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Abstract

The thesis develops and analyses finite element methods for the fractional Laplacian and related
partial differential equations. Our work spans rigorous numerical analysis and scientific comput-
ing, addressing evolutionary diffusion problems and elliptic boundary value problems, studying
numerical methods for the fractional Laplacian on bounded domains in both its spectral and
integral definition.

A central contribution of the initial part of the thesis is the construction of the first provably
convergent finite element scheme on a bounded domain for a parabolic regularisation of the
porous medium equation with a fractional pressure. The model consists of a nonlinear diffusion
equation in which the pressure is determined through the spectral fractional Laplacian with a
Neumann boundary condition. The convergence proof also constitutes a constructive existence
argument for weak solutions, while the scheme preserves mass conservation, nonnegativity of
the density, and the free energy dissipation structure of the continuous problem. The analysis
is then extended to a broader class of porous medium equations involving spectral fractional
powers of second order elliptic operators, incorporating anisotropy and confinement. On the
computational side, the thesis develops an efficient algorithm for the spectral fractional Lapla-
cian based on rational approximation theory, circumventing the high computational cost of full
spectral decompositions. This is used to perform the first study of the fractional Keller—Segel
equation on bounded domains from a computing perspective, exploring blow-up phenomena and
their dependence on mass and concentration of the initial datum.

We then study the integral fractional Laplacian on a bounded domain and a classical elliptic
problem associated with it. In this context, the thesis proposes a finite element method with
a weighted basis that exploits the known low regularity of solutions near the boundary, by in-
corporating this directly into the scheme, through a finite element basis having the same (low)
regularity. Under natural regularity assumptions on the domain, the method is shown to improve
all previously known error estimates in the fractional Sobolev norm. A companion quadrature
rule for the resulting nonlocal bilinear form is also developed. The quadrature, efficiently com-
putable through the use of the Riemann and Epstein zeta functions, enables a systematic study
of the interplay between finite element discretization and bilinear form approximation for the
finite element method with a weighted basis and comparison with the standard piecewise linear
basis.

Taken together, the thesis makes original contributions to the rigorous numerical analysis of
nonlocal PDEs, to the design of practically implementable algorithms, and to the mathematical

understanding of fractional nonlocal diffusive processes on bounded domains.



i



Contents

Introduction 1
1 Finite element approximation of the fractional porous medium equation 15
1.1 The fractional porous medium model . . . . . . . . ... ... ... ... ... 15

1.2 Finite element approximation . . . . . . .. ... ..o 25
1.2.1  Convergence analysis of the discretized fractional porous medium model . 31

1.3 The semidiscrete-in-time approximation . . . . . . . . ... ... ... .. .. .. 38
1.3.1 Dubinskil’s compactness theorem . . . . . . .. ... . ... ... ... 50

1.3.2  Passage to the limit At — 04 . . . . ... ... L oo 52

2 A minimax method for the spectral fractional Laplacian 67
2.1 Rational approximation and fractional powers of a matrix . . . .. .. ... ... 71
2.1.1 Error analysis . . . . . . . . 74

2.2 Numerical experiments on related evolution problems . . . . . . . ... ... ... 79
2.2.1 The fractional porous medium equation . . . . ... ... ... ... ... 80

2.2.2  The fractional Keller-Segel model . . . . . . . . ... .. ... ... ... .. 89

3 Extended porous medium models with fractional pressure 97
3.1 Finite Element Approximation . . . . .. ... ... ... ... ... 104
3.2 Numerical Experiments . . . . . . .. .. . 105
3.3 Passage to the limit h,d — 0L . . . . . . .. . ... 114
3.4 Passage to the limit At -0, if @Q=0ae. ... ... ... ... ... .. ..... 120

4 Finite elements with weighted bases for the integral fractional Laplacian 131
4.1 Generic regularity of the solution to the fractional Dirichlet problem . . . . . .. 134
4.2 Weighted finite element method . . . . . . . . ... ... L. 135
4.3 Convergence results . . . . . . . . .. 138

4.4

Numerical experiments . . . . . . . . . .. . 146

il



5 Variational crimes in the finite element method for the integral fractional

Laplacian

5.1 Computational aspects . . . . . . . . ...

5.2 Numerical experiments . . . . . . . . . .. L

Conclusion

A The spectral fractional Laplacian and fractional elliptic operators

B The integral fractional Laplacian

Bibliography

v

151
157
159

163

167

181

183



0i,j

span{vy, ...

B, (x)

List of Symbols

Kronecker delta of indices ¢ and j

linear span of vectors vy, ..., v,

ball of radius r centred at x

ball of radius r centred at zero

closure of a set 2

interior of a set {2

(weak) derivative in the i-th variable

(weak) derivative of multi-index o = (aq, ..., aq)

space of smooth functions in R? with compact support
space of bounded continuous functions in R?

Lebesgue space of summability p in a domain 2

Sobolev space of order k and summability p

Sobolev space of order k and summability 2

Sobolev space of functions in H'(Q) with zero trace on 9
Sobolev space of functions in H*({)) with zero average on {2
Fourier transform

fractional Laplacian of order s

spectral fractional Laplacian of order s, boundary condition B(+)
spectral fractional Dirichlet Laplacian of order s

spectral fractional Neumann Laplacian of order s

fractional Sobolev-Slobodeckii spaces of order s

bilinear form associated to the integral fractional Laplacian
domain of the spectral fractional Laplacian on a domain {2
triangulation of a domain

finite dimensional spectral fractional Laplacian



vi



1.1
1.2
1.3

2.1

2.2

2.3

24

2.5

List of Figures

Triangulation and the computation of the matrix 65L ................
Continuous piecewise affine interpolant of the discrete-in-time approximations . .

Seminormed set. . . . .. L

The fractional Poisson equation (2.1) in ©Q with homogeneous Dirichlet boundary
condition; study of the convergence order as a function of the mesh size h. We
report the convergence of the scheme for f = 1. The black reference lines have
slope, respectively, 2, 1.5, and 1. . . . . . . . . ... ...
Rational approximation of f(y) = y°® computed through the minimax algorithm
on intervals [d,1] for 6 > 0. Computation of the error E, ,(y*,[d,1]) = |ly* —
oWl 5,1) = infrer, , 1¥° = 7(¥)llsc,5,1) and comparison with the prediction
(2.15) for Epn(y®, [0,1]). . . o oo
The fractional Poisson equation: the observed exponential convergence of the best
rational approximation (2.12), used in (2.14). The computation of the function
uy defined in (2.17) was performed for different fractional orders to assess the
L?(£2) norm of the difference between uf and uZ'H as a function of the degree n
of rational approximation, in comparison with the theoretical prediction (2.22).
Each solution was computed on Q = (0,1)? with f(x,y) = sin(rz) sin(ry), and
with a mesh of 28 x 28 equally spaced mesh points. . . . . . ... .. ... ...
The porous medium equation (2.26) in self-similar variables; convergence to the
steady state (2.27) for s = 2710, The computational domain is Q = Bg(0),
R =10, p = 1, a mesh of 37267 uniformly spaced mesh points was used with

The fractional porous medium equation in self-similar variables (2.30); (a) the
locally refined mesh on the computational domain €2; (b) steady state solution
profile for equation (2.30) for different values of y; (c) the L?(£2) error between
the computed steady state of (2.30) and the analytical steady state ®s. The
computational domain is Q = (—5,5)%, pg(z) o ﬁ, a mesh with 13171 mesh
points was used, graded towards the centre of the domain, with the time step

taken as At = 0.01. . . . . . . L

vil



2.6

2.7

2.8

2.9

2.10

2.11

Numerical solutions to the fractional porous medium equation in self-similar vari-
ables (2.30). The simulations were performed for the fractional order s = 0.5
with different values of the parameter y = 27", m = 2,...,10, controlling the
parabolic regularisation. The computational domain is Q = (—2,2)2, po(x) o ﬁ;
a uniform triangulation based on 2° x 2° equally spaced nodes was used with
At = 0.01. The black reference curve is the cross-section of the function (2.29) at
Ta=0.. . .
Numerical solutions to the fractional porous medium equation in self-similar vari-
ables (2.30). The simulations were performed for the fractional order s = 0.5
with different values of the parameter yp = 27", m = 2,...,10, controlling the
parabolic regularisation. The computational domain is Q = (—2,2)2, po(x) o ﬁ;

a uniform triangulation based on 2% x 2° equally spaced nodes was used with

Steady state profiles of the fractional porous medium equation (2.30) in self-
similar variables with g = 0.01 for different values of s € (0,1). The computa-
tional domain is Q = (—5,5)2, po(x) ﬁ; a graded mesh towards the centre
of the domain, with 13171 mesh points, was used with the time step taken as
At = 0.01. (a): cross-section of the numerical solution at 2 = 0 as a function
of x; for different values of s; (b): contour plot for values of s = 0.9 (left) and
s=0.1(right). . . . . ...
The fractional porous medium equation (2.24); exponential decay to the equi-
librium solution for different initial data pg. The computational domain is 2 =
(—1,1)2, a mesh of 27 x 27 uniformly spaced mesh points was used with the time
step taken as At = 0.01, the fractional order is s = 1/2, and zp = (1,1). The
dashed black reference line has slope —2/Cq. . . . . .. .. ... ... ... ..
The fractional porous medium equation (2.24); failure of the comparison principle
for fractional order s = 3/4. The computational domain is Q = (—R, R)?, R =5,
p = 107°; a uniform mesh of 28 x 28 uniformly spaced mesh points was used with
the time step taken as At =0.01. . . . . . . . . .. ...
The fractional porous medium equation (2.24); failure of the comparison principle
for fractional order s = 3/4. The computational domain is Q = (—R, R)?, R =5,
p = 107°; a uniform mesh of 28 x 28 uniformly spaced mesh points was used with
the time step taken as At = 0.01. On the left the simulation of the equation
with initial datum ui(z) = g(x — 2), g(z) x e~ 1#*/C is plotted; on the right the

simulation of the equation with initial datum wus(z) = g(x —2)+2g(x+2) is plotted. 88

viii



2.12

2.13

2.14

2.15

2.16

Numerical solutions to the fractional porous medium equation (2.24), with pas-
sage to the limit for h — 0 and At — 0. The simulations were performed for the
fractional order s = 0.5 with different values of the spatial discretization para-
meter h = 27", n = 2,...,8, and different time steps At = 2% k =6,...,12.
The computational domain is Q = (0,1)2, po(z) oc exp(—|z|?/(270)), o = 0.02.
The parabolic regularisation coefficient was 4 =10.01. . . . ... ... ... ...
Numerical solutions to the fractional porous medium equation (2.24), with con-
vergence in space as h — 0. The simulations were performed for the fractional
order s = 0.5, for different values of the spatial discretization parameter h = 27",
n = 2,...,8, and different time steps At = 27% k = 6,...,12. The computa-
tional domain is 2 = (0,1)2, po(z) x exp(—|z|?/(270)), o = 0.02. The parabolic
regularisation coefficient was p = 0.01. The black reference line has slope one and
the grey reference line has slope two. . . . . . . . . .. ... .. ... ...
Numerical solutions to the fractional porous medium equation (2.24), with pas-
sage to the limit for h — 0 and At — 0. The simulations were performed for the
fractional order s = 0.5 with different values of the spatial discretization para-
meter h = 27", n = 2,...,7, keeping At = 272 fixed, and for different values
of time step At = 27% k = 6,...,11, keeping h = 27% fixed. The computa-
tional domain is 2 = (0,1)2, po(z) x exp(—|z|?/(270)), o = 0.02. The parabolic
regularisation parameter was = 0.01. . . . . . . ... oL
The fractional Keller-Segel model (2.31); blow-up, depending on mass and con-
centration of the initial datum. The numerical tests were performed on the unit
disc © = Bj(0); a uniform mesh of 37325 nodes was used for two different frac-
tional orders, s = 0.75 in (a) and s = 0.5 + ¢, € = 1072 in (b), with different
initial data having different masses M and concentrations, given by the parameter
o. Each cell corresponds to a numerical simulation in which either there is no
numerical blow-up (green cell) or numerical blow-up occurs (orange cell). The
threshold value for numerical blow-up was set to 6 =1077. . . . . . . . . .. ...
The fractional Keller—Segel model (2.31); blow-up depending on the concentration
of the initial datum. Numerical tests were performed on the unit disc Q = B;(0);
a uniform mesh of 37325 mesh points was used for fractional order s = 0.75, with
initial data having the same mass M = 47 and different concentrations, given by

the parameter o. The threshold value for numerical blow-up was set to § = 1077,

ix

90

96



3.1

3.2

3.3

3.4

3.5

3.6

Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17), cross-section at zo = 0. The simulations were performed on
Q = (—2,2)? for the fractional order s = 0.75 with h = |Q|/(2% - 2%), and time
step At = 0.05. The matrix A(x) was given by 1.b. and the function Q(x) by IL.c..
The initial data were I.d.. The parabolic regularisation coefficient was © = 0.01.
Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on 2 = (—2,2)? for the fractional
order s = 0.75 with h = |Q2|/(2% - 2%), and time step At = 0.05. The matrix A(x)
was given by I.b. and the function Q(z) by L.c.. The initial datum was I.d.. The
parabolic regularisation coefficient was 4 =0.01. . . . .. .. ... ... ... ..
Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on = (-2, 2)? for the fractional
order s = 0.67 with h = [Q2]/(2% - 2%), and time step At = 0.05. The matrix A(z)
was given by I1.b. and the function @ (x) by IL.c.. The initial data was II.d.. The
parabolic regularisation coefficient was ¢ =0.01. . . . . .. ... ... ... ...
Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on © = (—2,2)? for the fractional
order s = 0.75 with h = |Q|/(27 - 27), and time step At = 0.01. The matrix

A(z) was given by L.b. and the function Q(z) = |z|>. The initial datum was two
_|z—Pq)? _ lz—Py|?

|
Gaussians p = —A—¢” 2 +—l—c 2 with P, = (1,1) and P, = (—1, —1),

2o
and ¢ = 0.4. The parabolic regularisation coefficient was p=1. . ... ... ..

Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The matrix A(x) was given by 1.b. and the function Q(z) = 0.
The simulations were performed on Q = (—2,2)? for the fractional order s = 0.75
with b = |Q|/(27 - 27), and time step At = 0.01. The parabolic regularisation
coefficient was p = 1. Parameters for the initial data were o = 0.4, P, = (1,1),
P, = (-1,-1), Ps = (1,-1), P, = (—1,1), Pp = (2,2). The dashed black
reference line has slope —2/Cgq for Cq = 1/A1, A1 the first positive eigenvalue of
the Neumann Laplacian. . . . . . . .. . ... .. o
Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The matrix A(z) was given by IL.b. and the function Q(z) = |z|2.
The simulations were performed on 2 = (—2,2)? for the fractional order s = 0.75
with b = |Q|/(27 - 27), and time step At = 0.01. The parabolic regularisation
coefficient was p = 1. Parameters for the initial data were o = 0.4, P; = (1,1),
P, = (-1,-1), P = (1,-1), P, = (-1,1), Pg = (2,2). The dashed black
reference line has slope —2/Cq for Cq = 1/A1, A1 the first positive eigenvalue of

the Neumann Laplacian. . . . . . . . . . ... . ... ... .. ... .. ......

108



4.1
4.2
4.3

4.4

4.5

5.1
5.2

5.3

5.4

9.5

Example of over-triangulation. . . . . . . . . . ... ... L L
FEM and WFEM basis function on Q@ = (—1,1) for s =0.2 and h=0.25 . . . . .
Fractional Dirichlet problem (4.1); comparison between explicit solution (4.5),
piece-wise linear interpolation Ipu* and Jjpu*, defined in (4.19), for different
choices of the function §. Q = Qj, = (—1,1), uniform meshes with h = |Q|/2%.
Fractional Dirichlet problem (4.1); WFEM computational errors. The computa-
tional domain is Q = Qp = (—1,1), f =1 and u* is given by (4.5). The numerical
tests were performed with meshes of equally spaced nodes, with mesh size h = 27™
for m = 1,...,4. As regularised distance, satisfying (4.8), 6(z) = 1 — |z|* was
used. .o
Fractional Dirichlet problem (4.1); WFEM computational errors. The computa-
tional domain is Q = (=1 +¢,1 — ¢), with e = 10719, f is given by (4.6) and
u* = (1 — |z|?)+. The numerical tests were performed with meshes of equally
spaced nodes, with mesh size h = (1 — )27 for m = 1,...,4. As regularised

distance, satisfying (4.8), §(z) =1 — |z|* wasused. . . . ... .. ... ... ...

Quadrature Qr = [-R, R D Q . . . . . . .. ...
Convergence of as, to as in dimension d = 1, 2. The simulations were performed
for different fractional orders s. The domain is 2 = (—1,1) in one dimension and
Q = B1(0) in two dimensions, the quadrature points are equally spaced in Q for
different values of p. The expected orders of convergence (5.11) are reported as
dashed lines. . . . . . . . .. L
WFEM computational errors and dependence on the mesh size h and the quadrat-
ure parameter p in dimension d = 1. The simulations were performed for different
fractional orders s. The computational domain is Q@ = (—1,1), Q, = Q. The
quadrature points are equally spaced for different values of p = 2710, 2712 2=14,
The value of ¢, isset to pand R=+o0. . . ... ... ... ... ... .....
WFEM computational errors and dependence on the mesh size A and the quad-
rature parameter p in dimension d = 2. The simulations were performed for
different fractional orders s. The computational domain is Q = B;(0) C R?
Qp, = (—1,1)? with a uniform mesh. The quadrature points are equally spaced

10 o—11 o—12
211 9-12,

for different values of p = 2~
FEM computational errors and dependence on the mesh size h and the quadrature
parameter p. The simulations were performed for different fractional orders s.
The computational domains are respectively Q2 = (—1,1) in one dimension and
a Lipschitz approximation of = B;(0) C R?, consisting of triangles, in two
dimensions, the quadrature points are equally spaced with different values of p.

The value of ¢, is set to p and R = +oc. Dashed lines: g(h) = CRY2 . . .. ..

X1

. 147



xii



Introduction

“Ainsi il s’ensuit que diz sera égal & z\/dx - x. Il y a de Uapparence qu’on tirera un jour des
conséquences bien utiles de ces paradozes, car il n’y a guéres de paradozes sans utilité.” (“Thus
it follows that d2z will be equal to zv/dz : z. It appears that one day useful consequences will
be drawn from these paradoxes, for there are hardly any paradoxes without utility.”)

This was the answer by G. W. Leibniz directed to G. A. 'Hépital in what it is historically
considered the first mention of fractional calculus in an epistolary exchange between the two of
them [132, letter 30 September 1695]. Since then, knowledge of fractional calculus has advanced
significantly and different contributions have brought to rich mathematical formulations, that
still constitute a lively area of research from both a theoretical and applied point of view.

The area of research of the current doctoral thesis is the study, from a numerical analysis
perspective, of Partial Differential Equations (PDEs) that involve fractional powers of elliptic
operators, mainly the fractional Laplacian. More precisely, the focus of the work is the design of
numerical schemes, based on Finite Elements (FE), for different types of PDEs and for approx-
imation of the fractional operators that are involved. The study examines elliptic and parabolic
problems with the aim of providing novel numerical methods in different contexts.

The main scientific contributions of the doctoral thesis are several. In the first place we study
a class of evolutionary PDEs involving fractional operators and we propose a numerical scheme
for them, with a rigorous proof of convergence for the resulting numerical approximations. These

equations, that will be derived in the following chapter, have the form

op
5t = Bp =V (pVe),

where the term ¢ will depend on p through the use of fractional operators.

On the one hand, the novelty of this part of work lies in the finite element framework that
allows the construction of reliable and mathematically justified numerical approximations. On
the other hand, we explore computationally different configurations of these models for the
first time, using state-of-the-art algorithms and solvers to produce simulations and validate
properties of the numerical scheme. Hence, the numerical analysis for the evolutionary PDEs
under consideration offers interesting mathematical techniques, advanced scientific computing

for fractional operators, and valuable insights through accurate and rapid simulations.



In addition to these contributions, we also propose a novel finite element scheme for a classical
elliptic problem involving a particularly challenging definition of the fractional Laplacian. We
develop a theory for a tailored finite element basis and, with this new method, under some
assumptions on regularity of data and domain, we theoretically prove improvements of previous
error estimates available in the literature. Furthermore, we validate computationally the increase

in the speed of convergence with a robust software.

We begin by motivating the use of fractional operators in PDEs and their capability in terms
of applications. Some of the PDE models that we are going to analyse are diffusion models
that describe the evolution in time of the spatial distribution of densities, generally representing
particles (whether they are electric charges, biological cells, or fluid molecules) on a specific region
of space. Classical mathematical models for diffusion processes are often based on the use of
differential operators to describe the spreading of the particles of the system. By definition, using
classical differential operators, these models assume that the density of particles that is being
modelled involves only local interactions between the particles themselves. This assumption
however need not always be valid. From biology to physics there are several examples of particles
for which it is reasonable to assume a nonlocal interaction among them while they move in space:
growth of bacteria [140, 10], movement of antibodies [121, 134], crystal dislocation [90], human
travel [150], electromagnetic fluids [177| are all examples for which long range interactions could
be a realistic feature to assume. Nonlocal interactions often lead to superdiffusive phenomena,
or in other words long-range spreading. The quest for a mathematical framework able to model
diffusion processes, while taking into account nonlocal interactions, has motivated a large part
of recent research in analysis of nonlocal PDEs. Interestingly, fractional calculus constitutes an
example of such a mathematical formulation capable of incorporating a type of nonlocality and
providing a valuable path to answer some of these needs. The application of fractional calculus to
PDEs is both rich from a mathematical point of view and versatile from an applied perspective.
The literature on fractional models is large and we refer the reader to [127] for a recent general
discussion on the topic, [128] for application in physics, biology and medicine and to [171] for a
rigorous discussion of fractional diffusion models. As we said previously, the most famous and
widely studied operator that we will consider for our study is the fractional Laplacian. The use
of the fractional Laplacian in super-diffusive processes is discussed in a large body of literature
and the reader may wish to refer to |9, 71, 99| for some examples of its application. We cite also
[10, 135] as two explanatory examples in which super-diffusion given by the fractional Laplacian
is detected respectively in real bacteria swarming and in the navigation of a photosensitive alga.

The aim of the introduction is to provide a brief summary of the mathematical background
for the fractional Laplacian, setting up the notation for the rest of the thesis, while discussing

the interest in it from a numerical analysis perspective.



The first fact that is important to mention, before starting to consider the problems of our
interest, is that there are several definitions of the fractional Laplacian, that are equivalent
on R? and we refer to [129] for a complete review of them and proofs of their equivalence.
However, when these definitions are restricted to bounded subsets of R%, incorporating boundary
conditions, specific to the type of definition that is being used, they lead to different operators
that generally fail to be equivalent with each other.

The work that will be presented has the aim of constructing numerical approximations for
PDEs that involve the fractional Laplacian on a bounded region of space; therefore the choice
of the definition of the fractional Laplacian is a crucial point for our studies. We will mainly
use two definitions of the fractional Laplacian: for the evolutionary PDEs involving fractional
operators, discussed in Chapters 1,2 and 3 we will adopt the spectral formulation of a fractional
operator, while in Chapter 4 and 5 we propose a novel method for the fractional Laplacian in
its integral definition. The reasons why different definitions are used depending on the problem
will be made clear in the content of the thesis, but we anticipate that the spectral definition
is well suited for the functional setting of the evolutionary PDEs, as it avoids some regularity
complications that are associated with the integral definition. However, for the same reason,
the integral definition is particularly interesting and challenging from a numerical perspective.

Both of these definitions will be now presented in the main body of the introduction.

In order to illustrate to the reader the main ideas regarding the formulation of the fractional
Laplacian and the intuition behind its nonlocal properties, we will first introduce the operator on
R? and illustrate its integral definition on it for its physical interpretation. We will then present
the natural restriction of the integral fractional Laplacian to a bounded domain. Subsequently,
we will introduce the spectral definition of the fractional Laplacian on a bounded domain. We
will motivate the numerical challenges that both of these formulations present.

Let us denote by A the Laplace operator, called Laplacian. The Laplacian A on R? is
expressed as the divergence of the gradient,

0? 0?
AzV-V:aTE%+---+8—x§.
The Laplace operator is a local operator, in the sense that the value of Au at a point depends
only on the values of u in an arbitrarily small neighbourhood of the point.
The Laplacian has a wide range of properties, among which there is its behaviour under the

action of the Fourier transform. If we define the Fourier transform of a function u : R* — R as

Flul©) = (€)== [ u(w)e>" " o

we have that for a multi-index a = (v, ..., ) the action of the Fourier transform is

(i)au(;p) T (2mi)leae),
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where |a| := a1 + - - - g, and therefore
(~A)u(z) — (2nl¢])*a(€). (1)

Thus we can say that the Fourier transform pulls out a factor (27|£])? from the Laplacian.

A first way to introduce the fractional Laplacian on R? is to ask whether the property (1)
can be generalised to change the exponent in the power of the factor that we get out from the
action of the Fourier transform. In other words, we can define the fractional Laplacian of a

function u : RY — R as the operator (—A)® such that
(—A)*u " (2ml¢))*a,

for 0 < s < 1. The exponent s is often called the fractional order. A first important remark is
that the definition of the fractional Laplacian using the Fourier transform is a global definition,
involving the whole of R%. This is an important difference with respect to the standard Laplacian.

We introduce now the integral definition or Riesz definition of the fractional Laplacian.
This formulation provides an explicit expression for the fractional Laplacian, offering a physical
interpretation of the intrinsic nonlocality of the operator. For these reasons, it is one of the most
widely used definitions, but it presents both analytical and numerical challenges.

If we know the expression of the Fourier transform applied to a function, to reconstruct the
function we can use the inverse Fourier transform, that is

w= Fi](z) = /R agemd

Thus, if we proceed formally, what we get is

(—A)*u(z) = F{(2m|¢])* Flu]] (x) 2)
= (2m)* /Rdlfl2S /Rdu(t)e‘%’f‘t dt e2mis e qe.

We can now take our formal procedure, namely expression (2), and through it provide an explicit
representation of the fractional Laplacian. We start by recalling that for —d < 2s < 0 the term
|€%¢ admits the inverse Fourier transform given by

d
. 228F(8 + 5)

FRCHED @) = ey

|$’7d72s

)

(see [166]), and the Fourier transform of a convolution of two functions is the product of their

Fourier transforms,
F s
frg— 13,
where the convolution of f and g on R? is given by

(Fea)a) = [ 7= valo)dy
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If the fractional order was negative —d/2 < s < 0, calling Cy s = we could formally

w420 (=s)|’
write an expression for (2),
1
—A)*u(z) = Cypgla| 472 :05/ —dy. 3
(-8 u(w) = Caslal =2 u(w) = Cus | 1)z dy Q

As a matter of fact, the above expression can be extended for the case s > 0. The step needs
mathematical care because for s > 0 the argument inside the integral renders the singularity
at x nonintegrable; however, arguing by analytical continuation (see [131, p.45,46]), it is indeed
possible to show that a similar expression is meaningful in the range 0 < s < 1. More precisely,

following [131], we can consider, for an arbitrary ¢ € C§°(R%), the expression

1
W(x,8) = (—A)*p(x) = Cy /]Rd o(x + Z)Wdz,
d
2

which is an analytic function of s in the region Re(s) < 0 with singular points s = —5 — n,

n =20,1,---. If one splits the expression, we have

1 oz +2) — () Cyus
= s d s dz — . 5
R R R

where B = {|z| < 1} is the unit ball and wy = 27%?/T(d/2) is the surface measure of the unit
hypersphere in R?. The first and third terms in the expression above are regular for Re(s) > 0

and for the second it is possible to show that

x+z)— p(x !
/B # —;_Z‘d)+2s(p( )dZ—wd/O (B(x,7) — @(x))r~ 2 dr,

where
o(z,r) = L o(x + y)dwy,
Wd Jly|=r
where wy, is the surface measure on the sphere {|y| = r}. Observing that @(z,r) — ¢(z) = O(r?)
as r — 0 ([131, Pizzetti formula, p.46]), one concludes that the integral converges near the origin
when 0 < s < 1. Hence 9(z,s) extends analytically to 0 < Re(s) < 1. Finally, noting that

within that strip it holds

wd 1
Shole) = —o(@) [ s
2s ]Rd\Bl |Z|d+2s
it is possible to recombine the terms into a single expression in terms of [pi(p(z + 2) —

p(x))/]2] 42 dz.

With these considerations, the integral fractional Laplacian of a function u : R¢ — R is then

given by
8y () u(z) —u(y)
(—A)*u(z) = Cy,s P.V. /Rd o — e dy (4)
P u() ~ uly)

0 Jra\ B, (z) [T — y|o+2s



The difference u(x) — u(y) in the numerator, which vanishes at the singularity, provides a reg-
ularisation, which guarantees the existence of the principal value for smooth functions v with
sufficient decay.

The expression (4) allows us to give a physical interpretation to the fractional Laplacian and
highlight an analogy with the standard Laplacian. In fact, the Laplace operator can be seen as

the measure of the infinitesimal displacement of a function, namely
Au(e) o lim | (uly) - u(z))dy.

(cf. [51] for further details) and if we look at (4) we can think of the fractional Laplacian as a
weighted average of the oscillations of the function on R?, with weights given by the Riesz kernel
Ky(2) = Cysl2|7972. While the averaging for the standard Laplacian takes place in a small
neighbourhood of a point, the one for the fractional Laplacian involves the whole space. This
highlights the nonlocal nature of the fractional Laplacian and shows that the fractional order s
controls, in a way, the magnitude of the nonlocality, via the weight function in the average.

The definition (4) of the fractional Laplacian leads to the definition of the fractional Sobolev-
Slobodeckit spaces of order s € (0,1). If we denote the bilinear form

_ Oy (u(z) — u(y))(v(z) —v(y))
as(u,v) = 5 //Rded dz dy, (5)

‘I _ y‘d-‘y—Zs

and the associated seminorm |w|ps(gay = as(w, w)'/? accordingly, for s € (0,1), we define
H*(RY) == {w e L*(R%) such that (W] s (may < oo} , (6)

endowed with the norm |jw)||? SRd) T HwH%Q(Rd) + |w\§{5(Rd). In our notation, the seminorm
\/m |- He(rd) Is called the Gagliardo-Slobodeckit semi-norm; the two seminorms are clearly
equivalent (see |88, Proposition 3.6]).

For the fractional Laplacian on R? we include a dutiful mention to the well-known Caffarelli-
Silvestre extension [55], where the authors proved that any fractional power of the Laplacian
can be determined as an operator that maps a Dirichlet boundary condition to a Neumann-type
condition via an extension problem. More precisely, considering the function U = U(zx,y) :

R? x [0,00) — R, solution of the extended problem

1-—2s

AU+ OyU + 07U =0, zeR%y >0, -
U(z,0) = u(x), z € RY
it holds
— lim y' "0, U(z,y) = Co(—A) u(x), (8)
y—=04

for a multiplicative constant Cs, depending only on s. This result still constitutes one of the

great milestones in mathematical research on the fractional Laplacian, connecting the nonlocal



operator in R? with a corresponding local elliptic problem, posed in R%*!. The extension method
goes back to Mol¢anov and Ostrovskii [144], in the context of symmetric stable processes, and
was employed by other authors (e.g. [82]) before receiving a systematic treatment by Caffarelli
and Silvestre.

In approaching evolutionary PDEs and their numerical analysis we have the need to confine
the fractional Laplacian to functions that are defined on a bounded region of space in R?. The
integral representation (4) can be used for functions defined only on a subset Q of R? however
this must be done by choosing an adequate boundary condition, or more precisely a boundary
condition that gives meaning to the values of uw outside 2. For example, one of the most
natural choices for the fractional Laplacian in its integral representation is a Dirichlet boundary
condition, which takes the form of an exterior condition imposing « = 0 on R%\ Q. As mentioned
previously, it is precisely the choice of the boundary conditions that makes different definitions
of the fractional Laplacian not equivalent on bounded domains.

From now on, when it is not specified differently we will denote by €2 a bounded open
Lipschitz domain contained in R%. Additionally, we denote by n the outward unit normal to
the boundary of the domain 92 and we denote by 9,, the (weak) directional derivative with
respect to n. We denote by (-,-) the L*(€) inner product and by || - || ey and || - | g1(q) the
standard LP(Q2) and H'(Q) norm, respectively. Let us also define the corresponding function
spaces quotiented with the subspace of constant functions, which will be useful in the following;
we will denote by L2(2) and H}(f2) the closed linear subspace of L?(Q2) and H'(f2) with zero

integral average on {2, respectively, that are,

LY(Q) = {v € L*(Q) such that /

vdr = O} and
Q

HN(Q) = {v € H'(Q) such that /vdx = 0}.
Q

With the integral definition of the fractional Laplacian, we can also introduce the fractional-

order Sobolev space H*(2) for 0 < s < 1,

s Ju(@) — u(y)?
H (Q) = {’LL S L2(Q) such that /;2 0 de dy < o0 p,

and we endow it with the norm defined by

[N

lull s = (HUH%%Q) + |u|%IS(Q)) ,

where the Gagliardo-Slobodeckii semi-norm | - |gs(q) is given by

2 . u(@) — u(y)|?



This definition is in a way the natural analogue of the space (6) for a domain Q. For 0 = m+s,

where m is a nonnegative integer and s € (0, 1), the Sobolev space of order o > 0 is defined by

a (o7
H?(Q) = {u € H™(Q) such that ((%> we H5(Q) for all a € N¢, || = m} ,

where H™ () is the Sobolev space of order m and summability 2, (9/0x)® stands for the weak

derivative of multi-index o = (v, ..., aq) and order |a| := a1 + - - - + a4, and N denotes the set

s

of all nonnegative integers. Finally we also define the space H{(2) :== C§°(Q2) .
We proceed now with the introduction of the spectral fractional Laplacian on a bounded

domain and its related notations. Given the bounded domain 2, consider
B(-)=0 on 09

as a homogeneous boundary condition. For example, with this notation, B(u) := u stands for a
homogeneous Dirichlet boundary condition and B(u) := 9, u stands for a homogeneous Neumann
boundary condition. Finally let V' be a proper closed linear subspace of H'(€), which depends
on the boundary condition; for example V = H&(Q) if we are considering a Dirichlet boundary
condition and V = H}(Q) if we are considering a Neumann boundary condition. In the case
of a homogenous Dirichlet boundary condition we let H~1(£2) denote the dual space of H{ (),
whereas for a homogenous Neumann boundary condition H~!() will denote the dual space of
H'(Q); we then use (-, -) to refer to the associated duality pairing between H—1(Q) and H{(Q)
or H(Q), respectively. Analogously, in the case of a Dirichlet boundary condition we denote by
H~*(2) the dual space of the fractional-order Sobolev space Hg(f2) for 3 < s < 1, while for a
homogenous Neumann boundary condition we will denote by H~*(€2) the dual space of H*(2)
for 0 < s < 1.
The pair (Dom(—Ag), —Apg) is defined as follows:

Dom(—Apg) = {u eV:Vaw >—>/ Vu-Vovdx
Q
is a continuous linear functional on L? (Q)},
/(Agu) v = / Vu-Vodzr, wue€ Dom(—Ag), veV.
Q Q

Thus, —Ap is a nonnegative and self-adjoint linear operator that is densely defined in L?(Q) in
the case of a Dirichlet boundary condition, and in L2(2) in the case of the Neumann boundary
condition; thanks to the Hilbert—Schmidt theorem (cf., for example, in [105, Lemma 5.1]), there
exists an orthonormal basis of L2(Q), respectively L2(€), consisting of eigenfunctions ¢, €
V\ {0}, £ = 1,2,..., with corresponding eigenvalues 0 < A\; < Ay < -+ 2 +oo. Thus,
by writing B(ypr) = ¢k if we have a Dirichlet boundary condition and B(pr) = Onpx for a



Neumann boundary condition,

—App =M inQ,
9)

B(pr) =0 on 01},

with the partial differential equation in the first line of (9) understood as an equality in L?(),
and the homogeneous boundary condition appearing in the second line of (9) as an equality
in H %(8(2) in the case of a Dirichlet boundary condition, and as an equality in H _%(89) in
the case of a Neumann boundary condition. Let —Apg denote the Laplacian associated with
the boundary condition B. For example —Apg is the Dirichlet Laplacian, denoted as —Ap, if
B(u) == u, or it is the Neumann Laplacian, denoted as —Ay, if B(u) := O,u.

For s € (0,1) the domain of the spectral fractional Laplacian (—Apg)*/? is defined as the
Hilbert space

Hp(Q) = { ZUWk L2(0) : Jlulls g : Z)\kui < OO}, uy = (u, )  (10)

for k =1,2,... in the case of a homogeneous Dirichlet boundary condition, and

e o e
k=1

for k = 1,2,... if we are considering a homogeneous Neumann boundary condition. We use
H?*(€2) as a unified notation for both of these cases; the distinction between them will be implicit
in the type of Laplacian (i.e. Dirichlet or Neumann) that will be used and will be clear from the
context. We denote by H™*(Q2) the corresponding dual space.

For u € H*(Q2), we define the spectral fractional Laplacian by

(—Ap)*u(x) =Y Murpr(), (12)
k=1

as an element of H™*(£2). Furthermore, one has ||ul|gs ) = [|(— AB)S/ZUHL2 for all u € H*(Q2).

We stress further that the integral representation (4) and the spectral deﬁnltlon (12) fail
to be equivalent on bounded domains €2, once one has set the respective boundary conditions;
in [164] the authors in fact show that with a Dirichlet boundary condition (that is given by
setting B(u) = u for the spectral fractional Laplacian and by imposing « = 0 on R% \  for the
integral fractional Laplacian) the two operators have completely different spectra, highlighting
their difference as operators.

The spectral fractional Laplacian on a bounded domain has additionally an explicit formula

in terms of the heat semigroup of the Laplacian (—Apg) (cf., [167, eq. (1.11)])

1 oo TABux — ulzx L -
Fr ) o) uto) e 03

(—Ap)*u(r) =



where e™®By(z) is the solution of the heat equation

g—”;”:Aw in  x (0,00),
w(z,0) =u(z) in Q, (14)
B(w(x,7)) =0 on 9 x [0, 00).

This formulation of the spectral fractional Laplacian allows for a stochastic interpretation
of the operator. In fact, the probabilistic setting related to the spectral fractional Laplacian is
more sophisticated and we refer to [91, 92| for a detailed and rigorous description of it for a
Dirichlet and a Neumann boundary condition, respectively. The authors show that the spectral
fractional Laplacian is the generator of a so-called subordinate Brownian motion, determined by
a time-weighted superposition of the classical heat kernel, the weights being the law of a random
clock. Loosely speaking, the stochastic process generated by the spectral fractional Laplacian
takes a Brownian motion on a bounded domain, subject to a given boundary condition and
runs it along a random clock: for a particle in this process, when the clock leaps, the particle
reappears at the endpoint of a Brownian excursion run at fast-forward, so that the apparent
jump conceals a continuous path, and that path must obey the imposed boundary condition.
This way of thinking of the spectral fractional Laplacian further motivates the advantage of
having a natural way to encode different sorts of boundary conditions into the setting of the
operator, preserving the nonlocality of the jump process.

Finally, we mention that the operator (12) also admits a Caffarelli-Silvestre type extension,
that we include for completeness, referring to [57, 167|. Let U = U(x,y) :  x [0,00) — R be

the solution to the following extension problem

AU+ Eo U1 02U =0 in Q x (0,00),
B(U(z,y)) =0 on 99 x [0, 00), (15)
U(z,0) = u(x) on 0.
Then
-—é:zi§g+yl‘256@(x,y)==‘il;%i;‘(—zxs)su(x). (16)

Once one has given meaning to the fractional Laplacian (—A)® the interest moves rapidly
to equations involving the fractional Laplacian and, from a numerical perspective, to the com-
putation of their solutions. The first problem that has been at the centre of a large part of
mathematical research about the fractional Laplacian is the simple, yet challenging, fractional
counterpart of the Poisson equation, that is what we call the fractional Poisson equation: given

a function f find the solution u to
(=A)’u=f. (17)

10



This elliptic problem by itself has been an inexhaustible source for research in analysis, offering
several directions for research (e.g. regularity of u, dependence on the type of bounded domain,
behaviour of u at the boundary).

For the purpose of additionally motivating the difference between the two operators (4)
and (12) on a bounded domain, there is a qualitative difference of the solutions to (17) with a
Dirichlet boundary condition, that is worth mentioning at this stage: using (4) with © = 0 on
R4\ Q, for any s € (0, 1) the solution u behaves like dg, in a neighbourhood of the boundary 092,
where dq(x) = dist(z, R?\ Q) (see [1] and [104, Section 2.7]), while using (12) with B(u) = w,
the solution u exhibits a different regularity, behaving simply as dg for s > 1/2 and as d¥ for
s < 1/2 (see [57]). This observation concerning the difference in regularity of the solution of the
fractional Poisson equation will be at the centre of the work of Chapter 4.

Alongside the study of elliptic problems as (17), over the past two decades work has also been
devoted to evolutionary PDEs involving the fractional Laplacian. A broad and diverse body of
literature has emerged, in which the fractional Laplacian is used to model nonlocal diffusion, as
well as reactions, interactions, and other time-dependent effects. Here we ought to mention the

fractional heat equation
o e (-ayu (18)
as an example of an evolutionary problem widely used in applications to model long-jump dif-
fusion, and as the simplest prototype of a parabolic equation involving the fractional Laplacian.
The fractional heat equation has been studied in a large number of papers, mainly coming from
probability, but from a modern PDE perspective, early work on equations like (18) with more
general nonlocal operators can be found in [54, 103] and subsequently [26, 37| developed a theory
of existence, uniqueness and regularity of solutions for it. We mention also the works [80, 81, 172]
where more general nonlinear fractional diffusion equations of the form
o (A ) (19)
were studied, including the porous-medium-type case p(u) = |u|™ 1u, m > 0; we refer the reader
to [170] for a survey on these types of problems.
As a matter of fact, a large part of the work that we present in the thesis will be devoted to

the (numerical) analysis of evolutionary equations that involve the fractional Laplacian.

From a numerical perspective the main question arising from (17) and related time-dependent
problems is how to provide an accurate and efficient algorithm to approximate (—A)* and hence
compute u in (17) on bounded domains. The numerical approximation of (—A)?® clearly depends
on the definition chosen for the fractional Laplacian.

The definition (4) is fundamental and widely used because it is an explicit expression for the
fractional Laplacian, based on which one can directly design numerical schemes. In fact, for the

integral formula a variety of methods have been proposed through the years.
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Finite difference schemes approximate the principal-value integral by discretising the associ-
ated singular convolution; these methods are simple to construct and are widely used on regular
meshes over axiparallel domains, but are difficult to adopt in different cases. In [124] the au-
thors proposed finite difference methods for fractional diffusion equations, demonstrating robust
convergence for smooth solutions. The authors of [84, 86] analysed and developed further finite
difference methods for differential equations involving the fractional Laplacian and in [83] a sim-
ilar finite difference scheme is used for more general fractional-order differential operators. We
also refer to [95] for a finite difference discretization of the fractional Laplacian that is presen-
ted both in two and three dimensions and then applied to a fractional Allen—Cahn equation.
These techniques benefit from their conceptual simplicity and ease of implementation, but they
also have disadvantages, including limited flexibility on nonuniform grids and irregular domain
geometries.

In the context of the integral representation (4), a finite element method provides a powerful
variational framework. Through the use of suitable weak formulations, these techniques deliver
accurate numerical solutions, particularly for irregular domains or problems whose solutions ex-
hibit singular behaviour near domain boundaries. These methods have been developed to handle
singularities in the kernel, adaptive refinement of the computational mesh, and incorporate ef-
ficient quadrature schemes for numerical integration. In the pioneering work [5| the authors
introduced a piecewise linear conforming FEM for the integral fractional Laplacian, focusing on
accurate truncation and error control. Subsequently, adaptive quadrature rules for finite element
discretizations were developed in [6], ensuring efficient computation in irregular geometries. We
refer also to [46, 47| for a discussion on local error estimates and the use of graded meshes. In
[42] the authors developed a nonconforming finite element scheme, based on a sinc quadrature
scheme to approximate the integral representation and discussed consistency of their method in
approximating the bilinear form (5). These techniques retain all the advantages of a FEM, how-
ever, because they rely on the integral representation of the fractional Laplacian, they still face
issues related to their high computational and implementation complexity due to dense matrix
representations and numerical integration; for example adaptive mesh refinement is often needed
to address the singularity of the kernel.

Several approaches in the literature have proposed numerical methods for the spectral frac-
tional Laplacian. From a finite element perspective, [43], with subsequent developments dis-
cussed in [44, 39| proposed a scheme for the approximation of the spectral fractional Laplacian,
without computing explicitly fractional powers A° of the matrix representation A of the discrete
Laplacian, but passing through an integral representation and designing a proper quadrature
rule for it; this method was then applied in [40, 41| for fractional parabolic problems as the frac-
tional heat equation. The works |77, 76| used explicit representations of the spectral fractional

Laplacian involving the heat semigroup (13), combining suitable quadrature formulae of the
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integral with a finite element method for the approximation of the solution of the corresponding
heat equation.

Finite element methods have also been developed for the extension problem (15); they were
first introduced in the work [146] that developed a FEM, providing rigorous error analysis and
convergence rates. The method had the disadvantage of requiring additional computational re-
sources to solve a PDE in higher dimensions, as well as a sufficiently refined graded mesh. Some
of these issues were subsequently addressed in the innovative work [17] and the subsequent con-
tribution [18]: following the observations of [146] on the analytical regularity in the extended
dimension, the authors proved for the first time exponential convergence using an hp-FEM.
Previously, hp-finite elements for the fractional Laplacian had been also used in [142] and after
several contributions have continued to navigate the field; notable mentions in the topic, in-
cluding a recent implementation of hp-FEM, are [19, 101, 12, 13] and [143|, where hp-FEM is
applied to a fractional heat equation.

For a recent survey on numerical methods for the fractional Laplacian and fractional diffusion

we refer the reader to [38].

The thesis is structured in five chapters. Chapter 1 is focused on a finite element method for
a nonlinear and nonlocal porous medium equation with a fractional pressure, obtained via the
use of the fractional Laplacian. The equation makes use of the fractional Laplacian in its spectral
definition (12) on a bounded domain and we rigorously prove convergence of the sequence of finite
element approximations defined by the numerical scheme. The proof of convergence in Chapter
1 can be viewed both as the first rigorous finite element scheme for this type of nonlocal porous
medium equation and also as a constructive argument for the proof of existence of solutions on
a bounded domain using the spectral definition of the fractional Laplacian. Chapter 2 concerns
the computational aspects of the FE scheme for the equation studied in Chapter 1, with a
focus on the efficient computation of the FE approximation of the fractional Laplacian in its
spectral definition using the theory of rational approximations. Chapter 2 contains a variety
of simulations and numerical experiments validating the accuracy of the algorithms and some
of the properties of the fractional porous medium equation and a related problem, that is the
fractional Keller—Segel equation, for which we provide the first numerical investigation of the
conditions under which blow-up of the solution occurs. Chapter 3 generalises the numerical
method of Chapter 1 to a new and broader class of PDEs modelling nonlocal diffusion of porous
medium type in the presence of anisotropy and confinement potentials. In the end, Chapters 4
and 5 move from evolutionary PDEs involving the spectral definition of the fractional Laplacian
to an elliptic problem with the fractional Laplacian in its integral form (4). In this context, we
propose a novel method for the fractional Dirichlet problem that addresses the lack of regularity
of the solution of (17), that we have previously mentioned, and improves the error estimates that

are available in the literature under regularity assumptions on the domain. We also discuss the
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approximation and the implementation of the bilinear form (5), necessary to compute solutions
in practice.

The thesis presents novel approaches and numerical methods for the fractional Laplacian
from different perspectives. The development of techniques and algorithms for different problems
with different definitions of the fractional Laplacian is meant to showcase a variety of effective
methodologies and, at the same time, to open new directions for future work on the topic.

Chapter 1 is based on [62], published in Numerische Mathematik. Chapter 2 is based on the
preprint [65], under review. Chapter 3 is based on the preprint [108], currently under review.
Chapter 4 is based on the preprint [85], to be submitted. Chapter 5 will be made available as a

preprint in the near future and submitted to a Scientific Computing journal.
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You should have sat through some of those nights of argument and
discussion. The questions, the inspection, oh, the lovely thinking — the
beautiful thinking.

John Steinbeck (1902-1968), “East of Eden”

Finite element approximation of the fractional porous
medium equation

1.1 The fractional porous medium model

We now introduce the type of evolutionary PDE problem that we are going to study. Our
principal aim is to construct and analyse a numerical scheme for a porous medium equation
involving the fractional Laplacian and other related models and generalisations.

In addition to the need of working on a bounded domain, we shall have to consider a specific
boundary condition associated with the domain, that for our type of problems will be mainly a
Neumann boundary condition. Such a condition will ensure conservation of mass of the solution,
which is a relevant property that we aim to preserve. The imposition of this type of boundary
condition with the use of the integral representation (4) would add several numerical difficulties.
For this reason we will use the spectral definition (12) of the fractional Laplacian on a bounded
domain; even though it lacks a physical interpretation, compared to the explicit representation
(4), it will be seen to be mathematically convenient in the analysis of our finite element scheme.

Let us denote by p a certain density distribution and by v a velocity field; both are functions
of space and time, p = p(z,t), v = v(z,t), the velocity is a vector function and we assume
the density to be nonnegative, p(x,t) > 0. We relate the density and the velocity field via the

continuity equation

dp
ot
We postulate that the velocity v derives from a potential ¢ = ¢(x,t) through the equality

- (pv) = 0. (1.1a)

v = —Ve. (1.1b)
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This happens for instance when p is the density of a fluid whose motion is modelled by
Darcy’s law, which relates velocity and pressure of the fluid (in that case ¢ denotes the pressure).
The potential can then be related in a closed form to the density ¢ = ¢(p) through a suitable
equation of state, leading to various different models. For example, the simplest case ¢ = 2kp
in fluid flow modeling, with k signifying a positive constant, pertains to filtration of a fluid
through a porous stratum in the isothermal setting; this is the standard model for groundwater
infiltration, Boussinesq’s equation p; = k Ap? (see [27]). More generally one has the nonlinear
model p; = k Ap™ for m > 1.

The structure of the porous medium can be very complex, however: different pores, tubes
and water filaments can make the phenomenon difficult to study, and standard models fail in
accurately describing these complex features. A number of experimentalists have shown that
in certain porous media, such as construction materials, classical diffusion cannot accurately
predict the evolution of moisture. It was observed in particular that the wetting front may
move in a significantly different way than classical models predict; for instance, in [161] the
authors discuss solute transport in aquifers and they explain that standard dispersion can only
occur in homogeneous aquifers. To address this issue, different models have been proposed in
which nonlocal interactions and effects are present. For example, in [162] the authors propose
a porous medium modelled with a network of channels of all length-scales through which the
water particles can move over a very long distance.

As we discussed in the Introduction, the mathematical tool that we adopt in order to intro-
duce nonlocal effects is the fractional Laplacian (—A)®, s € (0,1). As the object of our study,
we will then consider a nonlocal porous medium equation, in which the long-range interactions

are modelled by a fractional-order elliptic equation; more precisely, we will consider
—(=A)’c=p, 0<s<l. (1.1c)

If s = 0 we recover the standard porous medium equation, while the case s = 1 has been
investigated in [138, 70, 97|.

The model (1.1) has been justified in the hydrological setting in [148], where a deterministic
derivation of the equation was presented, subject to the assumption that the fluid in the porous
medium can contribute to the flux at any point with long jumps depending only on the distance.
The system (1.1) also arises in other contexts: a model similar to the case s = 1 was considered in
[8] to describe the evolution of vortex-density in superconductors, while the equation with s = %
was suggested in [122] to model the motion of dislocations in a continuum. These equations also
find applications in modelling charged particle transport in materials, since they are fractional
counterparts of classical drift-diffusion equations for semiconductors [138|. For further discussion

concerning models of porous medium diffusion with a nonlocal pressure of this type we refer to

[171, Section 5.6.1], where it is noted that the problem in a bounded domain with Dirichlet or
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Neumann boundary conditions has not been studied and computational techniques to deal with
these kinds of nonlocal effects and the design of generic numerical schemes for this model are
needed.

Instead of the first-order hyperbolic equation (1.1) we will consider a parabolic regularisation
of the problem, where standard Fickian diffusion is present with the positive diffusion coeflicient
scaled to 1, because its specific value is of no relevance to the discussion herein. This leads to
the following system:

dp

L Ap_V.

— (—A)oc=p.

(1.2)

The fractional porous medium equation on R? is obtained by inverting the fractional operator
(—A)?® in terms of its fundamental solution U, i.e., —¢ = U, * p, and plugging this into the first
equation in (1.2), which then yields

% =Ap+ V- (pV(Us * p)). (1.3)

The previous equation has formally the structure of a Wasserstein gradient flow of an energy
functional £(p), as in [63, 7, 64] for instance, if mass is normalized, thanks to it being conserved.
Consequently, it leads to an evolution of densities governed by the dissipation of the free energy
functional

E(p) = /Rd plog pdz + % /Rd(Us * p)pdz,
where the first term is the Boltzmann entropy and the second term is the total interaction
potential energy.

It has been shown in [60, 56, 71| that under suitable assumptions there exists a weak solution
to (1.1) and (1.2) on the whole of RY, which has several properties, including conservation of
mass, the dissipation of the free energy functional, and the decay of the spatial L norm in time.
We will show that our numerical scheme has some of these features as well. Moreover in the
recent works [59, 67] the asymptotic behaviour of solutions to (1.1) has been investigated where
the dissipation of the free energy functional plays a key role. The existence of a smooth solution
on R? to the equation (1.2) or equivalently (1.3), supplemented with an initial condition, has
been proved in [73|. Indeed, a large portion of the available literature for this type of equation
considers the model on the whole of R? written in the form (1.3) as it uses the integral definition
of the fractional Laplacian (4); see [51] for further details.

We shall supplement the partial differential equations (1.2) with an initial condition for p
and boundary conditions for p and ¢; as we mentioned, the most natural choice for the latter are
no-flux boundary conditions for both p and ¢. Let © C R? be a bounded open Lipschitz domain
and additionally convex, simply for ease of triangulating €2, we shall confine ourselves to the case
when € is a convex polytopal Lipschitz domain in R?, d = 2,3. Thus the initial-boundary-value

problem we shall be considering is the following:
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dp

E:Ap—v-(ch) in Q x (0,00),

— (=AN)’c=p* in Q x (0, 00), (1.4)
Onp=0, Opc=0 on 99 x (0,00),

p(x,0) = po(x) forall z € Q,

where pg € L*°(Q) is a given nonnegative initial datum, with normalized mass ﬁ fQ pode =1,
the fractional Neumann Laplacian (—Ay)® is understood to be based on its spectral definition

(12), that we recall to be
(AN u(x) = Nurer(), (1.5)
k=1

for u € H*(2). Finally p* stands for the projection of p into the space of functions with zero
integral average, namely
pf=p—p, withp:= 1/ pdx. (1.6)
€2 Jo

We note that the boundary condition 0,c = 0, explicitly stated for completeness, is already
implicit in the use of the Neumann Laplacian —Ay.

Having stated the problem (1.4) we now propose its weak formulation. Let V = H!(Q).
The weak formulation of the initial-boundary-value problem (1.4) is as follows:

Find p € L*(0,T; V) with gf € L*(0,T; V') such that

<g’§,¢> = —/ Vp-Vedr + / pVe-Vodr forall g € V and ae. t € (0,77, (1.7a)
Q Q

subject to the initial condition p(z,0) = po(z), where pg € L>(£2) and po(x) > 0 for a.e. z € 2

and where
—(—AN)%c = p* in Q, (1.7b)

with p* given by (1.6). Notice that ¢ is well defined, as the solution to the fractional equation
(1.7b) exists and it is unique by Theorem A.1; we will therefore write ¢ = —(—An)™*p*, where
(—An)~® stands for the inverse of the spectral fractional Neumann Laplacian (1.5). When we
speak of a weak solution to the problem (1.7) we mean a couple p and ¢ such that (1.7a) and
(1.7b) hold.

Now let us assume that a weak solution to problem (1.7) exists and that p is nonnegative
almost everywhere in € x [0,7]. The existence of a weak solution to our problem and its
nonnegativity will be rigorously proved in the next sections. In order to motivate the argument
which our proof is based upon, we shall now perform preliminary formal computations; in
these formal computations we shall additionally assume that the functions p and ¢ have all the
regularity that we need in order to ensure that our calculations are meaningful.

The first remark we make is that, if we take ¢ = 1 as test function in the weak formulation

(1.7), then we have conservation of mass, in the sense that ﬁ Jop(z,t)de = ﬁ Jo p(z,0)dz =
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|Q| Jo po(z)dz =1 for all t > 0, and because p(z,t) is assumed to be nonnegative for all t > 0,

also

o)l L) = lpollpr)y for t > 0.

A further important property that holds true for our equation is that || p(t)[| Lo () < llpoll o (0)-
This fact is shown in [71] for the integral definition of the fractional Laplacian on R?. We will
follow a similar strategy for our argument and show that the property holds true when € is a
bounded Lipschitz domain, and using the spectral definition of the fractional Neumann Lapla-

cian. We will also show later on that a similar statement holds true for a discretization of our

problem.

Lemma 1.1. Let p be a nonnegative smooth solution of the initial-boundary-value problem (1.4),

let F € C%([0,00)) be a conver function, and suppose that F(pg) € L*(Q). Then,

d

= | F(p)dz < 0.
o (p)dz <

Proof. Assume first that F” is bounded. Then, F’(p) — F'(0) with p € H'(2) is an admissible

test function in the weak formulation (1.7a). Thus we additionally have that

d
— [ F(p) dx:—/ Vp-VF(p) dw—/pF"(p)Vp-V(—AN)_Sp* dz
dt Jo Q Q
d

& — | Flp) dx——/F”(p)\Vp\de—/pF”(p)Vp-V(—AN)Sp*dx
dt Jo Q Q
d —5 %

o 5 [P == [ PR de— [ Hp)0n)00 o (1.8)

@® @
where H (r) := [j tF"(t)dt. Notice that H is a nondecreasing function by definition.

Term @ is clearly nonnegative. For term (2) we notice that letting 1 — s = § we can use the
explicit representation of the spectral fractional Laplacian, given by (13).

We note that by the definition (1.6) of p* we have that eTANp* = e™Np — p. Thus,
@- / H(p{a) 5 /2) | @@ = @) g aras
> TAN 1
H a/2) (™ Np(z) — p(z) —= e drdx

- e a/Q / ( / H(p(x))e™ p(z) dz — /Q H(p(x))p(x)dm>Tll+ng

~ e [ (@0 H ) = (0. H ) g dr

F(—Oé/2 T
Let W, (x,y) be the distributional heat kernel for —A subject to a homogeneous Neumann

boundary condition and 7 > 0. We have that W, > 0 for all 7 > 0 and, for u,v € L?(f2),

(eTANy, v) = //W z,y)u(y)v(zr) dy dz.
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Therefore, by plugging the heat kernel in the expression above, we deduce that

@y [ (] W@ o) as - ) 6w ) dy iy ar

e | ° < [ Wela.)o(e) = o) (o) da
o) H) ([ W)t 1) ) dy o ar

2

1 & 1
e | L[ W6 = o) o) dyde o ar

1 o0 Ax 1
s e e ) - )y s ar

By exchanging x and y and using the symmetry of the heat kernel we have also

1 00 1
D=y | [ W) = o) o) dyde o

T

1 0 Ax 1
s @) )~ )y s an

By summing the two expressions for 2) we then find that

1 o 1
@=- 5T ( L[ weteno@) = s (o) = H(pla) dody

2 p(y)H(p(y))(l—eﬂwy))dyTiSd7>.

Thanks to the definition of ™~ stated in (14) we have that e”*~1(y) = 1, which results in a con-
venient simplification of the expression for term (2) appearing in the last equality. Hence, from the
monotonicity of H and the fact that I'(—a/2) < 0 we finally deduce that 2) > 0. In the general
case (i.e., when F” is not bounded) we define Fj,(u) := F(0)+F'(0)u+ [, [ min(F”(w), k) dw dv
for & > 0; then, F}/(u) is bounded and the result follows for F' replaced by Fj, and taking the

limit k¥ — oo using monotone convergence. O

The previous result allows us to prove the following lemma, which provides a bound on the

L*(£2) norm of p(t) in terms of | po|| g (q)-

Lemma 1.2. Let p be a nonnegative smooth solution of the initial-boundary-value problem (1.4).

The following inequality holds for all t > 0:

o) o) < [lpoll Lo (-

Proof. By the previous lemma we have that

sup /Q F(p(t)) da < /Q Flpo) de.

t>0
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We choose a nonnegative convex function F € C?([0,00)) such that F(u) = 0 for u < ||po|| 1o ()

and F'(u) > 0 for u > ||po| o0 () Then,

Og/F(p(t))de/F(pg)dmzo for t > 0,
Q Q
and thus 0 < p(x,t) < [[po|| (@) for t > 0. O

Lemma 1.2 together with the nonnegativity of p and mass conservation implies that ||p(Z) || z» (o)
is bounded for all £ > 0 and 1 < p < .
We continue by investigating the energy structure of our problem (1.7). Let us define the

nonnegative convex function G € C([0,00)) by
G(r) =r(logr—1)4+1 forr >0 and G(0):=1. (1.9)

We note that G(1) = 0 and lim,_, o G(r)/r = +00. We shall assume for the moment that
p(z,t) > 0forall x € Qand all ¢ > 0 and its spatial integral is normalized as ﬁ Jop(zt)de =1,

and consider, as discussed in the Introduction, the free energy functional

E(p) ::/QG(p)da:—;/Qcpdx:/ﬂG(p)da:—;/Qcp*dx, (1.10)

where the second equality follows thanks to the fact that ¢ has zero integral average on {2
(cf. Theorem A.1). Both terms appearing in the free energy functional (1.10) are nonnegative.
Indeed, by applying Jensen’s inequality with the uniform probability measure du(z) = ﬁ dx

on {2 to the convex function G yields that

[ e =6 ( [ soana) <o

thanks to the normalization of p and the conservation of mass. On the other hand, we can
express the second term in (1.10) in terms of the eigenvalues and eigenfunctions of the Neumann

Laplacian as follows:

1 [, 1
—Q/QC,O dx:§Z)\icQ >0,

k=1
using that —(—An)%c = p* on 2, in conjunction with the definition (1.5) of the fractional
Neumann Laplacian and Parseval’s identity in L2(Q2). Therefore, the free energy functional
E(p) is a suitable quantity for controlling the ‘distance’ between p and pu, the uniform density

on the domain €2; this will be rigorously proved in Theorem 1.23 stated in Section 1.3.

Lemma 1.3. Let p be a nonnegative smooth solution of the initial-boundary-value problem (1.4).

The following free energy identity holds for all t > 0:

d

aﬂm=Amew@WMSu (1.11)
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Proof. By (formally) differentiating E(p) with respect to ¢ we have

d 1 L1
th(p):/thG’(p) da:—Q/Qctp dx—2/Qcptdx.

Recalling that we have conservation of mass, % fQ pdx = 0, and so Oip* = Oyp, it follows that

/ctp* dx:—/((—AN)Spf)p*dxz—/pt (—An) " °p* dx:/ptcdx,
Q Q Q Q

by the fact that —Ay is self-adjoint. As a consequence, using the weak formulation (1.7a), we

have
d
—E(p) = / ptlog pdz — / predr = / pi(logp —¢) dx
de Q0 Q Q
= —/ pVlogp-V(logp — c)dx—i—/ pVe-V(logp —c)dx
Q Q
= —/ p|V(log p — ¢)* dz <0,
Q
and therefore we have the desired decrease of the energy in time. O

Our goal is now to formulate a fully discrete numerical scheme based on spatial finite element
discretization and implicit Euler time-stepping, which can reproduce all of these properties at the
temporally semidiscrete-level upon passing to the limit with the spatial discretization parameter.
We shall then pass to the limit with the time-step, while keeping the essential estimates intact
in the limit, to establish the existence of a weak solution to the initial-boundary-value problem
(1.4), and rigorously prove the decrease in time of the energy.

In order to build our numerical scheme for equation (1.4) that mimics the properties exhibited
by p, because the assumption that p > 0 played an important role in the derivation of the
previous energy estimate, we introduce for 0 < § < 1 < L < oo the positive cut-off function

Bk € COL(R) in the weak formulation (1.7a) via

6 ifr <4,
BE(ry={ r ifo<r<L, (1.12)
L ifr>1L,

prior to discretizing the problem. The two cut-off parameters, § and L, will be present in the
statement and the analysis of the fully discrete approximation of our model in Section 1.2. We
will then take the limit as the lower cut-off parameter 6 and the spatial discretization parameter
tend to zero, and in Section 1.3 we will make the semidiscrete-in-time approximation independent
of the upper cut-off parameter L by establishing a bound on the L>°(£2) norm, which is uniform
with respect to L and analogous to the one in Lemma 1.2. In view of this, we also introduce the
function B € C(R>q), defined as BY(r) := min{r, L} for r € Rxy.
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We therefore introduce the following ‘truncated’ weak formulation:

0
Find psr € L*(0,T;V) with gi’L € L*(0,T; V') such that

0
< gz;,L, >:—/Vp5:L’V¢d5C+/ﬁst(Pa,L)VC(s,L-ngdx (1.13a)
Q Q

for all $ € V and a.e. t € (0,7,
subject to the initial condition ps 1,(-,0) = po, where
—(—=AN)’csL = p5,  in €, (1.13b)

and, as before, V = H'(Q). In this case, similarly as before, we assume that a solution ps.1, to
our regularised problem exists and that it has all the regularity properties that we need for the
formal computations that follow.

The structure of the problem (1.13a) is such that it still preserves decay of the energy in
time. To confirm this, we introduce a regularised version G¥ € C%1(R) of the function G(-),

defined, for 0 < 0 < 1 < L < oo, by

r22_5‘52 + (logd —1)r+1 ifr <9,

GE(ry =< G(r) if § <r <L,
T2Q_LL2 + (logL —1)r+1 ifr > L.
Clearly,
L4logd—1 ifr <5, % if r < 6,
GEY(r)={ logr ifo <r <L, GHY'my={ 1 ifo<r<L,
(G5 g 5 -
T4logL—1 ifr>1L, + ifr>1L,

and therefore
65L(7")(G§)”(7“) =1 forallr eR.

In addition, for any sufficiently smooth function ¢, the following equality holds (see [23]):
By (9)VI(GF) (9)] = V. (1.14)

Moreover, we have that

2
s if r <0
in{GL(r), r(GLY(r)} > { 2 =y 1.15
min{GH(r), 5><r>}_{ B o s (1.15)
where C(L) is a positive constant depending only on L. Finally we note that (G£)”(r) > ¢ for

all » € R. The regularised version of the energy E(p) is then defined by

1
Pipse) = [ Ghlonr)da =3 [ e da,

and with similar computations as the ones in Lemma 1.3 it is possible to show that

d

—EF <0.
dt 5 (P&,L) >
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Remark 1.4. The relationship between the potential and the density expressed by the fractional
Poisson equation —(—An)’cs,r. = p; ;, will be crucial throughout and we want to highlight now
one direct consequence of it, which is the nonpositivity of the L? inner product in space between

the gradients of ps;, and cs 7, namely

/ Vp&L . VC(;,L dx <0. (1.16)
Q

Indeed, by using the definition of the Neumann Laplacian —Ay and recalling that c5; =

—(—AN)_Spg’L, we get
/Q Vs - Vs de = /Q Vs - Vespde = /Q s, (—AN)cs dx

== [ phu(=an)"0pi de <0,

We can also derive a formal energy bound. Using the weak formulation (1.13a) with ¢ =

(GEY(ps,.) and property (1.14), we have that
L Bl (ps) = — [ (GHY'(ps.0)Vpss - Vs da
dt 5 \P§,L 0 5) \PsL)VPs.L Ps,L

+2 / Vps.r - Vesp do — / BE(ps.)Vesr - Vs da.
Q Q

By integrating this equality in time from 0 to ¢ for some ¢ € (0,7], where T" > 0, and using
(1.15) with the assumption that the initial datum is (ps,z,)o = po> 0, we have that

1
25/,05L dx2/p5L05de<C' //G(; ) (p5.)|Vps.|* dx
+2/ /VPJ,L'Vca,LdSC/ /5§(p5,L)|V06,LI2dfC~
0 JQ 0 JQ

The property (1.16) then implies that

1
25/ psL)> dx + — / w—Q/PaLCcSdeJr/ /ﬂa (ps.0)|Vesp)?da < C(L),

which means, taking the supremum over ¢ € (0,7 and recalling the equality —(—An)%cs1 =

P51, that we have

1 T
5 sup /[p(s,L]Q_ dac+/ /\Vp57L|2d:):
te(0,7) JQ 0o Jo

T
+ sup /(—AN)8057L057Lda?+/ /B(;L(pg,L)\VC@L\Qda;SC(L).
te(0,T) JQ 0 JQ
(1.17)

Hence, we arrive at the following bound, which is uniform with respect to the parameter §:

1 T
5,500 llossl e + [ [ Vpslar
te(0,7 0o Jo

T
+ sup HC5L|’HS(Q)+/ /55(0&,L)|V65,L!2d$<0(m-
te(0,T) 0 Jo
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A discrete counterpart of this inequality will be used later on to prove nonnegativity of the
numerical solution by passing to the limit 6 — 0.

We can also consider the weak formulation (1.13a) with ¢ = ps .. We then have that

/Q(Pé,L)tPé,L dr = —/Q |V ps..|* dz + /Q BE(psr)Vesr - Vs, dz,

and the application of the Cauchy—Schwarz inequality and Young’s inequality yields, for any
n > 0, that

1d

1
—— [ pipda < —/ Vps.o|” dz + n/ QsL(ps,L)\Vpa,L\Qdﬂ?Jr/ B§ (ps,.)|Ves,L|? da.

Hence, by taking 1 sufficiently small and recalling (1.17), we get the following overall bound on
Ps,L:

1 T
sup /pngdaz—ké sup /[png]%dx—f—/ /Vp5’L|2dx§C(L). (1.18)
te(0,7) JQ te(0,1) JQ 0o Ja

Motivated by these formal calculations, we shall design a finite element method whose solu-
tion mimics the energy law of (1.13) and the formal bounds (1.17) and (1.18) at a discrete level,
and show that, as the spatial and temporal discretization parameters tend to zero, a subsequence
of this sequence of approximations converges to a bounded and nonnegative weak solution of
our original problem in a suitable sense. In doing so, we shall confine ourselves to the physically
relevant cases of d = 2 and d = 3 space dimensions. The arguments that follow can be there-
fore viewed as a constructive proof of the existence of a nonnegative, energy-dissipative, weak
solution to the initial-boundary-value problem for the fractional porous medium equation under

consideration, based on the Neumann Laplacian.

1.2 Finite element approximation

We now define the fully discrete scheme for the numerical approximation of the problem (1.13).
Our approach is to couple the strategy used in [21, 22, 23] in terms of the spatial finite element
scheme with recent results concerning numerical approximation of the fractional Laplacian |38,
39, 43, 44|. The overall aim is to construct a finite element approximation of the problem (1.4)
in its weak formulation (1.13), which mimics the estimate (1.17) at a discrete level, and to show
that a subsequence of this sequence of approximations converges to a bounded and nonnegative
weak solution, first as the spatial discretization parameter h and the lower cut-off parameter §
tend to zero, and then as the time-step At tends to zero. It will also transpire that it suffices
to take a fixed value of the upper cut-off parameter L such that L > ||pol|z(q); passage to the
limit L — 400 will therefore not be required. We begin by introducing the spatial finite element

approximation.

For ease of triangulating €2, we shall assume that €2 is a bounded open and convex Lipschitz

polygonal domain in R? or a bounded open and convex Lipschitz polyhedral domain in R3.
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With h > 0 being our spatial discretization parameter, let 7, = {Kn}ﬁihl be a quasi-uniform
and shape-regular family of triangulations of Q, where K,,, n = 1,..., M, are closed simplices
with mutually disjoint interiors, such that Q = Uﬁ/[:thn; assume further that the triangulation
is weakly acute. We remark that the use of a weakly acute triangulation is essential for our
argument, since it underpins the technical results that ensure the nonnegativity of the entropy
in the discrete energy inequality. Let Vj, be the linear space of continuous piecewise affine

functions defined on this triangulation, i.e.,
Vv, = {vh € C(Q) such that Uh‘K eP! forall K € E},

and let Nj, := dim(V},). Moreover, let 7, : C°(Q2) — V}, be the interpolation operator into the

linear space V3 based on nodal evaluation, i.e., such that, for each ¢ € C(Q2),
7rh¢(Pj):¢(P])a j:17"'aNha

where {P]};V:h1 are the nodes (vertices) of 7;, contained in 2.
In order to construct a discrete version of the fractional spectral Neumann Laplacian we first
consider a finite-dimensional approximation, —Ay, of the standard Neumann Laplacian —Ay.

Let us consider the bilinear form
a:HHQ) x HY(Q) - R where a(u,v) = / Vu - Vude, (1.19)
Q

which is symmetric, bounded and coercive; we can restrict a(-,-) to (Vi NL2(2)) x (Vi NL2(£2)).
Clearly, Vj, N L2() (= V}, N HL(Q2)) is an (N, — 1)-dimensional linear subspace of H.(Q). The
bilinear form (1.19) gives rise in V;, N L2(£2) to a discrete orthonormal basis of eigenfunctions

that we denote by {@Z}kN:hl_ ! with corresponding positive eigenvalues LI A’}Vh_l such that
a(el, o) = M (@, ) forall vy, € Vi, NL2(Q), k=1,...,N, — 1.

Using these eigenpairs, we can now propose a similar expression to (1.5) and introduce a finite-
dimensional counterpart of the fractional spectral Neumann Laplacian, (—Ay)?®; namely, for
up € Vi, N L2(Q) and s € [0, 1], we define

Nj,—1

(—Ap)°up = Z A uleh  with uff == / uppldz, k=1,...,N, — 1. (1.20)
Q
k=1

Remark 1.5. We notice that this definition is consistent with the definition of —Ay, in the
sense that if s = 1 then

Nj—1
(—Ap)up = Z )\Z’U,ZQOZ with uZ = / uhgpz dz, k=1,...,N,—1,
k=1 Q

and
Ny —1 Ny—1
((—Ah)Uh, Uh) = Z u}l;)\Z((pZa Uh) = Z ’UJZ(Z(QDZ, Uh) = a(uha Uh)‘
k=1 k=1
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We shall also define the finite element approximation, T}, of the inverse spectral Neumann
Laplacian T = (—An)~!, that for each F € H~1(Q) (uniquely) associates Tj(F) = uy €
Vi, N L2(Q) such that

a(up,v) = (F,vp), for all v, € Vi N L3(Q).

We shall require in the analysis of our fully discrete numerical method a discrete version of the
property (1.14). In order to ensure that this holds, we define a diagonal matrix @5L(¢h) € Rdxd
in the following way: for an element K € Ty, let {P;}%_, be the vertices of the simplex K; then,
for j=1,...,d and x € K° (the interior of K), we define

on(P)) — on(Po)
(G5 (¢n(Fy)) = (G§) (on(F0))

OF (¢n)ji(x) = 1 :
Y o) Bs (on(Py))  if on(Pj) = én(Fo).

if dn(Pj) # on(Po),
(1.21a)

Figure 1.1: Triangulation and the computation of the matrix (:)5’:

The matrix ééL is designed to approximate ﬁ(;LI , where ﬂéL is the positive cut-off function
defined above, and its elements are simply difference quotients approximating the inverse of the
derivative of (G¥)’, which is (BF)~!.

Now, let K be the reference simplex and T € K Py + BkZ = x € K the affine function
that maps K onto K , and for x € K° define

O (¢n)(x) = (BK) ™' 65 (én)(x) Bk (1.21b)
With this definition in place we have that
OF (¢1) () V[mi((GF)' (¢n))(2)] = Vn(x) for all z € K°. (1.22)

The construction of such a matrix, used in [23|, goes back to [115, 20].
The proof of the following lemma is a simple extension of the proof of [20, Lemma 2.1] and

is therefore omitted.
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Lemma 1.6. Let || - || denote the spectral norm on R¥¢. For any 6 € (0,1) and L > 1 the

function @g : Vi, = R4 s continuous, and for every K € Tp, and every x € K° it holds
€705 (on) (@) €| < r2(B) LETE  for all € € RY, ¢y € Vi,

where ra(Br) = || Bk ||| Bi'||. Furthermore, for all qb(l) gbg) € Vi, and all K € Ty, one has that

L
15 (6”) =05 (6 @] < ma(Br) 5 max (61 (P) = 61 (By)| 16} () — 61 (Po)])
for all x € K°.

Moreover, it is possible to prove the following lemma (the proof can be found in [22]), which
clarifies the sense in which the matrix function ©%(-) approximates the cut-off function 8£(-)1,

as 0 and h tend to zero.

Lemma 1.7. For each K € Ty, and for all ¢y, € V}, we have that

/ |@§<¢h>—ﬂ£<¢h>f|2dxs0(52+h2 [ voipas [ mW)dx).

The following lemma, together with its corollary, were also proved in [22]; they will be crucial
in our argument to show convergence of a subsequence as h and § tend to zero and we therefore

report them here.

Lemma 1.8. Let g € C%'(R) be monotonically increasing with Lipschitz constant JLip; then,
for all K € Ty, and for all ¢p, € Vy,

[ 9 mng@n) ds < gu [ Von- Vmn(g(on) do
K K

Corollary 1.9. Let g be a function defined and strictly monotonically increasing on R, such that
g~ L, the inverse function of g, is Lipschitz continuous on R, with Lipschitz constant (g_l)Lip;

then, for all K € T and for all ¢p € Vy,
[ 1¥onP s < (g7 [ Von- Imlglon) ds

We further note that, for each K € 7, with vertices { P;}9_, by virtue of Jensen’s inequality

Jj=0
we have

2 d
(ma(6 (Z¢ @) <SPG =m0
j=0
for all z € K and all ¢ € C(K).
In order to formulate the discretization of the problem under consideration with respect to
the temporal variable, we let T" > 0 denote the final time and we introduce a temporal mesh
given by 0 =: tg < t; < --- < ty == T, which for the ease of exposition we choose to be uniform,

with spacing At; ie., t, —tp_1 =Atforalln=1,... N.
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Given the initial datum py € L>°(2) such that pp > 0 and ﬁ Jo podxz = 1, we first choose

p% € V}, as the unique solution of the following problem:

/Q?Th(pgqﬁh) dz + At/QVpg -Vopdx = /ond)h dz for all ¢p, € Vp, (1.24)

in order to have an H!(f2) regularisation of the initial datum. The existence of a unique solution
P) € Vi, to (1.24) is a consequence of the fact that (1.24) is equivalent to a system of linear
algebraic equations with a symmetric positive definite matrix. By taking ¢p = p{ in (1.24), it

follows using (1.23) and Young’s inequality that

| rasroat [ 1VisRar < [ e < 19l nle o (1.25)

Furthermore, by taking ¢, =1 € V}, in (1.24) and noting that w0 = p?, it follows that

1 1
MMLP%@deHNKQM@deL

Next, we shall prove that 0 < pf(z) < ||po|lpe0 () for all 2 € Q. To this end, we consider the
function ¢,, defined so that its first derivative is a regularised version of the function r» € R
[r]— € R<p. More precisely, for p > 0, we consider
St et ifr<-i
op(r) = —% if—%grﬁO,
0 if r > 0.

The first and second derivative of ¢, are then given by, respectively,

, gy frs—y, ) 1 ifr <1,
pp(r) =4 =2 if —1<r<, gp(r) =4 —pr if —1<r<o,
0 if r > 0; 0 ifr>0.

Clearly, ¢, € C*'(R) and ¢, is a nonnegative convex function. Furthermore, ¢/, (r) < 0 and
reh(r) >0 for all 7 € R.

We then take ¢ = Wh(gogj(pg)) as test function in (1.24) and apply Lemma 1.8 to infer
that with this choice of ¢} the second term on the left-hand side of (1.24) is nonnegative, and

therefore
AM&M%%MMSAmMMM%MSQ

because, by hypothesis, po(z) > 0 for a.e. z € Q while m,(},(p)(x))) < 0 for all z € Q since
@ (pp(x)) <0 for all z € Q. On the other hand,

ogémW%wmmzémﬁm%@mmsa

because p () cp;(pg(:v)) > 0 for all z € Q. Hence,
jé7nxp2¢;0£))dw==0-
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Passing to the limit p — 400, this implies that
/Q (6 [P9)) dr = 0.

As (P [p9]=) = mr(([p9]=)?) and the latter is a nonnegative function on ©Q, we deduce that
mh(([P2]-)?) is identically zero on Q; equivalently, ([p%]-)*(P;) = 0 at all vertices P;, j =
1,..., Ny, of the triangulation. Therefore, p%(P]) >0 forall j =1,..., Ny, and consequently,
because p) is piecewise affine, pY (z) > 0 for all z € Q.

One can use an analogous argument to show that p)) < ||po||10 () on Q. Indeed, if we define
A = ||pol| Lo (q) and the functions P = A—p? and py := A — po, then, because m,¢y = ¢y, for
all ¢p, € V4, it follows from (1.24) that

/Qwh([)gth)dm+At/QVﬁ?l Vo dz = /Q,éoth dz for all ¢y, € V.

As pg > 0 a.e. on (2, an identical argument to the one above implies that ﬁ% > 0 on 2, whereby

py < A= ||poll 1 (q), as required. To summarize, we have shown that
— 1
0 < pp(z) < lpollpec(qy forallz € Q and ‘Q|/ P (z)dz = 1. (1.26)
Q

With p?Z thus defined, the fully-discrete scheme for the problem under consideration is then

the following: !
Let P%,é,L =p) €V, Forn=1,...,N, given pZ_C;lL € Vy, find pj, 51 € Vj, such that

n n—1
Phosr — P n n n
/ ”h(W¢h> dr = — / Vs Vndz + / Vel sr Ok (ol s )Vendr (1.27a)
Q Q Q
for all ¢y, € Vy,

where ¢ 5, € Vi, N L2(92) satisfies

—(=An)’chsL = (Phsr)” (1.27b)

The time-stepping scheme is chosen to be implicit and we stress that the numerical approx-
imation relies on the potential ¢, 5,7, and the fact that it is repulsive in the sense that (1.16) holds.
This will be crucial in deriving global-in-time existence, uniform boundedness and convergence
of the sequence of numerical solutions.

Since our first analytical step is to pass to the limit as J,h — 04, we now introduce the
definition of the semidiscrete-in-time approximation of our problem, to which the fully discrete

scheme (1.27) will be shown to converge in this limit. We first need to assign to py € L>(2),

'Lemma 1.6 and the scheme in the form stated in (1.27) correct a technical slip present in [62]. The correction
has no impact on the correctness of the main results of [62].
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for a fixed value of At > 0, a certain smoothed initial datum p° = p°(At) € V = H(Q), that is

the solution to the following problem:

/p% dx+At/Vp0-qudx:/po¢ dz forall ¢ € V. (1.28)
Q Q Q

It follows by an application of the Lax—Milgram lemma that (1.28) has a unique solution
¥ = p°(At) € V = HY(Q). By taking ¢ = 1 we find that ﬁfﬂpodx = ﬁfﬂpodx = 1.

Furthermore, one can show that the following four assertions hold true:
P’ = po weakly in L2(Q) as At — 0,;
thanks to the assumed nonnegativity of pg also p° > 0 a.e. on §; the function p° satisfies

/QG(,OO) dx+4At/ﬂ’V\/ﬁ’2 da:S/QG(po)dx, (1.29)

where G € C([0,00)) is the nonnegative convex function defined in (1.9); and p° € L= (Q)N V.
The full details of the proofs of these assertions are contained in the Appendix of [23] and in
[21, Section 6].

With this definition of p® = p’(At) the semidiscrete-in-time approximation of our problem

is then formulated as follows:

Let p) = p° = p"(At). Forn=1,...,N, given p7 ' €V, find p} € V such that
1

/pL_A':Ld)dx:—/Vp%-VgZ)dx—i—/ﬁL(pz)ch-qudm forall g€V,  (1.30a)
Q Q Q

subject to the initial condition p% = oY, where
—(—An)°ct = (p7)" in Q. (1.30b)

1.2.1 Convergence analysis of the discretized fractional porous medium model

Our aim in the rest of this section is to pass to the limit in (1.27a), (1.27b) as § and h tend to
zero, to infer the semidiscrete-in-time approximation (1.30a), (1.30b) as the limiting problem.
The analysis of the semidiscrete-in-time approximation will then be the focus of the next section,
where we shall pass to the limit At — 04 in (1.30a), (1.30b), and will also show that the sequence
of approximations becomes independent of L once L > |[po|| (@), which then makes passage
to the limit L — +oo redundant. The first result we prove is an a priori bound on the solution

Phs.L of (1.27a), assuming that it exists, with the existence of a solution to be proved thereafter.

Lemma 1.10. Forn = 1,...,N a solution py s, € Vi of (1.27a), if it ewists, satisfies the

following bound:
/Q Tn(GE (R 51)) d + At /Q Vlsr - Van(GEY (o s.)) da < /Q (G (5L ) e (131)

31



Proof. By taking ¢, = 7, ((G%) (0l 5;)) as test function in (1.27a), we have that

n n—1
Phs,L — Phs,L n n n
(P P (G ) ) e == [ Vg (G ()
+ /Q Vel s Ok ) VT(GEY (P 51)) da

Hence, by (1.22), it follows that

n n—1
Phs.L — Phs,L n n n
/Qﬂh <At77h((G6L),(ph,5,L))) dz = — /Q V/Oh,é,L : Vﬂh((Gg)/(Ph,a,L))dw
+ /Q Vg s Vohspde.

Next, we bound the left-hand side of this equality from below by using the convexity of G(SL ,
which implies that

m(@ﬁ,a,L—pz;z)m((c:é)'(pﬁ,aL) vrh<pm ph5L><G§>’<pz,5,L>)
7Th<G phéL (PZTS?))
— e (GE5.1)) — Th(CHAL)),

and therefore

1 ‘] n— ‘2 n
7 [ (m(GE s~ mGH GG o+ [ Vs - V(G o)) da

S / VCZ,(S,L . V,OZ’&L dzx. (132)
Q

We observe that, in the case of a repulsive potential under consideration here, the right-hand
side of inequality (1.32) contributes ‘constructively’ to the desired bound, in the sense that it
satisfies

/ Vepsn Vogspdr <0. (1.33)
Q

Indeed, thanks to the definition of the finite element approximation of the fractional Laplacian

stated in equation (1.20), we have that

/Q Ve s Vs do = /Q VsV (ohn) de = a(ch s (A 51)")

Nj,—1
=a(chsr, —(—An)°chsr) =— Z (A (R 5.0 ka(Ch s 15 DR
k=1
Ny, —1
= - Z A s)i <0.
k=1
This then completes the proof of the lemma. O
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We shall now prove the existence of a solution at a given time %, in order to be able to use

the bound (1.31). We will do so by using Brouwer’s fixed point theorem.

Lemma 1.11. For any At > 0, given p) s 5L € Vi, there exists at least one solution (,oh 5.+ Ch, 5L) €
Vi x (VN L2(Q)) to (1.27).

Proof. We begin by equipping Vj, with the inner product ((-,-)), defined by

(s 1)) = /ﬂ T (n(@)n () dz,  pn dn € Vi

Next, we define the function H : Vj — V}, such that, for any pp, € V3,

_n—1
(H(pn); on)) :/Qﬂh<phApth’6’L¢h> dx‘i‘/ﬂvPh'Vﬁbhdif—/gvch'@g(ph)vﬁbhdﬂ?

for all ¢, € Vi, where cp, € V), N L2() satisfies —(—Ap)%cp, = pi. The construction of @g,
together with Lemma 1.6, ensures that # is a continuous mapping. Note that if a solution p}! 5,

to (1.27a) exists then it is a zero of H, namely

(H(phsr)@n) =0 forall ¢p € V.

We shall therefore prove that H has a zero. For contradiction, let us assume that H has
no zero for any v € R in the ball B, = {4, € V}, such that [[¢n]r2() < v} We define the
function &, : By, — B, by

H(n)
| H(@n)ll 20

By Brouwer’s fixed point theorem &, has at least one fixed point pZ in B,, and this means

57(%) = =7

that [|p,)l2) = [1€4(p}) |l 2(0) = 7- Let ¢, be the solution of the equation —(—=Ap)*c; = (p})*
in Q. Now let us choose ¢, = m,((GE)(p])) as test function and notice that, by (1.15) and
inequality (1.23), together with the trivial equality 7,p] = p;, we have that

el 20y

(H(p), ma((G5Y (P))))) = S

oy, T ((G5)'(p}))) da
(/ )

_ I f’z)””@( () a)
IH (o} 2

- ph7 L (Q)( < (L)> dm)
H o) Iz

_ ph7 L2(Q) (7 —o(L |Q‘)7

and thus for v > [4L C(L) ||]'/? we have that

(H(p}), 7(GF) (p}))) < 0.
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On the other hand, we can proceed in a similar way as in Lemma 1.10 to deduce that
(R m(GEY () = 57 [ 70 (k= Az m(GEY () do
+ /Q Vol - V(G (]) da
- [ Ve BHERITm(G () da
> a7 |k = A m(GEY () do = [ VeV da. (130
D ®

For the first term in (1.34) we can use the convexity of G¥ to deduce, as in the proof of the

previous lemma, that

| V

7 [ (m(GE D)~ mu(GE ) ) do
(37 - cwnel) - 57 [ i@k a

v
|>\H 1>\

For the second term in (1.34) we can use the definition of ¢ involving the discrete fractional
Neumann Laplacian to deduce an inequality analogous to (1.33), which then implies that ) > 0.

Therefore,
2
() =G ) = 57 (T — CIed) = 57 [ mu(GE ) ao.
Thus, for v > [4L (C(L) || + HTrh(Gg’(pZ*l))||L1(Q))]1/2 we have

(H(pp): 7 ((G5)'(p})))) > 0,

and hence we have arrived at a contradiction; therefore the function H has a zero, which means
that at time ¢, there exists a solution pj 5, € Vj, to the fully discrete scheme (1.27a). Having
shown the existence of pj 5 € V3, the existence of an associated (unique) ¢y 5, € V5 N L3()
follows from (1.27b). O

We need a series of additional results before proceeding to the proof of convergence as § and

h tend to zero.

Lemma 1.12. A solution {p} 6,L}nN=1 C Vi, of (1.27a) satisfies the following bound:

n=1,....N n=1,....N

N
1
max /Q(pz,(;’L)Qd:c—i-é max /Qﬂh([pﬁﬁ(;,L]Z)dx—i—AtZ/Q\VpZ@L\deSC(L). (1.35)
n=1

Proof. We sum the bounds (1.31) over n = 1,..., m to deduce that, for each m € {1,..., N},
| mGeits i) do+a0Y [ Voisr - m(GEY (hau)de < [ m(GHEA) do
n=1
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Using Corollary 1.9 with ¢, = pjl s, and g = (G(;L)’ , noting that ¢ is strictly monotonically

increasing and the inverse ¢!

that, for each m € {1,...,N},

is Lipschitz continuous with Lipschitz constant L, we then have

At
[ G+ TS [ WoiaP s < [ m(GE)
Q o) Q
Let Q, ={z€Q: Phsr > 0t and let Q_ = 0\ Q. We shall further bound the first term on
the left-hand side of this inequality from below by noting that, thanks to (1.15) and (1.23), we

have

[ mGEeise) o= [ mGEesn) e+ [ mi(GHERg) s
+

1 n 1 n
> L (s de — C(L)Q4 ] + / (o 5.0)2) da
AL Jq, 25 Jo
1 n 1 7
=17 | ks de = @I + 35 [ w0 e
1

iz | (s e

1 n 1 n
> i Q(Whﬂh,(s,L)Q dz + A Wh([Ph,a,LE) dz — C(L)[]

1 n 1 ‘]
=17 Lohswae+ g5 [ mloi s do = C(DIg,

where in the transition to the fourth line we have used that § < L and that [}, 5 ;)2 =0o0n Q.

It remains to note that, because for all § and L such that 0 < § < 1 < L we have that
1)
0<GE(r) < max{l - 2,G§(M)}, for all r € [0, M],

and, assuming without loss of generality that L > |pol|re(q), it follows from (1.26) that
0< GO«L (,02’ 5, ;) < C, where C = C(L) is a positive constant, independent of i and ¢, whereby
the same is true of [, ﬂh(GaL(p%(;,L)) dz. As Q is a fixed domain, we shall absorb || into C'(L)

and write C'(L) instead of C'(L)|€2|. From this, the inequality (1.35) directly follows.
0

The final piece of information we need before taking the limit concerns the convergence of
the discrete fractional Laplacian (—Ap)* and thus of the solution cj; ; ;. of the finite-dimensional
fractional Poisson problem. We will rely on the results that were proved in [39, 43, 44|, where
fractional powers of elliptic operators and their finite element approximation were studied in the

setting that we have put in place.

Proposition 1.13 (Convergence of the spatial discretization of the fractional Laplacian). Sup-
pose that s € (0,1), o € [0,1] and f € H29()). Then, there exists a positive constant C that is
independent of h, o and f such that

I(=AN)7*f = (=20) M fll2() < Ce(M)|fllzo() for all f € H7 (),
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where
h? ifs+o>1,
e(h) = { log(h~1)h? if s+o=1,
log(h~ A2+ ifs+ 0 <1,

and Ty, is the L?() projection into the linear space Vj,.

Now we are ready for passage to the limit with § — 0 and h — 0,. As we said previously,
passage to the limit At — 04 will be discussed in the next section. It will be also shown that by
taking L > ||pol| Lo () the sequence of numerical solutions becomes independent of L, so passage

to the limit L — 400 is not required.

Theorem 1.14. The initial data {pQ}n>0 defined in (1.24) are such that, for At and L fized,

as h — 0L we have that
P — pl = p® = p°(At)  strongly in L*(Q). (1.36)

Furthermore there exists a subsequence of {p} 5 1 }s5n>0, a nonnegative function p} € V = H(Q)
and ¢} € HL(Q) such that the following convergence results hold, for each n € {1,...,N}, as
(5, h — 0+.’

Vonsr — Vol weakly in L*(;R?), (1.37a)
PhsL = PL strongly in L*(5), (1.37b)

O (ol 5.0) = BT strongly in L(;R<4), (1.37¢)
ChsL > CL strongly in Lz(Q)7 (1.37d)
Vg s — Vep weakly in L2(Q;RY). (1.37e)

Moreover {p} }n=1,.. n solves the problem (1.30a), p} >0 a.e. on Q for alln =1,...,N, and,
given p§ = pY such that ﬁprodx =1, one has ﬁfgpﬁdx =1foralln=1,...,N.

Proof. 1t follows from (1.25) that there exists a subsequence of {p9 }5~¢ (which, for the sake of
simplicity of notation, we shall continue to denote by {p)}1~0) that converges weakly in L?(2)
to some element g € L*(£2), and Vp) converges weakly to some element G € L?(Q;RY), as
h — 04. To show that G = Vg notice that for any n € C§°(2;R%) we have

/G'ndx%/Vp?l'nda::—/p%divndx%—/gdivndx,
Q Q Q Q

which means that G is the distributional gradient of g, i.e., G = Vg in (C§°(€2; R?))’, but since
G € L?(;R?) we then have that G = Vg € L*(Q;RY). The compact embedding H() —
— L?(€) implies that (a subsequence of) {p9}x~0 convergences strongly in L?(2) to g € L*(Q)
as h — 04, and therefore we can pass to the limit in (1.24) with ¢, = mr¢ for any function
¢ € C*(9) to get equation (1.28). This shows that g = p°, and the fact that C>°(€2) is dense
in V = HY(Q) then implies (1.36).
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Now, let n € {1,..., N}. The weak convergence (1.37a) and the strong convergence (1.37b)
are implied by the inequality (1.35) and the same considerations as the ones we exposed above
in the case of Vp% and pP. The nonnegativity of the limit function p follows from (1.37b) and
the second bound in (1.35).

Combining the second and third bounds in (1.35) and Lemma 1.7 we have the result (1.37c¢).

The convergence result (1.37d) can be proved in the following way. We have, by use of the
stability inequality (A.3) satisfied by the solution of the fractional Poisson equation, that

I(=AN)"*(p1)" = (=An) " (phs.) I L2(2)
< N=An) (1) = (Phs,) L2 + 1((=AN) 7" = (=A1) ) (Phs.2) | 22(0)
< CIPE)" = (Phsn) 2@ + 1((=AN) " = (=An) ") (Ph5,0) [ L2(2);

and by (1.37b) and the convergence result stated in Proposition 1.13 we have (1.37d); here and
henceforth C signifies a generic positive constant, independent of ¢ and h.
To prove (1.37¢) we need a uniform bound on the gradient of Cs.p; then, the result will

follow from (1.37d). Thanks to [98, Theorem 4.8.12] we have that
(I — Sh)U”LQ(Q) + h|(I — Sh)U’Hl(Q) < Ch’U|H1(Q) for all v € HI(Q), (1.38)

where Sy, denotes the Scott—Zhang quasi-interpolation operator. For any v € Vj, thanks to the

assumed quasi-uniformity of the family of triangulations, we have also
IVonll 2 < Ch™Hlvnllz2 (- (1.39)
Let us denote by ¢ 5, € H}(Q) the solution of the auxiliary boundary-value problem
—(=AN)*Chsr = (Phsr)” in €

Then, the gradient of cj; 5 ; satisfies the following chain of inequalities:

IVehspllia@) < IV(ehsr = Snéhsi)lliz@) + IV(Shéhs i — sl + 11V s Ll

IN

cho.L — Shensrllzz) + ClIVE s Ll @)

IA
SQ=lQ

_ C . _ _
ks — Chsrllze) + ﬁ”cz,u =S s.rllre) + ClIVeR s ollz2)s

where in the transition from the first to the second line we used (1.39) to bound the first term
on the right-hand side of the first line, and (1.38) to bound the second term on the right-hand
side of the first line. Because ¢} 5, = —(—=Ap)"*(pj 5 1) and &} 5, = —(=Ax)"*(p} 51)", the
first term in the last line is now uniformly bounded thanks to Proposition 1.13 with ¢ = 1/2 and
e(h) = In(h~ Y h* Tl if s < £, e(h) = h? if s > §, e(h) = In(h™')h? if s = §, and the fact that
(Phsr)" = Phsr — JoPhsyde € Vi is uniformly bounded in H2?(Q) = HX(Q) as h,§ — 04

because of (1.35). The second term in the last line is uniformly bounded by the interpolation
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inequality (1.38), (A.5) in Lemma A.6 and the bound on the third term on the left-hand side of
(1.35). For the third term in the last line, we have similarly, thanks to (A.5), that

Ve sllz@) < CliVohs ol @)

and the bound on the third term on the left-hand side of (1.35) then makes the term uniformly
bounded with respect to h and §. Having shown that Vep 5.1 s uniformly bounded in L?(€; R%)
as h,d0 — 0L, the weak convergence result (1.37¢) follows from (1.37d) thanks to the uniqueness
of the weak limit.

We combine (1.37a)—(1.37c) to pass to the limit as 6,h — 04 in (1.27a) with ¢, = 7,
for ¢ € C>(Q) together with the strong convergence of T,¢ to ¢ in the norm of W1 >°(Q) as
h — 04 (cf., for example, inequality (4.4.29) in [49] with s =1, m=2,1=1,r =0 and p = o0
there), to obtain equation (1.30a). The fact that C*°(Q) is dense in V = H(2) then concludes
the argument. The nonnegativity of Phs.p, ON Q implies the nonnegativity of p a.e. on  for
n = 1,...,N. Finally, we note that if we choose ¢ = 1 as a test function in (1.30a) we have

conservation of mass, i.e., ﬁ Jo Pt (x)de = ﬁ JopPdz=1for p}, n=1,...,N. O

Remark 1.15. The proof of Theorem 1.14 allows us to further motivate our choice to employ
the spectral fractional Laplacian in our analysis. A careful look at the proof of the theorem
shows that, in order to prove the convergence of the potential ChsL (1.37d) for any s € (0,1), we
have demanded a superlinear convergence rate in L?(f2), provided by Proposition 1.13, having
H'(Q) regularity of the right-hand side datum. This contrasts (sub)linear convergence rates
of the integral fractional Laplacian, that were proved for classical FE schemes for the Dirichlet

problem [5] and observed also for the Neumann problem |[28].

Having passed to the limits h — 04 and § — 04 with the spatial discretization parameter
h and the lower cut-off parameter §, in the next section we shall focus on passage to the limits

At — 04 and L — 400 with the time step At and the upper cut-off parameter L.

1.3 The semidiscrete-in-time approximation

Next, we shall pass to the limit as the time-step At > 0 tends to zero in the temporally

semidiscrete scheme (1.30), which we presented in the previous section, and which we obtained

as the limit of the finite element approximation when §, h — 04, as was shown in Theorem 1.14.
In order to pass to the limit At — 04 we shall first show that the approximation is inde-

pendent of the cut-off parameter L, provided that L > ||po||re(); we shall then derive uniform

bounds with respect to At and proceed by extraction of weakly convergent subsequences as

At — 04, similarly as we did in the previous section in the case of the parameters  and h.
Suppose that N € N>o and At :=T/N. We then define

t—ty— tp —t ,_
PRI = () P ()t sty =L N, (LA0w)
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that is, the continuous piecewise affine interpolant in time of the sequence of discrete-in-time

approximations {pz}nzl,_._7 N, in conjunction with the notation

P ) = ph ) ST = i )yt (fuerita), n=1.. N, (140)

n—1

LT
tn—2 tn—1 tn tn+1 tn+2

Figure 1.2: Continuous piecewise affine interpolant of the discrete-in-time approximations

We shall adopt pft(’ ) as a collective symbol for pL , p%t % For future purposes we observe
that At,+ At
8p%t Pr, 7 (.’t)pr ’7('7t)
1) = . t€(th-1,tn], n=1,...,N,
T At (bt ta],
and that, thanks to the final assertion in Theorem 1.14, one has that
t)dz = 0d t € (tp_1,tn], n=1,...,N.

For t € (0,77, let c2!(-,t) € H¥(Q) N Hi(Q) be the unique solution of the equation
—(—=AN) 2t = (p2H* in Q. (1.41)

We note in passing that, thanks to linearity and because ﬁ Jo ptdz = 9 L [ 0} do = W Jo podz =
1foralln=1,..., N, we have that

* 1 t—lp— 7\ * — n—1Y\%
(b21) (1) 1= B! = i | B de = —= ()" () + T (o))

fort € [tn—1,tn], m=1...,N, and therefore

E3 A ) * A T
AT M i M O Bk U0 M G0 R (1.42)
o At ot 7 '
fort € [tp—1,tp], n=1...,N.
Using the above notation, (1.30a) summed through n =1,..., N, can be restated in a form

that is reminiscent of a weak formulation in time, that is:

s

Find p2t(-,t) € V = HY(Q) for t € (0,T], such that

/ /va” V¢dxdt+/ /5L M yg At Vg da dt
(1.43a)

for all ¢ € L'(0,T;V),
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subject to the initial condition p2(z,0) = p(z) for a.e. z € Q, where c%t’Jr(‘,t) € HL(Q) for
all t € (0,7 and satisfies

—(=AN) () = (o2 ) (1) i@, (1.43D)

for all t € (0,7], and B%(r) := min{r, L} for r € R>q.

We shall now rigorously prove a result similar to the one that we obtained through formal
calculations for smooth solutions in Lemma 1.1, namely a uniform bound in time on the L>(2)
norm of the solution p%t. This property will allow us to eliminate the parameter L. Moreover
the bound will be decisive in the convergence argument that follows, and it is the place where the
structure of the problem and the action of the fractional Laplacian proves advantageous. As was
noted previously, in [71] this result was shown for a smooth solution of the continuous model
on the whole of R? using the integral definition of the fractional Laplacian, while in Lemma
1.1 above it was asserted for a bounded domain using the spectral definition of the fractional

Neumann Laplacian, based on formal calculations. Our starting point is the following lemma.

Lemma 1.16. Let th+ be defined as in (1.40) and let F € C?([0,00)) be a convex and non-

decreasing function. Then,

sup /F(p%t’+(t))dx</QF(pO)dx. (1.44)

te(0,7] JQ

Proof. We begin by noting that, because p® € L®(2), we have that F(p’) € L'(Q), and
the right-hand side of the inequality (1.44) is therefore finite. Let us assume first that F” is
additionally bounded (for the general case one can use a similar argument as the one in the end
of the proof of Lemma 1.1). Let us then pick ¢ = X[O’t]F’(p%t’Jr) witht = ¢, forn=1,...,N,
as test function in (1.43a). We then have that

tn
/ /8'% F(ppt M) dedr = — / /F” SNt 2 dedr

. (1.45)
/ / BEEEYF (p2 VR v pthT Az dr

The first term on the right-hand side is always nonpositive thanks to the convexity of F. For

the second term on the right-hand side we can write

ln
/ / BL At+ F”(,oft’JF)cht’Jr . fot’Jr dzdr
ln
/ / BL At,+ F//( At, +)Vp§t,+_ V(_AN)—S( At, +) dz dr (1.46)
ln
‘/ /Vmé”rVan%A”>mw
0 Q
where H(r) := [ 8%(7)F"(r)dr is a nondecreasing function by definition.

40



We want to employ an argument similar to the one we used in Lemma 1.1 to show that
the minus sign on the left-hand side of the fractional Poisson equation (1.43b) and the explicit
representation of the spectral fractional Neumann Laplacian in terms of the heat kernel guarantee
nonpositivity of the expression in the last line of (1.46) above, but in order to rigorously replicate
the formal argument of Lemma 1.1 we require additional considerations. We would like to
perform spatial integration by parts, as we did in (1.8), to prove the nonpositivity of the term
(1.46); but now p%t’Jr € L>(0,T; H'(Q)) only, so we cannot proceed directly. We shall therefore
consider a sequence of functions {pﬁtf}oo C L%(0,T;C>(Q)), such that pAlt R pAt s
strongly in L2(0,T; H*(R)) as ¢ — 04 and pﬁtf > 0 for a.e. (z,t) € Qx (0,T]. Such a sequence
of smooth functions exists thanks to the density of C*°(Q) in H'(Q), and is easily constructed
by extending pAt *(.,t) > 0 from Q to the whole of R? by preserving the Sobolev class H'(9),
and convolving the nonnegative part of the extended function with 6.(z) = e %0(x/¢), where
6 € Cg°(R?) is a nonnegative function such that [, 6(z)dz = 1. Instead of the right-hand side
of (1.46) we shall then consider the term

tn
®= / / VH(p ") - V(=An) (o) dadr.

Proceeding in the same way as we did in Lemma 1.1, using integration by parts, we have that

tn
D= [ [ HGRH a0 e, (1.47)

and then the nonpositivity of the expression above follows from the same argument as in the
case of the second term in (1.8) in the proof of Lemma 1.1.

To prove the nonpositivity of the right-hand side of (1.46) it remains to show that, as e — 0,

®—>—/Otn/QVH(pft’+)-V(—AN)S( Sy g dr. (1.48)

To see this, we observe that
tn
/ | (TR ) DA () = VH (") - V(=0n) ()" dadr
tn
/ | (TR = VH ) - V(=) (3 dodr

@

+/on/QVH(”%t’+)'V(—AN) Ty = (b)) dadr .

@

Term (2 converges to zero as ¢ — 04, because the function VH/(p At+)

to BL(p AtJ“)F”( AltJr)Vp%tJr belongs to L>(0,T; L?(;R%)) (recall that S is a bounded

which is equal
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function by definition, and F” is a bounded function by assumption), and because for each
n € L=(0,T; C5°(Q;RY)) we have that

] [ vy - <p€t’+>*>>dt'=\ [ @ o) (R - ) a

] / (= An)~Sdivp, (p20F)* <p§t+>>dt|

N[k

At+s
< (=AN)*divall 2o rzz@p 1 (e2 ) = (027 I r20mi22(09) = 0

as € — 0. We note in passing that [, divy(z,t)dz = [, n(z,t)-nds = 0, whereby divy(-,t) €
L2(9) for a.e. t € (0,T] and (—An)~*divn(-,t) therefore belongs to L2(2) for all s € (0,1), and
for a.e. t € (0,7]. Thanks to the fact that C§°(Q2;RY) is dense in L2(2;R?) it follows that

/0 "1, V(= AN) (A — () dt - 0

as € — 04 for all n € L>(0,T; L?(%; R%)), so in particular this is true for
n =B oy VF (o1 )V = VH(pp") € L2(0,T; LA RY)).

Thus we have shown that the term (2) converges to 0 as € — 0.
For term (1) we have that

D] = ‘/ /5L pftf Fn(p%t:)vaH BE (Y B (D0 )y iy
V(AN (ppe ) dedr

<IB= (LY F (02 Vol — BE (o ) F (02 )V 20020

s/ A
x [[V(-Ax) (PLt5+) ||L2(0,T;L2(Q))-
Focusing on the first factor on the right-hand side of the last inequality, we have that

1B (P2 ) F (2 ) Vot — B (o ) F" (02 ) Vo2l 20,12 (@)
< ||5L<p§i+>F”<p%i+><Vp“+ Vo M ez o2 (1.49)
B (e Y E" (02 F) = BE (L ) F (01 )V oL 2022050

Let us define the constant M = sup,¢(g o) (1) > 0 (recall that I has been assumed to be a
convex function, with F”” bounded on [0,00)), the first term on the right-hand side of (1.49) is
bounded by LMHVpAt al vp§t7+‘|L2(0’T;L2(Q))7 which converges to 0 as € — 04 thanks to the
strong convergence of pL7€,+ to p%t’+ in L2(0,7; H'(Q2)). For the second term on the right-hand
side of (1.49), because of the strong convergence of p%t’J“ to pAt’Jr in L2(0,T; H*(Q)) there exists

a subsequence (not indicated) such that pAt a,t) = pft Fx,t) as € — 04 for ae. (z,t) € Q x

(0,T7). As g% and F” are continuous functions we have also that BL(pftj( ,t))F”(p%tEJr(x, t))
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converges to 3% (p AtJr( ) F" (p A754“( t)) for a.e. (z,t) € Q x (0,T) as e — 04. Hence, by
defining

Ac(w,t) = [(BX(pL o (1) F" (ot (2, 1) — (7" (2, 1)) F" (02" (2, 1)) Vo (2, 1),

we have also that Ac(x,t) — 04 as e — 04 for a.e. (x,t) € Q x (0,T). Let us note furthermore
that 0 < Ac(z,t) < 4L2M2|VpAt’+(x t)|? and that the function 4LQM2|VpAt’+|2 € L'(Q x
(0,7)). Thus, by Lebesgue’s dominated convergence theorem fo JoAc(z, t)dzdt — 04 as
e — 04, and consequently the second term on the right-hand side of (1.49) also converges to
0 as € — 0y. Thus we have shown that the term (1) converges to 0 as ¢ — 0, which then
completes the proof of (1.48).

By combining (1.47) and (1.48), we have proved that the entire right-hand side of (1.45) is
nonpositive. For the term on the left-hand side, by Taylor expansion with a remainder of the
function

€ [0,00) = F(r + «) € [0,00),

where « € [0,00), we have that, for any b € [0, c0),
1
(r=bF(r+a)=F(r+a)—F0b+a)+ 5(7" —b)2F"(Or + (1 — )b+ ),

with € (0,1). By noting that t € [0,7] — p2!(-,t) is piecewise affine relative to the temporal
partition 0 =tg < t; < --- <ty =T, we have that

tn
/ /apLF/ At+ da:dT—/F Atert da:/F
tn
A A A —
cgm | [ O =0 )R P ara

Because the second derivative of F' is nonnegative thanks to the assumed convexity of F', we
deduce that

/ F(p%ﬂr(x,tn)) dz < / F(p°(z))dz foralln e {1,...,N},
Q Q

and therefore, because pAt *(.,t) is constant on each interval (f,_1, tp) for n € {1,..., N}, the
inequality (1.44) directly follows.

The assumption made at the start of the proof that I’ is bounded can be removed as at the
end of the proof of Lemma 1.1: i.e., we define F(u) := F(0)+F'(0)u+ [, [ min(F”(w), k) dw dv
for k > 0; then, F}/(u) is bounded and the assertion of the lemma follows from the inequality
(1.44) with F replaced by Fy; we then take the limit & — oo using the monotone convergence

theorem. ]
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By recalling the definitions (1.40) we can write, for ¢t € (t,—1,t,], n =2,..., N,
/ (pL (x,t)) dZL‘—/F At+a:t—At))dx,
Q

and for 0 =: ¢y < t < t; we have p%t’f(-, t) = p°(-), and therefore we have the same bound (1.44)
also for F(p%t’f) with supye(o,r) replaced by supsc(o 1y, and consequently, by the convexity of
F, for F(pft), with sup;e o) replaced by sup;cp 7. These results can now be used to obtain a

result that is analogous to Lemma 1.2.

Lemma 1.17. Let pAt( A e defined as in (1.40). Then, the following bound holds:
Ab(+
sup 5" )=o) < lloolli=o- (1.50)
te(0,T)

Proof. First notice that if we test (1.28) with F’(p°), where F' € C2([0,00)) is a nonnegative

convex function, then we have, thanks to the nonnegativity of F”, that

/(po — po)F'(p%)dz <0, and therefore also / F(p)dzx < / F(pp) dz,
Q Q Q

thanks to the convexity of . Let us now choose a nonnegative convex function F' € C?([0, cc))
such that F'(u) = 0 for u < ||po|| e (q) and F'(u) > 0 for u > ||pol| Lo (). Then,

0< / F(p2"H) (@, 1)) da < / F(po(z))dz =0 for all t € (0,T).
Q Q

Consequently pﬁt(’i) < lpoll Lo (), which then implies the stated L°°(£2) norm bound. O

Thanks to the fact that (1.50) provides a uniform bound on the L> () norm of p2*(*) for all

€ (0,T), dependent only on the L>°(£2) norm of the initial datum, the temporally semidiscrete

weak formulation (1.43), which we obtained by passing to the limits h,d — 0, can be simplified:

by assuming without loss of generality that L > |[po|| 1 (q), the (upper) cut-off parameter L can

be eliminated from (1.43) by recalling that g% (r) = mln{r, L} and noting that f%(r) = r for
L>r.

Hence, by assuming without loss of generality that L > ||po|| Lo (q), the semidiscrete-in-time

formulation of our problem becomes the following:

Find p2!(-,t) € V = HY(Q), t € (0,T], such that

apAt T A T A A
/ / gbdxdt:—/ /vp t’+'V¢dxdt+/ /p LA ettt . Veodadt  (1.51a)
0 Q 0 Q
for all ¢ € L'(0,T;V),

subject to the initial condition p®(z,0) = p°(x) for a.e. x € Q, where ¢24F(-,t) € H(Q) for
all t € (0,7] and satisfies

—(—AN) AT (1) = (PR (1) iIn Q (1.51b)
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for all ¢ € (0, T], and the definitions of p~*0%) are analogous to those of pft(’i) stated in (1.40).
We can now start to derive a bound that is uniform in A¢. Our candidate test function
will be ¢ = x(o1G" (pAt), where X[o0,¢) denotes the characteristic function of the interval [0,].

However, since lim,_,o, G'(r) = 400, we need to be careful because, although the convergence

At,+ At,+

results (1.37) ensure that p is nonnegative a.e. on € x (0,77, there is no reason why p
should be strictly positive a.e. on £ x (0, T]. We shall circumvent this problem by choosing as a
test function X[O,t]G’(pAt’Jr + ) where o > 0. In this way G'(p™b" + ) and G”(p?b+ + o) will
be well defined. After a series of manipulations we shall arrive at a bound involving G(p*t* + )
only. At that point we will be able to pass to the limit as o — 0, , noting that, unlike G(p~*+)
and G”(p”t1), which are only defined when p~tt is positive, the function G(p™t+) is well
defined for nonnegative p~t.

Thus we take a € (0,1) and we choose ¢ = x(o 4G’ (p*"" + @), with t = t,, n € {1,...,N}.

We have
8 At
/ / ot o X[0,0n] G (At++a)dxdt+/ /VpAt+ VX[,R]G( At+—|—oz)dacdt

@ @
T
= / / PR AT . VX[Ojtn}G'(pAt’J“ + a)dzdt.
0 JO

®

Let us now manipulate the three terms one at a time. First, by Taylor expansion with a

remainder of the function
€ [0,00) > G(r + a) € [0, 0),

we have that, for any b € [0, ),
1
(r=0G(r+a)=G(r+a)—Gb+a)+ 5= b)2G" (Or 4+ (1 — 0)b+ a),

with 6 € (0,1). Noting that for ¢ € [0,7] the function t — p®t(-,t) is, by definition, piecewise
affine relative to the partition 0 =ty < t; < --- <ty = T of the interval [0, T}, it follows that

D= / G2 (x,t,) 4+ ) dz — / G(p°(z) + o) da
tn
2At / / G// At—l— 4 ( e)pAt’_ + a)(pAt,—i— _ pAt,—)Q dx dr.

As G"(r+ a) = H% for all » > 0 and (1.50) implies that G”(0p”bT 4 (1 — 0)p™t~ + ) >

m almost everywhere in Q x (0,7) it follows that

D > /Q Gl (2, 8,) + ) do — /Q GO (2) + ) de

1 /t"/ At+  At—\2
+ p=rT —p=h ) daedr.
2At ([l poll oo () + @) Jo Q( )
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For the second term we have

@ /tn / G//( At,+ )| At +|2 d b ’vat,Jr‘Q d
= P~ +a)|Vp=© xdT:/ —— dz dr,
0o Ja o Ja At +a

again, since (G*)"(r 4+ ) = H%a for all » > 0.

For the third term we have

tn pAbt At,+ At,+
Q= / / ——— VT Vot T dedr.
o Ja Attt +a

Putting everything together we therefore have that

1 fn
G(p~tH(z,ty) + o) de + / / Abt _ 562 4 dr
R L e A AL

tn ’vat+|2
+ —————dx dr
/ o PR +a

tn pAb+
/ /Q - aVcAt’Jr - VpAttdrdr (1.52)

S/QG(p (z) + o) da.

We can now pass to the limit as a — 04 to obtain the following bound for n = 1,..., N, which
is uniform in At thanks to (1.29):

1 fn
G At,+ SU,tn dz + / / At,+ _  At,— 2de’ dr
/Q (P (@ 1)) 2At [|lpoll () Jo Q(p a
tn 2 tn
+4/ / Vy/ pAt+ dxdT—/ /VcAt’+-VpAt’+ dzdr  (1.53)
0 Q 0 Q
< [ 66 @)dr < [ Glm)de = Clo).

Finally we notice that, for ¢ € (0,77,

/ VA (2,t) - VAt (2, 1) de < 0; (1.54)

this can be proved by using the density of C*°(Q) functions in H'(f2) and a similar argument
as the one contained in the proof of Lemma 1.16 to show the nonpositivity of the term (1.46).

We therefore have, for n =1,..., N, that

1 tn
G pAt’+ Z,tn)) de + / / pAt’+ — pAt’_ 2dzdr
/Q ( (#,tn)) 2At | poll oo () Jo Q( )
tn 2
+4/ / VA pAt+
0 Q

(1.55)
dzdr < C(po).
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Using property (1.29) we can supplement the above inequality with additional bounds. The

2 T
dx+4/ /
At JQ

first of these is arrived at by noticing that

T 2
4/ / V/pAt— RV VVpAt—| dxdt
0 Q

2
dxdt = 4At/
Q

2 T—At 2
:4At/ ‘V\/,OO dx+4/ /‘V\/p“’Jr dzdt
Q 0 Q
T—At 2
g/G(pO)dx+4/ /‘V\/pAt7+ dadt < C,,
Q 0 Q

where in the two inequalities appearing in the last line we used (1.29) and (1.55), respectively;
here and henceforth C, signifies a generic positive constant, independent of At.

A simple calculation then shows that we can also get a similar inequality for p2f, and therefore

T
4/ / Vi / pAt(E)
0 Q P

we have the uniform bound

2
dzdt < C,. (1.56)

At this stage we can also obtain a uniform bound on the norm of ¢?»*. By choosing
—X[O’tn]cAt’Jr as a test function in (1.51a) and recalling (1.42) we have, for each n € {1,..., N},
that

tn At\*
_/ /a(p ) CAt,+ dzdr
o Jo ot
tn tn
+ / / PRV VA dedr = / / VoAt t . VAt dadr,
0 Q 0 Q

which is equivalent to

o 9(pAh) At o 9(pAh) At A+
—/0 /Qatc dde+/0 /Qat(c —c )dxd’i;
)

@
in
n / / AL+
0 Q

2 in
VCAt’-i—’ dedr = / / VoAt t . VAt dadr
0o Jo
The idea at this point is to extract from term (D) the H® norm of ¢*tT in a similar way as
we did in (1.17). Expanding and using (1.41) and (1.42), thanks to the fact that the fractional
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Laplacian is an operator acting only in space, we have for each n € {1,..., N} that

n tm a(pAt)* A n tm (pAt,—i—)*_(pAt,—)* A
- _ AP ) Atgrdr = — tdxd
Y i e A e

tm—1

- mz_ [ by ( /ttm £ et p ) H () dr

m—1

bt —
m _A —s/ m—1 *d d
o [ ) ds
]. " MmN * m—1\x% —8 m * —S m—1\x*
=5 30 [ = ) (A )+ AN ) o
m=1
1 N\ * —S( Mm\* 1 0 * —s/7 0\*
=5 [ ") (AN (") de = o (p7)" (AN) T (p7)" de
Q Q
1 N 1 %
=5 [ @) A et do 5 [ () () e da
Q Q
1 1
== / (—AN)scAt’Jr(x,tn) cAt’Jr(x,tn) dz — = / (—AN)*(z) P (z) da.
2 Jo 2 Ja
We now wish to show that the term (2) is nonnegative. We first notice that on the interval
[tn—1,tn], by proceeding similarly as in the case of term (1), we have by linearity that
t

t—1 ty —
At A+ _ no At+ _ At—y _ In CAN)TE (oA (AL
A Bt = L (A M) 2 D AT (g0 — (pR)),

Therefore, we have that

@ = /tn/ (pAbH)* — (pAp_)*(cAt _ A dpdr
0o Ja At
n tm ( At 4\« (A AL—\* _
P ) (p ) bm =t —s(( Al 4\x* At,—\ *
- _A ) J— )
mz_:l/tml/g At A AN (T = (07T dardr

=30 [ [ = (A=A () = (5 dadr,
m=1

tm—1

Since the inverse fractional Laplacian is a positive operator, we have that @) > 0, and therefore

1 tn 2
5 / (—AN)SCAt’Jr(SC, tn) cAt,Jr(x’ tn) do + / / pAt,+’VCAt,+’ dedr
Q 0 Q

tn
—/ / Vot . vehtttdadr < 1/(—AN)Sco(x) A (z) dz,
o Jo 2 Jo

which means, by (1.54), that

(1.57)

1 tn 2
2/(—AN)ScAt’+(x,tn)cAt’+(x,tn)dx+/ /pAt’+‘V0At’+‘ dzdr
Q 0 Q

<5 [(CA @@ @

for all n =1,..., N. Notice that, by (A.3),
/Q(—AN)SCO & dz = |||l ) < ClA°I72() < Cllpollizq) = Cx
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Therefore we have the following overall (uniform in At) bound on c¢*t+:

t 2
sup /(—AN)ScAt’+(t)cAt’+(t) d$+/ /pAt’Jr’VcAt’Jr‘ dzdt < C,. (1.58)
te0,7] /0 0o Ja

We observe that (1.53) in conjunction with (1.57) leads, for any n € {1,..., N}, to the
following bound on the energy functional that we defined in (1.10):

E(p®"* (tn)) — E(p° / G(p™" (2, tn)) do — % /Q<p“’+)*(x,tn)c“*(:c,tn) da
z N () (z) dx
- [ @ an+ /Q< Y (2)(z)d
W=k
Q

fn At
_/ /p -+
o Jao

The inequality (1.59) can be rewritten, for any n € {1,..., N}, as

tn
<-4 dx dt + 2/ / VpAt’+ VA da dt
0 Q

2
VcAt"") dz dt. (1.59)

tn

E(p™ ™ (ty 2V\/p“+ - \/pA”VcAt+ dzdt < E(p°). (1.60)

Because |2V /pAt+ — \/;)A’vaFVcA'57+|2 = pAbT|V(log pAbT — ¢A6F)|2, the inequality (1.60) can
be seen as a temporally semi-discrete counterpart of the time-integral in the (formal) free energy
identity (1.11).

We shall assume throughout the rest of the section that the test functions belong to the
function space L2(0,T, W1>°(Q)). Our objective is to derive a (uniform in At) bound on the
time-derivative of p®* in terms of the L?(0,7,W5*(Q)) norm of the test function, followed
by the use of Sobolev embedding, which will enable us to apply a variant of the Aubin—Lions
compactness lemma, known as Dubinskii’s compactness theorem. From (1.51a) we have that,

for a test function ¢ € L2(0, T, W1H>=(Q2)),

T
/ Vptht . Ve dadt| + PRIV AT Vg da dt| .
Q Q

@® @
We recall that we have
PP >0 ae on Qx(0,7), and (1.61a)
1
’m/ﬂpm(’i)(t) =1 forae te(0,T). (1.61D)

Moreover we notice that the bound on the first term on the left-hand side of (1.55) gives us a
(uniform in At) bound on the L>(0,T; L'(2)) norm of p”t*, because the function r € [0, 00)

G(r) € [0,00) has superlinear growth as r — +o0.
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For the term (D we then have by (1.55) and (1.61) that

T T
@S/O |’V¢HL°°(Q)/Q‘VPAt7+’d$dt_2/0 Hv¢‘|L°°(Q)/Q\/PAt’+ V/pAtt| dz dt

T 3 9 3
§2/ IIV¢IIL°<><Q)</pAt’+d$> (/ dw) dt
0 Q Q
T 2
gc*(/o va\mmdt)

For the term (2) we recall the bound on the second term on the left-hand side of (1.58) together

\V& /pAt,+

N|—=

with (1.55); with a similar computation as for term (D above we get

T
@< G (/O IV[I7 () dt)

By combining the bounds on the terms (1) and @ and noting that by the Sobolev embedding
theorem H1(Q) is continuously embedded in W1>°(Q) for d = 2,3, we then have that

T 8pAt T % T %
|| %o aat <ci( [ IVolEagat) < [ ol dt) (62
0 Q 0 0

We are now ready to take the limit as At — 04. Our main tool to this end will be Dubinskii’s

[N

compactness theorem in seminormed sets, which we shall state in the next subsection; cf. [94]

and [24].

1.3.1 Dubinskii’s compactness theorem

Let A be a linear space over the field R of real numbers, which will be referred as ambient space,

and suppose that C is a subset of A such that,
for all p € C and c € R>g, cp €C. (1.63)

Suppose further that each element ¢ of a set C with property (1.63) is assigned a certain real
number, denoted by [¢]¢, such that

1. [¢]e >0, and [p]c = 0 if, and only if, ¢ = 0;
2. [eple = c[p]c for all ¢ € Rxo.

A subset C satisfying (1.63), equipped with [-] satisfying these two properties is referred to as a

seminormed set. The set C can be visualised as a cone, as illustrated in Figure 1.3.
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0

Figure 1.3: Seminormed set.

Theorem 1.18 (c.f. [24]). Suppose that Ay and Ay are Banach spaces, Ay — Ay (i.e., Ao
is continuously embedded in Ai), and C is a seminormed set contained in Ay such that C is

compactly embedded in Ay. Consider the set

dy

y = {go .71 o + |5

<00y,
LP1(0,T;A1)

where 1 <p < oo, 1 <p; <oo, ||].4, is the norm of Ay and (é—‘f is understood in the sense of
A -valued distributions on the open interval (0,T). Then Y, with

d

_ dy
lely = @l o,ri0) + H a

b
LP1(0,T3Ar)

is a seminormed set in LP(0,T; Ag)NW 1P (0, T; A1), and Y is compactly embedded in LP(0, T'; Ag)
if either 1l <p<ooand 1l <p; <oo, orifl <p< oo andp; =1.

In our current setting we shall apply Dubinskii’s theorem, as in [21], by selecting

Ao = LY(Q), with the usual Lebesgue norm ||| 4, = / |p| dz
Q

and
C= {¢€Ao:¢20with / !V\/QZ‘Zda:<oo};
Q
and, for ¢ € C, we define
2
[Ple = llellay +/Q|V\/gﬂ dz.

It is a straightforward matter to confirm that (1.63) and properties 1. and 2. stated above hold,

rendering C a seminormed subset of the ambient space Ay = L(§). Finally we put
A= HPQ) = [HP(Q)) with g =d+1,

equipped with the dual norm |¢lla, = [l¢llg-s). The choice of A; is motivated by the
(continuous) Sobolev embedding
HP(Q) — Whe(Q).
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In this way the right-hand side of (1.62) can be further bounded by a constant multiple of
Ml 20,7 18(0))- The Banach spaces Ag and A; and the seminormed set C then satisfy the
conditions of Theorem 1.18, with C <+ A compactly and Ay < A; (cf. [21]).2

We shall also make use of the next lemma, whose proof via Holder’s inequality is straight-

forward and is therefore omitted.

Lemma 1.19. Suppose that a sequence {¢n}n>1 converges strongly in L'(0,T;LY(Q)) to a
function ¢ € LY(0,T; LY()), and is bounded in L>(0,T; L>=(Q)); namely, there exists a K > 0
such that |[¢n| pe(o,r;200)) < K for alln > 1. Then ¢ € LP(0,T5L9(S2)) for all p,q € [1,00)
and the sequence {¢n }n>1 converges to ¢ strongly in LP(0,T; LY(2)) for all p,q € [1,00).
1.3.2 Passage to the limit At — 0,

We begin by collecting the At-independent bounds (1.55), (1.56), (1.62); we have shown that

there exists a constant C,, independent of At, such that

sup /G Al (g dx—i—/ / Al _ pALTY2 g dt
t€(0,T]
T
dxdt+/
0

In the proof of the next theorem we shall require a technical result concerning weakly con-

(1.64)

8pAt 2

< (.

A \V4 /pAt(,j:)

HB()

tinuous and weak-* continuous functions. Suppose to this end that X is a Banach space and let
X' be the (continuous) dual space of X. Let us denote by C,([0,7]; X) the set of all weakly
continuous functions that map [0,7] into X, namely the set of all functions n € L*>°(0,T; X)
such that ¢ € [0,T] — (¢, n(t))x € R is continuous on [0, 7] for all ¢ € X’. Whenever X has a
predual E, we shall denote by Cy-([0,T]; X) the set of all functions n € L*°(0,T; X) such that
t€[0,7] — (n(t),¢) € R is continuous on [0, 7] for all ¢ € E. We will use |25, Lemma 2.1], that

we cite here.
Lemma 1.20. Suppose that X and E are Banach spaces.

(a) Assume that the space X is reflexive and is continuously embedded in a Banach space Y ;
then L>(0,7;X) N Cw([0,T];Y) = Cw([0,T]; X).

(b) Assume that X has a separable predual E and the Banach space Y has a predual F such
that F is continuously embedded in E; then, L>(0,T; X)NCy+([0,T];Y) = Cyw= ([0, T]; X).

We are now ready to pass to the limit At — 0.

2The continuous embedding of Ao into A; follows from the following abstract result, whose proof is straight-
forward. Let X and Y be normed linear spaces with (continuous) dual spaces X' and Y', respectively, and let
i: X — Y’ be a continuous embedding. Then the mapping j : Y — X', defined by (j(y),z) = (y,i(z)), is
continuous. Moreover, if i(X) is weak-x dense in Y', then j is injective, i.e., j is a continuous embedding. We
take X = H?(Q) with 8 =d+1,Y = Ay = L*(Q), and note that Y’ = L°>°(Q).
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Theorem 1.21. There exists a subsequence of {p™"F)}aiso (not indicated) and a function p
such that
peL®0,T,L=Q)NH (0,T,HF(Q), B=d+1,

with p > 0 almost everywhere on © x (0,T) and %Ifﬂ plxt)de =1 for a.e. t € [0,T], and
c(-,t) € HS(Q) N HL(Q) defined as —(—AN)*C(,t) = p*(-,t) in Q for t € (0,T] such that, for all
p€l,00),

pAE) 5 5 strongly in LP(0,T; L' (Q)), (1.65a)
V\//m — V\[ﬁ weakly in L2(O,T; LQ(Q;R”Z)), (1.65b)
At ~

agt — ?ft) weakly in L*(0,T; H"(Q)), (1.65¢)
pAE) 5 5 weakly-x in L°°(0,T; L ()), (1.65d)
pAt(’i) —p strongly in LP(0,T; LP(Q)), (1.65e)
ANE) 55 strongly in LP(0,T;H*()), (1.65f)
Vcbttt 5 ve weakly in L?(0,T; L?(Q; RY)). (1.65g)

The function p is a global weak solution to the problem

T 96 T T
—/ /ﬁatdxdt—f—/ /Vﬁ-quda:dt—/ /ﬁVE-qudxdt:/po ®|t=odz (1.65h)
0 Q 0 Q 0 Q Q

for all p € WH(0,T; H(Q)) such that ¢(-,T) = 0.

In addition, the function p is weak-+ continuous as a mapping from [0,T] to L*°(Q) and it is
weakly continuous as a mapping from [0,T] to L*(Q). The energy functional E(-) defined in
(1.10) satisfies the inequality

s+ [ [ vvs-vive

2
dzdr < E(po), (1.651)

for a.e. t €[0,T].

Proof. We choose Ay, A1 and C as in the discussion following the statement of Dubinskii’s

theorem (Theorem 1.18). Then, by taking p =1 and p; = 2 we have that

< 00
LP1(0,T;Ay)

is compactly embedded in L'(0,7T;.Ao) = L*(0,T; L(2)). By using the bounds on the last two
terms on the left-hand side of (1.64), we have that there exists a subsequence of {pAt} At>0 (not
indicated), which converges strongly in L'(0,T; L'(Q)) to an element p € L'(0,T; LY(Q)) as

d
{@ 1[0, T] — C: [plre(orie) + de

At — 0. The strong convergence in L'(0,T; L!(2)) ensures almost everywhere convergence of a
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subsequence (not indicated) to p. We have by (1.40) and the bound on the second term on the
left-hand side of (1.64) that

T 2 T
(/ / |pAt — pAbF | da dt) < T\Q]/ /(pAtHr — pA)2de dt < CLT|Q|AL. (1.66)
0o Jo 0o Jo

We apply the triangle inequality in L'(0,T; L' (£2)), together with the strong convergence of the
sequence {p™*}ass0 in L'(0,T; LY(2)) to deduce strong convergence in L'(0,T; L*(R)) to the
same element p € L'(0,T;L'(Q)). The inequality (1.66) also implies strong convergence of
{pA"Yars0 in L1(0, T; L'(Q)) to p. This completes the proof of (1.65a) for p = 1.
From (1.61) we have that
162D )3y < 19

for a.e. t € (0, 7). This means that the sequences {p*(+)} o5 are bounded in L>(0,T; L' (Q)).
We can use Lemma 1.19 together with the strong convergence of the sequences {pAt(’i)}At>0 to
pin LY(0,T; L(2)) to deduce that we have strong convergence in LP(0,T; L'(£2)) to the same
limit for all values of p € [1,00). We have then completed the proof of (1.65a).

Because strong convergence in LP(0,T; L'(Q)) for p € [1,00) implies convergence almost
everywhere on € x (0,77]) of a subsequence (not indicated), it follows from (1.61a) that p > 0
a.e. on  x (0,7T). By applying Fubini’s theorem we have that

/ 1pA0E) — 5ldz — 0 as At — 04 for ae. t € (0, 7).
Q

Hence we have by (1.61b) that
1 .
/ pt)yde =1 for a.e. t € (0,7).
9] Jo

We shall now prove (1.65b). We notice that since | /ci — \/c2| < /|c1 — ¢z for any two
nonnegative real numbers ¢; and ¢y, the strong convergence (1.65a) directly implies that, as

At — 0+,
pAUE) 5 /5 strongly in LP(0,T; L*(Q)) for all p € [1,00).

The bound on the third term on the left-hand side of (1.64) implies the existence of a subsequence
(not indicated) and an element G € L?(0, T; L?(Q; R?)) such that

V\/M -G weakly in L2(0,T; L?(Q; R%)).

We have therefore that, for a test function n € C([0,T]; C5°(€; RY)),

T T T
G~ndxdt<——/ / pAt(’i)divndmdt%—/ /\/ﬁdivndxdt.
I A .
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Therefore we have the equality

T T
/ /G'ndxdt:—/ /\/;?divndxdt,
0 Q 0 Q

and this means that G is the distributional gradient of \/p. As G € L?(0,T; L?(€;R?)) it follows
that
G =V+/pe L*0,T; L*(Q;R%)

and hence (1.65b) has been proved.

The weak convergence result (1.65¢) follows from the uniform bound on the last term on
the left-hand side of (1.64) and the weak compactness of bounded balls in the Hilbert space
L*(0,T; H2(Q)).

The weak-* convergence result (1.65d) follows from the uniform bound (1.50) stated in
Lemma 1.17, the weak-* compactness of bounded balls in the Banach space L>°(0,T; L>°(Q2)),
and the uniqueness of the weak limit.

The strong convergence result (1.65¢) is a direct consequence of (1.65a) and the uniform
bound (1.50) stated in Lemma 1.17, using Lemma 1.19.

With the convergence (1.65¢) in place, (1.65f) follows directly from (A.3) and (A.13c); that

s,
4 At(,+ T At(,+
/0 A9 (1) — Bt |yt < € /0 1026 (8) = 01 g

for all p € [1,00).
Let us now consider the L%(0,7; L?(;R%)) norm of VeAbT. By the stability result (A.5)

we have
9 T
dz dt = 4C / / pAtt
0 Q

T 9 T
/ / (VAT dzdt < C / / |VpBtt
0 JQ 0 JQ

T
<4C sup ’PAt’+\|Loo(Q)/O /Q’V\/pAt’Jr

t€(0,T7]

2
dx dt

\V4 /pAt,—i-

2
dz dt,

and thanks to the uniform bound on the L>(0, T; L>(£)) norm of p~** from Lemma 1.17 and
the bound on the third term on the left-hand side of (1.64) we have that the L2(0, T; L?(£; R%))

Att s uniformly bounded and therefore Vet converges weakly to

norm of the gradient of ¢
an element, that we call H, as At — 0,. By the convergence (1.65f) in LP(0,T; L?(2)) we have
that Vet converges strongly to Ve in L2(0, T, H1(; R?)), but then V¢ must coincide with
H because of the uniqueness of the weak limit.

We now want to use the convergence results we have just proved to pass to the limit as
At — 04 in equation (1.30a). Throughout the argument we will consider test functions ¢ €
C([0,T]; C>(9)) such that ¢(-,T) = 0. Note that the set of all such test functions is dense in

the set of functions belonging to W1(0,T; H?()) and vanishing at ¢ = T' (in the sense of the
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trace theorem in W11(0,T)), which is continuously embedded in L2(0,T; H?(f)); therefore the
use of such test functions is fully justified for the purposes of our argument.

We begin by considering the first term in (1.51a) and use integration by parts with respect
to t to deduce that

/ /apmqﬁdxdt / / dxdt—/QpO lio da

for all ¢ € C*([0,T],C>(Q)) such that ¢(-,T) = 0. Moreover,

li 0 = kly in L2(9).
sl o7 =po weakly in (€2)

Therefore using (1.65a) we immediately have that, as At — 04,

// L¢dxdt—> //dxdt /ongbhzodx

The second term in (1.51a) will be dealt with by decomposing it as follows:

T T
/ /VpAt’+-V¢dxdt: 2/ / (‘/pAH_ ﬁ)V\/pAtv"‘-V(ﬁdIdt
0 Q 0 Q

@
T
+2/ /\/ﬁV\/pAthF'V(;Sdmdt.
0 Q

@

For term (1) we have by Holder’s inequality that

!CNS2AT(%JV?&+—v%fwoé<AJVv9MﬂaM>%VMMwmdt
_2</0T/Q‘V\/W‘2dxdt>2</ H\/ﬁ_\[‘

12(9) )
(/'nvamm ) ,

where 7 € (2,00). Using the bound on the third term in the inequality stated in (1.64) we have

VRt =il Vo,

7(0,T;L2(Q =2 (0,T;L°°(Q))

v ¢>|| 2 :

1
2
L% (0,T;L()) (0,T;L>°(Q2))

D < 202

< 202 |2 — B

where we have used the elementary inequality |\/ci — \/c2| < /|c1 — co| with ¢1,¢2 > 0. The
first factor in the last line converges to 0 as At — 04 thanks to (1.65a), and therefore the term
D converges to 0 for every ¢ € C1([0,T];C>(Q2)) as At — 0.
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Concerning the term ), as p € L*(0,7;L>(2)) and p > 0 a.e. on Q x (0,7, we have
that 1/p V¢ belongs to L2(0,T; L?(12)), and the weak convergence result (1.65b) then directly
implies that

T T
lim 2/ /\/;?V\/pAH’-V(Z) dxdt:2/ /\/ﬁv\/ﬁw dz dt
0 Q 0 Q

At—04
T
:/ /v;?.w) dz dt.
0 Q

Let us consider the final term in (1.51a). By (1.65¢), p~t+ — p strongly in L2(0,T; L*(2))
and by (1.65g) VeAbT — VE weakly in L2(0, T; L2(Q;RY)); it follows that pAbTVeAb+ —~ pve
weakly in L'(0,T; L' (€;R?)), and therefore

lim / / ALTT AT Ve de dt = //pvc Vodzdt
At—>0+

for all ¢ € C1([0,T]; C=(Q

Putting these convergence results together, and noting that C*([0,7]; C*°(Q)) is dense in
the function space W1 (0.7; H?(Q)) with 8 = d + 1, we get (1.65h).

Let us now prove the weak-* continuity of the function p as a map from [0,7] to L>°(Q).
As p € L®(0,T;L>®(Q)) and p € HY0,T; HA(Q)) ¢ C([0,T); HP(Q)), B = d+ 1, and
L>(Q) = LY(Q), it follows from part (b) of Lemma 1.20 with X = L>(Q), Y = H=%(Q) and
E = LY(Q) that p € Cyu+([0,T]; L>=(Q2)). Because Q is bounded, L>(Q) C L'(€), and it then
directly follows from this weak-* continuity property of p that p € Cy([0,T]; L'(Q)), i.e., p is
weakly continuous as a mapping from [0, 7] to L*(Q).

It remains to prove the energy inequality (1.651). Thanks to (1.59), in the form (1.60), and
(1.29) we have that, for all ¢t € (0,77,

[ @3 [ (o2 @0 A w0 da
t 2
+/ / ’2V\/pmv+—\/pmv+vcm’+
/ G () dz — + / (") () () da (1.67)
Q
< [ oot = [ (@) e da.

dxdr

Since G is a nonnegative, continuous and convex function, by [159, Proposition 7.7| and the

strong convergence (1.65¢) it follows that, for a.e. ¢ € (0,77,

/G(ﬁ(m,t d:z:<hm1nf/G ALt (z,1)) de. (1.68)
Q

At—04

As p = p°(At) is uniformly bounded in L?(2) with respect to At > 0, it follows that (p°)*
is uniformly bounded in L2(2), and therefore by the continuous embedding of L2(£2) = H{(Q)
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into H;*(€2), (p°)* is uniformly bounded in H;*(2). By Theorem A.1, ¢ = —(—AN)"*(p%)*
is then uniformly bounded in H?*(f2), and has therefore a weakly convergent subsequence (not
indicated) in H*(Q2) as At — 0, ; because H*(f2) is compactly embedded in H°(Q) = L?(Q), we
can extract a strongly convergent subsequence (not indicated) in L?(2) as At — 0. It remains
to identify the limit of this subsequence. As (p°)* — (po)* weakly in L2(f2) as At — 0, thanks
to the linearity of the operator (—AyN)~*, we have that ¢® — ¢y = —(—AN)"*(po)* weakly in
H?*(Q2), and therefore, thanks to the uniqueness of the weak limit ¢ — ¢y = —(—Ax)"*(po)*
strongly in L?(Q) as At — 04. Hence, (p°)*c" — (po)*co weakly in L(Q2) as At — 0,. Using
this to pass to the limit in the second term on the right-hand side of the inequality (1.67) we

have that
1 1
li - 0 * 0 _ * ) 1.
Jim 5 [ @@= [ ()@ ) ds (1.69)
Concerning the second term on the left-hand side of (1.67), thanks to the strong convergence
results (1.65¢) and (1.65f) we have that (p~t)*cAF — (p)* ¢, strongly in L'(0, T; L*(Q)), and

therefore also,

1
3 [ @) A @) de = 5 [ (@) ae ) da
2 Ja
in L'(0,T) as At — 0. Thus, for a subsequence (not indicated),
1
2/(&“) (z,t) A (z,t) dz — = / (z,t) ¢z, t) dz (1.70)
Q

for a.e. t € (0,7] as At — 0.
Finally, for the third term on the left-hand side of (1.67) we use [107, Theorem 7.5] for the

ur— J(u / /]u\dedT

with respect to the sequence QV\/pAthF — \/pAtv+VcAt7+ which can be equivalently written
as 2V/pAt+ 4+ \/pALTV(—Ax)~* (p2b1)*, which is weakly convergent in L2(0,T; L?(Q; R%))
(identified with L2((0,T) x ©;R2)) to 2V+/p — \/p V¢ by (1.65b), (1.65¢) and (1.65g). The

functional J(u) is clearly convex and therefore we have

2V\[ \/:Vc

Therefore, by inserting (1.68), (1.69), (1 70) and (1.71) into (1.67), we deduce that

functional

d:z:d7-<hm1nf 2v\/pAt+ \/pAchAH dzdr. (1.71)

/G (x,t)) da:—/()(a:t xtdm—{—//‘ZV\[ \[Vc dzdr
1
< [ Gl o~ [ () (@) cafa) do
Q 2 Jo
for a.e. t € (0,T]. Thus we have shown that
¢ 2
+/ / ‘2V\/ﬁ— VpVeé| dzdr < E(po)
0 JQ
for a.e. t € (0,T] and the final result (1.651) then directly follows. O
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As a conclusion of our argument in this section, we shall prove that the function p, which we
defined via the limiting procedure detailed in Theorem 1.21, decays exponentially in time to the
trivial solution of problem (1.4). As a consequence of this we shall also be able to strengthen the
bound asserted in (1.651); in particular we shall show that, provided that €2 is a bounded convex
(and therefore Lipschitz) polytopal domain in RY, d € {2,3}, and s € (1/2,1), the function
t € [0,T] — E(p(t)) € R>p exhibits exponential decay. Extending the proof of exponential
decay of the energy to s € (0,1) constitutes an open problem and a potential direction for future
work.

Let us first discuss a logarithmic Sobolev inequality, suitable for our purposes.

Lemma 1.22. Let f € H'(Q)) be a nonnegative function. Then

2
flog % da < 2CL5/ ‘v\/ﬂ de, (1.72)
Q ap Jo fdz Q
with Crs such that
1
Crs > —, (1.73)
A1

with A1 the first positive eigenvalue of the Neumann Laplacian.

Proof. The result is a consequence of the theory on logarithmic Sobolev inequalities and spectral
gaps and we refer to [116] for a broader discussion on the topic.

The inequality (1.72) is known to hold on bounded Lipschitz domains; see, for example, [2,
Theorem 1] and |2, Proposition 2.1 and Theorem 1|). Using the terminology of [116, Theorem
4.1] (1.72) is a logarithmic Sobolev inequality.

We have the Poincaré inequality

/Q(f_yglz‘/gfd33>2dx§09/Q|Vf|2dm.

We note in passing that Cq = 1/A1, with A\; the first positive eigenvalue of the Neumann
Laplacian. Using the terminology of [116, Definition 2.1|, the Poincaré inequality can be seen
as a spectral gap inequality with constant 1/Cq as spectral gap.

Finally using [116, Theorem 4.9] we have (1.73). O

Theorem 1.23. Suppose that the assumptions of Theorem 1.21 hold. Then, the weak solution

p we have constructed exhibits the following exponential decay properties.

(a) For anyT > 0, the functional G(-), defined in (1.9), exhibits exponential decay in the sense
that

/G(ﬁ(T))dxge_CQLTS/G(pO)dx, (1.74)
Q Q

where Crg is a positive constant depending only on the domain 2.
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(b) The function p satisfies the inequality

1

_ 2T

(c) Assuming in addition that s € (1/2,1), the energy functional E(-), defined in (1.10),
exhibits exponential decay for any T > 0, that is,

_ 8T
E(ﬁ(T)) <e 4CL5+CQ,5HP0HLOO(Q)E<p0>, (1.76)

where Cq s = 1/)\%"'5, and A1 s the smallest positive eigenvalue of the Neumann Laplacian

on the domain Q.

Proof. (a) We start by taking t = t; = At and 0 = ¢y in (1.53). We have that, by definition,
p° = pAb~(t1). We adopt the notation t_; = —oo in order to write p~t+(tg) instead of p™b~ (7).

Therefore we have that

1 h
foor s sxps [, L= )
t1 2 t1
+4/ / V/ pAt+ d$d7’—/ /VcAt’+-VpAt’+ dzdr
to Q to Q

< /Q GpPt (1) da. (L.78)

We can now repeat the argument that gave us (1.78) on each interval [t,_1,t,] forn=1,..., N,

resulting in

1 "
GO, dx+/ / Pt = pt ) dedr
L6 ) 28l Sy Jo |
tn 2 n
+4/ / Vi pAt+ d:r;dT_/ /VcAt’+-VPAt’+dxdT
o o tn—1JQ

< /ﬂ G (1)) da. (1.79)

We discard the nonnegative second term on the left-hand side of (1.79) to find that

tn
/ G(p (tn)) da + 4/ / Vi pAtt
Q tn—1 JQ

< /QG@“’*(tn—l)) dz. (1.80)

2 tn
dxdr — / / VAT . vpAtt dedr
th_1JQ

On a convex domain, for t € [t,—1,t,], n = 1,..., N, we can use the logarithmic Sobolev

inequality (1.72) for the measure du(x) = oy 4

2
dz,

\Y \/ pAt’+(xa t)

/ P20 () log pAt T (. 1) dae < 2C’LS/
Q Q
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with a positive constant Crg > 0 depending only on the domain 2. As rlogr = G(r) — (1 —r),

\Y \/ pAt’+(x7 t)

for t € (tp_1,tn], n = 1,..., N. Thanks to the fact that, by definition, p*** is constant on the

interval (t,_1,t,] and (1.61b) holds, this implies that
V\//JM+ (. 7)
tn—1
forn=1,...,N. Using (1.80) and (1.81) we then have the inequality
2At At,+ At,+ At,+
1+ — G(p~""(z,t,)) dx — Vc -Vp=rhTdedr (1.82)
Crs) Ja

tn 1
< [ G (@ tu)) da
Q

For the sake of simplicity of the exposition we introduce the following notation:

2
== A,= / G(pAF(t,))dz,  Bp = / / VAT VpAht dg dr.
CLs Q tno1

we can rewrite the above inequality as

[ 6wy as <2055 [

2
dz + / (1—p2bF(z,t)) dz
Q Q

tn

At/ G(pAt (2, t,)) dz < 201g

dx dr (1.81)

We have that A,, is nonnegative. In terms of the new notation (1.82) can be rewritten as
(1+~vAtA, — B, < Ay, n=1,...,N,

and therefore by induction we have that
n .
Ap =D (L4+yAtY "By < (14 9At) "4y,  n=1,...,N.
j=1

By the fact that —B; are nonnegative terms, we have

Ap = (L4+7AH) 1Y "B < (1+9At) "4y,  n=1,...,N.
j=1

In particular, with n = N we have

T
/ G(pAt’+(:1:, T))dx — (1 + 7At)_N_1 / / VAtt . VpAt’+ dx dr
Q 0 Q
< (49807 [ G (w.0) d
Q

We recall that p~t+(0) = p° and thus we arrive at the following inequality:

At 2A\ ! At+ At
G(p~"" (z,T))dx — [ 1+ — Vc -Vp dzdr
Q CLs

(”fﬁi)w/ o
<1+Z§>_N/(2G(po)dx. (1.83)
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We first discard the (nonnegative) second term on the left-hand side of (1.83) recalling (1.54).
It then remains to pass to the limit in the resulting inequality as At — 0,. Before doing so, we
need make a few additional technical observations.

Thanks to (1.65a) we have that, on passing to a subsequence, p™*(T') converges weakly to
p(T) in H=P(Q) with 8 = d + 1 as At — 0. Noting the bound on the first term of (1.64)
and that G(r)/r — +o0o as r — 400, we deduce from de la Vallée-Poussin’s theorem that the
family {p™*(T)}a¢0 is uniformly integrable in L'(). Hence, by the Dunford-Pettis theorem,
{p"(T)} Ar>0 is weakly relatively compact in L' (2). Consequently, upon extraction of a further
subsequence (not indicated), p~*(T) converges weakly in L'(Q) to some limit as At — 04;
however the uniqueness of the weak limit together with the weak convergence of the sequence
in H=7(Q), 8 = d + 1, implies that the sequence p™*(T) converges to p(T) weakly in L'(Q),
because L'(€2) is continuously embedded in H%(Q2) for 8 = d + 1. Finally, since the function
G is continuous and convex, by applying Tonelli’s semicontinuity theorem in L!((2),

/G(ﬁ(m,T da:<hm1nf/ G(p”bF (x,T)) du, (1.84)
Q

At—04

by noticing that p~t+(x, T) = p2t(z, T) for a.e. x € Q. We can now pass to the limit as At — 0
(with N =T/At — +00) in (1.83), using (1.65a) and (1.84); hence we find that

/ G(3(x,T))dx < e Cis / Glpo(a)) da, (1.85)
Q Q

which proves part (a).
(b) The Csiszar-Kullback inequality [169], with the probability measure du(z) = ﬁ dz on

Q, yields that
/Ipr—lldu </G (z,T)) du()>,

thanks to the fact that p(x,t) > 0 for a.e. € Q and [, p(x,T) du(x) = 1, and therefore

16, T) = 1210 < 2190 /Q G(p(x.T)) da.

Combining this with (1.85) finally gives the desired result (1.75) of part (b), by the fact that
Jo G(po) dz < E(po) for the energy functional E(-) defined in (1.10).

(¢) We conclude by proving part (c) with the additional assumption that the fractional order
s lies in between § and 1. To this end, we shall focus on the second term in the expression (1.10)

At,+) At,+

of the energy functional E(p , that is, on the interaction term between p~b* and ¢

We notice that, from (1.57), taking ¢ = t; and 0 = ¢y as we did previously, we have

1 h 2
/(—AN)scAt’+(x,t1) cAt’+(x,t1)dx—|—/ /pAt’“L‘VcAt""
Q to Q

2
t1 1
—/ /VpAt:JF.VcAt’Jr dezdr < 2/(—AN)ScAt’+(x,t0)cAt’+(aj,t0)dm,
to Q Q
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and then, on each interval [t,_1,t,] forn=1,... N,

1
2/(_AN)S At+(.ﬁl;‘ t ) At+(.7j tn d$+ /pAt,-i-
Q tn—1

2
VcAt’Jr) dx dr

/ /vat-i- VCAt+d$d7_ (186)

tn—1

< ;/Q(—AN)ScAt’JF(:L’,tnl) cAt’+($,tn,1)d3}.
For ¢ € [tp—1,t,]) with n =1,..., N, by (A.3) and Poincaré’s inequality we have that
I Olfaey = [ (w6t (,8) A (o, ) do
< Cos [ ()" (@0 s

< CaCa /Q V(A (1) da

Sé&sCQHPOHLoo(Q)/Q‘V\/m

where 59,8 = 1/A] and Cq = 1/\;, with A; the first positive eigenvalue of the Neumann
Laplacian in €. Hence, denoting Cq s = 1/)\%4“5, we have

2
dz,

ln

dx dr.

o]
(1.87)

We combine (1.81) and (1.87) to find the following inequality for the energy functional E(-):

At/Q(—A Vet (2, 1) A (2, 1) d < Coallpoll ey

tn—1

At B (1)) = At / Gl (1)) da
Q

—I—1At/(—AN)ScAt’+(x,tn)cAt’+(m,tn) dz
Q

1 tn
5(4CL5+CQS||P0||LOO Q) / / ‘V\/PAH@ 7)

By summing (1.80), (1.86) we also have that

dzdr. (1.88)

tn
E(pAt-l— + 4

v‘/ At,+
tn—1

/ /VCAt+ Vit dedr < E(pA0 (1)),

tn—1

d:n dr + / pAt’+
tn 1

2
VcAt’Jr‘ dx dr

and by (1.88) we deduce the following inequality:

<1+ )E(pﬁty ( )) /tn /,0 t, ‘CC t
{ ;tn
CLS OQ,SHPOHZ,OO

/ /VcAt+ VoAt tdadr < E(pA0F (4 tas1)). (1.89)

tn—1
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Similarly as we did previously, we introduce the following auxiliary notation:

8
o 4Crs + CQSH/OOHLOO(Q) ’

tn 2
D, — / / pAH‘ch*’ de dr — / / VAt At dzdr,
tnh—1JQ tn—1

We have that C), is nonnegative. In terms of this new notation (1.89) can be rewritten as

Cr = E(p™* (2, 10)),

(1+0At)C, + D,, < Cp—1, n=1,..., N,

and therefore by induction and the fact that D,, is nonnegative we have that
Cp + (14 6At)~ ZD < (14+6A)™"Cy, n=1,...,N.

In particular, with n = N we have

T 2
E(pt (1)) + (14 6A1)~N /O /Q pAbt VcAt’Jr) dz dr

T
-1+ (5At)_N/ / VAt VpAht dedr
Q

< (14 0A)NE(pAtH(-,0)).

We recall that pAt’+(0) = p¥ and thus we arrive at the following inequality:

E(pAH (-, T)) + <1 + Sar >_N /T/ pAH‘WAHrdx dT
’ 4Crs + CQ,SHPOHLOO(Q) 0 JQ

8At T At o At
— 1+ ) / / V=T . V=t T dedr
< 4CLs + Casllpoll L= (q) 0o Ja P

SAt -
< |1+ E(p%). 1.90
< 4Crs + CQ,SHPOHLoo(Q)) ) 190

We first discard the (nonnegative) second and third terms on the left-hand side of (1.90)
recalling (1.54). It then remains to pass to the limit in the resulting inequality as At — 0.
We use the argument that allowed us to pass to the limit before and prove (1.85), together with
additional considerations for the interaction term involved in the energy functional.

We begin by noting that
* 1 1
(A1) (o t) = (e t) = [ 960 = 2 wt) = g [ (€ 0)dg
12 Jo Q| Jo

= Pty — = [ ey de = pPHat) - Hll /Q po(€) A€ = o™ (1) — 1.

12|

Hence,

@(pAt)* B 0pAt
o ot
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Because ¢ = —(—AN)"5(p?")* and ¢ and (p™f)* are continuous piecewise linear functions

of t € [0,7] on the partition 0 =ty < t1 < --- < ty = T, it follows from the linearity of the
differential operator —(—An)~® and its independence of ¢t that

acAt . 8(pAt)* .

Thereby, for any function ¢ € W1°(Q), we have that

’/ /(%Atgbdxdt‘ ’/ /86At¢ dxdt’:’/OT/Q(—A 8”At¢ dz dt’
[ [ o
S@(AHGA)S¢ﬁwwm&f

T ) 5 T ) 1
<o [ 10 Bemat) <o [ 1o Bnmmar)’ ao

where in the first equality of the first line we used the fact that, by definition, ¢ has zero

integral average over () and therefore the same is true of its time-derivative; in the equality
appearing in the second line we used the selfadjointness of (—AN)™* on L2(2), and in the
inequality appearing in the third line we made use of the first inequality in (1.62); and in the
passage from the third to the fourth line we used Lemma A.9, which requires the assumption
on the convexity of €2 and the restriction on the fractional order s to the range s € (1/2,1).
Hence, thanks to the fact that H?(Q2) is continuously embedded in L>(2) for d = 2,3, we de-
duce from (1.91) the following uniform bound on the time-derivative of ¢ in L2(0,T; H~2(R)),

where H=2(Q) == [H?(Q2)]":
T >
§Q<Aum#@w),

for all ¢ € H%(Q), where C, is a positive constant, independent of ¢ and At. Using the weak
compactness of bounded balls in the Hilbert space L?(0,T; H=2(£)) we then have that

8 CAt

6 dedt

At ™
a(;t — % weakly in LQ(O,T; H_Q(Q))-

By Lemma A.9, combined with the fact that p™' € L*(0,7;L>(Q)) and is uniformly
bounded with respect to At in the norm of L>°(0, T'; L*°(2)) and the fact that p € L>(0,T; L>°(Q))
we have, respectively, that ¢t € L>(0,T; W*°(Q)) and is uniformly bounded with respect to
At in the norm of L>(0,T; W1>°(Q)) and ¢ € L*(0,T; W1°°(€2)). Hence by the Aubin-Lions
lemma {c*} arso is compact in C([0,T]; X) for any Banach space X such that WhH(Q) <y

X < H~2(Q); in particular, (upon extraction of a subsequence, not indicated) At converges to
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¢ strongly in C([0,T]; L*>(2)). As p € Cyu=([0,T]; L*>(R2)), it then follows that the product pc
belongs to Cy+([0, T]; L>(£2)), and therefore also to Cy, ([0, T]; L(2)); in particular,

te0,T] — / plz,t) ez t)dz € R
Q

is a continuous function. Furthermore, because p~(T) — p(T) weakly in L'(Q2) and c¢AH(T) —
&(T) strongly in L®(Q) as At — 0., it follows that p2H(T) ¢2(T) — p(T) &(T') weakly in L(£2)
as At — 04. Thus we deduce that

lim [ p(x,T) A (2, T)dx = / plz, T)¢(z,T) dz. (1.92)
At—04 QO Q

We can now pass to the limit as At — 04 (with N = T/At — 400) in (1.90), using (1.84),
and (1.92). Hence we find that

T
E(ﬁ(,T)) < e*4CLS+CQinoHLOO(m E(,OO)-

This completes the proof. O
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Ma non piegato insino allora indarno
Codardamente supplicando innanzi
Al futuro oppressor; ma non eretto
Con forsennato orgoglio inver le stelle

Giacomo Leopardi (1798-1837), “La ginestra”

A minimax method for the spectral fractional
Laplacian

We now move on to discuss some of the computational aspects of the numerical method that we
have described in Chapter 1. In particular we will devote large part of the chapter to developing
an efficient algorithm to compute the finite element approximation of the spectral fractional
Laplacian. The use of the discrete spectral fractional Laplacian (1.20) a priori assumes full
knowledge of the discrete set of eigenvalues )\’f, e ,A?Vh_l, which is clearly computationally
expensive as h decreases. The algorithm that we will discuss has the advantage of not needing
the whole discrete spectrum, but only a lower and upper bound for the interval containing the
eigenvalues. As we highlighted in the Introduction, the scientific novelty of this chapter does
not lie in the algorithm itself, but in its application and its integration with a state-of-the-art
finite element software to compute the approximations of the evolutionary nonlocal PDEs that
are the focus of our work. Thus, after the description of the method, we will perform numerical
simulations for nonlocal evolutionary problems, such as the fractional porous medium equation
discussed in Chapter 1.

Even though for our purposes the algorithm serves as an efficient tool to obtain approxima-
tions for the problems of interest, its description stands by its own as regards the computation
of the fractional Laplacian in elliptic problems of the type (17), i.e. fractional Poisson equations.
Therefore, we will first introduce the algorithm for computing a finite element approximation of
the spectral fractional Laplacian to solve elliptic problems, with its computational validation in
conjunction with the associated error estimates in one and two dimensions for different fractional
orders. We have not found in the literature such a complete validation of this type of method,

specifically in two dimensions. We will then proceed to use the algorithm for our time-dependent
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model, in order to numerically validate some of the properties of the fractional porous medium

equation and a related PDE, that is the fractional Keller—Segel model.

Let us therefore consider the spectral fractional Laplacian with a generic boundary condition
B(-) that we first introduced in (12), which can be a Neumann boundary condition (as the one
set in (1.4)) or a Dirichlet boundary condition (this will be the case for the Keller—Segel model

as we will discuss later). Hence, we study the general fractional Poisson equation
(—Ap)’u=f inQ, B(u) =0 on 09Q. (2.1)

More generally with respect to Chapter 1, we can define a space V' that coincides with H& (Q)
in the case of a Dirichlet boundary condition and that coincides with H}(£2) in the case of a
Neumann boundary condition. In this general setting, if we consider a triangulation 7y as the
one defined in Section 1.2, let V} be the linear space consisting of all continuous piecewise affine

functions defined on 7j:
Vi = {vp, € C(Q) such that Uh’K € P! for all K € T}, (2.2)

and let Np, be its dimension, Ny, := dim V},. Let us denote by {gﬁi}fy:hl the nodal basis of V},, such
that ¢;(P;) = d;;, where {Pj}j\;”1 are the mesh points (vertices) of 7. Let J, C {1,...,Np}

denote the following subset of indices,

7 {{ j:Pj€Q} in case of a homogeneous Dirichlet boundary condition,
h =

{1,..., Ny}  in case of a homogeneous Neumann boundary condition,

and let NV}, == |J,|; in case of a Dirichlet boundary 7, are the indices of the interior vertices.

Moreover let Z, : RV — Vj, be the interpolation operator defined as

IV = Z v;¢;, forve RNh, (2.3)
i€Jn

which takes a vector v in RV» and maps it into the function Z,v in Vj. Let us denote by Vj,
the space Vj, := span{¢; };c 7, so that Vs, = VNV (= V};, N HE(Q)) for a Dirichlet boundary and
Vi, = V3, in the Neumann case.

Let us consider the eigenvalue problem for the Laplacian, stated in its weak form:
Find ¢ € V'\ {0} and A € R such that (Vp, Vv) = A(p,v) forallve V. (2.4)

The finite element approximation of this eigenvalue problem is obtained by considering the

restriction of the weak formulation (2.4) to the finite element space V;, N'V:

Find ¢, € V, NV \{0} and M e R such that (Vy, Vo) = M (gn, o) for all v, € Vi, N V.
(2.5)
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Similarly as in Section 1.2, we can define the discrete Laplacian Ly : V, NV — VNV by
the identity (Lpwp,vp) = (Vwp, Vo) for all v, € V;, N V. The linear operator Ly, is positive
and selfadjoint, and has a discrete set of eigenvalues 0 < AP < Ab < ... <\ dim(VanV): with

dlm(VhﬂV)

corresponding eigenfunctions {cpk,} , which form an orthonormal basis (with respect to

the inner product (-,-)) for the space V;, NV. We notice that then for a Dirichlet boundary

h dlm(vhmv) constitutes also a basis for Vj, by definition of it; in fact dim(V, NV) =

condition {y}
N},. In the case of a Neumann boundary condition dim(V, N V) = A}, — 1 and thus, for later
use, we introduce the function @f! = [Q|7/2 that is an orthonormal eigenfunction with vanishing
eigenvalue )\3 = 0. This allows us to define a discrete version of the spectral fractional Laplacian,

as in (1.20),

dim(V,yNV)
(—Ap)°up = Z (AYsulph, where uff = / uppltdz and s € (0,1). (2.6)
k=1 @

With these definitions in place, the finite element approximation of the fractional Poisson

equation (2.1) is as follows:
Find up, € V3 NV such that  ((—Ap)°up,vp) = (f,vp)  forallv, € VNV, (2.7)

and it can be rewritten in the following equivalent form:

dim(VanV)
Find up, € Vj, such that Z ()\Z)Sug(gpz,vh) = (f,vp) forallv, e V NV.
k=1

dlm(VhﬂV)

Since {goh is an orthonormal basis for Vj, NV with respect to the inner product (-, -),

we have that
()\?)SU? = (f, go?) forall j=1,...,dim(V, NV). (2.8)

As mentioned before, in the case of a Dirichlet boundary condition dim(V, NV) = A, and thus
A € RVwXNi | Therefore, in the case of a Dirichlet boundary condition, writing (2.8) as a linear

system gives
AU =F, with U= (ul,...,uk/h)T,
= ((f D)o (Fgha )T, A =diag(AL, ... AR

For the Neumann boundary condition we add the constant eigenfunction defined previously,

so that we can write

Asﬁ:ﬁ, with U = (anuillv"'7ujb\/'h—1)T’
= ((fagpg)a(fa (pfll)w..,(f790.]}\/’hfl))T7 A:dlag()‘ )\ 1 ‘7)\-/](/—h*1)'
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Let X be the matrix of change of variables between {go?}j and the usual finite element basis

{¢i}icg, such that U = X U and F = XF. Then the linear system can be rewritten as
XA*X'U=F, (2.9)
where F' = M~Y((f, ¢:))}.

Lemma 2.1. Let {@}f&l be the nodal basis of the space Vi, defined in (2.2), and let S € RN# >N
and M € RNoNu be the stiffness matriz and mass matriz, respectively, defined as follows:
Sij = (Voi,Vo;), Mij = (¢i,05), 1,5 € Tn. The matriz M is symmetric positive definite,
and S is symmetric positive semidefinite. The matriv X A*X ! in (2.9) is the s-th power of the

matric A = M™S, and consequently:

(i) in the case of a homogeneous Dirichlet boundary condition, S is positive definite and A =

M™LS has Ny, real positive eigenvalues;

(ii) in the case of a homogeneous Neumann boundary condition, ker S = span{(1,...,1)T} and
A= M™LS has the simple eigenvalue 0, with eigenvector (1,...,1)T, together with Nj, —1

real positive eigenvalues.

Proof. The symmetry of the matrices § and M is obvious. That the matrix S is positive
semidefinite is also easy to prove: suppose that & € RV \ {0} and let v(z) = Ziejh &idi(x)
for z € Q. Then, (T8¢ = ||V’UH%2(Q) > 0. Thanks to the classical Poincaré inequality in
HE(Q) in the case of Vj, C H}(Q), there exists a positive constant C = C(Q,d) such that
HVUH%Q(Q) > CHUH%Q(Q) > 0, because £ # 0 and the functions {¢;}; are linearly independent.
Hence S is positive definite in the case of a homogeneous Dirichlet boundary condition. The
positive definiteness of the matrix M follows even more directly: ¢éTM¢E = ||v||%2(ﬂ) > 0, again
because & # 0 and the functions {¢};cy, are linearly independent. In particular, M is an
invertible matrix and S is invertible on (span{(1,...,1)T})*.

Let us restate (2.5) by expressing the eigenfunction ¢, in terms of the nodal basis using the
numbering of eigenvalues and eigenfunctions of the Dirichlet case without loss of generality (a
parallel expression with indices shifted down by one would hold for the Neumann case): ¢, =
> ic7, (@n)idi, with (¢p); € R. The eigenproblem reduces to the equality > ;¢ 7 (V¢i, Vo;)(¢n)i =
AP > ic,(®is 05)(¢n)i, which can be rewritten in matrix form as the generalized algebraic eigen-

value problem
S® = N Mo, (2.10)

where @ = ((@n)1,-- -, (on)n;,)T € RMe. Equation (2.10) implies that )\? is an eigenvalue of
the matrix M~1S with associated eigenvector ®,;. Therefore, the matrix X introduced prior to
equation (2.9) has the form X = [®q,...,Qp;] € RN»>*Ne - Consequently, the matrix XASX 1
is the s-th power of A = M~!S. Finally, in the case of Dirichlet boundary conditions, because
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the symmetric matrices S € RV»*Ne and M € RV *Nu are positive definite, it follows that the
N, eigenvalues A" of the matrix A are real and positive. In the case of Neumann boundary
conditions one eigenvalue is 0, corresponding to the kernel of S, the remaining A} — 1 are

positive. O

Remark 2.2. From a practical perspective, at the level of the implementation, to ensure
solvability of the system (2.9) in the case of a Neumann boundary condition, where the ker-
nel of the matrix A is nontrivial, we always need either that the vector F belongs to the

(span{(1,...,1)"})* or that F is projected into it by choosing F — -/\%h O F) (@, T

2.1 Rational approximation and fractional powers of a matrix

According to Lemma 2.1 our finite element approximation of the fractional Poisson equation
involves the computation of the fractional power of a matrix A. The use of this method, partic-
ularly in two or higher dimensions, tends to be avoided in practice because the computational
cost to obtain an approximation of the power of a matrix is usually high for large matrices.
As we mentioned at the beginning of the chapter we would require a priori knowledge of the
spectral properties of the matrix itself: as the dimension of the matrix increases, one needs to
compute an increasing number of eigenvalues and eigenvectors to improve the accuracy of the
method, which is, for very large matrices, practically infeasible. In addition to this difficulty,
there are also difficulties of storage because the matrix A is dense, since it corresponds to the
discretization of a nonlocal operator.

The algorithm that we shall describe has been proposed precisely to overcome these diffi-
culties and hence to develop a computationally efficient procedure to approximate fractional
powers of a matrix A. More precisely, our focus is the approximation of the matrix A™* to
directly solve the linear system (2.9). The fundamental component of the algorithm is the use
of rational approximations.

Over the past decades, many algorithms were developed for the computation of rational
approximations of functions and their application to problems in numerical linear algebra, [53,
120, 106], and the recent work [176] has continued along this direction. In our work we intend to
use the minimax algorithm developed in [106]. We show that this algorithm is particularly helpful
in the present context, as it provides the high precision predicted by rational approximation
theory while maintaining excellent computational efficiency. The minimax strategy is based on
the AAA algorithm for rational approximations [145] and a classical Remez algorithm. Exploring
the use of alternative rational approximation algorithms (e.g. BURA [120]) for the type of
evolution problem considered here constitutes an interesting alternative. As a matter of fact,
we refer to [119] for one example of a comparative analysis of BURA with other numerical

methods, including AAA, for a one-dimensional elliptic fractional problem, (—d?/dz?)u = 1 on
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Q = (—1,1), discretized with piecewise linear finite elements: the comparison, done with respect
to accuracy and degree of rational approximation, already showed that, even if the errors of AAA
and BURA have a similar behaviour, the error of the AAA method is always smaller than the
error of BURA method (see [119, Remark 6.1]). Moreover [119, Section 7| highlights challenges
beyond the scalar elliptic case, with a discussion of time dependent space-fractional diffusion
problems; this further motivates our application of minimax to evolutionary nonlinear problems
involving the spectral fractional Laplacian. We also mention [52]| for some recent work in this
direction, for a different PDE model unrelated to the fractional Laplacian.

The minimax algorithm was developed to compute the best rational approximation of a given
function in one variable, on a given interval, through adaptive barycentric representations. We
briefly outline the method, and we refer to [106] for further details.

Let

p
Ron = {q :p € Py [z], qGPn[x]} (2.11)
denote the set of rational functions of type (m,n), where P, [x] denotes the set of all polynomials
in z of degree at most n. Given a continuous real-valued function g defined on a closed interval
[a,b] C R, the algorithm computes an approximation of the solution to the problem

00 g = Tl (212

where ||-[| oo, (q,5] denotes the maximum norm over [a, b], i.e. [|g—7|og (0,5 = MaXye[a,p) |9(2)—7(7)].
We denote by ry, ,, the solution of the problem, called the best rational approzimation.

For the sake of simplicity, we shall restrict our attention to the case m = n. Working in this
setting will enable us in Section 2.1.1 to make direct use of a sharp estimate due to a renowned
result by Stahl [165], stated in Remark 2.5. We shall seck the best rational approximation r of

type (n,mn) to g in its partial fraction representation, i.e. as

Ry R,
m—t1+ +x—tn’

r(x) = Ry +

where t1,...,t, are the poles of r, and the numbers Ry, R1, ..., R,, are referred to as the residues
of r. It is known (cf. [158, Lemma 2.1]) that the poles of the best rational approximation are
real and negative. The minimax algorithm from [106] provides the user with both the residues
and poles of the best rational approximation.

The method is then suitable for the approximation of the matrix function M € R¥*N —

g(M) € RV*N ysing the corresponding expression
r(M) = Rol + Ry(M —t; )™ + -+ 4+ R, (M — t,, )" (2.13)

We will approximate here g(x) = 27° by a rational function r € R, 5, which will then provide the

desired matrix approximation to the fractional power A™*% of the matrix A under consideration.
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Remark 2.3 (Efficiency: computational cost). Once we have the residues and poles of the
rational approximation r, and thereby the rational approximation r(A) of the matrix A~%, it is

then straightforward to compute an approximation to the vector U = g(A)F in (2.9) as
r(A)F = RoF + Ry(A—t,1) 'F+--- + Ry (A—t,I)"'F. (2.14)

The terms T; := R;(A — t;,1)"'F appearing on the right-hand side of (2.14) can be efficiently
computed by solving systems of linear algebraic equations of the form (A — t,1)T; = R;F,
i=1,...,n. In the present context, A = M~1S (cf. Lemma 2.1).

From a computational perspective, we observe that applying mass lumping to the symmetric
positive definite mass matrix M, thus replacing M with a positive definite diagonal matrix M,
results in a matrix A = M~1S , which has the same sparsity structure as the stiffness matrix
S. As a result, the matrices (/1 — t;I) retain the sparsity structure of S, and this enhances the
efficiency of solving the associated linear systems when using a finite element nodal basis.

The degree n of the rational approximation r is typically a small number (common choices
are n = 11,12, 13) to ensure sufficient accuracy. Thus, once the minimax algorithm has provided
us with the residues and poles, the overall complexity of computing r(A)F is O(nC(N)), where
C(N) is the cost of solving the linear systems specified above. This fact is particularly well-suited
for nonlinear and time dependent problems that involve the fractional Laplacian and where a
solution 7(A)F has to be computed at each time step of the discrete-in-time approximation. In
addition, problems of storage when N}, increases (encountered for example in [14] where a full
matrix approximating fractional diffusion had to be stored) are avoided, since the only data to
be saved and read are n residues and poles and a sparse matrix. To appreciate this advantage

214

we observe that for N, = 2**) a dense Nj, X N matrix would require 2 gigabytes of RAM. For

N, = 2% the size would be 16 gigabytes, or 128 gigabytes for Nj, = 2'8.

Remark 2.4 (Efficiency: knowledge of the spectrum). We note that, thanks to the nature of
the minimax algorithm developed in [106], to compute the best rational approximation to the

5, our method does not require the spectrum of the discrete Laplacian —Aj. The

function =z~
algorithm only needs the endpoints Zyin, Tmaz of the interval [Zyin, Tmaz] on which the user
aims to build the approximation. This is of significant benefit in computing r(A), since we
only require estimates of the smallest and largest eigenvalues of the matrix A, and these can be
easily calculated using standard algorithms from numerical linear algebra. We remark that this
advantage is also present in the previous work [117], which computes fractional powers and other
functions of matrices using a different approach, based on contour integrals and conformal maps.
However the performance of the methods described in [117], even though suitable for general

functions of matrices, do not outperform best rational approximations for fractional powers,

particularly when a5 >> Tmin, as discussed in [117, Section 5| for the specific case s = 1/2.
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Remark 2.5 (Error estimate). It was proved by Stahl [165] that the error of best rational
approximation exhibits root-exponential decay with respect to the degree of the rational ap-
proximation. More precisely, letting 7“;;7”(1‘) denote the best rational approximation to x®,
s > 0, with degree n € N, Stahl proved that, defining E,, ,,(z*,[0,1]) = [[2° — 7}, ,(7)][00,0,1] =
infrer, , [2° = 7(2) | 0,0,1], One has that

lim e2™V*"E, . (2°,]0,1]) = 4"+ sin(ns)|. (2.15)

n—oo

As a consequence, there is a constant Cs > 0 such that
Epnn(2°,]0,1]) < Cee™2mVom, (2.16)

2.1.1 Error analysis

We now provide an error estimate in L?(£2) norm for the numerical method that we have presen-
ted, combining the existing results on FEM approximation of the fractional Laplacian and the
ones on rational approximations, while testing numerically the errors and validating the estim-
ates for several values of the fractional order s, both in one and two dimensions.

Let us consider the error ||u* — up||2(q) in the L?(2) norm, where u* is the exact solution

to the fractional Poisson equation
(=Ag)’u*=f inQ

subject to a homogeneous Dirichlet or homogeneous Neumann boundary condition on 02, with
fQ fdx = 0 in case of a Neumann boundary condition, and let uj be the numerical solution
obtained by our method, based on combining the finite element approximation of u* with a

rational approximation r*(A) of A~* where A := M™1S, i.e.
up, = Th(r*(MTIS)F) = Tp,(r*(A)F), (2.17)

where 7, is the interpolation operator defined in (2.3) and F' is the vector defined in (2.9). Since
r*(A) is an approximation of the inverse power matrix A~™%, we split the total error u* — uj, into

two parts, given the two stages of our approximation to u*; thus,

[ = unllz2@) < lu” = Zn(AT°F)|z2@) + 1Z0(AT°F) = To(r*(A) F) | 20

The first term Epgy exhibits the order of convergence in the limit of h — 04 of the finite element
approximation (—Ap)® to the fractional Laplacian, and is governed by [43, Theorem 4.3] and
subsequent generalizations (see [44, Theorem 6.2] and [39]).

Considering the second term Eyy, we propose an adaptation of the error estimate of [120] to

our specific case. Since Zp(A™*F) —Zp,(r*(A)F) € V4, by norm-equivalence in finite-dimensional
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normed linear spaces, we can pass from the L?(2) norm to the Euclidean 2-norm | - ||2, up to a
factor C'(h,d), depending on the mesh-size h and the dimension d of the computational domain

Q. Therefore, we have
Exiv < C(h, d)[[A™F —r*(A)Flls < C(h, d)[|A™ = r*(A)]l2 | F]2
<O IXATX ™ = X7 (M) X |2 [|Fl2
< C(h, )X |2l X 2| A= = " (A) |2 [|Fll2

= hy=s _px((\P

= Clhdya() o 108 = (D)) 171 (2.19)
where k2(X) = || X||2[X ]2 is the condition number of the matrix X, and {)\Z}kazhl are the
eigenvalues of the matrix A = M~1S (cf. Lemma 2.1); when applied to a matrix, || - |2 signifies

the matrix 2-norm. Since the discrete spectral fractional Laplacian —Ay, is a positive self-adjoint
operator, we have 0 < )\If < )\g <.+ < An,;, and N, — oo as h — 0. It is known that )\}f — A1
as h — 0. For a quasi-uniform triangulation it is easy to prove that the constant C'(h,d) ~ h%/2.

We shall now use the estimate (2.15) from Remark 2.5. By rescaling the computational
domain €, if necessary, one can assume without loss of generality that A\; > 1 and A? > 1 for

all h > 0; hence,

Eyiv < C(h, d)ra(X)[l27% = 75 (2) oo 1,00) 112
= CO(h, d)ra(X) inf 27° = 7(2)los,1,00) [1Fl2-

TERn,n

By using the change of variable y = ! it then follows that

By < C(h, d)ra(X) dnf ly” — (Y™ lloo 0.1y 1 F 12 (2.20)

= C(h,d)r2(X) It |y = 7(y)lloo 0,11 F 12

n,n

= C(h,d)r2(X) nf ||y = r(y)lloo,©11F ]2, (2.21)

where in the last equality we have used the fact that 7(y) := r(y~!) is still a rational function of
degree m = n if r is a rational function of degree m = n; indeed, thanks to the definition (2.11),
we have {T(y) : 7 € Rpn} = Rnn. Extending by continuity from (0, 1] to [0, 1] and using (2.16)
we finally have that

By < CsC(h, d)kg(X) e 275, (2.22)

for a positive constant Cs depending only on s.

This result, together with the bound Epgy on the error committed in the finite element
approximation, gives us control of the L?(2) norm error appearing on the left-hand side of the
inequality (2.18). The user can thereby prescribe the degree n of the rational approximation and
the mesh size h to achieve the desired overall accuracy. Once the mesh size h is fixed, thanks

to the root-exponential decay with respect to n of the final factor on the right-hand side of the
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Table 2.1: The fractional Poisson equation (2.1) in € with homogeneous Dirichlet boundary
condition; study of the convergence order as a function of the mesh size h for f = 1. We
compare the observed order of convergence with the predicted order of convergence, as stated
in [43, Theorem 4.3 and Remark 4.1|. Here, by order of convergence we mean the exponent 2r
in Cp,h?", ignoring the presence of the factor log(1/h) in Cj, when s < 3/4; cf. (2.23).

s<% ‘ 8>%

0.02 0.05 0.1 0.25 0.5 0.67 ‘ 0.83 0.9

1D Q= (0,1)
observed  0.5400 0.6000 0.6600 1.0003 1.5033 1.7922 | 1.9227 2.0664
2D Q = (0,1)?

observed 0.5214 0.5816 0.6821 0.9843 1.4912 1.7988‘1.9598 1.9804
predicted 0.54 0.6 0.7 1.0 1.5 1.83 ‘ 2.0 2.0

inequality (2.22), it is possible to choose the optimal degree n for the rational approximation to
obtain the same level of accuracy in Eyipv as in Epgy and compensate for the presence of the
factor C'(h,d).

We now test numerically the convergence orders of the two sources of error in (2.18), Epgm
and Eyv, with our convergence results reported in Figures 2.1a, 2.1b, 2.3. In particular, on
one hand in Figures 2.1a and 2.1b we assess in one and two space dimensions, respectively, the
order of convergence of our method as h — 0, governed by the term Ergy, on the other hand
in Figure 2.3 we validate our estimate of the error Ey.

The derivation of a bound on the error Frgy has been studied in recent years, and its rate
of convergence in the limit of A — 0 is known (see [43, Theorem 4.3 and Remark 4.1]). In order
to validate these known results with our method, we use a specific case: for f € ]HI%*E(Q) with
arbitrarily small e > 0 the authors of [43] showed that the FEM error Epgy is bounded above
by Cyh?", where

_JC if s> 2 (1 if s > 3,
Cn = { C'log(1/h) otherwise, "= { s+ % otherwise; (2.23)

this is in fact a simple application of the result that we stated in Chapter 1, Proposition 1.13 that
we reported from [43]. The values of the slopes of the curves in the convergence graphs in Figures
2.1a, 2.1b are reported in Table 2.1; we can appreciate how the observed order of convergence in
h matches the predicted one that is stated in (2.23) in both the one- and two-dimensional case
for the different values of s.

In Figure 2.3 we validate our estimate of the error Eymyr associated with the rational approx-
imation and report the order of convergence with respect to the degree n of the best rational
approximation (2.12). We observe that, with the mesh size h > 0 fixed, the order of conver-
gence in the limit of n — oo is actually exponential rather than root-exponential as predicted

by (2.22). This discrepancy is due to the difference in the domains over which the errors are
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s=0.90

—6.0 =55 =5.0 —4.5 —4.0 =35 —4.5 —4.0 —3.5 —3.0 -25
log h log h

(a) One-dimensional case Q = (0,1). Mesh sizes (b) Two-dimensional case Q = (0,1)?. Mesh sizes
h =1/2% with 5 < k < 9 were used. h =1/2% with 3 < k < 7 were used.

Figure 2.1: The fractional Poisson equation (2.1) in € with homogeneous Dirichlet boundary
condition; study of the convergence order as a function of the mesh size h. We report the
convergence of the scheme for f = 1. The black reference lines have slope, respectively, 2, 1.5,
and 1.
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Figure 2.2: Rational approximation of f(y) = y® computed through the minimax algorithm on
intervals [6,1] for 6 > 0. Computation of the error E, ,(y% [0,1]) = [¥° — 5, (¥)lloo,i5,1] =
infrer, . 1¥° — 7(¥)lls,5,1) and comparison with the prediction (2.15) for Ey, »(y*, [0, 1]).
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Figure 2.3: The fractional Poisson equation: the observed exponential convergence of the best
rational approximation (2.12), used in (2.14). The computation of the function u} defined in
(2.17) was performed for different fractional orders to assess the L?(Q2) norm of the difference
between uj and u;f“ as a function of the degree n of rational approximation, in comparison with
the theoretical prediction (2.22). Each solution was computed on Q = (0,1)? with f(z,y) =
sin(wz) sin(my), and with a mesh of 2% x 2% equally spaced mesh points.
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evaluated. Specifically, the estimate (2.22) was based on bounding the sup-norm over the whole
interval y € [0, 1], while, as can be seen from (2.19), our bound on the actual error Eymy only
involves the sup-norm over the subinterval y € [()\}](,h)_l, (A=Y c [0, 1]; crucially, the interval
[()\?Vh)_l, (AM)~1] excludes the ‘singular point’ y = 0, at which the function y € [0,1] — y*
has unbounded derivatives for all s € (0,1). This renders the minimax approximation a very
accurate computational technique over the subinterval [()\}](,h)*l, (AM)~1] and substantiates the
common choice of relatively low values of the degree n of rational approximation, n = 11,12,13
being typical choices in practice. In Figure 2.2 we numerically validate our reasoning as to why
exponential rather than slower root-exponential convergence is observed in the results reported
in Figure 2.3. We compute rational approximations of the function f(y) = y® for different frac-
tional orders s € (0,1) on intervals of the form [d, 1] with § > 0. As we can see in Figure 2.2, for
all fractional orders, as § decreases toward zero, the convergence in n becomes slower, reaching

the root-exponential convergence predicted by the estimate (2.15) for the interval [0, 1].

2.2 Numerical experiments on related evolution problems

We now present the results of applying the method described in Section 2.1 for the finite element
approximation of the spectral fractional Laplacian to the evolutionary PDEs of our interest. We
focus on the fractional porous medium equation that we have discussed in Chapter 1 and a related
model, that is the fractional Keller—Segel equation. The reason for doing this is because the two
equations are closely related as they both feature a potential term, which is the solution to a
fractional Poisson equation. However, in the fractional porous medium equation, the potential is
repulsive, promoting the dispersion of the density in space, whereas in the Keller—Segel model,
the potential is attractive, leading to an aggregation effect. While for the fractional porous
medium we can give a mathematical foundation to the simulations with the convergent scheme
that we have developed in Chapter 1, for the fractional Keller—Segel equation the development of
a convergent scheme is more challenging because the solution can develop singularities in finite
time. Both phenomena are however of significant interest and have numerous applications.
From a purely scientific computing perspective, the algorithm allows us to simulate the different
equations in two dimensions for different fractional orders. On the one hand, the results will
allow us to validate certain properties of our scheme for the fractional porous medium equation;
on the other hand, they will provide a numerical exploration of the fractional Keller—Segel model.
For the latter we will present a theoretical result regarding the blow-up of the solution.

From an implementation perspective, the schemes used for the computations in the following
sections consist of a FE weak formulation paired with a Euler implicit time stepping for the time
discretisation. We take no cut-offs, corresponding to § = 0 and L = 400 in (1.13). Denoting
by pj the approximate solution at the n-th time step, for the nonlinear terms involving the

potential, pVe, we keep a scalar nonlinearity at the level of implementation, using pj IV}, The
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implementation uses Firedrake [118], with Gmsh [110] for mesh generation, to assemble the stiff-
ness and mass matrices for the standard Laplacian that are used in the rational approximation
of the spectral fractional Laplacian. At each time step the resulting nonlinear system is solved

with NonlinearVariationalProblem and NonlinearVariationalSolver.

2.2.1 The fractional porous medium equation

Let us consider the parabolic regularisation for the fractional porous medium equation (1.2),

where we control the parabolic regularisation through a parameter y > 0, namely

gft) — uAp—V - (pVe), —(—Ax)e=p", 0<s<L (2.24)

Before computationally exploring the behaviour of the model, we shall validate our finite
element scheme.
We recall that for s — 0 the equation tends to a standard porous medium equation with
Fickian diffusion.
dp

i pAp+ V- (pVp). (2.25)

Therefore, in the first place, we shall validate the method by studying the asymptotic decay

towards the equilibrium solution of the following Fokker—Planck equation:

dp |z

53¢ = HAP+V - (pVp) +V - (2p) = V- <pV (F(p)+2>>- (2.26)

An explicit steady-state solution to this equation can be computed on the whole of R? as

pod(z) = F! < — |SU2‘2 + C’), where F(¢) = plog(y) + ¢ (2.27)

and C'is a constant whose value is fixed by the mass of the positive initial datum. Denoting by pp
for simplicity the approximate solution that we compute using our finite element approximation,
in Figure 2.4 we report the L?(£2) norm of the difference between 05 and p,. We observe
convergence up to the precision provided by the computational mesh.
Now, let us consider the fractional porous medium equation without the Fickian diffusion
term, that is, for = 0 in (2.24):
9p s._
az—V%ch), —(—An)’c=p", 0<s<]1,
for which there exists a family of self-similar profiles on the whole of R, cf. [29, 30]. In order

to further validate our method, we consider the solution of the corresponding Fokker—Planck

equation
%——V (pVe) +vV - (zp), —(—Ax)’c=p*, 0<s<1 u—é (2.28)
8t_ P P) N =P, ) _d+2—28 :
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t

Figure 2.4: The porous medium equation (2.26) in self-similar variables; convergence to the
steady state (2.27) for s = 2710, The computational domain is = Bg(0), R =10, p =1, a
mesh of 37267 uniformly spaced mesh points was used with At = 0.01.

that admits a steady state on the whole of R?, given by

_ ) dr'(d/2)
B (y) = ksg(l — y/2)Ls, th ks g = . (2.29
W) = keal =) with kea = G m = Sosir e — st 1=s) =2
We test our method by applying it to the equation
0
8—? =ulAp—V-(pVe)+vV - (zp), —(—Ax)’c=p*, 0<s<]1, (2.30)

for very small values of 4 and compare the numerically computed steady states that we compute
with (2.29). In doing this, however, it needs to be borne in mind that (2.29) does not belong to
H1(Q), but only to H!=*(2) with s € [0,1). This is reflected in our numerical results by the fact
that, for a fixed mesh size, as u becomes smaller, our numerical solution develops oscillations
in a small neighbourhood of the unit circle {y € R?, |y| = 1}, where the H' regularity of the
solution is lost. This is expected behaviour, since we are using a finite element method that
relies on the presence of the parabolic regularisation term pAp. In the experiments reported in
Figure 2.5, 2.6, 2.7, 2.8 the initial datum pg > 0 is chosen proportional to the constant function
on §, where the constant of proportionality is set such that [, ®s(y)dy = [, po(y) dy. In Figure
2.5 we report the results for selected values of . While we observe local oscillations developing
as p decreases, we also see that away from the unit circle the profile of the numerical solution
approaches the analytical solution profile (2.29). This example also highlights that, since our
method is defined for a general finite element discretization, the algorithm admits the use of
locally refined computational meshes; indeed, the local oscillations are mitigated by local mesh
refinement in the vicinity of the unit circle.

Finally, for a closer inspection of the effect of having a parabolic regularisation, in Figure
2.6 and Figure 2.7 we report the simulations performed for equation (2.30) for a larger range of

different values of u. We can observe the effect of the term pAp, which introduces Brownian
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0.4 11 =001
— . =0.005
— 1 =0.001
— 1 =0.0005

21 1 =0.01

41 =0.005
41 =0.001
41 =0.0005

Figure 2.5: The fractional porous medium equation in self-similar variables (2.30); (a) the locally
refined mesh on the computational domain Q; (b) steady state solution profile for equation (2.30)
for different values of j; (c) the L?(9) error between the computed steady state of (2.30) and
the analytical steady state ®s. The computational domain is = (=5,5)2, po(z) ﬁ, a mesh

with 13171 mesh points was used, graded towards the centre of the domain, with the time step
taken as At = 0.01.
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Figure 2.6: Numerical solutions to the fractional porous medium equation in self-similar vari-
ables (2.30). The simulations were performed for the fractional order s = 0.5 with different

values of the parameter y = 277", m = 2,. 10 controlling the parabolic regularisation. The
computational domain is Q = (-2, 2 @ uniform triangulation based on 29 x 2°
equally spaced nodes was used with At = 0 01 Tile black reference curve is the cross-section of

the function (2.29) at x2 = 0.
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(b) p=271°

Figure 2.7: Numerical solutions to the fractional porous medium equation in self-similar vari-
ables (2.30). The simulations were performed for the fractional order s = 0.5 with different
values of the parameter p = 27", m = 2,..., 10, controlling the parabolic regularisation. The
computational domain is = (—2,2)2, po(x) o ﬁ; a uniform triangulation based on 29 x 29
equally spaced nodes was used with At = 0.01.

diffusion of the density, with the numerical solutions still approaching the profile stated in (2.29)
as p decreases.

We shall now explore the behaviour of solutions to (2.30) with different values of the fractional
order s € (0,1). We report the results in Figure 2.8. We observe generic solutions to (2.28) that
exhibit the correct qualitative behavior of spreading; see [60, 56]. The solutions are expected
to spread according to the self-similar profile stated in equation (2.29) and the 2D simulations
reported in Figure 2.8 show that, as s — 0, the spread becomes more pronounced.

Finally, we check the asymptotics in time of solutions to the fractional porous medium
equation stated in Theorem 1.23, where exponential decay of weak solutions of (2.24) to the
equilibrium solution is proved, with a rate given by —2/Cpg, with the logarithmic Sobolev
constant Cpg satisfying inequality (1.72). We report in Figure 2.9 the rates of convergence to
the equilibrium solution for different initial data pg. Quite interestingly, we see that, for the
decay to the equilibrium solution, the lower bound (1.73) for Cpg, obtained for )\ll (A first
positive eigenvalue of the Neumann Laplacian), is observed for the initial data that are the
furthest from the equilibrium state: the Gaussian and a blob centred at a corner of the square
domain . This numerically suggests that the spectral gap, yielding the Poincaré constant il,
could be possibly considered a sharp bound for Crg. We refer the reader to [11] for further

discussion on logarithmic Sobolev and Poincaré inequalities for a class of measures on R?.

It is known that the comparison principle does not hold for the porous medium equation
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was used with the time step taken as At = 0.01. (a): cross-section of the numerical solution at
x92 = 0 as a function of z; for different values of s; (b): contour plot for values of s = 0.9 (left)

and s = 0.1 (right).
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Figure 2.8: Steady state profiles of the fractional porous medium equation (2.30) in self-similar
variables with ¢ = 0.01 for different values of s € (0,1). The computational domain is £ =
(—5,5)2, po(z) o ﬁ; a graded mesh towards the centre of the domain, with 13171 mesh points,
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Figure 2.9: The fractional porous medium equation (2.24); exponential decay to the equilibrium
solution for different initial data pp. The computational domain is = (—1,1)?, a mesh of
27 x 27 uniformly spaced mesh points was used with the time step taken as At = 0.01, the
fractional order is s = 1/2, and g = (1,1). The dashed black reference line has slope —2/Cj.

with a fractional potential (2.24) with u = 0; cf. [60, Section 6]. This was demonstrated by
numerical simulations in one space dimension in [87]. We show the same phenomenon in a two-
dimensional simulation in Figure 2.10 and Figure 2.11. We choose a small constant value of p
and two initial data: ui(z) = g(z—2) and ug(z) = g(x —2)+2g(x+2), where g(z) o< e~17*/C for
a positive constant C'. We see in Figure 2.10 and Figure 2.11 that while the chosen initial data
are initially ordered, u; < usg, the order is lost as the solution evolves over time. This fact is due
to the non-locality of the fractional Laplacian: when the density uy diffuses, one part of it (the
one given initially by g(x — 2)) is dragged towards the other one (given initially by 2¢(z + 2))
that has a higher value, and in this way the comparison with uq, which is concentrated in part
of the domain only, is lost.

In the end, we highlight some open problems related to the scheme that we developed in
Chapter 1. The presence of the upper cut-off parameter L was crucial in the fixed point argument
on which the proof, in Lemma 1.11, of the existence of a solution to the fully-discrete scheme
was based; and its presence was also essential in the derivation of the uniform bounds with
respect to § and the spatial mesh size stated in Lemma 1.12. While, as was noted in Chapter
1, the precise choice of the upper cut-off parameter L becomes irrelevant in the convergence
analysis (provided that L is chosen so that it exceeds the supremum of the initial datum), this
independence on L was only shown to hold for the temporally semidiscrete scheme, i.e., after

passage to the limit with § and the spatial discretization parameter has taken place; it is unclear
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Figure 2.10: The fractional porous medium equation (2.24); failure of the comparison principle
for fractional order s = 3/4. The computational domain is Q = (=R, R)?, R = 5, u = 1075;
a uniform mesh of 2% x 28 uniformly spaced mesh points was used with the time step taken as
At = 0.01.
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Figure 2.11: The fractional porous medium equation (2.24); failure of the comparison principle
for fractional order s = 3/4. The computational domain is Q = (—R,R)?, R = 5, u = 107%;
a uniform mesh of 2% x 28 uniformly spaced mesh points was used with the time step taken
as At = 0.01. On the left the simulation of the equation with initial datum w;(z) = g(z — 2),
g(x) ce™® ?/C is plotted; on the right the simulation of the equation with initial datum ug(z) =
g(x —2) +2g(z + 2) is plotted.
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whether a similar independence on L of the solution to the fully discrete scheme holds true.
This is however a question that can be explored through numerical simulations. In connection
with this an interesting open problem is in fact whether the limits for the spatial discretization
parameter h — 0 and the time step At — 0 commute. As was previously noted, from the
theoretical point of view the dependence on L in the energy estimate (1.35) in Lemma 1.12
prevents simultaneous passage to the limit in space and time. The proof of independence from
L of the semidiscrete-in-time solution, through Lemma 1.16 and Lemma 1.17, is grounded in the

% and its representation formula. Having

properties of the spectral fractional Laplacian (—A)
said this, we believe that these limits do commute. To support this hypothesis, numerical
experiments can be conducted, and our results empirically confirm that the order of taking
these limits does not affect the final numerical solution. More precisely, denoting by p?t the
finite element approximation of the solution to problem (1.4) for fixed h and At, we computed
a series of approximations for h = 27" n =2,...,8, and At = 27% k =6,...,12. We then
evaluated the L?() norm of the difference between each approximation pft and a reference

solution that we denote by p, defined as the approximation corresponding to the smallest values

At=2-12
h=2-8 °

Figures 2.12 and 2.14, we observe that ||p2! — pllL2) — 0 as b — 0 and At — 0, regardless

of the discretization parameters h and At, namely p = p By examining the plots in
of whether the limits are taken simultaneously or sequentially (first in space then time, or vice
versa). This supports our intuition that the limits commute in practice, even if the convergence
analysis presented above was based on passing to the limit A — 0, before taking the limit
At — 0.

An additional interesting question that arises from our analysis, and one that is commonly
studied in the context of finite element methods, is the rate of spatial convergence as the spatial
discretization parameter h tends to zero. To this end, we tested the method through a series
of simulations. Figure 2.13 shows that the observed rate of spatial convergence in L?(£2) norm
is quadratic in h, and that the choice of the time step does not influence the spatial speed of

convergence.

2.2.2 The fractional Keller—Segel model

In the final part of this chapter, as we indicated earlier, we use our algorithm to computation-
ally explore the fractional Keller—Segel equation. The standard Keller—Segel model is a well-
established mathematical model used to describe chemotaxis, that is, the directed movement of
cells or organisms in response to chemical gradients. In recent years, there has been significant
interest in studying nonlocal generalizations of the model, with the standard Laplacian replaced
by the fractional Laplacian; see, for instance, [32, 29, 130] and the references therein. This vari-

ant is motivated by the need to model anomalous diffusion, such as Lévy flights or long-range
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Figure 2.12: Numerical solutions to the fractional porous medium equation (2.24), with passage
to the limit for A — 0 and At — 0. The simulations were performed for the fractional order
= 0.5 with different values of the spatial discretization parameter h = 27", n = 2,...,8,
and different time steps At = 2% k = 6,...,12. The computational domain is Q = (0,1)2,
po(z) o< exp(—|z|?/(270)), o = 0.02. The parabolic regularisation coefficient was y = 0.01.
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Figure 2.13: Numerical solutions to the fractional porous medium equation (2.24), with con-
vergence in space as h — 0. The simulations were performed for the fractional order s = 0.5,
for different values of the spatial discretization parameter h = 27" n = 2,...,8, and dif-
ferent time steps At = 27% k = 6,...,12. The computational domain is Q = (0,1)?,
po(z) o exp(—|z|?/(270c)), o = 0.02. The parabolic regularisation coefficient was p = 0.01.
The black reference line has slope one and the grey reference line has slope two.
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Figure 2.14: Numerical solutions to the fractional porous medium equation (2.24), with passage
to the limit for h — 0 and At — 0. The simulations were performed for the fractional order
s = 0.5 with different values of the spatial discretization parameter h = 27" n = 2,...,7,
keeping At = 2712 fixed, and for different values of time step At = 27% k =6,...,11, keeping
h = 278 fixed. The computational domain is Q = (0,1)?, po(z) x exp(—|z|?/(270)), o = 0.02.
The parabolic regularisation parameter was p = 0.01.
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interactions, often observed in biological and ecological systems. The model is given by

% =Ap—V-(pVc), where (—A)’c=p. (2.31)

Blow-up in the context of the Keller—-Segel model refers to the unbounded growth of the solution
in finite time, signifying the collapse of the population into a singular structure. The conditions
under which blow-up occurs are critical for understanding the balance between chemotactic
attraction and diffusive dispersion.

For the classical Keller-Segel equation, that is, for s = 1, it has been shown that in R?
blow-up of the solution can occur if the initial mass is larger than a critical value. In the seminal
paper [126] blow-up was proved for the classical model in R? when the initial mass exceeds a
critical threshold, which was later determined in [93|, with the result further completed and
improved in [35], where it was shown that, given M = [, podz, if M > 87 then the density
blows up in finite time, while for M < 87 blow-up does not take place. Additional information
on blow-up profiles was obtained in [123, 173]. In R?, for d > 3, the blow-up depends not only
on the initial mass of the solution, but also on how the initial mass density is concentrated; we
refer to [75] for further details.

For the fractional regime 0 < s < 1 the study of potential blow-up for p is a challenging un-
dertaking. The blow-up conditions for the fractional Keller—Segel model depend, in any number
of dimensions d > 1, not only on the initial mass M, but also on the relative concentration of
the initial density. It is in fact known that on R%, under some initial mass concentration criteria,
the solution ceases to exist in finite time; see [32, Proposition 4.2| and [130, Theorem 3.7| for a
more general class of models in which non-standard diffusion is also present.

Blow-up results for the fractional Keller—Segel model were previously proved in the literature
with the fractional Laplacian defined through its Riesz integral representation on R (4) or with
its truncation to a bounded domain in the case of a homogeneous Dirichlet boundary condition.
In this case, the novelty of our contribution is in numerically testing the blow-up in the case of
a bounded domain with the spectral representation of the fractional Laplacian. In addition, we
provide in Proposition 2.6 a proof of existence of solutions to the fractional Keller-Segel model,
based on the spectral definition of the fractional Dirichlet Laplacian as presented in (10), that

exhibit finite-time blow-up. Let us consider the fractional Keller—Segel model

g’: =Ap—V-(pVe), where (—Ap)’c=p, % <s <1, (2.32)

together with its weak formulation
0
Find p € L2(0,T; V) with 8—;’ € L*(0,T; V') such that

<g§,¢>:—/QVp-Vqﬁda:—i—/QpVchbdx forall ¢ € V and ae. t€ (0,T],  (2.33)
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for V.= H(), subject to the initial condition p(x,0) = po(x), where pg € L>°(2) and po(z) > 0
for a.e. € Q2 and where

1
(—=Ap)’c=pin Q, 5 <8< 1. (2.34)

We note that taking ¢ = 1 as a test function in (2.33) implies conservation of mass of p in time,
namely M (t) = 0, with M(t) = [, p(z,t) dz.

Proposition 2.6. Let Q be a ball of radius R centred at zero in R% with d = 2,3, and let
% < s < 1. Assume that for every nonnegative py € L>(Q2) problem (2.33) admits a nonnegative
weak solution p with initial datum po. Then, there exists a nonnegative pg € L>*°(Q) such that

the corresponding solution blows up in finite time.

Proof. Consider the second moment function ®(t) = [, |#|?p(x,t)dz > 0. Clearly 0 < ®(0) <
oo. The idea for proving blow-up, that is for example used in [32], is to follow the evolution of

the function ®(¢) and to prove that ® satisfies a differential inequality of the form

So < rla). (235)

where f is a continuous nondecreasing function such that f(0) < 0. Once we have shown (2.35),
we shall define ®' := inf{® > 0 such that f(®) = 0} € (0,4oc], for any sufficiently smooth
solution of (2.32) with initial second moment satisfying ®(0) < ®; then, there exists a time
TT < oo such that lim, ot ®(t) = 0. Vanishing of the second moment will then imply blow-up
of the solution. Using the weak formulation of our problem (2.33) and integration by parts, we

have that
d®

:2dM—2/ px-n+2/ch-:Uda:, (2.36)
dt o9 Q

where M = [, p(x,t) dz and n is the unit outward normal vector to 9. As the domain € is
an open ball centred at zero, it follows that n = x/|z| (notice that we could have assumed € to
be any bounded convex set with the centre of the coordinate system contained in the interior of
2 to ensure that - n > 0) and therefore the second term on the right-hand side (2.36) can be
discarded.

For the third term on the right-hand side of (2.36) we shall use Lemma A.11, first noticing
that

/ pVe-xdr = /(Vc-x)(AD)scdx. (2.37)
Q Q

Using Lemma A.11 on the right-hand side of (2.37), we immediately have

1 1
/(Vc cz)(—Ap)’cdr < ——(d — 25)/ c(—Ap)’cdr = ——(d — 23)/ cp dx. (2.38)
0 2 Q 2 Q
We now recall the explicit expression for ¢, which is the solution of (2.34), given by

1 o0 1
) = 75 /0 /Q WE (e, ) rsp(u) dydr, (2.39)
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where we denote by W the distributional heat kernel for the heat equation on € with homogen-
eous Dirichlet boundary condition (see [57]). We note that the assumption that p is nonnegative
implies the nonnegativity of c.

We proceed by considering the following auxiliary problem for A > 1:
(—ANHY E=7 in AQ = {\z,z € Q},

where p is the natural extension by zero outside €2, namely p(y) = p(y) if y € Q and p(y) = 0 if
y ¢ . By Lemma A.13 we have ¢ — ¢ in H*(Q2) as A — 1. This implies strong and hence weak
convergence in L?(f2). In particular (¢, p) — (c,p) as A — 1. Therefore, there exists a A\; > 1
such that £ (¢, p) < (c,p) < 3(¢,p). Fix a A such that 1 < A < A1; we can then rewrite (2.38) as

/Q(Vc -x)(—Ap)’edr < —é(d - 28)/ cpda = —%(d —25)(c, p)

Q

1 _ 1 _
< _Z(d —2s)(¢, p) = _Z(d - 25)/Qcpd:c.

Since p is equal to zero outside 2, for ¢ we have an expression analogous to (2.39) with th

in place of W{!. Therefore we have

/Q(VC z)(—Ap)® ()W, y) — dydtdz.

Now that the distributional Dirichlet heat kernel refers to the domain A2, which strictly contains
), we can use the exponential bounds that are known to hold for the distributional heat kernel

in a domain €2, which is strictly inside the domain A2

e~ lz—yl*/(cst) e~ lz—yl*/(cat)

g <Wiay) So—/m—,

172 z,y € QC A, t>0,

for positive constants c1,ca,c3 and ¢4 (see [57, Theorem 2.4| or [151, Theorem 2.2]). After

integration in time,
Lo RN
/ Wi (z,y) dt:/ -~ e TTYN/t dt
o 7 0 tatl-s

1 oe d 1
= d/ e 174 E dp = F<f — s) Dy
|z —yl*=2 Jo 2 |z — y|d—2s

where in the passage from the first line to the second line we used the change of variable

r = |z —y|?/t. We then have that

/Q(Vc-m)(—A) cdz < —C(d— 25) d/2_8 // Nz -y~ dz dy,

where C' > 0 is a constant. Therefore, for some positive constant Cy s > 0, it follows that

de
dt<2dM—i—2/ch xdr < 2dM — Cy4(d — 23// )|z —y|7472) da dy.
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Using Holder’s inequality, denoting a = d — 2s and I, = [, [o |2 — y|~*p(x)p(y) dz dy, we

// y)dxdy
%
YIRSy —
a/(a+2) 2
(// W)l —zy—y- x+ry\>dxdy) e

2\ o/(a+2) o
= <2M<I>—2‘/xp(x)dx >
Q

IF'
hence 27/2)[2/2+2p—/2 < [ Therefore, we have in the end

have

d®
- S 20M = Cy(d - 25) M2 T2p=5Fs (2.40)

This means that if at time ¢ = 0 we have

i, Cag(d—2s)M2=s+2
®(0)27° < 50 ,

then the right-hand side of expression (2.40) is strictly negative, and decreases for ¢ > 0.
O

We test in two space dimensions the behaviour of solutions to (2.31) using our numerical
approximation of the fractional Laplacian. We explore the blow-up by choosing several initial
values po, which are all Gaussians po(z) o exp(—|z|?/20%) with different masses M = [, po dw
and variances o, leading to a range of initial concentrations. Our results are reported in Figure
2.15 and Figure 2.16. For all of our simulations we chose a dynamic time step At,,, defined as
follows: in a fully discrete approximation (in space and time), if p}' is the numerical approx-
imation of the solution to (2.31) at time ¢, = >_;_; Aty, then the following time step At,41
is defined by Aty,11 = 1/ max(||p}|l L) [P} |m1(0))- In our simulations numerical blow-up is
declared when the adaptive time step At becomes smaller than a threshold value § < 1. We
observe strong correlation between blow-up and the initial concentration of the density: for two
initial data, having the same mass M, blow-up can happen or not depending on the extent to
which the density is concentrated at the origin. Secondly, we notice that blow-up is more likely
to occur for small values of the fractional order s € (1/2,1).

Our numerical findings bolster what is theoretically known for the fractional Keller-Segel
model on R? and what we proved in Proposition 2.6. However, as we said before, a rigorous
proof of a convergence for a numerical scheme is a more delicate issue, which will be further
discussed in the Conclusion as a future potential open problem, together with a possible strategy

for addressing the challenge.
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Figure 2.15: The fractional Keller—Segel model (2.31); blow-up, depending on mass and concen-
tration of the initial datum. The numerical tests were performed on the unit disc 2 = B;(0); a
uniform mesh of 37325 nodes was used for two different fractional orders, s = 0.75 in (a) and
5 =0.5+¢ e=10"12in (b), with different initial data having different masses M and concen-
trations, given by the parameter o. Each cell corresponds to a numerical simulation in which

either there is no numerical blow-up (green cell) or numerical blow-up occurs (orange cell). The
threshold value for numerical blow-up was set to 6 = 107"
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Figure 2.16: The fractional Keller-Segel model (2.31); blow-up depending on the concentration
of the initial datum. Numerical tests were performed on the unit disc @ = B;(0); a uniform
mesh of 37325 mesh points was used for fractional order s = 0.75, with initial data having the
same mass M = 47 and different concentrations, given by the parameter o. The threshold value

for numerical blow-up was set to § = 107".
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I have no idea where this will lead us, but I have a definite feeling it
will be a place both wonderful and strange.

David Lynch (1946- 2025), “Twin Peaks”

Extended porous medium models with fractional
pressure

We now investigate extended models for which a similar scheme to the one that we have presented
in Chapter 1 can be proposed. The equations that we will consider are still of porous medium
type with a fractional pressure; however, they allow for different fractional operators in place of
the fractional Laplacian appearing in equation (1.2). Through these model, we try to understand
what would happen if, instead of using the spectral definition of the fractional Laplacian, one
adopted a similar definition for another differential operator. These problems constitute a natural
extension of the theoretical and computational framework developed previously, and we show
that they exhibit interesting features from a modelling perspective.

In the first place, we present a set of assumptions on the class of differential operators
for which, with appropriate care and some restrictive hypotheses, the previous scheme can be
generalised. Let us consider a linear second-order partial differential operator £, that we assume
to be uniformly elliptic, nonnegative, densely defined and self-adjoint in L?(Q2). Similarly to
what we did for the Laplacian, since we assume to be working on a bounded domain €2, we
pair the operator £ with some boundary conditions on the boundary 0f2, meaning that we will
consider £ applied to functions under the constraint that a boundary condition holds. Thus,
consider B(-) = 0 as a boundary condition and let £g denote the differential operator £ paired
with a boundary condition B. Let {e*tﬁﬁ }t>0 be the heat semigroup associated to Lz and

Wi(z,y) the corresponding heat kernel: e *#8y(x) solves the generalised heat equation

ow .

o = —Lw in Q x (0, 00),

w(z,0) =u(x) in Q, (3.1)
B(w) =0 on 082 x (0, 00).
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The main assumption that we require is that the operator Lz is L*°-contractive, meaning

that, if {e7*8},>¢ is the heat semigroup associated to £g, then
e fll Lo (@) < 1fllLoee),  for every f € L®(Q). (3:2)

If the semigroup {e*tﬁs}tzo is both positive and L°°-contractive, it is called sub-Markovian.
Roughly speaking, condition (3.2) means that the operator £ is “dissipative” the solution to
(3.1) dissipates in time in terms of the L*°(2) norm. L-contractivity holds very often for
general elliptic operators with real coefficients, paired with standard boundary conditions, such
as Dirichlet or Neumann (we refer the reader to [147, Chapter 4]).

Notice that L°-contractivity would follow if the heat kernel of L5 had a Gaussian upper
bounded global in time, that is

o lz—ul2/(eat)

Wt(l‘,y) < y T,y € Qv > 07 (33>

d
t2
for some positive constants c;, ca. However, (3.3) does not always hold: for example, for —Ay a
Gaussian upper bound on the heat kernel holds only for short times and the heat kernel is then

only bounded in z,y and t as ¢ — co. In general, one could have the bound in (3.3) only on a

finite time interval (0,7"), T' > 0, with exponential growth of the upper bound on the kernel, i.e.
e—lz—yl?/(cat)
Wt($,y) SClideat7 ZL’,yEQ, te (0,00),
t2
for some a > 0 (see [136, Theorem 4 and 7| and for a broader discussion on Gaussian upper

bounds we refer to [147, Chapter 6]). At this stage we also notice that
[ W) dy = e 101)
Q

where 1(x) stands for the function that is identically equal to 1 for = € €2, and hence the heat

kernel has in general mass smaller than or equal to 1, i.e.

/ Wi(z,y)dy < 1. (3.4)
Q
The prototype of such a differential operator for us is

Lu = —div(A(z)Vu) + Q(z)u, (3.5)

for a nonnegative and bounded @ :  — R and a matrix A(z) € R¥? with coefficients A;j(z) =
Aji(z) bounded, measurable and satisfying uniform ellipticity, i.e. Aj[v]? < A(z)v v < Ag|v|?,
for all v € R? and almost every z € Q, for some constants 0 < A; < As. In fact, for such an

operator (3.2) holds, as discussed in [147, Theorem 4.9].
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Remark 3.1 (Absence of the lower order term and Neumann boundary conditions). We mention
the fact that if the lower order term in (3.5) vanishes, that is @ = 0 on €2, then one has that the

heat semigroup satisfies a conservation property, that is
e 81 =1, forallt>0,
which implies that the kernel has unit mass,
/QWt(ac,y) dy=1, forallzeQ

(the proof of this fact is due to [147, Theorem 4.17] and the fact that we have already assumed
L*>-contractivity). If additionally one pairs the operator Lu = —div(A(z)Vu) with a Neumann
boundary condition of the form B(u) = A(x)Vu -n = 0, where n is the unit outward normal

vector to 0f), the heat kernel has a Gaussian upper bound

o—lo—y[2/(cat)

0 < Wi(z,y) < , xT,y€, >0, (3.6)

d
t2 A1
for positive constants c1, co (see [57, Section 7| or [78, Theorem 3.2.9]).
In the following we will use fractional powers of the class of differential operators that we have

considered. Historically, the way in which L3 is defined is through the Balakrishnan formula,

introduced in [16], that is given by

s sin(sm)

§ = / 6°~1(0T + L)1 Lpdb,
0

0
where 7 is the identity operator. Properties of this representation are discussed in detail in [139,
Chapter 5].

The expression can be reformulated in terms of the semigroup {e*tcB}tZO that is generated
by L,

Chu(z) = —— / et — u(z))—— dt. (3.7)
T(=s) Jo t1+s
The formula is in fact the analogue of (13) for a general operator Lg.

Formulae of these type exist for a negative fractional power of the operator L£z. More

precisely £;° is given by

LR CLI Y APy SRR 3.8
B
Q0 0
and similarly
—5 1 * —tLp 1
= — dt. .
Lz u(x) ) /0 e u(:z)tlis (3.9)

Remark 3.2 (Fractional operators and extension problem). For this type of fractional operators
there exists a result about an extension problem, analogous to (15), that was proved in [167,

Theorem 1.1| as a generalization of the Caffarelli-Silvestre extension problem [55]. Let u €

99



Dom(L?), consider the solution U = U(z,y) : © x [0,00) — R to the following extension

problem

{ —LU+%Uy+Uyy =0 in X (0700)7 (310)

U(z,0) = u(x) on €.
A solution of (3.10) is given by

1 —tL( ps —w? 1
U(z,y) = ) Jo e (L) (x)e % s dt,
. (z,y) (=,0) (—s)
. Uz,y) —U(z,0 I'(—s 1 . 1—2
1 = s = 1 U .
, im, T 4SF(5)E u(z) 9% y1161+y y(x,Y)

Moreover, the following formula holds

2

2s [ee]
. Yy _y 1
U = [ P? d with P’ = %% ——dt;
(z,y) /Q (2, 2)u(z)dz, i (T, 2) 45F(5)/0 (T, 2)e” 4 st

Pj(z, z) is called the Poisson kernel. All the previous identities related to the extension problem
s 2

(3.10) are understood in L?(f2). Notice that, since #2(8) I e~ 1sdt = 1 and we have (3.4),

it follows that

/QP;(QJ, z)dz < 1.
Moreover if e~** has the contraction property in LP(£2), that is
le™ o) < IIfllzr) for every f € LP(Q),
then this passes to the Poisson kernel, in the sense that
JRACLE!E

(cf. [167, Theorem 2.1]).

We mention [19] for a work in which fractional spectral powers of an operator of the form

< fllzr), forall y=>0,
Lr(Q)

(3.5) were studied from a numerical perspective to model fractional diffusion, using the extension

problem approach.

Let us now specialise the problem for our purposes. Let us denote by N(-) = 0 a homogeneous
Neumann boundary condition and with Ly the differential operator £ paired with it. With
an operator of the form (3.5), a homogeneous Neumann boundary condition is of the form

N(u) = A(z)Vu-n = 0. If we denote
acy (w,v) = /QA(QU)Vw -Vudz + /Q Q(z)wv dz, (3.11)
the pair (Dom(ﬁll\l/z), L) is defined as follows:
Dom(£y/?) = {u €HY(Q) : H(Q) 5> vsary, (u,v)
is a continuous linear functional on L2(Q)},

/Q(L'Nu)vdx = ary(u,v), u € Dom(Ly), ve HY(N).
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We notice now that if Lyu = 0, then one has

0—/A(m)Vu-Vudx+/Q(x)u22A1/ |Vu|? dz,
Q Q Q

which implies that Vu = 0 a.e. in (), meaning that, since €0 is a domain, if Lyu = 0 then u
is constant a.e. in 2. However, clearly if u is constant a.e. in ) then Lnyu = 0 if and only if
fQ Q(z) dx = 0, which means, by nonnegativity of @), that Q(x) = 0 for a.e. € . In summary,

we have two cases:

(KO) there exists a subset of Q with positive measure such that @ # 0 on that subset, and thus
Ker(£Ly) is trivial;

(K1) @ =0 a.e. in 2, and thus Ker(Ly) is the set of constant functions.

Let us denote by L2(€) the orthogonal complement of the kernel of the operator Ly in L?(12),

namely

L3(9) = (Ker(Ln))™ (3.12)
the space L2(Q) is nothing but L() in case (K1) and L?(f2) itself in case (K0). For the
following we also define the projection IL, : L?(2) — L2(f) as

o v if (K0),
V' =Tov == { v — ﬁfﬂvdx if (K1). (3.13)

Clearly [[IIov||r2(q) < [[v][z2(q)- Notice that IIov = v* in case (K1) (we recall that v* is defined
through (1.6)) and IT,v = v in case (KO0). Let us also denote by HZ(£2) the set of H'(2) functions
that belong to L2(Q), i.e. H! == HY(Q)N L2(Q); if v € HY(Q) then [,v € HY(Q) N L2(Q) by
the definition (3.13).

We remark that, under the assumptions that we imposed on the operator, £y is nonnegative
and self-adjoint and there exists an orthonormal basis of L2(Q) consisting of eigenfunctions )y,

k > 1, of Ly, that correspond to eigenvalues 0 < p1<pa<--- 7 0o, namely
Lopy = pithr in €,
A(x)Vip,-n=0  on 0.
Therefore, the operator can also be described as
o0
Lu = Z;@uk@bk, up = / u(z)g(z) de. (3.14)
k=1 Q
In order to ensure existence and uniqueness of solutions to elliptic problems of the type

Liu = f, we define H3(Q) = Dom(ﬁf\l/ 2) as the Hilbert space of functions, quotiented with the
kernel of Ly such that (3.14) belongs to L2(£2), namely

H3(2)

{u<-> =D ki) € L(Q)  ull oy = 3w < oo} . G
k=1

k=1
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One has that
s/2 s
lullzs ) = 1€ ull o) Vu € HI(Q)

and we notice that for s =1

”U”?;_[I(Q) = (Lu,u) = / A(x)Vu-Vudw+/ Q(x)u® dx.
¢ Q Q

In case @ = 0 a.e. in §, by uniform ellipticity one has the equivalence between || - |31 o) and
| [11(q2) on the space H(€2) by the Poincaré inequality. We denote by H;*(Q2) the dual space
of H ().

We also observe that we can express the heat semigroup in terms of the eigenfunctions and

eigenvalues as

o
e_tLNu(a:) = Z e k.
k=1

Remark 3.3. Let {\;},>1 be the eigenvalues of the self-adjoint elliptic operator induced by the

bilinear form
a<¢,¢>:/9v¢.wdx, b € H'(Q).

We can compare {A}r>1 with the eigenvalues {j; }x>1 of the bilinear form azy(-,-), defined in
(3.11). For ¢ with ¢ z2(q) = 1 we have

06(6.0) = [ A@)Vo-Vode+ [ Qiddr = Ay [ Vo Tods+ int Q)
> Aa(o,¢) + grng(m),

where A; is the uniform ellipticity constant of the operator (3.5).

Using the version of Courant-Fisher min-max theorem for self-adjoint operators on Hilbert
spaces (see [149, Theorem XIII.1 and XIII.2|), having assumed that {\;}x>1 and {ug}e>1 are
ordered, we have then that

> i .
pe > A + ;g{sz(l‘)

In order to proceed further we introduce an assumption on the elliptic regularity of the
operator Ly. We shall assume from now on that for the operator Ly elliptic regularity of order
a € (0,1] holds. Specifically, if Tz, : Hg 1(Q) — HL(Q) is the operator defined for F € H;1(9)
as the solution to

acy (Tey Frov) = (Fyv),  for all v € HE(Q),

(which exists and it is unique by the Lax-Milgram theorem and the assumptions of uniform
ellipticity and boundedness that we have already set for £), we assume that, for r € (0, o, Tr,
is a bounded map of H~17"(Q) into H*"(£2). Elliptic regularity is required to obtain convergence
rates for the finite element approximation of fractional powers of the general operator Ln. We

remark that, for example, elliptic regularity of order @ = 1 will hold if L has sufficiently smooth
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coefficients and if €2 is convex, or if Ln has sufficiently smooth coefficients and the boundary of
the domain is C™'; however the latter is not the case if we work, as we will, with polygonal and
polyhedral domains.
Finally, let us now consider the following more general diffusion problem
X Ay V- (pA)Ve),
— Lie=p°.

We restrict the range of s to (1/2,1); this assumption will be crucial for the convergence of the

(3.16)

whole finite element approximation for this extended evolutionary problem.

We need to pair the problem (3.16) with some boundary conditions and an initial condition.
The expression is slightly different from the one of (1.4), in particular the boundary conditions
have to take into account in this case the general form of the operator £ (3.5). As in Chapter
1, we assume that Q C R? is a bounded open Lipschitz domain and additionally convex, and
for ease of triangulating €2, we shall confine ourselves to the case when 2 is a convex polytopal

Lipschitz domain in R%, d = 2,3. The problem that we consider is the following:

% —Ap—V-(pA@)Ve)  inQx (0,00),

— Le=p° in Q x (0,00), (3.17)
Onp =0,0p,c=0 on 992 x (0,00),

p(x,0) = po(x) forall z € Q,

where pg € L*°(Q) is a given nonnegative initial datum, with normalized mass ﬁ fQ podx =1,
p° is defined through (3.13), s € (1/2,1), n is the unit outward normal vector on 02 and 0, ,

stands for the normal derivative associated with L,
Op,w = A(z)Vw - n.

We now express the problem (3.17) in its weak formulation. Let V := H'(Q); the weak
formulation of the initial-boundary-value problem (3.17) is thus as follows:
Op
ot

<%,¢> - —/va-wdx + /QpA(:L‘)VC Védzr forall g€V and ae. t e (0,7], (3.18a)

Find p € L*(0,T; V) with € L>(0,T; V") such that

subject to the initial condition p(z,0) = po(z), where pg € L>(£2) and po(x) > 0 for a.e. z € 2
and where

—L3ec=p"InQ, Op,c=00n00, se(1/2,1). (3.18Db)

Notice that ¢ is well defined, as the solution to the fractional equation (3.18b) exists and it is
unique by Theorem A.1; we will therefore write ¢ = —L*p°. When we speak of a weak solution

to the problem (3.18) we mean a couple p and ¢ such that (3.18a) and (3.18b) hold.
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We will proceed now with the analysis and discussion of a finite element scheme for the
problem (3.18). We will first propose a finite element discretization of the equation similar to
the one that we introduced in Chapter 1. We then compute numerical solutions to explore the
behaviour of the model and with the results of the simulations we discuss its distinctive features
and its analogies with the fractional porous medium equation. Subsequently we address the
convergence of the scheme, highlighting the difficulties inherent to this extended setting and
identifying a direction for future research.

In the following sections, we will use a consistent part of the notation that has already been

introduced in Section 1.2.

3.1 Finite Element Approximation

At first, we need to construct a discrete version of the operator £3; in a similar fashion to (1.20).
In order to do this, we simply consider the bilinear form defined in (3.11), which is symmetric,
bounded and coercive on H!(Q) N L2() and we can restrict as,(-,-) to (VN L2) x (VN L2).
The bilinear form (3.11) gives rise in V;,NL2(£) to a discrete orthonormal basis of eigenfunctions

that we denote by {@/)Z}g:hl with corresponding positive eigenvalues 0 < u’f < Su’}vh such that
acy (O vp) = pl(pp,op)  for all v, € Vi NLE(Q), k=1,...,Np.

We can then define a finite-dimensional counterpart of the fractional power of Ly: for up €

Vi N L2(Q) and s € [0, 1], we have

Np

Lipun =Y _(up) upay  with @ = / upptde, k=1,..., Ny. (3.19)
k=1 Q

With P% defined as in Section 1.2, the fully-discrete scheme for the generalised problem (3.18)

is the following:
Let P%,J,L = p?l eVy,. Forn=1,...,N, given nglL € Vj, find pp, 51, € Vj such that

n n—1
Phs,L ~ Phs, n n n
/ | 2k _ThOL g, ) dp = / Vonsr - Vondr +/ A(x)Veh s 1 - O5 (ph5.)Vn da
Q At Q Q
(3.20a)
for all ¢y, € Vy,

where ¢ 5, € Vi, N L2(Q) satisfies

—(Lnn)chsr = By (ohsp))®s s €(1/2,1), (3.20b)

where 8F(-) is the cut-off function defined in (1.12) with 6§ = 0.
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Remark 3.4. The use of the cut-off function 8% (-) in (3.20b) differs from what has been done
in (1.27b). This fact will help us in controlling the L*(Q) norm of ¢} 5, in this more general
setting. In fact, notice that (3.20b) implies that

Np, Np
Ieh .2l 20y = D () 7> (B8 (Phs,) i) < (ud) ™2 D (86 (P s.p)) 1)
k=1 k=1

— (W) B (R 5.))° Bz < (1)L,

For h — 0 we have that u? — 1, therefore for h small enough we can control cuy < pf < Cpuy
for positive constants ¢, C' (say for example %,ul < ,u}f < %ul). Thus, for A small enough, there
exists a constant C'(L, ) > 0, depending only on L and €2 such that

cho.rllLe) < C(L, ). (3.21)

3.2 Numerical Experiments

From a scientific computing perspective, we first start with some numerical experiments. In
our view, the results reported below illustrate the capabilities of this extended class of models.
In fact, the most relevant aspect of the family of generalised models (3.16) lies in the features
introduced by employing a general elliptic operator of the form Lu = —div(A(z)Vu) + Q(x)u.
This choice enriches the nonlocal diffusion process that these equations describe. By varying
A(z) and Q(x), it is possible to model different spatially heterogeneous configurations, which
interact with the nonlocal effects arising from the fractional power of the operator.

From a computational perspective, the algorithm that was described in Chapter 2 can be
easily adapted to this case. In fact, the use of rational approximations can still be applied for

computing solutions to the problem
Li(u) = f. (3.22)

Since the operator Ly is positive and self-adjoint, a finite element discretization of (3.22) will
still have the form
XM*X U =F,

where the matrix M is diagonal and its diagonal elements are the discrete eigenvalues {MZ}]kV:hl
of the finite-dimensional version of Ly, given in (3.19). Once one has an approximation of the
endpoints of the interval [uf;m, ph .1, corresponding to the minimum and maximum eigenvalues
of £, a rational approximation of degree n can be easily computed via the minimax algorithm
[106]. Then, using a similar expression to (2.13) the finite element approximation of (3.22) can
be computed efficiently, with all the computational benefits that were discussed in Chapter 2.
Pairing the algorithm with the finite element discretization of the equation leverages its full

capabilities.
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The advantage of having a fast algorithm in this case allows us to perform simulations with
fine meshes, using different choices of A(z) and Q(x).
As we did in Chapter 2, we control the parabolic regularisation term through a parameter

w > 0. Thus, we compute simulations for the equation

0 1
875 = ulAp —V - (pA(x)Ve), —Lc=7p°, 5 <8< L.

In Figure 3.1 and Figure 3.2 we report the results of two numerical experiments starting

from two different initial data pi, p2, with the following settings:
La Q=(-2,2)2 N,=22x2% At=0.05, s=0.75,
Lb. A11(z1,22) =10.0, Age(x1,20) = 0.1, Aya(z1,22) = A21(21,22) =0,
Le. Q(x1,22) = 100|(x1, 22)[?,

Ld p1 = exp(—(|z1 + 1)* + 23)/0),
p2 = exp(—(lz1 + 1> + 23) /o) + 3exp(—(Jz1 — 1] + 23) /o), o =0.1.

We can see that the spatial anisotropy introduced by the matrix A(z) and the confinement
introduced by the potential Q(xz) couples with the nonlocal interactions, generated by ¢ =
—L°p. The spreading is stronger along the x direction and slowed down away from the center
of the domain. The nonlocality makes the comparison principle fail as we see in Figure 3.1: two
initial data, ordered at time t = 0 p1(z1,0) < p2(x1,0), are no longer ordered as time advances.
If we look at the potential co = —L°p2 in Figure 3.2 we see the effect of using a fractional
power of the operator Ln: ¢ is nonvanishing in the region between the two initial concentrations
of ps, and hence the density itself is dragged along the gradient of co, that is nonvanishing in
between the concentrations; this explains why the comparison principle fails in this setting.

In Figure 3.3 we report the results of a numerical experiment starting from an initial datum

po with the following configuration:
La Q=(-2,2)?2 N,=2°x28% At=0.05, s=0.67,

H.b. Au(xl,:b'g) = 0.1, Agg(xl,.%'g) = 10.0, Alg(xl, $2) = Agl(xl, $2) = 0,

100.0 if 22 >0

II.c. Q(x1,22) = { 1.0 ifxe <0’

IL.d. po=exp(—(|z1 + 11> + 23)/0) + exp(—(|z1 — 1[* + 23) /o)
+ exp(—(|z1 = 1]* + |z2 — 1.95[%)/(0/2)) + exp(—(|z1 + 1[* + |z2 + 1.95]%)/(0/2)),
c=0.1.
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The experiment whose results are displayed in Figure 3.3 shows that the choice of A(x) and
Q(z) affects the nonlocality introduced by the fractional power of the differential operator Ly.
The expression for Q(x) reduces the value of the potential ¢ on the upper part of the domain
Q, where o > 0. Therefore, even if equal densities are placed respectively at the positions
1 = —1.0,29 = —1.95 and 7 = 1.0, 25 = 1.95, only the first induces an effect on the part of
the density concentrated initially at the point 1 = —1.0, 22 = 0.0, which becomes higher than
the one symmetrically placed in z; = 1.0,22 = 0.0. In fact, we can see that the density at
x1 = —1.0, 29 = 0.0 starts immediately to absorb some of the concentration below it. This effect
finds further validation in the fact that, at time ¢ = 0.1, the potential ¢ is already present in
the bottom left area of the domain, in the region between the two initial concentrations placed
along the axis x1 = —1.0. The interactions between the concentrations at z; = 1.0,x9 = 0.0
and x1 = 1.0, 29 = 1.95 are absent up to larger times, when the concentrations have diffused in
the upper right region of €.

These two experiments illustrate the considerable versatility of the general model for mod-
eling purposes, particularly for those applications that could require spatial dependence of the
potential c¢. The hypotheses on A(x) and Q(z) allow for a variety of configurations, able to take
into account many possible spatial effects.

We now investigate the long-time behaviour of the models (3.16). As a matter of fact, we
observe that if the function Q(x) is not identically equal to zero, in general the uniform steady
state is no longer a (trivial) solution for the model (3.16). We can observe this fact in Figure
3.4: taking Q(z) = |x|?> we see that the numerical solution converges to a non-trivial steady
state. Conversely, in Figure 3.5 we observe what happens when ) = 0 even in the presence
of anisotropy A(z) # I: we computed simulations for differential initial data, analogously to
the ones that we used for the experiments in Figure 2.9: measuring the L!(Q) norm distance
between the numerical solution and the uniform distribution, we see that all solutions converge
to the constant steady state.

We also observe in Figure 3.5 (the case (K1), Q(z) = 0 a.e.) that, for all the initial data that
we tested, for large times we see an exponential decay towards the steady state. Moreover, for
the two initial data that are the furthest from the equilibrium (the Gaussian and a blob centred
at a corner of the square domain 2) the slope of the decay, quite interestingly, matches what we
believe is the sharp estimate of the rate that we proved with (1.74) in Theorem 1.23: —2/Cq for
Cq = 1/A\1 with A\; being the first positive eigenvalue of the Neumann Laplacian. We recall that
Cq is a lower bound on the logarithmic Sobolev constant, as discussed in Lemma 1.22. Even
more interestingly, in the case (K0) (nonvanishing @) we can make similar observations. The
experiments in this case are reported in Figure 3.6 and, since the steady state does not have an

explicit formula, we compute the L'(2) norm of the distance between successive time steps, i.e.
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Figure 3.1: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17), cross-section at z2 = 0. The simulations were performed on Q = (—2,2)? for
the fractional order s = 0.75 with h = |Q|/(2% - 2®), and time step At = 0.05. The matrix
A(z) was given by I.b. and the function Q(x) by I.c.. The initial data were I.d.. The parabolic
regularisation coefficient was p = 0.01.
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Figure 3.2: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on ) = (—2,2)? for the fractional order s = 0.75
with h = |Q]/(2% - 28), and time step At = 0.05. The matrix A(z) was given by L.b. and the
function Q(z) by I.c.. The initial datum was I.d.. The parabolic regularisation coefficient was
w=0.01.
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Figure 3.3: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on = (—2,2)? for the fractional order s = 0.67
with h = |Q|/(28 - 28), and time step At = 0.05. The matrix A(x) was given by IL.b. and the
function Q(z) by Il.c.. The initial data was II.d.. The parabolic regularisation coefficient was
u = 0.01.
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Figure 3.4: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The simulations were performed on 2 = (-2, 2)? for the fractional order s = 0.75
with h = |Q]/(27 - 27), and time step At = 0.01. The matrix A(z) was given by I.b. and the

lz—Py|? |z —Pp|?
. _ 2 o e . o 1 _ 5 1 _ 5
function Q(x) = |x|*. The initial datum was two Gaussians p = et 7 tmme

with P; = (1,1) and P, = (—1,—1), and o = 0.4. The parabolic regularisation coefficient was
w=1.

[P(;tn) — P(., tn—1)l|L1(q)- We observe exponential decay and that the presumed sharp rate of
—2/Cq is attained for the Gaussian and the blob centred at a corner of the domain.

We shall now proceed with an analysis of convergence of the resulting numerical discretization
introduced by (3.20). In analysing the resulting discretization, we will outline the differences
and the difficulties with respect to the model treated in Chapter 1 and explain the reasons for
the restriction on the fractional order % < s < 1. Also in this case, we divide the analysis in
two stages: firstly taking the limit as h,§ — 04 and subsequently taking the limit for At — 0.
We show that the first passage to the limit can be carried out in both case (K0) and case (K1),
whereas the second, more delicate limit can be handled by a similar argument only in case (K1),
that is Q@ = 0 a.e. in 2. We anticipate that the reason for this restriction lies in the role of an
L*>(9) bound on the approximated solutions, which constitutes a crucial factor in the argument.
Numerical experiments strongly suggest the existence of a uniform control on the L bound
for the solution even in case (K0) (possibly depending on [|Q||ze(q)); such a bound would then
immediately allow the same strategy to be applied in case (K0). We leave this limitation as an

open problem for future research.
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Figure 3.5: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The matrix A(z) was given by 1.0. and the function @Q(z) = 0. The simulations
were performed on © = (—2,2)? for the fractional order s = 0.75 with h = |Q|/(27 - 27), and
time step At = 0.01. The parabolic regularisation coefficient was y = 1. Parameters for the
initial data were o = 0.4, P, = (1,1), P» = (—1,—-1), P3 = (1,-1), P, = (—1,1), Pgr = (2,2).
The dashed black reference line has slope —2/C¢q for Cq = 1/A1, A1 the first positive eigenvalue
of the Neumann Laplacian.
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Figure 3.6: Numerical solutions to the generalised porous medium equation with fractional
pressure (3.17). The matrix A(z) was given by II.b. and the function Q(z) = |z|>. The
simulations were performed on 2 = (—2,2)? for the fractional order s = 0.75 with h = |[Q|/(27 -
27), and time step At = 0.01. The parabolic regularisation coefficient was p = 1. Parameters
for the initial data were 0 = 04, P, = (1,1), P» = (-1,-1), Ps = (1,-1), Py = (—1,1),
Pr = (2,2). The dashed black reference line has slope —2/Cq for Cq = 1/A1, A1 the first
positive eigenvalue of the Neumann Laplacian.
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3.3 Passage to the limit h,0 — 0,

The work in this section consists in showing that, for fixed L and At, we can take the limit as
h,d — 04 in (3.20) and find a family of limit functions p} n = 1,..., N, that satisfies a limit
problem. We report below the semidiscrete-in-time problem, that we will reach in the limit
h,d = 04.

With the definition of p° = p°(At) given in Section 1.2 the semidiscrete-in-time approxima-

tion of our problem is formulated as follows:

Let pY —p =p’(At). Forn=1,...,N, given p}~ L' eV, find p? € V such that

/pL APL ¢dz =— /VﬂL V¢dw+/ﬁL z)Ve} -Vodr forall g €V, (3.23a)
Q

subject to the initial condition p% = p°, where
Ly = (Y Qs e (1/2,1) (3.23b)
Lemma 3.5. Forn=1,...,N a solution pj, 5 € V}, of (3.20a) satisfies the following bound:
| (G oRs)) o+ At [ Vo Im(GEY (dh5))) o) da

< [ Gz + At [ A@Veyy olss G20

Thus, for h small enough, the following bound holds:

n=1,....N n=1,...,

N
7 1 n ‘]
max /Q(/)h’(;’,;)2 dz + 5 maxN/Qwh([ph757L]2)dx + AtZ/Q \Vph75’L|2d:c < C(L). (3.25)
n=1
Proof. By taking ¢y, = m,((G%) (o)) as test function in (3.20a), we have that
PhsL = Phss
Yy h7 7L n mn T
/Qﬂ'h (Atﬁh((G(sL)'(Ph,(s,L))> dz =— /vah,d,L Va((G§) (ph s.0)) da
+ [ A@Vlss - O V(G (G 50) da
Hence, by (1.22), it follows that
PhsL = P
Yy ) 7L n n n
o (P () s ) e == [ Vs (G (s )

+ | A@Ye s - Vs

Next, we bound the left-hand side of this equality from below by using the convexity of G%,
which implies that

) (<pz,5,L - ) m(Gé)'(pz,a,L))) - ((dg,a,L o5k (G <pz,5,L>)

> m, <G5L(PZ,5,L) G5 (ojs 5 L))

= m(GE (o 5.1)) — T (GE(ppsh),
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and therefore

1 n— n n
7 (G o)) = mGHAZL Ao+ [ T - Tml(GEY of50)) o

< / A(@)Vep s Vs de. (3.26)
Q

This inequality completes the proof of the first bound (3.24).

In this extended model we have that the right-hand side of inequality (3.26) does not
fully contribute ‘constructively’ to the desired bound. In Chapter 1 the advantage of having
LN = —An was making the sign of the right-hand side of (3.26) negative. This fact is not ne-
cessarily true for a more general operator Ly, not having the nonnegativity of the finite element
approximations; therefore, in this case, another strategy is needed. Using Young’s inequality
and the uniform ellipticity assumption of Ly (recall that Ai|v|? < A(x)v-v < Ag|v|?, for all

v € R? and almost every z € €, for some constants 0 < A; < As), we have that, for £ > 0,

1
/ A(x)Vep 51 - Vppepdr < 60/ |VCZ757L‘2(11‘ + 60/ |Vp2757L|2dSL', (3.27)
Q ) Q

where C stands for a real positive constant, independent of h.
We can now use the definition of the bilinear form (3.11), together with the assumption on

the positivity and uniform ellipticity of the operator Ly to have that
/QWCZ,J,LFd!E < C/QA(ZU)VCZ,&,L -Vepsh
<0 ([ A@Tess Veisodot [ Qs do)
Np,
h 2
= Ca£N<CZ,§,L7 CZ,(S,L) = CZM@ (Ez,é,L)ka
k=1
where (¢ 5 1)k = (¢ 5. 1, U1). Therefore

/Q ’VCZ,&LF dz < C(LNnChs L Chsr) = 0(511\1?;18(55@2,5;))07 ﬁﬁfh(ﬁoL(PZ,&,L))o)

= C(Lx3 (8o (P .0))"s (B (Phs.L)°)

Nh Nh
= O (1) (85 (hs.))E < Cud)' =2 Y (85 (0 5.) )i
k=1 k=1

= C(u!) 1B (P s.e)° N 2

with C' > 0 a real constant, independent of h. By the fact that s € (1/2,1), u? —urash—0
and by the definition of the cut-off function Bé(-), one has that, for h small enough there exists
a constant, only dependent on L and €, that we denote simply by C(L) (absorbing || into
C(L) and writing C'(L) instead of C'(L)|€?|), such that

/ IVep so|* de < C(L). (3.28)
Q
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Using Corollary 1.9 with ¢5, = pj! 5, and g = (G(% )', noting that g is strictly monotonically

1

increasing and the inverse g7+ is Lipschitz continuous with Lipschitz constant L, we then have

that
1 n 7 T
I | Ve ae < [ Volsn Vm(GH (i) de (329)

Therefore, if we pick € in (3.27) such that eC' < L™! (say ¢ = (2LC)~! for example) and we
combine (3.26), (3.27), (3.28), (3.29) we can sum the bounds (3.24) over n = 1,...,m to deduce
that, for each m € {1,..., N},

1 m
[t as s a (1 -0) S [ 1VaisaPar<Tew + [ mGH)a
n=1

— o) + /Q (GE(pQ)) da,

where in the last inequality we have simply absorbed 7" (the final time 7" = NAt) in the constant
C(L) as T is a datum of the problem. We can now first bound the first term on the left-hand

side of (3.24) using the same consideration as in the proof of Lemma 1.12, showing that

1 1
| G onannde= 3 [(han?do+ g5 [ mllofsa)do - CLIS,
0 AL J,, 13

It follows from (1.26) that 0 < GE(p) ;) < C, where C = C(L) is a positive constant, inde-
pendent of h and &, whereby the same is true of [, 7, (G¥ (,09% 5.)) dz. From this, the inequality
(3.25) directly follows.

[

We shall now prove an existence result, similar to Lemma 1.11, using Brouwer’s fixed point

theorem.

Lemma 3.6. For any At > 0, for h small enough, given pZ’E}L € Vi, there exists at least one
solution (pjy 5 1, ¢ s 1) € Vi x (Vi N LZ(Q)) to (3.20).

Proof. The proof proceeds in a similar way to the one of Lemma 1.11. We begin by equipping
Vj, with the inner product ((+,-)), defined by

((¥n, én)) 3_/Q7Th(1/}h(95)¢h($))dﬂf7 VYhy &n € Vi
Next, we define the function H : Vj — V}, such that, for any p, € Vp,,
n—1
Ph—p
(H(pn), dn)) = / T (A:’&’Laﬁh) dz +/ Von - Vo dz
Q Q

- / A(x)Vey - OF (pp)Vondr  for all ¢y € Vi,
Q
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where ¢, € Vj, N L2(Q) satisfies —L3 ,cn = (B§(pn))°. The construction of ©F, together with
Lemma 1.6, ensures that # is a continuous mapping. If a solution pf 5, to (3.20a) exists then

it is a zero of H, namely

((’H(pZ’(;,L), ¢h)) =0 forall on € V.

We shall therefore prove that H has a zero. For contradiction, let us assume that H has
no zero for any v € R in the ball B, = {9, € V}, such that [|[¥n]/r2(q) < v}. We define the

function &, : B, — By by
H
. Wn)
|H(@n)l 20

By Brouwer’s fixed point theorem &, has at least one fixed point p; in B, and this means

57(1/%) =

that ||}l 2(q) = €5 (Pl L2(q) = 7. Let ¢} be the solution of the equation —L{; e = (BE(p)))°
in Q. Choosing ¢, = m,((G¥)'(p})) as test function, in a similar fashion as in the proof of Lemma

1.11, by (1.15) and inequality (1.23), together with the trivial equality m,p; = p;, we have that

_W(/Q ((Z’}L)Q - C(L)) dx)
»)
Y

(H(pp), mu((G5) (o))

IN

IH(p)) 2 ) [ 2
——<E—C(L)\9|),

and thus for v > [4L C(L) |2]]"/? we have that
(H(pp)s (G5 ) (P))) < 0.

On the other hand, using the same argument that we applied to obtain (3.24), we deduce
that

(DG = 57 [ (6] = A mu G () o+ 1 [ 1947 o
— / A(z)Ve) - Vp dx. (3.30)
Q

For the first term on the right-hand side of (3.30) we can use the convexity of G¥ as in Lemma

1.11 to deduce that

2
Alt/ﬂm(mz M@ ) dr > (L - i) - Alzf/g”(G‘%(pZ_l))dx’

for a constant C7(L) > 0, depending on L. For the second and third term on the right-hand
side of (3.30) we proceed with a strategy similar to the one applied in the proof of Lemma 3.5.

Using Young’s inequality we have

1 1 1
/ |Vp7l|2d:c—/A(x)VcZ-Vp7ldx2 ——eC /|VpZ\2dx—C/ \VCZ|2,
L Ja Q L Q e Jo
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for any € > 0 and some C' > 0 and then, choosing ¢ = ﬁ, by the definition of ¢, as a solution
of =LY pen = (ﬁL(p2757L))°, together with the computations in the proof of Lemma 3.5, that

were used to show (3.28), we have

1 1
1 [ Vekds = [ A@ve Ve ez o [ V)P de - Ga(L),
L Jq Q 2L Jq

for a constant Cy(L), depending on L.

Therefore,

2
() =G ) = 57 (T — Cumed) = 5 [ (G ) da = Ca(E),

Thus, for v > [4L (C1(L) || + ||7Th(G§(pZﬁl))HL1(Q)) + AtCy(L)]Y/? we have

(H(ph), (G5 (p3)))) > 0,

and hence we have arrived at a contradiction; therefore the function H has a zero, which means
that at time ¢, there exists a solution p}! 5, € V}, to the fully discrete scheme (3.20a). Having
shown the existence of pj, 5, € V3, the existence of an associated (unique) Chsr € Van L2(%2)
follows from (3.20b). O

As in Chapter 1, we need a result on the convergence in space of the finite element approxim-
ation of Ly. Proposition 1.13 has been proved for a general class of elliptic operators L; we refer
to [43, Theorem 4.3] and [44, Theorem 6.2] for details. We report here the general statement

applicable to our case.

Proposition 3.7 (Convergence of the spatial discretization of the fractional powers of Lx). Let
a € (0,1] be the elliptic reqularity order of the operator L. Suppose that s € (1/2,1), o € [0,1]
and f € H2°(Q). Then, there exists a positive constant C that is independent of h and o and f
such that

1L8°f = L5 00 f 2 () < Ce(h)| fllaze ) for all f € HZ7 (),

where

h2 if s+0 > a,
e(h) = { log(h~1)h% if s+ o0 =aq,
log(h~ A2+ if s+ 0 < a,

and T1;, is the L?(QY) projection into the linear space V.

Theorem 3.8. The initial data {pQ}n=o defined in (1.24) are such that, for At and L fized, as

h — 04 we have that

pg N p% = po = pO(At) strongly in L2(Q). (3.31)
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Furthermore, there exists a subsequence of {p} s 1 Ys.n>0, @ nonnegative function p € V.= H(Q)
and c? € HL(QY) such that the following convergence results hold, for each n € {1,...,N}, as
5, h — 0+.’

Vonsr — Vol weakly in L*(Q; RY), (3.32a)
Phor = PL strongly in L*(€), (3.32b)

05 (phs1) = B (pp)I  strongly in L*(Q; RY), (3.32¢)
CZ,&,L — ] strongly in LZ(Q), (3.32d)
Vep s — Ver weakly in LZ(Q; Rd). (3.32e¢)

Moreover, {p} }n=1,.. N solves the problem (3.23a), p} >0 a.e. on Q for alln=1,...,N, and,
given p% = p® such that |ﬁ1|pr0dac =1, one has ﬁfﬂpﬁdx =1foralln=1,...,N.

Proof. The proof of (3.31) proceeds the same way as that of the analogous result (1.36), in the
proof of Theorem 1.14, since the initial datum p) for (3.20a) has been chosen as in Section 1.2.

Now, let n € {1,..., N}. The weak convergence (3.32a) and the strong convergence (3.32b)
are implied by the inequality (3.25) and the same considerations as in the proof of Theorem
1.14. The nonnegativity of the limit function p7 follows from (3.32b) and the second bound in
(3.25). Combining the second and third bounds in (3.25) and Lemma 1.7 we have the result
(3.32¢).

The convergence result (3.32d) can be proved in the following way. We have, by use of the
stability inequality (A.3) satisfied by the solution of the fractional Poisson equation, that

1E8" (B3 (1)) = L5585 (P s.0))° N 22
< LR (B (PL))° = (B (o 6.)) M2 + I(LR° = £35) (B (0 5.0))° 220
< CIBy(PE)° = (B (Phse)° 2y + I(L5° = L35 (85 (h 5.0))° 2.

and by (3.32b) and the convergence result stated in Proposition 3.7 we have (3.32d); here C'
signifies a generic positive constant, independent of § and h.

To prove (3.32e) we need a uniform bound on the gradient of ¢ ; ;. This fact, under the
assumption of s € (1/2,1) and using the equality (3.20b) is a direct consequence, as shown with
(3.28) in the proof of Lemma 3.5. Having shown that Vej, s 1, is uniformly bounded in L2 (;RY)
as h,0 — 0, the weak convergence result (3.32¢) follows from (3.32d) thanks to the uniqueness
of the weak limit.

The arguments for the final passage to the limit as §, h — 04 and the conservation of mass
(ﬁ Jo Ph(x) dz = ﬁ Jor’dz =1for p}, n=1,...,N) are the same as in the final part of the
proof of Theorem 1.14.

O
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3.4 Passage to the limit At — 0, if Q =0 a.e.

Using the notation, that was introduced in Section 1.3, we can write, (3.23a) summed through
n=1,...,N as

Find p2!(-,t) € V = HY(Q) for t € (0,T], such that

T T
/ / i’ pdzdt = / / Vot Ve dedt + / / B A(z) Vet - Vo da dt
Q 0 Q

(3.33a)

for all ¢ € L*(0,T;V),

subject to the initial condition p2t(z,0) = p°(x) for a.e. x € Q, where c%t’Jr(-, t) € HL(Q) for all
€ (0,7T] and satisfies
~L8ep" (1) = (BY (") () i@, (3.33b)

for all t € (0,7], and B%(r) := min{r, L} for r € R>q.
We remark that, also in this extended setting, since (pf’f)<> is equal either to p%t (in case @
is not a.e. identically zero on Q) or to (pp!)° = pp! — |—51)| Jo P2t dz (in case @ is a.e. identically

zero on §2), we have that

R0 = o = g [ it de = e + P 0

for t € [t,—1,t,] and therefore, as for (1.42), we have

A(pgt)° () — (0Tt 9ppt
8Lt () === At - - af (52).

for t € (tp—1, tn]

Remark 3.9. We first observe that, in this case, we can still obtain a bound on the H!(Q)
seminorm of c%t’+, dependent on p%t’Jr. We can do this using the definition of the bilinear form
associated to £y (3.11), together with the restriction on the fractional order s € (1/2,1) and the
assumption on the positivity and uniform ellipticity of the operator Ln. In fact, for a constant

C > 0, we have
/ |Vc§t’+]2 dz < C’/ A(x)chtJr . Vc%tﬂr
Q Q
SC’(/A( )Vc§t+ Vc§t+dx+/Q AtJr) dx)
Q

—Ca[:N( At+ At+ CZ,U/k At+
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Therefore

/Q|cht+‘ dJI<C(,C CAt+ AtJr) (El S(/BL( At+)) (BL( AtJr)) )
= O L") (56" ))°)
_ Czlul 2s ,BL At, +)) ) < C,ui—2s Z(ﬁL(p%t,-l-))O)z

k=1
—cw% QSH(BL( AR 2T

Therefore, for a positive constant C' > 0 we have that
/ |Vc§t’+]2 da < Cui 2 L2|Q).
Q

As we mentioned previously, throughout this section we restrict ourselves to the case (K1),
that is @ = 0 a.e. in €. Indeed, the argument for proving convergence as At — 04 can only be
carried out under a uniform control on the L (£2) norm of the semidiscrete solutions. Thus, we
shall now establish a result analogous to Lemma 1.16, namely a bound in time on the L*(Q)
norm of the solution p%t in the case @ = 0 a.e. in ). This fact is an essential property that is
crucial in the rest of the analysis, since it allows us to eliminate the dependence on the parameter
L and obtain the uniform bounds that are needed for the application of Dubinskii’s theorem and
its compactness argument. The result is a consequence of the hypotheses that we have made for
the operator £, in particular the fact that the operator has been assumed to be sub-Markovian

and hence L°°-contractive.

At

Lemma 3.10. Let p; £) e defined as in (1.40) and assume that Q = 0 a.e. in 2. Then, the

following bound holds:

At(, £+
sup (|02 ()] 1o e < ool 2o - (3.34)
te(0,T)

Proof. The strategy of the proof starts with a reminiscence of the idea in |56, Section 4.2], which
goes back to De Giorgi’s approach [58]. However, the procedure here is adapted to the discrete
setting to which we are confined. We start by taking a smooth regularisation of the function
(v R = R,

(v (z) = max(z — M, 0),

defined as (§; = (ar * O, where 0, is a mollifier. By [50, Theorem 4.22| we have that (5, — (i
in LP([0, K]), for any K >0,p>1ase— 0.
We use X[O’tn]wa(pft’Jr)7 with n =1,..., N, as a test function in (3.33a). We then have

tn in
/ /8PL & ( At+)dxdt / /Vp%t-'r Ve (p At+)d$dt

+/t"/5L(p§t’+)A(;c)vCLt+ Ve (prt Ty dzdt.  (3.35)
0 Q
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By [50, Lemma 9.1|, we have (¢§,)'(2) = (¢}, * 0-)(2) in the sense of weak derivatives and
therefore, since (},(2) = X(am,00)(2), We have that (§;)'(z) > 0. Thus the first term on the

right-hand side of (3.35) is
At-‘r VH ( At+)d.’1:dt

tn tn

For the second term on the right-hand side of (3 35) we have
B Q
is nonnegative and ({5,)'(z) >

tn tn
[ ] it a@ve s Ve ep ) dvde= [ [ 4
: At,
¢§s) (w)dw. Notice that, because py

= Jo B

where Hps(z

0, Hp(+) is nonnegatlve and monotonically increasing
Notice now that, if Q =0 a.e. in €,

AtJr VH (AtJr)dZE—CZLN( t+H (At+))

| Atw)ve

Q

We highlight that it is precisely in this passage that having Q = 0 a.e. in {2 plays a fundamental
if Q was not identically zero, an additional positive term would appear, preventing the

(3.36)

At, -‘r))

role:
argument from succeeding
M\Pp,

We have that
AtJr VH (AtJr)dCC—(l[:N( At,+ H (At+))
(LN (B (o1 M))%, Hau(

/ A

Q

We recall that {e™™“N} 5 is the heat semigroup associated to the operator Ly. Using that
(p="7)dx

(BH3 )" = (B ) = BHA) =g [ B4
and the definition of the heat semigroup (3.1), we then have that
o TEN (BL(pAH) TcNﬁL(pAt,Jr)_Q'/ﬂﬁL At+
Thus, denoting a = 2(1 — s), using the formula (3.7), we can write
PR ) = [ Ao @) gy [ BN
(5 (A1) () g dr s
/ ™ @) gy | (€8 @) — 4 ) g drde
e [ ([t oot o
) i

/ Hag (™ () 84 (054 >dx)
>/ T (e TES B (), Hag(pA5)) — (BH(pA5), Har (o2H)

_ 1
T T(—/2) Jo
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Therefore, by plugging the heat kernel in the expression above, we deduce that

(CR*(BH (03" )" Ha (")) = a/2/ / </ We (i, ) B (020) (@) Har (0% (9) da

- U () )

2

=t ), (W 2w - e ) do
+ B (0™ ) () Har (02 () ( /Q W, (z,y) da — 1)) dy Tll+g ar

B 2/2 / OO / / W o, 0) (540 @) = BH ) () Har (0 (5)) dy i g
b [ [ Ha o ) )~ D dy

where in the passage from the second to the third line we have added and subtracted the term
re7m oo Jo Jo BEL D) (W) Har (02 (9)) Wi, y) do dy 7~ 14/ dr. By exchanging = and y

and using the symmetry of the heat kernel we have also
a/2, oL, At + At + 1 > L At+
G ) 2 ) =~ e | [ W@ttt @)
1
= BH (P ) W) Hu (0™ () dy do —r d7
T2

+ a/2 / / ﬁL At + (pAt,Jr(y))(efTﬂNl(y) — 1) dy 7-113 dr.

By summing the two expressions we then find that

/2 t, t, 1 ! t, t,
(L3255 ))°, Hua(5)) = - W( 0/Q/SZ W (o, ) (B4 (o™ ) (@) — 652 )

1
(Ha (™4 (@) = Has (o™ (1) oy~

w2 [[ B (A )1 - ) dy g dT) |
0Q

(3.37)

Thanks to the definition of Ly stated and (3.4) we have that e ™*N1(y) < 1. Moreover the
monotonicity of ¥(-) and Hj(-) ensure the positivity of both terms inside the outer brackets

on the right-hand side of the above expression.
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Thus, combining (3.35), (3.36) and (3.37), overall we have
tn aPL At -+ tn )( At + At + 2
Culpr ") dadt = QM VP T dedt

a/2 (/ //W z,y) (B (020 F) () = BY (0™ ) () (Ha (p™F (@)

— Hy (pA0F (y)) da dy +2dT

1
[ [ B W A )1 ) dy dT> BENCES
T2
All the terms in the above expression are nonpositive and therefore

/t”/ Ot Cr(pA ) dz < 0 (3.39)

Consider now the function Zj; : R>9 — R

1
Zy(z) = 5 max(z — M, 0)?

and its regularisation Z5, = Zys * 0,; the weak derivative of Z)s is clearly (js and therefore, as
before, we have (Z5,)(z) = (Z); * 0¢)(2) = (Cur * 0¢)(2); moreover notice that (3, = 2Zy;.

By performing the same computations as those in the proof of Lemma 1.16, with a Taylor
expansion of Z§,(-), noting that ¢ € [0,T] — p2!(-,t) is piecewise affine relative to the temporal
partition 0 =tg < t; < --- <ty =T, we have that

/t"/ BPL At,+)dxdT:/ZM( Aty ,tn))dx—/wa(pO(:E))dx

Q

tn
fomr | G0+ (= 0 — g P dadr

for 6, € (0,1).
Thus, from (3.39) we directly have

| Zui @t ds = [ 2Pz <o,
& Q
If we set M = ||po| Lo (), we have

€ At,+ 0
/QZ”p0||L°°(Q> (o (@, tn)) dz — /Q ZﬁpoHLoo(m (p"(z))dz < 0.

Recalling that for any M > 0 we have Z§, — Z) in LP([0, K]), for any K >0, p>1,as e =0
(c.f. [50, Theorem 4.22|), if we send € — 0,

A bl
| Zitimio 03 @122 < [ Zip i (@) 0 < [ Zip o (0(a)) = 0

Using the fact that Zj; > 0 this then implies that

At,
/QZ”POHLOO(Q) (rr +(x7tn)) de =0

Thus, we deduce that, for any n =1,..., N, (3.34) must hold. ]
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Therefore, we can drop immediately the upper cut-off parameter L in (3.33), by choosing

L > ||pollzo<(q) and consider the problem

Find p2!(-,t) € V = HY(Q) for t € (0,T], such that

()
A
/ /8p tédx— / /VpA” Vcbdx+/ / AT A(2)VeAT . Vodr  (3.40a)
for all ¢ € L*(0,T;V), (3.40Db)

subject to the initial condition p2(z,0) = p°(x) for a.e. € Q, where c§t7+(', t) € H(Q) for all
€ (0,7T] and satisfies
—LXET () = (290 (1) i Q,

for all t € (0,T7.

We can now start to derive a bound that is uniform in A¢. Our candidate test function will
be ¢ = x[04G’ (pAt), where X0, denotes the characteristic function of the interval [0,¢]. We
recall that rG”(r) = 1 for all r > 0.

Thus, we take a € (0,1) and we choose ¢ = ><[()7,5]C¥’(,()M’+ +a), witht=t,,ne{l,...,N}.
We have

o At T
/ P X[ (P2 + o) dz dt + / / VRt Vx4 G (P2 + o) dz dt
0 Jo O 0 Jo
@ @
T
= / / pPET A(z)Veht T VX[O,tn]G'(pAH' + a)dzdt.
0 Q

®

Let us now manipulate the three terms one at a time. Terms () and ) are treated as we did in

the corresponding derivation in Section 1.3.

For the third term we have

tn
@ = / / ,OM’“LG”(pAt’+ + a)A(x)VcAt’+ . VpAt’+ dzdr

fn phtt At + At +
V=T . V=T dedr.
/ /me++a Ve rooe

Putting everything together we therefore have that

1
G At,+ t d / / AtJr At,72d d
/ (x,tn) + @) x+2At Tollim ¥ ) )*dxdr
tn At+2
/ /|Zf+ | dx dr
Qp +a
tn At—i—
/ /Q prS s (2) Vet vpAh T da dr

S/QG(p () + o) de.
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We can now pass to the limit as a — 04 to obtain the following bound for n = 1,..., N, which

is uniform in At thanks to (1.29):

1 fn
G(pAtH (z,t,)) da + / /(pAt’Jr — pA) 2 dedr
/Q ( ) 2At lpollpe() Jo  Ja

tn 2 tn
+ 4/ / Vv pAbt| dzdr — / / A(z) VAt . Vphht de dr
0 Q 0 Q

(3.41)
géawwwgécme

Finally we notice that
[ AV ,6) T8 ) do = (LR () (2)°).
Q

Therefore, in case (K1), @ = 0 a.e. in 2, the whole of the above expression is nonpositive and
hence the term — [, A(2)VeAbT (z,t) - VpAhT(z,¢) dz in (3.41) can be discarded. Therefore,
from (3.41), we have, for n =1,..., N, that

1 b
G (x,t,)) dz + / / PPt — pAE T2 dedr
/Q ( (#,tn)) 2At | poll oo () Jo Q( )

tn 2

+4 / / ViV pAht| dzdr (3.42)
0o Ja

< [ Gl da.

Q

Using property (1.29) we can supplement the above inequality with additional bounds, as

we did in Section 1.3, and have

T
4/ / V/ At(,1)
0 Q P

here and henceforth C) stands for a generic positive constant, independent of At.

2
dzdt < Cy; (3.43)

Notice that in this extended setting, obtaining a uniform bound on the norm of ¢+ is not
as straightforward as in Section 1.3. If we proceed as in Section 1.3, by choosing *X[o,tn]CAt’+

as a test function in (3.40a) and recalling (1.42) we have, for each n € {1,..., N}, that

tn At\o
_/ / McAt7+ d.’L' dT
o Jo O
tn tn
+ / / pAt’+A(.%')VCAt’+ . VcAt,—i— drdr = / / vat,+ . cht,-l- dz dr,
0 Q 0 Q

however the term on the right-hand side of the above expression no longer has a fixed sign

At+ is not achievable in this way.

and deriving a uniform bound on the norm of the potential ¢
Nevertheless, the restriction on the fractional order s € (1/2,1) and similar observations to the

ones of Remark 3.9 can give us control on the gradient of ¢*** in terms of the L?(0,T, L*(Q))
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At,+)<>

norm of (p , which will allow us to perform the passage to the limit in At for the potential

as well. In fact, we have

/|V0At+| d:L“< C(,CNCAtJr At, +) C(El 5( At+) 7LR}S(pftJr) )

:Owl 220, (o))

_CZMl 28 At—i— ) <C,Ufl QSZ((p%t+) )k
k=1
ZCM% 28\\(0?“) 1720 (3.44)

We shall assume throughout the rest of the section that the test functions belong to the
function space L?(0,T, Wh%°(£2)). Our objective is, as in Chapter 1, to derive a (uniform in
At) bound on the time-derivative of pt in terms of the L2(0,T, W1°°(Q)) norm of the test
function, to apply Dubinskii’s compactness theorem. From (3.40a) we have that, for a test
function ¢ € L2(0,T, W1>(Q)),

bl pAt

T T
pdzdt| < / Voot . Ve dadt| + / / PP A(z) VAt Vo dadt] .
Q 0 Q

D @

We recall that we have

PP >0 ae on Qx(0,7), and
1
/ pPE () =1 for ae. t € (0,T).
9] Jo

Moreover we notice that the bound on the first term on the left-hand side of (3.42) gives us a
(uniform in At) bound on the L>(0,T; L'(2)) norm of p”t*, because the function r € [0, 00)

G(r) € [0,00) has superlinear growth as r — +oo.
1

The term (D can be bound by (fo HV@Z)HLOO dt) as we did in Section 1.3. For the term
@ we use the Cauchy-Schwarz inequality combined with (3.34), and the uniform ellipticity of
A(z) and (3.44), in order to get

T 3
@SC*</O HV¢HQL°°(Q)dt> :

By combining the bounds on the terms (1) and @ and noting that by the Sobolev embedding
theorem H9*1(9) is continuously embedded in W1*°(Q) for d = 2,3, we then have that

. : . :
sc*( / rwnim(mdt> sc*< / ||¢u§{d+l<mdt>- (3.45)

We are now ready to take the limit as At — 0;. Our main tool to this end will still be

Dubinskil’s compactness theorem in seminormed sets, that has been introduced in Chapter 1.
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We collect the At-independent bounds (3.42), (3.43), (3.45) and the bound (3.44); we have

shown that there exists a constant C,, independent on At, such that

sup /G At (1)) da +/ / At _ pALTY2 g dt
t€(0,7)

\/7 T apAt 2 (346)
Vi/pAteH) | dzxdt +/ dt < C,,
|19t < Gl (3.47)

Theorem 3.11. Under the hypothesis that Q = 0 a.e. in Q (case (K1)), there exists a sub-

sequence of {p~F) Y arso (not indicated) and a function p such that
peL®0,T,L>Q)NH 0, T,H (), B=d+1,

with p > 0 almost everywhere on Q x (0,T) and ﬁfﬂ plx.t)de =1 for a.e. t € [0,T], and
c(,t) € HE(Q) N HY(Q) defined as —L{(-,t) = p°(-,t) in Q for t € (0,T] such that, for all
p € [1,00),

pAE) 5 5 strongly in LP(0,T; L' (Q)), (3.48a)
v\/,m — VP weakly in L*(0,T; L*(Q; RY)), (3.48b)
3gtAt — (ij weakly in L?(0,T; H-P(Q)), (3.48¢)
PR 5 5 weakly-+ in L>=(0,T; L>®(Q)), (3.48d)
pAE) L 5 strongly in LP(0,T; LP(Q2)), (3.48¢)
At L8 strongly in LP(0,T;H*(2)), (3.48f)
VAT o ve weakly in L?(0, T; L*(; RY)). (3.48g)

The function p is a global weak solution to the problem

/ / d:vdt—l—/ /Vp Vodrdt — / /pA )Ve- V(;Sdscdt—/po @|t=0 dx

(3.48h)
for all p € WH(0,T; H(Q)) such that ¢(-,T) = 0.

In addition, the function p is weak-+ continuous as a mapping from [0,T] to L*°(Q) and it is

weakly continuous as a mapping from [0,T] to L*(9).

Proof. The proofs for the convergence results (3.48a)-(3.48¢) follow the same arguments as those
used to prove (3.48a)-(3.48¢) in Theorem 1.21, using the uniform bounds (3.46). Then, (3.48f)
follows directly from (3.48e), (A.3) and (A.13c); that is,

T T
|10 ~ 0 g at < € [ 1080 = 501
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for all p € [1,00).
Let us now consider the L2(0,T; L(€;R%)) norm of Vc2b+. By the inequality (3.47) we

T T
/ / VA2 da dt < c/ /((pAt’+)°)2dxdt
0 Q 0 Q

and thanks to the uniform bound on the L2(0,7; L?(R2)) norm of p~* from the convergence
(3.48¢) we have that the L2(0,T; L?(Q;R%)) norm of the gradient of ¢** is uniformly bounded
and therefore Vb T converges weakly to an element that we call H, as At — 0,. By (3.48f)
with s = 0 we have that Vc2b* converges strongly to Vé in L2(0,T, H~(; R?)), but then V&

have

must coincide with H because of the uniqueness of the weak limit.

We now want to use the convergence results we have just proved to pass to the limit as
At — 04 in equation (3.40). Throughout the argument we will consider test functions ¢ €
C1([0,T]; C*(9)) such that ¢(-,T) = 0. Note that the set of all such test functions is dense in
the set of functions belonging to W1(0,T; H?()) and vanishing at ¢ = T' (in the sense of the
trace theorem in W11(0,T)), which is continuously embedded in L?(0,T; H5()); therefore the
use of such test functions is justified for the purposes of our argument.

For the first and second terms in (3.40a) we use the same procedure as in the proof of

Theorem 1.21 to deduce that, as At — 0,

T o At T ,\a
/ / gi ddzdt — _/ /pai5 dxdt—/ﬁo ¢|i=o dzx,
o Jo 0o Ja Q

T T
lim / /VpAt’Jr-VgZ)dxdt:/ /Vﬁ-qu da dt.
At=04+ Jo Jo 0o Ja
Let us consider the final term in (3.40a). By (3.48g),

VAt Ve weakly in - L2(0,T; L2(Q; RY))
and therefore A(z)VeAhT — A(z2)VE weakly in L2(0,T; L?(; R?)), as At — 0,
T T
/ / A(z)VAT . Vo drdt = / / VAT . A(z) Ve de dt
0o Jo 0o Jo
T
— / / Ve A(x)Vedadt
0o Jo
T
- / / A(z)Ve- Ve da dt,
0 Q

by the fact that if V¢ € L2(0,T,L?(2)) then A(x)Veé € L2(0,T, L*(Q)), thanks to A being
bounded in L>®(Q). Moreover, by (3.48¢), p~tt — p strongly in L*(0,T; L?(Q)) and thus it
follows that pAtT A(2)VeAtt — p A(2)VE weakly in L1(0, T; L' (©; R?)). Therefore

At—04

T T
lim / / pPETA(2) Vet - Vo da dt = / / pA(x)Ve-Vedadt
0 Q 0 Q
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for all ¢ € C1([0,T]; C>=(Q)).

Putting these convergence results together, and noting that C*([0,7]; C°°(9)) is dense in
the function space WH(0.7; H?(Q)) with 8 = d + 1, we get (3.48h).

The proof of the weak-* continuity of the function p as a map from [0, T'] to L>°(€2) is identical
to the proof of Theorem 1.21. O

Remark 3.12. In conclusion, we highlight that the whole argument for passing to the limit
At — 04 has been possible through (3.34). If one could establish also in case (K0) (nonvanishing
Q) a similar L () uniform control on the semidiscrete numerical approximations pft(’i) (up
to a positive multiplicative constant, possibly depending on [|Q||r (o)) this would yield an
immediate extension of the previous proof of convergence as At — 04. As noted previously, this

fact, strongly suggested by numerical experiments, remains an open problem for future research.
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Much as the draft turns into the sketch and the sketch into the painting
through the serious work done on it, through the elaboration of the
original vague idea and through the consolidation of the first fleeting
and passing thought.

Vincent van Gogh (1853-1890), “Letter 133[F] July 1880”

Finite elements with weighted bases for the integral
fractional Laplacian

In this chapter, we focus on the integral definition of the fractional Laplacian (4) that we
have presented in the Introduction and the fractional Poisson equation, paired with a Dirichlet

condition suitable for this definition, that is given by

{(—A)SU(Z) = f(z), zeq,

wz) =0, xzeRI\Q, “1)

with  a bounded open subset of R? and f € L>®(Q). We will refer to (4.1) as the fractional
Dirichlet problem.

We recall that as(-,-) is the bilinear form defined in (5) associated to the integral definition
of the fractional Laplacian, the related fractional order Sobolev space H*(R%) is defined via

1/2

(6), and the associated seminorm is |w|psgay = as(w,w)/*. We point out that we have the

following integration by parts formula

[ #@) Ay v ds = a(.w)  forall 9,5 € CF(RY,

In this and the following chapter, for ease of notation, we will denote by V' the following
space:

V = {w € H*(R?) such that w = 0 in R?\ Q}. (4.2)

— s

We also define the trace spaces for s € (0,1) as H§(2) = CgO(Q)H . The fractional Poincaré
inequality

[ullz2(0) < Clul gs(ray, for all u € V, (4.3)

(see [88]) ensures that the seminorm | - |js(ga) is in fact an equivalent norm on V.
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The problem (4.1) can then be written in weak form as follows:
Find u € V such that as(u,v) = / f(z)v(z)dz for all v € V. (4.4)
Q

The existence and uniqueness of a solution u € V' to (4.4) is guaranteed by the coercivity and

continuity of the bilinear form as(-,-) and we refer to [5, Section 2| for a discussion on it.

Remark 4.1. We report two choices of the domain 2 and the right-hand side f for which an
explicit solution to (4.1) is computable. The two examples are both insightful and they will
be used in the numerical experiments of our method. In fact, the first example falls under our
hypotheses for every s € (0,1), while the second does not, but it still constitutes an interesting
case to discuss.

When Q = Br(zo) and f = 1, an explicit solution to (4.1) is given by

I'(d/2)
225T((d + 25)/2)T(1 + 5)’

u*(z) = cas (R2 — |z — x0|2)8 , where cq s = (4.5)

for € Q (see [109, 36]).

On the unit ball, = By, the authors of [42], using Fourier transform techniques, computed
the corresponding right-hand side of (4.1) when the solution u is u(x) = (1 — |z|?)y; this is given
by

) = (=A)°ule) = s F(j T rxP), (4.6)

where 9F denotes the Gaussian hypergeometric function. We observe that, for s > 1/2 and
d =1, one has that f ¢ L>(0Q).

There are different reasons for which the integral fractional Laplacian and the Dirichlet
problem (4.4) are more difficult to treat both from an analytical and numerical perspective
than the spectral fractional Laplacian. The presence of a singular kernel in the definition (4)
and in the corresponding bilinear form (5) constitutes the first challenge for any numerical
approximation of it. Moreover, as we mentioned in the Introduction, there is a significant
difference of regularity between the solution of a Dirichlet problem that is defined using the
integral fractional Laplacian and the spectral fractional Laplacian: for the former the solution
behaves like d§, in a neighbourhood of the boundary 92, where dq(x) = dist(z, R?\ Q), while for
the latter the solution behaves simply as dg. This substantial difference in regularity affects the
convergence of finite element methods that have been developed for the problem (4.4). Important
contributions [5, 4] that used piecewise linear basis functions on polygonal domains, report that
convergence rates for these methods, in the s-fractional Sobolev-Slobodeckii norm, are at best
approximately h%, where h is the diameter of the mesh triangles. More precisely, under the

additional assumptions that f € C’%_S(Q) if 0 < s <3 and feCPQ) for some 8 € (0,2 — 2s)
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if % < s <1, [5, Theorem 4.6] states that the piecewise linear finite element approximation wuy,

of the weak solution u to problem (4.1) satisfies the following estimate

C h'/?|log h| 1l gy-ey i 5 €(0,1/2),
u—up|gsay < § ChV2oghl[|fll ey, if 5 =1/2, (4.7)

C R 2llog 12| flloay, if s € (1/2.1),

where C stands for a positive constant. The sublinear convergence rates are due to the regularity
of the solution u, which is at most u € H S+%_5(Q) for small € > 0 because of its behaviour at the
boundary (we refer the reader to |5, Proposition 3.6 and Proposition 3.11] and to [1] for a recent
result of this type and [104, Section 2.7| for a summary of the related regularity results). The low
regularity of u makes higher convergence rates difficult to obtain using a standard piecewise linear
basis that is normally used for solutions that are at least once weakly differentiable. Furthermore,
[5, Theorem 4.9] demonstrates that when graded meshes are employed, the convergence rate of
approximately h3 can be improved up to an almost linear rate, proportional to V. }: a |log N, ,: a \1/ 2,
for s € (1/2,1), where N}, is the degrees of freedom (recall that in the case of uniform meshes
Nj, ~ h™%). The study of H! rates is done in [45] for s € (1/2,1) and, under additional
assumptions on the right-hand side datum f, in the same paper the authors show for dimension
d = 1 that graded meshes allow for H®-rates of order h>~* (see [45, Remark 4.5]). In [42]
the authors improved the convergence rate to h*~*|log h| for x € (s,3/2), under the additional
assumption that the solution to (4.1) possesses higher regularity at boundary. For example,
when u(z) = (1 — |z|?); with Q = By (the solution to (4.1) for f given by (4.6), see [42, Section

% in the s-fractional Sobolev—Slobodeckil norm can

8.1]), the higher-order convergence rate h3~
be achieved using piecewise linear basis functions. The assumption of [42] on the regularity
of u, however, does not always hold for a general right-hand side f € L*(€2). Recently, [101]
established local interior error estimates of order up to h?~* (see Corollary 2.4 therein), showing
that the dominant errors associated with piecewise linear basis functions are indeed concentrated
near the boundary. This observation further supports our approach, which is specifically designed
to mitigate this primary source of error.

We also mention that hp-FEM has recently been applied to this problem. In [12, 102] the
authors prove exponential convergence with respect to the number of degrees of freedom for
hp-FEM, in d = 1 and d = 2 respectively. The implementation of Ap-FEM for this problem
is notoriously sophisticated because of several aspects, among which are the use of meshes
with anisotropic geometric refinement towards the boundary and an exponentially accurate

quadrature rule for the bilinear form as(,-); in [13] the authors provide an implementation for

the one-dimensional setting.

The method that we present in this chapter builds on the observation that, intuitively, if §

denotes a smooth approximation of the distance function dg, then the quotient u/d° exhibits
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significantly better regularity up to the boundary, provided that both f and the domain €2 are
sufficiently smooth. This regularity theory has been developed through a series of contributions
[152, 114, 155, 156, 157, 1, 3]. The example (4.5) in Remark 4.1 well illustrates the high regularity
of u/d¢,. Motivated by this fact, we construct a tailored finite element basis that captures
the improved regularity of u/d°, thereby achieving higher-order convergence rates than those
available in the existing literature. The idea is to use a basis of the form 6% x (piecewise linear
functions). In fact, one of the key advantages of the finite element method is its effectiveness
in approximating smooth functions and our method takes advantage of this well-known fact in
order to approximate u/d° and subsequently, knowing §*¥, the solution u itself. This consideration
motivates our strategy of approximating u/d° rather than u directly.

We mention that specialised finite element bases have been employed in other contexts, such
as acoustic and electromagnetic scattering, to mitigate the growth in the number of degrees of
freedom required by standard finite element methods to maintain a given accuracy. We refer
the reader to [68, 69], where products of piecewise polynomials with plane waves were chosen,
or to [113], for oscillatory basis functions capturing the high-frequency solution behaviour in a
transmission problem.

The advantage of this approach is that we can obtain improved convergence rates, without
requiring higher regularity of u, but rather assuming that f and 2 are sufficiently smooth, which
is sometimes the case in applications. Assuming sufficient regularity of the right-hand side f
and the domain €2, we obtain convergence rates of order h?~*|log h\% in the s-fractional Sobolev-
Slobodeckil norm for s € (0, 1), improving all previously reported results in the literature. Using

Aubin-Nitsche duality, we also obtain L?-rates of higher order than our H*-rates.

4.1 Generic regularity of the solution to the fractional Dirichlet
problem

For o > 0 let us denote by W*°(Q2) the Holder space of order «
Wa,OO(Q) — C[cﬂ—l,a—fo[\—l—l(ﬁ).

We recall that Morrey’s inequality guarantees that for all o« > 0 we have H otg (RY) C W (RY)
(cf. [133, Theorem 7.23| for example).

We now present the regularity theory for the solution of problem (4.1), that we will use for
the design of our finite element method.

Given the distance function dq(z) = dist(x, R¥\ Q) for z € R?, we consider modified distance
functions ¢ satisfying for some ¢, cq > O:

5 € C®(Q) NW>(Q) with Ldy < 6§ < edg in R? and

(4.8)

(a7
‘ <88> 5‘ < ¢a6° 71 in Q for all multi-indices o with || > 0.
x
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By its definition, do vanishes identically on RA \ ©, and the two-sided bound %dg < 6§ < cdg
in (4.8) forces 6 = 0 outside of Q. Accordingly, we always understand  to be extended by zero
outside of 2, and the smoothness imposed in (4.8), and used in the regularity results below, is

interior only.

Remark 4.2. The existence of a function ¢ satisfying (4.8) can be ensured under regularity
assumptions on the domain 2. More precisely, a natural choice in general domains can be found
in [1, Lemma A.2] under the assumption ¢ > 1 and ¢ ¢ N and 9Q € C*! with k € N, ¢ € (0,1)
and k +t = o; with these hypotheses the function ¢ is shown to be the solution of

{—Aé(w) =1, ze€Q, (19)

5(z) =0, =€ 0.

In some scenarios, there are simpler ways of obtaining a suitable function § rather than solving
(4.9). For example, if 2 = Br(z¢), we can choose §(x) = R? — |z — z¢|? or §(z) = R*— |z — zo|*.

We anticipate that we will often take the latter for the numerical experiments.

We recall that a domain €2 satisfies the exterior ball condition if there exists a positive radius
such that, at every point of 0€), there is an exterior ball of that radius tangent to 02 at that
point. Using super-solution arguments, it was shown (see [152, Lemma 2.7]) that, for a bounded
domain Q) satisfying the exterior ball condition, the solution u of problem (4.1) satisfies the

following estimate:
[u(x)| < O fll Lo () da()’, for all f € L™(Q). (4.10)
Moreover, explicit estimates for the Green kernel (see [72]) yield

ule) = cda(e)® [ F0)doy)® dy. forall £ 20 (4.11)

Thus, u behaves like d, for nonnegative and bounded f. In [152], it was proved that if f € C%(§2)
with small a > 0, then u/d, € C*4(Q). Similar result for arbitrary o > 0 was later established.
In particular, [1, Theorems 1.3 and 1.4| proved the following higher regularity result, valid for a
regularised distance 0 satisfying (4.8) with o = v + 1:

u

e fech Q) = 53

e W7 (Q), for all v > 0 such that v,y + s ¢ N.
(4.12)
We also mention [114, 3] where it is proved that if @ € C* and 6, f € C*°(Q) then u/6° € C>(Q).

4.2 Weighted finite element method

We now introduce the notation and the construction of our finite element method for the frac-

tional Dirichlet problem. As (4.12) shows, our approach will rely on the regularity of the domain
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Q. however standard finite element methods are usually based on polygonal or polyhedral do-
mains, no more regular than Lipschitz. We circumvent this problem by defining a triangulation
that mesh a slightly larger domain €.

Given a domain €, let us consider a sequence (7j)p>0 where each Tj is a set of simplices
(i.e., intervals if d = 1, triangles if d = 2, and tetrahedra if d = 3) that satisfies the following

properties:

e QC UKeThF and for K € T;, we have K N # 0; we define

Qh = U F s
KeTy,

namely the interior of the union of the closures of all simplices;

e for K € Tp, we denote by hx = diam(K) and {x the diameter of the largest sphere
inscribed in K. We assume that there exists a constant ¢ > 0 such that maxgc7;, }g—;{( <g

in this case, we say that the triangulation is shape reqular;

e there are constants ci,co > 0 and there exists h > 0, such that cih < hx < coh for any

K € Tp; we say that the triangulation is quasi-uniform;

e any face of any simplex K € T}, is either a subset of the boundary 0, or a face of another

simplex; we say that such a triangulation is conforming.

We call this set of simplices an “over-triangulation” of ). Given an over-triangulation 7 we
define
PL(73) := {v, € C(Qp) such that vy|x € P* for all K € Tj,}.

We notice that, when d > 1, if © is regular then Q2 C €y, see Figure 4.1. Let us also introduce
the notation
O°PL(Tp) = {0%vp, : vy, € PL(Th)}.

The multiplication by 6° disregards any information outside Q (we recall that dg () = dist (2, R\

2)); this is a reason for which it is technically convenient to over-mesh the domain.

Figure 4.1: Example of over-triangulation.
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We want to set up a finite element method for problem (4.4). Given a regularisation § of the
distance to the boundary function dg (see (4.8)), and an over-triangulation 7y, we consider the

finite-dimensional subspace of Hj(£2) given by
Vi, := {v: R? = R such that v|q € §°PL(7},) and v = 0 in R?\ Q}. (4.13)

Let us also define Nj, = dimV},. We denote by {Pj}jyzhl the vertices of all simplexes K € Tj,
(including those lying in 0€2,). Therefore, the canonical basis of PL(7},) is given by the piecewise
linear functions ¢; such that ¢;(P;) = d;;. Then, the canonical basis of the space V}, is made of
the functions (; = §°¢;. When we use the basis {Ci}fv:hl, we will refer to the resulting numerical
method as the weighted finite element method, or WFEM for short. Notice u/0® may not vanish
on J€2, so we need to include the nodes P; € 9),.

The most common FEM approach for the Dirichlet problem is considered on exactly-meshable
domains ©Q = Qy, (see, e.g., [5]). In that case 0f) is no better than Lipschitz, and can be ex-
pressed in terms of our notation as {2 = €2,. In this case, the standard approximation space is
VFEM .= PL(T,) N WOI’OO(Q) and the canonical basis of this space is {¢; : P; € Q}.

In order to highlight this difference, we discuss the case Q@ = (—1,1), and consider h > 0.
We denote the points P; = —14 (¢ — 1)h for i = 1,..., N;. We can write the basis for standard
FEM for the Dirichlet problem as

V;FEM = span{d)Q, ceey qf)Nh,l}.

The WFEM approximation space is

Vh = Span{53¢1, e ,(5S¢)Nh}.

We show the comparison between the two bases in Figure 4.2. In order to handle homogen-
eous Dirichlet boundary conditions in the standard FEM, the piecewise linear functions centered
at points located outside the interior of the domain €2 are not included in the basis. In contrast,
for WFEM, these functions are also part of the basis. Heuristically, this can be understood by
noting that the approximation is performed on the quantity u/d°, which, in general, does not
vanish on the boundary 9€). In this sense, the basis used in the WFEM for the homogeneous
Dirichlet case can be obtained by multiplying by ¢° a basis that would correspond to the Neu-
mann case in the standard FEM. For this reason, in Figure 4.2, we depict some basis functions
for WFEM corresponding to different functions ¢ and we compare them to the standard FEM
basis functions in case of a Dirichlet and Neumann boundary conditions.

With this notation, we define the associated finite element approximation problem as follows:

Find uy, € V}, such that as(up,vy) = / f(z)vp(x)dx  for all v, € Vj,. (4.14)
Q
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Figure 4.2: FEM and WFEM basis function on Q = (—1,1) for s = 0.2 and h = 0.25

Since the bilinear form a,(+, -) is coercive, applying the Lax-Milgram theorem yields well-posedness

of (4.14). In practice, if {Q}f&l is a basis for V}, problem (4.14) is equivalent to
Find uy, € V3, such that as(up, () = / f(z)G(x)de foralli=1,..., Np. (4.15)
Q

Since uy, € V3, one can write up = vazhl U;(; and then (4.15) is equivalent to computing the

vector U, solution of the linear system
AU=F, A eR™WN (A =ai(G),  FeR™, F=(£G).  (416)

We remark that for WFEM the rows and columns of A, corresponding to nodes lying outside
Q) contain only zeros. At the level of implementation, these rows and columns, together with

the corresponding entries of the load vector F', are therefore removed before (4.16) is solved.

4.3 Convergence results

We present in this section the convergence rate in h of the numerical method (4.14) based on
weighted elements.
In order to prove some of our results, we need to extend Holder functions from €2 to €, and

R?. To this end, let Br be a ball such that

Qc 97]1 C Bg.
Let © be such that 9Q € C%'. For any u € (0,2] consider a linear extension operator E,
satisfying

E, : W (Q) — WH[R?Y), E,u=uinQ, supp{E,u}C Bg, 417)
[ Epullwueemay < C llullyuee gy, for some constant C' = C(d, p, 2, R). .

The existence of such an extension operator can be found in [166, Chapter VI, Theorem 3] and

[111, Lemma 6.37|]. We point out that in the construction of [166] £, = E; for all x € (0,1].
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Furthermore, F; : C(Q) — Cy(R?). Lastly, let us introduce the restriction rq such that rou =

The following fact will be needed for the convergence results.
Lemma 4.3. Let s € (0,1), 9Q € CY and 6 satisfy (4.8) with o = 1. Then Vj, C V.

Proof. Let v € Vj,. By definition v = 0 in R?\ Q. Let us now check that v € H*(R?). Clearly,

1
vl L2may = [[v]lL2@) < 12 [[V] Lo (ray-
On the other hand, we can write v = 0* Eyrqw for some w € PL(T;,) € Wh*°(€2,). Thus,
|U‘HS(R‘1) = |55E1W|H5(Rd)
< N6 | poo may | E1W| s (maty + 10°| s (may | Exw || oo (ma)

Clearly [|0°|| oo ey, [[ E1w|| oo (ray < +00 and due to Lemma B.1 we have |6°| s (gey < 00. Finally,
we note that, by the properties of the extension operator F; and the standard interpolation

inequality (see [137]), we have that
vl < COIE0 5| vl ey < Clo, BBl 5 | Bl ey < +50,
where C(s), C(s, R) are positive constants and R is the constant in (4.17). O

As usual in the finite elements setting, we rely on the following Céa’s lemma to prove the

desired convergence result.

Lemma 4.4 (Céa’s lemma). Let s € (0,1), 9Q € CH! and § satisfy (4.8) with o = 1. Let also
u be the corresponding solution of (4.4), let Vi, be given by (4.13), and let uy be the solution of
(4.14). Then,

- s — i - s . 418
[u — up| s (ray Uinelghw Un prs (me) (4.18)

Proof. We recall that V3, C V' as shown in Lemma 4.3. The inequality > in (4.18) holds because
up € V. Let vy, € Vj,. For any wy, € V), we can use the weak formulation to deduce that

as(u — up, wp) = as(u, wp) — as(up, wp) = fQ fwp, — fQ fwp, = 0. Therefore, we have that

lu — uh’%{s(md) = as(u —up,u —up) = as(u — up, u)

= as(u —up,u) — as(u — up, vp) = as(u — up, u — vy).
Using the Cauchy-Schwarz inequality we have that
2
lu — uh|H5(Rd) < u — up|gs (raylw — vnl s ray-

If |u — up|ps(ray = O then (4.18) holds trivially because |- |say > 0. If [u—up|gs(gay > 0 then
we can divide by |u — up| s (gay to prove the < part of (4.18). O
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In order to build a suitable competitor to apply Céa’s Lemma and obtain the desired orders
of convergence, we need to define a suitable interpolant. More precisely, let I : C(R?) —
PL(T5) € W1>(Q},) be the piecewise linear interpolation obtained by sampling at the vertices
of the simplices in 7;,. We define, for u € (s,2], the map J, : 65WH>(R?) — V}, by

th =6° ElTQIhEu (4.19)

55
We do not include the dependence on p in the definition of Jp, for the sake of clarity. Notice

that since E,w = w in Q for any «, for any a > 0 we have that

Jpv = 6°E, TQIhE,u(;

The aim of Jjv is to give a correct meaning to 6°I}, 5, where v/° is only defined in €2 but not
in €y,

We now show that the interpolation operator I} is bounded in W for « € (0, 1].

Lemma 4.5. Let w € W®(R%) for a € (0,1]. Then,
[Hhwllwe.e (@) < Cllwllyacera),
where C' depends only on «, £, and the mesh regularity constant of Ty.

Proof. First, assume that w € W1(RY). A trivial computation yields that, for all ¢ €
W (R,
[1hdll Lo () < r%ax|¢|, VLol Lo () < Cr%aX Vo), (4.20)
h h

where C' stands for a positive constant that does not depend on h. We observe that the operator

Th:EloT‘QOIh is
Ty : Cy(RY) — L®RY),  Tj, : CHRY) — WHe(RY).

Applying the K-method of function space interpolation [137, Theorem 1.6, Example 1.8, and
the result after proof Example 1.8] with T}, : W (R?%) — W*>(R?), we have

HThHE We,00 (RE) W es00(R)) < C(a d)HThuﬂ (Cp(R4),Lo° (R4)) HThuﬁ C}(RE), W10 (R4))

where £(X,Y’) denotes the space of all linear bounded operators from X to Y and C(«,d) is a
positive constant depending only on a and d. The right-hand side of the above inequality can

be then bounded independently on h by (4.20). Therefore, we can write
[ Tpw||waco@) < [|E1Talpw||yace ) = IThw|[wecemey < Cllwllya.ce ey O

Thus, we can derive a W norm convergence rate for the interpolation operator Ij,.
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Lemma 4.6. For a € (0,1] and p € (, 2] we have that, for all w € WH*(R?),
[w = Thwllyya,co @) < CAHwllypucera),
where C' depends only on «, u, 2, and the mesh reqularity constants of the triangulation.

Proof. First, for w € W*°(R%), we apply [74, Theorem 3.1.5|, estimating interpolation error
on every element and then passing from local interpolation error to global interpolation error,

to show the result for integer values «, p, i.e.,
lw = Iywl oo (o) < CRZlwllw2oou)s 1w = Tnwllypree ) < Chllwllw2e(qy),

where C' depends only on the mesh regularity constants of the triangulation. Let n € C§°(R%)
with support By. We take n.(x) = e 9n(x/¢). Let we = ne * w. We have the estimates

[wellw2.ooay < Cpet 2 wllicomay, [0 = wellwaemay < Crpe *lwllpumomay, — (4.21)

for a positive constant C;, > 0. Now we observe that for a € (0, 1] we have

(0%
u(z) — u(y _ u(z) — u(y
‘U’Wayoo(gh) = sup ‘ ( ) i )| = sup \u(x)—u(y)\l a ’ ( ) ( )’
z,yeNy ‘IL‘ - y‘ z,yeNy |CIZ - y|
v v (4.22)
1- 1-
<210l
Now we can use interpolation, applying (4.22), to deduce that, for o € (0, 1],
w — Thw|ywoc(a,) < CR** w2 ,)- (4.23)

As a last step, we interpolate on the right-hand side by using convolutions recalling the rates

(4.21). We can write using Lemma 4.5 that

”U} — IhQ,U’Wa,oo(Q) < |w — wE|Wa,oo(Q) + \we — IhwE’Wa,oo(Q) + |Ihw6 — Ihw’Wa,oo(Q)

< C]w — U}E’Wa,oo(g) + |w€ — Ihwe‘Wa,oo(Q).

The first term on the right-hand side of the above expression can be controlled using (4.21) by
Ce'=||w|lyyuoo(ray. We estimate the other term also using (4.21) together with (4.23):

e — Tiawelypoe ey < B2 ellwzoe(an) < A2 ol ypmos
Taking € = h completes the proof. O

We prove now the order of approximation of a suitable competitor.
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Lemma 4.7. Let s € (0,1), 00 € CYY, u € (s,2], and let § satisfy (4.8) with o = max{1, u}.
Let also v € §°C(Q) such that v/5* € WH>(Q). Then, for all a € (s,min{yu,1}], we have that

< G
v = Jhv|gs (ray < Jo s

with C1 = C1(Q,d, s, ) > 0. In particular, we have that

R o/ lwee (), (4.24)

1
[v = Jnvlprsay < C2h#*[log h|2||v/6%[lwiee (), (4.25)
with Cy = Cs(Q,d, s, 11) > 0.
Proof. Let us first note that we can write
v — Jyv = 0° Baro By — 5 = 0" EaraluB, 5* = 5° B ( wss — Iy 55)
Therefore, for all a € (s, min{y, 1}], we can use Lemma B.2 to get

[ — Jpv| s (ray < [|16%]] Loo (may

Earg (Euzs = s )| e

10 iy | Bara (Bgs = InBigs )| i
SV o (gt~ ) s

+ 0% prs (e ‘Eﬂés IhE“gjs Wesoo ()

09| 1 oo

+ 0% s (ra) ‘Euﬁ - IhE“% W00 (Q)

P 5% gy
- 16°]] (Rdc)):L (e ‘EH%—IhE“% weso (@)’

where we have used the symbol < to express that the inequality holds up to a positive constant

that depends only on €2,d, s and p. Due to Lemma 4.6 we have that

(Y

55

_ v

< pl—a
Wa,oo(Q) ~

v
HEMS By ~

W;L,oo(Rd) WIMOO(Q) '

The proof of (4.24) is completed. For (4.25), it is enough to take the sequence o = s + m
for h small enough such that aj € (s, min{p, 1}], and use (4.24). O

We are now ready to present the main convergence results. First, in Theorem 4.8 we prove
a general error estimate in H*(R?) seminorm, depending on the regularity of u/é° and the
boundary of the domain 9€). Subsequently, we apply the result, under suitable regularity of the
domain and the right-hand side f, to obtain Corollary 4.9. Finally, in Theorem 4.11 we obtain

an error estimate in the L?(€2) norm as well.
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Theorem 4.8. Let s € (0,1), 00 € CYY, € (s,2], and § satisfy (4.8) with o = max{1, u}.
Let also u be the corresponding solution of (4.4), assume that u/§* € WH>(Q), and V}, be given
by (4.13) and let uy, be the solution of (4.14). Then, we have that

—S 1 S
u = unlpsray < CR*®[log 2 [Ju/6° lwu.(q), (4.26)

where C' > 0 is a constant independent of h. In particular, the mazimal order h*>~%|log h|% 18

achieved if p =2, i.e., u/§* € W2>(Q).

Proof. 1t is enough to combine (4.18) with the competitor estimate of (4.19) and (4.25) to get
[u — up| s (ray = U;Ielgh [u = vp|gs(ray < |u — Jpulgs(ray,

and hence we arrive at the desired error estimate (4.26). O

Corollary 4.9. Let s € (0,1), v € (s,3) such that v,v £s ¢ N, f € WI™5%(Q), 0Q €
C N CYY) and suppose that (4.8) holds with o = v+ 1. Let u be the corresponding solution
of (4.4), Vi, be given by (4.13), and uy be the solution of (4.14). Then, we have that

. 1
lu — Uh’Hs(Rd) < Chmm{zfs’yis}”()g A2 fllw-s.c0 () (4.27)
where C' does not depend on h.

Proof. Let us first notice that by [152, Proposition 1.1] we have u € C*(R?) and

[wllyysoo(may < Casllfllzoe (@), (4.28)
where Cq , is a positive constant depending only on the domain €2 and s. Applying the results
of [1], summarised in (4.12), we have u/§* € W7 >°(Q) with the inequality

/6% lwee () < Cadsy ([ fllwr—soo () + lJull Lo ray),

for a positive constant Coq g, depending only on €2,d,s and 7. Inequality (4.28) therefore
implies
[/ [wee () < Cadsyllfllwr=soo(e)- (4.29)

We can therefore apply Theorem 4.8 with p = min{~, 2}, combining (4.26) with (4.29) to get
the final result (4.27). O

The standard approach to translate this H*-rate to an improved L?-rate is to use an Aubin—
Nitsche duality argument. The idea is to consider e, = u — up, and note that for any wy, € Vj,

we have that

as(ep, wp) = as(u, wp) — as(up, wp) = /Qf(x)wh(x) dz — /Q f(z)wp(z)dz = 0.

143



Thus, given any ¢y, we consider the problem
(=AY =¢ninQ, 1 =0inR"\Q, (4.30)
and note that for any wy, € Vj, using the weak formulation of (4.30), we have that

/th(x)cf)h(l‘) dz = as(en, ¥n) = as(en, Yn — wn) < |en| s waylvn — walgsray-

Therefore, we get the following result

/ en()on(x) dz < len|go@ay nf |vn — walgs(way- (4.31)
Q wpEVh

Due to Céa’s lemma, Lemma 4.4, the infimum on the right-hand side is attained at the numerical

solution of (4.30).

Remark 4.10. An interesting open question is whether Corollary 4.9 could be improved for

f € L*(Q) to a result analogous to the classical case s = 1, i.e.,
[u — up|gsray < Ch°[log h|™|| fl L2

In the spirit of Theorem 4.8, this would mean that u/d® has “2s derivatives”. If this were the case
we could prove, using ¢;, = e, and (4.31), an improved L2-error estimate of order h?, which is
consistent with the rates suggested by the numerical experiments that we report in the following

section.

Theorem 4.11. Let the hypotheses of Corollary 4.9 hold. Additionally assume that 0Q € C*1.
Then we have that

i 3
HU — uhHLQ(Rd) S Chmln{2fs,’yfs}+04‘]0g h‘Z ”f”vas,oo(Q) fOT all a € (0, S%;Ej) ,

where C' > 0 is a constant that does not depend on h.

Proof. Let e, = u — up. Using the Fourier transform F, let us consider

o = F (1 + [€°) 7" Flen]].

This corresponds to applying the operator (I — A)~ in R? to ej,. Let us also consider the

following equivalent norm in H"(R?) for any r € R, given by

ol grr ey = (L + €)% Flo]ll 22 gay

for a discussion on the equivalence between this norm and |- | rga) we refer to [88, Proposition
3.3 and 3.4]. We deduce, by Plancherel’s theorem, that ¢, € H* ?(R?) and lonll oot may =
lenll rsray- Thus, by Morrey’s inequality, we have that ¢), € WSHF%’OO(Q) provided that
s+ 2t — % > 0. In particular

—2s
H¢h||W5+2t7%‘°°(Q) S C m(thHs-‘er(Rd) = C mehWHs(Rd) 5 for all ¢ > 4 y
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with C' a generic positive constant. Let us now consider the WFEM solution corresponding to

(4.30), that is the solution to the problem

Find ¥}, € V}, such that as(Vp,vy) = / on(x)vp(x) dz for all vy, € V.
Q

We use now Corollary 4.9 with 7 = 2s 4+ 2t — %, provided t is such that 7,7 £ s ¢ N, and
0<y—s<2—stoget

_ 1 _ i
[n — Un| s ray < CRT?|log h| 2| @ [lyyr—s.00 < ChY°|log h|2[en| s (ray

where have used that ¥ —s = s+ 2t — %l. Note that we have used here the hypothesis 99 € C%!.

On the other hand, we can use Parseval’s identity and proceed as in (4.31) to conclude that

llenll7r-+ ey = /Rd en(x)on(z) dx = / en(z)pn(x) dz = as(en, Yn) = as(en, Yn — ¥p)

Q
< lenlgs@ayl¥n — Vnlgs ray

< OW7~*[log h|2 lenl- ma).

Finally, let us note that with our chosen norms we have the following interpolation inequality if

—t0+s(1—-0) =0 (ie. 0 = J5):
lenllzome) < Realll—«qaay Reallitgs,

< Ch3T=log h| e g1z
Summarizing, we have obtained that
lenllzaqeay < Ch2 55T llog hl 55 eplprsas)
with 7 = 25 + 2t — % provided ¢ is such that 7,7+ s € N, and 0 <5 — s < 2 — s. Note that, in

particular, we have

s+2tfg

1l_s 1_s
lenll p2ray < Ch2 =+ Nlog A3+ [ep| o

d—2s d74s+4)
4 4

for almost every t € ( . This implies

1
lenll L2may < Ch*[log h|7|ep| s (ray

4—2s
4+d

4—2s
44+d

for almost every a € (O,S ) For the remaining a € (O,s ) we can pick a1,y €

(0, s%) with oy < @ < ag where the result holds, write a = (1 — )y + fag with 0 € (0,1)

and then use the fact that

9 0
lenll L2@ey = Heh”1L2(Rd)H6h”L2(Rd)

N 1 1-0 N 1 0
< (Cla)n™ log bl lenlsruqrey ) (Claz)h™ log bl en]rs(zn))
= C(a1)'*C(a2)’h® log hl s len] s )

Applying the estimate in Corollary 4.9 we get the result. O
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Table 4.1: Convergence rates corresponding to Figure 4.4(a)

s 0.1 0.2 0.4 0.6

observed h =272 1.9914 1.87737 1.65643 1.42484
observed h =273 1.86733 1.73141 1.62081 1.430124
observed h = 2% 1.83477 1.73966 1.52709 1.38995

predicted 1.9 1.8 1.6 1.4

4.4 Numerical experiments

We now present numerical experiments for our method in one dimension. We omit here a
discussion on how one computes in practice the stiffness matrix Ay in (4.16); this is a non-
trivial matter as its entries (As); ; involve the bilinear form a(-,-) (5) and therefore a detailed
treatment of this topic is deferred to the following and last chapter. For the purposes of the
current chapter, we focus only on the spatial convergence in h of a WFEM approximation.

Let u* be the explicit solution in (4.5) with d = 1, R = 1, and 29 = 0, i.e,, Q = (—1,1)
and f = 1. In this case we can take Q5 = . In Figure 4.3, we can first qualitatively observe
the improvement in the interpolation between Iu* (piece-wise linear interpolation) and Jpu*
(our tailored interpolation) for different choices of the regularised version of dg, denoted by &
throughout the chapter, and a fixed h.

Although the overall solutions in Figures 4.3(a) to (c¢), appear similar a closer inspection
near the boundary (see Figures 4.3(d) to (f)) clearly reveals the remarkable capability of WFEM
in capturing the behaviour of the exact solution. In particular, we observe that the solution
obtained with WFEM closely matches the profile of u* near the boundary. Since the Jyu*
associated to §(x) = 1 — |z|? and §(x) = 1 — |z|* seem equivalent in Figures 4.3(d) to (f), we
provide Figures 4.3(g) to (i) where we show I (u*/0%) = Jp(u*)/0%.

In Figure 4.4 we validate the theoretical results that we have presented in Theorem 4.8,
Corollary 4.9 and Theorem 4.11. In particular, with the choice of f = 1 we put ourselves in
the case of maximal H*-rate of Corollary 4.9, i.e., h?~%|log h|% As shown in Figure 4.4(a) the
observed convergence rates match the theoretical prediction, with the observed slope of every
convergence line in log scale for different s being approximately 2 — s. Figure 4.4(b) instead is
linked to the fact that, even though we are only able to prove Theorem 4.11, we would expect
the convergence to be quadratic in L?(£2) norm.

In Table 4.1 we report the observed convergence rates for the example corresponding to the
slope of the segments in Figure 4.4(a). The values have been computed using the incremental
ratio formula (log |ep| s (ray —10g [€2n | s (ray)/ (log b —log 2h), where we recall that e, = up, —u*.

Let us now consider the solution of (4.1) on Q@ = (—1,1), for f given by (4.6), that is
u(z) = (1 — |z|*)+, which clearly does not behave like df,. Since u # ¢ 4%, it follows from (4.11)
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Figure 4.3: Fractional Dirichlet problem (4.1); comparison between explicit solution (4.5), piece-
wise linear interpolation Iu* and Jpu*, defined in (4.19), for different choices of the function 0.
Q = Qy = (—1,1), uniform meshes with h = |Q]/2%.
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10—1.0 10—0.5 I

h

(a) H*(R%)-seminorm error between the WFEM ap-
proximation and the solution. Dashed lines: g(h) = (b) L?(Q) error between the WFEM approximation
Ch?=s. and the solution. Dashed lines: g(h) = Ch?.

Figure 4.4: Fractional Dirichlet problem (4.1); WFEM computational errors. The computational
domain is Q = Qp, = (—1,1), f = 1 and u* is given by (4.5). The numerical tests were performed
with meshes of equally spaced nodes, with mesh size h = 27" for m = 1,...,4. As regularised
distance, satisfying (4.8), §(z) = 1 — |z|* was used.

that f must change sign. Moreover, as we have already mentioned, for s > 1/2 and d = 1, one
has f ¢ L°°(Q). This type of right-hand side has been used for validation of FEM schemes with
piece-wise linear functions in [42], where the authors report a rate of h375. Since u € C™ (Q) it
is natural that piecewise linear basis functions yield good approximation.

Since u/6% ~ §17%, Theorem 4.8 yields at most a rate of h'=2% when s € (0,1/2) (the same
range where f € L°°(Q)). This limitation is related to the fact that optimal rates for smooth f
rely on C**e-regularity to control H®-errors.

Although this goes against the philosophy of our choice of basis, we have performed numerical
experiments with this right-hand side for completeness. In order to approximate the right-hand
side of (4.14) we performed the experiments in Q = Q) = (=1 +¢,1 —¢), ¢ = 10710, Quite
surprisingly, the observed rates in Figure 4.5 match those in [42] for s € [1/2,1) and even improve
them for s € (0,1/2). An interesting open question is to rigorously prove this behaviour.

In Table 4.2 we report the observed convergence rates for the example corresponding to the
slope of the segments in Figure 4.5(a). The values have been computed using the incremental

ratio formula (log ey, — logeay)/(log h — log 2h).
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(a) H*(R%)-seminorm error between the WFEM ap-  (b) L?(€2) error between the WFEM approximation
proximation and the solution. The dashed lines cor- and the solution. The dashed lines correspond to

respond to Ch3~s. Chs.

Figure 4.5: Fractional Dirichlet problem (4.1); WFEM computational errors. The computational
domain is Q = (=1 +¢,1 — ¢), with ¢ = 10719, f is given by (4.6) and u* = (1 — |z|?)4.
The numerical tests were performed with meshes of equally spaced nodes, with mesh size h =
(1 —¢g)27™ for m =1,...,4. As regularised distance, satisfying (4.8), 6(z) = 1 — |z|* was used.

Table 4.2: Convergence rates corresponding to Figure 4.5 (a)

s 0.1 0.2 0.4 0.6

observed h = (1 —¢)272  1.7669 1.54577 1.20472 0.985209
observed h = (1 —¢)273 1.72902 1.48647 1.14931 0.919176
observed h = (1 —¢)27%  1.67254 1.42748 1.11971 0.892579

predicted in [42] 1.4 1.3 1.1 0.9
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Yes, we shall live, Uncle Vanya.
Anton Cechov (1860~ 1904), “Uncle Vanya”

Variational crimes in the finite element method for
the integral fractional Laplacian

In the final chapter of the thesis we disclose and discuss an issue related to solving the fractional
Dirichlet problem (4.1), that is of particular importance when using a WFEM approach. As we
mentioned in Section 4.4 of Chapter 4, we deliberately postponed its analysis in order to keep
the previous chapter concise and focused on the spatial error of WFEM. The matter that we are
going to treat now, constitutes a challenge that is more generally related to any approximation
of the integral fractional Laplacian. As in many differential problems, the computation of the
bilinear form arising from a weak formulation is a crucial aspect for a numerical approximation.
In fact, in our case the bilinear form as(-,-) defined in (5) is used in both the weak formulation
of the fractional Dirichlet problem (4.4) and in its finite element discretization (4.14); more
specifically, in the linear system (4.16) the computation of the stiffness matrix As clearly involves
as(+, ). The presence of the integral fractional Laplacian however introduces an additional layer
of complexity: the nature of the bilinear form (5) involving a double integral over R? does not
allow to compute exactly (As); j, even for standard and simple basis functions.

This difficulty in the computation of bilinear forms has long been recognised in numerical
analysis, even for local differential problems (for example (v,w) — (MVwv, Vw) with M not
constant). The foundational paper by G. Strang [168] studied the issue of not computing a
bilinear form exactly, by committing a so-called “variational crime”, that is, replacing the bilinear
form by a suitable approximation of it.

The computation of the stiffness matrix for a piecewise linear finite element approximation
of the fractional Dirichlet problem is an issue that has been explored in some of the previous

works that we cited. In [5, Section 5| the authors discussed their strategy for computing the
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stiffness matrix, that was later explicitly presented in a MATLAB implementation in [4] (see
also [160, Chapter 5]), however without going into the details of the variational crime that one
commits in approximating the entries of the matrix and of the interaction between the finite
element discretization and the approximation of the bilinear form, as well as the additional
computational cost that this implies. Later, the authors of [42] proposed an approximation of
the integral fractional Laplacian using an explicit integral representation formula that allows one
to rewrite the bilinear form ay in the form as(¢,v) = s ;7 t272((—A)(I — tzA)_lgb,qﬁ)%; in
their article they fully discuss the variational crimes committed in approximating such a formula,
including a Strang-type lemma, under the assumption that the approximated bilinear form is
coercive; the recent work [13] also adopted a similar strategy for a different approximation based
on hp-FEM.

As a matter of fact, even in our case, we had to introduce a computable approximation of
the bilinear form ag; this was needed for example for the computation of the results reported in

Section 4.4 of the previous chapter. Let us then denote by as , the approximation of a4, for a

parameter p > 0. Hence, the approximated discrete problem becomes
Find uy, , € V}, such that ag ,(up,p, v5) = / fopdz  for all vy, € V. (5.1)
Q

Consequently, in the linear system that one actually solves, the stiffness matrix would have
entries (A4 )ij = s,p(¢j,¢;). While the error in h is controlled by estimates in the spirit of
Cea’s lemma, as the ones that we proved in Chapter 4 (Lemma 4.4 and Theorem 4.8), our
aim in this chapter is to study the error in p and how it affects the overall approximation of
u through wy, ,. Citing Strang [168], “We want [...] to find out which violations of the rules
still yield a convergent approximation. In other words we want to find out whether or not crime
pays; fortunately for the finite element method, it often does.”

We will first provide a general Strang-type lemma to illustrate the effect of approximating as
and then describe the implementation of an explicit approximation as, that complements our
work for the method described in Chapter 4 and fully explains how we computed the results re-
ported there. For the purposes of our work, we will be particularly focused on the computational
aspects of the approximation as , and how one can develop an efficient implementation strategy
for it. Indeed, the approximation of the bilinear form is not only a delicate point in terms of
the overall numerical approximation, but also in terms of the total computational cost that is
required. As noted previously, the original bilinear form a priori involves a double integral on
the whole of R x R? and a singularity due to the presence of the term |z — y|~%~2%; both of
these facts are factors that strongly influence a performant computation of a, (-, ).

The full numerical discretizations of as(+,-) available in the literature, mainly [5, 42, 13] are

fairly elaborate to implement. For the purposes of our work, we aim to discuss the most naive
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of the possible approximations, given by a piecewise constant interpolation. Let 0 < p < 1,

x = pk for k € Z% and ¢, € [p, 1), R, € (1,00], we consider

Ca,s o(xg) — ¢(xe) ) (Y(xg) — P(zy
o) = Gt 3 (O =6 — v(ar) o 52)
2 |xk .CUg|
Tk, EQR),
|k —x¢]co>€p
where we denote the cube Qp = [~R, R]?. In fact, we admit the use of R, = oo, for which

(5.2) is computable as we will discuss later in the chapter. Loosely speaking, the quadrature is
constructed through a piecewise constant approximation on d-dimensional cubes centred at the
points x and, since we are working on cubes, we use the ¢, -distance

|z|0o = max |z;| for z € R%;

)

recall that this is equivalent to the /o distance.

Qr

Figure 5.1: Quadrature Qg = [~R, R]? D Q

In spite of its simplicity, the approximation (5.2) presents interesting computational chal-
lenges; in the following we will discuss how one can use FFT and the Riemann or Epstein zeta

function to make its implementation efficient.

Remark 5.1. Before proceeding further, we comment on the computation of the terms fQ f¢ dx,
where (;, 7 = 1,..., Ny, are the basis functions of the finite dimensional space V},; these terms are
the entries F;, i = 1,..., Np, of the right-hand side vector F' in the finite element approximation
of the fractional Dirichlet problem in the linear system form (4.16).

In a standard finite element setting the elements of a basis for V}, are (for example) continu-
ous piecewise linear functions and they are typically chosen as a nodal basis; with this choice
the right-hand side vector F' in (4.16) is assembled straightforwardly (see [5, Section 5]). In the

case of WFEM, the approximation of the entries fQ f¢;dx is a nontrivial matter and in general
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it requires committing another variational crime, approximating them with a proper quadrat-
ure rule. However, since this variational crime concerns purely numerical integration of a L>
function defined on a bounded domain and it does not relate to the fractional Laplacian, we will
omit its discussion in order to keep the chapter focused on the variational crime committed in
the integrals that directly involve the definition of the integral fractional Laplacian. A simple
strategy to circumvent the issue is to employ a piecewise constant approximation for these terms,
based on a grid that is fine enough to suppress the associated quadrature error. For WFEM the
elements of {Q}ZN:’LI have only C* regularity because ¢; € 0°PL(7T}), where §° is the regularised
distance function defined in (4.8). Numerical integration of Holder continuous functions with
standard techniques usually requires a fine grid as the low regularity of the integrand slows down
convergence: in fact, using quadrature rules based on function values at n points, the integral
of a C* function is usually approximated with error of order O(n=*/%) (see [79, Section 2.1] or

more recently [15]).

We now present a Strang-type lemma. We recall that for as(-,-) we have continuity and

coercivity, namely
]|} < as(v,v) and as(v,w) < M|v|lv||wl|v for all v,w €V, (5.3)

for positive constants a, and M and V = H*(R?) defined in (4.2)

To avoid hiding the dependence of the coercivity constant on the regularity of the basis
functions and the triangulation, we state a version of Strang’s first lemma where we keep track
of all the dependences following the classical proof.

Let V}, be a finite-dimensional subspace of H{(€2). First, let us state quantitatively the error

between a; and as , in the form

|as(¥, @) = as,p (¥, 9)| < wa,x ()Y x]0llx (5.4)

where w,, x is a modulus of continuity, and X is a space of “higher regularity” functions such that

Vi, € X C V. Since V}, is finite-dimensional, let us consider the constant of norm-equivalence

E(V,,V, X) = sup lonllx
uneVi vnllv
vp#0

We will denote this constant by Ej for brevity. Following the classical proof, we have the

(5.5)

following version of the classical Strang lemma.

Lemma 5.2 (Strang-type lemma). Assume (5.3), and let u be the solution of (4.4), un,, the
solution of the approximate problem (5.1), and E;, = E(V},,V, X). Moreover, assume p € (0, p1)

so that Q%E%Lwa’x(p) < 1. Then, the following a priori error estimate holds:

(1= LBwax(9)) s — v

5.6)
. as(vn, wn) = asp(on, wp) )
< inf (1+M+iwx E2) u—vp|lv + = sup as il )
o ( . T o, Wa, (P) h H H - HwhHV
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Proof. Let vy, € V), be fixed and let wy, , = up,, — vp,. By the triangle inequality, we have that

lu — unpllv < llu—vpllv + lvn — unpllv

and by coercivity of as(+,-), (5.3),

1 1 1
lwhpllf < —as(wh,p, whp) = —as p(whp, whp) + —7(h, p),
Qix Qix Qix

where 7(h, p) = as(Wh,p, Wh,p) — as,p(Wh p, Wh,p) is the consistency term. Then we have

1 1 1
”wh,pH%/ < —s,p(Uh,ps Whp) — —s,p(Vhy Whp) + *Wa,X(P)Hwh,pH%(
(o™ Oy Oy
1 1 1 ) )
= fwh,p dz — 7‘18,p(vh, wh,p) + 7wa,X(P) EhHwh,pHV
ax Jo Qs s

1 1 1
= —as(u, wh,p) - *as,p(vha wh,p) + —Wa,x (p) Ei%H“”l,pH%/
« Qg o

* *

1 1
s CLS(’U, Vh, wh,p) + . as(vha wh,p) e as,p(vha wh,p) + . Wa, X (/)) h”wh,p ‘V
Hence, by continuity of as(+,-), (5.3),
as(u = vp, whp) < Mllu—vpllv|wapllv
It also holds
lwapllv < llu=vnllv + [[u = unpllv-
Combining the inequalities, dividing by |lwp, ,||v, and denoting wy, = wy, ,, we have
M 1 |as(vn, wn) — as,p(vn, wh
i =y < (150 ) o= anly 4 o 2= ol n)
o o l|wnllv
1 2 1 2
+ —wa,x (P)Exllu — vnllv + —wa,x (0)Ejl[u — un,pllv.
vy vy
Therefore, we have overall
1 M 1
1= —Epwax(p))llu = unplly < (1+ —+ —Ejwa,x(p) | [lu—vallv
vy Qs Qe (57)

1 as(vn, wn) — as,p(vn, wh)|
o [[wallv

If in (5.7) we take the supremum over wy, € V}, followed by taking the infimum over vy, € V},
we get the result (5.6). O

Corollary 5.3. Under the hypotheses of Lemma 5.2, if we have an explicit modulus of continuity
wy(h) such that

inf |lu— < wy(h
v;gvhllu vpllv < wy(h),
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then

(1= B () llu = wnglly < (1+ 3+ Lt x (0B wulh) + Lo x (0)ER v

(5.8)
If additionally we consider pp, > 0 be such that
min{1, wy,(h
i x(on) < o, 2L} (59)
h
and h be small enough so that w,(h) <1 then
L4 2 4 fuly + 20(h)
Proof. We have that
|as (v, wh) = as,p(0h, wa)| < wa,x (P)ER onllv l[wllv
and using this in (5.6) we immediately get (5.8).
Finally, taking the correct scaling (5.9), a simple computation leads to (5.10). O

From (5.6) we can see that the error is governed by a Strang type quantity measuring how
well V3, approximates V' and how well a, ,(-,-) approximates as(-,-) on V. Moreover wq x(p)
plays a role of an amplification factor for the error. Notice that for a standard FEM the value
of wy(h) is provided by (4.7), while for WFEM this is provided by Lemma 4.4, Theorem 4.8 and
then Corollary 4.9.

In numerical experiments for WFEM, in order to observe the convergence rate in h, that is
theoretically predicted by Theorem 4.8, one needs to use a sufficiently small value of p. In this
way (5.10) can hold and the error |lu —up ,||v will be controlled similarly to ||u — uy||v as if one
could compute exactly the bilinear form as(-,-); this is precisely the strategy that we used for
all the results reported in the previous chapter.

Often the explicit dependence on the term E2w, x(p) is omitted in similar discussions of
variational crimes; this is for example the case for the previously cited works [42, 13|, where the
authors assume that the approximation parameter for the bilinear form is chosen to be small
enough to have coercivity of the approximated bilinear form and consequently apply what is
referred to as first Strang lemma |74, Theorem 4.1.1|. We prefer to exploit the dependence on
it because we believe this is of particular relevance to understand the effect of using a WFEM
approach instead of a standard FEM: changing the function space for the basis functions of the
finite element method clearly affects both Ej, and wq x (p), as they are defined in (5.4) and (5.5).
Our aim is to study computationally the interplay between the approximation parameter p and
the parameter h of the finite element discretization and we believe that in this way one can fully

understand a further difficulty in using the weighted finite element method that we described in
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the previous chapter: while for a standard piecewise linear approximation the error introduced
by as , is often negligible, for WFEM the choice of the parameter p is always crucial to observe
the superlinear convergence in h.

In fact, on a polytopal Lipschitz domain, using a piecewise linear approximation we have
Vi = PL(TR) N W™(Q), X =Wy™(Q),
while in the setting that we described in Chapter 4 for WFEM a natural choice is
Vi = 0°PL(Ts), X = &SWL(RY).

These differences would clearly affect both Ej, and w, x(p) and, as we will see in the numerical
experiments, we expect them to slow down the convergence in p for the case of WFEM with
respect to a standard FEM approach. A close inspection of our formula for the quadrature (5.2)
already gives some intuition about this fact and how it is specifically related to the singularity of
the kernel in the expression for as(-,): having a piecewise Lipschitz basis allows the term at the
numerator of (5.2) to better control the singularity at the denominator given by |z — x| 9728
for x, x4y points of the quadrature, whereas the use of a basis with generally only C® regularity
clearly makes this control weaker. From this observation, a lower convergence rate in p is

expected when employing (5.2) for WFEM.

Remark 5.4. It is possible to show that, for our choice of the quadrature rule (5.2) (with
R, > p_% and €, = p), for X = WH(Q), for the term w, x(p) in (5.4) one has

p if s < %,
wawiee(p) = § pllogp| if s =3, (5.11)
P07 if s > %

Extending and proving a similar estimate for X = 651> (R?) constitutes an open problem and
a direction for future work. However, in the section containing numerical experiments, we will
use the above estimate as a comparison for the observed convergence in p of our approximation

(5.2) to validate our implementation.

5.1 Computational aspects

We now describe an efficient strategy to implement the approximated bilinear form as (-, -) given
by (5.2). Quite surprisingly, the implementation is simpler and more efficient when R = co. As
we will show now, this apparently infinite sum can be computed in finitely many operations.

Let us denote

Ky(lz)) =

Cd75 {|$|—d—25 if |$|oo =€y
2

0 otherwise.
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Expanding the sum in (5.2) for R = oo, we have

asp(6,0) = p** D (B(an) — d(an)) (W (x) — (@) K|y, — 1)

k,lezd

=2 p? Z K,(|Jz)) | | p* Z ok )Y (k)

lezd kezd
=203 " ) [ 7D w(@) Kok — )
kezd lezd
When ¢ and 1 are supported inside €2, all the sums above are finite except for
Crci=p Y Kyl
IEZGZd

and this is the case for both FEM and WFEM. In dimension d = 1 we can take advantage of

the Riemann zeta function

M8

()= o

B
Il

1

This function cannot be exactly evaluated, but there are sufficiently accurate numerical im-
plementations available for scientific computing. For d > 1 the corresponding function is the

so-called Epstein zeta function, which for our purposes can be simplified to

Z(d,v) = Z |k| ™", where v > d;
kezd\ {0}
notice that Z(1,v) = 2¢(v). Numerical schemes for the computation of this constant have been
recently developed. For both functions the available implementations are very efficient compared
to the overall complexity of the algorithm for assembling the stiffness matrix A ,: the Riemann
zeta function is computed in the order of ns, whereas the Epstein zeta function is evaluated in
the order of ps on a standard machine. Notice that, depending on the choice of ¢,, one only

needs to remove a few summands from the zeta function

Cas _ e
Ck = ip 2S<Z(d,d—|—25)— Z |k|~® 25); (5.12)

2
kez?
0<|k|oo<%"
in our experiments we will take €, = p, so there is no subtraction.

This observation comes with a great computational benefit: as a matter of fact, computing
Ck using its definition for R < oo (for large values of R) is extremely costly as it would involve
a loop over a large subset of Z% to reach the required accuracy, while if we use the Riemann and
Epstein zeta functions the computation of C'i ultimately comes down to a single evaluation of

these functions, immensely reducing the total computational cost.
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Lastly, we point out that the operation

Py (@) Ky(lz — ) (5.13)

lezd

is a convolution and can therefore be very efficiently computed using Fast Fourier Transform
(FFT). This computation could be further speeded up by using GPUs, but we remark that
in dimension d = 1 the convolution can be easily implemented through the use of symmetric

Toepliz matrices that allow a very efficient and convenient computation of FFT (see [112]).

Remark 5.5. Notice that in order to compute (5.13) for functions with supp(y)) C Q we only
need values of K, on the points Y, = {y € pZ¢ : |y| < diam(Q)} and the evaluations of v at
these points. These values can be pre-loaded into an array when creating the quadrature and
used subsequently. In fact, for what we said before, it is worth storing the FFT of this array.
This fact constitutes a great advantage in terms of storage: instead of allocating memory for the
values at all the points inside a d dimensional cube [~ R, R]¢ of size R > 0, we end up storing

only those in Y,

5.2 Numerical experiments

The numerical experiments that we report below clarify the effect of committing a variational
crime for the integral fractional Laplacian in (4.1); in our view, on the one hand they provide
a deeper understanding of the convergence results depicted in Chapter 4 (for example in Figure
4.4) and at the same time they expose the price that one pays in reality for using a WFEM
approach. Concurrently, in order to appreciate the potential advantage of using WFEM, we
report also the convergence results that one would have in using a standard piecewise linear
basis for the finite element method, employing the same quadrature rule (5.2). Our experiments
are still done using the explicit solution u* (4.5) and for WFEM we set §(z) = 1 — |z|* as
regularised distance function.

At first, we validate our piecewise constant quadrature rule approximating as(-,-). Since we
have that a,(u*, u*) = (1,u*) we can compute as ,(u*, u*) and compare it with (1, u*) = [, u* d,

whose value is explicitly computable

JAR¥HIT(s + 1)

Cl,s , ford=1,
/ ut dr = R;g +3/2) (5.14)
Br(zo) ) SL , for d = 2.
Tos41

In Figure 5.2 we see that the observed orders of convergence for different values of s seem to
match the ones contained in the estimate (5.11), in both one and two dimensions.
In Figures 5.3 and 5.4 we collect the results of computing the approximated solution wy, ,

with a WFEM approach, for different values of A and p, respectively in one and two dimensions.
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In Figure 5.5 we report the results of doing the same, but using a FEM approach with a standard

piecewise linear basis.

Remark 5.6. In one dimension, in the special case of f constant, the entries F; of the right-
hand side in (4.16) can be computed exactly even in the case of WFEM. In fact, if f is constant

the computation of F; in one dimension reduces to integrals of the form

b b
/(5(x)sd$ and /5(x)sscda:,

since an element of the basis of V}, has the form (; = §°¢;, for ¢; € PL(T},).
If, for example, Q = (—1,1), and 6(x) = 1 — |z|P (the setting of our numerical experiments),

one can explicitly compute the following primitives: for x > 0

1 1
Gi(z) =z 2F1 (p,—s; 1+ p;:l:p) , Gi(z) = (1—2aP),
2
Cale) = Loy (; a1y ;x) L Gh(e) = 21— aP),

where 9 F] is the Gaussian hypergeometric function.

Two main facts can be inferred comparing the results in Figures 5.3, 5.4 and Figure 5.5. On
the one hand a significantly smaller value of p needs to be employed for WFEM to suppress
the error arising from the quadrature of the bilinear form (5.2). This is due to the presence of
EZ and w, x(p) in the Strang-type estimate (5.6): their value is expected to be worse than a
standard finite element method with a piecewise linear basis. As discussed previously, intuitively
the choice of V}, = §°PL(7},) as the functional space for the basis functions and the consequent
lower regularity affect the way in which the singularity of the kernel in the integral fractional
Laplacian is handled by the quadrature approximation. On the other hand, if one is willing to
pay the computational cost that comes with using a smaller p we clearly observe the gain in
digits of accuracy both in one and two dimensions for WFEM, compared to FEM for the same
values of h. We recall that the stiffness matrix A, is a symmetric dense matrix that needs
at least half of it to be fully stored in practice. This fact further motivates the possibility of
using WFEM to gain higher accuracy for a relatively coarse mesh in h. Finally, we remark that
WFEM is more advantageous for smaller values of s, where the benefit of using a basis with

lower regularity is very visible compared to FEM.

160



10

las(w, u*) — ag p(u* u)|
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Figure 5.2: Convergence of as, to as in dimension d = 1,2. The simulations were performed
for different fractional orders s. The domain is Q = (—1,1) in one dimension and Q = B1(0)
in two dimensions, the quadrature points are equally spaced in €2 for different values of p. The
expected orders of convergence (5.11) are reported as dashed lines.
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(a) approximate H®(R) seminorm of the error, (b) approximate H*(R) seminorm of the error,
(as,p(un,p —u*,up , —u*))/2, dashed lines: Ch>=%. (as ,(un,, —u*, up , —u*))/?, dashed lines: Ch?=*.

Figure 5.3: WFEM computational errors and dependence on the mesh size h and the quadrature
parameter p in dimension d = 1. The simulations were performed for different fractional orders
s. The computational domain is Q = (—1,1), Q, = Q. The quadrature points are equally spaced
for different values of p = 27102712 2714 The value of gp is set to p and R = +oo0.
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(a) approximate H*(R?) seminorm of the error, (b) approximate H*(R?) seminorm of the error,
(as,p(un,p —u*,up , — u*))/2, dashed lines: Ch>=%. (as,,(un,, —u*, up,, —u*))/?, dashed lines: Ch?>=%.

Figure 5.4: WFEM computational errors and dependence on the mesh size h and the quadrature
parameter p in dimension d = 2. The simulations were performed for different fractional orders
s. The computational domain is Q = B1(0) C R?, Q) = (—1,1)? with a uniform mesh. The
quadrature points are equally spaced for different values of p = 2710, 2711 2-12,

(a) approximate H®(R) seminorm of the error, (b) approximate H*(R?) seminorm of the error,
(as.p(un,p —u*,up,, — u*))'/2, dashed lines: Ch'/2, (as ,(un,, —u*, up,, —u*))'/2, dashed lines: Ch'/2,
p=2769"7 978 s

Figure 5.5: FEM computational errors and dependence on the mesh size h and the quadrature
parameter p. The simulations were performed for different fractional orders s. The computa-
tional domains are respectively 2 = (—1,1) in one dimension and a Lipschitz approximation of
Q) = B1(0) C R?, consisting of triangles, in two dimensions, the quadrature points are equally
spaced with different values of p. The value of ¢, is set to p and R = +o00. Dashed lines:
g(h) = Chl/?
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Domani é un altro giorno, si vedra.

Ornella Vanoni (1934-2025), “Domani E Un Altro Giorno”

Conclusion

We conclude by summarising the work what we have presented and highlighting some open
problems related to our analysis and future directions for research, some of which have been
already mentioned in passing in different chapters of the thesis.

We have developed and studied numerical methods based on finite elements for nonlinear
PDEs that involve the fractional Laplacian operator. The main class of problems that we
have considered are diffusion equations of porous medium type, where the pressure is defined
through the fractional Laplacian (1.2) and then generalised to fractional powers of other elliptic
operators (3.16). For models of this type we have considered the spectral definition of these
fractional operators and we have developed finite element schemes accordingly. In our work, all
the diffusion models had a parabolic regularisation term that was required in order to guarantee
uniform control of the relevant norms of the numerical approximations. Using these uniform
bounds we performed a rigorous passage to the limit in the space and time discretizations, using
both intrinsic properties of the equations and techniques for nonlinear PDEs. For the model
(1.2) it was also possible to prove exponential decay of the energy and the exponential decay to
the constant steady state, while the structure of the generalised model (3.16) did not allow us
to obtain similar results, even though we believe that similar properties hold.

From a theoretical perspective there are two main open problems related to our finite element
scheme and they are the use of a regularisation parameter and the ordered passage to the limit
(first in space with A — 0 and then in time At — 0). More precisely, the use of the cut-off
parameter L > 0 from above served the purpose of having uniform estimates in h without
knowing a bound on the L* norm of the solution; such a result was provable only using the L
contractivity of the heat semigroup associated to the fractional elliptic operators that we have
considered. We believe that a bound on the L*°(2) norm of the fully discrete solution could
be proved; computational evidence was given in Chapter 2 with all the numerical simulations
enforcing this intuition. If one could prove a uniform bound on the L% () norm of the fully
discrete numerical solution we could drop the use of the parameter L and then potentially
develop a simultaneous passage to the limit as h and At tend to zero.

In Chapter 2 we discussed another PDE, analogous of (1.2): the fractional Keller—Segel model
(2.31). In contrast with the other models, the equation is an aggregation-diffusion equation that

models a competing effect between standard diffusion and nonlocal aggregation, induced by a
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change of sign in the potential term of (1.2). We studied this more complex problem mainly
from a scientific computing perspective, presenting only a proof of finite-in-time blow-up for
a weak solution of the problem. From an analytical point of view, an interesting direction of
work for this equation would be to try to design a finite element scheme similar to the one
that was developed in Chapter 1 to prove local-in-time existence of a solution. Ideally, the
strategy to develop such a scheme would be to use a varying time step At :=t, —¢,_; that
decreases in order to have uniform control of spatial norms of the numerical solution and prove
spatial convergence as h — 0 under this constraint. Eventually we would expect to have a finite
quantity 7T == >y At < oo. This time TT would then be an approximation of the blow-up
time of the solution. Any dependence of T with respect to the mass of the solution, its initial
concentration and the fractional order s would be interesting features that have not been studied
before, theoretically or computationally. Moreover, the accuracy of the numerically predicted
blow-up time T could then be studied using the scientific computing tools that we have tested
in Chapter 2.

With respect to the algorithm described in Chapter 2, we have used minimax as algorithm to
compute the rational approximation that was then used for computing the finite element approx-
imation of the inverse fractional Laplacian. However, over the past decades, many algorithms
were developed for the computation of rational approximations of functions and their application
to problems in numerical linear algebra. Exploring the use of alternative rational approximation
algorithms for the type of evolution problems considered here constitutes an interesting direction
for future research.

As regards the generalised models (3.16), we had to restrict the fractional order to s €
(1/2,1). The reason was to have uniform control of the H!(2) seminorm of the potential because
this was not attainable directly from the bilinear form (3.11) for a general elliptic operator, as
we did for the fractional Laplacian. Finding a way to weaken this hypothesis and obtain the full
range (0,1) for the fractional order is an open problem that would require technical results for
the regularity of the potential. Moreover proving exponential decay to nontrivial steady states
and exponential decay of the energy is a complex task that could require a different approach.
Nevertheless, these facts are substantiated by the numerical experiments that we presented in
Chapter 3.

Going beyond the models that we have presented in the current thesis, there are equations
which are direct, yet highly challenging, generalisations of the porous medium equation with a
fractional pressure and a parabolic regularisation that we have considered. These models are
obtained by changing the standard diffusion term. In other words, we could ask which types
of numerical schemes are applicable to PDEs where the simple parabolic regularisation term is

replaced by nonlinear diffusion or also by fractional diffusion. For example, problems of the type

0
% _ AP+ V0, H-Ae= (5.15)
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o _
ot

open a new horizon for further work. Aggregation-diffusion equations with nonlocal interaction

—(=A)p+ V:(pVe), =£(—=A)’c=p, (5.16)

kernels, related to (5.15), have been studied in the foundational work [63] and then investigated
further in [34, 66|, computing long time asymptotics; we refer also to [61] for a more extensive
survey of the topic. The model (5.16) has been studied in the case of an attractive potential in
[33] for s = 1 and in |31, 130] in the more general case 0 < 0 < 1 and 0 < s < 1, mainly focusing
on the blow-up of the solution and its dependence on s and o. The development of numerical
methods on a bounded domain for this type of problem constitutes a largely unexplored field,
that could offer significant potential in terms of modelling.

With regards to the finite element method with a weighted basis that we have analyzed in
Chapter 4 there are several questions for future work. In the first place, since the regularity of
u/d*® can be arbitrarily high (see (4.12)), provided that f and € are regular enough, a possib-
ility would be to use higher order elements to achieve higher order convergence rates. A close
inspection of the proofs suggests that for a basis of elements of degree £ € N, the order of
convergence in the s-Sobolev norm could be h*¥t17%. The approach that we have discussed relies
on the observation that for solutions of (4.1) the quotient u/d° is highly regular. This feature
also appears in problems where the fractional Laplacian is replaced by more general nonlocal
operators of the form

Low) =PV. | (¢(2) = o(y) K (z —y) du,
under suitable structural conditions on the kernel K (see |1, 155, 156, 157]). Consequently,
weighted finite element methods, such as the one proposed here, are naturally extendable to this
broader class of operators.

Finally, another interesting family of problems is
(=A)%u(z) + V(z)u(z) = f(z),

where the singularity of the potential V' at the boundary may alter the boundary behaviour of
u. On the one hand, for s > 1/2 if we consider the so-called “killing” potential

K@) = Cus / @ — [~ dy = da(2)~>,
RI\Q

where the symbol =< denotes two-sided comparability up to a positive multiplicative constant,
then V(z) = —k(x) gives the so-called Censored Fractional Laplacian (—A)gp, = (=A)* + V.
In this setting it is known that for f nonnegative and bounded we have u =< d?f_l. The regularity
theory for u/ d?f*l is available in [100], and the natural weighted basis for a finite element theory

similar to the one presented in this thesis is 62*"1PL(7}). On the other hand, for any € € (0, s)
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we can find C(g) > 0 such that, if V > C(e)dg?, then |u| < Cd5® near 99 (see [89]). In
this setting it would be interesting to see whether using a suitably weighted basis results in

improvements.
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The spectral fractional Laplacian and fractional
elliptic operators

We report here certain technical results related to the spectral fractional Neumann Laplacian
(1.5) and to general fractional elliptic operators (3.14) paired with a Neumann boundary condi-
tion. These results are of relevance for our analysis and constitute a useful set of properties for
further problems.

Let £ be an operator such as the one described in Chapter 3, more precisely as in (3.5)
Lu = —div(A(z)Vu) + Q(x)u, with —div(A(z)V(-)) as the principal part of the operator. Let
Lx be the operator paired with a Neumann boundary condition, let L its fractional power
defined in (3.14) and H3(2) the fractional Sobolev space associated to it and defined in (3.15).
For a bounded open Lipschitz domain Q € R%, s € (0,1), and f € Hz*(Q2), consider the following

fractional equation with a Neumann boundary condition:
Zu=f inQ, A(x)Vu-n=0 on 0. (A1)
By a weak solution to (A.1) we mean a function u € H5(R2), s € (0,1), such that
[ @xPuta) (e3P ota)) do = (o) vo e HE(@),

where (-,-) denotes the duality pairing between H;*(Q) and H3(2), with HE(Q) — HO(Q) =
HO(Q) — H;3(Q) and H(Q) = L2(Q), where L2(2) stands for the space defined in (3.12). In
particular if f € L2(Q), then (f,v) = (f,v) for all v € HE(Q), s € [0,1).

In the case £ = —A, H5(Q2) = HE(Q) and problem (A.1) reduces to a fractional Poisson

equation involving the Neumann Laplacian:
(—AN)’u=f inQ, (A.2)
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with f € H;%(Q). By a weak solution to (A.2) we mean a function u € H (), s € (0,1), such
that

/Q((_AN)S/QU(JC)) (=Ax)"Po(@)) dz = (f,v) Vo € HI(Q),
where (-, ) denotes the duality pairing between H, *(€Q2) and H? ().

Theorem A.1 (Existence and uniqueness of a weak solution). Suppose that Q C R? is a bounded
open Lipschitz domain, s € (0,1), and f € H;*(2). Then, the boundary-value problem (A.1)

has a unique weak solution u € HE(QY), and

lalls ) < 1l (A.3)

Proof. The existence of a unique weak solution u € H3(Q2) is a direct consequence of the Lax—
Milgram lemma applied to the variational problem: find u € H5(€2) such that a(u,v) = £(v) for
all v € HZ(2), with the bilinear form

a(w, v) = /Q(.csN%(m))c;{%(x))dx, w,v € HE(Q),

and the linear functional ¢(v) = (f,v), v € HI(2). The stated stability inequality follows by
noting that

[ull3ss () = alu,uw) = (f,u) < [ Fllyzs oy lullus@)-

This completes the proof of the theorem. O
We note in passing that the following function space interpolation inequality holds.

Lemma A.2. Let Q C R? be a bounded open Lipschitz domain, s € (0,1), and u € HL(RQ).
Then,

lullzse) < llull 200y lulif o)
Proof. The assertion of the lemma follows by applying Hoélder’s inequality and the definition
(3.15). Indeed, without loss of generality, let the positive eigenvalues corresponding to Lx be

ur, k=1,2,..., we have for 6 € (0,1) that

1

00 00 00 P 00
0 —6 0 —6
e = S it =3 funl e s(zw) (zuzﬂuw >q)
k=1 k=1 k=1 k=1

for p,q € (1,00) such that % + % = 1. The stated inequality then follows by taking p = %,
q = 2279 and 6§ = 2(1 — s), whereby 0p = 2, s¢q =1, (2—60)g =2, 1/p = /2 = 1 — s, and
1/q =s. ]

1
q
)
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Lemma A.3. Suppose that Q@ C R? is a bounded open Lipschitz domain, s € (0,1). Assume
Ly is such that @ = 0 a.e. in Q. Let u € HE(Q). If u € HY(Q), then the following pair of

inequalities holds for positive constants C1,Coy > 0 independent of u:
Cillullz2(0) < lJullus@) < Calulm(q)- (A4)

In particular, the above inequalities tmply that a Poincaré-type inequality holds for functions in
HE(Q).

Proof. Let us first recall that [ - ||l;1 () and |- g1 () are equivalent on HZ(€2) (see the discussion
after (3.15)) Let ¢, k = 1,2, ..., denote the eigenfunctions of the operator Ly corresponding to
the positive eigenvalues ug, K = 1,2,..., where p; is the smallest positive eigenvalue. We have
immediately that
2 2
e gy < lulZes -

proving the first inequality in (A.4). Since 0 < s < 1 we also have
o0 o o
2 2 -1, .2 ~1 2 1y, 12
ullFes iy = D miur = Y i wuiy < ™Y g = 13wl -
k=1 k=1 k=1

This, together with the equivalence of || - [|y1(q) and | - |1 (q), completes the proof of (A.4).
U

The following result has been proved in [57, Lemma 7.1] for the case in which Lu =
div(A(z)Vu).

Proposition A.4. Assume Ly is such that Q = 0 a.e. in Q. Let u € HI(Q). Ifu € H*(Q),

then the following norm equivalence holds:

1wl @) ~ |ul s ()

Remark A.5. For the Neumann fractional Laplacian, Proposition A.4 means that for any
s € (0,1), a function u belongs to H () if and only if u € H*(Q) and [, udz = 0; furthermore,
the norm || - || (q) is equivalent to the seminorm |- |gs (), which is a norm on HZ(Q) . In fact,

any function u belonging to Hi(), s € (0,1), satisfies [, udz = 0.

An important result that we rely on throughout our analysis is the following H' norm

stability of the problem (A.1).

Lemma A.6. Suppose that Q C R? is a bounded open Lipschitz domain, s € (0,1), and f €
HY Q)N L2(Q). Assume Ly is such that Q = 0 a.e. in 2. Suppose further that u € H3(Y) is
the unique weak solution of (A.1). Then u € H*(Q) and there exists a positive constant C such
that

IVullrz@) < Cuy IV fll 220 (A.5)
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where (1 is the smallest positive eigenvalue of the operator Ln on Q. Moreover, if s € [1/2,1),

then also
[Vull2 <CM1 HfIIL2 (A.6)

for a positive constant C > 0.

Proof. Let i, k = 1,2,..., denote the eigenfunctions of the operator £ corresponding to the
positive eigenvalues py, k = 1,2,..., where p; is the smallest positive eigenvalue. As {¢k}r>1

is a complete orthonormal system in L2(Q) and f € HL(Q) N L2(Q) C L3(Q), it follows that
=3 finto). with fui= [ flahou(o)do
k=1

with the convergence of the series understood to be in the norm of L%(Q); i.e., the M-th partial
sum
M
= fepr(x), zeQ,
k=1
converges to f strongly in the norm of L?(Q). Similarly, because u € H3(2) C L2(Q2), we have
that

[e.e]
= Zukgok(x), with uy = / u(z)pr(z) dz,
k=1 Q
and the M-th partial sum

M
M(z) = Zukwk(x)a z €1,

converges to u strongly in the norm of L?(£2). Because u is the unique weak solution of (A.1), it
follows by taking v = ¢y, as test function in the weak formulation that uy = p, ° fi, k = 1,2,. ...

Furthermore,

(51/2 M £1/2 M

7N\

M M M
Zu £1/2g0k,2uz[, /2<pg> ZZukue (LY, L2 )
k=

k=1 ¢=1
M M M M M M
= wue(Loo, 00) = Y Y prurue(Pr o) = Y > pkuntiedy e
k=1 (=1 k=1 ¢=1 k=1 ¢=1
M M M
=3 g =Y () ER < ut D () S (A7)
k=1 k=1 k=1
[e.e]
<Y ()" 0 = w15, 1-sq) VM =1 (A.8)
k=1

Since f € HY(Q) N L2(22), by Lemma A.3 we immediately have that there exists a constant
C > 0 such that
(L2 LMY < Cur* |V f o) VM > 1 (A.9)
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We notice now that, using the explicit expression of the operator Ly (3.5), we have

(LY w, £Y?w) = (Lw, w) = / (A(z)Vw, Vw) dz + / Q(x)w’ dz > Ay||Vuwll72q)  (A.10)
Q Q
and thus

IVu1220) < Cur*IIV flI72@) YM > 1. (A11)

Using an analogous calculation to the one in (A.8), together with (A.10), for any positive
integers M and N such that M > N we have that

M

IVu — V|20 < it D0 () TR
k=N+1

Because the infinite series appearing in the last line of (A.8) is convergent, it then follows
that for any € > 0 there exist positive integers M and N, with M > N, such that

M

IVul = VuMN|Fag) < i’ Y (k) T <,
k=N+1

ie., (VuM)yr>1 is a Cauchy sequence in the Hilbert space L2(Q;RY); therefore Vu™ converges
(strongly in the norm of L2(€2;R%)) to an element of L2(2;RY). As uM converges to u € L%(Q2)
strongly in the norm of L%(Q), by the uniqueness of the limit, V™ must converge to Vu in
L?(;R%). Therefore,
i IVu 220y = IVl Z2(q)-

With this information we now return to (A.11) and pass to the limit M — oo on the left-hand
side of the inequality to deduce the desired inequality (A.5).

Inequality (A.6) can be proved by following the same argument, but also using in (A.7) and
the assumed constraint that s € [1/2,1), which implies that 1 — 2s < 0; therefore,

IVu 220y < O *IIfll72) ¥M > 1.

The desired inequality then follows by passing to the limit M — oo. This completes the
proof. O

In our context another useful result is a type of Sobolev—Poincaré inequality. In [125] it

was shown that, for a bounded open John domain  C R¢, the following inequality holds for

s,7€(0,1),p<d/sand 1 <p<gq< dﬁi;p:
1
t u(z) — u(y) g
|u— @l o) < C // S U dyda | (A.12)
e Q JONB(z,r dist(z,0Q)) |z — y|dtsp

The seminorm appearing on the right-hand side of (A.12) is weaker than the usual Gagliardo—

Slobodetskil seminorm of the fractional-order Sobolev space W*P (),

(et ar)
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Indeed, the two seminorms induce different fractional order Sobolev spaces, which coincide in the
case of a bounded open Lipschitz domain, as was shown in [96]. Thus, in the case of a Lipschitz
domain €2, as is the case in the setting under consideration in this thesis, and for p = ¢ = 2, we

have the following fractional Poincaré¢ inequality for s € (0,1):
|u — || r2(0) < Clulgs(q), (A.13a)
where C' is a positive constant, independent of u. Therefore, in particular,
[ullz2) < Clulmso (A.13D)

We notice how an analogous inequality holds in general for functions u € H5(€2) and s € (0,1):
one has that
el 2oy < 3 ez (A.13¢)
This inequality, in conjunction with Theorem A.1, ensures the L2(£2) norm stability of the weak
solution to the fractional Poisson equation based on the spectral definition of Ly, for f € L2(€2).
We now prove some auxiliary results, which concern the case when the right-hand side datum
of equation (A.2) has L°°(f2) regularity or W1>°(Q) regularity. Let us denote respectively by
L2°(Q) and W;"*°(Q) the spaces of functions in L>(€2) and W1 (2) with zero integral average
over ().
For the Neumann spectral fractional Laplacian, it is possible to prove an additional result,

which gives a further expression for its inverse.

Lemma A.7. Suppose that Q C R? is a bounded open Lipschitz domain, s € (0,1), and f €
L¥ (). Then, we have that

(A8 = Coea || e ) (A.14)
for a positive constant Cq s q depending only on Q,s and d.

Proof. Since L(Q2) C L2(Q) C H;*(52), we have that
(—AN)*f =Y A\ futb,  where fi = /wak dz. (A.15)
k=1

By noting that for A > 0 and s € (0, 1),

1 [ 1
A= A dt
I'(s) /0 T

and inserting this in (A.15), we get that

oo tANS
(A Sf_ / Ze tAkfklbktl - di = (s )/0 etl—s dt

-5 /Q Wil ) s £ () dy b, (4.16)
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where {etAN}t>0 stands for the heat semigroup associated with Ay, i.e. €Ny solves problem
(14) and Wy(x,y) is the distributional heat kernel for —A subject to a homogeneous Neumann
boundary condition on 0f2.

In [57, Section 7, end of p.804 combined with eq. (2.16)| it has been shown that the funda-

mental solution of (—Ay)* verifies the interior estimate

1 /OO (2,7) 1 dt ~ C 1
— Wiz, y)——dt ~ _—
0 Jy OV A G
This, together with expression (A.16), gives us the desired result. O

Corollary A.8. Suppose that Q C R is a bounded open Lipschitz domain, s € (0,1), and
feLX(Q). Let u € H(Q) be the unique solution of (A.2). Then u € L*°(Q2) and

[l oo () < Kasdll fll e ), (A.17)
for a positive constant Kq s 4, depending only on €, s and d.

Proof. The proof is a direct consequence of (A.14) and the fact that the function 1/]z|972% is
integrable for s € (0,1) over any bounded ball in R?. O

The following result is an extension to the fractional order setting of a result by Maz’ya [141],
concerning the boundedness of the gradient of the solution to the Neumann Laplace problem in

a convex domain.

Lemma A.9. Suppose that Q C R? is a bounded open Lipschitz convex domain, s € (1/2,1),
and f € L>(Q). Let u € H(Q) be the unique solution of (A.2). Then, u € Wir°°(Q) and

[ullwreo) < Cllfllze (),
for a positive constant C > 0.

Proof. By Lemma A.8 we have in the first place that v € L(Q), with the L>°(Q) stability
bound (A.17).

Let us now prove that u € Wh® (). We start from expression (A.16) and we use the
following inequality for the gradient of the heat kernel:

Vo Wi(z,y)| < Cr—pggre @ 9/(C0 g yeq, >0

1

=
this inequality is known to hold in bounded open convex domains (cf. [175, Lemma 3.1] or [174,
Theorem 1.2]) for positive constants C1 and C2. We then have the following inequality for x € Q

and for some positive constant C' > 0:

B L B
Vula)| < C /0 /Q eV ()| dy .

d 3
tats—s
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By using the change of variable r = |z — y|?/t in the above equality together with the fact that
f € L*°(Q), we then have that

£l oo (2) 1 N S
Vutol < O | o [ ey

[fllzoe) ofd 1 1
o =24 - - — _dy.
“TT6) (2*2 S)/moc—md-%ﬂdy

Z|d—23+1

The final assertion of the lemma then follows by noting that the function 1/| is integrable

for s € (1/2,1) over any bounded ball in R¢. O

We now present some results concerning the scaling properties of the spectral fractional

Laplacian and some useful related inequalities.

Lemma A.10 (Scaling property for the spectral fractional Laplacian). Let Q be a bounded
Lipschitz star-shaped domain, and for s € (0,1) let (—A%)S be the spectral fractional Laplacian
on @ with boundary condition B, defined in (12). Let u € Hj(SY), where Hj(S2) signifies the
space H*(2) defined in (10) in the case of the Dirichlet Laplacian, and the space H*(QY) defined
in (11) in the case of the Neumann Laplacian. Let A > 0, and assume that if X > 1 then we
have an extension w(x') of u to AQ, with ' = Xx € XQ for some x € Q, such that © € HE(AQ).
Then,

(—ARur () = X[(—AN)*T (\a). (A18)

Proof. Let HE(S) denote H{(Q) in the case of a homogeneous Dirichlet boundary condition,
and H}(Q) in the case of a homogeneous Neumann boundary condition. Let us further no-
tice that if {¢g(x)}r>1, ¢ € Q is a set of L?(2)-orthonormal eigenfunctions of the Laplacian

in 0 with boundary condition B(¢x) = 0, with corresponding eigenvalues {\}x>1, that is
(Vor, Vo) r2(qay = M@k, )12 for all ¢ € HL(Q), then {¢g(z'/N)} i1, @ € AQ are a set

of eigenfunctions for the Laplacian on AQ with corresponding eigenvalues {\y/A?}x>1. This is

because for ¢’ € Hllg()\Q), using the change of variables 2/ = Az, one has

Ve dr(z'/N) -V (2)da’ = )\d/ Vaodp(x) - Vad (Az)dx
AQ Q
A ,
=32 | Veou(o) - Voo () da
)\d / )\ / / / /
=32 [ @ Oayar = 35 [ ol o as

If we need L?(A\Q2)-orthonormal eigenfunctions for the Laplacian on A} we need to choose
G(a') = Tmon(a’/A) because [y, 6e(a'/N)5 (' /A) da’ = A [, (@) () dr = AT
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With these considerations in place we now observe that

(—A5) ur(z) = i Ak ( /Q ¢k (2)u(Ar) dév> or(x)

P”ﬂﬁﬂ Il

s _oon 1L / A ’
/\k</m 1) s (/) d ) ALy

e
Il

1

) ,:1 <ik>< [ o) a' ) dtal) = 3-8 ),

I
>

where we have used the change of variable 2’ = A\z. O

An inequality analogous to the one stated in the next lemma for the fractional spectral
Dirichlet Laplacian is known to hold for the integral representation of the fractional Laplacian
in the case of an exterior homogeneous Dirichlet boundary condition (i.e., u = 0 on R%\ Q) for

a bounded star-shaped domain €2 (see [153, 48]).

Lemma A.11 (Pohozaev-type estimate). Suppose that Q C R is a bounded Lipschitz star-
shaped domain, with d = 2,3, and let 1/2 < s < 1. Then, for all u € H&(Q) nonnegative with
(—Ap)u € L*(Q), we have

S 1 S
/Q(:v -Vu)(—Ap)’udr < 5(23 - d)/ﬂu(—AD) udx. (A.19)

Proof. Consider the natural extension of u € H}(€2) to the whole of R%:

_ . u ing,
= { 0 inRI\ Q. (4.20)

As suppu CC M for every (for example, bounded open Lipschitz) domain M D Q, it follows
that w € H}(M). Therefore, in particular, u € H§(M) for all s € (1/2,1). With H*(Q2)
defined with respect to the Dirichlet Laplacian, as in (10), it is known that, for s € (1/2,1),
H§(2) = H*(2) (see Remark 2.1 in [57] and the paragraph preceding Theorem 2.5 therein).
Hence, w € H*(M). Suppose that A > 1. To simplify the notation, from now on we will refer to
u simply as u and each time we use the notation uy (where uy(x) == u(Ax)), we will mean uy
(where @y (7) = u(Ax)). Clearly, uy € H(AQ) for all A > 1.
Since, by assumption, u € H}(£2), we have that

Uy — U

o1 Vu  weakly in L2(Q) as A\, 1; (A.21)

cf. [154, Lemma 4.2] for a proof. Since, again by assumption, (—Ap)su € L?(f2), it follows by
passing to the weak limit that

s d
/Q(x -Vu)(—Ap)*udx = Y

/ ux(—Ap)*udz.
AN\ 1Y/ Q

175



Next, as a preparation for the application of the scaling property stated in Lemma A.10, we

rewrite the expression above in terms of the notation of Lemma A.10 as

/ ux(—AR)*udz.
AN /O

As uy € HY(AQ) and u € HE(Q), the scaling property of the spectral fractional Laplacian stated

s . d
/Q(x V) (AR udr = Y

in Lemma A.10 implies that

| @ s u@ar = |

Q
=t Al 3 da'
AQ

(—AD)*u(x)u(z) de = X** /Q [(-ARY) ul(A\z)u(z) de

where we applied the change of variable ' = A\z. We then have

s d
/Q(:c -Vu)(—Ap)*udx = Ty

xes—d A A e (e’ 3)

AN
=(2s—d) / (=AY u(z)u(z) dz + d I,
= (2s — d)/ u(—A)udz + 4 Iy, (A.22)

with I == [,o[(—ANY*u](2')u(a’/X) dz’. We recall that

o0 )\5
(A ) = Y S ubdi (@), where ut =
k=1

INAT (o IN And AL (o] 1 /
0 u(@)gp(a7) da’, G (a7) = g du(@'/A)

are the scaled eigenfunctions {¢} }x>1, defined in the proof of Lemma A.10, which are L?(A\Q)-
orthonormal. Let = [, u(2')¢r(2'/A) dz’; hence, we have
U, —/ u(z")pp (2’ /A) dz’ = /\d/g/ u(z)pl (') dz’ = ANV, (A.23)
AQ AQ
By expanding the expression for Iy, it follows that

= 1 1
— sy —2s ! / / . / ! !
B= 30 (W /A ula)oulal [N do )u] /A N N (A2
’]:
—aS8 - S ~ 1 —48 - S 1 —4S8 - S~ 1 —z8 - S ~
= A7 Nty = 3 2N " Nup + 5 N Ny — R 2N Ny (ug — i),
k=1 k=1 k=1 k=1
where in the last line we have used the equality ab = 3a® + b — 3(a — b)%.
We have that
we= = [ u@on)de - [ u)o' /N = [ (o) - M) oro) do
Q AQ Q

and therefore (A.24) is equivalent to

1 1. e~ .g.g 1._
= A il + A SN NP Ml = a4 D, (A25)
k=1
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Next, observe that

1 1
u(w) — u(Az) = /0 %U(HQ( ))d6 = (1— A) /0 Vu(Hy(z)) - d6, (A.26)

where Hy(x) = 0z + (1 — 0)A\r. We shall use this equality to prove that [|u — ux||r2(q) — 0 as
AN 1. Note, to this end, that

lu = urll72(9) = /(/ Vu(Hp(x xd9> dz
)2// \Vu(Hy(x)) - z|? df dz

QJ0o
1

:(1)\)2/ / \Vau(z') - 2'|2(C)2Cy da’ b
0 Jup
1

= (=0 [V ()

where in the inequality in the first line we have applied the Cauchy—Schwarz inequality and in the
passage from the first to the second line we have used the change of variables z’ := §z+(1—6) Az,
Cp =1/(0+ (1 —0)\) and My = (C})~1Q. Since (C))~! € [1, )] for A > 1 sufficiently close
to 1 we have Mé\ C M for a fixed M (contained, for example, in 2Q2) and recalling the natural
extension (A.20) of u, it follows that |Vu - x,HL?(Mg) < |IVu - 2'||g2(ary- Therefore, because
C’é\ < 1, we finally have

lu = unl2agy < (1= N2IVa- 232 (A27)

As a consequence, |lu — ux|[z2@) — 0 as A\ 1.
Next, we shall prove that for A close to 1, there exists a constant C'(u), dependent on u, but
independent of A, such that |u — ux|g1(q) < C(u). Then, by (A.27) and using a function space

interpolation inequality (analogous to Lemma A.2), we will have for s € (1/2,1) that
= wallissc@) < Cllu—uaEy Tl = wr gy < Clu)( = A2, (A.28)

which will then imply that ||u —u|lgs(@) — 0 as A (1. Assuming that A < 2, for example, the
existence of such a constant C'(u) follows by the application of the Cauchy—Schwarz and triangle
inequalities together with the fact that for the natural extension of u we have |u|g1 5y < oo for

any subset M D
|u7u>\|%_11 /|V )—u )\x)|2dm—/ |Vu(z) — M(Vu)(Az)|? dz
/|Vu]2dm+)\2/]Vu Y(Az) 2 :c—2)\/Vu u)(A\z) dx

< ]u\Hl + \u|H1 o) T 2lulm ) lul g =
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Thus we have shown that [|u — ux|[mgs() — 0 as A N\, 1. Hence, by the triangle inequality,
Ju — Xupllms @) < (1= A |ullgs@) + Au — uallms(q)

and therefore we also have limy\ 1 [[u — Auy||g= (o) = 0. In addition,

m< 2 252”( / — Mu(Az))p () da;))
,\\12)\8 (/ — Mu(Az))dr () d3:>2

d
I = —
M2 TN

dA

AN

— sl _ )\d 25
8/\1\‘11'11”@6 u/\HH 2dA

1d > 2
=——— Az / w(z) — Nu(hz)) g (z da:)
i, 2 e o)

__1d ad 12

Because the limit in A is taken for A > 1 decreasing toward 1 and limy\ 1 [|u — Ay [|gs (o) = 0,
we see that the expression appearing on the right-hand side of (A.29) is nonpositive.

We have that
2s RO VI S SO
)\ Z/\k k_,)\ Z 2 mu(x ) (") dz 25)\ 1wl (re)-
k=1

Hence
d

s 1d
/\ ? Z/\k up = dHu”I%]IS(Q)+zd)\‘)\\lHu’%ﬂs(AQ)- (A.30)

Al 2

We notice now that we have a domain monotonicity in the sense that
QCM = lullms o) = llullmsm

In order to see this we can consider the expression for the fractional Laplacian involving the

heat semigroup:

(~8)u) = 75 || (€ Bute) = )

We then notice that

ol = [ (~aBrunds = s [T ([ [ Wl ayae - [ uw?ar) S

ey = [ (AFwndr = [ (-aY)unda

_ F(is) OOO ( /Q /Q W2z, y)u(z)uly) dy de — /Q u(a:)de> 7_11+8d7-.
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By the monotonicity if the heat kernels for the Dirichlet Laplacian (cf. [163, 78]) we have, for
A>1
W2(z,y) < WXayy), wyeQ, 7>0.

Therefore, as I'(—s) < 0 and wu is assumed to be nonnegative, this immediately implies
lullms @) = llullms (ro)-

This fact implies that the last term on the right-hand side of (A.30) is nonpositive.
In this way, we have from (A.25) that

d d d
R I)\Ii I)\,l—i_i I)\,Z
dA dA |1 dA [y
d 2 d 2 1 9
S Dy, T el @)+ gl = 5 (=25 + Dl

Returning to (A.22) we then arrive at the desired final result.

Remark A.12. The monotonicity relationship
QCM = ||lullms) = lullus ),

that was used in the proof of Lemma A.11 might seem counterintuitive. However, we present a
one-dimensional example that shows that this fact is true for functions defined in €2 and extended
by zero outside of it.

Let us consider Q@ = (—1,1), A =2, s = 1/2 and u(x) = cos(mz/2). The eigenfunctions and
corresponding eigenvalues of the Dirichlet Laplacian on 2 are given by

cos <k‘7r2:v) if k£ odd,

2
k M= <k27T) ’
sin (T) if k£ even,

or(z) =

while those on AQ2 are

, 1 x k2
k(1) = 5o (A) SR )Y
By the fact that cos(mx/2) = ¢1(z), we clearly have
1 1 ifk=1,
/ oS (E> oS <l<:7r:v> dx =
-1 2 2 0 otherwise.

Since cos(7mx/2) is an even function, to compute || - |[gs(rq), We need only to compute the modes

corresponding to cos functions, that is for k£ odd, and thus

/1 cos (H> L ocos (MY g — AN cos(3%)
. 2/ VX 2\ (A2 —k?)
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Thus, for A = 2 and s = 1/2, we have

ey = (5) =2

and
0 (kr\ % 1673 cos?(£T) 2. km 16 - 8 cos?( “k 16-4
2 _ ) _ r
HUHHS(AQ)_ ; <2>\> T2(\2 — k2)2 kz_l 4 72(4 — ]<;2 Z_: 47(4— kz)
k odd k odd K odd
16 k16 i 2m + 1
T (4 k22 ¢ A= (4= (2m +1)2)?
k odd a
BECR S NS
w8\ (2m—-1)?  (2m+3)?
2 4 9
=_2=_<5= l[ullfs ()

where in the passage from the third to the fourth line we used the fact that the series, as written

in the third line, is a telescoping series.

Lemma A.13. Assume the same hypotheses as in Lemma A.10 and consider the problems
(-AR)u=f [feH(Q), and (-AF)T=F, feH' (), (A.31)

where f is an extension or restriction f on A\ respectively if X > 1 or A\ < 1, such that f = f

on Q. Then, @ — u in H*(Q2) as A — 1.

Proof. Similarly as in Lemma A.10, we shall use the notation fy(z) = f(Az). By the same
argument as in Lemma A.10 we have ((—Ax?)~*f)(z) = A2(—=AL)~*(f1(z/\)). Hence,

(@) —u(z) = (A8 "F(z) = (~A5) °f(x) = (~AR) (W f(x) — f()).

Therefore,

=l = (—AR) (@ — w), —u) = \F — £, (AR T = £))
< INF = Lo l(=AR) = O2F = P2y
< CINET = fl2agay:

where in the passage from the first to the second line we have used the Cauchy—Schwarz inequal-
ity, and in the passage from the second to the third line we have used the bound on the solution
of a fractional Poisson equation with spectral fractional Laplacian in terms of the source term
(A.3). Using the proof of [154, Lemma 4.2|, we have that ||\ f — f||L2 tends to zero as A — 1.
This completes the proof. ]
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The integral fractional Laplacian

We report auxiliary results for the integral definition of the fractional Laplacian (4) and the
related space H*(R%) (6).

For © an open and bounded subset of R?, let § be the regularised distance to the boundary
function, that we defined in (4.8). We first make the observation that for C1'' domains the power
s of the regularized distance function ¢ belongs to V. We recall that dg(x) = dist(z, R?\ Q) for
r € RY

Lemma B.1. Assume that 02 € C11 and that § € WH°(Q) satisfies c¢§ < dg < C6, for some
positive constants c,C. Then, 6° € H*(RY) for all s € (0,1).

Proof. Let us decompose the integral taking advantage of the symmetry in x and y

y)*|? _// |0(2)% — 6(y)*|?
/]Rd/Rd |x— ‘d+2s dydz = iz —y ’d—|—2$ dy dx

5(2)* — 3(y)°
2
* / /Rd\g r— |d+28 dy de

If £ € Q then we use that R?\ Q ¢ R?\ B(z,dq(z)) to estimate

|0(x)° — 5(2/)3\2 2 / —d—2s,.d—1 2 -2
dy < Cé(x)*° T Sr¢7dr = Cé(x)**da(x)*°,
/]Rd\n |z — yldt2s (@) do () (&) dala)

where in the first inequality we have used the change of variables in radial coordinates |z —y| = r;
here and henceforth C' signifies a generic positive constant. Therefore, we can integrate in z to
obtain that the integral in Q x (R?\ Q) is finite. In order to deal with the integral in  x Q we
point out that

i5(91‘ + (1= 0)y))*| df < Cmin{d(z),6(y)}* "o —yl.

1
o) =swl< [ |5
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Using Lipschitz regularity, we also have the following estimate
0(z)* = 0(y)°| < Clo(z) = d(y)]° < Clz -yl

Therefore, we have that

d(z )% s— —d—s
//| |:L‘—y|d+2 d dz <C’//m1n{5 ()} Yz -y~ dy da

<c / / min{da(z), do(y)}* "z — y|=*"* dy dz
QJQ

= 2C/ do(x)*~! / |z —y| ¢ dy da.
Q {y€Quda(2)<da(y)}

On the one hand, we can estimate

|z —y|~ T dy < /B( (@) |z — y|~9 5t dy = C diam(Q)' 5.

/{yeﬂldg (Z’)<dQ (y)}

Since € CH! we can use the tubular neighbourhood theorem to prove that

/ do(z)* ! dr < cc. O
Q

Lemma B.2. Let s € (0,1) and « € (s,1]. Let v € W%*®(R?) such that suppv C Bg for some
R. Then v € H*(R?) and

1
0| gs (ray < Cas,R (HUHLOO(M) + mﬂwam(u&d)) .
Proof. We will use the same name for different constants, just keep tracking of their dependence.

Let us denote g(z,y) = % Then,

’U|H5Rd) // (z,y)dedy +2 // g(z,y)dzdy + 2 // g(z,y)dz dy

BrxBgr Brx(R*\BR) Brx(R*\BR)
lz—y|<1 |lz—y|>1

=1+ I + Is.
We now estimate each term in the above equality. First,

]a; — |2a 2 2 200—1-2
Il - ‘U‘Wa oo (R4) // | ‘d+25 dx dy S Cd,R’U‘Wa,oo(Rd)/ PO Ty
BRXBR 0

Car

o —

IN

| |Wa oo(Rd)

where Cy g stands for a positive constant depending only on d and R. Similarly, we have that

K

Br4+1xBgr+1

oo (R

Finally, we deduce

1
Is < 4fjv]|? d/ / dady = Cs rl|v]|7 e (g
Loo(R4) B eyl ’m_y|d+23 s Loo(R4)>

where Cy r stands for a positive constant depending only on d, s and R. The proof is completed
by observing that (a? + bQ)% < |a| + |b] for all a,b € R. O
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