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Abstract

The central goal of active learning is to gather
data that maximises downstream predictive
performance, but popular approaches have
limited flexibility in customising this data ac-
quisition to different downstream problems
and losses. We propose a rigorous loss-driven
approach to Bayesian active learning that al-
lows data acquisition to directly target the
loss associated with a given decision problem.
In particular, we show how any loss can be
used to derive a unique objective for optimal
data acquisition. Critically, we then show
that any loss taking the form of a weighted
Bregman divergence permits analytic compu-
tation of a central component of its corre-
sponding objective, making the approach ap-
plicable in practice. In regression and clas-
sification experiments with a range of differ-
ent losses, we find our approach reduces test
losses relative to existing techniques.

1 Introduction

In machine learning we commonly use a loss function
(or equivalently a reward or utility function) to quan-
tify a model’s performance (Murphy, 2022). Formally
a loss function encodes preferences over the outcomes
of a given decision (von Neumann & Morgenstern,
1947). It could for instance measure the accuracy of a
prediction, the impact of a medical treatment on a pa-
tient’s health, or the return on a financial investment.

The diversity of losses in use across the field reflects the
variety of decision problems we want to solve. For ex-
ample, predictive decision problems vary in the signifi-
cance assigned to different prediction errors. In protein
design (Notin et al, 2024) we might care more about
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accurately predicting a desirable property (eg, binding
affinity) when it has a high value, and in safety-critical
settings (Roy, 1952) we might want to penalise opti-
mistic predictions more than pessimistic ones.

We argue that rigorously tailoring active learning to
this breadth of possible decision problems is not pos-
sible with the approaches most popularly used in the
field. In particular, while a range of data-acquisition
objectives have been proposed (Li et al, 2024; Settles,
2012), in general these either have limited flexibility in
targeting different downstream losses or rely on nested
training of the downstream model within the acquisi-
tion function, meaning they can only be used with
particular models or substantial approximations. For
example, information-theoretic objectives (Bickford
Smith et al, 2023; MacKay, 1992b) and Bayesian vari-
ants of popular variance-based objectives (Cohn, 1993;
Cohn et al, 1994) are fixed in the losses they target
(log loss and quadratic loss respectively), while pop-
ular error-based objectives (Roy & McCallum, 2001)
allow for different losses but are heavily restricted in
the models they can be practically used with. There
is thus a pressing need for flexible, principled methods
that directly optimise downstream loss in a range of
decision problems without model restrictions.

We address this by proposing an explicitly loss-driven
approach to active learning based on Bayesian decision
theory (Berger, 1985; Ramsey, 1926; Savage, 1954).
Specifically, we revisit the decision-theoretic founda-
tions of Bayesian experimental design (DeGroot, 1962;
Lindley, 1972; Raiffa & Schlaifer, 1961) to show how
data utility can be formalised as the Bayesian expected
loss of a Bayes-optimal downstream action informed by
the acquired data. This then reveals that any model-
loss pairing defines a unique objective whose minimiser
achieves theoretically optimal data acquisition.

Objectives derived from our framework are not prac-
tically usable in the fully general case: they comprise
an expectation of a minimisation of an inner expecta-
tion, which is rarely computationally viable to directly
optimise. However, we show that any loss that can be
written as a weighted Bregman divergence (Bregman,
1967) allows us to compute the inner minimisation an-



Loss-Driven Bayesian Active Learning

alytically, such that the overall objective can be sim-
plified to a form amenable to practical estimation and
optimisation. Given that this broad class of losses in-
cludes many losses used in practice, this then yields
a powerful and highly applicable class of loss-driven
Bayesian active learning methods.

To help demonstrate the performance benefits of our
approach, we introduce two concrete data-acquisition
objectives with prediction-space weighting: one analo-
gous to information-based objectives (Bickford Smith
et al, 2023, 2024; MacKay, 1992a,b) and one anal-
ogous to Bayesian variants of variance-based objec-
tives (Cohn, 1993; Cohn et al, 1994). On classifica-
tion and regression problems these loss-matched objec-
tives improve the corresponding (weighted) test losses,
and a same-task comparison across downstream losses
(quadratic vs Linex) highlights the cost of mismatch.

2 Background

Bayesian decision theory (Berger, 1985; Ramsey,
1926; Savage, 1954) provides a rigorous framework for
choosing an action, a ∈ A, under imperfect knowledge
of a world state, z ∈ Z. A decision-maker’s loss func-
tion, ℓ : Z × A → R, encodes their preferences over
outcomes, and their model, p(z), encodes their beliefs
about the world state. Any given action can be judged
in terms of its Bayesian expected loss,

L(a) = Ep(z)[ℓ(z, a)] . (1)

A Bayes-optimal action minimises this expected loss:

a∗ = argmin
a∈A

L(a). (2)

Bayesian experimental design (BED) (DeGroot,
1962, 1970; Lindley, 1956, 1972; Raiffa & Schlaifer,
1961; Raiffa, 1968) applies Bayesian decision theory to
the problem of designing experiments. The design, ξ,
of an abstractly defined experiment represents control-
lable aspects of the data generation, and our choice of ξ
affects the data, d, we will observe. In the original for-
mulation of BED (Lindley, 1956), designs are judged
in terms of the expected information gain (EIG) in
some quantity of interest, ψ, from observing d:

EIGψ(ξ) = Ep(d;ξ)[H[p(ψ)]−H[p(ψ|d; ξ)]] , (3)

where H[·] denotes Shannon entropy (Shannon, 1948).
Here and elsewhere we use p(a; b) to denote a distri-
bution over a that depends on b without necessarily
being the conditional distribution, p(a|b), associated
with an explicit joint distribution, p(a, b).

BED more generally involves choosing a data policy,
πd, that minimises a Bayesian expected loss of the form

LBED(πd) = Ep(d,ψ;πd)[ℓd(πd, d, ψ)] .

Here πd could represent a fixed sequence of designs or
a more complex decision-making procedure that adap-
tively selects designs based on the experiment history
(Foster et al, 2021; Huan & Marzouk, 2016). Mean-
while ℓd is defined not in terms of downstream actions
but in terms of the data policy and the data it yields,
along with the quantity of interest. Determining what
ℓd should be can be challenging; the predominant ap-
proach is to use ℓd(πd, d, ψ) = log p(ψ)− log p(ψ|d;πd),
recovering the EIG (Rainforth et al, 2024).

Bayesian active learning (Bickford Smith et al,
2023, 2024; Gal et al, 2017; Houlsby et al, 2011; Kirsch
et al, 2019; MacKay, 1992a,b) is the application of
BED to sequentially selecting data to use in training
a predictive model for outputs, ỹ ∈ Y given inputs
x̃ ∈ X . Typically each design, ξ, corresponds to
choosing one or more inputs, ξ ∈ Xn, and the data
corresponds to the corresponding observed output
label(s). This process is then iterated, updating the
model with the new data before again choosing new
inputs to label. Typically the inputs for labelling are
selected from some large pool of unlabelled examples.

The most popular approaches use myopic information-
theoretic data acquisition, each step of which involves
choosing ξ to maximise EIGψ(ξ), namely the expected
uncertainty reduction in ψ from performing a Bayesian
update on ψ given the observed d, with uncertainty
measured by Shannon entropy (Equation 3). If ψ = θ
represents a set of stochastic model parameters then
the EIG is known as the BALD score (Houlsby et al,
2011); if instead ψ = (x̃, ỹ) represents a downstream
input-output pair then we get the expected predictive
information gain (EPIG; Bickford Smith et al, 2023).

The variance-based objective introduced by Cohn
(1993) similarly corresponds to an expected reduction
in uncertainty, but with uncertainty measured by vari-
ance rather than Shannon entropy and with generic
belief updating on new data rather than a Bayesian
update. With p(x̃) denoting beliefs over downstream
inputs, the expected variance reduction (EVR) is

EVR(ξ) = Ep(d;ξ)p(x̃)
[
Vp(ỹ;x̃)[ỹ]− Vp(ỹ;x̃,d)[ỹ]

]
.

The expected future error (EFE) framework intro-
duced by Roy & McCallum (2001) is based around
measuring the future expected classification loss of pre-
dictions on the unlabelled pool data, Xp. Specifically,
they consider retraining the model on a hypothetical
new datapoint, (x, y), for each x ∈ Xp and all possible
class labels, y ∈ Y, evaluating some loss function for
the updated model’s predictions on all other points in
the pool, and then choosing the input that gives the
lowest average loss in expectation over possible labels.
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That is, they choose the x ∈ Xp that minimises

EFE(x) = Ep(y;x)

 ∑
x̃∈Xp

Ep(ỹ;x̃,x,y)[ℓ(p(ỹ; x̃, x, y), ỹ)]
|Xp|

 ,
where p(y;x) is based on the current model, each
p(ỹ; x̃, x, y) is a retrained model with the new hypo-
thetical data, and ℓ is the assumed classification loss.

In principle, their framework is applicable to any
downstream loss defined on the same space as their
training data. However, it requires a nested retraining
of the model for each possible (x, y), meaning it is not
generally applicable in practice. Indeed, their specific
implementations, which focus on log loss and zero-one
loss, rely on using models with cheap incremental up-
dates, along with additional approximations.

A Bregman divergence (Bregman, 1967) between
elements in a convex set, x, y ∈ Ω ⊆ RK , is defined as

Dϕ(x, y) = ϕ(x)− ϕ(y)− ⟨∇ϕ(y), x− y⟩,

where ϕ : Ω → R is a differentiable and strictly convex
potential function, and ⟨·, ·⟩ denotes an inner product.
It is nonnegative, typically asymmetric in x and y (and
thus is not a metric), and vanishes if and only if x = y.

Two important examples of Bregman divergences are
Mahalanobis distance and KL divergence (Kullback
& Leibler, 1951). Specifically, setting Ω = RK and
ϕ(x) = x⊤Ax for A ≻ 0, yields Dϕ(x, y) = (x −
y)⊤A(x− y) (Banerjee et al, 2005b), which reduces to
the squared error when A = IK is the K-dimensional
identity matrix. Meanwhile, setting Ω = ∆K−1

and ϕ(x) =
∑K
j=1 xj log xj gives the KL divergence,

Dϕ(x, y) =
∑K
j=1 xj(log xj − log yj), which reduces

to the negative log likelihood (NLL), − log yi, when
x = ei is the ith standard basis vector.

Notably the results we present apply not just to Breg-
man divergences between finite-dimensional vectors, as
above, but also to Bregman divergences between func-
tions (Frigyik et al, 2008). This is practically relevant
in many machine-learning settings. For example, if we
are working with probability densities then we require
a functional Bregman divergence to extend the KL di-
vergence from above to this setting (Csiszár & Matúš,
2012). We provide details in Appendix A.

In probabilistic prediction, the regret of a differen-
tiable strictly proper scoring rule is exactly a Breg-
man divergence of the associated generalised entropy,
so Bregman geometry is the canonical regret geometry
of proper probabilistic evaluation. See Appendix B for
further discussion on the links between proper scoring
rules and Bregman divergences.

3 Loss-driven data acquisition

The approaches to Bayesian experimental design and
active learning presented in Section 2 have a funda-
mental shortfall: they are difficult to customise to dif-
ferent decision problems that we might want to solve
using the data we are acquiring. In particular, it is
not immediately clear how to align the loss on acquired
data with our ultimate goal of minimizing loss on “ter-
minal” (downstream) actions.

To address this, we now revisit BED from the perspec-
tive of decision-making and prediction. Specifically,
by revisiting the Bayesian decision theory that under-
lies BED, we identify a loss-driven approach to data
acquisition that in the special case of a negative-log-
likelihood loss is equivalent to EIG maximisation.

3.1 Bayes-optimal data acquisition

We consider the end-to-end problem of acquiring data
and then using that data to take a terminal action.
To this end, we first consider the optimal downstream
action if data d is acquired, then work backwards to
figure out the best way to gather data from this.

Assume we have some terminal loss function, ℓ : Z ×
A → R, that depends on our terminal action, a ∈ A,
and true world state, z ∈ Z (in principle the loss can
also directly depend on (d, πd), but we will omit such
dependency for simplicity). Further, let our model’s
belief over z after it has observed some hypothetical
data, d, be given by p(z|d;πd) ∝ p(z)p(d|z;πd), where
p(z) encodes our model’s current beliefs and p(d|z;πd)
is our predictive model for new data. The downstream
Bayes-optimal action is now given by

a∗ = argmin
a∈A

Ep(z|d;πd)[ℓ(z, a)] . (4)

The Bayesian expected loss associated with this
Bayes-optimal action corresponds to a generalised en-
tropy (Bickford Smith et al, 2025; Dawid, 1998):

hℓ[p(z|d;πd)] = min
a∈A

Ep(z|d;πd)[ℓ(z, a)] . (5)

This provides a loss-driven measure of uncertainty on
our posterior beliefs p(z|d;πd). It represents the best
expected performance we can achieve given the data
we have managed to acquire and the data policy we
used. Better data provides more information about
the state of the world, z, reducing our uncertainty and,
in turn, allowing for better downstream actions.

Moreover, sequential application of Bayesian decision
theory dictates that we should assume downstream ac-
tions are made Bayes-optimally when making earlier
decisions to preserve coherence (Lindley, 1972). Thus,



Loss-Driven Bayesian Active Learning

from a Bayesian decision theory perspective, the gen-
eralised entropy in Equation 5 is the canonical measure
we should use to assess how effective our data acquisi-
tion policy has been once the data has been observed.

From here it is easy to see that the Bayes-optimal data
gathering policy for a given model-loss pairing and al-
lowed space of policies Πd is

π∗
d = argmin

πd∈Πd

EPUℓp(d,z;πd)

where EPUℓp(d,z;πd)
= Ep(d;πd)[hℓ[p(z|d;πd)]] (6)

with p(d;πd) = Ep(z)[p(d|z;πd)]. Here EPUℓp(d,z;πd)

denotes the expected posterior uncertainty (EPU) in z
for a given loss function, ℓ, and a given joint model
over d and z, p(d, z;πd). If our loss depends only on
(z, a) and not directly on (πd, d), then this is equivalent
to the expected uncertainty reduction (EUR),

EURℓp(d,z;πd)
= hℓ[p(z)]− EPUℓp(d,z;πd)

.

Equivalent notions to the EPU and EUR have been
considered in past work (Bickford Smith et al, 2025;
Dawid, 1998; Huang et al, 2024; Neiswanger et al,
2022); the most recent of these relaxed the form of the
future beliefs to be potentially non-Bayesian. While
principled, the definition of the generalised entropy
involves a minimisation, creating a nested problem
where we must minimise the expectation of a min-
imisation of an inner expectation that is itself with
respect to an intractable posterior. Using it as a prac-
tical active learning objective thus further requires a
mechanism to get around this nested minimisation.

3.2 Using Bregman-divergence losses

Our key insight is now to show that the EPU defined
in Equation 6 is in fact a viable objective for practical
active learning approaches for a wide range of losses.
Specifically, if our loss takes the form

ℓ(z, a) = w(z)Dϕ(T (z), a), (7)

where w : Z → R+ is a weighting function, Dϕ is the
Bregman divergence associated with some strictly con-
vex differentiable potential function, ϕ : Ω → R, and
T : Z → dom(ϕ) is measurable, then the required in-
ner minimisation can be performed analytically, lead-
ing to the following core result.1

Theorem 1. Assume the terminal loss takes the
form of a weighted Bregman divergence on measur-
able transformations of the world state as per Equa-
tion 7, and that Eq(z)[w(z)], Eq(z)[w(z)T (z)] and

1Our results generally extend to cases where the loss
depends directly on (πd, d), provided each possible (πd, d)
realisation produces a loss that takes the form in Equa-
tion 7 (potentially with different w, ϕ, and/or T ).

Eq(z)[w(z)ϕ(T (z))] are finite for some generic distri-
bution q(z). If A ⊆ ri(dom(ϕ)) is convex and con-
tains Eqw(z)[T (z)] where qw(z) = w(z)q(z)/w̄q and
w̄q = Eq(z)[w(z)], then the generalised entropy asso-
ciated with this q is given by

hwϕ,T [q(z)] := min
a∈A

Eq(z)[w(z)Dϕ(T (z), a)]

= w̄q
(
Eqw(z)[ϕ(T (z))]− ϕ(Eqw(z)[T (z)])

)
. (8)

Assuming that p(z|d;πd) satisfies the above restrictions
of q for all (d, πd), then the Bayes-optimal data gath-
ering policy for our model-loss pairing is given by

π∗
d = argmin

πd∈Πd

w̄Epw(d;πd)

[
Epw(z|d;πd)[ϕ(T (z))]

−ϕ(Epw(z|d;πd)[T (z)])
]
,

(9)

where we define beliefs pw(d;πd) = w̄(d, πd)p(d;πd)/w̄,
pw(z|d;πd) = w(z)p(z|d;πd)/w̄(d, πd), and weights
w̄(d, πd) = Ep(z|d;πd)[w(z)], w̄ = Ep(z)[w(z)].

This result (see Appendix C.1 for proof) means Equa-
tion 9 is now something that we can realistically tar-
get for data acquisition, as it no longer requires us to
perform a nested optimisation within the acquisition
function (though it is still in general a nested expec-
tation (Rainforth et al, 2018)). The implications of
this are considerable because Equation 7 generalises a
number of standard predictive losses. In addition to
the KL divergence (reducing to NLL) and Mahalanobis
distance (reducing to squared error) mentioned in Sec-
tion 2, some further examples are presented in Table 1.

Remark. The Bayes-optimal action when using a
loss of the form Equation 7 with constant weight
function w is given by the posterior mean of T (z).
Moreover, this result goes both ways: under mild
regularity conditions, if our Bayes act is a posterior
mean, this itself implies that our loss function must be
a Bregman divergence loss of the form of Equation 7
up to additive constant terms (Banerjee et al, 2005a).

The above remark explains why Bregman-type losses
are not only numerically convenient, but also a nat-
ural fit for constructing a loss-driven active learning
framework: they align with mean-oriented decision se-
mantics and provide the analytic structure needed for
tractable acquisition. The inclusion of the weighting
factor, w(z), increases the flexibility of the framework,
allowing us to target scenarios where the optimal act is
not to use the mean under our beliefs because of asym-
metry in losses incurred by different errors (e.g. pe-
nalising under-prediction more than over-prediction).

The transformed-space formulation also gives a uni-
fied treatment of finite categorical targets: taking
T (z) = ez for a true class label, z, maps labels to the
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Name Example Z T (z) ϕ(z) Dϕ(T (z), T (b))

Squared error Berger (1985) R z z2 (z − b)2

Box-Cox squared error Box & Cox (1964) R+ (zλ − 1)/λ, λ ̸= 0 z2 (zλ − bλ)2/λ2

Linex Zellner (1986) R+ exp(−αz), α > 0 − log z exp(α(b− z))− α(b− z)− 1

Table 1 Standard predictive losses can be expressed as a Bregman divergence in a transformed space, Dϕ(T (z), T (b)),
where z ∈ Z is a world state, b ∈ Z is an in-space action, ϕ is a convex function and T : Z → dom(ϕ) is measurable.

simplex, so the Bayesian act is the class-probability
vector, Ep(z)[ez] = p ∈ RK , and the one-hot case
follows from the same computation rather than re-
quiring a separate construction. For example, using
ϕ(x) =

∑K
i=1 xi log xi and T (z) = ez allows us to re-

cover Shannon entropy as our hℓ and thus an EUR
that corresponds to the EIG in z.

More broadly, the transformation enlarges the class of
tractable Bregman-type losses because, for data ac-
quisition, we only need the corresponding uncertainty,
hϕ[·], to evaluate the acquisition function, not nec-
essarily a minimiser that lies in the original world
space Z. When such an in-space minimiser is re-
quired, i.e., z, b ∈ Z, one can instead use the pull-
back loss Dϕ(T (z), T (b)), and, assuming T is injective
and T (Z) is convex, recover the explicit Bayesian act
b∗ = T−1(Ep(z)[T (z)]) (see Table 1 for examples).

3.3 Focusing on active learning

Now we consider an active-learning setting in which
z represents an output variable of interest, πd = x
represents an input for labelling and d = y represents
the label of that input. We introduce the notion of a
context variable, c, that relates to the output we want
to predict; it could for example represent a test input.

The setup we have considered so far implicitly allows
for transductive learning (Vapnik, 1982), in which c is
known upfront: c can be used to inform our joint be-
liefs over y and z, and it does not need to be explicitly
denoted. Our focus is instead going to be on settings
where c is unknown at the time of data acquisition but
known at the time of choosing a terminal action.

Extending to this new setting simply requires us to
define our joint model to incorporate the unknown c,
leading to a new form of EPU. We define our joint
model to be p(c, y, z|x) = p(c)p(z|c)p(y|c, x, z) and,
assuming p(y|x, c) = p(y|x) for simplicity, this gives us

EPUϕ,T,wp(c,y,z|x) = Ep(c)p(y|x)
[
hwϕ,T [p(z|c, x, y)]

]
,

which is a function of the x that we want to choose.
As noted in Section 3.1, we can equivalently minimise
this EPU or maximise a corresponding EUR, given by

EURϕ,T,wp(c,y,z|x) = Ep(c)
[
hwϕ,T [p(z|c)]

]
− EPUϕ,T,wp(c,y,z|x),

which is the negative EPU plus a term constant in x.

It is worth noting a caveat around using these forms
of EPU and EUR defined in terms of a single step of
data acquisition. This follows the standard practice in
Bayesian active learning to repeatedly use a single-step
acquisition objective to choose a sequence of inputs
for labelling (Section 2). However, it means it does
not conform to true Bayesian optimality as per Equa-
tion 9, which would require us to go through the expen-
sive process of fully planning ahead through all future
data acquisitions as would be required, e.g. using deep
adaptive design (Foster et al, 2021). Our results show
it can nevertheless perform well and provide a practi-
cal loss-driven Bayesian active learning approach.

3.4 Two concrete objectives

We next use our setup to identify two new example ob-
jectives from our framework that are related to existing
information-based and variance-based objectives. We
obtain the first objective using a weighted NLL loss,
produced by T (z) = ez and ϕ(x) =

∑K
i=1 xi log xi:

ℓWNLL(z, a) = −w(z) log az

where az denotes the probability mass assigned to z
by the distribution that a represents. The resulting
uncertainty for a generic q(z|c) is hWNLL[q(z|c)] =
w̄(c)H[qw(z|c)] where we define w̄(c) and qw(z|c) as in
Equation 8 except with q(z) replaced by q(z|c). The
corresponding EUR is a “weighted EPIG”,

EPIGw(x) =

Ep(c)p(y|x)[w̄(c)H[pw(z|c)]− w̄(c, x, y)H[pw(z|c, x, y)]]

which is equal to EPIG if w(z) = 1 for all z.

Next we use a weighted squared error:

ℓWSE(z, a) = w(z)(z − a)2.

Similar to before, our uncertainty is hWSE[q(z|c)] =
w̄(c)Vqw(z|c)[z], which leads to a “weighted EVR”,

EVRw(x) =

Ep(c)p(y|x)
[
w̄(c)Vpw(z|c)[z]− w̄(c, x, y)Vpw(z|c,x,y)[z]

]
.

If, as above, we consider w(z) = 1 for all z then this
objective is a Bayesian variant of the expected variance
reduction proposed by Cohn (1993).
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Choosing w in practice Our framework is agnos-
tic to how the weight function w is obtained: w is
simply a user-specified encoding of which values of z
matter more for downstream accuracy. In practice,
w may be hand-specified from domain knowledge, de-
rived from an explicit cost model, or elicited from user
preferences. When the downstream evaluation loss is
already fixed, w should be chosen to match that loss.

3.5 Insights on prediction-space weighting

There are important links between the EPU pro-
duced by our weighted-Bregman losses and the EPU of
corresponding unweighted losses under an alternative
model, as explained in the following result.

Corollary 1. Assume the generalised entropy terms
are well defined. Then, with w̄(c) = Ep(z|c)[w(z)] and
pw(z|c) = w(z) p(z|c)/w̄(c),

EPUϕ,T,wp(z,y|c,x) = w̄(c) EPUϕ,Tpw(z|c) p(y|x,z,c),

where the lack of the w superscript in the second EPU
is used to imply w(z) = 1,∀z. Moreover, averaging
over contexts gives

EPUϕ,T,wp(c,y,z|x) = w̄EPUϕ,Tpw(c) pw(z|c) p(y|x,z,c), (10)

= w̄EPUϕ,Tpw(z) p(c,y|x,z), (11)

where w̄ = Ep(c)[w̄(c)] and pw(c) = w̄(c) p(c)/w̄. The
same identities hold with EPU replaced by EUR.

This result (see Appendix C.2 for proof) makes precise
what prediction-space weighting does to the active-
learning objective: weighting the downstream loss by
w(z) is equivalent to evaluating the unweighted EPU
under an alternative model where we have replaced
the marginal prior on z, p(z), with the weighted prior,
pw(z) ∝ p(z)w(z), while keeping the conditional distri-
bution on all other variables, p(c, y|x, z), fixed. Thus,
if our original model was based on directly placing a
prior on z and then a likelihood on data and contexts
given z (e.g. for BALD, z corresponds to the model
parameters and c = ∅), we can easily just adjust our
prior instead of imposing any kind of weighting.

However, in many cases our prior on z is not
specified directly but is the pushforward of some
other distribution. For example, when using EPIG
then our model is constructed by first defining
p(c), a prior on underlying parameters p(θ), and
a shared predictive distribution for outputs given
inputs parameterised by θ, ppred(out|θ, in). The
required model terms in Corollary 1 are then
derived indirectly from these, namely p(z|c) =
Ep(θ)[ppred(out = z|θ, in = c)], p(z) = Ep(c)[p(z|c)],
p(θ|z, c) = p(θ)ppred(out = z|θ, in = c)/p(z|c), and

p(y|x, z, c) = Ep(θ|z,c)[ppred(out = y|θ, in = x)]. Here
it is not clear in general (at least without solving an
inverse problem) how to adjust p(θ) and p(c) to in-
duce a desired change from p(z) to pw(z), particularly
given we need to also leave p(y|x, z, c) unchanged. The
weighted EPU form is thus essential in allowing us to
formulate our model–loss pairing in practice.

Equation 10 further shows that when we average over
contexts, then the weighting on z induces a change in
the effective context distribution to pw(c) ∝ w̄(c) p(c).
For example, with EPIG, then it adjusts our original
test-time input distribution p(c) to increase the em-
phasis on inputs that have high expected weight under
the context dependent prior p(z|c). Given one will gen-
erally construct the model by defining p(c) and then
p(z|c), this highlights an important pitfall: simply ad-
justing the distribution p(z|c) fails to account for the
impact the weights have on contexts as well.

An important further nuance to these results occurs
when the model is learned from previous data using
empirical risk minimisation, rather than being directly
specified by the user. Here one might consider incor-
porating the weight into the loss on which the model is
trained instead of into the acquisition function. That
is, when training the model parameters, θ, we could
incorporate a w(z) factor into the loss to induce the
required change from p(z) to pw(z). While this will in-
deed actually have the desired effect on p(z), it will also
have the unwanted consequence of changing the dis-
tribution on p(y|x, z, c). Namely, by changing p(θ) to
incorporate our desired weighting, this in turn changes
p(θ|z, c), and in turn p(y|x, z, c) (noting that in general
ppred(out|θ, in) will itself be fixed). Thus, though this
approach is in principle possible, it still requires the
application of a weighting in the EPU (along with ap-
propriately adjusting p(c)), this time to y to account
for the fact that our data distribution no longer rep-
resents our beliefs for what data we will actually see.

4 Related work

Early decision-oriented work in the active-learning
literature includes that of Margineantu (2005), who
augmented standard predictive losses with input-
dependent label-acquisition costs. Similar considera-
tions of variable labelling cost—as well as other prac-
tical factors, such as choosing between multiple pos-
sible label sources—were explored by Donmez & Car-
bonell (2008), Kapoor et al (2007), Nguyen et al (2015)
and Werling et al (2015). A bigger departure from
standard practice was proposed by Saar-Tsechansky &
Provost (2007), who shifted from predictive decision
problems to more general problems. Later work by
Javdani et al (2014), Sundin et al (2019) and Filstroff



Zhuoyue Huang, Freddie Bickford Smith, Tom Rainforth

et al (2024) was motivated by a similar emphasis on
non-predictive decisions. Krishnamurthy et al (2019)
focused on predictive decision problems but consid-
ered non-standard losses that place more weight on
some label values than others. More recently, Hino &
Eguchi (2023) used Bregman divergences to define new
measures of committee disagreement in the context of
query-by-committee data acquisition, while Tan et al
(2023) used them to extend the “mean cost of uncer-
tainty” framework (Yoon et al, 2013) in the particular
case of classification. All of the aforementioned work
on active learning is similar to ours in its emphasis on
non-standard losses, and some of it shares technical
elements with our work, but (to our knowledge) our
framework enables the derivation of practical acquisi-
tion objectives distinct from those in past work.

Relevant foundational work in the experimental-design
literature includes that of Dawid (1998), DeGroot
(1962) and Lindley (1972), who used Bayesian decision
theory to derive acquisition objectives. While princi-
pled, these approaches are generally computationally
impractical. More recent work by Huang et al (2024)
demonstrated practical ideas in modern contexts by in-
stead using amortisation to try and approximate the
inner minimisation. By contrast, our work avoids the
need for amortisation or nested updating entirely by
analytically minimising the Bregman divergence.

A complementary literature studies loss mismatches
with an emphasis on learning from fixed data rather
than acquiring new data. For example, “decision-
focused learning” trains predictors end-to-end through
downstream (including combinatorial) optimisers to
improve decision quality (Wilder et al, 2019), and
“predict then optimise” develops decision-calibrated
surrogate losses with statistical guarantees for down-
stream optimisation (Elmachtoub & Grigas, 2022).

5 Experiments

Now we empirically assess the benefit of explicitly tar-
geting the loss in a given predictive decision problem.
Specifically we run active learning on a range of regres-
sion and classification problems, in each case evaluat-
ing the performance of an acquisition objective that
targets the test loss and comparing this against an al-
ternative objective. Code for reproducing our results
is available at github.com/Zhuoyue-Huang/loss-dri
ven-bayesian-active-learning. Additional practi-
cal details are in Appendices D and E.

5.1 Regression

We begin with four scenarios in which z ∈ R represents
a real-valued output. For each scenario, we consider

Method SEL ↓ SELw ↓
Random 0.9238 ± 0.0940 343.4 ± 109.5

EVR 0.3449 ± 0.0025 107.1 ± 1.971

EVRw 1.5872 ± 0.1158 72.06 ± 1.508

Table 2 Test losses in 1d regression. Here SEL denotes
squared-error loss and SELw denotes a weighted variant.
For both test losses, the corresponding acquisition objec-
tive (EVR for the former; EVRw for the latter) achieves
the lowest loss. We report mean ± SEM over 25 runs. Bold
indicates the best mean for each loss.

two losses and their corresponding acquisition objec-
tives (Section 3.4): standard squared error (standard
EVR) and weighted squared error (weighted EVR).
Since one of these scenarios aligns with the original
motivation for the Linex loss (Zellner, 1986), we addi-
tionally explore the use of Linex on that problem.

5.1.1 Synthetic data

We begin with a scenario that can be easily visu-
alised. Specifically we consider one-dimensional in-
puts, x ∈ R, and a true function, f(x), defined as
f∗ = 2f0 +8f(2.5,0.5) +10f(7.5,0.25) − 6f(−4.5,0.5) where
f0(x) = sin(2x) is a sine wave and f(µ,σ) is a Gaussian
density function parametrised by mean µ and stan-
dard deviation σ. Observations follow y = f(x) + ϵ
with ϵ ∼ N (0, 0.04). We consider w(z) = exp(z) as
the weighting function of interest. This corresponds to
predictive errors being more consequential for higher
values of the output, z, being predicted.

Model & training We use exact Gaussian-process
(GP) regression (Williams & Rasmussen, 2006) with
zero mean, covariance k(x, x′) = exp

(
− 1

2 (x− x′)2
)

and a Gaussian likelihood function that matches the
true input-conditional output distribution.

Data acquisition In each run we start with 3 input-
label pairs and acquire 25 additional pairs. Candi-
dates inputs, context inputs (for calculating EVR and
weighted EVR) and test inputs are evenly spaced in
[−8, 8], with 65, 49 and 97 points respectively. With
fixed hyperparameters, the GP one-step posterior up-
date is exact, which we exploit to compute our acqui-
sition objectives without refitting.

Results In Figure 1 we see how our choice of loss
shapes data acquisition: the standard EVR just pri-
oritises output regions in which the model’s predic-
tive variance is highest, while the weighted EVR ad-
ditionally incorporates a prioritisation of high-output
regions (in Appendix F.1 we show how changing the
weighting function leads to prioritising low-output re-
gions). In Table 2 we see the importance of incorpo-
rating the test loss into data acquisition. For both
standard and weighted squared error, the acquisition

https://github.com/Zhuoyue-Huang/loss-driven-bayesian-active-learning
https://github.com/Zhuoyue-Huang/loss-driven-bayesian-active-learning
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Figure 1 Expected variance reduction (EVR) vs. a variant with weighting w(z) = exp(z) (EVRw). Row 1: prediction
with data acquired by EVR. Row 2: values of EVR and EVRw given the Row 1 training set (the maximiser is labelled
next). Row 3: prediction with data acquired by EVRw. Row 4: values of EVR and EVRw given the Row 3 training set.

objective that targets the loss achieves much better
average loss across test data.

5.1.2 UCI data

Next we shift to three scenarios based on datasets
from the UCI repository (Dua & Graff, 2017): Slump
(N = 103, D = 7; mix proportions → slump; Yeh,
2007), Yacht (N = 308, D = 6; hull descriptors →
residuary resistance; Gerritsma et al, 1981) and Es-
tate (N = 414, D = 6; location/time features →
price per unit area; Yeh, 2018); N denotes the number
of input-label pairs and D the input dimensionality.
We consider w(z) = exp(−z) as the weighting func-
tion of interest, favouring accuracy in low-output re-
gions; this is especially meaningful for Yacht, where
low residuary resistance corresponds to lower required
propulsive power and therefore improved performance.

Model & training Again we use a GP model. Here
we use a constant prior mean, m(x) = const. The
kernel is a sum of a linear (dot-product) term and a
Matérn term with i.i.d. white noise. Additional mod-
elling details are in Appendix E.2.

Data acquisition In each run we start with 10 input-
label pairs and acquire 20 additional pairs. For repro-
ducibility across methods, contexts and test inputs are
drawn per dataset and resampled at each trial: we use
fixed test sizes of 20, 60, and 80 for Slump, Yacht,
and Estate, respectively, with the rest being pool can-
didates. We use the same acquisition methods as in
Section 5.1.1. Estimation details are in Appendix D.2
and are independent of the kernel choice.

Results In Figure 2 we again see that the objective

matched to the given test loss performs better than
the unmatched objective. In all data scenarios, EVRw
attains the best SELw and EVR attains the best SEL.

5.1.3 Linex loss

So far we have compared EVR to its weighted variant.
Here we compare EVR to an alternative objective that
targets a Linex loss, as presented in Table 1. Linex
is asymmetric, penalising large overestimation errors
much more strongly than underestimation for α > 0.
We reuse our setup for Estate from before but here
acquire 50 new input-label pairs rather than 20.

Results In Figure 3 we see that the previously ob-
served benefit of targeted data acquisition holds con-
vincingly when the comparison is between standard
squared error and the Linex loss. Each acquisition ob-
jective is best under its own downstream loss, with the
difference often constituting an order of magnitude.

5.2 Classification

Now we study three scenarios in which z ∈
{1, 2, . . . , C} is a class label using the additional UCI
datasets Vehicle (C = 4, N = 946, D = 18; silhou-
ettes; Mowforth & Shepherd, 1993), Landsat (C = 6,
N = 6435, D = 36; satellite imagery; Srinivasan,
1993) and Vowel (C = 11, N = 528, D = 10; speech
features; Deterding et al, 1988). Two classes per
dataset are designated high-priority with w(i) = 50;
the remaining classes use w(i) = 1. For each sce-
nario, we consider two losses and their corresponding
acquisition objectives (Section 3.4): NLL (EPIG) and
weighted NLL (weighted EPIG).
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Figure 2 Top to bottom: performance (mean ± SEM)
on Slump, Yacht and Estate with w(z) = exp(−z).

Figure 3 Evolution of performance (mean ± SEM) un-
der downstream losses (SEL and Linex) on Estate.

Model & training We use random forests with 1,000
trees. Given a forest θ, each tree j yields class prob-
abilities θj,i(x) for class i, so that p(z = i | x, θj) =
θj,i(x) and the forest defines pw(z | x) ∝ w(z)p(z | x)
by averaging over trees then weighting with class im-
portance. The random forests are updated with stan-
dard (non-Bayesian) training; the acquisition compu-
tations use the Bayesian predictive posterior.

Data acquisition In each run we start with 5 input-
label pairs per class, after which we acquire 100 addi-
tional pairs. For both acquisition-objective estimation
and construction of the test set, we perform stratified
subsampling with a fixed number per class: 45 exam-
ples per class for Vehicle (4 × 45 = 180 total), 200
per class for Landsat (6 × 200 = 1,200), and 15 per
class for Vowel (11× 15 = 165).

Figure 4 Top to bottom: mean ± SEM on Vehicle
(w = [50, 1, 1, 50]), Landsat (w = [1, 1, 1, 1, 50, 50]) and
Vowel (w = [1, 1, 1, 1, 1, 1, 50, 50, 1, 1, 1]).

Results With reference to the test losses in Figure 4
and class proportions in Figure 6, we can see that tar-
geting the weighted loss leads us to prioritise high-
weight classes, helping improve the test loss. The per-
formance benefit we saw in regression problems there-
fore carries over to classification problems.

6 Conclusion

We have argued that popular active learning ap-
proaches do not generally account for the full range
of decision problems that we want to target in prac-
tice. To address this we have revisited the decision-
theoretic foundations of Bayesian experimental design
and identified a principled, general approach that di-
rectly targets the loss of interest. We make this gen-
eral approach practically applicable by showing that
it can be analytically simplified when using weighted
Bregman-divergence losses based on transformations
of the world state. These losses are very general, cor-
responding to the scenario where the Bayes act is a
(weighted) posterior mean, which is true in many prac-
tical prediction and estimation problems. We have fur-
ther provided two example realisations of our frame-
work, in the form of weighted variants of the EPIG and
EVR acquisition functions that allow us to prioritise
predictive performance over specific classes or regions.
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perparameters, how they were chosen). [Yes]

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times). [Yes]

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider). [Yes]

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets. [Yes]

(b) The license information of the assets, if ap-
plicable. [Yes]

(c) New assets either in the supplemental mate-
rial or as a URL, if applicable. [Yes]

(d) Information about consent from data
providers/curators. [Yes]

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content. [Yes]

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots. [Not Applicable]

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable. [Not Appli-
cable]

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partic-
ipant compensation. [Not Applicable]



Loss-Driven Bayesian Active Learning

A Functional Bregman divergences

For readability, the main text presents Bregman divergences and associated results in finite-dimensional vector
notation. Many targets of interest in Bayesian active learning are more naturally viewed as elements in an infinite-
dimensional function space (e.g., probability densities or latent functions). This appendix summarises functional
Bregman divergences and records the functional analogue of the key optimality and uncertainty identities used
in the paper.

Let (X ,Σ, µ) be a σ-finite measure space and let Lp := Lp(X , µ) for some 1 ≤ p < ∞. Let K ⊂ Lp be an open
convex set and let Φ : K → R be strictly convex and Gâteaux differentiable on K. For g ∈ K and direction
h ∈ Lp, write the (Gâteaux) derivative as

δΦ(g;h) := lim
ϵ→0

Φ(g + ϵh)− Φ(g)

ϵ
,

whenever the limit exists (Hiriart-Urruty & Lemaréchal, 2004).

Definition 1 (Functional Bregman divergence (Frigyik et al, 2008)). For f, g ∈ K, the functional Bregman
divergence induced by Φ is

DΦ(f, g) := Φ(f)− Φ(g)− δΦ(g; f − g).

A mild regularity condition is that for each fixed g ∈ K the map h 7→ δΦ(g;h) defines a bounded linear functional
on Lp (Frigyik et al, 2008). By Lp–Lq duality, there exists ϕg ∈ Lq (with 1/p + 1/q = 1, and q = ∞ if p = 1)
such that

δΦ(g;h) =

∫
X
φg(x)h(x) dµ(x) for all h ∈ Lp.

In this case,

DΦ(f, g) = Φ(f)− Φ(g)− ⟨φg, f − g⟩, ⟨φg, f − g⟩ :=
∫
X
φg(x) (f(x)− g(x)) dµ(x). (12)

Throughout we assume this mild regularity so that δΦ(g; ·) ∈ (Lp)∗ and therefore admits the integral repre-
sentation above, allowing us to identify φg with the (Gâteaux/Fréchet) gradient of Φ at g; for a convex Φ this
coincides with the unique subgradient at g when differentiability holds. Readers may safely think of φg as the
“gradient of Φ at g” for intuition.

All results in the paper stated for Dϕ can be extended to functional Bregman divergence DΦ under the replace-
ments ϕ 7→ Φ, ∇ϕ(·) 7→ φ(·) (or δΦ(·; ·)), and ⟨·, ·⟩ 7→

∫
· · dµ. In particular, the Bayes act under DΦ(F, g) for a

random function F is still the mean function: under mild integrability and assuming E[F ] ∈ K,

argmin
g∈K

E
[
DΦ(F, g)

]
= E[F ], min

g∈K
E
[
DΦ(F, g)

]
= E[Φ(F )]− Φ(E[F ]),

a nonnegative Jensen gap (Frigyik et al, 2008).

Example: KL divergence between densities. Let K be a convex set of strictly positive probability densities
on X (w.r.t. µ) and define Φ(p) :=

∫
X p(x) log p(x) dµ(x). Then the induced functional Bregman divergence

equals

DΦ(p, q) =

∫
X
p(x) log

p(x)

q(x)
dµ(x) = KL(p∥q),

where the normalisation
∫
p dµ =

∫
q dµ = 1 ensures cancellation of additive terms (Frigyik et al, 2008).

B Proper scoring rules and divergence representation

When the prediction target is itself a probability distribution (e.g., in probabilistic learning tasks), losses are
naturally expressed as scoring rules. This appendix records the standard link between (strictly) proper scoring
rules and (functional) Bregman divergences. This connection motivates our focus on Bregman-type losses: many



Zhuoyue Huang, Freddie Bickford Smith, Tom Rainforth

commonly used probabilistic losses, including log loss, arise as proper scoring rules whose regret is a Bregman
divergence.

Let (Z,Z) be a measurable space, P a convex class of probability laws on Z, and S : P×Z → R a (loss-oriented)
scoring rule. S is (strictly) proper if for all p, q ∈ P,

Ep(z)[S(p, z)] ≤ Ep(z)[S(q, z)]

with equality if and only if q = p. A differentiable scoring rule is strictly proper if and only if its score regret is
a (functional) Bregman divergence (Gneiting & Raftery, 2007; Ovcharov, 2018):

Ep(z)[S(q, z)]− Ep(z)[S(p, z)]=

{
Dϕ(p, q), p, q ∈ ∆K−1

DΦ(p, q), p, q ∈ P.
(13)

In finite-outcome problems this yields the divergence representation (Gneiting & Raftery, 2007):

S(q, z) = Dϕ(ez, q) + c(z)

= −ϕ(q)− ⟨∇ϕ(q), ez − q⟩+ c(z), (14)

where scores are equivalent up to an additive c(z). On general outcome spaces, the Savage representation
(Gneiting & Raftery, 2007; Dawid & Musio, 2014) states that there exists a concave entropy H on P and a
subgradient hq ∈ ∂H(q) such that

S(q, z) = H(q) + hq(z)−
∫
hq dq + c(z).

Writing Φ := −H (so Φ is convex) and choosing any φq ∈ ∂Φ(q) with φq = −hq, we obtain the continuous
analogue2 of the discrete formula:

S(q, z) = −Φ(q)− φq(z) + Eq(z)[φq(z)] + c(z), (15)

and consequently the score regret equals the functional Bregman divergence DΦ (Ovcharov, 2018). Equation 13
makes clear that, when the inputs are distributions, one uses the appropriate Bregman geometry for the input
type: vector-input Dϕ on the simplex (discrete) and functional DΦ on densities (continuous). Minimising
expected score under the truth p is therefore equivalent to minimising (functional) Bregman divergence to p,
uniquely solved by q = p.

Example: KL divergence between densities. The log score S(q, z) = − log q(z) is strictly proper and its
regret is KL(p∥q). Equivalently, it corresponds to the convex functional Φ(p) =

∫
p log p in Appendix A.

Note that we restrict the discussion to cases where the decision rule outputs a predictive distribution q, rather
than a point prediction. The primitive loss is then a scoring rule S(q, z). In this setting, the Bregman divergence
appears at the level of expected score regret. It should therefore be distinguished from the pointwise Bregman
loss Dϕ(T (z), a) used in the main text for point or embedded-point prediction.

In the case of discrete probability distribution spaces, one can bridge between Bregman divergence for point
prediction and distribution directly. If z ∈ {1, . . . ,K} and ez ∈ ∆K−1 is the one-hot encoding, then Epn(z)[ez] =
pn(z), the full class-probability vector. By the same proof of evaluation-discrepancy identity in Proposition 2,

Epn(z)[Dϕ(ez, q)]− Epn(z)[Dϕ(ez, pn(z))] = Dϕ(pn, q)

so the expected pointwise Bregman loss on one-hot outcomes induces the Bregman divergence on the simplex
under the same potential. Therefore, when the targets are in a discrete probability space, the optimal data-
acquisition policy is equivalent to the minimiser of the expected proper scoring rule S (defined previously in
Equations 14 and 15):

π∗
d = argmin

πd∈Πd

Epn(z,d;πd)[S(pn(·|d;πd), z)] .

2To match with the Bregman divergence formulation in Equation 12, intuitively ⟨φq, δz − q⟩ := φq(z)−
∫
φq dq. This

extension sits slightly outside the Lp–Lq pairing used for functional Bregman divergences but is consistent with the general
function–measure duality (Dawid, 2007).
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C Proofs and derivations

C.1 Generalised entropy and expected predictive uncertainty

Proposition 1 (Banerjee et al, 2005a). Let Z ⊆ RK be an open convex set, ϕ : Z → R be a strictly convex
differentiable potential function, and z ∼ p(z) a random variable taking values in Z for which both Ep(z)[z] and
Ep(z)[ϕ(z)] are finite. With the assumption Ep(z)[z] ∈ Z, the minimiser of the expected Bregman divergence is
the expectation of z:

argmin
a∈Z

Ep(z)[Dϕ(z, a)] = Ep(z)[z] .

Theorem. Assume the terminal loss takes the form of a weighted Bregman divergence on measurable trans-
formations of the world state as per Equation 7, and that Eq(z)[w(z)], Eq(z)[w(z)T (z)] and Eq(z)[w(z)ϕ(T (z))]
are finite for some generic distribution q(z). If A ⊆ ri(dom(ϕ)) is convex and contains Eqw(z)[T (z)] where
qw(z)=w(z)q(z)/w̄q and w̄q=Eq(z)[w(z)], then the generalised entropy associated with this q is given by

hwϕ,T [q(z)] := min
a∈A

Eq(z)[w(z)Dϕ(T (z), a)] = w̄q
(
Eqw(z)[ϕ(T (z))]− ϕ(Eqw(z)[T (z)])

)
.

Assuming that p(z|d;πd) satisfies the above restrictions of q for all (d, πd), then the Bayes-optimal data gathering
policy for our model-loss pairing is given by

π∗
d = argmin

πd∈Πd

w̄Epw(d;πd)

[
Epw(z|d;πd)[ϕ(T (z))]− ϕ(Epw(z|d;πd)[T (z)]),

where we define beliefs pw(d;πd) = w̄(d, πd)p(d;πd)/w̄ and pw(z|d;πd) = w(z)p(z|d;πd)/w̄(d, πd), and weights
w̄(d, πd) = Ep(z|d;πd)[w(z)] and w̄ = Ep(z)[w(z)].

Proof. With a change of belief, we have

Eq(z)[w(z)Dϕ(T (z), a)] = w̄q Eqw(z)[Dϕ(T (z), a)] .

As w̄ is a constant, by Proposition 1, the minimiser of w̄q Eqw(z)[Dϕ(T (z), a)] is a
∗ = Eqw(z)[T (z)]. Therefore,

the corresponding minimal value is

hwϕ [q(z)] = w̄qEqw(z)[Dϕ(T (z), a
∗)]

= w̄q
(
Eqw(z)[ϕ(T (z))− ϕ(a∗)− ⟨∇ϕ(a∗), T (z)− a∗⟩]

)
= w̄q

(
Eqw(z)[ϕ(T (z))]− ϕ(a∗)− Eqw(z)[⟨∇ϕ(a∗), T (z)⟩] + ⟨∇ϕ(a∗), a∗⟩

)
= w̄q

(
Eqw(z)[ϕ(T (z))]− ϕ(a∗)

)
.

Under the predictive distribution p(z|d;πd), the expected predictive uncertainty (6) can be expressed as

EPUϕ,T,wp(d,z;πd)
= Ep(d;πd)

[
hwϕ [p(z|d;πd)]

]
= Ep(d;πd)

[
w̄(d, πd)

(
Epw(z|d;πd)[ϕ(T (z))]− ϕ(Epw(z|d;πd)[T (z)])

)]
= w̄Epw(d;πd)

[
Epw(z|d;πd)[ϕ(T (z))]− ϕ(Epw(z|d;πd)[T (z)])

]
,

which leads to the optimal policy π∗
d = argminπd∈Πd

EPUϕ,T,wp(d,z;πd)
as the form required.

C.2 Expected posterior uncertainty with weighted divergence

Corollary. Assume the generalised entropy terms are well defined. Then, with w̄(c) = Ep(z|c)[w(z)] and
pw(z|c) = w(z) p(z|c)/w̄(c),

EPUϕ,T,wp(z,y|c,x) = w̄(c) EPUϕ,Tpw(z|c) p(y|x,z,c),
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where the lack of the w superscript in the second EPU is used to imply w(z) = 1,∀z. Moreover, averaging over
contexts gives

EPUϕ,T,wp(c,y,z|x) = w̄EPUϕ,Tpw(c) pw(z|c) p(y|x,z,c), (16)

= w̄EPUϕ,Tpw(z) p(c,y|x,z), (17)

where w̄ = Ep(c)[w̄(c)] and pw(c) = w̄(c) p(c)/w̄. The same identities hold with EPU replaced by EUR.

Proof. The expected posterior uncertainty with weighted divergence can be expanded as

EPUϕ,T,wp(z,y|c,x) = Ep(y|x,c)
[
hwϕ,T

[
p(z | c, y, x)

]]
= Ep(y|x,c) p(z|c,y,x)

[
w(z)Dϕ

(
T (z),Epw(z|c,y,x)[T (z)]

)]
= Ep(z|c) p(y|x,z,c)

[
w(z)Dϕ

(
T (z),Epw(z|c,y,x)[T (z)]

)]
= Ep(z|c)[w(z)] · Epw(z|c) p(y|x,z,c)

[
Dϕ

(
T (z),Epw(z|c,y,x)[T (z)]

)]
.

Note that pw(z | c, y, x) can also be expressed by the Bayes rule,

pw(z | c, y, x) =
w(z)

Ep(z|c,y,x)
[
w(z)

] · p(z | c, y, x)

=
w(z)

Ep(z|c)
[

p(y|x,z,c)
Ep(z′|c)

[
p(y|x,z′,c)

] w(z)] · p(z | c) p(y | x, z, c)
Ep(z′|c)

[
p(y | x, z′, c)

]
=

w(z)

Ep(z|c)
[
p(y | x, z, c)w(z)

] · p(z | c) p(y | x, z, c)

=
w(z) p(z | c)
Ep(z|c)

[
w(z)

] · p(y | x, z, c)
Epw(z|c)

[
p(y | x, z, c)

]
= pw(z | c) ·

p(y | x, z, c)
Epw(z|c)

[
p(y | x, z, c)

] , (18)

where the reweighted marginal likelihood over y is shown in the form of

q(y | x, c) := Epw(z|c)[p(y | x, z, c)].

In this case, we can further simplify the EPU as

EPUϕ,T,wp(z,y|c,x) = Ep(z|c)[w(z)] · Eq(y|x,c) pw(z|c,y,x)
[
Dϕ

(
T (z),Epw(z|c,y,x)[T (z)]

)]
= Ep(z|c)[w(z)] · Eq(y|x,c) [hϕ,T [pw(z | c, y, x)]]

= Ep(z|c)[w(z)] · EPUϕ,Tq(y|x,c) pw(z|c,y,x)

= w̄(c) EPUϕ,Tpw(z|c) p(y|x,z,c).

Averaging over contexts gives

EPUϕ,T,wp(z,y,c|x) = Ep(c)
[
w̄(c) · EPUϕ,Tpw(z|c) (y|x,z,c)

]
= Ep(c)[w̄(c)] · Ep(c)

[
w̄(c)

Ep(c)[w̄(c)]
· EPUϕ,Tpw(z|c) p(y|x,z,c)

]
= Ep(c)[w̄(c)] · Epw(c)

[
EPUϕ,Tpw(z|c) p(y|x,z,c)

]
= w̄EPUϕ,Tpw(c) pw(z|c) p(y|x,z,c),
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where the joint weighted distribution can also be expressed as

pw(c) pw(z|c) p(y|x, z, c) =
w̄(c)

w̄
p(c) · w(z)

w̄(c)
p(z|c) · p(y|x, z, c)

=
w(z)

Ep(c) p(z|c)[w(z)]
p(z) p(c|z) p(y|x, z, c)

= pw(z) p(y, c|x, z).

As hwϕ,T [p(z|c)] = w̄(c)hϕ,T [pw(z|c)] and Ep(c)
[
hwϕ,T [p(z|c)]

]
= w̄Epw(c)

[
hϕ,T [pw(z|c)]

]
, we have that

EURϕ,T,wp(y,z|x,c) = hwϕ,T [p(z|c)]− EPUϕ,T,wp(y,z|x,c)

= w̄(c)
(
hϕ,T [pw(z|c)]− EPUϕ,Tpw(z|c) p(y|x,z,c)

)
= w̄(c) EURϕ,Tpw(z|c) p(y|x,z,c)

EURϕ,T,wp(c,y,z|x) = Ep(c)
[
hwϕ,T [p(z|c)]

]
− EPUϕ,T,wp(c,y,z|x)

= w̄
(
Epw(c)

[
hϕ,T [pw(z|c)]

]
− EPUϕ,Tpw(c) pw(z|c) p(y|x,z,c)

)
= w̄EURϕ,Tpw(c) pw(z|c) p(y|x,z,c)

= w̄EURϕ,Tpw(z) p(y,c|x,z).

C.3 Decomposition of evaluation discrepancy

In practice we often evaluate a model against an external system peval(z) (a data source, simulator, sensor, or
benchmark), which need not coincide with the model’s predictive p(z). Following the decision-theoretic view of
externally grounded evaluation, the relevant score is the expected loss of the Bayes action under p, taken with
respect to peval (Bickford Smith et al, 2025, Sec. 5.4). For Bregman losses, this score admits a clean two-term
decomposition.

Proposition 2 (Evaluation-discrepancy decomposition under Bregman loss). Let Dϕ be the Bregman divergence
induced by a strictly convex differentiable ϕ. Then

Epeval [Dϕ(z, Ep[z])] = Dϕ(Epeval [z], Ep[z])︸ ︷︷ ︸
estimation error

+Epeval [Dϕ(z, Epeval [z])]︸ ︷︷ ︸
irreducible dispersion

.

The left-hand side of Proposition 2 (see Appendix C.3 for a proof) is the expected Bregman loss of acting with
the model’s Bayes action when reality is generated by peval. The right-hand side separates: (i) a reducible
term—how far the model’s Bayes act Ep[z] is from the evaluation Bayes act Epeval [z] in the geometry of ϕ; and
(ii) an irreducible term—the Jensen gap of peval under ϕ, i.e., the data dispersion intrinsic to the evaluation
source. Thus, improvement under an external metric comes only by shrinking the first term; the second is
fixed by peval and the chosen loss. This generalises the evaluation identities in Bickford Smith et al (2025) from
squared and log loss to any Bregman divergence, unifying bias-variance and cross-entropy decompositions within
Bregman-geometric framework within one decision-theoretic statement.

Proof. Following Bickford Smith et al (2025), define the evaluation discrepancy

d(p, peval) = Epeval [ℓ(z, a∗)− ℓ(z, aeval)],

where a∗ and aeval are the minimisers of expected loss over p and peval, respectively. When the loss is in the
form of a Bregman divergence, we can further reduce the expression as

d(p, peval) = Epeval [Dϕ (z,Ep(z))−Dϕ (z,Epeval(z))]
= Epeval

[
ϕ(z)− ϕ

(
Ep(z)[z]

)
−
〈
∇ϕ

(
Ep(z)[z]

)
, z − Ep(z)[z]

〉]
− (Epeval [ϕ(z)]− ϕ (Epeval [z]))

= Epeval [ϕ(z)]− ϕ
(
Ep(z)[z]

)
−
〈
∇ϕ

(
Ep(z)[z]

)
,Epeval [z]− Ep(z)[z]

〉
− (Epeval [ϕ(z)]− ϕ (Epeval [z]))

= Dϕ

(
Epeval [z],Ep(z)[z]

)
.
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Rearrange the first and the last equation, we have that

Epeval [Dϕ (z,Ep(z))] = Dϕ

(
Epeval [z],Ep(z)[z]

)
+ Epeval [Dϕ (z,Epeval(z))]︸ ︷︷ ︸

irreducible

,

which aligns with the bias-variance decomposition in Bregman divergence (Equation 19). For any (possibly
random) predictor A, define the central prediction Eϕ[A] :=argminu EA[Dϕ(u,A)]. Then (e.g., Pfau, 2013)

EZ,A[Dϕ(Z,A)] = EZ [Dϕ(Z,E[Z])] + EA[Dϕ(E[Z], A)]
= EZ [Dϕ(Z,E[Z])]︸ ︷︷ ︸

Bayes error

+Dϕ(E[Z], Eϕ[A])︸ ︷︷ ︸
bias

+EA[Dϕ(Eϕ[A], A)]︸ ︷︷ ︸
model variance

. (19)

C.4 Uncertainty-based acquisition via Bregman divergences recovers predictive-variance
reduction, BALD, and EPIG

Predictive posterior variance (Cohn et al, 1994) Set the Bregman potential to the quadratic ϕ(u) = u2,
take the quantity of interest to be the latent response z = f(c) at a context c, and let the context distribution be
the input distribution p(c). Then the Bregman uncertainty is the predictive variance, hϕ[p(z | c)] = Varn

(
z | c

)
,

and the pool-based EPU at candidate x is

EPU(x) = Ep(c) p(y|x,c)
[
Varp(z|c,y,x)[z]

]
,

which retrieves a Bayesian variant of the objective in Cohn et al (1994).

BALD (Houlsby et al, 2011) Choose the log score (entropy) potential ϕ and set the target to the model
parameters z = θ. The pool-based EUR becomes the expected drop in entropy of θ,

EUR(x) = Ep(y|x)
[
H
[
p(θ)

]
−H

[
p(θ | x, y)

]]
= I(θ; y | x),

which is the BALD mutual-information objective Bickford Smith et al (2023).

EPIG (Bickford Smith et al, 2023) With the same entropy potential, take the target-context pair (z, c) =
(y∗, x∗) and average the context-aware EUR over the target-input distribution p(x∗) (cf. Section 3):

Ep(x∗)[EUR(x;x∗)] = Ep(x∗) p(y|x)
[
H
[
p(y∗ | x∗)

]
−H

[
p(y∗ | x∗, x, y)

]]
,

which is precisely the Expected Predictive Information Gain (EPIG).

D Estimation

D.1 Computing EUR by mutual information for classification tasks

We start by deriving the weighted version of EPIG:

EPIGw = Ep(c)
[
EURϕ,T,wp(z,y|c,x)(x; c)

]
= Ep(c)

[
hwϕ [p(z|c)]− Ep(y|x,c)

[
hwϕ [p(z|c, x, y)]

]]
= Ep(c)

[
Ep(z|c)[−w(z) log pw(z|c)]− Ep(z,y|c,x)[−w(z) log pw(z|c, y, x)]

]
= Ep(c)p(z,y|c,x)

[
w(z) log

pw(z|c, y, x)
pw(z|c)

]
= Ep(c) p(z|c) p(y|x,z,c)

[
w(z) log

p(y | x, z, c)
q(y | x, c)

]
,

where the last equation is derived by Equation 18. In terms of implementation, we use the formula for mutual
information directly to reduce computational cost.
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EPIGw = Ep(c) p(z|c) p(y|x,z,c)
[
w(z) log

p(y | x, z, c)
q(y | x, c)

]
= Ep(c) p(z|c) p(y|x,z,c)

[
w(z) log

p(y | x, z, c)
Epw(z|c)

[
p(y | x, z, c)

]] ,
= Ep(c) p(z,y|c,x)

w(z) log p(y | x, z, c)
Ep(z|c)

[ w(z)
Ep(z|c)[w(z)] p(y | x, z, c)

]


= Ep(c) p(z,y|c,x)

w(z) log w(z)p(z, y | c, x)
w(z)

Ep(z|c)[w(z)]p(z | c)Ep(z|c)[w(z) p(y | x, z, c)]


= Ep(c)

[∑
z,y

w(z) p(z, y | c, x) log w(z)p(z, y | c, x)
pw(z | c)

∑
z w(z) p(z, y | c, x)

]
.

Following the notation and strategy in Bickford Smith et al (2023), suppose we have samples from θi ∼ p(θ) and
cj ∼ p(c). The predictive distribution needed can be estimated as

p̂n
(
z, y | cj , x

)
=

1

K

K∑
i=1

p
(
z | cj , θi

)
p (y | x, θi)

p̂n
(
z | cj

)
=

1

K

K∑
i=1

p
(
z | cj , θi

)
p̂w(z | cj) =

w(z)∑
z p̂(z | cj)w(z)

· p̂(z | cj).

D.2 Exact one-step posterior update for variance-based acquisition

We consider the GP regression setting from Section 5.1. Let Dn = {(xi, yi)}ni=1 with inputs Xn = [x1, . . . , xn]
⊤

and responses y = [y1, . . . , yn]
⊤. The prior model is defined as

f ∼ GP(0, k), yi = f(xi) + εi, εi
i.i.d.∼ N (0, σ2),

with fixed hyperparameters. Denote by

An := KXnXn
+ σ2I, k(x,Xn) :=

[
k(x, x1), . . . , k(x, xn)

]⊤
,

and write the posterior predictive mean and (co)variance under Dn as

mn(x) = k(x,Xn)
⊤A−1

n y,

vn(x, x
′) = k(x, x′)− k(x,Xn)

⊤A−1
n k(x′, Xn), vn(x) := vn(x, x).

Let x+ be a candidate pooled input and y+ the (as yet unobserved) label at x+. The one–step posterior after
hypothetically observing (x+, y+) is Gaussian with (Williams & Rasmussen, 2006, Sec. 2.4)

mn+1(x) = mn(x) + βn(x;x
+)

(
y+ −mn(x

+)
)
, (20)

vn+1(x, x
′) = vn(x, x

′)− βn(x;x
+)βn(x

′;x+) τ2n(x
+), (21)

where

βn(x;x
+) :=

covn
(
f(x), y+

)
varn(y+)

=
vn(x, x

+)

vn(x+) + σ2
, τ2n(x

+) := vn(x
+) + σ2.
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Expected variance reduction (EVR) Let c ∼ p(c) denote the distribution over contexts (test inputs)
for which we evaluate uncertainty (Section 3). Since vn+1(x, x) in (21) does not depend on the realised y+,
Ep(y+|x+)[vn+1(c, c)] = vn+1(c, c). Thus the squared–loss EUR (EVR) for candidate x+ can be approximated by
samples of c:

EVR(x+) ≈ 1

M

M∑
j=1

(
vn(cj)− Ep(y+|x+)

[
vn+1(cj , cj)

])
=

1

M

M∑
j=1

vn(cj , x
+)2

vn(x+) + σ2
. (22)

This is exactly the expected reduction in the Jensen gap hϕ for ϕ(x) = x2, averaged over contexts, and cor-
responds to the unweighted EUR in Section 3. This score is also equivalent (up to constants) to minimising
tr (Var[fA | D, yx]) in variance-based transductive active learning (VTL), with A corresponding to the context
set (Hübotter et al, 2024).

Weighted expected variance reduction (EVRw) To encode region-specific preferences, fix w : R → (0,∞)
and, for a context c ∼ p(c), define the weighted Bregman uncertainty (squared-error case) under the current
predictive z ∼ N

(
mn(c), vn(c)

)
:

U (n)
w (c) := E

[
w(z)

(
z − µ(n)

w (c)
)2]

, µ(n)
w (c) :=

E[w(z) z]
E[w(z)]

.

By the reweighting identity in Section 3, U
(n)
w (c) = w̄n(c) · Varpw(z) with pw(·) ∝ w(·)N (mn(c), vn(c)) and

w̄n(c) = Ep[w(z)]; for general w the moments are not closed form, so we estimate them by Monte Carlo.

After updating with (x+, y+), z | y+ ∼ N
(
mn+1(c), vn+1(c)

)
with mean/variance from Equations 20 and 21.

We approximate the expectation over the GP predictive law p(y+ | x+) = N
(
mn(x

+), τ2n(x
+)

)
using common

random numbers:

y+,(j) = mn(x
+) +

√
τ2n(x

+) η(j), η(j)
i.i.d.∼ N (0, 1),

z
(i,j)
·|+ = mn(c) + βn(cj ;x

+)
√
τ2n(x

+) η(j) +
√
vn+1(cj) ε

(i), ε(i)
i.i.d.∼ N (0, 1),

reusing the same {η(j)} and {ε(i)} across candidates x+ to reduce estimator variance. By jointly sampling from
(y+, z, c), the expected posterior weighted uncertainty is approximated by

Ep(y+|x+)

[
U (n+1)
w (cj)

]
≈ 1

S

S∑
i=1

w
(
z
(i,j)
·|+

) (
z
(i,j)
·|+ − µ(j)

w (c)
)2

, µ(j)
w (c) :=

∑S
i=1 w

(
z
(i,j)
·|+

)
z
(i,j)
·|+∑S

i=1 w
(
z
(i,j)
·|+

) .

The weighted EUR score averages the reduction across contexts:

EVRw(x
+) ≈ 1

M

M∑
j=1

(
U (n)
w (cj)− Ep(y+|x+)

[
U (n+1)
w (cj)

])
.

Remark. For exponential weights w(z) = exp(αz), the reweighting is analytic: pw = N
(
mn(c) + αvn(c), vn(c)

)
,

w̄n(c) = exp
(
αmn(c) +

1
2α

2vn(c)
)
, and U

(n)
w (c) = w̄n(c) vn(c), yielding a closed–form pre–update term.

Implementation notes Compute and cache the Cholesky An = LL⊤. For any candidate x+, obtain

sn(C, x+) := vn(C, x+) = k(C, x+)−KCXn
A−1
n k(Xn, x

+), τ2n(x
+) = vn(x

+) + σ2,

then evaluate (22) via EVR(x+) = 1
M

∑M
j=1 sn(cj , x

+)2/τ2n(x
+). The same cached solves provide βn(c;x

+) =

sn(c, x
+)/τ2n(x

+) and vn+1(c) = vn(c)− sn(c, x
+)2/τ2n(x

+) for the weighted estimator above; only the nonlinear
weighting w(·) requires Monte Carlo. Note that we compute EVRw to empirically demonstrate its non-negativity.
To reduce computation, one could also minimise expected predictive posterior score over contexts.

D.3 General techniques for variance-based uncertainty estimation

We briefly simplify the objectives used to score a candidate query x and provide low-variance Monte Carlo
estimators.
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Setup. Let c ∼ p(c) denote a context (e.g. a test input), z ∈ R a scalar predictive target, and p(·) the predictive
distribution after n observations. We consider the weighted squared-loss geometry with a strictly positive weight
function w : R → (0,∞) and the reweighted belief

pw(z | c) ∝ w(z) p(z | c), w̄(c) := Ep(z|c)[w(z)].

In this geometry the uncertainty is the non-negative Jensen gap hφ[p(z | c)] = Varp(z|c)[z] (and its weighted coun-
terpart w̄(c)Varpw(z|c)[z]), so EUR reduces to (weighted) expected predictive-variance reduction; see Secs. 3.3–3.4
and Appendix C.4.

EVR. The unweighted expected variance reduction is

EVR(x) = Ep(c) Ep(y|x)[Var(z | c)−Var(z | c, y, x)]

= constant + Ep(c) Ep(y|x)
[(
Ep(z|c,y,x)[z]

)2]
.

Using two i.i.d. replicates z, z′
i.i.d.∼ p(z | c, y, x) as per Rainforth et al (2018) yields

(
E[z]

)2
= E[zz′] and thus

EVR(x) = constant + Ep(c) Ep(y|x) Ep(z|c,y,x)p(z′|c,y,x)[zz′] ,
= constant + Ep(c) Ep(z|c) Ep(y|x,z,c)p(z′|c,y,x)[zz′] ,
= constant + Ep(c) Ep(θ)p(z|θ,c)p(y|x,θ,c) Ep(θ′|y,x)p(z′|θ′,c)[zz′] ,

= constant + Ep(c) Ep(θ)p(y|x,θ,c)p(z|θ,c) Ep(θ′)p(z′|θ′,c)
[

p(y | x, θ′, c)
Ep(θ′′) [p(y | x, θ′, c)]

zz′
]
,

= constant + Ep(c) Ep(θ)p(y|x,θ,c) Ep(θ′)
[

p(y | x, θ′, c)
Ep(θ′′) [p(y | x, θ′′, c)]

Ep(z|θ,c) [z]Ep(z′|θ′,c) [z′]
]
.

Either the final or penultimate line can now be estimated using nested Monte Carlo (Rainforth et al, 2018)
or adapting a contrastive estimator like PCE (Foster et al, 2020), while if we have a mechanism for drawing
(approximate) samples from p(z′ | c, y, x), then we can use the second line directly instead. One can also replace
the sampling from any of the prior terms, e.g. p(θ′′|c), with an appropriate importance sampler instead if desired.

Weighted EVR. With prediction-space weighting, the objective becomes

EVRw(x) = Ep(c) Ep(y|x)
[
w̄(c)Varpw(z|c)[z] − w̄(c, y, x)Varpw(z|c,y,x)[z]

]
= constant− Ep(c) Ep(y|x)

[
w̄(c, y, x)Varpw(z|c,y,x)[z]

]
.

Using w̄Varq[z] = Ep[w(z)z2] −
(
Ep[w(z)z]

)2

Ep[w(z)] (where expectations are under the indicated p(z | ·)), and since

Ep(y|x)
[
Ep(z|c,y,x)[w(z)z2]

]
is constant in x by marginalisation, we then have

EVRw(x)− constant = + Ep(c) Ep(y|x)

[(
Ep(z|c,y,x)[w(z)z]

)2
Ep(z|c,y,x)[w(z)]

]

= Ep(c) Ep(y|x)p(z|c,y,x)p(z′|c,y,x)
[

zz′w(z)w(z′)

Ep(θ′′|y,x,c)p(z|θ′′,c)[w(z)]

]
= Ep(c) Ep(θ)p(y|x,θ,c)p(z|θ,c)Ep(θ′|c,y,x)p(z′|θ′,c)

[
zz′w(z)w(z′)Ep(θ′′) [p(y|x, θ′′, c)]
Ep(θ′′)p(z|θ′′,c)[w(z)p(y|x, θ′′, c)]

]
= Ep(c) Ep(θ)p(y|x,θ,c)p(z|θ,c)Ep(θ′)p(z′|θ′,c)

[
p(y|x, θ′, c)

Ep(θ′′)p(z|θ′′,c)[w(z)p(y|x, θ′′, c)]
zz′w(z)w(z′)

]
= Ep(c) Ep(θ)p(y|x,θ,c)Ep(θ′)

[
p(y|x, θ′, c)

Ep(θ′′)p(z|θ′′,c)[w(z)p(y|x, θ′′, c)]
Ep(z|θ,c)[zw(z)]Ep(z′|θ′,c)[z′w(z′)]

]
.

We can now again do a nested Monte Carlo or PCE-style estimator for the nested estimations given in the
last and penultimate lines in the same way as for the unweighted case with the same underlying computational
complexity.
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D.4 Method complexity

Classification. The weighted EPIG estimator, EPIGw (see Appendix D.1), has per–candidate-input complex-
ity O(MK), where M is the number of Monte Carlo draws over contexts and joint predictive outputs, and K is
the number of samples of model parameters. This matches the asymptotic cost of standard (unweighted) EPIG
estimators Bickford Smith et al (2023).

Regression. For regression we use expected variance reduction (EVR) and its weighted counterpart (EVRw).
In general, both have complexity O(MS), with S inner Monte Carlo draws used to estimate weighted posterior
means and/or variances. In models that admit an exact one-step posterior update—e.g., exact Gaussian processes
where the predictive variance after a single observation is available in closed form—the per–candidate complexity
reduces to O(M) because no parameter sampling is required.

E Experiment details

E.1 Metrics

Our primary metrics match the losses assumed in the acquisition objective. For classification we report negative
log likelihood (NLL) and its weighted counterpart,

NLLw =
Epeval(y,x)

[
w(y)

(
− log qn+m(y | x)

)]
Epeval(y)[w(y)]

.

For regression we report squared-error loss (SEL) and its weighted counterpart,

SELw =
Epeval(y,x)

[
w(y)

(
y − Eqn+m(y|x)

[y]
)2 ]

Epeval(y)[w(y)]
.

Note that we do not record accuracy as an evaluation metric, as accuracy implies a zero-one loss that we do
not optimise for during data acquisition. Therefore, there is no reason for acquisition methods to dominate on
accuracy-related metrics.

In addition, we do not claim that each benchmark has a uniquely correct weighting. Rather, the experiments are
designed to test whether the acquisition rule can be customised to different user-specified downstream preferences.
Accordingly, all weights are fixed a priori from simple task-motivated heuristics and are not tuned on validation
performance.

E.2 GP model setting

We use a Gaussian process (GP) regressor with a constant prior mean m(x) ≡ c set to the median of the
observed responses; we train on y − c and add c back at prediction. Inputs are standardized feature-wise
once on the initial train+pool set and the same transform is reused thereafter; the target is left in native
units. The kernel is a sum of a linear (dot-product) term and a Matérn term with i.i.d. white noise, i.e.,
m(x) ≡ ct and k(x, x

′) = σ2
lin,t z

⊤z′ + σ2
f,t κν

(
∥z − z′∥/ℓt

)
+ σ2

n,t δx,x′ , where z denotes standardized inputs (we
standardize X only), κν is the Matérn correlation (we use ν = 3/2 unless noted), and δx,x′ is the Kronecker delta
(Williams & Rasmussen, 2006; Stein, 1999). This is the usual universal-kriging decomposition of a linear trend
plus a stationary residual (Cressie, 1993; Diggle & Ribeiro, 2007). Hyperparameters (ct, σ

2
lin,t, σ

2
f,t, σ

2
n,t, ℓt) are

recomputed by robust plug-in rules every three acquisitions and held fixed in between; no marginal-likelihood
maximisation or other gradient-based tuning is used. We fix ν=5/2 on Yacht and ν=3/2 on Slump/Estate;
ν=5/2 induces smoother (twice m.s. differentiable) sample paths than ν=3/2 (once m.s. differentiable), which
we found to better match the hydrodynamics response, whereas the latter is more robust for noisier, less-smooth
tabular targets.

E.3 Robust hyperparameter estimation

Following the GP setting above, we set the location ct = median(y) (robust location) and estimate scales
by robust/difference-based rules: (i) the observation noise is estimated from nearest-neighbor differences in
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standardized input space, σn,t =
1.4826√

2
mediani |yi−yj(i)|, j(i) = argminj ̸=i ∥zi−zj∥, a difference-based variance

estimator in the spirit of Rice (1984) and Hall et al (1990), with the MAD-to-σ factor 1.4826 ensuring normal
Fisher-consistency (Huber & Ronchetti, 2009; Tyler, 2011); (ii) we split linear vs. residual signal by a small-ridge
fit on Z (standardized inputs) to y − ct, taking σ

2
lin,t = Var(ŷ) and σ2

f,t = max
(
(1.4826median|r|)2 − σ2

n,t, ε
)

with residuals r = (y − ct) − ŷ and ε=10−12 (Hoerl & Kennard, 1970; Huber & Ronchetti, 2009); (iii) we set
the length-scale ℓt by method-of-moments matching: choose a characteristic design spacing r0,t (the median
nearest-neighbor distance in z) and solve κν(r0,t/ℓt) = ρ with a target short-lag correlation ρ = 0.5 (a “practical
range” style calibration; closed form for ν = 3/2 gives ℓt ≈ 1.032 r0,t) (Cressie, 1993; Stein, 1999; Diggle &
Ribeiro, 2007). These choices yield a prior that reflects the data scale and geometry while remaining fully
predetermined between update rounds.

F Extra results

F.1 Regression

With the same model setup in Section 5.1.1, Figure 5 shows the data-gathering procedure when w(z) = exp(−z),
which targets the precision in the low-value region. After a warm-start of exploring potential low value, the
target region is secured and more data is acquired around the area.

F.2 Classification

We present Figure 6 to demonstrate the evolution for proportion of acquired class for Vehicle, Landsat and
Vowel, respectively. The weighting has a one-to-one correspondence with the class in proportion plot. Curves
show cumulative proportion of acquired labels per class for each method (Random, EPIG, EPIGw) by the mean
over 100 runs; shaded regions indicate the SEM range. The class-mix plots confirm that EPIGw allocates a
larger share of queries to the high-weight classes compared to EPIG and Random.

G Resources

G.1 Software

Project Citation License URL

NumPy Harris et al (2020) BSD (3-clause) numpy.org
SciPy Virtanen et al (2020) BSD (3-clause) scipy.org
Scikit-learn Pedregosa et al (2011) BSD (3-clause) scikit-learn.org
Matplotlib Hunter (2007) PSF-based matplotlib.org
pandas McKinney (2010) BSD (3-clause) pandas.pydata.org
tqdm da Costa-Luis (2019) MIT github.com/tqdm/tqdm
PyTorch Paszke et al (2019) BSD (3-clause) pytorch.org
GPyTorch Gardner et al (2018) MIT gpytorch.ai
h5py h5py developers (2025) BSD (3-clause) h5py.org
PMLB Olson et al (2017); Romano et al (2021) MIT epistasislab.github.io/pmlb
ucimlrepo (UCI client) Kelly et al (2025) MIT github.com/uci-ml-repo/ucimlrepo

Table 3 Third-party software used in this work.

G.2 Datasets

Dataset Citation URL

Vehicle Mowforth & Shepherd (1993) archive.ics.uci.edu/dataset/149/statlog+vehicle+silhouettes
Landsat Srinivasan (1993) archive.ics.uci.edu/dataset/146/statlog+landsat+satellite
Vowel Deterding et al (1988) archive.ics.uci.edu/dataset/152/connectionist+bench+vowel+recognition+deterding+data
Slump Yeh (2007) archive.ics.uci.edu/dataset/182/concrete+slump+test
Yacht Gerritsma et al (1981) archive.ics.uci.edu/dataset/243/yacht+hydrodynamics
Estate Yeh (2018) archive.ics.uci.edu/dataset/477/real+estate+valuation+data+set

Table 4 UCI datasets used in this work. All are available under Creative Commons Attribution 4.0 (CC BY 4.0).

https://numpy.org
https://scipy.org
https://scikit-learn.org
https://matplotlib.org
https://pandas.pydata.org
https://github.com/tqdm/tqdm
https://pytorch.org
https://gpytorch.ai
https://h5py.org
https://epistasislab.github.io/pmlb
https://github.com/uci-ml-repo/ucimlrepo
https://archive.ics.uci.edu/dataset/149/statlog+vehicle+silhouettes
https://archive.ics.uci.edu/dataset/146/statlog+landsat+satellite
https://archive.ics.uci.edu/dataset/152/connectionist+bench+vowel+recognition+deterding+data
https://archive.ics.uci.edu/dataset/182/concrete+slump+test
https://archive.ics.uci.edu/dataset/243/yacht+hydrodynamics
https://archive.ics.uci.edu/dataset/477/real+estate+valuation+data+set
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G.3 Compute

All experiments were executed on a single local workstation; no distributed or cloud resources were used. The
software environment is listed in Table 3, and the datasets are summarized in Table 4.

Figure 5 Expected variance reduction (EVR) vs. a variant with weighting w(z) = exp(−z) (EVRw). Row 1: prediction
with data acquired by EVR. Row 2: values of EVR and EVRw given the Row 1 training set (the maximiser is labelled
next). Row 3: prediction with data acquired by EVRw. Row 4: values of EVR and EVRw given the Row 3 training set.

Figure 6 From top to bottom: evolution of acquired-class proportions on Vehicle (w = [50, 1, 1, 50]), Landsat (w =
[1, 1, 1, 1, 50, 50]) and Vowel (w = [1, 1, 1, 1, 1, 1, 50, 50, 1, 1, 1]).


	Introduction
	Background
	Loss-driven data acquisition
	Bayes-optimal data acquisition
	Using Bregman-divergence losses
	Focusing on active learning
	Two concrete objectives
	Insights on prediction-space weighting

	Related work
	Experiments
	Regression
	Synthetic data
	UCI data
	Linex loss

	Classification

	Conclusion
	Functional Bregman divergences
	Proper scoring rules and divergence representation
	Proofs and derivations
	Generalised entropy and expected predictive uncertainty
	Expected posterior uncertainty with weighted divergence
	Decomposition of evaluation discrepancy
	Uncertainty-based acquisition via Bregman divergences recovers predictive-variance reduction, BALD, and EPIG

	Estimation
	Computing EUR by mutual information for classification tasks
	Exact one-step posterior update for variance-based acquisition
	General techniques for variance-based uncertainty estimation
	Method complexity

	Experiment details
	Metrics
	GP model setting
	Robust hyperparameter estimation

	Extra results
	Regression
	Classification

	Resources
	Software
	Datasets
	Compute


