—1<t<c+1
2x1/l(2) 2){02(2) 2u1/l(2) 2M0/1(2) -1/2 _
e +e e +e 1 JURCINIS
X + ( (1)+ (2)) +
X1 — Xo Uy — U

exl(/l(l)+/1(2)+it) _ exo(/l(l)+/1(2)+it) eul(/l(l)+/l(2)+it) _ euo(/l(l)+/l(2)+it)
X

(2.6.67)

X1 — X0 Uy — Uy
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As in (2.6.63), it follows from Cauchy’s inequality that

(e(/l(l)+/l<2))xl + e(ﬂ(1)+/1(2>)xo e(ﬂ(l)+/l(2))ul + e(/l(l)+/1(2))uo )2

+
X1 — Xo uy — Uy
2x1 /1(2) 2x0/l(2) 2u1 /1(2) 2u0/1(2) 2x1 /l(l) 2x0/l(1) 2u1 /1(1) 2u0/l(1)
e +e e +e e +e e +e
+ + . (2.6.68)
X1 — Xo up — Uy X1 — Xo uy — Uy
Hence
ex|(2/1+it) _ ex0(2/l+it) eu|(2/l+it) _ euo(2/1+it)
Gy <2 sup -
A2 Ain X1 — Xo U —uo
c—1<t<c+1
2x14 2x04 2u1 A 2upa\~ !
e +e e +e -1
X + (422 +7) . (2.6.69)
X1 — Xo Uy — U
When ¢ > 7 we use the simple estimate:
5 oyl 2
Gre22 sup (A + ) +7) < — - (2.6.70)
A1):22)ZAmin 4/lmin +(-1)
c—1<t<c+1

For given constants x;, Xo, U1, Uy, W, v and A,,;, we use Mathematica ®’s' NMaximize func-

< ¢ < 6. We can estimate the

tion to calculate the bounds above for G, and G, for 1
bound given for G, when 7 < ¢ < 101 exactly, and then for ¢ > 102 we use an integral

comparison to see that

2 0 2
G, < — < ——dt
Z > Z 422 +m? ﬁo() 42 + ¢

c>102 m>101 min min
tan™! (A,in/50
< B (nin/ SO 2.6.71)
/lmin
We can then use this information to estimate G,.
2 tan™" (A,i,/50)
Gr<Goo+ ), Goct Y. Tt (2.6.72)

1<c<6 6<m<100 min

As is the case in [26], it is optimal to choose uyp = 2w+ 1/3+dand xo =w+v+1/3+06
with ¢ small. We will take 6 = 2/3000 for our purposes. We are then left to choose suitable

positive constants w, u; > uy, v > u; and x; > x,. We fix these now as

w=0.115, up=0.564, u; =0.620, (2.6.73)
v=0964, x,=1413, x; =1.623. (2.6.74)

'Mathematica is a registered trademark of Wolfram Research, Inc.
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We consider A,,;, = 0.35. For this value we calculate that
G, <0.650. (2.6.75)

Putting everything together we obtain

(jom) (jum) (jom) (jom)
( 63.246/1 62.826/1 61 2404 el 1281
Jjm

-1
<1l . .0.
0210 + 0.056 ) < 11.9288 (2.6.76)

AUm>0.35

2.6.3 Third zero density estimate

We now prove Lemma 2.12. The proof uses the ideas from [26, Section 12] to obtain a
stronger zero density estimate close to 1, but again we need to extend this to our larger

region with J(p) < 1. Specifically we wish to estimate
N*(A) := #{pm e R : 29 < (2.6.77)

in the range 0 < 4 < 2. We note that from the log-free zero density bound, that for
0 < 4 £ 2 we have that N*(1) is uniformly bounded in ¢ and A.

Throughout this section we assume that we have a fixed non-negative constant A;; such that
/7.11 < /7.1. We put,BU =1- /111/.5.

We adopt the notation of [26]. We put

N

K(s,x) := Z AR (@) g(L " logn) (2.6.78)
n=1

for some function g which satisfies:

Condition 1: g : [0, c0) — R is continuous, g is supported on [0, x;) for some xy > 0, g is
twice differentiable on (0, xy) and g” is bounded on (0, x).

Condition 2: g is non-negative and its Laplace transform G satisfies R(G(z)) > 0 for
R(z) = 0. We start with the following estimate

Lemma 2.17. Let g be a function satisfying Conditions 1 and 2 and let 6 > 0. Let q >
qo(0, g) and A, > Ay;.

If
G(A= A1) >g0)/6  and (G- A1) - g0)/6)* > G(=A1)g(0)/6  (2.6.79)

then we have

G(=111)G3 LS
(G(A = A1) - g(0)/6)> = G(=A11)g(0)/6
where G5 will be defined in equation (2.6.93).

N*(1) <
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Proof. The first inequality of [26, Section 12] shows that for g > gy(g, d;) we have
L7KBn+ iy ) < g(00gy0 /2 + 61 = G = i), (2.6.80)
Therefore, for any zero p"™ with G(AY"™ — A;;) > g(0)¢,» /2 we obtain
0 < GAY™ = A1) — g(0)pyn /2 < —L7' KBy + iy"™, x D) + 6. (2.6.81)

We note that G(AY¥™ — A;;) is a decreasing function in 1™ and recall that ¢, < 1/3 for all
characters y. Therefore, if
G- 411) > g(0)/6, (2.6.82)

then for any 4™ < A we have that

0<G(A=An) = g(0)/6 < G = A1) = g(0)pyn/2
< —L7'K@Bi + iy D) + 6. (2.6.83)

We sum over all j, m for which A%™ < A. Thus for ¢ > go(g,5;) we have

N (DG - A1) - 8(0)/6) < Z GAY™ = A1) - g(0)/6

/1(]{;;1’;;/1
<-L! Z KBy + iy""™ ) + Z 01
/1(/{;;1’;; 1 /1(1{-;:)”3 1
=-L! Z Amn™P1g(L " log n)‘R( Z X(j)(n)n_iy(j'm)) + 0,
=t /1(J¥.r’nr>n§/1
<L) AP omg(L ogm| Y x|+ 6,
<372} + 6, (2.6.84)
where
5y = Z 51, (2.6.85)
/1(;,/;;!’)’13/1
Y| N —B -1
=LY AP yo(mg(L logn), (2.6.86)
n=1
o . 2
s, = £ ZA(n)n—ﬁ“g(L—l log n) Z Y| (2.6.87)
n=1 J:m

A0m <)
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By [26, Lemma 5.3] for g > ¢o(g, ;) we have
21 = L' K(Bi1, xo0) < G(=A11) + 6. (2.6.88)
We expand the square in £, and see that

Y, = R(E,) = L7 Z K(Byy + i(yrm) — ylizma)y 3 (03)y (2.6.89)

Jisj2,mi,ny
/l(jl>’"1),/l(-/2*”’2)3/l

By [26, Lemma 5.3] the terms with j; = j, contribute a total

L_l Z K(,BU + i(,y(jlaml) _ ),(jl,mz)),XO)

Jrmi,my

< Z ('%(G(—Au +i(v(j"’"1>—v(j1’m2))))‘ +51). (2.6.90)

Jrsmi,my
By [26, Lemma 5.2], the terms with j; # j, contribute
L) K@u+iom —y B Wy < (5(0)/6+6).  (2.691)
Ji#ja,mi,my J1#j2,mi,my
Putting these together we get
Bos oy (RG] - g(0)/6)+ N(DPg0)/6 + 65

Jr.mi,my
AUm) AUrmp) <

(2.6.92)
We put
Gyi=sup Y ('9& (G- + iy — yfiemy)| g(O)/6) , (2.6.93)
Jumy S
SO
¥, < N*(1)*2(0)/6 + N*()G5 + 6;. (2.6.94)

Putting together (2.6.84), (2.6.88) and (2.6.94) we obtain

N (DG~ An) — g(0)/6)* < Zi%; + 6,
< (G(=A11) + SD(N*(D%g(0)/6 + N* (DG + 83) + 65 (2.6.95)

Since N*(A) is bounded uniformly for 0 < A4 < 2 by the log-free zero density estimate, all
the sums and terms are finite. Therefore, by a suitable choice of §; we have for given 6 > 0

and g > qo(g, o) that
2
N* () (G = i) = 8(0)/6)* = G(=A11)g(0)/6) < G(=411)G3 + (2.6.96)
Therefore the lemma holds. O
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We are now left to choose a suitable function g and evaluate this expression. As in the work
of Heath-Brown [26] and Xylouris [51] we choose

]:7(72 =)y = (t - x)M)dx

g() = = Af+ TP P L 1 € [0,2y), (2.6.97)

0, 1> 2y,
for some constant y > 0.

We see that g is the convolution of g,(x) = max(0,y*> — x?) with itself. Therefore, since

g>(—=1) = g,(r) we have
R(G(if)) = f " o) cos(ty)d
0
= f f 22(7)g2(t — 1) cos(ry)drdt
0 —oc0

= f ) f ) g2(a)g2(b) cos(ya + yb)dadb
—oo JO
2

= Z(IW g(a) Cos(ay)) > 0. (2.6.98)
0

Therefore, by [26, Lemma 4.1], g satisfies Condition 2 that R(z) > 0 = R(G(z)) > 0. We
also see that g is twice differentiable on (0, 2y) and its second derivative is continuous and

bounded, and so also fulfills Condition 1.

We see the Laplace transform G is

G(z) = f e “g(ndt
0

%Z—l _ 8773[3 +492(1 + e D7)z
= +4(=1 + 727 + 2yze %)z 7S, z# 0, (2.6.99)
%, z=0.
We bound G3 in the same manner as we did in proving Lemma 2.11. We recall
G5() = sup Z (|9%(G(—A11 + i) -y g(())/6) . (2.6.100)

mp,ji 2

As in the proof of Lemma 2.11, we consider the contribution G3 . of zeros from rectangles

Ry, with |my —my| = c € Z.

We first consider G3 . There is only one zero p'/1'm) = plm) if it exists. Thus
G30 < G(=411) — g(0)/6. (2.6.101)
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For G3,. with 1 < ¢ < 5 we see that there are at most 2 zeros both with ¢ — 1 < [pUm) —

vim)| < ¢ + 1. These contribute

G < 2max( sup |R(G(=Ay; +it)| — g(0)/6, O). (2.6.102)
c—1<t<c+1

We estimate these using Mathematica’s NMaximize function.

We use a simpler bound to estimate G with ¢ > 6. Letting z = x + iy we have

16y°
Y %(Zfl)

IR(G(2)) < 1S

3
+ 8%9&({3)

+4y? “R ((1 + e’zyz)z"‘)‘

+4 ‘9& ((—1 +e g 2yze‘271)z_6)'
16y°x 8P (xf +3Ixly?) 421 +e7)
< + +
15(x2 + y?) 3(x2 +y?)3 (x% +y?)?
+4(1 + e 4+ 29(x* + )2 (P + yP) . (2.6.103)

We let G4(x,y) denote the final quantity on the right hand side of (2.6.103). We see that

G4(x,y) is decreasing in y, and so

G, <2max| sup |R(G(-Ay +if)| - £(0)/6,0

c—1<]t|<c+1

< 2max (G4(—=2Ay1,¢c— 1) —g(0)/6,0). (2.6.104)

We estimate this directly. We note that if G4(—=4;;,¢; — 1) < g(0)/6 then G5, < 0 for all

c 2.

Using these estimates we can then bound G5 for any given value of our parameter y and a
given lower bound A4y, for 4.

We consider separately the cases 4; > 0.35, 4; > 0.40, 4; > 0.44, 4, > 0.52, 4; > 0.60,
A1 = 0.66 and A; > 6/7. In each case we choose the value of y € {1.00,1.01,...,1.60}
which gives the best bound whilst ensuring that conditions (2.6.79) still hold.

We give the results in the following table. We note that in comparison with [26, Table 13]
these are worse by a factor of approximately 4, but are counting the number of rectangles
containing a zero rather than just the number of characters.
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Table 2.1: Third Zero Density Estimate

A Bound for N*(1)
1120351 2,2040 | 24,2044 | 21,2052 | 4, >2060 | 4, >20.66 | 1, >6/7
0.74 30 29 28 27 26 26 -
0.75 31 30 29 28 27 26 -
0.76 32 31 30 29 28 27 -
0.77 33 32 31 30 29 28 -
0.78 34 33 32 31 29 29 -
0.79 35 34 33 32 30 29 -
0.80 36 35 34 32 31 30 -
0.81 37 36 35 33 32 31 -
0.82 38 37 36 34 33 32 -
0.83 40 38 37 35 34 33 -
0.84 41 39 38 37 35 34 -
0.85 42 41 40 38 36 35 -
0.86 44 42 41 39 37 36 -
0.87 45 44 42 40 38 37 34
0.88 47 45 44 41 39 38 35
0.89 49 47 45 43 41 39 36
0.90 51 49 47 44 42 40 37
0.91 53 50 49 46 43 42 38
0.92 55 52 51 47 45 43 39
0.93 57 54 52 49 46 44 40
0.94 59 57 55 51 48 46 41
0.95 62 59 57 53 49 47 43
0.96 65 61 59 55 51 49 44
0.97 68 64 61 57 53 51 45
0.98 71 67 64 59 55 52 47
0.99 74 70 67 61 57 54 48
1.00 78 73 70 64 59 56 50
1.01 82 77 73 67 62 58 51
1.02 86 80 76 70 64 61 53
1.03 91 84 80 73 67 63 55
1.04 96 89 84 76 70 66 57
1.05 101 94 88 80 73 68 59
1.06 108 99 93 83 76 71 61
1.07 114 105 98 88 79 74 63
1.08 122 111 104 92 83 78 65
1.09 131 118 110 97 87 81 68
1.10 141 127 117 103 91 85 71
1.11 152 136 125 109 96 89 73
1.12 164 146 134 115 101 94 76
1.13 179 157 143 122 107 98 80
1.14 197 171 155 130 113 104 83
1.15 218 186 167 139 120 110 87

Continued on next page...
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A Bound for N*(A) - continued from previous page
12035 | 4,204 | 11,2044 | 412052 | 4, 2060 | 4 20.66 | 1 =6/7

1.16 243 205 182 150 128 116 91
1.17 274 226 199 161 136 123 95
1.18 313 253 220 175 146 131 100
1.19 365 286 244 190 156 140 105
1.20 435 328 274 208 169 149 110
1.21 536 383 312 229 183 160 116
1.22 695 458 361 255 199 173 123
1.23 981 568 426 286 218 187 130
1.24 1642 742 518 326 241 203 138
1.25 4835 1063 658 377 268 222 146
1.26 00 1844 895 446 301 245 156
1.27 6602 1382 543 343 272 167
1.28 00 2967 690 397 305 179
1.29 o) 940 470 347 193
1.30 1457 573 400 208
1.31 3156 729 471 226
1.32 00 995 569 247
1.33 1549 716 272
1.34 3398 958 302
1.35 o0 1433 338
1.36 2782 382
1.37 35205 438
1.38 00 513
1.39 614
1.40 763
1.41 998
1.42 1430
1.43 2480
1.44 8791
1.45 o0

2.7 Proof of Proposition 2.6

We wish to estimate

DD D exp(-May).

X#X0 meZ PERmﬁZ()()

We do this by Lemmas 2.10, 2.11 and 2.12.

We split the argument into 2 sections, when there is a zero close to one (in which case it

must be a real zero from a real character) and when there are no zeros close to one (and so
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p1 or y; might be complex).

The work in this section follows along the same lines as that of [26, Sections 14 and 15].

2.7.1 A zero close to 1

We consider the case when n < 4; < 0.35. By [51, Table 11] we see that such a zero
cannot exist if y or p; is complex, and hence p; must be a real zero corresponding to a real

character. Moreover, p; is simple. Since y, is real we have that ¢,, = 1/4.

We first consider the contribution from characters Y # y;. We note that

exp(-MA) A 2 1\ oo
Bi(d) _(sinh(K/l/Z)) (1 +412)e : (2.7.1)

The first two terms in the product are decreasing in 4, and so for M > K this is a decreasing
function of A. Therefore for all p € R,, N Z(¥"), if M > K, we have

exp(—MAv™)
exp(-M4a,) < WBl(/lp). (2.7.2)
Thus by Lemma 2.10 we have
exp(—MAU™) exp(—MAY™)Cy (A
Z | exp(—M/lp) < W Z | Bl(/lp) < B, (10m) .
PERNZ (D) PERNZ (D)
(2.7.3)
We note that 26.0)
exp(—2x;
—_— d Ci(1
B>(1) an 1(4D)
are decreasing functions in A. Thus for M > 2x; + K we have that
—-MA)C (4
eXp(-MC1 (D) 074

B (1)B;(4)

is a decreasing function in A. Since for Y # y; we have A¥™ > A,, this gives us

exp(-MA,;)Ci(4,) G
-M2a,) < Bo(A9™). 275
2 2, ewtMA) <oy 2 B 2Ty
Jm peR,NZ (D) S

VD% xo xP#x1x0

We now consider the contribution from the character y,;. We give the zero p; close to 1
special treatment, and so treat the rectangle R, which contains p; differently (o, € R, since

p1 is real).
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We first consider the contribution from rectangles R,, with m # 0. Using the same ideas as

above we have

Z Z exp(—M1) < exp(— M/l’)cl(/l, Z B (ﬂ(lWl))
PR = TR (OB ()
m#0 peR,,NZ(x1) m#0

xP=x1

We now consider the rectangle R,. We have

exp(—MA’
§ exp(—M/lp)SeXp(—M/ll)+—p( : ) E Bi(4,)
R Bl(/ll)
PERONZ(x1) pGROQJZC\/)
PFP1

<exp(-MA,) + exp(-M1) Z Bi(4,)

Bi) iz
exp(—=MA))Ci (1))
B (1)

<exp(-MA,) +

We note that B,(1) and C;(A) are both decreasing in A. Therefore

Z exp(-M1,) < exp(-MA;) +

(exp(—Mag)cl(O)
PERONZ(x1)

B>(1y).
By(1))By(1)) ) 2(4)

Combining this with (2.7.6) and using the fact the C; is decreasing we obtain

exp(—MA})C1(0)
exp(—M4a,) < . 5 B (/l(f’”))
JZ’" PG'R»I;Z(XD g B, (/ll)B (/l Z

xP=x1 X(”—Xl
+ exp(—MA,).

Now combining (2.7.9) and (2.7.5) we get

D, D, SP(-MAy) < exp(- Mﬂ1)+c4(ﬂl,ﬂz)ZBz<ﬂ<fm>>

X7£X0 pERNZ(x)
< exp(=MA;) + Cy(A], ﬂz)Cz,

where

Cull ) = max (exp(—Mmcluz) exp(—MA;)cl(m)
) =

Bi(12)Bx(2) ~ Bi(A)Bx(1))
By [26, Lemmas 8.4 and 8.8] for any ¢ > 0 and for all g > ¢g((6) we have

12
A, > (ﬁ — 5) log(A;").
Also by [26, Tables 4 and 7] for 4; < 0.35 we have that
A7 =219, A > 1.42.
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Thus, since C4(A/, A;) is decreasing in A} and A,, we have for any constant B with 0 < B <
M — K — 2x; the upper bound

12
Cy(A),4y) < exp(— (ﬁ —~ 5)Blogu;1))

—-1.42(M - B 1.42 -2.19(M - B
 max | SSRCLA2M = BIC(142) exp(-2.190M = BYCIO)
B(1.42)B,(1.42) B1(2.19)B,(2.19)
We choose
B=1,0=0.01,K =0.66 (2.7.15)
and as before
w=0.115, uy=0.564, u; =0.620, (2.7.16)
v=0964, xo=1413, x; =1.623. 2.7.17)

Given M we can now explicitly calculate the above quantities. For M = 7.5 we obtain

DD exp(=754,) < exp(=7.54)) + 238 x A}, (2.7.18)

X#x0 peRNZ(x)

We see that the right hand side is a function which is 1 when 4; = 0, and is decreasing at 0.
Moreover, it is convex (has positive second derivative) on (0, co) and so can have at most
one turning point, which would be a minimum should it exist. Therefore the right hand side
is always < 1 for A; € [,0.35] if itis < 1 at 0.35.

Calculating this at 0.35 with M = 7.5 gives 0.8628.., and so this is < 1 for 4; € [, 0.35]
provided M > 7.5.

2.7.2 No zeroes close to 1

We now consider the case when 4; > 0.35.

As above, for characters y) # X1,X1, We have

exp(—MAm) Z

- Bi(4

exp(—-M1,) < )
PERNZ (D) m PERWNZ (D)

.y exp(=MAU")C, (A7)

- 2.7.1
By (A7) @719
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We now consider the contributions for the character y; (and y if y; complex). We separate
out the contribution of p; (and p, if it exists). To do this we put

2, 1

mn) = A1 EOTDER (2.7.20)
1, otherwise
2, 1 and 1

ny(r1) = X1 rea 'an 01 complex (2.7.21)
1, otherwise
2, 1 and 1 d R

() = X1 rea .an p1 complex and p; € Ry (2.7.22)
1, otherwise.

‘We then have
exp(—MA;) = m(x)exp(-MA,) + D > exp(-M4,). (2.7.23)
peERNZ(x1) m  peR,NZ(x1)

P#P1,01

We separate out the contribution from the rectangle R,,, which contains p;. If y; = 'V is
real and p; is complex then we also separate the rectangle R,,, which contains p, if this is
different to R,,,. We note that all zeros in either of these rectangles have either 4, = A, or
A, > A}. The zeros in any other rectangle R,, have 4, > A4 We then use Lemma 2.10
again. This gives

exp(=MA,) = no(x1) exp(—MA,) + Z exp(-MA,)
,DE'RQZ(X]) PE(le URmz )OZ(/\/I)
PEP1,P

+ Z Z exp(-MA,)

m#my,my peR,NZ(x1)

—MALm -MA
Z exp( ) Z Bl(/lp)_'_exp( ) Z B\(1)

m#my,my By(Atm) PERWNZ(x1) B, (/1/1 ) PERmy IRy JNZ (1)
: M) exp(—M/l'l)B )
. 3 i e 4
n(x1) | exp 1 Bi(1) 14
—MAL™YC, (A0 exp(—MA)C (4
B Z exp( ]) (A7) 130y p( 1/) 1)
m#my,my Bl(/l( ,m)) Bl(/ll)
y[expmayy - ZEEMW
s B [l 0 4
ny(x1) [ exp 1 B;(1) A
exp(—-MA;)  exp(-MX))
(n2(x1)B1(1) — n3(x1)Ci( 1))( Bi(1) Bi(1))

—M/l(l’m) C /l(l,m)
N Z exp( )Ci( ).

2.7.24
By (A1) 2729

If y; 1s complex we follow the same argument and obtain the same result for y,.
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Putting together (2.7.19) and (2.7.24) we obtain

—MAGNC, (G
S exp-Mi)< Y Sl L) | 4, (2.7.25)

B.(10m
X#X0 peRNZ () m.j 1(4%m)

where

(2.7.26)

- -MX
A= nl(Xl)(”Z(/\/l)Bl(/ll) - na(Xl)Cl(/ll))(eXp( M) _ e 1))

Bi(4,) By (1))

We now use Lemmas 2.11 and 2.12 to estimate the sum on the right hand side of (2.7.25).
We fix a constant A (to be declared later) and consider separately the terms with A0 > A
and 19 < A. We use Lemma 2.11 to estimate the first set of terms, and Lemma 2.12 to

estimate the second set.

We first consider the terms with A0 > A.

Z exp(—MA"™)Cy(AV™) Z (exp(—M/l(j’m))Cl (AL

. . _ By(AY™). 2.7.27
By (1Um) BB,y ) AT 72D

J.m
AU A

Jam

Again we note that

exp(—K1) exp(—2x;4)

B By

are all decreasing functions of A. Therefore, provided M > K + 2x;, we have

Z exp(—MAU™)C, (AU S(eXp(—IVIA)Cl(A)) Z By(1U)

— By (A4m) B1(A)By(A)
/1(1',]7;1) SA AUm S A
B exp(—MA)Cl(A)) Gm) (exp(—MA)C](A)) Gim)
= B AV - B,(AY
ST 2B (T ) 2 B
A0m < A
exp(—-MA)C(A)C, _(exp(—MA)Cl(A)) Bo (1™ 2798
=T BB BBD) | 2 BT 212
AUm<p
Hence
5 exp(=MAU™)C\(17) _ exp(~MA)CI(A)Cs
- B(AUm)  Bi(MBy(A)
exp(—MAG)C (A9 exp(~=MACI(A)\ . - im
+ ;( BT B B )Bz(/lf . (2729)
AUm < A
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We therefore are left to evaluate

_MAGYC, (AU _MACy (A |
> expMAT)CHATT)  expCMACN iy, (2.7.30)
e B (AUm) By (AUm) Bi(A)By(A)
AGM <A

To ease notation we put

—MA)Ci(A -MA)C (A
PO - (exp( JCI(A) _ exp(=MA)C:( ))Bzw. 2731
B (A)B>(4) B1(A)By(A)
We note that D(A) is a decreasing function of A (and is non-negative for 4 < A).
We separate the terms for 4; and put A* = min(A’, 4,). This gives
2, DY) = mGedmG)DA) + Y DA™, (2.7.32)
/1<f’J’;’r>nsA /l*g/lj(ﬂn’f”sA

We put A, = A —(0.01)r and define s such that A;,; < A* < A;. We then split the sum into
a sum over the different ranges A,,; < %™ < A,. This gives

Z DA™ Si Z DA™Y & Z DA™
r=0

Jom Jjim jim
A< AUm < A Ari SA(_/YM)SAr AF S/l(j’m)S/\s

s—1
< (N"(Ay) = mins(x1))D(A7) + Z(N*(Ar) = N'(Ars1))D(A ).
r=0

(2.7.33)
Note that we have used the fact that D(A) is decreasing in A.
Rearranging the sum using Abel’s identity, we have
Z DA™Y < =ni(xDns(x 1) D) + N* (A (DA — D(A,))
/l*s)l/(’;?:’)sA
s—1
+ Z N (A )(D(Ar41) — D(A)), (2.7.34)
r=0

since D(A) = 0.

Since D(A,+1) > D(A,) and D(1*) > D(A;) we may replace N*(1) with an upper bound,
say N;(A). This gives

s—1
D, DY) < =m)m()DA) + Ny(AIDA) + ) (NG(A) = Nj(Are)DD(A ).
Jam r=0

A <AUmM <A

(2.7.35)
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Hence

Z DQAY™) < m () (x)(D() = D)) + Ny(A)D(A)
A(j{;;’;;[\
s—1
£ 3 (N3(A) = Ny(Ara))D(A ). (2.7.36)

r=0
Putting (2.7.25), (2.7.29) and (2.7.36) together we obtain

exp(-MA)C{(NC; o
exp(-M4,) < + NADDQY) + A
);Wey;%m s Bi(A)Bx(A)

s—1

£ (N (A) = Ny(Ars DDA 1), (2.7.37)
r=0

where

exp(-MA,)  exp(-MJ1) *
Bi(l) B )+"1W1)”30(1><D<41>—Du>)

exp(=-Ma,) eXP(—M/lll))
B (1) B (1)

Al = mi(y)n2(x1)Bi(41) (

- n](/\(l)n3(,\/1)cl(/11)( (2.7.38)

We now wish to bound this when we consider 4;, 4| and A, constrained in size. Specifically,
we consider A; € [A1,A12], A > Ay and 4| > A];.

By definition Nj(Ay) > n;(x1)n3(x1), and so the coefficient of D(1%) is non-negative. Since
D is a decreasing function, the right hand side of (2.7.37) is decreasing as a function of A,.
The term B;(A;) occurs ny(y1)/n3(y1) times in the sum

B, (/lp).
PERONZ(x1)

Since the sum is < C;(4;), and all terms in the sum are positive we have that

m(x1)B1(1) < n3(x1)C1(x1)- (2.7.39)

Therefore, by expanding out A” we see that the right hand side of (2.7.37) is also decreasing
as a function of A].

Therefore we may replace A} and A, with their lower bounds A, and A, respectively.

Considering this bound as a function of A; we find that the right hand side is
exp(-MAa;,) exp(—-MA)Ci(A
S AN Pl sl S STCOYROD
Bi(1}) Bi(A)By(A)
exp(-MA) exp(—Mﬂql)) e
Bi(4y) Bi(4})) ’

nl(z\/l)nB(Xl)(

+ nl()(l)nz()(l)Bl(/h)( (2.7.40)
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where C is independent of 1;. We see this is

exp(-=MA},)) exp(—-MA)Ci(N)
< m(x)ns(xr) (T/l,ll)cl(/lu) T T BIMB(A) Bz(/hz))
exp(—MA,;) exp(=MAa}))
+231(/111)( Bi(L) - Bl(/l'“) ) +C (2.7.41)
Therefore we obtain
exp(—MA)C(A)C, . . ”
exp(—MA,) < + Ny(A)D(AH) + A
);:‘0 pd;;m ? Bi(A)By(AN) 0 :
s—1
+ Z(NS(Ar) = No(Ars))D(A11), (2.7.42)
r=0
where
A = 2B,(A;,) exp(—May) 3 exp(-Maj,)
S W NG ) Bi(1})
exp(—=M2a;,)) exp(—MA)Ci(A) .
+ 7y (T/l,ll)cl(/lu) - Bi(MBy(A) By(112) — D(1Y) ], (2.7.43)

and ny4 is chosen to be 1 or 2 so as to give the largest value for AY'.

We now proceed to estimate (2.7.42) for various ranges of 4; which cover the region 4; >
0.35. We consider
M =1.38. (2.7.44)

For each range of A; we use the lower bounds for A} and A, as given by [51, Table 2, 3, 7]
and [26, Table 4 and 7]. We use the upper bounds for N as calculated in Table 2.1.

We give these bounds on A} and A, our choices of A and the calculation of the right hand
side of (2.7.42) in Table 2.7.2.

We see that for each range of 1; we obtain an upper bound for (2.7.42) which is < 0.99.
Since the expression is decreasing in M, this holds for all M > 7.8. We have therefore

established Proposition 2.6 by taking € = 107,
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Table 2.2: Calculation of the RHS of (2.7.42) for different ranges of 4.

/l]] /112 /121 /1’11 A Total RHS of (2742)
0351040 | 1.29 | 2.10 | 1.29 0.8579...
0.40 | 0.44 | 1.18 | 2.03 | 1.27 0.9821...
044 | 046 | 1.08 | 1.66 | 1.28 0.9213...
046 | 048 | 1.08 | 1.53 | 1.28 0.9120...
0.48 | 0.50 | 1.08 | 147 | 1.28 0.9041...
0.50 | 0.52 | 1.00 | 1.40 | 1.28 0.9304...
0.52 054 | 1.00 | 1.34 | 1.31 0.8049...
0.54 | 0.56 | 092 | 1.28 | 1.31 0.8427...
0.56 | 0.58 | 092 | 1.23 | 1.31 0.8385...
0.58 | 0.60 | 092 | 1.18 | 1.31 0.8349...
0.60 | 0.62 | 0.85 | 1.13 | 1.34 0.7782...
0.62 064 | 085 | 1.09 | 1.34 0.7756...
0.64 | 0.66 | 0.79 | 1.04 | 1.34 0.8363...
0.66 | 0.68 | 0.79 | 1.00 | 1.36 0.7652...
0.68 | 0.70 | 0.79 | 0.96 | 1.36 0.7636...
0.70 | 0.72 | 0.745 | 093 | 1.36 0.8241...
0.72 1 0.74 | 0.745 | 091 | 1.36 0.8229...
0.74 | 0.76 | 0.745 | 0.89 | 1.36 0.8219...
0.76 | 0.78 | 0.76 | 0.86 | 1.36 0.7988...
0.78 | 0.80 | 0.78 | 0.84 | 1.36 0.7708..
0.80 | 0.82 | 0.80 | 0.83 | 1.36 0.7463...
0.82 | 0.86 | 0.82 | 0.827 | 1.36 0.7243...
086 | o | 0.86 | 0.86 | 1.44 0.5110...
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Chapter 3

Almost-prime k-tuples

3.1 Introduction

We consider a set of distinct integer linear functions
Ll-(x):a,-x+b,-, lE{l,,k} (311)

We say such a set of functions is admissible if their product has no fixed prime divisor.
That is, for every prime p there is an integer n,, such that none of L;(n,) are a multiple of p.

We are interested in the following conjecture, which we recall from Chapter 1.

Conjecture (Prime k-tuples Conjecture). Given an admissible set of distinct integer linear
functions Li(x) (i € {1,...,k}), there are infinitely many integers n for which all the L;(n)

are prime.

With the current technology it appears impossible to prove any case of the prime k-tuples

conjecture for k > 2.

Although we cannot prove that the functions are simultaneously prime infinitely often, we
are able to show that they are almost prime infinitely often, in the sense that their product
has only a few prime factors. This was most notably achieved by Chen [5] who showed that
there are infinitely many primes p for which p + 2 has at most 2 prime factors. His method
naturally generalises to show that for a pair of admissible functions the product L,(n)L,(n)

has at most 3 prime factors infinitely often.

Similarly sieve methods can prove analogous results for any k. We can show that the prod-
uct of k£ admissible functions I1(n) = L(n)...Li(n) has at most r; prime factors infinitely

often, for some explicitly given value of r;. The prime k-tuples conjecture is equivalent to
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showing we can have r;, = k for all k. The current best values of r, grow asymptotically
like klog k and explicitly for small k we can take r, = 3 (Chen, [5]), r; = 8 (Porter, [43]),
ry = 12, rs = 16, r¢ = 20 (Diamond and Halberstam [10]), »; = 24, rg = 28, r9 = 33,
rio = 38 (Ho and Tsang, [28]).

The problem of determining the bounds r; has attracted much interest over the past 50 years
due to the fact it gives a typical numerical indication of the strength of a sieve of dimension
k.

3.2 Main result

Our main result is the following theorem.

Theorem 3.1. Given an admissible set of k distinct linear functions, for infinitely many

n € N the product I1(n) has at most r; prime factors, where r; is given in Table 3.1 below.

Table 3.1: Bounds for Q(I1(n))
k{3 4 5 6 7 8 9 10
re| 8 11 15 18 22 26 30 34

Theorem 3.1 improves the previous best known bounds for k > 4, which were obtained by
Diamond and Halberstam [10] for 4 < k < 6 and by Ho and Tsang [28] for 7 < k£ < 10.
We fall just short of proving r; < 7 for k = 3, and so fail to improve upon a result of Porter

[43]. This comparison is shown in Table 3.2. We prove these results using a sieve which

Table 3.2: Bounds for Q(I1(n))
k 3 4 5 6 7 8 9 10
Previous bestbound | 8 12 16 20 24 28 33 38
New bound 8 11 15 18 22 26 30 34

is a combination of a weighted sieve similar to Selberg’s A>A~ sieve (see [45]), and the
Graham-Goldston-Pintz-Yildirim sieve (see [17]) used to count numbers with a specific
number of prime factors. We comment that the assumption that the functions are distinct
is not strictly necessary. Essentially the same argument can give the bounds which are at

least as strong when the functions are not distinct.

54



In Chapter 4, we will also improve the bound when k = 3, using an argument based on the

Diamond-Halberstam-Richert sieve rather than Selberg’s sieve.

We note that for k large our method only improves lower order terms, and so we do not
improve the asymptotic bound r, ~ klog k. Indeed, we will consider the case of large k in
Chapter 5.

3.3 Key ideas

We wish to show that for any sufficiently large N we have

2
> Ad] >0 (33.1)

d|Il(n)

> (e - Qi)

N<n<2N

for some real numbers A; and some constant integer ¢ > 0. From this it is clear that there
must be some n € [N, 2N] such that Q(I1(n)) < c. Since this is true for all sufficiently large
N, it follows that there are infinitely many integers n such that Q(I1(n)) < c.

The work of Heath-Brown [27] and Ho and Tsang [28] considered a similar sum, but used
the divisor function d(Il(n)) instead of the number-of-prime-factors function Q. Using
the divisor function has the advantage that there are stronger level-of-distribution results
available, but we find that this is outweighed by the fact that the Q function is relatively

much smaller than the divisor function on numbers with many prime factors.

The Q function has Bombieri-Vinogradov style equidistribution results (as shown by Mo-
tohashi [39]), and so we would expect we should be able to estimate the above sum directly,
in a method similar to Heath-Brown [27] or Selberg [45] when they considered the divisor
function instead. We encounter some technical difficulties when attempting to translate this

argument, however.

Instead we express 2(n) as a weighted sum over small prime factors (as in the weighted
sieve method of Diamond and Halberstam [10]) and a remaining positive contribution

which we split up depending on the number of prime factors of each of the L;(n).

Diamond and Halberstam used a weighted sieve. The method relied on the fact that for n

square-free we have the inequality

1 1
Q(n)sZ(l— logp)+ ogn. (3.3.2)
m ogy/) logy
p<y
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We note that this inequality is strict if n has a prime factor which is larger than y. This
results in a loss in the argument which has a noticeable effect when we apply this to k-
tuples when k is small. Assuming that y > n!/? and n is square-free, we can write instead

an equality

logp) logn ~
Q) = 1- + + A(n), 3.3.3
(n) ;( logy) oey ;X(n) (33.3)
p<y

where

X (n) = - n=piopwithp << p <y <pr
' 0, otherwise,

= {_(logn -1 _Z;:_ll 1l(z)gg[;i)’ n=pi...pr WithPl <SP <Y< pr

Togy
0, otherwise.

(3.34)

For fixed r we can evaluate Selberg-type weighted sums over y,(L;(n)) using the method
of Graham et al in [17] as an extension of the original ‘GPY method’. We note that the
contribution from y,(n) is always negative, so we can obtain a lower bound by simply
omitting terms when r > h for some constant 4. The contribution of the y, terms decreases
quickly with r, and so we in practice only need to calculate the contribution when r is
small (we only consider the contributions of y, when r < 4 in this work). This is the key
difference in our approach to previous methods, and allows us to obtain the improvements

given by Theorem 3.1.

3.4 Initial considerations

We adopt similar notation to that of Graham et al in [17].

Let £ ={L,, L,,...,L;} be an admissible k-tuple of linear functions. We define

k
M) = [ [ L) = (@in +by) ... (@n + by), (3.4.1)
i=1
vp(L)=#1<n<p:1l(n) =0 (mod p)}. (3.4.2)
We note that admissibility is equivalent to the condition

vp(L)<p for all primes p. (3.4.3)

We also see that v,(L) < k for all primes p, and so the above condition holds automatically

for p > k.
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For technical reasons we adopt a normalisation of our linear functions, as done originally by
Heath-Brown in [27]. Since we are only interested in showing any admissible k-tuple has
at most ry prime factors infinitely often (for some explicit ry), by considering the functions
L;(An+ B) for suitably chosen constants A and B, we may assume without loss of generality

that our functions satisfy the following hypothesis.

Hypothesis 3.2. £ ={L,,..., L} is an admissible k-tuple of linear functions. The functions
Li(n) = an + b; (1 < i < k) are distinct with a; > 0. Each of the coefficients a; is composed
of the same primes, none of which divides the b;. If i # j, then any prime factor of a;b;—a;b;
divides each of the a,.

For a set of linear functions satisfying Hypothesis 3.2 we define

A= ﬁa,». (3.4.4)

i=1
‘We note that in this case

0, PlA,

vp(L) = {k DA (3.4.5)

We also define the singular series S(L) of L when L satisfies Hypothesis 3.2.

sw=|] (1 - i)_k |'] (1 - %)(1 = %)_k. (3.4.6)

plA PprA

We note that S(L) is positive.

As is common with the Selberg sieve, for some parameter R, we impose the condition
Az =0 if d > R, or d not square-free or (d,A) # 1. (3.4.7

We wish to choose the A; to maximize the sum (3.3.1), but this will be difficult to do
optimally. We proceed by reparameterising the form in A, into new variables y, and y;

which will almost diagonalise it. We define

/ /ldr
yr = u(r) fi(r) —, (3.4.8)
1 Zdl )

/ldr
frdry

¥ =) D (3.4.9)
d

where here and from now on, the ’ by the summation indicates that the sum is over all

values of the indices which are square-free and coprime to A. For square-free d coprime to
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A, the functions f, f, f* and f" are defined by

_ p
f@=]1% (3.4.10)
pld
-k
A = (F @ = [ [ 5= (34.11)
pld
oo _TT1P ]
fd) = 1_[ —1 (3.4.12)
pld
—k
fid = = [ 7= (3.4.13)
pld
We note that by Mobius inversion we have
A= pdfd) Y fly(’rd > (3.4.14)

Thus the 4, (and hence also the y7) are defined uniquely by a choice of the y,. The condi-
tions (3.4.7) will be satisfied if the same conditions apply to the y,.

For some polynomial P (to be determined later), we choose

log R>

(3.4.15)

_[rrme@p(KERr, ifr <Ryand (r,A) = 1,
= 0, otherwise.

The exact polynomial P we choose is given later in Table 3.3. We now turn our attention

to the proof of the theorem.

3.5 Proof of Theorem 3.1

We consider the sum

S =S(;N,R;,Ry, L) = Z w(n)A2(n), (3.5.1)
N<n<2N
where
log p
w(n) = v — Z (1 — ) (3.5.2)
pITI(n) log Ry
2
A%(n) :( Z /ld) . (3.5.3)
e

We note that if I1(n) is square-free then

log [1(n)

wn) =v—QII(n)) + logR, "

(3.5.4)
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We see that for n € [N, 2N] and some fixed & € Z., we have

wn) =v-— Z Z ( )
J=1 pIL;(n) 10gR1
i Zk“ Z (1 _ logp )
P T log Ry
PSRy or Q(L;(n))<h

k h
2 ( llfgg 2 ) 3 D L) (3:5.5)

Jj=1 plLj(n) j=1 r=1

M»

PR,
where
log N 1 log pi : _ .
log R, - Zr 1 TogR,’ ifn= P1-.-.Pr with
Xr(n) = né < p1 << pr < nlogRl/logN <p, (356)
0, otherwise.
Thus

> (v—ﬂ(H( )+ 1"gH(’”)AZU—S s’

N<n<2N Og R
TI(n) square-free

> 1Sy -8’ =Ty + Zk:i T., (35.7)

j=1 r=1
where
So = Z AX(n), (3.5.8)
N<n<2N
S’ = Z w(n)A2(n), (3.5.9)
N<n<2N

I1(n) not square-free

B _ logp
Ty = Z 2(1 - Rl) 2(n), (3.5.10)

N<n<2N p|Il(n)
P<Ry

T Z XA(L(m)A*(n). (3.5.11)

N<n<2N

We can evaluate Sy, S’, Ty and 7; using weighted forms of the Selberg sieve. We state
the results here and prove them in the following sections. To ease notation we now fix as

constants
log R, _logR,

logN’ 2= logN "~
We view ry, r,, k, A and our polynomial P as fixed, and so any constants implied by the use

r =

(3.5.12)

of O or < notation may depend on these quantities without explicit reference.
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Proposition 3.3. Let L satisfy Hypothesis 3.2. Let Wy : [0, r1/r2] :(— Ry be a piecewise
smooth non-negative function. Let A4,y be defined in terms of a polynomial P as given
in (3.4.14) and (3.4.15). Assume that r| > r,. Then there exists a constant C such that if
Rle < N(log N)=€ then we have

2

log p S(L)N(log R,)*
) 2 | = TR

Wy (
N<n<2N | pllin)
PRy d<R;

+ Oy, (N(log N)*"(loglog N)?),
where

Jo = Jo1 + Joo + Jo3,

1 1-y
Joi = k f Woy(y) f )(P(l —x) = P(1 = x — y))* X 'dxdy,
0 0

LW, 1
Jop = kf o» P(1 - x)zxk_ldxdy,
0 y -y

ri/r W, 1
Jos =k f Wo®) f P(1 — x)*x*'dxdy.
1 y 0

Proposition 3.4. Let L satisfy Hypothesis 3.2. Given € > 0 and r € Z, let

r—1
A, = {x ef0, 17 ' ie<x; << xr,l,in <min(l —ry, 1 — x,l)}.

i=1

Let W, : [0, 11”1 — Ry be a piecewise smooth function supported on A, such that

0 0
—W.(x) < W,(x) uniformly in {x € A, : — W,.(x) exists }
0xy an

Let

log pi log pri _ .
r(logn""’ Tog ), n=ppy...p, Withp; <--- < p,,

) =

Frln) {0, otherwise,

Let A4,y, be defined in terms of a polynomial P as given in (3.4.14) and (3.4.15). Then
there is a constant C such that if R < N'*(log N)™C, we have

2
_ S(LN(log Ry)! ) .
N;sZNIBr(Lj(n)) d%;l) daf = (k—2)!(log N) Jr + Oy, (N(log log N)"(log N) ),

d<R,
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where

-1 —1
Wo(xy, .. -’xr—l)ll(rz Xlsensly Xr-1)
Jr: Xm...er_l,
(X1 50ees Xr—1)EA,

(M= x) (1- 22 x)

1 2
I = fo (JCZ (—1)“'P+[1 —I—Zx,-]] 24y,

cfl,....,r—1} i€
;" P(yat, x20
0

, otherwise.

Pt(x) = {

Proposition 3.5. Let L satisfy Hypothesis 3.2. Let A4, v, be defined in terms of a polynomial
P as given in (3.4.14) and (3.4.15). Then there exists a constant C such that if R% <
N'Y2(log N)=€ then

2

Z Z As| < N@og N)*'loglog N.

N<n<2N d|I(n)
I1(n) not square-free \ d<R,

We also quote a result [17, Theorem 7] which is based on the original result of Goldston et
al in [20].

Proposition 3.6. Let L satisfy Hypothesis 3.2. Let A,, v, be defined in terms of a polynomial
P as given in (3.4.14) and (3.4.15). Then there is a constant C such that if R2 < N(log N)~C,

we have

2
S | = SENCRRY 6 (N1og M)

—1)!
N<n<2N | diTin) (k= D!
d<R,

where

1
J= f P(1 —0)*d.
0

Using Propositions 3.3, 3.4, 3.6 and 3.5 we can now bound our sum § in terms of the

integers k and 4 and the polynomial P. For some € > 0 we choose

1 1
n=ste  n=i-e (3.5.13)

so that the conditions of all the propositions are satisfied.

Proposition 3.6 gives the size of S immediately.
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Using Proposition 3.5 we have

S'= > wmA(m)

N<n<2N
TI(n) not square-free

logI1
< > (v + ‘ig (”)) AX(n)
N<n<2N og R
TI(n) not square-free
k+e€
<

Z (v + )Az(n)
N<n<2N i

TI(n) not square-free

< N(log N)*'loglog N.

To estimate T and the 7' ; we choose

Wo(x) = 1 - 2x,
r

1 1 yJ-1
__l_ﬁqui’ €<x; <---<Xjq
-1
Wj(xl,...,xj_l): and ZL] x;<l-n
0, otherwise,

which satisfy the conditions of Propositions 3.3 and 3.4 respectively.

By Proposition 3.3 we have

2

ne 3 |l 5

N<n<2N | plll(n) d|lI(n)
P<R; d<R»

_ G(LN(log Ry
B (k= 1)!

Jo+ O (N(log N)*'loglog N),
where

Jo = Jo1 + Joo + Jo3,

1 _ 1-y
Joi = k f n-ry f (P(1 = x) = P(1 — x — y)*x*"'dxdy,
0 0

ry
1 1
Jop = kf n-ny f P(1 — x)* X" 'dxdy,
0 ry 1-y
niir ry—nry ! 2 k-1
Jos :kf f P(1 — x)*x*'dxdy.
1 ry 0
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By Proposition 3.4 we have

Tj= >, xdLm)A*n)

N<n<2N

D BALmMA M)

N<n<2N
_ G(LHN(log Ry)M!
~ (k-2)!(logN)

I, + 0, (N(loglog Ny ' (log N}, (3.5.22)

where

log p1 log pr-1 _ :
,(logn, > TJogn ), n=p\py...p,withp; <--- < p,,

W,
(n) = 3.5.23
Frm) {0, otherwise, ( )

- Wo(xt, .o DL (R x5y x)
re r—1 1 r—1
()C] yyyyy xr—l)eﬂr HiZl xi - ZiZl -xi

dxy...dx,_;. (3.5.24)

Therefore we see that

Kk h k h
vSo=S"+To+ » 3T, = NS(L)log Ry) [VJ — Jo + rak(k = 1) [Z J)] (3.5.25)

(k—=1)!

o N(log N)*
loglogN |

Jj=1 r=1 r=1

Therefore we put
Jo = rok(k = D, J)
V= +€

7 (3.5.26)
We then see that for any N sufficiently large we have
k_ h
vSy=S8'=To+ » > T,;>0. (3.5.27)
j=1 r=1
Thus we have i
Jo —rk(k—1 7))k
QM(n)) < { 0 = 2k - i Ik 2e| (3.5.28)
r

infinitely often.

With these fixed, given k, & and a polynomial P we obtain a bound on Q(II(n)). To make
calculations feasible we choose 4 = 3 (except we take & = 4 when k = 10). Numerical
experiments indicate that the bounds of Theorem 3.1 cannot be improved by increasing h

except possibly when k = 5.

We can now explicitly write down the integrals J;, J, and Js, splitting the integral up

depending on whether P* (defined in Proposition 3.4) is positive or not. We put
P(x) = f P(t)dt. (3.5.29)
0
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Then we have that

r

(1_"1)fl~ 2 k-2
Ji = P(1 — x)*x"“dx + O(e).
0

Similarly
Jo = Jo1 + Jap + J23 + O(e),

where

1 1-y

1 —r - v )

Iy = f A k4 (P(l—x)—P(l—x— ») ¥ 2dxdy,
o Ny —ry)

1

1 — 5 —

I = f ——hTny P(l x)2 2 dxdy,
o ry(l —ry)

(1=-rp)/r2 1 — _ 1 B
Ty = f M P(1 — x)* ¥ 2dxdy.
1 riy(l = ry)

Finally
J3s = J31 + I+ I3 + J3a + S35 + J3g + J37 + J3g + O(e),

where

(1-r1)/2r2 (1=r1)/r2=y 1—7p — + L
J3 = f f n—ni+3) P(1 — x)*xX*2dxdzdy,
1 riyz(1 = r(y +2)) Jo

1 (1-r1)/ra—y 1
Tz = f f T lononbrd P(1 - x)2x*2dxdzdy,
0o Jy riyz(l = rn(y+2) Ji-y

o fl f(l—m)/rz—y l—r — I’z(y+Z)
U0 ryz(l = ra(y + 2))
s 5 2 k-2
X f (P = x) = P(1 - x - y)) ¥ dxdzdy,
7 ff l=r—nh+2)
e - riyz(1 =y +2)
X f (P(l -x)-P(1-x- y))2 X2dxdzdy,
, _f‘f‘l—h—h@+@
P dy nyad = nG+2)
x f (PO =2 = P(1 = x = y) = P(1 = x - 2)) X dxdzdy,
J fl/zf l-r—nly+2
o ~ rya(l =y +2))
x f (PO =) = P(1 = x—y) = B(1 — x - 2)) X dxdzdy,

J jwifjl—ﬁ—m@+©
T ryz(1 = ry(y + 2))
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1-z B B B 2
X f (P(1=x) = P(1 - x=y) = P(1 - x = 2)) ¥ dxdedy, (3.5.42)
1

—y—z

g f”Z fl—y 1 -7 =y +2) 1‘”(13(1 P —x—y)
0 y o vzl =n(h+2) Jo

2

~Pl-x-2+P(1l-x-y- z)) X 2dxdzdy. (3.5.43)
We now have explicit representations of J, Jy, J;, J, and J;. We can calculate these by
numerical integration given k and a polynomial P.

Table 3.3 gives close to optimal polynomials for 3 < k < 10 and the corresponding bounds
obtained if we take e sufficiently small. These give the results claimed in Theorem 3.1

except for k = 10.

Table 3.3: Bounds for Q(I1(n))

k | Bound on Q(I1(n)) Polynomial P(x)

3 8.220... 1+ 14x

4 11.653... 1+22x

5 15.306. .. 1 +33x

6 18.936... 1 + 10x + 40x?

7 22.834... 1 + 10x + 60x?

8 26.860... 1 + 10x + 80x?

9 30.942... 1 + 30x + 300x°

10 35.158... 1 +35x — 10x? + 400x°

For k = 10 we find an improvement if we also include the contribution when one of the
L;(n) has 4 prime factors (we omit the explicit integrals here). In this case we choose the
polynomial

P(x) = 1 + 10x + 150x>. (3.5.44)

This gives us the bound 34.77... and so 10-tuples infinitely often have at most 34 prime

factors, verifying Theorem 3.1.
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3.6 The quantities 75 and T

Before proving the propositions, we first establish some results about the quantities

’ /ld/le
Ts = _—, (3.6.1)
' g;bﬂuaaéya
4 /ld/le
T; = _— (3.6.2)
’ ;; f*(d, e, 81/6)
Here we use [ay,...,a,] to denote the least common multiple of ay,...,a,, and we recall

the definition of }}" from (3.4.8) as being restricted to square-free values coprime to A.

Most of these results already exist in some form in the literature. These results will underlie
the proof of the propositions. We note that in [17] Graham, Goldston, Pintz and Yildirim
used slightly different notation (our quantity 7’5 is labelled 7).

We first put 7; and 7' into an almost-diagonalised form.

Lemma 3.7. We have

2
 pu=(a)
Ts = H(S)Vas |
T4 ﬁ@A%
(a,0)=1
2(a) ’
* ’ /’l a *
Ty = . 7163379 I
), T | 2
(a,0)=1

where )
. M(@a O Yima

YT 5@ 4 plm)’

Proof. The result for T; is shown, for example, in [45, Page 85]. The result for T is proven
in [17, Lemma 6]. |

We now again quote a Lemma from [17], which expresses the y;, in terms of the polynomial

P which we used to define the variables y,.

Lemma 3.8. Let
(@SSP (SR, if0 < a<Ryand (a,A) =1
¢ 0, otherwise '

Then we have for (a,A) = 1 and a < R, that

$(A)

ﬂzwwjrewm%&ﬁﬁ%&m

log R,

) + O(loglogR»),
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where

P(x) = f P(t)dt.
0
If (a,A) # 1 or a > R, then we have
y, =0.

Proof. This is proven in [17, Lemma 7]. O

We will repeatedly use the following results.

Lemma 3.9. For u > 1 we have

' 1 (a) _ (log u)k
fila)  S(L)k!

@) A (ogu!
fi@) — ¢(A) S(L)k - 1)!

+ O((log 2u)* ™),

a<u

+ O((log 2u)*?).

a<u
Proof. This is follows, for example, from [17, Lemma 3]. |

Lemma 3.10. Let , Ay, A,, L > 0. Suppose that y is a multiplicative function such that

1
Oswsl_A]’ —LSZM—KlogESAz,
w

4

wp<z

forany2 <w <z Let F : [0,1] — R be a piecewise differentiable function, and let g be
the multiplicative function defined by

¥(p)
g =1 |——
l,;l k=v(p)

Then

1
D DRAF f F(1 = x)x"'dx + Op, a, o, LM(F)(log '),
0

d<z

(log z/d) _ ¢y(log2)"
logz | T

where
yp\ [, 1)
o =[10-70) (1-5)-
M(F) = sup ([F(x)| + |F'(x)]).

0<1<x

Proof. This is [17, Lemma 4]. O
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In order to estimate the terms 7 we wish to remove the condition (a,6) = 1 in the sum-
mation over a, and remove the constraint caused by y, and y; only being supported on

square-free a. We let

logRy/a .
P _ S(LP( e ). if0 < a< R, (3:63)
0, otherwise,
#(A) = (logRs/a .
P 2D S(L)(log Ry)P ( L), if0 < a< R (3.64)
0, otherwise,

so that these are equal to y, and y; + O(loglog R,) respectively when a is square-free and

coprime to A.

Lemma 3.11. Let (5,A) = 1. Then we have

2

)
Ts = s /;153 %:,u(s)Pas + 0(d(6)2(10gR2)k_] log long) ,

2

. » 12 (a) )
T; = ‘ fl*(a) %:N(S)Pas + 0 (d(5)2(10g Rz)k log log Rz) ‘

Proof. We only prove the result for T here, the result for T; follows from a completely
analogous argument. We see that since P, < log R, we have
T Z p*(a)
0 1* (a)
(a

2
Z u(s)P + O(d(6) log log Rz)]

a slo

’
0)=1

2
2 2
i’ /’t (a) % 2 /’t (a)
= " (P, | +0|d(6) (logRy)(loglogR,) ” . (3.6.5)
., T %‘M ] [ g Ry)(log gz;&fl(a)
(@d)=1
By Lemma 3.9 the error term above is O(d(6)*(log R»)* log log R,).
We see that to prove the result it is sufficient to prove
, 2
> “*(“) D u)P;, | < (logRy)d(6) (loglogRy). (3.6.6)
o 1fl @\ 55
a,0)#

Since all terms in the sum are non-negative, we have

2 2
2 fﬁg (Z” (S)PZS] IPN 228 [Z N(S)PZS] : (3.6.7)

a a
(a,0)#1 sl P 51
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We consider the inner sum. By the Cauchy-Schwarz inequality we have

2 2
' 13 (@) . ' (@) -
> > P = > u(s)(Py — P

Dl slo/p
<d@y Y'E (“) P, (3.6.8)
s1o/p paa f]( ) sp

We split the summation over a depending on whether the P and P, terms vanish (since
P, =0forb > Ry).

' 1*(a) 2( ) .
Z‘ l;l*(Z) [Z ()P, ) <d@) ), )] ﬂ](zg Pips =P a’sp2)2

N
pla 6/p «a <R2/sp

, 207
vd@y Y E (@p )(PZ,I,S)Z. (3.6.9)

% al
sl6/p Ry/sp*<a’<Ry/sp fl( p)

We substitute in the value of P*.
2
1 pia)
- : ($)P,
12 @ ;q”
pla

204 ’ 7 o2 \\2
rou(a'p) [« loga'ps) loga’sp
log R,)? E E Pl1l-—|-P|1 - ——
< ( og 2) £ it fl*(a/p) ( ( log R, ) ( 10gR2
N a’'<Ry/sp

, 20 ’ 2
tlogRy Y Y £ (“”)P(l—log“ps) . (3.6.10)

“(a’ logR
sI6/p  Ry/sp*<d’<Ra/sp fl( p) g1

In the first sum above both the arguments of the polynomials differ by log p/log R,. Since
they are fixed polynomials on a bounded range, the derivative of the polynomial is < 1
and so the difference is < log p/log R,. In the second sum we just use the trivial bound
P(x) < 1.

This gives

2
a) Y dogpy? @
P ! - <- 7
d(é)z| fi@ )(Z ? ] “TFo 2 2w
pla

sl6/p  a<Ry/sp?

. (ogRy)” R»)’ 1 (a)
= 361D
f(p) sl;;, & /WZaLRZ )@

Using Lemma 3.9 we see that the first sum is < d(6)(log p)*(log R,)*'/f7(p) and the

second sum is < d(6)(log p)(log R,)*/ J{(p) because of the range of summation over a.
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Thus

2
() . ,logp X ,logp '
§a @ ( ;5 u(s)Pas] < d(6) —ﬁ(p)(long) < d(0) — (log R»)~. (3.6.12)

pla

Summing over all p|é gives the bound

d(6Y(log Ry logp (3.6.13)

plo

Splitting the sum into a sum over p < log R, and a sum over p > log R, we get the bound
d(6)*(log R») (log log R>). (3.6.14)

This gives (3.6.6), and hence the Lemma. m]

Essentially the same argument as above also yields a useful bound on the size of T'5 and T7;.

Lemma 3.12. Let (6,A) = 1. Then we have
Ts < mlién (log p) d(6)*(log R,)*™",
)4

T; < m|i5n (log p) d(6)*(log R,)* + d(5)*(log R,)* log log R,.
P

Proof. For p|o we have (using the fact all terms are non-negative)

2
. ' 13 (a) .
§ :%Z—l fi@ [% “(S)P‘”J +O(d(eylog Ry} loglog Ry)

2
/ /’t (a) * * 2 2 k
<d@©) ) @ SWZ/;(PQ_v ~ P;,,) +d(©)*(logR,)" loglog R,

r 12(a) | « logas ~ logasp ’
< d(6)(log R,)? Z Z fr(a) (P(l B log Rz) B P(l - log R, ))

a

sl6/p  a<Ra/sp

2 _ 1 2
+ d(6)(log R,)* Z u*(a) P (1 ~ 10g ;S)
sl6/p Ra/sp<a<Ry/s fl (a) Og 2
F o7 Qo) loglog (3.6.15)

Noting the difference of the polynomials in the first sum is < log p/ log R,, and the poly-

nomial in the second sum is < 1, we have

. ;2 a ’ z(a)
T; <d@)logpP y > “*E ; +d@)(logRy) Y’ ? o
s|6/p a<Ry/sp V1 a sl6/p Ra/sp<a<Ra/s /1 a

+ d(6)*(log R,)* log log R>. (3.6.16)
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Appealing to Lemma 3.9 as in the previous lemma we obtain
T; < d(6)*(log p)(log R,)* + d(6)*(log R,)" log log R». (3.6.17)

The result for T follows by a completely analogous argument. In this case the first line
holds without the O(d(5)*(log R»)* log log R,) term, and so the final expression also holds

without this term. O

With these results we are able to get an integral expression for 75 and T when ¢ has a

bounded number of prime factors.

Lemma 3.13. Let py,...,p,—1 1 A for some primes p1, ..., p,—1. Then we have
S I log p) log p,-1
(k—1)!""\logR,”""" logR,
+ 0,((log R)" "' log log Ry),
T* — ( )k+1 ¢(A)6(-£)I lOg P1 log Pr-1
Prprot A(k—=2)! "\logR,” " logR,
+ 0,((log Ry)" loglog R,).

TPI —Dr-1 = (log RZ)k

Here

1
Io(xl,...,xr_1)=f Z P* l—t—ij (-DV #ar,
0 \yci,r-1

jeJ
1 2
Il(xl,---,xr—l):f Z pP* I—I—ij =DV #2ar,
0 ety e
P(x), >0,
P+(x) = (X) X )
0, otherwise,

B = { 1 P@ar, x>0,

, otherwise.

Proof. Letd = p;...p,—1. By Lemmas 3.7 and 3.11 we have that

2

;112

i= 2. ’;EZ; [Z”(S)PZSJ + 0, ((log R,) loglog R,) . (3.6.18)
a J1 sl

Substituting in the value P} (and noting that (6, A) = 1) we obtain

) long/as)
(a;Ifl* [Z () ( log R, ]

O, ((log R,) loglogRy). (3.6.19)

AZ
;= 4
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We also have

2
2
Tpr.pry = S(LY Z M[ Z u(s)P* (k’lgRﬂ)] + 0, ((log R, ™). (3.6.20)

(aA)=1 fia) slp1proi 0g R,

We can now estimate the main term using Lemma 3.10. First we put

pk=1)

_ ) ptA,

)= {O otherwise,
Y(p)
= 3.6.21
D= D p=v(p) ( )
F(l) = Fxl,...,x,,l(t) = Z (_1)|J|1’5+ (l — Z XjJ .
Jcil, -1} jel

We note that by our normalisation, one has y(p) < p for all p, so g(d) is always positive
and well-defined.

If we put x; = log p;/log R, foreach i € {1,...,r — 1} then we see that

2
> (a)[ > u(s)i»(M)) WL (d)F(lOg;e;/Zd). (3.6.22)

i i@\ ,= log R, <R,

Since F is a continuous piecewise differentiable function we can apply Lemma 3.10 which

gives

log R>/d A(log Ry)"! f | k-2
d)g(d)F Pl 4
dZR:Z/J (d)g(d) ( log R, ) H(A)S(L)k —2)! Jo (1 -n~dt

+ 0 ((log Ry loglog Ry). (3.6.23)

Similarly we follow the same procedure instead with

k, A
¥Y(p) = { PA

0, otherwise,
G(1) = Z (—1)|J|P+(I—ij]. (3.6.24)
Jc(l,..r—1} jel
This yields
2
2
(@) logR,/as
2 l}(a)[ 2 “(S)P+( oz R )]
@m=t TY o g1
(log Ry)* f 2 e -
=——="__ | G(-0*"dt+0((logR,)*"loglogR,).
DU =D, CU- 0 (logRy)'loglogR,). O
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We also require a bound on the size of the sieve coeflicients A,.
Lemma 3.14. We have that
Aqg < (log Ry)k.

Proof. This is proven in [17, Proof of Theorem 7]. ]

We finish this section with a partial summation lemma, which will be useful later on.

Lemma 3.15. Let 0 < a < b be fixed constants. Let V : [a,b] — Ry be a continuous

piecewise smooth function. If V satisfies V(x) < x uniformly for x € [a, b] then we have

1 (1 b M(V)loglogR
Z 1y (logp :f VW) 4+ o[MMloglog Ry
p \logR o U log R

RI<p<RP

where
M) = sup (1+[V'@)).

tela,b]

Proof. The result follows straightforwardly by partial summation and the prime number

theorem.

If a = 0 then we replace a with log2/logR. This leaves the left hand side of the result

unchanged, and introduces an error

log2/log R Vv 1
f W 4 < (3.6.25)
§ u logR

to the right hand side, which can be absorbed into the error term.

By the prime number theorem

1
() = % (1 + 0(@)). (3.6.26)

Therefore, by partial summation we have
1 (1 1 R log t 1
> —V(—ng):O( )+f _ V( o8 )(1+0(—))dt
roto e P log R log R rae t?logt \logR logt
Rb
—f SV 1] PRy (L | P
ra t?(logf)(logR) \logR log ¢
b b
1 ! 1
:f V(u)du+0fMdu rol—
« U « ulogR log R

b
:f V(u)du+0(M(V)log10gR). a
o U log R
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3.7 Proof of Propositions 3.3-3.5

3.7.1 Proof of Proposition 3.3

We consider the weighted sum of Proposition 3.3 in a similar way to previous work on

Selberg’s A2A~ sieve, which in its basic form considers the weight Wy(x) = —1. We have

3 | 2% ol || 32 B W) 2 At 3

N<n<2N | plli(n) dili(n) P<Ri d.e<R> N<n<2N
P<R; d<R, [p.d.e]lll(n)
’ logp ) ’ ﬂdﬁe
=N)>Y W — % 4 O (E))
,;; ’ (long dz;e f(d,e,pn = "
’ log p ) T,
=N Wy + Ow,(E)), (3.7.1)
,;; (log R fip) =
where N
= rq = 1——. (3.7.2)
l;RI d,e<R; N;ﬂ{l{zif)]\/ f(d)

By Lemma 3.14 we have 1; < (log N)*, and we note that r; < k““. Therefore, we have

Ey < (logN)* )" 42 (Id,e, pDk*1r)

PSRy
d,e<R;
< (ogN)* " 12 (r)(Th)™"
r<RZR,
2 7k w(r)
< (log N)*R2R, Z p(TR™
r
r<RIR,
Tk
< (log NY*R2R, l_[ (1 + —)
2 p
pSRle
< (log N)*R3R,. (3.7.3)
Thus for R3R; < N(log N)™** we have E; < N.
By Lemma 3.13 we have
_ SL log p k-1
T, = (log R,)" e 1)'10 o5t O ((log Ny~ loglog N). (3.7.4)
where 1
Ip(x) = f (PT(1 =)= PF(1 —t - x))* #dr. (3.7.5)
0
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Recalling that f(p) = p/k for p ¥ A, we see that the error terms from 7', contribute
< (1 k—1 l k—1 2
w, (log N)*"" loglog N Z < (log N)* "(loglog N)“. (3.7.6)
PR
Therefore we are left to estimate the sum

1 (1 1
> =w, 08P )1 [ 282 (3.7.7)
)4 log R, log R,

PSR

We note thatif 1 < 1 — x then P*(1 —¢) = P*(1 — ¢t — x) < x, and so
Iy(x) < x. (3.7.8)
If 1 —x <t <1 then since the interval has length x we also have
Ip(x) < x. (3.7.9)
By the piecewise smoothness of /y(x) and Wj(x) we have uniformly for x € [0, r/r,]
IH(x) < 1, Wi(x) <w, 1. (3.7.10)

Therefore by Lemma 3.15, we have

1 1 1 nin loglog N
w22 g (252 < 000 1 i+ Oy, (2EEN) 3711
P log R, log R, 0 u log N

PSR
By (3.7.8) we see that the contribution to the above sum for primes which divide A is

1
logN’

< (3.7.12)

This gives the result.

3.7.2 Proof of Proposition 3.4

We will follow a similar argument to that of Graham et al [17] where the result was obtained
with r = 2 and W,(xy, x,) = 1. Thorne [47] extended this in the natural way to consider
r > 2, again without the weighting W,. In order to introduce the weighting by W,, it is
necessary to establish a Bombieri-Vinogradov style result for numbers with r prime factors
weighted by W,.
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Lemma 3.16. Let

1 log pr_ .
— Wr(;)oggljll""’ Olignl)’ n =p1pz...erlthp1 << Py
B (n) = _
0, otherwise,

for some piecewise smooth function W, : [0,1]""' — R.

Let
Ag(x; ) = max max (n)— — B.(n)|. (3.7.13)
e (a,;):l y<nZ§12y ¢( )y;Qy
n=a (mod q) (n,g)=1

For every fixed integer h > 0, and for every C > 0 there exists a constant C' = C’(C, h)
such that if Q < x'*(log x)™¢" then we have

Z PR D Ag . (x; @) <cw, x(log x)7C. (3.7.14)
q<Q

Proof. This result follows from the Bombieri-Vinogradov theorem for numbers with ex-

actly r prime factors, as proven by Motohashi [39], and the continuity of W,.

We assume that W, is smooth. The result can be extended to piecewise smooth functions

by taking smooth approximations.

We fix a constant C > 0, an integer 4, and a function W,.

We let
L, n=pip;...p, withn” < p; < n’% Vi
Xon(n) = and p; < py <+ < p,. (3.7.15)
0, otherwise.

By Motohashi’s result [39, Theorem 2], we have that uniformly for any choice of constants
S;and n; (i = 1,...,r) there is a constant C’ = C’(C, h) such that if Q < x'/?(log x)™¢" then

we have

D @R max | D ) - ¢() D Xoalw)| <cs xlog 1) ED,

g0 y<x y<n<2y y<n<2y
(a,9)=1 [n=a (mod q) (n,g)=1
(3.7.16)
We choose ¢; € {(logx)"¢7" 2(log x)™¢7", ..., [(log x)*™](log x)"¢~"} separately for each
i €{l,...,r}, subject to the constraint 6; < 9;;; (1 < i < r — 1). For each choice of the ¢;
we take 17; = 6; — (log x)™ " for 1 <i < r. We put
W.(0) = W.(61,02,...,0,_1). (3.7.17)
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We notice that by the smoothness of W, we have that
Br(m) = > xsn(m) (W,(6) + O((log 1))
5

= > Xan(mW,(8) + O ((log x) ). (3.7.18)
0

Here Y ; indicates a sum over all the O((log x)"“*?) possible choices of the &;.

Therefore, we have that

D, B )—WZ/&,() ZW<5> > m()—m D Ko

y<n<2ly y<n<2y y<n<2y y<n<2y
n=a (mod q) (n,q)=1 n=a (mod q) (n,g)=1
—c-h Y
O((logy) ¢ h@). (3.7.19)

Thus, for Q < x(log x)™¢" we have

DR A (x; )
qsQ

< ZW(&)ZIU (r)h‘”(q) maX Z Xoq(n) — ¢( ) Z Xs.n(1)

q<0 y<x y<n<2y y<n<2y
(a,9)=1 [n=a (mod q) (n,g)=1
X
+ 0| (log x)~ (C+h)Zﬂ (@h? #q )]
q<Q

h
< Z W,(8)x(log x)"C**D 4 x(log x)~ €N ]—[ (1 + 1)

p=Q p=

< x(log x)™C. |

With this, we can adapt the argument of Thorne [47] slightly to rewrite the main term in

terms of the quantities 7.

Lemma 3.17. We have

2
AN Ty (logpy  logp.
ﬁr(ij))[ ad] = —a(
N;QN d%;l) #(A)(log N) pz,; qg \logR, log R,

NE<p1<py<--<pr
g<min(N/R>,N/pr-1)

+ Oy, (N(log NY*'(log log NY ™).
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where

q= Pis
i=1
*T 4 fild,e01/8)
(d,A)=(e,A)=1
_ We(raxy, ..., r2%1)
a(xy,...,x_1) = — :
L—r 200 xi

Proof. Thorne [47] considers essentially the same sum but without the weighting by W,. In
his argument up until equation (4.14) on Page 23, this difference only affects the argument
when he appeals to the Bombieri-Vinogradov theorem for E;, numbers (where & < r).
Lemma 3.16 gives the equivalent Bombieri-Vinogradov style result when weighting by W,,
and so exactly the same argument follows through. The only additional assumption of

Thorne is that he restricts the consideration to numbers n = p; ... p, satisfying

exp(ylogN) < p; <--- < p, and R, < p,. (3.7.20)

This is satisfied if for a fixed € > 0 we require W, to be supported on

r—1

A, = {x e[0,11 ' ie<x; < < xg, in <min(l —r, 1 - xr_l)}. (3.7.21)

i=1

This gives us in our case (the equivalent of Thorne’s equation (4.14), but with the explicit

error term he calculates)

2
B ’ « di_1([d, e,(I]/Q)
Z Br(L./(n))(Z ﬁd] - Z Aade Z ¢(ajld, e, q1/q9)

N<n<2N d|T1(n) doe e
X (logpl 10gPr—1)
ajN/q<m=2a;N/q "\logmg’ """ logmg
m prime
+ OW). (3.7.22)

*
Here and from now on we use the symbol Z to indicate that we are summing over primes

Pis---5Pr-1 with

log p1 log pr1
eees €A, 3.7.23
( log N log N ( )
and to ease notation we have put
r—1
q= Di. (3.7.24)



Again we assume for simplicity that W, is smooth. By taking smooth approximations one
can establish the result for piecewise-smooth W,.

Estimating the inner sum gives

log py log pr—l)

r R
ajN/qg<m<2a;N/q (lOg mq log mq

m prime
=(w, logpl,“',logpr_l +0 ! n 2a;N -n 4N
log N log N log N q q

_w logpl’.“,logp,_l a;N log N 1+0 1 '
log N logN JlogN \logN —loggq log N
(3.7.25)
We note that (by Hypothesis 3.2) if d|II(n) then (d,A) = 1. Therefore (a;,[d,e,ql/q) = 1,

so ¢(a;ld, e, ql/q) = ¢(a;)¢([d, e, q]/q). Together these give

2
D, ﬁr(L,(n))(Z Ad)

N<n<2N d|TI(n)
(logm IOgPr—l)logN
logN?>"""” logN —1
1+ O((log N
(aj)IOgN Z g(log N —log ) ( ((log N)™))
+ O(N)
__aN Z T_;‘a log p; logpr1)(; 4 of !
fl’(aj)10:%’1\711,1’”%_l g \logR,” " logR, log N
+ O(N), (3.7.26)
where W
(X1, X)) = (rle,.. rzx"‘). (3.7.27)
-n Zl 1 Xi

We note that a; and A are composed of the same prime factors, so a;/¢(a;) = A/P(A).

Therefore the main term is that of the Lemma.
By Lemma 3.12 we have
T, <, (log N)*log p; + (log N)*loglog N. (3.7.28)
We also have
(X, .. X)) <y, L. (3.7.29)

Thus the O(1/log N) term contributes
log p; +loglog N

<w..» Nlog N)*'(loglog N)"2.  (3.7.30)
P1---DPr-1

<y, N(log N2 Z*

PlssPr-1

This gives the result. m|

79



Lemma 3.18. We have

Z* Ty (logp log p,-1
—a yenes
q \logR, log R,

Pls--sPr-1
— k+1¢(A)6(-£) f fIl(ul,---,ur—l)a(ul,---,Mr—l)
= (lOg Rz) —A(k _ 2)‘ . ity dl/tl . dur_l
+ 0 ((loglog NY (log NY¥), (3.7.31)

where the integration is subject to the constraints
r—1
eE<u; << U-_q, and Z u; < min(rz_] - l,rz_] — Up_1). (3.7.32)
i=1

Proof. By Lemma 3.13, forg = p1p; ... p,—1 we have

P(A)S(L) 7 log pi log pr-1
Atk=2)! "\logR,”" """ logR,

T, = (log Ry)H! ) + O0,((log N)*loglog N).  (3.7.33)

Thus summing the error term over p, ... p,_; gives a contribution

+ 1 Ingl logpr—l k
- log N)" loglog N
5 peliothe et

Plse-sPr-1

r—1
1
<y, (logN)floglog N[ Y —
W > >

PN

<y, (log NY(loglog N)". (3.7.34)

We are therefore left to evaluate the main term

« ] 1 1 r— 1 1 =
2. —a("gpl o l)zl(ogpl Ty (3.735)

g \logR,” " logR, logR,” "’ logR, |

PlsesPr-1

We will now apply Lemma 3.15 to p,_y, ..., p; in turn to estimate the sum (3.7.35).

For uy,...,u; € [0,r;'] we put

1
Vj(”l,---,uj):f"'f—a/(ul,---,ur—l)ll(ul9---,ur—l)duj+l---dur—l’ (3736)

r—1
i=j+1 Ui

where the integration is subject to u; < uj,; < -+ < u,_; and 37" u; < min(r;' = 1,1, -

ur—l)-
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As in the proof of Lemma 3.12, since P is continuous and its derivative is uniformly
bounded on [0, 1], we have that

X 2
Liuy, ... u) = Pr{1-t- =D A 2a
1(uy U-_1) j;[ Z [ ! Zu]( ) )f t

JCil,...,r—1} i€J

2
<<f [P*(l—t—Zui)—F(l—t—uj—Zu,-]] *2dr
0yl 1}\ j j

ieJ ieJ
(3.7.37)

rj-

Thus, since a(uy, ...,u,-1) < 1, we have uniformly for u,...,u; € [0, r;l]

Vi(ui,... uj)<<uf fﬂ dujey ...du,_;

1]+1 U;
< uj(l + [log 1/ujl")

<u;. (3.7.38)

Moreover, essentially the same argument shows that uniformly for uy,...,u; € [0,r 1 we

have p
—Li(ui,...,u—1) <, uj. (3.7.39)
Buj
Thus since 3
—auy,..., u—) <, 1 (3.7.40)
('htj
we have that
—V(ul,.. JUj) <K u]f f duji . ..du,_
Hl j+1 u;
(3.7.41)

Thus the condition of Lemma 3.15 applies for the function V;. Applying Lemma 3.15 in
turn to V,_,V,5,..., V] gives the result. We note that the error terms contribute a total
which is < (log N)*(loglog N)!. m]

81



3.7.3 Proof of Proposition 3.5

By Lemma 3.14, we have 1; < (log N)*. Therefore we have

2
DL Z’%m[ 3 Zmdaerw,e,ﬂq

PSANII2 NSn<2N [iill_[(n) P<AN'2  d.e<R; P<AN!2 d.e<R;
p-I(n) <R;

TP
<<NZ?+O

p<N

(log N)* Z ,uz(r)(7k)‘”(’)]. (3.7.42)

r<RZAN'/?

We first bound the error term

2 Tk w(r)
LT < BN LRI
r<RZAN'/? r<ARIN'/2 ’
Tk
< R3N'? l—[ (1 + —)
p<AR3N'/2 p
< RSN (log N)'™. (3.7.43)
Thus for R, < N'4(log N)=>* the error term is O(N).
By Lemma 3.12, we have that
T, < (log NY"'log p + (log N)*"' log log N. (3.7.44)

Thus
2

Z | < N(log N)<!

p<AN!/2 N<n<2N | d|TI(n) p<N
pI(n) \d<R,

1 + loglog N
Zogl’ Zgog + O(N)

< N(log N)*'loglog N. (3.7.45)
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Chapter 4

Almost-prime 3-tuples

4.1 Introduction

In this chapter we focus on the k = 3 case of the prime k-tuples conjecture. We consider a

set of distinct admissible integer linear functions
Li(x) =a;x + b;, i€f{l,2,3}, 4.1.1)

and recall that the condition that {L,, L,, L3} is admissible means that for every prime p
there is an integer n,, such that L(n,)L,(n,)L3(n,) is coprime to p. We are interested in the

following conjecture.

Conjecture (Prime k-tuples Conjecture, k = 3). Let {L;, L,, L3} be admissible. Then there

are infinitely many integers n for which each of Ly(n), L,(n), and L;(n) are prime.

Although we cannot hope to prove that the functions are simultaneously prime infinitely
often with the current technology, we can use sieve methods are able to show that L, L,,

and L; are simultaneously almost prime infinitely often.

Chen’s result [5] that any pair of admissible functions have at most 3 prime factors in-
finitely often is the best bound we can hope to prove with the current methods (since an
improvement from 3 to 2 in the bound would imply the prime k-tuples conjecture for k = 2).
When we only consider a triple of functions, however, we do not necessarily have the best
bounds that the current techniques can produce. We would not expect to be able to prove
that Q(L;(n)L,(n)L3(n)) < 4 infinitely often (since this would imply that two of the linear
functions are simultaneously prime infinitely often), but a priori there is no reason why we

should think it impossible to prove a bound of 5 instead of 4.
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The previous best result on triples of functions was a result of Porter [43] from 1972 that
showed for any admissible triple {L;, L,, L3} there are infinitely many integers n such that
the product L;(n)L,(n)L;(n) has at most 8 prime factors. In this chapter we improve this

result, improving the bound on the number of prime factors from 8 to 7.

4.2 Main result

Theorem 4.1. Let L = {L,, L,, L3} be an admissible 3-tuple of distinct integer linear func-
tions. Then there are infinitely many n for which the product L,(n)L,(n)Ls(n) has at most 7

prime factors.

Results such as Theorem 4.1 which show that k-tuples take few prime factors infinitely
often tend to use weighted sieves. When k = 2 the best results fix one of the functions
to attain a prime value, and use a (k — 1)-dimensional sieve to show that the remaining
functions have few prime factors infinitely often. When k& > 4 better bounds are obtained
by instead using a k-dimensional sieve on all the factors. When k& = 3 both approaches
can show that a 3-tuple has at most 8 prime factors infinitely often. In this chapter we
mix these two approaches, using k-dimensional sieves to estimate some terms and (k — 1)-
dimensional sieves to estimate other terms. This is the key innovation which allows us to

reduce the bound r; from 8§ to 7.

A similar mixed approach can be used to gain an improvement over the approach of Dia-
mond and Halberstam when k > 4, but in this case we find it is superior to use a different

argument based on the Selberg sieve, given in Chapter 3.

Theorem 4.1 follows almost immediately from the following proposition, which may be
viewed as a sharpening of Diamond and Halberstam’s Theorem 11.1 in [10], tailored to our

specific application.

Proposition 4.2. Let L = {L,,..., L} be an admissible k-tuple of distinct integer linear
functions. Let u, v be fixed real numbers satisfying 1 <v/(v—1) <u <vandv > . Let ry

be a natural number satisfying

ry > max(N(u,v; k), uk — 1)
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where

R SN A Gl ) B A
N(u,v; k) = uk 1+fk(v)(11 L " fk_1(2)),

I, = fl/umin(Fk(v—vs),eyFk_l (%)w(v—vs))
1

v

1—us

ds,

-1
ds.

Lo fl—l/v max (fk(v —vs), e fiy (E)W(V 3 VS)) us
1

u

Then there are infinitely many n for which the product Ly(n) ... Li(n) has at most r; prime

factors.

Here Fy and f; are the upper and lower sieve functions from the k-dimensional Diamond-
Halberstam-Richert sieve', and By, is the sifting limit of fi. The function w(u) is the Buch-
stab function defined by the delay differential equation given by (4.4.39).

In [10, Theorem 11.1] one has a similar result but instead of N(u, v; k) one has the expres-

sion y
u
1 —us
Fi(v—vs)

fiv) i /v s

We can see that certainly whenever f;_1(v/2) > 0 Proposition 4.2 gives a superior bound.

uk—-—1+

ds. 4.2.1)

The optimal choice of # and v when using [10, Theorem 11.1] with k = 3 is approximately

u = 1.5, v = 12, and since with these values f;(v/2) > 0 we expect a small improvement.

Using numerical integration we can establish Theorem 4.1 from Proposition 4.2. Given an

admissible 3-tuple of integer linear functions, we apply Proposition 4.2 with # = 2 and
v=12.

To compute the bound N(2, 12;3) we used the Mathematica ®? technical computing soft-
ware. We used the package written by William Galway (this package is available at http:

//www.math.uiuc.edu/SieveTheoryBook) to calculate the sieve functions f; and Fy,

I'The functions f; and Fy are described in detail in [10, Chapter 6]. They are the solutions to the delay-
differential equations

Fir(u) =1/ ji(u/2), 0<u<a,
few) =0, 0<u<p
Jew) = e uf Tk + 1), O<u<l,
W Fr) = k'™ fi(u—1), a < u,
W fiw) = k" "'Fu - 1), B < u,
wji(u) = kji(u) = kje(u = 1), u> 1.

2Mathematica is a registered trademark of Wolfram Research, Inc.
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and the code written by Michael Trott (available at http://mathworld.wolfram.com/

notebooks/Combinatorics/BuchstabFunction.nb) to calculate the Buchstab func-

tion w(u). We used the following code to calculate the integrals /; and I, and the bound

N(u,v; k):

I1[u_, v_, k_] := NIntegrate[Min[UpperSieveFunc[k, v — vxs],Exp[EulerGamma]«UpperSieveFunc[k — 1, v
/2]*BuchstabFunction[v — vxs]]«(1 — uxs)/s, {s, 1/v, 1/u}];

I2[u, v_, k_] := NIntegrate[Max[LowerSieveFunc[k, v — v&s],Exp[EulerGamma]*LowerSieveFunc[k — 1, v
/2]+BuchstabFunction[v — vxs]]«(uxs —1)/s, {s, 1/u, 1 — 1/v}];

NBound[u_, v_, k_] := uxk — 1 + k/LowerSieveFuncl[k, v]«(I1[u, v, k] — 12[u,v, k] —Exp[EulerGamma]=(u
— 1)/v«LowerSieveFunc[k — 1, v/2]);

We can then calculate that
N(2,12;3)=6.943... 4.2.2)

and so we may take r;, = 7 in Proposition 4.2.

We note that the proof of Proposition 4.2 makes much use of the fact we are dealing with
integer linear functions for which much more is known about the distribution of the values
they take - Diamond and Halberstam’s Theorem 11.1 holds in much more general circum-
stances. This also gives no change to the asymptotic bound of k log k + O(k) for the number
of prime factors of a k-tuple when £ is large.

4.3 Proof of Proposition 4.2

To simplify the argument we adopt a normalisation of our functions, as we did in Chapter
3. Since we are only interested in the showing any admissible k-tuple has at most r; prime
factors infinitely often (for some explicit r;), by considering the functions L;(An+ B) instead
of L;(n) for suitably chosen constants A and B, we may assume without loss of generality

that our functions satisfy the following hypothesis.

Hypothesis 4.3. £ ={L,,..., L} is an admissible k-tuple of linear functions. The functions
Li(n) = a;n + b; (1 <i < k) are distinct with a; > 0. Each of the coefficients a; is composed
of the same primes none of which divides the b;. If i # j, then any prime factor of a;b;—a;b;
divides each of the a,.

Let £ = {Ly,...,L;} be an admissible k-tuple satisfying Hypothesis 4.3. We view this
k-tuple as fixed, and so any implied constants from <« or O-notation may depend on the
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k-tuple without explicit reference. We define

1
vp(L)=#1<n<p:Mn) =0 (mod p)}.

By Hypothesis 4.3 we have

k, p1A,

vp(ﬁ) = {O P|A~

Finally, we define the quantity
P = |
p<z

We consider the sum

S=SmN= ) (-Qlm).

N<n<2N
(I(n),P(z))=1

4.3.1)

(4.3.2)

(4.3.3)

4.3.4)

(4.3.5)

(4.3.6)

If for some fixed constant T we can show S (7; N, z) > 0 (for suitable z, V), then there must
be an n € [N,2N) such that Q(II(n)) < 7. Thus if we can show S(t;z, N) > 0 for all
sufficiently large N (with suitable z depending on N) then there are infinitely many n such

that Q(II(n)) < 7.

We first split the sum S up as a weighted sum over the prime factors of each of the functions

Lj(n), based on a new parameter y > z. This gives

S= ), @-Qm)

N<n<2N
(I(n),P(z))=1

= Z T_logH(n)_ Z (I—Ing) +0( Z logN)
N<n<oN logy logy

N<n<2N

(I(n),P(2))=1 (I(n),P(2))=1

log N 1 k ]

- S T—klog +0(1 )—§ (1—1°gp

NN ogy 08Y/ 43 o 08y
(I(n),P(z))=1

Here

S’ = Z logN < log N Z

TI(n) not square-free

)] +0(S). (4.3.7)

1. (4.3.8)

N<n<2N ZSP<<N1/2 N<n<2N
(I(n),P(z)=1 P2ITI(n)

II(n) not square-free
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We note that by Hypothesis 4.3 if p?|[I(n) then p*|L;(n) for some 1 < j < k. Thus if

z = N for some fixed constant v > 1 we have

) kN
S’ < logN Z (—2 + 0(1))
Z<p<N1/2
N1
< NloghN
Z
< N7V, (4.3.9)

+ N2 log N

We return to (4.3.7). We reverse the order of summation over p and n, and split the contri-

bution up depending on whether the terms are positive or negative. This gives

log N 1 £ log p
S_(T_klogy+0(10gy)) 1_ZZ(I_logy 2, !
N<n<2N j=1 z<p<y N<n<2N
(I(n),P(2))=1 (T(n),P(2))=1

pILj(n)

k
1
33 () 5 reow as
Jj=1 y<p<2ajN+b; ogy N<n<2N
) (H(n),P(z))=1

pILj(n)

We notice that the inner sum in the third term makes a contribution only if L;(n) is a multiple
of p and has all prime factors of size at least z. Therefore either p << N/z and L;(n) has
prime factors other than p, or Lj(n) = p. We split the term depending on which of these

two 1s the case.

Thus

it IPYREIDIN - BD

yep<2aNeb; ampen-r <N (U PC-1
pIL;(n) pILj(m)
log N 1
+(°g —1+0(—)) > Lo@sa
10g y log y N<n<2N
(I(n),P())=1
Lj(n) prime
Substituting this into (4.3.10) gives
S=8,-S,+S3+84+ON"1), (4.3.12)
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where

log N 1
si=(r- k2 so( L)) 3 @43.13)
logy logy/] &y
(I(n),P(2)=1
k
1
ZZ( )y (43.14)
1 z<p<y ogy N<n<2N
(I(n),P(z))=1
pIL;j(n)

53:2 > (11225—1) 3o 4.3.15)

j=1 y<p<N/z N<n<2N
(I(n),P(z))=1
pILj(n)

_ [logN
S4_(logy (logy))z Z 1. (4.3.16)

j=1 N<n<2N
(I(n), P(Z)) 1
Lj(n) prime

We wish to use the Diamond-Halberstam-Richert sieve to get lower bounds for S, S3 and
S4 and an upper bound for §,. This will then give a lower bound for our sum S. We

summarise these results in the following proposition.

Proposition 4.4. Let N > Ny and u,v be fixed constants satisfying 1 < v/(v—1) <u <v
and let T > uk. Let

k
V(z) = n (1 _ I_?) y= N 2= N,

p<z
PtA
Then we have
S1>2@-kuw)NV(©@)fi(v)+ O N 4.3.17)
> (1 —ku % , 3.
: DIk (log N)kloglog N
N
S, <kNV(2)I; + O , 4.3.18
2 @h ((log N)¥loglog N) ( )
N
S3>kNV(), + O , 4.3.19
3= @b ((log N)*loglog N) ( )
(u—1e fi1 (5 N
S4 > kNV(2) ) +0 , (4.3.20)
v (log N)*loglog N
where, as in Proposition 4.2,
1/u % 1 —us
I = f min (Fk(v —vs), e'Fi_; (E)W(V - vs)) ds, (4.3.21)
1/v S
=17y v us — 1
L= f max ( v =vs), & fy (z)w(v _ vs)) ds. (4.3.22)
1/u
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Here f and F are the lower and upper sieve functions of the Diamond-Halberstam-Richert

sieve of dimension k, and w(u) is the Buchstab function.

We now establish Proposition 4.2 from Proposition 4.4.

Given u, v satisfying the conditions of Proposition 4.4 we then have that for N sufficiently

large

S > NV(@) ((T k) fuv) — kI, + kI, + w fs (3)) p (L) (4.3.23)

2 (log N)¥)’
where
1/u —
I = f min (Fk w(l = 5). @Fp_ (3)w(v(1 _ s))) T-us o (4.3.24)
1/v 2 S
1-1/v _
L= f max (fk W =), & fis (%)w(v(l - s))) us=1 (4.3.25)
1/u
We have that N
and so
(u— 1)ke
S > NV(@2) ((T k) fu(v) — KTy + kI + =X ( ) + 0(1)) (4.327)

Since v > B, we have that fi(v) > 0. Thus we have that § > 0 provided N is sufficiently

large and provided

k — e
T>uk+m(h - Wz )efkl( )) (4.3.28)

Let r;, > uk — 1 be a natural number with

k — 1)e?
re > NG vi k) = uk — 14+ —— ( _p, - )e Wz e . 1( )) (4.3.29)
Ji()
Then by the argument above we have
S(re+1;N,N'") = Z (r + 1 = Q(II(n))) > 0 (4.3.30)
N<n<N
I(n),P(N'")=1

for all sufficiently large N. Thus Q(I1(n)) < r, for at least one n € [N, 2N) for all N suffi-
ciently large, so the k-tuple has at most r; prime factors infinitely often. Thus Proposition
4.2 holds.
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4.4 Proof of Proposition 4.4

We first let N be sufficiently large so that L;(n) is strictly increasing forn > N for all 1 <
i < k (this happens because a; > 0 for all i by Hypothesis 4.3). In particular I1(n,) # I1(n,)
for any n; # n, with n;,n, > N. This assumption is not strictly necessary, but simplifies

notation since we do not have to address set/sequence issues.

4.4.1 Estimation of S,

The sum in §; is already of the correct form to be estimated. We let

A ={Il(n) : N <n < 2N}, 4.4.1)
Asj={faec A:a=0 (mod d)}, (4.4.2)
and P be the set of primes.

We use the standard sieve notation S (8, Q, z) to denote the number of elements of the set

B which are coprime to all the primes in the set Q that are less than z. We see that

Z 1=S(A,P,2). (4.4.3)

N<n<2N
(II(n),P(z))=1

By virtue of our normalisation from Hypothesis 4.3 we have that
#A, = g1(d)N + O(k“?D), (4.4.4)

where g(d) is the multiplicative function defined by

~(k/p, p1A,
gi1(p) = {O, DIA. 4.4.5)

Thus applying [10, Theorem 9.1] (with the ‘y’ from their notation taken to be N(log N)~%)
and recalling that z = N'/V we obtain

2
S(ﬂ’P’Z)ZNﬂ(I_%)(ﬁ((v—6kloglogN)+0( (loglog N) ))

bt log N (log N)1/Ck+2)

ptA

+0 { Z L2(m)(dky~ |, (4.4.6)
m<N(log N)~6

where f; is the Diamond-Halberstam-Richert lower sieve function of dimension k.
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We see that

2 (m) (@)™ < N(log N)~*

m<N(log N)~6k m<N

< N(log N)™ ]—[ (1 + %)

p<N

Z I (m)(4k)‘“(’”)

< N(log N)™*, 4.4.7)

By our construction of A we have that

V(2) = | | (1 - %) =< (log2)™ =< (log N) ™, (4.4.8)
p<z
PtA

and so the error therm contributes a negligible amount.

By [10, Lemma 6.2] f;(x) satisfies a Lipschitz condition for x > 1. Therefore
1
S(A,P,z) > NV | fi(v) + O ————1|]. (4.4.9)
loglog N
We recall that y = N'/* for some fixed constant . Thus provided t > ku we have

Slz(T—ku+0( ))S(ﬂ,@,z)

log N

N
> (t = ku)NV(©)fi(v) + O ((log N log logN) . (4.4.10)

4.4.2 Estimation of S,

We will obtain two different upper bounds for the inner sum in S, one of which will give
stronger results when p is small, and the other will cover the case when p is large. We first

note that

- Y (- %

Z=p<y N<n<2N
(Ti(n), P()=1
pILj(n)
lo
-y ( gp)S(y[p’P 2. @.4.11)
=p<y

We can use [10, Theorem 9.1] to give an upper bound in the same manner as our bound for

S 1. We note that since u > v/(v — 1) we have N(log N)%*~>/p > z for N sufficiently large.
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Thus [10, Theorem 9.1] gives (using the ‘y’ from their notation as N(log N)~%*~/p)

k log p 1
SA,, P,2) < =NV |Fi|v- o ——
AP0 < (Z)( k(v VlOgN)+ (loglogN))

+0[ > y2(d)4w<d>). (4.4.12)
d<N(log N)=2-5/p

Thus summing over p € [P, 2P) and treating the error term as before, we obtain

1 klog?2 log P log P
> (1— ng)S(ﬂp,P,z)s o8 (1— °8 )NV(Z)Fk(v—vog )
potop logy log P logy log N

N
0 . 4.4.13

((log P)(log N)*log log N) ( )
When P is small the above bound provides a good estimate, but when P is large we can do
better. We define

nom = | | Liw, (4.4.14)
i#]

AV ={YVm) : N <n < 2N, (Li(n), P(z)) = 1}, (4.4.15)

AU = (MYn) : N < n < 2N, (L;(n), P)) = 1,Lj(n) = 0 (mod d)}. (4.4.16)

We then see that, since our forms are coprime by Hypothesis 4.3, we have

k
S(ApP,2) = Y S(AP,P.2). (4.4.17)
=1
The terms S (AYP), P, 7) correspond to (k— 1)-dimensional sieves rather than k-dimensional
sieves. Reducing the sieve dimension in this way can improve estimates, but the set of
n € [N,2N) such that (L;(n), P(z)) = 1 does not have as strong level of distribution results
when p is small, which means that this step is only useful when p is relatively large.

Since any L;(n) can have at most | v] prime factors if (L;(n), P(z)) = 1 and N is sufficiently

large, we have
Lv]

D, SEAPP =Y SBP+0(S)), (4.4.18)
r=1

P<p<2P

where

B9 :{Hw(n) :N <n<2N,(Lj(n), P(z)) =1,

L;(n) has at least r prime factors in [P, 2P)}, 4.4.19)
S’ = > 1. (4.4.20)
N<n<2N

(I(n),P(2))=1
p?II(n) for some pe[P,2P)
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We define

1, n has at least r prime factors in [P, 2P) and (n, P(z)) = 1,
Ser(n) = { P (4.4.21)

0, otherwise,
To estimate S (B(j )r, P, z) we wish to estimate the number of elements #(Bg)r)d of Bg)r which

are a multiple of some integer d.

We see that (Bﬁf),)d is empty unless (d, A) = 1 by Hypothesis 4.3. If (d, A) = 1 then we have

#BD)a= ). feLin)
N<n<2N
le(j>(n)

= Z Z feram +b)). (4.4.22)

dy...dy=d N<n<2N
Q=1 diLin) Vi

Weletm = an+b;soaiN+bj <m < 2a;N+bjand m = b; (mod a;). The condition
d;|L;(n) introduces the condition a;m = a;b; — a;b; (mod d;), since (a;,d;) = 1 (because
(d,A) = 1). We can combine all these congruence conditions via the Chinese remainder
theorem to give m = my (mod a;d) for some my. By Hypothesis 4.3 we see that my is

coprime to a;d. Thus

#Ba= ) D felm

dy..dy=d ajN+bjSm<2ajN+bj

dj=1 m=mg (mod a;d)
[ )
Pr
= ; +0(Ep,r(d))} (4.4.23)
dj=1
Here we have defined
: 1
Xp) = — For(m), (4.4.24)
T gy, iN+b jSmZ<2a IN+b;
dla;)
Er,(¢) = max Fralm) = —2X0). (4.4.25)
(a’q)_ ajN+bjSm<2ajN+bj ¢(q)

m=a (mod gq)

The function fp, 1s a sum of O(1) characteristic functions of numbers with a fixed number
of prime factors (at most |v]) where the prime factors lie in specific intervals (each factor
is prescribed to be in one of [z, P), [P,2P) or [2P, N)). By Motohashi [39, Theorem 2] for

any fixed C > 0 there is a C’(C) > 0 such that any such characteristic function 1 satisfies

1 (g)(4k) P Ey(q) < N(log N)™, (4.4.26)

q<N1/2(log N)=C'(©)
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where

1
Ei(g) = max 1(m) — — > 1(m)|. (4.4.27)
), o)
ajN+b;<m<2ajN+b; ajN+b;<m<2a;jN+b;
m=a (mod q) (m q)=1

Since fp,(n) = 0 unless (n, P(z)) = 1, for any d|P(z) we have that

for(m) = ¢a)Xy). (4.4.28)
ajN+bjSm<2ajN+bj
(m,ajd)=1

Thus, since fp, is a sum of O(1) functions satisfying (4.4.26), we have

> @@ Ep,(g) < N(log N) . (4.429)
g<N'(log N)=C"(©)
qlP(z)
Thus if
(Bya=1be B :b=0 (mod d)), (4.4.30)

then from Hypothesis 4.3 for square-free d we have
#H(BY)a = (DX} + O((k — 1)*PEp,(a;d)). (4.4.31)

Here g,(d) is defined on primes by

-1
) p1A,
=/ 4.4.32
82(p) {O, otherwise, ( )

and then extended multiplicatively to all square-free d.

With this we can now apply [10, Theorem 9.1]. We obtain (taking the ‘y’ from their notation
to be N'/2(log N)=¢'@0)

-1 loglog N
S(BEDJ)HP Z)<X(j)n( 1)(Fk1(2)+0(—1%)g1%/ ))
i
o ), H@QENUVE@Q) (4.4.33)
g<N'?(log N)=€'C0
qlP(z)

We see from (4.4.29) that last term is O(N(log N)=%).

We notice that by Mertens’ theorem

(1053 1e3)e5)

oA o
- V() (M + 0(1)). (4.4.34)
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We are therefore left to evaluate the terms X;fz. From the definition of X},’Z

Lv] 1 Lv]

DXD=—— > felm). (4.4.35)

r=1 ¢(aj) ajN+b;j<m<2a;jN+b; r=1
(m,P(z))=1

If m is square-free and (m, P(z)) = 1, then since fp, counts integers which have at least r

prime factors in [P, 2P), we have

Z for(m) = Z 1. (4.4.36)
r=1

P<p<2P
plm
Thus
Lv] _ 1
3 X - o N
r=1 ¢(aj) ajN+bj<m<2a;N+b; P<p<2P ajN+b;<m<2ajN+b;
(m,P(z))=1 plm (m,P(2))=1
m not square-free
1

1+0(1)+0(Z > 1)

¢(aj) a;N<m<2a;N P<p<2P z=p m§<N

(mP(x))=1  plm plm
1 N
- 1+0 (—) (4.4.37)
¢(a;) ngzgzp a_/N/p;da_iN/p <
(n,P(z))=1

We can evaluate the inner sum asymptotically. By [37, Theorem 7.11] we have

1 iN N
-V T +0|——|.
logN ) plogz p(log N)?

(4.4.38)

I=w (v
ajN/p<n<2ajN[/p
(n,P(2))=1

Here we have used that N/p > z since u > v/(v — 1). The function w(u) is the Buchstab

function defined by the delay differential equation

wu) = u, forl <u<?2,

(uw(u)) = wu — 1), for u > 2. (4.4.39)
Since w’(u) exists and is uniformly bounded for all u € [1, +00)\{2}, we have that w satisfies

w(x +y) —w(x) <y for x > 1,y > 0. Therefore, putting together (4.4.37) and (4.4.38), we
obtain

[v]
' a;N 1 log p N
X(J) - - _ +0
Z Br ¢(a;)logz PZ pw(v vlog N) (log P)(log N)?

r=1 <p<2P
a;Nlog?2 log P N
_ - ol—2 ). 4.4.40
¢<aj><logP><logz)W(V ViogN) T\ {Tog P)log N2 (44.40)
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Substituting (4.4.34), (4.4.40) and (4.4.33) into (4.4.18), we obtain

, Y$p(A)a;log2 log P
Z S(ﬂg),P,Z) < MNV(Z)Fk_I(X)W(V_V og )
P<p<2P Ag¢(a))log P 2 log N

N ’
+o ((log P)(log N)*(log log N)) +O(Sp). 4.4.41)

By Hypothesis 4.3, the integers a; and A have the same prime factors (ignoring multiplic-
ity). Thus ¢(A)a; = A¢(a;). Using this, and combining (4.4.41) with (4.4.17) we obtain

ke” log 2 log P
Z SA,, P, 2) < el o2 NV(2)F (g)w(v—vlog )
P<p<2P og P og N
0 N +0(S%) (4.4.42)
(log P)(log N)*(log log N P o

To ease notation we let s = log P/log N and recall that y = N'/“. Combining (4.4.42) with
(4.4.13) gives

1
> (1 - ng)S(ﬂp,P,z)
logy

P<p<2P
k(1 —-us)yNV(z)log?2
< (1~ us) NV(z) log min (Fk(v —vs), e'Fi_; (X) w — vs))
slogN 2
+0 N + O(S %) (4.4.43)
(log P)(log N)¥loglog N e o

An application of partial summation now gives

S2= Y (1 - lng)S(ﬂp,SD,z)

ZEp<y lOg y

1/u
< kNV(2) min (Fk(v —vs), e'Fj_; (g) w(v — vs))
1/v

N
., ( ) o [ S}] . (4.4.44)
(log N)* loglog N P:;‘fz,y)

We note that S7, < S’ < N'"1/% by (4.3.9), so the final term is negligible.

1—us

ds
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4.4.3 Estimation of S5

Exactly the same argument as the one we used to bound S, allows us to bound §; from

below. Using the lower bounds in place of the upper bounds, we obtain

log p
= > |-

y<p<AN/z
=1y v us—1
> kNV(2) max (fk(v —vs), € fiy (5) w(y — vs)) ds
1/u
N
(0] . 4.4.45
((log N)*loglog N) ( )
4.4.4 Estimation of S4
We see that
log N 1 u
(o e olmm)) 2 2%
logy log N ; . SnZQN
(I(n),P(z))=1
L;(n) prime
log N 1 d
— (2= —1+0 S(CV,P,2), (4.4.46)
logy log N ‘=
where
CY = (ITY(n) : N < n < 2N, L;(n) prime}. (4.4.47)

By the prime number theorem for primes in arithmetic progressions we have

#CY =#a;N+b; < p <2a;N+b;:p=b; (mod a;)}

Clj N N
= 0] . 4448
¢(a;)log N i (1og2 N) ( )

We let

#C)y=#ceC”:c=0 (mod d)}
= g(d)#HCY + O((k — 1““VE(a;d)), (4.4.49)

where g,(d) is the function described by (4.4.32) and

E(d) = max Z o Z 1. (4.4.50)

d)=1
(a.d) ajN+b;j<p<2ajN+b; ¢( ) ajN+b;j<p<2aijN+b;
p=a (mod d)
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By the Bombieri-Vingradov theorem, for any constant C there is a C’ = C’(C) such that

W (a,q)(dk)““i|E(a;q)| < N(log N)™€. (4.4.51)

g<N'2(log N)=¢’

Thus we can apply [10, Theorem 9.1] (with ‘y’ from their notation as N'/>(log N)™") to

give
. . k-1 y N
() > #CW) | (_) 4.4.52
SICY.9,2) 2 #C B( p—l)fk1 2 +0 (log N)kloglog N ( )
PIA
We note that, as before,
k-1 A
l‘[ - )= MV(Z)(H logz + O(1)). (4.4.53)
b p—1 A
ptA

Thus, since ¢(a;)/a; = ¢(A)/A, we have

%) N N Y
S(CY,P,2) > (logN + 0((1ogN)2)) V() (¢’ Togz + O(1)) fiy (2)

N
0
((log N)tloglog N )
NV ()" fie1 (5
) 1 (2) o N _ (4.4.54)
v (log N)* loglog N
This gives
(= De” i (2) N
) _ 4455
S4 = kNV(z) + ((log N)¥loglog N) ( :

This completes the proof of Proposition 4.4.
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Chapter 5

Long k-tuples

5.1 Introduction

We consider an admissible set of distinct integer linear functions L;(x) = a;x + b;. In this

chapter we consider the problem when & is large.

It is a classical result of Miech [34] that there are infinitely many integers n such that the
product I1(n) has at most klogk + O(k) prime factors. Heath-Brown [27] extended this
by showing that for infinitely many integers n each function L;(n) has individually at most
Clogk + O(1) prime factors, with C = 2/log 2.

It appears difficult to improve on the leading term k log k of Miech’s bound. Roughly this
appears to be because any sieve applied to a k-tuple has an effect similar to removing all
terms for which I1(n) has prime factors less than n°/* (for some constant c¢). Integers n with
all prime factors of size at least n°/* have log k + O(1) prime factors on average, and all the
most successful sieve results rely on weighted sieves which essentially estimate the average

number of prime factors of [1(n) after the sieve has been applied.

This limitation was also demonstrated explicitly by Ramaré [44], who showed that there are
infinitely many integers n for which the product L;(n) ... L;(n) has exactly (1 + o(1))klog k
distinct prime factors, and each individual function L;(n) at most k'/? distinct prime factors.

In both cases the number of prime factors were not counted with multiplicity.

We extend this result to show there are infinitely many » for which the product I1(n) has
exactly (1+o(1))klog k prime factors (counted with multiplicity), and each individual func-

tion has O.(k¢) prime factors (again counted with multiplicity).

This also points at the limitations of the type of sieve method employed; it seems unlikely
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that any sieve of the form employed in Chapter 3 would be able to prove a result better than
Q(I1(n)) < klogk + O(k) for large k.

5.2 Main result

Theorem 5.1. Let € > 0 and let L ={L, ..., L} be an admissible k-tuple of integer linear
functions. Then there are infinitely many n for which both of the following holds:

1. Q(II(n)) = klogk + O (k(log k)'~¢).

2. Q(Li(n)) = O(k) foralli e {1,... k}.

We comment that our method can be extended to show that any admissible k-tuple has
QI(n)) = (a + o(1))klogk infinitely often (with Q(L;(n)) = O(k¢) as above) for any

choice of fixed o > 1.

We establish Theorem 5.1 using a sieve method similar to the Goldston-Pintz-Yildirim
sieve. Our result holds for a very wide choice of the sieve coefficients A,. If we define the
Ag in terms of a polynomial P as in equations (3.4.15) and (3.4.14), then our result holds
for any fixed choice of P with P(0) # 0. One can easily extend this result to include some
polynomials P which depend also on k, and in particular the choice P(x) = x' with [ = o(k),
which appears to be essentially optimal in the case of small gaps between primes. Theorem

5.1 does not hold for any choice of a continuous function P, however, since it fails to hold

_ o, y<1-1/k,
o= {1 —k(y-1), y>1-1/k 62D

The upper bound Q(I1(n)) < (1 + o(1))k log k appears to hold for all choices of P.

for the choice

5.3 Proof of Theorem 5.1

We adopt the notation of Chapter 3. In particular, without loss of generality we assume
Hypothesis 3.2 holds, and the sieve coeflicients A, are defined by (3.4.15) and (3.4.14) in
terms of some fixed polynomial P (which is independent of k). We let . denote a sum

over values which are square-free and coprime to A = ]—[f-‘:1 a;. We recall that

K=Y ). (5.3.1)

d|(n)
d<R,
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We will prove the theorem by showing for every m > 0, for any fixed choice of the polyno-
mial P with P(0) # 0 and for N >, 1 we have that

2m
Sw= ), Zk:[z I-logk| AX(m) <, . k(logh)™ 'AX(n). (532)

N<n<2N i=1 \plLi(n) N<n<2N
I1(n) square-free II(n) square-free

If (5.3.2) holds, then we see there must be some n € [N, 2N) such that

k
Z (Q(Li(n)) — log k)™ = O,(k(log k> ™h). (5.3.3)

i=1
From this it follows immediately that Q(L;(n)) <, k'/*™*¢ for each i, and that

1/(2m)

<, k(log k)!~1/@m (5.3.4)

k . — 2m
Q(T(n)) - klogk < k(zi:l(Q(Ll(”)) log k) )

k

To establish (5.3.2) we split the sum over primes depending on whether the primes are
smaller than some bound R; (in which case we will be able to obtain an asymptotic esti-

mate) or larger than R; (these terms will have a negligible contribution for large k).

2m
logN )
Sw= ) Z PRE —logk| AX(n). (5.3.5)
N<n<2N i=1 | plLi(n)
II(n) square-free P<R,

We fix Ry = N for some constant r; > 0, which will depend only on m. Therefore the
O(log N/logR;) term is O,,(1). We first remove the condition that I1(n) be square-free.
Thus

2m
k

Sw= > D D) 1+0u()—logk| AXm)+0u(S}), (5.3.6)

N<n<2N i=1 | p|Li(n)

P<R,

where
2m
S, =ksup > DI Nm+klogh™ Y A (537
i N<n<2N PILin) N<n<2N
I1(n) not square-free \ p<R, II(n) not square-free

We now expand the inner expression using the binomial theorem. This gives

2m
2m
Sm= Z (- log k)*™~ JZS<’>(])+0 k sup (logk)* =S|+ 0,(S’), (5.3.8)
Jj=0 J Jj<2m—1,i
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where

SO = Z Z 1| A2(n). (5.3.9)
N=n<2N | p1,....pj|Li(n)
Pls-sP SRy

The following proposition gives estimates for S W(j)and S +, which allow us to deduce the

theorem.

Proposition 5.2. Let R2"R3 < N'*(log N)">""* and N < R, < R, for some fixed € > 0.
Then we have

k
$90) = PO loghy NI L o (<1og B

+ O m(N(loglog N)*"(log N)*™1),
S! <im (loglog N)*"(log N)*".

m

N(log R,)*
k!

Using Proposition 5.2 we can now prove (5.3.2), and hence the theorem. We set R, = N'/8

and R; = N'/®™_ By Proposition 3.6 and Proposition 3.5 we have

2« S(LN(log Ry
2, N= k—1)!

1
f P(1 —0)*'dr + Oi((log N)*! loglog N).
N<n<2n 0
TI(n) square-free

(5.3.10)
We note that P(1 — ¢) = P(0) + O(1 — t). This gives

k
T Ay = SONCogR)

(PO + O(™)) + Oi((log NY" loglog N).

N<n<2n k‘
II(n) square-free
(5.3.11)
We substitute the expressions for § ,(,?( J) and S, from Proposition 5.2 into (5.3.8). This
gives
S(LN(og Rk <4 (2 . N(log Ry)*
Sm — (L) (Og 2) Z m (_l)jk(logk)ZmP(O)Z + Om k(logk)Zm—l (Og 2)
k! =\ J k!
+ Orm(N(loglog N)*"(log N* 1)
N(log N)k
-0, ((log k2! %) + O n(N(log log N)*"(log N)1). (5.3.12)
Thus for N > Ny(k), provided P(0) # 0, we have
N(log N)*
S < (l0g k)z'"-l% <klogh?™' 3" A, (5.3.13)

N<n<2n
[I(n) square-free

This gives the theorem for any fixed polynomial P with P(0) # 0. Therefore it just remains
to establish Proposition 5.2.
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5.4 Proof of Proposition 5.2

We begin by establishing some preparatory lemmas.

Lemma 5.3. Given integers r > 0, k > 2 and a real number c € (0, 1] we have

k ERRYIION, r
Z(’]‘.)( D7el_ gl o, ((toghy™).

= J r!

Proof. We define H,((m) recursively by

H” =1-1-0f, (5.4.1)
ko pgm=1
H™ =Y L form>1. (5.4.2)

We now show by induction that for all integers k£ > 1 and m > 0 we have

k . .
K\ (=1)*¢i
H™ = ()— (5.4.3)
¢ ; i
We notice that for any k > 1

k
H” =1- Z( )( 1)+, (5.4.4)

j=1

Similarly, for any m > 0 we have

+1
H" =c= Z (J)“J)J (5.4.5)

j=1
We now assume that (5.4.3) holds for all pairs (m, k) with m + k < B. Using the fact that

(’;) = (’]‘:}) + (k;l) and %(f) = %(’j‘:}) we see thatif m+k = B+ 1 (and m, k > 1) then we have

Bt B
j=1 =
k\ (= 1)’+l i m
kz() " . +H

(m-1) k-1 pym-1)
k =

=H". (5.4.6)
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Thus (5.4.3) holds for all m > 0 and k > 1 by induction.

We now estimate the size of the H,Em) using the property (5.4.2). We see that

||M»
&Ir—n
M»
~

—_

|

o

N

~.

j=1
= logk +O(1) +logc + . 1-9
Jj=k+1
= logk + O.(1). (5.4.7)

We now see by induction that

(m) (log j)""! ) (log k)2 _ (log k)" L
Z ](m — 1)! OC’m [; ] - m! + Oc,m ((log k) ) . (548)

Lemma 54. Letk > 1andr; < ry. Let

2
1 1
I, = f f DIP 1 —x =) z|| X dxdz, ... dz,
0<z1<<gm<ri/ry &1 =+« Zm Jo [ Z Z

JC{1,...,m}
Ppae = sup  |P'(x)| + [P(x).

x€[0,r1/r2]

Then we have

_ P(0)’(log k)" P (log k™!
=" O\ T )

Proof. To ease notation we write f ’ for the integration over zi, . .. 2, in the region 0 < z; <
< <z < 11/12, and P} for P*(1—x—}.;cq z;)-We separate out the (P(1—-x)—P(1 —x-2z1))?
term. This gives

/

I, = (1-x)—P (1 -x-2))xdxdz, ...dzy,

+ Om su f f ( P+ )P+ Xk_ldxdz dZm - 549
0+J1< {g,...m} 21+ 2m | Jtt le 1 ( )

J2&{1,..,

For the first integral, we note that in the range 1 —z; < x < 1 we have P*(1 — x) = P(1 — x)
and P*(1 - x—z) = 0. Moreover, P(1 - x)> = P(0)> + O(z; P2,). Intherange 0 < x < 1 —z,
we have that P*(1 —x) - P*(1 —=x—-2z1) = P(1 = x) — P(1 — x — z1) = O(2; P,.s,). Thus the

inner integral is

1 1 201 _ (1 — - \k p?
f P(0)*xdx + 0, ( f 2P, X ldx ) PO -0 =-2)9 + 0,,,(—Zl ’")
1-z1 0 k k

(5.4.10)
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We now see that the error term O,,(z; P>, ./k) contributes a total

max

Prznax ' <1 rlP%mx
< dzy...dz, = ———. (5.4.11)
k 2. Zm rk

To estimate the contribution from the first term we expand out the numerator using the

binomial formula, and then can perform integrations with respect to z; ... z,. This gives a

)k Jj-1
P(}?) Z(I;)(_l)ij “ dz; ...dz,
0

contribution

=1 <71 < <zm<r1 /1y 22+ -« Zm
P0)* < (k) (=1 (ri/r)!
Tk ,Z; (]) Iz
_ P(O)le(;cg 0" o (P(O)Z(lzg k)’"‘l)’ 5412

where we have used Lemma 5.3 in the last line.

We now consider the second integral given in (5.4.9). In the range x > 1 — ;.4 7 We

+ _ pt
have Py, = Py,

we have |P::f1 - P}}IU“}I < 71 Pyay uniformly in z; since neither term vanishes and their

= 0, since the arguments are negative. In the range x < 1 — X;c 4,001 Zi

arguments differ by z;. In the remaining range 1 — 3\;cq,001y 2 < X < 1 = Xicq, 2 We simply
2

max*

bound the integrand by P:; . This shows that the inner integral in the error term is

max k max*

o k-1 R P .2 k-1 p2
< f Py 21X dx+f P, XTdx < "= +7(1-2)'P (5.4.13)
0 1

—2ieg ull) %

We see the first term contributes a total O(P2

o/ k) by (5.4.11). By expanding using the
binomial formula and following the same calculation as (5.4.12) we find the second term

contributes a total O(P?,, (log k)"~!/k) to (5.4.9). This completes the proof. |

max

Lemma 5.5. Let Ry, R, > N, R, < R, and R*"R% < N(log N)>"X. Then we have

S T _ g gy Q08RD SO (P(of + OJE(L))
“\logk

. 171
<k, P1- D k!j!

+ Oy j<((log N)*!(log log N)™*")

Proof. By Lemma 3.13 we have

T, = (og Ry =L , (Ing1 logpj)
p1-pj —

(k— 1! °\logR,”"" " logR,
+ Oy, j((log Ry)* "' log log Ry). (5.4.14)
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We see that the final term contributes

1
pl...pj

<,j (log R, 'loglogR, Z,

P1<-<pj<R

J
< (log NY*'(loglog N) (Z ]l)]

P<Ri

< (log N)*"'(loglog N)/*!. (5.4.15)
g

We now concentrate on the contribution from /. By an analogous argument to the one used

in the proof of Proposition 3.3 we have that

logp logpj
Z’ O(IOgR;""’ IOng)
pi<-<p;<R, Pi1...Dj
1 : ’
=f f D EDIP T -x= Y || dxdz . dz
O<zi<szyenfry e+ 27 JO g i ieT
log1 J
0je(—( o 0e 1) ) (5.4.16)
' log N
Thus by Lemma 5.4 we have
lo log p; . .
¢ Do(ieR o ir)  doghy (L 1 (log log N’
Z = — PO+ Ojc| — ||+ O0je| —————|.
pi<-<pj<Ri pPr---Dj Jik logk log N
(5.4.17)
Combining (5.4.15) and (5.4.17) then gives the result. O

We are now in a position to prove Proposition 5.2. We first consider S9(j). We have

SO = " > e YL (5.4.18)

Pl.--Dr<R| d,e<R; N<n<2N
[d.e]lll(n)
Pls-esprlLi(n)

As with previous estimations from Chapter 3, we have that for a, b square-free

N
1= s + O(kw([u,b]))‘ (5.4.19)
N%z;v f(la, b)ke®
bILi(n)
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Thus

: ’ ’ AgAd
SO =N e 0 A4, kede.pis...pr])
WO=N D, 2 B oD [p 2, 2, W

Pl>sPr<R1 d,e<R> 1>-Pr<Ry d,e<R>
pi£pj for i#j

’ ’ /ld/le
+ O, |N
- ,,Z,, ng K f(d.e.pr- . ps))

pi#p; for i#j
/ Tl’l---Pr ’ TPl---Pr
=rIN Z I + Or Nsup Z ‘— + O(Er) (5420)
p1<--<p,<Ri k Pi---Dr S<r L <<ps "P1--.Ds

As in the proof of Proposition 3.6, we have

E. < (log Ry)* Z Z W(d, e, p, ..., pkederipl

P1s-»Pr<R1 d,e<R;

< (log R2)2k Z uZ(a)(2r+2k)w(a)

2
a<RiR;

< (logR)> *RIR2. (5.4.21)

Therefore, by Lemma 5.5 we have

S9() = POP(log hy 028 kz’) S ((log o1 o 2) )
0,0 (VOog N ogton ) + Of(og R R 542

Therefore if R} R% < N(log N )"2""* the final error term can be absorbed into the penultimate

one, which gives the first result of Proposition 5.2.

Finally, we consider S},. By Proposition 3.5 we have for RZ < N'/

k(log k)*" Z A*(n) <, (log NY*"'loglog N. (5.4.23)

N<n<2N
I1(n) not square-free

As with our estimation of S f,?(r) above, we have

2m
2 ’ !’ ’
E E 1] A*(n) < E E E A, E 1
N<n<2N pILi(n) p<NV2p1,....pom<R1d,e<R; N<n<2N
TI(n) not square-free \ p;<R, [d,¢,p?,p1eerp2m]ITL(1)

! ! T[Ppl wesP2m]
< N e +E'. (5.4.24)
Z Z f([p2,p1,”-’p2m])

p<N'2pi,....pam<Ri
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Here, the error term E’ contributes

E’ < (logRy)* Z Z Z W2([d, e, P2y prs - . .y Pam])kUOPPoPD

p<NY2 pi..pom<Ry d,e<R,

N'2R¥™R3. (5.4.25)

22m+5

< (logR,)
By Lemma 3.12 we have that

T[p,pl,,..,pz,,,] <m (lOg p)(lOg RZ)k_l .

Thus

2m
’ ’ T DPlaeeesDom _ lo 1
2 e < CoER | 3 [Z _]
P<N2 P, pon<R D sP1s---sPom PN P D1

< (log Ry)*'(loglog R,)*™. (5.4.26)

Putting together (5.4.23), (5.4.24), (5.4.25) and (5.4.26) then gives the result.
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Chapter 6

Bounded length intervals containing two
primes and an almost-prime

6.1 Introduction

We are interested in trying to understand how small gaps between primes can be. If we let

pn denote the n™ prime, it is conjectured that
liminf(p,,; — p,) = 2. (6.1.1)

This is the famous twin prime conjecture. More generally, we can look at the difference

Pn+k — Pn- 1t would follow from the Hardy-Littlewood prime k-tuples conjecture that
liminf(pu — pn) < klogk. (6.1.2)

In particular, we expect that liminf,(p,.; — p,) is finite for each k.

For k = 1, the recent breakthrough of Zhang [53] has shown unconditionally that
liminf(p,,; — pa) <710, (6.1.3)

For k£ > 1, we have much less precise knowledge. The best results are due to Goldston,

Pintz and Yildirim [18], who have shown

liminf 225 7P o oor (N Z 12, (6.1.4)
n log p,

In particular, we do not know whether lim inf(p,.x — p,) is finite when k > 1.

Both unconditional results are based on the ‘GPY method’ for showing the existence of

small gaps between primes. This method relies heavily on results about primes in arithmetic
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progressions. We say that the primes have ‘level of distribution’ 8 if, for any constant A,
there is a constant C = C(A) such that

X

.
o R

é(q)

max
a
g<x’(log x)~C (a.q)=1

(6.1.5)

p=a (mod g)
P<x

The Bombieri-Vinogradov theorem states that the primes have level of distribution 1/2, and
the major ingredient in Zhang’s proof that lim inf(p,.; — p,) 1s finite is a slightly weakened

version of the statement that the primes have level of distribution 1/2 + 1/584.

It is believed that further improvements in the level of distribution of the primes are possi-

ble, and Elliott and Halberstam [12] conjectured the following much stronger result.

Conjecture (Elliott-Halberstam Conjecture). For any fixed € > 0, the primes have level of

distribution 1 — €.

Friedlander and Granville [13] have shown that the primes do not have level of distribution

1, and so the Elliott-Halberstam conjecture represents the strongest possible result of this

type.

Under the Elliott-Halberstam conjecture the GPY method gives [19] that
liminf(p,,1 — p,) < 16. (6.1.6)

If we consider k > 1, however, we are unable to prove such strong results, even under the
full strength of the Elliott-Halberstam conjecture. In particular we are unable to prove that
there are infinitely many intervals of bounded length that contain at least 3 primes. The
GPY methods can still be used, but even with the Elliott-Halberstam conjecture we are
only able to prove that

liminf 222" Pn _ ¢, 6.1.7)

n log p,
From the prime k-tuples conjecture, we expect that lim inf,,(p,.» — p,) = 6.

Therefore it appears that we are unable to show that liminf(p,., — p,) is finite with the
current methods. As an approximation to the conjecture, it is common to look for almost-
prime numbers instead of primes, where almost-prime indicates that the number has only a

‘few’ prime factors.

Pintz [41] has shown that Zhang’s result can be extended to show that there are infinitely
many intervals of bounded length which contain two primes and a number with at most
O(1) prime factors. Pintz doesn’t give an explicit bound on the number of prime factors for

the almost-prime.
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We extend this work to show that there are infinitely many intervals of bounded length
which contain two primes and a number with at most 31 prime factors. Moreover, if we
assume a generalized version of the Elliott-Halberstam conjecture, then the constant 31 can
be reduced to 4.

Our method for showing this relies on a modified GPY method which also counts almost-

primes, which might have wider interest and applications.

6.2 A generalized Elliott-Halberstam hypothesis

We introduce an assumption on numbers with exactly r prime factors in arithmetic progres-

sions of level 6.

Given constants 0 < 7; < 9; < 1 for 1 <i < r we define

1, n=ppy...p,withn < p;<n’forl <i<r,
Bras(n) = 1 6.2.1)
0, otherwise.
We put
1
Ao g @)= D By == " Brys(), (6:2.2)
x<p<2x ¢(Q) x<p<2x
p=a (mod gq)

A0 ) = max max [Ar,s(y; g, @) (6.2.3)

T (ag)=1

We can now state the hypothesis that we consider, the generalized Bombieri-Vinogradov
hypothesis of level 8 for E, numbers, GBV(6,r).

Hypothesis GBV(6,r). For every constant A > 0 and integer h > 0 there is a constant
C = C(A, h) such that if Q < x%(log x)™C then uniformly for 0 <1; < 6; <1 (1 <i <r)we
have

Z LR DA;, 5(x; q) <4 x(log x)™.
q<0

We note that Motohashi [39] has shown that Hypothesis GBV(6,r) holds for all 8 < 1/2
and all . Hypothesis GBV(6,r) is purely conjectural for all (6, r) with 6 > 1/2.
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6.3 Main results

Theorem 6.1. There are infinitely many integers n such that the interval [n, n+108] contains

two primes and a number with at most 31 prime factors.

Theorem 6.2. Let 0 > 0.99, and assume Hypothesis GBV(0,r) holds for 1 < r < 4. Then
there exist infinitely many integers n such that the interval [n,n + 90] contains two primes

and one other integer with at most 4 prime factors.

We comment that we can extend Theorem 6.1 to show that there are infinitely many inter-
vals of bounded length containing two primes and k, almost-primes, with each of the k,

almost-primes having at most |3 log, 5000k, | prime factors.

6.4 A modified GPY method

We consider a set of distinct integer linear functions £ = {L, ..., L;} which is admissible.
(We recall that a such set is admissible if for every prime p there is an integer 7, such that

every function evaluated at n,, is coprime to p).

We now consider the sum

2

k=1
S=SrHN.L= Y (Zm@xn» Fxalm) =2 D 4|, 64D
N<n<2N \i=1 dTi(n)
d<R
where
1, n has at most r prime factors
X<r(n) = . (6.4.2)
0, otherwise,
k
M(n) = ]—[ Li(n), (6.4.3)
i=1

and the A, and R are real numbers which we declare later.

If we can show that § > 0 then we know there must be at least one n € [N, 2N] for which the
terms in parentheses give a positive contribution to S. The second term in our expression
for § is a square, and so is always non-negative. We see that the first term in parentheses
is positive only when, amongst the L;(n) (1 < i < k), there are either two primes and one

number with at most r prime factors, or at least three primes. If we choose all our original
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functions to be of the form L;(n) = n + h; (with h; > 0) then all these integers then lie in an

interval [m, m + H], where H = max; h;.

To simplify notation we put

2
A%(n) = (Z Ad) . (6.4.4)

d|Tl(n)
d<R

To avoid confusion we mention that A?(n) is unrelated to the von-Mangoldt function.

We expect to be able to show that S > 0 for suitably large k and r if the primes have level of
distribution # > 1/2. This is because the original GPY method shows that for sufficiently

large size of k (depending on €) we can choose the A, to give

k-1
D D xamN ) = 20-6) > A, (6.4.5)

N<n<2N i=1 N<n<2N

Moreover, since A%(n) is small when I1(n) has many prime factors, we expect for suffi-

ciently large r (depending on k and e€) that
D, I xaLNm <e Y A (6.4.6)
N<n<2N N<n<2N
And so provided that 8 > 1/2 + € we expect that
S>c > A >0 (6.4.7)
N<n<2N

If we wish, we can repeat this to show for k, r sufficiently large any k-tuple contains 2
primes and m almost-primes, whenever we can show that it contains 2 primes by the GPY
method.

6.5 Proof of Theorem 6.1

We broadly follow the above approach to establish Theorem 6.1. To simply the argument,
however, we first make a couple of simplifications. We will use the inequality

7(n)
2r+1

Y<r(n)=>1- if n is square-free, (6.5.1)

to simplify the analysis of the y, term (here 7 denotes the divisor function). Since this is
only valid for n square-free, we will also restrict the sum to n for which I(n) is square-free.

As in Chapter 3, this has a negligible effect on the final asymptotics.
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We let LEI)(n) =n+h; (1 <i<kp) be our admissible ky-tuple. As in previous chapters, we
adopt a normalization of our functions. We let L;(n) = LEI)(An + ag) = An + b; where the

constants A, ap > 0 are chosen such that for all primes p we have

#Hl<a<p: ﬁL,-(n) =0 (mod p)} = 1< p oA, (6.5.2)
| 0, PIA.
We now set I1(n) = Hfjl L;(n). We consider the sum
& 7(Ly, (1)) ’
S=8B)= ), (szl(u(n» -1- "T)(Z ﬂd) , (6.5.3)
N<n<2N i=1 d|[1(n)

II(n) square-free
where the A, are real constants (to be chosen later).

We wish to show, for a suitable choice of positive constants B and ky, that S > 0 for any
large N. If this holds we see there must be infinitely many integers n such that two of the

Ll(.l)(n) are prime and one other of the Lfl)(n) has at most |log, B| prime factors.

We first remove the condition that I1(n) be square-free in the sum over n, and then we split

S up into separate terms which we will estimate individually. This gives

‘- AN (L, ()
- B

(Zm(L,-(n)) -1-
N<n<2N ‘i=1

2
Z /ld) — kS’
d|T1(n)

ko—1
|
S Z SaLs) = =83~ kS, (6.5.4)

where

= > (D), (6.5.5)

N<n<2N d|I1(n)
I1(n) not square-free

si= Y (D) (6.5.6)

N<n<2N d|ll(n)

oLy = Y xa@m)( Y ), (6.5.7)
N<n<2N d|I1(n)

Si= > L) D) A (6.5.8)
N<n<2N d|I1(n)

We will use the following proposition to estimate the terms above.
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Proposition 6.3. Let w = 1/1168 and D = NV**"A. Let D\ = N /A and P = [ ,<p, P
For d < D with d|P we let
k0+lo
u(d) (10 D ) ’
(ko + 1p)!
and let 1; = 0 otherwise. Then we have

Ag =

S’ = o(N(log N)k+2),
SN(log D)xo+2b (2],
S, < 1 1)),
A U (I + &1 +0(1)))
SN(log D)o+l (2], + 2
Sy(Ly > —ogD) 2 (1 - k)
(k() + 210 + 1)‘ lOgN l() +1
+ O(N(log N)*+?=11oglog N),
SN(log D)x+2 (2], — 2\ [ 6l, — 4 log N log N
S3 < + + 6w + + o(1
2= or 2=\ o -1 \iotko 7210 T 10gD T\%% F ogn) T
+ O(N(log N)*+*=11oglog N).

where
ko + 21
=6,(1+ 63 + (log 293)k0)( 0 °)
0
ko + 20y + 1)

Ky = 61(1 + &5 + (log 293)k0)( ko1

ko + 20y — 1
ks = 61(1 + 62 + (log 293)(ko + 1) T 70 7).
ko+1
81 = (1 + 4a) 0t
293
(log 293)" (ko + 1)
Z v!
1\
:- ﬂ(l-—) TI-3)0-7) -
Pl pHA p p

We can now establish our main theorem using Proposition 6.3. Substituting the bounds into
(6.5.4) we obtain

_ N&(log Dyl (210) ((ko ~ D2l + DA + 4w)(1 - x2)

1k - C—;) (6.5.9)

= kot 200\l (ko + 200 + D2y + 2)
Where oo +2l) { 6lp—4  logN log N
o(Ko + 2lp 0~ 0g 0g
- 6 . 6.5.10
O T2 (10(k0+210) " logD +K3( o logD)) (65.10)

We now choose ko = 4.5 x 10°, [, = 300. By a simple computation analogous to that giving
[53, inequality (4.21)] we certainly have

K1, K2, k3 < exp(=1000). (6.5.11)
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Thus, by computation, we see that for N sufficiently large we have

(ko — DRIy + 1)(1 + 4w)(1 — k7) ! (4 1 602 1172 | — 3p-1000
i - —1-3e
(ko + 21y + D21y + 2) ! 600 4500000/ 1168
> 0.0016, (6.5.12)
and
co < ko + 2y + 2 < 460000. (6.5.13)

We now choose B = 2% — 1 > 4000000000, and we see that

S(log D)o+ (2 4
S N&S(log D) Iy 0.0016 — 600000
(ko + 21p)! Iy 4000000000
N&(log D)ko+2l (2],
> 0.00045 . 6.5.14
- (k() + 210)' l() ( )

Thus, for any admissible ky-tuple of linear functions of the type we have considered, there
are infinitely many integers n for which two of the functions are prime at n, and another

function has at most 31 prime factors. A computation now reveals that
m(10%) — m(4.5 x 10°) > 4.5 x 10°. (6.5.15)

Therefore we can form an admissible k,-tuple of linear functions of the form L;(n) = n + h;
with 0 < h; < 108, by letting 4; = pu+i — Pm+1 Where p,, is the largest prime smaller than
4.5 x 10°. This shows that there are infinitely many intervals of length at most 10® which

contain two primes and a number with at most 31 prime factors.

We comment here that with slightly more care one can take «, k,, and k3 to be rather smaller
than the expressions given in Proposition 6.3. This allows us to show that § > 0 for smaller
values of k, which in turn allows us to reduce the number of prime factors required for
the almost-prime from 31 to 29. Moreover, any improvement in the constant @ occurring
in Zhang’s paper would give a corresponding improvement here. By choosing k and [
optimally, we would have that there are infinitely intervals of bounded length containing

two primes and one almost-prime with ~ 3 log, % prime factors.

6.6 Lemmas

The proof of the bounds for the sums S/, S| and S, essentially already exists in the liter-
ature. Ho and Tsang [28] evaluate a sum very similar to S3, but in their case the A, are
non-zero on some square-free d < D for which d 1 . We therefore require some esti-

mates to show that the error in replacing our sieve weights by the ones used by Ho and
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Tsang is small, analogously to [53, Sections §4 and §5]. Our work naturally relies heav-
ily on the papers [53] and [28], and is far from self-contained. We recall the definitions
of D,D,P,w,A; and & from Proposition 6.3. As in [53], we also define the quantity
Dy = (log D)%,

Lemma 6.4. Let o5 be the multiplicative function supported on square-free integers co-
prime to A satisfying o3(p) = ko + 1 — ké/pfor p 1t A. Then

2
> r(Lko(n»(Z Ad] NI (tog N + OCM, 204, + M) + o(N(og NY+20),
N<n<2N d|I1(n)

where

B Aa.05([d, €])
M] - Z [d’ e] s

delP

_ Z 2(p — ko) log p mem([d el)
(ko + Dp — ko s
pld

_ Z 2(p —ko)log p ﬂd/legz([d e])
(ko + Dp — ko P

pld.e

b

Proof. This follows from the argument of [27, Pages 254-255], with changes only to the
notation. We note that the A, are supported on d < D < N'/37¢, as required for the argument.
]

Lemma 6.5. Let o3 be as defined in Lemma 6.4, and let

k()+lo
gy = {(koilo)l (log %) ’ y<D,
0, otherwise,
_ u(r)os(r)
Aald) = ) ==—g(dr),
(rd)=1 r
-1
05(d) = 1_[(1 3 Q3(P))
pld p
Then if d < D is square-free we have
_ 6@ _ A (DY -3¢
Ao = 6¢(A) (log —) +0((log D"+,
ko—
D) _ (4 o 9A) o it tog DY),

d (kg + D!

d<x!/4
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Proof. The proof is entirely analogous to that of [53, Lemmas 3 and 4], the only difference
being we have o3, SA/@(A), ko+ 1 and [y—1 in place of o1, S, ko and [y in the argument. O

Lemma 6.6. Let Ateos(d. €]
" dte03(ld, e
my = Y dudeendech)

o [d, e]

Then we have that

* A (2l — 2\ S(log Dyko+2h-1
M, - M| < k53— 1 1
M= Ml _K3¢(A)(lo—1) o+ 2l — 1 LoD
where
ko + 20— 1
k3 = 61(1 + (62)* + (10g293) (ko + 1))( 0+ 2o ),
k() +1

61 = (1 +4w) ™%,
293

log293) (ko + 1)”
e 5 G028 ¢ 1y

v=1

Proof. The proof is entirely analogous to §4 of [53], using Lemma 6.5 in place of [53,
Lemma 2 and Lemma 3] and replacing o;, S, ko and Iy with o3, SA/¢(A), ko + 1 and [y — 1
in the relevant places. O

Lemma 6.7. Let

. 2(p — ko) log p o Aad.03([d, e])
M3 = .
% (ko + 1)p — ko ; [d, e]

p=Dy

Then we have

(1 +0(1)),

A (2l - 2\ S(log D)ko+2
M5 — M| < 2wxs (0 )L

oA\ Lo — 1 ) (ko + 20y — 1)!

where k3 is defined in Lemma 6.6.

Proof. We first fix p and consider the difference in the inner sums over d and e. This
inner sum can be evaluated by essentially the same argument as section §4 of [53]. The

condition pld, e corresponds to p|(d, e), which in the notation of [53, section §4] introduces

the condition p|dy. Writing d, in place of d,/p then gives in place of the sums X, %, and
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25 the sums

dvd)os(pdodsd
Z ZZ,U( 1d2)03(pdod, 2)g(pa’oall)g(pdodl),

dodd
dosxl/p i do pdod1dz

dqd dodid
33 MARBDEL) e pody),

dodd
dosx 1 p P 1P Pt
do|P

d\d dod, d.
55, = Z Z Z/l( I 2)@3(!’ od1d>) e(pdody)e(pdody).

dod; d.
1/4/p<d()<D/[J dy d pdodi
do{P

The analysis now follows essentially as before. When [53, Lemma 3] is used to estimate

the terms (A, (d) we can instead use the inequality
As(dp) < 65(p)Az(d) + O((log D)"™>*). (6.6.1)

The only other additional constraint is that (d, p) = 1, which can be dropped for an upper

bound in the final estimations. This argument then gives

(1 +o0(1)os(p)bs(p)* A (210 - 2) S(log Dyk+2o-1
p K3¢(A) lo—1) (ko +2l,— D!

We now sum this bound over p to obtain a total error of

|21,p| + |22,p| + |23,p| < (662)

oA (210 - 2) S(log D)to+?h-! Z 03(p)03(p)* 2(p — ko) log p
PN\ lo = 1) (ko + 2l = ! p (ko + 1)p — ko

A (21, — 2\ S(log D)o+~ 21 1
i lo =2\ S(log D) Z ogp  oflogp
GAN\ o= 1) (ko +2lp=1)! A\ p P’

A (2l —2\S(og D)k0+210—1
=2+ 0(1))(10gD1)K3¢(A)( -1 ) Got 2D

(6.6.3)

Lemma 6.8. Let
2(p —ko)log p Z /ld/leQ3([d e])

M =
2 (ko + 1)p — ko

Then we have that

_ ko+21o
A (210 2)6(logD) 1+ (1)),

M, — M <2 —_— B —
Mo = Mol < 20550 o = 1 )t + 200 = 1!

where k3 is defined in Lemma 6.6.
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Proof. Analogously to §4 of [53], we first bound the difference |M, — M;| by

2(p — ko) log p
N )M >3 6.4
Z (ko + 1)p — ko - | | 2,p|+| 3,p|), (6.6.4)
where
dd dodd
ey > Y HARDBPLAD) gy, (66.5)
do<x!/* (d1.p)=1 (d2,p)=1 paodiaz
(do,p)=1
. (did dodd
) HABDIPAD) o iy g(dody), (6.6.6)
do<x!/* (d1,p)=1 (da2,p)=1 pdodidz
(do,p)=1 dilP P
do|P
* u(d\drp)os(pdod, ds)
X, = dod))e(dody). 6.6.7
3.p Z Z pdodds 8(pdyd,)g(dod>) ( )

x4 <dy<D (d1,p)=1 (d2,p)=1
dotP

We first consider X, ,. we wish to put this into a simpler form. Since o3 is supported only
on square-free integers, we can insert the conditions (dy, d,) = (dy, d>) = (d;,d,) = 1. With
these conditions we may split up the arguments of u and p; due to their multiplicativity.

We then rewrite the condition (d;, d>) = 1 using Mobius inversion. This gives

du(d d, d d
ET,p _ Z Z Z u(dpp(dr)u(plos(p)os(do)es(dr)os(dy)

x4 (dydop)=1 (dr.dop)=1 pdodd;

(do,p)=1
x g(pdod)g(dody) Y pu(q)
qildy,d>
- 2 d dpu(d
_ Q3(P)Z,U(C])Q(Q) Z 03(dop) Z 03( gﬂ( l)g(pdodlql)
do=x/* do (d1.dopgn)=1 !
d d
X Z ,u—( 2153( 2)é’(Cl'odqu)
2
(d2,dopq1)=1
- 2 d d d
_ Q3(P)Z,U(C])Q(Q) Z 03( 0)ﬂ3(dopq) Z u( 2)dQ3( Z)g(dodqu).
do=x/* (d2dopg1)=1 2

(6.6.8)

We rewrite the condition (d,, p) = 1 in the inner sum by Mdobius inversion. This gives

d d d d
wg(dodqu) = Z wg(dodqu) Z 1(q2)

d d
2 (d2,doq1)=1 2 @1p.da

d d
Z 03(q2) Z wg(dodzqﬂz)

(d2,dopgq1)=1

o P @degrg=1 d
= Asz(doqy) + ?ﬂg(a’oqm). (6.6.9)
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Thus we obtain
. _ —03(p) 03(dp) ,U(C])Q3(61)2
¥ _&3\F) E &3\%0) § PR3N

Lp ™ d 2
P dop=t N o= 4

x (ﬂz»(doPCI)?h(dOQ) L2 )ﬂ3(d01?6])2) . (6.6.10)

Analogously to the argument in [53], we can restrict the sum over g to g < D at a cost of

an error O(D;' p~'(log D)?) for some constant B. Letting d = doq then gives

. = 03(d)05(d) log D)#
5, = 20 5 IR A dp@ + EL Ay ) + o L),
p d<x'4D d pDO
=X 0
(d.p)=1
(6.6.11)
where
0:(d) = Z ﬂ(q)gs(q)_ 6.6.12)
dog=d
d0<x1/4
q<Do
An analogous argument can be applied to X and X3  which gives
. _ —03(p) o3(d)d(d) [ _ . . ») . (log D)?
5, = 20 5 ST Aapasa) + L2 aapy ) + o T2,
P asip d PDo
=X 0
dip
(d.p)=1
.- 03(d)b3(d) log D)8
z;, = 2 5 OOV (Aapnd) + EL A apy) + o WD)
p d<x'4D d pDO
=X 0
dip
d,p)=1
where
" (r)es(r)g(dr)
Ayd) = GEGCN (6.6.13)
(rd)=1 r
P
5(d) = Z H@es(@) (6.6.14)
dog=d q
xM<d,

The rest of Zhang’s argument now essentially follows as before. The differences are, as
in Lemma 6.7, when Zhang uses the asymptotic expression for A;(d) we instead use the
upper bound from the inequality (6.6.1), and in the final estimations from the sums over d

we drop the condition (d, p) = 1 to obtain an upper bound. This gives us

(P)6(p)  03(P)B3(p)*\ (2lo — 2
1210 + 2ol + 125, < K3¢(A) (93 Pp3 p) , Pp3 p )( 100_ 1 )
S(log D ko+2lp—1
(1500+g 212 —pyr e (6.6.15)
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We now perform the summation over p. We see that

2(ky — p)log p (03(p)65(p) 93(17)93(1?)2) (2 log p (10gp))
- 28040
2, (ko + 1)p — ko ( r P I,SZD}I o\

< 2+ o(1))(log D). (6.6.16)

p<Di

This gives us the bound stated in the Lemma. O

Lemma 6.9. Let M}, M} and M, be defined as in Lemmas 6.6, 6.7 and 6.8. We have that

. GA (2ly -2 1 (log Dy*201 4 0 (log D)to*2b!
P\ Iy =1 ) (ko + 20y — 1)! loglog D
27 9\ lo = 1 Jlglko + 21p)! loglog D

M) < A (2l =2 #(log DY+20 4 0 (log Dy**20
3120\ bo = 1 ) (ko + 20)! loglogD )’

Proof. This follows from the estimation of the equivalent terms ‘M, ;, M, ,, M, 3’, adapted
to our notation, which is performed in [28, Pages 40-44]. We note that our sieve weights
differ from those used in [28] only by a constant factor of (log D)**? /(ky + ;)!. The only
difference in the argument is that we have the additional restriction that p < D, in the terms
M; and M;. However, at the point in the argument when the sum over p is evaluated, we
may drop this requirement to obtain a bound rather than an asymptotic estimate. Since all
further estimations are over terms of the same signs, these bounds correspondingly produce
a upper bounds for [M] and [M;|. With further effort one can asymptotically evaluate the
terms M} and M7, but the loss in our argument here is comparable to the size of k3, which

will be small. O

6.7 Proof of Proposition 6.3

We can now complete the proof of Proposition 6.3. The first statement which bounds S’
follows from the argument of [28, Page 45]. The result is larger by a factor (log D)ko+2
since each of our A, are larger by a constant factor of (log D)**%/(ky +1,)!. The second and
third statements which bound §; and S, (L) are the equivalent statements to the bounds [53,
Inequalities (4.20) and (5.6)]. We note that in Zhang’s work the linear equations are of the
form L;(n) = n + h; rather than An + ay + hy,. This essentially leaves the proof of the result
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for S| unchanged, but causes a very minor change in the proof of the bound §,. We have

SaL) =Y Aade D xai(Li(m)
e el

_ (@(24AN) - 1(AN)) < Aade02(d, €])
- $(A) = ¢(lde])
_AN( +0(1)) v Aade0a([d, e])
~ $A)logN L ¢((d,e))

+ O(E;) + O(N%)

+ O(E;) + O(N°).

where o, is the multiplicative function defined on square-free integers with

( ) _ kO - 1’ p )(A,
0xRP) = 0, otherwise,
Ei= ), m@dod ) [A«i;Ad,c)l,
d<D’ c&C3d
AP (d,A)=1 :
1
A(x<i;d,c) = Z XSl(n)_F Z Xx<i1(n),
ANZn<2N ) LDy

Ci(d) = {C: 1 <c<Ad(c,d)=1,c=hj+ay (mod A),

ko
l—[(c —hj+h) =0 (mod d)}.

i=1

(6.7.1)

(6.7.2)

(6.7.3)

(6.7.4)

(6.7.5)

Since A = O(1), D; = N®/A and D = N'/*7/A, Zhang’s Theorem 2 now bounds E; by
essentially the same argument. We see that, by the Chinese remainder theorem, there is a

bijection Ci(gr) — Ci(q) X Ci(r) when |u(qrA)| = 1, which gives the relevant equivalent

of [53, Lemma 5]. The only other change required is a trivial adjustment to the terms

in the argument following Zhang’s inequality (10.6) to take into account the additional

congruence restriction ¢ = h; + a, (mod A). The rest of the main analysis of S, goes

through correspondingly. The only change is that in Lemmas 2 and 3 we have ¢(A)S/A in
place of S. This causes us to gain a factor ¢(A)/A, which cancels with the factor A/¢(A)
which we have in (6.7.1). The final statement bounding S is a consequence of simply

combining the results of Lemmas 6.4, 6.6, 6.7, 6.8 and 6.9.
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6.8 Proof of Theorem 6.2

We now establish Theorem 6.2 using our modified GPY method, assuming Hypothesis
GBV(0.99,r) for 1 < r < 4. We consider the sum §, defined by

k-1
S= ) [Zm(b(n))+xg4<Lk<n»—z A2n)

N<n<2N \ i=1
k-1
= > Qu(L) + Oa(Ly) - 205, (6.8.1)
i=1
where
QL) = ) xaLmN (@), (6.8.2)
N<n<2N
(L) = ) xsLmDA’(m), (6.8.3)
N<n<2N
0= ). N (6.8.4)
N<n<2N

We recall that A%(n) is defined by (6.4.4) in terms of A, and R. We now set
R = N**(log N)™C, (6.8.5)

where C > 0 is a constant chosen sufficiently large so we can use the estimates of the
hypotheses GBV(0.99,r), for 1 <r < 4.

In our situation, the choice of good values for A, and the corresponding evaluation of Q,
0,, Q5 already exists in the literature. As in Chapter 3, we define A, in terms of a polyno-
mial P via equations (3.4.14) and (3.4.15). We quote from [17, Theorem 7 and Theorem
9]. These results give for L € L and for sufficiently large C that we can choose the 4, such
that

0,(L) ~ 6((31\; ()l!oli g}ﬂ 01 P(1 = 02 2dr, (6.8.6)
0; ~ S(fl):\i (llo)g! Ry fo ] P(1 — 124 dr. (6.8.7)
where
S(L) is a positive constant depending only on £, (6.8.8)
P(x) = fo ) P(t)dt. (6.8.9)
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We now concentrate on the remaining term Q,(L;). We split the contribution depending on

whether L;(n) has exactly 1, 2, 3 or 4 prime factors. Thus

Or(Ly) = Qi(Li) + Q55 + Q53 + O 4, (6.8.10)
where
0, = Z Bi(Li(n)A*(n), (6.8.11)
N<n<2N
and
1, n has exactly j prime factors
Bin) = . yJP (6.8.12)
0, otherwise.

For technical reasons we find it harder to deal with terms arising when L(n) has a prime
factor less than N or no prime factor greater than R. Thus we obtain a lower bound for Q] i
by replacing (Lo(n)) with B(Lo(n)), where

I, = ...p; with n€ < <-o-<prand 1999 < p.
Bi(m = "= PP PRSPy < ppand RSPy g )
0, otherwise.

We can then obtain these asymptotic lower bounds. By following an equivalent argument

to prove Proposition 3.4 but using Hypothesis GBV(0.99,j) to bound the error terms we

have SOl ol
, ogR
> (1 1 . 6.8.14
0, ;= (1+o0(1)) *—2)l10gN ( )
where
Ii(Bxy,...,Bx,_
WBr, -G Bo-) (6.8.15)

Jr= f(;ly---sxrl)eyb‘ (H,r:_]l xi) (1 - Z;:_ll X[)

2
1
I, = f [ (—1)'J|P+(1—t—2x,~)J *2ds, (6.8.16)
0 \ycit,..r—1)

i€
Pt(x) = by PO, x=0 (6.8.17)
0, otherwise,
2
r—1
A, = {x e[0,17 ' re<x <+ < xr_l,Zx,- < B-‘}. (6.8.19)
i=1

Substituting (6.8.6), (6.8.7) and (6.8.14) into our expression (6.8.1) for S, we obtain

S

S S(L)(log RY (O.99(k -1

=T k-1 5 kit i+ s +J4)—210+0(1)), (6.8.20)
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where J, is given above and

1
Iy = f P(1 = t)** .
0

(6.8.21)

Therefore given a polynomial P we can get an asymptotic lower bound for S by explicitly

calculating the integrals 1y, Ji, J», J3 and J,.

Explicitly we have for r = 1

1
Ji = f P(1 - 1) dt.
0

Jo = Joy + I + O(e),

Similarly, for r = 2 we have

where

1 B 1-x B 5 2 (o
JZ]:fo X(B_x)fo (P(l—t)—P(l—t—x)) #2dtdx,

! B 1" 2 k-2
Jo = P(1 — )t “dtdx.
& foxw—x) L P

For r = 3 we have
J3 = J31 + I3 + J33 + J3a + O(e),

where

B (P - ) iy
f“-f I} W AP o) s
1/2 1-x
f f (P(1 )= B(1 =1 = %)) #didydx,
X)’(B xX=y)

1/2 1-x
J33 = f f
xy(B X = )’) 1-x-y

x (B(1 = 1) = P(1 =1 = ) = P(1 =1 - y)) *dedydx,

1/2 1-x B 1-x—y
we ] se
’ 0 . XYB-x-y)Jo

~ ~ ~ ~ 2
x(P(1 =)= P(1-t-x)—P(A—t-y)+ P(1 -t - x - y)) #ddydx.

Finally, for r = 4 we have
Jo=Ja + I+ Jaz + Jaa + Jus + Jae + Ja7 + Jug + Jag + Ja10 + Jar1 + O(e),

where

1/3 (1-x)/2 1-x—y B 1 ~ 5 tk 5
T = B(1 - 1)) #drdzdyds,
. fo f fy xyz(B—x—-y—2) H( ( )) g
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(6.8.22)

(6.8.23)

(6.8.24)

(6.8.25)

(6.8.26)

(6.8.27)

(6.8.28)

(6.8.29)

(6.8.30)

(6.8.31)

(6.8.32)



1/3 (1-x)/2 1—x—y B
e[
. 0 X y xyZ(B—X—y—Z)

x (P(1—1)~ P(1 -1~ x))2 r"‘zdtdzdydz,

1/4 1/2—x 1-x—y
w= ]
by XZB-x=y=2) Jioxy

P(l —)—-P(1-t-x) - P —t—y)) *2dtdzdydsz,

1/3 (1-x)/2 B 1-y
Jas =
44 j‘.f lj xyz(B—x—y—72)

P(l—t) Pl-t-x)—P1—-1t- y)) *2dtdzdydsz,

1/4 p12-x  pl-x—y l—x-y
Jus =
® f f f by XIAB-x-y-2)

x(P(1-1)-P(1-1-x)- P(l—t—y)

+PA-t—x- y)) i 2a’tdzdydz,

1/3 (1-x)/2
Jic =
o f f f xyZ(B X=y- Z) 1-x—y

x (P =) P(1—1—x) - P(l—t—y) P(l—t—z)) #2dtdzdydz,

14 pl2-x  plex—y
T =
+ f f f+ XYZ(B X—=y—- Z) 1-x—z

x(P(1-n-P(1-t-x)-P(1—1-y)

—PAQ-t-2)+P(1-t-—x- y)) *2dtdzdydz,

1/3 (1-x)/2 1-x—y
we [
0 x y -de—x—y—d l—x—z

x(PA=t)-PA-t-x)-PA-t-y)-P(1-1-72)

+P1—t—x- y))Ztk_zdtdzdde,

1/3 (1-x)/2 1—x—y B 1-x—z
el )
0 x y xyZ(B —X—=)y- Z) 1-y—z

x(PA-t)-PA-t-x)-PA-t-y)-P(1-1-72)

~ ~ 2
+P(1—t—x—-y)+ P(1 -t - x - 2)) #dtdzdydz,

1/3 (1-x)/2 1—x—y 1-y—z
Ja10 —f f f
, XyZ(B=x=y—=2) Ji_yy—

X(PA-t)-PA-t-x)-PU-t-y)-PA-1-2)+P(1-1t-x-y)

~ ~ 2
+P(1—t—x-2)+ P(1 -t -y - 2)) £ drdzdydz,
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(6.8.34)

(6.8.35)

(6.8.36)

(6.8.37)

(6.8.38)

(6.8.39)

(6.8.40)

(6.8.41)



1/3 (1-x)/2 1—x—y 1-x-y-z
J =
H f f fy xyz(B—x—y—2) f

P(l—t) Pl-t—-x)—PA-t—-y)—Pl-t-2)+P(1-t—x—-y)
+PA—t-x-2)+PQ-t—-y-2)-PQ-t-x-y- z)) 2dtdzdydz.  (6.8.42)
We choose k = 22 and P(t) = 1 + 60t — 300¢> + 35007°. We find that numerical integration
gives

121351

0= 39000 - 2.04978..., (6.8.43)
228380

Ji = 18027000 — 0.01266..., (6.8.44)

J> > 0.041 + O(e), (6.8.45)

J3 > 0.048 + O(e), (6.8.46)

Js > 0.028 + O(e). (6.8.47)

Thus we have that

S(L)(log R)* (0.99(k -1

S >
2

T k-1
. SO dog R)!
T (k-1

(k) + Jo + J3 + J3) = 21y + O(e) + 0(1))
(0.013 + O(e) + o(1)). (6.8.48)

In particular, for N sufficiently large and € sufficiently small we have S > 0, and so there
are infinitely many n for which an admissible 22-tuple attains at least two prime values and

one value with at most 4 prime factors.

The set {0, 6, 8, 14, 18, 20, 24, 30, 36, 38, 44, 48, 50, 56, 60, 66, 74, 78, 80, 84, 86, 90} is
an admissible 22-tuple, and so the interval [n, n + 90] infinitely often contains at least two

primes and an integer with at most 4 prime factors.

We remark here that if we can take the level of distribution 6 = 1 — ¢ for every 6 > O then

we can take k = 19 instead of 22, which reduces the length of the interval to 80.
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