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In this paper we give an explicit bound on the distance to chi-
square for the likelihood ratio statistic when the data are realisations
of independent and identically distributed random elements. To our
knowledge this is the first explicit bound which is available in the
literature. The bound depends on the number of samples as well as on
the dimension of the parameter space. We illustrate the bound with
three examples: samples from an exponential distribution, samples
from a normal distribution, and logistic regression.

1. Introduction. One of the most celebrated theorems in theoretical
statistics is Wilks’ Theorem, which states that under appropriate conditions,
2x a log-likelihood ratio statistic is approximately chi-square distributed.
This result is very useful when testing the null hypothesis Hy : 8 € O
against the alternative hypothesis H; : @ € O, where O C O, using a
generalised likelihood ratio test. Such tests arise for example in the area of
model reduction, with the aim of finding a relatively simple model which
explains the data reasonably well, see for example Chapter 6.5 in [6]. For
this test the number of degrees of freedom of the asymptotic chi-square
distribution under the null hypothesis is 7 = dim(©) — dim(Oy); see [25], as
well as Chapter 12 in [16] and Chapter 16 in [23] for more details. This test
is intriguing because of its generality; in [8] the term Wilks phenomenon is
coined for the fact that the asymptotic distribution of the likelihood ratio
statistic does not depend on the “nuisance” parameters of the particular
random mechanism which underlies the observations.

For any generalised likelihood ratio test there are only finitely many ob-
servations available. The quality of the approximation will depend on the
number of observations, and also on the distribution of the observations un-
der the null hypothesis. As noted for example in [24], the quality of the chi-
square approximation for a small sample size is unknown. To date, bounds
on the distance to the chi-square distribution are only available in special
cases. This paper addresses the problem through the use of Stein’s method.
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The key ingredients are [10], where Stein’s method for chi-square approxi-
mation is developed, and [1], where the distance to normality for maximum
likelihood estimators is bounded using Stein’s method for multivariate nor-
mal approximation. We shall apply these results in order to obtain our main
theorem, Theorem 2.3. This theorem gives an explicit bound on the distance
between the log-likelihood ratio statistic and the corresponding chi-square
distribution.

Our results are the first ones which give an explicit bound to the chi-square
distribution in Wilks’ theorem under a general setting. These bounds are not
optimised with respect to the constants. Their importance is of theoretical
nature, but they can also be viewed as indicative of situations when the
chi-square approximation does not hold. To illustrate this point, if d is the
dimension of the parameter space ©, r the number of degrees of freedom, and
n the number of observations, then our bounds tend to 0 as n — oo when d is

o (nﬁ> when r is fixed, and when d is o (nfls> when r is allowed to be of the

same order as d. Hence the dimension of the parameter space is allowed to
increase with n, but only very slowly. In particular in the regime considered
n [22], that d grows linearly with n, our bounds will tend to infinity with
increasing sample size, as they should in this case. In the special case of
logistic regression, [19] reported that the chi-square asymptotic is still valid
when d = o (n%) While the criterion d = o (nfls) is not as strong, our
bound is explicit and is derived in a more general setting.

This paper opens up some avenues for further research. The first avenue
relates to the order of the bound. In [10], for the Pearson chi-square statistic
with fixed number of cells, a bound to the chi-square distribution of order
n~! is obtained, through making use of the quadratic form of the chi-square
statistic. In contrast, Theorem 2.3 gives a bound of the order n='/2 for fixed
d, with no clear possibility of improving the bounds. It has been suggested
in the past that Pearson’s chi-square statistic is closer to a chi-square distri-
bution than the corresponding log-likelihood ratio statistic, see for example
the chapter on historical perspective in [20]. It is probable that including
a Bartlett correction in the log-likelihood ratio statistic as in [26] will im-
prove its asymptotic performance, see Chapter 6.11 in [6]. In future work it
will be interesting to explore the discrepancy between the two tests. As a
related question, in [22] it is shown that when the ratio d(n)/n — k > 0, a
scaled chi-square statistic provides a good approximation for a class of lo-
gistic models; it would be interesting to explore this approximation further.
Moreover, the bounds which are derived in this paper are not claimed to be
tight - indeed the Cauchy-Schwarz inequality is repeatedly used. Obtaining
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tighter bounds remains an open problem.

A second avenue concerns the assumptions. In this paper the observations
X are assumed to be independent and identically distributed. As our proof
is mainly based on Stein’s method, generalisations to weakly dependent ob-
servations are straightforward in principle, see for example [4] and references
therein. For simplicity of exposition this paper concentrates on the classical
i.i.d. case.

Moreover, for convenience in this paper we assume throughout that © is
open, and Oy is either open or a one-point set. In [25] it is assumed that Og
is a hyperplane in the Euclidean space ©. This assumption is weakened in
[5], but an essential asumption for the chi-square asymptotics to hold is that
the sets ©p and © are (locally) equal to linear spaces, see [23], p.228; open
sets for example satisfy this condition, but half-lines are not locally linear
at their boundary points. A key assumption is that the true parameter does
not lie on the boundary of the parameter space. This assumption is not easy
to verify; when it is violated, then a rather different asymptotic behaviour
can occur, see for example [5], [9], [21] and [11]. Allowing for more general
parameter spaces is another item for further research.

The third avenue for further research concerns the method used for the
proofs. This paper relies heavily on Stein’s method. The conditions in our
paper are such that the log-likelihood is locally linear, and hence resembles a
quantitative approach to locally asymptotically normal models in the sense
of Le Cam [14]. In contrast to Le Cam’s general theory, instead of considering
any small perturbation around the true parameter we restrict attention to
the maximum-likelihood estimator. This restriction allows to apply results
from [2]. Expanding the results to provide a quantitative framework for Le
Cam’s theory will be part of future work.

The paper is structured as follows. Section 2 gives the general result. The
proof is presented in modular form as a collection of lemmas, because the
different steps in the approximation may be of independent interest. The
proof also relies on Theorem 2.1 which is of interest in its own right as it
gives an explicit bound on the distance to chi-square (in terms of smooth
test functions) for a general standardised chi-square-type statistic based on
score functions. Section 3 illustrates the result in three examples. Firstly we
consider an example with a one-dimensional parameter, namely the expo-
nential distribution. The second example is that of the normal distribution
with two-dimensional parameter (u,0?). The last example is logistic regres-
sion. Finally Section 4 gives the proof of Theorem 2.1.
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2. The general result. Before stating the general result, we intro-
duce some notation. Let C}J'(R) denote the space of bounded functions
on R with bounded k** order derivatives for k¥ < n. For h € Cy we let
1A} = max{||h®)]|,k = 0,1,...,n}. Let V = (80 ,i=1,...,d)T denote

the gradient operator, so that VVT = ( 80829 ) . is the Hessian opera-
t,j=1,...,

tor. The third order tensor V) := V@V®V is so that (V(?’))i,j,k = %

for¢,7,k=1,...,d and for d x 1 vectors u, v, w,
d d d 53
(3) -z
V¥ flu, v, w) ;kzl;uvkwsaejaekaesf

is a scalar, while the vector V) f[v, w] is given by

d d d

83
=2 Z UK Ys 5 50,00,

=1 k=1 s=

Let X = (X1,...,X,) be independent and identically distributed (i.i.d.)
observations from a distribution with probability density function f(x|0),
where 8= (01,...,04)T € © C R%. The test problem is

Hoieo’j:(), jzl,...,r

against the general alternative Hy : 8 € ©. Here O is open, and Oy is either
open or a one-point set. Assume that dim(0) = d; then Oy = {6 € O :
o, =0 for j =1,...,7} has dimension d — r. Writing 8 = (0[1#], 0[T+1:d])T
where 61, is the vector of the first r components of 6 and 6, ,.q is the
vector of the remaining d —r components of 8, the null hypothesis translates
to H() : 007[1:7"] =0.

Let L(0;x) =[]\ f(x;]0) denote the likelihood function. Set

A - T
0" (x) = argmaxgeo,L(0;x) = (0[1:T],0f;+1:d](a:))
On () = argmaxgeq L(6; @);

under the conditions which will be specified, these quantities exist. The log-

likelihood ratio statistic is
(2.1)

T L én . L(fTes .
—2log A = 2log <T;> with 77 = (L(B(ji;)m) and Th = W

with 6¢ the unknown true parameter. Thus, T} is the likelihood ratio for
testing the simple null hypothesis that 8 = 0y against the alternative that
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0 € O, whereas T5 is the likelihood ratio for testing the simple null hypoth-
esis that @ = ¢ against the alternative that 6 € O.

The Fisher information matrix for one random vector is denoted by I(6g),
which again is assumed to exist. We write £(0;x) = > | {z,(0) with
lz,(0) =log(f(x;|@)). The score function for Oy is

_ _ R £(6o, )
(2.2)  S(6g) = S(60,x) = Vlog L(0p; ) = \/ﬁ< (60, ) >
with column vectors € = (£1,...,&)T € R and n = (n1,...,mq_,)7T € R,
We omit the arguments  and @ when they are obvious from the context.
In the sequel, expectations are taken under the true parameter Oy unless
otherwise indicated; Eg signifies that the expectation is taken under f(x|0).
We often abbreviate 6*(x) = éf‘r+1:d] ().

2.1. The assumptions on the probability density function. We write

(2.3) 1(60) = < Ful )

where for any r € {1,2,...,d}, A= AT ¢ R™", B € R™(4"") and C =
CT € RUE=7)x(d=) We assume that the submatrices in (2.3) satisfy that C' is
invertible and that A — BC~'BT is positive definite. We make the following
assumptions.

(C.1) Identifiability: the densities defined by any two different values of 0
are distinct;

(C.2) £(0;x) is three times differentiable with respect to the unknown vector
parameter, 8, and the third partial derivatives are continuous in 6;

(C.3) for any 6g € O and for X denoting the support of the data,
(a) there exists €1(6p) > 0 and functions M,s(x) (they can depend
on 6p), such that for @ = (01,02,...,604) and r,s,t,5 =1,2,...,d,

s

E(O,m) < Mrst(m)a Va € Xa |9] - 90,j| < 61(00)7

00,0000,
with E[M,«(X)] < oo;
(b) there exists €3(6p) > 0 and functions M. ;.;.(x), such that for all
k*, 5%, 07,5 € {1,2,...,d — r} it holds that for all x € X, if |07 — 0, ;| <
€2(0p) then

33
* < Moo ().
‘89k*+r89j*+r(991*+r£(0 ’w) — k*j3*l (w)

In addition E[M}. ;.. (X)] < oo;
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(CA4) for all 8 € ©, Eg[lx,(0)] =0;
(C.5) I(0) is finite, symmetric and positive definite, and for r,s = 1,2,...,d,

2
n[1(0)],s = Fo { o0 X) o ae;X)} — K {89%65«0;2()}.

This condition implies that n1(@) is the covariance matrix of V(¢(0; x));
(C.6) for k = 2,4,

E ((Mjo(X))"
E (Moo (X)) "]
)

where My, (x) and M. ;. (X) are as in (C.3);

(C.7) the random variables Y; ](0) = log f(X;]0) have finite absolute
Sth

8

O, (

)(m)—007m‘<6><oo

:1:) (m*) — (m*) < 6) < 00,

moments up to order.

Assumptions (C.1), (C.2), (C.3)(a), (C.4), and (C.5) are classical regularity
conditions that were formulated mainly in the 1940s in order to make in-
formal derivations mathematically thorough. Even though these conditions
could be relaxed, mainly with respect to requirements related to the partial
derivatives of the log-likelihood function, they are still of great interest be-
cause of their simple nature which can lead to simple and easy to understand
proofs. Under these conditions, [7] proves that

Vi (6n(X) = 80) — [1(60)] * Z.

where for d fixed, Ijxq is the d x d identity matrix, Z ~ Ng(0, I;x4), and 4,
denotes convergence in distribution. Under the same conditions, [1] gives an
explicit upper bound to the distance of the distribution of the MLE to the
normal for i.i.d. random vectors.

There are different sets of assumptions available which ensure existence
and asymptotic normality of the MLE. In Theorem 5.39 of [23], the asymp-
totic normality of the MLE is proven under weaker assumptions; mainly a
Lipschitz condition on the Hellinger distance, but without an explicit bound
on the rate of convergence. Furthermore, [23] proves similar results for the
asymptotic normality of the wider class of M-estimators; the explicit bounds
in [1] have not yet been extended to such conditions.

Let the subscript (m) € {1,2,...,d} denote an index for which the devi-

ation én(:c)(m) — 0o,(m)| 1s the largest among the d components;

(m) € {1,...,d} such that

O (2) () — 00 m)‘ = Dax, )én(x)j — 6o
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and similarly (m*) € {1,2,...,d —r} is defined with 8¢ replaced by 6* =
(Ox1se. s Oua—y).

2.2. A chi-square approximation. First we give a general chi-square ap-
proximation result which may be of independent interest and which is crucial
for our overall bound; the proof is found in Section 4.

THEOREM 2.1. Let Z;j,i = 1,...,7,5 = 1,...,n be mean zero random
variables such that Z; ; is independent of {Zy ¢,k =1,...,1, 0 # j} and Z; ;
has the same distribution as Z; 4, for i = 1,...,r. Moreover, assume that

Z; j has moments up to order 8 so that

(2.4) B(I)=E (H Zi,l) ,

i€l

for I a multiset of indices in {1,...,r}, exists for |I| < 8. Let
1 n
Zi = \/ﬁ;zi,j; i=1,....r, and Z=(Z1,...,Z)T.

Let 7,1, = Cov(Zi1, Zi,1) and assume that the v X r matric T = (T k)i k=1,..r
is invertible. Let U = 7= and let T = ZTUZ. Then for all functions g €
Ci(R),

16]]|g][|s

[E[g(T)] —Elg(x»)]| < WR(T)
with
R(r) =\jﬁ + 2\1/HIE(W2)
+V/Bilrn) | 5+ g | Z U kUabUe. 1 B(i, a,b)B(k, e, ) + f
(2.5) e

+ Y= Bf/(g’ ") (i (\/W + \/77) + \/]E(W2)n—% +r2 21")

T
where W =30 Uik Zi1 Zg 1,
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and

Bo(r,n) = 96E(W?)+

SN

1
(nE(W4) + 24E(W3)
+32 Z Ua,bUi,kUc,dUe,fB(ia a, e, b)/B(C) ka f)
a,bi.k,c.de,f

+16 > UapUipUcalUe sB(isa,c,e)3(b, d, k, f)
a,b,i,k,c.d.e,f

REMARK 2.2. 1. If E(W*) is of order r* for k = 2,3, 4, which is the
case when U is diagonal with entries of order 1, and Z{’js being of

order 1, then By = O (T+ %), By, =0 (7’2 + %) and the overall

bound tends to 0 as n — oo if r = o(n%). As the proof of Theorem
2.1 involves repeated applications of the Cauchy-Schwarz inequality,
we do not expect this bound to be tight.

2. Theorem 2.1 can be applied to the score-test like statistic

(5) oo ()

which is closely related to the classical score test statistic in which
I(8y) is replaced by I(8). Using Taylor expansion to assess [I(6g)] ™! —
[1(8)]7" it is straightforward to obtain a bound on the distance to the
appropriate chi-square distribution for the score test. Due to space

issues we do not pursue this application here.

2.3. A bound on the distance to chi-square for Wilks’ statistic. The main
result of this paper is as follows.

THEOREM 2.3. Let X1, Xa2,..., Xy be i.i.d. Rt-valued, t € Z+, random
vectors with probability density (or mass) function f(x1|0), for which the
parameter space © is an open subset of R?. Assume that the MLE exists and
is unique and that (C.1)-(C.7) are satisfied. Then for —2log A as in (2.1),
h € CJ(R) and K ~ X2, it holds that

[E [7 (—2log A)] — E[A(K)]|

161[111lls g,y 4 Ln (I%'(K1(80) + K7 (o)) + K2(6o) + K3(60)) ,

(2.6) < G NG
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where R(r) is given in (2.5) in Theorem 2.1 with

0 = 0
(27)Zi; = 8710g( (X;160)) — k:l(BC )zkmlOg(f(ijo))-
In addition, for 0 < € < €(0y),
(2.8)
d d o2 1
K1(6o) —371;; (Q5Q7%)] [Var (89 90, 10gf(X190)>]
d d d d 5 A
#3321 ZZW (0037 o S X1100) ) [£ (@) & (@) B (18]
=1 m=1 j=1 k=1
and
(2.9)
d
(0) = Vg ZQE)
=1

d d i 1
IV S S B (@202 [B (M (X2 | Q| < ]|

S SVE(Q20202) [B (T ||Qum| < 9]

d d d d d d

szzzzz

=1 k=1 s=1 q=1 [=1 j=1
X [E ((Mbsk(X))4“Q(m)\ < e)} i [E ((Mqﬂ(X))‘*“Q(m)\ < 6)} i

and Ki(69), K3(00) are the versions of K1(0o) and K2(0¢), respectively,
under the null hypothesis. Here

Q=0n(X)—00; Q" =(Q%,..., Q)" T = (Tij)ijet,a; T = (T}})ij=1,.dr

oo ]| |/2 (i)
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with
(2.10)
Q; = Qj(X,0.) :=0"(X); —0;,¥j=1,2,...,d—r,
0? .
ﬂ] = ,’Tl] (007X) = 7€(007X) +n[‘[(00)]l]7 jal € {1727 7d}7
06,00,
82
5 =175 X)=—"F7"— 1 X j ] 1,2,...,d—r}.
lj lj (007 ) aalJrraej—&-rg(eo, )+ nCl]: J?l S { )y 4 yd ’I”}

REMARK 2.4. The differentiability assumptions for Theorem 2.3 are
made for convenience rather than for mathematical requirement. Indeed
in [15] the classical assumptions for asymptotic normality of maximum like-
lihood estimators are weakened by replacing differentiability requirements
with Hellinger-differentiability conditions; see also [18]. This avenue of re-
search will be part of future investigation. Further discussion about alterna-
tive assumptions for Wilks” Theorem can be found in Chapter 12 of [16].

REMARK 2.5. (1) At first glance, the bound seems complicated. How-
ever, the examples that follow show that the terms are easily calculated.

(2) For Q; as in (2.10), to see that E (Q?) =0 (%), from the asymptotic
normality of the MLE, it follows that /nE (én(X ) — 00) — 0 and
Cov <\/ﬁ [1(60)]2 (én(X) - 90)) —— Iyxa- Therefore, for j = 1,....d,
E(Qj)=o (ﬁ) , and

n [1(80)]2 Cov (én(X)) [1(80)]7 —— luxa

Hence

Var (én(X)j) -0 <:L>  Vie{l,2,....d},
and
(2.11) E (Q?) = Var (én(X)j) +[E@Q)*=0 <:L) :

(3) With Tj; as in (2.10), using (C.5) and the fact that X1, X2, ..., X,, are
i.i.d. yields

0” ? 0”
2\ _ . . — .
B (12) = & (G 00s )+l 60)ly ) = Var ( 570000 ) )

2

0
06,00,

(2.12) = nVar < log (f(X1|00))> ,
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showing that E (Té) is O(n).

(4) For fixed d, the upper bound we give in (2.6) is O (n_1/2). The expression
for R(r) given in Theorem 2.1, is O(1). In addition, using (2.11) and (2.12)
it can be deduced that

K1(60) = O(1), Ki(6o) =O(1), Kz(6o) =0(1), K5(6)=O(1).

Hence, the upper bound in Theorem 2.3 is O (n‘l/z).

(5) If the dimensionality of the parameter is not fixed but if the entries of
I(8o) are of order 1, the entries of the matrix U are of order O ((d —r)?).
In addition, Z;; as in (2.7) are also of order O ((d —r)?), and hence W
in (2.5) is of order O (r*(d — r)%). Therefore, the first term of the bound is

O ( ro(d — r)lSn—l) which is of maximal order O (\/ d23n—1>. This term is

small when d = o(n%). For fixed r, the term is small when d = o(n%). Using
(2.11) and (2.12), the second and third terms (related to K1 (68¢) and K7 (609))
of the bound are of order dn~'/2, while the fourth and fifth terms (related
to K2(6p) and K5(0¢)) are both O (d3n_1/2). Hence, the overall order of
the bound in the chi-square approximation for the likelihood ratio test is at
most of order d23/2n~1/2 when both r and d are not fixed and the chi-square
approximation is justified when d = o(nl/ 23). The proof of Theorem 2.3
involves repeated applications of the Cauchy-Schwarz inequality, and hence
we do not expect this bound to be tight.

(6) Due to the smoothness assumptions in this paper, the bound in Theorem
2.3 is not given in a standard probability distance. Instead it could be re-
phrased in terms of the integral probability metric

dpv)= s [ER(X)—Eh(Y)|
heCZ (R):|[|h||l3<1

where X ~ p and Y ~ v. For more details on such metrics see for example
[27] and [12].

2.4. Investigation of the rate of d with respect to n. Remark 2.5 indi-
cates that our bound still goes to zero even when both the number d of the
explanatory parameters as well as the number r of the restricted parameters
under the null hypothesis are allowed to grow at a quite low rate with the
sample size. In order to investigate further how large d (and also r) can
be for the x? approximation to be valid, we run some simple simulations
from the specific example of the multivariate Student’s t-distribution with
v degrees of freedom; from now on, this is denoted by t,. As in [17], n in-
dependent draws from the multivariate ¢, distribution with mean vector u
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and covariance matrix X are realised as the product Y;r;,i = 1,...,n, with

Y;'“j,,z,?"i%lN(;L,E), fori=1,2,...,n

ri|v 1 Gamma <E, E) , fori=1,2,...,n.
272
When both Y = (Y1,Ys,...,Y,) and » = (ry,79,...,7,) are considered
observed, then (Y1,Ya,...,Y,,r1,72,...,7,) comprise the complete data.

Therefore, the complete-data likelihood function can be factored into the
product of two distinct functions: the likelihood of (u, ) corresponding to
the conditional distribution of Y given 7, and the likelihood function of v
corresponding to the marginal distribution of . In this case, the maximum
likelihood estimators for p and X are

i = 2 iYi
DT
R 1 &
(2.13) S==) n(i-p) i)
=1

Consider the test problem Hy = p = 0 against the general alternative where
both g and ¥ are unrestricted. Using (2.13), the MLE under the alternative

is Op(X) = (ﬂ, f])T, while under the null, ¥, = 1S 7,¥;V;T. The log-

T n

likelihood ratio statistic is
(2.14) —210gA:2(€ (g,iyY,r> —e(i*\y,r)).

Below we investigate the behaviour of the log-likelihood ratio statistic through
some simulations.

Results from simulations

First we generate 100 trials of n random independent observations, x, from
the standard multivariate t1o distribution with dimension d. We take n =
50,100, 500, 1000 and in all cases d = 0.1n,0.2n,...,0.8n, resulting in 4 vec-
tors of length 8 each, and consider the test for the null hypothesis p = 0. In
general, there are d*+d (d? for S and d for [1) quantities to be estimated and
under the null we restrict d parameters. At each trial, we evaluate —2log A
as in (2.14), which in turn for each combination of n and d, as above, gives a
vector of 100 values. In two different experiments, we apply to these values
the functions hi(z) = x and ho(z) = (22 —1—2)71. Then, for j = 1,2, we
calculate the sample means E [hj(—2log A)] and the relative differences

E [;(~210g A)] — E [h; (K)]|

RDy, = ) . j=1,2,
’ E [h;(K)]
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where K ~ x2 and E [h;(K)] is the approximation of E [h;(K)] up to three
decimal places. To gauge the quality of the approximation, for each of the 4
vectors we find mj* (n), which for each n denotes the smallest value of d such
that RDj, > c*, where j = 1,2 and ¢* takes values in the set {0.1,0.3,0.5}.
The behaviour for these values of d was monotone in our simulations. For
mf = (m§(50), m;?(lOO), m§(500), m?(lOOO)) the fitted slope against log(n)
for the results related to m$-3, m9® and m95 is equal to 1, while the
slopes related to m(l)'l7 mg’l and mg'3 are, up to 3 decimal places, equal
to 0.956, 0.986, 0.943, respectively. Additionally, for hy the median of the
observed absolute deviations of (estimated) expectations was 22.18. For each
of n = 50, 100, 500, 1000 we found the first d such that the absolute deviation
exceeded this median; in the coarse grained set-up, we obtained, in order of
n, d = 35, 60,200, 300. A log-log fit resulted in a slope of 0.8554.

This set of simulations assumes independent observations. As an example
for dependent observations, we use the ¢-distribution but now with covari-
ance matrix ¥ = AT A, where A has i.i.d. uniform|0, 1] entries. We use the
same test function h; and 4 replicas each n = 50,100, 250,500, 750 with
d=10.1n,0.2n,...,0.8n; giving 160 observations. To gauge the distance, for
each of the 4 observation vectors for each n we found the first d = 0.1xn such
that the difference between the estimated expectation and the correspond-
ing chisquare expectation exceeds the median (16.41) of these differences.
We then fitted a slope in the log-log plot of logd against logn. (We also
considered ho in this simulation but the absolute difference decreased with
increasing n, and for the relative difference there was no variation in the
value of d, and hence we did not fit a slope.) The fitted slope for exceedances
of the median was 0.837. This result indicates that in the presence of de-
pendence, d should not grow as fast as n. The estimated slopes indicate an
exponent nY of v > %, but the function considered is very special and hence
we cannot draw a general conclusion. Keeping in mind that the simulations
are only indicative, they would however suggest that d could grow much
faster with n than the theoretical results ensure.

2.5. Proof of Theorem 2.3 . The log-likelihood ratio statistic can be ex-
pressed as in (2.1). The expected Fisher information matrix is given in (2.3);
with C~! assumed to exist. From now on, we will use the notation intro-
duced in (2.10). The different steps are disentangled into results which hold
for every realisation «, and results which hold when taking expectations over
test functions.

2.5.1. Approximation for 2logTy and for 2logTy. The first step in the
proof is to derive an approximation for 2logT}.
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LEMMA 2.6. Under the assumptions of Theorem 2.3,
2log Tt = (05, (X) — 00)T1(80)(0n(X) — 60) + R1 + Ro,
where using the notation in (2.10),
Ry =Ri1(X,60) =—-Q'TQ

and

Ry = Ry(X,00) =V {36 (6:x) ~ ¢ (6 X)} Q.Q.Q

for some 5,5 between 0, (X) and 6y.

PROOF. The regularity condition (C.2) and a third order Taylor expan-
sion of ¢(6g; x) about O, (x) yield

U(O0; ) = ¢ (én(ac); x) —Q™V¢ (én(m); ac)
1 N 1 ~
+5Q'VV(¢ (Bu(2)iz) Q= LV (0:2) [Q. Q. Q)
where 6 is between 6y and 0y, (x). As VI(0,(x);x) = 0,
2ogTi = ~QIYVT(l (Bn(2):2) @ + V¢ (6:X) [Q.Q.Q)
=nQI(60)Q — Q" {VV(¢ (8n(): X ) ~ nI(60)} Q
g6y (g
+ V9 (6:X) 12, Q.Q).
Then, a first order Taylor expansion of VVT/ (én(m), X > about g gives

2 log T1 = TLQTI(O())Q + R1 + R2
= n(0,(X) — 00)71(00) (65, (X) — 60) + R1 + Ra.
This finishes the proof. ]
From Lemma 2.6 the next approximation of the log-likelihood ratio is

almost immediate. Using (2.1), Lemma 2.6 and its analogous expression for
2log Ty with 6, (x) replaced by 8"¢%(x),

—2log A = n(0,(X) — 09)TI(00)(0n(X) — 00) + R1 + Ro
—n(0"5(X) — 80)TC(65(X) — o) — R} — Rj,

where Ry and Ry are as in Lemma 2.6 and R} and R are the corresponding
expressions with 0y, (x) replaced by 87 (x) .
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2.5.2. Approximation for the score function. From now on, let

G- a0~ (£) o) (§) -wen

It is straightforward to simplify this expression to give
G=(&—BC 'n)T(A—BC'BT)"" (¢ - BC '),
The quantity G will play an important role in the proof of Lemma 2.7.

LEMMA 2.7. Under the assumptions of Theorem 2.3,

(0 (X) — 00)T1(80) (6 (X) — o) = <,,£7>T [1(60)]™" <§7)

~ (R + Ra)T (Ba + Ra) +2v/n (8,(X) — 00) " [1(60)]# (Rs + Ra),

with

Rs = Rs(X, 0) — \}ﬁmeo)r%@ (VYT (¢(60; X)) + nlI(60)])
(2.15) . 1

Ry = R4(X,0p) = m[l(go)]ii <V(3)€(0;X)’9:0*> Q, Q]

for some 0% between 8 and Oy, ().

PROOF. For 6% between 6y and 8,,(x), similarly as in [1], the regularity
condition (C.2) allows to expand the vector

nI(80)Q =V{(00; %) + TQ + | <v<3>€(0; @), ) Q.Q]

0=6;,

and therefore

Vnl1(80)]% (B, () — 6o)

= \/15[1(90)]_% {V((00;x)) + QT(VVT(£(Bg; x)) + nl(6g)}

" 2;ﬁuwoﬂ—% { <v<3>€(0; w)\gz%) (] Q]} -

Using the score vector notation (2.2),

D=

(216)  Vall(00)F(0n(X) — B0) = [1(60)]" (5) Ry + R,
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where R3 and R4 are as in (2.15). Using (2.16) and that 1(8¢) is a symmetric
matrix leads to

(2.17) n(0,.(X) — 60)71(60)(6.(X) — 6o)

_ <§7) 001 (§) + (e + Ry (g )
+2 <§>T 1(80)]

However, from (2.16),

=

(R3 + R4) .

(8) 11000 = v (8.0X) ~ 00) [1(00)): — (Ra+ Ra)"

so that

(8) 100 (s + R = Vi (00(3) — 00) 1160 (s + R

— (Rg + R4)T (R3 + R4) .
Using this in (2.17) yields the assertion. |

A similar result holds for T5. Following exactly the same steps as for
Lemma (2.7), but now with 6* instead of 6y,

2log Ty = n"C™'n — Ry + R; — (R3 + R})T (R5 + R})
(2.18) + 277 (8.(X) - 6.) C3 (B3 + RS).
Combining (2.1), Lemma 2.6 and (2.18) with the notation (2.15) gives
(2.19) —2logA =G+ Ra, + Ra, + Rp, + Rp,,

where
(2.20)

~ T
Ra, = B — R}Ry + 21 (02(X) — 60) " [1(60))* Ry
Ra, = —Ry" + (R5)R — 2y (0.(X) - 0.) C3R;
~ T 1
Rp, = Ry — R}(R3 + Ry) — R{R4 +2Vn (On(X) - 90) [1(60)]2 R4

~ T
Rp, = — R + (R} (Rj + Rj) + (R3) RS - 2v/n (0.(X) - 0.)  CER;.
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Here R;, Ry are as in Lemma 2.6 and R}, R5 are their respective versions
under the null hypothesis. Furthermore, R3 and R4 are as in Lemma 2.7, and
R3* and R4* are the corresponding remainder terms from Lemma 2.7 with
6., (x) replaced by 67°5(x). Note that R4, and Rp, contain the terms that
are obtained through 2log T}, whereas R4, and Rp, contain the quantities
that are due to 2logT5.

2.5.3. Bounding the remainder terms. In this section we shall bound ex-
pectations of the log-likelihood ratio statistics under smooth test functions.
Let h € C2(R) and K ~ x2. Using the triangle inequality and (2.19),
|[E[h (=2log A)] = E[(K)]| = [E[h (G + Ra, + Ra, + Rp, + Rp,)] — E[h(K)]]

<|E[h(G + Ra, + Ra, + R, + Rp,) — h(G + Rp, + Rp,)]|
+ B[R (G + Rp, + Ri) — h(@)| + [E [ (G)) ~ E ().

The terms to bound are hence

(2'21) |IE [h (G + RA1 + RAQ + RB1 + RBz) —h (G + RBI + RBQ)”

and

(2.22) IE[h (G + Rp, + Rp,) — h (Q)]]
as well as

(2.23) [E 7 (G)] — E [R(K)]|.

The bound for |E [h (—2log A)] — E[h(K)]| is split into the above three terms
in order to help in the understanding of this proof. The quantity in (2.23)
will be bounded using Theorem 2.1, while we distinguish between (2.21) and
(2.22) because the terms R4, and R4, are uniformly bounded, whereas Rp,
and Rp, are not (some conditioning on the distance between the MLE and
the value of the parameter will be needed in order to treat Rp, and Rp,).
We now proceed to bound these three terms in (2.21), (2.22), and (2.23) in
order to complete the proof of Theorem 2.3.

1. Bounding Term (2.21)
For t(X) between G + Ra, + Ra, + Rp, + Rp, and G + Rp, + Rp,, a first
order Taylor expansion yields

(2.21) = |E [A'(t(X))(Ra, + Ra,)]| < IW|E[|Ra,| + |Ra,l]-
We start by bounding E |R4, |, where

A T
(2.24) E|Ry,| <E|Ri| +E|RLRs| + 2V |(02(X) ~ 80) ' [1(80)]* Rs|.
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With the notation in (2.10), as R} = —Q7TQ,

d d d d ) B
E|Ry| < ZZ Q;QkTiyl <) [EB(Q5Q7)]* [E(T)]?
j=1k=1 j=1k=1
d d ) 52 1
225)  =vi)_ > [E(QQD)] z[var<89 g, o8 I Xlw()))]
Jj=1k=1
Using Holder’s inequality twice,
(2.26)
124 d d
E|RLRs| < >3 [[1(00)] 7] 30> EIQQuT Tl
1=1 m=1 =1 k=1
;] A ’
<2503 e,
=1 m=1
L 9? 6 6 6 \16
03 var (g tom £ 100) ) Q) B () (754
j=1k=1
Moreover,

QfIE‘( n(X) — )[ 1(60)]2R ‘ ii E|Q:Q;Ti;|

(2.27) <2vn ZZ\/ Q,Q2 \/Var a@ 5%, logf(X1\90)>

=1 j=1

Combining the results in (2.24), (2.25), (2.26), and (2.27), yields

1
E|Ry | < —K(6g),
| A1| — \/ﬁ 1( 0)
with K1(0p) as in (2.8). In order to bound E|Rg4,|, we follow exactly the
same process that was followed to bound E|R4,|, but now under the null
hypothesis, to conclude that E|R4,| < K 1(6o), and therefore

(2.28) (2.21) < ”j}%' (K1(60) + K7 (60)) .

2. Bounding Term (2.22)
The terms in Rp, and Rp, of (2.20) may not be uniformly bounded in 6.
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The triangle inequality leads to
(2.29) (2.22) < |E[h (G + Rp, + Rp,) — h (G + Rp,)]|
(2.30) +|E[h(G+ Rp,) — h(G)]].

Bound for (2.29): Let 0 < e < €(8p). With Q(,,) as in (2.10), the law of total
expectation, the Cauchy-Schwarz inequality, and Markov’s inequality yield

(2.29) <E|h (G + Rp, + Rp,) — h (G + Rp,)|
< 2||A[IP (|Qm| =€)
+E “h(G_" RB1 + RB2) - h(G+RB2)|HQ(m)| < 6] P (‘Q(m)’ < 6)

§2H€H (ZQ)—HE [0 (G + Rp, + Rp,) = h (G + Rp,)|||Quny | < €]

A first order Taylor expansion gives

E Uh(G—i—RBI —i—RBQ) — h(G—i— RBQ)‘HQ(m)‘ < 6]
<P B [| R, 1| Qmy| < €]
< [[W'|[E[(|R2| + |RL (Rs + Ra)| + [R3 R4

(2.31) 1o/ \ (én(X) - oO)T [1(60)]2 R4D ‘ Q| < e} .
From now on, we denote

83

(232) Aqsl = Aqsl (X 00) m

((65; X)

and we bound the terms in (2.31) in turns.

Bound for E|Rz|: With Rz as in Lemma 2.6, it is straightforward that
for Agmy as in (2.32),

E (| Rl |Qmy| <€) < E (1Q;QrQsAjks|[|Qm)| <€)

wl
=

1

S

<
Il
-

~ M=
M-

£ (Q202Q2) [E (04X 1@ | < )]

M=

1s=1

<.
Il
—
bl
Il

Bound for E (|R}Rs|||Q(m)| < €) and E (|RIR4|||Q(m)| < €): With Agg
as in (2.32) and T}; as in (2.10), using Hélder’s inequality and [1], Lemma
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4.1, we obtain that

M~
B
B
&=
/N
K
A
R
~—~7~
G\
N
i
N
N
ESTS

i
I
Eond
i
Il

.
i
Il
-
i
I
W
f

Since R{R4 = R} Rs, E (|[RR4|||Q ()| < €) can also be bounded by (2.33).

Bound for E (|RyR4|||Q(n| < €): Again with [1], Lemma 4.1 and the
Cauchy-Schwarz inequality, and with Ay, as in (2.32),

(2.34)
E (|RyR4|||Qum)| <)
L 44 d d
< ZZZZZZ [ Lb’ E [|QrQsQ;QulAvsk Agitl || Qumy| < €]
b=1 k=1 s=1 ¢=1 =1 j=1
L 4. d d d d d 1
<SS S [ ||z (Qteer)
b=1 k=1 s=1 ¢g=1 I=1 j=1
[ (s 30 @] < )] [ (X0 o] < )]

Bound for E (2\/ﬁ ‘ (én(X) - 00) [1(00)]% R4‘ ‘ ’Q(m)’ < 6)2 A similar
process as the one to obtain the bounds in (2.33) and (2.34) yields

(2.35) E (2\/5 ‘ (9n(X) - HO)T 1(60))? R4H|Q(m)\ < e)
< i i iE (‘Ql@jQqujq’HQ(m)| < 6)

=1 j=1¢=1

335 o (@reses) [ (0000 <))

=1 j=1¢q=1

IN
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Combining (2.29), (2.31), (2.33), (2.34), and (2.35),
1
2.36 2.29) <—K5(6,
( ) ( ) _\/ﬁ 2( 0)7
with K5(6p) as in (2.9).
Bound for (2.30): With @y 8 In (2.10), the law of total expectation,
the Cauchy-Schwarz inequality, and Markov’s inequality yield
(2.30) <E|h(G+ Rp,) — h(GQ)]
< 2[|pIP (|Qn] =€)
+E [|h(G+RB2) - h(G)|HQ=gm)] < e} P (’Qz‘m)‘ < e) .

Finding an upper bound for this expression follows the same arguments as
the one to bound (2.29) and therefore, it will not be repeated; the result is

(2.37) (2.30) (6o),

1
< =K
where K3(6p) is the version of K3(6p) under the null hypothesis.
3. Bounding Term (2.23)

With Z; ; as in (2.7), and the notation of Theorem 2.1 and 2.2,
E[ZTZ) = E[(§ - BC™'n)T(§ — BC™'n)]
=A—BC'BT.

Thus Z; j,t =1,...,r,5 = 1,...,n satisfy the assumptions of Theorem 2.1
with

(2.38) T=A—BCT'BT

which is assumed to be positive definite; hence its inverse U exists. Applying
Theorem 2.1 gives the bound

16][|A|]]3
2.39 Eh(G)] -E[hK)]| < ——R
(2.39) [E[h(G)] - ER(K)]| < i (r)
with R(r) given in (2.5). The results in (2.39), (2.28), (2.36) and (2.37)
conclude the proof of Theorem 2.3. |

The next section gives three examples to illustrate the approach. Firstly
we consider an example with a one-dimensional parameter, namely the expo-
nential distribution. The second example is that of the normal distribution
with two-dimensional parameter (u, 02). The last example is logistic regres-
sion.
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3. Examples.

3.1. Single-parameter-case example: the exponential distribution. Here,
we apply Theorem 2.3 in an example from a single-parameter distribution.
We highlight that in the single-parameter case the interest is on assessing
the asymptotic x3 distribution of 2 <l (én(X), X> — 1(bo; X)), where 6 is
the true value of the unknown parameter 6. The log-likelihood ratio in (2.1)
reduces to —2log A = 2log Ty, so that there is no need to introduce T5 as
defined in (2.1) and the terms K7 (6y) and K;(6p) in the expression of (2.6)
vanish.

To illustrate the single-parameter case, we consider an example from the
exponential distribution with mean 6y. For X ~ Exp (%), 0 > 0 the p.d.f. is
f(z]0) = jexp {—%}, for z > 0.

COROLLARY 3.1. Let X1, Xo, -+, X, be i.i.d. random variables that fol-
low the Exp(%) distribution. The MLE exists, it is unique, equal to én (X) =

X and the regularity conditions (C.1)-(C.7) are satisfied. For h € C3(R) and
K ~xi,

‘IE [h (2 (z (én(X); X) — (6o X)))} ~E[h (K)]‘
(3.1)

BT A T N
- n Vn 2f n n
864n2 4+ 10472 14
T 037n—|— 833( for 2+3>>
n3/2

1
% 6 130 120 (1120 320 (3+ 8)1 +4
IR 6\/3+n+\/15++ L3006 5)

Vn n? 3 vn
(3.2)
6400 105 + 2380 n 7308 n 5040
f n n? n3

REMARK 3.2. (1) The upper bound in (3.1) is O (
(2) The bound does not depend on the parameter 6.

)

PROOF. It is easy to check that the assumptions of Theorem 2.3 hold.

%\
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Here we choose €(fp) = 16y and with 2 = 1 3" | a;,

n

96 16 96n ([, 1
Mijr(@) = Miga() = o5 > @i+ o5 = o (33: + 290> .
0 ; 0

In addition, straightforward calculations lead to 6,(X) = X. The expected
Fisher information number for one random variable is I(6y) = =;. We start

with the calculation of the first term of the bound in (2.6). Wlth d=1
and r = 1, the W = (&,m) reduces to { = %Z?Zle, where Y;(6p) =

di log f(X;60) = Xi2% In addition, since I (fp) is now a scalar and equal

92
to 92, he matrix 7 as in (2.38) is also equal to 2 which means that U =
O
771 = 62. In addition, D = 0 in this example and Z;; = Z; = Y;(6p).

Therefore, in our example W = UZ? = 2% and the aim is to bound R(r)
as in (2.5). With

1

E (W?) = 6E (Z1) = (X1 - 0o)* =

0

E (W?) = 63K (29) = 9161@ (X1 —60)° = 265
0

1
4 8
E (W ) O5E (Zl) QS]E(X —6p)” = 14833,
then in this example
4dn 9

B =z

1(r,n) = — n

1 14833
Ba(r,n) =864+ — 5 (32E (Z7) E (Z3) + 16E? (Zf)))
14833 14833
=864 + — ( - + 6360 + 2816 + 1296> =864+ — ( - + 10472> .

In addition, simple steps lead to

r

> UikUapUesB(i,a,b)B(kye, f) =2

/L‘?k?a7b77e7f:1
Therefore,
4 9 4dn 9 /7 1
R(r) =—= - =+-=
(r) \F+2\f+ — +n(2+n>

\/864n2 + 10472n + 14833 1
(3.3) NEYE < +/9n7z + 3> .
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The next task is to bound K1(0y) as in (2.8), for d = 1. Using the definition
of Q; in (2.10), @1 = — 6p. The moments of ()1 are calculated using

standard results from [13] along with the fact that X ~ G ( n, %), giving

(3.4) 3n\/E(Q1)* [Var (;; log f(X1]00)>]; = GH.

For the second quantity in (2.8), with the definition of 77; in (2.10),

ol
o=

[E(71)]

(s
—afe(x ) [IE( 27;?;’( + 20’2”‘)6] '
(3.5) - 22\/()(790 f\/w %.

Combining (3.4) and (3.5),

(3.6) Ki1(60) = 64/3+ 2 +\/15+ 70.

We proceed to find a bound for K2(6p), as defined in (2.9). The calculation
of the first term is straightforward;

s 2l
N

The second term of (2.9) requires the calculation of conditional expectations
related to Mi11(X). For € = %90,

VAl IL e @) [E [0nn 0l < |

2l il (x o)

1
7 - 96%n> o 1 :
:\/ﬁHh’Hg IE,(X_QO)6 E 5 (3X+ 00> \X—90\<200]
448Hh’H98’\/ 130 120 1 1120, \/ 130 120
S —g1 BT+ —5 (200 + 500 ) = —=III/15+ — + —.
ST +—t 5 200+ 50 IR 15+ ==+ —

Bounding the third term of (2.9) requires the calculation of conditional
expectations related to Th; of (2.10) and Mj11(X). It is easy to see that
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T11 can be written as a continuous, increasing function of Q1. Therefore,
employing Lemma 2.1 of [2], leads to
7] 1

v i(6o) (Q6)[ (T11 Q1] < eoﬂ [ <M111 |1Q11< 00>]i

/ 6 1
128n2||h||\/9 . 130+120>[ (x- 90)}4%0.

An upper bound for the fourth term of (2.9) is found in a similar way.
Collecting these bounds gives

1
8\|h\| 130 120 (1120 320(3)1 (2 1
Ks(6p) < +|IX|| 15+ —=+ 5 5 T NG = +1
6400||h’H 2380 7308 5040
105+ T +

(3.7) o

Combining now the results in (3.3), (3.6), and (3.7) yields the assertion. m

REMARK 3.3.  We chose €(6p) to be the mid-point of the interval (0, 6p)
as there is a trade off on its choice for K3(68p). A more systematic choice
of €(fp) based on numerical solutions of inequalities could be of interest in
principle. As our bounds are not optimised with respect to the constants,
for space reasons this systematic choice is not carried out.

Empirical results

Here, we study the accuracy of our bounds by simulations. We start by gen-
erating 100 trials of n random independent observations, =, from Exp (%),
where n = 1000 x 7,5 = 1,2,...,1000 and 6 = 3. We evaluate the MLE,
én(X ) of the parameter in each trial and then the log-likelihood ratio statis-

tic, 2 (l (én(X), X) — 1(bo; X)), which in turn gives a vector of 100 values.

It is easy to show that for this example,

2 (z (én(X); X) - z(eo;X)) —2n (log (i{) + gi - 1>

We apply to these values the function h;(x) = (ZL‘2 + 2)_1 and we calculate
their sample mean, denoted by E [ht (2 (l (én(X), X) — 1(bo; X)))} The

function A is a member of the class CF(R) with

3v1.5 15
Il =05, gl ==z= 101 =05, llhulls = 155 V25 +11V5.
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We use these values to calculate the bound in (3.1). We define

(3.8)  Qn,(00) : ‘E [ht ( <l (én(X);X> - l(90;X)>)] — E[h(K)]|,

where E[h;(K)] = 0.373 is the approximation of E[h;(K )] up to three decimal
places, where K ~ x2. We compare Qp,(6p) with the bound in (3.1), using
the difference between their values as a measure of the error. The results
for n = 107, j = 4,5,6 are presented in Table 3.1 and are based on this
particular function h;, while our theoretical bounds hold for any test function
that belongs in the class C3(R).

TABLE 3.1
Simulation results for the exponential distribution example

n_ | Qn,(60) | Upper bound | Error

10% | 0.009 5.934 5.925
10° | 0.007 1.516 1.509
10% | 0.001 0.443 0.442

The table indicates that both the bound and the error decrease as the
sample size gets larger. When at each step we increase the sample size by
a factor of ten, then the value of the upper bound drops by approximately
a v/10 factor, which is expected as the expression in (3.1) is O (n=Y/2). It
is instructive to examine the contributions of each term to the bound. For
example, when n = 10°, where the bound is equal to 1.516,

1600ells gy — 0304, 1Pl g g0y 0008, o Ka(0) = 1.204.
ry/n vn vn
We see that the bound is mostly dependent on the quantity related to K2(6)
due to the large and non-optimised constants in (3.7).

3.2. Example: the normal distribution. Here, we apply Theorem 2.3 in
the case of X1, Xs,..., X, ii.d. random variables from N(u,0?) with @ =
(1, 0%) € R x RT. We consider the test problem Hy : p = 0 against the
general alternative. It is well-known that under the alternative, the MLE
is equal to 0,(X) = (2,62)" = (X, 1357 1 (Xi — X)?)T; see for example
[7] p.116. Under the null, simple calculations show that the MLE for o2 is
0,(X)=1 L3~ X2 In addition, the regularity conditions are satisfied.

COROLLARY 3.4. Let X1, Xo,..., X, be i.i.d. random variables that fol-
low the N(u,0?) distribution. For the likelihood ratio test Hy : 1 = 0 against
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the general alternative, for h € (C‘Z(]R) and K ~ X2, it holds that

|E [h(—2log A)] — E[A(K)]| < ”hH (0 —|—32)

n

16[[Alls ( 11 RV ETENENA !
vn 2y/n n—1 n\2 n

+\/288n2 235/3471“05 (4( +f) +\/m)>

!/
P (16086 + 13527820 | 14s, /2 &
n

Vn Vn

1
3 0'22 3 7416 /3 o*\?

1464 Sy S Il (P
+860 +68<( 4) +n2)+m<n2+16)

7

1
1 3 o2\* 105\ \" 3
— (1 2L = 21984 + 23616 [ —
+\/ﬁ<+839808<<2+4>+n4>> < 98+366<n2+

87104 /3 ot 38512 3 o2\* 105
—\ =+ =+ ——, | 14+ 839808 -4+ — —
e VeEtet mt ((2+4)+n4>

REMARK 3.5. (1) For fixed o2, the upper bound in Corollary 3.4 is of
order f There is no claim that the constants are optimal.

2

(2) The normal bound is only small when o is neither too large nor too

small, so that n~! <« 02 <« n!/2.

PrOOF. We will use the result of Theorem 2.3. In this case d = 2 and
r = 1. The expected Fisher Information matrix for one random variable is

310) 100 = (= that [1(00)] " = (% .°
. 0) = 0 # , SO a 0 = 0 20_4 .
The assumptions (C.1)-(C.7) are verified for €(6¢) < oo and

83

6035(0 X)‘ =0= Mlll(X)

sup
6:10,,—00,m|<e

0_4

16

)

1

)
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as well as

3
aE(B;X)‘ = sup

sup
3
802 0:|‘9m790,7n|<6

6:10,,—00,m|<e

n 3 —
— Y (X —6y)?
PR

n 9n ~ — 2
. < 2 — 2) = .
B1) < st oo (2 + (X =)" + ) = Maa(X)
Moreover,
3 3
sup —0(0; X ' = sup ——0(0; X )
0:(01m—0.m | <c | 001003 (6: %) 0:10m —00 | <c | 003001 (6; X)
2n —
and
o3 o3
sup ——0(0; X ' = sup —0(0; X '
010, 180208, 20| = 010, B0 N B,0m 1 X)
n n
(313) = sup - S S <5 —- MHQ(X).
0:10m—00 ml<c |03 | — (0% —€)?

We start with the calculation of the first term of the bound in (2.6). From
(3.10) we have that A = %, B=0,C= ﬁ, so that 7 = 0—12 and therefore
U =02 and D = BC~! = 0. Therefore, in our example, for j = 1,2,...,n

we have that Z1; = Z; = Y1,;(60) = 55 log f(X;|00) = 2. Now, W =

o2
Uz = &m0 anq

E(W?) = %E ((6-w) =3
E(W?) = %E (1 =m°) =15
1
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In addition, because E (Zf’) = %E [(Xl — u)g} =0,

r

> UirUapUepB(i,a,0)B(k e, ) =0

i’k?a/7b77e7f:1

and therefore,

Rry=q 2 A 3 (1]
r_\/ﬁ 2y/n n—1 n\2 n

288n% 1 504n + 105 (1
(3.14) | V28807 + 504n + <(1+\/§)+ 3<n—5+1)),

n3/2 4

which is then used to obtain an upper bound for the first term in the general
expression of (2.6). We now proceed to bound K;(6p) in (2.8). In regards
to the first quantity, the expressions for the partial derivatives of the log-
likelihood and the fact that in the case of i.i.d. random variables from the
normal distribution, X and o2 are independent random variables [3, p.218],
lead to

2 2

YY" [E ()] Vo (g o510 )|

6
6\ _ % 6 _ 9
E(QF) =E (X —p) 153
6 2 g'? 6
E( 2):1@(02 a) = 2B (Gur —n)
ol? 940 114 945 1060 1
1 = — (1204 — - — —— ) < —0o2
(3.16) n3 < 0+ n n? n3>_ n3 7
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Using now (3.10),

. ‘ 15n3
E(Th) =0, E(Th)=E(T3) = E( > U
1 40n 52 9 6040n
E (T262) = 70241[3 (G — n)6 — (3 + — 4+ 712) <

With inequalities (3.10) and (3.16), this yields

3.17
( 2 )2 2 2 2
> [[I( } >N \/Var (89 a0, 10gf(X1|90)> [E(QS)E (QF) E (Tr)]
=1 m=1 =1 k=1
212
<2z

Combining the results in (3.15) and (3.17),

212
(3.18) K1(80) < 26 + ==

vn
Following the same steps as in (3.15) and (3.17) under the null hypothesis
p=0, with 6,(X); = + > | X?
220
3.19 Ki(0p) <33+ —.
(3.19) [(60) <334 2

We proceed to find a bound for K2(6p), as defined in (2.9). The calculation
of the first term is straightforward and
(3.20)

I & 2 Iall (o | ot 1 2[|hjjo? 2
2vn-—5 Y E(Qj)=2vVn—75 | —+—(2-— 1+ 20°).
e? ; (@) e? (n n < >> Vne? ( )

Using (3.11), (3.12), and (3.13), we are able to find an upper bound for the

o=
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second term in (2.9). Simple calculations yield

(3.21)

VallK| QZZZ (@21 [E[(Mn (X)) || < ]|

j=1k=1m=1

| 7vBet s6vR0
] Y B 2

7v/21200° 162 ( 304
+ 1+ 6+62+O'22+)
3 (02— 6)3\/ (02 —€)? ( ) n?

The third term of (2.9) requires the calculation of conditional expectations
related to T; of (2.10) and My, (X)), where k, j, ¢, m,l € {1,2}. It is easy to
see that both 719 and Ths can be written as continuous, increasing functions
of @1 and Q2. Therefore, with @, as in (2.10) and for G, ~ X2, employing
Lemma 4.1 of [1], leads to

(3.22) E(TH||Qum| <€) =0

4
1
= (bl ounl < == (1 (3006 -0 [0l <
4 B 4 37’L2
SEE(X*M) 2

n 4
1
= (thoe] < == (- 300 7) [0 <
=1

" 1
n 1 9
E<U4—02§ (Xi—ﬂ)>
i=1

1 12n2 4 60n2
:E(Gn_n)4:n<1+> §7n

ol6 ol16 n ol6 ’

IN

Using the results of (3.11), (3.12), and (3.22), after simple calculations, we
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get for the third term of (2.9) that

(3.23)
/ 2 2 2 2 . )
PSS |liroon 1], |30 [E(@@t@i)* [E (@ [Qu| < 91
q=1 k=1 521 1=1 m=1

1
% [E (M (X)||Qmy| < €)]*
Wl (850t 33000 <3+(e>4>i
~ Vn (02—6)2 (0’2—6)3 n? o
270005 (| 52488 s g 1050%\\7
+m +m (6+6 +J) + 77,4 .

To find an upper bound for the fourth term of (2.9), using (3.10), (3.11),
(3.12),

(3.24)
L'Z/?'»,'LZZ S [ \/E (Qt@ze:a?)

N
N

% [B (Mot (X)) || Q| < €)|* [E ((M30(X))* || Q| < )]

i f et e (3 (£>4 i+ 136101 /3 <§>4
TV (02—t (62-e \n? \o (c2—¢)fVn2 \o
+

n
(120" . 369012 (3 +(e>4>i
- -\

362096012 52488 10508
= = NCREE S)

(02 —¢)° o2 —¢)

The bounds in (3.20), (3.21), (3.23), and (3.24) depend on the constant € as
defined in the statement of Theorem 2.3. For the choice of €, (3.11), (3.12)
and (3.13) require that 0 < e < o2. There is trade off related to the choice
of € between the expressions (3.20), and (3.24). We choose € = %2 Using
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this value in (3.20), (3.21), (3.23), and (3.24), leads to
(3.25)

Rl
Vo

2\ 2 41
w860 | 16as( (24T 3 7 0
271
1
1 3 02 4 L 105 3 ogt\1
= (1 5.7 921984 + 2361 7
+\/ﬁ< +839808<<2+ . )) ( 984 + 236 6( 16) )

87104 [3 ot 38512 3 o2\* 105
TR Y A 1+839808<<2—|—0> +>

2

K»(6p) < (1+202) +||7|| < 28V/6 + 4481/ =

| 8
‘\/7

3

vn Vn?2 16 vn 4 nt

It remains to find an upper bound for K;(6p), which is the version of K3(6o)
under the null hypothesis of u = 0. This requires the calculation of condi-
tional expectations related to T3, of (2.10) and M7, (X)) as defined in (C.3)
(b). Simple calculations yield

* n 3 o 2
My (X) = (02_6)3+ 2_6)4 ;Xz" Tll—Tx o6 ZX
1=

(o

Using the above results and Lemma 4.1 from [1], we obtain that for e = ”—22,

(3.26)

K3(00) = 2l E (@) +\Fllh’llﬁ\/ |5, (X[ @ | <
2|1

# 22 (@) e (1m0 @h| <)) [ (w00 et <)

+ 0 @ e (00 o] <)

16||h|| 13527046

+ 15958||4/[| + IR]).
f \/>
Applying the results of (3.14), (3.18), (3.19), (3.25), and (3.26), to the ex-
pression of the general upper bound in (2.6) yields (3.9). [

Empirical results
As in the exponential distribution example, we assess the accuracy of our

NI
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bounds by simulations. We start by generating 100 trials of n random inde-
pendent observations, x, from N (u, 02), wheren = 1000x7,5 =1,2,...,1000
and p = 0,0 = 1. We evaluate the log-likelihood ratio statistic, —2log A,
in each trial, which in turn gives a vector of 100 values. For this example,
simple steps yield

N>
2osd (lg(zmxi—m?))'

We apply to these values the function h¢(z) = (2? + 2)71 again and we
calculate their sample mean, denoted by E [h; (—21log A)]. We define

(3.27) QN =

£ [ (~2log A)] - Elhi (K]

where E[h;(K)] = 0.373. We compare Ql,jt with the bound in (3.9), using
the difference between their values as a measure of the error. The results for
n =107, j = 4,5,6 are presented in Table 3.2 below.

TABLE 3.2
Simulation results for the normal distribution example

n ‘Qlfjt ‘Upper bound | Error

10% 1 0.023 | 2960.752 2960.729
10° | 0.020 | 323.226 323.206
10° | 0.016 | 40.924 40.908

The table indicates that when at each step the sample size is increased,
then the value of the upper bound decreases. The values of the bound are
quite large, but this is due to the large constants in (3.9). Smaller constants
are obtainable, but this, in our understanding, will make the bound in (3.9)
more tedious and difficult to present. Our main purpose has been to show
the order of the bound with respect to the sample size, n.

3.3. Example: Logistic regression. In binomial regression, the data are
i.i.d. observations (X;,Y;),i =1,...,n, where X; € R? and Y; € {0,1}, see
for example [23], p.66. The binary regression model is that

Po(Yi = 1| X; = x) = ¢(07x)
for 8 € R? and v : R — [0, 1] continuously differentiable, monotone, with

derivatives bounded away from 0 and oco. For logistic regression,

1

YO =15
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and here we restrict ourselves to this case, although generalisations are
straightforward. We assume that the distribution of X is such that X has
finite moments up to order 6. To ensure that the MLE, én(X), for 6 exists
and is unique, we assume that the X;’s do not concentrate on a (d — 1)-
dimensional affine subspace of R

Consider as in [22] to test the simple hypothesis that 8p = 0 against the
general alternative. The likelihood in this case is

L(0§ (a?i7yz‘),i =1,... ,n) = H {w(gTwi)yi(l _ w(e‘rwi))l—yi}
=1

so that the score function is

y—v(0Tx)
Y(0Tx)(1 — P (0Tx))
while the Fisher information matrix is 1(8) = E [¢//(6TX)) X X T]. For test-
ing Hy : 61 = 0 we have for x = (z1,...,2q)

E(w) = \}ﬁuﬂ (0T ))y

S(0) = Y (0Tx)x

and
n(z) = jﬁ (42— $(OT2))a, .., (yp — (OT))y)T

To check the assumptions on the third derivative of the log-likelihood we
calculate

o3 eeTm(l + 6291:,3 . 4€9Tw)
aman e ) Tyt
so that
” (0 < M,
m ( ’ (CU, y)) — ’-:U’ijxk’ - k,],l(w)

In particular E(M, ; ;(X)?) = E(XZ?XJZX/%) and E(My ;:(X)4) = E(XfX;-lX,é).

In order to apply Theorem 2.1 we use the variables

Zij = aagj(yi log (67x;) + (1 — i) log(1 — ¥(07x;)) = (yi — ¥(07@;)) i
fori=1,...,n,5 = 1,...,d. Due to the binomial structure and the fact
that |y2 — w(OTX1)| < 1 it holds that E‘Z%” < E’Xz,]|

Note that for logistic regression the MLE in general does not have a
closed form. Hence we cannot evaluate (2.10) explicitly, although with given
data sets a numerical evaluation is possible. For our purposes it suffices to
illustrate the applicability of the bound as well as its behaviour in terms of
d and n.
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4. Proof of Theorem 2.1.

PROOF. Here is the proof of Theorem 2.1. The proof is based on Stein’s
method, as follows. From [10], a random variable X has the chi-square dis-
tribution with r degrees of freedom if and only if

(4.1) E|Xf"(X) —i—%(r—X)f’(X) =0

for all twice differentiable functions f : Rt — R such that the expectations
in (4.1) exist. Moreover, if g is bounded and has three bounded derivatives,
then the Stein equation

(42) 2f"(x) + 5(r — 2)f (x) = g(z) ~ Elg(x)]

has solution f which satisfies

4

B« =
(43) TR

Blg® M+ g™ =21).

for k = 2,3, 4. Using (4.2) with solution f = fg4, for any random variable T,
1

40 BT~ Ela(u)] =B |17/ + 50 - D).

For T'=ZTUZ we expand

1 T T n n
R D9 A 3) TN
i=1 k=1 j=1¢=1
Now, for any s,k = 1,...,r, from the definition of the inverse,

(4.5) ZT: Ui kTis = Zr: Uk,iTi,s = 1(s = k)
=1 =1

and as T is a quadratic form, it has mean
(4.6) E[T] = trace(Ut) = .

As Z; ; is independent of Zy, for £ # j,k = 1,...,r, T is a sum of locally
dependent summands. For 5,/ =1,...,n, set

T '
TI = %ZZZZZ@‘,SU@ka,t-

i=1 k=1 s£j t#£]
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Then 77 is independent of Zay for all a = 1,...,7. Moreover, using the
symmetry of U,

) 1 T T
(4.7) r-rv = - YD UiZig | Zuj+2) Zs
i=1 k=1 s#j

Next, Taylor expansion gives

@8)  E[TFT)] = 23S U Y S [Z 2 (1)

i=1 k=1 j=1 ¢=1
1 T T n n ) )
(4.9) + = D Uik ) D E[Zij 2T —T7) (1))
i=1 k=1 j=1£=1
+ 2R17
with
1 r n ‘ '

(410) Ri = o 3" Uie D E|ZijZieT = 92T + 4T)

ik=1 j0=1

for some 0 < p < 1. We shall return to this remainder term later. First, from
the independence, (4.8) yields

% SN U S E[ZijZiof (1)) =30 UsirisE [f/(T)] + 2R,

i=1 k=1  j=1(=1 i=1 k=1
=rE [f’(T)] + 2Rs,

where we used (4.6) in the last step, and

i=1 k=1

(4.11) Ry = %ZZUszzk %ZE[f'(Tj)]—E[f'(T)]
j=1
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For (4.9), with (4.7),

n n

S U S S B [ 2T - T (1)

i=1 k=1 j=14=1

— n2 Z Ukuaszk:abZE [f"(T%)]

i,k,a,b=1 j=1

i Ui kUapB(i, a,b) ZZE (Z1ef"(T7)]

i,k,a,b=1 j=1 t#j

+2) N E[Zyf"(TY)]

=1 s#j

> UirUapTia P> > E[ZeiZyf"(17)]

ik,a,b=1 J=1 s#j 1]

= 2R3+ 2Ry + % S Uk DY) EZyZy o f"(TY),

kb=1 =1 s#j l#]

where we used (4.5) in the last step and put

(4.12) Z UikUapB(i, k,a,0) Y E [f"(T7)]
zkab 1 j=1

and

(4.13) Z UikUapB(i,0,0) Y > E [Zgof"(T7)] .
zkab 1 J=1 t#£j

Thus for (4.4),

Elo(T)] - Bly(x)| =& | T"(7) + (r - T)f’(T)]

T n n
_ % S Uk SN E | ZeiZ, | £ Z iy =S R,
k,b=1 s=1 (=1 ];éf s i
4
= - Z R;+ Rs + Rg

=1
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with
1
(4.14) R5::EE[Tf%Ij
and
1 T n n )
(4.15) R = ) Uk,bZZE Lk Zg,s Z (f"(T) = f(17))
k,b=1 s=1 /(=1 j#Ll,s

39

It remains to bound the remainder terms. To this purpose we carry out an

ancillary calculation. With (4.7) and using the independence

E [(T —T7)?]
1
= 3 Z UapUi kB | Z; j Z4,(Zy,5 + 2 Z Zyo)(Z,; + 2 Z Zk.s)
a,b,i,k 04§ 5]
1 .
= ﬁ Z Ua,bUi,k (/B(a7 b, 1, k) + 4(7’1 — 1)Ti,aTb,k)
a,b,i.k

1
- ﬁ Z Ua,bU@kﬁ(a, b, 1, k) + 4(7’L — 1)7’
a,b,ik

1
= -B
n 1(7ﬁ7 7’L)

where we employed (4.5) and (4.6) for the last step and

4 1
Bi(r,n) = i +;E(W2)

n—1
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with W = Z:,k::l Ui kZ;i1 Zi1 . Similarly,
E (T -T%)"]

1

~ ot Y UspUipUcaUe B | ZijZajZe.j Ze.;

a7b7i7k7c7d7e7f

$(Zj+2  Zoi)(Zj + 2D Zis)(Zag +2Y  Zaa)(Zrj +2 Zga)
i vy t£] A

1
= — > UsplUirUcaUey | Blab,c,d.e, f.i, k)

ab,i,k,c,de,f
+24B(17 a,c,e,b, d)T(k7 f)(n - 1) + 32B(17 a,c, e, b)ﬁ(ca k, f)(n - 1)

+168(i, a, ¢, e)(B(b,d, k, f)(n — 1) + 6n(n — 1)7p g7k 5

1

< —B
= 2 2(7", n)

with

By(r,n) = 96E(W?)
1/1
+= (E(W4) + 24R(W?3)
n n
+32 Z Ua,bUi,kUc,dUe,fﬁ(i> a, ¢ e, b)B(Ca ka f)
a,bi.k,c,de,f

+16 Z Ua,bUi,kUC,dUe,f/B(i7 a, c, e)ﬁ(b7 d7 kv f)
a,b,ik,c,de,f

Now the ingredients are in place to bound |R;|,i =1,...,6.

Bounding Ry. For Ry from (4.10) and the Cauchy-Schwarz inequality, using
the notation (2.4),

B 1 T n N2 #(3) 4
B g YUk E (253 2Z10(T = T2 (T + o)
1,R= Jk=

(4.16) = Ri1+Rip
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with
1 = :
|Ri1| < %Hf@HZEUW’(T—TJﬂ
j=1
1
< AFONVBa(r ) VE [V
and

A

1 n r '
[Rip| < @Hf(g)HZE > UinZiy ) Zie| (T —T7)
j=1

ik=1 4]

1 n T
< m||f(3>||\/32(r, )Y VB Y Uiz Y Ziy
j=1

ik=1 04
We calculate

T T T
E Z UiJgZi,jZZk,E = Z Uik Z Ua,bTi,aTb,k

ik=1 (£ ik=1  ap=1
(4.17) = r

and thus
Riol < YOl Barm).
Hence, for (4.16),
Bl < OBl (VET) + V7).

Bounding Ry. For Ry from (4.11), by Taylor expansion and the Cauchy-
Schwarz inequality,

[Re| < Hf”HZ ZZUszzk

j=1li=1 k=1
r "

B .
=BG

Bounding R3. For Rs from (4.12), it is straightforward to bound

(1T — 1]

<

1 1
[Rs| < o I1£] S Uinliasflish.at)| = o (17 IE(W).
i,k,a,b=1
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Bounding Ry. For R4 from (4.13), for ¢ # j we introduce

£ 3) 3D ) DAY

i=1 k=1 s#j t#£j 0

Then 77 is independent of Zgyp forall a=1,...,r. Moreover, as for (4.7),

T T
T — T3t = %Z Z UinZig | Ziyg +2 Z Z,s

i=1 k=1 s77,0

Thus, for ¢ # j,
E [Zyef(T7)) = E [Zk,E(Tj — T3 BT 4 p(T7 — Tj)}

for some 0 < p < 1. Hence using the Cauchy-Schwarz inequality,

2
3 1 "
Ry < Z||f® Bi(r,n) |E Ui kUapB(i,a,b) Z ¢
| R4 2H IIﬁ (r,n) “%;:1 ( )
3 1 ! ,
< SWONZVBn), | D UirlasUesBlia,b)B(k.c. f)
\ i,k,a,be, f=1

where we used (4.5).

Bounding Rs. Bounding Rj from (4.14) is straightforward using Lemma
2.1 from [10] which states that for g bounded, the solution f of the Stein
equation satisfies ||z f”(z)|| < 4|g]l,

sl =~ [E[TF(T)]] < Hlgll

Bounding Rg. For Rg from (4.15),

= %Z kaZZ [ZkestT T9) f(T7)
k,b= s=1 (=1 j#Ul,s
(4.18)

n
+F kbzz ]E[ZkEZbST T2 f(T7 4 p(T - T7))
k,b=1 s=1 (=1 j#U,s
(4.19)
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for some 0 < p < 1. Now, for j # ¢, s, with (4.7) and using the independence

> 3 Uk |22, (T = T9) (T

s£0 kb=1
lz Z Ukp Z Ueat(c,d)E [Zk,ZZb,sf ( )]

c,d=1

" K1
r T
= HZ Z Ui pE [Zk,eZb,sf( (T])}
A kb1
T 4 i
n STE DY Uy ZriZ,s(fO(T9) = fO(T71))
s#£L k,b=1

so that

Z Z Uk,bE [Z]ngb’s(T TJ)f( )(TJ)}

2
T
W||v/Bi(r,n) {(Z Uk,bZk,KZZb,s)
k=1 s#l

191 (5) VB
where we used (4.17). Hence for (4.18), with the Cauchy-Schwarz inequality,
3
N
() 1790/ Brtr ).

s#0 k,b=1

A

<

1 T n n
| 20 U333 BT 1) O 1)
s=1 ¢=1 j#L,s

For (4.19), again with the Cauchy-Schwarz inequality,

kb=1
Z Ukbzz Z [Zkest (T — T fD(T7 + p(T T]))}
2
E[(T —1T79)4).

s=14=1 j#L,s

ke b—1
n T
Z Uk p Z Z Z 12y,

1
@)
1FDl5 >, |E '
Jj=1 k.b=1 s#j L#]

2
) ] = (n—DEW?)+ (n—1)*(r* +2r)

<

We calculate

'
E |: ( Z Ukp Z Z L1 Ly,
s#j L#]

k,b=1
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Hence,
Z Ukb Y E [Zk 0Zpo(T — T2 AT 4 p(T — T7))
k,b=1 s=1 (=1 j#,s
1
< S FOIVBalr My BV 20t 402 4+ 21
Thus,

Rs| < :L\|f(4)|(:/%\/31(73”)+\/Bz(r,n)\/E(WQ)n§+r2+2r>.

Collecting the bounds gives that

6
4
SIRL < 2l
=1 n
1 r l 2
HI1 (Bl + BV
3 - :
HIFON | o /B, | S Uillaalie (i, D)3k e, )
2\/ﬁ i,k,a,be,f=1

o V/Balrm) (VE(T?) + W))
+%||f(4)” <:/%\/Bl(rv n) + \/BQ(T) n)\/E(WQ)nié + 7”2 + 27“) .

Employing the bounds || f*)|| < 51||gll|3 from (4.3) for the solution of the
Stein equation gives the assertion. ]
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